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The problem of L9(R3) — L2(S) Fourier restriction estimates for smooth hypersurfaces S of finite type
in R3 is by now very well understood for a large class of hypersurfaces, including all analytic ones. In this
article, we take up the study of more general L4(R>) — L"(S) Fourier restriction estimates, by studying
a prototypical model class of two-dimensional surfaces for which the Gaussian curvature degenerates
in one-dimensional subsets. We obtain sharp restriction theorems in the range given by Tao in 2003 in
his work on paraboloids. For high-order degeneracies this covers the full range, closing the restriction
problem in Lebesgue spaces for those surfaces. A surprising new feature appears, in contrast with the
nonvanishing curvature case: there is an extra necessary condition. Our approach is based on an adaptation
of the bilinear method. A careful study of the dependence of the bilinear estimates on the curvature and
size of the support is required.
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1. Introduction

Let S be a smooth hypersurface in R” with surface measure dog. The Fourier restriction problem for S,
proposed by E. M. Stein in the seventies, asks for the range of exponents ¢ and r for which the estimate

( /S |f|’das)’ < Cllf Il (1-1)

holds true for every f € S(R"), with a constant C independent of f. There was a lot of activity
on this problem in the seventies and early eighties. The sharp range in dimension n = 2 for curves
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with nonvanishing curvature was determined through work by C. Fefferman [1970], E. M. Stein and
A. Zygmund [1974]. In higher dimensions, the sharp L9 — L? result for hypersurfaces with nonvanishing
Gaussian curvature was obtained by Stein [1986] and P. A. Tomas [1975] (see also [Strichartz 1977]).
Some more general classes of surfaces were treated by A. Greenleaf [1981].

The question about the general 19— L" restriction estimates is nevertheless still wide open. Fundamental
progress has been made since the nineties, with contributions by many. Major new ideas were introduced
in particular by J. Bourgain [1991; 1995b] and T. Wolff [1995], which led to important further steps
towards an understanding of the case of nonvanishing Gaussian curvature. These ideas and methods
were further developed by A. Moyua, A. Vargas, L. Vega and T. Tao [Moyua et al. 1996; 1999; Tao
et al. 1998], who established the so-called bilinear approach (which had been anticipated in the work of
C. Fefferman [1970] and had implicitly been present in the work of Bourgain [1995a]) for hypersurfaces
with nonvanishing Gaussian curvature for which all principal curvatures have the same sign. The same
method was applied to the light cone by Tao and Vargas [2000a; 2000b]. The climax of the application of
that bilinear method to these types of surfaces is due to Tao [2001b] (for principal curvatures of the same
sign), and Wolff [2001] and Tao [2001a] (for the light cone). In particular, in these last two papers the
sharp linear restriction estimates for the light cone in R* were obtained.

For the case of nonvanishing curvature but principal curvatures of different signs, analogous results in
R3 were proved by S. Lee [2006] and Vargas [2005]. Results for the light cone were previously obtained
in R3 by B. Barcel6 [1985], who also considered more general cones [Barcelé 1986]. These results were
improved to sharp theorems by S. Buschenhenke [2015]. The bilinear approach also produced results for
hypersurfaces with k < n — 2 nonvanishing principal curvatures [Lee and Vargas 2010].

More recently, J. Bourgain and L. Guth [2011] made further important progress on the case of
nonvanishing curvature by making use also of multilinear restriction estimates due to J. Bennett, A. Carbery
and T. Tao [Bennett et al. 2006].

On the other hand, general finite-type surfaces in R3 (without assumptions on the curvature) have been
considered in work by I. Ikromov, M. Kempe and D. Miiller [Ikromov et al. 2010; Ikromov and Miiller
2011; 2012; 2014], and the sharp range of Stein—Tomas-type L9 — L? restriction estimates has been
determined for a large class of smooth, finite-type hypersurfaces, including all analytic hypersurfaces.

It is our aim in this work to take up the latter branch of development by considering a certain model class
of hypersurfaces in dimension three with varying curvature and study more general L9 — L" restriction
estimates. Our approach will again be based on the bilinear method.! In our model class, the degeneracy
of the curvature will take place along one-dimensional subvarieties. For analytic hypersurfaces whose
Gaussian curvature does not vanish identically, this kind of behavior is typical, even though in our model
class the zero varieties will still be linear (or the union of two linear subsets). Even though our model
class would seem to be among the simplest possible surfaces of such behavior, we will see that they
require a very intricate study. We hope that this work will give some insight also for future research on
more general types of hypersurfaces.

1 ' When preparing this article, the multilinear approach seemed still not sufficiently developed for our needs, since estimates
with sharp dependence on the transversality were lacking. For recent progress on this issue, we refer to [Ramos 2016].
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Independently of our work, a result for rotationally invariant surfaces with degeneracy of the curvature
at a single point has been obtained recently by B. Stovall [2015].

1A. Outline of the problem: the adjoint setting. We start with a description of the surfaces that we want
to study. We will consider surfaces that are graphs of smooth functions defined on Q =10, 1] x]0, 1],

' = graph(¢) = {(§.9(§)) : § € O}

The surface I' is equipped with the surface measure, or. It will be more convenient to use duality and
work in the adjoint setting. The adjoint restriction operator is given by

R*f(x) = fdor(x) = /F FE) dor (), (12)

where f € L*(T",or). The restriction problem is therefore equivalent to the question of finding the
appropriate range of exponents for which the estimate

IR*fllLr @3y < ClILf s rdor)

holds with a constant C independent of the function f € L*(T", dos). We shall require the following
properties of the functions ¢:

Let my,mp € R, my,my > 2. We say that a function ¢ is of normalized type (m1, m») if there exist
). P2) € C*°(]0,1[, R) and a, b > 0 such that

¢ (1. 62) = ¢y (1) + d2)(52) (1-3)

on ]0, 1] x ]0, 1], where the derivatives of the ¢(; satisfy
By (&) ~ E" 2, (1-4)
o) )l <&M for k=3, (1-5)

The constants hidden in these estimates are assumed to be admissible in the sense that they only depend
on my, my and the order of the derivative, but not explicitly on the ¢;).

Note we have restricted ourselves to the open square Q which does not contain the origin in order to
allow also for noninteger values of m; and m>.

One would of course expect that small perturbations of such functions ¢, depending on both &1 and &5,
should lead to hypersurfaces sharing the same restriction estimates as our model class above. However,
such perturbation terms are not covered by our proof. It seems that the treatment of these more general
situations would require even more intricate arguments, which will have to take the underlying geometry
of the surface into account. We plan to study these questions in the future.

The prototypical example of a normalized function of type (m1,m>) is of course ¢ (§) = ;"' + 5;" 2,
For m; and m integer, others arise simply as follows:

Remarks 1.1. (i) Let ¢ > 0 and ¢ € C°°(]—s¢, ¢[, R) be of finite type m € N in 0, i.e.,

9(0) = ¢ (0) =---= 9™ () = 0# o™ (0).
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Assume ¢ (0) > 0. Then there exist ¢’ € (0, ) such that
g @)~ 1k

forall0 <k <m, |t] <&

(ii) Further let ¢ (§) = ¢(1)(§1) +d(2)(£2), |&] <&, where ¢(;y € C*°(]—e, ¢, R) is of finite type m; in O
with ¢((l.';li )(0) > (. Then there exists an £ > 0 such that y — ¢ (£y) is of normalized finite type (m1, m>3).

Proof. (1) Since ¢ has a zero of order m at the origin, we can find some g9 > 0, a smooth function
X0 :]—¢0, €0[ = ]0, 00[ and a sign 6 = +1 such that

o(1) = ot™ xo(1)
for all |£] < eo. It is then easy to see that this implies ¢ ®) (1) ~ ™k,

(i) Choose £ > 0 such that forbothi = 1,2, 0 <k <m; andall0 <t <&,
Bty (0) ~ 1M R),

Then forall0 <s <1,
dk
25k P (E8) ~ £K (zs) (mi =) = gmi (i =h), O
s

In order to formulate our main theorem, adapting Varchenko’s notion of height to our setting, we
introduce the height / of the surface by

1 1 1
= 4+ —
h mp  my

Let us also put m = m1 vV my = max{my,ms} and m = my Amy = min{my, ms}.

Theorem 1.2. Let p > max{%,h + 1}, 1/s">(h+1)/pand 1/s+ 2m+1)/p < (m +2)/2. Then
R* is bounded from L5 (T, dor) to LP'(R?) for every 1 <t < oo.
If in addition s < p or 1/s' > (h+ 1)/ p, then R* is even bounded from L*(T', dor) to L? (R3).

Remarks 1.3. (i) Notice that the “critical line” 1/s" = (h + 1)/p and the line 1/s + 2m + 1)/p =
(m +2)/2 in the (1/s, 1/ p)-plane intersect at the point (1/s¢, 1/ po) given by
I 3m+m—mm 1 m+m

= — =" (1-6)
S0 4m 4+ 2m po 4m+2m

This shows in particular that the point (1/sg, 1/po) lies strictly above (if m > 2) or on the bisectrix
1/s=1/p (fm =2).

The condition 1/s” > (h + 1)/ p in the theorem is necessary and in fact dictated by homogeneity (Knapp
box examples).

(i) By (1), the condition

m+2>2m+1+1 (1-7)
2 p S
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Figure 1. Conjectured range of p and s for nonvanishing Gaussian curvature.

only plays a role above the bisectrix. It is necessary too when p < s, hence, in view of (i), if m > 2. If
m = 2, it is necessary with the possible exception of the case where

_4(m+1)
Com+2
for which we do not have an argument. Our proof in Section 1C will reflect the fact that for m; > 2, the

S0 = pPo

’

behavior of the operator must be worse than for the case m; = 2.

(iii) From the first condition in the theorem, we see that p > h + 1 is also necessary. Moreover, we shall
show in Section 1C that strong-type estimates are not possible unless s < p or 1/s" > h + 1/p. The
condition p > 1—30 is due to the use of the bilinear method, as this exponent gives the sharp bilinear result
for the paraboloid, and it is surely not sharp. Nevertheless, when £ > % we obtain the sharp result.

A new phenomenon appears in these surfaces. In the case of nonvanishing Gaussian curvature, it
is conjectured that the sharp range is given by the homogeneity condition 1/s" > (h + 1)/p (with
h=2/(n—1),hence h+1= (n+1)/(n — 1)), and a second condition, p > 2n/(n — 1), due to the
decay rate of the Fourier transform of the surface measure. A similar result is conjectured for the light
cone (cf. Figure 1). In contrast to this, we show in our theorem that for the class of surfaces I" under
consideration a third condition appears, namely (1-7).

Let us briefly discuss the different situations that may arise in Theorem 1.2, depending on the choice
of my and ms:

First observe that 1/ po in (1-6) is above the critical threshold 1/ p. = 1—3;), if m <2m. In this case, the
new condition

1, 2m+4+1_ m+42

st T2
will not show up in our theorem. So for m < 2m, we are in the situation of either Figure 2 (if h < %, ie.,
h+1< 13—0) or of Figure 3 (if h > %) Notice that in the last case our theorem is sharp.

It might also be interesting to compare po not only with the condition p > %, which is due to the
bilinear method, but with the conjectured range p > 3. We always have po > 3, while we have pg = 3
only if m1 = m»; i.e., a reasonable conjecture is that the new condition (1-7) should always appear for
inhomogeneous surfaces with m; # my. In the case m > 2m, our new condition might be visible.
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Figure 4. Range of p and s in Theorem 1.2.

Observe next that the line

L 2htl_m+2
N p 2
intersects the (1/ p)-axis where
. 4m+2
P=P=

Thus there are two subcases:

For m <7 we have p; < 1—30, corresponding to Figure 4, and our new condition appears.

For m > 7 we may either have pg > p; > h + 1 (which is equivalent to mm > 3m + m) and thus
Figure 5 applies, or pg < p1 < h + 1 (which is equivalent to mm < 3m + m), and we are in the situation
of Figure 3; here again the new condition becomes relevant. Observe that in the two last mentioned cases,

i.e., for m > 7, our theorem is always sharp.
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Figure 5. Range of p and s in Theorem 1.2.

Further observe that the appearance of a third condition, besides the classical ones, is natural: Fix
m1 = 2 and let m = m, — o0o. Then the contact order in the second coordinate direction degenerates.
Hence, we would expect to find the same p-range as for a two-dimensional cylinder, which agrees with
the range for a parabola in the plane, namely p > 4 (see [Fefferman 1970; Zygmund 1974]). Since h — 2
as m = mp — o0, the condition p > max{%, h+ 1} becomes p > 1—3? in the limit, which would lead to a

larger range than expected. However, the new extra condition
1 n 2m+1 o m +2

S p 2

becomes p > 4 for m — 00, as is to be expected.

The restriction problem for the graph of functions ¢(x) = &' + £, (and related surfaces) was
studied by E. Ferreyra and M. Urciuolo [2009], however by simpler methods, which led to weaker results
than ours. In their approach, they made use of the invariance of this surface under suitable nonisotropic
dilations as well as of the one-dimensional results for curves. This allowed them to obtain some results
for p > 4, in the region below the homogeneity line, i.e., for 1/s’ > (h + 1)/ p. Our results are stronger
in two ways: they include the critical line and, more importantly, when & < 3, we obtain a larger range
for p.

As for the points on the critical line in the range p > 4, let us indicate that these points can in fact also
be obtained by means of a simple summation argument involving Lorentz spaces and real interpolation.
This can be achieved by means of a summation trick going back to ideas by Bourgain [1985] (see for
instance [Tao et al. 1998; Lee 2003]). Details are given in Section Al of this article.

1B. Passage from surface to Lebesgue measure. We will always consider hypersurfaces S = {(n, ¢(n)):
n € U} which are the graphs of functions ¢ that are smooth on an open bounded subset U C R4 and
continuous on the closure of U. The adjoint of the Fourier restriction operator associated to S is then
given by

R*f(x,1) = fdos(x,1) = /S f©)e D dog(E),  (x,0) R xR=RIT,

where dog = (1 + |V¢ (n)|2)% dn denotes the Riemannian surface measure of S. Here, f : § — C is
a function on S, but we shall often identify it with the corresponding function f : U — C, given by
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f (n) = f(n,$(n)). Correspondingly, we define
Rigg(x.1) = gdv(x,1) = fU gme 1O an - (x,1) e R xR = R,

’

for every function g € L1(U) on U. We shall occasionally address dv = dvg as the “Lebesgue measure’

on S, in contrast with the surface measure do = dos. Moreover, to emphasize which surface S is meant,

*
S,R4 "

IVo(n)| <A, neU (1-8)

we shall occasionally also write Ru’; s =R Observe that if there is a constant A such that

(this applies for instance to our class of hypersurfaces I, since we assume m; > 2), then the Lebesgue
measure dv and the surface measure do are comparable, up to some positive multiplicative constants
depending only on A. Moreover, since

R*f = RE (S +1VenI)3), (1-9)

the L4-norms | £ |a(an) and || f | Lacdos) = 1/ (1 + Vo DI*) 29| La(any of f and of f are comparable
too. Throughout the article, we shall therefore apply the following.

Convention 1.4. Whenever |V¢| < 1, with some slight abuse of notation, we shall denote the function f
on S and the corresponding function f on U by the same symbol f, and write R[Ed f in place of R[Ed f.

In view of these observations, we shall in the sequel mainly work with the operator R[Ed associated to
the hypersurface T, in place of R*.

1C. Necessary conditions. The condition p > h+ 1 is in some sense the weakest one. Indeed, the second
condition already implies p > h + 1, and even p > h 4+ 1 when s < co. Thus the condition p > h + 1
only plays a role when the critical line 1/s’ = (h + 1)/ p intersects the axis 1/s = 0 at a point where
P> pe= % (see Figure 3).

However, the condition p > h + 1 is necessary as well (although some kind of weak-type estimate
might hold true at the endpoint). This can be shown by analyzing the oscillatory integral defined by R[E a1
(see [Sogge 1987] for similar arguments). For the sake of simplicity, we shall do this only for the model
case ¢(§) = ;nl + s;" 2 (the more general case can be treated by similar, but technically more involved
arguments).

Lemma 1.5. Assume m > 2.
) If 1l K p KA u™, then

m—2 1
> CS U 2m=2 AT 2m=2

)
/ o (HE=2E+OE™ ) 4
0

provided § > 0 is sufficiently small.
)1l 0<a<land0<p <1, then

1 . m a—
‘/ o (WE=AEM =0 100 (£ /2)| B dE| = AW (log 1) 2.
0
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Proof. (i) Apply the transformation & — (u/ A)ﬁé to obtain

$ S(* 1/(m—1) m% ” . 1 s(~ 1/(m—1)
/ ei(MS—ASm+O(§m+1)) d%‘ :/ (,u) (E) lei(MT)l/( 1)¢(E) d%‘ :/ n / (u_) ’
0 0 A 0 1

where ¢p(§) =& —E" + O((M/k)ﬁém“), (,u/)t)ﬁ < 1 and (/Lm/k)ﬁ > 1. The phase function
¢ () has a unique critical point at £y = &g (u/A) in [0, 1] lying very close to M Applying well-known
asymptotic expansions for oscillatory integrals with nondegenerate critical points (see, e.g., [Stein 1993]),

we find that
1 T [ M\ 2 T
/ (YT (e _
0 A A

Moreover, integrating by parts in the second integral leads to

5 o (Y (Y
a(zm) (%)

provided ¢ is sufficiently small. These estimates imply

1y T i —1nk
/(g) ' iuE—AEHOE ) g >(E) (ﬂ) R = e
~\A A '
0

A
(i) Apply the change of variables & — )k_%f to obtain

1

/ ' LA =10 /2)| B d 5‘
0

1/m

A -8
/0 ei(uk_l/mé—gm)s—a(l_i_ |10g(€/2)|) dg'

a—1 1
=A"m |log(A"m)| 7P .
- log A

> 2% (log A)7A.

Notice here that A > 1 and ,u/'\_i <« 1, and that, as A — o0, the last oscillatory integral tends to
[ eI E7 dE £ 0 (which is easily seen). O

Part (ii) of the lemma implies

1 1
—i - mj “m
/(; e i(x1é—x3é )dS'ng, 1

for 1 <x3 < oo, 1 € x]"' < x3, and since R 1= dv, we find that

[e.e]
iRz [ f / |R% 11, X2 —x)|? iy does dixca
RO i</ Jicn </ R

oo 1 1
Gty +iny)
Z/ / \m dX2/ \m dx1x3 my " my dX3
1 Jikxokxy "2 lx <xy' !

% (1-p) Gy +iz) %o —zgt
2/; Xy ! 2cix3.=/1 xy " odxs.
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If the adjoint Fourier restriction operator is bounded, the integral has to be finite; thus necessarily
(p—D/h>1,ie,p>h+1.
Next, to see that the condition (1-7), i.e.,
m+2 S 2m+1 n 1

2 p s

9
is necessary in Theorem 1.2, we consider the subsurface

To={(5.¢():£[0,1]x[1, 1 +35]},

where § > 0 is assumed to be sufficiently small. On this subsurface, the principal curvature in the
&»-direction is bounded from below. This means that, after applying a suitable affine transformation of
coordinates, the restriction problem for the surface 'y is equivalent to the one for the surface

T2 ={(E1.62.67" +¢c(65 + 0(E)))) : (51.&) €[0.1] x [0. 6]},
where ¢ > 0.

As stated in Remarks 1.3, the condition (1-7) only plays a role above the bisectrix 1/s = 1/p. So,
assume p < s (as explained, this excludes only the case where m = 2 and s = p = pg). Then we may
choose B < 1 such that Bs > 1 > Bp. Assume R[. is bounded from L*(I") to LP(R%); ie., RY 5
is bounded from L*(I'y, 2) to L?(R3). Passing again from the surface measure do to the “Lebesglue
measure” dv on [y, 2, define f(§1,&2) =&, 1/s log(£1/2)7F € L*(T'ym,,2,dv). Then

| dv(x1,x2,—1)| =

. _ mj 2 3 _l _
/ ez(xlsl+xzsz (& e @ TOEN £ og (£, /2) P d (€, E)
[0,1]x[0,8]

1 ” 8
/ A E TS oo (e 12)7P g, / ¢l Cabr—te(E+0E) g |
0 0

We estimate the first integral by means of Lemma 1.5(ii), and for the second one we use Lemma 1.5(i)
(with m = 2), which leads to

[l/ml

00> | £112 2 I F dvl? / / / T 18 (log 1) PP dxy dx d
,1/2

D
N/ 1_7t’"1 s'my (logt)_ﬂp dt,
N

provided N is chosen sufficiently large. This implies that necessarily

p 1 p

1—-£ 4+ - _

2 mp  s'm

< -1,

which is equivalent to

mi+2 - 2mi +1 1
2 p S
Interchanging the roles of £; and &, we obtain the same inequality for m, and hence for m = m; Vv m,,
and we arrive at (1-7).
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Let us finally prove that on the critical line 1/s" = (h + 1)/ p one cannot have strong-type estimates
above the bisectrix 1/s = 1/p, i.e., for s > p. In this regime, we find some 1 > r > 0 such that
1/s <r <1/p. Let

F6) =& 1082/ 1 gy 6).

