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HIGH-FREQUENCY APPROXIMATION OF
THE INTERIOR DIRICHLET-TO-NEUMANN MAP AND
APPLICATIONS TO THE TRANSMISSION EIGENVALUES

GEORGI VODEV

We study the high-frequency behaviour of the Dirichlet-to-Neumann map for an arbitrary compact
Riemannian manifold with a nonempty smooth boundary. We show that far from the real axis it can
be approximated by a simpler operator. We use this fact to get new results concerning the location
of the transmission eigenvalues on the complex plane. In some cases we obtain optimal transmission
eigenvalue-free regions.

1. Introduction and statement of results

Let (X, G) be a compact Riemannian manifold of dimension d = dim X > 2 with a nonempty smooth
boundary 0 X and let Ay denote the negative Laplace—Beltrami operator on (X, G). Denote also by Ayx
the negative Laplace—Beltrami operator on (3 X, Gy), which is a Riemannian manifold without boundary
of dimension d — 1, where Gy is the Riemannian metric on d X induced by the metric G. Given a function
f e H"1(3X), let u solve

i(AX+k2n(x))u=O in X, (1-1)

u=f ondX,

where L € C, 1 < |Imi| < Rei and n € C®(X) is a strictly positive function. Then the Dirichlet-to-
Neumann (DN) map

N n): H™N X)) > H™(0X)
is defined by
NG n) f = 0dulyx,

where v is the unit inner normal to 9 X. One of our goals in the present paper is to approximate the operator
N(x; n) when n(x) =1 in X by a simpler one of the form p(—A,x) with a suitable complex-valued
function p(o), o > 0. More precisely, the function p is defined as

p(o)=+o—2% Rep<0.

Our first result is the following:
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Theorem 1.1. Let 0 < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants Cs, Cc 5 > 1
such that we have

IV D) = p(=Asx) |l L20x)—2(0x) < SIA| (1-2)
for Cs <[Imi| < (ReA)!~¢, Re A > C,;.

Note that this result has been previously proved in [Petkov and Vodev 2017b] in the case when X is a
ball in R? and the metric is the Euclidean one. In fact, in this case we have a better approximation of the
operator N'(A; 1). In the general case when the function 7 is arbitrary, the DN map can be approximated
by h-WDOs, where 0 < h < 1 is a semiclassical parameter such that Re(h1)?> = 1. To describe this
more precisely let us introduce the class of symbols S§(8X ), 0<6 < %, as being the set of all functions
a(x’, &) € C*(T*9X) satisfying the bounds

|3?/8§,a(x/, é/)| = Ca,ﬁh_5(|a|+|ﬂ|)<$/>k_|‘3|

for all multi-indices o and B with constants C, g independent of . We let OPS§ (0X) denote the set of
all ~-¥DOs, Opy,(a), with symbol a € Sé‘(aX), defined by

(Opy (@) () = Q)4+ / eI E) g £ £ () dy dE
T*0X

It is well known that for this class of symbols we have a very nice pseudodifferential calculus; e.g., see
[Dimassi and Sjostrand 1999]. It was proved in [Vodev 2015] that for |[Im A| > IA[/2Fe, 0 < e « 1, the
operator AN (A; n) is an h-WDO of class OPSll /275(8X ) with a principal symbol

p(x, € =/ro(x, £') — (hA)2no(x’), Rep <0, ng:=nlax,

ro > 0 being the principal symbol of —Ajx. Note that it is still possible to construct a semiclassical
parametrix for the operator AN (A; n) when |[Im A| > |A|%, 0 <€ < 1, if one supposes that the boundary 9 X
is strictly concave; see [Vodev 2016]. This construction, however, is much more complex and one has
to work with symbols belonging to much worse classes near the glancing region ¥ = {(x/, £) € T*0X :
re(x’, &) = 1}, where ry = n, 1ro. On the other hand, it seems that no parametrix construction near
Y is possible in the important region 1 << const. < [Im A| < |1|¢. Therefore, in the present paper we
follow a different approach which consists of showing that, for arbitrary manifold X, the norm of the
operator AN (A; n)Op,( Xé)) is O(6) for every 0 < § <« 1 independent of A, provided |ImA| and Re A
are taken big enough (see Proposition 3.3 below). Here the function X(? € C3°(T*0X) is supported in
{(x, &) eT*dX : |ry(x’, €")— 1] <282} and Xé) =1lin{(x, &) eT*dX :|r:(x’, £')— 1| < 8} (see Section 3
for the precise definition of XSO). Theorem 1.1 is an easy consequence of the following semiclassical version.

Theorem 1.2. Let 0 < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants Cs, Ce 5 > 1
such that we have

|27 Gh: 1) = OBy (1= X+ BB) | 2y oy = €O (1-3)

for Cs < |ImA| < (Rer)!=¢ Rex > Ce¢s, where C > 0 is a constant independent of ) and §, and
b e S8(8X ) is independent of A and the function n.
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Here th (0X) denotes the Sobolev space equipped with the semiclassical norm (see Section 3 for
the precise definition). Thus, to prove (1-3), as well as (1-2), it suffices to construct a semiclassical
parametrix outside a §2-neighbourhood of X, which turns out to be much easier and can be done for
an arbitrary X. In the elliptic region {(x', ') € T*3X : r;(x', ') > 1+ 82} we use the same parametrix
construction as in [Vodev 2015] with slight modifications. In the hyperbolic region {(x’, &) € T*9X :
r:(x’, &) < 1 — 82}, however, we need to improve the parametrix construction of that paper. We do this in
Section 4 for 1 < const. < [Im A| < |A|' €. Then we show that the difference between the operator AN (A; n)
microlocalized in the hyperbolic region and its parametrix is O(e PlmAly 4 Oe. m(Ix]~Y), where 8 > 0
is some constant and M > 1 is arbitrary. So, we can make it small by taking |ImA| and |A| big
enough.

These kinds of approximations of the DN map are important for the study of the location of the complex
eigenvalues associated to boundary-value problems with dissipative boundary conditions; e.g., see [Petkov
2016]. In particular, Theorem 1.2 leads to significant improvements of the eigenvalue-free regions in
that paper. In the present paper we use Theorem 1.2 to study the location of the interior transmission
eigenvalues (see Section 2). We improve most of the results in [Vodev 2015], as well as those in [Petkov
and Vodev 2017b; Vodev 2016], and provide simpler proofs. In some cases we get optimal transmission
eigenvalue-free regions (see Theorem 2.1). Note that for the applications in the anisotropic case it suffices
to have a weaker analogue of the estimate (1-3) with the space H}f replaced by L2 in which case the
operator Op;, (hb) becomes negligible. In the isotropic case, however, it is essential to have in (1-3) the
space H, }: and that the function b does not depend on the refraction index n.

Note finally that Theorem 1.2 can be also used to study the location of the resonances for the exterior
transmission problems considered in [Cardoso et al. 2001; Galkowski 2015]. For example, it allows us to
simplify the proof of the resonance-free regions in [Cardoso et al. 2001] and to extend it to more general
boundary conditions.

