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HIGH-FREQUENCY APPROXIMATION OF
THE INTERIOR DIRICHLET-TO-NEUMANN MAP AND
APPLICATIONS TO THE TRANSMISSION EIGENVALUES

GEORGI VODEV

We study the high-frequency behaviour of the Dirichlet-to-Neumann map for an arbitrary compact
Riemannian manifold with a nonempty smooth boundary. We show that far from the real axis it can
be approximated by a simpler operator. We use this fact to get new results concerning the location
of the transmission eigenvalues on the complex plane. In some cases we obtain optimal transmission
eigenvalue-free regions.

1. Introduction and statement of results

Let (X, G) be a compact Riemannian manifold of dimension d = dim X > 2 with a nonempty smooth
boundary 0 X and let Ax denote the negative Laplace—Beltrami operator on (X, G). Denote also by Ay
the negative Laplace—Beltrami operator on (3 X, Gp), which is a Riemannian manifold without boundary
of dimension d — 1, where Gy is the Riemannian metric on d X induced by the metric G. Given a function
f e H"1(8X), let u solve

{(Ax +A2n()u=0 inX, (L-1)

u=f onoX,

where L € C, 1 < |[ImA| < ReA and n € C*®(X) is a strictly positive function. Then the Dirichlet-to-
Neumann (DN) map

N n): H™0X) > H"(0X)
is defined by
N n) f = 0ulax,

where v is the unit inner normal to d X. One of our goals in the present paper is to approximate the operator
N(x; n) when n(x) =1 in X by a simpler one of the form p(—Ajyx) with a suitable complex-valued
function p(o), o > 0. More precisely, the function p is defined as

po)=+vo—A%, Rep<O.

Our first result is the following:
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Theorem 1.1. Let O < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants Cs, Cc s > 1
such that we have

N 1) = p(=Asx)l L2(0x)—L2(0x) < SIA| (1-2)
for Cs <|ImA| < (ReA)!~¢, Re A > C,.

Note that this result has been previously proved in [Petkov and Vodev 2017b] in the case when X is a
ball in R? and the metric is the Euclidean one. In fact, in this case we have a better approximation of the
operator N'(A; 1). In the general case when the function » is arbitrary, the DN map can be approximated
by h-WDOs, where 0 < h < 1 is a semiclassical parameter such that Re(hr)? = 1. To describe this
more precisely let us introduce the class of symbols S§(8 X), 0<d8< % as being the set of all functions
a(x’, &) € C*(T*3X) satisfying the bounds

9%08a(x’, )| < Cuph =2 0+18D (&)

for all multi-indices o and B with constants Cy g independent of 1. We let OPS§(8 X) denote the set of
all 2-¥DOs, Op;,(a), with symbol a € S§(8X), defined by

(Opy, (@) f)(x") = Quh) 4T / e~ WM q(x! EN F () dy' dE.
T*0X

It is well known that for this class of symbols we have a very nice pseudodifferential calculus; e.g., see
[Dimassi and Sjostrand 1999]. It was proved in [Vodev 2015] that for [ImA| > |1/, 0 < € « 1, the
operator AN (A; n) is an h-WDO of class OPSl1 - . (0X) with a principal symbol

p(x ) =Vro(x, &) — (h)?no(x),  Rep <0, ng:=nlyx.

ro > 0 being the principal symbol of —A,x. Note that it is still possible to construct a semiclassical
parametrix for the operator AN (A; n) when [Im A| > |A|¢, 0 <€ <« 1, if one supposes that the boundary 9 X
is strictly concave; see [Vodev 2016]. This construction, however, is much more complex and one has
to work with symbols belonging to much worse classes near the glancing region £ = {(x/,§’) € T*3X :
ry(x’, &) = 1}, where ry = n; 1ro. On the other hand, it seems that no parametrix construction near
Y is possible in the important region 1 <« const. < [Im A| < |A|¢. Therefore, in the present paper we
follow a different approach which consists of showing that, for arbitrary manifold X, the norm of the
operator AN (A; n)Op,, ( X(?) is O(6) for every 0 < § <« 1 independent of A, provided |Im A| and Re A
are taken big enough (see Proposition 3.3 below). Here the function X(? € Cy°(T*0X) is supported in
{(x, ) eT*dX :|rs(x', ') — 1| <28%} and Xl? =1lin{(x,&)eT*X :|rs(x', ') —1| < 8%} (see Section 3
for the precise definition of x g ). Theorem 1.1 is an easy consequence of the following semiclassical version.

Theorem 1.2. Let O < € < 1 be arbitrary. Then, for every 0 < § < 1 there are constants Cs, Cc s > 1
such that we have

for Cs < |ImA| < (Re MI7E, Rex > Ces, where C > 0 is a constant independent of A and §, and
be Sg (0X) is independent of A and the function n.
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Here H}: (0X) denotes the Sobolev space equipped with the semiclassical norm (see Section 3 for
the precise definition). Thus, to prove (1-3), as well as (1-2), it suffices to construct a semiclassical
parametrix outside a 82-neighbourhood of X, which turns out to be much easier and can be done for
an arbitrary X. In the elliptic region {(x',&') € T*3X : ry(x’, ') > 1+ 8} we use the same parametrix
construction as in [Vodev 2015] with slight modifications. In the hyperbolic region {(x’, £') € T*3X :
re(x, €Y <1— 82}, however, we need to improve the parametrix construction of that paper. We do this in
Section 4 for 1 < const. < [Im A| < |A|'~¢. Then we show that the difference between the operator AN (A; 1)
microlocalized in the hyperbolic region and its parametrix is O(e #"™*y + O, 1, (|A|=™), where g > 0
is some constant and M > 1 is arbitrary. So, we can make it small by taking [ImA| and |A| big
enough.

These kinds of approximations of the DN map are important for the study of the location of the complex
eigenvalues associated to boundary-value problems with dissipative boundary conditions; e.g., see [Petkov
2016]. In particular, Theorem 1.2 leads to significant improvements of the eigenvalue-free regions in
that paper. In the present paper we use Theorem 1.2 to study the location of the interior transmission
eigenvalues (see Section 2). We improve most of the results in [Vodev 2015], as well as those in [Petkov
and Vodev 2017b; Vodev 2016], and provide simpler proofs. In some cases we get optimal transmission
eigenvalue-free regions (see Theorem 2.1). Note that for the applications in the anisotropic case it suffices
to have a weaker analogue of the estimate (1-3) with the space th replaced by L2 in which case the
operator Op,, (hb) becomes negligible. In the isotropic case, however, it is essential to have in (1-3) the
space H, }3 and that the function b does not depend on the refraction index n.

Note finally that Theorem 1.2 can be also used to study the location of the resonances for the exterior
transmission problems considered in [Cardoso et al. 2001; Galkowski 2015]. For example, it allows us to
simplify the proof of the resonance-free regions in [Cardoso et al. 2001] and to extend it to more general
boundary conditions.

