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Dedicated to Enrique Ferndndez-Cara on the occasion of his 60th birthday

We show how the so-called von Kdrman model can be obtained as a singular limit of a Mindlin—
Timoshenko system when the modulus of elasticity in shear k tends to infinity. This result gives a
positive answer to a conjecture by Lagnese and Lions in 1988. Introducing damping mechanisms, we also
show that the energy of solutions for this modified Mindlin—Timoshenko system decays exponentially,
uniformly with respect to the parameter k. As k — oo, we obtain the damped von Kidrméan model with
associated energy exponentially decaying to zero as well.

1. Introduction

The Mindlin—Timoshenko system of equations is a widely used and physically fairly complete math-
ematical model to describe the dynamics of a plate, taking into account transverse shear effects; see,
e.g., [Lagnese and Lions 1988]. This model is used, for example, to model aircraft wings; see, for
instance, [Doyle 1997]. To describe this model, let 2 C R? be an open bounded set whose boundary T is
regular enough. Consider {I'y, I';} to be a partition of I'. Let 7 > 0 be given and consider the cylinder
0 =Qx (0, T), with lateral boundary ¥ = ¥gUX, where X; =17 x (0, T), i =0, 1. The two-dimensional
Mindlin—Timoshenko system is

ﬁph%m—Ll(qﬁ],q&z, ¥)=0 in Q,
S do — Lo(¢r, 2, ¥) =0 in Q,

1 phwtt - L3(¢)l’ ¢2$ wv nls nZ) = 0 in Q9 (1_1)
pPhnie — La(W¥,n1,m2) =0 in Q,
phnyt — Ls(Y, n1,1n2) =0 in Q.

We complete the system with the boundary conditions
pr=¢=¥=m=m=0 on X,

(1-2)
{Bi(#1,02), Ba(1, 92), B3 (1, 2, ¥, 11, m2), Ba(ni, m2), Bs(ni, m2)} ={0,0,0,0,0}  on Xy,
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and initial data
{¢1('70)7 ¢2('7O)7 w(70)v nl('vo)v n2('v0)}:{¢10’ ¢207 1//09 n1o, 7720} inQ7 (1_33)

{d)lt("o)vd)zt("O)v wt('90)’ 771t("0)a 7721‘('70)}:{¢117¢21’ wlv nit, 7721} inQ, (1_3b)
where

Li(¢1. 2. V) = D($1xx + 51— d1yy + 51+ wdory) — k(1 + ),
Ly($1, ¢2. ¥) = D(¢yy + 5(1 = W + 5 (1 + )Pxy) — k(2 + ),
L3(¢1. ¢2. ¥, 1, m2) = k(Y + 1)x + Wy + d2)y ]+ (N1 + Niory) + (Notry + Nioa)y.,
La(¥r, 1, m)Y = Nix + N1y,
Ls(y, n1, m2) = Nay + Nioy,
Bi(¢1. $2) = D[vigrr + pvidy + 3 (1 — w)(¢1y + dor) 2],
Ba($1, ¢2) = D[vaghay + puvadix + 3(1 — ) (d1y + d2)vi ],

0
B3 (o1, ¢2, ¥, m1, m2) = k(% +vig1 + v2¢2> + (WINT +vaN12) Y + (uN2 + v N12) Yy,

Ba(¥, n1, 12) = viN1 +12N12,

Bs(¥, n1, n2) = v2No +v1 Nig,
Eh

N1=1_—M2(771x+ﬂ772y+%1/f3+%ﬂ‘//y2)’
Eh
M= 10 (m2y + e + 395 + 30¥7),
Niz = g1y 4 e+ Y
]2_2(1+M) My T N2x xVy)-

In system (1-1), subscripts mean partial derivatives. The vector v = (vy, v;) represents the outward unit
normal to €2 and % stands for the normal derivative. The unknowns are ¢ = ¢ (x, y,t), ¢ =p2(x, y, 1),
Y=Y, v, 1), n1 =ni1(x,y,t), and o = na(x, y, t). Physically, the functions ¢; and ¢, represent,
respectively, the angles of rotation of the cross sections x = const., y = const. containing the filament
which, when the plate is in equilibrium, is orthogonal to the middle surface at the point (x, y, 0). The
function v is the vertical displacement, and 7, 1, are the in-plane displacement of the plate at time ¢
of the cross section located at (x, y) units from the endpoint (x, y) = (0, 0). The positive constant &
represents the thickness of the plate which, in this model, is considered to be small and uniform with
respect to x. The constant p is the mass density per unit volume of the plate and the parameter k is the
so-called modulus of elasticity in shear. The constant E is the Young’s modulus and the constant p,
O<p< % is the Poisson’s ratio. The constant D is the modulus of flexural rigidity and is given by
D = Eh3/(12(1 — 1?)). The constant k is given by the expression k = IgEh/(Z(l + w)), where kisa
shear correction coefficient. For more details concerning the Mindlin—Timoshenko hypotheses and the
governing equations see, for instance, [Lagnese and Lions 1988].



ASYMPTOTIC LIMITS AND STABILIZATION FOR THE 2D NONLINEAR MINDLIN-TIMOSHENKO SYSTEM 353

For the nonlinear system (1-1)—(1-3), Rahmani [2014] considered a plate reinforced by a thin stiffener
on a portion of its boundary and modeled this junction through an approximate model where the stiffener
has a role on its boundary conditions.

The linear version of system (1-1)—(1-3) is

5oh3¢1 — Li(¢1, 42, %) =0 in Q,
S — La(¢r, ¢2,¥) =0 in Q, (1-4)
phr — L3($1, g2, ) =0 in Q,

where L, L, are defined above and

Ls(¢1, 92, V) = k[(Yx +P1)x + (fry + h2), 1.

There are quite a few works on this system: Lagnese and Lions [1988] studied its well-posedness and
analyzed its asymptotic limit when the parameter k tends to infinity. Lagnese [1989] studied problems
of existence, uniqueness and some other important properties as the asymptotic behavior in time when
some damping effects are considered. Chueshov and Lasiecka [2006] studied the dynamics for a class of
Mindlin-Timoshenko plate models with nonlinear feedback forces and showed the existence of a compact
global attractor for the system. Furthermore they studied its limiting properties when the shear modulus
tends to infinity. Ferndndez Sare [2009] investigated system (1-4) with frictional dissipations acting on the
equations for the rotation angles and proved that this system is not exponentially stable independent of any
relations between the constants of the system. Moreover, he showed that the solution decays polynomially
to zero, with rates that can be improved depending on the regularity of the initial data. Rahmani [2015]
studied system (1-4) and obtained results similar to those in [Rahmani 2014] for the system (1-1)—(1-3).

If one assumes the filament of the plate to remain orthogonal to the deformed middle surface, the
transverse shear effects are neglected, and the resulting model is the so-called von Kérmén system; see
[Lagnese and Lions 1988]:

phry — 15 ph3 Ay + DAY — (N1 + Niry)x — (Nayry + Niopy)y =0 in Q,
phiy — (Nix + Nizy) =0 in Q, (1-5)
Phn2 — (N2y + Ni2x) =0 in Q,

with boundary conditions

0

¢=—w=n1=nz=0 on X,
ov

DIAY + (1 — ) 2vivatfryy — viyy — v3Y)] =0 on Iy,

8 tt
+(1- maa—r[w% — V) Yy FV1v2(Yyy — mm} — ol 5”1) (1-6)

—(WiN1 + v N2)Yx — (N2 + Vv Ni2)y =0 on Xy,

D[a(Alﬁ)
av

ViNi1 +v;Ni2 =0 on Xy,

vN2+ vV Nip=0 on Xy,



354 FAGNER DIAS ARARUNA, PABLO BRAZ E SILVA AND PAMMELLA QUEIROZ-SOUZA

and initial data
{w('vo)an]('vo)anZ('aO)}z{1/1057’)10’ 7720} in Qa (1-73)

{¢t('90)7 nll‘('vo)v 772t(',0)}:{¢11 nit, 7721} in Q. (1_7b)

In (1-6), T = (—vo, vy) is the tangent vector to 2 and d/d71 represents the tangential derivative. System
(1-5)—(1-7) has been an object of study for many years. Let us mention some known results about this
type of system. Lasiecka [1998] and Favini et al. [1996] studied well-posedness for this problem, as well
as the regularity of its solution. Perla Menzala and Zuazua [1997] proved exponential decay rates for the
energy of the system for a bounded smooth thermoelastic plate clamped on its boundary. A similar result
was obtained by Kang [2013] for von K4drmdn equations with a memory term. Finally, for monotonic
functions with certain growth properties at the origin and at infinity, Lagnese and Leuring [1991] showed
that the one-dimensional von Karman is uniformly asymptotically stable.

Neglecting the shear effects of the plate, obtaining system (1-5) is formally equivalent to considering
the modulus of elasticity k tending to infinity in system (1-1), since k is inversely proportional to the shear
angle. The present paper is devoted to analyzing the asymptotic limit of the nonlinear Mindlin—Timoshenko
system (1-1) as k — oo. This problem was mentioned in [Lagnese and Lions 1988, p. 24], where it was
conjectured that system (1-1) approaches, in some sense, the von Kdrmdn system (1-5), as k — oo:

One expects that, as k — oo, solutions of the system (1-1) will converge (in some sense) to
solution of the von Kédrmén system (1-5). However, a rigorous proof of convergence is lacking
and seems to be a difficult question.

