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LOCAL DENSITY APPROXIMATION FOR THE ALMOST-BOSONIC ANYON GAS

MICHELE CORREGGI, DOUGLAS LUNDHOLM AND NICOLAS ROUGERIE

We study the minimizers of an energy functional with a self-consistent magnetic field, which describes a
quantum gas of almost-bosonic anyons in the average-field approximation. For the homogeneous gas we
prove the existence of the thermodynamic limit of the energy at fixed effective statistics parameter, and
the independence of such a limit from the shape of the domain. This result is then used in a local density
approximation to derive an effective Thomas—Fermi-like model for the trapped anyon gas in the limit of a
large effective statistics parameter (i.e., “less-bosonic” anyons).
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1. Introduction

A convenient description of two-dimensional particles with exotic quantum statistics (different from
Bose—FEinstein and Fermi—Dirac) is via effective magnetic interactions. We are interested in a mean-field
model for such particles, known as anyons. Indeed, in a certain scaling limit (“almost-bosonic anyons”, see
[Lundholm and Rougerie 2015]), a suitable magnetic nonlinear Schrodinger theory becomes appropriate.
The corresponding energy functional is given by

E4Mu] == /Rz(|(—iv+ﬁA[|u|2])u\2+V|u|2), (1-1)

acting on functions u € H'(R?). Here V : R*> — R™ is a trapping potential confining the particles, and
the vector potential A[|u|*]: R*? — R? is defined through

Algl:=V¥woxo, wo(x) :=log x|, (1-2)
for 0 = |u|> € L'(R?) and x* = (x, y)* := (—y, x). Thus, the self-consistent magnetic field, given by
curl A[o](x) = Awg * o(x) =2mo(x),
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is proportional to the particles’ density. The parameter 8 € R then regulates the strength of the magnetic
self-interactions and, for reasons explained below, we will call it the scaled statistics parameter. By
symmetry of (1-1) under complex conjugation u — u we may and shall assume

p=0

in the following. We will study the ground-state problem for (1-1), namely the minimization under the

mass constraint

lul>=1. (1-3)
IRZ

The functional £ bears some similarity with other mean-field models such as the Gross—Pitaevskii
energy functional

8Gp[u]::f2(|—iVu+Au|2+V|u|2+g|u|4), (1-4)
R

with fixed vector potential A. The above describes a gas of interacting bosons in a certain mean-field
regime [Lieb et al. 2005; Lieb and Seiringer 2006; Nam et al. 2016; Rougerie 2014; 2015]: the quartic
term originates from short-range pair interactions. The crucial difference between (1-1) and (1-4) is that,
while the interactions of £F are scalar (with interaction strength g € R), those of £ are purely magnetic
and therefore involve mainly the phase of the function u. There is extensive literature dealing with (1-4)
(see [Aftalion 2007; Correggi et al. 2011; 2012; Correggi and Rougerie 2013]) and with the related
Ginzburg-Landau model of superconductivity [Bethuel et al. 1994; Fournais and Helffer 2010; Sandier
and Serfaty 2007; Sigal 2015]. That the interactions are via the magnetic field in (1-1) poses however
quite a few new difficulties in the asymptotic analysis of minimizers we initiate here. Note indeed (see the
variational equation in Lemma A.2) that the nonlinearity consists in a quintic nonlocal semilinear term
and a cubic quasilinear term (also nonlocal), both being critical when compared to the usual Laplacian.

The functional £ arises in a mean-field description' of a gas of particles whose many-body quantum
wave function can change under particle exchange by a phase factor /" (with & € R known as the
statistics parameter). This is a generalization of the usual types of particles: bosons have o = 0 (symmetric
wave functions) and their mean-field description is via models of the form (1-4), and fermions have o = 1
(antisymmetric wave functions) and appropriate models for them are Hartree—Fock functionals (see [Bach
1992; Lieb and Simon 1977; Lions 1987; 1988; Fournais et al. 2015]). For general o one speaks of anyons
[Khare 2005; Myrheim 1999; Ouvry 2009; Wilczek 1990], which are believed to emerge as quasiparticle
excitations of certain condensed-matter systems [Arovas et al. 1984; Haldane 1983; Halperin 1984; Zhang
et al. 2014; Cooper and Simon 2015; Lundholm and Rougerie 2016].

Anyons can be modeled as bosons (respectively, fermions) but with a many-body magnetic interaction
of coupling strength o (respectively, & — 1). It was shown in [Lundholm and Rougerie 2015] that the
ground-state energy per particle of such a system is correctly described by the minimum of (1-1) (and the
ground states by the corresponding minimizers) in a limit where, as the number of particles N goes to oo,
one takes @ = 8/N — 0. We refer to this limit as that of almost-bosonic anyons, with § determining how
far we are from usual bosons.

]Usually referred to as an average-field description in this context.
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In the following we treat the anyon gas as fully described by a one-body wave function u € H'(R?)
minimizing (1-1) under the mass constraint (1-3). We shall consider asymptotic regimes for this mini-
mization problem. The limit 8 — 0 is trivial and leads to a linear theory for noninteracting bosons (see
[Lundholm and Rougerie 2015, Appendix A]). The limit 8 — oo is more interesting and more physically
relevant: in a physical situation, the statistics parameter « is fixed and finite and N large, so that taking
B — o0 is the relevant regime, at least if one is allowed to exchange the two limits.

In an approximation that has been used frequently in the physics literature [Chitra and Sen 1992; Iengo
and Lechner 1992; Li et al. 1992; Trugenberger 1992a; 1992b; Wen and Zee 1990; Westerberg 1993], the
ground-state energy per particle of the N-particle anyon gas with statistics parameter « is given by

Eo(N)

N

This relies on assuming that each particle sees the others by their approximately constant average magnetic
field B(x) ~2maNo(x), with go(x) > 0 the local particle density (normalized to fRZ o =1). In the ground
state of this magnetic field (the lowest Landau level) this leads to a magnetic energy |B| ~ 2m |a| N o per

/ Q2r|a|No* + Vo). (1-5)
RZ

particle.’

In this work we prove that, for large 8, the behavior of the functional (1-1) is captured at leading
order by a Thomas—Fermi-type [Catto et al. 1998; Lieb 1981] energy functional of a form similar to the
right-hand side of (1-5) with |«|N = 8. The coupling constant appearing in this functional is defined via
the large-volume limit of the homogeneous anyon gas energy (i.e., the infimum of (1-1) confined to a
bounded domain with V = 0). In particular we prove that this limit exists and is bounded from below by
the value 2 predicted by (1-5). We do not know the exact value, but there are good reasons to believe
that it is not equal to 27, thus refining the simple approximations leading to (1-5).

We state our main theorems in Section 2 and present their proofs in Sections 3 and 4. The Appendix
recalls a few facts concerning the minimizers of (1-1). In particular, although we do not need it for the
proof of our main results, we derive the associated variational equation.

2. Main results

We now proceed to state our main theorems. We first discuss the large-volume limit for the homogeneous
gas in Section 2A and then state our results about the trapped anyons functional (1-1) in Section 2B.

2A. Thermodynamic limit for the homogeneous gas. Let Q C R? be a fixed bounded domain in R?,
with the associated energy for almost-bosonic anyons confined to it:

EQul = Y 4lul :=/Q|(—N+ﬁA[|u|2])u 2 (2-1)
with
A[|u|2](x>=/ VEwo(x — y)u(y))* dy. (2-2)
Q

2Because of the periodicity of the exchange phase ¢?®7, it is known that such an approximation can only be valid for certain
values of o and p. See [Larson and Lundholm 2016; Lundholm 2016; Trugenberger 1992b] for further discussion.
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We define two energies, with homogeneous Dirichlet boundary conditions

Eo(Q, B. M) :=inf{€ 4lul : u € Hy(Q), [q |ul* =M}, (2-3)
and without boundary conditions,

E(Q, B, M) :=inf{&d slul:u € H'(Q), [q |ul*=M]}. (2-4)

Of course, the last minimization leads to a magnetic Neumann boundary condition for the solutions. We
are interested in the thermodynamic limit of these quantities, i.e., the scaling limit in which the size of
the domain tends to co with fixed density p := M /|2| and the normalization changes accordingly.

