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LOCAL ENERGY DECAY AND SMOOTHING EFFECT
FOR THE DAMPED SCHRODINGER EQUATION

MOEZ KHENISSI AND JULIEN ROYER

We prove the local energy decay and the global smoothing effect for the damped Schrodinger equation
on R?. The self-adjoint part is a Laplacian associated to a long-range perturbation of the flat metric. The
proofs are based on uniform resolvent estimates obtained by the dissipative Mourre method. All the
results depend on the strength of the dissipation that we consider.

1. Introduction

Let d = 3. Our purpose in this paper is to study on R? the local energy decay and the Kato smoothing
effect for the damped Schrodinger equation

—idiu+ Pu—ia(x)(D)*a(x)u =0,

u(0) = uy.
The operator P is a Laplacian in divergence form associated to a long-range perturbation of the usual flat
metric (see (1-2) below). For the dissipative part we have denoted by (- ) the function (1 + |- |2)% and by
D the square root of the free Laplacian, so that (D)% stands for (1 — A)%. The parameter o belongs to
[0, 2[. The nonnegative-valued function a will be assumed to be of short range (see (1-3)), so that in terms
of spacial decay, we have an absorption index a(x)? which decays at least like (x) 272 for some p > 0.

(1-1)

It is known that the free Schrodinger equation ((1-1) with P = —A and a = 0) preserves the L?-norm
but satisfies the local energy decay: if ug is supported in the ball B(R) = {|x| < R} of R? for some
R > 0 we have

. _a
lle" A uollz2(B(ry) < Cr(t)™ 2 luollL2gay-

This means that the “mass” of the solution escapes at infinity. On the other hand, the Schrédinger equation
has a regularizing effect:

l .
/[R{”(l - A)4eltAu0||]2JZ(B(R)) dr < CRH”O“%Z(Rd)'

There are many papers dealing with these properties for more and more general Schrodinger equations.
Concerning the local energy decay for a self-adjoint Schrodinger equation, we only refer to [Rauch
1978] for the Schrodinger operator with an exponentially decaying potential, to [Tsutsumi 1984] for the
free Schrodinger equation on an exterior domain, and to [Bouclet 2011; Bony and Héfner 2012] for a
Laplacian associated to a long-range perturbation of the flat metric. For all these papers, the local energy
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(1IN

decays like ~ 2 or like =5+ under a nontrapping assumption. There is also a huge literature for the
closely related problem of the local energy decay for the wave equation (see [Lax et al. 1963; Ralston
1969; Morawetz et al. 1977; Burq 1998; Tataru 2013; Guillarmou et al. 2013]).

Concerning the smoothing effect we mention [Constantin and Saut 1988; Sjolin 1987] for the Laplacian
on R¥, [Ben-Artzi and Klainerman 1992] for the Schrodinger operator with a potential, [Burq et al. 2004]
for the problem on an exterior domain and [Erdogan et al. 2009] for the magnetic Schrodinger equation.
We also refer to [Doi 1996; 2000; Burq 2004] for the necessity of the nontrapping condition.

In the dissipative context, the local energy decay for the damped Schrodinger equation in an exterior
domain has been proved in [Aloui and Khenissi 2007]. In this context, the nontrapping condition can be
replaced by the geometric control condition: there can be bounded classical trajectories but they have
to go through the damping region (see [Rauch and Taylor 1974; Bardos et al. 1992] for the original
geometric control condition, and [Aloui and Khenissi 2002] for the exterior geometric condition on
an unbounded domain). Then the local energy decays like t_%, as in the self-adjoint case under the
nontrapping condition. A similar result has been obtained in [Aloui and Khenissi 2010] on an exterior
domain with dissipation at the boundary, and in [Royer 2015] for the same problem on a wave guide (see
also [D’ Ancona and Racke 2012] for the undamped problem on a nonflat wave guide). In the latter case,
the global energy decays exponentially and we have a smoothing effect in the unbounded directions. We
also mention [Bortot and Cavalcanti 2014], where an exponential decay for the global energy is proved
for the solution of the Schrodinger equation with a dissipation effective on a neighborhood of the infinity.

The dissipation by a potential (¢« = 0 in our setting) is not strong enough to recover under the damping
condition the same smoothing effect as under the nontrapping condition. However, it is known that this is
the case for the so-called regularized Schrodinger equation (o = 1). See [Aloui 2008a; 2008b] for the
problem on a compact manifold and [Aloui et al. 2017] for the problem on an exterior domain. As in
the self-adjoint case (see [Burq 2004]), we can recover a H 3= smoothing effect if only a few classical
trajectories fail to satisfy the assumption (see [Aloui et al. 2013]).

In these works, the problem is a compact perturbation of the free Schrodinger equation. Our purpose
in this paper is to prove the local energy decay and the Kato smoothing effect for an asymptotically
vanishing perturbation. In a similar context, the local energy decay has been studied for the dissipative
wave equation in [Bouclet and Royer 2014].

We now describe more precisely the setting of our paper. We consider on R¢ a long-range perturbation
G (x) of the identity: for some p > 0 there exist constants Cg for 8 € N4 such that

102 (G(x) —1)] < Cp(x) P 1AL, (1-2)

Concerning the dissipative term, a is a smooth and nonnegative-valued function on R?. As already
mentioned, it is of short range:

10Pa(x)| < Cg(x)~17PIAL (1-3)

We will use the notation

By =a(x){D)%a(x) and H = P —iBy. (1-4)



LOCAL ENERGY DECAY AND SMOOTHING EFFECT FOR THE DAMPED SCHRODINGER EQUATION 1287

We recall that @ € [0, 2[ and we set

if d is even,

¢ =min(l,0) and « =
L if d is odd.

(1-5)

QU N

N‘

Then & € [0, 1] and « = 2.

We will see that H is a maximal dissipative operator on L?2. In particular, for ug € D(H) = H? the
problem (1-1) has a unique solution ¢ — e~ y5. The main purpose of this paper is to prove that this
solution satisfies the local energy decay and the Kato smoothing effect as stated in the following two

theorems:
Theorem 1.1 (local energy decay). Lete > 0. Let § > k + %, N e N and o €0, 2]. Assume that

(1) there are no bounded geodesics (see the nontrapping condition (1-8) below) or

.. , . . ~ 1
(ii) the bounded geodesics go through the damping region (see (1-9)), Na +o0 =22 and § > N — 5.

Then there exists C = 0 such that for ug € H 93 and t = 0 we have

—itH

_d
e uoll72.—s < Ct~ 278 ||lug| go.s.
L H

In this statement L2 % denotes the weighted space L2({x)™2% dx), while ||ug| zo.s is the L?-norm
of (x)8(D)%uy.

We remark that we have to take o = 2 in the second case if « = 0. This means that we have a loss of
two derivatives. If @ > 0 we can take o = 0 (no loss of derivative) as long as we choose § large enough
(if o« > 1 then we can take N = 2, and in this case the condition § > N — % is weaker than § > k + %)
Under the nontrapping condition we can always take o = 0.

In this setting, we obtain a decay which is almost as good as in the free case. We recall that for such
a P, this is the best decay known even in the particular case a = 0 (see [Bouclet 2011]).

Theorem 1.2 (global smoothing effect). Assume that the damping condition (1-9) holds. Then there exists
C = 0 such that for all ug € L? we have

+0o0
/ 1) (D)
0

Moreover, under the nontrapping condition (1-8), we can replace & by 1.

e g7, dt < Clluol7 -

NIRe

The last statement says that, despite the non-self-adjointness of H, we recover the same gain of
regularity as in the self-adjoint case under the nontrapping assumption. However, the main result is that if
the damping is strong enough, we have the same result for a trapping metric under the usual geometric
condition. For a weaker damping we cannot reach the optimal result, but we still have some gain of
regularity. As for the local energy decay above and for the resolvent estimates below, we can consider a
very strong damping (o > 1), but this does not improve the results (even if we allow trapped trajectories,
there still are trajectories going to infinity, and their contributions are not controlled by the damping).
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The proofs of Theorems 1.1 and 1.2 are based on uniform resolvent estimates. According to
Proposition 2.2 below, the operator H is maximal dissipative, so for all z in

Ct:={zeC:Ilmz >0}
we can consider in £(L?) (the space of bounded operators on L?) the resolvent
R(z)=(H —z)"L (1-6)

After a Fourier transform, the solution u of (1-1) can be written as the integral over frequencies Re(z)
of this resolvent when Im(z) goes to 0 (see Section 6). Thus the problem will be reduced to proving
uniform estimates for R(z) and its derivatives for Im(z) small, and then to controlling the dependence of
these estimates with respect to Re(z). Since the self-adjoint part P of H is a nonnegative operator, the
estimates for Re(z) < 0 are easy: for n € N and z € C4 with Re(z) < —¢p < 0 we have

C
[Re(z)[*+1°
Thus we will focus on z € C4+ with Re(z) = —cg, where 0 < cg < 1. As usual, the difficulties will arise

for low frequencies (Re(z) close to 0) and high frequencies (Re(z) > 1). We first state the uniform
resolvent estimates for intermediate frequencies:

IR (D)l per2y < (1-7)

Theorem 1.3 (intermediate-frequency estimates). Let K be a compact subset of C\ {0}. Let n € N and
§>n+ % Then there exists C = 0 such that for all z € K N C4 we have

1) P R @) (x) Pl 2y < C.

