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CONSTRUCTION OF TWO-BUBBLE SOLUTIONS
FOR THE ENERGY-CRITICAL NLS

JACEK JENDREJ

We construct pure two-bubbles for the energy-critical focusing nonlinear Schrodinger equation in space
dimension N > 7. The constructed solution is global in (at least) one time direction and approaches a
superposition of two stationary states both centered at the origin, with the ratio of their length scales
converging to 0. One of the bubbles develops at scale 1, whereas the length scale of the other converges
to O at rate |¢ |_ﬁ. The phases of the two bubbles form the right angle.

1. Introduction

Setting of the problem. We consider the Schrodinger equation with the focusing energy-critical power
nonlinearity given by

idu(t, x) + Au(t, x) + fu(t,x) =0, f(z):=|z|F=2z, teR, xRV (1-1)

This equation can be studied in space dimension N > 3, but we will restrict our attention to the case N > 7.
The energy functional associated with this equation is defined for ug € H'(RY ; C) by the formula

Buo) = [ 4Vl = Fluo() d,

where
N-2 oN
F(z):= |z|~¥-2.
2N

Note that E(ug) is well-defined due to the Sobolev embedding theorem. The differential of E is
DE(ug) = —Aug— f(uo); hence we have the following Hamiltonian form of (1-1):

,u(t) = —iDEu(t)).

Equation (1-1) is locally well-posed in the space H'(RN), as was proved by Cazenave and Weissler
[1990]; see also a complete review of Cauchy theory in [Kenig and Merle 2006] for N € {3, 4, 5} and
[Killip and Visan 2010] for N > 6. By “well-posed” we mean that for any initial data ug € H!(RY)
there exists T > 0 and a linear subspace S C C([to — .10 + ]; H'(RY)) such that there exists a
unique weak solution u(¢) € S of (1-1) satisfying u(f9) = ug, and that this solution is continuous with
respect to the initial data. By standard arguments, there exists a maximal time of existence (7—, T ),
—00 < T_ <ty < Ty < 400, and a unique solution u € C((T_, Ty ); H'(RN)). Moreover, if ug € X :=

MSC2010: 35B40.
Keywords: nonlinear Schrodinger equation, energy-critical, multisoliton.

1923


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2017.10-8
http://dx.doi.org/10.2140/apde.2017.10.1923
http://msp.org

1924 JACEK JENDREJ

H2RN)Nn HY(®RN), then u € C((T—, Ty); X1). If Ty < 400, then u(r) leaves every compact subset
of H'(RN) as t approaches Ty. A crucial property of the solutions of (1-1) is that the energy E is a
conservation law. If ug € L2 then the mass ||u(t)||i2 is another conservation law, but we will never use
this fact.

In this paper, we always assume that the initial data are radially symmetric. This symmetry is preserved
by the flow. We denote by € the space of radially symmetric functions in H ! (RY; C).

1 X
V)y(X) = ——=V| — ).
1) AN (/\)

E((uo0)a) = E(uo).

Equation (1-1) is invariant under the same scaling: if u(¢) is a solution of (1-1) and A > 0, then
t — u(to + A72t); is also a solution with initial data (u¢), at time ¢t = 0. This is why (1-1) is called

For a function v € £, we define

A change of variables shows that

energy-critical.

The solutions of the corresponding defocusing equation exist globally and scatter. This was proved by
Bourgain [1999] and Tao [2005] for radial solutions, and by Colliander, Keel, Staffilani, Takaoka and Tao
[Colliander et al. 2008], Ryckman and Visan [2007], and Visan [2007] for nonradial data.

The study of the dynamical behavior of solutions of the focusing equation (1-1) for large initial data
was initiated by Kenig and Merle [2006]. In this case, an important role is played by the family of
stationary solutions u(r) = e'? W, , where

N
W(X) = (1 + %) .

The functions ¢/ W), are called ground states or bubbles (of energy). They are the only radially symmetric
solutions of the critical elliptic problem

—Au— f(u)=0.
The ground states achieve the optimal constant in the critical Sobolev inequality, which was proved by
Aubin [1976] and Talenti [1976]. They are the “mountain passes” for the potential energy.

Kenig and Merle [2006] exhibited the special role of the ground states e!P W), as the threshold elements
for nonlinear dynamics of the solutions of (1-1) in space dimensions N = 3, 4, 5 for radial data. They
proved the so-called threshold conjecture by completely classifying the dynamical behavior of solu-
tions u(¢) of (1-1) such that E(u(¢)) < E(W). An analogous result in higher dimensions, for nonradial
data, was obtained by Killip and Visan [2010].

A much stronger statement about the dynamics of solutions is the soliton resolution conjecture, which
predicts that a bounded (in an appropriate sense) solution decomposes asymptotically into a sum of energy
bubbles at different scales and a radiation term (a solution of the linear Schrédinger equation). This was
proved for the radial energy-critical wave equation in dimension N = 3 by Duyckaerts, Kenig and Merle
[Duyckaerts et al. 2013]; see also [Duyckaerts et al. 2017] for the nonradial case. For (1-1) this problem
is completely open.
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Solutions slightly above the ground state energy threshold were studied by Ortoleva and Perelman [2013]
in dimension N = 3; see also [Perelman 2014] for the closely related critical equivariant Schrédinger
map equation with values in the sphere. They constructed global solutions which stay close to e!? W,
in the energy space, with A converging to 0 as time ¢ goes to +o00. These solutions decompose into a
concentrating bubble and a radiation term, in accordance with the soliton resolution conjecture. The
works of Ortoleva and Perelman follow the approach developed by Krieger, Schlag and Tataru [Krieger
et al. 2008; 2009] for wave equations. For the Schrodinger maps, following a different approach, Merle,
Rodnianski and Raphaél [Merle et al. 2013] obtained blow-up solutions which are stable relative to a set
of finite codimension in some space which contains the bubble.

On the classification side, it is unknown whether the soliton resolution conjecture holds even with an
additional assumption that the solution remains close to the family of the ground states. In the mass-critical
case and for a solution blowing up in finite time, this was proved by Merle and Rapha&l [2004; 2005]; see
also [Fan 2016].

Main results. In view of the soliton resolution conjecture, solutions which exhibit no dispersion in one
or both time directions play a distinguished role. One obvious example of such solutions are the static
solutions ¢/? W;. In this paper, we consider the simplest nontrivial case; namely we construct global
radial solutions which approach, in the energy space, a sum of two bubbles. The ratio of the scales at
which these bubbles develop tends to 0.

Theorem 1. There exists a solution u : (—oo, To] — £ of (1-1) such that
Jmu() = W W y-2rv-0) £ = 0.
where Kk is an explicit constant.

Remark 1.1. For the value of k, see (3-4).

Remark 1.2. More precisely, we will prove that
1
H“(t) — (=W + W%(K|l|)72/(N76))Hg < Cilt] 2N=9
for some constant C; > 0.

Remark 1.3. We construct here pure two-bubbles; that is, the solution approaches a superposition of
two stationary states, with no energy transformed into radiation. By the conservation of energy and
the decoupling of the two bubbles, we necessarily have E(u(t)) = 2E(W). Pure one-bubbles cannot
concentrate and are completely classified; see [Duyckaerts and Merle 2009].

Remark 1.4. For energy-critical wave equations, similar objects were constructed in [Jendrej 2016].

Remark 1.5. In dimension N = 6 one can expect an analogous result, with an exponential concentration
rate.

Remark 1.6. In higher dimension, fast dispersion or dissipation sometimes excludes the possibility of a
concentration of a bubble of energy for solutions which belong to a small neighborhood of a bubble. This
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was proved in [Collot et al. 2017] in the case of the critical heat equation; Perelman addressed the case
for the Schrodinger equation in a lecture given at an IHES seminar in July 2016. We prove here that once
we leave a small neighborhood of a bubble, concentration of a bubble of energy is possible in arbitrarily
high dimension.

A similar phenomenon was observed by Martel and Raphaél [2015] for the mass-critical NLS.

Remark 1.7. We expect that the phases of the two bubbles forming the right angle is the only configuration
in which a two-bubble can form.

Outline of the proof. The overall structure is similar to the earlier work of the author on the critical wave
equations [Jendrej 2016]. We build a sequence uy, : [T, To] — £ of solutions of (1-1) with T, — —o0
and u, (¢) close to a two-bubble solution for ¢ € [T},, Tp]. Taking a weak limit finishes the proof. This
type of argument goes back to the works of Merle [1990] and Martel [2005]. The heart of the analysis is
to obtain uniform energy bounds for the sequence u,. This is achieved by means of a bootstrap argument,
which can be resumed as follows.

We study solutions of (1-1) close to a sum of two bubbles:

ut) = eié'(t) WM + eig(t)W,l(t) + g(1).

One should think of ¢(¢) as being close to —Z, wu(t) ~ 1, 8(t) ~0, A(t) < 1 and ||g(?)||le < 1. In
order to specify the values of the modulation parameters, we impose the orthogonality conditions, which
make disappear terms linear in g in the modulation equations. There is essentially a unique choice of
such orthogonality conditions. In Lemma 3.1 we establish bounds on the evolution of the modulation
parameters under some bootstrap assumptions. The goal is to improve these bounds, thus closing the
bootstrap. The essential point is to improve the estimate of g, which is the infinite-dimensional part. The
novelty of this paper is to use the energy conservation to deal with this. Namely, the energy of the initial
data is chosen close to 2 E(W') and is conserved by the flow. It turns out that if we control the modulation
parameters sufficiently well, we can improve the bound on || g||¢ by simply expanding the formula for
E(u) and using coercivity of the energy near a ground state; see Step 3 of the proof of Proposition 4.4.

It remains to control the modulation parameters. Note that the interaction between the two bubbles
appears explicitly in the modulation equation for A’(z); see (3-11). In fact, the configuration of the two
bubbles (phases forming the right angle) is chosen so as to maximize the size of the term appearing in
(3-11) and leading to the growth of the parameter A. The critical part of the proof consists in improving
the bound (3-7) on 6(¢). To this end, we add a localized virial correction to 6(¢) to cancel the main
quadratic, which is K(¢) in the modulation equation (3-12). Note that the size of the term

K()
A2 7,

in (3-12) is O(|t |_H). Adding the virial correction allows us to gain a small constant on the right-hand

side of (3-12), which is decisive for closing the bootstrap.
Finally, in order to deal with the linear instabilities of the flow, we use a classical topological argument
based on the Brouwer fixed point theorem.
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Notation. For z = x + iy € C we define %(z) = x and J(z) = y. For two functions v, w € L2(RY, C)
we define

(v,w) = fﬁ/ v(x) - w(x) dx.
RN

r‘ad(RN; C) and € ;= Hrzd(RN’ C)
We will think of them as of real vector spaces. We define X! := &N H2(RN).

In this paper all the functions are radially symmetric. We write L2 := L2

2. Variational estimates

Linearization near a ground state. Recall that for z € C we define

2N

|z|%

f(2):=z|72z and F(z):=

For z € C we define the R-linear function f’(z): C — C by

fl(@)z = |Z|N42(21+ 29{(2_121))

N-=-2
(with the convention f/(0)zy = 0). It is easy to check that for any zy, z5,z € C,
R(Z2(f'(2)21) = R(E1(f(2)22)) = R((f'(2) 22) 21). @21

Integrating this identity on RV we see that for a complex-valued function u(x) the operator g — f”(1)g
is symmetric with respect to the real L? scalar product. We define

=

which is the norm of ]l”(z) as a linear map up to a constant. For u : RV — C we define || ' (u)]||rr :=
(Jan 1/ @(x))|P dx)? for 1 < p < +o0 and || f' ()| Lo = supyepn [ f/(u(x))].

Lemma 2.1. Let N > 7. For zy,z5,z3 € C,
f' @+ 22— e 1@ 1S G+ z)— f1El S |z 83 z] ifzi £0.  (2-2)
|f(z1+22) = f)| S 1S EOl|z2] + 1 f(22)], (2-3)
| f(z1 +22) — f(z1) = f(z1) 22| < f(|z2]),

2| vz,

. ' 0, 2.4
SGit)— fGo— ezl Sl F e 1T -4
[P+ 22) = F@) = N(TED )| £ 1f Gl + Flza). -5)
|F(z1 + 22) — F(z1) = R(f(z1) 22) = R(f'(z21) 2222)| S F(22). 2-6)

Remark 2.2. In (2-2), | f/(z1+z2)— f’(z1)]| denotes the norm of f/(z;+z2)— f/(z1) as an R-linear map.

