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A VECTOR FIELD METHOD FOR RELATIVISTIC TRANSPORT EQUATIONS
WITH APPLICATIONS

DAVID FAIMAN, JEREMIE JOUDIOUX AND JACQUES SMULEVICI

We adapt the vector field method of Klainerman to the study of relativistic transport equations. First, we
prove robust decay estimates for velocity averages of solutions to the relativistic massive and massless
transport equations, without any compact support requirements (in x or v) for the distribution functions.
In the second part of this article, we apply our method to the study of the massive and massless Vlasov—
Nordstrom systems. In the massive case, we prove global existence and (almost) optimal decay estimates
for solutions in dimensions n > 4 under some smallness assumptions. In the massless case, the system
decouples and we prove optimal decay estimates for the solutions in dimensions n > 4 for arbitrarily
large data, and in dimension 3 under some smallness assumptions, exploiting a certain form of the null
condition satisfied by the equations. The 3-dimensional massive case requires an extension of our method
and will be treated in future work.
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1. Introduction

The vector field method of Klainerman [1985b] provides powerful tools which are at the core of many
fundamental results in the study of nonlinear wave equations, such as the famous proof of the stability of
the Minkowski space [Christodoulou and Klainerman 1993]. In essence, the method takes advantage of
the symmetries of a linear evolution equation to derive in a robust way boundedness and decay estimates
of solutions. The robustness is crucial, as the final aim is typically to prove the nonlinear stability of
some stationary solution, so that the method should be stable when perturbed by the nonlinearities of the
equations.

In this paper, we are interested in the massive and massless relativistic transport equations’

T (f) = (\Ym?2 +v]29; + v 0 ) (f) =0, (1)

where m > 0 is the mass? of the particles and f is a function of (¢, x, v) defined on R; x R} x R7 if
m >0 and R; x R} x (R? \ {0}) otherwise, with n > 1 being the dimension of the physical space.

Decay estimates via the method of characteristics for relativistic transport equations. For transport
equations, the standard method to prove decay estimates is the method of characteristics. The origin of
these decay estimates goes back in the nonrelativistic case to the work of Bardos and Degond [1985]
on the Vlasov—Poisson system. Recall that if f is a regular solution to say T1(f) = 0 then, for all
(t,x,v) € Ry x R x RY,

vt
f(t,x,v)= f(O,x— —,v),
V1+]v)?
and assuming that f has initially compact support in v, one can easily infer the velocity average estimate,
for all # > 0 and all x € R”,

cv
[l < 20 7=0l, 4 @

I'we will be using in the whole article the Einstein summation convention. For instance, vl d,: in (1) stands for Z?=1 vl 0yi.
21n the remainder of this article, we will often normalize the mass to be either 1 or 0 and thus consider mostly 77 and Ty. We
will however sometimes keep the mass m > 0 so that the reader can see how some of the estimates would degenerate as m — 0.
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where V' is an upper bound on the size of the support in v of f at the initial time and C(V) — +o0 as
V — 4o00.

These estimates, while being relatively easy to derive, suffer from several significant drawbacks when
applied to a nonlinear system:

(1) They require a strong control of the characteristics of the system.

(2) The constant C(V') in (2) depends on the size of the v-support of the solutions. Similar, more refined
estimates, which do not require a compact support assumption, can nonetheless be derived (see
[Schaeffer 2004]), but they are based on an even finer analysis of the characteristics.® This explains
(partially) why most of the previous works assumed compact support in v. One therefore typically
needs to bound an extra quantity, the size of the v-support at time ¢. In particular, this approach
enlarges the number of variables of the system that need to be controlled.

Concerning the first problem, we note that there are many evolution problems for which the characteristics
in a neighbourhood of a stationary solution will eventually diverge from the original ones, introducing
extra difficulties in the analysis. A famous example of that is the stability of Minkowski space, where
there is a logarithmic divergence; see [Christodoulou and Klainerman 1993; Lindblad and Rodnianski
2010]. Moreover, to prove decay estimates such as (2), one needs to control the Jacobian associated with
the differential of the characteristic flow* and in order to obtain improved decay estimates for derivatives,
one also needs estimates on the derivatives of the Jacobian. See, for instance, [Hwang et al. 2011], where
such a program is carried out for the Vlasov—Poisson system. In other words, one needs strong control
on the characteristics to be able to prove sharp decay estimates via this method in a nonlinear setting.
Finally, note that there are many interesting models where the correct assumption, from the point of view
of physics (see, for instance, the end of the Introduction in [Villani 2010]), is to allow arbitrarily large
velocities.

Decay estimates for the wave equation. In the context of the wave equation

n
O¢ = [—8% +) 8§i]¢ =0,
i=1
several methods exist to prove decay estimates of solutions. For instance, one standard way is to use the
Fourier representation of the solution together with estimates for oscillatory integrals. In his fundamental
paper, Klainerman [1985b] introduced what is now referred to as the vector field method.> Instead of
relying on an explicit integral representation of the solutions, it uses:

(1) A coercive conservation law. In the case of the wave equation, this is simply the conservation of the
energy.

3Note also that in [Schaeffer 2004], there is a loss of decay for the velocity averages of f compared to the linear case, which
is directly related to the polynomial decay in v of the initial data and independent of the smallness assumptions.

“#In the context of the Vlasov equation on a curved Lorentzian manifold, this means that one needs estimates on the differential
of the exponential map, or at least on its restriction to certain submanifolds.

5Let us also mention that, complementary to the method of Klainerman, which uses vector fields as commutators, one can
also use vector fields as multipliers, in the style of the work of Morawetz [1962; 1968].
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(2) A set of vector fields which commute with the equations. In the case of the wave equation, these are
the Killing and conformal Killing fields of the Minkowski space.

(3) Weighted Sobolev L2 — L™ inequalities. The standard derivatives d;, d,; are rewritten in terms of
the commutator vector fields before applying the usual Sobolev inequalities. The weights in these
decompositions together with those arising from the conservation laws are then translated into decay
rates.

This leads to the decay estimate
£2(9)
(1+]r— |x|‘)%(1 + |+ |x||)%

for solutions of the wave equation [l¢p = 0, where E(¢) is an energy norm obtained by integrating ¢ and

0 (z. x)| <

3

derivatives of ¢ (with weights) at time ¢ = 0.

These types of estimates, being based on conservation laws and commutators, are quite robust, and as
a consequence, are applicable in strongly nonlinear settings, such as the Einstein equations or the Euler
equations; see, for instance, [Christodoulou 2007] for such an application.

A vector field method for transport equations. In our opinion, the decay estimate (2), being based on
an explicit representation of the solutions, given by the method of characteristics, should be compared
to the decay estimates for the wave equation obtained via the Fourier or other integral representations.
In this paper, we derive an analogue of the vector field method for the massive and massless relativistic
transport equations (1). The coercive conservation law is given by the conservation of the L!-norm of
the solution, while the vector fields commuting with the operators are essentially obtained by taking the
complete lifts of the Killing and conformal Killing fields, a classical operation in differential geometry
which takes a vector field on a manifold M to a vector field on the tangent bundle 7M. The weighted
Sobolev inequalities are slightly more technical. One of the main ingredients is that averages in v possess
good commutation properties with the Killing vector fields and their complete lifts. Our decay estimates
can then be stated as:

Theorem 1 (decay estimates for velocity averages of massless distribution functions). For any regular
distribution function f, solution to To(f) =0, and any (¢, x) € R;r x R%, we have

d
[ e
veR}\{0} ]
1 ~
s [T ZE(NE=0)| 1 g xmion) @)
i oy g, MO0

Zo el
where the a are multi-indices of length || and the Z% are differential operators of order |«| obtained as

a composition of |a| vector fields of the algebra K.

The detailed list of the vector fields and their complete lifts used here is given in Section 2G1. For the
massive transport equation, we prove:
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Theorem 2 (decay estimates for velocity averages of massive distribution functions). For any regular
distribution function f, solution to T1(f) =0, any x € R" and any t > /1 + |x |2, we have

dv 1 A
/(. x.v) < N2 r s e | L1 o, sy )
/vew Vit A+t A= ‘ (HPED
Zaeplel

where Hy denotes the unit hyperboloid Hy = {(t,x) € Ry x R | 1 = 1% — x2}, Za(f)mlx[% is the
restriction to Hy x R} of Z“(f), va V¥ is the contraction of the 4-velocity (1/1 + |v]2, v') with the unit
normal vy to Hy and where the Z* are differential operators obtained as a composition of |a| vector
fields of the algebra P.

Remark 1.1. No compact support assumptions in x or in v are required for the statements of Theorems 1
or 2, but the norm on the right-hand side of (5) has two extra powers of v compared to the left-hand side
of (5). Of course, for the norms on the right-hand sides of (4) or (5) to be finite, some amount of decay in
x and v for the data is needed. Note that from the point of view of nonlinear applications, it is sufficient
to propagate bounds for the norms appearing on the right-hand sides of (4) or (5), without any need to
control pointwise the decay in x or v of the solutions, to get the desired decay estimates for the velocity
averages.

Remark 1.2. In (4), the decay is worse near the light cone ¢ = |x|. This of course is an analogue of the
decay estimate (3) as traditionally obtained for the wave equation by the vector field method.

Remark 1.3. Estimate (5) is the analogue of the decay estimate for Klein—Gordon fields ¢, solutions to

O¢ = ¢, for which, for all £ > /1 + |x|?,

£3[¢]
8 ) ~ . _n>
8¢ (, )| < e

where E[¢] is an energy norm obtained by integrating ¢ and derivatives of ¢ (with weights) on an initial
hyperboloid, as obtained by Klainerman [1993].

Remark 1.4. As in the case of the Klein—-Gordon equation, one can easily prove that for regular solutions f
to T1(f) = 0 with data given at t = 0 and decaying sufficiently fast as |x| — +oo (in particular, solutions
arising from data with compact support in x) the norm on the right-hand side of (5) is finite, so that
the decay estimate applies.® Thus, the use of hyperboloids is merely a technical issue. The restriction
“t > /1 4 |x|?” simply means in the future of the unit hyperboloid. We provide a classical construction
in Appendix A, which explains how Theorem 2 can be applied to solutions arising from initial data with
compact x-support given at ¢ = 0 to obtain a 1/¢" decay of velocity averages in the whole future of the
t = 0 hypersurface.

Remark 1.5. The reader might wonder whether the same types of techniques could be applied for the
classical transport operator T = d; + vl d,.i . This question was addressed in [Smulevici 2016], where

6See also [Georgiev 1992], where decay estimates for the Klein—-Gordon operator were obtained starting from noncompactly
supported data at # = 0 using (mostly) vector-field-type methods.
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decay estimates for velocity averages of solutions to the classical transport operator were obtained. As
an application, that paper considered the study of small data solutions of the Vlasov—Poisson system
and provided an alternative proof (with some additional information on the asymptotic behaviour of the
solutions, concerning in particular the decay in |x| and uniform bounds on some global norms) of the
optimal time decay for derivatives of velocity averages obtained first in [Hwang et al. 2011]. One of the
nice features of the vector field method is that improved decay estimates for derivatives follow typically
easily from the main estimates, and [Smulevici 2016] was no exception. In the relativistic case, our vector
field method also provides improved decay for derivatives. See Propositions 3.2 and 3.4 in Sections 3B
and 3C, respectively.

Applications to the massive and massless Vlasov—Nordstrom systems. In the second part of this paper, we
will apply our vector field method to the massive and massless Vlasov—Nordstrom systems

= [ f——— ©
v /m?+|v)? ’
; ;.0
T (1) =~ D@ + 12V ) L = (1 41) T4, 0
where m = 0 in the massless case and m > 0 in the massive case, 0 = —0% + Y 7_, 8; is the standard

wave operator of Minkowski space, ¢ is a scalar function of (¢, x) and f is, as before, a function of
(t,x,v") with x e R", v e R* if m > 0, v € R"\ {0} if m = 0. A good introduction to this system can
be found in [Calogero 2003]. See also the classical works [Calogero 2006; Pallard 2006].

Roughly speaking, the Vlasov—Nordstrom system can be derived, in the context of scalar gravitation
metric theory, by considering only a special class of metrics (that of metrics conformal to the Minkowski
metric) and by neglecting some of the nonlinear terms in the equations for the gravitational field (see
[Calogero 2003, Section 2] for a detailed discussion on the derivation). Since most of the simplifications
concern difficulties which we already know how to handle, in the style of [Christodoulou and Klainerman
1993] or [Lindblad and Rodnianski 2010], and since the method that we are using here is of the same type
as the one used to study the Einstein vacuum equations, we believe it is a good model problem before
addressing the full Einstein—Vlasov system via vector field methods.

Before presenting our main results for the massive and massless Vlasov—Nordstrém systems, let us
explain the main differences between the m = 0 and m > 0 cases. First, as easily seen from (6)—(7), when
m = 0, the system degenerates to a partially decoupled system’

O¢ =0, (®)
0
To()— (To@0') L = (0 +1)  Tol). ©)

Because of the decoupling, the first equation is simply the wave equation on Minkowski space and
the second can be viewed as a linear transport equation, where the transport operator is the massless

7In fact, using e~ ()¢ f as an unknown, we can obtain an even simpler form of the equations where the right-hand side of
(9) is put to 0. See (51).
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relativistic transport operator plus some perturbations. In particular, all solutions are necessarily global as
long as the initial data is sufficiently regular that the linear equations can be solved. Thus, our objective
is solely to derive sharp asymptotics for the solutions of the transport equation. Moreover, since we have
in mind future applications to more nonlinear problems, the only estimates that we will use on ¢ will be
those compatible with what can be derived via a standard application of the vector field method.

Apart from the decoupling just explained, let us mention also two important pieces of structure present
in the above equations. First, another great simplification comes from the existence of an extra scaling
symmetry present only in the massless case: the vector field v’ d,i; commutes with the massless transport
operator T and it is precisely this combination of derivatives in v which appears in equation (9). This fact
will make all the error terms obtained after commutations much better than if a random set of derivatives
in v was present in (9). Another property of (8)—(9) is the existence of a null structure, similar to the
null structure of Klainerman for wave equations. More precisely, we show that To(¢) has roughly the
structure

To(9) = [v]0g + 1 09 2(t, x,v),

where 5¢> denotes derivatives tangential to the outgoing cone, d¢ denotes arbitrary derivatives of ¢ and
z(t, x, v) are weights which are bounded along the characteristics of the linear massless transport operator.
Since d¢ has better decay properties than a random derivative d¢, we see that products of the form
To(¢)g, where g is a solution to To(g) = 0, have better decay properties than expected.® Similar to the
study of 3-dimensional wave equations with nonlinearities satisfying the null condition, the extra decay
obtained means that in dimension 3 (or greater), all the error terms in the (approximate) conservation
laws are now integrable.
We now state our main results for the massless Vlasov—Nordstrom system.

Theorem 3 (asymptotics in the massless case for dimension n > 4). Letn >4 and N > %n + 1. Let ¢
be a solution of (8) satisfying ¢(t =0) = ¢g and I;¢(t =0) = ¢ for some sufficiently regular functions
(¢o, P1). Then, if En[po, 1] < +o00, where En [po, P1] is an energy norm containing up to N derivatives
of (0o, ¢1) and if En|fo] < +o00, where En| fo] is a norm containing up to N derivatives of fo, then
the unique classical solution f to (9) satisfying f(t =0) = fo also satisfies:

(1) Global bounds. For allt > 0,
EnLf1(0) < €N B0t Ey [ fo],

where C > 0 is a constant depending only on N, n.

81t is interesting to compare this form of the null condition to the one uncovered in [Dafermos 2006] for the massless
Einstein—Vlasov system in spherical symmetry. In fact, two null conditions were used there. The obvious one consists essentially
in understanding why null components of the energy momentum tensor of f* decay better than expected. A more secret null
condition is used in the analysis of the differential equation satisfied by the part of the velocity vector tangent to the outgoing
cone. Our null condition is closely related to this one, even though we exploit it in a different manner since we are not using
directly the characteristic system of ordinary differential equations associated with the transport equations.
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(2) Pointwise estimates for velocity averages. For all (t,x) € [0, +00) x R} and all multi-indices o
satisfying |a| < N —n,
eCE,l\/z[¢o,¢1]EN[f0]
_1 *
(14 e = 1xI) (1 + ]z +1x]])"

In dimension n > 3, similar results can be obtained provided an extra smallness assumption on the

/ 297 |1, x.v) o] dv <
veR}\{0}

initial data for the wave function as well as stronger decay for the initial data of f hold.

Theorem 4 (asymptotics in the massless case for dimension n = 3). Letn >3, N >7 and q > 1. Let ¢
be a solution of (8) satisfying ¢ (t =0) = ¢g and ;¢ (t =0) = ¢ for some sufficiently regular functions
(¢o, P1). Then, if En[po, P1] < &, where En[po, P1] is an energy norm containing up to N derivatives of
(Do, ¢1) and if EN 4] fo] < 400, where En 4[ fo) is a norm® containing up to N derivatives of fo, then
the unique classical solution f to (9) satisfying f(t =0) = fo also satisfies:

(1) Global bounds with loss. For allt > 0,

1/2

ENglf1(0) = (140" En gl /o).
where C > 0 depends only on N, n.
(2) Improved global bounds for lower orders. For any M < N — %(n +2) and any t > 0,

Epng_1l£10) < e’ En gl fo].

(3) Pointwise estimates for velocity averages. For all (t,x) € [0, +00) x RY and all multi-indices
la| <N —1(3n +2),

Enqlfo] |
(1 [e =Xl (1 + e + 1))

Perhaps counterintuitively, the massive case turned out to be harder to treat. While it is true that in the

/ 129712, x, v) o] d <
veR}\{0}

massive case the pointwise decay of velocity averages is not weaker along the null cone, there are two
important extra difficulties, namely:

¢ The equations are now fully coupled. In particular, one cannot close an energy estimate for (6)
unless we have some decay for the right-hand side. On the other hand, our decay estimates, being
based on commutators, necessarily lose some derivatives. In turn, this would imply commuting (9)
more, but we would then fail to close the estimates at the top order. We resolve this issue by another
decay estimate for inhomogeneous transport equations with rough source terms satisfying certain
product structures. This other type of decay estimate only provides L)zc time decay of the velocity
averages, which is precisely what is required to close the energy estimate for (6). The proof of this
L2 decay estimate itself can be reduced to our L estimates, so that it can also be obtained using
purely vector-field-type methods.

9The index ¢ refers to powers of certain weights. See (63) for a precise definition of the norms.
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e The vector field v’ d,i does not commute with the massive transport operator. This implies that
commuting with (some of) the standard vector fields will lose a power of ¢ of decay compared to the
massless case.

Because of the last issue, the results that we will present here are restricted to dimension n > 4. One way
to treat the 3-dimensional case would be to improve upon the commutation formulae to eliminate the
most dangerous terms. For instance, one could try to use modified vector fields in the spirit of [Smulevici
2016]. We plan to address the 3-dimensional case in future work.

A slightly more technical consequence of this last issue is that it introduces ¢ weights in the estimates,
which are not constant on the leaves of the hyperboloidal foliation that we wish to use. Together with the
fact that the energy estimates are weaker on hyperboloids, this implies that the error terms arising in the
top-order approximate conservation laws can be shown to be space-time integrable only in dimension n > 5.
To address the dimension n = 4, instead of estimating directly A (f), where f is the unknown distribution
function and Z® is a combination of « vector fields, we estimate instead a renormalized quantity of the
form Z9( f) + g%, where the g% is a (small) nonlinear term constructed from the solution. The extra
terms appearing in the equation when the transport operator hits g% will then cancel some of the worst
terms in the equations.

Our main result in the massive case can then be stated as follows.

Theorem 5. Letn >4 and m > 0. Let N € N be sufficiently large depending only on n. For any p > 1,
denote by H, the hyperboloid
H,={(t,x) e R, xR | p* = 1% — x?}.

For any sufficiently regular function ¥ defined on R; x RY, denote by ¥y, its restriction to H.
Similarly, for any sufficiently regular function g defined on | J, <p<to0 Hp X R}, denote by g\ g xR
its restriction to H, X RY. Then, there exists an g9 > 0 such that for any 0 < ¢ < g9, if Enn[fo] +
ENIPo, 1] < e, where Enn| fo] and En[Po, P1] are norms depending on respectively N + n derivatives
of fo and N derivatives of (d¢g, P1), then there exists a unique classical solution ( f,$) to (6)—(7)
satisfying the initial conditions

¢|H1 :¢07 8l‘()b|111 =¢1a f|H|xR1’3 =f0
such that ( f, ¢) exists globally'® and satisfies the following estimates:
(1) Global bounds. For all p > 1,

ENIBl(0) Se and En[f][p] < o€,

where C =1 whenn = 4 and C = 0 whenn > 4.

(2) Pointwise decay for 0Z%*¢. For all multi-indices |o| such that |o| < N — %(n +2) and all (t, x) with

t > /14 |x|2, we have

&
A+0)"7 (14 —|x]))?

10Here, globally means at every point lying in the future of the initial hyperboloid H. In 3 dimensions, this, of course,
would already follow from [Calogero 2006] for regular initial data of compact support given on a constant-time slice.

0Z%¢| <
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.. c. N
(3) Pointwise decay for p(|0Z% f|). For all multi-indices o and B such that || < N —n and |B| < |_7J —n
and all (¢, x) witht > /1 + |x|?, we have
Ay o AV € A €
o < 0 /3 -
L1715 5 e od [ 2 1S
where C =1 whenn =4 and C = 0 whenn > 4.

(4) Finally, the following L?-estimates on f hold. For all multi-indices o with L%J —n+1=<|a| <N,

and all (t, x) witht > /1 + |x|2, we have

2
H, P\Jv v0 o

where C =2 whenn =4 and C = 0 when n > 4.

Remark 1.6. As for the linear decay estimates of Theorem 2, it is not essential to start on an initial
hyperboloid for the conclusions of Theorem 5 to hold. In particular, an easy argument based on finite
speed of propagation, similar to that given in Appendix A, shows that our method and results apply to the
case of sufficiently small initial data with compact x-support given at t = 0.

Remark 1.7. In [Friedrich 2004], solutions of the massive Vlasov—Nordstrom system in dimension 3
arising from small, regular, compactly supported (in x and v) data given at ¢ = 0 were studied and
the asymptotics of velocity averages of the Vlasov field and up to two derivatives of the wave function
were obtained. However, no estimates were obtained for derivatives of the Vlasov field or for higher
derivatives of the wave function. Thus, [Friedrich 2004] is the analogue of [Bardos and Degond 1985] for
the Vlasov—Nordstrom system, while we obtained here (in dimension 4 and greater) results more in the
spirit of [Hwang et al. 2011; Smulevici 2016].

Remark 1.8. A posteriori, it is straightforward to propagate higher moments of the solutions in any of
the situations of Theorems 3, 4 and 5, provided that these moments are finite initially. Moreover, we
recall that improved decay for derivatives of f and ¢ follows from the statements of Theorems 3, 4 and 5.
See, for instance, Propositions 3.2 and 3.4 below.

Aside: the Einstein—Vlasov system. As explained above, the Vlasov—Nordstrom system is a model problem
for the more physically relevant Einstein—Vlasov system. We refer to the recent book!! [Ringstrom
2013] for a thorough introduction to this system. The small data theory around the Minkowski space is
still incomplete for the Einstein—Vlasov system. The spherically symmetric cases in dimension (3 + 1)
have been treated in [Rein and Rendall 1992] for the massive case and in [Dafermos 2006] for the
massless case with compactly supported initial data. A proof of stability for the massless case without
spherical symmetry but with compact support in both x and v was recently given by M. Taylor [2017].
As in [Dafermos 2006], the compact support assumptions and the fact that the particles are massless are
important as they allow one to reduce the proof to that of the vacuum case outside from a strip going to
null infinity. Interestingly, Taylor’s argument is quite geometric, relying for instance on the double null

U Apart from a general introduction to the Einstein—Vlasov system, the main purpose of [Ringstrém 2013] is to present a
proof of stability of exponentially expanding space-times for the Einstein—Vlasov system.
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foliation, in the spirit of [Klainerman and Nicolo 2003], as well as several structures associated with the
tangent bundle of the tangent bundle of the base manifold.

We hope to address the stability of the Minkowski space for the Einstein—Vlasov system in the massive
and massless case (without the compact support assumptions) using the method developed in this paper
in future works.

Structure of the article. Section 2 contains preliminary materials, such as basic properties of the transport
operators, the definition and properties of the foliation by hyperboloids used for the analysis of the massive
distribution function, the commutation vector fields and elementary properties of these vector fields. In
Section 3, we introduce the vector field method for relativistic Vlasov fields and prove Theorems 1 and 2.
In Section 4, we apply our method first to the massless case in dimension n > 4 (Section 4B3) and n = 3
(Section 4B4) and then to the massive case in dimension n > 4 (Section 4C). In Appendix A, we provide
a classical construction which explains how our decay estimates in the massive case can be applied to
data of compact support in x given at ¢ = 0. Some integral estimates useful in the course of the paper are
proven in Appendix B. Finally, Appendix C contains a general geometrical framework for the analysis of
the Vlasov equation on a Lorentzian manifold.

2. Preliminaries

2A. Basic notations. Throughout this paper we work on the (rn+1)-dimensional Minkowski space
(R"*1, ), where the standard Minkowski metric 7 is globally defined in Cartesian coordinates (¢, x*) by
n =diag{—1,1,...,1}. We denote space-time indices by Greek letters , f, ... € {0,...,n} and spatial
indices by Latin letters 7, j,... € {1,...,n}. We will sometimes use dxa, d;,d,i, 0y, ... to denote the
partial derivatives d/dx%, d/0t, .. ..

Since we will be interested in either massive particles with m = 1 or massless particles m = 0, the

vis-

velocity vector (vﬂ)ﬂ=0,m,n will be parametrized by (v');=1,...» and v® = |v| in the massless case,
v?® = /1 + |v|2 in the massive case.

The indices 0 and m > 0 will be used to denote objects corresponding to the massless and massive
cases respectively, such as the massless transport operator T and the massive one T3,, and should not be
confused with spatial or space-time indices for tensor components (we use bold letters on the transport
operators to avoid this confusion).

The notation A < B will be used to denote an inequality of the form A < CB for some constant C > 0
independent of the solutions (typically C will depend on the number of dimensions, the maximal order of
commutations N, the value of the mass m).

2B. The relativistic transport operators. For any m > 0 and any v € R”, let us define the massive
relativistic transport operator T, by

Ty =00, + ', withv® = vVm?+ v (10)

Similarly, we define for any v € R3 \ {0}, the massless transport operator To by

To =03, +v'd, withv®=|v|. (11)
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Figure 1. The H, foliations in the (¢, r) plane, p > 1.

For the sake of comparison, let us recall that the classical transport operator is given by
Tcl = 8, + 'Uiaxi.

In the remainder of this work, we will normalize the mass to be either 1 or 0, so that the massive

transport operators we will study are
Ty =V1+[v*d, +v'd,; and To=]|v|d, +v'd,.

2C. The foliations. We will consider two distinct foliations of (some subsets of) the Minkowski space.

Let us fix global Cartesian coordinates (¢, x’), 1 <i <n, on R*T1 and denote by X, the hypersurface
of constant ¢. The hypersurfaces ;, ¢ € R, then give a complete foliation of R”*1. The second foliation
is defined as follows. For any p > 0, define H, by

H,={(t,x)|t>|x| and 12— |x|2 = pz},

See Figure 1. For any p > 0, H, is thus only one sheet of a two-sheeted hyperboloid.'?
Note that
n+1 2y4
U Ho={(t.x) e R"™ ! 1= (1+ |x[*)2}.
p=1
The above subset of R” 1 will be referred to as the future of the unit hyperboloid; see Figure 2. On this set,
we will use as an alternative to the Cartesian coordinates (¢, x) the following two other sets of coordinates:

* Spherical coordinates. We first consider spherical coordinates (r, @) on R”,, where @ denotes spherical
coordinates on the (n—1)-dimensional spheres and r = |x|. Then (p, r, w) defines a coordinate
system on the future of the unit hyperboloid. These new coordinates are defined globally on the
future of the unit hyperboloid apart from the usual degeneration of spherical coordinates and at
r=0.

12The hyperboloidal foliation was originally introduced in [Klainerman 1985a] in the context of the nonlinear Klein—Gordon

equation. For more recent applications, see [Wang 2015a; LeFloch and Ma 2016], which concern the stability of the Minkowski
space for the Einstein—Klein—-Gordon system.
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Figure 2. The H, foliations in a Penrose diagram of Minkowski space, p» > p1 > 1.

* Pseudo-Cartesian coordinates. These are the coordinates (y°, y/) = (p, x/). These new coordinates
are also defined globally on the future of the unit hyperboloid.

For any function defined on (some part of) the future of the unit hyperboloid, we will move freely
between these three sets of coordinates.

2D. Geometry of the hyperboloids. The Minkowski metric 7 is given in (p, r, ®) coordinates by

2pr
- dpdr + r2ogn-1,

P2 2 2
n=—25p? —ar?) - -

where 0gn—1 is the standard round metric on the (n—1)-dimensional unit sphere, so that, for instance,
02 = sin 62 d6? + dp>
in standard (6, ¢) spherical coordinates for the 2-sphere. The 4-dimensional volume form is thus given by
;pr"_l dpdr dogn—1,

where dogn—1 is the standard volume form of the (n—1)-dimensional unit sphere.
The Minkowski metric induces on each of the H, a Riemannian metric given by

02
ds%lp =72 dr® +rogn-1.

A normal differential form to H, is given by ¢ dt —r dr, while t19; + r 9, is a normal vector field.
Since
n(tat + rar? tat + rar) = —pz’
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the future unit normal vector field to H, is given by the vector field

vp = %(z 3, 41 0r). (12)
Finally, the induced volume form on H, denoted by dup,,, is given by
dup, = ?r”‘l dr dogn—1.

2E. Regular distribution functions. For the massive transport operator, we will consider distribution
functions f as functions of (¢, x, v) or (p, r, w, v) defined on

U H, xR}, P ell,+oo];
1<p<P
i.e., we are looking at the future of the unit hyperboloid, or a subset of it, times R.

For the massless transport operator, we need to exclude |v| = 0 and we will only use the ¥; foliation so
that we will consider distribution functions f as functions of (¢, x, v) defined on [0, 7)) x R} x (R? \ {0}),
T €10, +o0].

In the remainder of this article, we will denote by regular distribution function any such function f
that is sufficiently regular that all the norms appearing on the right-hand sides of the estimates are finite.
For simplicity, the reader might assume that f is smooth and decays fast enough in x and v at infinity and
in the massless case, that f is integrable near v = 0 and similarly for the distribution functions obtained
after commutations.

In physics, distribution functions represent the number of particles and are therefore required to be
nonnegative. This will play no role in the present article, so we simply assume that distribution functions
are real-valued.

2F. The linear equations. In the first part of this paper, we will study, for any T = Ty, T;, the homoge-
neous transport equation
Tf=0, (13)

as well as the inhomogeneous transport equation
T f =vh, (14)

where v° = /1 + |v|? in the massive case and v° = |v| in the massless case and where the source term
h is a regular distribution function, as explained in Section 2E.

In the massless case, we will study the solution f to (13) or (14) with the initial data condition
f({t=0,-)= fo, where fj is a function defined on R} x (R \ {0}).

In the massive case, we will study the solution f to (13) or (14) in the future of the unit hyperboloid
with the initial data condition f|g,xgr2 = fo, Where fp is a function defined on Hy X Ry.

Equations (13) and (14) are transport equations and can therefore be solved explicitly (at least for
C'! initial data) via the method of characteristics. If f solves (13), then

ft,x,v)= f((),x—iot,v),
v
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where v = /1 + |v|2 for the massive case and v = |v| for the massless case. In the inhomogeneous
case, we obtain via the Duhamel formula that if f solves (14) with 0 initial data, then

f(t, x,v) =/0th(s,x—(t—s);—0,v) ds.

2G. The commutation vector fields.

2G1. Complete lifts of isometries and conformal isometries. Let us recall that the set of generators of
isometries of the Minkowski space, that is to say, the set of Killing fields, denoted by [P, consists of the
translations, the rotations and the hyperbolic rotations; i.e.,

P={8,05,....,0mm}U{Qij =x"0,;, —x/ 0, |1 <i,j <n}U{Qo; =13, +x'3; |1 <i <n}.

Mostly in the case of the massless transport operator, it will be useful, as in the study of the wave equation,
to add the scaling vector field S = 9; + x'd; to our set of commutator vector fields. Let us thus define
the set

K=PU{S}.

The vector fields in [K and P lie in the tangent bundle of the Minkowski space. To any vector field
on a manifold, we can associate a complete lift, which is a vector field lying on the tangent bundle, to
the tangent bundle of the manifold. In Appendix C, we recall the general construction on a Lorentzian
manifold. For the sake of simplicity, let us here give a working definition of the complete lifts only in
coordinates.

Definition 2.1. Let W be a vector field of the form W = W%9,«. Then let
o~ oW’

W =w* Oxa + Uﬂ—avi,
dxB

where (vﬁ)ﬂzo,m,n = (0%, 0!, ..., v") with v = |v| in the massless case and v® = /1 + |v|2 in the
massive case, be called the complete lift'3 of W.

(15)

We will denote by
K={Z|Zeck} and P={Z|ZeP}

the sets of the complete lifts of I and P.
Finally, let us also define Po and Ky as the sets composed respectively of P and K and a scaling vector
field'# in (¢, x) only:

Po=PU{rd; +x'0,:}=PU{S}, (16)
Ko=KU{td, +x'0.:} =KU{S}. (17)

13This is in fact a small abuse of notation, as, with the above definition, 174 actually corresponds to the restriction of the
complete lift of W to the submanifold corresponding to v? = /1 +|v|? in the massive case and v® = |v] in the massless case.
See again Appendix C for a more precise definition of W.

14Here, by a small abuse of notation, we denote with the same letter S, the vector field # 3; + x* i irrespectively of whether
we consider it as a vector field on R” ! or a vector field on (some subsets of) R t1 x RZ.
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Lemma 2.2. In Cartesian coordinates, the complete lifts of the elements of P and K are given by the
following formulae:

ét =8t, éxi :axi,
ﬁij = xiax_; —xjaxi + viav_/ — vjavi, Qoi = 10, + x'd, + v°avi,
S=1d;+x"d. +v'd,.
2G2. Commutation properties of the complete lifts. As for the wave equation, the symmetries of the

Minkowski space are reflected in the transport operators (10) and (11) through the existence of commutation
vector fields. More precisely,

Lemma 2.3. ¢ Commutation rules for the massive transport operator:

[T,,Z]=0 VZeP, (18)
[Ty, S]=Th. (19)

where S =10; + x! 0,i is the usual scaling vector field.

o Commutation rules for the massless transport operator:
[To.Z]=0 VZeK, (20)
[To, S]= To. 2D
Proof. The identities can be verified directly using the explicit expressions for the elements in P and [K,
but also follow from the general formula given in Appendix C (see Lemma C.7). O

Remark 2.4. Note that from the expression of S and the two commutation rules for T o and S and for
To and S, it follows that

i
[To,v'0,i] = —Tp.
Thus, we have in a certain sense two scaling symmetries, one in x and one in v.

Remark 2.5. It is interesting to note that while the Klein—Gordon operator [1 — m?2 (m > 0) does not
commute with the scaling vector field, the massive transport equation does commute in the form of
equation (19). What does not commute is the second scaling vector field v’ 0yi -

We also have the following commutation relation within |]3’0 and Ko.
Lemma 2.6. Forany Z,Z' € |]’j>0, there exist constant coefficients Czzw such that
(2.7 = Z CzzwW.
wep
Similarly, forany Z,7Z’' € [Ro, there exist constant coefficients D z zw such that

(2.2')= ) DzzwW.
w ek
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2H. Weights preserved by the flow. Recall that in a general Lorentzian manifold with metric g, if y is a
geodesic with tangent vector y and K denotes a Killing field, then g(y, K) is preserved along y. In this
section, we explain how to transpose this fact to the transport operators on Minkowski space.

We define the sets of weights

K = {0xP — x%0B vy, (22)
ko = {x%vq, vexB — x%P, v} (23)
The following lemma can be easily checked.
Lemma 2.7. (1) For all 3 € Ko, we have [Ty, 3] = 0.
(2) Forall € Ky, we have [Ty, 3] = 0.

The weights in K,, and K¢ also have good commutation properties with the vector fields in Po and Ko.

Lemma 2.8. For any 3 € Ky, and any Z € Py,
[295] = Z 65/3/7
3'€km
where the ¢y are constant coefficients.
Similarly for any 3 € Ko and any Z € Ky,
(Z.3]= ) dyy
3’ €km
for some constant coefficients dy .

Proof. This follows from straightforward computations. O

21. Multi-index notations. Recall that a multi-index « of length |«| is an element of N” for some
r € N\ {0} such that Y 7 _; o; = |et].

LetZ, i=1,....2n+2+ %n(n — 1), be an ordering of IK. For any multi-index «, we will denote
by Z% the differential operator of order || given by the composition Z%1 Z%2 ...,

In view of the above discussion, the complete lift operation defines a bijection between K and K. Thus,
to any ordering of K, we can associate an ordering of K. One extends this ordering to Ko by setting!®
Z2n+3+3n(=1 — § We will again write Z% to denote the differential operator of order || obtained
by the composition VAIVA TN

Similarly, we consider an ordering of P, which gives us an ordering of P which can be extended to
give an ordering of Po, and we write Z% and Z* for a composition of |x| vector fields in P, P or Py.

The notation K" will be used to denote the set of all the differential operators of the form Z¢, with
|| = N. Similarly, we will use the notations P, IKL“' and I]?Dl)al.

We will also write 07 ;. to denote a differential operator of order |o| obtained as a composition of
|or| translations among the d;, d,; vector fields.

As for the sets of vector fields, we will also consider orderings of the sets of weights kj, and ko and
we will write 3* € k,lff lor 3% e kl)al to denote a product of || weights in K, or K.

I5Note that this is a small abuse of notation, since S is not obtained via the complete lift construction.
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2]). Vector field identities. The following classical vector field identities will be used later in the paper.

Lemma 2.9. The following identities hold:

. . . l
(2= =18 —x Qi (12 —rD)di = —xIQj; +1Q0: — xS, (12 —12)dy =1 Qo; — 1.
r

Furthermore,
S+ w'Qo;
as = %(al +8r) = —l’
2(t + 1) ”
r

2K. The particle vector field and the stress energy tensor of Vlasov fields. Recall that in the Vlasov—
Poisson or Einstein—Vlasov systems, the transport equation for f is coupled to an elliptic equation or a
set of evolution equations, via integrals in v of f, often referred to as velocity averages in the classical
case. In the relativistic cases, the volume forms'® in these integrals are defined as

dvi A~ Ado" dv
dpm = = (25)

VO JmZ +[v]2

where as usual m = 0 in the massless case.

Remark 2.10. In the massless case, the volume form dv/|v| is singular near v = 0. In the remainder of
this article, we will however study mostly energy densities, which introduce an additional factor of |v|?
in the relevant integrals and thus remove this singular behaviour near v = 0.

We now define the particle vector field in the case of massive particles as

ernLE/ fvud:um’
R”?

and in the case of massless particles as

M= [ fotdu
R7\{0}

as well as the energy momentum tensors

T,ﬁf”z/ Sfv*v¥du, and Téwzf fotv¥ dpo,
R” R7\{0}

where du, and dpg are the volume forms defined in (25). More generally, we can define the higher

moments

O
M, " = S v dpy,,
Rﬂ

and similarly for the massless system.

16For the interested reader, they can be interpreted geometrically as the natural volume forms associated with an induced
metric on the manifold on which the averages are computed, together with a choice of normal in the massless case.
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The interest in any of the above quantities is that if f is a solution to the associated massless or massive
transport equations, then these quantities are divergence free. Indeed, we have

ATy =/ To(f)v" dpo. (26)
R7\{0}
ap,Tnlgw :/ T (f)v" dpim. (27)
Rn
We will be interested in particular in the energy densities
Po(f)ETo(at,at)=/ flv|dv (28)
R\{0}

for the massless case, while for the massive case we define
om(f) =Tm(3:,0,) = | fv°dv. (29)
Rn

In the following, we will denote by p( f') either of the quantities p,, (f) or po( f) depending on whether
we are looking at the massive or the massless relativistic operator.
In the massive case, we will also make use of the energy density

Im(f) =T (0r.vp), (30)

where v,, is the future unit normal to H, introduced in Section 2D. We compute

t r t xi
xm(f) = / fUO(—Uo + —vr) dpum = / f(—vo - —v,-) dv.
veR”? P Y vER! 0o 0

The following lemma will be used later.

Lemma 2.11 (coercivity of the energy density normal to the hyperboloids). Assuming thatt > r, we have

w12 [ [ (1= F) 0 D s to® | a1
P Jvern t v

Proof. Using that

A, B

w%? = vf + r2oqpvivB + m?

where o4 p denotes the components of the metric os» and v4, vB are the angular velocities, we have
@2 =30"*+ S + r2ospvivt +m?),
and thus

oft o X 4 002 , .2, .2 A. B 2 X
v v ——vi )| =—(() + vy +roapvv” +m*—=2—v;v"|.
P P 2p t

The lemma now follows from

xi r
00 40225000 (15 )00+,

assuming ¢ > r. O
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Remark 2.12. o Since (v°)% > v2, we will use (31) in the form

tm(f) = ;—p/

v

r
f[(l — —)(vo)2 + rzoABvAvB + m2:| dim.
GR}’! t
¢ We also remark that
dv |/
> 1,2 1.2 S
110 = 42 [ 17155 = o (155 ).
since t/(2p) > 1 and, furthermore,
(/D= oI (/D= (./D-
Xm =2 Pm 2([+ )pm

¢ Finally, independently of Lemma 2.11, since by the Cauchy—Schwarz inequality for Lorentzian
metrics, as the vectors v, and v are both timelike future directed,
100 — x'v;
P

we get immediately

1
= ’ —_— = ’ = 9 )
[(v. vp)| = [vl[vp| =m,  where |v] = [g(v,v)[2

[iriav= [ 2

2L. Commutation vector fields and energy densities. Vector fields and the operator of averaging in v

xv,

1
[fldv=—xm(fD-

essentially commute in the following sense.
Lemma 2.13. Let [ be a regular distribution function for the massless case. Then:

e For any translation 0x«, we have
dxe[00(/)] = po(@xe (f)) = po(Dxe ().
e For any rotation Q;;, 1 <1i, j, < n, we have
Qij[po()] = po(Qij (),

where Qij is the complete lift of the vector field Q2;;.

e For any Lorentz boost Q2¢;, 1 <i <n, we have

Qoileo ()] = po(Q0: (f)) +2p0 (%f)

e For the scaling vector field S, we have

S[oo( )] = po(S(f)) + (1 + 1po( f).

Finally, all the above equalities hold (almost everywhere) with f replaced by | f|.
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Proof. Let us consider, for instance, a Lorentz boost Q¢; =19, + x'9;. Then

Qi lpo(f)] = f (3t +x3) ()] dv. (32)
On the other hand,

/(zaxz- + X3l dv = /(zaxf 4 X+ Ivlavf)(f)lvldv—/ (028, (f) dv

Z/QO,-(f)|u|dv+2 i(f)lvldv

v ]

— po(@0i(f)) + 2po(if),

|v]

using an integration by parts in v*. The other cases can all be treated similarly, the translations being trivial
since dye = dxe. That f can be replaced by | f| follows from the standard property of differentiation of
the absolute value.!” O

In the massive case, we have the following lemma, whose proof is left to the reader since it is very
similar to the above.

Lemma 2.14. Let [ be a regular distribution function for the massive case. Then:

o For any translation 0x«, we have

e [om ()] = pm(Dxa (f)) = pm(dxa ().

e For any rotation Q;j, 1 <1, j, < n, we have

Qjlom ()] = pm Qi (),
where Q ij is the complete lift of the vector field €2;;.

e For any Lorentz boost Q¢;, 1 <i <n, we have

01 (/)] = po(@or () + 20 551 )

e Finally, all the above equalities holds with f replaced by | f|.

Remark 2.15. Although we do not have for all commutation vector fields Zp = pZ , we do have that
[ Zo(| fD] < p(|2(f)|) + p(| f]) and this is all we shall need from the above. Note also that if we were
looking at other moments, then similar formulae would hold with different coefficients. For instance, we
have Qo; [, f dum = J,, Qoi f djim for sufficiently regular f.

Remark 2.16. In the massless case, we included the scaling vector field, but recall that T actually
commutes with S (in the sense that [Ty, S] = To) so we will not really need to replace S by S. Note also
that S enjoys good commutation properties with Ty, and that Spm, = pm S

17Recall that f € W11 implies that | f| € W11 with 3| f| = (f/|f|) f almost everywhere. See, for instance, [Lieb and
Loss 1997, Chapter 6.17].



1560 DAVID FAJMAN, JEREMIE JOUDIOUX AND JACQUES SMULEVICI

2M. (Approximate) conservation laws for Vlasov fields. The following lemma is easily verified.!®

Lemma 2.17 (massless case). Let h be a regular distribution function for the massless case in the sense of
Section 2E. Let f be a regular solution to To(f) = v°h, with v° = |v|, defined on [0, T]x R™ x (R \ {0})
for some T > 0. Then, forallt €[0,T],

/E, po(f)(t, x) dx(z /xeRn /;;e[RZ”\{O} lv| f(t, x,v)dx a’v)
= [ motnodss [ ponexdrds. gy

and

t
/E ol 0 = /E oll£DO.x)d + [0 /E ol 0 dx ds. (34)

Proof. The proof of (33) follows from an easy integration by parts (or an application of Stokes’ theorem)
and (26). A standard regularization argument of the absolute value allows to derive (34) in a similar
manner. O

A similar identity holds for the massive case, but we shall need the following variant where we replace
the X, foliation by the H, one.

Lemma 2.18 (massive case). Let h be a regular distribution function for the massive case in the sense
of Section 2E. Let f be a regular solution to Tp,(f) = v°h, with v® = \/m2 + |v|2, m > 0, defined on
Upep,p) Hp X Ry for some P > 1. Then, forall p € [1, P],

0
/ xm(f)(p,r,0)dum, =/ Im (), r,0)dun, +/ / pm(R)(s,r,0)dpg, ds,  (35)
H, H, 1 JH,

0
/ S D (oo ) g, < /H S DL o) dpgy, + /1 /H pm(H)Gs. 7 ) dupg, ds. (36)

0
Proof. Again, the proof of (35) just follows from (27) and an integration by parts, while that of (36)
follows similarly after a standard regularization argument. O

3. The vector field method for Vlasov fields

3A. The norms. We define, in the following, norms of distribution functions obtained from the standard
conservation laws for the transport equations and the commutation vector fields introduced in the previous
section.

Definition 3.1.  « Let f be aregular distribution function for the massless case in the sense of Section 2E
defined on [0, 7] x R% x (R? \ {0}). For k € N, we define, for all # € [0, T,

Ifha0= 3 3 [ w020 dx. (37)

lal<k ZaeRlal ! 2!

18Recall that if f is a regular solution to T (f) = v%h, then | f| is a solution, in the sense of distributions, of T'(| f]) =

(/1 Dv°h.
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e Similarly, let f be a regular distribution function for the massive case in the sense of Section 2E
defined on ;. ,< p Hp x R}. For k € N, we define, for all p € [1, P],

HNCEDDS /H Am(12%F) dpu,. (38)

le|<k Zaeplal P

3B. Klainerman-Sobolev inequalities and decay estimates: massless case. We are now ready to prove

to following variant of the Klainerman—Sobolev inequalities.!®

Theorem 6 (Klainerman—Sobolev inequalities for velocity averages of massless distribution functions).
Let f be a regular distribution function for the massless case defined on [0, T] x R% x (R? \ {0}) for some
T > 0. Then, forall (t,x) € [0, T] x RZ,

1

<
D) S e

w,n (7). 39)

Proof. Let (t,x) € [0, T] x R? and assume first that |x| ¢ [%t, %t] and ¢ + |x| > 1. Let ¥ be defined as

vy = poll fl(t. x4+ +1x])y)).

where y = (y1, y2,..., Yn). Note that

Iy () = 3yi [po(1£1(t.x + (¢ +1xD)y) ] = (¢ +x]) i (poll f D (2. x + (2 + | x])y).

Assume now that |y| < %. Using the fact that we are away from the light cone and the condition on |y|, it
follows that

1 |t +|x]| -
C ™ le—lx+@+IxDyl| =

for some C > 0. It then follows from the vector field identities of Lemma 2.9 that

|8y 00(LF 12, x + (4 1xDD))| S Y [Z(poll FID] ¢, x + (& + x])y).

ZekK

From Lemma 2.13, we then obtain that

|0, po[ | £ 1. x+@+1xDW]| S Y |polZ( S DIt x+ @ +]xDy)+po(|f D x+ (1 +]x])y)

le|<1
Zeeglel

< D0 el Z (£ DN (x+( +1x])y)

le|<1
Zeeiglel

19Note that (in more than one spatial dimension) we cannot apply directly the standard Klainerman—Sobolev inequalities, in
fact not even the usual Sobolev inequalities, to quantities such as p(] f|) because of the lack of regularity of the absolute value.
The aim of this section is therefore to explain how to circumvent this technical issue.

For a very clear introduction to Klainerman—Sobolev inequalities in the classical case of the wave equation, the interested
reader may consult [Wang 2015b]. Some of the arguments below have been adapted from those notes.
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< D0 pol|ZHAS D[] x+C+IxDy)

le|<1
Zo eIl

< Y pollZH NN x4+ +1x)y),

=1

7o clal
where we have used in the last line that for any vector field Z., we have |Z (fDl = |Z (f)| (almost
everywhere and provided f is sufficiently regular), which essentially follows from the fact that d| /| =
(f/1f]) df almost everywhere if f € WL Let now § = 1/(16n), so that if | y;| < §2 for all 1 <i <n,
we then have |y| < %. Applying now a 1-dimensional Sobolev inequality in the variable y;, we have

|w(0)|=po[|f|1(r,x)s/ (185 ¥ (310, ... 0) + [ (31.0......0)]) dyy

ly1l<81/2

5/ ( > po[lf"‘(f)l](z,er(z+|x|)(y1,o,...,0))) dys.
y11=81/2

lel<1
ZeeRlel

We can now apply a 1-dimensional Sobolev inequality in the variable y, and repeat the previous argument,

with |Z%(f)| replacing | f|, to obtain
> AlIZE e+ D1 0) s

wons [ f ]/2(
ilzs1/2 Jinaizs12\ 52,

Zeelel

Repeating the argument up to exhaustion of all variables, we obtain that

oll £ 116, )
S lIZ e+ 4120 30)) s dyae- i

/n 1 2/n 12../0 12(
il=81/2 lya]<81/2 - Jlynl=82 N2,

Zaeklel

Applying the change of variable z = (¢ + |x|)y gives us a (¢ + |x|)” factor which completes the proof of
the inequality in this particular case. The case where (¢ + |x|) < 1 follows from simpler considerations
and is therefore left to the reader.

Let us thus turn to the case where x € [11 3¢ ] and (¢ + |x|) > 1 . Note that it then follows that 7 > £ 2
and |x| > . Let us introduce spherical coordinates (r, ) € [0, +00) x $*~! such that x = rw and denote
by ¢ the opt1cal functiong =r —t. Let v(t,q,w) = po(f) (¢, (t + q)w).

Note that d;v = 0,0 and g d4v = (r — )0, and that there exist constants C;; such that

v = 00 (po (/) (t, (g + D)) = D CijQijpo(f),

i<j

where the €2;; are the rotation vector fields.
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Let go = |x| —t. We need to prove that

"N+ Igol) [v(2. go, @) S 11 Nl (0)-

Using a 1-dimensional Sobolev inequality, we have for any w € S"71,

v(1.q0. )| < > @) g +q0.m)| dg.
la1<31 <1
Now
(9gv)(1. 4 +qo.®) = (3rpo (/). g + g0, @) = po(0-(| /).
and thus
104v(t. g + g0, )| < po(10r f (1.4 + qo. @),
where we have used again the properties of the derivatives of the absolute value. Let now (w1, 2, ...,0p—1)

be a local coordinate patch in a neighbourhood of the point w € S*~!. Using again a 1-dimensional
inequality, we have

|00 (192 f1)(t.q + qo. ®)| 5/ 1901 p0 (192 f 1) (7.9 + go. @ + (1,0, ....0))| dw
w1

lp0(10% 7D (2.9 + 0. @ + (©1,0,...,0))| do;.

w1
Since d, can be rewritten in terms of the rotation vector fields, it follows from Lemma 2.13 that
1001001027 < Y po(1ZB02)).
IBI=<1

Repeating until exhaustion of the number of variables on S”~! and using that 8, = (x*/ |x|)d,«x and the
commutation properties between Z% and d,, we obtain that

ol Daraal [ [ Y (2N + o) dg dos.
lgl<gt Jnesn—! la|<n
Now since in the domain of integration r =t + ¢ + go = g + |x| ~ ¢, we have

o1 129 + o )] < Z/

lgl<4t

/ o (ZECH) a0, dg dos
ne

loe|<n

< Z[ 7 / s 1p0(|2a(f)|)([’r,n)rn—l drd0'§n_1
| <n Y 3TSr=3t InE€S"T
Zo
5|Otlz<n/:1t<|y|<7t (|Z (f)|)(l,y)dy’

which concludes the proof when |go| < 1.
Assume now that |go| > 1. Let y € Cg° (—%, %) be a smooth cut-off function such that y(0) =1
and define V4, (¢, q.w) = x((¢ —q0)/q0)v(t, g, w). To get the extra factor of |gg|, we apply the method
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used above replacing the function v by the function (s, n) — V4, (f, g0 + qos, n) and applying first a
1-dimensional Sobolev inequality in s on |s| < % The extra powers of gg appearing are then absorbed
since |go + qos| ~ |go| in the region of integration and since (r — ¢)d, can be expressed as a linear
combination of commutation vector fields from Lemma 2.9 (with coefficients homogeneous of degree 0).
The rest of the proof is similar to the one just given when |go| < 1 and therefore omitted. O

Since the norm on the right-hand side is conserved for solutions of the homogeneous massless transport
equations, we obtain in particular:

Theorem 7 (decay estimates for velocity averages of massless distribution functions). Let f be a regular
distribution function for the massless case, a solution to To(f) =0 on R; x R% x (R? \ {0}). Then, for all
([,X) S Rt X Rﬁ,

1

<
po(lf (. x) < =) el 11

i.n (0). (40)

Finally, as for the wave equation, we have improved decay for derivatives of the solutions. More
precisely, let 0 = d¢, let d,; be any translation, and let d be a derivative tangential to the cone ¢ = |x|,
such as d; + 0, or the projection on the angular derivatives of d,, 9 i = 0yi — (x'/7r)dy. Then, we have
the following proposition.

Proposition 3.2 (improved decay for derivatives of velocity averages of massless distribution functions).
Let f be a regular distribution function for the massless-case solution to To(f) =0 on R; xR} x (R} \{0}).
Then, for all multi-indices [, k and for all (t,x) € R; x R%,

1
(1 e = 1xI)) T+ e+ 1)

10" po(f)(t. )| 5 i 1 e+ 0). A1)
Proof. This proof is similar to that of the improved decay estimates for the wave equation, and therefore
omitted. O

Remark 3.3. Note that the improved decay estimates (41) only apply to velocity averages of f, because
of the lack of regularity of velocity averages of | f'|.

Finally, let us mention that we can obtain decay for other moments of the solutions, provided the
corresponding moments for f and the VA (f) are finite initially. For instance, in Theorem 1 on page 1542,
the decay estimate was written for the density of particles, while in Theorem 7, we considered the energy
density. One can move freely from one to the other by considering f|v|? instead of f (provided the
initial data can support it of course).

3C. Klainerman—Sobolev inequalities and decay estimates: massive case. In the massive case m > 0,
we will prove:

Theorem 8 (Klainerman—Sobolev inequalities for velocity averages of massive distribution functions).
Let f be a regular distribution function for the massive case defined on | J, <p<P Hp % R? for some
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P €1, +o<). Then, for all (t,x) € Ul§p<P H,,

dv
[ 165055 5 sl a0, @)

where p(t, x) = (t? — |x|2)% and the norm || f ||p,n is defined as in Section 3A.

Proof. Recall from Remark 2.12 that

t t dv
i (LF D x) = m2 / Fdum=m*— [ 1f1@x 0% 43)
2P v 2p vER" v
and thus,
t
[ oD, = [ w2 [ plaxn s dun, @)
H, H, P Jvern

Let (¢, x) be fixed in |, <p<p Hp and define the function ¥ in the ( y%)-system of coordinates (see the
end of Section 2C) as

1#(yo,y-")E/ |£1G0°% x7 +1y7) dpm.

veER”?

Similarly to the proof of the massless case, we apply first a 1-dimensional Sobolev inequality in the
variable y!

|60 =601 [ (10,1000 0 0050, 0

1=<1/(8n)?

Now
t

= Qo1,
(0, xt +ryl x2, ... x™) o1

A1y

: . . o\ )
where the ¢ in the numerator is that of the point (¢, x), while #(y%, x/ +ty/) = ((yo)2 + (x7 +1ty’) )
is the time of the p01nt defined in the y ®_coordinates by (y°, x/ +1y/). Now if |x| < —t then it follows
from the condition |y!| <1/ (8n2) <z that (y%)? > 3 t? and thus that

t <C
t(yO, x4yl x2 ... x|

for some uniforrn C > 0. On the other hand if |x| > —t then it follows from the condition | yl| <
1/(8n2) <z that lx/ +ty/| > —t where y/ = (y1,0,...,0). Thus, we have, for |y!| < 1/(8n2)

10,19 (3% »1,0.....0) <

Qo1 £ xt + 1yt X%, X" v) dum|.
v

The remainder of the proof is then similar to the massless case. We have

/szm<|f|>(y°,x1+ryl,x2,. ") djim| <
v

3 /IZ"‘fI(y f il X2 v) d.

ll<1
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Inserting in the Sobolev inequality and repeating up to exhaustion of all the variables (the fact that, for all j,
. S A .

|y/| < 1/(8n?2) guarantees that | y| = (327-1 1y71%)? < § so that we still have 7 /(1 (y°, x/ +1y7)) ~ 1),

we obtain

AT T ED S / [ 122716° 4 130 dyen .
v |ot|<n g v
Recall that the volume form on each of the H,, is given in spherical coordinates by (o/1)r"~! dr do, or

in y*-coordinates by (y°/¢) dy. Thus, we have

x/ +tyl
[ 110002 ) dyam 5 Z/ 1z 0054y v)dum¥dwfp
v =g

la|<n

< 10%) )
S [ L2160 e dndi,
la|<n®1=38

where we have used again that #(y°, x/ +ty/) ~ t(y°, x/) in the region of integration. Applying the
change of coordinates z/ = ty/ and noticing that the quantities on the right-hand side are controlled by
the estimate (44) applied to ZY(f) completes the proof. O

Since the norm on the right-hand side of (42) is conserved if f is a solution to the massive transport
equation, we obtain, as a corollary, the following pointwise decay estimate.

Theorem 9 (pointwise decay estimates for velocity averages of massive distribution functions). Let f be
a regular distribution function for the massive case satisfying the massive transport equation Ty, (f) =0

on U1 <p<too Hp X RY. Then, for all (¢, x) € U1<p<+oo Hp,

[ 1716505 S s e

Finally, let us mention the following improved decay for derivatives.

Proposition 3.4 (improved decay estimates for derivatives of velocity averages of massive distribution
functions). Let f be a regular distribution function for the massive case satisfying the massive transport
equation Ty, (f) = 0 on U1<p<+oo Hy, xR}, Then, for all i € N, for all multi-indices | and for all

(l‘, x) € U1§p<+oo HP’

val

m“f”uj’n-ﬂ-i-l,

where v, = x*0xa / p is the future unit normal to H, and 8; is a combination of || vector fields among
the ayk, 1 <k < n, which are tangent to the H,.

Proof. We have v, = S /p with S the scaling vector field. On the other hand, recall that S essentially
commutes with the massive transport operator, so that in particular 7, (S(f)) = 0 if T,,(f) = 0. Thus,
[, S(f)/v0dv = S([, f/v°dv) satisfies the same decay estimates as [, f/v®dv, which shows the
improved decay for v,(/, Ny v? dv). The higher-order derivatives follow similarly. Indeed, using that
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S(p) = p, we have for instance S2( f) = p? vf, (f)+ S(f). Applying the decay estimates for the velocity
averages of S2(f) and S( f) gives the correct improved decay for velocity averages of vlz,( f). Higher
normal derivatives can be treated similarly. Finally, the improved decay for tangential derivatives of
velocity averages is an easy consequence of the fact that d,x = (1/1)Qok- O

4. Applications to the Vlasov—Nordstrom system

4A. Generalities on the Vlasov—Nordstrom system. In 1913, Nordstrom introduced a gravitation theory
based on the replacement of the Poisson equation by a scalar wave equation. The Vlasov—Nordstrom
system describes the coupling of this gravitational theory with collisionless matter.?°

It can be roughly obtained from the Einstein—Vlasov equations within the class of metrics conformal
to the Minkowski metric by neglecting some of the nonlinear self-interactions of the conformal factor. In
dimension n = 3, global existence for sufficiently regular massive distribution functions, with compact
support in (x, v), has been proven in [Calogero 2006].

Following [Calogero 2003], it is possible to make a derivation of this system for arbitrary mass, as
well as arbitrary dimension. Consider the metric
2¢

g=en
conformal to the Minkowski metric 7, where ¢ is a function on R” 1. For this system, the mass shell is
defined by the equation
ez¢naﬂ v¥vP = —m?  which provides v? = \/mze_2¢ + nij viv/

We can introduce the coordinates

which consistently also provides
70 = vVm? + nijvivj = ¢?0.

Considering distributions of particles which are conserved along the geodesic flow of g, we can define

0 .0
= B
Tg = va(ax(x — 0V r(lxﬂ avi),

where I‘é p are the Christoffel symbols of the metric g, which are given by

. Cdp . 0 I
b = e guB OB e B

the associated transport operator as

so that

Tg = vaax—a—(Zv“Va(j)vl +m-e vl(,b)w

In the (¢, x, 0)-system of coordinates, we compute
0 ; -0
T, = ? (0% — — (0* 0+ m?Vig)— ).
g ( gra VeV FmIVIP) T )

208ee [Calogero 2003] for an introduction to the system.
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To couple the Vlasov field and the scalar function ¢, we follow [Calogero 2003] and require that?!

dv
_ .2, (n+1)¢
O¢ =m~e /vf—vo. (45)
Depending on the value of the mass m, we are thus faced with the following two systems:

e The massless Vlasov—Nordstrom system.
O¢ =0, (46)
ca Of of

¥ — —
x“ av!
In this case, the equations decouple. We can of course solve the first equation and then think of the

— 09Vt = = 0. (47)
second equation as a linear transport equation for f.

¢ The massive Vlasov—Nordstrom system. In this case, we can perform yet another change of unknowns
by considering
f(t,x,0) ="V £z x,0),

which has the advantage of removing the ¢-dependence in the right-hand side of equation (45).
We then obtain the usual expression of the (massive) Vlasov—Nordstrom system

ot [ 755 w
b v

WO e of Fpa )

v“—a;;— “Va¢v’+m2V’¢)a—§=(”+1)fvaax_¢;' 59

From now on, we will drop the ~ and ~ on all the variables to ease the notations.

4B. The massless Vlasov—Nordstrom system. We consider in this section, the system (46)—(47). We
will denote by T the transport operator defined by
0 .

— 2,0 o 1 .
| To=v g v Ve Vg
ie.,

T¢ = T() - To(¢) 'Ulav[.

The massless Vlasov—Nordstrom system can then be rewritten as

O¢ =0, (50)
Ty(f) =0, (51)

which we complement by the initial conditions
¢t =0)=¢o, 03:¢(1=0)=¢1, (52)
J(=0)= fo, (53)

211t should not be surprising that the right-hand side of this equation vanishes for massless distribution functions, as, up to an
overall factor, it corresponds to the trace of the energy-momentum tensor, the latter being of course proportional to m for Vlasov
fields.
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where (¢o, ¢1) are sufficiently regular functions defined on R’ and fj is a sufficiently regular function
defined on R% x (R} \ {0}).

By sufficiently regular, we mean that all the computations below make sense. We will eventually
require that Ex o, p1] < 00, where Ep is the energy norm defined by (57) and similarly, we will also
require below that || fo|lik,n < 400 (with some additional weights in the case of dimension 3). Provided
N is large enough (depending only on n), these two regularity requirements are then enough so that all
the computations below are justified. In the remaining, we will therefore omit any further mention of
regularity issues.

4B1. Commutation formula for Ty. Recall the algebra of commutation fields Ko =KU {S}, where S is
the usual scaling vector field, defined in (17). Similar to Lemma 2.3, we have:

Lemma 4.1. For any 7 e [I%O,
[Ty, Z1 = czTo + [~z To(¢) + To(Z(@) v 0y = cz Ty + To(Z($))v' B,

where cz = 0 if ZeKandc z=1Iif Z =S, and where Z is the nonlifted field corresponding to Z if
ZeKandZ=SifZ=S.

Proof. Note first that for all Z € Ko, we have [2 ,v0,i] = 0. We then compute
[T4. Z1 = [To. Z] - [To($)' 8, Z]
= [To. Z1 + Z(To($))v' 8, + To(@)[Z.,v'9,1]
= [To, Z] + (Z. Tol$ + To(Z¢))v' .
To conclude the proof, replace all the instances of [T, Z ] by ¢z Ty according to Lemma 2.3. O
Iterating the above, one obtains:

Lemma 4.2. Let f be a solution to (51). For any multi-index o, we have the commutator estimate

T Z°1f|<C 3 |To(Z7)I-1Z°F), (54)
|Bl<lal,ly|<lel
Bl +]yl<lal+1
where ZV € Kg/l and ZP € ﬂ%gg' and C > 0 is some constant depending only on |«|.

4B2. Approximate conservation law. Similar to Lemma 2.17, we have:

Lemma 4.3. Let h be a regular distribution function for the massless case in the sense of Section 2E.
Let g be a regular solution to Tg(g) = v°h, with v° = |v|, defined on [0, T] x R: x (R \ {0}) for some
T > 0. Then, forallt €[0,T],

t
/E pollght. v dx < [Z oollgh(©.x)dx + fo ]E oolli (s, ) dds

t
F4) / / / To(@)f|dvdxds. (55)
0 s JveRE\{0}
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Proof. As for the proof of Lemma 2.17, this follows, after regularization of the absolute value, from
integration by parts or an application of Stokes’ theorem. The term To(¢)v’ d,: | f|, which appears in
the computation, gives rise, after integration by parts in v, to the last term in (55) since 9, (V' To(¢)) =
(n+ 1D To(¢). O

4B3. Massless case in dimension n > 4. In this section, we prove Theorem 3, found on page 1545. The

n = 3 case requires slightly more refined techniques (which of course would work also for n > 4), but the

estimates in the n > 4 case are slightly stronger and simpler; we therefore provide an independent proof.
If ¢ is a solution to the wave equation, let us consider the energy at time t = 0,

Enlplt=0)= Y |Z*0$)(t=0)]72)- (56)
le|<N
e elgle!

Now if ¢(t =0) = ¢¢ and 9;¢ (t =0) = ¢4, for pairs of sufficiently regular functions (¢g, ¢1) defined on
R”, then the above quantity can be computed purely in terms of ¢o, ¢1, so we define??

ENldo. p1] = Eno](t=0). (57)

Similarly, if f is a solution to (51) arising from initial data fy at t = 0, then we define

EN[f1(t=0) = ||f||K,N(z=0)(= > ||po(2°‘(f)(z=0))HLI(R;)), (58)
lel=N
Zx ek

and we remark that this quantity can be computed purely in terms of fy, so we will set
En[fol = En[f1(z=0).
We will prove:

Theorem 10. Let n > 4 and let N > %n + 1. Let (¢o, 1, fo) be an initial data set for the massless
Viasov—Nordstrom system such that En[¢o, $1] + En|[fo] < +00. Then, the unique solution ( f, ) to
(50)—(51) satisfying the initial conditions (52)—(53) also satisfies the following estimates:

(1) Global bounds. For allt > 0,
ENLf1() < eCEN o By £o],

where C > 0 is a constant depending only on N, n.

(2) Pointwise estimates for velocity averages. For all (t,x) € [0, +00) x R} and all multi-indices o
satisfying |a| < N —n,

eCEN 10D E [ fol
(1+ | =l (1 + | + x| )"

22The alternative to the approach we use here is to assume that (¢g, ¢1) are regular initial data with decay fast enough in x,
for instance by assuming compact support, so that the resulting £y [¢(t =0)] is finite. What we want to emphasize here is that
the quantity Ex [¢(# =0)] can in fact be computed purely in terms of the initial data (using the equation to rewrite second and
higher time derivatives of ¢ in terms of spatial derivatives), and that this is all that is needed in terms of decay in x.

po(IZ°f )(t, x) <
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Proof. Let N, n, ¢o, ¢1, fo be as in the statement of the theorem. From the conservation of energy and
the commutation properties of the Z% with the wave operator, we have, for all ¢,

ENIol(t) =ENldo, P1] =EN.

Applying the standard decay estimates obtained via the vector field method to ¢, we have for all multi-
indices « satisfying |o| < N — %(n +2) and for all (7, x) € R; x RY,

)|2< EN[(p](t)
(L+ e = IxI)) (14 |2 + 1x]])"

10Z%¢ (1, x (59)
It follows from a standard existence theory for regular data that for all ¢, we have En[f(¢)] < +o0.

Applying the Klainerman—Sobolev inequality (39), we obtain, for all multi-indices « satisfying || <
N —n and for all (7, x) € R; x RY,

‘ < EN[f](t)

Po(Z%(f))(t, x) ;
[po (T [e = Ix[[)(1+ ]z + Ix]]) !

