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EXISTENCE THEOREMS OF THE FRACTIONAL YAMABE PROBLEM

SEUNGHYEOK KIM, MONICA MUSSO AND JUNCHENG WEI

Let X be an asymptotically hyperbolic manifold and M its conformal infinity. This paper is devoted
to deducing several existence results of the fractional Yamabe problem on M under various geometric
assumptions on X and M. Firstly, we handle when the boundary M has a point at which the mean curvature
is negative. Secondly, we re-encounter the case when M has zero mean curvature and satisfies one of
the following conditions: nonumbilic, umbilic and a component of the covariant derivative of the Ricci
tensor on X is negative, or umbilic and nonlocally conformally flat. As a result, we replace the geometric
restrictions given by Gonzélez and Qing (2013) and Gonzalez and Wang (2017) with simpler ones. Also,
inspired by Marques (2007) and Almaraz (2010), we study lower-dimensional manifolds. Finally, the
situation when X is Poincaré—FEinstein and M is either locally conformally flat or 2-dimensional is
covered under a certain condition on a Green’s function of the fractional conformal Laplacian.

1. Introduction and the main results

Given n € N, let X1 be an (n+1)-dimensional smooth manifold with smooth boundary M”". A
function p in X is called a defining function of the boundary M in X if p>0in X and p =0, dp #0
on M. A metric g™ in X is conformally compact if there exists a boundary-defining function p such that
the conformal metric g := p?g™ extends to M and the closure (X, g) of X is compact. This induces the
conformal class [fz] of the metric / := Z|m, which is referred to as the conformal infinity of (X, g7). A
manifold (X, g1) is called asymptotically hyperbolic if g is conformally compact and |dp| g—~>1lasp—0.
Also if (X, g) is conformally compact and Einstein, then it is said to be Poincaré—Einstein or conformally
compact Einstein. All Poincaré—Einstein manifolds can be shown to be asymptotically hyperbolic.
Suppose an asymptotically hyperbolic manifold (X, g*) with the conformal infinity (M7, [l;]) is
given. Also, for any y € (0, 1), let Pg = P [gt, ﬁ] be the fractional conformal Laplacian whose
principle symbol is equal to that of (—A ﬁ)y; see [Mazzeo and Melrose 1987; Joshi and Sa Barreto 2000;
Graham and Zworski 2003; Chang and Gonzalez 2011; Gonzélez and Qing 2013] for its precise definition.
In this article, we are interested in finding a conformal metric h on M with constant fractional scalar
curvature QZ =P Iz/ (1). This problem is called the fractional Yamabe problem or the y-Yamabe problem,
and it was introduced and investigated by Gonzdlez and Qing [2013] and Gonzdlez and Wang [2017]. By
imposing some restrictions on the dimension and geometric behavior of the manifold, the authors obtained
existence results when M is nonumbilic or M is umbilic but not locally conformally flat. Here we relieve
the hypotheses made in [Gonzdlez and Qing 2013; Gonzélez and Wang 2017] and examine when the
bubble (see (1-13) below for its precise definition) cannot be used as an appropriate test function.
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As its name alludes, the fractional conformal Laplacian P}%’ has the conformal covariance property: it
holds that
y —atZr oy
P;; (u) =w n=2v Pﬁ (wu) (1-1)

for a conformal change of the metric h w =w* (n=2v) ;. Hence the fractional Yamabe problem can be
formulated as looking for a positive solution of the nonlocal equation

n+2y
Pyu =cun-2r onM (1-2)
for some ¢ € R provided n > 2y. On the other hand, if (X, gT) is Poincaré—Einstein, then P} and
0¥ withy =1 premsely match with the classical conformal Laplacian L, and a constant multiple of the
scalar curvature R[] on (M, h):

n—2 A n—2
Pl=L..=—A-+—"_R[h d 1
i = it g and Qp =20
If y = 2, they coincide with the Paneitz operator [2008] and Branson’s Q-curvature [1985] (see [Graham
and Zworski 2003, Proposition 4.3] for its proof). Hence, in this case, the 1- and 2-Yamabe problems are

reduced to the classical Yamabe problem and the Q-curvature problem, respectively.

R[A]. (1-3)

Thanks to the efforts of various mathematicians, a complete solution of the Yamabe problem is known.
After Yamabe [1960] raised the problem and suggested an outline of the proof, Trudinger [1968] first
obtained a least energy solution to (1-2) under the setting that the scalar curvature of (M, ﬁ) is nonpositive.
Successively, Aubin [1976] examined the case when n > 6 and M is nonlocally conformally flat, and
Schoen [1984] gave an affirmative answer when n = 3,4, 5 or M is locally conformally flat by using the
positive mass theorem [Schoen and Yau 1979a; 1979b; 1988]. Lee and Parker [1987] provided a new
proof which unified the local proof of Aubin and the global proof of Schoen, introducing the notion of
the conformal normal coordinates.

There also have been lots of results on the Q-curvature problem (y = 2) for 4-dimensional manifolds
(M*, [h]). By the Chern-Gauss—Bonnet formula, the total Q-curvature

kp Z=/ dev};,

where dvj is the volume form of (M, h) is a conformal invariant. Gursky [1999] proved that if a manifold
M* has the positive Yamabe constant A (M, [h]) > 0, see (1-10), and satisfies kp > 0, then its Paneitz
operator P};2 has the properties

ker P?=R and P?=0. (1-4)

Also Chang and Yang [1995] proved that any compact 4-manifold such that (1-4) and kp < 872 hold has
a solution to

Pgu —|—2qu =2ce* on M, c €R,

where Q% is the Q-curvature. This result was generalized by Djadli and Malchiodi [2008] where only
ker P? = [R{ and kp # 8mmn? for all m € N are demanded. For other dimensions than 4, Gursky and
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Malchiodi [2015] recently discovered the strong maximum principle of P2 for manifolds M" (n > 5)
with nonnegative scalar curvature and semipositive Q-curvature. Motivated by this result, Hang and Yang
developed the existence theory of (1-2) for a general class of manifolds M", including ones such that
ALY (M, [ﬁ]) > 0 and there exists /' € [l;] with Ql%’ > 0, provided n > 5 [Hang and Yang 2015; 2016b]
or n = 3 [Hang and Yang 2004; 2015; 2016a]. In [Hang and Yang 2016b], the positive mass theorem for
the Paneitz operator [Humbert and Raulot 2009; Gursky and Malchiodi 2015] was used to construct a test
function. We also point out that a solution to (1-2) was obtained in [Qing and Raske 2006] for a locally
conformally flat manifold (n > 5) with positive Yamabe constant and Poincaré exponent less than (n—4)/2.

In addition, when y = %, the fractional Yamabe problem has a deep relationship with the boundary
Yamabe problem proposed by Cherrier [1984] and Escobar [1992a], which can be regarded as a general-
ization of the Riemann mapping theorem: It asks if a compact manifold X with boundary is conformally
equivalent to one of zero scalar curvature whose boundary M has constant mean curvature. It was solved
by the series of works by Escobar [1992a; 1996], Marques [2005; 2007] and Almaraz [2010] who used a
minimization argument. See also [Chen 2009; Mayer and Ndiaye 2015a], in which different approaches are
pursued. It is worthwhile to mention that there is another type of boundary Yamabe problem also suggested
by Escobar [1992b]: find a conformal metric such that the scalar curvature of X is constant and the
boundary M is minimal. It was further studied by Brendle and Chen [2014] and Mayer and Ndiaye [2015b].

Chang and Gonzalez [2011] observed that the fractional conformal Laplacian, defined through scattering
theory (see, e.g., [Mazzeo and Melrose 1987; Joshi and Sa Barreto 2000; Graham and Zworski 2003]),
can be described in terms of Dirichlet-Neumann operators; see also [Case and Chang 2016]. Specifically,
(1-2) has an equivalent extension problem, which is degenerate elliptic but local.

Theorem A. Suppose thatn > 2y, y € (0, 1), and (X, g%) is an asymptotically hyperbolic manifold with
conformal infinity (M, [l;]) Assume also that p is a defining function associated to M such that |dp|z =1
near M (such p is called geodesic), and g = p*>g™ is a metric of the compact manifold X. In addition, we
let the mean curvature H on (M, ﬁ) C(X,8)beOifyce (%, 1), and set

E(p)=p """ (=Ag+ —s(n—s))p"* inX, (1-5)

where s :=n/2 + y. It can be shown that (1-5) is reduced to

n—2y
4n

E(p) = [R[g] — (n(n + 1)+ RlgT])p *]p' "> near M, (1-6)

where R[g] and R[g™] are the scalar curvature of (X, g) and (X, g ™), respectively.

(1) If a positive function U satisfies

—divg (p!"*VU) + E(p)U =0 in (X, g), (-7
U=u on M
and
n+2y
oU n—2 1 1
8L’U - _Ky( lim p1—2y_) — Cun_,’_z); for)/ € (O, )\{2}7 (1-8)
p—0+ dp cur=2 —($(n—1))Hu fory={3}
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on M, then u solves (1-2). Here ky, > 0 is the constant whose explicit value is given in (1-23) below and v
stands for the outward unit normal vector with respect to the boundary M.

(2) Assume further that the first L?-eigenvalue A1(—A ¢+) of the Laplace-Beltrami operator —A 4+
satisfies

AM(=Ag+) > fn>—y2 (1-9)

Then there is a special defining function p* such that E(p*) = 0 in X and p*(p) = p (1 + 0(p?"))
near M. Furthermore the function U := (p/p*)"=2V)/2U solves a degenerate elliptic equation of pure

divergent form
—divg«((p*)172*VU) =0 in(X,8%),
~ 8(7 n+2y
Yir — : NI=2y "~ V\— pYy —_0Yy = n—2y — (O7
U Ky (p*h_r)l(l)JF(p ) ap*) Ph u Qhu cun=2v Qhu on M,

where g* 1= (p*)?g™ and Q}: is the fractional scalar curvature.
Notice that in order to seek a solution of (1-2), it is natural to introduce the y-Yamabe functional

fMuP}%'udv};

foru € HY (M) \ {0}, (1-10)

n—2y

(fyr 1|75 dvy)

where HY (M) denotes the standard fractional Sobolev space, and its infimum AY (M, [ﬁ]), called the
y-Yamabe constant. By the previous theorem and the energy inequality due to Case [2017, Theorem 1.1],

I}:[u]z

it follows under the assumption (1-9) that if one defines the functionals

Ky fX(p1_2y|VU|§+E(p)U2) dvg B Ky fX(p*)1_2V|VU|Z-, dvg—l—fM QthU2 dv};
n=2y ’ - n=2y

_2n h _2n
([ U727 dvj) " ([ U7 dvj) "
(1-11)

for each element U of the weighted Sobolev space W1:2(X, p!=27) such that U # 0 on M (in view of
(1-8), a suitable modification is necessary if y = %), and values

)= U]

AY(X,[h]) = inf{iﬁV[U] U e WH2(X, p172),U # 0 on M},
AY(X,[h]) = inf{iﬁy[U] U e WH2(X, p1™2),U # 0 on M},
then
A (M, [h]) = A7 (X.[h]) = AV (X.[h]) > —occ.
Besides it was shown in [Gonzélez and Qing 2013] that the sign of ¢ in (1-2) is the same as that of

AY (M, [ﬁ]), as in the local case y = 1.
On the other hand, the Sobolev trace inequality

n—2y

n [e'e)
(/ U(%, 0)| =27 d)"c) gsn,y[ / Xyt IVUE, xn) 2 d % dxXny1 (1-12)
R7 0 Rn
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is true for all functions U which belong to the homogeneous weighted Sobolev space D 1’2([R'_’|rJr ! x;fly).
In addition, the equality is attained by U = cW), , forany c € R, A >0and 0 € R" = 8[R§’:L+1, where
W), o are the bubbles defined as

2y

= _ Xnt1 = =
WaioEoxns0) = Py [ 0o (7)d
R (|)E_)7|2+x,%+1) 2
/ 1 "5 5y d (1-13)
=&n,y 2, W yyay -
R" (|)E—)7|2+x,3+1)% ho
with nny
_ A 2 B
LUA’O—(X) = Oln’y (m) = WA,O—(X,O). (1-14)

The values of the positive numbers p; y, gn,y and a,), can be found in (1-23). Particularly, it holds that

—div(x, ;3 VW 4) =0 in R
A nt2y (1-15)
8VW - _ li 1-2y ,0 = (=AY — n—2y R".
viRe v (x’H_}IE(H_ xn+1 aXn—i-l ( ) Wi,o w/l ,0 on

(In light of the equation that W), , solves, we say that W) , is y-harmonic. Refer to [Caffarelli and
Silvestre 2007]. For future use, let W) = W, ¢ and wy = w, o.) Moreover, if Sy , > 0 denotes the best
constant one can achieve in (1-12) and (S”, [g.]) is the standard unit n-dimensional sphere, then

2y
2n n
AY(S",[ge]) = Siy ey = (/R wy d)'c) . (1-16)

Related to this fact, we have the following compactness result.