In this direction, Lagnese and Lions [1988] proved (see also [Araruna and Zuazua 2008] for the one-
dimensional case) that, in the linear case, the solution of the Mindlin—Timoshenko model (1-4) converges,
as k — 00, towards to the solution of the Kirchhoff model (subject to appropriate boundary conditions)

phiy — 1300 Ay + DAY = 0. (1-8)

Later on, in [Araruna et al. 2010], the authors studied the one-dimensional nonlinear Mindlin—Timoshenko
system with an extra fourth-order regularizing term

Soh3y — Dy + k(@ +Px) =0 in Q,
phr — k(@ +V)x — ER[Yc (nx + 5¥2) ] + f¥xrex =0 in Q, (1-9)
phiy — Eh(n: +3v2) =0 in Q,

and showed that, as kK — oo, the system (1-9) converges toward the one-dimensional von Kdrmédm system
{Phl/fn - ﬁPhSme + DWxxxx - Eh[iﬂx (nx + %K/f?)]x =0 iIl Q,
phiy — ER(n: + 597), =0 in Q.

In the argument used in [Araruna et al. 2010], the use of the extra fourth-order regularizing term was

(1-10)

indispensable, since it ensures the compactness of a family of solutions, as k — oo, allowing one to pass
to the limit in the nonlinear term. Here, we study the nonlinear two-dimensional problem without any
regularizing term. We prove that the Mindlin—Timoshenko system converges to the von Kdrmén one,
therefore giving a positive answer for the 1988 Lagnese—Lions conjecture. We note that our argument here
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can be used for the one-dimensional case as well, ensuring the conjecture holds also in the one-dimensional
case (as would be expected).

In the context of asymptotic limits, with respect to singular coefficients, Perla Menzala and Zuazua
[Perla Menzala and Zuazua 1999] proved that the one-dimensional von Karmén system of equations
approaches (weakly) to a nonlocal beam equation of Timoshenko type as a suitable parameter tends
to zero. In [Perla Menzala and Zuazua 2000a], the authors considered a dynamical one-dimensional
nonlinear von Kdrmin model depending on one parameter ¢ > 0 and studied its weak limit as ¢ — O.
Furthermore, they proved that, depending on the type of boundary condition, the nonlinearity of the
Timoshenko model may either vanish or may become a nonlinearity concentrated on the extremes of the
beam. In [Perla Menzala and Zuazua 2000b], the full nonlinear dynamic von Kdrmdn system of equations
was considered and the authors showed how the so-called Timoshenko and Berger models for thin plates
may be obtained as singular limits of the von Kdrmén system when a suitable parameter tends to zero.
We also mention the work [Perla Menzala et al. 2002], where the authors obtained the stabilization of
Berger—Timoshenko’s equation as a limit of the uniform stabilization of the von Kdrmén system of beams
and plates with respect to a singular parameter.

The second part of this work concerns stabilization. To our knowledge, exponential stability has
not been investigated for the two-dimension nonlinear Mindlin—Timoshenko system, so we study decay
properties of its solutions with both internal and boundary damping. More precisely, we show the
following: adding appropriate damping terms, there is a uniform (with respect to k) rate of decay for the
total energy of the solutions for (1-1) as t — oo. As a consequence of this analysis, we obtain a decay
rate for the total energy of the solutions for the von Kédrmén system (as ¢t — 00) as a singular limit of the
uniform (with respect to k) decay rate of the energy of the Mindlin—Timoshenko system.

Let us mention some known results related to the stabilization. In the one-dimensional case, Araruna
et al. [2010] showed the exponential stability of the nonlinear Mindlin—Timoshenko beam under internal
damping. Stabilization results for the linear model were obtained in [Lagnese 1989; Kim and Renardy
1987] considering damping in both equations, and in [Alabau-Boussouira 2007] with a single nonlinear
feedback control. In [Ammar-Khodja et al. 2003], the system is damped by a memory-type term. In the
two-dimensional case, the uniform stabilization for linear Mindlin—Timoshenko model was studied in
[Fernandez Sare 2009] considering frictional dissipations acting on the equations for the rotations angle.
Grobbelaar-Van Dalsen [2015] studied the polynomial decay rate of the Mindlin—-Timoshenko plate model
with thermal dissipation. Stabilization results were obtained in [Nicaise 2011] for the multidimensional
case with nonconstant and nonsmooth coefficients, when the interior dissipation acts either on both
equations or only on the elasticity equation. The stabilization of the von Karmén system, in the two-
dimensional case, was studied in [Perla Menzala and Zuazua 1997], where the energy decreases along
trajectories. Bradley and Lasiecka [1992] studied the local exponential stabilization for an unstructured
perturbation and feedback controls. Kang [2013] proved the exponential decay for the nonlinear von
Karman system with memory.

This work is organized as follows. In Section 2, we rigorously study the behavior of the Mindlin—
Timoshenko system towards the von Karman system as k — oco. More precisely, we prove that solutions
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{#1, @2, ¥, 1, m2} of (1-1)—(1-3) converge to {—yx, =¥y, ¥, N1, N2} as k — oo, where {/, 11, 2} solves
system (1-5)—(1-7). In Sections 3 and 4 we prove that, adding appropriate damping terms (internal and

boundary, respectively), one can prove a uniform (in k) exponential decay property for the solutions of
(1-1)—(1-3). Finally, in Section 5, we briefly discuss some related issues and open problems.

2. Asymptotic limit

In this section, we study the asymptotic limit of the solutions for the nonlinear Mindlin—Timoshenko
system (1-1)—(1-3) as k — oo. To study this problem, we consider the Hilbert space

X = [H{ (Q) x LH())* x [W'H(Q) N HY ()] x L*(Q) x [HE () x L* ()], 2-1)

where HFIO(Q) ={p:pe€ HY(Q), ¢ =0on I'p}.
The energy E(¢) of solutions is given by

Ex(t) = %{5ph3[|¢u|2+|¢2t|2]+ph[|vft|2+|nn|2+|n2,|2]+k[|¢1+x/fx|2+|¢z+wy|2]

+F ([bij], [b,-,-]>+D[|¢1x|2+|¢2y|2+%(1—u)|¢1y+¢>2x|z+zu fQ (¢1yh2:) dx dy]}, 2-2)

where
b1y =nix + %1//,% by =my + %wyz b1y = b1 = n1y + Mox + Yy,
and
Eh bi1+b» 0 b1y b1z
F(b;;]) = —— 1— .
Note that

(F([bi; D, [bij D 12

:( Eh {M [b11+b22 0 ]+C(1—M) [b11 b12}} |:b11 blz])
1—p? 0 bi1+bx by by’ [b21 b2
Eh

2
= 1_—M2{M’771x+772y+%|vw|2’ + (L= b P+ A=) b P+ A=) 1y +12x + ¥ ¥y 17} > 0

since Eh/(1 —p?) > 0and O < < 1, which shows that F is positive definite. Moreover, we have by
[Lagnese 1989, Lemma 2.1] that

D[|¢1x|2 + 12y + 5 (1= 1011y + ¢ol* + 20 f (¢1yP2: dx dy)] > Cligillgq + 19207 )
Q
So, the energy is positive. Furthermore,
E.(t) =Ex(0) Vt=0. (2-3)

The main result of this paper is to give a positive response to a conjecture from [Lagnese and Lions
1988]. Our result is as follows.



ASYMPTOTIC LIMITS AND STABILIZATION FOR THE 2D NONLINEAR MINDLIN-TIMOSHENKO SYSTEM 357

Theorem 2.1. Let {(l){‘, (;5’2‘, vk, n’l‘, né} be a solution of the system (1-1)—(1-3) with initial data {¢10, ¢11,
$20, P21, Yo, Y1, M0, M1, M20, N21} € X satisfying

p10+vox =0 and ¢+ Yoy =0 inS. (2-4)
Then, letting k — 00, one gets
{81, @5 v 0 b} > (=Y, =¥y, ¥, ma} weak x in L0, T, [HE ()T x [L2(Q)]),
where {7, n1, n2} solves (1-5)—(1-7).
Remark 2.2. The variational formulation of system (1-5)—(1-7) is given by
P (1, )+ 5 P S (T, V) ph LG )+ ph S (r, €) + (Ni + Niay )
+ (Nory + Nio¥rx, ¢y) + (NY, di) + (N5, dy) + (N5, ey) + (N, ex) + D(AY, Ac) =0, (2-5)

forall {c, d, e} € [H*(Q) N H[\ ()] x [H}} (2)]* and the initial conditions (1-6). In equation (2-5), (-, -)
represents the inner product in L?(S2). Furthermore, the system (1-5)—(1-7) is conservative; that is, its
energy

E(z)=%{ph[|wz|2+|m,|2+|n2t|2]+5ph3|w,|2+D|Aw|2
Eh 2 2
o [ e+ 302F + a + 303
2 2
+ [1x + 02y + VU] + 30 = [0y + 120 + ¥ ¥y ] dxdy} (2-6)

satisfies E(¢) = E(0) for all t € [0, T].

