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DISTORTED PLANE WAVES IN CHAOTIC SCATTERING

MAXIME INGREMEAU

We provide a precise description of distorted plane waves for semiclassical Schrodinger operators under
the assumption that the classical trapped set is hyperbolic and that a certain topological pressure (a
quantity defined using thermodynamical formalism) is negative. Distorted plane waves are generalized
eigenfunctions of the Schrodinger operator which differ from free plane waves, e’ *€)/% by an outgoing
term. Under our assumptions we show that they can be written as a convergent sum of Lagrangian states.
That provides a description of their semiclassical defect measures in the spirit of quantum ergodicity and
extends results of Guillarmou and Naud obtained for hyperbolic quotients to our setting.

1. Introduction
In this paper, we will consider on R? a semiclassical Hamiltonian of the form

Pp=—-h?A+V(x), VeCPRY.

We will study the “distorted plane waves”, or “scattering states” associated to Pj. They are a family
of functions EE € C®°(R?) with parameter & € S4 (the direction of propagation of the incoming wave)
which are generalized eigenfunctions of Pj; that is to say, they satisfy the differential equation

(Py—1)EL =0, (1)

but are not in Lz(Rd) (since P, has no embedded eigenvalues in R™).
These distorted plane waves resemble the actual plane waves, in the sense that we may write

Ef(x) = ek 4 E§,, @
where Eq is outgoing in the sense that it satisfies the Sommerfeld radiation condition:
d i
i @-n/2(_2_ _Z\gE (x)=o. 3
lel—r>n00 |x| a|x| h out(x) ( )

One can show (see, for instance, [Melrose 1995, §2; Dyatlov and Zworski 2017, §4]) that for any
tEe S9=1! and h > 0, there exists a unique function E;i satisfying conditions (1), (2) and (3).

Condition (3) may be equivalently stated by asking that Efut is the image of a function in C2° (Rd) by
2)—1

the outgoing resolvent (P, — (1 +i0) , or by asking that Egut be of the form

. o 1
) = 02 (o )+ 0 ),
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where w = x/|x|. The function a; (¢, w) := ai (w) is called the scattering amplitude, and is the integral
kernel of the scattering matrix minus identity. The scattering amplitude, and hence the distorted plane
waves, are central objects in scattering theory.

The aim of this paper is to discuss the behaviour of distorted plane waves in the semiclassical limit
h — 0. Distorted plane waves can be seen as an analogue, on manifolds of infinite volume, of the
eigenfunctions of a Schrodinger operator on a compact manifold. It is therefore natural to ask questions
similar to those in the compact case: what can be said about the semiclassical measures of distorted plane
waves, about the behaviour of their L? norms as # — 0, and about their nodal sets and nodal domains?

The answer to these questions will depend in a drastic way on the properties of the underlying classical
dynamics. Let us define the classical Hamiltonian by

p(x,6) = EP +V(v),
and the layer of energy 1 as

E={peT*R: p(p) =1}.

Note that this is a noncompact set, but its intersection with any fibre 77 X is compact.
We also denote, for each ¢ € R, the Hamiltonian flow generated by p by ®! : T*R¢ — T*R?. For
p € &, we will say that p € T if {®7(p) : ¢ < 0} is a bounded subset of T*R¥; that is to say, p does not
“g0 to infinity”, respectively in the past or in the future. The sets I'* are called respectively the outgoing
and incoming tails (at energy 1).
The trapped set is defined as
K:=TTnr"~. (4)

It is a flow-invariant set, and it is compact, because V' is compactly supported.

If the trapped set is empty, then we can easily describe the distorted plane waves in the semiclassical
limit. Namely, one can show (see [Dyatlov and Guillarmou 2014, §5.1]) that Ei is a Lagrangian (WKB)
state. Furthermore, for any y € C° (R%), the norm || )(Ei |12 is bounded independently of /.

However, if the trapped set is nonempty, the distorted plane waves may not be bounded uniformly
in L120C as h — 0. Actually, || XEE |72 could grow exponentially fast as 4 — 0. If we want this quantity to
remain bounded uniformly in /2, we must therefore make some additional assumptions on the classical

dynamics. Let us now detail these assumptions.

Hypotheses on the classical dynamics.

e Hyperbolicity assumption: In the sequel, we will suppose that the potential V is such that the trapped set
contains no fixed point, and is a hyperbolic set. We refer to Section 2.1.2 for the definition of a hyperbolic
set. The potential in Figure 1 is an example of such a potential.

e Topological pressure assumption: For our result on distorted plane waves to hold, we must also make
the assumption (Hypothesis 46) that the topological pressure associated to half the logarithm of the
unstable Jacobian of the flow on K is negative. The definition of the topological pressure will be recalled
in Section 3.4. Hypothesis 46 roughly says that the system is “very open”. One should note that in
dimension 2, this condition is equivalent to the fact that the Hausdorff dimension of K is strictly smaller
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Figure 1. An example of a potential on (R?, g) such that the dynamics is hyperbolic
on the trapped set in some energy range. (See [Sjostrand 1990, Appendix C] for details.)

than 2. In the three-bumps potential of Figure 1, this condition is satisfied if the three bumps are far
enough from each other, but it is not satisfied if the bumps are close to each other.

e Transversality assumption: Our last assumption does not concern directly the classical dynamics, but
the Lagrangian manifold!
Ag:={(x,£):x eRI}. (5)

Note that the plane wave ei*E isa Lagrangian state associated with the Lagrangian manifold Ag.

We need to make a transversality assumption on Ag. This assumption roughly says that the direction §
defining A¢ is such that the incoming tail '™ and A¢ intersect transversally. We postpone the precise
statement of this assumption to Hypothesis 16 in Section 2.1.4. This assumption is probably generic in £,
although we don’t know how to prove it. In [Ingremeau 2017], we show that it is always satisfied for
every £, when we consider geometric scattering on a manifold of nonpositive curvature.

Statement of the results. In Theorem 47, we will give a precise description of Ei as a sum of WKB states,
under the assumptions above. Since the precise statement of the theorem is a bit technical, we postpone it
to Section 3.5, and only state two important consequences of this result.

The first one is a bound analogous to what we would get in the nontrapping case.

Theorem 1. Suppose that Hypothesis 10 on hyperbolicity holds, that Hypothesis 46 concerning the
topological pressure is satisfied, and that & € S9=1 is such that A ¢ satisfies Hypothesis 16 of transversality.
Let y € CZ°(X). Then there exists a constant Cg ,, independent of h such that for any h > 0, we have

IXEf > < Ce y ©6)

Remark 2. The bound (6) could not be obtained directly from resolvent estimates. Indeed, as we will
see in Section 3.3.2, the term E, in (2) can be written as the outgoing resolvent (Pj, — (1 4 i0)2)~!

1By a Lagrangian manifold, we mean a d -dimensional submanifold of a 2d -dimensional symplectic manifold, on which the
symplectic form vanishes. We will allow Lagrangian manifolds to have boundaries, and to be disconnected.
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applied to a term which is compactly supported, and whose L2 norm is O (k). Therefore, we have a priori
that ||XE£||L2 < OM)||x(Pp,—(14+i0)2)" x|l 2_ 2. as least if the support of y is large enough. But
under Hypotheses 10 and 46, it is known from [Nonnenmacher and Zworski 2009] (see Theorem 45) that

logh
Py (14077 ] o = ¢ 20

and such estimates are sharp in the presence of trapping (see [Bony et al. 2010]). Such a priori estimates

would therefore only give || XEEH 12 < C|logh]|.

Our next result concerns the semiclassical measure of Ei Consider on 7*R¢ the measure ,u% given by

dug(x, v) = dx,—¢.

The measure ,ug is the semiclassical measure associated to e 7€ in the sense that for any e C2°(T™ Rd)

and any y € CCOO(R‘Z), we have
tim [Opy (1) 2eF %, xeh ) = [ 20w v aufr.o.
h—0 T*Rd
For the definition and properties of the Weyl quantization Opy,, we refer the reader to Section 3.1.1.
We then define a measure ¢ on T*R4 by

/ aduf = lim aod’ dug
T*Rd 100 JT*Rd
for any a € CCO(T*[R{d).

We will show in Section 6.3 that this limit exists under our above assumptions. Actually, the proof will
not use Hypothesis 46 that the topological pressure of half the unstable jacobian is negative, but the much
weaker assumption that the topological pressure of the unstable jacobian is negative.

The following theorem tells us that, under our hypotheses, ;LE is the semiclassical measure associated
to Ei and it gives us a precise description of ué close to the trapped set.

Theorem 3. Suppose that Hypothesis 10 on hyperbolicity holds, that Hypothesis 46 concerning the
topological pressure is satisfied, and that & € S9=1 is such that A ¢ satisfies Hypothesis 16 of transversality.
Then for any W € Cc"o(T*[R{d) and any y € C(?O(Rd), we have

O WIER KB = [ | wix.v)duf v+ 0

Furthermore, for any p € K, there exists a small neighbourhood U, C T*R4 of p, and a local
change of symplectic coordinates k, : Up — T*RE with Ko(p) = 0 such that the following holds. There
exists a constant ¢ > 0 and two sequences of functions fn,$n € C° ([Rd) for n € N such that for any
(y.n) € kp(Up), we have

o0
dpf e o) =Y fa()8n=0g, (Y.

n=0
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and where the functions f, satisfy

Y lifallco < oo (7)

n=0

Remark 4. Theorem 3 tells us that the distorted plane waves Ei have a unique semiclassical measure.
This result is therefore analogous to the quantum unique ergodicity conjecture for eigenfunctions of
the Laplace—Beltrami operator on manifolds of negative curvature. However, on compact manifolds of
negative curvature, the semiclassical measure we expect is the Liouville measure. Here, the semiclassical
measure given by Theorem 3 is very different from the Liouville measure, since, close to the trapped
set, it is concentrated on a countable union of Lagrangian submanifolds of 7* X . There is therefore a
deep difference between compact and noncompact manifolds concerning the semiclassical measure of
eigenfunctions, a fact which was already noted in [Guillarmou and Naud 2014].

Idea of proof. Theorems 1 and 3 will be deduced from a precise description of the distorted plane waves
E, £ microlocally near the trapped set. In Theorem 47, we will show that, microlocally near the trapped
set, £ £ can be written as a convergent sum of WKB states. Let us now explain how this result is obtained.

By deﬁmtlon the distorted plane waves E; £ are generalized eigenfunctions of the operator Py,. Therefore,

if we write U(¢) = e_h
that U(¢) E ] Ei Of course, this expression can only be formal, since Eg ¢ L2 but we will give it

Pn for the Schrodlnger propagator associated to Py, we would like to write formally

a precise meaning by truncating it by some cut-off functions.

By equation (2), Eg may be decomposed into two terms, which we will write as E,? and £ }1 in the
sequel. E}? is a Lagrangian state associated to the Lagrangian manifold Ag, while E i is the image of a
smooth compactly supported function by the resolvent (P — (1 +i0)?)~L.

Using some resolvent estimates and hyperbolic dispersion estimates, we will show in the sequel that,
for any compactly supported function y, we have lim; o || YU(t) E ; || =o0.

Therefore, in order to describe Ei we only have to study U (t)E}? for some very long times. Since Eg is
a Lagrangian state, its evolution can be described using the WKB method. To do this, we will have to under-
stand the classical evolution of the Lagrangian manifold A ¢ for large times. We will show that for any 7 > 0,
the restriction of ®’(A¢) to a region close to the trapped set consists of finitely many Lagrangian manifolds,
most of which are very close to the “outgoing tail” of the trapped set (see Theorem 17 for more details).

Relation to other works. The study of the high frequency behaviour of eigenfunctions of Schrédinger
operators, and of their semiclassical measures, in the case where the associated classical dynamics has a
chaotic behaviour, has a long story. It goes back to the classical works [Shnirelman 1974; Zelditch 1987,
Colin de Verdiere 1985] dealing with quantum ergodicity on compact manifolds.

Analogous results on manifolds of infinite volume are much more recent. In [Dyatlov and Guillarmou
2014], the authors studied the semiclassical measures associated to distorted plane waves in a very general
framework, with very mild assumptions on the classical dynamics. The counterpart of this generality is
that the authors have to average on directions £ and on an energy interval of size / to be able to define the
semiclassical measure of distorted plane waves. Their result can be seen as a form of quantum ergodicity
result on noncompact manifolds, although no “ergodicity” assumption is made.
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In [Guillarmou and Naud 2014], the authors considered the case where X = F\[H]d is a manifold of
infinite volume, with sectional curvature constant equal to —1 (convex cocompact hyperbolic manifold),
and with the assumption that the Hausdorff dimension of the limit set of I" is smaller than (d —1)/2. In this
setting, distorted plane waves are often called Eisenstein series. The authors prove that there is a unique
semiclassical measure for the Eisenstein series with a given incoming direction, and they give a very explicit
formula for it. This result can hence be seen as a quantum unique ergodicity result in infinite volume.

Our result is a generalization of those of [Guillarmou and Naud 2014]. Indeed, we also obtain a unique
semiclassical measure for the distorted plane waves with a given incoming direction. Our assumption on
the topological pressure is a natural generalization of the assumption on the Hausdorff dimension of the
limit set of I" to the case of nonconstant curvature. As in [Guillarmou and Naud 2014], the main ingredient
of the proof is a decomposition of the distorted plane waves as a sum of WKB states. Although our
description of the distorted plane waves and of their semiclassical measure is slightly less explicit than that
of [Guillarmou and Naud 2014], our methods are much more versatile, since they rely on the properties
of the Hamiltonian flow close to the trapped set, instead of relying on the global quotient structure.

In [Dyatlov 2012], the author was able to obtain semiclassical convergence of distorted plane waves on
manifolds of finite volume (with cusps), by working at complex energies; see also [Bonthonneau 2014]
for more precise results. The main argument of [Dyatlov 2012], [Bonthonneau 2014] and [Dyatlov and
Guillarmou 2014], which is to describe the distorted plane waves as plane waves propagated during a long
time by the Schrédinger flow, is the starting point of our proof. However, the reason for the convergence
in the long-time limit is very different in the papers above than in the present paper.

Many of the tools used in this paper were inspired by [Nonnenmacher and Zworski 2009]. We will use
the notations and methods of this paper a lot.

Most of the results of the present paper can be made more precise if we suppose that we work on a
manifold of nonpositive sectional curvature, without a potential. This has been studied in [Ingremeau

2017], where the author is able to show, by using the methods developed in the present paper, that distorted

00
loc

of nodal sets of the real part of distorted plane waves restricted to a compact set.

plane waves are bounded in L{° independently of /4, and to give sharp bounds on the Hausdorff measure

Organization of the paper. In Section 2, we will state and prove a result concerning the propagation by the
Hamiltonian flow of Lagrangian manifolds similar to A¢ near the trapped set, under general assumptions.
In Section 3, we will state Theorem 47, which is our main theorem, giving a description of distorted
plane waves as a sum of WKB states. We will deduce Theorem 1 as an easy corollary. In Section 4, we
will recall various tools which were introduced in [Nonnenmacher and Zworski 2009], and which will
play a role in the proof of Theorem 47. We shall then prove Theorem 47 in Section 5. Section 6 will be
devoted to the proof of the Theorem 3.