It is easy to check that f € L*(T") since 1 < rs. Now assume 1 < x;-nj <t for j =1, 2; more precisely
choose N > 1 and assume N2 < Nx;-nj <t for j =1,2. Then

mz/ml

1 . m _ma 2 . m
(R[gd f)(x1, x2, 1) :/ e tn2éa—1§) 2)%.2 sh |10g($2/2)|—r/ e lx1&1—1§ ) dErdg.
0

0
Since x]"! <t is equivalent to (E;nz/m‘xl)ml <K 1£5'%, Lemma 1.5(ii) gives
EmZ/ml . m my 1 LMo/ m m
[ 2 emiCEI—E ) e | = 3 / 16 xin—tE, 2 n™) dU‘Z fE
0 0

Applying Lemma 1.5 once more, we obtain

1

|(Ria [)(x1, %2, —1)| 21 ™

where we made use of 1/s" = (h + 1)/ p. Thus we get

(t/N)V/m2 a(t/N)YY/™ |
/ / 1~ 1og7"P(1/2) dxy dxy dt
Nl/m2 Nl/ml

o0
*
IRz S5 [
o0
m/ t~Yog P (t/2) dt = oo,
N2

since rp < 1.
Let us finish this subsection by adding a few more observations and remarks.

(a) First, observe that I'g is a subset of
Ly ={¢.¢@) el [§[~1}

(b) One can use the dilations (£1, &) — (rl/m1 &1, rl/mzéz), r > 0, in order to decompose Q =
[0, 1] %[O, 1] into “dyadic annuli” which, after rescaling, reduces the restriction problem in many situations
to the one for I'y (this kind of approach is used extensively in [Ikromov et al. 2010; Ikromov and Miiller
2011], as well as in [Ferreyra and Urciuolo 2009]).

Indeed, on the one hand, any restriction estimate on I" clearly implies the same estimate also for the
subsurface I';. On the other hand, the estimates for the dyadic pieces sum up below the sharp critical line
(this is the approach in [Ferreyra and Urciuolo 2009]), i.e., when 1/s” > (h + 1)/ p. Moreover, in many sit-
uations one may apply Bourgain’s summation trick in a similar way to that described in Section A1 in order
to establish weak-type estimates also when (1/s, 1/ p) lies on the critical line, i.e., when 1/s" = (h + 1)/ p.
However, we shall not pursue this approach here, since it would not give too much of a simplification for
us and since our approach (outlined in the next subsection) seems to lead to an even somewhat sharper
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A
W=

N

Figure 6. Region on which (1-10) is valid.

result. Moreover, it seems useful and more systematic to understand bilinear restriction estimates for
quite general pairs of pieces of our surfaces I', and not only the ones which would arise from I'y.

(c) On I'y, one of the two principal curvatures may vanish, but not both. Notice also that by dividing I"y
into a finite number of pieces lying in sufficiently small angular sectors and applying a suitable affine
transformation to each of them, we may reduce to surfaces of the form

Tz = {51, 62, ym(€1) + 6 + OE3)) 1 &1, 6 € [0, 1]},

where ¥, (§1) ~ £]" as before, with m = m or m = m (see also our previous discussion of necessary
conditions). Applying then a further dyadic decomposition in &1, we see that we may essentially reduce to
subsurfaces on which §; ~ ¢, with ¢ > 0 a small dyadic number. Note that on these we have nonvanishing
Gaussian curvature, but the lower bounds of the curvature depend on ¢ > 0. A rescaling then leads to
surfaces of the form

Pr={(t1.6. 61 +E +OE +T7'63)) :£1 €[0.1]. & € [0. T]},

withT =&¢/2> 1. A prototype of such a situation would be the part of the standard paraboloid lying
above a very long-stretched rectangle. Although Fourier restriction estimates for the paraboloid have
been studied extensively, the authors are not aware of any results that would give the right control on the
dependence on the parameter 7 > 1. Indeed, one can prove that the lower bound

1_1
IRl Ls (Pry—>LP®3) 2 TG0+ (1-10)

for the adjoint restriction operator R}, = R;T g2 associated to Lebesgue measure on Pz holds true for
all s and p for which (1/s, 1/ p) lies within the shaded region in Figure 6, and a reasonable conjecture is
that also the reverse inequality essentially holds true, maybe up to an extra factor 79, i.e., that

S§+(L-1
IRT s (pry—Lr@3) < CsT +G5)+ (1-11)

for every § > 0.
We give some hints as to why (1-10) holds true and why the inverse inequality (with §-loss) seems a
reasonable conjecture. Let dvy denote the “Lebesgue measure” on Pr. Then by Lemma 1.5,

T 1
|d/1;(x1, X2, 1) (3 f ol b2 +1[E5+0(T71E3)]) dty = T3 / ol 2T+ T2 +0(n))) dn>171,
0 0
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provided x; < ¢ and xp < Tt (we may arrange matters in the preceding reductions so that the error term
O(n?) is small compared to 5?). Hence, since we assume p > 3,

— 1
ldvrlLr@s) 2 T7.
Obviously || 1||zs(py.dvy) = TS, so we see that

11
IR s prys oy 2 TS,
Restricting P to the region where £ < 1, we see that also || R7||Ls(p,;)—Lr®3) 2 1, and combining
these two lower bounds gives (1-10).

On the other hand, from Remark 4, (2.4) in [Ferreyra and Urciuolo 2009] we easily obtain by an
obvious rescaling argument that for 1/s" = 3/p and p > 4 (hence 1/p < 1/s), we have

” R;" ”LS(PT,dvT)—>LP(R3) =C,

uniformly in 7. It is conjectured that for the entire paraboloid P = {(&1, &2, &7 + £2) : (§1, &2) € R?}, the
adjoint restriction operator R;;,RZ is bounded for 1/s" =2/p and p > 3 (hence 1/p < 1/s). It would be
reasonable to expect the same kind of behavior for suitable perturbations of the paraboloid, and subsets of
those, such as Pr (maybe with an extra factor T? for any § > 0). By complex interpolation, the previous

estimate in combination with the latter conjectural estimate would lead to

” R;‘ ”LS(PT,dvT)_)Lp(RS) =< Cg T8

for every § > 0, provided that 1/p < 1/s and 2/p < 1/s’ < 3/ p. In combination with a trivial application
of Holder’s inequality this leads to the conjecture (1-11),

S+(L1_1
”R;”LS(PT)_)Lp(W) <CsT +(p D

for every § > 0, provided (1/s, 1/ p) lies within the shaded region in Figure 6.

1D. The strategy of the approach. We will study certain bilinear operators. For a suitable pair of
subsurfaces S1, 52 C S (we will be more specific on this point later), we seek to establish bilinear
estimates

| Rp2 f1Rp2 follLr w3y < CpC(S1.82) || fillLzesy) | f2llL2(ssy)-

for functions fi, f» supported in S; and S», respectively.

For hypersurfaces with nonvanishing Gaussian curvature and principal curvatures of the same sign, the
sharp estimates of this type, under the appropriate transversality assumption, appeared in [Tao 2003b]
(after previous partial results in [Tao et al. 1998; Tao and Vargas 2000a]). For the light cone in any
dimension, the analogous results were established in [Wolff 2001; Tao 2001a] (improving on earlier
results in [Bourgain 1995a; Tao and Vargas 2000a]). For the case of principal curvatures of different sign,
or with a smaller number of nonvanishing principal curvatures, sharp bilinear results are also known [Lee
2006; Vargas 2005; Lee and Vargas 2010].
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What is crucial for us is to know how the constant C(S7, S2) explicitly depends on the pair of surfaces
S1 and 3, in order to be able to sum all the bilinear estimates that we obtain for pairs of pieces of our
given surface, to pass to a linear estimate. Classically, this is done by proving a bilinear estimate for one
“generic” class of subsurfaces. For instance, if S is the paraboloid, then other pairs of subsurfaces can be
reduced to it by means suitable affine transformations and homogeneous rescalings. However, general
surfaces do not come with such a kind of self-similarity under these transformations, and it is one of the
features of this article that we establish new, very precise bilinear estimates.

The bounds on the constant C(S1, S2) that we establish will depend on the size of the domains and
local principal curvatures of the subsurfaces, and we shall have to keep track of these during the whole
proof. In this sense, many of the lemmas are generalized, quantitative versions of well-known results
from classical bilinear theory.

The pairs of subsurfaces that we would like to discuss are pieces of the surface sitting over two dyadic
rectangles and satisfying certain separation or “transversality” assumptions. However, such a rectangle
might touch one of the axes, where some principle curvature is vanishing. In this case we will decompose
dyadically a second time. But even on these smaller sets, we do not have the correct “transversality”
conditions; we first have to find a proper rescaling such that the scaled subsurfaces allow us to run the
bilinear machinery.

The following section will begin with the bilinear argument to provide us with a very general bilinear
result for sufficiently “good” pairs of surfaces. In the subsequent section, we construct a suitable scaling
in order to apply this general result to our situation. After rescaling and several additional arguments, we
pass to a global bilinear estimate and finally proceed to the linear estimate.

A few more remarks on the notion will be useful: as mentioned before, it is very important to know
precisely how the constants depend on the specific choice of subsurfaces. Moreover, there will appear
other constants, depending possibly on m1,m3, p, g, or other quantities, but not explicitly on the choice
of subsurfaces. We will not keep track of such types of constants, since it would even set a false focus
and distract the reader. Instead we will simply use the symbol < for an inequality involving one of
these constants of minor importance. To be more precise on this, later we introduce a family of pairs of
subsurfaces Sp. Then for quantities 4, B : Sy — R the inequality A < B means there exists a constant
C > 0 such that A(S1, S2) < CB(S1, S2) uniformly for all (S, S»2) € So.

Moreover, we will also use the notation A ~ B if A < B and B < A. We will even use this notation
for vectors, meaning their entries are comparable in each coordinate. Similarly, we write A < B if there
exists a constant ¢ > 0 such that A(S1, S2) < cB(S1, S2) for all (S1, S2) € Sp and ¢ is “small enough”
for our purposes. This notion of being “sufficiently small” will in general depend on the situation and
further constants, but the choice will be uniform in the sense that it will work for all pairs of subsurfaces
in the class Sp.

The inner product of two vectors x, y will usually be denoted by xy or x - y, and occasionally also

by (x, y).
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2. General bilinear theory

2A. Wave packet decomposition. We begin with what is basically a well-known result, although we
need a more quantitative version (cf. [Tao 2003a; Lee 2006]).

Lemma 2.1. Let U C R? be an open and bounded subset, and let ¢ € C®° (U, R). We assume there exist
constants k > 0 and D < 1/« such that ||3%¢ |0 < AekD*1®! for all & € N? with |a| > 2. Then for

every R > 1 there exists a wave packet decomposition adapted to ¢ with tubes of radius R/D = R’ and
length R*/(D?k) = (R")?/x, where we have put R = R'D.

More precisely, consider the index sets Y = R'Z% and V = (R")™12% N U, and define for w = (y,v) €
Y XV =W the tube

Ty = {(x,t) eR?xR: 1] < (RKJZ lx—y +1tVep ()| < R/}. (2-1)

Then, given any function f € L?>(U), there exist functions (wave packets) { pw }wew and coefficients
cw € C such that R”’g 4 f can be decomposed as

R[T-‘;df(x’ 1) = Z Cw pw (X, 1)
wew
for every t € Rwith |t| < (R")?/k, in such a way that the following hold true:
(P1) pw = Ry Bra (Pw (-, 0))).
(P2) suppga+1 pw C B((v,¢(v)),2/R).
(P3) pw is essentially supported in Ty, i.e.,

—d x—y+1Vp)\V
forevery N € N. In particular, || py (-, 1)|2 S 1.
(P4) Forall W C W, we have HZweW pw(-,t)H2 < |W|%
(P5) llellez < 11F Ml 2

Moreover, the constants arising explicitly (such as the Cy) or implicitly in these estimates can be
chosen to depend only on the constants Ay but no further on the function ¢, and also not on the other
quantities R, D and k (such constants will be called admissible).

Remarks 2.2. (i) Notice that no bound is required on V¢ at this stage; however, such bounds will

become important later (for instance in (iii)).

(ii) Denote by N (v) the normal vector at (v, ¢ (v)) to the graph of ¢ which is givenby N(v) = (=V¢(v), 1).

Since (R')?/k > R’, we may thus rewrite

(R')?
K

Tw = (v,0) + {tN(v) t| < }+(’)(R’).
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R A

R2

Figure 7. The tubes Ty, fill a horizontal strip.

Moreover,

X =y +1Vo@)| = [(x.1) = (y,0) =tN(v)| = dist((x. 1), T).
It is then easily seen that (P3) can be rewritten as

dist(z, Ty) )—N

|Pw(2)] < O (RS (1 +

for all z € R4+ with |(z, eq+1)] < (R')?/k, where egy 1 denotes the last vector of the canonical basis
of R4*1. This justifies the statement that “p,, is essentially supported in T3,”.

(iii) Notice further that we can reparametrize the wave packets by lifting V' to V= {(v,p(v)):veV}CS.
If we now assume |V¢|| < 1, then we have |(v, ¢(v)) — (v, ¢ (v'))| ~ |[v — v’|, and thus ¥ becomes an
(R")"'-net in S. Finally, we shall identify a parameter y € R with the point (y, 0) in the hyperplane
R4 x {0}.

Proof of Lemma 2.1. We will basically follow the proof by Lee [2006]; the only new feature consists in
elaborating the precise role of the constant .

Let 7, 1 € C§°(B(0, 1)) be chosen in such a way that for 1y, (x) =n((x—y)/R’), ¥ (§) =¥ (R'(§—v))
we have 3 o), ¥y = 1 on U and } ) ny = 1. We also choose a slightly bigger function V=
C§°(B(0,3)) such that y =1 on B(0,2) D supp ¥ + supp 7, and put ¥, () = ¥ (R'(§ —v)). Then the
functions

Fyv) =8|Rta}(wvf77y):(1/fvf)*ﬁy’ y€EY, vey,

are essentially well localized in both position and momentum/frequency space. Define g, = R;{ 7 (Fw),
w = (¥, v) € W; up to a certain factor c,, which will be determined later, these are already the announced
wave packets, i.e., gy = Cy Pw-

Since f =), ew Fw., we then have the decomposition Ry, /= >, ew qw- Let us concentrate on
property (P3) —the other properties are then rather easy to establish. Since supp F(y, ) C B(v,2/R’),
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we have, for every w = (3, v) € W,
dulr.n) = [ OEOOF, 6 dg = [ TCEOO F, @06 ds
=y [[ T (0m80O) 6y ag P2 0z
— em) 4 (R / / =1 (=G +0) 1100 +0)) . (6) d By () dz

:(2n)_d(R/)_d/K(x—z,t)ﬁw(z) dz,

with the kernel

K= [ttty as

We claim that

-N
- |x + tV¢(v)|) 2-2)

K(x.0)] £ ( =

for every N € N. To this end, we shall estimate the oscillatory integral
Ky = [ 2205 de,
with phase

_x(+v)+id( +v)
1R Yx + 1tV )|

(€)

where we put A = 1 4+ (R)"!|x +¢V¢(v)|. In order to prove (2-2), we may assume |x + Ve (v)| > R’
Then integrations by parts will lead to | K; | <A™V forall N € N, hence to (2-2), provided we can show that

IVO(E)| ~1 forall &, (2-3)
[0P|loo <1 forall a > 2, (2-4)

and that the constants in these estimates are admissible. But,

11|V (% +v) = Vo®)| _111|Vé(z +v)=Vo®)]| _ I
|x +tVeo(v)] R’ ~ (R)?

1
14 lloo = —11¢" o0 < 1

for every & € supp ¥, hence

|t L |x + Vo).

Vo (}% + v) — V¢ ()

Thus

[x + V(g +v)| _ [x +1V9@) —1[Vo) - Vo( +0)]|  [x+1Vew)
R +|x+1tVe()| R +|x +1tV(v)] R +|x+tVe)|

V()| =
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which verifies (2-3). And, for |«| > 2 we have
_ 3
1(R) '“'(aaqs)(ﬁ +v

which gives (2-4). It is easily checked that the constants in these estimates can be chosen to be admissible.

o ( ')2 el n2—lal no—lal _ p2—lal
|0%P(§)] < ~—(R) ™D < (DR)) =R <1,

Following the proof in [Lee 2006], we conclude that
0.0 S R [[KG=2 = y.0 P+ )] dz

=&y [ k=2 yoon( 5 )T e+ 0z

_ \V/ -~
< (14 EEON D@,

where M denotes the Hardy-Littlewood maximal operator. Thus, we obtain (P3) by choosing ¢y, =
cony = (RYPM ().

Properties (P1) and (P2) follow from the definition of the wave packets. From (P2) and (P3) we can
deduce (P4). For (P5), we refer to [Lee 2006]. O

In view of our previous remarks, it is easy to restate Lemma 2.1 in a more coordinate-free way. For
any given hyperplane H = n't C RA+1 with n a unit vector (so that R¢+! = H + Rn), define the partial
Fourier (co)transform

8;11f($+tn)=/ f(x—l—tn)eix'gdx, E€H, teR.
H

Moreover, if U C H is open and bounded, and if ¢z € C°°(U, R) is given, then consider the smooth
hypersurface S ={n+¢g(nn:nelU} C RZ+1 and define the corresponding Fourier extension operator

Rgf(x +1n) = /U f(n)e—i(xn-i-tth(n)) dn = /U f(n)e—i(x+tn,n+¢H(n)n) dn

for (x,¢) € H xR and f € L?(U). Notice that Rﬂ’gd corresponds to the special case H = R? x {0}, and
thus by means of a suitable rotation, mapping e; 1 to n, we immediately obtain the following.

Corollary 2.3 (wave packet decomposition). Let U C H be an open and bounded subset, and let
og € C®(U,R). We assume that there are constants k > 0 and D < 1/« such that ||¢;1) oo < AjkD?~!
for everyl € N with | > 2, where ¢(l) denotes the total derivative of ¢g of order |, and in addition
that ||¢'||co < A. Then for every R > 1 there exists a wave packet decomposition adapted to S and the
decomposition of RV into R4t = H + Rn, with tubes of radius R/D = R’ and length R?/(D?k) =
(R")?/k, where R = R'D.

More precisely, there exists an R'-lattice Y in H and an (R')"Y-net V in S such that the following
hold true: if we denote by W the index set W = Y x V and associate to w = (y,v) € Y xV =W the

tube-like set
Tw=y+IN@) It < (R) L+ BO. R, 2-5)
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then for every given function f € L?(U) there exist functions (wave packets) { pw }wew and coefficients
cw € C such that for every x = x' 4+ tn € R4T1 with |t| < (R")2/k and x' € H, we may decompose
Ry f(x) as

Ry f(x) =) cwpuw(x),

wew

in such a way that the following hold true:

(P1) pw = Ry @y (pwln)).
(P2') supp §ra+1 pw C B(v, (R)™1) and supp§g (pw (- +tn)) C B, O((R')~1)),where v’ denotes
the orthogonal projection of v € S to H.

(P3) py is essentially supported in Ty,; ie.,

P ()] < cN<R/)—1(

dist(x, Tw) \ N

(P4) Forall W C W, we have | Y yew pw(- + )l L2y < W2
(PS) lellz SN f L2

Moreover, the constants arising in these estimates can be chosen to depend only on the constants A

and A, but no further on the function ¢, and also not on the other quantities R, D and x (such constants
will be called admissible).

