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PERRON’S METHOD FOR
NONLOCAL FULLY NONLINEAR EQUATIONS
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This paper is concerned with the existence of viscosity solutions of nonlocal fully nonlinear equations that
are not translation-invariant. We construct a discontinuous viscosity solution of such a nonlocal equation
by Perron’s method. If the equation is uniformly elliptic, we prove the discontinuous viscosity solution is
Holder continuous and thus it is a viscosity solution.

1. Introduction

We investigate the existence of a viscosity solution of

I(x,u(x),u(-)) =0 ing2,
. (1-1)
uU=g in Q°¢,
where 2 is a bounded domain in R”, / is a nonlocal operator that is not translation-invariant and g is a
bounded continuous function in R”.

An important example of (1-1) is the Dirichlet problem for nonlocal Bellman-Isaacs equations, i.e.,

SUPge A infpers{—Lap [, u] +bap(x) - Vu(x) + cap (X)u(x) + fap(x)} =0 in Q, (12)
U=g in Q°,

where A, B are two index sets, byp : R* — R", cgp :R* — R™, f,;:R" — R are uniformly continuous

functions and 1,3 is a Lévy operator. If the Lévy measures are symmetric and absolutely continuous with

respect to the Lebesgue measure, then they can be represented as
Ioplx,u] = /{Rn[u(x+z)—u(x)]Kab(x,z) dz, (1-3)
where {K,p(x,-): x € 2, a € A, b € B} are kernels of Lévy measures satisfying
/[R” min{|z|% 1}Kzp(x,2) dz < +oo  forall x € Q. (1-4)

In fact, we will not assume our Lévy measures to be symmetric in the following sections.

Existence of viscosity solutions has been well established for the Dirichlet problem for integro-
differential equations by Perron’s method when the equations satisfy the comparison principle. G. Barles
and C. Imbert [Barles and Imbert 2008] studied the comparison principle for degenerate second-order
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integro-differential equations assuming the nonlocal operators are of Lévy-It6 type and the equations
satisfy the coercive assumption. Then G. Barles, E. Chasseigne and C. Imbert [Barles et al. 2008]
obtained the existence of viscosity solutions for such integro-differential equations by Perron’s method.
L. A. Caffarelli and L. Silvestre [2009, Section 5] proved the comparison principle for uniformly elliptic
translation-invariant integro-differential equations where the nonlocal operators are of Lévy type. Then
existence of viscosity solutions follows, if suitable barriers can be constructed, by Perron’s method. Later
H. Chang-Lara and G. Davila [2014a, Section 3; 2016b] extended the comparison and existence results
of [Caffarelli and Silvestre 2009] to parabolic equations. The existence for (1-1) when I is a nonlocal
operator that is not translation-invariant is much more difficult to tackle since we do not have a good
comparison principle; see [Mou and Swigch 2015], where the authors proved comparison assuming that
either a viscosity subsolution or a supersolution is more regular. To our knowledge, the only available
results for the existence of solutions for equations that are not translation-invariant are the following.
D. Kriventsov [2013, Section 5] studied the existence of viscosity solutions of some uniformly elliptic
nonlocal equations. J. Serra [2015b, Section 4] proved the existence of viscosity solutions of uniformly
elliptic nonlocal Bellman equations. H. Chang-Lara and D. Kriventsov [2017, Section 5] extended
existence results in [Kriventsov 2013] to a class of uniformly parabolic nonlocal equations. In all these
proofs, the authors used fixed-point arguments. O. Alvarez and A. Tourin [1996] obtained the existence
of viscosity solutions of degenerate parabolic nonlocal equations by Perron’s method with a restrictive
assumption that the Lévy measures are bounded. The boundedness of Lévy measures allowed them to
obtain the comparison principle. The reader can consult [Crandall et al. 1992; Ishii 1987; 1989; Koike
2005] for Perron’s method for viscosity solutions of fully nonlinear partial differential equations.

The probability literature on the existence of viscosity solutions of nonlocal Bellman-Isaacs equations
is enormous. It is well known that Bellman-Isaacs equations arise when people study differential
games, where the equations carry information about the value and strategies of the games. Probabilists
represent viscosity solutions of nonlocal Bellman—Isaacs equations as value functions of certain stochastic
differential games with jump diffusion via the dynamic programming principle. However, mostly in the
probability literature, the nonlocal terms of nonlocal Bellman—Isaacs equations are of Lévy—Itd type and
Q2 is the whole space R”. We refer the reader to [Barles et al. 1997; Biswas 2012; Biswas et al. 2010;
Buckdahn et al. 2011; Ishikawa 2004; Kharroubi and Pham 2015; Koike and Swi@ch 2013; @ksendal and
Sulem 2007; Pham 1998; Soner 1986; 1988; Swi@ch and Zabczyk 2016] for stochastic representation
formulas for viscosity solutions of nonlocal Bellman—Isaacs equations.

In Section 3, we adapt to the nonlocal case the approach from [Ishii 1987; 1989; Koike 2005] for
obtaining existence of a discontinuous viscosity solution u of (1-1) without using the comparison principle.
For applying Perron’s method, we need to assume that there exist a continuous viscosity subsolution and
a continuous supersolution of (1-1) and both satisfy the boundary condition. Since (1-1) involves the
nonlocal term, the proof of the existence is more delicate than the PDE case.

In Section 4, we obtain a Holder estimate for the discontinuous viscosity solution of (1-1) constructed
by Perron’s method assuming the equation is uniformly elliptic. In most of the literature, the nonlocal
operator / is assumed to be uniformly elliptic with respect to a class of linear nonlocal operators of form
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(1-3) with kernels K satisfying

200y =K, £ 2=0) i (1-5)
where 0 < A < A. Various regularity results were obtained in recent years under the above uniform
ellipticity, such as [Caffarelli and Silvestre 2009; 2011a; 2011b; Chang-Lara and D4vila 2014a; 2014b;
2016a; 2016b; Chang-Lara and Kriventsov 2017; Dong and Kim 2013; Jin and Xiong 2015; 2016;
Kriventsov 2013; Serra 2015a; 2015b; Silvestre 2006; 2011; Dong and Zhang 2016] for both elliptic and
parabolic integro-differential equations. In this paper, we follow [Schwab and Silvestre 2016] to assume a
much weaker uniform ellipticity. Roughly speaking, we let / be uniformly elliptic with respect to a larger
class of linear nonlocal operators where the kernels K satisfy the right-hand side of (1-5) in an integral
sense and the left-hand side of that in a symmetric subset of each annulus domain with positive measure.
The main tool we use is the weak Harnack inequality obtained in [Schwab and Silvestre 2016]. With the
weak Harnack inequality, we are able to prove the oscillation between the upper- and lower-semicontinuous
envelopes of the discontinuous viscosity solution u in the ball B; is of order r* for some o > 0 and any
small r > 0. This proves that u is Holder continuous and thus it is a viscosity solution of (1-1). Recently,
L. Silvestre [2016] applied the regularity for nonlocal equations under this weak ellipticity to obtain
the regularity for the homogeneous Boltzmann equation without cut-off. We also want to mention that
M. Kassmann, M. Rang and R. Schwab [Kassmann et al. 2014] studied Holder regularity for a class of
integro-differential operators with kernels which are positive along some given rays or cone-like sets.