From Lemma 4.3 and the commutator estimate (54), we have for all + > 0 and all multi-indices o,

~ ~ t
[ po(1Z°F (1. x) dx < / po(12°F (0. x) dx + [ / po(h®)(s. x)dx ds.  (60)
X o 0 s

where?3
1 ~ A~
s Y M@ eIZP s Y0 12Vl 12P ).
1Bl<lel,ly|<|el| |Bl<lel,|yI<|e|
1Bl+|yI<|a|+1 1Bl+1yI<lal+1
so that

po(h*) s > 1027 P)lpo(1ZP 1)),

|Bl<lel,|y]=<l|el
1BI+ly|<lel+1

since ¢ is independent of v. Integrating over x, we obtain, for all s € [0, ],
[ mtipenaxs 3 / 10(Z7 $)po (128 1) (s, x) dx.
s |BI<lal, ly|<le|

1Bl+1y|<lal+1

We now estimate each term in the above sum depending on the values of |y| and |B].
If || < N —n, we then apply the pointwise estimates on pg (2 B(f)) to obtain

7 E
[ 0@ ezt 6 dx < [ laczrg) R
s s (T [s=1xI]) (1 + |s + |x]])

23Note that the last term in the right-hand side of Lemma 4.3 is similar to the error terms arising from the commutator
estimate of Lemma 4.2 and is therefore accounted for in the 4% error term in equation (60).
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Applying the Cauchy—Schwarz inequality and using that>*

H : 1| S ;—1 61)
(1 ]s=IxI[) (1 + |s + IxI|) L2 (1+s) 2
we obtain 1 E
/ (27 $)lpo( 2 ) (5. ) dx < ERg)(s) N S) ©2)
X (1 +S) 2

If now || > N —n, then |y| <|a|+1—|B| <N — %(n + 2) and thus, we also have (62), using this time
the pointwise estimates on d(ZY ¢) given by (59). Applying Gronwall’s inequality finishes the proof of
the theorem. O

4B4. Massless case in dimension n = 3. We now turn to the case of dimension 3, where the slower
pointwise decay of solutions to the wave equations leads to a slightly harder analysis. First, let us
strengthen our norms for the Vlasov field.

For this, recall the algebra of weights K¢ introduced in Section 2H and define a rescaled version ko by

Ko = (UO)_II(O = {3—0

5€k0},

where we recall that v® = |v| in the massless case. If « is a multi-index, we will write [3/v°]% € K(|)a| to
denote a product |a| elements of ko and [|3]//v°]¥ in the case we take the product of the absolute values
of these elements.

Let us now define, for any regular distribution function f, the weighted norm

Engfl= Y 3 l/E,PO('Z“f'[%]ﬂ)‘x)dx

le| <N Zaeile
1Bl=q

PO I G

la|<N Zogilel
1Bl=q

(63)

where the weights 3/v° lie in .

Theorem 11 (asymptotic behaviour in dimension n = 3). Consider the dimension n = 3. Let N > 7
and q > 1. Let (¢o, ¢1, fo) be an initial data set for the massless Vlasov—Nordstrom system such that
ENnlgo. d1] + Enlfolng < +00. Then, the unique solution ( f, ) to (50)—(51) satisfying the initial
conditions (52)—(53) also satisfies the following estimates:

(1) Global bounds with growth for the top-order norms. For all t € Ry,

1/2
Englf1(0) = (1 +0) N0y o[ fo], (64)
where C > 0 is a constant depending only on N, n and q.

24For the convenience of the reader, we have added in Appendix B certain integral estimates which include (61).
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(2) Small data improvement for the low-order norms. There exists an gy (depending only onn, N, q)
such that if En[¢o, P1] < co, then for all t € Ry,

1/2
Ey_ngs o 4 [11(0) <N 000y g fo). (65)

(3) Under the above smallness assumption, we also have the optimal pointwise estimates for velocity
averages. For all (t,x) € R; x R} and all multi-indices a satisfying |a| < N — %(311 + 4) and all

1Bl <q—1,
Po(

Proof. First, let us note that for all 3 € ko, we have

v' 0, (U_Of) =0 v'0yi fi

B ceNido 1]
Za(f)[%} D(t,x)S i Enqlfol p—
v (T [e = IxI[)(1+ ]2 + Ix]])

from which it follows that for all regular distribution functions g, we have [Ty, 3/v°]g = 0. Thus, we
can upgrade Lemma 4.2 to

[ 5] #)

where Z7 € IKL’/', VANS [Kl)ﬂ l, [3/v°]° € K(l)g‘ and C > 0 is some constant depending only on |«|. Applying

<c ¥ m@el| 5] 1281 (66)

1B|<lel,ly]<l|e|
[BI+y|=lel+1

arguments similar to those used in the n > 4 case yields

Evalflo stngilec [ ¥ ¥ [ |a(zy¢>|po([%] |2ﬂf|)(s,x>dxds

0
IBI=<lally|<|e| lo]<q
[Bl+ly<lal+1

< Englfo] +C /O SN% ds.

(67)
Applying Gronwall’s inequality, we obtain (64).
Now assume that £ < g9 with g9 small enough that

Englf10) < (1+0° En gl fol.
1
with § = CEZ < 1.
The key to the improved estimates is the following decomposition of the transport operator T:

. xi xi .
To =09, + '8, = vo(at + maxi) — v“maxi + v B,

i 0,.i i i,,0
0 X VX V't—X
=00+ )+ (x] =)+ g
v (l+|x| X)+ t|x| (|x| )X + t X
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i O Xt [(—x/Qj +1tQoi —xiS
0 X v X X lj+t 0 Xi 0 3
=y’ |0 —0.i)|—— — v Oxi s
(’+|x|x) t x| ( t+r )+ 0 X
N’

outgoing derivatives bounded <C(12;;|+IRQ0i |+IS]

where the weight 3 in the last term is v’ — x'v? € kg. Recall?® now the following improved decay
for outgoing derivatives of solutions to the wave equations: for all multi-indices « such that |a| <
En

N—%(n +2)—1, '
'(8, + xi)Z"‘(qﬁ) —.
r (1+1)2

To estimate the second term, we need to obtain decay for Z ¢ as solution to the wave equation. This is done

S

by integrating the decay of dZ¢ coming from the Klainerman—Sobolev inequality along ingoing null rays.
We do not perform the proof of this fact here, but the reader can refer to the proof of Lemma 4.14, where
a similar result is proven (for a Cauchy problem with initial data on a hyperboloid). One then obtains:

‘(—ijij +lQol'—xiS)Za < EN _
t+r (1+1)2

As a consequence, it follows that for all multi-indices |¢| < N — %(n +2)—1,

o 0 1 |3| 1
ITo(Z%9)] < Env ((1—3+ > 8s)

+t)2 3€ko

Repeating the previous ingredients then gives (65). The pointwise estimates then follow from the
Klainerman—Sobolev inequality (42). O

4C. The massive Vlasov—Nordstrom system. We now turn to the massive case, that is to say the system

dv f
= [ 155 =)

. - of
Tn(f) = (Tm(@)V' +m*V'$) 22 = (1+ DTm(9) f.
As in the massless case, we introduce the notation Ty = Ty, — (T (P)V' + m2Vigp)(d/0v') for the
transport operator that appears on the left-hand side of the last equation. With this notation, we will seek
solutions of the massive Vlasov—Nordstrom system

D<p=m2/fd—§, (68)
v v
Ts(f)=(m+1)f Tu(®) (69)
completed by the initial conditions
S lH, = do,  0:dH, = P1, (70)
S xwy = fo. (71)

25This can be obtained from the usual Klainerman—Sobolev inequality and the formula for d5 in (24) by integration along the
constant # = |x| null lines. See, for instance, [Wang 2015b] for details.
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As for the massless case, the lower the dimension, the harder it is to close the estimates. We consider
here only the dimensions n > 4. As already explained, to treat the case n = 3, we need a refinement
of our method, for instance, the use of modified vector fields in the spirit of [Smulevici 2016], and we
postpone this to future work. The proof that we shall give below will be enough to close the estimates for
n = 4 with some g-growth in the norms, and without any growth if n > 4.

In the following, we will set the mass m equal to 1.

4D. The norms. In the context of the massive Vlasov—Nordstrom system, we define the following
energies, similar to the energies defined in (56) and (58):

¢ For the field ¢, satisfying a wave equation,

exlplor= 3 [ T129)0r v dian, 72)
Z|g|<u:|>1|\{l| H

where, for any scalar function i we denote by T[¢] = d¥ ® dy — %n(VW, Vy)n its energy-
momentum tensor.
« For the field f, satisfying a transport equation,

Exlflo= Y |a(@Z° O, + 2 In0ZOb] i,

la|<|N/2] LN/2]+1<la|<N
Z%ep® Z%ep¥

where for any regular distribution function g, the energy density y1(g) is defined as in Section 2K.

Remark 4.4. The weight on the lower-order derivatives contained in the norm of f ensures that pointwise
estimates can be performed on terms of the form

(190257600 a0 s EYULI0)

according to Theorem 8, given on page 1564, provided that || < |_7J —n. It should furthermore be
noticed that the “unweighted” standard estimates coming from Theorem 8 are still true for |¢| < N —n:

[12510.5.0] 2 < EXL10)

tn

They will nonetheless not be used in the following.

4D1. The main result. Our main result for the massive Vlasov—Nordstrém system is contained in the
following theorem.

Theorem 12. Letn > 4 and N > 3n + 4. Let (fy, ¢po, $1) be an initial data set for the system (68)—(71).
Then, there exists an g9 > 0 such that, for all 0 < & < g9, if

e Enldo, P1] < € (initial regularity of ¢),
o En+nlfol <€ (initial regularity of f),
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then, the unique classical solution ( f, ¢) of (68)—(71) exists in the whole of the future unit hyperboloid
and satisfies the following estimates:

(1) Energy bounds for ¢. For all p > 1,

Enlpl(p) = 2e.
(2) Global bounds for f at order less than N. For all p > 1,

En[f1(po) < p©'" 2.
where C =1 whenn =4, and C = 0 whenn > 4.

(3) Pointwise decay for 0Z%¢p. For all multi-indices || such that || < N — "X2 and all (¢, x) with

t > /14 |x|2, we have

&
(I+0" 2 A+ @—|x)?

.. R, N
(4) Pointwise decay for p(|0Z%f'|). For all multi-indices a and B such that || < N —n and |B| < |_7J —n
and all (t, x) witht > /1 + |x|2, we have

a
[1zer1%5 < e

20178 < &
/v 2R dv s T (1 Cel

where C =1 whenn =4 and C = 0 when n > 4.

0Z%¢| <

(5) Finally, the following L? estimates on f hold. For all multi-indices o with L%J —n+1=<|a| <N,
and all (¢, x) witht > /1 + |x|2, we have

2
/ ; /|2“f|@ dpn, < e2pC M,
H, P\Jv v0 ?

where C =2 whenn =4 and C = 0 when n > 4.

4E. Proof of Theorem 12.

4E1. Structure of the proof and the bootstrap assumptions. From now on, we consider a solution ( f, ¢)
to (68)—(71) arising from initial data satisfying the requirements of Theorem 12. Let P be the largest
(hyperboloidal) time so that the following bootstrap assumptions hold on [1, P]: assume that there exist
an ¢ small enough and § € [ , 2) such that, for all (p, r, ) in [1, P] x R3, we have

¢ energy bounds for ¢,

EnlPl(p) = 2e; (73)
e global bounds for f,

N[f1(p) < p2e. (74)
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It follows from a continuity argument?® that P > 1 and the remainder of the proof will be devoted to
the improvement of each of the above inequalities, establishing the validity of Theorem 12. The proof is
organized as follows:

» We first prove the necessary commutation formulae with the transport operator Ty in Section 4E2. The
fundamental commutator is given in Lemma 4.11.

¢ A second step consists in rewriting the well-known standard Klainerman—Sobolev estimates for scalar
fields using the hyperboloidal foliation (Proposition 4.12), in Section 4E3. These decay estimates for
derivatives of scalar fields also provide estimates on the fields themselves after integration along null
lines (Lemma 4.14).

« In Section 4ES, the bootstrap assumption (73) is improved, assuming weighted L2 decay estimates for
the higher-order derivatives of the solution to the transport equation (see Lemma 4.18). The proof is based
on energy estimates for which we need the source terms to have sufficient decay. When only low derivatives
are involved, our Klainerman—Sobolev inequalities for f are sufficient to close the energy estimates for
¢, so that the L2 decay estimates are only required to handle the high derivatives case (see Lemma 4.18).

¢ In Section 4EG6, the bootstrap assumption (74) is improved. The proof relies on the conservation
law for the massive transport equation (Lemma 4.20). Unfortunately, some of the source terms arising
from the commutation relations are a priori not space-time integrable. To handle this lack of decay,
we use renormalized variables by incorporating part of the source term in the original variables; see
equation (98). Here we use pointwise estimates for dZ%¢ but also the pointwise estimates on Z%¢
provided by Lemma 4.14. The improvement of the bootstrap assumption is obtained after returning back
to the original variables, provided that the initial data are small enough (Proposition 4.24).

e One finally proves in Section 4E7 the L?-estimates for the transport equation, which are required in
Section 4ES5 to improve the bootstrap assumption on the solution of the wave equation. To this end, the
equations for the renormalized variables introduced in equation (98) in Section 4E6 are rewritten as a
system (Lemma 4.28) of inhomogeneous transport equations. Using the fact that we have control on the
initial data for N + n derivatives, it is possible to prove strong pointwise estimates for the homogeneous
part of the solution to this system carrying the initial data (Lemma 4.29). The inhomogeneous part of the
solution to this system (with no initial data) can be decomposed into an L? integrable function and a
pointwise decaying function; see equations (114) and (115). This decomposition can then be exploited to
prove the decay of weighted L?-norms of higher-order derivatives of f (see Proposition 4.31). The later
decay estimate is then used to improve the bootstrap assumption for the wave equation (see Lemma 4.18).

Note that:
¢ An estimate for the size of § in (74) is obtained in Section 4E7 (Lemma 4.30).
¢ Finally, the maximal regularity is required in Lemma 4.22, when pointwise estimates have to be

performed on f.

26Note that the methods of this paper show in particular that the system is well-posed in the spaces corresponding to the
norms & 11\// 2 [¢] and En[f] for N sufficiently large. See also [Calogero and Rein 2004] for another local existence statement.
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In the sequel, we will heavily use the following pointwise estimates, which hold under the bootstrap

assumptions (73) and (74):
e As a consequence of Proposition 4.12, if |y| < N — | % | — 1, then

Ve Ve

1 n=1 — 1
t—|xD2(1+1) 2 p(l+1)2

10Z7 | <

e As a consequence of Lemma 4.14, if |[y| < N — | 2| — 1, then

1
z7g) s LUZBDE Ve

1+n"7 (A+n2

* As a consequence of Theorem 8, given on page 1564, if |f| < N —n, then

7B P
A& f'vO”(1+r>"

« Finally, as a consequence of Theorem 8, if |f| < L%J —n, then

8
/ |vOZﬂf| dv < * —|—t)”
4E2. Commutators in the massive case. Let us start with the following commutation relations.
Lemma 4.5. [0¢,0,i] =0,
[0y, 9,0] =0,
[0, +x78; +0v°8,,,0,] = —:—;avj,
[x19; —x7 B + 078y — v/ 8y, dpk] = —8L,5 + 8]y,

. . 1
L, + x7 9, +v°8v,~,v’8v,~] = Eavj,

[X'8; —x/8; +v'8,; —v/ 8, v*0,] =
We now evaluate the commutators [T, ] for Z € P. We have
(s, Z)f=[T1, Z) f —[T\($)V' i, Z] f =V $-0,i, Z) f
=0if ZeP

=Z[T1( @)V dyi fHT1(B)Z, 0 8y ) f~[VI-dyi, Z] f

(2. Tg+T1(29))' 0, f— [VZ¢3vuZ]f+{

otherwise

T1(¢)v08ujf le—t8x1+x18,+v 0y,
otherwise.

=T\ (Z$)' i [~V $-0,i. 21 f +{

(75)
(76)

(77)
(78)
(79)
(80)

Ti($) 150,/ if Z =19, +x7 94109,

(81)
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We have used that Z (p) = Z(¢) since ¢ is independent of v. To estimate the second term on the
right-hand side of the last equation, we need:

Lemma 4.6. For any Z € P:
e If Z is a translation, then

[Vig-8,. 2] ==V (Zp)d,.

o If Z = Qi is a rotation such that Z= Qi + vjavk — vk, then

’Uj?
[Vig-8,. 2] ==V (Zp)d,.
e If Z = Qy; is a Lorentz boost such that Z= Qo; + voavj, then

1

. ~ ; v
[vl¢ : avi , Z] =V (Z¢)av’ + vi¢v_08vj + 9:(¢) avj S
We now summarize these computations:

Lemma 4.7. Let Z € P. Then

~ . : v
[Ts. Z1f = T1(Z§p)' 8y f + D p7* (v_o) 058 Z%($)-Bys /.
lg.‘/'ssln
0<B=<n

where the p'P (v/v°) are polynomial of degree at most 1 in the variables v* /v°, 1 <k <n.

The terms containing derivatives of v in the above formulae are problematic, since the d,, are not part
of the algebra P. We use the following decomposition for all 1 <i <n:

1 ; 1 i 1 A 1 ;
81)1‘ = F([ax, +xlat + anvi) - F(taxl —|—x18t) = FQOZ — W(lax, +xlat). (82)

Remark 4.8. Note that ;
ol i f + 8tf|sv—0(|8tf|+|8xif|) (83)

for (¢, x) in the future of the unit hyperboloid. Now d; and d,; belong to P, but the price to pay is the
extra ¢-factor. It is precisely this extra z-growth which forbids us to close the estimate in dimension 3. A
similar obstacle was identified for the Vlasov—Poisson system in dimension 3 and solved by means of
modified vector fields in [Smulevici 2016]. We hope to treat the 3-dimensional massive Vlasov—Nordstrom
system in future work.

This leads to the commutation formula:

Lemma 4.9. Let Z € P. Then

=~ = p(lx/ (U/Uo,t,x) ~
[Ty Z1f = T1(Z) Y qa(:—o,t,x)z“(fH 3 ﬂTaxyZ“(qb)-Zﬂ(f),
lee|=1 lel=1,|8|=1
O<y=n

where the qo(v/v°, t, x) and p();ﬂ (v/v° ¢, x) are polynomial of degree at most 1 in the variables
vk ok vk

—, =t —x', 1<ik=<n.
0’ 0T 0
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Iterating the above formula, we obtain:

Lemma 4.10. Let « be a multi-index and Z% € P'®!. Then

A A~ 1 A
[Ts.2f= ) Tl(zyqs)qﬂy(%,r,x)zf’(fw > v—op;,,(%,r,x)axazy(qsyzﬁﬁ

ly|+1B8l<l|al+1 ly|+IBl<lal+1
1<ly|<|a| 0<o<n
1<|B=|e] 1<|B|<|a|
0<|y|<|e]

where

* the qg,(v/ v, ¢, x) are linear combinations of the terms

k k k
v [V nfV i .
— 9 Y t’ —a 9 ]‘E 7k§ 9

where q, q', q"" are polynomials of degree at most |a|,

e the p;ﬂ (v/v°, t, x) are linear combinations with constant coefficient of the terms

k k k
v [V nfV i :
- 9 - t’ Y x 9 1 < l’ k S n’
where p, p', p” are polynomials of degree at most |a|.

Proof. This follows by an induction argument on the length of the multi-index o and we therefore only
provide some details here. Assume the lemma is true for |«|. Recall that, for any Z € Py,
[T, ZZV(f) = (Tp. Z1Z*(f) + Z[Tp. Z°1(f) = Iy + 2.
with
L=[Ts. 212°(f). L= Z[Ty. Z°1(/).

Using Lemma 4.9, we have for I,

~ A 1 ~n A
n=1i26) Y 4y (Sper) 272+ X rgp(per)e 271 2@, 0

lyl=1 lyl<1,|B]=1
0<o<n

with ¢, and p;ﬂ as in the statement of Lemma 4.9. Since all the terms in (84) clearly have the desired
form, we turn to /5. Applying the induction hypothesis, we have

~ v ~ 1 v A~
I =Z[ > Tu(ZV)qpy (Fvl,x)zﬂ(f)Jr > Epg,g (U—O,I,X)axvzy(qﬁ)'zﬂf]
ly|+|BI<|al+1 [yI+|Bl<e|+1
1<|y|<|a| O<o<n
1<|Bl<|e] 1<|B|<]al
= > 2n@van (e 2o]r S 2] (G272
ly|+1Bl<l|al+1 ly|+|Bl<l|al+1
1<|y|<lal O=g=n
1<|B|<|e] 1<|B<l|
=Ji1+J2,

where

n= Y 2 n@ ()28 0)
lyl+|BI=|al+1

1=|y| <]l
1<|BI=lal
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and

L= Y 2[0—10p;ﬂ (:—O,I,x)axoZy(¢)~2ﬂf:|.
[yI+IBI=<|a|+1
0<o<n
1=[B]=le]
To see that J; has the correct form, we distribute Z, which gives rise to three types of terms. The terms
arising when Z hits Ty z V¢) or ZP (f) are easily seen to have the right form. It remains to look at the
case when Z hits qpy- It Z is a translation, Z = d,.s and one easily sees that Z (9y) has the correct form.
If Z is the lift of a rotation or a Lorentz boost, then we write schematically Z=*Z+4+VZ, where*Z isa
homogeneous differential operator of order 1 in (¢, x) and Y Z is a homogeneous differential operator of
order 1 in v. It is then easy to check that *Z applied to a polynomial in the variables v’ /v° of degree < |/,
possibly multiplied by the variables ¢, x’ will produce a polynomial, of the same degree < |/, in the
variables v’ /v?, possibly multiplied by the variables ¢, x’. Similarly, ¥ Z applied to a polynomial in the
variable v’ /v° of degree < |a| will produce a polynomial in the variables v’ /v? of degree < || 4 1. As
a consequence, Z *(qBy) is a linear combination of polynomials of degree || + 1, possibly multiplied
by ¢, x’. The term J, can be treated similarly. O

The full expression for T (2 %) can now be computed using the transport equation (69) satisfied by f.

Lemma 4.11. Let Z* be in P1®. Then the following equation holds:

T2 (N= Y TiZ'asy (j—o . x) 28(f)
b
yiZzLIp[=

1 v ~ ~
+ > Fp;‘ﬂ(v—o,r,x)aazy<¢>zﬂf+ Yo T (ZY9)ZP(f). 85)
lyl+|Bl=|el+1 ly|+|8|=l«|
0<o<n
1<|8=lel

where the qg, and pgﬁ are as in Lemma 4.10 and the r,g are constants.

Proof. We have
To(Z9f) =T, Z°1f + 2Ty f =[Tp. Z°1f + Z*((n + DT1() f). (86)
The lemma thus follows from Lemma 4.10 and the fact that
Z°T@) )= Y. rgT(ZVHZP(f), (87)
lyI+181=la|
where the ryg are constants. O
4E3. The H ), foliation and the wave equation. The aim of this section is to provide a Klainerman—Sobolev-

type inequality, applicable to solutions of the inhomogeneous wave equation if the inhomogeneities decay
sufficiently fast, using only energies on the H, foliation. This question was addressed by Klainerman
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[1993] for the Klein—Gordon operator and we show here how a similar proof can also be applied to the
wave operator. We thus consider a function ¥ and its energy-momentum tensor

Tyl =dy ®@dy —3(1(Vy, V). (88)

If we want to perform energy estimates on H ,, we need to multiply 7'[y/] by d; and the normal to H,
V,, and integrate on H),. Let us thus compute the quantity 7°(d,, vp).
We find

Y]y, vp) = ;—p(wf TN %wr. (89)

Recall also that the volume form on H,, is given by (o/1)r"~! dr do. Since we are looking only at
the region p > 1, we have that ¢t > r and 7'(d;, vp) is clearly positive definite, with some degeneration as
r — t. More precisely, fix (¢, x) in the future of the unit hyperboloid. Assume first that r = |x| < %t;
then (o/ ) T[](3r. vp) = |3y |2

Let (Y°, Y?) be the coordinates of (¢, x) in the (y®)-system of coordinates adapted to the H o foliation
as introduced in Section 2C. Let ®(y) = 3y (Y% Y/ +ty/). Then, a classical Sobolev inequality yields

0y (Y, ¥ )2 = [BO) < Z/ 05D (y)[2 dy

k n+2

< X [ ZEenory sohPa 90)

k n+2

using that d,; = (1/£)S2¢; and the fact that d,,; ® =1 9,,; ¥ together with estimates on 7 /(¢ (YO, Y7 +1y7))
similar to those of Section 3C. Applying the change of coordinates y/ — ty/ yields

LRy / |Z5 @y (Y0, Y7 + 37| dy. o)

k n+2

Finally, |Y/ 4+ y/| = |x/ 4+ y/| < (% + &)1 so that, if § > 0, we are still away from the light cone. Thus,
the right-hand side of the previous equations can be controlled by the energies of Z k (0y) on H,. On the
other hand, if %t <r < t, we first remark that

r
SO (B ©2)
Thus, we may repeat the previous arguments, losing the factor (1 —r/t) in the process, as follows:

0P s Z/ |25 @y (Y0, Y7 + 37| dy

k n+2 |<t8

I -1 -
S 2 /||<ts(1_;) (1_;)‘Zk(a‘”)(YO’Y’+y’)|2dy- (93)
kstf?
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Since )
1 t(t+r) !
1—r/t pz T p?
and since again, we can replace ¢ (Y% Y/ 4 ¢y/) by ¢ in all the above computations, we have shown that

1
tn—2p2 :

By (Y, Y/)]* <

Since p? = (t +r)(t —r) and since ¢ > r in the future of the unit hyperboloid, this is exactly the decay
estimate predicted by the usual Klainerman—Sobolev inequality using the X, foliation. We summarize
this in the following proposition.

Proposition 4.12 (Klainerman—Sobolev inequality for the wave equation using the hyperboloidal folia-
tion). For any sufficiently regular function \ of (t, x) defined on the future of the unit hyperboloid, let

& L(n+2) [V](p) denote the energy

EpWlo)= Y [ TIZWN@ ) i

|a|<nT+2 H,

Then, for all (t, x) in the future of the unit hyperboloid,

1 1
09| (t, x) £ = Ex [¥](p(t, X)). 94)
12 (1 —|x])2

It is interesting to note that the above proof does not make use of the scaling vector field.

Remark 4.13. We will use in the following the inequality
P 2r r r
TG0 = 0w+ (974 02+ T ) =100+ (120 )02+ 9D+ Lot v

that is to say,
t+r

0V < L TWrvp) = — =TI v,).

The inequality (94) provides decay for dy but not for ¥. By integration along null lines, one can
obtain the following decay for .
Lemma 4.14. Let  be such that E%(n_i_z) [V](p) is uniformly bounded on [1, P] for some P > 1. Assume

moreover that | ,—1 vanishes at oo.
Then  satisfies, for all (t, x) in the future of Hi,

1

1 (14+u)2

[¥(t. x)| S sup [E3 [¥]]—=—-
[1,P] tz

where u =t — |x|.

Proof. The Klainerman—Sobolev estimates provide

1
supp1, p)[€x]
it x) < —F——.
ool s =k
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Let (t,x) = (t,r,w € S™) be a point in the future of H;, and consider the point on the hyperboloid lying
at the intersection of the past light cone from (, x), the hyperboloid H, and the direction w. Writing

u=t—|x|and v =1t 4+ |x|, we have
(t1,x1) = (11:v1+r12,r1: (U—%),a)) e Hy.
1 .
= <— sincev>t>1.

1 2
(r) v+1/v "™ (v)

Integrating along the direction w along the past light cone from (¢, x) from (¢1, 71, w) to (¢, 7, ®), one

N =

Note that

obtains
t—r

w<r,x)=w(r1,x1>+/ @) du.

1 —r
so that

1
(p— ) = supyy py[E5 ]
|W(t )|< N n—1 +/t l—n_,du

(rl)T 1-r1 U2y 2

1 1

Exp=1) SuP[l P][ ] 2 1 (1+u)2
e < sup [Ex ]

(v) 2 "7 [1,P] v 2

which concludes the proof since 1/v <2/t. Here we have used that

<M
(r)"z"

Y (t1, x1)| <

which follows from usual weighted Sobolev inequalities on R” applied to 9y and the assumption that
restricted to p = 1 vanishes at infinity. O

4E4. Commutation of the wave equation. The commutation of the wave equation with our set of vector
fields is straightforward and leads to:

Lemma 4.15. For any multi-index o,
A dv
ozi = [ 2% 95)
veERY v

Proof. First, recall that the vector fields in the algebra P commute exactly with [J. The lemma then
follows from Lemma 2.14 and Remark 2.15 in the case Z% contains some combinations of Lorentz
boosts. O

Remark 4.16. The following inequality will be used later on:

/U » 2%

which is a direct consequence of Remark 2.12.

1 (1Z4)l).
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4ES. Energy estimates for the wave equation on hyperboloids. Consider ¥ defined in hyperboloidal time
for all p € [1, P] and assume that ¥ solves (v = h. Recalling the expression for T'[y](d;, v,) given by
(89), we have:

Lemma 4.17. Let p € [1, P]. Then,
P
/ T[y1(9s,vp) diim, =/ T[y1(¢,vp) dpm, +/ / @) (') h(p") dpm, dp'.
H, H, 1 Hp/

Proof. The proof of this fact is only sketched, since classical. The reader can refer to [Klainerman 1993].
Remember that the divergence of the stress-energy tensor T[] is given by

*Topl¥]=hopgy
when i satisfies the equation [0y = h. The lemma then follows by integration between the two

hyperboloids H; and H, and an application of Stokes’ theorem. O

To close the energy estimates for Z%(¢), we need the right-hand side of (95) to decay. Since for
|| < N —n, the required decay follows from our Klainerman—Sobolev inequality (42) as well as the
bootstrap assumption (74), we have the following lemma:

Lemma 4.18. Assume that § < 1. Assume moreover that for all multi-indices o such that N —n +1 <
la| < N, the following L2 decay estimate holds:

t ~ dv\?
/H B(/U'Zaf'v_(’) dum, < &2p°". (96)
0

Then, the following inequality holds for all p € [1, P]:

ENIPl(p) < e(1 + Ce2),

where C is a constant depending solely on the dimension n and the regularity N. In particular, for e
small enough, for all p € [1, P],

ENPl(p) < 2e.

Remark 4.19.  « The weighted L2-estimates (96) will in fact be proven in Section 4E7 for the wider
range of multi-indices & with L%J —n+1<|a| <N

* Note that the L2-estimates are needed only for || > N — n: for lower order, the pointwise decay
estimates for the velocity averages are sufficient to conclude.

Proof. The proof of this lemma relies on Lemma 4.17. Applying first Lemmata 4.17 and 4.15 to Z%*(¢)
for all multi-indices of length |«| < N, one obtains immediately, for p < P,

vl —enlalhs 3 Y // zegl( [ af'dv)du dof

5 5 LI o () [ o

le|<N zaeplal
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et 2, £ (], ()] B0 o) o

le|<N Zaeplal

We now apply, for the low derivatives of f, Theorem 8 on page 1564 (in conjunction with Remark 2.12):
for |a| < N —n,

|Zaf| © 82,0/28 3 p/ 3 o0 yn—l
[ ( )( dMH , N — - o P l? dr S 82,0/28 n o dy
0 1% 0 (y)

Since the last integral is convergent, we obtain

L, G ) ] v
H, P v U

which, assuming § < 1, is integrable in p. For the higher derivatives of f, i.e., for |¢| > N —n, one uses

the assumption of the lemma to obtain

% 2 (/Hp %(/v 271 %)2 dMHn)é <ept”

N—-n<|a|<N Zoeplal

[SIN]

We obtain finally
4 a1
ewolio) <e+ e [ 0T eR 0 ).

where C is a constant depending only on the regularity and the dimension. We remark that

—n _3§ 3
< — _ = —
2 =372
for n > 3 and § < 1. The result then follows using the bootstrap assumptions (73) and integrating in p. O

4E6. L'-estimates for the transport equation. In the remainder of the article, we will use the notation

Elg](p) = /H 21(9) diy

for any regular distribution function g.

Lemma 4.20. Let h be a regular distribution function for thelmassive case in the sense of Section 2E.
Let g be a regular solution to Tgg = v°h, with v° = (1 + |v|?)2, defined on Upe[l,P] H, xR2, for some
P > 1. Then, forall p € [1, P],

p 1
/ xl(|g|)dqu—/ il dum, < / / / (v°|h|+—0|axo¢g|+|T1(¢)g|)dvduH;dp’. ©7)
H, H; 1 Hp/ v v

Proof. One proves first that

_ g 0 (i - ))  dyf
[, @ dun, = [ @+ [7[ [ (o0 (Gt~ 0Ti)g) v dp
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since by integration by parts

/(Tl("””i +V9)dyig dv=— / g((n L DTy(g) - 8x0¢) dv.

00

This establishes the lemma in the case g > 0. As in the proof of Lemma 2.18, the conclusion in the
general case follows after regularization of the absolute value. O

For any multi-index «, let us now introduce the auxiliary function g%:

g =2%f)— DY apZ"@®ZP (). (98)

ly|+1B]<|al+1
1<|B|

1<|y|<N-"42
where the ¢g, are as in the statement of Lemma 4.11. One can view g% as a renormalization of Z “(f).
The extra terms in the definition of g% will allow us to absorb certain source terms in the equation satisfied
by Ty[Z%(f)] (see Lemma 4.11) which cannot be estimated adequately because they carry too much

0

v0-weight, leading either to a z-loss (see Remark 4.16) or to a v%-loss.

To perform L!-estimates on A (f), we therefore proceed as follows:

o We derive the equations satisfied by the g% and then use them to obtain L!-estimates for the g%

o We then prove the same L!-estimates for (v°)2g® with |a| < L%J to take into account that the
lower derivatives of f are weighted by (v°)? in the Ey[f] norm (see the definition of the norm in
Section 4D).

e Finally, the L! estimates on g% are then transformed into L!-estimates on Z %(f) using pointwise
estimates on ZY(¢) for y sufficiently small.

We start by deriving the equations for the g%

Lemma 4.21. For any multi-index t, g% satisfies the equation

A~ 1 A~
Tog"= > apNZ'OZP N+ Y Gp e 2V @2 f
ly|+IB|<|al+1 lyl+BI<la|+1
lyl=1,|B]=1 0<o<n,1<|B|<|e|
ly|>N-"42
+ Y T @ZQZP - Y Tulqp) 27 (9)ZPf
lyl+1B8l=la| ly|+1B1<|al+1
1<|B|

1<|y|<N-1%2

. qﬁyzw)( Y T(Z)ec 20 (f)
ly|+18|<|a|+1 k| +lo|<|B|+1
1<|B] s 1<lk|, 1<|o|<|B]
1<|y|<sN-"%= 1 N
Y P @2

lk|+lol<|Bl+1
0<w=<n, 1<|o|<|B]

+ Y reTi(Z59)Z° f).

le|+lol=18]
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Proof. This formula is a direct consequence of the product rule and a double application of Lemma 4.11. [
Based on Lemma 4.21, we now proceed to the estimates on g:

Lemma 4.22. Assume that § = Ei, and let o be a multi-index such that |«| > I_%J + 1. Then, g* satisfies,
forall p € [1, P],
1 1/2 1/4
Ellg*[1(p) = (1+ Ce)eC Zept ",
where C is a constant depending only on the regularity and the dimension. If, furthermore n > 4, then §
can be vanishing.

Proof. Applying Lemmata 4.20 and 4.21, we obtain L' estimates for g% provided we can control the
source terms. The worse terms that have to be estimated are integrals in p of quantities of the forms

/H[v"qﬁy|azy¢||2ﬂf|dvdm for | > N2 g <N 41yl 99)
"

/ [|T¢(q,ay>||zy¢||2ﬂf| dv du, L2 BNyl (o00)
/ [v|qﬁqu||zy¢||azx¢||2"f|dv din, for lyl, Ikl < N="F2 o] < N+1-ll, (101)
/Hﬂfv” 48y 0|12 9110246112 f| dv dpsg, for [y Ic|> N="F2. o] < N41-le]. (102)

The other error terms are easier to handle, so, as an illustration, we will only give details below for the
extra error terms

1
/ /—0|8t¢llg°‘|dvdqu, (103)

H,Jv V
/ /|T1¢|Ig"‘|dvdu1{p. (104)

H, Jv

We deal first with equation (99). To this end, recall that
|CIBy| <t
Furthermore, since
IB] < n—|—2 L%J —n since N >3n+4,

the Klainerman—Sobolev estimates of Theorem 8 on page 1564 can be applied, because the bootstrap
assumption (74) is satisfied. Note that the theorem is applied estimating by the low-order part of the
energy, which allows for the absorption of the additional v, as pointed out in Remark 4.4:

/ f V05,1027 $112Pf | dv dug, < / / V011027 1128 f| dv dug,
Hp v Hp v

s 1 1
8/) 1 \2 p 2
< Y (2) 19z79)d
N/Hptn_l(p) (t) 1027 | dpm,,

1
o0 2
3 5.1 —on 3 -
<g3pf 2(/ (3=2n,n ldr) <g3pfti-h
0

S
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We now deal with (100). To this end, we notice that since |0¢| decays faster than 1/¢, we have

1T4(qp,)| < 0°

Using Lemma 4.14 and the bootstrap assumption (73), we obtain

/ / To(ap 1271125 f | dv dpp, < / [ 127 $|[0° 2P F| dv g,
Hp v Hp v
1

g2p t ~ 3 T

S / 720 Y dpn, S €215,
H, 12 P

We have in the course of the estimate used Remark 2.12.

Consider now the term (101) and recall that

|Qﬂyqxo|5t2-

Assume first that || < N — %(n + 2). Using Lemma 4.14 and the bootstrap assumption (73), we obtain

A~ 2 t A~
[ [ sz 81107501127 10 dus, 5 [ 2 5F (2 A du,
o Jv

H, t2

£ _ ~
5—/ 40 (129 £ dp,
P JH,

0
We have in the course of the estimate used Remark 2.12. Now, if |«| > N —%(n +2), then |o| < %(n +2) <
L%J —n since N > 3n + 4.

Thus,

(Sl

s 1 1
A~ & £ t\2 2
0019, qeo | |27 01102%0]|12° fldvdum, < | 2L (2) (L) 102%(4) dp,
n
Hp Jv H, t2 " \p t

2 5 2
(/Hp‘;)laz”@)lzdup) (/Hpt%dup)

§+3—n

S+

=

3
£2p

A

Sep
The term (102) can be estimated similarly since

lo] < nzﬁ < {%J —n since N >3n +4.

Finally, for the error terms (103) and (104), we apply Proposition 4.12 and Remark 2.12:

1
1 £2

/ / L j0,0115% dv dum, < 2 E18%1(0).
H,Jv V p2

=
D=

& t &
[ [1m@etiavdun, < [ nde e do < g
H,Jv H, pt2= " p p2
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After integration in p, we then obtain that g satisfies the integral inequality

1
P ez

E[lg* (") dp’

p 3
Ellg®(1(p) — Ellg® (1) < /1 357108 dol + /1

n
p'2

3 1

g2 P ez

<o+ [M g ap).
1 p'2

and thus,

o s 8% P 8% o ’ /
Ellg®l(p) =ep”| 1+ C— ) +C 1 p/%[E[Ig 1(0") dp

for some constant C depending only on the dimension and the regularity. Gronwall’s lemma provides
1

, o
Ellg*[1(0) < &p® (1 + ci) -exp(Ce% / dp );
8 1 p’f

that is, if § = 8%, there exists a constant C such that
Ellg*[1(p) < (1 + Cem)eC* Pept " O
We then consider the lower-order derivatives of f', particularly since these low derivatives of f are
weighted in v in the energy:

Lemma 4.23. Assume § = 8%, and let o be a multi-index such that |o| < L%J Then, (vV°)%g* satisfies,
forall p €1, P],

B[] 0*)2¢*[](p) = (1 + Ce)eCe "ep,
where C is a constant depending only on the regularity and the dimension. If, furthermore n > 4, then §

can be vanishing.
Proof. Let us compute first Ty ((v°)?):
o ()P = [20°Tp (%) = [20°(V/p + T1 (@)v') 3, 0°| = [2((0°)*T1(§) = v%8508) | < (%) 39|,

Using Proposition 4.12, one consequently obtains

1

ITo ()] < (00—
pt2

with (v°)%g? satisfying the equation
Tp((1°)*g%) = (0°)* Ty (%) + Tp((v°)*) g™

Furthermore, since || < %N , the source terms of the equation satisfied by g% (see Lemma 4.21) are
only of the forms 0ZY or ZV ¢ with

N
izl <| 5| =N-

As a consequence, for low derivatives acting on £, all the terms containing ¢ can be estimated pointwise.

n-£—2 since N >n + 2.
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The terms to be considered separately in this context are the same as in the proof of Lemma 4.22.
The only difference is the term of (99), which is absent, since only low derivatives of ¢ appear in the

expression of g% The estimates which one obtains are listed below. The arguments to perform the
estimates are the same as above:

1
. R .3 )
/ /|P;,ﬂ||3izy¢|(v0)2|Zﬂf|dvdqu§/ Xl((vo) ZBf ) dun, < g3 pfH1-4,
Hp v H ,Ot

0

O\ ZPfydpm, e pP 13

/H p / To(ap |1 278 (0021 2P| dvdpn, < /

0

/H / W14, dxol 127811925 6| )2 |2° f1dvdus,
oJ U

N

he
™
NG

£
< / rZ-T-T-—xl((vO) 2B 1) dug, <2003
H,J 12 pt2

/ / L1081 (02| |dvdqu<—[E[<v0> 12°(](0).

1 1
£2 e2
[ [Tt et tavann, s [ S @O le du, < SEOR )
H,Jv H, pt2 p2
Altogether (v°)2g? satisfies the integral inequality
1

0\2 « 0\2 a P 3 sy1-n P ez ON2 | o [T¢ /N
E[l(v®)%g*[](0) —E[| (*)*g*[](1) < et | p,—%[E[(v )?|g*1](0") dp"

The conclusion is obtained in a similar fashion as in the end of the proof of Lemma 4.22. O

Proposition 4.24. Assume § = et For all o € [1, P], we have

e ifn>4,
1 1/2 681/4
(1+Ce)eCe " gp
EnLf1(p) = 1 :
1-Ce2
e and if n =4,
1 1/2 681/4
(1+Ce%)e€e ' gp
EnN[f1(p) = :

1—C8%

where C is a constant depending on the dimension and the regularity, and C =0whenn>4andC =1
when n = 4. In particular, for & small enough, in dimension n > 4, forall p € [1, P],

EnIf1(p) < 3¢,

and, in dimension 4,

Enlf1(p) < 360"
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Proof. Recall the definition of g%:

g =2%%— Y qp, ' Wt.x)27¢ 2P,

[yI+IBI<|a|+1
1<|B|

1<|ly|<N-242

By the second triangular inequality, we immediately have

E[| (097 = [E[|<v°>P2“f|]—[E[

> ‘Iﬂy(vi/vo,l,x)nyﬁ(UO)pZﬂfm,
lyI+1Bl<lel+1

1<|B|
1<|y|<N-"%2

so that, using Lemma 4.14,

o0z~ Y
|V|+|lﬂ<||Sﬁ|T¥|+1

1<|ly|<N-"42

C ~
t- L0z

} <E[|0"7¢]].

E[|0)?Zof]-Ce2p> 3 Y E[I0? 28] <E[|(0°)75]]
|y|+\1ﬂ<l|sﬂlixl+l

1<|ly|<N-242
for some constants C.
We now split the sum above between || = || and |B| < || and sum over the multi-indices |«| < N,
taking p =2 for || < I_%J and p = 0 otherwise to build the energy Ex [ f]. One gets, using the bootstrap
assumptions (74), as well as Lemmata 4.22 and 4.23, for all p in [1, P],

D=

(1—Ce)EN[f](p) < (1+ Ceh)eCe% epb 4 Co3 pP 275,

where C is a constant (possibly different from the one above) depending only on the dimension and the
regularity. Note finally that the p-loss is present only in dimension 4.
As a consequence, for all p in [1, P], if n > 4,

- ~ 1
<+ Csi)ecszep‘g

En[fl(p) = R
— £2

’

and, if n = 4,

=

~ 1 it
< (14 Ce#)eCe? gp’
Enlf1(p) < Je &0 O
1—Ce2

4E7. L?-estimates for the transport equation. Consider here the vector X defined by

X =(2%f....2%f) with|ay|> L%J —n+1and |ag| = N, (105)
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where the multi-index o goes over all the multi-indices of length larger than L%J —n + 1. Using the

same notation, we introduce the vector G":
Gh = (g™,...,g%) with |a1| > L%J —n+1and |og| =N,
where g% has been defined by equation (98). Consider finally the vector H defined by
H="Z%f,....v°Z%f) with |a;| =0 and log | < L%J —n.
In a similar fashion as above, let us now consider the vector G defined by

G = %™, ... v%¢%) with |a;| =0 and g | < L%J —n.

In the following, we will denote by | 4| the supremum over all the components of a vector or matrix A.
Recall that, if A and B are two matrices, then,

|AB oo < [Aloo | Bloo-
Throughout this section, an inequality of the form

|4 <

1 —e2
appears often for some quantity A. Since we have assumed that

D=

€2 =

’

=

|A| can be bounded by 2, and we can ignore the dependency on the upper bound when 1 — ez appears in
the denominator. We can then write
|A] < 1.

In the same spirit, ¢€ V¥ is treated as a constant.
The relation between the vectors X, H, Gh, G' is now stated in the following lemma:

Lemma 4.25. Assume that ¢ is sufficiently small. Then, the following relations between G" G, H, X
hold.

(1) There exists a square matrix A such that
e G'=H-A'H,

e A satisfies
1
E2p
A oo 5 -
12

e if ¢ is small enough, then 1 — Al is invertible, and
|(1-4H Mo S 1.

(2) There exist a square matrix A" and a rectangular matrix A” such that
e Gh=X-AX-A"H,
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o (A") and (A") satisfy
1 1
20 £2p
e < T, < ——2
|Al‘/|oo,\, t%_l and |Al,/|°°"’ UOZ%_l’

e if ¢ is small enough, then 1 — A’ is invertible, and
|(1=A) oo S 1.

Proof. The proof of the algebraic relations between G!, G" X, and H is a direct consequence of
the definition of g%, as stated in equation (98). The components of A are of the form gg, Z¥ ¢ with
lyl < N —|%]—1 (see Lemma 4.11 for the definition of ¢g,). Since g, < 1, the decay estimates
for ZV ¢ (see Lemma 4.14), as well as the bootstrap assumptions (73), provide the estimates on the
components of Al, A’ and A”. Standard algebraic manipulations ensure the invertibility of the square
matrices 1 — A’ and 1 — 4/, and

Ao S —. [Aloo S —

1—e¢2 1—e¢2
Lemma 4.26. The commutator relation of Lemma 4.21 can be rewritten as
T,G" + AX = BH,
where:

e A =(4; 1) is square matrix, depending on (t, x, v), whose components can be bounded by

) 1 ) 0
- g2v - g2 - g2vp - &v
[Aij| S —5= or Ayl S = or |AyjlS —5— or |4jl< 5=
pt2 vYpt2 t2 t
in particular, for any regular distribution function g,
_ g2
|Aijgldvdun, S —— | x1(gDdpm,.
Hy Jv p2~ " JH,

e B is rectangular matrix, depending on (t, x,v), whose components can be bounded by

Byl <tlfyl with | fislLaqa, S &2

Proof. The proof of this lemma consists essentially in rearranging the terms of the commutator formula

(Sl

stated in Lemma 4.21 and in the relation
Ty (v°) = v°(T1(¢) — 3:9),
which can be bounded by means of Lemma 4.14 by

0\2 .1
vY)“e2
Tp00) s 85
ﬁ_lp

Recall furthermore that, if Z# f can be estimated pointwise, then dZY ¢ should be estimated in energy, as
explained in the proof of Lemma 4.22. The estimates which then follow from splitting are obtained much
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as in the proof of Lemma 4.22. To understand the components of the matrices A and B, and the related
estimates, we finally provide the following examples:

e The matrix A contains the terms (here in absolute value)

2
gy THZ7) S~y forly| <N -"E2
1272 2
1
1 5 £2 n+2
—pla0s(ZVP)| S ——— f <N-— ,
vopyﬂ 8( ¢)|Nvop[g_2 OrlJ/|— 2
£20% +2
n
1 Ts(qpy Z7P)I < 1 for [y[. k] = N ===,
27Tz )| < f <N 1t2
|qﬂ}/qK0' ¢ 1( ¢)| ~ tn_3 or |J/|9 |K| — - 2 .
e The matrix B contains the terms (here in absolute value)
1 . 2
548y T1(Z79) with |y| > N —"1=,
v
0y—1 2
where |qg,| < 1. and (00 T (Z7 B2y ) S e O
Consider now the case when the operator Ty acts on the vector G:
Lemma 4.27. There exists a square matrix A such that
T,G' = AG".
The components (/f,' i) of the matrix A satisfy
1o 1 L o 10
~ g2v ~ £2 ~ E2v-p IN g2V
|Aij|§pt%_l or |A1J|Sm or |Aij|§ t% or |A,’j|§ tn_3,

in particular, for any regular distribution function g,

1
N £2

[ [slavann, <= [ ndehdn,.

H,Jv p2 4 Ju,

Proof. This equation essentially relies on the commutator formula of Lemma 4.21. Note that for this

formula, since « is very low, the first term of the right-hand side of the commutator formula

Yo a2 ZP(f)
ly|+1B1<|al+1

ly|=1,]8]=1
lYI=N—|n/2]

does not appear in the formula. Following the arguments of Lemma 4.23, in the situation when the
number of derivatives is low (smaller than L%J — n), the derivatives of the wave equation can all be
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estimated pointwise. Proposition 4.12 and Lemma 4.14 provide a relation of the form
T,G' = A'H,

where A’ satisfies the same properties as A in Lemma 4.26. Finally, we use the relation between G!
and H stated in Lemma 4.25. O

Lemma 4.28. There exists a square matrix A and a rectangular matrix B satisfying
e A = (A;j) is square matrix, depending on (t, x,v) whose components can be bounded by
0 L0 0

v 1 e2v°p
|Aij| Se2- 7 or |Ajj|<e ey or |Ajj| < or |Ajj|<le- prmy
P vep

=
=

-1 t%

in particular, for any regular distribution function g,

I 1
[ [1augiavdun, < et [ ndebdun,
Hp v p2 HD

e B is a rectangular matrix, depending on (t, x, v) whose components can be bounded by

=

|Bij| S tlfij| - with || fijllL2m,) S €
such that the vector G" satisfies the equation
T,G"+ AG" = BG'.

Proof. The proof relies on the combination of Lemmata 4.25, 4.26, and 4.27. Assuming & small enough
that the matrices 1 — 4 and 1 — A’ are invertible, and substituting the expressions of X and H into the
functions G* and G! in the equation satisfied by G" stated in Lemma 4.26, one obtains the equation

TsGh+4-1-4)1.G"=B-1-4)7"-G'+4.-01-4)".4".G.

Since the components of the matrices (1 — A’)~! and (1 — A)~! are both bounded by 1/(1 — ¢), the
components of the matrices A - (1 —A’)"! and B - (1 — A)~! satisfy the same properties as the A and B,
up to constant 1/(1—¢). We finally consider C = A -(1—A’)"!- A”, whose components can be bounded
by means of Lemma 4.14, as follows (we remind the reader that A” contains a (v®)™1):

1 1 1 1 1 1 1 1 1
£2 €2 g2p g2 €2 g2p g2 €2 ¢g2p

1Cij| < : : or |Ciyj| < w5 O |Gl ——F o
1—g2 pt2~ 1 43 l—e3 pt272 ¢3 l—gz "3 43

One now easily notices that they can all be bounded by terms of the form
1

. e2
|Cij| < tl fij| with [ fijllL2m,) - O

— g2
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Decomposition of the solution. We consider now the set of equations of the form
T;G" + AG" = BG',  with initial data G*(p=1), (106)
where all matrices are as above. To obtain estimates on the solution G”, we split it into two parts
G" = G + Ghom, (107)
where Ghom and G are respective solutions to the Cauchy problems with initial data on the hyperboloid H;:

T Ghom + A Ghom = 0 with Ghom = G", (108)
T4G 4+ AG = BG!  with G =0. (109)
We proceed by evaluating both components individually.

Homogeneous part. Commuting equation (108) n-times with the vector field Z yields
T4 (Z%Ghom) = —Z%(A Grom) + [T, Z%Gnom (110)

for |o| <n. Applying estimate (97) directly to this equation would yield problematic terms in the estimate
for the same reason as discussed after (98). As before, we introduce an auxiliary function g = analogous
to that defined in (97). Applying estimate (97) to the transport equation of gp-  yields

Ellg%[1(0) < e(1+ Ce)e€Ve (111)
for |a| < n. In turn, for Gpom We obtain, for n > 4,

1
e(1+ Cgé)ec‘?2

1
1—eg2

Y EZ%Groml] <

lee|<n

’

and, if n = 4,

1 1
~ e(1+ Ce2)eCe? pb
> ElZ%Ghomll < -7

1—eg2

lee]<n

where the constant C does depend only on the dimension and the regularity N.
This yields
e(14 Ce)e€e

0 n>4,
1—¢g2
|Ghomllp,n(p) < (112)
e(1+ Ce)eCepl
; n==4.
1—¢g2

In combination with the Klainerman—Sobolev estimate (42) this implies the following lemma.
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Lemma 4.29. The following estimate holds:

1
e(1+ Ce%)ecs2

n>4
dv 14+1)n ’

f |Ghom|—5 =< ( 1) | (113)
veR” e(l+Ceb)eCpf
(1+2)" ’

where the constant C does depend only on the dimension and the regularity N.

Inhomogeneous part. Before giving the full proof of the actual L2-decay estimates for the inhomogeneous
part of G”, let us explain the main ideas on a simple model problem. Assume that 7 is a transport operator
such as the relativistic transport operator or even just the classical one and that f is a function of (¢, x, v)
satisfying
T(f)=hg,

where h = h(t, x) is uniformly bounded in L2 and such that g is itself a solution to the free transport
equation T (g) = 0 with g regular enough that L }C’U—bounds hold for g and decay estimates similar to
our Klainerman—Sobolev inequality can be applied for the velocity averages of g. The aim is to prove
L2-decay estimates on [, 1f1dv, the difficulty being that / has very little regularity so that we cannot

commute the equation. Instead, note that, by uniqueness, f = gH, where H is the solution to the
inhomogeneous transport equation T (H ) = h with zero data. Indeed,

T(gH)=T(g)H +gT (H) = gh,

since T (g) = 0. Now,
1

) ) )
/ngv (/ |g|dv) (/ |g|H2dv) < H (/ |g|dv) /|g|H2dv
v v v L2 v v

Since we have assumed g to solve the free transport equations and to be as regular as needed, we

2
N
L% Ly

LS°

know that we have some decay for ” ( fv lgld v) 2 ” .00+ Thus, it remains only to prove boundedness for
H fv lg|H? dv H Ll This can be obtained using again the transport equation for gH and the associated
approximate conservation laws. Indeed, we have

T(gH?) =2ghH.

and thus, we need to estimate an integral of the form || + x.v |ghH|dt dx dv. This is done as follows. First,

/ |th|dtdxdv:// 2|2 |h||2|2 H dx dv dt
t,x,v tJx,v

1 1
2 2
5/(/ |g||h|2dxdv) (/ |g|H2dxdv) dt.
t \Jx,v X,V
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1
It follows that, if one can obtain enough decay for ( / o lgl(x, v)|h|?(x)dx d v) 2, then the estimate can
close via a Gronwall-type inequality. For the decay estimate, simply note again that

[gdv
v

This concludes the discussion of the estimates for the model problem. To estimate the inhomogeneous

/ lg|(t, x,v) |h|?(t, x) dx dv
X,V

5 ‘

()12 .
LY Lx
part of G", we will essentially follow this strategy except that

¢ we need to work with systems;

e the operator T needs to be replaced by Ty (or rather Ty + A);

e the matrix B replacing / is not uniformly bounded in L2 (there is a ¢-loss);

e the vector replacing g does not quite satisfy a homogeneous transport equation;

¢ and finally, in all steps, we need to keep track of the exact decay rates in p to make sure the time
integrals converge.

To perform the estimates on G, we first notice the following useful decomposition. Let K be the
matrix solution to the equation

T;K +AK + KA =B, with K|g, =0. (114)
Then, an immediate calculation proves that the vector K G! satisfies the equation
To(KG')+ A(KG') = BG', with (KG')|g, =0.
By uniqueness of solutions to the Cauchy problem and (109), we obtain
G=KG (115)
Before performing the estimates on G, let us remind that

e using the bootstrap assumption (74) and Theorem 8 on page 1564, the elements of the vector G! can
be estimated pointwise, and, by Lemma 4.27,

/ G |oo dv S 8157,
v
« the components of the source terms in the equation satisfied by K can be estimated in L?(H o) (see
Lemma 4.28).
Following the strategy described in the Introduction, we introduce the scalar function
KKGlow= ) |KLK}Gl.
o, B,y:K, 1

where Kg , K3, are the components of the matrix K and GL are the components of the vector G!, and
where the sum is taken over all possible combinations of two elements of K and G!. One furthermore
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easily checks that each element of this sum satisfies the equation

To(KEKEG)) = (AGKP + K§ALKSG! + KE(ASKE + K AS)G! + KEKEAS.GL (116)

— (B§ K% + K§ BY)G},. (117)
As a consequence, we have:
Lemma 4.30. Assume § = e4. The function |KKG |~ satisfies
e forn >4, forall pin|[1, P],
EIKKGoc](p) S 27
e forn =4, forall pin|[l, P],

1

E[|[KKGoo(p) S ep®".
Proof. The right-hand side of (116) can easily be estimated, using the properties of the matrices A and A
stated in Lemmata 4.28 and 4.27, by

yAuo

< pg—“i[EnKKGuo](p).

f x1(|(ASKE + KGADKEG), + KE(ATKE + K A%)G! + KEKEASGL|) dun,
H

Furthermore, by the Cauchy—Schwarz inequality, as well as the property of the matrix B stated in
Lemma 4.28, one gets, when estimating (117):

1 1
[(Bgx; + K5 BIGLD dv < 1Bleoss (6D 11 (KKG o)
v 1

£2 1
SIBloo——5 X1(|KKG|oo)2,
t272

1 é+2—n _ 1
/H / (|(BSKE + K§BE)GL|) dvdug, <e2p” 3 " 17 Bll L2, (EI KKG oo (0)) 2
o Jv

5+2—n 1
<ep” " (EIKKG o).
As a consequence | KKG | satisfies, for all p € [1, P], the integral inequality

f

EIKKG |oo)(p) < 1(0') + £0' 313 (E KKG 0] () dpf

f

n 1

n 1
E[|KKG |oo)(p)) + €3 p3+ 374 .23 p3 75 (E[| KKG |o0)(0))? dp

p/%—l

3

g2 _n p
a1+ f[EnKKGuO](p)dp
2

Assume now n > 4. Then, Gronwall’s inequality implies immediately, for all p in [1, P],
EIKKGoo](p) S €67 562

for some constant C, depending only on n and N.
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In the case n = 4, the integral inequality becomes

[|KKG|ool<p)<—p 4 / VEHIKKG o0)(0') dp. (118)

To perform the estimates in this case, we make the bootstrap assumption: let P’ < P be the maximal P
such that, for all p in [1, P'],
E[| KKG |oo](p) < Cep® ", (119)

where C depends only on the dimension # and the regularity N. Inserting the bootstrap assumption (119)
in (118), one gets, for § = 8%,
EIKKG|oc](p) < T3

for all p < P’. The bootstrap assumption (119) can then be improved for ¢ small enough. O
We can finally state the L2-estimates for f:

Proposition 4.31. Assume that ¢ is sufficiently small. Under the bootstrap assumptions (73) and (74), the
Jfollowing estimate holds for all multi-indices « such that L%J —n+1<|a|<N:

2
[ ! f 29 F1 D0 aup, < o2,
H, P\Jv v0 ?

Proof. We first notice that, by Lemma 4.25, for « such that % +1<|a| <N,

(305 o) 1
<, A5 o) ,
(R P R R P

and G% are the components of Gpom and G respectively. The first term of this sum is

o
where Gy

estimated by means of Lemma 4.29:

1

|G d )£< s ([ LY (120)
2 e .
(/H (/ vom ) HHo ) =P (/0 ()2 y)

The second term of the sum is estimated as follows: Let us denote by G* the components of the vector G;
we have

2 ! ,
(/ 5(/ IGald—g) dMHp) 5(/ (/|Kka dv ) dlLHp)
HpIO v v Hp
! k2 ) 4V
st:</Hp;(/v|Gk|v_0)(/;|(Ka) Gk'W)dﬂHp, (121)
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where the last sum over k is taken of all the components of K and G' and is consequently finite. In
combination with the pointwise decay for G! and the estimate in Lemma 4.30, this implies

t dv\?
/H ;( / |G“|v—§) dup, < 0> e (122)
o v

In combination with the bound on the homogeneous part above, this yields the claim. O

Appendix A: Distribution functions for massive particles with compact support in x

Theorem 2, on page 1543, and Theorem 5, on page 1547, require that the initial data be given on the
initial hyperboloid H; instead of a more traditional # = const hypersurface. In this appendix, we explain
how we can go from the ¢ = 0 hypersurface to Hp, provided the initial data on # = 0 has sufficient decay
in x. For simplicity, consider the homogeneous massive transport equation with initial data fy given at
t = 0. Assume that the support of fp is contained in the ball of radius R. Without loss of generality, we
may translate the problem in time, so that we now consider the problem with data at time t = ~/R% + 1:

Tn(f)=0. (123)
ft=vVR2+1)= f. (124)
Now, by the finite speed of propagation, the solution to this problem vanishes outside of the cone
CR) ={(t,r,0) |1 —r=VR2+1-R, 0eS" 1> VR +1}
U{(t,r,a)) ‘ t+r:\/R27+1+R, wesS" < \/RTH}

depicted in Figure 3.

C(R) N A N0

Figure 3. The trace of a distribution function with compact support on Hj.
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Thus, the trace of f on H;p is compactly supported and as a consequence, the norm appearing on
the right-hand side of Theorem 2 is finite. Recall also that Theorem 2 gives pointwise estimates for
t > /1+|x|2. On the other hand, the region r < /1 + |x|? lies in the exterior of C(R) and hence
f(t,x) =0 for r < /1+ |x|%2. Thus, for compactly supported initial data given on some ¢ = const
hypersurfaces, we can apply Theorem 2 and obtain a 1/¢" decay uniformly in x.

Finally, let us mention that the above arguments can be easily adapted to the nonlinear massive Vlasov—
Nordstrom system for small initial data. Thus, once again, the use of hyperboloids in Theorem 5 is merely
technical.

Appendix B: Integral estimate
Lemma B.1. Let n be a positive integer. Consider «, B such that
a+p>n.

There exists a constant Cy, g ,, such that the following estimate is true: for allt > 0, if B # 1, then

[w =1 gy - Ca,B,n (l—l-lﬂ_l)
o (I+t4+r)*(1+|t—r|)f = rethmn '

If B =1, then

o r=ldr Can
< %" (14 log(t + 1)).
/0 (e r( e —r]) ~ gatt-n ! Hlog 1)

Proof. Let

o0 rldr
A= / .
o (I+r+r*(1+t—r)P
First, let us make the change of variable
r=ty.
This gives

B 1 /OO yn—l dy
tethon Joo (1t + 141/t +]1-y)F
The first part of the denominator is bounded below by (1 + y)%, so that

[o¢) n—1
A< / ' dy .
tetbon Jo o (L4 )21/t + 1= y)P
We then cut the integral in two at the value r = 2. Let us thus introduce the constants Ky g , by

[ele} yn—l dy
Ka,ﬂ,n =/ p” 5
2 (I+y)*0r—-1D

A can then be bounded by

1 1 dy
A<——(K +2n/ —)
~pethon ( whn o (1/t+1-y)k
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The remaining integral can be computed: for 8 # 1,

1 B—1
/ dy _ 1 (tﬂ—l_ 1 )= ! (1_ 1 )Scﬂtﬂ—l.
o (I/t+1=y)F p-—1 (1/t+1)F=1) 1-8 14181

If =1, we get

! d
Y
———— =log(1 +1).
/0 (1/t+1-y)
We finally get the announced result: if § # 1, then
o] n—1
/ r dr < CaB.n a —i—tﬁ_l).
o (A+t+r*(1+|t—r|)f ~ reth-mn

If B =1, then

o Ly Capon
< 22 (| 4 Jog(t 4 1)). O
/0 A+t+r*(d 4+t —=rht — zaﬂ_n( +log(t +1)

Appendix C: Geometry of Vlasov fields
In this section we present the necessary elements to understand the underlying geometry of Vlasov fields
on an arbitrary curved manifold. In particular, we will present, with some amount of detail,

¢ the geometry of the tangent bundle;

* the notion of complete lift, which is an essential tool to understand the commutators with the Vlasov

field;

¢ how the ambient geometry of the tangent bundle can be reduced to the mass shell.

Most of the calculations will be left to the reader.

The reader who wishes to know more about the geometry of the tangent bundle can refer to the book
by Crampin and Pirani [1986]. This section has also been greatly inspired by the work of Sarbach et al.
[2014a; 2014b].

Throughout this section, let M be an (n+ 1)-dimensional smooth, oriented manifold, endowed with a
Lorentzian metric g, of signature (—, 4, 4+, +). The Levi-Civita connection is denoted by V. The tangent
bundle of M is denoted by 7M. We furthermore assume that M is time oriented: there exists a uniformly
timelike vector field T chosen, by convention, to be future pointing.

Geometry of the tangent bundle. This section is a reminder of some elementary geometric facts.

Definition C.1. The tangent bundle of M is the disjoint union of the tangent plane to M:

™ = |_| T M.
xEM

TM is a vector bundle of dimension 21 + 2 over M, with fibre R?*1, and projection given by

m:V=x,veTMr—xeM.
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Consider a chart (U, x*). One defines on the open set 77U the system of coordinates
(x% v* = dx%).
This system of coordinates provides a local trivialization of TM by
VeTM — (z(V),v*(V)) e U x R"+1,

In these coordinates, the metric reads

g = gapV” QvP.

We now consider the tangent space to the tangent space of M, denoted by TTM. If V = (x, v) is a point
of TM, the tangent space to 7'M at the point (x, v), denoted by T(x ,)TM, is generated by the vectors

9 9
ax®’ v |’

Let (x,v) bein TM. If t — o (¢) is a curve on M, with ¢(0) = x, 6(0) = v, the natural lift of ¢ is the
curve of TM defined by
o=t (0(t),6()).

As a consequence, any curve in M can be obtained by projection on M of a curve in 7M. We consequently
define:

Definition C.2 (vertical space). The push forward 7, of the mapping = defines, for (x,v) € TM, a
surjective mapping T(x ,)TM into Tx M. The kernel of w4 : T( ,yTM — M is the horizontal space
Vix,vyM at (x,v). This is a subspace of dimension n + 1 of T(x ,)7M. In a system of coordinates

e

If t — o(¢) is a curve on M, with o(0) = x and 6(0) = v, the horizontal lift of ¢ is the curve of TM
defined by

(x%, v%), it is generated by

o =t (o(t), V1)),

where V(¢) is the vector field along the curve o obtained by the parallel transport of v along the curve o.
In the coordinates (x%, v¥), V obeys the differential equation

VIV =V+Tg 6P V7 =0 with V(0) =v,

where the ng are the Christoffel symbols of the connection. The tangent vector to the curve o is given,
in the coordinates (x%, v%), att = 0, by

0 . 0 ad 0
. a_ Y o T af Y By Y
6(0) 3 +V (0)81)“ 6(0) (Bx“ Igyv )

X ovh
0 d
s — _rB v
a(0) (8x°‘ Loy 31)3)

is the horizontal lift of the vector ¢ (0). This definition depends only on the vector v in T M.

The vector
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Definition C.3. The horizontal space H(y ,)M at (x,v) is the subspace of T, ,)TM generated by the

horizontal vectors 5 3
—TB pY

Cq = 8)(‘_01 FO[)/ av_ls

It is independent of the chosen system of coordinates, and has trivial intersection with the vertical subspace
of T(x v)TM.

Finally, the tangent space is endowed with a metric:

Definition C.4. The Sasaki metric on the tangent bundle TM is the metric of signature (27, 2) defined,
in coordinates, by

v Juh

(o:508) =0
Cou, —7 | = L.
gS (Xavﬂ

Geodesic spray, and its commutators. We now turn our attention to the lift of geodesics to the tangent
bundle.

ad 0
gs(ea,eﬂ):gs a5 ) = 8aB>

and

Definition C.5. Let y be a geodesic with y(0) = x and y(0) = v. The vector of H(, )M obtained by
performing the horizontal lift of v, denoted by 7, is given by

0 0
— %, . _TB
T =v%ey = v (ax“ Fayv avﬂ)'

This defines globally a vector field on 7'M, called the geodesic spray.

Contrary to the geodesic flow, this vector field is defined globally on the manifold. Furthermore, since
its integral curves are the natural lift of geodesics, it naturally models the behaviour of freely falling
particles in the context of general relativity.

As we have seen earlier, one key aspect of the this work relies on the commutators with the transport
operator T' (see Section 2G2). The right tool to understand this is the notion of complete lift (see
Section 2G1). It can be introduced as follows. Consider a vector field X on M. Assume that (locally)
this vector field arises from a flow ¢’:

d¢’

1
F—X@ )

The mapping ¢’ can naturally be lifted into a mapping of TM by the formula
2 = (¢'.d¢").
This immediately defines a vector field XonTM by the formula

a9L _ ¢
Fe = X0l

It is also possible to have a definition relying on Lie transport along curves.
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Definition C.6. Let X be a vector field on M. The complete lift of the vector field X on M into a vector
field X on TM is done as follows: Let p € M and consider X(p). Let y be an integral curve of X with
initial data

y(0) = p,
) = x(r5).
A

Let v € T, M, and consider the vector field Y defined on y by Lie transporting the vector v along y. It
obeys the equation
LxY =[X,Y]=0 withY(p)=v.

