msp



ANALYSIS AND PDE
Vol. 11, No. 1, 2018

dx.doi.org/10.2140/apde.2018.11.1

ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS,
AND THE FRIED CONJECTURE

SHU SHEN
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associated with an acyclic unitarily flat vector bundle on a closed locally symmetric reductive manifold.
This solves a conjecture of Fried. This article should be read in conjunction with an earlier paper by
Moscovici and Stanton.

1. Introduction 1
2. Characteristic forms and analytic torsion

3. Preliminaries on reductive groups 11
4. Orbital integrals and Selberg trace formula 15
5. The solution to Fried conjecture 23
6. Reductive groups G with compact center and §(G) = 1 27
7. Selberg and Ruelle zeta functions 45
8. A cohomological formula for r; 56
Acknowledgements 70
Index 71
References 73

1. Introduction

The purpose of this article is to prove the equality of the analytic torsion and the value at zero of a
Ruelle dynamical zeta function associated with an acyclic unitarily flat vector bundle on a closed locally
symmetric reductive manifold, which completes a gap in the proof given by Moscovici and Stanton [1991]
and solves a conjecture of Fried [1987].

Let Z be a smooth closed manifold. Let F' be a complex vector bundle equipped with a flat
Hermitian metric g¥. Let H*(Z, F) be the cohomology of sheaf of locally flat sections of F. We
assume H*(Z, F)=0.

The Reidemeister torsion, introduced in [Reidemeister 1935], is a positive real number one obtains via
the combinatorial complex with values in F associated with a triangulation of Z, which can be shown
not to depend on the triangulation.

Let g7Z be a Riemannian metric on 7' Z. Ray and Singer [1971] constructed the analytic torsion T'(F)
as a spectral invariant of the Hodge Laplacian associated with g7Z and g¥. They showed that if Z is an
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even-dimensional oriented manifold, then 7(F) = 1. Moreover, if dim Z is odd, then T (F) does not
depend on the metric data.

Ray and Singer [1971] conjectured an equality between the Reidemeister torsion and the analytic
torsion, which was later proved by Cheeger [1979] and Miiller [1978]. Using the Witten deformation,
Bismut and Zhang [1992] gave an extension of the Cheeger—Miiller theorem which is valid for arbitrary
flat vector bundles.

From the dynamical side, Milnor [1968b, Section 3] pointed out a remarkable similarity between
the Reidemeister torsion and the Weil zeta function. A quantitative description of their relation was
formulated by Fried [1986] when Z is a closed oriented hyperbolic manifold. Namely, he showed that
the value at zero of the Ruelle dynamical zeta function, constructed using the closed geodesics in Z and
the holonomy of F, is equal to 7'(F)?2. Fried [1987, p. 66, Conjecture] suggested that a similar result
holds true for general closed locally homogeneous manifolds.

In this article, we prove the Fried conjecture for odd-dimensional! closed locally symmetric reductive
manifolds. More precisely, we show that the dynamical zeta function is meromorphic on C, holomorphic
at 0, and that its value at 0 is equal to 7'(F)2

The proof of the above result by Moscovici and Stanton [1991], based on the Selberg trace formula
and harmonic analysis on reductive groups, does not seem to be complete. We give the proper argument
to make it correct. Our proof is based on the explicit formula given by Bismut [2011, Theorem 6.1.1] for
semisimple orbital integrals.

The results contained in this article were announced in [Shen 2016]. See also Ma’s talk [2017] at
Séminaire Bourbaki for an introduction.

Now, we will describe our results in more detail, and explain the techniques used in their proofs.

1A. The analytic torsion. Let Z be a smooth closed manifold, and let F* be a complex flat vector bundle
on Z.

Let g7Z be a Riemannian metric on 7 Z, and let g¥ be a Hermitian metric on F. To g7 and g, we
can associate an L2-metric on Q*(Z, F), the space of differential forms with values in F. Let O< be the
Hodge Laplacian acting on Q°(Z, F'). By Hodge theory, we have a canonical isomorphism

kerO% ~ H*(Z, F). (1-1)

Let (O%)~! be the inverse of (12 acting on the orthogonal space to ker 0%. Let N AYT*Z) pe the
number operator of A*(T*Z), i.e., multiplication by i on Q' (Z, F). Let Tr, denote the supertrace. For
s € C, Re(s) > %dim Z, set

0(s) = — Tr[NA T2 (@%) ™), (1-2)
By [Seeley 1967], 6(s) has a meromorphic extension to C, which is holomorphic at s = 0. The analytic
torsion is a positive real number given by

T(F) = exp(6(0)/2). (1-3)

1The even-dimensional case is trivial.
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Equivalently, T(F') is given by the following weighted product of the zeta regularized determinants:
dimZ )
T(F)= 1_[ det(0% |gi(z, ) TV"/2 (1-4)
i=1
1B. The dynamical zeta function. Let us recall the general definition of the formal dynamical zeta
function associated to a geodesic flow given in [Fried 1987, Section 5].

Let (Z, gT%) be a connected manifold with nonpositive sectional curvature. Let I' = 71 (Z) be the
fundamental group of Z, and let [I'] be the set of the conjugacy classes of I'. We identify [I'] with the
free homotopy space of Z. For [y] € [I'], let B, be the set of closed geodesics, parametrized by [0, 1],
in the class [y]. The map x. € B[,,] = (xo, Xo/|Xo|) induces an identification between [ [ 1e[rj—¢13 Bly]
and the fixed points of the geodesic flow at time 7 = 1 acting on the unit tangent bundle SZ. Then, By, is
equipped with the induced topology, and is connected and compact. Moreover, all the elements in B[,
have the same length [[,,;. Also, the Fuller index ind (By,)) € Q is well defined [Fried 1987, Section 4].
Given a finite-dimensional representation p of I', for o € C, the formal dynamical zeta function is then
defined by

Ry(0) = exp( Z Tr[p(y)]ind (B[y])e_"l[l’]). (1-5)
[yle[l'l—{1}
Note that our definition is the inverse of the one introduced by Fried [1987, p. 51].

The Fuller index can be made explicit in many case. If [y] € [[]—{1}, the group S! acts locally freely on
B[y by rotation. Assume that the B[} are smooth manifolds. This is the case if (Z, g7#%) has a negative
sectional curvature or if Z is locally symmetric. Then Sl\B[y] is an orbifold. Let Xorb(Sl\B[y]) € Q be
the orbifold Euler characteristic [Satake 1957]. Denote by

mpy) = |ker(S' — Diff(Bp,)))| € N* (1-6)
the multiplicity of a generic element in Bp,]. By [Fried 1987, Lemma 5.3], we have
Xorn(S'\Bpy))

indF (B[y]) = (1'7)
Mmiy]
By (1-5) and (1-7), the formal dynamical zeta function is then given by
SN\B
Ro@ =ewp( Y Trlp 2O o) (1-8)

Ylelr)—(1} ]
We will say that the formal dynamical zeta function is well defined if R, (0’) is holomorphic for Re(o) > 1
and extends meromorphically to o € C.
Observe that if (Z, g7 %) is of negative sectional curvature, then By ~ S! and

Xon(S'\Bp) = 1. (1-9)

In this case, R, (o) was recently shown to be well defined by Giulietti, Liverani and Pollicott [Giulietti et al.
2013] and Dyatlov and Zworski [2016]. Moreover, Dyatlov and Zworski [2017] showed that if (Z, gTZ )
is a negatively curved surface, the order of the zero of R,(0) at o = 0 is related to the genus of Z.
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1C. The Fried conjecture. Let us briefly recall the results in [Fried 1986]. Assume Z is an odd-
dimensional connected orientable closed hyperbolic manifold. Take r € N. Let p: I' — U(r) be a unitary
representation of the fundamental group I'. Let F' be the unitarily flat vector bundle on Z associated to p.

Using the Selberg trace formula, Fried [1986, Theorem 3] showed that there exist explicit constants
C, € R* and rj, € Z such that as 0 — 0,

R,y(0) = C,T(F)*0™ + O(c" ). (1-10)
Moreover, if H*(Z, F) = 0, then
Co=1, 1,=0, (1-11)
so that
R,(0) = T(F)~ (1-12)

Fried [1987, p. 66, Conjecture] suggested that the same holds true when Z is a general closed locally
homogeneous manifold.

1D. The V-invariant. In this and in the following subsections, we give a formal proof of (1-12) using
the V-invariant of Bismut and Goette [2004].

Let S be a closed manifold equipped with an action of a compact Lie group L, with Lie algebra [. If
a €1, let a® be the corresponding vector field on S. Bismut and Goette [2004] introduced the V-invariant
Va(S) e R.

Let f be an ¢ -invariant Morse—Bott function on S. Let B r C S be the critical submanifold. Since
as|p - € TBy, V4(By) is also well defined. By [Bismut and Goette 2004, Theorem 4.10], V,(S) and
Va(By) are related by a simple formula.

1E. Analytic torsion and the V-invariant. Let us argue formally. Let L Z be the free loop space of Z
equipped with the canonical S!-action. Write LZ = ]_[[y]e[I‘] (LZ)y as a disjoint union of its connected
components. Let a be the generator of the Lie algebra of S! such that exp(a) = 1. As explained in
[Bismut 2005, Equation (0.3)], if F is a unitarily flat vector bundle on Z such that H*(Z, F) = 0, at
least formally, we have
log T(F) ==Y Trlp()Va((LZ)py))- (1-13)
[vlelT]

Suppose that (Z, g7 #) is an odd-dimensional connected closed manifold of nonpositive sectional
curvature, and suppose that the energy functional

1
E:x.eLZ—>%/ 155 |2 ds (1-14)
0

on LZ is Morse-Bott. The critical set of E is just [ [[,1e[ry Bly]> and all the critical points are local
minima. Applying [Bismut and Goette 2004, Theorem 4.10] to the infinite-dimensional manifold (L Z)y
equipped with the S!-invariant Morse—Bott functional E, we have the formal identity

Va(LZ)(y) = Va(Bly))- (1-15)
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Since B[j) = Z is formed of the trivial closed geodesics, by the definition of the V-invariant,
Va(Bp1y) = 0. (1-16)

By [Bismut and Goette 2004, Proposition 4.26], if [y] € [['] — {1}, then

Xorn(S'\ Bpy))
Va(Bp)) = —T”. (1-17)
[¥]
By (1-13), (1-15)—(1-17), we get a formal identity
1 Xorn(S'\ Bpy))
logT(F)=75 Y. Trlp()]="———L, (1-18)

[ylelTl-{1} "yl

which is formally equivalent to (1-12).

1F. The main result of the article. Let G be a linear connected real reductive group [Knapp 1986, p. 3],
and let 6 be the Cartan involution. Let K be the maximal compact subgroup of G of the points of G that
are fixed by 6. Let ¢ and g be the Lie algebras of K and G, and let g = p & € be the Cartan decomposition.
Let B be a nondegenerate bilinear symmetric form on g which is invariant under the adjoint action of G
and 6. Assume that B is positive on p and negative on £. Set X = G/ K. Then B induces a Riemannian
metric g7 on the tangent bundle 7X = G x p such that X is of nonpositive sectional curvature.

Let I' C G be a discrete torsion-free cocompact subgroup of G. Set Z = I'\ X. Then Z is a closed
locally symmetric manifold with 71(Z) = I'. Recall that p : I' — U(r) is a unitary representation of I,
and that F' is the unitarily flat vector bundle on Z associated with p. The main result of this article gives
the solution of the Fried conjecture for Z. In particular, this conjecture is valid for all the closed locally
symmetric spaces of noncompact type.

Theorem 1.1. Assume dim Z is odd. The dynamical zeta function R,(0) is holomorphic for Re(o) > 1
and extends meromorphically to o € C. Moreover, there exist explicit constants C, € R* and r, € Z, see
(7-75), such that, when o — 0,

R,y(0) = C,T(F)*0™ + O(c" ). (1-19)
If H*(Z, F) =0, then
Co=1, rp=0, (1-20)
so that
R,(0) =T(F)% (1-21)

Let §(G) be the nonnegative integer defined by the difference between the complex ranks of G and K.
Since dim Z is odd, §(G) is odd. For §(G) # 1, Theorem 1.1 is originally due to Moscovici and Stanton
[1991] and was recovered by Bismut [2011]. Indeed, it was proved in [Moscovici and Stanton 1991,
Corollary 2.2, Remark 3.7] or [Bismut 2011, Theorem 7.9.3] that T(F) = 1 and Xorb(§1\B[y]) =0 for

all [y] € [T']—{1}.
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Remark that both of the above two proofs use the Selberg trace formula. However, in the evaluation of
the geometric side of the Selberg trace formula and of orbital integrals, Moscovici and Stanton relied
on Harish-Chandra’s Plancherel theory, while Bismut used his explicit formula [2011, Theorem 6.1.1]
obtained via the hypoelliptic Laplacian.

Our proof of Theorem 1.1 relies on Bismut’s formula.

1G. Our results on R,(0). Assume that §(G) = 1. To show that R,(c0) extends as a meromorphic
function on C when Z is hyperbolic, Fried [1986] showed that R,(0’) is an alternating product of certain
Selberg zeta functions. Moscovici and Stanton’s idea was to introduce the more general Selberg zeta
functions and to get a similar formula for R, (o).

Let us recall some facts about reductive group G with §(G) = 1. In this case, there exists a unique (up
to conjugation) standard parabolic subgroup O C G with Langlands decomposition Q = Mg AgNg
such that dim Ag = 1. Let m, b, n be the Lie algebras of Mo, Ag, No. Let & € b* be such that, for
a € b, ad(a) acts on n as a scalar {«, a) € R (see Proposition 6.3). Let M be the connected component of
identity of M. Then M is a connected reductive group with maximal compact subgroup Ky = M N K
and with Cartan decomposition m = p,,, @ £,,. We have the identity of real Kjs-representations

pPpndbdn. (1-22)

An observation due to Moscovici and Stanton is that yomp(S* \B[y1) # 0 only if y can be conjugated
by an element of G into Ag K. For o € C, we define the formal Selberg zeta function by

1 Aj(n*) _
Zj(a)zexp(_ T Ty SN B TG

— le_al“’]), (1-23)
[ylelT]—{1} 1 |det(1 — Ad(e®k ™)) ngon |

where a € b, k € Kj are such that y can be conjugated to e“k~!. We remark that lty1 = |a|. To show
the meromorphicity of Z; (o), Moscovici and Stanton tried to identify Z; (o) with the geometric side of
the zeta regularized determinant of the resolvent of some elliptic operator acting on some vector bundle
on Z. However, the vector bundle used in [Moscovici and Stanton 1991], whose construction involves
the adjoint representation of K3s on A’ (p¥) ® A’ (n*), does not live on Z, but only on T'\G/ K.

We complete this gap by showing that such an object exists as a virtual vector bundle on Z in the sense
of K-theory. More precisely, let RO(K), RO(Kjy) be the real representation rings of K and Kps. We can
verify that the restriction RO(K) — RO(Kjy) is injective. Note that p,,, n € RO(Kps). In Section 6C,
using the classification theory of real simple Lie algebras, we show py,, n are in the image of RO(K). For
0<j<dimnletE; =F ;r - F ;€ RO(K) such that the following identity in RO(K}ps) holds:

dim p,
( ) (—D"Al’(p:;)) ® A (n%) = Ejlky - (1-24)

i=0

Let £ = G xg Ej be a Z-graded vector bundle on X. It descends to a Z,-graded vector bundle F;
on Z. Let C; be a Casimir operator of G action on C*°(Z, F; ®g F). In Theorem 7.6, we show that



ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS, AND THE FRIED CONJECTURE 7
there are 0; € R and an odd polynomial P; such that if Re(o) > 1, Z; (o) is holomorphic and
Zj(0) =dety(Cj +0; + o2) exp(r vol(Z) P;j(0)), (1-25)

where dety, is the zeta regularized Z5-graded determinant. In particular, Z; (0') extends meromorphically
to C.
By a direct calculation of linear algebra, we have

dimn

Rp@) =[] Zi(o + (j — L dimm)la)) V", (126)
j=0

from which we get the meromorphic extension of R,(c). Note that the meromorphic function

dim Z
T(U) = 1_[ det(cr + DZ|Qi(Z’F))(_1)Il (1-27)
i=1
has a Laurent expansion near 0 = 0,
T(0) = T(F)?>cX X:F) L (g KF)+1y, (1-28)

where y'(X, F) is the derived Euler number; see (2-8). Note also that the Hodge Laplacian 0% coincides
with the Casimir operator acting on Q2°(Z, F'). The Laurent expansion (1-19) can be deduced from
(1-25)—(1-28) and the identity in RO(K),

dimp dimn

DDA ) =) (-1 E;. (1-29)
j=0

i=1

1H. Proof of (1-20). To understand how the acyclicity of F is reflected in the function R,(0’), we need
some deep results of representation theory. Let p : I'\G — Z be the natural projection. The enveloping
algebra of U(g) acts on C*°(I'\G, p* F). Let Z(g) be the center of U(g). Let V° C C*®(T'\G, p*F)
be the subspace of C>°(I'\G, p* F) on which the action of Z(g) vanishes, and let V' be the closure of
V> in L2(I'\G, p*F). Then V is a unitary representation of G. The compactness of I'\G implies that
V is a finite sum of irreducible unitary representations of G. By standard arguments [Borel and Wallach
2000, Chapter VII, Theorem 3.2, Corollary 3.4], the cohomology H*(Z, F) is canonically isomorphic to
the (g, K)-cohomology H*(g, K; V) of V.

In [Vogan and Zuckerman 1984; Vogan 1984], the authors classified all irreducible unitary repre-
sentations with nonzero (g, K)-cohomology. On the other hand, Salamanca-Riba [1999] showed that
any irreducible unitary representation with vanishing Z(g)-action is in the class specified by Vogan and
Zuckerman, which means that it possesses nonzero (g, K)-cohomology.

By the above considerations, the acyclicity of F is equivalent to V' = 0. This is essentially the algebraic
ingredient in the proof of (1-20). Indeed, in Corollary 8.18, we give a formula for the constants C, and 7,
obtained by Hecht—Schmid formula [1983] with the help of the n-homology of V.
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11. The organization of the article. This article is organized as follows. In Section 2, we recall the
definitions of certain characteristic forms and of the analytic torsion.

In Section 3, we introduce the reductive groups and the fundamental rank §(G) of G.

In Section 4, we introduce the symmetric space. We recall basic principles for the Selberg trace formula,
and we state formulas by Bismut [2011, Theorem 6.1.1] for semisimple orbital integrals. We recall the
proof, given in Theorem 7.9.1 of the same paper, of a vanishing result of the analytic torsion 7'(F) in the
case 8(G) # 1, which is originally due to Moscovici and Stanton [1991, Corollary 2.2].

In Section 5, we introduce the dynamical zeta function R, (o), and we state Theorem 1.1 as Theorem 5.5.
We prove Theorem 1.1 when §(G) # 1 or when G has noncompact center.

Sections 68 are devoted to establishing Theorem 1.1 when G has compact center and when §(G) = 1.

In Section 6, we introduce geometric objects associated with such reductive groups G.

In Section 7, we introduce Selberg zeta functions, and we prove that R,(0") extends meromorphically,
and we establish (1-19).

Finally, in Section 8, after recalling some constructions and results of representation theory, we prove
that (1-20) holds.

Throughout the paper, we use the superconnection formalism of [Quillen 1985] and [Berline et al.
2004, Section 1.3]. If A is a Z,-graded algebra and if a, b € A, the supercommutator [a, b] is given by

[a,b] = ab — (—1)%eedeebpy (1-30)

If B is another Z,-graded algebra, we denote by A ® B the super tensor product algebra of A and B. If
E = Et @ E~ is a Z,-graded vector space, the algebra End(E) is Z,-graded. If r = 1 on E¥ and if
a € End(E), the supertrace Trg[a] is defined by

Trs[a] = Tr[zal. (1-3D)

We make the convention that N ={0,1,2,...} and N* = {1,2,...}.

