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HARDY–LITTLEWOOD INEQUALITIES
ON COMPACT QUANTUM GROUPS OF KAC TYPE

SANG-GYUN YOUN

The Hardy–Littlewood inequality on the circle group T compares the Lp-norm of a function with a
weighted `p-norm of its sequence of Fourier coefficients. The approach has recently been explored for
compact homogeneous spaces and we study a natural analogue in the framework of compact quantum
groups. In particular, in the case of the reduced group C �-algebras and free quantum groups, we establish
explicit Lp � `p inequalities through inherent information of the underlying quantum groups such as
growth rates and the rapid decay property. Moreover, we show sharpness of the inequalities in a large
class, including G a compact Lie group, C �r .G/ with G a polynomially growing discrete group and free
quantum groups OCN , SCN .

1. Introduction

Hardy and Littlewood [1927] showed that there exists a constant Cp for each 1 < p � 2 such that�X
n2Z

1

.1Cjnj/2�p
j Of .n/jp

�1
p

� Cpkf kLp.T/ (1-1)

for all f 2 Lp.T/, where . Of .n//n2Z is the sequence of Fourier coefficients of f .
This implies the multiplier

Fw W Lp.T/! `p.Z/; f 7! .w.n/ Of .n//n2Z; with w.n/ WD
1

.1Cjnj/
2�p
p

;

is bounded. Moreover, this is a stronger form of the Hardy–Littlewood–Sobolev embedding theorem

H
1
p
� 1
q

p .T/� Lq.T/ for all 1 < p < q <1;

where H s
p .T/ WD ff 2L

p.T/ W .1��/
s
2 .f / 2Lp.T/g is the Bessel potential space [Bényi and Oh 2013].

The Hardy–Littlewood inequality (1-1) has been studied on compact abelian groups by Hewitt and
Ross [1974] and was recently extended to compact homogeneous manifolds by Akylzhanov, Nursultanov
and Ruzhansky [Akylzhanov et al. 2015; 2016]. For compact Lie groups G with real dimension n, the
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2015 paper’s result can be rephrased thus: for each 1 < p � 2, there exists a constant Cp > 0 such that� X
�2Irr.G/

1

.1C ��/
n.2�p/
2

n
2�p

2
� k Of .�/k

p
HS

�1
p

� Cpkf kLp.G/ for all f 2 Lp.G/: (1-2)

Here, Irr.G/ denotes a maximal family of mutually inequivalent irreducible unitary representations
of G, kAkHS WD tr.A�A/

1
2 and the Laplacian operator � on G satisfies � W �i;j 7! ����i;j for all

� D .�i;j /1�i;j�n� 2 Irr.G/ and all 1� i; j � n� .
The left-hand side of the inequality (1-2) can be shown to dominate a more familiar quantity, which is

a natural weighted `p-norm of its sequence of Fourier coefficients:� X
�2Irr.G/

1

.1C ��/
n.2�p/
2

n�k Of .�/k
p

S
p
n�

�1
p

� Cpkf kLp.G/: (1-3)

Here, kAkSpn D tr.jAjp/
1
p is called the Schatten p-norm with respect to the (unnormalized) trace.

A notable point is that the Hardy–Littlewood inequalities on compact Lie groups (1-2) are determined
by inherent geometric information, namely the real dimension and the natural length function on Irr.G/.
Indeed, � 7!

p
�� is equivalent to the natural length k � k on Irr.G/ (see Remark 6.1).

The main purpose of this paper is to establish new Hardy–Littlewood inequalities on compact quantum
groups of Kac type by utilizing geometric information of the underlying quantum groups. As part of such
efforts, we will present some explicit inequalities on important examples and such examples are listed
as follows. The reduced group C �-algebras C �r .G/ of discrete groups G, the free orthogonal quantum
groups OCN and the free permutation quantum groups SCN are main targets. Of course, noncommutative
Lp analysis on quantum groups is widely discussed from various perspectives [Caspers 2013; Franz et al.
2017; Junge et al. 2014; 2017; Wang 2017]. For the details of an operator algebraic approach to quantum
groups themselves, see [Kustermans and Vaes 2000; 2003; Timmermann 2008; Woronowicz 1987].

In order to clarify our intention, let us show the main results of this paper on compact matrix quantum
groups, which can be known to admit the natural length function j � j W Irr.G/!f0g[N (see Definition 3.3
and Proposition 3.4). The following inequalities are determined by inherent information of the underlying
quantum groups, namely growth rates and the rapid decay property.

Theorem 1.1. Let G be a compact matrix quantum group of Kac type and denote by j � j the natural
length function on Irr.G/.

(1) Let G have a polynomial growth with
P
˛2Irr.G/Wj˛j�k n

2
˛ � .1C k/

 and  > 0. Then, for each
1 < p � 2, there exists a universal constant K DK.p/ such that� X

˛2Irr.G/

1

.1Cj˛j/.2�p/
n˛k Of .˛/k

p

S
p
n˛

�1
p

�

� X
˛2Irr.G/

1

.1Cj˛j/.2�p/
n
2�p

2
˛ k Of .˛/k

p
HS

�1
p

�Kkf kLp.G/

(1-4)
for all f �

P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.

(2) Let yG have the rapid decay property with universal constants C; ˇ > 0 such that

kf kL1.G/ � C.1C k/
ˇ
kf kL2.G/
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for all f 2 span.fu˛i;j W j˛j D k; 1� i; j � n˛g/. Define

sk WD
X

˛2Irr.G/
j˛jDk

n2˛:

Then, for each 1 < p � 2, there exists a universal constant K DK.p/ such that�X
k�0

X
˛2Irr.G/
j˛jDk

1

s
.2�p/
2

k
.1C k/.2�p/.ˇC1/

n˛k Of .˛/k
p

S
p
n˛

� 1
p

�

�X
k�0

1

.1C k/.2�p/.ˇC1/

� X
˛2Irr.G/
j˛jDk

n˛k Of .˛/k
2
HS

�p
2
�1
p

�Kkf kLp.G/ (1-5)

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.

In particular, it is known that the rapid decay property of FN can be strengthened in a general
holomorphic setting [Kemp and Speicher 2007]. The improved result is called the strong Haagerup
inequality. Based on these data, it can be shown that we can improve the Hardy–Littlewood inequality on
C �r .FN / by focusing on holomorphic forms. Theorem 5.3 justifies the claim and it seems appropriate to
call the improved result a “strong Hardy–Littlewood inequality”.

A natural perspective on the Hardy–Littlewood inequalities on compact Lie groups is that a properly
chosen weight function w W Irr.G/! .0;1/ makes the corresponding multiplier

Fw W Lp.G/! `p. yG/; given by f 7! .w.�/ Of .�//�2Irr.G/;

bounded for each 1 < p � 2. Indeed, our newly derived Hardy–Littlewood inequalities on compact
quantum groups will give a specific pair .r; s/ whose corresponding multiplier Fwr;s is bounded, where

wr;s.˛/ WD
1

r j˛j.1Cj˛j/s
:

Moreover, in Section 6, we will show that there is no better pair .r 0; s0/ in that Fr 0;s0 is unbounded
whenever (1) r 0 < r or (2) r 0 D r , s0 < s if G is one of the following: G a compact Lie group, C �r .G/
with polynomially growing discrete groups or one of the free quantum groups OCN , SCN . See Theorem 6.6.