2. Applications to the transmission eigenvalues

Let Q C R4, d > 2, be a bounded, connected domain with a C* smooth boundary I' = 9Q2. A complex
number A € C, ReA > 0, will be said to be a transmission eigenvalue if the following problem has a

nontrivial solution:
(Vei(x)V+ 22 00)Du; =0 in ,

(Ver(0)V + 22 (x)Du, =0 in €, (2-1)
ui=1ujp, C1 8vu1 = 3,)142 on F,

where v denotes the Euclidean unit inner normal to I, ¢;,n; € C °°(§_2), j =1,2, are strictly positive
real-valued functions. We will consider two cases:

cilx)=c(x)=1 in Q, ni(x) #na(x) onI (isotropic case), (2-2)
(c1(x) — (X)) (c1(x)n1(x) —cp(x)na(x)) #0 onI' (anisotropic case). (2-3)

In Section 6 we will prove the following:
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Theorem 2.1. Assume either the condition (2-2) or the condition
(c1(x) = ca(x)) (c1(x)n1(x) — c2(¥)n2(x)) <O onT. (2-4)
Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region
{LeC:Rei>1, [ImA|>C}. (2-5)

Remark. It is proven in [Vodev 2015] that under the condition (2-2) (as well as the condition (2-6) below)
there exists a constant C > 0 such that there are no transmission eigenvalues in the region

{(AeC:0<Reir<1, |ImA|>C}.

This is no longer true under the condition (2-4), in which case there exist infinitely many transmission
eigenvalues very close to the imaginary axis.

Note that the eigenvalue-free region (2-5) is optimal and cannot be improved in general. Indeed, it
follows from the analysis in [Leung and Colton 2012] (see Section 4) that in the isotropic case when
the domain €2 is a ball and the refraction indices n1 and n; are constant, there may exist infinitely many
transmission eigenvalues whose imaginary parts are bounded from below by a positive constant. Note
also that the above result has been previously proved in [Petkov and Vodev 2017b] in the case when the
domain €2 is a ball and the coefficients are constant. In the isotropic case, the eigenvalue-free region
(2-5) has been also obtained in [Sylvester 2013] when the dimension is 1. In the general case of arbitrary
domains, the existence of transmission eigenvalue-free regions has been previously proved in [Hitrik et al.
2011; Lakshtanov and Vainberg 2013; Robbiano 2013] in the isotropic case, and [Vodev 2015, 2016] in
both cases. For example, it has been proved in [Vodev 2015] that, under the conditions (2-2) and (2-4),
there are no transmission eigenvalues in

{LeC:Rer>1, ImA| > Cc(Rer)/>*}, €. >0,

for every 0 < € <« 1. This eigenvalue-free region has been improved in [Vodev 2016] under an additional
strict concavity condition on the boundary I" to

{(L,eC:Rel>1, |[ImA|>C.(Re))}, C.>0,

for every 0 < € < 1. When the function in the left-hand side of (2-3) is strictly positive, the existence of
parabolic eigenvalue-free regions has been proved in [Vodev 2015] for arbitrary domains, which however
are worse than the eigenvalue-free regions we have under the conditions (2-2) and (2-4). In Section 7
we will prove:

Theorem 2.2. Assume the conditions

(c1(x) —c2(x)) (c1(X)n1(x) —c2(x)n2(x)) >0 onT (2-6)

and
ni(x)  na(x)

ci1(x) © cx)

nT. 2-7)



HIGH-FREQUENCY APPROXIMATION OF THE INTERIOR DIRICHLET-TO-NEUMANN MAP 217

Then there exists a constant C > 0 such that there are no transmission eigenvalues in the region
{reC:Rel>1, [ImA|> Clog(Rei+ 1)}. (2-8)

Note that in the case when (2-6) is fulfilled but (2-7) is not, the method developed in the present paper
does not work and it is not clear if improvements are possible compared with the results in [Vodev 2015].
To the best of our knowledge, no results exist in the degenerate case when the function in the left-hand
side of (2-3) vanishes without being identically zero.

It has been proved in [Petkov and Vodev 2017a] that the counting function

N(r)=#A—trans.eig.: |[A| <r}, r>1,

satisfies the asymptotics
N() = (@ +w)r! +0.07) Vo<e<1,
where 0 < « <1 is such that there are no transmission eigenvalues in the region

{AeC:Rer>1, |ImA| > C(Re)»)lf"}, C >0,

()
T, = dx,
T2y Jo\o(x)

where wy is the volume of the unit ball in R Using this we obtain from the above theorems the following:

and

Corollary 2.3. Under the conditions of Theorems 2.1 and 2.2, the counting function of the transmission
eigenvalues satisfies the asymptotics

NP =@ +)rf+0.0%71% Vo<ex 1. (2-9)

This result has been previously proved in [Vodev 2016] under an additional strict concavity condition
on the boundary I'. In the present paper we remove this additional condition to conclude that in fact the
asymptotics (2-9) holds true for an arbitrary domain. We also expect that (2-9) holds with € = 0, but this
remains an interesting open problem. In the isotropic case asymptotics for the counting function N (r) with
remainder o(r?) have been previously obtained in [Faierman 2014; Pham and Stefanov 2014; Robbiano
2016].

3. A priori estimates in the glancing region

Let L eC, ReA>1, 1 <|ImA| <6yRe A, where 0 < 6y < 1 is a fixed constant, and set h = M_l, where

Im 2\
mw=Reiy/1———=] ~Rer~|A|.
Re A

Clearly, we have Re(hr)? =1 and

A=t +izh), z=2u"'ImiRei~2ImA.
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Given an integer m > 0, denote by H;"(X) the Sobolev space equipped with the semiclassical norm

lvllae o) = Z RN98 vl 2 x) -

loe|<m

We define similarly the Sobolev space H,"(0X). It is well known that

vl @x) ~ 110p, ((E)Y vl 2ax) ~ IVl 2ax) + 0P, (1 = MIE TV 1205 x)

for any function n € C3°(T*3X) independent of . Hereafter, (§') = (1 + |§’ 12)172,
Given functions V € L2(X) and f € L?(3X), we let the function u solve

(Ax +22n(x)u=AV in X,
u=f on dX,
and set g = h d,u|yx. We will first prove:
Lemma 3.1. There is a constant C > 0 such that the following estimate holds:

1/2 1/2

leell g1 xy < CHM AL IV |20y + Cllm A2 £
Proof. By Green’s formula we have

G2 lIn2ul g ) = IRV, 1) 1200 + Im(@uulax, f)r2x)
which implies
[Im A| ”“”iZ(x) SV I2oo lull2oo + 1 l2ex gl 2@ x)-

On the other hand, we have

IVxulFa, = ReGD)In'2ullZs ) = —Re(WV, u) 12(x) — Re(dutlax, f)r2x)s

which yields

1AV xull72 ) S M2y + OV 11725, + O£l 2030 l€ N 2 03) -

Since h < [Im A| !, the estimate (3-2) follows from (3-3) and (3-4).