2. Characteristic forms and analytic torsion

The purpose of this section is to recall some basic constructions and properties of characteristic forms
and the analytic torsion.

This section is organized as follows. In Section 2A, we recall the construction of the Euler form, the
A-form and the Chern character form.

In Section 2B, we introduce the regularized determinant.

Finally, in Section 2C, we recall the definition of the analytic torsion of flat vector bundles.

2A. Characteristic forms. If V is a real or complex vector space of dimension 7, we denote by V* the
dual space and by A*(V) =>"7_, A (V) its exterior algebra. Let Z be a smooth manifold. If V is a
vector bundle on Z, we denote by Q°(Z, V') the space of smooth differential forms with values in V.
When V = R, we write Q°(Z) instead.
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Let E be a real Euclidean vector bundle of rank m with a metric connection VE. Let RE = VE:2 pe
the curvature of VE. It is a 2-form with values in antisymmetric endomorphisms of E.

If A is an antisymmetric matrix, denote by Pf[A] the Pfaffian [Bismut and Zhang 1992, Equation (3.3)]
of A. Then Pf[A] is a polynomial function of A which is a square root of det[A]. Let o(E) be the
orientation line of E. The Euler form e(E, VE) of (E, VE) is given by

RE
e(E, VE) = Pf|:2—] e Q"™(Z,0(E)). -1

T

If m is odd, then e(E, VE) = 0.
For x € C, set /
~ x/2

A = ' 2-2
*) sinh(x/2) 2-2)

The form /T(E, VE) of (E,VE) is given by

E\\72
/Y(E,VE)z[det(/f(—;—n))] €Q*(2). (2-3)

If E’ is a complex Hermitian vector bundle equipped with a metric connection VE " with curvature RE’,
the Chern character form ch(E’, VE') of (E’, VE') is given by

E/
ch(E', VE'y =Tr [exp(—fi—n)} €Q*(2). (2-4)

The differential forms e(E, VE), Al (E,VE) and ch(E’, VE') are closed. They are the Chern—Weil
representatives of the Euler class of E, the /T—genus of E and the Chern character of E’.

2B. Regularized determinant. Let (Z, g7 %) be a smooth closed Riemannian manifold of dimension .
Let (E, gE) be a Hermitian vector bundle on Z. The metrics g7 %4, g€ induce an L2-metric on C®°(Z, E).
Let P be a second-order elliptic differential operator acting on C°°(Z, E). Suppose that P is formally
self-adjoint and nonnegative. Let P! be the inverse of P acting on the orthogonal space to ker(P). For

Re(s) > m/2, set
Op(s) = —Tr[(P~")’]. (2-5)

By [Seeley 1967] or [Berline et al. 2004, Proposition 9.35], 6(s) has a meromorphic extension to s € C
which is holomorphic at s = 0. The regularized determinant of P is defined as

det(P) = exp(6p(0)). (2-6)

Assume now that P is formally self-adjoint and bounded from below. Denote by Sp(P) the spectrum
of P. For A € Sp(P), set
mp(A) = dime ker(P — A) 2-7)

to be its multiplicity. If o € R is such that P + o > 0, then det(P + o) is defined by (2-6). Voros [1987]
has shown that the function 6 — det(P + o), defined for o > 1, extends holomorphically to C with zeros
at 0 = —A of the order mp (1), where A € Sp(P).
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2C. Analytic torsion. Let Z be a smooth connected closed manifold of dimension m with fundamental
group I'. Let F' be a complex flat vector bundle on Z of rank r. Equivalently, F' can be obtained via a
complex representation p : ' = GL, (C).
Let H*(Z,F) = @;’;0 H!(Z, F) be the cohomology of the sheaf of locally flat sections of F. We
define the Euler number and the derived Euler number by
m m
X(Z. F)y=> (-1)'dim¢ H(Z.F). x(Z.F)=) (-1)'idim¢ H (Z. F). (2-8)
i=0 i=1
Let (Q*(Z, F), d?) be the de Rham complex of smooth sections of A*(T*Z) Qr F on Z. We have
the canonical isomorphism of vector spaces

H*(Q*(Z,F),d?)~ H*(Z.F). (2-9)

In the sequel, we will also consider the trivial line bundle R. We denote simply by H*(Z) and y(Z) the
corresponding objects. Note that, in this case, the complex dimension in (2-8) should be replaced by the
real dimension.

Let g7Z be a Riemannian metric on 7Z, and let g be a Hermitian metric on F. They induce an L2-
metric (-,-)qe(z,F) on Q*(Z, F). Let d?>* be the formal adjoint of dZ with respect to (-, )aez,F)-
Put

D% =d? +d%* 0% =D%%=[d? d*"]. (2-10)

Then, 04 is a formally self-adjoint nonnegative second-order elliptic operator acting on 2*(Z, F). By
Hodge theory, we have the canonical isomorphism of vector spaces

kerO% ~ H*(Z, F). (2-11)

Definition 2.1. The analytic torsion of F is a positive real number defined by

m
T(F.gT% g") =[] det(@Z|gi(z, 7)) "2 (2-12)

i=1
Recall that the flat vector bundle F carries a flat metric g if and only if the holonomy representation p
factors through U(r). In this case, F is said to be unitarily flat. If Z is an even-dimensional orientable
manifold and if F is unitarily flat with a flat metric g%, by Poincaré duality, T'(F, g7 %, g ) =1. If dim Z
is odd and if H*(Z, F) = 0, by [Bismut and Zhang 1992, Theorem 4.7], then T'(F, g7 %, g¥') does not

depend on g7 or gF. In the sequel, we write instead

T(F)=T(F,g"% ¢"). (2-13)
By Section 2B,
dim Z -
T(o) = [] det(o +O%|gi¢z r) " (2-14)

i=1
is meromorphic on C. When o — 0, we have

T(0) = T(F)20X ZF) L o(gX(ZD+1), (2-15)
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3. Preliminaries on reductive groups

The purpose of this section is to recall some basic facts about reductive groups.

This section is organized as follows. In Section 3A, we introduce the reductive group G.

In Section 3B, we introduce the semisimple elements of G, and we recall some related constructions.

In Section 3C, we recall some properties of Cartan subgroups of G. We introduce a nonnegative
integer §(G ), which has paramount importance in the whole article. We also recall Weyl’s integral formula
on reductive groups.

Finally, in Section 3D, we introduce the regular elements of G.

3A. The reductive group. Let G be a linear connected real reductive group [Knapp 1986, p. 3]; that is,
G is a closed connected group of real matrices that is stable under transpose. Let 6 € Aut(G) be the
Cartan involution. Let K be the maximal compact subgroup of G of the points of G that are fixed by 6.

Let g be the Lie algebra of G, and let £ C g be the Lie algebra of K. The Cartan involution 6
acts naturally as a Lie algebra automorphism of g. Then ¢ is the eigenspace of 8 associated with the
eigenvalue 1. Let p be the eigenspace with the eigenvalue —1, so that

g=pot 3-1)
Then we have
[t.¢]CE  [p.p]CE [Ep]Cp. (3-2)
Put
m=dimp, n=dim¢t. (3-3)

By [Knapp 1986, Proposition 1.2], we have the diffeomorphism
(Y.k)yepx K —e¥k eG. (3-4)

Let B be a real-valued nondegenerate bilinear symmetric form on g which is invariant under the adjoint
action Ad of G on g, and also under 8. Then (3-1) is an orthogonal splitting of g with respect to B. We
assume B to be positive on p and negative on £. The form (-, ) = —B(-, 0 -) defines an Ad(K)-invariant
scalar product on g such that the splitting (3-1) is still orthogonal. We denote by | - | the corresponding norm.

Let Zg C G be the center of G with Lie algebra 34 C g. Set

Bp =3P, se=35NE (3-5)
By [Knapp 1986, Corollary 1.3], Z¢ is reductive. As in (3-1) and (3-4), we have the Cartan decomposition
3g=3 D3e. Zg =exp(3p)(Zg N K). (3-6)

Let gc = g ®gr C be the complexification of g and let u = ~/—1p @ £ be the compact form of g. Let
G¢ and U be the connected group of complex matrices associated with the Lie algebras gc and u. By
[Knapp 1986, Propositions 5.3 and 5.6], if G has compact center, i.e., its center Zg is compact, then G¢
is a linear connected complex reductive group with maximal compact subgroup U.
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Let U(g) be the enveloping algebra of g, and let Z(g) C U(g) be the center of U(g). Let CY9 € U(g) be
the Casimir element. If ey, ..., ey, is an orthonormal basis of p, and if e;,41, . . . , €m+n 1 an orthonormal
basis of £, then

m n+m
C'==) e+ > e (3-7)
i=1 i=m+1

Classically, C9 € Z(g).
We define C* similarly. Let 7 be a finite-dimensional representation of K on V. We denote by C%" or
C%? € End(V) the corresponding Casimir operator acting on V, so that

m+n
ct=ct = Y r(e). (3-8)
i=m+1
3B. Semisimple elements. 1If y € G, we denote by Z(y) C G the centralizer of y in G, and by 3(y) C g
its Lie algebra. If a € g, let Z(a) C G be the stabilizer of a in G, and let 3(a) C g be its Lie algebra.
An element y € G is said to be semisimple if y can be conjugated to ek~ such that

acyp, kekK, Adk)a=a. (3-9)
Let y = e%k~! be such that (3-9) holds. By [Bismut 2011, Equations (3.3.4), (3.3.6)], we have

Z(y)=Z@)NZ(k), j3(y)=3a)Njk). (3-10)
Set
p(y)=3(y)Np, y) =3(y)NtL (3-11)

From (3-10) and (3-11), we get
3(y) =p(y) ®E(y). (3-12)

By [Knapp 2002, Proposition 7.25], Z(y) is a reductive subgroup of G with maximal compact subgroup
K(y) = Z(y) N K, and with Cartan decomposition (3-12). Let Z%(y) be the connected component of the
identity in Z(y). Then Z°(y) is a reductive subgroup of G, with maximal compact subgroup Z°(y) N K.
Also, Z%(y) N K coincides with K°(y), the connected component of the identity in K(y).

An element y € G is said to be elliptic if y is conjugated to an element of K. Let y € G be semisimple
and nonelliptic. Up to conjugation, we can assume y = e“k ! such that (3-9) holds and that a # 0. By
(3-10), a € p(y). Let 321 (y), p®L(y) be respectively the orthogonal spaces to a in 3(y), p(y), so that

) =) @ Ey). (3-13)

Moreover, 3% (y) is a Lie algebra. Let Z%1(y) be the connected subgroup of Z%(y) that is associated
with the Lie algebra 341 (y). By [Bismut 2011, Equation (3.3.11)], Z%19(y) is reductive with maximal
compact subgroup K°(y) with Cartan decomposition (3-13), and

Z%(y) = Rx 240y, (3-14)

so that e’® maps into ¢|a].
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3C. Cartan subgroups. A Cartan subalgebra of g is a maximal abelian subalgebra of g. A Cartan
subgroup of G is the centralizer of a Cartan subalgebra.

By [Knapp 1986, Theorem 5.22], there is only a finite number of nonconjugate (via K) 8-stable Cartan
subalgebras b1, ..., b,. Let Hy, ..., Hj, be the corresponding Cartan subgroups. Clearly, the Lie algebra
of H; is ;. Set

bip =biNp, bhie=hiNEL (3-15)

We call dim b;;, the noncompact dimension of h;. By [Knapp 1986, Theorem 5.22(c); 2002, Proposi-
tion 7.25], H; is an abelian reductive group with maximal compact subgroup H; N K, and with Cartan
decomposition

bi =bip ®bie. H; =exp(hip)(H; NK). (3-16)

Note that in general, H; is not necessarily connected.
Let W(H;, G) be the Weyl group. If Nx(h;) C K and Zg(h;) C K are the normalizer and centralizer
of h; in K, then

W(H;,G) = Nk(b;)/ Zk (b;). (3-17)

Throughout, we fix a maximal torus 7" of K. Let t C £ be the Lie algebra of 7. Set

b={Y ep:[Y,t|=0}. (3-18)
By (3-5) and (3-18), we have
3p Cb. (3-19)
Put
h=badt. (3-20)

By [Knapp 1986, Theorem 5.22(b)], b is the 6-stable Cartan subalgebra of g with minimal noncompact
dimension. Also, every 0-stable Cartan subalgebra with minimal noncompact dimension is conjugated
to b by an element of K. Moreover, the corresponding Cartan subgroup H C G of G is connected, so that

H = exp(b)T. (3-21)

We may assume that h; = § and H; = H.

Note that the complexification h;c = h; ®r C of h; is a Cartan subalgebra of gc. All the h;¢c are
conjugated by inner automorphisms of gc. Their common complex dimension dimg h;¢ is called the
complex rank rke(G) of G.

Definition 3.1. Put
8(G) =1ke(G) —1ke(K) € N, (3-22)

By (3-18) and (3-22), we have
3(G) =dimb. (3-23)

Note that m — §(G) is even. We will see that §(G) plays an important role in our article.
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Remark 3.2. If g is a real reductive Lie algebra, then §(g) € N can be defined in the same way as in
(3-23). Since g is reductive, by [Knapp 2002, Corollary 1.56], we have

9=3 9[99, (3-24)
where [g, g] is a semisimple Lie algebra. By (3-6) and (3-24), we have
8(g) = dim 3 +5([g, g])- (3-25)

Proposition 3.3. The element y € G is semisimple if and only if vy can be conjugated into Ufozl H;. In

this case,
8(G) <8(Z°(y)). (3-26)
The two sides of (3-26) are equal if and only if y can be conjugated into H.

Proof. If y € H;, by the Cartan decomposition (3-16), there exist a € h;, and k € K N H; such that
y = ek 1. Since H; is the centralizer of b;, we have Ad(y)a = a. Therefore, Ad(k)a = a, so that y is
semisimple.

Assume that y € G is semisimple and is such that (3-9) holds. We claim that

tke(G) = tke(Z° (). (3-27)
Indeed, let b’ C g be a f-invariant Cartan subalgebra of g containing a. Then, b’ C 3(a). It implies
ke (G) = tke(Z%(a)). (3-28)
By choosing a maximal torus T containing k, by (3-20), we have h C 3(k). Then
ke (G) = ke (Z°(k)). (3-29)
If we replace G by Z°(a) in (3-29), by (3-10), we get
tke(Z°(a)) = tke (Z°(1))- (3-30)

By (3-28) and (3-30), we get (3-27).

Let h(y) C 3(y) be the f-invariant Cartan subalgebra defined as in (3-20) when G is replaced by Z°(y).
By (3-27), h(y) is also a Cartan subalgebra of g. Moreover, y is an element of the Cartan subgroup of G
associated to h(y). In particular, y can be conjugated into some H;.

By the minimality of noncompact dimension of , we have

§(G) =dimhNp <dimh(y) Np =8(Z°(y)), (3-31)

which completes the proof of (3-26).

It is obvious that if y can be conjugated into H, the equality in (3-31) holds. If the equality holds in
(3-31), by the uniqueness of the Cartan subalgebra with minimal noncompact dimension, there is k' € K
such that

Ad(k")b(y) = b, (3-32)
which implies that k’yk"~! € H. O



ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS, AND THE FRIED CONJECTURE 15

Now we recall the Weyl integral formula on G, which will be used in Section 8. Let dvg; and dvg,\g
be respectively the Riemannian volumes on H; and H;\G induced by —B(-,6 ). By [Knapp 2002,
Theorem 8.64], for a nonnegative measurable function f on G, we have

lo

S@dig=Y :

e W(H,. Q)| en (/gEH - fg lve) dUH,-\G) |det(1 —Ad(¥)lg/s; } dvy; .
i=1 ’ i i

(3-33)

3D. Regular elements. For 0 < j <m+n—r1kc(G), let D; be the analytic function on G such that, for

t e Rand y € G, we have
m+n—rkc(G)

det(r + 1 — Ad(y))|g = szC(G)( > D, (y)zf). (3-34)
=0
If y € H;, then ’
Do(y) = det(l — Ad(y))|g/; - (3-35)

We call y € G regular if Do(y) # 0. Let G’ C G be the subset of regular elements of G. Then G’ is
open in G such that G — G’ has zero measure with respect to the Riemannian volume dvg on G induced
by —B(-,0-). For 1 <i <, set

H =H NG, Gj=|])¢'Hg. (3-36)
geG
By [Knapp 1986, Theorem 5.22(d)], G/ is open, and we have the disjoint union

¢'= ] qi (3-37)

1<i<ly
4. Orbital integrals and Selberg trace formula

The purpose of this section is to recall the semisimple orbital integral formula of [Bismut 2011, Theorem
6.1.1] and the Selberg trace formula.

This section is organized as follows. In Section 4A, we introduce the Riemannian symmetric space
X = G/K, and we give a formula for its Euler form.

In Section 4B, we recall the definition of semisimple orbital integrals.

In Section 4C, we recall Bismut’s explicit formula for the semisimple orbital integrals associated to
the heat operator of the Casimir element.

In Section 4D, we introduce a discrete torsion-free cocompact subgroup I' of G. We state the Selberg
trace formula.

Finally, in Section 4E, we recall Bismut’s proof of a vanishing result on the analytic torsion in the case
8(G) # 1, which is originally due to Moscovici and Stanton [1991].

4A. The symmetric space. We use the notation of Section 3. Let w? be the canonical left-invariant
1-form on G with values in g, and let @, ® be its components in p, €, so that

w® = o’ + o' 4-1)
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Let X = G/K be the associated symmetric space. Then
p:G—-X=G/K (4-2)

is a K-principle bundle, equipped with the connection form w®. By (3-2) and (4-1), the curvature of w* is
given by
Q' = 1w 0. (4-3)

Let 7 be a finite-dimensional orthogonal representation of K on the real Euclidean space E;. Then
& = G xk E7 is a real Euclidean vector bundle on X, which is naturally equipped with a Euclidean
connection V7. The space of smooth sections C®(X, £;) on X can be identified with the K-invariant
subspace C®(G, E;)X of smooth E.-valued functions on G. Let C%%T be the Casimir element of G
acting on C*®(X, &). Then C¥%7 is a formally self-adjoint second-order elliptic differential operator
which is bounded from below.

Observe that K acts isometrically on p. Using the above construction, the tangent bundle 7X = G xg p
is equipped with a Euclidean metric g7% and a Euclidean connection VX, Also, VTX is the Levi-Civita
connection on (TX, gTX) with curvature RTX. Classically, (X, g7%) is a Riemannian manifold of
nonpositive sectional curvature. For x, y € X, we denote by dy (x, y) the Riemannian distance on X.

If E; = A*(p*), then C®(X, &) = Q*(X). In this case, we write C%X = C%%-7. By [Bismut 2011,
Proposition 7.8.1], C%X coincides with the Hodge Laplacian acting on Q°(X).

Let us state a formula for e(TX, VIX). Let o(TX) be the orientation line of TX. Let dvy be the
G-invariant Riemannian volume form on X. If & € Q°(X, 0(TX)) is of maximal degree and G-invariant,
set [a]™** € R such that

o = [a]"™ dvy. (4-4)

Recall that if G has compact center, then U is the compact form of G. If §(G) = 0, by (3-25), G
has compact center. In this case, T is a maximal torus of both U and K. Let W(T,U), W(T, K) be
the respective the Weyl groups. Let vol(U/K) be the volume of U/ K with respect to the volume form
induced by —B.