We remark that compared to the resolvent for the dissipative wave equation (see [Bouclet and Royer
2014]), the derivatives of the resolvent correspond to its powers:

R™(z) =n! R (2).

This will significantly simplify the discussion.

It is known that even for the free Laplacian, the estimates of Theorem 1.3 fail to hold uniformly when
z goes to 0 if n is too large. This explains the restriction in the rate of decay in Theorem 1.1. For low
frequencies we prove the following result:

Theorem 1.4 (low-frequency estimates). Let ¢ > 0. Let n € N and let § be such that

n+i if2n+1=d,
n+1 if2n+1<d.

6>

Then there exist C = 0 and a neighborhood U of 0 in C such that for all z € U N C4+ we have
d
1) PR @ () ey < CA+ 2| 275717,

In the self-adjoint case we can improve the estimate for a single resolvent. More precisely we can
replace the weight (x) ™% for § > 1 by (x)~L. See [Bouclet and Royer 2015]. This is particularly interesting
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for Theorem 1.2, which does not require estimates for the derivatives of the resolvent. This sharp resolvent
estimate is also valid in our dissipative context:

Theorem 1.5 (sharp low-frequency estimate). There exist C = 0 and a neighborhood U of 0 in C such
that for all z € U N C1 we have

1) T R(2) () Ml gr2y < C

The high-frequency properties of the problem are closely related to the corresponding classical problem.
Here, the classical flow is the geodesic flow on R24 ~ T*R4 for the metric G(x)~L It is the Hamiltonian
flow corresponding to the symbol

p(x.§) =(Gx)§. ).
We denote this flow by ¢’ = (X(¢), E()). Let
9y = {w € p1({1}) : sup, e X(t, w)] < +00}.

The assumptions used in the statements of Theorems 1.1 and 1.2 are the following. We say that the
classical flow is nontrapping if there is no bounded geodesic:

Qp=0. (1-8)

We say that the damping condition on bounded geodesics (or geometric control condition) is satisfied if
every bounded geodesic goes through the damping region {a(x) > 0}:

Yw e Qp, 3T € R such that a(X(T,w)) > 0. (1-9)

Theorem 1.6 (high-frequency estimates). Letn € N and § > n + %

(1) Assume that the nontrapping assumption (1-8) holds. Then there exists C = 0 such that for z € C+
with Re(z) = C we have

_ _ _n+1
1) R TV (2) ()l poy < Clz| ™ 2

(i1) Assume that the damping condition (1-9) holds. Then there exists C = 0 such that for z € C1 with
Re(z) = C we have

_ _ _(nt+Da
1) SR ) (x) P 2y < Clz| 2

(we recall that & was defined in (1-5)).

To prove the uniform estimates of Theorems 1.3, 1.4 and 1.6 we use the commutators method of Mourre
[1981] (see also [Amrein et al. 1996] for an overview of the subject). The method has been generalized to
the dissipative setting in [Royer 2010], then in [Bouclet and Royer 2014] for the estimates of the derivatives
of the resolvent and finally in [Royer 2016] for a dissipative perturbation in the sense of forms. Here the
dissipative perturbation By is well defined as an operator on L?Z relatively bounded with respect to the
self-adjoint part P. However, for d € {3, 4} the rescaled version of the dissipative part which we are going
to use for low frequencies will be uniformly bounded as an operator in £(H !, H~!) but not in L(H?2, L?),
so we will have to see H as a dissipative perturbation of P in the sense of forms. See Remark 4.7.
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Let us come back to the statement of Theorem 1.2. To prove this theorem we will use in particular
the resolvent estimates of Theorem 1.6, which in turn rely on the damping assumption (1-9). These
estimates and hence the smoothing effect we obtain are optimal (in the sense that they are as good as in the
self-adjoint case with the nontrapping condition) when « = 1. However, with a weaker dissipation (o < 1)
we can obtain (weaker) resolvent estimates and a (weaker) smoothing effect. Similarly, it is possible
to prove high-frequency resolvent estimates weaker than those of Theorem 1.6 without the damping
condition. We have already mentioned [Burq 2004] in the self-adjoint case and [Aloui et al. 2013] in the
dissipative setting, where only a few hyperbolic classical trajectories deny the assumption (in these cases
the high-frequency resolvent estimates are of size In|z|/ \/m , which gives a gain of % —¢€ derivative). We
do not prove resolvent estimates without damping condition in this paper, but we emphasize this fact with
a more general version of Theorem 1.2 (for self-adjoint operators, we mention the result of [Thomann
2010], which gives a relation between the smoothing effect and the decay of the spectral projections).

Theorem 1.7. Let y € [0, 2]. Assume that there exists C = 0 such that for all z € C4+ we have
_ _ _r
1) T RE@ () My < Cl2) 72 (1-10)

Then for all ug € L? we have

+o0
_ Y _;
/ Ix) "1 (D)2 e Hug|7, dt < Cllugl3>.
0

It is classical in the self-adjoint setting to prove the smoothing effect from resolvent estimates by
means of the theory of relatively smooth operators in the sense of Kato [1966] (see also [Reed and Simon
1978]). Other ideas have been used for dissipative operators (see [Aloui et al. 2013; 2017]). Howeyver, the
theory of Kato can also be used in this context (see [Royer 2010; 2015]). We will follow this idea to
prove Theorem 1.7 and hence Theorem 1.2.

This paper is organized as follows. In Section 2 we recall all the abstract properties we need concerning
dissipative operators (including the statement of the Mourre method). In Section 3 we prove Theorem 1.3.
In Section 4 we deal with low frequencies. We first prove Theorem 1.4 for a small perturbation of the free
Laplacian in Section 4A and then in the general setting in Section 4B. Theorem 1.5 is proved in Section 4C.
In Section 5 we prove Theorem 1.6 concerning the high-frequency resolvent estimates. Finally, we turn to
the time-dependent problem: we prove Theorem 1.1 in Section 6 and Theorems 1.7 and 1.2 in Section 7.

2. Abstract properties for dissipative operators

In this section we recall some general properties about dissipative operators. In particular we give the
version of the Mourre’s method that we use in this paper.
Let H be a Hilbert space. An operator H with domain D(H ) on H is said to be dissipative (respectively
accretive) if
Vo eD(H), Im{(Hp,p)y <0 (respectively Re(Ho, )y = 0).

Moreover H is said to be maximal dissipative (respectively maximal accretive) if it has no other dissipative
(respectively accretive) extension than itself. Notice that H is (maximal) dissipative if and only if i H is
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(maximal) accretive. We recall that a dissipative operator H is maximal dissipative if and only if there
exists z € C4 such that the operator (H —z) has a bounded inverse on #. In this case any z € C belongs
to the resolvent set of H and |
- 2-1
Im(z) @D
According to the Hille—Yosida theorem this implies in particular that —i H generates a contractions semi-
group, and then for all ug € D(H ) the function u : t > e “**# y belongs to CO(R4, D(H))NC ' (R4, H)
and is the unique solution for the problem

I(H = 2)" 20 <

—id;u+Hu=0 Vit>0,
u(0) = up.

Moreover we have
Vez 0. fu@)n < lluolln-

Remark 2.1. Assume that H is both dissipative and accretive. Then it is maximal dissipative if and only
if it is maximal accretive. Indeed both properties are equivalent to the fact that (H — (—14i)) has a
bounded inverse on H. Moreover, for z € C with Im(z) > 0 or Re(z) < 0 we have

1
max(Im(z), —Re(z))’

I(H =2)" 2y <

Proposition 2.2. The operator H defined by (1-4) is maximal dissipative and maximal accretive on L.