To complete the existence results, we construct continuous sub/supersolutions in both uniformly elliptic
and degenerate cases in Section 5. In the uniformly elliptic case, we follow the idea of [Ros-Oton and
Serra 2016] to construct appropriate barrier functions. We then use them to construct a subsolution and a
supersolution which satisfy the boundary condition. The weak uniform ellipticity and the lower-order terms
of I make the proofs more involved. With all these ingredients in hand, we can conclude one of the main
results in this manuscript, that (1-1) admits a viscosity solution if / is uniformly elliptic; see Theorem 5.6
in Section 5A. This main result generalizes nearly all the previous existence results for uniformly elliptic
integro-differential equations. In the degenerate case, it is natural to construct a sub/supersolution only
for (1-2) since we have little information about the nonlocal operator /. Moreover, we need to assume
the nonlocal Bellman—Isaacs equation in (1-2) satisfies the coercive assumption, i.e., ¢,p > Y for some
y > 0. The coercive assumption is often made to study uniqueness, existence and regularity of viscosity
solutions of degenerate elliptic PDEs and integro-PDEs; see [Barles et al. 2008; Barles and Imbert 2008;
Crandall et al. 1992; Ishii 1987; 1989; Ishii and Lions 1990; Jakobsen and Karlsen 2006; Mou 2016; Mou
and Swiech 2015]. In Section 5B, we obtain a subsolution and a supersolution which satisfy the boundary
condition in the degenerate case. The difficulty here lies in giving a degenerate assumption on the kernels
which allows us to construct barrier functions. Roughly speaking, we only need to assume that the kernels
K,p(x,-) are nondegenerate in the outer-pointing normal direction of the boundary for the points x
which are sufficiently close to the boundary. That means we allow our kernels K,; to be degenerate
in the whole domain. Then we can conclude the second main result, the existence of a discontinuous
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viscosity solution of (1-2), given in Theorem 5.13. If the comparison principle holds for (1-2), we obtain
that the discontinuous viscosity solution is a viscosity solution. Finally, we notice that our method could
be adapted to the nonlocal parabolic equations for obtaining the corresponding existence results.

2. Notation and definitions

We write Bg for the open ball centered at the origin with radius § > 0 and Bg(x) := Bs + x. We
set Qs := {x € Q : dist(x, 92) > 6} for § > 0. For each nonnegative integer » and 0 < o < 1, we
denote by C™*(Q) (C™*(2)) the subspace of C™°(Q) (C™°(R)) consisting of functions whose r-th
partial derivatives are locally (uniformly) a-Holder continuous in . For any u € C™%(2), where r is a
nonnegative integer and 0 <« < 1, define

]y g = {Super,|j|=r 1072 (x)| ifa =0,
ra;Q =

SUPy,yeQ,x#y,|j|=r |8ju(x) - ajl'{(y)|/|x —y[* ifa>0,
and

> i—oluljo.e ifa =0,
||u||C,,0(§) + [ulra:@ ifa>0.
For simplicity, we use the notation C# () (C#(2)), where 8 > 0, to denote the space C™%(£2) (C%(Q)),
where r is the largest integer smaller than § and @« =  — r. The set C f (R2) consist of functions from

”””Cr,a(Q) =

C#(Q) which are bounded. We write USC(R") for the space of upper-semicontinuous functions in R”
and LSC(R") for the space of lower-semicontinuous functions in R”.

We will give a definition of viscosity solutions of (1-1). We first state the general assumptions on the non-
local operator  in (1-1). Forany § >0, r,s €R, x,xx €Q, ¢, ok, € C2(Bs(x)) N L>®(R"), we assume:

(AO) The function (x,r) — I(x,r, ¢(-)) is continuous in Bg(x) x R.

(A1) If xp — x in Q, @x — ¢ ae. in R", ¢ — ¢ in C2(Bg(x)) and {@g }x is uniformly bounded in R”",
then
I(xp. 1m0 (+)) = 1(x, 7, 0(+)).

(A2) If r <, then I(x,r,¢(-)) < I(x,s,¢(+)).

(A3) For any constant C, we have I(x,r,¢(-)+C) = I(x,r,¢(-)).

(A4) If ¢ touches ¥ from above at x, then I(x,r,¢(-)) < I(x,r,¥(-)).

Remark 2.1. If I is uniformly elliptic and satisfies (A0), (A2), then (AO)—(A4) hold for /. See Lemma 4.2.

Remark 2.2. The nonlocal operator / in [Schwab and Silvestre 2016] has only two components, i.e.,
(x,9) = I(x,@(-)). Here we let our nonlocal operator / have three components and assume (A2)—(A3)
hold. This is because we want to let I include the left-hand side of the nonlocal Bellman—Isaacs equation
in (1-2) and, moreover, we want to describe the two properties

- ab[x’ ¢+ C] + bab(x) ’ V((p +C)(x) =— ab[xv (,0] + bap(x) - V(P(x)’

Cap(X)r <cgp(x)s ifr<s

in abstract forms.
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Remark 2.3. The left-hand side of the nonlocal Bellman—Isaacs equation in (1-2) satisfies (AO0)—(A4) if
(1-4) holds and its coefficients K,p, b,p, cap and f,p are uniformly continuous with respect to x in €2,
uniformly in a € A, b € B. See [Guillen and Schwab 2016] for when the nonlocal operator / has a
min-max structure.

Throughout the paper, we always assume the nonlocal operator [ satisfies (A0)—(A4).

Definition 2.4. A bounded function u € USC(R") is a viscosity subsolution of / = 0 in €2 if whenever
u — ¢ has a maximum over R” at x € Q for ¢ € Cbz([R{”), then

](X,M(X),(p(')) <0.

A bounded function u € LSC(R") is a viscosity supersolution of / = 0 in €2 if whenever u — ¢ has a
minimum over R at x € Q for ¢ € C bz([R”), then

I(x,u(x),¢(+)) 0.

A bounded function u is a viscosity solution of / = 0 in 2 if it is both a viscosity subsolution and
viscosity supersolution of / =0 in 2.

Remark 2.5. In Definition 2.4, all the maximums and minimums can be replaced by strict ones.

Definition 2.6. A bounded function u is a viscosity subsolution of (1-1) if u is a viscosity subsolution of
I =0in Q2 and u < g in Q€. A bounded function u is a viscosity supersolution of (1-1) if u is a viscosity
supersolution of / =0 1in  and u > g in Q€. A bounded function u is a viscosity solution of (1-1) if u
is a viscosity subsolution and supersolution of (1-1).

We will use the following notations: if u is a function on €2, then, for any x € €2,
u*(x) = lim sup{u(y):y € Q and |y — x| <r},
r—0
Ux(x) = lim inf{u(y) yeQand |y—x| < r}.
r—0
One calls u™* the upper-semicontinuous envelope of u and u4 the lower semicontinuous envelope of u.

We then give a definition of discontinuous viscosity solutions of (1-1).

Definition 2.7. A bounded function u is a discontinuous viscosity subsolution of (1-1) if u* is a viscosity
subsolution of (1-1). A bounded function u is a discontinuous viscosity supersolution of (1-1) if u4 is a
viscosity supersolution of (1-1). A function u is a discontinuous viscosity solution of (1-1) if it is both a
discontinuous viscosity subsolution and a discontinuous viscosity supersolution of (1-1).

Remark 2.8. If u is a discontinuous viscosity solution of (1-1) and u is continuous in R”, then u is a
viscosity solution of (1-1).

3. Perron’s method

In this section, we obtain the existence of a discontinuous viscosity solution of (1-1) by Perron’s method.
We remind you that [ satisfies (AO0)—(A4).
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Lemma 3.1. Let F be a family of viscosity subsolutions of 1 =0 in Q. Let w(x) = sup{u(x):u € F} in
R"and assume that w* (x) < oo for all x € R". Then w is a discontinuous viscosity subsolution of I =0
in Q.