Proposition 4.1. If §(G) # 0, then [e(TX, VIX)|™* = 0. If §(G) = 0, then

TXymax _ (__ %|W(T,U)|/|W(T,K)| )
[e(TX, V'™ = (=1) vol(U/K) . 4-5)

Proof. If G has noncompact center (thus §(G) # 0), it is trivial that [e(TX, VI X)]™ = (. Assume now,
G has compact center. By Hirzebruch proportionality [1966] (see Theorem 22.3.1 of that paper for a
proof for Hermitian symmetric spaces; the proof for general case is identical), we have

m x(U/K)

TXymax _ (1% _
[e(TX, VI = (=1) vol(U/K)’ (4-6)

Proposition 4.1 is a consequence of (4-6), Bott’s formula [1965, p. 175], Theorem II of the same paper
and of the fact that §(G) = rkc(U) —rkc(K). d
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Let y € G be a semisimple element as in (3-9). Let

X(y)=Z(y)/K(y) (4-7)
be the associated symmetric space. Clearly,
X()=Z(n/K (). (4-8)

Suppose that y is nonelliptic. Set
Xhy) =290/ KO(). (4-9)
By (3-14), (4-8) and (4-9), we have
X(y) =RxX“H(p), (4-10)
so that the action e¢’? on X(y) is just the translation by #|a| on R.

4B. The semisimple orbital integrals. Recall that 7 is a finite-dimensional orthogonal representation of
K on the real Euclidean space E, and that C%%7 is the Casimir element of G acting on C®°(X, &;).

Let pf( T (x, x’) be the smooth kernel of exp(—t C #%>7 /2) with respect to the Riemannian volume dvy
on X. Classically, for ¢ > 0, there exist ¢ > 0 and C > 0 such that, for x, x’ € X,

|PtX’I(X,X/)| < Cexp(—c d)%(x,x’)). 4-11)
Set
Pt (9) = pF(pl. pg). (4-12)

For g € G and k,k’ € K, we have

P (kgky = (k) pX T (g)T (k). (4-13)

Also, we can recover pf(’r(x, x") by

P x) = pte ), (4-14)

where g, g’ € G are such that pg = x, pg’ = x’.

In the sequel, we do not distinguish th *T(x,x’) and p,X ’'(g). We refer to both of them as being the
smooth kernel of exp(—tC %7 /2).

Let dvgo(,)\ x and dvzo(,)\ g be the Riemannian volumes on K°%()\K and Z°(y)\G induced by
—B(-,0-). Let vol(K°(y)\K) be the volume of K°(y)\K with respect to dvgo)\ k-
Definition 4.2. Let y € G be semisimple. The orbital integral of exp(—t C%%>7/2) is defined by

1
Tt exp(—1C9 %7 /2)| = ——— TrEe [pX’t(g_I)/g)] dvzo . (4-15)
vol(KO(P\K) JgezopnG ’ ZING

Remark 4.3. Definition 4.2 is equivalent to [Bismut 2011, Definition 4.2.2], where the volume forms are
normalized such that vol(K°(y)\K) = 1.
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Remark 4.4. As the notation Tr"] indicates, the orbital integral only depends on the conjugacy class
of y in G. However, the notation [y] (see Section 4D) will be used later for the conjugacy class in the
discrete group T

Remark 4.5. We will also consider the case where E; is a Z,-graded or virtual representation of K. We
will use the notation Tr,["] [g] when the trace on the right-hand side of (4-15) is replaced by the supertrace
on E;.

4C. Bismut’s formula for semisimple orbital integrals. Let us first recall the explicit formula for
Trl" ) [exp(—¢ C9X-7 /2)] for any semisimple element y € G, obtained by Bismut [2011, Theorem 6.1.1].
Let y = e?k~! € G be semisimple as in (3-9). Set

30=3(), po=j3@np, to=j3()Nt (4-16)
Then
30 = po D Lo. 4-17)

By (3-10), (3-11) and (4-16), we have p(y) C po and £(y) C €. Let pg(y), € (¥), 35 (y) be the
orthogonal spaces of p(y), £(y), 3(y) in po, €0, 30. Let py, €5, 54 be the orthogonal spaces of po, £o, 30
in p, €, 3. Then we have

p=p()®py(y) ®py. E=Et(1) Dt (y) By (4-18)
Recall that A is the function defined in (2-2).

Definition 4.6. For Y € £(y), put

|det(1 —Ad(y))], 1| A( ad(Y) e(y))
| det(1 —exp(~i ad(¥)) Ad(k™))e1 ) 2 o
X -
det(1 — Ad(k_l))|3é(y) det(1 —exp(—i ad(Y)) Ad(k‘l))|pé(y)

As explained in [Bismut 2011, Section 5.5], there is a natural choice for the square root in (4-19).
Moreover, Jy is an Ad(K°(y))-invariant analytic function on £(y), and there exist ¢, > 0, C, > 0, such
that, for Y € £(y),

[y (Y)] < Cy exp (ey|Y). (4-20)

By (4-19), we have
_AG ad(Y)lp)

M) = Rl

(4-21)

For Y € £(y), let dY be the Lebesgue measure on £(y) induced by —B. Recall that C*F and C®* are
defined in (3-8). The main result of [Bismut 2011, Theorem 6.1.1] is the following.
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Theorem 4.7. Fort > 0, we have
lal> | 1

@rr)dms()72 P (_7 T 16

X/; o )JJ/(Y) TrEr [T(k_l)exp(—ir(Y))] exp(_|Y|2/(2[))dY, (4-22)
ety

T fexp(—C#%7/2)] = TrP[C*] + 4t—8 Trf [CE’W)

4D. A discrete subgroup of G. Let I' C G be a discrete torsion-free cocompact subgroup of G. By
[Selberg 1960, Lemma 1], I' contains the identity element and nonelliptic semisimple elements. Also, I"
acts isometrically on the left on X. This action lifts to all the homogeneous Euclidean vector bundles &;
constructed in Section 4A, and preserves the corresponding connections.

Take Z =T\ X =T'\G/K. Then Z is a connected closed orientable Riemannian locally symmetric
manifold with nonpositive sectional curvature. Since X is contractible, 71(Z) = I" and X is the universal
cover of Z. We denote by p : I'\G — Z and 7 : X — Z the natural projections, so that the diagram

G —=T\G
jp l 5 (4-23)
X .7

commutes.

The Euclidean vector bundle £; descends to a Euclidean vector bundle F; = I'\&; on Z. Take r € N*,
Let p: ' — U(r) be a unitary representation of I'. Let (F, VF, ¢F) be the unitarily flat vector bundle
on Z associated to p. Let C%%>%P be the Casimir element of G acting on C*®(Z, F; ®g F). As in
Section 4A, when E; = A*(p*), we write C9%* = C%Z-%, Then,

DZ — Cg,Z,,O. (4_24)
Recall that pf(’r(x, x’) is the smooth kernel of exp(—t C 9%-7 /2) with respect to dvy.

Proposition 4.8. There exist c > 0, C > 0 such that, fort > 0 and x € X, we have

Z |th,r(x’ yx)|<C exp(—; + Ct). (4-25)
yel—{1}

Proof. By [Milnor 1968a, Remark p. 1, Lemma 2] or [Ma and Marinescu 2015, Equation (3.19)], there is
C > 0 such that, for all r = 0, x € X, we have

[{y € T idx(x,yx) <r}| < CeC™. (4-26)

We claim that there exist ¢ >0, C > 0 and N € N such that, for > 0 and x, x’ € X, we have
C d2(x,x’
P < oy eXP(—c# + Ct). (4-27)

Indeed, if t =1, then th’l(x, x") is the heat kernel for the Laplace-Beltrami operator. In this case, (4-27)
is a consequence of the Li—Yau estimate [1986, Corollary 3.1] and of the fact that X is a symmetric space.
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For general 7, using the It6 formula as in [Bismut and Zhang 1992, Equation (12.30)], we can show that
there is C > 0 such that
[P (x. XN < € p (x x), (4-28)

from which we get (4-27).2
Note that there exists ¢g > 0 such that, forall y e I' — {1} and x € X,
dy (x,yx) = co. (4-29)
By (4-27) and (4-29), there exist ¢; > 0, ¢3 > 0 and C > 0 such that, for >0, x € X and y € I' — {1},

we have

d2(x,
|th’r(x, yx)|<C exp(—ct—1 —CzM + Ct). (4-30)

By (4-26) and (4-30), for t > 0 and x € X, we have

d2(x,yx
Z |pf(’t(x’ )/X)| < C Z exp(—c—l _CZM +Cl)
yell—{1} yer t t
[e%e}

=c,C exp(—ct—1 + Ct) Z /;12 exp(—car)dr

st G oyt

o0
=c,C exp(—ct—1 + Ct) /0 {{y el:dyx(x,yx) < \/ﬁ}| exp(—car)dr

o0
< C’exp(—ct—1 + Ct) / exp(—car + C/rt)dr. (4-31)
0
From (4-31), we get (4-25). O
For y € T, set
'y)=Z@)nT. (4-32)

Let [y] be the conjugacy class of y in I'. Let [I'] be the set of all the conjugacy classes of T
The following proposition is [Selberg 1960, Lemma 2]. We include a proof for the sake of completeness.

Proposition 4.9. If y € I, then I'(y) is cocompact in Z(y).

Proof. Since I is discrete, [y] is closed in G. The inverse image of [y] by the continuous map g €
G —gyg 'eGisT-Z(y). Then T -Z(y) is closed in G. Since I'\G is compact, the closed subset
I'\I'- Z(y) C I'\G is then compact.

The group Z(y) acts transitively on the right on I'\I" - Z(y). The stabilizer at [1] € '\I"- Z(y) is
I'(y). Hence I'(y)\Z(y) ~ T'\I" - Z(y) is compact. O

Let vol(I'(y)\ X (y)) be the volume of I (y)\ X (y) with respect to the volume form induced by dvyy).
Clearly, vol(I"(y)\ X (y)) depends only on the conjugacy class [y] € [T].

2See [Ma and Marinescu 2015, Theorem 4] for another proof of (4-27) using finite propagation speed of solutions of
hyperbolic equations.



ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS, AND THE FRIED CONJECTURE 21

By the property of heat kernels on compact manifolds, the operator exp(—tC%%%P /2) is trace class.
Its trace is given by the Selberg trace formula:

Theorem 4.10. There exist ¢ > 0, C > 0 such that, for t > 0, we have
[y] 0. X, ¢
Z vol(T'(Y)\ X (y)) ‘Tr [exp(—tC /2)]} <C exp(—; + Ct). (4-33)
[yle[l']-{1}
Fort > 0, the following identity holds:
Trlexp(—1C¥# 5P /2)] = 3 vol(TC(W\X () Tr[p()] Tr [exp(—1C¥47/2)]. (4-34)
[ylell]

Proof. Let F C X be a fundamental domain of Z in X. By [Bismut 2011, Equations (4.8.11), (4.8.15)],
we have

> / TeE [p7 (x. ') dx = vol(T ()\ X () Tt [exp(—1 €+ X7 /2)]. (4-35)

yrely] V¥ <F
By (4-25) and (4-35), we get (4-33). The proof of (4-34) is well known; see, for example, [Bismut 2011,
Section 4.8]. O

4E. A formula for Tr"IINA*T*X) exp(—tC9X /2)]. Let y = e?k~! € G be semisimple such that
(3-9) holds. Let t(y) C €(y) be a Cartan subalgebra of £(y). Set

b(y)={Y ep:Adk)Y =Y, [Y,t(y)]=0}. (4-36)
Then,
acb(y). 4-37)

By definition, dim p — dim b(y) is even.
Since k centralizes t(y), by [Knapp 1986, Theorem 4.21], there is k” € K such that

Ktk ct, kKkk''eT (4-38)
Up to a conjugation on y, we can assume directly that y = e%k~! with
tiy)ct, keT (4-39)

By (3-18), (4-36), and (4-39), we have
bCb(y). (4-40)

Proposition 4.11. A semisimple element y € G can be conjugated into H if and only if
dim b = dim b(y). (4-41)

Proof. If y € H, then t(y) = t. By (4-36), we get b = b(y), which implies (4-41).
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Recall that h(y) C 3(y) is defined as in (3-20), when G is replaced by Z°(y) and t is replaced
by t(y). It is a f-invariant Cartan subalgebra of both g and 3(y). Let h(y) = bh(y), @ b(y )¢ be the Cartan
decomposition. Then,

by ={Y e p(y) : [ t(M]=0} =b(y) Np(y), bH(y)e =ty). (4-42)
From (3-26) and (4-42), we get
dimb < dimb(y), < dimb(y). (4-43)

By (4-43), if dimb = dimb(y), then dimb = dimh(y),. By Proposition 3.3, y can be conjugated
into H. O

The following theorem extends [Bismut 2011, Theorem 7.9.1].
Theorem 4.12. Let y € G be semisimple such that dim b(y) = 2. For Y € ¥(y), we have
Tr A CPOINACD Ad(k™!) exp(—i ad(Y))] = 0. (4-44)
In particular, fort > 0, we have
Tr NN AT exp(—1C %X /2)] = 0. (4-45)
Proof. Since the left-hand side of (4-44) is Ad(K°(y))-invariant, it is enough to show (4-44) for Y € t(y).
If Y € {(y), by [Bismut 2011, Equation (7.9.1)], we have

[ ] * o * a
Tr, A CO[NACT) Ad(k~") exp(—i ad(Y))] = = det(1 —e? Ad(k) exp(i ad(Y)))| ,o (4-46)
b=0
Since dim b(y) = 2, by (4-46), we get (4-44) for Y € {(y).
By (4-22) and (4-44), we get (4-45). O
In this way, [Bismut 2011, Theorem 7.9.3] recovered [Moscovici and Stanton 1991, Corollary 2.2].

Corollary 4.13. Let F be a unitarily flat vector bundle on Z. Assume that dim Z is odd and §(G) # 1.
Then for any t > 0, we have
Tro[N2" T2 exp(—t0% /2)] = 0. (4-47)
In particular,
T(F)=1. (4-48)
Proof. Since dim Z is odd, 6(G) is odd. Since 6(G) # 1, we have §(G) = 3. By (4-40), dimb(y) =
8(G) = 3, so (4-47) is a consequence of (4-24), (4-34) and (4-45). O
Suppose §(G) = 1. Up to sign, we fix an element a; € b such that B(ay,a1) = 1. Asin Section 3B, set

M =ZE0), Ky = K°(e™), (4-49)
and
m=;""1(),  pu=ptE®), b =te™). (4-50)
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As in Section 3B, M is a connected reductive group with Lie algebra m, with maximal compact sub-
group Ky, and with Cartan decomposition m = p, P &,,. Let

Xy =M/Ky (4-51)

be the corresponding symmetric space. By definition, 7 C M is a compact Cartan subgroup. Therefore
8(M) =0, and dim p, is even.

Assume that 6(G) = 1 and that G has noncompact center, so that dim 3, = 1. By (3-19), we find that
ai € 3p, so that Z%ay) = G. By (3-14) and (4-10), we have

G=RxM, K=Ky, X=RxXuy. (4-52)

Let y € G be a semisimple element such that dim b(y) = 1. By Proposition 4.11, we may assume that
y =e% ! withacbandk € T.

Proposition 4.14. We have

L] * 1
Tr N A T X) oxn(—r X /2)] = — e(TXpy, VX ymax (4-53)
Sl p( /2)] @[ (TXm )]
If y=e*k ' withachb, a#0,and k €T, then
. 1 a2 a.
TN AT X) exp(—1C8X /2)] = — e 5 [e(TX L (p), VIX“H0)ypmax (4-54)
wt

Proof. By (4-52), for y = e%k ™! with a € b and k € T, we have
Tr£y] [NA.(T*X) exp(—th’X/2)] =— Tr[ea][exp(tAR/2)] Trgkil][exp(—tCm’XM/2)], (4-55)

where AR is the Laplace-Beltrami operator acting on C *°(R).

Clearly,
a 1 lal2
Trleexp(r AR /2)] = e~ ar. (4-56)
[exp(tA™/2)] N

By [Bismut 2011, Theorem 7.8.13], we have

TrlUfexp(—t C™XM /2)] = [e(TXpy, VXM )2 (4-57)
and

Tl Texp(—1C™XM /2)] = [e(TX L (y), VX" 0)ymax (4-58)
By (4-55)—(4-58), we get (4-53) and (4-54). O

5. The solution to Fried conjecture

We use the notation in Sections 3 and 4. Also, we assume that dimp is odd. The purpose of this section
is to introduce the Ruelle dynamical zeta function on Z and to state our main result, which contains the
solution of the Fried conjecture in the case of locally symmetric spaces.

This section is organized as follows. In Section 5A, we describe the closed geodesics on Z.
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In Section 5B, we define the dynamical zeta function and state Theorem 5.5, which is the main result
of the article.
Finally, in Section 5C, we establish Theorem 5.5 when G has noncompact center and §(G) = 1.

5A. The space of closed geodesics. By [Duistermaat et al. 1979, Proposition 5.15], the set of nontrivial
closed geodesics on Z consists of a disjoint union of smooth connected closed submanifolds

IT Bur (5-1)
[yle[I)-1]

Moreover, By, is diffeomorphic to I'(y)\ X (y). All the elements of B[,} have the same length |a| > 0 if
y can be conjugated to e“k~! as in (3-9). Also, the geodesic flow induces a canonical locally free action
of S! on B[y, so that SI\B[J,] is a closed orbifold. The S!-action is not necessarily effective. Let

mpy) = |ker(S' — Diff(Bp,)))| € N* (5-2)

be the generic multiplicity.
Following [Satake 1957], if S is a closed Riemannian orbifold with Levi-Civita connection VTS then
e(TS,VTS) e QimS(§ o(TS)) is still well defined, and the Euler characteristic xom(S) € @ is given by

fon(S) = [ e(T5.975) (5-3)
Proposition 5.1. For y € I' — {1}, the following identity holds:

Xorb (S \ B[y _ vl (\X ()

[e(TX L (y), VTX 00y ™ (5-4)
My |al

Proof. Take y € T'—{1}. We can assume that y = e%k~! as in (3-9) with a # 0. By (3-10) and (4-32), for
t € R, we know e’? commutes with elements of I'(y). Thus, e’® acts on the left on I'(y)\ X(y). Since
e =yk, y € T(y), k € K(y) and k commutes with elements of Z(y), we see that ¢ acts as identity
on I'(y)\ X(y). This induces an R/Z ~ S! action on I'(y)\ X(y) which coincides with the S!-action
on By,]. Therefore,

Ko(S"\Bpy)) = vol(S'\ Byp) [e(TX 4 (), vTX ()™ (5-5)
and
vol(S"\Bpy) _ vol(P()\X (7)) 56
Miy) |al
By (5-5) and (5-6), we get (5-4). O
Corollary 5.2. Lety € T' —{1}. If dimb(y) = 2, then
Xorb(gl\B[y]) =0. (5-7)

Proof. By Propositions 4.1 and 5.1, it is enough to show that

§(Z4H0(y)) = 1. (5-8)
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By (3-14) and (3-26), we have
§(Z4H0(y) = 8(Z%(y) —1=8(G) - 1. (5-9)

Recall dimp is odd, therefore §(G) is odd. If §(G) = 3, by (5-9), we get (5-8). If §(G) = 1, then
dim b(y) =2 > §(G). By Propositions 3.3 and 4.11, the inequality in (5-9) is strict, which implies (5-8). O

Remark 5.3. By Theorem 4.12 and Corollary 5.2, we know both Tr, 1[N A* (T X) exp(—r C %X /2)] and
Xorn(S'\ By]) vanish when dim b(y) = 2.

5B. Statement of the main result. Recall that p : ' — U(r) is a unitary representation of I" and that
(F,VF, ¢F) is the unitarily flat vector bundle on Z associated with p.

Definition 5.4. The Ruelle dynamical zeta function R,(o) is said to be well defined, if the following
properties hold:

(1) For o € C, Re(o) > 1, the sum

Xorb(gl\B[y])

bleml-y W]

Ep(0) = Tr[p(y)]e ! (5-10)

converges to a holomorphic function.

(2) The function R,(0) = exp(E,(0)) has a meromorphic extension to o € C.

If 3(G) # 1, by Corollary 5.2,
Ry(0)=1. (5-11)

The main result of this article is the solution of the Fried conjecture. We restate Theorem 1.1 as follows.