Proposition B. Letn > 2y, y € (0,1) and (X", g7) be an asymptotically hyperbolic manifold with
the conformal infinity (M", [h]). Also, assume that (1-9) is true. Then

—00 < AV(M.[h]) < AV (S". [gc]), (1-17)
and the fractional Yamabe problem (1-7)—(1-8) has a positive solution if the strict inequality holds.

Refer to [Gonzélez and Qing 2013, Sections 5 and 6] for its proof. Moreover since (1-17) automatically
holds if the y-Yamabe constant AY (M, [h]) is negative or 0, we assume that AY (M, [h]) > 0 from now on.

The purpose of this paper is to construct a proper nonzero test function ® € W1-2(X, p!=27) such that
0<1 }31/ [®] < AY(S", [gc]) when y € (0, 1), (X" gT) is an asymptotically hyperbolic manifold, (1-9)
holds and

e M" has a point where the mean curvature H is negative, n > 2 and y € (O, %), or
e M" is the nonumbilic boundary of X ntl 5 >4 and assumption (1-18) holds; or

e M" is the umbilic boundary of X" the covariant derivative R,:,[g] of the Ricci tensor R,,[g]
on (X, g) is negative at a certain point of M, n > 3 4 2y and hypothesis (1-18) holds (where p is
the geodesic defining function associated to (M, h) and g = p?g™); or
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e M" is the umbilic but nonlocally conformally flat boundary of X**1 n > 4 4+ 2y and condition
(1-19) is satisfied; or

o X"*1 is Poincaré-Einstein, either M" is n > 3 and locally conformally flat or n = 2, the expansion
(1-21) of the Green’s function G (-, y) holds in a neighborhood of an arbitrarily chosen point y € M
and the constant-order term A of G (-, y) is positive.

Once it is achieved, Proposition B will imply the existence of a positive solution to (1-2) automatically.
The natural candidate for a positive test function is certainly the standard bubble, possibly truncated.
Indeed, this is a good choice for the first and third cases mentioned above. Nevertheless, to cover lower-
dimensional manifolds or locally conformally flat boundaries, it is necessary to find more accurate test
functions than the truncated bubbles; cf. [Gonzdlez and Qing 2013; Gonzalez and Wang 2017]. To take into
account the second and fourth situations, we shall add a correction term on the bubble by adapting the idea
of Marques [2007] and Almaraz [2010]. For the fifth case, we will construct an appropriate test function
by utilizing the Green’s function G (-, y). In the local situation y = 1, such an approach was successfully
applied by Schoen [1984]. His idea was later extended by Escobar [1992a] in the work on the boundary
Yamabe problem, which has close relationship to the fractional Yamabe problem with y = %, as discussed.

Let 7 be the second fundamental form of (M, l;) C (X, g). The boundary M is called umbilic if the
tensor 7 := w — H g vanishes on M. Also M is nonumbilic if it possesses a point at which 7" 7 0. Our
first main result reads as follows:

Theorem 1.1. Suppose that (X", g%) is an asymptotically hyperbolic manifold, (M, [ﬁ]) is its con-
formal infinity and (1-9) holds. Assume also that p is a geodesic defining function of (M, h) and
g=p%gt =dp?> ®hpnear M = {p = 0}. If either

en>2 ye (O, %) and M"™ has a point at which the mean curvature H is negative; or

en>4,yc(0,1), M" is the nonumbilic boundary of X"*! and
RlgT]+nm+1)=0(p?) asp— 0uniformly on M, (1-18)
then the y-Yamabe problem is solvable —namely, (1-2) has a positive solution.

Remark 1.2. (1) As pointed out in [Gonzalez and Qing 2013], we are only permitted to change the
metric on the conformal infinity M. Once the boundary metric h is fixed, the geodesic boundary-defining
function p and a compact metric g on X are automatically determined by the relations |dp|,2,+ = 1 and
g = p?g™. This is a huge difference between the fractional Yamabe problem (especially, with y = %)
and the boundary Yamabe problem, in that one has a freedom of conformal change of the metric in the
whole manifold X when he/she is concerned with the boundary Yamabe problem.

Due to this reason, while it is possible to make the “extrinsic” metric H vanish at a point by a conformal
change in the boundary Yamabe problem, one cannot do the same thing in the setting of the fractional
Yamabe problem. This forced us to separate the cases in the statement of Theorem 1.1.
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(2) As a particular consequence of the previous discussion, the Ricci tensor R,,[g](y) of (X, g) evaluated
at a point y on M is governed by h and (1-18) (see Lemma 2.4). In the boundary Yamabe problem,
Escobar [1992a] could choose a metric in X such that R;; [fz] (¥) =0and R,p[g](y) = 0 simultaneously.
Moreover, by putting (1-6) and (1-18) together, we get
Ep)=""
n

Hence, on account of the energy expansion, (1-18) is the very condition that makes the boundary Yamabe

R[Z] p'™% +0(p'™?") near M.

problem and the %—Yamabe problem identical modulo the remainder. Refer to Subsections 2C and 2D.

(3) The sign of the mean curvature at a fixed point on M and (1-18) are “intrinsic” curvature conditions
of an asymptotically hyperbolic manifold in the sense that these properties are independent of the choice
of a representative of the class [A]. Refer to Lemma 2.1 below for its proof. Also Lemma 2.3 claims that
(1-18) implies H =0 on M.

(4) Note also that 242y e N and y € (0, 1) if and only if y = % and the boundary Yamabe problem on

nonumbilic manifolds in dimension n = 2 + 2y = 3 was covered in [Marques 2007]. We expect that the
strategy suggested in that paper can be applied for %—Yamabe problem in the same setting.

We next consider the case when the boundary M is umbilic but either R,p;p[g] < O at some point
on M or it is nonlocally conformally flat.

Theorem 1.3. Suppose that (X", g7) is an asymptotic hyperbolic manifold such that (1-9) holds and
the boundary (M", [h)]) is umbilic. If either

en>3+42y, ye€(0,1), that is, eithern > 5and y € (0,1) orn =4 and y € (O, %), the tensor
Ryp;plg] is negative at a certain point of M and (1-18) is valid; or

e n>4+42y, ye(0,1), thatis, eithern >6andy € (0,1) orn=5andy € (0, %) there is a point
y € M such that the Weyl tensor W[h] on M is nonzero at y and

R[gt]+n(n+1) =o0(ph,
M (R[gT]+n(n+1)=0(p*) (m=1,2), (1-19)
I (RlgT]+n(n+1) =0(p?) (m=1,2)

as p — 0 uniformly on M,
then the y-Yamabe problem is solvable. Here X is a coordinate on M.

Remark 1.4. (1) As we will see later, the main order of the energy for the fractional Yamabe problem (1-2)
is € on an umbilic but nonlocally conformal flat boundary M, while it is €2 on a nonumbilic boundary;
see (2-11), (2-14), (3-14) and (3-16). This explains why the necessary decay rate of R[gT]+n(n + 1)
to 0 as p — 0 in Theorem 1.3 should be p?-times as fast as that in Theorem 1.1.

On the other hand, (1-19) is responsible for determining all the values of quantities which emerge in
the coefficient of €* in the energy (such as R ;;[g](y) and Ryy,;;[g](y) — see Lemma 3.2) and making

the term (n(n 4+ 1) + R[gT])p~2 in E(p) to be ignorable.
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(2) Owing to Lemmas 2.1 and 2.3, condition (1-19) is again intrinsic and sufficient to deduce that H =0
on M. Moreover every Poincaré—Einstein manifold satisfies (1-19).

In [Gonzélez and Wang 2017, Lemma 2.3], it is proved that the sign of the tensor R;,[g] at a fixed
point on M is intrinsic.

(3) Itis notable that 4 42y € N and y € (0, 1) if and only if y = 5, and the boundary Yamabe problem
forn =4 + 2y =5 was studied in [Almaraz 2010]. We believe that Theorem 1.3 can be extended to the
casey— ,n=>5 Wlh ]#OonMand(l 19) is valid.

In order to describe the last result, we first have to take into account of the existence of a Green’s
function under our setting.

Proposition 1.5. Suppose that all the hypotheses of Theorem A hold true, including (1-9), and H =0
on M. In addition, assume further that AY (M, [h]) > 0. Then for each y € M, there exists a Green’s
function G(x, y) on X \ {y} which satisfies

—divg(p''VG(-,y) + E(p) G(-,y) =0 in (X, §),

. 1-20
WG(-y) =5, on (M. h) (120

in the distribution sense, where 8y, is the Dirac measure at y. The function G is unique and positive on X.

The proof is postponed until Section 4A. The readers may compare the above result with [Guillarmou
and Qing 2010] Based on standard elliptic regularity and the facts that if (X, g) is the Poincaré half-plane

([R{"Jrl n+1 dx), then

8ny
|()E -, Xn—l—l)ln_zy

G(x,7) = for all (¥,x,41) € R and j € R”,

and that the compactified metric g on X of a Poincaré—Einstein manifold (X, g*) can be assumed to
be Euclidean up to order |x|" in its coordinate x € [RR'}FH (refer to Lemma 4.3 below), we expect the
following.

Conjecture 1.6 (expansion of the Green’s function). Assume that y € (0,1), n > 2y and (X", gT)
is Poincaré—Einstein. Also, suppose that AY (M, [ﬁ]) > 0 and that either (M", [ﬁ]) has n > 3 and is
locally conformally flat or n = 2. Fix any y € M. Then there exists a local coordinate x of the compact
manifold (X, g) around y (identified with 0 € R") defined in a small closed neighborhood A/ C @Trl
of 0 such that

G(x.0) = gny|x| 72 L A4+ W(x) forxeN. (1-21)
Here g, , > 0 is a number that appeared in (1-13), A € R and W is a function in A satisfying
|W(x)| < C|x|™™127} and |V (x)| < C|x|™™%2r=1 for x e /7 (1-22)
for some constant C > 0.

Now we can state our third main theorem.
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Theorem 1.7. Suppose that y € (0,1), n > 2y and (X"t g7) is a Poincaré—Einstein manifold with
conformal infinity (M", [h]). Let p be a geodesic defining function for (M, h) and g = p*g™. If (1-9)
holds, Conjecture 1.6 is valid, A > 0, and either M™ has n > 3 and is locally conformally flat or n = 2,

then the fractional Yamabe problem is solvable.

Remark 1.8. (1) Let us set a 2-tensor
F = p(Ric[gT] +ngT) in X,

which is identically 0 if (X, g*) is Poincaré—Einstein. As a matter of fact, if M is locally conformally flat,
the only property of the tensor F necessary to derive Theorem 1.7 is that 7' F | p=0 =0 form =0,...,n—1
(refer to Lemma 4.3). We guess that (1-21) and (1-22) are still valid under this assumption. Similarly, for
the case n = 2, the assumption 97 F'|p=o = 0 for m = 0, 1 would suffice.

(2) Since (X" 11 g*) is Poincaré—Einstein, the second fundamental form on M is trivial. Particularly,
the mean curvature H on M vanishes and M is umbilic.