Proof of Theorem 2.1. For each k > 0 fixed, let {¢¥, ¢%, %, n%, n%} be the solution of system (1-1)—(1-3)

with data {¢10, P11, P20, P21, Yo, V1. 10, N1, N20, M21} € X. Since the initial data {¢10, 11, 20, P21, Vo,
¥1, 110, N11, N20, W21} satisfy the condition (2-4), one has, due to the conservation of energy (2-3),

Ex(t)<C Vk>0,VYt>0. (2-7)

From now on, the letter C stands for a generic positive constant which may vary from line to line (unless
otherwise stated). The estimate (2-7) implies that the sequences (in k)

@), @), Wh. Gy, @b, Ve@i+vh., Ve@s+ybh. @), @h).
(@f, + k0. (nf + 3wk, + 3wE). (nf + by + SIVURT) Grfy -k + ke
are bounded in L (0, T, L?(2)). Furthermore,

(91,1 =[¢1)y e H'(Q) and [¢5,]y =[¢5,]: € H (),

since (¢f,) and (¢5,) are bounded in L>(0, T, L*(<2)). On the other hand,

(91, 1y =[], + @51y — 05,1y =&}, + 5,1y — [#5,1c € H (),
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which implies that (qb{‘y) is bounded in L>°(0, T, L*(£2)). Similarly, one can show that (¢§x) is bounded
in L>(0, T, L*(R)). Thus, the sequences (in k) (¢{), (¢5) and () are bounded in L>(0, T, H}, (0, L)).
Since, for each k, we have n'ft and n'z‘t belong to co(o, 11, LZ(Q)), we can write

t t
n/f(t) =110 +/ nlf,(s) ds and n’ﬁ(t) =0 —I—f n’gt(s) ds.
0 0
Therefore, since (n’l‘t) is bounded in L>(0, T, L%(2)), the sequence (17’1‘) is bounded L>®(0, T, L%(2)).
Indeed,

t
k] = sc+/0 ik ds < C.

t
7710+/ nt, ds
0

Analogously, it follows that (n’z‘) is bounded in L>(0, T, L?(S2)). Therefore, the sequences (n’l‘), (7712‘) are
bounded in L*>(0, T, L?(R2)). Extracting subsequences, without changing notation, one gets

{81, ¢5. v nY b} —> @1, b2, . mima) weak s in L, T; [Hp (T x [LX()),  (2-8)
with

$r+Yx=0 and ¢ +vYy,=0, (2-9)

(0, @k wk kY > i b Y i) weak x in L0, T; [LAQ)),  (2-10)
nt AW > @ weak x in L¥(0, T, LX(Q)), (2-11)

nh, + 3 WA2 > B weak x in L0, T, LA(Q)), (2-12)

Ny + 15, + Vsvs >y weak x in L=(0, T, L*(Q)). (2-13)

Now, using a compactness theorem due to Aubin and Lions see [Simon 1987, Corollary 4], we obtain

¥ — ¢ strongly in L*(Q), (2-14)
¢]2< — ¢ strongly in LZ(Q). (2-15)

Therefore, given ¢ > 0, for large enough k one has
C

WK+ g1l < 1Y+ o1+ 1ok — ¢l < e

Consequently,
Yy > —¢1 in L*(Q). (2-16)

On the other hand, we also have by the convergence (2-8) that
Y=y, inD'(Q). 2-17)

Combining (2-16) and (2-17), we obtain
wx = _¢1-
In a similar way, we get

wy = —¢».
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Therefore,
y* — ¢ strongly in L™(0, T, H{, (Q)). (2-18)

By the previous convergence we conclude that
[¥ 1> = [¥:]* strongly in L0, T, L' (R)), (2-19)
[V31> — [¥,]* strongly in L0, T, L' (). (2-20)
On other hand, the sequences (n’l‘), (7712‘) are bounded in L>°(0, T, L>(2)) and so
ﬂ]fx — nix  weak x in L2, T, H~ (), (2-21)
ni, = may  weak x in L0, T, H™'(Q)). (2-22)
The same holds for (n’l‘y) and (n’z‘x). Combining the convergences (2-18)—(2-22), it follows that
a:n1x+% )%v ,3:772y+%¢’§a V:771y+772x+‘/fx1//y7
N{Ys + NOwk — Niyre + Nipyr, - weak % in L0, T, L*(R)), (2-23)
N3§ + NjYs — Novry + Nipyre weak s in L0, T, L*(R)). (2-24)
For {a, b, c,d, e} € [HILO(SZ)]5 satisfying
a+cy=0 and b+c, =0, (2-25)

the variational formulation of problem (1-1)—(1-3) is

d d d d d
3P (Bl 5 ph* (@3 D) +ph (U ) +ph - (0 d)+ph (13 €)
+D[(Br ax)+3 A=) (@], ay)+5 (14 (P5, a)+(5,, by)+5 (=) (@5, b)+35 1+1) (8], bo) ]
HINFU NG, )+, d)+ (N, d)+ (N3 ¥+ NG UL €)+(N3, )+ (N, e) =0, (2-26)

Using convergences (2-8), (2-10)—(2-13), (2-23) and (2-24) in equation (2-26), and applying identities
(2-9) and (2-25), one obtains the weak formulation of the system (1-5)—(1-7) given in (2-5). To finish the
proof, it remains to identify the initial data of the limit system. In view of the convergences (2-8), (2-10),
and classical compactness arguments, one has {y/%, n¥, n5} — {¥, n1, n2} in C°([0, T1; [L*(22)]%). Then,

(WECL 00, n5 (L 0), 1A, 00} = (¥ (-, 0), mi (-, 0), ma(-, 0)} in [LX()],

which combined with (1-3a) guarantees that {1y (-, 0), n1(-,0), n2(-, 0)} = {¥0, 10, n20}. In order to
identify {y;(-,0), n1;(-,0), n2/(-, 0)}, multiply both sides of (2-26) by the function 65 € H'(0, T)
defined by

—t/§4+1 ifrel0,46],

%(t) = {o ifr e, Tl
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and integrate by parts to obtain
8 3 s
ph k ph ph k
88 a8 [ @hardi- Bl @82 [0k brdr-phtin.o
ph ph ) poh ’
SB[ b ey phtnn, a8 [ vtz 1+ [ a1
0 0 0
T
1— 1 1— 1
+ f D[, a0+ @)+ (@ )@k b+ @ b+ @ b0 |65 di
0
/(N”l/ +N121//y,cx)95dt+/ (Nzlﬁ +N121/fx,cy)93dt /(N +N12),d)05dt

— / (N3, +Nfy,. e)0sdt =0. (2-27)
0

Passing to the limit as k — oo in the last equation, and using (2-8), (2-10)—(2-23), one obtains

h3
_p_(¢llv x)+m/ (th9cx)dt+_(¢2lv y)+ ]28[ (wyl‘vc))dt

_ph(‘//lvc)‘i‘T/ (wz,C)dt—ph(nu,dHT/ (m;, d)dt
0 0
ph ) T t
—Ph(nzl,é’)-i-?/ (ﬂzz,e)dl-i-D/ (Ay, AC)Gadf+f (N1¥x + Ni2Wry, cx)05 dt
0 0 0

T T T
+/ (N2ry + Ni2Vy, ¢y)0s dt —f (Nix + Ni2y, d)0s dt —/ (N2y + Ni2x, €)0s dt = 0.
0 0 0
On the other hand, multiplying (2-5) by 65 and integrating in time, we get the identity

— L PR (A1 (-, 0), €)= ph(Wr (-, 0), ) — ph(y (-, 0), d) — ph(s, €)
— L ph* @115+ b2y, ©) — ph(Y1, ©) — ph(nir, d) — ph(gar, €). (2-28)

Therefore, (—5h* Ay + ), (-, 0) = Y1 + $5h*(b11x + d21y), M1e(+,0) = nu1, and 1, (-, 0) = 1. O

Remark 2.3. In order to fully identify the initial data of the solutions of the limit system (1-5)—(1-7) and,
more precisely, to determine the initial data of 1, an elliptic equation has to be solved. Namely, the
initial datum for the velocity v, in (1-7b) is determined by solving the elliptic equation

Yi(-,0) € HL () (—(57°AY +9),(+,0) =1 + 15h°(P11x + d21y)  in Q,

as the proof of the theorem showed. More precisely, this elliptic equation can be written in the variational
form

SR (VY (+,0), Vo) + (¥ (-, 0), ©) = (Y1, ©) — 15h° (@11, ex) — 587 (a1, ),

where the terms ¢11, and ¢, are not derived from ¢; and ¢», respectively, in the sense of transposition,
but they are rather the linear mappings which, when acting on any element ¢ of Hllo (£2), produce
—(¢11, ¢x) and —(¢21, ¢y). The same can be said about Ay, (-, 0), yielding —(Vy,(-,0), Vo).
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3. Stability: internal feedback

In this section we analyze the plate model with hinged boundary conditions and in the presence of internal
damping distributed all along the plate. Consider the system

LoR3 b1 — L1 d2. )+ 1, =0 in Q,
PG — La(¢r, 62, ) + ¢ =0 in Q,

1 phw[I_L3(¢lv¢27 W5 nl’ 772)+1ﬂ1=0 in Q, (3‘1)
phniy — La(r, ni,m2) +11, =0 in Q,
phnay — Ls(Y, n1,m2) + 12, =0 in Q,

under boundary conditions (1-2) and initial data (1-3). The energy of solutions for (3-1), (1-2), (1-3)
decreases in time. Indeed, the energy given by (2-2) obeys the energy dissipation law

L (1) = — (101 OF + 162 OF + Y0P + 1 OF + i, (0 ). (3-2)

The aim of this section is to obtain exponential decay for the energy (2-6) associated to the solution of
the von Kérmén system

,Ohl//tt—l—lgph3A1//n+DA21!/—[N1 Y+ Ny L —[NoYy+Nio¥ ly +¥: =AY, =0 in Q,
Phn—[Nix+Niayl+n1, =0 inQ, (3-3)
Phn i —[Noy+Nioc 1412 =0 in Q,
with boundary conditions (1-6) and initial data (1-7), as a limit (as k — o0) of the uniform stabilization
of the dissipative Mindlin—Timoshenko system (3-1), (1-2), (1-3).

Analogously to the proof of Theorem 2.1, considering the initial data {¢0, @11, $20, P21, Yo. ¥1, N10,
n11, 120, N21} € X satisfying (2-4), system (3-3) can be obtained as a limit, as k — oo, of system (3-1),
(1-2), (1-3).