This approach is quite natural because it is strongly related to Sobolev embedding properties. We will
explore how they are related in Sections 6 and 7B. Indeed, forGDTd , we have Fw0;s WLp.Td /! `p.Zd /

is bounded if and only if

H
ps
2�p

. 1
q
� 1
r
/

q .Td /� Lr.Td / for all 1 < q < r <1;

where H s
p .T

d / is the Bessel potential space.
Lastly, in Section 7, we present some remarks that follow from this approach. We show that many free

quantum groups do not admit infinite (central) Sidon sets and give a Sobolev embedding theorem-type
interpretation of our results to C.G/ with compact Lie groups and C �r .G/ with polynomially growing
discrete groups G. Also, we present an explicit inequality on quantum torus Td

�
, which is not a quantum

group [Sołtan 2010].
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2. Preliminaries

2A. Compact quantum groups. A compact quantum group G is given by a unital C �-algebra A and a
unital �-homomorphism � W A! A˝minA satisfying

(1) .�˝ id/ ı�D .id˝�/ ı�;

(2) spanf�.a/.b˝ 1A/ W a; b 2 Ag and spanf�.a/.1A˝ b/ W a; b 2 Ag are dense in A.

Every compact quantum group admits a unique Haar state h on A such that

.h˝ id/.�.x//D h.x/1A D .id˝ h/.�.x// for all x 2 A:

A finite-dimensional representation of G is given by an element u D .ui;j /1�i;j�n 2Mn.A/ such
that �.ui;j / D

Pn
kD1 ui;k ˝ uk;j for all 1 � i; j � n. We say that the representation u is unitary if

u�uD uu� D Idn˝ 1A 2Mn.A/ and irreducible if fX 2Mn W XuD uXg D C � Idn, where Idn is the
identity matrix in Mn.

We say that finite-dimensional unitary representations u1 and u2 are equivalent if there exists a unitary
matrix X such that u1X DXu2 and let fu˛ D .u˛i;j /1�i;j�n˛g˛2Irr.G/ be a maximal family of mutually
inequivalent finite-dimensional unitary irreducible representations of G. It is well known that there is a
unique positive invertible matrix Q˛ 2Mn˛ for each ˛ 2 Irr.G/ such that tr.Q˛/D tr.Q�1˛ / and

h..u
ˇ
s;t /
�u˛i;j /D

ı˛;ˇ ıj;t .Q
�1
˛ /i;s

tr.Q˛/
for all ˛; ˇ 2 Irr.G/; 1� i; j � n˛; 1� s; t � nˇ ;

h.u
ˇ
s;t .u

˛
i;j /
�/D

ı˛;ˇ ıi;s.Q˛/j;t

tr.Q˛/
for all ˛; ˇ 2 Irr.G/; 1� i; j � n˛; 1� s; t � nˇ :

We say that G is of Kac type ifQ˛D Idn˛ 2Mn˛ for all ˛2 Irr.G/. In this case, the Haar state h is tracial.
Lastly, we define Cr.G/ as the image of A in the GNS representation with respect to the Haar state h

and L1.G/ WD Cr.G/00. The Haar state h has a normal faithful extension to L1.G/.

2B. Noncommutative Lp-spaces. Let M be a von Neumann algebra with a normal faithful tracial state �.
Note that the von Neumann algebra M admits the unique predual M�. We define L1.M; �/ WDM� and
L1.M; �/ WDM, and then consider a contractive injection j WM!M�, given by Œj.x/�.y/ WD h.yx/
for all y 2M. The map j has dense range.

Now .M;M�/ is a compatible pair of Banach spaces and for all 1 < p <1, we can define noncom-
mutative Lp-space Lp.M; �/ WD .M;M�/ 1

p
, where . � ; � / 1

p
is the complex interpolation space. For

any x 2 L1.M; �/, its Lp-norm, for all 1� p <1, is given by

kxkLp.M;�/ D �.jxj
p/

1
p:

In particular, for all 1� p �1, we denote by Lp.G/ the noncommutative Lp-space associated with
the von Neumann algebra L1.G/ of a compact quantum group G of Kac type and the tracial Haar state h.
Then the space of polynomials

Pol.G/ WD span
�
fu˛i;j W ˛ 2 Irr.G/; 1� i; j � n˛g

�
is dense in Cr.G/ and Lp.G/ for all 1� p <1.
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Under the assumption that G is of Kac type, for 1� p <1,

`p.yG/ WD

�
.A˛/˛2Irr.G/ 2

Y
˛2Irr.G/

Mn˛ W

X
˛2Irr.G/

n˛ tr.jA˛jp/ <1
�

and the natural `p-norm of .A˛/˛2Irr.G/ 2 `
p.yG/ is defined by

k.A˛/˛2Irr.G/k`p.yG/ WD

� X
˛2Irr.G/

n˛ tr.jA˛jp/
�1
p

D

� X
˛2Irr.G/

n˛kA˛k
p

S
p
n˛

�1
p

:

Also,

`1.yG/ WD

�
.A˛/˛2Irr.G/ 2

Y
˛2Irr.G/

Mn˛ W sup
˛2Irr.G/

kA˛k<1

�
and the `1-norm of .A˛/˛2Irr.G/ 2 `

1.yG/ is defined by

k.A˛/˛2Irr.G/k`1.yG/ WD sup
˛2Irr.G/

kA˛k:

It is known that `1.yG/D .`1.yG//� and `p.yG/D
�
`1.yG/; `1.yG/

�
1
p

for all 1 < p <1. For details
and more general framework of noncommutative Lp theory, see [Haagerup 1979; Pisier and Xu 2003;
Xu 2007].

2C. Fourier analysis on compact quantum groups. For a compact quantum group G, the Fourier trans-
form F W L1.G/! `1.yG/,  7! y , is defined by

. y .˛//i;j WD  ..u
˛
j;i /
�/ for all ˛ 2 Irr.G/; 1� i; j � n˛:

It is also known that F is an injective contractive map and it is an isometry from L2.G/ onto `2.yG/
[Wang 2017, Propositions 3.1 and 3.2]. Then, by the interpolation theorem, we are able to induce the
Hausdorff–Young inequality again; i.e., F is a contractive map fromLp.G/ into `p

0

.yG/ for each 1�p�2,
where p0 is the conjugate of p.

We define the Fourier series of f 2 L1.G/ by
P
˛2Irr.G/ d˛ tr. Of .˛/Q˛u˛/ and denote it by f �P

˛2Irr.G/ d˛ tr. Of .˛/Q˛u˛/. In particular, if G is of Kac type, the Fourier series is of the form f �P
˛2Irr.G/ n˛ tr. Of .˛/u˛/.

2D. The reduced group C �-algebras. The reduced group C �-algebra C �r .G/ can be defined for all
locally compact groups, but we only consider discrete groups in this paper since we aim to regard it as a
compact quantum group.

Definition 2.1. Let G be a discrete group and define �g 2 B.`2.G// for each g 2G by

Œ.�g/.f /�.x/ WD f .g
�1x/ for all x 2G:

Then the reduced group C �-algebra C �r .G/ is defined as the norm-closure of the space span.f�g W g 2Gg/
inB.`2.G//. Moreover, we define a comultiplication� WC �r .G/!C �r .G/˝minC

�
r .G/ by �g 7!�g˝�g

for all g 2G. Then .C �r .G/;�/ forms a compact quantum group.

Note that, for GD .C �r .G/;�/ of a discrete group G, it is of Kac type and L1.G/ is nothing but the
group von Neumann algebra VN.G/ and Irr.G/D f�ggg2G can be identified with G. In this case, we
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use the notation Lp.VN.G//D Lp.G/ conventionally. In particular, L1.VN.G// is called the Fourier
algebra, denoted by A.G/. It is well known that A.G/ embeds contractively into C0.G/, so that A.G/
can be considered as a function space on G.

2E. Free quantum groups of Kac type.

Definition 2.2 (free orthogonal quantum group [Wang 1995]). Let N � 2 and A be the universal unital
C �-algebra, which is generated by the N 2 self-adjoint elements ui;j with 1 � i; j � N satisfying the
relations

NX
kD1

uk;iuk;j D

NX
kD1

ui;kuj;k D ıi;j for all 1� i; j �N:

Also, we define a comultiplication � W A! A˝min A by ui;j 7!
PN
kD1 ui;k ˝ uk;j . Then .A;�/

forms a compact quantum group called the free orthogonal quantum group. We denote it by OCN .

