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THE A~-PROPERTY OF THE KOLMOGOROV MEASURE

KAJ NYSTROM

We consider the Kolmogorov—Fokker—Planck operator

m

K:= i By + Y Xidy, — By
i=1

i=1

in unbounded domains of the form

Q= {(x, Xp, ¥, Yms ) € RN | x> ¥ (x, y, 1))

Concerning ¥ and €2, we assume that 2 is what we call an (unbounded) admissible Lipg-domain:
Y satisfies a uniform Lipschitz condition, adapted to the dilation structure and the (non-Euclidean) Lie
group underlying the operator K, as well as an additional regularity condition formulated in terms of
a Carleson measure. We prove that in admissible Lipg-domains the associated parabolic measure is
absolutely continuous with respect to a surface measure and that the associated Radon—-Nikodym derivative
defines an A, weight with respect to this surface measure. Our result is sharp.

1. Introduction

A major breakthrough in the study of boundary value problems for the heat operator

m

Hi= Y gy — 0, (1-1)
i=1

in R+ m > 1, in (unbounded) Lipschitz-type domains
Q={(x, xpm, 1) eR" | x, > ¥ (x, 1)}, (1-2)

was achieved in [Lewis and Silver 1988; Lewis and Murray 1995; Hofmann and Lewis 1996; Hofmann
1997]; see also [Hofmann and Lewis 2001b]. In these papers the correct notion of time-dependent
Lipschitz-type cylinders, correct from the perspective of parabolic measure, parabolic singular integral
operators, parabolic layer potentials, as well as from the perspective of the Dirichlet, Neumann and
regularity problems with data in L? for the heat operator, was found. In particular, in [Lewis and Silver
1988; Lewis and Murray 1995] the mutual absolute continuity of the parabolic measure, with respect
to surface measure, and the Ao-property was studied/established and in [Hofmann and Lewis 1996]
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the authors solved the Dirichlet, Neumann and regularity problems with data in L2 The Neumann and
regularity problems with data in L? were considered in [Hofmann and Lewis 1999; 2005]. For further
and related results concerning the fine properties of parabolic measures we refer to the impressive and
influential work [Hofmann and Lewis 2001a].

The assumptions on the time-dependent function i underlying the analysis in all of the papers
mentioned can be formulated as follows: there exist constants 0 < M1, M, < oo such that

1Y (x, 1) — Y (X, 1) < My(]x — |+ |t — 1'% (1-3)

whenever (x, t), (X, f) € R™ and such that

_ r o dx df d
SUP(y pyepm o0 Y / f w(x,m))zT < M,. (1-4)
0 JB;(x,t)

In (1-4), B).(x, t) is the parabolic ball centered at (x, t) € R™, with radius A, and

Yo (X1, 4) = <r(m+1>/
B; (%,1)

where P € C;°(B1(0, 0)) is a standard approximation of the identity, P; (x, 1) = A~ DD A7),
for A > 0, and P, (V,¥) denotes the convolution of V.1 with P,. Inequality (1-3) is sufficient for the
validity of the doubling property of the caloric/parabolic measure, while the additional regularity imposed

Y&, 1) =y (& 1) = Pu(Va ) (F, D (x = F)
A

2 1/2
dx dt) . (1-5)

through (1-4) is necessary and sufficient for the A.,-property of caloric measure, with respect to the
surface measure do; dt, to hold: this is a consequence of [Lewis and Silver 1988; Lewis and Murray
1995; Hofmann 1997; Hofmann et al. 2003; 2004].

In this paper we initiate the corresponding developments for the Kolmogorov—Fokker—Planck operator

m m
K=Y O+ Y xidy, — 0, (1-6)
1 i=1

i=

inRVtL N =2m, m>1, equipped with coordinates (X, Y, ) := (X1, ..., Xpm, Y1, ---» Ym, 1) ER"XR" xR,
in unbounded domains of the form

Q= {(x, Xm, ¥, Y, ) € RV o > Y (x, y, 1)), (1-7)

The function ¥ : R"~!x R"~!x R — R is, for reasons to be explained, assumed to be independent of the
variable y,,.

The operator I, referred to as the Kolmogorov or Kolmogorov—Fokker—Planck operator plays a
central role in many application in analysis, physics and finance. K was introduced and studied by
Kolmogorov [1934] as an example of a degenerate parabolic operator having strong regularity properties.
Kolmogorov proved that K has a fundamental solution I' =T'(X, Y, ¢, X , Y , ) which is smooth on the
set {(X,Y,t) # (f, Y, 1)}. As a consequence,

Ku=feC® = ueC™® (1-8)
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for every distributional solution of Ku = f. The property in (1-8) can also be stated as

K is hypoelliptic; (1-9)

see (2-3) below.

Kolmogorov was originally motivated by statistical physics and he studied /C in the context of stochastic
processes. Indeed, the fundamental solution I'(-, -, -, X , Y , ) describes the density of the stochastic
process (X;, Y;), which solves the Langevin system

~

dX, =~2dW,, X;=X,

~ (1-10)
dY[:Xtdt, Yi’:Y,

where W, is an m-dimensional Wiener process. The system in (1-10) describes the density of a system with
2m degrees of freedom. Given Z := (X, Y) € R>", the variables X = (xq, ..., Xx,) and Y = D1y e Ym)
are, respectively, the velocity and the position of the system. The model in (1-10) and the equation in
(1-6) are of fundamental importance in kinetic theory as they form the basis for Langevin-type models
for particle dispersion, see [Bernardin et al. 2009; 2010; Chauvin et al. 2010; Bossy et al. 2011; Pope
2000], but they also appear in many other applied areas including finance [Barucci et al. 2001; Pascucci
2011], and vision [Citti and Sarti 2006; 2014].

In this paper we are concerned with the solvability of the Dirichlet problem for the operator K in
unbounded domains of the form (1-7), and throughout the paper we will assume that €2 is a Lip-domain
in the sense of Definition 1.1 below. Given ¢ € C(9€2) with compact support, we consider the boundary
value problem

{ICMzO in Q, (1-11)
u=¢ onadL.

Using the Perron—Wiener—Brelot method one can prove the existence of a solution to this problem and,
in the sequel, u = u, will denote this solution to (1-11). Using the results of [Manfredini 1997], and
assuming that €2 is a Lipx-domain in the sense of Definition 1.1, it follows that all points on €2 are
regular for the Dirichlet problem for K, i.e.,

lim  uy,(Z,t) =¢(Zo, tp) forany ¢ € C(3%2) (1-12)

(Z,1)—(Zy,10)
(Z,1)e2

whenever (Zy, ty) € 02. Moreover, there exists, for every (Z,t) € 2, a unique probability measure
w(Z,t,-) on 92 such that

u(Z, 1) =/ o(Z, Ddw(Z,t, Z, 7). (1-13)
Q2

We refer to w(Z, t, - ) as the Kolmogorov measure, or parabolic measure, associated to /C, relative to
(Z,t) and Q. In this paper we are particularly interested in scale- and translation-invariant estimates
of w(Z,t,-) in terms of a (physical) surface measure, do, on dQ2. In particular, assuming that 2 is
an admissible Lip,-domain in the sense of Definition 1.1 below, we establish a scale-invariant form of
mutual absolute continuity of w(Z, ¢, - ) with respect to do on 9€2.
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Despite the relevance of the operator X to analysis, stochastics, physics, and in the applied sciences,
the analysis of its properties is in several respects fundamentally underdeveloped. Indeed, geometry, the
fine properties of the Dirichlet problem in (1-11) and the Kolmogorov measure, the boundary behavior
of nonnegative solutions and the Green function, are currently only modestly studied and explored in
the literature. One reason for this may be the intrinsic and intricate complexity built into the operator }C
through the lack of diffusion in the coordinates (y, ..., y;,) and through the presence of the lower-order
drift term ) ", x;d,, — 9;. These two features of X, which make this operator decisively different from
the heat operator 7, have the consequence that the Lie group of translations (R¥*!, o) underlying K is
different from the standard group of Euclidean translations and that already fundamental principles like
the Harnack inequality and the construction of appropriate Harnack chains under geometrical restrictions
become issues; see [Nystrom and Polidoro 2016].

To briefly outline the current state of the literature, in our context, it is fair to mention that the first
proof of the scale-invariant Harnack inequality, which constitutes one of the building blocks for our
paper, can be found in [Garofalo and Lanconelli 1990]. In that paper the Harnack inequality is expressed
in terms of level sets of the fundamental solution; hence it depends implicitly on the underlying Lie
group structure. This fact was used in [Lanconelli and Polidoro 1994], where the group law, see (1-15)
below, was used explicitly and the Harnack inequality, in the form we use it, was proved for the first time.
The Perron—Wiener—Brelot method in the context of the Dirichlet problem in (1-11), as well as criteria
based on which boundary points can be proved to be regular, were developed in the important work
[Manfredini 1997]. In [Cinti et al. 2010; 2012; 2013], the author, together with Chiara Cinti and Sergio
Polidoro, developed a number of important preliminary estimates concerning the boundary behavior of
nonnegative solutions to equations of Kolmogorov—Fokker—Planck type in Lipschitz-type domains. These
papers were the result of our ambition to establish scale- and translation-invariant boundary comparison
principles, boundary Harnack inequalities and doubling properties of associated parabolic measures,
results previously established for uniformly parabolic equations with bounded measurable coefficients
in Lipschitz-type domains, see [Fabes and Safonov 1997; Fabes et al. 1986; 1999; Safonov and Yuan
1999; Nystrom 1997; Salsa 1981], for nonnegative solutions to the equation Xu = 0 and for more general
equations of Kolmogorov—Fokker—Planck type. In [Nystrom and Polidoro 2016], the author together
with Sergio Polidoro took the program started in [Cinti et al. 2010; 2012; 2013] a large step forward
by establishing several new results concerning the boundary behavior of nonnegative solutions to the
equation Ku = 0 near the noncharacteristic part of the boundary of local versions of the Lips-domains
defined in Definition 1.1 below. Generalizations to more general operators of Kolmogorov—Fokker—Planck
type were also discussed. In particular, in [Nystrom and Polidoro 2016] scale- and translation-invariant
quantitative estimates concerning the behavior, at the boundary, for nonnegative solutions vanishing on a
portion of the boundary were proved as well as a scale- and translation-invariant doubling property of the
Kolmogorov measure. The results in that paper are developed under the regularity condition stated below
in (1-25) in Definition 1.1; in particular, for reasons that they explain in detail, the results, including the
translation-invariant doubling property of the Kolmogorov measure, were derived using the assumption
that the defining function for 2 in (1-7), ¥, was assumed to be independent of the variable y,,. This



THE Aoo-PROPERTY OF THE KOLMOGOROV MEASURE 1713

assumption gave us a crucial additional degree of freedom at our disposal when building Harnack chains
to connect points: we could freely connect points in the x,,-variable, taking geometric restriction into
account, accepting that the path in the y,,-variable will most likely not end up in “the right spot”. This is
one reason why we also in this paper consider domains which are constant in the y,,-direction.

The main achievement of this paper is that we take the analysis in [Nystrdom and Polidoro 2016] one
step further by proving, see Theorem 1.6 below, that if €2 is an admissible Lipx-domain with constants
(M1, M>) in the sense of Definition 1.1 below, then w is mutually absolutely continuous with respect to
a (physical) surface measure o on €2 and @ € A (9€2, do’) with constants depending only on N, M,
and M>. This gives a generalization of [Lewis and Silver 1988; Lewis and Murray 1995] to the operator K
and in the case of graphs which are independent of all y-variables, our assumptions coincide with the
geometrical conditions underlying [Lewis and Silver 1988; Lewis and Murray 1995; Hofmann and Lewis
1996; Hofmann 1997]; see (1-3) and (1-4) above.

1A. Notation. The natural family of dilations for K, denoted by (8,),~0, on R¥*! is defined by
8(X, Y, ) =(rX, r’Y, r?t) (1-14)

for (X,Y,t) e RN +1 7 > 0. Due to the presence of nonconstant coefficients in the drift term of /C, the
usual Euclidean change of variable does not preserve the Kolmogorov equation. Instead the Lie group on
RN+ preserving Ku = 0 is defined by the group law

(Z, D)o (Z,)=(X,Y,Do(X, Y, ) =X+ X, Y+Y —tX,7+1) (1-15)
whenever (Z, 1), (Z,7) € RV+!. Note that

Z, D '=X, Y, N = (=X, -Y —1X, —1), (1-16)

and hence
Z.D o Z, =X, Y, D) o X, Y. ) = (X=X, Y -Y+(t-DX,t —17) (1-17)
whenever (Z, 1), (Z,7) € RV*L Given (Z, 1) = (X, Y, t) € RV ! we let
IZ. Ol =X Y. 0l ==X, D+ 11]"% (X, V)] =X]+|¥]' (1-18)
Note that |8, (X, Y, 1)|| = r|(X, Y, 1)|| when (X, Y, 1) € RV*L r > 0. We define
d(Z,0),(Z, D) :=5(1Z, D7 o (Z, DI+ 1(Z, 0 o (Z, D). (1-19)

Then, as discussed in the bulk of the paper, d is a symmetric quasidistance on R¥*!. Based on d we
introduce the balls
B.(Z.t):={(Z.1) e RV d((Z. D). (2, 1) <) (1-20)

for (Z,t) e R¥*! and r > 0. The measure of the ball B,(Z, ), denoted by |B,(Z, t)|, is approximately r?,
where ¢ := 4m + 2, independent of (Z, ¢). Similarly, given (z,1) = (x, y, 1) e RN ' = R*" I x R""Ix R
we let

B.(z,1):={GE,7) e RV d((%,0,7,0,7), (x,0,,0,1) <r}. (1-21)
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The measure of the ball B, (z, t), denoted by |B,(z, t)|, is approximately ri=4, independent of (z, ). With
a slight abuse of notation we will by B,(Z, ), note the capital Z, always denote a ball in R¥*!, and by
B, (z, t), note the lowercase z, we will always denote a ball in RN-1L

1B. Geometry. Our geometrical setting is that of unbounded domains of the form
Q={(x, Xm, ¥, ym, 1) € RY | x,, > ¥ (x, y, )}, (1-22)

and here we define the restrictions that we impose on the function ¥ : R” ! x R"~ ! x R — R. Let
P e C5°(B1(0, 0)), where B1(0,0) C RN~-1 be a standard approximation of the identity. Let Py (x, y, 1) =
A~@=HDP(~1x, A3y, A7%¢) for A > 0. Given a function f defined on RV~! we let

Pof(x y.1) 1= / DR 5D o (v ) di dy i
-
= fEVDP(x—%,y—y+@—DX, 1 —1)dxdyd:. (1-23)
RN—I

P, f represents a regularization of f. Given (Z,7) € RN=1 % > 0, we introduce

~ ~ _9_7t__ ~7~’f _P v ~7~’f X — X 2 - —1/2
VoG T2y = (k-<q_4>/ V(5.0 - E 5D - PAVE FDE=D dydt)
B0 A
(1-24)
We are now ready to formulate our conditions on i/ : R" ' x R"~!x R — R and Q.
Definition 1.1. Assume that there exist constants 0 < M, M, < oo such that
[ (z,t) =Y G DI < MG D ozl (1-25)
whenever (z, 1), (Z,7) € R¥~! and such that
N . dz di da
SUD(, yerN-1, =0 T 4)/ / (yy G 1, 1)) ——— < M>. (1-26)
0 JBi(z1) A

Let 2 = Qy be defined as in (1-22). We say that 2, defined by a function  satisfying (1-25), is a
Lipg-domain with constant M;. We say that €2, defined by a function ¥ satisfying (1-25) and (1-26), is
an admissible Lipg-domain with constants (M7, M>).

Remark 1.2. Inequality (1-25) implies
W (x,y, 1) — ¥ (&, y, 0] < Mi||(x —%,0,0)| = M|x — &I,
(e, y, ) =¥ (x, 5,01 < M0, y — 3, 0)|| = M|y — 3|73, (1-27)
1Y, v, 6) — ¥ (x,y, D) < MU0, (t —D)x, (t =)l = My (|t — )x|" + |t — 1]V/?)

uniformly with respect to the remaining variables. From the perspective of dilations and translations,
Lipg-domains are, assuming y,,-independence, the natural replacement in the context of the operator K
of the Lip(l, %)—domains considered in the context of the heat operator.
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Remark 1.3. Inequality (1-26) states that the measure

dz df dx
) ——=

Z,1,
(yy (Z .

is a Carleson measure on R¥~!x R_.. In this paper we prove, from the perspective of the finer properties
of the Kolmogorov measure, that admissible Lip-domains are, assuming y,,-independence, the natural
replacements in the context of the operator K of the admissible time-varying domains discovered and
explored in [Lewis and Murray 1995; Hofmann 1997; Hofmann and Lewis 1996; 2001b] in the context
of the heat operator.

Remark 1.4. Assume that Q = Q, C R¥*! is a Lipg-domain, with constant M;. We define a (physical)
measure o on 9€2 as

do(X,Y,t):= \/1 + |V (x, y, t)|2dx dy dt, (X,Y,t)e0df. (1-28)
We will refer to o as the surface measure on 9<2.