Since the energy Ej(¢) in (2-2) is a nonincreasing function, we will show that this energy decays
exponentially (as + — oo) uniformly with respect to k. More precisely, the following result holds:
Theorem 3.1. Let {¢1, 2, V¥, n1, 2} be the solution of system (3-1), (1-2), (1-3) for data {¢10, P11, P20,
d21, Yo, Y1, n1o, 011, N20, N21} € X. There exists a constant @ > 0 such that

Ex(t) <4Ep(0)e "2 ¥i>0. (3-4)

Remark 3.2. As a consequence of inequality (3-4), if the initial data satisfy (2-4), letting k — oco one
recovers the exponential decay of the energy E(¢) associated to system (3-3), which is given by (2-6).
This is in agreement with the results from [Perla Menzala et al. 2002] in the sense that the same decay
rate for the solutions of the von Kdrmdm system was obtained.

Proof of Theorem 3.1. For each k > 1 fixed, let {d)’l‘, ¢’2‘, vk, n’l‘, n’z‘} be the solution of system (3-1), (1-2),
(1-3) with data {¢10, ¢20, Yo, N10, 20} € X. From now on in this proof, we will omit the index k of the
solution to simplify the notation. For an arbitrary A > 0, define the perturbed energy

G, (t):=E (@) +AF(2), (3-5)
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where F is the functional

F(t)=0(5p 10, ¢1) +0(5 002, $2) + 0o, ¥) + 20 (phnie, m) +20 (phna, ), (3-6)

where 6 > 0 is a constant to be chosen later on. Let us bound each term on the right-hand side of identity
(3-6) by an expression involving the energy (2-2).

« Analysis of 0(5ph%¢1,, ¢1) +6(350h° 2, $2): using the Poincaré inequality, one obtains
0 (%ph3¢1z, ¢1) +6 (%ph3¢g,, ¢2)
<Co (;—zphﬂw + 1300 2 ” + (1”2 1* + 1y +@oil” —2 /Q P1xay dx dy)
< COE(1). (3-7)
o Analysis of 8(phy,(t), ¥(t)): using the Poincaré inequality again, one gets

0 (phir, ¥) < CO(phly|* + [l + [y ]%)
< CO(ph|Y > + |1+ ¥xl* + 2 + Uy I + 161 ° + |62])
< CO(phlY|* + 161+ Ve |* + 162+ Uy I* + 11 * + 161y ° + 1622 * + 162, °)
< COEi(1). (3-8)

o Analysis of 20(phnys, n1) + 260 (phny, n2): one has

20 (phnie, m) +20(phnoy, 12)
< CO(phlniel + Iniel* + 1y + phlna* + [n2x 1> + 02, 1%)

< CO(phlmyl? + phlna P+ [+ 30217+ |may+ S92 Iy P4 o+ D122+ 11w 2P?)
< ce(phmmz + ohln + e+ 02+ [y + 202+ iy + nlez—Z/Q N1y dx dy + |vw|2)
< COE;(1). (3-9)
According to the bounds (3-7)—(3-9), we conclude that
|F(1)] < CE(t). (3-10)
Now, using (3-5) and (3-10), one obtains

|G (1) — Ex(D| = AF ()] = ACE (1),
which is equivalent to
(1 =AC)Ex(1) < G (1) = (1 + AC) Ex ().

Taking 0 < A < 1/(2C), one gets

SEr(t) < G(1) < 2Ex (D). (3-11)
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Differentiating the functional F and using the equations in (3-1), one obtains
%F<r>=—eD|¢1x|2—%(1—u)eD|¢1y|2—eDé<1+m /Q $orp1y dx dy—0k|g |*—0k | Vaprdxdy
—0 fQ b1 prdx dy+0 5 ph’|p1:1>—0 Dly |*—0 D3 (1— )| dox [P —0 D5 (1410) /Q Prypoxdxdy
—0k| ¢ |*—0k Q¢y¢2dxdy+91—12/)h3l¢2z|2—9 /Q b dx dy—0k|y.|*
0k | Gy dx dy—0k|yry|*—0k | ¢2ydxdy—0 /Q [N1¥x+Niay 19 dx dy
4 fQ [Nay+ Niatre 1y dix dy-+6phl P —6 /Q Yot dx dy—26 /Q Nimix dx dy
—29/;2 ngmydxdy—{—ZQ,ohlm,|2—2<9fQ Nznzydxdy—ZQ/;2 Nipnoxdxdy

+29/0h|772[|2_29/ NN dxdy—29/ nun2dxdy. (3-12)
Q Q

We bound each term on the right-hand side of identity (3-12) separately.
® AnalySis Of _9(¢1t5 ¢1) - 0(¢2t5 ¢2):

0 ) — 9(¢2u¢2)§£|¢1r| "+l +E|¢zt| 42 19a0
< Endm P S (010 1y P+ Pty )
=—5[|¢1,| I ]+S—(|¢1x| iay P+lty+ e / b1yboe dxdy)
< b+ 161 +ECE). (3-13)

=%
where & > 0 is a real number to be appropriately chosen.

o Analysis of —0(y,(¢), ¥ (¢)):

—em,w)_iw i
5%'“’" W )
5%"”" +5—(|¢1+wx| + 1o+ Uy 1>+ 11 + )
sgw +§—(|¢>1+wx| + 162+ Uyl + |d1el” + 101y > + oel” + |2y )
< P+ sCE). (3-14)

=%
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e Analysis of =20 (91, 1) — 20 (17, N1):
—29(n1t,n1)—29(nu,771)

& &
< — - J— -
_2€|n1t| +2m |2 +2§|7721| +2na)?

§C
SE[|7711| +|772t| +—= [|n1x| +|n1y| +|772x| +n2yl ]

sgnnm +ln| ]+—[|mx+ W27 2y 302 Py —2/n1yn2xdxdy+%w§+%w§}

§
SE[|771I| +m2] ]+—[|mx+ V2P oy 302 Py sl —Zf nlyUZXdXdy+|v1//|2i|
2

0
SEHnltl +n2 P 1H+ECEL (). (3-15)

Using bounds (3-13)—(3-15), one obtains, from (3-12),

d l—p,
TP = —0D|¢p1, [ =0 D|pay | —0k|d1+1 [ —0k|pa+1ry |*—0 D —— |p1,+ar |

—29D,u/¢1y¢2x |n1y+772x+l[fx‘py 29|’71x+ I/I |
Q

1—

h3
—2e|nzy+§w§|2—2u9|n2y+lw?|2—2/w|mx+lx/f2|2+3sc15k<r)+e"l—2[|¢1t|2+|¢2t|2]

+O0ph[ |y > +20m1, 12 +20n2 |* ]+ 25[|<z>1f| +l¢or|*]+ Ew +2§[|mz|2+|n21|2]
oh® 6?2 5 5
<—(0- 3§C)Ek(f)+(9?+2s>[|¢1z| o 7]+ <9ph+2§)|wt|
2
(20ph+ g)[|m,| +n ). (3-16)
Therefore,
L (1) < =0 = 36O B + CLI01 P + 19+ 1Y+ P+ s, (3-17)

Considering the derivative of the expression (3-5), and observing (3-2) and (3-17), one has

d
2 Ga() = —A(O0 =3ECYEL (1) — (1 = 2O)[I¢1e* + b + Y o+ Im1el* + [y ]
Choosing A < 1/(2C) and & < 8/3, one obtains, according to (3-11),

£.G3(1) < =10 ~ 3O (D) < —hwGi () V=0,

where w = A(6 — 3£ C). Therefore,
G.(t) < Gr(0)e ™2, (3-18)

Combining (3-11) and (3-18), one gets (3-4). O
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4. Stability: boundary feedback

In this section we analyze the plate model in the case where the energy of the Mindlin—Timoshenko
system is dissipated through boundary feedback mechanisms. Let us assume that I; £ @ (i =0, 1), and
we consider the system (1-1) with boundary conditions

pr=¢=yY=m=n=0 onZ
{Bi(@1. 92), Ba(1, $2), Bs(d1, b2, ¥, n1. m2), Ba(ni, m2). Bs(ni, mo)} (4-1)

=_{¢1t7 ¢2[7 wtanlh 772t} on El,
and initial data (1-3). The energy of this system obeys the dissipation law

B0 == [ 607+ @50 + @I+ 0+ 0 ar

Consequently,
Ex(t) < Ex(0) Vt=>0.

We are interested in studying the asymptotic behavior of E;(t) as t — oo.
The variational formulation of (1-1), (4-1), (1-3) is given by
d
ﬁph3a(¢ﬁ, a)+5ph* (¢2l, b)+ph (x/ft ,c)+ph (771,» d>+ph (Uzt’ e)

+k[(¢’f+w§,a+cx)+(¢2+1/fy,b+cy)]
+D[(@l a)+3 (=) @y, ay)+5 1+ (B, @)+ (@), by) +5 (A=) (@5, bi)+5 (1) (@ x) ]
H(NFYSHNHYY )+, d)+(NTy, dy)+ (N5 Ui +NH Y ¢

+(NS, ey)+ (N, )+ f (¢ a+¢h b+ykctnt,dinke]dr =0 (4-2)

I

for all {a, b, ¢, d, e} € [H ()]

Remark 4.1. Using arguments similar to those in Section 2, considering initial data in a suitable class
and satisfying (2-4), we can prove that the system (1-1), (4-1), (1-3) converges (as k — oo) toward the
dissipative von Kdrméan system (1-5) with boundary conditions

oy
Y=—=n=n=0 on X,
v

D[Aw+<1—u)(zvlvzwxy—v%wyy—v%x/fxx)] = — (¥ +v2y,) on Xy,

[3( v)
v

+(—pn ) [(Vl V%)¢xy+”l”2(¢yy_1//xx)]i| (4-3)

h3 th

—(V1N1+V2N12)1/fx (VN2 +VIN1) Yy = T(—Uﬂ//yt-i-vzl/fxz)—x/fr on X,
ViINi+v»,Nip=—n1; on Xy,

VL Ny+ViNip=—m; on Xy,
and initial data (1-7).
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I } (x0, Yo)

Figure 1. Example for which condition (4-4) is satisfied.