Remark 2.3. Note that (2-4) implies f”(z) is the derivative (in the real sense) of f at z; in particular, f
is a C! function.
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Proof. All the bounds are immediate if |z, | > %|Zl |; hence we can assume |z5| < %|21 |, in particular z1 #£ 0.
The formulas f”(z1)z2 = f(z1) f/(1)(z7'z2) and f/(z1+22)z3 = f(z1) f'(1+2] 1 22) (2] L 23) allow
us to reduce the proof to the case z; = 1. For |z| < %, the mappings F(1+z), f(1+z)and f'(1+z) are real-
analytic with respect to z and the required bounds follow by writing standard asymptotic expansions. []
We denote by Zg 5 :=iA + if/(e"eW,l) the linearization of i Au +if(u) near u = ¢’® W, In order
to express Zy » in a more explicit way, we introduce the following notation:

N+2
yt = —N—+2W*, Vo= -—Ww=, LTi=—A+VT, LT i=—A+V"
We also introduce the generators of the H !-critical and the L2-critical scaling. For a function v : RN — C
we define 5 N2
Av = =[—=+x-V)v,
v 8/\ A:1(UA) ( 5 +x )v
ad 1 N
Aov = —— - == -V ).
e )~ (50)

It is known that for all g € £ we have (g, L™ g) > 0 and ker L™ = span(W). The operator L™ has one
simple strictly negative eigenvalue and, restricting to radially symmetric functions, ker L™ = span(AW);
see for instance [Nakanishi and Roy 2016].

For future reference, we provide here the values of some integrals involving W and AW:

N—-4 N
W2dx = L(N(N -2))2 B( : ) -7
RN 2 2
1
WS dx = —(N(N —2))3, (2-8)
RN N
N+2 N-2
——+f WS AW dx = = (N(N —2))%. (2:9)
N =2 JrNn 2N
For the first integral, we use the formula B(x, y) = f0+°° t*~1(1 4 ¢)™7 dt. For the second, we write
N2 . . .
W'~n—2 = — AW and we integrate by parts. For the last integral, we write
N+2
—N—+2W N2 AW = VEAW = AAW

and we integrate by parts.
Using the definition of f’, one can check that if g; = Rg and g, = Jg, then
0 oi®
Zya(e'"gr) = 2L g2 —iLTg1);.
In particular, we obtain
. i0
Zg(OWy) = 5 (L7W), =0,
‘ oi®
Zg (el AW)) = F(—iLJFAW)A =0.

This can also be seen by differentiating i A(e'? W;) + i (e!? W;) with respect to 6 and A.
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Consider now the operator Z ; 3+ We claim that {eie Wy, i e"QAWA} CkerZ ; ;- Indeed, we have

] ] ) i0
(Wy, Zg (1)) = <619Wx, e;L—Z(L_gz - iL+g1)x>
=(W,L"g2) =(L"W.g2) =0, (2-10)
) ) i9
(ie'® AWy, Zg (' 22)) = <l 6’0AWA, (L7 82— 1L+g1)x>
——<Aw,L+g1> ~(LTAW. g1) = (2-11)
One can show that there exist real functions y(l), y(2> € S and a real number v > 0 such that
L+y(1) — _Uy(Z)’ L—y(2) — Uy(l) (2-12)
(the proof given in [Duyckaerts and Merle 2009, Section 7] for N = 5 works in any dimension N > 5).
We can assume that ||y(1)||L2 = ||y(2>||L2 = 1. We define
o, ( VP +iv"). g, = ( V& —iyM). (2-13)
For g = g1 +ig> we have
(g ee1) = (0P q1) + (9. g2) and  (e5,,¢7%22) = (VP g1) — (¥, ga).

Note that

1

(W, YWy = %(W,L‘y@)) = Liw, Y@y — ¢

(AW, YP) = —L (AW, L+ YO) =~ L1+ (aw), y D) =0
It follows that

(g, i/ OWa) = (ag ;. i Wy) =0, (2-14)
(af, O AW)) = (ap ;. AW;) = 0. (2-15)

Since Y@ # W, we also have
(YW, y@y = %(y(”, L™y@) > 0. (2-16)

We claim that ozg , and gy, are eigenfunctions of Z 9.0 with eigenvalues - 72 and — 2 respectively.

Indeed, we have

_ it .
(“ét,v Zpa(e%g)) = <063A, ;Tz(L g2 —1L+g1)x>

1 1
ﬁ((y(z) L) — (YW, LTgy)) = ﬁ((L_y(z), g2) — (LTYW g1))
= 5 (VD g2) + (9. g1) = 5 (05 g): (2-17)

X

Similarly, (oy ;. Zg,1(e/%22)) = =35 (g . €% 2a).
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Coercivity of the energy near a two-bubble. We consider u € £ of the form u = e'% W, + efw; + g
with

E+ 2|+ =1 +10]+ 2+ lglle < L.

Moreover, we will assume that g satisfies
(ie!S AWy, g) = (=S Wy, g) = (i P AW, g) = (—e/® Wy, g) = 0. (2-18)

This choice of the orthogonality conditions is dictated by the kernel of Z ; 1 see (2-10) and (2-11). In
this section this has little importance, but will be crucial in the sequel.
When ¢, u, 8, A and g are known from the context, we define

afL = (a;:u,g), aj = (oz;u,g), a; = (a;"k,g), a, = (ocg_’k,g).

Our objective to prove the following result.

Proposition 2.4. There exist constants 1, Co, C > 0 depending only on N such that for all u € £ of the
formu = el* W, + e W, + g, with ‘é‘ + %‘ + | u—=11+10]+ A+ |Iglle < nand g verifying (2-18), we

have
—2

|E@)—2EW)| < C(([¢+5]+|u—11+10]+2)A"Z +l|g]3). (2-19)

N=2 N=2 _
lgll24+CobA 7 < c(x > (|65 [Hlu—1+I0P+A) + E@)—2EW)+ Y (@) +(a; )2)). (2-20)
Jj=12
The scheme of the proof is the following. Inequality (2-6) yields the Taylor expansion of the energy:
N

|E(u)—E(€ Wy +e"'W;)—~(DE ("W, +e/Wy), )L (D2 E (e W, +eW)) g, ¢)| < gl 2. (2-21)

We just have to compute all the terms with a sufficiently high precision. We split this computation into a
few lemmas.

Lemma 2.5. Let ¢, u, 0, A be as in Proposition 2.4. Then

|E@ W+ W) —2E(W)— L (N(N=2)) 201" | <CA™7 (|4 E|+Iu—1]+]0P+1), (2-22)
with a constant C depending only on N.
Proof. Expanding the energy we find
E@E W, +efWy) = E@ W) + E@OWy) + %/ ! C=OV (W) - V(W) dx

RN
- / (F(e* Wy, +eWy) — F(e!* W) — F(e'®W))) dx. (2-23)
RN

By scaling invariance, E (e’ Wu) + E (' W,) = 2E(W). Integrating by parts we get

m/ e C=vV (W) - V(W) dx = —sn/ el O Wy A(e'S W) dx = %/ O Wy - f(e*W,,)dx.
RN RN RN
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Hence (2-23) yields
EE W, +eW))
=2E(W)— /RN (FES W, + e W) — F(e* W) — F(elOW;) —R(EeOW,, - (W) dx. (2-24)
In the region |x| > +/A, using (2-5) with z; = e"fWM and z, = e/? W, we obtain
|F W, + /O Wy) — F(e* W) — FeOW,) —R(OWy - £ W))| S W2,

and we see that

2 2 2 2 oo 2N+4 N-1 24 N4 N
/ WA:’\/ deﬁ)t/ PN N= g = (277 = )2,
Ix|=v/A Ix|=1/+/A 1/vVA

In the region |x| < +/A the last term in (2-24) is negligible, because |9 (e!0 W), - f (e’ W) < W) and
f|x|<«/1 Wy dx < P fol/f pNF2 N1 g 25 Similarly, the term F(e'% W,,) is negligible. Using
(2-5) with z; = ¢’ 9 W and zp = elt Wy, we obtain

4

|F( W, +eOW) — F(eOWy) —R(elEW, - f(e W) s w2,

and we see that

_4 N 4 N +o00 N N N4
/ W2 dx = 4 _2/ WN=2dx <A —Zf P4 N=1 g — g N-2-85%
IxI<v4 x|<1/v/A 1V

In order to complete the proof of (2-22), we thus need to check that

N
2 .

o R(eiEW, - f(e'? _ 1 X g =2
' /xlfﬁiﬁ(el Wy - f(e"Wy))dx N(N(N 2))261 2 ’
SAT G+ B+ -1 +10P +2). (225

The following holds:

N+2
N

R W, -f(ef‘)WA))dx—m(e"@—e))/ W,V=2 dx
‘~/|x|§ﬁ a RN A

N+2 N42
< / Wy — 1[W, N2 dx + f W,V 2 dx
Ix|<vA Ix|>~/A
S(u—114+21) WA= +/ W N7 dx
NEN/a ISV,
5(|M—1|+A)/\N2_2+AN2_2/ WS dx < (I —1] + DA T
Ix|=1/~/A

and

N

N+2 — —
RN RN N
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‘We have
IN(—ie )+ 0| = |36 +0| <0
and, using (2-8),
' C e = et +il <[t + 3

hence
(D) +0] <101 + |¢ + Z| S e 77 (2-26)
The bound (2-25) follows now from (2-26), which finishes the proof. O

Lemma 2.6. Under the assumptions of Proposition 2.4, we have
(DEE W, +eWy). )] < lighe A"+ (227)

Proof. Using the fact that DE (et W.) =DE (e’?W)) =0, (2-27) is seen to be equivalent to

(£ W+ e Wo) = F W) = £ Wa). g)| S lglle -2
By the Sobolev inequality, it suffices to check that

| £ W+ OWa) = W) = FEOWD) | pansnim SAT
As usual, we consider separately the regions |x| < +/A and |x| > +/A. In the first region we have Wi S Wy
hence (2-3) with zy = W, and z; = W, yields

2
N
4>
~

| F©EW, + W) — S W) — W] S WE 2 Wy + W2 S W2 W, < W2,

By a change of variable we obtain

N—=2,

4 N+
= N N+2
WX N povivan <y = A7 2V 7 2 vz |WA 2Nl pavyav 42 (x1<1/ 7

1/ 5
ﬁkN(/ 4wtz N dr) w
0

N2 (NCON N+2
~ A 2(N+2) 2N = )

£

In the region |x| > VA we have W), < Wy; hence (2-3) with z1 = W, and zo = W), yields
. 0 . 0 _4 N+2 _4_
| FE W+ W) = f W) = F WD S I Wa+ WV 2 S W2 W3 S W,
and we have

2
||WA||L2N/(N+2)(|x‘zﬁ) =A ||W||L2N/(N+2)(|x|21/ﬁ)
N+2

oo 2 N—6)N 2
sxz(/ TN N dr) R N
/NA

We now examine coercivity of the quadratic part in (2-21).



CONSTRUCTION OF TWO-BUBBLE SOLUTIONS FOR THE ENERGY-CRITICAL NLS 1933

Lemma 2.7. There exist constants ¢, C > 0 such that

e for any real-valued radial g € £,

e Ltg)zc [ | IVeP de—C(00.02+ 0.0, -29)
(g.L7g)>c f |Vg|?dx — C(AW, g)?, (2-29)
RN

e if r1 > 0 is large enough, then for any real-valued radial g € £,

(-2  |[VgPdrte / Vgl dx + / Vgl dx = —C((W.g)? + (VP g)2). (2:30)
[x|<r |x|=>r1 RN

(1-2¢) Vg|?dx + c/ Vg|?dx +/ V™ |gl?dx = —C (AW, g)2, (2-31)
|x|<r |x|>r1 RN

e if ry > 0 is small enough, then for any real-valued radial g € £,

-20)[  VgPdxte / Vel dx + / VP dx = —C((W.g)2 + (VP g)?). (232)
[x|=r2 |x|<r2 RN

(1—-2¢) Vg|?dx + c/ Vg|?dx +/ V™ |gl?dx = —C (AW, g)2. (2-33)
|x|=r2 |x|<r2 RN

Proof. In the proofs of (2-28) and (2-29) we repeat with minor modifications the arguments of Nakanishi
and Roy [2016]. We include them for the reader’s convenience.
Let us show that

ges (VP g =0 = (g LT, g) >0 (2-34)

Suppose the contrary. Let (a,b) € R2\ {(0,0)} and consider ag + by € &. Since Y@ #£ W, (2-12)
yields
(YW, LTYD) = - (v, y@) = (7Y, y@) <o, (2-35)
SO we obtain
(ag +bY D, LT (ag +bYV)) = a?(g. LT g) + 2ab(g, LYYV) + p2(y D, LT yD)
=a?(g, Lt g)—2abv(g, Y?) + b2y, LTYyD) <.

