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GLOBAL WELL-POSEDNESS OF THE MHD EQUATIONS
IN A HOMOGENEOUS MAGNETIC FIELD

DONGYI WEI AND ZHIFEI ZHANG

We study the MHD equations with small viscosity and resistivity coefficients, which may be different.
This is a typical setting in high temperature plasmas. It was proved that the MHD equations are globally
well-posed if the initial velocity is close to 0 and the initial magnetic field is close to a homogeneous
magnetic field in the weighted Holder spaces. The main novelty is that the closeness is independent of the
dissipation coefficients.

1. Introduction

We consider the incompressible magnetohydrodynamics (MHD) equations in [0, 7) x 2, with Q € R4,

hv—vAv+v-Vv+Vp=5b-Vb,
Ib—uAb+v-Vb=>b-Vu, (1-1)
divv=divb =0,

where v denotes the velocity field and b denotes the magnetic field, v > 0 is the viscosity coefficient, and
i > 0 is the resistivity coefficient. If v = u = 0, (1-1) consists of the so-called ideal MHD equations; if
v >0and b =0, (1-1) is reduced to the Navier—Stokes equations. We refer to [Sermange and Temam
1983] for a mathematical introduction to the MHD equations.

It is well known that the 2-dimensional MHD equations with full viscosities (i.e., v > 0 and u > 0)
have a global smooth solution. In the general case, the question of whether a smooth solution of the MHD
equations develops a singularity in finite time is basically open [Sermange and Temam 1983; Cordoba
and Fefferman 2001]. Recently, Cao and Wu [2011] studied the global regularity of the 2-dimensional
MHD equations with partial dissipation and magnetic diffusion. We refer to [Cao et al. 2013; Chemin
et al. 2016; Fefferman et al. 2014; He et al. 2014; Jiu et al. 2015; Lei 2015] for more relevant results.

In this paper, we are concerned with the global well-posedness of the MHD equations in a homogeneous
magnetic field By. Recently, there have been a lot of works [Abidi and Zhang 2016; Lin et al. 2015; Ren
et al. 2014; 2016; Zhang 2014] devoted to the case without resistivity (i.e, v > 0 and p = 0). Roughly
speaking, it was proved that the MHD equations are globally well-posed and the solution decays in time if
the initial velocity field is close to O and the initial magnetic field is close to Bg. These results especially
justify the numerical observation [Califano and Chiuderi 1999]: the energy of the MHD equations is
dissipated at a rate independent of the ohmic resistivity.
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In high temperature plasmas, both the viscosity coefficient v and resistivity coefficient u are usually
very small [Califano and Chiuderi 1999]. Up to now, the heating mechanism of the solar corona is still
an unsolved problem in physics [Priest et al. 1998], so it is very interesting to investigate the long-time
dynamics of the MHD equations in the case when the dissipation coefficients are very small.

For simplicity, let us first look at the case u = v. Following [Bardos et al. 1988], we rewrite the system
(1-1) in terms of the Elsésser variables

Zy=v+b, Z_=v-—b.
Then the ideal MHD equations (1-1) can be written as

8,Z+ +Z_~VZ+ =V AZ+ —Vp,
Z_+Zy-VZ_=vAZ_—Vp, (1-2)
divZ, =divZ_ =0.

We introduce the fluctuations
zy =2Z4+—By, z_=Z_+ By.

Then the system (1-2) can be reformulated as

0izy +7Z_-Vzp =vAzy —Vp,
0tz—+Z4+ -Vz_=vAz_—Vp, (1-3)
divzy =divz_ =0.

In the case of Q@ = R? and v = 0, Bardos, Sulem and Sulem [Bardos et al. 1988] proved that for large
time, the solution z4 of (1-3) tends to linear Alfvén waves:

dsw+ F By Vw4 = 0.

Cai and Lei [2016] and He, Xu and Yu [He et al. 2016] studied the global well-posedness of (1-1) for any
v >0 and Q = R3. The result in [Cai and Lei 2016] also includes the case 2 = R These works are based
on an important observation: the nonlinear terms z— - Vz4 and z4 - Vz_ can be essentially neglected after
a long time since z are transported along the opposite direction. To justify this observation, the key
point is to make weighted estimates for the fluctuations z4. Due to the nonlocal pressure, the choice of
weight function is very delicate. On the other hand, the viscosity gives rise to more technical troubles
compared with the ideal case.

From the physical point of view, it is more natural to consider the MHD equations in a domain
with boundary. One frequently used domain in physics is a slab bounded by two hyperplanes, i.e.,
Q=RI"1x [0, 1]. More importantly, although both v and p are very small, they should be different in
the real case. However, the proof in [Cai and Lei 2016; He et al. 2016] strongly relies on the facts that €2
is a whole space and v = u. In particular, the formulation (1-3) plays a crucial role.

The main goal of this paper is to prove the global well-posedness of (1-1) in the physical case when 2
is a slab and v # p. In this case, we need to impose suitable boundary conditions on z. Let z4 be a
function of (¢, x, y), (x, y) € Q. In the case when v = u = 0, we impose the nonpenetrating boundary
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condition
zi:O ony=0,1. (1-4)

In the case when v > 0 and p > 0, we impose the Navier-slip boundary condition
=0,  94z.=0, i=1,....d—1, ony=0,1. (1-5)

To deal with the boundary case, our idea is to use the symmetric extension and solve the MHD equations
in the framework of Holder spaces C 1'% for 0 < o < 1. In the ideal case, we give a representation formula
of the pressure by using the symmetric extension. Although the extended solution does not have the
same regularity as the original one under the nonpenetrating boundary condition, we have the important
observation that V p still lies in C 1'% based on the representation formula. In the viscous case, we can
reduce the slab domain to @ = R~ x T by using the symmetric extension, because the extended solution
still keeps the C 1 regularity under the Navier-slip boundary condition.

The most challenging task comes from the case v # p. To handle this case, we need to introduce some
new ideas. First of all, we introduce a key decomposition: let y; = %(v + W), p2 = %(v — ), and we

have the decompositions z4 = Z_(i_l) + Zf) and z_ =z 4+ 7@ guch that

8,2(1) +Z_- VZ(I) = U1 Az(l) Vp(l)

9,z 474 - VZ(_I) = (1 Az(l) VD,

8,2(2) +Z_- Vz(z) H1 AZ(Z) + 2 Az — Vp(z)
3,29+ 7, . VZ(_Z) = U1 Az(_z) + U Azy — Vp(_z).

(2

The next task is to establish a closed uniform estimate for the fluctuations z ) and z{” with respect to

w1 and z. For this, we need the following key ingredients:

e The construction of the weighted Holder spaces for the solution. Due to the appearance of the
extra problematic terms Az, we have to work in spaces with different regularity and weight for
the solution Zi), Zi) Such inconsistencies give rise to the essential difficulties. In particular, the
choice of the weight is very delicate. In [Bardos et al. 1988; Cai and Lei 2016; He et al. 2016], the
weight has decay in all directions. For the slap domain, the weight is only allowed to decay in partial

directions. Again, the weight has to be compatible with the estimate of the nonlocal pressure.

e Uniform estimates of the transport equation in the weighted Holder spaces, which are very crucial to
control the growth of the Lagrangian map.

e Uniform estimates for the parabolic equation with variable coefficients in the suitable weighted
Holder spaces. This is the most important step.

e Boundedness of the Riesz transform and its commutator in the weighted Holder spaces, which is
essentially used to handle the nonlocal pressure. To our knowledge, these results are new and may
be independent of interest. The proof is highly nontrivial.

In this work, we require that (,/p; is small. However, this cannot be handled as a perturbation of

2 .

the case p = 0 except when |u2| < puf for some o > 1. In this case, the smallness of z is not easily
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observed. If we directly use the energy method, we can only prove that ||Z§:2) ®)|lz2 = O(|p2]/ 1) for
fixed z+ (0). However, we can show that |Z§:2) ()]0, = O(p1) fort ~ 1/ and fixed z4 (0).

In this paper, we consider the MHD equations in a homogeneous magnetic field. In the real case (for
example, solar corona), it is more natural to consider the MHD equations in an inhomogeneous magnetic
field. An important question is to consider the decay of Alfvén waves in an inhomogeneous magnetic
field Bo(y) = (b1(y), b2(y),0). This is similar to the situation of Landau damping.

2. The weighted Holder spaces and symmetric extension

Weighted Hilder spaces. Let © C R? be a domain and « € (0, 1]. We denote by C5*(Q), (k =0, 1)
the Holder space equipped with the norm

|M|0,a;Q = |M|0;Q + [U](x;Q, |M|1,a;Q = |M|0;Q + |VM|0,a;S2,

where
u(X) —u(¥)|

|u|O;Q = Ssup u(X)], [u] Q=
XeQ * xyeq |[X-=YI[¥

Let h(X) € C(R?) be a positive bounded function. We introduce the weighted C k@ norms

[ulo,a:n,0 = ulon,Q + Ma:ne:  ulianq = [Ulone + | Vilo,wn-

where
lu(X) —u(Y)|

u
[ulo;n,0 = '—' . [Mla:no = sup )
0 hlog ¢ xyea (B(X) +h(Y)[X —Y|*

We say that u € le’a (2) if 1|k o;n,0 < +00. We also introduce

[ulk,c:n@.7 = sup |[u(®)lka:ne),Q-
0<t<T

When € = R, we will omit the subscript 2 in the norm of Holder spaces.

The following two lemmas can be proved by using the definition of Holder norm.

Lemma 2.1. Let h, hy, hy be the weight functions such that there exists a constant co such that
0<coh(X)<h(Y) forany X,Y eR?, X -Y|<2. (2-1)
Then there exists a constant C depending only on cq such that, fork =0, 1,

lulo.a:n.@ < C(lulon.e + |Viulomn.a)

[UW |k a:hy ko2 < C Uk ,a:hy,Q Wk ek,

/tsu(r) dr

, < sup |[u(r)|kane).a-
ko; 0 h(r)dr,Q I<r<s
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Lemma 2.2. Let ® be a map from Q to Q with V& € C%*(Q). It holds that

luo chO,a;hofb,Q = |“|0,a;h,§2 maX(W‘Dlg;Q, 1),

10 ®l1,4;000,0 = |u|1,0;n,0 Max(|VP[g.q. 1) max(|V®[o,u;0. 1).
Here and in what follows, |V ®| denotes the matrix norm defined by

|A| := sup |AX]. (2-2)
[ X]=1

To deal with the viscous case, we introduce the following scaled weighted Holder space. Let o € (0, 1),
R > 0 and define
|u|0,a;h,R = |u|0;h + Ra[u]a;h»
|l1,0:, 7= [0, + max(R, R'™)|Vulo on.&-

For these kinds of weighted spaces, we have analogues of Lemmas 2.1 and 2.2. For example, if #(X)
satisfies
0 <coh(X) <h(Y) forany X,Y eR?, | X —Y| <2R, (2-3)

then for R > 1, we have
|”|O;h + R|V”|O,a;h,R = |“|1,a;h,R = |”|O,a;h,R + R|Vu|0,a;h,R = C(|“|O;h + R|v“|0,a;h,R)'
Here C is a constant depending only on cg. In the following, we will fix @ € (0, 1).

Lemma 2.3. Let y > 0 and h(X) > 0. Then there exists a constant C independent of h, y, t such that

/Otu(s) ds

1,a:h,/k+yt
_ 1 1 _a
<cy™! [ Sup ((VS)Z(J/(t — )2 () o,asn + Ca(VEk + ys)(y(E =)' 2 [Vu(s)lo:n
<s<t

3—a
+ 0a (VEF79)(r(t =) [Vu)]ia ).
where o (R) = max(R, R11%).
Proof. We denote by Cy~! A the right-hand side of the inequality. Then we have

/Otu(s) ds

t
'V/O u(s)ds

Forany X,Y € [Rd, we have
[Vu(s, X) = Vu(s, Y)| < |[X = Y[(h(X) + h(Y)[Vu(s)]1;n
[Vu(s, X) = Vu(s, Y)[ < [Vu(s, X)| + [Vu(s, Y)| < (h(X) + h(Y))[Vu(s)|o;-

t t
< [ () lo.005 ds < / (ys) 2t —s) " dsa < Cy A,
0,0:h 0 0

t ¢
) 5/0 Vat(s)lozn ds = /0 va(VEk+75) Nyt —5) '8 dsa
0;

< Cy " min((k +y1)" 2 (k +y1)” 27) A
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This gives
Vs, X)=Vu(s. Y)| < min((y(t=))2. [X =Y ) (2(X) +hY ) ([Vu($)] 1+ (=) 72 [Vae(s)losn)
< min((y(t—5). |X =Y ) (h(X) +h(Y ) ga(VhTys) " (p(t—5) 2" 4.