2. Applications to the transmission eigenvalues

Let Q C R, d > 2, be a bounded, connected domain with a C* smooth boundary I' = 02. A complex
number A € C, Re A > 0, will be said to be a transmission eigenvalue if the following problem has a

nontrivial solution:
(Ver(x)V+12nx0)Du; =0 in Q,

(Ve (0)V +A2n(x)us =0 in , 2-1)
uir=uj, C1 8,;141 =C23Vu2 on F,

where v denotes the Euclidean unit inner normal to I, ¢j,n; € C °°(S_2), j =1, 2, are strictly positive
real-valued functions. We will consider two cases:

cix)=c(x)=1 in Q, ni(x) #np(x) onI (isotropic case), (2-2)
(c1(x) —ca(x)) (c1(x)n1(x) —ca(x)nz(x)) #0 onI" (anisotropic case). (2-3)

In Section 6 we will prove the following:
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Theorem 2.1. Assume either the condition (2-2) or the condition
(c1(x) = c2(x)) (c1(x)n1(x) — c2(x)n2(x)) <O onT. (2-4)
Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region
{LeC:Rer>1, |Imi|>C}. (2-5)

Remark. It is proven in [Vodev 2015] that under the condition (2-2) (as well as the condition (2-6) below)
there exists a constant C > 0 such that there are no transmission eigenvalues in the region

{(AeC:0<Rer<1, |ImA|>C}.

This is no longer true under the condition (2-4), in which case there exist infinitely many transmission
eigenvalues very close to the imaginary axis.

Note that the eigenvalue-free region (2-5) is optimal and cannot be improved in general. Indeed, it
follows from the analysis in [Leung and Colton 2012] (see Section 4) that in the isotropic case when
the domain €2 is a ball and the refraction indices n; and n; are constant, there may exist infinitely many
transmission eigenvalues whose imaginary parts are bounded from below by a positive constant. Note
also that the above result has been previously proved in [Petkov and Vodev 2017b] in the case when the
domain €2 is a ball and the coefficients are constant. In the isotropic case, the eigenvalue-free region
(2-5) has been also obtained in [Sylvester 2013] when the dimension is 1. In the general case of arbitrary
domains, the existence of transmission eigenvalue-free regions has been previously proved in [Hitrik et al.
2011; Lakshtanov and Vainberg 2013; Robbiano 2013] in the isotropic case, and [Vodev 2015, 2016] in
both cases. For example, it has been proved in [Vodev 2015] that, under the conditions (2-2) and (2-4),
there are no transmission eigenvalues in

{,eC:Reir>1, Imir|> C.(Rer)/?*€}, C. >0,

for every 0 < € < 1. This eigenvalue-free region has been improved in [Vodev 2016] under an additional
strict concavity condition on the boundary I" to

{A€C:Rei> 1, ImA| > C.(Rer)), C.>0,

for every 0 < € < 1. When the function in the left-hand side of (2-3) is strictly positive, the existence of
parabolic eigenvalue-free regions has been proved in [Vodev 2015] for arbitrary domains, which however
are worse than the eigenvalue-free regions we have under the conditions (2-2) and (2-4). In Section 7
we will prove:

Theorem 2.2. Assume the conditions

(c1(x) —c2(x)) (c1(X)n1(x) —c2(x)n2(x)) >0 onT (2-6)

and
ni(x)  na(x)

c1(x) © c(x)

onT. (2-7)
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Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region
{LeC:Rei>1, [ImA| > Clog(Rer+ 1)}. (2-8)

Note that in the case when (2-6) is fulfilled but (2-7) is not, the method developed in the present paper
does not work and it is not clear if improvements are possible compared with the results in [Vodev 2015].
To the best of our knowledge, no results exist in the degenerate case when the function in the left-hand
side of (2-3) vanishes without being identically zero.

It has been proved in [Petkov and Vodev 2017a] that the counting function

N(r) =#{} —trans. eig.: |A| <71}, r>1,

satisfies the asymptotics
N =@ +o)r! + 0.0 ) Vo<exkl,
where 0 < « < 1 is such that there are no transmission eigenvalues in the region

{AeC:Rer>1, |[ImX| > C(Re)\)lf"}, C>0,

_ dj2
o=t [ (’W)) dx,
@m)? Jo\ ¢j(x)

where wy is the volume of the unit ball in R?. Using this we obtain from the above theorems the following:

and

Corollary 2.3. Under the conditions of Theorems 2.1 and 2.2, the counting function of the transmission
eigenvalues satisfies the asymptotics

Nr) =(m+)r! + 00717 Vo<ex. (2-9)

This result has been previously proved in [Vodev 2016] under an additional strict concavity condition
on the boundary I'. In the present paper we remove this additional condition to conclude that in fact the
asymptotics (2-9) holds true for an arbitrary domain. We also expect that (2-9) holds with € = 0, but this
remains an interesting open problem. In the isotropic case asymptotics for the counting function N (r) with
remainder o(r¢) have been previously obtained in [Faierman 2014; Pham and Stefanov 2014; Robbiano
2016].

3. A priori estimates in the glancing region

Let LeC, ReA>1, 1 <|ImA| <6yRe A, where 0 < 6y < 1 is a fixed constant, and set 4 = !, where

Im A\
u=Reiy/1—|——] ~Rei~|A|
Re A

Clearly, we have Re(hr)? =1 and

A =p(1+izh), z=2u 'ImiAReAr~2ImA.
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Given an integer m > 0, denote by H;"(X) the Sobolev space equipped with the semiclassical norm

llapco =Y A8l 2.

loe| <m

We define similarly the Sobolev space H;"(dX). It is well known that

vl @x) ~ 110p, (5™l 2ax) ~ vl 2ax) + 10p, (1 = MIE ™)Vl L2 x)

for any function n € C§°(T*9X) independent of /. Hereafter, (§') = (1 + |E'12)1/2,
Given functions V € L*(X) and f € L?(3X), we let the function u solve

(Ax +2*n(x)u=AV inX, 3o1)
u=f on 0X,
and set g = h d,ulyx. We will first prove:
Lemma 3.1. There is a constant C > 0 such that the following estimate holds:
_ - 1/2 1/2
lull 00 < CHmAIT IV 2y + CImA™ 2 £ 150 gl (3-2)
Proof. By Green’s formula we have
Im() 02|72 ) =TV, 1) 1200y +Tm@oelax, f)r20x)
which implies
|Im 2| ”””iZ(X) S IV lull 2o + 1 F Tzex gl 2o x)- (3-3)
On the other hand, we have
IVxul}agp, = ReGH)In'2ull7a = = Re(AV, u) p2(x) — Re(@uttlax, f)r2ox)s
which yields
18V xul Gz S Mullfay + OBV 720 + O 203 18l 20) - (3-4)
Since 2 < |Im 1|~ the estimate (3-2) follows from (3-3) and (3-4). O

