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ON THE 3-DIMENSIONAL WATER WAVES SYSTEM ABOVE A FLAT BOTTOM
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As a starting point for studying the long-time behavior of the 3-dimensional water waves system in the
flat bottom setting, we try to improve the understanding of the Dirichlet-Neumann operator in this set-up.
As an application, we study the 3-dimensional gravity waves system and derive a new energy estimate of
L?— L™ type, which has good structure in the L>°-type space. This has been used in our Ph.D. thesis (2016)
to prove the global regularity of the 3-dimensional gravity waves system for suitably small initial data.
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1. Introduction

1A. The full water waves system above a flat bottom. We are interested in the long-time behavior of the
3-dimensional water waves system for suitably small initial data in the flat-bottom setting.

The water waves system describes the evolution of an inviscid incompressible fluid with constant
density (e.g., water) inside a time-dependent region €2(¢), which has a free interface I'(¢) and a fixed flat
bottom 3. Above the domain €2(¢), there is a vacuum.

Without loss of generality, we normalize the depth of Q(¢) to be 1. In the Eulerian coordinate system,
we can represent the domain €2(¢), the interface I'(z) and the bottom X as follows:

Q) :={(x,y):x eR% =1 <y <h(t, x)},
F(t):={(x.y):xeR% y=h(t.x)}, Z:={(x,y):xeR% y=—1}.
We remark that, for the case we are considering, the size of h(¢,-) will be small for all time.

We assume that the velocity field is irrotational. The evolution of fluid is subject to the gravity effect
or the surface tension effect. We can describe the evolution of fluid by the Euler equation as

diu+u-Vu=-Vp—g(0,0,1),

(1-1)
V-u=0, Vxu=0, u(0)=uy,
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where g denotes the constant of the gravity effect.
Moreover, we have the boundary conditions

u-n=0 on %,
P =ocH(h) on I'(?), (1-2)
d; +u-Vtangents to | J, I'(r) on I'(¢),

where o denotes the surface tension coefficient and H (/) denotes the mean curvature of the interface,

Vh
Hh =V | —— ).
) (\/1+|Vh|2)

The first boundary condition in (1-2) means that the fluid cannot go through the fixed bottom. The
second boundary condition in (1-2) comes from the Young—Laplace equation for the pressure. The third

which is given by

boundary condition in (1-2) represents the kinematic boundary condition, which says that the free interface
moves with the normal component of the velocity.

Recall that the velocity field is irrotational. Hence, we can represent it in terms of a velocity potential ¢.
We use ¥ to denote the restriction of the velocity potential to the boundary I'(¢), i.e., ¥(t,x) :=
¢(t,x,h(t,x)). From the incompressible condition and the boundary conditions, we can derive the
following Laplace equation with two boundary conditions, Neumann-type on the bottom and Dirichlet-
type on the interface:

I¢

(Ax+33)p =0, = =0 dlro =V (1-3)
nix

Hence, we can reduce (e.g., see [Zakharov 1968]) the motion of fluid inside the water region €2(¢) to
the evolution of the height / and the restricted velocity potential i on the interface I'(¢):
0th =G(h)y,

V)2 9
Dy = —gh+oH(h) ~ vy GOV EVEVY) (1-4)

2(14|Vh|?) ’

where G(h)y = /1 + |Vh|2N (h)y and N (h)y is the Dirichlet-Neumann operator on the interface.
The system (1-4) has the conservation law

o|Vh(r)|?
1+ 1+ V(@)

Intuitively speaking, after diagonalizing the system (1-4), we find ourselves dealing with the following

H(hD). ¥ (1)) = [ [ Hr@Ghemw + Lo+ ] — 3 (h(0). ¥ (0)).

type of quasilinear dispersive equation:

(0 +iA)u =N, Vu), A=+|V|tanh(V))(g+0|V|?), u=h-+iA"|V|tanh|V]y, (1-5)
u: Ry x [R{)zc — C. (1-6)

Readers can temporarily take (1-5) for granted. It will be much clearer after we obtain the linear term of
the Dirichlet—Neumann operator, which is |V|tanh|V|y, in Section 3.
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1B. Motivation and the main result of this paper. Note that the best decay rate that one can expect for
a 2-dimensional dispersive equation is 1/¢, which is critical in establishing the global regularity for small
initial data.

For a 2-dimensional nonlinear dispersive equation, generally speaking, it is crucial to know what the
quadratic terms are when studying the long-time behavior of the solution. Unfortunately, to the best of
our knowledge, there is no previous work that addresses this issue for the water waves system in the
flat-bottom setting. It motivated us to study the problem in this paper.

Identifying the quadratic terms requires a more careful analysis of the Dirichlet-Neumann operator in
the flat-bottom setting. Note that the water waves system in the Eulerian coordinate formulation (1-4) is
dimensionless. Since we don’t want to limit our scope to the 3-dimensional setting, in this paper, we will
identify structures inside the Dirichlet—-Neumann operator as much as we can.

We summarize and explain several important properties of the Dirichlet—-Neumann operator here to
help readers understand the discussion of it in this paper. These properties will play important roles in the
study of the long-time behavior of the water waves system.

(1) Unlike the infinite-depth setting, in the flat-bottom setting, we do not have the null structure in the
low-frequency part. More precisely, if the frequencies of two inputs are 1 and O respectively, then the size
of the symbol is 1 (flat-bottom setting) instead of O (infinite-depth setting).

We remark that the principal symbol of the Dirichlet—-Neumann operator in the flat-bottom setting
is still the same as in the infinite-depth setting. Intuitively speaking, the high-frequency parts of the
Dirichlet-Neumann operator in the two settings are almost the same.

(i1)) We give the explicit formula for the quadratic terms of the Dirichlet—-Neumann operator, which
provides the first step in studying the long-time behavior of (1-5).

(ii1)) We formulate the cubic and higher-order terms of the Dirichlet-Neumann operator in a fixed-
point-type formulation, which provides a good way to control the cubic and higher-order terms over
time.

As a starting point and also as an example, we study a specific setting of the water waves system (1-4),
which is the gravity water waves system. More precisely, we consider the gravity effect and neglect
the surface tension effect. After normalizing the gravity effect constant g to be 1, the system (1-4) is

reduced to
dch = G(h)y,

0y =—h—5|Vy|* +

(G(h)Y + Vh-Vr)? (1-7)
2(14|Vh|?) )
Correspondingly, the diagonalized equation (1-5) is reduced to the quasilinear dispersive equation

(3 +iNu=Nw,Vu), A=+|V|tanh|V|, u=~h+iAy. (1-8)

For the water waves system in the flat-bottom setting, a typical issue is that the phases are highly degen-
erate at the low-frequency part. For example, we consider a phase associated with a quadratic term of (1-8),

A(ED = A€ —=nD) + AnD ~ (€l =& —nl + 1) — g UEP =€ =nl> + 101, Inl <|§]~|E—nl < 1.
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When £ and —7 are in the same direction, the above phase is of size |£|?|n|, which is highly degenerate.
Because of this issue, generally speaking, there is no hope to prove the sharp 1/¢ decay rate of the
nonlinear solution over time. As a result, a rough energy estimate is not sufficient to control the growth
of energy in the long run. However, it turns out that there is a relatively simple way to control the growth
of energy. It relies on two observations about the system (1-7):

(i) We can derive a new energy estimate of L2 — L™ type after carefully analyzing the structures inside
the quadratic terms in (1-7). The input inside the quadratic terms is, roughly speaking, not put in
L.°° but rather in a weaker L°°-type space, which has derivatives in front. See (1-12).

(i) The low-frequency parts of the derivatives compensate for the decay rate of the solution of (1-7).
We can prove that the solution with some derivatives in front decays sharply, despite the fact that
the solution itself may not have the sharp decay rate. The proof of this fact involves a very delicate
Fourier analysis. Interested readers are referred to [Wang 2016] for more details.

Before stating our main result, we define the function spaces

I/ iy == Z 27K Py flloe + | P<o f |l oo (1-9)
k>0,kez
1 e =Y Q@ +2"8) [P f L. O<e <y I/ Wy == 1F lgrv0- (1-10)

kez
Theorem 1.1. Let 0 <6 <c, a € (0, 1], and No > 6, where ¢ is some sufficiently small constant. If the
initial data (ho, Ao) € HNot1/2(R2) x HNo(R2) satisfies the smallness condition

[(ho, A¥o)|lja <6, (1-11)

then there exists T > 0 such that the system (1-7) has the unique solution
(h, AY) € CO([0, T]; HNo(R?) x HNO(R?)).

Moreover, we have a new type of energy estimate in the time interval of existence:

L Eno(@) S (100 AW O llaa + 100 AVOIZ, ] En (0. (1-12)

where the energy En,(t) is defined in (5-3). The size of energy is comparable to ||(h, Ay)(t) ”?—1/\’0‘

Remark 1.2. Note that smallness condition is not assumed in [Alazard, Burq and Zuily 2011; 2014a;
2014b; Lannes 2005] to derive the local wellposedness. For the purpose of obtaining a global solution,
we impose the smallness condition (1-11) to derive our desired estimate (1-12), which is the first step to

obtaining global existence for small initial data.

In [Wang 2016], based on the results we obtained in this paper, we show that the solution of the
system (1-7) exists globally and scatters to a linear solution. We will study the long-time behavior of the
water waves system (1-4) in other settings in the future. For example, do we still have global solutions if
only the surface tension is effective or both the gravity and the surface tension are effective? We expect
that the results we obtained in this paper will be very helpful to the future study of the water waves system
in the flat-bottom setting.
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1C. Previous results. To be concise, we mainly discuss work on the local behavior of the water waves
system in this subsection. For a more detailed discussion on the long-time behavior, please refer to the
introduction of [Wang 2016].

Starting with [Nalimov 1974] and [Yosihara 1982], there has been a considerable amount of work on
the local theory of the water waves system. In the framework of Sobolev spaces and without smallness
assumptions on the initial data, the local wellposedness was first obtained by Wu [1997; 1999] for the
gravity waves system. The local wellposedness was also obtained when the surface tension is effective by
Beyer and Giinther [1998]. Later, different methods were developed and many important results were
obtained to improve our understanding of the local behavior of the water waves system. Among them, we
mention [Christodoulou and Lindblad 2000; Ambrose and Masmoudi 2005; Lannes 2005; Shatah and
Zeng 2008; Coutand and Shkoller 2007; Alazard, Burq and Zuily 2011; 2014a; 2014b].

Roughly speaking, the local existence for the water waves system (1-4) holds even when the initial
interface has an unbounded curvature and the bottom is very rough. A fixed-length separation between
the interface and the bottom is sufficient. See [Alazard, Burq and Zuily 2011; 2014a; 2014b; Lannes
2005] for more details and more precise descriptions.