Theorem 2.1 (Thermodynamic limit for the homogeneous anyon gas).
Let Q@ C R? be a bounded simply connected domain with Lipschitz boundary, and let B > 0 and p > 0 be

fixed parameters. Then, the limits

E(LQ, B, pL?IQD _ | Eo(LQ, B, pL?|Q)

= i 2-5
e(f, p):= him L2 P L2 2-5)

exist, coincide and are independent of 2. Moreover,
e(B, p) = pp’e(L, D). (2-6)

Remark 2.2 (Error estimate).

A close inspection of the proof reveals that we also have an estimate of the error appearing in (2-5), which
coincides with the error appearing in the estimate of the difference between the Neumann and Dirichlet
energies in a box (Lemma 3.8). Such a quantity is expected to be of the order of the box’s side length
L, which is subleading if compared to the total energy of order L2 Our error estimate O (L'%/7+%) (see
(3-26)) is however much larger and far from being optimal. o

The above result defines the thermodynamic energy per unit area at scaled statistics parameter 8 and
density p, denoted e(8, p), and shows that it has a nice scaling property. The latter is responsible for the
occurrence of a Thomas—Fermi-type functional in the trapped anyons case. The fact that e(8, p) does not
depend on boundary conditions is a crucial technical ingredient in our study of the trapped case. This
is very different from the usual Schrédinger energy in a fixed external magnetic field, for example, a
constant one, for which the type of boundary conditions do matter (see, e.g., [Fournais and Helffer 2010,
Chapter 5]).

The constant e(1, 1) will be used to define a corresponding coupling parameter below. One may
observe that (see Lemma 3.7)

e(l,1) > 2m, 2-7)

and we conjecture that this inequality is actually strict, contrary to what might be expected when comparing
to the coupling constant of the conventional (constant-field) average-field approximation (1-5). The reason
for this is that the self-interaction encoded by the functional £ has not been fully incorporated in (1-5).
In fact, the lower bound (2-7) is based on a magnetic L*-bound (Lemma 3.2) which is saturated only for
constant functions, and hence for constant densities, which certainly is compatible with (1-5) in the case
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of homogeneous traps. On the other hand, in order to minimize the magnetic energy in (2-1) for large B,
the function has to have a large phase circulation and therefore also a large vorticity. This suggests the
formation of an approximately homogeneous vortex lattice, in some analogy to the Abrikosov lattice that
arises in superconductivity and in rotating bosonic gases [Aftalion 2007; Correggi and Yngvason 2008;
Sandier and Serfaty 2007]. Such a picture has already been hinted at in [Chen et al. 1989, p. 1012] for
the almost-bosonic gas. However the implication that the actual coupling constant may then be larger
than the one expected from (1-5) seems not to have been observed in the literature before.

One should note here that there is a certain abuse of language in using the term “thermodynamic limit”.
Indeed, we consider the large-volume behavior of a mean-field energy functional, and there is no guarantee
that this rigorously approximates the true thermodynamic energy of the underlying many-body system.

2B. Local density approximation for the trapped gas. We now return to (1-1) and discuss the ground
state problem

Ef :=min{&'ul :u € H'(R?), Viul> € L'R?), [ [u]* =1}. (2-8)
We denote by u* any associated minimizer. We refer to the Appendix (see also [Lundholm and Rougerie

2015, Appendix A]) for a discussion of the minimization domain as well as the existence of a minimizer.
In the limit 8 — oo, the simpler Thomas—Fermi-like functional

Mol =4 o] = / _(Be(1,1)0” + Vo) (2-9)
R
emerges, whose ground-state energy we denote by
E}" :=min{&; (0] : 0 € L*(R* RT), Vo e L'®?), [0 =1}, (2-10)

with associated (unique) minimizer QEF. Here e(1, 1) is the fixed, universal constant defined by Theorem 2.1.

A typical potential one could have in mind for physical relevance is a harmonic trap, V (x) = c|x 12, or
an asymmetric trap, V (x, y) = c;x2 + cy% We shall work under the assumption that V is homogeneous
of degree s and smooth:

Vx) =AV(x), VeC®R?. (2-11)

These conditions can be relaxed significantly; in particular we could extend the approach to asymptotically
homogeneous potentials as defined in [Lieb et al. 2001, Definition 1.1]. We refrain from doing so to avoid
lengthy technical discussions in the proofs. We shall always impose that V' is trapping in the sense that it
grows superlinearly at infinity, i.e., s > 1 and

min V(x) > o0 as R — oo. (2-12)
[x|=R

The Thomas—Fermi (TF) problem (2-10) has the merit of being exactly soluble. We obtain by scaling

EEF _ IBS/(S+2)E;FF’ QEF(x) _ IB—2/(2+S)Q"1FF(IB—1/(s+2)x), (2-13)
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and by an explicit computation

olf(x)= AF=v@),, (2-14)

2e(1,1)
with the chemical potential
A =E e, 1) fRz @) (2-15)
Clearly the above considerations imply
supp(e") C Begiers (0), (2-16)
where B (x) stands for a ball (disk) of radius R centered at x, and the estimates
log" lzemey < CB~/, (IVogt |l L@y < CB/CH (2-17)

for some fixed constant C > 0. Noticing that QlTF vanishes along a level curve of the smooth homogeneous
potential V, we also have the nondegeneracy

18, V| #0 a.e. on dsupp(o]’), (2-18)

where n denotes the (say outward) normal vector to 0 supp(glTF ).
We have the following result showing the accuracy of TF theory to determine the leading order of the
minimization problem (2-8):

Theorem 2.3 (Local density approximation for the anyon gas).
Let V satisfy (2-11) and (2-12). In the limit B — 00 we have the energy convergence

EY

—==1. 2-19
proo EIT (19

Moreover, for any function u®™ achieving the infimum (2-8), with o™ := |u®|?, we have for any R > 0

“ﬂZ/(Z-‘f-S)Qaf(Igl/(Z-‘rS) ) _ Q’}‘FHWflyl(BR(O» -0 as ’3 - 0’ (2_20)

where W11 (Bg(0)) is the dual space of Lipschitz functions on the ball Bg(0).

Remark 2.4 (Extension to more general potentials).
The result can be straightforwardly extended to asymptotically homogeneous potentials, i.e., functions

V (x) that satisfy the following property [Lieb et al. 2001, Definition 1.1]: there exists another function V,
nonvanishing for x # 0, such that, for some s > 0,

ATV (Ax) — V(x) o

im ~ (2-21)
bmeo 14+ V(x)|

uniformly in x € R% The function Vis necessarily homogeneous of degree s > 0 and, if we denote by & 8
the TF functional (2-9) with V in place of V, we have

Eff=(1+o(1)ES" and E;"=pYCTDEM™ as p— co. o
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Remark 2.5 (Density approximation on finer length scales).

We conjecture that the estimate (2-20) can be improved to show that o is close to QEF on finer scales.
Namely (2-20) implies that they are close on length scales of order 8!/?+%) which is the extent of the
support of QEF, but we expect them to be close on scales > f7%/?¢+2) which is the smallest length
scale appearing in our proofs. We however believe that the density convergence cannot hold on scales
smaller than 8~*/C6+2) for we expect the latter to be the length scale of a vortex lattice developed by
minimizers. o

Remark 2.6 (Large 8 limit for the homogeneous gas on bounded domains).