1C. Statement of the main result. Given ¢ > 0 and A > 0, we let

Al py=(0,A0.0,—3A0% %) e R" "X RxR" 'x R x R. (1-29)
We let

A;A(Zo, 10) = (Zo, to) OAZ;A (1-30)
whenever (Zg, to) € RVt Using the main result of [Nystrom and Polidoro 2016], see Lemma 4.12 below,

one can prove the following theorem.

Theorem 1.5. Assume that Q = Qy, C RN*! is a (unbounded) Lip x -domain with constant M. Then
there exist A = A(N, M), 1 < A <oo,and c =c(N, M), 1 <c < oo, such that the following is true.
Let (Zy, ty) € 082, 0 < 09 < 00. Then

o(AL, A(Zo, 10), 02N Byy(Zo, 1)) < caw(AL, \(Zo, 10), 92N By(Zo, 1))
for all balls By(Zo, 1), (Zo, fo) € 9K such that B,(Zo, fo) C Bag,(Zo, t0).
The following is the main new result proved in this paper.

Theorem 1.6. Assume that Q@ C RVNT! is an (unbounded) admissible Lipg-domain with constants
(M1, M>) in the sense of Definition 1.1. Then there exist A = A(N, M), 1 < A < 00, and ¢c =c(N, M),
1<c<oo,andc=c(N, My, M), 1 <¢ <o0,and n=n(N, My, M), 0 <n <1, such that the following
is true. Let (Zg, ty) € 02, 0 < g9 < 00. Then

~_1( o (E) )1/" 5 w(Al, \(Zo.10), E) 5 ( o (E) )'7
c —— =< o =C ~ =<
0 (02N By (Zo, 19)) a)(AjQO,A(ZO, 1), 32N By(Zo, 1)) 0 (02N By (Zo, 19))

whenever E C 32N By(Zo, fy) for some ball By(Zo, i), (Zo, i) € 82 such that B,(Zo, to) C By, (Zo, to)-
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Remark 1.7. A short formulation of the conclusion of Theorem 1.6 is that
(A)(A:_QO’A(Z(), to)a : ) € 1400(852 N BQ()(ZO7 tO)a dO')
for all (Zy, tp) € 02, 0 < oo < o0, and with constants independent of (Z, #p) and .

Remark 1.8. Theorem 1.6 states that a sufficient condition for the conclusion that w(A;LQO’ r(Zo, 10), ) €
Ao (02N By, (Zo, ty), do) uniformly is that & C RN+ is an (unbounded) admissible Lipg-domain with
constants (M, M») in the sense of Definition 1.1. In fact, the condition in (1-26) in Definition 1.1 is also
necessary in the following sense. Using [Lewis and Silver 1988; Hofmann et al. 2003] one can conclude
that there exists a function ¥ : R”~!x R — R which satisfies (1-3) for some M, but violates (1-4) for all

M, < 00, and such that the parabolic measure associated to the heat operator in
{(, X, 1) € Ry > ¥ (x, D)), (1-31)

denoted by wy,, is singular with respect to the surface measure do; dt. Obviously this i also satisfies
(1-25) with constant M7, but violates (1-26) for all M, < oo. Consider now the domain

Q= {(x, Xy, ¥y Yms 1) € R*"T | > Y (x, 1)}, (1-32)

which is constant as a function of (y, y,,). Using that solutions to Hu = 0 also satisfy Ku =0, estimates for
nonnegative solutions to Hu = 0, see [Hofmann et al. 2004] for example, and Lemma 4.11, Theorem 4.8
and Theorem 4.9 stated below, it can then be proved that the Kolmogorov measure in 2 must be singular
with respect to the surface measure do defined in Remark 1.4.

1D. Discussion of the proof. To prove Theorem 1.6 it suffices to prove Theorem 5.1 below. To prove
Theorem 5.1 we use, and expand on, results from [Nystrom and Polidoro 2016] and we implement ideas
similar to the ideas in the recent paper [Kenig et al. 2016], where similar types of results are established
but in the context of elliptic measure and second-order elliptic operators in divergence form. The final
part of our proof of Theorem 1.6 is based on a crucial square function estimate, Lemma 5.3 below. The
lemma states that if u(Z, t) :=w(Z, ¢, S), where S C 9L2 is a Borel set, and if ¢ = ¢(N, M;) > 1, then
there exists ¢ = ¢(N, My, M,), 1 <¢ < 00, such that

// (IVxuPS + [VyulP8® + (X - Vy — 8)w)[28%) dZ dt < éo (Qo),
TL‘QO

where T.g, is a Carleson box associated with cQg, where Q¢ C €2 is a (dyadic) surface cube, see
Section 5A and (5-13), and where § = §(Z, t) is the relevant distance from (Z, t) € Q2 to 92. To prove
Lemma 5.3 and to enable partial integration, we use a Dahlberg—Kenig—Stein-type of mapping adapted to
the underlying group law,

(wv Wiy , yv ym» t) € U — (w’ Wy + wam‘//(w’ yv t)a ya yl’l’lv t)’ (1-33)
where
U={W,Y, )=, wn, ¥, ym, 1) ER" 'xRxR" 'x Rx R | w, > 0}. (1-34)
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Then u satisfies Ku = 0 in  if and only if v(W, Y, 1) = u(w, wy, + Py, ¥ (w, y, 1), y, ym, t) satisfies
Vi - (AVyv) + B - Vipv + ((w, Wy + Py, ¥ (w, y,1)) - Vy —3)v=0 inU. (1-35)

Using this change of coordinates, it turns out to be sufficient to prove Lemma 5.3 below for solutions to
the equation in (1-35) and our proof explores, as a consequence of our assumptions on i and as discussed
in Section 2, that the coefficients A and B are independent of the variable y,, and that A and B define
certain Carleson measures on U; see (6-10) below.

1E. Organization of the paper. In Section 2 we give additional preliminaries and we discuss implications
of the assumptions in (1-25) and (1-26). In particular, considering a Dahlberg—Kenig—Stein-type of
mapping as in (1-33), (1-34), we prove, as a consequence of the assumptions on 1, that certain measures
defined based on v are Carleson measures; see Lemma 2.2. In Section 3 we discuss the Dirichlet problem
(1-11). In Section 4 we state, and elaborate on, some crucial estimates from [Nystrom and Polidoro 2016].
In Section 5 we prove Theorem 1.6, assuming the square function estimate referred to above. The proof
of the square function estimate is then given in Section 6.

2. Preliminaries

As discussed in Section 1A, see (1-14)—(1-17), the natural family of dilations for C, denoted by (5, )0,
on RV*! and the Lie group on R¥*! preserving Ku = 0 are different from standard parabolic dilations
and Euclidean translations applicable in the context of the heat operator. Using the notation of Section 1A,
the operator K is 8,-homogeneous of degree two, i.e., K 08, = r2(8,0 K), for all » > 0, and the operator
KC can be expressed as

m
K=> X+ Xo.
i=1
where
Xi=0y, i=L....m,  Xo=) xidy—0, (2-1)
i=1
and the vector fields X1, ..., X,; and X are left-invariant with respect to the group law (1-15) in the
sense that
Xl(u((Z,f)o)):(X,u)((Z,f)o), l=0,,m, (2'2)

for every (Z,7) e RN*L, Consequently,
Kw((Z, D)o ) = (Ku)(Z, D)o -).

Taking commutators we see that [ X;, Xo]=0,, fori €{l,...,m} and that the vector fields { X1, ..., X,,, X0}
generate the Lie algebra associated to the Lie group (R¥*!, o). In particular, (1-9) is equivalent to the
Hormander condition,

rank Lie(X1, ..., X, X0)(Z, 1) =N +1 forall (Z, 1) e RV, (2-3)
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see [Hormander 1967]. Furthermore, while X; represents a differential operator of order one, d,, acts as a
third-order operator. This fact is also reflected in the dilations group (§,),~¢ defined above.

2A. A symmetric quasidistance. Recall the notation ||(Z, 1)||=||(X, Y, 1) for (Z,t)=(X, Y, t) e RN T],
introduced in (1-18). We recall the following pseudotriangular inequality: there exists a positive constant ¢
such that

Iz, I <ellZ, 0l 1(Z,00(Z, DIl <c(Z, DI+ I(Z, DI (2-4)

whenever (Z, 1), (Z, ) € RN*L. Using (2-4) it follows directly that
IZ. D) oz Dl <cl(Z.07 o (Z, D (2-5)

whenever (Z, 1), (Z, ) € RN*!, Furthermore, defining d((Z, t), (Z, 7)) as in (1-19), and using (2-5), it
follows that
Z, D) o (Z, O ~d(Z, 1), (Z, D) ~I(Z,t) ' o(Z,D)] (2-6)

with constants of comparison independent of (Z, t), (2 1) e RNFL Again using (2-4) we also see that
d(Z,1),(Z, D)) < c(d((Z,0).(Z, ) +d(Z, 1), (Z,))) (2-7)

whenever (Z, 1), (Z, 1), (Z, ) € RV*!, and hence that d is a symmetric quasidistance. Based on d, in
(1-20) we introduced the balls B,(Z, t) for (Z,t) € R¥*! and r > 0, and in (1-21) we introduced the
balls B,(z, t) for (z, 1) e R¥~! and r > 0. Note that

B(Z,t)=(Z,t)o {(Z,) e RN | W(Z, DI+ 1(Z, D) ") <7},

- - - (2-8)
Bz, )=z, Do {GDeRIGDI+IG DI <r}.

We emphasize that throughout the paper we will stick to the convention that B, (Z, t), with a capital Z,
always denotes a ball in RN+ and that B, (z, 1), with a lowercase z, always denotes a ball in RN-1L

2B. Geometry and Carleson measures. Assume 1 satisfies (1-25) and (1-26) for some constants 0 <
M, M, < o0o. Let y € (0, 1) and consider the change of coordinates/mapping

W, Y, 1) =(w, wp, y, ym. 1) €U — (W, Wy, + Py, U (w, y,1),y, ym, 1)

defined in (1-33), where P, ¥ (x, y,t) is defined in (1-23), and where U is defined in (1-34). This
mapping is a version of the Dahlberg—Kenig—Stein mapping used in elliptic and parabolic problems. The
purpose of this section is to prove properties of this change of coordinates assuming that i satisfies (1-25)
and (1-26). In particular, we prove that if ¢ satisfies (1-25) and (1-26), then certain measures, naturally
associated to Py, ¥, are Carleson measures. Throughout the section and the paper P will denote a
parabolic approximation of the identity chosen based on a finite stock of functions and fixed throughout
the paper. Let P € C3°(B1(0, 0)), where B1(0,0) C RN=1 P > 0 be real-valued, and dez dt=1. We
will assume, as we may by imposing a product structure on P, that P is even in the sense that

/xiP(z, t)dzdt:/yﬂ?(z, t)dzdt:/ﬂ?(z, t)dzdt =0 (2-9)
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fori e{l,...,m—1}. Weset Py(z,1) = Pr(x, y,t) = A~ 9 YPO"x, A3y, A72¢) whenever A > 0.
Given P, we let P, define a convolution operator as introduced in (1-23). Similarly, we will by O,
denote a generic approximation to the zero operator, not necessarily the same at each instance, but
chosen from a finite set of such operators depending only on our original choice of P,. In particular,
Qi(z, 1) = Qu(x,y, 1) = A4 PO, A3y, A7%1), where Q € C°(B1(0,0)), [ Qdzdt =0. We
first prove the following lemma.

Lemma 2.1. Let v be a function satisfying (1-25) for some constant 0 < M| < oo, let y € (0, 1)
and let Py, be defined as above for w, > 0. Let 0, 6 >0 be integers and let (¢y, ..., om—1) and
(@1, ..., Jm_1) denote multi-indices. Let € := (0 + |¢| + 3|¢| + 26). Then

90+191+19l

(- Vy =8 Py, ¥ (w, y, )| < clm, Dy = Owl=m (2-10)

dwl Jw? oy
whenever (W, Y, t) € U.

Proof. We first consider the case 8 =1, ¢ =0, (/5 =0, 6 = 0. In this case, simply using that P, is an
approximation of the identity operator, we see that (1-25) immediately implies

9
‘W(wami/f(w, v, t))‘ <c(m)y M. (2-11)
By similar considerations we have
0—1 89
Wy |75 Pyw, ¥ (w, y, D)) <clm, )y M,
owY,
o1-1] 87 1-1g|
w,, W(wamww,y,t)) <c(m,l)yy ~'*'M, (2-12)
31I—-1 0% 1-3|$
w;?! o3 Prun ¥ (w,y.0)| < cCm, Dy M,
y

whenever 0 > 1, |¢| > 1, |q§| > 1. Furthermore,
(Y wm) (w - Vy - at)(wamw(u% v, 1) = (ywm)_l (w - Vyp - atp)yw,,,l)[’(ws v, 1), (2-13)
and hence, again arguing as above, we can conclude that
wrzn\é|—1

W Vy— ) (P, ¥ (w, y, )| < cm, Dy =2 M. (2-14)

Combining the above, the lemma follows. g

Lemma 2.2. Let W be a function satisfying (1-25) and (1-26) for some constants 0 < My, M, < o0, let
y €0, 1) and let P,V be defined as above for w,, > 0. Let 0, 6 > 0 be integers and let (¢1, . .., Gm_1)
and (@, ..., Gm_1) denote multi-indices. Let € := (6 + |¢| + 3|¢| +26). Let

2

90+191+19l
wl3dw dydt,  (2-15)

du=du(W,Y, 1) := ‘— w-Vy— ) (P w, ¥ (W, y, 1))
8w%8w¢8y¢( v )
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defined on U. Then
(U NB,) <clm, 1, My, M)y 2=~
for all balls B, = B,(Zy, t)) C RN*! centered on dU, r > 0.
Proof. As in the proof of Lemma 2.1, we first consider the case 6 =1, ¢ =0, qS =0, 6 = 0. Then

) 1
m(wam)(w, y.1) = Em(gywm)(wv y. 1), (2-16)

where Q is such thatfw,-Qywm(w, v,t)ydwdydt =0foralli € {1,...,m—1}. Let

lzl;),y’t)(w’ _)_)’ t_) = 1/f(u_)’ )_)7 t_) - l//(w9 Y, t) —Pwm(vwl//)(w» Y, l)(TI) - U)) (2']7)
Then,

L Y @,5,0)Qyu, ((0,5,D) 0w, y, ) dwdydi
-

/ U @.5.1) @y, (.5, 0w, y, 1) diDd§ di
.

0
m(’])ywmw)(w’ v, )| =—

< —

wm

<cyyy(a,t, cwy) (2-18)

for some ¢ = c(m), 1 <c < oco. Hence, using (1-26) we have
Il

for all balls B, € R¥*! centered on U, r > 0. By similar considerations, using (1-26), we have

/...
919! 2 3 2-21¢| g-1
. W(wamtlf(w,y,t)) w, """ dWdydt <c(m,l)y rf =,
NB,
2 i
=3 Prua¥ .. 0) wl? =3 aw dy dt < c(m, 1)y* 90117,
y

// 919l
Uung, b
2

(- Vy = 8) (Pyu, ¥ (w, y, 0)| wil? = dW dy dr < c(m, 1)y 17!

S Pru ) (w, y,r) w,,'dW dydt <cy f/ w(w v, £, cwn))w, dW dy dt
Wi

<cMoy?ri 1 (2-19)

2
w,%f_3 dW dydt < c(m, l)yzrq_l,

M(’wamw(w’ Y,

(2-20)

[

for all balls B, ¢ RV centered on dU, r > 0, whenever 6 > 1, o] =2, |<,z~$| >1, ] > 1. Combining the
above, the lemma follows. |

Remark 2.3. Using Lemma 2.1 we see that there exists y = p(m, M) € (0, 1) such that if y € (0, y)
then

1 ad 3
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whenever (w, wy,, ¥, ym,t) € U. This implies, in particular, that the map (w, wy, ¥, Ym,t) € U —
(w, wy + Pyy, ¥ (W, y,1), ¥, Ym, t) is one-to-one.

2C. A Poincaré inequality. We introduce the open cube

Q0,00 ={(Z.n=(X, Y, ) e RV | Ix;| <r, |yil <r |t] <r?}, (2-21)
where i € {1, ..., m}. Given (Z, ty) € R¥*!, we let Q,(Zo, to) = (Zo, to) o Q,(0, 0). We will need the
following Poincaré inequality.

Lemma 2.4. Consider Q, := Q,(Zo, to) C RN*! and let p, 1 < p <00, be given. Let u be a (smooth)
function defined on Q, and let E denote the mean value of u on Q,. Then there exists a constant
c=c(N, p), 1 <c < oo, such that

// lu—E|"dZdt < cf/ (rP|Vxul? + P |Vyul? +r*? | Xow)|") dZ dt.