Theorem 5.5. The dynamical zeta function R,(0) is well defined. There exist explicit constants C, € R*
and r, € Z, see (7-75), such that, when o — 0 we have

R,(0) = C,T(F)?*a" + O(c" ). (5-12)
If H*(Z,F) =0, then
Co=1, r,=0, (5-13)
so that
R,(0) = T(F)~ (5-14)

Proof. When §(G) # 1, Theorem 5.5 is a consequence of (4-48) and (5-11). When §(G) = 1 and when
G has noncompact center, we will show Theorem 5.5 in Section 5C. When 6(G) = 1 and when G has
compact center, we will show that R, (o) is well defined such that (5-12) holds in Section 7, and we will
show (5-13) in Section 8. O
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5C. Proof of Theorem 5.5 when G has noncompact center and §(G) = 1. We assume that §(G) = 1
and that G has noncompact center. Let us show the following refined version of Theorem 5.5.

Theorem 5.6. There is og > 0 such that

Z Me_"0|a|<oo. (5-15)
Mel—y W

The dynamical zeta function R,(0) extends meromorphically to o € C such that
R, (0) = exp(r vol(Z)[e(T Xpr, VIXM)M5) T (02). (5-16)
If '(Z, F) =0, then R,(0) is holomorphic at 6 = 0 and
R,(0) = T(F)?. (5-17)
Proof. Following (2-5), for (s,0) € C x R such that Re(s) > m /2 and ¢ > 0, put

Op(s,0) = — T[NV (€20 4 0)7]

1 o0 ok (5_18)
=—— TrS[NA (T*Z) exp(—1(CH%P + (7))]ts_1 dt.
I'(s) Jo
Let us show that there is o¢ > 0 such that (5-15) holds true and that for ¢ > o¢, we have
= _ 3 2 T X pr \1max
Ep(o) = 5 0p(0,0%) + 7 vol(Z)[e(TXp, V )" a. (5-19)
N
By (4-53), for (s,0) € C x R such that Re(s) > % and o > 0, the function
1(Z) [*° o
Op,1(s,0) = . \{_?(() ) Trs[l][NA (T"X) exp(—t(C¥X + G))]ts_l dt (5-20)
S 0
is well defined so that
rvol(Z) TX P(s—3) 1_
0 ,0) = TXp, VIAM)M&X 225275, 5-21
(5,0 = T e (T Xy, VI (5-21)

Therefore, for o > 0 fixed, the function s — 0, 1(s, 0) has a meromorphic extension to s € C which is
holomorphic at s = 0 so that

0
3-0p.1(0.0) = —r vol(Z)[e(TXpy, VI ¥0)™0 2. (5-22)
N

For (s,0) € C x R such that Re(s) > m/2 and o > 0, set
0p2(5,0) = 0,(s,0) —0,,1(5,0). (5-23)

By (4-45), (4-54), (5-4), and (5-7), for [y] € [I'] — {1}, we have

o (T 1 Xorb(SI\B[ ]) |a|2
vol(I" X Tr, INATX) exp(—1CO %) = — YI21a) ex (——) 5-24
C\X() [ p( )] adat mp lal exp{ —= (5-24)
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By (4-33) and (5-24), there exist C; > 0, C2 > 0, and C3 > 0 such that, for ¢ > 0, we have
ob(S'\ B 2 C
Z MM exp(—%) <(C; exp(—T2 + C3t). (5-25)
m
[yle[l]—{1} 1

Take o9 = +/2C3. Since p is unitary, by (4-34), (5-18), (5-23), and (5-25), for (s,0) € C x R such that
Re(s) > m/2 and 0 = 09, we have

)(orb(S \ [)/]) |a|2 2.\, s—3
0,2(s,0%) = / > Trle(y )]—| | ex — o2t )52 dr. (5-26)
2“/_F(S) [y]ellI—{1} ] a
Moreover, for o = 0y fixed, the function s — 6, > (s, 02) extends holomorphically to C, so that
d Xoro(ST\By1) al? dt
+-0,2(0.07 ff 3 Trloly )°m—[”|a| %—ozr S 62
[yle[T]-(1} V] t2

Using the formula? that for By > 0, B, =0,

/ exp (—BT _B, ) t _ | Bi exp(—2+/B1 Ba), (5-28)
0 1

3
by (5-25), (5-27), and by Fubini’s theorem, we get (5-15). Also, for o = 0, we have

J 2 -

gep,z(O,a )= E,(0). (5-29)

By (5-22), (5-23), and (5-29), we get (5-19). By taking the exponentials, we get (5-16) for o = oy.
Since the right-hand side of (5-16) is meromorphic on o € C, we know R, has a meromorphic extension
to C. By (2-15) and (5-16), we get (5-17). O

6. Reductive groups G with compact center and §(G) =1

In this section, we assume that 6(G) = 1 and that G has compact center. The purpose of this section is to
introduce some geometric objects associated with G. Their properties are proved by algebraic arguments
based on the classification of real simple Lie algebras g with §(g) = 1. The results of this section will be
used in Section 7, in order to evaluate certain orbital integrals.

This section is organized as follows. In Section 6A, we introduce a splitting g = b dm b n P n,
associated with the action of b on g.

In Section 6B, we construct a natural compact Hermitian symmetric space Yy, which will be used in
the calculation of orbital integrals in Section 7A.

In Section 6C, we state one key result, which says that the action of Kjs on n lifts to K. The purpose
of the following subsections is to prove this result.

3We give a proof of (5-28) when B = B, = 1. Indeed, we have /3 exp( ),{41/12 =3 fooo exp(—%—t)(ﬁ%—i-ﬂ%) dt.
Using the change of variables u = 12 47172 e get (5-28).
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In Section 6D, we state a classification result of real simple Lie algebras g with §(g) = 1, which
asserts that they just contain sl3(R) and so(p, g) with pg > 1 odd. This result has already been used by
Moscovici and Stanton [1991].

In Sections 6E and 6F, we study the Lie groups SL3(R) and SO°(p, ¢) with pg > 1 odd, and the
structure of the associated Lie groups M, Kjy.

In Section 6G, we study the connected component G of the identity of the isometry group of X = G/ K.
We show that G has a factor SL3(R) or SO%(p, ¢) with pg > 1 odd.

Finally, in Sections 6H-6L, we show several unproven results stated in Sections 6A—6C. Most of the
results are shown case by case for the groups SL3(R) and SO°(p, ¢) with pg > 1 odd. We prove the
corresponding results for general G using a natural morphism ig : G — Gy.

6A. A splitting of g. We use the notation in (4-49)—(4-51). Let Z(b) C G be the stabilizer of b in G,
and let 3(b) C g be its Lie algebra.
We define p(b), £(b), pL(b), £L(b), 31(b) in an obvious way as in Section 3B. By (4-50), we have

p(b) =bDpm. E£(b) = ty. (6-1)
Also,
P=0@pn@pT(b), E=tu®E(D). (6-2)
Let Z%(b) be the connected component of the identity in Z(b). By (3-14), we have
Z%b) =R x M. (6-3)
The group Kz acts trivially on b. It also acts on py, p(b), & and £-(b), and preserves the splittings
(6-2).
Recall that we have fixed a; € b such that B(ay,a1) = 1. The choice of a; fixes an orientation of b.

Let n C 37(b) be the direct sum of the eigenspaces of ad(a;) with the positive eigenvalues. Set it = 6n.
Then n is the direct sum of the eigenspaces with negative eigenvalues, and

35(6) =n@i. (6-4)

Clearly, Z°(b) acts on n and @ by adjoint action. Since Kjs is fixed by 6, we have isomorphisms of
representations of Ky

Xen—>X—0Xept(b), Xen—X+0X ctl(b). (6-5)

In the sequel, if / € n, we define f = 6f €.
By (6-2) and (6-5), we have dimn = dim p — dim p,, — 1. Since dim p is odd and since dim p, is even,
dimn is even. Set

[ = 1dimn. (6-6)
Note that since G has compact center, we have b ¢ 34. Therefore, 5(b) #0and [ > 0.

Remark 6.1. Let q C g be the direct sum of the eigenspaces of ad(a;) with nonnegative eigenvalues.
Then q is a proper parabolic subalgebra of g, with Langlands decomposition ¢ = m & b @& n [Knapp 2002,
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Section VIL7]. Let Q C G be the corresponding parabolic subgroup of G, and let Q = Mg AgNg be
the corresponding Langlands decomposition. Then M is the connected component of the identity in Mg,
and b, n are the Lie algebras of Ag and Ng.

Proposition 6.2. Any element of b acts on n and © as a scalar; i.e., there exists a € b* such that, for
acb, f en,wehave

la. f1=(@.a)f. [a, fl=—(a.a)f. (6-7)

Proof. The proof of Proposition 6.2, based on the classification theory of real simple Lie algebras, will be
given in Section 6H. O

Let ag € b be such that

(o,a0) = 1. (6-8)
Proposition 6.3. We have
[n,n] C3(b), [n,n]=[nn]=0. (6-9)
Also,
Blaxn=0, Blaxi =0. (6-10)

Proof. By (6-7), a € b acts on [n,n], [n,n], and [n, n] by multiplication by 0, 2(«, a), and —2(«, a).
Equation (6-9) follows.
If f1, f> € n, by (6-7) and (6-8), we have

B(f1. f2) = B(lao. f1]. f2) = —B(f1.lao. f2]) = —B(f1. f2). (6-11)

From (6-11), we get the first equation of (6-10). We obtain the second equation of (6-10) by the same
argument. O

Remark 6.4. Clearly, we have

[3(b),3(0)] C 3(b). (6-12)
Since 3(b) preserves B and since 5-(b) is the orthogonal space to 3(b) in g with respect to B, we have
[5(0). 5™ (0)] € 5™ (b). (6-13)

By (6-4) and (6-9), we get
57 (®).57(®)] C3(0). (6-14)

We note the similarity between (3-2) and (6-12)—(6-14). In the sequel, We call such a pair (3, 3(b)) a
symmetric pair.

For k € Ky, let M(k) C M be the centralizer of k in M, and let m(k) be its Lie algebra. Let M (k)
be the connected component of the identity in M (k). Let p, (k) and & (k) be the analogues of p(y) and
£(y) in (3-11), so that

m(k) = pm(k) @ tw(k). (6-15)
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Since k is elliptic in M, we know M°(k) is reductive with maximal compact subgroup KI(\)/I (k) =
MO (k)N K and with Cartan decomposition (6-15). Let

Xp (k) =M°(k)/ Ky (k) (6-16)

be the corresponding symmetric space. Note that §(M°(k)) = 0 and dim X7 (k) is even.
Clearly, if y = e*k~ ! € H witha € b, a #0, k € T, then

PO =pulk), Ey)=tak), Z%0()=MK), K°(y) = Kpy(k). (6-17)

Proposition 6.5. Fory = e“k~' € H withacb, a #0, k € T, we have

, A . - ‘
}det(l —Ad()/))|304 | 2 = Z(_l)l A (0 )[Ad(k—l)]e(l—J)(a,a)
Jj=0
21 . ' .
— Z(_l)j TrAJ ("*)[Ad(k_l)]e(l_l)lallal, (6—18)
j=0
Proof. We claim that
1
|det(1 —Ad(y) 1 |2 = ¢! ®) det(1 — Ad(y)) 5. (6-19)

Indeed, since dimn is even, the right-hand side of (6-19) is positive. By (6-4), we have
det(1 — Ad(y))[;1 = det(1 — Ad(y))ln det(1 — Ad(y)) 5. (6-20)
Since n = On, we have
det(1 — Ad(y))|n = det(1 — Ad(0y)) |z = det(Ad(By))|7 det(Ad(Fy) ™! — 1)z (6-21)

Since dim ft = 2/ is even, and since (fy)~! = ek and k acts unitarily on n, by (6-7) and (6-21), we have

det(1 — Ad(y))|n = €219 det(1 — Ad(e%k)) |z = 2% det(1 — Ad(y)) i (6-22)
By (6-20) and (6-22), we get (6-19).
Classically,
21 . o ‘
det(1—Ad()|z = Y (=17 TrA ®[Ad(k™1)le™/ (), (6-23)
=0

Using the isomorphism of Kj-representations n* ~ n, by (6-19), (6-23), we get the first equation of
(6-18) and the second equation of (6-18) if a is positive in b. For the case a is negative in b, it is enough
to remark that replacing y by 8y does not change the left-hand side of (6-18). O

6B. A compact Hermitian symmetric space Y,. Let u(b) C u and u,, C u be the compact forms of 3(b)
and m. Then,

uwb) =v—-16@un, uUy=~v—1pn D . (6-24)
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Since §(M) = 0, we know M has compact center. By [Knapp 1986, Proposition 5.3], let Ups be the
compact form of M.

Let U(b) C U, Ag C U be the connected subgroups of U associated with Lie algebras 1(b), ~/—1b.
By (6-24), Ay is in the center of U(b), and

Ub) =AoUpy. (6-25)
By [Knapp 2002, Corollary 4.51], the stabilizer of b in U is a closed connected subgroup of U, and so it
coincides with U(b).
Proposition 6.6. The group Ay is closed in U, and is diffeomorphic to a circle S,

Proof. The proof of Proposition 6.6, based on the classification theory of real simple Lie algebras, will be
given in Section 6H. U

Set
Yo =U/U(b). (6-26)

We will see that Yy is a compact Hermitian symmetric space.
Recall that the bilinear form — B induces an Ad(U )-invariant metric on u. Let u(b) be the orthogonal
space to u(b) in u such that

u=u(b) ®ut(b). (6-27)
Also, we have
ut(6) = V=1pt(b) ® £ (b). (6-28)
By (6-12)—(6-14), we have
[u(b), u(b)] Cu(b), [u(b), u=(®)] Cut(b). [ut(b). ut(b)] C u(b). (6-29)
Thus, (u, (b)) is a symmetric pair.
Set
J = v/—1lad(ao)|, 1 ) € End(u™(b)). (6-30)

By (6-7)—(6-10), J is a U(b)-invariant complex structure on u-(b) which preserves the restriction B |yt ()

Moreover, ng = n®g C and ng = n ®p C are the eigenspaces of J associated with the eigenvalues +/—1
and —+/—1 such that
ut(b) ®r C = ng @ fic. (6-31)

The bilinear form — B induces a Hermitian metric on n¢ such that, for f1, f» € ne,

(f1. fahne = —B(f1. f2). (6-32)

Since J commutes with the action of U(b), we know U(b) preserves the splitting (6-31). Therefore,
U(b) acts on n¢ and nc. In particular, U(b) acts on A*(ng). If S () i the spinor of (ut(b), —B), by
[Hitchin 1974], we have the isomorphism of representations of U(b),

A*@E) ~ §* 0 @ det(ng)?. (6-33)
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Note that M has compact center Zjy. By [Knapp 1986, Proposition 5.5], M is a product of a connected
semisimple Lie group and the connected component of the identity in Z4. Since both of these two groups
act trivially on det(n), the same is true for M. Since the action of Ups on n¢ can be obtained by the
restriction of the induced action of M¢ on n¢, we know Uy acts trivially on det(ng). By (6-33), we have
the isomorphism of representations of Upy,

INGSER (6-34)

As in Section 4A, let w" be the canonical left invariant 1-form on U with values in u, and let w"®)
and 0" ® be the u(b) and ut(b) components of @, so that

' = "® vt ®) (6-35)

Then, U — Y, is a U(b)-principle bundle, equipped with a connection form w®. Let Q"®) be the
curvature form. As in (4-3), we have

QU® — _1[pe © O] (6-36)
The real tangent bundle
TYs = U Xy ut(b) (6-37)

is equipped with a Euclidean metric and a Euclidean connection V7Y, which coincides with the Levi-
Civita connection. By (6-30), J induces an almost complex structure on 7' Y. Let 7(1,0) Yy and T(O’l)YE,
be the holomorphic and antiholomorphic tangent bundles. Then

THOY, = U xygyne, TOVY = U xy) ic. (6-38)

By (6-9) and (6-38), J is integrable.
The form —B(-, J -) induces a Kihler form w¥® € Q2(Y}) on Yp. Clearly, Y is closed, and therefore
(Ys, @¥?) is a Kihler manifold. Let f1,..., f»; € n be such that

—B(fi. f;) =bij. (6-39)
Then f1,..., fo; is an orthogonal basis of ng with respect to (-, - )nc. Let f1,. .., £ be the dual base
of n¢. The Kihler form w¥® on Yy is given by
o =— " B IS ==V-1 Y S (6-40)
1<i,j<2l 1<i<2l

Let us give a more explicit description of Yy, although this description will not be needed in the
following sections.

Proposition 6.7. The homogenous space Yy is an irreducible compact Hermitian symmetric space of
type Alll or BDI.

Proof. The proof of Proposition 6.7, based on the classification theory of real simple Lie algebras, will be
given in Section 6J. O
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Since Uy, acts on u, and Ag acts trivially on iy, by (6-25), we have U(b) acts on uy,. Put
Nb =U XU(b) Um- (6—41)

Then, Ny is a Euclidean vector bundle on Y, equipped with a metric connection V¢, We equip the
trivial connection VY=1® on the trivial line bundle /=16 on Y;. Since U(b) preserves the first splitting
in (6-24), we have

V=1b& N, = U xy, U(b). (6-42)

Moreover, the induced connection is given by
YYIeeN: — g1t gy, (6-43)
By (6-27), (6-37), and (6-42), we have
TYy ®V—1b® Ny =, (6-44)
where u stands for the corresponding trivial bundle on Y.
Proposition 6.8. The following identity of closed forms holds on Yy:
A(TYy, VIYo) A(Ny, VVo) = 1. (6-45)

Proof. Proceeding as in [Bismut 2011, Proposition 7.1.1], by (6-27), (6-37), and (6-42), we have

AT Yy, VIY) A(V=Tb @ Ny, VV100Ne) — | (6-46)

By (6-43), we have
A(V=Tb & Ny, VVT00Ne) — A(,, V7o), (6-47)
By (6-46) and (6-47), we get (6-45). O

Recall that the curvature form 2% is a 2-form on Y}, with values in U Xy () W(b). Recall that ag € b
is defined in (6-8). Let Q" be the uy,-component of Qu®). By (6-8), (6-36) and (6-40), we have

Qu® — N/—1|a—°|2 ® 0’ + QU (6-48)
ao

By (6-48), the curvature of (N, V) is given by
RN = ad(Q"®) |, = ad(Q"™) |y, (6-49)

Also, B("® Qu(®) and B(QU, Q=) are well defined 4-forms on Y. We have an analogue of [Bismut
2011, Equation (7.5.19)].

Proposition 6.9. The following identities hold:

a)Yb,Z
B(Qu(b), Qu(b)) =0, B(Qum’ Qum) = —F

a2 (6-50)
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Proof. If ey, ..., e4; is an orthogonal basis of ul(b), by (6-36), we have

B(Qu(b), Qu(b)) — % Z B([el-, ej], [ei/, ej/])eiejei/ej/

1<i,j,i',j/ <4l
= % Z B([[e,-,ej],e,-/],ej/)eiejei/ej/. (6-51)
1<i,j,i',j/ <4l

Using the Jacobi identity and (6-51), we get the first equation of (6-50).
The second equation of (6-50) is a consequence of (6-48) and the first equation of (6-50). O

6C. Auxiliary virtual representations of K. Let RO(Kjs) and RO(K) be the real representation rings
of Kjr and K. Lett: Kjy — K be the injection. We denote by

* :RO(K) — RO(Kyy) (6-52)
the induced morphism of rings. Since K37 and K have the same maximal torus 7', we know ¢* is injective.

Proposition 6.10. The following identity in RO(Kpz) holds:

m dimpy, 2/
L*(Z(—l)"‘li/\"(p*>) = D DDA @A (). (6-53)
i=1 i=0 j=0

Proof. For a representation V' of Ky, we use the multiplication notation introduced by Hirzebruch. Put

Ay (V)= ¥ A (V). (6-54)

1

a polynomial of y with coefficients in RO(K3s). In particular,

A(V) =) (D'A(V), AL (V) =) (=D)THAN(V). (6-55)

Denote by 1 the trivial representation. Since Aj(1) =0and A’ (1) =1, we get
AL (V&1 = A (V). (6-56)
By (6-2), (6-5), and the fact that K acts trivially on b, we have the isomorphism of Ky -representations
P1@pn @, (6-57)
Taking V = p,, @ n, by (6-56) and (6-57), we get (6-53). O
The following theorem is crucial.