Proof. The operators P and By are self-adjoint and nonnegative on L2, so H = P —iB,, is dissipative
and accretive. Let ¢ € D(P) = H?2. By interpolation there exists C > 0 (which only depends on a and o)
such that for any ¢ > 0

a 1—« o
1BagllL> < Cllellme < Cllol gz el 2> < zaeClellg2 +C (1 z0)e 24 gl L2

With & > 0 small enough we obtain that the dissipative operator —i By, is relatively bounded with respect
to P with relative bound less than 1. According to [Royer 2010, Lemma 2.1], this proves that H is
maximal dissipative in L2 By Remark 2.1, H is also maximal accretive. O

According to Proposition 2.2, the estimate of Remark 2.1 holds for H in £(L?). As already mentioned,
the difficulties in Theorems 1.3, 1.4 and 1.6 come from the behavior of the resolvent R(z) when the
spectral parameter z € C4 approaches the nonnegative real axis. For this we are going to use a dissipative
version of the Mourre method, which we recall now.

Let go be a quadratic form closed, densely defined, symmetric and bounded from below on H. We set
K = D(qo). Let gg be another symmetric form on H, nonnegative and gg-bounded. Let ¢ = gop —ige
and let H be the corresponding maximal dissipative operator (see Proposition 2.2 in [Royer 2016]). We
denote by H : K — K* the operator which satisfies ¢(¢, V) = (He, V) ik for all ¢, ¢ € K. Similarly,
we denote by Ho and O the operators in £(K, K*) which correspond to the forms gg and gg, respectively.
By the Lax—Milgram theorem, the operator (H — z) has a bounded inverse in £(K* K) for all z € C4.
Moreover for ¢ € H we have (H —z) 1o = (I-I —2)7 .
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Definition 2.3. Let A be a self-adjoint operator on H and N € N* We say that A is a conjugate operator
(in the sense of forms) to H on the interval J, up to order N, and with bounds o € ]0, 1], 8 = 0 and
Y = 0 if the following conditions are satisfied:

(i) The form domain K is left invariant by e *?4 for all € R. We denote by £ the domain of the

generator of e /14|,

(ii) The commutators A® = [Hy,iA] and A; = [H ,iA], a priori defined as operators in £(£, £*), extend
to operators in L(K, K*). Then for all n € [1, N] the operator [A,,iA] defined (inductively) in
L(E,E*) extends to an operator in L(K, K*), which we denote by A, 1.

(iii)) We have
ALl < Vo YN, A1+ BO[IA° <@ YN, A1 Alll+ BIIO, Alll < @0 YN

and
N+1

Z ARl cgcc) S oY,
n=2

where all the norms are in L(KC, K*).

(iv) We have
17 (Ho)(A® + BO) 1, (Ho) = a9 1 (Hop). (2-2)

Theorem 5.5 of [Royer 2016] in the particular case where all the inserted factors are equal to Idy gives
the following abstract resolvent estimates:

Theorem 2.4. Suppose the self-adjoint operator A is conjugate to the maximal dissipative operator H
on J up to order N = 2 with bounds (xo, 8, Yn). Letn € [1,N]. Let I C J bea compact interval.
Let§ >n— % Then there exists ¢ = 0 which only depends on J, 1, 8, B and Yy and such that for all
z € Cr,4+ we have

I(A) 3 (H —2)™(A) | gy < Of_n.
0

We finish this general section with the so-called quadratic estimates. The following result is a
consequence of Proposition 4.4 in [Royer 2016]:

Proposition 2.5. Let T € L(K,H) be such that T*T < qg in the sense of forms on K. Let Q € L(H, K*).
Then for all z € C+ we have
~ _ ~ B 1
I7(H 27 Qoo < 10*(H — 27 Q11
Applied with Q = T'* this proposition gives the following particular case:
Corollary 2.6. Let T be as in Proposition 2.5. Then for all z € C+ we have
IT(H =2)"" T e < 1.

We are going to use all these results with the forms go : ¢ — (P, ¢) and gg : ¢ — (B¢, ¢) defined
on K = H'(R?).
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3. Intermediate-frequency estimates

In this section we prove Theorem 1.3. For this, we will apply Theorem 2.4 with the generator of dilations
as the conjugate operator. Let

We recall in the following proposition the main properties of A that we are going to use in this paper:

Proposition 3.1. (i) For 0 € R, u € S and x € R? we have
(eieAu)(x) = e%u(egx).
(ii) For j €[1,d] andy € C®(R?) we have on S
[0;,iA]=0; and [y,iA]=—(x-V)y.

(iii) For p € [1,+0o0], 6 € Rand u € S we have

||ei9A 9(%—%

ullLr = e® 55| Lo

Now we give a proof of Theorem 1.3:

Proof of Theorem 1.3. Let E > 0. We check that the generator of dilations A is a conjugate operator
for H on a neighborhood J of E in the sense of Definition 2.3. The form domain of H is the Sobolev
space H'! (R?). According to Proposition 3.1, it is left invariant by the dilation e~*?4 for any ¢ € R.
By pseudodifferential calculus we can see that the commutators [P,iA], [[P,iA],iA], [B«,iA] and
[[Bw,iA],iA] define operators in £L(H?2, L?), hence in £(L? H~2) by duality, and in £(H !, H™1) by
interpolation.! Finally, we use the usual trick for the main assumption. For o > 0 we set J, =[E—0, E+0].
We have
15, (P)[P,iA]1;,(P)=1;,(P)2P1,;, (P)+ W1, (P)
=2(E—-0)1,;,(P)+ W1, (P),
where
W:=1,,(P) diV((x . V)G(x))V

is a compact operator. Since £ > 0 is not an eigenvalue of P (see [Koch and Tataru 2006]) the operator
1;,(P) goes strongly to 0 when o goes to 0. Then for o small enough we have

15, (P)[P,iA]1;,(P)= EL1; (P).

Thus we can apply Theorem 2.4, which gives Theorem 1.3 for Re(z) € J, and with weights (A4)~%.

By compactness of K C C* and the easy estimate of Remark 2.1, we have a uniform estimate for all

1 In fact we can also compute these commutators explicitly with Proposition 3.1, except for the commutators of (D)% with A:
for this we can write (D)% = (1 — A)2 x (1 — A)72(—A) 5 and use the Helffer—Sjostrand formula for the second factor (see
[Dimassi and Sjostrand 1999; Davies 1995]).
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z € C4 N K. It remains to replace (4)~% by (x)~%. For this, we use the resolvent identity
R(z)=R(@{)+ (z—i)R({)R(z) = R(@{)+ (z—i)R(2)R().
It gives in particular, for v > 2,
R"(z) = R(i)(R"(2) +2(z —i)R" "1 (z) + (z —i)*R" (2)) R(i).

With these equalities in hand, we can prove by induction on m € N* that R?*1(z) can be written as a
sum of terms of the form (z —i)# R"+t1+8 (i) with B € N or

(Z _ i)zm_n_1+vRm(i)Rv(Z)Rm(i),

where max(1,n + 1 —2m) <v <n+ 1. For any 8 € N, we know R"+1+8 (i) is uniformly bounded in
L£(L?). On the other hand,

[P RO R @R™ @) ()7 < [) 7 R @A) [ [ (4)7° R () (A [ {4)° R™ (1) )" -

The first and third factors are bounded by pseudodifferential calculus if m is large enough and the second
has been estimated uniformly by the Mourre method. This concludes the proof of Theorem 1.3. O

4. Low-frequency estimates

In this section we prove Theorems 1.4 and 1.5. As in [Bouclet 2011; Bouclet and Royer 2014], the
proof of Theorem 1.4 is based on a scaling argument for a small perturbation of the free Laplacian
(see Section 4A), and then on a perturbation argument to deal with the general case (see Section 4B).
Theorem 1.5 is proved in Section 4C.

Let y € Cé’o([R{d) be equal to 1 on a neighborhood of 0. For 1 € ]0, 1] we set y, : x = x(nx). Then
for n1 €10, 1] we set Gy, (x) = xp, (X) g + (1 — xp, (x))G(x),

Py, =—divGy,(x)V and Py =P — Py =—div(xy, (x)(G(x) —I4))V. 4-1)
For the dissipative part we set
B;‘;z =a(l— yp)(D)*a+ayy,(D)*a(l— xy,) 4-2)
and
33‘2 ¢ =Ba— 373[2 = aan(D)aaan’
where 7, € |0, 1]. Finally, for the full operator we define

Hj= Py, —iBY, and Rj(z)=(H;—2)"",

where 7 = (171, 12) €]0, 1]? and z € C4.. The fact that we can choose 11 # 1, will be important in the
sequel (see Remark 4.11).
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4A. Low-frequency estimates for a small perturbation of the Laplacian. In this paragraph we prove
Theorem 1.4 with R(z) replaced by Rj(z). Then in Section 4B we will add the contributions of Py, .
and BY

n2,¢"
The proof relies on a scaling argument. To this purpose we use for z € C* the operator

©; = exp(%iIn|z|A).

For u € S and x € R¢ we have (O,u)(x) = |z|%u(|z|%x). According to Proposition 3.1 we have for
p €[l +o0]
d_d
1©z]lcwry = 2]+ 22 (4-3)

For a function u on R¢ and z € C* we denote by u the function

H(m)

Compared to the scaling for the wave equation we are using the parameter /|z| instead of |z|.