Proof. Assume first that (Zy, tp) = (0, 0) and let & be a (smooth) function defined on Q, (0, 0). Then,
using the mean value theorem and arguing, for example, as in the proof of Lemma 6.12 in [Lieberman
1996], we see that

// lu — E(u, Q,(0,0)|” dZ dt
+(0,0)

<c(N, p)/f (r?|Vxil? + 3P |Vya|? +r*?|8,a|") dZ dt, (2-22)

+(0,0)

where E (i, Q,(0, 0)) denotes the mean value of i on Q, (0, 0). Next, consider a function u defined on
9,(Zy, ty) for some (Zy, ty) # (0,0). Let u(Z,t) = u((Zy, ty) o (Z, t)). Then u is a function defined
on Q,(Zy, t9), E(u, Q,(0,0)) = E(u, Q,(Zo, to)) and (2-22) applies to u. Applying (2-22) to 4 and
expressing the result in terms of u the conclusion of the lemma follows. (|
2D. Interior regularity.

Lemma 2.5. Assume that Ku = 0 in B, = By (Z, to) C RV Then there exists a constant ¢ = ¢(N),
1 <c¢ < o0, such that

(i) r(sups, Ju)? <c f / wPdz d,
BZr

(i) // |vXu|2dZdt§i2// Wdzdi,
B, r Bay

(iii) supg (r|Vxul|+r|Vyu| +r*|Xo)|) < csupg, |ul.
Proof. For (1) and (iii) we refer to [Lanconelli and Polidoro 1994]; (ii) is an energy estimate which can be

proved by standard arguments. (|

Lemma 2.6. Assume that Ku = 0 in By, = By, (Zo, to) C RN TL Let ¢ € C§°(Bay) be such that 0 < ¢ <1,
¢ =1 on By, and such that r|Vx¢| +r3|Vy |+ 1?1 Xo(¢)| < c(N). Leti € {1, ..., m}. Then there exists
a constant c = c¢(N), 1 < c¢ < o0, such that
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) // |vx(ay,.u)|2g6d2dt§iz// |3y, ul*¢* dZ dt,
Bzr r BZr

(ii) // |8yiu|2§4dZdt§%// |X0(u)|2;2d2dt+i4/ |Vxu|*>dZ dt,
BZr r BZr r BZr

(iii) // |X0(u)|2;2dzc1r5i2/ |Vxul>dZ dt.
BZr r BZr

Proof. Let

A1=// |VX(8YiM)|2§'6dZdl‘, Az:// |8yi”|2§4dZdl‘, A3=/f |X0(M)|2§'2dZdt. (2-23)
B2r BZV Bzr

As i := dy,u solves Ku = 0, we see that (i) follows immediately from Lemma 2.5(ii) and its proof. To
prove (ii) we first note, integrating by parts,

n= [ /B (B30 (Xo (B 10) — B, (Xo())* dZ it
2r
= //B Xo(dy,u)(3yu)¢*dZ dt _4f/3 (By,1) (D, u) > Xo() dZ dt
2r 2r
+ / i B,y ) Xo(u) ¢t dZ dt +4//B By ) Xo()Z30,, () dZ dt.  (2-24)
2r 2r
Next, writing X(d,,u) = dy,(Xo(u)) and integrating by parts in the first term, we see that

A2=f/ Xo(u)ay,,x,u;4d2dt+4// Xo(u)ax;u§38y[{d2dt—4f/ (By,u) (3, u) 3 X0(0) dZ dt
Bzr BZr BZ’

+f/ B,y )Xo dZ dt+ 4// Byu)Xo)e 0y, () dZ dt.  (2-25)
Bzr BZV
Using this we see that

C
Azi/ |vx<ay,.u>||xo<u)|z4d2dr+;// XG0 [Vxulc® dZ di
BZr ) BZr

c c
+ 5 // |8y, ul |Vxule®dZ dt + - /f 8y, | Xo) g3 dZ dt.  (2-26)
r BZV r BZV
Hence, using Cauchy—Schwarz we see that
1 1
Ay < er2A1 +€Ar+c(e, €, n)(—2A3 + = // |Vxl/t|2 dzZ dl‘), (2-27)
r r B,

where € > 0 and € > 0 are degrees of freedom. Furthermore, using the conclusion established in (i) we
see that

1 1
A2§c€A2+€A2+5(6,€,n)(—2A3+—4/f |VXu|2dZdl‘). (2-28)
r r Boyr

Part (ii) now follows by elementary manipulations. To prove (iii) we use the equation Ku = 0 and write

m
Az =— Z // Xo(u) By u)s*dZ dt = A3y + Ay + Ass, (2-29)
i=1 " /B
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where
m
an =2y [[ xow@,ca, @ azar
i=1 7 /B
m
A :=Z// Xo(dy,u)(Dy,u)C*dZ dt, (2-30)
i=1 BZr
m
Ass :=Zf/ (By, 1) (D, u)C* dZ dt.
i=1 " B
Then
~ 2 C(E’ g) 2
|A31| +1A33| <€Az +€r A+ = IVxul|“dZ dt, (2-31)
BZr

where € > (0 and € > 0 are degrees of freedom. To handle Az, we simply note, lifting the vector field X
by partial integration, that

m
243 =2 Z // |0y, u|*¢ Xo(2) dZ dt. (2-32)
i=1 BZr
Hence,
A3 <€Az +ErtA; + 6(6’26) // \Vxu|>dZ dr. (2-33)
r BZr
Combining (2-33) and (i), (ii) of the lemma, we see that (iii) follows. O

Remark 2.7. To construct ¢ as in the statement of Lemma 2.6, simply choose { (Z, t) := Z((Zo, t0)o(Z, 1)),
where Z‘ € Cgo(Bzr(O, 0)) is such that 0 < Z‘ <1, Z‘ =1 on B,(0, 0), and such that

rIVxg|+ 3 Vy b+ r218¢] < e(N).
We can construct £ in a standard manner by smoothing out the indicator function of say B, 12(0,0).

Lemma 2.8. Assume that Ku = 0 in Ba, = By (Zo, tg) C RNTL Leti € {1, ..., m). Then there exists a
constant c = c(N), 1 < ¢ < o0, such that

// (r4|VX(8yl.u)|2—|—r2|Vyu|2+IXo(u)IZ)dZdt5%/ |Vxul|*dZ dt.
r r Bay

Proof. The lemma is an immediate consequence of Lemma 2.6. g

3. The Dirichlet problem

Let =y C RV *! be an unbounded Lip x-domain in the sense of Definition 1.1. We consider here the
well-posedness of the boundary value problem

{ICu:O in Q, 3-1)

u=¢ onoadf2.
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Note that we can without loss of generality assume that ¥ (0, 0, 0) = 0 and hence that (0, 0, 0, 0, 0) € 9€2.
To conform with the notation used in [Nystrom and Polidoro 2016] we let

Q =Qy, = {X. Y0 | x| <r? yil <7 1t] <20 Jywl <7 Y(x, 3, 1) <x <4Mir} (3-2)

for r > 0 and where i € {1, ..., m —1}. As outlined in Subsection 2.4 of that paper, using the Perron—
Wiener—Brelot method, the existence of a solution to the problem in (3-1) with 2 replaced by €2, can be
established. In Definition 3 of the same paper, we introduced what we here refer to as the Kolmogorov
boundary of 2,, denoted by dx 2,. The notion of the Kolmogorov boundary replaces the notion of the
parabolic boundary used in the context of uniformly parabolic equations and by definition 0k €2, C 92, is
the set of all points on the topological boundary of €2,, which is contained in the closure of the propagation
of at least one interior point in €2,. The importance of the Kolmogorov boundary of €2, is highlighted in
the following lemma; see Lemma 2.2 in [Nystrom and Polidoro 2016].

Lemma 3.1. Consider the Dirichlet problem in (3-1), with Q replaced by ., with boundary data
¢ € C(0€2,) and let u = uy, be the corresponding Perron—Wiener—Brelot solution. Then

supg, |ul < supy, o lel.
In particular, if ¢ =0 on 0gx 2, then u =0 in Q,.

The set dg €2, is the largest subset of the topological boundary of €2, on which we can attempt to
impose boundary data if we want to construct nontrivial solutions to the Dirichlet problem in (3-1), with
Q replaced by €2,. The notion of regular points on 92, for the Dirichlet problem only makes sense for
points on the Kolmogorov boundary and we let dg 2, be the set of all (zg, tp) € dx 2, such that

li Z,t)=q@(Zy, f C(0%2,). 3-3
(Z,t)—IIPZo,to)u(p( 1) =@(Zy, 1) forany ¢ € C(92,) (3-3)

We refer to g €2, as the regular boundary of €2, with respect to the operator /. By definition, dg 2, C 0 2.

Lemma 3.2 [Nystrom and Polidoro 2016, Lemma 2.2]. Let Q@ C RN *! be a Lip g -domain with constant M,
and let Q, be as defined in (3-2). Then

aR Qr = 81( Qr;
i.e., all points on the Kolmogorov boundary of 2, are regular for the operator K.

Lemma 3.3. Let Q@ C RN *! be a Lip g -domain with constant My, consider the Dirichlet problem in (3-1)
and assume that ¢ € C(02) N L*°(0R2) is such that p(Z,t) — 0 as ||(Z, t)|| — o0o. Then there exists a
unique solution to the Dirichlet problem in (3-1) in Q such that u € C(Q), u= ¢ on dQ. Furthermore,

lull L) < ll@llLe ).
Proof. This can be proved by exhausting €2 with the bounded domains €2,,, j € Z4, r; = j, for example,

and by constructing u as the limit of {u;}, where Ku; = 0 in €2,; and with u; having appropriate data
on 9€2,,. We here omit the routine details. O



THE Aoo-PROPERTY OF THE KOLMOGOROV MEASURE 1725

Remark 3.4. The operator adjoint to K is

m m
K* =0, — Y xidy, + 8. (3-4)
i=1

i=1
In the case of the adjoint operator I* we denote the associated Kolmogorov boundary of €2, by 0% ;.
The above discussion, lemmas and Lemma 3.2 then apply to £* subject to the natural modifications.

Lemma 3.5. Let @ ¢ RVt pe a Lipg -domain with constant M. Let ¢ € C(d2) N L*°(0R2) be such
that (Z,t) — O as ||(Z, t)|| — oo. Then there exist unique solutions u = uy, u € C(Q), and u* = Up*,
u* € C(Q), to the Dirichlet problem in (3-1) and to the corresponding Dirichlet problem for K*, respectively.
Moreover, there exist, for every (Z,t) € Q, unique probability measures w(Z, t,-) and w*(Z,t,-) on 02
such that

u(Z,t):/ o(Z, Ddw(Z,t,Z,7), u*(Z,t)zf 0*(Z,Hdo*(Z,t,Z,7). (3-5)
02 19

Proof. The lemma is an immediate consequence of Lemma 3.2. O
Definition 3.6. Let (Z,¢) € Q. Then w(Z,t, -) is referred to as the Kolmogorov measure relative to

(Z,1) and , and w*(Z, ¢, -) is referred to as the adjoint Kolmogorov measure relative to (Z, ¢) and €.

3A. The fundamental solution and the Green function. Following [Kolmogorov 1934] and [Lanconelli
and Polidoro 1994], it is well known that an explicit fundamental solution, I', associated to K can be
constructed. Indeed, let

0 I, _ N
B .= (0 O)’ E(s) =exp(—sB")

for s € R, where I,,,, 0, represent the identity matrix and the zero matrix in R, respectively. Here * denotes
the transpose. Furthermore, let

' tl, —Lii?I
40 :=/ E(s) (1’” 0) E*s)yds=| | " ! "
0 00 —zl‘zlm §t3lm
whenever ¢t € R. Note that detC(¢) = %t“m and that
1,17 1,2
B st L, 5t7 <1,
cap~t=12(] " 7).
Et I, t7°1,
Using this notation, a fundamental solution, with pole at (Z, 7), (-, -, Z, 7), can be defined by
[(Z,t,Z,1)=0(Z-E(t—-1)Z,t—1,0,0), (3-6)

where I'(Z,¢,0,0)=0ifr <0, Z #0, and
(47T)_N/2

'izZ,t,0,0) = ——
( ) /detC(t) =P

(-Hewn™'z,2)) ift>o0. (3-7)
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Here (-, - ) denotes the standard inner product on R"Y. We also note that

~ N ~ . -
(Z,t,72,1)< (V) forall (Z,1),(Z,1) e RV ¢ > 1. (3-8)

T Z. D)Moz a2
We define the Green function for €2, with pole at (2 , 1) e, as
G(Z,t,Z,1)=T(Z,1,2,1) — / NZ,i,Z,D)dw(Z,t,Z,7), (3-9)
aQ
where I' is the fundamental solution to the operator X introduced in (3-6). If we instead consider (Z, t) €

as fixed, then, for (2, 1) e,

G(Z,t,Z,H)=T(Z,t,2,7) — / Nzt Z,Hdo(Z,t, Z,7), (3-10)
Q2

where w*(z f,-) is the associated adjoint Kolmogorov measure relative to (Z ) and Q. Given 6 €
Cy° (RV+1), we have the representation formulas

0(Z, t)=/ 0(Z,Hdw(Z,t,Z, f)+/G(Z,t, Z,0)K6(Z,1)dZ di,
0

(3-11)
0(Z, f):/ 0(Z,1)dw*(Z,1,Z, f)+fG(Z,t,Z HYK*0(Z,t)dZ dt
02
whenever (Z, 1), (Z, 1) € Q. In particular,
/G(Z, t,Z,1)Ko(Z, f)d?df:-/@(?, Ndw(Z,t,Z,7),
(3-12)

fG(z,t,Z HKez, t)dZdt:—/@(Z Ndo*(%, 1, Z,7)

whenever 8 € CP (RN T\ {(Z, 1)}) and 6 € CP (RN 1\ ((Z, F)}), respectively.

Remark 3.7. Recall that ¢ = 4m + 2. However, we note that in [Nystrom and Polidoro 2016] a different
definition of ¢ (¢ = 4m) was used. Hence, in this paper some statements containing ¢ differ slightly
compared to the corresponding statements in that paper.

4. Estimates for nonnegative solutions

In this section we develop and state a number of estimates concerning nonnegative solutions, the Kol-
mogorov measure as well as the kernel function. Throughout this section we assume that 2 = Qy, C RN+1
is a Lipg-domain, with constant M1, in the sense of Definition 1.1. Given ¢ > 0 and A > 0 we let

Al A =(00,0,-3A0°,0,0") e RXR" 'x Rx R"'xR,
Apa =(A0,0,0,0,0) e Rx R" 'x Rx R" ' x R, (4-1)

Agn=(00.0.2A0%.0.—0%) e RxR" 'x Rx R"'x R.
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Given (Zy, tp) € RV*T! we let

AzA(Zo, t0) = (Zo, fo) © AZ)E,A’ Ao, A (Zo, tg) = (Zo, to) 0 Ag A
Furthermore, given (Z, t9) = (Xo, Yo, t0) = (x0, ¥ (X0, Yo, t0), Yo, to) € 3Ry and r > 0 we let 2, (Zy, tp) =
Qy ,(Zo, 1) be the set of all points (X, Y, t) = (x, X;n, ¥, ym, t) Which satisfy the conditions

Ixi —x0il <r,  |vi—yoi+t—to)xo;| <r> foriefl,...,m—1},
|t —tol <2r% |y — You + (t — t0)¥ (x0, Yo, f0)| < 1, (4-2)
Y(x, y, 1) < xp <4Mir + ¥ (xo0, Yo, t0)-
Note that if we let (X, Y, 7) := (Xo, Yo, t0) "' o (X, Y, 1), and if we define
Y (X, 5. 1) =¥ ((x0, yo, o) o (£, 3, 7)) — ¥ (x0. Yo. t0),

then

Q,(Zo, 10) = Ry, (Zo, 1) = 2 (4-3)

IL’r’
with €2 . defined as in (3-2). To be consistent with the notation used and the estimates proved in [Nystrom
and Polidoro 2016], we here simply note that there exists ¢ = c¢(N), 1 <c¢ < oo, such that

QN B, (Zo, to) C 2 (Zo, 10) C 2N Ber(Zo, 1o) (4-4)
for all (Zy, tp) € 02y, r > 0.

4A. The Harnack inequality. To formulate the Harnack inequality we first need to introduce some
additional notation. We let, for r > 0 and (Zy, t9) € RV 1

0~ = (B(Ler, 1) N B(=der, 1)) x[=1,01, O} (Zo, o) = (Zo, 10) 0 5,(Q7), (4-5)

where e; is the unit vector pointing in the direction of x,, and B(%e 1, 1) and B(—1ey, 1) are standard
Euclidean balls of radius 1 in RY, centered at %el and —%el, respectively. Similarly, we let

Q = (B(%el, 1) N B(_%el, 1)) X [_ls 1]’ QV(ZO’ tO) = (207 to) OST(Q) (4_6)
Given o, B, y,0 e Rsuchthat 0 <o < B < y < 62, we set
0, (Zo, 1) = {(x.1) € Q5,(Zo. to) | to —ar? <1 <10},
Oy (Zo,10) ={(x, 1) € 0y, (Zo, 10) | to—yr® <t <19 —pr}.

In the following we will formulate two versions of the Harnack inequality. The first version reads as
follows and we refer to [Lanconelli and Polidoro 1994] for details and proofs.

