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HARDY-SINGULAR BOUNDARY MASS AND
SOBOLEV-CRITICAL VARIATIONAL PROBLEMS

NASSIF GHOUSSOUB AND FREDERIC ROBERT

We investigate the Hardy—Schrodinger operator L, = —A — y /|x|* on smooth domains £ C R" whose
boundaries contain the singularity 0. We prove a Hopf-type result and optimal regularity for variational
solutions of corresponding linear and nonlinear Dirichlet boundary value problems, including the equation
L,u=u®®71/|x|, where y < tn% s €[0,2) and 2*(s) := 2(n —s)/(n —2) is the critical Hardy—Sobolev
exponent. We also give a complete description of the profile of all positive solutions — variational or not—
of the corresponding linear equation on the punctured domain. The value y = i(n2 1) turns out to be a
critical threshold for the operator L,. When i(n D<y< n a notion of Hardy singular boundary
mass m,, (2) associated to the operator L,, can be assigned to any conformally bounded domain €2 such
that 0 € 0Q2. As a byproduct, we give a complete answer to problems of existence of extremals for
Hardy—Sobolev inequalities, and consequently for those of Caffarelli, Kohn and Nirenberg. These results
extend previous contributions by the authors in the case y = 0, and by Chern and Lin for the case
y < ;(n —2)% More specifically, we show that extremals exist when 0 < y < §(n* — 1) if the mean
curvature of d€2 at 0 is negative. On the other hand, if }T(nz -D<y< %nz, extremals then exist whenever
the Hardy singular boundary mass m,, (£2) of the domain is positive.
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1. Introduction
The borderline Dirichlet boundary value problem

u
—Au — VW — u(n+2)/(n72) on €2,
u=>0 on €2, (1-1)

u=>0 on 092,

on a smooth bounded domain 2 of R" (n > 3) has no energy minimizing solutions if the singularity 0
belongs to the interior of the domain £2; see the discussion after inequality (1-15). The situation changes
dramatically, however, if 0 is situated on the boundary 2. Indeed, Chern and Lin [2003; 2010] showed that
solutions exist in this case provided the mean curvature of 9€2 at 0 is negative, n >4, and 0 <y < %(n -2)2
The condition on y ensures that the Hardy—Schrodinger operator L, := —A —y/ |x|? is positive on
HO1 (£2). This is the case as long as y < yy(2), the latter being the best constant in the corresponding
Hardy inequality, i.e.,

2
Jo|Vuldx D]’Z(Q)\{O}}. (1-2)

Here D'2(Q) —or H} () if the domain is bounded — is the completion of C2°(£2) with respect to the
norm given by [u||> = fQ |Vu|? dx, and it is well known that for any domain € having 0 in its interior,
we have

y(Q) =yu®R") = 3(n—2)°. (1-3)

On the other hand, yp (R) = %n2 when R} := {x € R" : x; > 0} is the half-space, and if €2 is any domain
having 0 on its boundary, then necessarily

11 =2)" <yn(Q) < gn’. (1-4)

The question of what happens when %(n —2)? <y < yu(R) provided the initial motivation for this
paper. To start with, we shall show that the negative mean curvature condition at 0 is still sufficient for
the existence of solutions for (1-1) as long as y remains below a new (higher) threshold, namely when
n >4 and

0<y<i(m*—D. (1-5)

However, the situation changes dramatically for the remaining interval, i.e., when
1P =1 <y <yn(Q. (1-6)

In this case, we show that local geometric conditions at 0 become irrelevant for solving (1-1) and more
global properties of the domain must come into play. This will be illustrated by the notion of Hardy
singular boundary mass of the domain Q2 that we introduce as follows.

We first consider the Hardy—Schrodinger operator L, := —A —y /|x > on R’} , and notice that the most
basic solutions for L, u = 0 satisfying u =0 on dR’, are of the form u (x) = x1|x|™% and that L, u, =0
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on R} if and only if « is either «_(y) or oy (y), where

ar(y)=int/in2—y. (1-7)

Actually, a byproduct of our analysis below gives that any nonnegative solution of L, u =0 on R, with
u=0on R’ is alinear combination of these two solutions. Note that o (y) < %n < a4 (y), which points
to the difference — in terms of behavior around 0 — between the “small” solution x — x;|x|~% ), and
the “large” one x — x| |x|~*+®). Indeed, the small solution is “variational”, i.e., is locally in Dl’z(R’i),
while the large one is not.

This turns out to hold in more general settings, as we show that any variational solution of L, u = a(x)u
behaves like x — d (x, 92)|x|~*- ) around 0, while any positive nonvariational solution is necessarily like
x> d(x, 3Q)|x|7*+ ") around 0. The profile can be made more explicit when y > 211(”2 — 1), as it is the
only situation in which one can write a solution of L, u =0 as the sum of the two above described profiles
(plus lower-order terms), while if y < %(n2 — 1), there might be some intermediate terms between the
two profiles. This led us to define the following notion of mass, which is reminiscent of the positive mass
theorem of Schoen and Yau [1988] that was used to complete the solution of the Yamabe problem. This will
allow us to settle the remaining cases left by Chern and Lin, since we establish that the positivity of such
a boundary singular mass is sufficient to guarantee the existence of solutions for (1-1) in low dimensions.

Theorem 1.1. Let 2 be a smooth bounded domain of R" such that 0 € 0<2. Assume Z—ll(nz— )<y <yu(Q).
Then, up to multiplication by a positive constant, there exists a unique function H € C*(Q\ {0}) such that
—AH-L H=0 nq,
x|
H=>0 in 2, (1-8)
H=0 on I\ {0}.

Moreover, there exists a constant ¢ € R and H satisfying (1-8) such that

d(x, 02) d(x,08) (d(x,GQ)

@) =y T e x[a-)

) as x — 0.

Due to the uniqueness of solutions to (1-8) up to multiplication by a constant, the coefficient c is uniquely
defined. It will be denoted by m,,(2) := c € R, and will be referred to as the Hardy singular boundary
mass of 2.

It will be shown in Section 7 that this notion of mass is conformally invariant in the following sense: if
two sets are diffeomorphic via an inversion fixing O (see Definition 7.3 and (7-16)), then they have the
same mass. As a consequence, we shall be able to define a notion of Hardy singular boundary mass for
unbounded domains that are conformally bounded (that is, those that are smooth and bounded up to an
inversion that fixes 0). We shall show that €2 — m,, (€2) is a monotone set-function and that m,, (R’} ) = 0.
These properties will allow us to construct in Section 9, examples of bounded domains €2 in R" with
0 € 0Q2 with either positive or negative boundary mass, while satisfying any local behavior at 0 one
wishes. In other words, the sign of the Hardy-singular boundary mass is totally independent of the local
properties of d€2 around O.
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One motivation for considering equation (1-1) came from the problem of existence of extremals for
the Caffarelli-Kohn—Nirenberg (CKN) inequalities [1984]. These state that in dimension n > 3, there is a
constant C := C(a, b, n) > 0 such that, for all u € C°(R"),

2/q
( |x|—bq|u|q) < c/ 2| Vul dx, (1-9)
Rn Rn

where

n—2 2n

—co<a<—— 0<b—-a<l, and ¢g= . (1-10)
2 n—2420b-—a)

If we let Di’z(Q) be the completion of C2°(£2) with respect to the norm ||u||2 = fQ |x|~2¢|Vu|* dx, then
the best constant in (1-9) is given by

—2a 2
Jo I IVul” dx cu e DIA@)\(0}}. -11)

S(a, b, Q) =inf :
eI~ ful4) " dx
(Jo )

The extremal functions for S(a, b, 2) — whenever they exist— are then the least-energy solutions of the
corresponding Euler—Lagrange equations

—div(|x|72*Vu) = |x|?9u4=" on Q,
u=>0 on €2, (1-12)
u=>0 on 092.

To make the connection with the Hardy—Schrédinger operator, note that the substitution v(x) =
|x]"%u(x) with a < %(n — 2), gives—via the Hardy inequality —that u € D;*Z(Q) if and only if
v € D"2() and that u is a variational solution of (1-12) if and only if v is a solution of equation

v P2 )1

Av—y—=Y" aaq,
YRR T T 13
v>0 on €2, (1-13)

v=0 on 0%2,

where
(n—2—a) (b—a) da 2* 2n (1-14)
=an—-—a), S = —da an = . -
v 4 n—2+20b—a)

The Caffarelli-Kohn—Nirenberg inequalities are then equivalent to the Hardy—Sobolev inequality

02 ® 2/2%(s) u2
c(f dx> 5/ |Vu|2dx—y/ —dx forallu € D"*(Q), (1-15)
o |x[* Q Q x|

at least in the case when y < %(n —2)2 which is optimal for domains € having 0 in their interior. If € is

also bounded, then the best constant in (1-15) is never attained; that is, (1-13) has no energy minimizing
solution.
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However, when 0 € €2, inequality (1-15) holds for y all the way up to Alfnz, and we shall work thereafter
towards solving (1-13) by finding extremals for the variational problem

Iy.s(Q) :=inf{J2 (u) :u € D"*(2)\ {0}, (1-16)
where J}?S is the functional on D'2(2) defined by

Vyul? — 2/ d
Jﬁ?s(u)::fQI ul —y Ju/lxdx (1-17)

(121 d)
We shall therefore consider the more general equation (1-13). The study of this type of nonlinear singular
problems when 0 € 92 was initiated by Ghoussoub and Kang [2004] and studied extensively by Ghoussoub
and Robert [2006a; 2006b] in the case y = 0. Chern and Lin [2003; 2010] and Lin and Wadade [2012]
dealt with the case y < %(n —2)2 For more contributions, we refer to [Attar, Merchdn and Peral 2015;
Davila and Peral 2011; Gmira and Véron 1991].

Theorem 1.2. Let 2 be a smooth bounded domain in R" (n > 3) such that 0 € 02. Assume y < %(n2 -1
and 0 <s < 2. If either {s > 0} or {s =0, n >4 and y > 0}, then there are extremals for 1., ;(2) provided
the mean curvature of 02 at 0 is negative.

As mentioned above, our main contribution here to this problem is to consider the cases when

}1(112 - <y< zltnz, as well as when n =3, s =0 and y > 0, which were left open by Chern and Lin
[2010]. We now introduce the new ingredients that we bring to the discussion.
We first note that standard compactness arguments [Ghoussoub and Kang 2004; Chern and Lin 2010]

yield that for p,, ;(£2) to be attained it is sufficient to have that

My s(82) < My,s(Ri): (1-18)

and in order to prove the existence of such a gap, one tries to construct test functions for ., ;(£2) that are
based on the extremals of 1, (R’ ) provided the latter exist. The cases where this is known are given by
the following standard proposition. See, for instance, [Bartsch, Peng and Zhang 2007; Chern and Lin
2010]. A complete proof is given in [Ghoussoub and Robert 2016].

Proposition 1.3. Assume y < }‘nz, n>3and0<s <2. Then:
(1) py s (RY) is attained provided either {s > 0} or {s =0, n >4 and y > 0}.
(2) On the other hand, there are no extremals for v, s(R) for any n > 3 if {s =0 and y <0}.

(3) Furthermore, whenever i, o(R'.) has no extremals, then necessarily

@) - Jgr 1Vu|* dx 1 (1-19)
HMy,0 = in = , -
Y + uEDl’z(Rn)\{o} (fR" |I/l|2* dx)2/2 K(I’l, 2)2

where 2* :=2n/(n —2) and 1/K (n, 2)? is the best constant in the Sobolev inequality.

The only unknown situation on R’ is again when s =0, n =3 and y > 0, which we address in
Section 10.
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Assuming first that an extremal for u,, ;(R’) exists and that one knows its profile at infinity and at 0,
this information can be used to construct test functions for 1, ;(€2). This classical method has been used
by Kang and Ghoussoub [2004], by Ghoussoub and Robert [2006b; 2006a] when y = 0, and by Chern
and Lin [2010] for0 < y < }‘(n —2)? in order to establish (1-18) under the assumption that 02 has a
negative mean curvature at 0. Actually, the estimates of Chern and Lin [2010] extend directly to establish
Theorem 1.2 for all y < A—ll(n2 — 1) under the same negative mean curvature condition. However, the case
where y = }1(112 — 1) already requires estimates on the profile of variational solutions of (1-13) on R’ that
are finer than those used by Chern and Lin [2010]. The following description of such a profile will allow
us to construct sharper test functions and to prove existence of solutions for (1-13) when y = %(n2 —1).

Theorem 1.4. Assume y < }‘nz and 0 <s <2, and letu € Dl’z(R:’L), u >0, uz0 be a weak solution to

2*(s)—1
14 u .
—Au——u=—— inR". 1-20
x| |x]s * (1-20)
Then, there exist K1, K, > 0 such that
K —2 d Ky—2
u(x) ~x-o0 IW an u(x) |x]— 400 ZW-

The solution of the problem on R’} also enjoys the following natural symmetry that will be crucial for
the sequel. This was carried out by Ghoussoub and Robert [2006a] when y = 0, and their proof extends
immediately to the case 0 < y < ‘_ltnz. Chern and Lin [2010] gave another proof which also includes the
case where y < 0.

Theorem 1.5 [Chern and Lin 2010]. If u is a nonnegative solution to (1-20) in Dl’z(lR'jr), thenuoo =u

for all isometries of R" such that o (R"}) = R'}.. In particular, there exists v € C*((0, +00) x R) such
that for all x; > 0 and all x' € R"™1, we have that u(xy, x') = v(x1, |x']).

The following theorem summarizes the situation for low dimensions.
Theorem 1.6. Let Q be a bounded smooth domain of R" (n > 3) such that 0 € 092, hence %(n -2)% <
v (R2) < %nz. Let0<s <2,
) Ifyg(Q) <y < }Tnz, then there are extremals for v, ¢(2) for all n > 3.
Q) If [—ll(n2 —1) <y <yu(Q) and either {s > 0} or {s =0, n >4 and y > 0}, then there are extremals
for py, 5(2) provided the Hardy singular boundary mass m,, (2) is positive.
(3) If {s =0and y < 0}, then there are no extremals for ., o(S2) for any n > 3.

Finally, we address in Section 10 the only remaining case, i.e., n=3, s=0and y € (0, %). In this
situation, there may or may not be extremals for /LV,O(R?F). If they do exist, we can then argue as before —
using the same test functions —to conclude existence of extremals under the same conditions, that is,
either y <2 and the mean curvature of 92 at 0 is negative, or y > 2 and the mass m,, (£2) is positive.
However, if no extremals exist for My,O(Ri)a then as noted in (1-19), we have that

, Jrs |Vul* dx 1
7! ,0(R3 )= inf R - = ,
14 + ueDL2(R3)\{0} (f[R3 |M|2* dX)2/2 K(3’ 2)2
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Hardy term dimension geometric condition extremal
—oo<y < %(nz— 1) n>3 negative mean curvature at 0 yes
J—t(n2— H<y< }1n2 n>3 positive boundary-mass yes

Table 1. Singular Sobolev-critical term: s > 0.

Hardy term dimension geometric condition extremal
0 <l q n=3 negative mean curvature at 0 and positive internal mass yes
< 7 (n"— .

v =5l ) n>4 negative mean curvature at yes

1 5 | 2 n=3 positive boundary-mass and positive internal mass yes
=)<y <yn .

n>4 positive boundary mass yes

y =0 nx3 — no

Table 2. Nonsingular Sobolev-critical term: s = 0.

and we are back to the case of the Yamabe problem with no boundary singularity. This means that one
needs to resort to a more standard notion of mass R, (€2, x¢) associated to L, and an interior point xo € 2
in order to construct suitable test functions in the spirit of [Schoen 1984]. Such an interior mass will
be introduced in Section 10. We get the following (note that the boundary mass m,, (€2) was defined in
Theorem 1.1).

Theorem 1.7. Let Q be a bounded smooth domain of R? such that 0 € 3. In particular zlt <yp(Q) < %.

) Ifyg(Q) <y < 49'1’ then there are extremals for 1, 0(£2).
(2) If 0 <y < yu(Q2) and if there exists xo € 2 such that R, (§2, xo) > 0, then there are extremals for
Wy,0(82) under either one of the following conditions:

(a) y <2 and the mean curvature of 02 at 0 is negative.

(b) v > 2 and the boundary mass m, (£2) is positive.

More precisely, if there are extremals for My,o(R3)’ then conditions (a) and (b) are sufficient to get
extremals for p,, o(€2). If there are no extremals for M%O(Rg’), then the positivity of the internal mass
R, (€2, xo) is sufficient to get extremals for 1, o(£2). Tables 1 and 2 summarize our findings.

Notation. In the sequel, C;(a, b,...) (i =1, 2, ...) will denote constants depending on a, b, . ... The
same notation can be used for different constants, even in the same line. We will always refer to the
monograph [Gilbarg and Trudinger 1998] for the standard results on elliptic PDEs.

2. Old and new inequalities involving singular weights

The following general form of the Hardy inequality is well known. See, for example, [Cowan 2010] or
the book [Ghoussoub and Moradifam 2013].
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Theorem 2.1. Let Q be a connected open subset of R" and consider p € C*®°(2) such that p > 0 and
—Ap > 0. Then, for any u € D"2(Q2) we have

—A
/ 'Ouzdxff \Vul? dx. (2-1)
Q P Q

Moreover, the case of equality is achieved exactly on Rp N DV2(Q). In particular, if p ¢ DV(R), there
are no nontrivial extremals for (2-1).

The above theorem applies to various weight functions p. See, for example, [Cowan 2010; Ghoussoub
and Moradifam 2013]. For this paper, we use it to derive the following inequality.

Corollary 2.2. Fix 1 <k < n. We then have the following inequality.

=in
2

<n+2k—2)2 o Jw e (VU dx
“ fRﬁxR"—k u2/|x|2dx’

where the infimum is taken over all u in Dl’z([R"fF x R"*)\ {0}. Moreover, the infimum is never achieved.
Proof. Take p(x) :=x1 -+ - xg|x|™® for all x € Q := R x R"7%\ {0}. Then

—Ap  am+2k—-2—a)
P x| '

We then maximize the constant by taking o := %(n + 2k —2). Since p ¢ Dl*z(Rﬁ x R"=%), Theorem 2.1
applies and we obtain that

n42k =2\ u? 5
— = —dx < |Vul|* dx (2-2)
2 Rk xRn—k | X] RE xRn—k

for all u € Dl’z(IleF x R"~%), and that the extremals are trivial.

It remains to prove that the constant in (2-2) is optimal. This will be achieved via the following
test function estimates. Construct a sequence (p¢)e=o € Dl’z([leF x R"%) as follows. Starting with
p(x)=x1---x¢|x|™% we fix 8 > 0 and define

Ix/elPp(x) if |x| <e,
pe(x) :={ p(x) ife <|x| <1/e, (2-3)
le-x|Pp(x) if |x] > 1/e,

with o := %(n + 2k — 2). As one checks, p. € Dl’z([R{'fF x R"=%) for all € > 0. The changes of variables
x=¢yand x = e !z yield

2 2
f Pe_ix =0(1). f Pe_ax =o0(1),
B, R

L) 1x]? "B, X[

(24)
| wetdx=om. [ vpfar=oo.
B (0) R™\B_ 1 (0)
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when € — 0. By integrating by parts, we get

—A
f |Vpeltdx =[ 2P+ 00
B_—1(0)\Bc(0) B__1(0)\Bc(0) P

N2 2
=<M)/ L dx+0(), (2-5)
B

2 OB X[

when € — 0. Using polar coordinates, we obtain

2 k 2
/ p_2 dx=C(2)In 1, where C(2) := 2/ x;| do. (2-6)
B_1(0\B.(0) 1X] € sy

Therefore, by using (2-4), (2-5) and (2-6),

fRﬁ_XR”_k |vp€|2d'x n+2k—-2 2

2 xPde 5 +o(D)

fRiXRnfk pg/|x| d'x

as € — 0, and we are done. Note that the infimum is never achieved since p ¢ Dl’z(R’; x Ry, O

Another approach to prove Corollary 2.2 is to see IR'_‘|r x R"~* as a cone generated by a domain of the
unit sphere. Then the Hardy constant is given by the Hardy constant of R” plus the first eigenvalue of the
Laplacian of the Dirichlet of the above domain of the unit sphere endowed with its canonical metric. This
point of view is developed in [Pinchover and Tintarev 2005] (see also [Fall and Musina 2012; Ghoussoub
and Moradifam 2013] for an exposition in book form).

We also have the following generalized Caffarelli-Kohn—Nirenberg inequality.

Proposition 2.3. Let Q be an open subset of R". Let p, p’ € C®(R) be such that p, p’ > 0 and
—Ap, —Ap’ > 0. Fix s € [0, 2] and assume that there exists € € (0, 1) and p. € C*° () such that

B Ape

—Ap : ,
— < (1—¢) in Q with pe, —Ape > 0.
0

Pe

Then, for allu € CX°(£2),

—Ap/ sz . 2/2%(s)
(/( - ) 07 |y ? mdx) 5cf 02| Vul|? dx. (2-7)
Q 1Y Q

Proof. The Sobolev inequality yields the existence of C(n) > 0 such that

2/2*
(f u? dx) §C(n)/ |Vul|?>dx
Q Q

for all u € C°(R2), where 2* = 2*(0) = 2n/(n — 2). A Holder inequality interpolating between this
Sobolev inequality and the Hardy inequality (2-1) for p’ yields the existence of C > 0 such that for all

ue CR(Q),
AN 2/2*(s)
(/( f’) Juf? (s)dx) §C/ Vul dx. (2-8)
Q\ P Q
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By applying (2-1) to p., we get for v € C2°(£2),

/p2|vU|2dx=/ |V(pv)|2dx—f _—Ap(pv)zdx
Q Q P

Taking u := pv in (2-8) and using this latest inequality yield 2-7). U

dx > e/ IV (pv)|>

Corollary 2.4. Fixk € {1, ...,n — 1}. There exists then a constant C := C(a, b, n) > 0 such that for all
u € CX(RE x R=5),

k

2 k
[ [Te) ) < scf  (I» L2 d, 29)
RE xRk - RE xRn—*

i=1

where
242k 2
coo<a< IR b _a<1, g= " . (2-10)
n—2+20b—a)

Proof. Apply Proposition 2.3 with p(x) = p'(x) = (]_[l 1x1)|x| % and p(x) = (]_[f:1 xl-)l)c|_("_2+2k)/2
for all x € [F\R'f|r x Rk, Corollary 2.4 then follows for suitable a, b, g. O

Remark. Observe that by taking k = 0, we recover the classical Caffarelli-Kohn—Nirenberg inequalities
(1-9). However, one does not see any improvement in the integrability of the weight functions since
(HLI xi)|x| ~4js of order k —a > ——(n 2), hence as close as we wish to (n — 2)/2 with the right
choice of a. The relevance here appears when one considers the Hardy inequality of Corollary 2.2.

3. On the best constants in the Hardy and Hardy—Sobolev inequalities

As mentioned in the Introduction, the best constant in the Hardy inequality yg (€2) does not depend on the
domain 2 C R" if the singularity O belongs to the interior of €2, and it is always equal to l(n — 2)2 We
have seen, however, in the last section that the situation changes whenever 0 € 9€2, since yg (R}) =

Some properties of the best Hardy constants were studied in [Fall and Musina 2012; Fall 2012]. In thls
section, we shall collect whatever information we shall need later on about yy.

Proposition 3.1. The best Hardy constant yy satisfies the following properties:

(1) yag(Q) = zlt(” — 2)2f0r any smooth domain 2 such that 0 € Q.
(2) If 0 € 09, then 3(n —2)* < yp(Q) < yn*

3) ya () = }Ln2for every Q2 such that 0 € 92 and Q2 C R'}..

@) If yu(Q) < in? then it is attained in D1-*(Q).

(5) We have inf{yy(2) : 0 € 0Q2} = }T(n —2)2

(6) For every € > 0, there exists a smooth domain R", C Q¢ C R" such that 0 € 0Q2. and 3—1112 —€<
yr(Qe) < yn*
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Proof. Properties (1)—(4) are well known (see [Fall and Musina 2012; Fall 2012]). We sketch proofs since
we will make frequent use of the test functions involved. Note first that Corollary 2.2 already yields that
ynRY) = 3n

(2) Since Q2 C R", we have that yy(2) > yg(R") = 4—11(11 —2)2 Assume by contradiction that yg (2) =
‘l‘(n —2)2 It then follows from Theorem 3.6 below (applied with s = 2) that yy(2) is achieved by
a function in ug € D"?(Q) \ {0} (note that g, (2) = yu(2) — y). Therefore, yy (R") is achieved
in D'"2(R"). Up to taking |ug|, we can assume that uo > 0. Therefore, the Euler—Lagrange equation
and the maximum principle yield ug > 0 in R": this is impossible since ug € D'?(2). Therefore
v () > 3(n—2)%

For the other inequality, the standard proof normally uses the fact that the domain contains an interior
sphere that is tangent to the boundary at 0. We choose here to perform another proof based on test
functions, which will be used again to prove Proposition 3.3. It goes as follows: since 2 is a smooth
bounded domain of R” such that 0 € 92, there exist U, V open subsets of R” such that 0 € U and 0 € V
and there exists ¢ € C*°(U, V) a diffeomorphism such that ¢(0) =0 and

eUN{x1>0D=eWU)NQ and U N{x; =0}) =pU)NIQ.

Moreover, we can and shall assume that dgy is an isometry. Let n € C2°(U) such that n(x) = 1 for
x € Bs(0) for some § > 0 small enough, and consider (o¢ )0 € (0, +00) such that ¢ = o(¢) as € — 0.
For € > 0, define

n(Mae " p(y/ae) forallx € p(U)NQ, x =g(y),

0 elsewhere.

Ue(x) 1= { (3-1)

Here p. is constructed as in (2-3) with k = 1. Now fix o € [0, 2], and note that only the case 0 =2 is
needed for the above proposition. Immediate computations yield

2*(0)
/Q%dyzc(a)lné-FO(l) as € — 0, -2

where C(0) :=2 fgn_] “_[i.‘:] X; \2*(0) do. Similar arguments yield
2
/ |Vu€|2dy=nzC(2)lné+O(l) as € — 0. (3-3)
Q

As a consequence, we get that

JoVuc?dx 52
sz-i_O(l) as e — 0.
€

In particular, we get that yg (Q2) < %nz, which proves the upper bound in item (2) of the proposition.

(3) Assume that 2 C R.. Then D'2(Q) C D?(R™), and therefore y; () > yu (R") = 1n” With the
reverse inequality already given by item (2), we get that yy (2) = }lnz for all 2 C R’} such that 0 € 9€2.

(4) This will be a particular case of Theorem 3.6 when s = 2.
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(5) Let 29 be a bounded domain of R" such that 0 € € (i.e., it is not on the boundary). Given § > 0, we
chop out a ball of radius }§ with 0 on its boundary to define Q5 := Qo \ Bs/4((—36,0,...,0)). Note
that for § > 0 small enough, Q2 is smooth and 0 € 92. We now prove that

lim v () = 3(1 = 2% (3-4)

Define 1; € C*®°(R") such that n;(x) =0 if |x| < I and n;(x) = 1 if |x| > 2. Let ns(x) := n;(6~'x) for
all § > 0 and x € R". Fix U € C°(R") and consider, for any § > 0, an €5 > 0 such that lims_,¢ §/€5 =

limg_,g €5 = 0. For § > 0, we define
us(x) := ng(x)é(;("_z)/zU(eglx) for all x € Q5.

For § > 0 small enough, we have that us € C2°(£2s). Since § = o(€5) as 6 — 0, a change of variable yields

u2 2
lim —52 dx = / — dx.
§—0 Qs |x| Rn |x|

We also have for § small,

IVusldeZ/ |Vu5|2dx=/ IV (U - ns/e)|* dx
95 Rn Rn

:/ |VU|2n§/€5dx+/ N5je; (—ANse,) U dx. (3-5)
Rn Rn

Let R > 0 be such that U has support in Bg(0). Since n > 3, we have

2 S n—2
/ N5je; (— ANy, U dx = 0((65—8) Vol(Bg(0) N SUPP(—Am/ea))) = 0((—) ) =o(l)
Rn

€s

as § — 0. This latest identity, (3-5) and the dominated convergence theorem yield
lim |Vu,;|2dx=/ IVU|*dx.
§—0 QS n

Therefore, for U € C2°(R"), we have

I (@) < tim 2 VLA oo IVUP dx
1msup Yy §) = lI1im = .
50 8—0 st u§/|x|2 dx fRn U?/|x|*dx
Taking the infimum over all U € C°(R"), we get that

. . S IVU | dx

lim su Q) < inf - = R =1mn-2)>%

mswpyn () St gy = R =50 -2)

Since yg(£25) > }l(n —2)2 for all § > 0, this completes the proof of (3-4), yielding (5).

For (6) we use the following observation.

Lemma 3.2. Let (®y)reny € CH(R", R") be such that

kEI—iI-loo(”q)k —Idpr lloo + IV(@k —Idre) o) =0 and ~ ®4(0) =0. (3-6)
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Let D CR" be an open domain such that 0 € 9 D (not necessarily bounded or regular), and set Dy, := @y (D)
forall k e N. Then 0 € 9Dy, for all k € N and

Jim yi (DY) = yu (D). (3-7)
Proof. If u € C°(Dy), then u o & € C°(D) and
[ |Vul>dx = / IV (1 0 Dp) |30y Pac @il dx, (3-8)
Dy " k
u? (1 0 Dp(x))?
f —dx= | ————>—|Jac &;|dx, (3-9)
p; |xl Ry | Pr(x)]

where here and in the sequel ®;Eucl is the pull-back of the Euclidean metric via the diffeomorphism ®y.
Assumption (3-6) yields

lim sup
k—>+00 yep

where §;; = 1 if i = j and 0 otherwise. This limit, (3-8), (3-9) and a density argument yield (3-7). U

| Py ()]
|x]

- 1‘ +sup] (8 @i (x), 8 Pr(x)) — 8] + [Jac P — 1') -
L]

We now prove (6) of Proposition 3.1. Let ¢ € C®(R" ") such that 0 < ¢ <1, ¢(0)=0, and p(x') =1
for all x’ € R"~! be such that |x’| > 1. For r > 0, define &, (x;, x) := (x; —t@(x"), x’) for all (x1, x") € R™
Set 5, = ®,(RY) andjlpply Lemma 3.2 to note that lim¢_.q yg (EZ,) = yH~(IR1) = %nz. Since ¢ > 0 and
¢ #0, we have R} C Q, for all # > 0. To get (6) it suffices to take 2, := €2; for # > 0 small enough. [

As in the case of yy(£2), the best Hardy—Sobolev constant
fQ |Vu|? dx —yfg u?/|x|* dx .
o 2/2°(s) u
(Jou>' /1l dx)

will depend on the geometry of €2 whenever 0 € 9€2.

s (Q) =i e D"(Q)\ {0}

Proposition 3.3. Let Q be a bounded smooth domain such that 0 € 9S2.
) Ify < }‘nz then , () > —o0.
Q) If y > n then ., (2) =
Moreover,
) If vy < yu(82), then 11, (§2) > 0.
@ If yg(R) <y < %nz, then 0 > w, ¢(2) > —o0.
5) If y = yu(Q) < gn’ then py () =0

Proof. Assume that y < n2 and let € > 0 be such that (1 +¢€)y < n It follows from Proposition 3.5
that there exists C¢ > 0 such that for u € D'"2(Q),

I’l2

— —za’x_(1+e)/ [Vu| dx+Cfu dx.
Q x| Q
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For any u € D'2() \ {0}, we have
(1—@y/n®(1+6) [, |Vul> dx— 4y /n*)Cc [, u* dx . Y. Jqu?dx
2%(s) s 2/2*(s) = 2 2%(5) /v |8 2/2*(s) "
(Jo lul>®)/1x|* dx) (Jo lul>®)/1x|* dx)

It follows from Holder’s inequality that there exists C > 0 independent of u such that

|u|2*(s) 2/2*(s)
/ u?dx < C( a’x) .
Q Q |xI®

It then follows that J}f?s (u) > —(4y /n*)C.C for all u € D"*(Q)\{0}. Therefore My,s(§2) > —o0 whenever
y < }lnz

Assume now that y > n and define for every € > 0 a function u, € e D'2(Q) as in (3-1). It then
follows from (3-2) and (3- 3) that as € — 0,

n2 —y)C @) In(1/€) + O(1) cQ) [\ @9/ =)
I (ue _ G =) =<l A S GO 1)(1 —) .
p (e (C(s)In(1/€) + 0 (1))/*® G =7) eme toW (I

TS () =

Since s <2 and y > J—tnz, we have lim¢_, ¢ Jygfs (ue) = —o0; therefore p,, (£2) = —o0.

If y < yu(£2), Sobolev’s embedding theorem yields g ¢ (€2) > 0; hence the result is clear for all y <0
since then p, (2) > wo,s(2). If now 0 < y < yy(£2), it follows from the definition of y (€2) that for
allu e DL2(Q) \ {0},

_IQ|W|2—nyu2/|x|2dx><1_ v ) Jo |Vul*dx ><1
(fQuz’(“)/|x|-“dx)2/2*(s) yH (§2) (fg|u|2*(s)/|x|sdx)2/2 ®

Therefore i, s(Q) > (1 — /Y (2)po,s(2) > 0 when y < yu(£2).
fyg(Q)<y< n then Proposmon 3.1(4) yields that yy (€2) is attained. We let ug be such an extremal.

TS (u) )MO,S(Q)-

Y
vH(£2)

In particular JVH(Q),S (u) > y @. , (o), and therefore p,, (@),s(©2) =0. Since yu () <y < 4n we
have that JQS (ug) <0, and therefore w, (2) <0 when yu(Q2) <y < 4nz. |

Remark 3.4. The case y = 1 n? is unclear and anythlng can happen at that value of y. For example, if
v () < n2 then 14,24, ‘(Q) < 0, while if yg () = n then 24 ((€2) > 0. It is our guess that many
examples reﬂectmg different regimes can be constructed.

We shall need the following standard result.

Proposition 3.5. Assume y < %nz and s € 0, 2]. Then, for any € > 0, there exists C. > 0 such that, for
all u € DV2(Q),

|u|2*(s) 2/2%(s) 1 u2 5
dx < /<|Vu| -y — >dx+C /u dx. (3-10)
( o laf ) (uys(R ) ) Jx |2 “Jo

This result says that, up to adding an L2-term (indeed, any subcritical term fits), the best constant in

the Hardy—Sobolev embedding can be chosen to be as close as one wishes to the best constant in the
model space R’ . One can see this by noting that for functions that are supported in a small neighborhood
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of 0, the domain €2 looks like R’ , and the distortion is determined by the radius of the neighborhood.
The case of general functions in D'?(2) is dealt with by using a cut-off, which induces the L?-norm. A
detailed proof is given in [Ghoussoub and Robert 2016].

The following result is central for the sequel. The proof is standard, ever since T. Aubin’s proof of the
Yamabe conjecture in high dimensions, where he noted that the compactness of minimizing sequences is
restored if the infimum is strictly below the energy of a “bubble”. In our case below, this translates to
My,s(82) <y s (R). We omit the proof, which can be found in [Ghoussoub and Robert 2016].

Theorem 3.6. Assume that y < %nz, 0<s=<2and juys(2) < pys(RY). Then there are extremals
Jor w, (). In particular, there exists a minimizer u in DV2() \ {0} that is a positive solution to the

equation
u uZ@-1
_AM_VW:M%S(Q)W in 2, i
u=>0 inos2, G-1D)
u=>0 on 90%2.

4. Profile at 0 of the variational solutions of L, u = a(x)u

Here and in the sequel, we shall assume that 0 € 92, where €2 is a smooth domain. Recall from the
Introduction that two solutions for L, u =0, with u =0 on BRi, are of the form uy(x) = x1|x| ™% where

a € {a_(y), ay(y)} with

a()=dn— I =y and w) =t fint -y, (@)

These solutions will be the building blocks for sub- and supersolutions of more general linear equations
involving L, on other domains. This section is devoted to the proof of the following result. To state the
theorem, we use the following terminology:

We say that u € DI’Z(Q)loc,o if there exists n € C2°(R") such that n = 1 around 0 and nu € D'2(Q).
We say that u € D"2(Q)10c.0 is a weak solution to the equation

—Au=F € (D"*(Q)10c.0)

if for any ¢ € D'2(Q) and n € C>(R") with sufficiently small support around 0, we have
/(Vu, V(ng))dx = (F,ng).
Q

Theorem 4.1. Fix y < }lnz and t > 0, and let u € D1’2(S2)10C,0 be a weak solution of

_y+ 03[

—Au
|x|?

u=0 in D"} ()0 (4-2)

Then, there exists K € R such that
. u(x)
lim =
x=>0d(x, dQ)|x |—oz_(y)
Moreover, if u > 0 and u # 0, we have that K > 0.
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By a slight abuse of notation,

y +0(x")
U —Ay — ———~
x|
will denote an operator
y +al)
Ur—> —Au— ——u,
x|

where a € C°(2) such that a(x) = O(]x|?) as T — 0. In Section 6, we will give a full description of solu-
tions to (4-2) that are not necessarily variational (we also refer to [Pinchover 1994] for related problems).

We need the following lemmas, which will be used frequently throughout the paper. The first is only the
initial step towards proving rigidity for the solutions of L, u =0 on R’ . Indeed, the pointwise assumption
u(x) < Clx|'~* will not be necessary as it will be eventually removed in Proposition 6.4, which will be a
consequence of the classification Theorem 6.1. We omit the proof as it can be inferred from the work of
Pinchover and Tintarev [2005].

Lemma 4.2 (rigidity). Letu € C 2(@ \ {0}) be a nonnegative solution of

14 :
—Au——u=0 inR",

|x |2 + (4-3)
u=0 onaRi.

Suppose u(x) < C|x|'~* on R fora €{a_(y), ay(y)}, then there exists . > 0 such that u(x) = Axy|x|™*

forall x e R}

We now construct basic sub- and supersolutions for the equation L, u =a(x)u, where a(x) = O(|x |7=2)
for some 7 > 0.

Proposition 4.3. Let y < Alfn2 anda ef{a_(y),ar(y)}. LetO<t<1land BeRbe suchthata—t < <«
and B € {a_(y), ay(y)}. Then, there existr >0, and uy 4, uy — € C>®(Q2\ {0}) such that

Ug,+, Ug— >0 in 2N B,(0),
Ug+, Ug— =0 on 02N B, (0),
0 T
—Awﬁ—ZiT%ﬂlMﬁ>o in QN B,(0), (4-4)
X
O T
—Awr—ZiT%ﬂl%r<o in 2N B, (0).
X

Moreover, we have as x — 0, x € Q, that

d(x,0%) d(x,0%)
|x|* |x[*

Proof. We first choose an adapted chart to lift the basic solutions from R’ . Since 0 € 92 and Q2 is

smooth, there exist ﬁ, V two bounded domains of R” such that 0 € U and 0 € V, and there exists a
C*°-diffeomorphism ¢ € C °°(l7 , V) such that ¢(0) =0,

Ug, +(X) = (L+0(x1*P)) and uy_(x) = (L+O0(x*P).  @4-5)

cUN{x;>0)=c@)NQ and (U N{x; =0}) =c(U)NIN.
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The orientation of 92 is chosen in such a way that for any x’ € Uun {x; =0},
{81C(O, x/)’ 826(0’ x/)’ LA ] 3nC(0, x/)}

is a direct basis of R” (canonically oriented). For x” € un {x1 =0}, we define v(x’) as the unique orthonor-
mal inner vector at the tangent space T,(o,/)0€2 (it is chosen such that {v(x”), 92¢(0, x"), ..., 9,¢(0, x")}
is a direct basis of R"). In particular, on R” := {x; > 0}, we have v(x") := (1,0, ..., 0).

Here and in the sequel, we write for any r > 0
B, == (—r,r) x B"D(0), (4-6)

where Br("_l)(O) denotes the ball of center 0 and radius » in R~ It is standard that there exists § > 0
such that

Q: Bas — R,
(x1,x) € Rx R > ¢(0, x') + x1v(x'), 7
is a C*°-diffeomorphism onto its open image gD(Ezg), and
¢(B2s N {x1>0]) = p(Bxy) NQ  and  ¢(Bas N {x1=0}) = ¢(B2») NI (4-8)
We also have, for all x’ € Bs(0)™~D,
v(x") is the inner orthonormal unit vector at the tangent space Ty0,x)02. (4-9)
An important remark is that
d(p(x1, x'),9Q) = [x;| forall (x,x") € Bos close to 0. (4-10)

Consider the metric g := ¢*Eucl on 525, that is, the pull-back of the Euclidean metric Eucl via the
diffeomorphism ¢. Following classical notations, we define

gij(x) = (3;p(x), 99 (x))p,, forallxe Byandi,j=1,...,n. 4-11)

Up to a change of coordinates, we can assume that (d,¢(0), ..., d,¢(0)) is an orthogonal basis of
Tp0<2. In other words, we then have that

gij(O):(S,-j for all i,j:l,...,n. (4-12)
As one checks,
gii(x) =8 forallxe Bysandi=1,...,n. (4-13)

Fix now « € R and consider ® € COO(EZ(;) such that ®(0) = 0 and which will be constructed later
(independently of o) with additional needed properties. Fix n € C fo(Egg) such that n(x) = 1 for all
x € Bs. Define uy € C®(Q\ {0}) as

ug o @(xy, x') :=nx)x1|x|"“(1 +O(x)) forall (x1,x") e Bos \ {0}. (4-14)

In particular, u,(x) > 0 for all x € (p(§25) N and uy(x) =00n 2\ (p(§25).
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We claim that with a good choice of ®, we have that

_an —(x)u 4 (ua(x)

—Auy = 5 ) asx — 0. (4-15)
|x] x|

Indeed, using the chart ¢, we have that
(—Aug) o p(x1, x') = —Ay(ug 0 ) (x1, x')
for all (x1,x) € Eg \ {0}. Here, —A, is the Laplace operator associated to the metric g; that is,

— Ay = —g" (3;; — 5,

where

Ftkj = %gkm(aigjm +0;8im — Om&ij),

and (g%) is the inverse of the matrix (g; ;7). Here and in the sequel, we have adopted Einstein’s convention
of summation. It follows from (4-13) that

(—Attg)op = — Apuei (Uaop)— Y (87 —87)0;j(ug09)+8" T} 01 (a0p)+ Y _ gVT di(ugop). (4-16)
i,j=2 k>2

It follows from the definition (4-14) that there exists C > 0 such that for any i, j, k > 2, we have that
|9 (e 0 0)(x1, X)| < Clxy| - x| 77 and |8k (g 0 @) (x1, x)| < Clxp] - x|

for all (x1,x") € Eg \ {0}. It follows from (4-12) that g’/ — 8/ = O(|x]) as x — 0. Therefore, (4-16)
yields that as x — O,

(—Autg) 09 = —Apuar(ttq 0 @) + 8T} 81 (g 09) + O (xy [x]7#7). (4-17)

The definition of g;; and the expression of ¢(x1, x") then yield that as x — 0,

g/ = —5 > g g

i,j>2
=_ Z 8" (1, x) ((3i9(0, x"), v (x")) +x1(3; (x"), dv(x")))
i,j>2
=— Y £7(0,x)(3i9(0, x), jv(x) + O(x1]) = H(x) + O(Ix1]),
i,j>2

where H (x') is the mean curvature of the (n—1)-manifold 32 at ¢(0, x”) oriented by the outer normal
vector —v(x”). Using the expression (4-14) and using the smoothness of ©, (4-17) yields
(—Auy)op = (—Apucr(x11x]7) - (1 +O) + x| ¢ (H(x’)(l +0)-— 281®) +0@(xix|7* ) asx —0.
We now define

O(xy, x) = e MHO2 _ 1 forall x = (x1, x') € Bas.
Clearly ©(0) = 0 and © € C®(Bas). We then get that as x — 0,

a(n—a) —a —a—1
(—Aua)0<ﬁ=vxl|x| ~(14+0)+ 00 lx[ ™). (4-18)
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With the choice that g;;(0) = §;;, we have that (9;¢(0));=1,... » is an orthonormal basis of R", and therefore
lo(x)| = |x|(14+ O(]x])) as x — 0. It then follows from (4-18) and (4-14) that

a(n—a)
Ay = ——+—
kP

This proves (4-15). We now proceed with the construction of the sub- and supersolutions. Let o €

ug 4+ O(Ix| " 'uy) asx — 0. (4-19)

{e_(y), a4 (y)} in such a way that «(n — o) = y and consider 8, A € R to be chosen later. It follows
from (4-15) that

(_A 7 +0(a)
]2

)(ua + hug) = M |;|§) — y)l/t,f; + O&TJ Dt + 0 (x| ) + O (1x|"2up)

u

- ﬁ(xw = B) =)+ 0(IxI) + O(x[TF~) + 0 (x| 7))
as x — 0. Choose g such that @ — t < 8 < « in such a way that 8 #«a_(y) and B8 # a4 (y). In particular,
B>a—1and B(n— B) —y #0. We then have

(_A 7+ 03

|x|?

as x — 0. Choose A € R such that A(B(n—B) —y) > 0. Finally, let uy  :=uq+Aug and uy — :=uy —Aug.

)(ua+Kuﬁ)= |i%(?»(ﬂ(n—,3)—J/)+0(I)C|””3_o‘)) (4-20)

They clearly satisfy (4-4) and (4-5), which completes the proof of Proposition 4.3. ([l
Lemma 4.4. Assume that u € Dl’z(Q)loc,o is a weak solution of
Yy + O(x|") 12
—ANu—————u=0 inD"(Q ,
|x|2 ( )loc,O (4_21)
u=~0 on Brs(0)N o2

for some T > 0 and § > 0. Then, there exists C; > 0 such that

lu(x)| < Cid(x, 3Q)|x| 7% for x € 2N Bs(0). (4-22)
Moreover, if u > 0 in Q, then there exists C, > 0 such that

u(x) > Cad(x, 9Q)|1x|7%") for x € QN Bs(0). (4-23)

Proof. Assume first that u € Dl’z(Q)loc,o and u > 0 on Bs(0) N Q2. We claim that there exists Cy > 0 such

that
1 d(x,092) - <C d(x,09)
Co |x[=® =u(x) =Co x |-

Indeed, since u is smooth outside 0, it follows from Hopf’s maximum principle that there exists C;, C, > 0
such that

for all x € 2N B;(0). (4-24)

Cid(x,0R) <u(x) < Cad(x,02) forall x € QN aB;s(0). (4-25)

Let uy_(y),+ be the supersolution constructed in Proposition 4.3. It follows from (4-25) and the asymptotics
(4-5) of uy_(y),+ that there exists C3 > 0 such that

u(x) < Caug_(y),+(x) forall x € 9(B5(0) N€2).
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Since u is a solution and uy_(y),4 is a supersolution, both being in DI'Z(Q)IOC,O, it follows from the
maximum principle (by choosing § > 0 small enough so that —A — (y + O(|x|%))|x | =2 is coercive on
Bs(0)N2) that u(x) < C3uq_(y),+(x) for all x € Bs(0) N 2. In particular, it follows from the asymptotics
(4-5) of uy_(y),+ that there exists C4 > 0 such that u(x) < Cad(x, Q) |x|~* @ for all x € 2N Bs(0).
Arguing similarly with the lower-bound in (4-25) and the subsolution u,_(,),—, we get the existence of
Co > 0 such that (4-24) holds. This yields Lemma 4.4 for u > 0.

Now we deal with the case when u is a sign-changing solution for (4-21). We then define uy, u; :
Bs(0) N2 — R such that

—Aul—%l(lxlr)ul:O in Bs(0)N, —Auz—%ﬁx'r)uz:o in Bs(0)N<,
u1(x) = max{u(x), 0} on J(Bs(0)N2), ur(x) = max{—u(x), 0} on J(Bs(0)N).

The existence of such solutions is ensured by choosing 6 > 0 small enough so that the operator —A — (y +
0(|x|’))|x|_2 is coercive on Bs(0) N Q. In particular, uy, up € D1’2(Q)1OC,0, u,up>0and u =u; —u,.
It follows from the maximum principle that for all i, either u; = 0 or u; > 0. The first part of the proof
yields the upper bound for u, u,. Since u = u; — u,, we then get (4-22). ]

The following lemma allows to construct sub- and supersolutions with Dirichlet boundary conditions
on any small smooth domain.

Proposition 4.5. Let Q2 be a smooth bounded domain of R"*, and let W be a smooth domain of R" such
that for some r > 0 small enough, we have

B.(0O)NQCWCBy0)NQ and B,(0)NoW = B,(0)NaI. (4-26)
Fixy < }LnZ, O<t<land B eRsuchthatoa,(y)—1 < B <ay(y)and B # a_(y). Then, for r small
enough, there exists ué‘?(y)’Jr, ug?(y)’_ € C®(W \ {0}) such that
(d) (d) _ ;
U )+ Har)+ = 0 in 9W\ {0},
) y+O0Ux|") @ .
—AUg )4 T TR et 7 0 inW, (4-27)
(d) Yy +O0(x[") (@ .
Ay gy,- T”w(w),— <0 inW.

Moreover, we have as x — 0, x € Q that
) d(x y 0 Q)

- (17/3 )
o).+ 00 = ey (L O, (4-28)
d(x,08) 3
) _ ap ]
I e G G ) (4-29)

Proof. Take n € C*(R") such that n(x) = 0 for x € Bs/4(0) and n(x) =1 for x € R" \ B;/3(0). Define

on W the function

v+ 0(x)
|x|?

f(x) = (—A )(nua+<y),+),
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where uy_ (), + s given by Proposition 4.3. Note that f vanishes around 0 and that it is in C ©(W). Let

+ 0 X T

v=0 on oW,
Note that for » > 0 small enough, —A — (y + O(|x|%)) |x| =2 is coercive on W, and therefore, the existence
of v is ensured for small r. Define

(d) —
Uo (p)+ = Hayp(y)+ — Mlai(y),+ t+v.

The properties of W and the definitions of 1 and v yield

ull o =0 in 9W \ {0},
) y+O0UxI") @ )
—Aua+(y)’+ — letc”(y)’+ >0 inW.

Since —Av — (y + O(|x|"))|x|~2v = 0 around 0 and v € DV2(W), it follows from Lemma 4.4 that
there exists C > 0 such that |v(x)| < Cd(x, W)|x|~*- ) for all x € W. Then (4-28) follows from the

asymptotics (4-5) of uy, (,),+ and the fact that @ (y) < a4 (y). We argue similarly for u((i)(y)’_. O

Lemma4.6. Letu e Dl’z(Q)loc,o such that (4-2) holds. Assume there exists C >0and o €{ay(y), a—(y)}
such that
u(@)| < Clx|'"™ forx >0, x € Q. (4-30)

(1) Then, there exists C1 > O such that

IVu(x)| < Cix|™ asx — 0, x € Q. (4-31)
(2) If lim,_,o |x|*"1u(x) =0, then lim,_, ¢ |x|%|Vu(x)| = 0. Moreover, if u> 0, then there exists | > 0
such that o
m rffutx) =1 and lim  |x|¥|Vu®x)| =1. (4-32)
x—0 d(X, 89) x—0,x€0Q

Proof. Assume that (4-30) holds. Set w(x) := |x|*u(x)/d(x, 0S2) for x € Q2. Let (x;); € L be such that

lim x; =0 and lim w(x;) =1L (4-33)

i— 400 i—+00

Choose a chart ¢ as in (4-7) such that dgy = Idg». For any i, define X; € R, such that x; = ¢(X;),
ri :=|X;| and 6; := X;/|X;|. In particular, lim;_, ;oo r; = 0 and |6;| = 1 for all i. Set

ii;(x) :=r* 'u(p(rix)) foralliand x € BR(0)NRL, x #0.

Equation (4-2) can then be rewritten as

—Agiﬁi — 5 U; = in BR(O) N Rﬁ_, (4_34)

=0 in Br(0) NoR",
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where g; (x) := (p*Eucl)(r;x) is a metric that goes to Eucl on every compact subset of R" as i — co.
Here, o(1) — 0 in C? ([RTfL \ {0}). It follows from (4-30) and (4-33) that

loc

li; (x)| < C|x|1_°‘ for all i and all x € BR(0) NR", (4-35)

It follows from elliptic theory that there exists i € C? (@ \ {0}) such that &; — i in CllOC (IRT:L \ {0}). By
letting 0 :=lim; , ; o 6; (|0] = 1), we then have that 9;u;(6;) — 0;u(0) asi — +oo forany j=1,...,n,
which can be rewritten as

lim |x;|* 0ju(x;) = 0;u(9) forall j=1,...,n. (4-36)
i— 400

We now prove (4-31). For that, we argue by contradiction and assume that there exists a sequence
(xi); € Q2 that goes to 0 as i — 400 and such that |x;|*|Vu(x;)| - 400 as i — +o0. It then follows
from (4-36) that |x;|*|Vu(x;)| = O(1) as i — 4oo. This is a contradiction to our assumption, which
proves (4-31). The case when |x|*u(x) — 0 as x — 0 goes similarly.

Now we consider the case when u# > 0, which implies that &; > 0 and & > 0. We let [ € [0, +o00] and
(x;); € 2 be such that

lim x; =0 and lim w(x;)=I. 4-37)
1—>+00 1—>+00
We claim that
0<l<+o00 and lir%a)(x) =1 €[0, +00). (4-38)
x—

Indeed, using the notations above, we get that

. ui(6)
lim =1.
i—+oo (0i)1

The convergence of u; in Clloc(IRTf’|r \ {0}) then yields I < 4-oco. Passing to the limit as i — 400 in (4-34),

we get
~ Y - .
—AEUCIM — WM =0 in IR'_/:_,
i>0 in k",
i=0 in OR"

The limit (4-37) can be rewritten as u(0) =160, if 6 € R’, and 9,u(0) =1 if 6 € OR'}. The rigidity lemma,
Lemma 4.2, then yields
u(x) =lxi|x|™® forall x e RY.

In particular, since the differential of ¢ at O is the identity map, it follows from the convergence of i; to it
locally in C' that

im s gy W (4-39)

i—>400 xeQnaB,, (0) d(X, I [X|™*  yerrnyB o) X11X]7*

and .
. . u(x) . u(x)
lim inf _— = inf =1. (4-40)
i—>+00xeQNdB,, (0) d(x, 0Q2)|x|™%  xeRLNIBI(0) X1|x|~¥
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We distinguish two cases:

d
Case 1: o = a+(y).(d[),et W and M(Etj()/),—

s ()= do not use the lemma that is currently being proved. It follows from (4-40)
that there exists ig such that for i > iy, we have

be as in Proposition 4.5, and fix € > 0. Note that the existence
and properties of u

u(x) > (I =y’ _(x) forallx € WNaB, ).

Since (—A—(y + O (x| )Ix|7?) (u—( — e)uii)(y)ﬁ) >0in W\ B,,(0) and since ug, (,)— vanishes on

aW \ {0}, it follows from the comparison principle that

u(x) = (—eull  _(x) forallxeW\dB,(0).

Letting i — +o0 yields
u(x) = (I —eul’ | _(x) forallx e W\{0}.

(d)

oy () that

It follows from this inequality and the asymptotics for u
liminfw(x) > 1.
x—0

Note that this is valid for any / € R satisfying (4-37). By taking / :=lim sup,_,, w(x), we then get that
lim,_ow(x)=1.

Case 2: @ =a_(y). Consider the super- and subsolutions #y_ () 4, Ua_(y),— constructed in Proposition 4.3.
It follows from (4-39) and (4-40) that for € > 0, there exists iy such that, for i > iy, we have

(=g ), (x) fulx) < (+€)ug_),+(x) forall x € QN aIB,(0).

Since the operator —A — (y + O (|x|%))|x|~2 is coercive on QN B,,(0) and the functions we consider are

in Dllég,o(g N B, (0)) (i.e., they are variational), it follows from the maximum principle that

( —ug_),—(x) Su(x) < ( +6€)ug_(),+(x) forall x € 2N B, (0).

Using the asymptotics (4-5) of the sub- and supersolutions, we get that

(I —€) < liminf ur) < lim sup u(x)
x>0 d(x,dQ)|x|7*-®) -0 d(x,0Q)|x|~¢-®)

<(+e).

Letting € — 0 yields lim,_.o w(x) = > 0. This ends Case 2 and completes the proof of (4-38).

The case u > 0 is a consequence of (4-38) and (4-36) (note that for the second limit, x; € 92 can be
rewritten as 0; € dR’, and therefore (6;); = 0). This ends the proof of Lemma 4.6. O
Proof of Theorem 4.1. First, assume that u € Dl*z(Q)loc,o satisfies (4-2) and u > 0 on Bs(0) N 2. It then
follows from Lemma 4.4 that there exists Cy > 0 such that

1 d(x,0%) d(x, 3€2)
C_OW—_(V)SM(X)SCOW—_(}/) fOfallXEQmBg(O).

Since u > 0, this estimate coupled with Lemma 4.6 yields the theorem for u > 0.
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If now u is a sign-changing solution for (4-2), we define u, us : Bs(0) N 2 — Rx¢ as in the proof of
Lemma 4.4. The first part of the proof yields that there exist /1, [ > 0 such that

. u(x) . us(x)
lim =/I; and lim =1.
x—0d(x, 0Q)|x|~*-) x—0d(x, 0Q)|x|*-)
Since u = u| — uy, we get Theorem 4.1 by taking [ :=1; — b». |

Here is an immediate consequence.

Corollary 4.7. Suppose y < yu(2) and consider the first eigenvalue of L., i.e.,

Vul> —u*y/|x|?) dx
@)= i 2l a2l ?)
ueD"2(2)\{0} fQu dx

> 0.

If ug € DV2(Q) \ {0} is a minimizer, then there exists A # 0 such that

d(x, 98)

uo(x) ~x-0 W

Proof. The existence of a minimizer u( that doesn’t change sign is standard. The Euler—Lagrange equation
is —Au —uy/|x|*> = ku for some k € R. We then apply Theorem 4.1. (]
5. Regularity of solutions for related nonlinear variational problems

This section is devoted to the proof of the following key result.

Theorem 5.1 (optimal regularity and generalized Hopf’s lemma). Fix y < }Ln2 andlet f: Q2xR— R
be a Carathéodory function such that

|v|2"(s)72
|f(x,v)| < C|v|<1 +T) forall x € Q and v € R.
Letu € DI’Z(Q)loc,o be a weak solution of
0 T
~au= YO ey in DM (R (5-1)

|x|?
for some T > 0. Then, there exists K € R such that

) u(x)
lim =
x—0d(x, 9Q)|x|~*-)

(5-2)

Moreover, if u > 0 and u # 0, we have that K > 0.

Note that when f = 0, this is nothing but Theorem 4.1. The result can be viewed as a generalization
of Hopf’s lemma in the following sense: when y = 0 (and then «_ (y) = 0), the classical Nash—-Moser
regularity scheme yields u € Clloc, and when u > 0, u 0, Hopf’s comparison principle yields d,u(0) < 0,
which is a reformulation of (5-2) when a_(y) = 0.

The following lemma will be of frequent use in the sequel.
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Lemma 5.2. Let f: Q2 X R — R be as in the statement of Theorem 5.1, and consider u € DI’Q(Q)loc,o
such that (5-1) holds. Assume that for some C > 0,

u@)| < Clx|'" " forx >0, x € Q. (5-3)
Then, u satisfies the conclusion of Lemma 4.6.

Proof. Assume that (5-3) holds. We claim that we can assume that for some 7 > 0,

Yy +0(x)

—Au
|x|?

u=0 in D3 (Q)ic.0. (5-4)
Indeed, we have as x — O,

— —(2* — _ |l/l| * _ _ o u
|f(x,u)|§C|u|(1—|—|x| S|x| 2*(s)—2)(a—(y) 1))§CW(|X|2+|X|(2 (s)—2)(n/2 Ol,(y)))=0 |x|‘[W

for some 7’ > 0. Plugging this inequality into (5-1) and replacing T by min{z, t’} yields (5-4). The lemma
now follows from Lemma 4.6. O

Proof of Theorem 5.1. We let here u € DI’Z(Q)loC’O be a solution to (5-1); that is,

7 +0(al)

—Au
|x|?

u= f(x,u) weaklyin D"3(Q)ic.0 (5-5)

for some 7 > 0. We shall first use the classical De Giorgi-Nash—Moser iterative scheme (see [Gilbarg
and Trudinger 1998; Hebey 1997] for expositions in book form). We skip most of the computations and
refer to [Ghoussoub and Robert 2006a, Proposition A.1] for the details. We fix §p > 0 such that

(i) there exists 7 € C°°(B4s,(0)) such that 7(x) =1 for x € By;,(0),
(ii) fu € D"?(), and

(iii) u is a weak solution to (5-5) when tested on 7jg with ¢ € D'2(2) (see the definition of weak solution
given in the preceding section).

The proof goes through four steps.
Step 1: Let 8 > 1 be such that 48/(8 + 1)? > 4y /n?. Assume that u € LPT1(QN Bs,(0)). We claim that

u € L"=2ETD QN By, (0)). (5-6)

Indeed, fix $>1, L >0, and define G, H;, : R — R as

|t1F~ 1 if 1| <L,
GL(t):=3BLF "¢ —L)+LFP ift>L, (5-7)
BLA 't +L)—LP iftr<—L
and
|¢|B=D72y if [t| <L,
Hp(t):={ 3B+ DLED2@¢ — L)+ LBD2 ift > L, (5-8)



1042 NASSIF GHOUSSOUB AND FREDERIC ROBERT

As is easily checked,

4p
(B+1)?
forall # € R and all L > 0. We fix § > 0 small, which will be chosen later. We let n € C>°(R") be
such that n(x) = 1 for x € B;/2(0) and n(x) = 0 for x € R" \ Bs(0). Multiplying equation (5-5) with
n*Gr(u) € D"2(Q), we get that

0<:GL(t) <HL(t)* and G (1) = (Hp (1)) (5-9)

/ (Vu, Vi*Gr(u))) dx — f % 2uGr(u)dx = [ fO, wn*Gr(u)dx. (5-10)
Q Q

Integrating by parts, and using formulae (5-7)—(5-9) (see [Ghoussoub and Robert 2006a] for details) yields

f(w, V*G(w))) dx
Q - 4p
S (B+1)?

where Jy (1) := fot G (t)dr. This identity and (5-10) yield

(0]
s [ v ar = [ PRI 06, w0 dx

< /Q = AGP)|- 1L @)] dx + C(B. 8)

/(IV(nHL(u))|2—n(—A)nHL(M)z)dx+/Q—A(HZ)JL(M)dx, (5-11)
Q

) |M|2 (s)—2 5
|Hp (u)] dX+Cf T(’?HL(M)) dx. (5-12)
QN Bs(0) Q

Holder’s inequality and the Sobolev constant given in (1-16) yield

2%(s)—2 2%(s) (2*(s)=2)/2%(s) 2*(s) 2/2*(s)
u u Hi(u
/ —| | (nHL(u))zdx < </ Jul a’x) ( —|77 L@ dx)

o |xI® QnBs©) |X[° Q | x]*

|u|2*(s) (2*(9)=2)/2*(s)
=(f - ax) | vt
QnBs©) |xI MO s(Q)

Plugging this estimate into (5-12) and defining y; := max{y, 0} yields

(nHp (u))?
V(nH dx — +C8° ———dx
(/3+1>2/ IVGHL@)IP dx =y + Con) | H2E
<C(B.9) (IHL(M)|2+ |JL(w)]) dx +0l(5)/ |V (nHy (u))|* dx,

) QN B (0) Q
where |u|2*(s) (2%(5)—2)/2*(s) 1

«(8) :=c<f dx> : :

anBs) |xI° o,s (£2)

so that

lim a(8) = 0.
§—0

It follows from Hardy’s inequality that

n? [ (HL W)
4 Jo  Ix?

dx < (1 +e<8)>f \V(nHy ()| dx,
Q
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where lims_,g €(§) = 0. Therefore, we get that

4p ! 5
((ﬁ+1)2_a(5)—(7++C3 );(1+€(5)))/§2|V(77HL(M))| dx

=C(8.9) (IHL ) ? +|J2 w)]) dx < C(B, ) P dx.
QNBs(0) Bs(0)NQ

Let § € (0, §p) be such that

4B
(B+1)?
This is possible since 48/(B + 1)? > 4y /n% Using Sobolev’s embedding, we then get that

2/2* 2/2*
(f | Hy (u)|* dx) 5( InHp (u)]? dx)
Bs/2(0)N2 R7

= MO,O(Q)I/ IV HL ) dx < C(B, 5, y)/ ulP* dx.
& B5(0)N<Q

4
—a(d) — (y+ + CS’);(I +€(8)) > 0.

Since u € LPT (B, (0)NQ), let L — +00 and use Fatou’s lemma to obtain that u € L®/2#+D (B; 5 (0)NQ).
The standard iterative scheme then yields u € C' (2N B, (0)\ {0}). Therefore u € L>/2#+D(B; (0)N Q).

Step 2: We now show that

if y <0, thenu € L”(2N Bs(0)) forall p > 1, (5-13)
if y >0, then u € LP (2N Bs(0)) for all p € (1, #a_’zy)) (5-14)
The case y <0 is standard, so we only consider the case where y > 0. Fix p >2 and set  := p—1. We have
48 4 n n
RSV a) P ey

Since a4 (y) > %n and p > 2,
4 4
—_— > — .
B+ w2’ a(y)

Therefore, it follows from Step 1 that if u € L? (2N Bs,), with p <n/a_(y), then u € LP"*=2(QN By,).
Since u € L*(Q2N Bs,), (5-14) follows.

P <

Step 3: We claim that for any A > 0,
|22 | (x)| = O (x| D n2mmaxle01=R)y g x s ), (5-15)

Indeed, take p € (2%, n?/((n—2)a_(y))) if y >0, and p >2* if y <0. This is possible since 2* =2n/(n—2)
and a_(y) < %n We fix a sequence (¢;); € (0, +00) such that lim;_, ;- €;, = 0 and we fix a chart ¢ as
in (4-7) to (4-12). For any i € N, we define

ui(x) := €Pu(p(eix)) forall x € By/.
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Equation (5-5) then can be written as

2 T4 |T
€ (v + O( 1x[%)) ~
gli — : |g0(€.x)l|2 u; = f,-(x, l/t,'), u; = 0 on aRi N B(S/gi, (5—16)
i

where g; (x) := ¢*Eucl(¢;x) and

—A

2*(5)=2)((n—2)/2— _ =1 -
|ﬁ(x, u[)| EC612|ul|+CEl( (s) )((n )/ n/P)|x| S|Mi|2 (s)—1 in BS/Q-
We fix R > 0 and define wg := (ER \ ER—I )NR. With our choice of p above and using (5-14), we get that

il e (wr) < C, (5-17)
and
| fi(x, ui)| < Crlui| + Crlui]* @~ for all x € wg. (5-18)

Fix g > p > 2* It follows from elliptic regularity that

1141l 14’ (ypy < €' if g < 3n(2%(s) = D),
luillLo@n) <C = { MuillLr@ep <C' forallr > 1if g = 1n(2*(s) — 1),
i ll L (@ry < €' if g > 3n(2%(s) = 1),
where
1 2%(s)—1 2
¢ q
and the constants C, C’ are uniform with respect to i. It then follows from the standard bootstrap iterative
argument and the initial bound (5-17) that ||u; || Lo (w,4) < C" Taking R > 0 large enough and going back
to the definition of u;, we get that for all i € N,

IX["?u(x)| < C for all x € QN By, (0)\ B, 2(0).

Since this holds for any sequence (¢€;);, we get that |x |"/P|u(x)| < C around O for any

I’l2

(n—2)a_(y)
when y > 0. Letting p go to n?/((n — 2)a—(y)) yields (5-15) when y > 0. For y <0, we let p — +00.

X<p<

To finish the proof of Theorem 5.1, we rewrite equation (5-5) as

where for x € Q,
ax) =y 4+ 0(x|")+ O0(x>) + O (x>~ |u)* ©72)
=y + 0(x|")+ 0(x1®) + O(x|" 2 u(x))* 2.

Since a_(y) < %n, it then follows from (5-15) that there exists 7/ > 0 such thata(x) =y + O(x|") asx — 0.
We are therefore back to the linear case; hence we can apply Theorem 4.1 and deduce Theorem 5.1. [
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As a consequence we get the following result, which will be crucial for the sequel.

Corollary 5.3. Suppose u DI’Z(R’J’F), u>0, us#0is a weak solution of

2*—1
y U . on
—AM—WM—W ll’lR+.
Then, there exist K, Ko > 0 such that
1 X1
u(x) ~x-0 KIW and  u(x) ~|x|—+oo sz- (5-19)

Proof. Theorem 5.1 yields the behavior when x — 0. The Kelvin transform 7 (x) := x> "u(x/|x]?) is a
solution to the same equation in DI’Z(R’jr), and its behavior at O is given by Theorem 5.1. Going back
to u yields the behavior at co. ([l

6. Profile around 0 of positive singular solutions of L, u = a(x)u

In this section we describe the profile of any positive solution — variational or not— of linear equations
involving L, . Here is the main result of this section.

Theorem 6.1. Let u € C2(Bs(0) N (22 \ {0})) be such that

—Au— L(ZW)M =0 inQNBs0),

| x|
u>0 in 2N Bs(0), (6-1)
u=0 on (92N Bs(0)) \ {0}.

Then, there exists K > 0 such that either

d(x,982) d(x,092)

U(x) ~x—0 e U(x) ~x—0 T

In the first case, the solution u € DI’Z(Q)loc,O is a variational solution to (6-1).

It is worth noting that Pinchover [1994] tackled similar issues. The proof of Theorem 6.1 will require
two additional results. The first is a Harnack-type result.

Proposition 6.2. Let Q2 be a smooth bounded domain of R", and let a € L*°(2) be such that ||a|lcoc < M
for some M > 0. Assume U is an open subset of R" and consider u € C*(U N Q) to be a solution of

—Agu+au=0 inUNK,
u=>0 inUNS,
u=>0 onUNo.

Here g is a smooth metric on U. If U’ € U is such that U' N Q is connected, then there exists C > 0
depending only on Q, U', M and g such that

u@) . u@)

lix,yeU' NQ. 6-2
a0 = Cap. e Toralxy ©-2)
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Proof. We first prove a local result. The global result will be the consequence of a covering of U’. Fix
Xxo € dQ2. For § > 0 small enough, there exists a smooth open domain W such that

Bs(xg) N2 C W C Bys(xg) N2 and Bs(xg) NOW = Bs(xg) N0L2. (6-3)

Let G be the Green’s function of —A, +a with Dirichlet boundary condition on W, then its representation
formula reads as

u(x) =/ u(0)(—=0ycG(x,0))do =/ u(0)(=0y,cG(x,0))do (6-4)
oW AW\IQ
for all x € W, where 9, -G (x, o) is the normal derivative of y — G(x, y) at o € 0 W. Estimates of the

Green’s function (see [Robert 2010; Ghoussoub and Robert 2006a]) yield the existence of C > 0 such
that forall x e W and o € W,

1d(x,dW) d(x, W)

————— <-0,Gx,0)<C——.