Now we introduce the rescaled versions of our operators:

I _ .
Hy,z = m(az 'H70; = Py —iBy, ..
where Py, ; = —div Gy, (x)V and
1 o 1 o
Bgz,z = m((l — Xn)@)z(1—|z|A)2a; + H(ana)z(l —z1A)2((1 = xnp)a):.

Then for ¢ € C4 we set Rj () = (Hj;,z — ) ™1, so that with the notation Z = z/|z| we have for z € C

R;(2) = |;—|®ZR,5,Z(2)®;1.

Our analysis of the rescaled operators is based on the fact that if a function ¢ decays like (x)_”_g
(recall that p > 0 is fixed by (1-2) and (1-3)) then the multiplication by the rescaled function ¢, behaves
like a differential operator of order v for low frequencies, in the sense that it is of size A" as an operator
from HS to H*~". Since this observation relies on the Sobolev embeddings, there is however a restriction
on the choices of v and s. For o € R, let S~ (R?) be the set of functions ¢ € C°°(R%) such that

1976 ()] < {x)77 1P,
Forv=0, N eNand¢ € S_”_g([l%d) we set

I¢lon = sup sup [(x)" T2 B9 (x - V)" ) ().

Bl<i+1 g < me v xERY

We recall that the integer ¥ was defined in (1-5). The following result is Proposition 7.2 in [Bouclet and
Royer 2014]:
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Proposition 4.1. Let v € [0, %[ and s € ]—%, %[ be such that s —v € ]—%, %[ Then there exists C = 0

such that for ¢ € S_”_g(le), u € HS and A > 0 we have
prull gs—v < CAlBllv,0 llull s
garlls—v < CAY [ @llv,o llullas-

The reason for replacing G(x) by G, (x) and a by a(1 — x;,) in the definition of Hj is that for all
N € N we have

d
AN = Y NGy k() =8 xllon + 10— xn)allin (laliy +lxnalin) = _QO(IﬁI"/z)- (4-4)
k=1 7

Thus this quantity is as small as we wish if we choose 1 and 7, small enough.
Given two operators 7" and S we set ad%(S) =S, adr(S) = ad} (S) =[S, T] and then, for m = 2,
ad?(S) = [ad?~1(S), S]. For w = (i1, ..., ig) € N? we set
ady 1= ad}] ---adid.
At the beginning of the section we said that Hj has to be close to the free Laplacian. What we need
precisely is the following result:

Proposition 4.2. Let ueN?, meN, g9 >0 and s €R. There exists ng €0, 1] such that for 1= (91, n2) €
10, no]? the following statements hold:
1) If s e ]—%, %[ then for z € C4 with |z| < 1 we have
ladiady (Pyy,z )l ceprs+1, ms—1y < 0.

(i) If s e ]—% +1, % — 1[ then we also have

||ad§adffo7‘2,z ”L(HS‘H,HS_I) < &p.
(iii) Foru € H? we have

2l g2 < 11 Pyyull 2 < 20Jull o

Proof. The first statement is the same as for the wave equation. See Proposition 7.6 in [Bouclet and Royer
2014]. In particular with s = 1, |z| = 1 and g9 = % we obtain the last statement. It remains to prove (ii).
Let D, = /|z|D. We write

((1— an)a)z(Dz)aaz = (1= xp)a)z(—|z|A + 1)(Dz>a_2az-
Then adﬁadZ’ (((1 — X,,z)a)z(DZ)“aZ) can be written as a sum of terms of the form
ad{1ady! (1 — xy)a);) ad¥2ad’y? (—|z| A + 1) ad{3ady> ((D;)*~2) ad¥+ad’}* (az).

where (1, o, w3, g € N“ and my,mp, m3,my € [0, m] are such that ;1 + p2 + n3 + 4 = p and
my +my+ms3+mg =m. Let y € [0, 1]. According to Proposition 4.1 we have for z € C

1+45— Y
ladttads" ((1 = g)a)z | cqars-1m,mro-1y Sy 2 Iz (4-5)
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and
y
||adﬁ4ad1'4"4az I ccars+1, ms+1-vy < 12]2. (4-6)

To estimate ad’> adm3(( 2)¥72), we use the Helffer—Sjostrand formula (see [Dimassi and Sjostrand
1999; Davies 1995]). We can check that for £ € C\ R we have

(§)|M3\+m3
! ” s+1— S .
L(H ) |Im(§)||ﬂ3|+m3+1

Hadﬁc’“3adf4"3 (—|z|A=0)~

Let f 1t (t+1)2" En . Let ¢ € Cg°(R, [0, 1]) be supported in [—2, 2] and equal to 1 on [-1, 1]. For
M > |pu3|+m3+1and { = x + iy we set

@) = ¢ ( )Zf(")( )(’y).
We have

a a—2 w2
‘ fM@)' L) <lyl<2(en O () 7+ Ly pp@ Iy M () =M

SO we can write

a—2 1 fM
(—lzla+1) 2 =— == (O)(—lz|A=0) " dx dy.
T Je=x+iyeC 0z
Then we can check that
lad{Pad’y® (D)2 pegs+1-v) S 1. 4-7)
It remains to estimate
ad¥2ady?((D;)?) = —|z[ad¥2ad’y2 A + ad2ad’}?(1). (4-8)

We have |||z]ady?ad}? Al < |z| in L(HSH, H371) so with (4-5), (4-6) and (4-7) applied with y = 0 we
obtain in L(HST!, HS™1)

lad®1ady ! (((1 — xn,)a);) adi?ady? (—|z|A) adiPady* ((D;)* %) adi*ady (az) | < |Z|,]1+2 (4-9)
If |ua| = my = 0 we also have to consider the second term in (4-8). For this we apply (4-5), (4-6) and
(4-7) with y = 1, which gives

o
” ady! ad,’;ll (((1 - an)a)z) ad§3adz13((Dz)“_2) adﬁ?“adff“ (az) ”L(Hs+l’Hs—l) < |Z|7722 .
o
Thus we have proved that adyad’y (((1 — xy,)a)z(Dz)%a;) is of size O(|z|n3) in L(H*t!, HS™1). We
proceed similarly for adyad’y ((xy,a)z(Dz)*((1 — xn,)a):), and the statement follows. O

Remark 4.3. If d > 5 we can replace Py, by Hj in the last statement of Proposition 4.2. This is not
the case for d € {3, 4}. This is due to the fact that s = 1 does not belong to ]—% +1, % — 1[ and hence

By, . is not small in L(H?2, L?) in these cases.
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Proposition 4.4. Let p € N¢, m e N and s € ]—% +1, % — 1[. There exists ng € 10, 1] such that the
operator

adfad} R5 - (—1)
is bounded as an operator from H*~' to H*T1 uniformly in z € Cy with |z| <1 and = (1, n2) €]0, no]>

Proof. The idea of the proof is the same as the proof of Proposition 7.9 in [Bouclet and Royer 2014]. We
only have to be careful with the fact that the dissipative term has to be seen as an operator of order 2.
However, with the smallness assumption on a(1 — y,), it is still a small perturbation of —A, and we
can proceed as for the wave resolvent. We also have to be careful with the restriction on s, which is
stronger than for the wave equation. This is due to the analogous restriction in the second statement of
Proposition 4.2. We omit the details. O

Proposition 4.5. (i) Let s € [0, £[, 8> s and m €N be such that m = 5. Then there exist 1jg €10, 1] and
C = 0 such that for z € Cy with |z| < 1 and 7j € ]0, n9]* we have

1x) 20, RE, (=10 (x) | 12 < Clzl.