This is impossible, because L™ has only one negative direction. This proves (2-34).
Suppose (2-28) fails. Then there exists a sequence g, € £ such that ||g,|lc = 1 and

(gns LT gn) < cn—Cn((W, gn)? + (3@, 8)2), ¢y —0, Cyp—> +o0. (2-36)

Upon extracting a subsequence, we can assume that g, — g € £. Since |(gn. LT gx)| < |lgn ||§ =1, from
(2-36) we immediately get (W, g) = (Y@, g) = 0. Also, by standard arguments (g,,, V1 g,) — (g, VT g).
Hence by the Fatou property

(g.LTg) < lim inf(g,. LY, gn) < liminfc, = 0.
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Thus g is a minimizer for the quadratic form associated with L™ on the hyperplane orthogonal to Y'®.
This implies (h, Ltg) = 0 for all h € £ such that (Y@, 1) = 0. But we also have (Y, L*g) =
(L+y(1), g)= —v(y(z), g)=0and (y(l), y(2)) # 0, see (2-35), so we obtain (h, LT g) =0forallh € £.
Hence g = AW. But (W, AW) = —|| W||1242 # 0, so we get a contradiction. This proves (2-28).

The proof of (2-29) is similar. We obtain that the weak limit g is a minimizer for the quadratic form asso-
ciated with L™ (without constraints); hence g = W, which is incompatible with the orthogonality condition.

Once we have (2-28) and (2-29), the bounds (2-30)—(2-33) follow by repeating the proof of Lemma 2.1
in [Jendrej 2015]. O

We now use this lemma to study the linearization around el? W), for a complex-valued perturbation g.
Proposition 2.8. There exist constants ¢, C > 0 such that for any 6 € R and A > 0,

e for any complex-valued radial g € £,
[ VePas=n [ g remgas
> C/RN Vgl dx — C (A2 "Wy, g)> + (A%ie' AWp, 8)” + (a1, 8)7 + (25, 8)%),  (2-37)
e if r1 > 0 is large enough, then for any complex-valued radial g € £,

(1-2c¢) |Vg|2dx+c/

|x|<ry [x|=ry

VePar -3t [ g rWgdx
RN
> —C((A2e0W). )% + (A% AW). )2 + (g ;. €)% + (05,5, 8)). (2-38)

e if ry > 0 is small enough, then for any complex-valued radial g € £,

(1-2c¢) |Vg|2dx+c/

|x|=>r2 [x|<r2

Velar -3t [ g rWgdx
RN
> —C((A72eWy, g)? + (A 2iel P AWy, )% + (g 5. 8)° + (@g 4. 8)%). (2-39)

Remark 2.9. Note that the scalar products on the right-hand side of these estimates are the ones which
appear in the orthogonality conditions (2-18). For the definition of a(;t 1> see (2-13).

Proof. Without loss of generality we can assume that 6 =0 and A = 1. Let g = g1 +ig». Observe that
) _4_ ) 4 4 R
/' W)(g1+ig2) =-WN-2(g1+ig2) — N Ve = Vigi+iV ™ g,
which gives
—E}i/ g-f (W)gdx =f V+g%dx+/ V_g%dx.
RN RN RN
Also, (W, g) = (W, g1) and (i AW, g) = (AW, g»). We have Y? = %(“3:1 +ag ), 50
(V6107 = V.8 < 3 (e 1. 8)° + (0.1, 8)).

Applying (2-28) with g = g1 and (2-29) with g = g, we obtain (2-37). The proofs of (2-38) and (2-39)
are similar. O
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One consequence of the last proposition is the coercivity near a sum of two bubbles at different scales:
Lemma 2.10. There exist 1, C > 0 such that if A < nu, then for all g € € satisfying (2-18),
llgll? = 3D EE W+ Wa)g. g) +2((@)? + (@1)* + (a3)* + (a3)%) = Clglz.
Proof. 1t is essentially the same as the proof of [Jendrej 2015, Lemma 3.5]. O

Proof of Proposition 2.4. Bound (2-19) follows immediately from (2-21), Lemmas 2.5, 2.6 and 2.10 and
the triangle inequality.

2N
For any ¢ > 0 we have | g||¥ =2 <c||g||? if n is chosen small enough; hence (2-21) and Lemmas 2.5
and 2.6 yield

|E(u) —2E(W) — L(N(N —2)3 01" — D2 E( W, + " W))g, g)|

—2

N—=2
SC(C+E|+In—1+0P+A)A 7 +clgl
hence
L(N(N=2))2 02" + LD2EW, +¢W))g, g)
N-=2
SEW-2EW)+C([+Z|+In—1+0P+2)A2 +clgl?.

Choosing ¢ small enough and invoking Lemma 2.10 finishes the proof of (2-20). O

3. Modulation

Bounds on the modulation parameters. We study solutions of the form

u(t) = Ow, ) +eOw; ) + 2(1), (3-1)
with
@) -1 <1, [tO+Z <1, M) <1, @) <1 and |gle <L (3-2)

We will often omit the time variable and write ¢ for {(¢) etc.
Differentiating (3-1) in time we obtain

u = Z/ie’fWM — %/e’fAWM +0'ielfw, — %,AW;L +0;g.
On the other hand, using A(W,,) + f(W,) = A(Wy) + f(W;) =0 we get
iAu+if()=iAg+i(fE W+ "Wy +g)— f W) - f( W)
hence (1-1) yields
08 =iAg+i(f( Wu+e"Wi+g)— f W) — f(O W)
— e, + %,eigAWM —0'iew, + %/eiOAWA. (3-3)

Since we work with nonclassical solutions, it is worth pointing out that the equation above should be
understood as a notational simplification. Any computation involving g(#) could be rewritten in terms of
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u(t) and the modulation parameters ¢, i, 6, A. Most of the time we only use the fact that (3-3) holds in
the weak sense, but later we will also need to compute the time derivative of a quadratic form in g(z), in
which case the rigorous meaning of the computation is less clear.

We impose the orthogonality conditions (2-18). By standard arguments using the implicit function
theorem, they uniquely determine the modulation parameters.

We need precise bootstrap assumptions about the parameters quantifying (3-2). In order to formulate
them, set

Al DN

em (N6 ) (3-4)
C\wveB(PE))

Lemma 3.1. Let ¢ > 0 be an arbitrarily small constant. Let Ty < 0 with |Ty| large enough (depending
onc)and T < Ty <Ty. Suppose that for T <t < T1 we have

C) + | < ||, (3-5)
(@) — 1] < || "%, (3-6)
16(1)] < |1~ (3-7)
A(@) = Ll 75| < Jf] "2, (3-8)
lglle < || 2= (3-9)
Then
1¢'(0)] < clt| N5, (3-10)

N=3
W (O] < clt|~=e,
N7

4
T _ _
()= M) | =l (3-11)
9'(,)+w9@))&([)%_& <cl|t|"N=8 (3-12)
N=6 AOPIWIE |~

for T <t < Ty, where
K :=—(el0AW,, FSW,+eOW) + g)— fESW, +e W) — £/ W, +ePWy)e).  (3-13)
Remark 3.2. We will not really use (3-8), but only the fact that A(¢) ~ |¢ |_ﬁ.

Proof. We use the usual method of differentiating the orthogonality conditions in time, which will yield a
linear system of the form

My Mia Myz Mg\ [(u?¢ By
M1 My M>3z Mjs pp _| B2
Msy M3y Mzz Mag | | 226 B3

My1 Myy Myz Myy AL By
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Here, the coefficients M;; and B; depend on g, ¢, , € and A. We will now compute all these coefficients
and prove appropriate bounds.

First row. Differentiating (ie’ EAWM, g) = 0 and using (3-3) we obtain
d.,‘; 1S M/~i§ iall
0= Gl AW g) = L (AW, g) = L lie AN &) + (e AW )

= ¢/ (—(ie" AW, iel W) — ('S AW, g)) + %((ieifAWM,e“AWu) —(ie'SAAW,, g))
+ 6" (ielS AW, —ie® W) + %/(ieifAWM,e"@AWA)
+ (i S AW, i Ag +i(fEEW, +e Wy +g) — fE8W) — fOWy))).
Note that (—AW,,, W) = ||WM||22 = /L2||W||%2; hence we get

j . g i __N—1
(iAW, i W) — (AW, ) = W72 + O(lglle) = W72 + O(jt|"28=9),

=1 (A

Mz = p=2((ie S AWy, €S AW,) — (i€ AAW,. 8)) = O(lg]le) = O(It|~2V-9),
=1
AT

2(iel* AW, —ielfWy) = 0(1),

(
Mg = A72(ie* AW, e/ AW,) = 0(1).
Let us consider the term
By =—{ie* AW, iAg +i(f(e Wy +e oWy +g)— f(*W,) — f(e W)
From (2-11) (with 6 replaced by ¢ and A replaced by ) we obtain
By = —p (i€l AW, i (f( W+ Wy +g) = f W) — (O Wp) — (& W)g))
= e AW (W + e OWa ) — f W) = [ W3) = [ W)g)).
First we show that
(e AW, £ S Wy, + Wy + ) — fb W, +e W) — £/ W +eW)g) < lgl2. (3-14)
Note that (3-5) and (3-7) imply |/ EWM + e"OWA| % W,.; hence (2-4) with z; = el EWM + e W, and
zp = g yields
S+ €W+ g) — F(&S W/ Wa) — (W, + O Wa)g| < Wi V= g2

Using the fact that |AW| < W and the Holder inequality, we arrive at (3-14).
Next we show that

(&S AW, £ S Wy +elOWy) — f(5W) — fFEOWy))| <A . (3-15)
Using (2-3) we get
| £ W+ e Wa) — f( W) — FOWi)| < W T2 Wy + | f (W),
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The second term is easy. We have f(W) € L! and we check that || f(W3) |1 ~ AT by a change of

variable. Consider the first term. In the region |x| < 1 we write
—1

A
A2 N2 ~N+2_.N—-1 N=2
IWallziguisn =242 Wz gaza-1y S A2 /O pN+2 N1 g

As for |x| > 1, we notice that || W} || Loo(|x|>1) < 272 and AW, |Wu|ﬁ is bounded in L.
Finally, we show that

(&8 AW, (f/ W+ W) = £/ W) A5 gl (3-16)
In the region |x| < +/A it suffices to use the bound

|f1 €W, +e0Wp) — W) S W2
and the fact that

_4 N—2 N+2
W= ||L2N/(N+2)(\x|<\f)—)L = ||\ W v 2| pav/ v +2) (g <a-1/2) SAH

where the last inequality follows from W= (x) < |x|™* In the region |x| > /A we use Holder and the
fact that

N—2
400 SN N

—2N N—-1
IWall on/n—2 (x5 vay = IW 28/ av-2) ()2 2-172) S (Al/z rT2N N dr) <A

Taking the sum of (3-14), (3-15), (3-16) and using (3-8), (3-9) we obtain

_N—2
| B1| < [e]”~V=e. (3-17)
Second row. Differentiating (—e'® Wy, g) =0, we obtain
d L W .
0= g (e Wi g) = ~Llie Wis. ) + - (AW ) = (5 Wi D)

:c’((e"CWM,ie"?WM)—<ief§AWM,g))+%/(—(e’fWM,e’fAWM)Jr (S AW, 8))
+9’(ei§WM,iei9WA)+%/(—eiéWM,eieAWA)
— (W i Ag +i (f (W, +e Wy + g) — F(E W) — f( WD),
which yields
Moy = 2 (& Wa, i€ W) — (i Wi, ) = O(llglle),
Mzz—,u 2 (— (" Wy e EAWL) + (€ E AW 2) = W17 + OClglle),
= 272 Wi W) = 0(1),
= 272 (=W, e 0 AWy ) = 0(1).
Consider now the term
By = (eigWM,iAg +i(f(ei§WM +ei6W;L +g)— f(eiZWM)— f(eieWA)))
= ("W i (f @ W+ Wi+ ) = F(E W) — f(OWh) — [ (& Wa)g)),
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where the second equality follows from (2-10). The proof of (3-17) yields
_N—2
|Ba| S Jt]~~=6.