Lemma 4.1. There exist constants ¢ > 1 and o, 8,y,0 € (0,1),withO <o < f <y < 02, such that
the following is true. Assume u is a nonnegative solution to Ku = 0 in Q, (Zy, ty) for some r > 0,
(Zo, to) € RNTL Then,

SUP G, (zo.10) U = €105 7, 1) U
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To formulate another version of the Harnack inequality we recall that the tool used to build Harnack
chains is that of K-admissible paths. A path y : [0, T] — RV*! is called K-admissible if it is absolutely
continuous and satisfies

d m
—y (@) =) 00Xy (@) +AD)Xo(y(r)) forae tel0,T], (4-7)
dt =

where w; € L%([0,T)) for j =1,...,m, and A are nonnegative measurable functions. We say that y

connects (Z, )= (X, Y, 1) eRV*l 10 (Z, ) =(X, Y, ) eRN*L F<¢,if y(0)=(Z,t) and y(T) = (Z, 7).
When considering Kolmogorov operators in the domain RV x (Tp, T}), it is well known that (2-3) implies
the existence of a KC-admissible path y for any points (Z, t), (f 1) e RVt with Ty <7 <t < Ty. Given
a domain Q ¢ R¥*! and a point (Z, t) € Q, we let Az ;) = A(z.(§2) denote the set

{(Z 1) e ‘ 3 a K-admissible y : [0, T] — 2 connecting (Z, 1) to (Z, N},

and we define Az = Az (Q) = Az.,(Q). Here and in the sequel, Az () is referred to as the
propagation set of the point (Z, ¢) with respect to 2. The presence of the drift term in K considerably
changes the geometric structure of Az ;) (£2) and Az ;) (£2) compared to the case of uniformly parabolic
equations. The second version of the Harnack inequality reads as follows and we refer to [Cinti et al.
2010] for details and proofs.

Lemma 4.2. Let Q C RNt be a domain and let (Zy, to) € Q. Let K be a compact set contained in the
interior of A(z,.1,)(S2). Then there exists a positive constant ck , depending only on 2 and K, such that

supg u < cx u(Zy, ty)

for every nonnegative solution u of Ku =0 in Q.

Remark 4.3. We emphasize, and this is different compared to the case of uniform parabolic equations, that
the constants «, 8, y, 6 in Lemma 4.1 cannot be arbitrarily chosen. In particular, according to Lemma 4.2,
the cylinder Q. (Zy, ty) has to be contained in the interior of the propagation set Az, 1) (Q, (Zo, t)).

Several arguments in [Nystrom and Polidoro 2016] involving the Harnack inequality explore that, by
construction,

Y IO = AG_pon(Zot0). ¥ (D)= A5 ,a(Zo 1), TE0.1], (4-8)

are K-admissible paths; see Lemma 3.5-Lemma 3.8 in [Nystrom and Polidoro 2016]. Here we state one
of the results established in the same paper, which will be used in the forthcoming sections.
Lemma 4.4 [Nystrom and Polidoro 2016, Lemma 3.9]. Let Q C RNt be a Lip g -domain with constant M.
Then there exist A= A(N, M), 1 <A <oo,andc=c(N, My), 1 <c<oo,andy =y (N, M), 0<y <00,
such that the following is true. Let (Zy, ty) € 02 and r > 0. Assume that u is a nonnegative solution to
Ku =0in QN By (Zo, to) and consider o, 0, with 0 < 0 < o <r/c. Then

M(A;{A(Zo, 1)) < C(Q/é)yu(AZA(ZO, 1)),

_ —1,~ _ (4'9)
u(Az A (Zo, 10)) = ™ (2/0)" u(A, \(Zo, 10)).
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Proof. Note that the lemma follows from the construction of Harnack chains along the paths in (4-8) and
from Lemma 3.8 in [Nystrom and Polidoro 2016]. For the details we refer to Lemma 3.9 in that paper
and to Lemma 4.3 in [Cinti et al. 2013]. O

Remark 4.5. Let @ ¢ RV*! be a Lipg-domain with constant M;. The constants A = A(N, M),
1 <A <oo,and c=c(N, M), 1 <c < oo, referred to in Lemma 4.4, are fixed in Remark 3.7 in [Nystrom
and Polidoro 2016]. In particular, these constants are fixed so that the validity of Lemmas 3.5-Lemma 3.7
in that paper are ensured. In the following we also let A and ¢ be determined accordingly.

4B. Holder continuity estimates and boundary comparison principles.

Lemma 4.6. Letr @ C RVt pe a Lipg -domain with constant M. Let (Zy, ty) € 0Q2 and r > 0. Let
€ € (0, 1) be given. Then there exists c = c(N, My, €), 1 < c < 00, such that following holds. Assume

that u is a nonnegative solution to Ku = 0 in QN By, (Zy, ty), vanishing continuously on 02 N By (Zy, ty).
Then

SUPQMB, . (Zo.1g) ¥ = € SUPQNB,, (Zo.10) Y- (4-10)
Proof. This follows from Lemma 3.11 in [Nystrdm and Polidoro 2016]. U

Lemma 4.7. Let Q Cc RVt be a Lipg -domain with constant M. Let A = A(N, M) and ¢ = c(N, M)
be in accordance with Remark 4.5. Let (Zy, ty) € 02 and r > 0. Assume that u is a nonnegative solution
to Ku =0in QN By (Zy, to), vanishing continuously on 02 N By (Zy, ty). Then

u(Z,1) < Cu(Az,A(Zo, 1))
whenever (Z,1) € QN Bay/e(Zo, 1), 0 <o <r/c.
Proof. This is essentially Theorem 1.1 in [Cinti et al. 2013]. Il

Theorem 4.8. Let @ Cc RN+ pe g Lipg -domain with constant M. Let A = A(N, M) and ¢ = c¢(N, M)
be in accordance with Remark 4.5. Let (Zy, ty) € 02 and r > 0. Assume that u is a nonnegative solution
to Ku = 0in QN By (Zy, ty), vanishing continuously on 92 N By, (Zy, ty). Let oo =r/c,

m* =u(A} \(Zo.19)), m~ =u(A, A(Zo, 1)), (4-11)

0,

and assume m~ > 0. Then there exist constants cy =c1(N, M), 1 <c| <o00,and co=cy(N, My, m*/m™),
1 < ¢y < 00, such that if we let o1 = po/c1, then

w(Z, 1) < cu(Ag a(Zo, 1)),
whenever (Z,t) € QN Bye,(Zo, 1), for some 0 < o < o1 and (Zo, 1) € 82N By, (Zo, 1o).

Proof. Using (4-3) and (4-4), it is easily seen that the theorem is a consequence of Theorem 1.1 in
[Nystrom and Polidoro 2016]. Il

Theorem 4.9. Let Q@ C RN*! be a Lip i -domain with constant My. Let A = A(N, M) and ¢ = c¢(N, My)
be in accordance with Remark 4.5. Let (Zy, ty) € 02 and r > 0. Assume that u and v are nonnegative
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solutions to Ku = 0 in Q, vanishing continuously on 02 N By, (Zy, ty). Let oo =r/c,

m;r = U(AJO,A(ZO’ 1)), m; = U(AQO,A(ZO’ 1)),

N i 5 « (4-12)
m2 = M(AQO’A(Z(% tO))a m2 = M(AQO,A(ZO’ tO))9

and assume m |, m, > 0. Then there exist constants ¢y = ¢ (N, My), c2 = c2(N, My, m'f/ml_, m;/mz_),
1 <cy,cp <o0,ando =o(N, My, m;r/ml_, m;/mz_), o € (0, 1), such that if we let 01 = 0¢/c1, then

- cZ(d“Z’ 0. (Z, f)))" v(Ag.n (Zo. 1))
- 0 u(Ag.a(Zo, 10))’

whenever (Z, 1), (Z,7) € QN Byje,(Zo, fo), for some 0 < 0 < 01 and (Zo, fo) € 2N By, (Zo, t0).

v(Z,1) vW(Z,7)
u(Z,t)  w(Z,7)

Proof. Again using (4-3) and (4-4) we see that the theorem is a special case of Theorem 1.2 in [Nystrom
and Polidoro 2016]. O

4C. Doubling of parabolic measure and estimates of the kernel function.

Lemma 4.10. Let Q C RV*! be a Lip x -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zy, ty) € 0Q2 and r > 0. Then

o(A}. A (Zo, 10), 8RN B (Zo, 10)) = ¢ .
Proof. This is an immediate consequence of Lemma 4.6. O

Lemma 4.11. Let Q@ C RV pe a Lip g -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zy, t9) € 0Q2 andr > 0. Let w(Z,t, -) be the Kolmogorov measure relative to
(Z,t) e Qand Q2 and let G(Z,t, -, -) be the adjoint Green function for Q2 with pole at (Z, t). Then there
exists c = c(N, My), 1 <c < o0, such that

(1) ¢ HI2G(Z, 1, AF y(Zo, 10)) < (Z, 1,020 B (Zo, 10)),

2) w(Z,t,9QNB,(Zo, 19)) < crf>G(Z, 1, A, £ (Zo, 10))

whenever (Z,1) € Q, t — 1ty > cr?

Proof. This is a consequence of Lemma 4.1 in [Nystrom and Polidoro 2016]. However, we emphasize that
in that paper the definition of ¢ is different compared to the definition used in this paper; see Remark 3.7.
Based on the ¢ used in this paper, ¢ = 4m + 2, (i) and (ii) are the correct formulation of the corresponding
inequalities in Lemma 4.1 in [Nystrom and Polidoro 2016]. 0

Lemma 4.12. Let Q@ C RV*! be a Lip g -domain with constant My. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zg, ty) € 02 and r > 0. Then there exists c = c(N, M), 1 < ¢ < oo, such that

w (A}, (Zo. 10), 92N Boy (Zo, 1)) < co(A 5 (Zo. 10), 02N Bi(Zy, 1))

whenever (Z(), fo) € 09, B;(Z(), fo) C By (Zo, to).
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Proof. This is a consequence of one of the main results, Theorem 1.3, proved in [Nystrom and Polidoro
2016]. However, for the convenience of the reader we include here a proof using the results stated above.
Consider (Z), fo) € 992, B;(Z), fo) C B,/c(Zo, ty), where C = C(N, My) > 1 is a degree of freedom.
Choosing C large enough and using Lemma 4.11(ii) we see that

w (A}, (Zo. 10), 022N Bai(Zo, 1)) < PG (A (2o, 10), A;C;’A(io, i0))
for some ¢ =c¢(N, M;), 1 <¢ < oo. Let
m+ = G(A:A (ZO, tO)s A:_/]O()O’A(ZO, tO))a m- = G(A::A (ZO, tO)? A:/]QOO’A(ZOs tO))- (4’13)

By elementary estimates and the Harnack inequality, see Lemma 4.4, we see that

cl<ri2mt <g, ri2m= <¢ (4-14)

for some ¢ = ¢(N, M), 1 < ¢ < oo. To prove the lemma we intend to use the adjoint version of
Theorem 4.8 and hence we need to establish a lower bound on ¢~ 2m~. To establish this lower bound we
first use the adjoint version of Lemma 4.7 to conclude that there exists ¢ = c(N, M), 1 < ¢ < oo, such
that

SUD(Z,1)e@nB, e (Zo.) G (Ara (Zos 10), (Z,1)) < em™. (4-15)
However,

SUD(2 nens, c(Zoto) G (AT A (Zo, 10), (Z, 1)) = G(A}  (Zo, 10), A 1004 (Z0s 10)) = cr® ™ (4-16)
by elementary estimates. In particular, (4-14)—(4-16) imply that
¢ '<mt/m™ <c¢ forsomec=c(N, M), 1 <c < oo.

Using this, the adjoint version of Theorem 4.8, and the scale invariance of Theorem 4.8, we deduce that
there exist ¢ = ¢(N, M;), 1 < ¢ < oo, such that

G(A] A (Zo. 10). Ay oy (Z0. 1)) < EG(A[\(Zo. 10), AS,; \ (Zo. 1)), (4-17)

provided (Zo, 1) € 92, B; (Zo, to) C Br/c(Zo, ty). Finally, using the (adjoint) Harnack inequality, we
here use the adjoint version of Lemma 4.4, and Lemma 4.11, we see that
F12G (A} 5 (Zo, 10), A;C;’A(io, i0)) < cF17*G (A} (Zo, 1o), Al (Zo, 10)) @-18)
< Po(Af 4\ (Zo, 10), 92 N Bi(Zo. Ty))

for some ¢ = ¢(N, M}), 1 < ¢ < oo. Combining these, we can conclude the proof of Lemma 4.12. [

Lemma 4.13. Let Q C RV*! be a Lip x -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zy, ty) € 0Q and r > 0. Let (Zo, o) € 9Q and ¥ > 0 be such that B;(Z), fo) C
B (Zy, tg). Then there exists c = c¢(N, M), 1 < ¢ < 00, such that

o(A% (o, 10), 92N B:(Z, 1))

lim ———
>0 w(AL A (Zo.10), 9N B (Z, 1))

K(Aj: \(Zo,10), Z, 1) := (4-19)
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exists for a)(AcrA(Zo, 1), ) a.e (Z,7) € 9QNB;(Zy, fo), and
¢! < (AL A (Zo,10), 02N Bx(Zo, 10)) K (AL \ (Zo. 10), Z,7) < ¢ (4-20)
whenever (Z,1) € 9Q N B (Zo, 1)

Proof. Using the Harnack inequality, see Lemma 4.4, we see that the only thing we have to prove is
(4-20). To prove (4-20), consider (Z,1) € dQNB; (20, fo) and 7 < 7. Using Lemma 4.11 we see that
there exists ¢ = c¢(N, M), 1 <c¢ < 00, such that

L GAL 2o 1) AL NZ.D) oA (Zo. 1) 920 BA(Z.T))

G(AL \(Zo,10), A7 \(Z, f)) o (A} \(Zo, 10), 82N Bi (Z, 1))
RO INROR D)
“GAL A Zor10), AT ((Z, 1))

Furthermore, using the adjoint version of Theorem 4.8 and by arguing as in the proof of Lemma 4.12, we

(4-21)

see that PO - sy a4 5 -
L GAL (Do l0). Ara(Z.D) _ GAL \ (Zo. o). AT A(Z. )

G (A, A (Zo. 10), Ar. A (Z, Th G(AS A (Zo.10), A; \(Z, 1))

5 _ (4-22)
G(AL \(Zo.T0). A7 \(Z.1)) . G(A \(Zo. 1), ArA(Z. 1))
G(AS A (Zo.10), AT A (Z, 1)) T G(AL \(Zo, 10), Ara(Z, 1))
Hence we can conclude that
o (A% (Zo. 1), 02N BH(Z, 1)) G(AtA(Z), f0), A A(Z, 1)) 23

o (Al \(Z0,10), 02N B:(Z,1))  G(A} \(Zo, 10), Ara(Z, 1))
where ~ means that the quotient between the expression on the left-hand side and the expression on the
right-hand side is bounded from above and below by constants depending only on N, M. Next, using the
boundary Harnack inequality for solutions to the adjoint equation, which is a consequence of the adjoint
version of Theorem 4.9, we deduce that

G(AL A (Zo. 7). Ara(Z.1)  G(AL \(Zo.To). Arje.n(Zo. 1))

7 T — (4-24)
G(A. A (Zo, 10), A7 A(Z, l)) G (A, A (Zo. 10), Ajje.n(Zo. 10))
for some ¢ = ¢(N, M) > 1. Combining the inequalities in the last two displays we see that
w(AL \Z0.10). 02N BHZ. D) G(AL \ (Zo. ). Arje.n(Zo. 1)) 425)

W(A} \(Z0,10), 02N B:(Z, 1)) G(A], \(Zo, 10), Arje.a(Zo, 10))

for some ¢ = ¢(N, M) > 1. Finally, using this and arguing by the same principles, using the doubling
properties of @ and related estimates, we can conclude that

o(Af (Zo.10). 0QNBH(Z. 1) 1
(A A (Zo. 1), 92N Bi(Z, f)) w(A] A (Zo. 1), 92N B (Zo, o))

(4-26)

whenever (Z,7) € B;(Zo, fo). Using this and (4-19), we deduce (4-20) by letting 7 — 0. O
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Lemma 4.14. Let Q C RV*! be a Lipg -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zo, to) € Q2 and r > 0. Let (Zo, fo) € 92 and 7 > 0 be such that Bi(Zo, fo) C
B-(Zy, to). Then there exist c =c(N, My), 1 <c <oo,and ¢ =c¢(N, M), 1 <c¢ < oo, such that

Al A(Zo.10), E 77
+‘U( cr,a (Z0, 10) )N — <¢w(A. \(Zo, 1), E)
w (A, \(Zo. 10), 02N Bx(Zo. 1)) ’

Flw(AL (Zo. 1), E) <

r?

whenever E C Bi(Zy, f).
Proof. Consider E C B#(Z, fp). Then, by definition

o(A%: \(Zo, ho), E) = / K(A% \(Zo. 1), Z, 1) do (A, \(Zo, 10), Z, ).
E
Hence, using Lemma 4.13 we see that
w(A7, A (Zo. 1), 022N B (Zy, 1)) a)(A:;’A(Z), f0), E) ~ w(A], \(Zo. 10), E),

which is the statement to be proved. g

5. Proof of Theorem 1.6

In order to introduce some efficient notation, we will use the terminology of spaces of homogeneous type
in the sense of [Coifman and Weiss 1971]. Indeed, assuming that Q@ = Q,, C R¥*! is a Lipg -domain,
with constant M1, in the sense of Definition 1.1, we let

=992 = {0, xm, ¥, yms ) € RM [ =9 (6, v, 0]
Then (X, d, do) is a space of homogeneous type, with homogeneous dimension ¢ — 1. Furthermore,

(RN d,dZ dt) is also a space of homogeneous type, but with homogeneous dimension ¢.