Proof. Suppose that ¢ is a C bz([R{”) function such that w* — ¢ has a strict maximum (equal to 0) at
xo € Q over R". We can construct a uniformly bounded sequence of C?(R") functions {@; }m such
that ¢, = ¢ in B1(x9), ¢ < ¢ in R?, SqueBg(xo){W*(x) —om(x)} < —% and ¢, — @ pointwise.
Thus, for any positive integer m, we know w* — ¢, has a strict maximum (equal to 0) at x¢ over R”.
Therefore, supxeBlc(xO){w*(x) — om(x)} = €, < 0. By the definition of w*, we have, for any u € F,
SUD,.e B (xo) (U (X) —@m (X)} < €m < 0. Again, by the definition of w*, we have, for any €5, < € <0, there
exist u¢ € F and X € By(xg) such that uc(x¢) — ¢(x¢) > €. Since ue € USC(R") and ¢y, € Cbz(IR”),
there exists xe € B1(xg) such that ue(xe) — @m(Xe) = supepn{te(x) —@(x)} > Ue(Xe) — Pm(Xe) > €.
Since w* — ¢y, attains a strict maximum (equal to 0) at xo over R” and u < w* for any u € F, we have
Ue(xe) = w*(xg) and x¢ — xg as € — 0. Since u, is a viscosity subsolution of / = 0 in 2, we have

I(xe,ue(xe), om(+)) < 0. (3-1

Since x¢ — xg, Ue(xe) = w*(xg) as € — 07, @y, = @ in B1(xg), @m — @ pointwise, {@m }m is uniformly
bounded, ¢ € Cbz([R”), (A0) and (A1) hold, we have, letting ¢ — 0~ and m — +o0 in (3-1),

I(xo, w*(x0), ¢(+)) <0.
Therefore, w is a discontinuous viscosity subsolution of I = 0. O
Theorem 3.2. Let u, u be bounded continuous functions and be respectively a viscosity subsolution and
a viscosity supersolution of I = 0 in Q. Assume moreover that u = u = g in Q° for some bounded
continuous function g and u < u in R™. Then
w(x) = sup u(x),
UEF
where
F = {u € COR™) :u <u <ii in R" and u is a viscosity subsolution of I =0 in Q}

is a discontinuous viscosity solution of (1-1).

Proof. Since u € F, we know F # &. Thus, w is well defined, u <w < # in R” and w = 4 = u in Q€. By
Lemma 3.1, w is a discontinuous viscosity subsolution of G = 0 in 2. We claim that w is a discontinuous
viscosity supersolution of G = 0 in 2. If not, there exist a point x¢ € 2 and a function ¢ € C bz (R™) such
that w4« — ¢ has a strict minimum (equal to 0) at the point x¢ over R” and

I(.X(), w*(X()), 90()) < —€o,

where € is a positive constant. Thus, we can find sufficiently small constants €; > 0 and §p > 0 such that
Bs,(x0) C €2 and there exists a Cb2 (R™) function @, satisfying that g, = ¢ in Bg,(xo), ¢e; < ¢ in R”,

infreps, (eo){Ws(¥) = @ (1)} = €1 > 0 and

I(x0, @e; (x0), ¢e, (+)) < _%60- (3-2)
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Thus, by (A0), there exists 61 < do such that, for any x € Bg, (xo),

I(x, e, (x), 0, () < —eo. (3-3)

By the definition of w, we have @¢, < wy < u in R™. If ¢¢, (xo) = wx(x9) = u(x0), then # — ¢, has a
strict minimum at the point xo over R”. Since # is a viscosity supersolution of / = 0 in 2, we have

I(X(), Peq (XO)’ (pél()) > 0»

which contradicts (3-2). Thus, we have ¢¢, (xo) < #(xp). Since # and ¢¢, are continuous functions in R”,
we have ¢¢, (x) < u(x) — €3 in Bg,(xo) for some 0 < §> < §; and €3 > 0. We define

Ar= sup {pe(x)—ws(x)}.

X€Bf (x0)
Since ianEB§50 (o)W (X) — e, (x)} > €1 > 0, wx — e, has a strict m_inimum (equal to 0) at the point xg
and —w4 € USC(R"), we have A, < 0 for each r > 0. For any y € Q \ B, (x¢), there exists a function
vy € F such that vy (y) — ¢, () = —3 A,. Since vy, and ¢, are continuous in R”, there exists a positive
constant ¢, such that infxeB,;y )y (X) — e, (x)} > —%Ar. Since Q \ B,(xo) is a compact set in R”,

there exists a finite set {y; }?;1 C Q\ B, (xg) such that Q\ B,(x¢) C U;’;l B(gyi (yi)- Thus, we define

vr(x) = sup {vy;(x)}, xeR"™
1<i<n,

By Lemma 3.1 and the definition of v,, we have v, € F and infxeﬁ\Br(xO){vr (X) — e, (x)} > —%Ar.
1

5 and —ay Ay < €. Thus, we define

Let o be a constant such that 0 < oy <

U(x) = max{ge, (x) —aA,, v (x)}, x € Br(xo),
vy (x), x € B (xo),
where 0 < r < 85 and 0 < & < o, By the definition of U, we obtain U € C*(R"), u <U <1 in R", and
there exists a sequence {x,}, C By(xo) such that x, — xg as n — +o00 and U(x,) > w(xy).
We claim that U is a viscosity subsolution of / = 0 in 2. For any y € €2, suppose that there is a
function ¥ € Cb2 (R™) such that U — ¢ has a maximum (equal to 0) at y over R”. We then divide the

proof into two cases.

Case 1: U(y) = vr(y). Since v, < U < ¢ in R”, we know v, — ¥ has a maximum (equal to 0) at y
over R". We recall that v, is a viscosity subsolution of / = 0 in 2. Therefore, we have

1(y.U(y). ¥ (-)) =0.

Case 2: U(y) = @e, (y) —aA,. We first notice that y € B, (xg). Since ¢¢, —aA, < U <y in B,(xp),
then e, —aA, — ¥ < 0in B,(x¢). By the definition of U, we have > U = v, in Bf(xo). Thus,
e, —QAr =V < @, —aAp — vy < %Ar —aA, <0in Bf(xg). Therefore, we have ¢, — A, — 1 has
a maximum (equal to 0) at y € B, (xo) C Bs, (xo) over R". Since (3-3), (A0), (A3)-(A4) hold, we can
choose « independent of Y and sufficiently small that

I, v (), () =1y, ¢, () —alr, @, (+)) 0.
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Based on the two cases, we have that U is a viscosity subsolution of / = 0 in 2. Therefore, U € F,
which contradicts with the definition of w. Thus, w is a discontinuous viscosity supersolution of I =0
in Q. Therefore, w is a discontinuous viscosity solution of / = 0 in Q. Since w = g in ¢, we know w
is a discontinuous viscosity solution of (1-1). O

Remark 3.3. Under the assumptions of Theorem 3.2, if the comparison principle holds for (1-1), the
discontinuous viscosity solution w is the unique viscosity solution of (1-1). For example, if I is a
translation-invariant nonlocal operator, (1-1) admits a unique viscosity solution.

Before applying Theorem 3.2 to (1-2), we now give the precise assumptions on its equation. For
any 0 <A < A and 0 < 0 < 2, we consider the family of kernels K : R” — R satisfying the following
assumptions:

(HO) K(z) >0 for any z € R".
(H1) For any § > 0,
/ K(z)dz <(2—0)A5°.
Bas\Bs

(H2) For any § > 0,

/ zK(z)dz| < A|1 —o|817°.
B2s\Bs
We define our nonlocal operator
Iuplx,u]:= S;u(x)Kyp(x,z)dz, (3-4)
Rn
where
u(x +z)—u(x) ifo<l,
S:u(x):=qu(x+z)—u(x)—1p,(z)Vu(x)-z ifo=1,
u(x +z)—ulx)—Vu(x)-z ifo>1.
We consider the following nonlocal Bellman-Isaacs equation
sup bing{—lab[x, u] + bap(x) - Vu(x) + cap(x)u(x) + fop(x)} =0 in Q. (3-5)
acAbE

Corollary 3.4. Assume that 0 <o <2, by, =0in Q if 0 <1 and cyp > 0in Q. Let u, u be bounded

continuous functions and be respectively a viscosity subsolution and a viscosity supersolution of (3-5),

where {Kap (. 2)}a.b.z> {babta,bs {Cabta,p and { fap}a,p are sets of uniformly continuous functions in 2,

uniformly ina € A, b € B, and {K,p(x,-) : x € Q, a € A, b € B} are kernels satisfying (HO)—(H2).

Assume moreover that i = u = g in Q€ for some bounded continuous function g and u < u in R". Then
w(x) = sup u(x),

UEF
where

F={ue COR™) :u <u <t inR" and u is a viscosity subsolution of (3-5)},

is a discontinuous viscosity solution of (1-2).
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Proof. We define
G () 1= sup inf = Lap ol + bap (¥)- V) - cap()r + fap (0}
ae

It follows from (H1) and (H2) that I, satisfies (1-4); see Lemma 2.3 in [Schwab and Silvestre 2016].
Then, by (1-4) and uniform continuity of the coefficients, (AO) and (A1) hold. Since c,p > 0 in €2, (A2)
holds. By (HO) and the structure of 1,3, (A3) and (A4) hold. O

4. Holder estimates

In this section we give Holder estimates of the discontinuous viscosity solution constructed by Perron’s
method in the previous section. To obtain Holder estimates, we will assume that the nonlocal operator 1
is uniformly elliptic.