Theorem 6.11. The adjoint representation of Kps on n has a unique lift in RO(K).

Proof. The injectivity of (* implies the uniqueness. The proof of the existence of the lifting of n, based
on the classification theorem of real simple Lie algebras, will be given in Section 61. O

Corollary 6.12. For i, j € N, the adjoint representations of Kps on A’.(p;;) and A7 (n*) have unique
lifts in RO(K).
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Proof. As before, it is enough to show the existence of lifts. Since the representation of Kjs on n lifts
to K, the same is true for the A/ (n*). By (6-57), this extends to the A (p}). O

Denote by 7n; the adjoint representation of M on A7 (n*). Recall that by (6-31), U(b) acts on nc.
Recall also that C'=" € End(A’ (n})), CH®1(®) ¢ End(ul (b)) are defined in (3-8).

Proposition 6.13. For 0 < j < 21, the operator C*™" is a scalar such that
Cimti = L O [cv®@ut O (1)) (6-58)

Proof. Equation (6-58) was proved in [Moscovici and Stanton 1991, Lemma 2.5]. We give here a more
conceptual proof.

Recall that (u, u(b)) is a compact symmetric pair. Let S* 1(®) pe the uJ-(b) spinors [Bismut 2011,
Section 7.2]. Let C4(®)-5* o be the C351m1r element of u(b) acting on S* () defined as in (3-8). By
(7.8.6) of the same paper, C(®)-S w " is a scalar such that

CUOST L pyu®act @) (6-59)

Let C*A*(0) pe the Casimir element of iy, acting on A*(ng). By (3-7), (6-33) and (6-34), we have

Cu(b),sui(w — CumATGY) _ (Ad(al)|A'(ﬁg)®der1/2(nc))2- (6-60)

By (6-7), we have
Ad(a1)|Aj(ﬁE)@det_l/z(nC) =(j = Dle|. (6-61)
By (6-59)—(6-61), we get (6-58). O

Let y = e?k~! € G be such that (3-9) holds. Since A*(p}) € RO(K), for Y € £(y), we know
Tr A (0m) [k~ ! exp(—iY)] is well defined. We have an analogue of (4-44).

Proposition 6.14. If dim b(y) = 2, then for Y € £(y), we have
Tr2* ¢tn) [k~ exp(—iY)] = 0. (6-62)

Proof. The proof of Proposition 6.14, based on the classification theory of real simple Lie algebras, will
be given in Section 6L. O

6D. A classification of real reductive Lie algebra g with §(g) = 1. Recall that G is a real reductive
group with compact center such that §(G) = 1.

Theorem 6.15. We have a decomposition of Lie algebras
g9=9g1D 92, (6-63)

where
g1 =s3(R) or so(p,q), (6-64)

with pq > 1 odd, and g3 is real reductive with 5(g) = 0.
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Proof. Since G has compact center, by (3-6), 3, = 0. By (3-25), we have
§([g. g]) = 1. (6-65)
As in [Bismut 2011, Remark 7.9.2], by the classification theory of real simple Lie algebras, we have
[0.9] = 01 @ 05. (6-66)

where
g1 =sB(R) or so(p.q). (6-67)

with pg > 1 odd, and where g/, is semisimple with §(g},) = 0. Take
g2 =5 D05 (6-68)
By (3-24), (6-66)—(6-68), we get (6-63). O
6E. The group SL3(R). In this subsection, we assume that G = SL3(R), so that K = SO(3). We have
X ai as 0 a1 ap
p= {(al y as ) 1X,y,d1,d2,a3 € [RR} , t= {(—al 0 a3) tdy,ds,a3 € R} . (6-69)
ap az —x—y —ap —asz 0
Let
A0 .
Tz{(o 1).AeSO(z)}cK (6-70)

be a maximal torus of K.
By (3-18), (6-69) and (6-70), we have

By (6-71), we get

x a1 O 0 0 ap
Pm = a; —x 0 ):x,a;1€eRy, pl(b): 0 0 a3):az,a3€eR}. (6-72)
0 00 a az 0

S O =

0 O
x 0 )ZXER§ Cp. (6-71)
0 —2x

Also,

A0

b=t Ky =T. M:{(O |

) Ae SLZ(R)}. (6-73)

By (6-71), we can orient b by x > 0. Thus,

00612
n= 00as):az,a3€eR;. (6-74)
000



ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS, AND THE FRIED CONJECTURE 37

By (6-71) and (6-74), since for x € R, a3 € R, a3z € R,

x 0 O 00 as 00 ap
0O0x 0 },{00 as =3x| 00 asz|, (6-75)
00 —2x 000 000

we find that b acts on n as a scalar.
Denote by Isom”(G/K) the connected component of the identity of the isometric group of X = G/K.
Since G acts isometrically on G/ K, we have the morphism of groups

ig : G — Isom’(G/K). (6-76)
Proposition 6.16. The morphism ig is an isomorphism; i.e.,
SL3(R) ~ Isom®(SL3(R)/ SO(3)). (6-77)

Proof. By [Helgason 1978, Theorem V.4.1], it is enough to show that K acts on p effectively. Assume
that k € K acts on p as the identity. Thus, k fixes the elements of b. As in (6-73), there is A € GL,(R)
such that

A 0
k= (O det_l(A))' (6-78)
Since k fixes also the elements of p=(b), by (6-72) and (6-78), we get A = 1. Therefore, k = 1. O

6F. The group G = SOO(p, q) with pq > 1 odd. In this subsection, we assume that G = SO°(p, ¢),
so that K = SO(p) x SO(g), with pg > 1 odd.

In the sequel, if /,!” € N*, let Mat; ;/(R) be the space of real matrices of / rows and /" columns. If
L C Mat; ;(R) is a matrix group, we denote by o; the standard representation of L on R!. We have

0 B A0
p:{(B, 0);BeMat,,,q(R)}, ez{(o D):Aeso(p),Deso(q)}. (6-79)
Let
A1 00
Ty q = (0 .0 ):Al,...,A(p_l)/zeSOQ) CcSO(p—1) (6-80)
0 0 Ap-n/
be a maximal torus of SO(p — 1). Then,
A 0 0
10 ,
T=10(y]) 0|eK:AeTpr BeTyip CK (6-81)
0O 0 B

is a maximal torus of K.
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By (3-18) and (6-81), we have

b=

Pm =

p(b) =
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0 0 0
x 0

0 0 0

0 0 B
00

0 (pg) 0

Bt 0 0)

(0 0Ov; O

0 (00) vh

vt 00/ 0

\0 v 0 0)

0 (0 ) o|epixert,

ep:Be Matp_l,q_l([R{) ,

eEpivg

where vy, v, are considered as column vectors. Also,

eRP7 pyyeRITLY

A 0 0
B 00 : _ _
b = 0(00) 0|et:Adeso(p—1), Deso(qg—1)
0 0 D
By (6-82) and (6-83), we get
(A 0 B
3 10 (A B o
m=1lo (01) 0 eG.(C D)eSO(p Lg—nb,
C 0 D)
/A 0\
10
Ku=1]0 (01) 0|ek:4eS0(p—1),D eSO 1)
0O 0 D

By (6-82), we can orient b by x > 0. Then,

n—

0 —V1 VU1 0
vi (OO) vh
i Loo) g

0 V) —VUp 0

€g:v €RP7L vy e RIT!

By (6-82) and (6-85), since for x € R, vy e RP~1, vy e R,

0 0

(03] [

x 0
0 0

0 0—1)11)10

t
Uy

t
t
Uy

0 01)2 —V2 0

we find that b acts on n as a scalar.

0—1)1 1)10
_ v] (00) vh
i Loo) g

0 Uy —Up 0

(6-82)

(6-83)

(6-84)

(6-85)

(6-86)
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Proposition 6.17. We have the isomorphism of Lie groups
S0°(p.q) ~ Isom®(SO°(p. q)/ SO(p) x SO(q)). (6-87)
where pq > 1 is odd.

Proof. As in the proof of Proposition 6.16, it is enough to show that K acts effectively on p. The
representation of K ~SO(p)xSO(q) on p is equivalent to 0, Ko,. Assume that (k1, k2) € SO(p)xSO(q)
acts on R? XIRY as the identity. If A is any eigenvalue of k; and if u is any eigenvalue of k5, then

=1, (6-88)
By (6-88), both k1 and k» are scalars. Using the fact that det(k;) = det(k2) = 1 and that p, g are odd,
we deduce k1 =1 and kp = 1. O

6G. The isometry group of X. We return to the general case, where G is only assumed to have compact
center and be such that §(G) = 1.

Proposition 6.18. The symmetric space G/ K is of noncompact type.

Proof. Let Z ?; be the connected component of the identity in Zg, and let Gg¢ C G be the connected
subgroup of G associated with the Lie algebra [g, g]. By [Knapp 1986, Proposition 5.5], G is closed
in G such that

G = Z2Gys. (6-89)

Moreover, G is semisimple with finite center, with maximal compact subgroup Kss = G5 N K. Also,
the imbedding Ggs — G induces the diffeomorphism

Gss/Kss ~ G/K. (6-90)

Therefore, X is a symmetric space of noncompact type. O
Put

Gy = Isom®(X), (6-91)

and let K, C G be the stabilizer of pl € X fixed. Then G« is a semisimple Lie group with trivial center,
and with maximal compact subgroup K«. We denote by g« and £, the Lie algebras of G« and K. Let

O« = Px DLy (6-92)
be the corresponding Cartan decomposition. Clearly,
Gy«/Ks >~ X. (6-93)

The morphism ig : G — G« defined in (6-76) induces a morphism i : g — g« of Lie algebras. By
(3-4) and (6-93), iy induces an isomorphism of vector spaces

PPy (6-94)
By the property of £, and by (6-94), we have
B = [Px, P = ig[p, p] Cigt. (6-95)

Thus i, iy are surjective.
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Proposition 6.19. We have
Gy« =G X Gy, (6-96)

where G1 = SL3(R) or G; = SO°(p, q) with pq > 1 odd, and where G, is a semisimple Lie group with
trivial center with §(G,) = 0.

Proof. By [Kobayashi and Nomizu 1963, Theorem IV.6.2], let X = ]_[flzl X; be the de Rham de-
composition of (X, g7%X). Then every X; is an irreducible symmetric space of noncompact type. By
Theorem VI1.3.5 of the same paper, we have
I
Gw = [ [ Isom®(Xy). (6-97)
i=1

By Theorem 6.15, (6-77), (6-87) and (6-97), Proposition 6.19 follows. O
6H. Proof of Proposition 6.2. By (6-63) and by the definitions of b and n, we have

b,nCg. (6-98)
Proposition 6.2 follows from (6-75) and (6-86). O

61. Proof of Theorem 6.11. The case G = SL3(R). By (6-73) and (6-74), the representation of Kjs >~
SO(2) on n is just 0. Note that K = SO(3). We have the identity in RO(Kjz)

(o3 —1) = 09, (6-99)

which says n lifts to K.

The case G = SO°(p, q) with pq > 1 odd. By (6-84) and (6-85), the representation of Kps ~ SO(p—1) x
SO(g—1) onnisjusto,—1 1@ 1Xo,1. Note that K = SO(p) x SO(g). We have the identity in
RO(Km)

F(op—1DR1D1R (0y—1)) =0p—1 K1 D 1R 0y_1, (6-100)
which says n lifts to K.
The case for G«. This is a consequence of Proposition 6.19 and (6-98)—(6-100).

The general case. Recall that ig : G — G is a surjective morphism of Lie groups. Therefore, the
restriction ig : K — Ky of ig to K is surjective. By (6-94), we have the identity in RO(K)

p=ig(ps). (6-101)
Set
te = ig(t) C by (6-102)

Since ik is surjective, by [Brocker and tom Dieck 1985, Theorem 1V.2.9], t, is a Cartan subalgebra of ..
Let by C ps« be the analogue of b defined by t.. Thus,

dimbs =1, by =ig(b). (6-103)
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We denote by K ar, pi(b4), 1y the analogues of Kz, p(b), n. By (6-94), Iy induces an isomorphism
of vector spaces

p(6) = py (by). (6-104)
Letig,, : Ky — K« m be the restriction of ig to Kps. We have the identity in RO(Kpz)

pr(b) = ik, (b (bs)). (6-105)
Let ' : K« p — K« be the imbedding. Then the diagram
Ky ——K

jiKM LiK (6-106)

L
K*,M — K«

commutes. It was proved in the previous step that there is £ € RO(K«) such that the following identity
in RO(K, pr) holds:
U*(E) = ny. (6-107)

By (6-5) and (6-105)—(6-107), we have the identity in RO(K}ps),
n=pt(b) =ig, (hx(be) =ig, () =ig, *(E)=1ig(E), (6-108)
which completes the proof of our theorem. O

6J. Proof of Proposition 6.7. 1f n € N, consider the following closed subgroups:

AcUQ) — (6‘ det—ol ( A)) € SUQ),

(6-109)
A0

(A, B) € SO(n) x SO(2) — ( o 3

) € SO(n +2).

We state Proposition 6.7 in a more exact way.

Proposition 6.20. We have the isomorphism of symmetric spaces
Yy ~SUB3)/U(2) or SO(p+¢q)/SO(p+q—2)xS0O(2), (6-110)
with pg > 1 odd.

Proof. Let Uy and Ux(b) be the analogues of U and U(b) when G and b are replaced by G and bx. It
is enough to show that

Yo ~ Uy / Ug (by). (6-111)

Indeed, by the explicit constructions given in Sections 6E and 6F, by Proposition 6.19, and by (6-109),
(6-111), we get (6-110).
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Let Zy C U be the center of U, and let Z ?] be the connected component of the identity in Zy. Let
Uss C U be the connected subgroup of U associated to the Lie algebra [u, u] C u. By [Knapp 1986,
Proposition 4.32], Uy is compact, and U = Uss ZJ).

Let Usg(b) be the analogue of U(b) when U is replaced by Uys. Then U(b) = Usg(b)Z?, and the
imbedding Uss — U induces an isomorphism of homogeneous spaces

Uss/ Uss(b) ~ U/ U(b). (6-112)

Let ﬁss be the universal cover of Uss. Since Uy is semisimple, ﬁss is compact. We define ﬁss(b)
similarly. The canonical projection Ugs — Uyg induces an isomorphism of homogeneous spaces

Uss/Uss (b) = Uss / Ugs (b). (6-113)

Similarly, since Uy is semisimple, if U, is a universal cover of Uy, and if we define ﬁ*(b) in the same
way, we have
Us/Ux(b) = Us/ Ux(b). (6-114)

The surjective morphism of Lie algebras iy : g — g« induces a surjective morphism of the compact
forms i, : u — u4. Since uy is semisimple, the restriction of i, to [u, u] is still surjective. It lifts to a
surjective morphism of simply connected Lie groups

Uss — U, (6-115)

Since any connected, simply connected, semisimple compact Lie group can be written as a product of
connected, simply connected, simple compact Lie groups, we can assume that there is a connected and
simply connected semisimple compact Lie group U’ such that Uss = Uy x U’, and that the morphism
(6-115) is the canonical projection. Therefore,

Uss/Ugs (b) ~ Uy /Uy (by). (6-116)
From (6-26), (6-112)—(6-114) and (6-116), we get (6-111). O

Remark 6.21. The Hermitian symmetric spaces on the right-hand side of (6-110) are irreducible and
respectively of type AIIl and type BDI in the classification of Cartan [Helgason 1978, p. 518, Table V].

6K. Proof of Proposition 6.6. We use the notation in Section 6J. By definition, Ag C Uys. Let fTo cU 55
and Ao C U, be the analogues of A9 when U is replaced by Uss and Us. Asin the proof of Proposition 6.7,
we can show that /To is a finite cover of Ag and A«g.

On the other hand, by the explicit constructions given in Sections 6E, 6F, and by Proposition 6.19,
Ay is a circle S'. Therefore, both /TO, Ay are circles.

6L. Proof of Proposition 6.14. We use the notation in Section 4E. Let y € G be such that dim b(y) = 2.
As in (4-39), we assume that y = e*k~! is such that

t(y)ct, keT (6-117)
It is enough to show (6-62) for Y € t(y).
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For Y € t(y), since kY exp(—iY) € T and T C KM, we have

Te A ) [k~ exp(—i¥)] = det(1 — Ad(k) exp(i ad(Y)))| o (6-118)
It is enough to show
dimb(y) Npm = 1. (6-119)
Note that a # 0, otherwise dim b(y) = 1. Let
a=a'+a’>+a>cb®pn dpt(b). (6-120)

Since the decomposition b @ pr, @ p(b) is preserved by ad(t) and Ad(T), it is also preserved by ad(t(y))
and Ad(k). Since a € b(y), the a;, 1 <i <3, all lie in b(y). If a® # 0, we get (6-119). If a> = 0 and
a3 =0, we have a € b. Since a # 0, we have b(y) = b, which is impossible since dimb(y) = 2.

It remains to consider the case

a’?=0, a®+#0. (6-121)
We will follow the steps in the proof of Theorem 6.11.
The case G = SL3(R). By (6-70) and (6-72), the representation of T~ SO(2) on p=(b) is equivalent
to 0». A nontrivial element of 7' never fixes a>. Therefore,
k=1. (6-122)

Since a ¢ b, we know a does not commute with all the elements of t. From (6-117), we get

dimt(y) <dimt= 1. (6-123)
Therefore,
t(y) = 0. (6-124)

By (4-36), (6-122) and (6-124), we see that b(y) = p. Therefore,
dim b(y) N pm = dim py,. (6-125)

By (6-72) and (6-125), we get (6-119).

The case G = SO°(p, q) with pq > 1 odd. By (6-82) and (6-84), the representations of Kps ~
SO(p —1) xSO(g — 1) on py, and p-(b) are equivalent to op—1Xoy—1and o, 1 X1P1XKo,—1. We
identify a3 € pL(b) with

v eRPTIgRITL (6-126)

Then v! and v? are fixed by Ad(k) and commute with £(y).

If v! # 0 and v? # 0, by (4-36), the nonzero element v! K v? € RP7! RIRI~ ~ p,, is in b(y). Tt
implies (6-119).

If v2 =0, we will show that y can be conjugated into H by an element of K, which implies dim b(y) =1
and contradicts dim b(y) = 2. (The proof for the case v! = 0 is similar.) Without loss of generality,
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assume that there exist s € N with 1 <s < (p —1)/2 and nonzero complex numbers As, ..., A(p—1)/2 €C
such that
vl =(0,...,0, A, ..., A(p_1y/2) € CP™V/2 ~ gP7L (6-127)
Then there exists x € R such that
0 o0v' o
1 0 (0x)\0
a=|1 (3 9) oler (6-128)
0 00 O

A4 0 0
B 10
k=10 (01) oler (6-129)
0 0 D

If we identify 7)1 =~ U(l)(p_l)/z, there are 61, ..., 6,—1)/2 € R such that

A= (Y170 2V 1m00n)2), (6-130)

Since k fixes a, by (6-127)—(6-130), fori =s,...,(p —1)/2, we have

2V 1mb (6-131)
If W eso(p—2s+2),set
col.
el
000
Iwy=[owo|et (6-132)
00O
By (6-129)-(6-132), we have
kI(W) =1(W)k. (6-133)

Putw = (As,..., A(p—1)/2:X) € C(P=25+1)/2 R ~ RP~25F2 There exists W € so(p —2s +2) such
that
exp(W)w = (0,...,0,|w|), (6-134)

where |w| is the Euclidean norm of w.
Put
k' =exp(l(W)) € K. (6-135)

By (6-82), (6-133) and (6-134), we have
Ad(k"yaeb, Kkk'™'=k. (6-136)

Thus, y is conjugated by k’ into H.
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The general case. By (6-63), g = g1 @ g with g; = sl3(R) or g; = so(p, g) with pg > 1 odd. By
(6-98) and (6-121), we have a € g;. The arguments in (6-122)—(6-126) extend directly. We only need
to take care of the case g; = so(p,q) and a®> =0, v! # 0 and vZ = 0. In this case, the arguments in
(6-128)—(6-134) extend to the group of isometries G«. In particular, there is Wi € £ such that

Ad(exp(Wx))ig(a) € by, Ad(ig(k)) Wi = Ws. (6-137)
By (6-94), ker(iy) C £. Let ker(ig)l be the orthogonal space of ker(iy) in €. Then,
t = ker(iy) @ ker(ig)h, ker(ig)’ ~ &.. (6-138)

Take W = (0, Wy) € £. Put
k' =exp(W) € K. (6-139)

By (6-94), (6-137) and (6-139), we get (6-136). Thus, y is conjugate by k” into H. The proof of (6-62) is
completed. O

7. Selberg and Ruelle zeta functions

In this section, we assume that §(G) = 1 and that G has compact center. The purpose of this section is to
establish the first part of our main result, Theorem 5.5.