Third row. Differentiating (ie'? AW;, g) = 0 we obtain

/

d . Vo )
0= E(ie’eAWA,g) =—0"(c!9AW), g) — I(ie’GAAWA,g) + (ie® AW, 0:g)

/
= {(ielO AW, —ielS W) + (i AW, IS AW,)
o
. . . A . . .
+ 0 ((iel AWy, —ie®W;) — (9 AW, g) + 7((ie’9AWA,e’9AWA) —(ie'AAW;, g))
+ (i AWy, i Ag +i(f W +e W) + g)— F W) — F(OWy))),
which yields

M3y = p2(ie! AW, —ie* W,) = 0(A?) = O(|t|~~=%),
My = i 2(ie!® AW, S AW,) = 0(A%) = O(|1]"75),

= A2 (1O AW;. —ieOW;) — (€O AWs. ) = (W25 + O(lglle) = W12, + O(lr|"2v-9),
My = 272 ((ie?® AW3 O AW;) — (i AAW. g)) = O(llglle) = O(lr| 7o),

Let us consider the term
By =—{ie® AWy, iAg +i(fEEW, +e Wy +g)— fEEW) — f(OW))))
~(ie! AW i (@ Wi+ O Wo+ ) = f W) = (@ Wa) = [ Wa)g))
= (AW fE W+ Wi+ ) = f W) — FOWa) = [ W)g).
where the second equality follows from (2-11). Comparing this formula with (3-13) we obtain
By— K = (AW, f( W+ OWa) — f W) — f (e W)
—(e/ AW, (f/(5 W, +e W) — f1(Wy))g). (3-18)

First we treat the second line by showing that
i IR 1 i0 IPRL N
(AW, (f/ (€5 W +ePWy) — £/ W) g)| S A7 lIglle- (3-19)

We consider separately |x| < AY and |x| > AY with y = 2( N 2) In the region |x| < AY we use the bound

N6

|1 EW A+ OWa) = [ OW) S Wy VW

It implies

PO AW, (/€S Wy + e OWy) — £/ W) g| < WV gl
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pointwise and it suffices to see that
y—1 N+2

_2 42N _ 2N
||W ||L2N/(N+2)(|x|</\y)—k T ||WN 2||L2N/(N+2)(|x|<;w 1)<)t (/ P4 N 1dr)
0

N(N—6) N+2 N 2 _N(N—6) N2—
y=D N5z

—2N 48 N
IN =)\ 2 T A4N-2) =) dWN-2) L A7,

<A
In the region |x| > AY we have

IAW Nl L2nv/v=2 (x 1227y S IWallL2v/av—2)(x2a7) = W | L2v/av—2) (xj220-1)
N-—=2

+ FA St
< (/ Oor_erN_l dr) o < A0~ VIN G )L%,
A

~
v—1

which yields the required bound by Holder.
We are left with the first line in (3-18). We will prove that

N4
(N=2)k = | W7,

oA T | <|t| W6, (3-20)
N—-6

(AW, f(&SW, +elOWy)— f (W) — f(e!OWy))—

For this, we first check that

N

(" AW, F@E W+ Wa) = f( W) = fOWa) = f1EOW) M) $42. GB2D
In the region |x| > +/A we have Wy < W), which implies
" ” ¢ ‘0 . o n 4
| F©E W+ W) — f@E W) — W) — @O W) W)| < W2 W

hence the required bound follows from |[AW| < W and

N+

+o00
N2 —N—2 _N-1 N
WS oy SAT [ VAN e f,

In the region |x| < VA we have W, < Wy, which implies

N+2

| FEEW +e W) — £ Wu) — £ W) — £/ Wy) (e W) | < W2

hence the required bound follows from

—1/2
Willpsguiawm S4°5 [ r 82 la %,
= 0
Finally, we need to check that

N—4
(N =2 2 |[W]3,
N—-6

(O AWy. [ O W) W) — 61" | < 1|~ (3-22)

The definition of f/(z) yields

. . _4 . 4 . .
W) W) = W w2 (elf + meleﬂi(e’@ —9>)); (3-23)
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hence
. . . N+2 . 4
AWy, £/ W)t w,)) = N—Jr2m(e’<f—9))/ W, W,V =2 AW, dx. (3-24)
Since
‘/WMWAN‘ZAWA dx| AT < || v,

we obtain

N+2 0 (i €6 L N2 -

Ve ) | Wawy AWAdx—I——G W W,V =2 AW dx| < [t]™ o « |16, (3-25)

Next, we prove that

N2 ez -, ¥ N=2 N
W2 AWy dx — | W W ¥ 2 AW, dx| SAS + |- 1A T S|t Fs.  (3-26)

Indeed, in the region |x| > +/A both terms satisfy the bound. In the region |x| < ~/A we have
W= TSP S and |pT T -1 S 1],

from which (3-26) follows.
From (2-9) and (2-7) we get

N +2 _4 (N — 2)/{7 w
it /WAN—zAWA dx = — ” ”LZAN -
N =2 N -6
and (3-22) follows from (3-24)—(3-26).
From (3-18)—(3-20) and the triangle inequality we infer
N—4
(N =22 |W|7,
By~ K+ 01" | S 1[N 11| | gle S e AN,
N -6
In particular, since |9/\¥| < |t|_H, we have
|Bs| S 167876 + || 7756 + 17708 ||g e + |gl2 < 117N + CZle| "W <[]~

Fourth row. Differentiating (—e’® W, g) = 0 we obtain
d g RT YR i
0= (—e" W) =—0(ie"Wy.8) + (" AWz, 8) — (" W3 9:8)
/
= (i Wy, it W) — K (e Wy, S AW
H /

. . . A ) . )
+ 9/((e’9W,1, ie®w;) — (ieleW)L,g)) + 7((—e19WA, AW, + (e’oAWA,g))
("W, iAg +i(fE W,y +e W +g)— f(e W) — f(e9W)),
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which yields

My = -2 lClGWA lelé-WM) O(Az) = 0(|t|_ﬁ)’
Mz = 2 0Wy, S AW,) = 0(0%) = O([t|~~6),

(
(e
2( OW. i W) — (i W;. g)) = O(lglle) = Ol ~Zv=),
-2
(-

Let us consider the term

By =(eWy,iAg +i(fESW,+e Wy +g)— fEEW) — f0W))))

= ("W, i (fEEWu+e Wy +g)— fE W) — fOWy) — f/(eWy)g)),

where the last equality follows from (2-10).
First we show that

Wy, O AWL) + (O AW ) = W17 + Olglle) = W17 + O]~

N—1
2(N=6)),

el OWi,i (£ Wy, +e Wy +g)— fSW, +e W) — £/ W, +e W) < gl (3-27)

Note that (3-5) and (3-7) imply |e/* W, + e!®W;| = Wj; hence (2-4) with z; = e/’ W, + /W, and

zp = g yields

W+ Wy + ) — F W+ OWy) — (W, + O Wy)g| S Wy V2 g2

Using the fact that |[AW| < W and the Holder inequality we arrive at (3-27).
The proof of (3-19) yields

(e OWa i (/& W+ OWi) — £/ OW))g) S AT llgle.

The proof of (3-21) yields

N

el Wi, i (feSW,, +eWy) — fe W) — (W) — £/ W) W) S A2
Finally, we show that

2T W
N-6

("OWy,if (W) (e * W) - ””A* < || 7.

Using again (3-23) we get

N42
(e Ow if (e’OWA)(e’EWM)) R(ieC- ‘9))/W W,N 72 dx.

(3-28)

(3-29)

(3-30)

(3-31)

We have [Rt(e~?)— 1] <10)? < |t|_ﬁ and |ie!C=0) —e710| = |o/¢ /| < |¢| < |t|_ﬁ; hence

(e’ C=0) — 1] < J¢] "7,
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Since |/ WMWN = dx| <A 52 < |t|~~N=6, we obtain

9 N+2 N+2
“R(ze’@ ))fW WN=2 dx — /WMWN 2 dx| < |7|" 7. (3-32)

The proof of (3-26) yields

N+2

NA+2 NA+2 _
W,V 2 dx —/ W W N2 dx| SA% +|u— A3 < |1, (3-33)
From (2-8) we get
Wk%dx ||W||L2AN —2
N—6

hence (3-30) follows from (3-31)—(3-33).
From (3-27)—(3-30) and the triangle inequality we obtain

2 w2
K
L2

— At <|t N 6 4 ,
B S A T S 4 el
in particular

_N=2 2 _N=2
|Bal < [¢]73=6 + [|g |1 < |r|~~=. O

Remark 3.3. A computation similar to the proof of (3-14) shows that |K| < | g||2 s =<t =6 6 SO we
obtain the following simple consequence of Lemma 3.1:

W' ()
p(t)

A(t)

~1
20) < e (3-34)

']+ +10'(0)] +

(for the last term, this bound is sharp).

Control of the stable and unstable component. An important step is to control the stable and unstable
components aft(t) = ((xgi(t) W) g(t)) and agc(t) = (aét(t) A" g(t)). Recall that v > 0 is the positive
eigenvalue of the linearized flow; see (2-12).

Lemma 3.4. Under assumptions of Lemma 3.1, fort € [T, T1] we have

%af(r)—ﬂ(‘;)zaf(ﬂ < ™, (3-35)

T O+ a7 0] < T,

%ai"(l)—%ﬂza;(ﬂ = (i)z“'_ﬁ’ (3-36)
2O+ 5 0| = 5k (3-37)

with ¢ — 0 as |To| = +o0.
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Proof. We will give a proof of (3-35) and (3 36), the other two inequalities being analogous.
Applying the chain rule to the formula a; ) = (af O (1) ()’ g(t)) and using the definition of oz;'M we
obtain

d el
aaf=—%<u (A1 VP +iA2P), >+C<M (iy2 - yg>),g>+<agﬂ,a,g>.

N—1 3N—13 N
Thanks to (3-34) and (3-9), the size of the first two terms is < |¢|7!|t| 2(V=6 = |t|"2(V=6) & |t|"2(N-0),
We are left with the third term, and we expand d; g according to (3-3).
Let us consider, one by one, the contributions of the four terms in the second line of (3-3):

(1) The term (aZM, —§/iei§WM) is equal to O thanks to (2-14).
(2) The term (o, Wi ¢ AW,,) is equal to 0 thanks to (2-15).

[T
(3) Consider the term (ozgu, —0'ie'® W) ). We have ”O‘;M“FII < I; hence
o —0ie W) 10/ et 1 [ Wall o < 167122

and (3-34) yields [0/|A2 < |¢|~1[¢|~ W56 = ||~ V=6 < |1| 200,
(4) The term (aZM, %eieAWA) is treated as the previous one, using }AT/‘ < ¢! instead of |0’ < |¢|7L
Let us finally consider the contribution of the first line of (3-3). We have
iAg +i(fE W, +e W)y +g)— fESW,) — f(OW)))
= Zgu8 +i (S W+ e Wt g) = f W) — [ Wi) — [ Wn)g).

From (2-17) we obtain (e A ZLeug ) = 2 ay; hence we need to show that
. ' i i j __N __
(oF i (F@EW 40 Wa + ) — FEEW) — F@OWa) — 1@ W)g))| < 1],

The proof of (3-17) yields the bound |z |_ﬁ <L |t |_2</\1fv—6>
We turn to the proof of (3-36). Applying the chain rule to the formula a, () = (o] X (1), o)’ g()) and
using the definition of oee 5, We obtain
d A‘l i0
T =TE -
dr AV
The first two terms are treated as in the case of a;r. In the third term, we expand d;g using (3-3). Let us
consider, one by one, the contributions of the four terms in the second line of (3-3):

Y i y(l)),> < (iv® - y<1))’> (o5 0r8).

(1) In order to bound the term (01(;r 5=t elt W,.), notice that

lofalo 5 [ | 35301+ DR ax <2

This is sufficient since || —¢'ie/® W, || < 1.

N _N—=2 _ N
F SR e

(2) The term (a;A, %eigAWM) is analogous.



CONSTRUCTION OF TWO-BUBBLE SOLUTIONS FOR THE ENERGY-CRITICAL NLS 1945

(3) The term (ozg:l, —G/ieieWA) is equal to O thanks to (2-14).
(4) The term (a;’x, ’%e"QAWA) is equal to O thanks to (2-15).
Let us finally consider the contribution of the first line of (3-3). We have
iAg +i(fE Wt W +g) = [ W) — (W)
= Zg a8 +i (/@@ Wyt Wi+ g) = [ W) = [(&OW;) = [/ Wy)g).
From (2-17) we obtain (cx;:k, Zp8) = %a;; hence we need to show that
A2l i (FEE W+ OWs 4 g) — FEE W) — FOW2) — £/ Wa)g))| < [t] 7V, (3-38)
The proof of (3-19) yields
22| i (€ Wt e O Wa)— £/ €O W) g)| SA ¥ |Iglle < [t 7T =9 HV=0 < 1|77V, (3-39)
The proof of (3-27) yields
/\2‘(01;/1, i(f(eigWM +ewWy +g)— f(eigWM +efwy) — f'(eiCWM + eieW;L)g))‘

N

< ”g”§ L |tz v=e . (3-40)

Using (2-3) we get

. . . . 4 _ 1
[ £ W+ W) = W) = FOWD) | oo SIWT T WallLs S 5

N+2
2

By a change of variable, ||)L2c>c;‘/1 o1 SA 2; hence

22| i (fE W +eOWy) — (W) — fEOW))| <277 <11 TR= < 2= (3-41)

Taking the sum of (3-39)—(3-41) and using the triangle inequality, we obtain (3-38). O

4. Bootstrap

We turn to the heart of the proof, which consists in establishing bootstrap estimates. We consider a
solution u(¢), decomposed according to (3-1), (3-2) and (2-18). The initial data at time 7" < T} is chosen
as follows.