We define £ := L(0, A, A) to be the class of all the nonlocal operators of form

Lu(x):= / S;u(x)K(z)dz,
Rn
where K is a kernel satisfying the assumptions (HO)—(H2) given above and the following assumption:

(H3) There exist positive constants A and p such that, for any § > 0, there is a set Ag satisfying

(i) As C Bys \ Bs;
(i) Ag =—As;
(iii) |Ag| > p|Bas \ Bsl;
(iv) K(z) > (2—0)A8 "9 for any z € Ag.

We note that we will also write K € L if the corresponding nonlocal operator L € £. We then define
the extremal operators

MZ'u(x) :=sup Lu(x), M u(x):= inf Lu(x).
Lec Lec

We denote by m : [0, +00) — [0, +00) a modulus of continuity. We say that the nonlocal operator / is
uniformly elliptic if for every r,s €R, x €Q, § >0, ¢, € C?(Bs(x)) N L®(R"),

My (o =¥)(x) = Col V(¥ —@) ()| —m([r —s[) = I(x,r, ¥ () = I(x,5,9(-))
<M (9 —9)(x) + Col V(¥ —@)(x)| +m(r —s|).
where Cy is a nonnegative constant such that Co =0if o < 1.

Remark 4.1. The definition of uniform ellipticity is different from that in [Schwab and Silvestre 2016]
since the nonlocal operator I contains the second component r.

Lemma 4.2. If the nonlocal operator I is uniformly elliptic and satisfies (A0), (A2), then I satisfies
(AO0)—(A4).
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Proof. Suppose that § > 0, x; — x in Q, ¢ — ¢ ae. in R, ¢ — ¢ in C?(Bs(x)) and {gg x is
uniformly bounded in R”. Since 7 is uniformly elliptic, we have, for any r € R,

M (¢ — o) (xk) — Co| Vg — ) ()| < I(xg, r9x (-)) — L (xp. 1, 0(-))

< M7 (¢ — ) (xx) + Col V(g — @) (xp0). (4-1)
Since K € L, we know, by Lemma 2.3 in [Schwab and Silvestre 2016], that K satisfies (1-4). Letting
k — +o00 in (4-1), we have, by (A0),

lim I(xg,ro@p(-)) = 1(x,r,0(+)).
k——+o00
Therefore, (A1) holds. For any constant C, we have
0=M;(=C)—Co|VC| < I(x.r.¢(-) +C) = I(x.r.¢(-)) < M} (=C) + Co|VC| = 0.

Thus, (A3) holds. If ¢ touches a C%(Bg(x)) N L>°(R") function ¥ from above at x, then

I(x.r.g) = 1(x.r.y) < M (¥ —9)(x) 0.
Therefore, (A4) holds. O
The following lemma is an elliptic version of Theorem 6.1 in [Schwab and Silvestre 2016].

Lemma 4.3. Assume 0 <09 <0 <2, Co, C1 >0, and further assume Co =0 if 0 < 1. Let u be a viscosity
supersolution of
ML_M —C0|Vu| = C1 in Bz

and u > 0 in R™ Then there exist constants C and €3 such that

1
(/ U dx) < C(infu+ Cy),
B B,
where €3 and C depend on og, A, A, Co, n and L.
The following lemma is a direct corollary of Lemma 4.3.

Corollary 4.4. Assume 0 <09 <0 <2, 0<r <1, Cpy,Cy >0, and further assume Co =0 if 0 < 1. Let
u be a viscosity supersolution of

My u—Co|Vu|=Cy in By,
and u > 0 in R™. Then there exist constants C and €3 such that
([{u > 13N Br|) < Cr"(u(0) + C1r°)St™  foranyt >0, (4-2)
where €3 and C depend on og, A, A, Co, n and L.
Proof. Now let v(x) = u(rx). By Lemma 2.2 in [Schwab and Silvestre 2016], we have

M;v—Cor° '|Vu| < C1r® in By. (4-3)
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Now we apply Lemma 4.3 to (4-3). Thus, for any # > 0, we have

1

tlto> 110 By < (/B pe3 a’x)g = Clipfv+C1ir) = CR(O) +C1r).
Then 1
r{fu>t}N B < [{v>1}N B < C(w(0) + C1r?)S 1™ = C(u(0) + C1r%)S 1™,
Therefore, (4-2) holds. O
Then we follow the idea in [Caffarelli and Silvestre 2009] to obtain a Holder estimate.

Theorem 4.5. Assume 0 <09 <o <2, Co >0, and further assume Co =0 if 0 < 1. For any € > 0,
let F be a class of bounded continuous functions u in R" such that —% <u< % in R", u is a viscosity
subsolution of MZ_” +Co|Vu| = —%6 in B1 and w = sup,,c r u is a discontinuous viscosity supersolution
of My w—ColVuw| = %e in B1. Then there exist constants €4, o and C such that, if € < g4,

—Clx|* <ww(x) —w*(0) <w*(x) —w«(0) < C|x|*
where €4, o and C depend on og, A, A, Co, n and L.

Proof. We claim that there exist an increasing sequence {my }; and a decreasing sequence { M} }; such
that My —my = 8%k and my, < inst—k Wx <SUPp__, w* < M. We will prove this claim by induction.

1
2

the sequences up to my and My. In Bg—«x—1, we have either

For k = 0, we choose mg = —% and My = % since —5 <u < % for any u € F. Assume that we have
[{ws > My +mg} N Bg—k—1| > 3| Bg—k—1] (4-4)
or
[{ws < My +mi} N Bg—s—1| > 3[Bg—s—1]. (4-5)

Case 1: (4-4) holds. We define
Wy (875 x) — my
2 (My. —my,)

v(x) =
Thus, v > 0 in By and
[v= 13N By | = 3]By].

1

Since w is a discontinuous viscosity supersolution of M, w — Co|Vw| = 7€ in By, we know v is a

viscosity supersolution of
M7 v—Co81=9)|Vy| = 8k@=9¢ in By
We notice that Cyp =0 if 0 < 1 and choose @ < 0. Thus, for any 0 <o <2, v is a viscosity supersolution of

M v—Co|Vv|=€ in Bgk.
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By the inductive assumption, we have, for any k > j >0,

v > Mp—j — M - mi_; — My_; + My —my

> > =2(1—8%) in By, . (4-6)
3 (My —my) 2 (My —my) s

Moreover, we have
v>2-8%[-1 — (1 -87)] =2(1-8") in BS. 47
By (4-6) and (4-7), we have
v(x) > —2(|8x|*—1) forany x € Bf.

We define
vT(x) := max{v(x),0} and v (x):=—min{v(x),0}.

Since v > 0 in By, we have v~ (x) = 0 and Vv~ (x) = 0 for any x € B;. By (H1), we can choose «
independent of o and sufficiently small that, for any x € B 3 and 0p <0 <2,

M2v+(x) <M v(x)+ MZLv_(x)

<M v(x)+ sup 8,0 (x)K(2)dz
Ker Jrn

<M v(x)+ sup[ v (x+2)K(z)dz

Kec /B N{v(x+2)<0}
1

< M v(x)+ sup [ max{2(|8(x +z)|* — 1), 0} K(z) dz
KecL JBg

+o00 21 —0
<M7v(x)+22-0)A ) (Z) U+He _1)
=0
24(0[—0‘0) 2—400

5MZv(x)+213(2_GO)A(1 —e—o T ] _2_00) <M v(x)+e.

Therefore, we have
M;v" —Co|VvT[<2¢ in Bj.