The main reason why we want to state Theorem 47 for generalized eigenfunctions that are more general
than distorted plane waves on R? is that our results do also apply if the manifold is hyperbolic near
infinity (which allows us to recover some of the results of [Guillarmou and Naud 2014]), as is shown
in [Ingremeau 2017, Appendix B]. Our results do probably also apply if the manifold is asymptotically
hyperbolic; this shall be pursued elsewhere.
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2. Propagation of Lagrangian manifolds

2.1. General assumptions for propagation of Lagrangian manifolds. Let (X, g) be a noncompact com-
plete Riemannian manifold of dimension d, and let V' : X — R be a smooth compactly supported potential.
We denote by p(x,£) = p(p): T*X =R, p(x.£) =|£]|>+V(x), the classical Hamiltonian.
For each t € R, we denote by ®’ : T*X — T*X the Hamiltonian flow at time ¢ for the Hamiltonian p.
Given any smooth function f : X — R, it may be lifted to a function f : T*X — R, which we denote
by the same letter. We may then define f , f € C*°(T*X) to be the derivatives of f with respect to the
Hamiltonian flow:
t 2 t
Y@ @O o PO

dt =0 dr? =0

f(x,8) =

2.1.1. Hypotheses near infinity. We suppose the following conditions are fulfilled.

Hypothesis 5 (structure of X near infinity). We suppose the manifold (X, g) is such that the follow-
ing holds:

(1) There exists a compactification X of X, that is, a compact manifold with boundaries X such that X
is diffeomorphic to the interior of X. The boundary 30X is called the boundary at infinity.

(2) There exists a boundary-defining function b on X, that is, a smooth function b : X — [0, 00) such
that b > 0 on X, and b vanishes to first order on 0X.

(3) There exists a constant €9 > 0 such that for any point (x,§) € £,
if b(x,§) <eo and b(x,£) =0 then b(x,£) <0.

Note that, although part (3) of the hypothesis makes reference to the Hamiltonian flow, it is only an
assumption on the manifold (X, g) and not on the potential V, because V is assumed to be compactly
supported.

Example 6. R? fulfills Hypothesis 5 by taking the boundary-defining function b(x) = (1 + |x|?)~1/2,
We then have X = B(0, 1).

Example 7. The Poincaré space H4 also fulfills Hypothesis 5. Indeed, in the ball model By(1) =
{x € R? : |x| < 1}, where |-| denotes the Euclidean norm, H? compactifies to the closed unit ball, and
the boundary-defining function b(x) = 2(1 — |x|)/(1 + |x|) fulfills conditions (2) and (3).

We will write X := {x € X : b(x) > €9/2}. By possibly taking €y smaller, we can assume that
supp(V) C {x € X;b(x) > €o}. We will call X the interaction region. We will also write

Wo:=T"(X\Xo) ={peT*X :b(p) <eo/2}, Wo=WoNE. ®)
By possibly taking €p even smaller, we may ask that

VpeWo, b(@'(p)) < eo. ©))
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Definition 8. If p = (x, &) € £, we say that p escapes directly in the forward direction, denoted p € DE4,
if b(x) < €0/2 and b(x,£) <0.

If p = (x,&) € &£, we say that p escapes directly in the backward direction, denoted p € DE_, if
b(x) < €9/2 and B(x, &) >0.

Note that we have
Wo=DE_UDES.

Part (3) of Hypothesis 5 implies the following geodesic convexity result, which reflects the fact that
once a trajectory has left the interaction region, it cannot come back to it.

Lemma9. Foranyt > 0, we have
SENT*Xo)NDE_ = @.

Proof. Suppose that there exists a p € @ (ENT* X¢)NDE— for some ¢ > 0. Then there exists p’ € ENT* X
such that p = ®’(p’). Let us consider f(s):=b(®5(p')). We have f(0)>¢q/2, f(t)<eo/2and f'(t)>0
by hypothesis. This is impossible, because by Hypothesis 5, point (3), whenever f(s) <¢€g and f'(s) =0,
we have 1 (s) <0. O

2.1.2. Hyperbolicity. Recall that the trapped set was defined in (4). In the sequel, we will always suppose
that the trapped set is a hyperbolic set, as follows.

Hypothesis 10 (hyperbolicity of the trapped set). We assume that K is a hyperbolic set for the flow <I>|’g.
That is to say, there exists a metric g,q on a neighbourhood of K included in £, and A > 0, such that the
following holds. For each p € K, there is a decomposition

T, =RHy(p) ® Ef ® E,
such that
1d@L) gy < e vllg,, forallve EF, £t >0.

We will call ET the unstable (resp. stable) subspaces at the point p.

We may extend g,4 to a metric on the whole energy layer, so that outside of the interaction region,
it coincides with the metric on T*X induced from the Riemannian metric on X. From now on, d will
denote the Riemannian distance associated to this metric on £.

Let us recall a few properties of hyperbolic dynamics (see [Katok and Hasselblatt 1995, Chapter 6] for
the proofs of the statements).

(1) The hyperbolic set is structurally stable, in the following sense. For E > 0, define the layer of
energy E as

Eg ={peT*X :p(p)=E}, (10)
and the trapped set at energy E as

Kg :={p € &g : ®'(p) remains in a compact set for all ¢ € R}. 1D
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Figure 2. A surface which has negative curvature close to the trapped set of the geodesic
flow, and which is isometric to two copies of R?\ B(0, R¢) outside of a compact set. It
satisfies Hypothesis 10 near the trapped set and Hypothesis 5 at infinity.

If K is a hyperbolic set for <1>|tE, then

38§ >0, VE € (1-68,1+8), Kg isahyperbolic set for dbng. (12)

(i) dPL(EF) = Eg,(p).
(iii) K> prH— Ejt C T,(&) is Holder-continuous.

(iv) Any p € K admits local strongly (un)stable manifolds ngz (p) tangent to EF, defined by
WiE(p) = {p'€€:d(P'(p). D' (p")) <€ forall 1 <0 andt liern d(®*(p"), @' (p)) =0},
—>T 00

where € > 0 is some small number.
We call
Ef%:=Ef@®RH,(p). E,°:=E, ®RHy(p)

the weak unstable and weak stable subspaces at the point p respectively.

2.1.3. Adapted coordinates. Let us now describe the construction of a local system of coordinates which
is adapted to the stable and unstable directions near a point. In the sequel, these coordinates will be
considered as fixed, and used to state Theorem 17.

Lemma 11. Let p € K. There exists an adapted system of symplectic coordinates (y*, n°) on a neigh-
bourhood of p in T* X such that the following holds:

(i) p = (0,0).

(ii) E;," = span{(a/ayf)(p): i=2,...,d}.

(i) E, = span{(a/anf)(p): i=2,...,d}.

@iv) nf = p — 1 is the energy coordinate.

V) {(3/0¥7)(0). (3/3Y7)(P)) g,y = 8> i+J =2, d.
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Proof. We may identify a neighbourhood of p € T*X with a neighbourhood of (0,0) € T*R?. Let
us take e'lo = Hp(p), and complete it into a basis (ef, e, es) of E;ro such that (elp, e;')>gad(p) =1 for
2<i,j<d.

Since E*0 are Lagrangian subspaces (which follows from the hyperbolicity assumption), it is then
possible to find vectors (flp, e, f;) such that £, = span{fzp, e, f;} and such that w( £, elf) =6k
for any 1 < j, k <d. In particular, we have a)(flp, ef) =dp(f1)=1.

From Darboux’s theorem, there exists a nonlinear symplectic chart (yf12 »f12) near the origin such
that r]f}at = p — 1. There also exists a linear symplectic transformation A such that the coordinates

(v, n) = Ay i) satisfy 1 = nl*t as well as

d 0
m=p—1, —(0,0)=e¢; and —(0,0)= f;, j=1,....d. O
dy; an;

We will often write
Y=,y andg? =5, ). (13)

For any € > 0, write D¢ = {u € R?™1 : |u| < €}. We define the following polydisk centred at p:
UP(e) ={(y*.n°): 1y7| <e,Im{| <8, y* € De, n € De}, (14)

where § comes from (12).
We also define unstable Lagrangian manifolds, which are needed in the statement of Theorem 17.

Definition 12. Let A C £ be an isoenergetic Lagrangian manifold (not necessarily connected) included in
a small neighbourhood W of a point p € K, and let y > 0. We will say that A is a y-unstable Lagrangian
manifold (or that A is in the y-unstable cone) in the coordinates (y*, n°) if it can be written in the form

A ={(»";0,F(y?)):y? e D},

where D C R? is an open subset with finitely many connected components, and with piecewise smooth
boundary, and F : R — R?~! is a smooth function with ||dF | co < y.

Note that, since F is defined on R%, a y-unstable manifold may always be seen as a submanifold of a
connected y-unstable Lagrangian manifold.

Let us also note that, since A is isoenergetic and is Lagrangian, an immediate computation shows
that F does not depend on yf , so that A can actually be put in the form

A ={(":0, f(y"):y" e D},
where f:R™1 — R4~ is a smooth function with ||df ||co < y.

2.1.4. Hypotheses on the incoming Lagrangian manifold. Let us consider an isoenergetic Lagrangian
manifold Lo C £ of the form

Lo:={(x,p(x)):x € X1},

where X is a closed subset of X\ X with finitely many connected components and piecewise smooth
boundary, and ¢ : x — ¢(x), X2 T, X, is a smooth covector field defined on some neighbourhood X»
of X 1.
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We make the following additional hypothesis on Lg:
Hypothesis 13 (invariance hypothesis). We suppose that Lo satisfies the following invariance hypotheses:
Vi>0, ®(Ly)NDE-=LoNDE_. (15)

Example 14. Given a § € R? with |£|2 = I, the Lagrangian manifold A ¢ defined in the Introduction
fulfills Hypothesis 13.

Example 15. Suppose that (X\Xp, g) = (R?\B(0, R), ggu) for some R > 0. Then the incoming

spherical Lagrangian, defined by
X
Agph := {(x—m) Dx] > R} ,

We also make the following transversality assumption on the Lagrangian manifold Lg. It roughly says

fulfills Hypothesis 13.

that Lo intersects the stable manifold transversally.

Hypothesis 16 (transversality hypothesis). We suppose that L is such that, for any p € K, for any p' € Ly,
foranyt > 0, we have

Dl (o) € Wir.(p) = W.(p) and D' (Lo) intersect transversally at ®*(p’),

that is to say
Tq;t(p/)c() ) Tfpt(p/)VVlo_c(p) = Tq;t(p/)g. (16)

Note that (16) is equivalent to T () Lo N Tor (o) Wio.(p) = 10}.

On X = R¢, Hypothesis 16 is likely to hold for almost every & € S4-1, at least for a generic V. In
[Ingremeau 2017], the author shows that this hypothesis is satisfied for every & on manifolds of nonpositive
curvature which have several Euclidean ends (like the one in Figure 2), when there is no potential.

2.2. Statement of the result. Let us now state the main result of this section, which describes the
“truncated evolution” of Lagrangian manifolds.

Truncated Lagrangians. Let (Wy)ae4 be a finite family of open sets in T*X. Let N € N, and let
o =ag,a;---ay_1 € AV, Let A be a Lagrangian manifold in 7*X. We define the sequence of (possibly
empty) Lagrangian manifolds (<I>f§ (A))o<k<n by recurrence by

DAY = AN Wy, DET(A) = Wy, N D1 (DE(A)).

In the sequel, we will consider families with indices in 4 = A1 U A, L {0}. For any o € AV such that
any—1 # 0, we will define

(o) =max{l1 <i <N —-1:¢; =0} 17)

if there exists 1 <i < N — 1 with o; =0, and () = 0 otherwise.
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Theorem 17. Suppose that the manifold X satisfies Hypothesis 5 at infinity, that the Hamiltonian
flow (®) satisfies Hypothesis 10, and that the Lagrangian manifold L satisfies Hypothesis 13 on
invariance as well as Hypothesis 16 of transversality.

Fix yuns > 0 small enough. There exists eo > 0 such that the following holds. Let (Wy)aec, be any open
cover of K in T*X of diameter < g such that there exist points p, € W, N K, and such that the adapted
coordinates (y%, n?) centred on p® are well defined on W, for every a € Ay. Then we may complete this
cover into (W;)aea an open cover of € in T*X where A = A1 U A, U {0} (with Wy defined as in (8))
such that the following holds.

There exists Nups € N such that for all N € N, for all o € AN and all a € Ay, we have W, N CID(]XV (Lo)
is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates (y%, n?).

Furthermore, if N —t(a) > Nyns, then Wy N CD(ZXV (Lo) is a Yuns-unstable Lagrangian manifold in the
coordinates (y%, n%).

Remark 18. For a sequence « € AN, N — t(«) corresponds to the time spent in the interaction region.
Our last statement therefore says that if a part of Lo stays in the interaction region for long enough when
propagated, then its tangents will form a small angle with the unstable direction at p“.

Remark 19. The constant ¢ and the sets (W, )se4, depend on the Lagrangian manifold Lo. If we take
a whole family of Lagrangian manifolds (£;),cz satisfying Hypotheses 13 and 16, then we will need
some additional conditions on the whole family to be able to find a common choice of g9 and (Wy)ze 4,
independent of z € Z. An example of such a condition will be provided by equations (36) and (37). Note
that these equations are automatically satisfied if Z is finite.

2.3. Proof of Theorem 17.

Proof. From now on, we will fix a yyus > 0.
Let pg € K, and consider the system of adapted coordinates in a neighbourhood of pg constructed in
Section 2.1.3. Recall that the set U°(¢) was defined in (14). We define a Poincaré section by

»Po — EPO(E) — {(ypo’ ,700) = UPO(G) . yfo — nt;o — 0}'

Note that the spaces Ei are tangent to X0, and that the coordinates (y*°, °) introduced in (13)
form a symplectic chart on X,

Actually, we will often need a nonsymplectic system of coordinates built from the coordinates (y*, n°).

Before building this nonsymplectic system of coordinates, let us explain why it is a crucial ingredient
of our argument. The main tool in the proof of Theorem 17 is the so-called “inclination lemma”, which
roughly says that a Lagrangian manifold which intersects the stable manifold transversally will get more
and more unstable when propagated in the future. This is a very easy result in the case of linear hyperbolic
diffeomorphisms, but we must add some quantifiers in the case of nonlinear dynamics to make it rigorous.
Namely, one can say, as in [Nonnenmacher and Zworski 2009, Proposition 5.1], that given a y > 0, there
exists €, > 0 such that if A is a y-unstable Lagrangian manifold included in some U” (€, ), then for any 0/,
®1(A)NUP (ey) is still y-unstable.



DISTORTED PLANE WAVES IN CHAOTIC SCATTERING 777

However, we may not use this result directly for the following reason. The smaller we take €, the
longer the points of the Lagrangian manifold £y may spend in the part of the interaction region which is
not affected by the hyperbolic dynamics before entering in some U”(¢) for some p € K. Yet the longer
they spend in this “intermediate” region, the more stable the Lagrangian manifold may a priori become.
To avoid such a circular reasoning, we should introduce another system of coordinates, in which the
description of the propagation of the Lagrangian manifolds in the intermediate region is easier.