1D. Main ideas and the outline of this paper. To prove our main theorem, we have to pay attention to
both the low- and high-frequency parts.

For the high-frequency part, due to the quasilinear nature of the gravity waves system (1-7), we have
to get around the difficulty of losing one derivative. Thanks to [Lannes 2005; Alazard and Métivier 2009;
Alazard, Burq and Zuily 2011; 2014a; 2014b], we can utilize the paralinearization method to get around
the potential loss of one derivative. However, for their purposes, only the high-frequency part has been
carefully studied in their works. In this paper, we will do the paralinearization process and pay special
attention to the low-frequency part at the same time.

For the low-frequency part, more careful estimates of the Dirichlet-Neumann operator are essential
since it is not straightforward to see the fact that we can gain « derivatives for input in W42 For example,
for the quadratic term VA - Vi of the Dirichlet-Neumann operator, it is problematic to gain « derivatives
when 1 has smaller frequency because the total number of derivatives of i in (1-12) is 1 + « in the
low-frequency part when the input ¥ of the quadratic terms is in L,

To conclude the argument, we will use the hidden structure inside the system (1-7) for different scenarios.
Without describing too many details, we give two examples as follows to explain the main ideas:

(1) When ¢ has a smaller frequency inside VA - Vi, we can use the hidden symmetry to move one
derivative from VA to Vi during the energy estimate; hence we have two derivatives in total for .

(i) For some terms, e.g., the good remainder term of the paralinearization process, we can lower their
regularities to L2 Hence, we can put Vi in L? and put VA in L™°; as a result the desired estimate
(1-12) also holds for this case.

Outline: In Section 2, we introduce notation and give a quick summary of paradifferential calculus. In
Section 3, we study various properties of the Dirichlet—-Neumann operator. In Section 4, we use the
paralinearization method to show the good structures inside the system (1-7), which help us find good
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substitution variables. In Section 5, we prove the new energy estimate (1-12) by using the symmetries
inside the equations satisfied by the good substitution variables. In the Appendix, we calculate explicitly
the quadratic terms of good remainder terms. This is intended to help readers understand the fact that we
can gain « derivatives in (1-12) for an input of quadratic terms, which lies in the L°°-type space.

2. Preliminaries

2A. Notation. For any two numbers A and B, weuse A < B and B = A to denote A < CB, where C is
an absolute constant. We use A <¢ B to denote A < C¢ B, where the constant C¢ depends on €. For an
integer k € Z, we use k4 to denote max{k, 0} and use k_ to denote min{k, 0}.

Throughout this paper, we will abuse the notation of A. When there is no lower script associated with A,
we let A := y/tanh(|V|)|V|, which is the linear operator associated with the system (1-8). For p € N4,
we use A,(N) to denote the p-th order terms of a nonlinearity A when a Taylor expansion for the
nonlinearity N is available. For example, A,[A/] denotes the quadratic term of . We also use A> ,[N]
to denote the p-th and higher-order terms. More precisely, A>p[N]:= 3" - , Ag[N]. In this paper, the
Taylor expansion and Ap[-] are in terms of & and v when there is no special annotation.

We fix an even smooth function v : R — [0, 1], which is supported in [—%, %] and is equal to 1 in

[—%, %] For any k € Z, define

Y (x) i= U (x/28) =g (x /2570, v (x) == 9 (x/25), Ysr(x) = 1= Yo ().

Denote the projection operators Py, P<x and P by the Fourier multipliers ¥/, ¥ <x and ¥> respectively.
For a well-defined function f, we will also use the notation fj to abbreviate Py f.
The Fourier transform is defined as

FH© = [ e i) ax.
For two well-defined functions f and g and a bilinear form Q( f, g), we will use the convention that the
symbol g(-,-) of Q(-,-) is defined in the following sense throughout this paper:

FIOUN® = 23 [ FE=nEtmaE—r.mdn e

Meanwhile, for a trilinear form C( f; g, h), its symbol ¢(-,-, ) is defined in the following sense:

1
1674

FIC 01O = jor [, |, FE=mE0-0)i(o)e(€ ~nn—c.) dndo.

2B. Multilinear estimate. We define a class of symbols with an associated norm as

§%:={m:R*or R® — C, m is continuous and || F ' (m)| ;1 < oo},
[Imllsoo == IF~ )l L1.  ImE, 77)”5/‘33(1.1(2:: |m & My )i, (€ =MV, ()| oo
[m (€, 77v0)||s;§?k1!k2'k31= |m &, 0, )Wk @)W, (6 = MYy (1= 0) Y5 (0) || goor-
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Lemma 2.1. Assume that m,m’ € S®and p,q,r,s € [1,00]. Then the estimates

lm-m"|| oo < [lm|soo|lm’|soe, (2-2)

“}—_1 [[Rz m(E,n) f(E—ngn) dn}

Slmlsell fleallglr if 5=5+7 23
Lr

< llm'llseoll fllza llgler IAllzs — (2-4)
Ly

4 / o
Hf [/Rz/Rzm@’”’“)f@ mh(0)g(n U)dnda]

. 1 _ 1 1 1
hold for well-defined functions f(x), g(x), and h(x), where >=gtrts
To estimate the S ,‘c"”kl Lk, Orm and the § ]‘:f’kl ko ks DOTM of symbols, we repeatedly use the following:
Lemma 2.2. Fori €{1,2,3},if f : R* — C is a smooth function and k1, . .., k; € Z, then we have the
estimate

i+1 i

SO 2N fllee.  2-5)

Xseees X m=()j=1

“/Rzi SEL- 6D l_[ ein.gj‘/fkj(gi)dél o dg
Jj=1

Proof. The cases when i = 1, 3 can be estimated in the same way as the case when i = 2. We only do the
case i = 2 in detail here. Through scaling, it is sufficient to prove the above estimate for the case when
k1 = ko = 0. From Plancherel’s theorem, we have the two estimates

“ /Rf (1.6)e/ CTETRR oG )YoE) di1de| SIS Gy, .

Lxl ,X2

3
PR (A L |

x1.x2 m=0

(lx1]+xa])? [R S 1) CrETR Ry 6)yo(62) dér dés

which are sufficient to finish the proof of (2-5). O

2C. Paradifferential calculus. In this subsection, we discuss some necessary background material from
paradifferential calculus. For more details and related topics, please refer to [Métivier 2008].

Definition 2.3. Given p €Ny, p>0and m € R, we use I'}’ (R?) to denote the space of locally bounded
functions a(x, £) on R? x (R?/{0}), which are C > with respect to £ for £ # 0. Moreover, they satisfy
the estimate

VIgl 2 5. 103a(-.O)llweee Sa (L+[EN™TY @ e N2,

where W#-% is the usual Sobolev space. Note that W#** contains the spaces W and WP which are
defined in (1-9) and (1-10), as subspaces.

Remark 2.4. In the above definitions, p is not necessarily an integer, but the integer case is sufficient for
our purposes.

Definition 2.5. (i) We use f;)" (R?) to denote the subspace of Iy (R?) which consists of symbols that
are homogeneous of degree m in .

(i) fa=3 o<, a™=1) where a™=7) ¢ F;"_}j (R2), then we say a™ is the principal symbol of a.
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(iii) An operator T is said to be of order m, where m € R, if for all i € R, it is bounded from H “(R?) to
HH*=™(R?). We use S™ to denote the set of all operators of order .

For a symbol a € I'”!, we can define its norm as

M} a):= sup sup [(1+[ED"0%a(- &) oo
le|<2+p (€= 4

For a, f € L? and a pseudodifferential operator @ (x, £), we define the operators T f and Tj f as

raf =7 [awoconn i) 1= [ m@ennoc-nimal o
where the cut-off function (¢ — 1, ) is given by
1 when |§—n| <2710y|and || > 1,
0¢E—nn = 10
0 when [§ —n[=2""n| or [n] < 1.
For two well-defined functions a and b, we have the paraproduct decomposition
ab =Tyab+ Tpa + R(a,b), (2-7)
where R(a, b) contains those terms in which a and b have comparable size of frequencies or the frequency
of the output is less than 1.

We have the following composition lemma for paradifferential operators. It can be found, for example,
in [Alazard, Burq and Zuily 2011; Métivier 2008].

Lemma 2.6. Letm € R and p > 0. If given symbols a € I'g! (R%) and b € F[’)”/(Rd) we define

_ 1 o o
ah=Y_ Tl g O,
lal<p

then for all u € R, there exists a constant K such that
||Ta Tb - Taﬁb ”HM_)Hufmfm’er =< KM;)n (a)M;"/(b). (2-8)

Remark 2.7. It may be too early to give this remark here. However, we think that it is a good idea to
keep the following simple observation in mind, which will be very helpful to see the equivalence relations
later on. The simple observation is that if the symbols a and b all depend on V# instead of A, then the
rough estimate (2-8) is sufficient to gain one derivative in the low-frequency part.

Lemma 2.8. LetmeR, p>0anda €T’} (RY). If we use (T,)* to denote the adjoint operator of T,
and use a to denote the complex conjugate of a, then (Ty)* — Ty is of order m — p, where
1
* _ b oaqas
a” = Z ilala!aé 0%a.
lal<p

Moreover, the norm of the operator (Ty)* — Ty* is bounded by M o (a).
Proof. See [Alazard, Burq and Zuily 2011, Theorem 3.10]. O

Remark 2.9. In most applications of Lemma 2.8, we have m < 1. If we let p = 1 in the above lemma,
a=a.

then it is easy to see a™ = a. If, moreover, a is real, then a* =
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3. Dirichlet-Neumann operator

The main goal of this section is to study various properties of the Dirichlet-Neumann operator, which
provide a foundation for carrying out the processes of paralinearization and symmetrization in Section 4
and obtaining the new energy estimate (1-12) in Section 5. The study of the Dirichlet-Neumann operator
is mainly reduced to a study of the velocity potential inside the water region ().

Recall the smallness condition (1-11) of the initial data. From the local wellposedness result of the
gravity waves system (1-7), we know that there exists a positive time 7 such that the estimate

sup ||(h, AY) (@) || e =28 (3-1)
t€l0,T]

holds, which means that the L.°° norm of solution remains small in the time interval [0, T']. Throughout
the rest of this paper, we restrict ourselves to the time interval [0, T].

3A. Type I formulation of the Laplace equation (1-3). In this subsection, we reduce the Laplace equa-
tion (1-3) to a favorable formulation so that we can solve it and identify the fixed-point-type structure
inside the Laplace equation, which further enables us to estimate the Dirichlet-Neumann operator.

We do a change of variables and map the water region () to the strip S := R? x [—1, 0] using

_ Y —h@x)
(v.0) = (e.2), 2= g
Very naturally, the inverse transformation is given by
y=h+Mh+1):z.