(3) Suppose that we are in the local case y = 1, and either n > 7 or M is locally conformally flat. Then,
as shown in [Lee and Parker 1987, Lemma 6.4], the expansion (1-21) is valid. Furthermore, the classical
positive mass theorem of Schoen and Yau [1979a; 1979b; 1988] states that A > 0, and the positivity
condition A > 0 holds if and only if (M, l;) is not conformally diffeomorphic to the standard sphere S”.
Determining the sign of A at each point y € M is a still natural problem for y € (0, 1). However, it is
difficult to perform, because A may be a nonlocal quantity, namely, one depending on the whole geometry
of (X, g ™) and (M, [h]).

This paper is organized as follows: In Section 2, we establish Theorem 1.1 by intensifying the ideas of
Marques [2007] and Gonzélez and Qing [2013]. Section 3 provides the proof of Theorem 1.3, which further
develops the approach of Almaraz [2010] and Gonzélez and Wang [2017]. In Section 4, Theorem 1.7
is achieved, which can be understood as a sort of generalization of the results of Schoen [1984] and
Escobar [1992a]. In particular, Section 4A is devoted to investigating the existence and some qualitative
properties of a Green’s function (i.e., Proposition 1.5). Then we are concerned with the case that M
is locally conformally flat (in Section 4B) and 2-dimensional (in Section 4C). Finally, we examine the
asymptotic behavior of the bubble W ¢ near infinity in Appendix A, and compute some integrations
regarding Wi o, which are needed in the energy expansions in Appendix B.

Notation. * The Einstein convention is used throughout the paper. The indices i, j, k and / always take
values from 1 to n, and a and b range over values from 1 to n + 1.

e For a tensor T, notations 7’4 and T, indicate covariant differentiation and partial differentiation of 7,
respectively.

¢ For a tensor 7' and a number g € N, we use
1
Symi1~-~iq Ti1~-~iq = a Z ﬂc(l)"'io(q)’
‘oeSy

where S, is the group of all permutations of g elements.
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e Welet N =n+1. Also,forxe[RR]_i\_’::{(xl,...,xn,xN)e[RRN:xN >0}, we write X = (x1,...,X,,0) €
B[RRIX ~ R" and r = |X|.
e Forn >2y,weset p=(n+2y)/(n—2y).

e For any o > 0, let B"(0, 0) and Bi’ (0, o) be the n-dimensional ball and the N -dimensional upper
half-ball centered at O whose radius is o, respectively.

e |S™71| is the surface area of the (n—1)-dimensional unit sphere "1,
e Forany r € R, let £y = max{0,¢#} > 0 and z— = max{0,—t} >0sothatt =¢4 —¢_.

e For y € (0, 1), the space HY (M) is the completion of C (M) with respect to the norm which one
obtains by pulling back

1
2 - u@ —u@? o \?
ueCcoo([Ri”)H(/Rnu dx—i—/n/n Tty dxdy

to M through coordinate charts.

¢ The space Dl’z(Rﬂ\r’ , x]lv_zy) denotes the completion of C° (@ﬂ\r’ ) with respect to the norm

1

2

U (/N x}v‘2y|VU|2dx) ,
R

+

and the space W12(X, p!=27) denotes the completion of C2°(X) with respect to the norm

2
U (/ P! T (IVUIZ +U?) dvg) .
X

In light of Theorem A, W12(X, p1=27) is the natural functional space for the fractional Yamabe problem.
¢ The following positive constants are given in (1-8), (1-13) and (1-14):
L(y) r(*5%)

Ky = 3=, =
YT -y T )
12 (1-23)

7 )4
r n—2y e r n+2y 4y
gn,)/:—n( 2 ) . “n,y:2% 1( : ) :
m222YT(y) ['3(n—2y)

e C > 0 is a generic constant which may vary from line to line.

2. Nonminimal and nonumbilic conformal infinities

2A. Geometric background. We begin this section by proving that the sign of the mean curvature, (1-18)
and nonumbilicity of a point on M are intrinsic conditions.

Lemma 2.1. Suppose that (X, g™m) is an asymptotically hyperbolic manifold with conformal infinity
(M, [h]). Moreover, let p and p be the geodesic boundary-defining functions associated to two repre-
sentatives h and h of the class [h)], respectively. We also define § = p>g™ and g := p*g™, denote by



EXISTENCE THEOREMS OF THE FRACTIONAL YAMABE PROBLEM 85

7w =—g n/2and 7 the second fundamental forms of (M, /;) C (X.g) and (M, h) C (X, g), respectively,
and set H = g ;; /n and H = g 77 /n. Then we have

c'<P<c inx and H=L| A onm (2-1)
p o =0
for some C > 1. Furthermore if H =0 on M, then
P .
T== T onM. (2-2)
1Y =0

Proof. The assertion on H in (2-1) is proved in [Gonzélez and Qing 2013, Lemma 2.3]. For the first
inequality in (2-1), it suffices to observe that p/p is bounded above and bounded away from O near M.
Indeed, this follows from the fact that

~\2 ~\2
=l = e = (2) 2l = (2) - on
o p
Let us define tensors T = 7w — Hg and T=7-H g on M. Then we see from [Escobar 1992b,
Proposition 1.2] that
ﬁ=T=ET=En on M
P P
provided H = 0 on M, which confirms (2-2). O

Given any fixed point y € M, let X = (x1, ..., X,) be normal coordinates on M at y (identified with 0)
and xy = p. In other words, let x = (x, x) be Fermi coordinates. The following lemma provides the
expansion of the metric g near y = 0. See [Escobar 1992a, Lemma 3.1] for its proof.

Lemma 2.2. Let (X, §) be a compact manifold with boundary (M, i;) and y € M. Then, in terms of Fermi
coordinates around y, it holds that

VIgl(x) =1—-nHxy + 3(n*H?> — |7 |* — Ryn[g])xy — Hixixn — L Ry; [A]xix; + O(|x|?)
and
g (x) = 8ij +2mijxn + S Rigjlhlxex; + gi{NkXka + (3mikmkj + Rinjn[8])xy + O(x|)

near y (identified with a small half-ball Bﬁ’ (0,2n9) near 0 in Rﬁ). Here ||7||* = f;ikﬁjlmj ] IS the
square of the norm of the second fundamental form mw on (M, h) C (X, &), R;kji[h] is a component
of the Riemannian curvature tensor on M, R;n;n|[g] is that of the Riemannian curvature tensor in X,
R;j [ﬁ] = Rikjk [ﬁ] and Ryn|[g] = RiniN[g]. Every tensor in the expansions is computed at y = 0.

Now notice that the transformation law of the scalar curvature [Escobar 1992a, (1.1)] implies

dp+/ 2]
vzl

It readily shows that (1-18) and (1-19) indicate H = 0 on M.

Rig 1 +n(n+1)=2n p+ R[g]p% (2-3)
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Lemma 2.3. Suppose that (X, g™m) is an asymptotically hyperbolic manifold with conformal infinity
(M, [h]). If R[gT]+n(n+1)=o0(p)asp— 0, then H=0on M.

Proof. Fix any y € M. By (2-3), we have

9p/121(»)
Vgl

as a point tends to y. This implies H(y) = 0, and therefore the assertion follows. O

o(1) =2n + R[Z](»)p+o(1) = —2n*H(y) + o(1)

We next select a good background metric on X under the validity of hypothesis (1-18).

Lemma 2.4. Let (X, g") be an asymptotically hyperbolic manifold such that condition (1-18) holds.
Then the conformal infinity (M [h]) admits a representative h € [h], the geodesic boundary-defining
function p and the metric § = p*>g™ satisfying

H=0 onM, Ryhl))=0 and pol2l () = "z (2-4)

( )
for a fixed point y € M.

Proof. According to [Lee and Parker 1987, Theorem 5.2], one may choose a representative h of the
conformal class [h] such that R;;[h](y) = 0. Additionally Lemmas 2.3 and 2.1 ensure that / = 0 on M
for any & € [h]. Hence assumption (1-18) can be interpreted as

o(1) =20 N'_g' RIE1= 2% Zasp + RIE =1 Zasp + 8 Fatps) + RIE] + (1)

= —2n(Rppl8] + |7 1%) + (2Rppl3] + |7 |1 + R[A] — H?) + 0(1)

as p — 0, where we used H =0 on M for the third equality and the Gauss—Codazzi equation for the fourth
equality; see the proof of Lemmas 3.1 and 3.2 of [Escobar 1992a]. Taking the limit to y € M, we get

0=2(1=n)Rpp[81(y) + (1 = 2n) ()|
The third equality of (2-4) is its direct consequence. O

Lastly, we recall the function £ in (1-5) and (1-6). In a collar neighborhood of M where p = xp, it
can be seen that

n—2y
4n

Iy V12l @29

[R[g]— (n(n + 1) + R[g T Dxy? ]y Y = —1(n—2p)—=> x 7,

E(xn) =
12|

where the second equality holds because of (2-3).

2B. Nonminimal conformal infinity. Let y € M be a point identified with 0 € R” such that H(y) <0 and
B i\’ (0,2n9) C [R{i\f be its neighborhood which appeared in Lemma 2.2. Also, we select any smooth radial
cut-off function ¥ € C °°([RN ) such that ¢ = 1 in BY (0, n0) and 0 in [RN \BN (0,2n0). In this subsection,
we shall show that I [WwWe] < AY(S", [g¢]) forany n > 2 and y € (0 ) where W, = W o as before.



EXISTENCE THEOREMS OF THE FRACTIONAL YAMABE PROBLEM 87

Before starting the computation, let us make one useful observation: Assume that n > m + 2y for a
certain m € N. Then we get from (A-3) and (A-4) that

/N x}v_zy|x|m+1|VW€|2dx:n(1)_§/ le\,_2y|x|m+§|VWE|2dx:0(em+¢)=0(em) (2-6)
B (0,10) BY(0,10)
by choosing a small number ¢ > 0 such that n > m + 2y + C.
Proposition 2.5. Suppose that (X" 1, gT) is an asymptotically hyperbolic manifold with conformal
infinity (M, [h]) and y € M is a point such that H(y) < 0. Then for any € > 0 small,n > 2 and y € (0, %),
we have
2-2
P —on+1-dy? v Jay ¥y IVWI[2dx
2(1-2 +1 n-2y
A (A A

>0 (2'7)
where 1! is the y-Yamabe functional given in (1-11), and A (S", [g.]) and i, are positive constants
introduced in (1-16) and (1-23).

L[y Wel < AV (S" [ge])+e H(y)+o(e) <A(S".[gc).

Proof. Since the proof is essentially the same as that of [Choi and Kim 2017, Proposition 6.1], we briefly
sketch it. By Lemma 2.2 and (2-6), we discover

1-2y 2
Xy |VWelz dvg
/Bf(o,no) &

= /BN( )x}v‘2V|VW1|2 dx +eH (2/N xx V|V Wi |? dx —n/N X vwy? dx) + 0(€)
+(0,m0 RY rRY
and

/M(wWe)”“ dvj, = /B vy e L+ OUF) di 4+ 0(e") = [R wi T dx +o(e).
9 0

Moreover, according to Lemma 2.2 and (2-5), we have
/ E(xy)W2 dvg = %n(n—Zy)eH/ x;’2yW12 dx + o(e).
B (0,70) RY

Thus the above estimates and Lemma B.3 confirm (2-7). O

Unlike the other existence results to be discussed later, we need to assume that y € ((), %) for

1
_2 ’ 5

for the function x ,; lez to be integrable in [RRI_?_’ . Secondly the mean curvature H should vanish for

Proposition 2.5. Such a restriction is necessary in two reasons: First of all, y € (O ) is necessary

y € (3. 1) to guarantee the validity of the extension theorem (Theorem A).