C |x—o]|" ' lx —o|"
It follows from (6-3) that there exists C(8) > 0 such that for all x € Bs/2(xo) N2 C W and 0 € 0W \ 9€2,

md(x W) <—0,,G(x,0) <C(§)d(x,dW).
Since u vanishes on 9€2, it then follows from (6-4) that for all x € Bs/2(xo) N €2,
C((S) d(x, 8W)/ u(o)do <u(x) <C@)d(x, 8W)/ u(o)do.

It is easy to check that under the assumption (6-3), we have that d(x, 02) = d(x, dW). Therefore, we
have for all x € Bs/2(xo) N €2,

Culx)
C(S)/ u(o)do _d( o = C(8)f u(o)do.

Since these lower and upper bounds are independent of x, we get inequality (6-2) for any x, y € Bs/2(x0)NS2.

The general case is a consequence of a covering of U’ N Q2 by finitely many balls. Note that for balls
intersecting 02, we apply the preceding result, while for balls not intersecting 02, we apply the classical
Harnack inequality. This completes the proof of Proposition 6.2. O

Proof of Theorem 6.1. Let u be a solution of (6-1) as in the statement of Theorem 6.1. We claim that
u(x)=0d(x,dQ) x|+ forx — 0, x € Q. (6-5)

Indeed, otherwise we can assume that

li u(x) ¥ (6-6)
1m Su = Q0. -
oh d(x, 98 [x] @)

In particular, there exists (x)x € €2 such that for all k € N,

lim x,=0 and (k) > k. (6-7)
k—+00 d(xp, 0)| x|+ W)
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‘We claim that there exists C > O such that

u(X) ] Lpe—
A, aD) x| =) > Ck forall x € QN 9B, (0), with ry := |x¢| — 0. (6-8)

We prove the claim by using the Harnack inequality (6-2): first take the chart ¢ at 0 as in (4-7), and define
up(x) :=uop(rx) forx e RN B3(0)\ {0}.
Equation (6-1) can be written as

—Aguup+apu =0 in R?N B3(0) \ {0}, (6-9)

with
+ 0 T T
ap(x) := —r,? yrUU ) g |);| )
lo(rex)|

In particular, there exists M > 0 such that |a;(x)| < M for all x € R, N B3(0) \ B 13(0). Since uy > 0,
the Harnack inequality (6-2) yields the existence of C > 0 such that

ui(y) > C ug(x)

for all x, y € R%. N B>(0) \ B1/2(0). (6-10)
1 X1

Let x; € R’} be such that x; = ¢ (rcXx). In particular, |[x;| = 1 +o0(1) as k — +oo. It then follows from
(6-7), (6-9) and (6-10) that

uo@(ryy) =
——————— _>(C-k forall R™ N B>(0) \ B1,2(0).
d(o(rey). 99) = orall y € R, N B2(0) \ B1,2(0)

In particular, (6-8) holds.

We let now W be a smooth domain such that (4-26) holds for » > 0 small enough. Take the supersolution

@) defined in Proposition 4.5. We have that

oy (y),—

u(@) = —5ug), () forallx € WNaB,(0).

Since ”gi)(y),— vanishes on 0 W, we have u(x) > %(C . k)ugi)(y),_(x) for all x € (W N B, (0)). Moreover,

we have that

0 T 0 T
Ay@ Y FOW) @ g a, YO

)= T R Mast- BE n W.

Up to taking r even smaller, it follows from the coercivity of the operator and the maximum principle
that

C-k
w(x) > ——ul _(x) forallxeWn B, 0). 6-11)

For any x € W, we let kg € N such that r, < |x| for all k > kg. It then follows from (6-11) that

u(x) > %(C -k)u'(i)(y),_(x) for all k > kg. Letting k — +oo yields that ul(;i)(y)’_(x) goes to zero for all

x € W. This is in contradiction with (4-29). Hence (6-6) does not hold, and therefore (6-5) holds.
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A straightforward consequence of (6-5) and Lemma 5.2 is that there exists / € R such that

u(x)

lim =1.
x—0 d(x, 9Q)|x|~2+®)

(6-12)

We now show the following lemma:

Lemma 6.3. If
. u(x)
lim =
x—0d(x, 8Q)|x|—a+()/)

’

then u € DI’Z(Q)IOC,O and there exists K > 0 such that u(x) ~,_o Kd(x, BQ)/lxI“*(V).

Proof. We shall use Theorem 4.1. Take W as in (4-26) and let n € C*°(R") be such that n(x) = 0 for
x € Bs;4(0) and n(x) =1 for x € R" \ Bs;3(0). Define

_y+ 03
|x|?

fx):= (—A )(nu) for x € W.

The function f € C oo(W) vanishes around 0. Let v € D1?(Q) be such that

0 T
v+t (|x|)v:f in W,
Jx|?

v=0 on dW.

—Av

Note again that for » > 0 small enough, —A — (y + O (|x|"))|x | =2 is coercive on W, and therefore, the
existence of v is ensured for small . Define
u:=u—nu+v.

The properties of W and the definition of 1 and v yield

0 T
_aa YO o W,
|x|?

i=0 in oW\ {0}.
Moreover, since —Av — (¥ + O (]x|%))|x|~>v =0 around 0 and v € D">(W), it follows from Theorem 4.1
that there exists C > 0 such that [v(x)| < Cd(x, W)|x|~* @) for all x € W. Therefore, we have that
lim ux) —0.
x=0 d(x, 9Q)[x| o+ )

(6-13)
It then follows from Lemma 5.2 that

lirr%) x| Vi(x)| = 0. (6-14)
xX—

Let ¥y € C°(W) and w € D"2(W) be such that

0 T
_r+t (IXI)w:d/ in W,
x|

w=0 on dW.

—Aw
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Since ¥ vanishes around 0, it follows from Theorem 4.1 and Lemma 5.2 that
w(x) = 0(d(x,dW)|x| 7)) and |[Vw(x) = 0(x|7*")) asx — 0. (6-15)

Fix € > 0 small and integrate by parts, using that both & and w vanish on 9 W, to get

0 T
0:f (—AIZ—H—(JXHIZ)LUCZ’X
W\B. (0) |x]

0 T
:f (—Aw—H—(ZpCUw)ﬁdx—l-f (—woyit + ud,w) do
W\B.(0) |x] A(W\B(0))

=f Yiudx —/ (—woyu +udyw)do.
W\B,(0) QN9 B.(0)

Using the limits and estimates (6-13), (6-14) and (6-15), and that ¢ vanishes around 0, we get

0=/ yidx+o(e" (e Wem ) el ema-)y) =/ Vidx+o(l), ase— 0.
W\ B¢ (0) WAB(0)

Therefore, we have [, Yii dx =0 for all € C2°(W). Since i € L? is smooth outside 0, we then get
that z = 0, and therefore u = nu + v. In particular, u € DI*Z(Q)M,O is a distributional positive solution to

y +0(x[")
——u

—Au
|x|?

=0

on W. It then follows from Theorem 4.1 that there exists K > 0 such that u(x) ~,_.0 Kd(x, ) /|x|*- .

This proves Lemma 6.3. O
Combining Lemma 6.3 with (6-12) completes the proof of Theorem 6.1. U
As a consequence of Theorem 6.1, we improve Lemma 4.2 as follows.

Proposition 6.4. Letu € C 2(@ \ {0}) be a nonnegative function such that

14 .
—Au——u=0 inR",

|x|? i (6-16)
u=~0 on BRi.

Then there exist A_, A > 0 such that
u(x) = A_xilx |7 £ aix x| 70 forall x e R

Proof. Without loss of generality, we assume that u s~ 0, so that u > 0. We consider the Kelvin transform
of u defined by @i(x) := |x|>"u(x/|x|?) for all x € R”.. Both u and & are then nonnegative solutions
of (6-16). It follows from Theorem 6.1 that, after performing back the Kelvin transform, there exist
ap, a2 € {a4(y), a—(y)} such that

u(x) u(x)

i =/ >0 and lim
x—0 X1]x| ™% lx|—>o00 x1|x]| %2

=lz>0.
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If oy < ap, then u(x) < Cxy|x|™* for all x € R"}. The result then follows from Lemma 4.2. If a1 > ap,
then o) = a4 (y) and oo = —_(y). We define

i(x) == u(x) —lx x| 7% forall x € R".

to obtain that —Aii — iy /|x|* =0 in R",
as in the proof of Lemma 6.3, we get that & € D?(R")joc 0 and i@(x) = O (x;|x|7*-?)) as x — 0.

Moreover, we have that i(x) = (I + o(1))x;|x|7* ) as |x| — +o0; therefore ii(x) > 0 for |x| > I.

u=0onoR},and u(x) = o(x1|x|7%®)) as x — 0. Arguing

Since i € Dl’z([R{{L)loc,o, the comparison principle then yields # > 0 everywhere. We also have that
d(x) < Cxylx|~% W) forall x € R’} . It then follows from Lemma 4.2 that there exists A_ > 0 such that
a(x) = A_xi|x|7% ) for all x € R, from which Proposition 6.4 follows. O

7. The Hardy singular boundary mass of a domain 2 when 0 € 922

We shall proceed in the following theorem to define the mass of a smooth bounded domain €2 of R” such
as 0 € 9Q2. It will involve the expansion of positive singular solutions of the Dirichlet boundary problem
L,u=0.

Theorem 7.1. Let Q2 be a smooth bounded domain 2 of R" such as 0 € 02, and assume that %(n2 -1 <
¥ <vu (). Then, up to multiplication by a positive constant, there exists a unique function H € C*(\{0})
such that

AH-Y-H=0 e,

|x|?
H=>0 inQ, (7-1)
H=0 on 32\ {0}.

Moreover, there exists c; > 0 and ¢y € R such that
d(x,0Q) d(x,09) <d(x,8$2)

|x|a+(y) 2 |x|a7(y) |x|a7(y)

H((x) =c ) as x — 0. (7-2)

The quantity m,, (2) := c3/c| € R, which is independent of the choice of H satisfying (7-1), will be called
the Hardy b-mass of 2 associated to L,,.

Proof. First, we start by constructing a singular solution H for (7-1). For that, consider uy_ ;) as in
(4-14) and let n € C°(R") be such that n(x) =1 for x € Bs/>(0) and n(x) =0 for x € R" \ Bs(0). Set

14 .=
f==AMug, o)) — W(er(y)) in 2\ {0}.
It follows from (4-19) and (4-5) that f is smooth outside 0 and that
fx)=0(dx, 3Q)|x|7 ") = 0(x|~*")) in QN Bs)»(0).

Since y > ;(n* — 1), we have that a4 (y) < 3(n + 1), and therefore f € L2"/"+2(Q) = (L*(Q))' C
(D'2()). It then follows from the coercivity assumption y < yg(€2) that there exists v € DL2(Q)

such that
—Av—Lv=F in(D2Q).
|x|?
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Let vy, vo € DV2(Q) be such that

—Av—Lv=f and —Av—Lwm=f  in(DVAQ). (7-3)
|x|? |x|2

In particular, v = v — v, and vy, v, € C1(Q\ {0}), and they vanish on 92\ {0}.

Assume that f #£ 0. Since f} > 0, the comparison principle yields vy > 0 on 2\ {0} and d,v; <0 on
902\ {0}. Therefore, for any § > 0 small enough, there exists C(§) > 0 such that v{(x) > C(§)d(x, 9R2)
for all x € dBs(0) N 2. Let uy_(y),— be the subsolution defined in (4-4). It follows from the asymptotic
(4-5) that there exists C'(8§) > 0 such that vy > C'(8)uq_(y),— in 3Bs(0) N Q. Since this inequality also
holds on d(Bs(0) N 2) and

(—A _ #)(v] —COta_)0) =0 in BO)NE,
X

coercivity and the maximum principle yield vi > C'(8)uq_(y),— in Bs(0) N K. It then follows from (4-5)
that there exists ¢ > 0 such that

vi(x) >c-d(x, 0Q)|x|7* " in Bs(0) N 2.

Therefore, we have for x € Bs(0) N €2,

fr(x) <Cd(x, 3Q)|x|_°‘+(7)_1 < £|x|<¥—(y)—a+()/)—1vl(x) < £|x|a—(y)—0£+(7/)+1 U|1(|);)
c c X

Therefore, (7-3) yields

Y+ 0(|x|°‘*(7)7“+(}’)+1)

—Av; + BE

v1 =0 1in Bs(0)NQ.

Since y > %(n2 — 1), we have that «_(y) — a4 (y) +1 > 0. Since v; € D'2(Q), v; >0 and v, #0, it
follows from Theorem 4.1 that there exists K; > 0 such that

d(x,dS2) (d(x,aﬁ)

|_x|0[—(y) |x|017(1/)

v1(x) = Ky ) asx — 0. (7-4)

If f+ =0, then v; =0 and (7-4) holds with K| = 0. Arguing similarly for f_, and using that v = v; — vy,
we then get that there exists K € R such that

d(x,09) d(x, 092)
v(x) =—K ) ( ) > as x — 0. (7-5)
Set
Ho(x) :=n(xX)uq, )(x) —v(x) forall x € Q\ {0}. (7-6)

It follows from the definition of v and the regularity outside O that

_AHO_#HFO inQ,  Ho(x)=0 inaf\ {0}
X
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Moreover, the asymptotics (4-5) and (7-5) yield Hy(x) > 0 on N By (0) for some §’ > 0 small enough.
It follows from the comparison principle that Hy > 0 in 2.

We now perform an expansion of Hy. First note that from the definition (4-14) of u,_ (,), the asymptotic
(7-5) of v and the fact that a4 (y) —a—(y) < 1, we have

o _d(x,09) 140 Kd(x,BQ) d(x,09Q)\ d(x,09) d(x,0%) d(x,08)
0= ary IHOUDITE 055 =) ) T Jxfe® =) x|
as x — 0. In particular, since in addition Hy > 0 in €2, there exists ¢ > 1 such that
1d(x,09) d(x,0%)
Z W < H()(X) < CW for all x € 2. (7-7)

Finally, we establish the uniqueness. For that, we let H € C 2(Q\ {0}) be as in (7-1) and set
Ao :=max{A >0: H > AHpy}.

The number A is clearly defined, and so we set H:=H- MoHp > 0. Assume that H % 0. Since
—AH— y|x|*2f1v = 0, it follows from Theorem 6.1 that there exists & € {a+(y), —(y)} and K > 0
such that
d(x,09)
H(x) ~ys0 K———. (7-8)
x|

If ¢ =a_(y), then H € D"2(Q) is a variational solution to —AH — ﬁ)//|x|2 =0 1in Q. The coercivity
then yields that H=0, contradicting the initial hypothesis.

Therefore o« = o4 (y). Since H > 0 vanishes on 99 \ {0}, we have that for any § > 0, there exists
¢(8) > 0 such that

H(x) > c(8)d(x,d2) forx eQ \ Bs(0). (7-9)

Therefore, (7-8), (7-9) and (7-7) yield the existence of ¢ > 0 such that H > cHy, and then H > (Ag+c) Hp,
contradicting the definition of Ag. It follows that H= 0, which means that H = Ao H, for some Ay > 0.
This proves uniqueness and completes the proof of Theorem 7.1. U

Now we establish the monotonicity of the mass with respect to set inclusion.

Proposition 7.2. The mass m,, is a strictly increasing set-function in the following sense: Assume 2, 2
are two smooth bounded domains such that 0 € 92| N Iy, and }L(n2 — 1) <y <min{yg (1), yu (22)}.
Then

QICQ = m(Q)<m, (). (7-10)
Moreover, if 2 C R} and %(n2 —<y< Alfnz, then m,, (2) < 0.
Proof. Tt follows from the definition of the mass that for i = 1, 2, there exists H; € C2(2; \ {0}) such that

—AHI'—LH,'=O in Q,‘,
|x|?
Hl' >0 in Q,’, (7'11)

H[=0 on 89,‘,



HARDY-SINGULAR BOUNDARY MASS AND SOBOLEV-CRITICAL VARIATIONAL PROBLEMS 1053

with
H _d(x, 082;) o d(x, 9€2;) d(x,082;) 712
i) = x|+ () +my ($) |x |- ) |x |- ) (7-12)
asx — 0, x € ;. Set h := Hy — Hy on ;. Since 1 C 2, we have that
—Ah—Lh=0 ingq,
x| (7-13)

h>0,h#0 on 9L2;.

First, we claim that 2 € H'2(,). Indeed, it follows from the construction of the singular function in
(7-6) that there exists w € H"2(Q;) such that
_d(x,0Q) —d(x,0)
- |x @+ ()

h(x) +w(x) forall x € Q. (7-14)

Since 21 C £2; and 0 is on the boundary of both domains, the tangent spaces at 0 of €21 and €2, are equal,
and one gets that d (x, 921) —d(x, 0€2p) = O(|x]?) as x — 0. Since ay(y)—a—_(y) <1, we then get that

_d(x,08) —d(x, 082)

) =0(x|""* ") asx— 0.
X |4+

fz(x) :

Similarly, [Vi(x)| = O(Jx|~%- %)) as x — 0. Therefore, we deduce that 7 € H"2(2}). It then follows
from (7-14) that h € H"2(Q1).

To prove the monotonicity, note first that since y < yy(2;) and h € H L2(Q)), it follows from
(7-13) and the comparison principle that # > 0 in €2 (indeed, this is obtained by multiplying (7-13) by
h_ e D%(Q) and integrating; therefore, coercivity yields 2_ = 0). Since h # 0, it follows from Hopf’s
maximum principle that for any § > 0 small, there exists C(5) > 0 such that 2(x) > C(8)d(x, 982) for
all x € 9Bs(0) N €21. We define the subsolution u,_(,),— as in Proposition 4.3. It then follows from the
inequality above and the asymptotics in (4-5) that there exists €g > 0 such that 2(x) > 2epuq_(y),—(x)
for all x € 9Bs(0) N ;. This inequality also holds on Bs(0) N 92 since uy_(y),— vanishes on 9€2;. It
then follows from the maximum principle that 2(x) > 2€puq_(y),—(x) for all x € B5(0) N 2. With the
definition of & and the asymptotic (4-5), we then have that for §' > 0 small enough

d(x s 092 1)

Hy(x) — Hi(x) > EOW—_(V)

for all x € By (0) N Q2. (7-15)

We let ¥ be the inner unit normal vector of 3€2; at 0. This is also the inner unit normal vector of 32, at 0.
Therefore, for any ¢ > 0 small enough, we have that d(tv, 9$2;) =t for i = 1, 2. It then follows from the
expressions (7-12) and (7-15) that

t t t
(my, (22) _my(Ql))ta,(y) -I-o(ta(y)) > GOW ast | 0.

We then get that m,, (22) —m,, (21) > €o, and therefore m,, (£22) > m,, (£21). This proves (7-10) and ends
the first part of Proposition 7.2.

The proof of the second part is similar. Indeed, we take €2 := R’} and we define H>(x) := x;/ x|+ (),
Arguing as above, we get that 0 > m,, (€2), which completes the proof of Proposition 7.2. ]
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Note that we have used above that the mass m,, (R'} ) is 0 even though we had only defined the mass
for bounded sets. In the rest of the section, we shall extend the notion of mass to certain unbounded sets
that include R’ . For that, we shall use the Kelvin transformation, defined as follows: for any xo € R”", let

. b X —
ixo(x) 1= x0 + [x0]

ﬁ for all x € R"\ {xo}. (7-16)
X — X0

The inversion iy, is clearly the identity map on 0 B|y,|(xo) (the ball of center xo and of radius |xp|), and in
particular i,,(0) = 0.

Definition 7.3. We say that a domain Q C R”" (0 € dQ) is conformally bounded if there exists xo & Q2
such that i,,(€2) is a smooth bounded domain of R" having both 0 and xo on its boundary 9 (i, (£2)).

One can easily check that R} is a smooth domain at infinity. For instance, take xo:=(—1,0, ..., 0). The
following proposition shows that the notion of mass extends to unbounded domains that are conformally
bounded.

Proposition 7.4. Let Q2 be a conformally bounded domain in R" such that 0 € 0K2. Assume that yg (Q2) >
A—Il(n2 — 1) and thaty € (%(n2 — 1), )/H(Q)). Then, up to a multiplicative constant, there exists a unique
function H € C*(Q\ {0}) such that

14

—AH—-———H=0 in<Q,
|x|?
H=>0 in 2, (7-17)
H=0 on 32\ {0},
H(x) <Clx|'"+®)  forx e Q.
Moveover, there exists c1 > 0 and ¢, € R such that
d(x,09) d(x,0) d(x,09Q)
H(x)=c ) as x — 0.
|x|01+(}/) |x|017()/) |x|a7(7)
We define the mass b, (2) := ¢y /c1, which is independent of the choice of H in (7-17).
Proof. For convenience, up to a rotation and a dilation, we can assume that xo := (—1,0,...,0) € R" so

that the inversion becomes

X0

. X
i(x):=x0+ 2

— for all x € R™\ {xo}.
|x —xo
For any u € C*(U), with U C R", we define its Kelvin transform i : U—>R by
G(x) = |x —xol* Mu(i(x)) forallx e U :=i " "(U\ {xo0}).

This transform leaves the Laplacian invariant in the following sense:

—Al(x) = |x — x0| "2 (= Au)(i(x)) forall x e U. (7-18)
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Define Q := i(€2) and suppose u € C%(Q\ {0}) is such that

Au—Lu=0 imne,
|x|?

u>0 in 2,
u=20 on 9%2.

The Kelvin transform u of u then satisfies

—Aii—Vi=0 in%Q,
where

Vix):= for x € R"\ {0, xo}. (7-19)

_r
|x|%|x — xol?
It is easy to check that

_ 7+ 0(x)

x|

_ v+ 0(x —xol)
B |x — xo/?

V(x) x—0 and V(x) as x — xg.

In other words, the Kelvin transform allows us to reduce the study of the Hardy-singular boundary mass of a
conformally bounded domain €2 into defining a notion of mass for the Schrédinger operator —A +V on Q.

Note that the coercivity of —A — y|x|~% on  (since y < yg(2)) yields the coercivity of —A — V
on S~2; that is, there exists co > 0 such that

/~(qu|2 — V@) u)dx > CO/N |Vul?>dx forall u € D3(Q).
Q Q

Arguing as is Section 4, we get for § > 0 small enough, a function u,, satisfying

(—A = Vg, = 0(d(x, Q) |x|7+P=1) in QN B;,

Ug, >0 in QN B;,
e, =0 on 92\ {0},
and N
d(x,09)
Uy, (x) = W(l +0(x]) asx— 0.
The function f := —Auy, — Vu,, then satisfies for all x € Qn §5,

| fo(x)] < Cd(x, 32 |x| "+ ~1 < C|x |7+,

where C is a positive constant. Since y > %(n2 — 1), it follows that fj € L/ (”+2)(§). Let now
vo € DV2(Q) be such that

—Avg—Vuvy= fy weakly in D"3(S). (7-20)

The existence follows from the coercivity of —A—V on €, and the proof of Theorem 7.1 yields that |vy(x)|
is bounded by |x|'~% ) around 0. Note that around x(, we have —Avy — Vvg = 0 and the regularity
theorem, Theorem 5.1, yields a control by |x — xo|' =% ), which means that there exists C > 0 such that

lvo(x)| < Cd(x, 32 (Jx| 7P +|x — xo| 7)) forall x € Q.
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The construction of the mass, Theorem 7.1, and the regularity theorem, Theorem 5.1, then yield that
there exists Ky € R such that

vo(x) = K|

d(x, %) +O(d(x,39))' (7-21)

07 xje- |x |-

Define now ﬁo(x) = Ug, (y)(X) —vo(x) forall x € 9 \ {0, xo}, and consider its Kelvin transform
Ho(x) := |x = x| Ho(i (x)) = |x = %0/ " (ter, ) =) ( (), x € Q. (7-22)

It follows from (7-18) and the definitions of u,_ () and vy that Hy satisfies the properties

—AHy— Y- Hy,=0 inQ,
|lx |2
Hy>0 in Q, (7-23)

Hy=0 in aQ2\ {0).

Concerning the pointwise behavior, we have that

d(x,0Q) d(x,0Q) d(x,0)
Hy(x) = — Ko _— asx —> 0, x € 2, (7-24)
x|+ |x |- |-
and
Hy(x) < C|x|1*"l+ forall x € Q, |x| > 1. (7-25)

This proves the existence part in Proposition 7.4. In order to show uniqueness, we let H € C 2(S_E \ {0}) be
as in Proposition 7.4, and consider its Kelvin transform H (x):=|x—xo|* "H(i(x)) forall x € & \ {0, xo}.
The transformation law (7-18) yields

“AH-VH=0 in%,
H>0 in Q, (7-26)
H=0 in 92\ {0, xo}.

Moreover, we have that H(x) < Clx|'"*®) 4+ C|x — x0|'"*®) for all x € Q. It then follows from
Theorem 6.1 that there exist Cy, C> > 0 such that

d(x,d)

d(x,d%)
|x — xp[*-()’

e and  H(x) ~y_y, Ca

H(x) ~10 Ci (7-27)
where @ € {a_(y), a4+ (y)}. We claim that « = o1 (y). Indeed, otherwise, we would have He DI’Z(SNZ)
(see Theorem 6.1) and then (7-26) and coercivity would yield H =0, which is a contradiction. Therefore
o = a4 (y). By the same reasoning, the estimates (7-27) hold for ﬁo (with different constants Cy, C»).
Arguing as in the proof of Theorem 7.1, we get that there exists A > 0 such that H = )H,, and therefore

H = AHy. This proves uniqueness and completes the proof of Proposition 7.4. O

Note that as a consequence of (7-24), the mass m,, (€2) is well-defined and is equal to — K.
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8. Test functions and the existence of extremals
Let 2 be a domain of R” such that 0 € Q2. For y € R and s € [0, 2), recall that
Hya(@i= b G, (8-1)

ueD2(Q\{0
where

_ Jo(Vul —uPy/1x?) dx
(Jo lul? /Il dx)™*

Note that critical points u € DY2(Q) of J}ffs are weak solutions to the PDE

Q .
Jy’s(u) :

22
14 lu|= ~“u

— W = T for some A € R, (8-2)
X X

which can be rescaled to be equal to 1 if A > 0 and to be —1 if A < 0. In this section, we investigate the
existence of minimizers for J},S?S. We start with the following easy case, where we do not have extremals.

Proposition 8.1. Ler Q C R” be a smooth domain such that 0 € 02 (no boundedness is assumed). When
s =0and y <0, we have that j1,, 0(2) =1/K (n, 2)2 (where 1/K (n, 2)2 = 10,0(R") is the best constant
in the Sobolev inequality (1-19)) and there is no extremal.

Proof. Note that 2*(s) = 2*(0) = 2* Since y <0, we have for any u € C2°(2) \ {0},
Jo(Vul* —u?y /1x[*) dx . Jo IVul*dx . 1
(Jo lu dx)* 7 ([ ul? dx)™* ~ K0, 2%

and therefore u, 0(2) > 1/K (n, 2)2. Fix now xp € Q and let n € C2°(£2) be such that n(x) = 1 around xo.
Set

(8-3)

€ (n=2)/2
ue(x) :=n(x) (m)

for all x € Q2 and € > 0. Since x( # 0, it is classical (see, for example, [Aubin 1976]) that lim_, o Jé?o(ue) =
1/K (n, 2)% Tt follows that 1, o(Q2) < 1/K (n, 2)% This proves that i, 0(2) = 1/K (n, 2)

Assume now that there exists an extremal ug for 1, o(£2) in D'2(Q) \ {0}. It then follows from
(8-3) that ug € D"2(Q) ¢ D"2(R") is an extremal for the classical Sobolev inequality on R". But these
extremals are known (see [Aubin 1976]) and their support is the whole of R", which is a contradiction
since uo has bounded support in 2. It follows that there is no extremal for 1, o(£2). ([

The remainder of the section is devoted to the proof of the following.

Theorem 8.2. Let Q2 be a smooth bounded domain in R" (n > 3) such that 0 € 0Q2 and let 0 < s < 2 and
y < zltnz. Assume that either s > 0, or that {s =0, n >4 and y > 0}. There are then extremals for 1, ;(£2)
under one of the following two conditions:

(1) y< %(n2 — 1) and the mean curvature of 02 at 0 is negative.

2) y > Alf(n2 — 1) and the mass m,, (2) of Q2 is positive.
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Moreover, if y < yu(2) (resp., v = yu(R2)), then such extremals are positive solutions for (8-2) with
A >0 (resp., A <0).
The remaining case n =3, s =0 and y > 0 will be dealt with in Section 10.

According to Theorem 3.6, in order to establish existence of extremals, it suffices to show that
My,s(82) < uy s(RY). The rest of the section consists in showing that the above-mentioned geometric
conditions lead to such a gap. The existence of extremals on R’} as described in Proposition 1.3 is essential
here.

In the sequel, hq(0) will denote the mean curvature of <2 at 0. The orientation is chosen such that the
mean curvature of the canonical sphere (as the boundary of the ball) is positive. Since {s > 0}, or {s =0,
n>4and y > 0}, it follows from Proposition 1.3 that there are extremals for w, (R’ ). The following
proposition combined with Theorem 3.6 clearly yield the claims in Theorem 8.2.

Proposition 8.3. We fix y < in% Assume that there are extremals for |1, s(R',). There exist then two
Jamilies (Mi)e>0 and (uf)e>o in DV2(Q), and two positive constants c)l,’s and c]z/’s such that:

(1) Fory < JT(nz — 1), we have that
Tl) =y (R (1+c), ha0) - e+o(e) whene— 0. (8-4)
(2) Fory = %(n2 — 1), we have that
J(u;)::uyJ(Ri)(14-c;s-hQ(O)-ehlé-+o(ehlé)> when € — 0. (8-5)
(3) Fory > %(n2 — 1), we have as € — 0, that
J(uz) = My,s(Ri)(l — C;Z/,s -my, (Q) - e+ W)—a-() + 0(60‘*(7/)_“’(}/))). (8-6)

Remark. When y < JT(nz — 1), this result is due to Chern and Lin [2010]. Actually, they stated the result
for y < Alf(n —2)2, but their proof works for y < ‘l‘(n2 — 1). However, when y > Alf(n2 — 1), we need the
exact asymptotic profile of U that was described by Corollary 5.3.

Proof. By assumption, there exists U € Dl’z(Ri) \ {0}, U >0, that is a minimizer for u, s(R’.). In other

words,
S AVUP = Uy /1x]?) dx

= R”l .
TR
+

Therefore, there exists A > 0 such that

Rn
Jys (U) =

21
—AU-Lu=2"—— nm,
|x|2 |x|s 8.7
U=>0 in R", (8-7)
U = 0 in aRﬁ_,
and there exist K, K> > 0 such that
X1 X1
Ux)~ys0Ki—— and U(x) ~x|—>+o00 K (8-3)

, L
x| |x e
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where here and in the sequel, we write for convenience
ar:=ay(y) and o_:=a_(y).

In particular, it follows from Lemma 5.2 (after reducing all limits to happen at O via the Kelvin transform)
that there exists C > 0 such that

U(x) <Cxi|x|™™ and |[VU(x)| <C|x|™* forall x e R]. (8-9)

We shall now construct a suitable test function for each range of y. First note that

y <}1(n2—1) = ap—a_>1,

y=1*-1) < oa;—a_ =1
Concerning terminology, here and in the sequel, we define as in (4-6)

B, :=(—r,r) x Br(”*l)(O) CRxR"!
for all » > 0 and

Vi=VNRL

for all V C R". Since Q2 is smooth, up to a rotation, there exist § > 0 and ¢y : B(g"*l)(O) — R such that
%0(0) = |Vgo(0)| =0 and _
¢ : B3s > R",
) . (8-10)
(x1,x7) > (x1 +@o(x), x7),
that realizes a diffeomorphism onto its image and such that
@(BisNRY) = p(B3s) N2 and  ¢(B3; NIRL) = ¢(B3s) N 3.
Let n € C°(R") be such that n(x) =1 for all x € Eg and n(x) =0 for all x ¢ §23.
Case 1: ¥y < }‘(n2 — 1). As in [Chern and Lin 2010], for any € > 0, we define
ue(x) = (ne_("_z)/zU(e_lx)) o go_l(x) for x € ga(gz,;) N € and O elsewhere.
This case is devoted to giving a Taylor expansion of J)ffs (ue) as € — 0. In the sequel, we adopt the

following notation: given (ac)e=o € R, let ©,, (ac) denote a quantity such that, as € — 0,

oar) ify <im?-1),
0= {00 LA
O(ac) ify=3(m"—1).
A. Estimate of [o, |Vue|*dx. It follows from (8-9) that
IVue(x)| < Ce* 2 x|7% forall x € Q and € > 0. (8-11)

Therefore, [Vuc|>dx = 0, (¢) as € — 0. It follows that
@ ) 14

((B3s\Bs)NR,

/ |Vu€|2 dx =ﬁ [V (u, ogo)lé,EuCllJac pldx+0,(e) ase—0,
Q Bs,+
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where §5,+ = §5 MR’ . The definition (8-10) of ¢ yields Jac ¢ = 1. Moreover, for any 6 € (0, 1), we
have as x — 0,

1 %o ) 146
*Eucl := J =Id+ H + O(|x|'™),
¢ (aifpo 8ij+0i90 990 (1)

0 3'@0)
H:= J )
(3i<ﬂo 0

/|Vue|2dx=/~ |V(ueo<p)|]§uddx—/~ HY 3; (ue 0 9)d; (e 0 9) dx
Q Bs + Bs +

where

It follows that

+0</~ x|V (ue o<p)|2dx) +0,() ase—0. (812)
Bs +
We have that

H' 9; (ueop)d; (ucop) dx

Bs +

=23 | HY 01 (eop)d(ucop)dx =2 | 00 (x )21 (ucop)d; (ueop) dx

i>2 BS.+ i>2 Bé,+
:22 5 a,-,-goo(o)(x’)f'al(ueogo)a,-(ueogp)dero(/~ |x|2|V(u60(p)|2dx> ase—0. (8-13)
i,j>2" Bot Bs +

We let II be the second fundamental form at O of the oriented boundary 9€2. By definition, for any
X, Y e Tp0L2, we have that

(X, Y) := (dVo(X), Y)Eudl,

where v : Q2 — R" is the outer unit normal vector of 3. In particular, we have that v(0) = (-1, 0, -, 0).
For any i, j > 2, we have that

11 := (39 (0), 3;¢(0)) = (3 (¥ 0 9)(0), 3j9(0)) = —((0), 3;;9(0)) = 3;90(0).

Plugging (8-13) in (8-12), and using a change of variables, we get that

/|Vu€|2dx:/; IVU|? dx —211;; Zﬁ (") U U dx
Q B B

15+ i,j=2" Pl +

+0<f~ 1|10V (ue o<p)|2dx) +0,() ase—>0. (8-14)
Bs,+

We now choose 6 in the following way:
(i) If y < (> — 1), then take 0 in (0, oty —ar— —1).
(i) If y = 1(n*> — 1), take 6 € (0, 1).
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In both cases, we get by using (8-11), that
/~ X" V(e 0p)|*dx = O, () ase— 0. (8-15)
Bs +
Moreover, using (8-9), we have that

/N IVUPPdx= | |VU|*dx+0©,(e) ase— 0. (8-16)
B R™

5*15,+

Plugging together (8-14)—(8-16) yields

/IVuelzdx—/ VU dx — 211 Z/ () 0,Ud;U dx + O, (e). (8-17)
Q

i,j>2 —ls+

B. Estimate for fQ |u€|2*(s)/|x|s dx. Fix o € [0, 2]. We will apply the estimates below to o0 = s € [0, 2)
or to o := 2. The first estimate in (8-9) yields

lue(x)] < Ce®"2d (x, 9Q) x| 7%+ < Ce+ /2| x| = (8-18)

for all € > 0 and all x € Q2. Since Jac ¢ = 1, this estimate then yields

2* (a) 2%(0)
|uel / |uel dx + 0, ()
x| (B X1
2*(0)
=f lueo?l” 7 4t 0,6) ase—o. (8-19)
By leM)]°

Ify <t@m?—1Dorify=1®n>—1)and o <2, we choose 6 € (0, (ag —a—)2*(0)/2—1) N (0, 1). If
= }f(n2 —1) and o =2, we choose any 6 € (0, 1). Using the expression of ¢(x1, x"), a Taylor expansion
yields

s _ g X1 ; ;
()77 = |x] “(1 ~ 3P D po0) () (x) + 0<|x|1+9>> as € — 0. (8-20)
i,j>2
The choice of 9 yields
2*(0)
lueo @™ 77\ 1140 41 — @) ase 0. (8-21)
By, ()7 ’

Putting together (8-19)—(8-21), using a change of variable and (8-9), we get as ¢ — 0O that

2% (o) 2*(0) 2*(0)

u U U X . .

Juc] dx:fn Y] dx — — Zell,f Yl ﬁ(x/)’(x/)]dx—l—@y(e). (8-22)
+ —ls

o Ix[° |x]® |x]®

i,j>2 +

We now compute the terms in U by using its symmetry property established in [Chern and Lin 2010].
Indeed, there exists U : (0, +00) x R such that U (x1, x") = U (x1, |x’]) for all (x1, x) € R’ . Therefore,
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for any i, j > 2, we get that

U@ 5 U@
/ UPD 5 an= / U 51y
B x| —-1J3

x| ST

e=1s,+

and that

N 8ij ’
x" 0U o;U dx = UK, VU)dx,
B n—1Jz

€_|6,+ 6_15,+

where x = (x1, x') € R’} . Therefore, the identities (8-17) and (8-22) can be rewritten as

2ha(0
/|Vue|2dx=/ IVU|? dx — Q(l)e U, VU)dx + O, (¢) (8-23)
Q Ry n- B,
and
Ue 2'(0) Uz*(g) O'h O U 2'(0) X
IIU _flladx_ 2(0) [ IIU 12 Rdx+ 6, (8-24)
|x] no x| 20—=1) Jg_,,, IxI7 Ix|

as € — 0, where hq(0) = Zi II;; is the mean curvature at 0.

C. An intermediate identity. We now claim that as € — 0,

ﬁ UK, VU)dx
B

5718.-%—
" 24(s) 2 "o 2
U U U
=/ x| );1 (A s ‘H/_z) dx—/ de+@y(1), (8-25)
B 2|x| 2%(s) |xIs x| oRINE ., 4

e=1s,+

where A > 0 is as in (8-7). This was shown by Chern and Lin [2010], and we include it for the sake of
completeness. Here and in the sequel, v; denotes the i-th coordinate of the direct outward normal vector
on the boundary of the relevant domain (for instance, on dR" , we have that v; = —§;;). We write

/~ U (X, VU)dx_Z/ 01U (x") 8;U dx
B, B

-5+ j=2" Pels+
1P
=>"|  aUy ;U dx
Jj=2 B-154 2
| /|2 | /|2
=Z/ B 01U ——8;Uv,do— Z/ —19;,(0,Ud;U)dx
j>27 Be-154) =2 Pelo
712
:Z/ 81U| Xl dj Uvjdo—i-O(/ |x/|2|vU|2(x)do)
j>2 3R10§€,|5 2 Rnﬂi)Ee,lB

72
—Z/ 'xl Bl (0,U8U+8U 0;U)dx. (8-26)
j=27 Pelo
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Since U (0, x") =0 for all x’ € R"~!, using the upper—bound (8-9) and writing V' = (9s, ..., 9,), we get that

UK, VU)dx = —
fgg WU (', VU) dx Z/

15+ j=>2 -5+

U 8;U + 81U 9;;U) dx +©,(1)

_ x'|? 2 x'|?
_— T AVUPdx+ | U (=AU +31,U) dx + O, (1)
B€718,+ B67

X! 2 VU 2 x/2
=—f~ MWM/N M U (- AU dx
aB 15 ) B

4 6713,1’ 2
o,
Be_

(|x/|2(alU)2
| —
Using again that U vanishes on dR’, and the bound (8-9), we get as € — 0,

s+

7 ) dx+0,(1). (8-27)

s+

/~ nU (', VU)dx
B

5718,+
72 712 2
U
=f~ x| - . f ) ledx—kO(/N Ix/|2|VU|2a’x)+®y(1)
Be’lé,#» 2 aRnerBe’IB 4 a(B6718)0R1
72 2
U
:f x] 81U(—AU)dx—f OO 4 to, ). (8-28)
§5*16,+ 2 IR QE 1s 4
Now use equation (8-7) to get that
712 712 2*(s)—1
U U
/ Wl alU(—AU)dx:/ o (s +y—)dx. (8-29)
B, 2 B |x[$ |x|?
=15+ e—ls,+

Integrating by parts, using that U vanishes on dR’, and the upper-bound (8-9), for o € [0, 2], we get that

2 0)-1 U?©)
f Ix'|?0,U ———— dx =/ |x/|2|x|_“81( )dx
Ee*]zS# |x|U Ee*'éHr 2*(0)
y?©) U2
=f "1 x| 77— dx—/ al<|x’|2|x|—")< - )dx
0B, 2*(0) B, 2*(0)

. I3 X'12X1 o
= 0</ kU@ da) +—— | kel 'H; U@ dx
RLNOB. 1, , 25(s) JB, .y, , Xl

o |x"|2x1
T ook ~ Tolo+2
2o i, W

o UF D dx +0,(1) ase— 0. (8-30)

Putting together (8-28)—(8-30) yields (8-25).
D. Estimate for J§} (uc). Since U € D'"*(R"), it follows from (8-7) that

U?®
WU - XU dx =2 dx. (8-31)
. P » Xl
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This equality, combined with (8-23) and (8-24) gives
Jo(IVuel> —uly/Ix|?) dx
(fg |u€|2'(s)/|x|3 dx)z/z*(S)
S (IVUP = Uy /IxP) dx ( . ho(0)
(Jo 10O/l dx) (n = DA fgu (U /|x]* dx

TS (ue) =

Ce+ ®y(e)), (8-32)

where for all € > 0,

o= _2/ U’ VU)dx—I—V/ ¥ U2 ’ lx/|2x; UF©)
€= ,

S — x [
~ ~ 2 2 ~ 2
B, B, P Il () J5_,,. kP IaP

The identity (8-25) then yields as € — 0,

72 2
U
Ce:f de‘f‘@y(l)-
oRLNB_,, 2

Therefore, (8-32) yields that as € — 0,
ho0) [y, ¥ P@U)? dx’
2(n— 1A fRi U2 /|x|5 dx

TS (ue) = py s (RY) (1 +e +0, (e)). (8-33)

We now distinguish two cases:
(i) y < 3(n* —1). The bound (8-9) then yields x’ — |x'|?[3;U (x)|* is in L'(3R") and so we get from
(8-33) that
T2 ue) = py s (R (14 Co - ho(0) - € +0(€))  as e — 0, (8-34)
with
Sogn |X'12(01U)* dx’
= 2= D [ [UF O apdx
(n—1) fml |2 /]x]s dx

C()Z

(i) y = }L(n2 —1). From (8-8), Lemma 5.2 and the Kelvin transform, we have that

lim  |x/| [8;U(0, x")| = K5 > 0.

|x"| =400
Since 2oy —2 =n — 1, we get that

/ |X/|2(31U)2dx/:a)n_1K221n1+o(ln l)
IR%NB 1, € €

as € — 0. Therefore, (8-33) yields

IS () = MV,S(R’;)(l + Clha(0)e ln% + o(ln é)) as e — 0, (8-35)

where )
/. Wn—1 KZ

Cl = 0
° T 20— D Jy U O/l dx ~

Cases (i) and (ii) prove Proposition 8.3 when y < 4—1‘(n2 —1).
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Case 2: y > 4—1‘(112 —1). In this case, the construction of test functions is more subtle. First, use Theorem 7.1
to obtain H € C2( \ {0}) such that (7-1) holds and

H(x) = d(l))cc,|f+52) my(Q)d(x’ 082) (d(&,lfﬁ)

) when x — 0. (8-36)

|_x|0(,

As above, we fix n € C°(R") such that n(x) =1 for all x € Eg and n(x) =0 for all x ¢ §25. We then
define § such that

H(x)= (77 |xx|l‘+) O(p_l(X) + B(x) forall x € Q.
Here ¢ is as in (4-7)—(4-12). Note that 8 € D'?(Q2) and
d(x, dS2) d(x, d8)
Bx) = my(Q)W +0<W> asx — 0. (8-37)

Indeed, since oy —a— < 1, an essential point underlying all of this case is that
x| =o(x]* %) asx— 0.

We choose U as in (8-7). By multiplying by a constant if necessary, we assume that K, = 1; that is,

X1 X1

Ux) ~x-0 Ky [ and U (X) ~|x|=+o00 e (8-38)
Now define
ue(x) = e " 22U Yo (x) + €@ T)2B(x) forx € Qande > 0. (8-39)
We start by showing that for any £ > 0,
. Ue . ko5
lim =H in C(2)\{0}). (8-40)

e—0 elor—a-)/2

0
loc

the asymptotic behavior (8-38). For convergence in C*, we need in addition that V/(U — x;|x|~%) =
o(Jx|'~®+~1) as x — 400 for all i > 0. This estimate follows from (8-38) and Lemma 5.2.
In the sequel, we adopt the following notation: 6 will denote any quantity such that there exists

Indeed, the convergence in C (Q\{0))isa consequence of the definition of u., the choice K, =1 and

0 : R — R such that lim._,¢ lim._,¢ 65 = 0.

We first claim that for any ¢ > 0, we have that

/ (quel2 — Lzuz) dx
Q\p(B(0)1) |x|

Wy —
= Ea+—ot_ ((Ol+ — I)Cn_2a+ _;nl +my(§2)

~ Do
%)4—956%’_“_. (8-41)

Indeed, it follows from (8-40) that

|Vuel> —uly /|x|?) dx
lim Jonpia IVl — 1 ) = / <|VH|2— v HZ) dx. (8-42)
Q\@(B:(0)4)

e—>0 ed+—a- |x|2
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Since H vanishes on 32\ {0} and satisfies —AH — Hy /|x|> = 0, integrating by parts yields

/ <|VH|2—L2H2> dx:—/ Ho,Hdo
Q\p(B.(0)4) |x| (RN B, (0))

T / Ho@dy,,(Hop)d(p*o), (8-43)
R Nd B, (0)

where in the two last equalities, v(x) is the outer normal vector of B.(0) at x € 9 B.(0).
We now estimate H o d,,, H og. Since ¢,v(x) =x/|x|+ O(|x]) as x — 0, it follows from (8-36) that
2

(A l)xl2

1—n
| |2 +1 +o(jx]"™) asx —0.

Hog a(p*v(H op) = +(n Z)my(Q)

| |n+1

Integrating this expression on B.(0); = R’ N dB.(0) and plugging into (8-43) yields

/ <|VH|2 - LHZ) gy = G DO @il g
Q\p(B.(0)4) |x|? 2n 2n @

where lim._,¢ 6, = 0. Here, we have used that

1 1 _
/ xfdo:—/ x}do = — xdo =27 :=/ do.
§1_1 2 §nfl 2n gn-1 2n gn—1

This equality and (8-42) prove (8-41).

‘We now claim that

ure® —2)w,—
/ Vi =i dxz,\f dx+my(Q)Me“+_“‘+o(e“+_“‘) as € — 0. (8-44)
Q X no|x|® 2n

Indeed, define U, (x) := e~ *2/2y (e~ 'x) for all x € R’} . The definition (8-39) of u can be rewritten as
Ue 0 p(x) = Ue(x) +€@+7428 0 p(x) forall x € R" N Bs.

Fix ¢ € (0, §), which we will eventually let go to 0. Since dgy is an isometry, we get that

/ <|Vue|2_ ;/2 6) dx
0(B.(0)4) |x]
14 2
= |V (tte 0 9)2pue — —— (e 0 @) >|Jac<p|dx
/m( IR o)

- VU, |2, U2)|Jac¢|dx
/W( “lorBu |<>|2

+ 2¢O / ((vue,vwoso))mcl ——
B.(0)+ [% ( )

e /B C(O)+<|v<ﬂo¢>|i*ﬁud " ()|2<ﬂoso>2)|Jac<oldx (8-43)

—U.(uc o <p)> |Jac ¢| dx
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Since ¢*Eucl = Eucl+ 0 (|x]), |¢(x)|=]|x|+ O(|x|*) and B € D'?(R2), we get that

f (qu€ 2 Lzug) dx
0(Be(0)+) |x]
y U?
- / (WUAéud Uz) dx+0( f |x|(|VU Boa+ =5 )dx)
B.(0)+ x| B.(0)+ |x|?

+2e(@r—a)/2 / ((VUG, V(B o 9))Euc — —te(ﬁ ° ‘P)) dx

B.(0)+ x|
U,
+0 <e<“+—“>/2/ x| (|VU€| V(Bo)| + %) dx) +€+7Y-0¢ (8-46)
B:(0)+

as € — 0. The pointwise estimates (8-38) yield

f <|w€| ——2u€>dx—/ (|VU€|123uC1 2U2>dx
(B (0)4) | x| Be(0)+ |x|

+26(°‘+_°“)/2f ((VUG’V(,BO(/’))EUCI 2U (ﬂow)) dx+e* 7 0F
B.(0)1

as € — 0. Integrating by parts yields

|V | — )a’x
/<p(Bc(0)+)( |x |2 e
:/ < AU — 2 )U dx—i—f U, 3,U, do
B.(0); |x|? 8(B.(0)1)

+26(“+°‘)/2(/ ( AU, — VZU)ﬁogodx—i—/ ﬁowavUedo)+e“+“9§
B.(0); |x| 3(B.(0)4)

as € — 0. Since both U and B o ¢ vanish on 0R’} \ {0}, we get that

/ (|Vu5|2—L2u€) dx
9(Bo(0);) x|
:/ ( NI )Uedx—i—/ Ue 3,Uc do
B.(0)4 x| R N9 B.(0)

+2e<“+—“—>/2(/ ( AU, — y2U>ﬁo<pdx+/ Bogd,Ue da>+e°‘+—°‘—9§
B.(0)+ x| RN B, (0)
(8-47)

as € — 0. The asymptotic estimate (8-38) of U and Lemma 5.2 yield (after a Kelvin transform)
0y Ue = —(org — D) 72 [ 747 4 o (e 072 5 7)
as € — 0 uniformly on compact subsets of IRT’f|r \ {0}. We then get that

BowdUe=e "2 (—m, (@) (s — Dxilx| ™" +o(x|'™))
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and

Ue 3,Uc = €*+ 7% (—(oty — Dxglx| 72~ 4 o(jx|'72*%))

as € — 0 uniformly on compact subsets of [RT’_L \ {0}. Plugging these identities into (8-47) and using

equation (8-7) yields, as € — 0,

2*(s)
U Wy—
/ <|Vue 2 %u?) dx = / A— —dx — (a4 — H—— Len—2a goy—a
$(B:(0)1) x| B0y, x| 2n

y2o-1
+ 26(a+_“)/2f A— Bowdx
By  1XF
Wp—1 o —a_ oA —a_ e
—(ay+—1) m,, (e +€ 0.

n

As € — 0, we have that

2%(s5) 2%(s)
/ I dx = / A—— dx + o(e* ).
BC(O)+ R

x|* "
The expansion (8-37) and the change of variable x := €y yield as ¢ — 0,

2 -1

2*(s)—1
/ s Bogpdx = )Lm],(Q)e("l*_o‘*)/2 / 1 dy + 6(0”_“*)/295.
B (0)+

s re Iyl
Integrating by parts, and using the asymptotics (8-38) for U, we have

UZ*(S)—]
,\/ My
I 4 R ]

n
+

UZ*(S)—I
= lim A L dy=lim <—AU—L2U) o
R—+0o Jpooy, VI [y|* R—>+00 Jp,(0), |yl |y|-

W
— lim U(-A-%)( 1 )dy—f U1 do = (s — 1)L,
R—>+00 J Bo(0), |yl [y]*- aBr(O),  |1Y|*~ 2n

Putting together (8-49)—(8-51) gives

U2*(S) _9 B
/ (|vue|2 - #uz) dx = )\,/ dx +mV(Q)M€a+—¢L +0(€(¥+—Ol,)
Q X R

|x|* 2n

1
as € — 0. This finally yields (8-44).
We finally claim that

2%(s) 2*(s) *

u U 2*(s oy — Dowy—

/ € _dx= / dx + ( )my(Q)Me‘“_“* +0(e®* %) ase— 0.
o x| x| A 2n

(8-48)

(8-49)

(8-50)

(8-51)

(8-52)
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Indeed, fix ¢ > 0. Due to estimates (8-37) and (8-38), we have that

u2*(S) MZ*(S)
/ < dx:/ € dx +o(e* %)
o |xI° e(B.(0)4) 1XI°

_ / |Ue + €028 0 ¥ )
B.(0)4 lp(x)|*

|Jac | dx + o(e*+7%")

U (ay—a-)/2 2%(s)
=/ |Ue ¢ Fotl ™ (14 0(xD) dx + o)
B (0)+

|x|*

as € — 0. As one checks, there exists C > 0 such that for all X, Y € R,
X+ YO — X170 =2 ()| X[PO2XY | < CUX PO Y P+ Y [P D). (8-53)

Therefore, using the asymptotics (8-37) and (8-38) of U and 8, we get that

2*(s) 2*(s)
u U
/ |;|S dx:/ |;|s (140 (|x|)) dx
Q Bc(0)+ 2% (s)—1

U
+24 ()€ / o Bop(1+0(|x])) dx+er*)/%;

B, 1XF
2*(s) 2*(s)—1
- f dx+2*(s)e@rme)/2 / S Bopdx+eTI29¢ as e — 0.
B, XI° B, X

Then (8-52) follows from this latest identity, combined with (8-49)—(8-51).
We finally use (8-31), (8-44) and (8-52) to get

(ot = 3n)@n
2*(s)
”)‘/R’jr U /x5 dx

TS (ue) = Jff’ﬁ*(U)(l — m,, (Q2)e™+ - +0(6°‘+_°“)> as e — 0,

which proves (8-6). This completes Proposition 8.3 and therefore Theorem 8.2. ([l

9. Domains with positive mass and an arbitrary geometry at 0

In this section, we construct smooth bounded domains in R” with positive or negative mass, regardless of
the local geometry of d€2 at 0. This is illustrated by the following result.

Theorem 9.1. Let w be a smooth open set of R". Then, there exist ro > 0 and two smooth bounded
domains Q4, Q_ of R" such that

Q4 N By, (0) = Q_ N B, (0) = wN By, (0), (9-1)
min{yy (1), yu(Q-)} > 1(n* — 1), 9-2)
my(24) >0 >m,(Q_), (9-3)

whenever Alf(n2 —1) <y <min{yr(Q4), ya(2-)}.

We shall need the following stability result for the mass under continuous deformations and truncations.
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Proposition 9.2. Let Q C R" be a conformally bounded domain such that O € d2. Assume that yg(2) >
}l(n2 —Dandfixy € (A—It(n2 — 1), )/H(Q)). For any R > 0, let Dg be a smooth domain of R" such that

e Br(xp) C Dr C Bar(xop),

e QN Dg is a smooth domain of R"

Let ® € C*®°(R x R", R") be such that

d, := (¢, - ) is a smooth diffeomorphism of R”,

®,(x) =x forall |x| > § and all t € R,
®,(0)=0forallt € R,
@y = Id.

Set Q; g := ®,;(2) N Dg. Then as t — 0, R — 400, we have that yg (2; r) > %(n2 — 1) and m,, (2, r)
is well defined. In addition,

Hm  my(Q.p) =m,(Q).

t—0, R—>+o0
As a preliminary remark, we claim that if €2 is a conformally bounded domain of R" such that 0 € €2,
then
liminf ypu (2 r) > yu (), (9-4)

t—0,R—00

where €2, g are defined as in Proposition 9.2. Indeed, by definition, yg (£2; r) > yu (£2;) = yu (D, (£2)).
Inequality (9-4) then follows from (3-7) of Lemma 3.2.

We shall use the same approach as in the proof of Proposition 7.4. Assuming xg:=(—1,0,...,0) e R",
and denoting the corresponding Kelvin inversion by i, this transformation allows us to map the operator
—A —y/|x|? on a conformally bounded domain £ into the Schrodinger operator —A + V on the bounded
domain EZ, where V is the potential defined in (7-19).

Set now Q:=i(Q2), ®(r, x):=io®(t, i(x)) for (1, x) e Rx R", and D, := R"\i(D,-1) in R". Observe
that R — 4-00 in Proposition 9.2 is equivalent to » — 0 in here. Note that ® € C®(RxR", R") is such that:

e For any t € (-2, 2), the map 5, = EIVD(I, -) is a C*°-diffeomorphism onto its open image 5,([R{”).

e dp=1Id.

e ®,(0)=0forallt € (-2,2).

. ED,(x) =ux forall r € (—2,2) and all x € Bys(xg) with § < le'
Set ’SVZ, = 5[(52) and note that the sets 5, satisfy the following properties:

* Bya(x0) C D, C B,(xo).

. Ezt,, = flt \ 5, is a smooth domain of R".
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In particular, we have that €2, , =i(£2, ,-1). Letu € CZ(S_Z,’, \ {0}) be such that

“Au—"u=0 inQ,.
|x |2 ’

u>0 in €,
u=0 on 92 ;.

We shall need the following.

Lemma 9.3. Foranyt € (—1, 1), there exists u; € CZ(SEZ, \ {0, xo}) such that

—Aut—Vut =0 ln S’\ét,
l/t[ > 0 ln 5[’
u; =0 on 852,\{(), X0},

u(x) < Clx|"=+® 4 Clx — xo|' @) forx e ﬁt.

Moreover, we have that
d(x, 082;)

e T O(fe|+ 7777

u(x) =

as x — 0, uniformly with respecttot € (—1, 1).

1071

(9-5)

(9-6)

Proof. We construct approximate singular solutions as in Section 4. For all ¢ € (=2, 2), there exists

a chart ¢, that satisfies (4-7)—(4-12) for SNZ,. Without restriction, we assume that lim,_,g ¢; = @g in
Ck (Ezg, R™). We define a cut-off funciion ns such that ns(x) =1 for x € Ea and ns(x) =0 for x ¢ Ezg.

As in (4-14), we define uy, (), € CZ(Q, \ {0}) with compact support in (p,(§25) such that

e, 1 0@ (x1, X) 1= s (xp, X)xy X[ 7% (1 + O, (x))  forall (xy, x) € Bs \ {0},

-7

where ©, (x1, x') := e *1H&)/2 _1 for all x = (x1, x') € Bys and all t € (=2, 2). Here, H,(x') is the mean

curvature of 85, at the point ¢, (0, x"). Note that lim, .,y ®;, = O in ckw). Arguing as in Section 4, we

get that
(=A = Vug, = 0d(x, 32)|x|7*+=1) in Q, N Bs,
ua+,t >O in étﬂgs,
U, 1 =0 on 9, \ {0},
and
d(x, aQ
Ug, 1 (x) = u(l +O(|x|]) asx — 0.

|x|a+(}’)

The construction in Section 4 also yields
lim g, ;0 ®; =uqy, 0 in CH. (8 {O).
t—0
Note also that all these estimates are uniform in ¢ € (—1, 1). In particular, defining

ft = _Aua+,t - V”a+,t,

9-8)

9-9)
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there exists C > 0 such that
| i) < Cd(x, 3Q) x|+ V7! < Clx |7 ) (9-10)

forallr € (—1,1) and all x € ?z, N §5. Therefore, since y > }L(n2 — 1), it follows from (9-8) and this
pointwise control that f; € L/ ("+2)(§,) for all t € (—1, 1) and that

lim ||ft od, — f0||L2n/(n+2)(g~2) =0. (9'11)
t—0
For any r € (—1, 1), we let v, € Dl’2(§~2,) be such that
—Av, — Vv, = f; weakly in D1’2(§~2t).

The existence follows from the coercivity of —A — V on <, which follows itself from the coercivity on
Q = ). We then get from (9-11) and the uniform coercivity on Q, that

limv, o ®, =vo in D"2() and C. (@ {0, xo}).

t—0

It follows from the construction of the mass in Section 7 (see the proof of Theorem 7.1) that around
0, |v;(x)] is bounded by |x|'~% @), Around xo, we know —Awv;, — Vv, = 0 and the regularity theorem,
Theorem 4.1, yields a control by |x — xo|'~*-"). These controls are uniform with respect to ¢t € (—1, 1).
Therefore, there exists C > 0 such that

v ()] < Cd(x, 38 (1x] 7% + |x — x| =)

forallt € (—1,1) and all x € ?2,. Now define u;(x) :=uq, ((x) —v,(x) forall € (=1, 1) and x € 5,.
This function satisfies all the requirements of Lemma 9.3. U

Proof of Proposition 9.2. Let fl,vr = 52, \5,, and note that for r € ((), %8), we have ﬁmﬂBg 0)= QN Bs(0).
We shall define a mass associated to the potential V as in Proposition 7.4 and prove its continuity.
Step 1: The function f; : ﬁt — R defined in (9-9) has compact support in Bys5(0); therefore, it is well
defined also on ﬁt,r. Let v, , € Dl’z(SNZ,,r) be such that

—Av,— Vv, = f; weakly in Dl’z(ﬁt’r). (9-12)

Since the operator —A — V is uniformly coercive on €, it is also uniformly coercive on ?2,, » with respect
to (¢, r), so that the definition of v; , via (9-12) makes sense. The uniform coercivity and (9-9)—(9-10)
yield the existence of C > 0O such that ||v; , Ipr2g,,) =C for all ¢, r. Since xo & 5'2”, (9-9)—(9-10) and

regularity theory yield v, , € C ! (5,,, \ {0}) and for all p > 0, there exists C(p) > 0 independent of ¢
and r such that

e ler @, \8,@UB, (o) = €0 (9-13)
Step 2: There exists C > 0 such that for all r € (—1, 1) and all x € ?2,’,,

[ - (X)] < Cd(x, 32)(1X] 7 + |x — xo| @), (9-14)
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Indeed, around 0, we know SAZ',’ » coincides with Q ¢, and the proof of the control goes as in the construction
of the mass in Section 7 (see the proof of Theorem 7.1). The argument is different around xy. We let
ro > 0 be such that ©; N By, (x0) = 2N By, (xp). Therefore, for r € (0, r9), we have that

Q1.r N Bayy (x0) = (2\ Dy) N Bayy (x0).
Arguing as in the proof of Proposition 4.3, there exists i1, € C 00(5 \ {0}) and 7’ > O such that

Uy >0 in QN By, (x0),

iy =0 in (€2) N By, (x0),

—Aily — Viig_ >0 in N By, (xo).
Moreover, we have that

- d(x, 8?2) ~
Uy (x) = — (1 + O(Jx —xp|)) asx — xg, x € 2. (9-15)
lx — xo|*-
Therefore, since v; , vanishes on By, (x) N 8(5 \ l~)r), it follows from (9-13) and the properties of i,
that there exists C > 0 such that v; , < Cii,_ on the boundary of (5 N 5,) N By, (xp). Since in addition
(A —=V)v, =0 < (—A —V)(Cig_), it follows from the comparison principle that v, , < Cii,_ in
(Q \ 5r) N By, (xp). Arguing similarly with —v; , and using the asymptotic (9-15), we get (9-14).

Step 3: We have 3

Jim 0@ =vo in D" (Q)10c, xg) N Cloe (B {0, x0}). (9-16)
where vy was defined in (7-20), and the convergence in Dl’z(ﬁ)loc,{ xo}c means that lim; 0 nv; ,o®; =nuvg
in D]’Z(?Z) for all n € C*°(R") vanishing around x¢. Indeed, v, , o ®; € Dl’z(?l \ 5,) C Dl’z(ﬁ).
Uniform coercivity yields weak convergence in Dl’z(ﬁ) tov e D1’2(§~2). Passing to the limit, one gets
(—=A —V)v = fy, so that v = vg. Uniqueness then yields convergence in CIIOC(SZZ \ {0, xo}). With a change
of variable, (9-12) yields an elliptic equation for v, . o ®,. Multiplying this equation by n2 ~(vr o Py —vp)
for n € C*°(R") vanishing around x(, one gets convergence of nv; , o ®; to nug in D]’Z(SNZ). This proves
the claim.

It follows from the construction of the mass (see Theorem 7.1) and the regularity theorem, Theorem 4.1,
that there exists Ko € R and for all (¢, ») small, there exists K, , € R such that

d(x, d8,) (d(x, ) d(x,d%) (d(x, Q)

U () = Ker e [~ 05— x|

) and vo(x) =K ) (9-17)

as x € Q goes to 0. Note that around 0, we know SNZ,J coincides with S~2,.

Step 4: We claim that
lim K;, = Kp. (9-18)

t,r—0

We only give a sketch. Noting vy, := v; , o ®;, the proof relies on (9-16) and the fact that
—AgsBuctlyr — Vo by, = fo®, in QN B;(0).

The comparison principle and the definitions (9-17) then yield (9-18).
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Note that
m,y, (2) = —Ko, (9-19)
where the mass of a conformally bounded €2 is defined as in Proposition 7.4.

Step 5: convergence of the mass. We claim that

lim  m, (2 r) =m, (£2). (9-20)

t—0,R—00
We define H; , :=uq, ; — Vs, SO that
_AHZ‘,I‘ - VHI,F = 0 in Qt,r-

It follows from (9-6) and (9-17) that H, » > 0 around 0. From the maximum principle, we deduce that
H, »>0on Q, ~ and that it vanishes on BQ, +\ {0, xo}.

It follows from (9-6) and (9-17) that
d(x, 3%, ) d(x, 8%, (du;aﬁnn)
+o

Hy) =" K, T

e xle-
asx—0, xe ﬁt,r. Coming back to ; g with R = r~! via the inversion i with
2—-n 1y .
H; gr(x) == |x —xo|" " H; (i (x))

for all x € Q; g, we get that

~AH, g~ Y—H, g =0 inQ g,
R |
Ht,R >0 in Qz,R’
HI,R :0 in thR\{O}
and
d(x, 082 d(x, 092 d(x, 082
HI,R(x) _ (x t,R) _ K” (x t,R) +o (x t,R)

||+ %= | [%=

as x — 0, x € Q; r. Therefore, it follows from the definition of the mass (see Theorem 7.1) that
my, (2, r)=—K,, forallt,r, R = r~1. Claim (9-20) then follows from (9-18) and (9-19). O

In order to prove Theorem 9.1, we need to exhibit prototypes of unbounded domains with either
positive or negative mass.

Proposition 9.4. Let Q2 be a domain such that 0 € 0Q2 and Q2 is conformally bounded. Assume that
Y () > 4(n — 1D andfixy € ( n% -1, yH(Q)) Then m,(2) > 0 if R% C Q, and m, (2) < 0 if
QC Ry

Proof. With Hy defined as in (7-22), we set

U(x) := Ho(x) — x1|x|”% forall x € Q.
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We first assume that R C €2. We then have that

—Au-L =0 iR,
|x] (9-21)
W20 in 9R" \ {0},

We claim that

|VU|? dx < +o00. (9-22)
R}
Indeed, at infinity, this is the consequence of the fact that |VU|(x) < C|x|~%* for all x € R} large, this
latest bound being a consequence of (7-25) combined with elliptic regularity theory. At 0, the argument
is different. Indeed, one first notes that d(x, ) = x; + O(|x|?) for x € R’} close to 0, and therefore,
AU(x) = O(|x|'~*-) for x — 0. The control on the gradient |VU|(x) < C|x|~% at O follows from the
construction of Hy. This yields integrability at 0 and proves (9-22).

We claim that U > 0 in R".. Indeed, it follows from (9-21) and (9-22) that U_ € D"*(R"). Multiplying
equation (7-23) by U_, integrating by parts on (Bg(0) \ B.(0)) "R” , and letting ¢ — 0 and R — 400
by using (9-22), one gets U_ = 0, and then U > 0. The result follows from Hopf’s maximum principle.

‘We now claim that

m, () > 0. (9-23)

Indeed, since U > 0 in R}, there exists ¢ > 0 such that U(x) > coxy|x|~*~ for all x € (B1(0)4). It then
follows from (9-22), (9-21) and the comparison principle that WU(x) > cox(|x| ™%~ for all x € B1(0). The
expansion (7-24) then yields — Ky > c¢¢ > 0. This combined with (9-19) proves the claim.

When Q C R}, the argument is similar except that one works on  (and not R} ) and that U < 0 in
a2\ {0}. This ends the proof of Proposition 9.4. U

Proof of Theorem 9.1. Let w be a smooth domain of R” such that 0 € 9€2. Up to a rotation, there exists
¢ € C®°(R" 1) such that ¢(0) =0, Ve(0) =0 and there exists §y > 0 such that

@ N B, (0) = {x1 > p(x) : (x1, x") € Bs,(0)}.
Let n € CZ°(Bj,(0)) be such that n(x) =1 for all x € Bs,,>(0), and define

p(tx’)
t 9y

D, (x) := (xl +n(x) x’) forallt > 0 and x € R",

and ¢ := Idr». It is easy to see that &, satisfies the hypotheses of Proposition 9.2. Moreover, for
0 <t <1, we have that

2N (Byy2(0) = &, (R N By 2(0).
We let 2 be a smooth domain at infinity such that

QNB(0)=R:NB1(0) and yu(Q) > 1(n*—1), (9-24)
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(for example, R”}), and let €2; g be as in Proposition 9.2. It is easy to see that
wNt®(Bs,2(0)) =12 g NP, (Bs,2(0)).
Therefore, for ¢ > 0 small enough, we have that
@ N Bysy/3(0) =182 g N Bysy/3(0).

Moreover, vy (12 r) = yu (2, g) > i(n2 —1)ast— 0and R — +o0; see (9-4). Concerning the mass,
we have

1= Why (194 8) = my (R.8) — my(R) ast— 0, R — +o0.

We now choose 2 appropriately.

To get a negative mass, we choose €2 smooth at infinity such that 2N B;(0) =R’ N B;(0) and 2 C R} .
Then yg(2) = ‘—llnz, (9-24) holds and Proposition 9.4 yields m,, (€2) < 0. With this choice of 2, we take
Q_ :=Q; g for t small and R large.

To get a positive mass, we choose R C Q such that (9-24) holds (this is possible for any value of
v (R2) arbitrarily close to %nz, see point (5) of Proposition 3.1). Then Proposition 9.4 yields m,, (£2) > 0.
With this choice of €2, we take 24 := €, r for ¢ small and R large. This proves Theorem 9.1. U

10. The Hardy singular interior mass and the remaining cases

The remaining situation not covered by Proposition 8.1 and Theorem 8.2is s =0, n=3 and y € (O, %nz).
If y > yn (€2), then Proposition 3.3 and Theorem 3.6 yield 1, 0(€2) <0 < u,, o(R’) and the existence of
extremals is guaranteed. When w,, o(R'} ) does have an extremal U, then Proposition 8.3 and Theorem 3.6
provide sufficient conditions for the existence of extremals. The rest of this section addresses the
remaining case, that is, when y € (0, yg(£2)) and when u, o(R) has no extremal, and therefore
fy.0(R3) = 1/K (3, 2)? according to Proposition 1.3.