Lemma 4.1. There exists To < 0 such that for all T < Ty and for all A0 a(l), ag satisfying

20— LT < LTI, ol < YT, o) < JT e, @
there exists g° € X1 satisfying
(AW, g% = (iW,g°%) = (iAW;0,8°) = (—Wj0.£°) =0, (4-2)
(g 1.8° =0 (efy 8% =a. (05;0.8°)=0. (o7,0.8%)=0a5. 4-3)
1§%le < 7|77 =. (4-4)

This g° is continuous for the X1 topology with respect to A°, a(l) and ag.
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Remark 4.2. For the continuity, we just claim that the function g® constructed in the proof is continuous
with respect to A°, a(l’ and ag. Clearly, g° is not uniquely determined by (4-2)—(4-4).

Remark 4.3. Condition (4-2) is exactly (2-18) with (, . 6,4) = (=%, 1,0, 1°%). Hence, if we consider
the solution u(¢) of (1-1) with initial data u(T) = —i W + Wj0 + g° and decompose it according to (3-1),
then g(7T) = g° and the initial values of the modulation parameters are (§ (T), u(T),6(T), )L(T)) =
(—%.1,0,19).

Proof. We consider functions of the form

+

g%=aj] ia:%’l—al_iaf% 1—|—b1W—i—cl(—iAW)—l—a;r(Ao)ziaa’ko—a;(ko)zia;rlo—i—bziW;Lo—i—czAW;Lo,

with afL, ay, by, c, a;', a, , by, c2 being real numbers. Let ® : R8 — R® be the linear map defined as
®(a] a7, b1, c1,a) a5, by, c2) = ((af%,l,go), (OC%,],gO), (AW, g%, (iW, g%,
(a(}fxo,go), {org 50 g%). (A2 AWj0. 8°). (~(A%) > Wjo. g7%)).

Using (2-14)—(2-16) and the fact that A° is small we obtain that the matrix of ® is strictly diagonally
dominant, which implies the result. O

In the remaining part of this section, we will analyze solutions u(¢) of (1-1) with the initial data
u(T) = —iW + Wyo + g° where g¥ is given by the previous lemma.

Proposition 4.4. There exists Ty < 0 with the following property. Let T < Ty < To and let A°, a(l), ag

satisfy (4-1). Let g° € X! be given by Lemma 4.1 and consider the solution u(t) of (1-1) with the initial
data u(T) = —i W + Wyo + g° Suppose that u(t) exists on the time interval [T, Ty, that for t € [T, T1]
conditions (3-5)—(3-9) hold, and moreover that

lat )| < |t W0, |aF ()] < |t (4-5)
Then fort € [T, T1],
__3
C() + Z| < 3|7~ (4-6)
u(6) — 1] < L[~ w5, (4-7)
16(1)] < )¢~ 7, (4-8)
__N-—1
lg@)lle < 3|t]72N=6. (4-9)

Before we give a proof, we need a little preparation.
A virial-type correction. The delicate part of the proof of Proposition 4.4 will be to control 6(¢). For
this, we will need to use a virial functional, which we now define.

Lemma 4.5. For any ¢ > 0 and R > 0 there exists a radial function q(x) = g, r(x) € C3Y(RN) with
the following properties:

(P1) g(x) = |x|? for |x| < R.
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(P2) There exists R > 0 (depending on ¢ and R) such that q(x) = const for |x| > R.
(P3) |Vq(x)| < |x| and |Aq(x)| < 1 for all x € RN, with constants independent of ¢ and R.
(P4) D 1< jk<n Ox;x, (X)) Vjv > —c Zj-vzl |vj|? forall x e RN, v; € C.
(P5) A2q(x) <c-|x|2, forall x € RV
Remark 4.6. We require C3! regularity in order not to worry about boundary terms in Pohozaev
identities; see the proof of (4-13).
Proof. 1t suffices to prove the result for R = 1 since the function gg(x) := R*q () satisfies the listed
properties if and only if ¢(x) does.
Let r denote the radial coordinate. Define g (x) by the formula
r2, r<l1,
Qo)== NN-2r N N N B 1 .
(N=1)(N-=3) 2(N—-4) 2(N-=3)(N—-4rN—4 2(N-1)rN—2" —
A direct computation shows that for r > 1 we have
N(N -2) N N-=-2
(N—D(N—3) 2N —3)r¥=3 2N _D)r¥-T’

N N —
ey .
9o(r) = 2rN—=2  2yN

N(N —-2) 1 1
" _
qo (r) = P (_,-N—l + ,,N+1)’

A%go(r)=—-N(N —2)r 3 <0.

N

qo(r) =

>0 (so go(x) is convex),

In particular,

lim (q0(r),40(r), 45(r), q5'(r)) = (3.1, 1,0).
r—1+
Hence go € C 3! and it satisfies all the listed properties except for (P2). We correct it as follows.
Letej(r):=(1/j Nr/ - x(r) for j € {1,2,3}, where y(r) is the standard cut-off function:

x € C*((0, +00),R), x(r)y=1 forr <1, x(r)=0 forr>2.

Let Rop > 1. We define

_ qO(r)’ ) ' VSR(),
qO(R0)+ZJ3'=1 q(()J)(RO)R(J) 'ej(_l —I—Rall"), r > Ryp.

Note that gg(Ro) ~ 1, g4 (Ro) ~ R6N+2 and gg'(Ro) ~ RaNH, It is clear that g(x) € C>1(RN).
Property (P1) holds since Ro > 1. By the definition of the functions e; we have g(r) = qo(Ro) = const
for r > 3Ro; hence (P2) holds with R = 3R. From the definition of ¢ (r) we get |¢'(r)| < lgo(Ro)| S 7
and |¢"(r)| < lgg(Ro)| < RaN+2 < 1 for r > Ry, with a constant independent of Ry, which implies
(P3). Similarly, [dx,x;q(x)| < Ry ! for |x| > Ro, which implies (P4) if Ry is large enough. Finally
|A2g(x)| < Ra3 for |x| > Ro and A2g(x) = 0 for |x| > 3Ry. This proves (P5) if Ry is large enough. []

q(r):
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In the sequel ¢ (x) always denotes a function of class C 31 (RV) verifying (P1)~(P5) with sufficiently
small ¢ and sufficiently large R.
For A > 0 we define the operators A(A) and Ag(A) as

N -2 b 1 X
[A(M)h](x) = SN2 Aq(x)h(x) + qu (X) -Vh(x),
1 1
[Ao(A)h](x) := 2 Aq(i—c)h(x) + qu(;&ﬁ) -Vh(x).

Combining these definitions with the fact that ¢(x) is an approximation of %|x|2 we see that A(A) and
Ao(A) are approximations (in a sense not yet made precise) of A~2A and A~2A respectively. We will
write A and A instead of A(1) and Ao (1) respectively. Note the following scale-change formulas, which
follow directly from the definitions:

forallhe £, AM)(hy) =A"2(Ah);,  Ao(A)(hy) = A72(Aoh);. (4-10)
Lemma 4.7. The operators A(L) and Ag(A) have the following properties:

o For A >0, the families {A(A)}, {Ao(X)}, {19, A(A)}, {19, Ao(L)} are bounded in £(€; H™Y) and
the families {AA(X)}, {AAo(A)} are bounded in £ (E; L?), with the bound depending on the choice
of the function q(x),

e For all complex-valued hy,hy € XY (RN) and A > 0,

(A, f(hy +ha) = f(hy) = f/(h)h2) = —(A(Mha, f(h1 + ha) — f(h1)), (4-11)
(h1, Ao(AM)ha) = —(Ao(A)h1, k), and hence i Ay(A) is a symmetric operator. (4-12)

e Forany cq > 0, if we choose ¢ in Lemma 4.5 small enough, then for all h € X1,
c 1
(oChoh, ) = SR =35 [ I9hPdx. @-13)
A A% Jix|<Ra

In dimension N = 6 and for real-valued functions, this was proved in [Jendrej 2016, Lemma 3.12]. Most
arguments apply without change, but we provide here a full computation for the reader’s convenience.

Proof. Since Vg (x) and V2¢(x) are continuous and of compact support, it is clear that A4 and Aq are
bounded operators £ — H ~!. From the invariance (4-10) we see that A(1) and Ao (1) have the same norms
as A and Ay respectively. For AA(A), AAg(A), Ady A(L) and A0 Ag(A) the proof is similar. We compute

N =2 X N -2 X 1 by
NAN) = ———=Ag| = ) ——=x-VAg[ = )| ——=x-V*¢[( =) V.
1) ==73 q(x) INIE q(x) FEe "(x)
Since Vg(x), V2¢(x) and V3g(x) are continuous and of compact support, we get boundedness of
d, A(1), and boundedness {10, A(A)} follows by the scaling invariance.
In (4-11), we may assume without loss of generality that A = 1. Notice that both sides are con-

tinuous with respect to the topology ||h1|x1 + ||h2]x1. Indeed, A is continuous from X! to £ and
(h1,hy) — (f(h1 + hy) — f(hy) — f/(h)ha, f(h + h2) — f(hl)) is continuous from & to H~! by
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Sobolev and dual Sobolev. We may therefore assume that i1, ho € C§°. Observe that for any 7 € Cg°
we have f(h)h = 2% F(h) and %(f(h)Vi) = V(F (h)); hence

N-2 - -
(Ah, f(h)) = Wi/ (—Aqh —|—Vq-Vh)f(h)dx = / Agq-F(h)+ Vq-V(F(h)) dx =
RN 2N RN
Using this for 4 = hy + hy and for h = hy, (4-11) is seen to be equivalent to

(Aha, f(h1)) + (Ahy, f'(h1)h2) = 0. (4-14)

Expanding the left side using the definition of A we obtain

N —
(A, £+ (A £ ) =0 [ 2 AR £ ) + V- Vo)
R
N—2 - _

-Hﬁ/RN WAQ'h]'f/(hl)h2+vq'Vhl'f/(hl)hz dx. (4_15)

We have
%/ Vq-Vﬁz-f(hl)dx:—m/ Ez-Aq-f(hl)dx—?R/ hy-Vq-V f(hy)dx.
RN RN RN

Using (2-1) and the fact that f/(h1)h; = N+2 5 f(h1) we get

N—-2 - N-—2- _ N +2
ER/ —Aq-hl'f/(l’ll)hz dx =§ﬁ/‘ hz'Aq-f/(hl)hl dx :ER/ hz' + Aq~f(h1)dx.

Using (2-1) and the fact that f'(h1)Vhy = V(f(h1)) we get
%/ Vq-Vhy- f'(h)hydx = m/ hy-Vq- f'(h1)Vh dx = %/ hy-Vq-V(f(hy))dx.
RN RN RN

Plugging the last three formulas into (4-15) we obtain

(Ahy, f(h1))+(Ahy, f'(h1)h2)

_ <h2, ]\;]_VzAq'f(h1)—Aq-f(h1)—Vq-V(f(h1))+%Aq-f(h1)+vq-v(f(h1))> _ (h2,0) =0,

which proves (4-14).

Identity (4-12) follows by an integration by parts.

In (4-13), we can again assume that A = 1 and 1 € C§° (we use the fact that g € C 3.1 and hence A%g
is bounded and of compact support). Inequality (4-13) follows easily from (P1), (P4) and (P5), once we
check the following identity:

m/ Ah- ( Aq-h+Vq- Vh / (Azq)|h|2dx—/ Z 3:jq dihd;hdx.  (4-16)
RN
i,j=1
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We can assume that g € C$°, and (4-16) follows from integration by parts:

m/ L1AR-Agh+AR-Vg-Vidx

3jjh-akkq-};-i-ajjh-akq-ak};) dx

-f, 3
f;
=)

Z h(Okrq 05 h+0kkq-h)+Y_50;(107h1%)0;g+ Y (=500, 2 0eq—d;1cq 01 ich) dx
Jsk J J#k
2> (Okkq197h1P =30 kkq:181?) =3 > 075910;h1P+3 Y 0kicq|d;hP=> " 0kq 0;h dhdx
J.k J J#k J#k
=/RN D 0kka P =D "0jxq0jhoghdx. O
Jok J.k

Closing the bootstrap.