Notice that, unlike as in Lemma 2.1, we may here choose an (R’)™!-net in S in place of an R’ -lattice
in H for the parameter set V, because of our assumed bound on ¢,

It will become important that under suitable additional assumptions on the position of a given hyper-
plane H, we may reparametrize a given smooth hypersurface S = {(§,¢(§)) : £ € U} (where U is an
open subset of R%) also of the form

S={n+oa(mn:neUn},
where Ug is an open subset of H and ¢ € C*°(Ug, R).

Lemma 2.4 (reparametrization). Let H; = nf- and Hy = nj- be two hyperplanes in R4+ where n;
and ny are given unit vectors. Let K = Hy N H, and choose unit vectors hy, hy orthogonal to K such
that Hi = K + Rhy and Hy = K + Rhy. Let Uy C Hy be an open bounded subset such that for every
x" € K, the section le/ ={u € R:x"+uhy C Uy} is an (open) interval, and let ¢p1 € C*°(Uy, R) satisfy
the assumptions of Corollary 2.3. Setting B = kD? and r = D™\, an equivalent way to state this is that
there are constants B,r > 0 such that Br <1, ||¢]|lcc < A and ||¢§l)||oo < A;Br! for every | € N with
[ > 2. Denote by S the hypersurface

S={n+di(mn1:neUy} CRITY

and again by v +— N (v) the corresponding unit normal field on S.
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Assume furthermore that the vector ny is transversal to S; i.e., |{na, N(v)})| > a > 0 forall v € S.
Then there exist an open bounded subset Uy C Hy such that for every x' € K, the section UZ"/ ={seR:
x" 4 shy € U} is an interval, and a function ¢ € C (U, R) so that we may rewrite

S={+¢26)n2:§ € Us}. (2-6)

Moreover, the derivatives of ¢» satisfy estimates of the same form as those of ¢1, up to multiplicative
constants which are admissible, i.e., which depend only on the constants A;, A and a.
Finally, given any fi € L*>(Uy), there exists a unique function f> € L*>(U,) such that

Ry, fi = Ry, fa, 2-7)
and || f1ll2 ~ || f2|2, where the constants in these estimates are admissible.

Proof. Assume that (2-6) holds true. Then, given any point 7 + ¢g (n)ny € S, with n = x" +uhy € Uy,
x" € K, we find some £ = x’ + shy € U, such that

x' +uhy +¢1(x" +uh)ny = x" +shy + ¢a(x’ + sha)ns, (2-8)
which shows that necessarily
s = (uhy +x" 4+ ¢1(x" +uhy)ny, hy). (2-9)
Let us therefore define the mapping G : Uy — H; by
G(x'+uhy) = x"+ (uhy +x" +p1(x" +uhi)ny, ha)hs.

Moreover, fixing an orthonormal basis Eq, ..., E;z_; of K and extending this by the vector /; or /5 in
order to obtain bases of H; and H» respectively and working in the corresponding coordinates, we may
assume without loss of generality that U; is an open subset of R4—1 x R, since dim K = d — 1, and that
G is a mapping G : U; — R4~! x R, given by

G(x'\u) = (x', g(x",u)),
where
g(x\u) = (x" +uhy +¢r(x" u)ny, hy).

To show that G is a diffeomorphism onto its image U, = G(U;), observe that
3uG(x" u) = (0,3, g (x",u)) = (0, (h1 + dugp1 (X" u)n1. h2)).
On the other hand, the vector
k
No = —0u¢1 (X", u)hy — Z Ox; p(x" u)E; +ny
j=1

is normal to S at the point x” + uhy + ¢1(x" + uhq)n; (here x' = Z;i;ll XjEj), and |Ng| ~ 1. Thus,
our transversality assumption implies

[(—=0u¢1(x", u)hy +n1,n2)| Z a > 0. (2-10)



A FOURIER RESTRICTION THEOREM FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE 837

But, {h;,n;} forms an orthonormal basis of K L for J = 1,2, and thus, rotating all these vectors by an
angle of /2, we see that (2-10) is equivalent to |(dy,¢1(x",u)ny + h1,ha)| = a > 0, so that

dug(x",u)| 2 a > 0.
Given the special form of G, this also implies
|det G'(x', u)| = |0,g(x",u)| = a > 0.

Consequently, for x” fixed, the mapping u +> g(x’, u) is a diffeomorphism from the interval U lx/ onto an
open interval U X' and thus G is bijective onto its image Uz, in fact even a diffeomorphism, and U, fibers
into the intervals sz/. Indeed, the inverse mapping F = G~ : Uy — U; of G is also of the form

F(xs) = (', f(x',9)),

where
g, f(x',s) =s. @2-11)
In combination with (2-8) this shows that (2-6) holds indeed true, with
$2(x',s) = f(x',8)(h1.n2) + @1 (F(x',5))(n1.n2). (2-12)

Moreover, if f; € L?(Uy), then, by (2-8) and a change of coordinates,

R}‘{] 1) =/ f1(x, u)e—i(y,x’+uh1+¢1(x’,u)n1) dx'du
Ui

B / SI(F (X, ))ldet F (', 5)] e ¥ 482t h2(590m2) g/ g,
U,

so that (2-7) holds true, with
fo(x" +sha) = fi(x" + f(X, s)hy) |[det F/(x', )] (2-13)

Our estimates for derivatives of F show that |det F/(x’, s)| ~ 1, with admissible constants, so that in
particular || fill2 ~ || /21l

What remains is the control of the derivatives of ¢,. This somewhat technical part of the proof will be
based on Faa di Bruno’s theorem and is deferred until the Appendix (see Section A2). O

We shall from now on restrict ourselves to dimension d = 2. The following lemma will deal with the
separation of tubes along certain types of curves, for a special class of 2-hypersurfaces. It will later be
applied to intersection curves of two hypersurfaces.

Lemma 2.5 (tube-separation along the intersection curve). Let Y, V, W, R, Ty, be as in Corollary 2.3.
Moreover assume ¢ € C*°(U,R), U C R?, such that 812¢(x) ~kjforallx eU, i =1,2,and d102¢ = 0.
Define k = k1 V ka. Let y = (y1,v2) be a curve in U with |y;| ~ 1 fori = 1,2. Then for all pairs of
points v1, vy € im(y) + O((R")™) such that vi — vy = j/R’, where j € 7% and | j| > 1, the following
separation condition holds true (again with constants in these estimates which are admissible in the



838 STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS

obvious sense):
/

Vo (1) =V (v2)| ~ /]

(R /K
Proof. Choose t1, > such that v; = y(¢;) + O((R’)™1). Then
K
IV (vi) — Vo (y (1) < 19" v lloo lvi — v ()| S ra (2-14)
Therefore |
J _
® - [u1 —va| = |y(t1) — y(t2)| + O((R") ™)

~ 7l —ta] + 72l 1 — t2] + O(R) ™) ~ |1 — 2] + O((R)) ™),

and since |j| >> 1, we see that |t; — 2| ~ |j|/R’. By our assumptions on ¢ and (2-14), we thus see that
there exist 57 and s, lying between ¢; and ¢, such that

IV (v1) — Vd(v2)| > [V (y(t1) — Vo (y(t2))| —kO(R)™H)

~ (1010 (y(s1)7 (5| + 858 (y(s2)7(52)]) |11 = 12 =k O((R) 1)

/]

~ (1 + k) 4+ €O(RY ™) ~ 1] 7

ﬁ’
where we used again that |j| > 1. |

2B. A bilinear estimate for normalized hypersurfaces. In this section, we shall work under the following:

General Assumptions. Let ¢ € C % (R?) such that 9;9,¢ = 0, and let
Sj={ngminels} U=rP+[0.d)x[0.d]"), j=12,

where (/) € R2 and d l(j ), dz(j ) > 0. We assume the principal curvature of S; in the direction of 7y is
comparable to /cgj ) > 0, and in the direction of 7, to Kéj ) > 0, up to some fixed multiplicative constants.
We then put for j =1, 2,

l-(l) VKI.(Z), K=k Vig=kWvi?,

di=dPvd?, D=mind!”,
l’J
The vector field N = (—V¢, 1) is normal to S; and S5, and thus No = N/|N| is a unit normal field to
these hypersurfaces. We make the following additional assumptions:

k) =K§j)VK§j), Ki =K
(2-15)

(i) Foralli, j =1,2and all n € U;, we have
Bip() = dipr ) <k d” and Rid; <1 (2-16)
(notice that the first inequality follows already from our earlier assumptions).
(ii) For all n € Uy U U, and for all @ € N2, |«| > 2, we have |8%¢ (n)| < kD27l

(iii) Fori =1, 2, i.e., with respect to both variables, the following separation condition holds true:

10:p(n") —0ip(PP)| ~ 1 forall y/ € U;, j=1,2. (2-17)
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The set of all pairs (S1, S2) of hypersurfaces satisfying these properties will be denoted by Sp (note that
it does depend on the constants hidden by the symbols < and ~).

The main goal of this chapter will be to establish a local, bilinear Fourier extension estimate on suitable
cuboids adapted to the wave packets.

Theorem 2.6. Assume % < p <2. Let us choose r € R? such that r = r/) if k) = kW A k@), Then for

every a > 0 there exist constants Cy, Yo > 0 such that for every pair S = (S1, S2) € So, every parameter
R > 1 and all functions f; € Lz(Sj), j =1,2, we have

1_1 _5
IR f1 Ria Folliocoy, o ry < CaR (< Vk®)272 D> 2 10g™ (Co(S)) | fill2 | foll2, (2-18)

where
R? R?
0 _ 3. 0., ) C_ R
QS[,Sz(R) =X € R . |xl + al¢(r)x3| S Dzk’l — 1,2’ |x3| S Dz(K(l) /\/{(2)) ’ (2 19)
with
‘leczzz 1 ) —+ 1 2)y—1
Co(S) = F(D[K( I AP ™2 (D Dic @)~ 2. (2-20)

Notice that Cy(S) = 1.

Remark 2.7. If k(D) = @ = i, then r is not well defined. But in this case the two sets

2

. R .
i=1,2, |x3|§ﬁ , J=12,

. ; R?

0%, 5, (R j) = 1 x € R [xi + 8ip(rP)xs| <

essentially coincide. Indeed, since |V (r) — Vg (r@)| ~ 1 (due to the transversality assumption (iii)),
an easy geometric consideration shows that

a0y s (R:1)C 0% ¢ (R:2) ChOg ¢ (R:1)
for some constants a, b which do not depend on R and the class Sy from which S = (51, S») is taken.

By applying a suitable affine transformation whose linear part fixes the points of R? x {0}, if necessary,
we may assume without loss of generality that r = 0 and V¢ (r) = 0. Notice that conditions (i)—(iii) and
the conclusion of the theorem are invariant under such affine transformations.

In fact, we shall then prove estimate (2-18) in the theorem on the even larger cuboid

R? R?

— 3.0 = - -
05,5, (R) = { x € R™: |xj | < D2’ Ix¥loo = DZ(K(I) /\K(2))

(2-21)

for an appropriate choice of the coordinate direction x;,,ip € {1, 2}, in which the cuboid has smaller side
length. Later we shall need to combine different cuboids which may possibly have their smaller side lengths
in different directions. Then it will become necessary to restrict to their intersection, which leads to (2-19).

Indeed, we shall see that there will be two directions in which the side length of the cuboids are
dictated by the length of the wave packets, and one remaining third direction for which we shall have
more freedom in choosing the side length.
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Observe also that K;d; < 1, and thus we may even assume without loss of generality that
kidi <1 foralli=1,2 (2-22)

simply by decomposing Sy and S> into a finite number of subsets for which the side lengths of corre-
sponding rectangles U; are sufficiently small fractions of the given d l.(] )
For 1)/ € U; define

¢1(n) = ¢(—1") + (). nen*+Ur,

¢ =dp(1—n")+ ('), nen' +Us.
The set ((n%, ¢(n?)) + S1) N ((n', (")) + S») = graph(¢b1) N graph(¢2) will be called an intersection
curve of S1 and S». It agrees with the graph of ¢ (or ¢,) restricted to the set where ¥ = ¢; — ¢ = 0.
On this set, the normal field N; () = (—=V¢;(n), 1) forms the conical set

I ={sN;j(n):s €R, ¥ (n) =0}.
In the sequel, we shall use the abbreviation j +1 mod2=2,if j =1,and j + 1 mod2 =1, if j = 2.

Lemma 2.8. Let (S1,52) € So. Assume V(r) = 0 for some r € Si U S» and kid; < 1. Then the
following hold true:

@ Dk < 1 foralli,j=1,2.
(b) [Vo(m)| < 1forall (n,¢(n) € S1US>.

(¢c) The unit normal fields on S and S, are transversal, i.e.,
INo(n") = No(m)| ~ 1 forall (' .¢(n')) € ;. (2-23)

(d) Nj and T'j 11 mod2 are transversal for j = 1,2 and for any choice of intersection curve of S1 and S».

(e) If y is a parametrization by the arclength t of the projection of an intersection curve of S1 and S» to
the first two coordinates 1 € R?, then |y1| ~ 1 ~ |ya].

Proof. We shall denote by n = X € R? the projection of a point in x € R? to its first two coordinates.
Part (a) is clear since D = min; ;=1 dl-(j ). To prove (b), notice that for any x,x’ € S1 U S we
have V¢ (%) — V¢ (X')| < 1: if x and x’ belong to different hypersurface S;, we apply condition (iii)
on page 838, and if x and x’ are in the same hypersurface S;, we use condition (a). Thus we have
IVo(X)| = |V (x)—Veo(r)| <1 forall x € S; US.

This gives |N(X)| = /1 + |V@(X)|? ~ 1 for all x € S; U S,, which already implies the transversality
of the normal fields:

INo(n") = No(n*)| ~ IN(n") = N*)| = Vo (') — V(n?)| ~ 1

for all (n/,¢(1/)) € S;, j = 1,2.
We shall prove (e) first, since (e) will be needed for the proof of (d). It suffices to prove that |d; ¥ ()| ~ 1
for all 5 such that n — 1/ € U i 41 mod 25 n/ eU i, since the tangent to the curve y at any point y(t) is
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orthogonal to Vi (y(¢)). But, in view of (2-17),
0:v (D] = 3¢ (n—n*) —dip(n—n")| ~ 1.

For (d), since the claim is symmetric in j € {1, 2}, it suffices to show that Ny and I'; are transversal.
Since we have

INL(m) — N1 ()| = Vo1 () — Ve ()] S PP 1P alP « 1

for all n,n’ € Uy + n?, whereas |N1(n)| ~ 1 for all n € Uy + 2, it is even enough to show that Ny (1)
and the tangent space Ty, ()12 of I'> at the point N2 () are transversal. Since y is a parametrization by
arclength of the zero set of v, the tangent space of I'; at the point N5 () for n = y(¢) is spanned by N»(n)
and (—D?¢2(n) y(t),0), where D¢, denotes the Hessian matrix of ¢,. But, recalling that we assume
31026 = 0, we see that the vectors N» () and (1/x@)(=D2¢p»(n) y(¢), 0) form an “almost” orthonormal
frame for the tangent space T,y 12, and thus the transversality can be checked by estimating the
volume V' of the parallelepiped spanned by Ni(n) and these two vectors, which is given by

—d11(n) —02¢1(n) 1 .
V= —d1¢2(n) —02¢2(n) 1| = o) —| =072 (M1 (1) 029 () + 332 ()Y2(1)01¥ ()]
(Y1) 5 93d2(m)ya(t) O
Since ¥ o y = 0 by definition, we have d1v¥ (n)y1(t) + 2% (n)y2(¢); hence

y1(1)
2y (n) = =01y (n)= 20
Thus
3 @, @
91 () (032 (M V() + 32 V3 (1)) ~ [01¢(n—1?) — D19 (n—7 )|LN1, O

SI0]

We now come to the introduction of the wave packets that we shall use in the proof of Theorem 2.6.
Let us assume without loss of generality that

¢V <@ (2-24)
e, r=rM and Vo (r®) =0.

Next, since S; is horizontal at (r, ¢(r()), we may use the wave packet decomposition from
Corollary 2.3, with normal 7 and hyperplane H; given by

ny=(0,0,1) and H; =R?x{0}
in order to obtain the decomposition

R fi=Ry fi= Y. CwPw. wi€W, (2-25)
w1 EW]
into wave packets py,,, w1 € Wi of length (R")2/kD, directly by means of Lemma 2.1. By Tw,. w1 €Wr,
we denote the associated set of tubes. Recall that this decomposition is valid on the set P; = R? x
[=(R)? /M (R /D],
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Let us next turn to S, and Ru§2 f>. If we would keep the same coordinate system for S», we would
have to truncate even further in x3-direction, since (R")2/k® < (R")2/k(1). However, by (2-17) we have
for n € U and both i =1 and i = 2 that

[(ei. NI = 18:p ()] = [8:p (1) — 3 (r V)| ~ 1.
This means that we may apply Lemma 2.4 to S5 in order to reparametrize S, by an open subset (denoted
again by U,) of the hyperplane H, =n ZL given by
ny=ej, and Hp={ny}= ={ej}™
We may thus replace the function f5 by a function (also denoted by f») on U, of comparable L2-norm,
and replace R[?}ZZ f> by R;‘ZIZ /> in the subsequent arguments.

Next, applying Corollary 2.3, now with H = H>, for ip = 1, as well as for ip = 2, we may decompose
R}’Z]2 f> as

Ri,fa= D CupPu,. w2€Ws, (2-26)
wrEWH
on the set - .
— 3. (R) _ 3.0, (R')
P, = xeR.|(x,nz)|§W}—{xeR.|x,0|§ﬁ

by means of wave packets of length (R’)2/k(®. The associated set of tubes is denoted by Tw,, w2 €W,
In order to decide how to choose iy, we observe that for n € Uy, our definitions (2-15) in combination
with the estimates (2-16) and (2-22) show that

K(”

0ip () =3¢ (r )] < Vel <
Ki
Notice that the wave packets associated to S, are roughly pointing in the direction of N(r(1) = (0,0, 1).
More precisely, if we project a wave packet pointing in the direction of N(n), n € Uy, to the coordinate x;,
i = 1,2, then by the previous estimates we see that we obtain an interval of length comparable to

R')? R)? R')? R)2 (1)
< Rudy <>>' B ool = 0 o — a0y « £ ’(‘I)K;_—i. 2.27)

Let us therefore choose iy so that
(1) (1) 1)
Ki,” K4 Ks
Kig K1 K>

Then
D (1) K(l)
. = (k1 Vk2) (— A —=— ) < K%l) \Y, /(él) = K(l),

Kig k1 k2

and thus by (2-27) and (2-24)

(1) i k@

e & 0 v )>‘ (R)? _(R)>
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Figure 8. The wave packets filling the cuboid O, s,(R).

This means that the geometry fits well: the wave packets associated to S; do not turn too much into the
direction of x;,; projected to this coordinate, their length is smaller than the length of the wave packets
associated to S, which are essentially pointing in the direction of the iop-th coordinate axis (see Figure 8).

However, for the remaining coordinate direction x;, i € {1,2}\ {ip}, we cannot guarantee such a
behavior. But notice that by (2-24),

k)7 (D k@
B 5 . (R/)Z B (R/)Z (R/)Z
_{(Xl,xZ)ER .|X10|§—K(2) X —K(l) ,—K(l)

(R (R')?
D {x eR3: |Xio| < z [ x]loo < m = 0s,,5,(R);

i.e., on the cuboid QOg, s,(R) we may apply our development into wave packets to the wave packets
associated to the hypersurface S;, as well as those associated to S5.

For every @ > 0, let us denote by E(«) the following statement:

There exist constants Cy > 0 and y, > 0 such that for all pairs S = (S, 52) € Sp, all R > 1
and all f; € L*(U i), J = 1,2, (which we may also regard as functions on §;) the following
estimate holds true:

IR, [1iRE, 2llLr0s, 5, (R)
< Cu R log (1 + R) (D ®) 277 D375 1og" (Co(S) fill2 | fall2- (2-28)
Here, Cy(S) denotes the constant defined in Theorem 2.6.