Definition 2.3 (free permutation quantum group [Wang 1998]). Let N � 2 and A be the universal unital
C �-algebra generated by the N 2 self-adjoint elements ui;j with 1� i; j �N satisfying the relations

u2i;j D ui;j D u
�
i;j and

NX
kD1

ui;k D

NX
kD1

uk;j D 1A for all 1� i; j �N:

Also, we define a comultiplication � W A! A˝min A by ui;j 7!
PN
kD1 ui;k ˝ uk;j . Then .A;�/

forms a compact quantum group called the free permutation quantum group. We denote it by SCN .

These free quantum groups are of Kac type, so that the Haar states are tracial states. Also, for all
N � 2, the families Irr.OCN / and Irr.SCNC2/ can be identified with f0g[N. Moreover,

nk D kC 1 if GDOC2 ;

nk D 2kC 1 if GD SC4 ;

nk � r
k
0 if GDOCN or SCNC2 with N � 3;

where r0 is the largest solution of the equation X2�NX C 1D 0 [Banica and Vergnioux 2009].

2F. The noncommutative Marcinkiewicz interpolation theorem. The classical Marcinkiewicz interpo-
lation theorem [Folland 1999, Theorem 6.28] has a natural noncommutative analogue for semifinite von
Neumann algebras. Throughout this paper, we say that a map T W Lp.M/! Lq.N / is sublinear if for
any x; y 2 Lp.M/ and ˛ 2 C

jT .xCy/j � jT .x/jC jT .y/j and jT .˛x/j D j˛jjT .x/j:

The following theorem is a special case of [Bekjan and Chen 2012, Theorem 2.1]. Denote by L0.M/

the topological �-algebra of measurable operators with respect to .M; �/.

Theorem 2.4 (the noncommutative Marcinkiewicz interpolation theorem). LetM andN be von Neumann
algebras equipped with normal semifinite faithful traces � and respectively and let 1�p1<p<p2<1.
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Assume that a sublinear mapA WL0.M/!L0.N / satisfies the following conditions: there existC1; C2>0
such that for any T1 2 Lp1.M/, T2 2 Lp2.M/ and any y > 0,

 
�
1.y;1/.jAT1j/

�
�

�
C1

y

�p1
kT1k

p1
Lp1 .M/

;  
�
1.y;1/.jAT2j/

�
�

�
C2

y

�p2
kT2k

p2
Lp2 .M/

: (2-1)

Then A W Lp.M/! Lp.N / is a bounded map.

Proof. Choose a specific Orlicz function ˆ.t/D tp. Then pˆ D qˆ D p under the notation of [Bekjan
and Chen 2012, Theorem 2.1]. �

If the sublinear operator A satisfies the left condition of the inequality (2-1), then we say that A is of
weak type .p1; p1/. Also, the boundedness of A W Lp.M/! Lp.N / implies A is of weak type .p; p/.

Now denote the space of all functions on the discrete space Irr.G/ by c.Irr.G/; �/ with a positive
measure �. Then the theorem above is reformulated as follows:

Corollary 2.5. Let G be a compact quantum group of Kac type and let 1� p1 < p < p2 <1. Assume
that A W L1.G/! c.Irr.G/; �/ is sublinear and satisfies the following conditions: there exist C1; C2 > 0
such that for any T1 2 Lp1.G/, T2 2 Lp2.G/ and any y > 0,X

˛W j.AT1/.˛/j�y

�.˛/�

�
C1

y

�p1
kT1k

p1
Lp1 .G/

;
X

˛W j.AT2/.˛/j�y

�.˛/�

�
C2

y

�p2
kT2k

p2
Lp2 .G/

:

Then A W Lp.G/! `p.Irr.G/; �/ is a bounded map.

3. Paley-type inequalities

3A. General approach. In this subsection, a Paley-type inequality is derived for compact quantum
groups of Kac type by employing fundamental techniques such as the Hausdorff–Young inequality, the
Plancherel theorem and the noncommutative Marcinkiewicz interpolation theorem.

We prove the following theorem by adapting techniques used in [Akylzhanov et al. 2015].

Theorem 3.1. Let G be a compact quantum group of Kac type and let w W Irr.G/! .0;1/ be a function
such that Cw WD supt>0

˚
t �
P
˛W w.˛/�t n

2
˛

	
<1. Then, for each 1 < p � 2, there exists a universal

constant K DK.p/ > 0 such that� X
˛2Irr.G/

w.˛/2�pn
2�p

2
˛ k Of .˛/k

p
HS

�1
p

�Kkf kLp.G/ (3-1)

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.

Proof. Put �.˛/ WD w.˛/2n2˛. We will show that the sublinear operator

A W L1.G/! c.Irr.G/; �/; f 7!

�
k Of .˛/kHS
p
n˛w.˛/

�
˛2Irr.G/

;

is a well-defined bounded map from Lp.G/ into `p.Irr.G/; �/ for all 1 < p � 2.
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First of all, X
˛2Irr.G/

k.Af /.˛/k2HS�.˛/D
X

˛2Irr.G/

n˛k Of .˛/k
2
HS D kf k

2
L2.G/

:

This implies A W L2.G/! `2.Irr.G/; �/ is an isometry.
Second, for all y > 0, since

k Of .˛/kHS
p
n˛

D

�
tr. Of .˛/� Of .˛//

n˛

�1
2

� k Of .˛/k � kf kL1.G/;

we have X
˛W kAf.˛/kHS�y

�.˛/�
X

˛W w.˛/�
kf k1
y

w.˛/2n2˛ D
X

˛W w.˛/�
kf k1
y

Z w.˛/2

0

n2˛ dx

D

Z . kf k1
y
/
2

0

� X
˛W x

1
2�w.˛/�

kf k1
y

n2˛

�
dx (by the Fubini theorem)

D 2

Z kf k1
y

0

t

� X
˛W t�w.˛/�

kf k1
y

n2˛

�
dt (by substituting x to t2)

� 2Cw
kf k1

y
:

This shows that A is of weak type .1; 1/ with C1 D 2Cw .
Now, by Corollary 2.5,� X

˛2Irr.G/

w.˛/2�pn
p. 2

p
� 1
2
/

˛ k Of .˛/k
p
HS

�1
p

. kf kLp.G/: �

The left-hand side of the inequality (3-1) dominates a more familiar quantity, which is a natural weighted
`p-norm of the sequence of Fourier coefficients . Of .˛//˛2Irr.G/. Recall that the natural noncommutative
`p-norm on `1.yG/D `1�

L
˛2Irr.G/Mn˛ is given by

k.A˛/˛2Irr.G/k`p.yG/ D

� X
˛2Irr.G/

n˛kA˛k
p

S
p
n˛

�1
p

under the condition where G is of Kac type.

Corollary 3.2. Let 1 < p � 2 and w be a function which satisfies the condition of Theorem 3.1. Then we
have that � X

˛2Irr.G/

w.˛/2�pn˛k Of .˛/k
p

S
p
n˛

�1
p

�Kkf kLp.G/

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.
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Proof. First of all,
tr.j Of .˛/jp/D k Of .˛/kp

S
p
n˛

:

Put 1
r
D

1
p
�
1
2

. Then 2 < r �1 and

tr.j Of .˛/jp/� k Of .˛/kpHS kIdn˛k
p

Srn˛
D n

1�p
2

˛ k Of .˛/k
p
HS: �

Now we discuss an important subclass of compact quantum groups, namely compact matrix quantum
groups which admit the natural length function on Irr.G/.