Therefore,
'V/Ot u(s) ds(X)—V/Ot u(s) ds(Y)‘
t
5/ |Vu(s, X)—Vu(s,Y)|ds
0
t 1 3—«a
5/0 min((y(t =), X =Y ) (e(X)+h (Y )ga(VE+ys) " (y(1—s)" 72" Ads

< C(h(X)+h(Y))A(min((yz)5, |X—Y|)/02 ‘/’a(m)_l ds(yt)_%Ta

|~

t 1 3—«
+/ min((y(t=5))2. | X =Y [)(y(t=5)" 2" dssaa(\/kJth)_l)

(8]

1—a _ _3—«a — —
< C(X)+h(YDA((y1) 2 [X=Y[*t0a(Vk+yD) T (y1) ™2 +y X =Y [*0a(Vk+y1)7")
< Cy ) +RINAIX =Y *pa(Vh+yn) ™"
Hence, we deduce our result. O
Lemma 2.4. Let ® be a map from R? to R? with V& € C%%(R?). It holds that
|u o @loa;hop,R = |Ulo,a:n,R max(|V®|[g, 1),
[uo @y whod,R < |U[1,a;0,8 Max(|VO[g, 1) max(|VP|o,q;1,r, 1)
Symmetric extension. Let Q@ =R?~! x [0, 1] be a strip and X = (x, y), x € R¥~1, y €0, 1] be a point
in Q.
Let 7, be an even extension from C(2) to C(R?) defined by
Tef(x.2n+y) =T f(x,2n—y) = f(x,y)
for x e R~ y €[0,1], n € Z. Let T, be an odd extension from Co(2) = {u € C(2) : u=0 on I} to
C(R?) defined by
Tof(r,2m—y) ==f(0.3), Tof(e.2n+) = f(x,)
forx eR?~L ye0,1], neZ.
Lemma 2.5. It holds that

Te flow = flowe. |flowe =1Toflo.e =2|floue-

The same result holds for the weighted Holder norm | - |o .1 if the weight function h(X) depends only
on Xx.
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Proof. First of all, it is obvious that

| floa;e =1 Teflow, |flows2 =176 f o,
and the same is true for the weighted Holder norm |- o o.;. We define
po(y) = inf |y —2n| €[0,1] fory eR,
nez

p(X) = (x.po(y)) € for X = (x,y) € R%,
and let
Q=R x2n2n+1]. Q@ =R x[2n—1,2n].

nez nez

Then it is easy to see that
Tef = fop,
Tof =fop inQy, Tof=—fop inQ_,
1p0(¥) = po () <1y =Y, [p(X)—p(¥)| <X —Y],
from which, it follows that

I Te floe <|floa;2: Tefloa:n <|flo,a:nq-
1o flo < | flo;e. 1o flosh <1/ losn,Q-

Given X = (x,y), ¥ = (x’,y/)e[R{d with y <y if X, Y € Q4 or X,Y € Q_, then
To f(X)—Tof(Y)|=|fop(X)— fop(Y)

<Ifloasn,a(hop(X)+hop(¥))|p(X)—p(¥)*
< flo.ahor(X) +h(Y)IX =Y|%

1367

Here we used hop(X) = h(X). Otherwise, there exists y1, y2 €Z sothat y1—1 <y <y; <y, <y <yr+1.

Let X' = (x,y1), Y/ = (X, y2). Then for f € Co(2), we have

1 To f(X)|=1f op(X)| =1/ op(X)— fop(X")|
<|floam.a(lop(X)+hop(X")p(X)—p(X')
< 2| flo,esn,h (X)X — X'|*

Similarly, we have
| To f ()] =2 flo,asn@h (MY = Y|

Then, using | X — X'|+|Y —Y/| < |X = Y|, we get
1To f(X) = To f(Y)] =2| flo,a;h,h(X) + h(Y)|X Y|

This shows [T fly:n < 2[fla:n,- Similarly, [T, flo < 2[f]e:q-
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3. Global well-posedness for the ideal MHD equations

This section is devoted to the proof of the global well-posedness of the ideal MHD equations in R¢ ~1x [0, 1]
with the boundary condition (1-4). Recall that in terms of the Elsésser variables z4 = Z 4 &+ By, the ideal
MHD equations take
0iz+ +Z_-Vzy =—-Vp,
8.,Z_+Z+.-Vz_=—Vp, 3-1)
divzy =divz_ =0,

Zi(t,x,y) =0 ony=0,1.
Without loss of generality, we take the background magnetic field By = (1,0,...,0).

Main result. Let f(x,y) = fo(x1), where fo € C1(R) is chosen so that | f§| < fo < 1 and for some
Cf >0,

T
8(T) £ sup f(Y +2Bot)dt <C{ forany T >0,
Yerd J-T
S(Y) * d (3-2)
dy <C X) forany X € R%,
»/Rd 1+|X—Y|d+1 — lf( ) y

f(X)<2f(Y) forany|X—Y|<2.

In fact, fo(r) = (Co + r2)_% satisfies the above conditions for some Cyp > 1 and 0 < § < 1.
Now we introduce the weight function fi (¢, X) given by

fe(t, X) 2 f(X £ Bot),

which satisfies (2-1) with a uniform constant ¢ independent of ¢. Let
A
My (t) = sup [2£(5)|1,0; 11 (5).2
s|<t
The main result of this section is stated as follows.
Theorem 3.1. Let o € (0, 1). There exists € > 0 such that if M+ (0) < &, then there exists a global in time

unique solution (z4,z_) € L°°(O, +o0:CLe (SZ)), with the pressure p determined by (3-10), to the ideal
MHD equations (3-1), which satisfies

My(t)<Ce foranyt €0, +00).

Remark 3.2. Since M4 (0) ~ |z4(0)(x1)'+3|1 a:q if fo(r) = (Co +r2)~ 3", the initial data decays
at infinity only in one direction. This is very crucial for the global well-posedness in the slap domain,
especially in R x [0, 1].

We conclude this subsection by introducing some properties of weighted functions. Let

S(Y + Bot) f(Y — Bot)

t,X)2
sCX= | T v

dY.

We have the following important facts.
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Lemma 3.3. There exists a constant C > 0 such that for any X € R4, t € R,

F(X + Bot) f(X — Bot) < Cg(t. X),
gt.X)<C+1x=Y))" eq. 1),

T
/ g, X + Bot)dt <C8(T) f(X).
-T

Proof. Thanks to f(Y) > f(X)/2for | X —Y| <2, we get
Y + B Y —-B X + Byt X — Byt
g(t,X)Z/ fY + ol)f(d Ot)dY / S(X + Bot) f( ot)
B(x2) 1+|X-—-Y|4+! 4 Jpxa 1+ [X Y[
> C™! f(X + Bot) f(X — Bot),

dY

which gives the first inequality.
Using the inequality

1 - 14X —y|d+!
1+ |X—Z[4+1 = " 14|y —Z|9+V’
we infer
f(Z + Bot) f(Z — Bot) f(Z + Bot) f(Z — Bot) d+1
t, X dZ < I+|X-Y dY
g( )= / 1—|—|X Z|d+1 - Rd 1+|Y—Z|d+1 ( | | )
=C(1+|X -7 g, Y),
which gives the second inequality.
Make a change of variable
Y + Bot) f(Y — Bot Y +2Bot) f(Y
c. X+ By = [ LT EBOST=Bot) [ 2B
rd 14+ |X + Bot — Y|4 +1 re 1+ |X —Y|d+1

which along with (3-2) gives

[op f(Y +2Bon) f(¥V)dt 3(T)f(Y)
Rd 1+|X—Y|d+1 dY—C/I;Qd1+|X_Y|d+1

T
fT g(t, X + Bot) = dY < C8(T) f(X).

Similarly, we have
/TT g(t, X —Bot) <C&(T) f(X). O
Weighted C 1% estimate for the transport equation. Let Z € C! ([0, T] x Q) be a vector field with
Z4 =0 on 32. We introduce the characteristic associated with Z:
%Cb(s, 6X) = Z(1, ®(s,1, X)), D(s,s5,X) = X. (3-3)
Then ®(s,¢, X) € Cl([O, T1x [0, T] x ) is a diffeomorphism from € to £ and 92 to 92 having the

property
O(r,t)o P(s,r) = B(s,1), P(s,s5)=1d.
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Lemma 3.4. If Z(t, X) satisfies the extra condition
T
IVZlo,a:n.Q.,T / h(t,®(T,t,X))dt <Ay forany X € 2,
fo

then it holds that for 0<ty <t <s<T,

IV®(s, 1) —Id|g.q < ed0 —1,
|Vq)(s’t)|0;§2 = er’

[VO(s, 1)]q:0 < 24ge@TO40,
Proof. Thanks to the definition of ®(s, ¢), we have

3, VP(s,1) = VO(s,1)((VZ(1)) 0 B(s,1)),
®(s,5) =1d, V&(s,s)=1d,
IVO(s,1)| < |VP(s,1) —Id| + 1.

Here |[V®(s, t)| is the matrix norm defined by (2-2). Therefore,
S
‘VCID(S,I)—Id} 5/ |0, VO(s,r)|dr
t
N
< / [VO(s, r)| ‘(VZ(r)) o ®(s, r)’ dr
t

< /S}(VZ(r)) o ®(s,r)|dr + /S\WD(S, r)—1d||(VZ(r)) o ®(s.r)| dr,
t t
which implies
!Vfb(s, t) —Id‘ < exp(/s|(VZ(r)) o d(s, r)| dr) —1.
t

Thanks to
(VZ(r)) o @(s,7)| < |VZ|oa:h@,7h(r) o D(s,r),

we get by (3-4) that
/, (VZ(r)) 0 ®(s. ) (X)|dr <V Z]o.an.go.r f h(r) o ®(s. 1) (X) dr

N
= |VZ|0,O,;h,Q,T/ h(r, ®(T,r, ®(s, T)(X))) dr < Ao.
t
Thus, we conclude that
IV®(s, 1) —1d|g.0 < e40 —1,
[VO(s, 1)|0; < e,
|B(s,1, X)— D(s.2,Y)| < [VO(s.1)|o:0| X — Y| <edo|X —Y].

(3-4)
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Notice that

[VO(s, 1, X) = VP(s.1,Y)| < /S |VO(s,r, X) = VO(s,r,Y)||(VZ(r)) o ®(s, 1, X)| dr
t

+ /s (VO(s, . V)||[(VZ(r) o (s, 7, X) = (VZ(r)) o (s, 7, Y)|dr.

From this and Gronwall’s inequality, we infer

|VO(s,1, X)-V(s,1,Y)|
< /sWd)(s,r,Y)‘ {(VZ(r))oCID(s,r,X)—(VZ(r))och(s,r, Y)! dr exp(/s|(VZ(r))o<I>(s,r,X)‘ dr)
t t
< /S|V<I>(s,r, Y)‘ \VZloa:n.1(h(r, ®(s.1r. X))+h(r, ®(s.r, Y)))‘fb(s,r, X)—®(s,r, Y)‘a dreo
t
< /seA°|VZ|0,a;h’Q,T(h(r,CI)(s,r,X))+h(r,<I>(s,r,Y)))eO‘A0|X—Y|°‘dreA°
t

N
= eCHIVOIX Y |*|VZo ain0.r / (h(r, ®(s,7, X)) +h(r, B(s,r.Y))) dr
t
<2400 x—y |,
which shows the last inequality of the lemma. O

Next we consider the transport equation
iu+Z-Vu=F, u(0,X)=uo(X). (3-5)

Using the characteristic, the solution u(z, X) is given by

t

ut, X) =uo(®(t,0, X)) +/ F(s, ®(t,s,X))ds. (3-6)
0
Lemma 3.5. If Z satisfies (3-4), then we have
t
0)ae = e (juoloaa + [ 1FO)loaa ds),
0

t
|div u(?)|o.q < |div uplo:Q +/ ‘(tr(VZ Vu) —div F)(s)’o,s2 ds.
0 9

Proof. Using (3-6) and Lemmas 2.2 and 3.4, we get
t
uOloass < 100 O Ologin + [ 1F(6)0®(t.5)loin ds
0
t
< uolose max([ VO 0. 1) + [ 1F(5)loain max(VO(.5)[5.1) ds
0

t
< Ao (luolo,a;sz + [ F5)loan ds).
0
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Taking the divergence of (3-5), we obtain

d;divu+Z-Vdivu +tr(VZ Vu) =divF, u(0,X)=uo(X).