We now equip X with the Riemannian metric nG. We will write the operator n~! Ay in the normal
coordinates (x, x") with respect to the metric nG near the boundary 8 X, where 0 < x; < 1 denotes the
distance to the boundary and x” are coordinates on 9 X. Set I'(x;) = {x € X :dist(x, dX)=x;}, ['(0)=0X.
Then I'(x;) is a Riemannian manifold without boundary of dimension d — 1 with a Riemannian metric
induced by the metric nG, which depends smoothly in x;. It is well known that the operator n~!'Ax can
be written as

n~'Ax =97+ 0(x1) + R,

where Q(x1) = Ar(y,) is the negative Laplace—Beltrami operator on I'(x1) and R is a first-order differential
operator. Clearly, Q(x) is a second-order differential operator with smooth coefficients and Q(0) = Ag",g
is the negative Laplace—Beltrami operator on d X equipped with the Riemannian metric induced by the
metric ngG.
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Let x € Ci°(R), 0 < x(1) <1, x(t)=1for |[t| <1 and x(¢) = O for |[¢t| > 2. Given a parameter
0 < §; < I independent of A and an integer k > 0, set ¢ (x) = X(Z*kxl/él). Given integers 0 < 51 < 57,
we define the norm |u|ls, s, k bY

s1 sr—4

[o¢]
2 2 ¢ 2
TIPS 35 D I ST AN

£1=0 £,=0
Clearly, we have
”u”H;l(X) < llulls;,s.k ,5 HMHH,‘?(X)'

Throughout this paper n € Cg°(T*9X), 0<n<1, n=1in|&'| <A, n=0in |§'| > A+1, will be a function
independent of A, where A > 1 is a parameter we may take as large as we want. We will now prove:

Lemma 3.2. Let u solve (3-1) with V. € H~Y(X) and f € H*(3X) for some integer s > 1. Then the
following estimate holds:

1/2 1/2
a1 S ol gy + 1V Hos—taerst + 0P, (1= F 173 o 18 o (3-5)

Proof. Note that
s S el gy + oty -
where the function u x = Op, ((1 — n)|&'*) (¢ru) satisfies the equation
(h*92 +h*Q(x1) + 1 +ihz)uy i = Uy
with
Us.x = [h*Q(x1), Op, (1 = mI&'1%) ] (dru) + Op, (1 — ) |&'1) 1%, dils1u
— h*0p,, (1 =)&) Rpry1u + h*A0p;, (1 — IE" ") (de V).

We also have
fs = Ms,k|x1=0 = Oph((l - 77)|$/|S)f’

g :=h aX] “s,k|x1:0 = Oph((l - 77)|S/|S)gb»
where g, 1= h 0,,ul|y,=0. Integrating by parts the above equation and taking the real part, we get
17 Byt k117 2 ) = (00° QOen) +Dtt s s k) 12x,)
< HUs ks us i) 200 | HRI s 85) 2% |
st g oy UV otz o)

+[Op,, (A=m)1&"I)*Op, (A=m)IE"I) || 12 o, &0 I 20y (3-6)

The principal symbol r of the operator —Q (x1) satisfies 7 (x, £') > C’|&"|%, C’ > 0, on supp ¢, provided 8,
is taken small enough. Therefore, we can arrange by taking the parameter A big enough that r — 1 > C(¢')
on supp(1 — n)¢y, where C > 0 is some constant. Hence, by Garding’s inequality we have

—((h* Q(x1) + Dits ks s k) 12(x) = ClIOP; (& Dt k172, (3-7)
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with possibly a new constant C > 0. Since the norms of g and g, are equivalent, by (3-6) and (3-7) we get

1/2 1/2
||”s,k||H,}(X) SV llos—1.k + ||”||th(x) 51 k+1 ”H,}(X) +[Op, (1 — n)f”};f(ax)”g”L/2(3X)' (3-8)

We may now apply the same argument to u,_1 x+1. Thus, repeating this argument a finite number of times
we can eliminate the term involving u,_1 x4 in the right-hand side of (3-8) and obtain the estimate (3-5). [J

Let the functions x; € C*(R), 0< x;(t) <1, j=1,2,3, besuch that x; + x>+ x3 =1, xo = x,
x1(@)=1fort <=2, y;(t) =0fort > —1, x3(t) =0fort <1, x3(t) =1 for r > 2. Given a parameter
0 < 6 « 1 independent of A, set

X5 (8N = x (0 (', §) = 1)/8%),

x5 (L €)= xa (e (. ) = 1)/8%),

X5 (8N = xa (0 (' 8 = 1)/8%),
where r; =n 1ro is the principal symbol of the operator —Agg. Since (ry — 1)k g) = 0(8%), we have

(WA + 1)*0p, (x)) = 0(8%) : L2(3X) — L*(0X) (3-9)
for every integer k > 0. Clearly, we also have
Op,(x) =0() : L*(3X) — H"(3X) VYm >0,

uniformly in é. Using (3-9) we will prove:

Proposition 3.3. Let u solve (3-1) with f =0 and V € H*(X) for some integer s > 0. Then the function
g = h oyulyx satisfies the estimate

I8l ox) < CIm A~ 2 Vlo.g. (3-10)

with a constant C' > 0 independent of ).
Let u solve (3-1) with f replaced by Op,, (X(?)f and V € HT2(X) for some integer s > 0. Then the

function g = h d,ulyx satisfies the estimate
gl g x) < CE+IMA™YHI fllz20x) + C @S2+ Im A=)V ][o,542.542 (3-11)
for1l <|ImA| < 82Re A, Red > Cs> 1, with a constant C > 0 independent of A and é.

Proof. Set w = ¢o(x1)u. We will first show that the estimates (3-10) and (3-11) with s > 1 follow from
(3-10) and (3-11) with s = 0, respectively. This follows from the estimate

lglasox) S glz2ax) + [ s vslu=o | 12 o) (3-12)
where the function vy = Op,, (1 — n)|&'|*)w satisfies (3-1) with V replaced by
Vs = nOp, (1 = I&'[H)gon~ 'V + 1~ 'n[n~" Ax, Op, (1 = )IE"[*) o Ju.
We can write the commutator as

[7, + R, o(x1)10p, (1 = m)I&"1*)1 (x1) + po[ Q(x1) + R, Op;, (1 = )| ") 1 (x1).
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Therefore, if f =0, in view of Lemmas 3.1 and 3.2, the function V| satisfies the bound

IVsllo.o.0 S IV Hoso + Nuellisrra S Nullgron + 1V Hoss STV los.s- (3-13)

Clearly, the assertion concerning (3-10) follows from (3-12) and (3-13). The estimate (3-11) can be
treated similarly. Indeed, in view of Lemma 3.2, the function Vj satisfies the bound
I Vsllo,22 SNV llo,s42,0 + llull1,543,1

1/2 1/2
Sl + 1V lo.s2.542 + 10D, (1= MOPL K M sy I8N oy B14)

Taking the parameter A big enough we can arrange that supp Xé) Nsupp(l —n) = <. Hence
Op, (1 —)Op;,(x) = OR>) : L>(3X) — H"(3X) Ym > 0. (3-15)