Our goal will be to show that E(«) holds true for every o > 0, which would prove Theorem 2.6. To
this end, we shall apply the method of induction on scales.
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Observe that the intersection of two of the transversal tubes Ty, , w1 € Wi, and Ty, , w2 € Wa, will
always be contained in a cube of side length O(R’). Let us therefore decompose R3 by means of a grid
of side length R’ into cubes ¢ of the same side length, and let {¢}4co be a family of such cubes covering
0s,.s,(R). By cq we shall denote the center of the cube ¢. Choose x € S(R?) with supp 7 C B(0, 1) and
1(0) =1/(27)", and put x4(x) = y(x —cq4/(R’)). Poisson’s summation formula then implies y, = 1
on R3, so that in particular we may assume qug Xqg=1o0n Q0gs, s,(R).

Notice that our approach slightly differs from the standard usage of induction on scales, where xg is
chosen to be the characteristic function of g, and not a smoothened version of it. The price we shall have
to pay is that some arguments will become a bit more technical, but the compact Fourier support of the
functions y4 will become crucial later.

For a given index set W; C W;, j = 1, 2, of wave packets (see (2-25), (2-26)), we denote by

W;(q) = {w; € Wj : Ty, NROq # 2}

the collection of all the tubes of type j passing through (a slightly thickened) cube ¢. Here, § > 0 is a
small parameter which will be fixed later, and R‘sq denotes the dilate of ¢ by the factor R® having the
same center ¢q4 as ¢.

Let us denote by N the set N' = {2" : n € N} U {0}. In order to count the magnitude of the number of
wave packets W; passing through a given cube ¢, we introduce the sets

O ={q:Wi(@)|~pj.j =12} pn=(u1,pn)eN>

Obviously the Q* form a partition of the family of all cubes ¢ € Q. For w; € W}, we further introduce
the set of all cubes in Q" close to Ty, :

Q" (wj) =g € 0" : Tu, NRq # .
Finally, we determine the number of such cubes by means of the sets

Ajs
W = fwy € Wy 1 [QM () ~ A} Ay pa iz €N

. Aj i ..
For every fixed u, the family {Wj 7""}a; en forms a partition of Wj.
We are now in a position to reduce the statement £ («) to a formulation in terms of wave packets.

2C. Reduction to a wave packet formulation. Following basically a standard pigeonholing argument in
combination with (P5), the estimate in £ () can easily be reduced to a bilinear estimate for sums of
wave packets (modulo an increase of the exponent ), by 5). It is in this reduction that some power of the
logarithmic factor log(Co(S)) will appear, and we shall have to be a bit more precise than usual in order
to identify Co(S) as the expression given by (2-20).

Lemma 2.9. Let > 0. Assume there are constants Cy, Vo > 0 such that for all (S1,S2) € So
(parametrized by the open subsets U; C Hj) the following estimate is satisfied.:

Given any two families of wave packets {pw, }w,ew, and {pw, }w.ew, associated to S1 and S
respectively, as in the wave packet decomposition Corollary 2.3, where the py., j = 1,2, satisfy
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uniformly the estimates in (P2)—(P5), for all R > 1, all A;, u; € N and all subsets W; C W;, j = 1,2,
we have (with admissible constants)

Pw;
= "
12wj€Wj,M qeQ

Xq

Lp(QS] .S (R))

< Cu R log” (1 + R) (kD@3 =5 D35 logh (Co(S))| W12 [Wa|2.  (2-29)

Then E(a) holds true.

Proof. In order to show E(«), we may assume without loss of generality that || fj|2 =1, j =1,2. Let
us use the abbreviation Co(S) = C

First observe that for fixed ¢ and v;, the number of y; such that the tube 7(y, ,,) passes through R‘Sq
is bounded by R®8, whereas the total number of v ; € Vj is bounded by

d1d2

V|~ (R)?|U;| < R?
V| ~ (R)*|U;| < D2

(2-30)

Thus we have

dids d
D2

where we have used property (a) of Lemma 2.8. Consequently Q* = &, if u; > R¢' Cy for some j.

d?
<R*— 2(DKD A7 (DD D)3 = Ry,

1W;(g)] < R¥T¢8

Similarly, the number of cubes ¢ of side length R" such that R% g intersects with a tube Ty, , of length
(R")2/kY) is bounded by R* R’ /() = R1*¢3 ) D)), Since D < d,, d>, this implies

14+cé /d ,
|0 (w))] < D0 <RYL 2(D[K(1)/\K(2)]) 7 (DD D@y~ = R 2,

and thus W; ’M—Q if A; >>R"C2 For C >0letus put N(C)={veN:v<C}. Since Cy = 1, we

then see that
o= |J o~
11,12EN (R CF)

and for every fixed pu,
L Ajslt
wi= U wrh
A EN(RC CP)
These decompositions in combination with our assumed estimate (2-29) imply

[T > rw

J=12 w;eW;

L7(Qs,.s,(R))

< 2 [T 2 2z

21,2, U1 U2 EN(RE CRY T =1,2 wjer)bj'M geou

q
Lp(QS] .S (R))

< Cu R log* (R C2) log” (1 + R) (kM @)3=5 D3>~ logh* (Co)| Wi |2 |Wa |2
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for every W; CW;, j = 1,2; hence

[T X ru

J=12w;eW;

Lp(QSI,Sz(R))
< CaR* log"et4(1 4+ R)(cMic®)277 D375 logha+*(Co) Wi |2 W2l (2-31)
Recall next that R* f; =3, ¢y, Cw, Pw,; . We introduce the subsets ij ={wj € Wj : [cw, | ~ 275},

which allow us to partition W; into | ij. We fix some kg, whose precise value will be determined
later. Then

‘Z Z Z Cw PwiCws Pws

k>ko w, eWIk w2 EW>

LP(QSI .S (R))

<1055 RI7 Y.

k>k0

Z Z Cwi PwiCws Pws

wi W W2EW2

o0

The wave packets py,; are well separated with respect to the parameter y;, and by (P4), their L°°- norm
is of order O((R’)™1). Moreover, by (2-30) the number of v;’s is bounded by R2d\d,/ D2 Furthermore,
lcw, | < 27% for every w; € WX, and by (P5) we have lcw, | < {cws bwrewn |2 S | f2]l2 = 1. Combining
all this information, we may estimate

H Z Z Z Cwy Pwi Cwz Pwr

k>ko w, EWIk w2 €W,

1 -
(R')® pdd? ., o, .
[K(l)/\K(z)][((l)K(Z) D4 R (R) Z 2
k>ko

LP(0s,.5,(R) (
6 _5 1_1 _
~R?T2Cy D¥* 7 (kW i@)27 5270,

If we now choose k¢ = log, Cp + log R%+2, then we obtain

Z Z Z Cwy Pwi Cwz Pwo

k>ko lUlEWlk w2 EW,

1

< D¥ 5 (kM @)375, (2-32)
Lp(QS].Sz(R))

In a similar way we also get

Z Z Z Z Cwy Pw; Cwy Pwo

klfk() w1€W1k1 k2>k() w2€W2k2

1

<D¥r(kW@)275.  (2-33)
L7(Qs,.5,(R))

The remaining terms can simply be estimated by

ko
Z Z Z Cwi Pwi Cws Pws

= k k
ki.ka=1 w1€W1 1 w2€W22

Lp(QSI.Sz (R))

k
< 20: 2—k1—k2 Z Z Cwlzklpwlcwzzkzpwz

= k k
ki.k2=1 wiEW, 1 w2€W22

Lp(QS],Sz (R))
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Since [cy; 2kf'| ~ 1 for w; € ijj , it is appropriate to apply (2-31) to the modified wave packets

ﬁwj = ijzkjpwj3

ko
Z Z Z Cwy Pwi Cwr Pwa

= k Kk
ki.ka=1 w1 €W, 1 w2€W22

L7(Qs,.5,(R)

k
< Ca R log"* (1 4+ R)(c M) 277 D377 log’e+*(Cy) Z ARV AT ES
ki,kx=1
But observe that by (P5),
ko ko ko 1
Z 2—k1—k2|W1k1|% |W2k2|% <ko Z |W1k1|2—2k1 Z |W2k2|2—2k2)
k1,kx=1 ki1=1 kr=1
ko ko 1
(X X bl Y X |cw2|2) <koll filla | foll2 = ko.
kl:lwlerkl kz:lwgeWZk2
and thus

ko
Z Z Z Cwi PwiCws Pwo

= k k
kl’k2 1 w1€W1 1 wzer 2

LP(Qs,.5,(R))
< CuR%10g”+5(1 + R) (kWi @)275 D375 loghe+5(Cy).  (2-34)

Combining (2-32)—(2-34), we find that

l_[ Z Cw; Pw;

Jj=12 w;jeW;

< CoR%10g" 5 (1 + R)(k Wi @)275 D375 log’e*5(Cy),

IR, [1iRE, L2llLr(0s, 5, (R)) =
LP(Qs,.5,(R)

which verifies E (). U

2D. Bilinear estimates for sums of wave packets. Let v; € V;, j = 1,2, and define the (O(1/R’)
thickened) “intersection” of the transversal hypersurfaces S; and S, by

My, = (V1 + S2) N (02 + 51) + O((R) ™).
For any subset W; C W, let

Hv1~v2 / -
W, ={w; € W; : v} +vj41 € My, 0y}

(where j +1 is to be interpreted mod 2 as before, i.e., we will use the shorthand notation j 41 = j 41 mod 2
in the sequel whenever j 4 1 appears as an index), and denote by

Vi ={v; €V;: (y},v}) € W; for some y} € V}
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the V-projection of W;. Further let

HU v HU v
V; 1’2:{v’.evj:(yj/-,v’.)eW. "zforsomey]'-eyj}
—{v €V; : there is some yj €Y st (yj,v ) eW,; andv +vj41 € Iy 0,5

Lemma 2.10. Let W; CW;, j =1,2. Then
(R)?

1 1
D pwipws < ————|W1|2 W22, (2-35)
w1 W) woeWsr Ll(QS],Sz(R)) V K(I)K(z)
Yo Y Puibuws <(R) Emin sup [V 2B B et (236)
w1 W) wreWs Lz(QS],SZ(R)) J U1,V2

Proof. We shall closely follow the arguments in [Lee and Vargas 2010], in particular the proof of
Lemma 2.2, with only slight modifications.
The first estimate is easy. Using Holder’s inequality, we see that

Z Z pw1Pw2 Z pwj

w1 W wreWs w-eW‘
(R')? /i)
1_[ (/ (R/)Z/K(/)

=1,2

<
L1(Qs,.5,(R) ;=12

L2(QS].S2 (R))

1

2
E pwj( +t7’l]) dl)
L2(H;)

’

where we have used (P4) in the last estimate. The second one is more involved. We write

Z Z Pwi Pw Z Z Z Z<Pw1 Z Pwl» Pws Z Pw;>,

2
w1 Wi waeWs L2(Qs1.5(R)  wieW) woeWs v|eVy vheVa'  yhe¥a(vh) Y, er ()

where Y~(v/) ={ye) :(y. vj/-) € W;} (recall that V; is V-projection of W;). Since for j = 1,2 the
Fourier transform of Zy S @) Pw!,  Pw; is supported in a ball of radius O((R’)~!) centered
at v 41 +vj, we may assume that the intersection of these two balls is nonempty, and thus
vl +v2 =05+ v +O(R) .
Especially
Vig1 +vj €My p, and v eV, forws j=12.

This implies

Z Z Pw1pw2

w1€W1 W2€W2

L2(Qs,.5,(R))

SPORD S SID By NVAVIREE I D

w1 EW wreWs 'EV Hvy,vy v2 YQEY(UQ)

D P

©yrey(v))

)
oo
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where v = v +v2—v1 + O((R")™!) in the rightmost sum. Observe that there are at most O(1) possible
choices for v} such that

vy =v]+v—vy + O((R)™H.

Since the wave packets py,; are essentially supported in the tubes Ty,;, which are well separated with
respect to the parameter y, the sum in yj/- can be replaced by the supremum, up to some multiplicative
constant. Since Ty, and Ty, satisfy the transversality condition (2-23), py, pw, decays rapidly away
from the intersection Ty, N Ty,; i.€.,

—N
/ mmm@wa[(RTQO%Jﬂ) dx=H/"a+udex~Rﬁ
R3 R3 R R3

We thus obtain

2
Hv \U
Y PwiPws <R Wil[Wal sup [V [T sup lpwy llso
w1 EW) L2(Q51,52(R)) vi,v2 j=1,2 w//'eij .
wrEWs
HU v
< (R)THWA|[Wa sup [V, "), (2-37)
V1,02

Repeating the same computation with the roles of v} and v} interchanged gives (2-36). O

2E. Basis of the induction-on-scales argument. In order to start our induction on scales, we need to
establish a base case estimate which will respect the form of our estimate (2-29). This will require a
somewhat more sophisticated approach than what is done usually, based on the following.

. HU U
Lemma 2.11. Let Vj CV;. Then min; sup,, ¢y, , vV, "I R

V2 €V,

Proof. Define the graph mapping ® : Uy UU, — S; U 8o, ®(x) = (x,¢(x)). If v} = CD(xJ/.) € anvl'vz,
then v} +vj 11 € Ty, v,, and for x; 11 = @~ !(vj41) we have xi+xjp1€y(l)+ O((R")™1), where
y: I —[Uy +x2]N[Us +x1] C R? is a parametrization by arclength of the projection to the (x1, X2)-space
of the intersection curve Iy, 4,. Recall from Lemma 2.8(e) that our assumptions imply that then y will
be close to a diagonal, i.e., |y;| ~ 1, i =1,2.

For all ¢,¢” € I, we have y(t), y(t’) € [U1 + x2] N [U2 + x1]; hence

mind?) > [y;(0) = i) = min |y ()| = 1| ~ |t =)
J t"’e
This implies |/| = sup; ;g [t —1'| < min; ; dl.(j) = D; hence L(y) < D, and thus
HU LU — HU LU
[V, 2 [~ T (V)
< [{x} € @' (V) : %) € (1) = xj41 + O(R) ™)

SL»/(R)TH
< DR =R,

since ®~1(V;) is an (R")~!-grid in U;. O
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Corollary 2.12. E(1) holds true, provided % <p=<2

Proof. Due to Lemma 2.9, it is 1%nough to show the corresponding estimate for wave packets (2-29)
with @ = 1. But, estimating |V] "I'"2| on the right-hand side of (2-36) in Lemma 2.10 by means of
Lemma 2.11, we obtain

T2 e 2

= A u
12wjeW]JM qeQ

11 1 1
S (R)T2ZR2 (W |2 | W2,
LZ(QSI.Sz(R))

Interpolating this with the corresponding L!-estimate that we obtain from (2-35), we arrive at

~ZXq

AL eOM
wjeij.l q Q

< (K(I)K(Z))%—%(R/)%_3Rl_%|W1|% |W1|%
L?(Qs,.5,(R)

< (k@) 373 D33 Ry | (Wb,
provided % <p=<2 -

j=1,2

2F. Further decompositions. In a next step, by some slight modification of the usual approach, we
introduce a further decomposition of the cuboid Qsg, . s,(R) defined in (2-21) into smaller cuboids b
whose dimensions are those of Qg, s, (R) shrunk by a factor R™2%; i.e., all of the b’s will be translates
of Os,.s, (R'7%). Here, § >0 is a sufficiently small parameter to be chosen later. Since

(R/)Z R—25 B RI—ZSR/

i - Dk
the smallest side length of b is still much larger than the side length R®R’ of the thickened cubes R%g
introduced at the end of Section 2B. Observe further that the number of cuboids b into which O, s,(R)
will be decomposed is of the order R€82

Z R1—28 Rl,

If u € N'2 is a fixed pair of dyadic numbers, and if w i € W, then we assign to w; a cuboid b(w; ) in
such a way that b(w;) contains a maximal number of ¢’s from Q*(w;) among all the cuboids b. We say
that b ~ w; if b is contained in 10b(w); ) (the cuboid having the same center as b(w;) but scaled by a
factor of 10). Notice that if b % w;, then this does not necessarily mean that there are only few cubes
q € O*(w;) contained in b (since the cuboid b(w;) may not be unique), but it does imply that there are
many cubes ¢ lying “away” from b. To be more precise, if b ¥ w;, then

[tg € 0" (w)):qN5b =2} = [{g € 0" (w)) 1 q C b(w))}| 2 R™?1 Q" (w)), (2-38)
since only O(R?%) cuboids b meet Ty .. y

For a fixed b, we can decompose any given set W; C W, into W76 ={w; € W; : b »£ w;} and
W’Vb ={w; € W; : b ~w;j}. Thus we have

D3 ] e i
— Lr R — Lr(®
=1,2 w) €W, A quu (@s1.5,(R)  p liz1n w_,-eW_/)V M geQH ®) (239

2Here and in the subsequent considerations, ¢ will denote some constant which is independent of R and S1, S2, but whose
precise value may vary from line to line.
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where
1= Z Z Pw; Z Xq ,
b i=1,2 wjeijj,u,w geOH L7 (b)
= Z Z Pw; Z Pw, Z X R
b Ty, eWAl b wZEW;z'u geQH L7 (b)
= Z Z Pw Z Pw»> Z Xq .
b wleW’\‘ ~b ws GWAZ A geQH L7 (b)

As usual in the bilinear approach, part I, which comprises the terms of highest density of wave packets
over the cuboids b, will be handled by means of an inductive argument. The treatment of part I (and
analogously of part IIT) will be based on a combination of geometric and combinatorial arguments. It is
only here that the very choice of the b(w;) will become crucial.

Lemma 2.13. Let o > 0, and assume that E (o) holds true. Then

I < CoR¥ D 1og? (14 R)(c'x?)2 77 D>~ log"™ (Co($) | Wa| | W2 2.
Proof. To shorten notation, write C; = Cy (KIKZ)%_%D3_% log"*(Cy(S)). Recall the reproducing
formula (P1) in Corollary 2.3: py;, = Ry (8H (pw;|H,)). Since every cuboid b is a translate of

0s,.5,(R'™%), and since a translation of R 8 corresponds to a modulation of the function g, we see
that £ («) implies

[T 2 rw 2 w

i=1,2 ijWJ Gult~b geom L7 (b)
l_[ RH] ( Z 8Hj (pw_,- |Hj)) L)
j=1.2 wjeu/j)tj.u.’vb

<CiR")log(1+ R Y []

b j=1,2

Z 8H_,-(ij|Hj)

Ajottsb
w; j

<R D1ogre 1+ R) Y T w7z,
b j=1,2
In the last estimate, we have made use of property (P4). Moreover, using Holder’s inequality, we obtain

5L et < I (S,

b j=1,2 j=1,2

L2(H;)

where, due to Fubini’s theorem (for sums),

Ajohs~b Aj,
b b

A
. 7
wj EW;
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Tw.
w2 jjuzl

N
q0

Figure 9. The geometry in Lemma 2.14.

In combination, these estimates yield

I EclRu(l—S)logVoz(l_i_R) 1_[ |I/V]|% O
=12

2G. The geometric argument. We next turn to the estimation of II and III. A crucial tool will be the
following lemma, which is a variation of Lemma 2.3 in [Lee and Vargas 2010].

Lemma 2.14. Let Aj, uj € N, W; CW;, v; € V), j = 1,2, and let b and qo be cuboids from our
collections such that go N 2b # . If we define ijj’”’%b (qo) = lef’“’%b N Wj(qo), then

(1) A1z |[W1M’M’7Lb (qo)]vrv2
(i) Aapr |[Wy2 "7 (go) Mo

< R|Wy),
< R|\Wy|.

