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CONCENTRATION ET RANDOMISATION UNIVERSELLE
DE SOUS-ESPACES PROPRES

RAFIK IMEKRAZ

Nous étudions des conditions nécessaires et suffisantes de convergence pour des séries aléatoires de
fonctions propres dans L?, avec p fini. De facon précise, nous montrons des résultats optimaux pour les
harmoniques sphériques sur S¢ et 1’ oscillateur harmonique sur R (cela améliore des résultats de Ayache—
Tzvetkov, Grivaux et Imekraz—Robert—Thomann). Dans le cas multidimensionnel, nous utiliserons des
séries aléatoires faisant intervenir des matrices aléatoires. Cela nous permettra de donner un éclairage
sur la construction d’une famille de mesures construites par Burq—Lebeau sur I’espace de Hilbert d’une
variété riemannienne compacte. En fait, nous montrons que c’est précisément parce que L? est de cotype
fini que cette construction est possible (il s’agit d’une version multidimensionnelle du théoréme de
Maurey-Pisier).

We study necessary and sufficient conditions of convergence for random series of eigenfunctions in L?,
for finite p. More precisely, we get optimal results for the spherical harmonics on S¢ and for the
harmonic oscillator on R? (this improves results by Ayache—Tzvetkov, Grivaux and Imekraz—Robert—
Thomann). In the multidimensional framework, our random series involve random matrices. This
illuminates a construction, made by Burq—Lebeau, of a family of specific measures on the Hilbert space
of a Riemannian boundaryless compact manifold. Actually, we show that the latter construction is
possible because L? has finite cotype (this is nothing but a multidimensional version of the Maurey—Pisier

theorem).
1. Introduction 263
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4. Espaces PL? pour I’oscillateur harmonique sur R? 330
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Appendice B. Preuve de la proposition 1.10, inégalité de Latata précisée (26) 343
Appendice C. Preuve de la proposition 1.10, minoration de la plus petite valeur singuliere 346
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1. Introduction
1A. Littérature existante. Cet article étudie de maniere unifiée les questions suivantes :

MSC2010: 15B52, 46B09, 60G50.
Mots-clefs : random matrix, eigenfunctions, Sobolev embedding.
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264 RAFIK IMEKRAZ

(i) Fixons p € [1, 4+o00[. Peut-on trouver des conditions déterministes (nécessaires et suffisantes)
qui assurent la convergence dans L? (§d) des séries aléatoires constituées par des harmoniques
sphériques ?

(i) Qu’en est-il pour I’oscillateur harmonique —A + |x|? sur la variété non compacte X = R4 9
(>iii) Quelles séries aléatoires permettent de résoudre les questions précédentes ?

Dans le cas ou les fonctions propres considérées ont des propriétés de concentration, nous nous proposons
de démontrer des résultats optimaux qui completent ceux obtenus séparément par Ayache et Tzvetkov
[2008] et Grivaux [2010], ainsi qu’un résultat obtenu conjointement par Robert, Thomann et 1’auteur
dans [Imekraz et al. 2016]. En ce qui concerne la randomisation multidimensionnelle, nous obtenons une
extension de deux résultats de Maurey et Maurey—Pisier. Cela donnera un éclairage sur la construction
d’une famille de mesures sur LZ(X) (ol X est une variété riemannienne compacte sans bord) construites
par Burq et Lebeau [2013].

Avant d’écrire des énoncés précis, il convient de citer les principaux travaux existants concernant
cette problématique. La source de toute cette étude réside dans le théoréme de Paley et Zygmund
[1930; 1932] : si I’on considere une suite (a,,),c7 appartenant a £2(Z) et une suite (g,),ec7 de variables
aléatoires indépendantes suivant une loi %—Bernoulli a valeurs dans {—1, +1} alors la série de Fourier
aléatoire ), ., enane'™ définit presque sirement un élément de LZ(T) pour tout réel p € [2, +o0[. La
randomisation permet ainsi un gain d’intégrabilité alors qu’il n’y a évidemment aucun gain de régularité
dans 1’échelle des espaces de Sobolev H*(T). Le théoréme de Paley—Zygmund peut étre considéré
comme une amélioration probabiliste de I’injection de Sobolev H 3= (T) C LP(T) valide pour tout
réel p € [2, +o0[. Les démonstrations du théoreme de Paley—Zygmund utilisent généralement 1’ inégalité
de Khintchine. L’ ouvrage de Kahane [1985] contient de nombreux résultats importants dans ce théme
et introduit notamment des versions banachiques de 1’inégalité de Khintchine, a savoir les inégalités
de Kahane—Khintchine (voir plus loin (39)). Citons maintenant trois résultats connus concernant la
randomisation dans les espaces de Lebesgue.

Le premier résultat est le théoréme de Maurey et énonce ceci : pour toute suite (U4, )nen de LP(X) ol
X est un espace mesuré o-fini, on a I’équivalence

Z enUy converge presque sirement dans L?(X) < ./ Z lun)? € LP(X). (1)
neN
En fait, le théoreme de Maurey permet de remplacer L?(X) par n’importe quel treillis de Banach

qui dispose de la propriété de cotype fini [Maurey 1974, pages 21-22; Lindenstrauss et Tzafriri 1973,
Theorem 1.d.6, Corollary 1.f.9].

Le deuxieme résultat est le théoreme de Maurey et Pisier [1976, corollaire 1.3] (voir le théoreme 1.6
ci-dessous). Ce dernier assure, avec les mémes notations, que les convergences des séries aléatoires
> enuy et Y gpu, dans LP(X) sont équivalentes ol (g,)nen désigne une suite i.i.d. de gaussiennes
suivant une loi NVg(0, 1). En fait, le théoréme de Maurey—Pisier permet de remplacer L?(X) par un
espace de Banach complexe de cotype fini et les gaussiennes g, par des variables aléatoires centrées plus
générales.
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Le troisieme résultat a été obtenu par Figa-Talamanca et Rider [1966, Theorem 4 ; 1967, Corollary 4].
qui ont pu remplacer le tore T par un groupe compact quelconque G dans le théoreme de Paley—Zygmund.
On pourra aussi consulter [Figa-Talamanca 1971]. Marcus et Pisier [1981] ont résolu le probleme de
la convergence presque siire des séries de Fourier dans L°°(G) et leur analyse permet de retrouver les
résultats dans 1’échelle des espaces L?(G) avec p € [1, +oo[ a ’aide d’une version multidimensionnelle
des inégalités de Kahane—Khintchine. Ces dernieres inégalités, que nous choisissons de nommer les
inégalités de Kahane—Khintchine-Marcus—Pisier (voir plus loin (40)), vont jouer un réle important dans
notre article.

Récemment, ces problémes ont ressurgi en considérant les fonctions trigonométriques x > '~
non pas comme les caracteres du groupe abélien compact T mais plutét comme les modes propres de
I’opérateur de Laplace—Beltrami j—;. Deux types de résultat ont notamment motivé cette résurgence :

(i) Les bases hilbertiennes aléatoires de modes propres ont des propriétés non triviales comme I’er-
godicité quantique [Zelditch 1992; Robert et Thomann 2015] ou des estimations de normes L?
bien meilleures que celles des bases hilbertiennes “canoniques” [Poiret et al. 2015; Burq et Lebeau
2013].

(i) L’étude des équations non-linéaires de type Schrodinger ou ondes sur une variété riemannienne
compacte X avec des conditions initiales a faible régularité dans les espaces de Sobolev H*(X) (on
parle de régime sur-critique) est un probleme difficile en toute dimension et tout spécialement en
dimension dim(X') > 3. La randomisation donne un gain d’intégrabilité qui permet de construire des
solutions qui sont hors d’atteinte avec les méthodes déterministes actuelles. Ces travaux concernent
les constructions de mesures de Gibbs (voir les articles [Bourgain 1994 ; 1996 ; Bourgain et Bulut
2014a; 2014b; 2014c; Burq et al. 2013 ; Deng 2012 ; Tzvetkov 2008] et leurs références) ou des
conditions initiales aléatoires plus générales [Burq et al. 2015 ; Burq et Tzvetkov 2008a; 2008b ;
2014 ; Poiret et al. 2014]. Concernant ces derniers articles, on pourra consulter le séminaire Bourbaki
[de Bouard 2015].

Les deux points précédents ont méme été combinés par de Suzzoni [2014] qui a étudié I’équation
cubique des ondes sur la sphere S3 2 I’aide d’une base hilbertienne aléatoire de L2(S3).

Il est donc 1égitime d’étudier la randomisation non plus sur un groupe compact mais sur une variété
riemannienne compacte X (que 1’on supposera toujours lisse, sans bord et de dimension d > 2). Etant
données une suite (a,) € £2(N), une famille orthonormée (¢n)n>0 de L?(X) constituée de fonctions
propres de I’opérateur de Laplace—Beltrami A sur X et la fonction

> angn € L*(X),

n>0

on s’intéresse a la convergence presque stire dans L? (X)) de la série aléatoire Y e,a,¢,. Bien entendu,
le critere (1) répond a la question de fagon théorique mais il ne parait pas évident de le traduire en un
comportement asymptotique sur la suite des coefficients (a,),en. Sans surprise, cette étude est intimement
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liée a la suite des normes ||¢y || »(x) en vertu de I'inégalité triangulaire :

Vp €2, +o0l, H D lan?|enl?

nenN

1

> lanlPWnlrcry ) - @

(
L7 (X) nenN

En fait, nous verrons que c’est I’éventuelle concentration des fonctions ¢, qui rentre en jeu. Rappelons les
résultats connus. Tzvetkov montre ce que I’on appellera par la suite une injection de Sobolev probabiliste
(selon la terminologie introduite par Burq et Lebeau [2013]) : pour tout réel p €]2, +o0[ il existe un réel
explicite §(d, p) < d(% — %) tel que

Z anty € H5-p) X)) = Z Endndn converge p.s. dans L?(X). 3)
n=0 n>0
Avant de donner 1’expression de §(d, p), signalons que (3) améliore I’injection de Sobolev déterministe
D antn e HUCTDX) = Y ann € LP(X).
n>0 n>0

Par construction (voir [Tzvetkov 2010, Theorem 4]), le nombre §(d, p) vient des inégalités de Sogge

[1988] que nous rappelons : si 'on a A¢, = _)L’Zl(pn, avec A, > 0 alors on a
ﬂ(l_l) si2<p<2(d+1),
InllLecxy < CX, pASEP . §(d.py:=14 2 2, 7 e @

. 2(d+1)
2 Ty STgor SP=t0o

ou C(X, p) > 1 ne dépend que de X et p. Le cas p = oo est dli 2 Avakumovic, Levitan et Hormander
[Hormander 1968] et les inégalités (4) sont optimales pour X = S¢. Notons au passage que le critére de
Maurey (1) et I’inégalité triangulaire (2) permettent de retrouver immédiatement 1’implication (3).

De fagon indépendante, des travaux font intervenir la notion de randomisation multidimensionnelle
sur une variété riemannienne compacte X en tenant compte de la décomposition spectrale de 1’opérateur
de Laplace—Beltrami sur L?(X). Cette notion apparait sous des formes en apparence différente, dans
les travaux de Shiffman et Zelditch [2003 ; Zelditch 1992], dans celui de Burq et Lebeau [2013] ainsi
que dans celui de Poiret, Robert et Thomann [Poiret et al. 2015] (pour I’ oscillateur harmonique sur RY)
avec des arguments de “concentration de la mesure” et de “grandes déviations”. C’est dans I’article [Burq
et Lebeau 2013] que le terme “injection de Sobolev probabiliste” apparait pour la premiere fois pour
exprimer rigoureusement le gain d’intégrabilité obtenu par la randomisation. Méme si cela n’est pas
explicitement écrit, il nous semble qu’un des intéréts du papier [Burq et Lebeau 2013] est précisément
de s’émanciper de 1’astuce de considérer des modes propres invariants par symétrie (ce qui permet
usuellement de réduire un probléme multidimensionnel a un probleme unidimensionnel). C’est ainsi que
Burq et Lebeau obtiennent un résultat d’existence locale pour 1’équation semi-linéaire des ondes sur
une variété riemannienne compacte en régime sur-critique et leurs solutions ne sont pas spectralement
supportées par des sous-suites particulieres de fonctions propres.

Dans notre article, nous étudions les propriétés de dualité et interpolation de nouveaux espaces de
Banach associés a une suite de sous-espaces propres (Ey),>1, dénommés plus loin espaces de Lebesgue
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probabilistes et notés PL? (X , EBE,,) Afin de motiver cette étude dans le cadre de la randomisation des
fonctions propres, nous écrivons dans les trois prochaines parties les applications que nous obtenons.

1B. Harmoniques sphériques de S°. Ayache et Tzvetkov [2008, Theorem 1] obtiennent un éclairage
gaussien du théoréme de Paley—Zygmund, a savoir I’équivalence pour tout p € [2, +00[ des deux assertions
suivantes :

(1) les fonctions propres ¢, sont uniformément bornées dans L? (X)),

(i) pour toute suite complexe (an)nen, la fonction gaussienne aléatoire ) ., gnan¢n appartient
presque stirement & L7 (X) si et seulement si (a,)nen appartient & £2(N).

Alors que les preuves usuelles du théoréme de Paley—Zygmund utilisent 1’égalité |e?*| = 1, I’équivalence

(i) & (ii) montre que c’est plut6t I'inégalité sup,, cp llef | L2 (—m,m) < 100 qui est déterminante. En
d’autres termes, seule I’explosion des normes ||¢;, ||z » peut contredire la conclusion du théoréme de Paley—
Zygmund. Dans ce cas, Ayache et Tzvetkov posent la question de calculer en fonction des coefficients ay,
la borne supérieure des réels p € [2, +oo] tels que la série aléatoire Y gna, ¢, converge presque stirement
dans L?(X). Sans aucune information sur les fonctions ¢, cette question est trop générale et Ayache et
Tzvetkov examinent les modes propres radiaux ¥, de 1I’opérateur Laplacien A avec condition de Dirichlet
au bord sur la boule fermée unité B, (0, 1) de R?. 11 s avere que les fonctions v, ne sont pas uniformément
bornées dans L? (B4 (0, 1)) pour p > 1, et ’on en déduit I’existence de suites (a,)nen € £2(N) telles que
la série aléatoire gaussienne ) _ gnan, ¥, diverge presque sirement dans L? (B4 (0, 1)). Il s’agit 1a d’une
différence majeure avec le théoreme de Paley—Zygmund sur le tore T¢. Dans le cas des fonctions Yn,
Ayache et Tzvetkov [2008, Theorem 4] obtiennent une réponse partielle. Dans [Grivaux 2010] apparaissent
deux idées qui vont jouer un réle important dans notre travail :

(i) D’une part, Grivaux remarque que le théoreme de Maurey—Pisier assure 1’équivalence des conver-
gences des séries aléatoires ) ep,anV¥y et Y gnanVn.

(i) D’autre part, Grivaux répond a la question de Ayache et Tzvetkov en utilisant la concentration des
fonctions ¥, en I’origine 0 € RZ.

Comme le remarquent Ayache et Tzvetkov [2008, Theorem 4, Remark (d)], I’analyse précédente se
transfere sans probleme aux fonctions propres zonales de 1’opérateur de Laplace—Beltrami sur la sphere

s? .= {(xl,...,de)eIRd“ |x%+~-+xs+1=1}, d=>2.

On notera (g la mesure volume de S4 et I'on rappelle que le spectre de I’opérateur de Laplace—Beltrami
A est donné par la suite (—n(n + d — 1))»en. Convenons aussi qu’une fonction sur S? est zonale si
elle ne dépend que de la premiere coordonnée x1 d’un point x € s, D’apres [Stein et Weiss 1971,
Chapter IV.2, Theorem 2.14, page 149], on sait que I’opérateur de Laplace—Beltrami A admet une suite
de fonctions propres zonales (Z,),>1 vérifiant :

1 (d52,452)
Zn(x)=n2P; > 2 (x1), AZy=-n(n+d—-1Zn, |Zulr2sa)=al, (5)
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ou Pn((d_z)/ 2.(d=2)/2) ot le n-izme polyndme de Jacobi, c’est-a-dire le n-ieme polyndme orthogonal

pour le poids w € [-1, 1] — (1 — wz)% et normalisé de sorte que
d—2 d=2 d—2 _
VneN*, P, 2 2% (1)_('“r 2 ) ~y n'7.
n

On peut montrer que I’on a les estimations (voir partie 3D) :

2d
l<p< 1 = 1ZnllLr(say ~d.p 1.
2d
P=a = N Zullpr(say =a,p ¥Vin(n+1), (6)
2d d=1_d
P,

T-1 <p<oo = |Zullpr(say=apn >

D’apres [Ayache et Tzvetkov 2008], on sait que pour toute suite (a,) € £2(N*) et tout p € [2, 7 2d_ 24 1a
série aléatoire Y g,a, Z, converge presque sirement dans L? (S%). Pour comprendre ce qu’il en est pour
p> dz‘il, on pourrait appliquer la méthode de Grivaux [2010]. Cette méthode nécessite de rappeler que
les fonctlons zonales Z, se concentrent autour de deux boules centrées aux pdles (1,0, ...,0) de rayon
d ordre = avec une amplitude d’ordre n e . Remarquons au passage que les formules (6) exphquent que
cette concentratlon polaire est significative dans L?(S?) pour p > 7 d . Notons maintenant

2d

pc:=sup{p>d_1‘ d1+1(2kd Yag |2) =C’)(%)§ (7

Alors pour tout réel p € [2, +o00[, la méthode de Grivaux donne les implications suivantes :

[S/S]

P < pc = la série aléatoire Zgnan Z, converge p.s. dans Lp(Sd),

p > pc = la série aléatoire Z gnanZy diverge p.s. dans L? (Sd).

> epanZ, converge > epanZ, diverge
p.s. dans L?(S%) p.s. dans L?(S%)
| | )
1 2 dz—_dl Pc +o00

Les arguments connus ne permettent pas de décider ce qu’il en est en p = p. (question soulevée
dans [Imekraz et al. 2016, remark pages 2776—7] qui utilise notamment la méthode de Grivaux pour les
fonctions propres radiales de 1’opérateur —A + |x|?). Le premier résultat que nous énongons élucide ce

point.
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Théoreme 1.1. On considere une suite complexe (ay)n>1 a croissance polynomiale et un réel p €

]dz—fl +oo[. La série aléatoire Y gnanZy converge presque siirement dans L? (Sd) si et seulement si

1 (S 2
an+1(2kd 1|ak|2) < +o0.

n>1 k=1

Le théoreme précédent nous permet de préciser la formule (7) par comparaison logarithmique et rend
légitime la mise en évidence de son terme (’)(%). Examinons par exemple des coefficients de la forme

1 2d
T a1y B B=0, p>—— n=2.
n"\2 »p ]np(n)

(690

d—1’ -

La suite (a)n>2 appartient a £2(N\{0, 1}) et I’on calcule facilement I’équivalent

k _1|ak|2) ~ (—) ———, n— +oo.
nd+1 (k=2 2d ) ninf ()

La borne supérieure (7) vaut donc p pour toute valeur de 8, mais le théoreme 1.1 permet d’affirmer que

la série aléatoire anz gntn Z, converge presque stirement dans L7 (§d) si et seulement si § > 1.
Donnons une idée de la preuve du théoréeme 1.1. Nous justifierons rigoureusement que 1’on peut
assimiler |Z,| & sa restriction Z, sur une boule de rayon d’ordre % et centrée en 1’'un des pdles de

symétrie. Cela nous permettra d’obtenir I’encadrement suivant pour tout p > (12—:11 :

n=1 n>1

=
L7(s9)

(®)

< C(d,mH > lanZnl?

n>1

L7(s?) Lr(sd)

ou C(d, p) > 1 ne dépend que de d et p. Comme les normes dans L%(§d) des fonctions ), |an Zn |2
sont calculables explicitement, on pourra finir en invoquant le critere (1). La majoration (8) est délicate
et utilisera de nouveaux résultats abstraits d’interpolation développés dans la partie 2B. Signalons dés
maintenant que I’interpolation (réelle ou complexe) des normes qui apparaissent dans (8) n’est pas gratuite
et découlera des propriétés de concentration des fonctions zonales Z,. Par exemple, il découlera de (6)
et de la proposition 2.4 que I’interpolation n’est pas réalisée si I’on autorise p a parcourir un intervalle
ouvert contenant dz—fl.

Nos arguments permettent de traiter un autre cas important de fonctions propres, a savoir la suite
(Yn)n>1 des fonctions propres “de plus haut poids” qui se concentrent sur une géodésique. Ces dernieres

sont définies par les formules
Vn e N*, Yn(x) = cd’n(xl + iX2)n, ||Yn||L2(§u') =1, )

oll ¢g, > 0 est une constante de normalisation. On vérifie que I'on a AY, = —n(n +d — 1)Y, et

d—1 . . . .
Cdn ~q n % . Les fonctions Y, sont connues pour avoir des estimations de normes dans LP(Sd)
maximales pour 2 < p < % et minimales pour p € [1, 2[ parmi les modes propres L2(§d)—n0rmalisés

associés a la valeur propre —n(n + d — 1) (et cela est méme optimal d’apres les inégalités de Sogge (4)
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et [Sogge et Zelditch 2011, Proposition 2]). De maniere précise, il est connu et facile a vérifier que (9)
implique les estimations suivantes

d=1(1_1
Vp e[l +oo[U{+ool, YneN*, [Yulpres ~apn'? G 7). (10)
On montrera le théoréme suivant.

Théoreme 1.2. On considére une suite complexe (an)n>1 a croissance polynomiale. Pour tout réel
p €11, +o0l, la série aléatoire Y gna, Yy converge presque siirement dans LP (S9) si et seulement si

1 (SN 2
3 M(Zk"zlmkﬁ) < +00. (11)

n>11" 2 Np=1

Comme application immédiate, on obtient le fait suivant qui contraste avec le théoréme de Paley—
Zygmund sur T : la fonction Y, -, (/7 In(n))~'Y, appartient a L2(S%) mais la série aléatoire

8n
2 ™

diverge presque slirement dans L? (S%) pour tout réel p > 2. La preuve du théoreme 1.2 consistera a

H Z |anYn|2

n>1

estimer les normes

Ll’(§d)'

Cela sera tres facile pour p € 2N en utilisant des estimées optimales vérifiées par les intégrales

/gd Yae, () Yagpym )P dpa(x). (ny. ... n(p/2)) € (N2, (12)

Pour traiter le cas général p € |1, +00[, on raisonnera par interpolation et dualité. Mais comme précédem-
ment, cela n’est pas gratuit. De facon précise, la concentration gaussienne de Y, autour de la géodésique
{x% + x% =1} C S nous permettra de valider les hypotheéses de nos nouveaux théorémes d’interpolation
et de dualité (théoréemes 2.5 et 2.6).

Remarque 1.3. La condition (11) est exactement celle que 1’on obtient avec le critere (1) en remplagant

1

. . Vi .
d’équation x% + x% = 1. Par souci de simplification, nous n’avons traité que le cas des géodésiques sur

Y, par la fonction x — n T 1y, (x)ou V, C S est une bande de largeur autour de la géodésique
S? mais notre démarche est en fait plus générale. En effet, on devrait pouvoir estimer les intégrales (12)
en utilisant seulement la concentration gaussienne de Y; autour de la géodésique {x% + x% = 1}. Or ce
type de concentration se réalise dans un autre cas important, a savoir celui d’une surface X qui admet une
géodésique I' C X fermée elliptique et non-dégénérée. Il est alors connu, mais assez délicat a rédiger, que
I’on peut construire des quasi-modes qui se concentrent autour de la géodésique I' avec des estimations
gaussiennes (ce sont les travaux de Ralston et Babich).

En résumé, les théoremes 1.1 et 1.2 affirment que la concentration sur une zone déterminée (voisinage
d’une géodésique ou d’un pdle) est la seule information pertinente pour étudier les séries aléatoires de
fonctions propres. Malgré la ressemblance de leurs énoncés, les preuves des théoremes 1.1 et 1.2 vont
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étre différentes car la concentration des fonctions Y, autour de la géodésique {x% + x% =1} C S est
bien meilleure que la concentration des fonctions zonales Z, autour des poles (1,0, ...,0) (voir la
discussion concernant les estimées multilinéaires au début de la preuve de la proposition 3.1).

Les deux exemples de fonctions propres Y, et Z, nous permettront facilement de justifier I’optimalité
de I’injection de Sobolev probabiliste (3) obtenue par Tzvetkov [2010]. Cela est parfaitement cohérent
car les preuves de [Tzvetkov 2010] sont obtenues grace aux inégalités de Sogge (4) qui sont précisément
saturées pour les fonctions Yy, et Zj,.