Define the velocity potential in the (x, z)-coordinate system as ¢(x, z) := ¢(x,h + (h + 1)z). From
direct computations, we have the identities

y—h dzg 2 8?@
= —_— = — = —2
P(x.y) w(x, o ) o=17 9 (2’ (3-2)
—0x;h (y—h)oxh (y+1)0x
. :a . ! —_ ! = . ——l -
95,9 x"”+az‘”[ Th a2 |7 T g (3-3)
+1)0y. h —(y+DZh (y+1)(dx h)? (y+1)2(0x, h)?
2 g2 pa WDk, 5 X 4o X D) ) g2,
x® =05 027 920 a2 7 agh? " (thyt 2%
From the above identities and (1-3), it is easy to derive the equation
(Ax+32)p=0 = Pyp:=[Ax+ad2+b-Vi,+cd:]p=0, (3-4)
where
. (y+D2|Vh? 1 1+ (z+1)*Vh? (3.5)
R L Y R (R I C '
~ — — \v4 2
b:—2(y+1)Vh _ —2(z+1)Vh i (z+1DAxh 2(Z+1)| h| (3-6)

a+mn2 1+h (1+h) (1+ h)?
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To sum up, we can reduce the Laplace equation (1-3) with two boundary conditions in terms of ¢ as
follows:
Pr0=0, ¢l,mo=1v., 0;0l:=—1=0, (x,2)eR%x[-1,0]. (3-7)

3B. Type II formulation of the Laplace equation (1-3). In this subsection, we reduce the Laplace
equation (1-3) into another favorable formulation, which will be used to do the paralinearization of the
Dirichlet-Neumann operator in Section 4A.

We remark that we don’t use the type I formulation (3-7) to do the paralinearization process because
the coefficients @, b, ¢ in (3-5) and (3-6) are very complicated, which complicates the paralinearization
process and prevents us from seeing clearly the principal symbol of the Dirichlet-Neumann operator.

Recall the smallness condition (3-1). Since the height of interface is very small, we know that there
exists a curve parallel to the interface I'(¢) with depth % inside €2(¢). More precisely, we have

Qi(t) :={(x,y): x € R% h(t, x) —2<y<ht.x)}, Q@) CQ@).
Define
Qo) :={(x.y):x eR% h(t,x)—% <y <h(t.x)}, Qa2(t) CQ() CQ1), (3-8)
$(x.y):=x(y=h(t.x)P(x.y). (x.y)€Q(t). x(z)=1ifz>—%. supp(y) C[-3.0]. (3-9)

where y(x) is a fixed Schwartz function.
Recall the Laplace equation (1-3). From (3-9), it is easy to derive the identities

Ax,y‘]S =g :=Axy[xpl — xAxyp. (x.y) € Q1(2),

¢(X’y)=¢(x»)’)’ g(an)Z()’ (X’y)EQz(f)-

We can map the water region £21(¢) to the strip S’ := R? x [—1, 0] by changing the coordinate system

(3-10)

using

(x,y) = (x,w), w:=y—h( x).

Define the velocity potential in the (x, w)-coordinate system as ®(x, w) := ¢(x,® + h(z, x)). Hence
$(x,y) = ®(x, y —h(t, x)). From (3-10), it is easy to verify that the equality

Peaw®:=[Ax +d'0% + b -V + 0y |0 = g'(x, w) := g(x, ® + h(t, X)) (3-11)

holds, where
a'=14|Vh|?>, b =-2Vh, ' =-Ah. (3-12)

Remark 3.1. From (3-5), (3-6), and (3-12), it is easy to see that the coefficients in (3-11) satisfied by &
are much easier and more favorable than the coefficients in (3-4) satisfied by ¢. However, the formulation
satisfied by @ in (3-11) cannot be used as the starting point because we don’t know the estimates of ® in
the first place.

From the above definitions, the following identities hold inside the water region Q25(¢), see (3-8), and
the corresponding regions in the new coordinate systems:
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q>(x,w)=<p(x,]$ ) p(x,z) = ®(x, (1 +h)z), (x,w)eR*x[-1.0].
(3-13)
9o = iy LO00xh oy g 020
WES T T e R T Ty

From (3-2) and (3-13), the Dirichlet-Neumann operator G (k)Y in terms of ¢ and ® and the quadratic
terms of G(h)y are given by

1+ |Vh|?
GO = [TV + ylym = -3 0 lim0 = VY T G-14)
G(h)Y = (1+|Vh|*)dy®|w=o — Vh- VY, (3-15)
A2 [G(h)Y] = A2[0:¢]2=0] — A1[0z¢]z=0]h — V- V. (3-16)

3C. A fixed-point-type formulation for the Dirichlet—-Neumann operator. In this subsection, our main
goal is to obtain basic estimates for the Dirichlet—Neumann operator with special attention to the low-
frequency part, which will further help us to obtain a new energy estimate.

To this end, we study the reduced Laplace equation (3-7) and formulate Vy ;¢ into a fixed-point-type
formulation, which enables us to use a fixed-point-type argument.

After moving all nonlinear terms to the right-hand, we can rewrite (3-7) as

2 + Axp = (0 — VN + Ve = g(z) := (1—a)2p — b - V.0 — 3. ¢. (3-17)

Now, we will solve ¢(z) from (3-17) by treating g(z) in (3-17) as a given nonlinearity. Define
h(x,z):=(d; —|V|)p. Very naturally, we have

3 +|VDh =g,
{(z+| Di =g .
@z —=IVDe=h, @¢lz=0=1V, 0:¢|:=—1=0.
We can solve the above system of equations with h (—1) to be determined:
h(z) =e 2 Vh(=1) +/ ~=2WVlg (") a7, (3-19)
1

¢(z) = eZ|V|<p(0) + / e(z_z/)|v|h~(z/) dz’'
0

0
_ €Z|V|W—/ e(z—zf)|v|[e—zf|V|};(_1) +/Z e_(z’_s)|V|g(s) ds]dz'
1

_ez|V|1/, 1|V| e —z|V| _ Z\Vl]h( 1) — / [ (z+s— 2Z)|V|g(S)dZ ds

/ / (z+5-22)V1 g (5) d2' dis

= AVl Y e Y et Yy 4 / VLGNV (5 ds

——f VeIV g (5) ds. (3-20)
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The unknown % (—1) is determined by the Neumann-type boundary condition d,¢|;=—1 = 0. We

calculate d,¢ from the formula (3-20) and have the equality

3 0 0
8Z¢;=|V|eZ|V|1ﬂ+%[ezlvl—i-e_Z'V']h(—l)—i-%[ e(zﬂ)'wg(s)ds—%/ e~ 7=Vl sign(s—z) g (s) ds.
-1 -1

After evaluating the above equality at the point z = —1, we have
- 21V eIVl 0 p(—DIV] _ ,—(s+DIV|
ey =2V 5(s) ds.
e_| | —|-e|V| 1 e_|V| =+ e|V|

which further gives us

DIV —G+DIV V| | ,—z|V|] 0
3 (p:e(z VI p=(+D)I ||V|w—le2| | 4 e—2IVI e G-DI¥ _ =G+DI¥114 ) ds
z e—IVI +€|V| 2 e—IVI —|—€|V| 1
1[0 1[0
+5/1e(Z+s)|V|g(s)ds—E/Ie_lz_s”vl sign(s —z)g(s) ds.

Moreover, we can reduce (3-20):

Lo 2Vl=ezVl 0 v+
= I TR

e~ DIV o (z+ DIV

o(2) = [

e_|vl+e|v|

1 10
+§/1|V|_1e(z+s)|vg(s)ds—§[1|V|_1e_|z_s|Vlg(s)ds.

(3-21)

(3-22)

(3-23)

However, we cannot use the formulation (3-23) to estimate the velocity potential and the Dirichlet—

Neumann operator because g(z) actually depends on the velocity potential ¢(z); see (3-17).

To get around this issue, we observe that there exists a fixed-point-type structure inside g(z). Recall

(3-17), (3-5), and (3-6). Note that

_a 2h +h? —(z +1)2|Vh|? 2(z+1)Vh-Vo| 2Vh-Vo (z+1)Ah
§=0 (14 h)2 z 1+h 1+h 14+ h
and

(z+1)Ah

az§0,

az(p ==

1+h 1+h (1+h)? 1+h

Hence, we can decompose the nonlinearity g(z) into three parts:

g(z) = 0:81(2) + g2(2) + V- g3(2),

where
2h +h? — (z + 1)2|Vh|? (z+1)Vh-Vg
) = (z+1)|Vh|?3,¢0 B Vh-Vo () = (z+1)Vhize
2= T hye 1+hn 0 BT T

|:(Z+1)Vh8z(p:| (z+1)|Vh|?d,¢0 |:(z+1)Vh-V<p] Vh-Vo
' - 1+h

(3-24)

(3-25)

(3-26)
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To simplify the notation, we define

. 2h+h% - |Vh|? - Vh
h = —, = , hzi=——. 3-27
YTaxEmn2 T a+nz T 1+h (3-27)
As a result, we have
g1(2) = 1920 — (z + 1)?h20:¢ + (z + D3 - Vo, (3-28)
£2(2) = (z + Dhadzo —h3- Vo, g3(2) = (z + Dh3dze. (3-29)

Note that g1(z), g2(z), and g3(z) are all linear with respect to Vx - ¢(z).
After decomposing g(s) in (3-23) into three parts, dsg1, g2 and V - g3, we integrate by parts in s to
move the derivative dy in front of d;g1. As a result, we have

e~ CHDIVI o (z+D]V]
e_|vl+e|v‘

o(2) = [

Lgre #Vl=esVE 0 ) ~(s+ D)V
+5IVI PEUEE 1[6’ (82+V-g3—|V|g1)—e (g2+V-g3+|Vig1)]ds

1o
2 / VI eIV g4 Voga—| Vig1] ds

1[0 oy e ,
‘5/ VI~ e M g2 4V g3 —sign(z—5)|Vg1] ds. (3-30)
-1

Now, we know that the nonlinearity in (3-30) is linear with respect to Vx ;.
To see the fixed-point-type structure of Vy ;¢, we take the derivative Vy ; on both sides of (3-30). As
a result, we derive a fixed-point-type formulation for Vy ,¢:

—(z+1)|V| (z+1)|V| (z+D|V|_,—(z+1)|V]|
e +e e e
Vx,z‘p:|:|: i|vwa |V|1ﬂ:|

e_‘vl—|-e|v| e_|vl—|-e|v|
1l v e—lel_ez|V| 0
- = (s—DIVI g —e—(s+DIV] .
+2[|V| p= i /_l[e (82+V-g3—|VIg1)—e (82+V-g3+|Vig1)]ds.