So, we have

t

divu(t) = divug o ®(¢,0) + /0 (div F —tr(VZ Vu))(s) o @(t, ) ds,
and then the second inequality follows easily. O
Proposition 3.6. If |Z + Bol1,4.7_,@,76(T) < 1, then we have
lul1,a; 70,7 < C(luolia; o +8(NIFlLag.0.7)
If |Z = Bol1,a; 1, ,,78(T) < 1, then we have
lul1a:r 0.7 < C(uol,e: £, + 8(T)IF |1,0:6.2.7)-
Here C is a constant independent of T.

Proof. We only prove the first inequality; the proof of the second one is similar. Let us claim
|@(s.1,X)+ Bo(t —s)—X|<2 for0O<t=<s<T (3-7)

Otherwise, there exists # € [0, s] such that ‘CI)(S, t, X)—i—Bo(t—s)—X‘ =2 and |d>(s, r,X)+Bo (r—s)—X| <2
for r € [¢t, s]. Thus,

S
‘q)(s,t,X)+Bo(t—s)—X|§/ |0, D(s,r, X)+ Bo|ldr
¢
N
=/ |Z(r, D(s,r, X))+ Bol|dr
t
S
< [1Z+ Bolvais ar S0 06 r. X dr
t

S
—|Z + Bolvaisar / F(®(s.r. X) — Bor) dr.
t
while, by (3-2),

S N
/ f(®(s,r,X)—Bor)dr < 2/ f(X —Bo(r—s)— Bor)dr <28(T).
t ¢
This shows
|®(s, 1, X) + Bo(t =) — X| <2|Z + Bol1,a;7_2,78(T) <2,

which is a contradiction; hence (3-7) is true.
Now we verify (3-4) for h = f_ and Ag = 2. Indeed, by (3-2) and (3-7),

T T T
/ f—(t, ®(T,t, X)) dt =/ f(®(T,t,X)— Bot)dt < 2/ f(X —=Bo(t—T)— Bot)dt <26(T),
0 0 0
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which implies (3-4). Then we infer from Lemma 3.4 that
VO, 9)lows < C. (3-8)

It follows from Lemma 3.3 and (3-7) that

t

t
/ g(r (. r. X)) dr <C f g(r. X = Bo(r — 1)) dr < C5(T) (X + Bot).
0 0
which implies

U 1,0; 11 0),2 < [u0 0 P2, 0)|1,4; 7 (1), + CIHT) sup |F(s)o @, 5)]0,a;5(s5)00(1,5),2-

o<s<t

Using the fact f(®(£,0,X)) <2f(X — Bo(0—1)) =2f4(¢, X), we get

[uo o @, 0)|1,0; 71 (1), < 210 0 D(t,0)|1,0; fod(z,0).2-

Then by Lemma 2.2 and (3-8), we obtain

[u(|1,0: 11 1), 0
< C(Juoo®(t,0)|1,0; 7,0 +8(T) sup |F(5)|1,a:g(s),2) max(|VP(r,5)[G.q. 1) max(|VE(,5)[0,0:02.1)

0<s<t

< C|M0|1,a;f,sz+C5(T)OSUP | F($)]1,0:0(s),9-

<s<t

This shows the first inequality of the lemma. O

Representation formula of the pressure. In this subsection, we give a representation formula of the
pressure by using the symmetric extension.

Let (v, b, p) be a smooth solution of (1-1) in [0, T'] x 2 with the boundary condition (1-4). We make
the following symmetric extension for the solution:

0=Tv:=(Tw',...,Tov?  Tow?), b=Tb, p="T.p.

Then (9, b, p) satisfies (1-1) in [0, 7] x R¥ in the weak sense. Although the solution after the symmetric
extension does not have the same smoothness as the original one, we have the following important
observation.

Lemma 3.7. Let h be a weight satisfying (2-1). Letu = (u',... u?),w = (w',..., w%) e Chl’a(Q)
be two vector fields with u = w? =00ndQ. Letit = Tu and w = Tw. Then it holds that for
i,j=1,....d,

1017 0;W" o, +10i0" 0;W |g,0:n < ClVloa:n. VW00,

i/ 0;W" |o,:n + 10" 90 |o,0:n < Clit]o,a:n,0l VW|o,0:h.0-
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Proof. 1t is easy to verify that

3t/ 9w = T,(3;u’ d;w'), d;u' d;w’ = T, (du’ d;w?),
J J J J

i/ 3w =T, (u’ 3;w), i 9w =T, djw’l) fori=1,....,d—1,
a’ Bju_)d :To(uj ajwd), u? aju_)j =To(ud 3jwj).
Then the lemma follows easily from Lemma 2.5. O

Taking the divergence of the first equation of (1-1), we get
—Ap=d; (079,05 —b7d;b').

Formally, we have
Vit,X)=V /Rd N(X = Y)3; (87 9;9" —b70;b")(t,Y)dY,
where N(X) is the Newton potential. In terms of the Elsésser variables Z (¢, X), we have
Vi, X)= V/Rd N(X—Y)3(,8;20)(t,Y)dY.
However, this integral does not make sense for 0; (Z{L d; 71 ) e C%*, To overcome this trouble, we introduce

a smooth cut-off function 6(r) such that

1 for|r| <1,

0 =
") {0 for |r| > 2.

(3-9)
Integrating by parts, we can split V p(¢, X) as

V5.0 = [

VN(X —Y)(3;20.9;20)(1,Y)dY
R4

+/ 9;0;(VN(X —Y)(1—0(X —Y[) (.2 )(t,Y)dY. (3-10)
R4

It is easy to check that this representation makes sense for z4 € W1’°°([R{d ).
We define
T 2 / VN(X =Y)0(X =Y )u(Y)dY,
Re (3-11)
Tijw = /d 3:0; (VN(X —=Y)1—0(X =Y ]))w(¥)dY.
R

Let u, w € C1%(Q) be two vector fields with u? = w? = 0 on 9Q. Let it = Tu and w = Tw be the
symmetric extension. We define

I(u, w) £ Ty (8;0/ 9; 0" — 0,0t/ d;w') + T (' w). (3-12)
Here and in what follows, the repeated index denotes the summation. Thanks to

it/ ;' — 3! ;' = ;! 3w’ — ' djw’), (3-13)
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we infer from Lemmas A.1 and 3.7 that
[ (u, w)o,a;2 < Clulou:elwlue- (3-14)
Using Lemma A.2 and (3-13), we calculate
div I(u, w) + 3;u/ d;w’ —d;u’ d;w)
- /Rd VN(X —Y)-VO(X =Y )(3;#/ 8;w" — ;i 3;w/)(Y)dY

—f 9;9;(VN(X =Y)-Vo(|X =Y )@/ w')(Y)dY

Rd

:/ 3 (VN(X =Y)-VO(X —Y]))(—i/ ;0" + i’ 9;w’ +9; @’ w'))(Y)dY
R4

= /d 3 (VN(X —Y)-VO(IX —Y|)) (@ divio + w' divit)(Y)dY,
which implies -
|div 7(u, w) — (3;u? 9w’ =B’ d;w’)|).q < C(luloldivwloe + [wloeldivuleg).  (3-15)
In the case of R4, the pressure p(¢, X) can also be expressed as

=Vpit,X)=1(z4,2z-), (3-16)

where
I(u,w) 2 /Rd VN(X —Y)0(X =Y )(3;u’ ;v')(Y)dY

+ /Rd 9;0; (VNX =Y)(1=0(1X =Y )@/ v')(Y)dY. (3-17)
Notice that the representation formula (3-16) is independent of the choice of 6 in I(u, w).

Proof of Theorem 3.1. Since we cannot find a well-posedness theory for the ideal MHD equations in
the weighted Holder spaces, we will present a complete proof of Theorem 3.1. In fact, we find that the
proof of the existence part is very nontrivial.

Using the representation of the pressure (3-10), we rewrite the system (3-1) as
0z +Z_-Vzy =—I(z4,2-),
0z—+2Z4-Vz_ =—1(z4,z-), (3-18)
724+(0, X) = z40(X), 2z-(0,X) = z—o(X).

Let T > 0 be determined later and

A= |Z+0|1,a;f,s2 + |Z—0|1,oe;f,$2'

When A is sufficiently small, 7" can be taken to be +o00. The system (3-18) is solved by the following
iteration scheme:

ZSE)) =:0 =y, Zf:) = Zf:) + By, ZW=:M_B,.
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Let us inductively assume that 25:) satisfies

FPhw s 2C1A1 2P e a1 <2014,

where C is the constant in Proposition 3.6.
Take T > 0 so that 4C1A16(T) < 1. Then we have

2N fy0r 8T < b 12710y 00 8(T) < L. (3-19)
Now, the solution ZE:H_I), z(+1D 5 determined by

8,25[1“) +zm. VZS[’H) = —I(fo), ZS")),
8,2(_’”'1) + fo) Vet — —I(fo), z(_")),
20, X) = z40(X). 28D, X) =z o(X).
It follows from Proposition 3.6 that
1
20w re0.r < Crllzsoliasre + 8D a0 12 1w s 0.1)-
120D a1 <Ci(l7—ol1a:ro + 5(T)|25:l)|1,a;f+,sz,T|Z(_")|1,a;f_,sz,T)-

Here we used
[T (u, w)|1,0;g,2 < Cl0;u/ 0;w" —3;u’ 0;W' |g,g;0 + Clit]o;p, < Clul1,g:n,01W1 00,0

which follows from Lemma A.1 with (¢, X) = f+ f-(¢, X) and Lemma 3.7.
Due to (3-19), we obtain
|Z§f+l)|1,a;f+,sz,T <2C1A1, |29V 4. o <2C1A;.

In particular, we show that for any n,
|ZSf)|1,a;f+,sz,T <C, 12%4.s ar=<C.
Next, we show that {Zil)}nzo are Cauchy sequences in C%%(2). Indeed, we have

0LV =)+ 20 VY =) 4 (W ) v
+ I(zf:) —sz_l), Z(_”)) + I(zf_l), ) _ z(_n_l)) =0,

8t(z(_”+1) —z(_")) + ZS;') . V(z£"+1) —Z(_")) + (25:') — 25;1_1)) -Vz®
+ I(sz) —fo_l), zMy 4 1(25:’_1), zm =Dy =,

Y20, x) =0, @D -0, X) =0,
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Then it follows from Lemma 3.5 and (3-14) that
t
1 _
0 =)0l = C [ 12 =20 D)0 g |90 Gloaa ds
Loy -1
n n—
+C [0 =200 g g 20 Ol ds

t
e [ 1P 20Dy )], o 12706 s ds
0 9 b

t
SC%A<Mép—¢$‘”xwuﬂﬂ+¢@@>—A?”bﬁﬂmmgﬁh-

Similarly, we have

t
_1 —
me—ﬁmmwﬂs@Au@@—ﬁ NS g+ D =206 4,0) ds.
This implies that

D =20 g e + [TV =2 (1) g < CRC21" /01,

()

, 20 converge to some z, z_ uniformly in [0, £]x 2 forany 0 <7 < T. As i, 2™ are uni-

(n)
Therefore, z T

formly bounded in C L we have z4,z-€C La Then VZ_(:), vzm converge to Vzy, Vz_ uniformly in
[0, 7]x 2 forany 0 < ¢ < T. Using the equations of foﬂ), 20+ we have 9 ;zgfl), 3,z also converge uni-
formly in [0, /] forany 0 <t < T. Thus, z4, z— € C1([0, ]x ) satisfies (3-18) and z4 =22 =0 on Q.