In order to establish the uniform asymptotic stability of system (1-1), (4-1), (1-3), some restrictions are
needed on the geometry of Q, Ty and I'j. Let us introduce a vector field m = m(x, y) in R? defined by

m(x,y) = (x,y) = (X0, yo).
where (xg, yo) is a fixed point of R% We assume that Iy and I'; are such that
m-v <0 only, m-v>0 onlj. (4-4)
Let us consider G = [g;;] the 5 x 5 matrix such that
gij=0, i#], and (m-v)gii=1, i=1,...,5.
Note that g;; € C!(T"y). Moreover, there are positive constants gg and G such that
golsl> <Gs-s <Gols> Yo eR’, only. (4-5)
Before establishing the main result of this section, we will state and prove the following two lemmas.

Lemma 4.2. Let {¢1, 2, ¥, m, n2} and {p1s, $or, Vi, Ns, N2} be regular enough. Then

fg [¢1:L1(1, b2, ¥+ Lo(d1, 2, %)
+ Vi L3 (1, 2. ¥ 1, m2)+m1 La(, mu, m2) 402 Ls(W, 1, m2) | dx dy
+(1(¢1, ¢2’ W ni, N2, ¢1t7 ¢2t, l/ffa Nits n2t)

=/F[¢1t31 (@1, 62)+D2 Ba(P1, 92)+¥: B3 (1, 2, ¥ 1, m2)+101:Ba(b, 1, m2)+n2:B5(W, i, m2) | T,

(4-6)
with

a(‘pl’ ¢27 1/’7 7]1’ 772v ¢ll’ ¢2I7 1//1‘5 7711, 772[)
=ao(@1, G2, P1r, P21) +kar (@1, P2, ¥, Py Pors ¥i) a2 (W, m1, M2, Yry M1rs M24),

where

ao(é1, 2, P11, P21)
= D/Q [D1xP10x + BayBory + Hb1eBory + 11ix oy + 5 (1 — W) (B1y + P2x) (Prry + o) | dx dy,
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ai (@1, o2, ¥, 11, bor, Vi) = /Q[(¢1 + V) @11+ Vi) + (2 +Uy) (D2 + VYiy) | dx dy,

and

02(1,1” ni, N2, Wt, N, 772t)

Eh
= I_MZ /;2[(1_M)(n1x+%w§)(n11x+wxlﬂ[x)

+ (=) (m2y + 3¥3) 2y + Yy Wiy
+ (e + 12y + 5IVY ) Oiix + 02y + VY - Vi)
51 = 1)1y + 12+ V) ey + 1 + Wiy + Uy | dix dy.

Remark 4.3. Here and elsewhere in this section we use the term ‘“regular enough” to ensure that all
integrals are well defined (see Section 5 for additional comments on this point).

Proof of Lemma 4.2. By definition of the operators L;(¢1, ¢, ¥, n1,1n2) (i =1,...,5), one has

/ [#1:L1(1. 2. W) + o Lo(o1, 2. ¥) + ¥, La(o1, 2. ¥, 11, 1m2)
. +n1:La(W, 11, 12) + 12 Ls (W, 1, m2) | dx dy

— [ {201+ 50— b1+ 30+ 0000 k1 + )]
+¢2[D(d2yy + 3 (1 = Woax + 3 (1 + Wixy) — k(2 + )]
+ Y k[ (U + D12 + by + d2)y |+ (N1¥x + Niotry)x + (Naty + Nioie)y )
+ 101/ [N1x + Niayl + 02 [Noy + N12x]} dxdy.
Through integration by parts one obtains

/ [D1:L1 (1, d2, V) + P2: La(@1, b2, W) + Y L3(d1, d2. ¥, 1, 1)
“ + 1 La(W, m1,m2) + 02 Ls(Y, i, m2) | dx dy

= —ao(P1, P2, G151, $21) — kay(P1, G2, ¥, G1r, G21, Y1)

- / [(N1¥x + Ni2¥y) Vi + (Nay, +Npy0 Yiey + 11 N4 D1iyny, + 0120y N2 + 02 N1z | dx dy
Q

+ [ ouDlgron + 50 = g2+ 30 = g + 6]
F + @2 D[payvo + %(1 — Wdov1 + %(1 — WP1yV1 + LD, |
+ Yik[ (@1 + Vvi + (d2+ Yy)va] + (N19x + Nizyry vy
+ (N2y + Ni2¥) vz + n1: (N1vr + Nigvz) + 12 (Nava + N12V1)} dr.

Finally, using the definition of Ny, N> and Nj;, one has

/ [¢1:L1(1, 2. W) + do La(1, 2, ¥) + ¥ L3(1, b2, ¥, 11, m2)
¢ + 01 La(W, n1, m2) + 02 Ls(¥r, 1, m2) | dx dy
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= —ap(p1, $2, P11, $21) — kar(d1, $2, U, P1es b2rs Vi) — a2 (¥, ms M2, e, Mies M21)

/{¢1z31(¢1 $2) + G2 Bo (b1, $2) + Y B3 (1, d2, ¥, m1, M2)
+ 1 Ba(, M1, m2) + 2 Bs(W, mi, ma) AT, O

Lemma 4.4. Consider {¢1, ¢2, ¥, n1, 02} to be regular enough. Then
/Q[(m~v¢1)L1(¢1,¢2,¢)+(m'V¢2)L2(¢1,¢2,W)+(m'V¢)L3(¢1,¢2,W)
+(m-V) La(¥, n1.12)+(m-V2) Ls (¥, 1. m2) | dx dy

=k /Q [(@1+¥0)d1+(da+y )2 | dx dy

_%frm'”{D[(¢1x)2+(¢2>')2+2M¢1x¢zy+%(1—u)<¢1y+¢>2x>2]

h

1—p? [(I_M)(mx—i_%(l)wf)2+(l_“)(’72y+%‘ﬂ§)2+/¢0(771x+772y+%|V1,b|2)2
+%(1—M)(771y+772x+1ﬁx1/fy)2]}dF

/[(m Vo) Bi(@1, $2)+(m-V2)Ba(¢1, ¢2)+(m-Vy)Bs (b1, ¢2, ¥, 01, m2)
+(m-Vn)Bs(¥, n1, m2)+(m-Vn2)Bs(yr,ni,m2)|dT. - (4-7)

Proof. Analogously to the proof of Lemma 4.2,
L[(m . V¢1)Ll(¢1’ ¢2’ W) + (m . V¢2)L2(¢13 ¢2’ W) + (m . VW)LS(@» ¢2’ W)
+ (m - V) La(¥, 01, m2) 4+ (m - V) Ls(, 1, m2) | dx dy
=—a(¢1. d2. Y. 1. m2.m -V, m-Veo, m-Vr,m-Vyi, m- Vi)

+ /r[(m Vo) Bi(¢1, $2) + (m - V§2)Ba(¢1, $2) + (m - V) B3 (b1, p2, ¥, n1, 1m2)
+ (m - V) Ba(f, m, m2) + (m - V) Bs(yr, mi, m2) | dT. - (4-8)

In this way, to prove (4-7) we have only to study the term

a(¢19 ¢27 Ws ni, N2, n- v‘rbl, m- v¢2’ m- le‘a m- anv n- VﬂZ) (4_9)
Note that
ao(¢1, 2, m - Vi, m-Ves)

=D / [d1:(m - V1) + by (m - Vo) y + 1 (m - Vpo)y + pahay (m - Vepy)x
+ 3= ) (Pry + ¢20) ((m - Vi)y + (m - Vo)) | dx dy

div{m[¢7, + ¢%y + 21y + 51— 1) (p1y + ¢2.)°]} dx dy

m - v[@f, + b3, + 2udreday + (1 — ) (¢1y + ¢20)*] dT, (4-10)
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ay (¢, ¢2, ¥,m Vo, m-Vga,m- Vi)
Z/Q[(¢1+1ﬁx)((m'V¢1)+(m'VW)x)+(¢2+1//y)((m'V¢2)+(m'VW)y)]dx dy

= % /;} div{m[(¢1 + ¥x)* + (2 +¥,)* 1} dx dy — /Q[(¢1 + V)1 + (2 + Vb2 | dx dy

= % /F{m . \)[(¢1 + wx)z + (¢2 + 1ﬁy)z]} dl' — /;2[(¢1 + l[fx)(bl + (¢2 =+ W))¢2] dx dy’ (4_11)
and

a2<wa ni, N2, mv‘ﬁ, m'vnlvm'VHZ)

Eh
=12 Q[(1—u>(mx+%w§)((m-Vm)xwx(m-vw)x)+(1—u)(n2y+%w/f§)(<m-Vnz)y+x/fy(m-W)y)

1
(2 + 3 VY1) (V) e+ Vi) y+ ViV (m- Vi) )
+%(1_M)u(n1y+n2x+1ﬁxwy)((m‘vnl)y+(m'vn2)x+wx (m'VW)y'i"/fy (mVlﬁ)x)} dxdy

Eh
= 30D /Q div{m[(1=p0) (mc+392) + (1= (d2y+1972)
(e VY ) A L A= wu Oy 2+ 9,) 2] dx dy
=30 Mz)/ o[(1=) (1229 2) + (=10 (m2y +1 92)?
(VY ) L A= u G+ +9,)?]dT. (4-12)
Plugging (4-10)-(4-12) in (4-9) we get
a(@1, ¢, ¥ ni,m,m-Vo,m-Vgo,m-Vi,m-Vn,m-Vny)
=1 fr m'v{D[(¢1x)2+<¢zy>2+2u¢1x¢2y+%(1—u)<¢1y+¢2x>2]+k[<¢1+¢x)2+<¢z+wy>2]
Eh
— [(1—m(mx+%<1>wf)2+<1—u)(¢2y+%w§)2+u(mx+n2y+%|Wf|2)2
+%(1—m<my+n2x+wx1/fy)2]}dr

—kL[(¢1+¢x)¢1+(¢z+wy)¢2]dx dy. (4-13)

1

Equation (4-7) follows directly from (4-8) and (4-13). U
The main result in this section is the following.