By (3-14) and (3-15) together with Lemma 3.1 we conclude

1/2 1/2
1Villo22 S el gy + 1V Nl 2,52 + OB F N oy, 181 oty

_ 1/2 1/2
SIVlostast2+OUmAIT+B%) Il oty gl v

We now apply (3-11) with s = 0 to the function v; and note that

Vslri=0 = Op, (1 — )IE')Op, (x§) f = O(h™) f.
Hence
[ 70x0s k=0 12550, < OB fll 2ax) OB 24 Tm | ~5) [ Villo 2.2

_ — 1/2 1/2
<O PHIMAIT )|V llo 512,042+ OImA 248 | £11 5t i 181 oty (3-16)

Therefore, the assertion concerning (3-11) follows from (3-12) and (3-16).
We now turn to the proofs of (3-10) and (3-11) with s = 0. In view of Lemma 3.1, the function

U:=h(n""Ax + 2w =nh[n""Ax, ¢o(x1)]u +hin" oV

satisfies the bound

_ 1/2 1/2
10U N200) S Mall gy ooy 1V 2y S UV 20y + OUmMAT A FIl g gl - (3-17)
Observe now that the derivative of the function
E(x1) = [[hdgwl® + (B> Q(x1) + Dw, w),
where || - || and (-, - ) are the norm and the scalar product in L?(3X), satisfies

E'(x)) = 2Re((h?3] +h*Q(x1) + Dw, 35, w)+ (B> Q' (xpw, w)
=2Re((U —izw — hRw), h 8, w)+ (K> Q' (x))w, w).
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If we put gy := h 0y, u|x,=0, We have
llgo I” + {1 A§R + 1DOp;, (x3) £, Opy (x3) f
=E0) = —/OOOE’(xl)dxl
N (||U||L2(X) +lzllwllz2x) + ||th||L2(X))||h O Wl p2x) + ||w||%,}$(x)
< O(zD 1 3y wll L2 lwl L2y +O(Im A~ F2, (3-18)
where we have used Lemma 3.1 together with (3-17) and we have put
F=111"1g1"2 + 1Vl 2cx)-

Clearly, (3-10) with s = 0 follows from (3-18) applied with f = 0 and Lemma 3.1. To prove (3-11) with
s = 0, observe that (3-9) and (3-18) lead to

172
L2(X)

1/2

Igl < O® I £l +O0(ImA| "5 F + O(ImA|'/?) |7 8, w]| L)

[lwll (3-19)

We now need a better bound on the norm ||/ 9y, w||,2(x) in the right-hand side of (3-19) than what the
estimate (3-2) gives. To this end, observe that integrating by parts yields

1 3wl ) = (B> Q1) + Dw, w) 2x) = —h Re((U — hRw), w) 12(x) — hRe( [, &)
<O(h) IIwIIEA o FOMIUNL  +OMI gl
<O(h)F~ (3-20)
By (3-19) and (3-20), together with Lemma 3.1, we get

gl < O® I £II+O0(Im A2y w1155 wl?sr +O® Im A2 FV2 w12 +O(Im A~ F

L2(X) L2(X) L2(X)
1/4 —
< O@ | FI+OTm A S [wil oy, 4 +O(tm A =241 4| 1m 2 4) F, (3-21)

where we have put w; := (h?Q(x1) + 1)w. We need now the following:

Lemma 3.4. The function w, satisfies the estimate
IImA 2wy | 200, SO +Im AT 0 £ 121 g 2H+O R || fI+O0ImAl ") [V [lo 2,2 (3-22)
Let us show that this lemma implies the estimate (3-11) with s = 0. Set
F=1£1"1e1"?+ V022 > F.
By (3-21) and (3-22),
lgll < O@If I+ 0@ 2+ Im A4 r®)VE + O 3 (1 £1l + F) + O(IIm A2+ 14 Im A |V/4) F
<OG+hfI+0(8"*+ Ima| =8+ n'8 4 14 Im A4 F. (3-23)
1/4

Since by assumption R4 Im A% = ©(8'/%), one can easily see that (3-11) with s = 0 follows from
(3-23). Il
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Proof of Lemma 3.4. Observe that the function w; satisfies the equation

(h*07 +h*Q(x1) + 1 +ihz)w; = hUy,
where
Uy := (h*Q(x1) + DU — hRw) + 21> Q' (x)dy,w + 1> Q" (x)w.

We also have
fi 1= wily =0 = (B*Q(0) + 1)Op,, (x) f,

81 1= hdywily=0 = (h*Q(0) + 1)g, +h>Q"(0)Op, (x3) /-
Integrating by parts the above equation and taking the imaginary part, we get
2l lwill720) < KU w20 + 11, 81)]

< Ul 2o lwill 20y + O (R*Q(0) + 1)?Op,, (x$) 1l lg
+OM 0D, (x) £ | 2 (1> Q(0) + 1)Opy, (x3) £ I

< Ul 2o lwill 2y + OGHIf g+ O£,
where we have used (3-9). Hence
lzlllwil7 ) < OU2l™ DU, + OGHI fIlIgll + OB 117 (3-24)

Recall that the function U is of the form (2A 0y, +a(x))¢;(x1)u + han~'¢oV, where a is some smooth
function. Hence the function U, satisfies the estimate

10U 200y S Nl s+ 1V 02,0 S ltll gy oy + 1V 02,2 + OB F I ot I8l gy (3-25)
where we have used Lemma 3.2 together with (3-15). By (3-24) and (3-25),
2 —1 2 -1 2 4 00 2
2l lwil726, < Ozl Dl o, + OUIDIVIE 220+ 0@ + B f gl +OWIfI% (3-26)

Clearly, (3-22) follows from (3-26) and Lemma 3.1. Il

4. Parametrix construction in the hyperbolic region

Let A be as in Theorems 1.1 and 1.2, and let h, z, 8, ro, no, rz, x and x; be as in the previous sections.
Set @ =Im(hr)? = hz = O(h€), |6] > h, and

p(x', &) =ro(x', E) — (1+i0)ng(x’), Rep <O.