2.3.1. Alternative coordinates. In this section we will describe a system of “alternative”, or “twisted”
coordinates built from the one we introduced in Section 2.1.3, but which may differ slightly from them.
Given a p € K, we introduce a system of smooth coordinates (y*, 7°) as follows.
On XP, these coordinates are such that

WOF(p) NP = {(55,0): 5P D¢}, W2 (p) N TP = {(0,7°) : #” € D},

loc
and if we denote by L, the map
Lp: (¥ n") > (3°.7°) (18)
defined in a neighbourhood of (0, 0), we have
dL,(0,0) = Idpea—2. (19)

Now, if p has straight coordinates (y”(p), n”(p)), we let o’ € %P be the point with straight coordinates
(0, y(0),0,9”(5)). We then define the twisted coordinates of p by

F1P) = 7). @) =n7(@). F°E) =5 B). #°() =" (p).

Note that this system of coordinates doesn’t have to be symplectic.

We have
dy?  onf ay?
= =0 forj=1,...,d—1, L=l (20)
Yy 1 9y
Givena p € K, and €, ¢’ > 0, we define
UP(e,€) ={(3%7) : 77| <€, i} <8, 5 € Der, P € De}, @1)

where § is an energy interval on which the dynamics remains uniformly hyperbolic.
Finally, the Poincaré section in the alternative coordinates is represented as

$P(e, €)= {()7'0, i’y e UP(e, € : == O}'

In the sequel, we will be working most of the time in a situation where €’ < € (that is, with sets much
thinner in the unstable direction than in the stable direction).

The main reason why we needed to introduce alternative coordinates is that they give a simpler
expression for the Poincaré map (see Remark 20). Let us now define this map.
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2.3.2. The Poincaré map. Let pg € K, and let € > 0 be small enough so that the twisted coordinates
around pg and ®!(pg) are well defined in some neighbourhoods Uro (e,€) and U q’l(p‘))(e, €). The
Poincaré map kp, is defined, for p € P (¢) near pg, by taking the intersection of the trajectory
(P°(p))|s—1]<e With the section $2' (ko) (this intersection consists of at most one point). In the sequel,
we will sometimes omit the reference to pp and simply write the Poincaré map «.

The map «,, need not be symplectic, since it is defined in the twisted coordinates which need not be
symplectic. However, if we had defined the Poincaré map in the straight coordinates, it would have been
automatically symplectic. The linearisations of the two systems of coordinates are identical at pg by (19).
Therefore, by using the hyperbolicity assumption, we see that the differential of « at pg takes the form

dic(po) = (g‘ t AO_I),

and there exists

v=et<1 (22)
such that the matrix A satisfies
A7 < v, (23)
where || - || corresponds to the matrix norm. Hence, the Poincaré map k, takes the form
Ko (FP0. 7170) = (AFP0 +@(F, 7). " A7157 + (57, 7)), (24)
and the functions & and B satisfy
@(0,7°) = B(3”,0)=0 and da(0,0)=dp(0,0)=0. (25)
We therefore have
lalicivy < Coe. IBllcrv) < Coe (26)

for some constant Cy, since « is uniformly C2.

Remark 20. Equation (25) is the main reason why we needed to introduce alternative coordinates, and
will play a key role in the proof of Lemma 31. If we had defined the Poincaré map in the straight
coordinates, we wouldn’t have had « (0, #°°) = 0 or §(y*°,0) = 0.

Remark 21. By compactness of the trapped set, the constants Cp and v may be chosen independent of
the point pg. We may also find a C > 1 such that, independently of pg and p; in K, we have

4l =c. (27)

Finally, by possibly taking Cq larger, we may assume that all the second derivatives of the map L, defined
in (18) are bounded by Cy independently on p € K.

2.3.3. Changes of coordinates and Lagrangian manifolds. Let us describe how a Lagrangian manifold is
affected when we go from twisted coordinates to straight coordinates centred at the same point.
Lemma 22. Suppose that a Lagrangian manifold A C Ur (e, €) may be written in the twisted coordinates
centredon p € K as A = {()7’10,)7”;0, F@GP)) : 7P €p}, where , C R? is a small open set, and with
|d F | co < y. Suppose furthermore that

Coey < 1.
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Then, in the straight coordinates, A may be written as
A ={(y7.y°:0, f(yP)) : y* € Dy},
with ||df ||co < y(1—Coye) 1 (1 +2Cqe).

Proof. To lighten the notations, we will not write the indices p.
Points on A are parametrized by the coordinate y. We may hence see their straight coordinates u, s as
functions of y.
By equations (19), (20) and Remark 21, we have
ad 0 dy OF
O _ 0y WIFG) _ g
9y 0y o oy
with | R|| < Coye < 1.
Therefore, on A, we know y > y is invertible. We may hence write 5 as a function of y, and we have
g _dy F(y) oy
5y

_ —1 /
e L)

with || R’|| < 2Coe. Hence ||dn/dy|| < y(1 —Coye)~ (1 4 2Cqe).
That » is actually independent of y; comes from the fact that A is an isoenergetic Lagrangian manifold,
and that we are working in symplectic coordinates. O

Let us now describe the change between two systems of twisted coordinates. Let p, p’ € K. If they are
close enough to each other, the map L : (32, ii®) — (7. 7”) is well defined on a set containing both p
and p/, of diameter d(p, p').

Combining the fact that the (un)stable subspaces E;'E are Holder continuous with respectto p € K §
with some Holder exponent p > 0, and point (v) of Lemma 11, we get

dL,0) =L+ Ry, (28)
where
IR0 | < CdP(p, p') for some p >0, (29)

— Uy 0
(5 3)

for some unitary matrix Uy,. Here, L; might not be unitary, but it is invertible, and by compactness of K,

and where L is of the form

ILy|I~! may be bounded independently on p.
Now, by compactness, the second derivatives of L may be bounded independently of p and p’. Therefore,
for any p” in a neighbourhood of p, we have

de// = dL(O,O) =+ Rp//, (30)

with Ry < C’d(p, p”") and C’ independent of p'.
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By possibly enlarging Co, we may assume that ||L, || ™! < Co. We may also assume that Co/2 is larger
than the constants C and C’ appearing in the bounds on R, s and R,

We will use the previous remarks in the form of the following lemma, which describes the effect of a
change of twisted coordinates on a Lagrangian manifold.

Lemma 23. Let p, p' € K be such that d(p, p’) < €, and let A be a Lagrangian manifold which may be
written in the twisted coordinates centred on p as A = {(y7, y”: 0, FP(5P)) : 5P € p}, where p CRY isa
small open set, and with ||de||C0 <y <1/(4CyeP).

Then, ANUP (e, €) may be written in the coordinates centred at p’ as

ANT? (e,e) ={(F) . 570, FP (57)) : 37 € o'},
where p/ C RY is a small open set, and with
Ild F? |l co < (y(1 + CoeP) + CoeP) (1 — 2y Coe®) ™! < 0.

Proof. Consider points on A. By assumption, their 7}°-coordinate is a function of their y*-coordinate.
Therefore, using the map L, their coordinates (77, 7°") may be seen as functions of 7.
Let us denote by Ly and L, the two components of L. By definition, we have

7 = Ly(%. i) = Ly (5°. F* (7).
where FP(7°) satisfies | FP(7°)/97°| < y. Therefore, we have

95°" 0L,  OFP(3°) 0L,

= =U+R,
o0 a5 a0 o T

where U is unitary.
By equations (28) and (30), we have ||E|| < 2yCpeP < 1 by assumption. Therefore, y° )7”/ is
invertible, and we have [|d5°/87° || < (1—2yCoe®)~!. We may see 7} as a function of 77, and we have

07" || _ || 85* 87" 3y° 9 8" 1
- LT < (1=2yCoe) N (CoeP + y(1 + CoeP)),
H 957 H 557 050 T 957 93¢ a7 =<( yCo€P) ™ (CoeP + y(1 4+ CoeP))
and the lemma follows. O

2.3.4. Propagation for bounded times. Let us fix a v; € (v, 1), where v was defined in (22). Recall that
p was defined in (29) as the Holder exponent of the stable and unstable directions. From now on, we fix
an € > 0 small enough so that

v+ CoeP Coe? Vuns(l - Vl)
= ) d , 31
v—1 — CpeP =v,oan v=1 —2CpeP = 8 (D
(14 v1) Vuns ! (1 +v1)(1 + CoeP) Yuns
] ———Cp€” Coe? )| < ——. 32
( 1 +2Coer) ¢ T 4G ) S T 2cper 32)

This is possible because (1 +v1)/2 < 1. We also ask that CoeP < 1/2. Note that, although condition (32)
looks horrible, it is designed to work well with Lemma 23.
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Wo = ENTH(X\Xo) //A point in

Wi\Ws

will never meet

T, e J W, in the future.
[[2 a€A,;

Wi ={p € £:d(p, K) < §} Ws

Figure 3. A representation of some of the different sets we introduce in the proof of
Theorem 17, intersected with a Poincaré section.

Let us introduce a first decomposition of the energy layer. Recall that we defined Wy in (8) as the
external part of the energy layer. We define W := {p € E\W) : d(p, K) < €/2} for the part of the energy
layer close to the trapped set, and W, := {p € E\Wy : d(p, K) > €/2} for the intermediate region. See
Figure 3 for a representation of these different sets. Note that we will later introduce a finer open cover of
the energy layer, using the sets W, appearing in the statement of the theorem.

The following lemma tells us that the set W, is a transient set, that is to say, points spend only a finite
time inside it.

Lemma 24. There exists Ne € N an integer which depends on € such that for all p € W5, we have either
ONe (p) € Wy or DNe(p) e W.

Proof. This result comes from the uniform transversality of the stable and unstable manifolds (which is a
direct consequence of the compactness of K).
It gives us the existence of a d(¢€) > 0 such that, for all p € Wr, UWy,

d(p,T1)+d(p.T7)<2d; = d(p.K)=<e/2.
We may therefore write
Wr={peW,:d(p,T7)>d1}U{peW,:d(p,T7)>d}.

A point in the first set will leave the interaction region in finite time in the future, while a point in the
second set will leave it in finite time in the past. By compactness, we can find a uniform N, such as the
one in the statement of the lemma. O

The following lemma is a consequence of the transversality assumption we made. It tells us that when
we propagate Lo during a finite time N and restrict it to a small set U” (¢, o) close to the trapped set, we
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obtain a finite union of Lagrangian manifolds in the alternative coordinates. Here, the size o of the set in
the unstable direction depends on N, but its size € in the stable direction does not.

Lemma 25. Let N € N. There exists Ny €N, on >0 and yn > 0 such that for all 0 < ¢ < on, for all
p€ K, and forall 1 <t < N, the set ®'(Lo) N UP (€, 0) can be written in the coordinates (3, ijP) as the
union of at most Ny disjoint Lagrangian manifolds, which are all y y -unstable:

(o)
o (Lo) NT?(e,0) = Ay,
=0

with l(0) < Ny and
Ap={(F1.57:0, f1 (7)) : 57 € Do}

for some smooth functions f! with ||dfl()7p)||C0(D€) < PN.

Proof. Let us consider a 1 <t < N. First of all, since ®' is a symplectomorphism, it sends Lagrangian
manifolds to Lagrangian manifolds. The restriction of a Lagrangian manifold to a region of phase space
is a union of Lagrangian manifolds.

We now have to prove that, if we take o small enough, these Lagrangian manifolds are all  unstable
for some yn > 0 which is independent of p.

Let p € K. By hypothesis, W, _(p) and ®?(Ly) are transverse when they intersect.

Therefore, in a small neighbourhood of the stable manifold {y® = 0}, each connected component
of ®'(Ly) may be projected smoothly on the twisted unstable manifold {#” = 0}. That is to say, there
exists a 0 > 0 and a y > 0 such that each connected component of ®’(Lg) N U P(e, 0) is y-unstable in
the twisted coordinates around p for some y > 0.

Now, since the changes of coordinates between twisted coordinates are continuous, we may use the
compactness of K to find uniform constants o > 0 and y > 0 such that each connected component of
O (Lo)NTP (e, o) is y-unstable in the twisted coordinates around p, independently of p€ K and 1 <t < N.

By compactness of ur (¢, 0), the number of Lagrangian manifolds making up ®’(Lo) N ur (e,0)
is finite. O

Applying this lemma to N = N, + 2, we define the following constants, which we shall need later in
the proof (recall that yy,s has been fixed):

(Y0.00) := (VN +2: ON.+2)» (33)

10g(yuns/4)/0)
= 1, Ny =N N, 2, 34
Llog((1+v1)/2) + uns 1+ e+ ( )
or:=min(57-.00). 2:=min((C +Coe”) M1, (35)

where C comes from Remark 21, and Cy comes from equation (26).

Remark 26. As explained in Lemma 24, N is the maximal time spent by a trajectory in the intermediate
region W,. The time N will be the time necessary to incline a yp-unstable Lagrangian manifold to a yys-
unstable Lagrangian manifold, as explained in Proposition 30. As for the constant o2, it has been chosen
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small enough so that at each step of the aforementioned propagation during a time Nj, the Lagrangian
manifolds we consider are contained in a single coordinate chart, as explained in Proposition 30.

Remark 27. The constant g9 in Theorem 17 will depend only on Yo and go. Therefore, the proof of
Lemma 25 tells us that if we consider a whole family of Lagrangian manifolds (£;),cz satisfying
Hypotheses 13 and 16, we will be able to find an &g > 0 uniform in z € Z provided we have the following
uniform transversality condition:

Vte N, Vpe K,38,y >0 suchthat Vze Z, ®'(L,;)N ﬁp(e, 8) is y-unstable. (36)

Lemma 28. There exists a neighbourhood W3 of I'™" N Wy in &, a finite set of points (p;)ie; C K and
0 < €1 < 01, such that the following holds:
(1) The sets (l7,~)l~€1 = (lNJ"" (€,02))ier form an open cover of a neighbourhood of Ws.

(i) pe WI\WBU{p eWs :d(p,T7)>d1} = VYi>0, d(® (p)),K) > €.
(iii) For any open set W of diameter < €1 included in Wi, there exists an i € I such that W C U;.
Proof. The sets (U P(e,02))pek form an open cover of a neighbourhood of (I'™ M W). Let us denote by
Ws such a neighbourhood.

By compactness, we may extract from it a finite open cover (ﬁi)ie 1= ((7 Pi(e,02))ier, which still

satisfies (1).
Since Wi is a neighbourhood of I'™ N, there exists a constant 5, > 0 such that the following holds:

VpeWi\Ws, d(p,T7) > 05.
Therefore, there exists 0 < €; < min(g1, €) such that
peWI\WsJU{p eW,:d(p\TT)>di} = V>0, d(®(p).K) > e1,
which is (ii). Finally, since the set ﬁ,- are open, we may shrink €; so that (iii) is satisfied. O

Remark 29. The constant ¢ appearing in Theorem 17 will be smaller than €; (see Lemma 33); therefore
each of the sets (W;)azea, Will be contained in some 17,-. Furthermore, we will have W, C {p € £ :
d(p, K) < go}. Hence, a point p € [W1\W3] U {p’ € Wy : d(p/, T ™) > d1} will not be contained in any
of the sets (W,;)qe4, When propagated in the future.