1C. Oscillateur harmonique —A + |x |? sur R%. Dans cette partie, nous expliquons notre principale
application a I’oscillateur harmonique —A + |x|? sur L2(R?) avec d > 2. Nous prolongeons 1’étude
entamée dans [Imekraz et al. 2016]. Pour tout entier n € N, on note H,, € R[X] le n-iéme polyndme de

Hermite ainsi que 4, la n-iéme fonction de Hermite :
d" H,(x
Hp(x) = (—l)né'x2 e et hn(x):= L)e_%xz.
dx" n2n /7

On vérifie que I'on a ||, || 12(gy = 1. On définit aussi le sous-espace suivant de L2(R9)

Egp:=Vect{hi, ® - @ hi, | (i1.....ig) €N, iy + -+ +ig =n},

ol I’on note classiquement (h;; @ --- ® h;,)(x) = hj; (x1) - hi, (xg) pour tout x € R4, Les fonctions
hi; ® --- ® h;, forment une base hilbertienne de E4 , et I’on vérifie aussi que 1’on a

n+1)---(n+d—1)  nd1
d—1)! T d-nr

dp :=dim(Eg ,) = n— +oo. (13)

II faut savoir de plus que E; , est le sous-espace propre de —A + |x|? associé a la valeur propre d + 2n
et que ’on a la somme directe orthogonale
L*R?) =D Ean-
neN

On veut associer a cette somme directe orthogonale des séries aléatoires et étudier leur convergence en
probabilité dans L? (R%). Expliquons d’abord la démarche employée dans [Imekraz et al. 2016, (1.9)].
Les séries aléatoires précédemment utilisées sont de la forme

dn

weQ> Z Z Vi (@)Cn kc®n i

neN k=1
ol €2 est un univers probabilisé de référence, (¢, x)1<k<q, €st une base hilbertienne de Eg ,,, (Vy k)n ik
est une famille de variables aléatoires, i.i.d., centrées, non nulles et dont tous les moments sont finis,
et (Cy k)n,k €st une suite de coefficients complexes. D’apres le critere de Maurey (1) et le théoreme de
Maurey-Pisier, la convergence de ces séries aléatoires dans L? (R%) revient a étudier les normes

dn
zz:§:|cmk

neN k=1

2|k (02

(14)

L% (R)
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L’expression précédente dépend a priori de chaque base hilbertienne (¢, x) de E; ,. Afin d’obtenir des
résultats indépendants de ces bases, une condition de contrdle (nommée squeezing condition) sur les
coefficients (¢, k) a été imposée dans [Imekraz et al. 2016] (et méme dans [Poiret et al. 2015 ; 2014 ; Robert
et Thomann 2015]). Cette condition technique demande que les nombres |c, x |2, d’un méme paquet,
soient du méme ordre de grandeur, c’est-a-dire comparable & leur moyenne ﬁ(k’n,l 2+ +lcna, ).
Ainsi, (14) se réduit a

dn

1
2 Gim(Eay) (Z ek

neN k=1

(15)

dy
2)(2 |¢n,k<x>|2)
k=1

ol la fonction |¢y,1|% + -+ + |¢n.a4,|* s avére indépendante de la base hilbertienne choisie. Il est naturel

L2 (®4)

de vouloir s’émanciper de la squeezing condition (cette derniere a été 1égerement relaxée dans [Imekraz
et al. 2016, Part 1.1.2] par comparaison aux travaux [Poiret et al. 2015 ; 2014 ; Robert et Thomann 2015]).
Dans notre article, nous allons employer une autre méthode de randomisation qui ne dépend que de la
suite (E g ,)n>0 €t qui ne nécessite aucune condition de contrdle des coefficients. De fagon précise, on va
randomiser une fonction propre appartenant a E; , en la faisant tourner uniformément et aléatoirement
autour de 1’origine. Nous noterons désormais (W}, ),>0 une suite de matrices aléatoires indépendantes et
supposons que chaque matrice aléatoire W, suit une loi uniforme dans le groupe unitaire Uy, (C). Notre
résultat s’énonce comme suit :

Théoréeme 1.4. Supposons d > 2 et considérons une suite (up)en d’éléments de L*(R?) vérifiant

up € Eg ,, pour tout n € N. Pour tout réel p € [1, 400, les conditions suivantes sont équivalentes :

(1) la série aléatoire ‘.1”-_ Wai ilun, dn. iYon.i) converge presque siirement dans LP RY),
n l,]—l ey 5] 5 g p q
.. - py d_ a\Z
(i1) la série numérique nz2-1 ug||? k2)? est convergente.
q n>1 k>n L2(R9)
Pour tout p € [2,+00[ on a linjection de Sobolev probabiliste

—d(l—_1
S 171G g 122 gy < +00

n>1

dn

= Z( Z Wn,i,j(un,qﬁn’j)qﬁn,i) converge p.s. dans Lp(Rd). (16)

n N,j=1
Le théoreme 1.4 donne donc une caractérisation explicite des séries aléatoires qui convergent presque
sirement dans L?(R%). Au passage, on obtient un résultat de type Paley—Zygmund :

Z”“n”iz(”@d) < +00

d
n>1 n
= Vpe2,+oo, Z( Z Wn,i,j(un,¢n,j)¢n,i) converge p.s. dans L? (R?).

1
—;) et

Dans la partie 4, nous verrons que 1’implication (16) est optimale par rapport a 1’exposant —d (%

doit étre vue comme une amélioration probabiliste de 1’injection de Sobolev déterministe :

1_1
> n T hunla gy < to0 = Y oun € LR, an

n>1 n>0
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Dans [Imekraz et al. 2016, Theorem 2.2], un cas particulier de (16) a été obtenu avec une squeezing
condition. Nous écrirons aussi une implication duale a celle de (16), avec p € ]1,2], grice a un nouveau
théoreme de dualité.

Au niveau probabiliste, la preuve du théoréme 1.4 reposera sur une extension multidimensionnelle du
critere de Maurey (1) qui fera apparaitre I’expression (15). An niveau de 1’analyse, nous utiliserons une
nouvelle estimée de la fonction spectrale de 1’oscillateur harmonique tronquée au n-ieme niveau d’énergie
(voir la proposition 4.1) :

> () hiy(xa)? (18)
(i1,0siq)ENY
i1+-+ig=n
Didier Robert nous a signalé apres la rédaction de notre article que des informations complémentaires sur
la concentration de (18) ont été précédemment obtenues dans [Hanin et al. 2015].

1D. Version multidimensionnelle du théoréme de Maurey—Pisier. Le théoreme de Maurey—Pisier per-
met de remplacer les variables gaussiennes par des variables de Bernoulli dans les théoremes 1.1 et 1.2. 11
y a en réalité un phénomene d’universalité plus important : on peut remplacer les variables gaussiennes par
toute une famille de variables aléatoires ayant des moments finis de tout ordre. Pour énoncer précisément
ce résultat, rappelons la définition du cotype.

Définition 1.5. Considérons un réel ¢ € [2, +0o0[, un espace de Banach complexe B est de cotype g s’il
existe ¢ > 0 tel que pour tout N € N* et tout (u,)1<p<ny € BY ona

N 1/q N
n=1 n=1 B

S’il existe un réel g € [2, 400 tel que I’inégalité précédente se réalise, alors on dit que B est de cotype fini.

Il faut considérer la propriété de cotype fini comme une propriété géométrique d’un espace de Banach.
On vérifie que L?(X) est un espace de Banach de cotype max(2, p). La preuve du théoreme de Maurey
et Pisier [1976, corollaire 1.3] donne en fait le résultat suivant.

Théoreme 1.6 (Maurey-Pisier). Soit B un espace de Banach complexe. Alors les deux propriétés suivantes
sont équivalentes :

(a) B est de cotype fini.

(b) Pour toute suite (1) de B et toute suite (X, )nen de variables aléatoires réelles, centrées, indépen-
dantes et vérifiant

ingE[|Xn|] >0 et VYqe|[2,+o0], sup E[|X,]?] < +o0,
ne

neN

les deux propriétés suivantes sont équivalentes :
(i) la série aléatoire Y X,u, converge presque siirement dans B,

(ii) la série aléatoire ) eyu, converge presque siirement dans B.
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En d’autres termes, 1’universalité de la randomisation unidimensionnelle dans L?(X) se produit
précisément parce que L?(X) dispose de la propriété de cotype fini. On veut naturellement généraliser ce
phénomene pour les séries aléatoires qui apparaissent dans I’hypothese (i) du théoreme 1.4, c’est-a-dire
trouver d’autres séries aléatoires multidimensionnelles pour lesquelles la conclusion du théoréme 1.4 est
encore valide.

Ce probleme est lié a un fait remarqué par Burq et Lebeau [2013, appendice C] : si I’on considere
X une variété riemannienne compacte sans bord alors on peut construire beaucoup de mesures v sur
L?(X) (méme étrangeres deux a deux) telles que v(L? (X)) = 1 pour tout p € [2, +oo[. Rappelons
simplement comment sont construites les mesures de Burq—Lebeau, disons dans le cas X = S? (voir [Burq
et Lebeau 2013, appendice C.1]). Notons (E,),>0 la suite des sous-espaces propres de 1’opérateur de
Laplace—Beltrami A sur L2(S?) et considérons une suite (Vi)n>1 de variables aléatoires indépendantes
a valeurs dans ]0, +oo| vérifiant les estimations de grandes déviations

Iy >0,C>0¢>0, Vp>0, supP(V,>p)<Ce . (20)
neN
On supposera que les variables aléatoires 1}, et les matrices unitaires aléatoires W,, sont indépendantes
dans leur ensemble. Considérons maintenant une suite (4, ),>1 de Lz(Sd) vérifiant u, € E, pour tout
n € N. Les mesures de Burg—Lebeau sont tout simplement les mesures images (c’est-a-dire les lois) des
fonctions aléatoires

Q — L2(S%),
& 21)
o Z( D Va(@) Wi (@) {un, ¢n,j>¢n,,~),
neN N, j=1
ol (Pn,1,--..Pn,4,) st une base orthonormée du sous-espace propre E, et £ un univers probabilisé

de référence. Par indépendance des variables aléatoires en jeu, cette construction équivaut a définir une
mesure de probabilité sur L2(S%) comme un produit tensoriel infini de certaines mesures de probabilités
respectivement supportées dans les sous-espaces E, (voir [Burq et Lebeau 2013, pages 955]). En termes
de séries aléatoires, le résultat de Burg—Lebeau se reformule donc ainsi : il existe beaucoup de séries
aléatoires de la forme (21) qui convergent presque sirement dans L” (S?). Ce résultat n’est pas purement
théorique ; il fait partie d’un programme de recherche consistant a étudier le transfert de mesures par le
flot d’équations aux dérivées partielles non linéaires (par exemple des mesures de Gibbs).

On va écrire une version multidimensionnelle du théoréme 1.6 qui va expliquer pourquoi 1’on peut bien
construire des mesures de Burg-Lebeau (et au passage en construire des nouvelles). Afin de recouvrir les
variables aléatoires X, du théoréme 1.6, nous allons considérer des matrices aléatoires plus générales.
Introduisons la notion suivante qui généralise la notion de symétrie pour les variables aléatoires scalaires
[Marcus et Pisier 1981, page 82, (2.3)].

Définition 1.7. Une matrice aléatoire M : Q2 — M ;(R) est orthogonalement invariante si pour toute
matrice orthogonale P € O;(R) les matrices aléatoires M et PM ont la méme loi. On définit de méme
I’invariance unitaire pour une matrice aléatoire M : Q — M ;(C) en remplacant le groupe orthogonal
04 (R) par le groupe unitaire Uy (C).
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Fixons maintenant quelques notations usuelles d’algebre linéaire :

Vy e Mg (©=C% Iyli= Iy 4+ lyal?

A
VA e My(0), ”A”op = sup M’
yecd\foy 1V
|A] ;= VAA € My(C), (22)
A
0(A) := inf M
y#0 |y]

La matrice | 4| est une matrice hermitienne positive issue d’une décomposition polaire de A = P |A|
avec P € U;(C) (une telle décomposition est unique des lors que det(A) £ 0). Enfin, o (A) est la plus
petite valeur singuliere de A, il s’agit aussi de la plus petite valeur propre de |A|. Notre premigre version
multidimensionnelle du théoréme de Maurey—Pisier prend la forme suivante :

Théoreéme 1.8. Fixons X un espace mesuré o-fini et un réel p € [1,+o0o[. Considérons une suite de
sous-espaces non nuls (Ep)n>0 de L>(X) N LP(X) de dimension finie. On notera d, = dim(Ey)
et (Pn,1, ..., Pn,q,) une base hilbertienne de Ey,. Considérons aussi une suite de matrices aléatoires
M, : Q — Mg, (R) indépendantes et orthogonalement invariantes telles que

inf o (E[|[My]]) >0 et sup E[[| My |22 < +o00. (23)
nen neN

Alors, pour toute suite (Up)eN, avec Uy € E, pour tout n € N, les assertions suivantes sont équivalentes :

(i) La série aléatoire )y, (Z;j’;zl My i j(un,$n,j)n,i) converge presque sirement dans LP(R9).

(ii) La série aléatoire ), (Zfl’}=1 Wi j{Un, ¢n,j )¢n,,-) converge presque siirement dans LP (R%).
Dans ce qui précéde, on convient que Wy, : Q@ — Uy (C) suit une loi uniforme dans le groupe unitaire et
que les matrices aléatoires (Wy)nen sont indépendantes.

La méme conclusion est valide en remplagant “orthogonalement invariante” par “unitairement inva-

riante” au sens de la définition 1.7.
Faisons quelques remarques :

(a) L’assertion (20) est beaucoup plus restrictive que la condition sup,,- E[|V,|"*2.P)] < +00. Le
théoréme 1.8 permet donc de construire des mesures de Burg-Lebeau sur L2(S%) qui ne sont pas
accessibles par les arguments de grandes déviations utilisés dans [Burq et Lebeau 2013, appendice C].

(b) Le théoreme 1.8 est indépendant d’une quelconque géométrie riemannienne sur X. En un certain
sens, on peut dire que la philosophie globale est que c’est la géométrie de 1’espace de Banach L?(X) qui
est déterminante et non la géométrie de 1’espace X . Cela explique au passage pourquoi les mesures de
Burq et Lebeau [2013] peuvent étre construites sur toute variété riemannienne compacte sans bord.

(c) La série aléatoire de I’assertion (i) du théoreme 1.8 traduit 1’idée que 1’on applique un endomorphisme
aléatoire a I’élément u, € E,. Il s’agit d’une généralisation naturelle des séries aléatoires Y . X,u, ou
X5 : © — R sont des variables aléatoires réelles.
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(d) Les conditions (23) apparaissent sous une forme analogue dans 1’étude des séries de Fourier aléatoires
dans I’espace fonctionnel L°°(G) sur un groupe compact G mais || M), ||2;,ax(2’p ) est remplacé par | M, ||§p
(voir [Marcus et Pisier 1981, page 97, Theorem 3.5]). Dans le cas ol le groupe G est abélien et localement
compact, Marcus et Pisier expliquent que 1’exposant 2 est dii au fait que 1’espace des fonctions “presque
stirement continues” sur G est curieusement de cotype 2 (alors que L°°(G) n’est méme pas de cotype

fini dés que G est infini).

Notre preuve du théoréme 1.8 n’est pas un prolongement de celle du théoreme de Maurey et Pisier
[1976, corollaire 1.3]. La preuve originelle utilise le théoreme de factorisation de Pietsch tandis que notre
preuve est plus simple et repose essentiellement sur le théoreme de Fubini—Tonelli et les inégalités de
Kahane—Khintchine—Marcus—Pisier. En fait, I’auteur ignore s’il est possible de démontrer le théoreme 1.8
avec un théoreme de factorisation. L’ obstacle est le suivant : on veut démontrer un résultat de nature
multidimensionnelle alors que la définition méme d’un espace de Banach de cotype fini fait intervenir
la randomisation unidimensionnelle (voir le membre droit de (19)). Pour autant, I’exposant max(2, p),
qui apparait dans (23), est le cotype de I’espace L?(X). Il est donc normal d’interpréter la preuve
du théoreme 1.8 en termes de cotype. Il se trouve que I’on peut contourner I’obstacle mentionné en
considérant la structure de treillis de L? (X)) (c’est-a-dire I’existence d’une relation d’ordre compatible avec
la structure d’espace de Banach). Dans ce cas, il est connu que la propriété de “cotype fini” (19) peut étre
définie de manicre déterministe sans variables de Bernoulli (qui sont par nature unidimensionnelle). Voici
notre version multidimensionnelle du théoréeme 1.6 qui donne un éclairage sur les raisons géométriques
de T’universalité de la randomisation multidimensionnelle dans les espaces de Banach L?(X), avec
pE|l,4ool.

Théoreme 1.9. Soit B un treillis de Banach complexe, alors se valent
(a) L’espace de Banach B est de cotype fini.
(b) Pour toute suite d’entiers non nuls (dp)n>0, pour toute suite My, : Q@ — My (R) de matrices

aléatoires indépendantes, orthogonalement invariantes et vérifiant

inf o (E[|Mn|]) >0 et Vqe€[2, +ool, sup E[| MnlE,] < +o0. (24)
n

neN
et pour toute suite de matrices by € Mg, (B), les deux propriétés suivantes sont équivalentes :
(i) la série aléatoire »_ tr(Myb,) converge presque siirement dans B,

(ii) la série aléatoire y_ tr(Wy, by) converge presque siirement dans B.

’

La méme conclusion est valide en remplacant “orthogonalement invariante” par “unitairement invariante’
au sens de la définition 1.7.

Le théoréme 1.6 fournit évidemment le sens (b) = (a) en choisissant d,, = 1 pour tout n € N. C’est
donc le sens (a) = (b) qui est nouveau (et c’est en fait le sens pratique). On retrouve les séries aléatoires
du théoreme 1.8 avec by, = [(un, Pn,i)Pn, ;] € Mg, (LP(X)). La forme du théoreme 1.9 nous a été inspirée
par I’étude des séries aléatoires sur un groupe compact dans le livre de Marcus et Pisier [1981].
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Signalons que certains espaces de Lorentz fournissent des exemples non triviaux de treillis de Banach
de cotype fini [Creekmore 1981]. A Tinstar du théoreéme 1.8, le théoréme 2.21 donnera une version
quantitative de I’hypothese (24) afin de montrer que le bon exposant ¢ a choisir est li€ a la g-concavité
du treillis B et que 1’on peut effectivement choisir ¢ = max(2, p) dans le cas de B = L?(X).

Le résultat suivant, prouvé dans les appendices B et C, donne des exemples de matrices aléatoires
vérifiant les hypotheses (23) et (24).

Proposition 1.10. Considérons des variables aléatoires X;; : Q — R centrées, i.i.d. et ou (i, j) parcourt
N*2. Pour tout n € N*, on note la matrice aléatoire M,, = %ﬁ[X ij]. Il existe une constante universelle
C > 1 telle que si ’on a 0 < E[|X1,1|*] < 400 alors

E[|X11]]?
o (E[[Mn]]) = _ElXull T (25)
CE[|X11[*]*
En outre, si X1,1 admet un moment d’ordre p > 4 alors nous avons l’inégalité de Latata précisée
E[[|Mn]I§] = C(P)E[| X1,1]7]. (26)

Par conséquent, on a

inf o (E[[My[]) >0 et supE[[|Mp,|5] < +oo.

nx=1 n>1
Remarque 1.11. Si les variables aléatoires X;; sont a valeurs complexes et d’espérance nulle, alors on
peut aussi montrer (26) en considérant partie réelle et partie imaginaire des variables aléatoires X;;. Quant
a (25), une preuve similaire est valide mais I’on doit remplacer I’hypothese “centrée” par “symétrique au
sens complexe” : pour tout réel & € R les variables e’® X; j et X;; ont la méme loi.

Remarque 1.12. Dans le cadre des théorémes 1.8 et 1.9, nous avons besoin de matrices aléatoires
orthogonalement invariantes. Or les matrices \/LE[X ij] de la proposition 1.10 ne sont pas orthogonalement
invariantes en général (le cas gaussien est une exception notable). Il suffit alors d’examiner des matrices
aléatoires de la forme \/Lﬁé’n [Xi;] ol les matrices aléatoires &, : 2 — Oy, (R) et [X;;] sont indépendantes
et ou &, suit une loi uniforme pour chaque n € N*. On remarque évidemment que ﬁgn [Xij] et \/Lﬁ [Xi/]
ont la méme norme d’opérateur et que I’on a |E,[X;;]| = |[Xi;]| (au sens de (22)).

Nous n’avons pas trouvé les estimations de la proposition 1.10 dans des références déja publiées mais
elles doivent étre connues des spécialistes. Par exemple, nous pensons qu’il doit étre possible de prouver
(26) avec la méthode des moments (par exemple expliquée dans [Tao 2012, Part 2.3]). Cependant, cette
méthode est assez technique a mettre en place. Un cas particulier treés bien compris dans la littérature
des matrices aléatoires est le cas sous-gaussien. Parmi plusieurs définitions équivalentes, X1 ; est sous-
gaussienne si 'on a E[X1 1] =0 et

IK >0, VpeN', E[X11|”]7 < KJp.
Cela équivaut par exemple a la condition

3K’ >0, VteR, Elexp(tXi1)] <exp(K't?).
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D’apres [Rudelson et Vershynin 2009, Proposition 2.3] (voir aussi la preuve de [Litvak et al. 2005,
Fact 2.4]), on sait que I’on a

VpeN*, 3C(p.K)>0, VneN*. E[|M,]2]=<C(p.K).

L’inégalité (26) est plus générale. Dans notre article, nous montrons que (26) est en réalité une conséquence
de la preuve de I’inégalité de Latata

E[|| My |lop] < CE[|X1.1]*4. 27)

et des inégalités de Kahane—Khintchine dans I’espace de Banach (M (R), | - [lop) (voir (39)) Cela
explique pourquoi (26) implique (27) avec p = 4. La renormalisation de [X;;] par le facteur —= et le
fait que (27) nécessite au moins un moment d’ordre 4 peuvent surprendre a priori mais il s’agit de faits
bien connus dans la théorie des matrices aléatoires (voir [Bai et al. 1988 ; Yin et al. 1988, Theorem 3.1]).
Enfin, 'inégalité triviale |X1,1| < /n||Mpy|lop nous fait comprendre que I’inégalité (26) est optimale par
rapport a la condition de moment d’ordre p.

Quant a ’inégalité (25), elle découlera d’un argument d’interpolation simplifiant celui du cas gaussien
[Marcus et Pisier 1981, page 78, Proposition 1.5] et de I’inégalité de Latata (27).

1E. Organisation de I’article. La partie 2 contient les preuves des théoremes 1.8 et 1.9. Mais elle est plus
généralement dévolue a 1’étude abstraite des espaces de Lebesgue probabilistes, notés PL? (X , @En) ou
X est un espace mesuré o-fini et une suite (£, ),en de sous-espaces non nuls de dimension finie de L?(X).
Expliquons bri¢vement la définition de ces nouveaux espaces de Banach. Notons (¢n,1. ..., ¢y 4,) une
base orthonormée de E, pour tout n € N. Pour tout p € [1, +o00[, I’espace PL? (X , @En) sera défini
comme 1’espace vectoriel des suites (1), en, avec U, € E, pour tout n € N, telles que la série aléatoire

dn
Z( Z Wh.i,j (un,¢n,j>¢n,i) (28)

n i,j=1

converge presque slirement dans L?(X). Le cas dim(E,) = 1, pour tout n € N, est le plus simple a
comprendre grace au théoreme de Maurey—Pisier et au critere de Maurey (1). Pour analyser les séries
aléatoires (28) dans le cas dim(Ey) # 1, nous allons utiliser une version multidimensionnelle des inégalités
de Kahane—Khintchine, & savoir les inégalités de Kahane—Khintchine—Marcus—Pisier que nous avons
mentionnées plus haut. L’idée maitresse de notre article est que ces inégalités sont précisément celles qui
permettent d’aborder de fagon satisfaisante la randomisation multidimensionnelle avec des hypotheses
optimales de moments. Le théoréme 2.2 nous donnera notamment une extension multidimensionnelle du
critere de Maurey avec la caractérisation suivante des espaces de Lebesgue probabilistes :

en (x)
(Un)nen € PLP(X, @En) & H\/ E lunll?» < 400,
ol la fonction ey, := |@n,11% + -+ + |$y.4, | est indépendante de la base hilbertienne (¢n.1, . - .. ¢n.d,)

(voir (33)).
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A priori, on s’attend a ce que le dual de PL? (X, P E,) soit 3 (X. D En) et 'on espere que les
espaces PL” (X , @En) soient stables par interpolation complexe et réelle. En fait, cela s’avérera faux
pour la randomisation des fonctions zonales sur la sphere S¢ (voir la partie 3) : on n’a pas de dualité et
Iinterpolation se réalise seulement si p parcourt certains intervalles. Nous avons cependant des résultats
positifs : les théoremes 2.5 et 2.6 donnent des hypotheses pratiques sur les fonctions e, qui assurent les
propriétés attendues de dualité et d’interpolation. La stratégie consistera 2 montrer PL? (X PE n) est un
rétracte convenable de ’espace de Bochner-Lebesgue L? (X, £?(N)). Cela nous permettra de faire hériter
les propriétés de dualité/interpolation des espaces L? (X, ¢?(N)) aux espaces PL” (X , @En) Mais pour
y arriver, nous serons obligés de justifier la continuité de certains projecteurs de L? (X, £2(N)) a I’aide
d’un nouveau critére de R-bornitude sur L?(X). Les notions de rétracte et de R-bornitude, que nous
rappellerons plus loin, peuvent paraitre abstraites mais elles sont incontournables sous une forme ou une
autre (cela est formalisé par la proposition 2.31). C’est a ce moment qu’interviendra I’hypothese abstraite

sup Ve € LP>®(X), (29)
neN | venllLrx)
ott L2"°°(X) est I'usuel espace L? faible. Curieusement, il se trouve que la propriété (29) est vérifiée
dans des exemples importants issus de la physique mathématique ou les fonctions e, se concentrent sur
une méme région de X.