It is easy to see that px; € Sg (0X). In this section we will prove:

Proposition 4.1. There are constants C, C| > 0 depending on § but independent of A such that

[N G )Op, (X5 = OP (X5 ) | 2y b1 o) < C1l+ eI, (4-1)

Proof. To prove (4-1) we will build a parametrix near the boundary of the solution to (1-1) with f replaced
by Op,, (x5 ) f- Let x = (x1, x’), x1 > 0, be the normal coordinates with respect to the metric G, which of
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course are different from those introduced in the previous section. In these coordinates the operator Ay
is given by
Ax =03 +0+R,

where é < 0 is a second-order differential operator with respect to the variable x’ and R is a first-order
differential operator with respect to the variable x, both with coefficients depending smoothly on x.
Let (x° &%) e supp x5 and let &/ C T*3X be a small open neighbourhood of (x% &%) contained in
{ry <1-— 82/2). Take a function ¥ € Co°(U). We will construct a parametrix ﬁ; of the solution of
(1-1) with ’21;|x1=0 = Op, (¥) f in the form ft; =¢(x1)K™ f, where ¢ (x1) = x(x1/61), 0 <1 K 1,is a
parameter independent of A to be fixed later on depending on é, and

(6 )0 = ey [ [[ MO Dy 0 £ e dy
The phase ¢ is complex-valued such that ¢|,,—o = —(x’, &’) and satisfies the eikonal equation mod OOM):
(05,0)° + (BX) Vg, Vo) — (1 +i0)n(x) = 0¥ Ry, (4-2)

where M > 1 is an arbitrary integer, the function Ry, is bounded uniformly in 8, and B is a matrix-valued
function such that r(x, &') = (B(x)&’, §'), r(x, ") > 0, is the principal symbol of the operator —0. We
clearly have ro(x’, €") = r(0, x’, £’). Let us see that for (x, &) e U, 0 < x; < 3681, (4-2) has a smooth
solution satisfying

Ox,¢lx1=0 = —ip +OOM?) (4-3)

provided §; and ¢/ are small enough. We will be looking for ¢ in the form
M—1
p= (i0)g;(x, &),

Jj=0

where ¢; are real-valued functions depending only on the sign of 6 and satisfying the equations

(8x,90)” + (B(X) Vrgo, Vergo) = n(x), (4-4)
k k
> 000 dn i+ ) _(BOVeg;, Vogr_j) =an(x), 1<k<M-—1, (4-5)
j=0 j=0

@olx,=0 = —(x, &), @jlx,=0 =0for j > 1, where €; = 1, ¢ =0 for k > 2. It is easy to check that with
this choice the function ¢ satisfies (4-2) with Ry being polynomial in 6.

Clearly, if ¢y is a solution to (4-4), then we have (3, @o|x,—0)> = no(x’) — ro(x’, ') > C’ with some
constant C’ > 0 depending on 8. It is well known that (4-4) has a local (that is, for §; and &/ small enough)
real-valued solution (pgE such that Bxlgogc |x;=0 = /1o — ro. We now define the function ¢y by ¢p = (,08L
if & > 0 and @9 = ¢, if & < 0. Hence |9, ¢o(x, §")| > const. > O for x| small enough. Therefore, the
equations (4-5) can be solved locally. Taking x; = 0 in (4-5) with k = 1, we find

092,01 1x,=0 = Ono (25, @0l x,=0) ' = 3101no(ng —ro)~'/* > 1C|0)| (4-6)
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on U, where C = min 1/no(x’). Hence
Im 3y, 9, =0 = 03,91 1x,=0 + O(6%) = €16 (4-7)
if |0] is taken small enough. On the other hand, taking x; = 0 in (4-2) we find
(B 9lx=0)” = (ip)* + 0O = (ip)* (1 + 0©E™M)), (4-8)

where we have used that |p| > const. > 0 on /. Since Re p < 0, we get (4-3) from (4-7) and (4-8). By
(4-6) we also get

01 (x1, x', &) = 0x10,,91(0, X', §) + O(Ox7) = 3Cx1[0] — O(|0]x7) = 5Cx116)|

provided x; is taken small enough. This implies

Img(x, €,6) =0¢1(x1,x, )+ 00x1) = 1Cxi6]. (4-9)
The amplitude a is of the form
m
a=Y ha(x. €0
k=0

where m > 1 is an arbitrary integer and the functions a; satisfy the transport equations mod O(6™):

2id, 9y ax + 2i (B(X) Vo, Voar) +i(Ax@)ar + Axar—1 =M Q% 0<k <m, (4-10)
aolx,=0 = V¥, agly,=0 =0 for k > 1, where a_; = 0. Let us see that the transport equations have smooth

solutions for (x/, &’) e U, 0 < x; < 38, provided §; and U are taken small enough. As above, we will be
looking for a in the form

M—1
ac =Y (i0) ar j(x, ).
j=0
We let a; ; satisfy the equations
J J
2i Y 0,0y Oyarj—v +2i Y (BEx)Vepy, Voar j) +i(Axg)ac + Axae-1,; =0,  (4-11)
v=0 v=0

0<j=<M-1, apolx;=0 =¥, ak,jlx,=0 = 0 for k + j > 1. Then the functions ay satisfy (4-10) with
QE{,‘I) polynomial in 8. As in the case of (4-5) one can solve (4-11) locally. Then we can write

Vo= (R Ax + (L+i0n(0))iiy, =Ky f +K; f,

where
KT f=hlAx, 1K f =h(2¢' (x1)dy, +c(x)@"(x1))K™ f

— Q) / / /MW V0 E ) A &1, 3) £ (') dE' Y,
¢ being some smooth function and

Al =2i¢'ady, ¢+ hed” dy,a,
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and
(K3 £)(x) = k) 4+ f / QI 108 ) A= (&1 2) F(') dE d,

where

m
Ay =¢(x1) <_h_19MRMa +0M Y hk o) + hm+1AXam>.
k=0

We claim that Proposition 4.1 follows from:
Lemma 4.2. The function V_ satisfies the estimate

V-l S €™ MF I+ On "= DI I+ Ou M=) £1 (4-12)
with some constant C > 0.

Indeed, if u,, denotes the solution to (1-1) with f replaced by Op,, (/) f and I]J is the parametrix built
above, then the function v = ”1; — Ijt; satisfies (3-1) with f = 0. Therefore, by the estimates (3-10) and
(4-12) we have

RN (s m)YOPL () = Ty 2y i) o) S € S + O (B~ + Oy (KM, 4-13)
where the operator T, is defined by

Tw_f =h 0y, K™ flx=0-
Hence, in view of (4-3),

(T, (') = @k~ / / M= (i, 0(0. X', &, 0) + h 0,a(0. X', &' 1)) £ () dE' dy’

= Opy(py +OOM?) f + Y h*+'0p; (35,01 (0, X', &, 6)) f.
k=0
Since

Op,, (3, ax (0, X', £',0)) = O(1) : L*(3X) — H,}(3X)
uniformly in 6, it follows from (4-13) that

[N G )0y (¥) = O (V) | 1255, i oy S € + O (). (4-14)

On the other hand, using a suitable partition of the unity we can write the function x; as Zj’:l ¥, where
each function v/; has the same properties as the function ¥ above. In other words, we have (4-14) with v
replaced by each v, which after summing up leads to (4-1). O

Proof of Lemma 4.2. Let o be a multi-index such that |«| < 1. Since
ilo| A7 8% + (h3:)* Ay = Op (W) + Oy (M)

and Im ¢ > 0, the kernel of the operator (h 9,)*K; : L*(0X) — L*(X) is Op (h™ ™) + Op (hM =), and
hence so is its norm. Since the function A is supported in the interval [§1/2, 351] with respect to the
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variable x1, to bound the norm of the operator K|, := (h 8,)*K] : L?(3X)— L?(X) it suffices to show that