2C. Nonumbilic conformal infinity: higher-dimensional cases. We fix a nonumbilic point y =0 € M.
Let also Bij (0,2n0) C Rﬁ be a small neighborhood of 0 and ¢ € C° (Bi] (0,2n0)) a cut-off function
chosen in the previous subsection.
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Lemma 2.6. Let J I%/ be the energy functional defined as

7W:x] = / (P VU + E(p)U?) dvg  forany U € W2(X, p1=27). (2-8)
X
Assume also that (2-4) holds. Then for any € > 0 small, n > 2 42y and y € (0, 1), it is valid that

J,{[wWe;BiV(O, n0)] =/ xy Y|V |2 dx
Biv(orno)

+El T IP[-A+b0)F+ LB+ b)Fs + F(n—2y) (1 + b)Fi] + 0(e?), (2-9)

where b := (1 —2n)/(2n —2), ||| is the norm of the second fundamental form at y = 0 € M, and the
values F1, F, and F3 are given in Lemma B.4.

Proof. We borrow the argument presented in [Gonzalez and Qing 2013, Theorem 1.5]. According to
Lemma 2.2 and (2-4), it holds that

Vgl xn) = 1= 31 +b) |7 |*xy + O((x xn)*)  in BY(0, no). (2-10)

Hence we obtain from (2-6) that

1-2y 2
X |VWelz dv;
/Bﬁm,no) N e

= AN x}v_2y|VWe|2 dx + €2 |:(37rik7rkj + Rinjn(g]) /l;gN xf’\,_z”a,- W10, Wy dx
+ ¥

—La+p)|x)? / X Y |V 2 dx] + 0(€?).
RY
Also, by means of (2-5) and (2-10),
E(xy) =3 —=2p) 1+ D)7 [>xy 2 + O(Ix]Pxy"")

for x > 0 small, so

[ E(xy)W2dvg = €21 (n—2y)(1 + b)||7r||2/ Xy VW2 dx +o(€?).
B(0,n0) RY

Collecting every calculation, we discover (2-9). O

The previous lemma ensures the existence of a positive solution to (1-2) for nonumbilic conformal
infinity M” with n € N sufficiently high.

Corollary 2.7. Assume that (X", g7) is an asymptotically hyperbolic manifold and h is the represen-
tative of the conformal infinity M found in Lemma 2.2. If n > 2+ 2y and y € (0, 1), we have

YW < AV (S", [ge]) = €2C(n, ) AV (8", [ge) ™ iy 18" | As Ball|® +0(€3),  (2-11)
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where the positive constants A (S", [g¢]), ky, A3z and By are introduced in (1-16), (1-23) and (B-3),
respectively, and C'(n, y) is the number given by
, 3n2 4+ n(16y2 —22) +20(1 — y?)
Cn,y) =

8n(n—1)(1—y?)
Proof. Estimate (2-11) comes from Lemmas 2.6 and B.4 and the computations made in the proof of
[Gonzélez and Qing 2013, Theorem 1.5]. The details are left to the reader. O

(2-12)

By (2-2), we still have that 7 # 0 at y € M, even after picking a new representative of the conformal
infinity. Furthermore, the number C’(n, y) is positive when n > 4 for y > \/g ~0.674, n>5for y > %,
n>6fory > \/g ~ (0.229 and n > 7 for any y > 0. Hence, in this regime, one is able to deduce
the existence of a positive solution of (1-2) by testing the truncated standard bubble into the y-Yamabe
functional.

2D. Nonumbilic conformal infinity: lower-dimensional cases. We recall the nonumbilic point y € M
identified with the origin of RY, the small number 79 > 0 and the cut-off function ¥ € CCOO(RZX ).
Furthermore, we introduce

Y (X,xny) = Mlmjxiner_larWe = e-e_n_lzy U (e71x, e xw) (2-13)

for each € > 0, where M; € R is a number to be determined later, the 7;; are the coefficients of the
second fundamental form at y and r = |x|. Our ansatz to deal with lower-dimensional cases is defined by

O =y (W, +Ye) in X.
The definition of @ is inspired by [Marques 2007].

The main objective of this subsection is to prove:

Proposition 2.8. Suppose that (X", g©) is an asymptotically hyperbolic manifold and h is the repre-
sentative of the conformal infinity M satisfying 2-4). If n > 2+ 2y and y € (0, 1), we have

TY[@] < AV(S", [ge]) — €2C(n.y) AV (S [ge)) ™% &y [S" M AsBall [P +0(e),  (2-14)
where C(n,y) is the number defined by
Cln.y) = 3n% + n(16y2 —22) +20(1 — y?) 16(n —1)(1 —y?)
V= 8n(n — 1)(1— y2) n(GnZ +n(2—8y2) + 4y2—4)°

It can be checked that C(n, y) > 0 whenever n > 4 and y € (0, 1). Thus the above proposition, along
with Proposition 2.5, justifies the statement of Theorem 1.1. We have C(3,y) > 0 for y > 1, but it also
holds that n > 2 4 2y > 3. Therefore we get no result for n = 3.

Proof of Proposition 2.8. The proof consists of three steps.
Step 1: energy in the half-ball Biv (0, no). Since ¢y =1 in Bi’ (0, no), we discover

JL T (Wet-We): BY (0.170)]

= J [y We; BY(0,m0)]+2 / Xy VW, VW) g dog+ / xy 7 |VWPdxto(e?), (2-15)
h BY (0.n0) RY
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where the functional J! is defined in (2-8). Moreover, we note from Lemma 2.2 that the mean curvature
H = m;; /n vanishes at the origin, which yields

/ x]lv_zyVWG-V\IIG dx
BY (0,10)

= eM1/ xlz\,_zymjx,'xj [2r_2(8r W1)2+r8r (r_1 0y Wl)] dx
BY (0,n0/€)

+€M1/ xllv_zymjxinr_l(aNWl)[(arWl)—i-xN(aNrWl)]dx=O. (2-16)
B:}X(OsnO/e)

Hence we obtain from the definition (2-13) of W and (2-16) that
z/ Xy V(YW VW) dvg
B (0,70)

:2/ le\,_zyVI/I/e~V\Ile dx+471,-,-[ xi,‘zya,-ma,-qfe dx + o(€?)
B4 (0,m0) CJRY '

= 624M1Hij/N x?v_zyxi [ankxkr_z(ar w1)? + TRIXEX] X 20, W) 8, (r o, Wl)] dx + o(€?)
R
+

2 2
2 2 2
=AM | = F3+ ————(=F3 + F.
4| 2+ 2R I o)
4
= () a8 s Ballrl? o) @17)
where the constants F3, F4 as well as F1, F», Fs5, ..., Fg, are defined in Lemma B.4. In a similar fashion,

it can be found that

/ x}v_2y|VlIJ€|2 dx = €2
R

N (F3 —2F4 + Fs + Fo + 2F7 + Fg) | 7||* + o(?)
+

7
nn+2)
3?4 2n(1—4y?) —4(1—y?)
- dn(n—1)(1—y2)

Step 2: energy in the half-annulus Bi’ (0,2n0) \ Bf (0,1n0). According to (A-1), (A-3) and (A-4), see
(2-6), it holds that

MZ|S" A3 By || |? +o(€?).  (2-18)

JLY (We +We): X \ BY (0.10)] = (). (2-19)
Consequently, one deduces from (2-15), (2-17)—(2-19) and Lemma B.4 that

J]%’[w(We + W) X] < /N le\l_2y|VW1|2 dx —e2C(n, V)|§”_1|A3Bz||7r||2 +o(e?) (2-20)
RY
by choosing the optimal M; € R.

Step 3: completion of the proof. Lemma 2.2 and the fact that W, = 0 on M tell us that
| woneworrttan = [ rugrtias oty dsz [ wftas o). @on
M B'(0,2n0) R”

Combining (2-20) and (2-21) gives estimate (2-14). O
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3. Umbilic conformal infinities

3A. Geometric background. For a fixed point y € M identified with 0 € R”, let X = (x1,...,X,) be
the normal coordinate on M at y and x = p. The following expansion of the metric is borrowed from
[Marques 2005].

Lemma 3.1. Let (X, §) be a compact manifold with boundary (M, l;) andy € M such that 1 = m;; =
mij = m.ijk = 0, R;j[h] = 0and Ryn([g] = 0 at y. Then, in terms of Fermi coordinates around y, it
holds that
VIgI(%, xn) = 1—75 Ry [h]xi xj xp— 2 Ryn:i [8]x % xi— & Ruw: N [8)x 3
—6 (3 Rij:ki (M) + 5 Rmigqj M) Rmieqr [h]) xi X xie X1 — 5 RN ()X R Xi )
—LRNN;Ni [B1X Xi— 5 [RNN: N [8]H2(Ri NN [ ]xy + O (R . xn) ) (3-1)
and - A A
g7 (x,xN) =8ij+ 3 Rikjilhlxixi+ Rinjn (8155 + £ Rikjr;m ) xkx1 Xm~+ Ri v e (815 % Xk
+%RiNjN;N [g]x?\l +(%Rikjl;mq [h]'i‘%Riksl [h]ijsq [h])xkxlxqu
+(3Rinjn:k1 (8145 Sym;; (Riksi [MRen N [8))) X3 Xk X1+ 5 Rinjv: kv (81X 7 Xk
+75 (RinjN; NN [81+8RinsN (] Rsnjn (8D x5 + O ((R, xn)1°) (3-2)

near y (identified with a small half-ball B f (0,2n9) near 0 in [F\Rﬁ ). Here all tensors are computed at y
and the indices m, q and s run from 1 to n as well.

To treat umbilic but nonlocally conformally flat boundaries, we also need the following extension of
Lemma 2.4.

Lemma 3.2. Forn > 3, let (X", g%) be an asymptotically hyperbolic manifold such that the conformal
infinity (M", [h]) is umbilic and (1-19) holds. For a fixed point y € M, there exist a representative h of the
class [h), the geodesic boundary-defining function p (= xn near M) and the metric g = p*>g™ such that

(1) Rij:x A7) + Rk [h(») + Ry [A](y) =0,
) Symy i (Rijset ] + 2 Romigj ] Rmieg1[R]) () = 0,

(3) m=00nM, Rnn:N[ZI(¥) = Ran[g](y) =0,

W% w12
g(lllq_lll)’ Rin:ii[8](y) = WP Rinin[2](Y) = Rij [2](9),

C12(n—1)
3
(5) Ryn:anI[81(y) = ER;NN [Z1(») —2(Ri; [] ()%

4 R;ii[gl(y)=—

(6) Rinymss [E109) = o R [£1) — (Ry [E)? — A
Y an MW Y 12(n— 1)
if normal coordinates around y € (M, h) are assumed. Here |W || is the norm of the Weyl tensor of

(M, h) at y.
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Note that the first partial derivatives of h and the Christoffel symbols Fl.kj [/;] = szj [¢] at y vanish. Also
a simple computation utilizing 7 = 0 on M shows that Fé’a [g] =Tjy[g]=0o0n M.

Proof of Lemma 3.2. Theorem 5.2 of [Lee and Parker 1987] guarantees the existence of a representative
h € [h] on M such that (1), (2) and R;;[h](y) = 0 hold. Furthermore, [Escobar 1992b, Proposition 1.2]
shows that umbilicity is preserved under the conformal transformation, and so & = 0 on M. The proof of
the remaining identities in (3)—(6) is presented in two steps.
Step 1: By differentiating (2-3) in xy and using the assumption that d 5 (R[gT] +n(n +1)) = o(xlzv) as
xy — 0, see (1-19), we obtain
_ Townlgl | anwvlgl (Onlgh?T , 2R[g]
o(l)y=n|—= > _ -5
glxy  18lxn [gPxw
Also, since we supposed that the mean curvature H vanishes on the umbilic boundary M, we get from (2-4)
that Ryn [g](y) = 7(y) =0. This in turn gives that |g[(y) =1 and dn |g[(y) = NN [8](¥) = R[g](y) =0.
Consequently, by taking the limit to y in (3-3), we find that
0=n[3dnnn12|(») + dnnn|E1(») — 0] + 2R N [2](») + R N [Z](Y)

=ndnNnN|81(y) + 2R N [8](y). (3-4)
Now we observe from Lemma 3.1 that dyyn |g|(¥) = —2Rnn;n[g](y). In addition, by the second
Bianchi identity, the Codazzi equation and the fact that 7 = 0 on M, one can achieve

+ R N[g] asxy — 0. (3-3)

R n[g] = R;n[g] =2Rnn;N (8] + Rijij;n (8] = 2RNN;N (8] + (Rijin; (8] — Rijjn;ilg])
=2RnNN;N (8] + 2(mii; jj — mijiij) = 2RNN:N (8] (3-5)
and
Rin[gl =mjj;i —mij;j; =0

at y € M. Combining (3-4) and (3-5), we get
0=(2—n)Rnn;N([g](Y)-
Since n > 3, it follows that Ryn:n ([g](y) = 0, as we wanted.