(ii) Lets e [ [ §>s, and m € N large enough (say m = § + 3+ 1). Then there exist ng €10, 1] and
C = 0 such that for z € Cy with |z| < 1 and 7j € 10, no]* we have

1x) 7?0 RY (~D{AY [l 22y < €213,
AV RE (1O (x) Pl r2) < Clz.
Proof. According to Proposition 4.4 the operator R:-]” ,(=1) is bounded in £(H ™, H*) uniformly in
z € C4 with |z| < 1 and n close to (0,0). On the other hand, according to the Sobolev embedding
H?® C LP for p = 725, the fact that (x)~ —8 belongs to £(LP?, L?) and (4-3) we have
1) 2O Il p(ars, 22y S 1Ozl wry < 1212
We similarly have

1071 ) Pl s S 1212,

and the first statement follows. For the second statement we use the same idea as in the proof of
Proposition 7.11 in [Bouclet and Royer 2014]. We only prove the first estimate. For this we first remark that

1) PO (1 + XDl s, 22y < 1) POzl s L2y + [ () PO X1 12
3 _ s
S1Ozllewry + 1212 [ () P x1° Oz | o2y S 1213,

where, again, p stands for d . Then it remains to prove that for all § = 0 (we no longer need the
assumption that § > s5), m > 8 —|— s+ 1land e N4 the operator

(x)"%ad (R (—1)(4)°)

is bounded in £(L2, H*) uniformly in z € C4. With x = 0 this will conclude the proof. By interpolation
it is enough to consider the case where § is an integer and m > § 4- 5 (we do not mean to be sharp with



LOCAL ENERGY DECAY AND SMOOTHING EFFECT FOR THE DAMPED SCHRODINGER EQUATION 1299

this assumption). We proceed by induction. The statement for § = 0 is given by Proposition 4.4. Now
let § € N* We have

8
R’#’Z(_I)AS = ZCS Rm 1( 1)A8 kadA(Rn z(=1)).

When k # 0 we can apply the inductive assumption to Rg’;l (—1) A%k With Proposition 4.4 we obtain
that the contributions of the corresponding terms are uniformly bounded in £(L?, H®) as expected. It
remains to consider the term corresponding to k = 0. It is enough to consider

RPN (=1 A% x; Dy Ry - (1)

for some j € [1,d]. The operator D; Rj ;(—1) and its commutators with powers of x are uniformly
bounded operators on L2, and

RPN (=)A= x; RPN (=1 AP +ady, (RPN (-1 AT,
We conclude with the inductive assumption. O

Proposition 4.6. Let k € N and § > k + % Then there exist ng € |0, 1] and C = 0 such that for z € C4
with |z| < 1 and ij = (91, n2) €10, no]* we have

I(A) P REENE)(A) £y < C.

Proof. The estimate is clear when Z is outside some neighborhood of 1. For Z close to 1 we apply
Theorem 2.4 uniformly in z with A as a conjugate operator. We have already said that e 4 leaves
H' invariant for all 1 € R. The assumptions (ii) and (iii) of Definition 2.3 with g = % and 8 =0 are
consequences of Proposition 4.2 applied with s =0, =0 and m € N* For m € {0, 1}, z € C4 and
u € S we have

|(ad? (P, ) ), > — 2™ (—Au,u) 2| < Z (2—x-V)™(Gy, 2. )k — 8jk) Dju. Diut), 5|
Jj.k=1
<0 Vul?,,
and hence
[Pz id] = 2= 0 *)(=D) = 2— 0 Py, 2.

Let J = ]% %[ After conjugation by 1;(Py,,;) we obtain that if 7o is small enough then for all

n1 €10, n9] and z € C4+ we have
1J(P771,Z)[P7’]1,Zv iA]lJ(Pm,Z) = %1J(Pn1,z)~
Then Proposition 4.6 follows from Theorem 2.4. O

Remark 4.7. Itis important to notice that we have estimated [By) ,iA] and [[By.,iA],iA]in L(H ", UH™)
and not in £(H?2 L?). By pseudodifferential calculus, these two commutators define operators in
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L(H?, L?). But in low dimensions (d € {3,4}) they can be estimated uniformly by Proposition 4.2 only
in the sense of forms. This is why we need a form version of the dissipative Mourre method here.

Proposition 4.8. Let ¢ > 0 and n € N. Let § be as in the statement of Theorem 1.4. Then there exist
no €10,1], C = 0 and a neighborhood U of 0 in C such that for ij = (1. 1n2) € 10, no]? and B;, Br € R+
with B; + Br <2 we have

[ ()5 (DY REF ) (D) (x) ™8 2y < €1+ 12 557177,

Remark 4.9. Compared to the analogous result for the wave equation (see Theorem 1.3 in [Bouclet and
Royer 2014]) there is no gain when we add a derivative. This is a consequence of the restriction on the
Sobolev index s in Proposition 4.4, which is stronger than in Proposition 7.9 in [Bouclet and Royer 2014].

Proof of Proposition 4.8. First assume that n > 1. By the resolvent identity we have

(x) (DY RIF (2)(D)Pr (x) 70 = (x) 70 (DY Ry (—1) (x)°
< (x) P (RETN(2) +2(1+ 2)RE(2) + (1 + 2)*R" 1 (2)) (x)
x (x)° Ry (=1)(D)Pr(x) 7.
The first and last factors are bounded on L? uniformly in 7 € ]0, 1] by pseudodifferential calculus, so it
is enough to prove the statement without additional derivatives if n > 1. Since B; + 8, <2 we have a

similar argument for n = 0.
We have

()R (2)(x) 70 = 127D () P, REE ()0 (x)

As in the proof of Theorem 1.3 in Section 3 we can prove by induction on m € N* that R’;]ng (Z) can be
written as a sum of terms of the form

+2PRIEP (1) or (1422 RE (—1)RY (DRI (1), (4-10)

where max(1,n +1—-2m) <v<n+1land B €N. Lets = min(n + 1,%—8). For B € N we have
s € [O, %[, n+14p =5 and § > s, so according to the first statement of Proposition 4.5 we have

|Z|_(n+1)H( SRn+1+,B( 1) SHL(L2)<|Z|S (n+1)<1+|2|2 —e—n— 1

Now we consider the contributions of terms of the second kind in (4-10) We can assume that m is large

enough to apply the second statement of Proposition 4.5. We have § > v— 5, so with Proposition 4.6 we get

29
2]~ (x) PO, RT (D RY (DRI (—1)O; (x) 7|
< |27V [(x) PO RE (- 1) )[4 ‘*R“ LA RE (1O )7

< |Z|s—(n+1) <1+ |Z|7_8_n_1. O
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4B. Low-frequency estimates for a general perturbation of the Laplacian. In this paragraph we use the
estimates on Rj(z) to prove the same estimates for R(z). To this purpose we have to add the contribution
of Py,,c in the self-adjoint part and the contribution of By . in the dissipative part.

For 19, n2 €0, 1] and 7§ = (10, n2) we set, for ¥ € C§°(R),

Sy,i(2) = Pno,c R (2)Y (P).

From Proposition 4.8 we obtain the following result:

Proposition 4.10. Let ¢ > 0, n € Nand M € R. Let ¥ € Cg°(R). Let § be as in the statement of
Theorem 1.4. Let ng € 10, 1] be given by Proposition 4.8. Then there exist C = 0 and a neighborhood U
of 0 in C such that for n, €10, no] and z € U N C4 we have

)M S5 @) 0) Pl < €+ 12 55717,

where i = (10, 12).
Proof. The proposition is a consequence of Proposition 4.8, the boundedness of i (P) in L2 and the
boundedness of (x)M P, (1 —A)~1(x)®. O

Remark 4.11. Until now we had not used the distinction between n; and n,. However, the size of
(x)M Py,.c depends on 711, so 11 has to be fixed in order to obtain uniform estimates in Proposition 4.10
and in Proposition 4.12 below. On the other hand, we have to keep the possibility to take 7, small.
More precisely, the choice of the cut-off function ¥ in Proposition 4.12 (and hence in the proof of
Proposition 4.13) will depend on 71, and then the choice of 7, will in turn depend on . This is why we
could not simply take 11 = 72 in the definition of Hj.

Proposition 4.12. Let ng € |0, 1] be given by Proposition 4.8. Let €1 >0, 0 > 2 and M = 0. Then there
exist a bounded neighborhood U of 0 in C, ¥ € C§°(R) equal to 1 on a neighborhood of 0 and 1j € ]0, no]
such that for n €10, 7] and z € U N C+ we have

1M Sy, 7() () Nl ey < €1,

where 1 = (1o, 12).
Proof. According to the Hardy inequality we have foru € S

d d
)M Pyo,crtllpz S 1MD) Gtno Gra)) Dt 2+ Y 16) o (Gt —87.4) Dy Dyt 2 S Ml gz
Jk=1 Jk=1

According to the third statement of Proposition 4.2 we obtain for y > 0
1 )™ Pro,e Ry (i)Y (P)(x) " ul| 2
SR )Y (P)(x) " ull g2
S Pyo Ry (i) (P)(x) " ull 2
SN (P)(x) ullLz + wl R Gy (P)(x) " ullp2 + | By, Ry (i) (P){x) " ul|
< I (P)x) ™ ullL2 + 0y ) ()™ 7P (=A + DRz ()Y (PY(x)™u .
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The term with the factor u is estimated by the analog of (2-1) for Hj. For the term involving By we
have used the fact that

IBE (—A+ 1)~ <>1+p||c<Lz)— o (n””)

Let ¢1 € C5°(R) be equal to 1 on [—1, 1]. For ¥ € C5°(R) supported in ]—1, 1] we have ¥ (P)(x)™7 =
W (P)y1(P){(x)~°. The operator ¥1 (P){x)~? is compact. On the other hand, since 0 is not an eigenvalue
of P, the operator 1 (P) goes weakly to O when the support of i shrinks to {0}. Thus we can find
equal to 1 on a neighborhood of 0 such that for ;& > 0 and 7, small enough we have

1™ Sy 7 ()™ Nl 22y < 361

Now let T € R and p > 0. We have
[ )™ Pro.e(Ri (v +ip) = Ry (i) ¥ (P) () ™|
< “ (x)MPnO,c(—A + 1)_1(x)"H X/o H (x)79(—A + 1)R%(9 +ipn)(x)"° H deo.