Given any point x € By g, we can apply Corollary 4.4 in Bj/4(x) to obtain
Cwt(x)+20) = (vt >1}n B%(x)‘ > [{vF > 13N B%\ > %|B%\.
Thus, we can choose €4 sufficiently small that vt >e4in B g if € < €4. Therefore,

wx(8%x)—m
T( ) k >¢€4 in B1.
5 (Mg —my) 8

v(x) =
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If we set myq1 =my + %64(Mk —my) and My 1 = My, we must have

mpy1 < inf we < sup w* < Mpyq.
Byt By

Case 2: (4-5) holds. For any u € F, we obtain that u € C°(R") is a viscosity subsolution of M ZF U+
Co|Vu| = —%e in By and u < ws in R™ Thus, we have

[{u < 2 (Mg + my)} 0 Bg—x—1| = 4| Bg—x—1].

We define
My —u(8%x)
Uy (x) = DTV
5 (M —my)
Thus, v, > 0 in By and

[ = 13N By [ = 3|B, .

Since u is a viscosity subsolution of M ZF u+Co|Vu| = —%e in By, then vy, is a viscosity supersolution of

M vy, —Co|Vvy| =€ in Bgk.
Similar to Case 1, we have, if € < ¢4,

My —u(8%x) -

() = (Mg —my) ~

€4 in BL,
8
which implies
u(8*x) < My — Lea(My —my) in By.
By the definition of w, we have
w*(8*x) < My — sea(My —my) in B%.
If we set my 1 = my and My = My — %64(Mk —my,), we must have

mrpy1 < inf we < sup w* < Mpyq.
Bg—k—l Bg*kfl

Therefore, in both of the cases, we have My —mp4q = (1 — %64)8_"”‘. We then choose o and €4
sufficiently small that (1 — Les) = 87% Thus we have My —mj4q = 8~¢*+D, O

Theorem 4.6. Assume that 0 < o9 <o <2 and I(x,0,0) is bounded in Q. Assume that I is uniformly
elliptic and satisfies (AQ), (A2). Let w be the bounded discontinuous viscosity solution of (1-1) constructed
in Theorem 3.2. Then, for any sufficiently small § > 0, there exists a constant C such that w € C*(2) and

”w”ca(ﬁs) = C(CZ +m(C2)+ || 1(-,0, 0)||L°°(Q)),

where a is given in Theorem 4.5, Co := max{|[u || cown). ||| oo mn)} and C depends on oy, 8, A, A, Co,
n, i
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Proof. It is obvious that |[u||zcogn) < C3 if u € F. Since I is uniformly elliptic, we have
1(x,0,0) — I(x,u(x),u(+)) < MFu(x) + Co|Vu(x)| + m(C2) in Q.

Since u is a viscosity subsolution of / = 0 in €2, we have

—m(C2) —||1(+,0,0)|| o) < MFu+ Co|Vu| in Q.
Similarly, we have

M, wy —Co|Vws| <m(Cz) + [[1(+,0,0)[Loo(g) in L.
By normalization, the result follows from Theorem 4.5. O

By applying Theorem 4.6 to Bellman—Isaacs equation, we have the following corollary.

Corollary 4.7. Assume that 0 <09 <0 <2, byp =0in Qif 0 < 1 and cgp > 0 in Q. Assume that
{Kab (- 2)}ab,z> tbabtabs {Cabta,b> 1 fabta,b are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, b € B, and { K p(x,-) : x € Q, a € A, b € B} are kernels satisfying (HO)—(H3).
Let w be the bounded discontinuous viscosity solution of (1-2) constructed in Corollary 3.4. Then, for
any sufficiently small § > 0, there exists a constant C such that w € C *(Q) and

lwliceg;) = C(C2+ sup |l fabllLoe(e))-
acA,beB

where o and Cy are given in Theorem 4.6 and C depends on 0y, §, A, A, suPge s .bes 1PabllLoo (@)
SUPgeabes ICab L= (@), 7, K-

Remark 4.8. In this section we assume our nonlocal equations satisfy the weak uniform ellipticity
introduced in [Schwab and Silvestre 2016] mainly because, to our knowledge, this is the weakest
assumption to get the weak Harnack inequality. In fact, our approach to get Holder continuity of the
discontinuous viscosity solution constructed by Perron’s method could be applied to more general nonlocal
equations as long as the weak Harnack inequality holds for such an equation.

5. Continuous sub/supersolutions

In this section we construct continuous sub/supersolutions in both uniformly elliptic and degenerate cases.

5A. Uniformly elliptic case. In the uniformly elliptic case, we follow the idea in [Ros-Oton and Serra
2016] to establish barrier functions. We define vy (x) = ((x1 — 1)*)%, where 0 < @ < 1 and x =

(X1, X2,...,Xn).

Lemma 5.1. Assume that 0 < o < 2. Then there exists a sufficiently small @ > 0 such that
MFva((1+71)er) < —esr®™©

forany r > 0, where ey = (1,0, ...,0) and €5 is some positive constant.
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Proof. Case 1: 0 <o < 1. By Lemma 2.2 in [Schwab and Silvestre 2016], we have, for any r >0 and o > 0,

M va((1+ rer) = sup / (va((1 4+ P + 2) — va((1 + Fen) K(2) d=
Ker JR?

= sup/ (((r+21)+)°‘—r°‘)K(z)dz
Ker Jrn

=r*"7 sup [ (A+z)NH)*=1)r"TK(rz)dz
KeL JR"

= sup [ (120 - DK dz
KeL JR?

§r°‘_a(sup/ (Q+z)*=1)K(z)dz — inf/ K(Z)dz)'
79>— z1<—1

KerL 1 KecL
By (H3), we have, for any K € £ and any 6 > 0, there is a set Ag satisfying Ag C B,s\ Bs, Ag = —As,
|As| > |Bas\ Bs| and K(z) > (2—0)A67"7C in Ag. It is obvious that
. |(B2s\ Bs) N {z :|z1] < 1}
| B2s \ Bs|
Thus, there exists §3 > 0 such that ug < %/,L if § > 3. Then
{z 1|21l = 1} N Ag, | _ sl — |(Bas;\ Bsy) N{z : |z1] < 1] M
|BZ83\B(33| N |B253\B(5'3| — 2

By the symmetry of As,, we have

—0 asd— +oo.

‘{2:215—1}0A53| M
7

|BZS3\B(S3| N
Therefore, we have, for any K € L,
2—0)A
/ K(z)dz > / K(z)dz > ﬂS;”_ﬂBz&\BgJ =:2¢s. (5-1)
z1<—1 {2:215—1}0A53 4

By (H1) and (H2), we have, for any K € L,

/ ((1—|—Zl)a—1)K(Z)dZ=/ + [
z1>—1 {z:zl>—1}ﬂB% {z:z1>-1}NB{
2

/ zK(z)dz —i—/ ((M4+z)*-1)K(z)dz
B {z:z1>-1}NB]

1
2

E azl—(x

1—o +o00

+00
§a21_“(1—o)AZ(2l%) +2-0)A Y @ H T ((1+2H2-1)
=0 =0

B UL NT YN (A (5-2)
(04 — . -
=S ot 1—2e=0 10
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Thus, we have

lim sup/ ((I+z)*=1)K(z)dz — inf/ K(z)dz < —2es.
a0t Ker Jzi>—1 KeL Jz1<—1

Then there exists a sufficiently small « such that
MFvg((147r)er) < —esr® 7.

Case 2: 0 = 1. Using (H2), we have, for any r > 0 and « > 0,

M[z"va((l—l—r)el) = sup/ (va((l—}—r)el+Z)—va((1+r)e1)—131(Z)Vva((l—i—r)el)-z)K(z) dz
KeL JR"?