Finally, it remains to prove that if divz4¢ = divz_g = 0, then divz4 = divz_ = 0. It follows from
Lemma 3.5 and (3-15) that

|div z (1) ]o;0

t . .
5/ |(8i 22 928 —div I(z4.2-))(5)|y.q ds
0 9
t
< C/ (|div z4 () |o;@ |div z—(s)|o;@ + |2+ () |02 [div Z—(s)|o; + |div z4(5) |0;2 12— ($)]0:2) ds
0

t
< [ (=1 )lon + ldivz-(s)log) ds
0
Similarly,

t
divz-0log = C [ (div24 o + ldivz(5)om) ds.
0

This implies that divz4 =divz_ =0.
Let us remark that 7(z4, z—) can be expressed as V p. Indeed, we can find 61, 6, € C°°(0, +00) such
that 61 (r) = —60(r)N(r) and 05(r) = (6(r) — 1) N(r). Let 6;;(X) = 0;0,;6>(|X|) and

Ly (u, w)(x)
=[ 01(1X — Y )(3;u’ d;w' —d;u’ a,-w")(Y)dY+/ (0 (X =Y) =6, ; (=Y))(u/ w')(Y)dY.
R4 R4
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Then we have VI, (u,v) = I(u,v). Therefore, we can take p = I«(Z4+,Z_), which satisfies |p| <
C In(2 + |x|). This completes the proof of Theorem 3.1.

4. Global well-posedness for the viscous MHD equations

In this section, we study the global well-posedness for the viscous MHD equations in the slab domain
Q=R x [0, 1] with the Navier-slip boundary condition. Because we can reduce the slab domain
Q=RI1x [0, 1] to RI-1xT by using the symmetric extension, we will consider more general domain
Q =RK x T4k for 2 <k <d. The case k = 1 is more difficult and will be dealt in the future work.

In fact, @ = RF x T4~k is a special case of R? periodic in d —k directions ey, ..., e _g. We will
assume that eq, ..., e z_, Bo are linearly independent.

New formulation. Let yu; = %(v +u)and pp = %(v — ). In terms of the Elsédsser variables Z1+ =v+b,
the MHD equations (1-1) read

02y +Z_-Vzp =pu1 Azp + up Az_—Vp,
0z +Z4+ -Vz_=pu1 Az + pup Az —Vp, 4-1)
divzy =divz_ =0,

where z4 = Z4 £ By. In the case of v = u (thus, py = 0), the formulation (4-1) plays a crucial role in
the proof of [Cai and Lei 2016; He et al. 2016]. To deal with the case of v # u, we need to introduce the
key decomposition

Zy = z(+” + 25_2), Z_ = z(_l) + 29),

2

where zil) and z” are determined by
a,zil) +Z_- Vzil) = U1 Azil) — Vpg_l),
3,z 4+ 7, .Vz0 = g Az v p D),
di (1) ST 1) _ (4'2)
vz, = divzy) =0,
20(0) = 24(0), z(0) = z-(0),
and
8,zf) +Z_- Vz_(f) = U1 Azf) + pr Az_ — fo),
02+ Z4 V2D =y Az® 4 iy Az —Vp®, (4-3)
divz? = divz® =0,
22(0) =z (0) = 0.
To estimate thl), we rewrite (4-2) as
8,25:) +zM. Vzg_l) = U1 AZ(+1) —z®. Vzil) — I(z(_z), zg_l)) — I(Z(_l), Zil)), (4-4)

Btzg) + Zﬁf) vz = 1 Az —zf) vz I(zf), Z(_l)) — I(Zg_l), Z(_l)),
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where I (u, w) is defined by (3-17). We also need to use the equation of J il) = curl 25:1), which is given by

{ 9, IV +Z2W. vy L v:OAvD 4 curl(z@ v W) = p AT ®, ws)

3, J M + Zﬁf) VIO 4 Vzil) AVzD 4 curl(zf) VzW)y =y ATD,

Here AA B = (AB) — (AB)T is understood as matrix multiplication.

To estimate z iz , we need to introduce another formulation in terms of the stream function wf) =
A~ curl zf), which satisfies
0,y + A curl(Z- - V2 2) = i AP + pad,
0@ + A curl(Zy - Vz®) = py AYD + pn s
where

Jy =curlzy = Jj(cl) + curl Ziz). (4-6)

We introduce
I (u, w) 2 A curl div(u ® w),
I (u, w) SN curl(u-Vw) —u-V A~ curl w.
So, we get
A veurl(Z--VzP) = zW vy P 4 12?29 + 1D, 9.
Then we deduce that
0,y P+ 720 vy ® 41,0, 29) 4 11,@,2P) = g Ay 4
3,y @+ 7. vy® 11,0, 2@) + 1, (zP, 2@) = 4y AY® 4 T

4-7)
A direct calculation shows
—(A_l curl(u - Vw))jk = A—l(aka,- w'w’)— d;0; (uiwk)) = —RyRi(u'w’) + R;R; (uiwk),
—(u- V(A curlw))’* =l ;A7 (@pw’ — 0, wk) = ul (=R Rpw’ + R; Ryw),
where R; is the Riesz transform defined by R; = 0; (—A)_%. This gives
o (u, w)'* = [, R; RjJw* — [u', R; Ry Jw’. (4-8)

Weighted C1+* estimates for the parabolic equation. We consider the parabolic equation with variable
coefficients

deu—y 0;(ajj Bju)+F1+Fz+3iGi=0, 4-9)
where y > 0 and the coefficients a;; (¢, X) satisfy

sup (|aij (1) = 8ijlo + (14 ) 2[ai; (1)]a) < &0 (4-10)
t€[0,T]

for some « € (0, 1), g9 >0and T > 0.
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Let f(¢, X) and h(¢, X) be two weight functions satisfying (2-1) with a uniform constant co independent
of t and

t
f HQy(t—s)h(s, X)ds <cg' f(t, X), HQy(t—9)f(s,X) <cg' f(t, X) (4-11)
0
forallO<s<t<T, XGRd,WhCI'C

X —Y |2

HUW(X)ZW/W e” @ @Y)dY.

Let § > 0. We introduce

_ 1 s
A(T.F1.F2.G, f,h) 2 sup (|Fl(t)|1,a;h(t),(1+yt)1/2+y "2+ D" DIF2(Dlow: )

0<t<T

— 1
+ 7 A+ DGO lo g ). 4v07172)-
and

A — _a s
Ao(T.F1. F2. G f1) 2 sup (IFLOly g, oorz +7 7 (072 + 0 DIF0Oloes s

0<t<T

— 1 1—a
7@} + ) TNGOloairn1 2 )
Proposition 4.1. There exist ¢g > 0 and C > 0 independent of y and T such that

sup_ [u®)1.0: r@y,14y0y172 < C (1O 1,0; 701 + A1(T, F1, Fa, G, f,h)),

o<t<

sup_ Oy g 0).r0)172 < C (14 (0)o,; r(0) + Ao(T. F1. F2. G, f. 1)).

0<t<

Proof. Let us first consider the case a;; = 6;;. Then we get

t

u(t) = H(yt)u(0) +/0 (H(y(t =) (Fi(s) + F2(s)) + 9 H(y(t —5))G' (s5)) ds.
Using HQ2yt) f(0) < calf(O, X), we get by Lemma A.4 that

|H(y)uO)|1 o (1), (1 4y 172 < CLHY DUy o: Hy1) £(0),(14y2)172 < Clu(0) 1,05 £(0),15
|H(yD)u0)|y o; 0),yey1/2 < CIHDUO) 1 o; 52y 1) £(0),(r1) 172 = C 1 (0)]0,05 £(0)-

By (4-11) and Lemma A.4, we have

t
‘/ H{yt=shF(s)ds =C sup |H(y(t=s) F1(5)]1a:H@y-)h(s), k+y0)1/2
0 Lo f(2),(k+yt)1/2 0<s<t

=C sup [H(y(t—=9) F1(9)l1 0 H 2y (t—5)) h(s), (k+ys+y (t—s))1/2

0o<s<t

< C sup |F1(9)|1,a:h(s),(k+ys)1/2

0<s<t
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and by Lemma A .4,

t
< C/O [H(y(t =) F2(5)1 0.1 2y -9) £5).(k-y0)1/> A5

! ¢a(\/k+yt)
<c| X2 TRT w () d
Bl /0 Pa( V(t—S))|F2(S)|O’ A

for k = 0, 1. Recall that ¢4 (R) = max(R, R1™%) fork =0, 1,

! T g etk(—a) 18 ! 1, qqetk(-w)
/0 0o (v =)  min((ys)~ I, (r5) 1 8) ds < /0 ((t —5)) 3 ()12 g

d-kd—w)
<Cy7lonT 2,

] /0 H(y(t ) Fals) ds

Las f(@),(k+yt)!/2

and

/0’ ea (VY= min((rs) T )71 ) ds

a+k(1—a)
2

= [ = )5 min((rs) T ()78 d
0

) 1+0t+k(l —)

SC/%VI)‘HEQ min((ys L(ys)”1 2 ds+/ (y(t —s))~ e (yt)~! ds
0

<Ccy'ynTE
Thus, we have

1+a+k(1 —a)

J TR ()7 H) ds
<Cy! max((k + yt)%, (k + yt)%) min((yt)_w (J/l)_lﬂ) oy

Therefore, we deduce that fork =0,1 and j = 1,2,

< CAy(T, F1, F>2,G, f. h).
Lo f(2),(k+yt)1/2

It follows from Lemmas 2.3 and A.3 that for k =0, 1,

] [ Hou-snras

t
/0 8 H(y(t —5)G' (5)) ds

Lo £(), (k+yt)”2
<cy™! oiig,((w) (¢ =502 [ Hy 0 =)G o g

+ K+ ) (e =) 7E VO H O = 5)G 9)] g
+a(VEFY9)((t =) Vo H(y (1 =) G 91 )

<Cy™" sup ((19)21G ()]0 rs) + P (VE + 79)C)]a: £(5))

0<s<t
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- 1 1—a
<cy™! Osupt((k + )2+ (k+v5) 2 )G o £(s).(k-+ys)1/2
<s<

< CAy(T, Fi, F2,G, f.h).

Summing up, we conclude the proof for the case a;; = J;;.
To deal with the general case, we rewrite (4-9) as

du—yAu+ Fr+ F»+9;G' =0,
where G = Gi — y(aij —di;) 0u. Thus, we have

Sup ()1 ;). kyy /2 < C([UO)1a; o)k + Ak (T2 Fr. F2, G, f.h))
0o<t<

for k =0, 1, where
Ak(T. F1, F2, G, f.h)

1 1—a
<Ai(T, F1, F>5,G, f,h)+ SupT sup((k +y1)2 +(yt) 2 )‘(aij —36ij) aju(l‘)‘O’a;f(t),(k_i_yt)l/z,
0<t< i

and by (4-10),
(@i =8i7) 071D g 0y, k4yayrv2 = Clais () =ijlo.asn ey /210/4Oo.a: 7). ey 72
< Ceo|Vu(®)|o,a; £ (o), (k+yt)1/2

ECeomin((k-H/f) k 4y )|M(l)|1af(z) (k+yn)1/2-
This shows that

sup [u(O)|1,4; £0),(k+y1)1/2
0<t<T
< C(|u(0)|1,0;r0) + Ax(T. F1. F2. G, f.h) + g0 sup [u(); o r(0).(k+y1)1/2)

0<t<T

which gives the desired result by taking &g such that Ceg O

<1
=2

Weighted C 1-* estimates for the transport-diffusion equation. We consider the transport-diffusion equa-
tion with general form

iu+Z-Vu—y Au+ Fi+ F> + 9,G' =0, u(0, X) = uo(X). (4-12)
Given the divergence-free vector field Z(¢, X) € C1([0, T] x R?) and s € [0, T], we define
%CD(S,I,X) =7, (s, t, X)), D(s,5,X)=X
We denote by D® and V@ the matrix with the convention
(D®);; =9;®', (V®);; =9; P’
That is, (D ®) = (V®)T. We introduce
b=(D®) ", a=DO) VD), ai =birby,.
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For v(z, X) defined in [0, 7] x R?, we define
V1, X) 2 v, D(s, 1, X)).
Using the formulas
(divG)o® =div((DP)'Go®), (Au)o® =div((DP) (V) ! Vuod),
we can transform (4-12) into the form
deu*(t) —ydi(aijdu™*(t)) + Ff + Ff +0,Gl, =0, (4-13)
where GL = b;; (G*)/.
We introduce the weight functions f(z, X), f (z, X), h(t, X), which satisfy (2-1) with a uniform
constant ¢g and
t
/ HQy(t—s)hi(s. X)ds <cg' f(t.X) forallo<:<T, X eR?,
0

r T (4-14)
/ fa(t, X £ Bot)dt = / f(t, X £2Bot)dt < cgl,
0 0

HQy(t—5)f(s.X)<cg' f(t.X) foral0<s<t<T, X eR?,
where we set

. X) =U(E) f(t, X), U@)f(s,X) = f(s, X + Bot).