Lemma 25 tells us that ®Ve(L£g) N U; consists of finitely many yo-unstable Lagrangian manifolds.
Our aim will now be to take a Lagrangian manifold included in a l7,~1, to propagate it during some time
N > Nj, then to restrict it to a l7,~2 for iy,ip € I. The remaining part of the Lagrangian, which is in
W1\ Ws, will not meet the sets (W;)qe4, When propagated in the future, as explained in Remark 29.

2.3.5. Propagation in the sets U;. For N eNand (= (igi1---in—1) € I, we define

@A) := D (T, ND(-- D (T N A)---)).
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The propagation of Lagrangian manifolds in the sets U; is described in the following proposition, which
is the cornerstone of the proof of Theorem 17. Recall that y,,s was chosen arbitrarily at the beginning of
the proof, and that N, was defined in (34).

Proposition 30. Let N > Ny, t = (ipi1---iN—1) € IN andi el. Let A° C 17,-0 be an isoenergetic
Lagrangian manifold which is yo-unstable in the twisted coordinates centred on p;,. Then Ui N D,(A)is
a Lagrangian manifold contained in U;, and it is (Yuns/ (1 + 2Co€P)?)-unstable in the twisted coordinates
centred on p;j.

Proof. The first part of the proof consists in understanding how ®"(A%) behaves for n < Ny, in the
twisted coordinates centred on p;,. This is the content of the following lemma, which is an adaptation
to our context of the “inclination lemma”. (See [Katok and Hasselblatt 1995, Theorem 6.2.8]; see also
[Nonnenmacher and Zworski 2009, Proposition 5.1] for a statement closer to our context and notation.)

Lemma 31. ®V1(A%) is a Lagrangian manifold, which can be written in the chart (ﬁq’Nl (pig), f;d’Nl (pfo))
in the form

_oN i - . - . - .
®N1 (AO) = {(yl (o 0)’ y‘le(p’O);O’ fN1 (yCPNl (on))) . yq’Nl(Pto) c DN]}»
with D, C B(0. 1) and ||df ¥'||cocp,y < (14 v1)Vuns/4.

Note that ®V1 (A?) is a priori not contained in a single set U;, but the lemma states that it is contained
. ~dN1 (p; . .
in the set U® l(’O’O)(e, 01), where the twisted coordinates are well defined.

Proof. By assumption, A® may be put in the form
~Piy ~p; ~ 0; ~ 0 : 0
A= {(7, 57050, £O(§P0)) : [5P0] < @2}, with [|df °(570)]co < yo.
We will consider restrictions of the Lagrangian manifolds at intermediate times to the Poincaré sections
centred at ®F (pig): .
Ak = DK (A% N =2 i) (€, 0p).

sec
We have A1 = kK (AK), where k¥ := ki (pig)- @51 (i) is of the form (24). From equation (24) and

the definition of C, we see that the maximal rate of expansion in the unstable direction is bounded by
k

e on the

(C + CpeP). Therefore, the definition of o, implies that for any k < Ny, the projection of A
unstable direction is supported in B(0, o1).
To lighten the notations, we will write y k and i]k instead of fq)k (ig) and ﬁ‘pk (0ig)

Let k > 0, and suppose we may write

AR = (G5, R G5) 55 e Dy,

where D C B(0, 01), and ||dfk||co <y for some 0 < y < yp.
Note that the key point in the following computations is that, since we have chosen “alternative”

coordinates, we have |8,,5(k 5k, f)k)| < Coy* < Cyor.
1

The projection of CDI A

« on the horizontal subspace is given by

sec

FE s 55 = n @l (G5, R GF)) = A 3* + @ G, ).
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where for each k, we have Ay is a matrix as in (23).
By differentiating, we obtain

dyk+t1 A dak N dak dfy
8_)7" k 8)7" 871k ayk

= Ak + 1,

where 7y has entries bounded by Cpo1y0 < Coe.

Sk+1

Therefore, the map is invertible, and y kt1

e = can be

> 3% is contracting. This implies that A
represented as a graph

NG = {GFFL A GRY)  FE € Dy
with
FELGED =t G + B R E GO,
Differentiating with respect to y k+1 we get

fFt1 y* . af* .
o = (g )| (48" + 0u* GF P GO G+ 0GR 4 )

Therefore, we have

H O T _ 1A v + 19581 + 195Blvic _ yiv + Coe(1+ 7)
A = v 1356 — 1958l v —2Co€?
1— 1—
<y + ( Ul))/uns = [vi + Vuns( 1)1) ’
8 8Yk

where the last inequality comes from (31). First of all, the fact that this slope is bounded uniformly on

ARF1 implies that AKX+ can indeed be written in the form

Ak+1 = {(j)k-i-l’ fk+1(_)~7k+1)) . ik+1€ Dk+1}9

sec
where D41 C B(0,01), and |dfk+t lco < Yk+1, where

Yuns(1 — Vl)) ‘

Vi+1 = Vk (Vl +
8Vk

Now, if % > Yuns/4, then

1-— 1
v+ Yuns ( V1) < + v <1
Vi 2

so that y; decreases exponentially fast, while if y; < (1 + v1)yuns/4, then Y11 < (1 + V1) Yuns/4.
The time Ny has been chosen large enough so that yn, < (1 4 v1)yuns/4, Which concludes the proof
of the lemma. O

After times N > N, the Lagrangian manifold may not be included in g " i) (¢, 01)- Therefore, we
may have to use a change of coordinates. By Lemma 31, at time N, our Lagrangian manifold ®™1 (A?)
is included in T2 (pio)(e, 01) and is ((1 4 v1)Yuns/4)-unstable.



786 MAXIME INGREMEAU

We want to study U N ®N1(A%) for j €I in the coordinates centred at p 7, and to apply the computations
made in the proof of Lemma 31 again. Let us see how all this works.

If, for some j € I, we have l7j N &N (A%) # @, then d(®V1(p;,), pj) < €. Now, by applying
Lemma 23 as well as equation (32), we obtain that ®V1(A%) N U i 1S (Yuns/2)-unstable in the twisted
coordinates centred at p;.

We may continue this argument of changing coordinates and propagating to any time N > Np: we
always obtain a single Lagrangian manifold which is ((1 + v1)yuns/4)-unstable. This concludes the proof
of Proposition 30, because we assumed that CpeP < 1/2. O

Remark 32. In [Nonnenmacher and Zworski 2009, Proposition 5.1], the authors prove using the chain
rule that for each £ € N, there exists a constant Cy large enough such that the following holds. If i1, iy € 1
and if A C l7i, is a Lagrangian manifold in some unstable cone, generated by a function f in the
coordinates (771, 7Pi1) with || f|ce < Cg, then ®L(A) N U,-z is a union of finitely many Lagrangian
manifolds, all of which are in some unstable cone in the coordinates (72, 7°2), and are generated by
functions with a C¢ norm smaller than Cy.

In particular, this shows that on the Lagrangian manifold <I>[N (A) described in Proposition 30, the
function s°/ (y®i) hasa C ¢ norm smaller than Cy¢, where Cy is a constant independent of N.

2.3.6. Properties of the sets (Wy)aeca,. The following lemma is an adaptation of Lemma 25 to the
“straight coordinates”. Note that the main reason why we want to use these straight coordinates is because
they are symplectic, which will play a crucial role in the proof of Theorem 47.

Lemma 33. There exists o < €1 such that, if (Wy)aca, is an adapted cover of K of diameter gq such
that for each a € Ay, we have Wy N Wy = &, and there exists a point pg, € Wy N K # O, then there exist
Nn,.. € Nand y’ such that the following holds.

For each a € Ay, for each 1 < N < Nyps, the set ®N (Lo) N W, consists of at most NN, Lagrangian
manifolds, all of which are y'-unstable in the straight coordinates centred on p,.

Proof. Let us choose &g > 0 small enough so that Cpegyn,.. < 1 and such that each set of diameter smaller

uns

than o and which intersects K is contained in some U” (e, §), with § < § N,,- By applying Lemma 25,
eN, dy,.>0and yy, >0 suchthatforall0 <§ <4y, forall pe K
and for all 1 < N < Nyps, the set @V (L) N UP (e, §) can be written in the coordinates (57, 7°) as the

union of at most Ay Lagrangian manifolds, which are all y__-unstable. This gives us the statement in

uns uns

we know that there exists Ny

uns

the twisted coordinates. To go to the straight coordinates, we may simply use Lemma 22 thanks to the
assumption made on &g. O

Forany a € Ay, 1 <k < Nyps, the set W, N ol (Lo) consists of finitely many Lagrangian manifolds. Let
us define d, x as the minimal distance (with respect to the distance d) between the Lagrangian manifolds
which make up W, N ®* (L), with the convention that this quantity is equal to +oo if W, N ®K (L)
consists of a single Lagrangian manifold or is empty. We then set

d := min(gg, min {d > 0.
( 0 pryh { a,k})
ISkSNLmS
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Remark 34. If we consider a whole family of Lagrangian manifolds (£;),ez satisfying Hypotheses 13
and 16, we will be able to apply Theorem 17 to them with sets (W;)4e 4, independent of z € Z provided
the constant d is well-defined, that is to say, provided we have

inf {dZ ,}>0, (37)

acA,zeZ
1<k <Nuns

where d? , is the minimal distance between the Lagrangian manifolds which make up W, N ok (L,),
with the convention that this quantity is equal to +o0 if W, N ¥ (L) consists of a single Lagrangian
manifold or is empty.

The flow (®7?) is C! with respect to time, and hence Lipschitz on [0, Nyuys]. Therefore, there exists a
constant C > 0 such that for all ¢ € [0, Nyns] and for all py, ps € &€, we have

d(®'(p1), @' (p2)) < Cd(p1, p2)-
We take
g2:=d/C.

We now complete (W,;)aea, to cover the whole energy layer.

2.3.7. Construction and properties of the sets (Wyz)aea,. Recall that Wy = T*(X\ Xo), and that b is the
boundary-defining function introduced in Hypothesis 5.
We build the sets (W;)qe4, so that, if we set A = Ay U A, U {0}, the following holds:

 Each of the sets (W,)se4, has a diameter smaller than &;.
e For each a € A,, we have d(W,, K) > &3/2.

® (W4)ae4 is an open cover of £.

Our next lemma is the first brick of the proof of the uniqueness of the Lagrangian manifold making up
CI>ZXV (Lo). It relies on the fact that the sets (W;)4ec4, have been built small enough.

Lemma 35. Let k < Nyns, o € AX, and a € Ay. Then the set W, N q>§ (Lo) is empty or consists of a single
Lagrangian manifold.

Proof. Let us suppose that O (Lo) N W, is nonempty. We have seen in Lemma 33 that it consists of
finitely many Lagrangian manifolds, with a distance between them larger than d. Therefore, for any
1 <k’ <k, the sets CD_k/(CDk (Lo) N W,) consist of Lagrangian manifolds which are at a distance larger
than &, from each other. Because of the assumption (9) we made, we have oy, € A, for some k' < k.
Since the sets (Wg)ae4, have a diameter smaller than e, they separate the Lagrangian manifolds which
make up O (@ (L£9) N W,). We deduce from this the lemma. O

2.3.8. Structure of the admissible sequences. We will now state two of lemmas which put some constraints
on the sequences o € AN, with ay € A; such that Y (Lo) # @.
The first of these lemmas tell us that we may restrict ourselves to sequences such that o 7 0 for k > 1.
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Lemma 36. Let N € N, and let oo € AN, and a € Ay. Suppose that ax = 0 for some 1 <k <N —1, and
that W, N CDétV (Lo) # @. Then
Wan @Y (£o) c dN K (Lo).

Ok4+1"0CN—1

Proof. By hypothesis, <I>]O‘£l oy (Lo) CWo, and it intersects W in the future. We have Wo = DE_UDE 4,
and a point in DE cannot intersect W in the future. Therefore, the points in @’O‘“,_,ak (Lo) which
intersect W in the future are all in DE_. But by Lemma 9, the point in DE_ can only have preimages

in Wy. Therefore, we have

Wa N O (L) € Wa N B0y, ey, (L) CONE 1 (Lo).
where the second inclusion comes from Hypothesis 13. O

Let us now take advantage of Remark 29 to show that, from time k > N¢ + 2, all the interesting
dynamics takes place in Wjs.

Lemma 37. Let N > Ne +2, and o € AN with a; # 0 fori > 1.
Let Ne+2 <k <N, and p € ®X (Lo) be such that DN % (p) € W, for some a € Ay. Then p € Ws.

o

Proof. If p € Wi, then the result follows from Remark 29. We must therefore check that we cannot have
p € Wo UW,. First of all, note that Lemma 9 implies that we cannot have p € Wy. This lemma also
implies that for each a’ € A1 U A,, we have

QL (W, \Wo) NDE_ = 2. (38)

Suppose now that p € Ws. Since k > N + 2, and o; # 0 for i > 1, we have @ Ne=1(p) € W,/ for
some a’ € A1 U A,. Therefore, by equation (38), we have ® Ve (p) ¢ Wy.

By the proof of Lemma 24, this would imply that d(p, ') > d;. By Remark 29, this implies that we
cannot have ®Y K (p) € W, for some a € A, a contradiction. O

2.3.9. End of the proof of Theorem 17. Let N >0, o € AN anda e A;. If N < Nuns, the result of
Theorem 17 is a consequence of Lemmas 33 and 35.

Consider now N > Nyys > Ne + 2. We will assume that W, N dD(IXV (Lo) # @. Thanks to Lemma 36
and to Hypothesis 13, we may assume that o; 7% 0 for all i > 1.

From Lemma 37, we deduce that

Wan@y(Lo)c | J @(@F2, ., (Lo, (39)
e N—Ne—1
IN—Ne=lig

where iy € I is such that Wy, C ljia.
Let us define

Ap:={pe€ q’§(£0) LYK >0, ®F (p) € Waye i -
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By Lemma 37, for each k > N¢ + 2, we have Ay C W3 N Wy, . Therefore, by Lemma 28(iii), there
exists a iy € I such that A C Uik, and we obtain that

Wa N @Y (Lo) € @) N2 (@NH2  (L0)).

INe+42iN N~ 010N +2

We know from Lemmas 25 and 35 that @ojxefaz,ve +»(Lo) consists of a single Lagrangian manifold,
which is yp-unstable in the coordinates centred on any point of K. Applying Proposition 30, we know
that the right-hand side of (39) is a Lagrangian manifold which is (yuns/(1 4+ 2C4€P)?)-unstable in the
twisted coordinates centred on p;,, .

We first apply Lemma 23 to write this Lagrangian manifold in the twisted coordinates centred on p,.
Thanks to equation (32), it is (Yuns/ (14+2C,€P))-unstable. We then use Lemma 22 to write this Lagrangian
manifold in the straight coordinates centred on pgy , , and we deduce that it is yyns-unstable. This concludes

the proof of Theorem 17. O

Remark 38. Therefore, in the coordinates (y4, n%), the set W, N dJ(]xV (Lo) may be put in the form

Wan @Y (Lo) = {(¥]. ¥%:0. fNa.a(¥?) : Y€ DNaa)

for some open set Dy o 4 C RA.
Remark 32 tells us that for any £ € N, the functions fuq, have C ¢ norms which are bounded
independently of N, « and a.