KT o 203~ 20x) S €~V + 00> (4-15)
uniformly in x| € [§1/2, 38]. Since ||/ h ~ |Im A|, (4-15) will imply (4-12). We would like to consider
-

l,a

as an h-FIO with phase Re ¢ and amplitude
Ay = e ™ (o | AT 9% + (h 8,)%AY).
To do so, we need to have that the phase satisfies the condition
3% Re ¢
et
0x'9&’

for |#| small enough, where C is a constant independent of 6. Since Re ¢ = ¢o + O(|0]), it suffices

~

>C>0 (4-16)

to show (4-16) for the phase ¢y. This, however, is easy to arrange by taking x; small enough because
wo = —(x’, &') + O(x1) and (4-16) is trivially fulfilled for the phase —(x’, £’). On the other hand, using
that Im ¢ = O(]6]) together with (4-9) we get the following bounds for the amplitude:

079 Aal < Cprpr ) (@yeﬂ"g'/ 1) < G pye=CONOD (4-17)

0=<k=<|B11+IBl
for all multi-indices B; and B,. It follows from (4-16) and (4-17) that, mod O(h*), the operator
(ICIQ)*ICia is an A-¥DO in the class OPSg(aX) uniformly in 6 with a symbol which is O(e €101/ hy
together with all derivatives, where C > 0 is a new constant. Therefore, its norm is also O(e=2€101/ 1y,

which clearly implies (4-15). (|

5. Parametrix construction in the elliptic region

We keep the notations from the previous sections and note that px ; € Sé (0X). It is easy also to see that
0 < Ci{&") < |p| < Cy{&) on supp X5+, where C| and C; are constants depending on §. In this section we
will prove:

Proposition 5.1. There is a constant C > 0 depending on § but independent of A such that
where b € 58 (0X) does not depend on X or the function n.

Proof. The estimate (5-1) is a consequence of the parametrix built in [Vodev 2015]. In what follows we
will recall this construction. We will first proceed locally and then we will use partition of the unity to
get the global parametrix. Fix a point x” € 3X and let Uy C dX be a small open neighbourhood of x°.
Let (x1, x"), x; >0, x"€ Up, be the normal coordinates used in the previous section. Take a function
vo e Cy°(Up) and set ¥ = YO0 X; . As in the previous section, we will construct a parametrix IZ:; of
the solution of (1-1) with ﬁwlxlzo = Op,,(¥) f in the form ﬁ; = ¢ (x))KT f, where ¢ (x1) = x(x1/81),
0 < &1 < 1, is a parameter independent of A to be fixed later on, and

K+ F)(x) = )4+ f f IO S0 E D g £ 3) F(y) dE' .
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The phase ¢ is complex-valued such that ¢|,,—o = —(x’, &’) and satisfies the eikonal equation mod O(x]M :
(05,9)> + (Bx)Vyo, Veg) — (1+i0)n(x) = x{" Ry, (5-2)

where M >> 1 is an arbitrary integer, and the function Ry is smooth up to the boundary x; = 0. It is
shown in [Vodev 2015, Section 4] that for (x', &’) € supp ¥, (5-2) has a smooth solution of the form

M—1
o= xfo(x.&.0). @o=—(x.&),
k=0
satisfying
Ox, Pl =0 = 1 = —ip. (5-3)

Moreover, taking §; small enough we can arrange that
Imgoz—%leepoxl(&/), C >0, (5-4)
for 0 < x; < 38;, (x/,&") € supp . The amplitude a is of the form
a= ihfaj(x, £.0),
j=0

where m > 1 is an arbitrary integer and the functions a; satisfy the transport equations mod O(X{” ):

2i9,, 00y, a; + 2 (B(x)Vy, Voa)) +i(Ax@)aj + Axa; =xM0V)  0<j<m, (5-5)
aolx;=0 =¥, ajly=0 =0 for j > 1, where a_; = 0 and the functions é%) are smooth up to the boundary

x1 = 0. It is shown in [Vodev 2015, Section 4] that the equations (5-5) have unique smooth solutions of
the form

S

k
aj= ) xjag;(x,€,0)
k

Il
o

with functions ay ; € S, J (0X) uniformly in 8. We can write

Vii=h'(RPAx+ 1+ ie)”(x))ﬁ$ =K f+K5 1,

where
K{ f=hlAx, pIKT f =h(2¢"(x1)y, + c(x)¢"(x1))K* f
— Qrh)y-d+ / / U/ E1H0WE ) 4% (& 2 f (') dE' dy,
with
Af =2i¢'ady ¢ + hed"dy,a,
and
(K3 f)(x) = k)=t / / QIO 1T ) AT (x £ 2) f() dE d

where

m
AEL = ¢(X1)(—h_lew7f€Ma +Xfw Z h é%) + hmHAxam).
j=0
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As in the previous section, we will derive Proposition 5.1 from (5-3) and the following:
Lemma 5.2. The function V, satisfies the estimate

IVall g x) < Om "= DN F 1+ Os =D 1. (5-6)
Proof. Let a be a multi-index such that || < 1. In view of (5-4) we have

|/ (il AT %0 + (h 3" A S sup e MU < e CEN R = 0y ((h)(ENHM)
51/25)(15351

for every integer M > 1. Therefore, the kernel of the operator (A ax)“/cf : L2(3X) — L*(X) is
O (hM=4+1y "and hence so is its norm. By (5-4) we also have

xffemIme/h < (M= = 0y ((h/(ENM).
This implies
M (il AT 8% @ + (h 8:)AT) = Op (/DM ™) + O ((h/(EN™),
which again implies the desired bound for the norm of the operator (4 9 x)“IC;’ . U
By the estimates (3-10) and (5-6) we have

[N G m)Op, () = T | 2 i 30y = Om (A" ™) + Ona (Y7, (5-7)

where the operator TJ is defined by
T f=hooK" fle=o

In view of (5-3), we have

(TJf)(x/) — (Zﬂh)_d-‘rl// e(l'/h)(y/_x’,f/>(iwaXI(p(O’ x/’ s/’ 0) +h ax1a(0’ x/’ S/, )\))f(y/) d%./ dy/
=O0p,(pY) f+ Y _ h/*'Op,(ar (X, &,0) f,
j=0

where a1, € So_j(E)X). Hence
Op, (a1 j) = O(1) : L*(0X) — H} (8X).