Proposition 4.2. There exist €1 > 0 and C > 0 independent of y and T such that if

|1Z() + Bolya: - (0),(1471)1/2 < €1

and (4-14) holds for the minus sign, then it holds that for k =0, 1,

0sior O i 7 0. yy2 = € (0l g; 7oy i + AT Fr Fo. G S ).

Similarly, if
|Z(t) - BOll,a;f+(t),(1+yt)l/2 <é&1,

and (4-14) holds for the plus sign, then it holds that for k =0, 1,

Sup |u(t)|l,a;f_(t),(k—i-yt)l/z S C(|u0|1,0[;];(0),k + Ak(Ta Fl’ F27 Ga f—a h))

0<t<T

Proof. We only consider the case [Z(f) + Boly . r_(r),(14y1)1/2 < €1. In this case, similar to (3-7), we
have

|O(s, 7, X)+ Bo(t—s)—X| <2 forO0<t<s<T.
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Then we get by (2-1) and (4-14) that

T
sup |VZ(s)|0,a;f(s)/0 fo(s, ®(T.s, X)) ds

t<s<T
T
<er(1+ )/t)_%co_1 / f(s,X —=Bo(s—T))ds <e1(1+ yt)_%co_l, (4-15)
0

and by (2-1),
U(s—t)h(t) = h(t, X + Bo(s —1)) > coh(t) o O(s, 1), (4-16)
U(s) f(t) = Uls = 1) f(t) = co f1(t) 0 B(s.1). (4-17)
Now we fix s > 0 and assume 0 <¢ <s < T. With (4-15), we infer from Lemma 3.4 that
IVO(s. 1) —Id|oq < Cer(1+y1) 2. (4-18)
This implies that
_1
laij (1) = Sijlo,e < Cer(L+y0)™2,  |bij(Dloa:1,04+y01/2 < C.
Using (4-14), it is easy to verify that
HQy(t —0))U(s) f (. X) = U Hy(t — 1) f (1. X) <5 U) £ ().
and
t t R
/ HQ2yt—1)U(s—1)h(r,X)dt = / HQ2y(t—-1)U(s)h—(r,X)dt < calU(s)f(t).
0 0

Therefore, if we take &1 > 0 so that Ce1 < g9, then we can apply Proposition 4.1 to obtain

sup [ (O, Lo 7
0<r<s Lo U(s) f(2),(k+yt)l/2
< C(|ug o D(s. | P A VI C FY F, Gy U(s) f,U(s— -)h)).
Thanks to (4-18), we get by Lemma 2.4, (4-16) and (4-17) that

[g o ®(s,0)| < Clugo ®(s,0)| Cluo|

1. £ (0)0®(s,0) k = 1a: £ (0).k°

* *
12 Dloa:uis) 760y = €2 Ol 0 7, o5,y = C 1200 4. 7, 1)

1,aU(s) £ (0),k

|FY (D 1,0:06-0 k@), +y0)172 < CIFT D1 ash@yod(s.0),(k+y0)172 = ClFLO1,0:00), (k+y1)1/2
and

ClG«(1)]

G Do g:005) 701, +ye)172 = 0.5 £ (1)o@ (s.0).(k+y1)1/2

= Cb@Wlo,as1,a4y01/21GW) 0 (5, Dy o 2. (1yod(s.0), (ktye)1/2
= CIGWo 4 £, (1) (ky1)1/2°

This proves
Ar(s, F{' F) .Gy, U(s) f.U(s —t)h) < CAg(s. F1, F>, G, f1., h).
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Therefore, we conclude

sup |u*(l)|1,a;U(s)f(t),(k+yt)1/2 = C(|u0|1’a;f(0)’k + Ak(S, Flv FZa G, f+v h))

o<t<s
Thanks to u*(s) = u(s) and U(s)f(s) = f+ (s), we have
|u(s)|l,ot;f.:,_(s),(k—l-ys)l/z S C(|u0|1’a;f(0),k + Ak(S, F17 FZ’ Gv f+’ h))
forall 0 <s < T. The case s = 0 is trivial. O

Main result. Let us first introduce the weight functions
SO =HA+2ut)er,  fi(t) = H(1+2p11)go,
where if By = (1,0,...,0), we may take
o1 (X) = X2+ 2275, go(X) = |xa| P (4-19)

for some 0 < § < % Let
fre @Y

A
LX) A
sCX)= | T Xy

We introduce
A 1 1 - 2
M+ (1) :oiugtuzi)(T)|1,a;fi(r),(1+mr)1/2 +|Ji )(T)ll,a;fi(r),(m 0l/2 1y ' W(i )(T)llaa;fl @, (1 ,)1/2).
<t<

The main result of this section is stated as follows.

Theorem 4.3. Let o € (0, 1). There exists e > 0 such that if ML(0) + |u2|/ 1 < & < &3, then there
exists a global in time unique solution (z4,z—) € L°°((0, +00) X ), with the pressure p determined by
(3-16), to the viscous MHD equations (4-1) satisfying

My(t)<Ce foranyt €0, +00).

Remark 4.4. Since M1 (0) ~ |z4 (O)((xl,xz))1+5|1,a, the initial data decays at infinity only in two
directions. This is crucial for the global well-posedness in domains like R? and R? x [0, 1].

Remark 4.5. The condition |u3| < ey is crucial to our proof. Although p, /w1 is small, the smallness
is independent of w ;. It remains open whether one can prove a similar result for any © > 0, v > 0.

Remark 4.6. In numerical simulation, u; is usually taken to be zero, although it is unreasonable in
physics. However, our result provides a theoretical base for the validity of such a choice, because our
result shows that a small discrepancy between the dissipation coefficients does not change the dynamics
of the system.

To proceed, we need to verify that the weight functions introduced here satisfy some key properties,
(2-3) and (4-14).
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With the choice of (4-19), it is easy to check that for k =0, 1,

C ' RY min(gr (X). R7*70) < / . o (Y)dY < CRY min(gy (X), R7¥79),

/ o1 (X + Bot) di < Cgo(X),
R

which imply
C " min(¢1(X). (1+ Mlt)_%_s) < f(t,X) < C min(p1(X), (1 + mt)‘#), (4-20)
C ™" min(go(X). (1 + p1£)™2) < £ (t. X) < C min(go(X). (1 + p1)~2). @-21)
/f(t,X—l—Bos) ds <Cfi(t, X). (4-22)
R
Therefore,
/ f1(1,Y)dY <CR? min(R_S, 1+ le)_%) (4-23)
B(X,R)
and
/ h(Y)dY <Ch(X), (4-24)
B(X,R)

which is true for h = 1, f(¢), f1(¢), and f4(¢) by translation. Thus,

fr@,Y)dY »
/Rd RI+1 4 |x —ypari = CR /=X, (4-25)

Lemma 4.7. (1) The weight functions f(t, X), f1(t, X), g(t, X) satisfy (2-3) with R = (1 + ,ult)% and

a uniform constant cq independent of t.

(2) Property (4-14) with y = 1 holds true for (f h)=(f.g) and (f, h) = (f1, f-) for the minus sign
or (f, h) = (f1, f+) for the plus sign.

Proof. We deduce from (4-20) and (4-21) that f(¢) and f;(¢) satisfy (2-3) with R = (1 + /th)%. So do
fa(¢) and f4(¢) f—(¢), and thus g(¢). This also implies

g(t.X)>C7 1 (t, X) f-(t. X).

By definition, we have

HQ2uy(t —9)) f(s. X) = f(t. X),  HQuit =) f1(s. X) = f1(t. X),

which give the third inequality of (4-14).
By

T T
/ fi(t,X:I:Bgt)dt=/ f(@t, X £2Bot)dt <Cfi1(t,X) <C,
0 0

we get the second inequality of (4-14).
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Thanks to
t t
/0 H(Z/Ll(f—s))f—(S,X)dS:/O HQ2up1(t —s)U(=2s) f(s, X) ds
= /t S, X —=2Bgs)ds < Cfi(t, X),
0

we get the first inequality of (4-14) with minus sign for ( f ,h) = (f1, f=). Similarly, the first inequality
of (4-14) with plus sign for ( f, k) = (f1, f+) is true.
Notice that

Hu =, x) = [ OO ZR0 gy

_/ H(2M1(t—S))(f(S)U(ﬁS)f(S))(Y)dY
- R4 1+|X—Y|d+1 ’

By (4-20), we have

flt X)<C(1+ Y- X] )1+8f(z Y)
T T+t o

which gives

. 242§
Y X|) F($)UE2s) £(5)(Y).

F(5)U(25) f(5)(X) < C (1 +

Therefore, fort /2 <s <,
HQur(t—s)(f(s)U(£25) f(5))(Y)
= /[Rd K(2;L1(t —s5), X — Y)(f(s) U(:|:2s)f(s))(X) dX

|Y _X| 2426
<c [, K=o x- Y)(1 + m) FEUEE2) f(5)(Y) dX

=Cf ) UFE2s) f())(T) = Cf@)U(E2s) f(0)(Y),
and for 0 <s <t/2,
HQui(t =) (f () U(£25) f(5)) < CH2u1t)(f(s) U(£25) f(5)) < CHQRu11)(f(0)U(£25) £(0)).
Therefore,
t
| Hema=)(16) U2 1) ds
% t
<C /0 HQu1t)(f0)U(£2s) f(0)) ds + C /, (f()U(%£2s) f(0)) ds

= CHQ2u10)(£(0) /1(0) + Cf () /1(0) = Cf (1).
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This shows that

/t H(2M1(t—s))gi(s,X)ds§C/ JEY) oy <crex).
0

rRd 14+ |X —Y|d+1
which gives the first inequality of (4-14) for ( f h)=(f. g). |

Proof of Theorem 4.3. The following lemma gives the relation between the Holder norms of Zi)(l‘),
i=1,2,and ML (2).
Lemma 4.8. It holds that
BRG] Oz < Cuamin((pgr)” () 2 )M (),
122 (1)]0.0:1 gtz < Cug min((uq2)” 5 ()™ )Mﬂ:(t)
V2 0.y 72 < CME ).
Proof. As 2(2) div Wf), we have
1282 los 10,6101/ = CIVVE Olos 1y 0,10y 72
<CWP Ol AOG01 min((mz)—% (un)~2%)
< Cpy min((p1)~ 3 ) ML),
which along with (4-21) gives

22 Oloast. a2 = 128 Olos gz (1+ —) Ao

NIR

< Cpy min((p11) ™2, (uat) ™ *)Mi(z)(lm—) (1+pir) 2

< Cpymin((p11)~ )" )Mj:(t)
Obviously, we have

1 1
V2Pl o) < 1281w o 0,1 400172 < M (6).