In Section 7A, we introduce a class of representations 1 of M such that n|g,, lifts as an element of
RO(K). In particular, 7; is in this class. Take fj = A®*(p}) ® n € RO(K). Using the explicit formulas
for orbital integrals of Theorem 4.7, we give an explicit geometric formula for Tr, Y] [exp(—t C &% /2)],
whose proof is given in Section 7B.

In Section 7C, we introduce a Selberg zeta function Z; , associated with 7 and p. Using the result in
Section 7A, we express Z , in terms of the regularized determinant of the resolvent of C 9% .0 and we
prove that Z, , is meromorphic and satisfies a functional equation.

Finally, in Section 7D, we show that the dynamical zeta function R, (o) is equal to an alternating
product of Z;) ,, from which we deduce the first part of Theorem 5.5.

7A. An explicit formula for Trs["][exp(—tC 9. X, /2)]. We introduce a class of representations of M.
Assumption 7.1. Let n be a real finite-dimensional representation of M such that

(1) the restriction n|k,, on Ky can be lifted into RO(K);

(2) the action of the Lie algebra uyy C m @ C on Ey Qg C, induced by complexification, can be lifted to

an action of Lie group Uyy;
(3) the Casimir element C*™ of uy acts on Ey @ C as the scalar C*™" € R.
By Corollary 6.12, let fj = 4T — i~ € RO(K) be the virtual real finite-dimensional representation of K

on Ej = E: — En_ such that the following identity in RO(Kjs) holds:

dimpy,

Ejlky = Y (=D'A'(p}) ® Eylky,- (7-1)
i=0
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By Corollary 6.12 and by Proposition 6.13, n; satisfies Assumption 7.1, so that the following identity

in RO(K) holds
dim p

21
DDA ) =D (-1 Ep,. (7-2)
i=1 j=0

As in Section 4A, let & = G xg Ej be the induced virtual vector bundle on X. Let C 0. X1 pe
the corresponding Casimir element of G acting on C*°(X, &;). We will state an explicit formula for
Tryexp(—t C9-X1/2)].

By (6-25), the complex representation of Ups on E; @r C extends to a complex representation of U(b)
such that A acts trivially. Set

F[,’T, =U XU(b) (E77 QR C) (7-3)

Then Fy 5 is a complex vector bundle on Y. It is equipped with a connection VFen induced by o*®),
with curvature RFe.n,

Remark 7.2. When 1 = n;, the above action of U(b) on A/ (n¢) is different from the adjoint action of
U(b) on A/ (n}) induced by (6-31).

Recall that 7" is the maximal torus of both K and Uyy. Put

m=t1 |W(T, Upr)| vol(K/Knr)

cg=(-1)"T" . (7-4)
|[W(T, K)| vol(Up/Km)
Recall that X3y = M/Kjy. By Bott’s formula [1965, p. 175],
|W(T, K)|
K/Ky)= —7-7—7"—"-, (7-5)
HRIEM) = 7 K
and by (4-5) and (7-4), we have a more geometric expression
e(TXM,VTXM max
= (1) ] e (-6)
[e(T(K/Kpr), VT K/ Kar))|max
Note that dim ut(b) = 2dimn = 41. If B € A*(u*(b)), let [8]™* € R be such that
Yy,21
w
_ max 7_7
BB @-7)

is of degree smaller than 4/.

Theorem 7.3. Fort > 0, we have

Tr,exp(—t C 9% /2)] =

cG t L 1 t
— e @ rcu®,us ) _ L cumn
N eXp(m e I=3

x |exp Lot A(T Yy, VTT%) ch(Fy . VFo) "o
8m2|ag|?t ’
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Ify=e%% '€ Hwithachb, a#0, k€T, fort >0, we have

Tl exp(—1 €9 /2)] = e Xy (), VX O
Xexp(_% n % TruL(b)[Cu(b),uL(b)]_% Cum,n) TePn[n(kh) (79
[det(1-Ad())],. |
If dimb(y) = 2, for t > 0, we have
TryM[exp(—tC#%7 /2)] = 0. (7-10)

Proof. The proof of (7-8) and (7-9) will be given in Section 7B. Equation (7-10) is a consequence of
(4-22), (6-62) and (7-1). O

7B. The proof of (7-8) and (7-9). Let us recall some facts about Lie algebras. Let A(t,€) C t* be
the real root system [Brocker and tom Dieck 1985, Definition V.1.3]. We fix a set of positive roots

AT (t,€) C A(t, €). Set
e 1
aeAT(L,E)
By Kostant’s strange formula [1976] or [Bismut 2011, Proposition 7.5.1], we have
47| p*|* = — 55 TIF[CHY). (7-12)
Let ¢ : t — C be the polynomial function such that, for ¥ € ¢,
m(Y)= [] 2imY). (7-13)
aeAT(t,0)
Let o¢ : t = C be the denominator in the Weyl character formula. For Y € t, we have
)= [ (" *1)—cimler)) (7-14)
aceAT(t,0)
The Weyl group W(T, K) acts isometrically on t. For w € W(T, K), set €, = det(w)|¢. The Weyl

denominator formula asserts for Y € t, we have

oe(Y) = Z €w exp(im (pt, wY)). (7-15)
weW(T,K)

Let K be the set of equivalence classes of complex irreducible representations of K. There is a bijection
between K and the set of dominant and analytic integral elements in t* [Brocker and tom Dieck 1985,
Section VI, (1.7)]. If A € t* is dominant and analytic integral, the character y, of the corresponding
complex irreducible representation is given by the Weyl character formula: for Y € t,

or(V)alexp(Y) = > ewexpim(p’ + A, wY)). (7-16)
weW(T,K)
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Let us recall the Weyl integral formula for Lie algebras. Let dvg,7 be the Riemannian volume on
K/ T induced by —B, and let d Y be the Lebesgue measure on ¢ or t induced by —B. By [Knapp 1986,
Lemma 11.4], if f € C.(£), we have

— 1 2
iy = [ mone( [ o 1A dugjr)dv. @)

Clearly, the formula (7-17) extends to L1 (£).
Proof of (7-8). By (3-3), (4-22) and (7-17), we have
TryMexp(— C&X-1/2)]

t t
- - T proter o L o ott
= Gamn exp(16 TP [C™P] + 18 Tr'[C ])
vol(K/T)

W(T. K)]| Yet|7TB(Y)|2J1(Y)TrsEﬁ[exp(—if](Y))] exp(—|Y |2/ (2t))dY. (7-18)

As 6(M) = 0, we have t is also a Cartan subalgebra of u,,. We will use (7-17) again to write the integral
on the last line of (7-18) as an integral over uy,.
By (6-5), we have the isomorphism of representations of Kyy,

pt(b) ~ e (b). (7-19)
By (4-21) and (7-19), for Y € t, we have

A ad(Y)ly,)

)= )

(7-20)
By (7-1), for Y € t, we have

Tr, 7 [exp(—i A(Y))] = det(1 — exp(i ad(Y)))|p,, Tr"[exp(—in(Y))]. (7-21)
By (7-13), (7-20) and (7-21), for Y € t, we have

(V) ?

mh(y) e, [exp(—i (Y )]

dimpm

= (1) 2" det(ad(Y))[er o)A~ (i ad(¥)|u,,) TrE7[exp(=in(Y))]. (7-22)

Using (6-5), for Y € t, we have
det(ad(Y))lpL (o) = det(ad(Y))[nc- (7-23)

By the second condition of Assumption 7.1 and by (7-23), the function on the right-hand side of (7-22)
extends naturally to an Ad(Ujpy)-invariant function defined on u,. By (7-4), (7-17), (7-18), (7-22) and
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(7-23), we have

Tr,Mexp(—t &%+ /2)]

_ (=Dleg ! tpr . Lo obe
_(2]”)(—m+n)/2exp ETrp[C ]—I—&Tr[C ]

X/Y det(ad(¥)lnc A" (i ad(Y)|w,) Tr7lexp(—in(Y))] exp(=|Y */(21)) dY. (7-24)

It remains to evaluate the integral on the last line of (7-24). We use the method in [Bismut 2011,
Section 7.5]. For Y € u,,, we have

|Y|? =—B(Y.,Y). (7-25)
By (6-32), (6-36) and (6-48), for Y € u,,, we have

B(Y,Q'")=— Y B@Y)fi, NS A= D (adM)fi, filac S AF (7-26)

1<i,j<2l 1<i,j<2l

By (6-40), (7-7) and (7-26), for Y € uy,, we have

det(ad(Y))|ne 1 Qum \\ T
e = (50))] "

As dimuy, = dimm =m +n —2[ — 1, from (7-24) and (7-27), we get

Tr,M[exp(—t C X1 /2)]

¢G ¢ Er bt
= ex TP [CYP] + — Tr*[CY )
- exp( 1 TP+ 4 THICH
t . -~ E ' 1 Qlim max
xexp| zA"™ |J A7 ({ ad(Y)ly,,) Tr™"[exp(—in(Y))] exp| —B| Y, . (7-28)
2 t 2 Y=0
Using
B(r. 2 L iy =ty + 20y 4 & 1B @i Qi (7-29)
T 2w 272 2’ 2 2 A
by (6-50) and (7-28), we have
Tr,Mexp(—t C X1 /2)]
cG 4 ¢ Lo epbt
=— — TP[CHP]+—Tr[C"
\/z_mexp(m [ ]+48 r'[C™]
th,Z ¢ ) ~ £ . max
xiexp| —=————- |exp| zA"™ ) (A" (i ad(Y)|y,,) Tr="[exp(—in(Y))]) . (7-30)
87T2|a0|2t 2 Y —_ Qum

2

We claim that the Ad(Ujy)-invariant function

Y €up — AL ad(Y)|y, ) TrE7 [exp(—in(Y))] (7-31)
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is an eigenfunction of A'm with eigenvalue
mos 1 m moe¥m
—Clml — 2 Trtm [C o], (7-32)

Indeed, if f is an Ad(Ujyy)-invariant function on u,, when restricted to t, it is well known, for example
[Bismut 2011, Equation (7.5.22)], that

1

Al f = Almy, f. (7-33)
Um
Therefore, it is enough to show that the function
Y €t 1y, (V) A7 (G ad (V) T fexp(—in (V)] (7-34)

is an eigenfunction of A' with eigenvalue (7-32). For Y € t, we have

~ oy (1Y)
A~ ad(Y = tm> 7-35
(i ad(Y))lu,, e (1Y) (7-35)
By (7-35), for Y € t, we have
T (VYA ad(Y )], = ilAT Gl (—iY). (7-36)

If £, ®g C is an irreducible representation of Ups with the highest weight A € t*, by the Weyl character
formula (7-16), we have

Oun (1Y) TrsPrfexp(=in(Y )] = Y ew expu(p*™ + A, wY)). (7-37)
weW (T, Up)

By (7-36) and (7-37), the function (7-34) is an eigenfunction of A' with eigenvalue
42| p" + A (7-38)
By Assumption 7.1, the Casimir of uy, acts as the scalar C"»". Therefore,
—CUl = 472 (|t 4 A2 — | ptm ). (7-39)

By (7-12) and (7-39), the eigenvalue (7-38) is equal to (7-32). If E; ®g C is not irreducible, it is enough
to decompose E; ®p C as a sum of irreducible representations of Upy.

Since the function (7-34) and its derivations of any order satisfy estimations similar to (4-20), by (6-49)
and (7-30), we get

Try M [exp(—tC# % /2)]

cG ! 4 ! Erott 4 u Uy U l u
e _TpCap —T Ca — T mCmam __C m»7]
exp( 5 TPIC] 4 4 THICH] - o T fCt)

2wt
My . RNe £ RFbn max
X ——— AT — | Tr7" — . (740
) A Ce i O |




ANALYTIC TORSION, DYNAMICAL ZETA FUNCTIONS, AND THE FRIED CONJECTURE 51

Since 4 is an even function, by (2-3), we have

~f RNv ~
A( : ) = A(Np, V). (7-41)
2im
We claim that
TP[CH] + L T [CHY — LTt [Ctmotn] = T O [CH©@ O], (7-42)

Indeed, by [Bismut 2011, Proposition 2.6.1], we have
TP [CHP] + L Te'[CHY) = L Tet[C™Y,

Trui(h) [Cu(h),ui(b)] + 1 Tru(b)[cu(b),u(b)] — %Tru[cu,u]' (7-43)
By (6-24), it is trivial that
Tru(b) [C u(b):u(b)] — Trum [C umaum]‘ (7_44)
From (7-43) and (7-44), we get (7-42).
By (2-4), (6-45) and (7-40)—(7-42), we get (7-8). O
Let Ups (k) be the centralizer of k in Upy, and let u, (k) be its Lie algebra. Then
U (k) = V—Ipm(k) & twm(k). (7-45)

Let U 1\04 (k) be the connected component of the identity in Ups (k). Clearly, U 1\04 (k) is the compact form
of M°(k).

Proof of (7-9). Since y € H, we know t C £(y) is a Cartan subalgebra of £(y). By (4-22), (6-17) and (7-17),
Trexp(—rC %1 /2)]

1 2
:WGXP( " +1 T”[C“’]+ T [c”])
I(Ky, (k)/T
X% @ (NP (DT KD exp(=iAY )] exp([Y[*/@0)dY.  (7-46)

M €

Since t is also a Cartan subalgebra of uy, (k), as in the proof of (7-8), we will write the integral on the last
line of (7-46) as an integral over uy (k).
Ask eT and T C Ky, by (7-1), for Y € ¢, we have

Tr %7 [(k™") exp(—i H(Y))] = det(1 — Ad(k) exp(i ad(Y))) Lo, TP [n(k~") exp(=in(Y))].  (7-47)
By (4-19), (7-13) and (7-47), for Y € t, we have

|7, ) (Y )12

e o O T [k exp(— ()]

dim Pm(k)

(—1)
\det(l —Ad(y))| } e
x TrEn[n(k™ l)eXp(—in(Y))]- (7-48)

det(1 — exp(—i ad(¥)) Ad( ™)1 T

—1
(i ad(Y)Ium<k>)[ det(l = Ad(k~")[;1 )
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Let ufn- (k) be the orthogonal space to uy (k) in . Then

(k) = V=1pp () @ Eg (). (7-49)
By (7-49), for Y € t, we have

det(1 —exp(—i ad(Y)) Ad(k~1)) }33 o det(l—exp(=i ad(¥)) Ad(k™)], 1 1)

(7-50)
det(1 = Ad(k—1)] 1 ) det(1 — Ad(k1)) [, 1 o)

By Assumption 7.1 and (7-50), the right-hand side of (7-48) extends naturally to an Ad(U 181 (k))-invariant
function defined on uy (k). By (4-5), (7-17), (7-46) and (7-48), we have

Tr, M exp(— C %7 /2)]

1 TX s (k), VT X (k)ymax 2 g t {
270 Jdet(1-Ad()] 3 |2 f

det(l—exp(—i ad(Y)) Ad(k_l)) }ui(k)
det(1-=Ad(k~1)ly1 k)

} TrE"[n(k_l)eXp(—in(Y))]}

AN ad<Y>|um<k>){
Y=0
(7-51)

As before, we claim that the function

det(1 —exp(~i ad(¥)) Ad(k ™) | .1 1) :
det(1 —Ad(k_l))|uﬂn-(k) :|

x TrE (k™) exp(—in(Y))] (7-52)

Y e um(k) — 121\_1(1. ad(Y)lum(k))|:

is an eigenfunction of A'm (k) with eigenvalue (7-32). Indeed, it is enough to remark that, as in (7-37), up
to a sign, if k = exp(0;) for some 6; € t, we have
o . _ 1
Ty (¥ AT ad(Y) |y, [det(1 —exp(—i ad(Y)) Ad(k™H))] #(k)] 2
= £ ATl iy —6y). (7-53)

Also, if E;, ®r C is an irreducible representation of Ups with the highest weight A € t¥,

Ou (—1Y = 0D TeFr [k exp(—in(Y) = D ewexp(2m{py, + A, w(¥ —i61))). (7-54)
weW (T, Upr)

Proceeding as in the proof of (7-8), we get (7-9). O
7C. Selberg zeta functions. Recall that p: " — U(r) is a unitary representation of I' and that (F, V¥, g©')
is the unitarily flat vector bundle on Z associated with p.
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Definition 7.4. For o € C, we define a formal sum

Xon(S'\Bp)  TrEr[n(k=1)] o—olal

Enp@)== ) T~ . (7-55)
[ylell]—{1} [¥] !det(l —Ad()/))laé‘z
and a formal Selberg zeta function
Zy,p(0) =exp(Ey,p(0)). (7-56)

The formal Selberg zeta function is said to be well defined if the same conditions as in Definition 5.4
hold.

Remark 7.5. When G = SO°(p, 1) with p > 3 odd, up to a shift on o, we know Z; , coincides with
Selberg zeta function in [Fried 1986, Section 3].

Recall that the Casimir operator C %% o71:p acting on C*°(Z, F3 Q¢ F) is a formally self-adjoint
second-order elliptic operator, which is bounded from below. For A € C, set

my.p(A) = dime ker(CZ1% — 2) — dime ker(C®Z17 — 3. (7-57)
Write
I'n,p = Mn,p(0). (7-58)
As in Section 2B, for 0 € R and o > 1, set

det(Cg’Z”ﬁp +0)

det Cgazaﬁ:p + o) = - X
ar( ) det(C#Z:15P 4 o)

(7-59)

Then, dety (C 8.Z:1:P 4 i) extends meromorphically to o € C. Its zeros and poles belong to the set
{—A:A € Sp(CQ’Z’ﬁ’p)}. IfAe Sp(Cg’Z’ﬁ’p), the order of the zero at o = —A is my ,(A).
Set
oy = LT @ [Cu® O] _ ot (7-60)
Set

l . 1

. I'(—7—= N .

Py(0)=cg Yy (1) ( / 12) [w¥o2) A(T Yy, VIY0) ch(Fo p, Vo) ™02 1 (7-61)
j=0 J4m)* *2ag|?

Then Py (o) is an odd polynomial function of o. As the notation indicates, 07 and P; (o) do not depend
on I or p.

Theorem 7.6. There is o9 > 0 such that

| Xorb (S"\ By 1
1
pleri-ay "D |det(1— Ad(y))] 1 |2

eo0lal < oo (7-62)

The Selberg zeta function Zy, ,(0) has a meromorphic extension to o € C such that the following identity
of meromorphic functions on C holds:

Zn.p(0) = detg(CEZ1P 4 6, + 62) exp(r vol(Z) Py (0)). (7-63)
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The zeros and poles of Z, ,(0) belong to the set {ﬂ:i m NS Sp(Cg’Z’ﬁ’p)}. If A € Sp(C#Z:1:p)
and A # —oy, the order of zero at 0 = %i \/m is my,p(A). The order of zero at 0 =0 is 2my, ,(—0y).
Also,

Zy,0(0) = Zn,p(—0) exp(2r vol(Z) Py (0)). (7-64)

Proof. Proceeding as in the proof of Theorem 5.6, by Proposition 5.1, Corollary 5.2, and Theorem 7.3, we
get the first two statements of our theorem. By (7-63), the zeros and poles of Z; ,(o’) coincide with that
of detg (C 8.Z.0.p 4 oy +02), from which we deduce the third statement of our theorem. Equation (7-64)
is a consequence of (7-63) and of the fact that P, (o) is an odd polynomial. O

7D. The Ruelle dynamical zeta function. We now consider the Ruelle dynamical zeta function R, (o).