0
i | Je‘“"v'(gz+vg3—|V|g1>—e—“+“"7(g2+v-g3+|V|g1>]ds}

1| v v _,_ ,
+5[ / e g2t Vga—|Vig i ds— f ¢V g2+ V-ga—sign(—9)| Vigil ds.
-1 -1

0 0
[ ANV (g L V.3 V]g1] ds— / e—'H"V'[sign(s—z)(gz+v-g3>+|V|g1]ds}

+[0, g1(2)]. (3-31)
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To simplify the notation, we define operators

1T V e ZIVI_ezlVI \Y, e?IVlpe—zIVI
_ (s—1)IV| eIV _ (s—DIV] ,(z+5)IV] _
Kiz.s):=3 |V| . |V|+e|V| ¢ +|V| TV el ¢ +e } (3-32)
= _ D e +1)|V| e e —(G+D|V] )
Kao@.9):= 3| 9] e Wig e ¢ VT 3ol ¢ } (3-33)
1V
K3(z,5) =~ e 17 7SIV g=lz=slIV gign(s—2) |. (3-34)
2[vI°
With the above operators, we can rewrite (3-31) as
—(z+DIV| z+1|V] (z+DIV] _ ,—(+DIV|
e +e e e
Vx z§0 |:|: e_|v| +€|V| ]VW e_|v| +€|V| |V|Wi| +[0,g1(2)]
0
+ [ 1K1 = Ka(e.9) — Ka(z5)l(ga6) + V- 3(6)) ds
-1
0
+/ K3(z,5)|V]sign(z —s)g1(s) — [V|[K1(z, s) + Ka(z, 9)]g1(s) ds. (3-35)
-1

To make sure that we can conclude the fixed-point-type argument, we need to estimate the operators
Ki(z,s) so that the issue of losing derivatives does not exist. More precisely, the following lemma holds.

Lemma 3.2. For k,y > 0, we have the estimates

/ Ki(z,s)Vg(s)ds

H / Ki(z.5)g(s)ds
Lg° Hk

S llg@llLge e (3-36)

i=1 L H*

/ Ki(z,5)Vg(s)ds

2@l oo
LPWY

0
+ ‘/_I[Kl(Z,S)—Kz(Z,S)—Ks(Z,S)]g(S)ds

LWY

i=1

(3-37)
Proof. We first prove the desired estimate (3-36). Recall (3-32), (3-33), and (3-34). From Lemma 2.2, we
have

SEl_pl o |77 F (K1 (z.9)—Ka(z,5)— K3(z,9)—[0, (1=sign(s—2)) /2])) () Vi, (©)] | 1 5251, (3-38)

sup O}ZHF F(Ki(z.9)) Vi, E)]]| 11 < (3-39)
Z, NS l—l

We will use above estimates for the case when k1 < 0. However, when k1 > 0, we cannot use the
estimate (3-39) directly to estimate the left-hand side of (3-36); otherwise we lose one derivative. An
important observation is that the integration with respect to s actually compensates for the loss.

For any fixed k >0, k € Z, we have the following formulation in terms of the kernel:

0 0
| Kieovrdeolas= [ [ KuGsgex-ydas (3-40)
-1 -1 Jr2
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where

Kia(zos.) = [ EFKGN@ v 05 d. (3-41)
After integration by parts in £ many times, we have the pointwise estimate
|Kie (2.5, )] £ 2% (1 +26]y] + 26|z =571 (3-42)

fori € {1,2, 3}, which further implies that the kernel K;.x(z, s, y) belongs to L Sl y for fixed z. Therefore,
from (3-39) and (3-42), we have the estimate

|the left-hand side of (3-36)|*

3
S 2 1P E@NZ oo+ D D 225 1K 29117y 1Pk (8o 2 S 18170 gy
k1<0 i=1k;>0 |

hence finishing the proof of (3-36). Very similarly, from (3-38), (3-39), and (3-42), our desired estimate
(3-37) follows in the same way. O

From (3-35) and estimates in Lemma 3.2, now it is clear that we can estimate Vy ¢ by using a
fixed-point-type argument.

However, if we do it naively, then the resulting estimate will not tell the difference between V¢
and d;¢. To capture the fact that d,¢ actually has two derivatives at the low-frequency part, while Vy¢
only has one derivative, we decompose Vy ;¢ as

Vx,z@ =M\ [Vx,zw] + AzZ[Vx,zfp]- (3-43)

From (3-35), it is easy to see that A1[Vy ;¢] is given by

e—GHDIVI | (G+DIY] oEHDIV| _ =+ DIY|
AI[VX,ZQO]: |: €_|V‘+€|V| ]VWa €_|V‘+€|V| |V|llf . (3'44)

From (3-44), it is easy to see that A 1[d;¢] has two derivatives at the low-frequency part. Now, the goal is
reduced to estimating A>»[Vx ;¢], which is done again by a fixed-point-type argument.

Recall (3-35). To identify the fixed-point-type structure inside A >>[Vy z¢], it is sufficient to reformulate
Asalgi(2)], i €41,2,3}.

Recall (3-28) and (3-29). After using the decomposition (3-43) for Vx ;¢ in g;(2), i €{1,2,3}, we
have the decomposition of A>3[g;(2)], i €{1,2,3},

As2[g1(2)] = h1A52[0:0] — (z + 1)?h2A52[0:0] + (z + Dh3 - As2[Ve]
+hiA1[020] — (2 4 1)?haA[020] + (2 + Dhs- A1 [Ve],  (3-45)

As2[g2(2)] = (z + DhaAs2[d:0] — h3 - As2[Ve] + (z + DhaA1[0:0] — hs - A1[Vg), (3-46)
As2[g3(2)] = (z + Dh3As2[0:0] + (z + Dh3A1[0;¢]. (3-47)

From (3-45), (3-46), and (3-47), now it is easy to see that there exists a fixed-point-type structure for
A>2[Vyzp] in As2a[gi(2)], i €{1,2,3}. From the standard fixed-point-type argument and the estimates
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in Lemma 3.2, we obtain basic estimates for A>»[Vy ;¢], which further give us more precise estimates
for Vx,z¢ from (3-43).
More precisely, our main results in this subsection are summarized as follows,

Lemma 3.3. Fory' . k'>1, 0<8 <1, a€(0,1],if h € WY N H¥ satisfies the smallness assumption
Il <8, (3-48)

then the following L?-type estimate and L>®-type estimate for the velocity potential ¢ hold:

IVa,z@llLgo e S IV ax + 1Al ae+ [V g0, (3-49)

IVxgll oy SNV gy 10200 oy STV lva + 121G IV Iy (3-50)
IA=2[Vx 20l ooy SNV Iy 12141 (3-51)
IA=2[Vx 20l Lgo e S MMl VIV | e + IV o 121 s (3-52)

where k <k’ —1and 1 <y <y’ — 1. In the above estimates, the range of z for the L norm is [—1, 0].

Proof. We first estimate A>2[Vy z¢]. Recall (3-35), (3-45), (3-46) and (3-47). From estimate (3-37) in
Lemma 3.2, we have

IA22[Vi 201l oo iy S 1A22[(81(2). 82(2). g3 ()]l o7y
S Ml y+1 1A =2V 201l oo iy + 12141 IV D77 -

Hence, by the smallness condition (3-48),
[A=2[Vi 201l oy S NAllgy+1 IV Il - (3-53)
Very similarly, from estimate (3-36) in Lemma 3.2, we have

[A>2[Vx,z0] | L.o° mrx
SIA>2((g1(2),82(2), g3(2)]l Lo &
Sl IA=21Vez @1l ge o+ A et 1A =2 [V z @1l oo o+ A e+t VY o+ IV Y L i 1l 7
Sl I A>2[Vaz @]l oo mx HI A e+ VY o (TR DIV e A1

Again, by the smallness assumption (3-48), we conclude
IA=2[Vx,z0lllLgo mre S Al e+t IV o + IV Al g1 (3-54)

From estimates (3-53) and (3-54) and the explicit formulas of A1[Vy z¢] in (3-44), we have

IVxz@llLeo e S IVl ge + 1A g+t IV o IVe@ll Loy S NV NIy
19201 oy SUAY Ny + 1l IVU iy S IV e + Mol 41 IV 175 - U
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3D. The quadratic terms of the Dirichlet—-Neumann operator. The content of this subsection is not
related to the proof of our main theorem. However, it is crucial to the study of the long-time behavior of
the water waves system in the flat-bottom setting.

Generally speaking, the main enemies of the global existence for a 2-dimensional dispersive equation
are the quadratic terms. The first step is to know exactly what the enemies are. Surprisingly, as a
byproduct of the fixed-point-type formulation (3-35), we can calculate explicitly the quadratic terms of
the Dirichlet—-Neumann operator.

More precisely, the main result of this subsection is stated as follows:

Lemma 3.4. In terms of h and , the quadratic terms of the Dirichlet—-Neumann operator are
A2 [G(h)Y] ==V - (hVy) — |V|tanh|V|(h|V|tanh|V|y). (3-55)
Remark 3.5. Before we proceed to prove the above lemma, we compare the main difference between

the flat-bottom setting, which is less studied, and the infinite depth setting, which is recently well-studied.
In the infinite-depth setting, the quadratic terms of the Dirichlet—-Neumann operator are

(infinite-depth setting) A, [G(h)y] ==V - (hVY) —|V|(h|V]|Y). (3-56)
If the frequency n of i is of size 1 and the frequency & — n of 4 is of size 0, from (3-55) and (3-56), it

is easy to check the size of the symbol of quadratic terms:
41517

(flat-bottom setting) & -1 — |&||n| tanh |§] tanh || = m ~

19

(infinite-depth setting) —|€]|n|+&-n=0.
That is to say, unlike the infinite-depth setting, we do not have the null structure at the low-frequency part
in the flat-bottom setting. As a result, we expect a much stronger nonlinear effect from the quadratic terms,
which makes the global regularity problem in the flat-bottom setting more delicate and more difficult than
the infinite-depth setting.