Thanks to Azil) = div Jj(cl), we have

1 1 . 1 _l—«a
|Az(i)|0,oe;f @),(n12)1/2 5C|Ji)|1,a;f @), (n12)1/2 mm((,ulf) 2, (u1t)” 2 )
+ +
. _1 _l—a
< CM.c(s) min((u11)™2, (i)~ '7%).
Notice that by Lemma 4.7,
fe@.X) < Cfet.Y) if |X —Y|<(1+pu11)2.
Then we infer from Lemma A.10 that
% Zi |0afi(t) (11)1/2 <C(|Vzi 0,03 £ (1) min((pe17) ™ S un~ )+|Azj: lo,0s £ (6), (116 1/2)

< CMa(s) min((u11) "2, (u11) ™ 2°).
This proves the third inequality. O
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Proof of Theorem 4.3. For fixed v > 0 and p > 0, the local well-posedness of the MHD equations in
the weighted Holder spaces can be proved by using the semigroup method and the estimates of the heat
operator in the weighted Holder spaces (see the subsection on page 1394). Here we omit the details. The
local well-posedness of the linear equations (4-2)—(4-7) in the weighted Holder spaces is also true.

The proof of global well-posedness is based on a continuity argument. Let us first assume

M4 (s) < ey (4-26)
for €1 > 0 given by Proposition 4.2. This in particular gives

1Z20) % Bola e .10y 12 < 1
Our next goal is to show that
M (s) < C(M4(0) + (M4(s) + 2]/ 1) M—(s)), (4-27)
M_(s) < C(M-(0) + (M—(s) + |p2l/ 1) M+ (5)). (4-28)
With the above estimates, we can deduce our result if &, is taken small enough that

CMi(O)§C82<%81, C282<%.
This condition on &, implies that if M4 (s) < &y then M1 (s) <2CM4(0) < ¢;.
The proof of (4-27) and (4-28) is split into three steps.

Step 1: C 1 estimate for zil). For the system (4-4), we apply Proposition 4.2 to obtain

1
sup 1287 (O 1a: £ (0,02
0<t<s
< C (124 Olna o1 + A1 (s 1D 20,22 V20 4162 (). 0, £+, 6)).
By (A-5), we have

11D (). 2 )

1 (1
Lasg (0), (14 )1/2 = C|Z(—)(t)|1,a;f7(t),(1+mt)1/2|Z+ Ol1a; £4 0.0 +110172
S CMy(s)M_(s).

By (A-6) and Lemma 4.8,
‘Z(_z) . VZS_I)(I) + I(Z(_Z)(f)’ Zg-l)([))}o,a;f-i-(t)

1 _1
= C|Z£2)(t)|0,ot;1,(l+u,1t)1/2|Z-(|-)(t)|1,a;f+(t),(1+u1t)1/2(1 + )2

< CunM—(s) min((uat) ™2, (ui0) ™ 2 ) My ()(1 + par) "2

. 1 _1-8
< Cpy My (s)M_(s) min((n12) ™2, (1) ™' 72),
and obviously,

12+ (0)|1,0: £(0),1 = M+(0).
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Therefore, we obtain

sup |z{" Ol £4 @, 040172 < C(M4(0) + My (5)M_(s)).

0<t<s

Similarly, we have

sup (2001 g 1 ).+ < C(M=(0) + My (s)M_(s)).

0<t<s

Step 2: C 1% estimate for Jj(cl). For the system (4-5), we apply Proposition 4.2 to obtain

1
sup |JJ(r1)(t)|1’a;f+(t)’(m,)1/2 < C(|J+(O)|0,a;f(0) + Ao (s, vz A VZi),O,Z(_z) . VZSFI), f+.8))-

0<t<s
Thanks to the choice of weight functions, we have
- X) f+ (. X) = Cg(t, X).
Then by Lemma 4.8 and the analogue of Lemma 2.1, we have

1
RESINERIOIN weo.onnz = CIVZO0 air o, 21V Ol as 110, 000172

< CMi(s)M_(s).
1
22900y . .02 = ClZD Olo g (mt)l/2|VZ+ Olo.a; £ @,0010)172
< Cuy mln((le) S (i)™ 2)M—(S)M+(S)
and [J4(0)]o,a: r(0) < M+(0). Therefore, we obtain

sup 10Oy 0.0172 < C (M4 0) + My (5)M_(s)).

0<t<s

Similarly, we have

sup [T O s 1), a2 < C(M-(0) + My (s)M_(s)).

0<t<s

Step 3: C 1% estimate for v/ j:) For the system (4-7), we apply Proposition 4.2 to obtain

sup Wf)(l)h,a;fl(z),(mz)lﬂ ECAO(S,Hz(Z(_I),Z+)) TEVARE IEAN- )) 1222, f1, f2),

0<t<s

where we used the facts that w(z) (0) =0and f1+ = f1, and the decomposition of Jy in (4-6). We get
by Proposition A.6 and Lemma 4.8 that

2z @), 22 0) = 12T DO a1 0. 00000172

< CLED Ol o 0.2 VL Ol s 1y 0,0000172 + 120D Ol s 60, 010y172
S Cur My (s)M—_(s) + |2 | M—(s),
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and
2. 22 O)g s 1,0
< CIZ2Olo.as 11000107222 Ol s 110 ay 2+ 11872 (14 (11)~%)
< cpdmin((u) ™, ()R M_(5) M4 (9),

and
1_

. —1 _l-a
11222 D) o.a: £y 1) y0y1/2 < Cialpz] min((uat) ™2, (uat) ™2 ) M_(s).

This shows that

2
sup |W-(}-)(Z)|1,(x;f1 O.uni/2 < C (1 My (s) + [p2]) M—(s).

0<t<s

Similarly, we have

sup [V PO 4. 1, 00010172 < C (1 M_(5) + |12l ) M (s).

0<t<s
Summing up the estimates in Steps 1-3, we conclude (4-27) and (4-28). O
Appendix

Weighted C 1-* estimate for the integral operator. Recall that
Tiu é/ VN(X-Y)0(X =Y u(Y)dY, Tjw é/ 3;0; (VN(X —Y)(1-0(X —Y|))w(¥)dY,
R4 R4

where the cut-off function 6 is given by (3-9).

Lemma A.1. Letu,w e C ;l) “*(R2), with the weight h satisfying (2-1). Then there exists a constant C > 0
depending only on cq such that

[Tl g0 < Cluloan, 1Tijwliae < Clwlo:n,

h(Y)
X) = dy.
8(X) /Rd1+|X—Y|d+1 Y

where

In particular, we have
T+ Tijwliae < C(Julo.asn + wlo,n)-

Proof. Thanks to
C
Vk9;0; (VN(X =Y)-(1—0(|x — <— k=0,1,2,
‘ 1 j( ( ) ( (|X )’|))) — 1+|x_y|d+1
and h(X) < Cg(X), we get

VRT3 w (X)) ng(X)'%

0
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which in particular implies
w
|Tijw|1,¢x;g§C’E' . (A-1)
0
To deal with T7u, we decompose it as

+o00
Tiu=") Bi(u),

k=0
where

Bye(u) = /R X =Yu(Y)dY. g(X)=VNX)- (0Q°1X]) -0 X)),
To proceed, we need to use the simple facts
[ Joccolax scxi [ wacolixiax scrre [ Vg 0olxiedx < ek
’ ’ o (X)=0 f0r|X|>2,kZO[R§

Then we have

Bo()1 = [ leeX =Dllay | <ca ol (A2

:
Notice that

VB = [ VX =) (V) ~u(x)) v,
from which, we deduce

VBLGO(O| = [ 190X = )IX =¥ (OO + ) Y il = C2HH(lul e (A3)

Similarly, we have
V2 By ) (X)| < C2XU " R(X) ulo ;- (A-4)

It follows from (A-2) and (A-3) that

oo +o0
PLADICIEDY C2_kh(X)‘z‘ < Ch(X)‘E
k=0 k=0 hlo h

0

+o0 +o00
D IVB@)(X) = > C27R (X)) ulo.0 < Ch(X)[ulo,ash-
k=0 k=0

It follows from (A-3) and (A-4) that
|VBi(u)(X) = VB (u)(Y)| < C27%* (h(X) + h(Y))[u|g,a35 min(1, 2¥| X — Y ),

which gives

+o0 +o00
> V(Br)(X) = B@)(Y))| < C(X) +h(Y)uloan Y 27* min(1,2%|X — 1))
k=0 k=0

< C(h(X) +h(Y))[ulo,anl X = Y™
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Now we can conclude that

+00
> Be(u)

k=0

|T1u|1,0l;h = §C|u|0,oe;h- o

1,ah
Lemma A.2. It holds that
div (Tyu + Tjjw" ) + u
= /Rd VN(X —Y)-VO(X —Yu(Y)dY — /Rd 3;9; (VN(X —Y)-VO(|X —Y])w" (Y)dY.

Proof. With the notations in Lemma A.1, a direct calculation gives

div T;; (w) = —/d 9;9; (VN(X —=Y)-VO(|X —=Y)w" (Y)dY,

R

div By (u) = /Rd divor (X — Y)u(Y) dY,

where
div e (X) = VN(X)- V(02| X ) — 021X ) = ¢f (X) — 0, (X).
2k (2% X )
Pp(X) = VN(X)-VOQEIX]) = —ea—gmi— 2
Therefore,

N
div Z B (u)+u = fRd (05 (X=Y)—oxn  (X=Y))u(Y)dY +u(X)
k=0

= [ s x=vhumay= [ gi (X-Y)0)-u ) Y & I5~T
where we used [ps ¢ (X) dX = 1. Now,
[yl < [u]a/d oy (X =YX -Y|*dY = Clule2~ N -0
R

as N — +o0. This proves the lemma. |

We also introduce
T1(u, R) é/ VNX-Y)0(|X-Y|/RuY)dY,
R4
Tij(w,R)é/ 3;0; (VN(X —=Y)(1-6(|X —Y|/R)))w(Y)dY,
Rd

where N(X) is the Newton potential. Let R > 1. If h(X) < Coh(Y) for | X — Y| < 2R, then we can
deduce by following the proof of Lemma A.1 that

|T1 (u, R)|1,ot;g,R + |le (w, R)ll,oe;g,R = C(R2|u|0,a;h,R + |w|0;h)’
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where

_ h(Y)
g(X) = /[Rd RA+1 4 | X —y|d+1 dy.

Due to (4-25), we also have
RTNTL(u R) |10 £y, + 1T (W R)loas (6,8 < C (1uloa: £ 00,8 + R wlos )

for R = /1+ uqt.

In particular, we have
[T, W)y 02 (1), (141010)172
< C(( 4 1) Vulo g 1 @6, (1+101721 VW0, 10,141 00172 + oz @y [Wlos 7))

= Clulyg; £ 0,102 10 e - 0,110 1725
(A-5)

where g, fi+ are defined as in the subsection on page 1385.
For divu = divw = 0, we have

I(u,w) 2T (Biujajwi, R) + T;; w'w/,R)=0;T) (ujajwi, R) +Tj; u'w’, R).
Therefore, we deduce
_1
[, w)lo,e; £ (1) = Clulo,esr,(14y0)172 W 1as £y @), (14yy1 2 (L Y072 (A-6)

Weighted Holder estimates for the heat operator. Let H(t) be the heat operator given by

IX—Y|2

1
H(@) f(X) ::W/Rd e~ @ f(Y)dY :/Rd Kt, X —Y)f(Y)dy,

2
where K (¢, X) = (47rt)_% e~ Leta >0 and k € N. It is easy to verify the properties

IVKK(1, X)| < Ct 2 K(2t, X),

IVEK@ X)IX'|* < €1~ 5 K21, X),
(A-T)
VKK (1, X)—VEK(1,Y)| < Ct™" 2 K21, X)|X - Y|,

+1—«

IVEK (1, X) = VEK(@, )X < Ct— "2 K1, X)|X — Y|

forany X', Y € B(X, V/t). Here C is a constant independent of .
We introduce the seminorm

e sup O —u()]
" xyere (B(X)+h(Y))|X Y]
Then it is easy to check that

[losh < [u]§pluloy”  [Vulon < 2Mulisp. (A-8)
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Lemma A.3. Letu € C,?’a([R{d), with 0 < h < Co and o € (0, 1). Then there exists a constant C > 0
depending only on d, o, k such that, for k € N,
_k _k+1
IVEHOulo:m@nn < Ct 2 ulon, [VFHOW L HQHR <Ct™ 2 |ulop,
_k _ktl-«o
V¥ HOula:r@on < Ct 2 [uan,  [VSHOLEERS CE 2 (Mo
Proof. Thanks to (A-7), we have