3. Generalized eigenfunctions

We shall state our results about generalized eigenfunctions under rather general assumptions. We shall
then explain why these assumptions hold in the case of distorted plane waves on manifolds which are
Euclidean near infinity.

In the sequel, we will consider a Riemannian manifold (X, g) with a real-valued potential ' € C2°(X),
and define the Schrodinger operator

P, = —h*Ag —coh* + V(x).

Here ¢ > 0 is a constant, which will be 0 in the case of Euclidean-near-infinity manifolds (see Section 3.3
for the definition of such manifolds).
Before stating our assumptions, let us recall a few definitions and facts from semiclassical analysis.

3.1. Refresher on semiclassical analysis.

3.1.1. Pseudodifferential calculus. We shall use the class S°™P(T* X) of symbols a € CZ°(T* X), which
may depend on %, but whose seminorms and supports are all bounded independently of 4. We will
sometimes write S ™ (X) for the set of symbols in S™(7* X') which depend only on the base variable.
If U is an open subset of 7* X, we will denote by S°™P(U) the set of functions in S (7* X) whose
support is contained in U.
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Definition 39. Let a € S°™P(T*Y). We will say that a is a classical symbol if there exists a sequence
of symbols aj € S©™P(T*Y) such that for any n € N,

n
a—>Y hrap e F"TISCOM(THY).
k=0
We will then write
a(x,£) = lim a(x, & h)
h—0
for the principal symbol of a.

We associate to S™P(T* X) the class of pseudodifferential operators lIlzomp (X), through a surjective
quantization map
Opy, : S™(T*X) — W™ (X).

This quantization map is defined using coordinate charts, and the standard Weyl quantization on Re. Itis
therefore not intrinsic. However, the principal symbol map

op 2 WP (X) —> SCO(T*X) [ hS©O™(T* X)

is intrinsic, and we have
on(Ao B) = op(A)oy(B)
and
0p00p: SCOMP(T*X) — SO (T*X)/hS©O™(T*X)

is the natural projection map.

For more details on all these maps and their construction, we refer the reader to [Zworski 2012,
Chapter 14].

For a € S®™(T*X), we say its essential support is equal to a given compact K € T*X, denoted by

esssupppa =K €T*X,
if and only if, for all y € S(T*X),
supp x C(T*X\K) = ya € h*®S(T*X).
For A e \P}Clomp (X), A=0py(a), we define the wave front set of A as
WEF},(A) = ess suppy, a,

noting that this definition does not depend on the choice of the quantisation. When K is a compact subset
of T*X and WF;(A) C K, we will sometimes say that A4 is microsupported inside K.

Let us now state a lemma which is a consequence of Egorov theorem [Zworski 2012, Theorem 11.1].
Recall that U(¢) is the Schrodinger propagator U(r) = e ~itn/h,

Lemma 40. Let A, B € W, (X), and suppose that ' (WF;,(A)) N WF;,(B) = @. Then we have
AU(I)B = 0L2_>L2(hoo).
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If U, V are bounded open subsets of 7* X, and if T, T’ : L?>(X) — L?(X) are bounded operators, we
shall say that T = T’ microlocally near U x V if there exist bounded open sets U>Uand V>V such
that for any 4, B € \onmp(X) with WF(A4) ¢ U and WF(B) C V, we have

A(T - T,)B - OL2_>L2(hOO)

Tempered distributions. Let u = (u(h)) be an h-dependent family of distributions in D’(X). We say it is
h-tempered if for any bounded open set U C X, there exists C > 0 and N € N such that

—N
””(h)”Hh_N(U) <Ch™",

where || - || N ) is the semiclassical Sobolev norm.

For a tempered distribution u = (u(h)), we say that a point p € T*X does not lie in the wave front set
WF(u) if there exists a neighbourhood V' of p in T* X such that for any A € \Ilzomp (X) with WF(a) C V,
we have Au = O(h*°).

3.1.2. Lagrangian distributions and Fourier integral operators.

Phase functions. Let ¢(x, 0) be a smooth real-valued function on some open subset Uy of X x RL for
some L € N. We call x the base variable and 6 the oscillatory variable. We say that ¢ is a nondegenerate
phase function if the differentials d(dg, ¢) - -~ d(dg, ¢) are linearly independent on the critical set

={(x,0):09¢ =0} C Uy.
In this case
Agp :=1{(x,0x¢(x,0)): (x,0) € Cp} C T*X

is an immersed Lagrangian manifold. By shrinking the domain of ¢, we can make it an embedded
Lagrangian manifold. We say that ¢ generates Ay.

Lagrangian distributions. Given a phase function ¢ and a symbol a € S°°™P(Uy), consider the #-dependent
family of functions

u(x;h)=h_L/2/ PN Py (% 0;h) do. (40)
RL

We call u = (u(h)) a Lagrangian distribution, (or a Lagrangian state) generated by ¢. By the method of
nonstationary phase, if supp a is contained in some /-independent compact set K C Uy, then

WF,(u) C {(x, 0x¢p(x,0)):(x,0)eCypN K} CAg.

Definition 41. Let A C 7* X be an embedded Lagrangian submanifold. We say that an -dependent family
of functions u(x; h) € CX°(X) is a (compactly supported and compactly microlocalized) Lagrangian
distribution associated to A, if it can be written as a sum of finitely many functions of the form (40), for
different phase functions ¢ parametrizing open subsets of A, plus an O(4£°°) remainder. We will denote
by 1°°™P(A) the space of all such functions.
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Fourier integral operators. Let X, X’ be two manifolds of the same dimension d, and let k be a symplec-
tomorphism from an open subset of 7* X to an open subset of 7* X’. Consider the Lagrangian
Ae ={(x, =V ;x,v) tk(x,v) = (x"V)} CT*X' x T*X = T*(X' x X).
A compactly supported operator U : D'(X) — C2°(X') is called a (semiclassical) Fourier integral operator
associated to « if its Schwartz kernel Ky (x/, x) lies in h=/2[°™P(A ). We write U € %™ (k). The
h=4/2 factor is explained as follows: the normalization for Lagrangian distributions is chosen so that
[ull 2 ~ 1, while the normalization for Fourier integral operators is chosen so that |U |12 (x)—r2(x") ~ |-
Note that if k ok’ is well defined, and if U € 1°°™P (k) and U’ € I°°™P(k”), then U o U’ € I°°™P(k o k).
If U € I°°"P(k) and O C T*X is an open bounded set, we shall say that U is microlocally unitary
near O if U*U = I12(x)— 12(x) microlocally near O x k(0).

3.1.3. Local properties of Fourier integral operators. In this section we shall see that, if we work locally,
we may describe many Fourier integral operators without the help of oscillatory coordinates. In particular,
following [Nonnenmacher and Zworski 2009, §4.1], we will recall the effect of a Fourier integral operator
on a Lagrangian distribution which has no caustics. We will recall in Section 4.2 how this formalism may
be applied to the study of the Schrédinger propagator.

Let « : T*R4 — T*R? be a local symplectic diffeomorphism. By performing phase-space translations,
we may assume that  is defined in a neighbourhood of (0, 0) and that «(0, 0) = (0, 0).

Without loss of generality, we can find linear Lagrangian subspaces, I';, I'J-J‘ C T*RY, Jj =0,1, with
the following properties:

. FjJ- is transversal to I';.
e If 7r; (resp. Jer-) is the projection T*R4 — I'; along FJ.J- (resp. the projection T*RY — F].J- along I';),
then, for some neighbourhood U of pg, the map
k(U)xU =Ty xTq. (k(p).p) > m1(k(p)) x 7§,
is a local diffeomorphism from the graph of k |y to a neighbourhood of the origin in 'y X Fd‘.
Let A;, j =0, 1 be linear symplectic transformations with the properties
Aj(T) ={(x,00} C T*R? and A;(I'}") ={(0.§)} C T*RY,
and let M; be metaplectic quantizations of the A; as defined in [Dimassi and Sjostrand 1999, Appendix
to Chapter 7]. Then the rotated diffeomorphism
K:=Ajoko Ay’
is such that the projection from the graph of
T*RY x T*RY e R? xR?,  (xL£1:x%, 6% > (x1 €9, (xL&h) =k (x%¢&9), (41)
is a diffeomorphism near the origin. It then follows that there exists a unique function V€ C®(RY xRY)
such that for (x1, £%) near (0, 0),
R(p(x,£9),87) = (L9 (¢ §7),  detP #0 and ¥(0,0) =0,

The function ' is said to generate the transformation & near (0, 0).
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Note that if 7 € 1™ (%), then
T:= Ml_loToMoelcomp(K). (42)

Thanks to assumption (41), a Fourier integral operator T e [comp (k) may then be written in the form

1 / / e I LEN—(XOEN TRy (31 £0. 1y (0) @O d£°, (43)
R2n

Tu(xl) = )

with o € §eomP(R24),

Now, let us state a lemma which was proven in [Nonnenmacher and Zworski 2009, Lemma 4.1], and
which describes the effect of a Fourier integral operator of the form (43) on a Lagrangian distribution
which projects on the base manifold without caustics.

Lemma 42. Consider a Lagrangian Ao = {(xo, ¢o(x0)) : X € Qo}, ¢po € C£°(Q0), contained in a small
neighbourhood V C T*R4 such that k is generated by r near V. We assume that

K(Ao) = A1 ={(x.¢1(x)) 1 x € Q1}, ¢1 € C(Q).

Then, for any symbol a € S°™P(Q2y), the application of a Fourier integral operator T of the form (43) to
the Lagrangian state
a(x)ei¢o(x)/h

associated with Ag can be expanded, for any L > 0, into
L-1

T(ae'®/ M) (x) = 1)/ 1 ( > bj(x)h! +hErp(x, h)),
Jj=0

where b; € S, and for any { € N, we have
1bjllceyy = Cejllallcetaiy, 0=J=<L-1,
lre (- Ml ce,) = Ce,Lllallcerartnqy)-

The constants Cy, ; depend only on k, o and supg, 0B po| for 0 < |Bl <2L+ .

3.2. Assumptions on the generalized eigenfunctions. We consider generalized eigenfunctions of Py, at
energy 1, that is to say, a family of smooth functions Ej € C°(X) indexed by % € (0, 1] which satisfy

(Pp,—1)E, =0.
We will furthermore assume that these generalized eigenfunctions may be decomposed as follows.
Hypothesis 43. We suppose that E}, can be put in the form
E,=E)+Ej}, (44)

where E}(l) is a tempered distribution which is a Lagrangian state associated to a Lagrangian manifold
which satisfies Hypothesis 13 of invariance, as well as Hypothesis 16 of transversality, and where E ]1 isa
tempered distribution such that for each p € WF,(E ,1), we have p € £.
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Furthermore, we suppose that E Ii is outgoing in the sense that there exists €3 > 0 such that for all
X x' € CE° suchthat y =1 on{x € X : b(x) > €2}, there exists Ty > 0 such that for all t > Ty, we have

O (WF((1— ) f'E})) Nspt(x) = 2. (45)

The most natural example of such generalized eigenfunctions is given by distorted plane waves, which
we are now going to define. Note that they depend on a parameter £ € 9X, so that they actually form a
whole family of generalized eigenfunctions.

It is also possible to define generalized eigenfunctions which satisfy Hypothesis 43 on manifolds which
are hyperbolic near infinity. This is done in [Ingremeau 2017, Appendix B]; the construction mainly
follows [Dyatlov and Guillarmou 2014, §6], but some work has to be done to check that E i is a tempered
distribution.

3.3. Distorted plane waves on Euclidean-near-infinity manifolds.

Definition 44. We say that X is Euclidean near infinity if there exists a compact set Xo C X anda Rg >0
such that X\ X has finitely many connected components, which we denote by X7, ..., X;, such that for
each 1 <i </, we have (X;, g) is isometric to ([R{d\B(O, Ro), grucl)-

The surface in Figure 2 is an example of a Euclidean-near-infinity manifold. We may assume that
supp V C Xg. Also, any Euclidean-near-infinity manifold fulfills Hypothesis 5. Indeed, we may take a
boundary-defining function b such that b(x) = (14| x|?)~'/2 if x € X; which we identify with R?\ B(0, Ry).

To define distorted plane waves, we will simply give a definition of each of the two terms which
compose them as in (44).

3.3.1. Definition of E}(l). By definition of a Euclidean-near-infinity manifold, we have
N
X = XoU (|_| X,-)
i=1

with Xo compact, and for each 1 <i < N, there exists an isometric isomorphism
xi : Xi = R\ B(0, Ry), (46)

equipped with the Euclidean metric gp.
The boundary of X may then be identified with a union of spheres:

N
ox =| |5
i=1
with §; = S™.
Let £ € 9X. We have £ € S; for some 1 <i <m. Take a smooth function j : X — [0, 1] which vanishes
outside of X;, and which is equal to 1 in a neighbourhood of ;.
We define the incoming wave E,(l’ by E}? (&,): X > Cby

i iy e X;,

EO X)) = )?(x)e
h (€. 0 otherwise.
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If we write Lg for the Lagrangian submanifold (with boundaries) X; x {§} C T*X, then E]? is a
Lagrangian distribution associated to L, which satisfies Hypothesis 13 of invariance.

3.3.2. Definition of the distorted plane waves. Let us set

Fpp:= =[Py, 1IEQ(£).

Note that we have Fj, € S©"P(X).

Recall that the outgoing resolvent Ry, (1) is defined as Ry (1) := lim__, o+ (Py — (1 +i€)?)™L, the limit
being taken in the topology of bounded operators from Lfomp(X ) to Lﬁ)c (X).

We shall use the following resolvent estimate, which was proved in [Nonnenmacher and Zworski 2009].
Theorem 45 (resolvent estimates for Euclidean-near-infinity manifolds). Let X be a Euclidean-near-
infinity manifold such that Hypothesis 10 on hyperbolicity and Hypothesis 46 on topological pressure

hold. Then for any y € C2°(X), there exists C > 0 such that for all 0 < h < hg, we have

log(1/h)

p (47)

IXRr(Dxll2x)>r2x) = C

We define
E} = Ry(1) Fy,.

which is a tempered distribution thanks to Theorem 45.
We then define the distorted plane wave as

&._ 10 1
E, = E, +E,.

To check the outgoing assumption on E}, we must explain why there exists €5 > 0 such that for all
X x € C with y =1o0n {x € X : b(x) > e>}, there exists Ty > 0 such that for all # > T, we have

" (WF((1— x)x'Eyj)) Nspt(y) = @. (48)

From [Dyatlov and Guillarmou 2014, §6.2], we know that for any p € WF,(E }1), we have p € £, and
either p € I'" or there exists a ¢ > 0 such that ®~(p) = (x, £) where x € spt(3j), where j is as in
Section 3.3.1.