5A. Dyadic grids, Whitney cubes and Carleson boxes. By the results in [Christ 1990] there exists what
we here will refer to as a dyadic grid on ¥ having a number of important properties in relation to d. To
formulate this we introduce, for any (Z,¢) = (X, Y,t) e X and E C X,

dist((Z, 1), E) :=inf{d((Z, 1), (Z, 1)) | (Z,7) € E}, (5-1)
and we let

diam(E) := sup{d((Z, 1), (Z,1)) | (Z,1), (Z,) € E}. (5-2)

Using [Christ 1990] we can conclude that there exist constants & > 0, 8 > 0 and ¢, < oo such that for
each k € Z there exists a collection of Borel sets, D, which we will call cubes, such that

Dy :={Qf C T j el (5-3)
where J; denotes some index set depending on k, satisfying:
: _ k
1 X = Uj Q; foreachk € Z.
(i) If m > k then either Q" C Q% or Q' N Q% = @.
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(iii) For each (j, k) and each m < k, there is a unique i such that Q’; C Q7.

@iv) diarn(Q’;) <c 27k

(v) Each Q’;. contains X N Basz(Z"., t;?) for some (Zi‘., t}‘) e X.

~vi) o ({(Z, 1) € Qf | dist((Z,1), £\ Q) < 027*}) < v 0P 0 (Q}) for all k, j and for all ¢ € (0, ).

Let us make a few remarks concerning this result and discuss some related notation and terminology. First,
in the setting of a general space of homogeneous type, this result is due to Christ [1990], with the dyadic
parameter % replaced by some constant é € (0, 1). In fact, one may always take § = %; see [Hofmann
et al. 2017, proof of Proposition 2.12]. We shall denote by D = [D(X) the collection of all Q¥; i.e.,

D:= U[Dk.
k

Note that (iv) and (v) imply that for each cube Q € D, there is a point (Zg, 1g) = (Xg,Yp,19) € &
and a ball B,(Zp, tp) such that r ~ 2% ~ diam(Q) and

YXNB(Zg,t9) CO CENB,(Zg,tp) (5-4)
for some uniform constant c. We will denote the associated surface ball by
AQ :=2ﬂB,(ZQ,tQ), (5-5)

and we shall refer to the point (Zg, tp) as the center of Q. Given a dyadic cube Q C X, we define its y
dilate by
Y Q := XN By diam)(Zg, t0)- (5-6)
For a dyadic cube Q € Dy, we let £(Q) =27, and we shall refer to this quantity as the length of Q. Clearly,
£(Q) ~diam(Q). For a dyadic cube Q € D, we let k(Q) denote the dyadic generation to which Q belongs;
i.e., wesetk=k(Q)if Q €Dy, thus, £(Q) =27, Forany Q e D(Z), weset Dy :={Q' €D | Q' C O}
Using that also (RN*!, d, dZ dt) is a space of homogeneous type, we see that we can partition €2 into
a collection of (closed) dyadic Whitney cubes {/}, in the following denoted W = W(£2), such that the
cubes in W form a covering of €2 with nonoverlapping interiors, and which satisfy

4 diam (1) < dist(41, ) < dist(/, X) <40 diam (/) (5-7)
and
diam(/;) ~ diam(l,) whenever I; and I, touch. (5-8)

Given I € W, we let £(1) denote its size. Given Q € D(X), we set
Wo = {I ew | 100712(Q) < €(I) <100£(Q) and dist(I, Q) < lOOZ(Q)}. (5-9)
We fix a small, positive parameter t, and given I € W, we let

I"=I*():=(1+1)1 (5-10)
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denote the corresponding “fattened” Whitney cube. Choosing 7 small, we see that the cubes I* will retain
the usual properties of Whitney cubes, in particular that

diam(7]) ~ diam(I™) ~ dist(I*, £) ~ dist(, X).
We then define a Whitney region with respect to Q by setting

Up:=J I (5-11)

Finally, given Q € D(X), y >0, we let
T = int( U UQ/) (5-12)
Q/EDQ
denote the Carleson box associated to Q. Furthermore, given y > 1 we let
T, o := int( U UQ/> (5-13)
0:0'N(y Q)#9
denote the Carleson set associated to the y dilate of Q.

5B. Reduction of Theorem 1.6 to two key lemmas. Using Lemma 4.12, we see that to prove Theorem 1.6
it suffices to prove the following version of Theorem 1.6.

Theorem 5.1. Assume that Q@ C RNt is an (unbounded) admissible Lipy-domain with constants
(M1, M») in the sense of Definition 1.1. Then there exist A = A(N, M1), 1 < A <00, and c =c(N, My),
1 <c<oo,and ¢ =c¢(N, My, M), 1 <¢ <o00,and n=n(N, My, M>),0 < n < 1, such that the following
is true. Let Qg € D, 0o :=1(Qp) and let w(-) := a)(AjQO’A(ZQO, toy), ). Then

1/
5—1<0(E)) nfw(E)SE(G(E))n
a(0) w(Q) o(Q)

whenever E C Q, Q €D, O C Q,.

The proof of Theorem 5.1 is based on the following lemmas.

Lemma 5.2. Let Q¢ € D and let w(-) be as in the statement of Theorem 1.6. Let k > 1 be given and
consider &g € (0, 1). Assume that E C Q¢ with w(E) < 8. If 8o = §o(N, My, k) is chosen sufficiently
small, then there exist a Borel set S C 02, and a constant ¢ = c(N, M1), 1 < c < oo, such that if we let
u(Z,t):=w(Z,t,S), then

k20 (E) < c// (IVxul*8 + | Vyul*8® + | Xo(w)|*8°) d Z dt.
Teg,

Here § =68(Z, 1) is the distance from (Z,t) € Q to ¥ and T.g, is the Carleson set associated to cQq as
defined in (5-13).
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Lemma 5.3. Let Qg € D and let w(-) be as in the statement of Theorem 1.6. Letu(Z,t) .= w(Z,t, S)
and ¢ be as stated in Lemma 5.2. Then there exists ¢ = c¢(N, M1, M), 1 < ¢ < o0, such that

// (IVxul*8 + | Vyul*s® + | Xow)|*8%) dZ dt < Ea(Qo).
T.0,

The proof of Lemma 5.2 is given below. The proof of Lemma 5.3 is given in the next section. We here
prove Theorem 5.1, hence completing the proof of Theorem 1.6, assuming Lemmas 5.2 and 5.3. Indeed,
first using Lemmas 4.14 and 4.12 we see that it suffices to prove Theorem 5.1 with Q = Qy. Then, using
Lemmas 5.2 and 5.3 we see that we can, for [' > 1 given, choose 69 = §o(N, M, I') so thatif E C Qo
with w(E) < §y, then

0 (E) < é5(Qo) (5-14)

for some ¢ = ¢(N, My, M3), 1 < ¢ < oo. In particular, we can conclude that there exists, for every € > 0,
a positive 8o = 8o(N, M1, M>, €) such that

w(E) =80 = cdow(Qo) = 0 (E) =€a(Qo), (5-15)

where we have also applied Lemma 4.10. Theorem 1.6 now follows from the doubling property of w, see
Lemma 4.12, and the classical result in [Coifman and Fefferman 1974].

5C. Good € covers. Recall that in the following w(-) := a)(AjQO’A(ZQO, 100), ), Qo eD, 00 :=1(Qo).

Definition 5.4. Let £ C Qg be given, let ¢y € (0, 1) and let k be an integer. A good ¢y cover of E,
of length k, is a collection {(’)l}f: , of nested (relatively) open subsets of Qy, together with collections
Fi={Al}; € Qo, Al €D, such that

ECOCOr1C---CO;C Qo, (5-16)
o =|JAl (5-17)
Fi
w(O N AT < oA™Y forall AT e 7y, (5-18)

Lemma 5.5. Let E C Qq be given and consider €y € (0, 1). There exists y =y (N, M), 0 <y < 1, and
=T, My), 1 KT, such that if we let 69 = y (€o/ F)k, and if w(E) < &y, then E has a good €y cover
of length k.

Proof. Letk € Z, be given. Let y, 0 <y < 1,and I, 1 < T, be degrees of freedom to be chosen
depending only on N and M;. Let 8y = y(eo/ I')*. Suppose that w(E) < 8y. Using that w is a regular
Borel measure, we see that there exists a (relatively) open subset of (g, containing £, which we denote
by Ok+1, satisfying @ (Ok+1) < 2w(E). Using Lemma 4.10 and the Harnack inequality, see Lemma 4.4,
we see that there exists ¢ = ¢(N, M), 1 <c¢ < o0, such that

k
0 (Ok11) < 280 < cbow(Q) < %(%0) »(Qo) (5-19)
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ifwelety :==2/c. Let f € Ll (2, dw), and let

loc

1
M,(f)(Z,t):=sup —~~/ fdw,
! 0 B,(Z.1) Js.ai
where B = {B.(Z,7) | (Z,7) € 9Q, (Z, t) € B.(Z, T)}, denote the Hardy-Littlewood maximal function
of f, with respect to w, and where the supremum is taken over all balls Br(f 1), (Z , 1) € 3L, containing
(Z,1). Set

O :={(Z,1) € Qo | Mu(10,,,) > €0/},

where we let ¢ = ¢(N, My), 1 < ¢ < oo, denote the constant appearing in Lemma 4.12. Then, by
construction, Or4+1 C Ok, O is relatively open in Qg and O is properly contained in Qp. As w is
doubling, see Lemma 4.12, (2Qy, d, ) is a space of homogeneous type, weak L' estimates for the
Hardy—Littlewood maximal function apply and hence

- k—1
0 (O) <& — w(Ops1) < 1(1’) »(Q0). (5-20)
€0 2\ ¢

if we let I' = ¢c and where ¢ = ¢(N, M), 1 < ¢ < oco. By definition and by the construction, see
(1)—(iii) on page 1733, Qg can be dyadically subdivided, and we can select a collection Fj, = {Af},- C Qo,
comprised of the cubes that are maximal with respect to containment in O, and thus Oy := [, Af.‘. Then,
by the maximality of the cubes in Fj, and by the doubling property of w, we find that

(O N AR < o (A% for all AF € 7. (5-21)

We now iterate this argument, to construct O;_; from O; for 2 < j < k, just as we constructed O
from Oy ;. It is then a routine matter to verify that the sets Oy, ..., O, form a good €y cover of E. We
omit further details. O

Remark 5.6. From now on we fix a small dyadic number n = 2% where kg is to be chosen. Given Q €D,
we consider the ko-grandchildren of Q, i.e., the subcubes Q" C Q, Q' € D, with length [(Q") = nl(Q).
We let é denote the particular such grandchild which contains the center of Q, (Zg, tp).

Remark 5.7. Given Q € D we let AE = A;LZ(Q)’A(ZQ, tp) and AJQL = AZ(Q),A(ZQ’ 15 where Q was
defined in Remark 5.6.

Remark 5.8. Consider the special case A := Aﬁ € Fi; i.e., A is a cube arising in some good €y cover.
We then set Aﬁ = A, where A is defined as in Remark 5.6, and we define

o= J Al (5-22)
Aler

Remark 5.9. Let E C Q and consider the setup of Lemma 5.5. We note that for every (Zy, tp) € E we
have (Zy, t9) € O; foralll =1, 2, ..., k, and therefore there exists, for each [, a cube Af = Aﬁ (Zo, ty) € F;
containing (Zy, tp). With (Zy, tp) fixed, we let Af = Aﬁ(Zo, tp) denote the particular ko-grandchild, as
defined in Remark 5.6, of Af that contains (Zg, 1).
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5D. Proof of Lemma 5.2. To prove Lemma 5.2, let g > 0 be a degree of freedom to be specified below
and depending only on N, My, let 8o = y (€9/ I')* be as specified in Lemma 5.5, where k is to be chosen
depending only on N, M; and k. Consider E C Qg with w(E) < §g. Using Lemma 5.5, we see that E
has a good € cover of length &, {(91}5‘:1 with corresponding collections F; = {Aﬁ},- C Qop. Let {(51}5‘:1
be defined as in (5-22). Using this good €y cover of E we let

k
F(Z,t):= Z X0;_n\o,(Z, 1),
j=2

where x. |\o, is the indicator function for the set x5 \o,- Then F equals the indicator function of
some Borel set S C X and we let u(Z,t) :=w(Z,t, S). Consider

(Zo,t9) € E and anindex/ e {l,...,k}.
In the following let

Af € JF; be a cube in the collection F; which contains (Z, ty).

Given kg € Z4 we let

Af be the ko-grandchild of Aﬁ which contains (Z /, t,1).

With (Zy, tp) and Aﬁ fixed, we let Aﬁ be defined as in Remark 5.9; i.e., we let

Af be the ko-grandchild of Af which contains (Zy, fy).

Finally, we let
Aﬁ be the ko-grandchild of Aﬁ which contains (Z:, 141).

Hence, based on (Zy, #p) € E and an index [ € {1, ..., k}, we have specified Al Aﬁ, Af and Aﬁ satisfying

i°
Al c Al Al c Al c Al
We let

+ + + +
AM = Acl(&ﬁ),A(ZAf" t&g), AAf = Acl(Aﬁ),A(ZAf’ [55)' (5-23)

We first intend to prove that there exists 8 > 0, depending only on N, M1, «, such that if €y and 5 = 270
are chosen sufficiently small, then

lu(AL) —u(A3)| = B. (5-24)
To estimate u(AJAr() we write
u(A%)) :f F(Z,1)dw(AY,, Z,1) +/ F(Z,D)dw(AY,, Z, 1) =1+1I. (5-25)
Al 00\A! Al Al Al

Using Lemma 4.6 and the definition of AZ! we see that

1] < w(AL, Qo\AD <cnf (5-26)
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for some ¢ = c(N, M1), 0 = o (N, M) € (0, 1). Furthermore, by the definition of F we see that

I =1L+ 1L+ I, (5-27)

where

1
11, ;=Z/Al 15, 1o, dw(Azf,Z, 1),

Ih:= Z/ 13, 1\o,dw(AA/,Z 1), (5-28)

Jj=l+2

1113 :=/ IOI\OH»I da)(AA/, Z, t_)

Note that if j </, then Aﬁ C O, COjand (Oj_l \Oj)N Af = . Hence 11} = 0. Obviously,

k k
b= ) o(A7, G \ONNA) ¢ 3, oA}, (0j-1\0)NA), (5-29)
j=l+2 j=142

where we in the second estimate have used the Harnack inequality; see Lemma 4.4. Consider (Z,1) €
(5j_1 \Oj)N Aﬁ. Then, using Lemma 4.13 we have

w(AT A 920 B,(Z,1))
Z,1):= lim — (5-30)

K(AT =
0>0  w(dRNB,(Z,1))

Al

exists for w a.e. (Z,7) € Aﬁ, and

Z,1) < whenever (Z,7) € Al (5-31)

¢
w(Ah
In the last conclusion we have also used Lemma 4.12. Using these facts, and using the definition of the
good €p cover, we see that

k
C ~
Ll < —"= " o(©;-1\0)NA)
(A7) j=1+2
c k
<1 w(©O;_1NAl < el w(Al) < ¢ ep. (5-32)
(&) ;Lz " (A) ;Lz '

To estimate the term I3 we first observe that Aﬁ N (51 = Aﬁ by the definition of 51. Hence,
Il = (A7, AN O — (AL, AiNOL)

= (A5, A) (AL, AjN O =: 131 + 3. (5-33)

Arguing as in (5-32), we see that

C
|II3| < Z,)w(Ai NOu1) < Cyeo, (5-34)

i
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by the construction. Putting these together we can conclude that so far we have proved that
u(AY) — 11| < en” +cyeo, (5-35)
and it remains to analyze I/3;. However, using Lemma 4.10, and elementary estimates, we see that there

exists ¢ = ¢(N, My), 1 < ¢ < 0o, such that

< <1-¢l

Combining the last result and (5-35) we can conclude, by first choosing n = n(N, M) small and then
€9 = €o(N, My, nn) small, that

3 <u(At W=1- 3l (5-36)
To estimate u(AE,) we write
u(A) =/ | F(Z.Ddo(A}, z,f)+f F(Z.Dydo(AL. Z. D) =1 +11. (5-37)
i Qo\A} Al
We splitﬁ as
I =11, +11,+1I5, (5-38)

where

l
7 - + 7 7
=) :fA] 18, no, dw (A% Z.1.).
j=27%

k
M=y /A g, 0, do(A%. Z.D) (5-39)
=142

HERES /é’- 1570141 da)(AA,, Z, 0.