Therefore it follows from (5-7) that
||hN()"’ n)Oph(l/f) - Oph(p‘(/f + hal,O) || LZ(aX)_>th(aX) =< O(h) (5_8)
We need now the following:

Lemma 5.3. There exists a function b° € SS(BX ), independent of A and n, such that

aio—b° € S5 (3X). (5-9)
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Proof. We will calculate the function a; ¢ explicitly. Note that this lemma (as well as Proposition 5.1) is
also used in [Vodev 2015], but the proof therein is not correct since a  is calculated incorrectly. Therefore
we will give here a new proof. Clearly, it suffices to prove (5-9) with a; ¢ replaced by (1 —n)a; o with some
function n € C§°(T*3 X) independent of 4. Since p = —,/ro(1 +(9(r0_1)) as rop — 00, it is easy to see that

(L—mp~F =1 =) (—ro) ™ e S 1(3X) (5-10)

for every integer k > 0, provided 7 is taken such that n = 1 for |§’| < A with some A > 1 big enough.
We will now calculate the function ¢, from the eikonal equation. To this end, write

B(x) = Bo(x) +x1B1(x) + O(x7),  n(x) =no(x") +x1n;(x") + O(x})
and observe that the left-hand side of (5-2) is equal to
x1 (40192 + 2(Bo Vo, Vi) + (B Vo, Vogo) — (1 +i0)n1) + O(x).
Hence, taking into account that g9 = —(x’, £’) and ¢ = —ip, we get
92 =(2p) " (Bo&’, Vo p) + (4ip) " (B1&', &) — (1+i6)(4ip) 'n;.
Using the identity
2pVyp =Vyrg—(1+i8)Vyng
we can write ¢; in the form
92 = (2p) *(Bog’, Vioro) + (4ip) " (B1&', &) — (1 4+i0)(20) *(Bo&’, Vno) — (1 +i6)(4ip)~'ny.

By (5-10) we conclude that, mod So_l(aX),
(1— n)% = —i4™' (L= )y 2 (Bo&', Virro) + (1 =) (dro) ™ (B1&', €. (5-11)
Write now the operator Ay in the form
Ax =37 + (BoVy, V) +q1(x")dx, + (q2(x"), Vi) + O(x1)
and observe that

Axp =20 +qi191 — (g2(x"), &) + O(x1).
We now calculate the left-hand side of (5-5) with j = 0 modulo O(x;). Recall that ag o = . We obtain
2ip1a1,0+2i (BoVygo, Veaoo)+i(Axe)aoo=2igia1,0+2i (Bo&', Vo) +i(2p2+q101—(q2(x), §)) .

Since the right-hand side is O(x{” ), the above function must be identically zero. Thus we get the following
expression for the function a o:

ar0 = —¢; (Bo&', Votr) — (o7 "0 + 27 g1 — Q1) Mg (x)), £)) . (5-12)
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Taking into account that ¥ = 1° on supp(1 — ), we find from (5-10)—(5-12) that (5-9) holds with
B0 =i(1—mry *(Bog', V)

—47' (1= (=irg Y (Bog', Voro) +rg (BiE €) +2q1 +2ry Pgn(x), §1). (5-13)
Clearly, b° € 58(3 X) is independent of A and #n, as desired. U

Lemma 5.3 implies that
Op, (a1 0—b") =O() : L*>(3X) — H} (3X). (5-14)

Now, using a suitable partition of the unity on 0 X we can write 1 = ZJJ-ZI 1/ij. Hence, we can write the
function Xs+ as ZJJ: | ¥, where ¥ = wj(.) X 5+ . Since we have (5-8) and (5-14) with ¥ replaced by each v},
we get (5-1) by summing up all the estimates. U

It follows from the estimate (3-11) applied with V = 0 that
AN (L; n)Op, (x9) = O8) : L*(3X) — H(3X) (5-15)

provided [Im | > 8~% and Re A > Cs > 1. Now Theorem 1.2 follows from (5-15) and Propositions 4.1
and 5.1. Let us now see that Theorem 1.1 follows from Theorem 1.2. Since the operator —h*Ayx > 0is
self-adjoint, we have the bound

[P (—Bax) xa((=1* Dax =187 | = |V =2 Aax—1=i0x (~h* Aax =152
< sup\«/o—l—i@x((a—1)5_2)|

o>0

<  sup  lo—1]+|0] < O6+|0]"?) = OB+h?). (5-16)

§2<|o—1|<262

On the other hand, it is well known that the operator ~Ap(—Ayx)(1 — x2)((—h*Ayx —1)872) is an h-WDO
in the class OPS& (0X) with principal symbol p(1 — Xé))- This implies the bound

hp(—=Apx)(1 = x2)((=h*Agx — 1)87%) = Op,(p(1 — x§)) = O(h) : L*(3X) — L*(3X).  (5-17)

It is easy to see that Theorem 1.1 follows from (1-3) together with (5-16) and (5-17). O

6. Proof of Theorem 2.1
Define the DN maps N;(1), j =1, 2, by
N; () f = doulr,
where v is the Euclidean unit normal to I" and u; is the solution to the equation

(Vej(x)V +A%n;(x)u; =0 in Q,
(6-1)
uj=f onT,
and consider the operator

T(A) =cNi1(2) — e2Na(b).
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Clearly, A is a transmission eigenvalue if there exists a nontrivial function f such that T7(A) f = 0.
Therefore Theorem 2.1 is a consequence of the following:

Theorem 6.1. Under the conditions of Theorem 2.1, the operator T (1) sends HIHOZ(TY jnto HA-0/2(T),
where k = —1 if (2-2) holds and k = 1 if (2-4) holds. Moreover, there exists a constant C > 0 such that
T (A) is invertible for Re L > 1 and |Im A| > C with an inverse satisfying in this region the bound

170! | a-02@y—maorT S |n|6=D72, (6-2)
where the Sobolev spaces are equipped with the classical norms.

Proof. We may suppose that A € Ac ={A € C:Rel>Cc > 1, |ImA| <|A|¢}, 0 <€ < 1, since the case
when A € {Re A > 1} \ A, follows from the analysis in [Vodev 2015]. We will equip the boundary I" with
the Riemannian metric induced by the Euclidean metric gg in €2 and will denote by rg the principal symbol
of the Laplace—Beltrami operator —Ar. We would like to apply Theorem 1.2 to the operators N (1).
However, some modifications must be done coming from the presence of the function ¢; in (6-1). Indeed,
in the definition of the operator AV'(4; n) in Section 1, the normal derivative is taken with respect to the
Riemannian metric g; = cj_1 gk, while in the definition of the operator N (1) it is taken with respect to
the metric gg. The first observation to be done is that the glancing region corresponding to the problem
(6-1) is defined by X; :={(x", &") e T*T :rj(x, §') = 1}, where rj := mj_lro, mj :=(nj/c;)|r. We define
now the cut-off functions th j by replacing in the definition of X(? the function r; by r;. Secondly, the

function p must be replaced by
pj(x' €)= /ro(x, &) — (1 +i0)m;(x"), Rep; <O.