We can think of the homogeneous gas by formally taking the limit s — oo of the homogeneous potentials
we have considered so far, which naturally leads to the restriction of the functional £ af in (1-1) to bounded
domains 2 with V = 0 and Dirichlet boundary conditions, that is, (2-1)—(2-3). In fact, we have by the
scaling laws discussed in Section 3B,

E(Q, 8,1 . Eo(2,8,1 -

lim (—'B)= lim M:KN le(1,1) (2-22)
B—>+o0 B B—>+00 B

for any bounded and simply connected €2 with Lipschitz boundary. Convergence of the density to the TF

minimizer QlTF holds true in the same form as in (2-20). In this case QITF is simply the constant function

on the domain (confirming that the gas is indeed homogeneous). The shortest length scale on which we

—1/2

expect (but cannot prove) the density convergence is 8~ /<, which should be the typical length scale of

the vortex structure. <o

3. Proofs for the homogeneous gas

The basic ingredient of the proof for the inhomogeneous case is the understanding of the thermodynamic
limit of the model where the trap is replaced by a finite domain with sharp walls. We discuss this here,
proving Theorem 2.1 and defining the constant e(1, 1) appearing in the TF functional (2-9). For the sake
of concreteness we first set

Eo(LR, B, pL*|2))
L?|Q|

e(B, p) = liLminf (3-1)

for Q2 equal to a unit square and observe that such a quantity certainly exists and is nonnegative. At this
stage it might as well be infinite but we are going to prove that actually the limit exists, is finite, and
furthermore is independent of the domain shape.

We briefly outline here the plan for the proof: Section 3A contains basic technical estimates that we
are going to use throughout the paper. Section 3B contains the proof of a crucial scaling property of the
energy in the homogeneous case. In Section 3C we prove the existence of the thermodynamic limit for
the case of squares, and then extend the result to general domains.

3A. Toolbox. Let us gather a few lemmas that will be used repeatedly in the sequel. We start with a
variational a priori upper bound confirming that the energy scales like the area. The idea of the proof,
relying deeply on the magnetic nature of the interaction, will be employed again several times.
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Lemma 3.1 (Trial upper bound).
For any fixed bounded domain 2, and B, p > 0, there exists a constant C > 0 such that
E(LQ, B, pL?1Q]) _ Eo(LR, B, pL2IR)
L? h L?
Proof. Since HO1 (Q) € H'(Q), it is trivial that the Dirichlet energy is an upper bound to the Neumann

<C, forallL>1.

energy. Let us then prove the second inequality.

We fill the domain L with N ~ L? subdomains on which we use fixed trial states with Dirichlet
boundary conditions. The crucial observation is that the magnetic interactions between subdomains can
be canceled by a suitable choice of phase (local gauge transformation). For concreteness we here take
disks as our subdomains.

Let f € C(B;(0); RT) be a radial function with | 5o | f |> =1, and let

uj(x) 1= Jon f(x —x;) € C°(B;), wy:=pL*|Q|/N.
Here the points x;, j =1,..., N, are distributed in L2 in such a way that the disks B; := By (x;) are
contained in L<2 and disjoint, with N ~ ¢|L€2| as L — oo for some ¢ > 0. Hence
Jim o = e

Take then the trial state

N

u(x) =Y ujx)e PN L X0 g 020(LQ),

j=1

Note that its phase is smooth on each piece B; of its support and that

N eV 2 _
lu(x)|? = Z Iuj(x)|2 _ {|”J(x)| for x € B;,

— 0 otherwise,
]:

and hence
/ ul? = Ny = pL?|<2.
L
Then

N
Eéfﬁ[u] = Z/ |(_,‘v + IBZIiVZIA“uHZ])e*iﬁwN Dokt afg(xka)uj (x)|2 dx
=178

N
= Z/B (=i V + BALW 21+ Yy (BAlux ] — Bon ¥ arg(x — x0)) ) ()| dx
j=1"5i

2

N
=3 [ NV + Bt P = Now [ (=19 + ponall P £
j=1"Bi

B1(0)

where we used that by Newton’s theorem [Lieb and Loss 2001, Theorem 9.7]

Allug|*1(x) = VL/ In|x — yllug(Y)*dy = Viin|x —xi| [ |ugl*dy = oy V arg(x — xy)
By By
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for x ¢ By. It then follows that
Eo(LQ, B, pL2|Q0) < EX 41ul < Now (I1V 12 + Bon | ALl £ 121£] ) < CL?
for some large enough constant C > 0 independent of N or L (but possibly depending on B, p and €2). [J
The following well-known inequalities provide useful a priori bounds on the functional’s minimizers:

Lemma 3.2 (Elementary magnetic inequalities).
Diamagnetic inequality: for any f € Rand u € HY(Q),

/Q|(V+iﬂA[|u|2])u|2>/Q|V|u||2. (3-2)

Magnetic L* bound: for any B € R and u € H(} (2),

/Q|(V+iﬂA[|u|2])u|2 >2NI/3|/Q Ju . (3-3)

Proof. The diamagnetic inequality is, e.g., given in [Lieb and Loss 2001, Theorem 7.21], while the
L* bound follows immediately from the well-known inequality

/Q\(v+iA)u|2 > i/ﬂcurlA lul>, ue Hy(Q); (3-4)

see, e.g., [Fournais and Helffer 2010, Lemma 1.4.1].
A proof of (3-4) is to integrate the identity

(V4 i Aul® = [(31 +iA) +i (@ +iA))u| +curl Jul+ AV ul?
with .
Jul:= %(uVﬁ —iVu).

Thanks to the Dirichlet boundary conditions, the integral of the next-to-last term vanishes, while the last
one can be integrated by parts yielding

:F/ curl A |u|’
Q

Again, no boundary terms are present because of the vanishing of «# on d€2. Dirichlet boundary conditions
are necessary since the bound (3-4) (resp. (3-3)) is otherwise invalid as A — 0 (resp. 8 — 0), as can be
seen by taking the trial state u = 1. (]

In order to perform energy localizations we shall also need an IMS-type inequality,” i.e., a suitable
generalization of the well-known localization formula [Cycon et al. 1987, Theorem 3.2]:

IVul> = V() > + V) > — (IVx 1>+ 1V ]?) [ul?, (3-5)
where x2 n? form a partition of unity.

3The initials IMS may refer either to Israel Michael Sigal or to Ismagilov—Morgan—Simon.
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Lemma 3.3 (IMS formula).
Let Q C R? be a domain with Lipschitz boundary and x* + n*> = 1 be a partition of unity such that
x € CX(2) and supp x is simply connected. Then, for any u € H '(Q) and B € R,

ssfﬁ[u]=/Q|(V+iﬂAuu|2])<xu>|2+/Q|(V+iﬂA[|u|2])<nu>|2—/§2(|Vx|2+|vm2)|u|2, (3-6)

where
/Q\(V—HﬁA[IuIZ])(nu)\z>/Q\V|nu|!2 (3-7)
and
/ 1V ]xulA
Q
/\(v+iﬂA[|u|2])<xu>\2> 2n|ﬂ|/9x2|u|4, (3-8)
Q

(1= ) [y]— (e — 1>ﬁ2/9\A[|nu|21K]}2|xu|2,

with & € (0, 1) arbitrary, K := supp x Nsuppn, and = e yu e HO1 (supp x) for some harmonic
function ¢ € C?(supp ).

Proof. We expand
55{;3[”]Z/Q|Vu|2+2ﬂLA[|u|2]'J[u]-i-,Bz/Q‘A[Iulz]‘zlulz.

For the first term we use the standard IMS formula (3-5), while for the term involving J we have

%(J[xu] + JInul) = ux V(xit) +unV (nit) — iix V(xu) — gV (i)
= u(x2+nA)Vii — (x> + n?)Vu = %.J[u].

We can then recollect the terms to obtain (3-6). Equation (3-7) and the first version of (3-8) follow from
the diamagnetic inequality (3-2), while the second version of (3-8) follows from the magnetic bound (3-3)
with Dirichlet boundary conditions. For the third version we write

. 2 . . : ; 2
/ [(V+iBALul?T) (x| =f |(V+iBALlxuP1+iBAllnu* 1k 1+iB(Allnul* 1k 1— V) (P xu) |
Q Q
where the last magnetic term vanishes by taking the gauge choice
p)i= [ arex = Py, x € suppy.