Proof. We only show (i), since the proof of (ii) is analogous. Set
A b
Ty = J{Tw, s wi € W7 (o)) Toi2§\5b, QF ={g€ Q" ROqNTy # o).
Since we have seen in Lemma 2.8(d) that T, is transversal to I'y, we have
0%, N O™ (wa)| S R (2-40)

Due to the separation of the tube directions, the sets Ty, \ 56 do not overlap too much. To be more precise,
we claim that for all cubes ¢ € Q’l“fl ,

[{wi € W 7P (go)]Mone : RO g N T\ 5b # 2} < REC. (2-41)

Indeed, let wy, w] € [WIA"“”% (go)]™v1v2 and x € R%q N Ty, \ 5b, x'€ R%q N Ty \ 5b. The definition
of W1(qo) means that we can find x¢ € quo N Ty, and x(/) € quo N Twi ; then we may write

x =x0+|x—x0|N(v1) +O(R") and x"=x;+ |x"—x(|No(v)) + O(R). (2-42)



A FOURIER RESTRICTION THEOREM FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE 853

Furthermore we have
|1x — xo| — X" = x4|| < |x = x| + |x0 — xp| = O(RR). (2-43)

Since T, has length (R")2 /i, so that the length of b in the direction of Ty, is at least R™25(R")2 kM),
and since xo € R%go C 4b but x ¢ 5b, we conclude that

Rl 2
g2 R < |x — xol- (2-44)
Paey)
Applying Lemma 2.5, and consecutively making use of the estimates (2-44), (2-43), (2-42) and again
(2-43), we obtain
R/
R'lvy —v| £ —=IN(v1) = N(v})|
Paes)
< RP(R)7Vx = xo| [No(v1) = No(v})]
< RP(R')7H|x — xo| No(v1) — X" — x§| No(v})] + O(R?)
S R (R (]x —x'| + g — Xol) + O(R®®) = O(R).
Recall also that the direction of a tube Ty,, with w; = (y1, v1) depends only on vy, and thus the set of
all these directions corresponding to the set

{wl € [Wlkl’uﬂéb(qo)]nvl'vz : Raq N TLU]\Sb}

has cardinality (’)(RCS). But, for a fixed direction vy, the number of parameters y; such that the tube
Ty, v,) Passes through Rc‘sqg is bounded by O(R®%) anyway, and thus (2-41) holds true.

Recall next from (2-38) that for w; 4 b we have R~°¥|Q*(w)| < |{g € O*(w1) : g N 5b = T}
Since for w; € WIM’“ we have |Q#*(wq)| ~ A1, we may thus estimate

SR Y| 0" (wn)|

<) g€ 0*(w1):qN5Sh =2}

<> g€ 0" : RPqn Ty, # 2. RgN5h =0}
<> g€ 0% : Rq N (T, \ 5b) # 2}

= 3 [{wr € W7 (go) o102 - R 1 (T, \ Sb) # 2]
geQH

8
= R|Qk |,

REIL W17 (go) ] o

where sums are taken over wq € [Wl)“’“ 7b (¢0)]"¥1-v2 unless otherwise indicated, and where we have
used (2-41) in the last estimate. But, by (2-40), we also have

wlO% 1= D" Wa@l = Y. 0F N0 wa)| S R W,
qu‘rfl wreWs

and combining this with the previous estimate we arrive at the desired estimate in (i). O
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Lemma 2.15. Let 0 <§ < X. Then

Z Pwy Z DPw> Z Xq

A b 2. 1
wi W, 1M woeW, 2H q€Q

fCaRc‘g (KIKZ)%_%D3_%|W1|%|W2|% (2-45)
L7 (b)

and

III—ZH wi Y. Pw D Aa

Al ~b Aol u
1M 2€W22M7‘ qeQ

< Cu R (k") 2™ D70 Wy |2 |Wa 2.
L7 (b)

w1 W]

(2-46)

Proof. We will only prove the first inequality; the proof of second one works in a similar way. Since the
number of b’s over which we sum in (2-45) is of the order R°?, it is enough to show that for every fixed b

H Yo pw Y. Pw Y X4

A Ao, n
1 7b szWZZM q€Q

< CaROW )T DI W B WalE. (247)
L7 (b)

w1€W

For p =1, we apply (2-35) from Lemma 2.10:
P p X N
| 2 T e onl,

Z Puw, Z Pw>

leW)»l S Ab wzeW;Z'“ qeQm erM,M,%b wzeW;Z’” L1(Qs,.5,(R)

R/ 2 1 1
(

< W|Wl|2 [W|z.

Vie'WHk
For p =2, we claim that
2
“ Y e Do Pu ) ta| - SCaRTR)THWAIIW (2-48)

L2(b)

A b As. "
w1 EW, 1t w26W22 “ q€Q

The desired inequality (2-45) will then follow by means of interpolation with the previous L !-estimate —
notice here that R%/7~3 < 1 since 3 < p.

To prove (2-48), recall that the side lengths of b are of the form

R’)? R’
(%)R— 28 _ (])Rl 285 RIRIV2 1,2,
K Dk

If g N2b = @, then for x € b we have |x —cq| > inf,¢sp [x — y| = d (x, (2D)€) > R'R'~28_ Therefore
for every x € b,

N—2
Z Xq(x)| =Cn Z Z ( |x qu) <Cn Z [{q : |x—cq| ~ R"2!} |27 (N +2)!

qeoH leN qeQH leN
qﬂzb:@ 2]2R1—28 |x_cq|~R/2[ 2]2R1—28
_ N/
~Cy Y 2Ny RTOTEIN =5 RV (2-49)
leN

212R1—23
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The last step requires that § < % Choosing N sufficiently large, we see that by Lemma 2.10 and

Lemma 2.11,

2 2 2
H E DPw, E Pws Z Xq - < H Z Pw, Z Pw; R E Xq .
L L L=
w1eW1)"1’M’7Lb wzeWz)Q!M q?\glg:g @) w1€W1AHMCb wlewzlzgu q?\gl?i@ ®

. ITy; v — /
< G, (R)TH Wi [Wa|min sup [V;"0"2 [R2Y

V1,V2
< Cs.n/(R) 1wy || W | RN
S Cf o (R W[ [Wa | RV

Thus it is enough to consider the sum over the set QZ ={q € Q" :qN2b # @}. For fixed wy, wy, we
split this set into the subsets QZ(wl, wy) = QZ NO*(wy) N O*(wy) and Q;; NO*(wq)\ O*(wy) and

0y \ 0 (w1) = (0 N 0" (w2) \ O (w1)) U (05 \ (0" (w2) N QF(w1))).
Except for the first set, the contributions by the other subsets can be treated in the same way, since they

are all special cases of the following situation:

Let Q¢ = Qo(wy, wy) C QZ such that there exists an j € {1,2} with R%¢ N Ty, = @ forall g € Q.

Then
H Z pw1 Z sz Z Xq

Q. LAb A,
wew]! 1.7 w2€W22M 9€Qo0

2
< Co R (R ™YWy || Wal. (2-50)
L2(b)

Notice that the right-hand side is just what we need for (2-48).
For the proof of (2-50), assume without loss of generality that j = 1. Let g € Q¢. Then Ty, ﬂR‘gq =0,
and for all x € (R%/2)q we have

(R®/2)R’ < dist(x, (R®q)¢) < dist(x, Ty, ).

Thus forevery x € Q s, s, (R), we have dist(x, Ty, ) > (R%/2)R’ or x ¢ (R% /2)q. In the first case, we have

dist(x, T, )\ 2 o dist(x, T, )\
Ipwl(X)ISCN(R’)‘l(H(T““)) <ChN(R)T'R 5N(1+%) . (2-51)

One the other hand, in the second case, where x ¢ (R?/2)g, we have (R®/2)R’ < |x — cq|. Using the
rapid decay of the Schwartz function ¢ we then see that

ral= (%)

Applying an argument similar to the one used in (2-49), we even obtain

> xgx)

g€Qo

i —N
<Cy ( bx R,Cq|) <CyR7V. (2-52)

<CpR7N
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for all x ¢ (R%/2)g. To summarize, we obtain that for every x € 0s,.s,(R),

dist(x, T, )\
S (e T

R (2-53)
g€Qo(wy,w2)

(x) < C(N,8)(R)" 'RV (1

This means that the expression pu, Dy 0o (w;.w,) Xg cannot only be estimated in the same way as the orig-

R—(S'N

inal wave packet py,,, but we even obtain an improved estimate because of an additional factor . If we

replace py,, by pyw, on the left-hand side, we obtain in a similar way just the standard wave packet estimate

: -N
dist(x, T;
o Z Yo 1+ ( wz)) ’

R (2-54)
g€Qo(wy,w2)

() < 1 Pusloo < (R/)—l(

without an additional factor.

We can now finish the proof of (2-50), basically by following the ideas of the proof of the estimate
(2-36) in Lemma 2.10. The crucial argument was the fact that the Fourier transform of Pw), , Pw, is
supported in v}, +v; + O((R")™1). Since supp 74 = supp ¥(R’-) C B(0, (R")™!), the Fourier support
of pw, Pw, qu 00w, ,wo) Xq Temains essentially the same. It is at this point that we need that the
functions y, have compact Fourier support. The modified wave packets p,,, qu 00wy ,wy) Xg are still
well separated with respect to the parameter y;, for fixed direction v;, thanks to (2-53) and (2-54). Thus
the argument from Lemma 2.10 applies, and by the analogue of (2-37) we obtain

2
H Z Pwi Pws Z q
wler)Ll'M'%b q€Qo(wi,w2) L2
wzeW;Z’M
< R Wil [Wal min sup |V, "1"2] sup | puy > sup |pw; D X
J v / wi €W w2 , ! oo wiEW) 1 , ‘ 1%
wheWs q€Qo(wi,w53) wéeWz q€Qo(w],w2)

_ . Iy, .0 N _ A7/
S Co,n/(R)TH Wi [Wa| min sup |V R N Cs n (R)TIRYN W [ [y,

U1,V2

In the second inequality, we have made use of (2-53) and (2-54), and the last one is based on Lemma 2.11.
This concludes the proof of (2-50).

What remains to be controlled are the contributions by the cubes g from QZL (w1, wz). Notice that the
kernel K(q,q’) = xq(x)xq (x) satisfies Schur’s test condition

sup Y xg (g (¥) S xg () S 1.
q / ’
q

q

with a constant not depending on x. Let us put

Ja =Y Pwi Puws-

where the sum is taken over w; € Wl)Ll s 7b (¢) and wy € Wz’lz’“ (g). Observe that for wy € Wl’ll b and
wy € WZM’”“, we have g € QZL(wl, wy) if and only if ¢ € QZ“ and w; € Wlk"“’%b(q) and wy € Wz’lz’“(q).
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Then we see that we may estimate

2
H Z Pwi Pws Z ai =“ atq 5
wy W 1H7P geQlwiwy) O Ngepn L*®)
LUQGW;LZ!M

/‘ Z XaXa' Jatq

dx—/‘ K(q.9") fq fqr| dx

q,q9 GQb 4.9 eQb
DML S T
eQ™
qEQb q?\ZI%é@

Invoking also Lemma 2.10 and Lemma 2.14(i), we thus obtain

2
H Z Pw1Pw2 Z Xq )
wlew*l VEZ geQl(wwy) O
woeW > 1 gy A ofrt A AttAb T
Yo RYTHWTR (@) Wy (g)| sup W7 (g)]) v
qEQu_ V1,02
qN2b#o
_ A |W2|
SREORNTE Y0 W @) IWalg) |5
qeQr
qN2b#o
W,
SRR Y 10t < AR w Wl
A
wléWle’M
This completes the proof of estimate (2-45), and hence of Lemma 2.15. O

2H. Induction on scales. We can now easily complete the proof of Theorem 2.6 by following standard
arguments.

Corollary 2.16. There exist constants ¢, 8¢ > 0 such that ¢3¢ > 1 and such that the following holds true:
Whenever o > 0 is such that E(«) holds true, then E(max{a(1 —3), c8}) holds true for every § such
that 0 < § < §y.

Proof. Let us put 69 = %. Then the previous Lemmas 2.13 and 2.15 imply

ZXq

= i
12wj W,u qeQ

L7(Qs,.s,(R))

<I+4+1+411

< (Ca R log (1 4 R) + CsR) (k' ®) 277 D377 log”™ (Co) W1 |2 [Wa 2
< Co s ROV ogVe (1 4 RY(c k)2 77 D377 log”= (Co) | Wi | [ Wa 2
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whenever 6 < &g, where Cy = Co(S) = 1 is defined in (2-20). By Lemma 2.9, this estimate implies
E(a(1—=68)vcé). Finally, by simply increasing the constant ¢, if necessary, we may also ensure c¢dp > 1. [

Corollary 2.17. E(«) holds true for every a > 0.
This completes also the proof of Theorem 2.6.

Proof. Define inductively the sequence a9 = 1, @41 = cetj /(c + ), which is decreasing and converges
to 0. It therefore suffices to prove that E(«;) is valid for every j € N. But, by Corollary 2.12, E(ag) =
E(1) does hold true. Moreover, Corollary 2.16 shows that E(«;) implies E (o 1), for if we choose
§=oa;/(c+aj), thend < 1/c <8y and oj(1 —8) = ¢ = ajc/(c + @j) = «j+1, and thus we may
conclude by induction. O

3. Scaling

For the proof of our main theorem, we shall have to perform a kind of Whitney-type decomposition of
S x § into pairs of patches of hypersurfaces (S1, S») and prove very precise bilinear restriction estimates
for those. In order to reduce these estimates to Section 2B, we shall need to rescale simultaneously the
hypersurfaces S1, S» for each such pair (Sy, S2) in a suitable way. To this end, we shall denote here and
in the sequel by R;l s, the bilinear Fourier extension operator

RS, 5,(f1. ) = Rip fi- Ria fo. f1 € LP(Uh). fo € L (Ua)

associated to any pair of hypersurfaces (S1, S2) given as the graphs S; = {(§,¢;(§)):§€U;}, j =1,2.
The following trivial lemma comprises the effect of the type of rescaling that we shall need.

Lemma 3.1. Let S; = {(§,¢(§) : § € U;}, where again U; C R? is open and bounded for j = 1,2. Let
A € GL(d,R), a> 0, put $°(n) = (1/a)p (An), and let

SI={.¢°m) :neUS}, U =A"'(U). j=12.
For any measurable subset Q° C R4H1 we set Q = {x : (*AX/, axgy1) € Q%Y. Assume the following

estimate holds true:

||R*f,55(g1,g2)||Lﬁ(Qs) <GCsllgill2llg2ll2 forall gj € LZ(U,'S)-
Then

1 _1
IR, s,(f1. f2)llLr (@) < Csldet A|77a™ 7 || fill2 | fall2 forall f; € L*(Uj)).
We now return to our model hypersurface (see (1-3), (1-4) and (1-5)), which is the graph of
P(€1.62) = 1) (1) + P(2) (§2)

on ]0, 1] x ]0, 1], where the derivatives of the ¢;y satisfy
By () ~ €12
k i—k
o) ED S EMTE for k>3,
and where m 1, m, € R are such that m; > 2.
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We shall apply the preceding lemma to pairs S; = S and Sp = S of patches of this hypersurface on
which the following assumptions are met:

General Assumptions. Let S = {(£,¢(£)): €U} and S = {(&, ¢(€)) : £ € U}, where U = r +[0, d1] x
[0,d>]) and U = 7 +[0,d1] x [0, d2], with r = (r1,72) and 7 = (71, 72).

We assume that for i = 1,2 we have r; > d; and 7; > d;, so that the principal curvature ¢Z.) of S with
respect to & is comparable to x; = r;" i~2 and that of S is comparable to k; = Fim 72 We put

c?i=d,~vji, I_”,'=r,'Vf,', Arizri—fi, (3-1)
K=Ki1VKky, K=K|VKyKki=KiVKi, K=KVK=K1VKka.

In addition, we assume that for each direction &1 and &, the rectangle U or U respectively on which the
corresponding principal curvature is bigger (which means that its projection to the &;-axis is the one
further to the right) has also bigger length in this direction. This is easily seen to be equivalent to

(kidi) v (Ridy) = K d;. (3-2)

Last, but not least, we assume the rectangles U and U are separated with respect to both variables &;,
i = 1,2, in the following sense:

diste, (U, U) = inf{|& —&|: £ €U, E€ U} ~ |Ar;| ~ d;. (3-3)

Given these assumptions, we shall introduce a rescaling as follows: we put

a) =kada, ay =kydy, (3-4)
and
spoy L _ 1 }
¢ (n) = a¢(A7)) = a1a2¢(a1771,612712)- (3-5)

The quantities that arise after this scaling will be denoted by a superscript s; i.e.,

i d; 1 a;
r’=—, df=—, k= al-zlc,-——/q,

Ya Y a Y aian

B Aj+1mod2
DS =min{d{.d§.df.d5}, U’ =r®+][0.d§]x[0,d5].

with corresponding expressions for 7%, d~l.s , K and US. For later use, recall also the normal field N on
SUS defined by N(&,¢(&)) = (—=V¢(£), 1) and the corresponding unit normal field No = N/|N|. After
scaling, the corresponding normal fields on S* U S will be denoted by N* and Ng. With our choice of
scaling, the following lemma holds true:

Lemma 3.2 (scaling). (i) Fori =1,2andallne U’ and 7} € U we have
109" () = 9:¢° () Swfdf S 1 and 19:¢° (7) —8;¢° ()| S kfdf < 1.

Moreover, IEI-S dis =1
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(ii) Forevery || >2andallne U’ and ) € Us,
0°¢° ()| S <°ldf Ad3 P71 and 0765 (| S &°|d} Ad5 P
(iii) Fori = 1,2, i.e., with respect to both variables, the separation condition

10;¢° () — 3:¢° ()| ~1 foraline s, je§

holds true.
In particular, the rescaled pair of hypersurfaces (S*, Ss ) satisfies the general assumptions (1)—(iii)
introduced before Theorem 2.6.

Proof. Observe first that

- di 1,
dlis =—, ki= a?ic;
ai

and thus, by the definition of a;, we see that i} cif =1.
Next, in order to prove (i), observe that for n € U,

10;¢° () — 0;9° (r*)| < sup 102¢° ()| Ini —rf| Skjdf,
n'e

with k3dS <i$dS = 1.
As for (ii), notice that also d102¢° = 0. In the unscaled situation, we have for k > 2 and every £ € U,
i—k - -
F O SET ~ 7SO ~ kg7
Thus, for n € U®, we find that

2
)2k — 4 2k _ .5 2k
aia

1
1050 ()| = ——a¥|9%p(An)| £ ——a¥ii (aimi
aiar aian

On the other hand, for n € U® we have

ri _ d;
)”>rs=—l>—l=ds>ds/\ds
r="1j ai — a i =" 2

1 1

and thus we conclude that
0% % ()] S &°(df nd**, k=2

In the same way, we obtain the corresponding result for n € US. These estimates imply (ii).

Finally, in order to prove (iii), let £ = (§1,&2) € U and § = (é -1, 52) € U. Then, by (3-3), we see
that |& — §i| ~ cz,'. Moreover, if for instance r; < 7; (the other case can be treated analogously), then
by (3-3) we even have r; +d; + cczl- < r; for some admissible constant ¢ > 0 such that ¢ < 1. But then
ki S |¢6.)(t)| < &; for every ¢ in between & and &;, and moreover ¢E;-)(f) ~ K;i = k1 on the subinterval
[Fi —cd; /4, 7], and thus

3 &
9:6(6) — 0 ) =' [ g

~Kidi =ai41 mod?2;




A FOURIER RESTRICTION THEOREM FOR A TWO-DIMENSIONAL SURFACE OF FINITE TYPE 861

hence
10 p(An) — 0; p (A7)

di+1 mod 2

10i¢° () — 9;¢* ()| = ~ L. (3-6)

This completes the proof. O

In view of Lemma 3.2, we may now apply Theorem 2.6 to the rescaled phase function ¢°. According
to (2-19), the scaled cuboids are given by
2 R2

3. —
R) xeR |Xl+a¢ (ro)x:;l_W —1,2, |X3|§W s

SS‘ SY(
with rg =% if k° =k’ AK®, and r§ = 7° if £ = k° A%, Thus, if % < p <2, then for every « > 0 we
obtain the following estimate, valid for every R > 1:

e l_1 _5
”RSS gs ||L2XL2_)LP(Q§<S.§3‘(R)) < /)27 (D* )3 » log”* (C§)Cq R%,
with (compare to (2-20))
N ds d N ~S s, .8 N
Co = ——75 (D[* AR*])™ P(DKD )
(D9)*

Recall here that R* ~(f1, f2) = Re, f1- R, f2,if f1 € L2(U), f» € L2(U). Scaling back by means of
Lemma 3.1, we obtaln

”R§,§”L2xL2—>LP(QS,§(R>)S(alaz) I (PRSI (DN log*(Cg)Ca R*

= (a1026° -a1a28%) 277 (D*)> 77 log" (C§)Ca R (3-7)
where
3 R? R
_ _ . . 4S8 (.S R
QS,S(R) = {x €R”: faixi +9i¢° (rp)arazxs| = ——— (Ds)z,zs = 1.2, lmazxs| = (D5)2ks /\Ks}
R2 R?
={xeR3: |x; +0; <—0—1=12, = o
{x i +0ip(ro)cs| = a; (D%)%ics : sl < aaz(DS)%k* /\KS%

But, by (3-4), we have

Kod? Vv ik d?
K —Kviz—a_lKlva—zlzz—a_—l\/a_—ZZM (3'8)
an ai di d> did,

and _

di d

D* _mln{ds,dz,dl,d2}<mm{—l —2} = &)

ay az

hence
ai(D*)%k <a;D* <d;, i=1,2,

and also

alaz(Ds)z(Ks /\/25) < Dsalaz <axdi Naydy = I?ldlz /\I?zd%.