Proof of Lemma 3.4. Recall (3-14) and (3-44). We have

A2[G(h) Y] = A2[0z¢|z2=0] — h|V|tanh|V[y — Vh- V. (3-57)
Hence, the problem is reduced to calculating explicitly the quadratic terms of d,¢|,=¢. Recalling (3-35),
1 0
- - (s—DIVI_,—(s+DI|V] .
MaBzplemol =~ op [ O A Vgl ds

1 0
- =DIV|_,~(s+D|V]
T eV /_1[e e IIVI[Az[gi]]ds
0
+/ V1AL [g2+V-g3—|V|g1]ds+A2[g1(0)]
-1

A2[g2+V-g3lds

B 0 G+DIVI o= (s+DIV]
B /—1 elVite—IVl
/0 eGHDIVI_p=G+DIV]
-1

€‘V|+€_|V|

IVIA2[g1(s)]ds+A2[g1(0)]. (3-58)
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From (3-25), (3-26), and (3-44), it is easy to derive the equalities
eG+DIV]I _ ,=(s+D]V] eGTDIVI L o=G+DIV]

AZ[gl(s)] =2h e|v| +€_|V| |V|W+(S+ I)th e|V| +€_|V| Wa
A2[g1(0)] =2h|V[tanh|V|y + VA - VY,
(s+1)|V| —(s+1)|V] (3-59)
e +e
AZ[gZ(S)] - _Vh.v e|v| —|—€_|V| )
(s+1)|V]| _e—(s+l)|V|
A2[g3(s)] = (S + 1)Vh €|V| T e_|v| |V|‘/’

After plugging in the above explicit formula of A[g;(z)], i € {1,2, 3}, the goal is to calculate explicitly
the symbols of the two integrals in (3-58). Define

0 (G+DIV] 4 o=G+DIV]
01l )= [ G Rala + Ve galds = Qualh )+ Qualh ). (60
Q2(h,¥) :=— — IVIA2[g1]lds = Q2,1(h, ¥) + Q22(h, ¥), (3-61)
-1 e|V| +e V]
where
0 G+DIV| | p=(s+DIV] eGHDIV] _ s+ D]V
Ql,l(h1 1/’) = /;1 €|V‘ +€_|V| |:V[(S+ I)Vh €|V| +e_|v| |V|K/f:| dS,
0 LG+DIVI 4 p—(s+DIV] eGHDIV] 4 p—(+DIV]
Q12(h.v) :/ VI e=IV] [ VI 4 o1V ‘”] ds.
—1 elVit+e elVite
0 L+DIV| _ p—(s+DIV| oGHDIV] _ s+ DIV
02,1(h,¥) = —/_1 eIVl 4 eIVl [ eIVl o=V WW} as,
0 L(+DIV| _ p—(s+D]V| eGHDIV] | p=(G+D)IV]
02.2(h, ) :_/_1 o |V|[(s+1)vh.v L w] s
The symbol g;, ; (§ —n, n) of the bilinear operator Q; ;(h,V), i, j €{l,2}, is given by
_ —&-E=—m|nl ° (s+DIE] y ,—~G+DIEN,+Dnl_,~(+Dn]
QI,I(E_U’ 77) - (e|5|+e_|5|)(e|77|+e_|77|) /_1(S+1)[€ +e ][e —e ]dS
_ —&-(§—n)|n| [(IEI-Ir|77|—1)6"‘5'+""—(—|$|—|77|—1)6’_'5'_"7|
(T TE) (e Tle =) (&)
(Inl—léI—I)e"’"'g'—(IEI—InI—l)e'S"'”'}
+ . (3-62)
(1&l=In))?
g1 2(E—n.n) = (E=n)-n [ | = DIE DIl y =G+ DInl g
: = G Lo TET (e ey ),
(E—n)n olEIHInl_p—lEl=Inl  HlEl~Inl_Inl—€]
= + , 3-63
(e'f'+e—'€'>(e'"'+e—lvl>[ B EE ] (369
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(E—) = —2[&1 [l 0[e(s+1)lél_e—(S+1)|é|][e(S+1)|n|_e—(S+1)|n|]dS
AT = JTEl L o—Ely (el 1Tl |,
—2[&|In] elEl+Inl_p—I§1=Inl  ,l&l=Inl_,Inl—I§]
= TRy ) (69
p— . O
o (E—nm) = (e|‘f|+e|§||§|€)(en|2/|2—e_|”|) /_1(s+1)[e<s+1)|f|—e—<s+1)|f|][e<s+1>|"|+e—<s+1)|"|]ds
_ 1§1(E—m)n [(IEI-Ir|77|—1)6’|‘5|+"’|—(—|§|—|77|—1)6’_|§|_|'7|
(e|§|+e—|f|)(e|fl|+g—|rl|) (|€:|+|7]|)2
(InI—IEI—l)e"’"'g'—(IEI—InI—l)e'S"""}
- . (365
(-T2 09

In the above computations, we have used the simple fact

0 _ a
(5 + 1elHDa gg = L H@=De?
-1 a2

From (3-57)-(3-61), we have
A2[G(h)Y) = Q(h, ¥) = Q1(h, ¥) + Qa(h, ¥) + h|V|tanh| V|y.
Therefore, the symbol g(§ — 7, n) of Q (h, ) is given by
GE—nm=Y aE—nn+i
i,j=1,2

Although the above formulae look complicated, actually there are cancellations inside. Note that

€|Tl|_e—|fl|
611,2(5—77,77)+612,1(§—77,77)+mw
£ SlEIHInl _ g—lel=Inl  plEl=Inl _ ,lni—Ig]
= +
(e'f'+e—lf')(e'v'+e—lvl>[ &+ ET— I ]
L1l [elE 10l _ p—lgl=nl]  lel=Inl _ olnl—le]
— — , 3-66
(€|E|+€_|5|)(€|”|+€_|”|)[ 1€ + [nl €] = [nl } (3-60)

g11E—n.n+q22(—n.n)
(—I&lInl +&-n) (€] + |9 = Del&lHl —(—g] = [n] — 1)e Il

= (el 1 e—lEly (eIl 4 e—Inl) &+ nl
B Ellnl+&-n) (In| — €] = Del~El — (jg] — |n| — 1)elEI= I (3-67)
(el€l 4 e~ lEly(elnl 4- e=Inl) HEl ’
From (3-66) and (3-67), now it is easy to verify
g —n.n) =§-n—1§||n| tanh |§] tanh |n]. (3-68)

Hence our desired equality (3-55) holds. O
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Lemma 3.6. For kyi,ks,k € Z, the following estimate holds for the symbol of the quadratic terms for the
Dirichlet—-Neumann operator:

~ k+k
1€ =n.mllsps, <277 (3-69)
Proof. From (3-68) and the estimate in Lemma 2.2, it is straightforward to derive the above estimate. [

3E. A fixed-point-type formulation for A >3[Vy, :@]. As in the previous subsection, the content of this
subsection is not related to the proof of the main theorem but is related to the future study of the long-time
behavior of the water waves system in different settings.

Although, intuitively speaking, the quadratic terms are the leading terms for the dispersive equation (1-8)
in 2 dimensions, we also have to control the cubic and higher-order remainder terms to see that their effects
are indeed small over time. In this subsection, our goal is to formulate A >3[Vy ;¢] into a fixed-point-type
formulation, which provides a good way to estimate the cubic and higher-order remainder terms.

Recall the fixed-point-type formulation of Vi ;¢ in (3-35), we truncate it at the cubic-and-higher level
and get

0
A>3[Vy 0] = [0»A23[g1(2)]]+/_1[1<1 (z.8)—K2(z,5)—K3(z.9)](A=3[g2(8)]+V-Az3[g3(s)]) ds

0
+/_1K3(z,s)|V|sign(z—s)A23[g1(s)]—|V|[K1(Z,s)+K2(Z,s)]A23[g1(s)]ds. (3-70)

Recall (3-28) and (3-29). Similar to the decomposition we did in (3-45)—(3-47), we can separate
A>3[gi(2)], i € {1,2,3}, into two parts: (i) one of them contains A>3[Vx ¢], which involves the
fixed-point structure; (ii) the other part does not depend on A>3[Vx -¢], and hence can be estimated
directly.

More precisely, we decompose A>3[g;i(z)], i € {1,2,3}, as follows:

As3[g1(2)] = h1 A>3[0:0]—(z+1)2 o A>3[0: 9]+ (z+1)h3-A>3[Ve]

+> Az ilh]Ai[0:0]—(z+ D> Assi[h2] Ai [0 0]+ (z+ D A3 [h3]-Ai[Vel. (3-T1)
i=1,2

As3lg2(2)] = G+ Dh2As3[0:9]—h3- A3V
+Y (2D As3 [ Ai[d-@]—As3i[h3)-Ai V). (3-72)

i=1,2
As3lg3(2)] = G+ DhsAs3[0:01+ Y +DAss—ilh3]A:[0:9]. (3-73)
i=1,2
From (3-27), it is easy to verify that
Asalhi] = h? = Qh+h*)h1, Asalhs] =ha,  Asalhs] = —hhs. (3-74)

We can summarize the above decomposition in the following lemma.
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Lemma 3.7. We have

3
A3V 0] =Y CLh . hi) + hCL(h . hi) + T (hi, As3[Vi 2 ).
i=1

where C. and C. are some trilinear operators and T} is some bilinear operator. Assume that the

corresponding symbols are clz( st )s 5;( ), and t;( ,+) respectively. Then we have the estimates
3
sup Y ek 2.8l e b2 b)lsps, S 2P TR 3.75)
ze[-1,01 ;= k1k2s ky.ka.
3
sup Y [tk (En E)lspe, S 23 MR (3-76)
z€[-1,0], HLR2

Proof. The proof is straightforward. From Lemma 2.2, our desired estimates (3-75) and (3-76) can be
derived by checking the symbol of each term inside the equations (3-70), (3-71), (3-72) and (3-73). Note
that there are at most three derivatives in total. O

4. Paralinearization and symmetrization of the system

Since the gravity waves system (1-7) is quasilinear and lacks symmetric structures inside, we cannot use
this system directly to do the energy estimate because of the difficulty of losing one derivative.

To identify the hidden symmetries inside the gravity waves system (1-7) and get around the issue of
losing derivatives, we use the method of paralinearization and symmetrization which was introduced and
studied in [Alazard and Métivier 2009; Alazard, Burq and Zuily 2011; 2014a; 2014b]. Interested readers
may refer to those works for more details. Here, we only briefly discuss this method to help readers
understand how this method works and get a sense of what they will read about in this section.

For a fully nonlinear term, it is very hard to tell which part actually loses derivatives and which part
does not lose derivatives, which is clearly very important to get around the issue of losing derivatives.
With the help of the paralinearization process, we can identify the part that actually loses derivatives,
which is the real issue. In Section 4A, we will do the paralinearization process for the nonlinearity of the
equation satisfied by the height £, which is the Dirichlet-Neumann operator. In Section 4B, we will do
the paralinearization process for the nonlinearity of the equation satisfied by the velocity potential .

Knowing which part loses derivatives is certainly very helpful, but it does not imply that we can get
around the issue of losing derivatives because the original system lacks good symmetric structures. With
the help of the symmetrization process, in Section 4C, we identify good substitution variables so that the
system of equations satisfied by the good substitution variables has the requisite symmetries. Moreover,
the good substitution variables have size of energy comparable to that of the original variables. Therefore,
instead of doing the energy estimate for the original variables, we do an energy estimate for the good
substitution variables.