Lz(BX) ||g||L2(3X)'

(3-1)

(3-2)

(3-3)

(3-4)
]

We now equip X with the Riemannian metric nG. We will write the operator n~' Ay in the normal

coordinates (x, x’) with respect to the metric nG near the boundary 9 X, where 0 < x; < 1 denotes the
distance to the boundary and x” are coordinates on 3 X. Set I'(x1) = {x € X :dist(x, dX) =x;}, ['(0)=0X.
Then I'(x;) is a Riemannian manifold without boundary of dimension d — 1 with a Riemannian metric

induced by the metric nG, which depends smoothly in x;. It is well known that the operator n~! Ay can

be written as
n~'Ax =07 + Q(x1) +R,

where Q(x1) = Ar(y,) is the negative Laplace—Beltrami operator on I'(x1) and R is a first-order differential

operator. Clearly, Q(x;) is a second-order differential operator with smooth coefficients and Q(0) = Ag’;

is the negative Laplace—Beltrami operator on d X equipped with the Riemannian metric induced by the

metric ng.
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Let x € CP(R). 0= x(1) <1, x(t) =1 for |r| = 1 and x(r) = O for |f| = 2. Given a parameter
0 <8) < 1 independent of A and an integer k > 0, set i.(x1) = X (2~*x1/81). Given integers 0 < s1 <,
we define the norm |[ul, s, x by

s1 s2—4

(@]
2 2 0 2
IR = W+ 3 3 [ 8 o, IR

£1=0 £,=0
Clearly, we have
”u”Hl‘:l(X) < llullsy,50.k S ”u”H}fZ(x)-
Throughout this paper n € Ci°(T*9X), 0<n<1, n=1in[§'| <A, n=01in |§'| > A+1, will be a function
independent of A, where A > 1 is a parameter we may take as large as we want. We will now prove:

Lemma 3.2. Let u solve (3-1) with V. € H~Y(X) and f € H*(3X) for some integer s > 1. Then the
following estimate holds:

1/2 1/2
el S Ml gg o+ 1V Bos—tiers—1 + 10D, =1 F a1 181 5 (3-5)

Proof. Note that
Nl s+16 ||M||H/11(X) + ||uS»k||Hh](X)’
where the function u; x = Op, ((1 —n)|&'|*) (¢ru) satisfies the equation
(92 +h*Q(x) + 1 +ih2)ug i = Uy g
with
Us.x = [h*Q(x1), Op, (1 = mI&'1) ] (dru) + Opy, (1 — ) [&'1)[A*5, . dilps1u
— h*0p,, (1 = &' )r Ry 11 + h*A0p;, (1 = ) |E'1¥) (9 V).

‘We also have
fs = tsklx,=0 = Op, (A — &) £,

8s = h a)mus,kl)c]:O = Oph((l - 77)|~§/|S)gb,
where g, := h 0y, u|y,=0. Integrating by parts the above equation and taking the real part, we get
1 By e k117 250y = (00° Q)+ Dt g, s k) £2x)
< {Us.k, us,k)Lz(X) [+h|{fs, gs)Lz(BX)|
S Mot el g oy NV Hlo,s v+ lluell 151

+[ Op;, (A=m)1E1")*Op;, (A=mIE"1) | 125 180l L20x)- (3-6)

The principal symbol r of the operator —Q (x1) satisfies r (x, £') > C'|£’|%, C’ > 0, on supp ¢, provided &;
is taken small enough. Therefore, we can arrange by taking the parameter A big enough that r — 1 > C(¢')
on supp(1 — n)¢y, where C > 0 is some constant. Hence, by Garding’s inequality we have

—((h* Q(x1) + Dits s s k) 12(x) = CIIOP, (& Dt 172, (3-7)
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with possibly a new constant C > 0. Since the norms of g and g, are equivalent, by (3-6) and (3-7) we get

1/2 1/2
litsl gy S IV o1+ Dl gy + s gy + 10P3 L= F 12 o B850 (3-8)

We may now apply the same argument to u_ 4. Thus, repeating this argument a finite number of times
we can eliminate the term involving u;_1 x4 in the right-hand side of (3-8) and obtain the estimate (3-5). [

Let the functions x; € C*(R), 0< x;(t) <1, j=1,2,3, besuch that x; + o+ x3 =1, x2 = x,
x1(@)=1fort <=2, yy(t) =0fort > —1, x3(t) =0forr <1, x3(t) =1 for t > 2. Given a parameter
0 < § « 1 independent of A, set

X5 &8 = (0 (', §) = 1)/8%),

X5 (¢ 8 = xa((rs (¥, &) = 1)/8%),

X5 (0L ED) = x3((re (6 € = 1)/8%),
where ry =n 1ro is the principal symbol of the operator —Ag’;g. Since (r; — ¥ 50 = O(8%), we have

(h2AY) + 1)%0p, (x)) = 0(8%) : L2(9X) — L*(8X) (3-9)
for every integer k > 0. Clearly, we also have
Op,(x) =O(1) : L*(3X) — H"(3X) VYm >0,

uniformly in 6. Using (3-9) we will prove:

Proposition 3.3. Let u solve (3-1) with f =0and V € H*(X) for some integer s > 0. Then the function
g = h dyulyx satisfies the estimate

Il ez ox) < CNIm A~ ([ V]lo,g. (3-10)

with a constant C' > 0 independent of .
Let u solve (3-1) with f replaced by Oph(xg))f and V € H'T2(X) for some integer s > 0. Then the
function g = h o,u|yx satisfies the estimate

gl azox) < CE+ImMAI N Fll20x) + CE2 + ImAI™$) [V [l0.612.542 (3-11)
for 1 <|ImA| <82Rei, Red > Cs>> 1, with a constant C > 0 independent of A and §.

Proof. Set w = ¢o(x1)u. We will first show that the estimates (3-10) and (3-11) with s > 1 follow from
(3-10) and (3-11) with s = 0, respectively. This follows from the estimate

gl ox) S lIglz2ex) + |7 ax|vs|x1=0||L2(aX)a (3-12)
where the function vy = Op,, ((1 — n)|&’|*)w satisfies (3-1) with V replaced by
Vs = nOp; (1= n)I§"Non™ 'V + 1~ n[n~" Ax, Op, (1 = m)I§'|)o]u.
We can write the commutator as

[87, + R, ¢o(x1)10p, (1 = n)|&"")1 (x1) + po[ Q(x1) + R, Op;, (1 = )& )] 1 (x1).
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Therefore, if f =0, in view of Lemmas 3.1 and 3.2, the function V; satisfies the bound
Vsllo.o.o S TV llos.o + lellsra S Null g oxy + 11V loses S IV llo.s.s- (3-13)

Clearly, the assertion concerning (3-10) follows from (3-12) and (3-13). The estimate (3-11) can be
treated similarly. Indeed, in view of Lemma 3.2, the function V; satisfies the bound

1 Vsllo,22 SV os+2,0 + llell1,54+3,1

1/2 1/2

<l 0+ IV o252 10D (1= mOP (X f s g 18113505 (3-14)
Taking the parameter A big enough we can arrange that supp X{? Nsupp(l —n) = . Hence
Op, (1 —MOp;,(x) = Oh™) : L>(3X) — H"(3X) VYm >0. (3-15)