Proof of Proposition 4.4. We split the proof into three steps. First we prove (4-6) and (4-7). Then we
use the virial functional and variational estimates to prove (4-8), with & 5 replaced by any strictly positive
constant. To do this, we have to deal somehow with the term [[W|| 3 K in the modulation equation (3-12).
It involves terms quadratic in g, which is the critical size. However, it turns out that we can use a virial
functional to absorb the essential part of K. Proving (4-8) is the most difficult step. Finally, (4-9) will
follow from variational estimates.

Step 1. Integrating (3-10) on [T, ¢] and using the fact that {(T') = —5 we get

o N3 N—-6 _ 3 1
<c| |r|"~¥edr=<c- 3 1|7 7= < 3t| .
T

\z(r)+%|=|z<z)—z<T)\=‘/T ¢(v) dr

provided that ¢ < Recall that ¢ > 0 can be made arbitrarily small by choosing |Tp| large enough,

2(N 6)"

in particular smaller than The proof of (4-7) is similar.

3
2(N—6)"
Step 2. First, let us show that for ¢ € [T, T}] we have

lay ()] < |t 779, |az (t)] < |t| 77N 4-17)

This is verified initially; see (4-3). Suppose that T2 € (T, Ty) is the last time for Whlch 4-17) holds for
t € [T, T»). Let for example a; (T>) = |T2|™ 7%= . But since lg(T2)||12 < |T2|~ /YV 6 < |T>|~ =6 o,
(3-37) implies d%al_(Tz) <0, which contradicts the assumption that aj () < |T2| 2V=9 fort < T,. The
proof of the other inequality is similar.

Let co > 0. We will prove that if Ty is chosen large enough (depending on cg), then
10(1)] < colt|" ™%, forte[T, T]. (4-18)
By the conservation of energy, (2-19) and (4-4) we have

|Eu) —2E(W)| = |E(T)) —2E(W)| < |T|"%6 < |¢|"%s;
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hence (2-20) yields

N

O T STV = B S|V NS = |f|TWTe < |r| TN (4-19)

|8}

It remains to prove that
0 > —colt| ~-s. (4-20)

To this end, we consider the real scalar function

V(o) = 0(r) W(gm, i40(A(1)g(0)).
L2

We will show that for ¢ € [T, T1] we have
Y1) = —ci e[, (4-21)

with ¢; > 0 as small as we like by eventually enlarging |Tp|.
From (4-19) we get A~ T« [t|~ V= ; hence, taking in Lemma 3.1, say, ¢ = 41101 and choosing
|To| large enough, (3-12) ylelds

N—4
(N—=2)k 2 N=6 K 1, _N=5 1 d
YO T e — [t TV - —(g,ido(A)g)
N6 2w, 4 AW, & .
1 1 1d 1. _n-s (+22)
> (k- Lido(V)g)) — e s,
‘||W||§2(12 (g iAo )g>) e

so we need to compute 2 i d(g,idg(A) g) up to terms of order < |¢|™ N=5. In this proof, the sign ~ will
mean “up to terms of order < |¢|™ =% as |To| — +00”.
Since i Ag(A) is symmetric, we have

1d 1
52 (8 iAo(h)g) = 3X'(2.10240(A)g) + (0rg.iAo(M)g). 423)

The first term is of size < |AT/} gl? <« |t|_ﬁ, and hence is negligible. We expand 9d;g according
to (3-3). Consider the terms in the second line of (3-3). It follows from (3-34) and the fact that
[Ao(A)gll g-1 < llglle that their contribution is < |¢]™ Higlle < It~ (N6 L |t|™w e 6 and hence is
negligible, so we can write

S (8 740(08) = (Ag + W+ Wy 4+ 0)— F(EE W)~ FEWa). Ao(g). (424)

‘We now check that

(£ W+ W) — F(@E W) — £ OWh), do()g)| < [t~ F=s. (4-25)

The function Ag(4)g is supported in the ball of radius RA. In this region we have W, <« W,,; hence (2-3)
yields | f(e'? Wy + efwy) — f(e't W) — FEOW)| < Wy ey By a change of variable we obtain

s N=2 _4 — =2
W Maqui<in =4 2 IW R 20 <Ry S 1TV
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By the first property in Lemma 4.7, | Ao(A)gllz2 S A7 glle < |t |_2<]>’V_—56) ; hence the Cauchy—Schwarz
inequality implies (4-25) (with a large margin). By the triangle inequality, (4-24) and (4-25) yield
1d
2dr

We transform the right-hand side using (4-11), (4-13) and the fact that Ag(A)g = ﬁAq(j)g + A(A)g.
Note that for any ¢ > 0 we have

—(g,ido(M)g) = (Ag + f(& Wy, +e Wy + g) — f( W, +eOW)), Ao(L)g).

5
||g||g <—|f|

if we choose ¢y small enough; thus

S S leidog)
<clt|™N 3—%2 (/|x|<m|vg|2dx—(f(ei?Wu+e"9WA+g)—f(ei?WM+e"9WA), %Aq(j)g))
—(AM) (et Wy +e? u_q), FE W el Wytg)— f(e Wy +efWy)— £/ Wy +e' Wy)g), (4-26)
where ¢, can be made arbitrarily small. Consider the second line. We will check that
(F Wi+ W+ @) = @ W+ W), 4 Aq(3)8)— (' (O Wa)g. )| < [T, (4-27)

Indeed, Ag is bounded; hence H NAq H 1A < |lglle- By (2-4) we have

| £ W, +e Wy +g)— (e Wy +efWy) - f(e’fWM+e’9WA)guL2NuN+Z><||g||g 2 <l

Now from (2-2) we obtain

| (/@ W+ W) = 1 OWa)) | pavsvsnr wi<iay S I C Wl v <y € lle < llglle-
We have obtained

(W + Wy +g) = fE W+ Wa). & Aq(5)g) — (/€O Wa)g. & Aq(3)g)| < I]~~=.

But %Aq(%) =1 for |x| < RA and ”f/(eiOWA)”LN/qulZRA) < 1 for R large. This proves (4-27).
The bounds (4-5) and (4-17) together with (2-38) imply

/| ARSI
x|<

with c¢3 as small as we like by enlarging R. Thus, we have obtained that the second line in (4-26) is
<calt |_%, with ¢, which can be made arbitrarily small.

We are left with the third line of (4-26). We will show that it equals %ZK up to negligible terms. The
support of A(/\)(elfWM) is contained in |x| < R\ and ||A(k)(ei§WM)||Loo < A72; hence

—2

IAA) W)l avin—2 < (ANATR=2) 2V =255 < )7L,
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From (2-4) and Holder we have

N2

1 €W, +e O W)+ g)— F(&E Wy +el® W) — £/ (/S Wy +e W) gl paw/vro S I|gll X2 < [t 7.

Thus, in the third line of (4-26) we can replace A(1)(e’% Wy + e?W)) by A(L)(e!?Wy). Property (P3)
implies |[AW — AW | < W pointwise, with a constant independent of ¢ and R used in the deﬁnition of
the function q After rescaling and phase change we obtain |A(A)(e’9 W) — e’eAWﬂ < )L2 W,. But
AMW = AWA for |x| < RA, so we obtain

'(A(A)(e")w;o 5 OAWL, f@ W+ Wi+ g) = f( W+ Wa) - [/ (W, +e’9ng>‘
-1 | peait ) IPYRT, v\ g1 ait i
S ||R)LWA ’f(e Wy+e"Wy+g)— f*W,+e"Wy)— f(e""W,+e Wx)g‘dx.
x|>
Since | — 6] >~ %, we have |e’§W + 9 Wy | = Wy ; hence (2-4) yields

. . . . . . _4
Wy, - !f(e’§ Wy +e Wy +g)— £ W+ W) — £/ Wy +eOW)g| < W) 2 gl

Integrating over |x| > RA and using Holder we find

'(A(A)(e“"wn 3¢ AW fE W+ W+ g) — [ Wy +e W) — f (elfwwe'em)gﬂ
< c2|t|_H, with ¢; arbitrarily small as R — +00.

Resuming all the computations starting with (4-23), we have shown that

1

ﬁK‘

1d €1, ,_N=5
——(g,iAdg(Q)g) < —|t| ~—o
S g i40(A)g) < SHr R 4
Hence (4-22) yields (4-21).

Since 6(T) = 0, we have |0(T)| < [lg(T)]|2 < |T|_ﬁ. Integrating (4-21) on [T, ¢] we get ¥ (¢) =
—c1|z|_ﬁ. But

(g (1), Ao(M)g))] < g2 < 1| N=S & [t]" 7

hence we obtain 0(¢) = —c|t |_ﬁ, which yields (4-20) if ¢; is chosen small enough. This finishes the
proof of (4-8).

Step 3. From (2-20) we obtain ||g[|Z + C09)L¥ <C |t|_%; hence
12 < —CobA"T" + Crle| 7755 < Lje|7N=6 + Cyle| 7,
provided that cg in (4-18) is small enough. This yields (4-9). O

Choice of the initial data by a topological argument. The bootstrap in Proposition 4.4 leaves out the
control of A(z), a;“(t) and a;r (¢). We will tackle this problem here.
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Proposition 4.8. Let |Ty| be large enough. For all T < Ty there exist A°, a(l), ag satisfying (4-1) such that
the solution u(t) with the initial data u(T) = —i W + W0 + g° exists on the time interval [T, To| and for
t € [T, To] the bounds (4-6)—(4-9) and

1 2 —aS
() = (ke DTN=S | < Z[e[ T2V, (4-28)
lay (0] < 477w, (4-29)
a3 (0)] < 1t 77090 (4-30)

hold.

The proof will be split into some lemmas. For ¢ € [T, Tp], A> 0, a; € R and a; € R we define
7o~ o=y (L — 2 L T m IS Al — I Al I
Xi(A,ay,az) = (L(k|t])"N=6 + Alt|"2N=) Gy |t|"2N=6) a5 |t|"2N=6)).
We see that A(t), ai (¢) and a5 (¢) satisfy (4-28)—(4-30) if and only if
_ 3
'(A@).af@).af ) e 0:=[-3.3]"

Lemma 4.9. Assume that A(t), a] (1) and a;' () satisfy (3-11), (3-35) and (3-36) on the time interval
t € (T1, T») and that

(po, p1, p2) := X (A1), af (1),a3 (1)) € Q\DQ  forallt € (T1, T2).

Then forall t € (T1, T3),

ON —
7o) =5 = 6)|t|‘ po()] = clt™, (4-31)
pi()— ()Pl(t) Eﬁ, (4-32)
pa(t) — M)pz(t) _ﬁ, (4-33)

where ¢ > 0 can be made arbitrarily small by taking Ty large enough.
Proof. By the definition of pg(#) we have

Mt = Lkl TV + po(0)le| 7. (4-34)
Differentiating in time we obtain

_2N-7 5
|7 2V=9 po(t) + [t 2= py(¢).

2 _
(D) = 5 i)™= +

5
2(N —6)
Applying the Newton formula (the binomial expansion with power #) to (4-34) and using the fact
that | po| < 1 we get

_ _ 4 N—4 _n- s
MOTE = RS 4 S )T pol T + O R,
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Thus

5 N—4
2(N—6) N—6

N—4
T _ _ _
20 =320 = ( )18 o6+ 1259 i)+ O3

Using (3-11) and multiplying both sides by |7| 2N=6 we obtain (4-31).
N
We have a (t) = |t| "2V p;(¢), which yields

d . v 4 __N v N 4
o = 2at =i (50 = 2 p0) + 00,

so (3-35) implies (4-32). The proof of (4-33) is similar. O
For C > 1, j €{0,1,2} and p € R? we define

Vi(C,p) = {p + (ro, 71, 72) 1 sign(r;) = sign(p;) and mjax lrj| < C|rj|}.

Lemma 4.10. Assume that A(t), afL(t) and a;(t) satisfy (3-8), (3-11), (4-5), (3-35) and (3-36) for
t € (T1, T). There exists a constant C > 0, depending on Ty and T,, such that if for some T3 € (T, 1)
and j € {0, 1,2} we have |p;(T3)| > %, then for all t € (T3, T2) we have p(t) € V;(C, p(T3)).