We first define the “interior” mass in the spirit of Schoen and Yau [1988].

Proposition 10.1. Let Q C R3 be an open smooth bounded domain such that 0 € 3. Fix xo € Q. If
y € (0, yg (2)), then the equation
AG—LG=0 inQ\ix),

|x|?
G>0 in 2\ {xo0},

G=0 on a2\ {0}

has a solution G € C*( \ {0, xo}) N D%(Q \ {*0D1oc,0 that is unique up to multiplication by a constant.
Moreover, for any x( € 2, there exists a unique R, (xo) € R independent of the choice of G and cg > 0
such that

Gx) = CG< + Ry(xo)> +o(l) asx — xp.

lx — xol
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Proof. Since y < yy (), the operator —A — y|x|~2 is coercive and we can consider G to be its Green’s
function at xo on € with Dirichlet boundary condition. In particular, for any ¢ € C°(2), we have that

w(x)=/QGx<y)<—A<p(y)—y%> dy forx € Q,

where G, := G(x, ). Fix xo € Q and let n € C°(£2) be such that n(x) = 1 around xo. Define the
distribution By, : 2 — R as

Gxo(X)=L< n(x) +,3x0(x)) for all x € 2,
@2 \ |x — xol

where w, := 47 is the volume of the canonical 2-sphere. As one checks,

14 4 n(x)
—A——— By =—|-A0—-——=
( |x|2)’3 ( |x|2>(|x—x0|>
= f=0(x—x0™"

in the distributional sense. Since f € L?(2) and, by uniqueness of the Green’s function (since the operator

is coercive), we have that 8,, € D2(). It follows from standard elliptic theory that
Bry € C¥(Q\ {0, x0}) N C*(Q\ B5(0))
for all 6 € (0, 1) and § > 0. Since f vanishes around 0, it follows from Theorem 4.1 and Lemma 5.2 that
Br@)=0(Ix|'"™* ") and |VB,(x)|=0(x[7*")) whenx — 0. (10-1)

We can therefore define the mass of €2 at x( associated to the operator L, by R, (€2, xo) := By, (x0). As
one checks, By, (xp) is independent of the choice of 7.

The uniqueness is proved as in Theorem 7.1. The behavior on the boundary is given by Theorem 4.1
and the interior behavior around xg is classical. O

Lemma 10.2. Let Q C R? be an open smooth bounded domain such that 0 € 32 and xo € Q. Assume that
y € (0, yn(RQ)) and that j1, o(R3) = 1/K (3, 2)%. Then, there exists a family (u¢)e in D'*(Q) such that

1 R, (x0)
1— :
K(n,?2)? 3fR3 U% dx

To(ue) = € —i—o(e)) as e — 0, (10-2)

where U (x) := (1 + |x|?)~'2 for all x € R? and 2* = 2*(0) =2n/(n — 2).

Proof. The proof is very similar to what was performed by Schoen [1984] (see [Druet 2002a; 2002b;
Jaber 2014]). For € > 0, define the functions

12
€ 172
= _ for all x € Q2.
ue(x) n(x)(62+|x_x0|2) +€ /7By, (x) forall x

As one checks, u, € D'"2(Q). Proceeding as in the case y > 4—1‘(112 — 1) of Section 8, we get (10-2). We
omit the details that are standard. This proves Lemma 10.2. Il

We finally get the following.
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Theorem 10.3. Let Q be a bounded smooth domain of R? such that 0 € 9.
(D) If y = yu(K2), then there are extremals for 1, o(£2).
(2) If y <0, then there are no extremals for (v, o(£2).

(3) If 0 <y < yu(R2) and there are extremals for (1, o(R'}), then there are extremals for j1, 0(S2) under

either one of the following conditions:

oy < %(n2 — 1) and the mean curvature of 02 at 0 is negative.

oy > %(n2 — 1) and the mass m,, (£2) is positive.

4 If 0 <y < yu () and there are no extremals for (1, o(R",), then there are extremals for (1, 0(S2) if
there exists xo € Q2 such that R,, (2, xo) > 0.

Proof. The two first points of the theorem follow from Proposition 8.1 and Theorem 3.6. The third point
follows from Proposition 8.3. For the fourth point, in this situation, it follows from Proposition 1.3 that
myoRY) =1/K(n, 2)2, and then Lemma 10.2 gives 1y 0(€2) < py 0(RY), which yields the existence of
extremals by Theorem 3.6. This proves Theorem 10.3. ]
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CONICAL MAXIMAL REGULARITY
FOR ELLIPTIC OPERATORS VIA HARDY SPACES

Y1 HUANG

We give a technically simple approach to the maximal regularity problem in parabolic tent spaces for
second-order, divergence-form, complex-valued elliptic operators. By using the associated Hardy space
theory combined with certain L?-L? off-diagonal estimates, we reduce the tent space boundedness in
the upper half-space to the reverse Riesz inequalities in the boundary space. This way, we also improve
recent results obtained by P. Auscher et al.
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1. Introduction

Let [Rf" be the upper half-space Ry x R" with Ry = (0, 00) and n € Ny = {1, 2, ...}. Define the tent
space Tpgr, n/(n+1) < p < 00, as the space of all locally square-integrable functions on [Rf" such that

g, 2y () P2 NP
1F 7, = </|; (//uw B(’Ct;/z) |F(t, y)Pdidy) dx) <oo. (1)

The scale Tp‘;I, n/(n+1) < p < 00, is a parabolic analogue of the tent spaces introduced by R. R. Coifman,
Y. Meyer and E. M. Stein [Coifman et al. 1985].

Let A = A(x) be an n x n matrix of complex L™ coefficients, defined on R", and satisfying the
ellipticity (or “accretivity”) condition

MEP <Re AE-E and |AE-Z| < AJE|IC] 2
for &, ¢ € C" and for some A and A such that 0 <A < A < o0. Let
L:=—divAV
MSC2010: primary 42B37; secondary 47D06, 42B35, 42B20.
Keywords: maximal regularity operators, tent spaces, elliptic operators, Hardy spaces, off-diagonal decay, maximal

LP -regularity.
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(its precise definition will be recalled in next section). Consider the associated forward maximal regularity
operator M Zr given by
t
M} (F), = / Le 9L F, ds, A3)
0
originally defined on F € Lz([RLr; D(L)). Here D(L) is the domain of L in L?>(R") and Fy, = F(s, -).
By a classical result of L. de Simon [1964], MZr extends to a bounded operator on L>(Ry; L?(R")). By
Fubini’s theorem,
Tr (R ~ LR L2(Ry)). )

For p different from 2, the analogous equivalence of (4) between Tpﬁr(Rf" )y and L?(R"; L*(R..)) breaks
down. We shall refer to the maximal regularity (namely, the boundedness of Mzr) in Tp’;‘r as conical
maximal regularity for the reason that (parabolic) cones are involved in defining tent spaces in (1).

The maximal regularity operator MZr is a typical example of singular integral operators with operator-
valued kernels. Let 1 < p <2. Let

dist(E, E') :=inf{|x —y|:x € E, y € E'}.
We shall say that a class of uniformly L? = L*(R") bounded kernels {T(t)};~¢ satisfies the LP-L?
off-diagonal decay with some order M € N if we have

e Tl fll2 < t“”’““’””(l g £l (5)

dist(E, E/)2>‘M

+  ———
t
for all Borel sets E, E' C R", all t > 0 and all f € L? N L2. We shall say {T (t)},-¢ satisfies the L”-L?
off-diagonal decay if it satisfies the LP-L? off-diagonal decay with any order M € N,. Denote by
p_ = p_(L) the infimum of p for which the heat semigroup {e~'1'},. satisfies the L”-L? off-diagonal
decay. Define the index
np_

n+p_’
For L=—A=—divV,onehas p_=1and l,=n/(n+1).

Our main result in this letter reads as follows.

(p-)s = (6)

Theorem 1.1. Let L = — div AV with A satisfying (2) and p— defined as in (6). Then for p € ((p-)+, 2],
the maximal regularity operator MZr defined as in (3) extends to a bounded operator on Tpﬁr.

We end the introduction with several remarks.

Remark 1.2. Under the assumption (p_), < 1, Theorem 1.1 was first proved by Auscher et al. [2012a,
Theorem 3.1] (with m =2, § =0 and ¢ close to p_ in their statement). Indeed, we note that (p_). < 1
is equivalent to (p_)" > n, where (p_)’ is the dual exponent of p_. A threshold condition essentially the
same as (p_) > n is used in [Auscher et al. 2012a].

A general framework of singular integral operators on tent spaces is also presented by Auscher et al.
[2012a]. Their method is heavily based on the LP-L? off-diagonal decay of the family {tLe~"%},.¢
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for p € (p—,2). Note that they already improved the previous result in [Auscher et al. 2012b], the
Tp‘;r—boundedness of Mzr for p € (24, 2], which assumes L2172 off-diagonal decay only.

Here we shall give a technically simple approach to Theorem 1.1 by using the well-established
L-associated Hardy space theory combined (mainly) with L2-L? off-diagonal decay of {tLe™"%},..

Remark 1.3. The motivation of the reduction scheme
(operator theory on tent spaces) — (Hardy space theory),

which is involved in our proof of Theorem 1.1, comes from the study of conical maximal regularity (in
elliptic tent spaces) for first-order perturbed Dirac operators [Huang 2015, Chapter 5]. Furthermore,
the motivation of considering such conical (elliptic) maximal regularity estimates is suggested by their
applications to boundary-value elliptic problems (see [Auscher and Axelsson 2011] for example). In the
parabolic case, the conical maximal regularity results have already proven to be useful in various settings
(see for example [Auscher et al. 2014; Auscher and Frey 2015]).

Remark 1.4. Though the singularity of the integral operator Mzr is at s = ¢, the most involved part
turns out to be the estimation of tent space norms when s — 0. For more explanations concerning the
“singularity” pertaining to singular integral operators and maximal regularity operators on tent spaces, see
[Auscher et al. 2012a, Remark 3.6; Auscher and Frey 2015, Remark 5.23].

Remark 1.5. Theorem 1.1 also extends to higher order elliptic operators. Then one changes correspond-
ingly the homogeneity of tent spaces and off-diagonal decay in (5). We leave this issue to the interested
reader.

2. Elliptic operators and Hardy spaces
We give some preliminary materials needed in the proof of Theorem 1.1.
Let A satisfy (2). We define the divergence-form elliptic operator
Lf :=—div(AVf),

which we interpret in the sense of maximal-accretive operators via a sesquilinear form. That is, D(L) is
the largest subspace contained in W2 for which

/ AVf-Vgl =Clgll

for all g € W2, and we set Lf by
(Lfig)= [ AVF-Tg

for f e D(L) and g € W2, Thus defined, L is a maximal-accretive operator on L? and D(L) is dense

in W2, Furthermore, L has a square root, denoted by L!/2

and defined as the unique maximal-accretive
operator such that

L2z 7

as unbounded operators [Kato 1976, p. 281].
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For L as formulated above, the development of an L-associated Hardy space theory was taken in
[Hofmann and Mayboroda 2009] (and independently in [Auscher et al. 2008] in a different geometric
setting), in which the authors considered the model case H 2 (R™). In presence of pointwise heat kernel
bounds, see [Duong and Yan 2005]. The definition of H Ll given in [Hofmann and Mayboroda 2009;
Auscher et al. 2008] can be extended immediately to n/(n + 1) < p <2 [Hofmann et al. 2011]. To this
end, consider the (conical) square function associated with the heat semigroup generated by L

1/2
SL(f)x) = PLe L F(y)P drdy . xeR",
I'(x) t1+n

F(x)={(ty) eRI™: |x —y| <t}

where, as usual,

is a nontangential cone with vertex at x € R”. As in [Hofmann and Mayboroda 2009; Hofmann et al.
2011], we define Hf([R") forn/(n+1) < p <2 as the completion of

{f € L2(R") : SL.(f) € LP(R")}
in the quasinorm

1 2 ey = IISLCO Lo @)

We will not get into the dual side (p > 2) of the Hardy space theory.
For L2-1.2 off-diagonal decay related to {e™sL, sLe™sL, s Ve LY o, and other holomorphic func-
tions of L (for example (I —e~*L)? with o > 0), we refer to Chapter 2 of the memoir [Auscher 2007].

3. Proof of Theorem 1.1

Note that the extension of M + will be divided into two steps: first from F € L*>(R;; D(L)) to T, par and
then for n/(n+1) < p <2 from T2 nNTE par tO Tpar.
First we split the operator M + for £ € N4 large, set

R, :=M; -V}, ®)

where for F € LZ(R+; D(L)) the singular part Ri is given formally by
t
R:(F), = / Le U951 — ™Y F ds )
0

and the regular part is defined by
¢

l
Vi = Z( k) VL
k=1
with .
Vi (F); = f Le UFC=DILp gg e Ry,

0

For the above binomial sum Vf, it suffices to consider Vy :=V .
Let 2N, = {2, 4, ...}. We make the following observation.
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Lemma 3.1. For ¢ € 2N, and %E > % + %n, the operator R% , as given in (9) through (8), extends to a
bounded operator on Tp’;Ifor anyn/(n+1) < p <2

Proof. The Tpar—boundedness is de Simon’s theorem plus the uniform L?-boundedness of {(I —e~>L)¢},- 0.
By interpolation it suffices to consider n/(n + 1) < p <1, and this follows from Lemmata 3.4 and 3.5 of
[Auscher et al. 2012a] in the particular case m = 2, =0 and g = 2.! Indeed, first we can decompose
the operator Ri as in [Auscher et al. 2012a] in the way

' 12
R:(F), = / Le U901 — e 1) E ds + / Le 9L — e LY F ds = T+11
12 0
Here we view 71 = {(I — e *1)"},- as an operator on T, given by

T\ F > T(F)y = —e ¥bF,,

with the similar interpretation for I, = {({ — e B /(sL) %) o in
] ' ¢/2 (I _ e—ZSL)Z
—(t=)Loy _ =2sL\0 _ S ) _ €/2 —(t—s)L
Le (I —e ) = (_t—s L((t—s)L)"“e —(SL)£/2

Note that t — s ~ ¢t when s < t/2. Therefore, to obtain the Tpﬂr—boundedness of Ri forn/(n4+1)<p<1,
we can use Lemma 3.4 of [Auscher et al. 2012a] together with the Tp’;r—boundedness of I to estimate |
and use Lemma 3.5 of [Auscher et al. 2012a] together with the T, p’;r—boundedness of I, to estimate II.
The latter tent space boundedness results on J;, i = 1, 2, are implied by their L2-L? off-diagonal decay
with order at least %Z, which satisfies the condition

£ 1 n n 1 1
—>—t-—=—(— =)
2 2 4 2\n/(n+1) 2
This implication can be easily verified via the extrapolation method on tent spaces through atomic

decompositions. Note that we also need the condition %Z > % + le” in (s/(t — §))?% ~ (s/z‘)z/2 when
applying Lemma 3.5 of [Auscher et al. 2012a]. ]

Next we rewrite the operator V, in the following way:
VL(F) = =VL(F) + IL(F);, 1 €Ry, (10)
where for F € L>(R.; D(L)) the backward part V. is defined by
Vi(F), = /OO Le L F ds, teRy, (11)
t
and the trace part I is defined by

[e.¢] o0
I.(F), := / Le "L F ds =/Le 't / VLe *LF, ds.
0 0

We used the square root property ~/L+/L = L recalled in (7).

Twe point out that one can also prove this lemma by adapting directly the arguments for Lemma 3.4 of [Auscher et al. 2012a]
(see [Huang 2015] for details).
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Lemma 3.2. The integral operator VL as given in (11) extends to a bounded operator on Tp’;r for any
n/(in+1)<p<2?

Proof. This is a consequence of a more general claim by Auscher et al. [2012a, Proposition 3.7], again
corresponding to the case m =2, B =0 and g = 2. Indeed, [Auscher et al. 2012a, Proposition 3.7] deals
with a counterpart to M, namely the backward maximal regularity operator

oo
M; (F), ::f Le “ DL F ds,

t

where F € L2(R,; D(L)), and they use the splitting

2t 00
M; (F), = / Le O™DLF ds+ / Le O ™DLF ds = TI+1V.
t 2

t
We only need to use those arguments in proving [Auscher et al. 2012a, Proposition 3.7] with IV involved
since s —t ~ s when s > 2¢, which is equivalent to s + ¢ ~ s when s > ¢ in our setting. We omit the
details. U

Now we use the L-associated Hardy spaces, which we recalled in Section 2, to treat the trace part I .
First, from the conical square function estimates [Hofmann et al. 2011, Proposition 4.9], one has, for
n/(in+1) <p<2,

Hﬁe‘m/ VLe™tF, ds / VLe L F, ds
0 0

5‘
P J4
T, H}

par

for F € Lz([Rq; D(L)). Next, from the reverse Riesz inequalities [Hofmann et al. 2011, Proposition 5.17],
one has, for p € ((p-)x, 2],
IVLf iy SNV fllae

for f € L?; hence, one further has, for p € ((p-)s, 2],

o0
‘/ VLe™LF, ds
0

Here, as usual, we use the convention H? = L? for p > 1.3

N
Hy,

o0
f Ve *LF, ds
0

HP

For F € szar, consider the sweeping operator

o0
7w (F) ::/ Ve L F, ds.
0

An equivalent formulation of the Kato square root estimate for L* [Auscher et al. 2002] is the square
function estimate

[[ et anFoparay <113
R++n

2 As we will see in the proof, the lemma also holds for any 0 < p < 2. But that does not help in proving Theorem 1.1.
3We remark that in [Auscher and Frey 2015, Lemma 5.21] a variant of Iy is treated in a similar way, with informative
connections to the Hardy space theory associated with the first-order perturbed Dirac operators as alluded to in Remark 1.3.
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forall F € L%(R"; C"); hence, the mapping given by
Q1 F > Que(F) (1, y) o= (e div F)(y)

is bounded from L?(R"; C") to szar. Thereby, we see that 77, : szar — L? is a bounded operator by duality

Recall that a Tp";I-atom A supported in the parabolic Carleson cylinder
Cyl(B) := (0,73) x B
for some ball B C R"” (with radius rp) satisfies the size estimate

|Allz2 < |B|~H/P=1/2), (12)

par
We have the following result on 7y .

Lemma 3.3. Foranyn/(n+1) < p <1 and any Tplgr-atom A with supp A C Cyl(B) for some ball B C R"
(with radius rp),

r}
m = nL(A)=/ Ve LA, ds
0

satisfies the uniform estimate
lmllae < 1. (13)

Hence, mt extends to a bounded operator from Tpgr to H? forn/(n+1) < p <2.

Proof. For m = (A) with A being Tp’flr—atoms, n/(n+1) < p <1, and by adapting [Coifman et al. 1983,
Théoreme 3; 1985, Theorem 6], (13) follows from the L2-L? off-diagonal decay for the heat semigroup
{e™5L}s~0 and the gradient family Vs Ve L}, the size estimate (12) and the Coifman—Weiss molecular
theory for H?. Then for n/(n 4+ 1) < p <1, m extends to a bounded operator from Tplgr to H?, and by
interpolation, 7y extends to a bounded operator from Tp’;I to HP forn/(n+1) < p <2. U

With the splittings (8) and (10), together with the conditions £ € 2N and %Z > % + 411”’ and using
Lemmata 3.1, 3.2 and 3.3 in order, the proof of Theorem 1.1 (with p € ((p—)«, 2]) is then concluded.
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LOCAL EXPONENTIAL STABILIZATION
FOR A CLASS OF KORTEWEG-DE VRIES EQUATIONS
BY MEANS OF TIME-VARYING FEEDBACK LAWS

JEAN-MICHEL CORON, IVONNE RIVAS AND SHENGQUAN XIANG

We study the exponential stabilization problem for a nonlinear Korteweg-de Vries equation on a bounded
interval in cases where the linearized control system is not controllable. The system has Dirichlet boundary
conditions at the end-points of the interval and a Neumann nonhomogeneous boundary condition at the
right end-point, which is the control. We build a class of time-varying feedback laws for which the
solutions of the closed-loop systems with small initial data decay exponentially to 0. We present also
results on the well-posedness of the closed-loop systems for general time-varying feedback laws.

1. Introduction
Let L € (0, +00). We consider the stabilization of the controlled Korteweg—de Vries (KdV) system

Vi + Yexx +Yx + Yy =0 for (7, x) € (s, +00) x (0, L),
y(,0 =y L)=0 for t € (s, +00), (1-1)
ye(t, L) =u(t) fort € (s, +00),

where s € R and where, at time ¢ € [s, +00), the state is y(¢, -) € L?(0, L) and the control is u(7) € R.

Boussinesq [1877] and Korteweg and de Vries [1895] introduced KdV equations for describing the
propagation of small-amplitude long water waves. For a better understanding of KdV equations, one can
see [Whitham 1974], in which different mathematical models of water waves are deduced. These equations
have turned out to be good models, not only for water waves but also to describe other physical phenomena.
For mathematical studies on these equations, let us mention [Bona and Smith 1975; Constantin and Saut
1988; Craig et al. 1992; Temam 1969], as well as the discovery of solitons and the inverse scattering
method [Gardner et al. 1967; Murray 1978] to solve these equations. We also refer here to [Bona et al.
2003; 2009; Coron and Crépeau 2004; Rivas et al. 2011; Zhang 1999] for well-posedness results of
initial-boundary-value problems of our KdV equation (1-1) or for other equations which are similar to
(1-1). Finally, let us refer to [Cerpa 2014; Rosier and Zhang 2009] for reviews on recent progresses on
the control of various KdV equations.

Coron and Rivas were supported by ERC advanced grant 266907 (CPDENL) of the 7th Research Framework Programme (FP7).
Coron and Xiang were supported by ANR Project Finite4SoS (ANR 15-CE23-0007) and by LIASFMA.
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Keywords: Korteweg—de Vries, time-varying feedback laws, stabilization, controllability.
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The controllability research on (1-1) began when Lionel Rosier [1997] showed that the linearized KdV
control system (around 0 in L2(0, L))

Vi+ Vixx + =0 in (0,T) x (0, L),
y(,00=y@, L)=0 on (0, L), (1-2)
ve(t, L) =u(t) on (0,T)

is controllable if and only if L ¢ N, where N is called the set of critical lengths and is defined by

N={2m /3P +1k+K>) : 1 ke N*}. (1-3)

From this controllability result Lionel Rosier, in the same article, deduced that the nonlinear KdV equations
(1-1) are locally controllable (around 0 in L?(0, L)) if L ¢ N. His work also shows that the L*(0, L)
space can be decomposed as H @& M, where M is the “uncontrollable” part for the linearized KdV control
systems (1-2), and H is the “controllable” part. Moreover, M is of finite dimension, a dimension which
strongly depends on some number theory property of the length L. More precisely, the dimension of M
is the number of different pairs of positive integers (/;, k;) satisfying

L=2m 1@+ 1k + D). (1-4)

For each such pair of (lj, kj) with [; > k;, we can find two nonzero real-valued functions (p{ and <p§ such
that ¢/ := (pl + 1(,02 is a solution of

—io(lj, ke’ +(9) + (9)" =0,
¢! (0) = ¢/ (L) =0, 05
(/) (0) = (p/) (L) =

where 90{, (pg € C*([0, L]) and w(l}, k;) is defined by

QL+ k)1 — k) (2k; + 1)

w(l;, k) =
7 3V + 1k + k232

(1-6)

When l > kj, the functions 901 (p2 are linearly independent, but when /; = k;, we have w(/;, kj) = 0 and
gol , (p2 are linearly dependent. It is also proved in [Rosier 1997] that

M = Span{g{, @3, ..., ¢}, ¢5}. (1-7)

Multiplying (1-2) by ¢/, integrating on (0, L), performing integrations by parts and combining with (1-5),
we get
d

L L
—(/ y(r,xwf(x)dx):iw(lj,kj) / y(t, )@’ (x) dx,

which shows that M is included in the “uncontrollable” part of (1-2). Let us point out that there exists at
most one pair of (/;, k;) such that /; = k;. Hence we can classify L € RT into five different cases and
therefore divide R™ into five disjoint subsets of (0, +00), which are defined as follows:
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(1) C:= R\ N. Then M = {0}.

Q) N = {L € N : there exists exactly one ordered pair (I;, k;) satisfying (1-4) and /; = kj}. Then the
dimension of M is 1.

B)MN, = {L € N : there exists exactly one ordered pair (I}, k;) satisfying (1-4) and /; > kj}. Then the
dimension of M is 2.

4 N3:= {L €N : there exist n>2 distinct ordered pairs (/;, k;) satisfying (1-4) and none satisfy /; =kj}.
Then the dimension of M is 2n.

(5) Ny:= {L €N : there exist n>2 distinct ordered pairs (/;, k;) satisfying (1-4) and one satisfies /; =kj}.
Then the dimension of M is 2n — 1.

The five sets C, {N; }f':l are pairwise disjoint and

RT =CUN]UN, UN3 U NG,
N =N UN UN3 UN;.

Additionally, Eduardo Cerpa [2007, Lemma 2.5] proved that each of these five sets has infinite number of
elements; see also [Coron 2007, Proposition 8.3] for the case of V.

Let us point out that L ¢ A is equivalent to M = {0}. Hence, Lionel Rosier solved the (local) control-
lability problem of nonlinear KdV equations for L € C. Later on Jean-Michel Coron and Emmanuelle
Crépeau [2004] proved the small-time local controllability of nonlinear KdV equations for the second case
L € Nj, by a “power series expansion” method; the nonlinear term yy, gives this controllability. Later
on, Eduardo Cerpa [2007] proved the local controllability in large time for the third case L € N>, still by
using the “power series expansion” method. In this case, an expansion to the order 2 is sufficient but the
local controllability in small time remains open. Finally Eduardo Cerpa and Emmanuelle Crépeau [2009a]
concluded the study by proving the local controllability in large time of (1-1) for the two remaining critical
cases (for which dim M > 3). The proofs of all these results rely on the “power series expansion” method,
introduced in [Coron and Crépeau 2004]. This method has also been used to prove controllability results
for Schrodinger equations [Beauchard 2005; Beauchard and Coron 2006; Beauchard and Morancey 2014;
Morancey 2014] and for rapid asymptotic stability of a Navier-Stokes control system in [Chowdhury
and Ervedoza 2017]. In this article we use it to get exponential stabilization of (1-1). For studies on
the controllability of other KdV control systems problems, let us refer to [Capistrano-Filho et al. 2015;
Gagnon 2016; Glass and Guerrero 2010; Goubet and Shen 2007; Rosier 2004; Zhang 1999].

The asymptotic stability of 0 without control (control term equal to 0) has been studied for years; see,
in particular, [Cerpa and Coron 2013; Goubet and Shen 2007; Jia and Zhang 2012; Massarolo et al. 2007;
Pazoto 2005; Perla Menzala et al. 2002; Rosier and Zhang 2006; Russell and Zhang 1995; 1996]. For exam-
ple, the local exponential stability for our KdV equation if L ¢ A was proved in [Perla Menzala et al. 2002].
Let also point out here that in [Doronin and Natali 2014], the authors give the existence of (large) stationary
solutions, which ensures that the exponential stability result in [Perla Menzala et al. 2002] is only local.

Concerning the stabilization by means of feedback laws, the locally exponential stabilization with
arbitrary decay rate (rapid stabilization) with some linear feedback law was obtained by Eduardo Cerpa
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and Emmanuelle Crépeau in [2009b] for the linear KdV equation (1-2). For the nonlinear case, the first
rapid stabilization for Korteweg—de Vries equations was obtained by Camille Laurent, Lionel Rosier and
Bing-Yu Zhang [Laurent et al. 2010] in the case of localized distributed control on a periodic domain.
In that case, the linearized control system, let us write it y = Ay 4 Bu, is controllable. These authors
used an approach due to Marshall Slemrod [1974] to construct linear feedback laws leading to the rapid
stabilization of y = Ay+ Bu and then proved that the same feedback laws give the rapid stabilization of the
nonlinear Korteweg de Vries equation. In the case of distributed control, the operator B is bounded. For
boundary control the operator B is unbounded. The Slemrod approach has been modified to handle this
case by Vilmos Komornik [1997] and by Jose Urquiza [2005], and [Cerpa and Crépeau 2009b] precisely
uses the modification presented in [Urquiza 2005]. However, in contrast with the case of distributed
control, it leads to unbounded linear feedback laws and one does not know for the moment if these linear
feedback laws lead to asymptotic stabilization for the nonlinear Korteweg de Vries equation. One does
not even know if the closed system is well posed for this nonlinear equation. The first rapid stabilization
result in the nonlinear case and with boundary controls was obtained by Eduardo Cerpa and Jean-Michel
Coron [2013]. Their approach relies on the backstepping method/transformation, a method introduced
by Miroslav Krstic and his collaborators (see [Krstic and Smyshlyaev 2008] for an excellent starting
point to this method). When L &€ N, by using a more general transformation and the controllability of
(1-2), Jean-Michel Coron and Qi Lii [2014] proved the rapid stabilization of our KdV control system.
Their method can be applied to many other equations, like Schrédinger equations [Coron et al. 2016] and
Kuramoto-Sivashinsky equations [Coron and Lii 2015]. When L € N, as mentioned above, the linearized
control system (1-2) is not controllable, but the control system (1-1) is controllable. Let us recall that for
the finite-dimensional case, the controllability doesn’t imply the existence of a (continuous) stationary
feedback law which stabilizes (asymptotically, exponentially, etc.) the control system; see [Brockett 1983;
Coron 1990]. However the controllability in general implies the existence of (continuous) time-varying
feedback laws which asymptotically (and even in finite time) stabilize the control system; see [Coron
1995]. Hence it is natural to look for time-varying feedback laws u(z, y(z, - )) such that O is (locally)
asymptotically stable for the closed-loop system

Vi + Yaxx £ Yx + ¥y =0 for (¢, x) € (s, +00) x (0, L),
y(,0) =y, L)=0 for t € (s, +00), (1-8)
)’x(t»L):“(f,)’(t’)) forte(sa—i_oo)'

Let us also point out that in [Laurent et al. 2010], as in [Coron and Rosier 1994] by Jean-Michel Coron
and Lionel Rosier, which dealt with finite-dimensional control systems, time-varying feedback laws were
used in order to combine two different feedback laws to get rapid global asymptotic stability of the closed
loop system. Let us emphasize that u = 0 leads to (local) asymptotic stability when L € A; [Chu et al.
2015] and L € N, [Tang et al. 2016]. However, in both cases, the convergence is not exponential. It is
then natural to ask if we can get exponential convergence to 0 with the help of some suitable time-varying
feedback laws u(t, y(¢, - )). The aim of this paper is to prove that it is indeed possible in the case where

L is in A3 or in Nj3. (1-9)
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Let us denote by
Py:L*0,L)— H and Py:L*0,L)—> M

the orthogonal projections (for the L?-scalar product) on H and M respectively. Our main result is the
following one, where the precise definition of a solution of (1-10) is given in Section 2.

Theorem 1. Assume that (1-9) holds. Then there exists a periodic time-varying feedback law u, C > 0,
A > 0andr > 0 such that, for every s € R and for every ||YO||Li < r, the Cauchy problem

Vit Yxxx +yx +yye =0 for (t, x) € (s, +00) x (0, L),
y(t, 0=y, L)=0 fort € (s, +00),

v, L)y=u(t,yt,-))  forte(s,+00),

y(s,:) =0 forx e (0, L)

has at least one solution in CO([s, +00); L*(0, L)) N leoc([s, +00); H'(0, L)) and every solution y of

(1-10) is defined on [s, +00) and satisfies, for every t € [s, +00),

(1-10)

1Pz + 1Pu G < Ce ™ (1Pa Gl + 1 PuGo)ll,5)- (1-11)

In order to simplify the notations, in this paper we sometimes simply denote y(z, - ) by y(¢), if there
is no misunderstanding; sometimes we also simply denote L?(0, L) by L% and L*(0, T) by L%. Let us
explain briefly an important ingredient of our proof of Theorem 1. Taking into account the uncontrollability
of the linearized system, it is natural to split the KdV system into a coupled system for (Pg(y), Py (y)).
Then the finite-dimensional analogue of our KdV control system is

X=Ax+Ri(x,y)+Bu, y=Ly+Q(x,x)+Ra(x,y), (1-12)

where A, B, and L are matrices, Q is a quadratic map, R, R, are polynomials and u is the control. The
state variable x plays the role of Py (y), while y plays the role of Py;(y). The two polynomials R; and R;
are quadratic and R, (x, y) vanishes for y = 0. For this ODE system, in many cases the Brockett condition
[1983] and the Coron condition [2007] for the existence of continuous stationary stabilizing feedback laws
do not hold. However, as shown in [Coron and Rivas 2016], many physical systems of form (1-12) can
be exponentially stabilized by means of time-varying feedback laws. We follow the construction of these
time-varying feedback laws given in this article. However, due to the fact that H is of infinite dimension,
many parts of the proof have to be modified compared to those given in [Coron and Rivas 2016]; in
particular we do not know how to use a Lyapunov approach, in contrast to what is done in that paper.

This article is organized as follows. In Section 2, we recall some classical results and definitions about
(1-1) and (1-2). In Section 3, we study the existence and uniqueness of solutions to the closed-loop
system (1-10) with time-varying feedback laws u# which are not smooth. In Section 4, we construct our
time-varying feedback laws. In Section 5, we prove two estimates for solutions to the closed-loop system
(1-10) (Propositions 15 and 16) which imply Theorem 1. The article ends with three appendices where
proofs of propositions used in the main parts of the article are given.
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2. Preliminaries

We first recall some results on KdV equations and give the definition of a solution to the Cauchy problem
(1-10). Let us start with the nonhomogeneous linear Cauchy problem

Vit Yex+Fye=h  in(T1, T2) x (0, L),
y(t,0)=y(t,L)=0 on (T, T»),

(2-1)

yx(t, L) =h(t) on (71, T»),

y(T1, x) = yo(x) on (0, L)
for

—o00< T <Tp <+o00, (2-2)
o € L*(0, L), (2-3)
heL'\(Ty, T»; L*(0, L)), (2-4)
helXT,, D). (2-5)

Let us now give the definition of a solution to (2-1).

Definition 2. A solution to the Cauchy problem (2-1) is a function y € L' (T}, T»; L?(0, L)) such that,
for almost every t € [T, T»], the following holds: for every ¢ € C 3([Ty, t] x [0, L]) such that

¢t,0)=¢(, L) =¢x(1,0) =0 Vrel[l, ], (2-6)

one has

T L T T L
—/ / (¢t+¢x+¢xxx)dedt_/ h(t)¢x(t,L)dt—/ / phdxdt
7 JO T 0

T
L L
+/ (T, )¢ (T, x)dx — / Yop(T1, x)dx =0. (2-7)
0 0
For T and T satisfying (2-2), let us define the linear space Br,, 1, by
Br,.1, == C°(IT1, Tx1; L*(0, L)) N L*(Ty, To; H'(0, L)). (2-8)

This linear space By, 1, is equipped with the norm

T, 1/2
11157, :=max{||y(r)||LzL:re[Tl,Tz]}+(/ Iy 12, dr) . (2-9)
T

With this norm, Br, 1, is a Banach space.
Let A: D(A) C L?(0, L) — L*(0, L) be the linear operator defined by

D(A) :={¢p € H(0, L) : $(0) = ¢ (L) = ¢ (L) =0}, (2-10)
A :=—¢x — Pxxx VP € D(A). (2-11)

It is known that both A and A* are closed and dissipative (see, e.g., [Coron 2007, page 39]), and therefore
A generates a strongly continuous semigroup of contractions S(t), ¢ € [0, +00) on L?(0, L).
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Rosier [1997], using the above properties of A together with multiplier techniques, proved the following
existence and uniqueness result for the Cauchy problem (2-1).

Lemma 3. The Cauchy problem (2-1) has one and only one solution. This solution is in B, 1, and there
exists a constant Co > 0 depending only on T, — T\ such that

I¥llBr, 7, < C2(||)’0||L% +hll L2y 1) + ||il||Ll(T1,T2;L2(0,L)))- (2-12)

In fact the notion of solution to the Cauchy problem (2-1) considered in [Rosier 1997] is a priori
stronger than the one we consider here (it is required to be in C O[Ty, T»]; L*(0, L)). However, the
uniqueness of the solution in the sense of Definition 2 still follows from classical arguments; see, for
example, [Coron 2007, Proof of Theorem 2.37, page 53].

Let us now turn to the nonlinear KdV equation

~

Y+ Yaxx +Yx +yye=H in(T1,T2) x (0, L),

y(t,00=y@ L)=0 on (73, T2), (2-13)
yx(ta L) = H(t) on (Tlv TZ),
y(T1, x) = yo(x) on (0, L).

Inspired by Lemma 3, we adopt the following definition.

Definition 4. A solution to (2-13) is a function y € By, 7, which is a solution of (2-1) for hi=H— Yyy €
LY(Ty, T»; L*(0, L)) and h := H.

Throughout this article we will use similar definitions without giving them precisely, as, for example,
in the case for system (3-15).

Coron and Crépeau [2004] proved the following lemma on the well-posedness of the Cauchy problem
(2-13) for small initial data.

Lemma 5. There exist 1 > 0 and C3 > 0 depending on L and T> — T; such that, for every yo € L*(0, L),
every H € L*(Ty, T») and every H € LY(Ty, T»; L%(0, L)) satisfying

ol 2 + W H | 2ery, 1) + W N7y, 705 2200,Ly) <75 (2-14)
the Cauchy problem (2-13) has a unique solution and this solution satisfies

IyllBr, 7 < C3(||Y0||Li + 1 H  r2ry.15) + WH I L1 ry 10 1201 ) - (2-15)

3. Time-varying feedback laws and well-posedness of the associated closed-loop system

Throughout this section u denotes a time-varying feedback law; it is a map from R x L?(0, L) with values
into R. We assume that this map is a Carathéodory map, i.e., it satisfies the three properties

VR > 0, 3 Cg(R) > 0 such that (||y||LzL <R = |u(t,y)|<Cp(R) Vte [R{), (3-1)
Yy e LZ(O, L), the function ¢ € R+ u(z, y) € R is measurable, (3-2)

for almost every ¢ € R, the function y € LQ(O, L) — u(t, y) € R is continuous. (3-3)
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In this article we always assume that

Cp(R)>1 VR €|[0,400), (3-4)

R € [0, +00) — Cp(R) € R is a nondecreasing function. (3-5)

Let s € R and let yg € L2(0, L). We start by giving the definition of a solution to

Vit Vixx +Vx+yy: =0 forteR, x € (0, L),
y(,0) =y, L)=0 for r € R, (3-6)
ye(t, L) =u(t, y(t,-)) fort € R,
and to the Cauchy problem
Vet Verx +9x +yyx =0 fort>s, x €(0,L),
y(@, 0=y L)=0 fort > s,

yol(t, L) = u(t, y(t,-)) fort > s,
y(s, x) = yo(x) for x € (0, L),

(3-7)

where g is a given function in L?(0, L) and s is a given real number.

Definition 6. Let / be an interval of R with a nonempty interior. A function y is a solution of (3-6) on
ifye CO(I; L2(0, L)) is such that, for every [T, T3] C I with —oo < T} < T, < 400, the restriction
of y to [T, T»] x (0, L) is a solution of (2-13) with H:=0, H(t) ;= u(t, y(t)) and yg := y(T7). A
function y is a solution to the Cauchy problem (3-7) if there exists an interval / with a nonempty interior
satisfying I N (—oo, s] = {s} such that y € CY(I; L*(0, L)) is a solution of (3-6) on I and satisfies the
initial condition y(s) = yo in L?(0, L). The interval I is denoted by D(y). We say that a solution y to
the Cauchy problem (3-7) is maximal if, for every solution z to the Cauchy problem (3-7) such that

D(y) C D(2), (3-8)
y(t) =z(t) foreverytin D(y), 3-9)

one has
D(y) = D(2). (3-10)

Let us now state our theorems concerning the Cauchy problem (3-7).

Theorem 7. Assume that u is a Carathéodory function and that, for every R > 0, there exists K(R) > 0
such that

(Il R and zll2 <R) = (lu@ty)—u@. | <K®ly—zlp YreR).  (G-11)

Then, for every s € R and for every yy € L*(0, L), the Cauchy problem (3-7) has one and only one
maximal solution y. If D(y) is not equal to [s, +00), there exists T € R such that D(y) = [s, t) and one
has

lim [[y(®)]l 2 = +oo. (3-12)
t—>1~
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Moreover, if Cp(R) satisfies

+00 R
/0 —(CB(R))2 dR = +o00, (3-13)

D(y) =[s, +00). (3-14)

then

Theorem 8. Assume that u is a Carathéodory function which satisfies condition (3-13). Then, for every
s € R and for every yg € L%(0, L), the Cauchy problem (3-7) has at least one maximal solution y such
that D(y) = [s, +00).

The proofs of Theorems 7 and 8 will be given in Appendix B.
We end this section with the following proposition, which gives the expected connection between the
evolution of Py (y) and Py (y) and the fact that y is a solution to (3-6).

Proposition 9. Let u : R x L?(0, L) — R be a Carathéodory feedback law. Let —oco < s < T < 400, let
y € By 1 and let yg € L?(0, L). Denote Py () by y1 and Py (y) by yo. Then y is a solution to the Cauchy
problem (3-7) if and only if

Yir + Yix + Yiexr + P (1 4+ y2) (1 + y2)2) =0,
y1(t,0) =y, L)=0,

Yix(t, L) = u(t, y1 + y2),

y1(0, -) = Pr(y0),

y2r + y2c 4 Yoexe + Pu (1 +y2) 1 + 32)x) =0,
y2(t,0) = ya(t, L) =0,

Y2x(t= L) = 01

y2(0, -) = Pu(yo)-

The proof of this proposition is given in Appendix A.

(3-15)

4. Construction of time-varying feedback laws

In this section, we construct feedback laws which will lead to the local exponential stability stated in
Theorem 1. Let us denote by M; the set of elements in M having an L2-norm equal to 1:

My:={yeM:llyll; =1} -1
Let M/ be the linear space generated by go{ and (pg forevery j €{1,2,...,n}:
M) = Span{go{, (pg}. 4-2)
The construction of our feedback laws relies on the following proposition.

Proposition 10. There exist T > 0 and v € L*°([0, T] x My; R) such that the following properties hold.:
(P1) There exists p; € (0, 1) such that

IS0l 720 1) < P1IYONT2g ., for every yo € H.
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(P2) Forevery yy € M,
IS(T)yoll 7201y = 13017200 1)

(P3) There exists Cy > 0 such that
v, y) —v(t, 2) IS Colly —zll 20y V2 €[0,T], Vy,z € My. (4-3)
Moreover, there exists § > 0 such that, for every z € My, the solution (y1, y») to the equation

Yir + Yix + Yixxx =0,
yi(t,0)=yi(r, L) =0,
yix(t, L) = v(t, 2),
y1(0,x) =0,

1 (4-4)
V2 + Yox + Yoxxx + Pu(y1y1x) =0,
y2(£,0) = y2(t, L) =0,
y2x (ta L) - 07
»2(0,x) =0,
satisfies
yi(T)=0 and (y2(T),S(T)z)r2¢0,1) < —29. (4-5)

Proof of Proposition 10. Property (P,) is given in [Rosier 1997]; one can also see (4-14) and (4-44). Prop-
erty (P;) follows from the dissipativity of .4 and the controllability of (1-2) in H (see also [Perla Menzala
et al. 2002]). Indeed, integrations by parts (and simple density arguments) show that, in the distribution
sense in (0, +00),

d 2 2

ZIS@0l}; ==y3.0). (4-6)
Moreover, as Rosier [1997] proved for every T > 0, there exists ¢ > 1 such that, for every yo € H,

1300172 < ellye(t. 072, 7y (4-7)

Integration of identity (4-6) on (0, T') and the use of (4-7) give

2 <§ 2 .
IS0l < < Lisol, (48)

Hence p; := (c — 1)/c € (0, 1) satisfies the required properties.
Our concern now is to deal with (P3). Let us first recall a result on the controllability of the linear
control system
i+ Yox +ye =0 in (0,7T)x (0, L),
y(,00=y(, L)=0 on (0,L), 4-9)
ye(t, L) = u(t) on (0, 7),

where, at time ¢ € [0, T], the state is y(t,-) € L%*(0, L). Our goal is to investigate the cases where
L € N>, UNj3, but in order to explain more clearly our construction of v, we first deal with the case where

L=2n\/§(12+1x2+22):2n\@, (4-10)
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which corresponds to / = 1 and k = 2 in (1-3). In that case the uncontrollable subspace M is a two-
dimensional vector subspace of L2(0, L) generated by

@1(x) = C(cos(\/%x) -3 cos(ﬁx) + ZCos(%x)),

@ (x) = C(— sin(\%x) -3 sin(ﬁx) +2 sin(%x)),

where C is a positive constant such that ||¢; ||L% = ||<p2||L% = 1. They satisfy

@)+ =202/ p,
01(0) =¢1(L) =0, (4-11)
@1(0) =¢{(L)=0

and
" __

9+ 9y =2m¢1/p,
2(0) = @2 (L) =0, (4-12)
95(0) = ¢5(L) =0,

with (see [Cerpa 2007])

_ Mirn (4-13)
P = Tovar
For every ¢ > 0, one has
S@M C M and S(t) restricted to M is the rotation of angle % (4-14)

if the orientation on M is chosen so that (¢1, ¢;) is a direct basis, a choice which is done from now
on. Moreover the control # has no action on M for the linear control system (1-2): for every initial
data yg € M, whatever u € L?(0, T), the solution y of (1-2) with y(0) = yy satisfies Py (y(¢)) = S(t)yo
for every t € [0, +00). Let us denote by H the orthogonal in L?(0, L) of M for the L?-scalar product
H := M™. This linear space is left invariant by the linear control system (1-2): for every initial data
Yo € H, whatever u € L?(0, T), the solution y of (1-2) satisfying y(0) = yy is such that y(t) € H for
every t € [0, +00). Moreover, as proved by Rosier [1997], the linear control system (1-2) is controllable
in H in small time. More precisely, he proved the following lemma.

Lemma 11. Let T > 0. There exists C > 0 depending only on T such that, for every yo, y1 € H, there
exists a control u € L*>(0, T) satisfying

lull 2 < Cllyollz + Iyilz2) (4-15)
such that the solution y of the Cauchy problem

Vit yxxx +yx =0 in(0,T)x (0, L),
vy, 0=y, L)y=0 on(0,T),
yx(t, L) = u(t) on (0,7),
¥(0, x) = yo(x) on (0, L)

satisfies y(T, -) = y.
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A key ingredient of our construction of v is the following proposition.

Proposition 12. Let T > 0. For every L € N;UN3, forevery j € {1, 2, ..., n}, there exists ul e Hl(O, T)
such that

a(T,-)=0 and Py;(B(T,-))#0,

where (a, B) is the solution of

o +ay + oy =0,

a(t,0)=a(, L) =0,

ax(t, L) =u (1),

4oz(O,x):O, (4-16)
Bi + Bx + Bixx +aa, =0,

B(,0)=pt, L)=0,

Bx(t, L) =0,

B0, x)=0.

Proposition 12 is due to Eduardo Cerpa and Emmanuelle Crépeau if one requires only u to be in
L2(0, T) instead of being in H'(0, T): see [Cerpa 2007, Proposition 3.1] and [Cerpa and Crépeau 2009a,
Proposition 3.1]. We explain in Appendix C how to modify the proof of [Cerpa 2007, Proposition 3.1]
(as well as [Cerpa and Crépeau 2009a, Proposition 3.1]) in order to get Proposition 12.

We decompose B into § = B1 + B2, where B := Py (B) and B, := Py(B). Hence, similarly to
Proposition 9, we get

Bor + Box + Boxxx + Pu(aay) =0,
pa(t,0) = pa(r, L) =0,

Pox(t, L) =0,

p2(0,x) =0,

where Bo(7, -) = Py (B(T, -)) # 0. In particular, Py (B2(T, -)) = Py (B(T, -)) #0.
Combining (4-16) and (4-17), we get:

(4-17)

Corollary 13. For every L € Ny U N3, for every Ty > 0, for every j € {1,2,...,n}, there exists
u(j) € L®°(0, Ty) such that the solution (y, y2) to equation (4-4) with v(t, z) := u{) (t) satisfies

yi(To) =0 and  Pyi(y2(To)) # 0. (4-18)
Now we come back to the case when (4-10) holds. Let us fix 7p > 0 such that
To < 1P (4-19)
Let

q:=3p- (4-20)
Let ug be as in Corollary 13. We define

Y1) :=y1(1),  Ya(r) :=y2(t) forr €0, To] (4-21)
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and
V1 = Ya(To) € M\ {0}. (4-22)

Let
Vo=S@v1eM, Y3=SCqyreM, Y4s=SCq)Y1 €M, (4-23)
T=3g+T. (4-24)
Ky :=[3q,3q + Tol, (4-25)
K> :=1[2q,2q + Tol, (4-26)
K3:=1lq,q+Tol, (4-27)
K4 =10, Tol. (4-28)

Note that (4-19) implies

K1, K>, K3 and K4 are pairwise disjoint. (4-29)

Let us define four functions [0, T] — R: uj, us, us and u4 by requiring that, for every i € {1, 2, 3, 4},

0 0, T\ K;
Mi -— on [ ’ ]\ 1 (4_30)
up(- —7) onKj,
with
71 =3q, ‘I,’2=2q’ 3 =g, 4 =0. (4-31)

One can easily verify that, for every i € {1, 2, 3, 4}, the solution of (4-4) for v = u; is given explicitly by

0 on [0, T]\ K;,
i1(t) = 4-32
yi1 (1) {Yl(‘_fi) on K, (4-32)
and
0 on [0, 7;],
Vi) = Y2(- — 1) on K;, (4-33)
S(-—tu—To)Yr onl[r;+Tp, T].
For z € My, let a1, an, a3 and a4 in [0, +00) be such that
—8S(T)z = a1y + a2 +a3y3 + gy, (4-34)
o103 = 0, o0y = 0. (4—35)
Let us define
v(t, 2) == aquy () +aua(t) +azuz(t) + aquqs(t). (4-36)
We notice that
(@ +ay a5 +aplynly; =1. (4-37)

which, together with (4-36), implies that

ve L0, T] x M;; R). (4-38)
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Moreover, using the above construction (and in particular (4-29)), one easily checks that the solution of
(4-4) satisfies

vi(®) =a1y,1(t) +oary 1 (t) +a3y3,1(t) +agys (t) forte[0, T, (4-39)
y2(t) = a1 2(t) + @5 y20(1) + a3 y32() + a3 ya2(t)  fort €0, T1. (4-40)
In particular
yi(T) =0, (4-41)
y2(T) = iy + a3 + a3 ¥s + ajs. (4-42)

From (4-34), (4-37) and (4-42), we can find that (4-5) holds if § > 0 is small enough. It is easy to check
that the Lipschitz condition (4-3) is also satisfied. This completes the construction of v(¢, z) such that
(P3) holds and also the proof of Proposition 10 if (4-10) holds.

For other values of L € A, only the values of ¢, ¢, and p have to be modified. For L € N3, as
mentioned in the Introduction, M is now of dimension 2n, where n is the number of ordered pairs. It is
proved in [Cerpa and Crépeau 2009a] that (compare with (4-11)—(4-14)), by a good choice of order on
{7}, one can assume

O<p'<p’<---<p, (4-43)

where p/ := 27 /w/. For every t > 0, one has
. . . 2t
S(t)M’ c M7 and S(¢) restricted to M/ is the rotation of angle L] (4-44)
p

From (4-43), (4-44) and Corollary 13, one can get the following corollary (see also [Cerpa and Crépeau
2009a, Proposition 3.3]):

Corollary 14. For every L € N3, there exists Ty > 0 such that, for every j € {1, 2, ..., n}, there exists
u(J) € L*>(0, Ty) such that the solution (y1, y2) to equation (4-4) with v(t, z) := u(J)(t) satisfies
(L) =0 and y)(Tp)=¢]. (4-45)

Let us define
vl=ol, v =S4)Hel, vi:=S2q)el, v:=S3q¢))e], (4-46)

where ¢/ := p/ /4.
Comparing with (4-22)—(4-33), we can find T > T and closed interval sets {K l.] }, where i € {1, 2, 3, 4}
and j € {1, 2,...,n}, such that

K/ clo,T], (4-47)
{K IJ } are pairwise disjoint. (4-48)
We can also find functions {u{} e L*°([0, T]; R), with

ulj (t) supports on Kij , (4-49)
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such that when we define the control as u{ , we get the solution of (4-4) satisfies

ylf ,(¢) supports on Kij , (4-50)
v/ (1) =0, (4-51)
v () =, (4-52)

Then for z € My, let ozl.j in [0, 4+00) be such that
—S(M)z=Y elyi, (4-53)
i,j
wlof =0, o] =0, Y (@)P=1, (4-54)
i,j

where i € {1,2,3,4}and j € {1,2, ..., n}. Let us define
vt 2) =Y oful (1) (4-55)
i,j
Then the solution of (4-4) with control defined as v(¢, z) satisfies
yi(T)=0, (4-56)
() =Y @)y (4-57)
i,j
One can easily verify that condition (4-5) holds when § > 0 is small enough, and that Lipschitz condition

(4-3) also holds. This completes the construction of v(¢, z) and the proof of Proposition 10. O

We are now able to define the periodic time-varying feedback laws u; : R x L>(0, L) — R, which will
lead to the exponential stabilization of (1-1). For ¢ > 0, we define u. by

0 if |yM1l,2 =0,
elio, )2 (6 9) 1= 1 e/ IyMl 2 v(t, S(OyM/IyMl2) i 0 < llyMlle <1, (4-58)
ev(t, Sy /1yMll2) if |yMll2 > 1,
with yM := Py (y), and
ue(t,y) i = ttelpg 2 ¢ = [t/TIT, y) V1 €R, Vy € L%(0, L). (4-59)

5. Proof of Theorem 1

Let us first point out that Theorem 1 is a consequence of the following two propositions.

Proposition 15. There exist ¢; > 0, r; > 0 and C| such that, for every Carathéodory feedback law u
satisfying
lu(t, z)| < & min{l, ||PM(Z)||L§} Vt € R, Vz € L*(0, L), (5-1)
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for every s € R and for every maximal solution y of (3-6) defined at time s and satisfying || y(s) ||L% <r,
y is well-defined on [s, s + T] and one has

1P (), I PO 5, cr < CLlIPH GO +1Pa(3())l2)- (5-2)

Proposition 16. For p; as in Proposition 10, let py > p. There exists gy € (0, 1) such that, for every
e € (0, &9), there exists r. > 0 such that, for every solution y to (3-6) on [0, T], for the feedback law
u = u, defined in (4-58) and (4-59), and satisfying ||y (0) ||Lz£ < rg, one has

”PH()’(T))”i%'i‘g”PM()’(T))”Li < /OZHPH()’(O))”izL'i‘S(l - 582)IIPM(y(0))||L§- (5-3)

Indeed, it suffices to choose p; € (p1, 1), € € (0, &9) and u := u, defined in (4-58) and (4-59). Then,
using the T -periodicity of u# with respect to time, Proposition 15 and Proposition 16, one checks that
inequality (1-11) holds with

. In(p2)  In(1 —8e?)
A:=minj — , —
2T 2T

provided that C is large enough and that r is small enough. We now prove Propositions 15 and 16
successively.

Proof of Proposition 15. Performing a time translation if necessary, we may assume without loss of
generality that s = 0. The fact that the maximal solution y is at least defined on [0, T'] follows from
Theorem 8 and (5-1). We choose €| and r; small enough so that

ri+eT'?<n, (5-4)
where 1 > 0 is as in Lemma 5. From (5-1) and (5-4), we have
13Ol + llete, )2 <, (5-5)
which allows us to apply Lemma 5 with H (¢) :=u(¢, y(t)) and H:=0. Then, using (5-1) once more, we get
Iylls < C3(llyoll2 + llu(e, y(@)ll2)

1
< G+ eV TTPuOlcor) < Cs(n +67Cs+ 75 Ivls)

which implies that
Iylls < 2C3(r1 +&3TC3). (5-6)

In the above inequalities and until the end of the proof of Proposition 16, B := By 7.
We have the following lemma; see the proof of [Rosier 1997, Proposition 4.1 and (4.14)] or [Perla Men-
zala et al. 2002, page 121].

Lemma 17. If y € L%(0,T; HY(0, L)), then yy, € L0, T; L2(0, L)). Moreover, there exists ¢4 > 0,
which is independent of T, such that, for every T > 0 and for every y, z € L>(0, T; H'(0, L)), we have

lyye = zzellpy 2 <eaT *(lIylls + lizlis)ly = zls. (5-7)
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Let us define C4 := c4T'/* To simplify the notation, until the end of this section, we write y; and y,

for Py (y) and Py (y) respectively. From (5-1), (5-6), Lemma 3, Lemma 17 and Proposition 9, we get

Iv1lls < Ca(llyg 2 + et y1 + )l + [ Par(Gn 4320 G +324) [ 11 12)
< C2(||y(1)q||L% +e1|v 1y2llz2 ||L2T + |1+ y2) 1 + y2)x ”LlrLi)

1/2
< Calyg' ez +enlyally e +Callyr 43207 1)

and
Iy2lls < Ca(llyo" g + [ P (01 + 320G+ 32)0) | 1312)

2(I30" g + [ O1 + )01+ 32 11 12)

<C
< Cally0" Nl + Callyr +y2032 1)

<2C2 (130" 13 + Callyi I+ Cally2ll)-

Since M is a finite-dimensional subspace of H 1(0, L), there exists Cs > 0 such that

I,y < Csllfll2  forevery f e M.
Hence

1y2lls = 11y2ll ez +1y2ll2 gt < My2llpoer2 +C5\/7||Y2||L;OL%-
Since y,(¢) is the L?-orthogonal projection on M of y(z), we have
y2lgr; < Iy ligr < Ils.
which, together with (5-6) and (5-11), implies
Iy2lls < (14 CsVDlIylls < 2(1+ CsVT)C3(r1 + 6, T C3).
Decreasing if necessary r; and €1, we may assume
4C,Cy(1+ CsV/T)C3(r +€]TC3) < 4.
From estimation (5-9) and condition (5-13), we get
12015 < 4C2(Ilyo" 122 + CallyilI)-

From (5-6), (5-8), (5-12) and (5-14), we deduce that
I35 < 3C3 (150" 175 +eily2ll gz +CEIy+y2175 )

<3C3 (1" 7 +ei T2l e 13 +2CE 1Y N (11 13+ 12115))

<3Gy 7, +3C3 (61 THI6CE(1+CsVT)C3 (1 +61T C3)°) 325

F24C3CICH (41T C3) Iy |13
<3C3Nyg 17, +12C3 (61T +16C3 (1+CsV/T)C3 (ri 61T C3)) 1391l 2

+(12C§C4(5%T+16C§(1+Csﬁ)c§ (r1+e1T C3)?)+24C3CC3(ry +8%Tc3)2) Iyil%.

(5-8)

(5-9)

(5-10)

(5-11)

(5-12)

(5-13)

(5-14)

(5-15)
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Again, decreasing if necessary r; and &1, we may assume

12C3C4 (3T + 16C3(1 + CsV/T)C3(r1 + 63T C3)*) +24C3C2C3(r1 + 63T C3)* < L. (5-16)
From (5-15) and (5-16), we get

1115 < 6C31yg 17, +24C3 (61T + 16C3(1 + CsV/T)C3 01 + 67T C3)) 13l .2
<6C3 g 172 + €5 1o Nz
which, combined with (5-14), gives the existence of C; > 0 independent of y such that
Iyl + Iy2lls < Cu(llyg 17 + 1367 1123)- (5-17)

This completes the proof of Proposition 15. ]

Proof of Proposition 16. To simplify the notation, from now on we denote by C various constants which
vary from place to place but do not depend on ¢ and r.

By Lemma 3 applied with y := y(t) — S(t) v, h(t) := u.(z, y(t)) and /1 := (y; + y2) (1 + y2) and
by Proposition 15, we have

1/2
< Celyalld® + Ivil% +11y2013%)
1/2
< Cle+/n(Ing' 1 +1y8"lz) " (5-18)
where r := ||y0||L% <71 < 1. On rg, we impose that
re < e'2 (5-19)

From (5-18) and (5-19), we have
1710 = S©3¢ s < Ce(lyg' 17 +130"M.3) " (5-20)
Notice that, by Lemma 3, we have
1S@)yp" 15 < Cllyg N2, (5-21)
1S@y5 s < Cllyg' 2. (5-22)
Proceeding as in the proof of (5-20), we have
1y2(0) = S®)yg" s < C[[ Paa (1 +y2) 01 + 3200 1y 12
< Cliyr + »2 i3
< C(Iy2lls + SO s +e (g1 +158"1.2) %)
<C(C+ e (172 + 150" 123) + 16 175)
<CE159 .z + 130" 1172)- (5-23)
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Let us now study successively the two cases
s 2 = & Viyg Nz, (5-24)
g 2 < € *VIyg Nz - (5-25)

We start with the case where (5-24) holds. From (Py), (P>), (5-20), (5-23) and (5-24), we get the
existence of &, € (0, £1) such that, for every ¢ € (0, &),

Iy1 (DI +ellya(Dl
< (Ce(I3g 155 +158"012) > + 1Sy 123)* +e(C (158 1z + 1587 15) + 1S58 12)
< (p1o2)' 2 11yg" 72 +Ce* (v 172 + 150" 1) + Cellyg 172 + (e + CeMliyg" I,z
< P2y 7, +e (1 =83 19" 1.3 (5-26)
Let us now study the case where (5-25) holds. Let us define
b=y (5-27)
Then, from (5-20), (5-22), (5-23) and (5-25), we get
11Ol < IS5 s+ Ce(lyg' 17 +158"112)"* < Cev/ 1Bz +Cllt 3 < Ce™*Vibl; (5-28)
and
1y2(6) = S@yg" lls < 31l 2. (5-29)

which shows that y,(-) is close to S(-)y{!. Let z: [0, T] — L*(0, L) be the solution to the Cauchy
problem

21+ Zixxx +21x =0 in (0,T) x (0, L),

71(t,0)=z1(¢t, L) =0 on (0, T7),

(5-30)
2ix(t, L) = v(t, b/|1bll2) on (0, T),
21(0,x) =0 on (0, L).
From (P3), we know that z; (7)) = 0. Moreover, Lemma 3 tells us that
b
lziDlls < C v(t, —) (5-31)
1602 /112
Let us define w; by
wi = y1 = SOyg —elbll Sz, (5-32)
Then w; is the solution to the Cauchy problem
Wi+ Wixxx + Wix + Py (()’1 +y2) (1 + yZ)x) =0,
t,0)= t,L)=0,
wi(z,0) =w (7, L) (5-33)

wis(t, L) = e(lya 01l 50 (t, S0320/ 120l 13) = 1b15 0. b/1b]12)).
w1(0, x) =0.
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By Lemma 3, we get

lwillg < C| Pu (i + y2) (1 +y2)x)||L 12

12 M)_ 1/2< b ))
(nyz(t)II ( i )~

Note that (5-29) ensures that the right-hand side of (5-34) is of order €2 Indeed, for the first term of the
right-hand side of inequality (5-34), we have, using (5-19), (5-28) and (5-29),

+eC

(5-34)

2
LT

CllPa (1 +y2) 01 +32)5) | 1112 < Cllyi + 321
< Cebllz +Clbll; < CUBILIBILL < Ceollbl . (5-39)

For the second term of the right-hand side of inequality (5-34), by (4-14), the Lipschitz condition (4-3)
on v and (5-29), we get, for every ¢ € [0, T],

‘ 1/2(( b ) ( S(—t)yz(t)»'
6] o, 2220
151l 2 1y2(01l 2
( b _S(—t)yz(t))
16z 2@l /s
Cllbll_l/zllyz(f)IIZ{ (120112 15— S(=D320) 1 2 + 1S322 [1y2 01l 2 — 161],2])
<ce b)Y (5.36)

1/2
Cllb ||/

and

12 _ /2 ( S(—f))’2(f))‘ Ce3 1/2. 5.37
‘(||y2(l)|| ol ) —||YZ(’)||Li 51 (5-37)

Combining (5-35)—(5-37), we obtain the following estimate on w;:
lwills < Ce2ll1 5 (5-38)
We fix
03 € (p1, P2). (5-39)
Then, by (5-32), (1) and the fact that z; (7)) = 0, we get
Iy (DI, < p3llyg' Iz +Cetlibls - (5-40)
We then come to the estimate of y,. Let t1(¢) := S(t)yO and let v, : [0, T] — L?(0, L) and z5 :
[0, T] — LZ(O, L) be the solutions to the Cauchy problems

T2t + Toxxx + Tox + Pu(T1y1x + T1xy1) — Pu(ti71) =0,
7(t,0) =1, L) =0,

Tox (¢, L) =0,

7(0,x) =0

(5-41)
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and
221 + Zoxxx +22x + Pu(z1214) =0,
22(1,0) = z22(1, L) =0,
2ox(2, L) =0,
22(0,x) =0.

Lemmas 3 and 17, (5-25) and (5-28) show us that

It2lls < C| Py (Tiyie + iyt — tlflx)HLlTL%

Clulis(lyls + lIwlis)

1/2

<
2/3 H
<CeP bl e N
L

and
2l < Izl < C.
From (P3), (5-30) and (5-42), we get

<ZZ(T),S(T)b>(L%,L%) < _25||b||1&-
Hence
1/2
IS+ bl 22T 13 = (ST + e2bl 322D, ST+ 2B 322D s 1) /
2 407012 202 \1/2
< (IlbllLi+8 IIbIIL%C—488 IIbIIL%)
2 4
<1l 3 (1 =28+ Ce™).
Let us define w» : [0, T] — L?(0, L) by
Wy =Yy —Tp — 82||b||L%zz — S()b.

Then, from (3-15), (5-41) and (5-42), we get that

wy =y~ =€ Ibl 13 22— (S(1)b),

1109

(5-42)

(5-43)

(5-44)

(5-45)

(5-46)

(5-47)

= — W2y —W2rxx — Py ((y1+y2) 1+y2) )+ Py (1 y1x+T1cy1) — Pu (1 Tlx)+52||b”Li Py (z1z1x)

12
= _w2x_w2xxx_8”b”L/i Py (wizix+wixz1)— Py (wiwix) — Py (Y1 y2x+Y2Y1x+y2V20) -

Hence, w» is the solution to the Cauchy problem

2
w2t+w2xxx+w2x+8”b”2/% Py (wizix+wixz1) +Pu(wiwie) + Py (y1y2e+y2y1x+y2y2x) =0,

wa(1,0) =wy(t, L) =0,
w2x(t’ L) =07
wy(0,x)=0.

(5-48)
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From Lemmas 3 and 17, Proposition 15, (5-19), (5-25) and (5-38), we get

12
lwallp < C8”b”L/i | Py (wizix + wlle)”LlTL% + Cll Pu(wiwi)ll 1 g2
+ C| Py (yiyae + 2310 + y2y2x)||L1TL§

1/2 )3/2

1/2
< Celb] b1l )5
L

i +Ce* bl + C Iy 172 +Hvo' .2

<Cebll 3 (5-49)
We can now estimate y,(7) from (5-43), (5-46), (5-47) and (5-49):
132Dl 2 = |wa(T) + 72(T) + €211bll 2 22(T) + S(Tb .2
< IIbll 2 (Ce* + 1 - 286% + Ce*) + Ce> ||b||1L/; o'l 2 - (5-50)
Combining (5-27), (5-39), (5-40) and (5-50), we get the existence of €3 > 0 such that, for every ¢ € (0, €3],
131 (D7 +elya (Tl

< p3llyg! I +Cetlbl 3 +e (bl 3 (Ce® +1 286> + Ce*) + e bl 1y W12 )

< 2y’ Iz, +e (1 =83 19" 3 (5-51)

This concludes the proof of Proposition 16. ]

Appendix A: Proof of Proposition 9

Proof of Proposition 9. 1t is clear that, if (y;, y») is a solution to (3-15), then y is solution to (3-7). Let us
assume that y is a solution to the Cauchy problem (3-7). Then, by Definition 4, for every t € [s, T'] and
for every ¢ € C3([s, t] x [0, L)) satisfying

¢, 0)=¢, L)=¢,(,0=0 Vtels, 1], (A-1)

we have

T pL T T prL
_/ / (¢t+¢x +¢xxx)dedt_/ M(tv Y(t7'))¢x(t’ L)dt+/ / ¢y))dedt
s JO s JO

N

L L
—|—f y(t, x)p(t, x)dx —/ Yoo (s, x)dx =0. (A-2)
0 0

Let us denote by ¢ and ¢, the projections of ¢ on H and M respectively: ¢| := Py (¢), ¢2 := Py ().
Because M is spanned by <p{ and (pé, j €{l,...,n}, which are of class C* and satisfy

0l (0) =9l (L) = ¢! (0)=¢] (L) =0,
9} (0) = ¢ (L) = ¢} (0) = ] (L) =0,
the functions ¢1, ¢» € C3([s, t] x [0, L]) and satisfy

¢1(1,0) =1 (t, L) = ¢1:(1,0) =0 Vi els, 7], (A-3)
$2(1,0) = ¢2(t, L) = ¢ox (1, 0) = o (1, L) =0 V1 €[5, 7]. (A-4)
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Using (A-2) for ¢ = ¢, in (A-2) together with (A-4), we get

T pL T pL
- / / (P21 + Pox + Poxxx)y dx dt +f / dryyx dx dt
s JO s JO

L L
+/ (T, x)¢a(t, x)dx —/ Yo2(s, x)dx =0, (A-5)
0 0

which, combined with the fact that ¢o; + @2, + Poxx € M, gives

T prL T prL
_f[) (¢2t+¢2x+¢2xxx)y2dth+//0 2 Py (yyx) dx dt

L

L
+ /0 y2(T, X)pa(r, x) dx — fo P (y0)da(s, x) dx = 0. (A-6)

Simple integrations by parts show that ¢, + @1xxx € M L = H. Since, ¢1 and ¢y, are also in H, we get
from (A-6) that

T prL T prL
_f[) (¢l+¢x+¢xxx)y2dth+//0 ¢ Py (yyc)dxdt

L L
+ /O y2(t. ) (7, x) dx — fo Pu(yo)p(s. x)dx =0, (A7)

which is exactly the definition of a solution of the y,-part of the linear KdV system (3-15). We then
combine (A-2) and (A-7) to get

T prL T T pL
—// (¢t + Px + Prxx) Vi dxdt—/ u(t, y(t, - )« (t, L) dt+f/ ¢ Pu(yye)dxdt
s JO s s JO

L L
+/0 yi(z, x)é(z, x)dx—/o P (y0)¢(0,x)dx =0, (A-8)

and we get the definition of a solution to the y;-part of the linear KdV system (3-15). This concludes the
proof of Proposition 9. O

Appendix B: Proofs of Theorems 7 and 8

Our strategy to prove Theorem 7 is to prove first the existence of a solution for small times and then to
use some a priori estimates to control the L%—norm of the solution with which we can extend the solution
to a longer time, and to continue until the solution blows up. We start by proving the following lemma.