We can now conclude, by essentially repeating the estimates in the corresponding estimate for u(At ,)
above, that
]+ U]+ 2] < cn’ 4 cyeo. (5-40)

Note that the key estimate is now the kernel estimate

K(AT,,Z 1)<

AL a)(CAl) whenever (Z, 1) € Aﬁ, (5-41)
i

which again follows from Lemma 4.13. We now focus on 11 3 and we observe that

I3 =A%, ALN O\ O11) = (AT, (ALN A\ O14), (5-42)

Al Al

and that either (&f N Al.) = or Al. = Al.. If (Al N Aﬁ) = &, then ﬁ_o, =0.If Af = Af, then

Iy = w(A},. A) — (AL, A\ Oy =115 + 1. (5-43)
Also in this case

113 < cye,
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and we are left with I7 31. However, by Lemma 4.6 we deduce that
I =oAL, A)=1-c,
where ¢ = c(N, M), 0 =o (N, M) € (0, 1). Combining our estimates we find that either
0< u(Azé) <cn® +cyep or u(AJArf) > 1—(cn” +cyeo). (5-44)
Combining (5-36) and (5-44) we can conclude, in either case, that
|u(A§§) - u(Azﬁ)I > 3671 —en® +cpe > L& (5-45)

by first choosing n = (N, M) small and then choosing €y = €¢(N, M1, ) small. Hence the proof of
(5-24) is complete.

Next, using (5-24), Lemma 2.5(i), an elementary connectivity/covering argument and the Poincaré
inequality, see Lemma 2.4, we see that

U [[ (TP S 4 X0 P8 0) aza,
Wt

where VT/Az_ is a natural Whitney-type region associated to Aﬁ, 8 = 6(Z,t) is the distance from (Z, )
to X, and c = c(N, M1, 1), 1 <c < oo. Consequently, for (Zy, #p) € E fixed we find, by summing over
all indices i, [, such that (Zy, ty) € Aﬁ, that

c 1Bk < Z (ﬁ (IVXu|282_q+IVyu|286_q+|Xo(u)|254_q)d2dt). (5-46)
i,1:(Zo, 1) Al Wal

The construction can be made so that the Whitney-type regions {WN} have bounded overlaps measured
by a constant depending only on N, M1, and such that WQ( C T,o, for some ¢ = c(N, M), 1 <c < o0,
where T¢ ¢, is defined in (5-13). Hence, integrating with respect to do, we deduce that

¢ 'B*ko(E) < (f/ (IVxul*8 + | Vyul*8® + | Xow)|*8%) d Z dt), (5-47)
Teg,
where, resolving the dependencies, ¢ = ¢(N, M), 1 < ¢ < oco. Furthermore,
. log(do)
log(ep)’

where 1 and €y now have been fixed, and & is at our disposal. Given ¥ we obtain the conclusion of the
lemma by specifying 6o = 8o(N, M1, «) sufficiently small. This completes the proof of Lemma 5.2.

6. The square function estimate: proof of Lemma 5.3

The purpose of the section is to prove Lemma 5.3. Hence we consider Qg € D(X), we let oo =1(Qo),
u(Z,t) := w(Z,t,S) and we let ¢ be as stated in Lemma 5.2. We want to prove that there exists
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¢=c¢(N, M, M), 1 <c¢ < o0, such that

// (IVxul?s + [Vyul?8® + | Xow)|?6%) dZ dr < ol ™" (6-1)
Teg,

However, using Lemma 2.8, and a simple covering argument, we first note that to prove (6-1) it suffices
to prove that

/[ \Vxul?8dZ dt <ol ™! (6-2)
T,

for potentially new constants ¢, ¢ having the same dependence as the original constants ¢, ¢. Inequality
(6-2) will be proved using partial integration. To enable partial integration, we perform the change of
variables

(w7 wm’ y7 ym, [) € U - (w’ wm +wamw<w1 ys t)’ y’ ym, t) (6_3)
where
U={W.Y,)=w, wn, y, ym. 1) ER" 'xRxR" 'xRx R | w,, > 0}. (6-4)

Then, by a straightforward calculation we see that u satisfies Ku = 0 in 2 if and only if v(W, Y, 1) :=
u(w, Wy + Pyy, ¥ (w, y,1),y, ym, t) satisfies

Vi - (AVyv) + B - Vv + (W, W + Pyu, ¥ (W, y,1) - Vy —3)v=0 inU. (6-5)

Here A is an m x m-matrix-valued function, B : U — R™ and

1+ Vo Py, ¥

Am,m

(14 8w, Pyu, ¥)?’
Ow; Pyw, ¥ . (6-6)
Ajm = Qp,j = — , j=1,...,m—1,
(1 +8w)7l walﬂw)
a,-,j=8i,j, i,jE{l,...,m—l},
and
b, — 8wmmeywmw ((w,u)m+wam1//(w, y’t))'vY_at)(wamW)
" (1 Ow, Py, V) (14 9w, Pyw, ¥) ’ 6
awmw,-waml/f .
bj = : , j=1,...,m—1.
(I + 0w, Pyw, V)
Choosing y = y (N, M), y > 0, small enough, see Remark 2.3, we have
m
(N, M) M EP < Y ai j(W, Y, 0&& < c(N, MDIE,  c(N, M)) = 1, (6-8)

i,j=1

forall (W, Y, 1) e RV+! and for all £ e R™. Let 0, 6 > 0 be integers, let (@1, . .., dm—1) and (@1, . . ., Pm_1)
denote multi-indices and let £ = (6 + |¢| + 3|¢| + 26). Then, using Lemma 2.1 and the fact that v is



THE Aoo-PROPERTY OF THE KOLMOGOROV MEASURE 1743

independent of y,,, we deduce that

§o+HeI+Iel g .
‘m(((w, Wi + Pyw, ¥ (w, y,1))-Vy —3;) (AW, Y, z)))‘ <c(m,l, y)w, M,
w,, dw?dy

- 6-9
‘ §0+10 1+l (©2)

é —1—
= (W, Wi + Py, ¥ (W, ¥, 1)) - Vy = 8) (B(W. Y, z)))‘ <c(m. 1, y)w, ' M
dwld dw?dy?

whenever (W, Y, t) € U. Similarly, using Lemma 2.2 we see that if we let du; =du; (W, Y, 1), i € {1, 2},

90+ 1+9| 5 2
leLl = ‘—~(((w’ wm‘f’wamW(wa Y, t))VY_aI) (A(Wv Ya t))) wmi deydta
dwl Jw?y?
90+191+19l p 2
d/'LZ = ‘—~(((w’ wm+wamw(U), Y, t))VY_at) (B(Ws Ya t))) wm+ deydt7
dwl Jw?y?
be defined on U, then
11 (U N By (wo, 0, Yo, 10)) + a2 (U N By(wo, 0, Yo, 1)) < c(m, I, y, My, Ma)o?™" (6-10)

whenever (wo, 0, Yo, 7o) € dU, o > 0, and B, (wo, 0, Yo, 1) C R¥*1. We emphasize that
A and B are independent of y,,. (6-11)

As the equation Ku = 0 and the statements in (6-9)—(6-11) are invariant under left translation defined
by o, we can in the following without loss of generality assume that

(Zgy:100) = (xQo’ ¥ (XQ9> Y00 100) Y00+ Ym. Q0> th) =(0,0,0,0,0). (6-12)

Furthermore, given ¢ > 1 we claim that there exist « = «(N, ¢) > 1 and 8 = B(N, M1, ¢) > 1 such that if
we define

Do = {(W, Y, 1) = (W, Wy, ¥, ym. 1) | lw| < @0, 0 <wy < Boo. |Y| <e’0f, It] <a®of}, (6-13)

then
Tey C {(w, wm + Pyu, ¥ (W, ¥, 1), ¥, Ym: 1) | (W, Wins ¥, Y 1) € Do} (6-14)

In the following we let 20, be defined as in (6-13) but with g replaced by 2¢¢. Letting (0y)* and (20p)*
denote the sets we get if we reflect Oy and 20y, respectively, in the boundary dU, in the following we let
¢ € Cy° (200 U (200)*) be such that 0 < ¢ < 1, ¢ =1 on Op U, and such that

00l Vwe |+ 03IV e]+ 05l (W - Vy —3)(0)] < (N, My). (6-15)
Letting v(W, Y, t) = u(w, Wi + Py, (W, Y, 1), Y, Ym, t), where u(Z,t) =w(Z,t, S), we see that

[v(W,Y,t)] <1 whenever (W,Y,r)eU. (6-16)
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Using (6-10) we see that
f/ﬂ (W, Y, 01> duwi(W, Y, t) <c(m,l,y, Mi, M, i)gg_l, ief{l,2}. (6-17)
o
To prove (6-2), and hence to complete the proof of Lemma 5.3, it suffices to prove that
/fm IVwo(W, Y, 0122w, dW dy dt < ¢(N, My, Mol ™" (6-18)
b
The rest of the proof is devoted to the proof of (6-18) and in the proof of (6-18) we will use the notation

T, .= // |VWUI2§2wdedydt,
2o (6-19)
2
T = / / 0+ Py 3.1 ¥y = 0) @), dW dy
20y

Inequality (6-18) is a consequence of the following two lemmas.

Lemma 6.1. Ler Oy, ¢ and v be as above. Then there exists, for € > 0 given, ¢ = c¢(N, M, M>, €),
1 <c¢ < o0, such that

T < cgg_l +eT>.
Lemma 6.2. Let Oy, ¢ and v be as above. Then there exists c = ¢c(N, M|, M), 1 < c¢ < 00, such that
q—1
T <c(h +0, ).

6A. Proof of Lemma 6.1. Using (6-8) we see that

m
Ty<cl, I:=) I
i,j=1
where

1
L= 2/[ ( )ai,j(awiv)(awjv)wmgzdw dy dt.
200 \%m,m
Assume first that i # m. Then, integrating by parts in /; ; with respect to w; we see that
1 2
lij=-2 vy, (ai,jawjv)wmg“ dw dY dt
200 \%m,m
1
-2 ff A (—>al-,,-v(aw,.v)wmg2 dW dY dt
2000 Am,m ’

_4// (“’*" )v(&wiv)wmgawi{ AW dy dt.
200 \%m,m ’
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Similarly we see that

L, j =—hm2 < )(w 8,Y, Hv(w,$,7, t)(awjv(w 5,7, t))(S{ dwdY dt
§—0 Doﬁ {w=8} \dm,m

1
[, G)
200 \9m,m
/f awm< >am,jv(awjv)wm;2dede
2000 Am,m
—2// ( > (0w U){ dw dY dt
200 \9m,m

—4// (“”” )v(awju)wm;awmgdvvdy dt.
200 \%m,m

Combining the above,

VO, (Am, j O, v)wm§ dw dY dt

I=(}irr(1)lf+12+13+l4+15,

where
I{S —22/ ( )(u) 8, Y, Hv(w, s, Y, 1)(0y;v(w,d, Y, t))8§ dwdY dt,
200N {w,, =8} \dm,m
b= _ZZ//zmo(am m>va“’" (@, 0w, V)Wy > dW dY dt,
i,] ’
1
L= _zzf/m A, (am m)a,-,jv(awjv)wmﬁdw dy dt,
Iy ——42 V(B V)W ¢ ¢ AW dy dt,
200 \%m,m

Is:=—2 "I V(@ v)C2dW dy dr.
; ;//zuo(am,)”( b ER AW dy

Using (6-9), Lemma 2.5(iii) and (6-15) we see that

1I}] < col ™. (6-20)

We next analyze ;. Using the equation

1 2
L=2 // v(((w, wi + Pyu, ¥ (w, y, 1)) - Vy — ;) v)wui > dW dy dt
200 \%m,m

1
+2fo ( )vb,-aw,.vwmgdedydt
F 200 \%m,m

=: I + I,

we have

1/2 172
1225(:(// v2|B|2wm§2deydt) (// |va|2wm;2deydz> <c(e)ol ' +eTy
ZDO ZEI0
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by (6-10), (6-17) and where € is a degree of freedom. Furthermore, integrating by parts with respect to
w,, we see that

Ly = ;1_{% By + Ly + bz + Lg + Ds,

where

B :/ ( ! >v(((w Wi + Py, ¥ (w, y, 1)) - Vy — 8,)v)8°¢* dwdY dt
211 » W Y W » s Y — 0 )
200N {wy, =8}

Am,m

1
o= aw,,,( )v(((w,wm+wamw(w,y,r>)-vy—a,)v)wizdeder,
20,

Am,m

1 2.2
b3 =— A V((W, Wi + Py, W (w, ¥, 1)) - Vy — & )v)wi, e dW dY dt,
200,

Am,m

1
12”:_//5 ( )vawm(«w,wm+wamw<w,y,z>>-vy—at)v)wicdeder,
2Ly

Am.m

1
s =—2// ( )v(((w,wm+wamw(w,y,t))-Vy—8,)v)w51§8wm§deYdt.
200y

Am.m

To estimate Ifll we again have to use Lemma 2.5. Indeed, using that

U(W9 Y’ t) = M(w, wm + wam"p(wa ya t)v yv )’m, t) =M(.x,.xm, ya ym» t)

we see that

((w’ Wy + Pyu, ¥ (w, y, 1)) Vy — at)v
= (X -Vy—0)u(X,Y,t)+0,,u(X,7Y, t)((w -Vy =0)(Pyuw, ¥ (x,y, t)))

Hence, using (6-9), Lemma 2.5(iii) and Lemma 2.1 we first see that
| (w, Wi + Py, ¥ (w, y, 1) - Vy — 8 )v| <872

whenever (W, Y, t) € 200 N {w,, = §} and then that |I§] = cgg_l. Focusing on 1, we see that

0w, m,m
by = _//D (w’"—’>v(((w, Wi + Py, ¥ (w, y, 1) - Vy — 8 )v)wic? dW dy dt
2Ly

2
am,m

< c(// Iawmam,mlzvzwm dW dy dt) Tzl/2
200y

<c()ol " +eD,

by (6-10), (6-17), and where € is a degree of freedom. To continue we see that

1
Ly = —/fD (a )v(((w,wm—{—wamt//(w,y,t))-Vy—3,)8wmv)w,f1§2deydt
20 m,m
1
_/f ( )v(l+ameywmw(w,y,t))(aymv)w,iﬁdwczydz
200y

Am,m

=: Da1 + Dhiap.
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To estimate 114 we write

1 1
12142=—§/fu ( )(1+ameywmw(w,y,r»(aymv%w,iczdvvdydt
2Ly

Am,m

1
:// ( )(1+awmpywmw(w,y,t))uzw;;aymgdwczydt,
200y

Am,m

where we have used that i is independent of y,,. In particular, |I>142] < cgg_l. Focusing on 141,

bm:// ((w,wm+wamw(w,y,t)).vy—a,)( )v(awmv)wﬁ,gdedydt
2‘]0

Am,m

+// ( 1 )(((w,U.)m+P]/UJm]l/(w,y,[))-VY—at)v)(awmv)wrzné-Zdeydt’
200,

Am,m

+2ff ( ! )U(awmv)wrznf((wvwm"‘wam‘/f(W,y,t))-Vy—at)gdeydt
2':’0

Am,m
=: a1 + Lia12 + L14a13.
Again using (6-10), (6-17), (6-9), and elementary estimates we see that

1
|Liaii] + [1a13] < c(e)of +€Th,

where € is a degree of freedom. Furthermore,

Da12 = — 3.

Finally,

1
s =— // ( )(((w, Wi+ Pyu, ¥ (w, ¥, 1)) - Vy — 8,)v?)wy, £ D, ¢ AW dy dt
20,

Am,m

=ff ((w’wm+wamw(w,y,t))-Vy—a,)< )vzw;;awm;dwclydt
200,

Am,m

1
—I—// ( )vzw,zn(((w, W + Py, ¥ (w, y, 1)) Vy — 3,);)811,"1;‘ dW dydt
200y

Am,m

+// ( 1 )Uzwilg((w’wm+wamw(w’y’t))'VY_at)amedeydt
200y

Am,m

=: D151+ his2 + 53,

Using (6-9), (6-10), (6-17), (6-12), (6-15), and by now familiar arguments, we see that | 55| < cgg_l.
Combining the above, we can conclude that

|| < I8, + | 12| + | la13] + | Ta1a] + | Ta1s| + | 1oz
< c(e, €)Q371 + €Ty + €T3,
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where € and € are degrees of freedom. Similarly,

-1
||+ | 14| < c(e)of ™ +e€Tn,
and we can conclude that
-1
I+ Bl + 5]+ 4] < c(e)ol ' +€Th.

Finally we consider Is,

Is==2Y" DnJ ) v, )2 dW dy dt.
j 200 \9m,m !