Proof. From the previous lemma we infer that there exist strictly positive constants ¢; and C;, depending
on T} and T», such that |p} (t)| < Cy and

POl =7 = |pj(®)] = c1and sign p (1) = sign p; (¢).
It is sufficient to take C > 5—1‘ O

Proof of Proposition 4.8. The proof proceeds by contradiction. Supposing that the result does not hold,
we will construct a continuous retraction ® : Q — 0Q, ®(p) = p for p € Q. It is a well-known fact
from topology that such a function ® does not exist.

Let p° € Q. Take (/\0,51(1),&3) = X7(p°) and let g° be given by Lemma 4.1. Let u : [T, Ty) — € be
the solution of (1-1) for the initial data u(T) = —i W + Wjo + g% We will say that the solution u is
associated with p° € Q.

Let 75 be the infimum of the values of ¢ € [T, T+) such that (4-6), (4-7), (4-8), (4-9), (4-28), (4-29) or
(4-30) does not hold. By our assumption that Proposition 4.8 is false, we have that 75 exists and 75 < Tp.
Indeed, if all the listed conditions were satisfied for z € [T, T4 ), then Corollary A.3 would imply T4 > Tp;
hence all the conditions would hold on [T, Tp], which contradicts the assumption.

Set pl:= X! (M(T2),a (T»).a; (T»)). By continuity p! € Q, and we will show that in fact p! € 3Q.
Indeed, by continuity of the flow, the assumptions of Proposition 4.4 are satisfied for 77 = T, + t for
some T > 0. Hence (4-6)—(4-9) continue to hold on [T>, T> + t], so one of the conditions (4-28), (4-29)
or (4-30) is violated somewhere on [T, T> + 1] for every T > 0. By continuity of the parameters with
respect to time, this yields p! € 9Q.

We set

®:0—-030, d(p°:=pl

It is immediate from the definition that ®(p) = p for p € dQ, and it remains to show that ® is continuous.
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Let p® € Q, ®(p®) = p' €90 and & > 0. Let C be the constant from Lemma 4.10 for 77 = T and
T> = Ty. We will consider the case pé = % the other cases being similar. It is clear that for § > 0 small
enough Vs :=Vo(C. 1 — 6. p{, p}) N9Q is an e-neighborhood of p!. Thus, by Lemma 4.10, in order to
finish the proof it suffices to show that if ¢® € Q with |¢® — p°| small enough, then the solution associated
with g passes through V.

If p° = p! €90, this is obvious, since Vj is in this case a neighborhood of p°. In the case p® € 0\ 90,
the solution associated with p° passes through Vs before reaching Q. Thus, by the continuous dependence
on the initial data, the solution associated with ¢° passes through Vj if |¢® — p°| is small enough. [

Proof of Theorem 1. Let Ty < 0 be given by Proposition 4.8 and let Ty, 71, T3, ... be a decreasing
sequence tending to —oo. For n > 1, let u, be the solution given by Proposition 4.8. Inequalities (4-6),
(4-7), (4-8), (4-28) and (4-9) yield

__ 1
|un () — (—iW + W%(Km)_z/w_é))u e St =9 (4-35)

for all ¢ € [T}, To] and with a constant independent of n. Upon passing to a subsequence, we can assume
that u, (To) — ug € €. Let u be the solution of (1-1) with the initial condition u(7y) = ug. Corollary A.4
implies u exists on the time interval (—oo, Ty] and for all ¢ € (—oo, Ty] we have u;, (¢) — u(t). Passing
to the weak limit in (4-35) finishes the proof. O

Appendix: Cauchy theory

Profile decomposition. We recall briefly the profile decomposition method of Bahouri and Gérard [1999]
and Merle and Vega [1998]. In the case of the energy-critical defocusing NLS, the corresponding theory
was developed by Keraani [2001]. For the focusing NLS in high dimensions, which is the case discussed
in this paper, see [Killip and Visan 2010].

Proposition A.1 (Killip, Visan). Let ug,, be a bounded sequence in £. There exists a subsequence of
Uo,n, still denoted ug p, such that there exist a family of solutions of the linear Schrodinger equation
U/ (1) =¢'t AUOJ and a family of sequences of parameters t;, and A, satisfying the pseudo-orthogonality

condition ) )
AL Ak =k

4k = lim —+ =& N =
/7 S A VAV
such that for all J >0 ; ,
4
uo,n=ZUL-’( ;’) oy, (A-1)
j=1 An /A

with

lim limsup ||CltAwnJ||L2(N+2)/(N—2) =0.
J—>+00 5400 1.x
Moreover, for any J > 0,

J
2 112 J 2
luo.nllz = UG I = lw;] 17| =o0. =

lim
n—+o0o ‘
Jj=1
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Formula (A-1) is called the linear profile decomposition. In the applications, we regard ug,, as a
sequence of initial data of solutions u, of (1-1). In order to approximate the solutions u,, we introduce
nonlinear profiles. The nonlinear profile U/ corresponding to the linear profile Uy’ is defined as the

solution of (1-1) such that
(=t (=t
lim HUJ (—”) —ULJ( n )
n—+o00 Ml ,\{l

The next proposition is a version of the result of Keraani for the focusing NLS. Its statement is very

&

similar to Proposition 2.8 in [Duyckaerts et al. 2011].

Proposition A.2. Let ug , be a sequence in £ with a linear profile decomposition (A-1) and let U J
(T_(U7), T (U7)) — & be the nonlinear profiles. Let t, > 0 be a sequence such that for all j and n
Ty — l‘,{ ; . ; _tr{ Th — Zr{
— < T4 (U/), limsup |UY || p2v+2/(v—2) (1 xpNy < +00,  where I = [ —, . .
()2 b0 (e 2 0

Let uy be the solution of (1-1) with the initial data u, (0) = uo . Then, for n large, u, exists on the time
interval [0, ], im sup,,_, oo [[tin || L2V +2/ v =2) (10,7, ]xr V) < +00 and for all J > 0,

(t—t
u (t)_ E l]]( n) U)J(t) rJ(t),

! j=1 (An)2 /4 ! !
with

lim limsup ||rJ|| 2N+2)/(N—2) ~Ny+ sup ||7'J||S =0.
J—)+OOn—)+oo( n L ([O,tn]XR ) tE[O,‘L’n] " )

Proof. See [Duyckaerts et al. 2011, proof of Proposition 2.8] and [Killip and Visan 2010, proof of
Lemma 3.2]. U
Corollaries.

Corollary A.3. There exists a constant 11 > 0 such that the following holds. Let u : [tyg, Ty+) — & be a
maximal solution of (1-1) with T+ < 4o00. Then for any compact set K C & there exists T < T4 such that
dist(u(t), K) > nfort €[t,T4+).

Proof. See [Jendrej 2016, Corollary A.4]. O

Corollary A.4. There exists a constant n > 0 such that the following holds. Let K C £ be a compact set
and let uy, : [Ty, Tz] — &€ be a sequence of solutions of (1-1) such that

dist(u,(¢), K) <n foralln eNandt € [Ty, T>].

Suppose that u, (T1) — ug € . Then the solution u(t) of (1-1) with the initial condition u(Ty) = ug is
defined for t € [T1, Tz] and
up(t) = u(t) foralltel[Ty,Ts].

Proof. See [Jendrej 2016, Corollary A.6]. O



1958 JACEK JENDREJ

Acknowledgments

Part of this work was realized when I was a Ph.D. student at Ecole Polytechnique. I would like to thank
my advisors Yvan Martel and Frank Merle for encouraging me to pursue this project. I was partially
supported by the ERC grant 291214 BLOWDISOL.

References

[Aubin 1976] T. Aubin, “Equations différentielles non linéaires et probleme de Yamabe concernant la courbure scalaire”, J.
Math. Pures Appl. (9) 55:3 (1976), 269-296. MR Zbl

[Bahouri and Gérard 1999] H. Bahouri and P. Gérard, “High frequency approximation of solutions to critical nonlinear wave
equations”, Amer. J. Math. 121:1 (1999), 131-175. MR Zbl

[Bourgain 1999] J. Bourgain, “Global wellposedness of defocusing critical nonlinear Schrodinger equation in the radial case”, J.
Amer. Math. Soc. 12:1 (1999), 145-171. MR Zbl

[Cazenave and Weissler 1990] T. Cazenave and F. B. Weissler, “The Cauchy problem for the critical nonlinear Schrodinger
equation in H*”, Nonlinear Anal. 14:10 (1990), 807-836. MR Zbl

[Colliander et al. 2008] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Global well-posedness and scattering for
the energy-critical nonlinear Schrodinger equation in R3”, Ann. of Math. (2) 167:3 (2008), 767-865. MR Zbl

[Collot et al. 2017] C. Collot, F. Merle, and P. Raphagl, “Dynamics near the ground state for the energy critical nonlinear heat
equation in large dimensions”, Comm. Math. Phys. 352:1 (2017), 215-285. MR Zbl

[Duyckaerts and Merle 2009] T. Duyckaerts and F. Merle, “Dynamic of threshold solutions for energy-critical NLS”, Geom.
Funct. Anal. 18:6 (2009), 1787-1840. MR Zbl

[Duyckaerts et al. 2011] T. Duyckaerts, C. Kenig, and F. Merle, “Universality of blow-up profile for small radial type II blow-up
solutions of the energy-critical wave equation”, J. Eur. Math. Soc. (JEMS) 13:3 (2011), 533-599. MR Zbl

[Duyckaerts et al. 2013] T. Duyckaerts, C. Kenig, and F. Merle, “Classification of radial solutions of the focusing, energy-critical
wave equation”, Camb. J. Math. 1:1 (2013), 75-144. MR Zbl

[Duyckaerts et al. 2017] T. Duyckaerts, H. Jia, C. Kenig, and F. Merle, “Soliton resolution along a sequence of times for the
focusing energy critical wave equation”, Geom. Funct. Anal. 27:4 (2017), 798-862. MR

[Fan 2016] C. Fan, “The L2 weak sequential convergence of radial mass critical NLS solutions with mass above the ground
state”, preprint, 2016. arXiv

[Jendrej 2015] J. Jendrej, “Nonexistence of radial two-bubbles with opposite signs for the energy-critical wave equation”, 2015.
To appear in Ann. Sc. Norm. Super. Pisa Cl. Sci. as “On two-bubble solutions for the energy-critical wave equation: nonexistence
in the case of opposite signs”. arXiv

[Jendrej 2016] J. Jendrej, “Construction of two-bubble solutions for energy-critical wave equations”, preprint, 2016. To appear
in Amer. J. Math. arXiv

[Kenig and Merle 2006] C. E. Kenig and F. Merle, “Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrodinger equation in the radial case”, Invent. Math. 166:3 (2006), 645-675. MR Zbl

[Keraani 2001] S. Keraani, “On the defect of compactness for the Strichartz estimates of the Schrodinger equations”, J.
Differential Equations 175:2 (2001), 353-392. MR Zbl

[Killip and Visan 2010] R. Killip and M. Visan, “The focusing energy-critical nonlinear Schrodinger equation in dimensions five
and higher”, Amer. J. Math. 132:2 (2010), 361-424. MR Zbl

[Krieger et al. 2008] J. Krieger, W. Schlag, and D. Tataru, “Renormalization and blow up for charge one equivariant critical
wave maps”, Invent. Math. 171:3 (2008), 543-615. MR Zbl

[Krieger et al. 2009] J. Krieger, W. Schlag, and D. Tataru, “Slow blow-up solutions for the H ! (R3) critical focusing semilinear
wave equation”, Duke Math. J. 147:1 (2009), 1-53. MR Zbl