This defines a curve I' = (y, Y(y)) on TM. The mapping
X:TM - TTM,
dr
(x.v) > —(0).
ds
defines a vector field on 7'M, defined as being the complete lift of X on TM.

An expression of the complete lift of the vector W = W%*0d e in adapted coordinates is given in
[Crampin and Pirani 1986, page 330] (and on page 288 of that work for affine transformations) by

~ 0 awe 9
— B
W—Waax—a+v axﬂ W. (125)
This expression can also be written as
~ 0
W= W“ea+vﬁvﬂwaw. (126)

One of the main interests of the complete lift is its relation with the commutators of the geodesic spray.
It is possible to give a precise characterization of the commutators with the geodesic spray which arise
from vector fields on the base manifold; see [Crampin and Pirani 1986, Chapter 13, Section 6].

Theorem 13. A complete lift X of a vector field is a symmetry of the geodesic spray ©, i.e., commutes
with the geodesic spray
[X,T]=0,

if, and only if, the vector field X is an infinitesimal affine transformation of the corresponding affine
connection, and satisfies the equation, for all vector fields V, W,

LxVyW =Vix yiW + Vy LxW.

In the presence of a metric, the commutator of a complete lift X . of a vector field X, can be written
explicitly; see [Sarbach and Zannias 2014b, Formula (74)].

Lemma C.7. Let X be a vector field on M. The complete lift X of X commutes with the geodesic spray ©
if, and only if,

& 0
(7. X] = v [Va VX ¥ — R oo X5 = 0.
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Remark C.8. The equation
Vo Vg X —RF gy, X" =0

is the equation for Jacobi fields; see [Crampin and Pirani 1986, page 340].

Geometry of the mass shell. If one considers a set of freely falling particles of given mass m, the

4-velocity of such a particle satisfies

g(v,v) = —m>

It is consequently natural to consider the subset of the tangent bundle 7'M defined by
Pm = {(x,v) € TM | gx(v,v)= —m?, v is future oriented},

called the mass shell. This set is the phase space of the considered set of particles. When the mass m is
positive, Py, is a smooth submanifold of 7M. When the mass m is vanishing, P, is no longer a smooth
submanifold because of the singularity at the tip of the vertex. If we ignore this fact, Py, is a fibre bundle
over M. The projection over M is obtained by the restriction of the canonical projection of the bundle
TM over M. The fibre at a point x is the subset of the tangent plane 7x M given by

{veTyM |gx(v,v)= —m? v is future oriented}.

Consider now a local chart (U, x%) on M. We have seen that this local system of coordinates gives rise
to a local chart on TM given by (T'U, x%, v* =dx*). This system of coordinates gives rise to a system
of coordinates (X®x%, 7’ =v') on the mass shell by eliminating v° in the equation

gapv®vP = —m?. (127)

After one has chosen this system of coordinates, it is necessary to derive the relations between the partial
derivatives in the variables (x%, v®), and the partial derivatives in the variables (¥* =x%, o’ =v’). This is
done by a simple application of the chain rule. Since v° does depend on the metric, it is first necessary to
derive the following relations first: differentiating (127) gives

v 1 dggy 8

- TePY v 128
dx“ 2v9 0x% vy (128)
o V;

_—= —— 129
av! Vo ( )

where we have used the notation
Vo = gap P,

Consider now a smooth function f on the tangent bundle 7M. Its restriction to the mass shell is denoted
by f. An immediate application of the chain rule brings the following relations:

_ o ;
a_f _Of 0 af _of 1 sy g, 8f’ (130)
0x®  Ox®  9x® dv®  9x® 2vg Ox¢ 90

af of  n®af  f v of
g T Y _Y_HY 131
DL L + vl 9v0 vl vg JvY (131)
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The relations (130), (131) can now be used to determine which vectors are tangent to the mass shell.
We notice first that the vector fields ey, when applied to a function f, satisfy

a
al )= vty

af B i 8f 1 ag,gy af
— 2/ uBr _ vBuY + B0 ZiBri V4L
x® U Byl oot ( 200 dx TV Ba + Vo Be ] 5,0

of g Of | 1 (gpy A
=~ —vPri = vPo? =208 v, T .
gxe U Bagy 2v0( o U Ba ) g0

A quick calculation shows, using the expression of the Christoffel symbols, that

vﬂ = 11,/3 y 988y I 0gay 08Ba’) _ 10gpy B
ﬂa ox« oxB ax? ) 2 ox“

The expression of e, is consequently

3f df
ea(f) = 52—V Thy oo = calf).
This proves in particular that ey, is tangent to the mass shell, as well as the Liouville vector field

T() = veal ) = veal /) = v* o2 —vP T 2T

In dimension 7, the mass shell is of dimension 2n 4 1. We have as a consequence completely characterized
the generators of the tangent plane to the mass shell, which is generated by the vectors

0
Coys = ¢( -
* 9

9

Jv¥

is normal, for the Sasaki metric, to the mass shell (and also tangent in the massless case). The unit normal

From this, it is easy to deduce that the vector

o

is consequently given by, for m > 0,

-1 0 -1 d 1 ;0
N=—0"—= —v'—. 132
m2' e v V0 + m2’ 9 (132)
We will now discuss the conditions ensuring that a complete lift is tangent to the mass shell. The same
procedure based on equations (130), (131) can be applied to the complete lift of a vector field X:

~ .0 1 0
_ B 8o
X—Xa€a+v V,BXIW UO yVﬁXVa
= X By, xi 0 4 1 00,8,y 9 1
= eq +v B W—i_ ﬂy avo ( 33)

We immediately get the following lemma:
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Lemma C.9. e« [fm >0, then X is Killing if, and only if, X is tangent to Py,.
o [f m =0, then X is conformal Killing if, and only if X is tangent to Py.
Proof. The proof of this fact consists in noticing that
gs(N, X) = v "V, X ).
Then, if X is Killing in the massive case, or conformal Killing in the massless case,
gs(N.X) =0,

and then X is tangent to Py, (x).
Assume now that

gs(N, X) = v"v"V(, X,y = 0.

Consider now the symmetric 2-form V(, X, on the vertical space, which is endowed with the metric g;;.
Then, in the massless case, the symmetric 2-form V(MX v) vanishes on the light cone of g;; and is, as a
consequence, proportional to it:

V(MXV) = ¢guv§

i.e., X is conformal Killing. The conclusion in the massive case follows in the same way. O
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ANALYTIC HYPOELLIPTICITY FOR SUMS OF SQUARES
AND THE TREVES CONJECTURE, 11

ANTONIO BOVE AND MARCO MUGHETTI

We are concerned with the problem of real analytic regularity of the solutions of sums of squares with
real analytic coefficients. The Treves conjecture defines a stratification and states that an operator of this
type is analytic hypoelliptic if and only if all the strata in the stratification are symplectic manifolds.

Albano, Bove, and Mughetti (2016) produced an example where the operator has a single symplectic
stratum, according to the conjecture, but is not analytic hypoelliptic.

If the characteristic manifold has codimension 2 and if it consists of a single symplectic stratum,
defined again according to the conjecture, it has been shown that the operator is analytic hypoelliptic.

We show here that the above assertion is true only if the stratum is single, by producing an example
with two symplectic strata which is not analytic hypoelliptic.

1. Introduction

The purpose of the paper is to discuss the real analytic regularity of the distribution solutions to sums of
squares equations

N
P(x.Dyu=Y_X;(x.D)’u= f. (1-1)
ji=1
where X (x, D) denote vector fields with real analytic coefficients defined in an open set @ C R", uis a
distribution in Q and f € C“(R2), the space of all real analytic functions in 2.
We suppose that the vector fields verify Hormander’s condition

(H) The Lie algebra generated by the vector fields and their commutators has dimension 7, equal to the
dimension of the ambient space.

In 1996 F. Treves [1999], see also [Bove and Treves 2004] for a formulation closer to the following,
as well as [Treves 2006] for variants, stated a conjecture for the sums of squares of vector fields to be
analytic hypoelliptic. In this paper we give neither the motivations nor the details about its statement; for
both the motivations and a short introduction to the conjecture, as well as a brief review of the existing
literature, we refer to [Albano et al. 2016].

Let us first give a very sketchy idea of how the conjecture was formulated. The main concept it uses is a
stratification of the characteristic variety. This is a partition of the set {(x,§) | X;(x,§) =0, j=1,..., N}
into real analytic manifolds as follows.

MSC2010: primary 35H10, 35H20; secondary 35B65, 35A20, 35A27.
Keywords: sums of squares of vector fields, analytic hypoellipticity, Treves conjecture.
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Let P be as in (1-1). Then the characteristic variety of P is
Char(P) ={(x,§) | X;(x,§) =0, j=1,...,N},

where X (x, £) denotes the symbol of the j-th vector field. This is a real analytic variety and, as such, it
can be stratified, locally, in real analytic manifolds X; for i in a finite family of indices .#. This means that

Char(P) = () =i,
ies

and the X; have the property that for i #i’, we have ¥; # %,/ and either ; NZ;» = @ or, if Z; N T # @,
then X; C dX; (the boundary of X;/). We refer to [Treves > 2017] for more details.

Next we examine the rank of the restriction of the symplectic form, that is, of the form o =
Z;‘l=1 d&; Adx;, to the strata X;, meaning that at any point p € ¥; in a certain fixed neighborhood
of po € Char(P), we restrict o to the tangent space to X; at p, denoted by 7,,%;. We want o to have
constant rank on each stratum ;.

If this is not the case, we may consider the analytic variety where there is a change of rank, since
the symplectic form restricted to 3; has a matrix whose entries are the Poisson brackets of the defining
functions of 3;. Hence the rank is not maximal on a closed analytic subvariety where the determinant of
a maximal minor vanishes. We may start over the procedure described above and further stratify this
subvariety. The procedure ends after a finite number of steps yielding a stratification of Char(P) with
real analytic manifolds where the restriction of the symplectic form has constant rank.

In the final step one considers the multiple Poisson brackets of the symbols of the vector fields. Let
I =(i1,i2,...,i), where i; € {1,..., N}. Write |/| = r and define

Xr(x,8) = {Xi, (x,8), {Xip (x,8), £ {Xi,_y (%, ), Xi, (%, 6)) -+ 3

Here r is called the length of the multiple Poisson bracket X7 (x, £). We recall that the Poisson bracket is
defined as

PR Y L 17
{(Xi(x,8), X;(x,§)} Z}(age dxg  Oxg 08 )

We recall that L. Hormander[1967] solved the problem of the C°° hypoellipticity of sums of squares
formulating his well known condition using the algebra built with the Poisson brackets of the vector fields.

It is clear that since all the strata defined above are submanifolds of the characteristic variety, the
symbols of the vector fields vanish on each stratum.

Next we examine all the Poisson brackets of two (symbols of) vector fields on a stratum in a neigh-
borhood U of a fixed point pg. Denote again by 3; the stratum. A few things may happen: there is at
least a nonzero Poisson bracket at pg and hence, possibly shrinking U, on all of it, in which case we stop.
Otherwise all brackets may vanish identically on ¥; N U. Finally there may be Poisson brackets that
vanish on a subvariety of X; N U.
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At this point we repeat the stratification construction above using the equations defining this subvariety.
Then we pick a new stratum, say X;, and we have that either there is a nonzero Poisson bracket on
X; NU or every Poisson bracket identically vanishes in X; N U.

This procedure may be iterated by considering Poisson brackets of length 3 etc.

In the end, after a finite number of steps, we wind up with a stratification such that every stratum X
has the following properties:

(a) X is areal analytic submanifold of Char(P).
(b) The symplectic form restricted to % has constant rank.

(c) Denoting again by U a neighborhood of the point pg € Char(P), there is an index say m = m(X)
such that at least one bracket of length m is nonzero on U N X and all the brackets of length less
than m identically vanish on ¥ N U.

Conjecture 1.1 [Treves 1999]. Consider the operator P in (1-1) and define the stratification as sketched
above. Then P is analytic hypoelliptic if and only if every stratum in the stratification is symplectic.

Remark 1.2. The above conjecture is subtle and depends essentially on two ingredients: first the way the
stratification is defined and, second, the fact that the strata must be symplectic manifolds. The condition
that the strata, whatever that might mean, should be symplectic seems quite reasonable, since there are
examples of operators with a nonsymplectic characteristic manifold which are known not to be analytic
hypoelliptic. A different problem is the definition of the strata. It seems that, because of [Albano et al.
2016] and the present result, the way of defining the strata has to be changed in the statement of the
conjecture. The authors have no solution to this problem right now.

The necessary part of the conjecture, i.e., the nonanalytic hypoellipticity in the presence of nonsym-
plectic strata, is, as far as we know, still an open problem, although it might be of limited interest if the
definition of the stratification is changed.

In [Albano et al. 2016] it was shown that the sufficient part of the above conjecture is false by exhibiting
an operator with a single symplectic stratum, defined according to Conjecture 1.1, of dimension 4 (and
codimension 4) and proving that the operator is not analytic hypoelliptic. Actually its Gevrey regularity
has been completely characterized.

It is not difficult to exhibit, based on [Albano et al. 2016], examples of sums of squares having a single
symplectic stratum X defined according to Conjecture 1.1, and such that codim ¥ =2v, 2 <v <n -2,
for which a proof analogous to that of the same paper implies the nonanalytic hypoellipticity of the
operator. Here is an example.

Let us define x’ = (x1,...,xy) and x” = (xy+1,...,X), so that x = (x/, x”), x € R", where v
satisfies the above conditions. Define x|, = (x1,...,xy—1), X, = (Xy+2,...,Xn) and set

1Dy >+ [ 7|1 Dxr P+ D} + ;P ODE 4+ x4 Dy,
}:} x?(rj_l), |Dyr|? = 27=v+1 D)zcj, and analogously for [ D,/ 12, |ng|2, with the
condition that 1 <minr; <maxr; < p <gq.

where [x}]2 =
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A number of papers have been written both in the case of a single stratum and of a more complex
stratification. The meaning of the word “stratum” is henceforth that defined in Conjecture 1.1. If we are
in the presence of a single symplectic stratum of codimension 2, then the conjecture has been proved true
by Métivier [1981], Okaji [1985], Cordaro and Hanges [2009], and Albano and Bove [2013]. The papers
by Métivier, Okaji and Albano and Bove include also a higher codimension single symplectic stratum,
provided additional assumptions are satisfied.

We say that an operator exhibits nested strata, always according to Conjecture 1.1, if the associated
stratification has at least two strata 7, X, such that 31 # 35 and X1 N PO =# @. By definition this
implies that X1 C 3, and, in particular, that the dimension of ¥ is smaller than that of .

Theorem 2.1 proved below implies that the conjecture does not hold, in general, when there are several
symplectic nested Poisson-Treves strata.

The conjecture fails even if the characteristic manifold has codimension 2, as in the case we are going
to examine. This is actually proved in the remainder of the present paper.

Thus we can state:

Theorem 1.3. Let us consider the class of all sums of squares with analytic coefficients such that the
associated stratification near a point pg € Char(P) has not a single stratum. Then the sufficient part of
Conjecture 1.1 is false even in the case of a characteristic manifold of codimension 2.

We remark that if the characteristic variety is a real analytic manifold of dimension 2, and the Treves
strata are symplectic, then we may have only a single symplectic stratum of Treves type — obviously
coinciding with the characteristic manifold.

If the characteristic variety is a manifold of codimension 2 as well as of dimension 2, by the results
quoted above one deduces that the operator is analytic hypoelliptic. If, on the other hand, the codimension
of the characteristic manifold is larger than 2, we do not think that analytic hypoellipticity ensues and
thus Conjecture 1.1 would be contradicted.

To clarify the above sentence let us consider the operator

Q(x, D) = D? + D3 4+ x3D3 + x3D3 + x3x3D3.

It is easily seen that Char(Q) = {(x,&) | x; =& =0, i = 1,2, & # 0}, which has dimension 2 and
codimension 4. Char(Q) is a single symplectic stratum for Q and it is not too difficult to prove, either by
using the subelliptic estimate (see Section 4 below and formula (4-2)) or the method described in [Bove and
Mughetti 2016], that Q is Gevrey %—hypoelliptic (see Definition 2.2 for a definition of the Gevrey classes).

We think that the Gevrey %-regularity is optimal for the operator Q, but the proof of optimality is
however an open problem. The difficulty of the proof is due to the following fact: in the examples of
[Albano et al. 2016] and (2-1) of this paper, as well as in Q, there are strata which do not appear in Treves
stratification. The Hamilton bicharacteristics associated to these phantom strata either project injectively
on the base space, like in the case of [Albano et al. 2016] and (2-1), or project injectively onto the fibers
of the cotangent bundle. The latter is the case for Q. In this sense the operator Q shares this difficulty
with the Métivier operator, [1981] where optimality is very hard to prove.
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We would also like to recall that due to [Bove et al. 2013] the conjecture does not hold for sums of
squares of complex vector fields.

Here is the structure of the paper. The result is stated in Section 2. Section 3 is devoted to the proof of
the optimality of the s; Gevrey regularity. We construct a solution to Pu = g, where g is real analytic,
which is not better than Gevrey s;. In Section 4 we prove that every solution to Pu = f is Gevrey sy, if
f € G*¢. This is done using the subelliptic estimate for the operator.

2. Statement of the result

Letl,r,p,geN, l<r<p<gqg,and x = (x1,...,X4) € R4 The objective of this section is to state the
optimal Gevrey regularity for the operator

P(x,D)=D? +xf(e+’_1)(D§ + D2) +xf‘[D§ +x§(”_1)D§ +x§(q_1)D§]. (2-1)

Hormander’s condition is satisfied by P and thus P is C°° hypoelliptic.
The characteristic manifold of P is the real analytic manifold

Char(P) = {(x.&) € T*R*\ {0} | &, =0, x; =0, £5 + £3 + &7 > 0}. (2-2)

According to Treves’ conjecture one has to look at the strata associated with P.
The stratification associated with P is made up of two symplectic strata 31 and X5:

21 = {(0.x2,x3,x4:0,&2.£3, €4) | E3+x3>0, 6+ +& >0} (@)
at depth £ + 1.1 X is a symplectic stratum and the restriction of the symplectic form to it has rank 6.
55 = {(0.0,x3,x4:0,0,63. &) | €5 + &3 > 0} (B)

at depth £ 4 r. This is also a symplectic stratum and the restriction of the symplectic form to it has rank 4.
We point out that the above stratification does not depend on the choice of the indices p and g.
According to the conjecture we would expect local real analyticity near the origin for the distribution

solutions u of Pu = f, with a real analytic right-hand side.

We are ready to state the theorem that is proved in the next two sections of the paper.

Theorem 2.1. Let
I 4+1 r—1p-1

s¢ l4r  l+rg—1
Then P is locally Gevrey sg-hypoelliptic and not better near the origin.

We recall here the definition of the Gevrey classes:

Definition 2.2. If 2 is an open subset of R” and s > 1 we denote by G*(2) the class of all functions
u € C*°(2) such that for every compact set K € 2 there is a positive constant C = Ck such that

[0%u(x)| < Cl¥*1g15  for every x € K.

L'This means that all the Poisson brackets of the (symbols of) the vector fields of length less than £ + 1 are identically zero on
the characteristic manifold and that there is at least one bracket of length £ + 1 which is nonzero.
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We observe that G!(Q) coincides with the class of all real analytic functions in .
As a consequence of Theorem 2.1 we have:
Corollary 2.3. The operator P is analytic hypoelliptic if and only if p = q.

The proof of the corollary is contained in Section 4.
Moreover from Theorem 2.1 we deduce that Theorem 1.3 holds since the operator P above has a
stratification made of two nested symplectic strata.

Remark 2.4. The geometric interpretation of the above result is not known. We believe that a different def-
inition of the associated stratification should be given, allowing the existence of an additional stratum for P.
More precisely the missing stratum seems to be

£ =1{(0,0,x3,x4;0,0,0,) | £4 # O},

which can be seen as the set where &3 vanishes in 3.

T is not symplectic; its Hamilton curves are the x3-lines and this fact gives us a lead as to why, in
the following proof of Theorem 2.1, we may conclude that the operator P is not analytic hypoelliptic.
We shall come back on this further on.

We would also like to observe that the point (0, e4) is the only interesting characteristic point where
we have a lack of analytic hypoellipticity. In fact the operator P is microlocally analytic hypoelliptic at
all points in X1\ X5, as well as at points in X, where £3 # 0. This can be proved via L? (microlocalized)
estimates of the type of (but easier than those) used in Section 4.

It is also worth noting that if we accept, without any proof or other justification, that the stratification
associated to P is made of (the connected components of) X1 \ Xp, X5\ ¥ and i, where ¥ is given
above, then all points of the first two “strata” are points of analytic hypoellipticity and the strata are
symplectic, while the nonanalytic hypoellipticity comes in at points of the nonsymplectic stratum 52

3. Proof of Theorem 2.1

In this section we prove the optimality of the Gevrey regularity in Theorem 2.1.

We construct a solution to the equation Pu = f, for a real analytic function f, which is not Gevrey s
for any s < sy and is defined in a neighborhood of the origin.

In fact we look for a function u(x, y, ) defined in U X [1, 400[ C Ry x Ry x [1, +o0[, where U
denotes a neighborhood of the origin in RZ _, and such that

x’y’

P(x,D)A(u) =g, (3-D
where

“+o0
— —ipxa+x3z(p)p®—p? Tt
A(u)(x) = e u(ptrxy, x2, p) dp, (3-2)
1
and
o=1.
S¢

2We are indebted to the referees for pointing out to us the need of such a remark.
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The function z(p) is to be determined. Here we assume that x € U, a suitable neighborhood of the origin
in R* whose size will ultimately depend on z(p). Furthermore g € C?(U).
We have

T ipvatxazoe o [ g2 2(L+r—1) 2,20, 2(l+r—1) 2

P(x,D)A(u)(x) =/1 e IPXaTXIZ0)PT =P [—pHraxlu—xl (z(p)“p™ u+x] o u
2(p—1 2(g—1
ot (=02, u=x3 "D ()2 u 30 p?u) | dp.

Rewriting the right-hand side of the above relation in terms of the variable y; = pﬁxl, we obtain

o0
O M

1

2 2(L+r—1 -
x [=p7H (83 = 5701 = 2 (00202 D))u

— 2 2(p—1 2(g—1
+p A (~03 = 5PV (00202 + X3V ]y, e, dp

We point out that
—1<0.

Choose
u(y1, x2, 0) = u1(y1, p)ua(x2, p), (3-3)

where u;, j = 1,2, will be chosen later. Plugging this into the above formula yields

P(x,D)A(u)(x)

+oo 0 o
_/ e ipxatx3z(0)p” —p
1

2 r— -
x| oz (x2p) (7 TV (1= (0202 ))ur (01 p)

— 2L 2(p—1 2(g—1
+o7 77 s . p[(~B-3 PV (0020 +59T0 ) a2, ) | e, dp-
(3-4)
We want to determine 1, up so that P(x, D)A(u)(x) = 0. In particular

2 L4r— -
—pT Uz (x2.p) (03 — 7TV (1 = 2(0)20* D)) ur (1. p)
_2t — _
+p7 T ur (. p)[(-95 =257V + 59TV ) Juz (2 p) =0 (B-5)

for p large.
Let us start by considering the operator in the x5-variable:

£+1 — —
PP L(x2,0x,) = =85 — x5 7V (2(p))p + 2307 %

Performing the dilation
x2=y2p ",
here
v r—1 1

— B 3-6
H L+rqg—1 (3-6)
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we obtain
r—=1_1 _£+1 _ _
L(ya, ayz) = _p2(£+r q—1 4+r)8§2 _Z(,O)zy%(p 1) + yg(q 1)‘ (3-7)
Set

h=pfraT— o = p* (3-8)

—

Observe that the exponent above is negative, since r —1 < (£ +1)(¢ — 1) if and only if r —g < £(g — 1),
which is obviously true for any value of £ as r < g by assumption. Thus for large p, we know 4 tends to
zero and hence we have to study the semiclassical stationary Schrodinger operator

L(yz, ayz) — _h28§2 _Z(h)Zyg(P_l) + yg(q—l) (3_9)

exhibiting a double-well potential. We point out that the dilation (3-6) has been chosen in such a way to
get rid of the parameter p, i.e., /i, from the double-well potential.

Let us make the following ansatz: the quantity z () above is positive and such that there is an g > 0
for which

0< inf z(h) <+oo.
0<h<ho

We shall return to this ansatz and show that it is actually compatible with our findings.
We may further dilate the operator in (3-9) in such a way that the quantity z (/) appears as a coefficient
of the second derivative, modulo a multiplying factor. Set

y2 = (z(h)T7y.

Note that the above dilation is well defined because of our ansatz when p < ¢. If, on the other hand
p = q the whole construction is not needed, since s¢ = 1 then.
Thus (3-9) becomes

—1
L(y,dy) = 22077 [ (z" a7 h)282 — y2P~1) 4 2@ D], (3-10)
Let
_ 1\
oo _a=p(P=1y7 g
g—1\g—1

denote the minimum of the potential —y2(P~1) 4 y2@=1) Thep
—(@ TP )2 — 20D 4 2D g (3-11)

has a discrete spectrum made of simple positive eigenvalues accumulating at infinity; see, e.g., [Berezin
and Shubin 1991]. Hence the eigenvalues are real analytic functions of the parameter hz=a7 > 0.

At this point we might choose to select the ground state of (3-11). This would allow us to treat only the
case of an even eigenfunction with well-known Agmon estimates. However, we would like to emphasize
the fact that the Gevrey regularity we find is a consequence of the nature of the spectrum of the operator
in (3-11) and that, in particular, any eigenvalue allows us to conclude the Gevrey regularity of the solution
to (3-1).
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There is a price to pay for this generality: we cannot a priori use the fact that the associated eigenfunction
is symmetric and positive— which is true for the fundamental eigenstate.

Denote by E = E(h(z(h))_ﬁ) one of the energy levels of (3-11). Also let u(y, k) denote the
corresponding eigenfunction, i.e.,

[~ 77 1)29% — y2P=D 4 326D _§u, = Euy, (3-12)

or, changing back the variables

— _ g=1 HLl+1 g=1 He+1
[—8)262 - zzpzexg(p Dy xg(q 1)p2 — )?ZZZ—P p> Tt Juz = Ez?e> P> Uy, (3-13)

The operator in (3-11) has a symmetric nonnegative double-well potential with two nondegenerate
minima and which is unbounded at infinity. Theorem 1.1 in [Simon 1983] asserts:

Theorem 3.1. For every eigenvalue E () in the spectrum of
_’u23§ _ y2(p—1) + yZ(q—l) — 7,
we have

E
lim ﬂ =e*

> 0. (3-14)
n—>0+ U

As a consequence we may continue the function E (i) at zero by setting E£(0) = 0. Thus E(u) is
differentiable for 0 < u.
Furthermore we have the following.

Lemma 3.2. For every hg > 0, we have that oy, E (h) exists and is bounded for 0 < h < hy.

Proof. This is basically proved by deriving in this case the Feynman—Hellmann formula expressing the
derivative with respect to /1 of the eigenvalues in terms of the associated eigenfunctions and the derivative

of the Hamiltonian; see, e.g., the proof of Lemma 3.1 in [Albano et al. 2016]. O

2
Let us now go back to equation (3-5). Neglecting the factor p?+r and writing everything as a function

of /1, we obtain
— 1—6 ;1 — 4 A
[02— 2D - ()02 5w (91, 1) —y 2z ()27 (E(hz () 77)+P)ur (y1.h) =0, (3-15)

where, as specified above, E is an eigenvalue of the operator (3-9) and /% is small.

We want to show that, for small /2, we can find a bounded positive function z = z (k) such that (3-15)
has a nontrivial kernel, which will be made of rapidly decreasing eigenfunctions corresponding to the
eigenvalue zero.

First set

t(h) = 1 — (z(h))*h%'=".

Note that, due to our ansatz, T is a positive number if /4 is suitably small. We are thus entitled to perform
the dilation

1
tl = yl‘[z([+") s
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so that the differential operator in (3-15) becomes
it [—02 2T 4 20 ()28 E (B (hz ()77 + )], (3-16)
Proposition 3.3. There exists a positive number o such that the operator
— 92 4 2=l _ 528 (3-17)
has a nontrivial kernel.

Proof. The proof is just an analysis of the behavior of the eigenvalues of the operator as functions of
the parameter o; see, for instance, [Mughetti 2014; 2015]. First of all we remark that the function
1> 12EHr=1 _ 5428 hag a (negative) minimum

r—1 { = Ctre throt
— o r— =0 r— .
b4+r—1\L+r—1 H

1
t =1to20r=1D,

Performing the dilation

the operator becomes

=L 2 Lrr=1  o2(l+4r—1) 2/
_O'r—latl + o 1 (;1 -1 ),

which can be written as

Cro1 e - A
o =1 [(_0 o 8?1 +t12(€+r 1)_t12e_ﬂ)+ﬂ]-

Now the operator in parentheses is again a Schrodinger operator with a double-well positive potential and
hence it has a positive discrete spectrum accumulating at infinity, by [Berezin and Shubin 1991].
Denote by A(0) one such eigenvalue, so that the eigenvalues of the operator above are

L4+r—1 N
o 71 (Ao) + ).

If 0 — 400, then, by Theorem 3.1, A(0) — 0+, so that the expression above is negative. On the other
hand it is obvious that for o = 0 the eigenvalues of the operator (3-17) are positive. Furthermore they are
simple, whatever the value of ¢ is, and thus they are also continuously dependent on . We conclude
hence that there is a value & of ¢ for which A(6) = 0. This proves the nontriviality of the kernel. O

Going back to (3-16), we see that, in order to solve (3-15) it is enough to choose one such value o
given by Proposition 3.3 and then solve, with respect to z, the equation

5 = 22 BT (E(hz(h) 77 ) + ). (3-18)

_ q9—=r

. —o\2@—D

Z= ( — ) > 0.
14

Observe that the values & = 0, z(0) = Z verify equation (3-18), since 7(0) = 1.

Set
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Proposition 3.4. There is an hg > 0 such that (3-18) implicitly defines a function z € C(]0, ho[) N
C®(10, ho[). Moreover limy_, 4 z(h) = Z.

Proof. The proof is analogous to the proof of Proposition 3.1 in [Albano et al. 2016] and we just sketch it.
Consider the function

fh,2) = 2265 O (E(hz™ ) + ) + 6.

Let us compute the derivative with respect to z of the above function in the interval [0, ko[ x]Z —38,Z + 4],
where § is a small positive number:

_1
3, f(h,2) = 23— 2051~ (E(hz 757 ) +9)
-p

b1 pa=tiy 0120

+2£ Z%_lhr_%E'(hz_#).

ST E (7)) -
+r q—

In view of Lemma 3.2, the derivative above is strictly negative if (k,z) € [0, ho[ x]Z —8,Z + §[ for a
suitable choice of small kg, §. Note that f(0,z) = 0.

Because of the definition of Z and the definition of f, we have f(h,Z—38) >0, f(h,Z+§) <0 possibly
taking a smaller kg, § for 0 < h < hg. Since f is continuous and strictly decreasing on the /-lines, there
is a unique zero of the equation f(h,z(h)) =0 with z(h) € [Z—6§,Z + §] for 0 < h < hy.

For positive &, trivially z (%) is real analytic. Let us show that z (k) € C([0, ho[). Arguing by contradic-
tion, assume that z(h) 4 Z for h — 0+. Then there is a sequence h; — 0+ such that z(hy) — Z # Z.
Then 0 = f(hy, z(hg)) — f(0,Z), which is false since Z is the only zero of f(0,z) = 0.

The conclusion follows. O

We state also a couple of lemmas that will be needed in the sequel.
Write V(x) = x2¢F7=D _ 26 _ j and Q) = —h29% + V. We have:

Lemma 3.5. For every hg > 0 and every v € Z(R) the following a priori inequality holds:
R0+ Vol < C(1Qpvll + vl (3-19)
for a positive constant C independent of h € ]0, ho.

Lemma 3.6. Let v(x, h) denote the L?(R) normalized eigenfunction of Q}, corresponding to E(h). Then
v is rapidly decreasing with respect to x and satisfies the estimates

WD (x, )| < U/ (3-20)
or x € R, C; > 0 independent of 0 < h < hg, j =0, 1,2, with hg suitably small.
J J

Lemmas 3.5 and 3.6 are rather standard and, for a proof, we refer for instance to the appendix of
[Albano et al. 2016].

We can now go back to (3-4). With the choice above of both u1, us and z = z(p), we can satisfy (3-5),
provided p > pg, with pg large enough. Furthermore we also remark that the formal operation of taking
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derivatives under the integral sign is completely legitimate, due to Lemma 3.6, since a power singularity
at infinity does not affect the convergence of the integral. We have then that

P(x,D)A(u)(x)

PO .
=/ e—sz4+x3z(p)p9—p9
1

2 — —
x| otz (x2.p) (37 TV (12 (0202 ))ur (01, p)

+07 77 s 0 p[(~03-3 7V (00202 +59T0 0) a2, 0) | e, dp
(3-21)
Here we used that for p > pg, (3-5) vanishes and we are left with an integral over a finite interval whose
upper endpoint depends on the problem data. This defines a real analytic function, g(x).

We need now to check that the growth rates of #; and u, do not affect the behavior of the integral
(3-2) where u has been replaced by the right-hand side of (3-3).

Both u; and u, are eigenfunctions of the same kind of Schrodinger-type operator with different
expressions of Planck’s constant: u; is an eigenfunction of the operator in (3-11), while u; is an
eigenfunction of the operator (3-15) where z () has been determined according to Proposition 3.3. It is
not difficult to see that the two equations are similar, so that discussing one of them is enough.

Let us focus on (3-11). We have to discuss u» in a classically forbidden region, i.e., where % is small,
which corresponds to large values of p, since x is in a neighborhood of the origin. More precisely we need
an estimate of the form (3-24), i.e., a bound from below of 1, (0, 7). This type of tunneling estimate could
be deduced from the results of Helffer and Sjostrand [1984]; see also [Helffer 1988, Section 2.3]. Another
way of deriving such an estimate as a consequence of [Helffer and Sjostrand 1984] uses [Martinez 1987].

In the present particular case, we may easily reduce the problem of a pointwise estimate to the problem
of an L? estimate and we actually use a bound, given by Zworski [2012], for the L? norm of u5 in a
“forbidden region”:

Theorem 3.7 [Zworski 2012, Theorem 7.7]. Let U be a neighborhood of the origin in R. There exist
positive constants C, fig such that, for 0 < h < fig,

e
lu2llz2@y = e # lu2ll L2 w).- (3-22)
Here

h
h =

=—, (3-23)
z(h)7*7

and we note that 7 is small if and only if / is small, because z (%) is bounded away from zero when A
tends to zero.

The Schrodinger operators we deal with have a symmetric potential, so that their eigenfunctions are
either even or odd functions with respect to the variable x. The argument is analogous to that in [Albano
et al. 2016] and we just sketch it for completeness.
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Case of even eigenfunctions uy, u. We may assume that
luzllr2@wy =1, u2(0,7) >0,

since u’ (0, /) = 0 because of its parity and 15 (0, %) = 0 would imply that 15, being a solution of (3-12),
is identically zero. A similar conclusion holds for u.

Moreover, by (3-12), 33u2(0,%) > 0.

Denote by xo = xo(#) the first positive zero of V(x) — E(f) = x2@~1 — x2(r=1) _ 5 _ E(#). Note
that u5 is strictly positive in the interval 0 < x < Xxy.

By (3-12), u, is strictly convex for 0 < x < x¢ and has its minimum at the origin and its maximum
at xg.

Define ¢ = dxu2/us. We have ¢ > 0if 0 < y < xq. Then, writing ¢’ for dy¢,

V-E
¢ =—m ¢~

The function ¢ has a maximum in the interval ]0, xo[ because ¢’(0) > 0 and ¢’(xo) = —¢?(xo) < 0.
Denote by x the point where the maximum is attained: it lies in the interior of the interval [0, x¢].
Moreover we get

_ (V@) - EMH)'/?

@(x) P

From the definition of ¢ we obtain

1 _=nl/2
I3

u _ > e
\/m” 2“L2([ Xx0,X0]) = m

_C
#

u2(0,7) = e~ Jo PO Dy (xg, 1) = 0P eF. (3-24)

Here we used Theorem 3.7, as well as the facts that xo < 1, E(#) > 0 and u, is normalized. We remark
that liminf xo (%) > 0 when # > 0.

We are now in a position to conclude the proof of Theorem 2.1 for an even function u,. We recall that
= o(pfFr Ty = 6(p%).
Note that
A(u) = Ag(u) + Ay (u),

where Ay is defined as the integral in (3-2) over the interval [1, po], while A () is the integral in (3-2)
over the half-line [pg, +00[. It is very easy to show that Ag(u), as well as the right-hand side of (3-21),
are real analytic functions of x, so that PA;(u) = P[A(u) — Ap(u)] € C?.

We now compute, assuming that both u; and u, are even,

+00 +o00
(—=Dux,)* 41 ()(0) = / e pFur(0uz(0. p) dp = 1 (0)C | &'k dp > CE ke
0 o
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The last inequality above holds since, observing that x < 6,

T eh_Cip* ok T e k PO e k
/ e P TP, dp2C1/ e P p dp=—C1/0 e P " dp+ CF T k15
0

0 PO

k
> C2k+1k!Se (l _Clcz_(k+1),00€_cp8 ]::_(.)9@) > C3k+1klse’

if k is suitably large and Cs is suitable and positive.

Case when u is even and u is odd. We may assume that
luall 2@ =1, u3(0.%) > 0.

Moreover, due to the parity, u7 (0, 7%) = 0. Arguing as above we obtain that u/, is positive in [0, x¢]. Set

Arguing as above we deduce

, _e=nl2 1 _e=nt2 o,
u2(0’ h) z e 4 MZ(XO’ h) z me f “uzlle([—xo,xo])'

Since

2]l L2 (= xox0]) < X015 1| L2 (= x0.x0]) -

we get
=12

1
uh(0,)> ———e~ & |lu _ )
2( ) jutl XO\/M ” 2||L2([ X0,X0])

Using Theorem 3.7 as before we can conclude exactly as in the case of an even eigenfunction.

To finish the proof of Theorem 2.1 we recall that Lemma 3.6 implies that the integral in the definition
of A(dx,u) is absolutely convergent, so that, arguing as before, we have

400
_ 0
(Dx)f @) = [ e phur0) a0, p) dp
o
+o00 o y
> u1(0) c/ e P Ok dp > cR ke,
PO
again provided k is suitably large.
The other cases, when u; is odd and u5 is even or odd, are treated analogously and we skip them.

This concludes the proof of the optimality part of Theorem 2.1.

4. Proof of Theorem 2.1 (continued)

In this section we prove that the operator P is Gevrey s¢-hypoelliptic. We also point out that the proof
given here works when p = ¢, yielding analytic hypoellipticity.
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It is useful to establish notation for the vector fields defining P:
P(x,D)=D?+ x%zD% + xf(“'r_l)Dg + xf(“_r_l)Dz + x%exg(p_l)Dg + x%exg(q_l)Df
6
=) X;(x,D)>~ 4-1)
i=1
We note that, using commutators of the fields up to the length £ 4 r, we generate the ambient space.

The basic idea for the proof is to use the subelliptic estimate; see, e.g., [Jerison 1986] or [Bolley et al.
1982] for a proof of the inequality

6
lul® + D 11X (e Dyul® < C((P(x, Dyuu) + [lu?). (4-2)
+r i=1
where C is a positive constant, || - || . is the Sobolev norm of order ﬁ and u € C°(RY).

A further remark is that we may assume &4 > 1: in fact denoting by ¥ a cutoff function such that
Y >0, Y(y) =1if &4 > 2 and ¥ (&4) = 0 if &4 < 1, we may apply ¥ (D4) to the equation Pu = f,
getting Pyu = ¢ f, since ¥ commutes with P. On the other hand, ¢ f € G* if f € G*, for s > 1, and
we are interested in the microlocal Gevrey regularity of u at the point (0, e4). We write u instead of Y u.

The proof below uses the estimate (4-2) in the following way. Since P is C°° hypoelliptic, we may
assume the function u to be smooth. If we want to show that it belongs to a Gevrey class we have to
bound its derivatives, or, which is easier using (4-2), the L? norm of its derivatives by suitable factorials
(see Definition 2.2).

To do that, we start with the quantity X;¢D ‘]‘V u, where X; is one of the vector fields appearing in
the operator, ¢ is a cutoff —in general a microlocal cutoff — which is discussed below, and N is an
arbitrarily large natural number. If we succeed in bounding || X;¢D iv u| with CNTIN1'S, then we may
deduce that u belongs to the Gevrey class G° on the domain of the cutoff ¢.

Thus, feeding the quantity <pD£V u on the left-hand side of (4-2), we have to estimate the right-hand
side: there we have an error term that usually is easy to absorb on the left, but also a term where P appears.
In particular we have to treat the term (P @D ﬁv u,oD i\' u). Since we are assuming Pu is real analytic
or Gevrey s, it is evident that commuting P past the cutoff will lead us to a term ((pDiV Pu, (pDiV u).
This is good, since Pu has analytic estimates and the right factor of the scalar product can be absorbed
on the left-hand side of the inequality, like the error term. Unfortunately there is also the commutator
(IP,¢DN1u, DN u).

Now the commutator either gives vector fields applied to ¢ D} u, which are easily absorbed on the
left, or gives derivatives of the cutoff and of the coefficients of the vector fields. The derivatives of the
cutoff are fine, provided we use suitably chosen cutoffs, see below for this, but the derivatives of the
coefficients of the vector fields are more difficult to handle. Actually either one is able to extract another
vector field from them — which seldom occurs — or the best resource available is the subelliptic term: we
may lower the exponent N by the subellipticity and use the subelliptic part of the estimate to start over
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with a lower N and derivatives of ¢ replacing ¢. The process terminates when N is completely used and
the derivatives of the cutoff give us the final estimate.

Let us start by denoting by on = ¢n (x3,x4), xN = xn (&) cutoffs of Ehrenpreis type, i.e., on €
C(?O(RZ), XN € C°°(R), with ¢y = 1 near the origin, yy =0 for x <3 and yy = 1 for x > 4, and ¢y,
XN nonnegative.

Ehrenpreis-type functions have the property that |0Kgy (x)| < C(f +INK for k < RN, R > Ry, and
C, independent of N. See, e.g., [Hormander 1971, Lemma 2.2] for the definition as well as a construction
of such type of functions.

As sketched above we want to estimate the quantity || X;ox D ‘J‘V ull, j =1,...,6, so that getting an
estimate of the form || X;ox D i\' ul| < CNFTINSeN will be enough to conclude that u € G¢ microlocally
at (0, eq).

As apreliminary remark we point out thatif Pu = f, f e G%¢(2), then we may assume that u € C *°(2)
and u has compact support with respect to the variables x1, x2. In fact, if 0 = 6(x1, x2) € G** N C§® and
is identically equal to 1 in a neighborhood of the origin, we obtain, multiplying the equation Pu = f
by 0, that P(6u) = 0f — [P, 8]u and the commutator term is identically zero in a neighborhood of the
origin in the (x1, x2)-plane; i.e., it is in G%¢, since u is in G¢ outside of the characteristic manifold. We
write u instead of Qu.

Now

IXjon DY ull < | Xjon(1— xn(NT' D)) DY ull + | Xjon xn (N DD ull.  (4-3)

Consider the first summand above. Since (1 — yn )y has support for 1 < &4 <4 N, we deduce immediately
a bound of the first summand:

1Xjon (1= xn(N"'Dg) DY ul| < CVHINY,

where C denotes a positive constant independent of N, but depending on u. This means a real analytic
growth rate for u. It is enough then to bound the second summand in (4-3).
To do this we plug the quantity oy y y D i\’ u into (4-2) and, as a consequence, we obtain

I1Xjon xn (N "' Da) DY ul?
<C((PonxN(NT'Dy)DYu.on xn (N Dg) DY u)+ llon xn (N ' Da) DY u?)

Our main concern is the estimate of the scalar product in the next-to-last line of the above formula. We have

(Pon xn(NT'D4)DYu, oy xn(N"'Dy) DY u)
=(pn XN (N"'Da)DY Pu,on xn (N7 D4) DY u)
6
+ Y (X7 onlxn (N D) DY u. oy xv (N Da) DY w).
j=1

The first term in the right-hand side of the above relation poses no problem: in fact Pu = f € G*¢ and thus
the scalar product is easily estimated by CV 1N 15¢, while the right factor can be absorbed on the left.
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As for the summands containing a commutator,

(X7 on1xN (NT' Do) D3 u.on xv (N~ Da) DY u)
=2([X;.oN1xn (N "' Da) D3'u. Xjon xn (N7 Da) D3 u)
~ (NG X5 on N (NI D) DY u, Ny v (N7 Da) D3'u). - (4-4)
Here we multiplied and divided by N the factors of the second scalar product to compensate for the
second derivative landing on ¢ because of the double commutator. The naive idea behind this is that
one derivative of ¢ is worth N, since ¢y is an Ehrenpreis-type cutoff function.
We are going to examine the terms with a single commutator first. Both X, X, commute with ¢x
at this moment, since ¢ depends on x3 and x4, even though we shall see shortly that this is not going

to be true any longer, for both X; and X, will have a nonzero commutator with the coefficients of the
vector fields. Moreover

(X, onIxN(NTID) DN u = x5 =100 yy (N1 D) DY u (4-5)

for j = 3, 4. Here we just denote by ¢); a (self-adjoint) derivative with respect to x3 or x4, since a more
precise notation would only burden the exposition. Furthermore we have

(Xs.onxn (NT' D) D = x1x] ™ oy xn (N ™' Da) D3 u
and
[Xs.on1xn (NT' D) D = x1x§ ™ gy xw (N "' Do) DY u.
Let us consider the terms corresponding to j = 3, 4 first:
2|(x o xN (N T D) DY u, Xjon xn (N1 D) DY u))|
— 1 - —
<81 Xjon an (N D) DYl + Sllxi ™ ol an (N D) D ull? - (4-6)
where § is a positive number so small to allow us to absorb the first summand in the right-hand side of
(4-6) on the left of the subelliptic estimate.

In order to be able to apply again the subelliptic estimate to the second summand above we need to

use the formula
N-1

e DY = (1) Dag{ VD) T 4+ ()N o T @)
j=0

Thus, since yx (N ™' D4) commutes with DY,

xS+ on an (N TIDg) DY u|

N-1

i+1 — N—j—1 N+1 -
<Y 1Xaoy TV an (VI DY T Tl + ey TV an (N T Daull. (4-8)
Jj=0
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L+r—1
1

where we used the fact that the field X4 can be reconstructed using the factor x and just “pulling

back” one x4-derivative. A completely analogous treatment leads to an analogous conclusion when j = 6:

I[1X6, on1xn (N "1Dg) DN u|| = |x¢xI oy xn (N2 Dy) DY u||

N-1
< S UIXee g TV an(NTID)DY T T ull+ gl TV xn (NTIDaul.
Jj=0 4-9)
Furthermore it is clear that the terms on the right of inequalities (4-8) and (4-9) yield a real analytic
growth estimate: in fact a typical term in the sum loses j + 1 derivatives of u with respect to x4 while the
cutoff function ¢ picks up j + 1 derivatives. Using the properties of ¢ we see that, arguing inductively,
this gives analytic growth with respect to N. Same argument for the last terms in (4-8) and (4-9).

We are thus left with the commutator term for j = 5 in (4-4):

2|(xfx8 " oy x N (N T D) DY u, Xson xn (N ™' D) DY u)]
- 1 - -
<81 Xson xn (N ™' Da) D3Tul® + S l1xtxy ™ oy xw (N 7' Da) DT ull”. - (4-10)

Here, again, § is chosen so that the first term in the right-hand side above can be absorbed on the left
of the subelliptic estimate, as before. We just need to be concerned with the second term. Contrary to
what has been done before, pulling back one derivative is of no help, since p < ¢ and the derivative with
respect to x4 is the only derivative available here. Note that if p = ¢ then we may act at this point as we
did for j = 3,4, 6, obtaining analytic growth estimates. So let us go on assuming that p < g.

Hence we have to resort to the subelliptic part of the subelliptic estimate, i.e., the 1/(£ + r)—Sobolev
norm. To do this we pull back Di/ ©+7) This is well defined since &4 > 1, but is a pseudodifferential
operator, and its commutator with ¢ needs some care.

We actually have the following lemmas. Let wy € C°(R) be an Ehrenpreis-type cutoff such that
wy =1 for x > 2 and wy = 0 for x < 1, wy nonnegative and such that wy yy = yn. Then we have:

Lemma 4.1. Let 0 < 0 < 1. Then
N
lon (NT'D)DP. oy () (N D)DN ™0 = " ay o (x. D) xn (N D) DV, (4-11)
k=1
where a i is a pseudodifferential operator of order —k such that
0fani(x. £)| < CATINKTo gk 1 <k <N, a <N. (4-12)
Corollary 4.2. For 1 <k <N —1in (4-11) we have that

0O —1)--- (0 —k +1)
k! Dy

For the proofs we refer to [Albano et al. 2016, Appendix B].

anx(x,D)yn(N'D)DVN = oN () xn (N"1D)DN K, (4-13)
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Applying Corollary 4.2, we find that

1 1
1 - 1 - o - N—or=
Ixtx ™ oy xn (N ' Da) D' u|| = |x1x5 " plyon (N Do)D" yn(NT'Da)D, 7 u|

1 - N—¢i7
SCO”xfxé) o xN(N"'Dy)D, T ull 1
1 (k+1
+ch||xfx§ &) N (NI Dy DY ~Fu|

+CN||X1x2 Yann(x, D) yn(N"'Dy)DYul. (4-14)

Here the constants ¢j, j =0,1,..., N, are bounded independently of N by some absolute constant.
The last term in the right-hand side of (4-14) has analytic growth, because a, y has order —N, so that
it balances the N -th derivative on u, and is bounded by C Cfv +INN according to (4-12). Thus we may
forget about it because it gives better estimates than those we are going to get.
The first term on the right-hand side of (4-14) can be resubjected to the subelliptic estimate — Sobolev
part— and treated as we just did. This means that again we have to consider the commutator of the vector
fields in the operator P with xZ 5 go}v, since D4 commutes with P. Hence the quantity we have to

estimate is

1 - N-rt7
11X, xix2 ™ o Ixn (NI D) D, T ul;

see (4-4), (4-5). As we said before, the commutators with X1, X5 are no longer zero, because of the
monomials xzxé’ . Note that commuting with X; has just the effect of lowering the exponent £ by one
unit, while commuting with X, lowers the exponent p — 1 by one unit and increases the exponent £ by
{ units.

On the other hand commuting with X3, X4 and X¢ ignores these types of monomials and allows
us to treat the above quantity exactly as we did before, yielding analytic-type growth estimates. Note
that the monomials can be estimated by a constant, since we are in a neighborhood of the origin in the
(x1, x2)-plane.

Finally commuting with X5 is done again as before, but its outcome is to double the exponents
of the monomial above, increase the number of derivatives of ¢ and lower the x4-derivatives on u
by 1/(£+r)-th of a unit. In other words, the first term on the right-hand side of (4-14) at the second
application of the subelliptic estimate would be

__2
342D v (N DYDYy

We use the same argument for every summand in the sum in (4-14), except that here we have to pull
back a D i/ ©+7) once more in order to use the subelliptic estimate employing Lemma 4.1 as well as
Corollary 4.2.

Hence applying the subelliptic estimate — Sobolev part— alters the exponents in the monomials

xexé’ , lowers the x4-derivatives on u, and increases the derivatives of ¢y .
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When the exponent of x, becomes greater than or equal to ¢ — 1 or the exponent of x; becomes greater
than or equal to £ 4+ r — 1, whichever comes first, we do not need to use the Sobolev part of the subelliptic
estimate anymore. At that point we are able to pull back a whole x4-derivative, reconstructing the field X¢
in the first case or X4 in the second. The powers of x; and x, are decreased in the first case, but only the
power of x; is decreased in the second case.

Before writing the product of such an iteration, we discuss also the terms from (4-4) containing a
double commutator. For j = 3, 4 we have that

(N o aw (N D) DY u Nx it oy v (N~ Da) DY u)|
<IN Ry n (NI D) DY ) + LN oy y v (N1 Dg) DY u .

Each of the summands in the right-hand side is then treated as we did before with the terms involving a
single commutator. Note that N _1<px, counts as a first derivative and so does N¢p . The same argument
holds for j =5, 6.

For j =1,...,6, we iterate this procedure. The following notation is useful.

Let us denote by a; the number of times we take a commutator, according to the procedure outlined
above, with X;. If, as we saw before, j = 3,4, 6, the net result is a decrease by one unit of the derivatives
of u and a parallel increase by one unit of the derivatives of ¢ . No Sobolev part of the subelliptic
estimate is used in this case.

If j =1,2,5, the situation is more complicated. As we said, the vector field X5 contributes a monomial
xexg ! and the Sobolev part will decrease the derivatives on u by 1/(£ 4+ r). However we do not always
need the Sobolev part of the estimate. Let us call «, B the number of times we do not apply it, but are able

Lr=1__or X, 6 — using the monomial xﬁ é’ ! Of course this

to reconstruct the vector field X4 —using x;
has an effect also on the number of derlvatlves on u, which lose « + B units instead of just (¢« +8)/(£+r).

Finally we must take into account all terms deriving from the application of Lemma 4.1 and Corollary 4.2.
Let us denote by / the number of times we apply them and by k;, j =1,..., h, the summation indices
in (4-11). As we saw, these also have an effect on the derivatives landing on u and ¢y .

Hence we wind up with the estimate

IXjon xN(N"'Da) D} ul
<:§£:H ast—a(tr—1)—pl-ar yas(p=1)—Blg—1)~ a2¢(1+a3+a4+as+a6+kl+- ~+kn)

N—kj——kp— %_% —a4—as— (a—{—ﬁ)z"'r luH

xn(N7'DyD,

+Z N —(az+astas+as) xfslf—a(Hr—l)—M—m xgs(p—l)—ﬁ(q—l)—az(p(l+2(a3+a4+as+a6)+k1 +etkp)

o, —G2Fas
an(NTIDy Dy TR

—a3z—a4—ae—b rr;l
u

az+as+as+ae | L ast—a(l+r—1)—pl—a; 05(1)—1)—17(11—1)—02 (1+k1+'"+kh,)
+ZN X Xy

r

~~—kh— 2+ S —a3—as—ae—b

an(NTID) DY T

L (4-15)
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where each sum is taken on the indices ay,as,...,aq, k1, ..., ky such that
{ —1
05N—k1—---—kh—w—m—m—%—(a—i—ﬂ)L<1, (4-16)
L+r L4+r

and the indices satisfy the conditions

0<as(p—1)—-Bg—1)—az<gq—1 4-17)
and
0<asl—a;—a(l+r—1)—BL<{. (4-18)

A few explanations are in order. Note that (4-16) expresses the fact that the number of derivatives on
u is not negative, but is less than 1 at the end. Conditions (4-17) and (4-18) express the fact that the
exponent of x; is less than ¢ — 1 and that the exponent of x; is less than £, i.e., when we cannot pull
back a derivative and need to apply the Sobolev part of the subelliptic estimate when doing the iteration.

Finally we observe that (4-15) has three sums on the right-hand side. The first is the sum coming from
the single commutator terms in (4-4), while the others come from the double commutator terms in (4-4).
Note that in the last one the power of N is positive, but ¢ has less derivatives than in the second sum.
The balance though is the same in both terms.

We have to evaluate the supremum of the right-hand side in (4-15). From the second condition,

as(p—D—-az | <p< as(p—1)—a>
q—1 q—1
while from the third we get
ast —ay — 952002y _y asl —ay — @ D=ap 4y
q <a< q ,
L+r—1 L4+r—1
so that from the first condition we deduce

h

14 1 £—1
N_1—m<j;kj +a2y2+a3+a4+a5§+a6<N+1+

{47’

where
1 r—1

=i+ Gtng-n_ "

In order to estimate (4-15) we need to compute

V2

h
maX%ij +az+aq+as+as,,

j=1

where the maximum is on all indices verifying conditions (4-16)—(4-18). More precisely, the three sums
in (4-15) give the same contribution, because when an index is missing among the derivatives of @y it is
found at the exponent of the factor N and, vice versa, when it appears twice, it appears with a negative
sign at the exponent of N.
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It is then clear that the maximum is ~ N V¢ so that we finally get
IXjon xn (N Da) DY ul < CNTINISE

and this achieves the proof of the theorem, since the above inequality shows that the function u is in the
Gevrey class G*¢ in the support of ¢, N € N.

Note that if p = ¢, a much simpler proof — which means without any use of the Sobolev part of the
subelliptic estimate — yields analytic regularity.
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PLIABILITY, OR THE WHITNEY EXTENSION THEOREM
FOR CURVES IN CARNOT GROUPS

NICOLAS JUILLET AND MARIO SIGALOTTI

The Whitney extension theorem is a classical result in analysis giving a necessary and sufficient condition
for a function defined on a closed set to be extendable to the whole space with a given class of regularity.
It has been adapted to several settings, including the one of Carnot groups. However, the target space has
generally been assumed to be equal to R? for some d > 1.

We focus here on the extendability problem for general ordered pairs (G, G2) (with G, nonabelian).
We analyse in particular the case G| = R and characterize the groups G, for which the Whitney extension
property holds, in terms of a newly introduced notion that we call pliability. Pliability happens to be
related to rigidity as defined by Bryant and Hsu. We exploit this relation in order to provide examples
of nonpliable Carnot groups, that is, Carnot groups such that the Whitney extension property does not
hold. We use geometric control theory results on the accessibility of control affine systems in order to test
the pliability of a Carnot group. In particular, we recover some recent results by Le Donne, Speight and
Zimmerman about Lusin approximation in Carnot groups of step 2 and Whitney extension in Heisenberg
groups. We extend such results to all pliable Carnot groups, and we show that the latter may be of
arbitrarily large step.

1. Introduction

Extending functions is a basic but fundamental tool in analysis. In particular, in 1934 H. Whitney
established his celebrated extension theorem, which guarantees the existence of an extension of a function
defined on a closed set of a finite-dimensional vector space to a function of class C¥, provided that
the minimal obstruction imposed by Taylor series is satisfied. The Whitney extension theorem plays a
significant part in the study of ideals of differentiable functions, see [Malgrange 1967], and its variants
are still an active research topic of classical analysis; see, for instance, [Fefferman 2005].

Analysis on Carnot groups with a homogeneous distance like the Carnot—Carathéodory distance,
as presented in [Folland and Stein 1982], is nowadays a classical topic too. Carnot groups provide a
generalization of finite-dimensional vector spaces that is both close to the original model and radically
different. This is why Carnot groups provide a wonderful field of investigation in many branches of
mathematics. Not only is the setting elegant and rich but it is at the natural crossroads of different fields
of mathematics, for instance, of analysis of PDEs and geometric control theory; see [Barilari et al. 2016a;
2016b] for a contemporary account. It is therefore natural to recast the Whitney extension theorem
in the context of Carnot groups. As far as we know, the first generalization of a Whitney extension

MSC2010: 22E25,41A05, 53C17, 54C20, 58C25.
Keywords: Whitney extension theorem, Carnot group, rigid curve, horizontal curve.
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theorem to Carnot groups can be found in [Franchi et al. 2001; 2003], where De Giorgi’s result on sets of
finite perimeter is adapted first to the Heisenberg group and then to any Carnot group of step 2. This
generalization is used in [Kirchheim and Serra Cassano 2004], where the authors stress the difference
between intrinsic regular hypersurfaces and classical C! hypersurfaces in the Heisenberg group. The recent
paper [Vodop’yanov and Pupyshev 2006a] gives a final statement for the Whitney extension theorem for
scalar-valued functions on Carnot groups: the most natural generalization that one can imagine holds in
its full strength (for more details, see Section 2).

The study of the Whitney extension property for Carnot groups is however not closed. Following
a suggestion by F. Serra Cassano [2016], one might consider maps between Carnot groups instead of
solely scalar-valued functions on Carnot groups. The new question presents richer geometrical features
and echoes classical topics of metric geometry. We think in particular of the classification of Lipschitz
embeddings for metric spaces and of the related question of the extension of Lipschitz maps between
metric spaces. We refer to [Balogh and Féssler 2009; Wenger and Young 2010; Rigot and Wenger 2010;
Balogh et al. 2016] for the corresponding results for the most usual Carnot groups: abelian groups R™ or
Heisenberg groups H,, (of topological dimension 2n + 1). In view of the Pansu—Rademacher theorem on
Lipschitz maps (see Proposition 2.1), the most directly related Whitney extension problem is the one for
C 11-1 -maps, the so-called horizontal maps of class C' defined on Carnot groups. This is the framework of
our paper.

Simple arguments show that the Whitney extension theorem does not generalize to every ordered pair
of Carnot groups. Basic facts in contact geometry suggest that the extension does not hold for (R"*1, H,,),
i.e., for maps from R"*! to H,,. It is actually known that local algebraic constraints of first order make n
the maximal dimension for a Legendrian submanifold in a contact manifold of dimension 2n + 1. In fact
if the derivative of a differentiable map has range in the kernel of the contact form, the range of the map
has dimension at most #n. A map from R+ to H, is C}{ if it is C! with horizontal derivatives, i.e., if its
derivatives take value in the kernel of the canonical contact form. In particular, a C}q—map defined on
R"*! is nowhere of maximal rank. Moreover, it is a consequence of the Pansu-Rademacher theorem that
Lipschitz maps from R"*! to H,, are differentiable at almost every point with only horizontal derivatives.
Again n is their maximal rank. In order to contradict the extendability of Lipschitz maps, it is enough to
define a function on a subset whose topological constraints force any possible extension to have maximal
rank at some point. Let us sketch a concrete example that provides a constraint for the Lipschitz extension
problem: It is known that R" can be isometrically embedded in H,, with the exponential map (for the
Euclidean and Carnot—Carathéodory distances). One can also consider two “parallel” copies of R” in R"*+!
mapped to parallel images in H,,; the second is obtained from the first by a vertical translation. Aiming
for a contradiction, suppose that there exists an extending Lipschitz map F. It provides on R” x [0, 1] a
Lipschitz homotopy between F(R" x {0}) and F(R" x {1}). Using the definition of a Lipschitz map and
some topology, the topological dimension of the range is at least n+1 and its (n+1)-Hausdorff measure
is positive. This is not possible because of the dimensional constraints explained above. See [Balogh
and Fissler 2009] for a more rigorous proof using a different set as a domain for the function to be
extended. That proof is formulated in terms of index theory and the purely (n+1)-unrectifiability of H,,.
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The latter property means that the (n+1)-Hausdorff measure of the range of a Lipschitz map is zero.
This construction and some other ideas from the works on the Lipschitz extension problem [Balogh and
Fassler 2009; Wenger and Young 2010; Rigot and Wenger 2010; Balogh et al. 2016] can probably be
adapted to the Whitney extension problem. It is not really our concern in the present article to list the
similarities between the two problems, but rather to exhibit a class of ordered pairs of Carnot groups for
which the validity of the Whitney extension problem depends on the geometry of the groups. Note that a
different type of counterexample to the Whitney extension theorem, involving groups which are neither
Euclidean spaces nor Heisenberg groups, has been obtained by A. Kozhevnikov [2015]. It is described in
Example 2.6.

Our work is motivated by a suggestion of Serra Cassano [2016]. He proposed (i) to choose general
Carnot groups G as target space, and (ii) to look at Cll{ curves only, i.e., C' maps from R to G with
horizontal derivatives. As we will see, the problem is very different from the Lipschitz extension problem
for (R, ) and from the Whitney extension problem for (&, R). Indeed, both such problems can be solved
for every G, while the answer to the extendibility question asked by Serra Cassano depends on the choice
of G. More precisely, we provide a geometric characterization of those G for which the C}I-Whitney
extension problem for (R, G) can always be solved. We say in this case that the pair (R, G) has the C}q
extension property. Examples of target nonabelian Carnot groups for which C}, extendibility is possible
have been identified by S. Zimmerman [2017], who proved that for every n € N the pair (R, H,,) has the
C}i extension property.

The main component of the characterization of Carnot groups G for which (R, G) has the C}q extension
property is the notion of pliable horizontal vector. A horizontal vector X (identified with a left-invariant
vector field) is pliable if for every p € G and every neighborhood €2 of X in the horizontal layer of G, the
support of all C}I curves with derivative in €2 starting from p in the direction X form a neighborhood of
the integral curve of X starting from p (for details, see Definition 3.4 and Proposition 3.7). This notion is
close but not equivalent to the property of the integral curves of X not being rigid in the sense introduced
by Bryant and Hsu [1993], as we illustrate in Example 3.5. We say that a Carnot group G is pliable if all
its horizontal vectors are pliable. Since any rigid integral curve of a horizontal vector X is not pliable, it
is not hard to show that there exist nonpliable Carnot groups of any dimension larger than 3 and of any
step larger than 2 (see Example 3.3). On the other hand, we give some criteria ensuring the pliability of a
Carnot group, notably the fact that it has step 2 (Theorem 6.5). We also prove the existence of pliable
groups of any positive step (Proposition 6.6).

Our main theorem is the following.

Theorem 1.1. The pair (R, G) has the C}q extension property if and only if G is pliable.

The paper is organized as follows: in Section 2 we recall some basic facts about Carnot groups and
we present the C}{ -Whitney condition in the light of the Pansu—Rademacher theorem. In Section 3 we
introduce the notion of pliability, we discuss its relation with rigidity, and we show that pliability of G
is necessary for the C}, extension property to hold for (R, G) (Theorem 3.8). The proof of this result
assumes that a nonpliable horizontal vector exists and uses it to provide an explicit construction of a
C}q map defined on a closed subset of R which cannot be extended on R. Section 4 is devoted to proving
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that pliability is also a sufficient condition (Theorem 4.4). In Section 5 we use our result to extend a
Lusin-like theorem proved recently by G. Speight [2016] for Heisenberg groups; see also [Zimmerman
2017] for an alternative proof. More precisely, it is proved in [Le Donne and Speight 2016] that an
absolutely continuous curve in a group of step 2 coincides on a set of arbitrarily small complement with a
C}q curve. We show that this is the case for pliable Carnot groups (Proposition 5.2). Finally, in Section 6
we give some criteria for testing the pliability of a Carnot group. We first show that the zero horizontal
vector is always pliable (Proposition 6.1). Then, by applying some results of control theory providing
criteria under which the endpoint mapping is open, we show that G is pliable if its step is equal to 2.

2. The Whitney condition in Carnot groups

A nilpotent Lie group G is said to be a Carnot group if it is stratified in the sense that its Lie algebra &
admits a direct sum decomposition
& DD By,

called stratification, such that [&;, &;] = &, ; for every i, j € N* with i 4 j < s and [&;, &;] = {0} if
i+ j >s. Werecall that [&;, &;] denotes the linear space spanned by {[X,Y] € & | X € &;, Y € &;}.
The subspace & is called the horizontal layer and it is also denoted by & 5. We say that s is the step
of G if B, # {0}. The group product of two elements x, x, € G is denoted by x; - x». Given X € & we
write ady : & — & for the operator defined by adyY = [X, Y].

The Lie algebra & can be identified with the family of left-invariant vector fields on . The exponential
is the application that maps a vector X of & into the endpoint at time 1 of the integral curve of the vector
field X starting from the identity of G, denoted by Og. That is, if

y(0)=0s and y()=Xoy(),

then y (1) = exp(X). We also denote by e'X : G — G the flow of the left-invariant vector field X at time ¢.
Notice that 'X (p) = p - exp(tX). Integral curves of left-invariant vector fields are said to be straight
curves.

The Lie group G is diffeomorphic to RY with N = Y i dim(&y). A usual way to identify G and RN
through a global system of coordinates is to pull-back by exp the group structure from G to &, where it
can be expressed by the Baker—Campbell-Hausdorff formula. In this way exp becomes a mapping of
® = G onto itself that is simply the identity.

For any A € R we introduce the dilation A, : & — & uniquely characterized by

{Ax([X, YD) =[Au(X), Ay(Y)] forany X,Y € &,
A (X)=AX for any X € &;.

Using the decomposition X = X + - - - + X with X; € &, it holds that A, (X) = Zi:l AKX . For any
A € R we also define on G the dilation 6, =expoA; o exp_l.

Given an absolutely continuous curve y : [a, b] — G, the velocity y (¢), which exists from almost
every t € [a, b], is identified with the element of & whose associated left-invariant vector field, evaluated
at y (1), is equal to y(¢). An absolutely continuous curve y is said to be horizontal if y(t) € &y for
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almost every ¢. For any interval / of R, we denote by C},{(I , G) the space of all curves ¢ € C'(I, G) such
that d')(t) € &y forevery t € 1.

Assume that the horizontal layer &y of the algebra is endowed with a quadratic norm || - ||es,,. The
Carnot—Carathéodory distance dg(p, g) between two points p, g € G is then defined as the minimal
length of a horizontal curve connecting p and ¢; i.e.,

b
ds(p,q) = inf{/ ly Olle, dt

y :la, b] — G horizontal, y(a) = p, y(b) = q}.

Note that dg is left-invariant. It is known that dg provides the same topology as the usual one on G.
Moreover, it is homogeneous; i.e., dg (5, p, 8,.9) = |Aldg(p, g) for any A € R.

Observe that the Carnot—Carathéodory distance depends on the norm || - ||¢, considered on Gp.
However, all Carnot—Carathéodory distances are in fact metrically equivalent. They are even equivalent
with any left-invariant homogeneous distance [Folland and Stein 1982], similar to the way all norms on a
finite-dimensional vector space are equivalent.