First we consider the term in the definition of /5 which corresponds to j = m. Then

— // B, (V)2 dW dy dt
200,

= —lim W) (w, 8, Y, t);zddedt—i—Z// V20, AW dY dt,
§=0 J2006N{w,=5) 20

and obviously the absolute value of the terms on the right-hand side is bounded by cggfl. Next we
consider the terms in the definition of /s which correspond to j # m. By integration by parts we see that

—2// ( )v(a ), (W) 2 dW dY dt
200 \%m,m

_hmZ/ (“ )(w 8, Y, (w, 8, Y, N, v(w, 8, Y, )8t dw dY dt
=0 200N {wy =8} \dm,m

am, j 2
+2// wm< )vawivwmg‘ dw dY dt
20, Am,m ’
+2f/ (a"”> Duy VO V> W dY dt
200 \%m,m
+2/f ( ) Dy VW > AW dY dt
200 \%m,m
+4// < )va VW 0y, L dW dY dt.
200 \m,m

Let
Isy _22// (Z’) Bu, Uy VW2 AW dY dt,
200 m,m
j#m
Isy zzzf/ (Z"”> Doy V2 AW dY dt.
j#m 200 m,m

By the above deductions, and using by now familiar arguments, we can conclude that

-1
[Is — Is1 — Isz| < c(€)og~ +eTh.
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To estimate /5, we use that j # m. Integrating by parts

152=_2Z//D A, (%)vawmvwmgzdwwdt
2Ly

j#m m.m
2y // (a’“’f)awjvawmvwmgzcszde
; 200 \dm,m
Jj#Em
-4y // (“’"’j )vawmvwm;awj; dW dY dt
; 200 \%m,m
JF#Em
= Isp1 + Isxn + Is23.
Note that
Isyp = —Is1,
and that

sl + | s23] < c(e)of ' + €T
by familiar arguments. Summarizing we can conclude that
'y TS IR+ LI+ 1Bl + Tl + 15| < c(e, &gl + €Ty +ET,
where €, € are degrees of freedom. This completes the proof of the lemma.

6B. Additional technical estimates. In this subsection we prove some additional technical estimates that
will be used in the proof of Lemma 6.2. Let

m
I3 = Zf/ |V B, v) 2w ¢t dW dY dt,
i=1 772D
m
Iy= 2// |V (3y,0) [Pw), ¢ dW dY dt, (6-21)
i=1 7 /200

T5=// |VyvlPw? c8dW dY dt.
200,

Lemma 6.3. Let Oy, ¢ and v be as in Lemma 6.1. Then there exists, for positive €| — €4 given, ¢ =
c(N, M, M5, €1, ¢, €3,€4), 1 <c < 00, such that

() T3 <col ™ +cTi+eTs,
() Ty < cggfl +cTs+ 6T + 63715,
(iii) 75 < col ' +¢Ti + ¢TI+ 4Ty
Proof. To prove (i) we introduce v = 9, v. Using (6-5) we see that v solves
Vi - (AVw D) + B - Vi + (W, Wy + Pyu, ¥ (w, y,1)) - Vy — ;)
==V - (0u; AVWV) — 0y, B - Viyv — 0y,v — 0y, Py, ¥ (w, y, 1)0y, v (6-22)
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in U. Multiplying the equation in (6-22) with dw? ¢* and integrating we see that

J = —/ (Vw - (AVy o) ow’ ¢t dW dy dt = Jy + Jo + J3 + U,
20y
where
Ji = //D (((w, Wy + Py, ¥ (w, y, 1) - Vy — 8,)8)dw; ¢ * dW dy dt,
2Ly

Jy = // (Vi - (3w, A V) ow3 ¢t dW dy dt,
200,

J3 = // (3w, (B - Vipv))dw? c*dW dy dt,
200y

Jy = //ZD (8y,0 4 B, Py, ¥ (w, y, )3y, v)dw;, ¢t dW dy dt.
o
Using (6-9) we immediately see that
|l + 105 + 14l < ey + T 2T 4 o1 P12
Furthermore, using (6-12), (6-15) we see that
2|1| <4‘// (w Wy + Pyy, ¥ (w, y, 1)) - Vy — 81)(;‘)w g dWdydt| <cT,
and we can conclude that

il 4+ Ll + T3]+ 1Js] < c(e, €)T1 + €T3 +€T5,

where € and € are positive degrees of freedom. Next, integrating by parts in J we see that

Z/ A, 0, D087 ¢* dw dY dt

200N {w,, =8}

+Z[/ i, j (B, D), (Fw3CH) AW dy dt
- 20, ’

+22f/ a;, j (0w, V) 0y, (me{4)deydt

i#m j

=ZZ// ai, j (3w, 0) (3w, D) (wiy, ¢ dW dy dt + J,
;a0
where
—Z/ . ; (3, 9)98°¢* dw dY dt
j QDOH{wmer}

+4ZZ// ai, j (B, D)0¢y, Cwy, ¢ > AW dy dt
- - 200,
l J
+3Z// am, j (3, D) Dwn ¢ * AW dy dt.
, 20,
J

(6-23)

(6-24)

(6-25)

(6-26)

(6-27)
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Using this notation we see that
¢T3 < 1T+ I+ 12l + 3]+ ). (6-28)
Furthermore, using (6-9) and Lemma 2.5 it is easy to see that
[T <col ™ +¢Ty + €T, (6-29)

where € is a degree of freedom. Combining (6-27) and (6-29), (i) follows. To prove (ii) we introduce
U = d,,v. Again using (6-5) we see that ¥ solves

Vw - (AVw0) + B - V0 + (W, wim + Pyu, ¥ (w, y, 1)) - Vy — 3;)0
= —Vw - (8, AVyv) — 3y, B - Viyv + 8y, Py, ¥ (w, y, 1)y, v (6-30)

in U. Arguing similarly to the proof of (i) we derive that

Ty <col ™ +cTs+cT,° T + 1P 1)+ e1) P T + o1y P12, (6-31)
Hence,

Ty<col ' +c(e,OTs+eTy +ETs, (6-32)

where € and € are positive degrees of freedom. To prove (iii) we have to estimate

Ts=) Ts; Ts;:= / f - (3y,v) 3y, v)w) c° dW dy dt. (6-33)
i=1 2Lo

Note that

8y,-v = —((w, Wy, + wamlﬁ(W, Yy, t)) -Vy — 8[)(aw,-v)
40w, (W, Wi + Pyu, ¥ (w, y, 1)) - Vy — 3;) (V) — (Bw, Pyw, ¥ (w, y, )dy,v. (6-34)

Hence,
Is; =— //2D0 (3, V) (W, W + Py, ¥ (w, y, 1)) - Vy — 31)(3w,~v)w3,§6dey dt
+//2D0 (3, V)3, (W, Wi + Py, ¥ (w, y, 1)) - Vy —3t)(v)wf,,§6deydz
_//2Do (8y,-v)((8w,.wamw(w, y, t))aymv)w21§6deydt
=:T5;1+Ts5,2+Ts5;3. (6-35)
Using partial integration we immediately see that

Tasal < el +eT) T 4 cTlT) 636
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Furthermore,
T = //25 (W, Wy + Py, ¥ (w, 3, 1) - Vy = 8,) (3y,0) Bu, v)wy, £ AW dy dit
0
-i-6//2D (ayiv)(aw,-v)wfn§5((w, Wi + Py, W (w, y,1)) - Vy — 3;); AW dy dt
0
- /fﬂ 3y,-((w, Wi + Py, ¥ (w, y, 1)) - Vy — 3t)(v)(3w,-v)w,5n§6 AW dy dt
0

] @B w3 0@, )@ o dW dyr
200,

+6 // (33, 0) Py VWS (W, Wiy + Py, Yr(w, 3, 1)) - Vy = 3)¢ dW dy d.
200y

Integrating by parts we have
Tsin = — / / {0+ Py 0 3,0) -V = B0 By o) £ AW dy s
20y
_ 6//D (W, Wi+ Py, (. 3. 1)) - Vi — 3,) (W) (B, 05,30, £ W dy di
20y

- // By, Py, ¥ (w, 3, 1)) (Dy,, 0) (B, )W) £ dW dy dt
200y

+6// (By,0) (Do, V)W, (W, Wy + Py, ¥ (w, y, 1)) - Vy — 8,)¢ dW dy dt.
200,

Hence,
|T511|<cT1/2T1/2+cT11/2T1/2+ T1/2( 1/2 T1/2)
and

1/271/2 201/2 1/2( 1/2 1/2 1/2 1

|5, < cof™ —I—CT T,”+cT,"T, ') +cT, /2+|T513|

We now first consider the case i = m. Using Remark 2.3 and (6-38) we immediately see that
Tsm < col ™' +cTi+cTy+ €Ty,

where € is a positive degree of freedom. Consider now i % m. Then, using (6-38) we have

1/241 1/241 1/2 1/2 T1271/2

ITsi] < co? '+, 2T 2 + o1/ P17 4 e (1, Y+ e PT + eI T

and hence

T5; < C.Qg_l +cTi+ch+eTy+cTs .

Using (6-39) and (6-41) we can now complete the proof of (iii) and the lemma.

(6-37)

(6-38)

(6-39)

(6-40)

(6-41)
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6C. Proof of Lemma 6.2. To start the proof of Lemma 6.2 we first use the equation in (6-5) and write
== [ (@t P 5.0 9y = 0) @) (T AV ) + B Vo) aW dy
20U

and
T =T+ T+ Toz + Tos, (6-42)

where

T = — Z f/ﬂo (W, Wi + Py, ¥ (W, ¥, 1)) - Vy — 8) 00y, (@, ; du,v)w;, ¢ * dW dy dt,
J

=3, / f (W, Wi+ Pyu, ¥ (w, y, 1)) - Vy = )03, (@10, )y, ¢ * AW dy dt,
izm Y /200

Ty = — Z Z /f (W, Wy + Py, (W, y, 1)) - Vy — 8 )y, (@i, du,v)w;, ¢ dW dy dt,
izm jzm? Y250

Tyi=—) P Vy — 0;)vb; 0y, vw> c*dW dy d

2 = _ ((w, W + Py, ¥ (w, y, 1)) - Vy — 8;)vb; 0y, vw;, ¢ ydt.
i 2L

Using (6-9) we immediately see that

1/2

12
|T21| + | T2] + | Toa| < T, /

1/2 1/2
T, +c1,°1) 2. (6-43)

Next, focusing on 753, and integrating by parts with respect to w;, we see that

Ty = Z Z f/ Ay (W, Wy + Py, W (w, ¥, 1)) - Vy — 3 )v(ay, ;3w v)wi ¢ dW dy dt
izm j2m? 720
+ Z Z // ((w, W + Pyu, ¥ (w, y, 1)) - Vy — 3:)U(ai,‘/3wjv)3w,. (g“)w,fli3 dW dydt
idm j#m” Y20
=: Tr31 + 232,

and that |Th3;| < Tll/ 2 Tzl/ 2 Furthermore

Tai=Y_ Y. f/ﬂo (3y, V) (@i, 0w, V)W ¢ * AW dy dt

i#Em j#£m
+> 3 /f (W, Wi + Py, Y (w, 3. ) - Vy = ;) (3, v) (@i, 0)wiy ¢ * AW dy dt
izm j2m? Y250
+> 3 / f (@, Py, ¥ (. y. 1)) (By,,v) (i, 0, v)w; ¢ * W dy dt
izm j2m? Y20

=: T2311 + T2312 + 12313.
Then

| Tos11| + | Tozi3) < T2 T2 (6-44)
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To estimate 75312 we lift the vector field ((w, Wy + Pyy,, ¥ (w, y, 1)) Vy — 8,) through partial integration
and use the symmetry of the matrix {a; ;} to see that

2Tpnn=—)_ Y. //ZD (@, 0) (((w, Wi+ Py, ¥ (w, y, 1))-Vy —0;) (@i ), v)wy,t* dW dy dt
i#m j#m 0

_422//25 (3w, 0) (@i, 3y, V) (W, Wi+ Py, ¥ (w, ¥, 1)) Vy — ;) (Ow;, 0> dW dy dt
i#m j#m 0

=: Tr3121 +T23122.

Then, by familiar arguments,
|T23121] + [ T23122| < cTh. (6-45)

Putting all estimates together we can conclude that

172 1/2 1/2

Ty < |Toi| + | Toa| + | T3] + | Toa| < Ty + TP 4 eT) 217 4 e1) 1) (6-46)

Hence
I <c(Ti +T13) +eTs, (6-47)

where €] is a positive degree of freedom. Now, using Lemma 6.3 we see, given positive degrees of
freedom €, — €5, that there exists ¢ = ¢(N, My, M», €5 —€5), 1 < ¢ < 00, such that

Ty < col ™' +¢T + e Ts,
Ty < col™ +cTs+ e3T1 + T, (6-48)
Ts < cgg_l +cT)+cTh +e5Ty.
Using the estimates on the last two lines in (6-48) we see that
Ts < col ™' +¢Ti 4 cTh + &Ts, (6-49)
where again € is a degree of freedom. Using (6-49) in the first estimate in (6-48) we deduce that
T; < cgg_l +cT) +cerTh + €366 T3, (6-50)

and hence, consuming €,
Ty <col ' +cTi + e, 651)
15 < CQS_I +cT +cT>,
for yet another degree of freedom e7. Putting the estimates from (6-51) into (6-47), we deduce that
T, SCng_l-i-ClTl + e Ta(er +€7), (6-52)

where ¢; = ¢ (N, M|, M, €1, €7) and ¢y = c2(N, M1, M>). Elementary manipulations now complete the
proof of the lemma. 0



THE Aoo-PROPERTY OF THE KOLMOGOROV MEASURE 1755

Acknowledgements

The author would like to express his gratitude to Sergio Polidoro for introducing him to operators of
Kolmogorov type a few years ago and for fruitful collaboration. The author also thanks Steve Hofmann
for communications.

References

[Barucci et al. 2001] E. Barucci, S. Polidoro, and V. Vespri, “Some results on partial differential equations and Asian options”,
Math. Models Methods Appl. Sci. 11:3 (2001), 475-497. MR Zbl

[Bernardin et al. 2009] F. Bernardin, M. Bossy, C. Chauvin, P. Drobinski, A. Rousseau, and T. Salameh, “Stochastic downscaling
method: application to wind refinement”, Stoch. Environ. Res. Risk Assess. 23:6 (2009), 851-859. MR

[Bernardin et al. 2010] F. Bernardin, M. Bossy, C. Chauvin, J.-F. Jabir, and A. Rousseau, “Stochastic Lagrangian method for
downscaling problems in computational fluid dynamics”, M2AN Math. Model. Numer. Anal. 44:5 (2010), 885-920. MR Zbl

[Bossy et al. 2011] M. Bossy, J.-F. Jabir, and D. Talay, “On conditional McKean Lagrangian stochastic models”, Probab. Theory
Related Fields 151:1-2 (2011), 319-351. MR Zbl

[Chauvin et al. 2010] C. Chauvin, F. Bernardin, M. Bossy, and A. Rousseau, “Wind simulation refinement: some new challenges
for particle methods”, pp. 765-770 in Progress in Industrial Mathematics at ECMI 2008, edited by A. D. Fitt et al., Mathematics
in Industry 15, 2010. Zbl

[Christ 1990] M. Christ, “A T (b) theorem with remarks on analytic capacity and the Cauchy integral”, Collog. Math. 60/61:2
(1990), 601-628. MR Zbl

[Cinti et al. 2010] C. Cinti, K. Nystrom, and S. Polidoro, “A note on Harnack inequalities and propagation sets for a class of
hypoelliptic operators”, Potential Anal. 33:4 (2010), 341-354. MR Zbl

[Cinti et al. 2012] C. Cinti, K. Nystrém, and S. Polidoro, “A boundary estimate for non-negative solutions to Kolmogorov
operators in non-divergence form”, Ann. Mat. Pura Appl. (4) 191:1 (2012), 1-23. MR Zbl

[Cinti et al. 2013] C. Cinti, K. Nystrom, and S. Polidoro, “A Carleson-type estimate in Lipschitz type domains for non-negative
solutions to Kolmogorov operators”, Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 12:2 (2013), 439-465. MR Zbl

[Citti and Sarti 2006] G. Citti and A. Sarti, “A cortical based model of perceptual completion in the roto-translation space”,
J. Math. Imaging Vision 24:3 (2006), 307-326. MR Zbl

[Citti and Sarti 2014] G. Citti and A. Sarti (editors), Neuromathematics of vision, Springer, 2014. MR Zbl

[Coifman and Fefferman 1974] R. R. Coifman and C. Fefferman, “Weighted norm inequalities for maximal functions and
singular integrals”, Studia Math. 51:3 (1974), 241-250. MR Zbl

[Coifman and Weiss 1971] R. R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces homogenes:
étude de certaines intégrales singulieres, Lecture Notes in Mathematics 242, Springer, 1971. MR Zbl

[Fabes and Safonov 1997] E. B. Fabes and M. V. Safonov, “Behavior near the boundary of positive solutions of second order
parabolic equations”, J. Fourier Anal. Appl. 3:Special Issue (1997), 871-882. MR Zbl

[Fabes et al. 1986] E. B. Fabes, N. Garofalo, and S. Salsa, “A backward Harnack inequality and Fatou theorem for nonnegative
solutions of parabolic equations”, Illinois J. Math. 30:4 (1986), 536-565. MR Zbl

[Fabes et al. 1999] E. B. Fabes, M. V. Safonov, and Y. Yuan, “Behavior near the boundary of positive solutions of second order
parabolic equations, 11, Trans. Amer. Math. Soc. 351:12 (1999), 4947-4961. MR Zbl