We may take €, < €p small enough so that spt(y) C {x € X : b(x) > €,}. Suppose that p = (x, &) is
such that x € spt(1— y) and 7y (®’(p)) € spt(y). Then, by geodesic convexity, (x, —&) € DE . Therefore,
since spt(}) C {x € X : b(x) > ez} and spt(1 — y) C {x € X : b(x) < €2} and since b decreases in the
future along the trajectory of (x, —§), it is impossible that there exists 7 > 0 such that ®~/(p) = (x, &)
where x € spt(dy). Therefore, if p € CDt(WF((l — )())(’Ei)) N spt(y), we must have p € DE 4.

On the other hand, if p € DE 4, then (48) is always satisfied as long as Ty is large enough so that
®Tx(DEy NT*(spt(1 — x))) N T* spt(y) = @. This shows that £} is outgoing.

Finally, one readily checks that we have, in the sense of PDEs,

(Py—1)E; =0.

We will sometimes simply write Ey, instead of E S, to avoid cumbersome notations.



796 MAXIME INGREMEAU

The definition of Ej seems to depend on the choices of the cut-off functions we made. Actually, the
distorted plane waves can be defined in a much more intrinsic fashion, using the structure of the resolvent
at infinity. We don’t want to enter into the details here (see [Dyatlov and Guillarmou 2014, §6; Melrose
1995, Chapter 2]).

3.4. Topological pressure. We shall now give a definition of topological pressure, so as to formulate
Hypothesis 46. Recall that the distance d was defined in Section 2.1.2, and that it was associated to
the adapted metric. We say that a set S C K is (e, t)-separated if for p1, 02 € S, p1 # p2, we have
d(®" (p1), D' (p2)) > € for some 0 <7 < ¢’ (Such a set is necessarily finite.)
The metric g,q induces a volume form €2 on any d-dimensional subspace of T(T*RY). Using this
volume form, we will define the unstable Jacobian on K. For any p € K, the determinant map
A"d D (p)] EF0 A'EFO — A"Eg,"(p)
can be identified with the real number
Qq;t(p)(dq)tvl /\dq)tvz AREE /\dCDtvn)
Qp(VI AV A= AVy)

det(dCDt(p)|E;-0) =

’

where (vy, ..., v,) can be any basis of E:O. This number defines the unstable Jacobian:
exp A (p) := det(d @' (p)| -+0). (49)

From there, we take

Zi(e.s) = sup ) _exp(=sA; (p).
PES

where the supremum is taken over all (e, t)-separated sets. The pressure is then defined as
P(s) := lim lim sup 1 log Z (e, 5).
€0 ;500 1

This quantity is actually independent of the volume form 2 and of the metric chosen: after taking
logarithms, a change in € or in the metric will produce a term O(1)/¢, which is not relevant in the t — co
limit.
Hypothesis 46. We assume the following inequality on the topological pressure associated with ®* on K:

P(3) <o. (50)

We will give an equivalent definition of topological pressure in Section 4.1, better suited to our purpose.

3.5. Statement of the results concerning distorted plane waves. We may now formulate our main result.

Theorem 47. Suppose that the manifold X satisfies Hypothesis 5 at infinity, and that the Hamiltonian
flow (®) satisfies Hypothesis 10 on hyperbolicity and Hypothesis 46 concerning the topological pressure.
Let Ey, be a generalized eigenfunction of the form described in Hypothesis 43, where E}? is associated
to a Lagrangian manifold Lo which satisfies the invariance Hypothesis 13 as well as the transversality
Hypothesis 16.
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Then there exists a finite set of points (pp)pep, C K and a family (I1p)pe g, of operators in \Ilzomp (X)
microsupported in a small neighbourhood of pp such that ) pcp . Hp = I microlocally on a neighbour-
hood of K in T*X such that the following holds.

LetUp : L*>(X) — LZ([RRd) be a Fourier integral operator quantizing the symplectic change of local
coordinates ky, - (x,§) = (yP, nP?), and which is microlocally unitary on the microsupport of 1.

For any r > 0, there exists M, > 0 such that we have

LM} ¢l loghl]
; 1Y
UpTT, Ex(yP) = Y Y s O™k, g (yP:h) + Ry, (51)
n=0 ﬂe[gn

where ap g € S (Rd) are classical symbols, and each ¢, g p is a smooth function independent of h,
and defined in a neighbourhood of the support of a, g p. The set By, will be defined in (85). Its cardinal
behaves like some exponential of n.

We have the following estimate on the remainder

IR llL2 = O(R").
For any L €N, € > 0, there exists Cy ¢ such that for all n > 0 and for all h € (0, ho], we have

3 lanpslice < Coee P27, (52)
BEB,
Remark 48. This theorem can be considered as a quantum analogue of Theorem 17. Indeed, as we
explained in Section 1, we will prove it by describing the evolution of the Schrodinger flow of Lagrangian
states, while Theorem 17 described the evolution by the Hamiltonian flow of associated Lagrangian
manifolds. Actually, the sets containing the microsupports of the operators (I13)pep, Will be built from
the sets (Wy)qea, constructed in Theorem 17, as explained in Section 4.1.

Remark 49. The remainder R, is compactly microlocalised, since the other two terms in the decomposi-
tion (51) are compactly microlocalised. Therefore, for any £ € N, by possibly taking M, larger, we may
ask that

IRrllce = O").

Theorem 47 may be used to identify the semiclassical measures associated to our generalized eigenfunc-
tions, as in Theorem 3. We shall do this only microlocally close to the trapped set, since the expression
for the semiclassical measure on the whole manifold may become very complicated.

Let us denote by 7, the principal symbol of the operators I1; introduced in the statement of Theorem 47.
The following corollary is a more precise version of (the second part of) Theorem 3.

Corollary 50. There exists a constant 0 < ¢ < 1 and functions e, g forn €N, B € By, and b € By such
that for any a € C2°(T*X) and for any y € C°(X), we have

(OPRCTFa B AEa) = [ aCe,0)djng(x.0)+ OGHO),



798 MAXIME INGREMEAU

with
o0

i, (kp P20 =Y D e p(Y7)non —ag, , (vor )y dy*”.
n=0geg,

The functions ey g p, satisfy an exponential decay estimate as in (52).

The functions e, g, will be closely related to ag, b (yP?), the principal symbol of a, g ;(y*?)
appearing in (51). Actually, e, g ,(y??) will either be the square of the modulus of ag, B.b (yP?), or the
square of the modulus of the sum of a finite number of ag’ B.b (yP?) for different values of n and . These
different terms will come from the fact that a point may belong to @;’to (Lo) for several values of n, B.

3.6. Strategy of proof. To study the asymptotic behaviour of the distorted plane wave as & goes to zero,
we would like to write that U (1) Ej, = EJ,, where U (1) := €'/hU(r). However, this equation can only be
formal, because Ej, ¢ L?(X). Instead, we use [Dyatlov and Guillarmou 2014, Lemma 3.10]:

Lemma 51. Let y € C°(X). Take t € R, and a cut-off function y; € CZ°(X) supported in the interior
of a compact set K, such that

dg (supp ., supp(l — x¢)) > 2|¢],

where dg denotes the Riemannian distance on M. Then, for any § € S9, we have
1En = X000 En + O™ EpllL2(k,)- (53)
Since E}, is a tempered distribution by assumption, we have, for any ¢ > 0 and y € C°(X),
|xEn— 20 () 11 Enll L2 = O(h™),

where y; is as in Lemma 51.
We may then iterate this equation as follows: we write that y; = y + y:(1 — x), and obtain

XEw = x0T = 010 En + xTOxU ) e Ep + 0 ().
We may iterate this method to times N¢ < Mt|logh| for any given M > 0. We obtain

N

XEw = U@ 2 En+ Y (UO) (1= 0 x:Ep + O(h*). (54)
k=1

Now, choose y € C2°(X) as in Hypothesis 43, and take t > T.
Lemma 52. Lett > Ty, M >0, and x € C°(X) be such that x =1 on {x € X : b(b) > €2}, where
€3 < € is as in Hypothesis 43. For any k < M |log h|, we have

1O @) (= g E}l2 = O().

Proof. We only have to prove that ||(xU (t))(1 — )())(,Eé |12 = O(h®°). This is a consequence of (45) in
Hypothesis 43. O
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Therefore, we have for any y € C>°(X) as in Lemma 52,

N
XEw = GUOW 1 Ef + GUOW e By + U@ (1= 0 Ef + 0(h™).  (55)
k=1

Let us now introduce tools from [Nonnenmacher and Zworski 2009] to analyse these terms in more detail.

4. Tools for the proofs of Theorem 47

4.1. Another definition of topological pressure. Recall that £ and Kg were defined in (10) and (11)
respectively. For any § > 0 small enough so that (12) holds, we define

&= U ¢E, K% .= U KEg.

|E—1|<§ |E—1]|<é

Let W = (Wgz)aea, be a finite open cover of K 8/2 guch that the W, are all strictly included in & § and
of diameter < &9, where &9 comes from Theorem 17. For any 7" € N*, define W(T') := (Wy) ¢ AT by

T-1
Wa = ﬂ ®_k(Wak),
k=0

where = ag, ...,ar—1. LetA’T be the set of o EA{ such that W, N K #* . IfV cées, VﬂK‘s/Z;éQ,
define

Sr(V):=— inf Af(p), with A} asin (49),
(V) eV K5/ T(P) T (49)
ZT(W,s):zinf{ > explsSr(Wa)}: Ar c A'r. K2 | Wa},
a€AT a€AT
1
§ . .
= 1 1 —logZ .
Ps) diam W0 Toseo T 02 r(W.s)
The topological pressure is then
P(s) = lim P (s). (56)
§—0
Recall that we assumed that
P(3) <o.

Let us fix €¢ > 0 so that P(%) + 2¢¢ < 0. Then there exists #g > 0, and W an open cover of K § with
diam(W) < g9 such that

(% log Zyy (W, 5) — P (s)) < co. (57)

We can find Ay, so that {W, : « € Ay} is an open cover of K 8 in £% and such that

D" exp{sSi,(Wa)} < expito(PP (s) + €0)}.

OlEA[O
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Therefore, if we take § small enough, and if we rename {W, : o € Ay} as {V} : b € B}, we have

> exp{354 (Vo)) < explio(P(3) +2¢0)}. (58)
beB;

By taking #y large enough, we can assume that log(1 + €¢) + 7o(P(1/2) + €¢) < 0.

A new open cover of £. By hypothesis, the diameter of W in (57) is smaller than g¢, so that we may
apply Theorem 17 to it. We complete it into an open cover (W,)ze4 as in Theorem 17, and if o € AV
for some N > 0, we define as previously W, := ﬂ,lcvz_ol Ok (Wy,).

Let us rewrite as (V3)pep, the sets (Wy)geqto. Where o € A0\ A such that ax # 0 for some
0 <k <to—1. We will also write Vj for the set Wy o,....0-

If we write B = By U B, U {0}, the sets (V})pep form an open cover of £ in T*X.

Actually, by compactness of the interaction region, we may find a § > §’ > 0 small enough so that (12)
holds and such that, by replacing Vo by VoNE 5 the sets (Vp)pep form an open cover of &% included in &°.

If B="by---by—1 € BN for some N €N, and if A is a Lagrangian manifold, we will define for each
0 <k < N—1the set ®g"(A) by

cI)%to (A) =ANVp,
PO(A) = OOV, N O(A) for <k N L.

By the definition of the sets b € B, we have q)g’to (A= <1>O]X;° (A), where ag € AN s the concatenation
of all the sequences which make up the by, 0 <k <N —1.
Therefore, once we have fixed a point ,ob € K NV, for each b € By, we have the following analogue

of Theorem 17.
Corollary 53. If there exists NJ,, € N such that for all N € N, for all € BN and all b € By, then

Vp N @g’to (Lo) is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates
(yPe, nPP).
Furthermore, if N —t(B) > N/

uns’

then Vi N @g (Lo) is a Yuns-unstable Lagrangian manifold in the
coordinates (y*b, nP?).

Remark 54 (new definition of the sets (V3)pep,). The sets (V)pep, form an open cover of K. By
compactness, they form an open cover of {p € £ : d(p, K) < €3} for some €3 > 0. Hence, if for each
b € B, we replace each Vj, by V, N{p € £ : d(p, K) > €3/2}, which we still denote by V}, the sets
(Vp)pep still form an open cover of £, and the conclusions of Corollary 53 do still apply.
By adapting the proof of Lemma 24, we see that by possibly enlarging N, ., we may suppose that for
all b € B, and for all p € Vj, we have ®Nml0(p) € Vo\(Upep, Vs) or d~Ninto (p) € Vo\(Upes, V5)-
Note also that thanks to Lemma 9, for any b € By U B, and for any k > 1, we have DK (Lo N V)N

WoNDE_ =@.

Remark 55. In [Nonnenmacher and Zworski 2009, Proposition 5.2] the authors proved the following
statement. There exists a y; > 0 such that the following holds. Let b, b’ € By, and let A be a Lagrangian
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manifold contained in V},, y-unstable in the coordinates (y??, n°?) for some y < y;. Then ®©(A) NV},
is also a Lagrangian manifold which is y-unstable in the coordinates (y*#’, n°?").

Furthermore, the map y”» + yP»" obtained by projecting ®°| 5 onto the planes {(y*?, n°) : nf» = 0}
and {(yPr’,nPr’) : nPr’ = 0} satisfies the following estimate on its domain of definition:

Pp/
det(ay ) — (14 O(e?))eh @),
Bypb

where /\;g(pb) is the unstable Jacobian of pp, defined in (49).
In the sequel, we will always suppose that yyns < y1.

For each b € By, we will denote by U}, a Fourier integral operator quantizing the local change of
symplectic coordinates (x, §) > (yPb, nP?).

4.2. The Schrodinger propagator as a Fourier integral operator. Let us explain how the formalism
of Section 3.1.3 may be used to describe the Schrodinger propagator U(t) acting on L2(X). We shall
state a lemma proven in [Nonnenmacher and Zworski 2009, Lemma 4.2]. Recall that for 0 < § < 1, we
defined &9 as UiE—1)<s €E -

Lemma 56. Let Vo €&, Vi c ®(Vy) for some t > 0. Take some po € Vo N E and set p1 = ®*(pg) € V4.
Let fj:m(Vj)— R4, j =0,1 be local coordinates such that fo(7(po)) = fi(w(p1)) = 0 € R4. They
induce on Vo and V7 the symplectic coordinates

Fi(x.8) = (f;(0). (df;(0)) 7§ =EY), j=0.1,
where E(j) € R? is fixed by the condition Fj(p;j) = (0,0). Then the operator on L2(R9),
T(t) = e ED AT U@ (fo) e E T,
is of the form (42) for some choice of the A; microlocally near (0,0) x (0, 0).

4.3. Iterations of Fourier integral operators. We recall here the main results from [Nonnenmacher and
Zworski 2009, §4] concerning the iterations of semiclassical Fourier integral operators in T*RA.