Theorem 7.7. The dynamical zeta function R,(0) is holomorphic for Re(o) > 1 and extends meromor-
phically to o € C such that
21

Ry(@) = [ | Zn;p(o + (j = DIV (7-65)
Jj=0

Proof. Clearly, there is C > 0 such that, forall y € ',
1
|det(1 — Ad())]+ |2 < Cexp(Clal). (7-66)

By (7-62) and (7-66), for 0 € C and Re(o) > 0¢ + C, the sum in (5-10) converges absolutely to a
holomorphic function. By (5-4), (5-7), (5-10), (6-18) and (7-55), for o € C and Re(o) > 09 + C, we have

21
Ep(0) =Y (1)) "By, o0 + (j — D). (7-67)
j=0

By taking exponentials, we get (7-65) for Re(o) > g¢9 + C. Since the right-hand side of (7-65) is
meromorphic, R,(0) has a meromorphic extension to C such that (7-65) holds. O

Remark that for 0 < j < 2/, we have the isomorphism of Kz -representations of 7; >~ 15;_;. By (7-1),
we have the isomorphism of K-representations,

Nj ~Mai—j- (7-68)
Note that by (6-58) and (7-60), we have
oy, == =Dl (7-69)

By (7-63), (7-68) and (7-69), we have

Z’U:P(_\/GZ + (! —j)2|Ol|2)Z,,2,__,-,p(\/02 +( _j)2|0‘|2)
= Zy p(—Vo2 + (= j)Pal?) Zy; p(Vo? + (= j)?|a]?)

= detg (CTZ 7P 4 62)2 = dety (C¥Z:17P 4 62) dety (C#Z:121-)P 4 52).
(7-70)
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Recall that T'(0) is defined in (2-14).
Theorem 7.8. The following identity of meromorphic functions on C holds:

Ry(0) = T(0?) exp((—1)'"1r vol(Z) Py, (0))

I— . . (—1)/~1
Xfi( Znyp 0+ (=Dl Zyy—; p(0 + (= J)ler) ) 271
j=0\Zn;.p(=Vo2 + (U= 21aPR) Zyy_; p(VO2 + (= j)]el?)
Proof. By (2-14), (4-24), and (7-59), we have the identity of meromorphic functions,
21 ) -
T(0) = [ [ detge(C¥# 7P + ) D" (7-72)
j=0
By (7-63), (7-70), and (7-72), we have
—_1)/—1
T(02) = Zy, p(0) TV exp((=1)r vol(Z) Py, (0))
1-1
. . -1)/ 1
x [1(Zn, o(~Vo? + U = )2eP) Zny_, o (Vo2 + (1= j)a?)) T (7-73)
j=0
By (7-65) and (7-73), we get (7-71). O
For 0 < j <2/, as in (7-58), we write r; = rn;.p- By (7-68) and (7-72), we have
-1 ‘
X(Z.F)=2) (=)' + (=)' (7-74)
j=0
Set
-1 . I
. —1)/— . j —
Co=[[ 4=V, rp=2 (=) 7y (7-75)
j=0 j=0

Proof of (5-12). By Proposition 6.13 and Theorem 7.6, for 0 < j <[ — 1, the orders of the zeros at
o = 0 of the functions Zy; ,(0 + (j —1)|e|) and Zy,,_; (0 + (I — j)|e|) are equal to r;. Therefore,
for 0 < j </ —1, there are A; # 0, B; # 0 such that, as o — 0,

Zn; oo+ (j—Dlal) = Ajc" + 0" 1),

. . _— (7-76)
Zny_;.00+ (U= j)la]) = Bjo™/ +0(c™7™7),
and
Zny p(—Vo2 + (= j)2|al?) = 4; A LI REN
i ! Naa=lal |
2 2,12 > " orit2 7-17)
Z??zz—j,p(\/a + (=) || ):Bj(m) + O(c?7i 12,
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By (7-76) and (7-77), as 0 — 0,
Zn; o0+ (=Dl Zyy_; 00 + (1= j)la))
Zn; o(—V02+ (= )?) Znyy_; o (Vo2 + (L= j)?|ef?)
— (=4 = j)*|«|?) 072 + O(c 2. (7-78)

By (7-61), (7-71), (7-74), (7-75) and (7-78), we get (5-12). O
Remark 7.9. When G = SO°%(p, 1) with p = 3 odd, we recover [Fried 1986, Theorem 3.

Remark 7.10. If we scale the form B with the factor a > 0, then R,(0) is replaced by R,(y/ao). By
(5-12),as 0 — 0,
R,(vao) =a? C,T(F)*c" + O(c"*"). (7-79)

On the other hand, C, should become azﬁ;lo(_l)jr 7 Cp, and T (F) should scale by aX'(Z-F)/2 This is

only possible if
-1

rp=2Y (=1)/rj +24(Z.F), (7-80)
j=0

which is just (7-74).

8. A cohomological formula for r ;

The purpose of this section is to establish (5-13) when G has compact center and is such that §(G) = 1.
We rely on some deep results from the representation theory of reductive Lie groups.

This section is organized as follows. In Section 8A, we recall the constructions of the infinitesimal and
global characters of Harish-Chandra modules. We also recall some properties of (g, K)-cohomology and
n-homology of Harish-Chandra modules.

In Section 8B, we give a formula relating r; with an alternating sum of the dimensions of Lie algebra
cohomologies of certain Harish-Chandra modules, and we establish (5-13).

8A. Some results from representation theory. In this section, we do not assume that §(G) = 1. We use
the notation in Section 3 and the convention of real root systems introduced in Section 7B.

8A1. Infinitesimal characters. Let Z(gc) be the center of the enveloping algebra U(gc) of the complexi-
fication g¢ of g. A morphism of algebras y : Z(gc) — C will be called a character of Z(gc¢).

Recall that by, ..., b, form all the nonconjugated 6-stable Cartan subalgebras of g. Let h;c = bh; g C
and h;p = «/—_lhip @ b;e be the complexification and real form of b;. For o € b7, we extend « to a
C-linear form on b;¢ by C-linearity. In this way, we identify b, to a subset of b7

For 1 <i <, let S(h;c) be the symmetric algebra of h;¢c. The algebraic Weyl group W(h;R, 1) acts
isometrically on h;r. By C-linearity, W(h;r, t) acts on h;c. Therefore, W(h;g, ut) acts on S(h;¢c). Let
S(hic)Vhirt) = §(h;c) be the W(h;g, u)-invariant subalgebra of S(h;c). Let

vi : Z(gc) = S(hic) " i) (8-1)
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be the Harish-Chandra isomorphism [Knapp 2002, Section V.5]. For A € b7, we can associate to it a
character y Ao of Z(gc) as follows: for z € Z(gc¢),

XA (2) = (yi(2), 24/ =17A). (8-2)

By [Knapp 2002, Theorem 5.62], every character of Z(gc) is of the form y o for some A € b.. Also, A is
uniquely determined up to an action of W(h;r. ). Such an element A € b is called the Harish-Chandra
parameter of the character. In particular, y o = 0 if and only if there is w € W(h;r, u) such that

wA = p!, (8-3)
where p} is defined as in (7-11) with respect to (hjr, u).

Definition 8.1. A complex representation of g¢ is said to have infinitesimal character y if z € Z(g¢) acts
as a scalar y(z) € C.

A complex representation of g is said to have generalized infinitesimal character y if z — y(z) acts
nilpotently for all z € Z(ge), i.e., (z — x(2))" acts like 0 for i > 1.

If A € b}, is algebraically integral and dominant, let ¥ be the complex finite-dimensional irreducible
representation of the Lie algebra gc with the highest weight A. Then V) possesses an infinitesimal
character with Harish-Chandra parameter A + p}' € b.

8A2. Harish-Chandra (gc, K)-modules and admissible representations of G. We follow [Hecht and
Schmid 1983, pp. 54-55] and [Knapp 1986, p. 207].

Definition 8.2. We will say that a complex U(gc)-module V, equipped with an action of K, is a Harish-
Chandra (gc, K)-module, if the following conditions hold:

(1) The space V is finitely generated as a U(gc)-module.
(2) Every v € V lies in a finite-dimensional, £c-invariant subspace.
(3) The actions of gc and K are compatible.

(4) Each irreducible K-module occurs only finitely many times in V.

Let V' be a Harish-Chandra (gc, K)-module. For a character y of Z(gc), let V;, C V be the largest
submodule of V' on which z — y(z) acts nilpotently for all z € Z(g¢). Then V) is a Harish-Chandra
(g¢c, K)-submodule of V' with generalized infinitesimal character y. By [Hecht and Schmid 1983,
Equation (2.4)], we can decompose V' as a finite sum of Harish-Chandra (gc, K)-submodules

V= (8-4)
X

Any Harish-Chandra (gc, K)-module V has a finite composition series in the following sense: there
exist finitely many Harish-Chandra (gc, K)-submodules

V:anDan_lD"'DVoDV_lzo (8-5)
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such that each quotient V;/V;_q, for 0 < i < ny, is an irreducible Harish-Chandra (g¢c, K)-module.
Moreover, the set of all irreducible quotients and their multiplicities are the same for all the composition
series.

Definition 8.3. We say that a representation = of G on a Hilbert space is admissible if the following
hold:

(1) When restricted to K, |k is unitary.

(2) Each 7 € K occurs with only finite multiplicity in |-

Let 7 be a finitely generated admissible representation of G on the Hilbert space V. If T € K, let
Vz(t) C V be the t-isotopic subspace of V. Then V;(7) is the image of the evaluation map

(f,v) e Homg (V;, Vz) @ Ve — f(v) € Vy. (8-6)
Let
Vik =P Va(r) C Vi (8-7)
tek

be the algebraic sum of representations of K. By [Knapp 1986, Proposition 8.5], V; g is a Harish-Chandra
(gc, K)-module. It is explained in [Vogan 2008, Section 4] that, by results of Casselman, Harish-Chandra,
Lepowsky and Wallach, any Harish-Chandra (g¢, K)-module V' can be constructed in this way and the
corresponding V7 is called a Hilbert globalization of V. Moreover, V is an irreducible Harish-Chandra
(gc, K)-module if and only if V}; is an irreducible admissible representation of G. In this case, V or V
has an infinitesimal character.

We note that a Hilbert globalization of a Harish-Chandra (g¢, K)-module is not unique.

8A3. Global characters. We recall the definition of the space of rapidly decreasing functions S(G) on G
[Wallach 1988, Section 7.1.2].

For z € U(g), we denote by z7, and zg respectively the corresponding left and right invariant differential
operators on G. Forr =0, z1 € U(g), z2 € U(g) and f € C°°(G), put

1/ lz1.2 = sup erx(PLr8) |21 2ok f(9)). (8-8)
g€

Let S(G) be the space of all f € C°°(G) such that, for all » = 0, z; € U(g), z2 € U(g), we have
| f 17,2,z < o00. We endow S(G) with the topology given by the above seminorms. By [Wallach 1988,
Theorem 7.1.1], S(G) is a Fréchet space which contains C2°(G) as a dense subspace.

Let 7 be a finitely generated admissible representation of G on the Hilbert space V. By [Wallach
1988, Lemma 2.A.2.2], there exists C > 0 such that, for g € G, we have

|7 (g)]| < CeCdx(PL.PE) (8-9)

where || - || is the operator norm. By (8-9), if f € S(G),

n(f) = /G F(g)m(g) dg (8-10)
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is a bounded operator on V. By [Wallach 1988, Lemma 8.1.1], 7(f) is trace class. The global
character @,? of 7 is a continuous linear functional on S(G) such that, for f € S(G),

Tr[z(f)] = (8F. f). (8-11)

If V is a Harish-Chandra (gc, K)-module, we can define the global character ®I€ of V by the global
character of its Hilbert globalization. We note that the global character does not depend on the choice of
Hilbert globalization [Hecht and Schmid 1983, p. 56].

By Harish-Chandra’s regularity theorem [Knapp 1986, Theorems 10.25], there is an LllOC and Ad(G)-
invariant function @g (g) on G, whose restriction to the regular set G’ is analytic, such that, for f €
C°(G), we have

©9.1)= [ %) f(e) dv. (8-12)
geG
Proposition 8.4. If f € S(G), then ©S (g) f(g) € L' (G) such that
©9.1)= [ 0% f(e)dv. (8-13)
geG
Proof. It is enough to show that there exist C > 0 and a seminorm || - || on S(G) such that
L 1e¢@ r@idg<cisi (8-14)

Recall that H' is defined in (3-36). By (3-33), we need to show that there exist C > 0 and a seminorm
Il -]l on S(G) such that, for 1 <i <[y, we have

[ egw ( [ el de,.\G) det(1 — Ad() oo
)/GHZ-/ geH;\G

dvg; < C| f]. (8-15)

By [Knapp 1986, Theorem 10.35], there exist C > 0 and ro > 0 such that, for y = e%k~! € H] with
a € bip, k € Hi N K, we have

108 (y)]|det(1 — Ad(y)) g/,

We claim that there exist r; > 0 and C > 0, such that, for y € Hl./ , we have

5 < cerolal (8-16)

1
det(1 = Ay |* [ Pl g g ) dog <€ D)
ge

Indeed, let E(g) be the Harish-Chandra E-function [Varadarajan 1977, Section I1.8.5]. By Section I1.12.2
and Corollary 5 of the same paper, there exist r, > 0 and C > 0, such that, for y € Hl.’ , we have

|det(1 — Ad())lg/s,

1 _
2/ E(g 'ye) (1 +dx(pl.g 'yg- p1)) “dogpg <C.  (8-18)
gEH\G

By [Knapp 1986, Proposition 7.15(c)] and by (8-18), we get (8-17).
By [Bismut 2011, Equation (3.1.10)], for g € G and y = e*k~! € H;, we have

dx(pl,g 'yg-pl) = |al. (8-19)
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Take r = 2rg + 11, z1 = z2 = 1 € U(g). Since f € S(G), by (8-8) and (8-19), for y = e%k~' € H/, we

i’
have . .
| f (&7 v < | fllrz1,2, exp(—rdx (pl.g " yg - p1))

<1/ llrz1.22 exp(—2rolal) exp(—ridx (pl. g~ yg - p1)). (8-20)
By (8-16), (8-17) and (8-20), for y € H/, we have

108 (7)) ( / g D) de,.\G) ldet(1 = AdODg/s, | < ClLF Irey s exp(—rolal).  (8-21)
g i

By (8-21), we get (8-15). O

Let V' be a Harish-Chandra (g¢, K)-module, and let t be a real finite-dimensional orthogonal repre-
sentation of K on the real Euclidean space E. Then the invariant subspace (V ®r E;)X C V ®g E; has
a finite dimension. We will describe an integral formula for dime(V ®g E¢)X, which extends [Barbasch
and Moscovici 1983, Corollary 2.2].

Recall that p,X ’*(g) is the smooth integral kernel of exp(—tC %> /2). By the estimation on the heat
kernel or by [Barbasch and Moscovici 1983, Proposition 2.4], pf( '"(g) € S(G) ® End(E-). Recall that
dvg is the Riemannian volume on G induced by —B(-, 6 -).

Proposition 8.5. Let f € C®(G, E;)X. Assume that there exist C > 0 and r > 0 such that

| (&)l < Cexp(rdx (pl. pg)). (8-22)
The integral

/ . P (9) f(g) dvg € Eq (8-23)
ge

is well defined so that

0

X,t _ 1 Xt
i | @r@we=—3 [ cott@rwa,

| g€ (8-24)
. X,t _
i m [ P @ dve = 1)
Proof. By (8-22), by the property of S(G) and by %ptx’r(g) = —%Cgptx’t(g), the left-hand side of
(8-23) and the right-hand side of the first equation of (8-24) are well defined so that the first equation of
(8-24) holds true.
It remains to show the second equation of (8-24). Let ¢y € C2°(G)X be such that 0 < ¢1(g) < I and

1, dx(pl,pg) <1,

(8-25)
0, dx(pl,pg)=2.

$1(8) Z{

Set pp = 1—¢1.
Since ¢ f has compact support, it descends to an L2-section on X with values in G xg E. We have

1 X.o B
vol(K) Ay /g o (&)$1(8) f(g) dvg = f(1). (8-26)
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By (4-27), there exist ¢ > 0 and C > 0 such that, for g € G with dy(pl, pg) = 1 and for ¢ € (0, 1],
we have

d2(pl, dz(pl,
Pl <C exp(—cw) <Ce 2 exp(—c%), (8-27)
By (8-22) and (8-27), there exist ¢ > 0 and C > 0 such that, for ¢ € (0, 1], we have
/ P77 (9)¢2(2) £ () dvg | < Ce™ 2. (8-28)
geG
By (8-26) and (8-28), we get the second equation of (8-24). O

Proposition 8.6. Let V be a Harish-Chandra (gc, K)-module with generalized infinitesimal character y.
Fort > 0, we have

tx(C9)

dime(V &g E)X =vol(k) 1“5 [ 06 T (@) dve. (8-29)
geG

Proof. Let V5 be a Hilbert globalization of V. Then,
(V ®p E0)* = (Vx ®r Eo)". (8-30)
As in (8-10), set

w(p") = 7(g) ®r p;7 (g) dvg. (8-31)

VOI(K) geG

Then, n(pf(’r) is a bounded operator acting on V,; ®g E-.
We follow [Barbasch and Moscovici 1983, pp. 160-161]. Let (V; Qr ET)K L be the orthogonal space
to (Vi Qr ET)K in V; ®r E; such that

Ve ®r Ex = (Vo ®r ED)X ® (Vy @r Eo) KL (8-32)

Let O . be the orthogonal projection from V; ®r E; to (V; Qr E-)X. Then,

Qn,r

= Vol (&) Jrex T ®t(k)dvg. (8-33)

By (4-13), (8-31) and (8-33), we get

Qn,tn(ptx’r)Qn,r = ”(Pf(’r)- (8-34)

In particular, (p;*"%) is of finite rank.
Take u € (V; Qr Ez)X and v € Vy;. Define (u, v) € E; to be such that, for any w € Ex,

({u,v), w) = (U, v Qr w). (8-35)

By (8-9), the function g € G — (n(g) ®rid-u,v) € E; is of class C®°(G, E;)X such that (8-22) holds.
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By (8-31), we have

1 .
(e v) = s | P @) Brid-u.v)dv. (8-36)
By Proposition 8.5 and (8-36), we have
ad 1 .
g(n(ptx’t)u, V) = —§<H(Cg)7[(ptx’r)u, v),  lim (7 (pEFyu, v) = (u, v). (8-37)
t—0

Since C® € Z(g) and since 7 (C?) preserves the splitting (8-32), by (8-34) and (8-37), under the
splitting (8-32), we have

—tn(C9)/2 0
7(p;F) = (e 0 o) (8-38)
Since V has a generalized infinitesimal character y, by (8-38), we have
e[z (p;)] = e X CD/2 dime (Ve ®m Eo) K. (8-39)
Let (§)92, and (n; )dlm E be orthogonal bases of Vy and E;. Then
oo dim E
X (@my. s &) d 8-40
() = 3D [ @ res b @40
o0
X,T
= Tr[p;* L&) dvg. 8-41
e > [ T @t 0 v (8-41)
Since Tr[p** (g)] € S(G), by (8-13) and (8-40), we have
X,t X,t G
T )| = T ’ ® dvg. 8-42
= iy | T @10% ) dvg (3-42)
From (8-30), (8-39) and (8-42), we get (8-29). O
Proposition 8.7. For 1 <i < ly, the function
y € H! — T exp(—1C# X7 /2)]08 ()|det(1 — Ad()) /s, | (8-43)

is almost everywhere well defined and integrable on H! so that
| mleenede v
geG

Z vol(K N H;\K)

T [exp(—1 €857 /2)|0F (g)|det(1 — Ad | dvm,. (8-44)
WH G yery O /2165 (9)|det(1 = Ad(y)lgs | dvas

Proof. Since Tr[p; ’r(g)]G)g(g) € L'(G), by (3-33) and by Fubini’s theorem, the function

yeH > ( / e T o) dei\G) 0% (1)[det(1 — Ad(Y) oo | (8-45)
S

is almost everywhere well defined and integrable on H,.
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Take y € H/. Since H; is abelian, we have
Z%y)=H? C H; C Z(y). (8-46)
We have a finite covering space H l.O\G — H;\G. Note that
[H;: H]=[KNH;: KN H]. (8-47)
By (4-15), (8-46) and (8-47), if y € H/, we have

_ Vol(K°()\K)

B [pF P (¢ ye) dvgg = — oo Tt fexp(—1C# %7 /2)]
/I;I,'\G t i\ [Hi :HiO]

= vol(K N Hj\K) Tt [exp(—tC¥%7 /2)]. (8-48)
Since H; — Hl.’ has zero measure, and by (8-45) and (8-48), the function (8-43) defines an L-function
on Hl.’. By (3-33) and (8-48), we get (8-44). O

8Ad4. The (g, K)-cohomology. 1f V is a Harish-Chandra (gc, K)-module, let H*(g, K; V) be the (g, K)-
cohomology of V' [Borel and Wallach 2000, Section I.1.2]. The following two theorems are the essential
algebraic ingredients in our proof of (5-13).