4A. Paralinearization of the Dirichlet—~Neumann operator. In this subsection, our main goal is to iden-
tify which part of the Dirichlet-Neumann operator actually loses derivatives by using the paralinearization
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method. In the meantime, we also pay attention to the low-frequency part for the purpose of proving our
new energy estimate (1-12).
More precisely, the goal of this subsection is to prove the following proposition.

Proposition 4.1. Let k > 6, o € (0, 1]. Assume that (h, Ay) € H¥ and h satisfies the smallness condition
(3-48). Then we have

G(h)y =Ty(y —Tgh)—Ty-Vh+F(h)y = A*(Yy —Tgh) + Ty_g| (W —Tgh)— Ty -Vh+F (h)y, (4-1)

where

Ji= (1 +|VRR)IE2 — (Vh-£P2, (42)
abbr _ G(h)lﬂ + Vh- VW abbr — _ -
B2 B(hyy = T V2 V(h)y = Vy — BVh. (4-3)

The good remainder terms F(h)y and F (h)¥ do not lose derivatives and satisfy the estimate

A2 [F Y e + 1 FE W e S (110 A aa + 1 A% Tl g + IV i ] (4-4)

Remark 4.2. We remark that, unlike the infinite-depth setting, the good remainder term F(h)y in (4-1)
actually contains a linear term, which is [tanh(|V]) — 1]|V|y¥ € H®.

For simplicity, we define the following equivalence relation. For two well-defined nonlinearities A
and B, which are nonlinear with respect to 4 and ¥, we say

A~ B <= A—B isagood error term in the sense of (4-5),
lgood error termllykﬁk[Il(h,AW)||W4,a+II(h,Aw)ll%4][llhllm+llvwIIHk—l], a€(0,1], k=0. (4-5)

Recall (3-15). Note that, essentially speaking, the only fully nonlinear term inside the Dirichlet—
Neumann operator G (h)y is dyy P|w=0. So the task is reduced to identifying which part of d,, ® actually
loses a derivative.

To this end, we will show that there exists a pseudodifferential operator A(x, &) such that d,,® —
T4(® — Ty, oh) actually does not lose derivatives, where ® — Ty h is the so-called good unknown
variable. This step is very nontrivial and technical. Unfortunately, to the best of our knowledge, there
is no physical intuitive explanation available. It relies heavily on the study of good structures for the
Laplace equation (3-11). We do this step in detail in the following subsubsection.

4A1. Paralinearization of the Laplace equation (3-11). Recall due to (3-11) and the fact that g’(-, w) =0
when w € [—i, O], we have
[Ax +a'0% + b -Vdy +¢'0,]P =0, “6)
a =1+|Vh|> ~1+2Ty,-Vh, b =-2Vh, ¢ =—Ah.

We remark that w is also restricted inside [—i, O] in the rest of this paper.
Before proceeding to the paralinearization process for (4-6), we need some necessary estimates of ®.
Essentially speaking, under a certain smallness condition, the size of ® is comparable to ¢. Note that we
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already have necessary estimates of ¢; see Lemma 3.3. More precisely, from the definition of ® (see
Section 3B) and estimates of ¢ in Lemma 3.3, the following lemma holds.

Lemma 4.3. Under the smallness estimate (3-1), we have the following estimates for k > 1,y < 3:

sup  [|Vew Pl gx SNV e +I1al grr VY 1, 4-7)
wel—1/4,0]
sup  [[Vx @[l SV, sup (0w Plly SNVY lye+Algy -1 IV Gy, (4-8)
we[—1/4,0] we[—1/4,0]
sup | Ax2[Vew @2 S IR, AW)HVT/z,a"'”(h’Aw)”%,z][”h”Hl +IV¥l2] (4-9)

we[—1/4,0]
Proof. This is postponed to the end of this subsection for the purpose of improving the presentation. [

After paralinearizing (4-6), we have

PCI>+2T312”®TV]1~Vh—2Tvaw<p-Vh—Tawq>Ah ~ 0, (4-10)
where
Pi=[A+Tyd + Ty - Viy + Tody). (4-11)

To see why the equivalence relation (4-10) holds, we mention that we can always put V/ in L° and put
dy® and 02,® in L2

Define W := ® — T, oh. As in [Alazard, Burq and Zuily 2011], we claim that PW =~ 0 when
w e [—%, O]. After using (2-7) and the composition in Lemma 2.6, the following equivalence relations
hold:

PW 0 < P[T), oh]+ 2Ty o Tvn - Vh—2Tyy, 6 - Vh—T, oAh ~0 (4-12)
= [TaTypoh+ Ty - VT oh + T Ty oh +2Tvs,0 - Vi]

+ 2Ty o Tvn - Vh—2Tvy,0-Vi] 0 (4-13)

= [Ty Ty o Vh+2Tvo,0 V] + 2Ty o Tyn-Vh—2Tvy,e- Vi] ~ 0 (4-14)

< 0=x0, asb' =-2Vh. (4-16)

Obviously, (4-16) holds. Hence, we can reverse the directions of all arrows back to conclude PW = 0.

Although tedious, it is not difficult to verify that all & equivalence relations hold in all the above

equations. As a typical example, we give a detailed proof of (4-13) here. To prove (4-13), it is sufficient
to estimate Thy, /. From the estimate (4-8) in Lemma 4.3, we have

sup | Tas,ehllge < sup il g 8w @llge < AV gaw + 110 AV 1Al g5
we[-1/4,0] we[-1/4,0]

Hence, the equivalence relation (4-13) holds. All other equivalence relations can be obtained very
similarly.
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The next step is to decompose the equation P W & 0 into a forward evolution equation and a backward
evolution equation. As a result, from Lemma 4.6, we can show that d,, W — T4 W actually does not lose
derivatives. Note that 0y W — Ty W ~ 0y ® — T4 (® — Tj, oh). Hence, our desired result is obtained.

More precisely, we have the following lemma.

Lemma 4.4. There exist two symbols a = a(x, ) and A(x, &) with

a=a® 1 a® 4 4D | 40

where
a®(6.§) = o (Vh-£ V(1 + [VAP)EP — (Vh-£)).
1+ |Vh|?
1
AV (x,£) = ———(iVh- 14 |VA?)|E]2 = (Vh-£)?),
(4,8) = g VA€ V(1 + VAP ER = (Vh-6)?)
4-17)
1 Ah a® (
(0) - i 9. . 0 _
a‘’(x,&) = FIORPO) (zaga dxA 1+|Vh|2)’
1 Al AD
40 — ideqM . 9. 4 _ 20
(8= L4 (l g0 1+ VA2 )
such that
P=Ty0w—Ta)(0w—T4)+ Ro+ R10y, d'(a+A)=ib"-£+ (4-18)
@[aAD 42900 0,40 4V 4O 4+ OUV] =@ ) =g, @19)
where
Ro=TyTyaTg—A, Ry =-TyTasa+Ty -V+T. (4-20)
Moreover, the following estimate holds for good error operators Ry and Ry:
IRo fllzzx + 1Ry fllgr+1 S IVAIg sl f g« (4-21)

Proof. Most parts of above lemma are cited directly from [Alazard, Burq and Zuily 2011, Lemma 3.18].
Given the a priori decomposition (4-18), from (4-11), we can calculate explicitly the formulae of Ry
and Ry, which are given in (4-20). Note that as a’ doesn’t depend on £, from (4-18)—(4-20), we have the
identities

Ry =—-TyTa4a+ Ta’(a+A) =—TaTat+a+ T(a’ﬁ(a—i—A))’

Ro = Ta[TaTu — Tagal + Ta Taga — Tar(aga) = Ta'[TaTa — Tagal + Ta—1) Taga — T(a—1)4(at4)-

From explicit formulations of a’, a and A, we can see that a’,a’'—1 € T'(R?) a,A,a+A €'} (R?) and
affA e FZZ(RZ). The following estimates on their symbolic bounds hold:

MF@gA) + M) $1, My(a)+My(A)+My(a+A) SIVallgs, M@ —1) S|V,
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From estimate (2-8) in Lemma 2.6, we have
IRy f Nl S M3 (@)YMy (@ + D f e < IVR sl f e
1Ro f | g < [M3 (@ )My (@) M3 (A) + M3 (@' = )MZ @8 D] fllgx S UVRIZ IS e
Hence finishing the proof of (4-21). O
In the following lemma, we prove that d,, W — T4 W doesn’t lose a derivative.

Lemma 4.5. Let A(x, &) be as defined in Lemma 4.4. For k > 1, we have the estimate

[ A22[@uwW = TaW)llw=o] g <k [0 AWl + I A 1A e + IV | g ] 4-22)

Proof. Recalling the decomposition of the operator P in (4-18) and the fact that PW = 0, we have
Ta (0w — Tg)(0y —THW = —RoW — R1dyu W,
which further gives us
(Ow —Ta)(Bw —THW ~ g,
where
g=Ty-1[-RoW — R10uW]+[I —Ty—1Ta (0w — Ta) (0w — Ta) W,
= Ty—1[—RoW — Ridu W]+ [I = T1 + Tyr—1y@-1-1) — Tw—1) Ta—1-1) | (0w — Ta) (9w — T W.

From the estimate (4-21) in Lemma 4.4, and the fact that T(,/_1yg—1-1)— T(a’—1) T(q/—1—1) 1s of order —2,
we have

sup [ As2[8)llgx S IVAlGs[I1P=1/2lW 1l gx + 10w Wil gx— ]
wel[—1/4,0]
< [ A graa + 1G AWIZ [ g+ IVl e ].
Note that [02 + A]A1[W(w)] = [02 + A]A1[®(w)] = 0 when w € [—%, O]; see (4-6). It is easy to see
that we have the equivalence relation
(0w — Ta) A»2[(0w — THW] + As2[ (3w — Ta) A1[(0w — TA)W]] & Ax2[g]. (4-23)

Note that

A1[0y @] = A1[0z0(w/(1 4+ h))] = IViy,

e_|V| —+ €‘V|

e—WHDIV] | ,+D)|V]

Aq[®] = Aqp(w/(1 +h))] = 12

e_|V| —|-e|V|
It is easy to verify that
A1[(Ow —Ta)W] = A1y P — T|£|(D] € H™,
[ Az2[Ow = Ta) A1[@w = TOWI] | i < VRl 3l VY | it
Therefore, from (4-23), we have

(0w —Ta)A>2[(0w — T W]~ Ax2[g].



918 XUECHENG WANG

We reformulate the above equation as

(Ow + T—a)A>2[(0y — T W] = Ax2[g] + &,
where

g = error term from & equivalence relation.