862 STEFAN BUSCHENHENKE, DETLEF MULLER AND ANA VARGAS

These estimates imply that
Q55(R) D 0 5(R). (3-9)
if we put
2 R2

R
1 3.
O.c(R)=1xeR’: |xi+0ip(ro)x3| < —=—,i=1,2, |x3| < ———=¢.
s.5R) s X ¢ (ro)xs| i |x3] a2 A rd

Moreover, by (3-4) we have

di  &id
s i iadi
di =— = di,
ai ayaz
and ~
Ki = . ~ Kkidid;
min{d;, dls} = ——d; min{d;,d;} = .
aias ayas
Furthermore,
aj ai 5= 93 - _ (- F2K2 _ 5oK1
aiark’ ~aias (—K2 + —Kl) = (K%dlsz + K%dzz/q) = K1K2 (Kldlz_— + K2d22_—). (3-10)
ai az K2 K1

Thus the product of the first two factors on the right-hand side of (3-7) can be rewritten as

1.1 _5
(arazk®-ayark®)2™ 7 (Ds)3 P

(_ Cz —+K2d2 ) mjn(kidic?,-)3_%
K1 i

1 1
- T R i}
Z(lzldll?zdz)p > (ie1ic2)! ”(Kld +/<2d2_—1) p(l?ldf:—z-i-l?zdzz
1 2

N|—=
Sl

=
N

2(611612)" 3 (k142)" p(K1d1_+ Kod? K1)

X
Sl

1_
1\? .- 7\3—2
min(ic;d;d;)” " 7
1 i
_1
J2

l\)\'—‘ =1

D=
|

1
:(121122)%_2(6216%)%_ (I{ld —+K2d2 1) p(l(ld —+K2d2 1) min(/zidiaiif_%
K1 i

K1

For a, b € (0, co) write
avb

a
q(a,b) = /\b=5\/ > 1.

b
a

A lower bound for D¥ is

dlAdlAdzAdzz(dl_AdlAdz_Adz)(dl dz) ! 1, (3-11)
dq d> ay az

D’ =
q(d1,d1)q(da, do) &

where we have used (3-8) in the last inequality. And, from formula (3-10) we can deduce

ai an

K1k - K1ky K1d2Viad? 1 i
2R @d] Vipd) o R = ., (3-12)
aia K1 K2 did,  qk1,k1)q(k2,k2)  q(k1,k1)q(k2,K2)

where we have again applied (3-8) in the last step. Combining (3-11) and (3-12), we obtain
(D) < [ g &)q(di.dy). (3-13)

i=1,2
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and then by symmetry also
(D) s [T g &)q(di.di).
i=1,2
We may now estimate the constant Cj in the following way, using (3-13) in the first inequality, (3-11)
in the second one and (3-8) in the third one (being generous in the exponents, since Cj appears only
logarithmically):

s d_szd_2 s R T dszd_s2 ) NSt
CO (DS)4 (D [K NK ]) P(D D%k ) < (DS) ( l_[ q(K[,Ki)q(di,di))

i=1,2

SNFTS L
CI(Ki,/Zi)(I(di,di)) (djd3)*(k*)*

+5(J1J2)2(Ela712 szczzz)4
apaz 6316?2
(,zlcﬁv,zzcﬁ)z)z
K1d2 2d2

i=1,2

( (Ki,/Zi)(I(di,czi))
i=1,2

. \7 15
Q(Ki,/?i)Q(di,di)) (

N =

i=1,2
5+5
- vy’ - 72 - 9242
=( 1_[ CI(Ki,Ki)CI(di,di)) q(k1di, k2d5)”.
i=1,2

Combining all these estimates, we finally arrive at the following.

Corollary 3.3. Let g =p= 2. For every a > 0 there exist Cy, Yo > 0 such that, for every pair of patches
of hypersurfaces S and S as described in our general assumptions at the beginning of this section and
every R > 0, we have

IR% <] . U < CaR¥(R172) 72 (dyda) 7~ min(&id; dr)>~ 7
5.51L2($)xL2(5)~Lr (0L (R) =~ i

1

1
11 ~
(Kld —\/ 2d2 ) p(l(ld —\/sz2 1)
K2 K1 K2 K1

x|:1+10g”°‘ (q(/?lcjlz,kzcizz) 1_[ q(di,Ji)Q(Ki,lzi))], (3-14)

i=1,2

1
P

D=

where, in correspondence with our Convention 1.4, we have put R; §(f1, f2) = Ry f1- Rgp f2, f1 €
L2(S), f> € L%(S).

4. Globalization and &-removal

4A. General results. The next task will be to extend our inequalities (3-14) from the cuboids Q1 ~(R)
to the whole space, and to get rid of the factor R% There is a certain amount of * globahzatlon or
“e-removal” technique available for this purpose, in particular Lemma 2.4 by Tao and Vargas [2000a],
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which in return follows ideas from [Bourgain 1995b]. We shall need to adapt those techniques to our
setting, in which it will be important to understand more precisely how the corresponding estimates will
depend on the parameters x; and d;, j =1,2.

To this end, let us consider two hypersurfaces S; and S» in R4+, defined as graphs S i ={(x,¢j(x)):
x € U}, and assume there is a constant A such that

Vg (x)[ < A (4-1)

for all x € U;, j =1,2. We will consider the measures v; defined on S; by

/Sjgdvj' =/Uj f(x, ¢;(x)) dx.

Note that, under the assumption (4-1), these measures are equivalent to the surface measures on S; and S5.
We write again

R§1,52(f1’ f2) = R[Ed fl RlEd fz.

Denote by B(0, R) = {x € R4+ : |x| < R} the ball of radius R. Our main result in this section is the
following.

Lemmad4.1. Let C1,Co, 0,5 >0, Ro>1, 1 < pg < p <00, andlet S1, Sy be hypersurfaces with vy, vy,
respectively, satisfying (4-1), and let 1 be a positive Borel measure on RA+1 Assume that forall R > Ry
and all f; € Lz(Sj,vj),j =1,2,

@) IR, s, (f1. 2)ILroB0,R), 1) = CLR¥ | f1llL2(s1,0) 1 21lL2(85,02)»
(i) |dv; (x)] < Co(1+ |x])™* forall x € RIH1,
and that (1 +2a/s)/p < 1/ po. Then

IRS, 5, (f1. 2 Lr@a+r, )y < C'l fillLaesy wp I 2llL2(55,00) (4-2)
forall f; € L2(Sj, vj), j = 1,2, where C’ only depends on C1,C,, Ro, ., s, p, po.

Proof. We shall follow the proof of Lemma 2.4 in [Tao and Vargas 2000a] and only briefly sketch the main
arguments, indicating those changes in the proof that will be needed in our setting. The main difference
with [Tao and Vargas 2000a] is that instead of a Stein—Tomas-type estimate, we will use the trivial bound

1 — 1 1 1
S e 1 RPN 1 N e (UL Ry o= 71 SN O

where we have used our hypothesis (ii).
By (4-3) and interpolation, it then suffices to prove a weak-type estimate of the form

W(Ey) SA™P, A>0, (4-4)

assuming | fjll 2,y = 1. j = 1,2. Here, Ej ={Re(Rz, f1 Ry, f2) > A}. Given A > 0, let us abbreviate
E = E;. We may also assume (E) = 1. Chebyshev’s inequality implies

AR(E) < ||XER[§(1 f1 R[EdeHLl(M)’
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and thus it suffices to show

1
I XERGa g1 Rga&2lltuwy S (E)? g1l 1821200y

for arbitrary L2-functions g; and g, (which are completely independent of f; and f>).
To this end, fix g2 with [|g2(|z2(,,) ~ 1, and define T = T4, as the linear operator

Tg1 = xERz.81 Rpa 8.
Then, (4-5) is equivalent to the inequality
a
1Tg1llL1 ) < H(E)? g1l L2q,)-
By duality, it suffices to show
1
IT*Fllr2(avyy S H(E) 7 [ FllLoo (.
where T is (essentially) the adjoint operator
T*F = F (xERGag2F 1),

and F~1 is the inverse Fourier transform. We may assume || F ||z oo (1) < 1.
By squaring this and applying Plancherel’s theorem, we reduce ourselves to showing
~ — ~ 2
(F dpxdvr, Fdu)| S w(E)7,
where F = XE (Rﬁ;d g2) F. Note that the hypotheses on F and g5 and inequality (4-3) imply

I F L = 10E (R 82) Fll1 oy < X E L1 oy | Riga 821 Loo ) | F llLoo () S 1(E).

865

(4-5)

(4-6)

(4-7)

From this point on, we follow the proof of [Tao and Vargas 2000a] with the obvious changes. Let

R > 1 be a quantity to be chosen later. Let ¢ be a bump function which equals 1 for |x| < 1 and vanishes

for |x| > 1, and write dv; = ah)fe + dvy g, where

—_ X\ —

dvir(x) = ¢(E)d1’1(x)-
From hypothesis (ii) we have

ldvfloe < R,
and so by (4-7) we have
(F dpxdvfl, Fdu)| S R™5u(E)>
We now choose R to be
2
R = p(E),

so that the contribution of d vf2 to (4-6) is acceptable. Thus (4-6) reduces to

2
7

(Fdpxdv g, Fdu)| < u(E)7.

(4-8)

(4-9)
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Following the arguments in [Tao and Vargas 2000a] and skipping details, we may then reduce the
problem to proving

(Sl
=

2 2 -1 _ L~ ~
Ixeg182llp1(uy S R ZR2ZU(E)” [|g1]21182]l2,
where g; is an arbitrary function on the 1/R neighborhood of S; g for i = 1,2. By Holder’s inequality it

suffices to show

1

(E) " [1g1 21182112 (4-10)

=

1
2 2 -7 .1
g1&2llLro ) S H(E) "0R™2R

Moreover, using the first hypothesis of the lemma, we obtain

lg1821lL70 () < R MIg1ll2 1182112

Comparing this with (4-10), we see that we will be done if
-1 L a1
R% S p(E) 76 pu(E)? = p(E)7o 7
But this follows from (4-9) and the assumption (1 + 2a/s)/p < 1/ po. O

4B. Application to the setting of Section 3. Let us now come back to the situation described by our
General Assumptions in Lemma 3.2; i.e., we are interested in pairs of surfaces S = graph(¢|y), U =
r+[0, d1]x[0, d>], with principal curvatures on S comparable to x; =7 2 ri>d;,and § = graph(¢|7),

i
with corresponding quantities 7;, d;, Kj, K.
Recall also the notation defined in (1-3), (3-1), and assume the conditions (3-2) and (3-3) are satisfied.
We consider the measure vg supported on S given by

/fdvs 1=/ f(x1,x2,¢(x1,x2)) dxy dx2,
S U

and define vg on S analogously.
4B1. Decay of the Fourier transform.
Lemma 4.2. Lets = 1/(my vV my). Forany r® e U U U we then have the uniform estimate for x € R3

|dvs ()] + |dvg (x))]
< Cydda (1 + |di(x1 + 319 (r0)x3)| + |da(x2 + 320 (r0)x3)| + [(R1dE v k2dP)x3]) " (4-11)

Proof. We only consider v = vg, since the proof for v is analogous. Recall that ¢ splits into ¢ (x) =
1) (x1) + P2)(x2), so that

o r1+di . ro+do> .
|dv(x)| = / et (x1&1+x3¢1)(61)) d&/ o1 (2823302 (62)) d&,|.
-

1

r2
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Next, for i € {1,2}, we have
I; =

ri+d; . d; .
/ o1 (xi§i+x303) () dfz“ — / o1 rityi)+x363) (ri+yi)) dyi‘
i 0

di , ,
/ el ((xi 40, (ri)x3)yi+x3(b) (ri +yi)—=b0i) (ri) = (ri)vi)) dy; '
0

1 i . ’ . v d2W:(d: v:
_d / o (i (r)x3)d; yiFesid W (d; 7)) dyi‘,
0

where W¥; (y;) = (¢(,-)(r,- +d1yi) — ¢y (ri) — ¢El.)(r,-)d,- yl-)/(/c,- dl-z), so that in particular

by (ri +diyi) — ¢y (i) d; d? by (ri +diyi)
='“’ | 5 S~ 1, Wiy =~ a1
Kid; Kid; dy; K;id:

1

d
‘d—yi‘l’i(yi)

Therefore, by either applying van der Corput’s lemma of order 2, or by integrating by parts (if
|d; (xi + ¢(;) (ri)x3)| > |kid?x3],) we obtain

_1

Ii S di(1+|di (xi + ¢y (ri)x3)| + ki d P x3])72. (4-12)

We next claim that the distortion d; / cz,- in the side lengths is bounded by the distortion in the size of
the space variable r;, i.e.,

<L (4-13)

If r; ~ r;, the statement is obvious, so assume r; < 7;. Then 7; = r;, and furthermore by our assumptions

wehave d; <r; and r; ~ |rj —Fi| < d; (compare to the separation condition (3-3)). Thus (4-13) follows
also in this case. As k; = rlm ,;—2, we conclude from (4-13) that

Kidl.2 (d,')m"
NS (2 (4-14)
K,‘dl-z d;

In combination, the estimates (4-13) and (4-14) imply

O\ _ -
1+ 1d; (xi + ¢ (ri)x3) | + lkid?x3| 2 (dfl) (14 1d; (xi + gy (ri)x3)| + |kid?x3)).
l
Since we may replace the exponent —% in the right-hand side of (4-12) by —1/m;, we now see that we
may estimate

- _ - __1
I Sdi(14|di (xi + gy (ri)x3) | + |kid P x3]) i (4-15)

Finally, in order to pass from the point r to an arbitrary point r® € U U U in these estimates, observe
that by (3-3) we have |r; — rl-0| <|ri —Fi| +d; ~ d;, and hence

di | (5 (i) = $y D) < Rilri =0 \di S Rid?,
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since |¢g.)| <ikjon[ri,ri+di|U[F, Fi+ cz,']. Therefore (4-15) implies that also
- _ - L
Ii £ di(1+|d; (xi + 0i¢(r®)x3)| + Ridxs]) i
The estimate (4-11) is now immediate. O

4B2. Linear change of variables and verification of the assumptions of Lemma 4.1. In view of Lemma 4.2,
let us fix 70 € U U U, and define the linear transformation 7 = T¢ 5 of R3 by

T(x) = (di(x1 +31¢(r)x3), da (o2 + 026 (r0)x3), (k17 V k2d3)x3).
Then estimate (4-11) reads
|dvs ()| + |dvg(x)] < Csdrda (1 + T ()
Therefore, in order to apply Lemma 4.1, we will consider the rescaled surfaces
S1=(TH7'S and S,=(TH7S. (4-16)
Then we find that
S1={(TH) 7 (x1, %2, ¢1) (X1) + P2)(x2)) : (x1,x2) € U}
%(2——1 Z__z m(—aﬂﬁ(”o)xl — 026 (ro)x2 + ¢(1)(x1) +¢(2)(X2))) 1(x1,x2) € U}

= {01, 2. ¥ (1, 2)) : (1, y2) € Un},

where Uy = {(y1, y2) = (x1/d1, x2/d>) : (x1,x2) € U} is a square of side length < 1 and

v (y1,y2) = (—d1019(ro)y1 — d202¢(ro) y2 + ¢y (d11) + 2)(d2¥2)).

K1d2 V iad?
We have a similar expression for S».
In S; we consider the measure dv; defined by

1 _
/ gdvi = — | g((T") 'x)dvs(x).
Si didy Js

By our definition of dv and 1, this may be rewritten as

1
/ gdv) = — /g((T’)_l(xl,x2,¢(x1,xz))dx1 dx
S didy Ju

142
1 X1 X2 (x1 XZ)) /
= = _, =, _, = dx dx = s R , d d .
dldz/Ug(d1 0 v i d 1de= | g1, y2, ¥ (y1,y2)) dy1dy2
Moreover, we have
— | P _
gdvi(§) = == (go(T")'dvs) (T71¥), (4-17)
did,
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and therefore
ldvi(x)| < Cs(1 4 [x[)".

We have a similar estimate for 3\1\2 Thus, the hypothesis (ii) in Lemma 4.1 is satisfied. To check that
condition (4-1) is satisfied for S; and S» too, we compute

. 1

8)/1 K1d2V zdz‘_

d181¢>(r0) + Czl‘ls(l)(d_lyl)"

Writing ro = (c?lyl,o, czzyz,o), we see that

W _
dy1

1

s [~y d +digl,\(d
Eldlz\/lzdeZ‘ 19(1)(d1y1,0) + d1¢(y)( 11|

k1d?

1 72 "
~ —————=di ()1 —y1,0)¢(1)| = /hczlz—zdzlyl y1.0l = Cnymy.

K1d12 \/K2d22

and in a similar way we find that the derivative with respect to y, is bounded. Hence, hypothesis (4-1) is
satisfied for v in place of ¢.

What remains to be checked is condition (i) in Lemma 4.1. Observe first that our local bilinear estimate
for S and S in Corollary 3.3 is restricted to cuboids (see (3-9))

R
Y(R) = 1~R={xeR3x+a rx<—l—12x<*}, 4-18
0'(R) =0} <(R) i+ 09 s = 5 R v L
where 10 is either? r or 7. Obviously T~1(B(0, R)) = {x e R*>: |Tx| < R} C Q' (R).
Define
L . Nt
S o N=207 FN=3 . = ;3 (o gaK2 _ <oK1)?
= (kK1k2) "% (d1d2) 3 min(k; d; d; )3 Kld \/ 2d kK1di —=Viads— | (1+log" Q),
1 K1 K> K1 (4_19)

-1 - -1
= (k1k2)>(d1d2)® min(k; d; d;) ™ (Elcjflf—zvkzdzzlf—l) (K1d1 VszzKl) ,
i K2 K1 K2

K1

where
0 =0(S.8) = q(1d} . k2d3) [ a(di,di)qei. )
i=1,2

and g(a,b) = (a Vv b)/a Ab > 1 are defined to be the maximal quotient of @ and b. In some sense Q
is a “degeneracy quotient” that measures how much (for instance) quantities d;, d; differ from their
maximum dj;.