Definition 3.3. A compact matrix quantum group is given by a triple .A;�; u/, where A is a unital C �-
algebra A, � WA!A˝minA is a �-homomorphism and uD .ui;j /1�i;j�n 2Mn.A/ is a unitary such that

(1) � W ui;j 7!
Pn
kD1 ui;k˝uk;j ,

(2) NuD .u�i;j /1�i;j�n is invertible in Mn.A/,

(3) fui;j g1�i;j�n generates A as a C �-algebra.

By definition, the free orthogonal quantum groups OCN and the free permutation quantum groups SCN
are compact matrix quantum groups. Also, in the class of compact quantum groups, the subclass of
compact matrix quantum groups is characterized by the following proposition. The conjugate N̨ 2 Irr.G/
of ˛ 2 Irr.G/ is determined by u N̨ WDQ

1
2
˛ Nu

˛Q
� 1
2

˛ .

Proposition 3.4 [Timmermann 2008]. A compact quantum group is a compact matrix quantum group if
and only if there exists a finite set S WD f˛1; : : : ; ˛ng � Irr.G/ such that any ˛ 2 Irr.G/ is contained in
some iterated tensor product of elements ˛1; N̨1; : : : ; ˛n; N̨n and the trivial representation.

Then there is a natural way to define a length function on Irr.G/ [Vergnioux 2007]. For nontrivial
˛ 2 Irr.G/, the natural length j˛j is defined by

min
˚
m 2 N W 9ˇ1; : : : ; ˇm such that ˛ � ˇ1˝ � � �˝ˇm; ǰ 2 f˛k; N̨kg

n
kD1

	
:

The length of the trivial representation is defined by 0.
Then it becomes possible to extract explicit inequalities from Theorem 3.1 and Corollary 3.2 by

inserting geometric information of the underlying quantum groups, namely growth rates that are estimated
by the quantities bk WD

P
j˛j�k n

2
˛ [Banica and Vergnioux 2009].

Corollary 3.5. Let a compact matrix quantum group G of Kac type satisfy

bk D
X

˛2Irr.G/
j˛j�k

n2˛ � C.1C k/
 for all k � 0 with C;  > 0

with respect to the natural length function. Then, for each 1 < p � 2, there exists a universal constant
K DK.p/ such that� X
˛2Irr.G/

1

.1Cj˛j/.2�p/
n˛k Of .˛/k

p

S
p
n˛

�1
p

�

� X
˛2Irr.G/

1

.1Cj˛j/.2�p/
n
2�p

2
˛ k Of .˛/k

p
HS

�1
p

�Kkf kLp.G/

(3-2)
for all f �

P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.
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Proof. Consider the weight function w.˛/ WD 1=.1Cj˛j/ . Then

sup
t>0

�
t �

X
˛Wj˛j�t�1=�1

n2˛

�
D sup
0<t�1

�
t �

X
˛Wj˛j�t�1=�1

n2˛

�
� C sup

0<t�1

t � .t�
1
 / D C:

Now the conclusion is reached by Theorem 3.1 and Corollary 3.2. �

3B. A Paley-type inequality under the rapid decay property. In this subsection, we still assume that G

is a compact matrix quantum group of Kac type. One of the major observations of this paper is that
more detailed geometric information improves Theorem 3.1 and Corollary 3.2 in various “exponentially
growing” cases. A more refined Paley-type inequality can be obtained under the condition that yG has the
rapid decay property in the sense of [Vergnioux 2007].

Definition 3.6 [Vergnioux 2007]. Let G be a compact matrix quantum group of Kac type. Then we say
that yG has the rapid decay property with respect to the natural length function on Irr.G/ if there exist
C; ˇ > 0 such that X

˛2Irr.G/
j˛jDk

nX̨
i;jD1

a˛i;ju
˛
i;j


L1.G/

� C.1C k/ˇ
 X
˛2Irr.G/
j˛jDk

nX̨
i;jD1

a˛i;ju
˛
i;j


L2.G/

(3-3)

for any k � 0 and scalars a˛i;j 2 C.

Notation. (1) When the natural length function on Irr.G/ is given, we use the notation

Sk WD f˛ 2 Irr.G/ W j˛j D kg and sk WD
X
˛2Sk

n2˛:

(2) We denote by pk the orthogonal projection from L2.G/ to the closure of

span
�
fu˛i;j W ˛ 2 Sk; 1� i; j � n˛g

�
:

Proposition 3.7. Suppose a compact matrix quantum group G is of Kac type and yG has the rapid decay
property with respect to the natural length function on Irr.G/ and with inequality (3-3). Then we have

sup
k�0

�P
˛2Irr.G/Wj˛jDk n˛k

Of .˛/k2HS

� 1
2

.kC 1/ˇ
� Ckf kL1.G/ for all f 2 L1.G/: (3-4)

Proof. Since L1.G/ is isometrically embedded into the dual space M.G/ WD Cr.G/� and Pol.G/ is dense
in Cr.G/, we have

kf kL1.G/ D sup
x2Pol.G/
kxkL1.G/�1

hf; xiL1.G/;L1.G/ D sup
x2Pol.G/
kxkL1.G/�1

hf; x�iL1.G/;L1.G/

D sup
x2Pol.G/
kxkL1.G/�1

X
˛2Irr.G/

n˛ tr. Of .˛/ Ox.˛/�/
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� sup
x2Pol.G/P

k�0C.kC1/
ˇ.
P
˛Wj˛jDk n˛k Ox.˛/k

2
HS/

1=2
�1

X
˛2Irr.G/

n˛ tr. Of .˛/ Ox.˛/�/

� sup
k�0

sup
.
P
˛Wj˛jDk n˛k Ox.˛/k

2
HS/

1=2
�1

X
˛2Irr.G/
j˛jDk

n˛

C.kC 1/ˇ
tr. Of .˛/ Ox.˛/�/

D sup
k�0

�P
˛2Irr.G/Wj˛jDk n˛k

Of .˛/k2HS

� 1
2

C.kC 1/ˇ
: (3-5)

This completes the proof. �

Theorem 3.8. Let a compact matrix quantum group G be of Kac type and yG have the rapid decay property
with respect to the natural length function on Irr.G/ and with inequality (3-3). Also, suppose that a weight
function w W f0g[N! .0;1/ satisfies

Cw WD sup
y>0

�
y �

X
k�0W .kC1/

ˇ

w.k/
� 1
y

.kC 1/2ˇ
�
<1: (3-6)

Then, for each 1 < p � 2, there exists a universal constant K DK.p/ > 0 such that�X
k�0

w.k/2�p
� X
˛2Irr.G/
j˛jDk

n˛k Of .˛/k
2
HS

�p
2
�1
p

�Kkf kLp.G/ (3-7)

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.

Proof. Put �.k/ WD w.k/2. We will show that the sublinear operator

A W L1.G/! c.f0g[N; �/; f 7!

�
kpk.f /kL2.G/

w.k/

�
k�0

;

is a well-defined bounded map from Lp.G/ into `p.f0g[N; �/ for all 1 < p � 2.
First of all, X

k�0

�
kpk.f /kL2.G/

w.k/

�2
�.k/D

X
k�0

kpk.f /k
2
L2.G/

D kf k2
L2.G/

:

Therefore, A W L2.G/! `2.f0g[N; �/ is an isometry.
Secondly, for all y > 0, X

k�0
.Af /.k/>y

�.k/�
X

kW w.k/
.kC1/ˇ

<
Ckf k

L1.G/
y

w.k/2

by Proposition 3.7.
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Now put Qw.k/ WD w.k/=.kC 1/ˇ. Then

X
kW Qw.k/<

Ckf k
L1.G/
y

Z Qw.k/2
0

.kC1/2ˇ dx�

Z .Ckf kL1.G/
y

/
2

0

X
kW
p
x� Qw.k/

.kC1/2ˇ dx

D 2

Z Ckf k
L1.G/
y

0

t �
X

kWt� Qw.k/

.kC1/2ˇ dt (by substituting xD t2)

�
2CwCkf kL1.G/

y
:

Therefore, by Corollary 2.5, we can obtain�X
k�0

w.k/2�pkpk.f /k
p

L2.G/

�1
p

. kf kLp.G/: �

Corollary 3.9. Let a compact matrix quantum group G be of Kac type and yG have the rapid decay
property with respect to the natural length function on Irr.G/ and with inequality (3-3). Then, for each
1 < p � 2, there exists a universal constant K DK.p/ > 0 such that�X

k�0

1

.1C k/.2�p/.ˇC1/

� X
˛2Irr.G/
j˛jDk

n˛k Of .˛/k
2
HS

�p
2
�1
p

�Kkf kLp.G/ (3-8)

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.