Thus, noting that |xu|? = |y |2

2
’

/Q|(V+i,3A[|u|2])(xu)|2=/Q|(V+iﬂA[|1ﬁ|2])w+iﬂA[|nu|21K]1p

and we can conclude by expanding the square and bounding the cross-term using Cauchy—Schwarz. [l
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3B. Scaling laws. In fact the large § and large volume limits are equivalent, as follows from the simple
observation:

Lemma 3.4 (Scaling laws for the homogeneous gas).
For any domain Q@ C R* and A, u > 0 we have

1
EQ.p.M)= ﬁE@Q et WZM), (3-9)
and an identical scaling relation holds true for Eo($2, B, M).
Proof. Given any u € H'(Q) we may set
Uy, (X) = Au(x/p), (3-10)

and observe that u; , € H'(u9),

f |uk,,l|2=x2u2/ ul> and 3G glux,] = Aggmz J[ul.
n2 Q

Namely, using V't wo(x) =x~+ :=x1/|x|? and

Ayollus )P 1(x) = / (x — ) Fus  (n)Fdy =22 / (x— ) Fluly/wl*dy
[739) [739)

= )\z,u/Q(x/u —2) Hu(z)* dz = A pAqllul*1(x /1),

we have

EX plin ] = / Vit (x0) + B Al 1005, ()| dx
= / Q|ku_1(Vu)(x/M) +iBA 3 uAglluICe/pwue /)| dx
nw
=227 [ (V) 18221 Aall A e 0 s
n

=32 f Vu(2) +ipr2u* AollulP1@u(@)|* dz = 32€5 .. alul.

Hence, we may take as a trial state for Eag Br2u- the function u;_,, where u is the minimizer (or

minimizing sequence) of Eg p» and vice versa. Moreover ifueH, ! then so is u;, o (Il
It follows immediately from the above that the thermodynamic energy has a very simple dependence
on its parameters, which justifies (2-6) and the way it appears in (2-9).

Corollary 3.5 (Scaling laws for e(8, p)).
For any p > 0 and bounded Q2 C R2 with e(B, p) defined as in (3-1), we have

Eo(2, B,
e(l,p)=|Q|liminfO(—ﬂp), (3-11)
p—o0

B

and for any 8, p 20
e(B, p) = Bp’e(1, 1). (3-12)
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Remark 3.6. At the moment each shape of the domain 2 may give rise to a different limit e(8, p) in
(3-1), and this corollary and proof apply in such a situation. However, it will be shown below in the case
of Lipschitz regular domains that the limit is independent of the shape, and one may therefore without
loss of generality take the unit square 2 = Q as a reference domain.

Proof. A first consequence of the scaling property (3-9) is that taking the thermodynamic limit as described
in (2-5) or (3-1) is equivalent to taking the limit 8§ — oo at a fixed size of the domain, i.e.,

Eo(LQ,c, pIQILY . . Eo(S, cL|, p)
= liminf )
L2|Q| L—o00 L?

e(c, p) =liminf
L—oo

where we have applied (3-9) with u = L, A = |2]'/2 and M = p. Now if, for any ¢ > 0, we set
B = cL?|Q2| — oo, the above expression becomes

(£, 8, p0)
— 5

.. Eo
e(c, p) = c|2| lim inf (3-13)
B—00

which proves the first claim, and also implies
e(c,p)=ce(l, p). (3-14)
Next we take . = 1 in (3-9) and obtain
Eo(Q2, B, M) = A 2Eo(Q, A7 A2 M).
Taking M = |2|, dividing by |2| and taking the limit |2| — oo, we deduce
e(B. 1) =1"e(BA7% 3% = 17 e(B, 1),
where we used (3-14) in the last equality. This yields
e(B. p) = p’e(B. 1) (3-15)
for all B, p > 0. Combining (3-14) and (3-15) yields the result (3-12). U

3C. Proof of Theorem 2.1. We split the proof in three lemmas:

Lemma 3.7 (Thermodynamic limit for the Dirichlet energy in a square).
Let Q be a unit square, and p = 0 and > 0 be fixed constants. The limit

Eo(LO, B, pL*>

exists, is finite, and satisfies e(B, p) = 27r,3,02.

Lemma 3.8 (Neumann—Dirichlet comparison).
Let Q2 be a bounded simply connected domain with Lipschitz boundary. Then for any fixed p and B
positive, as L — o0

Eo(LQ, B, pL?|2]) _ EWLQ. B, pL?|2) . B2, B, pL?)

= —o(1).
L2192 129 219 ol

=
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Ln Ql
uj
knm
\\>
L, Qj Ly Qq%m
Uo
LnQ 4

Figure 1. Filling the square L,, Q with smaller squares L, Q).

Lemma 3.9 (Thermodynamic limit for the Dirichlet energy in a general domain).
Let Q C R? be a bounded simply connected domain with Lipschitz boundary, then

i EodQ, B, pL?|Q])
m =
L—+400 L2|Q|

e(B. p). (3-16)

Theorem 2.1 immediately follows from these three results: combining Lemma 3.7 with Lemma 3.8
one obtains the existence of the thermodynamic limit for squares. In order to derive the result for general
domains, one then uses Lemma 3.9 together with Lemma 3.8. Notice that the proof of Lemma 3.9 requires
only Lemmas 3.7 and 3.8 for squares as key ingredients.

Proof of Lemma 3.7. From Lemma 3.1 we know that the sequence of energies per unit area has both an
upper and lower limit. We denote by (L;),en and (L,,)men tWo increasing sequences of positive real
numbers such that L, — oo, L,, — o0 and

Eo(L,Q, B, pL2) Eo(LQ, B, pL?)

— lim inf as n — oo,
L% L—o00 L2
Eo(LnQ,B,pL2) . Eo(LQ, B, pL?)
— lim sup as m — 00.

2 2
Lm L—o0 L

For each n, there must exist a sequence of integers
Gnm —> +00  asm — o0
such that, for m large enough, e.g., m > n,
Ly = gumLn +knm, 0 <kypy < Ly.

We then build a trial state for Eq(L,, Q, 8, ,oLfn) as follows (see Figure 1). The square L,, Q must contain
g2, disjoint squares of side length L, that we denote by L, Qj, j=1,..., q2,. Then we pick u ja
minimizer of Eo(L,Q;, B, pL,%) and remark that by definition,

qom
Z curl A[lug|*1=0 in L,Q;.
k=1k#j
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Thus there exists a gauge phase ¢; on the simply connected domain L, Q; such that
G
> Allwl’1=V¢; inL,Q;.
k=1,k#j
Similarly, there exists ¢y on the remaining part of the domain (which can be arranged to be simply
connected as well, as in Figure 1) such that

Gim Gim
> Allwl’1=Ve¢o onL,0\|JL.0Q;.
k=1 j=1

We define the trial state as (see the proof of Lemma 3.1)

D
U= Z uje_“%f + uge P,
j=1

where ug is a function with compact support in L,, O \ Uq”'" L, Q; satisfying

/L luol> = pLy, — g L.

By Lemma 3.1, we can construct #( such that
[ 15+ ipatoP ol < €L~ g2,L3) < 2C Lok
L)?l

(where C > 0 may depend on 8 and p). The function u is an admissible trial state on L,, Q because it is
in H' on each subdomain, and continuous across boundaries due to the Dirichlet boundary conditions
satisfied by each u;. Computing the energy, we have

qnm qnm

ngQﬂ Z/ ’e_l(p] V-i—l,BA |u| 1—iBVe; ”I’ _Z/ V+l,3A[|l/tj| ])Mj‘

qnm
=Y &, plujl +f |(V +iBALluol*)uo|* = g2, Eo(Ln Q. B, pL2) + O (Lunkum),

j=1 m
2 2
Qo = L—’"(l -~ k”’”) .
nm L% Lm

Since u has by definition mass pL2 , it follows from the variational principle that

EO(LmQa,Bv /OL;) < EO(LnQvﬁ’ ,OL%) 140 knm +0 knm
L2 L2 L, L,

m n

with
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Figure 2. Localizing on thin shells for the square LQ.