La partie 3 contient les preuves des théorémes 1.1 et 1.2 grice aux nouveaux arguments d’interpolation.
Expliquons la principale idée dans le cas particulier dim(E,) = 1, c’est-a-dire si £, = C¢,. Supposons
en outre que |¢,| a tendance a se concentrer, en un sens a préciser, sur une partie A, C X avec une
amplitude ¢, > 0 quand 7 tend vers +o0. Si I’on fixe une suite de coefficients (a,) € £2(N), alors il est
Iégitime d’espérer 1’équivalence suivante pour toute suite complexe (ay)nen

V2 langaP € LP(X) & [} lancala,® € L7(X).

neN neN

En partitionnant les parties A, en sous-parties disjointes, la condition du membre droit est explicite
et résoudrait le probleme de 1’étude de la série aléatoire ) ena,¢,. Si I’approximation de |¢,| par
cnly, n’est pas bonne, alors I’équivalence précédente n’est pas facile a prouver. L’hypothese (29), avec
en = |¢n|?, a vocation & mesurer le reste de cette approximation et les arguments de dualité-interpolation
permettent de simplifier les calculs.

La partie 4 est consacrée a la preuve du théoréme 1.4 concernant I’oscillateur harmonique multidimen-
sionnel.

Nous ajoutons trois appendices. Le premier est consacré a I’optimalité de I’exposant max (2, p) dans les
différents théoremes concernant L? (X)) (ce fait est sans doute bien connu). Les deux derniers appendices
contiennent la preuve des estimations matricielles de la proposition 1.10.

Conventions. Dans cet article, on fera les conventions suivantes :
— Sauf exception, la lettre d sera globalement réservée pour désigner la dimension des espaces en jeu
(R? ou S%) et sera supérieure ou égale a 2.
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— Le triplet (2, F, P) désignera un espace probabilisé de référence (par exemple 2 = [0, 1] muni
de la mesure de Lebesgue sur la tribu borélienne), on notera w les éléments de €2 et E I’opérateur
d’espérance.

— On notera C une constante universelle supérieure ou égale a 1 qui peut changer d’une ligne a 1’autre.

— On notera C(d, p) une constante supérieure ou égale a 1 qui ne dépend que des parametres d et p
et qui peut changer d’une ligne a 1’autre.

— Si A et B sont deux nombres réels, la formule A < B signifiera qu’il existe une constante universelle
C > 1 telle que A < CB. De méme, I’assertion A = B signifie B < A.

— OnécriraA>~Bsil'ona A< BetB < A.

— Si I’on fait intervenir des parametres d et p, alors on notera A <g4,, B pour signifier qu’il existe
une constante C(d, p) > 1 qui ne dépend que de d et p telle que A < C(d, p)B. On définit de
méme les symboles 24 , et A >4 ,.

Par exemple, nous avons 1’équivalence

VneN, Ay, ~4, B, << 3Cd,p)>1, VneN, B, <C(, p)A,.

" <
C(d. p)
2. Espaces de Lebesgue probabilistes

2A. Universalité de la randomisation multidimensionnelle dans LP. On énonce les résultats qui vont
impliquer le théoréme 1.8 et nous seront utiles pour la suite. On utilisera la notation suivante pour la
norme matricielle de Hilbert—Schmidt :

N N
VAEMN(©. NAlls:= D D lais. (30)

i=1j=1
Désormais X désignera un espace mesuré o-fini. Nous allons démontrer le théoréme suivant.

Théoreme 2.1. Fixons un réel p € [1, +00[, une suite d’entiers non nuls (dy,)nen, une suite de matrices
bn € Mg, (LP (X)) et une suite de matrices aléatoires My, : 2 — M, (R) indépendantes, orthogonalement
invariantes et vérifiant

inf o(E[|[Mul)) >0 et sup E[[| M, [|m*®P)] < +o0.
neN neN

Alors les propriétés suivantes sont équivalentes :
(1) la fonction x — \/ano 155 (x) ||%IS appartient a L? (X),
(ii) la série aléatoire Y" \/dy tr(Myby,) converge presque siirement dans LP (X),
(iii) la série aléatoire Y /dy tr(Myby,) converge dans LMx(2.P)(Q | LP (X)),

(iv) la série aléatoire Y \/dp tr(Myby) est bornée en probabilité dans LP(X) (voir définition (46)
plus loin).

La méme conclusion est valide en supposant que chaque matrice aléatoire My : Q@ — My (C) est
unitairement invariante.
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Le théoreme 2.1 implique le suivant.

Théoreme 2.2. Fixons un réel p € [1,+o0[ et une suite de sous-espaces non nuls de dimension finie
(En)nso0 de L2(X) N LP(X). On notera dp, = dim(Ey) et (¢n.1, . . . »®n.a,) une base hilbertienne de Ep,
pour tout n € N. On définit de plus

VxeX, en(x)=|pn1(X)> 4+ |pn.a, ()] 31)

Fixons de plus une suite de matrices aléatoires M, : Q@ — Mg (R) indépendantes, orthogonalement
invariantes et vérifiant

inf o (E[|[My]]) >0 et sup E[[| My |5*P)] < +o00.
neN neN

Pour toute suite (Uy)n>0, avec U, € Ey,, on définit la série aléatoire

dy
Z( Z Mn,i,j(unv¢n,j>¢n,i)- (32)

n N,j=1

Les propriétés suivantes sont alors équivalentes :

(1) la fonction x \/ano lun ”22(X)e” (x)/dy appartient a L?(X),

(i) la série aléatoire (32) converge presque sirement dans LP (X)),
(iii) la série aléatoire (32) converge dans I’espace de Bochner—Lebesgue L™*2:P)(Q LP (X)),
(iv) la série aléatoire (32) est bornée en probabilité dans L (X).

Le méme énoncé est valide si les matrices aléatoires My : Q — Mg, (C) sont supposées unitairement
invariantes.

Démonstration. 11 s’agit d’appliquer convenablement le théoreme 2.1. Pour tout entier n € N, on écrit

d, dj
DN Mo j(tn. bnj)ni = v/ dn tr(Mnby),
i=1j=1
avec
1
VxeX, bu(x):= m[(“n, Gn,i)Pn,j (V)]i,; € Mg, (LE(X)).
Cela nous donne
& 1 dn en(x)
b ()l = D -1 0em @b, 1 I = - lunlFaey D I I = ltnllF oy 5 O
i,j=1 j=1 n

La condition (i) du théoréme 2.2 doit étre vue comme une extension multidimensionnelle du critere de
Maurey (1) et éclaire la discussion sur la squeezing condition (voir (14) et (15)). Remarquons aussi que
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la fonction (31) ne dépend que du sous-espace E, en vertu des formules

en(x) = sup |a1Gn1(x) + -+ ag, bp.a, ()
lai?++lag, ?=1
= SuP{|“n(x)|2 | un € En, ||un||L2(X) = 1}~ (33)

Par conséquent la condition (i) est indépendante de la suite des lois des matrices aléatoires M, et des
bases hilbertiennes ¢y,1, ..., P, 4, de Ey. Cela traduit précisément un phénomene d’universalité pour la
randomisation dans L?(X) et implique le théoréme 1.8. L’interprétation avec la notion de cotype sera
faite dans la partie 2D.

2B. Interpolation et dualité des espaces de Lebesgue probabilistes PLP. Le théoréme 2.2 améne 2
poser la définition suivante.

Définition 2.3. Fixons un réel p € [1, +00] et une suite de sous-espaces non nuls de dimension finie
(En)n=o0 de L2(X)N LP(X). On notera dy, = dim(Ey) et (¢n.1, ..., ¢n.d,) une base hilbertienne de Ej,
pour tout n € N. On notera aussi

Vx e X, en(x): |¢n,1(x)|2+"'+|¢n,dn(x)|2'

On note PL? (X , @En) I’espace vectoriel des suites (up)r>0, avec u, € E, pour tout n > 0, qui satisfont
les assertions équivalentes (i), (ii), (iii), (iv) du théoréme 2.2. On appelle PL? (X , @En) I’espace de
Lebesgue probabiliste associé a la suite de sous-espaces (E,),>0 et on le munit de la norme

en (x )
s = | Sl
Faisons quelques remarques sur cette déﬁnition :
— Répétons que la fonction e, est indépendante de la base (¢n,1,....¢n,q4,)-

— On vérifie facilement que PL? (X, @ E,) est complet (voir (57)).

— Bien que défini abstraitement, nous verrons que dans les cas qui nous intéressent, on pourra
considérer PL” (X , @En) comme un espace de distributions (par exemple si X = S? ou X =R?).

— Si une suite (1), vérifiant u, € E, pour tout n € N, n’appartient pas a PLI’(X, @En) alors les
séries aléatoires (32) du théoreme 2.2 divergent dans L?(X) avec une probabilité strictement
positive et donc divergent presque stirement d’apres la loi du tout ou rien.

— Puisque les fonctions dlnen sont des densités de probabilité sur X, on a I’égalité

PLZ(X’ SY) En) = {(un)nef\l ‘ un € Ey, Z”un”iz(x) < +00
neN
Si p est différent de 2, alors il semble nécessaire d’exploiter des propriétés des fonctions e, afin
de mieux comprendre 1’espace PL? (X , @En) Nous proposons une approche par dualité et interpola-
tion. Le prochain résultat montre que 1’interpolation des espaces PL? (X , @En) n’est pas gratuite et
implique des propriétés sur les fonctions e;. Rappelons maintenant que les espaces interpolés des espaces
PL? (X , @En) sont définis de facon abstraite mais peuvent étre vus comme des sous-espaces vectoriels
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du méme espace ambiant, a savoir [ [,y En. Dans la suite, on notera [, -] et [-,-]g, , les méthodes
d’interpolation complexe et réelle.

Proposition 2.4. Fixons des réels p1 < p < p2 appartenant a [1,+o0[ et soit 6 € |0, 1] le nombre

défini par la relation % = 1p;10 + = p2 Considérons une suite de sous-espaces non nuls (Ey)p>o de

L%(X) N LP(X)N LP2(X) de dimension finie et supposons que I’on a ’égalité d’espaces vectoriels
PL?(X, P E,) = [PL?' (X. @ E,).PL”> (X, D En)],

et que les normes des deux précédents espaces sont équivalentes. Alors

Iv/enll; 7 oy lvenll]
sup —— o0 Vel < 400 (34)

neN I venllLrx)

La méme conclusion est valide en remplacant la méthode d’interpolation complexe |-, - |g par la méthode

d’interpolation réelle [ -, - ]g_p.
Démonstration. On considere pour tout entier k € N le “projecteur sur £y défini par

Ak [] En— L*(X).  (un)nen > ug.

nenN

Le calcul de la norme d’opérateur de Ay : PL?(X, P E,) — L?(X) est immédiat

k2o B Vi
Ivelk, ) Lrx)

LP(X)

||Ak||PLP(X,EBEn)—>L2(X) sup
(un)7é0 H \/ZnGN |un ”LZ(X)

Par interpolation, il existe une constante K > 0 telle que pour tout k € N on a

0
”Ak”PL”(X PEN—~>L2(X) = = K”Ak”PLm (X, EBEn)—>L2(X)”Ak||PL”2(X,EBEn)—>L2(X)' O

L’inégalité (34) renverse I’inégalit€ usuelle ||\/ex||Lr(x) < ||«/en”Lm(X)||«/en||2p2(x)- L auteur
ignore si (34) suffit pour interpoler les espaces PL? (X , @En) Afin d’obtenir des résultats positifs

d’interpolation (et méme de dualité), nous allons ajouter une hypothese supplémentaire qui utilise 1I’espace
de Lorentz L1:°°(X). Il s’agit de I’espace vectoriel des fonctions mesurables f : X — C U {oo} telles que

Vi>0, pixeX||f(x)]>1=0ah,

ol 1 est la mesure de ’espace mesuré X. L’inclusion L!(X) c L1*°(X) est toujours vraie et est
généralement stricte. Le contre-exemple typique est |x|_d € L,lc’oo([R{d)\L }C (R9).

Théoreme 2.5. Considérons p1 < ps deux nombres appartenant a |1, +o0o[ et vérifiant la condition

% + plz < 1. Considérons une suite de sous-espaces non nuls (Ep)n>o de LZ(X) NLPY(X)NLP2(X)
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de dimension finie. On suppose que les fonctions e, satisfont les propriétés suivantes

o= P o P2
sup(i) + sup(#) e L1*°(X), (35)
neN\ [venllLr1 (x) neN\ [ venllLr2(x)

1-6,
I v/en ”LI’I(EX) I Ven ”L”Z X _

dpo €1p1. p2[.  sup 00, (36)
neN I v/enllzro(x)
on 0y €10, 1[ est déterminé par la relation - = lp?" + 2‘2’

Alors les espaces PL? (X ,PE n), pour p parcourant | p1, p2|, sont stables par interpolation complexe :
en d’autres termes, si l’on a

1 1-6 0
<pl<p<pi<py, 6€l01], == + =,
P1<py1<p<py<p2 10, 1] = o T

alors on a I’égalité PL? (X, EBE,,) = [PLI’i (X, EBE,,) PL?2 (X, @En)]e avec équivalence des normes.

De méme, les espaces PL? (X , @En), pour p parcourant |p1, p2|, sont stables par d’interpolation
réelle : on a I’égalité PL? (X, D E,) = [PLI’/1 (X.DE,). PL?> (X.BEn)], , avec équivalences des
normes.

La condition % + é < 1 est de nature technique et est peut-€tre inutile en toute généralité. Elle est
toujours vérifiée sil'ona 2 < p; < p2 Une autre situation intéressante se produit si p; et p, sont deux
exposants conjugues ie., Verlﬁent Tt = = 1. Dans ce cas, il sera commode de considérer (36) avec
po=2etf= 2 pour avoir I’ assertlon sulvante qui est en apparence plus faible (mais équivalente comme

le lemme 2.36 le montrera plus loin) :

sup I venllLrr ol v/enllLrzx)
neN dlm(E )

En prime de I'interpolation, le théoréme suivant donne une propriété de dualité.

< +o0. (37)

Théoreme 2.6. Fixons deux réels p1 < pa appartenant a |1, +o0o[ et vérifiant I’égalité % + é =1L
Considérons une suite de sous-espaces non nuls (Ey)n>0 de L' (X) N LP2 (X ) de dimension finie. Pour

tous p €1p1, p2l et (u,w) € PLP? (X, D E,) x PLY(X, P E,), avec q := ona

_1’

D Hutn wa) 1200 | < llerr o, @ En lwllene x,@ £,)- (38)

n>0
En d’autres termes, tout élément de PL4 (X , @En) induit canoniquement une forme linéaire bornée sur
PL?(X, P Eny).
En outre, si I’on suppose (35) et (37) alors les espaces PLp(X, @En), pour p parcourant |p1, p2|,
sont stables par dualité au sens suivant : l’injection canonique A : PL9 (X P En) — PL? (X P En)/
qui a un élément w € PLY (X, EBE,,) associe la forme linéaire

PL?(X.@DE,) —C. ur> Y (un wa)r2cx).
n>0

est un isomorphisme d’espaces de Banach.
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En d’autres termes, (35) et (37) impliquent que le dual de PL” (X PE ,,) est canoniquement isomorphe
aPL4 (X ,PE n) pour tout p € |p1, p2[. Les deux théorémes précédents appellent a quelques remarques :

(a) L’inégalité (38) implique I’estimation ||A,| < 1 mais nous verrons que I’injection canonique A,
n’est généralement pas une isométrie de PL? (X, P E,) sur PLY(X, @ E,) (voir (62)). Cela contraste
avec la dualité des espaces de Lebesgue.

(b) En pratique, les hypotheses (36) et (37) se réalisent si les densités ien ont tendance a se concentrer
uniformément sur un borélien 4, C X de mesure finie et strictement positive, c’est-a-dire si I’on peut
assimiler la densité de probabilité (dim(E,)) e, & une fonction de la forme x — (u(4,)) 14, (x).
Dans les exemples issus de la physique mathématique qui font intervenir des polynémes orthogonaux,
on a tres souvent des propriétés de concentration qui forcent || /e, ||z»(x) a étre équivalent a n(a+b/p),
pour un certain couple (a, b) € R?, si p parcourt un intervalle donné | py, p2[. Ainsi, (36) sera vérifié. De
méme (37) sera vérifié€ si || /en || (x) est équivalent a n(z=%) v/ dim(Ey) pour un certain réel a.

(c) L’hypothese (35) est tres importante dans nos preuves. Bien qu’il ne semble pas facile de I’interpréter,
elle sera toujours réalisée dans les cas qui nous concernent. Il est sans doute possible de relaxer cette
hypothese (et peut-étre méme de la supprimer), mais permettons-nous d’expliquer I’intervention des
espaces de Lorentz. D’une part, nos démonstrations utilisent 1’interpolation réelle, théorie dans laquelle
les espaces de Lorentz jouent un role clé. D’autre part, nous verrons des exemples bien concrets, a savoir
les fonctions propres qui se concentrent sur une géodésique de la sphere sS4 c R4+ o I’hypothese (35)
ne se réalise pas si 'on remplace I’espace de Lorentz L% (S%) par I'espace de Lebesgue L!(S9) (voir
la remarque 3.7).

2C. Preuve du théoreme 2.1, randomisation avec des matrices aléatoires. Dans la théorie unidimen-
sionnelle, les inégalités de Kahane—Khintchine, que nous rappelons, sont trés importantes : pour tous réels
p > g > 1, il existe une constante K, ;, > 1 telle que, pour tout espace de Banach B et tous éléments
ug, ..., uy de B, les moments des variables aléatoires HZ,ILO EnlUn ” g sont du méme ordre de grandeur

N a4 N P15 1%
E[ > eatn ] < E[ > entn } < KME[ ] . (39)
n=0 B n=0 B

B
D’apres Kwapien, il existe une constante universelle K > 0 telle que 'ona K 4 < K1 < K,/p [Liet
Queffélec 2004, Part 3.1I1].
Fixons maintenant une suite d’entiers non nuls (dy),en et notons (£,), une suite de matrices aléatoires

au sens suivant

N
Zenun

n=0

indépendantes. On supposera que la matrice aléatoire &, suit une loi uniforme dans le groupe orthogonal
Og, (R) pour tout n € N. On définit de méme W, en remplacant les groupes orthogonaux Oy, (R) par les
groupes unitaires Uy, (C). Comme nous manipulerons des matrices de tailles différentes, il sera commode
de faire le raccourci suivant : a la place de “une suite (by)nen de matrices carrées telles que pour tout
n € N la matrice by, soit de taille d,, X dy, a coefficients dans B”, nous écrirons “une suite de matrices
carrées by, € My, (B)”. Dans ce contexte, les inégalités de Kahane—Khintchine démontrées par Marcus
et Pisier [1981, page 81, (2.1); page 91, Corollary 2.12] s’énoncent comme suit :
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Proposition 2.7. Pour tous réels p > q > 1, il existe une constante Kp, 4 > 1 telle que, pour tout espace
de Banach B, pour tout entier N € N et toute suite de matrices carrées by, € Mg, (B), nous avons

N q é N p % N
E[ > tr(Enbn) ] < E[ > tr(Enbn) } < K,,,qE[ > tr(Enbn)
n=0 B n=0 B

n=0
De méme que pour les inégalités de Kahane—Khintchine (39), il existe une constante numérique K > 1

a1t
:| . (40)
B

telle que 'on a Kp 4 < Kp,1 < K\/p. Des inégalités similaires sont valides pour les matrices aléatoires
Wy, a la place de &,.

La version originale des inégalités (40) utilise les séries aléatoires ) _ dj, tr(E,b,) qui sont plus adaptées
a la théorie des séries de Fourier sur un groupe compact, mais I’on peut bien entendu englober 1’entier d,
dans la matrice b, (il est d’ailleurs remarquable que ces inégalités ne nécessitent aucune condition de
croissance sur les dimensions d,). Comme les inégalités (40) impliquent les inégalités (39), on se permet
d’utiliser la méme notation K, 4. Les inégalités (40) jouent un rdle clé pour montrer le théoréme suivant
[Marcus et Pisier 1981, page 92, Corollary 2.14] ol nous forcons 1’apparition du terme multiplicatif /d,
par cohérence avec la suite.

Théoreme 2.8. Considérons un espace de Banach complexe B et une suite b, € Mg, (B) de matrices
carrées. Les propriétés suivantes sont équivalentes :

(i) la série Y., \/dy tr(Enby) converge dans LP (2, B) pour un réel p € [1, +oo],
(ii) la série y",, ~/dn tr(Enby) converge dans LP (2, B) pour tout réel p € [1, +oo],
(iil) la série ), Jd, tr(E,by) converge presque siirement dans B,
(iv) la série Y, /dy tr(Wyby) converge dans LP (2, B) pour un réel p € [1, +o00],
(v) la série Y., N/dy tr(Wyby) converge dans LP (2, B) pour tout réel p € [1, +o0],
(vi) la série y",, /dn tr(Wyby,) converge presque stirement dans B.

D’apres le théoreme de Maurey—Pisier (théoreme 1.6), il faut nécessairement faire une hypothese
supplémentaire si I’on veut ajouter d’autres lois matricielles en plus des matrices aléatoires (&) et (W,).
Le théoreme 2.1 explique que I’on peut considérablement préciser le théoreme 2.8 dans le cas particulier
B = L?(X),avec p €[1, +00[. Nous allons exploiter la preuve du théoreme 2.8, c’est-a-dire I’ utilisation
systématique des inégalités (40) et d’un principe de contraction (théoreme 2.16). La partie 2D donnera un
éclairage sur les propriétés géométriques de I’espace de Banach L? (X)) utilisées dans notre argumentation.

Dans le cas B = C, les inégalités (40) donnent un résultat simple et bien connu dans le cas unidimen-
sionnel. Le cas multidimensionnel fait intervenir les normes de Hilbert—Schmidt (30).

Lemme 2.9. Pour toute suite de matrices a, € Mg, (C) et pour tout N € N, on a

2 N
E[ } = 3 an . 1)
n=0

La méme conclusion est valide en remplagant (Eq)n>0 par (Wy)n>o0.