By (3-14) and (3-15) together with Lemma 3.1 we conclude

1/2 1/2
IVello2.2 S Mull gy oy + 1V o252+ O F Il oy o 181 ot

_ 1/2 1/2
SV lost2.s42 +OUmM AT+ B%) £1l oty 1€l o v

We now apply (3-11) with s = O to the function v; and note that

Vs |10 = Op,, (1 = MIE'1")Op,, (x3) f = Oh™) f.
Hence
782,05 1120 25, < OB | 20030 +OG 2 HImA =5 Vi lo,2.2

_ _ 1/2 1/2
<O PHImAIT )V llo 512,542+ O ImA ™ 248) [ £ 11 5t 181 oy (3-16)

Therefore, the assertion concerning (3-11) follows from (3-12) and (3-16).
We now turn to the proofs of (3-10) and (3-11) with s = 0. In view of Lemma 3.1, the function
U:= h(n_lAX + Az)w = h[n_lAX, ¢o(x1)]u + h)»n_l(poV

satisfies the bound

_ 172 1/2
U200y S Ml gy oy + 1V 2 S IV g + OAmMAT™ A FIS glary)- (3-17)
Observe now that the derivative of the function
E(x1) = [|hdgwl® + ((B*Q(x1) + Dw, w),
where || - || and (-, - ) are the norm and the scalar product in L?(3X), satisfies

E'(x1) = 2Re((h?3] + 1> Q(x1) + Dw, 3y, w)+ (B> Q' (xpw, w)
=2Re((U —izw — hRw), h 3y, w)+ (B> Q' (x))w, w).
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If we put g, := h 0y, u|x,=0, We have
llgol1 + ((A* A§Y + 1O, (x9).f. Opy, (x5 f)
o0
=E(0) = —/ E'(x1)dx
0

S (||U||L2(X) + lzl lwllz2x) + ||th||L2(X))||h A wlp2x) + ||w||§{h1(x)

< O(zDllh 8x1w||L2(X)||w”L2(X) + O(|Imk|_l)F2, (3-18)
where we have used Lemma 3.1 together with (3-17) and we have put

F=171"20812 + 1V Il 2

Clearly, (3-10) with s = 0 follows from (3-18) applied with f = 0 and Lemma 3.1. To prove (3-11) with
s = 0, observe that (3-9) and (3-18) lead to

12 1/2

gl < O£ +OIm A2 F +O(Im AV [1h dx wll 5y 1wl -

(3-19)

We now need a better bound on the norm || 3y, wl;2(x) in the right-hand side of (3-19) than what the
estimate (3-2) gives. To this end, observe that integrating by parts yields

I 8x1w”%2(x) - ((th(xl) + Dw, w)2x) = —h Re((U —hRw), w)2(x) — h Re(f, &)
< OW[wilf x, + OWIU 720, +OWIFI ]
< O(h)F>. (3-20)
By (3-19) and (3-20), together with Lemma 3.1, we get

Igll < 0@ I+O(m A ) w1V wl?s +0R A Im Al FY 2 w2 +0(m A~/ F

L2(X) L2(X) L2(X)
1/4 _
< OB FI+OIm A ) [will oy, FY4+O(tm a2 404 Im 2] 74) F, (3-21)

where we have put w; := (h?Q(x1) + 1)w. We need now the following:
Lemma 3.4. The function w, satisfies the estimate
m A2 w200 SO@GHImA| "+ [ £ 1gl2+0 02| F1+0(ImA )V lo2.2- (3-22)
Let us show that this lemma implies the estimate (3-11) with s = 0. Set

F=f1"21gl >+ 1V lo22 > F.
By (3-21) and (3-22),
gl < OGN £Il + 0@+ Mm A"+ r)F + 0GR (1 £1l + F) + O(Itm A~ 24+ 4 tm A V4) F
<OG+RBFI+0(8"% 4+ [tma| =8 4 118 4 14 Im A V4 F. (3-23)

Since by assumption R4 Im A4 = ©(81/?), one can easily see that (3-11) with s = O follows from
(3-23). [l
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Proof of Lemma 3.4. Observe that the function w; satisfies the equation

(h*3 +h*Q(x)) + 1 +ihz)wy = hUj,
where
Uy = (h*Q(x1) + D(U — hRw) + 2> Q' (x1) 8, w + h* Q" (x1)w.

We also have
fi:= wily=0 = (K*Q(0) + DOp, (x) f,

g1 1= hdx,wilx,=0 = (h*Q(0) + Dgy +h> Q"(0)Op, (x;) .
Integrating by parts the above equation and taking the imaginary part, we get
2l w122, < U wid 20| + 141 81)]

< Ul 2o lwill 20 + OD(R*Q(0) + D?Op, (x) f 1l 1 g
+ O 0P, () f 1l 23 (B> Q(0) + DOP, (x3) f |

< U200 lwill 200 + O@EH I FHIgl+ O 17,
where we have used (3-9). Hence
2llwil7ax) < OU2I™ DU ) + O fIlllg + OM I £117. (3-24)

Recall that the function U is of the form (24 9y, +a(x))¢1(x1)u + han~'¢yV, where a is some smooth
function. Hence the function U; satisfies the estimate

10200y S Nl s+ 1V 02,0 S ltll gt oy + 1V 022 + OB F I oy 81 gy (3-25)
where we have used Lemma 3.2 together with (3-15). By (3-24) and (3-25),
2l lwillZ2 g, < O™l )+ OUIDIVIG 22+ OG* +A®)If I8+ OMIfI (3-26)

Clearly, (3-22) follows from (3-26) and Lemma 3.1. U

4. Parametrix construction in the hyperbolic region

Let A be as in Theorems 1.1 and 1.2, and let h, z, 8, ro, no, rz, x and x; be as in the previous sections.
Set 0 =Im(hA)? = hz = O(h¢), |0] > h, and

p(x, &) =/ro(x’, €') — (1 +i0)no(x'), Rep <O.
It is easy to see that px; € Sg(aX ). In this section we will prove:

Proposition 4.1. There are constants C, Cy > 0 depending on § but independent of A such that

|2N (25 n)OP, (x5 — Op,(ox;) | L2ex)—mox = C1+ o—Clm2l). (4-1)

Proof. To prove (4-1) we will build a parametrix near the boundary of the solution to (1-1) with f replaced
by Op,, (x5 ) f- Let x = (x1, x), x1 > 0, be the normal coordinates with respect to the metric G, which of
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course are different from those introduced in the previous section. In these coordinates the operator Ay
is given by
Ax =032 +0+R,

where é < 0 is a second-order differential operator with respect to the variable x" and R is a first-order
differential operator with respect to the variable x, both with coefficients depending smoothly on x.
Let (x% £° e supp x5 and let { C T*3X be a small open neighbourhood of (x% £%) contained in
{rps <1- 82/2). Take a function ¥ € Cy°U). We will construct a parametrix 5‘1; of the solution of
(1-1) with ft;lxl:o = Op,(¥) f in the form ft; =¢(x))K™ f, where ¢ (x1) = x(x1/61), 0 < K 1,isa
parameter independent of A to be fixed later on depending on 4, and