Passing to the limit m — oo first and then n — oo yields

i Eo(LQ,B,pL?» . . _EoLQ,B, pL?
im sup < liminf

L—00 L? L—o0 L?

’

and thus the limit exists.
Additionally, we have by the bound (3-3),

1 2 2 2
et = T8 [l TR e
LZ , L2 LO L4 LO
for any u € HO1 (LQ), proving that e(8, p) = 27 Bp>. U
Proof of Lemma 3.8. Since H} (Q) € H'(), we obviously have

EO(Qa :Bv M) 2 E(Q’ﬁv M)

Only the second inequality in the statement requires some work. Let u € H' (L) denote the minimizer
of £ z‘fg plul (see Proposition A.1 of the Appendix) with mass

/ lul* = pL*|Q|
LR

and no further constraint (thus satisfying Neumann boundary conditions). In the sequel we take 8 =1
and |Q2| = 1 to simplify the notation.

We will need to make an IMS localization on a small enough region, and therefore consider a division
of LS into a bulk region surrounded by thin shells close to the boundary, where we will be using several
different length scales L™/3 <A « 1« L and L' « £ « h < L (see Figure 2 for the case of Q = Q a
square).

We shall use Lemma 3.3 a first time at distance A from the boundary to deduce some useful a priori
bounds. Next, using a mean-value argument we show that, within a window of thickness A further from
the boundary, there must exist one particular shell of thickness £ where we have a good control on the mass
and energy. Finally we perform a second IMS localization with the truncation located in this particular
shell. This yields a lower bound in terms of the Dirichlet energy in the bulk region, plus error terms that
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we can control using the a priori bounds and in particular the good control on mass and energy in the
second localization shell.

Step 1: a priori bounds. Let §q(x) :=dist(x, d(L€2)) denote the distance function to the boundary, which
is Lipschitz and satisfies |Véq| < 1 a.e. We make a first partition of unity

Oit=1

such that y varies smoothly from 1 to O on a shell K; of width X closest to the boundary of L, i.e.,
K; :={x € LQ:§q(x) < A}. One may note that it is possible to construct these functions so as to satisfy

Vil <A g1 Vil <ealgiH

for some arbitrarily small i > 0, independent of A, e.g., by taking ¥ = f% and 7 = /1— %% in
supp x Nsupp 7 for a large and some smooth function 0 < f < 1 varying on the right length scale and
reflection symmetric. Then, by Lemmas 3.1 and 3.3,

3 ~ ~ 2 ~ ~
CL2>52§2,1[M]>/ @r g2l + [Vliul[* — (VZ P + VD) ul?)
L
~ ~ 2 _ ~)_
>/ 2 22 ul* + |Vijul|” — CA72 1k, 12 u)?). (3-17)
LQ

We bound the unwanted negative term as follows:

2 2-2 2 2 2—4 12 2 4 12
)\_/ T X Hul” <A™ (/x“‘) </x|u|)
LQ K, K
1/2
<CA_3/2L1/2<[ )22|u|4> <C5Lk_3+C8_1/ 2 ul*,
K; LR

with § a fixed, large enough, constant. Combining with (3-17) we deduce
/ (271)22|u|4—|—|V|ﬁu||2) <CL*+CL 3 <CL? (3-18)
LQ

1/3

since we have chosen A = L™'/°. We note that this bound implies for the mass in a shell K, of thickness ¢

in LQ\ K,
1/2
/|u|2<|Ke|”2(f ;z2|u|4> <o, (3-19)
Ky K

Step 2: finding a good shell. We now select a region where the bounds (3-18) and (3-19) can be improved.
Consider dividing L2 \ K, into shells of thickness £ that form a layer closest to the shell K, of total
thickness & ~ L'~¢ > ¢ (again, see Figure 2). Hence, we have

Ny:=h/t> 1

such shells in the layer. Denote by N, the number of such shells K, with f X, lul* > M. If Ny < N;,
there must exist a shell K, with f K, lu|* < M. But, using (3-18) and the fact that all the shells are included



LOCAL DENSITY APPROXIMATION FOR THE ALMOST-BOSONIC ANYON GAS 1185

in the region where y = 1, we have

M Ny <f lul* < CL%
LQ

We can thus ensure that Ny < N; by setting
Ny=h/t~L""¢ '~ L?/M,

i.e., taking M ~ ¢£L'*%. Hence we have found a shell K, with

lul* < CceL'*e, (3-20)
K,
and thus

/ |u|2<C(EL)I/Z(ELH—S)I/Z=C£L1+8/2, (3_21)
Ky

improving (3-19).

Step 3: IMS localization in the good shell. We now perform a new magnetic localization on this K,. We

pick a partition x2 + 5> = 1, such that x varies smoothly from 1 to 0 outwards on Ky, so that x = 1
(resp. n = 1) on the inner (resp. outer) component of K. Then, using Lemma 3.3, we have

Ul > (1 =8N [[W]— (" — 1>/LQ|A[|nu|21K]|2|xu|2— ; (VX +IVaHlul*  (3-22)

for any 8 € (0, 1), where we let ¥ = xe'®u and K = supp x Nsuppn € K,. Since v is compactly
supported in L2, we have for the first term

55?2,1[11’] > Eo(LQ, 1, ||‘l’||iZ(LQ)) = FEo(L2, 1, ||Xu||iz(Ls2)).

Recalling the scaling relation (3-9) (taking u = 1~! = L /L) and defining

M= | xu? L=yM/p,
LQ
we have

M ~ ~
Eo(LQ. 1, M) = —5 Eo(LQ. 1, pL2). (3-23)
0

We need to estimate the deviation of the mass M of x2|u|? from pL? = fLsz |u|?:

'pLz—/ x2|u|2=/ n2|u|2=/ ﬁ2|u|2+/ X’ lul?
LQ LQ LQ LQ
5 1/2 1/2
<o [ (vl ([ ) ([ xwr)
K LQ LQ

< CAML>P+Ch'PL3? « L2 (3-24)

Here we have used a Poincaré inequality to control the 77|u|?> term, making use of the fact that this
function vanishes at the inner boundary of K. It is not difficult (see the proof methods of [Evans 1998,
Theorems 1 and 2 in Section 5.8.1] and [Lieb and Loss 2001, Theorem 8.11]) to realize that the constant
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involved in this inequality applied on the set K can be taken to be proportional to A2 Note that L — oo,
if L — oo, thanks to (3-24). Hence, inserting the above estimate in (3-23), we get

EX W] EoLQ. 1. M M2 Ey(LQ.1, pL? Eo(LQ. 1, pI2
to. Vi Bt LM) M- BolbSh LoLD _ (y y ppy B0 LD 555
L L (pL?) L? 12

Then, there only remains to control the error terms in (3-22): Using the Holder and generalized Young
inequalities (|| - || p,,» denotes the weak-L? norm [Lieb and Loss 2001, Theorem 4.3, Remarks]),

2 2
/ |AlnulP1 1] eul® < || Vwo x InuPLk |5, lxul3, < cllVwoll3, Inulkll3, Ixul3,
LQ

te /O] 2q9-1)/q s 1/q
<C(/ Il W—)) (/ xul q) ,
K, LQ

where
l—i—lzl and 1—|—i=l+l,
P q 2p 2 ' r
that is,
2q .
r= € (1,2) withg € (1, 00).
2g —1

We can take ¢ = 2 and insert (3-18)—(3-20) to obtain

3/2 1/2 1/2
( |nu|8/3> (f |Xu|4> <|Ke|l/2/ |nu|4(/ |XM|4> 5(EL)1/2£L1+8(L2)1/2=E3/2L5/2+8.
Ky LQ Ky LQ

The last term in (3-22) is, using (3-21), bounded by

CZ—Z/ |M|2 5 E_1L1+€/2.
K,

There only remains to optimize the error terms in (3-22):
SEo(LR, 1, ||w||§2(m)) +e1 (87 = DL 4y VL2 38 L% 4 4872 LB/AFTE/N0

where we have picked £ = L~3/°7¢/5§2/5  assuming that § < 1, as it will be. Thus, optimizing now over 8,

—2/7+¢/2

i.e., taking § ~ L . we have the bounds

2
E()(LQ, 1, pLZ) N E(LQ, 1, pLZ) - EO(LQ, 1, ”w”LZ(LQ)) _ —2/7+¢)2 326
L2 = L2 = L2 cL . ( - )

Combining with (3-25) and passing to the liminf completes the proof. ]

Proof of Lemma 3.9. The result is proven as usual by comparing suitable upper and lower bounds to the
energy.