N
Z \/Etr(gnan)
n=0
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Démonstration. En notant dP la mesure de Haar normalisée du groupe compact Oy (R) et en utilisant
I’indépendance des matrices aléatoires &,, on a

i ]

N N
Z Z \/d_nl\/d_mE[tr(gnan)m]

N
Z \/d_ntr(gnan)
n=0

n1=0n,=0
= Z dnldnz([ tr(Panl)dP) (f tr(Panz)dP)
0<ni fN Odnl (R) Odnz (R)
0<n,<N N
mEn +3d, / | tr(Pay)|? dP.
n=0 Odn (R)

I1 nous suffit de prouver pour tout entier d € N* et pour toute matrice A € My (C) :

tr(4A)
d

/ tr(PA)dP =0 et / |tr(PA)|?> dP = .
04 (R) 0, (R)

Le cas d =1 étant trivial, on suppose d > 2. La nullité de la premiere intégrale est claire par le changement
de variables P +> — P. Pour la seconde intégrale, il suffit de traiter le cas ou tous les coefficients de A sont
réels. En effet, le cas complexe découle du cas réel en écrivant A = Ay +iA, avec Ay, Ay € M4z(R). En
notant la matrice symétrique |A| = v//A A, on peut factoriser A= P|A| = PQDQ ! avec (P, Q) € 04 (R)?
et D matrice diagonale dont les valeurs propres i1, . .., g sontles valeurs singulieres de A. Les propriétés
d’invariance de la trace et de la mesure de Haar dP simplifient I’intégrale

/ tr(PA)? dP = / tr(PD)? dP
0, (R) 04 (R)
=/ (p11/41 + -+ paaita)* dP
04 (R)

d
= Miﬂj/ piipj; dP.
R)

ij=1 Oa(

En effectuant les changements de coordonnées P +— E;; P et P — PE;; ou E;; estla matrice orthogonale
associée a la permutation qui transpose i et j ainsi que les d changements de coordonnées P +— Ay P
ou A est la matrice diagonale

Dlag(l,...,1,\—’1-/,1,...,1),

k
on obtient

Vi # J, f piipjj dP =0,
04 (R)

Vi, j, / p}dP = / p3, dP.
04(R) 04(R)
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Par moyenne, la derniere intégrale vaut
— / Z Z prdP = — / tr(PP)dP = 12 / tr(l;)dP = L
d= Jo,m {Z d= Jo,® d= Jo,® d
Cela prouve (41) car tr(fAA) = ,u% 4+ 4 “?1' d

Nous avons a présent tous les moyens pour aborder la randomisation de matrices aléatoires plus
générales.

Proposition 2.10. Fixons q € 2, 400 et considérons une suite de matrices aléatoires My : Q@ — Mg, (R)
indépendantes, orthogonalement invariantes et vérifiant I’hypothése de bornitude des moments

sup E[|| M, || ] < +o00.

neN

Il existe une constante universelle K > 1 telle que, pour toute suite a, € Mg, (C), nous avons

1 1 N
q q q
} st( sup E[[|M,]2 ) \ 2 lanlls. 42)
0<n<N n=0

La méme conclusion est valide en supposant que chaque matrice aléatoire My, est a valeurs dans My, (C)

VN €N, E[

et est unitairement invariante.

Démonstration. Fixons &, ...,Ey des matrices aléatoires indépendantes (et indépendantes des ma-
trices aléatoires M,,) qui suivent des lois uniformes dans les groupes orthogonaux de tailles respectives
do, ..., dy. Utilisant la définition 1.7 et les inégalités de Kahane—Khintchine-Marcus—Pisier (40) et (41),

on peut écrire
N q
o[ 5 ][] - ]
n=0
N q
>Vl (e @My @)ar)| |
n=0

N
Y Vdy tr(En (@) My (@)an)

n=0

(@) Mn(@)an)

= Ea) Ew/ [

q

7

< K9¢%E, Ew/[

_ N a
¢ p)
< Kiq2E, (Z”Mn(w)anngls) i|
- “n=0
q

< K%*E, (ZHM @)1 ||an||Hs) ]

- “n=0
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L’inégalité triangulaire dans L2 (£2) nous amene alors a la conclusion

N q N 4
2 2
E[ S Ve tr(Myay) } < K74} (§ an ISEN Mall2] )
n=0 n=0

N q
q 2
quqz( supNE[nMnnzp])(Znannﬁs) - O
n=0

0<n<

Remarque 2.11. Dans le cas particulier d,, = 1, c’est-a-dire si les matrices aléatoires M,, : 2 — R sont
en fait des variables aléatoires symétriques, I’inégalité (42) s’écrit pour tout réel g € [2, +o0[ et tous

N a7 L[N
E[ZM,,an } EKﬁ( sup E[|Mn|‘1]) > lanl.
n=0 O<n=N n=0

Du fait que la dimension considérée est 1, le principe de symétrisation montrerait que 1’inégalité précédente

réels ap,...,an :

est aussi vraie si les variables aléatoires M, sont seulement centrées (voir la preuve du lemme B.1).
Voici deux lemmes spécifiques a L? (X).

Lemme 2.12. Pour tous réels p et q appartenant a [1,+00[ et pour toute suite de matrices b, €

Mg, (LP(X)),ona
q L N .
] “p.q 160 ()15
n=0

g
LY (X)

La méme conclusion est valide en remplagcant (Eq)n>0 par (Wy)n>o0.

(43)

N
Y Vdn tr(Enba(x))
n=0

LX)

Démonstration. D’apres les inégalités de Kahane—Khintchine—Marcus—Pisier (40), il suffit de traiter le
cas g = p. Le théoréme de Fubini donne alors

i el =l

De nouveau, les inégalités de Kahane—Khintchine—-Marcus—Pisier sur C montrent que 1’intégrale précédente

Jerl

L’égalité (41) acheve la preuve. O

N

Z \/Etr(gnbn (x))

n=0

N

Z \/d_n tr(Enbn(x))

n=0

p
]du(x).

est équivalente a la suivante
2
2

N 2
> Vdn tr(Enba(x)) ] dp(x).
n=0

Lemme 2.13. Considérons un réel p € [1, +00[, un entier N € N, des matrices aléatoires

Mo : Q2 — Mg, (C),.... My :Q — Mg, (C)
et des matrices
bo € Mdo(Lp(X)),...,bN € ./\/ldN(LP(X)).
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Alors on a l'inégalité

Vq € [p, +oo[ U {+o00},

1 N 1
Ew[ i Jan (M @)bn)| T < Ew[ 3 Vi tr(My (@)bn) q] ’ .
n=0 LP(X) n=0 L7 (X)
Démonstration. 11 s’agit de remarquer la continuité de 1’injection canonique
L?(X,L1(Q))— L1(Q, L7 (X))
par interpolation entre ¢ = p et ¢ = +o00. O

A partir de ce point, nous n’aurons besoin d’aucune autre propriété spécifique de I’espace de Banach
LP?(X). On obtient facilement le résultat suivant.

Corollaire 2.14. Considérons p € [1,400[ et une suite de matrices aléatoires My : Q@ — Mgy (R)

indépendantes, orthogonalement invariantes et vérifiant

sup E[ || My, [|2*?-P)] < +-c0.

op
neN

11 existe une constante universelle K > 1 telle que, pour toute suite de matrices b, € Mgy, (LP(X)) et
tout entier N € N, on a

N
Z \/d—ntr(Mnbn)
n=0

L2 (Q,L7 (X))

T e N £
5Kﬁ(supE[nMnng;“@’f’)]) [ / (ann(x)uﬁs) du(x)} o
n=0

neN

=

Par conséquent, si
x> Y 16 () s
n>0
appartient & LP/2(X), alors la série aléatoire 3 Jdy te(Myby,) converge dans LMx(2.0)(Q | LP(X)) et
presque siirement dans L? (X).
La méme conclusion est valide en supposant que chaque matrice aléatoire M, est a valeurs dans
Mg, (C) et est unitairement invariante.

Démonstration. L’inégalité (44) découle d’une combinaison du lemme 2.13, I’inégalité (42) avec q¢ =
max(2, p) et de I'inégalité /max(2, p) < +/2p.

Pour obtenir la convergence dans L™*2-7)(Q, L7 (X)) de la série aléatoire 3" Jdy te(Myby,), il suffit
d’appliquer (44) A ses paquets de Cauchy. Ensuite, la convergence dans L™*(2:P)(Q, L? (X)) implique la
convergence en probabilité. Puisque les termes de la série aléatoire Y +/d,, tr(My,b,) sont indépendants
et sont a valeurs dans le sous-espace séparable de L?(X) engendré par les coefficients des matrices b, on
en déduit sa convergence presque siire (voir [Ledoux et Talagrand 1991, Theorem 6.1] ou [Li et Queffélec
2004, théoreme I1.3]). O
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Remarque 2.15. On peut reformuler 1’inégalité (44) a I’aide de (43) :

N
> Vdn tr(Mybn)
n=0

Lm0 (€, L7 (X))
1

max(2,p)
5C(p)(SUPE[IIMnIIELaX(Z”’)]) ’

neN

N
Z \/Ztr(gnbn)
n=0

Lmax(2.2)(Q,LP (X)) .

Cette inégalité a la méme forme que celle qui apparait a la fin de la démonstration de [Maurey et Pisier
1976, page 69]. 1l est donc 1égitime de croire qu’une démonstration avec un théoreme de factorisation est
possible.

Rappelons maintenant un principe de contraction pour les variables £, et W, obtenu par Marcus et
Pisier.

Théoreme 2.16. Fixons un espace de Banach complexe B, un réel g € [1, +00[, une suite de matrices
by € Mg, (B) et une suite de matrices aléatoires My : Q — Mg, (R) indépendantes et orthogonalement
invariantes. Alors on a

it
(OsiggN(f(EnMnu))E[ B} sE[

Une inégalité similaire est valide en remplagant &, par Wy, Mg, (R) par Mg, (C) et 'invariance

a1t
} . (45)
B

N N
3" Vay tr(Eabn) Y Vdy tr(Myby)
n=0 n=0

orthogonale par I'invariance unitaire.
Démonstration. On consultera [Marcus et Pisier 1981, page 82, Proposition 2.1, (2.7)] avec le terme
IE[ M) 7H 5, = o (B[ Mal)). O

Le résultat précédent semble suggérer qu’une minoration uniforme de la forme inf, ey o (E[| M} |]) >0 et
la convergence presque stire de la série aléatoire ) Jd, tr(M, b, ) impliquent celle de Jd, tr(Enby).
En fait, il est aisé de construire un contre-exemple dans le cas plus simple, a savoir d, = 1 pour toutn € N
et B = R. Pour cela, considérons une suite indépendante de variables aléatoires symétriques X, : 2 — R,

5, 1 5,
1—— |80+ 5.
2n? +( n2) 0+2n2

On a une concentration en 0 au sens suivant : il existe une constante C > 1 telle que

avec n > 1, telle que la loi de X, est

1 1 1
PX, =0 =1-—. PX:/=1]=—. ElX:[le[£.C]

Le lemme de Borel-Cantelli assure que pour presque tout w € €2, la suite (X, (w)) stationne en 0, donc la
série aléatoire Y X, converge presque sirement tandis que la série aléatoire ) _ &, diverge toujours. Cet
exemple élémentaire montre qu’il faut nécessairement imposer des conditions supplémentaires sur les
matrices aléatoires M,, pour obtenir la convergence presque siire de la série aléatoire Y_ tr /dy, tr(E,by)
(voir par exemple [Jain et Marcus 1975, Part 5; Imekraz et al. 2016, Theorem 5.2] dans le cas unidimen-
sionnel). Un défaut du contre-exemple précédent est I’explosion des moments d’ordre strictement plus
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grand que 1. Cela nous mene a la proposition suivante dont I’inspiration vient de la preuve de [Marcus et
Pisier 1981, page 55, Lemma 1.2]. Cet ouvrage examine la situation d’un espace de Banach de la forme
C%(K), ol K est compact d’un groupe localement compact, a la place de L?(X). L’idée de la preuve
se résume simplement : nous allons majorer les moments d’ordre 2 des sommes partielles de la série
3" Vdy, tr(Myb,) par leurs moments d’ordre 1 (ce qui inverse I’ordre naturel), puis la bornitude presque
stire impliquera que les moments d’ordre 1 et 2 sont uniformément bornés. Par comparaison avec les
variables aléatoires £, nous obtiendrons la conclusion.

Proposition 2.17. Fixons p € [1, +00[ et une suite de matrices aléatoires My, : Q@ — Mg, (R) indépen-
dantes, orthogonalement invariantes et vérifiant

inf o(E[[My[]) >0 et sup E[| My |27 < 400,
neN

neN

Pour toute suite de matrices b, € Mg, (L? (X)), si la série aléatoire ) \/dy tr(M,by) est bornée en
probabilité dans LP (X), c’est-a-dire si l’on a

N
lim sup [ > Vdn tr(Myby) >z}=0, (46)
I—>+00 Ny eN ne0 L?(X)
alors
VD ba () [iFs € LE(X).

neN
De nouveau, la méme conclusion est valide en supposant que chaque matrice aléatoire M,, est a valeurs
dans Mg, (C) et est unitairement invariante.

Démonstration. Posons pour tout entier N € N la somme partielle

N
SN =D Vdn tr(Myby).

n=0

En outre, on considere ¢ > 1 de sorte que I’on a pour tout n € N
1
— <o(E[|M,]]) et [HM ”Indx(Z,p)] N
c

Le principe de contraction (théoreme 2.16) et les inégalités (43) montrent qu’il existe une constante
C(p,c) > 1 telle que
[ LE(X)

C(p, “ V an ()

bn(x))

] < B[Sy lLroo).

E[ISNllLr 0] (47)
Lp(X)
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Majorons maintenant les moments d’ordre 2. En invoquant (44) et quitte & augmenter C(p, ¢), on a

2 JRE S
[”SN ||LP(X)]2 < E[”SN ||?2’17X((X' P)] lmx(2 J2)

v Zan(x)nﬁs
n=0

< C(p.o)’E[|ISN lLrx))-

Il s’agit de I’inégalité d’inversion des moments que nous cherchions. Utilisons 1’inégalité de Paley—

<C(p.c)

L3 (X)

Zygmund [Kahane 1985, page 8, Inequality II] pour obtenir

E[|SNnlLr0)? - 1

P[IISyllLrxy = SElISH Lo )] = > : (48)
[ =2 wl] 4E[ISN 12,y ~ 4C(p.0)*
D’apres (46), il existe un réel A > 0 tel que
1

VNeN, ———=>P||S > Al

€ 1C(p. 0" > P[|ISnllLrx) = A]
Or (48) force chaque moment E[[|Sy ||z~ (x)] & étre majoré par 24. La conclusion découle en exami-
nant (47). O

La preuve du théoreme 2.1 est obtenue en combinant tous les arguments précédents. En effet, on vérifie
les implications (i) = (iii) et (iv) = (i) grace au corollaire 2.14 et a la proposition 2.17. L’ implication
(iii) = (ii) a été vue au cours de la preuve du corollaire 2.14. Quant a I’implication (ii) = (iv), elle est
vraie en toute généralité.

2D. Randomisation dans un treillis de Banach de cotype fini et preuve du théoréme 1.9. On explique
comment les arguments développés dans la partie 2C s’étendent pour les treillis de Banach (pour cette
notion, on se réfere au livre [Lindenstrauss et Tzafriri 1973]). Par souci de simplicité, on ne considérera
que des espaces de Banach sur le corps des réels. 1l est en fait possible de complexifier un treillis de
Banach afin de déduire des résultats complexes a partir de résultats réels (voir [Lindenstrauss et Tzafriri
1973, page 43]). On notera <, V et | - | respectivement la relation d’ordre, la borne supérieure et la
valeur absolue. Pour tout N € N*, on notera aussi H 1’espace vectoriel réel des fonctions continues et
1-homogenes sur RY ainsi que les projections sur les coordonnées :

¢i:(t1,...,tN)e[R§N»—>zieR.

On notera que A est un treillis. Le théoréme suivant assure 1’existence d’un calcul fonctionnel dans un
treillis de Banach basé sur Hy (voir [Lindenstrauss et Tzafriri 1973, Theorem 1d1]).

Théoreme 2.18. Soit B un treillis de Banach et fixons f1, ..., fn des éléments de B. Il existe une unique
application linéaire

T:}[_IV_)B, F'_)F(f1v~«'va)

qui vérifie les deux propriétés suivantes :
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A ¢i(f1,..., fN) = fi pour tout entier i € [1, N],

(i1) t est un morphisme de treillis (i.e., conserve positivité, borne supérieure, borne inférieure et valeur
absolue).

Dans ce cas, en notant f = | f1|V---V | fn|, on a Uestimation de continuité

IECf1 - B < fllB sup |F(t.....tN)I. (49)

ltlleo=1
Rappelons maintenant la définition suivante.

Définition 2.19. Un treillis de Banach B est g-concave, avec g € [1, +00[, s’il existe un réel M(,)(B) >0
tel que I’on a I’inégalité suivante pour tout entier N € N* et tout élément (fi, ..., fx) € BV :

(illﬁ ||%)é < M) (i |fz-|q)3’

i=1 i=1

(50)

B
ol le terme (ZZN=1 | fi |q)% € B est défini par calcul fonctionnel.

La notion de g-concavité est reliée a celle de cotype comme le montre le résultat suivant :
Proposition 2.20 [Lindenstrauss et Tzafriri 1973, Proposition 1f3, Corollary 1f9]. Soient B un treillis de
Banach et un réel g € [2, 4+00[, on a

(1) si B est g-concave, alors B est de cotype q,

(ii) si B est de cotype g € [2, +o00[ alors B est (q + &)-concave pour tout € € )0, +00|.

Par conséquent, on a
inf{g > 2| B est g-concave} = inf{q > 2 | B est de cotype ¢}. (5D

On vérifie que L?(R) est g-concave si 1 < p < g (il s’agit d’interpoler I’injection canonique
LP(R,£9(N)) — £9(N, LP(R)) entre ¢ = p et ¢ = o0) et la borne inférieure (51) vaut max(2, p).
Un autre exemple intéressant est fourni par les espaces de Lorentz L?>1(R) (voir les calculs exacts dans
[Creekmore 1981]).

Pour ce qui nous concerne, la proposition précédente est le point crucial qui permet de s’émanciper
de la randomisation unidimensionnelle. En effet la définition de la g-concavité ne fait pas intervenir de
variables aléatoires de Bernoulli (contrairement a la définition du cotype (19)). Nous disposons maintenant
du vocabulaire adéquat pour énoncer une version multidimensionnelle et quantitative du théoreme de
Maurey—Pisier dans la catégorie des treillis de Banach. De facon précise, le théoréme ci-dessous généralise
le théoréme 2.1 et implique le théoréeme 1.9.

Théoreme 2.21. Considérons un treillis de Banach B q-concave avec q € [2, +00[, une suite d’entiers non
nuls (dy)nen, une suite de matrices b, € My (B), et une suite de matrices aléatoires My, : 2 — Mg (R)
indépendantes, orthogonalement invariantes et vérifiant

inf o (E[|Mp|]) >0 et supE[|Mp||d] < +o0.
neN neN

Alors on a I’équivalence des propriétés suivantes :
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(i) les normes H \/ ley:Oan ||]%IS H g sont majorées indépendamment de N € N,

(ii) la série aléatoire y_ v/dy tr(Myb,) converge presque siirement dans B,
(iii) la série aléatoire Y \/dpn tr(Mpby) converge dans L9(2, B),
(iv) la série aléatoire Y /dy, tr(Mpb;,) est bornée en probabilité dans B.

Pour prouver le théoreme 2.21, nous aurons besoin du lemme suivant. L’inégalité (53) ci-dessous est
seulement une version généralisée de (50).

Lemme 2.22. Considérons des variables aléatoires X1, ..., Xy appartenant a L1(Q) et des éléments
f1,..., fn d’un treillis de Banach B. Alors on a “I’inégalité triangulaire”
N N
‘Ew[ > Xu(@) fo } wa[ Y Xn(@) fr ] (52)
n=1 B n=1 B
S’il existe un réel q € [1,+o0[ tel que B soit g-concave et que les variables aléatoires Xq,..., XN
appartiennent a L4(R2), alors on a aussi
i ot v a7
Ew[ > Xn(@) f } < M) (B) Ew[ > Xn(@) f ] , (53)
n=1 B n=1 B

oul les espérances dans le membre gauche de (52) et dans le membre droit de (53) sont définies par calcul
fonctionnel sur les N variables f1,..., fn.

Démonstration. On commence par (53). Pour tout entier n € [1, N], on note (X, x)xen une suite de
variables aléatoires qui prend un nombre fini de valeurs et qui converge dans L9(2) vers X,. Pour tout
k € N, il existe donc une partition finie

L
Q=] | Qe
(=1

en parties mesurables telle que chaque variable aléatoire X, x prend une valeur fixe, disons x, k ¢,

q)},
B

sur 2 ¢. La g-concavité de B nous donne alors

N g1 L N
> Xk (@) f B] = (Z PQu0| Y xnkitn
=1 {=1 n=1

Ew[
n

L N g
< M) (B) ‘ (Z P(Qu0)|D Xnktfn )
=1 n=1 B
Or on a évidemment pour tout (¢1, ..., tx) € RV
L N a\e N a7
(X P@o| Y suketn| ) =[| X xoena] | (54
=1 n=1 n=1
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Si k tend vers +o00, I’expression précédente converge uniformément, en tant que fonction de (1, ..., 1y),
sur chaque compact de RY vers
1

N a7
E[antn ] .
n=1

Le calcul fonctionnel du théoréme 2.18 assure que I’égalité (54) est encore valide en substituant

(fi,..., fn) a(t1,...,tN), ce qui nous donne

N N q é
E|: ZXn,kfn ZXn,kfn ]
n=1 n=1

L’estimation (49) de continuité du calcul fonctionnel assure aussi que le membre droit de (55) tend vers
N g1
> Ko |
n=1

Enfin, il est clair que le membre gauche de (55) tend vers le membre gauche de (53). Pour démontrer (52),
on refait la méme démarche de densité dans L () a I’aide de 1’inégalité triangulaire dans B :

(55)

a1}
[ v
B

B

M(q)(B)”E[ .
B

N L N
Bl | X Yok @5 |= X @0 X e
n=1 Bl =1 n=1 B

L N

> 1> P(Qro)| Y Xnkifn .
(=1 n=1 B
Corollaire 2.23. Considérons des matrices aléatoires Mgy : 2 — Mg, (R),... ., My : Q@ — Mg, (R)
dont les coefficients appartiennent a L' (2) et des matrices bg € Mgy (B),....bny € My, (B) dont les
coefficients appartiennent a un treillis de Banach B. Alors on a l'inégalité

N N
3" Vdy tr(Mybn) > Vdy te(Myby)
n=0 n=0

i Jl= )

S’il existe de plus un réel q € [1, +00[ tel que B soit q-concave et tel que les coefficients des matrices
aléatoires My, . .., My appartiennent a L1(S2), alors on a

] i

Il nous reste a remarquer que les inégalités de Kahane—Khintchine-Marcus—Pisier permettent d’étendre

N
Z \/Etr(Mnbn)
n=0

a1}
[ v
B

N
Z \/Etr(Mnbn)
n=0

B

le théoréme de Maurey [Lindenstrauss et Tzafriri 1973, Theorem 1.d.61)] au cas multidimensionnel.
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matrices b, € My (B). Alors, pour tout entier N € N, on a

Théoreme 2.24. Soit B un treillis de Banach q-concave, avec q € [2, +00[ et considérons une suite de
1 “ N
| < E[
Ko |V = B

N
2
16n s
n=0
ou I’élément +/ Z,];[:Oan ||f[S € B est défini par calcul fonctionnel.

Démonstration. La minoration est vraie sans hypothese de g-concavité. La version scalaire des inégalités

: (56)
B

N
Z \/d_ntr(gnbn)
n=0

:| = M(q)(B)Kq,Z
B

de Kahane—Khintchine—Marcus—Pisier (voir (40) et (41)) rend triviale I’'inégalité suivante si les matrices

N
3 bl sz,lE[ }
n=0

L’inégalité précédente s’étend par calcul fonctionnel si les coefficients des matrices b, sont a coefficients

b,, sont a coefficients réels

N
Z \/d_ntr(gnbn)
n=0

dans B. La minoration de (56) découle alors du corollaire 2.23. On raisonne de méme pour la majoration.
O

Le corollaire 2.23 et le théoreme 2.24 nous permettent de prouver le théoreme 2.21. Il s’agit de
reprendre mutatis mutandis les arguments de la partie 2C a partir du lemme 2.12.

2E. Preuves des théorémes 2.5 et 2.6, partie I : Rétracte d’un espace de Banach. On conviendra que
les éléments de £, C L?(X) sont des fonctions de la variable y € X et 1’on préférera les deux écritures

L*(X)— L3(X) et PLP(X,@E,) —PLE(X.@E,).
Il sera aussi commode de définir I’espace de Hilbert abstrait @ E,,, ¢’est-a-dire que I’on pose

Ve € D En. e, = ( [ X 0P du»)

neN neN

Concernant I’espace de Bochner-Lebesgue, on conservera la lettre x € X pour écrire L2 (X , EBEn) au
lieu de L? (X , @En) La définition 2.3 dit exactement que I’opérateur linéaire suivant est isométrique

Sp: PL)I/) (X’ @En) - Lf(X, @En)’ (Un(¥))nen — (%(x)un (J’)) . (57)
n neN

Le résultat suivant est facile.
Proposition 2.25. L’espace PL)I,) (X , @En) est complet.