The first factor is bounded by pseudodifferential calculus, and the second factor is of size O(|t|) by
Proposition 4.8. Thus this norm is not greater that %81 if t is small enough, and the proposition is
proved. O

For z € C4 and 5, €]0, 1] we set
Ro(z2) = (P —2)7" (4-11)
and
Ry,(z)=(P—iBY, —2)7".
In the following proposition we prove the resolvent estimates for ﬁm (z). Then we will add the contribution

of By, . in the dissipative part to conclude the proof of Theorem 1.4.

Proposition 4.13. Let ¢ > 0 and n € N. Let § be as in Theorem 1.4. Then there exist 12, C = 0 and a
neighborhood U of 0 in C such that for z € U N C4 and By, Br € Ry with B; + Br < 2 we have

H (x)—S(D>ﬂ1 §2;1(2)<D)ﬂr (x>—3 HL(L2) <C(l+ |Z|%—s—1—n).

Proof. As for Proposition 4.8 we see that it is enough to consider the case 8; = 8, = 0. Let 0 = max(d, 3).
Let &1 € |0, 1] and consider ¢ € C{°(R) as given by Proposition 4.12 for M = 6. We set By (z) =

Ro(z)(1 —)(P). For any y € R, this operator and its derivatives are uniformly bounded on L2 for
z € C4 close to 0. Let ng be given by Proposition 4.8. Given 1, € ]0, no] we write 7 for (19, n72). We have

Ry, (2) = Ri(2)Y (P) — Ry (2)Sy(2) + By (2) +i Ry, (2) BE, By (2).
and hence for n € N

(n)(z) R%n)(z)lp(P)-i-R(n)(Z)( Su”;(Z)—i-lB ' By (2)) + Bg’)(z)

+i ZC R(J)(Z) S(” j)(Z)-i-lB B(n j)(Z)) 4-12)



LOCAL ENERGY DECAY AND SMOOTHING EFFECT FOR THE DAMPED SCHRODINGER EQUATION 1303

We prove by induction on n € N that
~ d
)P R () (x) 77 S 1 2| 2707 (4-13)

According to Propositions 4.8, 4.10 and 4.12, the fact that ¥ (P) is uniformly bounded on L2 and the
inductive assumption for the sum in (4-12) (it vanishes if n = 0), there exists C = 0 such that for z € C+
close to 0 we have

”(X>—5§£]’;)(Z)(X)_UH(1 — &1 — “(x)GB;;sz(z)(X)—U”) < C(l + |Z|%—s—n—1).

By pseudodifferential calculus we see that the norm of (x)? By By, (z)(x)™? goes to 0 when 12 goes
to 0. Thus if 7, is small enough we have

L —e1 = {x)° By, By (2)(x) 77| = 3,

which concludes the proof of (4-13). In order to replace o by § we use (4-12) again and, estimating the
second term with (4-13) and Proposition 4.10 instead of Proposition 4.12 we obtain

8~ _ _ d_ o,
1) 8 R (2) (x) 72 [I(1 = I1{x)® BE By (2)(x) 0 [l) < C(1 + [z 275771,
and we conclude similarly. O

In order to prove Theorem 1.4 it remains to add the dissipative part with compactly supported absorption
index. We begin with a lemma:

Lemma 4.14. Let H be a Hilbert space. Let Ro, R1 € L(H) and let B be such that
R1=Ro—RoBR1 =Ro—R1BRy.

Then for all m € N we can write R7" 1 4s a linear combination of terms of the form

R TIBRIZTIB . BRTETIBRYET, (4-14)
where k € N*, ji,..., jx—1 €{0,1} and mq, ..., my € N are such that

k
Y mp<m and m;=0 if jy=1.
=1

Proof. Using both of the identities above involving R1 and R we obtain
R1(z) = Ro(z) = Ro(2)BRo(2) + Ro(2) BR1(2) BRo(2).
Then the result is proved by induction on m. O

Now we can finish the proof of Theorem 1.4:

Proof of Theorem 1.4. Let 1, be given by Proposition 4.13. Let T = (D)%a)(,,2 e L(H', L?). We have

T*T = By, ¢ < Ba, so according to Corollary 2.6 we have

||TR(Z)T*||£(L2) <1l
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Let M =0and Ty = (x)_M(D) 2. We can write By . =Ty B1T = T*ByTp = Ty, B3Tpy, where By,

12,¢
B, and B3 are bounded on L2 According to Lemma 4.14 applied with

Rozﬁ,,z(z), Ri1=R(z) and B= BY

n2,¢"
we can write R™11(z) as a sum of terms of the form

T=Re" T @BRI2T ()8 BRI (2)BRY“H (2). (4-15)

where k € N*, ji,..., jx—1 €{0,1} and my,...,my € N are such that Z;;lml <m and m; = 0 if
ji=1.If k =3 and M is large enough we obtain for such a term

-6 -4
1) 2T () 77|
k—1 k—1
SR Tl x [T 1T Rp @) Tl x [T ITRET* | x 1 Tag R+ (2) (x) 77
=2 =2
Ji=0 Ji=1

k
<TTA+12E717m8) < (1 4 |z)2 717,
=1

The cases k = 1 and k = 2 are estimated similarly. This concludes the proof of Theorem 1.4. O

4C. Sharp low-frequency resolvent estimate. We finish this section with the proof of Theorem 1.5. The
result follows from the self-adjoint analog by a simple perturbation argument, using the quadratic estimates
and the spatial decay of the dissipative term:

Proof of Theorem 1.5. According to the resolvent identity, Proposition 2.5 and Theorem 1.1 in [Bouclet
and Royer 2015] we have

[T R )T = [ Ro(a) ()™ + [ {x) lRo(z>JB_aH|NB_aR<z><x>—1H
< 140 Ro@) v/ Ba | | 1) R () 2.

Moreover,

[(x) ™ Ro(2) v/ Ba | < [[(x) 7" Ro(i)v/Bae | + |2 =i ]| (x) 7" Ro(2) (x) ™" | | ¢x) Ro (i) v/Ba || S 1.

For the norms involving Rg(i) we have used the fact that (x)? Ro(i)+/ B, extends to a bounded operator
since for 0 <1 and u € S we have by pseudodifferential calculus

I/ Bo Ro(i)(x)7ull 5 < ((x)7 Ro(—i) Ba Ro (i) {x) . u) < ul?..
This gives
1) T R@ ()T S T+ 1) T RE) ()72,

from which the conclusion follows. O
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5. High-frequency estimates

In this section we prove Theorem 1.6. To this purpose we use semiclassical analysis (see for instance
[Zworski 2012]). For 4 > 0 and ¢ € C4 we set H, =h?H, P, =h?P and Rj,(¢) = (H,—¢)~'. Then
forneN, zeCy and h = |Z|_% we have

R(Z)n+1 RZ+1(2) — h2(n+1)RZ+1(2) (5-1)

| |n+1

(we recall that Z = z/|z|).

In order to prove uniform estimates for the resolvent Rj(z) we use again the Mourre method. For high
frequencies and in a dissipative context we follow [Royer 2010; Bouclet and Royer 2014]. Here we have
to be careful with the form of the dissipative part h%By.

Let o € C§°(R) be positive in a neighborhood of 1 and such that 0 < x4 (r) < r% forall r € Ry. For
h €10, 1] we set

BY = a(x) ga(—h*A)a(x).
Then we have
0 < h2¥BY < h* ™ BY < h2a(x)(—A)2a(x) < h2 By, (5-2)
in the sense that for all ¢ € H%/2(R?) we have
0< hz‘&(Bﬁw, P)r2may < h?(Bag, P)L2(Rd)- (5-3)

The operator B} is a bounded pseudodifferential operator on L2 Tts principal symbol is
b(x,§) = a(x) ya(IE).
The damping assumption (1-9) on bounded trajectories is satisfied with b instead of a:

Yw e Qp, 3T € R such that b(¢! (w)) > 0.
Set

Jo(x.§) =x-§.