[Martel 2005] Y. Martel, “Asymptotic N -soliton-like solutions of the subcritical and critical generalized Korteweg-de Vries
equations”, Amer. J. Math. 127:5 (2005), 1103-1140. MR Zbl


http://msp.org/idx/mr/0431287
http://msp.org/idx/zbl/0336.53033
http://dx.doi.org/10.1353/ajm.1999.0001
http://dx.doi.org/10.1353/ajm.1999.0001
http://msp.org/idx/mr/1705001
http://msp.org/idx/zbl/0919.35089
http://dx.doi.org/10.1090/S0894-0347-99-00283-0
http://msp.org/idx/mr/1626257
http://msp.org/idx/zbl/0958.35126
http://dx.doi.org/10.1016/0362-546X(90)90023-A
http://dx.doi.org/10.1016/0362-546X(90)90023-A
http://msp.org/idx/mr/1055532
http://msp.org/idx/zbl/0706.35127
http://dx.doi.org/10.4007/annals.2008.167.767
http://dx.doi.org/10.4007/annals.2008.167.767
http://msp.org/idx/mr/2415387
http://msp.org/idx/zbl/1178.35345
http://dx.doi.org/10.1007/s00220-016-2795-4
http://dx.doi.org/10.1007/s00220-016-2795-4
http://msp.org/idx/mr/3623259
http://msp.org/idx/zbl/06705485
http://dx.doi.org/10.1007/s00039-009-0707-x
http://msp.org/idx/mr/2491692
http://msp.org/idx/zbl/1232.35150
http://dx.doi.org/10.4171/JEMS/261
http://dx.doi.org/10.4171/JEMS/261
http://msp.org/idx/mr/2781926
http://msp.org/idx/zbl/1230.35067
http://dx.doi.org/10.4310/CJM.2013.v1.n1.a3
http://dx.doi.org/10.4310/CJM.2013.v1.n1.a3
http://msp.org/idx/mr/3272053
http://msp.org/idx/zbl/1308.35143
http://dx.doi.org/10.1007/s00039-017-0418-7
http://dx.doi.org/10.1007/s00039-017-0418-7
http://msp.org/idx/mr/3678502
http://msp.org/idx/arx/1607.04194
http://msp.org/idx/arx/1510.03965
http://msp.org/idx/arx/1602.06524
http://dx.doi.org/10.1007/s00222-006-0011-4
http://dx.doi.org/10.1007/s00222-006-0011-4
http://msp.org/idx/mr/2257393
http://msp.org/idx/zbl/1115.35125
http://dx.doi.org/10.1006/jdeq.2000.3951
http://msp.org/idx/mr/1855973
http://msp.org/idx/zbl/1038.35119
http://dx.doi.org/10.1353/ajm.0.0107
http://dx.doi.org/10.1353/ajm.0.0107
http://msp.org/idx/mr/2654778
http://msp.org/idx/zbl/1208.35138
http://dx.doi.org/10.1007/s00222-007-0089-3
http://dx.doi.org/10.1007/s00222-007-0089-3
http://msp.org/idx/mr/2372807
http://msp.org/idx/zbl/1139.35021
http://dx.doi.org/10.1215/00127094-2009-005
http://dx.doi.org/10.1215/00127094-2009-005
http://msp.org/idx/mr/2494455
http://msp.org/idx/zbl/1170.35066
http://dx.doi.org/10.1353/ajm.2005.0033
http://dx.doi.org/10.1353/ajm.2005.0033
http://msp.org/idx/mr/2170139
http://msp.org/idx/zbl/1090.35158

CONSTRUCTION OF TWO-BUBBLE SOLUTIONS FOR THE ENERGY-CRITICAL NLS 1959

[Martel and Raphaél 2015] Y. Martel and P. Raphagl, “Strongly interacting blow up bubbles for the mass critical NLS”, preprint,
2015. To appear in Ann. Sci. Ecole Norm. Sup. arXiv

[Merle 1990] E. Merle, “Construction of solutions with exactly k blow-up points for the Schrodinger equation with critical
nonlinearity”, Comm. Math. Phys. 129:2 (1990), 223-240. MR Zbl

[Merle and Raphagl 2004] F. Merle and P. Raphagl, “On universality of blow-up profile for L? critical nonlinear Schrédinger
equation”, Invent. Math. 156:3 (2004), 565-672. MR Zbl

[Merle and Raphaél 2005] F. Merle and P. Raphaél, “Profiles and quantization of the blow up mass for critical nonlinear
Schrodinger equation”, Comm. Math. Phys. 253:3 (2005), 675-704. MR Zbl

[Merle and Vega 1998] E. Merle and L. Vega, “Compactness at blow-up time for L2 solutions of the critical nonlinear Schrodinger
equation in 2D”, Internat. Math. Res. Notices 1998:8 (1998), 399—425. MR Zbl

[Merle et al. 2013] F. Merle, P. Raphaél, and I. Rodnianski, “Blowup dynamics for smooth data equivariant solutions to the
critical Schrodinger map problem”, Invent. Math. 193:2 (2013), 249-365. MR Zbl

[Nakanishi and Roy 2016] K. Nakanishi and T. Roy, “Global dynamics above the ground state for the energy-critical Schrodinger
equation with radial data”, Commun. Pure Appl. Anal. 15:6 (2016), 2023-2058. MR Zbl

[Ortoleva and Perelman 2013] C. Ortoleva and G. Perelman, “Nondispersive vanishing and blow up at infinity for the energy
critical nonlinear Schrédinger equation in R3”, Algebra i Analiz 25:2 (2013), 162-192. In Russian; translated in St. Petersburg
Math. J. 25:2 (2014), 271-294. MR Zbl

[Perelman 2014] G. Perelman, “Blow up dynamics for equivariant critical Schrodinger maps”, Comm. Math. Phys. 330:1 (2014),
69-105. MR Zbl

[Ryckman and Visan 2007] E. Ryckman and M. Visan, “Global well-posedness and scattering for the defocusing energy-critical
nonlinear Schrodinger equation in R T4, Amer. J. Math. 129:1 (2007), 1-60. MR Zbl

[Talenti 1976] G. Talenti, “Best constant in Sobolev inequality”, Ann. Mat. Pura Appl. (4) 110 (1976), 353-372. MR Zbl

[Tao 2005] T. Tao, “Global well-posedness and scattering for the higher-dimensional energy-critical nonlinear Schrédinger
equation for radial data”, New York J. Math. 11 (2005), 57-80. MR Zbl

[Visan 2007] M. Visan, “The defocusing energy-critical nonlinear Schrodinger equation in higher dimensions”, Duke Math. J.
138:2 (2007), 281-374. MR Zbl

Received 7 Nov 2016. Revised 8 May 2017. Accepted 28 Jul 2017.

JACEK JENDREJ: jacek@math.uchicago.edu
Department of Mathematics, University of Chicago, Chicago, IL, United States

mathematical sciences publishers :'msp


http://msp.org/idx/arx/1512.00900
http://dx.doi.org/10.1007/BF02096981
http://dx.doi.org/10.1007/BF02096981
http://msp.org/idx/mr/1048692
http://msp.org/idx/zbl/0707.35021
http://dx.doi.org/10.1007/s00222-003-0346-z
http://dx.doi.org/10.1007/s00222-003-0346-z
http://msp.org/idx/mr/2061329
http://msp.org/idx/zbl/1067.35110
http://dx.doi.org/10.1007/s00220-004-1198-0
http://dx.doi.org/10.1007/s00220-004-1198-0
http://msp.org/idx/mr/2116733
http://msp.org/idx/zbl/1062.35137
http://dx.doi.org/10.1155/S1073792898000270
http://dx.doi.org/10.1155/S1073792898000270
http://msp.org/idx/mr/1628235
http://msp.org/idx/zbl/0913.35126
http://dx.doi.org/10.1007/s00222-012-0427-y
http://dx.doi.org/10.1007/s00222-012-0427-y
http://msp.org/idx/mr/3090180
http://msp.org/idx/zbl/1326.35052
http://dx.doi.org/10.3934/cpaa.2016026
http://dx.doi.org/10.3934/cpaa.2016026
http://msp.org/idx/mr/3565931
http://msp.org/idx/zbl/1352.35165
http://www.mathnet.ru/links/9405a17ff5fb01c09a77a537e0d79d2b/aa1328.pdf
http://www.mathnet.ru/links/9405a17ff5fb01c09a77a537e0d79d2b/aa1328.pdf
http://dx.doi/org/10.1090/S1061-0022-2014-01290-3
http://dx.doi/org/10.1090/S1061-0022-2014-01290-3
http://msp.org/idx/mr/3114854
http://msp.org/idx/zbl/1303.35103
http://dx.doi.org/10.1007/s00220-014-1916-1
http://msp.org/idx/mr/3215578
http://msp.org/idx/zbl/1300.35008
http://dx.doi.org/10.1353/ajm.2007.0004
http://dx.doi.org/10.1353/ajm.2007.0004
http://msp.org/idx/mr/2288737
http://msp.org/idx/zbl/1160.35067
http://dx.doi.org/10.1007/BF02418013
http://msp.org/idx/mr/0463908
http://msp.org/idx/zbl/0353.46018
http://nyjm.albany.edu:8000/j/2005/11_57.html
http://nyjm.albany.edu:8000/j/2005/11_57.html
http://msp.org/idx/mr/2154347
http://msp.org/idx/zbl/1119.35092
http://dx.doi.org/10.1215/S0012-7094-07-13825-0
http://msp.org/idx/mr/2318286
http://msp.org/idx/zbl/1131.35081
mailto:jacek@math.uchicago.edu
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Nicolas Burq  Université Paris-Sud 11, France Werner Miiller  Universitit Bonn, Germany
nicolas.burq @math.u-psud.fr mueller @math.uni-bonn.de
Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier =~ Texas A&M University, and Paris 6
berti @sissa.it pisier@math.tamu.edu
Sun-Yung Alice Chang  Princeton University, USA Tristan Riviere ~ETH, Switzerland
chang@math.princeton.edu riviere @math.ethz.ch
Michael Christ ~ University of California, Berkeley, USA Igor Rodnianski  Princeton University, USA
mchrist@math.berkeley.edu irod @math.princeton.edu
Charles Fefferman  Princeton University, USA Wilhelm Schlag  University of Chicago, USA
cf@math.princeton.edu schlag@math.uchicago.edu
Ursula Hamenstaedt ~ Universitit Bonn, Germany Sylvia Serfaty ~New York University, USA
ursula@math.uni-bonn.de serfaty @cims.nyu.edu
Vaughan Jones  U.C. Berkeley & Vanderbilt University Yum-Tong Siu  Harvard University, USA
vaughan.f.jones @ vanderbilt.edu siu@math.harvard.edu
Vadim Kaloshin  University of Maryland, USA Terence Tao  University of California, Los Angeles, USA
vadim.kaloshin@gmail.com tao@math.ucla.edu
Herbert Koch ~ Universitit Bonn, Germany Michael E. Taylor ~ Univ. of North Carolina, Chapel Hill, USA
koch@math.uni-bonn.de met@math.unc.edu
Izabella Laba  University of British Columbia, Canada Gunther Uhlmann ~ University of Washington, USA
ilaba@math.ubc.ca gunther @math.washington.edu
Gilles Lebeau  Université de Nice Sophia Antipolis, France Andrds Vasy  Stanford University, USA
lebeau @unice.fr andras @math.stanford.edu
Richard B. Melrose ~ Massachussets Inst. of Tech., USA Dan Virgil Voiculescu  University of California, Berkeley, USA
rbm@math.mit.edu dvv@math.berkeley.edu
Frank Merle  Université de Cergy-Pontoise, France Steven Zelditch  Northwestern University, USA
Frank.Merle @u-cergy.fr zelditch@math.northwestern.edu
William Minicozzi I Johns Hopkins University, USA Maciej Zworski  University of California, Berkeley, USA
minicozz@math.jhu.edu zworski@math.berkeley.edu

Clément Mouhot ~ Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2017 is US $265/year for the electronic version, and $470/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 10 No.8 2017

Koszul complexes, Birkhoff normal form and the magnetic Dirac operator
NIKHIL SAVALE

Incompressible immiscible multiphase flows in porous media: a variational approach
CLEMENT CANCES, THOMAS O. GALLOUET and LEONARD MONSAINGEON

Resonances for symmetric tensors on asymptotically hyperbolic spaces
CHARLES HADFIELD

Construction of two-bubble solutions for the energy-critical NLS
JACEK JENDREJ

Bilinear restriction estimates for surfaces of codimension bigger than 1
JONG-GUK BAK, JUNGIJIN LEE and SANGHYUK LEE

Complete embedded complex curves in the ball of C? can have any topology
ANTONIO ALARCON and JOSIP GLOBEVNIK

Finite-time degeneration of hyperbolicity without blowup for quasilinear wave equations

JARED SPECK

1793

1845

1877

1923

1961

1987

2001

Dimension of the minimum set for the real and complex Monge—Ampere equations in critical 2031

Sobolev spaces
TRISTAN C. COLLINS and CONNOR MOONEY



	1. Introduction
	Setting of the problem
	Main results
	Outline of the proof
	Notation

	2. Variational estimates
	Linearization near a ground state
	Coercivity of the energy near a two-bubble

	3. Modulation
	Bounds on the modulation parameters
	Control of the stable and unstable component

	4. Bootstrap
	A virial-type correction
	Closing the bootstrap
	Choice of the initial data by a topological argument

	Appendix: Cauchy theory
	Profile decomposition
	Corollaries

	Acknowledgments
	References
	
	