Démonstration. 1l s’agit de prouver que 1’'image de I’opérateur (57) est un sous-espace fermé de
L,Ic’ (X , @En) Remarquons d’abord, pour tout k € N, la continuité du projecteur

L)’é-(X, @En) — Lg(X’ Li(X))’ (wn(x7 y))nGN = U)k(x, y)
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11 suffit donc de prouver que, pour tout n € N, {w/en XDup(y) |up € En} est un sous-espace vectoriel
fermé de L2 (X, L; (X)). L'hypothese E,, C L?(X) de la définition 2.3 signifie précisément que /e, (x)
appartient 3 L2 (X). Soit (\/en (X)up g (y))ZGN une suite convergente dans L2 (X, L% (X)) (avecu, ¢ € Ey
pour tout £ € N). En particulier, (1, ¢()))¢en est de Cauchy dans E;, C L§ (X):

1
”“n,((y) - “n,@’(Y)”Lg(X) = W H vV €n (x)(un,ﬁ(y) - un,ﬁ’(y)) HLf(X,L%(X))'
n Lfc’

On déduit que (1, ¢)¢en converge dans L2(X) vers une fonction u, oo € L2(X) et bien entendu que 1’on
aUp,co € Ey (car E, est de dimension finie). 11 est alors immédiat que (\/en (X)up. ¢ (y)) eny converge

vers /en (X)in,c0(y) dans LY (X, L3(X)). O
Commengons par les points faciles ayant trait a la dualité et I’interpolation des espaces PL? (X P En)

Dualité. Rappelons que I’on note g = % I’exposant conjugué de p. On montre facilement I’inégalité (38)
pour tout (u, w) € PLY (X, @ E,) x PLY (X, D E,) :

Z [{un, wn)LZ(X)| = /X Z er;,(nX) [{un, wn)LZ(X)| dp(x)

n>0 neN
< [ 3 )2 3 ) )2, da)
“x Vg dn nL2(x) ~ dy L2 (x)
n> n=

< lullprrx,@EnlwleLe (x, @ E,)-

L'injection canonique A, : PLY (X, E,) — PLy (X, @En)/ définie dans I’énoncé du théoreme 2.6,
est donc continue.

Interpolation. Rappelons que les espaces PLf (X , @En) et leurs interpolés complexes et réels peuvent
&tre vus comme des sous-espaces de ]_[n en En. Enoutre, on a le résultat suivant [Triebel 1978, Part 1.18.4].

Théoreme 2.26. Considérons deux espaces de Banach complexes B et By ainsi que des réels p1 < p < p»

appartenant a [1, +o00[. En notant 6 €10, 1{ le réel qui vérifie % = 1});19 + %, ona

[LP' (X, B1). L?*(X, B2)], = LP(X, [B1. B2]s).
Si un opérateur linéaire T borné de LP' (X, B1) dans lui-méme et de LP2(X, By) dans lui-méme alors il

est aussi borné de L? (X, [By, B2lg) dans lui-méme. Le méme énoncé est valide en remplacant la méthode
d’interpolation complexe |-, -|g par la méthode d’interpolation réelle [ -, -]g .

Avec les notations du théoreme précédent, on peut interpoler I’application (57) et assurer que 1’ opérateur

vV en(x) )
\/E un(y) neN

[PLY" (X. D En). PL*(X. D En)]y = LE(X. B En).  (n(M)nen = (
est borné. Cela implique 1’inclusion continue

[PLY (X, @D En).PLY*(X. @D En)|, CPLY(X. D E,). (58)
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Vers la notion de rétracte d’un espace de Banach. Cependant, il ne parait pas évident d’aller plus loin
dans les deux analyses précédentes, ¢’est-a-dire de prouver que A, : PLY (X, P E,) — PLY (X, @En),
est surjective et que I’inclusion (58) est une égalité. La notion de rétracte d’un espace de Banach permet
de reformuler la question.

Définition 2.27. Soient A et B deux C-espaces vectoriels normés, on dit que A est un rétracte de B s’il
existe deux applications linéaires bornées S : A — B et R: B — A telles que RS = id4.

Dans la définition précédente, il faut imaginer que B est un espace de référence qui est bien compris et
A un sous-espace que I’on veut analyser. Le prototype de rétracte qu’il faut avoir a I’esprit est le cas ot A
est un sous-espace complémenté de B, c’est-a-dire image d’un projecteur borné, I’application S est alors
I’application identité et R un projecteur de B sur A. En effet, on vérifie facilement le résultat suivant.

Proposition 2.28. Avec les mémes notations que dans la définition 2.27,on a:
(1) SR : B — B est un projecteur borné, son espace image est égal a S(A) et est fermé.

(ii) S est un isomorphisme d’espaces vectoriels normés de A sur S(A) C B :

1
Vae A, ———Iala=[S@lB=ISla-alala.
| RIIB—a
(iii) Si B est complet alors A I’est aussi.

En ce qui concerne la dualité, on a le corollaire facile.

Corollaire 2.29. Avec les mémes notations que dans la définition 2.27, si I’on note les applications duales
(ou applications transposées) de S et R :

S:B > A, ¢r>¢poS,
'R:A' - B, Yy yoR,
alors on a'S'R = idy:. Cela signifie que I’espace dual A’ est un rétracte de B’ et en particulier que 'R est
un isomorphisme de A’ sur I'image du projecteur 'R'S = {SR) : B’ — B'.
En ce qui concerne I’interpolation réelle ou complexe, la réponse est donnée par le résultat suivant.

Corollaire 2.30 [Triebel 1978, page 22, Theorem 1.2.4].. On note [-, -] une méthode d’interpolation.
Soient (A1, Ap) et (B, By) deux couples d’interpolation d’espaces de Banach, on suppose qu’il existe un
opérateur linéaire borné S : Ay — By et S : Ay — By et un opérateur linéaire borné R : By — Aj et
R : By — A; qui satisfont :

Vae A1+ Az, RS(a)=a.

Alors SR est un projecteur borné de I’espace interpolé [B1, By] et S réalise un isomorphisme d’espaces
de Banach de ’espace interpolé [Ay, Az] sur SR([B1, Bz)).

Démonstration. C’est immédiat puisque I’espace de Banach [A1, A3] est un rétracte de [By, Bz] par
I’intermédiaire des opérateurs bornés S : [A1, A2] — [B1, B2] et R : [By, B2] — [A1, A2]. O
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Pour comprendre les espaces duaux et interpolés des espaces PLf,’ (X , @En), il suffit d’étudier si
PL} (X, Ey) est un rétracte de ’espace de Banach L% (X, E,) par le biais de ’application Sp
définie en (57) si p parcourt | p1, p2[ pour les théorémes 2.5 et 2.6. En d’autres termes, on cherche un
opérateur borné

Ry LY(X.@En) — PLE (X, DE,)

tel que R, S, = idPLf(X,EBEn)-

Stratégie pour le théoreme 2.6 de dualité. Puisque les fonctions dlen sont des densités de probabilité
n
sur X, nous avons un candidat tres naturel pour I’opérateur R,. En effet, posons :
ven(x')

RP:Lg(XvGBEn)ﬁPLJI;)(Xv@En)v (Un(x, ¥))nz0 (/X un(x/’y)T dﬂ(x,)) - (59)
n n>0

D’apres la définition (57), on a bien formellement R, S, = idPLf( X, BEn) Malheureusement, nous ne
voyons aucune raison triviale assurant que R, arrive bien dans PLY (X.@E,)! Puisque S, est une
isométrie, la bornitude de R, équivaut a la bornitude du projecteur

SpRp: LE(X,@DEn) — LE(X,DEn),

Jen )  Ja@ ) (60)
n ) ne n ) —d
(tn (. 1)) NH( o /Xu(x DI )

Par souci pédagogique, permettons-nous de considérer comme exemple le cas unidimensionnel :
=1 e =10a00% Ea=Cu [ 8a00PdRx) =1
X

Dans ce cas, un élément de L2 (X , EBE,,) est de la forme (1, (x)¢n(¥))nen et il est donc évident que
LY (X, €D E,) s’identifie & LY (X, £?(N)) par le biais de I'isométrie

LY(X,@En) — LEX, C2(N)),  (un(X)hn(3))nen = (un(X))nen

Par conséquent, la bornitude du projecteur S, R, équivaut a celle du projecteur

LEX 2(N) — LEX.2(N),  (un(x))nen (|¢n(X)|/Xun(X’)lqﬁn(x/)ldM(X’))

neN
Revenons au cas général et rappelons que sous les hypotheses du théoreme 2.6 de dualité, p; et p, sont
supposés étre deux exposants conjugués. La bornitude du projecteur S, R, sera prouvée dans la partie 2H
pour tout p € |p1, p2[ grice a (35) et (37). La proposition suivante achévera la preuve du théoréme 2.6 de
dualité et explique pourquoi la notion de rétracte est la bonne notion pour aborder la dualité des espaces
PL? (X, P En).

Proposition 2.31. Fixons p € |1, +o0o[ et posons ¢ = % l’exposant conjugué. Pour tout n € N, on
suppose que /ey, appartient a L (X) N L4(X). Alors les propriétés suivantes sont équivalentes

(i) ’injection canonique Ap : PLg (X , @En) — PLJI,J (X , @En)/ est surjective,

(ii) linjection canonique A4 : PLY (X.DE,) — PL{ (X. @En), est surjective,
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(iii) injection canonique Ap : PL? (X , @En) — PLf,’ (X , @En)/ est un isomorphisme d’espaces de
Banach,

(iv) linjection canonique A4 : PLJI,) (X, @En) — PL; (X, @En)/ est un isomorphisme d’espaces de
Banach,

(v) le projecteur Sp Ry, est borné sur L? (X, @En),
(vi) le projecteur Sq Ry est borné sur Ll (X, @En)

Les assertions précédentes impliquent les assertions suivantes

sup || X ven < +o0. 61)
neNll Vdn I Lr(x) | Vdn L (x)
1SpRpll = 1Sq Rqll = IRl = 1Rq | = |1 A1 = 1AZ ]| € [1, 400l (62)

Démonstration. Preuve de (61) : Pour tout n € N, on fixe ¢ € Ej, vérifiant ||¢|| L2(x) = 1 et I’on note
u(x,y) = ( ,0, \/en(x ¢(y) 0,. ) IS LJIC’(X,@E,,).

On peut alors écrire

1Sp RpullLrx,@E, < ISpRpll X lullLrx,@E,)

H@ ‘/ W du(x")| < ISy Rp|| x ”\/m HLP(X)
n LY (X)
en(x) i
H \/—n L2(X) 8 «/E” \/e”—(x)HqL?c(X) = [SpRpll x ” \/W—(X)HI({?C:X)
dn Lf(X) \/E LZ(X) - ppI

Equivalence des propriétés (i), (i), (iii), (iv), (v) et (vi) : 1) & (iii) et (ii) < (iv). Cela découle du
théoréme de I’application ouverte pour des bijections linéaires continues entre espaces de Banach.

V) & (vi). Puisque @ E,, est un espace de Hilbert, les espaces de Bochner—Lebesgue L% (X , EBEn) et
L;Zc (X , @ En) sont duaux 1’un de I’autre et la dualité naturelle est donnée par

Vinw) € LE(X @ E) % LUK BE). (u.w)i= [ [Z | e yyunce y)du(y)} dp ().

neN
Orl’on a
LI [ bt ntone ol din | ) < [ [t sl hon e »)llz | it
neN neN

<lullrzx,@e)lwilex,eE,)

< +00.
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Le théoreme de Fubini assure que la dualité naturelle s’écrit aussi

)= 3 [ ) di) du(y).

neN

La définition (60) nous permet alors d’écrire

(SpRpu, wy =y di /X Xx[m(x) /X un(x'. 7)Ven () du(x’)]wn(x,y)dum du(y).

nenN

Remarquons maintenant, pour tout #» € N, la majoration triviale de

/f/X VenCown (e DY en 0 lua (' )] dja() dp(x') du(y)

par

(, Vermmnte. iz odin ) < ([, Venun '3l i)
= |Went) | Lo gy lhon e Mg cx, 2200 > [V en D | L, oyl O e, (x, 12,00
= [Ven) oo lwlzgx.@En Vet | Lo, oo Il @£
< 4+00.

Le théoreme de Fubini nous permet donc d’intervertir x et x” pour obtenir

(SpRpu, w) = Z%/Xxx[x/en(X)/Xwn(X’,y)\/en(x/)du(X’)]un(x,y) dp(x) dp(y)

neN

Ainsi, S, Ry et Sy R4 sont adjoints 'un de I"autre. La continuité de I’'un implique la continuité de I’autre.
Pour la fin de la démonstration, on aura besoin de I’expression de S p (qui découle de (57)) :
'Sp: L4(X. @ En) — PLE(X. D Ey)’.

vV en(x)
NZ

(Wn (X, y))nen = ((“n(y))nZO '—>/X . > wax, y)un(y) du(x)du(y))-

neN

iii) = (vi). A T’aide de (59), on vérifie la formule R; = A;l o ’Sp. A fortiori, Sq R4 est un opérateur
borné.

iv) = (v). On permute p et ¢ dans 1’argument précédent.
vi) = (i). L’équivalence (v) < (vi) assure que Sp, R, est borné. Puisque S, et S; sont des isométries,

Rp et Ry sont des opérateurs bornés et 1’on a par construction

RpSp =idpLe(x,@E,) © RgSq=1dpryxE,)-
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L’idée est d’exprimer A, avec la formule suivante qui découle facilement de (57) :
_t
Utilisant que S, R, et S4 R, sont deux opérateurs duaux, on obtient
t _tpt _t _ —
Le diagramme suivant est donc commutatif :

PL; (X. D En)’

X
. IR

Ap(PLY(X. D E,)) ——— LL(X.DEy)

Sq
Ap

PLI(X. DEy)

On doit examiner le diagramme précédent en se rappelant que I’on a

Sp'Rp =idpLpx.@E,y € ReSq=idpLex.@E,) -

La proposition 2.28 et le corollaire 2.29 assurent que S, réalise un isomorphisme d’espaces de Banach
de PLg (X, @En) sur I'image du projecteur Sy R, de Le (X, @En) et que ‘R, réalise un isomor-
phisme d’espaces de Banach de PLf (X , @En)/ sur I'image du méme projecteur 'R,'S, = Sy R, de
L (X, @En) Grace a (63), on vérifie que A, (PL; (X, @En)) et PLJI,’ (X, EBE,,)/ ont la méme image
par I’opérateur ‘R, :

tRp(Ap(PLg(X,@En) )= Sq(PLg(X,QBEn)) = SqRq(LL(X,DEn)).
‘Rp(PLY (X. @D En)) = SqRq(LL(X. D En)).
Par application de ’S,, on obtient (i) :
Ap(PLY(X, D En)) = PLE (X, DE,)".
v) = (ii). On permute p et g dans la preuve précédente.

Preuve de (62) : Comme S, R, est un projecteur, sa norme est supérieure ou égale a 1. On a déja vu au

cours de la démonstration précédente I’égalité || S, Ry || = ||Sq R4 (. Comme S), et S, sont des isométries,
on déduit a la fois la formule || S, Ry || = || Ryl et [|SqRq || = || Rql| etla formule || Ry || = 'R, || = ||A;,1 |
(grace a (63)). O

Stratégie pour le théoreme 2.5. 1l est naturel d’espérer utiliser une stratégie similaire pour prouver le
théoreme 2.5 d’interpolation en utilisant cette fois-ci le corollaire 2.30. On suppose donc seulement que
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I’on a-+ E < 1. La proposition 2.31 nous informe que la bornitude de R, pour tout p € ]p1, p2|

1mpl1que1 assertion (61) :

A/ €n A/ €n
Vp€lp1, p2[, sup < +o00.
neNll Vdn | Lr )| Ve | L7557 ()

En raison de la symétrie entre p et p , les inégalités précédentes sont aussi valides si p parcourt le
plus petit intervalle contenant | p1, pz[ et stable par la fonction p +— ﬁ. Toutes ces inégalités sont trop
violentes puisque I’on doit seulement se contenter de 1’hypothése (36). L’application R, parait donc
inutilisable. Pour pallier ce probleme, nous allons remplacer R, par une application de la forme

Rpy: L)IC’(X, @En) g PL)’j(X’ @En)a (Un(x,y))nen = (/}; un(x/v y)Wn(x,) d:u(x/)) ,

n>0

P2 _r1
ol (Vn)nen est une suite de fonctions de L 72— (X) N L~ 11 (X) vérifiant

/W

Yn(x) dp(x) = 1.

De nouveau, on a bien Ry v Sp = idPLf,’ (X,@E,) de manicre formelle et I"on rencontre le méme obstacle :
il n’y a aucune raison pour que R y arrive bien dans PLJI,’ (X EPE n). Une nouvelle fois, puisque S, est
une isométrie pour tout p € |py, p2[, la bornitude de R, 4 équivaut a la bornitude de 1’opérateur

SpRp,y - Lﬁ(X, EBEn) — L2(X,DE,)

vV en(x)

(64)
(un(x,y))nen = ( «/E

[ a3 du(X’))-

Sous les hypotheses (35) et (36), I’existence d’une suite adéquate (Y, )nen et la bornitude de Sp Ry, v,
pour p € ]p1, p2[, seront établies dans la partie 2J.

On peut maintenant expliquer la preuve du théoreme 2.5 d’interpolation. On remarque que les expres-
sions de S, et Ry 4 sont indépendantes de p. On fixe alors p et p, deux réels appartenant a ] py, pa|.
Pour tout p €]p}, p5[ on note 6’ € [0, 1] I"unique réel vérifiant % = 1;—/10/ + z—;. Le corollaire 2.30 assure
que I’image de I’opérateur

Sy : [PLY (X, @ En), PLI (X, B En) ]y — [L2 (X, B En), L2 (X, D En)],

est SpRp.y ([LY (X. @ En). LY>(X. @D En)], ) et que S, induit un isomorphisme sur son image. Le
théoréme 2.26 et le point (i) de la proposition 2.28 donnent alors

Sp([PLY (X, @ En). PLY (X. D En)]y) = Sp Ry ([LE (X. @ En). LY (X. D En) )
= SpRp,l/f (Lﬁ(X, @En))
= Sp(PLY (X, D En)).
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Se rappelant I’inclusion (58), on a donc le schéma

Sy

PLY(X. B Fy)

=

[PL (X. @ En). PLL (X. D En) ],

LY (X, DEn)

Or S, est isométrique sur PLf,’ (X , @En) et donc injectif. Cela nous amene a 1’égalité

[PLZ (X, @ En), PLY (X, D En)], = PLE(X, D Ey).

Enfin, les normes des espaces [PLIJ/l (X.DEn). PLP/2 (X. @En)] , et PLY (X, @ E,) sont équivalentes
d’apres le théoreme du graphe fermé et Iinclusion continue (58). On aurait aussi pu invoquer le fait que
S est un isomorphisme d’espaces de Banach de [PLP "(X.DEn). PLp >(X. P En)], sur son image.
La méme argumentation est valide en remplagant la méthode d’interpolation complexe [-,-]g- par la
méthode d’interpolation réelle [-, -]’

2F. Preuves des théorémes 2.5 et 2.6, partie II : Espaces de Lorentz. On effectue quelques rappels sur
les espaces de Lorentz LP°°(X), avec p € ]1, +oo[ (voir par exemple [Grafakos 2008, Chapter 1]).
Afin d’exprimer I’inégalité de Holder des espaces de Lorentz, il sera utile de remarquer la reformulation
suivante de la quasi-norme || - ||7,7.c0(x) :

VfeLP®(X) | fllLre(x):= inf{c >0 } Vi>0 pixeX||f(x)]>1}< f—i}

= sup T7 f*(T),
T>0

ou f*:[0, +oo[ — [0, +0o0[ est le réarrangement décroissant de f définie par la formule

SHT) =inf{t > 0| pf| f|>1} <T}.

En général, la quasi-norme | - ||7,».c0(x) ne vérifie pas I’inégalité triangulaire mais est toujours équivalente
a la norme suivante des lors que 'on a p > 1 ([Grafakos 2008, page 13 and 64] ou [Garcia-Cuerva et
Rubio de Francia 1985, Part V, Lemma 2.8]) :
1/ 1allLr x
VS eLP®(X), flleroc = sup D, (65)

AeB(X) A r
0<u(A)<+oo M( )

ou B(X) désigne I’ensemble des parties mesurables de X . Précisément, nous avons
p
A lLrooxy = N fllLreocx) < ﬁ”f”L"@O(X)-

En d’autres termes, quitte a perdre une constante multiplicative, on pourra utiliser I’inégalité triangulaire
dans L?:°°(X). On aura aussi besoin de I’espace de Lorentz L?-1(X) : il s’agit de I’espace vectoriel des
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fonctions mesurables g : X — C qui vérifient

+o0o 1 dT
gl oy :=/0 g (1) 4T < oo,

Venons-en maintenant aux inégalités de Hardy-Littlewood et de Holder, on a pour toutes fonctions
)2
felLP®(X)etge Lr-11(X)

400 “+o0 p—1 dT
‘ fX g dum| < [ AT dT = /O T fOT T g ()
< ||f||Lpoo<x> el 201
<11l oeon g, 21 (66)

On peut aussi définir des espaces de Lorentz L?" (X, B), avec r € {1, oo} (et méme tout réel r > 1),
a valeurs dans un espace de Banach complexe B. Il s’agit des fonctions mesurables f : X — B telles
que la fonction x > || f(x)| p appartient a L?"(X). La théorie de I’interpolation réelle fait jouer un
role important aux espaces de Lorentz, en particulier on a le résultat suivant [Triebel 1978, Part 1.18.6,
Lemma, Theorem 2, (16), g = p; Part 1.18.7, Theorem 2].

Théoreme 2.32. Considérons un espace de Banach complexe B et trois réels py < p < pa appartenant a

11, +o0[. Soit 8 €0, 1] l'unique réel tel que % = 1});19 + %. Pour tout r € {1, +00}, on a pour la méthode

d’interpolation réelle
[LPV"(X, B),LP>"(X,B)ly,p = L¥ (X, B).

Si un opérateur linéaire T est borné de LPV>\ (X, B) a valeurs dans LPV"*°(X, B) et de LP>'1(X, B)
a valeurs dans LP2°°(X, B) alors il est borné de L? (X, B) a valeurs dans L? (X, B) et il existe une
constante K > 0 indépendante de T telle que

0
”T”L”(X B)—»L?(X,B) = = K||T||Lp1 A(X,B)—>LP1-°(X, B)”T”LPZ’I(X,B)—)LPZ’OO(X,B)'

2G. Preuves des théorémes 2.5 et 2.6, partie III : R-bornitude. Enoncons deux faits qui vont justifier
que la bornitude d’un opérateur linéaire sur L2 (X, ¢2(N)) n’est généralement pas simple et qui vont
motiver I’approche qui va suivre.

Fait 1. Soit (Pp)n>o une suite d’opérateurs uniformément bornés sur L*(X), ¢ est-a-dire que I’on a

sup|| Pnllr2(xy—»r2(x) < +00,
n>0

alors 'opérateur @ Py, défini par I’expression suivante est borné sur L>(X, £>(N)):

V(fn)nZO € Lz(Xa KZ(N)), (@Pn)(fn) = (Pn fn).

En effet, cela découle immédiatement des formules :

||<fn>||Lz(uz<N))—\/ / Yo dpe) = > 1 fall 7

n>0 n>0
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Fait 2. Pour tout réel p > 2 il existe une suite (Pn)n>0 d’opérateurs uniformément bornés de L? (R) et
tels que I’opérateur @ P, défini par

V(fadnzo € L2 (X, CC(N)), (D Pn)(fn) = (Pufu). (67)
n’est pas borné sur L? (R, £*(N)).
L’exemple est élémentaire. On considere les isométries P, définies par
VneN, VfeLPR), VxeR, (P,f)(x)= f(x+n),
puis les fonctions fy ,, paramétrées par (n, N) € N2, définies par

l[n,n_;,_l[()C) sin < N,

Vx elR =
o SN () {O sin>N.

On a immédiatement || Py ||z »(x)—r»(x) = 1. De méme pour tout N € N*, on a

[SS]

N—-1
H (@Pn)(fN,n)”zp(R,p(N)) = A(Z 1[0,1[(x)) dx = Ng,
n=0
N-1

p g D
”(fN’”)”LP(R,Zz(N) = . E l[n,n_g_l[(X) dx =N <K N?2.
n=0

En faisant tendre N vers +o00, on voit que 1’ opérateur @ P,, n’est pas borné sur L? (R, £2(N)). L’exemple
précédent utilise le fait que R n’est pas compact afin de s’échapper vers I’infini. En réalité, cela est un
faux-semblant et 1’on peut transférer la construction précédente sur L2 (0, 1) a I’aide d’une isométrie
linéaire surjective adéquate de L7 (0, 1) sur L?(R). En outre, si I’on raisonne par dualité ou si 1’on choisit
fn = 1jo,1 a la place de 1}, ,, 41, la construction précédente s’adapte au cas p < 2. Ainsi, le fait 2
contraste fortement avec le fait 1 et montre que la seule condition

sup|| PullLr(xy—>Lr(x) < +00
neN

ne suffit pas pour assurer la bornitude de I’opérateur P, sur L?(X,£*(N)) pour p # 2, méme si
w(X) < +o00. Un exemple qui illustre ce probléme est 1a non continuité du multiplicateur de Fourier sur
LP?(R?) de I'indicatrice de la boule unité (voir la preuve de Fefferman [1971] dans laquelle les opérateurs
P, sont des projecteurs de L?(R?)).