With these changes, the operator (L) satisfies the estimate (1-3). Set

s=c1p(l— x§1) — c22(1 — x§,) =T —c1p1xs + 2025 5.

where ( )
c(x(co(xHro(x’, &) —1—i0
T=cC1p1—C2p2 = , (6-3)
C101 +C202
where ¢ and cg are the restrictions on I' of the functions
-
cinyp —cocny and ———=—
ciny —cny

respectively. Clearly, under the conditions of Theorem 2.1, we have ¢(x”) # 0 for all x” € I". Moreover,
(2-2) implies ¢g = 0, while (2-4) implies ¢o(x") < 0 for all x" € I". Hence,

0<Ci=<|cgro—1—-1i0| <Cy

if (2-2) holds, and
0 < Ci{ro) < lcoro— 1 —1i0] < Cx(ro)

if (2-4) holds. Using this, together with (6-3), and the fact that p; ~ —./rg as rp — oo, we get
0 < CHEN" < CLir))*/? < || < Cafro)*? < € (8-, (6-4)
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where k = —1 if (2-2) holds and k = 1 if (2-4) holds. Let n € C5°(T*TI") be such that n =1 on |£'| < A and
n=0on || > A+ 1, where A > 1 is a big parameter independent of A and 8. Taking A big enough we
can arrange that (1 — )75 = (1 — n)7. On the other hand, we have nts = nt 4+ O(8 + |6|'/?). Therefore,
taking 6 and |6| small enough, we get from (6-4) that the function ts satisfies the bounds

CiE) < Il < CrEN (6-5)

with positive constants C) and C, independent of § and 6. Furthermore, one can easily check that (1—n)t €
Sé‘(F) and nt5 € §, 2(I‘). Hence, 15 € Sé‘ (I'), which in turn implies that the operator Op,,(ts) sends

HH0/2(1) into H~0/2(T"). Moreover, it follows from (6-5) that the operator Op,,(7s) : H,ng)/z(F) —

H/E] —h/ 2(F) is invertible with an inverse satisfying the bound

10py (z5) " =072y, ri+or oy < € (6-6)

with a constant C > 0 independent of A and 8. We now apply Theorem 2.1 to the operators N;(1). We
get, for A € A, [ImA|>Cs> 1, ReA > Ccs > 1, that

AT (1) — Op, (ts) | L2(ry— L2y < €6 (6-7)
in the anisotropic case, and
|hT (1) — Oph(fs) ||L2(r‘)_>th (I <Cs (6-8)

in the isotropic case, where C > 0 is a constant independent of A and §. We introduce the operators
A1) = (kT (1) — Op,,(75))Opy, (ts) ",
Az(3) = Opy () ™' (T (1) — Op,, (1))
It follows from (6-6)—(6-8) that in the anisotropic case we have the bound
1A ) L2y L2y < €78, (6-9)
while in the isotropic case we have the bound
A2 L2y L2y < €78, (6-10)

where C’ > 0 is a constant independent of A and §. Hence, taking § small enough we can arrange that the
operators 1 + A;(A) are invertible on L?(I") with inverses whose norms are bounded by 2. We now write
the operator AT (1) as

hT (A) = (1 + A1 (2))Opy(7s)
in the anisotropic case, and as
hT (%) = Op,,(z5) (1 + A2(1))

in the isotropic case. Therefore, the operator 2T (A) is invertible in the desired region and by (6-6) we get
the bound

||(hT()\))7l ”H}flfk)/z(l")eH,in)/z(l") < 2C. (6-11)

Passing from semiclassical to classical Sobolev norms, one can easily see that (6-11) implies (6-2). [
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7. Proof of Theorem 2.2
We keep the notations from the previous section. Theorem 2.2 is a consequence of the following:

Theorem 7.1. Under the conditions of Theorem 2.2, there exists a constant C > 0 such that the operator
T(A) : HY(T') — L*(T") is invertible for Re A > 1 and [ImA| > C log(Re A + 1) with an inverse satisfying

in this region the bound

1T M2y 2y S 1 (7-1)

Proof. As in the previous section we may suppose that A € A.. We will again make use of the identity
(6-3) with the difference that under the condition (2-6) we have cy(x’) > 0 for all x’ € I. This means
that |7| can get small near the characteristic variety ¥ = {(x/, &) € T*T" : r(x/, ') = 1}, where r := cqry.
Clearly, the assumption (2-7) implies that X N X, = &. This in turn implies that X NY; =9, j=1,2.
Indeed, if we suppose that thereis a ¢% € =N Y for j=1or j =2, thenitis easy to see that dexing,,
which however is impossible in view of (2-7). Therefore, we can choose a cut-off function x% e C®(T*T)
such that x° = 1 in a small neighbourhood of ¥, x° = 0 outside another small neighbourhood of ¥, and
supp x°NX ; =4, j=1,2. This means that supp x° belongs either to the hyperbolic region {ri<1l-— 8?)
or to the elliptic region {r; > 1 + 82}, provided 8 > 0 is taken small enough. Therefore, we can use
Propositions 4.1 and 5.1 to get the estimate

25 @)0p, (X ) = 0Py (01 X ) 120y g2y S B+ €™M,
which implies
|2 T 0P, (X" = Opu T x| oy 2y S €L (7-2)

It follows from (6-3) that near X the function 7t is of the form t = 7o(r — 1 — i6) with some smooth
function 79 # 0. We now extend 7( globally on T*T" to a function 7y € Sg(F) such that Ty = 7y on supp x°
and |7p| > const.> 0 on T*I". Hence, we can write the operator Op,, (t x9) as

Op, (7x°) = O, (x")Op,, () (B — i6) + O(h),
where B = %Oph r—1+ %Op,Z (r — 1)* is a self-adjoint operator. Hence
B-io) '=06™YH: L*(I") — L*(I).
Since 7 is globally elliptic, we also have

Op,,(f0) ' = O(1) : L*(I') — L*(I").
This implies
K, :=O0p, (x")(B—i6)"'0p, () ' = 0(6|™") : L*(T) — L*(T)

and (7-2) leads to the estimate

IRT (MKt —Op, (XDl 2rys 2y S 1017 (i + e €M™ < JIma ™' +Rere MM <5 (7-3)
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for any 0 < § < 1, provided |Im A| > Cslog(Re 1), Re A > 55 with some constants Cs, 55 > 0. On the
other hand, by Theorem 1.2 we have, for A € A, |[ImA| > Cs > 1, ReA > Ccs > 1,

| AT (1)Opy, (1 = x*) = Opy (zs(1 = XN | 120y 12y < €3 (7-4)
As in the proof of (6-5), one can see that the function 75 satisfies
C1(E") < Is] < Co(&")  on supp(l — x*) (7-5)

with positive constants C 1 and C » independent of § and 6. Moreover, 75 € Sé (I"). We extend the function
on the whole of T*I" to a function 75 € S(l) (I") such that 75(1 — x%) = r5(1 — x°) and

Ci(&") <|%5| < Cy(&") on T*T. (7-6)
Hence

10p;, (2) Ml L2y 120y < € (7-7)

with a constant C > 0 independent of A and 8. By (7-4) and (7-7) we obtain

AT () K2 = Op (1= X 2y 2y < €8 (7-8)
with a new constant C > 0 independent of A and §, where

Ky :=0p,(1 - x°)0p, (%)~ =O() : L*(I') - L*(I).
By (7-3) and (7-8),
AT G (K1 + K2) = 1| 2y 12y < (€ + D8 (7-9)

It follows from (7-9) that if § is taken small enough, the operator 2T (1) is invertible with an inverse
satisfying the bound

IRT )My 2y < 20K 20y 220y + 20Kz 200y 2200y S 10171+ 1. (7-10)

It is easy to see that (7-10) implies (7-1). Il
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