Lemma 18. Let C, > 0 be as in Lemma 3 for T, — T) = 1. Assume that u is a Carathéodory function and
that, for every R > 0, there exists K (R) > 0 such that

(Il SR and zllz <R) = (lu@y)—u@t, 9| <K®ly—zl; YreR).  (B-1)

Then, for every R € (0, +00), there exists a time T (R) > 0 such that, for every s € R and for every
Yo € L2(0, L) with ||y0||LzL < R, the Cauchy problem (3-7) has one and only one solution y on [s, s+T (R)].
Moreover, this solution satisfies

Y5, srx < Cr :=3C2R. (B-2)
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Proof of Lemma 18. Let us first point out that it follows from our choice of C; and Lemma 3 that, for
every —oo < T < T, < 400 such that 7, — T < 1, for every solution y of problem (2-1), estimation
(2-12) holds.

Let yg € L?(0, L) be such that

lIoll; < R. (B-3)

Let us define B; by
By :={yeB; s+T(R) - ”y”Bv SHT(R) X < Cr}-

The set B; is a closed subset of By 7 (r). For every y € B, we define W(y) as the solution of (2-1) with
hi= —yyy, h(t) :==u(t, y(t,-)) and yo := yo. Let us prove that, for 7 (R) small enough, the smallness
being independent of y provided that it satisfies (B-3), we have

W (By) C B;. (B-4)
Indeed for y € By, by Lemmas 3 and 17, we have, if T(R) < 1

1w )ls < Ca(llyoll 2 + Wall 2 + 1210, 7:120.0)

a QO

<
< 2(||y0||L% AN, y(t, M2 + =YYl L1 5,547 (R): L20.L)))

< Co(R+Cp(CRT(R)'* +caT(R)VH|y113). (B-5)

In (B-5) and until the end of the proof of Lemma 18, for ease of notation, we simply write ||-||z for
118, s 7x)- From (B-5), we get that, if

R\’ 1y
Cp(Cgr) 9C4C22R

then (B-4) holds. From now on, we assume that (B-6) holds.
Note that every y € 5| such that W (y) = y is a solution of (3-7). In order to use the Banach fixed point

theorem, it remains to estimate ||W(y) — W (z)||5z. We know that W(y) — W (z) is the solution of equation
Q- with Ty :=s, Th =s+T(R), h:= —yy, +22x, h(t) :=u(t, y(t,-)) —u(t, z(¢,-)) and yy := 0.
Hence, from Lemmas 3 and 17 and (B-1), we get
[W(y)— V(s < Cz(llyolle + Al + Al L 0,7:220,1)
< C(0+TR)'PK(CR)Ily —zlis+eaT(R) 1y — zls(Iylls + I1zll5))
< Colly — zlls(T (R)'/?K (Cr) +2c4T (R)*Cr),

which shows that, if

4 2
T(R) < min{( ! 5 ) , ( ! ) }, (B-7)
12¢4C5R /) \4C2K (3C2R)

() =¥ (@)ls < 3ly —zls

then,
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Hence, by the Banach fixed point theorem, there exists y € B; such that ¥ (y) = y, which is the solution
that we are looking for. We define T'(R) as

T(R) :=min{< >( )( )1} (B-8)
Cp(BC3R) 12¢4C3R 4C,K (3C1R)

It only remains to prove the uniqueness of the solution to the Cauchy problem (3-7) (the above proof

gives only the uniqueness in the set 131). Clearly it suffices to prove that two solutions to (3-6) which are
equal at a time t are equal in a neighborhood of t in [t, +00). This property follows from the above
proof and from the fact that, for every solution y : [t, ;] = L2(0, L) of (3-7), if T > 0 is small enough
(the smallness depending on y),

VB rsr < 3C2lly(@ 2 (B-9)
This concludes the proof of Lemma 18. ]

Proceeding similarly to the proof of Lemma 18, one can get the following lemma concerning the
Cauchy problem (2-13).

Lemma 19. Let C, > 0 be as in Lemma 3 for T, — Ty = 1. Given R, M > 0, there exists T(R, M) > 0
such that, for every s € R, for every yo € L*(0, L) with ||y0||LzL < R, and for every measurable H
(s,54+T(R, M)) = R such that |H(t)| < M foreveryt € (s,s + T (R, M)), the Cauchy problem

Vi+Yox F Y +yye =0 in(s,s+T (R, M)) x (0, L),

y(,0)=yt L)=0 on(s,s+T(R, M)), (B-10)
yx(t’L)=H(t) 0]’1(S,S+T(R,M)),
y(s, x) = yo(x) on (0, L)
has one and only one solution y on [s,s + T (R, M)]. Moreover, this solution satisfies
||y||8.m+7'(R‘M) g 3C2R (B_l 1)

We are now in position to prove Theorem 7.

Proof of Theorem 7. The uniqueness follows from the proof of the uniqueness part of Lemma 18. Let
us give the proof of the existence. Let yg € L%(0, L), lets € R and let Ty := T(||y0||L%). By Lemma 18,
there exists a solution y € B, ;4 7, to the Cauchy problem (3-7). Hence, together with the uniqueness
of the solution, we can find a maximal solution y : D(y) — L%(0, L) with [s, s + To] C D(y). By the
maximality of the solution y and Lemma 18, there exists T € [s + Ty, +00) such that D(y) = [s, 7). Let
us assume that T < 400 and that (3-12) does not hold. Then there exist an increasing sequence (f,),eN
of real numbers in (s, t) and R € (0, +00) such that

lim ¢, =r, (B-12)

n—+00

ly@)l2 =R VneN. (B-13)
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By (B-12), there exists ng € N such that
tay>T—3T(R). (B-14)

From Lemma 18, there is a solution z : [, t4, + T(R)] — L?(0, L) of (3-7) for the initial time s := tno
and the initial data z(t,,) := y(t,,). Let us then define ¥ : [s, t,,, + T(R)] — L?(0, L) by

Y(@O) :=y(@) Vtels, ty], (B-15)
F() :=2(t) V1t € [tuys tug + T(R)]. (B-16)

Then y is also a solution to the Cauchy problem (3-7). By the uniqueness of this solution, we have y =y
on D(y)N D(y). However, from (B-14), we have that D(y) ; D(¥), in contradiction with the maximality
of y.

Finally, we prove that, if C(R) satisfies (3-13), then, for the maximal solution y to (3-7), we have
D(y) =[s, +00). We argue by contradiction and therefore assume that the maximal solution y is such
that D(y) = [s, t) with T < 4+00. Then (3-12) holds. Let us estimate ||y(t)||L% when ¢ tends to 7. We
define the energy E : [s, ) — [0, +00) by

L
E(1) = / ly(t, x)|* dx. (B-17)
0
Then E € C%([s, 7)) and, in the distribution sense, it satisfies
dE ) 5
— Sty NP < CRWE). (B-18)

(We get such an estimate first in the classical sense for regular initial data and regular boundary conditions
vy (t, L) = ¢(t) with the related compatibility conditions; the general case then follows from this special
case by smoothing the initial data and the boundary conditions, by passing to the limit, and by using the
uniqueness of the solution.) From (3-12) and (B-18), we get

1 [ 1
= ————dE < +. (B-19)
2/0 C2(VE)
However the left-hand side of (B-19) is equal to the left-hand side of (3-13). Hence (3-13) and (B-19) are
in contradiction. This completes the proof of Theorem 7. (Il

The proof of Theorem 8 is more difficult. For this proof, we adapt a strategy introduced by Carathéodory
to solve ordinary differential equations y = f (¢, y) when f is not smooth. Roughly speaking it consists
in solving y = f (¢, y(t — h)), where h is a positive time-delay, and then letting & tend to 0. Here we do
not put the time-delay on y (it does not seem to be possible) but only on the feedback law: u(¢, y(¢)) is
replaced by u(z, y(t — h)).

Proof of Theorem 8. Let us define H : [0, +00) — [0, +00) by

H(a) = /a;dE—zfﬁLdR (B-20)
~ Jo (C3(VE))? 0 (Cp(R)?
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From (3-13), we know that H is a bijection from [0, +o00) into [0, +00). We denote by H™':[0, +00) >
[0, +00) the inverse of this map.

For a given yg € L2(0, L) and s € R, let us prove that there exists a solution y defined on [s, +00) to
the Cauchy problem (3-7), which also satisfies

131720,y < HT (HUYOI73) + (= 5)) < +o0 Vi €5, +00). (B-21)
Let n € N* Let us consider the Cauchy system on [s, s + 1/n]

Vet Yuxx +Yx +yye =0 in (s, s+ (1/n)) x (0, L),
y(t,0) =y, L)=0 on (s, s + (1/n)),

yx(t, L) = u(t, yo) on (s,s + (1/n)),

y(s, x) = yo(x) on (0, L).

(B-22)

By Theorem 7 applied with the feedback law (¢, y) — u(¢, yg) (a measurable bounded feedback law
which now does not depend on y and therefore satisfies (3-11)), the Cauchy problem (B-22) has one and
only one solution y. Let us now consider the Cauchy problem on [s + (1/n), s + (2/n)]

Y+ Yexx +Yx + Yy =0 in (s +(1/n), s +(2/n)) x (0, L),

y(,0) =y, L)=0 on (s + (1/n), s+ (2/n)), (B23)
ye(t, L)y =u(t, y(t —(1/n))) on(s+(1/n),s+(2/n)),
y(s,x) = yo(x) on (0, L).

As for (B-22), this Cauchy problem has one and only one solution, which we still denote by y. We
keep going and, by induction on the integer i, define y € CO([S, +00); LZ(O, L)) so that, on [s + (i /n),
s+ ((i +1)/n)], i € N\ {0}, we have y is the solution to the Cauchy problem

Vi + Yexx +Yx + Yy =0 in(s+@@/n),s+(@+1)/n)) x (0, L),
y(&,0) =y, L)=0 on (s +(i/n), s+ (G +1)/n)),
ya(t, L) = u(t, y(t — (1/n))) on (s+(i/n), s+ (( +1)/n)),
y(s+@@/n)) =y +@/n)—0) on(0,L),

where, in the last equation, we mean that the initial value, i.e., the value at time (s + (i /n)), is the value

at time (s + (i /n)) of the y defined previously on [(s 4+ ((i — 1)/n)), s + (i/n)].
Again, we let, for ¢ € [s, +00),

(B-24)

L
E@t):= f ly (¢, x)|* dx. (B-25)
0
Then E € C%([s, +00)) and, in the distribution sense, it satisfies (compare with (B-18))

E
7 S lu(t, yo)I> < C3(VE(s)), te(s,s+(1/n)), (B-26)

‘;—f <lult, y(t — (/) < CR(VE@ —(1/n))), te(s+@/n),s+((+1)/n), i>0. (B-27)
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Let ¢ : [0, 4+00) — [0, +00) be the solution of

d
L=Ci(Ve®). o) =EG). (B-28)
Using (B-26)-(B-28) and simple comparison arguments, one gets
E(t) <) Vtels,+00), (B-29)
that is,
Et)<H ' (H(E(s))+ (t—s)) Vtels,+00). (B-30)

We now want to let n — +o00. In order to show the dependence on n, we write y” instead of y. In
particular (B-30) becomes

1" Ol 201y < H™ (Ho()3) + ¢ —=9)) Vi € [s, +00). (B-31)

From Lemma 19, (B-31) and the construction of y", we get that, for every T > s, there exists M(T) > 0
such that
Iy, <M(T) VneN. (B-32)

Hence, upon extracting a subsequence of (y"),, which we still denote by (y"),, there exists
y € L ([s, +00); L*(0, L)) N Li ([, +00); H'(0, L)) (B-33)
such that, for every T > s,

y* =y in L®(s, T; L*(0, L)) weak % as n — 400, (B-34)
y* =y in L%(s, T; H'(0, L)) weak as n — 4o0. (B-35)

Let us define z" : [s, s + o0) x (0, L) — R and y" : [s, +00) — R by

Z'(t) == yo vVt €ls, s+ (1/n)], (B-36)
') == y"(t —(1/n)) Vte(s+(1/n), +00), (B-37)
y'(t) :=u(t, ") Vt € [s, +00). (B-38)

Note that y” is the solution to the Cauchy problem
Vi Vi Ty HY" i =0 in (s, +00) x (0, L),
y'(t,0)=y"(, L)=0 on (s, +00),
ye(@, L) =y"(1) on (s, +00),
y'(s, x) = yo(x) on (0, L).
From (B-32) and the first line of (B-39), we get that

(B-39)

d
VT > 0, (E y"> is bounded in L?(s, s + T; H2(0, L)). (B-40)
neN
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From (B-34), (B-35), (B-40) and the Aubin-Lions lemma [Aubin 1963], we get
y'—y inL*(s, T; L*(0,L)) asn — +oo VT >s. (B-41)
From (B-41) we know that, upon extracting a subsequence if necessary, still denoted by (y"),,
nETOQHy” (1) — y(t)||L% =0 for almost every ¢ € (s, +00). (B-42)
Letting n — +o0 in inequality (B-30) for y" and using (B-42), we get
lly(2) ||iz(0’L) < H™! (H(||yo||i%) +(t—s)) for almost every t € (0, +00). (B-43)
Note that, for every T > s,

12" =¥ 2o ryez2) < A/Vmlyoll 2 + " C = A/m) =y C =W/ m) | 2 1m0
+ |y (- =/n)=y(-) ||L2(S+(1/n),T;L2(07L))+”y“Lz(s,s-i-(l/n);Lz(O,L))
< (l/ﬁ)l|y0|lL%+||yn_y||L2(s,T;L2(O,L))
HyC =/ =Y | i1 my 20,00 IV L2t ymyi 20,0y (B-44)
From (B-36), (B-37), (B-41) and (B-44), we get
"=y inL%*@s, T; L*(0, L)) asn — +00 VT > s. (B-45)

Extracting, if necessary, from the sequence (z"*), a subsequence, still denoted by (z"),, and using (B-45),
we have

lirf IIz" (t) — y(t)llL% =0 for almost every ¢ € (s, +00). (B-46)
n—+00

From (3-1)—(3-3), (B-32), (B-36), (B-37) and (B-46), extracting a subsequence from the sequence (y"),
if necessary, still denoted by (y"),, we may assume that

y" =y @) :=u(t,y@®)) in L(s, T) weak * asn — +o0 VT >s. (B-47)

Let us now check that

y is a solution to the Cauchy problem (3-7). (B-48)
Let T €[s, +00) and let ¢ € C3([s, t] x [0, L)) be such that
¢(,0)=¢(, L) =¢:(t,00)=0 Vre[T,1] (B-49)

From (B-39), one has, for every n € N,

T

T oL T L
_f / (¢t+¢x +¢xxx)yn dth_/ Vn‘»bx(t» L) dt+f / ¢y"y;’ dx dt
T1/0 T 0

T

L L
—|—/0 y(t,x)d)(t,x)dx—/o Yop (s, x)dx =0. (B-50)
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Let 7 be such that
1 n —_ = -
lim y"(0) = y(@)ll 2 =0, (B-51)

Let us recall that, by (B-42), (B-51) holds for almost every 1 € [s, +00). Using (B-35), (B-41), (B-47),
(B-51) and letting n — +o00 in (B-50), we get

T pL T T pL
—// (¢t+¢x+¢xxx)dedt_/ M(t,y(t))d)x(t,L)dtJr/f Gyyy dxdt
T J0 T 71J0

1

L L
+/ y(t, x)¢ (T, x) dx—/ Yoo (s, x)dx =0. (B-52)
0 0

Thus y is a solution to (2-1), with T} :=s, T, arbitrary in (s, +00), hi= —YyYyx € L'([s, T»]; L*(0, L))
and h = u(-, y(-)) € L*(s, T»). Let us emphasize that, by Lemma 3, it also implies that y € B, r for
every T € (s, +00). This concludes the proof of (B-48) and of Theorem 8. O

Appendix C: Proof of Proposition 12

Let us first recall that Proposition 12 is due to Eduardo Cerpa if one requires only u to be in L2(0, T) instead
of being in H'(0, T); see [Cerpa 2007, Proposition 3.1] and [Cerpa and Crépeau 2009a, Proposition 3.1].
In his proof, he uses Lemma 11, the controllability in H with controls u € L2 Actually, the only place
in his proof where the controllability in H is used is on page 887 of [Cerpa 2007] for the construction
of a1, where, with the notations of that paper R (y,), J(y,) € H. We notice that 9i(y;), J(y,) share more
regularity and better boundary conditions. Indeed, one has

{m + v, + /" =0,
¥:.(0) = y: (L) =0,
which implies that
Ry, () € H,
where
H =HN{we H 0, L):w(0)=w(L)=0}. (C-1)

In order to adapt Cerpa’s proof in the framework of u € H'(0, T), it is sufficient to prove the following
controllability result in 4> with control u € H'(0, T).

Proposition 20. For every yo, yi € H> and for every T > 0, there exists a control u € H'(0, T) such that
the solution y € B to the Cauchy problem

Vi + Yrxx +yx =0,
y(,0)=y(, L)=0,
yx(t, L) = u(t),
y0,-)=yo

satisfies y(T, -) = y.
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The proof of Proposition 12 is the same as the one of [Cerpa 2007, Proposition 3.1], with the only
difference that one uses Proposition 20 instead of Lemma 11.

Proof of Proposition 20. Let us first point out that O is not an eigenvalue of the operator .A. Indeed
this follows from property (P»), (1-5) and (1-6). Using Lemma 11 and [Tucsnak and Weiss 2009,
Proposition 10.3.4] with 8 = 0, it suffices to check that

for every f € H, there exists y € H> such that —y,,x — vy = f. (C-2)

Let f € H. We know that there exists y € H3(0, L) such that

—Yxxx — Yx = [, (C-3)

y(0) = y(L) =y« (L) =0. (C-4)

Simple integrations by parts, together with (4-11), (4-12), (C-3) and (C-4), show that, with ¢ := ¢ +ip»,

L L L ow [T
0=/ fodx =f (—yxxx—yx)de=/ Y(@xxx +@x) dx =i—f yedx, (C-5)
0 0 0 P Jo
which, together with (C-4), implies that y € #>. This concludes the proof of (C-2) as well as the proof of
Proposition 20 and of Proposition 12. ]
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ON THE GROWTH OF SOBOLEV NORMS FOR NLS
ON 2- AND 3-DIMENSIONAL MANIFOLDS

FABRICE PLANCHON, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

Using suitable modified energies, we study higher-order Sobolev norms’ growth in time for the nonlinear
Schrodinger equation (NLS) on a generic 2- or 3-dimensional compact manifold. In two dimensions, we
extend earlier results that dealt only with cubic nonlinearities, and get polynomial-in-time bounds for any
higher-order nonlinearities. In three dimensions, we prove that solutions to the cubic NLS grow at most
exponentially, while for the subcubic NLS we get polynomial bounds on the growth of the H? norm.

1. Introduction

We are interested in long-time qualitative properties of solutions to the family of nonlinear Schrodinger
equations

{iatu + Agu = lulP~'u, (t,x)eRx M4, 0

u(0,x) =9 € H™(M?),
where Ay is the Laplace-Beltrami operator associated with a d-dimensional compact Riemannian
manifold (M, g) and H™(M %), the standard Sobolev space associated to A ¢» Wwhere m € N with m > 2.
More specifically we are interested in the analysis of the possible growth of higher-order Sobolev norms
for large times, namely the behavior of the quantity [|u (7, x) || grm pgay form = 2 and £ >> 1.

This issue of growth of higher-order Sobolev norms has garnered a lot of attention in recent years,
mainly because of its connection with the so-called weak wave turbulence, e.g., a cascade of energy from
low to high frequencies. In fact two main issues have been extensively studied in the literature: the first
one concerns a priori bounds on how fast higher-order Sobolev norms can grow along the flow associated
with Hamiltonian PDEs (see [Bourgain 1993; 1996; 1999a; 1999b; Colliander et al. 2012; Delort 2014;
Sohinger 2011a; 2011b; 2012; Staffilani 1997; Thirouin 2017; Zhong 2008]); the second one concerns
the existence of global solutions whose higher-order Sobolev norms are unbounded (see [Colliander et al.
2010; Gérard and Grellier 2016; 2015; Guardia 2014; Guardia et al. 2016; Guardia and Kaloshin 2015;
Hani 2014; Hani et al. 2015; Haus and Procesi 2015; Xu 2015]).

Here, we aim at dealing with the first problem, namely to provide a priori bounds on the growth
of higher-order Sobolev norms, or equivalently to understand how fast the dynamical system under
consideration can move energy from the low frequencies to the high frequencies.

Wrtially supported by ANR grant GEODISP, ERC grant SCAPDE and ERC grant BLOWDISOL, Tzvetkov was
partially supported by the ERC grant DISPEQ, and Visciglia was supported by the grant PRA 2016 Problemi di Evoluzione:
Studio Qualitativo e Comportamento Asintotico.

MSC2010: 35Q55.
Keywords: growth of Sobolev norms, NLS on compact manifolds.
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First of all we point out that solutions to (1) enjoy so-called mass and energy conservation laws:

/ |u(t,x)|2dvolg :/ |g0(x)|2dvolg,
Md M

1 1
[Md(wgu(z,x)@ )17+ ) dvolg = /Md(|vg¢(x>|§+ SrleeI” ) dvoly,

where Vg and |- |g are respectively the gradient and the norm associated with the metric g, and |- | denotes
the modulus of any complex number. These conservation laws immediately imply that

supg [[u(?, X) || g1 (agay < 00, ()

and therefore the growth in time of A" norms is only of interest for m > 2.
In the sequel, with notation as above, we shall be interested in the following cases:

(d,p)=2,2n+1) withn eN, n> 1 (2-dimensional manifold and odd integer nonlinearity),
(d,p)=(3,3) (3-dimensional manifold and cubic nonlinearity),
(d,p)=(3,p) with 2 < p < 3 (3-dimensional manifold and subcubic nonlinearity).

In those settings, existence of local solutions follows by classical arguments, provided one assumes the
initial datum to be H2 On the other hand, following [Burq et al. 2004], one can establish local (and
hence global) Cauchy theory in H! for generic nonlinear potentials in the 2-dimensional case, as well as
local (and global) Cauchy theory in H !¢ for the cubic and subcubic NLS in the 3-dimensional case
(see [Burq et al. 2003; 2004]). From now on and for the sake of simplicity, we shall assume existence
and uniqueness of a global solution, and focus on estimating the growth of higher-order Sobolev norms.
However, we point out that our argument not only provides polynomial bounds of such growth, but also
yields an alternative proof of global existence in three dimensions.

We will use as a basic tool (in fact, as a black box) available Strichartz estimates on manifolds (see
[Burq et al. 2004; Staffilani and Tataru 2002]) together with the introduction of suitable modified energies,
which is the main new ingredient in this context. For this reason we will not discuss further the issue of
global existence, which is indeed guaranteed by aforementioned previous results.

We first start with the 2-dimensional case. It is worth mentioning that, to the authors’ knowledge, no
results were available in the literature about growth of higher-order Sobolev norms for NLS with higher
than cubic nonlinearities, although one may reasonably believe that this problem could be addressed, at
least in two dimensions, by adapting the strategy pioneered by Bourgain (see for instance [Zhong 2008]).
Nevertheless as a warm up we show how this problem can be handled by a completely different strategy,
based on the introduction of suitable modified energies: its benefit relies on a clear decoupling between
higher-order energy estimates relying on clever integration by parts and the (deep) input provided by
dispersive estimates of Strichartz type. Moreover by using modified energies, one can deal as well with
generic nonlinear potential V(Ju|?) rather than |u|?~!, where VV may not necessarily be a pure power
(see also Remark 1.7 below).

We emphasize that modified energies have proved useful in different contexts (see, for instance, [Chiron
and Rousset 2009; Hunter et al. 2015; Koch and Tataru 2016; Kwon 2008; Ozawa and Visciglia 2016;
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Raphaél and Szeftel 2009; Tsutsumi 1989]), but the present work seems to provide the first example
where they are combined with dispersive bounds in order to get results on the growth of higher-order
Sobolev norms.

We underline that our argument, being essentially based on integration by parts, relies on the time
derivative of suitable higher-order energies &, whose leading term is essentially the norm ||u(¢, x) ”%Im
In fact, for m = 2k an even integer, one should think of ||8/t‘u(t, X) ||i2 as a good prototype of modified
energy, up to lower-order terms. In other words, one should think of replacing Ag by d, rather than the
other way around when using the equation satisfied by u.

A direct consequence of this privileged use of d; is that in our approach the geometry of the manifold
is not directly involved in the computation, and integration by parts in the space variables, when required,
is performed thanks to the following elementary identity, available on any generic manifold:

Ag(fh)=hAgf +2(Vg [, Vgh)g + fAgh.

We also underline that the aforementioned energy &, is not preserved along the flow; however, by
computing its time derivative along solutions, we may estimate the resulting space-time integral taking
advantage of dispersive bounds, namely Strichartz estimates with loss, which are available on a generic
manifold (or better ones when available).

In order to state our result in two dimensions, we recall Strichartz estimates with loss:

e 2]l a0, m2) S 1@l o (ar2)- )

It is well known that estimate (3) holds on T? for any so > 0 (see [Bourgain 1993; 1999a]) and on the
sphere S? for any sg > ¢ (see [Burq et al. 2004]). We can now state our first result, where we assume (3)
to be satisfied for some so in the range [0, 4]. We recall that the existence of such an sq is guaranteed on
every compact manifold M2 by [Burq et al. 2004].

Theorem 1.1. For every € >0, m € N with m > 2 and for every solution u(t,x) € C;(H™(M?)) to (1),
where d =2 and p =2n+ 1 forn > 1, we get

+E

sup(o, 7y u(t, )| grmprzy = C(max{l, T})1 T (4)

where C = C(e,m, ||¢||lgm) > 0 and sg € [0 ] is given in (3).

Notice that bounds from Theorem 1.1 also apply to solutions of NLS on T. In fact the dynamics of
NLS on T is a subset of the dynamics on T2, and this framework is covered by Theorem 1.1, where we
can choose 5o = 0. In particular, Theorem 1.1 recovers results from [Colliander et al. 2012] for solutions
to NLS on T with p > 5. Notice that paper obtains a better T e growth for p = 5 by implementing a
normal-form method. We will address this better growth for all p > 5 with a suitable modification of our
argument in a later work.

Remark 1.2. We underline that the main point in order to establish Theorem 1.1 is the following bound:
forall T € (0,1), € >0,

2m— 3+2s
o0t 2m—4 ¢

”u(‘[)”Hm(MZ) ”u(o)”Hm(MZ) < \/—”u”Loo((o r) Hm(MZ)) + ||u||lt73>o(l(0 r) Hm(MZ)) (5)
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Once this bound is established, a classical argument (which in turn requires the local well-posedness of
the Cauchy problem in the energy space H') leads to the polynomial growth. More specifically notice
that the exponent (m — 1)/(1 — 2s¢) + € (which appears in the right-hand side of (4)) can be computed
as the quantity %, where 2 —2y = (2m — 3 + 25¢)/(m — 1) + € is the power of the first term in the
right-hand side of (5). Next we choose © = t(||u(0)|| 1) to be the time of existence provided by the
H' local Cauchy theory. Then (5) gives

2-2
”u([ + T)“fqm(MZ) = ”u(t)”zm(MZ) + C(||u||L°°(y(t,t+r);Hm(M2)) + 1)
As a byproduct of the local existence theory in H, and conservation of the energy, we get
2-2
“I/l(l + T)“%[m(MZ) S ||u(t)||§{m(M2) + C(”u(t)”Hmz/MZ) + 1)

Therefore the sequence a, = 1 + ||u(nt)|| satisfies oty 4+1 < ot + Coz,i_y, which in turn implies

fqm (M2)
an Sn'lv, leading to (4) by induction on 7.

Next we present our result on the growth of higher-order Sobolev norms for the cubic NLS on a
generic 3-dimensional compact manifold M 3. We recall that, following [Burq et al. 2004], the Cauchy
problem is globally well-posed for every initial data ¢ € H!*€0(A43), and that, following the crucial use
of logarithmic Sobolev type inequalities, one can get the following double exponential bound,

supo,r) [[u(t, X) || rm(ar3) = C exp(exp(CT)).

Our main contribution is an improvement on the bound above; indeed, we will replace the double
exponential with a single one. It should be emphasized that, in the 3-dimensional case, it is at best unclear
to us how Bourgain’s original argument and derivatives thereof could be used in order to get Theorem 1.3.
More specifically, in three dimensions our use of modified energies appears to be a key tool in order to
eliminate one of the two exponentials.

Theorem 1.3. For every m € N with m > 2 and for every solution u(t, x) € C;(H™(M?)) to (1), where
(d, p) = (3, 3), we have

sup(o, 7y 1t (2, X) || grmar3y < C exp(CT),
where C = C(m, ||l¢| gm) > 0.

Remark 1.4. The proof of Theorem 1.3 follows by a straightforward iteration once the following bound
is established: for all = € (0, 1),

||u(r) ”i]m(Mf&) - ||u(0) ||%{m(M3) 5 T ||u ||2oo((0’.c);Hm(M3)) + ||u ||I)i°°((0,t);Hm(M3))’ (6)
where y € (0, 2) is a suitable number and the implicit constant depends only on the energy of u. Indeed,
using (6) for T small enough and the fact that y < 2, we get the bound

2 2
”ul|L°°((0,‘L');Hm(M3)) = 2||u(0)||Hm(M3) + C.

Therefore the sequence oy, = ||u(nt)|| satisfies o417 < 2, + C, which implies the claimed

2
Hm(M3)
exponential bound.
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Remark 1.5. Notice that in Theorems 1.1 and 1.3 we provide bounds on the growth of the H" Sobolev
norm for initial data of regularity H™, for a given, odd or even, integer m. We point out that most of the
paper will be devoted to the case of even integers. In the last section we sketch how to adapt the argument
to odd integers. Of course, if we assume the initial datum ¢ to be H m+1 then the growth of H™ with
m odd, can be obtained by interpolation between the growth of the two norms H”*1 and H™~!, with
m — 1 and m + 1 even. Hence if the initial datum is smooth enough, it is not necessary to deal separately
with the case m odd. However the situation is more delicate since we assume only the regularity H™
(with m odd) on the initial datum.

Finally, we end our presentation with a result dealing with NLS on a 3-dimensional compact manifold
M3 with subcubic nonlinearity, establishing polynomial growth for the H? Sobolev norm. It makes
no sense to consider higher-order Sobolev norms, given that the nonlinearity is not smooth enough to
guarantee that regularity H™, with m > 2, is preserved along the evolution.

Nevertheless we emphasize that the next result appears to be the first one available in the literature about
polynomial growth of any Sobolev norms above the energy, on a generic 3-dimensional compact manifold.

Theorem 1.6. For every solution u(t, x) € C;(H*(M?)) to (1) withd = 3 and p € (2, 3) we have

_4
sup(o, 1) u(t, )| r2(ar3y = C(max{l, T})3-7,
where C = C(||¢|| g2) > 0.

Remark 1.7. The proof of Theorem 1.6 follows once the following local bound is established: for all
T€(0,1),
p+s
||u(r) ”12"12(M3) - ”M(O) ||12T{2(M3) 5 T ”u ||Lgo((0’.[)’H2(M2)) + ||M ”I):OO((O,‘(),HZ(M3)) (7)
for some y € (0, pTH). In order to conclude the polynomial growth from (7), we can combine Remarks 1.2
and 1.4. In fact arguing as in Remark 1.4 we get

1412 e ormys gy = 24O 1 2pmpg + C-

Once this bound is established, the polynomial growth follows by using (7) and arguing exactly as in
Remark 1.2.

Remark 1.8. Following our approach to proving (7), there is no need to restrict oneself to pure power
nonlinearities. In particular, polynomial growth for solutions to NLS on generic 3-dimensional compact
manifolds could be established for general higher-order Sobolev norms (namely H™ with m > 2), provided
the subcubic nonlinearity is suitably regularized in order to guarantee that H™ regularity is preserved along
the flow. Nevertheless, for the sake of simplicity we elected not to deal with the full generality in this work.

2. Linear Strichartz estimates

Strichartz estimates on M2 In the sequel we shall make use without any further comment of the
following Strichartz estimate, which was already recalled in the Introduction:

e 22l Lago,1yxm2) S 1€l mrso (ar2)- ®)



1128 FABRICE PLANCHON, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

By using Duhamel formula we also have at our disposal an inhomogeneous estimate that we state as an
independent proposition.

Proposition 2.1. Let v(t, x) be solution to
igv+Agv="F, (t,x)¢€ Rx M2
u(0,x) =@ € Ho(M?).

Then we have, for T € (0, 1),

vl a0,y m2) S M@l aso a2y + TN E |l Loo(0,7); oo (M2))- ©)

Strichartz estimates on M3. In the proofs of Theorems 1.3 and 1.6 we shall make use of the following
suitable version of the endpoint Strichartz estimate:

Proposition 2.2. Let v(t, x) be solution to
iv+Agv=F, (t,x)e Rx M3,
Then we have, for T € (0, 1),

vl £2(0,2); L6 M3y Se Il Loo(0,2); e a3y + IV L2((0,2): 51 /20m3y) + 1 F ll L2(00,2):.6/5 (0r3)) - (10)

Notice that the above estimate may look somewhat unusual compared with the classical version of
Strichartz estimates, where on the right-hand side one expects a norm involving the initial datum v (0, x)
and another norm involving the forcing term F(¢, x).

Nevertheless we underline that in the case F' = 0, the estimate above reduces to the usual Strichartz
estimate with loss of half of a derivative (see [Burq et al. 2004; Staffilani and Tataru 2002]). On the
other hand, the main point of (10) is that no derivative losses occur on the forcing term F(¢, x) when this
term is not identically zero, and the loss of derivative indeed occurs only for the solution v(¢, x) on the
right-hand side. Estimates in this spirit are also of crucial importance in the low regularity well-posedness
theory for quasilinear dispersive PDEs (see, e.g., [Koch and Tzvetkov 2003]). We emphasize that the
estimate (10) comes from the following spectrally localized version (see [Burq et al. 2004; Staffilani and
Tataru 2002] and for more details Proposition 5.4 in [Bouclet and Tzvetkov 2007]):

[7nvilL2((0,1);L6(ar3))
S Iwnvllipeoo, ;223 + 1INV L2 00,1y, H17203y) + 17N Fll L2(00,1);.6/5 (M3))

where () is the usual Littlewood—Paley spectral projector and N ranges over dyadic numbers. In fact
by taking squares and summing over N we get (10), provided that we make use of the bound

2 1 2
2NNl o,1:220003 = D e 1V zoe o, e a5
N N

together with tl}e equivalence of the L” norm of v with the L” (1 < r < 00) norm of its squared function

(X lmwvl?)>.
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3. Modified energies associated with even Sobolev norms

Modified energies. In this subsection we consider the general Cauchy problem

i0pu+ Agu=ulPlu, (1,x)¢€ Rx M4,
u(0,x) = ¢ € H* (M),

where (M4, g) is a compact d-dimensional Riemannian manifold.

In the sequel we shall extensively make use of the following bound without further notice:

el Loo s et (M) poton,, 1

1129

(11)

(12)

For every solution u(¢, x) to the Cauchy problem (11) we introduce the following energy, to be used in

connection with growth of the Sobolev norm H 2k

p—1 - 2 — _ _ 2
Exkc () = 10 | L2 pgay = =5 /Md!a’; 'V (lul?)] lul P~ dvolg — /Mdla’: H(ulP~ )| dvol.

We have the following key identity.

Proposition 3.1. Let u(t, x) be a solution to (11), where p =2n+ 1 > 3, with initial data ¢ € H?*k (M),

Then we have

dt
k_l . k .
+Z‘c,-fMd Vg (lul?) 0 Ve (Ju®)g 87 (Ju|?~3) dvolg
Jj=0
k_l . .
+ReZc]~/ 3 (P~ F 7w %1 (ju )P~ i) dvolg
. M4
j=0
k—2 ) '
+ReZCj/Md K (lu|?="y 0/ (Agi) ' udvol,
j=0
k—1 ) )
—1—1ch1~/ 3 (lu|?~Y) oF 7 u 9% iz dvol,
. MAa
j=1

where c;j denote explicit constants that may change from line to line.

Proof. We start with the following computation:

d
Ena’;uuiz(m) = 2Re(@ 1w, 0Fu) = 2Re(3F (—Agu + [uP ™ u), i 3Fu)

= 2Im/ (0% Vou, ¥ Vou)g dvolg + 2 Re (¥ (julP~ u), i dFu),
Md

d -1 _ 2 _ - -
St ==L [ Y Qi) 0l dvol 2 [ 0 (12 251l vl
M4 M4

(13)
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where (£, g) denotes the usual L2(M?) scalar product faga [ - & dvolg. Since the first term on the
right-hand side vanishes identically we get

d — .
Eﬂalt‘u||22(Md):2Re(31f(|u|p Yu),i 9%u)
k—1 ) )
=2Re(d¥(|u|P yu.i 9¥u)+2Re (||~ 9¥u.i 8Fu)+Re > ¢ (8 (| u.i 8Fu).
j=1
where ¢; are suitable integers. Notice that the second term on the right-hand side vanishes identically and
if we substitute for the equation again then we get

AT,
= 2Re(3f (Jul?~"u. —Ag(3F ")) +2Re(8f (jul P~ "u, 8F " (u|?~"u)
+Re]§ Cj(<')tj|u|1”_1 8tk_ju,i8’fu)
j=1
= 2Re(f (jul "~ yut, =8¢ (3" w)) + 2Re (37 (ul”~ 20, 31 (ful”~ )
+ Reki1 cj (8{(|M|P—l) atk_fu, Blf—l(lulp—lu)) _|_Rekil ¢ (atj|u|p—1 a,’“ju, i a’;u)
j=0 =

:2Re(a’;(|u|1’—1)u,—Ag(a’;—lu))+/ 3| 9% =1 (Ju|P~ u)|? dvolg
k-1 M k-1
+Re > ¢ (87 (ulP™H) o w871 (ulP M) + Re D ¢ (87 (ulP7 of w9k ). (14)
Jj=0 j=1

Next we focus on the first term on the right-hand side
2Re (3% (JuP~yu, —Ag (351 u)) :/ A (P~ (— 1 (Agu) —u 351 (Agin)) dvolg
Md

and we notice
k—2
—i A (M) — u A (OF Vi) = 9 (~iiAgu —uAgi) +Re Y ¢ 0 (Agu) T &,
Jj=0
Moreover we have the identity
Ag(|u|2) =ulAgu+ulgu+ 2|Vgu|§.
Hence,

2Re(8]t‘(|u|p_l)u, —Ag Blf_lu)

:_/ a’;(|u|P—1)a’;—lAg(|u|2)dvolg+z/ K (|u|P~1) 9% (|Vgu|2) dvolg
Md Md

k—2
+Re ) c,-/ K (ul?~") 8/ (Agu) 3 i dvol,
j=o0 M
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- /Md (% Ve (lulP~"), 05" Vg (ju[?)) , dvolg + 2/Md K (JulP=1) 0k~ (| Vgu|2) dvol
k=2
+Re Z C]‘/ a’;(|u|P—1) 3] (Agu) a,"“‘fa dvoly,
, Md
Jj=0
and by elementary computations we get

—1
--="T/ (a’;(vg<|u|2>|u|l’—3>,a’;—‘vg<|u|2)>gdvolg+2/ OF (lu|?=1) 0" (|Vgul2) dvol
Md M4

k=2
+Re Z Cj/ O (|ulP~) 8/ (Agu) AR dvol,.
j=o M

Using the Leibniz rule to develop 8? we get

p—1 =3 gk
...=T/Md(a’;vg(|u|2)|u|1’ 3,057 Vg (Jul?))g dvol

k—1
| ) o
+ ¢ /Md(aivgquﬁ),a,k Ve (ul*)g 8 (1ul” =) dvolg
j=0

k—2

+2/ a’;(|u|p—1)a';—l(|vgu|§,)dvolg+Rech/ K ()P~ 8/ (A gu) 8 iidvol,
Md . Mmd
j=0

r—1 k—1 242 -3
= T/Md |07 Vg (Jul™)|g|ulP~" dvolg

k—1
. B i B
30 [ T, T e o (17 vl
j=0
’ k—2 ) )
“/Md 0% (ju|P~1) 851 (|Vgu)2) dvolg +Re Zcf-/w o (julP =) of (Agu) o ™' dvol,
=0
and we conclude by combining this identity with (14). O

Remark 3.2. In the specific case of the cubic NLS (i.e., (11) with p = 3) we have some simplifications;

more precisely we get
1 - 2 - 2
Eap(u) = ||a,ku||§2(Md) — E/Md |o% 'V (Jul?)|; dvolg — /Md |05~ 1 (|u|*u)|” dvolg
and also

d
— &g (u(t. x))

dt
k=2 ] ]
:2/ a’;(|u|2)a';—1(|vgu|§,)dv01g+ReZc,~/ K (lul?) 0/ (Agu)oF " i dvol,
Md =0 M
k-1 k—1

+RGZC]'/ 8{(|u|2)8,k_juBlt‘_l(|u|2ﬁ)dv01g+ImZCj/ B,j(lulz)af_jualt‘ﬁdvolg. (15)
j=o JM¢ =1 IM?
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The norms || 3tk ul|| .2 and ||u|| g2« are comparable. The aim of this subsection is indeed to prove that
the leading term in our modified energy £,x (1) is equivalent to the Sobolev norm ||u|| g2« , provided that
u(t, x) is a solution to (11) withd =2 and p >3 ord =3 and p = 3.

Proposition 3.3. Let u(t, x) be solution to (11), where either d = 2 and p > 3 is an integer, or d =3
and p = 3. Then for every k,s € N we have

||8tku — ikAguHHs(Md) Sl el frs+2x—1 (pga)y.- (16)

Proof. We shall use the following identity (satisfied by every solution to (11) in any dimension d):

h-1

8thu :ihAgu+Zc]- 8{Ag_1_1(u|u|1’_1), (17)

j=0
where ¢; € C are suitable coefficients. The elementary proof follows by induction on / and by using the
equation solved by u(z, x).
First case: d =2, p > 3. We argue by induction on k, and hence we shall prove k = k + 1. By (17) we
aim at proving

||8tj (u|u|p_l)||H2k72j+s(M2) < ||u||Hs+2k+1(M2), j=0,...,k, (18)

by assuming the property (16) is true for k. By expanding the time and space derivatives on the left-hand
side above, we deduce (18) by the chain of inequalities

i J
I1 107 wllyprss 20 a2y S [1 107" wll rsi-+1 (g2
it jp=j jitjp=j
Si+-tsp=2k—2j+s si+tsp=2k—2j+s
< l_[ leell gr2ss+s1+1 (pg2y
i tp=j

Sy 4tsp=2k—2j+s

where we used the Sobolev embedding H'!(M?) C L*?(M?) and we have used the induction hypothesis
at the last step. We can continue the estimate by a trivial interpolation argument as follows:

0 (1-6))
2 (T Wl sae Il i)
[=1,...,p

where
Oi(s+2k+1)+(1—6;) =2j;+s1+ 1.

We conclude using (12), since Zle fp=1for j=0,...,k.

Second case: d = 3, p = 3. Arguing as above, and by assuming the result true for k, we are reduced to
proving

||3t] (M|M|2)||H2k—2j+s(M3) S ullgsv2ivransy,  J=0,....k. (19)
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Expanding again the time and space derivatives on the left-hand side, we are reduced to the estimate

18/ ull s o agsy X 18720l s gy X 1073l s o ag
S 107wl g1 agsy X 1020l a1 agsy X 10720 gris1 (a3,
S Mull grais+or+1 sy 1l grais+io+1 sy 1ull gr2is+is+1 a3y,
where
Ji+ja+j3=j, ki+ky+ks=2k-2j+s.

Notice that we have used the Sobolev embedding H'(M?3) C L®(M?) and the induction hypothesis at
the last step. By interpolation we have

0 1-6
||“||H21'1+k1+1(M3) < ||u||és+2k+l(M3)||u||H1(]Al3)’ [=1,2,3,
where
O(s+2k+1)+(1—-6)=2j;+k;+1,

and we conclude as above since Z?:l 0p=1for j=0,...,k. O

Strichartz estimates for nonlinear solutions. In this subsection we get a priori bounds for the Strichartz
norms of solutions to (11) in dimension d = 2, with a general nonlinearity, and in dimension d = 3, with
cubic nonlinearity. In the sequel we denote by LZ X the space L?((0, 7); X), where X is a Banach space
and p € [1, oo].

Proposition 3.4. We have the following estimate for every solution u(t, x) to (11) ford =2 and p =
2n+ 1> 3 is an integer: for any € > 0 and t© € (0, 1),

J 1—s K
119; u”L;‘WsA(Mz) Sf-l\wHHl ”u”Lll?OO}IZj—i-s(MZ)”u”l?lfgoHZj—i-s—i-l(MZ)”ulIZ?OHZj-‘rZ(MZ)' (20)

Proof. We use (9), together with the equation solved by a{ u, and we get

”at]u”L‘T‘Wsét(MZ)
<19 u ) s-so a2y + 197 @lul P~ Loo prorso (ar2)

<1107 w(0) 11750 118/ u(0)| + T3] (uuP Y120

j -1
L$°HS(M2) ”atj(ululp )”SO

50
H“H(Mz) L?oH‘H'l(MZ)'

Notice that the first term on the right-hand side can be estimated by Proposition 3.3. Hence we shall
complete the proof provided that for every € > 0,

18] (ueluel P~ s arzy Seol el gr2i+s a2y |l g2 pp2y  Torall jos =12,
Expanding the time derivative Btj and using

I/ el mr a2y S IS L mr a2y €1l oo (ar2) + 181 Er (ma2y 1/ W oo a2y

we are reduced to estimating

. . j
107 2]l s a2y X 102wl oo ag2) -+ X 110" ]| Loo ar2)-



1134 FABRICE PLANCHON, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

where j; +---+ j, = j. Notice that from

vl Lo a2y Se 015 an) 10052 002 @

we get

. . ;
107" el s a2y > 1072 ull oo caazy X -+ X 107 | oo (g2

Se 107 ull prscarzy X ||3fzu||}ﬁ(Mz) X (072 ul|Gyn X -+ x ||8”’MIIH1(M2) X ||3t"’u||§,2(M2),
and hence by (16)

1— 1—
: S ||u||H2j1+s(M2) X ||u||H252+1(M2) X ||u||;]2f2+2(M2) Koo X ||u||H2‘31’+1(M2) X ”u”22]‘p+2(M2)

1-6 0>(1— 1—6>)(1—
S Gy o gy 1 gy X e 2 2 el ) ™
Op(1—€) (1-6p)(1—¢) -1
X lull sy a1 g gy o X Il 5082 gy

where at the last step we have used an interpolation argument with
012 +s)+(1—61)=2j1+s, 02j+s)+(1—=0n=2j;+1, [=2,...,p.
Notice that we get Zle 6; = 1 and we conclude by (12). O

Proposition 3.5. We have the following estimate for every solution u(t, x) to (11) for (p,[) = (3, 3) and
for every e >0, T € (0, 1):

J 1/2 1/2
”8 u||L2L6(M3) e lol 1 ”8 ””LooLz(Ms) [|0; “||2<T>0H1(M3)+\/?”“ ”L$°H2f(M3) ||u||L$°H2f+1 (M?3)
+VT Z ||”||LgoH2i1(M3)||”||LgoH2iz+l(M3)||”||LCI>OH2I3+1(M3), (22)
Jitiatis=i
Jir=max{j1,j2,j3}
and
J Jy 1= J 1/2 1/2
1|97 ””ngl.()(M3) §e,||<p||H1 |97 u||L$°€H1(M3) |97 u||2$0H2(M3)+ﬁ||u||L$OH2j+1(M3) ||u||L$°H21+2(M3)
+/T Z el oo i+ agsy 1l Lo rain+1 (ag3y lull L oo gr2is+1pg3y- (23)
J1+j2+jz=j

Proof. We prove (23), the proof of (22) being similar. By using Strichartz estimates and the equation
solved by 9/ u we get

18/ ull L2 1. arsy < 197 u||LooH1+e<Ms)+f 16l Lo praraqarsy + 187 @lul)| 21675 a3y

1/2 j 1/2 j
107 o 1 gy 197 1 o 2 gy + 107 el ) 2 s a3y
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Notice that by expanding the time derivative, and by using Holder we get

o . . .‘
107 @l lwrosoany S D 18 ull sy 10720l Locarsy 107wl Locarsy
J1tj2+j3=j
Ji=max{j1,j2,j3}
< 197" u 1972 1873 ul|
= ;U H1(M3) 1% u HI(M3) 119 u H1(M3)-

CJiti2tiz=i
Ji=max{j1,j2,j3}

We then conclude by using Proposition 3.3 in the special case of the cubic NLS on M3, O

4. Polynomial growth of H?¥ for pure power NLS on M?2

This section is devoted to the proof of Theorem 1.1 in the case m = 2k. We shall need the following
estimate.

Proposition 4.1. Let us assume that u(t, x) solves (11) withd =2 and p = 2n+ 1 > 3. Then we have
the following bound for every T € (0, 1):

T 4k—342s9 +e 4,1‘»74_’_E
/0 right-hand side of (13)]ds < v/l g oty + 1l 25 b ngoy-

Proof. Since we work on a 2-dimensional compact manifold we simplify notation as follows: L9, W54 H*
denote the spaces LI(M?), W$4(M?), HS(M?). Moreover in the sequel we shall denote by € > 0
any arbitrary small constant whose value can change from line to line. We shall also make use of the
inequality

lullzge s S, Nl P byae. s € [1.24] (24)

which in turn follows by combining an elementary interpolation inequality with (12).
Let I, IL, III, IV, V, VI be the successive terms on each line of the right-hand side in (13). Estimating I
can be reduced to controlling the terms

T
/0 185 w21 4 10520 oo el 2 Nt 2ot s, ey + Ky =k — 1, (25)
and we have, by combining (21), Proposition 3.3, Proposition 3.4 and the Holder inequality,
(25) S VTNl ioiy 1 10l pransa Ntllogo e 137wl 70
e O P o O P OO PSRV O e =

where at the last step we have used (24). Notice that the value of € > 0 changes at each line, but can be
chosen arbitrarily small. Concerning II, we are reduced to controlling

T .
[0 ||a,“u||Lz( I1 ||a,’hu||Loo)||aflu||W1,4||af‘2u||W1,4, (26)

h=2,...,p—1
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where we assume j; = max{ji, j2,..., jp—1} and
Ji+t 1=k, kit+ky=k—1.

By using the interpolation estimate (21) together with Proposition 3.3, Proposition 3.4 and the Holder

inequality, we get

<26>5¢T||u||;%omk||u||L;9Hzf1( I ||u||Loon,h+l)
h=2,...,p—1
Xl o Lo

L H2k1+1 ||u||LooH2k1+2 ||u||L<%oH2k2+l ]|,

LOOH2k2+2

Ak—3+2s0
SVTllull S

where we used (24) at the last step. Next we deal with III, and it is sufficient to control
© ok h I I
m m;
/ 110" ull Loo 1107 ullyp1.4 119 1uIILz( [T o uIILoo) 10; ullLoe 102 ullgrra, (27
0 i=2,...,p—3
where we assume 71 = max{m,my, ..., m,_3} and
hi+hy,=j€el0,k—1], m1+---+mp_3:k—j, Lh+hL=k—1.

Arguing as above, it can be estimated by

(27 < \/_”””Loonk ||””L°°H2h1+1 ”””L;f(}{zhzﬂ [[u ||LooH2h2+2 ||“”L<§°H2m1

1_
(T IS o) WSS 0 D0 D
i=2,...,p—3
4k—3+2s0

S Vrlull 2

In order to treat IV we are reduced to controlling

T
/ ||a,“u||Lz(
0

where we assume j; = max{ji, j2,..., jp—1} and

| | o
I ||az"u||Loo) 137 (Agu) o 105" ] o, 8)
h=2,...,p—1

Jiee =k,

and by an argument similar to those above we have

(28) S V7l go pyae Nl e o ( 11 ||u||LooH2,h+l)
h=2,...,p—1
S ”“”Lx(}p/-i-z ”u”;j)gonj+3 ||“||L;<§(;12k 2-2j ||”||20$0H2k—2j—1

4e=3+250 |
< Vllull Zde
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In order to estimate V it is sufficient to control the terms

T
m; k—j k
/ ||3;'"IUI|L4( 1_[ ||3t’u||Loo)||3t Tullpa 13 ull 2, (29)
0 i=2,..,p—1
where we assume m| = max{mi,ms,...,my_1} and

ml +...+mp_1 :j’
and as usual we get

1 1—
(29) < \/;”””Li;oesz ”“”ng(}_lzml ||u”LooH2ml+1( l_[ ||u||LooH2m +1)

i=2,...,p—1 1—s0
x ||“||LgoH2k—z] ”“”Loonk —2j+1

4k—3+2s
SVrlull S

We conclude with the estimate of VI, which in turn can be reduced to controlling

T
i k—j [ li
fo ||a,”“u||Lz( 11 ||a:"u||Loo)||at Tu oo ||a,1u||Lz( [1 ||a,u||Loo), (30)

i=2,...,p—1 i=2,...,p

where we assume m| = max{mi,ms,...,mp_1} and

my+-4my_y=j, Li+--+l=k-1,

and we get
1_
(B0 < T||”||2<;<>H2k ||14||L$0H2m1 ( 1_[ ||”||L$§H2m,-+1)
i=2,...,p—1
1—e
X ||”||Loonk 2j+1 ”””LC;OHZM ( 1_[ [|u] LgoHZIiJrl)
i=2,...,p—1
4k—4+
S tlull 5o O

L?OHZ"'
The key estimate to deduce Theorem 1.1 is the following one (see Remark 1.2).
Proposition 4.2. Let us assume that u(t, x) solves (11) with d =2 and p > 3. Then we have the following
bound for every t € (0, 1) and for every € > 0:

4k — 34259

< =T +€ Sk=ite
(D) 720 = 11 O) 1 32 S Velull s — +lul

L® H2k:

Proof. We write &5y (1) = ||a];”||iz + Ry (1), where

p—1 — 2 _ _ _ 2
RZk(u)z_T/\a’; lvg(|u|2)\g|u|1’ 3dv01g—/\a’; Y|P~ u)|” dvolg.

We claim that

S=t+e 4h=Ste
IRk ()] e”””g(zkl ‘i'”””g(zkl . 3D
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In fact notice that arguing as in the proof of Proposition 4.1 we get

k—1 2,2 -3 ki 12 ka 112 -3
10571 = avol < 30 12 uly s NoFul
ki+ky=k—1

2 2 1+e
S Y Nl e Nl S Nl 250
ki1+ko=k—1
and also

_ — 2 i
[l o Pavo s Y ||a!‘u||iz(

Jitetip=k—1

2
DY ||u||H2]-1(
h

j] ++]p=k—1

I ||a,fhu||ioo)

h=1,...,p

2 c =St
[T leel3aser pm S o groe < Null 75 1o
=1,...,p

Next notice that if we integrate the identity (13) and we use Proposition 4.1 then

k k 2 A0 e Si=1+e
185w (T) 17 2 — 195 u(0)]|7 2 S supgo, o |R2k(u)|+~/_||u||Loonk + 1l foo prarc-

We conclude by using (31) and Proposition 3.3.

5. Exponential growth for H % norms of solutions to the cubic NLS on M3

The aim of this section is the proof of Theorem 1.3 in the case m = 2k.
The following is the 3-dimensional version of Proposition 4.1 for the cubic NLS.

Proposition 5.1. Let us assume that u(t, x) solves (11) with d = 3 and p = 3. Then we have the following
bound for every t € (0, 1)

T
/0 |right-hand side of (13)|ds < T”””i?HZk + ”ulllji?OHZk

for some y € (0,2).

Proof. Since we work on a 3-dimensional compact manifold we simplify the notation as follows:
L9, WS4, H® denote the spaces LI (M3), W4(M?3), H*(M?). In the sequel we shall also make use
of the following inequalities, which in turn follow by combining an elementary interpolation inequality
with (12). We also notice that by combining Proposition 3.3 and Proposition 3.5 with (24) we get

j 1/2 1/2
107 2 o Se N5 oy NS o + T I1E2 oy 1152 s
+ T Z ”””L‘;"Hzfl ||”||L$°H2f2+1 ||“||L$°H2i3+l
Jiti2+iz=j

Ji=max{j1,j2,j3}

N||u|Li§f;2k+~/’||u|z’;o;m+f||u|;’;o;,2k, (32)
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provided that j > 1, and

1/2 1/2
||3Ju||LzW1 6 NellullLoonm o7 c0 praive + ﬁllulngonm el oo g+

+VT Y lullpee i lullpso g [l oo s+
Jitj2t+j3=j
<||u||z@o;,2k+f ||u||2’éo§,% +T ||u||;';o;,zk (33)

We denote by I, II, III, IV the four terms on each line of the right-hand side in (15). We first estimate

ak—l

the term 1. By developing the time derivatives Btk and 0/~ ", and by using the Holder inequality, we are

reduced to estimating

T
k k j j
/0 10, uell 2 118, 2 eell Lo 1197 el i 11072 ull 6 ds, (34)
where we can assume k; > k, and
jl+j2=k—1, k1+k2=k.

Notice that by combining the Sobolev embedding H'(M?3) ¢ L%(M?) with Proposition 3.3 for d = 3
and p = 3, and (24) we have

(34) < ||U||LgOH2k1 ||“||LgOH2kz+1 ||8tjlu||L%W1,6 ||8t12u||L§W1,6
< Nl poo grow 107 uell 2o 1077 ull L2 s

and we can continue the estimate by using (33). Indeed we should estimate || E)tj ul| r2w.6 by three terms
on the right-hand side in (33). However, we can consider only the term that gives the worst growth with
respect to the power of [u|| o gax (i.€., only the second term on the right-hand side of (33), as all the
other terms give a smaller power of ||| ;,00 g2« ). Summarizing we get

2
BH = T”u”Lgonk + ||u||zgonk

for a suitable y € (0, 2). Next we estimate the term II, which can be reduced to estimating the terms

T
/0 oF 2 102 ull o 187 Aguel o 10" ull o, (35)
where we can assume kq < k, and
=00 k=2, ky+ky=k.
By using the Sobolev embedding H!(M3) C L®(M?3) in conjunction with Proposition 3.3 we get
(35) 5 lull oo gy 18/2ull 2 p6 Null oo grases 197l 2 -
By using (32) and (24) we get
4kpy—1 4—1—j)—1

Al —o - 4k —> 2
(35) 5 ull oo prams Nl 2% o Nl raioes Nl pocta S Tl o+ 100l oo e
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where y € (0, 2). Concerning the term III we are reduced to

T
j j k—j k k k
/0 197 wll oo 1072 ull oo 107 well L2 119" well Lo 1020l o 110, ull o

Jtjh=j, 0=j=<k-1, kitka+ks=k—1 (36)

By the Sobolev embeddings H'(M?3) Cc L®(M?3) and H?>(M3) C L*°(M?) and Proposition 3.3 we get
k k
(36) < llull oo o +2 Null oo o+ Null o a2 10F el 2 o N0F2ull 2 o Nl oo rovs 1
By combining (32) with (24) we get
(36) < Tl oo prow + Nl oo pran

for y € (0, 2). Concerning 1V, it is sufficient to estimate

/0 10kl 19 o 18 o 1o
Jiti=j, 1=j=<k-1 (37)
We can control it by using H'(M3) ¢ L®(M?) and Proposition 3.3:
(37) < Null oo proe el oo graw—2ivn 187 ull 216 187 ull 2 .
Again by (32) and (24) we get
G7) < tlullf o graw + 1l oo gy
for some y € (0, 2). O

In order to conclude the proof of Theorem 1.3, following the same argument as in the proof of
Theorem 1.1, we have to split E,5 (1) as Eyp(u) = ||8’,‘u||i2 + R (1), where

1 - 2 - 2
Rzk(u)z—E/‘Blf IVg(|u|2)‘gdvolg—/’81t‘ 1(|u|2u)’ dvolg,

and we need to estimate the term R,z (#), namely

4k—3 4k—5
=t =3+
2k—1 2k—1
Rak @) S Null g + lull gz
which is a version of (31) in three dimensions. Once we prove this estimate, the conclusion is similar to
Theorem 1.1. Notice that

k—1 242 ki, 2 ko 12
/lat Ve(luP)|2dvolg = 37 (3K ullZ, 0 135203
ki+ko=k—1
4k—3
2 1— 1 =1 t€
S Z ||U||H2k1+1 ||”||H26k2+1 ||“||Hti2+2§||u”12;2kl )
ki+ky=k—1
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where we used the estimate
1—e 1+e

lollzee S vl 7 vl (38)

which in turn follows by combining interpolation with Sobolev embedding, Proposition 3.3 and (24).
Moreover we have

/\a’;—l(|u|2u)\2dvolg

j 2 j 2 2 2
S D0 10l 102 ullF e 107 ul1 0o
J1+j2+j3=k—-1

4k—5
2k—1 1€

1—e 1+e 1+€ < ||u”H2k ,

2 1—
S Y Ml Nl Nl el el <
Jitiz2+iz=k—1

where we used (38), Proposition 3.3 and (24).
6. Polynomial growth of H 2 for the subcubic NLS on M3

Next we prove Theorem 1.6. We introduce the energy

—1
Fr(v(t, x)) = / |9;v]* dvolg — (p — 1)/ lv|P~! ‘Vg|v|‘2dvolg - p_/ |22 dvol.
M3 M3 P Jm3
Proposition 6.1. Let u(t, x) be solution to (11) for d = 3 and 2 < p < 3. Then we have

d
E]-"zu(t,x)

=(p-1D(p-— 3)/ |u| P2 & |u| }Vg|u|}2 dvoly +2(p — 1)/ |u|P~2 8 |u| |Vgu|§, dvolg. (39)
M3 M3
Proof. We start with the following computation:

d
E”a’””%ﬂ = 2Re(8?u, dsu)
= 2Re(d; (—Agu + |u|?~"u),i d,u)

= 2Im[ (3¢ Vgu,d;Vgu)g dvolg +2Re(d;(Jul?~ u),i d;u),
M3
where (f,g) = [,;3 /g dvolg. Since the first term vanishes, we get

d
E||8tu||22 = 2Re(d(|u|?"")u,id;u) +2Re(Ju|P " dpu,id.u)

= 2Re(9 (|u|?"")u, —Agu) + 2Re (3 (u|? yu, |u|P ' u)
p—1d

= 2Re(d([u|?""yu, —Agu) + TE/Ms |u|*? dvol,.

By using the identity
Ag(|ul®) = ulgii + i1 Agu + 2|Vgul},
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we get
2Re (D¢ (Jul?~Myu, —Agu)
= —(O|uP™", Aglul®) + 200 |uP™!, | Vuly)
= (@ Vglul”™", Vg ul®) + 23 ul "™, [Vuly)
=2(p = )@ (jul " Vglu]). |u|Veul) + 2 |u|”~". [Vgulg)
= 2(p— 1) (P2 Velul, lul Vi lul) = 2(p = 1)(ulP >V lul, 3l V]
—2(p = D(ul?"*Vglul, [u| Vg 3 lul) + 2B |ul?~", [Vgul3)
=2(p—1)di(|u|”‘2vg|u| ||V ul) —2(p — D)(Ju|P > Vgul. & |u| Vglul)
— (=1L (177 | Vlul ) 4 (0 = 1)(@lul? ™ [Telul ) + 2@ ul? | Vgul?). O
The following proposition is a substitute for Proposition 5.1 in the subcubic case.

Proposition 6.2. We have for every t € (0, 1)

T pt5
/(; |right-hand side of (39)|ds < T”””LgoHZ + ”””ZC;OHZ

for some y € (O, pTJrS).

Proof. We can write the terms on the right-hand side of (39) as I and II. We estimate I and the estimate of
II is similar. We estimate I as follows (we shall use the diamagnetic inequality in order to remove | - |
inside the derivatives Vg and d;) by the Holder inequality:

-2
IIuIIP SR I )l oo 2 llull?

2
| < (|0eullpoor2 ||”||L2 L2 e SR P

W LI twhs=p

where the pair (%, %) is Strichartz admissible. Notice that by using the equation solved by u(?, x),

we are allowed to replace ||0;u| oo 2 with [[u|| oo g2 and hence

2
1<t s ||u||L°°H2 [[ue]|
L,"“W "5-p

Next notice that we have the bound

Il gy e % S P T e

T
and hence due to the conservation of the energy, we can continue the estimate above as
pEl

ST Nl gz el 2y

We can continue the estimate by using the Strichartz estimates (33) for j = 0 (which are still available
for solutions to the subcubic NLS):

p+l1
| < llullpoo g2 ||”||L§°H2 + ||u||]}:$on
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for some y € (0, pTH) (indeed we have estimated the term ||u/| r2w1.6 With the middle term on the

right-hand side in (33) since it is the one that involves the larger power of [|u| ;0 g2, and the lower

powers are absorbed in the term ||u ”zoo g2 O
T

Integrating (39) on [0, 7] and arguing exactly as in the proofs of Theorems 1.1 and 1.3, we get the bound
p+5s

”u(f)”HZ(M%) ||u(0)”H2(M3) < I”u”Loo((o 7); H2(M3)) + ||u”Loo((0 7); HZ(M%))

for some y € (0, pTH). This is sufficient to conclude Remark 1.7.

7. Growth of odd Sobolev norms H 2¥+1

We point out that if we assume the initial datum ¢ to be H 2k+2 then the estimate

Sup (o, 141, ) | 21 (ug2) < Clamax{1. T} =25,
stated in Theorem 1.1, follows by interpolation between the following bounds, which have been already
proved by looking at growth of even Sobolev norms:

2k

supo.7 I10(t, ) 212 ng2) = Clmax{1, T} 550 7

sup(o, 7y [14(t. ) | g2k (a2 < Clmax{1, TH 507,

A similar argument follows in order to prove Theorem 1.3 for m = 2k + 1.

However, the main point in this section is that we assume the initial datum ¢ to be only in H2K*1 and
hence the argument above cannot be applied.

The proofs of Theorems 1.1 and 1.3 (which have been proved in the case m = 2k) can be adapted to
the case m = 2k + 1 by using the modified energies

1 1 _ p—1 _ 2
52k+1(u)=§||a’;vgu||§2+§/|u|l’ 1|a’;u|2dvolg+T/ || P3| 9% (|u|?)|” dvol,

k—1
—ReZc,/BluBk T (|u|P~ 1)é)kudvol
j=

—ch / 05T (=) 87 (1ul?) 0% (Jul?) dvol,. (40)
j=1

Indeed we have the following proposition, from which one may conclude the proof of Theorems 1.1
and 1.3 in the case m = 2k + 1, exactly as we did in the case m = 2k. We leave details to the reader.

Proposition 7.1. Let u(t, x) be a solution to (1) with initial datum ¢ in H 2k+1 Then we have the identity
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J 1 k—1
—1yak, |2 i+1  ok—j —1\ qk -
JrEn @) =5 / 0, (JulP~")|0F u|* dvolg—Re ) " ¢; / 0/ hu oy ™ (|uPh) 9f wdvolg
j=1

k—1

. . _ _1 _
—Re cj/a,fua," J+1(|u|1’_1)Btkudvolg+pT/M28t(|u|P 3)[8% (ju?)|? dvolg
j=1

k—1
+3 ¢ / 05T () P=3) 34 (Ju?) 9 ([u[2) dvolg
j=1
k—1 i .
+Zcf/ 3 (ulP=2) 8] (Jul?) 9% (Ju)?) dvol
i=1

k
+ c,-/ K ()P~ 8 u o i dvol,
ji=1
where ¢j € R are explicit real numbers that can change in different lines.
Proof. First of all notice that we have
Re(i %1, 8Fu) = Re(d% (—Agu), 9% u) + Re (8% (ufu|P~1), 8 u)
= 0¥ Vgu|2, + Re(@¥ (ulu|?"), 0¥ u).