Notice that dg(p, - ) can be seen as the value function of the optimal control problem

m
p=> wiXi(y), (i ....un)eR",
i=1

y(a) = p,

b
f \/ul(t)2+---+um(t)2dt — min,

where X1, ..., X isa || - ||, -orthonormal basis of Gy.
Finally, the space C}q ([a, b], G) of horizontal curves of class C! can be endowed with a natural C! metric
associated with (dg, || - |les,) as follows: the distance between two curves y; and y; in C}I([a, b], G) is

max( sup dg(v1(1), 2(1)), sup [[2(t) —1(D)le,).

t€la,b] t€la,b]

In the following, we will write [|2 — ¥1loo,5, to denote the quantity sup,c, , [172(2) — Y1 ()|l -

Whitney condition. A homogeneous homomorphism between two Carnot groups G| and G, is a group
morphism L : G; — G, with LoSf] = 6?2 oL forany A € R. Moreover, L is a homogeneous homomorphism
if and only if expg 21 oL oexpg, is a homogeneous Lie algebra morphism. It is in particular a linear map on
G identified with &g,. The first layer is mapped on the first layer so that a homogeneous homomorphism
from R to Gy has the form L(t) = expg, (1 X), where X € (522.

Proposition 2.1 (Pansu—Rademacher theorem). Let f be a locally Lipschitz map from an open subset U
of Gy into Gy. Then for almost every p € U, there exists a homogeneous homomorphism L, such that

Gi3q > 872 (F ()" f(p-67(9)) (1)

tends to L, uniformly on every compact set K C Gy as r goes to zero.
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Note that in Proposition 2.1 the map L, is uniquely determined. It is called the Pansu derivative of f
at p and denoted by Df,.

We denote by C},(Gl, (37) the space of functions f such that (1) holds at every point p € G, and
p > Df, is continuous for the usual topology. For G = R this coincides with the definition of C}I (1, Gy)
given earlier; see [Pansu 1989, Proposition 4.1]. We have the following.

Proposition 2.2 (Taylor expansion). Let f € C}{ (Gy, Gy), where Gy and Gy are Carnot groups. Let
K C Gy be compact. Then there exists a function w from Rt to RY with w(t) = o(t) at 0" such that for
any p,q € K,

de,(f (@), f(P)-Dfp(p™" - @) < @(dg, (p. 9)),

where Df), is the Pansu derivative.
Proof. This is a direct consequence the mean value inequality by Magnani [2013, Theorem 1.2]. O

The above proposition hints at the suitable formulation of the C'-Whitney condition for Carnot groups.
This generalization already appeared in the literature in [Vodop’yanov and Pupyshev 2006a].

Definition 2.3 (C }L,—Whitney condition). e Let K be a compact subset of &; and consider f : K — ()
and a map L which associates with any p € K a homogeneous group homomorphism L(p). We say
that the C }q-Whitney condition holds for (f, L) on K if L is continuous and there exists a function w
from R to R™ with w(t) = o(¢) at 0" such that, for any p, g € K,

de,(f(@), f(p)-L(p)(p~" - @) < w(dg, (p, 9)) )

e Let K¢ be a closed set of G, f: Ko — Gy, and L be such that Ky > p — L(p) is continuous. We
say that the C}{—Whimey condition holds for (f, L) on K| if for any compact set K C K it holds for
the restriction of (f, L) to K.

Of course, according to Proposition 2.2, if f € C}i (G, ), then the restriction of (f, Df) to any
closed K satisfies the C}L]—Whitney condition on Kj.
In this paper we focus on the case G; =R. The condition on a compact set K is rg , — 0 as n— 0, where

de, (f (1), f(x)-expl(t — 1) X (v)])

7,reK |t —¢|
O<|t—t|<n

: 3

FK.n =

because for every T € R one has [L(7)](h) =exp(hX (7)) for some X(7) € Qﬁ?f and every h € R. With
a slight abuse of terminology, we say that the C}q -Whitney condition holds for (f, X) on K.

In the classical setting, the Whitney condition is equivalent to the existence of a C! map f : R"! — R"?
such that f and D f have respectively restrictions f and L on K. This property is usually known as
the C'-Whitney extension theorem or simply the Whitney extension theorem, as for instance in [Evans
and Gariepy 2015], even though the original theorem by Whitney [1934a; 1934b] is more general and
in particular includes higher-order extensions and considers the extension f — f as a linear operator.
This theorem is of broad use in analysis and is still the subject of dedicated research. See, for instance,
[Brudnyi and Shvartsman 1994; Fefferman 2005; Fefferman et al. 2014].
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Definition 2.4. We say that the pair (G, Gy) has the C}{ extension property if for every (f, L) satisfying
the C}I—Whitney condition on some closed set K there exists f € C}I (G1, Gy) which extends f on G
and such that D f,, = L(p) for every p € K.

We now state the C}I -extension theorem that Franchi, Serapioni, and Serra Cassano proved in [Franchi
et al. 2003, Theorem 2.14]. It has been generalized by Vodop’yanov and Pupyshev [2006a; 2006b]
to a form closer to Whitney’s original result including higher-order extensions and the linearity of the
operator f > f.

Theorem 2.5 (Franchi, Serapioni, Serra Cassano). For any Carnot group G| and any d € N, the pair
(Gy, RY) has the C;I extension property.

The proof proposed by Franchi, Serapioni, and Serra Cassano is established for Carnot groups of step 2
only, but is identical for general Carnot groups. It is inspired by the proof in [Evans and Gariepy 2015],
which corresponds to the special case G; = R*! for n; > 1.

Let us mention an example from the literature of nonextension with G; 7 R. This remarkable fact was
explained to us by A. Kozhevnikov.

Example 2.6. If G| and G are the ultrarigid Carnot groups of dimensions 17 and 16 respectively,
presented in [Le Donne et al. 2014] and analyzed in Lemma A.2.1 of [Kozhevnikov 2015], one can
construct an example (f, L) satisfying the C L-Whitney condition on some compact K without any
possible extension (f, D f) on G;. For this, one exploits the rarity of C }q maps of maximal rank in
ultrarigid Carnot groups. The definition of ultrarigid from [Le Donne et al. 2014, Definition 3.1] is that all
quasimorphisms are Carnot similitudes, i.e., compositions of dilations and left-translations. We do not use
here directly the definition of ultrarigid groups but just the result stated in Lemma A.2.1 of [Kozhevnikov
2015] for G and G,. Concretely, let us set

K={(pi,....p) €G1 | pp=---=pis=0, pre[-1, 1], pir=pi}.

Let the map f be constantly equal to 0 on K and L be the constant projection

AN:Gy— Gy, (q1,---.q17) = (q1,---,q16)-

Lemma A.2.1 in [Kozhevnikov 2015] applied at the point Og, implies that the only possible extension
of f is the projection L(0) = A. But this map vanishes only on {p € G; | p; = --- = p16 = 0}, which
does not contain K. It remains for us to prove that Whitney’s condition holds. In fact for two points
p = (x,0rs, x) and g = (y, Ogis, y) in K, we look at the distance from f(x) = Og, to

fP)-LO(p~"-q) = LO)((x, Oss, ) ™" - (v, Ogis, ) = (3 — x, Ogss)

on the one side and from p to g on the other side. The first one is |y — x|, up to a multiplicative constant,
and when |y — x| goes to zero, the second one is c|y — x|'/3 for some constant ¢ > 0. This proves the
C}I—Whitney condition for (f, L) on K.

In the present paper we provide examples of ordered pairs (G, Gy) with G; = R such that the
C}q extension property does or does not hold, depending on the geometry of G,. We do not address the
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problem of Whitney extensions for orders larger than 1. A preliminary step for considering higher-order
extensions would be to provide a suitable Taylor expansion for C;-functions from R to G, in the spirit
of what was recalled for m = 1 in Proposition 2.2.

Let us conclude the section by assuming that the C }q extension property holds for some ordered pair
(G, Gy) of Carnot groups and by showing how to deduce it for other pairs. We describe below three
such possible implications:

(1) Let S; be a homogeneous subgroup of G that admits a complementary group KK in the sense of
[Serra Cassano 2016, Section 4.1.2]: both §; and KK are homogeneous Lie groups and the intersection
is reduced to {0}. Assume moreover that S; is a Carnot group and K is normal, so that one can define
canonically a projection 7 : G; — S; that is a homogeneous homomorphism. Moreover, 7 is Lipschitz
continuous; see [Serra Cassano 2016, Proposition 4.13]. For the rest of the section, we say that S; is an
appropriate Carnot subgroup of G,. It can be easily proved that (S1, ;) has the C }1 extension property.

(2) Assume now that S; is an appropriate Carnot subgroup of (;. Using the Lipschitz continuity of
the projection 7 : G, — S5, one easily deduces from the definition of the C}{—Whitney condition that
(Gy, S») has the C}{ extension property.

(3) Finally assume that (G, G}) has the C }{ extension property, where @) is a Carnot group. Then one
checks without difficulty that the same is true for (G, G, x G}).

As a consequence of Theorem 1.1, we can use these three implications to infer pliability statements.
Namely, a Carnot group G is pliable if (i) (Gg, &) has the C}q extension property for some Carnot group g
of positive dimension, (ii) G is the appropriate Carnot subgroup of a pliable Carnot group, and (iii) G is
the product of two pliable Carnot groups.!

3. Rigidity, a necessary condition for the C}i extension property

Let us first adapt to the case of horizontal curves on Carnot groups the notion of rigid curve introduced
by Bryant and Hsu [1993]. We will show in the following that the existence of rigid curves in a Carnot
group G can be used to identify obstructions to the validity of the C }1 extension property for (R, G).

Definition 3.1 (Bryant, Hsu). Let y € C }{([a, b], G). We say that y is rigid if there exists a neighbor-
hood V of y in the space C}i([a, b], G) such that if 8 € V and y(a) = B(a), y(b) = B(b) then B is a
reparametrization of y.

A vector X € By is said to be rigid if the curve [0, 1] 5 t — exp(¢#X) is rigid.

A celebrated existence result of rigid curves for general sub-Riemannian manifolds has been obtained
by Bryant and Hsu [1993] and further improved in [Liu and Sussman 1995; Agrachev and Sarychev
1996]. Examples of Carnot groups with rigid curves have been illustrated in [Golé and Karidi 1995] and
extended in [Huang and Yang 2012], where it is shown that, for any N > 6, there exists a Carnot group of

I Added in print: both the notions of Carnot subgroup and Carnot quotient group can be defined, based on the definitions
of Lie subgroup and Lie quotient group. The additional structure to care about is the grading and the fact that the first layer
generates the Lie algebra. Appropriate Carnot subgroups are in fact those groups that are both Carnot subgroups and Carnot
quotient groups. As E. Le Donne pointed out to us, the only necessary setup for (2) and (ii) is the quotient structure.
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topological dimension N having rigid curves. Nevertheless, such curves need not be straight. Actually,
the construction proposed in [Huang and Yang 2012] produces curves which are necessarily not straight.

Following [Agrachev and Sarychev 1996], see also [Montgomery 1995], and focusing on rigid straight
curves in Carnot groups, we can formulate Theorem 3.2 below. In order to state it, let w : T*G — G be the
canonical projection and recall that a curve p : I — T*G is said to be an abnormal pathif top: 1 - G
is a horizontal curve, p(t) # 0 and p(t)X = 0 for every f € I and X € &y, and, moreover, for every
Y € & and almost every t € I,

d

Ep(t)Y =pO[Z(), Y], 4
where 4

Z(t) = En op(t) e &y.

Theorem 3.2. Let X € &y and assume that p : [0, 11— T*G is an abnormal path with wo p(t) =exp(t X).
If t — exp(tX) is rigid, then p(t)[V, W] =0 for every V, W € &y and every t € [0, 1]. Moreover,
denoting by Q ) the quadratic form Q ,, (V) = p(O)[V, [X, V]l defined on {V € &y | V L X}, we have
Opa) =0 foreveryt €[0, 1].
Conversely, if p(t)[V, W] =0 for every V,W € &y and every t € [0, 1] and Q,) > 0 for every
t €[0, 1] then t — exp(tX) is rigid.

Example 3.3. An example of Carnot structure having rigid straight curves is the standard Engel structure.
In this case s = 3, dim&; = 2, dim &, = dim ®3 = 1 and one can pick two generators X, Y of the
horizontal distribution whose only nontrivial bracket relations are [ X, Y] = W, and [Y, W ] = W,, where
Wi and W, span &, and &3 respectively.

Let us illustrate how the existence of rigid straight curves can be deduced from Theorem 3.2 (one
could also prove rigidity by direct computations of the same type as those of Example 3.5 below).

One immediately checks that p with p(#)X = p(#)Y = p(t)W; =0 and p(t) W, =1 is an abnormal
path such that 7 o p(¢) = exp(¢X). The rigidity of # — exp(¢# X) then follows from Theorem 3.2, thanks
to the relation Q,(Y) = 1.

An extension of the previous construction can be used to exhibit, for every N > 4, a Carnot group
of topological dimension N and step N—1 having straight rigid curves. It suffices to consider the
N-dimensional Carnot group with Goursat distribution, that is, the group such that dim &; =2, dim &; =1
fori =2,..., N — 1, and there exist two generators X, Y of &; whose only nontrivial bracket relations
are [ X, Y]=W;and [Y, W;]=W,;, fori=1,..., N—3, where &;,,; = Span(W;) fori =1,..., N —2.

The following definition introduces the notion of pliable horizontal curve, in contrast to a rigid one.

Definition 3.4. We say that a curve y € C }L,([a, b], G) is pliable if for every neighborhood V of y in
Ch([a, b], G) the set

{(BD), BB BV, (B, B)a)=(y,y)@)}
is a neighborhood of (y (b), y (b)) in G x Gy.

A vector X € By is said to be pliable if the curve [0, 1] > t — exp(¢X) is pliable.
We say that G is pliable if every vector X € By is pliable.
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By metric equivalence of all Carnot—Carathéodory distances, it follows that the pliability of a horizontal
vector does not depend on the norm || - ||¢5,, considered on &g.

Notice that, by the definition of pliability, in every C }1 neighborhood of a pliable curve y : [a, b] —> G
there exists a curve 8 with B(a) =y (a), (B, B)(b) = (y (b), W), and W # 3 (b). This shows that pliable
curves are not rigid. It should be noticed, however, that the converse is not true in general, as will be
discussed in Example 3.5. In this example we show that there exist horizontal straight curves that are
neither rigid nor pliable.

Example 3.5. We consider the 6-dimensional Carnot algebra & of step 3 that is spanned by X, Y, Z,
[X, Z], [Y, Z], and [ Y, [Y, Z]], where X, Y, Z is a basis of & and, except for permutations, all brackets
different from the ones above are zero.

According to [Bonfiglioli et al. 2007, Chapter 4] there is a group structure on R® with coordinates
(x,¥,z,21, 22, z3) isomorphic to the corresponding Carnot group G such that the vectors of &, are the
left-invariant vector fields

X=0d, Y=0, Z=08 +xd,+yd,+y 0,

Consider the straight curve [0, 1] > ¢ +— y (¢) = exp(tZ) € G. First notice that y is not pliable, since
for all horizontal curves in a small enough C' neighborhood of y the component of the derivative along
Z is positive, which implies that the coordinate z3 is nondecreasing. No endpoint of a horizontal curve
starting from Og and belonging to a small enough C' neighborhood of ¥ can have negative z3-component.

Let us now show that y is not rigid either. Consider the solution 8 of

) =ZB@) +u®)X(B1), B0)=0g.

Notice that the y-component of g is identically equal to zero. As a consequence, the same is true for
the components z, and z3, while the x-, z- and z;-components of S(¢) are, respectively, fot u(r)dr, t,
and fot for u(0)do dr. In order to disprove the rigidity, it is then sufficient to take a nontrivial continuous
u:[0,1] — R such that [ u(z)dt =0= [ [T u(@)dodr.

Let us list some useful manipulations which transform horizontal curves into horizontal curves. Let y
be a horizontal curve defined on [0, 1] and such that y (0) = Og.

(T1) For every A > 0, the curve t € [0, L] — §, o y(A‘lt) is horizontal and its velocity at time ¢ is

y ).
(T2) For every A < 0, the curve t € [0, |A|] — 8, o ¥( |A|~'¢) is horizontal and its velocity at time ¢ is
—y (A7 1).

(T3) The curve y defined by 7(t) = y(1)~' - y(1 —1) is horizontal. It starts in Og and finishes in y ~!(1).
Its velocity at time ¢ is —y (1 —1).

(T4) If one composes the (commuting) transformations (T2) with A = —1 and (T3), one obtains a curve
with derivative y (1 — ¢) at time ¢.
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(T5) It is possible to define the concatenation of two curves y; : [0,#;] — G and y, : [0,] > G
both starting from Og as follows: the concatenated curve y : [0, t; + ;] — G satisfies ¥ (0) = Og,
has the same velocity as y; on [0, #1] and the velocity of y,(- — #;) on [f1,t] + f2]. We have
y(t1 + 1) = y1(t1) - y(£2) as a consequence of the invariance of Lie algebra for the left-translation.

A consequence of (T1) and (T2) is that X € &g \ {0} is rigid if and only if AX is rigid for every
A € R\ {0}. Similarly, X € &y is pliable if and only if A X is pliable for every A € R\ {0}.

Proposition 3.7 below gives a characterization of pliable horizontal vectors in terms of a condition
which is a priori easier to check than the one appearing in Definition 3.4. Before proving the proposition,
let us give a technical lemma. From now on, we write Bg(x, r) to denote the ball of center x and radius r
in G for the distance dg and, similarly, B, (x, r) to denote the ball of center x and radius r in &g for
the norm | - ||s,,-

Lemma 3.6. For any x € G and 0 < r < R, there exists € > 0 such that if y,z € G and p > 0 satisfy
ds(y,06),ds(z,0G), p < &, then

Be(x,r) Cy-81—p(Bg(x, R)) - z.

Proof. Assume, by contradiction, that for every n € N there exist x,, € Bg(x,r), Yu,2n € Bs(0g, 1/n)
and p, € [0, 1/n] such that

Xp & Yn +81—p,(Bs(x, R)) - zs-
Equivalently,
81-py 1O Xn-2, ) & Be(x, R).
However, limsup,,_, . dg (x, S(1—p)-1 (7t x, -Z;l)) <r, leading to a contradiction. O

Proposition 3.7. A vector V € &y is pliable if and only if for every neighborhood V of the curve
[0, 1] 2 ¢ +— exp(tV) in the space C}J([O, 1], G), the set

BBV, (B.5)0) = (0g, V)}
is a neighborhood of exp(V).
Proof. Let
F:Cy([0.11,6) > Gx &y, B> (B, A,

and denote by 7 : G X & — G the canonical projection.
One direction of the equivalence being trivial, let us take & > 0 and assume that 7w o F(lf) is a
neighborhood of exp(V) in G, where

Us ={B €C([0,11,6) | (B. B)(0) = (0, V), I1B— Voo, <}
We should prove that F (U, ) is a neighborhood of (exp(V), V) in G x &y.

Step 1: As an intermediate step, we first prove that there exists n > 0 such that Bg(exp(V), n) x {V}is
contained in F(Uf).
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Let p be a real parameter in (0, 1). Using the transformations among horizontal curves described
earlier in this section, let us define a map 7, : U, — C}]([O, 1], G) associating with a curve y € U, the
concatenation, i.e., transformation (T5), of 1 : t+— 6,0 ¥ (p~'t) on [0, p] obtained by transformation (T1)
and a curve y; defined as follows. Consider y 1 :[0, 1 —p]> 1+ §1_,0y((1— 07, again using (T1).
The curve y; is defined from y, ; by

V2 () = v1(0) - (Y21 (1= p) " -8_10y21((1 —p) —1));

see transformation (T4). The derivative of T, (y) at time ¢ € [0, p) is y(p~'t). Its derivative at time p + ¢
is (1 — (1 —p)~'t) fort € (0, 1 — p]. Hence T,(y) is continuous and has derivative y (1) at limit times
p~ and pT; i.e., it is a well-defined map from U into C }{([0, 1], G). Moreover, T,(y) has the same
derivative V = p(0) at times 0 and 1 and its derivative at any time in [0, 1] is in the set of the derivatives
of y. In particular, T,,(U;) C Us.

Notice now that, by construction, the endpoint 7, (y)(1) of the curve 7, (y) is a function of y (1) and p
only. It is actually equal to

Fp(x) =8,(x)-8p-1(x) ",

where x = y(1); see (T1) and (T4). Let xo = exp(V) and yp : t — exp(tV). We have F,(xo) = xo
because T),(yp) = o, both curves having derivative constantly equal to V. We prove now that for p close
enough to 1, the differential of F, at x¢ is invertible. Let us use the coordinate identification of G with
RY. For every y € G, the limits of 3,(y) and 81_,(y) as p tends to 1 are y and Og respectively, while
Déd,(y) and D§,_1(y) converge to Id and O respectively. One can check — see, e.g., [Bonfiglioli et al.
2007, Proposition 2.2.22] — that the inverse function has derivative —Id at Og. Finally the left and right
translations are global diffeomorphisms. Collecting this information and applying the chain rule, we get
that D F,(xo) tends to an invertible operator as p goes to 1. Hence for p great enough, F,(xo) is a local
diffeomorphism.

We know by assumption on V that, for any ¢ > 0, the endpoints of the curves of U, form a neighborhood
of xo. We have shown that this is also the case if we replace U, by T, () for p close to 1. The curves of
T,(U;) are in U, and have, moreover, derivative V at time 1. We have thus proved that for every ¢ > 0
there exists n > 0 such that Bg(xg, n) x {V'} is contained in F(Uf,).

Step 2: Let us now prove that 7 (Uf) is a neighborhood of (xg, V) in G x &y.

Let B8 be a curve in U, with B(l) = V and consider for every W € Bg,, (V, ¢) and every p € (0, 1)
the curve «, w defined as follows: a, w = 61—, 0 B((1 — p)~'t) on [0, 1 — p] (transformation (T1)) and
&, w is the linear interpolation between V and W on [1 — p, 1]. Notice that «,, w is in Us.

Let u € G be the endpoint at time p of the curve in G starting at Og whose derivative is the linear
interpolation between V and W on [0, p]. Then (a, w, &, w)(1) = (61—,(B(1)) -u, W) and u depends
only on V, p and W, and not on the curve 8. Moreover, u tends to Og as p goes to 1, uniformly with respect
to W e Bg, (V, ¢). Lemma 3.6 implies that for p sufficiently close to 1, for every W € B, (V, €), it holds
that 8, , (Bg(x0, ) -u D Bg (xo, %n) We proved that B@(xo, %n) x Bg, (V, &) C F(U), concluding the
proof of the proposition. U
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The main result of this section is the following theorem, which constitutes the necessary part of the
characterization of C}q extendability stated in Theorem 1.1.

Theorem 3.8. Let G be a Carnot group. If (R, G) has the C}I extension property, then G is pliable.

Proof. Suppose, by contradiction, that there exists V € &y which is not pliable. We are going to prove
that (R, G) does not have the C}, extension property.

Let y(¢) =exp(tV) for ¢t € [0, 1]. Since V is not pliable, it follows from Proposition 3.7 that there exist
a neighborhood V of y in the space C ;,([O, 1], G) and a sequence (x,),>1 converging to Og such that for
every n > 1 no curve 8 in V satisfies (8(0), ,B (0))=(0g, V) and (1) =y (1)-x,. In particular, there exists
a neighborhood 2 of V in &y such that for every 8 € C},([O, 1], G) with (8(0), ,3(0)) = (0g, V) and

B(t) e Vtelo,1],

we have (8(1), B(l)) # (y(1)-x,, V) for every n € N. Since lim,_, », x, = Og, we can assume without
loss of generality that, for every n > 1,

max{d(8,(x,) -exp(tV),exp(tV)) | p €10, 1], 1 € [-1, 1]} <27 5)

By homogeneity and left-invariance, we deduce that for every y € G and every p > 0, for every
B € ([0, pl, G) with (8(0), B(0)) = (v, V) and

B(t)eQ Vrelo, pl,

we have (8(p), B(0)) # (v - ¥(p) - 8,(xn), V) for every n € N.

Define
1 1 1

o T a1l n+ D)

and X, = §,,(x,) for every n € N. It follows from (5) that
max{d (%, -exp(tV),exp(tV)) |t € [-1,1]} <27 Vn>1. (6)
We introduce the sequence defined recursively by yg = Og and
Ynt+1=Yn -V (Pn) - Xn. (M

Notice that (y,),>1 is a Cauchy sequence and denote by y its limit as n — oo.

By construction, for every n € N and every 8 € C}I([O, onl, G) with (B(0), B(0)) = (y,, V) and B(¢) € Q
for all ¢ € [0, p, ], we have (8(on), B(,on)) # (Yn+1, V). The proof that (R, G) does not have the C}, exten-
sion property is then concluded if we show that the C}{—Whitney condition holds for (f, X) on K, where

K:(G{l—%})uu},

n=1

and f: K - G and X : K — & are defined by

fA=nYH=y, XA-=n"H=V, neNUoo}.
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For i, j € N* U {00}, let

DG, j)=de(f(A—i""), fFA—j D -expl(j~' —i"HX (1= 7H])
=dg(yi, yj-expl(j ' =i~ HV]).
We have to prove that
DG, jy=o(' =i
asi, j — oo; that is, for every & > 0, there exists i, € N* such that D(i, j) <e|j~'—i~!| fori, j e N*U{oo}
with i, j > i,.
By the triangle inequality we have

max(i,j)—1

DG, )< Y de(vesr-expl(k+ 17" =i YV, yi-explk~ =i~ HV]).
k=min(i, j)

Notice that
dg (yis1 - expl((k+ D™ =i ™YV, yexp[(k ™" —i7HV])
= dg (yer1 -expl(k+ D™ =i YV, - v ()] - expl((k+ D' —i~HV])
=dg (- expl((k+ D)7 =i HV] expl((k + D' =i"HV]),

where the last equality follows from (7) and the invariance of dg by left-multiplication. Thanks to (6),
one then concludes that

de (Y1 -expl((k+ D7 =i YV, ye-explk™' =i~ Hv]) <27k

Hence,

max (i, j)—1

DG, = Y. 2F=o(' =i, O

k=min(i, j)

4. Sufficient condition for the C}q extension property

We have seen in the previous section that, differently from the classical case, for a general Carnot group G

the suitable Whitney condition for ( f, X) on K is not sufficient for the existence of an extension (f, f)

of (f, X) on R. More precisely, it follows from Theorem 3.8 that if G has horizontal vectors which are

not pliable, then there exist triples (K, f, X) such that the C}{—Whitney condition holds for (f, X) on K

but there is not a C}{—extension of (f, X). In this next section we prove the converse to the result above,

showing that the C }1 extension property holds when all horizontal vectors are pliable, i.e., when G is pliable.
We start by introducing the notion of a locally uniformly pliable horizontal vector.

Definition 4.1. A horizontal vector X is called locally uniformly pliable if there exists a neighborhood U
of X in &y such that for every € > 0, there exists n > 0 so that for every W e U

{r, () |y €Cx(10,11,6), (v, 7)0) =06, W), [y =W lleo.6, <&} D Balexp(W), n)xBe, (W, n).
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Remark 4.2. As it happens for pliability, if X is locally uniformly pliable then, for every A € R\ {0},
AX is locally uniformly pliable.

We are going to see in Remark 6.2 that pliability and local uniform pliability are not equivalent
properties. The following proposition, however, establishes the equivalence between pliability and local
uniform pliability of all horizontal vectors.

Proposition 4.3. If G is pliable, then all horizontal vectors are locally uniformly pliable.

Proof. Assume that G is pliable. For every V € &y and ¢ > 0 denote by n(V, ¢) a positive constant
such that

{r. V(D) |y €0, 11,6G), (v, 7)(0) =06, V), Y = Vicc.e, <&}
D Ba(exp(V), n(V, &) X Be, (V,n(V, €)).
We are going to show that there exists v(V, €) > 0 such that for every W € Bg, (V, v(V, ¢))
{. D) |y €Cy(0.11.6), (v, 9)(0) = 0, W), Iy = Wlx,6, <¢}
O Bg(exp(W), 1n(V. 1¢)) x Bs, (W, 11(V. 1¢)). (®)

The proof of the local uniform pliability of any horizontal vector X is then concluded by simple
compactness arguments (taking any compact neighborhood ¢/ of X, using the notation of Definition 4.1).
First fix v(V, €) > 0 in such a way that

exp(W) € Bg(exp(V), yn(V. 3¢))

for every W € Bg, (V, v(V, ¢)).

For every W € &y, every p € (0, 1), and every curve y € C}I([O, 1], G) such that (y, y)(0) = (0g, V),
define yw , € C}J([O, 11, G) as follows: yw, ,(0) =0g, yw,,(t) = (t/p)V +((p —1)/p)W fort € [0, p],
and yw (o + (1 —p)t) =y () for t € [0, 1]. In particular,

Yw.o(1) =vw,p(p)-81-p(y (1),  yw,,(1)=y(),
and
IYw.o = Wleo,ey <11V = Vo, + W = Vlle,.
£V -Wle, < %8, we then have
I9w.p — Wloo,.8, <& Yy suchthat |y — Ve, < 5.

Since yw,,(p) depends on V, W, and p, but not on y, we conclude that, for every W € Bg,, (V, 18),

2
[, B | B €C}(10,11,G), (B, B)(0) = (0g, W), If — Wllsoe, <e}
D (yw.0(0) - 81-p(Ba(exp(V), n(V, 3¢)))) x Be, (V. n(V, 3¢)).

Notice that dg (Og, yw,,(0)) < p max(||Vlls,, |Wle,). Thanks to Lemma 3.6, for p sufficiently small,

yw.p(0) - 81— (Bs(exp(V), n(V. 3¢))) D Bs(exp(V). 3n(V. 3¢)).
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Now,
B (exp(V), 3n(V, 3¢)) D Bs(exp(W), 1n(V. 1e))

whenever W € Bg, (V, v(V, €)).
Similarly,

Bey (V. n(V. 3¢)) 2 Bey (W, qn(V. 3¢)).

provided that
IV —Wles, < 2n(V, 3¢).

The proof of (8) is concluded by taking
v(V,e)= min(f)(V, ), %e, f—m(V, %8)) O
We are now ready to prove the converse of Theorem 3.8, concluding the proof of Theorem 1.1.
Theorem 4.4. Let G be a pliable Carnot group. Then (R, G) has the C}{ extension property.

Proof. By Proposition 4.3, we can assume that all vectors in &y are locally uniformly pliable. Note,
moreover, that it is enough to prove the extension for maps defined on compact sets K. The generalization
to closed sets K is immediate because the source Carnot group is R. Let ( f, X) satisfy the C }J-Whitney
condition on K, where K is compact. We have to define f on the complementary (open) set R\ K, which
is the countable and disjoint union of open intervals. For the unbounded components of R\ K, we simply
define f as the curve with constant speed X (i) or X (j), where i = min(K) and j = max(K). For the
finite components (a, b) we proceed as follows. We consider y = 81/p—a)(f (@)~ '- f(b)). We let ¢ be
the smallest number such that

{v, (D) |y €Cy0,11,6), (v, 7)(0) = (0, X (@), Iy = X (@6, <&}

contains (y, X (b)) for every &’ > &. We consider an extension fecC 1 of f on[a, b] such that f (a)=X(a),
f)=X®),and || f - X(@)]lx0, <2e. .

By construction, f extends f (but we do not know whether the extension is continuous) and f = X on
the interior of K. We prove now that f is C}I and that f = X on the boundary 9K of K. It is clear that
fiscC }1 on R\ 9K. In order to conclude the proof, we pick x € dK and we are left to prove that f(x)
exists, is equal to X (x), and f |r\ox has the correct limit at x. Because of the C},{—Whitney condition, we
know that for every sequence x, in K converging to x, the vector (f(x,) — f(x))/(x, — x) (written in any
coordinate system) converges to the coordinate representation of X (x). Let us then piqk a sequence x, in
R\ K tending to x, and we are left to show that both (f(x,) — f(x))/(x, —x) and f(x,) tend to X (x).
Assume for now that x,, > x for every n. The connected component (a,, b,) of R\ K containing x,, is
either constant for n large (in this case x = a,) or its length goes to zero as n — oo. In the first case we
simply notice that £, 5,] is C! by construction and that the right derivative of f at a, = x is equal to
X (x). In the second case we can assume that a, < x, < b, and b,, — a,, goes to zero. The local uniform
pliability of X (x) implies that ||f|[ambn] — X (an)lloo.6, goes to zero as n — oo. It follows that f(xn)
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converges to X (x) as n — oo. Hence, still in some coordinate system,
fuw—ﬂm_fmw+xme—m»<ﬂm+mM—%)
Xp—X Xp—X Xp—X

_ fla) — f)an—x

a, — X Xy — X

— X(x)

+X(an)<1 _ :;C) 4 00 = n)

n Xn — X

as n — oo. The situation where x, < x for infinitely many » can be handled similarly. ]

5. Application to the Lusin approximation of an absolutely continuous curve

In a recent paper, E. Le Donne and G. Speight [2016, Theorem 1.2] prove the following result.

Proposition 5.1 (Le Donne—Speight). Let G be a Carnot group of step 2 and consider a horizontal
curve y : la, b] > G. For any € > 0, there exist K C [a, b] and a C}I-curve v : la, b] — G such that
L([a,b]\K) <eandy =y on K.

In the case in which G is equal to the n-th Heisenberg group H,,, such a result had already been proved
in [Speight 2016, Theorem 2.2]; see also [Zimmerman 2017, Corollary 3.8]. In Theorem 3.2 of the
same paper, Speight also identified a horizontal curve on the Engel group such that the statement of
Proposition 5.1 is not satisfied.

The name “Lusin approximation” for the property stated in Proposition 5.1 comes from the use of the
classical theorem of Lusin [1912] in the proof. Let us sketch a proof when G is replaced by a vector
space R”". The derivative y of an absolutely continuous curve y is an integrable function. Lusin’s theorem
states that y coincides with a continuous vector-valued function X : K — R" on a set K of measure
arbitrarily close to b — a. Thanks to the inner continuity of the Lebesgue measure, one can assume that
K is compact. Moreover, K can be chosen so that the Whitney condition is satisfied by (y|g, X) on K.
This is a consequence of the mean value inequality

ly(x+h) —y &) —hy ()| < o(h), ©)

where o(h) depends on x € K. By usual arguments of measure theory, inequality (9) can be made uniform
with respect to x if one slightly reduces the measure of K. The (classical) Whitney extension theorem
provides a C Lcurve y) defined on [a, b] with y; =y and y; = X on K.

The proof in [Le Donne and Speight 2016], and also in [Speight 2016], follows the same scheme as
the one sketched above. We show here below how the same scheme can be adapted to any pliable Carnot
group. The fact that all Carnot groups of step 2 are pliable and that not all pliable Carnot groups are of
step 1 or 2 is proved in the next section (Theorem 6.5 and Proposition 6.6), so that our paper actually
provides a nontrivial generalization of Proposition 5.1. The novelty of our approach with respect to those
in [Le Donne and Speight 2016; Speight 2016; Zimmerman 2017] is to replace the classical Rademacher
differentiability theorem for Lipschitz or absolutely continuous curves from R to R" by the more adapted
Pansu—Rademacher theorem.
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Proposition 5.2 (Lusin approximation of a horizontal curve). Let G be a pliable Carnot group and
y :la, b] = G be a horizontal curve. Then for any ¢ > 0 there exist K C [a, b] with L([a,b]\ K) < ¢
and a curve y : la, b] - G of class C }, such that the curves vy and y; coincide on K.

Proof. We are going to prove that for any & > 0 there exists a compact set K C [a, b] with L([a, ]\ K) <¢
such the three following conditions are satisfied:

(1) y(¢) exists and it is a horizontal vector at every ¢t € K.
(2) v|k is uniformly continuous.

(3) For every ¢ > 0 there exists n > 0 such that, for every r € K and |h| < n with t + & € [a, b], it holds
that dg (y (t +h), y (1) -exp(hy (1)) < ne.

With these conditions the C}q -Whitney condition holds for (y, ¥|x) on K. Since G is pliable, according to
Theorem 4.4 the C}{ extension property holds for (R, G), yielding y; as in the statement of Proposition 5.2.

Case 1: y is Lipschitz continuous. Let y be a Lipschitz curve from [a, b] to G. The Pansu—Rademacher
theorem (Proposition 2.1) states that there exists A C [a, b] of full measure such that, for any ¢ € A, the
curve y admits a derivative at ¢ and it holds that

dg(y (t+h), y (1) -exp(hy (1)) = o(h)

as h goes to zero. Let ¢ be positive. By Lusin’s theorem, one can restrict A to a compact set K| C A such
that ¢ — y(¢) is uniformly continuous on K; and £L(A \ K}) < %8. Moreover, by classical arguments of
measure theory, the functions A — |h|~tdg (y(t +h), y () -exp(h;'/(t))) can be bounded by a function
that is o(1) as h goes to zero, uniformly in ¢ on some compact set K, with L(A \ K») < %8. In other
words, for every € > 0 there exists n such that for r € K> and & € [t — 5, t + n] it holds that

de(y(t+h), y (1) -exp(hy (1)) < elhl.
With K = K| N K>, the three conditions (1), (2), (3) listed above hold true.

Case 2: y is a general horizontal curve. Let y be absolutely continuous on [a, b]. It admits a path-
length parametrization i.e., there exists a Lipschitz continuous curve ¢ : [0, T] — G and a function
F :[a, b] — [0, T], absolutely continuous and nondecreasing, such that y = ¢ o F. Moreover, ¢ has
norm 1 at almost every time. As F' is absolutely continuous, for every ¢ > 0 there exists 1 such that, for
any measurable K, the inequality £([0, T]\ K) < n implies L([a, b] \ F~Y(K)) <e.

Let ¢ be positive and let n be a number corresponding to %e in the previous sentence. Applying to
F the scheme of proof sketched after Proposition 5.1 for n = 1, there exists a compact set K C [a, b]
with L([a, b]\ KF) < %8 such that F is differentiable with a continuous derivative on K g and the bound
in the mean value inequality is uniform on K. For the Lipschitz curve ¢ and for every n > 0, Case 1
provides a compact set Ky C [0, T'] with the listed properties with %8 in place of ¢.

Let K be the compact K N F_I(K¢) and note that £L([a, b]\ K) < ¢. For ¢t € K it holds that

|F(t+h)— F(t) —hF'(t)| = o(h)
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and

do(¢p(F(t)+ H), $(F (1)) -exp(Hp(F (1)) = o(H)

as h and H go to zero, uniformly with respect to ¢ € K. We also know that # — F'(¢) and t > ¢ (F (1)) € G
exist and are continuous on K. It is a simple exercise to compose the two Taylor expansions and obtain the
wanted conditions for y = ¢ o F. Note that the derivative of ¥ on K is F /(t)d>(F (t)), which is continuous
on K. (|

Remark 5.3. A set E C R” is said to be 1-countably rectifiable if there exists a countable family of
Lipschitz curves f; : R — R" such that

H1<E\U fk([R)> =0.
k

The usual Lusin approximation of curves in R” permits one to replace Lipschitz by C! in this classical
definition of rectifiability. When R” is replaced by a pliable Carnot group, the two definitions still make
sense and, according to Proposition 5.2, are still equivalent. Rectifiability in metric spaces and Carnot
groups is a very active research topic in geometric measure theory; see [Le Donne and Speight 2016] for
references.

6. Conditions ensuring pliability

The goal of this section is to identify conditions ensuring that G is pliable. Let us first focus on the
pliability of the zero vector.

Proposition 6.1. For every Carnot group G, the vector 0 € & is pliable.

Proof. According to Proposition 3.7, we should prove that for every ¢ > 0 the set

{B() eG|BeCy(0,11,6), IBllec., <& (B.H)O)=(0g,0)}
is a neighborhood of Og in G.

Recall that there exist k e N, Vi, ...,V € 8y and 11, ..., ty > 0 such that the map
G (T, ) > e o 0e™V1(0g)
has rank equal to dim(G) at (zq, ..., ) = (t1, ..., tx) and satisfies ¢ (¢1, ..., ty) = Og; see [Sussmann

1976]. Notice that for every v > 0, the function

by (T1s .. ) > @ o 0" mVI(0g) = e MMk oo e MMV (0g) =5, (¢<E’ o 3))
V

v
has also rank equal to dim(G) at (zy, ..., ©) = (vt1, ..., vt;) and satisfies ¢, (vt1, ..., vfy) = 0g. Hence,
up to replacing t; by vt; and V; by szj for j = 1,...,k and v small enough, we can assume that
ti+---+t<land |V, <eforj=1,... k.

Let O be a neighborhood of (71, ..., #) such that for every (ty,..., 1) € O we have 71, ..., 7% >0

and 71 + - - - + 1% < 1. Notice that {¢ (71, ..., ) | (t1, ..., Tx) € O} is a neighborhood of Og in G.
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We complete the proof of the proposition by constructing, for every t = (71, ..., &) € O, a curve
B. € C}, (10, 1], G) such that

IBellco.6y <&  (Br, Br)(O0) = (0g,0), B (1) = (7). (10)

For every X € &y, p € G and r > 0 let us exhibit a curve y € C}I([O, r], G) such that ¥ (0) =y (r) = p,
7(0)=0, y(r)=X, and ¥ lcc,5, = | Xlls, . The curve y can be constructed by imposing y (3r) = —$X
and by extending y on [0, %r] and [%r, r] by convex interpolation. It is also possible to reverse such
a curve by transformation (T4) and connect on any segment [0, r] the point-with-velocity (p, X) with
the point-with-velocity (p, 0) by a C}I curve y respecting, moreover, ||y [lco.6, = || X||e,. Finally just
concatenating (transformation (T5)) curves of this type it is possible, for every r > 0, to connect (p, X)
and (p, ) on [0, ] with a curve ;. x.y € Ch ([0, 7], G) with [, x. .6, = max(IX e, 1Y lle,)-

We then construct 8; as follows: we fix r = (1 - 21;21 rj) /k, we impose B;(0) = 0g and we define Be
to be the concatenation of the following 2k continuous curves in &g: first take y;, o v,, then the constant
equal to V; for a time 71, then ¥, v, v,, then the constant equal to V> for a time 72, and so on up to ¥ v, , v,
and finally the constant equal to Vj for a time tx. By construction, 8; € C}q ([0, 1], G) and satisfies (10). [

Remark 6.2. Let us show that, as a consequence of the previous proposition, pliability and local uniform
pliability are not equivalent properties (albeit we know from Proposition 4.3 that pliability of all horizontal
vectors is equivalent to local uniform pliability of all horizontal vectors).

Recall that local uniform pliability of a horizontal vector X implies pliability of all horizontal vectors
in a neighborhood of X (see Definition 4.1). Therefore, if O is locally uniformly pliable for a Carnot
group G then every horizontal vector of & is pliable (Remark 4.2). Hence 0 cannot be locally uniformly
pliable if G is not pliable. The remark is concluded by recalling that nonpliable Carnot groups exist (see
Examples 3.3 and 3.5).

Let G be a Carnot group and let Xy, ..., X,, be an orthonormal basis of &y. Let us consider the
control system in G x R™ given by

m
y =) _ uiXi(y),
2 o
u=uv,
where both u = (uy, ..., u,) and the control v = (vy, ..., v,) vary in R™.

Let us rewrite x = (y, u),

m
Fo(x)=(2i=1‘8X’(7’)>, F,-(x):(0> fori=1,...,m,
i
where ey, ..., e, denotes the canonical basis of R™. System (11) can then be rewritten as

&= Fox)+ ) viFi(x). (12)

i=1
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Forevery it e R", let F; : L' ([0, 1], R™) — G xR" be the endpoint map at time 1 for system (12) with ini-
tial condition (Og, u). Notice thatif x(-) = (y (), u(-)) is a solution of (12) with initial condition (Og, u)
corresponding to a control v € L!([0, 1], R™), then y € CL ([0, 11, G) and ||y — >/, it; Xillco.65 < llV]I1-

We can then state the following criterion for pliability.

Proposition 6.3. If the map F; : L' ([0, 1], R"™) — G x R™ is open at 0, then the horizontal vector
Y i X; is pliable.

As a consequence, if the restriction of Fj; to L>([0, 1], R™) is open at 0, when the L™ topology is
considered on L*°([0, 1], R™), then ) /", i#; X; is pliable. We deduce the following property: if a straight
curve is not pliable, then it admits an abnormal lift in T*G. Indeed, if a horizontal vector Y i, it; X; is not
pliable, then the differential of F;|r>(0,17,r») at 0 must be singular. Hence — see, for instance, [Agrachev
and Sachkov 2004, Section 20.3] or [Trélat 2005, Proposition 5.3.3] —there exist p,, : [0, 1] — T*G and
Pu - [0, 1] — (R™)* with (p,, p,) # 0 such that

0
py(t) = —EH(M,ﬁ,py(z),pua),O), (13)
d
pu(t) = —EH(y(z),ﬁ,py(t),pua),O), (14)
0
0= %H(ym,ﬁ,py(r),pu(r),o) (15)

for ¢t € [0, 1], where y(t) = exp(t Yo L_tiX,') and

m
H(y.u, py, pusv) = py »_ ;i X;(y) + puv.

i=1
From (15) it follows that p,(#) =0 for all 7 € [0, 1]. Equation (14) then implies that p, (1) X;(y(t)) =0
forevery i =1,...,m and every ¢ € [0, 1]. Moreover, p, must be different from zero. Comparing (4)
and (13), it follows that p, is an abnormal path.

The control literature proposes several criteria for testing the openness at O of an endpoint map of the

type Filr=(o0,15.r). The test presented here below, taken from [Bianchini and Stefani 1990], generalizes
previous criteria obtained in [Hermes 1982; Sussmann 1987].

Theorem 6.4 [Bianchini and Stefani 1990, Corollary 1.2]. Let M be a C* manifold and Vy, Vi, ..., Vpy
be C* vector fields on M. Assume that the family of vector fields J = {adl{,ij k>0, j=1,...,m}
is Lie-bracket generating. Denote by H the iterated brackets of elements in J and recall that the length
of an element of H is the sum of the number of times that each of the elements Vy, ..., V,, appears in
its expression. Assume that every element of H in whose expression each of the vector fields Vi, ..., Vy,
appears an even number of times is equal, at every g € M, to the linear combination of elements of H of
smaller length, evaluated at q. Fix g0 € M and a neighborhood Q of 0 in R™. LetUd C L*°([0, 1], ) be
the set of those controls v such that the solution of ¢ = Vo(q) + Y i~ viVi(q), q(0) = qo, is defined up to
time 1 and denote by ® (v) the endpoint q(1) of such a solution. Then ® (U) is a neighborhood of e"(qo).
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The following two results show how to apply Theorem 6.4 to guarantee that a Carnot group G is pliable
and, hence, that (R, ) has the C}q extension property.

Theorem 6.5. Let G be a Carnot group of step 2. Then G is pliable and (R, G) has the C}, extension
property.

Proof. We are going to apply Theorem 6.4 in order to prove that for every horizontal vector Y -, u; X;
the endpoint map F, : L>([0, 1], R") — G x R™ is open at zero.

Notice that
[Fo. Fil(y. w) = — (Xf(”) L i=l...m

0
and
m IX: X
[Fo, [Fo, Fill(y, w) = (ZFl i f](y)) L i=1...m.
Moreover, for every i, j =1,...,m,
Xi, X;
[[Fo, Fi1, Fi1 =0, [[Fo, I, [Fo, F11(y, w) = <[ ’ 0”“) ,

and all other Lie brackets in and between elements of 7 = {adljFO F;|k>0,i=1,...,m} are zero since
G is of step 2.

In particular all Lie brackets between elements of J in which each of the vector fields Fi, ..., Fy,

appears an even number of times is zero.
According to Theorem 6.4, we are left to prove that 7 is Lie-bracket generating. This is clearly true,
since

Span{Fi(y, w), [Fo. Fil(y, w), [[Fo, Fil. [Fo. FI(y. w) | i, j=1,....m}
is equal to T, )(G x R™) for every (y, w) € G x R™. O
We conclude the paper by showing how to construct pliable Carnot groups of arbitrarily large step.
Proposition 6.6. For every s > 1 there exists a pliable Carnot group of step s.

Proof. Fix s > 1 and consider the free nilpotent stratified Lie algebra A of step s generated by s elements
Zy, ..., Zs.

Foreveryi =1, ..., s, denote by /; the ideal of A generated by Z; and by J; the ideal [/;, I;]. Then
J =@;_, Ji is also an ideal of A.

Then the factor algebra & = 4/J is nilpotent and inherits the stratification of .A. Denote by G the
Carnot group generated by &. Let X1, ..., X be the elements of &y obtained by projecting Zy, ..., Z;.
By construction, every bracket of X1, ..., X in & in which at least one of the X; appears more than
once is zero. Moreover, & has step s, since [ X1, [Xp,[---, X, - - - 1] is different from zero.

Let us now apply Theorem 6.4 to prove that for every X € & g the endpoint map F,, : L*°([0, 1], R*) —
G x R* is open at zero, where u € R® is such that X =) ;_, u; X;.
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Following the same computations as in the proof of Theorem 6.5,

k
adtH ! Fy(y, u) = (adx)é"(’/)> . k=0,i=1,...,s.

In particular the family 7 = {ad’}o Fi1k>0,i=1,...,s}is Lie-bracket generating.

Moreover, every Lie bracket of elements of j = {ad’}jl F;|k>=0,i=1,...,s}in which at least one
of the elements F1, ..., Fy appears more than once is zero.

Consider now a Lie bracket W between h > 2 elements of 7. Let kq, ..., kg be the number of times in
which each of the elements F1, ..., Fy appears in W. Let us prove by induction on % that W is the linear
combination of brackets between elements of :7\ in which each F; appears k; times, i =1, ..., s. Consider
the case = 2. Any bracket of the type [ad’};0 Fi, Fj], k>0,1,j=1,...,s,is the linear combination of
brackets between elements of 7 in which F; and F; appear once, as it can easily be proved by induction
on k, thanks to the Jacobi identity. The induction step on £ also follows directly from the Jacobi identity.

We can therefore conclude that every Lie bracket of elements of 7 in which at least one of the elements

Fy, ..., Fy appears more than once is zero. This implies in particular that the hypotheses of Theorem 6.4
are satisfied, concluding the proof that G is pliable. ([
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TREND TO EQUILIBRIUM FOR THE BECKER-DORING EQUATIONS:
AN ANALOGUE OF CERCIGNANI’S CONJECTURE

JOSE A. CANI1ZO, AMIT EINAV AND BERTRAND LODS

We investigate the rate of convergence to equilibrium for subcritical solutions to the Becker—Doring
equations with physically relevant coagulation and fragmentation coefficients and mild assumptions on
the given initial data. Using a discrete version of the log-Sobolev inequality with weights, we show that
in the case where the coagulation coefficient grows linearly and the detailed balance coefficients are of
typical form, one can obtain a linear functional inequality for the dissipation of the relative free energy.
This results in showing Cercignani’s conjecture for the Becker—Doring equations and consequently in
an exponential rate of convergence to equilibrium. We also show that for all other typical cases, one
can obtain an “almost” Cercignani’s conjecture, which results in an algebraic rate of convergence to

equilibrium.
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1. Introduction

The Becker—Doring equations. The Becker—Doring equations are a fundamental set of equations which
describe the kinetics of a first-order phase transition. Amongst the phenomena to which they are
relevant one can find crystallisation [Kelton et al. 1983], nucleation of polymers [Capasso 2003], vapour
condensation, aggregation of lipids [Neu et al. 2002] and phase separation in alloys [Xiao and Haasen
1991]. For more general reviews of nucleation theory, see, for instance, [Schmelzer 2005; Oxtoby 1992].
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The Becker-Doring equations give the time evolution of the size distribution of clusters of a certain
substance. Denoting by {c¢;(¢)}ien the density of clusters of size i at time ¢ = 0 (i.e., the density of
clusters that are composed of i particles), the equations read

%c,- () = Wima ()~ Wit). i €N\ {1}, (1-1a)
d o0
S0 = —Wlm—k; Wi (1), (1-1b)
where
Wi(t) :=aic1()ci(t) —bit1civ1(t), 1 €N, (1-2)

and a;, b;, assumed to be strictly positive, are the coagulation and fragmentation coefficients. They
determine, respectively, the rate at which clusters of size i combine with clusters of size 1 to create
clusters of size i + 1, and the rate at which clusters of size i 4 1 split into clusters of sizes i and 1. This
corresponds to the basic assumption of the underlying model: if we represent symbolically by {i } the
chemical species of clusters of size i, then the only (relevant) chemical reactions that take place are

iy +{1}={+1}.

The quantity W;(¢) defined in (1-2) represents the net rate of the reaction {i } + {1} = {i + 1}, and under
the above set of equations it is easy to see that the density, or mass, of the solution, defined by

o0 o0
0:=Y ici(0)=) ici(1), (1-3)
i=1 i=1
is formally conserved under time evolution. The original equations proposed by Becker and Doring
[1935] were similar to (1-1), with the slight change that the density of one particle ¢y, usually called the
monomer density, was assumed to be constant. The current version, motivated by the conservation of
total density, was first discussed in [Burton 1977] and [Penrose and Lebowitz 1979] and is widely used in
classical nucleation theory.

Much like in other kinetic equations, the study of a state of equilibrium and the convergence to it
is a fundamental question in the study of the Becker—Doring equations. Defining the detailed balance
coefficients Q; recursively by
a;

Ql = 1’ Ql+1 = Qi9 l € N’ (1_4)

bi+1
one can see that for a given z = 0 the sequence

¢ =0;z' (1-5)
is formally an equilibrium of (1-1). However, depending on the coagulation and fragmentation coefficients
a; and b;, many of these formal equilibria do not have a finite mass. The largest z; = 0, possibly z; = + o0,
for which

o0
ZiQizi <400 forall0<z <z

i=1
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is called the critical monomer density, or sometimes the monomer saturation density. The critical mass
(or, again, saturation mass) is then defined by
o0
0= iQ;zl €0, +o0]. (1-6)
i=1
It is important to note that both z; and g5 are uniquely determined by @; and b; and that {Q;z" };en
is a finite-mass equilibrium only for 0 < z < z,, with the possibility for the equality z = zg only when
0s < +o00. Additionally, it is easy to see that for a given finite mass o < g5 there exists a unique z = 0

such that
o0 .
0= i0:i7,
i=1
giving us a candidate for the asymptotic equilibrium state of (1-1) under a given initial data. These are in
fact the only finite-mass equilibria (see [Ball et al. 1986]), and z defined above is called the equilibrium
monomer density for a given mass p.

A finite mass solution is called subcritical when its mass o is strictly less than gs. It is called critical if
0 = os and supercritical if o > g, assuming o5 < 4+o00. In this paper we will only concern ourselves with
subcritical solutions. Thus, to avoid triviality we always assume that zg > 0.

The critical density g, if finite, marks a change in the behaviour of equilibrium states: if o < o then a
unique equilibrium state with mass o exists, while if o > gg, no such equilibrium can occur and a phase
transition phenomenon takes place —reflected in the fact that the excess density o — o is concentrated in
larger and larger clusters as time progresses.

Previous results. Let us briefly review existing results on the mathematical theory of the Becker—Doring
equations, which has advanced much since the first rigorous works on the topic [Ball and Carr 1988; Ball
et al. 1986]. In [Ball et al. 1986] the authors showed (among other things) existence and uniqueness of a
global solution to (1-1) when

o0
ai <Cii, bi<Cyi, Y i'"¢;i(0) < +oo (1-7)
i=1
for some constants C1, Ca, ¢ > 0. As expected, under the above assumptions the unique solution conserves
mass (that is, (1-3) holds rigorously). This basic existence theory is applicable to all solutions we consider
in this work.

The asymptotic behaviour of solutions to (1-1) is one of the most interesting aspects of the equation.
Supercritical behaviour, while not dealt with in this work, has a particularly interesting link to late-stage
coarsening and has been studied extensively in [Penrose 1997; Veldzquez 1998; Collet et al. 2002;
Niethammer 2003], with several questions still open. Asymptotic approximations of such solutions have
been developed in [Farjoun and Neu 2008; 2011; Neu et al. 2005].

Regarding the subcritical regime, it was proved in [Ball and Carr 1988; Ball et al. 1986] that solu-
tions with subcritical mass ¢ approach the unique equilibrium with this mass, determined by (1-3). A
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fundamental quantity in understanding this approach is the free energy, H(c), defined for any nonnegative
sequence ¢ = {c;j }ien by
o0
Ci
H(c) = c(lo ——1) (1-8)
2oy,
whenever the sum converges. It can be shown that H(c(¢)) decreases along solutions ¢ = c(¢) to

the Becker—Ddring equations; in fact, for a (strictly positive, suitably decaying for large i) solution
c(t) ={ci(t)}ien of (1-1) we have

d - _ . 16 Ci41 cici Cit+1 )
) ==Dle) := Zaz (Q, Qm)(log 5 ~loe Qi+1) <0. (19

This free energy is motivated by physical considerations and constitutes a Lyapunov functional for our

equation. Since it does not have a definite sign, we define a more natural candidate to measure the distance
of ¢(t) = {c;(t)}ien to the equilibrium. Using the notation

(Qz2)i = QiZi

and denoting Qz by 9, we can define the relative free energy as

)+Zz Qi =H(c)—logz y ici+» 7 0;. (1-10)

i=1 i=1 i=1

o0

H(c|Q) := Zc, (log

i=1

The relative free energy has the same time derivative as the free energy, and thus the same monotonicity
property
d
EH(C(IHQ) =—D(c(t)) Vt=0,
where the free energy dissipation D is defined in (1-9). The relative free energy also satisfies

e H(c|Q) =0, as can be seen by writing

H(c|Q) = Zg,w(g ) with ¢(r) :=rlogr —r+1=0, (1-11)

i=1
e H(c|Q)=0ifand onlyif ¢c; = Q; = Q;Z' for any i € N, which is readily seen from (1-11).

This hints that H(c|Q) is the right “distance” to investigate. Indeed, while H(c|Q) is not a distance
strictly speaking, it does control the £! distance between ¢ and Q by the celebrated Csiszar—Kullback
inequality,! which in our case translates to

lle = Qllpy =D _lei — Qil < V20H(c]Q). (1-12)
i=1

(See also [Jabin and Niethammer 2003, Corollary 2.2] for a version involving the ¢ distance with wei ghti.)
The issue of estimating the rate of convergence to equilibrium of subcritical solutions is the main concern

1Sometimes called the Pinsker or Kullback—Pinsker inequality.
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of this paper. The first result in this direction was [Jabin and Niethammer 2003], where they investigated
the possibility of applying the so-called entropy method to the Becker—Doring equation. This consists
roughly in looking for functional inequalities between a suitable Lyapunov functional of the equation
(generally called the entropy; it corresponds to the relative free energy in our case) and its dissipation,
so that one obtains a differential inequality that estimates the rate of convergence to equilibrium. In the
case of the Becker—Doring equation, it was proved in [Jabin and Niethammer 2003] that there exists a
constant C > 0, depending only on the fixed parameters of the problem and the initial data, such that

H(c|Q)
(log H(c|Q))?

for all nonnegative sequences ¢ with subcritical mass o, satisfying ¢ < ¢; < z; — ¢ for some ¢ > 0 and

D(c)=C (1-13)

o0

D etie =1 M < to0. (1-14)

i=1
The constant C depends on ¢ and M “*P. This result applies under reasonable conditions on the coefficients
a; and b;; in particular, it applies to the coefficients (1-23) and (1-25), which we give as examples below.
If we consider now a solution ¢ = ¢(¢) to (1-1), we may apply the inequality (1-13) to ¢(¢) as long as
c(¢) satisfies the appropriate conditions, obtaining

H(c()|Q)
(log H(c(1)|Q)*
Adding to this some additional considerations for the times ¢ for which the inequality (1-13) is not
applicable to ¢(¢), one can deduce that H(c(z)|Q) is (roughly) bounded above by the solution of the

S H(e)]Q) = ~Dle() < ¢

above differential inequality, namely that
H(e(1)]Q) < H(e(0)|Qe X"

for some K > 0. Using inequality (1-12), this gives an almost-exponential rate of convergence to
equilibrium for subcritical solutions in the £!(N) norm.

The question remained open of whether the convergence is in fact exponential or not. Recently this
has been answered positively in [Cafizo and Lods 2013] by two of the authors of the present paper,
through a different approach involving a detailed study of the spectrum of the linearisation of equation
(1-1) around a subcritical equilibrium. This is an approach with a strong analogy to results in the theory
of the Boltzmann equation; we refer to [Cailizo and Lods 2013; Villani 2003; Desvillettes et al. 2011]
for more details on this parallel. The idea of the argument is to use the inequality (1-13) when one is
far from equilibrium. Then, once we have reached a region which is close enough to equilibrium, the
linearised regime is dominant and one can use the spectral study of the linearised operator in order to
show that the convergence is in fact exponential. The outcome of this strategy is the following: for many
interesting coefficients (including (1-23) and (1-25)), subcritical solutions ¢ = ¢(¢) to (1-1) with

o0
Ze“ici(O) =M% < 400 for some >0

i=1



1668 JOSE A. CANIZO, AMIT EINAV AND BERTRAND LODS

satisfy

o0

Z eMlei(1)— Qi <Ce ™™ fort =0

i=1
for some 0 < ' <, C >0 and A > 0 which depend on the parameters of the problem and on M *P. In
fact, u’ and C only depend on the initial data ¢ (0) through its mass and the value of M *P; A depends only
on the coefficients and the initial mass and can be estimated explicitly. The value of A is bounded above
by (and can be taken very close to) the size of the spectral gap of the linearised operator. Recently Murray
and Pego [2015] have used this spectral gap and developed the local estimates of the linearised operator
in order to obtain convergence to equilibrium at a polynomial rate with milder conditions on the decay
of the initial data. These results, like those in [Cafiizo and Lods 2013], are local in nature and require the
use of some global estimate such as (1-13) in order to provide global rates of convergence to equilibrium.

Main results. Our main goal in this work is to complete the picture of convergence to equilibrium by inves-
tigating modified and improved versions of the inequality (1-13). We show optimal inequalities and settle
the question of whether full exponential convergence can be obtained through a /inear inequality of the form

D(c) = KH(c|Q)

for some constant K > 0. In analogy to the Boltzmann equation, we refer to the question of whether such
K exists along solutions to (1-1) as Cercignani’s conjecture for the Becker—Doring equations. In fact,
we show that under relatively mild conditions on the initial data, typical coagulation and fragmentation
coefficients (covering the physically relevant situations; see the next subsection) admit an “almost”
Cercignani conjecture for the energy dissipation, i.e., an inequality bounding D(c) below by a power
of H(c|Q), yielding an explicit rate of convergence to equilibrium. Surprisingly, we also find a relevant
case (a; ~ I for all i) for which the conjecture is actually valid.

We will often require the following assumptions on the coagulation and fragmentation coefficients.
Some of these are similar to those in [Jabin and Niethammer 2003], and always include physically relevant
coefficients, such as those described in the next subsection. We recall that we always assume a;, b; > 0
for all i € N, and that the detailed balance coefficients Q; were defined in (1-4) — given a; one can
determine b; through Q;, and vice versa.

Hypothesis 1. 0<zg < +o0.

Hypothesis 2. Foralli € N, we have Q; = Zsl_iai, where {o; }ien is a nonincreasing positive sequence
with a1 = 1 and lim; 00 0tj 41 /0t; = 1.

Hypothesis 3. There exist Cy, Cy > 0 such that

Ci¥ <a; < CoiV foralli eN.

Hypothesis 2 on the form of Q; is given as a compromise that allows us to give simple quantitative
estimates of the constants in our theorems while allowing for the most commonly used types of coefficients.
As one can see from the proofs, this assumption may be relaxed at the price of obtaining more involved
estimates for our constants, particularly the logarithmic Sobolev constant in Proposition 3.4.
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In most of our estimates a crucial role will be played by the lower free energy dissipation, D(c),
defined for a given nonnegative sequence ¢ by

00 : : 2
D(e) =ZaiQi(,/‘;’ Vo ) . (1-15)

i=1

At this point one notices that the elementary inequality (x — y)(log x —log y) = 4(4/x — ﬁ)z when
x,y > 0 implies
D(c) = 4D(c)

for any nonnegative sequence ¢. Thus, any lower bound that is obtained for D (¢) will transfer immediately
to D(c).

We now state our main result on general functional inequalities for the free energy dissipation, from
which later we conclude a quantitative rate of convergence to equilibrium. It can be divided into two
parts: functional inequalities when ¢ is not too small and not too far from z, and inequalities in the case
where ¢ escapes the above region.

Theorem 1.1. Let {a;}ien and {Q;}ien satisfy Hypotheses 1-3 and let ¢ = {ci}ien be an arbitrary
positive sequence with finite total density 0 < o < 0.

(i) Estimate for a; ~ i. Assume that y = 1 and that there exist § > 0 such that
§<cy <zg—4. (1-16)
Then there exists K > 0 depending only on 8, ¢ and the coefficients {a; }i=1, {bi }i=2, such that
D(c)= KH(c|Q). (1-17)

(ii) Estimate for a; ~i? with y < 1. Assume that 0 <y < 1 and that ¢y satisfies (1-16) for some 6 > 0.
If, in addition, there exists 8 > 1 with

o0
Mg(e) =Y iPe; < +oo (1-18)
i=1
then there exists K > 0 depending only on §, 0, Mg(c) and the coefficients {a; }i>1, {bi }i=2 such
that .
— -V
D(c) = KH(c|Q)#-T. (1-19)

(iii) Estimate for cy far from equilibrium. Assume that y = 1, or that 0 < y < 1 and (1-18) holds for
some B > 1. Assume also that for some § > 0

or that

i.e., c1 is outside of the range given in (1-16). Then if § > 0 is small enough (depending only on o
and {Q;}i=1), there exists ¢ > 0 depending only on §, o and the coefficients {a; }i=1, {bi}ti=2 if
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y = 1 (and additionally on Mg (c) if y < 1) such that
D(c) = e. (1-20)
The constants K and & can be estimated explicitly in all cases.

We emphasise that all constants in the above theorem depend only on g, the coefficients {a; };ien,
{bi}ien, and the additional bounds § or Mg (notice that g is determined by the coefficients alone).
Case (ii) of Theorem 1.1 is optimal in the following sense:

Theorem 1.2. Call X, the set of nonnegative sequences ¢ = {c;}ien With mass o, i.e., such that
Y 2 ici = 0. Then, there exist {a;}ien and {Q;}ien that satisfy Hypotheses 1-3 with y < 1 such

that
D(c)

M HEClO

for any o < 0.

In other words, this shows that a linear inequality as that of Theorem 1.1(i) cannot hold if @; ~i¥ with
y < 1.

The idea behind the proof of Theorem 1.1 is to use a discrete logarithmic Sobolev inequality with
weights, motivated by works of Bobkov and Gotze [1999] and Barthe and Roberto [2003], to show part ().
As the conditions for the validity of the log-Sobolev inequality are not satisfied under the conditions
of part (ii), a simple interpolation is used to show the desired result in that case. Part (iii) is proved by
two estimates: The case where c; is too large follows an idea essentially already stated in [Jabin and
Niethammer 2003], while the case where c; is too small seems to be a new result which we provide.

From Theorem 1.1 one can conclude in a straightforward way the following theorem, our main result
on the rate of convergence to equilibrium:

Theorem 1.3. Let {a;}ien and {Q;}ien satisfy Hypotheses 1-3 with 0 < y < 1, and let ¢ = ¢(t) =
{ci(t)}ien be a solution to the Becker—Ddring equations with mass o € (0, gs).

(1) Rate for a; ~i. If y = 1 then there exists a constant K > 0 depending only on 8, ¢ and the
coefficients {a;}i=1, {bi}i=2, and a constant C > 0 depending only on H(c(0)|Q), o and the
coefficients {a; }i=1, {bi }i=2 such that

Hc®)|Q) <Ce Xt fort>o0.

(i) Rate fora; ~i?, y <1 If y <1and Mg(c(0)) < +oo for some B = max{2—y, 1 + y} then there
exists a constant K > 0 depending only on Mg, 8, ¢ and the coefficients {a; }i>1, {bi }i>2, and a
constant C > 0 depending only on H(c(0)|Q), Mg, 8, 0 and the coefficients {a; }i>1, {bi }i=2 such
that

1
H(c(1)]Q) <  fort=0.
(C +ﬁl{t)'—v

The constants K and C can be estimated explicitly.
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In order to deduce Theorem 1.3 we use the inequalities in Theorem 1.1 when they are applicable. Of
course, the assumption that ¢q(¢) is in the “good” region given by (1-16) becomes eventually true, since
¢1(t) is known to converge to Z. More explicitly, one can apply the Csiszar—Kullback inequality (1-12) to
obtain that for any 7 > 7o we have

Z—H(c(10)|Q) sc1(t) s 24 H(c(t0)|Q). 1=1o.

If H(c(tp)|Q) is small enough, this implies (1-16). For times ¢ such that ¢ (¢) is outside this “good”
region, we use the inequality in Theorem 1.1(iii); details are given in Section 4.

There are several improvements in these theorems with respect to the existing theory. One of them is that
they apply to more general initial conditions, removing the need for a finite exponential moment present
in [Caiiizo and Lods 2013; Jabin and Niethammer 2003]. Another one is that they answer the question
of whether one can obtain a linear inequality such as (1-17) (i.e., whether the equivalent of Cercignani’s
conjecture holds), making clear the link to discrete logarithmic Sobolev inequalities. It does hold in the
case a; ~ i, which is physically relevant, for example, in modelling polymer chains [Farjoun and Neu
2011; Neu et al. 2002]. As a result, the statement for a; ~ i is quite strong: it gives full exponential
convergence, with explicit constants in terms of the parameters, with no restriction on the initial data
except that of subcritical mass. Point (ii) in Theorem 1.3 also relaxes the requirements on the initial data, at
the price of obtaining a slower convergence than that of [Cafiizo and Lods 2013]; we do not know whether
this rate is optimal for initial conditions with polynomially decaying tails (so that Mg < oo for some 8 > 1,
but Mg, = +o0 for some B’ > B). Recently, Murray and Pego [2015] investigated this rate of convergence,
concluding an algebraic rate of decay as well. It would be interesting to verify the optimality of this result
by determining whether the corresponding linearised operator admits a spectral gap in £! spaces with
polynomial weights (in £! spaces with exponential weights, the answer is positive and an estimate of
the spectral gap can be found in [Caiiizo and Lods 2013]). We believe that no such spectral gap exists for
0 <y <1, i.e, that the algebraic rate of convergence is optimal even for close to equilibrium initial data.