Step 2: It is well known that R ;; [h(y) = R.;i [h(y) = —é |[W(»)||? in the normal coordinate around
y € M. Therefore the Gauss—Codazzi equation and the fact that H =7 =0 on M imply

R ii[8)(y) = 2RNNii[8](0) — gl W) and  Rinjn[81(y) = Rij[8](3). (3-6)

Moreover, since Az(R[gT]+n(n+1)) = o(sz\,) near y € X, refer to (1-19), by differentiating (2-3) in
x; twice, dividing the result by x]zv and then taking the limit to y, one obtains

Rii[g](y) =2nRnnN,ii[g](y). (3-7)

As a result, putting (3-7) into (3-6) and applying the relations at y

R;;i[g] = R,ii[g] and Rnn;ii[8] = Rwn,iil8] —2(0; FfN[E])RaN[é]b =(3)RNN,ii[§]
Yy
allow one to find (4).
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On the other hand, arguing as before but using the hypothesis that dyy (R[gT] +n(n + 1)) = O(XIZV)
near y € X at this time, one derives equalities

3R NN [21(y) = —n Inwww 181(y) = 2n[ Run:an [81(0) + 2(Rinjn [8](0)?]-
Because R.nn [g](¥) = R nn[g](y), it is identical to (5). Hence the contracted second Bianchi identity,
the Ricci identity and (3)—(5) give
R (8] = 2Rin;in 8] + 2Rwn:ww [8] = 2[ Riw;ni (8] + (Rif [8])% — (Ran [8D)*] + 2Rww;ww (8]
=2(Rin;nilg] + (Rij[8D?) + (2 R.ww [8] — 4(Rij[])%)
at y. Now assertion (6) directly follows from the above equality and

Rin;Ni[8](Y) = Rnjij;ni[8](Y)
1wz
12(n—1)

3B. Umbilic conformal infinity having the property R,p.,[g] <0. Like the previous section, we fix a
smooth radial cut-off function ¥ € CCOO(Rf) such that = 1 in Bﬁ'(O, no) and O in [R{i\f \ Bi’ (0,2n0).
Also, assume that W = W o denotes the bubble defined in (1-13). Let y € M be any fixed point identified
with 0 € R™.

= —Rinjn;ij[8](¥) + Ran;ii[8](y) = —Rinjn;ij (8] () — O

Lemma 3.3. Suppose J }%’ is the functional given in (2-8). If (2-4) is valid and w = 0 on M, then
J Ty We: BY (0.n0)]

+U,7m0

orany € > 0 small,n >3+ 2y and y € (0, 1). Here the values F\, F) and F} are given in Lemma B.5.
1 3

Proof. Since H = Ryn[g] =0 at y and the bubbles W, depend only on the variables | x| and x 5, we have

/ xy Y IVWel2 dvg
BY(0,70)

_ [ xSV 2 dx
B (0,70)

_ 1 - 1 —
Rwnl@l0) (5 [ IR = [ IV dx) o). 69
+ +

In addition, utilizing (2-5) and (3-1), we obtain

E(xn) = 101 =29) (Rwn;i [8)(0)xi + S Rawsn [8](0)xw ) xy 2 + O(Ix[2xy,

for xy > 0 small enough. Therefore

- n—2 _
[ o Eenowdv = RmanB0) (") [T WEdxro(). G-10)
BY(0,70) 4 JJry

Combining (3-9) and (3-10), we deduce (3-8). O
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As a consequence of the previous lemma, we obtain the following result.

Proposition 3.4. Suppose that (X", g %) is an asymptotically hyperbolic manifold with umbilic confor-

A

mal infinity (M, [h]). If (2-4) is valid and y € M is a point such that Ryy:n (y) < 0, then for any € > 0
small and n > 3 + 2y, we have

4-2y 2
4n2—12n+9—4y2 Ky Jary Xy IV dx
24n(3-2 +1 , 52
C72) (fpwl*d)

LYW < AY(S" [ge])+e ’ Ryw;n () +0(€) <AV(S" [gc]),

>0

where I is the y-Yamabe functional given in (1-11), and AY (S™, [g¢]) and ky are the positive constants
introduced in (1-16) and (1-23), respectively.

Proof. By (A-1), (A-3) and (A-4), see (2-6), it is true that
T W X\ BY(0.10)] = 0(€).

Moreover, we infer from (3-1) and radial symmetry of the function ¥ w, in R” that

/ YWo)P* dv, = / w’t dx +o(e3).
M R7
Hence Lemmas 3.3 and B.5 give the desired estimate. O

3C. Umbilic nonlocally conformally flat conformal infinity. We now study the case when the boundary
M is umbilic, nonlocally conformally flat and (1-19) holds. In view of Lemma 3.2(3), the tensor R .y [g]
has no role and one needs to expand the energy up to one higher order in €.

Lemma 3.5. Ler y = 0 € M be any fixed point and J }:’ the functional given in (2-8). If (2-4) and
Lemma 3.2(1)—(6) are valid, then

YTy We: BY (0.170)]

_ 4% 2 F F —2V)F"

:/ xb 2V|VW1|2dx+e4[” ” ( s __ s (=) 4)
BY(0,10) 4n \12(n—1) 2(n—-1)(n+2) 12(n—1)
R;NN[g-]( By F (-3)F, +(n—2y)f{') | (Ry12)? (f_;/_ 7

T C8n n 2 n+42

4
8n 4n2_n2(n—|—2) 4n )]+0(€) (3-11)

for any € > 0 small, n > 4 + 2y and y € (0,1). Here the tensors are computed at y and the values
Fi, ..., F¢ are given in Lemma B.6.

Proof. Step 1: estimate on the second- and third-order terms. To begin with, we ascertain that

J [ We: BY (0.10)] = / xy Y IVWIP dx + O(eh). (3-12)
B (0,m0)



EXISTENCE THEOREMS OF THE FRACTIONAL YAMABE PROBLEM 95

In fact, thanks to (1-19), (2-5) and R[g](y) = R n[g](y) = 0, it holds that

/ E(XN)I/VEZ dvg
BY(0,70)

= [ Eemar o[ g i)
BY(0,n0) BY(0,n0)

n—2 - - _ -
=(7) /B oy N (RIEI) + R algl(0)5a + 36 R aplg10)s) W dx -+ 0(e)
+ 9”0 €

-2
= (550) [ Retl810) 7 + 5 R (1) 7] + o€, (-13)

where ¢ > 0 is a sufficiently small number. Because Ryn:n [g](y) = 0 by Lemma 3.2(3), we see from
(3-9) and (3-13) that estimate (3-12) is true.

4 ..
Step 2: estimate on the fourth-order terms. Let /| §|( ) and (3"/)® be the fourth-order terms in

the expansions (3-1) and (3-2) of /|g| and gij . In view of (2-6), Lemma 3.2(2) and [Brendle 2008,
Corollary 29], one can show that

1-2 —(4)
f 29w 2 izl dx
BY(0,n0)

= —*[ L Rww:ii[81(0) F& + 55 (Ran:an [81(0) + 2(Rinin [81(0) D) FS ] + o (e*)
and

/;N(O )X}lv_zy (é_”])(4)8, Wgaj W€ dx = €4|: (RNN;ii [g](y)+2RleN,lj [g_](y))fé/
+ 10

2n(n+-2)

o (R B10)+8(Rin [§](J’))2)]:3”:|—|—o(e4);

see [Gonzdlez and Wang 2017, Section 4]. Therefore (2-4), (3-9) and Lemma 3.2(4)—(6) yield
1-2y 2
x VW |5 dvz
/Bﬁ ©10) gE

_ W 2 ]_—// ]_-// R - ]_-// ]_-// _3 .F”
=f X 2y|VW1|2dx+e4|:u(—5— 6 )+ NN (8] (__2+_3_%)
BY(0.m0) 8qn(n—1)\ 6 n+2 2n 8 4n  n(n+2)

(Rij[2)? (F§ Fd 4
+ ;. > ni2 +o(€”).
Now (3-13) and the previous estimate lead us to (3-11). O

Corollary 3.6. Assume that (X", g) is an asymptotically hyperbolic manifold, h is the representative
of the conformal infinity M in Lemma 3.1 and I Z is the y-Yamabe functional in (1-11). If n > 4 4 2y,
y € (0, 1) and Lemma 3.2(1)—(6) hold, we have

n—2y

T W < A (S [ge]) + € A7 (8™ [ge) ™ iy 1877|435

x (=IIWI*Di(n,y) + RN [g]D5(n.y) — (Rij [g])*Dh(n.y)) + o(e?), (3-14)
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where NV (S", [g¢]), ky, A3 and By are the positive constants introduced in (1-16), (1-23) and (B-3),
respectively. Furthermore

Dl (n.y) = 15n% — 12013 +20n2(17 — 2y2) — 80n(5 — 2y2) + 48(4 — 592 + y*)
480n(n—1(n—4)(n—4-2y)(n—4+2y)(1 —y2)

5n2 —4n(13 —2y?) +28(4 —y?)
S5nin—4)(n—4-2y)(n—4+2y)
Proof. By Lemmas 3.1 and 3.2(1)—(2), it holds that

/ (WP + du,
M
= A o )wé’“[l—ﬁ(&j,m[ﬁ]+%Rmiqj[ﬁ]Rmqu[/%])xix,-xkxz+0(|2|5)] dx + O(")
"(0,m0

=/ PHLA% +o(e%).
Rn

Thus the conclusion follows from an easy estimate,

JL Y We: X\ BY (0.70)] = o(e")
with Lemmas 3.5 and B.6 at once. O

O’
(3-15)

Dy(n,y) =0 and Din,y)=

It is interesting to see that the quantity R.nyn[g](y) does not contribute to the existence of a least
energy solution, since the coefficient of R, yy[g](y), denoted by D, (1, y), is always zero for any n and y.
Such a phenomenon has been already observed in the boundary Yamabe problem [Marques 2005]. W
also note that the number D} (n, y) has a nonnegative sign in some situations: whenn =7 and y € [% 1),
orn > 8and y € (0, 1). In order to cover lower-dimensional cases, we need a more refined test function.

Let y € M be a point such that W [h A] () # 0. Motivated by [Almaraz 2010], we define functions
Ve = We(F.x) = MaRonjn By xdr 10, We = €22 Ty (715, e L)
for some M, € R and

e =YW +T) inX.

Proposition 3.7. Suppose that (X", g %) is an asymptotically hyperbolic manifold. Moreover h is the
representative of the conformal infinity M satisfying (2-4) and Lemma 3.2(1)—~(6). If n > 4 4+ 2y and
y € (0, 1), we have
— o~ n—2
T[] < A7 (" [ge]) + €AV (S [ge]) ™" ke 1S |43 B,

X (=IWIPDi(n,y) + RN [g]D2(n, y) — (Ri;[8)*D3(n, y)) + o(e*), (3-16)
where

Di(n,y) =Di(n,y), Da(n,y)=0
see (3-15) for the definition of the positive constant D) (n,y), and
2513 —20n%(9 —y?) + 100n(4 — y2) — 16(4 — y?)?