Let V C T*R? be an open neighbourhood of 0, and take a sequence of symplectomorphisms
(ki)i=1,..,N from V to T*R9 such that for all i € {1,..., N}, we have ; (0) € V, and the projection

(x1,81: x0,80) = (x1,80), where (x1,£1) = K (x0, §0),

is a diffeomorphism close to the origin. We consider Fourier integral operators (7;) which quantise «;
and which are microlocally unitary near an open set U x U, where U € V', which contains the origin. Let
Q C R9 be an open set such that U @ T*, and, for all i, we have k; (U) € T*2. For each i, we take a
smooth cut-off function y; € C°(U; [0, 1]), and let

S;i :=O0pp(xi)oT;. (59
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Let us consider a family of Lagrangian manifolds Ay = {(x, ¢,’C(x)) xeQyCT*RY, k=0,...,N,
such that
10%| < Cq. 0<k <N, aeN (60)

We assume that there exists a sequence of integers (iy € {1,...,J})r=1....n such that

.....

Kix o1 (Mg NU) C Agyqs k=0,...,N—1.

We define g; by
gr(x) = m oKy (x, ¢y (x)).

That is to say, k;_' (x. ¢} (¥)) = (8 (). ¢ _ (8, (x)))-
We will say that a point x € Q is N-admissible if we can define recursively a sequence by xV = x,

k=1 — ¢, (x¥). This procedure is possible if, for any k, we have xk is

and, fork = N, ..., 1, we have x
in the domain of definition of gy.
Let us assume that, for any admissible sequence (x?V---x%), the Jacobian matrices are uniformly

bounded from above:

axk _ || 9Gk+1°8k+20--081)
dx! ax!

where Cp is independent of N. This assumption roughly says that the maps g; are (weakly) contracting.

hl<cp. 0<k<i<N,

We will also use the notation

k
Dy := sup [detdge(0)|'2, Ji:= [] D,
xX€N =1
and assume that the Dy are uniformly bounded: 1/Cp < Dj < Cp.
The following result can be found in [Nonnenmacher and Zworski 2009, Proposition 4.1].

Proposition 57. We use the above definitions and assumptions, and take N arbitrarily large, possibly
varying with h. Take any a € S and consider the Lagrangian state u = ae' /" associated with the
Lagrangian Ag. Then we may write

L—1

(Siy 00 i) (ae'®/M)(x) = e ov @)/ h (Z W a¥ (x)+hERY (x, h)),

=0
where each ajN € C°(2) depends on h only through N, and Riv € C®((0, 1], S(RY)). If xN € Q is
N -admissible, and defines a sequence (x*), k =N, ..., 1, then

N
lag’ (xV)| = ( [T xie &% 1.5 detdgk(xk)|1/2)|a(x0)|;

k=1
otherwise a]N (xN¥)=0, j =0,...,L—1. We also have the bounds

lal llceey < CredN (N + D ¥ lallcerzi gy j=0.....L—1, LeN, (61)
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N
IRY | L2ay < Cillallc2e+a(gy (1 + Coh)™ Z Tkt (62)
k=1
N
IRY llceqay < CLah™>lallcarvagy(1+ Co)V Y Jek3E+e, (63)

k=1
The constants C; 4, Co and Cy, depend on the constants in (60) and on the operators {S; }jJ —1
We shall mainly be using this proposition in the case where for all k, we have Dy <v < 1. In this

case, the estimates (61), (62) and (63) imply that for any £ € N, there exists Cy independent of N such
that for any N € N, we have

lallce < lag'llce(1+ Ceh). (64)
4.4. Microlocal partition. We take a partition of unity ) ", p 75 such that
Z ap(x)=1 forall x € s
beB
and supp(7rp) C Vj, C &9 for all b € B.
For b € B1 U B;, we set I1j := Opy,(1r5). We have
WE;, (M) C V,NES and M, = 115,
We then set

Mo:=Id— Y Tl
beB|UB>»

We can decompose the propagator at time ¢y into
Ultg) = Z Uy, where U, := HbeiIO/hU(to).
beB

The propagator at time Nty may then be decomposed as

Uty =) Up. (65)
BeBN
where 173 = (7/31\,_1 0---0 (7/30.
4.5. Hyperbolic dispersion estimates. We will use the following hyperbolic dispersion estimate, coming

from [Nonnenmacher and Zworski 2009, Proposition 6.3], the proof of which can be found in Section 7
of that paper.

Lemma 58 (hyperbolic dispersion estimate). Let M > 0 be fixed. There exists an hg > 0 anda C > 0
such that for any 0 < h < hg, for any N < M log(1/ h) and for any B € BN, we have

N
10pllL2r2 < Ch™2(1 + €)™ T exp[454,(Vg,)]. (66)
j=1
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5. Proof of Theorem 47

Proof. Having introduced these different tools, we may now come back to the proof of Theorem 47.

5.1. Decomposition of xEp. Let y € CZ°(X) be as in Lemma 52. We may suppose Ty < to. Then, by
equation (55), we have

N
XER = U o)Y x10En+ Y (xU ) (1= 01 Ef) + O(h™). (67)
k=1

where the cut-off function y;, € C°(X) is such that

dx (supp x., supp(1 — x¢,)) > 2|to].

where dy denotes the Riemannian distance on X .
We shall require the following lemma. The proof of (i) is the same as that of Lemma 24, while the
proof of (ii) essentially follows from point (3) of Hypothesis 5.

Lemma 59. (i) There exists Ny € N such that for any N € N if p € supp(xs,) and ®N (p) € supp(y),
then for any Ny <k < N — Ny, we have ok (p) € Vp, for some b € By U Bs.

(i) If p € & is such that 0 (p) € Vg for some k € N, but @&+ (p) € V), for some b € By U By, then
X' (p) is in DE_ (and hence in Vo) for any k' < k.

From Lemma 59, we deduce that for any kK > 2N, + 2, we have

Ny+1
(Xﬁ(lo))k=12:()(l7(lo))N"+l( > ﬁﬂ)(XﬁO)NX_I+0L2—>L2(hOO)- (68)
=0

BeBk—2Nx—2+1

For any N € N\{0}, define By C (B; U B»)N by

(B1 U By)N if N <2N/ +2,

N -— ’ — /o ’ .
;(Bl U Bz)Nuns"'lev 2N s 2(31 U Bz)Nuns"'1 otherwise.

(69)

Lemma 60. For any N > 2N/ + 2 and for any B € (B1 U By)N \By, we have

uns
10p L2 2 = O(h).

Proof. Let B € (B1 U B2)N\By. Then there exists N/, +2 <k < N — N/.. + 2 such that f; € B,.
Recall from Remark 54 that N[, is such that for any p € Vg, , we have ®Vunf0 (p) € Vo\(Upep, Vp) or

O Ninsto(p) € Vo\(U beB, Vb). The result then follows from Lemma 40. |

Equation (68) may then be rewritten as

Ny+1
(Xﬁ(lo))k=lX:(Xl7(lo))N"+l > ﬁﬂ)(XUO)NX_l+0L2—>L2(h°°)- (70)
=0

BEBK—2Ny—2+1
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By summing over k and reordering the terms, we get, for any K > 2N, + 3N/ .+ 4,

uns

N Ny+1

K
DS zuﬁ(m»w( 3 ﬁﬂ)uﬁo)l
k=0

n=1 1=0 ﬂEBn'f‘RNans"rz

n N—n
S Z(Xﬁ(lo))N"H( ) ﬁﬁ)uﬁo)’
n=K—2Ny—2 [=0 BEB, L3Ny 42
K—7—-1
+ > (xUt) + Op2y2(h™), (71)
=0

where 1 = K —3N/, — Ny, —4.

Let us note that from Lemma 42 and Hypothesis 13, for each 0 </ < N,, there exists y; € S ™ (X)
such that

O™ (1= D11 E} = 11 Ef + O(h™). (72)
Let us introduce the notation
Ny+1
= (73)
1=0
Thanks to equation (71), we can study the different terms in equation (67). The first term in the

right-hand side of (67) may be bounded by the following lemma.

Lemma 61. Let r > 0. We may find a constant M, > 0 such that for any M > M, and for any
M,|logh| < N < M|logh|, we have

1T to)™ x10EnliL2 = O(").

Proof. We use (70), Lemma 58 and the topological pressure assumption to obtain

T o) xi0Enllz <€ Y UpauEn| + OG)
BEBN—2Ny—2
<c 3 1Tg xt0 Enl
ﬂeBlN—2Nun5—2NX—4
N—-2Ny,s—2
<ChP(1+e)V ) [T exp[356(V8)]llx00Enll
ﬂeBlN—zNuns—zNX—zL j=1
N
< +€0)N( ) exp[%sm(vb)]) 00 B

beB,
< Ch™¥2(1 + €0)" exp{N1o(P(3) +2Neo) | 1 Enll-
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By assumption, Ej, is a tempered distribution, so that || s, Ep |l 2 < C/h"". Therefore
IGT o) 10 EnllL> < CH™"" =42~ exp{N 1o (P(3) + 2Neo)}
for some small €. The lemma follows by taking M, large enough. O

Using Lemma 61, and equation (71), we may rewrite equation (67) as

M, |logh| Ny+1

tEn="Y Z(xﬁ(mw“( ) ﬁﬂ)(xﬁo)’(l—mtoE;?
=0

n=1 BEB, L3N +2
M, |logh| M;|logh|—Ny,—2—n

-y > (xﬁao))Nx“( > ﬁﬂ)(xﬁo)l(l—x)x,0E2

n=M,|logh|—Ny =0 ﬂeBn+3Nu/ns+2
3N/ +Ny+3
+ > U ) A=0xEp + Op2(h").
=0

The second term may be bounded by O (k") thanks to Lemma 61. By using equations (72) and (73), we get

M, |logh| 3Nyt Ny +3
xEr= 3 (xﬁao))NW( ) ﬁﬂ)zE;H S O t)) (1=) xig ES+ 01217,
n=1 ﬂ68n+31vu’ns+2 =0 (74)
5.2. Evolution of the WKB states.
5.2.1. Construction of Bo. From now on, we fix b € By and r > 1. We may write
3N/ +Ny+3 Ny+3N/,+3
Wiy Y QU@ A=0xEr= Y, Y UWUL(1—p1oEy. (79
1=0 I=0 BeB!
where we have used the notation
UJ = xUp,x-+- xUp,. (76)

Note that each of the Uy I1,U g is a Fourier integral operator from L2?(X) to L%(R?). Thanks to
Corollary 53, we may use Lemma 42 to describe the action of each of these Fourier integral operators

on the Lagrangian state (1 — ) y+, E,?. If we denote by By the set U;\Z(;r 3Nins +3 B!, we may write
Ny+3N/+3
Uy Y U@ A= 0xE) = eops (77)
=0 ﬂego

where eq g p, (y?) = e¢0~5’b(ypb)/ha0’,3,b (yP?: h), withag g p and ¢ g p as in the statement of Theorem 47.
Let us now consider the other terms on the right-hand side of equation (74), which will be indexed
by By, n > 1.
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5.2.2. Evolution in the intermediate region. Letn>1and B € By 13N/ +2. By the definition of By 13n7 +2,
for N/ +1<i<n+2N/ +1 wehaveﬂ,- € B;.

uns uns
+1, . . . . . .
N (L) consists of a single Lagrangian manifold, which is yyns-

According to Theorem 17, @2 8
unstable in the symplectlc coordinates in V32N e
Thus, we may say that U Bo-Bans 41 (X E h) is a Lagrangian state associated to the Lagrangian manifold

@éN““SH ofo (Lo). Thanks to Lemma 56, we may use Lemma 42 to write

PB, A7
/7 =0 PBy N7 _ PByns 1. j 2Nns 1Y)/
Up,ny 1oy o Uobang ot TER) 2Vt 1) = a(y™ 2Vt e )/
for some a € S (RY).

5.2.3. Propagation of Lagrangian states close to the trapped set. To lighten the notations, let us write
ni=n-+2N/+1

For each 2N/ .+ 1 <k <n, we write

TBr 1B = Upyr Uﬁk’+1u;//( ’

Now Tg,, .\ B is an operator quantising the map kg, g,, o obtained by expressing ® in the
coordinates (yBx", nPr') > (yPrr+1 pPr+1). Tt is of the form (59).
We will write

Tf?NL{mHﬁ = T8ibi © 0 Ty o Ban
Thanks to Remark 55, we may apply Proposition 57 to describe the action of Tﬂ2 Ny 1. on the
Lagrangian state Ug, , 41 UﬁO"'ﬂzN’ . ()?E,(;). Note that
T,EZNUHS+1 nuBZNuns+1 (7/30-~-,3sz+1 = Ug; ﬁﬂomﬁﬁ'
We obtain that tg, Tlg. Uﬁo---ﬂﬁ ()?E}?) = e;,8, With
eip(y) = a™P (y)ePrsMh -y e Re, (78)

In the notation of Section 4.3, by Remark 55 that for any N/ + 1 <k’ <7, we have

uns
Di = ST(Vg,)(1+ O(€”) < 1.

We therefore set

n

Tosyin = 1] (Su(Vp )1+ 0@)). (79)
k/=Nuns+1

Thanks to equation (61) in Proposition 57 and equation (64), we obtain for any £ € N,
la™Pllce < (14 Ceh)ClIpy,, oy i+ 1D (80)

for some constants Cy, C é.
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5.2.4. End of the propagation. Using equation (74) and the results of the previous subsection, we have

M |log h|

XEn= > (xfi(ro))Nx“( > ﬁﬂﬁ"-ﬂnu;ﬁeﬁ,ﬂ)

n=1 BEB, L3Nl +2 1)

Nx+3lens+3
+ Y U@ (= 0xEp + Op2(h"),
=0
with
Ny+3N/,+3

Uy Y U@)' U=0xEp =D eops-
=0 BeBy

To finish the proof, we have to apply Uy ITp, (xU (19))Vx+1 Uﬂﬁ...ﬁnl/{; to e g-
To do this, one should once again decompose the propagator, and study

Z ubeUé(/ijﬂﬁ'"ﬂnuEﬁeﬁaﬂ’ (82)
ﬂ/eBNXJrl

with U /;(’ as in (76). To analyse each of the terms on the right-hand side of (82), we use once again
Lemma 42 (the lemma may be applied, thanks to Theorem 17 and to Lemma 56).
We obtain that

Uy T U, U5, U5 €5 p(y) = PP ()l bnpnr Oy e RY, (83)
and thanks to equation (80), we get
la™PF llce < (14 Ceh)Cdpy,, oy A+ D (84)
for some constants Cy, C é.
For any n > 1, we write
By = Buang, 42 x BN HL (85)

As announced, the cardinal of 5B, grows exponentially with n. If 8 = (8', ) € By with 8 € By12 N/ +1>

we define

Nnyony+2.0.8.8
b

dn,pb = d Pn,B.b = PNyiony+2.0.8.8"-

With these notations, combining (81) with (83) gives us the decomposition (51).

The key point to obtaining estimate (52) is to notice that for any N > N/ + 1, we have, thanks to (58),

uns

N—-N[,—1
Z TBng 1By = (Z Sto(Vp) (1 + O(Ep)))

'BNlﬁns-i-l"'ﬁﬁeBlN_NdnS_l beB; (86)

< exp[(N — Nps — D(toP(3) (1 + 0(eP))].

By applying (86) for N = Ny 12N, +2,1, and combining it with (84), we get (52). O
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Note that, although the statement of Theorem 47 describes the generalized eigenfunctions Ey, only very
close to the trapped set, (81) can be used to describe Ej, in any compact set, though in a less explicit way.