Theorem 8.8. Let V be a Harish-Chandra (gc, K)-module with generalized infinitesimal character y.
Let W be a finite-dimensional gc-module with infinitesimal character. Let )(W* be the infinitesimal
character of W*. If y # xW~, then

H*(g,K;V@W)=0. (8-49)

Proof. If x is the infinitesimal character of V, then (8-49) is a consequence of [Borel and Wallach 2000,
Theorem 1.5.3(ii)].
In general, let
V=V, DVyy-1 DDV DV_1=0 (8-50)

be the composition series of V. Then for 0 <i < ny, we have V;/V;_1 is an irreducible Harish-Chandra
(g¢c, K)-module with infinitesimal character y. Therefore, for all 0 <i <nj, we have

H*(g. K; (Vi Vi-1) @ W) = 0. (8-51)
We will show by induction that, for all 0 <i < ny,
H*(g,K:Vi@W) =0, (8-52)

By (8-51), equation (8-52) holds for i = 0. Assume that (8-52) holds for some i with 0 <i < nj. Using
the short exact sequence of Harish-Chandra (g¢, K)-modules

0—)V[—>V[+1—)Vl’+1/Vl‘ —)0, (8-53)
we get the long exact sequence of cohomologies

e HI (g, K Vi®W) — H (0. K; Vig1 @ W) — HY (g, K; (Vig1/ V) @W) — -+ . (8-54)
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By (8-51), (8-54) and by the induction hypotheses, (8-52) holds for i 4 1, which completes the proof
of (8-52). O

We denote by Gy the unitary dual of G, that is, the set of equivalence classes of complex irreducible
unitary representations 7 of G on Hilbert spaces V. If (7, V) € Gu, by [Knapp 1986, Theorem 8.1],
is irreducible admissible. Let y, be the corresponding infinitesimal character.

Theorem 8.9. If (rr, Vi) € Gy, then
I #£0 & H*(g.K:Vpk)=0. (8-55)

Proof. The direction “=>"" of (8-55) is (8-49). The direction “«<=" of (8-55) is a consequence of
[Vogan and Zuckerman 1984; Vogan 1984; Salamanca-Riba 1999]. Indeed, the irreducible unitary
representations with nonvanishing (g, K)-cohomology are classified and constructed in [Vogan and
Zuckerman 1984; Vogan 1984]. By [Salamanca-Riba 1999], the irreducible unitary representations with
vanishing infinitesimal character are in the class specified by Vogan and Zuckerman, which implies that
their (g, K)-cohomology are nonvanishing. O

Remark 8.10. The condition that 7 is unitary is crucial in (8-55). See [Wallach 1988, Section 9.8.3] for
a counterexample.

8AS. The Hecht—Schmid character formula. Let us recall the main result of [Hecht and Schmid 1983].
Let Q C G be a standard parabolic subgroup of G with Lie algebra q C g. Let

Q=MpAgNg, q=m;Da;dn, (8-56)

be the corresponding Langlands decompositions [Knapp 1986, Section V.5].
Put A% (ag, ng) to be the set of all linear forms o € ay such that there exists a nonzero element ¥ € ng
such that, for all a € ag,
ad(a)Y = (a,a)Y. (8-57)
Set
a; ={a€ay:{a.a) <0 foralla € A (a,n)}. (8-58)

Put (Mg Ap)~ to be the interior in Mg A of the set
{g € MgAg :det(1 —Ad(ge?))ln, =0 foralla € a;}. (8-59)

If V' is a Harish-Chandra (gc, K)-module, let H,(ng, V') be the ng-homology of V. By [Hecht and
Schmid 1983, Proposition 2.24], H,(ng, V') is a Harish-Chandra (mqc @ aqc, K N Mp)-module. We
denote by @Z.Q(i?v) the corresponding global character. Also, Mg A acts on ny. We denote by @?{I,%:)Q
the character of A®(ny). By [Hecht and Schmid 1983, Theorem 3.6], the following identity of analytic
functions on (Mg Ap)~ N G’ holds:

dimn, i AMoAop
Zi=0 ! (_l)l ®H,’ (ng,V)

dimn . MQAQ :
Zi:oq(_l)lG)Ai(nq) (Mo Apo)~ NG’

Ol mpa0)-n = (8-60)
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Take a 0-stable Cartan subalgebra h™ of m,. Set hy = h™s @ a,. Then b is a 0-stable Cartan subalgebra
of both my ® a4 and g. Put u, to be the compact form of my & a4. Then hgg, the real form of b, is a
Cartan subalgebra of both 1y and u. The real root system of A(hggr, 1q) is a subset of A(hgr, 1) consisting
of the elements whose restrictions to aq vanish. The set of positive real roots A (hqr, 1) C A(hgr, )
determines a set of positive real roots A"'(f)qR, ug) C A(bqr, ug). Let py and p;l“ be the corresponding
half sums of positive real roots.

If V possesses an infinitesimal character with Harish-Chandra parameter A € b: , by [Hecht and
Schmid 1983, Corollary 3.32], H,(ng, V') can be decomposed in the sense of (8-4), where the generalized
infinitesimal characters are given by

XAt pi—pit (8-61)

for some w € W(hgr, u).
Also, H,(n,V) is a Harish-Chandra (myc, K N Mg)-module. For v € an, let H,(n, V), be the
largest submodule of H,(n, V') on which z — (24/—17mv, z) acts nilpotently for all z € aqc. Then,

H,n, V)= @ Ho(n, V), (8-62)

where v = (WA + py — pqq)|aqc for some w € W(th,u) Let OH % and @H V)] be the corre-

sponding global characters. We have the identities of L! -functions: for m € M o and a € qaq,

loc

Mo

MQAQ _ 24/= _
(me®) = Ze ”<”“®H 1)y (1) @H oy (m) = O vy M) (8-63)
v

H n,V)

where v = (WA + pg —,O:q)|cqu for some w € W(hqr, u).

Suppose now G has compact center and is such that §(G) = 1. Use the notation in Section 6A.
Take q =m@ b®dn, and let Q = Mg AgNg C G be the corresponding parabolic subgroup. Then M
is the connected component of the identity in Mp. Since K N Mg has a finite number of connected
components, H,(n, V) is stlll a Harish-Chandra (m¢ @ b, Kpr)-module. Also, it is a Harish-Chandra
(mgc, Kpr)-module. Let @ ( ) and @Y Ho(m.V) be the respective global characters.

Recall that H = exp(b)T C M Ay is the Cartan subgroup of MAg.

Proposition 8.11. We have

| gH'g™' c(MgAg)™ NG’ (8-64)
gEMAQ

Proof. Put L' = UgeMAQ gH'g™! C MAg NG'. Then L' is an open subset of MAg. It is enough to
show that L’ is a subset of (8-59).

By (6-19) and (6-22), for y = e?k~! € H with a € b and k € T, we have det(1 — Ad(y))|» = 0
Therefore, L’ is a subset of (8-59). O

8B. Formulas for ry , and rj. Recall that p: I'\G — Z is the natural projection. The group G acts
unitarily on the right on L2(I'\G, p* F). By [Gel’fand et al. 1969, p. 23, Theorem], we can decompose
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L?(I'\G, p* F) into a direct sum of unitary representations of G,
Hil
L*(T\G.p*F) = @P np(m)Vx. (8-65)
neGy
with n,() < c0.
Recall that 7 is a real finite-dimensional orthogonal representation of K on the real Euclidean space E,
and that C%%-%¢ is the Casimir element of G acting on C*®°(Z, F; ®c F). By (8-65), we have

ker C¥% = B  np(n)(Va,x ®r E0)¥. (8-66)

neGy
x=(C9=0

By the properties of elliptic operators, the sum on right-hand side of (8-66) is finite.
We will give two applications of (8-66). In our first application, we take E; = A®(p*).

Proposition 8.12. We have
H*(Z.F) = P no(m)H* (9. K: Va.5). (8-67)

neG,
X7z=0

If H*(Z,F) =0, then for any w € Gy such that Xz =0, we have

np(mw) =0. (8-68)
Proof. By Hodge theory, and by (4-24) and (8-66), we have
HYZ.F)= D np(m)(Vax ®r A (p")". (8-69)
7elGy
X7 (C%)=0

By Hodge theory for Lie algebras [Borel and Wallach 2000, Proposition I1.3.1], if y, (C?%) = 0, we have

(Va,k ®r A (p*)X = H* (9. K: Vi k). (8-70)
From (8-69) and (8-70), we get
HYZ.F)= D np(m)H"(g.K:Va k). (8-71)
vy
X7 (C%=0

By (8-49) and (8-71), we get (8-67).

By Theorem 8.9, and by (8-67), we get (8-68). O
Remark 8.13. Equation (8-67) is [Borel and Wallach 2000, Proposition VII.3.2]. When p is a trivial
representation, (8-71) is originally due to Matsushima [1967].

In the rest of this section, G is assumed to have compact center and satisfy 6(G) = 1. Recall that n is

a real finite-dimensional representation of M satisfying Assumption 7.1, and that 7 is defined in (7-1). In
our second application of (8-66), we take T = 7).
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Theorem 8.14. If (,Vy) € Gy, then

dime (Vi x ®r 17X —dime (Vi xk ®@r 77)K

dimpy, 2/
1
= Y(K/Kn) Y Y (=) dime H' (m, Kars Hj(n, Ve ) @ En).  (8-72)
i=0 j=0

Proof. Let A(mr) € b be the Harish-Chandra parameter of the infinitesimal character of 7. By (8-29), for
t > 0, we have

dime (Ve x ®r 177)X —dime (Ve x ®r 77)X

— vol(K)~eXn (€2 / 0% (¢) Try[p X ()] dvg.  (8-73)
geG

By (7-10), by Proposition 8.7 and by H N K = T, we have
X5
| eS@mip @l dve

(T\K .
=|Vv;<(H,\G>)| yeH/®g(”Trs[”[exP(—ng’X’"/zﬂ}detﬂ—Ad(w)lg/h}dvﬂ- (8-74)

Since y = e%k~! € H implies T = Kjps (k) = M°(k), by (7-9), (8-73) and (8-74), we have
dime(Ver,k ® A11)X —dime (Ve x @ 77X

1 1 ul n t
T @ 7cu®).u (b) Cuman v C9
= W(H. G)[vol(T) amt ( = I- 32w (C%)

1—A
< 08 (1) exp(—|al2/(20) TeEn [y (k)] ‘det( Aaps| g, (375
y=etk~leH’ |det(1— Ad(y))| L|2
By (6-19), for y = e%k~! € H’, we have
}det(l — Ad(y))|g/h} _ e—l((x,a) ‘det(l _ Ad(k_l))|m/t|~ (8-76)

1
det(1—Ad(y))|n |det(1 — Ad(y) L |2
By (8-60), (8-64), (8-75) and (8-76), we have
dime (Vi x ®r 717X —dime (Ve x ®r ﬁ_)K

1 1 u 1 t

T (6) 1~ u(b),u—(b) Um,® 4 5 g
o r C 1- C + 2X7r(C )
IW(H G)|vol(T) /27

; MA
S /H Ol 0 ) X0/ 20) = o)
Jj=0 =
TrE[n(k™)]|det(1 — Ad(k ™)) || dve.  (8-77)
By (8-16), there exist C > 0 and ¢ > 0 such that, for y = ek~ € H’, we have

| MAo

1
O, () (V) [det(l = AdT) oy |* < Ce (8-78)
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By (8-63), (8-77), (8-78), and by letting t — 0, we get

dime (Vi x ®r 17X —dime (Ve xk ®@r 77)X
21

_ 1 N M E, _ )
= |W(H,G)|vol(T);)( 1)/ /;/eT/®H/(“’V”’K)(V)Tr [n(y)]|det(1 — Ad(y))|wm/¢| dvT. (8-79)

where T is the set of the regular elements of M in T.
We claim that, for 0 < j < 2/, we have

dim py,

S (1) dime(Hj (0, V) @5 Al (03) ®5 Ey) <
=0
1

—W(T, M)|vol(T) J,er

O (V1) @) TP ()] [det(1 — Ad(Y))lse| dvr. (8-80)

Indeed, consider H;(n, Vz k) as a Harish-Chandra (mc, Kps)-module. We can decompose H; (n, Vz k)
in the sense of (8-4), where the generalized infinitesimal characters are given by

XA G)+ps—pH ) (8-81)
for some w € W(hg,u). Therefore, it is enough to show (8-80) when H;(n, V; k) is replaced by
any Harish-Chandra (mc, Kpr)-module with generalized infinitesimal character y A ()4 pu—pu®)|¢c-
Let (7™, V, ) be a Hilbert globalization of such a Harish-Chandra (m¢, Kj7)-module. As before,
let C™Xa:A*(m)®Ey pe the Casimir element of M acting on C®(M, A*(pm) & E;)&M, and let
thM A% ) ®Ey (g) be the smooth integral kernel of the heat operator exp(—tC™XM-A*(m)®Ey /7y,
Remark that by [Bismut et al. 2017, Proposition 8.4], C™XmA*(em)®Ey _ cm.En i the Hodge Laplacian
on X acting on the differential forms with values in the homogeneous flat vector bundle M xg,, Ej.
Proceeding as in [Bismut 2011, Theorem 7.8.2], if y € M is semisimple and nonelliptic, we have

Tl [exp(—t (C™Xm A Pm)®En _ omEny 12)] = . (8-82)
Also, if y =k~ € Ky, then
Tl [exp(—t (C™Xm A Gm)®En _ cmEny 19)] = TeEn (k)] (Xag (k), VT XM ®)), (8-83)

Using (8-82), proceeding as in (8-73) and (8-74), we have

dimpp,
37 (1) dime (Vw @Al () ®r Ey)
i=0
_ X1, A*(p5)®F
= vol(Ky) ™ expltten (C™/2) | O () Trlpy ™ ®nEn ()] dupg
ge
_exp(ty,m(C™)/2)

oM, () Tr,M [exp(—t C™Xn- A" Gm)®En 1) ]| det(1—-Ad(y)) i | dV7 -
(8-84)

—W(T,M)|vol(T) J,er

By (8-83), (8-84), proceeding as in (8-75), and letting ¢ — 0, we get the desired equality (8-80).
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The Euler formula asserts

dim py
P . i K
Z (—1)" dime (Hj (0, Vi, k) ®r A’ (p1) ®r Ey) Y
= dimpn .
= Y (=)' dimc H' (m. Kp; Hj(n. Vo k) ®n Ey).  (8-85)
i=0
By (3-17), we have
W(H,G)=W(T,K), W(T , M)=W(T, Ky). (8-86)
By (7-5), (8-79), (8-80) and (8-85)—(8-86), we get (8-72). O
Corollary 8.15. The following identity holds:
1 dimpy, 2/ o )
Fnp=——— Y. np(m) > > (=1)'*/ dimc H' (m, Kpr: Hj (0, Vir, k) ®r Ey).  (8-87)
W(K/Ky) 4= L L
neGy ! J
Xz (C9)=0
Proof. This is a consequence of (7-58), (8-66) and (8-72). O

Remark 8.16. When G = SO%(p, 1) with p = 3 odd, the formula (8-87) is compatible with [Juhl 2001,
Theorem 3.11].

We will apply (8-87) to ;. The following proposition allows us to reduce the first sum in (8-87) to the
one over € CA?M with y, =0.

Proposition 8.17. Let (r, V) € Gy. Assume xz(C%) =0and
H*(m, Kpr: Ho(n, Vi) ®a A/ (n*)) # 0. (8-88)
Then the infinitesimal character yr vanishes.

Proof. Recall that A(rr) € hi is a Harish-Chandra parameter of 7. We need to show that there is
w € W(Hr, u) such that
wA () = p*. (8-89)

Let B* be the bilinear form on g* induced by B. It extends to g¢ and u* in an obvious way. Since
Xz (C%7) =0, we have
B*(A(m), A(m)) = B*(p". p"). (8-90)

We identify by = ~/—1b* @ t*. By definition,

)
ot = (—“,pum) e VoIb* @t and  p'® = (0, p'n) € VZIb* @ £ (8-91)
24/ —1rm
By (8-49), (8-81) and (8-88), there exist w € W(hg,u), w’ € W(t,uy,) C W(hg, u) and the highest real
weight p; € t* of an irreducible subrepresentation of m¢ on A (ng) ~ A/ (ng) such that

WA ()| = w'(uj + p"). (8-92)



70 SHU SHEN

By (6-58), (8-90) and (8-92), there exists w” € W(hr, u) such that

" (l ])a U ( (l ])Ol ) u(b)
J— _ . m B —— P . 8'9
w A(J‘[)—(:l: \/_1 » Mj +/O ) + \/_1 s M +,O ( 3)

In particular, w” A(r) € b.

Clearly, (( j—=Da/2v—1n), j) € by, is the highest real weight of an irreducible subrepresentation of
me @ be on A/ () ®c (det(n@))_f By (6-33), ((j —l)oc/(2 V—=l1n), p,J) € by, is the highest real weight
of an irreducible subrepresentation of m¢ @ be on S (o), By [Borel and Wallach 2000, Lemma I1.6.9],
there exists w1 € W(bhg, 1t) such that

(j l)C( ) u u(b)
_—, . =w _ i 8_94
(2«/_1 Wil =wip" —p ( )

Similarly, ((l — /N —1m), u j) € b, is the highest real weight of an irreducible subrepresentation of
me @ be on both A2—/ (") ®c (det(n@))_% and S*" ®. Therefore, there exists wy € W(hg, u) such that

(gl;g%i:’ﬂj):=1UZPu“Puw)- (8-95)
By (8-93)—(8-95), we get (8-89). O
Corollary 8.18. For 0 < j <2[, we have
1 dimp,, 2/ Pk
= KK Do) ZO ];)( D dime H' (m, Kpr: Hie (v, Ve, k) ®5 A (07)). - (8-96)

u

er—O
If H*(Z,F) =0, then forall 0 < j <21,
=0, (8-97)

Proof. This is a consequence of Proposition 8.12, Corollary 8.15 and Proposition 8.17. O
Remark 8.19. By (7-75) and (8-97), we get (5-13) when G has compact center and 6(G) = 1.
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