= sup (r4+z1)H¥—r%—1p, (2)ar* 'z1)K(z)dz
|« 1 )

KerLJR
=ro1 sup/ ((A+z1)H)¥—1-1p, (z)azl)r"+1K(rz)dz
Ker JR" r
=ro! sup/ (((1+21)+)"‘—1—131 (z)az1)K(z)dz
KecJR? 2
<rol ( sup / ((14+z1)*—1-1p, (2)az1)K(z)dz— inf / K(z)dz).
KeLJzy>—1 2 KerL z1<—1
By (H1), we have, for any K € L,
/ (Q+z1)*=1-1p, (2)az1)K(z) dz
Z]>—1 2
=/ ((1+21)°‘—1—a21)K(z)dz+/ (M +z)*=1)K(z)dz
{z:z1>—-1}NB {z:z1>—1}NBg
2 2
<a(l —(x)22_“/ 1z|?K(z) dz +/ ((14+z)*—=1)K(2)dz

B {Z:Zl>—1}ﬂB(i
2 2

2—0(A+oo 1 - 1 2 A+oo I—1\—1 I\a
<a(l—a)2 ;}(ﬁ) (W) +AY THTHA+2H) -1

=0
2(1—1 2—1
< 8aA +4A - .
=seh (1—2a—1 1—2—1)

Then the rest of proof is similar to Case 1.
Case 3: 1 <o < 2. Forany r > 0 and o > 0, we have

Mg-vu((l—i—r)el) = sup/ (va((l+r)el+z)—va((1—|—r)el)—Vva((1+r)e1)~z)K(z) dz
KeLJR"?

= sup/ (((r+z)NH¥—r—ar*1z1)K(z)d:
KeL JR"?
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=r%c sup /Rn (((1+Zl)+)a_1_azl)K(Z) dz

Ker
< rd-"(sup / ((A+z)NH*—1—az1)K(z)dz— inf / (1+az1)K(z2) dz).
KerJzi>—1 KeL Jz1<—1
Using (5-1) and (H2), we have
Ao —1
inf / (1+az1)K(z)dz = inf / K(z)dz —a sup / zK(z)dz EZes—Ll_).
KeL Jz1<—1 KeL Jz1<—1 KeclJBS 1-2"7¢9

By (H1) and (H2), we have, for any K € L,

/ ((1+zl)a—l—a21)K(z)dz:[ + /
z1>—1 {z:zl>—1}ﬂB% {z:z1>-1}NB]
2

< oe(l—oz)22_°‘/ 1z|?K(z)dz+«a

B
2

/ zK(z)dz
{z:z1>—1}NBg
2

+/ (I+z)*-1)K(2)dz
{z:z1>—1}NBg
2

16a(2—0)A 2aA(c—1) 2070 279
ST e T e T )

Then we have

lim sup ((14+z)H)*—1—az1)K(z)dz— inf (1+az1)K(z)dz
z1>—1 z1<—-1

a—>0t ger Ker
20—0 2= ¢ Alo—1
)_265 aA(o—-1)

. l6a(2—o)A 2aA(o—1)
< lim
a—o0t 1-2072 1-21-0

= —265.

+16@2-0)A ( |00 |20 1210

Similar to Case 1, there exists a sufficiently small « such that
Mzrva((l +r)ey) < —esr® O, O

Lemma 5.2. Assume that 0 <o <2, Co >0 and further assume Co =0 if o < 1. Then there are « > 0 and
0 < ro < 1 sufficiently small so that the function uq(x) := ((|x|— 1) )% satisfies M[:’_ua 4+ Co|Vuy| <—1
il’l B 1+r0 \ B 1.

Proof. We notice that u,, and | V| are rotation invariant. By Lemma 2.2 in [Schwab and Silvestre 2016], M 2’
is also rotation invariant. Then we only need to prove that MZLua((l +r)er)+ Co|Vug((14+r)ey)| <—1
for any r € (0, rg], where rg and « are sufficiently small positive constants. Note that, for all » > 0,
ug((1+r)er) =vo((1+r)er), Vua((1+r)er) = Vug((1+r)er) and

}(|(l +r)e; +Z|—l)+—(l’+21)+‘ <C|Z|* foranyz e By,
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where z = (z1, z’). Therefore, we have

Cre 1212, ze By,
0< (ug—ve)((1+r)ey +2) <1 C|Z']**, z € B\ Bz,
Clz|%, z € R"\ By.

Using (H1), we have, forany 0 <o <2 and L € L,
0 < L(uq —va)((1 +1)er)

— [ =0 (1 +1)er + 20K () d2
Rn

EC(/ r* 212K (z) dZ+/ |Z/|2aK(Z)dZ+/ |Z|aK(Z)dZ)
Br B{\Br R\B|
3 2
< c( / r 1z 12K (z) dz + / 2K (2) dz) < CAQo o 4 r2079),
Br B}
2 2

Thus, we have M’Zr (Ug — Vo) (1 4+7r)er) < CA(r®°+1 4 12979 Therefore, by Lemma 5.1, there exists
a sufficiently small & > 0 such that

M ua((14r)er) + Col| Vua ((1+r)er)|
< M (ug —va)((141r)e1) + M vg((14r)er) + Co|Vug (14 r)er)]
< CA@G@OF! 4 p2070) _ (@0 4 o Cor@1,
We notice thato —o0 +1>a—0, 2a —0 > o —o and
(1) if 0 <o < 1, then Cy = 0;
(i1) if o =1, then «Cy — 0 as o — O;
(i) ifl <o <2,thena—1>a—o0.
Thus, there exist sufficiently small 0 < rg < 1 such that we have, for any r € (0, rg],
M ug((14r)er) + Co| Vua (1 +r)er)| < —1. (5-3)
This completes the proof. O

In the rest of this section, we assume that €2 satisfies the uniform exterior ball condition, i.e., there is a
constant rg > 0 such that, for any x € 9Q2 and 0 <r <rq, there exists y € Q¢ satisfying B, 6%9) NQ ={x}.
Without loss of generality, we can assume that rg < 1. Since 2 is a bounded domain, there exists a
sufficiently large constant Ry > 0 such that Q C {y : |y1] < Ro}.

Remark 5.3. At this stage, we are not sure about whether the exterior ball condition is necessary for
the construction of sub/supersolutions. In future work, we plan to construct sub/supersolutions under a
weaker assumption on €2, such as the cone condition.
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Lemma 5.4. Assume that 0 <o <2, Co > 0 and further assume Co = 0 if 0 < 1. There exists an €7 > 0
such that, for any x € Q2 and 0 < r < rq, there is a continuous function ¢x r satisfying

oxr =0 in Er(y;),
ox,r >0 in Eﬁ(y;),
oxr>1 in BS, (y%),

Mg_(px,r+C0|v¢x,r| < —€7y in 2.
Proof. We define a uniformly continuous function ¢ in R” such that 1 < ¢ <2 and
p(y)=1 iny1>Ro+1,  ¢(y)=2 iny; = Ro.

We pick some sufficiently large C3 > 2/r{ and we define

x,r(y) = min{@(y)» C3ua(y _ry;)} )

where o and ro are defined in Lemma 5.2. It is easy to verify that ¢, = 0 in B, V%), ¢x,r > 0in
BS(yT), and ¢y » > 1in BS,(y%). By Lemma 5.2, we have Mg'ua + Co|Vug| < —1in Bi4p\B1. It

is obvious that, for any y € B (140)r (%) \ Br(»%), we have

. — r . — r
(Mg'ua( rJ’x )) (y) + Cor'™° (Vua( rJ’x ))(y) <—r7% forany0<r <rq.

Since Cop =0if0 <o <1,and 0 <r < 1, we have

(M[:"ua(' _ry;))(y) + Co (Vua(' _ry;))(y)‘ <—1 forany0<r <rq.

For any y € §(1+(2/C3)1/a),(y;)\l§r (y%), we have ¢x () = C3uq((y — y%)/r). Suppose that there
exists a test function ¥ € Cbz([RR") that touches ¢y , from below at y. Thus, ¥/C3 touches uq ((- —y%)/7)
from below at y. Hence, Mg—lﬂ(y) + Co|V¥(y)| < —C3. Forany y e Q N B
have ¢x () = ¢(y) = maxpr ¢x, = 2. Therefore, for any 0 < o < 2, we have

€1+(2/C3)1/a),(y;), we

(MF¢x.r)(9) + ColVex,r(y)| = sup / (x,r(y +2) —0xr (¥)K(z) dz
KeL JR"

—sup [ (42 - DK () dz
KeL JR?