06 ) = ey @1 [ [ O Mgy, 0 £ e’y
The phase ¢ is complex-valued such that ¢|,,—o = —(x’, &’) and satisfies the eikonal equation mod OOM):

(3r,9)* + (B(x)Vyg, Vog) — (1 +i0)n(x) = 0M Ry, (4-2)

where M >> 1 is an arbitrary integer, the function Ry, is bounded uniformly in 6, and B is a matrix-valued
function such that r(x, &') = (B(x)&’, §'), r(x, ") > 0, is the principal symbol of the operator — 0. We
clearly have ro(x, &) = r(0, x', €"). Let us see that for (x, &) e U, 0 < x; < 381, (4-2) has a smooth
solution satisfying

O, ¢lx=0 = —ip+ OO 4-3)

provided §; and U/ are small enough. We will be looking for ¢ in the form
M—1
9= (i0)g;(x,8&),
j=0

where ¢; are real-valued functions depending only on the sign of 6 and satisfying the equations

(3,90)> + (B@) Vo, Vo) = n(x). (4-4)
k k
> 00,0 i + D (B Vag) Vogrj) =en(x), 1<k<M-—1, 4-5)
j=0 j=0

@olx,=0 = —(x", &), @jlx,=0 =0for j > 1, where €; =1, ¢ =0 for k > 2. It is easy to check that with
this choice the function ¢ satisfies (4-2) with Ry being polynomial in 6.

Clearly, if ¢y is a solution to (4-4), then we have (3, @o|x,0)> = no(x’) — ro(x’, ') > C’ with some
constant C’ > 0 depending on 8. It is well known that (4-4) has a local (that is, for §; and ¢/ small enough)
real-valued solution goSE such that 9, gogcl x1=0 = £4/ng — ro. We now define the function ¢o by ¢o = ¢
if & > 0 and g9 = ¢, if & <0. Hence |0y, po(x, &’)| > const. > 0 for x; small enough. Therefore, the
equations (4-5) can be solved locally. Taking x; = 0 in (4-5) with k = 1, we find

091,01 1x,20 = On0(20x, @0l x,=0) ' = 3101no(ng —r)~'/* > 10| (4-6)
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on U, where C = min \/no(x"). Hence
Im 3y, ¢l =0 = 03y, 115,20 + O(6%) = 3C16)] @7
if |@] is taken small enough. On the other hand, taking x; = 0 in (4-2) we find
(B 9lu=0)> = (ip)? + 0OY) = (ip)*(1 +0©E™M)), (4-8)

where we have used that |p| > const. > 0 on 4. Since Re p < 0, we get (4-3) from (4-7) and (4-8). By
(4-6) we also get

01 (x1, x', E") = 0x19,,01(0, X', &) + O0x7) = $Cx110] — O(10]x]) > $Cx, 16|

provided x; is taken small enough. This implies

Imo(x,&,0) =00 (x1,x', §') + OOx1) > 1Cx116). (4-9)
The amplitude a is of the form
m
a= thak(x, £.0),
k=0

where m > 1 is an arbitrary integer and the functions a; satisfy the transport equations mod O(8™):

200y, 90y, ar + 2i(B(x)Vy @, Vyar) +i(Ax@)ay + Axag—1 = GMQES), 0<k=<m, (4-10)
aolx,=0 = V¥, arly,=0 =0 for k > 1, where a_; = 0. Let us see that the transport equations have smooth

solutions for (x’, &) e U, 0 < x; < 38, provided §; and U are taken small enough. As above, we will be

looking for a in the form
M—1

ar=Y_((i0)a;(x,&).
j=0
We let ay ; satisfy the equations

J J
2 > 00,00 Oy v +20 Y (B, Voar j—) +i(Axg)acj+ Axac1,; =0, (4-11)
v=0 v=0

0<j=<M-—1, apoly,=0 =V, ak,jlx,=0 =0 for k+ j > 1. Then the functions gy satisfy (4-10) with
Qg(fl) polynomial in 6. As in the case of (4-5) one can solve (4-11) locally. Then we can write

Vo= 0T (P Ax + (L +i0n(0))ity, = K7 f +K; f,

where
K f=hlAx, 1K™ f =h(2¢'(x1)0y, +c(x)@"(x1))K™ f

— Q) / / QI E e D AT (7 3) F(') dE' |
¢ being some smooth function and

A =2i¢'ady, ¢+ heo' 0y,a,
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and
(K5 f)(x) = (2nh)_d+1// LI 10 E D A= (&7 2) F () dE dy,

where

AZ_ = ¢(X1)(—h19MRMa +9M thQ%([) —I—hmHAxam).
k=0

We claim that Proposition 4.1 follows from:
Lemma 4.2. The function V_ satisfies the estimate

V-l S € ™ MF I+ On "= DIF Il + Ou M= £1 (4-12)
with some constant C > 0.

Indeed, if u,, denotes the solution to (1-1) with f replaced by Op,, () f and 121; is the parametrix built
above, then the function v = Uy — 5‘1/7 satisfies (3-1) with f = 0. Therefore, by the estimates (3-10) and
(4-12) we have

AN G m)YOPL () = Ty 2oy i) o) S € M A+ O (B0 + Oy (REM9), (4-13)
where the operator 7, is defined by

Ty f=hduK™ fly=o.
Hence, in view of (4-3),

(TI//_f)(xl) = (27T]’l)‘d+l// e(i/h)(y/_x/’é’) (lwamq)(o’ X/, 5/9 0) +h Bxla(O, X/, 5/’ )\))f(y/) ds/dy/

= Op;, (0¥ +O@") f + > " 1+ 0p, (35,a(0, X, ', 6)) f.
k=0
Since

Op;, (8x,a (0, x', £',0)) = O(1) : L*(3X) — H}'(3X)
uniformly in 6, it follows from (4-13) that

HhN()\" ”l)oph (W) - Oph (Pw) HLZ(BX)—>Hh1 0X) 5 e_Cllm)Ll + O(h) (4'14)

On the other hand, using a suitable partition of the unity we can write the function x; as 2121 ¥, where
each function v; has the same properties as the function v above. In other words, we have (4-14) with v
replaced by each v;, which after summing up leads to (4-1). U

Proof of Lemma 4.2. Let « be a multi-index such that |«| < 1. Since
ilalA7 3%+ (h3)* A7 = Op(W"*1) + Oy (B

and Im ¢ > 0, the kernel of the operator (1 3,)*KC; : L*(3X) — L*(X) is Op(h"™™9) + Op (hM~4), and
hence so is its norm. Since the function A; is supported in the interval [§;/2, 381] with respect to the
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variable x1, to bound the norm of the operator K := (h 9,)*K; : L2(dX) — L*(X) it suffices to show that
p 1,a 1
KT o 23— 200 S €V +O(0™) (4-15)

uniformly in x; € [§;/2, 3581]. Since 0|/ h ~ |Im A|, (4-15) will imply (4-12). We would like to consider
K| . as an h-FIO with phase Re ¢ and amplitude