5n(n—4-2y)(n—4+ 2)/)(5112 —4n(1+y?)—8(4— )/2)) ’

D3(n,y) =
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Proof. Since Ryn|[2](y) = 0, we obtain

J!1®e: BY (0.n0)]

=T [y We: BY(0.10)] —|—2/Nx]1v_2y(gij — 817 3; W0, W dx +/Nx}v‘2y|v€if€|2dx +o(eh). (3-17)
Ry RY

Also a tedious computation with Lemmas 3.1 and 3.2(4) reveals that the second term of the right-hand

side of (3-17) is equal to

Rikjl[};] /RN lev_zyxkxl aimaj\hpe dx +2RiNjN[g] /;QN xi,_zyaiWeale!E dx +0(64)
+ e

(=73 + }'7”)} (Ri;18])% +o(e*),

1 1
=0+eMMy| ~F) + ———
n nn+2)

and it holds that

L2y 2M} _
/R NIV dox = €T (Y = 0 o B AR+ AT+ T (R (8D + ()
+

see (2-17) and (2-18). Here the constants F|', ..., F}|, are defined in Lemma B.6.
On the other hand, we have

J/1®e: X\ BY (0.10)] = 0(€?).

and since ¢ = 0 on M, the integral of |<RI’>6 |7*1 over the boundary M does not contribute to the fourth-
order term in the right-hand side of (3-16). By combining all information, employing Lemma B.6 and
selecting the optimal M> € R, we complete the proof. O

One can verify that D3(n,y) > 0 whenever n > 4 + 2y and y € (0, 1). Consequently we deduce
Theorem 1.3 from Propositions 3.7 and 3.4.

4. Locally conformally flat or 2-dimensional conformal infinities

4A. Analysis of the Green’s function. In this subsection, we prove Proposition 1.5. By Theorem A,
solvability of problem (1-20) for each y € M is equivalent to the existence of a solution G* to the equation

—divg=((p*)!72VG*(-,y)) =0 in(X,g*).
8yG*(-. ) =8 = Q1G*(-.y)  on(M.h),
and we have [g/y | + |gNN — 1| = 0(p?”). We also recall [Gonzélez and Qing 2013, Corollary 4.3]

which states that if AY (M, [h ]) > 0, then M admits a metric ho € [h] such that Qy > 0 on M. Thanks to
the following lemma, it suffices to show Proposition 1.5 for ho € [h] o

Lemma 4.1. Let (X, g) be any conformally compact Einstein manifold with conformal infinity (M, [fz]),
p the geodesic defining function of M in X and § = p*>g™. For any positive smooth function w on M,
define a new metric hy = w* " =2V} denote the corresponding geodesic boundary-defining function
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by py and set g, = ,oi g™ Suppose that G = G(x, y) solves (1-20). Then the function

p(x)
pw (x)

Gw(x,y):=( ) WS (1) Gx.y) for(r.y) € X x M. x #y

again satisfies (1-20) with (g, };w) and py, substituted for (g, l;) and p, respectively.

Proof. By (1-5), the first equality in (1-20) is re-expressed as

3+2y

Le(p 2 G(.y) + (2 =1)pTFIG(-.3) =0 in(X. 7). @1

where Lz is the conformal Laplacian in (X, g) defined in (1-3). Therefore one observes from (1-1) that G,
is a solution of (4-1) if g and p are replaced with g, and py,, respectively. Also, since w = (py, / ,o)("_zy)/ 2
on M, we see

n—2
2

9 Gu(-.3) = P Gu(-.) =i () P, ((p/pw) F" G(-.3)

wh—2vh

n42y . n+2y _n+2y
=w (NP, (WG y)=wr (w2 PYG(-, )

wn—2v h

n

n+2y _n+42y n+2y _n+2y
=wr=2v (y)w =2 (G(-,y)) =wr2 (y)w =28, =8, onM,

where we have applied Theorem A and (1-1) for the first, fourth and fifth equalities. O

For brevity, we write h= l;(), g=2g* p=p*and G = G* here and henceforth. Further, recalling
that Q;lf > 0 on M, let us define a norm

1
U ey otz = [ | o2 |VU[Ldvs + | 0YU%dv: )
wiaxp-2n = | [ gdvg + | QU dy;

for any ¢ > 1 and set a space W14 (X, p1=27) as the completion of C2°(X) with respect to the above
norm.

Given any bounded Radon measure f (such as the Dirac measures), a function U € W4 (X, pl=27)
is said to be a weak solution of

—divg(p172’VU) =0 in (X, g),
MU+ QLU = f on (M, h) (4-2)
if it satisfies that
/ pl—ZV(VU, VV¥)z dvg +/ Qh}:U\DdU}; = / A% 4-3)
X M M

for any ¥ € C1(X).

The W'2(X, p'~2¥)-norm is equivalent to the standard weighted Sobolev norm ||U ||y 1.2(x, p1—2vy;
see [Choi and Kim 2017, Lemma 3.1]. Thus for any fixed f € (HY (M))*, the existence and uniqueness
of a solution U € W12(X, p!=27) to (4-2) are guaranteed by the Riesz representation theorem.



EXISTENCE THEOREMS OF THE FRACTIONAL YAMABE PROBLEM 99

Lemma 4.2. Assume thatn > 2y, f € (HY(M))* and 1 <a < min{n_"zy, %Z:ﬁ} Then there exists a

constant C = C(X, g™, p,n, y, a) such that

1U e x,pr-2vy < CILf i (4-4)
for a weak solution U € W12(X, p=27) to (4-2). As a result, if f is the Dirac measure §y at y € M,
then (4-2) has a unique nonnegative weak solution G(-,y) € Wh(X, p1=27),
Proof. Step 1: We are going to verify estimate (4-4) by suitably modifying the argument in [Brézis and
Strauss 1973, Section 5]. To this aim, we consider the formal adjoint of (4-2): Given any hg € L4(M)
and Hy, ..., Hy € LY(X, p'~27) for some ¢q > max{zn—y, 2(n + 1)}, we study a function V' such that
N
/ P! T2V (VV, VW) dug + / QYVWdv; = / hoW dv; + Z / ' T Hy0,W dvg  (4-5)
X M h M = x

forany W e C 1 (X). Indeed, by the Lax—Milgram theorem, (4-5) has a unique solution Ve W12 (X, p1=27),
Moreover, employing Moser’s iteration technique, we observe that V' satisfies

N
VllLoeary + 1V IiLoex)y =C (||h0||Lq(M) + Z ||Ha“L‘1(X,p‘—2V))- (4-6)

a=1
Therefore taking ¥ = V in (4-3) and U in (4-5) respectively (which is allowed thanks to the density
argument) and then employing (4-6), we find

N
f Uho dv; + Z/ p' 2 3,UH, dvg =/ SVidv, < fllovanVIiLe )
M = x M
N
<Clflian (||ho||Lq<M) s ||Ha||Lq(X,p1—2y))-

a=1
This implies the validity of (4-4) with « = ¢’, where ¢’ designates the Holder conjugate of g.

Step 2: Assume now that f = §, for some y € M. Then one is capable of constructing a sequence
{ fmtmen C C1(M) with an approximation to the identity or a mollifier so that f,, >0 on M,

sup || fmllpiomy <Cs fm —>0in CLl.(M\{y}) and f — 8, in the distributional sense.
meN

Denote by {Un tmen C WH2(X, p1=27) a sequence of the corresponding weak solutions to (4-2). By (4-4)
and elliptic regularity, there exist a function G(-, y) and a number &g € (0, 1) such that U, — G(-, y)
weakly in WH¥ (X, p1=2¥) and U,, — G(-, y) in Cl‘f)(c’()?\{y}). It is a simple task to confirm that G( -, y)
satisfies (4-3).

Also, putting (Up,)— € WL2(X, p'=27) into (4-3) yields Uy, > 0 in X, which in turn gives G(-, y) >0
in X. Finally, the uniqueness of G (-, y) comes as a consequence of (4-4). O
Completion of the proof of Proposition 1.5. The existence and nonnegativity of the Green’s function G is

deduced in the previous lemma. Owing to Hopf’s lemma, see [Gonzdlez and Qing 2013, Theorem 3.5], G
is positive on the compact manifold X. Recall that the coercivity of (4-3) implies the uniqueness of G. [
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4B. Locally conformally flat case. This subsection is devoted to provide the proof of Theorem 1.7,
which treats locally conformally flat conformal infinities M.

Pick any point y € M. Since it is supposed to be locally conformally flat, we can assume that y is the
origin in R” and identify a neighborhood ¢/ of y in M with a Euclidean ball B”(0, o) for some o1 > 0

A

small, namely, h;; = 6;; inid = B"(0, 01). Write xp to denote the geodesic defining function p for the

boundary M near y. Then we have smooth symmetric n-tensors AV, ..., h®*=1 on B"(0, ¢1) such that
n—1

§=huy ®dx},  where (hxy )iy (Foxn) =85 + 3 K@ +OGY), @)
m=1

for (¥, xy) € RY(01.02) := B™(0,01) x [0,02) C X, where ¢, > 0 is a number small enough. In
fact, as the next lemma indicates, the local conformal flatness on M and the assumption that X is
Poincaré-Einstein together imply that all low-order tensors 1 should vanish. In particular, the second
fundamental form 2" on M (up to a constant factor) is 0, which implies Remark 1.8(2).

Lemma 4.3. If (X, g 1) is Poincaré—Einstein, we have h'™ = 0 in (4-7) foreachm =1,...,n—1.

Proof. Follow the argument of [Graham 2000], which starts from the paragraph after (2.4). Due to the condi-
tion h;; = J;;, the right-hand side of (2.6) in that paper becomes 0, from which one can deduce the result. [

Therefore (4-7) is reduced to
gij(x.xn) =8 + O(x}) and [g|=1+40(x}) for(¥.xy)eRN(01.02) CX. (4-8)

Choose any smooth function y : [0, 00) — [0, 1] such that y(¢) =1 for 0 <¢ <1 and y(¢) = 0 for
t > 2. Recall the bubble W, defined in (1-13) and (1-14), the Green’s function G( -, 0), its regular part
W given in (1-21), and the numbers «;,, and g5, , given in (1-23). Then we construct a nonnegative,
continuous and piecewise smooth function ®¢ p, on X by

We(x) if x € X N BN(0, 00),
Pe,00(X) = 1 Ve,00 () (G (x,0) = 200 (X)W (x)) if x € X N (BN (0,200) \ BY (0, 00)), (4-9)
Ve,00(x)G(x,0) if x € X \ BY(0,200).

where 0 < € < 09 <min{o1, 02}/5 sufficiently small, y,,(x) := x(|x|/00) and

n—2y n—2y

€ 2 € 2 —(n— _
Vego(¥) := [an,y(ﬂ)+XQO(X)(VV6(X)_anyV|x|n—_2y):|-(gn’y "M )L (4-10)
0

We remark that the main block V¢ o, of the test function ®¢ o, is different from the function W in (4.2)
of [Escobar 1992a], but they share common characteristics such as decay properties, as proved in the next
lemma.

Lemma 4.4. There are constants C, ny, 12 > 0 depending only on n and y such that

n—2y

Veoo(X)| < Ce 2 forany x € X \ BY (0, 00) (4-11)
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and

+2np

—p, =2 _ n—2y+2 1 n+
|V Ve,00(x)] < Cop ™€ 5 and AN Ve, 0o (X)] < Cpy " (€ 5 "2+x12Vy 125

) @-12)

forx = (¥, xy5) € X N (BN (0,200) \ BN (0, 00)). Also we have VVe oo =0in X\ BN (0,200).
Proof. We observe from (A-1) and (4-10) that

n—2y+29q
n—2y € 2 n—2y
e+ i) e
1
Qo

for all g9 < |x| <200 and some 1 € (0, 1), so (4-11) follows. One can derive (4-12) by making the use
of (A-1), (A-3) and (A-4). We leave the details to the reader. O

n—2y n—2y

-2 € 2 € 2
Ve.oo(X) < Coy 7| | =55 | + [We(®) —atny ——
%o Y |x| 14

Now we assert the following proposition, which suffices to conclude that the fractional Yamabe problem
is solvable in this case.