La notion mathématique qui s’est dégagée est la R-bornitude. Etant donné un espace de Banach B,
une suite (Py), >0 d’opérateurs linéaires bornés de B est dite R-bornée s’il existe K > 0 telle que pour
toute suite ( f,)nen de B (nulle pour n 3> 1) on a un principe de contraction :

E[ B}SKE[ S ents B].

n>0
Dans le cas B = L?(X), il est classique que les deux espérances précédentes s’estiment avec le théo-

Z en Pn(fn)

n>0

réme de Fubini et les inégalités de Kahane—Khintchine dans L?(X) et dans C (voir (43) dans le cas
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unidimensionnel). L’inégalité précédente signifie alors que 1’opérateur @5 Py, défini en (67), est borné sur
L?(X, £2(N)). Quitte 2 changer K > 0, cela équivaut 4 une estimation de la forme

/X(ZI(P fn) (X)I) dM(X)<K[ (Z|fn(x)|2) du(x).

n>0 n>0

Diftérents criteres de R-bornitude existent dans la littérature (voir par exemple [Garcia-Cuerva et
Rubio de Francia 1985, Chapter V ; Weis 2001, Section 2 ; Clément et al. 2000] et les références indiquées).
Le lemme 2.33 donne un nouveau critére qui s’apparente au lemme de Schur et qui donne des conditions
suffisantes pour obtenir la R-bornitude. Ce critere suffira pour la théorie de I’interpolation et de la dualité
des espaces PL? (X , @En) dans le cas unidimensionnel d,, = dim(E,) = 1. Pour comprendre le cas
d, # 1, nous aurons besoin d’une version légerement plus sophistiquée du lemme 2.33, a savoir le
lemme 2.34, mais le coeur de I’idée est dans la démonstration suivante.

Lemme 2.33. Fixons des réels p1 < p < p» appartenant a |1, +o0[. Notons q1 := pfll etqr = pfil.
Considérons K, : X? — C des fonctions mesurables, pour n € N, de sorte que ’on a
sup || Kn (x, x )”qu x) € LEV°(X), (68)
n>0
sup || Kn (x, x )||Lq2 x) € L)[gz,OO(X)’ (69)
n>0
sup | Kn (x, X") || 2100y € LT (X)), (70)
n>0
sup|| K (x, x") || p2-oo ) € LT (X). (71)
n>0

Les deux assertions suivantes sont vraies :

(a) Pour tout entier n € N ['opérateur Py, de noyau K, défini par
VELEX). VXEX. (Pf))= [ Kalrx)S() ().
X
est borné sur L (X) et la borne supérieure sup, || PnllLr (x)—1L7(X) est finie.
(b) La famille d’opérateurs (Pp)nen de LP (X) est R-bornée.

Démonstration. Nous aurons besoin des propriétés des espaces de Lorentz rappelées dans la partie 2F.

(a) On affirme que (68) implique la bornitude de I’opérateur
Py i LPVN(X) — LPV2°(X).
En effet, ’inégalité de Holder (66) donne

|(Pu Y = 1K s X aroo ) 1L F o )

P lrvosy = JIKn Geo XYooy | vy | F o ey
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Afin de faciliter la lecture de la preuve de 1’assertion (b), nous donnons un autre argument qui utilise
(70) et 1a norme ||| - ||| .71.c0(x) de LP1-°°(X), définie en (65), car elle présente I’avantage de satisfaire
I’inégalité triangulaire. En effet, on a

1Pn f 1oy < /X 1K e, %)l 2100 3y | f ()] dpa(x')
= [ e, D oo iy [ o0 oy 1 N -

Les deux arguments précédents sont en fait duaux. En utilisant (69) ou (71), on obtient de méme la
bornitude de 1’opérateur

Py i L2 (X) — LP2%°(X).
On conclut par interpolation réelle (a savoir le théoreme 2.32 avec B = C).
(b) On affirme que I’opérateur suivant est borné
@P, : LPH (X, L2 (N)) — LE1°(X, £%°(N)).

En effet, cela découle de I’inégalité de Holder (66) et de (68) :

sup (P f) ()] = sup /X K. x') () dpe ()

neN

< sup [ K53 509 | i3] A

neNJX
< (sl sy ) %] s 1 o
neN meN L)’C’,l’ X)
eLy"(X)
On s’attelle maintenant a prouver la bornitude de 1’opérateur
PP, : LPVH (X, N (N)) — LP°(X, L1(N)).
De nouveau, on utilise la norme ||| - |[| z.71.00(x) de L?1*°°(X). L’hypothese (70) et I'inégalité de Holder
(66) nous amenent aux estimations
> (Pafo - =] e e anen |
neN (N6 n>0 2T
=y / 11K e ) 1.2 L ) ()

n>0

<3 [ (501l g1y ) L )

n>0

< [ ((sup 11 K G X 1.0 )(
/X(meN " Ll (X)

S 1o (x/)|) dp(x')

n>0
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Z | fo

n>0

sup [| Ko (x, x") | 1.0
meN " Lx 0

ql.oo

(X)

La démonstration est évidemment similaire en remplagant p; par ps et en utilisant (71) et (69). On a
ainsi obtenu la bornitude des quatre opérateurs

PP L2V (X AP (N)) — LEVS(X, L2(N)),
D Pn: LE21(X AP (N)) — LE>® (X, L2(N)),
PPy L2N(X LN (N)) — LE2V(X, L1 (N)),
PP, : L2 (X, ' (N)) — LP2°(X, L1(N)).

Pour tout p €]p1, p2|, le théoréme 2.32 assure la bornitude des deux opérateurs suivants par interpolation

réelle
PPy LE(X AP(N)) = LE(X, £2°(N)),

PP, LE(X, L' (N)) — LE(X, L (N)).

Par interpolation complexe (c’est—a—dire le théoréeme 2.26 avec 6 = %), on obtient la bornitude de
I’ opérateur
@P, : LP(X,02(N)) — L2(X, £>(N)). O

Il s’agit maintenant d’écrire un résultat analogue au lemme 2.33 adaptée a la théorie générale avec
dim(E,) # 1. Pour cela, on aura besoin d’espaces analogues a £!(N) et £>°(N) adaptés aux sous-
espaces Ej, ce sera le role joué par les espaces (@ En) ¢ dans la preuve du résultat suivant.

Lemme 2.34. Fixons des réels p1 < p < py appartenant a |1, +oo[ et considérons K, : X? — C des
fonctions mesurables, pour n € N, de sorte que

sup || Ky (x, x )”qu 2 x) € LI (X), (72)
n>0
sup || Ky (x, x )||Lq2 0 xy € LP2°(X), (73)
n>0
sup|| Kn (x, x )”L"‘ % (x) € L1 (X), (74)
n>0
sup|| K (x, x") | p2-oo ) € LT (X). (75)
n>0

Alors les deux assertions suivantes sont vraies

(a) Pour tout entier n € N, l'opérateur Py, défini par
Yue LP(X,E,), Y(x,y)eX? (Puu)(x,y)= / Kn(x, xu(x’, y) du(x"),
X

est borné sur L (X, E,) et la borne supérieure sup,>oll Pnll est finie.

(b) L’opérateur € Py, défini par I’expression suivante, est borné

BPn: L2 (X, B En) > L2(X,DEn),  (ttn(x,¥)nens > (Pattn)(X, Y)nen.
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Démonstration. (a) On raisonne comme pour le lemme 2.33, c’est-a-dire que chaque opérateur P, est
borné de L2 (X, E,) a valeurs dans LE""°(X, E,) et de LY>' (X, E,,) a valeurs dans LZ>*°(X, E,)
avec des normes majorées indépendamment de n. On conclut par interpolation réelle (c’est-a-dire le
théoreme 2.32 avec B = Ej).

(b) L’idée est d’interpoler I’espace de Hilbert € E,, entre les deux espaces

(@ En)goo = {(un)neN | VneN,u, € Ep, SupneNHunHL;(X) < +OO},
qui sont munis de leurs normes naturelles. On vérifie aisément que les espaces (@ En) o et (@ En) (oo
sont des rétractes, au sens de la définition 2.27, des espaces ! (N, D E,) et {>°(N, D E,). Par suite,

le corollaire 2.30 et la théorie de I’interpolation complexe des espaces £" (N, EBE,,) (c’est-a-dire le
théoréme 2.26) montrent que I’on a I’égalité

(@ En)o- (BFn) ]y, = DEn

avec équivalence de normes. Nous pouvons donc reprendre I’argumentation du lemme 2.33 et il nous
suffit manifestement de prouver la bornitude des quatre opérateurs

BPn: L2Y(X (B En)) — LE®(X. (B En
BPn: L2 (X (B En),) — LE>®(X. (BE
PPy L2 (X (B En) o) = L2V®(X, (P En Koo),
Py : LI (X. (D En) o) — LI™(X.

Par symétrie évidente, il nous suffit de justifier la bornitude des deux opérateurs
BPn: LEH(X (B En) ) — LI (X, (DEn)p),
PP L2 (X (B En)joc) = L2 (X (B En)yoo)-

L’hypothese (74) et I’'inégalité de Holder (66) nous donnent les majorations

D 1 (Paun)(x, y)||Lz(X)‘

n>0

LY 0

/ K6 Xt (5 y) dp (')

n>0 L3O LY (%)

= 3 [ el 10 i 3 3y )

n>0

= [ ( sup 1 Kon (. 3"l 11 oo(X)) (Zuun(xcy)nL;(X)) dp(x')

meN n>0

=

> lun(x’, Mirzon|

n>0

sup | K (3 Xl 1= x|

meN (X) (X)
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Enfin, (72) et I’inégalité de Holder (66) nous permettent d’écrire

sup l(Pain) (. )13 = sup

‘/ Ko G X (' ) d(x')

L3(X)

< sup [ 1K (e8] 509 it (' 3) 300 i)
me

neNJX

sup [|lum(x’, y)lng(X) .
meN

< (sopl Kt sy oy )
neN

eLY"(X)

.1 ’
L1 (x)

2H. Preuve du théoréeme 2.6 : bornitude de Sp R,. Sous les hypotheses du théoreme 2.6 de dualité,
les exposants pp et p sont conjugués et I’on souhaite montrer que S, Rp est un projecteur borné sur
L? (X. @ En) pour tout p €]p1, pa[. Avec les notations usuelles, ona g3 = 1_1 =pretgr= =p1.
D’apres la forme du projecteur (60), il s’agit d’appliquer le lemme 2.34 avec la suite de noyaux K,

définis par

V(ix,x")e X2, Kp(x.x')= di\/en(x)en(x/).

n
Il est facile de constater que (35) et (37) impliquent 1’assertion (72) (qui est identique a (75)). En effet, on
a pour tout (x,n) € X xN
’ 1

\/e (x)
y I Venllza x)
n

en(x)en (x’)

@x

ven(x) ”\/a”L”l(X)”\/a”L"l(X)
||«/a||L1’1(X) dn

Les deux autres hypotheses (73) et (74) du lemme 2.34 se vérifient de la méme fagon. La preuve du

théoréeme 2.6 de dualité est finie.

21. Preuve du théoréme 2.5 : défaut d’interpolation. Nous allons définir la notion de défaut d’interpo-
lation afin d’aborder I’interpolation des espaces PL? (X , @En) Commengons par introduire quelques
notations. Pour tous réels p;, p et p, appartenant a 1, +-o0[ et vérifiant p; < p < p,, on définit les

nombres 61 (p1, p, p2) et 02(p1, p, p2) tels que

01(p1. p. p2) n 02(p1. p, p2) _ !
P1 D2

et 01(p1,p, p2) +62(p1,p, p2) = 1.

De facon précise, on a les formules

1L 11
O1(p1.p.p2) =15 et Oa(pr.p.p2)=F—T
P 2R

On peut alors poser la définition suivante.
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Définition 2.35. Considérons p; et p, appartenant a [1, +o0[ et vérifiant p; < p; ainsi qu’une fonction
non nulle ¢ € LP1(X) N LP2(X). Nous définissons Q (¢, [p1, p2]) € [1, +o0[ le défaut d’interpolation
de ¢ sur [p1, p>] par la formule

01(p1,p,p2) 62(p1,p,
19 1(p1,p,p2 1% P1,D,P2)

LP1(X LP2(X
0(¢.[p1, p2]):= sup (X) (X)
pelp1,p2] PllLr(x)

L’inégalité Q (¢, [p1, p2]) < o0 est facile et nous allons la vérifier par convexité (voir le lemme 2.36
ci-apres). Quant a I’inégalité Q(¢, [p1, p2]) > 1, elle découle de I’inégalité de Holder avec les exposants

. . P1 P2 .
0 :
comjugues g v 552 < 50:(01,0.02)

(18017 dueo)” = ([ toeorreerige e gue )
X X

01(p1.0.P2) 62(p1.0.P2)

s(/ |¢(X)|’”du(X)) g ([ |¢(X)|p2du(X)) 2 e
X X

La condition d’égalité de 1’inégalité de Holder montre alors 1’équivalence
O, [p1,p2)=1 < Fa>0, dJAe€B(X), 0<u(A) <+oo, |¢p|=aly,

ou B(X) est I’ensemble des parties mesurables de X. Ainsi, le défaut d’interpolation de la fonction
¢ permet de tester si elle se concentre complétement sur une méme partie de 1’espace mesuré X . Par
comparaison avec (76), le défaut d’interpolation permet de minorer ||¢||r»(x) si I’on connait |||z 71 (x)

et |¢llrz(x) :
01(p1,p,p2) 02(p1,p,p2)
12557 N8 10250,

(. [p1. 2]
Le lemme suivant montre qu’il suffit d’examiner un seul point de I’intervalle | py, p2[ pour contrdler

Q9. [p1. p2)).

Lemme 2.36. Fixons des réels p1 < p < pa appartenant a [1, +00[ et une suite de fonctions non nulles
(Pn)nen de LPH(X) N LP2(X), alors on a I’équivalence :

Vp €[p1.p2l. <lollrrx)- (77)

||¢n ||911)(P1,P5P2) ||¢n ”021)(171317,172)

LP1(X LP2(X

sup ) N <t & sup Q@ [p1. p2)) < +oo.
neN ”¢n”LP(X) neN

Démonstration. Pour toute fonction non nulle ¢ € LP1(X) N LP2(X), il est bien connu que la fonction

®:p €lp1. p2l > In(llLox))
est convexe par rapport a é (voir les inégalités (76)). Introduisons la fonction o [p1, p2] — R définie
par

||¢||91p(P1 ,9,D2) ||¢ ||02p(p1 .9,D2)
B0 =oAL LS
#llLex)

) =01(p1, 9., p2)®(p1) + 02(p1, 9. p2)P(p2) — ().
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L&)
01(p1,p,P2)
. () |
2(P1:P;P2) L &
77777777 -F @(p»)

1 1 1 1

P2 p ® p1

Figure 1. La fonction o.

La fonction ® s’annule en p1 et pp et est concave par rapport a é; voir figure 1. Par concavité et

application du théoréeme de Thales, nous avons les estimations

1 1

p D2 pP1 p

1111
Ve € [p1, pa2l. &)(@)Sa(p)max<p1' P2 i pz)‘

En passant a I’exponentielle, on obtient les estimations suivantes qui donnent la conclusion :

0 D> [% D,
I 1(p1,p,p2) I >(P1,P,D2)

01(p1,p,p2) 62(p1,p.P2) | C( )
LP1(X LP2(X lol, oy 2 Bl s 5 P1.p:p2
& &) SQ(¢,[P1,P2])§( & X .0
lollLrx) léllLrx)

On sait que pour tout réel p €1, +o00[ et toute fonction ¢ € L (X), il existe une fonction ¥ € L = (X)
telle que
d = .
[ 6010 o = 18lraollvl, ey
Par exemple, si ¢ est positive alors on peut choisir ¥ (x) = ¢ (x)?~!. Le défaut d’interpolation permet de
formuler des propriétés analogues si ¢ appartient a deux espaces de Lebesgue LP!(X) et LP2(X).
Proposition 2.37. Fixons pi et ps appartenant a |1, +00[ et vérifiant p; < p; et % + é < 1. Il existe
un réelr =r(pi, p2) > 1 tel que pour toute fonction non nulle ¢ € LP'(X) N LP2(X) on peut trouver

une fonction € L92(X) N L9'(X), avec g2 = pfil etqy = %, de sorte que ’'on a

/X V() dpu(x) = 1,

ol ol liLe xy < Q@.[p1. p2D)".  lollLrzco)VliLe2xy < Q. [p1. p2]).

e = 0@ ) |
T o dcey = 2@ T 1900 due) t T 8ol7z dut |

e = 0@ )| ]
Jy o duc) = 2@ e T 900 due) t T 8l dut |
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Démonstration. Commencons par le calcul élémentaire suivant :

p;  rt _pr3(p1i=D=pi(p2—1) _ (p2—p1)(P1P2—Pp1—p2)
p2—1 pi1—1 (p2—D(p1—1) (p2—D(p1—1)
Par conséquent on a prg> > p1¢q1 et ’on peut choisir un réel r € [1 + %, 1+ %]. En particulier, on a
r €[p1.p2]et

P292 — p141 =

p1=(r=Dg2 = (r=1aq1 =< pa. (78)
On peut maintenant considérer la fonction v définie par

1 pO" 0
Vie X, w00 =BT dee) < e SO F0
0 si g(x) = 0.

La définition précédente est licite car, d’apres (76), la fonction ¢ appartient a L? (X ) pour tout p € [p1, p2].

Ensuite, il est clair que la fonction ¢y est positive et d’intégrale égale a 1. Les inégalités (78) impliquent
que ¥ appartient a L92(X) N L9'(X). Grace a (76) et (77), il vient

Iglrr oIl o e x)

1l ol ¥l oy = < 0. [p1. 22 181 rs ) 1012 iy (T9)

17

ou I’on a noté
a:=1+—D0(p1,(r—1q1, p2) —rb1(p1.1, p2),
B = (r—1)02(p1.(r —1)q1, p2) —r62(p1.7. p2).

L’égalité 01 4+ 6, = 1 implique que I’on a « + B = 0. En fait, il s’avere que @ = B = 0. Cela peut se voir
par calcul, mais puisque o ne dépend que de (p1, p2, r), il suffit de traiter le cas particulier X = R muni
de la mesure de Lebesgue. Pour tout 7 > 0, si I’on pose ¢; = 1{g ] alors on a ; = %1[0,,] et |psllr = t%
pour tout p € [1, +o0[ et donc

1

i I
loelLrcollellLacy =717 =1 et Q. [p1.p2]) = 1.

L’inégalité (79) devient
viso0, 1<),
Cela force les égalités o = 8 = 0. Un argument similaire permet d’estimer ||¢||z.72 (x) |V ||L92 (x)-
Passons aux estimations de [y|? avec g € {¢1,¢2}. On se permet de noter 6, = 01(p1, (r — 1)q, p2)
et 0 = 02(p1, (r — 1)q, p2). On obtient alors pour tout x € X

[y (x)| | ()|~ 14 - | (x)| 14
7 =g = Q@ Ip ) T e
||w”L‘i(X) ”¢||L(r71)q(X) ||¢||LP1(X) ”¢”L1’2(X)

Les égalités (r —1)q01 + (r —1)q6, = (r — 1)q et (’_;3‘191 + (’_Il);qez = 1 nous donnent la conclusion

(r—1)q6; (r—=1)g6,
1

[y ()| (r_l)q( ¢ (x)|7 ) ? ( ¢ (x)|7> ) »2
HWHZ‘I(X) : Q(¢’ [pl’pZ]) ||¢”i}')1()0 ”¢”£%’2(X)
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< 0 [pr. a0 (I (Dt O )
= LT P1 ”¢”L1’1(X) P2 ||¢||Lp2(X)

| (x)|P1 | (x)|P> )
||¢||Lp1(x) ||¢”L1f’2(X)

O

< 0(¢. [pl,pz])“‘“q(

2J. Preuve du théoreme 2.5 : bornitude de Sp Rj, y. Nous avons maintenant les moyens d’achever la
preuve, expliquée dans la partie 2E, du théoréeme 2.5. Sous les hypotheses (35) et (36), il s’agit de justifier
Iexistence d’une suite (¥, )nen de LP2/(P2=D(x) 0 LP1/(P1=D(X) telle que

VneN, / Vj’f)
X

et que I’opérateur S, R, y soit borné sur L 4 (X EPE ,,) (voir (64)). L’hypothese (36) et le lemme 2.36 nous
apprennent que la suite des défauts d’interpolation (Q (. /en, [P1, P2]))nen est bornée. Par homogénéité,
on a aussi

Yn(x) dp(x) =1, (80)

Ve R

Par suite, la proposition 2.37 nous assure I’existence d’une constante K > 0 et d’une suite de fonctions
(Vn)nen de LP2/(P2=D (x ) LP1/(P1=1) (X qui vérifient (80) et les estimations suivantes uniformément
enn:

A/ €n én
[V¥nllLa (x) < K, VnllLezxy < K,
H«/E LP1(X) " X Vd, LP2(X) " )

ainsi que les inégalités suivantes pour tout x € X
Y ()] )" [ ()] \* Ven(x) P ven(x) -
) () <k () () 8
I¥nllLar x) 1¥nllLaz2(x) venllLrx) IvenllLrx)
On va appliquer le lemme 2.34 avec les noyaux K, définis par

VneN, V(x,x)eX? Ku(x,x):= v\e/”ﬁc)lﬂn()

Les propriétés (72) et (73) se traitent comme pour la bornitude de S, R,,. Par exemple, I’inclusion continue
L9 (X) C L9'-°°(X) nous permet d’écrire pour tout x € X

”Kn(X, x/)”qu.oo(X) < @”wn”qu(X) \/m
N ||Ven||LP1(X)

L’hypothese (35) implique alors (72). On montre de méme (73). L’intérét de la proposition 2.37 apparait
pour démontrer (74) et (75). En effet, on a

[V (x)]

iy Wmleacn

Vx' e X, | Kn(x, X)HLPIOO(X) |Wn(x,)|H !

e
Vdn
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D’apres (35) et (81), on obtient

q1
(sup||K,, (x, x’)||Lp1,oo(X)) € L)lc’,oo(X),
nenN x

c’est-a-dire
sup|| Ky (x, x )||Lp1 o xy € LT (X).
neN
On a ainsi obtenu (74). Et (75) se traite de méme. On a validé toutes les hypotheéses du lemme 2.34 et
I’on peut donc conclure que Sp R,y est borné sur LY (X, @) E,). Cela achéve la preuve du théoréme 2.5
d’interpolation.

3. Espaces PL? pour les harmoniques sphériques

3A. Reformulation des énoncés. On reprend les notations de la partie 1B. Commengons par remarquer
que I’on peut naturellement identifier une somme d’une série » | a, Z, comme une distribution sur s
des lors que (a,)n>1 est a croissance polynomiale. En effet, pour toute fonction test ¢ € C*° (S%) ona
pour un parametre ¢ > 1 :

D lanlZu ) =D lanPn? [ n* (Zay) P

n>1 n>1 n>1

La série ), -, |an |2n725 converge trivialement. Il en est de méme de la seconde en utilisant la relation
I —A)s2Z, =1 +n(n+d—1))5/2Z, et en faisant intervenir les espaces de Sobolev :
P

Y 0P UZn )P Sea D NI = D)2 Zy 9P

n>1 n>1

Sed O NZn (I = D)2y)?

n>1
Sed 10 =D)2Y 2 g0y = [Vl s sy < +o0.
On peut donc naturellement identifier la suite (a,Z;) a la distribution anl anZ,. Ainsi, ’espace
PL? (Sd, éeCcz n) sera vu comme un espace de distributions sur S?. Une injection de Sobolev est une
inclusion de la forme H® C L7, il est donc 1égitime de définir une injection de Sobolev probabiliste

comme une inclusion de la forme HS C PL?. Nous pouvons maintenant énoncer le résultat suivant (qui
implique le théoreme 1.1).