Due to the identity above and by taking the time derivative, we get

%(”alfvguuiz + Re(alf(u|u|1’—1), allfu)) :% Re(i a’;+lu, 3ltcu) = Re(i 8];"'21,4, a/t‘u)
= Re(allf+1 (—Agu), alt‘u) + Re(8/;+1(|u|p—1u)’ a?u)
1d B
= OVl + Re (@ (1l w), 0w,

Next we focus on the second term on the right-hand side:

Re(dF T (|ul?~ u). 9% u)

d _ —
= - Re(¥f (jul”~" ). 8f u) —Re(d (jul”~"u). 9 )
= < Re( (Jul? =), ) —Re@ (1l 04 ) — Relul? 0, 8+
k—1
+Re Z Cj(atju 3,k_j(|“|p_l)’ o)
j=1
= 4 Re(@f (ulP~w), 0¥u) — Re(@ ()~ yu, 95 u) — 1 / )P~ |0 | dvolg

k—1
+% / B (1e7=1)19%u|? dvolg +Re Y ¢ (8w 9~ (|u|?~1), 8F 1w

j=1
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d _ — 1d _
= < Re(@f (jul?~"u)., 8f u) —Re(d (|u|? l)u,ai‘“u)—m/w '[oF ul* dvolg
k—1

1 - d i ak—j _
+3 [ andap Diaful® avoly + e Re 3 g6l ui” . afw
k—1 . . =N . .
—Re Y ;@ T udf T (ulP). 0f ) —Re Y ¢ (0w df T ([u)P 7). ).
Jj=1 j=1

Next we deal with the third term on the right-hand side:
—Re(d (|ul”~"u. 91 u)

k
1 . »
:_5/a/tc(|“|p_1)al;+1(|u|2)dvolg+ E Cj/8]t‘(|u|17—1)atlu3tk+l 7 dvol,
j=1

and we notice that 8’;(|u|1’_1) = %(p —1) Btk_l (0, (Ju|?)|u|?~3). Hence we can continue the identity
above as follows:

k—1
p—l _ h—i _ .
:‘Tf'“"’ 3% (Jul®) 05 (|u|?) dvolg + ) icj/a, T(ulP=2) 8] (|u]?) 95+ (Jul?) dvol,
Jj=1

k

+ c,-/a’;(|u|1’—1)a,fua{‘+1‘fadv01g
j=1

1d

_ _ 2 —1 _ 2
:_pTE/IuIP *[of (ul?)] dvolg+pT/3f('“|p )[07 (ul*)|” dvolg

k—1 k
P I
+Zc,-/at T(ulP=3) 8] (lu]?) a’;+1(|u|2)dvolg+Zc,-/a’;(|u|1’ Y8/ u 9 i dvoly.
=1 Jj=1

Then by elementary considerations

—1d _ 2 -1 - 2
:_P__/W’ 3o (u)?)| dVOlg-f-pT/at(lulp $)[0F (uf?)|” dvolg

k—1 k—1
d P N i L
72@/ 0 (lul” 3)8{<|u|2>a’:<|u|2>dvolg+2cj[ 0 T (ulP72) 07 (Jul) 0% (jul*) dvol
j=1 j=1
k_l . . k . .
+ch/a,’“f(|u|1’—3)a{+1(|u|2)a’;(|u|2)dvolg+zc,-/a’;(|u|1’—1)a,fua,"“‘fadvolg. O
=1 1

j= j=
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A SUFFICIENT CONDITION FOR GLOBAL EXISTENCE OF SOLUTIONS
TO A GENERALIZED DERIVATIVE NONLINEAR SCHRODINGER EQUATION
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We give a sufficient condition for global existence of the solutions to a generalized derivative nonlinear
Schrodinger equation (gDNLS) by a variational argument. The variational argument is applicable to
a cubic derivative nonlinear Schrédinger equation (DNLS). For (DNLS), Wu (2015) proved that the
solution with the initial data u is global if ||u0||i2 < 4 by the sharp Gagliardo—Nirenberg inequality.
The variational argument gives us another proof of the global existence for (DNLS). Moreover, by the
variational argument, we can show that the solution to (DNLS) is global if the initial data u satisfies
Il ||i2 = 4 and the momentum P (u() is negative.
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1. Introduction
1A. Background. The following equation is known as a derivative nonlinear Schrédinger equation:
iv+02v+id,(v*v) =0, (t,x)eRxR. (1-1)

This equation appears in plasma physics [Mio et al. 1976; Mjglhus 1976] and as a model for ultrashort
optical pulses [Moses et al. 2007]. Using the gauge transformation

u(t,x) =v(t, x) exp(% /X lv(t, x)|? dx),

—00

we get a Hamiltonian form of (1-1):
i+ 32u+ilu*du=0, (t,x)eRxR. (DNLS)

Namely, this equation can be written as id;u = E’(u) (see below for the definition of the Hamiltonian E).
The Cauchy problem for (DNLS) (or equivalently (1-1)) has been studied by many researchers. It is known
that (DNLS) is locally well-posed in the energy space H'(R). See [Tsutsumi and Fukuda 1980; Hayashi

MSC2010: 35Q55.
Keywords: variational structure, generalized derivative nonlinear Schrédinger equation, global existence.
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and Ozawa 1992; Hayashi 1993; Hayashi and Ozawa 1994a; 1994b]. Hayashi and Ozawa [1994a] proved
that the solution is global if ||140||i2 < 2m. See also [Ozawa 1996]. Wu [2013; 2015] proved that it holds if
lluo ||i2 < 4m. Recently, Miao, Tang, and Xu obtained the global well-posedness by a variational argument
(see the remark on page 1156). For the initial data with low regularity, there are also many references.
Takaoka [1999] proved that (DNLS) is locally well-posed in H*(R) when s > % by the Fourier restricted
method. Biagioni and Linares [2001] proved that the solution map from H*(R) to C([-T, T]: H*(R)),
where T > 0, for (DNLS) is not locally uniformly continuous when s < % Colliander, Keel, Staffilani,
Takaoka, and Tao [Colliander et al. 2002] proved that the H?-solution is global if | g ||i2 < 2w when s > %
by the I-method (see also [Colliander et al. 2001; Takaoka 2001]). Recently, Miao, Wu, and Xu [Miao
et al. 2011] showed that H'/?-solution is global if ||u0||%2 < 2. Guo and Wu [2017] improved their
result; that is, they proved that H'/?-solution is global if ||uo||i2 < 4m. The orbital stability of solitary
waves has been also studied. It is known that (DNLS) has a two-parameter family of the solitary waves
Uy c(t,x)= e"“”qbw,c(x —ct), where (w, c¢) satisfies w > c2/4, or w= c2/4 and ¢ > 0 (see below for the
explicit formula of ¢, ). Guo and Wu [1995] proved that the solitary waves u,, . are orbitally stable when
w>c? /4 and ¢ < 0 by the abstract theory of Grillakis, Shatah, and Strauss [Grillakis et al. 1987; 1990] and
the spectral analysis of the linearized operators. Colin and Ohta [2006] proved that the solitary waves u,, .
are orbitally stable when w > ¢2/4 by characterizing the solitary waves from the viewpoint of a variational
structure. The case of @ = ¢?/4 and ¢ > 0 was treated by Kwon and Wu [2016]. Recently, the stability
of the multisolitons was studied by Miao, Tang, and Xu [Miao et al. 2017b] and Le Coz and Wu [2016].
To understand the structural properties of (DNLS), Liu, Simpson, and Sulem [Liu et al. 2013] introduced
an extension of (DNLS) with general power nonlinearity. The generalized derivative nonlinear Schrodinger
equation is
r@u+ﬁu+nm%@u=o,(nmeRxR, (DNLS)
u(0, x) =ug(x), x eR,

where o > 0. Equation (gDNLS) is invariant under the scaling transformation

1/Q20)

uy(t,x):=y u()/zt,)/x), y >0.

This implies that its critical Sobolev exponent is s, = % —1/(20). In particular, (DNLS) is L>-critical.
Liu et al. [2013] investigated the orbital stability of a two-parameter family of solitary waves

uw,c(t, x)= eiwl(ﬁw,c(-x - Ct),

where (w, ¢) satisfies w > c2/4, orw= 02/4 and ¢ > 0, and

_ E _ i * 20 _
¢w,c<x>—c1>w,c<x)exp(z2x - /0 oo (1) dy), (1-2)

{ (0 + (4w —c?)

2/wcosh(ov/4w — c2x) — ¢

{mo+nc}wh>
02(cx)?2+1

1/(20)
} if > c?/4,
q)w,c(x) = (1-3)

if o=c?/4 and ¢ > 0.
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We note that ®,, . is the positive even solution of

20 +1

m@r‘%:o, xeR, (1-4)

—@" 4+ (0 — 3PP+ 1| PP D —
and then the complex-valued function ¢, . satisfies
—¢" +wp+icd —ilp|*°p =0, xeR.

Liu et al. [2013] proved that the solitary waves are orbitally stable if —2,/w < ¢ < 2z9+/w, and orbitally
unstable if 2zp /@ < ¢ < 24/w when 1 < o < 2, where the constant zg = zo(o') € (—1, 1) is the solution of
) 2 00 2
F,(2) = (0 — 1)2{/ (coshy —z)~1/° dy} — {f (coshy —z)" 1 (zcoshy — 1) dy} =0.
0 0

Moreover, they also proved that the solitary waves for all @ > ¢?/4 are orbitally unstable when o > 2 and
orbitally stable when 0 < o < 1. Recently, Fukaya [2016] proved that the solitary waves are orbitally
unstable if ¢ = 2zp+/@ when % < 0 < 2. More recently, Tang and Xu investigated stability of the sum of
two solitary waves for (gDNLS) (see [Tang and Xu 2017] for more details). Before Liu et al. [2013],
Hao [2007] considered (gDNLS) and proved the local well-posedness in H 172(R) when o > % Santos
[2015] proved the existence and uniqueness of a solution u € C([0, T']; H 1/2(R)) for sufficiently small
initial data when o > 1. Recently, Hayashi and Ozawa [2016] proved local well-posedness in H!(R)
when o > 1 and that the following quantities are conserved:

1

E(u) := %)|9ull7, — e Re/RiW“ﬁaxudx, (Energy)

M) = ||ull7, (Mass)

P(u) := Re/ i10,uudx. (Momentum)
R

Moreover, they proved global well-posedness for small initial data. They also constructed global solutions
for any initial data in H I(R) in the case 0 < o < 1 (L2-subcritical case). However, in the case o > 1
(L?-critical or supercritical case), there has been no global existence result for large data. In the present
paper, we investigate global well-posedness for (gDNLS) in the case o > 1 by a variational argument.
More precisely, we give a variational characterization of solitary waves and a sufficient condition for
global existence of solutions to (gDNLS) by using the characterization. Such an argument was done for
nonlinear hyperbolic partial differential equations by Sattinger [1968] (see also [Tsutsumi 1972; Payne
and Sattinger 1975]). Our argument is also applicable to (DNLS). Indeed, the variational argument gives
another proof of the result by Wu [2015]. Moreover, we prove that the solution of (DNLS) is global if the
initial data u( satisfies ||u0||i2 =4 and P(ug) <O.

1B. Main results. To state our main results, we introduce some notations. Let (w, ¢) satisfy

w>c*/4 or w=c?/4andc> 0. (1-5)
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For (w, c) satisfying (1-5), we define
Sw.c(@) = E(p) + 30M (9) + 3¢ P(9).

We denote the nonlinear term by

N(p) ::Re/ ilo|*° poyp dx.
R

We define
~ 1
1 2 1 1.2 2 2042
Sw.c(¥) == 310912, + 2w — 1AV, + ——— 200 +2) I 13555 — 5o N
Then, we have S, (@) = Sp.c(e~“/?*¢) by using the identities
cP (@) = —13cpll7. — 1 llol7, + 13x (e~ o) |17, (1-6)
N(p) = —5cllol3%53 + N(e™ /P g). (1-7)

We denote the scaling transformation by ff’ﬁ(x) := ¢%* f (e~P*x) for (a, B) € R? and any function f.
For (o, B) € R?, we define

Kol @) = 8,50,(07 ) mo,

K3l () = K3l (e /).

By a direct calculation, we have the explicit formulae

K2By) = (8, .. aw—ﬂxaxw

Za ﬂ 20+ B c? 2 {Qo+a+Ble o510
105117, + 5 (“"Z)'WHH 300 12) IVl 20 —aN (),

K@) = <S;,C<e*“/2’”<p>, ae” P g—pxi (eI y))
= (8},,0(9), ap+5cifxp—Pxdcp)

20— 20+ 2a
= Tllaﬂplliz-i-( 7 w——ﬁ) lll7.+——

where we have used (1-6) and (1—7)

Remark. (1) If 8 # 0, then K, C is different from 1, ((p) = 0 So, C(gax )| »=0- Indeed, the explicit

formula of Ia, Cﬁ 18

ﬂ IB 2042
P -
3 c (‘P)+2(2 2 llell 12042

—aN(p),

- B 2 20+ B

120 (p) = el + =

wll@ll?, + caP(p) —aN(p).

We note that K» 0 . coincides with 15 0 and especially K L}) 0 =1, 1.0 . 1s nothing but the Nehari functional.

w,C?
(2) It is not clear whether the momentum P is positive or not. That is why we introduce Sw,c by using
(1-6). Such an argument can be seen in [Bellazzini et al. 2014b] (see (14) therein for the details).

(3) The functional K, f;f is more useful to obtain the characterization of the solitary waves when v = c? /4
and ¢ > 0 than Iffjf since Kgi‘g contains the L?°*2-norm (see the proof in Section 2B).
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4) §w,c and ng are relevant to the elliptic equation
—Y" (@ g+ ey Y — iy Y =0, xeR.
We define the following function space for (w, c) satisfying (1-5):
H'(R) if w > c?/4,
Xoc =1 1 2042 . 2
H' RNL (R) ifw=c"/4andc>0.
We consider the following minimization problem:
ek = inf{Su,c(9) 1 e P9 € Xy \ (0}, K52 () = 0}
= inf{Su.c (V) : ¥ € Xoo \ {0}, K2E(y) =0}

Remark. (1) We note that the solitary waves ¢.2/4 . do not belong to L?(R) when o > 2. Therefore,

we define X2 . 1= H'(R) N L2*2(R) to characterize the solitary waves ¢, /4,c (cf. [Kwon and
Wu 2016]).

(2) Sc2/4, seems meaningless on the function space {¢ : e~ /Y™ € X2, .} since S/, . contains
L?-norm. However, in fact, S /4. 1s well-defined on the function space since S.2 4 . is defined
on H'(R) N L***%(R) and the equality S.2/4 .(¢) = S.2/4 .(e~“/?*¢) holds. Similarly, K“zﬁ is
well-defined on this function space.

(3) Since ¢ € H'(R) if and only if e=/2*¢p € H'(R), when w > ¢?/4, we have
Wl = inf(Su.c(p) 19 € H' R\ {0}, K&E () =0).
However, when o = ¢%/4 and ¢ > 0, the above equality does not hold.
We assume that («, B) € R? satisfies
{205—,3>0, 20+ >0,and fc <0 whenw > c?/4,
20 —f>0,2a+p>0,and B <0 whenw=c?/4andc>0.
We define some function spaces:
M3l =g e TPNg € Xy N0}, Suc(p) = uih, KiL(w) =0,
Goc =919 € X\ (0, S, (9) = O}

We give the following characterization of the solitary waves.

(1-8)

Theorem 1.1. Let o > 1, (w, ¢) satisfy (1-5), and («, B) satisfy (1-8). Then,
MEE =, = (P, (- —x0): 60 €[0,27), x0 € R},

Theorem 1.1 also means that MZ)*Z and ///a‘ff are independent of (o, 8) and //lgf is not empty. Thus,
we denote ug’g by iey.c-
We define |
HPT =1p e H'(R): S0.0(9) < pwer KEE(9) =0},
HSP T = € H'(R) : Sp.c(9) < fov.er KS(9) <0}

The characterization by Theorem 1.1 gives us the following sufficient condition for global existence.
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Theorem 1.2. Let o > 1, (w, ¢) satisfy (1-5), and («, B) satisfy (1-8). Then, %Of’cﬂ’i are invariant under
the flow of (gDNLS). Namely, if the initial data uo belongs to % ’Cﬁ ’i, then the solution u(t) of (gDNLS)
also belongs to %Of’cﬁ o+ forall t € Iy, where I, denotes the maximal existence time.

Moreover, if the initial data ug belongs to )i{f ’f + for some (w, c) satisfying (1-5) and («, B) satisfying
(1-8), then the corresponding solution u of (gDNLS) exists globally in time and

lull oo 11 @y < Cluoll g1)s
where C : [0, 00) — R is continuous.

Recently, Miao et al. [2017a] independently obtained the results similar to Theorems 1.1 and 1.2 when
o = 1. We will compare their method with our argument in the remark on page 1156.
We show that Theorem 1.2 gives us some interesting corollaries for (DNLS).

Corollary 1.3. Let o = 1. If the initial data uy € H'(R) satisfies ||uo||i2 < 4w, then the solution of
(DNLS) is global.

Two proofs have been known for Corollary 1.3. One was obtained by Wu [2015] and another one by
Guo and Wu [2017]. We give another proof by Theorem 1.2. We compare the methods of [Wu 2015;
Guo and Wu 2017], which depend on the sharp Gagliardo—Nirenberg-type inequality, with our variational
argument. Using the gauge transformation to the solution of (DNLS)

u(t,x):w(t,x)exp<—£/x Iw(t,x)lzdx), (1-9)

—00

then w satisfies the equation

idw+ 02w+ 3ilw?d,w — Hiw*dh W+ lwl*w =0, (t,x)eRxR, (1-10)
w(0, x) = wo(x), x eR.
The energy and the momentum are transformed as
Ew) = 3l1dxwli7> — 55wl
P(w) = Re/ i wwdx + § w7
R
Hayashi and Ozawa [1992] used the sharp Gagliardo—Nirenberg inequality
4
1F18s < = 1F117200: 117 (1-11)

v

in order to obtain an a priori estimate in H! (R). We note that the optimizer for the inequality (1-11) is
given by O := ®; ¢ and Q satisfies the elliptic equation

-0"+0- %0’ =0. (1-12)

Hayashi and Ozawa [1992] proved the H !_solution of (DNLS) is global if the initial data ug satisfies
||u0||i2 = ||w0||i2 < Q||i2 = 21 (see also [Weinstein 1982]). Wu [2015] used not only the energy but
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also the momentum and the sharp Gagliardo—Nirenberg inequality

_ 16/3 2/3
LIS < 3@m) 3 £11L52 10, £1175 (1-13)
We note that the optimizer for the inequality (1-13) is given by W := ®; 4 ; and W satisfies the elliptic
equation
—W AW — 2w =0. (1-14)
Wu [2015] proved that the H'-solution of (DNLS) is global if the initial data uq satisfies ||uo||i2 =
||wo||i2 < || Wlli2 = 4. His proof depends on a contradiction argument. Supposing that there exists

a time sequence {f,},en With #;, — Tax or —Tin such that ||0,w(t,)]|;2 — o0 as n — 00, where
(—Tinin> Tmax) 1s the maximal time interval, he mainly proved that X = ||w(t,l)||8L4 / ||w(t,,)||?‘6 satisfies
X3 — w7, X* +16{3(27)"**}3||w||7, < 0, but this does not hold when [w||?, < 47. On the other
hand, Guo and Wu [2017] gave an a priori estimate directly for (1-10) by the sharp Gagliardo—Nirenberg
inequality (1-13). More precisely, they showed in [Guo and Wu 2017, Lemma 2.1] the inequality

||w||Lz) 8/TEW) w2
27 w4,

and thus, ||8xw||i2 is bounded by P and & if ||w||%2 < 47 [Guo and Wu 2017, Lemma 2.2]. In our
variational argument, we do not use a contradiction argument, the gauge transformation like (1-9), or any

P(w) > inwn‘;(l — (1-15)

sharp Gagliardo—Nirenberg inequality.
We give the global existence result in the threshold case by Theorem 1.2.

Corollary 1.4. Let o = 1. We assume that the initial data ug € H' (R) satisfies ||u0||i2 =4m. If P(up) <0,
then the solution of (DNLS) is global.

After submitting the present paper, Guo pointed out that Corollary 1.4 can be obtained by (1-15). We
also give the proof by (1-15) for the reader’s convenience.
The following corollary means that there exist global solutions with any large mass.

Corollary 1.5. Let o > 1. Given ¥ € H'(R), set the initial data as ug . = e'“/?™*+. Then there exists
co > 0 such that, if c > co, then the corresponding solution u. of (gDNLS) is global.

Remark. The existence of blow-up solutions in finite time is still an open problem. It might be a very
interesting problem whether finite-time blow-up occurs when the initial data u( satisfies ||u0||i2 =4r
and P (ug) > 0.

1C. Compare DNLS with mass-critical NLS. Equation (DNLS) is L2-critical in the sense that the

equation and L?-norm are invariant under the scaling transformation

2y, yx), y>0.

uy(t, x) =y
The same invariance holds for the quintic nonlinear Schrédinger equation in one-dimensional space:

idu+oju+ Zlul'u=0, (@, x)eRxR. (1-16)
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This equation has the same energy as (1-10). It is known that (1-16) is locally well-posed in the energy
space H'(R) and the solution is global if the initial data u satisfies ||uo||i2 < || Q||2Lz, where Q is the
ground state of the same elliptic equation (1-12). The condition ||uo||i2 <l Q||i2 is equivalent to the
condition obtained by the variational argument. In this argument, the momentum is not essential since
(1-16) is invariant under the Galilean transformation, and thus, we may assume that the momentum is zero.
On the other hand, (DNLS) is not invariant under the Galilean transformation. Therefore, the condition
by the variational argument is better than the assumption ||ug ||i2 < ||W ||i2 = 4. Indeed, the momentum

and the parameter ¢ play important roles in Corollaries 1.4 and 1.5.

1D. Idea of proofs. The proof of Theorem 1.1 is based on the method of Colin and Ohta [2006] (con-
centration compactness method). They characterized the solitary waves for w > ¢?/4 when o = 1 by the
Nehari functional / al;y?.. However, in the case w = ¢?/4 and ¢ > 0, we cannot apply their argument directly
since the L?-norm in / al)’g disappears by (1-6). Therefore, we introduce the new functional ngf for («, B)
satisfying (1-8). We can use the L?°*2-norm instead of the L?-norm by using ngf . That is why we
introduce the function space X,, . as H' N L**2 in the massless case (i.e., = ¢2/4 and ¢ > 0). Noting
that the solitary waves ¢.2 4 . do not belong to L*(R) when o > 2, the function space X, . is essential to
obtain the characterization of the solitary waves ¢ . J4,cr Based on the argument of Colin and Ohta [2006],
we characterize the solitary waves ¢.2 4 . by Kg’f.. By the conservation laws and the characterization
of the solitary waves, we get an a priori estimate and thus obtain Theorem 1.2. The corollaries follow
from Theorem 1.2. In their proofs, the parameter ¢ plays an important role. More precisely, taking ¢ > 0
large, we get the corollaries. At last, we emphasize that we do not use the sharp Gagliardo—Nirenberg
inequality and we do not apply the gauge transformation to (gDNLS) since the equation after applying
the transformation is complicated unlike (DNLS).

Remark. Miao et al. [2017a] treated the case of 0 = 1. They considered (1-10) by using the gauge
transformation and defined the action by S, . := £ + wM /2 + ¢P/2. They applied a concentration
compactness argument to give the variational characterization of the solitary waves. Then, they use the
Nehari functional IC,, . derived from the action S, .. The explicit formula of ICy, .. is

. 2 3 6 2 . — 1 4
Koo (w) = 195w, — 2w + wllw]2, +cRe/Rlaxwwdx + el

They defined
e ={p € H(R) : S0.c(9) < Spc(B.c), Kune(p) =0},

and they also showed that %afc are invariant under the flow of (1-10) and the solution to (1-10) is global
if wg € ,safajf . for some (w, ¢). The functional K, . is useful to characterize the solitary waves ¢ 4 . since
it contains L*-norm. Namely, one can use the Nehari functional by the gauge transformation. On the
other hand, we cannot use the Nehari functional when we do not apply the gauge transformation, and
thus, we introduce the new functionals K f;'f .

The rest of the present paper is as follows. In Section 2A, we prepare some lemmas to obtain the
characterization of the solitary waves and prove the a priori estimate (see (2-2)). In Section 2B, we give
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the characterization of the solitary waves ¢.2 4 .. We remark that the characterization of the solitary waves
P for w > 2 /4 can be obtained in the same manner as in [Colin and Ohta 2006], and then we omit the
proof. Section 3 is devoted to the proof of Theorem 1.2 and the corollaries. In the Appendix, we show that
there is no nontrivial solution of the nonlinear elliptic equation (1-4) if w < ¢*/4, or @ = ¢?/4 and ¢ < 0.

2. Variational characterization of the solitary waves

2A. Preliminaries. We define function spaces
AL =Y € X\ (0} : S () = uh, KEP () =0),
Goc =¥ € Xop.c \ {0} : 5, .(¥) =0}
In this section, we prove the following proposition, which gives Theorem 1.1.
Proposition 2.1. Let (w, ¢) satisfy (1-5) and (o, B) satisfy (1-8). Then
MEE =Gy =™ TP, (- —y):0€[0,27), y R}
Indeed, Theorem 1.1 follows from Proposition 2.1 and the following properties:

pe Ml = e “Ppe q%P

w,c’
—(c/2)ix

(pegw,c — e ¢€%,c,

where we note that gc/oﬁc(e_("/z)"xw) = (/2] () holds.

To prove Proposition 2.1, we prepare some basic lemmas. We have the Gagliardo—Nirenberg-type
inequality.
Lemma 2.2. Let p > 1. We have the estimate

L% < 2P £ 175 51100 £ 1 2. @-1)

Proof. By the Holder inequality,

*d
| f(x)[?P = f d—(lf(y)lz”)dy
X

—00

= f 2plfIPP 2 Re(f (1) (@5 f)(»)) dy

<2pIFIPP7 ) 2 18 £l 2

2p—1
=2pll Fll 219 £l 2

Taking the supremum, we obtain (2-1). (]

We have the Lieb compactness lemma. See [Lieb 1983] for p = 2 and [Bellazzini et al. 2014a, Lemma
2.1] for more general setting.

Lemma 2.3. Let p>2andd eN. Let { f,,} be a bounded sequence in H! (RHYNLP(RY). Assume that there
exists g € (p, 2*) such that limsup, || fullLe > 0. Then there exist {y,} and f € H'(R?) N LP(R%)\ {0}
such that { f,(- — y,)} has a subsequence that converges to f weakly in H! (R4 N LP(RY).
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We have the Brézis—Lieb lemma [1983].

Lemma2.4. Letd eNand 1 < p < oo. Let { f,,} be a bounded sequence in LP(R?) and f, — f a.e. in RY.
Then

£l 2o =W fa = FIZo = N FNIZ, = O.

If { f,} is a bounded sequence in L>(R?) and f, converges to f weakly in L*>(R?), then the statement with
p =2 holds.

A direct calculation gives us the following relation.

Lemma 2.5. We have

- _ Rt 2000+ 12 2 200—B 5 Bc o osin
(20 +2)S0.c () = KGe () + ———19x Yl + (@— ) —— s Wl =55y 1Vl
(2-2)

We denote the difference o(20 +2)S, (V) — K&E () by

200 + B 2000 — B ,8
o /3 —_ " -1 2 20+2
Joe (W) = 10xll72 + (@ — ) ——— 7 Wl = 200 12) YN LA T

2B. Variational characterization. First we consider the case of @ =c¢?/4 and ¢ > 0. Then («, B) satisfies
20— B >0, 20+ 8 > 0, B <0. (2-3)
Hereafter, we often omit the indices w, ¢, o, and § for simplicity.
Lemma 2.6. The following equality holds:
Gy e = D™ Dixg, (- —x0): 60 € [0, 27), x0 € R}.

Proof. Since e~ (“/Pixg, . satisfies E;)’C(e_(c/z)"%w,c) = e_("/z)ixS;)’C(qu,c) = 0, we have %,c D
{eifhe=(/Dixg (- —xp) : 6y € [0,27), xg € R}. We prove &, . C {efe=/Dixg (. —x): 6 €
[0, 27r), xo € R}. Letting ¢ € %, . and

w(x>=<1><x)exp( = +2/ |<1>(y)|2"dy)

then ® is a solution of

20 +1 _
o+t 1% d + —2 |02 Im(PD')d = 0.

_cD// 1 (IDZU(I)——
+acl®] 20 +2) o+1

Setting A(®) := 1c|®[** — (20 4+ 1)/ (20 +2))|@[** + (o/(0 + 1)|®[** 2 Im(P D), f :=Re ®, and
g:=Imo,
f"=A@)f, g =A(D)g.

Therefore,

(g —gfY =rfe¢" —gf" = fA(DP)g—gA(D) f = A(D) fg — A(D) fg =0.
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Since f, g € H'(R)N L2 *2(R), we obtain fg’ — gf’ = 0. On the other hand, fg’ — gf’ =Re ® Im &' —
Im ® Re &’ = Im(®®P’). Thus, Im(®P’) = 0 for any x € R. Therefore, ® satisfies

20 +1

| ®* D =0. 2-4
(20_+2)2| | (2-4)

—CD//+ %C|q>|20q> _
Therefore, there exist 6y and xo such that & = ¢'% ®,, (- —xp) since D, is the unique solution of (2-4)
up to translation and phase (see the Appendix). This implies ¥ (x) = /e~ /2x¢,, .(x — xp). O

Remark. According to [Colin and Ohta 2006], it looks natural to take the integral on the infinite interval
(—o00, x] in the gauge transformation as

w<x>=<1><x)exp<—2g’ﬁ |<I><y>|2“dy).

However, in the massless case, it is not clear whether ¢ € %,c belongs to L?°(R). This is why we take
the integral on the finite interval [0, x] instead of (—oo, x].

Lemma 2.7. We have 4, . > 4.

Proof. This is obvious if .#Z = @. We consider the case of .# # @. Let ¢ € ./ . Since v is a minimizer,
there exists a Lagrange multiplier # € R such that §’(1//) = nE "(4). Then

0=K@W) = (W), 09" lrzo) = n(K' (). 95 hizo) = 0 K @50,
where we remark that this is justified by a density argument. By a direct calculation, we obtain

(2a — B)? (o +2a+ By  sin (20 +2)a)

R Dlico = =50 e =~ S S I — S N W)
_ —Qa—p)2oa+p) 2y AQo+2a+ BB 5o ~
= 5 0x¥rlly >+ 300 12) ¥ 117255 + 2o +2)aK(Y)
<0,

where in the last inequality we use

20—B>0, 2a+B>0 B<0, K@) =0.
Therefore, n = 0. This implies §;’c(z/f) =0 and then ¢ € 9, . O
Lemma 2.8. We have %,c C ///:‘ffé3 if ///200%8 #* .

Proof. Let ¢ € ¢. Then there exist 6 € [0, 277) and x € R such that ¢ = ei%e=(/2ixg (. —xq) by
Lemma 2.6. If .# # &, then we can take ¢ € M. By Lemmas 2.6 and 2.7, there exist 6; € [0, 27) and
x1 € R such that ¢ = e®1e=©@/Dixg (. —x). Thus, Sy (V) = Sp.c(Po.c) = Sw.c (@) = to.c. Moreover,
we have K () = (8], (), 8,95 [120) = 0. O

Lemma 2.9. We have //ng #“ Q.

To prove this lemma, we show the following proposition.
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Proposition 2.10. Let {1, },en C X ¢ satisfy
Swc(n) = uih and  K3L,) — 0.
Then there exist {y,} CRand ¢ € //Z(,‘j‘;c such that {yr,(- — yn)} has a subsequence which converges to
strongly in X, ..
To prove this proposition, first, we prove the following lemma.
Lemma 2.11. We have /Jfff,’f > 0.

Proof. We recall that u&%% = inf(S, () : ¥ € Xo.c \ {0}, K2F () =0}. By (2-2), it is trivial that y > 0.
We prove 1 > 0 by contradiction. We assume that ;© = 0. Taking the minimizing sequence {y,} C X, ¢,
i.e., §(1ﬁn) — u =0 and E(wn) = 0, we have ||8x¢n||i2 — 0 and ||wn||i§j+22 — 0 by (2-2) and (2-3).
Then, by using (2-1) with p = (o0 +2)/2, we get ||, | Lo — 0 as n — 00. By using

—N) = =109 117. — FIW 1155 + 10w + 3ilv ¥ 3.

we obtain
- 200 — B 2 {20 +2)a + B)c 2ot
KW = 10l + =5, 5y 1Vl — N ()
{20 +2)a + B)c ) |
= —3Bl0Ynllg: + = G012 W52 = Yl 14952 + alloxn + il9a 2 ¥l
{20 +2)a + B}c o2 1 roia
Z 2(20' +2) ||‘pn”L2a+2 - ZO[”lﬂn|lL4U+2
{20 +2)a + Blc ;
Z 500 12) 113555 = 3ol ¥ull 35 3 m 17%
{2o +2)a + B}c 1 ) 2042
= ( 2(20’ + 2) - Zalh/f” ”LUC’O ”wn ||L(§a+2
>0,

for large n € N since ||, ||~ — 0 as n — oo. However, this contradicts K (W) =0forallneN. 0O

Proof of Proposition 2.10. We take {,} C X, . such that §w,c(wn) — M‘;‘)'ﬁ and I?g’,f(wn) — 0. Then,
{¥»} is a bounded sequence in X,, . by (2-2).

Step 1. We prove limsup,,_, -, || || 1 4+2 > 0 by contradiction. We suppose that lim sup,,_, . || || p40+2 =0.

Since
{20 +2)a + Blc 2642

0« KWn) > —3B10:Yull? + 0o 12l - Yol gl 3%3,

we obtain |0, 17, — 0 and ||, ||i‘§;’+22 — 0 as n — o0o. By (2-2), we get S(¥,) — 0. This contradicts
u > 0.

Step 2. Since {1, } is bounded in X,, . = H'(R)NL>**+2(R) and limsup, . . [[¥,]| j40+2 > 0, by applying
Lemma 2.3 with f, =,,d =1, and p =20 42, there exist {y,} and v € X,, . \ {0} such that {y,(- —y,)}
(we denote this by v,) has a subsequence that converges to v weakly in X, ..
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Step 3. We show

KWy —K@w—v,)— K@) =0 asn— oo. (2-5)
We note that
~ {20 +2)a + B)c )
K@) =3Bl w7+ 113553 = el w1152 + alldvy + Sily P v )7, (2-6)

220 +2)
for any ¥ € X, .. Since v, converges to v weakly in X, ., we have v, — v a.e. in R. Therefore, by
Lemma 2.4, we have ||vn||€,, — v, — vlli,, - ||v||i,, — 0 for 20 4+ 2 < p < oo. Moreover, setting

Wy i= 0xVy + il vy and  w =30+ Jilv[*v,

w, converges to w weakly in L?(R). Indeed, it is obvious that 8,v, — ;v in L2(R) and we have, for
any f € C°(R),

/R F ) (0 () 0, (x) = [v(x)]* v(x)) dx

,sf f|f(x>|<|vn<x>|2“+|v<x>|2")|vn<x>—v(x>|dx
supp ,

5/ [vn(x) —v(x)[dx — 0,
supp f

where we use the Holder inequality, the fact that {v,} is bounded in L*°(R), and the compactness of
the embedding H' () N L2+2(Q) — H(Q) — L’ () for a bounded domain 2 C Rand 1 < p < oo.
Thus, w, converges to w weakly in L*(R). Therefore, by (2-6), we get (2-5).

Step 4. We prove a (20 +2)u < f(l//) if E(I//) < 0. By the definition of pu,

ap infl J%B8 . KB — _
Kt = ey UL W) 0 € Xo o\ (O Rty =0) @7)

If ¥ € X, . satisfies I?(xﬁ) < 0, then there exists Ay € (0, 1) such that I?(kox//) = 0 since I?(M//) > 0 for
small A € (0, 1). Therefore, we have ¢ (20 +2)u < j()\.()l//) < j(l/f).

Step 5. We prove K (v) <0 by contradiction. We suppose K (v) > 0. Since K (v,) — 0 and (2-5) hold,
I}'v(v—vn)—> —I?(v) <O0.

This implies that I?(v —v,) < 0 for large n € N. Therefore, by Step 4, we get (20 +2)u < J (v — vy,)
for large n € N. By the same argument as in Step 3,

j(vn)—f(v—vn)—j(v)—>0 as n — 00.

Therefore, we get f(v) = limn%oo(j(vn) — f(v —vy,)) <0 since we have f(vn) — (20 +2)u by the
definition of J and K (vy) — 0. By Step 2, we have v # 0 and then J(v) > 0. This is a contradiction.

Step 6. We prove that v belongs to .. By (2-7) and the weakly lower semicontinuity of J, we obtain
(20 +2)u < J (v) <liminf J(v,) =« (20 +2) .
n—oo

Thus, f(v) = o(20 + 2)p and v, converges to v strongly in X,, .. Therefore, we get g(v) = u and
K (v) =0 by Steps 4 and 5. O
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Therefore, we obtain Proposition 2.1 when w = ¢?/4 and ¢ > 0.

The case of w > ¢?/4 is much easier. Indeed, we can obtain Proposition 2.1 by the same argument as
in the case w = ¢?/4 and ¢ > 0 by using L>(R) instead of L**2(R). See also [Colin and Ohta 2006],
where the statement only for the Nehari functional K Y is obtained. Thus, we omit the proof.

3. Global existence

In this section, we show Theorem 1.2.

Proof of Theorem 1.2. Let ug belong to %‘f’cﬂ o First, we consider the case that ng’f (ug) = 0. Then,
uyg=0oruy= e"eod)wyc(- — x0) by Theorem 1.1. By the uniqueness of solution to (gDNLS), we have
u(t)=0oru(t) = eieoe"“”qﬁw,c(x — ¢t — xg), respectively. This implies that ngf (u(t)) =0 for all time.
This means that u(z) € Ji/wof’cﬂ "+ for all time. Next, we consider the case that ng*f (uo) > 0. We suppose
that there exists a time ¢ such that ng’f (u()) <0. Then there exists z, such that Kgif (u(ty)) =0 by the
continuity of the flow. By the above argument, K, *h "¢ (u()) =0 for all time. This is a contradiction. Thus,
u(t) belongs to Jif *B+ for all time. When ) belongs to jif ®p.= , the same argument implies that u(7)

belongs to .7, ¢ P for all time. Next, we prove that the solutlon is global if ug € 7, ¢ bt . Then, since
200+ p B Be
@20 +2)S0.c(9) =KL (@) +———lldsg—jeiplf+(@— e )T”g"”%z muwni‘;ﬁ;

(3-1
and Kg L’S (u(t)) > 0 for all time 7, we have that ||0,u(t) — czu(t)|| is uniformly bounded. Therefore,

19:u @)l 2 < 19u(r) = geiu(@) 2+ 5lellu@ 2 < C + 5lelluoll 2,

for some positive constant C independent of 7. This boundedness and the conservation law of the L?-norm
imply that « is global in time. O

We give proofs of Corollaries 1.3, 1.4, and 1.5. Direct calculations imply the following lemma (see
[Colin and Ohta 2006] for the details).

Lemma 3.1. Let 0 = 1 and (w, c) satisfy (1-5). Then, we have the relations
2Jw+c
2Jo—c’
P(¢w,c) =2vV4w — CZ’

E($u.c) = —3cvdo — .

M(¢p.c) =8tan™'

In particular,

2
Sw,c(¢w,c) =4w tan_l 2? _c éCV 4o — 6‘2
Remark. When o = 1, we have M (¢.2/4 ) = 47, P(Ppc2a) =0, and E(d24,) = 0 for all ¢ > 0 by
Lemma 3.1. On the other hand, if M (¢) =4m, P(¢) =0, and E(¢) <0, then ¢ (x) = e"eoqbc(z)/zhc() (x —x0)
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for some 6y € R, xp € R, and ¢¢ > 0. Indeed, M (¢) = 4m, P(¢) =0, and E(¢) <0 imply that

ﬂlla Slig. + Z_ﬂczmﬁnqsnit

(¢) < O for small ¢ > 0 and K% 2/4 (¢p) — 400 as ¢ — 00, there exists ¢cp > 0 such that

62/4 c (¢)

a.p
Slnce K2/4

2 / 4 c (¢) 0. Therefore, Theorem 1.1 implies that ¢ (x) = e 90('2563 J4.¢o (x — xp). Note that this means
that there is no function satisfying M (¢) =4n, P(¢) =0, and E(¢) < 0.

First, we prove Corollary 1.3.

Proof of Corollary 1.3. Let ug satisfy ||uo||i2 < 47. The statement is trivial if ug = 0. We assume that
ug # 0. Since |Juol|?, < 47,

Se2/a.c (o) = E(uo) + ¢ luoll7» + 3¢ P(ug) < ¢*m/2,

for sufficiently large ¢ > 0. Moreover, since ||140||i2 #0,

/3 —Bc 20— B Bc
K0, (o) = 1ol + > 5 ol + == P o) + - luollEs — N (o)
— 00 asc— 00, (3-2)

for any (o, B) satisfying (1-8). Thus, K (uo) > ( for large ¢ > 0. Thus, there exists ¢ > 0 such that

K02/4 c
By Theorem 1.2, the solution u is global. ]

(ug) > 0and Se2 4 (1) <c 71/2 where we note that 124 . = ¢ 27 /2 by Lemma 3.1 when o = 1.

Secondly, we give a proof of Corollary 1.4 by Theorem 1.2.

Proof of Corollary 1.4. Let uy satisfy ||uo||L2 =4 and P(up) < 0. We recall that u.2 /4 . = c>m/2 by
Lemma 3.1 when o = 1. Since P (up) < 0, we have, for large ¢ > 0,

Se2 /4.0 (0) = E(ug) + 37 + SeP(ug) < pre2 ..

On the other hand, because 2o — 8 > 0 and ||M0||i2 # 0, we obtain (3-2). Thus, Kfz’ﬁ‘ c(“(’) > 0 for large
¢ > 0. This means that the assumption in Theorem 1.2 holds for sufficiently large c. This implies that u
is global. O

We give another proof. This is due to [Guo and Wu 2017].
Another proof of Corollary 1.4. We have

P(u) > i||u||i4<1 _ ”“”LZ) | SYTEW |l

27 luell2,

applying the gauge transformation u = w exp(—}li ffoolw(y)l2 dy) to (1-15). See [Guo and Wu 2017,
Lemma 2.1] for the proof of (1-15). When ||uo||i2 =4 and P(up) < 0, we get
8/ E (uo) lluoll 2

4
lu@) ;4 < o) . (3-3)
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Therefore, by the Holder inequality, the Gagliardo—Nirenberg inequality, and the Young inequality,

135 ()13, = 2E (1) + % Re f ilu(t, x)[u(t, x)du(t, x) dx
R

< 2Euo) + 5llu®)|1 36 1)l 2
< 2E(uo) + Cllu) I}y 0@
< 2E(uo) + Cllu@®)3s + 3 105u(®)|7,.
This inequality and (3-3) give an a priori estimate, and thus, the solution is global. (]

At last, we prove Corollary 1.5.
Proof of Corollary 1.5. Let o > 1. Since ug . = /2y,

S02/4,c(u0,c) = §c2/4,c(w)

1
1 2 2042
=19 v — Ny
2” x1/f||L2 2(2 2) ” ”L20+2 20 2 ( )

<cVOS 41 (@1741) = Se2jac(Bezya ),
K?jﬁkc(uo,c) = 02/4 c W)
—B » Qo +2)a+ Bl

20
= 51Vl + =5 s WIS —eN )

>0,

for large ¢ > 0. By Theorem 1.2, therefore, the solution u, with the initial data ug . is global for large
c>0. ]

Appendix: Uniqueness and nonexistence

We prove the uniqueness of the massless elliptic equation.
Proposition A.1. Let 1 < p < g <00,a > 0, and b > 0. Assume there exists a nontrivial solution in
H'(R) N LPTY(R) of the equation

—¢" +algl” g —blpl*'p =0 (A-1)
in the distribution sense. Then there exist 0y € [0, 2m) and xy € R such that ¢ = eieOw( - — X0), where
is the unique positive, even, and decreasing function which satisfies (A-1).

Proof. Since alp|P~ o —blp|9 @ belongs to L?*(R), we obtain ¢ € H 2(R). A bootstrap argument gives
us that ¢ € H 3(R). By the Sobolev embedding, ¢ € C*(R) and ¢ satisfies the equation in the classical
sense. Multiplying the equation by ¢’ and integrating on (—o0, x), we obtain

b
—1e' ) + Tlox NP — —— ()7t = 0. (A-2)
qg+1

We write ¢ = pe'?, where p > 0 and p, 0 € CZ(R). It is easily seen that 6 = 6y for some 6y € [0, 27).
Since p € LP*(R), there must exist xo € R such that p’(xg) = 0. By (A-2), p(x0) = c, where ¢ 7 =
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(a(g +1))/(b(p + 1)). Let ¥ be the real-valued solution of (A-1) such that ¥ (0) = ¢ and v'(0) = 0.
Using the uniqueness of the ordinary differential equation, we can deduce that ¢ = ¢/®y (- —xp). O

We prove the nonexistence of a nontrivial solution to the nonlinear elliptic equation (1-4) in the case
w < c2/4, or w = c2/4 and ¢ < 0. See [Berestycki and Lions 1983, Theorem 5] for the necessary
and sufficient condition for the existence of nontrivial solutions to more general second-order ordinary
differential equations.

Proposition A.2. Let 1 < p, q < 0o. If ¢ € H'(R) satisfies
—¢" +wp+alplP Lo —ble|7 ' =0 in the distribution sense,
where a, b € R and w < 0, then we have ¢ = 0.

Proof. By a usual bootstrap argument [Cazenave 2003, §8], we have ¢ € H 3(R). We getpeC 2(R) by
the Sobolev embedding. Therefore, ¢’(x) — 0 and ¢(x) — 0 as |x| — oco. Multiplying the equation
by ¢’ and integrating on (—o0, x), we obtain

_ Ly 2,1 2, 9 P+1_L a+l _ A-3
319 (07 + 30lp(x)] +p+1|¢(X)| q+1|90(X)| : (A-3)
Since ¢(x) — 0 as |x| — oo, we get

1 2 a p+1 b q+1
sole(x)] 4+ ——|ex —— o <0 for some x
s0le(x)] erl|</J( )| q+1|<ﬂ( )|

or

lp(x)| =0 for some x.

In the former case, we obtain |¢’(x)| < 0 by (A-3). This is a contradiction. In the latter case, we obtain
l¢’(x)| = 0 by (A-3). By the uniqueness of the ordinary differential equation, we get ¢ = 0. ([l

By the same argument as in the proof of Proposition A.2, we obtain the nonexistence of a nontrivial
solution to the nonlinear elliptic equation (1-4) when w = ¢?/4 and ¢ < 0 as follows.

Proposition A.3. Let 1 < p, g < 0o. If ¢ € H'(R) N LPtY(R) satisfies
—¢" —alp|’ o —bl|9 Yo =0 in the distribution sense,

where a > 0 and b > 0, then we have ¢ = 0.
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LOCAL DENSITY APPROXIMATION FOR THE ALMOST-BOSONIC ANYON GAS

MICHELE CORREGGI, DOUGLAS LUNDHOLM AND NICOLAS ROUGERIE

We study the minimizers of an energy functional with a self-consistent magnetic field, which describes a
quantum gas of almost-bosonic anyons in the average-field approximation. For the homogeneous gas we
prove the existence of the thermodynamic limit of the energy at fixed effective statistics parameter, and
the independence of such a limit from the shape of the domain. This result is then used in a local density
approximation to derive an effective Thomas—Fermi-like model for the trapped anyon gas in the limit of a
large effective statistics parameter (i.e., “less-bosonic” anyons).
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1. Introduction

A convenient description of two-dimensional particles with exotic quantum statistics (different from
Bose—FEinstein and Fermi—Dirac) is via effective magnetic interactions. We are interested in a mean-field
model for such particles, known as anyons. Indeed, in a certain scaling limit (“almost-bosonic anyons”, see
[Lundholm and Rougerie 2015]), a suitable magnetic nonlinear Schrodinger theory becomes appropriate.
The corresponding energy functional is given by

E4Mu] == /Rz(|(—iv+ﬁA[|u|2])u\2+V|u|2), (1-1)

acting on functions u € H'(R?). Here V : R*> — R™ is a trapping potential confining the particles, and
the vector potential A[|u|*]: R*? — R? is defined through

Algl:=V¥woxo, wo(x) :=log x|, (1-2)
for 0 = |u|> € L'(R?) and x* = (x, y)* := (—y, x). Thus, the self-consistent magnetic field, given by
curl A[o](x) = Awg * o(x) =2mo(x),

MSC2010: 35Q40, 81V70, 81S05, 46N50.
Keywords: mean-field energy, anyons, fractional statistics, Thomas—Fermi theory, magnetic Schrodinger operator.
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is proportional to the particles’ density. The parameter 8 € R then regulates the strength of the magnetic
self-interactions and, for reasons explained below, we will call it the scaled statistics parameter. By
symmetry of (1-1) under complex conjugation u — u we may and shall assume

p=0

in the following. We will study the ground-state problem for (1-1), namely the minimization under the

mass constraint

lul>=1. (1-3)
IRZ

The functional £ bears some similarity with other mean-field models such as the Gross—Pitaevskii
energy functional

8Gp[u]::f2(|—iVu+Au|2+V|u|2+g|u|4), (1-4)
R

with fixed vector potential A. The above describes a gas of interacting bosons in a certain mean-field
regime [Lieb et al. 2005; Lieb and Seiringer 2006; Nam et al. 2016; Rougerie 2014; 2015]: the quartic
term originates from short-range pair interactions. The crucial difference between (1-1) and (1-4) is that,
while the interactions of £F are scalar (with interaction strength g € R), those of £ are purely magnetic
and therefore involve mainly the phase of the function u. There is extensive literature dealing with (1-4)
(see [Aftalion 2007; Correggi et al. 2011; 2012; Correggi and Rougerie 2013]) and with the related
Ginzburg-Landau model of superconductivity [Bethuel et al. 1994; Fournais and Helffer 2010; Sandier
and Serfaty 2007; Sigal 2015]. That the interactions are via the magnetic field in (1-1) poses however
quite a few new difficulties in the asymptotic analysis of minimizers we initiate here. Note indeed (see the
variational equation in Lemma A.2) that the nonlinearity consists in a quintic nonlocal semilinear term
and a cubic quasilinear term (also nonlocal), both being critical when compared to the usual Laplacian.

The functional £ arises in a mean-field description' of a gas of particles whose many-body quantum
wave function can change under particle exchange by a phase factor /" (with & € R known as the
statistics parameter). This is a generalization of the usual types of particles: bosons have o = 0 (symmetric
wave functions) and their mean-field description is via models of the form (1-4), and fermions have o = 1
(antisymmetric wave functions) and appropriate models for them are Hartree—Fock functionals (see [Bach
1992; Lieb and Simon 1977; Lions 1987; 1988; Fournais et al. 2015]). For general o one speaks of anyons
[Khare 2005; Myrheim 1999; Ouvry 2009; Wilczek 1990], which are believed to emerge as quasiparticle
excitations of certain condensed-matter systems [Arovas et al. 1984; Haldane 1983; Halperin 1984; Zhang
et al. 2014; Cooper and Simon 2015; Lundholm and Rougerie 2016].

Anyons can be modeled as bosons (respectively, fermions) but with a many-body magnetic interaction
of coupling strength o (respectively, & — 1). It was shown in [Lundholm and Rougerie 2015] that the
ground-state energy per particle of such a system is correctly described by the minimum of (1-1) (and the
ground states by the corresponding minimizers) in a limit where, as the number of particles N goes to oo,
one takes @ = 8/N — 0. We refer to this limit as that of almost-bosonic anyons, with § determining how
far we are from usual bosons.

]Usually referred to as an average-field description in this context.
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In the following we treat the anyon gas as fully described by a one-body wave function u € H'(R?)
minimizing (1-1) under the mass constraint (1-3). We shall consider asymptotic regimes for this mini-
mization problem. The limit 8 — 0 is trivial and leads to a linear theory for noninteracting bosons (see
[Lundholm and Rougerie 2015, Appendix A]). The limit 8 — oo is more interesting and more physically
relevant: in a physical situation, the statistics parameter « is fixed and finite and N large, so that taking
B — o0 is the relevant regime, at least if one is allowed to exchange the two limits.

In an approximation that has been used frequently in the physics literature [Chitra and Sen 1992; Iengo
and Lechner 1992; Li et al. 1992; Trugenberger 1992a; 1992b; Wen and Zee 1990; Westerberg 1993], the
ground-state energy per particle of the N-particle anyon gas with statistics parameter « is given by

Eo(N)

N

This relies on assuming that each particle sees the others by their approximately constant average magnetic
field B(x) ~2maNo(x), with go(x) > 0 the local particle density (normalized to fRZ o =1). In the ground
state of this magnetic field (the lowest Landau level) this leads to a magnetic energy |B| ~ 2m |a| N o per

/ Q2r|a|No* + Vo). (1-5)
RZ

particle.’

In this work we prove that, for large 8, the behavior of the functional (1-1) is captured at leading
order by a Thomas—Fermi-type [Catto et al. 1998; Lieb 1981] energy functional of a form similar to the
right-hand side of (1-5) with |«|N = 8. The coupling constant appearing in this functional is defined via
the large-volume limit of the homogeneous anyon gas energy (i.e., the infimum of (1-1) confined to a
bounded domain with V = 0). In particular we prove that this limit exists and is bounded from below by
the value 2 predicted by (1-5). We do not know the exact value, but there are good reasons to believe
that it is not equal to 27, thus refining the simple approximations leading to (1-5).

We state our main theorems in Section 2 and present their proofs in Sections 3 and 4. The Appendix
recalls a few facts concerning the minimizers of (1-1). In particular, although we do not need it for the
proof of our main results, we derive the associated variational equation.

2. Main results

We now proceed to state our main theorems. We first discuss the large-volume limit for the homogeneous
gas in Section 2A and then state our results about the trapped anyons functional (1-1) in Section 2B.

2A. Thermodynamic limit for the homogeneous gas. Let Q C R? be a fixed bounded domain in R?,
with the associated energy for almost-bosonic anyons confined to it:

EQul = Y 4lul :=/Q|(—N+ﬁA[|u|2])u 2 (2-1)
with
A[|u|2](x>=/ VEwo(x — y)u(y))* dy. (2-2)
Q

2Because of the periodicity of the exchange phase ¢?®7, it is known that such an approximation can only be valid for certain
values of o and p. See [Larson and Lundholm 2016; Lundholm 2016; Trugenberger 1992b] for further discussion.
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We define two energies, with homogeneous Dirichlet boundary conditions

Eo(Q, B. M) :=inf{€ 4lul : u € Hy(Q), [q |ul* =M}, (2-3)
and without boundary conditions,

E(Q, B, M) :=inf{&d slul:u € H'(Q), [q |ul*=M]}. (2-4)

Of course, the last minimization leads to a magnetic Neumann boundary condition for the solutions. We
are interested in the thermodynamic limit of these quantities, i.e., the scaling limit in which the size of
the domain tends to co with fixed density p := M /|2| and the normalization changes accordingly.

Theorem 2.1 (Thermodynamic limit for the homogeneous anyon gas).
Let Q@ C R? be a bounded simply connected domain with Lipschitz boundary, and let B > 0 and p > 0 be

fixed parameters. Then, the limits

E(LQ, B, pL?IQD _ | Eo(LQ, B, pL?|Q)

= i 2-5
e(f, p):= him L2 P L2 2-5)

exist, coincide and are independent of 2. Moreover,
e(B, p) = pp’e(L, D). (2-6)

Remark 2.2 (Error estimate).

A close inspection of the proof reveals that we also have an estimate of the error appearing in (2-5), which
coincides with the error appearing in the estimate of the difference between the Neumann and Dirichlet
energies in a box (Lemma 3.8). Such a quantity is expected to be of the order of the box’s side length
L, which is subleading if compared to the total energy of order L2 Our error estimate O (L'%/7+%) (see
(3-26)) is however much larger and far from being optimal. o

The above result defines the thermodynamic energy per unit area at scaled statistics parameter 8 and
density p, denoted e(8, p), and shows that it has a nice scaling property. The latter is responsible for the
occurrence of a Thomas—Fermi-type functional in the trapped anyons case. The fact that e(8, p) does not
depend on boundary conditions is a crucial technical ingredient in our study of the trapped case. This
is very different from the usual Schrédinger energy in a fixed external magnetic field, for example, a
constant one, for which the type of boundary conditions do matter (see, e.g., [Fournais and Helffer 2010,
Chapter 5]).

The constant e(1, 1) will be used to define a corresponding coupling parameter below. One may
observe that (see Lemma 3.7)

e(l,1) > 2m, 2-7)

and we conjecture that this inequality is actually strict, contrary to what might be expected when comparing
to the coupling constant of the conventional (constant-field) average-field approximation (1-5). The reason
for this is that the self-interaction encoded by the functional £ has not been fully incorporated in (1-5).
In fact, the lower bound (2-7) is based on a magnetic L*-bound (Lemma 3.2) which is saturated only for
constant functions, and hence for constant densities, which certainly is compatible with (1-5) in the case
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of homogeneous traps. On the other hand, in order to minimize the magnetic energy in (2-1) for large B,
the function has to have a large phase circulation and therefore also a large vorticity. This suggests the
formation of an approximately homogeneous vortex lattice, in some analogy to the Abrikosov lattice that
arises in superconductivity and in rotating bosonic gases [Aftalion 2007; Correggi and Yngvason 2008;
Sandier and Serfaty 2007]. Such a picture has already been hinted at in [Chen et al. 1989, p. 1012] for
the almost-bosonic gas. However the implication that the actual coupling constant may then be larger
than the one expected from (1-5) seems not to have been observed in the literature before.

One should note here that there is a certain abuse of language in using the term “thermodynamic limit”.
Indeed, we consider the large-volume behavior of a mean-field energy functional, and there is no guarantee
that this rigorously approximates the true thermodynamic energy of the underlying many-body system.

2B. Local density approximation for the trapped gas. We now return to (1-1) and discuss the ground
state problem

Ef :=min{&'ul :u € H'(R?), Viul> € L'R?), [ [u]* =1}. (2-8)
We denote by u* any associated minimizer. We refer to the Appendix (see also [Lundholm and Rougerie

2015, Appendix A]) for a discussion of the minimization domain as well as the existence of a minimizer.
In the limit 8 — oo, the simpler Thomas—Fermi-like functional

Mol =4 o] = / _(Be(1,1)0” + Vo) (2-9)
R
emerges, whose ground-state energy we denote by
E}" :=min{&; (0] : 0 € L*(R* RT), Vo e L'®?), [0 =1}, (2-10)

with associated (unique) minimizer QEF. Here e(1, 1) is the fixed, universal constant defined by Theorem 2.1.

A typical potential one could have in mind for physical relevance is a harmonic trap, V (x) = c|x 12, or
an asymmetric trap, V (x, y) = c;x2 + cy% We shall work under the assumption that V is homogeneous
of degree s and smooth:

Vx) =AV(x), VeC®R?. (2-11)

These conditions can be relaxed significantly; in particular we could extend the approach to asymptotically
homogeneous potentials as defined in [Lieb et al. 2001, Definition 1.1]. We refrain from doing so to avoid
lengthy technical discussions in the proofs. We shall always impose that V' is trapping in the sense that it
grows superlinearly at infinity, i.e., s > 1 and

min V(x) > o0 as R — oo. (2-12)
[x|=R

The Thomas—Fermi (TF) problem (2-10) has the merit of being exactly soluble. We obtain by scaling

EEF _ IBS/(S+2)E;FF’ QEF(x) _ IB—2/(2+S)Q"1FF(IB—1/(s+2)x), (2-13)
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and by an explicit computation

olf(x)= AF=v@),, (2-14)

2e(1,1)
with the chemical potential
A =E e, 1) fRz @) (2-15)
Clearly the above considerations imply
supp(e") C Begiers (0), (2-16)
where B (x) stands for a ball (disk) of radius R centered at x, and the estimates
log" lzemey < CB~/, (IVogt |l L@y < CB/CH (2-17)

for some fixed constant C > 0. Noticing that QlTF vanishes along a level curve of the smooth homogeneous
potential V, we also have the nondegeneracy

18, V| #0 a.e. on dsupp(o]’), (2-18)

where n denotes the (say outward) normal vector to 0 supp(glTF ).
We have the following result showing the accuracy of TF theory to determine the leading order of the
minimization problem (2-8):

Theorem 2.3 (Local density approximation for the anyon gas).
Let V satisfy (2-11) and (2-12). In the limit B — 00 we have the energy convergence

EY

—==1. 2-19
proo EIT (19

Moreover, for any function u®™ achieving the infimum (2-8), with o™ := |u®|?, we have for any R > 0

“ﬂZ/(Z-‘f-S)Qaf(Igl/(Z-‘rS) ) _ Q’}‘FHWflyl(BR(O» -0 as ’3 - 0’ (2_20)

where W11 (Bg(0)) is the dual space of Lipschitz functions on the ball Bg(0).

Remark 2.4 (Extension to more general potentials).
The result can be straightforwardly extended to asymptotically homogeneous potentials, i.e., functions

V (x) that satisfy the following property [Lieb et al. 2001, Definition 1.1]: there exists another function V,
nonvanishing for x # 0, such that, for some s > 0,

ATV (Ax) — V(x) o

im ~ (2-21)
bmeo 14+ V(x)|

uniformly in x € R% The function Vis necessarily homogeneous of degree s > 0 and, if we denote by & 8
the TF functional (2-9) with V in place of V, we have

Eff=(1+o(1)ES" and E;"=pYCTDEM™ as p— co. o
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Remark 2.5 (Density approximation on finer length scales).

We conjecture that the estimate (2-20) can be improved to show that o is close to QEF on finer scales.
Namely (2-20) implies that they are close on length scales of order 8!/?+%) which is the extent of the
support of QEF, but we expect them to be close on scales > f7%/?¢+2) which is the smallest length
scale appearing in our proofs. We however believe that the density convergence cannot hold on scales
smaller than 8~*/C6+2) for we expect the latter to be the length scale of a vortex lattice developed by
minimizers. o

Remark 2.6 (Large 8 limit for the homogeneous gas on bounded domains).

We can think of the homogeneous gas by formally taking the limit s — oo of the homogeneous potentials
we have considered so far, which naturally leads to the restriction of the functional £ af in (1-1) to bounded
domains 2 with V = 0 and Dirichlet boundary conditions, that is, (2-1)—(2-3). In fact, we have by the
scaling laws discussed in Section 3B,

E(Q, 8,1 . Eo(2,8,1 -

lim (—'B)= lim M:KN le(1,1) (2-22)
B—>+o0 B B—>+00 B

for any bounded and simply connected €2 with Lipschitz boundary. Convergence of the density to the TF

minimizer QlTF holds true in the same form as in (2-20). In this case QITF is simply the constant function

on the domain (confirming that the gas is indeed homogeneous). The shortest length scale on which we

—1/2

expect (but cannot prove) the density convergence is 8~ /<, which should be the typical length scale of

the vortex structure. <o

3. Proofs for the homogeneous gas

The basic ingredient of the proof for the inhomogeneous case is the understanding of the thermodynamic
limit of the model where the trap is replaced by a finite domain with sharp walls. We discuss this here,
proving Theorem 2.1 and defining the constant e(1, 1) appearing in the TF functional (2-9). For the sake
of concreteness we first set

Eo(LR, B, pL*|2))
L?|Q|

e(B, p) = liLminf (3-1)

for Q2 equal to a unit square and observe that such a quantity certainly exists and is nonnegative. At this
stage it might as well be infinite but we are going to prove that actually the limit exists, is finite, and
furthermore is independent of the domain shape.

We briefly outline here the plan for the proof: Section 3A contains basic technical estimates that we
are going to use throughout the paper. Section 3B contains the proof of a crucial scaling property of the
energy in the homogeneous case. In Section 3C we prove the existence of the thermodynamic limit for
the case of squares, and then extend the result to general domains.

3A. Toolbox. Let us gather a few lemmas that will be used repeatedly in the sequel. We start with a
variational a priori upper bound confirming that the energy scales like the area. The idea of the proof,
relying deeply on the magnetic nature of the interaction, will be employed again several times.
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Lemma 3.1 (Trial upper bound).
For any fixed bounded domain 2, and B, p > 0, there exists a constant C > 0 such that
E(LQ, B, pL?1Q]) _ Eo(LR, B, pL2IR)
L? h L?
Proof. Since HO1 (Q) € H'(Q), it is trivial that the Dirichlet energy is an upper bound to the Neumann

<C, forallL>1.

energy. Let us then prove the second inequality.

We fill the domain L with N ~ L? subdomains on which we use fixed trial states with Dirichlet
boundary conditions. The crucial observation is that the magnetic interactions between subdomains can
be canceled by a suitable choice of phase (local gauge transformation). For concreteness we here take
disks as our subdomains.

Let f € C(B;(0); RT) be a radial function with | 5o | f |> =1, and let

uj(x) 1= Jon f(x —x;) € C°(B;), wy:=pL*|Q|/N.
Here the points x;, j =1,..., N, are distributed in L2 in such a way that the disks B; := By (x;) are
contained in L<2 and disjoint, with N ~ ¢|L€2| as L — oo for some ¢ > 0. Hence
Jim o = e

Take then the trial state

N

u(x) =Y ujx)e PN L X0 g 020(LQ),

j=1

Note that its phase is smooth on each piece B; of its support and that

N eV 2 _
lu(x)|? = Z Iuj(x)|2 _ {|”J(x)| for x € B;,

— 0 otherwise,
]:

and hence
/ ul? = Ny = pL?|<2.
L
Then

N
Eéfﬁ[u] = Z/ |(_,‘v + IBZIiVZIA“uHZ])e*iﬁwN Dokt afg(xka)uj (x)|2 dx
=178

N
= Z/B (=i V + BALW 21+ Yy (BAlux ] — Bon ¥ arg(x — x0)) ) ()| dx
j=1"5i

2

N
=3 [ NV + Bt P = Now [ (=19 + ponall P £
j=1"Bi

B1(0)

where we used that by Newton’s theorem [Lieb and Loss 2001, Theorem 9.7]

Allug|*1(x) = VL/ In|x — yllug(Y)*dy = Viin|x —xi| [ |ugl*dy = oy V arg(x — xy)
By By
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for x ¢ By. It then follows that
Eo(LQ, B, pL2|Q0) < EX 41ul < Now (I1V 12 + Bon | ALl £ 121£] ) < CL?
for some large enough constant C > 0 independent of N or L (but possibly depending on B, p and €2). [J
The following well-known inequalities provide useful a priori bounds on the functional’s minimizers:

Lemma 3.2 (Elementary magnetic inequalities).
Diamagnetic inequality: for any f € Rand u € HY(Q),

/Q|(V+iﬂA[|u|2])u|2>/Q|V|u||2. (3-2)

Magnetic L* bound: for any B € R and u € H(} (2),

/Q|(V+iﬂA[|u|2])u|2 >2NI/3|/Q Ju . (3-3)

Proof. The diamagnetic inequality is, e.g., given in [Lieb and Loss 2001, Theorem 7.21], while the
L* bound follows immediately from the well-known inequality

/Q\(v+iA)u|2 > i/ﬂcurlA lul>, ue Hy(Q); (3-4)

see, e.g., [Fournais and Helffer 2010, Lemma 1.4.1].
A proof of (3-4) is to integrate the identity

(V4 i Aul® = [(31 +iA) +i (@ +iA))u| +curl Jul+ AV ul?
with .
Jul:= %(uVﬁ —iVu).

Thanks to the Dirichlet boundary conditions, the integral of the next-to-last term vanishes, while the last
one can be integrated by parts yielding

:F/ curl A |u|’
Q

Again, no boundary terms are present because of the vanishing of «# on d€2. Dirichlet boundary conditions
are necessary since the bound (3-4) (resp. (3-3)) is otherwise invalid as A — 0 (resp. 8 — 0), as can be
seen by taking the trial state u = 1. (]

In order to perform energy localizations we shall also need an IMS-type inequality,” i.e., a suitable
generalization of the well-known localization formula [Cycon et al. 1987, Theorem 3.2]:

IVul> = V() > + V) > — (IVx 1>+ 1V ]?) [ul?, (3-5)
where x2 n? form a partition of unity.

3The initials IMS may refer either to Israel Michael Sigal or to Ismagilov—Morgan—Simon.
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Lemma 3.3 (IMS formula).
Let Q C R? be a domain with Lipschitz boundary and x* + n*> = 1 be a partition of unity such that
x € CX(2) and supp x is simply connected. Then, for any u € H '(Q) and B € R,

ssfﬁ[u]=/Q|(V+iﬂAuu|2])<xu>|2+/Q|(V+iﬂA[|u|2])<nu>|2—/§2(|Vx|2+|vm2)|u|2, (3-6)

where
/Q\(V—HﬁA[IuIZ])(nu)\z>/Q\V|nu|!2 (3-7)
and
/ 1V ]xulA
Q
/\(v+iﬂA[|u|2])<xu>\2> 2n|ﬂ|/9x2|u|4, (3-8)
Q

(1= ) [y]— (e — 1>ﬁ2/9\A[|nu|21K]}2|xu|2,

with & € (0, 1) arbitrary, K := supp x Nsuppn, and = e yu e HO1 (supp x) for some harmonic
function ¢ € C?(supp ).

Proof. We expand
55{;3[”]Z/Q|Vu|2+2ﬂLA[|u|2]'J[u]-i-,Bz/Q‘A[Iulz]‘zlulz.

For the first term we use the standard IMS formula (3-5), while for the term involving J we have

%(J[xu] + JInul) = ux V(xit) +unV (nit) — iix V(xu) — gV (i)
= u(x2+nA)Vii — (x> + n?)Vu = %.J[u].

We can then recollect the terms to obtain (3-6). Equation (3-7) and the first version of (3-8) follow from
the diamagnetic inequality (3-2), while the second version of (3-8) follows from the magnetic bound (3-3)
with Dirichlet boundary conditions. For the third version we write

. 2 . . : ; 2
/ [(V+iBALul?T) (x| =f |(V+iBALlxuP1+iBAllnu* 1k 1+iB(Allnul* 1k 1— V) (P xu) |
Q Q
where the last magnetic term vanishes by taking the gauge choice
p)i= [ arex = Py, x € suppy.

Thus, noting that |xu|? = |y |2

2
’

/Q|(V+i,3A[|u|2])(xu)|2=/Q|(V+iﬂA[|1ﬁ|2])w+iﬂA[|nu|21K]1p

and we can conclude by expanding the square and bounding the cross-term using Cauchy—Schwarz. [l
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3B. Scaling laws. In fact the large § and large volume limits are equivalent, as follows from the simple
observation:

Lemma 3.4 (Scaling laws for the homogeneous gas).
For any domain Q@ C R* and A, u > 0 we have

1
EQ.p.M)= ﬁE@Q et WZM), (3-9)
and an identical scaling relation holds true for Eo($2, B, M).
Proof. Given any u € H'(Q) we may set
Uy, (X) = Au(x/p), (3-10)

and observe that u; , € H'(u9),

f |uk,,l|2=x2u2/ ul> and 3G glux,] = Aggmz J[ul.
n2 Q

Namely, using V't wo(x) =x~+ :=x1/|x|? and

Ayollus )P 1(x) = / (x — ) Fus  (n)Fdy =22 / (x— ) Fluly/wl*dy
[739) [739)

= )\z,u/Q(x/u —2) Hu(z)* dz = A pAqllul*1(x /1),

we have

EX plin ] = / Vit (x0) + B Al 1005, ()| dx
= / Q|ku_1(Vu)(x/M) +iBA 3 uAglluICe/pwue /)| dx
nw
=227 [ (V) 18221 Aall A e 0 s
n

=32 f Vu(2) +ipr2u* AollulP1@u(@)|* dz = 32€5 .. alul.

Hence, we may take as a trial state for Eag Br2u- the function u;_,, where u is the minimizer (or

minimizing sequence) of Eg p» and vice versa. Moreover ifueH, ! then so is u;, o (Il
It follows immediately from the above that the thermodynamic energy has a very simple dependence
on its parameters, which justifies (2-6) and the way it appears in (2-9).

Corollary 3.5 (Scaling laws for e(8, p)).
For any p > 0 and bounded Q2 C R2 with e(B, p) defined as in (3-1), we have

Eo(2, B,
e(l,p)=|Q|liminfO(—ﬂp), (3-11)
p—o0

B

and for any 8, p 20
e(B, p) = Bp’e(1, 1). (3-12)
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Remark 3.6. At the moment each shape of the domain 2 may give rise to a different limit e(8, p) in
(3-1), and this corollary and proof apply in such a situation. However, it will be shown below in the case
of Lipschitz regular domains that the limit is independent of the shape, and one may therefore without
loss of generality take the unit square 2 = Q as a reference domain.