Recalling the precise formula of a in Lemma 4.4, we know that —a satisfies the assumption in Lemma 4.6.
We can first choose a series of constants {z; }f'c:l such that 7; 41 = 4t; and 73 > —% and then keep iterating
the estimate (4-25). As a result, we have the estimate

| As2[(Bw — T W lw=ol | ¢
sk sup [”AZZ[(aw - TA)W(U}, )]”L2 + ||§(u))||Hk_1+€ =+ ”g(w)”Hk—H-G]

wel[-1/5,0]
<k (G A graa + 1G AWIZ [ g+ IV e ], (4-24)
which concludes the proof. O

Lemma 4.6. Leta € le (R?) and suppose it satisfies the assumption Re[a(x, £)] > c|&| for some positive
constant c. If u solves the equation

(Ow + Tou(w,-) = g(w,),
then we know that the following estimate holds for any fixed and sufficiently small constant t, and
arbitrarily small constant € > 0:
1+ 7|

sup [lu(w)l & S M; (a) [ sup fu(w)lgr—a-o0 + sup g@)llgu-a-o].  (4-25)
we€[t,0] |T| z€[47,0] z€[41,0]

Proof. A detailed proof can be found in [Alazard and Delort 2015] by combining Lemma 2.2.7 and the
proof of Lemma 2.2.8. U

4A2. Paralinearization of the Dirichlet—Neumann operator. In this subsubsection, we use the result we
obtained in the last subsubsection, which is the fact that d,, W — T4 W doesn’t lose derivatives, to identify
which part of the Dirichlet-Neumann operator loses derivatives.

Recall (3-15). For the reader’s convenience, we rewrite it as

G(h)y = ((1+|VA[*)p®—Vh-VO)| _..
Define
V:=V0—03,®Vh, V| _,=V.
Now we let w be inside the range [—%, O] instead of being restricted to the boundary. By using (2-7)
and Lemma 2.6, we have the paralinearization result

(14 |VA) 3 ®—Vh-VO & T 4 jyp200 P +2Ty, 6 Tvn- Vh— Ty VO—Tye- Vi
~ T4 vnp0w ®+ Tavhy,e0-ve - Vh—Typ - VO
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= T4 ivnpdw (W + Ty, 0h) + Tavpy,0-ve - Vh—Tvn - V(W + Ty, oh)

~ Ty wnpdwW + Tavng,0-ve - Vh—Typ VW —Typy,e-Vh

= Ty 4 jwp20wW =Ty - VW =Ty -Vh

= Ty jynp (0w W = TAW]+ [Ty w2 Ta— Ton-VIW =Ty - Vh

=W =Ty -Vhi+ T jvpp[0wW —T4W]+ R2 W, (4-26)
where

Ry := [Ty \vap Ta =Ty vy am),
and where A is given in (4-2). In (4-26), we used the identity
A=(1+|VhHAD —ig.Vh,
where A is given in (4-17). Note that

Rz = Ta 1yvn) Tao + [T vapy Taw = Taqvap) a0 ] = TarTgo + [T Tgpor = Tw—1ygam |-
Now, it is easy to see that R; is an operator of order 0 with an upper bound given by || VA||,35. Hence,
we have the estimate

IR2W lw=ollgzx = | R2[Ps1/2[W]1lw=0]|
SIVARlGs || Po12¥ — Tamyw hl|
< U AW e+ I ADIZ [ g + 1YY 1 i ]. (4-27)
Combining (4-26), (4-27), and the estimate (4-22) in Lemma 4.5, it’s easy to see that Proposition 4.1
holds.

Now, we give the postponed proof of Lemma 4.3.

Proof of Lemma 4.3. For fixed w € [—%, O], it’s easy to see ®(w) = ¢(w/(1+ h(x))) and that we have
the identity

(4-28)

vxw¢=xazww/u+h»+[_WVh@¢W”“+”” ‘MLwW”“+h”}

(14 h)? ' 1+h
Therefore, we know that the leading term of Vy ,, ®(w) is Vx z¢(w/(1 + h)). Under the smallness
estimate (3-1), to estimate Vy 4, P, it is sufficient to estimate Vy ;@(w/(1+ h)).
Recall that according to the fixed-point-type formulation of Vi ;¢ in (3-35), we study the linear term
on the right-hand side of (3-35) first. Define
e~ WD hwIE/(A+h() 1)  pwHDIEl(e—h()wlEl/(1+h(x)) _ 1)

o€l 1 olE] ol 1 olE]
o—wHDIE]

! w( R YL e (Y
i;apﬁﬁ;ﬁmm(ﬁ3@)+ﬁc?me(M”(ﬁﬁﬁx

= 3 [ A 8 )+ 2w D],

n>1" "

p=(w,x,§) =+
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where

o~ +DE]

. n . e|5| w n . h(x) "
Y w, £) = T wIED", Jr(w, €)= = ElwleD”,  gn(x) -=(1+h(x))-

It is easy to verify that

Al[vx‘/)](xv IU/(l +I’Z(X))) = Al[vxﬁl’](x, w)+P1w(x7 w)v
A1[dz](x, w/(1+h(x))) = A1[0z¢](x, w) + P2y (x, w),

where
. 1 ix€ 7 . . 1 ixEn
P =g [ @it xnds Pywi= s [ @I -6 dE,

We will show that, under the smallness estimate (3-1), the size of Aj[Vy z¢](x,w/(1+ h(x))) is
almost same as the size of A1[Vx z¢](x,w). For k € Z, we define

peawx§)i= s [ OED @) do = s 3 A .6+ w6 el
n>1

PLav ()= [ T @ipxo.x.8)ds (4-29)

Pra ()= [ e p-a(wx £)dE

Since P,y can be treated in the same way as P1{, we only estimate P;y in detail here. We have the
decomposition

Piy = ) PV, =1+1L 1= Pip¥i, =) Py,

ki,k2ez ka<k; ki<k>

From the bilinear estimate of L2—L> type (2-3) in Lemma 2.1, it is easy to see that we have the following

estimates
ki +2Kkk 1 2y
||I||Hks(222 +2 ls+||Pk1w||iz(Z;nnglgnnLoo)) < 19 g Ml
kq n>1 )
1
Wis 3 — > 22F05 P gall2l| P ¥ llzoe S 1Al s1 199 1
n=1""" ka<k
1y < 12l IV 1 < 10l IV s -
Therefore

| A1[Vrz0) (o w/ (AR e S IV e+ 1B e IV s
| A1Vl (x. w/ A+ 0 [ 7y S UV Iy + 1l IV 7y S IVE L
[ Av[Bz¢] (x, w/ (L +hC)) |7y S NA2Y Ny + Al IV -
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From the above estimates and (4-28), we conclude

1ALV @l S IV lgye 1AW Pl gy S 1AW g + 121G IV Il (4-30)
1AV @l e S [ A1 Va2l (xw/ U+ 1) | gact [ A1 [V 0] (6, w/ (L) || o I e
S IVl + 12l e VY g (4-31)

Following a similar procedure, we can handle the integral part in (3-35) in the same way. Similar to
what we did in the proof of Lemma 3.2, we use the size of the symbol directly when || < 1 and estimate
the associated kernel when |§| > 1. As a result, we have the estimates

Hall terms in the right-hand side of (3-35) except for the linear part (x, w/(1+ h(x))) H Hk
3

<Y g ) peo g+ Il e llgi )l oo S IV ol gricer + 1V | e Il o

i=1
S IV ligollall e+t + VY g lAllgro- (4-32)
Hall terms in the right-hand side of (3-35) except for the linear part (x, w/(1+h(x))) ” Vv
S Y0 g ) sy S Il IVE gy (4-33)
i=1,2,3
From (4-28), (4-30)—(4-33), now it’s easy to see that estimates (4-7) and (4-8) hold.

Now, we proceed to prove (4-9). From (4-28) and the same procedure as above, we have the estimate

1A22[Ve,w @2 < [ Az2[Vr,z0) (x, w/ (L +7(0)) | 2 + Il g1 [0z (x, w/(1+A2(x))) || 7o

3
Sl [IAY o + 1215 IV i 14D lgill oo 22 (4-34)

i=1
Recall (3-25) and (3-26). Note that V¢ appears together with V# inside the quadratic terms of g;(z),
i €{1,2,3}. When estimating the L°L? norm of g;(z), i € {1,2,3}, we always put V¢ in L? and put
dz¢ in L°° As a result, the following estimate holds, i.e., our desired estimate (4-9) holds:
4-34) S 11l 1AV 2o + [ AV 2o + 1 AV 2 ] IR 1+ VNl L2)
SR AW p2a + 1R A2 AR g1 + 1V ] L2). O

4B. Paralinearization of the equation satisfied by the velocity potential. In this subsection, our main
goal is to do the paralinearization process for the nonlinearity of the equation satisfied by v in (1-7),
which shows which part of the nonlinearity actually loses derivatives.

More precisely, the main result of this subsection is stated in the following proposition,

Proposition 4.7. We have the paralinearization

(Vi-Vy +G(h)y)?
2(1+|Vh[?)

for the nonlinearity of the equation satisfied by V.

1IVy|?— ~ Ty VY —Tgyy hl — Te G (h)y (4-35)
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Proof. Recall that V' = Vi — VhB. From (2-7) and the composition Lemma 2.6, we have
(Vh-VY +G(h)y)?
2(1+|Vh|?)
= HVyP—1(1+|VAP) B
= V[*+V-VhB+1|Vh*B>*~1(1+|Vh|*)B> = L|V|*+V -VhB - 1B?
~Ty - V+Tg(V -V +TyypB—TgB =Ty -V +Ty.ypB—TgG(h)Y
=Ty -Vy—Ty-(VEB)+Ty.yp B—TpG(h)Y
~ Ty -Vy—TyTg-Vh—[Ty -Typ—Ty.va] B—TpG(h)y
~Ty-[VYy—Tp-Vh|=TgG(h)Y ~ Ty - V[ —Tgnyyh]—TpG(h)y. |

Ly 2 —

4C. Symmetrization of the full system. Based on the paralinearization results we obtained in previous
subsections, in this subsection, we will find out the good substitution variables by doing the symmetrization
process such that the resulting system has the requisite symmetric structures inside.