Proposition 4.5. For n > 2y and y € (0,1), let (X", gT) be a Poincaré—Einstein manifold with
conformal infinity (M ™, [h]) such that (1-9) has the validity. Assume also that M is locally conformally
flat. If Conjecture 1.6 holds and A > 0, then

0 < 1Y [@e gl < AV (S", [gc),

where T }l/ is the y-Yamabe functional defined in (1-11), and AY (S", [gc]) > O is the constant defined in
(1-16).

Proof. The proof is divided into three steps.

Step 1: estimation in X N BN (0, 09). Applying (1-15), (1-16), (4-8), (A-3), (A-4), Lemma A.2 and
integrating by parts, we obtain

1-2y 2
Ky/ xy TIVWelz dvg
XNBN(0,00)
n—2y

< AV(S", [gc])( / wPH! dfc) ’
B"(0,00)
oW,

+io [ xy W 6dS+0(/ x}’v“‘zﬂvweﬁdX), (4-13)
XN3BN (0,00) v B"(0,00)

=0(gy €"27)

where v is the outward unit normal vector and d.S is the Euclidean surface measure. On the other hand, if
we write gt = x]:,z(dxlzv + hxy ), then

E(xn) ==+ —2p)x 3y (b dnhyy) = O 172) (4-14)

inXnN BN(O, 200); see (2-5). Therefore

o E(xn)W2 dvg = 062 "), (4-15)
XNBN(0,00)
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Step 2: estimation in X \ BY (0, 0g). By its own definition (4-9) of the test function D¢ o, its energy on
X can be evaluated as

(0" 72|V g |2 + E(p) D7 ,,) dvg

[X\BN(O,QO)

f (p' 7 (V(V2G).VG)g + E(p)V2, G 4 p 72 [V Ve 0o |2 (G — 200 W)?) dug
X\BN (0,00)

XN(BN(0,200)\B (0,00)) (2< Qo o Qo0 )g) g

P V2, IV (oo W) = 2(VG. V(X ¥))g) dvg

)
XN(BN(0,200)\BN (0,00))

E(p)V2

€,00

+/ (2 W2 —2G o0 V) dvg.
XN(BN (0.200)\ BN (0.00)) @0 °

where G = G(-,0). From (1-20), (1-22), (4-14) and Lemma 4.4, we see that

1-2y 2 2 _
K (p VO o0l5 + E(p)PL ) dv
Y /X\BN(O,QQ) ©e0's ©e07 8

< —K

_ G ey
xy V2, G S+ 0GR)dS + Cen 2y +2m g (1=2y=242m)

! /XHBBN(O,QO)
i CEn—Zy—i—nglin{l,Z)/}-i-l—m + CenQI(;lin{l,ZV}+2V—771 + Cen—ZVlein{l,ZV}’ (4-16)

where C > 0 depends only on 7, y, 01 and g,. For instance, we have
/ P [V Ve 00 (G — o W) dvg
X\BN(O:QO)

—2m 1-2y . n—2y+2 2Q2y—1) _n+2 1
=ce / Xy (TR 4 € y)'(——l-l)dx
0 BN (0,200)\B" (0,00) N N |x|2(—2)

_ —(n—2y—2+2 - —(n—2y—2+2
EC(G” 2y+2n2Q0(’1 y—2+ 7ll)+6n+2y <Cé" 2y+2n2Q0(n y—2+2n1)

—n+6
00" "llogool)
for 0 < € <« g¢ small. The other terms can be managed in a similar manner.

Step 3: conclusion. By combining (4-13), (4-15) and (4-16), we deduce

Ky /X(Pl_zywq)eg)o@ —i—E(p)CDiQO) dvg

n—2y

" _ W, 3G
< A (S"[g ])(/ w”“dfc) + K / xh 2V(W R 7 G—) ds
“\Un0.00) " JxnaBN 0,000 " Cav S0 gy

) =:I
+ Cen 2y giinil2v}, (4-17)
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Let us compute the integral of I over the boundary X N dB™ (0, g¢) in the right-hand side of (4-17).
Because of Lemma A.1 and (1-22), one has

n—2y n—2y
oWe G Oln,y(” —2y)e 2 —(n—2y) —1%.,y 8n,y (n—2y)e 2
v eeg, =T e +(8ny 09 +4) 2
0

n—2y —(n— n—2y H _
T +1}1Q0(n 2)/+1—i—191)_i_cE = ann{O,Zy 1}

n—2y
n—2y

= :
< —Qpn,y g;j, (n —2)/)AET + Ce 2 ann{O,Zy—l} +Ce

n—2y —(n—
+ ,—(n—2y+1+791)
2 IQO

on {|x| = o} for some #; € (0, 1). Therefore using the fact that Wy (x) > %an,yen?y Q(;("_zy) on

{|x| = 00}, we discover

_ AW G G
/ 1dS = / xy [W (—e —~ Ve,go—) - Vﬁgo—\p] ds
XN3IBN (0,00) XN3BN (0,00) v v 200 9y

2
< _Oln_,y(n — 2)/) (/ x}lv—Z)/ dS)Ae”_zy + Cen—Znglin{l,Zy}
8n,y 4 BN (0,1)

+ Cén_2y+l9190_(n_2)/+19]).

Now the previous estimate, (4-17), (1-16) and the assumption A > 0 yield that

_ O[2 S 7”;5)/ Sn—l
I [®e go] = A7 (S [ge]) - g"’y (_:y) (L(n—2y))- | ~ |3(1 S I
n,y Y
4 CEn_znglin{l’zy} + Cen—2y+l?1Q0—(n—2V+l91)

< AV(S" [gcD).

where B is the beta function. Additionally the last strict inequality holds for 0 < € < g¢ small enough. [J

4C. 2-dimensional case. We are now led to treat the case when (M, [ﬁ]) is a 2-dimensional closed
manifold.

Fix an arbitrary point p € M and let X = (x1, x2) be normal coordinates at p. Since X is Poincaré—
Einstein, it holds that 2" = 0 in (4-7), whence we have

gij (%, xN) =68ij + O(x|*) and |g]=1+0(|x[*) for (%, xy)eRY(01,020) C X, (4-18)

where the rectangle R™ (01, 02) is defined in the line following (4-7).

With Proposition B in the Introduction, the next result will give the validity of Theorem 1.7 if n = 2.

Proposition 4.6. For y € (0, 1), let (X3, g%) be a Poincaré—Einstein manifold with conformal infinity
(M?, [h]) such that (1-9) holds. If Conjecture 1.6 holds and A > 0, then

0 < I [®e o] < A7 (S [gc])

for the test function ®c o, introduced in (4-9).
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Proof. We compute the error in X N B jf (0, 09) due to the metric. As in (4-13) and (4-15), one has

x}v_2y|VWe|§dvg:/

x}v‘27|vm|2dx+o(/
XNBN(0,00) X

o PV )

/XnBN (0,00) NBN(0,00)

=0(03"€2727)

/ E(en)W2 dvg = O (/ xy W2 dx) = 0(0y"*™)
XNBN(0,00) XNBN(0,00)

from (4-18). Therefore the error arising from the metric is ignorable, and the same argument in proof of

and

Proposition 4.5 works. O

Appendix A: Expansion of the standard bubble W ¢ near infinity

This appendix is devoted to finding expansions of the function W; = Wj o, defined in (1-13), and its
derivatives near infinity. Specifically we improve [Choi and Kim 2017, Lemma A.2] by pursuing a new
approach based on conformal properties of Wj.

For the functions W; and x - VW;, we have:
Lemma A.1. Suppose that n > 2y and y € (0, 1). For any fixed large number Ry > 0, we have

on,y(n—2y) - C
|x|n—2y — |x|n—2y+191

(04
Wl(x)—lxl,’j—’_yzy + [x - VI (x) + (A-1)

for |x| = Ry, where numbers 91 € (0,1) and C > 0 rely only on n, y and Ry.
Proof. Given any function F in Rf , let F* be its fractional Kelvin transform defined as

1 b
*pon N
F*(x)= 2y F(|x|2) for x e RY.

Then it is known that W* = W. Let us claim that (x - VW1)*(0) = —o,p (n — 2y) and (x - VW)™ is
C® in the X-variable and Holder continuous in the x-variable. Since

Xy VoNN Wy =—(1=2y)xy Y ON WL —xy Y AzW1 inRY,
we have
—div(xy ' V(x-VW)) =0 in RY,
Y (x- VW) = Y7y xi0x, ) Wi + 3 W1 —limyy o x5 7 dnw Wi
=p Yoy xidy (w]) +2ywf on R”.

Employing [Fall and Weth 2012, Proposition 2.6; Caffarelli and Silvestre 2007] and doing some computa-
tions, we obtain that

—div(xy ' V(x-VW)*) =0 in RY,

n+2y+2

2y|xX? —
az(x-vwl)*:(—A)V(x-VWI)*:a,f,y< yIXIm—n )onR”.
(I+[x) =2
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Therefore (x - VIW;)* has regularity stated above, and according to Green’s representation formula,

1 2y[5)* —n -
I ((1 RO A

(x- VW)™ (0) = of  &n,y /
R

This proves the assertion.

Now we can check (A-1) with the above observations. By standard elliptic theory, there exist constants
ci,...,cN > 0 such that

n
(WP () = amy |+ | (- VWD) * () + iy (0 =29)| < cilxi| + enxly (A-2)
i=1
for any [x| < Ry 1 and some ¥ € (0, 1). Hence, by taking the Kelvin transform in (A-2), we see that the
desired inequality (A-1) is valid for all |x| > Ry. O
Additionally we have the following decay estimate of the derivatives of Wj.

Lemma A.2. Assume thatn > 2y and y € (0, 1). For any fixed large number Ry > 0, there exist constants
C > 0 and 9, € (0, min{1, 2y}) depending only on n, y and Ro such that

i on,y(n—2y)x C
Vi Wi (x) + |x|n—2y+2 - |x|n—2y+1+192 (A-3)
and
2y—1
Qn,y(n—2y)xN 1 Xy
‘aNWl(x) + x[—27+2 = x[=2rv+2 T |2y (A-4)
for |x| = Ro.

Proof. The precise values of the constants py, y, @x,, and «,, which will appear during the proof, are
found in (1-23).

Step 1: By (1-13), (1-14) and Taylor’s theorem, it holds that

1 _ o
9 Wi (x) = Pn,y/ —————y w1 (X —xNy)dy
w (512 + )5
1 _ _ _ _
= Dny / L [dwi(—xn F) + By (—xy ) + O(F)] dF
R (512 + )" F
1 _ _ _ _
=y / — L [0wi O + O(Gen 7D IF) + O(5P)] d
w (512 + )5

=~y (n —2y)x; + O(|x|'192)

for x| < Ry 1. Here we also used the facts that the C2(R")-norm of w; and the C?2(R")-norm of
d;jw; are bounded for some ¥, € (0, min{1, 2y}). On the other hand, the uniqueness of the y-harmonic
extension yields that (d; W1)* = 9; W; fori = 1,...,n. Therefore

On,y (n—2y)x;

C
x[i—2r+2 | (3 W1)* (x) + any (n —2y)x] | < C(Ix]' TP2)* <

;i Wi(x)+ - W

for |x| > Ro, which is the desired inequality (A-3).
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Step 2: If y = %, it is known that

n—1

1 =
) for all (x,xy) € RY,

X% + (xn +1)?

Wi(x,xn) = an’é(

from which (A-4) follows. Therefore it is sufficient to consider when y € (0, 1) \ {%} In light of duality
[Caffarelli and Silvestre 2007, Section 2.3], we have

{ —divey 2TV P oy W) =0 inRY,

1-2y _ -1,,DP n
X 8NW1——Ky wj on R”.