Proof. A first consequence of the scaling property (3-9) is that taking the thermodynamic limit as described
in (2-5) or (3-1) is equivalent to taking the limit 8§ — oo at a fixed size of the domain, i.e.,

Eo(LQ,c, pIQILY . . Eo(S, cL|, p)
= liminf )
L2|Q| L—o00 L?

e(c, p) =liminf
L—oo

where we have applied (3-9) with u = L, A = |2]'/2 and M = p. Now if, for any ¢ > 0, we set
B = cL?|Q2| — oo, the above expression becomes

(£, 8, p0)
— 5

.. Eo
e(c, p) = c|2| lim inf (3-13)
B—00

which proves the first claim, and also implies
e(c,p)=ce(l, p). (3-14)
Next we take . = 1 in (3-9) and obtain
Eo(Q2, B, M) = A 2Eo(Q, A7 A2 M).
Taking M = |2|, dividing by |2| and taking the limit |2| — oo, we deduce
e(B. 1) =1"e(BA7% 3% = 17 e(B, 1),
where we used (3-14) in the last equality. This yields
e(B. p) = p’e(B. 1) (3-15)
for all B, p > 0. Combining (3-14) and (3-15) yields the result (3-12). U

3C. Proof of Theorem 2.1. We split the proof in three lemmas:

Lemma 3.7 (Thermodynamic limit for the Dirichlet energy in a square).
Let Q be a unit square, and p = 0 and > 0 be fixed constants. The limit

Eo(LO, B, pL*>

exists, is finite, and satisfies e(B, p) = 27r,3,02.

Lemma 3.8 (Neumann—Dirichlet comparison).
Let Q2 be a bounded simply connected domain with Lipschitz boundary. Then for any fixed p and B
positive, as L — o0

Eo(LQ, B, pL?|2]) _ EWLQ. B, pL?|2) . B2, B, pL?)

= —o(1).
L2192 129 219 ol

=
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Ln Ql
uj
knm
\\>
L, Qj Ly Qq%m
Uo
LnQ 4

Figure 1. Filling the square L,, Q with smaller squares L, Q).

Lemma 3.9 (Thermodynamic limit for the Dirichlet energy in a general domain).
Let Q C R? be a bounded simply connected domain with Lipschitz boundary, then

i EodQ, B, pL?|Q])
m =
L—+400 L2|Q|

e(B. p). (3-16)

Theorem 2.1 immediately follows from these three results: combining Lemma 3.7 with Lemma 3.8
one obtains the existence of the thermodynamic limit for squares. In order to derive the result for general
domains, one then uses Lemma 3.9 together with Lemma 3.8. Notice that the proof of Lemma 3.9 requires
only Lemmas 3.7 and 3.8 for squares as key ingredients.

Proof of Lemma 3.7. From Lemma 3.1 we know that the sequence of energies per unit area has both an
upper and lower limit. We denote by (L;),en and (L,,)men tWo increasing sequences of positive real
numbers such that L, — oo, L,, — o0 and

Eo(L,Q, B, pL2) Eo(LQ, B, pL?)

— lim inf as n — oo,
L% L—o00 L2
Eo(LnQ,B,pL2) . Eo(LQ, B, pL?)
— lim sup as m — 00.

2 2
Lm L—o0 L

For each n, there must exist a sequence of integers
Gnm —> +00  asm — o0
such that, for m large enough, e.g., m > n,
Ly = gumLn +knm, 0 <kypy < Ly.

We then build a trial state for Eq(L,, Q, 8, ,oLfn) as follows (see Figure 1). The square L,, Q must contain
g2, disjoint squares of side length L, that we denote by L, Qj, j=1,..., q2,. Then we pick u ja
minimizer of Eo(L,Q;, B, pL,%) and remark that by definition,

qom
Z curl A[lug|*1=0 in L,Q;.
k=1k#j
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Thus there exists a gauge phase ¢; on the simply connected domain L, Q; such that
G
> Allwl’1=V¢; inL,Q;.
k=1,k#j
Similarly, there exists ¢y on the remaining part of the domain (which can be arranged to be simply
connected as well, as in Figure 1) such that

Gim Gim
> Allwl’1=Ve¢o onL,0\|JL.0Q;.
k=1 j=1

We define the trial state as (see the proof of Lemma 3.1)

D
U= Z uje_“%f + uge P,
j=1

where ug is a function with compact support in L,, O \ Uq”'" L, Q; satisfying

/L luol> = pLy, — g L.

By Lemma 3.1, we can construct #( such that
[ 15+ ipatoP ol < €L~ g2,L3) < 2C Lok
L)?l

(where C > 0 may depend on 8 and p). The function u is an admissible trial state on L,, Q because it is
in H' on each subdomain, and continuous across boundaries due to the Dirichlet boundary conditions
satisfied by each u;. Computing the energy, we have

qnm qnm

ngQﬂ Z/ ’e_l(p] V-i—l,BA |u| 1—iBVe; ”I’ _Z/ V+l,3A[|l/tj| ])Mj‘

qnm
=Y &, plujl +f |(V +iBALluol*)uo|* = g2, Eo(Ln Q. B, pL2) + O (Lunkum),

j=1 m
2 2
Qo = L—’"(l -~ k”’”) .
nm L% Lm

Since u has by definition mass pL2 , it follows from the variational principle that

EO(LmQa,Bv /OL;) < EO(LnQvﬁ’ ,OL%) 140 knm +0 knm
L2 L2 L, L,

m n

with
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Figure 2. Localizing on thin shells for the square LQ.

Passing to the limit m — oo first and then n — oo yields

i Eo(LQ,B,pL?» . . _EoLQ,B, pL?
im sup < liminf

L—00 L? L—o0 L?

’

and thus the limit exists.
Additionally, we have by the bound (3-3),

1 2 2 2
et = T8 [l TR e
LZ , L2 LO L4 LO
for any u € HO1 (LQ), proving that e(8, p) = 27 Bp>. U
Proof of Lemma 3.8. Since H} (Q) € H'(), we obviously have

EO(Qa :Bv M) 2 E(Q’ﬁv M)

Only the second inequality in the statement requires some work. Let u € H' (L) denote the minimizer
of £ z‘fg plul (see Proposition A.1 of the Appendix) with mass

/ lul* = pL*|Q|
LR

and no further constraint (thus satisfying Neumann boundary conditions). In the sequel we take 8 =1
and |Q2| = 1 to simplify the notation.

We will need to make an IMS localization on a small enough region, and therefore consider a division
of LS into a bulk region surrounded by thin shells close to the boundary, where we will be using several
different length scales L™/3 <A « 1« L and L' « £ « h < L (see Figure 2 for the case of Q = Q a
square).

We shall use Lemma 3.3 a first time at distance A from the boundary to deduce some useful a priori
bounds. Next, using a mean-value argument we show that, within a window of thickness A further from
the boundary, there must exist one particular shell of thickness £ where we have a good control on the mass
and energy. Finally we perform a second IMS localization with the truncation located in this particular
shell. This yields a lower bound in terms of the Dirichlet energy in the bulk region, plus error terms that
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we can control using the a priori bounds and in particular the good control on mass and energy in the
second localization shell.

Step 1: a priori bounds. Let §q(x) :=dist(x, d(L€2)) denote the distance function to the boundary, which
is Lipschitz and satisfies |Véq| < 1 a.e. We make a first partition of unity

Oit=1

such that y varies smoothly from 1 to O on a shell K; of width X closest to the boundary of L, i.e.,
K; :={x € LQ:§q(x) < A}. One may note that it is possible to construct these functions so as to satisfy

Vil <A g1 Vil <ealgiH

for some arbitrarily small i > 0, independent of A, e.g., by taking ¥ = f% and 7 = /1— %% in
supp x Nsupp 7 for a large and some smooth function 0 < f < 1 varying on the right length scale and
reflection symmetric. Then, by Lemmas 3.1 and 3.3,

3 ~ ~ 2 ~ ~
CL2>52§2,1[M]>/ @r g2l + [Vliul[* — (VZ P + VD) ul?)
L
~ ~ 2 _ ~)_
>/ 2 22 ul* + |Vijul|” — CA72 1k, 12 u)?). (3-17)
LQ

We bound the unwanted negative term as follows:

2 2-2 2 2 2—4 12 2 4 12
)\_/ T X Hul” <A™ (/x“‘) </x|u|)
LQ K, K
1/2
<CA_3/2L1/2<[ )22|u|4> <C5Lk_3+C8_1/ 2 ul*,
K; LR

with § a fixed, large enough, constant. Combining with (3-17) we deduce
/ (271)22|u|4—|—|V|ﬁu||2) <CL*+CL 3 <CL? (3-18)
LQ

1/3

since we have chosen A = L™'/°. We note that this bound implies for the mass in a shell K, of thickness ¢

in LQ\ K,
1/2
/|u|2<|Ke|”2(f ;z2|u|4> <o, (3-19)
Ky K

Step 2: finding a good shell. We now select a region where the bounds (3-18) and (3-19) can be improved.
Consider dividing L2 \ K, into shells of thickness £ that form a layer closest to the shell K, of total
thickness & ~ L'~¢ > ¢ (again, see Figure 2). Hence, we have

Ny:=h/t> 1

such shells in the layer. Denote by N, the number of such shells K, with f X, lul* > M. If Ny < N;,
there must exist a shell K, with f K, lu|* < M. But, using (3-18) and the fact that all the shells are included
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in the region where y = 1, we have

M Ny <f lul* < CL%
LQ

We can thus ensure that Ny < N; by setting
Ny=h/t~L""¢ '~ L?/M,

i.e., taking M ~ ¢£L'*%. Hence we have found a shell K, with

lul* < CceL'*e, (3-20)
K,
and thus

/ |u|2<C(EL)I/Z(ELH—S)I/Z=C£L1+8/2, (3_21)
Ky

improving (3-19).

Step 3: IMS localization in the good shell. We now perform a new magnetic localization on this K,. We

pick a partition x2 + 5> = 1, such that x varies smoothly from 1 to 0 outwards on Ky, so that x = 1
(resp. n = 1) on the inner (resp. outer) component of K. Then, using Lemma 3.3, we have

Ul > (1 =8N [[W]— (" — 1>/LQ|A[|nu|21K]|2|xu|2— ; (VX +IVaHlul*  (3-22)

for any 8 € (0, 1), where we let ¥ = xe'®u and K = supp x Nsuppn € K,. Since v is compactly
supported in L2, we have for the first term

55?2,1[11’] > Eo(LQ, 1, ||‘l’||iZ(LQ)) = FEo(L2, 1, ||Xu||iz(Ls2)).

Recalling the scaling relation (3-9) (taking u = 1~! = L /L) and defining

M= | xu? L=yM/p,
LQ
we have

M ~ ~
Eo(LQ. 1, M) = —5 Eo(LQ. 1, pL2). (3-23)
0

We need to estimate the deviation of the mass M of x2|u|? from pL? = fLsz |u|?:

'pLz—/ x2|u|2=/ n2|u|2=/ ﬁ2|u|2+/ X’ lul?
LQ LQ LQ LQ
5 1/2 1/2
<o [ (vl ([ ) ([ xwr)
K LQ LQ

< CAML>P+Ch'PL3? « L2 (3-24)

Here we have used a Poincaré inequality to control the 77|u|?> term, making use of the fact that this
function vanishes at the inner boundary of K. It is not difficult (see the proof methods of [Evans 1998,
Theorems 1 and 2 in Section 5.8.1] and [Lieb and Loss 2001, Theorem 8.11]) to realize that the constant



1186 MICHELE CORREGGI, DOUGLAS LUNDHOLM AND NICOLAS ROUGERIE

involved in this inequality applied on the set K can be taken to be proportional to A2 Note that L — oo,
if L — oo, thanks to (3-24). Hence, inserting the above estimate in (3-23), we get

EX W] EoLQ. 1. M M2 Ey(LQ.1, pL? Eo(LQ. 1, pI2
to. Vi Bt LM) M- BolbSh LoLD _ (y y ppy B0 LD 555
L L (pL?) L? 12

Then, there only remains to control the error terms in (3-22): Using the Holder and generalized Young
inequalities (|| - || p,,» denotes the weak-L? norm [Lieb and Loss 2001, Theorem 4.3, Remarks]),

2 2
/ |AlnulP1 1] eul® < || Vwo x InuPLk |5, lxul3, < cllVwoll3, Inulkll3, Ixul3,
LQ

te /O] 2q9-1)/q s 1/q
<C(/ Il W—)) (/ xul q) ,
K, LQ

where
l—i—lzl and 1—|—i=l+l,
P q 2p 2 ' r
that is,
2q .
r= € (1,2) withg € (1, 00).
2g —1

We can take ¢ = 2 and insert (3-18)—(3-20) to obtain

3/2 1/2 1/2
( |nu|8/3> (f |Xu|4> <|Ke|l/2/ |nu|4(/ |XM|4> 5(EL)1/2£L1+8(L2)1/2=E3/2L5/2+8.
Ky LQ Ky LQ

The last term in (3-22) is, using (3-21), bounded by

CZ—Z/ |M|2 5 E_1L1+€/2.
K,

There only remains to optimize the error terms in (3-22):
SEo(LR, 1, ||w||§2(m)) +e1 (87 = DL 4y VL2 38 L% 4 4872 LB/AFTE/N0

where we have picked £ = L~3/°7¢/5§2/5  assuming that § < 1, as it will be. Thus, optimizing now over 8,

—2/7+¢/2

i.e., taking § ~ L . we have the bounds

2
E()(LQ, 1, pLZ) N E(LQ, 1, pLZ) - EO(LQ, 1, ”w”LZ(LQ)) _ —2/7+¢)2 326
L2 = L2 = L2 cL . ( - )

Combining with (3-25) and passing to the liminf completes the proof. ]

Proof of Lemma 3.9. The result is proven as usual by comparing suitable upper and lower bounds to the
energy.

Step 1: upper bound. We first cover L2 with squares Q;, j =1, ..., N¢, of side length £ =L", 0 <n <1,
retaining only the squares Q; completely contained in L£2. One can estimate the area not covered by
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such squares as

Ne
‘Q\ (U Qj)‘ < CLL =o(LY). (3-27)
i=1
Then we define the trial state
Ne
u(x) =3 ujeihh, (3-28)
j=1
where
uj(x) :=uo(x —x;)1lg,, (3-29)

with u( a minimizer of the Dirichlet problem with mass pL?|Q2|/N in a square Q with side length ¢
centered at the origin, and x; the center point of Q;. The phases ¢; are chosen in such a way that (see the
proof of Lemma 3.1 again)

N
> Allwl’1=V¢; inQ;.
k=1,k
The existence of such phases is indeed guaranteed by the fact that
N¢
Z curl A[Jux[!1=0 in Q;.

k=1,k+]
Hence

Ne¢
LQ/S ZSQ, [u;]= ZEO(EQ,,B, pL?|1QIN; Y,
j=1
which implies
Eo(LQ, B, pL?) _ 1
L2Q| L2|sz|

ZEowQ B, pL*|QIN, )

2

—E “ 2 2
RVEe] D EoQ. B. (1+0(1)pt?) /€ = (1+0(1))e(B. p), (3-30)
j=1

where we have estimated
U; il (1 +o()L9|
10 02 ’

and used Lemma 3.7. Notice that, thanks to the assumption on 7, we have £ — oco, which is crucial in

Ny =

(3-31)

order to apply Lemma 3.7.

Step 2: lower bound. We again cover L2 with squares Q;, j =1,..., Ny, this time keeping the full
covering but still having ¢>N,/|LQ| — 1 as L — oco. We pick a minimizer u® = uL € H (L) of 82“9 B
with mass pL?|[, and set

W =u"ly,, pji= ][ lu® (x)|? dx. (3-32)

J
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The idea of the proof is reminiscent of that in the upper bound part: we gauge away the magnetic
interaction between the cells, and this leads to a lower bound in terms of the Neumann energy of the cells.
Note that u;?f € H'(Q;) for each j, and

Ny
> pit? =pL*Q|.
j=1

Before estimating the energy, we need to distinguish between squares with sufficient mass and squares
which will not contribute to the energy to leading order. We thus set

QL:=1{Qj,j€ll,....Ne} : pj > L7217 (3-33)
for some 0 < § < 2n. Note that the mass concentrated outside cells Q; is relatively small:

> 0 SCLNL =o(LY). (3-34)
0;¢9L

We can now estimate, using the gauge covariance of the functional on each Q;,

N¢
Eo(LR, B, pL21Q)) = £, 41w > Y / (=i + BT 1)

Ne
=) / |(—iV + BA[|uttePi 1) uileiPoi
=1 Q;

Ne E(KQ ﬁ pﬂ% 2 2 EWQ.B.C
j=1 J:Q;€9L J

(3-35)

where ¢; satisfies (observe that the left-hand side is curl-free on Q)
Ne¢
> AllufP1=V¢; inQ;,
k=1,k#j
and in the last step we used the scaling law (3-9) with u = 1/A = _/p;. Also,
i ::Jp_j£>L5/2e+oo as L — oo

uniformly in j for cells Q; € Q;, and we thus conclude by Lemmas 3.7 and 3.8 that

, 1
By, B, pL712D) > (1 —o(1) S Y o =(1—o(l)—— . 1 @, (3-36)

1219 L?|Q L2
€ DI €

where we consider here the step function o : =) j:0,€0; Pi 14, and denote by Q the union of the cells Q.
It remains then to observe that the constrained minimum

B=min{/ 92:0<QeL2<Q>,/e=<1—o(1>>pL2|sz|}
Q Q
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is achieved by o constant and thus
_ 2 -
f 0° > B=((1—o()pL?QI)71Q1™" = (1 —o(1)p*L*|.
Q
Inserting this in (3-36) and using p%e(B,1) =e(B, p) leads to the desired energy lower bound. O

4. Proofs for the trapped gas

4A. Local density approximation: energy upper bound. Here we prove the upper bound corresponding
to (2-19):

EY <Eff(140(1) asp— oo. 4-1)
We start by covering the support of QEF with squares Q;, j =1, ..., Ng, centered at points x; and of
side length L with
L=pl, -5 _po ! (4-2)
=P Ty T2

We choose the tiling in such a way that for any j =1, ..., Ng, we have Q; N supp(QEF) # &. The upper
bound on L indicates that the length scale of the tiling is much smaller than the size of the TF support.
The lower bound ensures that it is much larger than the scale on which we expect the fine structure of the
minimizer to live.

Our trial state is defined much as in the proof of Lemma 3.9:

Ng
u't = Z uje P, (4-3)
j=1

where u; realizes the Dirichlet infimum

Eo(Q;. B. M)) := min{€"[u] :u € Hy(Q)). [y, Iu* = M;},
where of course

X ul = £ 4lul = /Q (=i V + BAllul*T)u]’

M,:f |u,-|2::/
Q; (@)

The phase factors in (4-3) are again defined so as to gauge away the interaction between cells, i.e.,

and we set

op pp=M/L = ][ o5 (4-4)

J Q]

Ng

Y Allml1=Vg; inQ;.

k=1,k#j
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test ;

This construction yields an admissible trial state since u'°*! is locally in H', continuous across cells by

being zero on the boundaries, and clearly

Ng Ng
/2|utest|222/ |M,|2=Z/ QEFZI
R j=1 0j j=1 Qj

Much as in the proofs of Lemmas 3.1 and 3.9 we thus obtain
Np Np
Ef <EFTu' ™= &u;] + / VISP =) Eo(Q). B. M)) + / VISP (4-5)
, R , R
j=1 j=1

Our task is then to estimate the right-hand side.
We denote, for some ¢ > 0 small enough
S, = {x € supp(of™) : ofF (x) = p2/0+2=¢)
and split the above sum into two parts, distinguishing between cells fully included in S; and the others.
Using (2-13), it is clear that
[supp(os™) \ Se| < Cpl/e . pl/ii=e,

where the first factor comes from the dilation transforming QITF into QEF and the second one is an estimate
of the thickness of S, based on (2-16)—(2-18).
By a simple estimate of the potential V in the vicinity of S,, we obtain

Z / Vi P < CBY/HD . pI2me | g2/(s+2)me _ cpslls2=2 o ETF
j:ngSs Qj
where the factor 8*/¢*2) accounts for the supremum of V, the factor 8%/ ¢+2~¢ for the volume of the

integration domain and the factor 8=2/¢+2~¢ for the typical value of |u ; |2
addition Lemmas 3.4 and 3.1, we deduce

Y. Eo(Q B M= Y Eo("Q,B.B"p) < Ef".
J:O;LSe J:0;ZSe

on this domain. Also, using in

For the main part of the sum in (4-5) we use the scaling law (take A = VP and pu =,/Bp; in Lemma 3.4)
to write

Eo(Qj. B. Mj) = p; Eo(L\/Bp; Q. 1. L* Bp).
with Q the unit square. Then

Y. EoQ B M=) LBpje(l,hH+ Y Lzﬁpf(

J:Q;CSe J:Q;CSe J:Q;CSe

Eo(L; 0,1, L%
%—e(l, 1))
j

with, provided ¢ is suitably small and in view of the lower bound in (4-2) and the fact that we sum over
squares included in S,

Lj:=L\/Bp; > prHs/CEHII=e/2 4 5o, uniformly with respectto j =1, ..., Ng.
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We thus obtain (recall the definition of the thermodynamic energy in (2-5))
Eo(L;Q.1.L})
— 1= el asLj— o0
L; '

uniformly in j, and deduce that

> Eo(Q). B M) = (1+o(1)Be(1, 1) Y plL>.
J:QjCSe J:Q;CSe
Recalling that
pj =][ 0p (x)dx,
j

we recognize a Riemann sum in the above. Using (2-17) and the upper bound in (4-2) we may approximate
QEF by a constant in each square (this is most easily seen by rescaling to QITF and observing that the size
of squares then tends to zero), and bound the part of the integral located in the complement of S, in the
same way as above to conclude that

Z Eo(Qj, B, Mj) = (14+0(1))Be(l, 1)/ (Q};F)Z‘
J:QjCSe R2

Using (2-11) and (2-16) we obtain

IVV(x)| < CRE~D/6+2)

for any x € S;. Combining with (4-2) we deduce as above that
> f Viu* = (1+ 0(1))/ Vog'
J:Q;CS: 9, R?

and this completes the proof of (4-1).

4B. Local density approximation: energy lower bound. L.et us now complement (4-1) by proving the
lower bound

EY > EZF(1+0(1)), (4-6)

thus completing the proof of (2-19). We again tile the plane with squares Q;, j =1, ..., Ng, of side
length

L=2p"
satisfying (4-2), and taken to cover the finite disk Bg: (0) with

1
t:= 24s

+¢
for some ¢ > 0 to be chosen small enough. We also define

Qp:=1{Q;j C By(0): L\/p;B > p"}, @7
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where 1 = u%f is a minimizer for £ E‘f with unit mass and
o= P ar.
Q;
Define the piecewise constant function
@)= ) pilg, ). (4-8)
QjGQﬂ
We claim that one may find some > 0 in (4-7) such that
M:=|] 0¥ —>1 asp— . (4-9)
R2
Indeed, using (2-11) and (2-12) we get that for any x € Bg, 0)

V(x) > CB*" minV > CB*
B{(0)

for B large enough. Thus, using the energy upper bound (4-1) and dropping some positive terms we
obtain

ﬁst |uaf|2 g/ Vluafl gaf af] < Cﬁ?/(?-ﬁ-Z)
0) R2

and thus
/ WP < B (4-10)
¢ (0)

On the other hand, by the definition of Qg,
Z |uaf|2 < Nﬁﬂzﬂ_l,
0;¢9p

where Ny is the total number of squares needed to tile Bgr(0). Clearly, we may estimate Ng < C BHL2 =
CB%“=" and then
Z / |uaf| < Cﬂzt 2n+2pn—1 < 1 (4_11)
0j¢9s

because of (4-2), which implies —s/(s +2) — 2n < 0, and provided we take & and u positive and small
enough, e.g. (recall that L = 87 is the side length of the tiling squares),

1
0<8<Z(—+2n> 0<u<e. (4-12)
s

Combining (4-10) and (4-11) and recalling that u® is L?-normalized proves (4-9).
With this in hand we turn to the energy lower bound per se. Let us again set

u;lf — uaf]-Qj, M] — p]LZ — / |Maf|2.

J
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Dropping some positive terms we get

ng — g’élf[uaf] > Z / {‘(_lv —|—,3A[|Ltaf|2])uaf|2 4+ V|Maf|2}
;€079

= 3 [ (v At e 4 i)

0jeQp” %I

>y {E(Qj,ﬂ,MjH/ V|u;f|2}
0,9 Qi

> > {ij(L,/ﬂij,1,(L,/ﬁp,)2)+/Q V|u;‘f|2}, (4-13)
09 J

where the local gauge phase factors are defined as in previous arguments by demanding that (this is again
possible because the left-hand side is curl-free in the simply connected domain Q)

Ng
Y. AlUTP1=V¢; inQ;.

k=1,k#j

The minimum (Neumann) energy E(Q;, B, M;) in the square Q; is defined as in (2-4) and we used the
scaling laws following from Lemma 3.4 as previously to obtain

E(Q;, B, Mj) = p;E(L\/Bp; Q. 1, (L\/Bp;)?),

with Q the unit square. Next, we note that (4-2) and (4-7) imply, using (4-12),
Lj:L‘/ﬁ,Oj 2/3“—)00
uniformly in j for all j such that Q; € Qg. Then, by Theorem 2.1,

> pE(LyBpi Q. 1, (LyBp)?) = > BL?p; E(L;Q,1,L})/L}

Qics 0j<Q
=(1+o(1)Be(1, 1) Y L*p? = (1+o(1)Be(l, l)fRz(éaf);
0;jeQp

On the other hand, it follows from (2-11) that, on all the squares of Qg,

|VV| < CBe—D/+Dtels=D)
and thus if
V)= Y V(xplg, (), (4-14)
Q€
we have

|V (x)— ‘7(x)| < CLﬂ(s—l)/(s+2)+£(s—1) _ O(EEF) for any x € Q.
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Recalling (4-8) and (4-9) we then have
Z / Vv |u7.f|2 :/ Véaf_i_ O(LIB(S—I)/(S-‘FZ)'HE(S—I)) :/ V éaf+0(EgF)- (4_15)
Qjegﬂ Qj R2 R2

The last assertion follows from (2-13) and (4-2), provided we take & small enough; e.g., for s > 1 (recall
that the tiling squares have side length L = g7),

1 s—1
e < . 4-16
2(s—1)(s+2+"> (4-16)
In the very same way however we can put back V in place of v, obtaining
> / Vudf? = / Vo' +o(EfY) = f Vo' +o(ES). (4-17)
0;eQs 7 % " "

Combining (4-13), (4-15) and (4-17) yields

£f > [ v+ asomppen.n [ @ +oEf
R2 R
> a +0(1))€/;1"F[éaf] +0(E§F) > (1 —i—o(l))EgF(M) —|—0(E§F), (4-18)

where the latter energy denotes the ground state energy of the TF functional (2-9) minimized under the
constraint that the L'-norm be equal to M. Inserting (4-9) and using explicit expressions as in (2-13)
and (2-14), one obtains

EZN (M) = (14+0(1)ER"

in the limit 8 — oo, thus completing the proof of (4-6).

4C. Density convergence. The lower bound in (4-6) together with the energy upper bound (4-1) implies
that g%, the piecewise constant approximation of ¢*" on scale L = g7, is close in strong L sense to 0"
We will deduce (2-20) from the following.

Lemma 4.1 (Convergence of the piecewise approximation).
Let éaf be defined as in (4-8) and QEF be the minimizer of (2-9). Then

12 — 05" 22y = 0(B~EF2) (4-19)
in the limit 8 — o0.
Proof. Combining (4-1) and (4-18) we have
€5 10" < Eff + o) < EGF +o(1)p 02 (4-20)

The variational equation for Q/EF takes the form

28001, QT +V = X1F = ETF 4 pe(1, 1) / @y
R
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on the support of QEF (recall (2-14) and (2-15)). Thus,
/Rz(éaf _ Q;F)Z — / ((Qaf)z + (QEF)Z) _ / Qan:gF

— [ @7+ [ @2 [ @ -v.

(1 1y

1
< Betl, 1)[ 410" — Ag" + Be(l, 1>/ (05"’ ]
— IBe(ll 1) [ggF[éaf] ETF] _ O(ﬂ 2/(5-‘1—2))
where we used (4-20) in the last step. O

By the definition (4-8) of o we also have, for any Lipschitz function ¢ with compact support,
Np

f ¢ (B~ ‘/““)xmaf(x)dx—z ¢ (B~ Dx) 0" (x) dx
Q;

—Zcb(ﬂ 25 f o) dx + 0 (B g i)

j=1

= [ 0870 gy dx 08T gl
R2
using the normalization of o. Furthermore, by Cauchy—Schwarz and Lemma 4.1 we obtain

/R BT (2M @) — g (1) dx = o(DI$ ]l 2 go)-

Since the above estimates are uniform with respect to the Lipschitz norm of ¢, we can take n < 1/(s +2),
change scales in the above and recall (2-13) to deduce

sup

¢€Co(Br(0))
llPllLip<1

for fixed R > 0, and hence (2-20).

) (BB x) — 0" (x)) dx| =o0(1), > oo,

Appendix: Properties of minimizers

In this appendix we recall a few fundamental properties of the average-field functional (1-1) in a trap V,
respectively (2-1) on a domain €2, as well as their minimizers.
As discussed in [Lundholm and Rougerie 2015, Appendix], the natural, maximal domain of £ is

7" ={ue H'(Q): [ VIu)* < o0},

and one may also use that the space C2°(R?) is dense in this form domain with respect to & o Furthermore,
[Lundholm and Rougerie 2015, Appendix: Proposition 3.7] ensures the existence of a minimizer ' € 2
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of £ gf for any value of 8 € R for confining potentials V, and by a similar proof and the compactness of
the embedding H (Q) Cc HY(Q) — LP(Q), 1< p < 0o, the same holds for E for any bounded €2 with
Lipschitz boundary:

Proposition A.1 (Existence of minimizers).

Let B € R be arbitrary. Given any V : R* — RY such that —A + V has compact resolvent, there exists
u® e 24 with fRZ lu12=1and ng[uaf] = E™ Moreover, if M >0 and Q2 C R? is bounded with Lipschitz
boundary then there exists ut e H(IO)(Q) with fQ w2 = M and é’af [ af] — E)(2, B, M).

Proof. The first part is [Lundholm and Rougerie 2015, Appendix: Proposition 3.7]. For @ C R? we have
by the Holder, weak Young, and Sobolev inequalities, as well as Lemma 3.2, that

HA[|”|2]”H L2 S ” [lul ]H Lo lltlliee
< O] gy 1V w0 ll g2y el sy < € [1ual| g1 < €' (M + £ D)2,
and therefore
IVull 2@ = | Vu+iBAlullu —iBAlul®lu] g < ETul'? + C"IBI(M +EGTuD) ™
Hence, given a minimizing sequence
oo C Hy (). Ntnlljagy =M. lim £5[un] = E)(R. p. M),

by uniform boundedness and the Rellich—Kondrachov theorem (see, for example, [Lieb and Loss 2001,
Theorem 8.9]) there exists a convergent subsequence (again denoted u,,) and a limit u e H(IO) (€2) such that

up — u™ in LP(Q), 1< p < oo, Vu, = Vu® in L%(Q).
Furthermore, by estimating
|ALlunPlun — AL 1™, < | Alual® — 10 Pl ||, + | AL 1P @0 — 0]
as above and using the strong convergence in L”(2) for any 1 < p < 0o, we have
Allu iy — Al Pt in L2(<).
Hence,

I(V+iBAL™P)u™|, = sup [(Vu*' +iBA[u™1u™, v)| = sup lim [(Vu, +iBAllu|*Tun, v)|

n—oo
lvli=1 lvl=1

< liminf sup |(Vu, +iBA[|un]*lun, v)| = liminf]|(V +iBAl|u,*])un|,
n—>oo

0 ull=1

that is, E«)(Q, B, M) < E3u™] < liminf,_, o Eun] = E(0)(Q, B, M), and furthermore [, [uf]> =
lim, o0 [ [unl? = M. O

For completeness, we finish with a derivation of the variational equation associated to the minimization
of the energy functional (1-1). Let us define

Ju]:= %(uVﬁ —uVu)



LOCAL DENSITY APPROXIMATION FOR THE ALMOST-BOSONIC ANYON GAS 1197
and for two vector functions F, G : R? — R2 their convolution
FeG@)i= [ F-»-Gdy.
R

Lemma A.2 (Variational equation).
Let u = u® be a solution to (2-8). Then

[(—iV + BALIu?])* + V — 28V wo # (BALu|™ ul® + J[ul) |u = Au, (A-1)
where

Azgaf[u]—Ir/z(ZﬂA[lulz]-J[u]+2ﬂ2\A[|uI2]\2IuI2)
R
:/2(1(|W|2+ VIul)+2-2BAlulP]- Tl + 362 |Allul1 | |ul?). (A-2)
R
(Note that the factors 1, 2, and 3 correspond to the total degree of |u|2 in each term.)
Proof. Let
Fluyit,\) == Eu, ) + (1 — [ |ul?)

=/(IWI2+(V—k)lulz+ﬂ2\A[Iu|2]\2|uI2+2ﬂA[Iu|2]-J[u])+k,
Eilu, i ::flA[uﬁ]|2uﬁ:/// Viwg(x — y) - V3w (x — z) wit(x) uit(y) wii(z) dx dy dz,

Elu, ul = / Aluu)-i(uVu —uVu) = // VLwo(x —y)uu(y)-i(uVu —uVu)(x)dx dy.
We have
Eilu, utev]=¢, [wﬂ—i—a[// (VLwo(x—y)-VLwo(x—z)(v(x)u(x)lu(y)lzIu(z)l2

Hu ()P ()0 () 4 @) P+ 1 () Pu(2)v(2) ) dx dy dz-+0 (e2).
Hence at O (¢g),

/v(x)u(x)A[|u|2]2dx—/v(y)u(y)fvao<y—x)|u<x>|2-/viwo(x—z>|u(z)|2dzdxdy
x y X

Z

—/U(Z)M(Z)/VLwo(Z—x)lu(x)Iz‘/VLwo(x—y)IM(Y)IzddedZ

4 x Yy
:/vuA[|u|2]2—2fvuVLw0*|u|2A[|u|2].

Also

Elu, ii+ev] :52[14,ﬁ]+e//(vao(x—y)u(y)v(y)-i(uVﬁ—Wu)(x)

+vlw0(x—y)|u(y)|2-i(u(x)w(x)—v(x)Vu(x))) dxdy+0(?),
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hence at O(e) and using V-A =0,
—/v(y)u(y)/Vlwo(y—X)~21[M](x)dxdy—i/v(X)VM(x)'A[IMIZ](x)dx
y X

+ifu(x)A[|u|2](x).Vv(x)dx:—2fvuvlwo*J[u]—zi/vVu-A[|u|2].

=(PI}=—i [ Vu-Av—i [u(V-A)v
Thus

Flu, it +ev, \] = Flu, i, ] —i—s/ v[(—A +V—Mu —I—,B2|A[|u|2]|2u — 282V wo = [u> Al |u|*u

— 28V wo # Jlulu — 2iBA[ul*]- w] + 0@,
and using
(—iV + BAL|u*])’u = —Au — 2iBALul*1- Vi + B> Al|ulPu

we arrive at (A-1).
For (A-2) we use [ |u |> = 1 by multiplying (A-1) with i and integrating:

)= £97u] 2ﬁf|u| Ve wo s (BALuPu® + Ju).

‘We then use that
/|u|2viwo*A[|u|2]|u|2=// lu(x))*VEwo(x — y) - VEwe(y — 2)|u(2)]? [u(y)[* dx dy dz

_ /// V4 wo(y — 1) - Vwo(y — )lu(e) P lu(@) 2 lu(y)[? dx dz dy
—/A[|u|2]2|u|2

/IMI Vi wo # J[u] = / () PV wo(x — y) - i (u(y) Vi (y) — i(y) Vu(y)) dx dy

and

—/i(uw—ﬂwm)-fvao<y—x>|u<x>| dxdy=—2fJ[u]-A[|u|2]
y x
to arrive at (A-2). O
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REGULARITY OF VELOCITY AVERAGES FOR TRANSPORT EQUATIONS
ON RANDOM DISCRETE VELOCITY GRIDS

NATHALIE AYI AND THIERRY GOUDON

We go back to the question of the regularity of the “velocity average” f f(x, v)¥r(v)du(v) when f and
v - V, f both belong to L2 and the variable v lies in a discrete subset of RP. First of all, we provide a rate,
depending on the number of velocities, for the defect of H!/? regularity which is reached when v ranges
over a continuous set. Second of all, we show that the H'/? regularity holds in expectation when the set
of velocities is chosen randomly. We apply this statement to investigate the consistency with the diffusion
asymptotics of a Monte Carlo-like discrete velocity model.

1. Introduction

The averaging lemma is now a classical tool for the analysis of kinetic equations. Roughly speaking it can
be explained as follows. Let # C R, endowed with a measure diu. We consider a sequence of functions
fn:RP x ¥ — R. We assume that

(@) (fu)nen is bounded in LZ(RP x ¥),
(b) (v- Vi fu)nen is bounded in L*(RP x ¥).

Given ¥ € C>°(RP), we are interested in the velocity average
pn¥1(x) :/ JuCx, 0)¥ (v) di(v).
v

Of course, (a) already tells us that (0, [¥]),en is bounded in L?(RP). We wish to obtain further regularity
or compactness properties, as a consequence of the additional assumption (b), and the fact that we
are averaging with respect to the variable v. The first result in that direction dates back to [Bardos
et al. 1988] (see also [Agoshkov 1984]); it asserts that (o,[¥]),en is bounded in the Sobolev space
H'/2(RP) and it is thus relatively compact in L} (RP), by virtue of the standard Rellich’s theorem.
This basic result has been improved in many directions: L? can be replaced by the L? framework, at
least with 1 < p < oo, and we can relax (b) by allowing derivatives with respect to v and certain loss
of regularity with respect to x; see, among others, [DiPerna et al. 1991; Golse et al. 1988; Perthame
and Souganidis 1998]. Time-derivative or force terms can be considered as well; see, in addition to the
above-mentioned references, [Berthelin and Junca 2010]. Such an argument plays a crucial role in the
stunning theory of “renormalized solutions” of the Boltzmann equation [DiPerna and Lions 1989b], and

more generally in proving the existence of solutions to nonlinear kinetic models like in [DiPerna and

MSC2010: primary 35B65; secondary 35F05, 35Q20, 82C40.
Keywords: average lemma, discrete velocity models, random velocity grids, hydrodynamic limits.
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Lions 1989a]. It is equally a crucial ingredient for the analysis of hydrodynamic regimes, which establish
the connection between microscopic models and fluid mechanics systems, and for the asymptotic of the
Boltzmann equation to the incompressible Navier—Stokes system, which needs a suitable L! version of
the average lemma [Golse and Saint-Raymond 2002]; we refer the reader to [Golse and Saint-Raymond
2004; Saint-Raymond 2009; Villani 2002]. Finally, it is worth pointing out that the averaging lemma can
be used to investigate the regularizing effects of certain PDEs (convection-diffusion and elliptic equations,
nonlinear conservation laws, etc.) [Tadmor and Tao 2007].

In order to illustrate our purpose, let us consider the following simple model which can be motivated
from radiative transfer theory:

£dfo -V fo = L0 (P (p: — ), (-

where

pe(t,X)=/yfs(t,x,v)du(v),

and o : [0, co) — [0, o0) is a given smooth function. The parameter 0 < ¢ < 1 is defined from physical
quantities. As it tends to 0, both f (¢, x, v) and p.(t, x) converge to p(¢, x), which satisfies the nonlinear
diffusion equation

dz
o(2)
The averaging lemma is an efficient tool to deal with the nonlinearity of such a problem, as discussed in

[Bardos et al. 1988].
However the discussion above hides the fact that we need some assumptions on the measured set

0
dp =V, - AV F(p)), A=/v®vdu<v>, F(p)zf (1-2)
v 0

of velocities (¥, du) in order to obtain the regularization property of the velocity averaging. Roughly
speaking, we need “enough” directions v when we consider the derivatives in (b). More technically, the
compactness statement holds provided for any 0 < R < 0o we can find Cg > 0, &y >0, y > 0 such that
for 0 <8 < 8y and £ € SN~!, we have

meas({v € ¥ NB(0, R) : |v-&| < §}) < Crd”.

This assumption appears in many statements about regularity of the velocity averages; when we are only
interested in the compactness issue, it can be replaced by a more intuitive assumption (see, e.g., [Golse
2000, Theorem 1 in Lecture 3]): for any & € SV ~! we have

meas({v € ¥ NB(0,R) :v-£=0}) =0. (1-3)

Clearly these assumptions are satisfied when the measure du is absolutely continuous with respect to
the Lebesgue measure (with, for the sake of concreteness, ¥ = RP or v = SP _1). However, they fail
for models based on a discrete set of velocities. For instance let 7" = {vy, ..., vy}, with v; € RP?, and
du(v) = % Z;V:] d(v=vj); it suffices to pick § € SN=1 orthogonal to one of the v; to contradict (1-3).
(Note that alternative proofs based on compensated compactness techniques have been proposed to justify
the asymptotic regime from (1-1) to (1-2) that apply to certain discrete velocity models; see [Degond et al.
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2000; Goudon and Poupaud 2001; Lions and Toscani 1997].) Nevertheless, when the discrete velocities
come from a discretization grid of the whole space, the averaging lemma can be recovered asymptotically
letting the mesh step go to 0, as shown in [Mischler 1997], motivated by the convergence analysis of
numerical schemes for the Boltzmann equation.

This paper aims at investigating further these issues. To be more specific, in Section 2 we revisit the
averaging lemma for discrete velocities in two directions. First of all, we make more precise the analysis
of [Mischler 1997], obtaining a rate on the defect to the H'/? regularity of the velocity average, depending
on the mesh size. Second of all, we establish a stochastic version of the averaging lemma. We are still
working with a finite number of velocities on bounded sets; however, choosing the velocities randomly,
the “compactifying” property of assumption (b) can be restored by dealing with the expectation of p,[¥/].
This is a natural way to involve “enough velocities”, by looking at a large set of realizations of the discrete
velocity grid. The analysis is completed in Section 3 by going back to the asymptotic problem ¢ — 0 in
(1-1), with a random discretization of the velocity variable, in the spirit of the Monte Carlo approach.

2. Discrete velocity averaging lemmas

Deterministic case: evaluation of the defect. As mentioned above, it is a well-known fact that, in the
deterministic context, the averaging lemma fails for discrete velocity models. However, as established by
S. Mischler [1997], the compactness of velocity averages is recovered asymptotically when we refine a
velocity grid in order to recover a continuous velocity model. Here, we wish to quantify the defect of
compactness when the number of velocities is finite and fixed. This is the aim of the following claim
which shows that the macroscopic density p[v¥] “belongs to H'2(RP) + O(I/W)LZ(IRD)”.

Proposition 2.1. Let N € N\ {0} and define

Ay = (%Z)D N [=0.5,0.5]°.

Let f, g € L>(RP x Ay) satisfy, for all k € ZP,

Uk - Vi f (o, v) = g(x, vg). 2-1

We suppose that the L*> norm of f and g is bounded uniformly with respect to N. Then, for all ¥ € CSO(RD ),
the macroscopic quantity

Pl (x) (N+1)D Zf(x vV (ur)

can be split as p[V](x) = O[Y¥](x) + (I/W)A/[\/lp](x), where O[] and A/[\/lﬁ] are bounded uniformly
with respect to N in H'/*(RP) and L*(RP) respectively.

Remark 2.2. Note that in this statement N is the number of grid points per axis. Accordingly, there
are N = (N + 1)? velocities in the set Ay. Therefore the defect of H'/? regularity decays like N''/2P,
depending on the dimension.
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Proof. As usual, we start by applying the Fourier transform to (2-1). Then for all k € Z and & € R, we get

E-u f(E v = (—)E(E, v
Let us set

1/2

. 1 r 2 12 . 1 A 2
F(&) = (m;lﬂé,vkﬂ) . GE) = (W—I)L)Xk]g(s,vm)

By assumption, we have F, G € L?. Still following the standard arguments, we pick § > 0 and we split

ALlY1(E) = (N+1)D Zf(é vV (vr)
= — SE v () + 75 F & vv ).
(N +1)P € v§<:6|§| (N +DP € v2|>:5|$

The Cauchy—Schwarz inequality permits us to dominate the first term:

1/2 1 1/2
_||w||oo<(N+l)DZ|f<s vk)|) ((N+—1)D > 1) (22

|§-v|<8l€]

' > fE )
(N+1 )DIE V| <88 |

For the second term, we use the information in (2-1); it yields

> FEvY )

‘(N+1)D

&-vi| =816 ]
(=g, ve)
‘(N+ 0 %m—;’ m wm'
A ) 1/2 1 1 1/2
snwnoo(mik]g(s,vm) ((N“)Dsu%s'f vk|2) . (2:3)
From now on we assume & #0. Let (ey, ..., ep) stand for the canonical basis of RP so that&:Zleajej

with ; € R. We distinguish the following two cases:

(1) & is aligned with an axis, that is, all but one the «; vanish, or

(ii) & is generated by at least two vectors of the basis.

We start with the case (i), assuming for instance & = ae;. Then & - v, = av,l, where v,l is the first
component of the vector vg.

We refer the reader to Figure 1 to complete the discussion. On each horizontal line we find 2|dN | + 1
velocities such that |§ - vi| < §|&|, where |s] stands for the integer part of s. Thus, since there are
(N + 1)P~! such lines on the domain Ay, we obtain

_ D-1 _ 1 D
> 1=CUBNI+ DN+ )P =2(5+ )N + D,

|§-vi|<5lE]
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Figure 1. The delimited area corresponds to |£ - vi| < §|&]| for & collinear to e.
Coming back to (2-2), we arrive at

N 1
Y. fEwvwo|<CFE, s+,
1§ v <8&|

where C > 0 is a generic constant which does not depend on N and &.

1
‘(N—i—l)D

Next, we cover the set of velocities such that |v; - £] > §|&]| by strips of width &; see Figure 2 in
dimension D = 2. We denote by S, the p-th strip delimited by the straight lines x = pé and x = (p + 1)4.
Each velocity on the strip S, satisfies pé < v,l < (p+ 1)é. Moreover, given a strip S,, we cannot find
more than |8 N | + 1 abscissae in the strip and there are (N + 1)°~! lines in the domain. It follows that

1 1 1
2 & w2 2 1612 16/16]. v 2

6 vkl=0l¢] 6 vl =3l¢ |
<L2(Z : >(5N+1)(N+1)D—1<L2(Zi)l<1+l)(1\1+1)’3
- 2 2 - 2 2 ’
57 "\ (po) g2\ p? )5\ T8N
(0.5,0.5)
TTT:\:\:TT7\7:\77:\:\:77:?
o ol fededelaled
(~0.5,-0.5) 8

Figure 2. Splitting of the velocity space in strips of width §. Since this space is symmetric,
we only deal with the part corresponding to positive abscissae.
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A
(0.5,0.5) 5(0.5,0.5)
S e
ENEERREE e
st o
= iR AN

Figure 3. Representation of £ € R? with 6 € ]0 4] and 0 € ]

4>|:1
(STE]

] with cos0|&E| =& - ey.

Thus, we deduce from (2-3) that

> fE v
RVIEJ

‘—D <CGE®)——(1+5y ! )1/2.
(N+1) €] \/_

‘We conclude that

1

NGO —

pvI©| = C(F@\ s+ 47 4

€ |f (1
holds when £ is aligned with the axis.

We turn to the general case (ii). As illustrated in Figure 3, we can assume that the angle 6 between &
and one of the axes (say e;) lies in ]0, T [, the other cases follow by a symmetry argument.

The reasoning still consists in counting velocities in strips appropriately defined. As said above, without
loss of generality we can assume that 8 € ]O, T [ where we have set cos8|&| =& -e;. We set £1 :=§/cos 6.
On a given strip, we can find at most (|[£;N] +1) x (N + 1)P~ ! velocities; see Figure 5.

Figure 4. The area corresponding to |£ - vg| < §|&]| is delimited as previously. The
complementary set is split into strips of width §.
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(0.5,0.5)

Figure 5. Representation of the parameter ¢;.

Therefore, bearing in mind that 0 < 8 < Z, we obtain

47

1 1 1 1 1 1)
T Rt M) By N+1)+DP!
B e DRy T ,;<p8>2(cos0 F)oven

|€-vk[=81€] |&-ve|=615|

L L 1 D _ 1 1 b
5ISIZZ;(p8)28cos9<1+3N)(N+1) 2f|§|25(1+8N)<N+1>

and
Y 1=QLuNJ+ DN+ < 2(LN+ 1)(N+ HP < 2&(3 + l)(NJr P,
1£-vy | <Ol cos 6 N

Thus, we deduce exactly like in case (i) that (2-4) holds for any & # 0.
Therefore, we have established that for all £ £ 0, we get (2-4) for all § > 0. We take

5= |§| N>|g|}+—1 (N<|E]}

and we define
On () = oY 1E) Lnzey.  ANE) = pIYIE) v <

Then, we have

11 1 1 \/? 1
e C( F&),/ 14+ — v~ C(F G(£)) —.
N(E) < ( é) $|+N+ ($)|g| 1/|S|< +N/|§|> ) v=gy < CFE)+G(§)) q

It implies that
1£10N(£)? < C(G*(&) + FX(8)),

which equally holds true for £ = 0. Then by the assumption on f and g, we deduce that ©y € H'/2(RP).
Finally, we evaluate the remainder:

2 1 1 c
Ayn(§) = C<F(S)\/;+ G(§)|S|\/1/_N(l + (1/N)N>> Liv<ey < \/—N(F(S)JrG(S))-

We conclude that

C
AV®) < (F3(®) +G2(€)),

which is also satisfied when & = (. Thus, by the assumption on f and g, we know || A y||;2 is dominated
by 1/+/N, an observation which finishes the proof. U
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A stochastic discrete velocity averaging lemma. Dealing with random discrete velocities we can expect
to make the defect vanish when taking the expectation of the velocity averages. This is indeed the case as
shown in the following statement.

Theorem 2.3. Let (2, A, P) be a probability space. Let Vi, ...,V be iid. random variables, dis-
tributed according to the continuous uniform distribution on [—0.5, 0.5]1°. We set

N
1
= Zaw:vk).
k=1

Let f, g € LZ(RD x RP x Q, dx du(v) dP) satisfy, for all x € RP, weQ, andk e{l,..., ./},
Vie- Vi f(x, Vi) = g(x, Vi). (2-5)

Then, for all € C>°(RP), the macroscopic quantity
N
PV 1= D VoY () = B [,y ) duv)

satisfies Ep[y] € HY*(RP) (and it is bounded in this space if the L> norm of f and g is bounded
uniformly with respect to N).

Remark 2.4. We point out that this statement has a different nature from the stochastic averaging lemma
devised in [Debussche et al. 2015; 2016], where the velocity set still satisfies an assumption like (1-3) but
the equation for v - V, f;, involves a stochastic term. Our analysis is closer in spirit to the results in [Lions
et al. 2013], where the velocity variable is deterministic but is multiplied by a Brownian motion.

Proof. We apply the Fourier transform to (2-5). Then, for all k, we get

E-Vif (6, Vi) = (=) (&, Vi).

We set
172

R 172
F&) = (%[EZIJ’(S, vk>|2) LG = (%EZ@@, vk>|2)
k k

Let us split

1 A
Eply1(5) =E [7 Z f G, vkw(vk)]

—[E[W Y. fE vk)ka)]wLV > fE, vk)mvk)]

|&-Vic|<5|§] &-Vi|=5]¢]

for 6 > 0. The Cauchy—Schwarz inequality leads to the following estimates: on the one hand,

1/2 1 1/2
<||w||oo(—[EZ|f(§ vm) (75 > 1) ,

€- Vi <dl&]

‘ [ Y. fE ka(vk)}
|- Vie|<dl§]
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and, on the other hand,

1 » 1 (=)gE. Vi)
[E[y > fE Vk)w<vk>]‘='m[7 > g_—vkl//(vk)]'

|€-ve| =615 ] &-Vi|=5€]

1 12 /4 1 1/2
s||w||oo(7[EZ|§<s,vk>|2) (ytE > m) :
k

|&-ve| =615 ]

We only detail the case where £ = e, o € R, the other cases being deduced by adapting the reasoning
of the proof of Proposition 2.1. We have

1 1 1 1 1
| =, 2w = e 2 (S o))
|s-vk%|s|'5 Vil |E,V,Z,Z:Ml|S|2|S/|-§|-Vk|2 £ ;@6)2 ’

where M), is the number of velocities in the p-th strip (see Figure 2). We bear in mind that M), is a
random variable: since the V; are distributed according to the uniform law, we have

PV, eS,) =46

and, since the variables Vi, ..., V, are independent, M), follows a binomial distribution of parameters .4
and 8. Therefore, we are led to

[E[ > ! ]< ! 2(2—1 )[E[M]<C—1 N (2-6)

vl = g2 2 pl = 2 ’ B
e [P ] TP T\ (o) £
which yields
<
‘ [W >, f& vkw(vk)} CGE)— |5|f

&-Vi|=415]

By the same token, we get

[E[ Z 1]:2&/ (2-7)

|- Vi|<él&]
so that
‘ [ Y. fE, vk>w<vk>] < CFEWs.
1§ Vil <d1&|
Finally, we arrive at
G@é)
E <C(FEWVs+—= )
[EALY1(E)] ( é) BN

We apply this inequality with § = G(§)/(|€|F (§)), which leads to

1
Eply1(6)| < CYF(E)G(E)——.
| | VI§]

This concludes the proof by using the assumptions on f and g. U
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Remark 2.5. We can readily extend the result to nonuniform laws: we assume that the V; are identically
and independently distributed in R? according to a continuous and bounded density of probability ®.
The number M, of velocities in the strip S, still follows a binomial law but now the expectation value
depends on ® and M), can be shown to be dominated by 4[| ®||4.

For certain applications, the variable v lies on the sphere. This is the case for the kinetic models arising
in radiative transfer theory, where v represents the direction of flight of photons, which, of course, all
travel with the speed of light. We can adapt the stochastic averaging lemma to this situation.

Theorem 2.6. Let (2, A, P) be a probability space. Let Vi, ...,V be iid. random variables, dis-
tributed according to the continuous uniform distribution on SP~. We set

N
1
= Za(v=vk).
k=1

Let f, g € L*(RP? x RP x Q, dx du(v) dP) satisfy, forall x e RP, w e Q,and ke {1, ..., ¥},
Vk 'fo(xv Vk) :g(x’ Vk)

Then, for all € C°(SP~1), the macroscopic quantity
! N
YI() == ) VOu (Vo) = RP f (. 0)y () du(v)
k=1

satisfies Ep[y] € HY/*(RP).

Proof. The proof follows the same arguments as those for Theorem 2.3; we only indicate the main changes.
The proof still relies on counting the velocities produced by the random sampling in the domain

Sp={veSP T 5plEl < |v-&l <8(p+ DI}
for given £ e RP\{0}, § > 0 and p € Z. We define 6 € [0, 27 ] such that
v-€|&| =cosb € [—1, +1].

Considering the random vectors Vi, the associated variable 6 is randomly distributed on [0, 27]. For
symmetry reasons, P(Vj € §,) is thus proportional to

P(8]p] <cost <38(Ipl+ D).

We start with the specific case of dimension D =2, and we refer the reader to Figure 6. In this case,
0 is uniformly distributed on [0, 277]. Therefore, for any p € N, we know P(dp <cos@ <§(p+1)) is
proportional to

Is, , = arccos(8(p + 1))@cc0s04P) 49 — arccos(8p) — arccos(8(p + 1))
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3p s(p+1)

Figure 6. Velocities on the sphere S', with domain S,,.

and M, =#{V} € S, } is driven by the binomial law with parameters .#" and «Ils , for a certain constant
a > 0. Hence, the analog of (2-7) is dominated, up to some constant, by

. dx
N =N (57 —arccos§) = N §——= < CN§

o
as far as 0 < 8 < §p < 1. Similarly, the analog of (2-6) involves the sum
Z ing p
P 52 pz

which we split into

N N
= Y sy, 1= > S5,

1)
1<p=<1/28 1/28<p<1/8 p

For I, we can still use the fact that x + 1/4/1 — x2 is nonincreasing and bounded far away from x = 1
and we are led to the estimate

JV op F) N
I= <Cc=—.
> - h == 2 3 g

1<p=1/28 2p 1<p=t/2s 0 1-8*(p+1?

For II, we use a summation by parts which yields

N arccos(Sp) 1 1
=2 5 ((p—l)z_T)

1/28<p<1/8 p

5 Z A arccos(8p) 2 8 Jyz%fc%.

T
2 —_1)2 — 52
1/26<p<1/$ 8 p(p 1) 8 p>1 p

Having these estimates at hand, we can repeat the same arguments as in the proof of Theorem 2.3.

For higher dimensions, the situation is actually simpler since 6 is now distributed on [O, 2] according
to the law with density (sin 0)P~2d6. Thus (with the simple estimate 0 < (sin 0)P~2 < sinH) we obtain
directly the analog of estimates (2-6) and (2-7). [l
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The result can be extended to the L? cases for 1 < p < oo by using an interpolation argument as in
[Golse et al. 1988, Theorem 2].

Corollary 2.7. In Theorems 2.3 and 2.6, we assume that f and g belong to LP (RP x ¥ x Q, dx du(v) dP)
for some 1 < p < oo, with ¥ either RP or SP~L. Then Ep[y/] lies in the Sobolev space WP (RP) with
O<s<min(l/p,1-1/p) < 1.

Proof. We readily adapt the interpolation argument in [Golse et al. 1988]. Let .7 be the operator

T ihes [E/ﬂx, W)Y () du(v),
where

f(xv Vk)+ vk * fo(x’ vk) :h(x7 Vk)

Clearly .7 maps continuously L"(RP x ¥ x Q, dx du(v) dP) into L"(RP) for any 1 < r < oo. Moreover,
Theorems 2.3 and 2.6 tell us that .7 is a continuous operator from L>*(RP x ¥ x Q, dx du(v) dP) to
H'/2(RP). We conclude by interpreting the Sobolev space W*'? by interpolation, as being an intermediate
space between L" = WO and HY? = wl/22 [Bergh and Lofstrom 1976, Theorem 6.4.5, relation (7)],
and L? as being interpolated between L” and L2 O

We can equally extend the compactness statement to the L' framework by following [Golse and
Saint-Raymond 2002].

Corollary 2.8. We consider a random set of velocities defined as in Theorem 2.3 orTheorem 2.6. Let
(fdnen and (g,)nen be two sequences of functions defined on RP x ¥ x Q such that

() {fu :n e NY}is a relatively weakly compact set in L' (RP x ¥ x Q, dx du(v) dP),
(i) {gn :n € N} is bounded in L"(RP x ¥ x Q, dx du(v) dP),
(ii1) we have Vi - Vy fu(x, Vi) = gu(x, Vk).

Then Ep,[¥](x) = [Ef fo(x, V)Y (v) du(v) lies in a relatively compact set of L'(B(0, R)) for any
0 < R < 0o (for the strong topology).

Proof. The proof follows closely [Golse and Saint-Raymond 2002]; we sketch the arguments for the sake
of completeness. For ¢ € C2°(¥'), we denote by <7 the operator

A f [E/f(x, v)¥(v)du(v).
For A > 0, we also introduce the operator
o0
R, :h+— f e Mh(x —vt, v)ds,
0

which returns the solution f =R,/ of (\+v-V,) f =h. Itis a continuous operator on L? (R x ¥, dx du(v))

spaces and we have

h
IRl < Ve

(2-8)
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Let us temporarily assume that the compactness statement holds for </ R, g,,, for any A > 0, when (1)—(ii)
is strengthened to

(ii") {gn : n € N} is a relatively weakly compact set in LY RP x ¥ x Q, dx dj(v) dP).

Therefore, writing (A + v - V)R, f,, = fu, we deduce from (i) that (<« R, _f,,)nen 1S relatively compact
in L'(B(0, R)) for any A > 0 and 0 < R < co. Next, we write f,, = AR, f, + R, (v - V, f,;) so that,
owing to (2-8), « f, = AA R, f, + </ R, (v -V, f,) appears as the sum of a sequence which is compact in
L'(B(0, R)) and a sequence whose norm is dominated by 1/A, uniformly with respect to . Consequently,
(o f,)pen is relatively compact in L' (B(0, R)).

We are thus left with the task of justifying the gain of compactness for 7 R, g, when (i)—(ii) is replaced
by (ii’); see [Golse et al. 1988, Proposition 3]. To this end, for A, M > O we set R; g, = v, and we split

Yn = Vn,M+V,{W,

where
A+ Vi vx)Vn,M(x» Vi) = gn(x» Vk)lg,,(x,Vk)fM»

A+ V- Vx))/nM(X, Vi) = gn(x, Vk)lgn(x,Vk)>M-
Since for any fixed M > 0, the set {g,15,<y : n € N} is bounded in L' N L>® C L? we can apply
Theorem 2.3 or Theorem 2.6, which imply that (<Y, p)nen 1s compact in L'(B(0, R)) for any finite R.

We can conclude by showing that ™ can be made arbitrarily small, in L' norm, uniformly with respect
to n € N, for a suitable choice of M > 0. This is indeed the case because (ii") implies

lim
M— 00

{sup/ lgnl1g,>m du(v) dx dP(co)} =0

by virtue of the Dunford—Pettis theorem; see [Goudon 2011, §7.3.2]. Going back to (2-8) finishes the
proof. ]

3. Application to the Rosseland approximation

Let us go back to the asymptotic behavior of the solutions of (1-1). The problem (1-1) is completed with
the initial condition

f€|t=0 = fgo'

It satisfies 0 >0 and f2 € L'(RP x ¥), as it is physically relevant, f; being a particle density. For the
set (¥, du), in what follows we suppose at least that ¥ is a bounded subset in R” and

/ du(v) =1, / vdu(v) =0.
4 ¥

These assumptions are crucial for the analysis of the diffusion regime. Then, the connection to (1-2) can
be established as follows.
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Theorem 3.1. We assume that (1-3) is fulfilled. Let o be a function such that o (p) = p¥ X (p) with |y| <1
and 0 <o, < X(p) <o* <00. Let (f€0)8>o satisfy

sup(/R / (14+¢(x)+|In f50|f£) du(v) dx + ||f80”Loo(RdX»1/)> = My < +00
d Jy

e>0

for a certain weight function such that lim)y|_, 4 ¢ (x) = 400. Then (up to a subsequence) the solution f,
of (1-1) and p, converge to p(t, x) in L?((0, T) x RY x ) and L?((0, T) x R%) respectively, for any
1<p<oo, 0<T < oo, where p is a solution to (1-2) with the initial data p|;—o given by the weak limit
in L RY) of [, f2du(v) as e — 0.

For instance this statement holds with ¥ = SP~! endowed with the Lebesgue measure. We refer the
reader to [Bardos et al. 1988] for a detailed proof, where the velocity averaging lemma is used to manage
the passage to the limit in the nonlinearity. Assumption (1-3) can be replaced by

forany £ #0, meas({ve #NB(O,R):v-&#0}) >0,

which allows us to deal with certain discrete velocity models. Then, the asymptotic regime can be
analyzed with a compensated compactness argument, which relies on the structure of the system satisfied
by the zeroth and first moments of f;, as pointed out in [Degond et al. 2000; Goudon and Poupaud 2001;
Lions and Toscani 1997]; see also [Marcati and Milani 1990]. The question of the relation between the
diffusion equation that corresponds to a discretization of the velocity set (discrete ordinate equation) and
the diffusion equation that corresponds to the continuous model can be addressed. For the simple collision
operator in (1-1), velocity grids, which differ from the simplest uniform mesh, can be constructed that
lead to the exact diffusion coefficient, namely

1 & 1
7;vk®vk:/§0_1v®vdvzﬁﬂ;

we refer the reader to [Buet et al. 2002; Golse et al. 1999; Jin and Levermore 1991] for further discussion
on this issue. However, for more general collision operators, it might happen that the equilibrium
functions that make the collision operator vanish or the diffusion coefficient are not explicitly known; see
[Bonnaillie-Noél et al. 2016; Degond et al. 2000].

We wish to revisit this question by means of a Monte Carlo approach: instead of the discrete ordinate
viewpoint where a discrete velocity grid is adopted once and for all, we deal with a random set of velocities
and we wonder whether it can provide, in expectation, a consistent approximation of the diffusion regime.
The consistency analysis we propose uses Theorem 2.3 or Theorem 2.6 to justify the following claim.

Theorem 3.2. Let (2, A, P) be a probability space. Let Vi, ...,V bei.i.d. random variables distributed
according to the continuous uniform law on ¥. Then, we obtain a set Vy of 2./ velocities in ¥ by setting
Vyyj==V;forall j €{1,..., 4} Wedenote the associated discrete measure on V' by

1 2.
Ay (v) =5 D d(w=Vi).
k=1
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Let feli=o = f0 > 0 satisfy
sup ([E [/ (1+¢<x>+|1nf£|)f£cw<v>dx+||f£||mmw>> — Mo <+, (D)
>0, #eN RD Jy

Let f, be a solution of the equation

1 1
O fe(t, x, Vi) + gvj Vi fe(t,x, V) = ga(pg,w)[,os,w(t, x) — fe(t, x, V)1, (3-2)
with

pe.x (1, X) ——nga x, V).

We suppose that p € [0, 00) — o (p) is a nonnegative function such that for any 0 < R < 0o, there exists
0.(R) > 0 satisfying 0 < 1/0,(R) < 0 (p) < 0.(R) and |0’ (p)| < 04 (R) forany 0 < p < R. Then Ep;
converges to Ep v in L*((0, T) x RP) as € goes to 0 with 0 < T < oo, where Ep 4 is solution of

. 1
8Epy +div(£y) =0, o(Epy) fy =—EA,V.Epy + 0<\/_7>,

with A_y the D x D matrix with random components defined by

|2
Ay 1=WZI:Vj®V',
j:

and Ep.y |i—o is the weak limit of [ Ef2dp(v).

Note that the construction of the set ¥ ensures that the null flux condition f vdu y (v) =0 is fulfilled,
but the elements of ¥, are not independent. Nevertheless, the stochastic averaging lemma still applies to
this situation, with a straightforward adaptation of the proof. It is likely that the assumptions on o can
be substantially weakened, but it not our aim here to seek refinements in this direction. We will make
precise in the proof in which sense the consistency error O (1/+/-#") should be understood.

Entropy estimates. In order to prove Theorem 3.2, the first step consists in establishing some a priori
estimates, uniform with respect to the parameters ¢ and .#. We will then deduce the compactness needed to
obtain the result. These estimates are quite classical; the proof that we sketch for the sake of completeness
follows directly from [Bardos et al. 1988; Goudon and Poupaud 2001; Lions and Toscani 1997].

Proposition 3.3. Let fgo satisfy (3-1) with ¢(x) = (1 +x2)P 0<B<1.Let 0 < T < oo. There exists a
constant C(T) which only depends on T such that

sup { sup [E/ /(1+<p(X)+|1nfs|)fsduw(v)dx-i-llfsIILw(szxw,T)xRDXm}=C(T)<+O<>
e>0,./eN0<t<T JRPJ¥
(3-3)

and, furthermore,

sup E / / f AGERY pg,/)ln< Je )du.A/(v)dxdtsc(T). (3-4)
>0,/ eN RP Pe, N
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Proof. As said above we crucially use the fact that

/ duy(v) =1, / vduy(v) =
a y

As a matter of fact, the collision operator is mass-conserving in the sense that

La(p)(f —p)duy(v) =0.

Accordingly, integrating immediately leads to
d
St [ rawrwan=o (3-5)
RP Jy

More generally, let G : [0, co) — R be a convex function. We get

1
S [emanwar=-SE[ [ ot G 6 -G () dur @ dr 0.

R Jy € RD Jy

With G(z) = z”, p > 1, it gives an estimate on the L” norm of the solution. Similarly, with G(z) =
[z — 11 fllso]%, we conclude that

0
Il fellLo@x0,7)xrP x7) = 1 f¢ lloo-

Finally, with G(z) = zIn(z) we have

—[E/R /fslnfsdﬂﬂ(v)dX———[E/R /U(Pa #Pe v = fe] 1n( Je )dlm/(v)dXSO- (3-6)
D i D

Let us focus on the following quantity obtained by multiplying (3-2) by ¢ and integrating

d 1
S [ ewnama=-te [ owu9sdnw
t RD Jy & RD Jy

=1[Ef /fw-%w(x)dw(v)dx

- [E/ fv Vi) P gy )
RD

Note that we have used [ vd 4 (v) = 0. By the Cauchy—Schwarz inequality, we know that
/b ds | _ /b ds /b q
— — s
a 2'\/E - a 4S a
Thus, we get

fy s = per | ity (v) = /y Te I = Vo7 diiy )

2

Wb — al* = = 1(b—a)In(b/a).

1/2

1/2
< ( /V ( f8+«/—pgw>2dw<v)> ( /y /fe —«/—pg,,/y)zdw(w)

12
< C/pe,.v <[//(f8 — Pe,v) In(fe/ pe, ) d/@V@)) ,
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and we finally obtain the bound

4 / f ofs djiy () dx

| fe = per| Ve
<||v||Loo<gxs>[E/ /w We=perl g 0)dx

172
<CE / V.| Lot ( “(" et) f—pg,mln(fg/pmdw(v)) dx
(,08/1/)

2 Pe, N 1/2 0(108 ) 1/2
EC[E(/RD|VX¢| m ) ( /I‘%D/ (fe — Pe, /V)ln(fa/loa /)d,lL/(U)d)C) .

By assumption, 1/0 (pe,.+) is uniformly bounded. It follows that

Oy 1/q I/p
[E/ |Vx<p|2;dx§C(E/ |vx<o|2‘fdx) ([Ef phdx)
RD 0 (0g,.1) RP RP
1/q 1/p
§C<[E/ |vx<o|2qu) ([Ef /Ifal”dﬁw(v)dx> <c
RDP RD Jy

holds provided the Holder conjugate g of p > 1 satisfies 8 < 1/2 — D/(4q).
The Young inequality

b<—+40b
a _49+

yields

d 1 o (Pe,.x)
d_[E p(x) fe(t, x,v)dpuy(v)dx <C+ S E 35— (fe = pe,r) In(fe/ pe, ) Aty (v) dux.
t RD v 2 RD 4 &

Let us set

D=t [ TG 0 ) i) 20,
D 4
Coming back to (3-6), we get
[E/ / Foltax, 0) In £t x, ) ity (v) dx + [E/ f () £ (1, x, v) djiy (v) de + 1/ Di(s)ds
RD Jyv RD Jyv 2 0
<Ci+E f / F200e, vy In £20Cr, v) djay (v) dx + B / / o) £20Cx, v) djuy (v) .
RD Jy RD Jy

Since z|Inz| = zInz —2z1Inz 1jp<;<1), we have

Of_f flnfdy:—f flnfdy—/ flnfd)’S/(Pfdy+/e_W2dy.
0=f=l 0<f<e® ev<f<l
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Then, we are led to

t
Ef /fallnfald;w(v)dwrl/ D£<s>ds+1[E/ /wfad/w(v)dx
RD Jy 2 0 2 RD Jv

= ﬂff / feln fedu y (v)dx —Z[E/ / Sfeln felio<p <1y dpy (v) dx
R0 Jy RD Jy

t
+1/ Dg(s)ds+1[E/ /(pfed/w(v)dx
2 0 2 RD Jv

s[E/ /fslnfsduw(v)derZ[E/ fffgd;w(v)dx
RD Jy RD «1/4

t
+2[E/ fe_w/gdu_m(v)dx+1/ Dg(s)ds-i—l[E/ /wfgdw(v)dx
R Jy 2 Jo 2 Jro Jy
<. 0

Moreover, we can deduce from above that f. behaves like its macroscopic part p, 4 for small ¢.