[Garofalo and Lanconelli 1990] N. Garofalo and E. Lanconelli, “Level sets of the fundamental solution and Harnack inequality
for degenerate equations of Kolmogorov type”, Trans. Amer. Math. Soc. 321:2 (1990), 775-792. MR Zbl

[Hofmann 1997] S. Hofmann, “Parabolic singular integrals of Calderén-type, rough operators, and caloric layer potentials”,
Duke Math. J. 90:2 (1997), 209-259. MR Zbl

[Hofmann and Lewis 1996] S. Hofmann and J. L. Lewis, “L2 solvability and representation by caloric layer potentials in
time-varying domains”, Ann. of Math. (2) 144:2 (1996), 349-420. MR Zbl


http://dx.doi.org/10.1142/S0218202501000945
http://msp.org/idx/mr/1830951
http://msp.org/idx/zbl/1034.35166
http://dx.doi.org/10.1007/s00477-008-0276-9
http://dx.doi.org/10.1007/s00477-008-0276-9
http://msp.org/idx/mr/2516211
http://dx.doi.org/10.1051/m2an/2010046
http://dx.doi.org/10.1051/m2an/2010046
http://msp.org/idx/mr/2731397
http://msp.org/idx/zbl/05798937
http://dx.doi.org/10.1007/s00440-010-0301-z
http://msp.org/idx/mr/2834721
http://msp.org/idx/zbl/1234.60060
http://dx.doi.org/10.1007/978-3-642-12110-4_123
http://dx.doi.org/10.1007/978-3-642-12110-4_123
http://msp.org/idx/zbl/1308.76218
http://msp.org/idx/mr/1096400
http://msp.org/idx/zbl/0758.42009
http://dx.doi.org/10.1007/s11118-010-9172-2
http://dx.doi.org/10.1007/s11118-010-9172-2
http://msp.org/idx/mr/2726902
http://msp.org/idx/zbl/1207.35102
http://dx.doi.org/10.1007/s10231-010-0172-z
http://dx.doi.org/10.1007/s10231-010-0172-z
http://msp.org/idx/mr/2886159
http://msp.org/idx/zbl/1241.35127
http://dx.doi.org/0.2422/2036-2145.201103_005
http://dx.doi.org/0.2422/2036-2145.201103_005
http://msp.org/idx/mr/3114009
http://msp.org/idx/zbl/1277.35081
http://dx.doi.org/10.1007/s10851-005-3630-2
http://msp.org/idx/mr/2235475
http://msp.org/idx/zbl/1088.92008
http://dx.doi.org/10.1007/978-3-642-34444-2
http://msp.org/idx/mr/3235488
http://msp.org/idx/zbl/1287.53001
https://www.impan.pl/en/publishing-house/journals-and-series/studia-mathematica/all/51/3/81219/weighted-norm-inequalities-for-maximal-functions-and-singular-integrals
https://www.impan.pl/en/publishing-house/journals-and-series/studia-mathematica/all/51/3/81219/weighted-norm-inequalities-for-maximal-functions-and-singular-integrals
http://msp.org/idx/mr/0358205
http://msp.org/idx/zbl/0291.44007
http://dx.doi.org/10.1007/BFb0058946
http://dx.doi.org/10.1007/BFb0058946
http://msp.org/idx/mr/0499948
http://msp.org/idx/zbl/0224.43006
http://dx.doi.org/10.1007/BF02656492
http://dx.doi.org/10.1007/BF02656492
http://msp.org/idx/mr/1600211
http://msp.org/idx/zbl/0939.35082
http://projecteuclid.org/euclid.ijm/1256064230
http://projecteuclid.org/euclid.ijm/1256064230
http://msp.org/idx/mr/857210
http://msp.org/idx/zbl/0625.35006
http://dx.doi.org/10.1090/S0002-9947-99-02487-3
http://dx.doi.org/10.1090/S0002-9947-99-02487-3
http://msp.org/idx/mr/1665328
http://msp.org/idx/zbl/0976.35031
http://dx.doi.org/10.2307/2001585
http://dx.doi.org/10.2307/2001585
http://msp.org/idx/mr/998126
http://msp.org/idx/zbl/0719.35007
http://dx.doi.org/10.1215/S0012-7094-97-09008-6
http://msp.org/idx/mr/1484857
http://msp.org/idx/zbl/0941.42006
http://dx.doi.org/10.2307/2118595
http://dx.doi.org/10.2307/2118595
http://msp.org/idx/mr/1418902
http://msp.org/idx/zbl/0867.35037

1756 KAJ NYSTROM

[Hofmann and Lewis 1999] S. Hofmann and J. L. Lewis, “The L? regularity problem for the heat equation in non-cylindrical
domains”, Illinois J. Math. 43:4 (1999), 752-769. MR Zbl

[Hofmann and Lewis 2001a] S. Hofmann and J. L. Lewis, The Dirichlet problem for parabolic operators with singular drift
terms, Mem. Amer. Math. Soc. 719, Amer. Math. Soc., Providence, RI, 2001. MR Zbl

[Hofmann and Lewis 2001b] S. Hofmann and J. L. Lewis, “Square functions of Calderdn type and applications”, Rev. Mat.
Iberoamericana 17:1 (2001), 1-20. MR Zbl

[Hofmann and Lewis 2005] S. Hofmann and J. L. Lewis, “The L? Neumann problem for the heat equation in non-cylindrical
domains”, J. Funct. Anal. 220:1 (2005), 1-54. MR Zbl

[Hofmann et al. 2003] S. Hofmann, J. L. Lewis, and K. Nystrom, “Existence of big pieces of graphs for parabolic problems”,
Ann. Acad. Sci. Fenn. Math. 28:2 (2003), 355-384. MR Zbl

[Hofmann et al. 2004] S. Hofmann, J. L. Lewis, and K. Nystrom, “Caloric measure in parabolic flat domains”, Duke Math. J.
122:2 (2004), 281-346. MR Zbl

[Hofmann et al. 2017] S. Hofmann, D. Mitrea, M. Mitrea, and A. J. Morris, LP-square function estimates on spaces of
homogeneous type and on uniformly rectifiable sets, Mem. Amer. Math. Soc. 1159, Amer. Math. Soc., Providence, RI, 2017.
MR

[Hormander 1967] L. Hormander, “Hypoelliptic second order differential equations”, Acta Math. 119 (1967), 147-171. MR
Zbl

[Kenig et al. 2016] C. Kenig, B. Kirchheim, J. Pipher, and T. Toro, “Square functions and the Ao property of elliptic measures”,
J. Geom. Anal. 26:3 (2016), 2383-2410. MR Zbl

[Kolmogorov 1934] A. Kolmogorov, “Zufillige Bewegungen (zur Theorie der Brownschen Bewegung)”, Ann. of Math. (2) 35:1
(1934), 116-117. MR Zbl

[Lanconelli and Polidoro 1994] E. Lanconelli and S. Polidoro, “On a class of hypoelliptic evolution operators”, Rend. Sem. Mat.
Univ. Politec. Torino 52:1 (1994), 29-63. MR Zbl

[Lewis and Murray 1995] J. L. Lewis and M. A. M. Murray, The method of layer potentials for the heat equation in time-varying
domains, Mem. Amer. Math. Soc. 545, Amer. Math. Soc., Providence, RI, 1995. MR Zbl

[Lewis and Silver 1988] J. L. Lewis and J. Silver, “Parabolic measure and the Dirichlet problem for the heat equation in two
dimensions”, Indiana Univ. Math. J. 37:4 (1988), 801-839. MR Zbl

[Lieberman 1996] G. M. Lieberman, Second order parabolic differential equations, World Scientific Publishing Co., River Edge,
NJ, 1996. MR Zbl

[Manfredini 1997] M. Manfredini, “The Dirichlet problem for a class of ultraparabolic equations”, Adv. Differential Equations
2:5(1997), 831-866. MR Zbl

[Nystrom 1997] K. Nystrom, “The Dirichlet problem for second order parabolic operators”, Indiana Univ. Math. J. 46:1 (1997),
183-245. MR Zbl

[Nystrom and Polidoro 2016] K. Nystrom and S. Polidoro, “Kolmogorov—Fokker—Planck equations: comparison principles near
Lipschitz type boundaries”, J. Math. Pures Appl. (9) 106:1 (2016), 155-202. MR Zbl

[Pascucci 2011] A. Pascucci, PDE and martingale methods in option pricing, Bocconi & Springer Series 2, Springer, 2011. MR
Zbl

[Pope 2000] S. B. Pope, Turbulent flows, Cambridge University Press, 2000. MR Zbl

[Safonov and Yuan 1999] M. V. Safonov and Y. Yuan, “Doubling properties for second order parabolic equations”, Ann. of
Math. (2) 150:1 (1999), 313-327. MR Zbl

[Salsa 1981] S. Salsa, “Some properties of nonnegative solutions of parabolic differential operators”, Ann. Mat. Pura Appl. (4)
128 (1981), 193-206. MR Zbl

Received 1 Feb 2017. Accepted 17 Jun 2017.

KAJ NYSTROM: kaj.nystrom@math.uu.se
Department of Mathematics, Uppsala University, Uppsala, Sweden

mathematical sciences publishers :'msp


http://projecteuclid.org/euclid.ijm/1256060690
http://projecteuclid.org/euclid.ijm/1256060690
http://msp.org/idx/mr/1712521
http://msp.org/idx/zbl/0934.35056
http://dx.doi.org/10.1090/memo/0719
http://dx.doi.org/10.1090/memo/0719
http://msp.org/idx/mr/1828387
http://msp.org/idx/zbl/1149.35048
http://dx.doi.org/10.4171/RMI/287
http://msp.org/idx/mr/1846089
http://msp.org/idx/zbl/0980.42011
http://dx.doi.org/10.1016/j.jfa.2004.10.016
http://dx.doi.org/10.1016/j.jfa.2004.10.016
http://msp.org/idx/mr/2114697
http://msp.org/idx/zbl/1065.35125
http://www.acadsci.fi/mathematica/Vol28/hofmann.html
http://msp.org/idx/mr/1996443
http://msp.org/idx/zbl/1046.35045
http://dx.doi.org/10.1215/S0012-7094-04-12222-5
http://msp.org/idx/mr/2053754
http://msp.org/idx/zbl/1074.35041
http://dx.doi.org/10.1090/memo/1159
http://dx.doi.org/10.1090/memo/1159
http://msp.org/idx/mr/3589162
http://dx.doi.org/10.1007/BF02392081
http://msp.org/idx/mr/0222474
http://msp.org/idx/zbl/0156.10701
http://dx.doi.org/10.1007/s12220-015-9630-6
http://msp.org/idx/mr/3511480
http://msp.org/idx/zbl/06607333
http://dx.doi.org/10.2307/1968123
http://msp.org/idx/mr/1503147
http://msp.org/idx/zbl/0008.39906
http://www.seminariomatematico.unito.it/rendiconti/cartaceo/52-1/29.pdf
http://msp.org/idx/mr/1289901
http://msp.org/idx/zbl/0811.35018
http://dx.doi.org/10.1090/memo/0545
http://dx.doi.org/10.1090/memo/0545
http://msp.org/idx/mr/1323804
http://msp.org/idx/zbl/0826.35041
http://dx.doi.org/10.1512/iumj.1988.37.37039
http://dx.doi.org/10.1512/iumj.1988.37.37039
http://msp.org/idx/mr/982831
http://msp.org/idx/zbl/0698.35068
http://dx.doi.org/10.1142/3302
http://msp.org/idx/mr/1465184
http://msp.org/idx/zbl/0884.35001
https://projecteuclid.org/euclid.ade/1366638967
http://msp.org/idx/mr/1751429
http://msp.org/idx/zbl/1023.35518
http://dx.doi.org/10.1512/iumj.1997.46.1277
http://msp.org/idx/mr/1462802
http://msp.org/idx/zbl/0878.35010
http://dx.doi.org/10.1016/j.matpur.2016.02.007
http://dx.doi.org/10.1016/j.matpur.2016.02.007
http://msp.org/idx/mr/3505780
http://msp.org/idx/zbl/1339.35147
http://dx.doi.org/10.1007/978-88-470-1781-8
http://msp.org/idx/mr/2791231
http://msp.org/idx/zbl/1214.91002
http://dx.doi.org/10.1017/CBO9780511840531
http://msp.org/idx/mr/1881598
http://msp.org/idx/zbl/0966.76002
http://dx.doi.org/10.2307/121104
http://msp.org/idx/mr/1715327
http://msp.org/idx/zbl/1157.35391
http://dx.doi.org/10.1007/BF01789473
http://msp.org/idx/mr/640782
http://msp.org/idx/zbl/0477.35049
mailto:kaj.nystrom@math.uu.se
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Nicolas Burq  Université Paris-Sud 11, France Werner Miiller ~ Universitdt Bonn, Germany
nicolas.burq@math.u-psud.fr mueller@math.uni-bonn.de
Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier  Texas A&M University, and Paris 6
berti @sissa.it pisier@math.tamu.edu
Sun-Yung Alice Chang  Princeton University, USA Tristan Riviere ~ETH, Switzerland
chang @math.princeton.edu riviere @math.ethz.ch
Michael Christ ~ University of California, Berkeley, USA Igor Rodnianski  Princeton University, USA
mchrist@math.berkeley.edu irod @math.princeton.edu
Charles Fefferman  Princeton University, USA Wilhelm Schlag ~ University of Chicago, USA
cf@math.princeton.edu schlag@math.uchicago.edu
Ursula Hamenstaedt ~ Universitdt Bonn, Germany Sylvia Serfaty New York University, USA
ursula@math.uni-bonn.de serfaty @cims.nyu.edu
Vaughan Jones  U.C. Berkeley & Vanderbilt University Yum-Tong Siu  Harvard University, USA
vaughan.f.jones @vanderbilt.edu siu@math.harvard.edu
Vadim Kaloshin  University of Maryland, USA Terence Tao  University of California, Los Angeles, USA
vadim.kaloshin @ gmail.com tao@math.ucla.edu
Herbert Koch  Universitit Bonn, Germany Michael E. Taylor ~ Univ. of North Carolina, Chapel Hill, USA
koch@math.uni-bonn.de met@math.unc.edu
Izabella Laba  University of British Columbia, Canada Gunther Uhlmann  University of Washington, USA
ilaba@math.ubc.ca gunther @math.washington.edu
Gilles Lebeau  Université de Nice Sophia Antipolis, France Andrds Vasy  Stanford University, USA
lebeau@unice.fr andras @math.stanford.edu
Richard B. Melrose = Massachussets Inst. of Tech., USA Dan Virgil Voiculescu  University of California, Berkeley, USA
rbm@math.mit.edu dvv@math.berkeley.edu
Frank Merle  Université de Cergy-Pontoise, France Steven Zelditch ~ Northwestern University, USA
Frank Merle @u-cergy.fr zelditch@math.northwestern.edu
William Minicozzi I Johns Hopkins University, USA Maciej Zworski  University of California, Berkeley, USA
minicozz@math.jhu.edu zworski @math.berkeley.edu

Clément Mouhot ~ Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2017 is US $265/year for the electronic version, and $470/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 10 No.7 2017

A vector field method for relativistic transport equations with applications 1539
DAVID FAJMAN, JEREMIE JOUDIOUX and JACQUES SMULEVICI

Analytic hypoellipticity for sums of squares and the Treves conjecture, 11 1613
ANTONIO BOVE and MARCO MUGHETTI

Pliability, or the Whitney extension theorem for curves in Carnot groups 1637
NICOLAS JUILLET and MARIO SIGALOTTI

Trend to equilibrium for the Becker—Doring equations: an analogue of Cercignani’s conjecture 1663
JOSE A. CANIZO, AMIT EINAV and BERTRAND LODS

The A -property of the Kolmogorov measure 1709
KAJ NYSTROM

L?-Betti numbers of rigid C*-tensor categories and discrete quantum groups 1757
DAVID KYED, SVEN RAUM, STEFAAN VAES and MATTHIAS VALVEKENS

2157-5045(2017)10:7;1-R



	1. Introduction
	1A. Notation
	1B. Geometry
	1C. Statement of the main result
	1D. Discussion of the proof
	1E. Organization of the paper

	2. Preliminaries
	2A. A symmetric quasidistance
	2B. Geometry and Carleson measures
	2C. A Poincaré inequality
	2D. Interior regularity

	3. The Dirichlet problem
	3A. The fundamental solution and the Green function

	4. Estimates for nonnegative solutions
	4A. The Harnack inequality
	4B. Hölder continuity estimates and boundary comparison principles
	4C. Doubling of parabolic measure and estimates of the kernel function

	5. Proof of Theorem 1.6
	5A. Dyadic grids, Whitney cubes and Carleson boxes
	5B. Reduction of Theorem 1.6 to two key lemmas
	5C. Good 0 covers
	5D. Proof of Lemma 5.2

	6. The square function estimate: proof of Lemma 5.3
	6A. Proof of Lemma 6.1
	6B. Additional technical estimates
	6C. Proof of Lemma 6.2

	Acknowledgements
	References
	
	