Ay = e "™ (i a| AT 9% + (h 3,)*AY).
To do so, we need to have that the phase satisfies the condition
3’ R
det €9
dx'9&’

for |#] small enough, where C is a constant independent of 6. Since Rep = ¢y + O(]6]), it suffices

>C>0 (4-16)

to show (4-16) for the phase ¢g. This, however, is easy to arrange by taking x; small enough because
wo = —(x’, &') + O(x1) and (4-16) is trivially fulfilled for the phase —(x’, £’). On the other hand, using
that Im ¢ = O(]0]) together with (4-9) we get the following bounds for the amplitude:

001002 Aal = Cprpe ) (@fe_c‘s"““h) < Gy ppe™COIONOD (4-17)

0=k=|Bil+IB21
for all multi-indices B; and B;. It follows from (4-16) and (4-17) that, mod O(h*°), the operator
(K1 o)*K1, is an h-WDO in the class OPSJ(dX) uniformly in 6 with a symbol which is O(e=2¢10I/ ")
together with all derivatives, where C > 0 is a new constant. Therefore, its norm is also O(e=2C101/ 1y,

which clearly implies (4-15). (]

5. Parametrix construction in the elliptic region

We keep the notations from the previous sections and note that p x 5+ € Sé (0X). Itis easy also to see that
0<Ci{&") <|p| < Cr(&') on supp X5+ , where C| and C, are constants depending on §. In this section we
will prove:

Proposition 5.1. There is a constant C > 0 depending on § but independent of A such that
[N G )0, (657 = OPw (P Xs” + D) L2550 41 3x) = CPs (5-1)
where b € 58(8 X) does not depend on M\ or the function n.

Proof. The estimate (5-1) is a consequence of the parametrix built in [Vodev 2015]. In what follows we
will recall this construction. We will first proceed locally and then we will use partition of the unity to
get the global parametrix. Fix a point x° € X and let Uy C X be a small open neighbourhood of x°.
Let (x1, x"), x; >0, x"€ Up, be the normal coordinates used in the previous section. Take a function
VA= Co°(Up) and set ¥ = Yo X5+ . As in the previous section, we will construct a parametrix ﬂ$ of
the solution of (1-1) with ftwlxlzo = Op,,(¥) f in the form zﬁ = ¢ (x1)KT f, where ¢ (x1) = x(x1/81),
0 < §; <« 1, is a parameter independent of A to be fixed later on, and

(6 ) = ey @1 [ [ MO Dy, ) £ e dy
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The phase ¢ is complex-valued such that ¢|,,—o = —(x’, §’) and satisfies the eikonal equation mod (’)(x{” ):
(04,9)” + (BX) Vg, Vog) — (1 +i0)n(x) = x}' R, (5-2)

where M >> 1 is an arbitrary integer, and the function R is smooth up to the boundary x; = 0. It is
shown in [Vodev 2015, Section 4] that for (x/, &”) € supp ¥, (5-2) has a smooth solution of the form

M—1
Q= Zx]f(pk(x/7s/’9)v (p():_(x/! %./)’
k=0
satisfying
Ox, @lx;=0 = @1 = —ip. (5-3)

Moreover, taking §; small enough we can arrange that
Img > —3x;Rep > Cxi(€'), C>0, (5-4)
for 0 < x; <3681, (x,&") € supp . The amplitude a is of the form
a= ihfaj(x, £.0),
j=0

where m > 1 is an arbitrary integer and the functions a; satisfy the transport equations mod (’)(xf” ):

2, 00y, aj + 2 (B(x) Ve, Vo)) +i(Axp)a; + Axaj =x{10) . 0<j<m, (5-5)
aply,=0 =¥, ajlx,=0 =0 for j > 1, where a_; = 0 and the functions é;j/ are smooth up to the boundary

x1 = 0. It is shown in [Vodev 2015, Section 4] that the equations (5-5) have unique smooth solutions of
the form

M—1
k
aj= xfa;(x, & 0)
k=0

with functions gy ; € SO_ J (0X) uniformly in 6. We can write

Vi i=h™ (B Ax + (1 +i0)n(0))iy = KT £ +K f,

where
K f=hlAx, 1K f=h(2¢'(x1)0y, +c(x)@"(x))KTF f
— Quhy-d+! / / QUMW EVH 800 A% (£ 1) £ (y') dE
with
Al =2i¢'ade, o+ hed"dy,a,
and
K F)(x) = Qeh) 4+ / / LI &0 E O AL (¢ £ ) £(5') dE' dy

where

m
AT = ¢<x1)(—h—‘x{”7~zMa +x! > higy) +h’”+1Axam).
j=0
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As in the previous section, we will derive Proposition 5.1 from (5-3) and the following:

Lemma 5.2. The function V. satisfies the estimate
IVall gt x) < On ™D F I+ Ou M= £1]. (5-6)
Proof. Let a be a multi-index such that || < 1. In view of (5-4) we have

|/ ilal AT 0% + (h3)*AD| S sup MM <OV = 0 ((h)E DY)
81/2§x1§361

for every integer M > 1. Therefore, the kernel of the operator (A 8)5)"‘1Cfr c L2(0X) —> L*(X) is
Oy (WM~4+1) and hence so is its norm. By (5-4) we also have

xfem Mo/l < xMem & = Oy ((h/(ENM).
This implies
I (ila| AT Y9 + (h 9 AT) = Om ((h/(ENM ™) + Ou((h/(E'N™),
which again implies the desired bound for the norm of the operator (A Eix)"‘lC;r . ]
By the estimates (3-10) and (5-6) we have

[N G m)Op, () = T | 2y 3 3y = Om (A" =) + Oaa (M), (5-7)

where the operator TJ is defined by
Ty f =h3yK" fly=o-

In view of (5-3), we have

(T (') = @)~ / / M= (10, 0(0. X', &, 0) + h ,,a(0, X', €', 1)) £ () dE' dy’
= Op,(p¥) [+ ) W' Opj(ar j(x, &, 6) .
j=0

where a1 ; € S(;j(BX). Hence
Op, (a1 ;) = O(1) : L*(3X) — H} (8X).