Hence if we define

1 X
*k _ N
F™7™(x) = X [20=7) F(|x|2) for x € R
for an arbitrary function F in [R{ﬁ , then
—div(xy 2TV Oy W) =0 in RY,
212
(x}v‘ZVaN Wy)** = —oz,’,’,y/c;l—m 5, on R”.
(1+132)"
This implies
_ 3 _ _ 1 1 _ . 5
(i AN W) (% xn) =—al iy ppiy Xa 2"/ — ——— dy+0(xy V|x|+]x[*)
v ny Sy PN o R () !
=~y (1=2y)x3 7 +O0 ey x|+ x ) (A-5)

for all [x| < Ry 1. Accordingly, we have
o,y (n— 2)/)x]2\,_2y

1-2y
Xy INW(x) + |x[p—2r+2

22y
X
<Cc|—X -
- |x|n—2y+3 |x|n+2y

for |x| > Ry. Dividing the both sides by x}v_zy finishes the proof of (A-4). O

Appendix B: Some integrations regarding the standard bubble W; ¢ on [F\RIJ_'

The following lemmas are due to Gonzdlez and Qing [2013, Section 7] and the authors [Kim et al. 2015,
Section 4.3].

Lemma B.1. Suppose that n > 4y — 1. For each xy > 0 fixed, let 124 (&, xN) be the Fourier transform
of Wi(x, xn) with respect to the variable X € R". In addition, we use K, to signify the modified Bessel

function of the second kind of order y. Then we have

Wit xn) = 01(8) p(€lxn) forall§ € R" and xy > 0,

where ¢(t) = dit” K, (t) is the solution to

8O+ L0 -9 =0. $(0)=1and 9(o0) =0, (B-1)
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and w1 (1) := w1(§]) = d2[§]77 Ky (|§]) solves
7 1+2y , ) . +1 ¢
")+ —¢'t)—p(t)=0 and 1lim V() + lim ¥ 2e'¢p(t) <C (B-2)
t t—0 t—00

for some C > 0. The numbers dy, d» > 0 depend only on n and y.

Lemma B.2. Let

o o0
Aq =/ 1727 92(1) dt, Ba=/ 1Tty dt,
0 0
o0

o0
AL, =/ " o(t) ¢’ (1) dt, B&:/ 7T (1) W ()" dt, (B-3)
0 0

o0 [e.°]
Al = / V(g ())2dt, Bl = / (=2 () (1)) 2" di
0 0

fora e NU{0}. Then

o+2 o+1 2 5 -1 oa+1 -1 oa+1 oa—1 -1
Ay = . — A =— — A — _ A"
o (oz—i—l) |:( > ) 14 ] a+2 ( 2 14 a+1 ( 5 V) > ‘H/) o

fora odd, a > 1 and

o _ 4(n—a + 1)Bas 2B
T m—a)n+2y—a)(n—2y —a) n+2y—ao
(n—2y—-a)B_,

n+2y—oa+2

By—2 =

for a even, o > 2.

Proof. Apply (B-1), (B-2) and the identity

o0 o — 1 o0
f " luu' () dt = ——— f 1 2u()? dt,
0 2 Jo

which holds for any o > 1 and u € C'(R) decaying sufficiently fast. d

Utilizing the above lemmas, we compute some integrals regarding the standard bubble W; and its
derivatives. The next identities are necessary in the energy expansion when nonminimal conformal
infinities are considered. See Section 2B.

Lemma B.3. Suppose thatn > 2 and y € ((), %) Then

1-2

2-2y 2 2-2y 2 4 =2y 11,2

VWil“dx = W) dx = —— W= dx < oo.
/[MXN | 117 dx 1_+_2y/R]¥xN (0, W1)“dx ) RﬁxN 1 dX <00
Proof. Refer to [Choi and Kim 2017, Lemma 6.3]. O

The following is used in the energy expansion for the nonumbilic case. Refer to Sections 2C and 2D.
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Lemma B.4. Forn > 2+ 2y, it holds that

_ 3
ey N TR0
_ 3
. 32y 2 n—1
2/$XN| dx = 18" s B
F3: :/ xi]_zy(arwl)z dx = |Sn_1|A3BZ’
7Y
Fai= / LN @ W) @ W) dx = —3n|S" | 43 B,
RY
_ 5n3 —dn(1+y?) +4(1—4y?)
L 3-2y 2 2 5. n—1
Fg.—[RN ¥ P20, Wh) dx = T 5”438y,
+
2)(3n? — 6n + 4 —4y?
f6: :/ 1-2y 2(8 W) dx (f’l+ )( n n—+ 14 )|Sn_1|A3B2,
Y 8(1—1)(1—y?)
_ (n+2)(Bn?—6n+4—4y?)
Foi = 2 29, W1) @rxy W) dx = — S"7!|438,,
7 /I%ﬁ N r(r 1)( rxXy 1) x 8(”—1)(1+)/) | | 352

_ 2-y)(5n® —4n(2 -2y +y?) +8(1—y —2y?))
N 20(n —1)(1+y)

Fg: = /N Xy V12 (g W1)2d S"~|43B,.
R

+

Here r = |X|, and the positive constants A3 and By are defined by (B-3).

Proof. The values F1, F,, F3 and Fg were computed in [Gonzédlez and Qing 2013; Kim et al. 2015], so
it suffices to consider the others.

Step 1: calculation of F4. Integration by parts gives

o0
]—“4—/ (0, W) (@r, Wh) dx = |S" 1|/ 3 2?(;/ r”Br(B,Wl)zdr) dxn
0

o0
= |S"™ 1|f 3— zy( 2/ r”_l(arWl)zdr) de=—%}‘3=—%|§”_1|A3Bz.
0

Step 2: calculation of Fs. Since AzW; = W'+ (n — 1)r~W/ (where ’ stands for the differentiation
in r), it holds that

/N X?V_ZVVZ(A;E Wi)?dx = Fs +2(n—1)Fs + (n — 1)>Fs. (B-4)
Ry

By the Plancherel theorem, Lemma B.1 and the relation

Ag ([P (IEDe(E]xn)
— 21+ (1 +2—2)[E[D}¢ + (1 42+ 2)[Ed1¢ xy + [EP1g + 20 P xw + [EPD1oxY
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where the variable of 1 and W] is ||, that of ¢ and ¢” is |§|x, and " represents the differentiation with
respect to the radial variable |¢|, we see

3=2y 2/ A _ 2
[RIXN re(AzWi)“dx

=/0 o 2y/ (—Ag)(IEPD1(ED@(EIxN)) - (1EPD1(1ED@(€lxN)) dE dxn
= |S"7'|[2nA3By + (n +2—2y)A3B| + (n + 2+ 2y) A} By + A3Bo + 24, B| + AsB>].

Therefore Lemma B.2 implies

/N Xy Vi (Az W) dx =
R

+

5n3 —20n2 4 4n(9 —y?) —16(1 + y?)
20(n —1)

IS"" 1|43 B>.

Now (B-4) and the information on F3 and F4 yield the desired estimate for Fs.

Step 3: calculation of F7 and Fg. Since the basic strategy is similar to Step 2, we will just sketch the
proof. We observe

o0 (o) n
Fy= %/ Xy (/ r2(8,W1)2d5c) dxy = %f va‘ZVaN(Z/ 171205, Wl)zdx) dxn
0 R 0 )

=3 / N yaN( / <—As)(siw1(|s|><o(|s|xzv))-(s,-w1<|s|)go<|s|xN))dg) dxn.
0 =1 R”

=D

Owing to Lemmas B.1, B.2 and the expansion

(1) =—m+1) | In(E1aD1bDED 9> (Elxn) + IE1DTUED (pe")(Elxn)xn) dE
Rﬂ
—/Rn o (1€ D10])(1E]) 9> (11xn) + 206> D107 (E]) (0@ ) ([ |xw)xn) d§
—/Rn on (IEPDT(ED (09" (IElxn)xT) dE,

foo 22y

one can compute the integral 77 = % o Xy  (I)dxn to getits value given in the statement of the

lemma. Moreover,

I8 =/ 13:]21/(/ |)_C|2|V)E(3NW1)|2d)_c) dxy
0

=/0°° 3— ZV(Z/ (—Ag) (N W) - (S,BNWI)dg) dxy.

The rightmost term is computable with Lemmas B.1 and B.2. O

The next lemmas list the values of several integrals which are needed in the energy expansion for the
umbilic case (see Sections 3B and 3C).
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Lemma B.5. Forn >3+ 2y, let

F| = /N szv_zlez dx, Fj:= /N x?v_2V|VW1|2dx and Fj:= /N x;t,_zy(f)rWl)2 dx,

where r = |x|. Then

33-2y) 8
Fp= Fi= T
2 ) 1= 342,73

Proof. One can argue as in [Gonzélez and Qing 2013, Lemma 7.2] or [Choi and Kim 2017, Lemma 6.3]. [

Lemma B.6. Forn > 44 2y, we have
4(n-73)
X =
n—4)(n—4=-2y)(n—4+2y)
— 16(n—3)2—
]—"2“::/ |\ VW2 dx = (n=3)2=y) 1S""!| 43 B5,
RN m—4(n—-4-2y)(n—4+2y)

_ 16(n —3)(4—y?
]—'é’::/ X5 (0, Wh)2 dx = (n—3HE-v7) S| 43 Ba.
R

1S" 143 By,

N - S5(n—4)y(n—4-2y)(n—4+2y)
_ 3n2 — 18n + 28 — 4y?
]_-4/ :/ x]lv 2Vr2W12dx: l’l( n n—+ )4 ) 5 |§n_1|A3Bz,
RY 2(n—=4)(n—4=2y)(n—4+2y)(1 -y?)
_ 3n2 4+ 2n(=7+2y)—4(—4+3 2
Fi= [ v rrwwpax = DA ETE IR ST )) gt 4,
RY n—4Hn—4-2y)(n—4+2y)(1+vy)
_ 2)(51n2% —20n + 16 — 492
Fii= [ PR emdy = o DO TR i g,
RY S5n—4)y(n—4-2y)(n—4+2y)
_ 8n(n—3)(4—y?) _
]—'”::/ 272V (3, Wh) (0yr Wh) dx = — S"!|43By,
7 R_’XXN r(0, W1)(0,,W1) dx 5(n—4)(n—4—2y)(n—4+2)/)| |A3 B2
_ 44— y2)(Tn3 = 14n2 —4n(5+ y2) +4—16y2
Fi= [ xR0, dx = T A SO Y I g4,
RY 35(n—4)(n—4-=-2y)(n—4+2y)
_ +2)2—y)(5n% —=20n + 16 —4y?)
}'”:=/ 2 120, W) By W) i = — S""!|43Ba,
o RﬁxN r0r W) @rxy 1) dx S5(n—4)(n—4-2y)(n—4+2y) | 14382
and
5-2
Flly = /M X3 12 Oy W)? dix
42—-y)B—y)(In3 —14n% —dn(6—2y +y?) + 82 =3y —2¥?)) , cn_1
= |S" ™| A3 B2,

35(n—4)(n—4-2y)(n—4+2y)
where r = |X|, and the positive constants Az and By are defined by (B-3).

Proof. The proof is analogous to those of Lemma B.4 and [Kim et al. 2015, Lemma 4.4], so we skip it. [
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Note added in the proof

(1) During the submission process, [Mayer and Ndiaye 2017] was posted on the arXiv. It proposes a
proof of Theorem 1.7 without the positivity assumption on the constant A. In particular, they computed
the expansion of a Green’s function (compare our Conjecture 1.6 and their Corollary 6.1) and applied the
Bahri—Coron-type topological argument in order to bypass the issue on A.

(2) Recently, Remarks 1.2(4) and 1.4(3) were confirmed affirmatively by the first author of this paper
[Kim 2017].

(3) Suppose that n € N and y € (0, 1) satisfy C'(n, y) > 0, where C'(n, y) is the quantity defined in (2-12).
Moreover assume that (M™", [l;]) is the conformal infinity of an asymptotic hyperbolic manifold (X, g©)
such that (1-9) and (1-18) hold, and the second fundamental form 7 never vanishes on M. Then the
solution set of (1-2) (with ¢ > 0) is compact in C?(M), as shown in [Kim et al. > 2018].
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