One may wonder if the method presented here can be used to reach an inequality like Jabin and
Niethammer’s (1-13) under the additional condition of an exponential moment. The answer is indeed
positive:

Theorem 1.4. Let {a;}ien and {Q;}ien satisfy Hypotheses 1-3 with 0 <y < 1.

(1) Functional inequality. Let ¢ = {c;}ien be an arbitrary positive sequence with mass o € (0, o) for
which there exists (0 > 0 such that

o0
MG (c) =) et e < 4o0. (1-21)
i=1
Then there exist K1, K», € > 0 depending only on MZXp(c), 8, 0 and the coefficients {a; }i=1, {bi}i=2
such that

(1-22)

D(c) = min( KiH(c]9) )

}log(KzH(le))‘l_y’ ’

Moreover, K1, K5 and € can be given explicitly.
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(i1) Rate of convergence. If c(t) = {ci(t)}ien is a solution to the Becker—Ddring equations with mass
0 < 0 < o5 such that there exists yu > 0 with

(0,]
M P (c(0)) := Ze‘”ci (0) < 400,
i=1
then there exists a constant K > 0 depending only on M ZXP (c(0)), 8, 0 and the coefficients {a; }i>1,
{bi}i=2, and a constant C > 0 depending only on H(c(0)|Q), Mlixp (c(0)), 8, 0 and the coefficients
{ai}i=1, {bi}i=2 such that

H(c(1)|Q) < Ce K177,

Moreover, K and C can be given explicitly.

Typical coefficients. The above results are valid for coagulation and fragmentation coefficients satisfying
Hypotheses 1 — 3. To motivate our choice of assumptions, we briefly recall here some physically motivated
coagulation and fragmentation coefficients found in the literature.

Common model coefficients appearing in the theory of density-conserving phase transitions (see
[Niethammer 2003; Penrose 1989]) are given by

a;i =i’ bizai(zs—i—%) foralli =1 (1-23)
1

for some 0 <y <1, zg>0, ¢ >0 and 0 < u < 1. These coefficients may be derived from simple
assumptions on the mechanism of the reactions taking place; we take particular values from [Niethammer
2003]:

(diffusion-limited kinetics in 3-D),

(diffusion-limited kinetics in 2-D),

(1-24)

(interface-reaction-limited kinetics in 3-D),

R KX < =

N= WIN O W=

T R T E
Il

N= W N~ W

(interface-reaction-limited kinetics in 2-D).

The case y = 1 appears, for example, in modelling polymer chains, where the binding energy increases
by a constant each time a monomer is added.

A different kind of reasoning, based on a statistical mechanics argument involving the binding energy
of clusters, results in the coefficients

ai =i¥, b =zy(i — 1) exp(oi* —o(i — 1), ieN, (1-25)

for appropriate constants y, u and where o > 0 is related to the surface tension of the aggregates. The
values of u and y for various situations are still those in (1-24).

As already mentioned, the choice y = 1 corresponds to the physically relevant example in modelling
polymer chains, for instance, for proteins aggregating in a cubic phase of lipid bilayers [Farjoun and Neu
2011; Neu et al. 2002].
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The behaviour of (1-23) and (1-25) is similar: observe that for large i we have i* — (i — 1)* ~ pit~1,
so the fragmentation coefficients become roughly
Zs0
b ~ zga; exp(oui* 1) ~ a; (ZS + iT'Z)
i
which is like (1-23) with ¢ = z;ou. Moreover, for both classes of coefficients, we can write (by the

definition of Q;)
_maz---dj—1 1—i

;= =z. "oy, 1-26
Ql b2b3 . bl S 1 ( )
where {¢; };en is nonincreasing and satisfies
. (07}
lim .
1—>o0

In other words, Hypotheses 1-3 hold true for both models.

Application to general coagulation and fragmentation models. The Becker—Doring equations are the
simplest form of a coagulation and fragmentation process, assuming that the only relevant reactions
are governed by monomers. Other models take into account the fact that clusters of size i and size j,
for i, j € N, may interact. A discrete model — similar to the Becker—Ddring equations (1-1) —can be
formulated, now with coagulation and fragmentation coefficients of the form a; ;, b; ; (see the subsection
on page 1698). Together with an assumption of detailed balance, one can once again find equilibria to the
process and inquire about the rate of convergence to them. Our study of the Becker—Doring equations
allows us to give a quantitative answer (though not optimal) for this question. We leave the detailed
description of the model we have in mind for the subsection on page 1698. For such a model, using the
same notion of free relative energy we will show that:

Theorem 1.5 (asymptotic behaviour of the coagulation-fragmentation system). Let {a; j}i jen and
1bi,j}i,jeN be the coagulation and fragmentation coefficients for equation (5-1), and assume that the
detailed balance condition (5-6) holds. Assume that

ai; =i’ + 7 (1-27)

for some 0 < y < 1 and that { Q; }ien satisfies Hypothesis 2. Assume in addition that My (c(0)) < +o0
for some k €N, k > 1. Then

H(c(1)]Q) <

— 120, (1-28)
(C1 + Cylogt) 1=

where Cy, Ca > 0 are constants depending only on H(c(0)|Q), zs, 0, {¢i}ien, k, ¥ and My (c(0)).

Organisation of the paper. The structure of the paper is as follows: In Section 2 we will present our main
technical tool, a discrete version of the log-Sobolev inequality with weights. Section 3 contains the proof
of Theorem 1.1 and uses Section 2 to show the first part of the theorem. We also show in this section that
this method is optimal and that Cercignani’s conjecture cannot hold when y < 1, proving Theorem 1.2,
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and explore the additional inequality that appears under the assumption of a finite exponential moment.
Section 4 deals with the consequences of our functional inequalities for the solutions to the Becker—Doring
equation and contains the proof of Theorem 1.3 and part (ii) of Theorem 1.4. In Section 5 we provide the
proof of Theorem 1.5 and remark on the difficulties of obtaining stronger results in this general setting.
Lastly, we give two appendices where proofs to some technical lemmas can be found.

2. A discrete weighted logarithmic Sobolev inequality

One of the key ingredients in proving Cercignani’s conjecture for the Becker—Doring equations in terms
of Theorem 1.1 is a discrete log-Sobolev inequality with weights. The theory presented here follows
closely the work of Bobkov and Gotze [1999], and that of Barthe and Roberto [2003], and can be seen as
a discrete version of the aforementioned papers. It is worth noting that a discrete version is explicitly
mentioned in [Barthe and Roberto 2003, Section 4], with a remark that the arguments in that paper can
be adapted to prove it. Indeed, our proof is essentially an adaptation of the one in [Bobkov and Gotze
1999], and we give it in this section for the sake of completeness (and since we have not been able to find
an explicit proof in the discrete case). Some further technical details are postponed to Appendix A.

The main log-Sobolev inequality. We start with some basic definitions:

Definition 2.1. We say that u € P(N) if & = {{; }ien is a nonnegative sequence such that

o0
i=1
For any nonnegative sequence g = {g; }ien With Z;’il Wi gi < 400, we define its entropy with respect

to u as
o0

Ent,(g) = Zuigi log

i=1

&i
Z?L Mi&i

Definition 2.2. Given p € P(N) and positive sequence v = {v; };en (not necessarily normalised) we

2-1)

say that v admits a log-Sobolev inequality with respect to g with constant 0 < Crs < +oo0 if, for any
sequence f ={f}ieNn,

Ent, (f?) < Cis Z vi (fit1— f)2 (2-2)

i=1
where f2 = {f2}ien.
In what follows we will always assume that p € P(N). Setting
W(x) = |x[log(1 + |x|),
the main theorem, and its simplified corollary, that we will prove in this section are:
Theorem 2.3. The following two conditions are equivalent:

(i) v admits a log-Sobolev inequality with respect to p with constant Cis.
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(i) For any m € N such that

m—1 o]

2
max(z pie Y u,) <2
i=1 i=m+1
we have
k
Diz1 /vi
By = sup 1= < +00.
kzm T/ P ke 1)
Moreover, if (i) is valid then one can choose
m—1
m—1 1/
CLs = 40(By + 4By).  where By = —2=i=1 /Y

W (/75 )
A somehow more tractable consequence is the following.

Corollary 2.4. The following two conditions are equivalent:

(1) v admits a log-Sobolev inequality with respect to g with constant Cyg.

(i) For any m € N such that

m—1 00 2
max( Z Mi, Z Hi) < g,

i=1 i=m+1
we have
(o) o0 k 1
Dy = sup (— Z i log( Z /L,))(Z v_) < 00.
kzm\ i —kt1 i=k+1 i=1 "
Moreover, if (i) is valid then one can choose
Cis = 120(D2 + 4D1),
where Dy = (= Y7 i log (275 i) (07 1/wi)-
Remark 2.5. One can clearly see that if
[es) o0 k 1
ol £l £ )(50)
k21X ik i=k+1 i=1 "

1675

(2-3)

(2-4)

(2-5)

(2-6)

then one has a log-Sobolev inequality of v with respect to w. However, the introduction of the “approximate

median” m allows us to have an explicit estimation on the log-Sobolev constant Cs.

The rest of the Section is dedicated to the proof of the above results and will be divided in various

steps — each one corresponding to a subsection.



1676 JOSE A. CANIZO, AMIT EINAV AND BERTRAND LODS

A reformulation as a Poincaré inequality in Orlicz spaces. As in the work of Bobkov and Gotze [1999],
a key argument in the proofs of Theorem 2.3 and Corollary 2.4 is to recast the log-Sobolev inequality as
a Poincaré inequality in the Orlicz space associated to W. We start with the definition:

Definition 2.6. Given p € P(N) and a Young function, X : [0, 400) — [0, +00), i.e., a convex function

such that
2(X) x> 100
X

we define the Orlicz space L(ZM ) as the space of all sequences f such that there exists kK > 0 with

5 s(1) <o

i=1

>
+o00, RG] X220, 9,
X

In that case we define
= | /i
= inf =) <1;.
1A g0 ’ggo{;/«h ( k ) }

In what follows we will drop the superscript p from the Orlicz space of W and its norm. Additionally
we set ®(x) = W(x?) and notice that

N RS e (1] 2 e
If ||Lw—,;gg{;w(7)<1} —(go{;m(ﬁ)sl}) “IfB,. @D

We have then the following version of Rothaus’s lemma:

Lemma 2.7. Given u € P(N) and a sequence f = {f;}ien, we set

L(f) = sup Ent, ((f +a)?), (2-8)
where f +a ={f; +a}ien. Then,
Ent, (f2) < L(f) <Bnt,(f2)+2)  wif2 (2-9)

i=1
Remark 2.8. This lemma is an adaptation of the appropriate lemma in [Rothaus 1985, Lemma 9]. We
leave the proof of it to Appendix A.

We have then the following equivalent formulation of the log-Sobolev inequality:
Proposition 2.9. The following conditions are equivalent:
(1) v admits a log-Sobolev inequality with respect to p with constant Cis.

(ii) For any sequence f,

L(f)<Cus Y_vi(fir1— f)* (2-10)

i=1
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(iii) For any sequence f,

Lf = (g SAD vilfirr — /)2 (2-11)

i=1
where (f) =372, wi fi.
Moreover, if (i) or (ii) are valid, one can choose A = %CLS. If (iii) is valid one can choose C1s = 5A.
The proof of the proposition relies on the following lemma:

Lemma 2.10. For any sequence f, one has

=Ty <L) <SS — (L, (2-12)

Proof. We start by noticing that we may assume (f') =0, as well as || f — (f)||Ls = 1. This is true as £
is invariant under translations and

Ent, (o f) = aEnt,(f).

Using Lemma 2.7, we find that

L) <Entu(fH+2) pif?

i=1

= i wi fi2 log(f%) +2 i i f,-z—( i i ]’,-2) log( i i fiz)

i=1 i=1 i=1 i=1
oo o0
<Y weth+h( Y r?).
i=1 i=1
where h(x) = 2x — x log x for x > 0. As A is an increasing function on [0, ] and
10, <0Fls < VIl
(see Lemma A.2 in Appendix A) we have

I£12, <
Thus, as

2 @) = Z’“" (nfnm) st

we find that
L(f)<1+h(2)<5,

proving the right-hand side inequality of (2-12). To show the left-hand side of the inequality we assume
that £L(f') = 2. By the definition of £ and the fact that

If —(f)IILz =3 |al|i_1>nooEntu((f +a)?)
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(see Lemma A.3 in Appendix A), we know that

113, <3e0f) =1
This implies
o0 o
Do) <1+ ) i fPlog 7 = 1+ Entu(f2) + £ I, log(ILf I7;) < 1+ £(f) =3.
i=1 i=1

where we have used the fact that x log(1 4+ x) < 14 xlogx when x > 0.
® by le 1+ x2 - 1 o (x)
— |==lo — | < 5P(x),

Ja a2 & a? a?

Sue( )

i=1

Since, for any a > 1,

the above implies

and as such, by the definition of || - ||z, we conclude that

I£11Z, <3=3£00),
and the proof is complete. O

Proof of Proposition 2.9. The equivalence of (ii) and (iii) is immediate following Lemma 2.10, which
also proves the desired connection between Cg and A. To show that (i) implies (ii) we notice that as the
right-hand side of (2-2) is invariant under translation, taking the supremum over all possible translations
results in (ii). The fact that (ii) implies (i) is immediate as Ent,, (f2) < L(f). O

Discrete Hardy inequalities. The above observation that the log-Sobolev inequality with weights is
actually a form of a Poincaré inequality brings to mind another inequality with weights that is closely
connected to the Poincaré inequality — the Hardy inequality. In its discrete form, we have:

Lemma 2.11. Let p and v be two sequences of positive numbers and let m € N. Then, the following two
conditions are equivalent:

(1) There exists a finite constant A1, = 0 such that

00 i 2 00
Y X ) <am X s
i=m j=m i=m

for any sequence f .

(i1) We have
k

oS5 1)~

> :
k=m i=m

Moreover, if any of the conditions holds then B, < A1,m < 4B1m.
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The proof for the case m = 1 can be found in [Cafiizo and Lods 2013], and the general case follows by
the same method of proof.

Corollary 2.12. Let
) k 1
B = s 2 w)(24)
k=m X1 i=m !

Then for any sequence f such that f, =0, we have

o0 o0

Yo wifF<AD D vifivr— fi)? (2-13)

i=m i=m
if and only ifB,(nl) < 00. In that case B,(,,l) < A,(,P < 4B,(nl). Additionally,

Bl,m < B,(nl) < Bl,m+1-

Proof. This follows immediately from Lemma 2.11 applied to the sequence g; = fi+1 — f; and a simple
translation argument. O

Besides the above, we will also need to have a Hardy-type inequality for sums up to a fixed integer m.

Lemma 2.13. Let i and v be two sequences of positive numbers and let m € N. Then, for any sequence f
such that f,, = 0, we have that if there exists A > 0 such that

m—1 m—1
Yo wifF<AY vilfir1— )2 (2-14)

i=1 i=1
then by ;m < A, where
k m—1 1
bym = su ; — ).
n= o il 2
= i=1 j=k
Moreover, one can always choose

m—1

m—1 1
A=Bym= Zm(Z;).
J

i=1 j=i

Proof. We start by noticing that for any 1 <i <m — 1, we have

m—1 2 m—1 m—1 m—1 m—1

= (E 0] (B E 1) (£ 1) (Emses-1)
j=i j=i j=i J=i Jj=1

Thus

i=1 i=1 Jj=i j=1 J=1
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completing the second statement. Next, for any j < m — 1 we set
o=3
= vi

Fix k <m—1 and define f®) to be such that fl.(k) =0} wheni <k and fl.(k) = 0; when i > k. We have

m—1 m—1 m—1
k k k k 1
D i1 = o - O = 3 =
i=1 i=k i=k !
On the other hand,

m—1 k k
> 2= Y2 =of (L)
i=1

i=1 i=1

=505

1=

for all k. O

As (2-14) is valid, we see that

Proof of the main inequality. The last ingredient we need in order to prove Theorem 2.3 is the following
lemma:

Lemma 2.14. The following conditions are equivalent:

(1) v admits a log-Sobolev inequality with respect to p with constant Cis.

(ii) There exists n > 0 such that, for any sequence f = {f;} such that fp,, = 0 with m € N satisfying

m—1 00 2
max( MIEDS m) <2
i=1 i=m+1
we have
o0
IO g + 1 DV llLg <) vilfier— )%
i=1
where f©O = £ 1, pand fV = f 1.
Moreover, if condition (ii) is valid, one can choose Crg = 401.
Proof. We notice that it is enough for us to show the equivalence of condition (ii) of our lemma and
Proposition 2.9(ii).
Assume, to begin with, that Proposition 2.9(ii) is valid. As was shown in that proposition, this implies

3CLs
S vilfien— )2 (2-15)

i=1

Lf = (IZ, <
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Due to the conditions on f and the definitions of £ and £, one has that

m—1 1

> ui)z,

i=1

IO s <1 < 15 Oz (

I Pz <1 N <Pl (3 )

i=m+1
(see Lemma A.4 in Appendix A). Thus

m—1
3
1 Pl < 1L Q= ee + 1 DLe < IS Q= (F s + (5 2 m) 1/ L.
i=1
implying

1f Qe <

1
—— O (SO,
1—v %Z?":f Mi

and similarly

1f Ve <

== (Do
- % Z?im-i-l Mi
We can conclude, by applying (2-15) to £ and £ 1), that

-1
3CLs n )
IF @3, < — > vi(firr— £
? 2(1-v3 ;'nzllﬂi)z

i=1

WA FHER " S IR
Y < 2 l l 1 .
2(1 - % Z?im+1 N“i) i=m

The result now follows from (2-7).

To show the converse, we use the translation invariance of Proposition 2.9(ii) to assume that f;,, =0
As such we have f = f© 4+ £ Moreover,

L= (N2, <UFQ =LY + 1D = (fD)zy)?

m—1 1 00 1 2
s((1+( ) N+ (14 (3 X ) )llf(l)lchp)
i=1

i=m+1

m—1 1.2 00 1.2
s2(1+( Zm) ) ||f(°)||i©+2(1+(— > m) ) LfF DIz,
i=1

i=m+1

3 m—1 % 2 3 00 % 2\ 00
$277max<(1 - (5 Z ,ui) ) : (1 + (5 | > ,ui) ) ) Zvi(ﬁ+1 - i)
i=1 i=m+1 i=1
where we again used (2-7). This shows the desired result due to Proposition 2.9.

| W

NS Y O8]
w

[\
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Proof of Theorem 2.3. Our main tool will be Lemma 2.14. It is known that

o0 o0
1£2lLy = sup{me,-zgl- 3 i) < 1},

i=1 i=1

where E is the Young complement of W. Using Corollary 2.12, we know that if f,,, = 0 then

o0 o0
> wifPgi <Cus Y vilfir1— i)
i=m i=m

if and only if

ol £ (5

kzm \; ki1 i=1

Taking supremum over all appropriate g = {g;}, we find that

| f?Lismlly < Cus Y vilfi+r = fi)? (2-16)

i=m

if and only if

B = sup 11kt oo)”L\DZ_ < 00

i=1 Vi

o0
1 1 1
1 = inf V(=) <1}t =infly| - )< =5——
I1ix+1.00 g 320{_2 Wi (a) } égo{ (a) Z?ikﬂm}

i=k+1
1

T/ e i)

we find that (2-16) is equivalent to By < oo, showing that (i) implies (ii).
Conversely, using Lemma 2.13 we find that if f,,, = 0 then

m—1 m—1

S s \[Zulg,(z 1)] S i (fisn— f)?
i=1 i=1 i=1

m—1 m—1

[( Z M’g’)( Z i)] Z vi(fit1— fi)?

i=1 YiJdiS
and again, by taking the supremum over the appropriate g, we find that

m—1

| f?Li<mllg < B2 Y vi(fir1 = fi)* (2-17)

i=1
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Thus, if f = {f;} is a sequence such that f;;, = 0, and if in addition By < 0o, we have

m—1 [es
IO g +1CF D) NLy < B2 Y vilfiv1— fi)*+4B1 Y vi(fis1— f)?

i=1 i=m

o0
< (Ba+4B1) ) vilfiv1— /i)
i=1
where we have used Corollary 2.12. We conclude, using Lemma 2.14, that if By < oo, then v admits a log-
Sobolev inequality with respect to u with constant Cyg that can be chosen to be C s =40(B1+4B5). O

We are only left with the proof of Corollary 2.4. The proof relies on the following technical lemma,
whose proof is left to Appendix A:

Lemma 2.15. Foranyt = %, one has

1 ¢ t
——<v 'l <2—.
3logt logt

Proof of Corollary 2.4. Due to the choice of m and Lemma 2.15, we know that ¥~!(¢) and ¢ /logt are

equivalent for our choice of
1

Zﬁim+luf
This shows the desired equivalence using Theorem 2.3. As for the last estimation, it follows immediately
from the fact that

t

B; <3D;
fori =1,2. ]

Now that we have achieved a necessary and sufficient condition for the validity of a discrete log-Sobolev
inequality with weight, we will proceed to see how it can be used to prove Theorem 1.1.

3. Energy dissipation inequalities

The log-Sobolev inequality and the Becker—-Diring equations. Motivated by our previous section,
the first step in trying to show the validity of Cercignani’s conjecture would be to relate the energy
dissipation, D(c), and a term that resembles the right-hand side of (2-2). Recall that, for any nonnegative
sequence ¢ = {c¢; } we defined

S a0, 0 G Gt
D(C)_ZalQl ®( Qi ’Qi+1)

i=1

with O(x, y) := (x — y)(log x —log y), and

fos) 2
= C1Ci Ci+1
D = E i0; - .
(©) i=1a ¢ (V Qi Qi—H)

We have the following properties:
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Lemma 3.1. For any nonnegative sequence c, the following holds:

(1) We have
4D(c) < D(c). (3-1)

(ii) For any z > 0, we can rewrite D(c) as

D(c):Zain_Zi+l®( cici Cit1 ) (3-2)

— Qizi+1’ QH—IZH_I

recalling ®(x,y) := (x — y)(logx —log y), and

00 : : 2
5(c)=Za,-Ql-zi+l( c1ci Citl ) (3-3)

Qizi*1 Y Qiyyzit!

i=1

Proof. Part (i) is an immediate consequence of the inequality
O(x, y) = (x — y)(logx —log y) = 4(v/x — /7)?
and (ii) is immediate from the homogeneity of the expressions involved. O

Property (ii) of the above lemma gives an indication of how we may be able to find a connection
between D (c) and the relative entropy between ¢ and some equilibrium, by appropriately choosing z.
Similar to the work of Jabin and Niethammer [2003], another equilibrium state that will play an important
role in what is to follow is

O =0Q¢ ={0ici}iz1.

Indeed, it is the only possible equilibrium under which the right-hand side of (3-3) attains a form that
is suitable for the log-Sobolev theory developed in the previous section. From (3-3) we find, after

[e'¢) 2
= ~ ~ Ci Ci+1
D)= aiQid(,/= - /= ) 3-4
(€) ¢ 1( Qi QH—I) G

i=1

cancelling ¢y, that

This enables us to finally link D(c) to H(c|Q):

Proposition 3.2. For given coagulation and detailed balance coefficients {a;}ien and {Q;}ien and a
given positive sequence ¢ with finite mass o and such that

o o0
Zéi < 400, Zaiéi < +0o0

i=1 i=1
(recall Q; := Qicifori = 1), we define the measures
Wi = i V; = ai—Qi i eN. (3-5)

> 219 > a;Q;
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Then, if v admits a log-Sobolev inequality with respect to . with constant Cyg, we have

3(yoo 5
_ c —1ai9;
D(C)Z = - IEZZ—I fl)

Cus (X521 9)(cf +2(X72 1 ) (721 1))
Proof. Let fi = Vc¢i/ Q;. Since v admits a log-Sobolev inequality with respect to p with constant Cyg,
we have

H(c|Q). (3-6)

5(c>=(2alglgl)zv,<f,+1 £ /¥Entu(f2)- (3-7)

i=1 i=1

Next, we notice that

(; o ) Ent, (f?) = Z ci log (é Ci) (log i ¢i —log i éi)

i=1 i=1 i=1
= H(c@) —I—Zci _Zéi - (Zci) (loch,- —logZ@i)
i=1 i=1 i=1 i=1 i=1
:H(c|@)—(ZQ) (Z’—lc’), (3-8)
i=1 1—1Q

where A(x) = xlogx —x + 1. We now use the fact that Q minimises the relative entropy to the set of
equilibria to bound the first term,

H(c|Q) = H(c|Q) (3-9)

(see Lemma B.1 in Appendix B). The only remaining bound is to show that the term with the negative sign
at the end of (3-8) is in fact bounded by Ent,,(f?). For this we will use the following Csiszar—Kullback
inequality:

Ent, (f 2) 2

2
(Zlf2 (f?) Iul), (3-10)

where
o0
2 =) S
i=1

With (3-10), we find that in our particular setting

o0 N o0 o o0
> . . Q > Ci
Bty () > i1 9 (Z —— 1(2’21 12)
2 =€ SXi=Q (X29)
and keeping only the first term in the last sum we get

Zl—l Ci
232,09,

G
Zz’oilci Zioiléi

)2 _ Z?ilci (i

)

c1 A

Entpc(fz) = ZOO : - Zoo é
i=1%1 i=1=i

2 2
_ i 1— Y2y
22?2101’ Z?ilgi Z?ilgi
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Continuing from (3-8) and using (3-9), the above inequality and the fact that

Ax) < (x—1)?

show that 5
(2@) Enty,(f2) > H(e|Q) (; Q) (g_—:;’ - 1)
> H(c|Q)— —(Zg)z(ici) Ent, (f?).
Thus, = -
H(c|Q) < (Z 5)(1+ % (ZQ ) 5 o)) Entu ),
Combining the above with (3-7) C(l)mlpletes the proofl. 7 0

Main inequality for cq “close” to equilibrium. On the basis of Proposition 3.2, one obtains the following.

Proposition 3.3. Assume the conditions of Proposition 3.2 and the additional condition that ¢1 < zx for
some 0 < zy4 < z,. Setting

o
0% i= E iQ;zl < oo,
i=1

we have

alzzc%

Crs(zx + 0+)(z% +20(z« + 04))

In particular, if 0 <8 < c¢1 < zg— 8 for some § > 0,

D(c) = H(c|Q). (3-11)

D(c) = AH(c|Q)
for some constant A > 0 which depends only on §, p, a; and {Q;}i>1.
Proof. This follows immediately from (3-6) and the estimates

> 0= ZquScl(lJr ZQ! )<Cl( Q—*),

i=1 i=1
o0 o0
Z ¢i < Z ici =0,
i=1 i=1
together with ) 7o ; a;0; = aycy. O
Proposition 3.3 shows us that as long as ¢; is bounded away from 0 and z,, Cercignani’s conjecture
will follow immediately from a log-Sobolev inequality for v with respect to u (which were defined in

Proposition 3.2). Our next result shows that this is indeed true for subcritical masses, under reasonable
conditions on the coefficients:
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Proposition 3.4. Let {a;}ien and {Q;}ien satisfy Hypotheses 1-3 with y = 1 and let ¢ = {c¢; }ien be an
arbitrary positive sequence with finite total density o < 05 < +00. Assume that there exists § > 0 such that

c1 <zg—6.

Then, the measure v admits a log-Sobolev inequality with respect to the measure p with constant

60z3 -4 k+1 Zg
Cus = — C( - )(4+2651£p|10g ot }—Felogg , (3-12)
where . and v were defined in Proposition 3.2 and
1 £ 21
C(n) = 1+ sup(k(1 +1log(3k))nz) +
k=3 I—n

forn < 1.

Proof. We just need to estimate the constant given in Corollary 2.4. As mentioned in the Introduction, we
can assume without loss of generality that a; = i. We define

C1 Zg—
]’]:—<

Zs Zs

=:n <1.

A 1—i
Qi =z 61$Zsaﬂ7,

we find that due to the monotonicity of {«; };ien,

k+1 _ 5 - 5 k+1oo i—1 ZsOlk+177k+1
ZsWk 411 :Qk+1§ Z Qi < zgn Zai-i-knl $T
i=k+1 i=1 U
As such
o0 k
k
(=m0 < Y i Seepr7—
i=k+1 g
implying

0 k
Z i 1og( 2. m) < M(k log(%)—log(akﬂ(l—n))). (3-13)

i=k+1 =k+1 I=n
Next, we notice that as
Z y = (1_ )2’

i=1
one has

247 < Zlazzsn = ZazQz < Zs(l e
i=1 i=1
from which we find that

ioi(1— n)zni_1 <vy; < iaini_l



1688 JOSE A. CANIZO, AMIT EINAV AND BERTRAND LODS

We notice that for k = 3, the monotonicity of {«; };en implies

Kooy ! ko
e ;iai (77) +; o 1
k—1 %]k k=1
<1 o k—i =1 n o k—i k—i
—i_X:l77 +Zin * Z 1
i= i=1 i=[5]+1
P
i=1 2 j=1
k 2
< 1+ k(1 +log(3k)n} + '7717
-m

Using the definition of C(n) and the fact that C(n) > 1 4+ 5, we find that for all k € N,

k i
1 1
kayn* E o (5) < C(m),
i=1

and as such
k

! ! lk 3-14
> <CoM G )zkak(). (3-14)

im Vi

Combining the above with (3-13) yields the bound

00 00 k 1
(— D i log( > Mz))(z vil) < C(nl)al;zl a _77’7)3 (10g(5) - % log(atge41(1— 77)))-

i=k+1 i=k+1 i=1

Thus, with the notation of Corollary 2.4,

C(m)
Prs (1-n1)3 (

C(m) 1 T+1 1
< — 2 1 I — ).
(1—11)3 + ’715‘11)| 0g(“k+1)‘ +n log T—m

As m, defined in Corollary 2.4, is always finite, we conclude using the same corollary that v admits a

k+1 1
sup (— nlog(n))—i—nlsup 3 ‘log oz,fii |+n110g(—1_m))

0<x<1

log-Sobolev inequality with respect to w. However, in order to estimate the constant Cyg, we still need to
estimate the constant D5 in the case where m > 1 (otherwise, D, = 0).

Since
o0 U
1=m T’
the requirement that Zl_l Hi <% 2 implies
1 _ Om 3 3

Olm—lnm_1 h am—1 (1—n) (1 - 77)
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Using the above along with the fact that m > 1 and inequality (3-14) shows that

m—1

1 nm 1
Y — <30 —— <3
o C(fll)(1 e p— C(m)

i=1 !

M
(1—n)3
We can conclude that
o) o) m—1
1
(— Z Wi IOg( uz))(z )<3 sup (— xlogX)C(m)—)y (3-15)
i=m—1 i=m—1 i=1 Vi Osx<l1 (T=m

from which we conclude that

3 m
D, <-C _
2 (Ul)(l_m)3

which completes the proof, as the result follows directly from Corollary 2.4. O
We finally have all the tools to prove part (i) of Theorem 1.1:

Proof of part (i) of Theorem 1.1. The result follows immediately from Proposition 3.3, Proposition 3.4
and condition (1-16). O

The last part of this section will be devoted to the proof of part (ii) of Theorem 1.1. For that we will
need the following lemma:

Lemma 3.5. For any 8 = 0, any nonnegative sequence ¢ and positive sequence {Q; }i=1, it holds that

B C1¢i [ Ci+1 )
Zl 0; (/ o /Ql+1) <2(cl—i—sup Q]—H);l ci. (3-16)

Proof. The proof is a direct consequence of the inequality (a + b)? < 2(a? + b?):

o0
8 [ [1¢i  [cit ) _
i’Q —_— = <2c ici+2 i Ci+
; l( Qi Qi+1 ; l Z Qiy1
)Zl Ci. O

Proof of part (ii) of Theorem 1.1. We denote by D y(c) the lower free energy dissipation of ¢ associated

< 2(c1 + sup
J j+1

to the coagulation coefficient a; = i?. According to part (i) of Theorem 1.1, there exists K > 0 that
depends only on §, zg, ¢ and {e; };en such that

Di(e) = KH(c|Q).
Using interpolation between y and 8, we find that

—1

=

Di(c) < Dy~

Vto‘

Y(e)Dg (¢) <25~y (3-17)

=
B

I
o
<X
I
~~
o
p—
N
S
+
|>—
w
o
o}
~
N—
]
<
QE —_
iy



1690 JOSE A. CANIZO, AMIT EINAV AND BERTRAND LODS

where we have used Lemma 3.5, the upper bound on ¢; and Hypothesis 2. Therefore

1—y

B—v 1=y
z K T=v )B—l
2(23 + sup; aj /aj+1)Mp

D(¢)= Dy(e) z( He|Q)FF (3-18)

and the proof is now complete. O

This concludes the part of the proof of Theorem 1.1 that relied on the log-Sobolev inequality. In
the next subsection we will address the question of what happens when ¢ escapes the “good region”
delimited by (1-16).

Energy dissipation estimate when c1 is “far” from equilibrium. The goal of this subsection is to show
that when ¢ is far from equilibrium, in the aforementioned sense, while we may lose our desired inequality
between D(c) and H(c|Q), the energy dissipation becomes uniformly large — forcing the free energy to
decrease (and as a consequence, the distance between ¢ and z decreases as well).

The next proposition, dealing with the case when ¢y is “too large”, is an adaptation of a theorem from
[Jabin and Niethammer 2003].

Proposition 3.6. Let {a;}ien and {Q;}ien be the coagulation and detailed balance coefficients for the
Becker—Doring equations. Assume that inf; a; > 0 and

i Oi+1 1
im = —.
i—»oo Q) Zs

Let ¢ = {c;} be a nonnegative sequence with finite total density o < gs. Then, if
c1>z+56
for any § > 0, we have
D(c) > &1
for a fixed constant g1 that depends only on {Q;}ien, Z, zs and 6.
Proof. Without loss of generality we may assume that Z + § < z. Defining u; = ¢; /Q; we notice that
o0
D(e) =) aiQi(Veruj — Juirr)>,
i=1
Let A < 1 be such that Ac; =Z + %8 and let ip € N be the first index such that
Ui+l < Aciu;.
This index exists, else, for any i € N we have

i1 = Ay = (Aey) ey, (3-19)
and thus
o0 o ) o0 .
o= Zici =c1+c ZiQi(XQ)Z_l = Zin’(f + %5)1,
i=1 i=2 i=1

which is a contradiction.
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Due to the positivity of each term in the sum consisting of the lower free energy dissipation, we
conclude that
D(c) = aiy Qiy(1 — VA)2cruiy = aig QiAo e (1 = V)2, (3-20)

where we have used the fact that up to ip — 1 we have inequality (3-19).
As we know that there exists C > 0, depending only on {Q;}ien, Z, zs and § such that

o0

Z ici(he1)710Q; < CQio(/\Cl)iocl

i=ip+1

(see Lemma B.2 in Appendix B), we conclude that, using (3-19) again,

10
CQiy(Ac)0c1 26— iQi(he))' 'e128-) iciza—o,

i=1 i=1
where 0 = ) 72, iQ; (Ac1)'~Ley. We can estimate the difference o — 0 as
o0
0—o0= ZZQ, Z+15 (Zz 0;z'~ 1)15
i=1 i=1
In conclusion, there exists a universal constant C; > 0, depending only on {Q;}ien, Z, Zs and §, and not

on ig, ¢1 or A, such that
Qig(Ac1)'%c1 > Cy.

Recalling (3-20) and using the fact that

Lt 18 _EiA 28
1 z494
we find that
N 1—+/2)2 Vits—vVi+3
D(C)ZClaioﬂzcl inf a; ( )
A i=1 zZ 4+ 5
completing the proof. O

Next, we present a new lower bound estimate for the energy dissipation in the case where ¢ is “too
small”.

Lemma 3.7. Let {a;}ien and {Q;}ien be the coagulation and detailed balance coefficients for the
Becker—Ddring equations. Assume that

_ Q .
0= <+o00, Q@ =inf < +00,
QH—I = i Qi1
a = sup < +00, a =inf < 400
i di+1 Lodj+1

and let ¢ be a nonnegative sequence such that

C1<5
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for some § > 0. Then,

0> 00 S -and) 25 S

i=1 i=1

Proof. Expanding the square, one has

D(c)—clza,c,—l-Za, c,+1 2\/_Za,‘/ «/c,c,+1

i=1 i=1

so that
_ 00 _ ) 1, o 1
D(c) = QQ(Zaici) —2/c1V Qd(zaicz') (ZCHC:‘)
i=2 i=2 i=1
o0 o0
> Qc_z(Za,-c,- —a18) —2\/3\/ Q&(Zaici)v
which is the desired result. O

Proposition 3.8. Let {a;}ien and {Q; }ien be the coagulation and detailed balance coefficients for the
Becker—Doring equations. Assume that

Q = sup Qi <+o0, Q@ =inf Qi

] < +00.
i Qi+1 = i Qin1

Let ¢ be a nonnegative sequence with finite total density o. Then:
(1) If a; =i then there exists a 61 > 0, depending only on Q, Q and o such that if ¢1 < 81 then

D(c) = %

(i) If a; =iY for y <1 and there exists B > 1 such that Mg < +00, then there exists §1 > 0, depending
only on Q, Q, 0 and Mg such that if ¢, < 81 then

Proof. Both (i) and (ii) will follow immediately from Lemma 3.7 and a suitable choice of §;. Indeed, for
(1) we notice that

Qg(iaici—aﬁ) 2\/_@(Zalcl)=—(g 8)— 28/ Do.

where we have used the notations of Lemma 3.7. As the above is less than %QQ and converges to it as §
goes to zero, we can find §; that satisfies the desired result.
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For (ii) we notice that the interpolation estimate

B—1

[ele] [ele] = 1—y
o= ici s(Zi”ci) (Mg) 5=

i=1 i=1

along with the fact that ) ;2 i¥¢; < o implies

o &%
QQ(Zaici —a18) 238/ Qa(Za,a) = g( ‘Qﬂf_y —8) — 25 Qo,
i=1 i=1 MET
B

from which the result follows. O

We are finally ready to complete the proof of Theorem 1.1:
Proof of part (iii) of Theorem 1.1. This follows immediately from Propositions 3.6 and 3.8. O

Now that we have our general functional inequality at hand, one may wonder about the sharpness
of this method of using the log-Sobolev inequality. Perhaps we were too coarse in our estimation, and
Cercignani’s conjecture is valid in the case a¢; = i¥ with y < 1 under the restrictions of Theorem 1.1.
The answer, surprisingly, is that the result is optimal, as we shall see in the next subsection.

Optimality of the results. This subsection is devoted to showing that unlike the case a; = i, the case
a; = 1Y when y < 1 does not satisfy Cercignani’s conjecture, even if ¢y is bounded appropriately. This is
stated in Theorem 1.2.

Proof of Theorem 1.2. We start by choosing a; =i?, y <1and Q; = e 21 (i > 1) for some A > 0.
We will show the desired result by constructing a family of nonnegative sequences {c(s)}8>0 with a fixed
mass o such that
] D(c®))
lim ———— =
e0 H(c®|[Q)
Let £ > 0 be such that
0 N~ A ¢ et t
= = iete ¥ = — .
2 (—e7Fy
Consider the sequence ¢(®) = {cl.(g)} given by
cl-(g) =ete T 4 Ae™ ieN,

where 0 < ¢ is small and A, is chosen such that the mass of the sequence ¢® is g, i.e., A = %Qes(l —e %),
Next, as Q;/ Qi1 = e* forany i = 1, we see that

Qi ROBENONC) +1 +1)_ 24 ,—£(i+1 A(,—Ei—e ,—ci— 2 ,—e(i+1
0ies ;=i = e? AeSUHD L g otemoUHD_o22 =8+ _ g ot (o810 p818)_ g2 —s(+D)
= Agete t T D (1_¢=E=0)_=C=0_4 0745
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for & small enough depending only on A, £ and ¢ but not on i. Additionally, one can easily verify that
Qi Cz( i)l 1
@, (s) )
Qit16 e
As such, setting B, , = Y 52, e~ %! for any z > 0, we find that

D(C(s))—Zl Qi © @ log Q—fi)l
Q 11 l+1 ¢ (&) (¢)

Qit1cy ¢

1 1
< Ace*Bs, 1og(.eA (1 +A—)) (1—Age™)e ™ —e ™)~ A.eBe, 1og(e*—8 (1 +A—)). (3-21)
& &

As Ag ~ %Qsz when ¢ approaches zero, and By, is of order g~(1+7) (see Lemma B.3 in Appendix B)
we conclude that

lim D(c®) = 0.

e—>0

Lastly, we turn our attention to the relative free energy. We start by denoting by é > 0 the unique parameter

o0 -
0= et Z ie &

i=1

for which

Clearly, & < £ and the associated equilibrium with mass ¢ is Q; = ereEi. Since, for any fixed i = 1, it

holds that
lim ¢; © _ (0)

; —e*e 8
e—>0

using Fatou’s lemma we can conclude that

liminf H(c®|Q) = H(c®|Q) > 0,
e—0

as c¢©@ £ Q. O

Remark 3.9. We notice the following:
e In the example we provided, z; = e* < 400 but g3 = +00. This, however, is not a great obstacle as
all our proofs rely on some positive distance from zs and g, and can be reformulated accordingly.

¢ The constructed sequence ¢® satisfies

o0
supZi’g cl.(s) =400

¢ i=1
for any B > 1. Thus, the conclusion of part (ii) of Theorem 1.1 does not apply to it. Actually, one
can easily check that
) D(c®)
lim —————— =
o0 (H(c®]Q))’

for any s > 0.
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Inequalities with exponential moments. Up to now, we have avoided using exponential moments in any
of our functional inequalities. In this section we will show that when 0 < y < 1, under the additional
assumption of a bounded exponential moment, one can obtain an improved functional inequality between
D(c) and H(c|Q), extending the result given by Jabin and Niethammer [2003]. The key idea in this
section is to avoid using the interpolation inequality (3-17) and replace it with one that involves an
exponential weight.

Proposition 3.10. Let f be a nonnegative sequence and let 0 < y < 1. Assume that there exists
u € (0,41og?2) such that

D e i = M (f) < oo

i=1

Then, 1o
Mi(f) (2 AMP OV Y

where My (f) denotes the a-moment of f and M, ﬁxP( f) is the exponential moment defined in (1-14).

Proof. For simplicity, we will use the notation of M; and M ZXP instead of M(f) and M ;Xp( f). We
start with the simple inequality

o0 N oo ) )
M= ifi=Y iV it > e T et
i=1 i=1 i=N+1
_uN+D)
<N'M, 4+ =2 oM VN eN, (3-23)
AX

where we used the fact that sup,>oxe™"* = 1/(Ae) for any A > 0. Our goal will be to choose a
particular N to plug in the inequality above to conclude the desired result. Again, using the supremum of
g(x) = xe™** we conclude that

M < Lij‘".
ne

As u < 4log?2, we find that
AM,P

&’
el ts

2 aM*P
N=[_1og( i )]21.
M pneM

Plugging this N into (3-23) we see that

M1<

from which we conclude that

_uW+D  pueM;
e 2 S —eXI)7
aM,,

and as such Iy
My > NV—l_l
2

and the result follows. O
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With this proposition at hand, we are prepared to show part (i) of Theorem 1.4.

Proof of part (i) of Theorem 1.4. Without loss of generality we may assume that u € (0, 4log 2). Introduce
the sequence f = {f;}, where

2
- _ . €16 |G+l .
fi Ql(‘/ 0 ‘,Qi+1)’ i =1

Following the same proof as presented in Lemma 3.5, we find that

)MZXP(C).

o)

M) <2(er 4 zsup

Jj %+

Thus, using the simple fact that My (f) = Dgy(c), for any o > 0, together with Proposition 3.10 and
parts (i) and (iii) of Theorem 1.1, yields the desired functional inequality. O

4. Rate of convergence to equilibrium

In this section we will use all the information we gathered so far to prove Theorem 1.3 and part (ii) of
Theorem 1.4, giving an explicit rate of convergence to equilibrium for the Becker-Doring equations.

The convergence result in Theorem 1.3 is a consequence of Theorem 1.1. To use the functional
inequality established there, we need first to invoke uniform (and explicit) upper bounds on moments
Mg (c(2)); see (1-18). This is provided by the following (see [Cafiizo et al. 2017]):

Proposition 4.1. Let {a;}ien and {Q;}ien satisfy Hypotheses 1-3 with 0 < y < 1, and let ¢(t) =
{c¢i(t)}ien be a solution to the Becker—Ddring equations with mass o € (0, 05). Let B = max{2—vy, 1+ y}
be such that

Mpg(c(0)) =) " ifci(0) < oc.
i=1

There exists a constant C > 0 depending only on B, Mg (0), the initial relative free energy H(c(0)|Q),
the coefficients {a; }i=1, {b; }i=1 and the mass o such that

Mg(c() =Y ifei(t)<C forallt =0,

i=1
Using such an estimate, the proof is easily derived from Theorem 1.1 and part (i) of Theorem 1.4,

yet we provide a proof here for the sake of completeness and to show that we can find all the constants
explicitly.

Proof of Theorem 1.3. Combining Theorem 1.1 and Proposition 4.1, we conclude the differential inequality

—min(KH(c(t)|Q),£), y=1,

2y 4-1
—mm(KH(c(z)|Q)§fl,e), 0<y<l @D

LHE0]Q) <
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for appropriate K and ¢. We claim that there exists 79 = 0 such that for all # = 79,

iv :1’
Hew <X 0 7
(£)F7, 0<y<l.

—_

Indeed, if H(c(¢))|Q) is larger than the appropriate constants in [0, ¢] then

disH(c(S)'Q) <—¢ Vse(0,1),
implying that
H(c(1)|Q) < H(c(0)]Q) —et.
We define
B { min(0. (H(e(0|Q) - %)/2). y =1
0 min(0, (H(c(0)|Q) — (%)%)/e), 0<y<l,
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(4-2)

and find that H(c(to)| Q) satisfies the appropriate inequality in (4-2). As H(c(2)|Q) is decreasing, we

conclude that (4-2) is valid for any ¢ = 1.
With this in hand, along with (4-1), we have, for all ¢ = 1,

H(c(tg)| Q)e~K=1o), y=1,
H(e(1)]Q) < et 1 e
(H(c(t0)| QY VB~ 4 57X K(1—19)) 77, 0<y<l.
As
Heolo) = | mHCEOID &)y =1

min(H(c(0)|Q). (%)), 0<y<l,

and 7¢ is given explicitly, we conclude that

H(c(0)]Q), y=>11=0
£ K L(HECO®IQ-F), y=11>0,
C(H(c(0)|Q)) = H(c(0)]Q), 0<y<l,t0=0,

y—1 B—1
(£)77 - XKL HEOIQ - (§)F7). 0<y <Lig>0,

—_

completing the proof.

O

Proof of part (ii) of Theorem 1.4. This follows form part (i) of Theorem 1.4 by the same methods used in

the above proof and the fact that

sup Mli’fp(c(t)) < 400
120

for some 0 < ' < u (a known result from [Jabin and Niethammer 2003]).

5. Consequences for general coagulation and fragmentation models

In this final section we illustrate how the functional inequalities investigated in Section 3 provide new

insights on the behaviour of solutions to general discrete coagulation-fragmentation models.
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General discrete coagulation-fragmentation equation. The Becker—Doring equations (1-1) are derived
under the assumption that the only relevant reactions taking place are those between monomers and
clusters of any size. One can obtain a more general model by taking into account reactions between clusters
of any size. Keeping the notation of the Introduction, this means that we consider reactions of the type

i+ =1l +7}
for any positive integer sizes i and j. We assume their coagulation rate (i.e., the reaction from left to right)
is determined by a coefficient we call a;;, and their fragmentation rate (the reaction from right to left) by a

coefficient called b; ;. These coefficients are always assumed to be nonnegative (as before) and symmetric
ini,j (thatis, a; j =aj;; and b; ; = b;; for all i, j). The equation corresponding to (1-1) is then

d 1 i—1 [e’e) .

560 = 5; Wi (1) — ; W), ieN, (5-1)
where

Wi j@):=ajjci(t)cj(t)=bjjcitj(t), ieN. (5-2)

The system (1-1) is then a particular case of (5-1) obtained by choosing a;,;, b;,; as

a;,j =b;,; =0 whenmin{i, j} =2, (5-3)
aii=2ai, aj1=ai,; =a; fori =2, (5-4)
b1’1 = 2b,, b,',l = bl,i = bi-{—l fori = 2. (5-5)

The mathematical theory of this full system is much less complete than that of (1-1). Well-posedness of
mass-conserving solutions has been studied in [Ball and Carr 1990], and there are a number of works on as-
ymptotic behaviour, for instance [Caiizo 2005; 2007; Carr and da Costa 1994; Carr 1992], but it is still not
fully understood. To start with, it is unclear whether equilibria of (5-1) are unique or not (when they exist).
A common physical condition imposed on the coefficients a; ;, b;, ; which avoids this problem is that of de-
tailed balance: we say it holds when there exists a sequence { Q; }i>1 of strictly positive numbers such that

a;,jQiQj =bi;j0Qiy; foranyi,/j, (5-6)

where we always further assume without loss of generality that Q1 = 1. This is the analogue of (1-4),
but in this case it needs to be imposed as a condition since numbers Q; satisfying (5-6) cannot always be
found (unlike in the Becker—Doring case). If we assume (5-6) then equilibria (5-1) exist and have the same
form (1-5) as in the Becker-Doring case, and a similar phase transition in the long-time behaviour has
been rigorously proved in some cases (see [Caflizo 2005; 2007; Carr and da Costa 1994; Carr 1992] for
more details). However, even with detailed balance, the long-time behaviour is in general not understood
except in particular cases. If clusters larger than a given size N do not react among themselves (that is, if
a;,j = b;,; = 0 whenever min{i, j} > N) the system is known as the generalised Becker-Doring system,
and has been studied in [Cafiizo 2005; da Costa 1998]. For coefficients a; ; given by

ajj=i"j7+i"jv foranyi,j, (>-7)
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with n <0<y and y +n < 1, the asymptotic behaviour was identified in [Caflizo 2007] and a constructive
(though probably far from optimal) rate of convergence to equilibrium was given. Very little is known
about the asymptotic behaviour for coefficients of the type (5-7) with y, 7 > 0 and y + n < 1. In this case
the size of a; ; is larger than that of g; 1 and the system (5-1) may behave quite differently from (1-1).

A natural question is whether any of the functional inequalities investigated in this paper can shed
new light on the behaviour of solutions to (5-1). Assuming the detailed balance condition (5-6), along a
solution ¢(¢) = {c¢; (¢t)}i=1 to (5-1) we have

L Hew) = —Dere)
1 o oo (S civ )(1 cicj | CH—])
. 2 i’jzzlald Qi€ (Qin Qi+j o8 0i0; o8 Qitj

- 00 0, ﬂ_ Ci+1)(1 CiC1 1 Ci+1)=D ‘ SO 5.8
;a Q ( Qi Qi+ o8 Qi o8 Qi+1 ) ©-9)

(see [Caiiizo 2007] for a rigorous proof), where the a; are defined by (5-3) for any i = 1. Hence the free
energy is also a Lyapunov functional for (5-1), and it dissipates at a faster rate than for the Becker—Doring
equations (since more types of reactions are allowed). As such, it is reasonable to think that the inequalities
from Section 3 can be useful also in this case. This turns out to be true, and some improvements can
be made on existing results. However, it also turns out that our results are not able to extend the range
of possible coefficients for which convergence to a particular subcritical equilibrium can be proved; we
cannot give any new results for coefficients such as (5-7) with y,n>0and y +n < 1.

Proof of Theorem 1.5. We now give the proof of our main result concerning the above model (5-1). One
of the main obstacles in applying directly our results to equation (5-1) is that, unlike for the Becker—Doring
equations, the moments of solutions to the general coagulation and fragmentation system are not known
to be bounded; i.e., Proposition 4.1 is not available for (5-1). One can for example say the following
about integer moments (this result can easily be extended to noninteger powers by interpolation, and was
known from the early works in the topic [Carr and da Costa 1994; Carr 1992]). From this point onward
we will assume that

ajj=iVj"+i";v fori,jeN, (5-9)
withn<yandO0<A:=y+n<1.
Lemma 5.1. Let k € N and let ¢ = ¢(t) = {ci(t)}ien be a solution with mass o to the coagulation and

fragmentation system (5-1) with coefficients satisfying (5-9). Then

— k—1
(My (e (0)) + =42k —2)05=11) 1=+ jfOo <A <1,

Mi(e(t)) < : _
Mic(e(0)) exp(2(2% —2)or) fA=1.

(5-10)

where Mp(c(1)) := Y72, iPci(t) forany p =0, t = 0.
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Proof. We give a formal proof for completeness; a rigorous one can be obtained by standard approximation
methods, and can be found in [Ball and Carr 1990]. To simplify the notation and since c(¢) is fixed,
we define M (t) = M;(c(t)) for any j =1, £ = 0. One can check the following weak formula for the
integral of the right-hand side of (5-1) against a test sequence {¢(i)};:

oo i—1 oo oo
S5 X Wimsy = 3 W) = 5 LG + 1) =D =)W
j=1 j=1 i

i=1
Applying this to ¢ (i) := ik, neglecting the negative contribution of the fragmentation terms and using the
binomial formula, one obtains

k—1

d k
M) < Y () My (OMpq(0) V120,
=1

Next, we use the interpolation

Ov

Ms(l)<M" '(t)M - ()

where 1 < § < k, to find that

Thus,
d _ k+A-2
M) < @K —2)o T M, T (1) Vi=0
and the result follows from this differential inequality. O

With the above at hand, we are now able to prove our main result about the rate of convergence to
equilibrium in the general setting of coagulation and fragmentation equations:

Proof of Theorem 1.5. Assume for the moment that a; ; is of the form (5-7), in order to see why the
proof only works for coefficients of the form (1-27).

Fix § > 0 such that 0 < § < Z < zg — 6. We use the observation (5-8) that Dcg(c(2)) = D(c(t)) at all
times ¢ = 0, defining {a; };en by (5-3). Using Theorem 1.1 (actually, its more detailed forms in equation
(3-18) and Proposition 3.8), we obtain

%H(o(z)@) =~ Der(e(t)) < ~D(e(1)
—CM (DK H(e )| Qi § < e1(r) < 2,— 8,
CMk(c(t))k i ifc1(t) <6 or c1(t) = zs—6
—CoMy (c(t) 5T H(e(1)| Q)=

for some constant Cy > 0 that depends also on H (¢ (0)|Q). Using Lemma 5.1 this implies

S HEwI <~ G —He0E, (>0

(Mi(c(0)) + =2 2k —2)0k=1 1) 1
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This implies decay of H(c(¢)) only when A = y, that is, when n = 0 (since A = y + 7). Solving the
differential inequality yields the result. O

Remark 5.2. The same decay rate was obtained in [Cafizo 2007] by means of the particular case of
inequality (1-19) for 8 = 2—y. Here we obtain slightly different decay rates by assuming higher moments
of the initial data ¢ (0) are finite, but the method does not seem to give a better decay than a power of
logt in any case.

Remark 5.3. It seems to the authors that the inequality we use in the proof of Theorem 1.5 is not optimal,
and could be improved to deal with the case

ajj=1"j"T+i"j7,
with a resulting convergence rate that would depend on A =y + 1.
Appendix A: Additional computations for the theory of the

discrete log-Sobolev inequality with weights
We have collected here technical lemmas from Section 2 that we felt would have encumbered it.
Lemma A.1. For any sequence f, we have

o0
Ent, (f?) < L(f) <Bntu(f3)+2) i f

i=1

Proof. From the definition of £, the inequality

Ent,(f?) < L(f)

is trivial. We thus consider the right-hand side inequality. For a given sequence f and any o« € R we
define

ST
Gy(t) = ;Mz(tfl + o) log(zlﬁl wi(tfi +a)?

o0 o0 o0

=23 i (tf; + )2 logltf; +a|—(2m(zﬁ +a)2) log(Zm(tfi +a)2),
i=1 i=1 i=1

and notice that

Go(t) = t* Ent, (f?).

Next, we define g(¢) = Go(t) + 2t 3 i fl.2 and notice that the inequality we want to prove is
equivalent to

Ga(1) < g(1)
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for any o € R. Clearly G4(¢) < g(¢) when ¢t = 0. Differentiating G we find that

Go(t) =4 i filtfi +allog(tfi + @) +2 ) wi fi(tfi + @)

i=1 i=1

=2 Y i+ ) toe( e + ) =23 ey +a)

i=1 i=1 i=1

=43 i fitef + aytoglsi-+al =2 3o fias +a) g S puteh + or?).

i=1 i=1 i=1

which satisfies G, (0) = 0 for any f and «, implying that G},(0) = g’(0) = 0. As G is defined for any
t €0, 1] we see that it is enough to show that when defined,

Gy(t) <g"(1)

for any «. Indeed,

Go(t) =4 pi f? log|tfi +af +4ZMiﬂ2—ZZuiﬁ210g(Zm(tfi +a)2)
i=1 i=1 i=1 i=1
(52 i fitfi + )
S wailtfi +)?

> 2 00 ) . . 2
=2§ i 21 ( (tfi + ) ) 4 l_ '2_4(Zi=1ulﬁ(tf, + a)) .
"=1Mfl ST s re0?) T ;Mf’ Yoy miltfi + )

—4

oo o]
Ent, (f?) = SUP%ZMifiz loghi Y pihi = 1},

i=1 i=1
we see that by choosing

o fitw?
YR witfi +a)?

we get

Gu() <2Ent, (f2)+4) i f2=¢"Q). O

i=1
Lemma A.2. Forall f € Lo, we have
LAy <102 < V3IS L (A-1)

Proof. The inequality
1l <071z
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is immediate as u is a probability measure. To show the last inequality we may assume that || f ||z, = 1.

Due to Fatou’s lemma we know that if k,, =22 k > 0 then

o o0
;m@('i") $1}ilrr_1)ior<13f2m<1>(|kfl|),
1=

i=1 n

implying that if || /|74 > O then

= )<
;Mlq)(llfllm =t

In our case, since W(x) is convex we find that

o0 o0 o0
12 w®(fH) =Y w¥ ()= \P(mef) =W(f17).
i=1 i=1 i=1
As W is increasing and ‘IJ(%) > 1 we conclude that
2 3
If ”Lﬁ <3,
yielding the desired result.

Lemma A.3. Let f € L. Then
If = ()2 =1 tim Eniu((f +a)?).
H la|—o0

Proof. We start by noticing that

2 _oo (£2 42 L+ fifa)”
Ent,, ((f +a) )—;uzm +2afi+a )log(zgglmum/a)z)’

(A-2)

and continue by assuming that f; is uniformly bounded, from which the result will follow with an

application of an appropriate convergence theorem. There exists ag such that if |a| > |ag| we have that

| fi/a| < % uniformly in i. As on [—% %], we have that there exists C > 0 such that
|10g(1 +x)—x+ %xz‘ < Cx3.

We conclude that

2 2 2 2
1og(1+2£+%)=(2§+f4)—2f4+ Lo fi Sy B

and
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where E1;, E>,; are uniformly bounded in i. This implies

2 | fI2, 2
Bt ((f + ) = 3 wi(f2 + 20, +a2)( S QW) SE M) )

a a
i=1

f2
+ - Z (1+2—+_)(E11 Es ;).

i=1
The last term clearly goes to zero as |a| goes to infinity, so we are only left to deal with the first expression.

a a a?

> wi(f2+2afi +a
i=1
E
- 4||f||§ﬁ —4 4200 2al )~ If Iy~ 112 + 2002+ =
=211 12— () + 2.
This completes the proof as || f — (f)||i2 = ||f||i2 —(f)~ d

Lemma Ad. Let f be a sequence such that fp = 0 for some m € N. Set by f© = f1,_,, and
D = £1;2,,. Then

— 1
m—1 5

IO s <1< Ol (X )

i=1

X (A-3)
°° 2
)] 1 )] .
1 O)ze < F D) <11 S ||Lﬁ( 3 ul) .
i=m+1
Proof. We start by noticing that for any constant sequence f = « one has
|| : || ||
el = lnf{Zuz ( <if —inrfo(B) <l = K<l
as long as ®(1) < 1, which is valid in our case. Next we notice that
m—1 % m—1 %
O S il < ( T u,fz) ( 3 Ml-) - ||f<°>||Lﬁ( )3 u,-) |
i=1 i=1 i=1 i=1
This yields the first inequality and similar arguments yield the second inequality. O

Remark A.5. As was shown in the proof of Lemma A.4, one can actually improve the bounds in (A-3)
by a factor of W~1(1).

Lemma A.6. Foranyt = 5 one has that

1 t
- <Vl <2—. A-4
3logt @) log ¢ (A4)
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Proof. We start by noticing that

\plt 1 ¢ 1 1+lt <1t loe(1+ t <1t log(1 +1)
—— ) ==-—1Io )< — <= 0 .
3logt 3logt g 3logt 3logt °8 log(%]) 3logt g

Thus, one notices that if

l+7<t3

1t
Ul -— <y,
(3 log ¢ )
yielding the left-hand side of (A-4). This is indeed the case as g(t) =3 —¢—1 is increasing on [1/+/3, oo)

and g(%) > 0.
For the converse we notice that

t
v2— _2—1 1+2— | >1¢
( logt) logt og( + logt)

1+2—>J
log ¢

when ¢ = =, we have

27

if and only if

Considering the function g(x) = x/log x for x > 1, we see that it obtains a minimum at x = e. Thus, for
any x > 1, we have g(x) = e > 1. We conclude that for t > 3,

zlL — Vig(WD) = Vi,
ogt

showing the desired result. O

Appendix B: Additional useful computations

Lemma B.1. For given coagulation and detailed balance coefficients {a;}ien and {Q;}ien, and a given
positive sequence ¢ with finite mass o, we have, for any z > 0,

H(c|Q) < H(c|Q2).
where Q = Q5.
Proof. We have

oo

H(c|Q;) = Zc, (log(

i=1

) S

i=1
implying
H(c|Qz,) — H(c|922)—21cllog( )+ZQ<Z1 z3).
i=1 i=1

In particular, if zo = z we have, for any z > 0,

H(c|Q;) = H(C|Q)+Qlog(§) _|_Z 0:(z' — 3

i=1
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—H(cIQ)JrZ’Q’Z 1°g( )*;Q’Z( ( ))

i=1

- S0l
(Qz)l)
Qi

Ny

= H(CIQ)+Z ;7 A(

i=1
where A(x) = xlogx —x + 1> 0 when x > 0. O

Lemma B.2. Let {Q;}ien be a nonnegative sequence such that lim; o0 Qi+1/Qi = 1/r for some r > 0.
Assume that 0 < x <ry <r. Then
o0
Y iQix Tt < CQipx",
i=ip+1
where C is a constant depending only on {Q; }ien and ry.

Proof. Define B; = Q;+1/Q;. We have that lim; .o 8; = 1/r, and as such we can find / € N such that
foralli >1

Ay =supfi < L
1

>l

Let Ay = sup;¢; Bi. Since for any i > ig

i—1
=( ﬂj) Qio:
J=io
we see that
(o] 00 i—1
Yo Qi T = Qi Y i( [1 ﬂj)xi_io_l
i=io+1 i=io+1 “j=io
I—ig 00
< QX" (A2 D ilhar) + AL ) i(Alrl)j)
j=0 j=l+1—ig
1 00
< Qjx™ (Az 3 (Ao + Ay ZJ(A1r1>f),
Jj=0 Jj=0
completing the proof as /, A1 and A, depend solely on {Q; };ien. O

Lemma B.3. Let ¢ > 0 and y > 0. Define
o
Boy=Y i7e®
i=1

Then 81"'3’38,,, is of order 1 when € goes to zero.
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Proof. We start by noticing that the function g, (x) = x¥e™®" is increasing in [O, %] and decreasing in
[£,00). As such

o0

o0 o0 o0
Bey = Z ive® Z/ xVe T dx = 8_(1+y)/ ye Vdy = 8_(1+y)/ yre Y dy,
l':[Z]_;’_l [%]+1 8([%]+1) €

showing the lower bound. For the upper bound we notice that

s £ 2)/ Y e_%
By <sup ge ,(x) e_2’:(—) eV —,

which completes the proof since
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THE A.-PROPERTY OF THE KOLMOGOROV MEASURE

KAJ NYSTROM

We consider the Kolmogorov—Fokker—Planck operator

m m

K= 0y + Y _xidy, — 0,
i=1 i=1

in unbounded domains of the form

Q={(x, X, ¥y yms ) € RV | x> ¥ (x, v, 1))

Concerning ¥ and €2, we assume that Q2 is what we call an (unbounded) admissible Lipy-domain:
Y satisfies a uniform Lipschitz condition, adapted to the dilation structure and the (non-Euclidean) Lie
group underlying the operator K, as well as an additional regularity condition formulated in terms of
a Carleson measure. We prove that in admissible Lip,-domains the associated parabolic measure is
absolutely continuous with respect to a surface measure and that the associated Radon—Nikodym derivative
defines an A, weight with respect to this surface measure. Our result is sharp.

1. Introduction

A major breakthrough in the study of boundary value problems for the heat operator
Hi=) O — 0, (1-1)

in R™*! m > 1, in (unbounded) Lipschitz-type domains
Q={()C,)Cm,l‘)GlRm+1 | Xm > ¥ (x, 1)}, (1-2)

was achieved in [Lewis and Silver 1988; Lewis and Murray 1995; Hofmann and Lewis 1996; Hofmann
1997]; see also [Hofmann and Lewis 2001b]. In these papers the correct notion of time-dependent
Lipschitz-type cylinders, correct from the perspective of parabolic measure, parabolic singular integral
operators, parabolic layer potentials, as well as from the perspective of the Dirichlet, Neumann and
regularity problems with data in L? for the heat operator, was found. In particular, in [Lewis and Silver
1988; Lewis and Murray 1995] the mutual absolute continuity of the parabolic measure, with respect
to surface measure, and the Ao-property was studied/established and in [Hofmann and Lewis 1996]
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the authors solved the Dirichlet, Neumann and regularity problems with data in L2 The Neumann and
regularity problems with data in L? were considered in [Hofmann and Lewis 1999; 2005]. For further
and related results concerning the fine properties of parabolic measures we refer to the impressive and
influential work [Hofmann and Lewis 2001a].

The assumptions on the time-dependent function i underlying the analysis in all of the papers
mentioned can be formulated as follows: there exist constants 0 < M, M, < oo such that

[W(x, 1) — Y (E, )| < Mi(]x — %]+ |t —7]'/%) (1-3)

whenever (x, t), (x,7) € R™ and such that

_ 4 . dx di d
sup e oo 7" [ g S <o (1-4
0 By (x,1)

In (1-4), B;.(x, t) is the parabolic ball centered at (x, ) € R", with radius A, and

yy (X, 1,0 = (A—“”*” /
By (%,1)

where P € C;°(B1(0, 0)) is a standard approximation of the identity, P;.(x, 1) = A~FEDP Oy, A2,
for A > 0, and P, (V,¢) denotes the convolution of V. with P,. Inequality (1-3) is sufficient for the
validity of the doubling property of the caloric/parabolic measure, while the additional regularity imposed

YD) =Y 1) = Pu(Vap)(F D —F)
A

2 172
di dz‘) . (1-5)

through (1-4) is necessary and sufficient for the A..-property of caloric measure, with respect to the
surface measure do; dt, to hold: this is a consequence of [Lewis and Silver 1988; Lewis and Murray
1995; Hofmann 1997; Hofmann et al. 2003; 2004].

In this paper we initiate the corresponding developments for the Kolmogorov—Fokker—Planck operator

m m
K= O+ Y xidy, — 0, (1-6)
1 i=1

i=

inRVtL N =2m, m>1, equipped with coordinates (X, Y, ) := (X1, ..., Xm, Y1, ---»> Ym, 1) ER"XR" xR,
in unbounded domains of the form

Q= {(x, Xm, ¥, Ym, 1) € RN | x> ¥ (x, y, 1)}, (1-7)

The function ¥ : R"~!'x R"~!x R — R is, for reasons to be explained, assumed to be independent of the
variable yy,.

The operator K, referred to as the Kolmogorov or Kolmogorov—Fokker—Planck operator plays a
central role in many application in analysis, physics and finance. K was introduced and studied by
Kolmogorov [1934] as an example of a degenerate parabolic operator having strong regularity properties.
Kolmogorov proved that K has a fundamental solution I' =T'(X, Y, ¢, X , Y , ) which is smooth on the
set {(X,Y,t) # ()N(, 17, f)}. As a consequence,

Ku:=feC® = uecC® (1-8)
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for every distributional solution of Ku = f. The property in (1-8) can also be stated as

KC is hypoelliptic; (1-9)
see (2-3) below.
Kolmogorov was originally motivated by statistical physics and he studied K in the context of stochastic
processes. Indeed, the fundamental solution I'(-, -, -, X , )7, t) describes the density of the stochastic
process (X, ¥;), which solves the Langevin system

dX, =~2dW,, X;=X,

- (1-10)
dYt=Xtdt, Yi’=Y,

where W, is an m-dimensional Wiener process. The system in (1-10) describes the density of a system with
2m degrees of freedom. Given Z := (X, Y) € R>", the variables X = (x1, ..., X,;) and ¥ = D1y ey Ym)
are, respectively, the velocity and the position of the system. The model in (1-10) and the equation in
(1-6) are of fundamental importance in kinetic theory as they form the basis for Langevin-type models
for particle dispersion, see [Bernardin et al. 2009; 2010; Chauvin et al. 2010; Bossy et al. 2011; Pope
2000], but they also appear in many other applied areas including finance [Barucci et al. 2001; Pascucci
2011], and vision [Citti and Sarti 2006; 2014].