Theorem 4.5. Assume the geometric condition (4-4) holds. Let {¢1, ¢2, ¥, n1, N2} be a regular enough
solution of system (1-1), (4-1), (1-3). Then, there exist positive constants C and w such that

Ei(t) < CE(0)e™" V>0, (4-14)

Remark 4.6. For regular enough initial data satisfying (2-4), one obtains, as a consequence of inequality
(4-14), exponential decay for the energy E(¢) associated to system (1-5), (4-3), (1-7) as k — oo. This
decay rate for the limit system is in agreement with the results from [Perla Menzala et al. 2002].
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Remark 4.7. The case Iy = & is not considered in this paper. In this case, one cannot ensure that the
energy decays to zero for every finite energy solution of (1-1), (4-1), (1-3) regardless of how the feedbacks
are chosen. Indeed, defining

(@11, do1. Y1, mu. )} = {e. B —ax — By +y, —50°x — JaBy +c1. =387y — Sapx + 2},

where «, 8, y, ¢1 and ¢, are nonzero constants, and {¢9, ¢20, Yo, 10, 720} such that

Li(¢10, $20, Y0, 110, m20) =0, i=1,...,5,

{B1(¢10. $20). B2(¢10. $20). B3(10. $20. Y0, 110, 120)> Ba(Wo. n10. 120) Bs (Yo, 110, 120) |
= —{é11, ¢21, ¥1, 111, N21},

it is not difficult to check that

{P1, @2, ¥, 1, ma} = t{11, P21, Y1, 11, M1} + {@10, P20, Yo, M10, M20}

is a solution of (1-1), (4-1), (1-3). However, for this solution,

E() = 5[ 1ph°($111% + 1d211%) + ph (11> + 1 * + [m2]*)] = const. > 0.
Proof of Theorem 4.5. We divide the proof into three steps:

Step 1: We apply Lemma 4.4 to the solution of (1-1), (4-1), (1-3) and integrate the resulting identity with
respect to ¢ from O to 7' to obtain

T
ph f (LR oo -V 1)+ 5B bare. -V o)+ (g VW) 4 Gltor -V )+ Gpagg m-Vp2)] di
0

T
k /0 /Q (6119061 -2+, ] dx dy

T
=-1 /O fr m-v{D[<¢1x>2+<¢2y>2+2u¢1x¢2y+%<1—u)(¢1y+¢2x>2]+k[<¢1+x/fx>2+<¢z+x/fy)2]
Eh
T (=) (4392 + A=) Oy + 922
+u(mx+n2y+%|vw|2>2+§(1—m<my+nzx+wxwy>2]}dr

+

T
+/O/r[(m-qul)Bl+(m-V¢2)Bz+(m-Viﬁ)B3+(m-Vm)B4+(m-V772)B5]dF

o .T

—/O/F[¢1z(m'V¢1)+¢2z(m'V¢2)+1//z(m'Vl/f)—H?lt(m'VT/l)+772:(m'V772)]dF- (4-15)

Both of the integrals on the left-hand side of (4-15) may be interpreted in the L?(Q) scalar product since
(D116 D2, Wi, Nurs Mo} € C([0, 00), [L2(2)]). The first integral on the left-hand side may be written as

T
Ph/O /Q{l_lzh2[¢1zt(m V1) + doy(m - V¢2)] + Y (m - VY) + 01 (m - V1) + 12 (m - Vﬁz)} dx dy dt

T
=Y, ph / /Q [ 572 ($1:(m - Vi1r) + e (m - Vb))
’ +Y(m - V) +n1(m - Vi) + no(m - VUZt)] dxdydt, (4-16)
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where

T

Y| =ph fg {50211 (m-V p1) o -V o) |+, (m-V ) +n1,(m-Vi ) +n2 (m-Vip) }dx dy| . (4-17)
0

A typical term of the last integral in (4-16) is (except for a constant factor)
T T T
f (1. m- Vo) dt =3 f / div(me?,) dx dy dt — f f o7, dx dy dt
0 0JQ 0Jo

T T
=%/ (m-v)qutdr‘dt—//¢12tdxdydt.
0JI 0JQ

The other terms of that integral are treated similarly. Thus, it follows that
T
ph / / {52h?[d1:(m - Vo) + e m - Vo) |+ i (m - Vi) + 11 (m - Vi) + e (m - Vpoy) | dx dy dt
0Ja
T
= don [ [ ms[ 0 + 60+ 07 0k ar a
r T
—fo fszph[%hz(q')i—i-d)%t)—i—tl/,z—i-n%,—i-n%,]dx dydr. (4-18)
Combining (4-15), (4-16) and (4-18), one has
T T
Yot [ [ ol @+ ad) 0 +ni e dx dydr—k [ [ (1wt @t v)) dndy
0Je 0Jo
T
=J1—J2+/f [(m-v¢1)81+(m-V¢2)32+(m-V¢)B3+(m-Vm)B4+(m-VT72)B5] dl' dt
0 JIy
T
—/1/[@Am-V¢0+¢mmrv¢ﬁ+¢ﬂm-VW%+mxm-Vm%+mdm-vmﬂdFdh (4-19)
0Jr

where

T
Ji = 3ph / / m V[ 5h* (@, +83) + 7 +ni, + 3] dT dt, (4-20)
0JI

—y
[\)
I

=

T
fo fr m-v{D[(asu>2+<¢zy>2+2u¢1x¢zy+§(1—u><¢1y+¢2x>z]
k[ (P1+9) 2+ (o))
Eh
(A=t 30— 1) Oy 3022

+
1—pu?
2
+u(nixtny+iIVy ) +§(1—u)(my+n2x+x/fxwy)2]}drdr. (4-21)

Let us examine the integrals on I'y in the right-hand side of (4-19). Since ¢1 ==y =n1 =12 =0
on [y, we have V¢p; = v((d¢p1)/(dv)) on Iy and similarly for the other functions. Therefore,
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/F m-v] D[GT, +03, + 210162y + 51 = @1y + 620 +K[(@1 +¥07 + (92 + v | ar

h
" [(1 — 0 (i + 302+ A= 0) (m2y + 392 4t (11 A+ may + 2V )

50 = 1)y + 1+ Y1)

S G R S )
+1f—;/:2[(1—u)<v1%+”2% (a )2)2

—2(1—u)(vl%+%<l%>)< ?3)12—'_;( 21/)[))

+M<V1%+W%+%‘<%) )

IL—u( dm on2 oy oy
+—" vy —= Ly dr. (4-22
2 (23 Y v v (4-22)

Furthermore,

/ [m-V 1) Bi+(m-V §2) Ba+(m-V ) By+(m-V 1) By+-(m-V ) Bs | dT
o

B ¢ 3¢, $1 . O oy v\’
O G N G PR G R I C )

av

0 d 0 0 d d 0
+2N12v a—wvza—w+Nz <v28—w> +Nv; %+N12v2%+N2v2%+N12v1 % ] dr. (4-23)

Since

—31D[¢7 467, +2ud1eday+5 (1= 1) (D1y+2.)° | +A[ @1+ V) + (B2 + ) ]

(= Ot 392+ =0 (gt 307) sy + 31V )
3= Oy e+ vvy)? |
+[((n-V$1)Bi+(m- V) By+-(m- V) By-(m- V) Ba-(m- Vo) Bs|
1

B I A T AR N AN P EIAY
—EH( T 2%) 15 (e ) ()

av

Eh am 1( oy a1/ ay Y
o [(1 m(v18—+2( aU)>+<1 M)<28—+2( ))

v
9 ) 1 2 - 9 ) v v\
ru(n g, 22 Loy ) f R (20, 2y OV BV o)
Jv v 2 2 v % )
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we conclude from (4-19) and (4-24) that

T T
Y+ / / Ph[ S22 +03) + 02+, 12| dx dy di — & f / (14 V)1 + (o + ¥y)ha] dx dy di
0JQ 0JQ

T
:JO+J1_J2+/(;/ [(m - V¢1)Bi+ (m-Vg2)Ba+ (m - V) Bs + (m - V1) By + (m - Vi) Bs | dT dt
Io

T
—/O/F[¢1t(m'V¢1)+¢2z(m'V¢2)+1/fz(m'VW)-I-mz(m'Vm)-l-nzt(m'vnz)]drdt, (4-25)

where
L7 01 ¢\ L—p( ¢ ) LAY
Jo= - D|[vi— +v— | + —=(vp— — K —
! 2f0fr{ [(”lav+”28v)+ 2 (”28v " av”+ (av)
Eh am 1/ v\ i 1( v )\
1- Ly (v = 1- L e
+1—u2[( “)(”‘ 8v+2<v18v> FA=m( g m a5,

9 9 1 21— 9 9 v v\
+u<v1ﬂ+vzﬂ+§|w|2) +T“(vzi‘j+vl%+vl—‘/’vz—‘f) “dr.