Proposition 3.1. On consideére une suite complexe (an)n>1 a croissance polynomiale. Pour tout réel
pE ]dz—fl, +oo[, la distribution ), . anZy, appartient a PL? (Sd, @CZ,,) si et seulement si [’on a

1 (SN 2
an+l(2k”’ 1|ak|2) < +o0.

n>1 k=1

Les espaces PL? (Sd, @CZn) sont stables par interpolation réelle et complexe pour p parcourant
]dz—i, +oo[ au sens du théoreme 2.5. Enfin, les injections de Sobolev probabilistes des fonctions Z,, sont
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données par les inclusions
d—1_d d—1_d __
Hur 7 (S%) CPL?(SY . DCZy) C () Hoon  ” (S, (82)
e>0
ou I’on note

VseR, HS (S9):= {Zan 25 |an|? < +oo} c H%(S%).

n>1 n>1
De méme, le théoreme 1.2 découle du résultat suivant.
Proposition 3.2. On considére une suite complexe (an)n>1 a croissance polynomiale. Pour tout réel

p €1, +o0|, la distribution ) _, . anYn appartient a PL? (Sd, @DCYy) si et seulement si I'on a la
condition

> (Zk 2 |ak|2) < Fo0. (83)

n>1"n 2

En outre, les espaces PL? (Sd, @CYn) sont stables par dualité et interpolation réelle et complexe pour
p parcourant |1, +o0[ au sens des théorémes 2.5 et 2.6.

Par dualité, on va obtenir gratuitement la moitié des injections de Sobolev probabilistes des fonctions Y.
Par commodité, on note

VseR, H%SY):= {ZanYn

n>0 n>1

2S|an|2<+oo} CHS(Sd)

Corollaire 3.3. Considérons p €12, +o0[ et q = % €11, 2[. Nous avons les inclusions

“TG3)(s) c PLP(S?, ©CYy) C ﬂo 77 G589,
UH_(dz PGDreed) cpLis? eey,) c A2 G (s,

e>0

Pour conclure cette partie, remarquons que (82) et le corollaire 3.3 montrent 1’optimalité de I’exposant
8(d, p) dans I’injection de Sobolev probabiliste de Tzvetkov (3). Comme expliqué dans 1’introduction,
cela est lié¢ au fait que les fonctions Y, et Z, optimisent par leur concentration les normes dans L? (s%).

3B. Preuve de la proposition 3.2, randomisation des fonctions Y,. Nous commencons par traiter les
fonctions Y, car les idées d’interpolation sont plus simples. Rappelons en quel sens la fonction Y3, se
concentre de fagon gaussienne sur une bande de largeur } autour de la géodésique {x1 + x2 =1}. On

part des inégalités

2
Vi e [0, %] 1— 87 < cos(8) < e 2%,

Le nombre

8= A(xy, x2) 1= arccos(\/ x% + x%)
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désigne la distance géodésique d’un point x € s au cercle {x1 + x2 =1} C S4, puis la définition
Yu(x) =cgn(x1+ix2)" etl’équivalent ¢z , ~4 n “T* assurent qu’il existe C(d) > 1 de sorte que

vxeS? VneN*, | ”( )| <C(d)e” 3nA(x1,x2)% (84)
I’l

1
C(d) Liaer xo)<1/ymy =
L’idée que 1’on doit garder a I’esprit est que 1’on peut sous certaines conditions assimiler |Y;| a la fonction
?n définie comme suit
= d—1
Ya () i=n % La ey o) <1 //my-

Pour tout p > 1, on peut alors vérifier les équivalences

~ d—1
1YnllLr(say ~d.p I¥Yullpr(say ~a.p n 2 : (85)

ce qui signifie que la concentration autour de la géodésique {x% + x% = 1} est significative dans L? (S%).

Venons-en maintenant aux estimées multilinéaires des fonctions Y, qui font disparaitre la plus
grande fréquence. Le résultat suivant énonce que les estimées multilinéaires des fonctions Y; et Y,
sont équivalentes.

Lemme 3.4. Pour tout entier « > 2 et pour tous entiers naturelsny > --->nqg > 1,0na

d—1

L, 00 Yo O i (5) S (2o

d—1

L Tt Ty O i (5) S (12w

Démonstration. On va invoquer 1I’argument algébrique de [Burq et al. 2005, pages 5-8], on a pour tout
xeS?:

. Cd, Cd,
Ynl(x)"'Yna(x) = Cd.m "'Cd,na(xl +lX2)nl+ e — uYnH— +na(x)

Cd,ny++ng
Et donc
2 4!
5 Cdn, --Cdn ni...nNg
/ 1Y, (X) .. Yoo (0" dpg(x) = (#) ~da (— :
sd Cdni+-~+ny ny+---+nqg

On conclut en invoquant les inégalités ny <ni+---+ng <onj.
Les intégrales multilinéaires des fonctions Y3, sont faciles a calculer 1’aide d’une formule de changement

de variables (voir plus loin (89)) en tenant compte que n; est le plus grand entier parmi ny,...,Hy :
Joa 1¥ny () o Vg ()12 dpg (x)
— = = / Liacix) <1/ diha (¥)
(n1-+-na) > ‘

d=3
= pa—2(S*~ 2)/ (1 =27 =x3) % La(ey x0) <1 /) X1 dx2

2+x2<1

1

= 1a—(5"7?) (=) rdr
cos(1/4/n7)
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1/y/ny
= Md—z(Sd_z)/O sin? 2 (u) cos(u) du

d—1

~g 1/ng 2, (86)
qui donne le résultat. O

Proposition 3.5. Pour tout réel p € [1, +00[ et pour toute suite complexe (ay)n>1,0n a

H,/’; lan Yy |? o) ~d.p [Z (Zk Iak|2)p}

n>1"1 R
Démonstration. Pour tout x € S4, il s’agit de décomposer en supports disjoints

Z|anYn(x)| Zn 2 |an| 1{A(X1,X2)< }_Z(Zk 2 |ak| )1{J7<A(xl,x2)<f}

n>1 n>1 n>1 “k=1

N =

En utilisant une expression de la forme sin? 2 (£) cos(§) = £972G(£2) avec G fonction holomorphe, on
peut assurer I’existence d’un réel ¢ € R qui précise la formule (86) :

1a—2(S772) 1
/gdl{A(xl,xz)sl/ﬁ}dﬂd(x) —(1+ +(9(_2))

n 2

On conclut alors aisément. O

Le résultat suivant dit précisément que 1’approximation de |Y;| par Y, est 1égitime dans la théorie L?
probabiliste des modes propres Y.

Proposition 3.6. Pour tout réel p € |1, +00| et pour toute suite complexe (an)n>1, on a

S antu? <| S @t sC(zwd)H,/ PRAE
C(p.d) 2 Vo ey 2 " s 2 lants

n>1
Démonstration. Si p = 2« est un entier pair non nul, (87) découle du lemme 3.4 et des deux formules

|

(87)

L7 (S9)

= 3 anP [V (). Y P i ),

Lp(gd) nis.... Ny

n>1
“ /> lan¥al? = Y |a,,1...a,,a|2/ 1V, () ... Yy () dprg (x).
n>1 Lp(gd) Nyeeny Ny Sd

Pour assurer que I’équivalence (87) est encore valide pour tout p > 2, il nous suffit de prouver que les
espaces PL? (S, ®CY,) et PLP (S, @CY,,) sont stables par interpolation au sens du théoréme 2.5.

Pour conclure, il suffira d’invoquer un argument de dualité (grace au théoreme 2.6). En effet, pour la

D .
p—1-

H\/ |anYn
n>1

dualité on aurait pour g =

‘anﬂanfn,bn?n)‘

d,p Sup
Lq(@d) Bn)ns170 ’

anl |bn Yn|2

Lr(s9)
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Quitte & remplacer by, par by, /|| Y, || 12} (s¢) Ct en remarquant I’équivalence || Y, || 12(sd) ~=d 1 (voir (85)),
I’expression précédente devient

‘anla”b”}
\/W d,p Sup =
= Lq(sd) (br)nz170 “ 2onz1 1bnYul? Lr(sd)
‘Zn>1a”b }
~g,p SUp
(bn)n>]5é0 Zn>1 |bn l’l Lp(Sd)
2
=d,p Z|a"Yn| '
n>1 Lq(gd)

Validons maintenant les hypotheses des théorémes d’interpolation et dualité. En examinant (85) et en se
rappelant que % - change de signe en remplacant p par son exposant conjugué %, on comprend que
I’hypothese (37) est vérifiée avec v/en (x) = |V (x)| et en(x) = || Vu ||L2(§d)Yn (x)

Quant a I’hypothese (35), elle va s’avérer €tre une conséquence de la concentration gaussienne des
fonctions Y, . En effet, grace a (84) et (85), nous avons pour tout n € N* et x € s4,

YlYn(x)| C(d p)n 21, e ZA(x] x2)2 M
1YnllLr(say A(xl,xz) ,

)

Et il se trouve que x — A(x1,x2)” 7 appartient 2 I’espace de Lorentz L?*°(S%), ou ce qui revient
au méme que x > A(x1, x2)~ @1 appartient & L1:°°(S%) : la formule de changement de variables (89)
donne pour tout ¢ > 1

paix € S9| A(xq,xp) @D > 1} ~g / (1—x2 —x2) I{A(x1 xp)—d—D sy dx1dx2
2-‘:—x%<1

1
:d/ (1—r2)%rdr
cos(z—1/(d—1))

1
~g f -1 dr
cos(z—1/(d=1)

~q[1— cos(t_l/(d_l))]%
L
Z

Z/\

(88)

Comme p14(S?) est fini, Iestimation précédente est aussi valide si ¢ appartient 2 ]0, 1]. O

Remarque 3.7. Concernant I’hypothese (35), I'intérét des espaces de Lorentz est désormais flagrant. En
effet, en utilisant la minoration de (84), nous arrivons a

| Yn ()7

d—1 —(d—
VxeS?, sup = Cd.p)supn > L, sy < gy = C(d pIAGL ) @-1,
n>
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Or (88) est une équivalence si ¢ tend vers +oo. Cela implique que x — A(x1, x2)"@=D pest pas
intégrable sur S?. 11 s’ensuit que supp>1 | Ynl/ [ YnllLr(sa) 0 appartient pas a LP(S9).

La proposition 3.2 est alors une conséquence des propositions 3.5 et 3.6 et des théoremes 2.5 et 2.6.
On conclut avec une formule standard de changement de variables.

Proposition 3.8. Considérons un entier naturel k € [1,d] et une fonction intégrable f :S® — C qui ne
dépend que des k premiéres coordonnées y = (x1, X2, ..., Xg). En notant f(y) la valeur commune des
nombres f(y,z) pour (y,z) € S%, ona

f F) dpa () = g (S47%) / Fora—1y» =" ay, (89)
sd B (0,1)

ot 'on a noté By (0, 1) := {y € R¥, |y| < 1}. Dans le cas k = d, on convient que j1o(S°) = 2.

Démonstration. On donne les principales lignes la preuve du cas k <d — 1. Le cas k = d se traite de
méme. On introduit le changement de variables

B0, D\{0} x STTF > S () (v, (1= [y1P) 2w)
dont la différentielle au point (y, u) est I’application linéaire

ST G-y ),
I=1y?

Dy ¥ R x TS = Ty(yS?. (n.w) > (n,
L’injectivité de W et 'inversibilité€ de Dy )W pour tout (y, u) sont immédiates de sorte que le théoreme
d’inversion globale sur les variétés montre que W est C!-difféomorphisme sur son image (qui est de
mesure pleine dans S$¢). 11 nous reste a étudier le_iransport des formes volumes. Considérons d’abord

dans R¥ une b base orthonormée de la forme | E &, ..., &, puis dans T,S? % une base orthonormée
quelconque 191, ovo, Ug—_k. Ainsi,

(Ii_l’o)’ (.0).....(E.0).(0.91).....(0.04_2)

Sd —k

est une base orthonormée de R¥ x Tu . Il s’avere que cette base orthonormée est envoyée sur une

famille orthogonale de I’espace tangent Tq,(y,u)Sd

1
Dy ¥(2:.0) = ———(LVI= P ~Iylu).
o (7 1_|y|2 V] 1% =yl
2<i<k.  Dpu¥(E.0)=(&.0).

— —
1<j<d-—k, Duun¥0,9)=v1-]y>*0,9).
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Par conséquent, D, ,,y¥ multiplie localement les volumes par (1 — | y|?) S Le changement de

variables x = W(y, u) nous amene a la formule
[, rduato= [ F (VTP ) -1y
sd B (0,1)xS4—k

= g (577) / Fora—
Bk(O,l)

O

3C. Preuve du corollaire 3.3, injections de Sobolev probabilistes des fonctions Y,. Nous avons vu dans
la preuve de la proposition 3.6 que les espaces PL? (Sd, @CYn) sont stables par dualité. Comme il en
est de méme des espaces de Sobolev, on peut se restreindre au cas p > 2.

L’inégalité triangulaire (2) et les estimations (10) donnent immédiatement 1’inclusion

A5 6G-3)(s?) cPLP (S, DCY,).
Montrons maintenant 1’inclusion

PL? (S, PCY,) c (A7 G5 (s9),

Autrement dit, pour toute distribution u = anl anYy, il s’agit de vérifier ’inégalité suivante

||u||H%(% Sd.p.e lullpLrse, @ey,)-

—%)—%(gd)

d—1 o .
On pose So =0et Sy, =Y j_1k 2 |ax|? pour tout n > 1. En utilisant une transformation d’Abel et
une inégalité de Holder, on a

_ 1_1)_
W2 ey gy s, = 2on @07, 2
H 2 \27» _E(Sd) 1
1_1 d—1
:Zn(d DG=3)==(F) (s, — S,_1]
n>1
d—=1
— —e
=:§:’1 P [Sn — Sn—1]
n>1
N
< li Sn + SN
~d,p.e  1m d—0 Sup —a—p
N—>+00n:1 nT+1+6‘ Nzl NTJ{‘E
N Sa
< lim _—
~d,p.s [C=) Sup Z ETN 1)
N=>oo  Tin » +1+8 Nzl,_Nn » Tl+e
< —S”
~d,p,8Z d—1)
no1n P +14¢

2 2
1 Sn S,2 N\
< X < [ —
~d,p,e § : 1—2.1¢ dt1 ~d,p.;s § : drl :
Z n e

n>11 n>1Nn 2



324 RAFIK IMEKRAZ

3D. Normes LP des fonctions zonales. Parmi les modes propres de A, les fonctions Z, sont connues
pour maximiser la croissance des quotients || Zn||zr(sa)/[|ZnllL2(say si n tend vers +o0o avec p >
2(d +1)/(d — 1) (et cela est méme optimal d’apres les inégalités de Sogge (4)). En ’occurrence, la
formule de changement de variables (89) donne

1 d—2 d—2
_ P d=2 d=2 a=2
1Znll7 p(gay = /S |Zu ()1 dpg (x) = pg—1 (S~ xn2 / lan( 2 |10 7 .
puis [Szegd 1975, page 391] nous fournit les estimations des normes (6).

3E. Preuve de la proposition 3.1, randomisation des fonctions zonales Z,. La description des espaces
PL? (Sd, @CZ,) est plus délicate que celle des espaces PL? (§d, @D CY,) car on ne peut pas raisonner
par interpolation complexe en faisant parcourir p dans 2N. Cela dit, une fois cette description obtenue,
les injections de Sobolev probabilistes (82) des fonctions Z;, se démontrent de fagon rigoureusement
semblable a celle des fonctions Y, du corollaire 3.3 et ’on se permet d’en omettre la preuve. Avant
d’expliquer plus en détail la difficulté rencontrée dans cette preuve par rapport a celle de la proposition 3.2,
commengons par rappeler les estimations précises des polyndmes de Jacobi.

Lemme 3.9. Pour tout o > —1, il existe des constantes ¢ = c(a) €10, 7] et C(a) > 1 de sorte que pour
tousn € N* 'on a

= ¢ _¢ (a,@)
Oc [0, n] U [71 n,n] - C( <P cos(©))] < Clam”. (90)
On note ensuite N = n +a + % etog=%(a+ %) Si © appartient a [, & — ] alors
203 Oq (1
P4 (cos(®)) = ’ 1 [COS(N@—Q) + _a( ) ] 91)
Jrn(sin ®)%*2 n sin(©)

out le terme Oy (1) vérifie |Oy(1)| < C(w).

Démonstration. Ces estimées découlent des formules (4.1.3), (4.21.7), (7.32.5) et (8.21.18) du livre
[Szeg6 1975]. La formule (4.1.3) nous donne P,f“’a)(—xl) =(-D" P,f“’a) (x1), ce qui nous ramene au
cas ® € [O, %] D’une part, on a toujours
+o n*
Py = ("1 = A
w 0= )2 e@
Pour tout x; € [1 —1/n2, 1], on peut estimer grace aux formules (4.21.7) page 63 et (7.32.5) page 169 :

‘dx P(“ A (x )’ = 1‘(11 +2a + l)P(TlLl’aH)(xl)} < C(a)n®*2,

Choisissons ¢(a) = 1/(2C(a)?) de sorte que 1/C(a) — c(a)C(ar) = 1/(2C(x)). On a
c(a) ( n“
l-—2<x;<1 = P@&Y(x)>
n2 =1 (x1) = 2C(a)’
De nouveau, d’apres la formule (7.32.5) de la page 169 et quitte a augmenter C(«) > 1, on a aussi
P,g“’a)(xl) < C(a)n®. Cela nous donne (90). Quant a (91), c’est la formule (8.21.18) de la page 198. O
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Dans la suite, on notera

® := arccos(xy) € [0, 7]

la distance géodésique d’un point x € S4 au pole (1,0,...,0). D’apres (5), (90), (91) avec o« = %, on a
s
c c
@e[o, ;]U[n—;,n] - C(d) <|Zn(x)| < Cdn"T", 92)
c c Cc(d
@E]—,n——[ o Zar) < 9 93)
L R sin(®) 2z

C’est d’ailleurs avec ces estimations que 1’on peut obtenir les estimations (6) des normes dans L7 (Sd)
des fonctions Z,. Ces dernieres disent que seule la concentration au voisinage des pdles est significative
dans I’échelle des espaces L? (Sd ), avec p > dz—fll. Il est donc naturel de comparer Z, a sa restriction
Z, au voisinage du poéle (1,0,...,0) :

Zn(x) := 119 £1(©) X Zp ().

La fonction Z n se concentre sur une boule de centre (1,0, ...,0) de rayon % et avec une amplitude

@=1/2 14 preuve de la proposition 3.2 consistait a comparer | Y, | a sa restriction Y,, autour d’une

d’ordre n
géodésique. Le lemme 3.4 assurait alors que les fonctions | Y| ont les mémes estimations multilinéaires
que les fonctions Y,. Malheureusement, il est illusoire de refaire le méme argument en approchant
les fonctions Z;, par les fonctions Zn par exemple pour étudier 1’espace PL® (Sd, QB(DZn). Utilisant
I'équivalent || Zp ||z 2(say =q 1, (92) et [Burq et al. 2005, page 8], nous avons en effet pour tout entier
neN*,

~ ~ ~ Cc(d
/ IZl(x)|4|Zn(X)|2dud(x)SC(d)/ IZn(X)Izdud(X)f—( )<</ 1 Z1 () Zn ()1 dpa (x).
sd sd n sd

L’estimation précédente est une manifestation de la mauvaise qualité de I’approximation de Z, par Zn
dans L2(S%), phénomene qui ne se produit pas pour les fonctions Y,. On ne dispose donc pas d’un
résultat analogue au lemme 3.4. Cela nous oblige a raisonner différemment.

Proposition 3.10. Pour tout réel p > d2d1 , il existe une constante C(p,d) > 1 telle que pour toute suite
complexe (ap)n>1 et tout x € S9 vérifiant O(x) € [ ] ona

= d =
\/ Z Ianzn(x)|2 <C(p.d) Z |anzn(x)|2 (P ) “ \/ Z |anZn|2 (%94)
n>1 n>1 smP n>1 Lr(Ss9)
Par conséquent, on a
H D lanZal? <C(p. d)H D lanZnl? : (95)
n>1 Lp.oo(gd) n>1 Lp(§d)

Démonstration. Sans perte de généralité, on suppose que la suite (a,) n’a qu’un nombre fini de termes
non nuls. L’idée consiste essentiellement a décomposer les différentes fonctions en jeu en somme de
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fonctions a supports disjoints deux a deux. La formule de changement de variables (89) donne

/ 1y ¢ 1(0) dpa (x) = pg—1(S?~ 1)/ o @)1 -x) " dxy

& [ g@)sin@) 1o

~ 1
d—-
nd+1

En posant S, = ZZ=1 kd-1 lax|? pour tout n € N*, nous avons grice a (92),

V2 lanZuP =a 3 0" ManP 1 ¢1©) =a Y VSul) ¢ (). (96)

n>1 n>1 n>1
et donc
1 L2 1
= 2 £ Si \
O YA C=ap| 28 Uit ](®)dud<x) ~ap (2 am) - OD
n>1 LP(s) n>1 n>1

On peut maintenant estimer Z (x) — Zn (x). En tenant compte de (93) et du fait que ®(x) appartient a
[(), 2] nous avons

= % 1 c,Z (®) % (@)
\/Z |an|2|Zn(X) —Zn(x)|2 <d (Z |ak|2) % + Z(Z |ak|2) ]n+1 n]
nzl k>1 SHI(C) I Vg sin(@) 7+
(Z|ak|2) 1z (®)+Z( a1y |ak|2) 1 e c)(©).
k>1 n>1 k>n
=41(0) 1=42(6)

On va faire quelques calculs avant d’attaquer 1’estimation des termes A1 (®) et A>(®). En convenant
que So = 0, nous pouvons effectuer une transformation d’ Abel pour tout n € N

k91qy |2 =) 1 1
2 k n
Z|ak| Z kd—1 (n l)d—l kg};(kd—l (k l)d_l) k ©8)

k>n k>n

Puisque la suite (a5),>1 n’a qu’un nombre fini de termes non nuls, la suite (S,),>0 est bornée et la

derniere série converge bien. On va exploiter I'inégalité p > dz_dl’ ou encore

2(d
(d— ( H)) P _4_ %
p p—2 p—2

L’inégalité de Holder avec les exposants conjugués pp 3 % :

)z
el 72 (N)
‘*

S

d—1 d—1 k

(n+1) § <(n+1) E : 2(d+1) sz(d+1)
p

k>n k>n
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2

- N S2 N3
<@+ 1(de_2) (Z kdlil)

p—2

k>n k>n
d 7 \2
<d.p (”+1) ! (Z Sk )"
R =) kd+1
2d S5 E
Sap(+1)7 (Z kd’iH) (99)
k>n
2d = 2 2
Sap n+ 07 | /> lanZy| : (100)
n>1 Lr(s9)

ot I’on a utilisé (97). On peut alors contrdler A1 (®) avec (98) et (100) pourn =0 :

1
Lrsd)ysin?/P(@)

100 = Sk x 1y 5(0) 5y | JS lanZaP

k>1 n>1

Pour contréler A, (®), on utilise (96), (98) et (100) :

A2(0) Sap Y VSl @)+ Y07 | /> anZal? i 51©)
n>1 n>1 n>1
d.p ¢; lan Zn () + ¢Zl anZal| @)

On a donc obtenu (94). Passons a I’inégalité (95). Comme les polyndmes de Jacobi sont pairs ou impairs,
les fonctions x — | Z,(x)| sont invariantes par la transformation ®(x) — & — ©(x). Se rappelant que
| - Il L ».co(say n’est pas une norme, on sait qu’il existe néanmoins une constante universelle C > 1 telle

v/ |anZn|2 fCH,/ |anZn|2X101 (©)
H ,; LPr-oo(sd) ,; [03]

Pour obtenir I’estimation (94) a partir de (95), on remarque d’une part I’'inégalité triviale

H V2 lanZal? > lanZnl®

n>1 n>1

que

Lp.oo(g,d)‘

Lros(sdy Lr(sd)

d’autre part que la fonction x — sin(©(x))~?/? appartient 2 L?:°°(S?). Cela peut se vérifier avec la
formule de changement de variable (89) mais il est plus simple de remarquer que sur un voisinage V du
pole (1,0,...0) € S4 nous avons I’équivalent sin(@)~4/P ~ @=4/P ¢t que la mesure de S9 sur V est
comparable a la mesure de Lebesgue d’un voisinage de I’origine de R4, O

Si ’on essaie d’estimer directement la norme dans L?(S%) de +/ D ons1lanZn 2 en comparant Z,
avec Z n a l’aide de (92) et (93), alors la preuve précédente montre que I’on commet une perte avec
I’inégalité de Holder. De fagon précise, apres application de 1’inégalité de Holder, la formule (99) et le
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contrdle de || A2(®)| 1 »(say conduisent aux inégalités

YU PORcn NN ONS SECl S SRS 1 zkdﬂ

n>1 k>n Lr(s?) n>1 k>n n>1" k>n
In(k + l)
d,p Z kd+1
k>1

Par comparaison avec (97), I’estimation précédente est mauvaise en raison du terme logarithmique. Un
argument d’interpolation réelle bien connu va nous permettre de corriger le facteur logarithmique. C’est
maintenant que le théoreme 2.5 intervient via le lemme suivant.