Proof. Take w.k/ WD 1=.1C k/ˇC1. Then

Cw D sup
y>0

�
y �

X
k�0W.1Ck/2ˇC1� 1

y

.1C k/2ˇ
�

� sup
0<y�1

(
y �

Z . 1
y
/
1=.2ˇC1/

C1

1

t2ˇ dt

)
� sup
0<y�1

(
y �

�
2 �
�
1
y

� 1
2ˇC1

�2ˇC1
2ˇC 1

)
D

2ˇC1

2ˇC 1
<1: �

Corollary 3.10. Let a compact matrix quantum group G be of Kac type and yG have the rapid decay
property with respect to the natural length function on Irr.G/ and with inequality (3-3). Then, for each
1 < p � 2, there exists a universal constant K DK.p/ > 0 such that X

k�0

X
˛2Irr.G/
j˛jDk

1

.1Cj˛j/.2�p/.ˇC1/
�P

ˇ2Sk
n2
ˇ

� 2�p
2

n˛k Of .˛/k
p

S
p
n˛

!1
p

�Kkf kLp.G/ (3-9)

for all f �
P
˛2Irr.G/ n˛ tr. Of .˛/u˛/ 2 Lp.G/.
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Proof. Since 1
p
D

1
2
C
2�p
2p

and n
� 1
p

˛ k
Of .˛/kSpn˛

� n
� 1
2

˛ k
Of .˛/kHS, we haveX

˛2Sk

n˛k Of .˛/k
p

S
p
n˛

�

X
˛2Sk

n
2�p

2
˛ k Of .˛/k

p
HSD

�n 12˛ k Of .˛/kHS �n
2
p
�1

˛

�
˛2Sk

p
`p.Sk/

�
�n 12˛ k Of .˛/kHS

�
˛2Sk

p
`2.Sk/

�

� X
˛2Sk

n2˛

�2�p
2

D

� X
˛2Sk

n2˛

�2�p
2

�

� X
˛2Sk

n˛k Of .˛/k
2
HS

�p
2

:

Then we can obtain the conclusion above. �

4. Hardy–Littlewood inequalities

This section is dedicated to establishing explicit Hardy–Littlewood inequalities for the main targets: the
reduced group C �-algebras C �r .G/ with finitely generated discrete groups G, the free orthogonal quantum
groups OCN and the free permutation quantum groups SCN .

4A. The reduced group C �-algebras C �
r .G/. In this subsection, we deal with finitely generated discrete

groups G. As expected, we find clear evidence that the geometric information of the underlying group is
important for understanding noncommutative Lp-spaces Lp.VN.G//.

Definition 4.1. A discrete group with a fixed finite symmetric generating set S is said to be polynomially
growing if there exist C > 0 and k > 0 such that

#fg 2G W jgj � ng � C.1Cn/k for all n� 0:

In this case, the polynomial growth rate k0 is defined as the minimum of such k. Then k0 becomes a
natural number and independent of the choice of generating set S.

Theorem 4.2. (1) Let G be a finitely generated discrete group which has the polynomial growth rate k0.
Then, for each 1 < p � 2, there exists a universal constant K DK.p/ such that�X

g2G

1

.1Cjgj/.2�p/k0
jf .g/jp

�1
p

�Kk�.f /kLp.VN.G// (4-1)

for all �.f /�
P
g2G f .g/�g 2 L

p.VN.G//.

(2) Let G be a finitely generated discrete group with

bk D #fg 2G W jgj � kg � Crk for all k � 0;

where j � j is the natural length function with respect to a finite symmetric generating set S. Then, for
each 1 < p � 2, there exists a universal constant K DK.p; S/ > 0 such that�X

g2G

1

r.2�p/jgj
jf .g/jp

�1
p

�Kk�.f /kLp.VN.G// (4-2)

for all �.f /�
P
g2G f .g/�g 2 L

p.VN.G//.
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Proof. (1) This is clear from Corollary 3.5.

(2) Consider w.g/ WD 1=r jgj. Then

sup
t>0

�
t �

X
jgj�logr .

1
t
/

1

�
D sup
0<t�1

�
t �

X
jgj�logr .

1
t
/

1

�
� C:

Then the conclusion is derived from Theorem 3.1 �

Remark 4.3. (1) For every finitely generated discrete group, there exist C; r > 0 such that bk � Crk

for all k � 0 by Fekete’s subadditivity lemma. Therefore, Theorem 4.2 covers all finitely generated
discrete groups.

(2) In fact, we shall see that (4-1) is sharp because of Theorem 6.6.

Although we can always find inequality (4-2) for every finitely generated discrete group, we can
achieve a better result by adding more detailed geometric information of the underlying groups. Indeed,
if we assume hyperbolicity of a group, then the inequality is considerably improved.

Theorem 4.4. Let G be any nonelementary word hyperbolic group with bk � Crk for all k � 0 with
respect to a finite symmetric generating set S. Then, for each 1 < p � 2, there exists a universal constant
K DK.S; p/ such that�X

g2G

1

r
.2�p/jgj

2 .1Cjgj/4�2p
jf .g/jp

�1
p

�

�X
k�0

1

.kC 1/4�2p

� X
g2G
jgjDk

jf .g/j2
�p
2
�1
p

�Kk�.f /kLp.VN.G// (4-3)

for all �.f /�
P
g2G f .g/�g 2 L

p.VN.G//.

Proof. The conclusion comes from Corollary 3.10 and [de la Harpe 1988]. �

4B. Free quantum groups. Let us begin with the investigation of “genuine” quantum examples: the
free orthogonal quantum groups OCN and the free permutation quantum groups SCNC2. Moreover, we
will find a subclass of Lp.OCN / where the Hardy–Littlewood inequalities (4-4) and (4-5) on OCN become
equivalence (4-7), as for the result of SU.2/ [Akylzhanov et al. 2015, Theorem 2.10].

Theorem 4.5. (1) Let G be the free orthogonal quantum group OC2 or the free permutation quantum
group SC4 . Then, for each 1 < p � 2, there exists a universal constant K DK.p/ such that�X
k�0

1

.1C k/6�3p
nkk Of .k/k

p

S
p
nk

�1
p

�

�X
k�0

1

.1C k/6�3p
n
2�p

2

k
k Of .k/k

p
HS

�1
p

�Kkf kLp.G/ (4-4)

for all f �
P
k�0 nk tr. Of .k/uk/ 2 Lp.G/.



HARDY–LITTLEWOOD INEQUALITIES ON COMPACT QUANTUM GROUPS OF KAC TYPE 251

(2) Let G be a free orthogonal quantum group OCN or a free permutation quantum group SCNC2 with
N � 3. Then, for each 1 < p � 2, there exists a universal constant K DK.p/ such that�X
k�0

1

r
.2�p/k
0 .1C k/4�2p

nkk Of .k/k
p

S
p
nk

�1
p

�

�X
k�0

1

r
.2�p/k
0 .1C k/4�2p

n
2�p

2

k
k Of .k/k

p
HS

�1
p

�Kkf kLp.G/ (4-5)

for all f �
P
k�0 nk tr. Of .k/uk/ 2 Lp.G/, where r0 D 1

2
.N C

p
N 2� 4/.