<- inf[ K(z)d:z
KeL Jiz|zy>—y1+Ro+1}

< — inf / K(z)dz.
Kel J{z|z;>2Rp+1}
By a similar estimate to (5-1), there exists a positive constant €¢ such that, for any K € £, we have

/ K(z)dz > €.
{z|z1>2Ro+1}
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Then, for any y € 2N Ef1+(2/c3)1/a)r(y)r€)’ we have

M7 oxr(¥) + ColVor - (y)] < —¢s. (5-4)
Based on the above estimates, if we set €7 = min{Cs, €5}, we have
Mg_(px,r+C0|V§0x,r|§_€7 in Q. O

Theorem 5.5. Assume that 0 <o <2, I(x,0,0) is bounded in Q2 and g is a bounded continuous function
in R"™. Assume that I is uniformly elliptic and satisfies (AO), (A2). Then (1-1) admits a continuous
viscosity supersolution u and a continuous viscosity subsolution u and u = u = g in QF.

Proof. We only prove (1-1) admits a viscosity supersolution # and # = g in Q€. For a viscosity subsolution,
the construction is similar. Since I is uniformly elliptic, we have, for any x € €2,

—m(||lgllLeo@n)) < 1(x, =g llLoown),0) = 1(x,0,0) < m(||g|lLoown))-

Thus, we have [|I(-,—||g|lLeomn). 0)l|Loo(@) < +o0o. Since g is a continuous function, let pg be a
modulus of continuity of g in Bg. Let Ry be a sufficiently large constant such that 2 C Bg, 1. For any
x € 092, we let

H I( o _”g”LOO([R”)v 0) ”Loo(g)

Ux,r = PR, (3r) + g(x) + max 2||g||L°°([R”)v s $x,r

where ¢y » and €7 are given in Lemma 5.4. It is obvious that ux ,(x) = pr, (3r) + g(x), ux, > ginR"

and
Mty + ColViter| < =10, ~lglloo@n), 0| ooy in 2

Now we define u = inf,cyQ 0<r<rg 1Ux,r - Therefore, 1 = g in €2 and % > g in R”. For any x € 02
and y € R", we have
g(y)—g(x) =u(y)—ux) =u(y) —g(x)
”I( i) _”g”LOO(R")’ O) HLOO(Q)

< pr, (3r) + max{ 2| gl oo wn)

§ @x,r (¥)

€7

for any 0 < r < rg. Therefore, u is continuous on d2. For any y € 2, we define d, = dist(y, d2) > 0.
Ifr< %dy, then we have, for any z € By, /2(),

11C-. =gl zoo®n). 0) HLOO(Q)

ux,r(z) =pr,3r)+ g(x) +2max§2||g||Loo(Rn), } , forany x € 0Q2.

€7

Thus, we have, for any z € By, /2(y),

inf {ux,r (2) —ux r (), 0} <u(z) —u(y) < sup  {ux,r(2) —ux,r (). 05
X€IQ, 5 <r<rg xEBQ,dTy<r<rQ
Since {ux,r}xedQ,d,/2<r<rq has a uniform modulus of continuity, # is continuous in 2. Therefore, u is
a bounded continuous function in Q. By Lemma 3.1, in  we have

MFii+ Co|Vil| < —|1(-.—llgllLoc@n). 0)ll oo (2)-
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Now we define
_ u in €2,
U= i
g in Q°.
By the properties of %, we have u is a bounded continuous function in R”, # = g in Q€ and
MZ i+ Co| Vil < | 1(-. gz @n) 0) | oo
in . Using (A2) and uniform ellipticity, we have, for any x € €2,

I(x, =llgllLee@ny. 0) = 1 (x, u(x), u(-)) < I(x,u(x),0) — I'(x,u(x), u(-))
< MZa(x) + ColVa(x)| < —[ 1(-. ~lIgllzoo@n. 0| ;o (ery-
Thus, 7(x,u(x),u(-)) > 0in Q. O
Now we have enough ingredients to conclude:

Theorem 5.6. Let 2 be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<o <2, I(x,0,0) is bounded in 2 and g is a bounded continuous function. Assume that I is uniformly
elliptic and satisfies (A0), (A2). Then (1-1) admits a viscosity solution u.

Proof. The result follows from Theorems 3.2, 4.6 and 5.5. O

Corollary 5.7. Let Q2 be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<0<2, byp=0inQif o <landcyp>0in Q. Assume that g is a bounded continuous function in R”,
1Kab(-.2)}ab,z> 1babtabs {Cabtab> 1 fabla,p are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, be B, and {K,p(x,-): x € Q, a € A, b € B} are kernels satisfying (HO)—(H3).
Then (1-2) admits a viscosity solution u.

5B. Degenerate case. In the degenerate case, it is natural to construct a sub/supersolution only for (1-2)
when c,p > y for some y > 0. Recall that 2 is a bounded domain satisfying the uniform exterior ball
condition with a uniform radius rgq and, for any x € 02 and 0 < r < rq, we have y? is a point satisfying
B (y%)NS = {x}. From now on, we will hide the dependence on x for all variables and functions to make
the notation simpler. For example, we will let y” := y7. For any x € 902, y € Q and 0 <r <rg, we let

T T oIy, +\a
. X—y ’ n; — y—Jy . and vl(y):= ((M — 1) )
ly=y"| r

(see Figure 1).
Instead of letting {K,p(x, ) : x € 2, a € A, b € B} satisfy (H3), we let the set of kernels satisfy the
following weaker assumption:

(H3) There exist C4 >0, 0 <r; <rg, A >0 and u > 0 such that, for any x € 3, 0 <r < r; and
Yy €Q2N Byr(y7), there is a set A}, satisfying
(1) Ay CHz i zyy < =15yt N (Beyrsy \ Brsy), where zy,r i=z-nj and s, := [y — y"|/r = 1;
(1) |A§;| =z M|Brs§|§
(iil) K(y,z) = (2—0)A(rsy)™" 77 for any z € A7,.
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Figure 1. The exterior ball centered at y’.

Lemma 5.8. Suppose that {Kap(x,-):a € A, b € B, x € {y € Q :dist(y, 0Q) < r}} satisfies (H3) for
some r1 € (0,rg). Then (H3) holds for the set of kernels.

Proof. Forany x €922, O0<r <rj and y € QN By,(y"), we define

|(Beyrsy \Beyrsy) Nz 2 |zar] < sy}

2
¢ |BC4rs3'} \BC4rer, |
2

We notice that the right-hand side of (5-5) depends only on Cj. It is obvious that

lim c, =0.
C4—>+C>OHv 4

By (H3), there exists a set A satisfying

AC BC4rs§\BC4?rS§’ A=-4, [Al= M\Bc4rs§\3c47£s; ,
and, for any z € A4,

K(y,z)>(2- (7)/\(%(74rs}r,)_n_(7 =Q2- (7))&(%C4)_n_(7 (rsy) ™7 = (2~ a)i(rs;)_”_”.
There exists a sufficiently large constant C4(> 2) such that pc, < % w. Then

—_ r r . r r
[z |znr | > rshi N A| . 4] |(BC4rSy\BC42”y)ﬂ{Z gl < 783} K
- ‘BC4I‘S;\BC4I‘SJ’; - 2
2

|BC47‘S§ \B C4rs§
2

Let A} := AN{z:z,; <—rsy}. By the symmetry of 4, we have

|A3r;| = %M‘BCusJ’,\BCus}, z %#'Brs§| = /_LlBrs§|-
2

Therefore, (I—TE») holds for the set of kernels with Cy4, 71, A and . O
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Lemma 5.9. Assume that 0 < 0 < 2 and {K,p(x,-) : x € Q,a € A, b € B} are kernels satisfying
(HO)—(H2), (H3). Then there exists a sufficiently small o > 0 such that, for any x € 902, 0 <r <ry and
se{le0,1):y"+(+1rneQ}, wehave I,p[y" + (1 +s)rn,v)] < —egr=%s*"7, where €g is some
positive constant.