As in [Bouclet and Royer 2014] (see Proposition 8.1), we can prove that there exist an open neighborhood J
of 1, f. € C(§>°(IR€2”, R), B = 0 and cp > 0 such that on p_l(f) we have

tp. fo+ fey + Bb = 3co. (5-4)

where {p, g} is the Poisson bracket Vg p - Vxq — Vi p - Veq. The fact that the symbol of the dissipative
part depends on ¢ does not change anything in the proof of this statement. We set

Fp = Opj, (fo+ fo).
where Op;, is the Weyl quantization:

i

onp gt = i [ [ eFo g (2 Yoy
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Let J be a neighborhood of 1 and a compact subset of J. Let y € Cé’o(j, [0,1]) be equal to 1 on a
neighborhood of J. After multiplication by (y o p)? the (easy) Gérding inequality (Theorem 4.26 in
[Zworski 2012]) gives for & > 0 small enough

Opp((x o PP, fo+ fe} + Bb(x o p)* +3co(1 = (x 0 p)?)) = 3co — O(h) = 2co.
After multiplication by #2~% we obtain
X(P) ((Pao iR ™ Fy] + B>~ BY) x(Ph) + 3co(1 = (%) (Ph) = 200k~ = O(h*™%).
After conjugation by 1;(Pj) we obtain for 4 small enough
1y (P ([P ih' = Fyl + B>~ BjY) 15 (Py) = coh®* 1y (Pp).
According to (5-2) this finally gives
17 (Pp) ([P ih'=% Fy) + Bh*Ba) 15 (Py) = coh® 15 (Py). (5-5)

which is the main assumption of Definition 2.3 with Sh2 instead of B and « = coh?™%.

It remains to check the other assumptions of Definition 2.3. The first is proved as in [Bouclet and
Royer 2014] (except that we look at the norm in the form domain H! instead of the domain H?), and
the commutator properties are proved using (standard) pseudodifferential calculus, considering 4 as a
parameter (for the dissipative part we cannot use h2~% B} as above, so we have to control directly the
commutators of 42 By with h1~¢ Fp).

Thus we have proved that for & € ]0, ko] the operator h1~% F}, is a conjugate operator to Hj, on a
neighborhood J of 1 with lower bounds hz_&co for some cg > 0. According to Theorem 2.4 we have
proved the following result with (F},) ™% instead of (x)~%:

Proposition 5.1. Letn e Nand § > n + % There exists a neighborhood J of 1, hg > 0 and C = 0 such
that for all ¢ € C+ with Re(¢) € J we have
1) PR O Pl < e
h L) = pe—anrD)

In order to have the estimate with (x)_‘S we proceed as usual (see the end of Section 3 for intermediate
frequencies or [Royer 2010] in the semiclassical context). With (5-1) and Proposition 5.1 we obtain the
second statement of Theorem 1.6. For the first statement, we observe that under the nontrapping condition
we can proceed as above with 8 = 0 and with & replaced by 1 in (5-5).

6. Local energy decay

In this section we use Theorems 1.3, 1.4 and 1.6 to prove Theorem 1.1. Let ug € S. We denote by u the
solution of (1-1). Let u > 0. For t € R we set

() = g, (Du(t)e ™™,
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Then for t € R we set
. too .
(1) = / e, (1) dt = / Ty (1) dt, (6-1)
R 0
so that for all n € N and t € R we have
i (v) = / (i) e u, (1) dt. (6-2)
R
We multiply (1-1) by ¢?*(*+11) and integrate over R, . This yields

(H — (¢ +ip)iiyu(v) = —ino

and hence, for all n e N
i1 () = —in! R (¢ + ip)uo. (6-3)

Lemma 6.1. For all n € N* and j > 0 the map © — R" (v +ip)ug belongs to LY (R, L2(R%)).

Proof. Let yo € Cg°(R,[0,1]) be equal to 1 on a neighborhood of 0. According to (1-7) the map
T+ R (1 4+ ip)ug is bounded, so it is enough to prove that 7 — (1— y0)(t) R 1 (z +iu)ug belongs
to L1(R). Let z € C4.. Using twice the identity

_ REH+1)-1

R b
(2) p——
we get
1 1
R =——R()(H +1)*ug— ——— (H + Dug— :
(o = 5 REVH + 10 = 55 (H + Do = o
The result follows after at least one differentiation with respect to z. O

This lemma does not provide any uniform estimate, but now we can take the Fourier transform of (6-2).
With (6-3) this gives forall = 0
(it)"e Hu(t) = _int e TR (¢ 4 ip)ug d. (6-4)
27 Jrer
We consider y—, xo, x € C°(R, [0, 1]) such that y_ is supported in |—o0, O[, y¢ is compactly supported
and equal to 1 on a neighborhood of 0, x is compactly supported in ]0, +o0o[ and

X—+ xo+ ijzl on R,
JjEN*

where for j € N* and t € R we have set y;(t) = x(z/2/71). We set x4 = > jen= Xj- Starting from
(6-4) applied with n = k — 1 (x was defined in (1-5)) we can write

v—(t) + vo(t) + v4 (1)), (6-5)

n!
uu(f)=—W(

where for * € {—, 0, +} we have set

V() = / 1x(D)e TR (v + ip)ug dr. (6-6)
TER
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To simplify the notation we forget the dependence on w. From now on, all the quantities depend on
@ > 0 but the estimates are uniform in pu.

Proposition 6.2. Let k € N. There exists C = 0 which does not depend on uy € S such that for all 1 > 0

andt = 0 we have

lo-)llL> < C (1) luoll 2.
This implies that the corresponding contribution for u(¢) decays like any power of ¢ in L2,

Proof. After k partial integrations in (6-6) we get

(0o (1) = /

e
R

i dF :
lnﬁ()(_(‘f)R(‘f +ip))uodr.

According to Remark 2.1 we have

dk

2

~

L(L2)

(x—(R(t +ipw)")

and the result follows. O

We now deal with vg. The following result is (a slightly modified version of) Lemma 4.3 in [Bouclet
and Royer 2014]:

Lemma 6.3. Let H be a Hilbert space. Let f € C1(R* H) be equal to 0 outside a compact subset of R.
Assume that for some y € 10, 1{ and My = 0 we have

VeeR: [ f(@)lu<Mple|™ and | f' @)l < Myle|71 7.
Let B € [0, 1[. Then there exists C = 0 which does not depend on f and such that for all t € R we have
1/ @)l < € My (1)PFD,

Proof. Following the proof of [Bouclet and Royer 2014] we set f; (1) = f_ll o) f (r — %) ds, where
¢ € C§°(]—1,1[, R) satisfies [ ¢ = 1 and we write for || > 1

F0l< fm_ﬁ IOl de+ fw_ﬁ ||f(r)—ft(r)||dr+H [| eI fy(r)

|=t—8

—B(1— -1, 1 - -
Sl TPUT e P 1+;(||ft<r A+ S (=) 1+

)5 1t [BaD)

We omit the details. O

/||>t_ﬁ e—it‘rfl/(_[)d_[
T|=

Proposition 6.4. Let ¢ € ]O, %[ and § > k + % Then there exists C = 0 which does not depend on ug € S
and such that for all > 0 and t = 0 we have

_1-d
lvo)llz2—s < ()12 **luoll L2
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Proof. According to Theorem 1.4 applied with 5 instead of & and Theorem 1.3 there exists C > 0 (which
does not depend on u¢) such that for u >0, T € R and z = t + i we have

d_,_ g
Ix0(@) R (2)uollL2.~s < Clz|> 772 |[uoll 2.,
d d_j_1-¢
|7 @R @, < IR ol s

Then the statement follows from Lemma 6.3 applied with 8 € ]0, 1 so close to 1 that

ﬂ(K—%—l-ﬁ-%)SK—%—l-l—S. 0

To finish the proof of Theorem 1.1 we have to estimate v4 (¢). As for v—_(¢) above, k partial integrations
yield

k
(000 = [ Y AP ORT @ io e+ [ L @R+ o de
R . R
Jj=1

=: Ug,k(t) + wy (¢).

The following proposition proves that the contribution of vy (¢) in (6-5) decays like any power of 7.
However, there may be a loss of two derivatives when « = 0 if the nontrapping assumption does not hold.
We apply the following result with k = 1 to conclude the proof of Theorem 1.1.

Proposition 6.5. Letk € N* and § > k + k — % Let o €0, 2].