Define w = ¥ — Tg(p)y h, which is the so-called good unknown variable. After combining the good
decomposition (4-1) in Proposition 4.1 and the good decomposition (4-35) in Proposition 4.7, we reduce
the system of equations satisfied by /# and i to the system of equations satisfied by /# and w,

0:h = A%*w+ TA_|€.-|a)—TV'Vh + ﬁ(l’l)lﬁ,

4-36
0w =—-T,h—Ty-Vo+ f, (4-36)

where
a:=1+0;,B+V-VB,

which is the so-called Taylor coefficient, and f” is a good error term in the sense of estimate (4-5).
However, the system (4-36) cannot be used to do the energy estimate. When using the system (4-36)
to do the energy estimate, one might find that the term

/R2 8)];]}1 8316\’ [Tr—g0] + aivAa)aivA [-T4h], where N is the prescribed top derivative level, (4-37)

loses one derivative and cannot be simply treated.
To get around this difficulty, we will symmetrize the system (4-36) by following the same procedures
in [Alazard, Burq and Zuily 2014a]. Define

Up:=h+Teh, Up:=Alo+Tpo] % [T5_ 120l + Ao, U:=U+ils, (4-38)

where

wi=va-1. w=y-Tpayh p=VA/El~1=VA+|VAP)~(Vh-E/[E)>~1. (4-39)

Note that

Aqla]l = M[3:A*Y] = —A%h,  Aq[0;a] = —A*Y,  Aq[die] = —3A%Y,  Aqfa] = —1AZh.
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We take the estimates of the Taylor coefficient in Lemma 4.8 for granted first. Then it is easy to see
that the following estimate and equivalence relations hold:

(U1, Uz) = (h, AY) || grie < N (By AY) [l l| (B AY) || g (4-40)
3 Uy ~ A0 +[Th—jgjw] — Ty - Vh+ Ty, g h + Te, [0, 1]
x [A?=Tiglw+ Tho—Ty - VUi + Ty - ToVh+ Ty Tao — Ty - Vh]
~ [N =Tg)A ' Ua+ Ty fgo—Ty VUi & AUy + [T 5, T 0] =Ty - VU,
~ AUy +(T 7, Us] =Ty - VUL, (4-41)
Uz & A1+ Tp)[=Tah—Ty -Vl + ATy, g & =AU = [T 5 ToUr) =Ty - VT 0+ Ty, g Aw
~ =AU —[T 7, U] =Ty -VUp + Ty, Us. (4-42)

Hence, the problematic terms in (4-37) become the terms (modulo good error terms)

. 89’ Uy 8)];] [Tﬁa U,]— 8)]:] Uzaiv[Tﬁa U,], where N is the prescribed top derivative level. (4-43)
R

Therefore, we can move derivatives in (4-43) around so that these cubic terms do not lose derivatives.
See (5-5) for more details.
4D. Estimates of the Taylor coefficient. The main goal of this subsection is to obtain some basic esti-

mates for the Taylor coefficient, which are necessary for the energy estimate.
Lemma 4.8. Under the smallness estimate (3-1), for y <3, y1 <2 we have the estimates
la =1l g S IV g+ 1R V)| g | (B V) |2
2
la=1 g7y S IVRl G, + IV 171+ VR 5]
0:all e S NIV i+ IR V) lgs | (B, V) gictrs
19:all g S 1AWl gn+1+ I(VA VI, 4
Proof. Recall (4-3), (1-7), and
a=1+4+V-VB+0:B, B=09;¢/(14+h)|;=0.

To estimate a and d;a, it is sufficient to estimate 0,0d;¢ and 0, 8?(;). From the fixed-point-type formulation
of Vyx ;¢ in (3-35), we can derive the equality

v o e~ DIV | oG+ o@DV _ =+ D)V
x20t@ = eV 1 elV] A S ]

|V|a,w}+[0,8tg1(2)]+

0
4 /_ K1 (05) Koz 5) = a2 )| 012)+ V012 (6) ds

0
+ /_ Ka(z )|Vl sign(:—9)0u1 ()= |VIK1 o)+ Kol ) ds. i
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Following the same fixed-point-type argument that we used in the proof of Lemma 3.3, we can derive the
estimates

||Vx,zatfﬂ||LgoWy
2
SIVAl Gy 10l gy 1 1Vx 20l ooy S IVRI G + IV 71 + 1 VA, ] (4-45)

||vx,zat§0“L2°Hk
SVl gr + 17l a1V z0c@ - 10: Al i1 [ Va,z @Ml +10ehll 1 [ Vx,z @l oo
S VAl g + I V) gl (B V) gz

We can take another time derivative at both sides of (4-44) to derive a fixed-point-type formulation for
Vy.z02¢. Following a similar argument, we can derive the estimate

IVx,2070 | ooy S N7V grvsr + 18Rl 011 10: Va2l ooy + 1971 011 | Vi 20l ooy
Recalling the system of equations satisfied by /& and v in (1-7), we have

0th = 0:G()Y = 0,[(1+|Vh]) B—Vh-Vy],
02y = —3,h+ VY-V, +(1+|Vh|>)Bd, B+ Vh-Vo,hB>
Hence,
2 2 2
107% 1 rv1 S UA2Y L gyrr + VAl IV yaa]

Combining the above estimate, (4-45) and (3-50) in Lemma 3.3, we have

1Vx,z079 1| ooy S UAPY I grysr + [ VA o1 + 1V 1]
Following the same argument, we derive the L2-type estimate of B%go,
Ve 2070l oo xS N07W [ grir + 1900 it | Vi 2000l o +18ehll 1 | Vi, 29 0l oo pre
107 Rl gV, 20| oo + 1872 1 [ Vi, 20 | Lo pr
1l g1 1197 Va2l oo + 1211 1 Vi, 2079l oo pre
which further gives us the estimate

IVx,z070ll oo g S NNl gasr + VRN g2 IAPY I gies + VY o I e
SVl g+t + 1R VO sl (R V) | et

Therefore, our desired estimates of the Taylor coefficient hold. O

5. Energy estimate

The goal in this section is to prove our main result, Theorem 1.1. Since the energy of (Uy, Us) is
comparable with the energy of (&, Ayr), see(4-40), it is sufficient to estimate the energy of (Uy, U). Let
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Ny be the prescribed top regularity level. From (4-41) and (4-42), we know that the system of equations

satisfied by (U, Us) is given by
0:U—AU, =T 57 Uy —Ty. VU + Ry,
tU1 2= 1L z,Y2— 1y 1+R1 (5-1)
Uy + AU = —TﬂaUl—Tv-VUz +R,.

The precise formulations of good remainder terms /R; and R, are not so important in the energy estimate.
From (4-41) and (4-42), we know that they are good error terms, i.e.,

IRl w0 + I R2llgrvo Shp 102 AV a1 AV TG, AW g v - (5-2)
Define the energy of Uy and U, as
1 N .
Eny (1) = z[nm Iz +1Uall2+ Y 10505017, + 110505 Uzniz]. (5-3)
k+j=No
0<k,jez

From (5-1), we have

d
‘EENOU) < UL U)o (R R gy o

+ Yy '/2[a'fagUla’fag[—Tv-VU1]+a’fa§Uza’;ag[—TV-VU2]]dx
R

k+j=No
0<k,jez

/R i ok o3 Uk 05 (T 5, Ual) — 0K 03 U2 % 05 (T 77, Un )

+

No LIVV g + 1 AY) s+ 1B A Z I, U2) 1wy + Eng

SNo [ A | raa + 11 (R, AW)II%M] I(Uy. U113 g + ENo- (5-4)
where
ENg= ) /[3’f8§U1Tﬁa8’f8§U2—a’faéUzTﬁaa’faéUl]
k+j=No R
0<k,jez
=) /2[3’f3£U1(Tﬁa—(Tﬁa)*)a’faéUz]. (5-5)
k+j=No 'R
0<k,jez

Recall that vAa € M 11/ 2isa symbol of order % Note that it is real. Hence, from Lemma 2.8, we know
that (v/Aa)* is v/Ac, and that the operator (T ﬁa)* —T /3, 1s of order —%. As a result, the estimate

Eno < M2 (V) |(U1. U2, vy < IVl 21U Un) I, g (5-6)

holds. Combining the above estimate with (5-4) and (4-40), we have

o I A a1 G A%, TG A v -

d
’EENQ(t)
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Appendix: Quadratic terms of the good remainders

In this section, we calculate explicitly the quadratic terms of the good reminder terms R and R, to help
readers understand the fact that we can gain one derivative in the new energy estimate (1-12) for the
inputs of quadratic terms, which are put in the L°°-type space. Recall (4-38) and (4-39). We have

Ai[Bl =A%y, Ailal=A1[3:Bl=—Ah, Ai[a] =—35A%h.  A([B]=0.

Recall (5-1). By using the above definitions, we can reduce the equations satisfied by Uy and U, to the
equations

dh—A2y = Q1 (h, ¥)+ A2[R1](h, ¥) + cubic and higher, ,

~ 5-7
Ay + Ah = Qa(h, ¥)+ A2[R2](h, ¥) 4 cubic and higher,, 67

satisfied by /# and v, where
O1(h.¥) = —=A*(Tp2yh) + 3Ta2p A2V + 5 Tpayh— 3 (Tp2y | V|2 AY) — Ty - Vi,
Oa(h. ) = A(Tp2y A2V = Taoyh) + A(5Tp2ph) + 5(Tp2 | V[V2h) = Tyy - VAY.
Recall (1-7) and (3-55) in Lemma 3.4. We have

Aa[Ril(h. ) = A [G(h)Y]— O1(h, )
= —V-(T;VY) =V -R(h, V) = Tpzy h— A* (T A*)
— A*R(h, A*Y) + 3Tpo ) A(A = VY2 =1 Tpah, (5-8)
Aa[Ro)(h. ) = A=V >+ 3 A%y 2] — 02 (h. )

= A(=Tvy-VV¥)+ Tyy-VAY
+ 5 (=ATa2nh) + Tazp| V1Y) = JAR(VY. YY) + 3 AR(AP Y. A%Y). (5-9)

Note that

1/2 1/2 —2¢"Vljv|!/2
A—|V|V2 = |V|V2(\/tanh|V| = 1) = (5-10)

(v/tanh|V|+ 1) (e!VI 4+ e=1V1y’

Now, it is easy to see that A3[R2](h, ¥) and Az[R2](h, ¥) do not lose derivatives. It remains to check
that we can gain one derivative in the L°°-type space. By (5-8) and (5-9), it is sufficient to check the term

—V (T Vy) = A (T A%Y). (5-11)
The corresponding symbol for the above quadratic terms is

(§-n—|£||nl tanh |§| tanh [n])0(E —n.n),  |E—nl K |§] ~ Inl.

We decompose this symbol into two parts:

piE—=n.n) = E&-n—IElInl = =51&=nl* + 3117 + 0> — €l Inl = —51& =nl* + (&= 1),
p2(E—=n,n) = [§]|n|(1 —tanh |§] tanh [n]).
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Now, it is clear that the first part of (5-11), which is determined by p1(§ —7, ), does not lose derivatives
and gains two derivatives for &. For the second part of (5-11), which is determined by p>(§ —n, 1), we
can lower its regularity to L2 Hence, we can place ¥ in L and h in L2 As a result, we always gain
one derivative for inputs of quadratic terms that are in L°°,
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