In this paper we are concerned with the solvability of the Dirichlet problem for the operator X in
unbounded domains of the form (1-7), and throughout the paper we will assume that €2 is a Lip x-domain
in the sense of Definition 1.1 below. Given ¢ € C(9€2) with compact support, we consider the boundary
value problem

{ICM =0 ing,

1-11
u=¢ ond2. ( )

Using the Perron—Wiener—Brelot method one can prove the existence of a solution to this problem and,
in the sequel, u = u, will denote this solution to (1-11). Using the results of [Manfredini 1997], and
assuming that 2 is a Lipg-domain in the sense of Definition 1.1, it follows that all points on 92 are
regular for the Dirichlet problem for K, i.e.,
lim uy,(Z,t) =@(Zp, t for an e C(0Q2 1-12
zoim o(Z,1) = ¢(Zo, 1) y ¢ € C(0%2) (1-12)
(Z,1)eQ

whenever (Zy, ty) € 02. Moreover, there exists, for every (Z,t) € 2, a unique probability measure
w(Z,t,-) on 0L such that

u(Z, 1) =f o(Z, Ddw(Z,t,Z,7). (1-13)
Q2

We refer to w(Z, ¢, -) as the Kolmogorov measure, or parabolic measure, associated to /C, relative to
(Z,t) and Q2. In this paper we are particularly interested in scale- and translation-invariant estimates
of w(Z,t,-) in terms of a (physical) surface measure, do, on dQ2. In particular, assuming that €2 is
an admissible Lip,-domain in the sense of Definition 1.1 below, we establish a scale-invariant form of
mutual absolute continuity of w(Z, ¢, - ) with respect to do on 9€2.
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Despite the relevance of the operator K to analysis, stochastics, physics, and in the applied sciences,
the analysis of its properties is in several respects fundamentally underdeveloped. Indeed, geometry, the
fine properties of the Dirichlet problem in (1-11) and the Kolmogorov measure, the boundary behavior
of nonnegative solutions and the Green function, are currently only modestly studied and explored in
the literature. One reason for this may be the intrinsic and intricate complexity built into the operator X
through the lack of diffusion in the coordinates (yy, ..., ¥, ) and through the presence of the lower-order
drift term ) /", x;dy, — 9;. These two features of K, which make this operator decisively different from
the heat operator 7, have the consequence that the Lie group of translations (R¥*!, o) underlying K is
different from the standard group of Euclidean translations and that already fundamental principles like
the Harnack inequality and the construction of appropriate Harnack chains under geometrical restrictions
become issues; see [Nystrom and Polidoro 2016].

To briefly outline the current state of the literature, in our context, it is fair to mention that the first
proof of the scale-invariant Harnack inequality, which constitutes one of the building blocks for our
paper, can be found in [Garofalo and Lanconelli 1990]. In that paper the Harnack inequality is expressed
in terms of level sets of the fundamental solution; hence it depends implicitly on the underlying Lie
group structure. This fact was used in [Lanconelli and Polidoro 1994], where the group law, see (1-15)
below, was used explicitly and the Harnack inequality, in the form we use it, was proved for the first time.
The Perron—Wiener—Brelot method in the context of the Dirichlet problem in (1-11), as well as criteria
based on which boundary points can be proved to be regular, were developed in the important work
[Manfredini 1997]. In [Cinti et al. 2010; 2012; 2013], the author, together with Chiara Cinti and Sergio
Polidoro, developed a number of important preliminary estimates concerning the boundary behavior of
nonnegative solutions to equations of Kolmogorov—Fokker—Planck type in Lipschitz-type domains. These
papers were the result of our ambition to establish scale- and translation-invariant boundary comparison
principles, boundary Harnack inequalities and doubling properties of associated parabolic measures,
results previously established for uniformly parabolic equations with bounded measurable coefficients
in Lipschitz-type domains, see [Fabes and Safonov 1997; Fabes et al. 1986; 1999; Safonov and Yuan
1999; Nystrom 1997; Salsa 1981], for nonnegative solutions to the equation Cu = 0 and for more general
equations of Kolmogorov—Fokker—Planck type. In [Nystrom and Polidoro 2016], the author together
with Sergio Polidoro took the program started in [Cinti et al. 2010; 2012; 2013] a large step forward
by establishing several new results concerning the boundary behavior of nonnegative solutions to the
equation Cu = 0 near the noncharacteristic part of the boundary of local versions of the Lipx-domains
defined in Definition 1.1 below. Generalizations to more general operators of Kolmogorov—Fokker—Planck
type were also discussed. In particular, in [Nystrém and Polidoro 2016] scale- and translation-invariant
quantitative estimates concerning the behavior, at the boundary, for nonnegative solutions vanishing on a
portion of the boundary were proved as well as a scale- and translation-invariant doubling property of the
Kolmogorov measure. The results in that paper are developed under the regularity condition stated below
in (1-25) in Definition 1.1; in particular, for reasons that they explain in detail, the results, including the
translation-invariant doubling property of the Kolmogorov measure, were derived using the assumption
that the defining function for 2 in (1-7), ¥, was assumed to be independent of the variable y,,. This
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assumption gave us a crucial additional degree of freedom at our disposal when building Harnack chains
to connect points: we could freely connect points in the x,,-variable, taking geometric restriction into
account, accepting that the path in the y,,-variable will most likely not end up in “the right spot”. This is
one reason why we also in this paper consider domains which are constant in the y,,-direction.

The main achievement of this paper is that we take the analysis in [Nystrom and Polidoro 2016] one
step further by proving, see Theorem 1.6 below, that if €2 is an admissible Lipg-domain with constants
(M, M) in the sense of Definition 1.1 below, then w is mutually absolutely continuous with respect to
a (physical) surface measure o on €2 and w € A (9€2, do) with constants depending only on N, M;
and M. This gives a generalization of [Lewis and Silver 1988; Lewis and Murray 1995] to the operator K
and in the case of graphs which are independent of all y-variables, our assumptions coincide with the
geometrical conditions underlying [Lewis and Silver 1988; Lewis and Murray 1995; Hofmann and Lewis
1996; Hofmann 1997]; see (1-3) and (1-4) above.

1A. Notation. The natural family of dilations for K, denoted by (§,),~0, on RN+ is defined by
(X, Y, 1) = (rX,r’Y, r’) (1-14)

for (X,Y,t) e RY +1 r > 0. Due to the presence of nonconstant coefficients in the drift term of /C, the
usual Euclidean change of variable does not preserve the Kolmogorov equation. Instead the Lie group on
RN*! preserving Ku = 0 is defined by the group law

(Z.Do(Z.)=X,Y.Do(X.V, ) =X+ X, Y +Y —1X,i+1) (1-15)
whenever (Z, 1), (Z,7) € R¥N+!. Note that

Z,H'=X, Y, )" '=(=X, =Y —1X, —1), (1-16)

and hence
Z. D) o Z, =X, Y, D) o X, Y, ) =(X-X,Y-Y+(t—DX,1—17) (1-17)
whenever (Z, 1), (Z,7) € RN Given (Z, 1) = (X, Y, 1) € RV ! we let
IZ. Dl =X Y. 0l =X )+ [t]'% (X, )] =X +]¥]'> (1-18)
Note that ||8,(X, Y, t)|| =r|(X, Y, t)| when (X, Y, 1) € RVt r > 0. We define
d(2.0).(Z. 1) =3(Z. D) o (Z. D+ 1(Z.) " o (Z. D). (1-19)

Then, as discussed in the bulk of the paper, d is a symmetric quasidistance on RV*!. Based on d we
introduce the balls
BAZ,1):={(Z, ) e RN |d(Z,D),(Z,1) <) (1-20)

for (Z,t) € R¥*! and r > 0. The measure of the ball B,(Z, ), denoted by |B,(Z, t)|, is approximately r?,
where ¢ := 4m + 2, independent of (Z, ¢). Similarly, given (z,1) = (x, y, 1) e R¥ ' = R* I x R""Ix R
we let

Br(z, 1) :={(E, 1) eR" " d(&,0,7,0,7), (x,0,y,0,1) <r}. (1-21)
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The measure of the ball B, (z, t), denoted by |B,(z, t)|, is approximately ri—4, independent of (z, ¢). With
a slight abuse of notation we will by B,(Z, ), note the capital Z, always denote a ball in R¥*!, and by
B,(z, 1), note the lowercase z, we will always denote a ball in R¥ 1.

1B. Geometry. Our geometrical setting is that of unbounded domains of the form
Q= {(x, Xm, ¥, Y, 1) € RV | x> ¥ (x, y, 1)}, (1-22)

and here we define the restrictions that we impose on the function ¥ : R"!x R""!x R — R. Let
P e C5(B1(0,0)), where B1(0,0) C RN—1 be a standard approximation of the identity. Let P, (x, y, t) =
A4 Hp~1x, A3y, A7%¢) for A > 0. Given a function f defined on R¥~! we let

Pof ey, 1) = / 5D PG o,y 1) dR dy i
.
= fGE Y DP(x—%,y—y+@—0)X,t—1)dxdydi. (1-23)
RN—I

P, f represents a regularization of f. Given (Z,7) € RN=1 X\ > 0, we introduce

~ _7_75_ ~9~$;_ \Y ~9~$; X —X 2 —1/2
VoG TRy = (A—<q-4>/ VEID Y ESD - PVNETDE=D o dt)
By(G.0) A
(1-24)
We are now ready to formulate our conditions on ¥ : R"~!x R"~!x R — R and Q.
Definition 1.1. Assume that there exist constants O < M7, M, < oo such that
Wz, 1) =G DI < MG D ozl (1-25)
whenever (z, 1), (Z,7) € R¥~! and such that
—a-a [ L dzdt di
SUP(. et oo 74V f / (ry G. 7. 0)? =—— < Ma. (1-26)
0 JBi(z.1)

Let 2 = Qy be defined as in (1-22). We say that 2, defined by a function v satisfying (1-25), is a
Lipg-domain with constant M. We say that €2, defined by a function v satisfying (1-25) and (1-26), is
an admissible Lipg-domain with constants (M7, M>).

Remark 1.2. Inequality (1-25) implies
[ (x, v, 1) — ¥ (X, y, 1) < My ||(x —%,0,0)| = M|x — %[,
[ (x, y,6) =¥ (x, 5,0 < Mi[|(0,y — 5, 00| = M|y — 5|'73, (1-27)
[ (x, y, ) — ¥ (x,y, D) < M0, (t —D)x, (t =) = My (|t — D)x|' + |t —1]1/?)

uniformly with respect to the remaining variables. From the perspective of dilations and translations,
Lipg-domains are, assuming y,,-independence, the natural replacement in the context of the operator X
of the Lip(l, %)—domains considered in the context of the heat operator.
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Remark 1.3. Inequality (1-26) states that the measure
, dzdi dx

(yy (2,1, 1)) 3

is a Carleson measure on RV ~!x R, In this paper we prove, from the perspective of the finer properties
of the Kolmogorov measure, that admissible Lip-domains are, assuming y,,-independence, the natural
replacements in the context of the operator IC of the admissible time-varying domains discovered and
explored in [Lewis and Murray 1995; Hofmann 1997; Hofmann and Lewis 1996; 2001b] in the context
of the heat operator.

Remark 1.4. Assume that Q@ = Q, C RN+1is a Lip-domain, with constant M;. We define a (physical)
measure o on 0€2 as

do(X,Y,t):= \/1 + Vi (x, y, t)|2dx dydt, (X,Y,t)eo. (1-28)
We will refer to o as the surface measure on 9<2.

1C. Statement of the main result. Given ¢ > 0 and A > 0, we let

ALy =1(0,A0,0,—3A0% o) e R" "X Rx R" 'x R x R. (1-29)
We let
AzA(Zo, 10) = (Zo, to) © AZA (1-30)

whenever (Zg, to) € RVt Using the main result of [Nystrom and Polidoro 2016], see Lemma 4.12 below,
one can prove the following theorem.

Theorem 1.5. Assume that Q = Q. C RN+ is a (unbounded) Lip x -domain with constant M. Then
there exist A = A(N, M), 1 < A <oo,and c =c(N, M), 1 <c < oo, such that the following is true.
Let (Zy, ty) € 092, 0 < o9 < oo. Then

o(AL, A (Zo. 10), 92N Byo(Zo. 1)) < coo(A,

doon (Zo, 10), 02N By(Zo, o))

for all balls By(Zo, 1), (Zo, 1) € 92 such that By(Zo, fo) C Bagy(Zo, 10).
The following is the main new result proved in this paper.

Theorem 1.6. Assume that @ C RN*! is an (unbounded) admissible Lipy-domain with constants
(M1, M>) in the sense of Definition 1.1. Then there exist A = A(N, M1), 1 < A <00, and ¢ = c(N, My),
1<c<oo,andc=c(N, My, M), 1 <¢ <oo,and n=n(N, M, M), 0 <n <1, such that the following
is true. Let (Zy, ty) € 02, 0 < g9 < 00. Then

~_1< o (E) )1/’7 B (AL, A (Zos 1), E) B ( o (E) )"
c —— =< ~ = =cC ~ -
o (082N By(Zo, 1o)) (AL, A(Zo, 10), 02N By(Zo, ) 0 (082N By(Zo, 10))

whenever E C 3Q2NBy(Zo, fo) for some ball By(Zo, iv), (Zo, i) € 82 such that Bo(Zo, o) C By, (Zo, to)-
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Remark 1.7. A short formulation of the conclusion of Theorem 1.6 is that
w(AfQO,A(Zo, 1), ) € A (02N By (Zo, 19), do)
for all (Zy, tp) € 92, 0 < pg < 00, and with constants independent of (Zy, tp) and .

Remark 1.8. Theorem 1.6 states that a sufficient condition for the conclusion that a)(AjQO’ A (Zo, 1), ) €
Ao (02N By, (Zo, 1), do) uniformly is that & C RN+ is an (unbounded) admissible Lipg-domain with
constants (M7, M>) in the sense of Definition 1.1. In fact, the condition in (1-26) in Definition 1.1 is also
necessary in the following sense. Using [Lewis and Silver 1988; Hofmann et al. 2003] one can conclude
that there exists a function ¥ : R”~!x R — R which satisfies (1-3) for some M, but violates (1-4) for all

M, < 00, and such that the parabolic measure associated to the heat operator in
{0 X, 0 € R 2 > Yr(x, 1), (1-31)

denoted by wy, is singular with respect to the surface measure do; dt. Obviously this i also satisfies
(1-25) with constant M1, but violates (1-26) for all M, < co. Consider now the domain

Q= {(x, X, ¥s Ym» 1) € R¥"T | x> ¥ (x, 1)), (1-32)

which is constant as a function of (y, y,,). Using that solutions to Hu = 0 also satisfy Ku = 0, estimates for
nonnegative solutions to Hu = 0, see [Hofmann et al. 2004] for example, and Lemma 4.11, Theorem 4.8
and Theorem 4.9 stated below, it can then be proved that the Kolmogorov measure in €2 must be singular
with respect to the surface measure do defined in Remark 1.4.

1D. Discussion of the proof. To prove Theorem 1.6 it suffices to prove Theorem 5.1 below. To prove
Theorem 5.1 we use, and expand on, results from [Nystrom and Polidoro 2016] and we implement ideas
similar to the ideas in the recent paper [Kenig et al. 2016], where similar types of results are established
but in the context of elliptic measure and second-order elliptic operators in divergence form. The final
part of our proof of Theorem 1.6 is based on a crucial square function estimate, Lemma 5.3 below. The
lemma states that if u(Z,t) :=w(Z,t, S), where S C 92 is a Borel set, and if ¢ = ¢(N, M) > 1, then
there exists ¢ = ¢(N, My, M), 1 < ¢ < oo, such that

f/ (IVxul*8 +|Vyul*8 + (X - Vy — 3)w)|*8%) dZ dt < éo(Qo),
TCQ0

where T.g, is a Carleson box associated with cQg, where Q¢ C € is a (dyadic) surface cube, see
Section 5A and (5-13), and where § = §(Z, ¢) is the relevant distance from (Z, t) € 2 to 0€2. To prove
Lemma 5.3 and to enable partial integration, we use a Dahlberg—Kenig—Stein-type of mapping adapted to
the underlying group law,

(w’ wm: y7 yI’H7 t) e U - (wa wm + wa,,,w(wy y7 t)v yv yn‘la t)’ (1_33)
where
U={W.,Y,)=w, wn, y, ym, 1) ER" 'x Rx R" 'x Rx R | w,, > 0}. (1-34)
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Then u satisfies Ku = 0 in  if and only if v(W, Y, 1) = u(w, wy, + Pyy, ¥ (w, y, 1), y, ym, t) satisfies
Vi - (AVyv) + B - Vv + ((w, wy + Py, ¥ (w, y,1)) - Vy —9)v=0 inU. (1-35)

Using this change of coordinates, it turns out to be sufficient to prove Lemma 5.3 below for solutions to
the equation in (1-35) and our proof explores, as a consequence of our assumptions on ¥ and as discussed
in Section 2, that the coefficients A and B are independent of the variable y,, and that A and B define
certain Carleson measures on U; see (6-10) below.

1E. Organization of the paper. In Section 2 we give additional preliminaries and we discuss implications
of the assumptions in (1-25) and (1-26). In particular, considering a Dahlberg—Kenig—Stein-type of
mapping as in (1-33), (1-34), we prove, as a consequence of the assumptions on 1, that certain measures
defined based on v are Carleson measures; see Lemma 2.2. In Section 3 we discuss the Dirichlet problem
(1-11). In Section 4 we state, and elaborate on, some crucial estimates from [Nystrom and Polidoro 2016].
In Section 5 we prove Theorem 1.6, assuming the square function estimate referred to above. The proof
of the square function estimate is then given in Section 6.

2. Preliminaries

As discussed in Section 1A, see (1-14)—(1-17), the natural family of dilations for C, denoted by (3, ),0,
on R¥*!, and the Lie group on RN*! preserving Ku = 0 are different from standard parabolic dilations
and Euclidean translations applicable in the context of the heat operator. Using the notation of Section 1A,
the operator K is 8,-homogeneous of degree two, i.e., K 08, = r2(8,0 K), for all » > 0, and the operator
KC can be expressed as

m
K=>X}+Xo.
i=1
where
m
Xi=0y, i=1....m,  Xo=) xdy,—0, (2-1)
i=1
and the vector fields X1, ..., X,;, and X are left-invariant with respect to the group law (1-15) in the
sense that
X,(u((Z,f)o))=(X,u)((Z,f)o), l=0’7m’ (2'2)

for every (Z , 1) € RN*1. Consequently,
K@w((Z,)o )= (Ku)(Z, D)o ).

Taking commutators we see that [ X;, Xo]=0,, fori €{l, ..., m} and that the vector fields { X, ..., X,,, X0}
generate the Lie algebra associated to the Lie group (R¥*!, o). In particular, (1-9) is equivalent to the
Hormander condition,

rank Lie(X|, ..., X, X0)(Z, ) =N +1 forall (Z,1) e RV*!; (2-3)
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see [Hormander 1967]. Furthermore, while X; represents a differential operator of order one, 9y, acts as a
third-order operator. This fact is also reflected in the dilations group (§,),~o defined above.

2A. A symmetric quasidistance. Recall the notation ||(Z, 1)|| = ||(X, Y, )| for (Z,t)= (X, Y, 1) e RN *],
introduced in (1-18). We recall the following pseudotriangular inequality: there exists a positive constant ¢
such that

Z. O™ <ell(Z. DNl IZ, 0o (Z. DIl <c((Z. DI+ I(Z. D) (2-4)

whenever (Z, 1), (Z,7) € RN*L. Using (2-4) it follows directly that
IZ, D) o (Z, Dl <cl(Z,n" o (Z, D) (2-5)

whenever (Z, 1), (Z, 7) € RV, Furthermore, defining d((Z, 1), (Z, 7)) as in (1-19), and using (2-5), it
follows that
Z, D) o (Z, O ~d(Z, 1), (Z, D) ~(Z,t) ' o(Z,D)] (2-6)

with constants of comparison independent of (Z, t), (2 , 1) € RVNF1. Again using (2-4) we also see that
d(Z,0),(Z, 1)) <c(d(Z,1), (Z, 1)) +d(Z,1).(Z,1))) 2-7)

whenever (Z, 1), (Z, ), (Z, ) € RV*!, and hence that d is a symmetric quasidistance. Based on d, in
(1-20) we introduced the balls B, (Z, t) for (Z,t) € R¥*! and r > 0, and in (1-21) we introduced the
balls B, (z, t) for (z,1) e R¥~! and r > 0. Note that

BAZ,t)=(Z,1)o {(Z, 1) e RNV | W(Z, DI+ I1(Z, D)7 < 7],

N ) i (2-8)
B(z,t)=(z,)o{G D eRY G DI+ NGO <r}

We emphasize that throughout the paper we will stick to the convention that B, (Z, t), with a capital Z,
always denotes a ball in RN+1 and that B, (z, 1), with a lowercase z, always denotes a ball in RN-1,

2B. Geometry and Carleson measures. Assume 1 satisfies (1-25) and (1-26) for some constants 0 <
M, M, < oo. Let y € (0, 1) and consider the change of coordinates/mapping

(Wv Y7 t) = (wv wmv y’ ym’ t) e U — (wa wm +wamw(w; ya t)7 y’ Ym, t)

defined in (1-33), where P, ¥ (x, y, ) is defined in (1-23), and where U is defined in (1-34). This
mapping is a version of the Dahlberg—Kenig—Stein mapping used in elliptic and parabolic problems. The
purpose of this section is to prove properties of this change of coordinates assuming that i satisfies (1-25)
and (1-26). In particular, we prove that if ¢ satisfies (1-25) and (1-26), then certain measures, naturally
associated to Py, v, are Carleson measures. Throughout the section and the paper P will denote a
parabolic approximation of the identity chosen based on a finite stock of functions and fixed throughout
the paper. Let P € CJ°(B1(0, 0)), where B;(0, 0) C R¥~1, P > 0 be real-valued, and [ Pdzdt = 1. We
will assume, as we may by imposing a product structure on P, that P is even in the sense that

/x,-P(z,t) dzdz‘:/yl-??(z, t)dzdt:/tP(z,t) dzdt =0 (2-9)
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fori e{l,...,m—1}. Weset Py (z,1) = Pr(x, y, 1) = A~ 9 PP"x, A3y, A72¢) whenever A > 0.
Given P, we let P, define a convolution operator as introduced in (1-23). Similarly, we will by O,
denote a generic approximation to the zero operator, not necessarily the same at each instance, but
chosen from a finite set of such operators depending only on our original choice of P;. In particular,
Qu(z, 1) = Qu(x,y, 1) = A" 4PV x, A3y, A7%1), where Q € C°(B1(0,0)), [Qdzdt =0. We
first prove the following lemma.
Lemma 2.1. Let v be a function satisfying (1-25) for some constant 0 < M| < oo, let y € (0, 1)
and let Py, be defined as above for w, > 0. Let 0, ] > 0 be integers and let (¢1, ..., Pnm—1) and
(@1, ..., Im_1) denote multi-indices. Let £ := (0 + |¢| + 3|p| +260). Then
90+11+9]

dw? dwodyd

whenever (W, Y, t) € U.

(- Vy = 3)° Py, ¥ (w, y, 1)) | < cm, Dy~ Dw! =1y, (2-10)

Proof. We first consider the case 8 =1, ¢ =0, qg =0, 6 = 0. In this case, simply using that P, is an
approximation of the identity operator, we see that (1-25) immediately implies

9
—— Py, ¥ (w, y,1))| < c(m)y M. (2-11)
0w,
By similar considerations we have
0—1 89
Wn |5 Py, W (W, 3, D) < cOm, Dy My,
wm
NEL .
w5 Py, ¥ (w, v, 0)| < cm, Dy My, (2-12)
St 919l A
wy?! og Pt (w,y. )| < c(m, Dy My
y

whenever 0 > 1, |¢| > 1, |q~>| > 1. Furthermore,
(Y wm)(w - Vy - 3,)('wam¢(w, y, 1) = (Vwm)_l(w : Vy'P - at’P)yme(wa v, 0, (2-13)
and hence, again arguing as above, we can conclude that
wlilé\—l

W Vy — ) (P, ¥ (w, y, )| < c(m, Dy "2 M. (2-14)

Combining the above, the lemma follows. O

Lemma 2.2. Let  be a function satisfying (1-25) and (1-26) for some constants 0 < My, M, < o0, let
vy €(0, 1) and let P, ¥ be defined as above for w,, > 0. Let 6, 6 > 0 be integers and let (¢, . .., Pm—1)
and (¢, ..., Gm_1) denote multi-indices. Let € := (0 + |¢| + 3|p| +26). Let

2

90+191+19l
w3 aw dydr,  (2-15)

du=du(W,Y, 1) ::‘ (w-V, —8;)5(7>ywmw(w, . 1))

dw? dwedy?



1720 KAJ NYSTROM

defined on U. Then
w(UNBy) <clm, 1, My, Myy?>2=0pa!

for all balls B, = B,(Zy, to) C RN*! centered on dU, r > 0.
Proof. As in the proof of Lemma 2.1, we first consider the case 6 =1, ¢ =0, (,5 =0, 6 = 0. Then

0 1
m(wa,,,)(w,y,t):Em(gywm)(w’ v, 1), (2-16)

where Q is such that [ w; Q. (w, y, t)dwdydt =0foralli € {1,...,m— 1}. Let

lgv,y,,)(lbv V. =y, y, 1) —yw,y, 1) =Py, (Vo) (w, y, ) (W —w). (2-17)
Then,

a
m(wamw)(w’ y7t)

1 _ 7 -
= Em‘fwl Y (W, ¥,7) Qyu, (W, 5,1) Lo(w, y, 1)) dwdydr

1 _ _ _

v - | -
< o /RNl(l(wﬁy,,)(w,y,t))Qywm((w,y,t) o(w,y,t))dwdydt
<cyyy(a,t,cwy) (2-18)

for some ¢ = c(m), 1 <c < o0o. Hence, using (1-26) we have
/o5

for all balls B, C R¥*! centered on U, r > 0. By similar considerations, using (1-26), we have

[

—— Py, ¥)(w, y,t) 1deydt§cy2// (yy (W, y, t, cwy))*w, ' dW dy dt
owy, UNB,

<cMoy?ri! (2-19)

2
w3 dw dy dt < c(m, D)y*r?™!,

39
W(wamW(w’ Y, t))

919! 2
[ s Py on| w3 aw ay e < cam. yy> 200
UNB, : (2-20)
/ / O 1,3, 00| W89 W dyd < cm, 1?5901,
UnB, | dy?
~ 2 ~ ~
J[ w9 =007y .y | il aw dydr < com ny? e
UnB,
for all balls B, C RN*! centered on U, r > 0, whenever 6 > 1, |¢| > 2, || > 1, 1. Combining the
above, the lemma follows. O

Remark 2.3. Using Lemma 2.1 we see that there exists y = y(m, M) € (0, 1) such thatif y € (0, p)
then

1 0 3
=1+ m(wamW)(w, v, =<3
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whenever (w, wy,, ¥, ym,t) € U. This implies, in particular, that the map (w, wy,, y, yu,t) € U —
(w, wy, + Pyy, ¥ (w,y,1),y, ym, t) is one-to-one.

2C. A Poincaré inequality. We introduce the open cube
Q:(0,0)={(Z.0)=(X, Y. 0) e RN | ;| <r, Iyl <7, |t] <r?}, (2-21)

where i € {1, ..., m}. Given (Z, ty) € RV*!, we let Q,(Zo, ty) = (Zo, to) o O, (0, 0). We will need the
following Poincaré inequality.

Lemma 2.4. Consider Q, := Q,(Zy, ty) C RNt and ler p, 1 < p < o0, be given. Let u be a (smooth)
function defined on Q, and let E denote the mean value of u on Q,. Then there exists a constant
c=c(N, p), 1 <c < oo, such that

// lu—E|"dZdt < c// (r?|Vxul? +r*? |Vyul? +r*? | Xo(u)|?) dZ dt.
T Q}"

Proof. Assume first that (Z, tp) = (0, 0) and let & be a (smooth) function defined on Q, (0, 0). Then,
using the mean value theorem and arguing, for example, as in the proof of Lemma 6.12 in [Lieberman
1996], we see that

// |l — E(, Q,(0,0)|”dZ dt
»(0,0)

< c(N, p)// (r?|Vxii|? + P |Vya|? +r*P)9,a|P)dZ dt, (2-22)

»(0,0)

where E (i1, Q,(0, 0)) denotes the mean value of & on Q, (0, 0). Next, consider a function u defined on
Q,(Zy, ty) for some (Zy, ty) # (0,0). Let u(Z,t) = u((Zy, ty) o (Z, t)). Then u is a function defined
on Q,(Zo, to), E(u, Q,(0,0)) = E(u, Q-(Zo, 10)) and (2-22) applies to u. Applying (2-22) to u# and
expressing the result in terms of u the conclusion of the lemma follows. (Il
2D. Interior regularity.

Lemma 2.5. Assume that Ku = 0 in By, = Bo,(Zo, to) C RNTL Then there exists a constant ¢ = ¢(N),
1 <c¢ < oo, such that

i) ¥ (supg, [ul)® < c// wPdz d,
BZr

(i) // |vxu|2dzmg%/f W2 dZ di,
Br r BZV

(iti) supg (r|Vxul+r?|Vyul| +r*|Xo)|) < csupg, |ul.
Proof. For (i) and (iii) we refer to [Lanconelli and Polidoro 1994]; (ii) is an energy estimate which can be

proved by standard arguments. O

Lemma 2.6. Assume that Ku =0 in By, = Boy(Zo, ty) C RN Let ¢ € Cy°(Bay) be such that 0 < ¢ <1,
¢ =1on By, and such that r|Vx¢| +r3|Vy | + 1?1 Xo(&)| < c(N). Leti € {1, ..., m}. Then there exists
a constant c = c¢(N), 1 < c¢ < 00, such that
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(i) /f |vx(ay,.u)|2;6d2dz5%// |dy,ul*¢* dZ dt,
BZr r BZr

(i) /f o ulPctdzde < 5 |x0(u)|2g2d2dz+i4f \Vyul?dZ dr,
BZV r BZV r

BZr
(iif) // |X0(u)|242d2dt552// \Vyul2dZ dt.
Bzr r BZr

Proof. Let

A1=// |VX(3yiM)|2§6dZdl, Az:/ |3yiu|2§4dzd;, A3=/ |X0(M)|2§2dZdt. (2-23)
BZV BZr Bzr

As it := d,,u solves Ku = 0, we see that (i) follows immediately from Lemma 2.5(ii) and its proof. To
prove (ii) we first note, integrating by parts,

t2= [[ @0 (Xota,0 - 8, (Xotw)e* dz as
By

=— // Xo(dy,u)(dyu)*dZ dt — 4/[ (By,1) (D, u) > Xo(¢) d Z dt
Bzr Bay
+ f[ (1) Xo(u)c* dZ dt +4f/ By, 1) Xo)230,,(0)dZ dt.  (2-24)
BZV BZr
Next, writing X (9,,u) = dy,(Xo(u)) and integrating by parts in the first term, we see that

AZZ// Xo(u)3y;x,~uC4dZdt+4// Xo(u)ax,-u§33y,-§dzdt—4// 3y, 1) (B, 1) Xo(¢) dZ dt
BZr BZV BZr

+// By, yu0) Xo () dZ dt+ 4[/ By, 1) Xo)s30,,(¢)dZ dt.  (2-25)
82y BZr
Using this we see that

C
Azs/f |VX(3y,-M)||X0(M)|C4dZdl+}3// XoG)| Vxulg> dZ dr
BZr BZr

C C
+—2// |ay,.u||vxu|;3dzc1t+—ff |3y,ul | Xo(w)|g3dZ dt.  (2-26)
r B2r r B2r

Hence, using Cauchy—Schwarz we see that

1 1
Az§er2A1+€A2+c(e,€,n)(—2A3+—4/ IVXu|2dZdt>, (2-27)
r r

BZr
where € > 0 and € > 0 are degrees of freedom. Furthermore, using the conclusion established in (i) we
see that

1 1
Ar <ceAy+EAr+E(e, €, n)(—2A3 +— / |Vxul>dZ dt). (2-28)
r r BZr

Part (ii) now follows by elementary manipulations. To prove (iii) we use the equation u = 0 and write

As=— Z// Xo(u) Dy, u)¢>dZ dt = Az + Azy + Az, (2-29)
i=1" 7B
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where
a=2y [ /B Xo() (3 1) 84y (0) dZ d,
i=1 2r
A ::Z/f Xo(dy,u)(Dy,u)e>dZ dt, (2-30)
i=1 " B
Az :=Z/f (By,u) (D, u)C* dZ dt.
i=1 BZr
Then

c(e, €)
2

\Vxul>dZ dt, (2-31)
BZr

|A31] 4 |Az3] < €As +Er2A; +

where € > 0 and € > 0 are degrees of freedom. To handle A3, we simply note, lifting the vector field X
by partial integration, that

2A3 =2 Z // 19, u|?¢ Xo(2) dZ dt. (2-32)
i=1 " /B
Hence,
A3 <€Az +Er*A| + 0(6’26) f |Vxul>dZ dt. (2-33)
r BZr
Combining (2-33) and (i), (ii) of the lemma, we see that (iii) follows. O

Remark 2.7. To construct ¢ as in the statement of Lemma 2.6, simply choose ¢ (Z, t) := g: ((Zo, ty)o(Z, 1)),
where ¢ € C°(B2, (0, 0)) is such that 0 < ¢ < 1, £ = 1 on B,(0, 0), and such that

rIVxZ|+r3|VyZ | +7%19,5] < c(N).
We can construct E in a standard manner by smoothing out the indicator function of say B3,2(0, 0).

Lemma 2.8. Assume that Ku =0 in Ba, = Bar(Zo, t0) C RVNTL Leti € {1, ..., m}. Then there exists a
constant c = c(N), 1 < ¢ < o0, such that

/f (r4|VX(8y,.u)|2+r2|Vyu|2+IXo(u)Iz)dZdt5%// \Vxu|>dZ dr.
B, r Bar

Proof. The lemma is an immediate consequence of Lemma 2.6. (Il

3. The Dirichlet problem

Let Q = Q4 C RV *! be an unbounded Lip-domain in the sense of Definition 1.1. We consider here the
well-posedness of the boundary value problem

{}CuzO in Q,

3-1
u=g¢ onoadf2. -1
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Note that we can without loss of generality assume that (0, 0, 0) = 0 and hence that (0, 0, 0, 0, 0) € 9€2.
To conform with the notation used in [Nystrom and Polidoro 2016] we let

Q =Qy, = {X. Y, 0) | x| <r% |yl <7 1t] <20 Jyml <7 Y(x, v, 1) <xp <4Mir} (3-2)

for r > 0 and where i € {1, ..., m — 1}. As outlined in Subsection 2.4 of that paper, using the Perron—
Wiener—Brelot method, the existence of a solution to the problem in (3-1) with €2 replaced by €2, can be
established. In Definition 3 of the same paper, we introduced what we here refer to as the Kolmogorov
boundary of 2,, denoted by dx €2,. The notion of the Kolmogorov boundary replaces the notion of the
parabolic boundary used in the context of uniformly parabolic equations and by definition 0k €2, C 9€2, is
the set of all points on the topological boundary of €2,, which is contained in the closure of the propagation
of at least one interior point in €2,. The importance of the Kolmogorov boundary of €2, is highlighted in
the following lemma; see Lemma 2.2 in [Nystrom and Polidoro 2016].

Lemma 3.1. Consider the Dirichlet problem in (3-1), with Q replaced by ., with boundary data
¢ € C(0R2,) and let u = u, be the corresponding Perron—Wiener—Brelot solution. Then

supg |u| <supy, o l¢|.
In particular, if ¢ =0 on dx 2, then u =0 in ;.

The set dg €2, is the largest subset of the topological boundary of €2, on which we can attempt to
impose boundary data if we want to construct nontrivial solutions to the Dirichlet problem in (3-1), with
2 replaced by €2,. The notion of regular points on 92, for the Dirichlet problem only makes sense for
points on the Kolmogorov boundary and we let 02, be the set of all (zg, #p) € dx 2, such that

lim u,(Z,t) = @(Zy, t for any ¢ € C(02,). 3.3
(Z,t)—>(Zo,10) (p( ) (p( 0 O) yo ( r) ( )

We refer to 0z €2, as the regular boundary of €2, with respect to the operator K. By definition, 0g 2, € 0k 2,.

Lemma 3.2 [Nystrom and Polidoro 2016, Lemma 2.2]. Let Q@ C R¥N*! be a Lip g -domain with constant M
and let 2, be as defined in (3-2). Then

RS2 = 0k 2,
i.e., all points on the Kolmogorov boundary of 2, are regular for the operator K.

Lemma 3.3. Let Q C R¥*! be a Lip g -domain with constant My, consider the Dirichlet problem in (3-1)
and assume that ¢ € C(32) N L*°(02) is such that p(Z,t) — 0 as ||(Z, t)|| — oco. Then there exists a
unique solution to the Dirichlet problem in (3-1) in Q such that u € C(Q), u = ¢ on 3. Furthermore,

lell L) < ll@llLe(g)-

Proof. This can be proved by exhausting €2 with the bounded domains €2,,, j € Z,, r; = j, for example,
and by constructing u as the limit of {u;}, where Ku; = 0 in €2,;, and with u; having appropriate data
on 852,/.. We here omit the routine details. |
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Remark 3.4. The operator adjoint to /X is

K* = 8x, — Y _xidy, + 0. (3-4)
i=1

i=1
In the case of the adjoint operator K* we denote the associated Kolmogorov boundary of €2, by 9z €,.

The above discussion, lemmas and Lemma 3.2 then apply to * subject to the natural modifications.

Lemma 3.5. Ler @ C RVt pe a Lip g -domain with constant M. Let ¢ € C(9S2) N L*°(0R2) be such
that o(Z,t) — O as ||(Z, t)|| — oo. Then there exist unique solutions u =uy, u € C(Q), and u* = Uy,
u* € C(R), to the Dirichlet problem in (3-1) and to the corresponding Dirichlet problem for K*, respectively.
Moreover, there exist, for every (Z,t) € 2, unique probability measures w(Z,t, ) and w*(Z,t,-) on 02
such that

u(z,r>=/ o(Z,1)do(Z, 1, Z,1), u*(Z,o:/ o*(Z, D) do (Z,1,Z,1). (3-5)
I 02

Proof. The lemma is an immediate consequence of Lemma 3.2. U
Definition 3.6. Let (Z,¢) € Q. Then w(Z, ¢, -) is referred to as the Kolmogorov measure relative to

(Z,t) and 2, and w*(Z, t, -) is referred to as the adjoint Kolmogorov measure relative to (Z, ) and 2.

3A. The fundamental solution and the Green function. Following [Kolmogorov 1934] and [Lanconelli
and Polidoro 1994], it is well known that an explicit fundamental solution, I', associated to K can be
constructed. Indeed, let

0 I, _ o p
B .= (0 0), E(s) =exp(—sB")

for s € R, where I,,,, 0, represent the identity matrix and the zero matrix in R™, respectively. Here * denotes
the transpose. Furthermore, let

1 i1, —L1i%1,
c(t) ::/ E(s) <I’" 0) E*(s)yds=| | ’
0 00 —El‘zlm §t3lm

whenever ¢t € R. Note that detC(¢) = %t“m and that

cort (i )
Sty Ty
Using this notation, a fundamental solution, with pole at (2 D), T(-, -, 7 , 1), can be defined by
I(Z,t,Z,0)=0(Z—E(t—1)Z,1—1,0,0), (3-6)
where I'(Z,¢,0,0)=01ifr <0, Z #0, and

(4mr)~N/2

F(Z,t,O, 0) - \/TC(;)

exp(—3(C(1)7'Z,2)) ift>0. (3-7)
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Here (-, -) denotes the standard inner product on R". We also note that

c(N)

TN forall (Z,1), (Z,7) e RN, 1 > 1. (3-8)
b o ’

T(Z,t,Z,7) <

We define the Green function for €2, with pole at (2 f) e Q, as
G(Z,t,Z2,1)=T(Z,t,Z,f)— f NZ,i,Z,D)dw(Z,t,Z,7), (3-9)
0Q
where I' is the fundamental solution to the operator C introduced in (3-6). If we instead consider (Z, t) €
as fixed, then, for (2, f)eq,

G(z,t,f,f)zr(z,t,zf)—/ Tzt Z,i)do*(Z,1,7,7), (3-10)
IR

where a)*(f, f,-) is the associated adjoint Kolmogorov measure relative to (Z 7) and Q. Given 6 €
Cg° (RVN*+1) we have the representation formulas

0(Z, z)=/ 0(Z,Hdw(Z,t,Z, f)+/G(z, t,Z,0)K0(Z,1)dZ di,
I

(3-11)
0(Z, f):/ 0(Z,7)dw*(Z,1,Z, f)+/G(Z, t,Z,1)K*0(Z,t)dZ dt
aQ
whenever (Z, t), (/Z\, 1) € Q. In particular,
/G(z,t,f, $YKO(Z, f)d?df:-/e(i, Hdw(Z,t,Z,7),
(3-12)

/G(Z, t. 7. f)ic*e(z,t)dzm:—/e(i, Hdo*(%,1,Z,7)

whenever 6 € CSO(RY T\ {(Z, 1)}) and 6 € CP(RNF1\ ((Z, F)}), respectively.

Remark 3.7. Recall that ¢ = 4m + 2. However, we note that in [Nystrém and Polidoro 2016] a different
definition of ¢ (¢ = 4m) was used. Hence, in this paper some statements containing g differ slightly
compared to the corresponding statements in that paper.

4. Estimates for nonnegative solutions

In this section we develop and state a number of estimates concerning nonnegative solutions, the Kol-
mogorov measure as well as the kernel function. Throughout this section we assume that Q = Q, C RN+!
is a Lipg-domain, with constant M1, in the sense of Definition 1.1. Given ¢ > 0 and A > 0 we let

Al =(A0.0,-3A0°,0,0°) eRxR"'x Rx R"'xR,
Apn =(A0,0,0,0,0) e Rx R 'x Rx R"'x R, (4-1)

Ay =(00,0,3A0%,0,—0") e RXR" 'x Rx R"'x R.
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Given (Zo, 1) € RV*! we let

A5\ (Zo, 10) = (Zo. 10) 0 Ay n Ap.a(Zo, 10) = (Zo, 1) 0 Ag .
Furthermore, given (Z, o) = (Xo, Yo, t0) = (x0, ¥ (x0, Yo, t0), Yo, to) € 92y and r > 0 we let 2, (Zo, t9) =
Qy - (Zo, to) be the set of all points (X, Y, t) = (X, Xy, ¥, Ym, t) wWhich satisfy the conditions

Ixi —x0il <r  |yi— Yo+t —to)xoi|l <r’ foriefl,...,m—1},
|t —tol <2r% | ym — Yom + (t — 10)¥ (x0, Yo, )| < 1, (4-2)
l//(x9 Yy, t) <Xm < 4M17" + w(x()v Yo, t0)~
Note that if we let (?, ?, ) :=(Xo, Yo, 10) "' o (X, Y, 1), and if we define
V(% 5. 7) =¥ ((x0, yo. f0) o (%, 7, 1)) — ¥ (x0, Yo, f0).

then

Q,(Zo, 10) = Qy (Zo, 1)) = Q2 (4-3)

b
with €2 defined as in (3-2). To be consistent with the notation used and the estimates proved in [Nystrom
and Polidoro 2016], we here simply note that there exists ¢ = c(N), 1 < ¢ < oo, such that

QN B, jc(Zo, to) C 2 (Zo, to) C RN Ber(Zo, to) (4-4)

for all (Zy, tp) € 02y, r > 0.

4A. The Harnack inequality. To formulate the Harnack inequality we first need to introduce some
additional notation. We let, for » > 0 and (Zy, tp) € RV*1,

0~ = (B(Ler, 1) NB(=Ler, 1)) x[=1,01, 0} (Zo, t0) = (Zo, 1) 08,(Q7), 4-5)

where e is the unit vector pointing in the direction of x,,, and B (%e 1, 1) and B(—%el, 1) are standard
Euclidean balls of radius 1 in R", centered at %el and —%el, respectively. Similarly, we let

Q= (B(3er. 1)NB(—3er, 1)) x [=1,11,  Qr(Zo. to) = (Zo, t0) 08, (Q). (4-6)
Givena, B,y,0 e Rsuchthat 0 <a < B <y < 6% we set
O (Zo. 10) = {(x. 1) € 0;,(Zo. 10) | to —ar? <t < 1o},
0; (Zo, t0) = {(x.1) € Q. (Zo, 10) | to — yr® <t <10 — pr?}.

In the following we will formulate two versions of the Harnack inequality. The first version reads as
follows and we refer to [Lanconelli and Polidoro 1994] for details and proofs.

Lemma 4.1. There exist constants ¢ > 1 and «, 8,y,0 € (0,1),withO <o < f <y < 02, such that
the following is true. Assume u is a nonnegative solution to Ku = 0 in Q, (Zy, ty) for some r > 0,
(Zo, to) € RNTL Then,

SUP G (Zg.t0) U = IG5t 70 1) U
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To formulate another version of the Harnack inequality we recall that the tool used to build Harnack
chains is that of K-admissible paths. A path y : [0, T] — RN+ g called K-admissible if it is absolutely
continuous and satisfies

m
%y(r) = Za)j(f)Xj()/(‘L’)) +A(t)Xo(y(r)) forae. t€l0,T], 4-7)
j=1
where w; € L%([0, T]) for j =1,...,m, and A are nonnegative measurable functions. We say that y
connects (Z, )= (X, Y, 1) eRV*l 10 (Z,1)=(X, Y, 1) eRN*L T <¢,if y(0)=(Z, 1) and y(T) = (Z, 7).
When considering Kolmogorov operators in the domain R x (Ty, Ty), it is well known that (2-3) implies
the existence of a K-admissible path y for any points (Z, 1), (Z,7) € RN ! with Ty <7 <t < T. Given
a domain  C R¥*!, and a point (Z, 1) € Q, we let Aiz.1) = Az,hH(2) denote the set

{(Z reQ ‘ J a K-admissible y : [0, T] — 2 connecting (Z, 1) to Z, f)},

and we define Az ) = Az, (2) = A(T)(Q) Here and in the sequel, Az ;)(2) is referred to as the
propagation set of the point (Z, ¢) with respect to 2. The presence of the drift term in K considerably
changes the geometric structure of Az ;) (€2) and Az ;)(€2) compared to the case of uniformly parabolic
equations. The second version of the Harnack inequality reads as follows and we refer to [Cinti et al.
2010] for details and proofs.

Lemma 4.2. Let Q C R¥*! be a domain and let (Zy, to) € Q. Let K be a compact set contained in the
interior of A(z,.1,)(S2). Then there exists a positive constant cg , depending only on 2 and K, such that

supg u < cx u(Zy, to)

for every nonnegative solution u of Ku = 0 in .

Remark 4.3. We emphasize, and this is different compared to the case of uniform parabolic equations, that
the constants «, 8, y, 8 in Lemma 4.1 cannot be arbitrarily chosen. In particular, according to Lemma 4.2,
the cylinder ér_(Zo, to) has to be contained in the interior of the propagation set Az, 1,)(Q; (Zo, to)).

Several arguments in [Nystrom and Polidoro 2016] involving the Harnack inequality explore that, by
construction,

yH0) = Al _pn(Zot0). ¥ (D) =AG_44Zo.10), T, 1], (4-8)
are K-admissible paths; see Lemma 3.5-Lemma 3.8 in [Nystrom and Polidoro 2016]. Here we state one
of the results established in the same paper, which will be used in the forthcoming sections.

Lemma 4.4 [Nystrom and Polidoro 2016, Lemma 3.9]. Let Q C RVt bea Lip g -domain with constant M.
Then there exist A=A (N, M), 1 <A <oo,andc=c(N, My), 1 <c<oo,andy =y (N, M), 0<y <00,
such that the following is true. Let (Zy, ty) € 02 and r > 0. Assume that u is a nonnegative solution to
Ku =0in QN By (Zy, ty) and consider g, 0, with0 < ¢ <o < r/c. Then

M(AE,F,A(ZO, 1)) < C(Q/é)yu(AZA(ZO, 1)),

_ —1,~ _ (4'9)
u(Az A (Zo, 10)) = c™ (2/0)" u(A, (Zo, 10)).
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Proof. Note that the lemma follows from the construction of Harnack chains along the paths in (4-8) and
from Lemma 3.8 in [Nystrom and Polidoro 2016]. For the details we refer to Lemma 3.9 in that paper
and to Lemma 4.3 in [Cinti et al. 2013]. O

Remark 4.5. Let @ ¢ RV*! be a Lipg-domain with constant M;. The constants A = A(N, My),
1 <A <oo,and c=c(N, M), 1 <c < oo, referred to in Lemma 4.4, are fixed in Remark 3.7 in [Nystrém
and Polidoro 2016]. In particular, these constants are fixed so that the validity of Lemmas 3.5-Lemma 3.7
in that paper are ensured. In the following we also let A and ¢ be determined accordingly.

4B. Holder continuity estimates and boundary comparison principles.

Lemma 4.6. Let @ C RVt be a Lipg-domain with constant M. Let (Zy, ty) € 0Q2 and r > 0. Let
€ € (0, 1) be given. Then there exists c = c(N, M1, €), 1 < c < 00, such that following holds. Assume

that u is a nonnegative solution to Ku = 0 in Q2N By, (Zy, ty), vanishing continuously on 02 N By (Zy, to).
Then

SUPQAB, . (Zo.t0) = € SUPQNB,, (Zo.10) U- (4-10)
Proof. This follows from Lemma 3.11 in [Nystrom and Polidoro 2016]. O

Lemma 4.7. Let Q C RVt e a Lipg -domain with constant M. Let A = A(N, M) and ¢ = c(N, M)
be in accordance with Remark 4.5. Let (Zy, ty) € 02 and r > 0. Assume that u is a nonnegative solution
to Ku =0in QN By (Zy, tg), vanishing continuously on 02 N By (Zo, ty). Then

u(Z, 1) < cu(Aj \(Zo, 10))
whenever (Z,t) € QN Bay/e(Zo, 1), 0 <o <r/c.
Proof. This is essentially Theorem 1.1 in [Cinti et al. 2013]. U

Theorem 4.8. Let Q@ C RV*! be a Lipg -domain with constant M. Let A = A(N, M) and ¢ = c¢(N, M)
be in accordance with Remark 4.5. Let (Zy, tg) € 02 and r > 0. Assume that u is a nonnegative solution
to Ku =0 in QN By (Zo, ty), vanishing continuously on 2 N By, (Zy, ty). Let oo =r/c,

m*t =u(A} \(Zo.19)), m~ =u(A, A(Zo, 1)), (4-11)

and assume m~ > 0. Then there exist constants cy =c1(N, M), 1 <c| <00, and co =cp(N, My,m*/m™),
1 < ¢y < 00, such that if we let o1 = po/c1, then

u(Z, 1) < cu(Ag a(Zo, 1)),
whenever (Z, 1) € QN Byje,(Zo, 1), for some 0 < o < 1 and (Zy, 1y) € 92N By, (Zo, 1o).

Proof. Using (4-3) and (4-4), it is easily seen that the theorem is a consequence of Theorem 1.1 in
[Nystrom and Polidoro 2016]. O

Theorem 4.9. Let Q@ C RVt pe a Lip g -domain with constant M. Let A = A(N, M) and c = c(N, M)
be in accordance with Remark 4.5. Let (Zy, ty) € 02 and r > 0. Assume that u and v are nonnegative
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solutions to Ku = 0 in 2, vanishing continuously on 02 N By, (Zy, to). Let oo =1/c,

mi = U(A;LO,A(ZO, 10)), my =v(A, A(Zo, 1)),

N ) ! o (4-12)
my =u(A, r(Zo,10), my =u(A, A(Zo, 1)),

and assume m|’, m, > 0. Then there exist constants ¢ = c{(N, My), c2 = c2(N, My, mf/ml_, m;/mz_),
1<cy,cp<o0,and o =o (N, M, m;r/ml_, m;/m;), o € (0, 1), such that if we let o1 = 0o/c1, then

v(Z.0) _wZ.D)| _ Cz(d«z, 0. (Z, f)))" V(40,4 (Zo. )
w(Z, ) wZ, Dl 0 w(Ag.a(Zo, 1))

whenever (Z, 1), (Z,7) € QN Byje,(Zo, fo), for some 0 < o < 01 and (Zo, fo) € RN By, (Zo, 1o).

Proof. Again using (4-3) and (4-4) we see that the theorem is a special case of Theorem 1.2 in [Nystrom
and Polidoro 2016]. |

4C. Doubling of parabolic measure and estimates of the kernel function.

Lemma 4.10. Let Q C RV*! pe a Lipg -domain with constant M. Let A = A(N, My) be in accordance
with Remark 4.5. Let (Zy, tg) € 0Q2 and r > 0. Then

o(A). A (Zo, 10), 02N B (Zo, 19)) = ¢ .
Proof. This is an immediate consequence of Lemma 4.6. ]

Lemma 4.11. Let Q@ C RVl e a Lipg -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zy, tg) € 0Q andr > 0. Let w(Z,t,-) be the Kolmogorov measure relative to
(Z,t) e Qand Q2 and let G(Z, t, -, -) be the adjoint Green function for 2 with pole at (Z, t). Then there
exists c = c(N, My), 1 <c < oo, such that

(1) ¢ 'H172G(Z, 1, A (Zo. 10) < 0(Z, 1,02 N B, (Zo, 1o)),

2) w(Z,t,9QNB,c(Zo, t9)) < crf*G(Z, 1, A, £ (Zo, 10))
whenever (Z,1) € Q, t —ty > cr’.

Proof. This is a consequence of Lemma 4.1 in [Nystrom and Polidoro 2016]. However, we emphasize that
in that paper the definition of ¢ is different compared to the definition used in this paper; see Remark 3.7.
Based on the ¢ used in this paper, ¢ = 4m + 2, (i) and (ii) are the correct formulation of the corresponding
inequalities in Lemma 4.1 in [Nystrém and Polidoro 2016]. (Il

Lemma 4.12. Let Q C RVN*! be a Lip g -domain with constant M. Let A = A(N, My) be in accordance
with Remark 4.5. Let (Zy, tg) € 02 and r > 0. Then there exists c = ¢(N, M), 1 < ¢ < o0, such that

o(Af\ (Zo, 10), 02 N Bz (Zo, 1)) < co(A[y (Zo, 10), 92N B#(Zo., To))

whenever (Z(), lT()) €092, B;(Z(), lT()) C Br/C(Z(), 10).
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Proof. This is a consequence of one of the main results, Theorem 1.3, proved in [Nystrém and Polidoro
2016]. However, for the convenience of the reader we include here a proof using the results stated above.
Consider (Zo, 7o) € 9%, B (Zo, fo) C By/c(Zo, 1), where C = C(N, My) > 1 is a degree of freedom.
Choosing C large enough and using Lemma 4.11(ii) we see that

(AT (Zo. 10), 02N Bop(Zo. 10)) < EF172G (AT 5 (Zo. 10). Any; 5 (Zo. To))

for some ¢ =c¢(N, M), 1 <¢ < o0. Let

= G(AxA(ZO’ tO)a A;‘r/lo()(),A(ZO, tO))7 m- = G(A+A(ZO’ tO) Ar/lOOO A(ZO, tO)) (4'13)

By elementary estimates and the Harnack inequality, see Lemma 4.4, we see that

¢l <t 2mt <o, i ’m- <¢ (4-14)

for some ¢ = ¢(N, M), 1 < ¢ < oo. To prove the lemma we intend to use the adjoint version of
Theorem 4.8 and hence we need to establish a lower bound on r4~2m~. To establish this lower bound we
first use the adjoint version of Lemma 4.7 to conclude that there exists ¢ = c¢(N, M), 1 <c¢ < 00, such
that

SUP(Z,1ye@nB, ez G (AL A (Zo, 10), (Z, 1)) < em™ (4-15)
However,

2
Sup(z,;)egmg,/c(zo,,o) G(Aj:A(ZO, IO)v (Z’ t)) = G(A:A (Z07 tO)y A:_/(IOOC),A(ZO’ tO)) =>cr a (4'16)

by elementary estimates. In particular, (4-14)—(4-16) imply that

c'<mt/m™ <c¢ forsomec=c(N, M), 1 <c< oo.

Using this, the adjoint version of Theorem 4.8, and the scale invariance of Theorem 4.8, we deduce that
there exist ¢ = ¢(N, M;), 1 < ¢ < oo, such that

G(A]\(Zo. 10). Ay o (Zo. 1)) < EG(A[ 4 (Zo. t0), AS; \ (Zo. o). (4-17)

provided (Zy, fo) € 0, B (Zo, iy) C B, /c(Zy, to). Finally, using the (adjoint) Harnack inequality, we
here use the adjoint version of Lemma 4.4, and Lemma 4.11, we see that
F2G(A] (Zo, 10), A (2o, 1)) < 7™ G (A} 5 (Zo, 10), ATA(ZO» i0))

(4-18)
<c w(A+A(Zo, tg), 02N B; (ZO, tO))

for some ¢ = c(N, M;), 1 < ¢ < oo. Combining these, we can conclude the proof of Lemma 4.12. [

Lemma 4.13. Let Q C RV*! pe a Lipg -domain with constant M. Let A = A(N, My) be in accordance
with Remark 4.5. Let (Zo, to) € Q2 and r > 0. Let (Zy, fy) € 92 and 7 > 0 be such that B; (Zo, fo) C
B, (Zy, ty). Then there exists c = c(N, M), 1 <c¢ < 0o, such that

w(A ~A(Zo,to) AN B:(Z,1))

B A . | Z - 4-19
( A( 0 tO) [) = r—>0 w(AcrA(ZO’ tg), 02N B; (Z 1)) ( )
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exists for a)(A+ A(ZO, 1), ) a.e (Z,1) € dQNB; (Zo, fo), and
< w(Af \(Zo, 10), 920 Br(Zo, i) K (AL  (Zou i), Z,T) <c (4-20)

whenever (Z,1) € 320 Bx(Zo, fo).

Proof. Using the Harnack inequality, see Lemma 4.4, we see that the only thing we have to prove is
(4-20). To prove (4-20), consider (Z,1) € Q2N B;(Z), fo) and 7 < 7. Using Lemma 4.11 we see that
there exists ¢ = ¢(N, M), 1 < c¢ < o0, such that

Gl \Go i), ATNZ D) _wAf | (2o, T0), 99N B(Z, 1))

G(AL \(Zo,10), Az (2, 1) (AL (Zo, 1), RN B(Z, )
G(A = a(Zo. 1), A7 A (Z.D))
“G(AL A (Zo 10, ALNZ, 1)

Furthermore, using the adjoint version of Theorem 4.8 and by arguing as in the proof of Lemma 4.12, we

(4-21)

see that PO _ N
1 G(AG A (Zo, 10), AF A (Z, 1)) - G(Aj; A(Zo, f0), A \(Z,1))

G(AL A(Zo, 10), A a(Z,0)) — G(A], \(Zo,10), A7 \(Z, 1))

G(AL \(Zo. 1), A7 (2. 1)) iy G(AS \(Zo. 1), A7 A(Z, 1)) A
G(Al \(Zo.10), AT A (Z, 1)) —  G(A} \(Zo.to), A a(Z, 1))
Hence we can conclude that
0(Af \ o 10, 020B:(Z, 1) GAL , (Zo. T0), Ara(Z, 1) @23

o(AL A (Z0,10), 02N B:(Z, 1)) G(A], \(Zo, 10), Ara(Z, 1))
where ~ means that the quotient between the expression on the left-hand side and the expression on the
right-hand side is bounded from above and below by constants depending only on N, M;. Next, using the
boundary Harnack inequality for solutions to the adjoint equation, which is a consequence of the adjoint
version of Theorem 4.9, we deduce that

G(AJF; A(ZL i0), Ar,a(Z, 1)) G(AC, A(Zo, f0), Az sz a(Zo, 10))

—— — (4-24)
G(AS, A (Zo,10), A7 A (Z,1))  G(AT, A\ (Zo. 10), Arje,a(Zo, T0))
for some ¢ = ¢(N, M) > 1. Combining the inequalities in the last two displays we see that
w(A A(Z), ), QN BF(Z, 1)) G(A+ A(Zo, f0). Arje.a(Zo. fo)) 4-25)

w (A} A (Zo, 10), 9QN B3 (Z, l_)) G(A], A (Zo. 10), Azjen(Zo, 10))

for some ¢ = ¢(N, M) > 1. Finally, using this and arguing by the same principles, using the doubling
properties of @ and related estimates, we can conclude that

o(AL \(Zo.10). 02N BH(Z. 1) 1
w (A} A (Zo. 10), 9N B (Z, f)) (A A (Zo.10), 92N B (Zo, 1))
whenever (Z, 1) € B: (20, 10). Using this and (4-19), we deduce (4-20) by letting 7 — 0. [l

(4-26)
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Lemma 4.14. Let Q C RV be a Lip g -domain with constant M. Let A = A(N, M) be in accordance
with Remark 4.5. Let (Zy, ty) € 9Q and r > 0. Let (Zo, i) € Q2 and 7 > 0 be such that B:(Z, fo) C
B (Zy, to). Then there exist c = c(N, My), 1 <c <oo,and ¢ =c¢(N, M), 1 <c¢ < oo, such that

+
a)(Acr,A(ZO’ t()), E)~ - < ga)(Aj_F A(?O, ;0)’ E)
(AL, (Zo, 10), 990 Bx(Zo, ) |

oA (Zo. 1), E) <

7

whenever E C Bi(Zo, To).
Proof. Consider E C B;(Zo, fy). Then, by definition

w(AL | (Zo, 1), E) =/ K(AY \(Zo. o), Z, 1) dw(A], \ (Zo, 10), Z, 7).
E

r, r,
Hence, using Lemma 4.13 we see that

(A, A (Zo.10). 92N Bi(Zy. 10)) (A}, (Zo. o). E) ~ 0(A}, (Zo. 10). E),

which is the statement to be proved. (Il

5. Proof of Theorem 1.6

In order to introduce some efficient notation, we will use the terminology of spaces of homogeneous type
in the sense of [Coifman and Weiss 1971]. Indeed, assuming that Q& = Q,, C RN+1 is a Lip-domain,
with constant M, in the sense of Definition 1.1, we let

Y:=0Q= {(x,xm, Yy Ym 1) € RVF! \xm =Y(x,y, t)}.

Then (X, d, do) is a space of homogeneous type, with homogeneous dimension ¢ — 1. Furthermore,
(RN+1.d, dZ dt) is also a space of homogeneous type, but with homogeneous dimension q.

5A. Dyadic grids, Whitney cubes and Carleson boxes. By the results in [Christ 1990] there exists what
we here will refer to as a dyadic grid on X having a number of important properties in relation to d. To
formulate this we introduce, for any (Z,t) = (X, Y,t) e X and E C %,

dist((Z, 1), E) :=inf{d((Z, 1), (Z,©)) | (Z,7) € E}, (5-1)
and we let

diam(E) := sup{d((Z, 1), (Z, 1)) | (Z,1), (Z,7) € E}. (5-2)

Using [Christ 1990] we can conclude that there exist constants « > 0, 8 > 0 and ¢, < oo such that for
each k € Z there exists a collection of Borel sets, Dy, which we will call cubes, such that

Dy :={Q% C = |j e}, (5-3)
where J; denotes some index set depending on k, satisfying:
1 X= Uj Q’; for each k € Z.
(ii) If m > k then either Q' C Q% or Q7' N O} = 2.
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(iii) For each (j, k) and each m < k, there is a unique i such that Ql; C Q7.

(iv) diam(Q%) < e, 27"

(v) Each Q’J‘. contains ¥ N B, (Z¥, t;.‘) for some (Z’J‘., t}‘) €.

v o({(Z, 1) € Q;? | dist((Z, 1), =\ Qj?) <027} <, 0f o(Qj?) for all k, j and for all o € (0, ).

Let us make a few remarks concerning this result and discuss some related notation and terminology. First,
in the setting of a general space of homogeneous type, this result is due to Christ [1990], with the dyadic
parameter % replaced by some constant § € (0, 1). In fact, one may always take § = %; see [Hofmann
et al. 2017, proof of Proposition 2.12]. We shall denote by D = ID(X) the collection of all Q%; i.e.,

ID::U[Dk.
k

Note that (iv) and (v) imply that for each cube Q € Dy, there is a point (Zg, 1p) = (X, Yp,19) € &
and a ball B,(Zg, tp) such that r ~ 27k ~ diam(Q) and

YXNB(Zg,t19) CO CENB,(Zg,1tg) (5-4)
for some uniform constant c. We will denote the associated surface ball by
Ao :=XNB.(Zg,tg), (5-5)

and we shall refer to the point (Zg, tp) as the center of Q. Given a dyadic cube Q C X, we define its y
dilate by
Y Q=X NBydiam)(Z9, to). (5-6)
For a dyadic cube Q € Dy, we let £(Q) =27, and we shall refer to this quantity as the length of Q. Clearly,
£(Q) ~diam(Q). For a dyadic cube Q € D, we let k(Q) denote the dyadic generation to which Q belongs;
ie., wesetk=k(Q) if Q € Dy, thus, £(Q) =279, Forany Q e D(X), weset Dg:={Q' €D | Q' C Q}.
Using that also (R¥*!, d, dZ dt) is a space of homogeneous type, we see that we can partition €2 into
a collection of (closed) dyadic Whitney cubes {/}, in the following denoted W = W(2), such that the
cubes in W form a covering of 2 with nonoverlapping interiors, and which satisfy

4 diam (1) < dist(41, X) < dist(/, X) <40 diam (/) (5-7)
and

diam(/;) ~ diam(/,) whenever I; and I touch. (5-8)
Given I € W, we let £(I) denote its size. Given Q € D(X), we set
W = {1 e W|1007'¢(Q) < £(I) <100¢(Q) and dist(1, Q) <100£(Q)}. (5-9)
We fix a small, positive parameter t, and given I € W, we let

I'=r'(z):=01+1)1 (5-10)
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denote the corresponding “fattened” Whitney cube. Choosing 7 small, we see that the cubes I* will retain
the usual properties of Whitney cubes, in particular that

diam(1) ~ diam(I'™) ~ dist(I'*, X) ~ dist(I, X).
We then define a Whitney region with respect to Q by setting

Ug:=J 1" (5-11)

Finally, given Q € D(X), y > 0, we let
Tp = int< U UQ,> (5-12)
Q’EDQ
denote the Carleson box associated to Q. Furthermore, given y > 1 we let
T,0:= int( U UQ> (5-13)
0:0'N(y Q)#2
denote the Carleson set associated to the y dilate of Q.

5B. Reduction of Theorem 1.6 to two key lemmas. Using Lemma 4.12, we see that to prove Theorem 1.6
it suffices to prove the following version of Theorem 1.6.

Theorem 5.1. Assume that Q@ C RNT! is an (unbounded) admissible Lip x -domain with constants
(M1, M>) in the sense of Definition 1.1. Then there exist A = A(N, M), 1 < A < o00,and c =c(N, M),
l1<c<oo,andc¢=c(N, M, Mp), 1 <¢ <o0,andn=n(N, M, M»),0 < n < 1, such that the following
is true. Let Qo €D, 00 :=1(Qg) and let w(-) := a)(AjQO’A(ZQO, to,), ). Then

1/
5_1(0(E)) ’7560(1’5)55(0(15))7
o(Q) w(Q) o(Q)

whenever EC Q, Q €D, O C Q.

The proof of Theorem 5.1 is based on the following lemmas.

Lemma 5.2. Let Q¢ € D and let w(-) be as in the statement of Theorem 1.6. Let k > 1 be given and
consider 8o € (0, 1). Assume that E C Q¢ with w(E) < §. If 8o = 6o(N, M1, k) is chosen sufficiently
small, then there exist a Borel set S C 02, and a constant ¢ = c(N, M), 1 < c¢ < oo, such that if we let
u(Z,t):=w(Z,t,S), then

k’c(E) <c // (IVxul?8 + | Vyul*8® + | Xow)|*8%) d Z dt.
Teg,

Here § =68(Z, 1) is the distance from (Z,t) € Q to X and T. g, is the Carleson set associated to ¢ Qg as
defined in (5-13).
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Lemma 5.3. Let Qg € D and let w(-) be as in the statement of Theorem 1.6. Let u(Z,t) .= w(Z,t, S)
and ¢ be as stated in Lemma 5.2. Then there exists ¢ = c¢(N, M, M), 1 < ¢ < oo, such that

/[ (IVxul8 + | Vyul*8® + | Xow)|*8%) d Z dt < éo (Qy).
TCQ0

The proof of Lemma 5.2 is given below. The proof of Lemma 5.3 is given in the next section. We here
prove Theorem 5.1, hence completing the proof of Theorem 1.6, assuming Lemmas 5.2 and 5.3. Indeed,
first using Lemmas 4.14 and 4.12 we see that it suffices to prove Theorem 5.1 with Q = Q. Then, using
Lemmas 5.2 and 5.3 we see that we can, for [ > 1 given, choose §o = §o(N, M1, ') so that if E C Qy
with w(E) < §p, then

0 (E) < é5(Qo) (5-14)

for some ¢ = ¢(N, My, M), 1 < ¢ < oo. In particular, we can conclude that there exists, for every € > 0,
a positive 8o = 8o(NV, M1, M>, €) such that

w(E) <o = cdow(Qo) = 0o(E) <€a(Qo), (5-15)

where we have also applied Lemma 4.10. Theorem 1.6 now follows from the doubling property of w, see
Lemma 4.12, and the classical result in [Coifman and Fefferman 1974].

5C. Good € covers. Recall that in the following w(-) == w (AT 2 Zoy, 10), ), QoeD, 0o :=1(Qo).

€Q0,
Definition 5.4. Let E C Qg be given, let ¢y € (0, 1) and let k be an integer. A good ¢y cover of E,
of length k, is a collection {(’)1}5‘:1 of nested (relatively) open subsets of Qg, together with collections
F = {Af},- C Qo, Aﬁ € D, such that

ECcO,CcOr1C---CO1 C Qy, (5-16)
o = Al (5-17)
Fi
w(ONATY < oA™Y forall A e Fiy. (5-18)

Lemma 5.5. Let E C Qg be given and consider €y € (0, 1). There exists y =y (N, M), 0 <y < 1, and
I'=T(N, M), 1 KT, such that if we let §g = y (€o/ F)k, and if w(E) < by, then E has a good €y cover
of length k.