Proof. (1) In this case, nk D kC1 (resp. 2kC1) for all k. Thus, the conclusion comes from Corollary 3.5.

(2) It is known that yOCN and ySCNC2 with N � 3 have the rapid decay property with ˇ D 1 [Vergnioux
2007; Brannan 2013]. Also, sk D n2k � r

2k
0 for all k 2 f0g [N. Therefore, Corollaries 3.9 and 3.10

complete the proof. �

Remark 4.6. All results of this paper for SCN can be extended to quantum automorphism group Gaut.B; /

with a ı-trace  and dim.B/DN by repeating the same proofs. See [Brannan 2012a; 2013].

An important observation for the free orthogonal quantum groups OCN is that the inequalities (4-4) and
(4-5) become equivalences (4-7) under several assumptions. Essentially, this is based on the result of
SU.2/ [Akylzhanov et al. 2015, Theorem 2.10] and the following lemma moves the result to OCN .

Lemma 4.7. Let GDOCN or SCNC2 with N � 2 and consider G D SU.2/ or SO.3/ for each case. Then,
for f �

P
n�0 cn�

1
n 2L

p.G/, the associated function ˆ.f /�
P
n�0 cn�

2
n 2L

p.G/ has the same norm.
More precisely,

kf kLp.G/ D

ˆ.f /�X
n�0

cn�
2
n


Lp.G/

for all 1� p �1:

Here, �1n D tr.un/ and �2n D tr.vn/, where un and vn are the n-th irreducible unitary representations of
G and G, respectively.

Proof. In the cases above, it is known that G and G share the same fusion rule. In [Wang 2017,
Proposition 6.7], it was pointed out that the restricted map ˆjPol.G/ is a trace-preserving �-isomorphism.
Now, for any x D

P
k�0 ck�

1
k
2 Pol.G/ and m 2 N,

h..x�x/m/D h

�� X
k;l�0

Nckcl.�
1
k/
��1l

�m�
D

X
k1;l1;:::;km;lm�0

ck1 � � � ckmcl1 � � � clmh
�
.�1k1/

��1l1 � � � .�
1
km
/��1lm

�
D

X
k1;l1;:::;km;lm�0

ck1 � � � ckmcl1 � � � clm

Z
G

N�2k1�
2
l1
� � � N�2km�

2
lm

D

Z
G

� X
k;l�0

Nckcl N�
2
k�
2
l

�m
D

Z
G

jx0j2m;

where x0 D
P
k�0 ck�

2
k
2 Pol.G/. Then the Stone–Weierstrass theorem completes the proof. �
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Corollary 4.8. Let N � 2, 3
2
<p � 2 and fixD>0. Also, assume f �

P
k�0 ck�k 2L

3
2 .OCN / satisfies

ck � ckC1 � 0 and
X
m�k

cm

mC 1
�D � ck for k � 0: (4-6)

Then we have

kf k
Lp.O

C

N /
�

�X
k�0

.1C k/2p�4c
p

k

�1
p

: (4-7)

Proof. It is sufficient to combine the Lemma 4.7 and [Akylzhanov et al. 2015, Theorem 2.10]. �

5. A strong Hardy–Littlewood inequality

The studies of Hardy–Littlewood inequalities in [Akylzhanov et al. 2015; Hardy and Littlewood 1927;
Hewitt and Ross 1974] dealt with generalLp-functions, but plenty of classical results of harmonic analysis
on T show that a theorem on a function space can have a stronger form when restricted to a holomorphic
setting [Kemp and Speicher 2007].

Evidence of these phenomena in the noncommutative setting is the strong Haagerup inequality on the
reduced group C �-algebras C �r .FN /. More precisely, it was shown that the rapid decay property can
be strengthened in a general holomorphic setting [Kemp and Speicher 2007]. Such a phenomenon also
occurs on the free unitary quantum groups [Brannan 2012b; 2012a].

Let g1; : : : ; gN be canonical generators of FN and denote by FCN the set of elements of the form
gi1gi2 � � �gim with m 2 f0g[N and 1� ik �N for all 1� k �m.

Theorem 5.1 (strong Haagerup inequality on C �r .FN /). Consider a subset E WD FCN and Ek WD fg 2E W
jgj D kg. Then, for any k 2 f0g[N, we have X

g2Ek

f .g/�g


C�r .FN /

�
p
e
p
kC 1

� X
g2Ek

jf .g/j2
�1
2

:

Based on this information, we can modify the inequality (3-4) as follows.

Proposition 5.2. Let N � 2. Then we have

kf kA.FN / �
1
p
e

sup
k�0

�P
g2Ek

jf .g/j2
� 1
2

.kC 1/
1
2

for all f 2 A.FN /: (5-1)

Proof. We can use the proof of Proposition 3.7 again in this case. The only difference is the improvement
of .1Ck/ˇ to .1Ck/

1
2 in inequality (3-5). Then we are able to reach a conclusion by restricting support

of x 2 Cc.G/ to FCN in the proof. �

Theorem 5.3. Let N � 2. Then, for each 1 < p � 2, there exists a universal constant K D K.p/ > 0
such that� X

g2FN

1

.1Cjgj/
3
2
.2�p/N

.2�p/jgj
2

jf .g/jp
�1
p

�

�X
k�0

1

.1C k/
3
2
.2�p/

� X
g2FN
jgjDk

jf .g/j2
�p
2
�1
p

�Kk�.f /kLp.VN.FN // (5-2)

for all �.f /�
P
g2FN

f .g/�g 2 L
p.VN.FN // with supp.f /� FCN .
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Proof. It can be obtained by repeating the proofs of Theorem 3.8 and Corollary 3.10. The only difference
is that it the operator A should be replaced with

�.f / 7!

�
kf ��Ekk`2.FN /

w.k/

�
k�0

and .1C k/ˇ with .1C k/
1
2. Also, we choose a weight function w on f0g[N by w.k/ WD 1=.1C k/

3
2 .

Then we can get a new inequality for general �.f / 2 Lp.VN.FN //, but our consideration is in the case
supp.f /� FCN . �

6. Sharpness

Hardy–Littlewood inequalities discussed in Section 4 give a specific pair .r; s/ such that the multiplier

Fwr;s W L
p.G/! `p.yG/; f 7! .wr;s.˛/ Of .˛//˛2Irr.G/;

is bounded for each case, where wr;s.˛/D 1=r j˛j.1Cj˛j/s with respect to the natural length j � j on Irr.G/.
Here is the list of such pairs:

�
�
0; n.2�p/

p

�
for G a compact Lie group,

�
�
0; k0.2�p/

p

�
for C �r .G/ with a polynomially growing discrete group G,

�
�
0; 3.2�p/

p

�
for OC2 or SC4 and

�
�
r
2�p
p

0 ; 2.2�p/
p

�
for OCN or SCNC2 with N � 3.

Remark 6.1 [Lee and Youn 2017; Wallach 1973]. If G is a compact Lie group, then
p
�� is equivalent to

the natural length function k � kS generated by the fundamental generating set S of Irr.G/. Equivalently,
.1C ��/

ˇ
2 � .1Ck�kS /

ˇ.

In order to claim that the established inequalities are sharp, we will show that there is no .r 0; s0/ better
than the given specific pair in that Fwr0;s0 is unbounded whenever (1) r 0 < r or (2) r 0 D r , s0 < s.