(i) There exists C = 0 which does not depend on ug and such that for all @ > 0 and t = 1 we have

—5,,0
1{x) v e Oz < Clluoll 2.6

(i1) Assume that the nontrapping assumption (1-8) holds or that we have the damping condition (1-9)
together with (k + k)& + o = 2. Then there exists C = 0 which does not depend on uq such that for
all w>0andt =1 we have

1) P wie ()l 2 < Clluol| gro.s-

Proof. Statement (i) follows from Theorem 1.3 and the fact that XS{) is compactly supported in |0, +o0[
for all j = 1. We turn to the proof of (ii).

e For j € N* we set

W, ; () =/ 2 (e TR (¢ Lipug dr.
T€ER

Let y € Cg°(R%, [0, 1]) be equal to 1 on a neighborhood of supp . For 7 € R and j € N* we set
1) = F(z/2771). Let

I (1) = / 2 (e )T RR (e i) (x) 78 dr e £(L?).
T€R
‘We have
() Pwe  (0) = wy (@) +wi (0 +wi (1),
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where
wi () = 75 (P (07 (P){x) uo,

wg () = (1= Z)(P) i (0 75 (P (x) o,
wi (1) = T j (O (1= 7)) (P){x) uo
¢ By almost orthogonality, Theorem 1.6 and almost orthogonality again we have

2
Swk o £ Iwi 02

 en jenx

ssup(/eRijn( YR (2t ) 8}\dr)><ZHXJ(P) =5 (Y () uol

Jjenx JEN*

2

< sup 22727/ kHR=jo | ()5 (x)Fy, |12
JEN*

2
< luollgo.s-
It remains to prove that
2 3 —j
lw? O+ w0 27 uoll 2. (6-7)

e For the contribution of w,%’j () we prove that there exists C = 0 such that for j € N* and v € supp(y;)
we have

[ (1= 2P )P R @+ i) ()7 ) < €272 (6-8)

For this, we prove by induction on m € N* and then on £ € N that for § > m —% and ¢ € Cg°(R%, [0, 1])
equal to 1 on a neighborhood of supp(y) there exists C > 0 such that for all j € N¥ z =t + iy with
T esupp(y) and u >0

| ()5 (1= g)(PYR™ () (x) ¥ || < €27/ min (m:£(1-%)), (6-9)

where for j € N* we have set ¢; = ¢ (- /2/71). Let m € N* If m > 2, we assume that the estimate is
proved up to order m — 1 (for all £ € N). Note that we will not use any inductive assumption on m for
m = 1. Then we prove the estimate by induction on £ € N. For £ = 0 it follows from Theorem 1.6 and
the boundedness of (1 —¢;)(P) in weighted spaces. Assume that (6-9) is proved up to order £ — 1 for
some £ € N* Let ¢ € C°(R?) be equal to 1 on a neighborhood of supp(y) and such that ¢ =1 on a
neighborhood of supp(¢). For j € N* we set qb] #(-/2/71). We recall that for z € C; we have set
Ro(z) = (P —z)~ . By the resolvent identity we have

R™(z) = Ro(2)R™ ™1 (2) +iRo(2) B« R" (2). (6-10)
If m = 1, the first term is just Ro(z) and we have

[ ()72 (1 =g (P)Ro(2) ()| s 27,
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If m = 2, the contribution of the first term is estimated as follows:

[)7° (1= (PYRo()R™ ™ (2){x) |
< ()72 A=) (PYRo(2); (PY(x) [ | ()P R (2) ()™
< )P A= ) (PYRo(2) ()| [ x) 2 (1 = (PYR™ ! (2){x)° .
Using Theorem 8.7 in [Dimassi and Sjostrand 1999] about functions of a self-adjoint semiclassical
pseudodifferential operator (with A =2~ = ) we see that for any M > 0 we have

|[(x)~*a _¢j)(P)R0(Z)<X>8¢;j(P)Hﬁ(Lz) <=M
We also have
)75 (1 =) (P)Ro(2)(x)* | 5277,

With Theorem 1.6 and the inductive assumption (for qg instead of ¢) we obtain (6-9) with R (z) replaced
by Ro(z)R™~!(z). For the contribution of the second term in (6-10) we similarly write

| ()7 (1 = ¢,)(P)Ro(2) Ba R™ (z){x) |
<[ ()70 (1 = ¢))(P)Ro(2) Batp (P) (x) || | (x) P R™(2)(x) 77|
< [x) 8 (1= ) (P)Ro(2) Ba(x)? | | (x) 72 (1 — g (P) R™ (2) (x) 2.
Here we only have

)7 (1= ) (P) Ro(2) B} | 527709

but with the inductive assumption (on £), we still can conclude. Thus, (6-9) is proved for all m, £ € N.
With m = « + k and £ large enough (we recall that « < 2), this gives (6-8). After integration over
T € supp(x,), this gives (6-7) for wi’j (t). The contribution of wz,j () is estimated similarly, and the
proof is complete. O

7. Smoothing effect

In this section we prove Theorem 1.7. With Theorems 1.3, 1.5 and 1.6 it implies Theorem 1.2. For this
we use a dissipative version of the theory of relatively smooth operators in the sense of Kato.

Proposition 7.1. Under the assumption of Theorem 1.7 there exists C = 0 such that for all z € C4+ we
have

1) HPYF R (P)E (x) 2y < €
Proof. » Let K be a compact subset of C. Using the resolvent identity
R(z) = R(i)+ (z—i)R(i)* + (z—i)*R(i)R(z)R(i),
we obtain forz e C+ N K

[ () "HPYERE)(PYE(x) Y S 1+ () "HPYERG) ()| | (x) T R ) 72| | (x) RGH(PY % (x) 7.

.:;
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By pseudodifferential calculus the operators (P)% R(i) and R(i)(P)% are bounded on L2~! and L?!,
respectively. For the second factor on the right-hand side we use (1-10), and the conclusion follows for
zeCiNK.

* It remains to prove the result for |z| > 1. Let y € C§°(R, [0, 1]) be supported on [—3, 3] and equal to 1
on [—2,2]. For z € Ct we define y, : A+ y(A/|z]). The operator e (P) i (8P)_% is a pseudodifferential
operator whose symbol has bounded derivatives uniformly in ¢ € ]0, 1], so the operator

|z|—5<x>—1<P>5<5>_4<x> a-1)

2|

extends to a bounded operator on L? uniformly in z with |z| > 1. The operator

(X)_1<£>4X(£)(x) (7-2)
|z] 2|

is also bounded on L2 uniformly in z with |z| > 1, and we have similar estimates for the adjoint operators
of (7-1) and (7-2). Thus
-1 z -1 z 1 IpyY, \—1
[6) TP 3 2z (PYR(2) xz(PY(P) 3 (x) 7! S 1212 () (|21 7" P) 3 2 (PYR(2) 2z (P) (1= 7' P) 3 (x) 7|
4 — —
S22 1) T RE) () T S 1

o With Ro(z) = (P —z)~! we have the resolvent identity

R(z) = Ro(z) +iR(z) Ba Ro(2).
We have

)4 V

[(6)THPYF 4z (PYRo(2) (1= ) (PYPY 5 ()7 < (%) THP) ¥ = ()] | Ro(2) (1= x2) (PY(P) 7 (x) |

5<Z>£<Z>4 <1,

.;;

We have estimated the first factor as above and the second by the spectral theorem. On the other hand,

since the operator /By (P _% is bounded we also have by Proposition 2.5
H (X)_ (P ) Xz(P)R(z) By Ro(2)(1 — xz)(P)(P IH
< ) THPY (P (x) | H )L R(2)V/Ba || (P2 Ro(2)(1 - x2)(P)(P)F |
< <z>%<z> HE R

This proves that
[) 7 PY = (PYRE (1= x)(PYPY ()| 1.

¢ The operator
(X)"HP)T (1= 1) (P)R(2)xz(P)(P) 3 (x) ™"

is estimated similarly. Finally for

(X)"H(P)T (1= x)(P)R(2)(1 = x2)(P)(P)

I

()7
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we only have to use twice the resolvent identity
R(z) = Ro(2) +iRo(2) Ba Ro(2z) — Ro(2) Ba R(z) Ba Ro(2).
Then we apply the same idea as above, using Corollary 2.6 to estimate /By R(z)+/ By ([

Taking the adjoint in the estimate of Proposition 7.1 we obtain the same estimate with R(z) replaced by
R(z)* = (P 4+iBy —Z)™! (the same is true for the estimates of Theorems 1.3, 1.5 and 1.6). In particular
we obtain the following result:

Corollary 7.2. Then there exists C = 0 such that for all z € C and ¢ € S we have

(((H =2 = (H* =27 ) (P)5 (x) o, (P) 5 (x)19),.] < Clig)2.

It is known that such an estimate on the resolvent implies Theorem 1.7. This comes from the dissipative
version of the theory of relatively smooth operators. The self-adjoint theory can be found in [Reed and
Simon 1978, §XII1.7]. The dissipative version uses the theory of self-adjoint dilations for a dissipative
operator described in [Sz.-Nagy et al. 2010]. All this has been combined in Proposition 6.2 in [Royer
2016], from which Theorem 1.7 follows.
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