av av
Now, use (4-6) with {¢1, ¢2, 0, 1, n2} in the third term on the left-hand side of (4-25) to obtain
,Oh/ [ 572 @1ud1 + d2ued2) + Miami + n2uemz] dx dy
Q
Q

= —/ [¢1:61 + d212 + niem +n2ma] dT. (4-26)
I

Integrate identity (4-26) with respect to ¢ from O to 7. After an integration by parts in the first term, one
obtains

T
Yz~ ph f f [Lh2(@3 + ¢3) + 1%, +nd | dx dy dt
0Ja
r T
+k/0 /Q[(¢1 +Y)d1 + (ho + ¥y | dx dy dt —{—/O [a0(¢1, 2) + ar(m1, )] dt

T
= _/0 /r [D1:01 + d2h2 + i + m2 | AT dit (4-27)

where
T

Y2 = ,Ohf [ 572 (@11 + d2¢2) + num + naemz] dx dy (4-28)
Q

0
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Multiply (4-27) by 1 — ¢, with ¢ € (0, 1), and add the product to (4-25) to get

T T
(1—¢)ph / / Y2dxdydi+e f / ph[5h* (@1, +¢3)+¥ +n1,+n3, | dx dydt
0 JQ 0 JQ
T T T
+(1-e) /0 ao(1, dn) di+(1—) /O a1, ) di—ek /0 011, d2. V. 1. 62, 0) di+Y 1 +(1—6) Y,
T
=J0+J1_J2_/ / (b1 (m-Vp1-+(1—&) 1)+ (m-V o +(1—8) )+ (m-V i)
0 JI
01, (m-Vyi+(1—=&)n)+n2: (m-Vip+(1—e)na) | dT di. - (4-29)

Now, use (4-6) with {0, 0, v, 0, 0}. After an integration by parts in ¢ one obtains

T T T
Y3—/0h// ‘ﬁ;dedydt-i-k/ ai(¢1, ¢2, ¥, 0,0, w)df-l-/ a(Y, n1, m2, ¥, 0,0) dt
0Ja 0 0

T
:—/ Yy, dl' de, (4-30)
0JI

where
T

Ys = ph / Yo dx dy 4-31)
Q

0

Multiply identity (4-30) by ¢ and add the product to (4-29) to obtain
T T
(1—28),0h/ / w2dxdy dt—i-g/ f ph[5h* (@1, +¢3)+ Vi +ni,+n3, | dx dydt
0 Jo 0JQ

T
F(1—e) fo [a0(@1. ¢2)+ar (¥ .m0 )] di
T

T
ek fo ar (1. o, W) di 26k /0 ar(br. 2. . . 2. 0) dt

T
te / (W 11120 0,0, 0) di+Y 1 +(1—8) Yoo Y
0

T
=Jo-|-J1—J2—/0 / [61:(m-Vp1-+(1—&) 1)+ (m-V o +(1—8) )+ (m-V oy +e V)
I
01 (m-V1+A=e)n)+n2 (m-Vi+(1—e)m) |dT dr.  (4-32)

Step 2: Define the functional

pe(t) = ph| {52 (@10(0), -1 () +5h (@ (1), - Vo (0)+ (i (1), m-V (1)
(0100, -V (O)+ (2 (1), - Va0
+(1=e)ph{ 357 [(@1:(1), 1)+ @2 (1), 2(0) ]+ (ne (1), m D)+ (e (1), m2(1)) }
+eph (Y (), ¥ (1)). (4-33)
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From identities (4-17), (4-28), and (4-31), one sees that
Yi+(0—e)Ya+eYs=p(T) — pe(0). (4-34)

Since (4-32) is valid for all 7 > 0, we differentiate in 7" and obtain, writing ¢ in place of T,

00 = St =)= (1=20)ph | 97 dxdy—eoh [ [ 1512} +03) w074} vy
_(1_8) [a0(¢1 ’ ¢2)+a2(w’ n, n2, 07 ni, 772)]_8](01((151 ) ¢29 K[’) dt
+28ka1 (¢1¢27 ]//’ ¢1v ¢2v 0)—802(1/f, ni, n2, '(//7 01 0)

/ [#1:(m-Vp1+(1—&)$1)+2s (m-Vepr+(1—£)2)
Y -V +ey) 1 (m-Vi+(1=e)n) -+ (m-Via+(1—e)m2) | dT, - (4-35)

where the right-hand side is evaluated at z. Now, let § > 0 and consider the perturbed energy F; s(¢)
given by

Fe5(t) = Er(t) +5ps(1). (4-36)

We are going to prove that for all ¢, § sufficiently small, one has

d
S Fes(t) < — 38 E(t) — 38Er (o). (4-37)
where
Er(t)= %phfr m-v[%hz(qﬁi+¢%t)+1pt2+n%t+n%[]dF
1

+3 fr v | D[@10%+ @2y 2+ 20162+ 3 A=) @1+ 920 | HA[ @110+ (@2 +1,)°]

Eh
e [(1 — ) (a9 (A=) (72y+ 19 2)
+u(mx+nzy+%|w|2)2+§(1—m(my+n2x+wxw/fy>2]}dr. (4-38)

We begin the proof of inequality (4-37) estimating (d/dt)p.(t). First of all, we bound the term
ai (o1, g2, ¥, d1¢2, 0) in (4-35). For any £ > 0, we have

a1 (@1, 2. ¥, b1, ¢2.0)| < a1(¢1 ¢2,1//)+—€a1(¢1 $2,0).

Since I'y # &, according to [Lagnese 1989, Lemma 2.1] there is a constant y (depending on the geometry
of Q and on the parameters i and D) such that

ai (1, ¢2,0) = 111> + 21I* < voao(e1, ¢2).
Therefore,

a1 (1, ¢, ¥, $1. $2, 0)| < a1(¢1,¢2 lﬁ)+—€ao(¢1,¢2) (4-39)
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Use inequality (4-39) in identity (4-35) to get
d d
o) = Qi) —(1=26)ph | 7 dxdy—coh | [ +03) 07+ 4] dr dy
Q Q

eyok
<1— —T>ao(¢1 $2)—(L=&)ax(¥, m1, m2, 0,11, 1m2)
—ek(1=8)ai(¢1, ¢, ¥) dt —cax (Y, n1, m2, ¥, 0, 0)

—/ [D1:(m -V +(1—8)p1) + o (m-Vr+(1—&)¢hn)
I

+, (m -V +e9) +n1,(m -V + A —e)n) +n2 (m-Vip+(1—e)np) | dT
Fix & = %, and then choose ¢ > 0 so that 1 — & — 2eypk > ¢; that is,

1
O<e< —. (4-40)
2(1 4+ wk)

For such &, one has
d d
pe0) = o +T1 =)~ (1-2¢) ph f i dx dy—eph f (557 (@7, +63)+¥7 +n7,+n3, | dx dy
Q Q
—eap(¢1, p2)—(1—)ar (¥, 01, m2, 0, 01, M) —ykear (Pr, ¢, ) —eaz (¥, n1, 12, ¥, 0, 0)

- fr [f1:(m- V1 +(1—&)d1) + o (m-V o+ (1—)2) + v (m- Vo +e3)
' 1 (m- Vg +(—&)m) 402 (m-Vi+(1—£)y2)] dT dt

d
< E(Jo+11 —Jz)—(l—ZS)Ph/ Y7 dx dy—eEx (1)
Q
—%e{ oh fg [ 5727, +63)+V. +n1, 403, | dx dy+ao(dr, ¢2)+ax (¥, 1, nz)}

—/ [P1:(m-V 1+ (1—8)P1)+ P2 (m-Vpo+(1—€)p2)+ Y (m- Vi +e¢)
I
+n1:(m-V+(1—e)n)+nz (m-Vnp+(1—e)n2)1dT" dt. (4-41)

We estimate the last term on the right-hand side of (4-41) as follows:

[¢1z(m Vo1 +(1—e)p1)+¢a(m-Voo+(1—e)p2) + v (m-Vif +eyr)
+01:(m- V1 +(L—&)n) +n2 (m-Vna+(1—)np) | dT

— 2%_ / [¢1z+¢21+1//t +771t+772z] dr
é

I

[(m-V1+(1—e)p1)* +(m-Vo+(1—e)h2)* +(m- Vi +e)?
+(m-Vyi+(1—&)n)?+(m- Vi +(1—e)np)*] dT

1
=577 k(t)Jrs [(m-Vé1+(1—£)p1)*+(m-Vs+(1—£)p2)*+(m- Vi +£)*

2& dt 2 Jn
+(m-Vyi+(1—e)n)>+(m-Vip+(1—e)n)?]dl.  (4-42)
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Looking for the last integral in (4-42), it follows by (4-5) that
/ [(m -V + (1 —e)p1)> + (m- Vo + (1 —e)p2)> + (m - Vif + &)
r
‘ +(m -V + (1 —e)n)> + (m- Vi + (1 —e)n)?]dl

EGO/ m-v[(m -V + (1 —e)p1)> + (m- Ve + (1 — £)¢h)?
B +Om -Vt ey)? + (m - Vi + (1= )2 + (- Vi + (1 — e)p)?] dT. (4-43)

We now bound the right-hand side of inequality (4-43). Its first term is bounded by

/m-v(m-V¢1+(1—8)¢1)2dF§2/m-v[(m-V¢1)2+(1—8)2¢12]dF
I

I

< 2R2/ m-v|VéiPdT +2(1 —)*R | ¢?dT,
I I

where R = supp, m(x, y). The other terms can be bounded analogously. Therefore, one gets
[ Tom-Vor-+ =200 + -V + (1 - £19)°
r
‘ +(m - VY +ey)’ + (- Vi + (L= e)m)* + (m - Vi + (1 —e)m)*] dT
<260 [ m (1991 + 1993 + [V + [V + V] ar
I