This viewpoint is different from the spirit of [Akylzhanov et al. 2015, Theorem 2.10] or Corollary 4.8,
which requires finding an equivalence in a subclass. However, our approach is quite natural since it is
strongly related to the Sobolev embedding theorem. In this section and Section 7B, we will discuss how
they are related. For example, Fw0;s W Lp.Td /! `p.Zd / is bounded if and only if H s

p .T
d /� Lp

0

.Td /

and it is equivalent to

H
ps
2�p

. 1
q
� 1
r
/

q .Td /� Lr.Td /

for all 1 < q < r <1, where H s
p .T

d / is the Bessel potential space.
In addition, this view has a definite advantage over looking for equivalence because we can cover a

much larger class.
Our first strategy is to handle an ultracontractivity problem on C.G/ with compact Lie groups and

C �r .G/ with polynomially growing discrete groups. In fact, ultracontractivity problems are strongly
related to Sobolev embedding properties [Xiong 2016].
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Let M be the von Neumann subalgebra generated by f�˛g˛2Irr.G/ in L1.G/ and consider Lp.M/,
the noncommutative Lp-space associated with the restriction of the Haar state on M. Now suppose that
l W Irr.G/! .0;1/ is a positive function and there exist 1<p<2 and a universal constant C >0 such thatJ.f /� X

˛2Irr.G/

1

l.˛/
ˇ
p

c˛�˛


Lp
0
.M/

� C

f � X
˛2Irr.G/

c˛�˛


Lp.M/

; (6-1)

where J is a densely defined positive operator on L2.M/ which maps �˛ to 1=l.˛/
ˇ
p�˛ for all ˛ 2 Irr.G/,

1� i; j � n˛. Indeed, J DK�K, where K W �˛ 7! 1=l.˛/
ˇ
2p�˛.

Now take �.t/ WD t
2ˇ
2�p ,  .z/ WD z

2ˇ
2�p and L WD J�

p
2ˇ. Then [Xiong 2016, Theorem 1.1] suggests

that there exists a universal constant C 0 > 0 such thate�tL.f /� X
˛2Irr.G/

c˛

etl.˛/
1=2
�˛


L1.M/

� C 0
kf kL1.M/

t
2ˇ
2�p

(6-2)

for all 0 < t <1 and all f �
P
˛2Irr.G/ c˛�˛ 2 L

1.M/.
The next thing to do is to prove that the following result (6-3) is achieved by combining (6-2),

Lemma 6.2 and Lemma 6.3 below:

sup
0<t<1

�
t
2ˇ
2�p

X
˛2Irr.G/

n2˛

etl.˛/
1=2

�
DW C <1; (6-3)

if G is G a compact Lie group or C �r .G/ with a polynomially growing discrete group.

Lemma 6.2 [Dasgupta and Ruzhansky 2014, Lemma 4.1; Lee and Youn 2017, Proposition 5.7].

(1) Let G be a compact Lie group with the dimension n. ThenX
�2Irr.G/

n2�

.1C ��/
s
2

<1

if and only if s > n.

(2) Let G be a finitely generated discrete group with the polynomial growth rate k0. ThenX
g2G

1

.1Cjgj/s
<1

if and only if s > k0.

Lemma 6.3. (1) Let G be a compact Lie group. Then there exist probability measures f�tgt>0 such that
O�t .�/D 1=e

t�� Idn� for all � 2 Irr.G/. Moreover, f�tgt>0 � L1.G/.

(2) LetG be a compact Lie group and let f �
P
�2Irr.G/ n� tr. Of .�/�/2L1.G/ be such that Of .�/� 0

for all � 2 Irr.G/. Then

kf kL1.G/ D
X

�2Irr.G/

n� tr. Of .�//:
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(3) Let G be a discrete group. Then the Fourier algebra A.G/ has a bounded approximate identity if
and only if G is amenable. In this case, the bounded approximate identity can be chosen as positive
and compactly supported functions on G.

(4) If G is an amenable discrete group, we have�.f /�X
g2G

f .g/�g


VN.G/

D

X
g2G

f .g/

for any positive function f 2 `1.G/.

Proof. (1) Since X
�2Irr.G/

n2�
et��

<1

by Lemma 6.2, we know that �t 2 A.G/ � C.G/ � L1.G/. The family f�tgt>0 is called the heat
semigroup of measures.

(2) Since f 7! �t �f is a contractive map on L1.G/ for all t > 0, where � is the convolution product,
we have

kf kL1.G/ � sup
t>0

ft � X
�2Irr.G/

n�

et��
tr. Of .�/�/


C.G/

:

Here, since X
�

n�

et��
tr. Of .�//� kf kL1.G/

X
�

n2�
et��

<1

by Lemma 6.2, the Fourier series of ft uniformly converges to ft 2 C.G/. Therefore,

kf kL1.G/ � sup
t>0

ft .1/D sup
t>0

X
�2Irr.G/

n�

et��
tr. Of .�//D

X
�2Irr.G/

n� tr. Of .�//:

The other direction is trivial.

(3) See [Runde 2002, Theorem 7.1.3] and its proof. We may also assume the compact supportness by
considering f� WD f ��fg2GWf .g/>�g for positive f 2 `1.G/.

(4) This is Kesten’s condition, which is equivalent to amenability. �

Now we can prove that the claim is true.

Proposition 6.4. Let G be G a compact Lie group or C �r .G/ with a polynomially growing discrete group.
Also, suppose that the inequality (6-1) holds. Then

sup
0<t<1

�
t
2ˇ
2�p

X
˛2Irr.G/

n2˛

etl.˛/
1=2

�
DW C <1: (6-4)

Proof. For G a compact Lie group, by Lemma 6.3, for all 0 < t <1,X
�2Irr.G/

n2�

etl.�/
1=2
D sup
r>0

X
�2Irr.G/

n2�

etl.�/
1=2
er��

D sup
r>0

ke�tL.�r/kL1.G/ �
C 0

t
2ˇ
2�p

sup
r>0

k�rkL1.G/ �
C 0

t
2ˇ
2�p

:
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Now, for G a polynomially growing discrete group, there exists a bounded approximate identity .ei /i
in A.G/ that consists of positive and compactly supported functions since polynomially growing discrete
groups are always amenable. Then (6-2) impliesX

g2G

1

etl.g/
1=2
D sup

i

X
g2G

ei .g/

etl.g/
1=2
D sup

i

X
g2G

ei .g/

etl.g/
1=2
�g


C�r .G/

�
C 00

t
2ˇ
2�p

since limi ei .g/D 1 for all g 2G. �

Proposition 6.4 allows us to extract a quantitative observation.

Proposition 6.5. Let G be G a compact Lie group or C �r .G/ with a polynomially growing discrete group.
Also, suppose that the inequality (6-1) holds. Then we haveX

˛2Irr.G/

n2˛

l.˛/
m
2

<1 for all natural numbers m>
2ˇ

2�p
: (6-5)

Proof. Choose  2
�
max

˚ 2ˇ
2�p

; m� 1
	
; m
�
. Then we have

sup
0<t�1

�
t

X
˛2Irr.G/

n2˛

etl.˛/
1=2

�
DW C0 <1

from (6-4), so that Z 1

t

X
˛2Irr.G/

n2˛

exl.˛/
1=2

dx � C0

Z 1

t

1

x
dx

for all 0 < t � 1.
This implies

sup
0<t�1

�
t�1

X
˛2Irr.G/

n2˛

l.˛/
1
2 etl.˛/

1=2

�
DW C1 <1;

so that we can inductively see that

sup
0<t�1

�
t�.m�1/

X
˛2Irr.G/

n2˛

l.˛/
m�1
2 etl.˛/

1=2

�
DW Cm�1 <1:

Then there exist D1;D2 > 0 such thatX
˛2Irr.G/

n2˛

l.˛/
m
2 etl.˛/

1=2
�D1t

m�
CD2 for all 0 < t � 1

through similar reasoning.
Lastly, taking the limit t ! 0 completes the proof. �

Theorem 6.6. Let 1 < p � 2.