Proof. We only prove the result for the case 0 < o < 1. For the rest of cases, the proofs are similar to
those in Lemma 5.1. For any x €92, O<r<ryands e€{l €(0,1):y" + (1 +1)rn € Q}, we have

Lap[y" +(1+s5)rn,vg] = / (v (V" +(1+8)rn+2)—vg (y" +(1+8)rn)) Kap (v +(1+s5)rn.z)dz
Rn
E +\o
:/ |:((s+7n) ) —s°‘:|Kab(y’+(1+s)rn,z)dz
Rn
=r_gs°‘_"/ [(A+Z2) D) *=1](rs)" T Kp (V" +(1+5)rn,rsz)dz
Rn
:r_"s“_"{/ [(14+2)%=1](rs)" T Kap (y" +(1+5)rn,rsz)dz
Zn>—1

—/ (r$)" T Ko, (" +(148)rn,rsz)dzy
Zp<-1

where Z, := z-n. Using (I—T3), we have

/ (r)" P Ky 0" + (1 +s)rn,rsz)dz = (rs)° / Kiap(y" + (1 +s)rn,z)dz
Zn<—1

Z Zn<—rs
> (rs)U[ Koy (" + (1 +s)rn,z)dz
A;’+(l+s)rn

> (2—=0)Au(rs) " | Brs| 1= 2eg.
We notice that the kernel (rs)" 7% K 5 (y" + (1 + s)rn, rs -) still satisfies (H1) and (H2). By a similar
calculation to (5-2), we have

/ [+ 20)% — 11(r8)"*° Kap O + (1 + s)rn. rs2) dz < e(a).
Zn>—1

where € (o) is a positive constant satisfying that € () — 0 as @ — 0. Then there exists a sufficiently small
o such that

Lp[y" + (14 s)rn, v}] < —esr 7s*7°. O

Lemma 5.10. Assume that 0 < 0 <2, and bgp = 0in Q if 0 < 1. Assume that {byp}4.p are sets of
uniformly bounded functions in Q and {K,p(x,-):x €2, a € A, b € B} are kernels satisfying (HO)—(H2),
(H3). Then there are a > 0 and 0 < so < 1 sufficiently small so that, for any x € 32 and 0 < r < ry, the

_ +\o
o= ((2220))

function
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satisfies, for any a € Aand b € B,
Loy, ug] +bap (y) - Vug () = 1 in Q0 (B 1450 0D\ Br (V"))

Proof. Note that, for all s > 0, we have ul, (y" +(1+s)rn) =vy (y" +(1+s)rn), Vul,(y"+(1+s)rn) =
Voo, (y" + (1 4 s)rn) and

'(|(1+s)rn+z| _1)+_ (s+z_,,)+
r r

Cs* Yz —Z,%/r2, ze By
0= (ug—ve)y" + (A +8)rn+z) <{Clz—2,**/r>*,  z€By\Br,
Clz|%/r*, z € R*\ B,.

Using (H1), we have, forany 0 <o <2, a€ A, beBandse{l €(0,1):y"+(1+1)rn e Q},

|Z_5n|2

5 for any z € B,.
,

<C

Thus, we have

0 < Iap[y" +(14s)rn, ugy—vy]
5/ (g —vy) (Y +A+s)rn+z)Kyp(y" +(1+s)rn,z)dz
Rl’l

a—112— Zn| |z—Z, |2
<C s ———Kap (Y +(1+s)rn,z)dz+ e Kap(y"+(14s)rn,z)dz
rs r2 B/\Brs T
2 2 | |O{
+/ —K »O+(1+s)rn, Z)dz)
R\B, I

| |2a

2
§C(/ 4T 1|r| ab (Y +(1+s)rn, z)dz—l—/ Ko (" +(1+s)rn, z)dz)
rs R
2

”\B%
< CAr—° (Sot—a—i-l +S2a—0)‘
By Lemma 5.9, we have

—lap[y" + (At 9)rn ugl > —Iap[y" + (L +5)rn, vg] — Lap[y" + (1 +5)rn, ug —vg]
> 1 [egs® 0 — CA(s* 91 4 52979, (5-6)

For any y € Q N (B2,(»")\ B,(»")), we have

~Luplyg) == [ B (K (.2 dz

- / S,y + (1 +5T)rnt) Koy (v, 2) dz
Rn

__/ 8zu;(yr+(l+s;)rn)Kab( (| | +n —I’l)|Z|) Z.
R

Using (H3) and a similar estimate to (5-6), we have

—Laply.ul] = r O [es(s5)* 0 — CA((s)) 0 + (s)22 7).
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By a similar estimate to (5-3), there exists a sufficiently small constant O < so < 1 such that we have, for
any y € 20 (B+4s0)r (VI\Br(Y")),

- ab[yau(’;]‘i'bab()’)'vu(’;(y)z1- O

Lemma 5.11. Assume that0 <o <2, b,p, =0in Q if 0 <1 and c,p >y in Q for some y > 0. Assume that
{Kap (- 2)}ab,z> tbabtabs {Cabta,b> L fabta.b are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, b e B, and {K,p(x,-):x € 2, a € A, b € B} are kernels satisfying (HO)—(H2),
(H3). Then, for any x € 02 and 0 < r < ry, there is a continuous viscosity supersolution VY, of (3-5) such
that Yrr =0in By (y"), ¥r > 0in BE(y") and

_ SWpgeapes | favllLo@) +1

Y, = ) in B(C1+S0)r(yr), 5-7)

where g is given by Lemma 5.10.
Proof. Without loss of generality, we assume that 0 < y < 1. We pick a sufficiently large C5 > 0 that

SUP, e A,beB Il fabllLoo(@) + 1

C5 >
sqY

(5-8)

We then define, for any x € 0Q and 0 < r < rq,

SUP, e A.heB | fabllLoo(@) + 1
14

Vr(y) = min ,Csug (y); -

It is easy to verify that ¥, = 0 in B,(y"), ¥, > 0in B¢(y") and ¥, is a continuous function in R”.
Using (5-8), we know that

SUP, e A,heB | fabllLoo(@) + 1
14

Csug = Cssg = in B(cl-l-so)r(yr)'

Therefore, (5-7) holds. Since c4p >y > 01in 2, (Supge 4 pes | fanllLoo(@) + 1)/ v is a viscosity superso-
lution of (3-5) in Q. By Lemma 5.10 and (5-7), we have, for any y € Q N (B (145,)r(?")\B-(")),

sup inf {=Laply. Csug] + Csbap (x) - Vg (y) + Cscap (g (v) + fan(¥)}
ae
> sup || fapllLee(@) + 1+ fap(y) = 0. (5-9)
acA,beB
Therefore, ¥, is a continuous viscosity supersolution of (3-5) in €2. O

Theorem 5.12. Assume that 0 < 6 <2, byp, =0in Q if 0 < 1 and cap > y in Q for some y > 0.
Assume that g is a bounded continuous function in R", {K,p (-, 2)}a.b.z» 1babta.bs 1Cabta.bs {Sablab
are sets of uniformly bounded and continuous functions in Q, uniformly ina € A, b € B, and {K 5 (x,-) :
x €Q, ac A, be B} are kernels satisfying (HO)-(H2), (H3). Then (1-2) admits a continuous viscosity
supersolution u and a continuous viscosity subsolution u and u = u = g in Q°.
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Proof. We only prove (1-2) admits a viscosity supersolution # such that ¥ = g in Q€. Since g is a
continuous function, let pg be a modulus of continuity of g in Bg. Let R; be a sufficiently large constant
such that & C Bg,—1. For any x € 92, we let

Y
supgeapes | fabllLoo@) + 1

ur = pr, (3r) + g () + (2||g||Loo<Rn) + 1) v

where ¥/, is given in Lemma 5.11. Using Lemma 5.11, u,(x) = pr, (3r) + g(x), u, > g in R” and u, is
a continuous viscosity supersolution of (3-5) in 2. Then the rest of the proof is similar to Theorem 5.5. [

Theorem 5.13. Let Q be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<0<2, by, =0inQifo<1andcy, >y inQ for some y > 0. Assume that g is a bounded
continuous function in R", {Kap (-, 2)}ap.z> tbaba.bs Cabla.b> Sfab}ab are sets of uniformly bounded
and continuous functions in 2, uniformlyina € A, b € B, and {K p(x,-):x € Q,a € A, b € B} are
kernels satisfying (HO)—(H2), (H3). Then (1-2) admits a discontinuous viscosity solution u.

Proof. The result follows from Corollary 3.4 and Theorem 5.12. ([
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