IVKH @ u(X)| = ‘/Rd VEK@, X —Y)u(Y)dY

</ IVEK (@, X —Y)||u(Y)|dY

Rd

§Cz—’§/ KQt.X —Y)h(Y)dY |ulop
R4

< Ctr7 5 HQOh(X)|ulop,
which gives the first inequality.
If | X — Y| < /1, then we get by (A-7) that

|VEH (Ou(X) - VEH@Ou(Y)| = U (VEK(@t, X —X') = V*K@, Y — X )u(X') dX’
R4
5/ IVEK(t, X —X') = VFK(@, Y — X")|[u(X")| dX’
R4
_k+£1 ’ / ’
<Ci™ 2 |X—Y|/ KQt, X — X Yh(X") dX'|ulo.p
R4
k+1
<Ct7 2 [X =Y[HQt)h(X)|ulo;p
andif | X =Y | > J/t, then
\VEH(Ou(X) - VEH@Ou(Y)| < IVFH@Ou(X)| + |VFH(@Ou(Y)|
< Ct™S HQO(X)ulo + C1~3 HRO (Y uloy,

<Cr X —Y|(HQOKX) + HQ)R(Y)) oz,
which imply the second inequality.
Forany X,Y € Rd, we have

\VEH(Ou(X) - VEH@Ou(Y)| = V VEK(@, Xu(X — X') dx/—/ VEK@, X u(Y —X')dX'
R4 R4
5/ IVEK (@, X)) [u(X = X") —u(Y — X")|dX’
R4

SCr—’E/ KQt, XY (h(X = X")+h(Y — X)) dX'|X =Y |*[ulg:n
R4

< C1™5(HQRO(X) + HRO(Y))|X = Y [*[ulas.
which gives the third inequality.
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Forany X,Y € R? if |X — Y| < +/7, we take Y’ € B(X, 4/1) so that

h(Y") KQt, X —X)dX' < / KQt, X — XYh(X)dX' < HQ2t)h(X),
B(X,/) B(X,/1)

which gives h(Y’) < CH(2t)h(X). Then we deduce, for | X — Y| < /1,
IVEH@Ou(X) = VFH@Ou ()|
- ‘/Rd (VEK(t, X —X") = VFK(@, Y — X)) (u(X") —u(Y")) dX’
< /Rd IVEK(t, X = X') = VFK (@, Y — X))||u(X") —u(Y")| dX’
< fRd IVEK(t, X —X') = VEK@, Y = X")||X" = Y'|*(h(X") + h(Y")) dX[ulazn

k+1—a

<Ct 2 |X—Y|/ KQt,X = X")(h(X")+h(Y") dX [uly:n
Rd

k41—«

<Cr 2 X = Y[(HROK(X) + h(Y')) [0z

_kt+l—a

Ct™ 2 |X —Y|HQ)h(X)[ulg:p.

While, if | X — Y| > /7, then

\VEH(Ou(X) — VEH@Ou(Y)| < Ct™5 (HQNh(X) + HRORY))|X = Y [* [l

ktl—a

<Ct™ 2 (HQOIX)+ HQ)hX))|X =Y |[u]a:n-

This proves the fourth inequality. O

Lemma Ad4. Lety >0, k >0,andu € Cl?’a(Rd), with0 < h < Cy. Let R > /t > 0. Then there exists
a constant C > 0 depending only on d, o such that

¢a(R)

[HOuly o monn.vire < Cluly gnvee HOUlLe:HEHRR=C = Julo,quhs
@Ok b 0a (V)

where ¢q(R) = max(R, R1T9).

Proof. By Lemma A.3 and (A-8), we have

|H(ulo;H0n < Clulon,  [HOulw:aR < Clulan,  1HOuloa:H208 < Cluloa;h

11—

. 1 — Lo, 11—«
\VH()ulo;mr2e0n <min(Ct ™2 u|gp, Ct™ 2 [ulgyp) < Cmin(t~2,17 72 )|ulog:n
. _lta _1 . _Ita 1
[VH(t)u]oc;H(Zt)h = mm(Ct 2 |u|0;h’ Ct 2 [u]oc;h) <Cmin(t” "2 ,¢ 2)|“|0,oc;h-
Due to VH (¢t)u = H(t) Vu, we have

IVH®Oulo,zg2oyn < ClVulon,  [VH@Oule;mHeon < C[Vlg:n.
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Therefore,

|H(Ouly o gann.ver = HOulo,q; HCOR +maX((k +0)2% (k +02)VHOulo;roh
+max((k +0)2, (k +6) 2 [VH(t)ul, {H(@21)h
< Clulo,e; h + max(kT k2)|V H (t)ulo, H @0
+max(t 2*,12)|VH(t)ulo, (H(2t)h +max(k 3,k 3V H(Ouly, HQ1t)h
+max(e2, ¢ 2%V H()ulas i
< Clulo,ash + C max(k 2% k2)|Vaeloyy + Clulo s
+C max(k2, k" 2) [Valgsh + Clulo.asn
= Cluly g vz
which gives the first inequality. Also,
|H(0)ul1 a; 10 R = | HOUloo: m@n+max(R'™, R)(|VH ()ulo;men+ R [VH Ol H26)h)
< Clulo,q:n+max(R, R™**) (1 _%|VH(I)M|0~H(2t)h+[VH(l)u]a;H(2z)h)
< Clulo,a;n +C ¢ (R) min(z ™~ A 2)|M|0 ash

§0a()|| N
RN B

which gives the second inequality. O

Riesz transform in the weighted Holder spaces. Throughout this subsection, we take f, f1, f+ to be
as in the subsection on page 1385. We need the following property for the weight functions.

Lemma A.5. Forh =1, f1(¢), f(t), and f1(t), we have
R_d/ h(Y) f1(.Y)dY < Ch(X)min(R™?, (1 + ult)_%). (A-9)
B(X,R)
Proof. The case of h = 1 follows from (4-23). We define
p1(X) = x2],  pa(X) = |(x1.x2)] for X = (x1....,x4) € R,
Then by (4-21), for h = f1(¢) if p1(X) = 2R or p;(X) <2./1 4+ u1t, we have
h(Y)<Ch(X) for|Y —X|<R,

which gives,

R_d/ hY) L@ Y)dY = CR‘d/ h(X) f1(t, Y) dY < Ch(X) min(R™%, (1 4 p11)™2).
B

R B(X,
Using (4-20), the above inequality holds for A = f(¢) if p2(X) = 2R or p2(X) <2/1+ pu1t.
For the case h = f1(¢), if 2/1 + p1t < p1(X) < 2R, then by (4-21),

hX)>Clo1(X)>CT'R™S, h(Y)fi(t,Y) < Co1(Y)? = Cp1(Y) ™%,
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which imply

R4 / h(Y)fi(t,Y)dY <CR™“ f p1(Y) 2 dYy <CR™ <Ch(X)R™C.
B(X,R) B(X,R)

For the case h = f(t), if 2/1 + 1t < p2(X) < 2R, then by (4-20),
_ _ 11— _1_ _1_
h(X)=Clpa(X) = CTIR™IE h(V) 11 Y) < Cor(Y)ga(Y) = Clyi |72 78 |ya] 7275,
which imply
R—d/ h(Y)fit,Y)dY <CR™'"2 <Ch(X)R7S.
B(X,R)

Thus (A-9) is true for h= f1(¢), f(¢). The case h= f1 (¢) follows from the case i = f(¢) by translation. [
Proposition A.6. It holds that
|[M, R; R;] akw‘l,a;fi(,),(m,)l/z = C|u|1,a;f:|:(t),(l+ult)1/2|w|1,0£;f1 ®),(n1)1/2>
|Ri Rj (uw)|o,a; £,y < C(1+ ) (1 + (Mlt)_%)|u|0,a;f1(t),(,ult)l/2|w|0,a;f1(t),(u1t)1/2'

The proof of the proposition is very complicated. Let us begin with some reductions. For fixed i, J,

8‘. o
Riij(X)Jr%w(x):—p.v./daiajN(X—Y)w(Y)dYé > R (w).
R n=—oo
where

Ry == [ ou(X=vouer)ay,

with ¢, (X) = 9;9; N(X)(6(2"|X|) — 6(2"*!|X|)). Therefore,

o0
[w. RiRj)pw = > [u, R};] Opw. (A-10)

n=—0oo

Lemma A.7. For h =1, f1(t), f(t) and f+(t), it holds that

_$
|R; R; (“)|0,ot;h,(1~l—//«1t)1/2 <C+p11)2 |u|0,a;hf1(t),(1+M1t)1/2'
Proof. Notice that

/Rd on(X)dX =0, suppg, C B(0,217™)\ B(0,2717"), |Vig,| <C2"@*+D 1 =0,1,2.
We deduce from Lemma A.5 that
|R; () (X)] < /Rd lon (X =Y)|R(Y) f1(t,Y) dY |ulonp o)
et [ AT oar = CPIHOMloann,

For X € R4,
R{’j(u)(X)=—/ on(X =Y)(u(Y)—u(X))dY,
R4
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which along with (4-24) gives
|RY; () (X)| = /Rd |on (X = Y)|(h(X) +h(Y DX =Y |* dY [ula;n

< C2n(d—a)/

(h(X)+h(Y))dY [ulg;n < C27"*h(X)[ulg:p-
B(X,21-1)

By (4-21), we have

-3 _a+é
[Ula;n < CA+ 1) 2[ulasng ) < CA+ 11”2 [ulo ginfy @), (14012)1/2

Thus, we can conclude

oo

IRiRj)(X)| < D[R )(X))

n=—0oo

o0
. _ _ats
< > Cmin(2". 27U+ )T 2 ) RO ulg g gy (6,14 a0)1/2

n=—oo
_3
< C(L+ p1t) 2h(X) ulo q:nf, (1), (141011)1/2-
For any X, X’ € R?, with | X — X'| <27",

| R (w)(X) = R () (X1)| < /Rd\wn(X—Y)—wn(X'—Y)\(h(X)+h(Y))|X—Y|°’dY[u]a;h

< Cz”<d+1—“)|x—x/|/3 )(h(X)+h(Y))dY[u]a;h

(X,21_”
< C2MImO X — X (X)) [u] g

which gives, for any X, X' € R4,
| R (u)(X) — R (u) (X)) < C27"* min(1, 2" X — X"[)(R(X) + 7(X") [u]as-
Then we have

|Ri R ()(X) = Ri R )(X)| < D[R} (w)(X) — R (w) (X))

n=—0oo

o0
< Y C27"min(1,2"X = X'|)(h(X) + h(X"))[u]azn
n=-—00
< C|X = X'|*(h(X) + h(X"))[U]ash,
which implies [R; Rjulq.n < C[u]g;n. Thus,
|Ri Rj ()]0 a:h (1410100172 = |Ri Rj () |o;n + (1 + w10 2 [Ri Rjulgsn
_38 o
<CA+ p1) "2 ulo g:nfy@),(14mnr/2 T A+ p10) 2 [u]g;n
_3s
< CA A+ p10) "2 [ulo asnf (1),(14+11)1/2>

which gives our result.
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Lemma A.8. For! =0, 1, it holds that
[V, RE1ew(X)| < C2"2| Vg, p(x g1-ny[Wla.