Step 1: upper bound. We first cover L2 with squares Q;, j =1, ..., N¢, of side length £ =L", 0 <n <1,
retaining only the squares Q; completely contained in L£2. One can estimate the area not covered by
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such squares as

Ne
‘Q\ (U Qj)‘ < CLL =o(LY). (3-27)
i=1
Then we define the trial state
Ne
u(x) =3 ujeihh, (3-28)
j=1
where
uj(x) :=uo(x —x;)1lg,, (3-29)

with u( a minimizer of the Dirichlet problem with mass pL?|Q2|/N in a square Q with side length ¢
centered at the origin, and x; the center point of Q;. The phases ¢; are chosen in such a way that (see the
proof of Lemma 3.1 again)

N
> Allwl’1=V¢; inQ;.
k=1,k
The existence of such phases is indeed guaranteed by the fact that
N¢
Z curl A[Jux[!1=0 in Q;.

k=1,k+]
Hence

Ne¢
LQ/S ZSQ, [u;]= ZEO(EQ,,B, pL?|1QIN; Y,
j=1
which implies
Eo(LQ, B, pL?) _ 1
L2Q| L2|sz|

ZEowQ B, pL*|QIN, )

2

—E “ 2 2
RVEe] D EoQ. B. (1+0(1)pt?) /€ = (1+0(1))e(B. p), (3-30)
j=1

where we have estimated
U; il (1 +o()L9|
10 02 ’

and used Lemma 3.7. Notice that, thanks to the assumption on 7, we have £ — oco, which is crucial in

Ny =

(3-31)

order to apply Lemma 3.7.

Step 2: lower bound. We again cover L2 with squares Q;, j =1,..., Ny, this time keeping the full
covering but still having ¢>N,/|LQ| — 1 as L — oco. We pick a minimizer u® = uL € H (L) of 82“9 B
with mass pL?|[, and set

W =u"ly,, pji= ][ lu® (x)|? dx. (3-32)

J
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The idea of the proof is reminiscent of that in the upper bound part: we gauge away the magnetic
interaction between the cells, and this leads to a lower bound in terms of the Neumann energy of the cells.
Note that u;?f € H'(Q;) for each j, and

Ny
> pit? =pL*Q|.
j=1

Before estimating the energy, we need to distinguish between squares with sufficient mass and squares
which will not contribute to the energy to leading order. We thus set

QL:=1{Qj,j€ll,....Ne} : pj > L7217 (3-33)
for some 0 < § < 2n. Note that the mass concentrated outside cells Q; is relatively small:

> 0 SCLNL =o(LY). (3-34)
0;¢9L

We can now estimate, using the gauge covariance of the functional on each Q;,

N¢
Eo(LR, B, pL21Q)) = £, 41w > Y / (=i + BT 1)

Ne
=) / |(—iV + BA[|uttePi 1) uileiPoi
=1 Q;

Ne E(KQ ﬁ pﬂ% 2 2 EWQ.B.C
j=1 J:Q;€9L J

(3-35)

where ¢; satisfies (observe that the left-hand side is curl-free on Q)
Ne¢
> AllufP1=V¢; inQ;,
k=1,k#j
and in the last step we used the scaling law (3-9) with u = 1/A = _/p;. Also,
i ::Jp_j£>L5/2e+oo as L — oo

uniformly in j for cells Q; € Q;, and we thus conclude by Lemmas 3.7 and 3.8 that

, 1
By, B, pL712D) > (1 —o(1) S Y o =(1—o(l)—— . 1 @, (3-36)

1219 L?|Q L2
€ DI €

where we consider here the step function o : =) j:0,€0; Pi 14, and denote by Q the union of the cells Q.
It remains then to observe that the constrained minimum

B=min{/ 92:0<QeL2<Q>,/e=<1—o(1>>pL2|sz|}
Q Q
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is achieved by o constant and thus
_ 2 -
f 0° > B=((1—o()pL?QI)71Q1™" = (1 —o(1)p*L*|.
Q
Inserting this in (3-36) and using p%e(B,1) =e(B, p) leads to the desired energy lower bound. O

4. Proofs for the trapped gas

4A. Local density approximation: energy upper bound. Here we prove the upper bound corresponding
to (2-19):

EY <Eff(140(1) asp— oo. 4-1)
We start by covering the support of QEF with squares Q;, j =1, ..., Ng, centered at points x; and of
side length L with
L=pl, -5 _po ! (4-2)
=P Ty T2

We choose the tiling in such a way that for any j =1, ..., Ng, we have Q; N supp(QEF) # &. The upper
bound on L indicates that the length scale of the tiling is much smaller than the size of the TF support.
The lower bound ensures that it is much larger than the scale on which we expect the fine structure of the
minimizer to live.

Our trial state is defined much as in the proof of Lemma 3.9:

Ng
u't = Z uje P, (4-3)
j=1

where u; realizes the Dirichlet infimum

Eo(Q;. B. M)) := min{€"[u] :u € Hy(Q)). [y, Iu* = M;},
where of course

X ul = £ 4lul = /Q (=i V + BAllul*T)u]’

M,:f |u,-|2::/
Q; (@)

The phase factors in (4-3) are again defined so as to gauge away the interaction between cells, i.e.,

and we set

op pp=M/L = ][ o5 (4-4)

J Q]

Ng

Y Allml1=Vg; inQ;.

k=1,k#j
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test ;

This construction yields an admissible trial state since u'°*! is locally in H', continuous across cells by

being zero on the boundaries, and clearly

Ng Ng
/2|utest|222/ |M,|2=Z/ QEFZI
R j=1 0j j=1 Qj

Much as in the proofs of Lemmas 3.1 and 3.9 we thus obtain
Np Np
Ef <EFTu' ™= &u;] + / VISP =) Eo(Q). B. M)) + / VISP (4-5)
, R , R
j=1 j=1

Our task is then to estimate the right-hand side.
We denote, for some ¢ > 0 small enough
S, = {x € supp(of™) : ofF (x) = p2/0+2=¢)
and split the above sum into two parts, distinguishing between cells fully included in S; and the others.
Using (2-13), it is clear that
[supp(os™) \ Se| < Cpl/e . pl/ii=e,

where the first factor comes from the dilation transforming QITF into QEF and the second one is an estimate
of the thickness of S, based on (2-16)—(2-18).
By a simple estimate of the potential V in the vicinity of S,, we obtain

Z / Vi P < CBY/HD . pI2me | g2/(s+2)me _ cpslls2=2 o ETF
j:ngSs Qj
where the factor 8*/¢*2) accounts for the supremum of V, the factor 8%/ ¢+2~¢ for the volume of the

integration domain and the factor 8=2/¢+2~¢ for the typical value of |u ; |2
addition Lemmas 3.4 and 3.1, we deduce

Y. Eo(Q B M= Y Eo("Q,B.B"p) < Ef".
J:O;LSe J:0;ZSe

on this domain. Also, using in

For the main part of the sum in (4-5) we use the scaling law (take A = VP and pu =,/Bp; in Lemma 3.4)
to write