Therefore it follows from (5-7) that
We need now the following:

Lemma 5.3. There exists a function b° € Sg(a X)), independent of ) and n, such that

aio—b°e Sy (3X). (5-9)
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Proof. We will calculate the function aj o explicitly. Note that this lemma (as well as Proposition 5.1) is
also used in [Vodev 2015], but the proof therein is not correct since a; ¢ is calculated incorrectly. Therefore
we will give here a new proof. Clearly, it suffices to prove (5-9) with a; o replaced by (1 —n)a; o with some
function n € Cg°(T*dX) independent of /. Since p = —,/ro(1 +(’)(r0_1)) as ro — 00, it is easy to see that

(I=mp~* = (1 =) (—ro) ™ e 55 1(3X) (5-10)

for every integer k > 0, provided 7 is taken such that n = 1 for |£'| < A with some A > 1 big enough.
We will now calculate the function ¢, from the eikonal equation. To this end, write

B(x) = Bo(x") +x1 B (x) + O(x]),  n(x) =no(x) +x1n1(x) + O(x7)
and observe that the left-hand side of (5-2) is equal to
x1(4p192 + 2(BoVego, Vepr) + (B Vo, Vo) — (1 +i0)n1) + O(x}).
Hence, taking into account that g9 = —(x’, &’) and ¢ = —ip, we get
@2 = (2p) " (Bo&', Vi p) + (4ip) 1 (B1&', &) — (1 +i0)(@ip) .
Using the identity
2pVyp =Vyrog—(1+i0)Vyng
we can write ¢; in the form
@2 = (20) H(Bo&', Vro) + (4ip) " (B1E' &) — (1 +16)(2p) *(Bo', Vang) — (1 +i0)(dip)~'n;.

By (5-10) we conclude that, mod S; ' (8X),
(1- n)% = —id7 (1 = n)rg 2 (Bog', Viorg) + (1 — ) (4ro) " (B, £). (5-11)
Write now the operator Ay in the form
Ax =3 + (BoVy, Var) +q1(x)dy, + (92(x"), Vi) + O(x1)
and observe that

Axp =20+ qi1p1 — (g2(x"), §) + O(x1).
We now calculate the left-hand side of (5-5) with j = 0 modulo O(x;). Recall that ag o = . We obtain
2ip1a1,0+2i (BoVygo, Veaoo)+i(Axe)aoo=2igia1,0+2i (Bo&', Vo) +i (202+q1901—(q2(x), §)) .

Since the right-hand side is O(x{), the above function must be identically zero. Thus we get the following
expression for the function a; g:

ar0=—¢; (Bo&', Vorr) — (o7 "0 +27 g1 — 1) Hga(x)), £)) . (5-12)
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Taking into account that ¢ = ¥ on supp(1l — n), we find from (5-10)—(5-12) that (5-9) holds with
bO = i(1—nyry " (Bog’, V)

—47' (1= O(=irg P (Bok, Vuro) +ry (BIE ) +2q1 +2ry Pgn(x), §)). (5-13)
Clearly, b° € Sg (0X) is independent of A and n, as desired. O

Lemma 5.3 implies that
Opj (a0 —b%) = O(1) : L*(3X) — H(8X). (5-14)

Now, using a suitable partition of the unity on d X we can write 1 = ij-zl 1/1}). Hence, we can write the
function y 5+ as ZJJ: | ¥, where ¢ = WJQ X3+ . Since we have (5-8) and (5-14) with v replaced by each v,
we get (5-1) by summing up all the estimates. U

It follows from the estimate (3-11) applied with V = 0 that
AN (A; n)Op, (x9) = O) : L*>(3X) — H} (3X) (5-15)

provided [ImA| > §~* and Re A > Cs > 1. Now Theorem 1.2 follows from (5-15) and Propositions 4.1
and 5.1. Let us now see that Theorem 1.1 follows from Theorem 1.2. Since the operator —h?Ayx > 0is
self-adjoint, we have the bound

1 (= 2ax) x2((—h* Agx — 18| = |V —=h2Asx —1—i0x (—h* Agx—1)5 72 ||
< sup|Vo—1-ifx((c—1)872)|

>0

< sup  o—1|+8] < OE+10]"?) = OB+h?). (5-16)

82<|o—1|<252

On the other hand, it is well known that the operator hp(—Ayx)(1 — x2)((=h>Ayx —1)872) is an h-WDO
in the class OPSé (0X) with principal symbol p(1 — Xé))- This implies the bound

hp(—=Ayx)(1 = x2)((=h*Agx — 1)87%) = Op,(p(1 — x§)) = O(h) : L*(3X) — L*B3X).  (5-17)

It is easy to see that Theorem 1.1 follows from (1-3) together with (5-16) and (5-17). [l

6. Proof of Theorem 2.1
Define the DN maps N;(1), j =1, 2, by
N;(W) f = dvulr,
where v is the Euclidean unit normal to I' and u; is the solution to the equation

{(ch(x)v—i-)»znj(x))uj =0 ingQ, (6-1)
uj=f on I,

and consider the operator

T(A) =caNi() — 2 Na ().
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Clearly, X is a transmission eigenvalue if there exists a nontrivial function f such that T(1)f = 0.
Therefore Theorem 2.1 is a consequence of the following:

Theorem 6.1. Under the conditions of Theorem 2.1, the operator T (\) sends H A+0/2(TY into H—0/2(T),
where k = —1 if (2-2) holds and k =1 if (2-4) holds. Moreover, there exists a constant C > 0 such that
T (A) is invertible for Re A > 1 and |Im A| > C with an inverse satisfying in this region the bound

1T )™ w2y moson) S 14D, (6-2)
where the Sobolev spaces are equipped with the classical norms.

Proof. We may suppose that A € Ac ={L € C:Rer>Cc> 1, |[ImA| <|A|}, 0 <€ « 1, since the case
when A € {Re A > 1}\ A, follows from the analysis in [Vodev 2015]. We will equip the boundary I" with
the Riemannian metric induced by the Euclidean metric gg in €2 and will denote by rg the principal symbol
of the Laplace—Beltrami operator —Ar. We would like to apply Theorem 1.2 to the operators N (1).
However, some modifications must be done coming from the presence of the function ¢; in (6-1). Indeed,
in the definition of the operator AV(1; n) in Section 1, the normal derivative is taken with respect to the
Riemannian metric g; = cj_1 gk, while in the definition of the operator \; (1) it is taken with respect to
the metric gg. The first observation to be done is that the glancing region corresponding to the problem
(6-1) is defined by X; :={(x", &") € T*T :r;(x', £') = 1}, where r; :=mj_1r0, mj = (nj/c;)|r. We define
now the cut-off functions X(?, j by replacing in the definition of Xé’ the function ry by r;. Secondly, the
function p must be replaced by

p;(x', € = /ro(x, ") — (1 +i0)m;(x'), Rep; <O.