Proof. Thanks to
[, R} ] 0w (X) :/Rd(Pn(X_Y)(U(Y)_u(X))8kw(Y)dY

=/d3k<pn(X—Y)(M(Y)—M(X))W(Y)dY—fdqon(X—Y)3ku(Y)W(Y)dY, (A-11)
R R
we deduce that

[, R} ] dpw(X)| < /Rd 10k on (X =YX =Y |dY|Vulp.px,21-m)|Wlo; Bx,21-1)

+ [ lonX =Y)1 Y Dulopgrar -l looran

< C|Vuly.gx 21-n)lwlo: B(x,21-7)>
Thanks to

Viu, Rj5]0pw(X) = /Rd Vrgn(X=Y)u(Y)—u(X)w(¥)dY
—Vu(X) /Rd 0 Pn (X—Y)w(Y)dY—/Rd Voo (X=Y)oru(Y)w(Y)dY, (A-12)
we can similarly deduce that
|VIu, R 9w (X)| < C2"Vulg, px,o1-m) Wl p(x,21-n)-
As [u, R;’.] orw = [u, Rl'-"] 0 (w —w(X)), we have, for/ =0, 1,

V! [u, R” L] 0w (X)) < 2" |Vul,, B(x,21-m) W —w(X) o, Bx 21-7) < 2"Vl :B(X,21-m)[W]a-
O

Lemma A9. If [uly o.p (1400172 = W a; (), (uin)172 = Lfor k=1, f1(2), f(t) and fi (1), then we
have

|07 [, RS] 0w (X)| <Ch(X)A + i)y~ 2" * min(27079 277 (11)73).

1+86+to
2

|[u. R}, ] dw(X)| < Ch(X) min(2”8(1 )T 27 (L ugt)”

Proof: As [uly o.n, (14100172 = W a; £, (1), (i )72 = 1, we have
O <h(X).  [VuX)| <hX)(1+pi0)72, [wX)] < fit. X).
Using f1(¢, X) <C(1 + ;th)_%, we also have
[wlo < C(1+ D73, [wla <C(1+w)—% |Vw|o<C(1+w)—%(u1z)—%

[Vwle < CO+ pat) ™% min((at) ™2, (uat) ™ 3%) < CA+ par)™ 2 (uar)~3,
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and
_ _3 _a
[wle < Clwlg ™ Vw|§ < C(1+ 1) ™2 (1) 2.
Therefore

[wle = CO+ a0y~ 8 min(1, gun)™%) < C(1+ ™3
Then we deduce from (A-11) and Lemma A.5 that, for 27" > /T + u1t,
[, R 0jw(X)|
< [ e X=DIBEO+RID AC Y)Y + (400 [ lon(X=VIND) fi0.Y) dY
N R

< C2n(d+1)/

(h(X)+h(Y)) A, Y)dY +C(1 —I—,ult)_EZ"d/
B(X,21—1)

h(Y)f1(t,Y)dY
B(X,21—1)

< C2" U (X)) C(1+ prt) 22" h(X)
< C(14p11) 22" h(X).

For 27" < /1 + pu1t, we have
1
[Vulo, p(x,21-n) < [Vlosn, Bx 21—y 1lo;B(x 21—y = CA(X) (1 + pat) ™2,
where we used the fact that / satisfies (2-3) with R = /1 4+ pq¢. Similarly, we have

_1ta
[Vulg;x,21-n) = [Vilagsn,Bx,21-mlo;Bx 21—y < Ch(X)(1+ p1t)” =

Then we get by Lemma A.8 that

1+6+a
[, R 8w (X)| < C2"h(X)| Vel o, g x p1-my[wla < C2"h(X)(1+pat) ™ 2
which gives the first inequality of the lemma.
Similarly, by (A-12) and Lemmas A.5 and A.8, we can deduce
1+8+4«

101 [u, R dpw(X)] < Ch(X)2" min(2"8 (14 j10) 72,27 (1 4 pyt) ™ 2 )

< Ch(X)2"0 = (1 4 )~

On the other hand,
Oru, R3] 0pw(X) = /Rd A1@n (X =Y)(u(Y)—u(X)) 3kuJ(Y)dY—31u(X)/Rd ¢n(X=Y) dpw(Y)dY
2 [u, 9, RE] dpw(X)+9,u(X)RY dw(X).
From the proof of Lemma A.7, we can see that

IRY dw(X)] < C27 [gwly < C2 (14 uat) ™ 2 i) 2.
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By (4-24), we deduce that, for 27" > /T + uqt,
|[u. 9 R ] dpw(X)| < /Rd 10100 (X = Y)| (lu(Y)| + [u(X)]) [0 w(Y)| dY

< 2@ 4~ / (h(Y) + (X)) dY
B(X l—n)

<C2(1+ mz)—%(w)—%mm
<2+ pt) 2 () Eh(X).
For 27" < /1 + u1t, using the formula
1.0 R 0w (X) = [ B10n (X = V)0(Y) = uCO)Gew(¥) = 0w (X)) dY
4000 [ (X = V)@u¥) = () Y.
R
we deduce that
b 3R 9000 < [ 100X =YX = ¥ [ QY [Vl pix a1y Brule
+ |8kw|0/R (pn(X—Y)|X—Y|“dY[Vu]a;B(X,21—n)
< C2R(X) (14 ) (4 )™ 3 ()3
1
+C(L+ 1) 3 () 327X (L + par) ™ 2
< COMRX) (14 i)™ ()72
This shows that
01 . R dw ()|
< |[u.0; R}, ]akw(X)|+}a,u(X)R w(X)|
< COMR(X) (14 pat) ™2 (uat)™F + ChX) A+ pat) 3271 4 pat)™ 5 (i)™
< C2 R (14 pat)™ 2 ()73,
which gives the second inequality of the lemma. O

Using the formula
Om[u, 9 RY;] O w(X)
= /Rd Imd19n (X = V) (Y) —u(X)) dpw(Y) dY —3mu(X)/Rd dyon(X =Y) dw(¥)dY,
we can also deduce that
[l 3 RET 0w (X)| < €27 OO R(X) (1 + )™ 2 (uar) 72 (A-13)

Now we are in position to prove Proposition A.6.
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Proof. We get by Lemma A.7 with h = f1(¢) that
|Ri Rj (uw)lo,a; (1) < C(1 + Mll)_%|Mw|o,a;f1(z)2,(1+mt)1/2
< C(1+ )21+ (i)™ Huwlg g, 1,02, (uyy12
<C+ ) 21+ (Hlt)_%)|u|0,a;f1(t),(mt)l/z|w|0,a;f1(t),(,u1t)1/2’

which gives the second inequality of the proposition.
For the first inequality, without loss of generality, we can assume

]y an 10172 = We (). i1z = 1.
where h = fi(¢).

First of all, by Lemma A.9, we have

[ Ri Ri)ew(X)| < Y |[. R ] 0w (X))

n=—oo

oo
=C Y h(X)min(2"(14+pu10) 72,27 ) < ChOO I+~ E,

n=—0oo

and
o0

|07 [, Ri Rj] pw(X)| < > |9 [, R] 9w (X)]

n=—oo
<C Z R+ 10)™ 2 min(2779) 27n(yy,1)~3)
n=—oo

< ChX)(L+min)™ 2 (ui)~ 2"

Now we consider X,Y € R?, with |[X — Y| < /T + j11. It follows from Lemma A.9 that
[, R 10w (X) — [u, R 0w (Y)| < Ch(X)27"*(1 + pat) ™ e min(1,2"|X —Y),
where we used the fact that / satisfies (2-3) with R = /1 + u¢. Therefore,
o0

[u, Ri Rj] dxw(X) — [u, Ri Rj] dpw(Y)| < Z [, R 3w (X) — [u, R;] dw(Y)]

n=—0o0o

<C Z R(X)27 (1 4 )™ 2 min(1,2"|X — Y|)

n=—oo

< Ch(X)(1 + pat
We write
01U, RiRj] 0w = [u, 0 R; Rj] 0rw + 0ju R; R 0w,
where
o0
(.0 R Rj] 0w =Y [u. 0 R};] Opcw.
n=-—00

We get by Lemma A.9 and (A-13) that
[, 0; R} ] 8w (X) — [, 8; R dpw(Y)| < Ch(X)27"%(1 + w1t)” 2 (i) min(1,2" X — Y)),
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which gives
|, 37 R; R;] 9 w(X) — [u, 9 R; R] 8kw(Y)\

< Z |, 1 R};] 0 w(X) — [u, 3, R, ]3kw(Y)|

n=—oo

<C Z R(X)27"%(1 4 uat)™ 2 ()2 min(1,2"|X — Y))

n=—00o

<ChX)(1+ )™ 2 () 2| X — Y |°.

By
10kwlo.0: £1 (0, (1tpa /2 < (1 (w10 2) 0wl 4. 1, (r) (;,th)l/2
< (14 (un)~ ) min((uin) ™2, (u16)"2) < 2(uit) "2,
we infer from Lemma A.7 that

|0ju R; R; akU)|0,a;h,(1+mt)l/2 = C|8lu|0,a;h,(1+u1t)1/2|RiRj 8kw|0,o¢;1,(1-i-//«1t)1/2
_1 _$
< C(1+ pt) 2(1 + 1) 2 [0 Wl qsh, (1411 1)1/2

<C(+mn~ = (le) 5,
and

[0;u Ri Rj dxw]e;n = C(1 + )T ()R
This shows that
|91 [u, Ri R;] 9w (X) — 3y [u, R; R;] dpw(Y)| < Ch(X)(1 bt ) X — Y
For the case X, Y € RY, with | X — Y| > /T+ 17, we have
[, Ri Rj] 3w (X) — [u, R R;] dw(Y)| < C(A(X) +h(Y))(1 N
< C(h(X)+h(X))(A + pt

and
|97 [u, Ri Rj] 0w (X) — 8;[u, Ri R;] w(Y)| < C(h(X) + h(Y))(1 ) T2
< COX) +h(Y)( + )™ 2 ) 2 X =Y |2
In summary, we conclude
|, Ri R 0wy 4 19172
= [[u. Ri Rj] dw]y ), +[[u. Ri R;] 0gw],, .,
+maX((M1t)l_Ta,(,lel‘)%)ﬂv[uaRiRj]akw‘o;h‘i‘(ﬂlt)%[v[u’RiRj]akw]a;h)

+8+o¢

<C4pmn)3 +C(1+M11)_

+Cmax((10) 2, ) ()™ 2 )™ 2 4 un Armn ™ 2 () 3) <C.
which gives the first inequality of the proposition. O
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Weighted Schauder estimate. Let h(X) be a positive bounded weight satisfying
h(X) <Coh(Y) for|X—Y|<2R, R>0.
Lemma A.10. Letu € C hz *(RY). Then we have
IV2ulo.an,k < C(|Vttlo g min(R™H¥, R™Y) + [Aut]o a0, R)-
Here C is a constant depending only on Cy.
Proof. Fix X € R? and consider the function w(Y) = u(Y) —u(X) — (Y — X) - Vu(X). So,

Viw=V2u, Aw=Au, |Aulog:px2R).R=<2Coh(X)|Aulo g g
where

ulo.0:Bx2R).R 2 [Ulo;B(x,2R) + R*[M)a;B(X.2R)-
As Vw(Y) = Vu(Y) — Vu(X), we have for | X — Y| < 2R,
IVw(¥)| = [Vu(Y) = Vu(X)| < (h(X) + h(Y)IX =Y [*[Vulo,an < 4Coh(X)R* [Vulo g:,
IVw¥)[ = [Vu(¥)| + |[Vu(X)| = (h(X) + h(Y))|Vulo,a;n < 2Coh(X)|Vulo,a:h-
This shows that
IVwlo.p(x,2R) < 4Coh(X) min(R%, 1)|Vulg g4
from which and w(X) = 0, we infer
lwlo:B(x.2R) < 2R|VWlo:B(x.28) < 8Coh(X) min(R' ¥, R)|Vulg 4:p.
Then by the (scaled) Schauder estimate, we obtain
IV2wlo.a:8x,R),R < C(R™?|wlo;B(x,2R) + |AWl0,0;B(X,2R),R)
< Ch(X)(min(R™"*, R™")|Vulo s + |Auloan r) & Ch(X)A,
which in particular shows
IV2u(X)| = [V2w(X)| < [V?wlo.e:8x,R).R < Ch(X)A.
On the other hand, if |Y — X| < R, then
[Vu(X) = V2u(Y)| < |X =Y |*R™*|V?wlo,a;8(x,R),R < Ch(X)A|X —Y|*R™°,
and if |Y — X| > R, then
|V2u(X)—V2u(Y)| < |[V2u(X)|+|Vu(Y)| < Ch(X)A+Ch(Y)A < C(h(X)+h(Y ) A|X —Y |*R™™.
This gives
|V2“|O,a;h,R = |V2“|O;h + Ra[vzu]a;h <CA. U
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