+2Go(1—6)°R f [62+ 62 + 2+ 0} + 2] dT. (4-44)
I

For k > ko > 0 we have, according to [Lagnese 1989, Lemma 2.1] and to trace theory,

/F [67 4+ ¢2 +v* + 07 + 03] dT < yiao(dr, ¢2) +kai (g1, ¢o, ¥) +ax(W, ni, n2)]- (4-45)
In addition,

/m-v[|w>1|2+|V¢2|2+|vw|2+|Vm|2+|Vnz|2]dF
I

sz[arl <¢1,¢z,w,m,nz>+/r(¢%+¢§+n%+n§)]

< yolay, (B1, 2, ¥, 1. m2) +ao(@1, 2) +az(mi, m2)],  (4-46)

where the constants y;, y» depend only on €2, D, u, and kg, and

ar (@1, 42, ¥, n1,m2)

—24y,= /F m-v{D[<¢1x>2+<¢2y)2+2u¢1x¢2y+%<1—u><¢1y+¢2x>2]

dt
+Hk[(P1+9) 7+ (D2 +1,)7]
Eh
A= (3 (=) 2y 92

+ 2
1—p
1 22, 1,9 2
(M3 VY1) (=) Gy 2t y) ]}dr. (4-47)
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From (4-42)—(4-47), we obtain the estimate

[¢1z(m Vor+ A —e)p1) + ¢ (m- Voo + (1 =)o) + Y (m - Vi + )
+nu(m -V + A —e)n) +ny(m - Vs + (1 —&)na) | dT

1 d
< _E_Ek(t) +EGoR »a[ay, (b1, ¢2, ¥, mi, m2) +ao(dr, $2) +ax (¥, i, m2) |
+&Goyi(1 — &)’ Rlao(¢1, $2) + kai (o1, 2. ¥) +ax (¥, n1, mo) ]

1 d
S_Ed_Ek(I)‘f‘SGOR *yalar, (f1. d2. ¥, 1, m2) + ao(dr, ¢2) + a2 (¥, 11, m2) |
+EGoyi(1 —e)’RE(r). (4-48)

Using (4-48) in (4-41), it follows that

L pe(t) < Lot ey, @1, 92 v, UZ)—EEEk(I) (L—£12GoR?)ay, (b1, b2, ¥, 1. m2)
—[e—2811Go(1—&)*R]Ex(t) —[ 36 —£12GoR?][ao(d1, $2) +az (¥, m1, m2)].  (4-49)

where

e @100 =2 = i V[P + 93+ 97 0+ 03 Jar
From the definition of Jy and the first of the geometric assumptions in (4-4), we have
Ly=1 / ' / m-v{D[(¢1x)2+<¢z V22U 1yt 5 (=) (P15 +¢20)°]
dt 2/, I y yT32 y

+k[(p14+¥0) >+ +,)?]

h
[ =0 (4 392+ (=) (2 30 2) (o + 3 V)

1—p
+%(1_ﬂ)(771y+772x+wxwy)2]}dFdl‘
d¢i Ao
+30=w) [ m- V(v L —) dr
1 N 275 TV
E _%ar‘o (¢17¢27 l/f’ 771,772)» (4-50)

where

ar (@1, 42, ¥, m1,m2)

T
=1 f f |m-v|{D[<¢1x)2+(¢2y)2+2u¢1x¢2y+%<1—u>(¢1y+¢2x)2]+k[(¢1+wx)2+(¢z+wy)2]
0T Eh
1—p?

[(1—u)(mﬁ%Wf)er(l—u)(772y+%1ﬁf)2+u(mx+nzy+%IVWI2)2

+§<1—u>(my+nzx+wx«/fy>2]}dr.
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Substituting (4-50) in the right-hand side of (4-49), one gets the estimate

$pe(0) = 3e @1 9 v m) = 3¢ L)
— (3 —&nGoR?)ay, (@1, ¢, ¥ M. m) — [ = 251 Go(1 — &)* RIEx (1)
— 3¢ = £12GoR?[[ao(¢1, $2) + a2 (W, m, m)] — 3ar (D1, G2, ¥, mi, ). (4-51)

Now, taking ¢ < % and choosing & > 0 small enough such that
2611Go(1 —e)’R < 3e, EnGoR* < e <y,

we can guarantee from inequality (4-51) that

$e(0) = =3 SEO — L EL(0) + e @1, @0 m o)

— 34y (D1, 62, Y. n1. ) — gar (1. G2, ¥ 1, M)

Let us consider
Fe5(t) = Ex(t) + 3pe (1)

with é > 0. Therefore,
as(t) Ek(t)+5 ps(t)

=(1 35 ) 57 EeD) = S ELO) + 5, @1 02,0 1) = G, . 62, o)
where

ap (@1, $2. ¥, 1, m2) = a (D1, P2, ¥, 01, m2) +ap (@1, b2, ¥, 11, 12).
From (4-5), we get

d
ST En = / (67, + ¢35, + ¥ +n7, +n31dT
1

—s0 [ mevidh+ 03 + 7+ 4 ar
I
80
5 __hcrl (¢19 ¢27 l/f, ni, 772), (4-52)

provided ; h2 <1 (as we may assume). Therefore

dp y=—[50(1-2)_° 82
E 8,8()__[10_]1( _E)_E]Crl(dﬁ,q&b w’ 77]7 772)_? k()_zarl(¢19¢27 111-77717772)
1) 8
< — S Ec0) = Z[er, @1 820 v m ) +ay G do i )]
1) é
= — S Eu) — SEr(), (4-53)

with § > 0 being chosen such that

g 0\ 8. 9
oh 26) 274
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Step 3: To get the exponential decay of Ef(¢) using inequality (4-53), we need to compare Ej(¢) and
F. 5(t). To carry this out, we use the definition (4-33) of p.(¢) and [Lagnese 1989, Lemma 2.1] to obtain

|pe ()] < CE(1),
where C depends on €2, D, u, and Ko (K > K¢ > 0) but not on ¢. Consequently

|Fe,s — E(1)] = 0p: (1) < SCE(2).
Therefore,
(1 =8C)Ex(t) < Fe5(1) = (1 +38C)Ex(2).
Moreover, since
E(0)+ L Er() = Ex(0),
one gets

d
E 8.8 = _a)Fa,(S’

where w = 8¢/(2(1 +8C)). As a consequence of (4-33), (4-36) and of the choice of ¢ (see (4-40)), we
conclude that there exist positive constants C > 0 and w > 0 such that

Ei(t) < CEr(0)e™"
for every ¢ > 0 and every solution of (1-1), (4-1), (1-3). O

5. Further comments and open problems

(1) Although we know the physical deduction for the nonlinear Mindlin—Timoshenko system (1-1)—(1-3),
see for example [Lagnese and Lions 1988; Rahmani 2014], we are not aware of results concerning
well-posedness and regularity for all £ > 0. However, since our main goal was to give a positive response
to the Lagnese—Lions conjecture, what we can say is that, for k large enough and for initial data in
the space X, the system (1-1)—(1-3) is very close to the known von Karman system (1-5)—(1-7) (see
Theorem 2.1). On the other hand, there is extensive literature dealing with well-posedness, regularity,
stability, etc., for system (1-5)—(1-7); see [Favini et al. 1996; Lagnese 1989; Lagnese and Leugering
1991; Lasiecka 1998; Perla Menzala et al. 2002]. In Section 4 we analyzed the asymptotic behavior
(as t — o0) for the solution of the nonlinear Mindlin—Timoshenko system with boundary feedback. To
this end, we had to request an additional regularity for their solutions. For this reason, in all results
of that section, we have used the expression “regular enough” to the solutions, in order to ensure
that, under certain restrictions, the results hold. In our case, for instance, if we consider the solution
{¢1(0), p2(1), ¥ (1), m (1), (1)} € [H*> N H}\ 1P x [H? N Hpy ] x [H? N HE, 1, the stability results hold.
For the linear Mindlin—Timoshenko system, this issue was treated in [Lagnese 1989, Remark 3.1].

(2) In the proofs of Theorems 2.1, 3.1, and 4.5, we have considered the case where the initial data are
fixed. The same results hold if we consider the case where they do depend on &, provided we assume
the initial data {q‘)’l‘o, qb'fl, ¢§o’ ¢]2‘1, 1//(’)‘ , w{‘, n'fo, n’l‘l, n'z‘o, 17]2‘1} to be such that the initial energy Ej(0)
remains bounded and such that they converge weakly to {¢10, @11, ¢20, P21, Yo, Y1, N10, D11, M20, P21} I
the corresponding spaces.
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(3) It would be interesting to analyze whether the same stabilization results (Theorems 3.1, 4.5) hold
considering the systems (3-1), (1-2), (1-3) and (1-1), (4-1), (1-3) with less damping terms. To eliminate
some of these dissipative terms is a difficult task due to the complex nonlinearities involved. In this
context, we can mention the works [Alabau-Boussouira 2007; Alabau-Boussouira and Léautaud 2012;
Alabau-Boussouira et al. 2011; Ammar-Khodja et al. 2007; Soufyane 1999], which have obtained stability
for some hyperbolic systems without damping terms in some of their equations.

(4) Another interesting and difficult problem is to obtain the same result in Theorem 3.1 when the damping
mechanisms act in an arbitrary small region of the plate. The difficulty for this case, of course, consists in
getting a unique continuation result for the Mindlin—Timoshenko system. On this subject, we mention
[Cavalcanti et al. 2014; Charles et al. 2013; Geredeli and Lasiecka 2013; Komornik and Zuazua 1990;
Zuazua 1990], which have obtained decay rates for the energy of various hyperbolic systems considering
both linear and nonlinear localized damping terms.
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