With these changes, the operator (1) satisfies the estimate (1-3). Set

s =cipi(l— x5 ) —cama(l— x9,) =1 —c1p1x 1 + 20245 5

where
e (co(xNro(x’, €y —1—1i0)
T=Clp1 —C02= ) (6-3)
c1p1+c202
where ¢ and ¢ are the restrictions on I'" of the functions
ci—c
ciny —cynp and ———MM=—
cinyp —cny

respectively. Clearly, under the conditions of Theorem 2.1, we have ¢(x") # 0 for all x’ € I". Moreover,
(2-2) implies ¢y = 0, while (2-4) implies co(x") < 0 for all x” € T". Hence,

0<Ci=Z|egro—1—-1i0| <C,

if (2-2) holds, and
0 < Ci{ro) =< |coro — 1 —i0] =< Ca(ro)

if (2-4) holds. Using this, together with (6-3), and the fact that p; ~ —,/r¢ as ro — oo, we get
0 < CH{EN" < C1{ro)*/? < || < Cafro)*? < C (€Y, (6-4)
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where k = —1if (2-2) holds and k = 1 if (2-4) holds. Let n € C3°(T*T") be such that =1 on |&'] < A and
n=0on |§'| > A+ 1, where A > 1 is a big parameter independent of A and §. Taking A big enough we
can arrange that (1 — )75 = (1 — )7. On the other hand, we have 175 = nt + O(8 + |0|'/?). Therefore,
taking 6 and |6| small enough, we get from (6-4) that the function ts satisfies the bounds

Ciig)* < lwsl < Ca (" (6-5)

with positive constants Cand C, independent of § and 6. Furthermore, one can easily check that (1—n)t €
Sé‘ (') and nts € Sy 2(F). Hence, 75 € S(’)‘(F), which in turn implies that the operator Op,,(75) sends

HU+P/2(T) into HI~H/2(T"). Moreover, it follows from (6-5) that the operator Op,, (ts) : H}EHWZ(F) —

H,fl_k)/ 2(I“) is invertible with an inverse satisfying the bound

10p;, (zs)~"! =072y gr+o2 @y < € (6-6)

with a constant C > 0 independent of A and 8. We now apply Theorem 2.1 to the operators ;(1). We
get, for A € A, |ImA| > Cs > 1, ReA > C¢ 5> 1, that

12T (&) — Opy, (zs)|l 2(ry— r2(ry < €6 (6-7)
in the anisotropic case, and
AT () — Oph(TS)HLZ(r‘)HH}}([‘) <Céo (6-8)

in the isotropic case, where C > 0 is a constant independent of A and §. We introduce the operators
A1(A) = (AT (1) — Op,,(15))O0p;, (ts) ™",
Az (1) = Opy (15) ™' (hT (M) — Opy, (1))
It follows from (6-6)—(6-8) that in the anisotropic case we have the bound
AT M) L2y 22y < C'8, (6-9)
while in the isotropic case we have the bound
AW 21y L2y < €8, (6-10)

where C’ > 0 is a constant independent of A and §. Hence, taking § small enough we can arrange that the
operators 1+ A;(A) are invertible on L?(I") with inverses whose norms are bounded by 2. We now write
the operator AT (1) as

hT () = (14 A1(2))Op(1s)
in the anisotropic case, and as
hT (1) = Opy,(z5) (1 + A2(2))

in the isotropic case. Therefore, the operator 27 (A) is invertible in the desired region and by (6-6) we get
the bound

(T ()~ g7y 4072y < 2C. (6-11)

Passing from semiclassical to classical Sobolev norms, one can easily see that (6-11) implies (6-2). [
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7. Proof of Theorem 2.2
We keep the notations from the previous section. Theorem 2.2 is a consequence of the following:

Theorem 7.1. Under the conditions of Theorem 2.2, there exists a constant C > 0 such that the operator
T :HY () — L*() is invertible for Re . > 1 and [Im A| > C log(Re A + 1) with an inverse satisfying
in this region the bound

17D M2y 2y S 1 (7-1)

Proof. As in the previous section we may suppose that A € A.. We will again make use of the identity
(6-3) with the difference that under the condition (2-6) we have co(x’) > 0 for all x’ € I". This means
that |7| can get small near the characteristic variety ¥ = {(x/, §’) € T*I" : r(x/, ') = 1}, where r := cqro.
Clearly, the assumption (2-7) implies that 31 N X, = @. This in turn implies that ¥ N%; =&, j=1,2.
Indeed, if we suppose that there is a ;‘0 € XNXjfor j=1or j =2, thenitis easy to see that ;0 € X1 Ny,
which however is impossible in view of (2-7). Therefore, we can choose a cut-off function x? e C®(T*T)
such that x° = 1 in a small neighbourhood of ¥, x° = 0 outside another small neighbourhood of X, and
supp x°N'E ; =4, j=1,2. This means that supp % belongs either to the hyperbolic region {ri<l-— 82}
or to the elliptic region {r; > 1 + 82}, provided § > 0 is taken small enough. Therefore, we can use
Propositions 4.1 and 5.1 to get the estimate

|2 0P, (x™) = Opy (1 x ") | oyo 2y SH+ e ClmA,
which implies
[T (1)0P, (X" = OPL (T X )| L2y 2y S H €™M (7-2)

It follows from (6-3) that near ¥ the function 7 is of the form 7 = 75(r — 1 — i0) with some smooth
function 79 # 0. We now extend 7( globally on 7*I" to a function 7y € Sg (") such that 7y = 7 on supp XO
and |7p| > const.> 0 on T*T". Hence, we can write the operator Opj, (t x°) as

Op;,(1x") = Op;,(x")Op,, (70) (B — i6) + O(h).
where B = %Oph r—D+ %Oph (r — 1)* is a self-adjoint operator. Hence
B-io) '=06™"H: L*(") — L*(I).
Since T is globally elliptic, we also have

Op, (F0) ' = O1) : L*(T") — L*(I).
This implies
Ky = 0p;, (x*)(B—i6)~'0p, (7)) ™' = O(I6|™) : L*(I) — L*(T")

and (7-2) leads to the estimate

IRT (WK1 —Op, (Xl 2y 220y S 1017 (R4 e~y S Im A~ +Rere €M <5 (7-3)
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for any 0 < § < 1, provided [Im 1| > Cslog(Re 1), Re A > 55 with some constants Cs, 55 > 0. On the
other hand, by Theorem 1.2 we have, for A € A, |[ImA|>Cs > 1, ReA > Ccs > 1,

|AT (1)Op, (1 = x*) = Opy (zs(1 = XN | 120y 12y < € (7-4)

As in the proof of (6-5), one can see that the function t; satisfies
CiE) < Il < Ca(&") on supp(l — x°) (7-5)

with positive constants c 1 and C » independent of § and 6. Moreover, t5 € S(% (I"). We extend the function
on the whole of T*I" to a function 75 € Sé (I") such that 75(1 — x%) = 75(1 — x°) and

~

Ci(g) < |15 < C5(&") on T'T. (7-6)
Hence
10p;, () Nl 2 ry— 12r) < C (7-7)

with a constant C > 0 independent of A and §. By (7-4) and (7-7) we obtain
|AT (K2 = Op, (1= X0 2 ry s 12y < €8 (7-8)
with a new constant C > 0 independent of A and §, where

K3 :=O0p;,(1 — x)0p,(F) "' = O(1) : L*(T") — L*(T).
By (7-3) and (7-8),

|nT Q) (K + K2) — <(C+Ds. (7-9)

1 H L2(T)—L%(I)

It follows from (7-9) that if § is taken small enough, the operator AT (A) is invertible with an inverse
satisfying the bound

IRT ) N 2yo 22y < 20K 12y 220y + 21 Kol 20y 2oy S 10171+ 1. (7-10)

It is easy to see that (7-10) implies (7-1). U
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