(1) Let G be a compact Lie group with dimension n. Then� X
�2Irr.G/

1

.1C ��/
s
2

n�k Of .�/k
p

S
p
n�

�1
p

. kf kLp.G/

holds if and only if s � n.2�p/.
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(2) Let G be a finitely generated discrete group with polynomial growth rate k0. Then�X
g2G

1

.1Cjgj/s
jf .g/jp

�1
p

. k�.f /kLp.VN.G//

holds if and only if s � k0.2�p/.

(3) Let G be OC2 or SC4 . Then�X
k�0

1

.1C k/s
nkk Of .k/k

p

S
p
nk

�1
p

. kf kLp.G/

holds if and only if s � 3.2�p/.

(4) Let G be OCN or SCNC2 with N � 3. Then�X
k�0

1

r
.2�p/k
0 .1C k/s

nkk Of .k/k
p

S
p
nk

�1
p

. kf kLp.G/

holds if and only if s � 4� 2p, where r0 D 1
2
.N C

p
N 2� 4/.

Proof. One direction is obtained from the discussed Hardy–Littlewood inequalities (1-3), (4-1), (4-4) and
(4-5). To prove the converse direction, firstly, define l.˛/ by (1) .1C ��/

1
2 and (2) 1Cjgj respectively.

Then the assumed inequality � X
˛2Irr.G/

n˛

l.˛/s
k Of .˛/k

p

S
p
n˛

�1
p

. kf kLp.G/

implies the inequality (6-1) for ˇD s. Then, by Proposition 6.5 and Lemma 6.2, we can get (1) 2n� 2ˇ
2�p

,
(2) 2k0 �

2ˇ
2�p

respectively.
In (3) and (4), let G D SU.2/ if GDOCN and G D SO.3/ if GD SCNC2 for each case. Also, denote by

�0
k
2 Pol.G/ the character corresponding to �k 2 Pol.G/, as in Lemma 4.7. Define l.k/ WD 1C k.

First of all, in (3), for each f �
P
k�0 ck�k 2 L

p.G/, we haveX
k�0

.1C k/�
s
p ck�k


Lp
0
.G/

�

�X
k�0

1

.1C k/sCp�2
jckj

p

�1
p

. kf kLp.G/ D
f 0 �X

k�0

ck�
0
k


Lp.G/

by Lemma 4.7 and the Hausdorff–Young inequality. On the other hand, in (4), for each f �
P
k�0 ck�k 2

Lp.G/, we haveX
k�0

.1C k/�
sC2�p
p ck�k


Lp
0
.G/

�

�X
k�0

1

.1C k/s
jckj

p

�1
p

. kf kLp.G/ D
f 0 �X

k�0

ck�
0
k


Lp.G/

by similar arguments.
Now we can apply Proposition 6.5 and Lemma 6.2 for compact Lie groups again, so that (3) s � 6�3p

and (4) s�pC 2� 6� 3p., s � 4� 2p/ respectively. �
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7. Some remarks about Sidon sets, the Sobolev embedding theorem and quantum torus

The methods of this paper, combined with a lacunarity result for compact quantum groups, give a Sobolev-
embedding-theorem-type interpretation for G compact Lie groups and for C �r .G/ with polynomially
growing groups. Also, we show an explicit inequality on the quantum torus Td

�
.

7A. Sidon sets on compact quantum groups. The study of lacunarity, particularly Sidon sets, is one
of the major subjects in harmonic analysis and recently the notion has been extended to the setting of
compact quantum groups [Wang 2017].

Definition 7.1. Let G be a compact quantum group.

(1) A subset E � Irr.G/ is called a Sidon set if there exists K > 0 such that

k Of k
`1.yG/

�Kkf kL1.G/ for all f 2 PolE .G/;

where PolE .G/ WD ff 2 Pol.G/ W Of .˛/D 0 for all ˛ …Eg.

(2) A subset E � Irr.G/ is called a central Sidon set if there exists K > 0 such that

k Of k
`1.yG/

�Kkf kL1.G/ for all f D
X

˛2Irr.G/

c˛�˛ 2 PolE .G/:

Let GD .A;�/ be of Kac type andE� Irr.G/ be a central Sidon set. Then [Wang 2017, Proposition 6.4]
implies there exists � 2M.G/D Cr.G/� such that O�.˛/D .�..u˛j;i /

�//1�i;j�n˛ D Idn˛ for all ˛ 2 E.
Since Pol.G/ is dense in Cr.G/, Proposition 3.7 still holds for � 2M.G/.

Now, if G satisfies the assumptions of Proposition 3.7 and if E � Irr.G/ is a central Sidon set, we get

1> sup
k�0

�P
˛2Ek

n2˛
� 1
2

.1C k/ˇ
� sup
k�0

jEkj
1
2 min˛2Ek n˛
.1C k/ˇ

;

where Ek WD f˛ 2E W j˛j D kg.
Thus, the conditions jEjD1 and n˛>r j˛j for all ˛2 Irr.G/with r >1 cannot hold true simultaneously.

Remark 7.2. (1) The argument above shows that there is no infinite (central) Sidon set in UCN with
N � 3, which is not explained in [Wang 2017].

(2) Shortly after this research, the author of [Wang 2017] personally informed me of a simple idea to
further explain the UCN cases. Under the identification Irr.UCN )Š FC2 , the fact that

k�˛k4 D .1Cj˛j/
1
4 for all ˛ 2 FC2

implies there is no infinite ƒ.4/ set, so that there is no infinite Sidon set on UCN with N � 2.

7B. Sobolev embedding properties. The content of Section 6 can be interpreted in terms of Sobolev
embedding properties by [Xiong 2016, Theorem 1.1].
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For G a compact Lie group whose real dimension is n, the computations in Section 6 suggest that.1��/�ˇ2 .f /� X
�2Irr.G/

n�

.1C ��/
ˇ
2

tr. Of .�/�/

Lp
0
.G/

. kf kLp.G/

if and only if ˇ � n.2�p/
p

for each 1 < p � 2. Moreover, it is equivalent to.1��/�ˇ2 . 1p� 1q /.f /
Lq.G/

. kf kLp.G/

if and only if ˇ�n for each 1<p<q<1. If we define the spaceH s
p .G/ WDff 2L

p.G/ W .1��/
s
2 .f /2

Lp.G/g as an analogue of the Bessel potential space, then the result above is interpreted as

H s
p .G/� L

q.G/ if and only if s � n
�
1
p
�
1
q

�
(7-1)

for each 1 < p < q <1.
On the other hand, if G is a finitely generated discrete group with polynomial growth rate k0, then we

can define an infinitesimal generator L on C �r .G/ by �g 7! �jgj�g for all g 2G. Then we are able to
induce the Sobolev embedding property of noncommutative spaces Lp.VN.G// as follows:.1�L/�ˇ. 1p� 1q /.�.f //

Lq.VN.G// . k�.f /kLp.VN.G// if and only if ˇ � k0 (7-2)

for each 1 < p < q <1.
The reader may consider another natural infinitesimal generator L0 W �g 7! �jgj2�g , but the result is

essentially the same when .1�L/ is replaced with .1�L0/
1
2 .

7C. Hardy–Littlewood inequality on quantum torus. The quantum torus Td
�

is a widely studied example
of quantum space, but it is not a quantum group [Sołtan 2010]. Nevertheless, we can establish Hardy–
Littlewood inequalities on Td

�
, which is of the same form as the case for Td. A proof can be given by

repeating the proof of Theorem 3.1. See [Xiong et al. 2015] for Fourier analysis on the quantum torus.

Remark 7.3. For a quantum torus Td
�

, for each 1 < p � 2, we have� X
m2Zd

1

.1Ckmk1/d.2�p/
j Ox.m/jp

�1
p

. kxkLp.Td� /: (7-3)
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