Then the estimate (3-14) in Corollary 3.3, valid for % < p < 2, can be rewritten in terms of these
quantities as

1 1
Q (R)”R§,§||L2(S)XL2(§)—>LP(Ql(R)) S CaRaAB p, (4-20)

3Recall that we have some algorithm for how to choose 0, but this will not be relevant here.
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Now, in order to check hypothesis (i) in Lemma 4.1, let us choose for 1 the measure on R3 given by

A pbo
A ) B.
did,

and where d £ denotes the Lebesgue measure. Notice also that (4-17) implies that, for any measurable set

dp = B7'dgé, where B = |detT|(

E C R3 and any exponent p, we have

RS, 5, (1, P lLrce = ——— 7 7 HR s(fro@)™ o) N or1myae  @2D
(d1d2)
In particular, we obtain
1
A"1B 70 _ _
IRS, 5, (f1- f2)llroo.rym = == R 5(/1o (TN oo (T ) | oo 1500, myy.a0)
1d2 ’
1
A_IB_TO t 1 t
= d1ds HR ( o(T*)™", fao(T)” )“LPO(QI(R) dg)’

Invoking (4-20), we thus see that for % < po <2 and every a > 0,

1 _ _
IR, s, (f1, f2)ILPo(B(0,R). 1) < . Coa Rl f1 (Tl 2(ave)ll f2 0 (T 1||L2(dv§)
142

= Co R*|| fill L2av) | 21l L2

which shows that hypothesis (i) in the Lemma 4.1 is satisfied. Applying this lemma and using again
identity (4-21) and the definitions of p, v; and v,, we find that for any g1 and g, supported in S and S,
respectively, and any p satisfying the assumptions of Lemma 4.1, we have

- - P0 P01
||R§,§(g1,g2)||u(dg) <C(did2)' "7 A7 B7||g1llz2(avp I€211 L2 (dvo)- (4-22)

Finally, putting ¢ = 1 — po/ p, and recalling that we may choose « in Lemma 4.1 as small as we wish,
then by applying Holder’s inequality in order to replace the L?-norms on the right-hand side of (4-22) by
the L2-norms, we arrive at the following global estimate:

Theorem 4.3. Let % <p=<2,q>2, €>0. Then there exist constants C = Cp ¢ and y = yp ¢ > 0 such
that

- -3 - - 5
”Rz’g||Lq(S)xLCI(§)_>Lp(Rn)EC(KIKZ)D 2—i_ze(dldz)” 3tae

X(dldzcilczz)%_é(l +10g)/ Q)m,in(’zidia;i)?’_%_%
1

1—e_ 1 1—¢

1
2 T p K K 2 " p
(Kldl —V 2d2K1) p(Kldl \/sz P ) ! (4-23)
1

K1

uniformly in S and S, where 0= q(klczlz, /226?22) ]_[1-21’2 q(di,c?i)q(/ci,/?i) and q(a,b) =(avb)/a Ab.
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5. Dyadic summation

Recall that our hypersurface of interest is the graph of a smooth function ¢ (x1, x2) = ¢(1)(x1) + ¢(2)(x2)
defined over the square 0, 1[ x ]0, 1[. We assume ¢ to be extended continuously to the closed square
0 =10, 1] x [0, 1] (this extension will in the end not really play any role, but it will be more convenient to
work with a closed square). By means of a kind of Whitney decomposition of the direct product Q x Q
near the “diagonal”, following some standard procedure in the bilinear approach, we can decompose
0 x @ into products of congruent rectangles U and U of dyadic side lengths, which are “well-separated
neighbors” in some sense. The next step will therefore consist in establishing bilinear estimates for
pairs of subhypersurfaces supported over such pairs of neighboring rectangles. Notice that if one of
these rectangles meets one of the coordinate axes, then the principal curvature in at least one coordinate
direction will no longer be of a certain size, but will indeed go down to zero within this rectangle. We
then perform an additional dyadic decomposition of this rectangle in order to achieve that both principal
curvatures will be of a certain size on each of the dyadic subrectangles (see Figure 10). To these we can
then apply our estimates from Theorem 4.3. Thus, in this section we shall work under the following:

General Assumptions. For k;, k;, ji € N,
U = [ki2™ (ky + D277 x k22772 (k2 + 1)2772],
T = k12791, (ky + 1277 x 22772, (ky + 1)2772],
are two congruent closed bidyadic rectangles in [0, 1] x [0, 1] whose side length and distance between
them in the x;-direction is equal to p; = 27Ji both fori =1 and i = 2.
By »; we denote the maximum value of the principal curvature in the x;-direction of both § =
graph(¢|y) and S = graph(¢| ).

Theorem 5.1. Let g <p<2,q>2,e>0,and assume (m; Vv mp + 3)( 1

1 1
i 2) <z Then we have

2 _
7

7 —1+e

IRS 5| )o@y = Cras(P1p2) 7 Gapd v x2p3) 7 oG pf Arapd)! T (5-)
$,51La(S)xL4(S)—>LP (R3) P4 1 2 1 2

Proof. If U does not intersect with the x;-axis, then the principal curvature in x;-direction on U is indeed
comparable to x;. Otherwise we decompose U further into sets with (roughly) constant principal curvatures
in order to apply the previous results. More precisely, to each dyadic interval I = [k27/, (k + 1)27/],
k, j € N, we associate a family of subsets {/()};ex;, With | ;¢ N, (1) = 1, according to the following

two alternatives:
(i) If k > 0, then choose Ny = {0} and 71(0) = I.
(i) If k =0, then choose No =N = {1,2.3,...}and I(I) = 27 (k + 1)277, 211 (k + 1)27].
If we write U = I x I2, then denote by {/; (/;)};;en; their associated family, and let U(l) = I(l1) x I(l2),

I =(l1,l2) e N =Ni xN3 and S(I) = graph(¢|y()). Define N, U(l)and S(I), | € N, in an analogous
manner. Other relevant quantities are the principal curvatures on U(/), i.e.,

ki(l;) = 2l (mi_z)%i, (5-2)
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A

i U(0,12)

\J
\

Figure 10. Two possibilities for the decomposition into subboxes.

and the side lengths of U(!) ;
di(li) =2""p;. (5-3)

A simple but crucial observation is that since /; and T; are separated for both i =1 and i = 2, we have
N; = {0} or N; = {0} (see Figure 10). Hence /; = 0 or [; = 0 for each pair (I;, ;) € N; x N;, and thus

&i (i T7) = maxties (1), & (1)) = max(2 7l 0n=2) p~limi=D = o, -4
di(l;. 1) == max{d; (1;). d; (1)} = max{2 ™", 274 } p; = py. (5-5)
We conclude that
Ki (liz — - limi—2) (5-6)
ki(li 1)

Rill) o Tom-2 i) _ (5-7)

ii(li, 1) di
di(U)d; () = 277l p2 = 27V g2, (5-8)

Hence

=y = ~ o~ s Ela_lzvkza_lz 7 T
0 =q®d}.72d?) [ a(di).d; (1)) q(kili).&i (7)) < —=h—2 2mEithyima(lth) (5.9
i=1,2 Kldl /\K2d2

Thus, if we apply inequality (4-23) from Theorem 4.3 to the pairs of hypersurfaces S(/), S (l~ ) and
estimate by means of (5-4)—(5-9), then we get

IRS sllLaxra—rr

< * o
= Z IR sy 5@ Ioxea—rr
leN,leN

2 2
3_ 2_1 nip a2

< Gapnap3)? 2 2 (p1p2) ”logy( >+ %)
K205 X1P7

1_1

~ ~ 7 7 _ R 5 7 7
x| D0 NHh+h+b+D) (apt2 T Axps2 7 TR) T 2—(’1”1”2”2)(2—4)
leN,leN

1—e

l1—e_ 1
x (%1,0% 7—l(m2=2) \, %zp%2_ll(ml_2)) )

_1 7 7
P (%1/0%2_12(’"2_2) v %2;0% 2—11(m1—2)) 2 "7,
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We claim

Z [1+[1+[1+12+12]Y(%1p 2 h—I A X2 P35 2—12 12)3 3e— p2 (11+l1+lz+lz)(*_3

leN,leN 1

l—e_ 1 l—e
X(%lpfz—b(mz—Z)\/%ngz—h(m1—2» 2 p(%lp%2_b(m2_2)xfxzp§2_h(m1_2» 2 "D

3—3e—

5 g2
S Gap A x2p3) TP (e pt v aap3) TR (5-10)

Taking this for granted, we would arrive at estimate (5-1):
IRS sllLexr2srriog s(R)

2 2\ 2—242
< (eapyxapz) ? e

2 2
X X
107 2:02)

2 1 .2 3.5
(P1P2) 7 "7 (x1p3Vx203) 57 (a1 piaxap3)>T® ”logy( 2 2
X205 X107

2 2
21 1 . y
= (p1p2) 77 (1932 p2) P~ 2 Ger pE M) T log? ( 1,0;4_ 2102)

napy X 1/0%
We are thus left with the estimation of the dyadic sum in (5-10). Let
L=y vo3-3.-250, w:l—l>o, ci = m; —2.
p 2 p 2 q
Then ¢; 0 < v + w is equivalent to m; (% — —) + O(e) <z . This is satisfied since by our assumptions in
the theorem we have m; (11) %) < ql, , and we can choose ¢ arbitrarily small.

Estimate (5-10) will then be an easy consequence of the next lemma. Indeed, recalling our earlier
observation that for each pair (/;, i,) € N; x N; one of the entries /; or l~, must be zero, we see that we
have to sum over at most two of the parameters /1, /5, [ 1, l~2.

Thus, there are four possibilities: if exactly two of the parameters are nonzero, then there are two distinct
cases: either these parameters belong to the same surface (i.e., [{ =[ =0 or [ 1= l~2 =0), which correspond
to the left picture in Figure 10, or the nonzero parameters belong to two different surfaces, as in the “over
cross” situation shown in the picture on the rlght hand side of Figure 10. The remaining two possibilities
are ﬁrstly that only one parameter /1, /5, 11, I is nonzero, which happens if only one of the rectangles
U, U touches only one of the axes, and secondly the situation where both rectangles are located away
from the axes. In this last situation, we have indeed no further decomposition and only one term to sum.

The first two of the aforementioned possibilities can be dealt with directly by the next lemma. But,
notice that the corresponding sums of course dominate the sums over fewer parameters (or even none),
which allows to also handle the remaining two possibilities. O
Lemma 5.2. Let u,w >0, v>0, n,cy,c3 >0 such that (c1 vV co)ih <v+w,and leta,b € Ry. Then

o L+ L) 27 GtRe@amhe y py i v b2 ) TR @2 Ab2TR)Y

11,l,eN
< Y (U+h+DL)yr 2 BrRegy by a2k v pamhen) (g™ Ap27R)
11,lreN
<(avb)y (@b’

In the last estimate, the constant hidden by the symbol < will depend only on the exponent n.
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We remark that the bound in this lemma is essentially sharp, as one can immediately see by looking at
the term with /; = 0 = [,. Notice that the proof is easier when w > 0.

Proof. To prove the first inequality, observe that a2~/2¢2 v p27/1¢1 i bounded by a27/2¢2 v/ b as well as
by av b27!1¢1 and hence by the minimum of these expressions. Therefore we have

(@222 v by A (a v b27h1er) > ga~hea  pp~hier,

(@222 by v (avb27hey = a v b;
hence
(@222 v b)(a v b2 > (a v b)(a272¢2 v p2~ ey,

Using the symmetry in this estimate, it suffices to estimate

S=a" Y o Grlegyrhey pymhenyuyThy

I1,leN
a2~ <p2—I2

On the one hand, we have

S <a’b™h Yy ppphcinmvme) N y—he

I a2~ l1<b2—2

e (34 2) S g (31,

I

In the case w > 0, we might get along even without the log-term. On the other hand,

S <a’ M Z 13212(62M—w) Z lf2_l‘(v+w)

I liza2= 1 <b2772
< g H Z lgzlz(cw—w) Z 1?2—111)
I li:a2='1<b272
VM 1no" (4 é) (é)v 2nnla(c2p—v—w) _ ,—H}V n(g é)
a log(b—i-a P 15"2 a *bYlog b+a'
I
Combining these two estimates, we obtain
S
Sa *b Aad"b™" = (avb)H*(anb). O

+1 b
log" " (§ +2)
6. Passage from bilinear to linear estimates
Recall that m = m1 VvV my, m =mqy Amy and 1/h = 1/my + 1/m,. The first step to prove our main

theorem, Theorem 1.2, is the following Lorentz space estimate for the adjoint restriction operator R*
associated to I' = graph(¢).

Theorem 6.1. Let po = 1+ /(i +m), 2p >max{,2pg,h+ 1} and 1/s' > (h+1)/(2p). Then R*
is bounded from L' (T, dv) to L*P**(R3) forany 1 <t < oo.
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Proof. We begin by observing that we may assume
h+1
_
p
Indeed, if 2p > 2(h + 1), then we have the Stein-Tomas-type result that R* is bounded from L?(T', dv)
to L2?(R3) (see [Ikromov et al. 2010; Ikromov and Miiller 2011]). Interpolating this with the trivial

estimate from L1 (T, dv) to L% (R?) and applying Holder’s inequality on I', we see that the situation
where (h + 1)/ p < 1 is settled in Theorem 6.1.

1. (6-1)

In the remaining cases, interpolation theory for Lorentz spaces (see, e.g., [Grafakos 2008]) shows that
it suffices to prove the restricted weak-type estimate

= 1
lx@dvlzp < 12[5 (6-2)

for any measurable set 2 C Q = [0, 1] x [0, 1].
To this end we perform the kind of Whitney decomposition mentioned in Section 5 of Q x Q =
U i Uk%,; Tik X Tif into “well-separated neighboring rectangles” 7;; and T where

Tk = [(k1 = D277 k27 x (ko — 1)2772, kp2772],

and where k &~ k means that 2 < |ki — l€i| <C,i=1,2 (see [Lee 2006; Vargas 2005]). Then we may
estimate

1
— —_— - * \ p*
lxedvi3, =llxe dvigdvi, < Z(Z |3(xeng dv)(xanc dv)|, ) ,
I k~k
where
p* =min{p, p'}, (6-3)
with 1/p + 1/p’ = 1. The last step can be obtained by interpolation between the case p = 2, where one

may apply Plancherel’s theorem, and the cases p = 1 and p = oo, which are simply treated by means of
the triangle inequality (see Lemma 6.3 in [Tao and Vargas 2000a]). We claim

1 1 h+1
(n‘1+3)(———) <22 (6-4)
p 2 2p
Case 1: m <2m. Then m < 3h and
I 1 h+1 1 1 h+1 5 3
(n'a+3)(———)—L 53(h+1)(———)——Jr = (h+1)(———) <0
p 2 2p p 2 2p p
according to our assumptions.

Case 2: 11 > 2m. Here,

h+1= > — (i +3)—
m +
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_ 1 1 h+1 1 m 1
m+3(5-3) -5 <o+3(5 -3 7

_ 1 m 1
:(m+3)(5(1+ﬁ1+m)_5) <0,

In both cases, these estimates show that we may choose g > 2 such that

and thus

because of our assumption 2p > 2 py.

1 1 h+1

_ 1
@+3(5-3) <<% ©

(recall here (6-1), which allows to choose g > 2).
The first inequality allows us to apply Theorem 5.1 to the pair of hypersurfaces

Sik ={(¢.¢(¢)) :§ et} and S ={(.0(5):§ et
with
pi =270 g~ (27T (e 2R gy pF ~ kM T2 (6-6)

1

Without loss of generality, we may assume
kel :={k: kM2 /im > r22p=j2m2y (6-7)
ie., %1,0% > }:2,0%. Thus, by Theorem 5.1,

IRS.. s NLa(s; yxLa(s,-)—LP®3)
jksPjk Jk jk

2

21 %1/01\/%2/02 ol
S (p1p2)7 "7 (1pt Vv nap3)” (2L 2P

%1,01 A %2/)2

km1 -2 2

*—1+€ 1
21 H=Uim szz)) =A;- B,

—9 (J1+Jz)(*—*)k_(m1 2)1)2J1m1*
k;n2 -2 ’J’

if we define
Aj = 2_(jl+j2)(%—%)2j1m1%2—(j1m1—j2m2)%—1+3

mi—2) (K1 T2\
— 1=
B, g~ Bk =k (W)

Since |{k : k ~ k}| S 1 for fixed k, we conclude that

1
— 1 p*
||mdv||%,,sZAj(Z( |smr,k|q|smr c|7)? )
J k~k

1
E3

<ZA (ZB 190l 6 )
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Therefore we are reduced to showing
r* 5
£ 2p* \ P* 2
ZAJ(Zka’j|Qﬂtjk| a ) <195, (6-8)
J k

6A. Further reduction. We have the decomposition

g r*
where rx* € [1, oo] will be determined later, and introduce r = r*p*/ p. Applying Holder’s inequality to
the summation in k, with Holder exponent r* > 1, we get

2p* a 1
P _ +

7
r*

1
* gk /

(ZB 12Nzl q) (ZB |Qﬂfjk|a)lr*(2|9mfjk|)p

kel kel by
1
pr . . o 1 1
= (ZBl:,j) min{|Q|, 2712} 7 || 77 (177%)
kel

p J1—J2 S+ o7
=(Y_Bi;) min{|Q].2~ Vi~ r tor Q| T

kel

Moreover we have || <|Q|=1,aswellas 1/s'>h+1/(2p),ie.,2—(h+1)/p >2/s. Therefore
|Q|2~+1D/P < |Q|?/5, and thus in order to prove (6-8), it suffices to show that

1
_htl_ 141 '
QP72 3 Ay minfl] 27 ””’(ZB’”)p’

J kel
i.e., that
|Q|2_M_7+ »r >Zz (im ]2m2);—1+82 (]1+J2)(q/—*)2]1m1pmm{|Q| y—J1— ]2}*_*"‘1;L
e
’ X(Zkgml—z)(l prep)r (ma=2)(p=2- sp)r)’”'
kel

We apply the change of variables [ = j; + j» €N, I” = jimy — jomy € Z, such that

Then the exponent in j;, j» becomes
) ) 2 L 1 2 ) 1 2 1 2 myimal+mql’ 1
(]1m1—]2l712)(1———8)+(]1+]2)(———/)+]1m1—=l/(l———8)+l(———/)+L—
4 P 4 4 4 P 4 mi+my p

!’ mi+2mo h+1 2
=—|p—er— +1 -]
p my+my P q
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The summation over k € I, = {k}"' 2> ky' 2729l Vis independent of /, and thus we have finally reduced
the proof of (6-8) to proving the following two decoupled estimates:*

00 , m Lr
Z 5% (P=ep— mlltrmf)( Z kiml—2)(1—p+8p)rk§m2—2)(p—2—8p)r)” <00 (6-9)
l/'=—00 ke]ll
and
= -Z) l +-L Al _LyL
Z 7) min{|Q|, 2"Vt rr < Q2 RN (6-10)

6B. The case m > 2. In this case we have both m > 2 and m, > 2.

6B1. Summation in k. We compare the sum over k in (6-9) with an integral. We claim

V(G +a-p+
(m1—2)(1—p+ep)r; (mr—2)(p—ep—2)r 2| I(m1_2 (-p sp)r), I/ZO,
kl k2 dks |l/|( 1 +( _ _2) )
kiko>1 |12 Nmp=2 TPTEP=E )4 - <,
m1—2>km2—221/

ky zky
(6-11)
provided that
=m1_2+(1—p+ep)r<0 (6-12)
and
1 1
a+b= + —r <0, (6-13)
m1—2 m2—2
where
1 o -
b:= P +(p—ep—-2)r eR. (6-14)

For the moment, we will simply assume these conditions hold true. We shall collect several further
conditions on the exponent r and verify at the end of this section that we can indeed find an r such that
all these conditions are satisfied.

S PR
By means of the coordinate transformation s = k"' 2= k;"z_z (ie.,dk ~sm—2 Lymy=2 1a’(s, 1)),
(6-11) simplifies to showing

ds dt olla 11>
b — Y,
J(a,b) = // 2 {21 b o, (6-15)

s,t>1
szt21/

provided that a <0, a+b < 0. Here we have set by = bV 0. Changing ¢’ to s27!'/ 1, the set of integration
for the 7-variable {r : ¢ > 1,527/t > 1} transforms into {¢’ : s2~%"/#/ > 1,#' > 1}, and thus, since we

4Technically, we only have to sum over the smaller set I’ € mN —m,N.
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assume a + b < 0,

b
J(a,b) = // s¢( 227 dsdr’ =2_l/b/oo (=P /oo s“”’ﬁd—t,
’ v st t'=1 s=1ve/2!’ st

s,t/>1
s>t/2l

i [ / dt’
=27 b/ (1v/2yatby—bZ"_
1 t

If [’ > 0, then clearly 1V 21" = /2! and since a < 0, we get
[0 dt’ /
J@a,b)y=2 “/ z’“7 ~2l'a
1

And, if I’ < 0, then we can split it into

a2 ar e dr L 1—2lb oo g
J(a,b)=2_l b/ t/—b_+2la/ t/a_=2—lb +/ ua_“
1 t N4 t b 1 U

S 1@+ 1) ~ 2l
(notice that the additional factor |/’| arises in fact only when b = 0). This proves (6-15).