Using the estimate (52) as well as the fact that ||X(7(t0)||L2—>L2 <1land |Upll;2—12 <1, we deduce
Theorem 1.

6. Semiclassical measures

The main ingredient in the proof of Corollary 50 is nonstationary phase. Let us recall the estimate we
will use, and which can be proven by integrating by parts.
Let a, ¢ € S™P(X). We consider the oscillatory integral

ip(x.h)

Iy(a, ) :=/Xa(x)e n dx.

Proposition 62. Let € > 0. Suppose that there exists C > 0 such that for all x € spt(a) and for all
0 < h < hg, we have |3¢ (x,h)| > ChY/27¢. Then

In(a.¢) = O(h™).
We shall only give a sketch of proof here, and refer to [Hormander 1983, §7.7] for more details.

Sketch of proof. To prove this result, we simply integrate by parts, noting that

h i (x.h
Inta.9) = T/X @345'3(6 252 dx.

Hence, when we integrate by parts, the worst term in the integrand will involve second derivatives of ¢

times /|d¢|?, and will therefore be a O(h2€) by assumption. By integrating by parts more times, we
will gain a factor h%€ every time, so that Ij,(a, ¢) is actually a O (h*°). |

Note that the sketch of proof above tells us that, if we could say that when d¢ (x, ) is small, then the
higher derivatives of ¢ are small as well, i.e., if we had

Vk >2,3C; suchthat [0%¢(x,h)| < Cr|dg(x,h)|,

then we would have Ij,(a, ¢) = O(h*®) provided |0¢ (x, h)| > Ch'~¢. However, it is not clear that we
can estimate the higher derivatives of the phase functions which appear in this section.

6.1. Distance between the Lagrangian manifolds. To take advantage of Proposition 62, we need a lower
bound on the distance between the Lagrangian manifolds which make up ®"%°(Lg) N V},. To prove such
a lower bound, let us first state an elementary topological lemma.

Lemma 63. There exists co > 0 such that for any p, p' € T*Xo N E such that d(p, p') < co, there exists
b € B such that p, p' € V},.

Proof. Suppose for contradiction that for any € > 0, there exists pe, p. such that d(pe, p.) < € and such
that for all » € B such that pe € V},, we have y¢ ¢ V3. By compactness of 7*Xo N &, we may suppose
that pe converges to some p. We then have p, — x, and if b € B is such that p € V}, then p, p.. € V}, for
€ small enough, a contradiction. O
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We may now state our lower bound on the distance between the Lagrangian leaves which make up
O (L) N V.

Let NeN, e B and b~e Bj1. The set CDZ”O(EO) NV} may be written in the form {(y??, 8q~5n,ﬂ’b(ypb)}
for some smooth function ¢y g .

For any B € BN B’ € BN let us define

o(B.B') :=max(N —(B), N' = 7(8")),
with t(B) as in (17).
Proposition 64. There exist constants C{, Cy > 0 such that for any N, N' €N, for any p € B N g’ e BN .
for any b € By and for any y*?, we have either ¢y g p(y°?) = 0y g p(¥P?) or
10,5, (r?) = b 7.5 (v")] = Ce 20,
Proof. Since T*X( N & is compact, we may find a constant C > 0 such that for any p, p’ € €N T* X,

d(®'(p), @' (p')) < eC'd(p, p'), (87)

where d is the distance on the energy layer which we introduced in Section 2.1.2.
Let b € By, and y» € Dgj; N Dy p, be such that

0pn.p.b(y7") 7 D1 5 (V7).

Let us denote by p the point (y*?, 8¢~5N,5,b (y*P)) and by p’ the point (y*?, 3¢~5N/,,3/,b (yP?)).

We claim that there exists 0 < k < o(8., ') such that for each b’ € B, if ® %% (p) € V},, then
dk10(p') ¢ V. Indeed, if no such k existed, then for each k, there would exist by € B such that
o0 (p) €V, and DK (p') €V}, foreach0<k <o (B, B’). We would then have p e CDZ]?,X(N’N/)JO (Lo)
and p’ € CD??,X(N’N/)”O (Lo) for some sequence B” built by possibly adding some 0’s in front of the
sequences B and B’ This would contradict the statement of Corollary 53.

Thanks to Lemma 63, we deduce from this that there exists 0 < k < o(8, B’) such that
d(®1(p), @70 (p')) = co.

Combining this fact with equation (87), we get

d(p.p') = coe €7

Since all metrics are equivalent on a compact set, we may compare d(p, p’) with |843N,ﬂ,b(ypb) —
o, g/,b(¥°?)| and we deduce from this the proposition. U

Using the definition of By, we deduce the following result about the functions ¢, g 5 in the statement
of Theorem 47.

Corollary 65. There exist constants C{, C} > 0 such that for any n,n’ €N, for any p € By, B’ € By, for
any b € By and for any y*, we have either 3¢, g p(y*?) = 0¢n g5 (yP?) or

|a¢n,,8,b(ypb) _ 3¢n/,/3/,b(y””)| > C{ecﬁ min(n,n’)'
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6.2. Proof of Corollary 50. We shall now prove Corollary 50, which we recall.

Corollary 50. There exists a constant 0 < ¢ < 1 and functions e, g p forn €N, B € By, and b € By such
that for any a € C°(T* X) and for any y € C2°(X), we have

(OP(TFa) B 1En) = [ aCe,0)dpp g (x.0) + OH)
with
o0

i, ey PP =Y D en g p(Y7)on =ag, , (vor Ay,
n=0gep,

The functions ey g p, satisfy the estimate (52).

Proof. Take any small € > 0, and set

1
20,

1
—€, ci=(M —G)P(%) = Z(CZ/) —e,
2

where C; comes from Corollary 65.

Let a € C°(T*X), y € CX(X) and b € By. Using the fact that Opy(ab) = Opy(a)Opy(b) +
O12_,12(h) for any a,b € S°°™P(X), the self-adjointness of I1j, and the unitarity of U}, on the microsup-
port of II;, we see that we have

(Opy (5 @) XEn. XEn) 2 xy = (OPs (@) Ty X En. Ty XEn) > () + O(h)
= (UpOpy (@) UpyUp Ty Epp, UpTIp XEp) (5 + O(h).
Now, using Egorov’s theorem ([Zworski 2012, Theorem 11.1]), we know that
UpOpy, () Uy Up T, = Opy (ap)Up Ty + Op2(x)— 12Ra) (BT),
where ap, = a okp + Op2(h). Using decomposition (51), we have

(OPh(”zfa)XEh, XEh)LZ(X)

LMc|loghl] _ LMc|loghl] .
= Z Z <OPh(ab)[€l¢"’3’b/han,ﬂ,b], Z Z elq)n/’ﬁ/’b/han’,ﬂ’,b> + O(hc) (88)
n=0 ﬂegn n’=0 'B’GEH/
But thanks to estimate (52),
\Mcloghl] (Mloghl]
Z Zel(bn,ﬂ.b/han,ﬂ,b — Z Z el(pnﬂ’b/han,ﬂ,b'i_ OLZ(]’IC),
n=0 'Begn n=0 Begn

so that

(Opy(rpa) xEn. XEn)L2(x)
LM [logh|] LM [logh|]

_ Z Z<Oph(ab)[ei¢"'3’b/han,ﬂ,b]’ Z Zei¢”’»lf’~b/han/,gf,b>+O(hc)- (89)

n=0 Becf, n'=0 B/eB,,
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We now want to fix a n < M |logh| and a 8 € By, and to analyse the behaviour of

| (Mloghl]
<0Ph(ab)[€l¢"’ﬂ’b/han,ﬂ,b]» Z Z €l¢”"‘9"”/hancﬂ’,b>-
n’=0 ﬁ/egn

Let us define Y,/ g = {y”b € spt(¢n,g,b) Nspt(dnprp) - 0y g1 b (¥P?) = 8¢n,5,b(y"b)}. We have
(Opp(ap)le’ 2/ a, g 1), ' a o/ "y, g, 4)

= /Y (Opp(ap)[e! P2y p p]) (P )e 80 O™ Ry gy (P ) dy P

n’.B’

+/Rd\y (Opy(ap)[e' 20" ay g 1) (yPP)e! O 0O kg, gy (P01 1) dyP?. (90)
”/-IS/

Recall that the integrals are well defined, because the phase functions are well defined in a neighbour-
hood of the functions a, g 5.

The second term on the right-hand side of (90) is a O(h°°). Indeed, the image of a Lagrangian state by
a pseudodifferential operator is still a Lagrangian state with the same phase. Therefore, we are computing
scalar products between Lagrangian states with respective phases ¢, g » and ¢, g/ p.

Now, by the choice of M, and by Corollary 65, we know that for each y*» € Rd\Yn@ g’ we have
100086 (¥P?) — 0pngrp (¥P2)] = Ch'/2t€ for some C, € > 0. Hence by Proposition 62, we deduce that
the second term on the right-hand side of (90) is a O(h*°).

We should now try to understand the properties of the set Y,/ g/.

First of all, Y}, g/ is an open set. Indeed, if y*» € Y, g/, then the point p = (y*?, d¢, g »(y*?)) (in the
coordinates centred at pp) belongs to @Z’to (Lo) as well as to QDZ/,JO (Lo) in the notation of Proposition 64.
Suppose for simplicity that n = n’ (the general case works the same). Then the condition y*» € Y,/ g/
simply means that "% (p) was both in Vg, and in Vﬂ;{ at each intermediate time k. This is clearly an
open condition.

On the other hand, by continuity of the phase functions, Y, g/ is a closed set. Therefore, Y, g/ consists
of a certain number of connected components of the support of ¢, g/.

We know that the support of a, g/, is included in the domain of definition of ¢, /5. Therefore,
some of the connected components of spt(a,, g/ ;) may be included in Y,,; g/, while others are included in
R4 \Y, g/, but none of them may intersect both sets. Therefore, if we set aZ,’,’Z,’ p(VPP) = ap g p(yPP) if

yP? €Y, g, and equal to O otherwise, then az,’, 8 € S, and we have

LM |logh|]

<Oph(ab)[ei¢"’ﬁ’b/han,B,b]s > Zei¢””3"h/han/,ﬂ’,b>
n'=0 B’eBy

LM |logh|]

=/Rd(Oph(ab)[e"%’“/han,ﬂ,b])(y””)e_i¢'1’ﬂ’h(ypb)/h( > Zazi,g/,b)(y””)dy””- 1)

n'=0 p’eB,
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Let us write
M |loghl]

Zln’ﬁ’b = Z Z a:,”%,’b.

n'=0 B’eB,
So d, g p(yPP) is the sum of all the symbols in the expansion (51) having phase ¢, g ,(y*?). We see by
the estimate (52) that a,, g 5 satisfies (52) itself, and that

LM |logh|]

<Oph(ab)[ei¢n’ﬂ'b/han,B,b]a > Z€i¢”"3/’h/han/,ﬂ’,b>
n'=0 B'eB,

— /Rd (Oph(ab)[€i¢”'ﬂ’b/han,ﬂ,b])(ypb)e_i¢”’3'b(ypb)/hﬁn,ﬂ,b(ypb)dypb + O(h™).

We may then compute this expression using stationary phase, just as to compute the semiclassical measure
of a Lagrangian state (see [Zworski 2012, §5.1]). We obtain

[M|logh|]

<0ph(ab>[ef¢"-ﬂ~b/"an,ﬁ,b1, > Z€i¢”/'ﬁ/'b/han’,ﬁ’,b>: / L @b ditn g,
n’'=0 p’eB, R
where

diin,gb = an,.p(Y*?)an o (YP)S(non =3, 5.,(v°0)ydVFP.

Summing over all n, 8 and using equation (89), we obtain indeed that
(OPHTF0) e Ea) = [ ar6)djn(5.8) + 01,

with (kp)* b,y = Y meo >_peB, Hn.p.b; that is to say

o0
i, (kp PP ) =Y D en b (Y800 =0 5.5 (o513 dY",
n=0 BeB,

where e, g 5 (yP?) := limy_,g(an,g,pan,g,p)(¥°”). This concludes the proof of Corollary 50. |

6.3. Construction of the measure . In the Introduction we defined the measure ,Uﬁ by

/ a d,t,LS ;= lim aod’ dug

T*R4 1=00 JT*Rd

foranya € C (? (T*R%). We will now give a sketch of the proof of why the hyperbolicity and transversality
hypotheses, along with the assumption that P(1) < 0, imply that the above limit exists.

Note that the assumption P(1) < 0 is really less restrictive than 77(%) < 0. For instance, if we assume
that the flow (®?) is axiom A, that is to say, that the periodic orbits are dense in K, then [Bowen 1975,
§4.C] guarantees us that P(1) < 0.

Note that, if a is nonnegative, then ¢ — fT*Rd aod! dug is nondecreasing, so that we only have to
show that this quantity is bounded.



814 MAXIME INGREMEAU

If  is a measure, we define ®L u by

/ ad(cbiu)::/ aod dpu.
T*Rd T*Rd

If 7 € C°(T*R?; [0, 1]) we define the measure 7 by

/ ad(mp) :=/ amdu.
T*Rd T*X

Remark 66. Note that if u is the semiclassical measure associated to a Lagrangian state ¢y, then
is the semiclassical measure associated to /pi ¢y, and, by Egorov’s theorem, ® p is the semiclassical
measure associated to U(t)¢y,.

We shall use the functions 7, from Section 4.4. If 8 € B", we set
D= g, DY (- 78, DY (g, DY 1))

Let ¢, be a Lagrangian state associated to a Lagrangian manifold which is y-unstable in the coordinates
(¥#.nP), and let 11 be the semiclassical measure associated to ¢j,. The propagation Ug¢y, can be described
using the methods of Section 4.3 along with the results of Section 2. In particular, we obtain, like in
[Nonnenmacher and Zworski 2009, (7.12)], that we may find C, € > 0 such that for all N € N and all

B € BN, we have
N

1Usnllz> < C(1+Ce)™ 1_[ exp[ 351 (Vg,)]-
j=1

We may deduce from this the following bound for the measure ®gu. Note that this could also be
deduced directly from the transport equations for measures, without using Schrodinger propagators and
Egorov’s theorem.

For any a € CY(T*X), if B € BV, we have that

N

(P, a) < C@(1+CON T explSiy(Vp)))-
j=1

By possibly taking the sets V3 smaller, we may ensure, just like in Section 4.1, that

> exp{Siy (Vy)} < expito(P(1) + €)}.
bGB]
Therefore, we obtain that
> (®pp.a) = C@)exp[-N1o(P(1) —e)]. (92)

N
BB

If we assume that the flow (®?) is axiom A, that is to say, that the periodic orbits are dense in K, then
[Bowen 1975, §4.C] guarantees us that P(1) < 0.
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Now, we have that
oNopf = 3" dgut,
BeBN
and we may use (92) along with the assumption that P(1) < O to show that, if a is nonnegative,
1+ [raga ao® d,u(é) is bounded.
Showing that uf is the semiclassical measure associated to Ej, follows from [Dyatlov and Guillarmou
2014, §5.1] (which relies on Egorov’s theorem), along with estimate (47).
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