Proof. Letk € Z, be given. Let y, 0 <y <« 1,and I, 1 < T, be degrees of freedom to be chosen
depending only on N and M. Let 8y = y (¢o/ I")*. Suppose that w(E) < 8. Using that w is a regular
Borel measure, we see that there exists a (relatively) open subset of Qy, containing E, which we denote
by Ok41, satisfying @ (Ok41) < 2w (E). Using Lemma 4.10 and the Harnack inequality, see Lemma 4.4,
we see that there exists ¢ = c¢(N, M), 1 <c¢ < 00, such that

k
©(Or1) = 280 = B (Qo) = %(%") ©(Q0) (5-19)
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ifwelety :=2/c. Let f € L! (T, dw), and let

loc

1
My,(f)(Z,t) :==sup —~~/ fdw,
’ ®oB.(Z,0) Js.an
where B = {B,(Z,1) | (Z,7) € 0Q, (Z, 1) € B.(Z, )}, denote the Hardy-Littlewood maximal function
of f, with respect to w, and where the supremum is taken over all balls Br(z 1), (Z , 1) € 92, containing
(Z,1t). Set

Ok :={(Z,1) € Qo | Mu(loy,,) = €0/c},

where we let ¢ = ¢(V, M1), 1 < ¢ < oo, denote the constant appearing in Lemma 4.12. Then, by
construction, Oy C O, O is relatively open in Qg and Oy, is properly contained in Qg. As w is
doubling, see Lemma 4.12, (2Qy, d, ®) is a space of homogeneous type, weak L' estimates for the
Hardy-Littlewood maximal function apply and hence

- k—1

0(0) <& = 0(O) < %(6—‘)) w(Q0). (5-20)
€0 C

if we let I' = ¢¢ and where ¢ = ¢(N, M), 1 < ¢ < o0o. By definition and by the construction, see

(1)—(iii) on page 1733, Qg can be dyadically subdivided, and we can select a collection F; = {Af }i C Qo,

comprised of the cubes that are maximal with respect to containment in O, and thus Oy := |, Af. Then,

by the maximality of the cubes in Fi, and by the doubling property of w, we find that

0(Orr1 N AN <ow(AF)  for all AF € 7. (5-21)

We now iterate this argument, to construct O;_; from O; for 2 < j < k, just as we constructed Oy
from Oy 1. It is then a routine matter to verify that the sets Oy, ..., O, form a good € cover of E. We
omit further details. U

Remark 5.6. From now on we fix a small dyadic number 1 = 27%, where k is to be chosen. Given Q € D,
we consider the ko-grandchildren of Q, i.e., the subcubes Q' C Q, Q' € D, with length [(Q") = nl(Q).
We let é denote the particular such grandchild which contains the center of Q, (Zp, tp).

Remark 5.7. Given Q € D we let A}, = A}, ,(Zg, 10) and A'é = A;(é)’A(Zé, 15), where 0 was
defined in Remark 5.6.

Remark 5.8. Consider the special case A := Aﬁ € Fy; i.e., A is a cube arising in some good €( cover.
‘We then set Aﬁ = A, where A is defined as in Remark 5 .6, and we define

o= Al (5-22)
Aler

Remark 5.9. Let E C Q and consider the setup of Lemma 5.5. We note that for every (Zy, ty) € E we
have (Zy, t9) € O; foralll =1, 2, ..., k, and therefore there exists, for each /, a cube Aﬁ = Af(Zo, to) € F;
containing (Zy, tp). With (Zy, tp) fixed, we let Af = Af(Zo, tg) denote the particular ko-grandchild, as
defined in Remark 5.6, of Af that contains (Zo, ).
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5D. Proof of Lemma 5.2. To prove Lemma 5.2, let €y > 0 be a degree of freedom to be specified below
and depending only on N, My, let 8y = y (€o/ I')* be as specified in Lemma 5.5, where k is to be chosen
depending only on N, M and k. Consider E C Qg with w(E) < §yp. Using Lemma 5.5, we see that E
has a good € cover of length £, {(’)1}5‘:l with corresponding collections F; = {Aﬁ},- C Qo. Let {E’V)l}le
be defined as in (5-22). Using this good €g cover of E we let

k

F(Z,0):=) x5, \o,(Z: 1),
j=2

where x. \o, is the indicator function for the set x5, \o,- Then F equals the indicator function of
some Borel set S C X and we let u(Z, t) := w(Z, t, S). Consider

(Zo,tp) e E and anindex!/ e {l,...,k}.
In the following let
Aﬁ € JF; be a cube in the collection F; which contains (Z, ).
Given kg € Z we let

Aﬁ be the ko-grandchild of Aﬁ which contains (Z Alrt Aﬁ)-
With (Z, ty) and Ag fixed, we let Af be defined as in Remark 5.9; i.e., we let

&f be the kp-grandchild of Aﬁ which contains (Z, ).

Finally, we let
Aﬁ be the ko-grandchild of Af. which contains (Z i, 1x1).

Hence, based on (Zy, #p) € E and an index [ € {1, ..., k}, we have specified Aﬁ, Aﬁ, Af and Af satisfying
Al c Al Al c Al c Al
We let
Azg =A" (&), A Za 13D, A+ = A+Z(A1) A(Zar 130 (5-23)

We first intend to prove that there exists 8 > 0, depending only on N, My, «, such that if €y and n = 27%
are chosen sufficiently small, then

Iu(A§4) - u(A}_)I > B. (5-24)
To estimate u(AT ,) we write
u(A* )= F(Z,)dw(AY,,Z, 1)+ | F(Z,1)dw(AT,, Z,t)=:14+1I. (5-25)
A7 Jogal A Al Al

Using Lemma 4.6 and the definition of AE,_ we see that

1| < w(AT,, Qo\ A <en” (5-26)
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for some ¢ = c(N, M), 0 =0 (N, M) € (0, 1). Furthermore, by the definition of F we see that

I =1h+1L+ 115, (5-27)

where

l
11 = Z fA] 13, o, da)(Azﬁ, Z, 1),

Ih= Z/ 13, 1\ojdw(AA,,Z 1), (5-28)

Jj=l+2

1113 ::/. 10[\01+1 da)(AA,,Z, lT)
Al

i

Note that if j </, then Aﬁ C O, COjand ((51-_1 \Oj)N Aﬁ = @. Hence 11} = 0. Obviously,

k k
Ll < ) oA A,,((’)] NONNA) <cy D w(A A,,(OJ 1\ O)NA, (5-29)
j=l+2 j=l+2

where we in the second estimate have used the Harnack inequality; see Lemma 4.4. Consider (Z, 1) €
((~9j_1 \Oj)N Af.. Then, using Lemma 4.13 we have

w(AL,, 0QNB,(Z, 1))

K(AY,, Z,7):= lim ‘ — 5-30
(Ap» 2 1):= Iy w@RQNB(Z, 1)) (-30)
exists for w a.e. (Z,7) € Aﬁ, and
c —
K(AT,,Z, 1) < whenever (Z,7) € Al. 5-31
( Al ) < oD (Z,1) i (5-31)

In the last conclusion we have also used Lemma 4.12. Using these facts, and using the definition of the
good €g cover, we see that

k
C ~
Ll < —"~ > o((O;-1\0)NA)
@A) 55,
c k
<—1= ) w0 NA) < Z el Al < cpeo. (5-32)
- l J i/ = ] 0 n
w(A) 57, (A)] =,

To estimate the term 113 we first observe that A’ N (’)1 Al by the definition of (91 Hence,
Il =w(Ag), AL NO) —w (AL, AINO1y1)

=w(AT Aﬁ)—a)(Az,_, ANy ) = I3 + 1T3,. (5-33)

Al

Arguing as in (5-32), we see that

|13 <

! l)wmé NOu1) < Cyeo, (5-34)

i
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by the construction. Putting these together we can conclude that so far we have proved that
u(AL) = I31] < en” + cyeo, (5-35)
and it remains to analyze /I3;. However, using Lemma 4.10, and elementary estimates, we see that there

exists ¢ = ¢(N, M), 1 < ¢ < oo, such that

¢! <Il; <1 — &L

Combining the last result and (5-35) we can conclude, by first choosing n = n(&N, M) small and then
€y = €o(N, My, n) small, that

el < u(Azﬁ) <1-3¢t (5-36)
To estimate u(Agé) we write
u(AJArg):/QO y F(Z, t_)da)(Azé,Z, z‘)+/ﬂ. F(Z, t')da)(Agﬁ,Z, fy=:1+II. (5-37)
We splitﬁ as L
I =11, +1I,+1I3, (5-38)

where

)
I := Z/Al 13, 1o, da)(Azé, Z.1,),
j=27 8

k
=Y /A o, o, do(A%). Z.D). (5-39)
j=l+2 i

TTa — ~ + 7z
113 — Al 101\01+1 dw(AAf’ Z,t)

We can now conclude, by essentially repeating the estimates in the corresponding estimate for u(AJA“,_)
above, that l
|+ 11|+ 2] < cn’ 4 cy€o. (5-40)

Note that the key estimate is now the kernel estimate

whenever (Z,7) € Al, (5-41)

which again follows from Lemma 4.13. We now focus on 11 3 and we observe that

M3 =w(AL, AjN O\ Or1)) =oAL, (AIN A\ Oy), (5-42)

and that either (A! N Al) = @ or Al = Al 1f (A!n Al) = @, then I13 = 0. If Al = Al then
I3 =w(A}, A) — (AL, AL\ O1yy) =113, +1T5,. (5-43)
Also in this case
ﬁ32 = Cy€0,
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and we are left with I7 31. However, by Lemma 4.6 we deduce that

Ty = (A%, A = 1—cn’,

where ¢ = c¢(N, M), o =o (N, M) € (0, 1). Combining our estimates we find that either
0<u(AL) <en” +cepep or u(AL) = 1—(en” +cyeo). (5-44)
Combining (5-36) and (5-44) we can conclude, in either case, that

u(AL) —u(At)1 = 367 —en” +cpe0 = 3¢ (5-45)

by first choosing n = n(N, M) small and then choosing €y = €y(N, M1, ) small. Hence the proof of
(5-24) is complete.

Next, using (5-24), Lemma 2.5(i), an elementary connectivity/covering argument and the Poincaré
inequality, see Lemma 2.4, we see that

B [[ (VxS IS 4 X0 P80 az i,
Wl

where VT/A( is a natural Whitney-type region associated to Af., 8 = 8(Z,t) is the distance from (Z, t)
to X, and ¢ = c(N, M1, n), 1 <c¢ < oco. Consequently, for (Zy, #9) € E fixed we find, by summing over
all indices i, [, such that (Zy, ty) € Aﬁ, that

C_lﬂzk < Z (f/~ (|vxu|282—q+|vyu|286—q + |X0(M)|284_q)d2d[). (5—46)
i,1:(Zo,to)eA! WAf

The construction can be made so that the Whitney-type regions {WAI.} have bounded overlaps measured
by a constant depending only on N, M, and such that W C T;, for some ¢ = c¢(N, M), 1 <c¢ < o0,
where T.¢, is defined in (5-13). Hence, integrating with respect to do, we deduce that

¢ 'B%ko (E) < (/f (IVxul?8 + | Vyul*8® + | Xow)|*8°) d Z dt), (5-47)
T.q,
where, resolving the dependencies, ¢ = ¢(N, M), 1 < c¢ < oco. Furthermore,
K~ log(8o)
log(ep)”’

where 1 and €y now have been fixed, and &g is at our disposal. Given « we obtain the conclusion of the
lemma by specifying g = 8o(N, M1, k) sufficiently small. This completes the proof of Lemma 5.2.

6. The square function estimate: proof of Lemma 5.3

The purpose of the section is to prove Lemma 5.3. Hence we consider Qg € D(X), we let o9 =1(Qo),
u(Z,t) := w(Z,t,S) and we let ¢ be as stated in Lemma 5.2. We want to prove that there exists
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¢ =c¢(N, My, M), 1 <c¢ < o0, such that

1

// (IVxul?8 + | Vyul*8® + | Xow)|*8?) dZ dt < éol ™. (6-1)
TfQo

However, using Lemma 2.8, and a simple covering argument, we first note that to prove (6-1) it suffices
to prove that

f/ \Vxu|?§dZ di <ol (6-2)
TCQ0

for potentially new constants ¢, ¢ having the same dependence as the original constants ¢, ¢. Inequality
(6-2) will be proved using partial integration. To enable partial integration, we perform the change of
variables

(W, Wy, ¥, Yms 1) €U = (W, Wiy + Py, W (W, ¥, 1), Y, Yins 1) (6-3)
where
U={W.Y,)=w, Wy, y, ym. ) ER" ' x Rx R" ' x R x R | wy, > 0}. (6-4)

Then, by a straightforward calculation we see that u satisfies u = 0 in Q if and only if v(W, Y, t) :=
u(w, Wy, + Pyy, (w,y,t),y, ym, t) satisfies

Vi - (AVwv) + B - Viyv + (W, Wy + Pyu, ¥ (w, y,1) - Vy —3)v=0 inU. (6-5)

Here A is an m x m-matrix-valued function, B : U — R™ and

1+ |V Py, ¥

a = ,
" (14 By Py, W)
Sy Pyw, ¥ : (6-6)
Ajm =dm,j = — , j=1,...,m—1,
(1 + 0w, Pyw, ¥)
aij =8, i,jefl,....m—1},
and
_ awmwm wam'(/f ((w’ W + wamll/(w, y5 t)) . VY - al)(wamW)
" (140w, Pyu, V) (1+ 0w, Pyu, ) * .
awm wj wamw .
bj = , j=1,....,m—1.
(1 + 0w, Pyw, ¥)
Choosing y = y (N, M1), y > 0, small enough, see Remark 2.3, we have
m
(N, M) M ER < Y ai j(W, Y, 0&& < (N, MDIEP,  ¢(N, My) = 1, (6-8)

ij=1

forall (W, Y, 1) e RV*! and for all § € R”. Let 6, 6 > 0 be integers, let (¢1, . .., dm—1) and (@1, ..., Pm_1)
denote multi-indices and let £ = (6 + |¢| + 3|q~5| + 2§). Then, using Lemma 2.1 and the fact that i is
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independent of y,,, we deduce that

90+191+19l 5 ,
‘—6 —(((w, Wi + Pyw, ¥ (w, y, 1)) - Vy —8;) (AW, Y, t)))‘ <c(m,l,y)w, M,
dwf dw?dy?

) 6-9
‘ §0+o1+18| (©-9)

m(((wv W + waml/f(w, Y, t)) : VY - al‘)e(B(Wa Y7 t)))' = C(m, l7 V)WZI_IMl
W, 0w*oy

whenever (W, Y, t) € U. Similarly, using Lemma 2.2 we see that if we letdu; =du; (W, Y, 1), i € {1, 2},

90+191+19l p 2
di :=‘—~(((w,wm+wamt/f(w,y,t))-Vy—8t) (AW, Y, 1)) wy,” dWdydt,
dwl dw?ay?
90+1|+d] P 2
d,u2:=‘—~(((w,wm—l-wamW(w,y,t))-Vy—al) (BW.Y,1)| wy ' dWdydt,
dwl dw?y?
be defined on U, then
11 (U N By (wo, 0, Yo, 1)) + w2 (U N By (wo, 0, Yo, 1)) < c(m, 1, y, My, Mp)o?™! (6-10)

whenever (wo, 0, Yo, 1)) € U, ¢ > 0, and B, (wy, 0, Yo, tp) C RN+ We emphasize that
A and B are independent of y,,. (6-11)

As the equation Ku = 0 and the statements in (6-9)—(6-11) are invariant under left translation defined
by o, we can in the following without loss of generality assume that

(Zgy- tgy) = (X0 ¥ (X0 Y00 100)- ¥0o: Ym.00: 0y) = (0.0.0,0.0). (6-12)

Furthermore, given ¢ > 1 we claim that there exist « = «(N, ¢) > 1 and 8 = B(N, My, ¢) > 1 such that if
we define

Oo={(W, Y, 1) = (W, Wy, y, ym, 1) | lw| < @0, 0 < wy < Boo, Y] <a’0f, It] <a?0f}, (6-13)

then
Tego C{(w, Wi + Pyu, W (W, ¥, 1), Y, Ym: 1) | (W, W, ¥, ym. 1) € Do} (6-14)

In the following we let 20 be defined as in (6-13) but with gg replaced by 2¢¢. Letting (Op)* and (200p)*
denote the sets we get if we reflect Oy and 20y, respectively, in the boundary dU, in the following we let
¢ € C°(200 U (200)*) be such that 0 < ¢ <1, ¢ =1 on O U, and such that

00l Vel + 03| Vy e+ 05l (W - Vy —3)(0)] < ¢(N, My). (6-15)
Letting v(W, Y, t) = u(u), Wy + Py, U (W, y, 1), Y, Ym, t), where u(Z,t) =w(Z,t, S), we see that

[v(W,Y,t)] <1 whenever (W,Y,t) eU. (6-16)
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Using (6-10) we see that
//ZD (W, Y, 1> dui(W, Y, t) <c(m,l,y, My, M, i)Qg_l, i e{l1,2}. (6-17)
0
To prove (6-2), and hence to complete the proof of Lemma 5.3, it suffices to prove that
f/ﬂ IVwo(W, Y, 0)[2¢2w,, dW dy dt < ¢(N, My, Mol ™" (6-18)
0
The rest of the proof is devoted to the proof of (6-18) and in the proof of (6-18) we will use the notation

T, := f/ IViwv 22w, dW dy dt,
2o (6-19)
2
T = //D |((w, win + Pyu, ¥ (w, ¥, 1) - Vy — 8) )| ¢ w;, dW dy dt.
2Ly

Inequality (6-18) is a consequence of the following two lemmas.

Lemma 6.1. Let Oy, ¢ and v be as above. Then there exists, for € > 0 given, ¢ = ¢(N, My, M>, €),
1 <c¢ < o0, such that

T < cgg_l +€Ts.

Lemma 6.2. Let Oy, ¢ and v be as above. Then there exists c = ¢(N, M, M), 1 < c¢ < 00, such that

1

T, <c(Ti+of ).
6A. Proof of Lemma 6.1. Using (6-8) we see that
m
Ty<cl, I:=) I
ij=1

where

1

I = 2// <—>a,~,j(3wiv)(8wjv)wm§2dW dy dt.

200 \9m,m
Assume first that i # m. Then, integrating by parts in /; ; with respect to w; we see that

1 2

I,',/' =-2 vawi(ai,/awjv)wmg dw dY dt

. 200 \9m,m ’
1
— 2[/ B <—>a,-,ju(aw,.u)w,,,;2dw dy dt
200y Am,m ’

—4/f (“”f >u(awjv)wmgaw,.; dW dY dr.
200 \%m,m
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Similarly we see that

Iy, _—11m2 ( )(w 5, Y, Hhv(w,$,7Y, t)(8w,v(w 8,7, t))8;‘ dwdY dt
-0 Doﬂ{wm—é} Am,m

= G)
200 \%m,m
// awm( )am,,v(awjv)wmgdeder
200y Am,m
—2// ( )v(8 v){ dw dY dt
200 \%m,m
—4// ( )v(a V)W 0y, L dW dY dt.
200 \%m,m

I=§irr(1)lf+lz+13+14+15,

VO, (@m, jOu; Vw2 dW dY dt

Combining the above,

where
I} = _22/ (a’""' )(w, 8, Y, Hyo(w, 8, Y, 1)(Bu,v(w, 8, ¥, 1)8¢> dw dY dt,
F 200N {wm=38} \%m,m
1
I = 42[/ ( )vawi(ai,jawjv)wmgzdeYdt,
i 2000 \9m,m
1
L:i=-2 3w, [ —— ai vy, 2dw dy dr,
=22 [ (G Joarens

Iy :_42//5 (a )u(a V)W By, & AW dy dt,
Is =—22//2D0(amm)v(aw,v)g dW dydt.

Using (6-9), Lemma 2.5(iii) and (6-15) we see that

117 < col ™. (6-20)

We next analyze I,. Using the equation

12=2f/ ( ! )v(((w,wm+wam1//(w,y,t))-Vy—8,)v)wm§2deydt
200 \9m,m

1
+2 // ( )vb,-a [vwmg‘dedydt
Xi: 200 \%m,m v

=: I + I,

we have

12 12
Izzsc<f/ v2|B|2wm¢2deydt> (// |vwv|2wmc2deydr) < el +eTy
ZDO 2‘:’0
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by (6-10), (6-17) and where € is a degree of freedom. Furthermore, integrating by parts with respect to
w,, we see that

Ly = gl_r)r(l) By + b + iz + big + s,

where

1
Dy = / ( )v(((w, Wi + Py, ¥ (w, y, 1)) - Vy — 8,)v)8%¢* dw dY dt,
200N {w,, =8}

Am,m

1
bip=— /[ awm( )v(((w, Wi + Py, ¥ (w, y, 1)) - Vy — 8 )v)wic? dW dY dt,

20y Am,m

1 2.2
Lz =— B, (W, W + Pyu, ¥ (w, y, 1)) - Vy — 8, )v)w,, s> dW dY dt,
20y

Am,m

Am.m

1
1214:_//D ( )vawm(((w,wm—i-wamw(w,y, 1) - Vy — &) v)wi¢*dW dY dt,
2Ly

bs :—2// ( : )v(((w,wm+wamt/f(w,y,t))-Vy—8,)v)w31§8wm§ dw dy dr.
200

Am,m

To estimate 15311 we again have to use Lemma 2.5. Indeed, using that

U(W, Y? t) =u(w7 wm + wamW(w’ y’ t)a ya )’m, t) = l/l(.x,.xm, y’ yma t)

we see that

(W, w + Py, ¥ (w, y, 1) - Vy = 8 )v
= (X - Vy = 3)u(X, Y, 1) + 8y, u(X, Y, ) ((w - Vy = 8) (Pyu, ¥ (x, ¥, 1))

Hence, using (6-9), Lemma 2.5(iii) and Lemma 2.1 we first see that
(W, W + Py, ¥ (w, y, 1)) - Vy — 3)v| <872

whenever (W, Y, t) € 200 N {w,, = §} and then that |I§11| < cgg_l. Focusing on 1,1, we see that

8 am m
L = —/fD (’”’g—*)v(((w, Wi + Py, ¥ (w, y, 1)) - Vy — 8 )v)wic* dW dy dt
2o

am,m

50(// IE)wma,,”,,Izvzwmdeydt)Tzl/2
200y

<c(©)od ™ +eb,

by (6-10), (6-17), and where € is a degree of freedom. To continue we see that

_ 1 _ 2 .2
bis = - v(((w, wi + Pyu, ¥ (w, y, 1)) - Vy = 0) 3w, v)wy, s> dW dy dt
2000 m,m
1
—// ( )v(1+8meyme(w,y,t))(aymv)w,zng“dedydt
200,

Am.m

=: D141 + D142.
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To estimate I>140 We write

1 1
hio=—> / / ] ( )(1 B, Py ¥ (0, 3, D) By v w2 L2 dW dy dt
2Lg

Am,m

1
:f/ ( )(1+ameywm¢(w,y,z))vzwﬁ,;aym;dwfzydt,
200y

Am.m

where we have used that i is independent of y,,. In particular, |I5142| < cgg -1 Focusing on 1541,

)v(awmv)wig‘dedy dt

m,m

1
D141 =// ((W,wm+wa,,,1/f(w,y,t))'VY—31)(
200 a

+/f ( 1 )(((w,wm-l-waml//(w,y, I))VY_at)v)(awmv)w;i;dedydt,
200y

Am,m

+2// < 1 >v(8w,,,v)w31§((w, Wi + Py, ¥ (w, y, 1)) - Vy — 3:)4“ AW dy dt
ZDO

Am,m
=: D411 + D1a2 + D413,
Again using (6-10), (6-17), (6-9), and elementary estimates we see that
—1
|Liatt] + 1413l < c(€)of ™~ + €T,

where € is a degree of freedom. Furthermore,

D412 = —1I13.

Finally,

1
1215:_// ( )(((U), wm+wamv/(wv y,l))Vy—f)t)vz)wi{amedeydt
200y

Am,m

=// ((w,u}m—i-waml/f(w,y,l))-Vy—a,)( )vzwfngawm;deydt
200y

Am,m

1
(G ) PR+ P00 ¥y = 000 )00 W dy
200,

Am,m

1
+// < )vzwig((w, wm+wam¢(W, yat))'vY_at)awmé‘deydt
200y

Am,m
=: D51 + D52 + Ds3.

Using (6-9), (6-10), (6-17), (6-12), (6-15), and by now familiar arguments, we see that |I515| < cgg_l.
Combining the above, we can conclude that

|L) < 13|+ [ Bi2] + | 13| + [ Ta1a] + | I1s| + | T2z
<c(e, €)Qg_1 + €Ty + €T,
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where € and € are degrees of freedom. Similarly,

|13+ 14| < c(e),gg_1 +e€T),
and we can conclude that
-1
I+ Bl + | I3] + 4] < c(€)of ' +eTh.

Finally we consider s,

Is=-2Y" D Ny (8, v)E2 dW dy dt.
I, 200 \%m,m !

First we consider the term in the definition of /5 which corresponds to j = m. Then

— // 3w, (WHCEdAW dy dt
200y

= — lim W) (w, 8, Y, t){zddedt+2f/ v2¢dy, ¢ dW dY dt,
80 J20N{w =8} 200

and obviously the absolute value of the terms on the right-hand side is bounded by cgg_l. Next we
consider the terms in the definition of /s which correspond to j % m. By integration by parts we see that

> // (“’”’f' )v(awjv)awm(wm)g“dedY dt
200 \%m,m

= lim 2/ <
6—0 2Dom {(wm=8}
2‘:’0 (am m
an,

+2ﬂ ( ) wmvawjvw §-2 IW dY dt
Do amm 1
2/-/D <a ) w,,levwmgzdw dY dt
0 m,m

—1—4// ( )v8w,vwm§8wm§deYdt
200 \%m,m

Am,j
Is; :=2 Z //zmo(am ;)awmvﬂwjvwmgde dY dt,
Is _22// (amm) Dy VW2 AW dY dt.

j#Em

)(w 8, Y, Hv(w, s, Y, 1)dy,v(w,d, Y, t)8§ dwdY dt

)vawjvwmgde dyY dt

Let

By the above deductions, and using by now familiar arguments, we can conclude that

—1
|Is — Isi — Isz] < c(€)og " +€Th.
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To estimate /5, we use that j # m. Integrating by parts

Isp = —2 Z //D 8wj<am’j )v&w,,lvwm§2deYdt
2o

jm Am,m
-2y // (“’”’f )awjvawmvwm;dedez
. 2000 \9m,m
j#Em
—4y /f (a’”*f >v8wmvwm§8wj§ AW dY dr
; 200 \9m,m
j#Fm
= Iso1 + Ispp + Isn3.
Note that
Isp = —1Is1,
and that

Isyi | + s3] < c(€)ol ™' + €Ty
by familiar arguments. Summarizing we can conclude that
¢ S TSR+ 1L+ 151+ |l + 5] < c(e, gl +€T1 +ET,
where €, € are degrees of freedom. This completes the proof of the lemma.

6B. Additional technical estimates. In this subsection we prove some additional technical estimates that
will be used in the proof of Lemma 6.2. Let

;=) Vi (B 0) 2wl 24 dW dY dt,
20 ' "
i=1 0
Ti=) //ZDO Vi 3y, 0) [Pw],¢® dW ay dt, (6-21)
i=1

Ts = / |Vyvw’ ¢ dw dy dt.
200,
Lemma 6.3. Let Oy, ¢ and v be as in Lemma 6.1. Then there exists, for positive €] — €4 given, ¢ =
c(N, M, M, €1, €3, €3, €4), 1 < ¢ < 00, such that
() T3 <col™ +cTi+eTs,

(i) Ty < col ' +eTs +eT + & T,
(iii) Ts < co? ™' +¢T) + cTh + e4Ta.
Proof. To prove (i) we introduce v = d,,,v. Using (6-5) we see that v solves
Vi - (AVw D) + B - Vg ¥ + (W, Wy + Pyu, ¥ (w, y,1)) - Vy — 8;)D

=~V - (0w, AVWV) — 0y, B - Vigv — 8),0 — 0y, Py, W (w, y, )0y, v (6-22)



1750 KAJ NYSTROM
in U. Multiplying the equation in (6-22) with dw? ¢* and integrating we see that

J = _f (Vw - (AVw ) owl c*dW dY dt = Jy + Jo + J3 + Ja,
200y
where
Ji = //D (((w, Wy + Py, ¥ (w, y, 1)) - Vy — 8,)0) 5wl c* dW dy dt,
2Ly

Jp = /f (Vi - (3w, A Vo)) dw; ¢t dW dy dt,
200y

5 ;:f (3w, (B - Viyv))dw?> ¢* dW dy dt,
20y

Jy = // (3y,0 + Bu, Py, ¥ (w, y, )3y, v) 0w ¢ dW dy dt.
200y
Using (6-9) we immediately see that
|l + 13l + sl < Ty + T\ P17 e P12,

Furthermore, using (6-12), (6-15) we see that

2|1 54‘// 02 ((w, W + Py, ¥ (w, y, 1)) - Vy — &) (Qwy,¢> dW dy dt| < Ty,
20,
and we can conclude that
[Ji] + L]+ 3]+ sl <c(e, )T + €T3 + €75,

where € and € are positive degrees of freedom. Next, integrating by parts in J we see that

J=- / .}y, 008° ¢ dw dY dt
jZ ZD()ﬂ{wm:(s} B

+> f / am,j (B, D), (Bwy, £ h) AW dy dt
: 200y
J

+> > //ZDO i, (Bu; )3, (Dw ¢ AW dy dt

i#Fm j

=ZZ// ai,j (3, 0) B, 0) (wys ¢ AW dy dt + J
T 20,
where
Ji=— / . j (8 D)08°c* dw dY dt
; 200N {w,, =8} S

+4ZZ/l[loaivj(awjﬁ)ﬁgg,awigw;;?’deydl
i

+3 Z //250 (B, D) OWEE* AW dy dt.
J

(6-23)

(6-24)

(6-25)

(6-26)

(6-27)
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Using this notation we see that
¢T3 < [T1+ 1]+ 12l + 3]+ | al. (6-28)
Furthermore, using (6-9) and Lemma 2.5 it is easy to see that
7| <col ™ + el + €T3, (6-29)

where € is a degree of freedom. Combining (6-27) and (6-29), (i) follows. To prove (ii) we introduce
v = dy,v. Again using (6-5) we see that v solves

= Vi (9, AViyv) — 3y, B - Viyv + dy, Py Yr(w, y, Dy, v (6-30)

in U. Arguing similarly to the proof of (i) we derive that

Ty <col ' +cTs+cT) 1) + 1P 1) + 1) 1) 1) T, (6-31)
Hence,
Ty <col™' +cle, )Ts + €Ty +ET3, (6-32)

where € and € are positive degrees of freedom. To prove (iii) we have to estimate

Ts=) Ts; Tsii= / / _ (3y,v) @y, V), c® dW dy dt. (6-33)
i=1 2o

Note that

Ay v =—((w, wm + Pyu, ¥ (w, y,1)) - Vy — 0;)(dy, )
+8w[ ((w» Wy, + wamI/I(UJ, v, 1) Vy— 3,)(1)) - (awi waml//(wa Y, t))aymv- (6-34)

Hence,
Ts;=— /szO (3y, ) (W, Wiy + Py, ¥ (w, y, 1)) - Vy — ;) (B, v)w;, £ dW dy dt
+//250 (Byiv)awi((w, W + Pyu, ¥ (W, y,1)) - Vy — at)(v)w,5n§6 AW dy dt
_//2D0 (ayiv)((awi wa'n‘”(w’y”))aymv)w,iﬁdeydt
=:T5;1+T5i2+Ts5;3. (6-35)
Using partial integration we immediately see that

ITs,i0] < cof ™ +cT,) T, 4 1171, (6-36)
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Furthermore,
= //2D0 (0, wn + Py, Yr(w. 3.0 - Vy = ) 3y,0) Bu ), £ dW dy di
+6//ZD (3yiv)(3wiv)w;§5((w, Wi+ Py, ¥ (w, y, 1)) - Vy — 3t)§ AW dy di
o
= //ZD Ay, (W, Wiy + Py, (W, ¥, 1)) - Vy — 3) (0) Bu, v)w,¢° dW dy dt
o

- f/ By, Py, W (w, ¥, 1)) (3y,0) (B, v)w;, £ dW dy dt
200,

"‘6// (3y,0) (B, V)W), & (W, Wy + Py, ¥ (w, y, 1)) - Vy — 8,)¢ dW dy dt.
200

Integrating by parts we have
iahlzz—l[/m (. W+ Py, 0w, 2 1)) - Vi — 3,)(0) Py ), dW dy di
2Ly
_6/7E (. Wi+ Py ¥ (W, y.1)) - Vi — 8,) (0) By W30y, ¢ AW dy di
2Ly

~ ] @By w3000 @0y e dW dyr
200y

+6// (3y,0) (D, V)W, & (W, Wy + Py, ¥ (w, y, 1)) - Vy — 3;)¢ dW dy dt.
200,

Hence,
|T511|<cT1/2T P T1/2T +e T1/2( 1/2 T51{112)
and
ITs,iISCQ —|—cT1/2 1/2+ T1/2 1/2+ T1/2( 1/2 1/2)+ T1/2 1/2+|T513|

We now first consider the case i = m. Using Remark 2.3 and (6-38) we immediately see that
TS,m =< C9371 +cT) +cT) + €Ty,

where € is a positive degree of freedom. Consider now i # m. Then, using (6-38) we have

+Tl/z)+ TI/ZT{{2+ T51{2T1/2

12
51 Sm:?

|T5’i| = CQO +CT1/2T1/2+CT11/2T21/2+CT11/2(T5

and hence

T5; < CQg_1 +cTi+ch+eTy+cTs .

Using (6-39) and (6-41) we can now complete the proof of (iii) and the lemma.

(6-37)

(6-38)

(6-39)

(6-40)

(6-41)
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6C. Proof of Lemma 6.2. To start the proof of Lemma 6.2 we first use the equation in (6-5) and write
Th=- /fm (W, Wi + Py, ¥ (w, ¥, 1)) - Vy — ) () (Vi - (AVwv) + B - Vo) ¢ ws, dW dy dt
2Ly

and
T =T + Top + Toz3 + Ty, (6-42)

where

Tr1 = — Z //ZDO (W, Wi + Py, ¥ (w, ¥, 1)) - Vy — 8) 00y, (am, 0w, v)w;, ¢ * dW dy dt,
J

Ty = — E f/ (W, Wi+ Py, W (W, ¥, 1)) - Vy = 8; )08y, (a7, V)W, e AW dy dt,
izm* /2o

Tyi=—) ) /fD (W, W + Py, ¥ (w, ¥, 1)) - Vy — 803y, (a;, 3, v)wy, ¢ dW dy dt,
X X 2
i#m j#m 0

Tyi=—) (W, W + Py, ¥ (w, y, 1)) - Vy — 8 )vb; y, vwi £+ dW dy d.
i ZDO Y Wm i m

Using (6-9) we immediately see that

1/2

To1| + | Toa| + | Toa| < T} °T) % + 12T, (6-43)

Next, focusing on 733, and integrating by parts with respect to w;, we see that
Ty=>» Y. //D Buy (W, Wy + Py Y (w, y, 1)) - Vy — 3, )v(a; ;3 v)wl ¢t dW dy di
i#m j#m 2o

AT [ (w0t P w50 9y = 8 v 0000, €0 W dy
izm jZm? 7250
=: Tp31 + T232,

and that |T53;| < Tll/ 2 T21/ 2 Furthermore

Tm=)_ Y. //ZDO (3y,v) (@, ;3w V)w5 ¢ AW dy dt

i#m j#m
+> > // ((w, Wi + Py, ¥ (w, 3, 1)) - Vy = ;) (B, ) (@i 0, v)win ¢ * AW dy dt
i#m j#m 20,
XY [ @y 00, D@0, 00kt aw dy as
im jAm ¢ Y2

=: To311 + 12312 + T2313.
Then

|To311| + | T2313] < CT51/2T11/2- (6-44)
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To estimate 731> we lift the vector field ((w, Wi+ Py, ¥ (w, y, 1)) - Vy — at) through partial integration
and use the symmetry of the matrix {a; ;} to see that

2Th310 = — ZZ//Z (@) (W, Wi+ Py, Y (w, 3, 0)-Vy —0,) (@i j)du,v)wy ¢ W dy dt
i#m j#m

—422// (B )@ 180, 0) (0, W+ Py ¥ 0, v, 1) Vy —3,) (Ol > dW dy di
i#m j#m

=: 123121+ T23122.
Then, by familiar arguments,

|T231211 + | T23122] < cT1. (6-45)

Putting all estimates together we can conclude that

1/2

Ty < |Toi| + |Toa| + | Tos| + | Toa| < Ty + T} P17 +e1) T + 1) P17, (6-46)

Hence
T <c(Ty+T3)+eTs, (6-47)

where € is a positive degree of freedom. Now, using Lemma 6.3 we see, given positive degrees of
freedom €, — €5, that there exists ¢ = c¢(N, My, M», €2 —€5), 1 < ¢ < 00, such that

Ty < col ™' +¢T1 + e Ts,
T4 SCQS_1+CT5+€3T1+E4T3, (6-48)
Ts < cggfl +cT)+cTh +e5Ty.
Using the estimates on the last two lines in (6-48) we see that
Ts < col ' +cTi +cTh+ €T3, (6-49)
where again ¢g is a degree of freedom. Using (6-49) in the first estimate in (6-48) we deduce that
T; < cggfl +cT) +cer T + €766 T3, (6-50)

and hence, consuming €,
Ty <col™ +cTi + e, 6.51)
Ts < col ™' +¢Ti + T,
for yet another degree of freedom 7. Putting the estimates from (6-51) into (6-47), we deduce that
Ty <ci0f ' +c1Ti +oaDa(e +€), (6-52)

where ¢; = c1(N, M|, M>, €1, €7) and ¢ = c2(N, M1, M5). Elementary manipulations now complete the
proof of the lemma. U



THE Ax-PROPERTY OF THE KOLMOGOROV MEASURE 1755

Acknowledgements

The author would like to express his gratitude to Sergio Polidoro for introducing him to operators of
Kolmogorov type a few years ago and for fruitful collaboration. The author also thanks Steve Hofmann
for communications.

References

[Barucci et al. 2001] E. Barucci, S. Polidoro, and V. Vespri, “Some results on partial differential equations and Asian options”,
Math. Models Methods Appl. Sci. 11:3 (2001), 475-497. MR Zbl

[Bernardin et al. 2009] F. Bernardin, M. Bossy, C. Chauvin, P. Drobinski, A. Rousseau, and T. Salameh, “Stochastic downscaling
method: application to wind refinement”, Stoch. Environ. Res. Risk Assess. 23:6 (2009), 851-859. MR

[Bernardin et al. 2010] F. Bernardin, M. Bossy, C. Chauvin, J.-F. Jabir, and A. Rousseau, “Stochastic Lagrangian method for
downscaling problems in computational fluid dynamics”, M2AN Math. Model. Numer. Anal. 44:5 (2010), 885-920. MR Zbl

[Bossy et al. 2011] M. Bossy, J.-F. Jabir, and D. Talay, “On conditional McKean Lagrangian stochastic models”, Probab. Theory
Related Fields 151:1-2 (2011), 319-351. MR Zbl

[Chauvin et al. 2010] C. Chauvin, F. Bernardin, M. Bossy, and A. Rousseau, “Wind simulation refinement: some new challenges
for particle methods”, pp. 765-770 in Progress in Industrial Mathematics at ECMI 2008, edited by A. D. Fitt et al., Mathematics
in Industry 15, 2010. Zbl

[Christ 1990] M. Christ, “A T (b) theorem with remarks on analytic capacity and the Cauchy integral”, Collog. Math. 60/61:2
(1990), 601-628. MR Zbl

[Cinti et al. 2010] C. Cinti, K. Nystrom, and S. Polidoro, “A note on Harnack inequalities and propagation sets for a class of
hypoelliptic operators”, Potential Anal. 33:4 (2010), 341-354. MR Zbl

[Cinti et al. 2012] C. Cinti, K. Nystrom, and S. Polidoro, “A boundary estimate for non-negative solutions to Kolmogorov
operators in non-divergence form”, Ann. Mat. Pura Appl. (4) 191:1 (2012), 1-23. MR Zbl

[Cinti et al. 2013] C. Cinti, K. Nystrom, and S. Polidoro, “A Carleson-type estimate in Lipschitz type domains for non-negative
solutions to Kolmogorov operators”, Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 12:2 (2013), 439-465. MR Zbl

[Citti and Sarti 2006] G. Citti and A. Sarti, “A cortical based model of perceptual completion in the roto-translation space”,
J. Math. Imaging Vision 24:3 (2006), 307-326. MR Zbl

[Citti and Sarti 2014] G. Citti and A. Sarti (editors), Neuromathematics of vision, Springer, 2014. MR Zbl

[Coifman and Fefferman 1974] R. R. Coifman and C. Fefferman, “Weighted norm inequalities for maximal functions and
singular integrals”, Studia Math. 51:3 (1974), 241-250. MR Zbl

[Coifman and Weiss 1971] R. R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces homogenes:
étude de certaines intégrales singulieres, Lecture Notes in Mathematics 242, Springer, 1971. MR Zbl

[Fabes and Safonov 1997] E. B. Fabes and M. V. Safonov, “Behavior near the boundary of positive solutions of second order
parabolic equations”, J. Fourier Anal. Appl. 3:Special Issue (1997), 871-882. MR Zbl

[Fabes et al. 1986] E. B. Fabes, N. Garofalo, and S. Salsa, “A backward Harnack inequality and Fatou theorem for nonnegative
solutions of parabolic equations”, Illinois J. Math. 30:4 (1986), 536-565. MR Zbl

[Fabes et al. 1999] E. B. Fabes, M. V. Safonov, and Y. Yuan, “Behavior near the boundary of positive solutions of second order
parabolic equations, 11, Trans. Amer. Math. Soc. 351:12 (1999), 4947-4961. MR Zbl

[Garofalo and Lanconelli 1990] N. Garofalo and E. Lanconelli, “Level sets of the fundamental solution and Harnack inequality
for degenerate equations of Kolmogorov type”, Trans. Amer. Math. Soc. 321:2 (1990), 775-792. MR Zbl

[Hofmann 1997] S. Hofmann, “Parabolic singular integrals of Calderdn-type, rough operators, and caloric layer potentials”,
Duke Math. J. 90:2 (1997), 209-259. MR Zbl

[Hofmann and Lewis 1996] S. Hofmann and J. L. Lewis, “L2 solvability and representation by caloric layer potentials in
time-varying domains”, Ann. of Math. (2) 144:2 (1996), 349—420. MR Zbl


http://dx.doi.org/10.1142/S0218202501000945
http://msp.org/idx/mr/1830951
http://msp.org/idx/zbl/1034.35166
http://dx.doi.org/10.1007/s00477-008-0276-9
http://dx.doi.org/10.1007/s00477-008-0276-9
http://msp.org/idx/mr/2516211
http://dx.doi.org/10.1051/m2an/2010046
http://dx.doi.org/10.1051/m2an/2010046
http://msp.org/idx/mr/2731397
http://msp.org/idx/zbl/05798937
http://dx.doi.org/10.1007/s00440-010-0301-z
http://msp.org/idx/mr/2834721
http://msp.org/idx/zbl/1234.60060
http://dx.doi.org/10.1007/978-3-642-12110-4_123
http://dx.doi.org/10.1007/978-3-642-12110-4_123
http://msp.org/idx/zbl/1308.76218
http://msp.org/idx/mr/1096400
http://msp.org/idx/zbl/0758.42009
http://dx.doi.org/10.1007/s11118-010-9172-2
http://dx.doi.org/10.1007/s11118-010-9172-2
http://msp.org/idx/mr/2726902
http://msp.org/idx/zbl/1207.35102
http://dx.doi.org/10.1007/s10231-010-0172-z
http://dx.doi.org/10.1007/s10231-010-0172-z
http://msp.org/idx/mr/2886159
http://msp.org/idx/zbl/1241.35127
http://dx.doi.org/0.2422/2036-2145.201103_005
http://dx.doi.org/0.2422/2036-2145.201103_005
http://msp.org/idx/mr/3114009
http://msp.org/idx/zbl/1277.35081
http://dx.doi.org/10.1007/s10851-005-3630-2
http://msp.org/idx/mr/2235475
http://msp.org/idx/zbl/1088.92008
http://dx.doi.org/10.1007/978-3-642-34444-2
http://msp.org/idx/mr/3235488
http://msp.org/idx/zbl/1287.53001
https://www.impan.pl/en/publishing-house/journals-and-series/studia-mathematica/all/51/3/81219/weighted-norm-inequalities-for-maximal-functions-and-singular-integrals
https://www.impan.pl/en/publishing-house/journals-and-series/studia-mathematica/all/51/3/81219/weighted-norm-inequalities-for-maximal-functions-and-singular-integrals
http://msp.org/idx/mr/0358205
http://msp.org/idx/zbl/0291.44007
http://dx.doi.org/10.1007/BFb0058946
http://dx.doi.org/10.1007/BFb0058946
http://msp.org/idx/mr/0499948
http://msp.org/idx/zbl/0224.43006
http://dx.doi.org/10.1007/BF02656492
http://dx.doi.org/10.1007/BF02656492
http://msp.org/idx/mr/1600211
http://msp.org/idx/zbl/0939.35082
http://projecteuclid.org/euclid.ijm/1256064230
http://projecteuclid.org/euclid.ijm/1256064230
http://msp.org/idx/mr/857210
http://msp.org/idx/zbl/0625.35006
http://dx.doi.org/10.1090/S0002-9947-99-02487-3
http://dx.doi.org/10.1090/S0002-9947-99-02487-3
http://msp.org/idx/mr/1665328
http://msp.org/idx/zbl/0976.35031
http://dx.doi.org/10.2307/2001585
http://dx.doi.org/10.2307/2001585
http://msp.org/idx/mr/998126
http://msp.org/idx/zbl/0719.35007
http://dx.doi.org/10.1215/S0012-7094-97-09008-6
http://msp.org/idx/mr/1484857
http://msp.org/idx/zbl/0941.42006
http://dx.doi.org/10.2307/2118595
http://dx.doi.org/10.2307/2118595
http://msp.org/idx/mr/1418902
http://msp.org/idx/zbl/0867.35037

1756 KAJ NYSTROM

[Hofmann and Lewis 1999] S. Hofmann and J. L. Lewis, “The L? regularity problem for the heat equation in non-cylindrical
domains”, Illinois J. Math. 43:4 (1999), 752-769. MR Zbl

[Hofmann and Lewis 2001a] S. Hofmann and J. L. Lewis, The Dirichlet problem for parabolic operators with singular drift
terms, Mem. Amer. Math. Soc. 719, Amer. Math. Soc., Providence, RI, 2001. MR Zbl

[Hofmann and Lewis 2001b] S. Hofmann and J. L. Lewis, “Square functions of Calderdén type and applications”, Rev. Mat.
Iberoamericana 17:1 (2001), 1-20. MR Zbl

[Hofmann and Lewis 2005] S. Hofmann and J. L. Lewis, “The L” Neumann problem for the heat equation in non-cylindrical
domains”, J. Funct. Anal. 220:1 (2005), 1-54. MR Zbl

[Hofmann et al. 2003] S. Hofmann, J. L. Lewis, and K. Nystrom, “Existence of big pieces of graphs for parabolic problems”,
Ann. Acad. Sci. Fenn. Math. 28:2 (2003), 355-384. MR Zbl

[Hofmann et al. 2004] S. Hofmann, J. L. Lewis, and K. Nystrom, “Caloric measure in parabolic flat domains”, Duke Math. J.
122:2 (2004), 281-346. MR Zbl

[Hofmann et al. 2017] S. Hofmann, D. Mitrea, M. Mitrea, and A. J. Morris, L?-square function estimates on spaces of
homogeneous type and on uniformly rectifiable sets, Mem. Amer. Math. Soc. 1159, Amer. Math. Soc., Providence, RI, 2017.
MR

[Hormander 1967] L. Hormander, “Hypoelliptic second order differential equations”, Acta Math. 119 (1967), 147-171. MR
Zbl

[Kenig et al. 2016] C. Kenig, B. Kirchheim, J. Pipher, and T. Toro, “Square functions and the Ao property of elliptic measures”,
J. Geom. Anal. 26:3 (2016), 2383-2410. MR Zbl

[Kolmogorov 1934] A. Kolmogorov, “Zufillige Bewegungen (zur Theorie der Brownschen Bewegung)”, Ann. of Math. (2) 35:1
(1934), 116-117. MR Zbl

[Lanconelli and Polidoro 1994] E. Lanconelli and S. Polidoro, “On a class of hypoelliptic evolution operators”, Rend. Sem. Mat.
Univ. Politec. Torino 52:1 (1994), 29-63. MR Zbl

[Lewis and Murray 1995] J. L. Lewis and M. A. M. Murray, The method of layer potentials for the heat equation in time-varying
domains, Mem. Amer. Math. Soc. 545, Amer. Math. Soc., Providence, RI, 1995. MR Zbl

[Lewis and Silver 1988] J. L. Lewis and J. Silver, “Parabolic measure and the Dirichlet problem for the heat equation in two
dimensions”, Indiana Univ. Math. J. 37:4 (1988), 801-839. MR Zbl

[Lieberman 1996] G. M. Lieberman, Second order parabolic differential equations, World Scientific Publishing Co., River Edge,
NJ, 1996. MR Zbl

[Manfredini 1997] M. Manfredini, “The Dirichlet problem for a class of ultraparabolic equations”, Adv. Differential Equations
2:5(1997), 831-866. MR Zbl

[Nystrom 1997] K. Nystrom, “The Dirichlet problem for second order parabolic operators”, Indiana Univ. Math. J. 46:1 (1997),
183-245. MR Zbl

[Nystrom and Polidoro 2016] K. Nystrom and S. Polidoro, “Kolmogorov—Fokker—Planck equations: comparison principles near
Lipschitz type boundaries”, J. Math. Pures Appl. (9) 106:1 (2016), 155-202. MR Zbl

[Pascucci 2011] A. Pascucci, PDE and martingale methods in option pricing, Bocconi & Springer Series 2, Springer, 2011. MR
Zbl

[Pope 2000] S. B. Pope, Turbulent flows, Cambridge University Press, 2000. MR Zbl

[Safonov and Yuan 1999] M. V. Safonov and Y. Yuan, “Doubling properties for second order parabolic equations”, Ann. of
Math. (2) 150:1 (1999), 313-327. MR Zbl

[Salsa 1981] S. Salsa, “Some properties of nonnegative solutions of parabolic differential operators”, Ann. Mat. Pura Appl. (4)
128 (1981), 193-206. MR Zbl

Received 1 Feb 2017. Accepted 17 Jun 2017.

KAJ NYSTROM: kaj.nystrom@math.uu.se
Department of Mathematics, Uppsala University, Uppsala, Sweden

mathematical sciences publishers :'msp


http://projecteuclid.org/euclid.ijm/1256060690
http://projecteuclid.org/euclid.ijm/1256060690
http://msp.org/idx/mr/1712521
http://msp.org/idx/zbl/0934.35056
http://dx.doi.org/10.1090/memo/0719
http://dx.doi.org/10.1090/memo/0719
http://msp.org/idx/mr/1828387
http://msp.org/idx/zbl/1149.35048
http://dx.doi.org/10.4171/RMI/287
http://msp.org/idx/mr/1846089
http://msp.org/idx/zbl/0980.42011
http://dx.doi.org/10.1016/j.jfa.2004.10.016
http://dx.doi.org/10.1016/j.jfa.2004.10.016
http://msp.org/idx/mr/2114697
http://msp.org/idx/zbl/1065.35125
http://www.acadsci.fi/mathematica/Vol28/hofmann.html
http://msp.org/idx/mr/1996443
http://msp.org/idx/zbl/1046.35045
http://dx.doi.org/10.1215/S0012-7094-04-12222-5
http://msp.org/idx/mr/2053754
http://msp.org/idx/zbl/1074.35041
http://dx.doi.org/10.1090/memo/1159
http://dx.doi.org/10.1090/memo/1159
http://msp.org/idx/mr/3589162
http://dx.doi.org/10.1007/BF02392081
http://msp.org/idx/mr/0222474
http://msp.org/idx/zbl/0156.10701
http://dx.doi.org/10.1007/s12220-015-9630-6
http://msp.org/idx/mr/3511480
http://msp.org/idx/zbl/06607333
http://dx.doi.org/10.2307/1968123
http://msp.org/idx/mr/1503147
http://msp.org/idx/zbl/0008.39906
http://www.seminariomatematico.unito.it/rendiconti/cartaceo/52-1/29.pdf
http://msp.org/idx/mr/1289901
http://msp.org/idx/zbl/0811.35018
http://dx.doi.org/10.1090/memo/0545
http://dx.doi.org/10.1090/memo/0545
http://msp.org/idx/mr/1323804
http://msp.org/idx/zbl/0826.35041
http://dx.doi.org/10.1512/iumj.1988.37.37039
http://dx.doi.org/10.1512/iumj.1988.37.37039
http://msp.org/idx/mr/982831
http://msp.org/idx/zbl/0698.35068
http://dx.doi.org/10.1142/3302
http://msp.org/idx/mr/1465184
http://msp.org/idx/zbl/0884.35001
https://projecteuclid.org/euclid.ade/1366638967
http://msp.org/idx/mr/1751429
http://msp.org/idx/zbl/1023.35518
http://dx.doi.org/10.1512/iumj.1997.46.1277
http://msp.org/idx/mr/1462802
http://msp.org/idx/zbl/0878.35010
http://dx.doi.org/10.1016/j.matpur.2016.02.007
http://dx.doi.org/10.1016/j.matpur.2016.02.007
http://msp.org/idx/mr/3505780
http://msp.org/idx/zbl/1339.35147
http://dx.doi.org/10.1007/978-88-470-1781-8
http://msp.org/idx/mr/2791231
http://msp.org/idx/zbl/1214.91002
http://dx.doi.org/10.1017/CBO9780511840531
http://msp.org/idx/mr/1881598
http://msp.org/idx/zbl/0966.76002
http://dx.doi.org/10.2307/121104
http://msp.org/idx/mr/1715327
http://msp.org/idx/zbl/1157.35391
http://dx.doi.org/10.1007/BF01789473
http://msp.org/idx/mr/640782
http://msp.org/idx/zbl/0477.35049
mailto:kaj.nystrom@math.uu.se
http://msp.org

ANALYSIS AND PDE
Vol. 10, No. 7, 2017

dx.doi.org/10.2140/apde.2017.10.1757

L>-BETTI NUMBERS OF RIGID C*-TENSOR CATEGORIES
AND DISCRETE QUANTUM GROUPS

DAVID KYED, SVEN RAUM, STEFAAN VAES AND MATTHIAS VALVEKENS

We compute the L2-Betti numbers of the free C*-tensor categories, which are the representation categories
of the universal unitary quantum groups A, (F). We show that the L?-Betti numbers of the dual of a
compact quantum group G are equal to the L2-Betti numbers of the representation category Rep(G)
and thus, in particular, invariant under monoidal equivalence. As an application, we obtain several new
computations of L2-Betti numbers for discrete quantum groups, including the quantum permutation
groups and the free wreath product groups. Finally, we obtain upper bounds for the first L2-Betti number
in terms of a generating set of a C*-tensor category.

1. Introduction

The framework of rigid C*-tensor categories unifies a number of structures encoding various kinds
of quantum symmetry, including standard invariants of Jones’ subfactors, representation categories of
compact quantum groups, in particular of g-deformations of compact simple Lie groups, and ordinary
discrete groups. In several respects, rigid C*-tensor categories are quantum analogues of discrete groups.

Using this point of view, the unitary representation theory for rigid C*-tensor categories was introduced
in [Popa and Vaes 2015]. This allowed for the definition of typical geometric group theory properties
like the Haagerup property and property (T) intrinsically for standard invariants of subfactors and for
rigid C*-tensor categories. It was then proved in [Popa and Vaes 2015], using [Arano 2016; De Commer
et al. 2014], that the Temperley—Lieb—Jones category Rep(SU,(2)) has the Haagerup property, while
Rep(SU, (3)) has Kazhdan’s property (T). Equivalent formulations of the unitary representation theory of
a rigid C*-tensor category were found in [Neshveyev and Yamashita 2016; Ghosh and Jones 2016] and
are introduced below.

In [Popa et al. 2017], a comprehensive (co)homology theory for standard invariants of subfactors and
rigid C*-tensor categories was introduced. Taking the appropriate Murray—von Neumann dimension for
(co)homology with L?-coefficients, this provides a definition of L2-Betti numbers.

The first goal of this article is to compute the L2-Betti numbers for the representation category C of a
free unitary quantum group A, (F). Here, A, (F) is the universal compact quantum group (in the sense
of Woronowicz) generated by a single irreducible unitary representation. As a C*-tensor category, C is
the free rigid C*-tensor category generated by a single irreducible object u. The irreducible objects of C
Kyed is supported by the Villum foundation grant 7423. Vaes and Valvekens are supported by European Research Council
Consolidator Grant 614195, and by long term structural funding — a Methusalem grant of the Flemish Government.

MSC2010: primary 46L.37; secondary 16E40, 18D10, 20G42.
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are then labeled by all words in # and u# and can thus be identified with the free monoid N % N. We prove
that ,81(2) (C) = 1 and that the other L?-Betti numbers vanish.

For compact quantum groups G of Kac type (a unimodularity assumption that is equivalent with
the traciality of the Haar state), the L2-Betti numbers ,B,(,z)(@) of the dual discrete quantum group G
were defined in [Kyed 2008]. The second main result of our paper is that these L?-Betti numbers only
depend on the representation category of G and are given by ﬂ,ﬁ” (Rep(G)). This is surprising for two

,(12) (Rep(G)) are well defined for all compact quantum groups, without a

reasons. The L?-Betti numbers S
unimodularity assumption. And secondly, taking arbitrary coefficients instead of L?-cohomology, there is
no possible identification between the (co)homology of G and Rep(G). Indeed, by [Collins et al. 2009,
Theorem 3.2], homology with trivial coefficients distinguishes between the quantum groups A, (k), but
does not distinguish between their representation categories Rep(A,(k)) by Corollary 6.2 below. As an
application, we compute the L?-Betti numbers for several families of Kac-type discrete quantum groups,
including the duals of the quantum permutation groups S, the hyperoctahedral series HS" of [Banica
and Vergnioux 2009] and the free wreath product groups H :, F of [Bichon 2004].

One of the equivalent definitions in [Popa et al. 2017] for the (co)homology of a rigid C*-tensor category
C is given by the Hochschild (co)homology of the associated tube algebra A together with its counit
o : A — C as the augmentation. In [Neshveyev and Yamashita 2015], it is proved that when C = Rep(G)
is the representation category of a compact quantum group G, then the tube algebra A is strongly Morita
equivalent with the Drinfeld double algebra of G. This is one of the main tools in our paper. As a side result,
applying this to G = SU, (2), so that C becomes the Temperley—Lieb—Jones category TLJ, we can transfer
the resolution of [Bichon 2013] to a length-3 resolution for the tube algebra of TLJ; see Theorem 6.1. This
allows us in particular to compute the (co)homology of TLJ with trivial coefficients, giving C in degree 0
and degree 3, and giving O in all other degrees. This completes the computation in [Popa et al. 2017,
Proposition 9.13], which went up to degree 2, and this was also obtained in an unpublished note of Y. Arano.

In the second part of this paper, we focus on the first L2-Betti number of a rigid C*-tensor category.
For an infinite group I" generated by n elements g1, ..., g, it is well known that ﬂl(z)(F) <n—1. The
reason for this is that a I-cocycle on I' is completely determined by the values it takes on the generators
g1, ..., & In Section 7, we explain how to realize the first cohomology of a rigid C*-tensor category C
by a space of maps D, similar to derivations, and prove that D is indeed determined by its values on a
generating set of irreducible objects. We then deduce an upper bound for ﬁfz) (C) and show in Section 8
that this upper bound is precisely reached for the universal (or free) category C = Rep(A, (F)).

2. Preliminaries

2A. The tube algebra of a rigid C*-tensor category. LetC be arigid C*-tensor category,i.e., a C*-tensor
category with irreducible unit object ¢ € C such that every object o € C has a conjugate o € C. In particular,
this implies that every object in C decomposes into finitely many irreducibles. The essential results on
rigid C*-tensor categories, which we will use without further reference, are covered in [Neshveyev and
Tuset 2013, Chapter 2]. For o, 8 € C, we denote the (necessarily finite-dimensional) Banach space of
morphisms o« — B by (8, o).
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The set of isomorphism classes of irreducible objects of C will be denoted by Irr(C). In what follows,
we do not distinguish between irreducible objects and their respective isomorphism classes and we fix
representatives for all isomorphism classes once and for all. Additionally, we always identify (o, o)
with C when « € Irr(C). The multiplicity of y in « when « € C and y € Irr(C) is defined by

mult(y, @) = dimg(a, y).

For «, B € C, we write 8 < « whenever § is isomorphic with a subobject of «. When there is no danger
of confusion, we denote the tensor product of o and 8 by «of.

The rigidity assumption says that every object o € C admits a solution to the conjugate equations
[Neshveyev and Tuset 2013, Section 2.2], i.e., an object & € C and a pair of morphisms s, € (¢, €) and
ty € (o, ) satisfying the relations

1211 ®sy)=1 and (s;@1D(1®1,)=1.
A standard solution for the conjugate equations for « € C additionally satisfies
Sa(T @ )sq =1,(1QT)t,

for all T € (o, ). The adjoint object & and the standard solutions for the conjugate equations are unique

up to unitary equivalence. Throughout this article, we always fix standard solutions for all o € Irr(C), and

extend by naturality to arbitrary objects « € C; see [Neshveyev and Tuset 2013, Definition 2.2.14]. The

positive real number defined by d(«) = t;t, = 55, is referred to as the quantum dimension of o.
These standard solutions also give rise to canonical tracial functionals Tr, on (¢, @) via

Try (T) = 55 (T ® sy = (1 @ T)t,.

Note that these traces are typically not normalized, since Tr, (1) = d(«). It is sometimes convenient to
work with the partial traces defined by

Tre ®id: (@B, ay) — (B, y), T ;DU RT) (1 ® 1),

d®Try : (Ba, ya) = (B,y), T+ (1@s)(T®1(1®sq),
for ar, B, y € C. These satisty Trg o(Try, ® id) = Tryp = Try o(id ® Trg). For all «, B € C, the categorical
traces induce an inner product on (&, 8), given by

(T, S) =Tre (T S*) =Trg(S*T). (2-1)

Throughout, the notation onb(«, 8) will refer to some choice of orthonormal basis of («, 8) with respect
to this inner product. Finally, the standard solutions of the conjugate equations induce the Frobenius
reciprocity maps, which are the unitary isomorphisms given by

@B, y) = (@ vB), T (1sp)(T D),

_ (2-2)
(@B, y)—> B.ay), T (@DH(1ART),

where o, 8, y € Irr(C).
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The tube algebra A of arigid C*-tensor category was first defined by Ocneanu [1994] for categories
with finitely many irreducibles. For convenience, we recall some of the exposition from [Popa et al. 2017].
The tube algebra is defined by the vector space direct sum

A= @ (ia, aj).

i,j,aclr(C)

For general « € C and i, j € Irr(C), a morphism V € (ia, j) also defines an element of A via

Vie ) dy) Y A@WHVWel. (2-3)

yelrr(C) Weonb(w,y)

It should be noted that this map is generally not an embedding of (i«, «j) into A. One easily checks that
A is a x-algebra for the operations

V-W=3 (VeD(1®W) e (iaB, apk),
ViZ@ 1)1V e (1R 1®s,) € (ja, ai),

where V € (ia, aj), W € (j'B, Bk) and where the map in (2-3) is used to view V - W as an element
of A. We follow the notational convention from [Popa et al. 2017] and explicitly denote the tube algebra
operations by - and ¥, to avoid confusion with composition and adjunction of morphisms. It should be
noted that A is not unital, unless Irr(C) is finite.

For i € Irr(C), the identity map on i is an element of (i&, £i). So it can be considered as an element p; € A.
As the notation suggests, p; is a self-adjoint idempotent in A, and it is easy to see that p; -V - p; = 830V
when V € (ka, ak’). The corner p; - A- p; is a unital x-algebra and the projections p;, i € Irr(C), serve
as local units for A. In particular, for all purposes of homological algebra, we can work with A as if it
were a unital algebra.

The corner p, - A- p is canonically isomorphic to the fusion x-algebra C[C]. This algebra is formed
by taking the free vector space over Irr(C), and defining multiplication by the fusion rules, i.e.,

a-B= Z mult(y, o ® B)y.

yelrr(C)

The involution on C[(] is given by conjugation in C.
The tube algebra comes with a faithful trace t; see [Popa et al. 2017, Proposition 3.10]. For V € (ia, o)
with i, j, o € Irr(C), this trace is given by

Tr;(V), i=j, a=c¢,
0, otherwise.

(V) ={

In [Popa et al. 2017], it is also shown that every involutive action of .4 on a pre-Hilbert space is
automatically by bounded operators. In particular, this allows us to define a von Neumann algebra A" by
considering the faithful action of A on L?(A, t) by left multiplication, and then taking the bicommutant.
Additionally, the trace t uniquely extends to a faithful normal semifinite trace on A”.
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For i, j, o € Irr(C), we now have two inner products on (ic, «ej), related by
Tre; (W*V) = d(a) T (W - V).

We will however always work with the inner product given by Tr,; (W*V), because it is compatible with
the inner product in (2-1), which is defined on all spaces of intertwiners and which makes the Frobenius
reciprocity maps (2-2) unitary.

2B. Representation theory for rigid C*-tensor categories. The unitary representation theory for rigid
C*-tensor categories was introduced in [Popa and Vaes 2015] and several equivalent formulations were
found in [Neshveyev and Yamashita 2016; Ghosh and Jones 2016; Popa et al. 2017]. Following [Ghosh
and Jones 2016], a unitary representation of C is given by a nondegenerate *-representation of the tube
algebra of C. Following [Neshveyev and Yamashita 2016], a unitary representation of C is given by a
unitary half-braiding on an ind-object of C, i.e., an object in the unitary Drinfeld center Z(ind-C). Here,
the category ind-C may be thought of as a completion of C with infinite direct sums, giving rise to a
(nonrigid) C*-tensor category. A unitary half-braiding on an ind-object X € ind-C is a natural unitary
isomorphism o_ : — ® X — X ® — that satisfies the half-braiding condition

oygz =(0oy ® 1N(1®o07)

for all Y, Z € ind-C. The collection of unitary half-braidings on ind-C is denoted by Z(ind-C). We refer
to [Neshveyev and Yamashita 2016] for rigorous definitions and basic properties of these objects.

By [Popa et al. 2017, Proposition 3.14], there is the following bijective correspondence between
nondegenerate right Hilbert .4-modules /C and unitary half-braidings (X, o). Given (X, o) € Z(ind-C),
one defines K as the Hilbert space direct sum of the Hilbert spaces (X, i), i € Irr(C). To turn K into a
right A-module, we let V € (i«, aj) act on a vector & € (X, ') by

£V =206(Tr, ®id) (0, (§ ® DHV) € (X, j). (2-4)

In particular, we see that - p; = (X, i).

2C. (Co)homology and L>*-Betti numbers for rigid C*-tensor categories. (Co)homology for rigid C*-
tensor categories was introduced in [Popa et al. 2017]. One of the equivalent ways to describe this
(co)homology theory is as Hochschild (co)homology for the tube algebra A; see [Popa et al. 2017,
Section 7.2]. Concretely, we equip .4 with the augmentation (or counit)

0:A—C, Vel aj) > 8jTrg(V).

Since g is a x-homomorphism, we can view C as an .A-module, which should be considered as the trivial
representation of C. Let K be a nondegenerate right Hilbert .A-module. We denote the (algebraic) linear
span of K - p; for i € Irr(C) by K°. Following [Popa et al. 2017], the homology of C with coefficients in
KO is then defined by

H,(C, K% = Tor/(K°, ©).
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Similarly, the cohomology of C with coefficients in X is given by
H*(C, K% = Ext%(C, k).

Note that, in the special case where K = L2(A), the left A”-module structure on L?(A) induces a natural
left A”-module structure on the (co)homology spaces. As in [Popa et al. 2017], one then defines the n-th
L?-Betti number of C as

B2 (C) = dim 4 H"(C, L*(A)°) = dimy H,(C, L*(A)%), (2-5)

where dim_ 4~ is the Liick dimension with respect to the normal semifinite trace T on A”.

We refer to [Liick 2002, Section 6.1], [Kyed et al. 2015, Section A.4] and Remark 3.8 for the relevant
definitions and properties of the dimension function dimy on arbitrary N-modules, associated with a
von Neumann algebra N equipped with a faithful normal semifinite trace Tr. Note that the second equality
in (2-5) is nontrivial and was proved in [Popa et al. 2017, Proposition 6.4]. When C is a discrete group,
all these notions reduce to the familiar ones for groups.

3. A scaling formula for L2-Betti numbers

3A. Index of a subcategory.

Definition 3.1. Let C be a rigid C*-tensor category and C; C C a full C*-tensor subcategory of C. For an
object o € C, we define [or]¢, as the largest subobject of « that belongs to C;. We denote the orthogonal
projection of « onto [«]¢, by Pgl € (o, ). Fixing o € Irr(C), we define the C;-orbit of o as

a-Ci={B elir(C) | Ay € C; such that B < ay}.

Note that in this definition, we can replace C; by Irr(C;) without changing the orbit. By Frobenius

reciprocity, the orbits form a partition of Irr(C). If «y, . .., o are representatives of C;-orbits, the index
of C; C C is defined as
S d@)?
[C:C]= : (3-1)
Z d([a;o;] C|

If the set of orbits is infinite, we put [C : C;] = oo.