Corollary 3.4. We set g. v := (fe — pe..1)/€. Then, we have

T
sup [E/ /
e>0, N 0 JRP
2 T . 2
dxdt:[Eff (/ de(m> dx dr

0 JrR2 \Jy €

T
<CE /0 /R per f o peos ) INCfo) pos) diy () dx di
D v

2
dxdr < C(T).

f 8e,.v Aty (V)
¥

Proof. We write

[ 1.

f 8e,.v Ay (v)
%

T
<CE f f Pt [ (oo ) fompen )N fo ) poy ) diiy (v) dx dir.
0 Jre 0 (0. 1) Jy

Since by the assumption on o we know that z — z/0 (z) is bounded on bounded sets and since p._ 4 is
bounded in L>®(Q2 x (0, T) x RP), we can conclude by using (3-4). O

Diffusive limit. We can now discuss how to pass to the limit ¢ — 0.

Proof of Theorem 3.2. Applying the Dunford—Pettis theorem (see [Goudon 2011, §7.3.2]) we deduce
from Proposition 3.3 that, possibly at the price of extracting a subsequence,

fo— fy weakly in L'(Q x (0, T) x R? x 7).
Consequently, we also have

Pe,. v = / fedy () = py = / foduy(v) weaklyin L'( x (0, T) x RP)
¥ ¥

and
Epe. v — Epy weakly in L1((0, T) x RP).
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Next, we consider the equations satisfied by the moments of f,. To this end, let us set

2 2

1 Vi 1
Ja,%(t’x):zﬁ E ?lfa(l,X,Vi), Pe, (2, x) =5y E Vi@V fet, x, Vp).
i=1

i=1
Integrating (3-2) with respect to the velocity variable v yields
0P, v +div(Je ) =0. (3-7)
Similarly, multiplying (3-2) by v and integrating leads to
&0 Je.v +AiV(Pe,y) = —0 (pe.s) Jer- (3-8)

Lemma 3.5. The sequence (J;_y)e=0 is bounded in L*(Q2 x (0, T) x RP) and we can write Pe vy =
Ay pe. v+ el v with Ay = ﬁ Z?‘Zl V; ® V; and the components of (K, y)e>0 are bounded in
L*(Q x (0, T) x RP).

Proof. The proof is based on the fact that f, = p. » + €8¢ 4. Since fol V; =0, it allows us to write

Je,v = / vge, v dpy (v),

and we deduce the bound on J;, 4 from Corollary 3.4 since ||v||z=~@xs) < C. In addition, we have

Pe vy = / vOvduy (V) pe, v + € / VR vge v Ay (V).
We set
e, v (2, x) 1= / Ve x (1, X, V) dity (V).

We conclude by using the estimates in Corollary 3.4 again. ([l

Owing to Lemma 3.5, (3-8) can be recast as
e(e0iJe,n +div( 1)) + Ay Vi e,y = —Ve s

with vg sy := 0 (pe,v) Je, v Passing to the limit, up to subsequences, we are led to

{&m +div(Jy) =0,

(3-9)
AyVoy=—vy,

where v 4 is the weak limit as ¢ — 0 of v, 4, which is a bounded sequence in L*(Q x (0, T) x RP).
It remains to establish a relation between v, p 4 and J,, or more precisely the expectation of these
quantities. To this end, we are going to use the strong compactness of Ep, 4 by using the averaging
lemma. Indeed, we know that Ep, 4 belongs to a bounded set in L?(0, T; H'2(RP)); the proof follows
exactly the same argument as for Theorem 2.3, taking the Fourier transform with respect to both the time
and space variables ¢, x. However, because of the ¢ in front of the time derivative, we cannot expect a
gain of regularity with respect to the time variable. Then, we need to combine this estimate with another
argument as follows:
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(i) By using the Weil-Kolmogorov—Fréchet theorem, see [Goudon 2011, Théoréme 7.56], we deduce
from the averaging lemma that

T
lim (sup/ / |Epe,. 4 (1, x + h) —[Epg,,,y(r,x)fdx dt) =0.
|h|—0 P 0o JRP

(i) Going back to (3-7), Lemma 3.5 tells us that d;Ep,,_y» = —div(EJ,,_4) is bounded, uniformly with
respect to €, in L>(0, T; H~'(RP)).

Then, this is enough to deduce that Ep. 4 strongly converges to Ep 4 in L2((0, T) x RP) (see, e.g.,
[Alonso et al. 2017, Appendix B] for a detailed proof).
Then, we rewrite

Ve, v [EVS N 1 1
EJ, W:IE( : ) = : + Er Ny Yoy = |:1) /V( — >:| (3-10)
‘ o(pey)) oEpey) ° ‘ YN\ (per) o (Epey)

From the previous discussion, extracting further subsequences if necessary, we know that Ev, 4 converges
weakly to Evy in L2((0, T) x RP), while Ep,_4 converges strongly in L>((0, T) x R”) and a.e. to Ep 4.
Since o is continuous and bounded from below, 1/0 (Ep;, 4 ) converges to 1/0(Ep 4 ) a.e. too, and it is
bounded in L>((0, T) x RP). We deduce that

[Evs,,/lf N Evy
o(Epe, ) o(Epy)

weakly in L2((0, T) x RP).

We are left with the task of proving that the last term in the right hand side of (3-10) tends to 0 as .4/~ — oo,
uniformly with respect to €. The Cauchy—Schwarz inequality yields

. | ) 2981/2
Ere. v < (EL(ve £ -
[Ere._v| < (E[(ve. s)7]) < [(G(,Og,w) 0([E,Og,,/V)> :|)

Pe, N d 1 2 1/2
< (E[(ves)*D'? ([E [( f —[—} dz)] )
Epe, v dZ G(Z)

1/2
< E1e, D2 (EL(pe.r —Eo? D)
1 2 29\1/2
< (E[(ve.)’D'? ([E [(ﬁ Zl fe(Vi) = [Eps,ﬂ) D : (3-11)
1=
We remind the reader that the 2.4” velocities are constructed by symmetry from Vi, ..., V, which are

i.i.d. velocities in [—0.5, 0.5]P, and we write
2 2

E [lzw > Vi) — [Eps,,,A/:|
i=1

1 N
_ [E[m SV + £ (= V) = 2Epe ) (o (V) + fo(=V)) —Z[E,Oa,w)}]. (3-12)

ij=1
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When i # j, we know V; and V; are independent, which implies
E [(fa(vz) + fe(=Vi) — 2[E,08,L/1/)(f8(vj) + fs(_V}) - 2[E/06,9/V)]
=E[fe (Vi) + fo(=VD) = 2B,y | E[ o (V) + fe(=V}) = 2Epe.r ].

Now, we use the fact that the V; are identically distributed so that

N

2
1 1
2Epe, v = 2E (ﬁ k; fs(Vk)) =k (7 D (FeVi+ fs<—vk>))

k=1
N
= % D (Ef(Vi) +Ef(=VO)) =Efe (V) + Efe(=V))
k=1

forany j € {1, ..., #}. It follows that

E[fe(Vi) + fe(=Vi) = 2Epe o) (fe(V)) + fe(=V}) = 2Epe, 4)] =0 when i # j.

Going back to (3-12), we obtain

| 2 ) v 2
[E[U;fe("f)‘“s»ﬂ] = [Mz; (e (VD) + £ (=Vi) = 2Ep;..1) ]

Since f; and p. 4 are uniformly bounded, we conclude that the estimate
2N 2

1 C

E[ﬁ ;_1 Sfe(Vi) — [E,Oe,w] =< ~

holds. Inserting this information in (3-11), we arrive at

T C T
/ / |Erey | dx dt < — [E/ / v, dxde,
o Jro A Jo Jrp T

which is thus of order O (1/.4"), uniformly with respect to ¢.
Therefore, we can let ¢ run to 0 in (3-10) and, for a suitable subsequence, we are led to

Evy
o(Epy)

Finally, we take the expectation in (3-9) and we get

EJ. »r =~ EJy = +ry weakly in L? (0, T) x RD) with (|7l .20, 7y xrP) <

ﬁ\

E(AyVipy)=—Evy =—0(Ep)ELy +0(Eps )7y

Note that the last term is still of order O(1/+/-#") in the L2((0, T) x R?) norm. By reasoning similar to
that above, we check that, for any i, j € {1, ..., D},

VEL((A 01~ 1A 1)) = O(ﬁ)
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(this is the standard result about Monte Carlo integration). It implies that we can find a constant C > O,
which only depends on the dimension D, such that for any £ € R,
Clgl?

E[|A € —E[A£]|"] < ~

Then we get
E(AyVeps) =FAVikpy +sy, sy =E[(Ay —EA)Vipr].

The remainder term should be analyzed in a weak sense, due to a lack of a priori regularity of V,p 4 (we
only know that the product A_, V,p 4 lies in L2 but the invertibility of A_, is not guaranteed). We have,
for any ¢ € C°((0, T) x RP),

T
|(Es.vle)| = ‘—[E/ /‘D,Q/V(A./V_[EA(/V)Vx(/’dx dr
0 Jr

T ) 12 , T ) 12 o
< [E// 0 dxdt) <// IV, 0| dxdt) —.
( 0 JRP o o Jro " NN

Owing to the estimates (3-3) in Proposition 3.3, it means that s_4 is therefore of order O(1/+/.4) in the
L?(0, T; H~'(RP))-norm. O

Remark 3.6. The random matrix A_, might be singular. However EA_, is invertible. Indeed for any
& #£0, we have

2N
FA§ & =5 3 EIIV;€P120.
j=1

This quantity is actually positive since P(v - & = 0) = 0 for the continuous laws we are dealing with.

4. Comments and perspectives

The Monte Carlo procedure is widely used to numerically evaluate multidimensional integrals, precisely
because, evaluating the numerical effort by the number .4” of quadrature points, it provides a result with
an accuracy of order O(1/+/.#), independently of the space dimension, in contrast to the deterministic
quadrature methods where the error is O (% ~*/P), k being the order of the method; see [Caflisch 1998;
Lapeyre et al. 1998, Chapitre 1]. Application of such stochastic quadrature approaches to the numerical
treatment of kinetic models for neutron transport dates back to the Manhattan project [Metropolis and
Ulam 1949]. For applications to radiative transfer computations we refer the reader, e.g., to [Campbell
1967] and for a more recent overview to [Whitney 2011]. After the pioneering works by K. Nanbu
[1980] and G. A. Bird [1970], Monte Carlo techniques are at the basis of the simulation of the Boltzmann
equation for rarefied gases. (By the way, note that the construction of a suitable deterministic quadrature
formula for approximating the Boltzmann operator can be a bit tricky, with unexpected connections to
subtle number theory arguments [Michel and Schneider 2000].) Very comprehensive introductions can
be found in [Graham and Mé&léard 1999; Pareschi 2005; Pareschi and Russo 1999] and in the textbook
[Lapeyre et al. 1998]. The method can naturally be presented as a particulate method; roughly speaking,
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it works according to a splitting approach [Lapeyre et al. 1998, Chapter 3]: first, particles (which, here,
are “test” particles intended to actually represent a set of real particles) are displaced according to free
transport over the time step A¢, and, second, the effects of the interaction between particles during the
time step are evaluated by using a random sampling. Convergence of the method for the Boltzmann
equation as the number of particles tends to oo is analyzed in [Graham and Méléard 1997; Pulvirenti et al.
1994; Wagner 1992; 2004]. However, the performance of Monte Carlo algorithms is known to degrade in
near-continuum regimes, where the number of collision events per time unit increases; see [Caflisch 1998,
§7; Lapeyre et al. 1998, §3.7.1 and §4.5]. This observation has motivated the development of hybrid
methods [Dimarco and Pareschi 2008; Pareschi 2005].

As pointed out in the Introduction, the average lemma plays a central role in the analysis of nonlinear
kinetic models and their hydrodynamic limits, with fundamental obstructions in extending to discrete
velocity models. We expect that the stochastic average lemma established here might help in analyzing
stochastic algorithms for kinetic models. Our first attempt remains at the level of space-time continuous
models for the simplest radiative transfer equation: it is just a consistency result with the diffusion
approximation. It is remarkable that the consistency error preserves the typical feature of the Monte Carlo
error estimate in O (1/+/.#"), independently of the space dimension. A next step, likely inspired by the
“time-discretized” version of the averaging lemma in [Bouchut and Desvillettes 1999; Horsin et al. 2003],
would be to consider time-discretized models, where the random velocity grid is reconstructed at each
time step.
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PERRON’S METHOD FOR
NONLOCAL FULLY NONLINEAR EQUATIONS

CHENCHEN MoU

This paper is concerned with the existence of viscosity solutions of nonlocal fully nonlinear equations that
are not translation-invariant. We construct a discontinuous viscosity solution of such a nonlocal equation
by Perron’s method. If the equation is uniformly elliptic, we prove the discontinuous viscosity solution is
Holder continuous and thus it is a viscosity solution.

1. Introduction

We investigate the existence of a viscosity solution of

I(x,u(x),u(-)) =0 ing2,
. (1-1)
uU=g in Q°¢,
where 2 is a bounded domain in R”, / is a nonlocal operator that is not translation-invariant and g is a
bounded continuous function in R”.

An important example of (1-1) is the Dirichlet problem for nonlocal Bellman-Isaacs equations, i.e.,

SUPge A infpers{—Lap [, u] +bap(x) - Vu(x) + cap (X)u(x) + fap(x)} =0 in Q, (12)
U=g in Q°,

where A, B are two index sets, byp : R* — R", cgp :R* — R™, f,;:R" — R are uniformly continuous

functions and 1,3 is a Lévy operator. If the Lévy measures are symmetric and absolutely continuous with

respect to the Lebesgue measure, then they can be represented as
Ioplx,u] = /{Rn[u(x+z)—u(x)]Kab(x,z) dz, (1-3)
where {K,p(x,-): x € 2, a € A, b € B} are kernels of Lévy measures satisfying
/[R” min{|z|% 1}Kzp(x,2) dz < +oo  forall x € Q. (1-4)

In fact, we will not assume our Lévy measures to be symmetric in the following sections.

Existence of viscosity solutions has been well established for the Dirichlet problem for integro-
differential equations by Perron’s method when the equations satisfy the comparison principle. G. Barles
and C. Imbert [Barles and Imbert 2008] studied the comparison principle for degenerate second-order

MSC2010: primary 35D40, 3560, 35R09, 47G20, 49N70; secondary 45K05.
Keywords: viscosity solution, integro-PDE, Hamilton—Jacobi—Bellman-Isaacs equation, Perron’s method, weak Harnack
inequality.
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integro-differential equations assuming the nonlocal operators are of Lévy-It6 type and the equations
satisfy the coercive assumption. Then G. Barles, E. Chasseigne and C. Imbert [Barles et al. 2008]
obtained the existence of viscosity solutions for such integro-differential equations by Perron’s method.
L. A. Caffarelli and L. Silvestre [2009, Section 5] proved the comparison principle for uniformly elliptic
translation-invariant integro-differential equations where the nonlocal operators are of Lévy type. Then
existence of viscosity solutions follows, if suitable barriers can be constructed, by Perron’s method. Later
H. Chang-Lara and G. Davila [2014a, Section 3; 2016b] extended the comparison and existence results
of [Caffarelli and Silvestre 2009] to parabolic equations. The existence for (1-1) when I is a nonlocal
operator that is not translation-invariant is much more difficult to tackle since we do not have a good
comparison principle; see [Mou and Swigch 2015], where the authors proved comparison assuming that
either a viscosity subsolution or a supersolution is more regular. To our knowledge, the only available
results for the existence of solutions for equations that are not translation-invariant are the following.
D. Kriventsov [2013, Section 5] studied the existence of viscosity solutions of some uniformly elliptic
nonlocal equations. J. Serra [2015b, Section 4] proved the existence of viscosity solutions of uniformly
elliptic nonlocal Bellman equations. H. Chang-Lara and D. Kriventsov [2017, Section 5] extended
existence results in [Kriventsov 2013] to a class of uniformly parabolic nonlocal equations. In all these
proofs, the authors used fixed-point arguments. O. Alvarez and A. Tourin [1996] obtained the existence
of viscosity solutions of degenerate parabolic nonlocal equations by Perron’s method with a restrictive
assumption that the Lévy measures are bounded. The boundedness of Lévy measures allowed them to
obtain the comparison principle. The reader can consult [Crandall et al. 1992; Ishii 1987; 1989; Koike
2005] for Perron’s method for viscosity solutions of fully nonlinear partial differential equations.

The probability literature on the existence of viscosity solutions of nonlocal Bellman-Isaacs equations
is enormous. It is well known that Bellman-Isaacs equations arise when people study differential
games, where the equations carry information about the value and strategies of the games. Probabilists
represent viscosity solutions of nonlocal Bellman—Isaacs equations as value functions of certain stochastic
differential games with jump diffusion via the dynamic programming principle. However, mostly in the
probability literature, the nonlocal terms of nonlocal Bellman—Isaacs equations are of Lévy—Itd type and
Q2 is the whole space R”. We refer the reader to [Barles et al. 1997; Biswas 2012; Biswas et al. 2010;
Buckdahn et al. 2011; Ishikawa 2004; Kharroubi and Pham 2015; Koike and Swi@ch 2013; @ksendal and
Sulem 2007; Pham 1998; Soner 1986; 1988; Swi@ch and Zabczyk 2016] for stochastic representation
formulas for viscosity solutions of nonlocal Bellman—Isaacs equations.

In Section 3, we adapt to the nonlocal case the approach from [Ishii 1987; 1989; Koike 2005] for
obtaining existence of a discontinuous viscosity solution u of (1-1) without using the comparison principle.
For applying Perron’s method, we need to assume that there exist a continuous viscosity subsolution and
a continuous supersolution of (1-1) and both satisfy the boundary condition. Since (1-1) involves the
nonlocal term, the proof of the existence is more delicate than the PDE case.

In Section 4, we obtain a Holder estimate for the discontinuous viscosity solution of (1-1) constructed
by Perron’s method assuming the equation is uniformly elliptic. In most of the literature, the nonlocal
operator / is assumed to be uniformly elliptic with respect to a class of linear nonlocal operators of form
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(1-3) with kernels K satisfying

200y =K, £ 2=0) i (1-5)
where 0 < A < A. Various regularity results were obtained in recent years under the above uniform
ellipticity, such as [Caffarelli and Silvestre 2009; 2011a; 2011b; Chang-Lara and D4vila 2014a; 2014b;
2016a; 2016b; Chang-Lara and Kriventsov 2017; Dong and Kim 2013; Jin and Xiong 2015; 2016;
Kriventsov 2013; Serra 2015a; 2015b; Silvestre 2006; 2011; Dong and Zhang 2016] for both elliptic and
parabolic integro-differential equations. In this paper, we follow [Schwab and Silvestre 2016] to assume a
much weaker uniform ellipticity. Roughly speaking, we let / be uniformly elliptic with respect to a larger
class of linear nonlocal operators where the kernels K satisfy the right-hand side of (1-5) in an integral
sense and the left-hand side of that in a symmetric subset of each annulus domain with positive measure.
The main tool we use is the weak Harnack inequality obtained in [Schwab and Silvestre 2016]. With the
weak Harnack inequality, we are able to prove the oscillation between the upper- and lower-semicontinuous
envelopes of the discontinuous viscosity solution u in the ball B; is of order r* for some o > 0 and any
small r > 0. This proves that u is Holder continuous and thus it is a viscosity solution of (1-1). Recently,
L. Silvestre [2016] applied the regularity for nonlocal equations under this weak ellipticity to obtain
the regularity for the homogeneous Boltzmann equation without cut-off. We also want to mention that
M. Kassmann, M. Rang and R. Schwab [Kassmann et al. 2014] studied Holder regularity for a class of
integro-differential operators with kernels which are positive along some given rays or cone-like sets.

To complete the existence results, we construct continuous sub/supersolutions in both uniformly elliptic
and degenerate cases in Section 5. In the uniformly elliptic case, we follow the idea of [Ros-Oton and
Serra 2016] to construct appropriate barrier functions. We then use them to construct a subsolution and a
supersolution which satisfy the boundary condition. The weak uniform ellipticity and the lower-order terms
of I make the proofs more involved. With all these ingredients in hand, we can conclude one of the main
results in this manuscript, that (1-1) admits a viscosity solution if / is uniformly elliptic; see Theorem 5.6
in Section 5A. This main result generalizes nearly all the previous existence results for uniformly elliptic
integro-differential equations. In the degenerate case, it is natural to construct a sub/supersolution only
for (1-2) since we have little information about the nonlocal operator /. Moreover, we need to assume
the nonlocal Bellman—Isaacs equation in (1-2) satisfies the coercive assumption, i.e., ¢,p > Y for some
y > 0. The coercive assumption is often made to study uniqueness, existence and regularity of viscosity
solutions of degenerate elliptic PDEs and integro-PDEs; see [Barles et al. 2008; Barles and Imbert 2008;
Crandall et al. 1992; Ishii 1987; 1989; Ishii and Lions 1990; Jakobsen and Karlsen 2006; Mou 2016; Mou
and Swiech 2015]. In Section 5B, we obtain a subsolution and a supersolution which satisfy the boundary
condition in the degenerate case. The difficulty here lies in giving a degenerate assumption on the kernels
which allows us to construct barrier functions. Roughly speaking, we only need to assume that the kernels
K,p(x,-) are nondegenerate in the outer-pointing normal direction of the boundary for the points x
which are sufficiently close to the boundary. That means we allow our kernels K,; to be degenerate
in the whole domain. Then we can conclude the second main result, the existence of a discontinuous
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viscosity solution of (1-2), given in Theorem 5.13. If the comparison principle holds for (1-2), we obtain
that the discontinuous viscosity solution is a viscosity solution. Finally, we notice that our method could
be adapted to the nonlocal parabolic equations for obtaining the corresponding existence results.

2. Notation and definitions

We write Bg for the open ball centered at the origin with radius § > 0 and Bg(x) := Bs + x. We
set Qs := {x € Q : dist(x, 92) > 6} for § > 0. For each nonnegative integer » and 0 < o < 1, we
denote by C™*(Q) (C™*(2)) the subspace of C™°(Q) (C™°(R)) consisting of functions whose r-th
partial derivatives are locally (uniformly) a-Holder continuous in . For any u € C™%(2), where r is a
nonnegative integer and 0 <« < 1, define

]y g = {Super,|j|=r 1072 (x)| ifa =0,
ra;Q =

SUPy,yeQ,x#y,|j|=r |8ju(x) - ajl'{(y)|/|x —y[* ifa>0,
and

> i—oluljo.e ifa =0,
||u||C,,0(§) + [ulra:@ ifa>0.
For simplicity, we use the notation C# () (C#(2)), where 8 > 0, to denote the space C™%(£2) (C%(Q)),
where r is the largest integer smaller than § and @« =  — r. The set C f (R2) consist of functions from

”””Cr,a(Q) =

C#(Q) which are bounded. We write USC(R") for the space of upper-semicontinuous functions in R”
and LSC(R") for the space of lower-semicontinuous functions in R”.

We will give a definition of viscosity solutions of (1-1). We first state the general assumptions on the non-
local operator  in (1-1). Forany § >0, r,s €R, x,xx €Q, ¢, ok, € C2(Bs(x)) N L>®(R"), we assume:

(AO) The function (x,r) — I(x,r, ¢(-)) is continuous in Bg(x) x R.

(A1) If xp — x in Q, @x — ¢ ae. in R", ¢ — ¢ in C2(Bg(x)) and {@g }x is uniformly bounded in R”",
then
I(xp. 1m0 (+)) = 1(x, 7, 0(+)).

(A2) If r <, then I(x,r,¢(-)) < I(x,s,¢(+)).

(A3) For any constant C, we have I(x,r,¢(-)+C) = I(x,r,¢(-)).

(A4) If ¢ touches ¥ from above at x, then I(x,r,¢(-)) < I(x,r,¥(-)).

Remark 2.1. If I is uniformly elliptic and satisfies (A0), (A2), then (AO)—(A4) hold for /. See Lemma 4.2.

Remark 2.2. The nonlocal operator / in [Schwab and Silvestre 2016] has only two components, i.e.,
(x,9) = I(x,@(-)). Here we let our nonlocal operator / have three components and assume (A2)—(A3)
hold. This is because we want to let I include the left-hand side of the nonlocal Bellman—Isaacs equation
in (1-2) and, moreover, we want to describe the two properties

- ab[x’ ¢+ C] + bab(x) ’ V((p +C)(x) =— ab[xv (,0] + bap(x) - V(P(x)’

Cap(X)r <cgp(x)s ifr<s

in abstract forms.
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Remark 2.3. The left-hand side of the nonlocal Bellman—Isaacs equation in (1-2) satisfies (AO0)—(A4) if
(1-4) holds and its coefficients K,p, b,p, cap and f,p are uniformly continuous with respect to x in €2,
uniformly in a € A, b € B. See [Guillen and Schwab 2016] for when the nonlocal operator / has a
min-max structure.

Throughout the paper, we always assume the nonlocal operator [ satisfies (A0)—(A4).

Definition 2.4. A bounded function u € USC(R") is a viscosity subsolution of / = 0 in €2 if whenever
u — ¢ has a maximum over R” at x € Q for ¢ € Cbz([R{”), then

](X,M(X),(p(')) <0.

A bounded function u € LSC(R") is a viscosity supersolution of / = 0 in €2 if whenever u — ¢ has a
minimum over R at x € Q for ¢ € C bz([R”), then

I(x,u(x),¢(+)) 0.

A bounded function u is a viscosity solution of / = 0 in 2 if it is both a viscosity subsolution and
viscosity supersolution of / =0 in 2.

Remark 2.5. In Definition 2.4, all the maximums and minimums can be replaced by strict ones.

Definition 2.6. A bounded function u is a viscosity subsolution of (1-1) if u is a viscosity subsolution of
I =0in Q2 and u < g in Q€. A bounded function u is a viscosity supersolution of (1-1) if u is a viscosity
supersolution of / =0 1in  and u > g in Q€. A bounded function u is a viscosity solution of (1-1) if u
is a viscosity subsolution and supersolution of (1-1).

We will use the following notations: if u is a function on €2, then, for any x € €2,
u*(x) = lim sup{u(y):y € Q and |y — x| <r},
r—0
Ux(x) = lim inf{u(y) yeQand |y—x| < r}.
r—0
One calls u™* the upper-semicontinuous envelope of u and u4 the lower semicontinuous envelope of u.

We then give a definition of discontinuous viscosity solutions of (1-1).

Definition 2.7. A bounded function u is a discontinuous viscosity subsolution of (1-1) if u* is a viscosity
subsolution of (1-1). A bounded function u is a discontinuous viscosity supersolution of (1-1) if u4 is a
viscosity supersolution of (1-1). A function u is a discontinuous viscosity solution of (1-1) if it is both a
discontinuous viscosity subsolution and a discontinuous viscosity supersolution of (1-1).

Remark 2.8. If u is a discontinuous viscosity solution of (1-1) and u is continuous in R”, then u is a
viscosity solution of (1-1).

3. Perron’s method

In this section, we obtain the existence of a discontinuous viscosity solution of (1-1) by Perron’s method.
We remind you that [ satisfies (AO0)—(A4).
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Lemma 3.1. Let F be a family of viscosity subsolutions of 1 =0 in Q. Let w(x) = sup{u(x):u € F} in
R"and assume that w* (x) < oo for all x € R". Then w is a discontinuous viscosity subsolution of I =0
in Q.

Proof. Suppose that ¢ is a C bz([R{”) function such that w* — ¢ has a strict maximum (equal to 0) at
xo € Q over R". We can construct a uniformly bounded sequence of C?(R") functions {@; }m such
that ¢, = ¢ in B1(x9), ¢ < ¢ in R?, SqueBg(xo){W*(x) —om(x)} < —% and ¢, — @ pointwise.
Thus, for any positive integer m, we know w* — ¢, has a strict maximum (equal to 0) at x¢ over R”.
Therefore, supxeBlc(xO){w*(x) — om(x)} = €, < 0. By the definition of w*, we have, for any u € F,
SUD,.e B (xo) (U (X) —@m (X)} < €m < 0. Again, by the definition of w*, we have, for any €5, < € <0, there
exist u¢ € F and X € By(xg) such that uc(x¢) — ¢(x¢) > €. Since ue € USC(R") and ¢y, € Cbz(IR”),
there exists xe € B1(xg) such that ue(xe) — @m(Xe) = supepn{te(x) —@(x)} > Ue(Xe) — Pm(Xe) > €.
Since w* — ¢y, attains a strict maximum (equal to 0) at xo over R” and u < w* for any u € F, we have
Ue(xe) = w*(xg) and x¢ — xg as € — 0. Since u, is a viscosity subsolution of / = 0 in 2, we have

I(xe,ue(xe), om(+)) < 0. (3-1

Since x¢ — xg, Ue(xe) = w*(xg) as € — 07, @y, = @ in B1(xg), @m — @ pointwise, {@m }m is uniformly
bounded, ¢ € Cbz([R”), (A0) and (A1) hold, we have, letting ¢ — 0~ and m — +o0 in (3-1),

I(xo, w*(x0), ¢(+)) <0.
Therefore, w is a discontinuous viscosity subsolution of I = 0. O
Theorem 3.2. Let u, u be bounded continuous functions and be respectively a viscosity subsolution and
a viscosity supersolution of I = 0 in Q. Assume moreover that u = u = g in Q° for some bounded
continuous function g and u < u in R™. Then
w(x) = sup u(x),
UEF
where
F = {u € COR™) :u <u <ii in R" and u is a viscosity subsolution of I =0 in Q}

is a discontinuous viscosity solution of (1-1).

Proof. Since u € F, we know F # &. Thus, w is well defined, u <w < # in R” and w = 4 = u in Q€. By
Lemma 3.1, w is a discontinuous viscosity subsolution of G = 0 in 2. We claim that w is a discontinuous
viscosity supersolution of G = 0 in 2. If not, there exist a point x¢ € 2 and a function ¢ € C bz (R™) such
that w4« — ¢ has a strict minimum (equal to 0) at the point x¢ over R” and

I(.X(), w*(X()), 90()) < —€o,

where € is a positive constant. Thus, we can find sufficiently small constants €; > 0 and §p > 0 such that
Bs,(x0) C €2 and there exists a Cb2 (R™) function @, satisfying that g, = ¢ in Bg,(xo), ¢e; < ¢ in R”,

infreps, (eo){Ws(¥) = @ (1)} = €1 > 0 and

I(x0, @e; (x0), ¢e, (+)) < _%60- (3-2)
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Thus, by (A0), there exists 61 < do such that, for any x € Bg, (xo),

I(x, e, (x), 0, () < —eo. (3-3)

By the definition of w, we have @¢, < wy < u in R™. If ¢¢, (xo) = wx(x9) = u(x0), then # — ¢, has a
strict minimum at the point xo over R”. Since # is a viscosity supersolution of / = 0 in 2, we have

I(X(), Peq (XO)’ (pél()) > 0»

which contradicts (3-2). Thus, we have ¢¢, (xo) < #(xp). Since # and ¢¢, are continuous functions in R”,
we have ¢¢, (x) < u(x) — €3 in Bg,(xo) for some 0 < §> < §; and €3 > 0. We define

Ar= sup {pe(x)—ws(x)}.

X€Bf (x0)
Since ianEB§50 (o)W (X) — e, (x)} > €1 > 0, wx — e, has a strict m_inimum (equal to 0) at the point xg
and —w4 € USC(R"), we have A, < 0 for each r > 0. For any y € Q \ B, (x¢), there exists a function
vy € F such that vy (y) — ¢, () = —3 A,. Since vy, and ¢, are continuous in R”, there exists a positive
constant ¢, such that infxeB,;y )y (X) — e, (x)} > —%Ar. Since Q \ B,(xo) is a compact set in R”,

there exists a finite set {y; }?;1 C Q\ B, (xg) such that Q\ B,(x¢) C U;’;l B(gyi (yi)- Thus, we define

vr(x) = sup {vy;(x)}, xeR"™
1<i<n,

By Lemma 3.1 and the definition of v,, we have v, € F and infxeﬁ\Br(xO){vr (X) — e, (x)} > —%Ar.
1

5 and —ay Ay < €. Thus, we define

Let o be a constant such that 0 < oy <

U(x) = max{ge, (x) —aA,, v (x)}, x € Br(xo),
vy (x), x € B (xo),
where 0 < r < 85 and 0 < & < o, By the definition of U, we obtain U € C*(R"), u <U <1 in R", and
there exists a sequence {x,}, C By(xo) such that x, — xg as n — +o00 and U(x,) > w(xy).
We claim that U is a viscosity subsolution of / = 0 in 2. For any y € €2, suppose that there is a
function ¥ € Cb2 (R™) such that U — ¢ has a maximum (equal to 0) at y over R”. We then divide the

proof into two cases.

Case 1: U(y) = vr(y). Since v, < U < ¢ in R”, we know v, — ¥ has a maximum (equal to 0) at y
over R". We recall that v, is a viscosity subsolution of / = 0 in 2. Therefore, we have

1(y.U(y). ¥ (-)) =0.

Case 2: U(y) = @e, (y) —aA,. We first notice that y € B, (xg). Since ¢¢, —aA, < U <y in B,(xp),
then e, —aA, — ¥ < 0in B,(x¢). By the definition of U, we have > U = v, in Bf(xo). Thus,
e, —QAr =V < @, —aAp — vy < %Ar —aA, <0in Bf(xg). Therefore, we have ¢, — A, — 1 has
a maximum (equal to 0) at y € B, (xo) C Bs, (xo) over R". Since (3-3), (A0), (A3)-(A4) hold, we can
choose « independent of Y and sufficiently small that

I, v (), () =1y, ¢, () —alr, @, (+)) 0.
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Based on the two cases, we have that U is a viscosity subsolution of / = 0 in 2. Therefore, U € F,
which contradicts with the definition of w. Thus, w is a discontinuous viscosity supersolution of I =0
in Q. Therefore, w is a discontinuous viscosity solution of / = 0 in Q. Since w = g in ¢, we know w
is a discontinuous viscosity solution of (1-1). O

Remark 3.3. Under the assumptions of Theorem 3.2, if the comparison principle holds for (1-1), the
discontinuous viscosity solution w is the unique viscosity solution of (1-1). For example, if I is a
translation-invariant nonlocal operator, (1-1) admits a unique viscosity solution.

Before applying Theorem 3.2 to (1-2), we now give the precise assumptions on its equation. For
any 0 <A < A and 0 < 0 < 2, we consider the family of kernels K : R” — R satisfying the following
assumptions:

(HO) K(z) >0 for any z € R".
(H1) For any § > 0,
/ K(z)dz <(2—0)A5°.
Bas\Bs

(H2) For any § > 0,

/ zK(z)dz| < A|1 —o|817°.
B2s\Bs
We define our nonlocal operator
Iuplx,u]:= S;u(x)Kyp(x,z)dz, (3-4)
Rn
where
u(x +z)—u(x) ifo<l,
S:u(x):=qu(x+z)—u(x)—1p,(z)Vu(x)-z ifo=1,
u(x +z)—ulx)—Vu(x)-z ifo>1.
We consider the following nonlocal Bellman-Isaacs equation
sup bing{—lab[x, u] + bap(x) - Vu(x) + cap(x)u(x) + fop(x)} =0 in Q. (3-5)
acAbE

Corollary 3.4. Assume that 0 <o <2, by, =0in Q if 0 <1 and cyp > 0in Q. Let u, u be bounded

continuous functions and be respectively a viscosity subsolution and a viscosity supersolution of (3-5),

where {Kap (. 2)}a.b.z> {babta,bs {Cabta,p and { fap}a,p are sets of uniformly continuous functions in 2,

uniformly ina € A, b € B, and {K,p(x,-) : x € Q, a € A, b € B} are kernels satisfying (HO)—(H2).

Assume moreover that i = u = g in Q€ for some bounded continuous function g and u < u in R". Then
w(x) = sup u(x),

UEF
where

F={ue COR™) :u <u <t inR" and u is a viscosity subsolution of (3-5)},

is a discontinuous viscosity solution of (1-2).
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Proof. We define
G () 1= sup inf = Lap ol + bap (¥)- V) - cap()r + fap (0}
ae

It follows from (H1) and (H2) that I, satisfies (1-4); see Lemma 2.3 in [Schwab and Silvestre 2016].
Then, by (1-4) and uniform continuity of the coefficients, (AO) and (A1) hold. Since c,p > 0 in €2, (A2)
holds. By (HO) and the structure of 1,3, (A3) and (A4) hold. O

4. Holder estimates

In this section we give Holder estimates of the discontinuous viscosity solution constructed by Perron’s
method in the previous section. To obtain Holder estimates, we will assume that the nonlocal operator 1
is uniformly elliptic.

We define £ := L(0, A, A) to be the class of all the nonlocal operators of form

Lu(x):= / S;u(x)K(z)dz,
Rn
where K is a kernel satisfying the assumptions (HO)—(H2) given above and the following assumption:

(H3) There exist positive constants A and p such that, for any § > 0, there is a set Ag satisfying

(i) As C Bys \ Bs;
(i) Ag =—As;
(iii) |Ag| > p|Bas \ Bsl;
(iv) K(z) > (2—0)A8 "9 for any z € Ag.

We note that we will also write K € L if the corresponding nonlocal operator L € £. We then define
the extremal operators

MZ'u(x) :=sup Lu(x), M u(x):= inf Lu(x).
Lec Lec

We denote by m : [0, +00) — [0, +00) a modulus of continuity. We say that the nonlocal operator / is
uniformly elliptic if for every r,s €R, x €Q, § >0, ¢, € C?(Bs(x)) N L®(R"),

My (o =¥)(x) = Col V(¥ —@) ()| —m([r —s[) = I(x,r, ¥ () = I(x,5,9(-))
<M (9 —9)(x) + Col V(¥ —@)(x)| +m(r —s|).
where Cy is a nonnegative constant such that Co =0if o < 1.

Remark 4.1. The definition of uniform ellipticity is different from that in [Schwab and Silvestre 2016]
since the nonlocal operator I contains the second component r.

Lemma 4.2. If the nonlocal operator I is uniformly elliptic and satisfies (A0), (A2), then I satisfies
(AO0)—(A4).
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Proof. Suppose that § > 0, x; — x in Q, ¢ — ¢ ae. in R, ¢ — ¢ in C?(Bs(x)) and {gg x is
uniformly bounded in R”. Since 7 is uniformly elliptic, we have, for any r € R,

M (¢ — o) (xk) — Co| Vg — ) ()| < I(xg, r9x (-)) — L (xp. 1, 0(-))

< M7 (¢ — ) (xx) + Col V(g — @) (xp0). (4-1)
Since K € L, we know, by Lemma 2.3 in [Schwab and Silvestre 2016], that K satisfies (1-4). Letting
k — +o00 in (4-1), we have, by (A0),

lim I(xg,ro@p(-)) = 1(x,r,0(+)).
k——+o00
Therefore, (A1) holds. For any constant C, we have
0=M;(=C)—Co|VC| < I(x.r.¢(-) +C) = I(x.r.¢(-)) < M} (=C) + Co|VC| = 0.

Thus, (A3) holds. If ¢ touches a C%(Bg(x)) N L>°(R") function ¥ from above at x, then

I(x.r.g) = 1(x.r.y) < M (¥ —9)(x) 0.
Therefore, (A4) holds. O
The following lemma is an elliptic version of Theorem 6.1 in [Schwab and Silvestre 2016].

Lemma 4.3. Assume 0 <09 <0 <2, Co, C1 >0, and further assume Co =0 if 0 < 1. Let u be a viscosity
supersolution of
ML_M —C0|Vu| = C1 in Bz

and u > 0 in R™ Then there exist constants C and €3 such that

1
(/ U dx) < C(infu+ Cy),
B B,
where €3 and C depend on og, A, A, Co, n and L.
The following lemma is a direct corollary of Lemma 4.3.

Corollary 4.4. Assume 0 <09 <0 <2, 0<r <1, Cpy,Cy >0, and further assume Co =0 if 0 < 1. Let
u be a viscosity supersolution of

My u—Co|Vu|=Cy in By,
and u > 0 in R™. Then there exist constants C and €3 such that
([{u > 13N Br|) < Cr"(u(0) + C1r°)St™  foranyt >0, (4-2)
where €3 and C depend on og, A, A, Co, n and L.
Proof. Now let v(x) = u(rx). By Lemma 2.2 in [Schwab and Silvestre 2016], we have

M;v—Cor° '|Vu| < C1r® in By. (4-3)
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Now we apply Lemma 4.3 to (4-3). Thus, for any # > 0, we have

1

tlto> 110 By < (/B pe3 a’x)g = Clipfv+C1ir) = CR(O) +C1r).
Then 1
r{fu>t}N B < [{v>1}N B < C(w(0) + C1r?)S 1™ = C(u(0) + C1r%)S 1™,
Therefore, (4-2) holds. O
Then we follow the idea in [Caffarelli and Silvestre 2009] to obtain a Holder estimate.

Theorem 4.5. Assume 0 <09 <o <2, Co >0, and further assume Co =0 if 0 < 1. For any € > 0,
let F be a class of bounded continuous functions u in R" such that —% <u< % in R", u is a viscosity
subsolution of MZ_” +Co|Vu| = —%6 in B1 and w = sup,,c r u is a discontinuous viscosity supersolution
of My w—ColVuw| = %e in B1. Then there exist constants €4, o and C such that, if € < g4,

—Clx|* <ww(x) —w*(0) <w*(x) —w«(0) < C|x|*
where €4, o and C depend on og, A, A, Co, n and L.

Proof. We claim that there exist an increasing sequence {my }; and a decreasing sequence { M} }; such
that My —my = 8%k and my, < inst—k Wx <SUPp__, w* < M. We will prove this claim by induction.

1
2

the sequences up to my and My. In Bg—«x—1, we have either

For k = 0, we choose mg = —% and My = % since —5 <u < % for any u € F. Assume that we have
[{ws > My +mg} N Bg—k—1| > 3| Bg—k—1] (4-4)
or
[{ws < My +mi} N Bg—s—1| > 3[Bg—s—1]. (4-5)

Case 1: (4-4) holds. We define
Wy (875 x) — my
2 (My. —my,)

v(x) =
Thus, v > 0 in By and
[v= 13N By | = 3]By].

1

Since w is a discontinuous viscosity supersolution of M, w — Co|Vw| = 7€ in By, we know v is a

viscosity supersolution of
M7 v—Co81=9)|Vy| = 8k@=9¢ in By
We notice that Cyp =0 if 0 < 1 and choose @ < 0. Thus, for any 0 <o <2, v is a viscosity supersolution of

M v—Co|Vv|=€ in Bgk.
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By the inductive assumption, we have, for any k > j >0,

v > Mp—j — M - mi_; — My_; + My —my

> > =2(1—8%) in By, . (4-6)
3 (My —my) 2 (My —my) s

Moreover, we have
v>2-8%[-1 — (1 -87)] =2(1-8") in BS. 47
By (4-6) and (4-7), we have
v(x) > —2(|8x|*—1) forany x € Bf.

We define
vT(x) := max{v(x),0} and v (x):=—min{v(x),0}.

Since v > 0 in By, we have v~ (x) = 0 and Vv~ (x) = 0 for any x € B;. By (H1), we can choose «
independent of o and sufficiently small that, for any x € B 3 and 0p <0 <2,

M2v+(x) <M v(x)+ MZLv_(x)

<M v(x)+ sup 8,0 (x)K(2)dz
Ker Jrn

<M v(x)+ sup[ v (x+2)K(z)dz

Kec /B N{v(x+2)<0}
1

< M v(x)+ sup [ max{2(|8(x +z)|* — 1), 0} K(z) dz
KecL JBg

+o00 21 —0
<M7v(x)+22-0)A ) (Z) U+He _1)
=0
24(0[—0‘0) 2—400

5MZv(x)+213(2_GO)A(1 —e—o T ] _2_00) <M v(x)+e.

Therefore, we have
M;v" —Co|VvT[<2¢ in Bj.

Given any point x € By g, we can apply Corollary 4.4 in Bj/4(x) to obtain
Cwt(x)+20) = (vt >1}n B%(x)‘ > [{vF > 13N B%\ > %|B%\.
Thus, we can choose €4 sufficiently small that vt >e4in B g if € < €4. Therefore,

wx(8%x)—m
T( ) k >¢€4 in B1.
5 (Mg —my) 8

v(x) =
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If we set myq1 =my + %64(Mk —my) and My 1 = My, we must have

mpy1 < inf we < sup w* < Mpyq.
Byt By

Case 2: (4-5) holds. For any u € F, we obtain that u € C°(R") is a viscosity subsolution of M ZF U+
Co|Vu| = —%e in By and u < ws in R™ Thus, we have

[{u < 2 (Mg + my)} 0 Bg—x—1| = 4| Bg—x—1].

We define
My —u(8%x)
Uy (x) = DTV
5 (M —my)
Thus, v, > 0 in By and

[ = 13N By [ = 3|B, .

Since u is a viscosity subsolution of M ZF u+Co|Vu| = —%e in By, then vy, is a viscosity supersolution of

M vy, —Co|Vvy| =€ in Bgk.
Similar to Case 1, we have, if € < ¢4,

My —u(8%x) -

() = (Mg —my) ~

€4 in BL,
8
which implies
u(8*x) < My — Lea(My —my) in By.
By the definition of w, we have
w*(8*x) < My — sea(My —my) in B%.
If we set my 1 = my and My = My — %64(Mk —my,), we must have

mrpy1 < inf we < sup w* < Mpyq.
Bg—k—l Bg*kfl

Therefore, in both of the cases, we have My —mp4q = (1 — %64)8_"”‘. We then choose o and €4
sufficiently small that (1 — Les) = 87% Thus we have My —mj4q = 8~¢*+D, O

Theorem 4.6. Assume that 0 < o9 <o <2 and I(x,0,0) is bounded in Q. Assume that I is uniformly
elliptic and satisfies (AQ), (A2). Let w be the bounded discontinuous viscosity solution of (1-1) constructed
in Theorem 3.2. Then, for any sufficiently small § > 0, there exists a constant C such that w € C*(2) and

”w”ca(ﬁs) = C(CZ +m(C2)+ || 1(-,0, 0)||L°°(Q)),

where a is given in Theorem 4.5, Co := max{|[u || cown). ||| oo mn)} and C depends on oy, 8, A, A, Co,
n, i
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Proof. It is obvious that |[u||zcogn) < C3 if u € F. Since I is uniformly elliptic, we have
1(x,0,0) — I(x,u(x),u(+)) < MFu(x) + Co|Vu(x)| + m(C2) in Q.

Since u is a viscosity subsolution of / = 0 in €2, we have

—m(C2) —||1(+,0,0)|| o) < MFu+ Co|Vu| in Q.
Similarly, we have

M, wy —Co|Vws| <m(Cz) + [[1(+,0,0)[Loo(g) in L.
By normalization, the result follows from Theorem 4.5. O

By applying Theorem 4.6 to Bellman—Isaacs equation, we have the following corollary.

Corollary 4.7. Assume that 0 <09 <0 <2, byp =0in Qif 0 < 1 and cgp > 0 in Q. Assume that
{Kab (- 2)}ab,z> tbabtabs {Cabta,b> 1 fabta,b are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, b € B, and { K p(x,-) : x € Q, a € A, b € B} are kernels satisfying (HO)—(H3).
Let w be the bounded discontinuous viscosity solution of (1-2) constructed in Corollary 3.4. Then, for
any sufficiently small § > 0, there exists a constant C such that w € C *(Q) and

lwliceg;) = C(C2+ sup |l fabllLoe(e))-
acA,beB

where o and Cy are given in Theorem 4.6 and C depends on 0y, §, A, A, suPge s .bes 1PabllLoo (@)
SUPgeabes ICab L= (@), 7, K-

Remark 4.8. In this section we assume our nonlocal equations satisfy the weak uniform ellipticity
introduced in [Schwab and Silvestre 2016] mainly because, to our knowledge, this is the weakest
assumption to get the weak Harnack inequality. In fact, our approach to get Holder continuity of the
discontinuous viscosity solution constructed by Perron’s method could be applied to more general nonlocal
equations as long as the weak Harnack inequality holds for such an equation.

5. Continuous sub/supersolutions

In this section we construct continuous sub/supersolutions in both uniformly elliptic and degenerate cases.

5A. Uniformly elliptic case. In the uniformly elliptic case, we follow the idea in [Ros-Oton and Serra
2016] to establish barrier functions. We define vy (x) = ((x1 — 1)*)%, where 0 < @ < 1 and x =

(X1, X2,...,Xn).

Lemma 5.1. Assume that 0 < o < 2. Then there exists a sufficiently small @ > 0 such that
MFva((1+71)er) < —esr®™©

forany r > 0, where ey = (1,0, ...,0) and €5 is some positive constant.
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Proof. Case 1: 0 <o < 1. By Lemma 2.2 in [Schwab and Silvestre 2016], we have, for any r >0 and o > 0,

M va((1+ rer) = sup / (va((1 4+ P + 2) — va((1 + Fen) K(2) d=
Ker JR?

= sup/ (((r+21)+)°‘—r°‘)K(z)dz
Ker Jrn

=r*"7 sup [ (A+z)NH)*=1)r"TK(rz)dz
KeL JR"

= sup [ (120 - DK dz
KeL JR?

§r°‘_a(sup/ (Q+z)*=1)K(z)dz — inf/ K(Z)dz)'
79>— z1<—1

KerL 1 KecL
By (H3), we have, for any K € £ and any 6 > 0, there is a set Ag satisfying Ag C B,s\ Bs, Ag = —As,
|As| > |Bas\ Bs| and K(z) > (2—0)A67"7C in Ag. It is obvious that
. |(B2s\ Bs) N {z :|z1] < 1}
| B2s \ Bs|
Thus, there exists §3 > 0 such that ug < %/,L if § > 3. Then
{z 1|21l = 1} N Ag, | _ sl — |(Bas;\ Bsy) N{z : |z1] < 1] M
|BZ83\B(33| N |B253\B(5'3| — 2

By the symmetry of As,, we have

—0 asd— +oo.

‘{2:215—1}0A53| M
7

|BZS3\B(S3| N
Therefore, we have, for any K € L,
2—0)A
/ K(z)dz > / K(z)dz > ﬂS;”_ﬂBz&\BgJ =:2¢s. (5-1)
z1<—1 {2:215—1}0A53 4

By (H1) and (H2), we have, for any K € L,

/ ((1—|—Zl)a—1)K(Z)dZ=/ + [
z1>—1 {z:zl>—1}ﬂB% {z:z1>-1}NB{
2

/ zK(z)dz —i—/ ((M4+z)*-1)K(z)dz
B {z:z1>-1}NB]

1
2

E azl—(x

1—o +o00

+00
§a21_“(1—o)AZ(2l%) +2-0)A Y @ H T ((1+2H2-1)
=0 =0

B UL NT YN (A (5-2)
(04 — . -
=S ot 1—2e=0 10
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Thus, we have

lim sup/ ((I+z)*=1)K(z)dz — inf/ K(z)dz < —2es.
a0t Ker Jzi>—1 KeL Jz1<—1

Then there exists a sufficiently small « such that
MFvg((147r)er) < —esr® 7.

Case 2: 0 = 1. Using (H2), we have, for any r > 0 and « > 0,

M[z"va((l—l—r)el) = sup/ (va((l—}—r)el+Z)—va((1+r)e1)—131(Z)Vva((l—i—r)el)-z)K(z) dz
KeL JR"?

= sup (r4+z1)H¥—r%—1p, (2)ar* 'z1)K(z)dz
|« 1 )

KerLJR
=ro1 sup/ ((A+z1)H)¥—1-1p, (z)azl)r"+1K(rz)dz
Ker JR" r
=ro! sup/ (((1+21)+)"‘—1—131 (z)az1)K(z)dz
KecJR? 2
<rol ( sup / ((14+z1)*—1-1p, (2)az1)K(z)dz— inf / K(z)dz).
KeLJzy>—1 2 KerL z1<—1
By (H1), we have, for any K € L,
/ (Q+z1)*=1-1p, (2)az1)K(z) dz
Z]>—1 2
=/ ((1+21)°‘—1—a21)K(z)dz+/ (M +z)*=1)K(z)dz
{z:z1>—-1}NB {z:z1>—1}NBg
2 2
<a(l —(x)22_“/ 1z|?K(z) dz +/ ((14+z)*—=1)K(2)dz

B {Z:Zl>—1}ﬂB(i
2 2

2—0(A+oo 1 - 1 2 A+oo I—1\—1 I\a
<a(l—a)2 ;}(ﬁ) (W) +AY THTHA+2H) -1

=0
2(1—1 2—1
< 8aA +4A - .
=seh (1—2a—1 1—2—1)

Then the rest of proof is similar to Case 1.
Case 3: 1 <o < 2. Forany r > 0 and o > 0, we have

Mg-vu((l—i—r)el) = sup/ (va((l+r)el+z)—va((1—|—r)el)—Vva((1+r)e1)~z)K(z) dz
KeLJR"?

= sup/ (((r+z)NH¥—r—ar*1z1)K(z)d:
KeL JR"?
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=r%c sup /Rn (((1+Zl)+)a_1_azl)K(Z) dz

Ker
< rd-"(sup / ((A+z)NH*—1—az1)K(z)dz— inf / (1+az1)K(z2) dz).
KerJzi>—1 KeL Jz1<—1
Using (5-1) and (H2), we have
Ao —1
inf / (1+az1)K(z)dz = inf / K(z)dz —a sup / zK(z)dz EZes—Ll_).
KeL Jz1<—1 KeL Jz1<—1 KeclJBS 1-2"7¢9

By (H1) and (H2), we have, for any K € L,

/ ((1+zl)a—l—a21)K(z)dz:[ + /
z1>—1 {z:zl>—1}ﬂB% {z:z1>-1}NB]
2

< oe(l—oz)22_°‘/ 1z|?K(z)dz+«a

B
2

/ zK(z)dz
{z:z1>—1}NBg
2

+/ (I+z)*-1)K(2)dz
{z:z1>—1}NBg
2

16a(2—0)A 2aA(c—1) 2070 279
ST e T e T )

Then we have

lim sup ((14+z)H)*—1—az1)K(z)dz— inf (1+az1)K(z)dz
z1>—1 z1<—-1

a—>0t ger Ker
20—0 2= ¢ Alo—1
)_265 aA(o—-1)

. l6a(2—o)A 2aA(o—1)
< lim
a—o0t 1-2072 1-21-0

= —265.

+16@2-0)A ( |00 |20 1210

Similar to Case 1, there exists a sufficiently small « such that
Mzrva((l +r)ey) < —esr® O, O

Lemma 5.2. Assume that 0 <o <2, Co >0 and further assume Co =0 if o < 1. Then there are « > 0 and
0 < ro < 1 sufficiently small so that the function uq(x) := ((|x|— 1) )% satisfies M[:’_ua 4+ Co|Vuy| <—1
il’l B 1+r0 \ B 1.

Proof. We notice that u,, and | V| are rotation invariant. By Lemma 2.2 in [Schwab and Silvestre 2016], M 2’
is also rotation invariant. Then we only need to prove that MZLua((l +r)er)+ Co|Vug((14+r)ey)| <—1
for any r € (0, rg], where rg and « are sufficiently small positive constants. Note that, for all » > 0,
ug((1+r)er) =vo((1+r)er), Vua((1+r)er) = Vug((1+r)er) and

}(|(l +r)e; +Z|—l)+—(l’+21)+‘ <C|Z|* foranyz e By,
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where z = (z1, z’). Therefore, we have

Cre 1212, ze By,
0< (ug—ve)((1+r)ey +2) <1 C|Z']**, z € B\ Bz,
Clz|%, z € R"\ By.

Using (H1), we have, forany 0 <o <2 and L € L,
0 < L(uq —va)((1 +1)er)

— [ =0 (1 +1)er + 20K () d2
Rn

EC(/ r* 212K (z) dZ+/ |Z/|2aK(Z)dZ+/ |Z|aK(Z)dZ)
Br B{\Br R\B|
3 2
< c( / r 1z 12K (z) dz + / 2K (2) dz) < CAQo o 4 r2079),
Br B}
2 2

Thus, we have M’Zr (Ug — Vo) (1 4+7r)er) < CA(r®°+1 4 12979 Therefore, by Lemma 5.1, there exists
a sufficiently small & > 0 such that

M ua((14r)er) + Col| Vua ((1+r)er)|
< M (ug —va)((141r)e1) + M vg((14r)er) + Co|Vug (14 r)er)]
< CA@G@OF! 4 p2070) _ (@0 4 o Cor@1,
We notice thato —o0 +1>a—0, 2a —0 > o —o and
(1) if 0 <o < 1, then Cy = 0;
(i1) if o =1, then «Cy — 0 as o — O;
(i) ifl <o <2,thena—1>a—o0.
Thus, there exist sufficiently small 0 < rg < 1 such that we have, for any r € (0, rg],
M ug((14r)er) + Co| Vua (1 +r)er)| < —1. (5-3)
This completes the proof. O

In the rest of this section, we assume that €2 satisfies the uniform exterior ball condition, i.e., there is a
constant rg > 0 such that, for any x € 9Q2 and 0 <r <rq, there exists y € Q¢ satisfying B, 6%9) NQ ={x}.
Without loss of generality, we can assume that rg < 1. Since 2 is a bounded domain, there exists a
sufficiently large constant Ry > 0 such that Q C {y : |y1] < Ro}.

Remark 5.3. At this stage, we are not sure about whether the exterior ball condition is necessary for
the construction of sub/supersolutions. In future work, we plan to construct sub/supersolutions under a
weaker assumption on €2, such as the cone condition.
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Lemma 5.4. Assume that 0 <o <2, Co > 0 and further assume Co = 0 if 0 < 1. There exists an €7 > 0
such that, for any x € Q2 and 0 < r < rq, there is a continuous function ¢x r satisfying

oxr =0 in Er(y;),
ox,r >0 in Eﬁ(y;),
oxr>1 in BS, (y%),

Mg_(px,r+C0|v¢x,r| < —€7y in 2.
Proof. We define a uniformly continuous function ¢ in R” such that 1 < ¢ <2 and
p(y)=1 iny1>Ro+1,  ¢(y)=2 iny; = Ro.

We pick some sufficiently large C3 > 2/r{ and we define

x,r(y) = min{@(y)» C3ua(y _ry;)} )

where o and ro are defined in Lemma 5.2. It is easy to verify that ¢, = 0 in B, V%), ¢x,r > 0in
BS(yT), and ¢y » > 1in BS,(y%). By Lemma 5.2, we have Mg'ua + Co|Vug| < —1in Bi4p\B1. It

is obvious that, for any y € B (140)r (%) \ Br(»%), we have

. — r . — r
(Mg'ua( rJ’x )) (y) + Cor'™° (Vua( rJ’x ))(y) <—r7% forany0<r <rq.

Since Cop =0if0 <o <1,and 0 <r < 1, we have

(M[:"ua(' _ry;))(y) + Co (Vua(' _ry;))(y)‘ <—1 forany0<r <rq.

For any y € §(1+(2/C3)1/a),(y;)\l§r (y%), we have ¢x () = C3uq((y — y%)/r). Suppose that there
exists a test function ¥ € Cbz([RR") that touches ¢y , from below at y. Thus, ¥/C3 touches uq ((- —y%)/7)
from below at y. Hence, Mg—lﬂ(y) + Co|V¥(y)| < —C3. Forany y e Q N B
have ¢x () = ¢(y) = maxpr ¢x, = 2. Therefore, for any 0 < o < 2, we have

€1+(2/C3)1/a),(y;), we

(MF¢x.r)(9) + ColVex,r(y)| = sup / (x,r(y +2) —0xr (¥)K(z) dz
KeL JR"

—sup [ (42 - DK () dz
KeL JR?

<- inf[ K(z)d:z
KeL Jiz|zy>—y1+Ro+1}

< — inf / K(z)dz.
Kel J{z|z;>2Rp+1}
By a similar estimate to (5-1), there exists a positive constant €¢ such that, for any K € £, we have

/ K(z)dz > €.
{z|z1>2Ro+1}
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Then, for any y € 2N Ef1+(2/c3)1/a)r(y)r€)’ we have

M7 oxr(¥) + ColVor - (y)] < —¢s. (5-4)
Based on the above estimates, if we set €7 = min{Cs, €5}, we have
Mg_(px,r+C0|V§0x,r|§_€7 in Q. O

Theorem 5.5. Assume that 0 <o <2, I(x,0,0) is bounded in Q2 and g is a bounded continuous function
in R"™. Assume that I is uniformly elliptic and satisfies (AO), (A2). Then (1-1) admits a continuous
viscosity supersolution u and a continuous viscosity subsolution u and u = u = g in QF.

Proof. We only prove (1-1) admits a viscosity supersolution # and # = g in Q€. For a viscosity subsolution,
the construction is similar. Since I is uniformly elliptic, we have, for any x € €2,

—m(||lgllLeo@n)) < 1(x, =g llLoown),0) = 1(x,0,0) < m(||g|lLoown))-

Thus, we have [|I(-,—||g|lLeomn). 0)l|Loo(@) < +o0o. Since g is a continuous function, let pg be a
modulus of continuity of g in Bg. Let Ry be a sufficiently large constant such that 2 C Bg, 1. For any
x € 092, we let

H I( o _”g”LOO([R”)v 0) ”Loo(g)

Ux,r = PR, (3r) + g(x) + max 2||g||L°°([R”)v s $x,r

where ¢y » and €7 are given in Lemma 5.4. It is obvious that ux ,(x) = pr, (3r) + g(x), ux, > ginR"

and
Mty + ColViter| < =10, ~lglloo@n), 0| ooy in 2

Now we define u = inf,cyQ 0<r<rg 1Ux,r - Therefore, 1 = g in €2 and % > g in R”. For any x € 02
and y € R", we have
g(y)—g(x) =u(y)—ux) =u(y) —g(x)
”I( i) _”g”LOO(R")’ O) HLOO(Q)

< pr, (3r) + max{ 2| gl oo wn)

§ @x,r (¥)

€7

for any 0 < r < rg. Therefore, u is continuous on d2. For any y € 2, we define d, = dist(y, d2) > 0.
Ifr< %dy, then we have, for any z € By, /2(),

11C-. =gl zoo®n). 0) HLOO(Q)

ux,r(z) =pr,3r)+ g(x) +2max§2||g||Loo(Rn), } , forany x € 0Q2.

€7

Thus, we have, for any z € By, /2(y),

inf {ux,r (2) —ux r (), 0} <u(z) —u(y) < sup  {ux,r(2) —ux,r (). 05
X€IQ, 5 <r<rg xEBQ,dTy<r<rQ
Since {ux,r}xedQ,d,/2<r<rq has a uniform modulus of continuity, # is continuous in 2. Therefore, u is
a bounded continuous function in Q. By Lemma 3.1, in  we have

MFii+ Co|Vil| < —|1(-.—llgllLoc@n). 0)ll oo (2)-
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Now we define
_ u in €2,
U= i
g in Q°.
By the properties of %, we have u is a bounded continuous function in R”, # = g in Q€ and
MZ i+ Co| Vil < | 1(-. gz @n) 0) | oo
in . Using (A2) and uniform ellipticity, we have, for any x € €2,

I(x, =llgllLee@ny. 0) = 1 (x, u(x), u(-)) < I(x,u(x),0) — I'(x,u(x), u(-))
< MZa(x) + ColVa(x)| < —[ 1(-. ~lIgllzoo@n. 0| ;o (ery-
Thus, 7(x,u(x),u(-)) > 0in Q. O
Now we have enough ingredients to conclude:

Theorem 5.6. Let 2 be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<o <2, I(x,0,0) is bounded in 2 and g is a bounded continuous function. Assume that I is uniformly
elliptic and satisfies (A0), (A2). Then (1-1) admits a viscosity solution u.

Proof. The result follows from Theorems 3.2, 4.6 and 5.5. O

Corollary 5.7. Let Q2 be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<0<2, byp=0inQif o <landcyp>0in Q. Assume that g is a bounded continuous function in R”,
1Kab(-.2)}ab,z> 1babtabs {Cabtab> 1 fabla,p are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, be B, and {K,p(x,-): x € Q, a € A, b € B} are kernels satisfying (HO)—(H3).
Then (1-2) admits a viscosity solution u.

5B. Degenerate case. In the degenerate case, it is natural to construct a sub/supersolution only for (1-2)
when c,p > y for some y > 0. Recall that 2 is a bounded domain satisfying the uniform exterior ball
condition with a uniform radius rgq and, for any x € 02 and 0 < r < rq, we have y? is a point satisfying
B (y%)NS = {x}. From now on, we will hide the dependence on x for all variables and functions to make
the notation simpler. For example, we will let y” := y7. For any x € 902, y € Q and 0 <r <rg, we let

T T oIy, +\a
. X—y ’ n; — y—Jy . and vl(y):= ((M — 1) )
ly=y"| r

(see Figure 1).
Instead of letting {K,p(x, ) : x € 2, a € A, b € B} satisfy (H3), we let the set of kernels satisfy the
following weaker assumption:

(H3) There exist C4 >0, 0 <r; <rg, A >0 and u > 0 such that, for any x € 3, 0 <r < r; and
Yy €Q2N Byr(y7), there is a set A}, satisfying
(1) Ay CHz i zyy < =15yt N (Beyrsy \ Brsy), where zy,r i=z-nj and s, := [y — y"|/r = 1;
(1) |A§;| =z M|Brs§|§
(iil) K(y,z) = (2—0)A(rsy)™" 77 for any z € A7,.
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Figure 1. The exterior ball centered at y’.

Lemma 5.8. Suppose that {Kap(x,-):a € A, b € B, x € {y € Q :dist(y, 0Q) < r}} satisfies (H3) for
some r1 € (0,rg). Then (H3) holds for the set of kernels.

Proof. Forany x €922, O0<r <rj and y € QN By,(y"), we define

|(Beyrsy \Beyrsy) Nz 2 |zar] < sy}

2
¢ |BC4rs3'} \BC4rer, |
2

We notice that the right-hand side of (5-5) depends only on Cj. It is obvious that

lim c, =0.
C4—>+C>OHv 4

By (H3), there exists a set A satisfying

AC BC4rs§\BC4?rS§’ A=-4, [Al= M\Bc4rs§\3c47£s; ,
and, for any z € A4,

K(y,z)>(2- (7)/\(%(74rs}r,)_n_(7 =Q2- (7))&(%C4)_n_(7 (rsy) ™7 = (2~ a)i(rs;)_”_”.
There exists a sufficiently large constant C4(> 2) such that pc, < % w. Then

—_ r r . r r
[z |znr | > rshi N A| . 4] |(BC4rSy\BC42”y)ﬂ{Z gl < 783} K
- ‘BC4I‘S;\BC4I‘SJ’; - 2
2

|BC47‘S§ \B C4rs§
2

Let A} := AN{z:z,; <—rsy}. By the symmetry of 4, we have

|A3r;| = %M‘BCusJ’,\BCus}, z %#'Brs§| = /_LlBrs§|-
2

Therefore, (I—TE») holds for the set of kernels with Cy4, 71, A and . O
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Lemma 5.9. Assume that 0 < 0 < 2 and {K,p(x,-) : x € Q,a € A, b € B} are kernels satisfying
(HO)—(H2), (H3). Then there exists a sufficiently small o > 0 such that, for any x € 902, 0 <r <ry and
se{le0,1):y"+(+1rneQ}, wehave I,p[y" + (1 +s)rn,v)] < —egr=%s*"7, where €g is some
positive constant.

Proof. We only prove the result for the case 0 < o < 1. For the rest of cases, the proofs are similar to
those in Lemma 5.1. For any x €92, O<r<ryands e€{l €(0,1):y" + (1 +1)rn € Q}, we have

Lap[y" +(1+s5)rn,vg] = / (v (V" +(1+8)rn+2)—vg (y" +(1+8)rn)) Kap (v +(1+s5)rn.z)dz
Rn
E +\o
:/ |:((s+7n) ) —s°‘:|Kab(y’+(1+s)rn,z)dz
Rn
=r_gs°‘_"/ [(A+Z2) D) *=1](rs)" T Kp (V" +(1+5)rn,rsz)dz
Rn
:r_"s“_"{/ [(14+2)%=1](rs)" T Kap (y" +(1+5)rn,rsz)dz
Zn>—1

—/ (r$)" T Ko, (" +(148)rn,rsz)dzy
Zp<-1

where Z, := z-n. Using (I—T3), we have

/ (r)" P Ky 0" + (1 +s)rn,rsz)dz = (rs)° / Kiap(y" + (1 +s)rn,z)dz
Zn<—1

Z Zn<—rs
> (rs)U[ Koy (" + (1 +s)rn,z)dz
A;’+(l+s)rn

> (2—=0)Au(rs) " | Brs| 1= 2eg.
We notice that the kernel (rs)" 7% K 5 (y" + (1 + s)rn, rs -) still satisfies (H1) and (H2). By a similar
calculation to (5-2), we have

/ [+ 20)% — 11(r8)"*° Kap O + (1 + s)rn. rs2) dz < e(a).
Zn>—1

where € (o) is a positive constant satisfying that € () — 0 as @ — 0. Then there exists a sufficiently small
o such that

Lp[y" + (14 s)rn, v}] < —esr 7s*7°. O

Lemma 5.10. Assume that 0 < 0 <2, and bgp = 0in Q if 0 < 1. Assume that {byp}4.p are sets of
uniformly bounded functions in Q and {K,p(x,-):x €2, a € A, b € B} are kernels satisfying (HO)—(H2),
(H3). Then there are a > 0 and 0 < so < 1 sufficiently small so that, for any x € 32 and 0 < r < ry, the

_ +\o
o= ((2220))

function
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satisfies, for any a € Aand b € B,
Loy, ug] +bap (y) - Vug () = 1 in Q0 (B 1450 0D\ Br (V"))

Proof. Note that, for all s > 0, we have ul, (y" +(1+s)rn) =vy (y" +(1+s)rn), Vul,(y"+(1+s)rn) =
Voo, (y" + (1 4 s)rn) and

'(|(1+s)rn+z| _1)+_ (s+z_,,)+
r r

Cs* Yz —Z,%/r2, ze By
0= (ug—ve)y" + (A +8)rn+z) <{Clz—2,**/r>*,  z€By\Br,
Clz|%/r*, z € R*\ B,.