Eo(Qj. B. Mj) = p; Eo(L\/Bp; Q. 1. L* Bp).
with Q the unit square. Then

Y. EoQ B M=) LBpje(l,hH+ Y Lzﬁpf(

J:Q;CSe J:Q;CSe J:Q;CSe

Eo(L; 0,1, L%
%—e(l, 1))
j

with, provided ¢ is suitably small and in view of the lower bound in (4-2) and the fact that we sum over
squares included in S,

Lj:=L\/Bp; > prHs/CEHII=e/2 4 5o, uniformly with respectto j =1, ..., Ng.
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We thus obtain (recall the definition of the thermodynamic energy in (2-5))
Eo(L;Q.1.L})
— 1= el asLj— o0
L; '

uniformly in j, and deduce that

> Eo(Q). B M) = (1+o(1)Be(1, 1) Y plL>.
J:QjCSe J:Q;CSe
Recalling that
pj =][ 0p (x)dx,
j

we recognize a Riemann sum in the above. Using (2-17) and the upper bound in (4-2) we may approximate
QEF by a constant in each square (this is most easily seen by rescaling to QITF and observing that the size
of squares then tends to zero), and bound the part of the integral located in the complement of S, in the
same way as above to conclude that

Z Eo(Qj, B, Mj) = (14+0(1))Be(l, 1)/ (Q};F)Z‘
J:QjCSe R2

Using (2-11) and (2-16) we obtain

IVV(x)| < CRE~D/6+2)

for any x € S;. Combining with (4-2) we deduce as above that
> f Viu* = (1+ 0(1))/ Vog'
J:Q;CS: 9, R?

and this completes the proof of (4-1).

4B. Local density approximation: energy lower bound. L.et us now complement (4-1) by proving the
lower bound

EY > EZF(1+0(1)), (4-6)

thus completing the proof of (2-19). We again tile the plane with squares Q;, j =1, ..., Ng, of side
length

L=2p"
satisfying (4-2), and taken to cover the finite disk Bg: (0) with

1
t:= 24s

+¢
for some ¢ > 0 to be chosen small enough. We also define

Qp:=1{Q;j C By(0): L\/p;B > p"}, @7
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where 1 = u%f is a minimizer for £ E‘f with unit mass and
o= P ar.
Q;
Define the piecewise constant function
@)= ) pilg, ). (4-8)
QjGQﬂ
We claim that one may find some > 0 in (4-7) such that
M:=|] 0¥ —>1 asp— . (4-9)
R2
Indeed, using (2-11) and (2-12) we get that for any x € Bg, 0)

V(x) > CB*" minV > CB*
B{(0)

for B large enough. Thus, using the energy upper bound (4-1) and dropping some positive terms we
obtain

ﬁst |uaf|2 g/ Vluafl gaf af] < Cﬁ?/(?-ﬁ-Z)
0) R2

and thus
/ WP < B (4-10)
¢ (0)

On the other hand, by the definition of Qg,
Z |uaf|2 < Nﬁﬂzﬂ_l,
0;¢9p

where Ny is the total number of squares needed to tile Bgr(0). Clearly, we may estimate Ng < C BHL2 =
CB%“=" and then
Z / |uaf| < Cﬂzt 2n+2pn—1 < 1 (4_11)
0j¢9s

because of (4-2), which implies —s/(s +2) — 2n < 0, and provided we take & and u positive and small
enough, e.g. (recall that L = 87 is the side length of the tiling squares),

1
0<8<Z(—+2n> 0<u<e. (4-12)
s

Combining (4-10) and (4-11) and recalling that u® is L?-normalized proves (4-9).
With this in hand we turn to the energy lower bound per se. Let us again set

u;lf — uaf]-Qj, M] — p]LZ — / |Maf|2.

J
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Dropping some positive terms we get

ng — g’élf[uaf] > Z / {‘(_lv —|—,3A[|Ltaf|2])uaf|2 4+ V|Maf|2}
;€079

= 3 [ (v At e 4 i)

0jeQp” %I

>y {E(Qj,ﬂ,MjH/ V|u;f|2}
0,9 Qi

> > {ij(L,/ﬂij,1,(L,/ﬁp,)2)+/Q V|u;‘f|2}, (4-13)
09 J

where the local gauge phase factors are defined as in previous arguments by demanding that (this is again
possible because the left-hand side is curl-free in the simply connected domain Q)

Ng
Y. AlUTP1=V¢; inQ;.

k=1,k#j

The minimum (Neumann) energy E(Q;, B, M;) in the square Q; is defined as in (2-4) and we used the
scaling laws following from Lemma 3.4 as previously to obtain

E(Q;, B, Mj) = p;E(L\/Bp; Q. 1, (L\/Bp;)?),

with Q the unit square. Next, we note that (4-2) and (4-7) imply, using (4-12),
Lj:L‘/ﬁ,Oj 2/3“—)00
uniformly in j for all j such that Q; € Qg. Then, by Theorem 2.1,

> pE(LyBpi Q. 1, (LyBp)?) = > BL?p; E(L;Q,1,L})/L}

Qics 0j<Q
=(1+o(1)Be(1, 1) Y L*p? = (1+o(1)Be(l, l)fRz(éaf);
0;jeQp

On the other hand, it follows from (2-11) that, on all the squares of Qg,

|VV| < CBe—D/+Dtels=D)
and thus if
V)= Y V(xplg, (), (4-14)
Q€
we have

|V (x)— ‘7(x)| < CLﬂ(s—l)/(s+2)+£(s—1) _ O(EEF) for any x € Q.
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Recalling (4-8) and (4-9) we then have
Z / Vv |u7.f|2 :/ Véaf_i_ O(LIB(S—I)/(S-‘FZ)'HE(S—I)) :/ V éaf+0(EgF)- (4_15)
Qjegﬂ Qj R2 R2

The last assertion follows from (2-13) and (4-2), provided we take & small enough; e.g., for s > 1 (recall
that the tiling squares have side length L = g7),

1 s—1
e < . 4-16
2(s—1)(s+2+"> (4-16)
In the very same way however we can put back V in place of v, obtaining
> / Vudf? = / Vo' +o(EfY) = f Vo' +o(ES). (4-17)
0;eQs 7 % " "

Combining (4-13), (4-15) and (4-17) yields

£f > [ v+ asomppen.n [ @ +oEf
R2 R
> a +0(1))€/;1"F[éaf] +0(E§F) > (1 —i—o(l))EgF(M) —|—0(E§F), (4-18)

where the latter energy denotes the ground state energy of the TF functional (2-9) minimized under the
constraint that the L'-norm be equal to M. Inserting (4-9) and using explicit expressions as in (2-13)
and (2-14), one obtains

EZN (M) = (14+0(1)ER"

in the limit 8 — oo, thus completing the proof of (4-6).

4C. Density convergence. The lower bound in (4-6) together with the energy upper bound (4-1) implies
that g%, the piecewise constant approximation of ¢*" on scale L = g7, is close in strong L sense to 0"
We will deduce (2-20) from the following.

Lemma 4.1 (Convergence of the piecewise approximation).
Let éaf be defined as in (4-8) and QEF be the minimizer of (2-9). Then

12 — 05" 22y = 0(B~EF2) (4-19)
in the limit 8 — o0.
Proof. Combining (4-1) and (4-18) we have
€5 10" < Eff + o) < EGF +o(1)p 02 (4-20)

The variational equation for Q/EF takes the form

28001, QT +V = X1F = ETF 4 pe(1, 1) / @y
R
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on the support of QEF (recall (2-14) and (2-15)). Thus,
/Rz(éaf _ Q;F)Z — / ((Qaf)z + (QEF)Z) _ / Qan:gF

— [ @7+ [ @2 [ @ -v.