In Lemma 3.2, we show that the index is well defined. In Proposition 3.12, we prove that [C : C]
equals the Jones index for an associated inclusion of von Neumann algebra completions of tube algebras.
In Proposition 3.3, we prove the formula [C : C;] = [C : C1][C; : C2] when C; C C; C C. So, the above
definition of [C : C;] is indeed natural.

When C; = {¢}, the index defined above coincides with the global index d(C) of C. When C has only
finitely many irreducible objects, we have [C : C1] = d(C)/d(Cy); see Proposition 3.3.

Another extreme situation arises when

NC) ={y elrr(C) | Ay, ..., ar € Irr(C) such that y < a1 - - - o 0 - - - 01} (3-2)

is a subset of Irr(Cy). In this case, the index simply counts the number of orbits. In particular, we recover
the index for subgroups when C; C C are both groups considered as C*-tensor categories.



L2-BETTI NUMBERS OF RIGID C*-TENSOR CATEGORIES AND DISCRETE QUANTUM GROUPS 1763

Lemma 3.2. Let C be a rigid C*-tensor category with full C*-tensor subcategory Cy. Then, for o, B €
Irr(C) with B € a - Cy, we have
d((aale,) _ d(@ple) _ d((BBle)
d(a)? d(a)d(p) dpy*

Proof. For arbitrary «, 8 € Irr(C), we have

(3-3)

o . a. @l
(TI'& ®1d)(PC1ﬂ) =d(,3) 1Tr5”3(PC1/3) 1= :(—IB)C 1,

by irreducibility of 8. Now suppose that ¢, B satisfy the conditions of the lemma. Choose y € Irr(C;)

such that 8 < ay. For any isometry W : 8 — oy, we compute
W (Tra ®id)(PeF) = (Trz @ id)((1® W) PSP
iy e d([aale,)
= (Trg ®1d)(Pp, " (1@ W)) = (Trg ®id)(Pe") @ DW = ————

d(a) v,

where we used that Pgl = Pg‘l"‘ ® 1, as is easy to see by splitting aw into irreducible components.

Multiplying by W* on the left, we find that
d([aale,)

i apy _
(Tre ®id)(Pp,") = @) 1.
We already proved that the left-hand side equals d([afB]c,)/d(B) 1. So, the first equality in (3-3) follows.
The second one is proven analogously. (I

Proposition 3.3. Let C be a rigid C*-tensor category with full C*-tensor subcategories C; C C; C C.
Then,
[C:Cl=IC:Ci]Cr:Cal

In particular, if C is a rigid C*-tensor category with finitely many irreducible objects and if C; C C is
a full C*-tensor subcategory, then [C : C1] = d(C)/d(Cy), where d(C) and d(Cy) denote the global index
of CandC.

Since a short proof for Proposition 3.3 can be given using the language of Markov inclusions, we
postpone the proof until the end of Section 3C.

In the concrete computations of L2-Betti numbers in this paper, we only need the particularly easy
tensor subcategories C; C C that arise from a homomorphism to a finite group. More precisely, assume
that we are given a group A and a map E : Irr(C) — A satistying the following two properties:

(1) For all @, B, y € Irr(C) with y < af, we have E(y) = E(x)E(B).
(ii) For all & € Irr(C), we have E(&) = E(a) "
Defining Ker(E) C C as those objects in C that can be written as a direct sum of irreducible objects
y € Irr(C) with E(y) = e, we obtain a full C*-tensor subcategory Ker(E) C C of index |A].
Note that N (C), as defined in (3-2), always is a subset of Ker(E). Actually, denoting by I" the set of

orbits for the left (or right) action of N(C) on Irr(C), we get that I" has a natural group structure and we
can view I" as the largest group quotient of C.
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3B. Markov inclusions of tracial von Neumann algebras. In [Popa 1994, Section 1.1.4], the concept
of a A-Markov inclusion N C (M, t) of tracial von Neumann algebras was introduced. More generally,
Popa [1995, Section 1.2] defined the A-Markov property for arbitrary inclusions of von Neumann
algebras N C M together with a faithful normal conditional expectation E : M — N. Taking in the tracial
setting the unique trace-preserving conditional expectation, both notions coincide.

In this paper, we need a slight variant of this concept for inclusions N C M where both N and M are
equipped with fixed faithful normal semifinite traces, denoted by Try and Try,, but the inclusion need not
be trace-preserving. In particular, there is no canonical conditional expectation of M onto N.

Recall that an element v € M is called right N-bounded if there exists a ¥ > 0 such that Trys (a*v*va) <
k Try(a*a) for alla € N. We denote by L, : L2(N, Try) — L*(M, Try) the associated bounded operator,
which is right N-linear and given by L,(a) =va foralla e NN L*(N, Try). A family (v;);¢; of right
N-bounded vectors in M is called a Pimsner—Popa basis for N C M if

YL, =1.

iel
Definition 3.4. Let (N, Try) and (M, Try;) be von Neumann algebras equipped with faithful normal
semifinite traces. Assume that N C M, but without assuming that this inclusion is trace-preserving. We
say that the inclusion is A-Markov for a given number A > 0 if a Pimsner—Popa basis (v;);<; satisfies

X:Uivlfk =11

iel
One checks that this definition does not depend on the choice of the Pimsner—Popa basis.

Definition 3.5. Given a von Neumann algebra M equipped with a faithful normal semifinite trace Tr, we
call an (algebraic) right M-module & locally finite if for every & € £, there exists a projection p € M with
Tr(p) <ocoand & =é&p.

Note that for every projection p € M with Tr(p) < oo, the right M-module pL?(M) is locally finite,
because for every & € L?(M), the right support projection of p& has finite trace.
For our computations, the following scaling formula is essential.

Proposition 3.6. Let (N, Try) and (M, Try) be von Neumann algebras equipped with faithful normal
semifinite traces. Assume that N C M and that A > 0. The inclusion is A-Markov if and only if
dimy, (€) = A dimy (E) for every locally finite M-module E.

We have dimy; (£) = A dimy (€) for arbitrary M-modules &£ if and only if the inclusion is A-Markov
and the restriction of Trys to N is semifinite.

Proof. Fix a Pimsner—Popa basis (v;);c; for N C M, with respect to the traces Try, Try. Define the
projection ¢ € B(¢>(1)) ® N given by qgij = Ly, Ly;. Then,

U: LM, Try) — (@D Q L*(N, Try)), Ux)=) e ® L} (x),

iel
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is a well-defined right N-linear unitary operator. Whenever a € M, the operator UaU* commutes with
the right N-action and so, we get a well-defined unital *-homomorphism

a:M— qg(BUX(I)®N)q:ala)=UaU"
A direct computation gives that

(Tr®Try)(a(@)) = Y Try(viav,)
iel
forall a € M ™. So the inclusion N C M is A-Markov if and only if Try; (p) = A (Tr ® Try) (a(p)) for every
projection p € M. Note that the left-hand side equals dim_;(pL?(M)), while the right-hand side equals
Adim_y(pL*(M)). So if the formula dimy, () = A dimy (€) holds for all locally finite M-modules, it
holds in particular for £ = pL?(M) for every projection p € M with Try,(p) < 0o and we conclude that
Try(p) = A (Tr® Try) (a(p)) for every projection p € M with Try(p) < oo. An arbitrary projection
p € M can be written as the limit of an increasing net of finite trace projections, so that the same formula
holds for all projections p € M and thus, N C M is A-Markov.

Conversely, assume that N C M is A-Markov. We prove that dimy,(£) = A dimy(E) for every
locally finite M-module £. Denote by £, the class of M-modules that are isomorphic with p(C" ® M)
for some n € N and some projection p € M,(C) ® M having finite trace. We start by proving that
dimy () = 27" dimy (€) for all € € L.

Take a finite trace projection p € M,,(C) ® M such that £ = p(C" ® M). We have

p(C"®M) C p(C" ® L*(M, Try)) = (id®a) (p)(C" ® €*(I) ® L*(N, Try)).
Therefore,
dim_y (p(C" ® M)) < dim_y ((id ®)(p)(C" ® (1) ® L*(N, Try)))
= (Tr®Tr® Try)(id ®a)(p)

=171 (Tr@Try)(p) =4~" dim_y (p(C" ® M)).
Conversely, since
(1®U"((d®a)(p)(e; ®e; ®a)) = p(e; ® vja)

foralli e {1,...,n}, j € I and a € N, we get for every finite subset Iy C [ the injective N-module map
(id ®a)(p)(C" ® (1) ® N) — p(C" @ M).
Letting Iy increase and taking dim_y, it follows that
(Tr@Tr ® Try) (id ®a) (p) < dim_y (p(C" @ M)).

The left-hand side equals A N(Tr@Try)(p) = A~ dim_p(p(C* ® M)). In combination with the
converse inequality above, we have proved that dimy;(€) = A dimy (€) for every € € L;.

Next denote by £, the class of all M-modules that arise as the quotient of an M-modulein £;. Let £ € £,
and let 0 - & — & — £ — 0 be an exact sequence of M-modules, with £ € L. Since every finitely
generated M-submodule of an M-module in £; again belongs to £, we can write & as the union of an
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increasing family of M-submodules &; C & with &; € £ for all j. Since both dimy; and dimy are contin-
uous when taking increasing unions (see Remark 3.7), we get dimy; (&) = A dimy (&py). Since both dimy,
and dimy are additive with respect to short exact sequences (see Remark 3.7 as well), we conclude that

dimy (§) = dimy (£1) — dimu (§o) = A dimy (§1) — A dimy (Eo) = A dimy (E).

Finally, every locally finite M-module can be written as the union of an increasing family of M -submodules
in £,. So again using the continuity of the dimension function, we find that dimy,(£) = A dimy (€) for
all locally finite M-modules €.

Next assume that N C M is A-Markov and that the restriction of Try; to N is semifinite. We can
then choose an increasing net of projections p, € N, converging to 1 strongly, with Try (p,) < co and
Trp (pr) < oo for all n. Let £ be an arbitrary M-module. By [Kyed et al. 2015, Lemmas A.15 and A.16],
we have dimy, (£) = lim,, dimy, (€ p, M). For each n, the M-module £ p, M is locally finite. Therefore,
dimpy (Ep, M) = A dimpy (Ep,M). Since Ep, M C &, it follows that dimy, () < A dimy (€). Conversely,
EpaN C EpyM, so that

dimy (EppM) > dimy (€ puN).

Again using [Kyed et al. 2015, Lemmas A.15 and A.16], we have lim, dimy (€ p, N) = dimy (£), so that
the inequality dimy,(£) > A dimy (€) follows.

Finally, assume that the restriction of Try, to N is not semifinite. We then find a nonzero projection p € N
such that Try;(x) = +oo for every nonzero element x € pN* p. Define the two-sided ideal My C M
consisting of all elements x € M whose left (equivalently right) support projection has finite Try,. Define
E = M/My and view £ as a right M-module. Whenever p € M is a projection with Try (p) < oo,
we have £p = {0}. By [Kyed et al. 2015, Definition A.14], we have dim_(£) = 0. On the other
hand, the map pN — &£, x — x + My, is N-linear and injective because pN N My = {0}. Therefore,
dimy () = Try (p) > 0. So, the dimension scaling formula fails in general when the restriction of Try,
to N is no longer semifinite. ([l

Remark 3.7. In the proof of Proposition 3.6, we made use of the following continuity and additivity
properties of the dimension function dimj, associated with a von Neumann algebra M equipped with a
faithful normal semifinite trace Tr:

(i) Assume that £ is an M-module and £; C € is an increasing net of M-submodules with [ J ;€ =¢E.
Then, dimy (£) = lim; dimy, (&;).

(i) Assume that 0 — & — & — & — 0 is an exact sequence of M-modules. Then, dimy () =
dimp (E1) + dimy, (&).

When Tr is a tracial state, meaning that Tr(1) = 1, these properties are proved in [Liick 2002, Theorem
6.7(4)]. When Tr is semifinite, we can take an increasing net of projections p; € M with Tr(p;) < oo for
all i and p; — 1 strongly. Define the tracial state 7; on p; Mp; given by 7;(x) = Tr(p;)~! Tr(x). Then
[Kyed et al. 2015, Lemma A.16] says that for every M-module &, the net Tr(p;) dim(p, pp, ) (Epi) is
increasing and converges to dimy, (£). Therefore, the continuity and additivity properties (i) and (ii) above
are also valid for dimy,.
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Remark 3.8. Let (M, Tr) be a von Neumann algebra equipped with a faithful normal semifinite trace.
Proposition 3.6 shows that the dimension function dimy, has a subtle behavior. We therefore also want to
clarify why [Kyed et al. 2015, Definition A.14], given by

dimy, (£) = sup{Tr(q) dimyp4(Eq) | ¢ € M is a projection with Tr(g) < oo} (3-4)
and making use of the dimension function for (gMgq, Tr(q)_1 Tr(-)), coincides with [Petersen 2012,
Definition B.17], given by
dimys (&) = sup{(Tr@ Tr)(p) | p € M,(C) ® M is a projection with finite trace and
p(C"® M) — & as M-modules}. (3-5)

Whenever p(C" ® M) — &£, we have p(C" ® Mg) — £q. Denoting by z, € Z(M) the central support
of g, it follows from [Kyed et al. 2015, Lemma A.15] that

Tr(q) dimgpq(Eq) = Tr(g) dimguy (p(C" @ Mq)) = (Tr@ Tr) (p(1 @ 2)).

Taking the supremum over all finite trace projections ¢ € M and all embeddings p(C" @ M) — &, it
follows that the dimension in (3-5) is bounded above by the dimension in (3-4).

Conversely, Tr(g)dimgy,(Eq) can be computed as the supremum of (Tr® Tr)(p), where p €
M, (C) ® gMgq is a projection and 0 : p(C" ® Mq) — Eq. Defining £ € C" ® £g by

=) e/ ®0(plei ®9)),

i=1
it follows that £ =&p and O(x) =&x forall x € p(C" @ Mg). Then ¢ : p(C" Q@ M) — &, ¥(x) =&x,
is M-linear. We claim that i remains injective. Indeed, if ¥ (x) =0, then for alli € {1, ..., n}, also
Oxx*(e; @ 1)) =¥ (x)x*(e; ® 1) =0. So, xx*(e; ® 1) =0 for all i and thus, x = 0. It follows that the
dimension in (3-4) is bounded above by the dimension in (3-5).

3C. The scaling formula. The goal of this section is to prove the following scaling formula for L2-Betti
numbers under finite-index inclusions.

Theorem 3.9. Let C; C C be a finite-index inclusion of rigid C*-tensor categories. Then

B =I[C:C1]1 B2 ()
foralln > 0.

For the rest of this section, fix a rigid C*-tensor category C and a full C*-tensor subcategory C; C C. The
tube algebra A, of C; naturally is a unital x-subalgebra of a corner of the tube algebra .4 of C. In dimension
computations, this causes a number of issues that can be avoided by considering the *-subalgebra AcA

A= & Gaap. (3-6)

i,jelr(C) aelr(Cy)

given by

We still have a natural trace 7 on 4 and the inclusion A; C A is trace-preserving.
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As a first lemma, we prove that the homology of C; can be computed as the Hochschild homology
of A, with the counit augmentation Q : A, - C.

Lemma 3.10. Define the central projection p in the multiplier algebra of A given by p; = Zielrr(cl) Di.
Note that p, -;4\'1 - p1 = Aj naturally.
For every nondegenerate right Hilbert A\-module K, there are natural isomorphisms

Ho(C1, K- p) S TorX (K% C) and H*(Cp, K- py) = Ext% (C, K9).
We also have

A (C1) =dim Tor 1 (L2(4))°, ©).

Proof. If i € Irr(C) and «, j € Irr(Cy), then (ie, ooj) can only be nonzero if i € Irr(C;), by Frobenius
reciprocity. Interchanging the roles of i and j, we conclude that p; is central in the multiplier algebra
M (,Zl). Because p. < p1, it follows that

JZ1®B"‘®B~/ZI'Ps:PI'JZI‘P1®B"'®BP1‘~Z1'P8
= A ®p, - @B, Al * De,

and the right bar resolution is similar. Since the bar resolutions associated to .4 and A, are equal, the
respective Tor and Ext functors must also be the same. (I

The following formula, generalizing [Popa et al. 2017, Lemma 3.9], is crucial for us since we deduce
from it that A is a projective A;-module and also that in the finite-index case, the inclusion X{’ c A is
A-Markov in the sense of Definition 3.4.

Lemma 3.11. For o € Irr(C), we denote by ey.c, the orthogonal projection of L?(A) onto the closed
linear span of all (iB, Bj) with i, j € Irr(C) and B € a - C;.
Then, for alli € Irr(C) and o € Trr(C), we have

. d([aale,)
) Y A Woee, W= pieg, (3-7)
. < d(a)
jelr(C) Weonb(ia,oj)
as operators on L*(A).

Proof. Both the left- and the right-hand sides of (3-7) vanish on (i1 8, Bk) C L%(A) if i #1i. So we fix
k, B € Irr(C) and V € (iB, Bk) and prove that both sides of (3-7) agree on V.
For every j € Irr(C) and W € (i, «j), we have

(e, WH)= Y Y dpaeUuHWrehieviUe.
yelr(C;) Ueonb(apB,y)

We claim that (ec, - W#)(V) is the image in A under the map in (2-3) of the element

W DU V)P 1) e (j@p). @pkh. (3-8)
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The claim follows because that image is given by

Yoo dmaeUHWre e VIR e hUel)
yelir(C) Ueonb(apB,y)

=Y Y dpaeUHWFR NI VIURD),

yelr(Cy) Ueonb(apB,y)

because Pg_l u equals 0 when y ¢ Irr(Cy) and equals U when y € Irr(Cy).
It then follows that (W -eg, - W#) (V) is the image in A of the element

Weleh(leW e (11 V)(1® Pg]ﬂ ®1) € (i(aap), (@ap)k). (3-9)
By Frobenius reciprocity,
{(Wz=(,101)(1®Z)|Z conbaia, j)}

is an orthonormal basis of (i«, j), and any orthonormal basis can be written in this form.
With this notation, we find that

YooY dpWendewh= Y Y d(Ee1P)(1eZZ2" )1 ®s,)

jeln(C) Zeonb(@ia, j) jeln(C) Zeonb(@ia, j)
:S;®1®sa:(l®sa)(s:;®l)- (3-10)

Combining (3-9) and (3-10), we thus obtain
DoY) dDW e, - WHV)

jelr(C) Weonb(io,of)

=) Y dp1eUH1esu@DVEieleDIe P @)U,
yelr(C) Ueonb(aap,y)

Choosing the orthonormal basis of (a¢af, y) by first decomposing o, we see that only one of the
U*(sq ® 1) is nonzero and conclude that

YooY dWee WHYV)=V(si@1@ D@ P @ D ®1@1)
jelrr(C) Weonb(ia,oj) _ V((TI'& ®1d)(Pglﬁ) ® 1)

Using Lemma 3.2, we get

y Al [A4eede)
VTaeirh e =40V =

V ifgea-C,
otherwise. O

Proposition 3.12. Let C; C C be a finite-index inclusion of rigid C*-tensor categories. Denote by A the
tube algebra of C and define its subalgebra A, as in (3-6). Then A is projective as a left Aj-module
and as a right A\-module. Moreover, the associated inclusion of von Neumann algebras Z;/ c A" is
A-Markov with > = [C : C;]1™" in the sense of Definition 3.4.

Proof. By symmetry, it suffices to prove that A is a projective right Aj-module.
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For each a € Irr(C), define the subspace A,.c, C A spanned by all (i8, 8j) with i, j € Irr(C) and
B € a-Cy. Note that Ay.c, C Aisaright A\ -submodule. As in Lemma 3.11, denote by ec, the orthogonal
projection of L2(A) onto L2(A}). Note that ec,(A) = A

Fix i, o € Irr(C) and define the projective right Aj-module

Vi= P (la.aj)®p;-A).
jelrr(C)
The maps

b pi-Aae,— Ve = @ (X d(j)W®ecl(W#-V)),

jelrr(C) “Weonb(ia,oj)
0V — pi-Awc,, LWRQV)=W.V

are right A, -linear. By Lemma 3.11, we have 6, o 6; equals a multiple of the identity map on p; - Aq.c,.
It follows that p; - A,.¢, is a projective right Xl—module.

Taking the (direct) sum over all i € Irr(C) and over a set of representatives o1, .. ., o, for the C;-orbits
in Irr(C), we conclude that also A is projective as a right Aj-module.

By Lemma 3.11, we have

{ d(j)d(as)

— W
d([&sas]Cl)

i,jelrr(C), s=1,...,k, Weonb(iog, asj)

is a Pimsner—Popa basis for the inclusion ,Zf C A”. Applying Lemma 3.11 in the case C; = C (and this
literally is [Popa et al. 2017, Lemma 3.9]), we get

- d(diy) d(as)’
; i,j;(C) Weont%s,asj) d([asos ]Cl SXI: le%(:(?) d([asase,) pr=lesall
So, JZ;/ c A" is A-Markov with A = [C: C1]~ L O
Proof of Theorem 3.9. By Lemma 3.10, we have
BP(C1) = dim g Tor M (L2(4))°, ©).

By Proposition 3.12, the left Aj-module A is projective. We can thus apply the base change formula
for Tor, see for example [Weibel 1994, Proposition 3.2.9], and obtain the isomorphism of left X;/—modules

Tor M (L2(A))°, ©) = Tor A(L2(A)° ® 1, A, ©).
The left counterpart of Proposition 3.12 provides an inverse for the natural right A-linear map
L*(A)°®z, A~ L* (A",
which is thus bijective. We conclude that
Tor (L2(A1)°, ©) = TorA(L2(A)°, ©)

as left ;q/—modules.
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By Proposition 3.12, the inclusion .Z;/ C A" is A-Markov with A = [C : C;]™! and trace preserving.
Using Proposition 3.6, we conclude that

By (€1) = dim g Tor; (L*(A)°, ©) = [C: C1] dima Tor; (L*(A)’, ©) =[C: €11 BP(©). O
Using our results on Markov inclusions, we give the following short proof of Proposition 3.3.

Proof of Proposition 3.3. Let C be arigid C*-tensor category with full C*-tensor subcategories C; CCy CC.
Note that [C : C;] < oo if and only if Irr(C) has finitely many C;-orbits in the sense of Definition 3.1.
Since Irr(C) has finitely many C;-orbits if and only if Irr(C) has finitely many C;-orbits and Irr(C;) has
finitely many C;-orbits, we may assume that the indices [C : C], [C : C2] and [C; : C;] are all finite.

Define the *x-subalgebras ,Zl C A and Zz C A given by (3-6), associated with C; C C and C, C C,
respectively. Note that A C A;. By Proposition 3.12, the inclusion A, ¢ A” is [C : Ci]~'-Markov
for i = 1,2. We claim that ;l; C .Z;/ is [C; : C2]”'-Markov. This does not literally follow from
Proposition 3.12, but the proof is identical because, choosing representatives «j, . . ., ¢, for the C-orbits
in Irr(Cy), Lemma 3.11 implies

{ d(j)d(ay)

_— W
d([OlsOIs]cz)

i,jelrC), s=1,...,k, W eonb(iay, asj)

is a Pimsner—Popa basis for the inclusion .Z;/ - levf.
Since dim 4~ (p.L*(A)) = 1, a repeated application of Proposition 3.6 gives

dim 7 (p: L*(A)) = [C : Co] dimar (p: L2 (A)) = [C: Cal,
dim g7 (ps L*(A)) = [C1 : Ca dim 37 (p: L*(A)) = [C1 : C11C : 1] dimar (pe L2 (A) = [C: C11[C : Call

So, the equality [C : C2] = [C : C1][C; : C2] is proved.
When C has only finitely many irreducible objects and C; C C is a full C*-tensor subcategory, we apply
this formula to C, = {¢} and obtain

dC)=[C:GI=[C:C][C : Gl =[C:C1]1d(Cy).
So, [C:C1] =d(C)/d(Cy). ]

4. L*-Betti numbers for discrete quantum groups

Following Woronowicz [1998], a compact quantum group G is given by a unital C*-algebra B, often
suggestively denoted as B = C(G), together with a unital x-homomorphism A : B — B Qun B to the
minimal C*-tensor product satisfying

« coassociativity: (A ®id)A = (id ®A)A, and
« the density conditions: A(B)(1 ® B) and A(B)(B ® 1) span dense subspaces of B Qun B.

A compact quantum group G admits a unique Haar state, i.e., a state & on B satisfying (id ®h)A(b) =
(h®id)A(b) = h(b)1 for all b € B.
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An n-dimensional unitary representation U of G is a unitary element U € M,,(C)® B satisfying A(U;;) =
Y i—1 Uik ® Uy;j. The category of finite-dimensional unitary representations, denoted as Rep(G), naturally
is a rigid C*-tensor category. The coefficients U;; € B of all finite-dimensional unitary representations of
G span a dense x-subalgebra of B, denoted as Pol(G). We have A(Pol(G)) C Pol(G) ® Pol(), which
provides the comultiplication of the Hopf x-algebra Pol(G).

The compact quantum group G is said to be of Kac type if the Haar state is a trace. This is equivalent with
the requirement that for every finite-dimensional unitary representation U € M, (C) ® B, the contragredient
U € M,(C) ® B defined by U )ij = U;; is still unitary.

The counit of the Hopf *-algebra Pol(G) is the homomorphism g : Pol(G) — C given by o(U;;) =0
whenever i # j and o(U;;) = 1 for all unitary representations U € M, (C) ® B of G.

We denote by L?(G) the Hilbert space completion of B = C(G) with respect to the Haar state 4. The
von Neumann algebra generated by the left action of B on L?(G) is denoted as L°°(G). The Haar state &
extends to a faithful normal state on L°°(G), which is a trace in the Kac case.

Definition 4.1 [Kyed 2008, Definition 1.1]. Let G be a compact quantum group of Kac type. The L>-Betti
numbers of the dual discrete quantum group G are defined as

BP(G) = dimp~ () Tor '@ (L2(G), C).
The main result of this section is the following.
Theorem 4.2. Let G be a compact quantum group of Kac type. Then ,3,(,2) (@) = ,3,52) (Rep(G)) foralln > 0.

The equality of L2-Betti numbers in Theorem 4.2 is surprising. There is no general identification
of (co)homology of G with (co)homology of Rep(G). Indeed, by [Collins et al. 2009, Theorem 3.2],
homology with trivial coefficients distinguishes between the quantum groups A,(k), but it does not
distinguish between their representation categories Rep(A,(k)) by Corollary 6.2 below. Secondly, for the
definition of the L?-Betti numbers of a discrete quantum group, the Kac assumption is essential, since we
need a trace to measure dimensions. By Theorem 4.2, we now also have L2-Betti numbers for discrete
quantum groups that are not of Kac type.

Proof of Theorem 4.2. Define the x-algebra
@)= P Miw)(©).

Ueln(G)
Drinfeld’s quantum double algebra of G is the x-algebra .4 with underlying vector space Pol(G) ® ¢, (@)
and product determined as follows. We view cC(@) C Pol(G)* in the usual way: the components of
w € cc(@) are given by wy ;j = w(U;;) forall U € Irr(G) and i, j € {1, ...,d(U)}. We write aw instead
of a ® w for all a € Pol(G) and w € ¢, (@). The product on A is then determined by the formula

n
oUj= Y UqgoUy U}
k=1

for every unitary representation U € M, (C) ® B. The counit on A is given by o(aw) = o(a)w(1) for all
a € Pol(G) and w € ¢.(G) C Pol(G)*.
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Since G is of Kac type, the Haar weight T on A is a trace and it is given by

dU)

t@w)=h@ Y Y dU) oy,

Uelr(G) i=1

We denote by .A” the von Neumann algebra completion of A acting on L?(A, 7). By [Neshveyev and
Yamashita 2015, Theorem 2.4], the tube algebra of Rep(G) is strongly Morita equivalent with the quantum
double algebra A defined in the previous paragraph. This strong Morita equivalence respects the counit
and the traces on both algebras. Therefore,

BP (Rep(G)) = dim 4 Tor A (L*(A)°, ©),

where L?(A)°? equals the span of L%(A) - ¢, (@).
On the other hand,
B2 (G) = dimp~(g) Tor @ (L2(G), ©).

Since A is a free left Pol(G)-module, the base change formula for Tor again applies and gives the
isomorphism of left L°°(G)-modules

TorP'®(L2(G), ©) = Tor (L*(G) ®pois) A, C).
Since L2(G) ®poi) A = L2(G) ® c.(G) = L2(A)°, we conclude that
B (G) = dim ~(g) Tor A (L2(A)°, C).
Denoting by Ey;; the natural matrix units for c. (@), we see that the elements
[dU) VEy;; |1U elre(G), i, j=1,...,d(U))

form a Pimsner—Popa basis for the inclusion L*°(G) C .A”, which is not trace-preserving. It follows that
this inclusion is 1-Markov. Since the left .A”-module L(A)" is locally finite (in the sense of Definition 3.5
and using the example given after Definition 3.5), using a bar resolution, one gets that also the left
A”-module Tor;l“(Lz(.A)O, C) is locally finite. Proposition 3.6 then implies

dimz g Tor (L2 (A)°, C) = dim 4 Tor (L*(A)°, ©). O

Given a compact quantum group G, all Hopf x-subalgebras of Pol(G) are of the form Pol(H) C Pol(G),
where Rep(H) C Rep(G) is a full C*-tensor subcategory. We say that Pol(H) C Pol(G) is of finite index
if Rep(H) C Rep(G) is of finite index in the sense of Definition 3.1 and we define the index

[Pol(G) : Pol(H)] := [Rep(G) : Rep(H)]

using Definition 3.1.

For special types of finite-index Hopf *-subalgebras Pol(H) C Pol(G), the scaling formula between
ﬁ,(lz) (ﬁ) and /3,(12) (@) was proved in [Bichon et al. 2017, Theorem D]. Combining Theorems 4.2 and 3.9,
it holds in general.
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Corollary 4.3. Let G be a compact quantum group of Kac type. Let Pol(H) C Pol(G) be a finite-index
Hopf x-subalgebra. Then,

B2 (H) = [Pol(G) : Pol(H)] B2 (G) foralln > 0.

Remark 4.4. Of course, Corollary 4.3 can be proven directly, using the same methods as in the proof of
Theorem 3.9. Choosing representatives Uy, ..., U, for the right Rep(H)-orbits in Irr(G), the appropriate
multiples of (Uy);; form a Pimsner—Popa basis for the inclusion L>°(H) C L*°(G). As in the proof of
Proposition 3.12, it follows that Pol(G) is a projective Pol(H)-module and that L>*(H) C L*°(G) is a
A-Markov inclusion with A = [Pol(G) : Pol(H)] L

5. Computing L2-Betti numbers of representation categories

For any invertible matrix F' € GL,,(C), the free unitary quantum group A, (F) is the universal C*-algebra
with generators U;;, 1 <i, j <m, and relations making the matrices U and F U F~! unitary representations
of A,(F); see [Van Daele and Wang 1996]. Here (U); i = (Uij)*. We denote by A, (m) the free unitary
quantum group given by the m x m identity matrix. The following is the main result of this section.

Theorem 5.1. Let F' € GL,,(C) be an invertible matrix and C = Rep(A, (F)) the representation category
of the free unitary quantum group A, (F). Then,

ﬁfz)(c) =1 and BP(C)=0 foralln#1.

For F € GL,,(C) with F F € RI, the free orthogonal quantum group A,(F) is the universal C*-algebra
with generators U;;, 1 <1i, j <m, and relations such that U is unitary and U = F UF~'. We denote by
A,(m) the free orthogonal quantum group given by the m x m identity matrix. Also note that

_ 0 —¢q
SUq(2)_A0(1 o)

for all ¢ € [—1, 1]\ {0}.
Using Theorem 4.2 in combination with several results of [Popa et al. 2017], we get the following
computations of L>-Betti numbers of discrete quantum groups.

Theorem 5.2. (i) [Bichon et al. 2017, Theorem A; Kyed and Raum 2017, Theorem A] For all m > 2,
we have that ,8,(12)(Au(m)) isequalto 1 if n =1 and equal to 0 if n # 1.

(i1) [Collins et al. 2009, Theorem 1.2; Vergnioux 2012, Corollary 5.2] We have that ﬁ,(,z)(m) =0 for
allm>2andn > 0.

(iii) Let (B, t) be a finite-dimensional C*-algebra with its Markov trace. Assume that dim B > 4 and
let Ayi(B, T) be the quantum automorphism group. Then, ﬂ,gz)(Aaut(B, 7)) =0foralln >0. In
particular, all L?-Betti numbers vanish for the duals of the quantum symmetry groups St withm > 4.

(iv) Let G =H 2, F be the free wreath product of a nontrivial Kac-type compact quantum group H and
a quantum subgroup T of S} that is acting ergodically on m points, m > 2 (see Remark 5.3 for
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definitions and comments). Then G has the same L*-Betti numbers as the free product H % F, namely

B2 (@) + B (F) if n =2,
BAG) = { B2 + P ®) +1— BP @) + BP®) ifn=1,
0 if n=0.

(v) In particular, for the duals of the hyperoctahedral quantum group H,", m > 4, and the series of
quantum reflection groups H3", s > 2 (see [Banica and Vergnioux 2009]), all L?-Betti numbers
vanish, except ,81(2), which is resp. equal to 1/2 and 1 — 1/s.

Proof of Theorem 5.1. By [Bichon et al. 2006, Theorem 6.2], the rigid C*-tensor category Rep(A, (F))
only depends on the quantum dimension of the fundamental representation U. We may therefore assume
that FF = +1. In [Bichon et al. 2016a, Examples 2.18 and 3.6] and [Bichon et al. 2016b, Proposition 1.2],
it is shown that there are exact sequences of Hopf x-algebras

C — Pol(H) — Pol(A,(F) * A,(F)) — C[Z/27] — C,
C — Pol(H) — Pol(A,(F)) — C[Z/2Z] — C

for the same compact quantum group H. At the categorical level, this means that Rep(A, (F)) and the
free product Rep(A,(F)) x Rep(A,(F)) both contain the same index-2 subcategory; see also [Bichon
et al. 2017, Section 2].

By the scaling formula in Theorem 3.9, this implies that Rep(A, (F')) and the free product Rep(A, (F))*
Rep(A,(F)) have the same L>-Betti numbers. From the free product formula for L?-Betti numbers in
[Popa et al. 2017, Corollary 9.5] and the vanishing of the L2-Betti numbers of Rep(A,(F)) proved in
Theorem 9.9 of the same paper, the theorem follows. U

Proof of Theorem 5.2. Using Theorem 4.2, (i) follows from Theorem 5.1 and (ii) follows from [Popa
et al. 2017, Theorem 9.9]. The representation categories of the quantum automorphism groups A,u(B, 7)
are monoidally equivalent with the natural index-2 full C*-tensor subcategory of Rep(SU,(2)). So (iii)
follows from [Popa et al. 2017, Theorem 9.9] and the scaling formula in Theorem 3.9.

To prove (iv), let G = H, F be a free wreath product as in the formulation of the theorem. We use the
notion of Morita equivalence of rigid C*-tensor categories; see [Miiger 2003, Section 4] and also [Popa
et al. 2017, Definition 7.3]. By [Tarrago and Wahl 2016, Theorem B and Remark 7.6], Rep(G) is Morita
equivalent in this sense with a free product C*-tensor category C = C; * C,, where C; is Morita equivalent
with Rep(H) and C; is Morita equivalent with Rep(F). To see this, one uses the observation in [Popa et al.
2017, Proposition 9.8] that for the Jones tower N C M C M| C - -- of a finite index subfactor N C M
and for arbitrary intermediate subfactors

M,CPCM,CM,:1 CQOCM,

with a <n < b, the C*-tensor category of P-P-bimodules generated by P C Q is Morita equivalent with
the C*-tensor category of N-N-bimodules generated by the original subfactor N C M. Then, combining
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[Popa et al. 2017, Proposition 7.4 and Corollary 9.5], we find that

B2 C)+ B (C2) ifn>2,
BPG) =pP(C1#C) =P+ B C)+1-BPCH+ B (C)) ifn=1,
0 if n =0,

Since B2 (C1) = B (Rep(H)) = B2 (H) for all n > 0, and similarly with B{” (C»), statement (iv) is
proved.

Finally, by [Banica and Vergnioux 2009, Theorem 3.4], the compact quantum groups H:" can be
viewed as the free wreath product (Z/sZ), S, and H, corresponds to the case s = 2. So (v) follows
from (iv). O

Remark 5.3. The free wreath products G = H, F were introduced in [Bichon 2004]. We recall the
definition here. Denote by U € M,,(C) ® C(F) the fundamental representation of the quantum group F
acting on m points, so that the action of [ on C"” is given by the *-homomorphism

m
@:C" > C"RCE), ale)=) edU;.
i=1
Then C(G) is defined as the universal C*-algebra generated by m copies of C(H), denoted by =; (C(H)),
i =1,...,m, together with C(F), and the relations saying that m; (C(H)) commutes with U;; for all
i,je{l,...,m}. The comultiplication A on C(G) is defined by

m m
A@ri(@) =) (i ®m)A@) (U;;®1) and AUij) =Y Ui ® Uy;.
j=1 k=1
Now observe that it is essential to assume in Theorem 5.2(iv) that the action of F on C” is ergodic, in
the same way as it is essential to make this hypothesis in [Tarrago and Wahl 2016, Theorem B]. Indeed,
in the extreme case where [ is the trivial one-element group, we find that C(H . F) is the m-fold free
product of C(H), so that

BPG) =P (Hx---xH)=m(BPH) — P H) +m —1,

m times

which is different from the value given by Theorem 5.2(iv), namely ﬁfz) (FI]) — ,3(32) (Iﬁ).

Remark 5.4. Let (B, 7) be a finite-dimensional C*-algebra with its Markov trace and assume that [ is
a quantum subgroup of A, (B, 7) that is acting centrally ergodically on (B, 7). Given any Kac-type
compact quantum group H, [Tarrago and Wahl 2016, Definition 7.5 and Remark 7.6] provides an implicit
definition of the free wreath product H ¢, . The formula in Theorem 5.2(iv) remains valid and gives the
L2-Betti numbers of H, F.

Remark 5.5. The fusion *-algebra C[C] of a rigid C*-tensor category C has a natural trace t and counit
o : C[C] — C and these coincide with the restriction of the trace and the counit of the tube algebra A to its
corner p, - A- p. = C[C]. The GNS construction provides a von Neumann algebra completion L (IrrC) of
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C[C] acting on £2(Irr(C)) and having a natural faithful normal tracial state 7. So also the fusion x-algebra
C[C] admits L>-Betti numbers defined by

B2 (Irr(€)) := dimy, qur(cy) TorS (€2 (Irr(C)), ©)
= dim_ 1rr(cy) Extfyo) (C, £2(Irr(C))).

Answering a question posed by Dimitri Shlyakhtenko, we will show that the computation in Theorem 5.2(iv)
provides the first examples of rigid C*-tensor categories where ,B,(,z) (Irr(C)) # ﬂ,(,z) (C). Note that it was
already observed in [Popa et al. 2017, comments after Proposition 9.13] that for the Temperley—Lieb—
Jones category C, the C*-tensor category and the fusion x-algebra have different homology with trivial
coefficients.

The first L2-Betti number ,8](2> (Irr(C)) can be computed as follows. Write H = £2(Irr(C)). A linear
map d : C[C] — H is called a 1-cocycle if d(xy) =d(x) y +o(x)d(y) forall x, y € C[C]. A 1-cocycle d
is called inner if there exists a vector £ € H such that d(x) =& x — o(x) & for all x € C[C]. Two 1-cocycles
d; and d, are called cohomologous if d; — d; is inner. The space of 1-cocycles Z L(C[C], H) is a left
L(Irr(C))-module and when Irr(C) is infinite, the subspace of inner 1-cocycles has L(Irr(C))-dimension
equal to 1. In that case, one has

D (Irr(C)) = —1 + dimz ey Z' (CICI, H).

Let I" be any countable group and define G = TwZ /2Z. The fusion rules on Irr(G) were determined
in [Lemeux 2014] and are given as follows. Denote by v; € Z/2Z the unique nontrivial element and
define W C I" %« Z/27Z as the set of reduced words

80V1g1V1 - - V18n—1V18n, N >0, go,..., 8, €T \{e},

that start and end with a letter from I \ {e}. Then Irr(G) can be identified with the set consisting of the
trivial representation v, the 1-dimensional representation v; and a set of 2-dimensional representations
v(e, g,0) for e,8 € {£} and g € I' \ {e}. The fusion rules are given by

v Qu(e, g,8) =v(—=¢,g,d),

v(e, g,8)®v; =v(e, g, —d),
v(e, guih, 8 @u(e, gh, ') if gh #e,

€, 8,8 e, h, &)=
ve. 8, 9) ® v ) {v(s,gvlh,s’)@vl@vo if gh=e.

Write H = £2(Irr(G)). Given an arbitrary family of vectors (§¢)4er\(¢) in H, one checks that there is a
uniquely defined 1-cocycle d : C[C] — H satisfying d(vo) = d(v1) = 0 and d(v(e, g, §)) = &, for all
g €l'\{e} and ¢, § € {£}. Moreover, this provides exactly the 1-cocycles that vanish on vy and v;. Every
1-cocycle is cohomologous to a 1-cocycle vanishing on vy, v, and the inner 1-cocycles vanishing on
vg, v1 have L(Irr(G))-dimension 1/2. It follows that

PG =r|—1-3=T-3.
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On the other hand, by Theorem 5.2(iv), we have
B Rep(G)) = B (1) — B3 (D) + .

Taking I' = Z, we find an example where ,31(2) (Irr(G)) = oo, while ,31(2) (Rep(G)) =1/2. Taking ' =7/27,
we find an example where Rep(G) is an amenable C*-tensor category, but yet ,8;2) (Irr(G)) =1/2 #0.
Although amenability can be expressed as a property of the fusion rules together with the counit (which
provides the dimensions of the irreducible objects), amenability does not ensure that the fusion x-algebra
has vanishing L?-Betti numbers. In particular, the Cheeger—Gromov argument given in [Popa et al. 2017,
Theorem 8.8] does not work on the level of the fusion x-algebra. In the above example, Rep(G) is Morita
equivalent to the group I" * Z/2Z. So also invariance of L?-Betti numbers under Morita equivalence
does not work on the level of the fusion x-algebra. All in all, this illustrates that it is not very natural to
consider L?-Betti numbers for fusion algebras.

6. Projective resolution for the Temperley—Lieb—Jones category

Fix g € [—1, 1]\ {0} and realize the Temperley—Lieb—Jones category C as the representation category
C =Rep(SU,(2)). Denote by A the tube algebra of C together with its counit ¢ : A — C.

Although it was proved in [Popa et al. 2017, Theorem 9.9] that ,8,52) (C) =0 for all n > 0, an easy
projective resolution of ¢ : A — C was not given in that paper. On the other hand, [Bichon 2013,
Theorem 5.1] provides a length-3 projective resolution for the counit of Pol(SU,(2)). In the case of
Pol(A,(m)), this projective resolution was already found in [Collins et al. 2009, Theorem 1.1], but the
proof of its exactness was very involved and ultimately relied on a long, computer-assisted Grobner base
calculation. The proof in [Bichon 2013] is much simpler and moreover gives a resolution by so-called
Yetter—Drinfeld modules. This means that it is actually a length-3 projective resolution for the quantum
double algebra of SU,(2). By [Neshveyev and Yamashita 2015, Theorem 2.4], this quantum double
algebra is strongly Morita equivalent with the tube algebra .A. The following is thus an immediate
consequence of [Bichon 2013, Theorem 5.1].

Theorem 6.1. Label by (v,),en the irreducible objects of C = Rep(SU,(2)) and denote by (pp)nen the
corresponding projections in A.

Decomposing viv; = vy @ vy, the identity operator 1 € ((viv1)vy, v1(vV1V1)) defines a unitary element
V e (po+ p2) - A-(po+ p2). Denoting by t € {£1} the sign of q, the sequence

O_>A‘pow)A‘(PO'i‘PZ)M)A‘(PO‘FPZ)MA'POLC

is a resolution of ¢ : A — C by projective left A-modules.

As a consequence of Theorem 6.1, we immediately find the (co)homology of C = Rep(SU,(2)) with
trivial coefficients C, which was only computed up to degree 2 in [Popa et al. 2017, Proposition 9.13].
The same result was found in an unpublished note of Y. Arano using different methods.

Corollary 6.2. For C = Rep(SU,(2)), the homology H, (C, C) and cohomology H"(C, C) with trivial
coefficients are given by C whenn =0, 3 and are 0 when n ¢ {0, 3}.
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Remark 6.3. It is straightforward to check that inside A, we have po-V -V = pg and o(V) = —r.
Therefore, the composition of two consecutive arrows in Theorem 6.1 indeed gives the zero map. Using
the diagrammatic representation of the tube algebra A given in [Ghosh and Jones 2016, Section 5.2],
there are natural vector space bases for A - pg and A - (po + p2). It is then quite straightforward to check
that the sequence in Theorem 6.1 is indeed exact.

Using the same bases, one also checks that the tensor product of this resolution with L2(A) ® 4 - stays
dimension exact. This then provides a slightly more elementary proof that ,8,52) (C) =0forall n > 0, as
was already proved in [Popa et al. 2017, Theorem 9.9].

Remark 6.4. Section 9.5 of [Popa et al. 2017] provides a diagrammatic complex to compute the homology
H, (C, C) with trivial coefficients. In the particular case where C is the Temperley—Lieb—Jones category
TLJ(8) = Rep(SU,(2)) with —1 < g <0 and § = —q — 1/q, the space of n-chains is given by the linear
span of all configurations of nonintersecting circles embedded into the plane with n points removed.
Using Theorem 6.1, one computes that the 3-homology is spanned by the 3-cycle

) = @Jr@

It is however less clear how to write effectively a generating 3-cocycle in this diagrammatic language.
For instance, for every integer k > 1, indicating by k the number of parallel strings,

ck=®fc +-d

NG

are 3-cycles and ad hoc computations show that in 3-homology, we have c; = k6! ¢; and dy = 3k6* ' ¢;.

and

It would be interesting to have a geometric procedure to identify a given 3-cycle with a multiple of ¢
and to prove geometrically that homology vanishes in higher degrees.

7. Derivations on rigid C*-tensor categories

7A. A Drinfeld-type central element in the tube algebra. To describe the first cohomology of a rigid
C*-tensor category C by a space of derivations, a natural element in the center of the tube algebra (more
precisely, in the center of its multiplier algebra) plays a crucial role. In the case where C has only
finitely many irreducible objects and hence, the tube algebra A is a direct sum of matrix algebras, this
Drinfeld-type central element was introduced in [Izumi 2000, Theorem 3.3]. When C has infinitely many
irreducible objects, the same definition applies and yields the following central unitary U in the multiplier
algebra M (A) defined by unitary elements U; € p; - A - p;.
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Fix a rigid C*-tensor category C. For every i € Irr(C), denote by U; € p; - A- p; the element defined by
the identity map in (ii, ii).

Proposition 7.1. Fix i, j € Itr(C). Then Ul# = s;t and U; - Ul.# = Ul# -U; = pi. In other words, U; is
unitary in p; - A- p;. Moreover, for any a € Irr(C) and V € (i, oj), the following relation holds:

Ui-V=V-U= ) dy) > (V. WW™) 1@ W)W (7-1)
yelr(C) Weonb(ia,y), W eonb(aj,y)
So, U =7 ,.; Ui is a central unitary element in the multiplier algebra M (A).

Proof. By definition of the involution on A, we have
U= @1 D)(1®1Qs;) =sitF € (i, ii).
Given this, one finds that

Ul -ui= ) dy) ). 1@WHUfehIeU)(Wel)

y elrr(C) W eonb(ii,y)
= Y dy) Y. A@WHEHWel).
yelrr(C) Weonb(ii,y)

Note that all terms with y # ¢ vanish. Hence, to conclude the computation, it suffices to note that
{d(i)~"/? ;} is an orthonormal basis for (ii, ¢). Similarly, one checks that U; - Uf = p;.
Choose V € p; - A- p; arbitrarily. Then

U-V= ) ) dpnUew v wel.
yelr(C) Weonb(ia,y)
On the other hand,

VU= Y ), dnU@WHVY W e).

yelr(C) W eonb(ja,y)

From these identities, one readily deduces (7-1) by expanding W*V (resp. VW’) in terms of the other
orthonormal basis and using that the scalar products are given by the categorical traces. U

Note that (7-1), along with the fact that U, = p, in particular implies
Ui-V=V and W.-U =W (7-2)

for Vepi-A-p.and W € p,- A- p;. As another corollary of (7-1), we find that U =}, cIr(C) U, belongs
to the center of the von Neumann algebra A"

7B. Properties of 1-cocycles. Let C be a rigid C*-tensor category with tube algebra .A. Fix a nonde-
generate right Hilbert A-module K. As in [Popa et al. 2017], define the bar complex for Hochschild
(co)homology as follows. Denote by B the linear span of the projections p;, i € Irr(C). Then define

Ch=p: AQBAQp---QrA
—_———

n factors
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with boundary maps d : C,, — C,_; given by 0 = ZZ:O(_I)k ok, where

oVo)pe - Vi®---®@Vy, k=0,

(Vo ®---Q@V,) =
(Vo 2 {VO®"‘®Vk—1'Vk®"'®Vn, 1<k<n.

This is a resolution of the trivial right .A-module C by projective right .A-modules. So H"(C, K°) is the
n-th cohomology of the dual complex

Hom 4(C,,, K°) = Hom(p, - AQs AQp - @5 A, K°). (7-3)
—_——
n factors
The complex in (7-3) is isomorphic with the complex
C" =Homp(p, - A®s A®5--- @A, K,
—/_—/
n—1 factors

where C° = K - pe. For n > 1, the coboundary maps 9 : C" — C™! of this complex are given by
9 = Y7L (=¥ 3, where

Q(VO)D(P3V1®®Vn), k=0,
(D) VN®--- V) =1 DVo® - Vi1 - Vi ®---®V,), 1=<k<n,
DWViy® - ®@V,_1):Vy, k=n+1.

The zeroth coboundary map of C* is given by
K- pe — Homg(pe - A, K°), &> [De: V> o(V)E—E-V]. (7-4)
In this picture, the 1-cocycles are precisely the maps D € Homg(p, - A, K°) that satisfy
DWV-W)y=DV)-W+o(V)D(W) (7-5)

forall V. e p.-A-p;and W € p; - A- p;. We associate a cocycle D¢ to every vector § € K- p, via (7-4).
These are the inner 1-cocycles.

By analogy with the first L?-Betti number for groups, we want to express how a 1-cocycle D is
determined by its values on a generating set of objects of C. So, we first need to specify how D can
actually be evaluated on objects o € C.

By the correspondence theorem from [Popa et al. 2017] discussed in Section 2B, we may suppose that
the right Hilbert .A-module K arises from a unitary half-braiding (X, o) € Z(ind-C), where X € ind-C
satisfies (X,i) =K - p; for all i € Irr(C).

For every « € Irr(C), we consider the vector subspace A, C A,

A= P (o aj). (7-6)

i, jelrr(C)

Note that each A, is a B-bimodule. We can then define the natural bijection

Homg(pe - Ay, K°) = (a X, @)
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identifying D € Homg(p; - Ay, K°) with D, € (¢ X, ) through the formulae
D(V)=(Try ®id)(DyV) and Dy= Y > d()H(1®@DW)W*
jelr(C) Weonb(a,aj)
for alli € Irr(C) and V € (a, ai). Putting all @ € Irr(C) together, we find a bijection
Homg(pe - A, KO = [] @X,
a€lrr(C)

identifying D € Homp(p; - A, K°) with the family (Dg)aelr(c)-
Given a family of elements D, € (¢ X, «) for all o € Irr(C), we uniquely define Dg € (BX, B) for
arbitrary objects 8 € C by the formula

Dg= Y Y d@(V*®1)D,V.
aelrr(C) Veonb(a,B)
Note that the naturality condition
DoV =(V®1)Dg (7-7)
holds for all o, B € C and all V € (a, B).

Definition 7.2. Let C be a rigid C*-tensor category. We say that a subset G C Irr(C) generates C when
every irreducible object in C arises as a subobject of some tensor product of elements in GUG.

The following proposition implies that a 1-cocycle D € Homg(p, - A, K°) is completely determined
by its “values” D, € (X, «) for « belonging to a generating set G C Irr(C).

Proposition 7.3. Consider a morphism D € Homg(p, - A, K°) with corresponding values Dy, € (¢ X, ),
o €C. Then D is a 1-cocycle if and only if

Dop = (1®03)(Dy ® 1) + (1 ® Dp) (7-8)
forall o, B € C. In particular, any 1-cocycle D satisfies D, = 0 and
Dy =—0;(t; @111 @Dy @ N(1®5,) =—(1®s5;, N1 ®1®5)(1 D, @t ®1) (7-9)
Sfor all a € Irr(C).

Proof. Choose arbitrary morphisms V € («, ai) and W € (i, Bj). The following identities can be verified
by direct computation:

D(V - W) = (Trep ®id) (Dap(V @ (1 @ W)),
D(V)- W = (Trop ®1id) (1 ® 05) (D @ D(V Q1) (1 @ W)),
o(V)D(W) = (Tros ®id)((1® Dg)(V @ D(1 @ W)).

By Frobenius reciprocity, for every fixed «, 8, j € Irr(C), the linear span of all (V ® 1)(1 @ W) with
i elir(C), V e(a,ai), We (i, Bj), equals (¢, aBj). So it follows that D is a 1-cocycle if and only
if (7-8) holds for all «, 8 € C.
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Finally, assume that D is a 1-cocycle. By (7-8), we get D, = 0. The naturality property of the D,
implies Dygs, = 0 for all @ € C. So,

(1310 Dz)(1®s5:) =—(101®03)(1Q® Dy ® 1)(1 ® s4),
which yields one half of (7-9) after multiplying by (z; ® 1) on both sides. The other identity is proven
similarly, by observing that (s} ® 1)Dyg = 0. O

The following lemma shows that the constraint (7-9) on D, can be succinctly restated in terms of the
special unitaries U; € A introduced in the previous section.

Lemma 7.4. Fix a € Irr(C) and consider Ay C A as in (7-6). Let D € Homg(p; - Ao, K®) with corre-
sponding Dy € (¢ X, ). Then D, satisfies the relation
0ty @111 ®D@N(1®5:) =(1®s5, NI R1®0;)(1® Dy ®1)(ta ® 1) (7-10)
ifand only if D(V) = D(V) - U; foralli € Irt(C) and V € («, ai).
Proof. By definition of the .A-module structure on /C, for every i € Irr(C) and V € («, «i), we have
D(V)-U; = (Try ®id) (D, V) - Ui = (Try; ®1id) ((1 ® 07) (Do V @ 1))

= (Try ®id)((V @ D1 ®0;)(Dy ® 1)) = (Tre ®1d)((V ® g (04 Do ® 1))

= (Tre ®id) (05 (1 ® V) (04D ® 1)),
where the final two equalities follow from the half-braiding property and the naturality of o, respectively.
Writing V as V = (s; ® )(1® W) with W € (@a, i), we then find that

D(V) Ui =(Tr, ®id) (0, (1 ®s; @ D1 ® 1 Q@ W) (04 Do ® 1))
= (Tr, ®id) (0, (1@ 55 @ 1)(04 De @ 1@ 1)) W.
Since D(V) = (Tr, ® id)(Do V) = (£ ® 1) (1 ® D,) W, we conclude that the equality D(V) = D(V) - U;
for all i € Irr(C) and V € («, «i) is equivalent with the equality
@@D1® D) =@ N(1®eHI18si®N(1®0,De®1® ), ®101).

Applying the transformation ¥ - 07 (Y ® 1)(1 ® s,) to the left- and the right-hand sides, this equality
becomes equivalent with (7-10). O

We can then formalize how a 1-cocycle is determined by its values on a generating set of a rigid
C*-tensor category as follows.

Proposition 7.5. Let C be a rigid C*-tensor category with finite generating set G C Irr(C). Denote by A
the tube algebra of C and let K be a nondegenerate right Hilbert A-module. For every i € Irr(C), define
the subspace IC?X C K- p; given by
K ={§ €K pi|§-U; =§).
Define
Z'c.k=P P ™ @iw.

aeG ielr(C)
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Then, the linear map

:2'C. K> Z2'¢c.k b~ H > DbDwWew:

aeG ielr(C) Weonb(a,ai)

is injective. In particular, if C has infinitely many irreducible objects, we find the estimate

PO =-1+>" )" multl, ae) t(g), (7-11)

aeG ielr(C)
where g; € p; - A” - p; denotes the projection onto the kernel of U; — p;.

Proof. By Proposition 7.3 and Lemma 7.4, the map & is well defined and injective. In the case where
K = L?(A), the map ® is left A”-linear. Since dim 4 L2(A) - ¢; = t(g;), the proposition follows once
we have proved that the space of inner 1-cocycles has A”-dimension equal to 1, assuming that C has
infinitely many irreducible objects.

In that case, ,352) (C) =0 by [Popa et al. 2017, Corollary 9.2], meaning that the coboundary map

L*(A) - pe — Homgp(pe - A, L*(A)°)

is injective. The space of inner 1-cocycles is thus isomorphic with L?(A) - p, and so, has .A”-dimension
equal to 1. O

8. Derivations on Rep(A,(F))

In this section, we again specialize to the case of free unitary quantum groups. Let F' € GL,,(C). The
methods of the previous section allow for a direct and explicit proof that ﬁ{z) (Rep(A,(F))) = 1. More
generally, we determine the first cohomology of Rep(A, (F)) with arbitrary coefficients.

By [Banica 1997], the category Rep(A, (F)) is freely generated by the fundamental representation u
and the irreducible representations can be labeled by words in « and u. To avoid confusion between words
and tensor products, we explicitly write ® to denote the tensor product of two representations. The tensor
product u ® u decomposes as the sum of the trivial representation ¢ and the irreducible representation with
label uu. Similarly, u ® u = ¢ @ uu. Moreover, the standard solutions of the conjugate equations for u,
givenby 1, € (@ Qu, ¢) and s, € (u ® u, €), generate all intertwiners between tensor products of u and u.

Proposition 8.1. Let F € GL,,,(C) and C =Rep(A, (F)), with tube algebra A. Let K be any nondegenerate
right Hilbert A-module. Using the notation of Proposition 7.5, we find an isomorphism

Z'(Rep(A,(F)), K%)= K- pe & K. (8-1)

Proof. As explained in Section 2B, we consider K as the nondegenerate right Hilbert .A-module given by
a unitary half-braiding o on some ind-object X. A vector on the right-hand side of (8-1) then corresponds
to an element in (# ® X, u) satisfying the conditions of Lemma 7.4, by Frobenius reciprocity. Fix such a
morphism D, € (u ® X, u). We have to show that D, comes from a 1-cocycle D € Homg(p; - A, K9,
which we will construct as a family of morphisms (Dy)qcc satisfying the naturality condition (7-7). The
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identity (7-9) forces us to define Dj; by
Dij=-0;(t,®1®@1H(1Q® Dy ® (1 ®su).
This is unambiguous because u # u in Rep(A, (F)). By Lemma 7.4, we also have
Di=—(1Qs5;DN1®180)(1Q®D, ®1)(#, QD).

The cocycle identity (7-8) imposes the definition

n
Da1®'--®f¥n = Z(1®k ® O.(:(k+1®~~®an)(1®(k_l) ® Dak ® 1®(n—k)), (8_2)
k=1

where o € {u, u}. We also must set D, = 0. Since every irreducible object in Rep(A, (F)) is a subobject
of some tensor product of u and u, these relations fix D, for all @ € C. Concretely, if « € Irr(C) and
w:io ®---Qu, — o is a coisometry, where oy € {u, u}, we set

Dy = (W ® 1) Dy, g, W™ (8-3)

Now, since « appears in the decomposition of several different tensor products, it is not immediately clear
why this is well defined. To this end, we will show that the naturality relation

(V ® 1) Dayg-0e, = Dat g, V (8-4)
holds for all morphisms
Viei® - Quy—> o ® - Qa,,

with «;, oz]/. € {u, u}. This is where the freeness of C comes into play. By [Banica 1997, Lemme 6],
the intertwiner spaces between tensor products involving u# and u are generated by maps of the forms
19 ®s, ®1% and 1% ® 1, ® 1%/ and their adjoints. Appealing to the naturality of o in (8-2), it is
therefore sufficient to verify that

Du®ﬁsu =0, (S,j ® I)Du®ﬁ =0,

Dﬁ®u[u =0, (t: ® I)Dﬁ®u =0,
which follows from the two different expressions for Dj;, by retracing the computations made in the
proof of Proposition 7.3. We conclude that there exists a unique D € Homg(p, - A, K°) producing the

family of maps (Dy)qyec- This family satisfies the cocycle relation (7-8) by construction. Therefore D is
a l-cocycle, as required. U

Combining Propositions 7.5 and 8.1, we get
B Rep(A, (F)) = T(qau)-

Calculating ,6{2) (Rep(A,(F))) therefore boils down to computing the trace of gj,. By von Neumann’s
mean ergodic theorem, we have

n—1

im L [ ]
Jim kX_g‘r(Uﬁp—r(quu). (8-5)
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In other words, to find the first L?-Betti number of Rep(A,(F)), it is now sufficient to compute the traces
r(U,é‘u) for all k € N, i.e., the sequence of moments of Uj,.
The following lemma translates this problem into a combinatorial one.

Lemma 8.2. Let C be an arbitrary rigid C*-tensor category with tube algebra A. Fora € C and k > 1,
define the rotation map

ck@dhe) = (@ e), E (1% RsH1QER 1)s,.

Then r(Ul.k) = Tr(;ik) for all i € Irr(C), where Tr is the unnormalized trace on the finite-dimensional
matrix algebra of linear transformations of (i¥, ¢).

Proof. Fix i € Irr(C) and observe that

WH= Y T@WHWe)= Y  sSIeW@DHWeIe s

W eonb(i, &) W eonb(i, ¢)
= ) saeweh®esmW= ) (W.iW)=Tic). O
W eonb(i, ¢) W eonb(i*, ¢)

Proposition 8.3. Consider either Rep(A,(F)) for F € GL,,(C) or Rep(A,(F)) for F € GL,,(C) with
FF ==+1. Inboth cases, denote by u the fundamental representation and let 7t be the nontrivial irreducible
summand of u @ u or u Q u. Then, for all k € Z, we have

dw)?—1 ifk=0,
(U =10 if k| =1, (8-6)
1 if |kl > 2.

So, t(q,) = 1 and the spectral measure of U, with respect to the (unnormalized) trace T on py - A" - pr
is given by 81 + (d(u)> —2 —2Re(z)) dz, where dz denotes the normalized Lebesgue measure on the unit
circle S\.

Proof. We first deduce the result for A, (F) from the A,(F) case. Up to monoidal equivalence, we may
assume that FF = #1. Consider the group Z as a C*-tensor category with generator z, and denote the
fundamental representation of A,(F) by v. Write 7 for the nontrivial irreducible summand of v ® v.
We can embed Rep(A, (F)) into the free product Z xRep(A,(F)) as a full subcategory, by sending the
fundamental representation u to zv; see [Banica 1997, Théoréeme 1(iv)]. Under this identification, we
have u ® u = v ® v, which implies that also uu = w. By mapping u to vz instead, we similarly get
URQuU=vQ.

So it remains to prove the proposition for Rep(A4,(F)), where F € GL,,,(C) with m > 2 and F F=41.
If we choose g € [—1, 1]\ {0} such that

Te(F*F)=|q|+1|g|~'>2 and FF =—sgn(g)l,

then it follows from [Bichon et al. 2006, Theorem 5.3] that A,(F’) is monoidally equivalent to SU, (2).
We still denote the fundamental representation by v.
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Note that, strictly speaking, the category Rep(SU,(2)) depends on the sign of g. However, since we
only work in the subcategory generated by v ® v, all parity issues disappear. More precisely, if v" denotes
the fundamental representation of SU_, (2), then the full C*-tensor subcategories generated by v ® v and
v’ ® v are monoidally equivalent. To see this, denote the Hopf %-subalgebra of Pol(SU,(2)) generated
by the matrix coefficients of v ® v by B. It suffices to remark that in the same way as in [Banica 1999,
Corollary 4.1], the adjoint coaction of SU,(2) on M>(C) identifies B with the quantum automorphism
group of (M2(C), ¢,2), where the state ¢, is given by

By M>(C) — C, (a11 a12> =

azr a

2
42 (a1 +q an).

In particular, the isomorphism class of B does not depend on the sign of ¢g. By duality, the full C*-tensor
subcategory of Rep(SU,(2)) generated by v ® v is also independent of the sign of g. We may therefore
assume that ¢ < 0 without loss of generality. Since U, is unitary, it suffices to compute r(Uf;) for all
positive integers k.

In summary, we have reduced the problem to a question about the Temperley—Lieb—Jones category
TLy_1,whered = |q| + |q|_1 (cf. [Neshveyev and Tuset 2013, Section 2.5]). This category admits a
well-behaved diagram calculus; see, e.g., [Banica and Speicher 2009]. In this view, morphisms from v®”"
to v®" are given by linear combinations of noncrossing pair partitions p € NC»(n, m), which we will
represent by diagrams of the following form:

n points

m points

The composition pqg of diagrams p and g, whenever meaningful, is defined by vertical concatenation,
removing any loops that arise. The tensor product and adjoint operations are given by horizontal
concatenation and reflection along the horizontal axis, respectively. We will denote the morphism in
(v®™, v®") associated to the partition p € NCa(n, m) by T),. One then has that

e,
Ty=Tpy, Tpeq=T,®T, and T,T,=d""1T,,

where £(p, q) denotes the number of loops removed in the composition of p and g. Moreover, the family
{T, | p € NC2(n, m)} is a basis for (v®", v®").

In view of Lemma 8.2, we now specialize to noncrossing pair diagrams without upper points, i.e.,
morphisms in (v ®v)®X, ¢). The action of ¢}y,
for p € NC»(0, 2k) has an easy description in terms of the partition calculus discussed above:

(as defined in Lemma 8.2) on intertwiners of the form 7,

k
Coew (TP) = Toi(p)>
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where oy is the permutation of NC,(0, 2k) given by

In other words, {f@,v permutes a basis of (v ® V)% ¢). In fact, ;’; behaves similarly with respect to a
suitable basis of (7%, ¢). Let Q : v® v — 7 be a coisometry. We proceed to argue that the intertwiners
{O®KT, | p € NC5(k)} form a basis of (7%, &), where

NC3(k)={p € NC5(0,2k) | i odd =5 {i,i + 1} ¢ p}.

Indeed, it is clear that multiplication by Q®k yields a linear map from ((v® v)® &) to (w®*, ). Moreover,
it is easy to see that T, lies in the kernel of this map whenever p € NC»(0, 2k) \ NC5 (k). Hence, to
finish the proof of the claim, it suffices to check that

dimg (%%, &) = #N C5 (k). (8-7)

This fact is probably well known, but we give a short proof here for completeness. The number of
elements of NC3 (k) is known in the combinatorial literature as the k-th Riordan number. As shown in
[Bernhart 1999, Sections 3.2(R2) and 5], the Riordan numbers can be expressed in terms of the Catalan
numbers C; by means of the formula

k
ENCS() =Y (— Dk (]: )c,-. (8-8)
i=0

The left-hand side of (8-7) only depends on the fusion rules of the tensor powers of 7w, so we can
take m to be the 3-dimensional irreducible representation of SU (2) for the purposes of this part of the
computation. Making use of the Weyl integration formula for SU (2), see [Hall 2015, Example 11.33],
we find that

/2
dime(r®, &) = / xgrdg=2 / (4cos? 0 — 1)k sin6 d6
SU(2) 7T Jo

1 K 1
:if (4x2—1)’<\/1—x2dx:izm(—l)k—"(’f)/ X%/ 1= x2dx.
T Jo Tiso 7 Jo

By the moment formula for the Wigner semicircle distribution, this is precisely (8-8).

Having shown that the intertwiners of the form 0%k T, form a basis of (r®k, ), we now demonstrate
that {fﬁ acts on this basis by permutation. To this end, observe that s, = (Q® Q)s,gy. For & € (WQv)®k, ¢),
this yields

ck(0®e) = 0®F (18 @ 5*) (1 Q£ @ 1)s,
= 0% (18 @57, ) (1% @ 0* 0 ® 0* Q) (1P* ® £ @ 195,59, = OFF ek, (6,
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where the last equality follows by substituting 0*Q =1 —d(v) ™! sys and noting that all terms involving
sysy; vanish. In summary,

ckQ®*T,) = 0% Ty ()

for all p € NC5(k). So ;’; permutes a basis of (%X, ¢), as claimed. It follows that the trace of {,’; is
exactly the number of fixed points of oy that lie in NC5 (k). When k = 1, this set is empty, but for all
k > 2 there is a unique such fixed point, given by the following partition:

[

k—1 pairs

Since
n—1

] .
i -

we conclude that 7(g;) = 1. Clearly, the measure on S' in the formulation of the proposition has the
same moments as U, and thus is the spectral measure of U, . O

Remark 8.4. From the computation for A,(F), one might be tempted to conjecture that the trace of the
spectral projection g; is always less than 1 for all i € Irr(C) in any C*-tensor category. However, this is not
the case. Consider the category of finite-dimensional unitary representations of the alternating group As.
This category has four equivalence classes of irreducible objects, which we will denote by ¢, w;, w,
and 7. The trivial representation corresponds to ¢, and w1, w, are 1-dimensional representations that can
be thought of as “cube roots of £”, in that w; = @, and w; ® w; = w;. The remaining representation 7 is
3-dimensional, and satisfies
TRQNT=2ceDw P, & D,

Fix a partition of the identity into pairwise orthogonal projections
lign = Pe + Pojow, + Pron
such that the image of P, is isomorphic to «. Using numerical methods, we found that
Gr = 15P7 © 151z @ 751z © (2Pe + § Poyown + § Prom)
e(me,em)® (Twy, 01T) B (Twr, ) (A, ww) = pr - A- pr.

In particular,

T(gn) = fgd(1) =§ > 1.
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