Using (H1), we have, forany 0 <o <2, a€ A, beBandse{l €(0,1):y"+(1+1)rn e Q},

|Z_5n|2

5 for any z € B,.
,

<C

Thus, we have

0 < Iap[y" +(14s)rn, ugy—vy]
5/ (g —vy) (Y +A+s)rn+z)Kyp(y" +(1+s)rn,z)dz
Rl’l

a—112— Zn| |z—Z, |2
<C s ———Kap (Y +(1+s)rn,z)dz+ e Kap(y"+(14s)rn,z)dz
rs r2 B/\Brs T
2 2 | |O{
+/ —K »O+(1+s)rn, Z)dz)
R\B, I

| |2a

2
§C(/ 4T 1|r| ab (Y +(1+s)rn, z)dz—l—/ Ko (" +(1+s)rn, z)dz)
rs R
2

”\B%
< CAr—° (Sot—a—i-l +S2a—0)‘
By Lemma 5.9, we have

—lap[y" + (At 9)rn ugl > —Iap[y" + (L +5)rn, vg] — Lap[y" + (1 +5)rn, ug —vg]
> 1 [egs® 0 — CA(s* 91 4 52979, (5-6)

For any y € Q N (B2,(»")\ B,(»")), we have

~Luplyg) == [ B (K (.2 dz

- / S,y + (1 +5T)rnt) Koy (v, 2) dz
Rn

__/ 8zu;(yr+(l+s;)rn)Kab( (| | +n —I’l)|Z|) Z.
R

Using (H3) and a similar estimate to (5-6), we have

—Laply.ul] = r O [es(s5)* 0 — CA((s)) 0 + (s)22 7).
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By a similar estimate to (5-3), there exists a sufficiently small constant O < so < 1 such that we have, for
any y € 20 (B+4s0)r (VI\Br(Y")),

- ab[yau(’;]‘i'bab()’)'vu(’;(y)z1- O

Lemma 5.11. Assume that0 <o <2, b,p, =0in Q if 0 <1 and c,p >y in Q for some y > 0. Assume that
{Kap (- 2)}ab,z> tbabtabs {Cabta,b> L fabta.b are sets of uniformly bounded and continuous functions
in Q, uniformlyina € A, b e B, and {K,p(x,-):x € 2, a € A, b € B} are kernels satisfying (HO)—(H2),
(H3). Then, for any x € 02 and 0 < r < ry, there is a continuous viscosity supersolution VY, of (3-5) such
that Yrr =0in By (y"), ¥r > 0in BE(y") and

_ SWpgeapes | favllLo@) +1

Y, = ) in B(C1+S0)r(yr), 5-7)

where g is given by Lemma 5.10.
Proof. Without loss of generality, we assume that 0 < y < 1. We pick a sufficiently large C5 > 0 that

SUP, e A,beB Il fabllLoo(@) + 1

C5 >
sqY

(5-8)

We then define, for any x € 0Q and 0 < r < rq,

SUP, e A.heB | fabllLoo(@) + 1
14

Vr(y) = min ,Csug (y); -

It is easy to verify that ¥, = 0 in B,(y"), ¥, > 0in B¢(y") and ¥, is a continuous function in R”.
Using (5-8), we know that

SUP, e A,heB | fabllLoo(@) + 1
14

Csug = Cssg = in B(cl-l-so)r(yr)'

Therefore, (5-7) holds. Since c4p >y > 01in 2, (Supge 4 pes | fanllLoo(@) + 1)/ v is a viscosity superso-
lution of (3-5) in Q. By Lemma 5.10 and (5-7), we have, for any y € Q N (B (145,)r(?")\B-(")),

sup inf {=Laply. Csug] + Csbap (x) - Vg (y) + Cscap (g (v) + fan(¥)}
ae
> sup || fapllLee(@) + 1+ fap(y) = 0. (5-9)
acA,beB
Therefore, ¥, is a continuous viscosity supersolution of (3-5) in €2. O

Theorem 5.12. Assume that 0 < 6 <2, byp, =0in Q if 0 < 1 and cap > y in Q for some y > 0.
Assume that g is a bounded continuous function in R", {K,p (-, 2)}a.b.z» 1babta.bs 1Cabta.bs {Sablab
are sets of uniformly bounded and continuous functions in Q, uniformly ina € A, b € B, and {K 5 (x,-) :
x €Q, ac A, be B} are kernels satisfying (HO)-(H2), (H3). Then (1-2) admits a continuous viscosity
supersolution u and a continuous viscosity subsolution u and u = u = g in Q°.



1252 CHENCHEN MOU

Proof. We only prove (1-2) admits a viscosity supersolution # such that ¥ = g in Q€. Since g is a
continuous function, let pg be a modulus of continuity of g in Bg. Let R; be a sufficiently large constant
such that & C Bg,—1. For any x € 92, we let

Y
supgeapes | fabllLoo@) + 1

ur = pr, (3r) + g () + (2||g||Loo<Rn) + 1) v

where ¥/, is given in Lemma 5.11. Using Lemma 5.11, u,(x) = pr, (3r) + g(x), u, > g in R” and u, is
a continuous viscosity supersolution of (3-5) in 2. Then the rest of the proof is similar to Theorem 5.5. [

Theorem 5.13. Let Q be a bounded domain satisfying the uniform exterior ball condition. Assume that
0<0<2, by, =0inQifo<1andcy, >y inQ for some y > 0. Assume that g is a bounded
continuous function in R", {Kap (-, 2)}ap.z> tbaba.bs Cabla.b> Sfab}ab are sets of uniformly bounded
and continuous functions in 2, uniformlyina € A, b € B, and {K p(x,-):x € Q,a € A, b € B} are
kernels satisfying (HO)—(H2), (H3). Then (1-2) admits a discontinuous viscosity solution u.

Proof. The result follows from Corollary 3.4 and Theorem 5.12. ([
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A SPARSE DOMINATION PRINCIPLE FOR ROUGH SINGULAR INTEGRALS

JOSE M. CONDE-ALONSO, AMALIA CULIUC, FRANCESCO DI PLINIO AND YUMENG OU

We prove that bilinear forms associated to the rough homogeneous singular integrals
Y\ dy
Taf)=pv.[ | -2 (—) 5

Rd Iy[ /1yl

where Q € L7(S¢~") has vanishing average and 1 < g < 00, and to Bochner—Riesz means at the critical
index in R are dominated by sparse forms involving (1, p) averages. This domination is stronger than
the weak-L! estimates for T and for Bochner—Riesz means, respectively due to Seeger and Christ.
Furthermore, our domination theorems entail as a corollary new sharp quantitative A,-weighted estimates
for Bochner—Riesz means and for homogeneous singular integrals with unbounded angular part, extending
previous results of Hytonen, Roncal and Tapiola for 7. Our results follow from a new abstract sparse
domination principle which does not rely on weak endpoint estimates for maximal truncations.

1. Introduction and main results

Singular integral operators of Calderén—Zygmund type, which are a priori signed and nonlocal, can
be dominated in norm [Lerner 2013], pointwise [Conde-Alonso and Rey 2016; Lacey 2017; Lerner
and Nazarov 2015], or dually [Bernicot et al. 2016; Culiuc et al. 2016a; 2016b] by sparse averaging
operators (forms), which are in contrast positive and localized. For 1 < p;, p» < oo, we define the sparse
(p1, p2)-averaging form to be the bisublinear form

PSFs:p1pa(f1 £2)i= ) 10110 (S)pas0s  (fpo = 10177 [/ 10ll,.

Qes

associated to a (countable) sparse collection S of cubes of R?. The collection S is n-sparse if there
exist 0 < n <1 (a number which will not play a relevant role) and measurable, pairwise disjoint sets
{Er : I € S} such that

Ercl, |Efl=nll]

In this article, we prove a sparse domination principle of type

{Tf1, f2)] §SI;P PSFs:p1,p2 (1, /2) (1-1)

Conde-Alonso was supported in part by ERC Grant 32501 and by MTM-2013-44304-P project. Di Plinio was partially supported
by the National Science Foundation under the grants NSF-DMS-1500449 and NSF-DMS-1650810.

MSC2010: primary 42B20; secondary 42B25.

Keywords: positive sparse operators, rough singular integrals, weighted norm inequalities.

1255


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2017.10-5
http://dx.doi.org/10.2140/apde.2017.10.1255
http://msp.org

1256 JOSE M. CONDE-ALONSO, AMALIA CULIUC, FRANCESCO DI PLINIO AND YUMENG OU

for singular integral operators 7" whose (possible) lack of kernel smoothness forbids the avenue exploited
in [Lacey 2017; Lerner 2016]. Our principle, summarized in Theorem C below, can be employed in
a rather direct fashion to recover the best known, and sharp, sparse domination results for Dini- and
Hormander-type Calderén—Zygmund operators [Bui et al. 2017; Hytonen et al. 2017; Lacey 2017; Volberg
and Zorin-Kranich 2016].

However, the main purpose of our work is to suitably extend (1-1) to the class of rough singular
integrals introduced in the seminal paper of Calderén and Zygmund [1956], and further studied, notably,
in [Duoandikoetxea and Rubio de Francia 1986; Christ 1988; Christ and Rubio de Francia 1988; Seeger
1996]. Prime examples from this class include the rough homogeneous singular integrals on R4

raftm=ps. [ re-ne(2 ) (12
Rd v/ 1y4
with € L(S9~1) having zero average, as well as the critical Bochner—Riesz means in dimension d,
defined by the multiplier operator

By f =F M f(Ha-1-P%) 5=t (1-3)
For the singular integrals (1-2) no sparse domination results were known prior to this article, although
some quantitative weighted estimates were established in the recent works [Hytonen et al. 2017; Pérez
et al. 2016]; see below for details. For the Bochner—Riesz means (1-3), the recent results of [Benea et al.
2017] and [Carro and Domingo-Salazar 2016] are far from being optimal at the critical exponent.

The main difficulty encountered by previous approaches in this setting is the following: first, notice that
an estimate of the type (1-1) is already stronger than the weak-L?! bound for 7. In particular, if p; =1
then (1-1) recovers the weak-L! endpoint bound. On the other hand, the preexisting techniques for sparse
domination [Benea et al. 2017; Bernicot et al. 2016; Hytonen et al. 2017; Lacey 2017; Lerner 2016]
essentially rely on weak-L? estimates for a grand maximal truncation of the singular integral operator 7,
but those do not seem attainable in the context, for instance, of [Seeger 1996], as observed in [Lerner
2016]. In fact, the rough singular integrals we consider below are not known to satisfy such an estimate
for p =1, and therefore a different approach is required in order to obtain the sparse bounds that we want.

As a corollary of our domination results, we obtain quantitative A,-weighted estimates for homogeneous
singular integrals (1-2) whose angular part belongs to L9(S d=1) for some 1 < ¢ < co. These are novel,
and sharp, when g < oo, while in the case ¢ = oo we recover the best known result recently proved in
[Hytonen et al. 2017] by other methods. Although our result for the Bochner—Riesz means (1-3) seemingly
yields the best known quantitative A, estimates, we do not know whether our results are sharp in this case.

Main results. Our main results consist of estimates for the bilinear forms associated to T and Bs by
sparse operators involving L?-averages. The formulation of our first theorem requires the Orlicz—Lorentz
norms

dr
t

o0 1
||Q||Lq,1]0gL(Sd—1):=q/0 tlog(e—l—t)‘{@eSd_l:|Q(9)|>t}‘q , 1<g<o0.
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Theorem A. There exists an absolute dimensional constant C > 0 such that the following holds. Let
Q € LY(S971Y have zero average. Then forall 1 <t < oo, fi € L'(R%), f» € L (R?), we have

l<g<oo, p>¢,

C Qo e
|<T$2f1’ f2)| =< Pl sup PSFS;I,p(f1,f2) ” ”Lq Log L(S9—1)
S

||Q||Loo(sd—l), 1< p<oo.

Remark 1.1. To avoid Lorentz norms in the statement, one may recall the continuous embeddings
Late(S9=1y s 141 1og L(S91) < L9(S9 1) forall 1 <g < oo and & > 0.

Theorem B. There exists an absolute dimensional constant C > 0 such that the following holds. For all
1<t <oo, fi € LY(RY), f» € L' (RY), the critical Bochner—Riesz means (1-3) satisfy

Cp

(Bs fi. f)l = -
p

sup PSFS;I,p(flv fz), 1< p < oQ.
S

The weak-L! estimate for Tq is the main result of [Seeger 1996], while the same endpoint estimate
for (1-3) has been established in [Christ 1988]. Theorems A and B recover such results; see Appendix B
for a proof of this implication, which we include for future reference. This is not surprising as the
localized estimates for (1-2), (1-3) which are needed to apply our abstract result are a distillation and
an improvement of the microlocal techniques of [Seeger 1996] and of the previous works [Christ 1988;
Christ and Rubio de Francia 1988], and of the oscillatory integral estimates of [Christ 1988] respectively.

We reiterate that the commonly used techniques for sparse domination, which rely on the weak-L!
estimate for the maximal truncation of the singular integral operator, fail to be applicable in the context of
Theorem A as the maximal truncations of T in (1-2) are not known to satisfy such an estimate even when
Q € L°°(5971) [Grafakos and Stefanov 1999]. Our abstract result, Theorem C, whose statement is more
technical and is postponed until Section 2, only relies on the uniform L2?-boundedness (or L”-boundedness
for any r) of the truncated operators, and thus might be considered stronger than the approaches of the
mentioned references. See Remark 2.5 for additional discussion on this point.

Theorems A and B give as corollaries a family of quantitative weighted estimates.

Corollary A.1. If Q lies in the unit ball of L' log L(S97Y) for some 1 < q < oo and has zero average,
we have the weighted norm inequalities

max{l,ﬁ} ,
||TQ||Lt(w)_)Lt(w) < Ct,q [w]AL s q <t <o0. (1—4)
q/
If furthermore ||2|| Loo(sa—1) < 1,
iy max{z,2}
ITQllL y>Lrw) < Celwl, T, 1<t <oo. (1-5)

Corollary B.1. Referring to (1-3), we have the weighted norm inequalities

1 1,2
1B5 2 oyor 1t oy < Celwly ™2 1 <1 < oo, (1-6)
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Proof of Corollaries A.1, B.1. To prove (1-4), applying Theorem A for p = ¢’ (strictly speaking, to the
adjoint of Tq) yields that the bilinear form associated to T is dominated by
sup PSFS;qgl .
S
The proof of the weighted estimate can then be found, for instance, in [Bernicot et al. 2016, Proposi-
tion 6.4]. We prove (1-5), and (1-6) follows via the same argument: below, C denotes a positive absolute

constant which may vary between occurrences. Combining the inequality [Di Plinio and Lerner 2014,
Proposition 4.1]

(N+e0 < (1,0 +CeMite f)1,0.

which is valid for all & > 0, with the estimate of Theorem A for p = 1 4 ¢ we obtain
C
{Ta /1. 2)l = - supPSFs;11(f1. f2) + € sup PSFs;11 (M6 /1. f2), €>0.
S S

The above display leads via standard reasoning [Cruz-Uribe et al. 2011; Hytonen et al. 2012; Moen 2012]
to the chain of inequalities

LAy . 1
IT sy < Coluly I}O<gg_1(g + ||M1+ellu<w>w<w>)
max {174} 1 —te 7y max{7,2}
<C [w]A[ 0<;2€_1 c + [U)]A#_‘8 =C [w]At . 0

Corollary A.1 is a quantification of the weighted inequalities due to Watson [1990] and Duoandikoetxea
[1993]: if 1 < g < oo and Q € LI(S?™1) then

weAsr, qg <t<oo,t#1,
q/
1
w7 €Ay, 1<t =<q,t#00, 1 = |TalL@w)>Lw) < 0
q/
w? € Ay, 1<t <oo

Estimate (1-5) was first established by Hytonen, Roncal and Tapiola [Hytonen et al. 2017] via a different
two-step technique involving sparse domination for Dini-type kernels, a Littlewood—Paley decomposition
along the lines of [Christ and Rubio de Francia 1988] and interpolation with change of measure. In [Pérez
et al. 2016], these ideas were extended to obtain A1 estimates for T and commutators of 7 and BMO
symbols. At this time, we do not know whether the power of the Muckenhoupt constant in (1-5) is sharp.

Qualitative Ap-bounds for critical Bochner—Riesz means are classical [Shi and Sun 1992]; see also
[Vargas 1996]. On the other hand, Corollary B.1 seems to be the first quantitative A, estimate for Bg.
We do not know whether the power of the A, constant in (1-6) is sharp; the construction in [Luque et al.
2015, Corollary 3.1] shows that the optimal power o, must obey o, > max{1,1/(p —1)}. The article
[Benea et al. 2017] contains sparse domination estimates and weighted inequalities for the supercritical
regime 0 < §’ < § which are not informative in the critical case. An extension of our methods to the
supercritical cases will appear in forthcoming work.

Finally, we mention that our argument for (1-5) and (1-6) shows that improvements of powers as those in
Corollaries A.1 and B.1 are tied to the blowup rate as p — 17 of the main estimate of Theorems A and B.
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A remark on the proof and plan of the article. Theorems A and B fall under the scope of the same
abstract result, Theorem C, which is stated and proved in Section 2. Theorem C is obtained by means of
an iterative scheme reminiscent of the arguments used in [Culiuc et al. 2016a] by three of us to prove a
sparse domination estimate for the bilinear Hilbert transform, and later adapted to dyadic and continuous
Calder6n—Zygmund singular integrals in [Culiuc et al. 2016b]. At each iteration, a decomposition of
Calder6n—Zygmund type is performed, and the operator itself is decomposed into small scales (scales
falling within the exceptional set) which will be estimated at subsequent steps of the iteration, and large
scales. The action of the large scales on the good parts is controlled by means of the uniform L”-bound for
the truncations of 7. The contribution of the bad, mean zero part under the large scales of the operator is
then controlled by means of suitably localized estimates relying on the cancellation of constant-mean zero
type. We emphasize that the present work shares a perspective based on bilinear forms with other recent
papers: [Krause and Lacey 2016; Lacey and Spencer 2017]. The notable difference is that these references,
dealing with oscillatory and random discrete singular integrals, use (dilation) symmetry breaking and
T T*, rather than constant-mean zero, as the principal cancellation mechanisms, in accordance with the
oscillatory nature of their objects of study.

Section 3 contains localized estimates for kernels of Dini- and Hormander-type which, besides being
of use in later arguments, allow us to reprove the optimal sparse domination results for these classes; see
its last subsection for the statements. In Sections 4 and 5 we provide the necessary localized estimates
for Theorems A and B respectively. The estimates of Section 4 are a delicate strengthening of the
microlocal arguments of [Seeger 1996]. The proof of Theorem B, a re-elaboration along the same lines
as the arguments of [Christ 1988], is carried out in Section 5. Although we find it hard to believe that
these techniques can be sharpened towards the stronger localized (1, 1) estimate, we have no explicit
counterexample for this possibility.

Notation. As is customary, ¢’ = qul denotes the Lebesgue dual exponent to ¢ € (1, co), with the usual
extension 1’ = 0o, 0o’ = 1. We denote the center of a cube Q € R? by co and its sidelength by £(Q).
We will also adopt the shorthand sg = log, £(Q). We write

M, (f)(x) = sup (f)p,0lo(x)
QCR4

for the p-Hardy Littlewood maximal function. The positive constants implied by the almost inequality
sign < may depend (exponentially) on the dimension d only and may vary from line to line without
explicit mention.

2. A sparse domination principle

This section is dedicated to the statement and proof of our sparse domination principle, Theorem C.

The main structural assumptions. Our structural assumptions in Theorem C will be the following. Let
1 <r <ooand A be an L”(R9)x L™ (R?)-bounded bilinear form whose kernel K = K(x, y) coincides
with a function away from the diagonal {(x, y) € R? xR : x = y}. More precisely, whenever f; € L" (R?),
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’ o e .
f» € L (R?) are compactly and disjointly supported

A= [ [ K A0 A

with absolute convergence of the integral. We assume that there exists 1 < g < oo such that the kernel K
of A admits the decomposition

K(x,y):ZKs(x,y), supp Ky C {(x,y) e RIxR? : x—y € Ay},
sez y (SS)
AS:={zeRd:23_2<|z|<2s}, [K]o,g:=sup24¢” sup (||Ks(x,x—|—-)||q—|—||Ks(x—|—~,x)||q)<oo.
seZ xeR4

Further, we assume that the truncated forms associated to the above decomposition by

AZ(hl,hz) = / Z Ks(x,y)hi(»)ha(x)dydx pu,veZU{—o0, o0} 2-1)
U<s<v
satisfy
Cr(r) =: Zli%(“[\r‘«”Lr(Rd)XLr/(Rd)—)C) < Q. (T)

Remark 2.1. Under the assumptions (SS) and (T), a standard limiting argument [Stein 1993, Paragraph
1.7.2] yields that

A(f1, f2) = (mfr, fo) + lim AL, (fi. f2)

for some m € L% (R%), whenever f € L"(R?), f» € L™ (R?). Tt is not hard to see [Lacey and Mena
Arias 2017, Lemma 4.7] that

[{mf1, f2)] < lIm|loo sup PSFs;1,1(f1. f2)

so that for the purpose of our Theorem C below we may assume that m = 0 in the above equality. For
this reason, when @ = —o0 or v = co or both, we are allowed to omit the subscript or superscript in (2-1)
and simply write A” or A, or A. Also, when p > v, the summation in (2-1) is void, so that A/"L =0.

Localized spaces over stopping collections. A further condition in our abstract theorem will involve local
norms associated to stopping collections of (dyadic) cubes. Throughout the article, by dyadic cubes we
refer to the elements of any fixed dyadic lattice D in R,

Let O € D be a fixed dyadic cube in R4. A collection Q C D of dyadic cubes is a stopping collection
with top Q if the elements of Q are pairwise disjoint and contained in 30,

L L'eQ LNL' 42 = L=L, LeQ = LcC30, (2-2)
and enjoy the further separation properties

L.L'e€Q |sp—sp|>8 = TLNTL' =2, |J oLclL=sha: (23
LeQ:3LN20#o LeQ
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the notation sh Q for the union of the cubes in Q will also be used below. For 1 < p < oo, define ), (Q)
to be the subspace of L?(R?) of functions satisfying

max{||thd\shQ||oo, supyeg inf 7 Mph(x)}, p < o0,

h C30, > ||h =
supp 0 00 > || ||yp(Q) {”h”oo, p =00,

where L is the (nondyadic) 2°-fold dilate of L. We also denote by X, (Q) the subspace of V,(Q) of
functions satisfying

b= Z bp, suppbr C L.
LeQ

Furthermore, we write b € X p(Q) if
b e X,(Q), /bL=O VL € Q.
L

We will use the notation [|b|| x,(g) for [|b]|y, (o) when b € &, (Q), and similar notation for b € PEP(Q).
When the stopping collection Q is clear from the context or during proofs we may omit (Q) from the
subscript and simply write || - ||y, or || || x,

Remark 2.2 (Calderén—Zygmund decomposition). There is a natural Calderén—Zygmund decomposition
associated to stopping collections. Observe that if Q is a stopping collection, then

sup (h)p,r < 25d||h||yp(Q)'
Leg

Therefore, we may decompose / € Y, (Q) as

. 1
h=g+b, b=) bLek,(Q. br= (h——[h(x)dx)lL
leo L] JL

such that
Igllyacar =22 Mhly,c0 1814000 =227 Iy, (0)-

These are nothing but the usual properties of the Calderén-Zygmund decomposition rewritten in our
context.

The statement. Before stating our result, we introduce the notation
Agu(hy hz) = A" i 19 o) = AR (1. ha 130) (2-4)

for all dyadic cubes Q; the last equality in (2-4) is a consequence of the assumptions on the support of
K in (SS). Furthermore, given a stopping collection Q with top Q, we define the truncated forms

Aguw(hiha) == Ay (hi.hp) = D Ap (i ha) = Aguw(hilg. halsg). (2-5)

LeQ
LcQ

Again, the last equality is due to the support of Ky in (SS). A further consequence of assumptions (SS)
and (T) is that the forms A g ., satisfy uniform bounds on Y, (Q) x Y,/ (Q).
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Lemma 2.3. There exists a positive absolute constant ¥ such that

|Ag (i ha)| < 2%4Cr(r)| Q] 11 Iy, @72y, (9

uniformly over all ., v, all dyadic cubes Q and stopping collections Q with top Q.

Proof. We may estimate the first term in the definition (2-5) as follows:

[AQ uw(h1 h2)| = Cr(r)hidgllr 2130l < Cr (M@ A1y, 1721y, - (2-6)

Further, using the support condition in (2-4) with L in place of Q and the disjointness property (2-2) in
the last step, we obtain

Y IALpw(iiho)l= Y ALl halsy)| < Cr(r) Y ALl [h2aL e

LeQ:LCQ LeQ:LCQ LeQ:LCQ
S Cr()hilly, Ih2lly,, Y ILIS Cr) Q1 Iy, I h2lly, -
LeQ
The proof of the lemma is thus completed by combining (2-6) with the last display. O

Our main theorem hinges upon estimates which are modified versions of the one occurring in Lemma 2.3,
when one of the two arguments of A g, ., belongs to X-type localized spaces.

Theorem C. There exists a positive absolute constant © such that the following holds. Let A be a bilinear
form satisfying (SS) and (T) above. Assume that there exist 1 < py, p» < 0o and a positive constant C_
such that the estimates

[Aguw(B. W] = CLIQIIbIL, (o) 11y, ()

(L)
A0 h.b)| = CLIOIya@) 1014, 0

hold uniformly over all u,v € Z, all dyadic lattices D, all Q € D and all stopping collections Q C D with
top Q. Then the estimate

sup [A} (1. f2)] < 2941Cr(r) + C1 SUP PSFs:p1.p5 (/1. 12) 2-7)
M,VE

holds for all f; € LP/ (R4) with compact support, j = 1,2.

Remark 2.4. By the limiting argument of Remark 2.1, the conclusion (2-7) gives that

IA(f1. )| =2%9[CT(r) + L up PSFsipy.pa (/1. f2) (2-8)

when fi, f> € L°(R?) with compact support. If we know that A extends boundedly to L (R?)x L (R%)
for some 1 <t < 0o, another simple limiting argument using the dominated convergence theorem extends
(2-8) to all f; € LY(RY), f» € L' (R?). It is in this last form that Theorem C will be applied to deduce
Theorems A and B.
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Remark 2.5 (a comparison between sparse domination principles). Theorem C identifies rather clearly the
conditions needed for sparse domination of a kernel operator 7', namely the adjoint of the bilinear form A.
Condition (L) is a localized reformulation of the constant-mean zero cancellation around which L2, p # 2,
Calder6n—Zygmund theory revolves, and it is essentially a strengthening of the weak-L?/ estimate for T
(j = 1) and its adjoint (j = 2). Further, our assumption of uniform L”-boundedness of the truncations in
(T) is much tamer than requiring L”-boundedness of the maximal truncations of 7. In fact, our theorem
can be applied even when no estimates for maximal truncations of 7" are known.

Of course the exponents p; enter the sparse domination estimate (2-7), while the exponent r occurring
in (T) does not. This is in contrast with the other sparse domination principles occurring in the literature.
For instance, in [Lerner 2016, Theorem 4.2], a sparse domination of type (1-1) with exponents (7, 1) is
obtained for operators 7" whose grand maximal function

M f(3) = sup sup|T(f Tu30) ()]
Q3xyeQ
has the weak-L"-bound for some r > 1. Notice that M7 may be as large as the maximal truncation of 7.

A further comparison can be drawn with the abstract result of [Bernicot et al. 2016], which is a
sparse domination principle for nonintegral singular operators. The off-diagonal estimate assumption
Theorem 1.1(b) of the work above is a clear counterpart of (SS), while the maximal truncation assumption
of Theorem 1.1(c) in the same work is the nonkernel analogue of the grand maximal function from [Lerner
2016]. It would be interesting to investigate whether, in the nonkernel setting of [Bernicot et al. 2016], an
assumption in the vein of (L) can be used instead.

Remark 2.6 (the essence of (L)). Let Q be a stopping collection with top Q. When b belongs to an
Xy (Q)-type space, the forms

(b,h) = Ag (b, h), (b,h)— Ag,u,v(h,b)

have a much more familiar representation, which is what allows verification of assumption (L) in practice.
By rephrasing the definition, when b € X1 (Q) is supported on O (which we can assume with no restriction)
we have the equality

Aouwb )= [ 3 Ks(w»)be—j(Wh(x)dydx, whereby:= ) br.  (29)
J=1" p<s<min{so,v} SLGQS
L=

This notation will be used throughout the paper; see for instance (2-10) below. Furthermore, if ¢ is the
exponent occurring in (SS), h € Y,/ (Q), and b € X;/(Q), then Ag ;v (h, b) is essentially self-adjoint up
to a tolerable error term. Namely, if / is supported on Q (which we can also always assume),

Agpuw(h,b) = (Z f > Ks(y,x>b;"_,~(y)h(x)dydx)+Vg(h,b), (2-10)
Jj>1" p<s<min{sg,v}

where

- T

3L02Q;é®
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is a truncation of b and thus also belongs to X,/(Q) with ||b™"| x,(0) = lIb]lx, (0), and the remainder
Vo(h, b) satisfies

Vo(h.b)| < 2%[Klo g1 Q111hlly, o) 1B, 0) (2-11)

for a suitable positive absolute constant ©. The representation (2-10)—(2-11) is a simple consequence of
the structure of b € X,/ (Q) and of the separation properties (2-2), (2-3). We provide the necessary details
for (2-10)—(2-11) in Appendix A at the end.

Proof of Theorem C. Given a form A satisfying the assumptions of Theorem C, u < v € Z and
fj e LPi (R9), j = 1,2, with compact support, we will construct a sparse collection S of cubes of R4
such that

AL (fi. £2)] £299C ) 101 A1) pr.o{ f2) o (2-12)

QesS

where C is the expression within the square brackets in the conclusion of Theorem C. Here and below, we
denote by © a suitably large positive absolute constant which will be chosen during the course of the proof.
Within this proof, we will also denote by ¢ positive absolute constants which belong to [278®, 277 ®] and
may differ at each occurrence. As the assumptions of Theorem C are stable if we replace A with A?, we can
work under the assumption that Ky = 0 for all s ¢ (i, v] and thus drop u, v from the notations (2-4), (2-5).

The proof of (2-12) is iterative and is carried out in the next subsection. Here, we give the main
estimate for the form A*2 from (2-4) in terms of stopping collection norms.

Lemma 2.7. Let Q be a fixed dyadic cube in R and Q be a stopping collection with top Q. Then

|AS2 (1 1g. ha130)| <274 C1 Q| lly,, @lh2lly,, 0 + D |A™ (Al halsr)|.  (2-13)

LeQ
LcCO

Proof. We are free to assume that supp #1 C Q and supp /i, C 3Q for simplicity of notation. For j =1, 2,
construct the Calderén—Zygmund decomposition of /; with respect to the family Q as described in
Remark 2.2, that is,

1
hj =gj+bj. bj=ijL, bip = (hj—m/hj(x)dx)lL.
Leo L

The Calder6n—Zygmund properties in this context are, for j =1, 2,

18 1yee < M2ll3; - WBll%, < A llyy, -
Using the definition (2-5), we decompose on our way to (2-13):

A2 (hy,hp) = Ag(hy,ha)+ Z AL (hy1p,hy)

LeQ
LcQ

=Ao(g1.82)+Aa(b1,g2)+Aa(g1.b2)+Ag(br.ba)+ Y At(hn 1, hals). (2-14)

LeQ
LcQ
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The last sum on the last right-hand side is estimated by the sum appearing on the right-hand side of (2-13).
We are left with estimating the first four terms in the last line of (2-14). The leftmost is controlled by the
estimate of Lemma 2.3:

|Ao(g1,82)| < Cr(n)[QllIg1lv, lIg2lly,, < CI2[hilly,, I72lly,,-

The second term is handled by appealing to assumption (L), which yields

[Ao(br, g2)l = CLlQllIb1llx, lg2lly,, T CIOIIA1lly,, 172lly,,,

where the second estimate follows from the Calderon—Zygmund properties above. The third is also
estimated by appealing to (L), as

|Ao(gr. b2)| = CLIQ|lg 1y 121 1,, = C1O1 1y, [172]ly,, -

Finally, again by assumption (L),

[Ao(b1,b2)| = Cu|Qol b1l 4, 10211y, £ C1OIIR11y,, 721135,

where the final inequality follows again from the Calderén—Zygmund estimates. ([

Proof of (2-12). The proof is obtained by means of the iterative procedure described below.

Preliminaries: We will produce stopping collections iteratively, by suitable Whitney decompositions of
unions of sets

My, (fiLs0)(¥) _eq

Eop={x€30: max (2-15)
¢ =12 (fi)p 30
associated to a cube Q and a pair of functions fi, f>. We notice that
EgC3Q. |Eg|=27"?|Ql; (2-16)

the measure estimate is a consequence of the maximal theorem, and holds provided ® is chosen sufficiently
large. In this proof, we say that two dyadic cubes L, L’ are neighbors, and write L ~ L', if

TLNTL # @, |sp—sp| <8.

The separation condition (2-3) tells us that if the 7-fold dilates of two cubes L, L belonging to the same
stopping collection intersect nontrivially, then L, L’ must be neighbors. We also recall the notation L for
the 2°-fold dilate of L.

Initialize: Let f; € L?/ (R9), j = 1,2, with compact support be fixed. By suitably choosing the dyadic
lattice D, we may find Q¢ € D such that supp f1 C Qo, supp f2 C 3Qp and sg,, is larger than the largest
nonzero scale occurring in the kernel. Then set So = {Q¢}, Eo = 300, and define referring to (2-15)

Ey:=Egp,, &1:=maximal cubes L € D such that 9L C Ej.
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Notice that the following properties are satisfied:

L € S are a pairwise disjoint collection, (2-17)

Ey=|J L=J9LCEo [Qo\Ei|l=(1-27%)Qol. (2-18)
LeS LeS,

L .L'eS,7LNTL' #2 = L~L. (2-19)

Property (2-17) and the first part of (2-18) are by construction, while the second part of (2-18) follows
from the estimate of (2-16). For (2-19) suppose instead that 7L N 7L’ is not empty when s < 57, — 8.
By the relation between the sidelengths it follows that L c 9L/, which implies that the 9-fold dilate
of the dyadic parent of L is contained in 9L’ as well, contradicting the maximality of L. By virtue of
(2-17)—(2-19), Q1(Q0) := S is a stopping collection with top Q¢; compare with (2-2), (2-3). The first
property in (2-18) guarantees that
sup 10 = 2%(f5) 5, 300
x¢sh 91(Qo)

Further, by the maximality condition on L € &y, it follows that

. ©d
sup inf My, (fj130) <2°* (fj)p;.300
LeQi(Qo) L

for j =1, 2. The last two inequalities tell us that

od .
15 lys, @ic@on =2 % {fi)p;300> 7 =12
Applying (2-13) to the stopping collection Q1(Qy), and h; = f1, hy = f> we obtain
IA(f1, )| = |A*20(filg,. f2130,)]

<29%9C100l{f1)p1.300(S2) 2300+ D |AT(filL. folsp)|. (2-20)

LeQ1(Qo)
LCQo

The obtained properties (2-17)—(2-19) and estimate (2-20) are the £ = 1 case of the induction assumption
in the inductive step below.

Inductive step: Suppose inductively collections Sy, 0 < £ < k, and sets Ey, 1 < £ < k, have been
constructed, with the properties that for all 1 <{ <k

L € Sy are a pairwise disjoint collection, (2-21)
Ee=JL=J9LCE 10\E|=(1-27"9)[Q] VQesi . (2-22)

LeSy LeSy
L.L'eS;, 7LNTL' #9 = L~L' (2-23)

Suppose also that if 71 = Sp U--- U Sg_1, the estimate

A1 )] £2%9C DRI prsr{f2) pasr + Y [ASC(filg. f2130)| (2-24)

ReTr— QeSk
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has been shown to hold. At this point define

Epiq:= U Eg, Sk41:= maximal cubes L € D such that 9L C Ey 1,
Q€S
Qk+1(Q) ={L € Sg41: L C30}, Q€S

Property (2-21), together with the first property in (2-22), as Eg C 30 C Ej, and (2-23), via the same
reasoning we used for (2-19), now hold for £ = k + 1 as well. Let now Q € Sj. Property (2-23) with
£ = k implies that

30N Eg4 C U Eg.

Q'eSk:0'~0
Therefore, we learn that
QN Exl SBONErqal< Y. |Egl<2779Q| (2-25)
Q'€Sk:0'~Q

by applying for each Q' € Sy with Q' ~ Q the estimate of (2-16), and observing that the cardinality of
{Q' €D: Q' ~ @} is bounded by an absolute dimensional constant, and |Q|, | Q’| are comparable, again
up to an absolute dimensional constant. From the above display we obtain the second part of (2-22) for
{ =k + 1. Moreover, one observes that if L € S;4; with L N3Q # &, then by virtue of property (2-25),
L must be significantly shorter than Q and thus contained in one of the 34 translates of the dyadic cube Q
whose union covers 3Q. Namely, we have the equality

Qk+1(Q) ={L € Sg41: L N3Q # T},

which also gives the last equality in
U 9L C U L= U L =sh Qr41(Q),
LeQk+1(Q):3LN20#2 LeSk41:LN30#5  LeQk+1(Q)

as the set in the left-hand side of the last display is contained in 3Q and (2-22) holds for £ = k + 1.
Comparing with (2-2), (2-3), the discussion above gives that Q41 (Q) is a stopping collection with
top Q such that Eg C sh Qx4 1(Q), so that

od
sup | filzp(x)| =274 (fj)p,.30-
x¢sh Q1 1(Q)

Furthermore, for j = 1,2

. od
sup inf Mp, (fj130) =2 % (fj)p;.30;
Legk+1(Q) L

otherwise the 9-fold dilate of the dyadic parent of some L € Q4 (Q) would be contained in E¢g and
thus in Ey 1, contradicting the maximality of such an L. Therefore

©d .
||fj13Q”3/pj (Qk+1(Q)) = 274 <fj>Pj,3Q’ J=12,
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and we may apply (2-13) to each Q € S summand in (2-24), with i1 = f1, hp = f> and obtain

A% (filg, ol30)| < 2%9CI101 (A pao (Sl mao + 3 AT (Al falar)]
LeQy1+1(Q):LCQ

=2%9C10[( A1) prsol o+ Y. |AE(ALL. f2150)].
LeSky1:LCQ
As Q € S; are pairwise disjoint, see (2-21), summing over Q € S, writing T = So U --- U Sy and
combining the resulting estimate with (2-24), we arrive at
IACfL )] =2%9C > 101 ) pr sl pso + Y [AH(filL. f2151)
Q€Tk LeSk+1

that is, (2-24) with k replaced by k + 1. This, together with the previously obtained (2-21)—(2-23) for
£ =k + 1, completes the current iteration.

’

Termination: A consequence of our construction is that oy := max{sg : Q € S} < sg, — Vk. The
algorithm terminates when k = K, where K is such that ok is strictly less than the minimal nonzero
scale in the kernel. For k = K in (2-24) the second sum on the right-hand side vanishes identically and
we have obtained the estimate (2-12) by setting 7 := Tx—1 and S := {30 : Q € T}. We see that the
collection 7, and thus the collection of the dilates S, are sparse by simply observing that the sets

Fg:= 0\ Ers1. Q€Sk,

are pairwise disjoint for Q € 7 and have measure larger than (1 — 2_dl’)| 0|, as can be seen from (2-22).

3. Localized estimates for Dini- and Héormander-type kernels

In the first part of this section, we state and prove a family of localized estimates, of the type occurring
in condition (L) of Theorem C, for kernels falling within the scope of (SS) and possessing additional
smoothness properties, of Dini or Hormander type. These estimates and their proof are a reformulation of
the classical inequalities intervening in the proof of the weak-L!-bound for Calderén—Zygmund operators
(see, for example, [Stein 1993, Chapter I]). We choose to provide details as we believe the arguments to
be rather explanatory of the driving philosophy behind Theorem C.

As we mentioned in the Introduction, our abstract Theorem C, coupled with the localized estimates
that follow, can be employed to reprove the optimal sparse domination estimates for Calderén—Zygmund
kernels of Dini and Hormander type, thus recovering the results (among others) of [Bui et al. 2017;
Hytonen et al. 2017; Lacey 2017; Lerner 2016; Volberg and Zorin-Kranich 2016]. We provide a summary
of the statements of such domination theorems in the second part of this section.

Localized estimates and kernel norms. Throughout these estimates, we assume that a stopping collection
Q with top Q as in Section 2 has been fixed, and the notations A g ) refer to (2-5). It is understood that
the constants implied by the almost inequality signs depend on dimension only and are in particular are
uniform over the choice of Q. We begin with the single-scale localized estimate where no cancellation is
exploited.
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Lemma 3.1 (trivial estimate). Ler 1 < 8 < oo and o = . Then for all j > 1,
Z/ | Ks (x, )| bs—j (DI (x) | dy dx < [K]o,g | Q1|12 1721y -
N
Proof. As ||br |1 S |L|||b||x, for L € Q, it suffices to prove that for each L € Q and s = 51, + J,

/ | Ks (e, MIbL ()] h(x)[dy dx < [K]o,g 1bL 11 [17]]y,- (3-1)

In turn, it then suffices to prove that
s =5, = sug/ |Ks(y +u, )| |h(y +u)| du < [K]o,pg Ay,
ye

which readily follows from

1

/|Ks(y+u,y)||h(y+u)|du <Ky + -,y)nﬁ([g )|h(z)|°‘dz)°‘

S [Klop (i%fMah) < [Klogllnlly,

(y,25+10

when y € L. Above, we used the support condition (SS) and Hélder’s inequality for the first step, and
subsequently that the ball B(y,25710) = {z e R¥ : |z — y| < 25719} contains the dilate L. O

We introduce a further family of kernel norms in addition to the one of (SS), to which we refer for
notation. For 1 < 8 < oo set

(Kl := E @ p(K), (3-2)
j=1
where

wj’/;(K)::supZ%sup sup (HKs(x,x—i--)—Ks(x—i-h,x—i--)Hﬂ—i-HKS(x—i--,x)—Ks(x—i--,x+h)Hﬂ).
S€Z  xeR9  heR? -
Alloo<25"7/~

The second localized estimate we consider uses the finiteness of [K]; g to incorporate the constant-mean
zero cancellation effect.

Lemma 3.2 (cancellation estimate). Let 1 < 8 < oo and a = B'. Then forall u,v € Z,

[AQuw(b. )| +[Aguw(h.b)| < ([Kloeo + [K1,8) Q1] 4, 151y, (3-3)
Proof. 1t will suffice to prove the estimate

393

/ Ky, 4 (e, )b (0)h(x) dy dx| S [K11,6|0111bl|¢, 1]y, (3-4)
LeQj=1

In fact, by using the representations in (2-9), (2-10) we see that for all u, v € Z and each pair b € X1,
h € Y, the forms |A g u,v (b, h)|, |Ag,u,v(h, b)| are both bounded above by the left-hand side of (3-4)
for suitable b € Xy, h € Y, whose norms are dominated by ||5| i+ Ihlly, respectively, up to possibly
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replacing K with its transpose and controlling the remainder term Vg (A, b) in the case of Ag ;v (5, b).
This remainder is estimated in (2-11) for ¢ = oo, which is acceptable for the right-hand side of (3-3).
We will obtain estimate (3-4) from the bound

s+ (6 )L (A(x) dy dx| S [KTy g ILIBl|g, 7]y, L€ Q (3-3)

by summing over L € Q in and using their disjointness, given in (2-2). Fix L € Q and j > 1. Using the
cancellation of by and then arguing as in the proof of (3-1) above we obtain

‘ / Kyp ) (e )b(n)i(x) dy dx| <

AT, p [ 1Kue s 0-+10,5)=Koy e e a0
N ||bL||1wj,5(K)(l%fMah) Swjp(K)|L| ||b||j(1 4]y,
and (3-5) follows by summing over j > 1. O

Sparse domination of Calderon-Zygmund kernels. We now briefly mention how our abstract result,
Theorem C, can be employed to recover sparse domination, and thus weighted bounds, for Calderén—
Zygmund kernels with minimal smoothness assumptions. Let T be an L2(R%)-bounded operator whose
kernel K satisfies the usual size normalization

sup |x —y|?|K(x,y)| < 1.
X#£y

Let ¥ be a fixed Schwartz function supported in A; = {x € R : 272 < |x| < 1} such that
Y Y@ Tx) =1 x#0.
sE€Z

It is immediate to see that (SS) holds, and in particular [K]o,oc < C, for the decomposition

Ks(x,y) = K(x, y)w( y), sez.

We further assume that [K]; g < oo for some 1 < 8 < oo, where the kernel norm has been defined in
(3-2). When B = oo, this is exactly the Dini condition [Hytonen et al. 2017; Lacey 2017; Lerner 2016].
For B8 < o0, the above condition is equivalent to the assumptions of [Volberg and Zorin-Kranich 2016],
where in fact a multilinear version is presented.

The assumptions of Theorem C then hold for the dual form

A(f1. f2) =(Tf1, o).

We have already observed that (SS) is verified with ¢ = oo. It is well known that the L2-boundedness
of A together with [K]; g < oo yields that the truncation forms A7, see (2-1), are uniformly bounded on
L! ([Rd) xL! /(Rd) [Stein 1993, Chapter 1.7] for all 1 < ¢ < oo; thus we have condition (T) with, for instance,
r = 2. Furthermore, Lemma 3.2 is exactly (L) for the corresponding Ag v, With py =1, pp =a = .
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Applying Theorem C in the form given in Remark 2.4, we obtain the following sparse domination result,
which recovers (the dual form of) the domination theorems from the above-mentioned references. We
cite the same references for the sharp weighted norm inequalities that descend from this result.

Theorem D (Calderén—Zygmund theory). Let T be as above and 1 < < oo. Forall 1 <t < oo and all
pairs fi € L'(R?), f> € L' (R?),

KT f1, f2)] < Cg[K]1,p SI;P PSFs.1,8/(f1. f2),

where Cg is a positive constant depending on B and on the dimension d only.

4. Proof of Theorem A

Let 1 < g < oo and suppose that € L4(S9~1) has unit norm and vanishing integral. Set x’ = x/|x|.
We decompose for x # 0 the kernel of Tq in (1-2) as
Q(x")
|x|4

=D Ki(x), Ks(x) = Q27927 x),

where ¢ is a suitable smooth radial function supported in A; = {272 < |x| < 1}. The main result of this
section is the following proposition: again, we assume that a stopping collection Q with top the dyadic
cube Q as in Section 2 has been fixed and the notations )y and similar refer to that fixed setting.

Proposition 4.1. Let € L9(S?™1) be of unit norm and vanishing integral. Let {e5} € {—1,0,1}£ be a
choice of signs, b € Xy and define

K(b.h):=) Y es(Ksxbsj.h)

j=1 s
where
by=Y_ bp.
LeQ
Sp=S

There exists an absolute constant C, in particular uniform over all {5} € {—1,0, 1}2, such that

C Q 1y, , > /’
K. ] = L1 1011b1 gl {012 s 42 P )
p—1 12| oo (sa—1), g=o00, p>1.

With the above proposition in hand, we may now give the proof of Theorem A. The structural
assumptions (SS), (T) of the abstract result Theorem C applied to the above decomposition of (the dual
form of) Tq are respectively verified with ¢ = ¢ and with = 2 (this is the classical L2-boundedness of
the truncations of Tq [Calderén and Zygmund 1956; Grafakos and Stefanov 1999]).

We still need to verify (L) for the values p;y = 1 and p» = p for each p in the claimed range
(depending on whether ¢ = oo or not). It is immediate from the representations (2-9) that in this setting
Ag,uw(b,h) =K(b1lg, h) for a suitable choice of signs {&;} depending on w, v. So Proposition 4.1 yields
the first condition in (L) with p; =1, p» = p. On the other hand, we get from (2-10) that Ag ;v (h, b)
is equal to K(b™, h1g), again for a suitable choice of signs {e} depending on u, v, up to replacing K
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by Ks(—-), and up to subtracting the remainder term from (2-11), which is estimated in this case by an
absolute constant times

19111 lyeo P11y, = 12117 lveo 1611y, »

which is acceptable for the right-hand side of the second condition in (L) when p, = p. These considera-
tions and another application of Proposition 4.1 finally yield Theorem A, via our abstract result in the
form described in Remark 2.4.

Proof of Proposition 4.1. Throughout this proof, C is a positive absolute dimensional constant which
may vary at each occurrence without explicit mention. We assume {e;} € {—1,0, 1} is given. For the
sake of simplicity, we redefine K := &5 Kj; it will be clear from the proof below that the signs of Kj
play no role. Fix a positive integer j. For § > 0 to be fixed at the end of the argument define

0, ={0eS897:1Q(0)>2Y}, Q;=Qlgi-10,. Aj=RQlo,. (4-2)
We now have the decomposition
Ks=H] +V{/, H}=Kluypa, V{=Klo,. (4-3)

The first localized form we treat, namely the contribution of the unbounded part of €2, is dealt with by
means of a trivial estimate.

Lemmad.2.  V/(b.h):=Y |(VJ xbs_j. )| <Cl|Ajll41Q1b]x Elly,. p=4.
N

Proof. Tt suffices of course to prove the estimate above with ¢’ in place of p. This is actually a particular
case of Lemma 3.1 applied with K = {V5} and B = g, as it is immediate to see that for this kernel one
has [K]o,g < C||Ajll4- O

The contribution of the bounded part of K in (4-3) is more delicate, and we postpone the proof of the
following lemma to the next subsection.

Lemma 4.3. There exist absolute constants C, ¢ > 0 such that for all 1 < p < 00

> (H #bs—j.h)

N

p—

. _ejp=1
H/(b.h) = <C27Y 7 1) llec OB 4, 17]ly, -

We may now complete the proof of Proposition 4.1. We assume g < co. The remaining case is actually
simpler as V/ is identically zero. Our decomposition (4-3) yields that

Kb, )| <D [H/ (b h)|+ D [V (b.h)].
Jjz1 Jj=1
Choosing § = c(p—1)/(2p) in (4-2) and using Lemma 4.3, we estimate

. _pib=1
> IH b, = CIOIIB]L, 1Ay, 3277 12 oo

Jj=1 Jj=1

_ejp=l Cp
<CIOlIblly, 1hlly, D279 =7 iﬁlQlllbll;‘e1 1721l
Jj=1
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which is smaller than the right-hand side of (4-1). Using Lemma 4.2, the latter sum involving V; is then
estimated by

Cp
(Z IIAjIIq)IQI 161, 12 1ly, < ﬁ”Q”LqJ log L(s4-1) Q111D 171ly,

J=1
which also complies with the right-hand side of (4-1); here we have used that
1 L _C
D oN1A7lg =D > 210K\ Opal7 = Y k2% 0%\ O] @ < S 1191 Lat tog Lisa1y.
Jj=1 JZ1k>j k=1

The proposition is thus proved up to establishing Lemma 4.3.

Proof of Lemma 4.3. Our first observation is actually another trivial estimate.
Lemma 4.4. There exists C > 0 such that |H? (b, h)| < C 12/ lloo |O 1D 2 12|, -

Proof. This is an application of Lemma 3.1 to K = {H Sj } with 8 = oo, as it is immediate to see that for
this kernel one has [K]o,co < C |2/ [l 0o- O

The second step is an estimate with decay, but involving Vs norms.
Lemma 4.5. There exist C. ¢ > 0 such that |H? (b, h)] < C2 (|} oo | Q2] ¢, 2]l y0s -

Before the proof of Lemma 4.5, which is given in the next subsection, we observe that the estimate of
Lemma 4.3 is obtained by Riesz—Thorin (for instance) interpolation in / of the last two lemmata.

Proof of Lemma 4.5. The techniques of this subsection are an elaboration of the arguments of [Seeger
1996]. In particular Lemma 4.6 below is a stronger version of Lemma 2.1 of that work, while Lemma 4.7
is essentially the dual form of its Lemma 2.2.

We perform a further decomposition of H SJ . Let & = {e,} be a maximal 2777194 _separated set
contained in supp €2,;. We may partition supp 2; into #2 < 2/(d=1) gubsets E, each containing e, and
such that diam|E,| <27/, Set

HY,(x) = H] (x)1g, (x).

Also, let Y be a smooth function on R with 1|5 ) <% < 1|_4 4]. Let« € [0, 1) and define the multiplier
operator
JE) =y 1T ).
We now have the decomposition
Y/ :=HJ/-T/

sy’

H:=T/+7Y]. T/:=) PJ/xH]
v
so that H/ is the sum of the single-scale bilinear forms
Gj(b.h) = <ng’ *bs_j,ﬁ>, U, (b, h) = <Z T/ *bs_,-,ﬁ>
N N

satisfying the estimates below.
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Lemma 4.6. Let t > 1. Then

Ct

|G (b.h)| = C:27 llye. Co=——

Lemma 4.7. Let b € Xy. For all € > 0 there exists a constant Cy ¢ depending on k, € only such that
Uj (b, B)| < Cieie2™ (12 oo | Q11151 4, 1]l e -

Notice that the combination of Lemma 4.6 with 1 =2 and k = % and Lemma 4.7 with ¢ = % yields
the required estimate for Lemma 4.5, with ¢ = i. Lemma 4.5 is thus proved up to the arguments for

Lemmata 4.6 and 4.7.

Proof of Lemma 4.6. We may factor out [|€2|oo and assume that the angular part in the definition of T
is bounded by 1. We can also assume that Hy), and b are positive as cancellation plays no role in this
argument; this is just a matter of saving space in the notation. Using interpolation and duality with ¢
below being the dual exponent of 7, the estimate of the lemma follows if we show that for each integer

r>1landt =2r
Z T % bs_;
0|7
with an implicit constant that does not depend on r. Setting

=Y P/ «HJ,xbj_s. Dy=)Y HJ xbs
S N

TS
<12 11]x, (4-4)

we rewrite the left-hand side of (4-4) raised to #-th power and subsequently estimate

2
P> l_Ika D My x| 20RO BT l_[ka

SV k=1 Vs Vr ViseessVr

206027070 up | D, |

2 (4-5)

We have used Plancherel for the first equality, followed by the observation that P . (£) is uniformly
bounded and nonzero only if |§'—e,, | <27/ '(1=6) Thus there are at most C 2"/(@~ 2+") r-tuples such that
the r-fold convolution is nonzero, whence the first bound. Another usage of Plancherel, the observation
that there are at most 27/(¢—1) tuples in the summation, and finally Holder’s inequality yield the second
bound. We are thus done if we estimate for each fixed v

> ( H H (6= 500biy 00) dy -y 5 C2 09Dl ol 9
§1=>>8y

as || Dy||% is at most ¢ times the above integral. Notice that if o < s then supp H({v is contained in a
box Ry centered at zero and having one long side of length < 2° and d — 1 short sides of length 25/, If
zeR? Ry(z)=z+ Ry and

Qs(z) ={Le€Q:sp <s—j. LC100Rs(2)}, bpr,y:i= Y. bL.
Legy(z)
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we have, by the disjointness of L € O,

<C27/9 Vb, =a. (4-7)

27 bg, 1 275 Rs(2)]|b] 2,

Also notice that for all fixed yi,..., y; and for all s > -+ > sy,

t t—1
Isos;(V1se o Y1) = /( l_[ Hsjkv(x—yk)) dx < ”Hsjtvlll 1_[ ”Hs]kv”oo < 2_](d—1)2—dst—l’
k=1 k=1

where, here and in what follows, we set

n
sn=2sk, n=1,...,t.
k=1

Furthermore, I, .. s, (¥1....,¢) is nonzero only if yx € 2Ry, _, (yg—1) fork =t,t —1,...,2. Now,
writing by, in place of b, —; for reasons of space as j is kept fixed throughout and using (4-7) repeatedly,
the sum in (4-6) is equal to

t
Z /Isl ..... S[(y17~--,yt)(1_[ bsk(yk))dyl-..dyt
k=1

S1Z=8;

—j(d-1) —dsi—»> = ”bRs,_l(J’t—l)Hl
<2 Z 2 bs, (¥1) 1_[bsk(J’k)lstk_l(yk_l)(yk) Tdyl“'dyt—l
k=2

Sp==>8r—1

2 Ibr [
—i(d— _ s> (Vr—2) 111
Se2 /@D RN prdais / bn(yl)(l‘[bsk(yk)lstk_,(yk_l)(m)#dyl---dy,_z

stt—z
S1 = =812 k=2

<< T2 0 b4, < €279 0] b)Y,

~

as claimed, and this completes the proof. O

Proof of Lemma 4.7. Again we factor out ||} ||oc and work under the assumption that the angular part
is bounded by 1. In this proof, M is a large integer whose value may differ at each occurrence and the
constants implied by the almost inequality sign are allowed to depend on M only. Let 8 be a smooth
function supported in Ay = {27! < |§| <2} and satisfying

Y B =1 &#0

kez
Set By = F~1{B (2 -)}. Defining
Rk &) = pFe)(1— P () H, (),
we recall from [Seeger 1996, equations (2.6), (2.7)] the estimate

RIS Iy Sar 2777 minf1, 27 MK/ o= Mls=/ =0y,
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Now, fix s and L € Q with £(L) = 25~/ for the moment. Recalling the definition of Tsj , we have the
decomposition

Y] xbr BY <> T (RIK « By % bp B,
v k

and the cancellation estimate (cf. [Seeger 1996, equation (2.5)], a simpler version of Lemma 3.2)

|(RIK % By * by, h)| < minf{1, 25~ DFV | RIF |1 |bL 1|1 11700
<27/ min {o(= )=k o= M =ME=7= L |1b]| 4 1A ]| yes - (4-8)

Note that #2 < 2/@=1). So for each & > 0 we can use the left estimate in (4-8) for k > s — j(1 —¢) and
the right estimate otherwise, and obtain

(Y] * by, )| < ZZ [(RIK % By xbp, )| <279 |L| 161 4, 171l yoo 4-9)
vk

provided that M is chosen large enough to have 2¢ < M«. The proof is thus completed by summing
(4-9) over L € Q with £(L) =25~/ and later over s. d

5. Proof of Theorem B

Throughout this proof, C is a positive absolute dimensional constant which may vary at each occurrence
without explicit mention. Most of the arguments in this section are contained in [Christ 1988, Section 3];
we reproduce the details for clarity.

Let ¥ (x) = cos(2m(|x| —§/4)). From the asymptotic expansion of the inverse Fourier transform of
the multiplier of Bg [Christ 1988, Section 3], which is C°° and radial, we obtain the kernel representation

Bs(x) =Y Keu(x)+ L(x).

s>1 v

Here
Ko (x) = Qu ()Y (x)2759¢ (27 x),

with €2,, a finite smooth partition of unity on the unit sphere S d=1 with sufficiently small support which is
introduced for technical reasons, and ¢ a suitable smooth radial function supported in A; = {272 < |x| <1},
while L(x) is an integrable kernel with L(x) < C(1 + |x[)~“@*1, 5o that

Lf(x) =CM; f(x),

which can be ignored for our purposes. We can also think of v as fixed and omit it from the notation,
and consider the kernel K = {K} as above. We are going to verify that conditions in Theorem C are
satisfied by (the dual form to) Bg. First of all, condition (SS) is obvious from the above discussion as
[K]o,00 < 00. Second, the (T) condition follows from the well-known estimate

sup [|A ), ll22 e yx2@ey = C:
1y
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see for instance [Duoandikoetxea and Rubio de Francia 1986, Theorem E]. In order to verify condition (L),
let Q be a stopping collection with top Q. Let b € X1(Q); we change a bit the notation for by in this

bg := ZbL, s> 1, bo 1= ZbL.

SL=s s7.<0

context by redefining

It is easy to see that in this context if b € X supported on Q and & € Y1, one has
Ao (b, h) = <Z > K xby . fz>
J=1s=j

for a suitable choice of signs {es} € {—1,0, 1}%, and the same for Ag . (h, b) up to replacing b by b™,
restricting 2 to be supported on Q, transposing K, and subtracting the remainder terms, which are
estimated by

[O11151lx, 17211y, -

Theorem B is thus obtained from the next proposition via an application of Theorem C.
Proposition 5.1. Let {e5} € {—1,0, 132 be a choice of signs, b € X1 and define
K(b.h) = <Z T 6Ky bs_,-,;;>.
Jz1s5=]

There exists an absolute constant C , in particular uniform over {e5} € {—1,0, 1}%, such that
Cp
Kb, h)| < FIQI 15121 1721l -

Notice that here we do not need to require b € X as per the oscillatory nature of the problem.

Proof of Proposition 5.1. Given our choice of {e} € {—1,0, 1}, we relabel K := &5 K. It will be clear
from the proof that the signs &g play no role. We split

K(b.h) =Y K/ (b.h), K/ (b.h):=> (Ky*bs_j.h).
j=1 s=j
The first estimate is a trivial one.

Lemma 5.2. There exists C > 0 such that |K’ (b, h)| < C|Q||bllx, ]|y,

Proof. This follows from applying Lemma 3.1 with 8 = co to K = {Kj}, as it is immediate to see that
for this kernel one has [K]o,.o < C as already remarked. O

The second estimate, which is essentially contained in [Christ 1988, Section 3], is the one providing
decay.

Lemma 5.3. There exists C,c > 0 such that |K’ (b, h)| < C27< | Q| 1b]| x, | 2]l
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It is easy to see that interpolating the above estimates yields

~1011B L 1Ay,

K (b, h)| < C27/

the summation of which yields Proposition 5.1.

Proof of Lemma 5.3. Let K s(+) = Ks(—-). We recall from [Christ 1988, Lemma 3.1] the estimates
Ky * Ks(0)] < C27% (14 |x])~°,

~ 5-1
IKs % Kelloo < C27%27%, Vs <i—1.
By duality, it suffices to prove that
| Kj % boll3 + || D Ks#bs— <C2_”|Q|||b||§cl- (5-2)

s>

For the first term we use the first estimate in (5-1):
IK; #boll3 = I(bo. Kj * Kj % bo)| < Iboll1[|K; % K;  bolloo < C27™ D 0] [b]3,.
The last inequality above follows from

IK; * Kj * bolloo <2774 Z 27 sup [|bollL1(px,comy < C27 M DT,

m=0 xeR4

where B(x, C2™) denotes a ball centered at x with radius C2™. For the second term, we begin by quoting
from [Christ 1988, inequality (3.2)] that

1K % bs—j1I3 < €277 1B, 65— |1 (5-3)
Observe that
ZKs*bs j
§>7
<Z”K *bs ]||2+2Z| K*bs —J> s l*bs 1—j |+2Z Z Kt*Ks*bs—j,bt—jH. (5-4)
s> roj<s<t—1

The first two terms are bounded by

C2 Vbl 3 [1be—jlln < €210 b1,
S

according to (5-3) for the first one and Cauchy—Schwarz followed by (5-3) for the second. For the third
term, from the second estimate of (5-1) and support considerations one has
1K * Ky # bs—jlloo < C( sup. bs—; L1 (Bee.cap) 1K * Killoo < C275515] ;.
x€R
Therefore, the third summand in (5-4) is dominated by
Clblla D lbe—jll > 275 <c27% 0] |b]13,.
t>j j<s<t—1

and collecting all the above estimates (5-2) follows. O
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Appendix A: Verification of (2-10)-(2-11)

Let Q be a stopping collection with top Q, h € Y,, b € Ay . Clearly we can assume supph C Q. By
possibly replacing K by zero when s & (i, v] we can ignore the truncations ., v in what follows and
omit them from the notation. Recall the definitions (2-4), (2-5)

Ag(h.b)=Ag(h.b)— > Agr(h.b) =A*2(h.b)— Y A*®(h1g.b)
ReQ ReQ
RCQ RCQ

and the decomposition

b= bin + bOUt, in Z bL» pout — Z bL
3L02Q7é® 3Lm2Q @

We first estimate
|Ag(h, b°)| < [Klog 1Ol Aly 6] %, (A-1)

which is a single-scale estimate. In fact, since dist(R, supp b°"*) > £(R)/2 for all R C Q, by virtue of
the support restriction in (SS),

s<sp = / K (6, y)h(y) 1R (1) 6™ (x) dy dx = 0.

Therefore, by the same argument used in (3-1),

|AC (h, b)) S/IKsQ(X»y)IIh(y)||b°”t(X)|dydx5[K]o,qIQIIIhIIyl 12llx, - (A-2)

Proceeding similarly, if Re @, RC Q

|A®R (h 1R, )| S/IKSR(x,y)IIh LrWI16°"(x)| dy dx < [K]oq | RIlIAlly, 1] x, -

and the claimed (A-1) follows by summing the last display over R € Q, R C Q, which are pairwise
disjoint, and combining the result with (A-2). The representation (2-10) will then be a simple consequence
of the equality

Ag(h,b™) = (ASQ (h,6")— Y AsL(h,bL)) + Vo(h,b), (A-3)
LeQ:3LN20#o

where the remainder Vy satisfies

[Va(h.b)| S [Klo.g Q1 lIAlly, 1]l x,,- (A-4)

We turn to the proof of (A-3). We will use below without explicit mention that whenever L, R € Q with
3RN3L # &, we have |sp —sgr| < 8, a consequence of the separation property (2-3). First of all, the
restriction on the support (SS) gives that

D ARGAR DM =Y Y A®(h1g.br), (A-5)
ReQ ReQ Leg
3LN3R#o

3LN2Q#
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as A*R(h1g,br) = 0 unless 3L N 3R is nonempty. As there are at most 16 s-scales in each difference
ASL — ASR using the trivial estimate (3-1) with 8 = ¢ for each such scale yields

> Y AR L)~ AR (1R, b))

ReQ LeQ
3LN3R#o
3LN2Q#o

S [Klogllhlly, > > lbelh

ReQ LeQ
3LN3R#D
3LN2Q#o

S [Klog Al 1bllzy D IR S [Klog 1Ol llAlly, Ibllx . (A-6)
ReQ

Recalling the second property of stopping collections in (2-3), we have the decomposition
h=h"+h p"=h 1Ugeo Re SUPPA®TN ( U 9L) =a.

LeQ
3LN2Q#o

Therefore, up to including the error term of (A-6) in (A-4), (A-5) can be rewritten as

> At(gby)= Y AEGE"bp)— Y A(hp.bp),

ReQ LeQ LeQ LeQ
3LN3R#D 3LN2Q#2 3LN2Q#o
3LN2Q#o (A-7)
hy = Z h1g, suppszC[R{d\SL.
ReQ
3LN3R=0

We note that all the terms in the second sum on the right-hand side of the first line of (A-7) vanish due to
the support restriction on Ky, as all the scales appearing are less than or equal to sz, and supp by, C L.
The reasoning beginning with decomposition (A-5) leads thus to the equality, up to tolerable error terms,

DOARMBIR DY = D> AE(hbr)— Y AT by). (A-8)
ReQ LeQ LeQ
3LN2Q#o 3LN2Q#o

Finally the second term on the right-hand side of (A-8) also vanishes, by virtue of the restriction on the
support of #°"t, which does not intersect 9L for any L in the sum. Therefore, (A-8) is actually the equality

D0 ARMBIRD™) =Y AR(h1g.b") = Y A*(h.br)+ Vo(h.b),
ReQ ReQ LeQ
RCO 3LN2Q0+#o

where Vo (h, b) satisfies (A-4); the first equality in the above display is due to supp 2 C Q. This equality
clearly implies the sought after (A-3).

Appendix B: Sparse domination implies weak L! estimate

We show that if a sublinear operator 7" satisfies the sparse estimate (1-1) for p; = 1, p» = r for some
1 <r <oothen T is of weak type (1, 1). In particular, as mentioned in the Introduction, together with
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Theorem A, this yields the weak L! estimate of Tg, which is the main result of [Seeger 1996]. The proof
that follows is a simplified version of the arguments in [Culiuc et al. 2016a, Appendix A]; we are sure
these arguments are well known but were unable to locate a precise reference.

Theorem E. Suppose that the sublinear operator T has the following property: there exists C > 0 and
1 <r < 0o such that for every f1, fa bounded with compact support there exists a sparse collection S
such that

(Tfi. f2)] =C Y101 i)l foro- (B-1)

Qes
Then T : LY (R?) — L1 (R?) boundedly.
Proof. By standard arguments it suffices to verify that

sup sup - inf - sup [{Tf1. f2)[ = C,
Ifili=1 Gere | T ST, 1 f2l<1er

where f1, f> are bounded and compactly supported and G has finite measure. Given such f; with
Il fill1 = 1 and G of finite measure, define the sets

H:={xeR?:M fi(x)>C|G["}, H:=|)30. Q={max. dyad. cube Q:|0NH|=27°|0l}.
QeQ

It is easy to see that |H| < 2719|G| for suitable choice of C. Therefore the set G’ : G\ H satisfies
|G| < 2|G’|. We make the preliminary observation that

sup M f1(x) < C|G| ™,

x€H¢
so that by interpolation
- ” ~(1-3)
M1 fillpor ey = ( sup M1 f1(x)) 7 IMLfill{ oo < CIGI 777, (B-2)
xX€EHC¢

where p’ > 1 is chosen such that p > r. Fixing now any f> restricted to G/, we apply the domination
estimate, yielding the existence of a sparse collection S for which we have the estimate

(Tfi. f2)] =C Y101 i)l fo)ro-

Qes
We claim that

IONH|<27°|Q| YQES. (B-3)

This is because if (B-3) fails for Q, we know Q must be contained in 3Q’ for some Q' € Q. But the
support of f, is contained in H¢, which does not intersect 30, whence ( f>) r,0 = 0. Relation (B-3)
has the consequence that if { g : O € S} denote the distinguished pairwise disjoint subsets of 0 € S
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with |Eg| >272|Q|, the sets EQ := Eg N H¢ are also pairwise disjoint and |EQ| >273|Q|. Therefore,
since the union of £ o is contained in H ¢, by standard arguments we arrive at

HULﬁHECXNQNdeﬁMQScz:@QNdeﬁMQSCAFMMUnMﬁUNX

Qes Qes
— l—i, 1
< CIMy Al a1y M- foll oy = €161 )1G15 < €
using (B-2) in the last step. O
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