(1 1y

1
< Betl, 1)[ 410" — Ag" + Be(l, 1>/ (05"’ ]
— IBe(ll 1) [ggF[éaf] ETF] _ O(ﬂ 2/(5-‘1—2))
where we used (4-20) in the last step. O

By the definition (4-8) of o we also have, for any Lipschitz function ¢ with compact support,
Np

f ¢ (B~ ‘/““)xmaf(x)dx—z ¢ (B~ Dx) 0" (x) dx
Q;

—Zcb(ﬂ 25 f o) dx + 0 (B g i)

j=1

= [ 0870 gy dx 08T gl
R2
using the normalization of o. Furthermore, by Cauchy—Schwarz and Lemma 4.1 we obtain

/R BT (2M @) — g (1) dx = o(DI$ ]l 2 go)-

Since the above estimates are uniform with respect to the Lipschitz norm of ¢, we can take n < 1/(s +2),
change scales in the above and recall (2-13) to deduce

sup

¢€Co(Br(0))
llPllLip<1

for fixed R > 0, and hence (2-20).

) (BB x) — 0" (x)) dx| =o0(1), > oo,

Appendix: Properties of minimizers

In this appendix we recall a few fundamental properties of the average-field functional (1-1) in a trap V,
respectively (2-1) on a domain €2, as well as their minimizers.
As discussed in [Lundholm and Rougerie 2015, Appendix], the natural, maximal domain of £ is

7" ={ue H'(Q): [ VIu)* < o0},

and one may also use that the space C2°(R?) is dense in this form domain with respect to & o Furthermore,
[Lundholm and Rougerie 2015, Appendix: Proposition 3.7] ensures the existence of a minimizer ' € 2
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of £ gf for any value of 8 € R for confining potentials V, and by a similar proof and the compactness of
the embedding H (Q) Cc HY(Q) — LP(Q), 1< p < 0o, the same holds for E for any bounded €2 with
Lipschitz boundary:

Proposition A.1 (Existence of minimizers).

Let B € R be arbitrary. Given any V : R* — RY such that —A + V has compact resolvent, there exists
u® e 24 with fRZ lu12=1and ng[uaf] = E™ Moreover, if M >0 and Q2 C R? is bounded with Lipschitz
boundary then there exists ut e H(IO)(Q) with fQ w2 = M and é’af [ af] — E)(2, B, M).

Proof. The first part is [Lundholm and Rougerie 2015, Appendix: Proposition 3.7]. For @ C R? we have
by the Holder, weak Young, and Sobolev inequalities, as well as Lemma 3.2, that

HA[|”|2]”H L2 S ” [lul ]H Lo lltlliee
< O] gy 1V w0 ll g2y el sy < € [1ual| g1 < €' (M + £ D)2,
and therefore
IVull 2@ = | Vu+iBAlullu —iBAlul®lu] g < ETul'? + C"IBI(M +EGTuD) ™
Hence, given a minimizing sequence
oo C Hy (). Ntnlljagy =M. lim £5[un] = E)(R. p. M),

by uniform boundedness and the Rellich—Kondrachov theorem (see, for example, [Lieb and Loss 2001,
Theorem 8.9]) there exists a convergent subsequence (again denoted u,,) and a limit u e H(IO) (€2) such that

up — u™ in LP(Q), 1< p < oo, Vu, = Vu® in L%(Q).
Furthermore, by estimating
|ALlunPlun — AL 1™, < | Alual® — 10 Pl ||, + | AL 1P @0 — 0]
as above and using the strong convergence in L”(2) for any 1 < p < 0o, we have
Allu iy — Al Pt in L2(<).
Hence,

I(V+iBAL™P)u™|, = sup [(Vu*' +iBA[u™1u™, v)| = sup lim [(Vu, +iBAllu|*Tun, v)|

n—oo
lvli=1 lvl=1

< liminf sup |(Vu, +iBA[|un]*lun, v)| = liminf]|(V +iBAl|u,*])un|,
n—>oo

0 ull=1

that is, E«)(Q, B, M) < E3u™] < liminf,_, o Eun] = E(0)(Q, B, M), and furthermore [, [uf]> =
lim, o0 [ [unl? = M. O

For completeness, we finish with a derivation of the variational equation associated to the minimization
of the energy functional (1-1). Let us define

Ju]:= %(uVﬁ —uVu)
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and for two vector functions F, G : R? — R2 their convolution
FeG@)i= [ F-»-Gdy.
R

Lemma A.2 (Variational equation).
Let u = u® be a solution to (2-8). Then

[(—iV + BALIu?])* + V — 28V wo # (BALu|™ ul® + J[ul) |u = Au, (A-1)
where

Azgaf[u]—Ir/z(ZﬂA[lulz]-J[u]+2ﬂ2\A[|uI2]\2IuI2)
R
:/2(1(|W|2+ VIul)+2-2BAlulP]- Tl + 362 |Allul1 | |ul?). (A-2)
R
(Note that the factors 1, 2, and 3 correspond to the total degree of |u|2 in each term.)
Proof. Let
Fluyit,\) == Eu, ) + (1 — [ |ul?)

=/(IWI2+(V—k)lulz+ﬂ2\A[Iu|2]\2|uI2+2ﬂA[Iu|2]-J[u])+k,
Eilu, i ::flA[uﬁ]|2uﬁ:/// Viwg(x — y) - V3w (x — z) wit(x) uit(y) wii(z) dx dy dz,

Elu, ul = / Aluu)-i(uVu —uVu) = // VLwo(x —y)uu(y)-i(uVu —uVu)(x)dx dy.
We have
Eilu, utev]=¢, [wﬂ—i—a[// (VLwo(x—y)-VLwo(x—z)(v(x)u(x)lu(y)lzIu(z)l2

Hu ()P ()0 () 4 @) P+ 1 () Pu(2)v(2) ) dx dy dz-+0 (e2).
Hence at O (¢g),

/v(x)u(x)A[|u|2]2dx—/v(y)u(y)fvao<y—x)|u<x>|2-/viwo(x—z>|u(z)|2dzdxdy
x y X

Z

—/U(Z)M(Z)/VLwo(Z—x)lu(x)Iz‘/VLwo(x—y)IM(Y)IzddedZ

4 x Yy
:/vuA[|u|2]2—2fvuVLw0*|u|2A[|u|2].

Also

Elu, ii+ev] :52[14,ﬁ]+e//(vao(x—y)u(y)v(y)-i(uVﬁ—Wu)(x)

+vlw0(x—y)|u(y)|2-i(u(x)w(x)—v(x)Vu(x))) dxdy+0(?),



1198 MICHELE CORREGGI, DOUGLAS LUNDHOLM AND NICOLAS ROUGERIE

hence at O(e) and using V-A =0,
—/v(y)u(y)/Vlwo(y—X)~21[M](x)dxdy—i/v(X)VM(x)'A[IMIZ](x)dx
y X

+ifu(x)A[|u|2](x).Vv(x)dx:—2fvuvlwo*J[u]—zi/vVu-A[|u|2].

=(PI}=—i [ Vu-Av—i [u(V-A)v
Thus

Flu, it +ev, \] = Flu, i, ] —i—s/ v[(—A +V—Mu —I—,B2|A[|u|2]|2u — 282V wo = [u> Al |u|*u

— 28V wo # Jlulu — 2iBA[ul*]- w] + 0@,
and using
(—iV + BAL|u*])’u = —Au — 2iBALul*1- Vi + B> Al|ulPu

we arrive at (A-1).
For (A-2) we use [ |u |> = 1 by multiplying (A-1) with i and integrating:

)= £97u] 2ﬁf|u| Ve wo s (BALuPu® + Ju).

‘We then use that
/|u|2viwo*A[|u|2]|u|2=// lu(x))*VEwo(x — y) - VEwe(y — 2)|u(2)]? [u(y)[* dx dy dz

_ /// V4 wo(y — 1) - Vwo(y — )lu(e) P lu(@) 2 lu(y)[? dx dz dy
—/A[|u|2]2|u|2

/IMI Vi wo # J[u] = / () PV wo(x — y) - i (u(y) Vi (y) — i(y) Vu(y)) dx dy

and

—/i(uw—ﬂwm)-fvao<y—x>|u<x>| dxdy=—2fJ[u]-A[|u|2]
y x
to arrive at (A-2). O
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