6B2. Summation inl’. In order to apply (6-11) to (6-9), we split the sum in (6-9) into summation over
[’ > 0 and summation over I’ < 0. In the first case I’ > 0, we obtain
L
Z 2%(1)—817— mLE22) (Z X gm 1=2)(1=p+ep)r, §m2—2)(17—ep—2)r)rp
kel

1’>0

< Y 25 et ) gl G+ )

1’>0
Y(1_1 ___mp )
— 27 rmyp—2 mj+my X (6_16)
I’>0
The sum is finite provided
1 -2
I maimi=2) (6-17)
r my +mp

which gives yet another condition for our collection.
In the second case [’ < 0, we have
1
Z o5 (p—ep— ) ( Z k§m1—2)(1—p+8p)rk§mz—2)(p—8p—2)r) "
1’<0 kel

< 3 2B e ) G+ )+
I’<0
mi1+2mo 1 1

= Y e G2 (g
I’<0
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Notice that for sufficiently small £ > 0 we have p—ep > po = 1+m/(m+m) > 1+my/(m1 + m2),

and therefore 5
pogp_ AT EM2 (6-19)
mi+moy

Thus the last sum in (6-18) converges in the case where

b 1 1
—-=- +p—ep—2=<0.
r rmpy—2

This shows that we only need to discuss the case where b > 0, in which we need that

0 < mi +2mp 1 1 n ey mi 1 1
—&ep— - - — 3 = - - ,
p—ep mi+mo rmy—2 pvep mi+my rmp—2

which is equivalent to

l< ml(mZ_z). (6-20)
r mi + my

Notice that this is of the same form as (6-17), only with the roles of m; and m5 interchanged.

6B3. Summation in l. Recall that we want to show estimate (6-10), i.e.,

> i l 1, 1 j_i 1
Z 7 ming2 L |y g jQP Ty
We claim it is sufficient to show that for 4 > 0 and v — p > 0,
o0
f e** min{e™, A}V dx S AV (6-21)
0

Indeed, given (6-21), we apply it with A = |Q|, u=(h+1)/p—2/q¢  andv =2/q—1/p* + 1/(pr).
Due to the choice of g in (6-5), we have u > 0. Moreover we want
0<v—u=2—i*—|-i—hL1 l(2p—h—1—£-|—l).
p pr p 4 px r
Notice that if p <2, then p/p*x =1, butif p > 2, then p/p*x = p(1—1/p) = p—1. Thus p/px =
1+ (p—2)+ forall 1 < p < o0, i.e., the condition which is required here is

%>h+2—2p+(p—2)+. (6-22)
In order to verify (6-21), observe that
o0 [e.e] o0
/ e min{e™, A} dx = / e’ A F min{e™ Y A, A} dy = AVTH / e?" min{e™, 1} dy.
0 InA InA

The last integral can be estimated by

oo 0 0o
/ M minfe ™, 1}" dy < / e dy + / eV gy,
1 0

nA —00

which is convergent since i > 0 and v — . > 0.
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It still remains to be checked whether there exists some 1 < r* < oo (for m > 2) for which r satisfies
the conditions (6-12), (6-13), (6-17), (6-20) and (6-22).
This task will be accomplished in Lemma 6.2. First, we discuss the situation where m = 2.

6C. The case m =2. We will just give some hints for how to modify the previous proof for this situation.
In this case, r = oo turns out to be an appropriate choice, and the inequality that we need to start the
argument with here reads

2= 20\ 7% 1 C_2 1

(Z B, 19 oyl ) < (supges Bey)P min{|], 271 ~2}3 5% |7,
kel

This is very easy to prove, provided 2p*/q > 1 (notice that this condition corresponds to our previous
decomposition of 2p*/g when r = 00). To see that indeed 2p*/¢q > 1, recall from (6-5) that 1/q¢" <
(h+1)/(2p). Then, it is enough to check that 2p*(1 —(h +1)/(2p)) > 1,ie, h+1-2p+ p/p* <O.
The last condition is equivalent to 2 +2 —2p + (p — 2)+ < 0. However, this is what we shall indeed
verify in the proof of Lemma 6.2 (compare to estimate (6-30) when m = 2).

Observe next that we may rewrite the integral in (6-11) in terms of the L"-norm as

H (kiml —2)(1—p+8p)k§mz—2)(p—ep—2))k

EI,/

ézwum:-zﬂ—wsp), /o
r ~

2|l’|(%m2172+p—8p—2)+’ l/ < 0’

provided the conditions (6-12) and (6-13) hold true, i.e., that

1 1
+(1—p+ep)r <0 and + —r<0.
m1—2 m1—2 m2—2

This gives rise to the conjecture that (for r = co) we should have

e g zll’\(l—p+ep), I'>0,
iml 2)(1 p+sp)k§mz 2)(p—ep 2)5 sup sl™PTePypep=2 < =

~ 2|l’\(P—8p—2)+’ l/ < O’ (6‘23)

sup k
kel s>12!

which would suffice in this case. But notice that the conditions (6-12) and (6-13) are formally fulfilled
for r = oo, and it is then easy to check that (6-23) indeed holds true, even in the case m = 2.

6C1. Summation inl’. The summation in I’ becomes simpler here. We split again into the sums over
I’>0and !’ <0, and obtain for the first half of the sum in (6-16)

14 mi14+2m 11— 4 m
3> o5 (pmep— TR ) HI R 3 2T E P < oo,
1’>0 1’>0
The second part of the sum becomes (compare to (6-18))

mi+2my

3 o5 (p=ep=—" T2 —(p—ep=2) 1)

I’<0
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We already know from (6-19) that p —ep — (m1 4 2m3)/(m1 4+ m2) > 0. Thus the sum converges if
p—ep <2. For p—ep > 2, notice that

mi +2my mi

—ep——— % (p—ep—2p=—— >0,
pP—é€p PR (p—ep—2)+ pe———

and thus the sum is finite.

6C2. Summation in [. It remains to show that

1

X (1 11 1
3 2 mingel, 2 QP
=0
which is the special case r = oo of (6-10). We saw that this holds true provided (6-22) is valid, i.e., if
1/r>h+2-2p+(p—2)+.
However, if m = 2, then

2p > = 2m +2=h+2
P=P0= e '

Thus for the case p <2wehave h+2—-2p+(p—2)+ =h+2—2p < 0. For the case p > 2 notice that
2m
h+2-2p+(p—-2)+=h—p=———p<2—p<0. |
m+2

6D. Final considerations. We finally verify that there is indeed always some r for which all necessary
conditions (6-12), (6-13), (6-17), (6-20) and (6-22) are satisfied in the case m > 2. Recall that

2p*  « 1

q P

and notice that it will suffice to verify the following equivalent inequalities:

1

—<m=2)(p-1), (6-24)
1_ (my—2)(mp—2) (6-25)
r my+my—4

1 < ma(my _2)’ (6-26)
r mi + my

l< ml(m2_2)’ (6-27)
r mi+mo

1

- >h+2-2p+(p—2)+. (6-28)

Lemma 6.2. Assume m > 2 and 2p > max{2po, h + 1}, where we recall that po = 1 + m/(m + m).
Define
m+4+m

J =]0’1+(P—2)+]ﬂ]h+2—2p+(p_2)+,”_1(m_—2)[.
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Then J # &, and for every 1/r € J we have

qg v
and moreover the inequalities (6-24), (6-25), (6-26), (6-27) and (6-28) are valid.

2p* 1
A a:r*(p ——)>0, (6-29)

Proof. First of all, we will show that J # &. We need to see that

o .
ht2—2p+(p—2)y <TOZD 20 (6-30)
m+m m+m

ie., that 2pg =2+ 2m/(m +m) <2p —(p —2)+. For the case p <2, this holds true since 2p > 2 py.
If p > 2, observe that

2 (m =2
ht2—2p+(p—2)s =h—p<h—2<h— M _mm=2)
m+m m+m

Thus both intervals used for the definition of J are not empty, but we still have to check that their
intersection is not trivial. Since we assume 2p > h + 1, we have

h+2-2p+(p—-2)y <14+(p—2)+.

And, for m > 2, we also have 0 < m(m —2)/(m + m), which shows that J # &.

Next, if 1/r € J, then in particular 1/r <14 (p —2)4 = p/p*, and thus r* = rp/p* > 1. To prove
(6-29), observe that due to our choice of ¢ in (6-5) we have 1/¢ > 1 —(h + 1)/(2p), and thus it suffices

to prove that
h+1 1 *
2p*(1_i) N B

2p r* rp

This inequality is equivalent to
L_r
->—+4+h+1-2p=h+2-2p+(p—2)4,
ro px

and thus is satisfied.
Considering the remaining conditions listed before the statement of the lemma, notice that (6-28) is
immediate by the definition of J. Furthermore we have

1 mm-—2) mimy—2m mymy—2m;
- < = <

r m-+m mi+my; ~—  mp+mo

for both i = 1,2, which gives (6-26) and (6-27). To obtain (6-24), we estimate

l< m(m—2) - m(my —2)

S Tmam = mam = o= Dm=2) <(p—ep—1)(mi—2).
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S
>

Figure 11. Range of p and ¢g in Theorem 1.2.

Finally, observe that we have the following equivalences:

m(m—2)<(m1—2)(m2—2) — mo__ m—2
m+m —  mp+mp—4 m+m - m+m-—4

<— mm+m)—4m <m@m+m)—20n +m)

<~ m<m.

Hence (6-25) holds true as well. O

6E. Finishing the proof. We can now conclude the proof of our main result, Theorem 1.2:

Corollary 6.3. Let2p>max{2 h+1}, 1/s'>(h+1)/(2p) and 1/s+(2m+1)/(2p) < (+2)/2. Then
R* is bounded from L5 (T") to L?P-*(R3) for every 1 <t <oo. If moreover s <2p or1/s' > (h+1)/(2p),
then R* is bounded from L*(T) to L?? (R3).
Proof. The crucial observation is that the intersection point of the two lines

I h+1 2ﬁ1+1+1_n71+2

—=—— and
s’ 2p 2p s 2

has the p-coordinate p = pg = 1 + m/(m + m) (comparing with (1-6), notice that po = po/2). So,
what remains is to establish estimates for R* for the missing points (1/s, 1/ p) lying within the sectorial
region defined by the conditions (2rm +1)/(2p) + 1/s < (m +2)/2 and 1/ p > 1/ pg (the region above
the horizontal threshold line 1/p = 1/ po from Theorem 6.1 (see Figure 11).

Notice also that if m > /2, then pg < %, i.e., po <12, and hence the condition 1/s+ (2m+1)/(2p) <
(m + 2)/2 becomes redundant.

Moreover, the condition 1/s + (2m 4+ 1)/(2p) < (m + 2)/2 does only depend on m, and not on m,
whereas the condition 1/s” = (h + 1)/(2p) depends on the height £, i.e., on both m1 and m;.

This leads to the following heuristic idea: Assume we fix m and consider a family of surfaces I';, .«
corresponding to exponents m1 = m and mp = m# for different exponents m < m* such that I'am=T
(think for instance of the graph of x{”ﬁ + xgh for m* # m). Let us then compare the restriction estimates
that we have so far for the surface I' = I';; », with the ones for the hypersurfaces [y, ,,,s. Denote by h
and h* the heights of these hypersurfaces. Then & < h¥ so that the critical line 1/s" = (h* +1)/(2p)
lies below the critical line 1/s" = (h + 1)/(2p) for T, but its intersection point with the corresponding
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1
oA

Figure 12. Variation of the minimal exponent.

horizontal threshold line 1/p = 1/ pg, where pg = 2 4 2im/(m + m*) < py, lies above the previous

intersection point (see Figure 12).

This suggests that for our theorem, it should essentially be sufficient to “increase” m* until i = 2m¥,
because then we would have pg =24 2m/(m +m¥) = %. In other words, for any point (1/s,1/(2p))
fulfilling the assumptions of Theorem 1.2, we would find an m* € m,m /2] such that (1/s,1/(2p))
satisfies the requirements of Theorem 6.1 corresponding to the surface I';; /. Thus we would obtain the
restriction estimate for the surface I';; ,,,+ at the point (1/s,1/(2p)). However, since this surface has “less
curvature” than I'yz ,, as m* > m, the corresponding restriction inequality should hold true for Lam=T

as well.

To turn these heuristics into a solid proof, we just need to check that the bound for the bilinear operator
that we obtained in Theorem 5.1 is increasing in m. Recall that for subsurfaces S, S C S, under the
assumptions of the aforementioned theorem we obtained the bound

%_L 14 1—2_
IR sl (syxLs @) Lo @) S Cinam 7= (p192)¥ ™7 (197 V 2203) ? T 0apt Axaps) TP

which we apply to p; =27/ and x; = (k;2771)™ =2 (see (6-6)). If we denote by pf, }ff

quantities associated to the exponents /7 and m¥, then clearly pf = p; and xf < x;. Since we seek to extend

the corresponding

the range of validity of Theorem 6.1, we may assume that 2p < po < 4, and moreover that 2p > pg > 2.
Then we have 1/p—1+¢& <0and 1 —2/p — e < 0 for sufficient small € > 0, and hence

2_1 11+ 1-2—
Cm < (0% pB) 577 (5 (02 v sk (05)2) 712 (ef (08)2 A s (08)) TP T = e

Proceeding with the latter estimate from here on as before in our proof of Theorem 6.1, but working now
with m* in place of m, we arrive at the statement of Corollary 6.3. O

Appendix

Al. A short argument to improve [Ferreyra and Urciuolo 2009] to the critical line. We consider the
set Ag = {x eR?: % <|x| < 1} and define H = 2m /(2 4+ m). Note that H < h. Ferreyra and Urciuolo
proved that for every p for which p >4 and 1/s’ > (H + 1)/ p, there is a constant Cp, > 0 such that,
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for every function fy with supp fo C A4, we have

IRz follp = Cp.sll folls-

Rescaling this, we obtain

IR fillp < Cps2? CH 50 £ (A-1)

for every function f; such that

J+1 J J+1

supp f;j C{(x1,x2) 12" ™1 <x; <2 ™M ,2 "2 <xp <2 mz}

and the same range of p, s.

Given a function f supported in the unit ball of R2, we decompose [ = Z;‘io Jj» where the functions

o[ menw] 3]+ -5

for some J to be chosen appropriately. Using Chebyshev’s inequality, the last expression can be bounded

above by
2 D1 P
- +
(5) )

Let us choose exponents p; > p > pp suchthat 1/s'=(h+1)/pand (h+1)/p2>1/s'>(h+1)/p1 >
(H + 1)/ p. We use the triangle inequality and (A-1) and sum the resulting geometric series, obtaining

J; have supports as above. Then,

[t R% £ > A} < " 1 ()

w2 J (%)

w2 fi

2f,

L2

the inequality
2 2\ P2
}{x:|Ru§2f(x)|>A}\g( ) P H(Ehhe1) 1 (I) P (1) 2.

By choosing J such that 27 = (|| fllrs/ )L) We then arrive at the weak-type estimate

s (h+1)s’ A\P
{x |R"§2f(x)|>,\}|g(%) :(”f/\”L ) '

From this, by interpolation with the trivial bound ||R[’§2 |11 100 <1, we obtain the desired strong-type
estimate.

A2. Faa di Bruno’s theorem and completion of the proof of Lemma 2.4. The formula of Faa di Bruno
is a chain rule for higher-order derivatives of the composition of two functions. This is well known for
functions in one real variable. However, we need a version for several variables.

Lemma A.1 (formula of Fai di Bruno). LetU CR" and V CR™, andlet g = (g',...,g™) e C®(U, V)
and f € C®(V,RY). Fora € N", we put Aq = {y e N" : 1 < |y| < |a|}. Then f o g is smooth, and for
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every a € N we have

From=al Y @ noe T I] (‘W) ,

1=|B| <] k j=lyedq
where the sum in k is over all mappings k : {1,...,m} x A = N, (j,y) — ki, such that
2 k=8 (A-D)
y€Aq

forall j =1,...,mand

Z Y kKy=a (A-2)

j=1y€Ay

Proof. The elegant short proof in [Spindler 2005] for the one-dimensional case can easily be adapted to
the higher-dimensional situation. O

We now come back to the proof of Lemma 2.4 and establish the still-missing estimates for the derivatives
of the function ¢, (given explicitly by (2-12)). Notice that these estimates cannot simply be obtained by
means of a scaling argument, since the first-order derivatives are assumed to exhibit a different behavior
than the higher-order derivatives.

We shall not really make use of formula (2-12), but rather proceed as follows: denoting by e, ..., e441
the canonical basis of R, after applying a suitable orthogonal transformation to RI*T we may and
shall assume ny = (0,...,0,1) =eg41,and E; =ey,..., Egj_1 =eg—1 and ez = h; (recall here from
the first part of the proof of Lemma 2.4 that Ey, ..., E;z_; is an orthonormal basis of K = H; N Hy).
Then we may regard U; as a subset of R, and we consider the function

Hn,t)=1t—¢1(n), nelU;, teR,

whose set of zeros agrees exactly with S. Observe first that the derivatives of H satisfy almost the same
kind of estimates as ¢ :

|H [|loo < VA2 +1, I|H® oo < A;Br!  forevery | > 2. (A-3)

Let ¢ (§) = & + ¢2(&)na, € € Uy, be the parametrization of S induced by ¢». Moreover, we introduce
coordinates on U by writing § =& E1 +---+&5_1E4—1 + £4h2. Then obviously

H(§) =0 forall & € Us. (A-4)
Furthermore,
oy ¢ . 31/f dg2
—=E—|— —ny, j=1,...,d—1, =hy + —"no,, (A-5)
0 g 0, 0 0y C
and

fV =0¢¢any forallae NY, Ja| > 2. (A-6)
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From (A-4) and (A-5) we obtain that for j =1,...,d,

d¢p2 (VH)(W (§)).¢))
a5 = VI @) ) (A
ifwepute; = E; =e¢;,if j =1,...,d —1 and é; = h,. Notice also that our transversality condition
[{n2, N(v)}| = a > 0forall v € § implies |((VH)(¥(€)),n2)| > a. Thus (A-7) implies
02 A+1 1
l 3, (S)‘ (A-8)
It remains to show that
18%P2lloo = 1% oo < A; Br1®! (A-9)

for every |a| > 2, where we have used the abbreviation d = d¢. By induction, we may assume that for
every y € N¢ with 2 < |y| < || inequality (A-9) holds true.> Applying the partial derivative of order o
to (A-4) yields

0%(H o) = 0.
We apply the formula of Faa di Bruno (Lemma A.1). First, we discuss the summands in Faa di Bruno’s
formula with |B] = 1, say B = ej, for some jo = 1,...,m. How many k’s are there for which
ZyeAa = Bj = 4jj, and Zj_l > yed, ky)/ =«a? By the first condition, there exists a yo such that

k=1 and k] =0 for j # jo or y # yo. But then the second condition 1mphes yo = «. Thus we obtain

S @ mew S [T ] (‘WJ) — 3 (0 H)o w(aa‘wo)

1Bl=1 k j=1y€Aqy Jo=1
1 o “¢2
= a((VH)Ow,B V)= ((VH) v, na),
where we have used (A-6) once more. This implies
o ol o] ) ” 7Y/
L ths;‘Z(a 0oy ST 1‘[( ) ,
1B|=2 k j=1y€Aq

where the sum in k is over all mappings k : {1, ..., m}xAq >N, (j,y) kj such that ZyeA kj B
forall j =1,...,m and Z =1 Zye A ky)/ = «. Observe that for all k appearing in the above sum, we
have k({, =0 for all j =1,.

For, otherwise there would be some jo such that kéo =1and k){ =0if y #a or j # jo, a contradiction
w2=|fl=3, k.

Thus, if k{, = 0 for an exponent in the above sum, then we have |y| < ||, and therefore our induction
hypothesis implies the following:

3 At the start of the induction with || = 2, the range of such y’s is empty.
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If |y| > 2, then we may estimate |[Y /| < Ay Brll. And, if |¥| = 1, then in view of (A-5) and (A-8),
we may estimate [0¥ /| <1+ (A +1)/a < 1. Making also use of (A-3), we then arrive at the estimation

Jex| m o
|8a¢2|< Z Br|,B|Zl—[ 1_[ Br|yl]k
|B1=2 k j=1l|y|=2
|| . :
< 3 Y BT BT Sk
Bl=2 k

Notice that we have
loc] 4]
18] = Zﬂ, =Y D k=D kY Y Kyl
J lyl=1 Jolvl=2 7 lrl=1
and thus

BIHY Sl ks IBI+Y YLk vl — g Y Yl k-y"m(Br)zj Y=k < pylal,
where we have made use of our assumption Br < 1. This proves also (A-9).
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