Lemme 3.11. La famille d’espaces de Banach (PL? (Sd, @@Zn))
réelle au sens du théoreme 2.5.

pe]l,+oof €51 stable par interpolation

Démonstration. 11 s’agit d’appliquer le théoréeme 2.5 avec
~ Z
E,=CZ, et +eu(x)= M
1ZnllL2(s4)

D’une part, on a le comportement asymptotique

=~ d-1_d
Vp>1. | Zullprsay =apn 2 7,

ce qui nous assure la validité de (36). Quant a I’hypothese (35), on peut écrire d’apres (92) :

veest, sup 2O o pyqup 12O _ p)supn?IP 1, 01(6) < . p)

nzl1 ||Zn||LP(§d) n>l nz2 » Sin(@)d/p'

Or I’on a remarqué 2 la fin de la proposition 3.10 que la fonction x > sin(®)~%/? appartient a L?>*°(S%).

O
Nous sommes en mesure d’obtenir la partie de la proposition 3.1 qui décrit PL” (Sd, pCcz n)
Proposition 3.12. Pour tout réel p > dz—fl, et pour toute suite complexe (ay)n>1 on a
H\/Zlaniﬂ2 ~d.p D anZnl? . (101)
n>1 LP(s9) n>1 LP(S9)
En outre, on a
|zl P i) |’ (102)
anlnp Zd.p d+1 ag .

Démonstration. L équivalence (102) découlera de (97) et (101). Montrons donc (101). L’inégalité |Z n| <
|Z,| donne un sens de 1’équivalence (101). L’autre sens équivaut a la bornitude de 1’opérateur :

PL?(S?, PCZ,) — LP(SY, 62(N*),  (anZn)nz1 > (@nZn)n>1.
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L’inégalité (95) de la proposition 3.10 montre, pour tout p > d 1, la continuité de 1’opérateur
PL? (S, @CZ,) — LP®(S, 2 (N"),  (anZn)nz1 > (@nZn)nz1.

A présent, il s’agit de raisonner par interpolation réelle. Fixons deux réels py et p tels que

2d < <p<
d 1 pl p p2

Considérons de plus I'unique réel 8 € [0, 1] tel que

1 1-60" ¢

= + =,
p Py D

Par application de la méthode d’interpolation réelle |-, -]g/ ,, I’opérateur suivant est borné :

[PL7 (5%, @CZ4). PLP (54, DCZ)],, , — [LE (5. AN, L2254 AN,
(anzn)nzl = (anZn)n=1-

L’espace de départ s’identifie a PL? (Sd, EB(DZ,,) d’apres le lemme 3.11. Quant a I’espace d’arrivée, il
s’identifie 2 L2 (S?, £2(N*)) d’apres le théoréme 2.32. Cela prouve (101). O

En apparence, on n’a pas montré I’interpolation des espaces PL? (Sd , @CZ,,). La preuve de la
proposition suivante montre en fait que cela est inclus dans I’inégalité (94).

Proposition 3.13. Les espaces PL? (Sd ,pCz n) sont stables par interpolation réelle et complexe pour
p parcourant ] dz—fl, +oo[ au sens du théoréme 2.5.

Démonstration. On peut donner deux preuves. La proposition 3.12 montre que les espaces
PL”(Sd ,@CZ,) et PLP(S?, PCZ,)

sont isomorphes pour tout p > d . Le lemme 3.11, qui contient aussi dans sa preuve 1’interpolation
complexe, donne alors la conclus1on.

La seconde preuve utilise aussi la démonstration du lemme 3.11 avec I’argument additionnel suivant.
D’apres (94), on a pour tout x € S¢ vérifiant ©(x) € [0, Z],

C(d, p)

@) = €W PIZaW + e

1 Zn Lo say-

La symétrie ©(x) <> 7 — O(x) et le fait que sin~? (©) appartient 2 L1:°°(S?) nous donnent

sup M L)Ig,w(gd)_

neN* 1 ZnlLr(sa)

On conclut par application du théoréme 2.5 pour les espaces PL” (Sd, éeCcz ,,) O
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1 d.n) = (2,5) L (d,n)=(2,10) 1 (d.n)=(2,50)
N A JANVAN NIV WAWA
2m \/ 2n v \/ V'V
0 0,5 1 1,5 0 0,5 1 1,5
e T

Figure 2. Graphes de la fonction x > eg ,(x).

4. Espaces PL? pour Ioscillateur harmonique sur R¢

4A. Reformulation des énoncés. On reprend les notations de la partie 1C. En particulier les résultats
énoncés sont valides uniquement en dimension d > 2. Pour tout p € [1,+oo[, I’étude de 1’espace
PL? (Rd , @Ed,n) passe par la compréhension de la localisation des fonctions

eqn(x) :=sup{[un(X)* | 1n € Egp. ltnllp2@ey =1}

= Y hi(xD)? Ry (xa) (103)

(i1 ,...,id)GNd
il ++1d =n

Suivant I’idée selon laquelle seule la concentration de ey , devrait €tre significative, on démontre le
résultat suivant.

Proposition 4.1. Pour tout entier n € N* et tout vecteur x € R% on a

X <V22n+1) = egn(x) <Cdn?",
> (104)

x| = v22n+1) = ed,n(x)§C(d)e_f|5<d>.

11 existe aussi une constante universelle a € 10, 1] et un entier n(d) € N* tels que pour tout entier n > n(d)

on a, quitte a augmenter C(d) > 1, l'implication

d
C(d) nz=1 d_q
7 < < a2 1 = < <C(d . 105
2+ 1 =bl=avan+t C(d) = ean(x) = Cld)n* (10

On justifiera plus loin que la fonction x > eg4 , (x) est invariante par rotation autour de 0, si bien que
lonaeg,(x)=eq,((|x],0,...,0)). A titre d’exemple, on examine 2 la figure 2 les graphes pour d = 2
etn €{5,10,50} de ez ,(x) en fonction de |x| € [0, 3 2n + 1].

La majoration (104) est grossicre et est obtenue grace a des majorations classiques des fonctions de
Hermite. Quant a la minoration de (105), sa démonstration est plus subtile et utilise des approximations
essentiellement optimales des fonctions de Hermite dues a Muckhenhoupt. On notera que nous sommes
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obligés d’éviter, en toute rigueur, un voisinage de 1’origine pour effectuer une minoration uniforme de e .
En effet, pour tout entier n impair la fonction £, est impaire et donc e ,(0) est nul.

Apres la rédaction de cet article, Didier Robert nous a signalé le lemme 10 de I’article [Hanin et al.
2015] dans lequel se trouvent des estimations plus précises si |x| appartient a un compact de la forme
[ax/2n +d,b~/2n +d] avec 0 < a < b < 1. Par souci de comparaison, on se permet d’écrire cette
approximation :

[a—1(S971)
(2m)4

ean(x) = n+d =13 (14005 (5))
ol O, p est uniforme en la condition a < |x|/+/2n 4+d < b. Il s’agit d’une loi de Weyl locale pour
I’oscillateur harmonique. Dans la théorie des espaces de Lebesgue probabilistes, il apparaitra que 1’on
peut en fait considérer, en premiere approximation, que la fonction ey , se localise uniformément sur le
compact B, (0, +/2n + 1) avec une amplitude d’ordre n g1,

Une application immédiate de la proposition 4.1 est donnée par les estimations

N a—1 ) A[4-144]
Vpe[l,+oo[U{+oo}, VneN", | /eaunlprway ~=a,pn 2 22 7 =n2l2 1. (106)

d d
4144

La majoration |leg || P est connue pour p > 2 et est généralement traitée par

<
. | L8 @y > . o e T
interpolation entre p = 2 et p = +00, mais nous ne connaissons pas de référence ol 1’optimalité est
prouvée (voir [Poiret et al. 2015, Lemma 3.5] et les références indiquées). Les hypotheses du théoreme 2.6

de dualité sont alors trés faciles a vérifier. D’une part, (13) nous donne

Vpell,+ool, [Veanlrrwaylvean ||Lﬁ(Rd) Sa,p dim(Eq ;). (107)

D’autre part, en utilisant (104) et (106), on a

_1x?
Vi e N* Vvedan(x) <, 1 1 ) + e T
B i e A e )
x 2
up vV €d.n (x) sd,p ld _|C(|d)
n>1 | ednllLr @) |x|»
/e

sup _ Vodn € Lp’°°(IR§d).

n>0 ”«/ed,n”Ll’([REd)

(108)

Ainsi, on sait par avance que les espaces PL? (IRd, PE d,n) sont stables par dualité. Tout comme pour
les harmoniques sphériques, ces espaces vont s’identifier a des sous-espaces de distributions sur R4
Pour le voir, commencons par rappeler la définition des espaces de Sobolev naturellement associés a
I’oscillateur harmonique. En notant IT, : L2(RY) — L2(R9) le projecteur orthogonal sur

Eg ., =ker(—A + |x|?—2n—d),
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on a s
Vs >0, H'(R?):=Dom((—A +|x|*)2)
= {u e L2RY) | (=A + |x|*)2u € L2(RY))
= e L2 | 14T 0y < +00].

nenN

Rappelons aussi que cet espace abstrait admet, si s € N, la caractérisation fonctionnelle suivante (voir la
preuve de [Yajima et Zhang 2004, Lemma 2.4 ; Imekraz et al. 2016, page 2765]) :

#H*(RY)
={ue L*R?)|V(mo,mi1,...,mg) NY, mot---tmg <s=> [x|"0FTL - 07due L2®R)}. (109)
Toute fonction ¢ de I'espace de Schwartz S(R%) = MNsen HE (R%) admet alors une décomposition

C()

0= Z Ma(p), Ya>0, VYneN*, [Mu(d)lr2@e) <

n>0

On en déduit par dualité que toute distribution tempérée u € S’ (R?) admet une décomposition en série
faiblement convergente pour la dualité (S(R?), S’ (R?)) :

U= Z O,(u), Fa>0, VneN*, |T,u)l2gs < Cl@)n®.
neN

Cela nous amene a définir des espaces de Sobolev pour tout s € R :

VseR, H'(R)= {u e S'(RY) ‘ > a +1)° [T ()7 2 gay < +00¢ -

neN
Nous pouvons maintenant énoncer un lemme d’identification.
Lemme 4.2. Pour tous p € [1, +00[ et (up)nen € PL? ([Rd, @DEa ). la série Y u, converge pour la

dualité (S(R?), S’ (R?)) vers une distribution tempérée. Par suite, on peut identifier PL? ([R{d, @Ed,n)
au sous-espace des distributions tempérées u € S' ([R{d ) vérifiant

€d n(x)
= I1,
||u ”PL"(R",EBEn) ” \/Z || (u)”LZ(Rd) di m(Ed n)

nenN

< 4o00.
LE(R)

Démonstration. On invoque I’inégalité triviale :

[[n ||L2(Rd)

lullpLr (e > sup ———==|lVea nllLr ma)-
PL? (R y@Ed.n) neN dlm(Ed,n) nllL?([RY)
Les équivalents (13) et (106) assurent que (|[un||12(ga))nen €st & croissance polynomiale. O

La proposition 4.1, le théoreme 2.6 de dualité et le théoreme 2.5 d’interpolation vont nous permettre de
décrire completement les sous-espaces PL? ([F\Rd , EBEdn) et leurs propriétés de dualité et d’interpolation
pour p €]1, +ool. Cela nous donne 1’équivalence (i) <> (ii) du théoreme 1.4.
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Théoréme 4.3. Pour tout réel p € [1, +oo] et toute distribution tempérée u € S'(R%), on a

1

d_y ”Hk(u)”iz([@d) 5 7
e @e,@ £, ) Zd,p 1Mol 2ay + | D n2 7Y ———F=—— . (110)

4
n>1 k>n k>
En outre, nous avons les propriétés de dualité et d’interpolation
(i) pour tout p €11, +00[, on pose ¢ = £~ ’exposant conjugué. L’injection canonique
4 4 poseq = 5 4 jug j q
/
Ap:PLY(RY, PE,,) — PLY (RE, DE, ,)
qui a un élément w € PL4 ([Rd, @Ed,n) associe la forme linéaire

u € PL? (Rd, @Ed,n) = Z(Hn (), Mn(w)) 2 (Ra)

n>0

est bien définie et est un isomorphisme d’espaces de Banach.

(ii) les espaces (PLp ([R{d LPE d,n))
du théoreme 2.5.

pell.+oo[ SO stables par interpolation complexe et réelle au sens

Le théoreme précédent ressemble aux propositions 3.1 et 3.2 mais sa preuve est bien plus simple car
la concentration des fonctions e , est bien meilleure que celle des harmoniques sphériques Y et Zj,
étudiées dans la partie 3. En effet, la proposition 4.1 assure que I’on peut brutalement controler ey , (x)
par le terme gaussien e~ P/C@) « 1 3 extérieur de la boule B4 (0, v/2(2n 4+ 1)).

L’équivalence de normes (110) implique déja quelques faits non triviaux :

— pour tout p € [1, +o00[ on a I'inclusion PL? (Rd, @Edn) C H‘%(Rd). Cela signifie qu’il faut un

minimum de régularité pour espérer arriver presque siirement dans L? (R%).

— pour tous réels p1 < p on a I'inclusion stricte PL?' (R4, D E, ,) C PL?2(RY, D E,; ). D’une
part, cela contraste fortement avec le fait que LP! (R?) n’est pas inclus dans L?2(R%). D’autre part,
la conclusion du théoréme de Paley—Zygmund est vérifiée pour 1’ oscillateur harmonique (choisir
r1=2).

Il est temps a présent d’énoncer les injections de Sobolev probabilistes de I’ oscillateur harmonique

multidimensionnel (ce qui donne la fin du théoreme 1.4).

Théoreme 4.4. Pour tout réel p € |2, +00[, on note g = % €11, 2[. Nous avons les inclusions

H4G ) RY) cPLP(RL. P Ey,) ¢ NH 4GP ®D),

>0
U2t md) cPLIRY, D E,,) c @3 ®m?).
e>0
Remarquons que pour tout g € [1,2], espace PLY(R?, D E,; ,) C L?(R?) est un espace de fonctions
(alors que pour les harmoniques sphériques Yy, ’espace PL? (Sd, @CZ,;) est en général constitué de
distributions). En choisissant mo = 0 dans (109), on voit que ’espace de Sobolev H?* ([Rid) est inclus
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dans 1’usuel espace de Sobolev H* (Rd). Dans le cas p > 2, les injections de Sobolev déterministes (17)
s’écrivent alors

# G2 (rd) c HGH) @) c LP(RY).
En autorisant un aléa pour arriver dans L? ([R{d ), I'injection de Sobolev probabiliste
H 4G RY) c PLP(RL D Ey )
assure donc presque slirement un gain de 2d (% — %) dérivées.

4B. Rappels sur les fonctions de Hermite. Par récurrence, on peut simplifier (103) en

n
2 2 2
ean(¥) = D hiy)? o hiy(xa)? =Y eqoi k(X1 Xa Dk (xa).
(i15eees id)ENd k=0
i1++ig=n

Cela dit, nous allons utiliser d’autres formules plus maniables. Remarquons que toute rotation linéaire de
R4 commute avec I’oscillateur harmonique —A + |x|? et laisse donc invariant son sous-espace propre
E; ,, associé a la valeur propre d + 2n. On en déduit que la fonction e; ,, de E4 , ne dépend que de la

|x|:1’X%+"'+X§

norme euclidienne

et I’on peut écrire

ERd_l
n e e 5
ean(¥) =Y eq_1k(|x.0.....0)hy_(0) (111)
k=0
n E[Rdfl
—— )
=D ea—1k(0..... 0y (x> (112)
k=0

Le résultat suivant nous donne des estimations faciles en 0.

Proposition 4.5. Pour tout entier k € N, on a hoy4+1(0) = 0 et I’équivalence (=1)*hy (0) ~ m.

Pour tout entier n € N, on a

NEWN+1=es,(0)=0, ne2N=eg,(0)gn?.

Démonstration. La premiere équivalence découle de la formule (5.5.5) de [Szegd 1975] :

Hy(0) _ JeoI 1
VQUE Jr o k2krlt m ik

(—1)Fhyp (0) = (—D)¥
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Pour le cas n impair, on a déja remarqué I’égalité ey ,,(0) = 0 aprés I’énoncé de la proposition 4.1. Pour
le cas n pair, on peut écrire :

ean©) = > h2i(0)2-h2;y(0)?

2iy4-A2ig=n

~d Z !

2i1+~+2ig=n \/(1 +i1)-- (1 +ig)

2d Z n%

20 +-F2ig=n

41
Zdnz .

. . d_ . ¢ £ .
La majoration e4 ,, (0) <z n2 1 peut se démontrer par récurrence sur d en séparant les sommes suivantes
: n .
selon que £ est plus petit ou plus grand que 7 :

%2: %ed 1.n—2¢(0)
ean(0) =Y eq_1n—20(0)hpe(0)? =) Fr—— O
=0 =0 VIt

Nous aurons besoin d’estimations précises concernant le comportement des fonctions de Hermite. Pour
le résultat suivant, on fait référence a [Thangavelu 1993, Lemma 1.5.1] ou [Muckenhoupt 1970b, (2.3)].

Proposition 4.6. 1l existe deux constantes universelles C > 1 et y > 0 telles que pour tous x € Retn € N

ona
C

V|2n+l—x2|+\3/2n+1
IX|>V22n+1) = |ha(x)] < Ce ",

En particulier, on a

IX[=v2@n+1) = [h(x)]=

C
n+2—x2

Comme les fonctions /i, oscillent et s’annulent plusieurs fois, les estimations de la proposition 4.6

x| <V2n+1=|hy(x)| < (113)

sont inutilisables pour minorer les fonctions |h;|. Pour remédier a cela, on fait appel a un résultat
d’approximation des fonctions de Hermite dii a Muckenhoupt [1970a, (2.4), page 421] et prouvé a partir
de [Erdélyi 1960, 6.12, page 23].

Proposition 4.7. Introduisons la fonction croissante ® : [0, 1] — [0, F| définie par
u
P(u) = / V1—s2ds = %arcsin(u) + %u\/ 1 —u2.
0

Il existe une constante universelle C > 1 telle que pour tousn e N et x € [0, /2n +1—(2n + 1)_%] ona

V2 - CV2n+1

hy(x)— - cos[(2n + l)qD( < =.
VrQ2n+1-x2)4 (2n+1—x2)3

i) 5
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Démonstration. En fait, le terme principal est exprimé dans [Muckenhoupt 1970a, (2.4), page 421] sous
la forme différente mais équivalente

V2 - cos[ £ (2n + 1)[260 —sin(26)] — %],
Vr(2n+1—x2)%
. . . 2
avec 0 = 2 —arcsm(ﬁ) et donc sin(26) = 2sin(0) cos(0) = 2¢2§+1 V1= O
Pour tout 8 €10, 1] et x € [0, B+/2n + 1], I’inégalité (113) et la proposition 4.7 nous amenent donc a
2 X nm C(B)
h (x)z——cosz[(2n+l)<b(—)——:| < (114)
g m2n+1—x2 V2n +1 2 (2n+1)%

C’est la formule précédente et la proposition 4.6 que nous allons utiliser pour comprendre la localisation
spatiale de la fonction ey ,, de I’oscillateur harmonique multidimensionnel.

4C. Preuve de la proposition 4.1, majoration (104) de la fonction e 4 p. A l’aide de [Koch et Tataru
2005, Corollary 3.2, case n > 2 and p = 00, A = +/2n + d], on a pour tout x € R4

eqn(x) =sup{lun(X)|* | tn € Eqn. lunlp2@ay =1}
= Sup{”unllIZJOO(Rd) | un € Ed,n, ||un||L2([Rd) = 1}
<Cd)n% 1,

Il nous reste a analyser le cas |x| > /2(2n + 1). Nous ne traitons que le sous-cas n € 2N car le
sous-cas n € 2N + 1 se traite de la méme facon. La formule (112) et la proposition 4.5 donnent

n/2 n/2

d_3

ean(¥) =Y hop(x)?eq—1n—2k(0) =g Y hor(|x])>(1 +n—2k)272.
k=0 k=0

Par suite, la proposition 4.6 nous donne

n/2
ean(x) < C)e PN (140 —26)572 < C(d)ns 272 < C(a)|x| 4 e 2P,
k=0

_|x|2
Quitte a augmenter C(d) > 1, le majorant précédent est majoré par C(d)e C@ .

4D. Preuve de la proposition 4.1, minoration (105) de la fonction e4 ,. Pour tout entier d > 2, on va
démontrer par récurrence sur d 1’assertion

FH(d): Vo €]0.sin(z)[. 3C(d.@)>1, liminf inf ¢d.n(*) > 0.
) n=-+oo\ L) jr|<qyantT 1%~
2n+1— —

Dans toute cette preuve, on aura besoin d’un réel g € ]a, sin(%)[ et I’on choisit par simplicité

B := 3 (a +sin(3)). (115)
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Premier cas : H(2) avec n € 2N. 11 s’agit du cas le plus technique. Tout d’abord, I’invariance radiale de
e2 . et la proposition 4.5 donnent pour tout x € R?,

n/2 n/2

hak(x])?
n = h hp -2k (0)* = N et
e2n) = 3 hap(be k00 = - EEE

Afin de pouvoir exploiter la formule (114), nous avons besoin de considérer des indices k du méme
ordre de grandeur que n. De fagon précise, nous allons sélectionner les indices k tels que wn <k<3.
Puisque ’on a 8 > o, on déduit que I’on a

2 2 2
n<—k+ (5——1) 2n+1<'3—(4k+1) av2n+1<p+4k +1.

En utilisant (114) et en imposant |x| < «+/2n + 1, il existe une constante C(«) > 1 telle que

€xn (x)
C(oc)

> os? | (4k 1q>(¢)}—
Z ﬂ,/(1+n—2k) [( 0 Viak +1 2; @k + 13 (1+n—2k)2

<
2ﬁ2 = =

a2
2

(SN

ce qui se minore grossieérement par

1 ) |x| C(Ot)
Cam 2 ™ [(4k+1)¢( 4k+1)}_ 2

4k +1)3(1+n—2k)2

k<

NIz

seonsk=} S
Or on a immédiatement

<C(a)——=

(4k +1)3 (1 +n—2k)2 n32  n

C(a) vn  C(a)
> = .

72<<
2 =

(SN

Notons a present [ 257 n-| le plus petit entier supérieur ou égal a ——=n et L J le plus grand entier inférieur

219
ou égal a 7. Si I’on définit

- A
Shxaf)= Y COS[Z“"“)@(m)]’

2n]<k=|4]

alors notre minoration se reformule en

1 2 Cl)
e2n() Za 3 (1= G ) + 5, Snx.0f) = & (116)
L’estimation grossiére |S(n, x, «, B)| < (1 — ﬂz) ne suffit pas pour minorer e; ,(x). Nous allons raffiner

cette estimation grace a I’oscillation des termes. On va faire appel a la formule d’Euler—Maclaurin au
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rang 0 en posant

|x]

’ 41
Vle[zﬁz 2N } ax(t) :=2(4z+1)<b(\/%)_2(4t+1)/ﬁmds

x|
Var+1

Cela nous permet de reformuler S(n, x, o, 8) en

ai(t) = 4arcsin( ) € [0, 4 arcsin(B)].

COS[aX([Wn])]z-FCos[ax(LEJ)] N A ;jﬂ cos(ax (1)) dr — f|_ ;;ﬂ a (1) sin(ax ()|t — 1] — ] dt

La deuxieme intégrale est contrdlée grossierement par

<3| ) o1~ )

Passons au controle de la premiere intégrale. La forme de la minoration (105) nous autorise a supposer

‘ / @ (t) sin(ax (1))[r — 1] — 3] dt

232"

x # 0. Remarquons maintenant que ¢ — a’,(t) est strictement positive et décroissante. En utilisant une
intégration par parties, on obtient

L3 sin(ax (1)) L3 15] LV
/l_az ]cos(ax(l)) dt = |: 20 ][az p /|_;;2n_| (a;(t)) sin(ax (1)) dt

252"

'/ cos(ax(t)) dt| <
52”

A AR

La définition (115) de 8 nous autorise a majorer

. 2 V2n+1 n o? 2n
|S(n,x,oz,,3)|§1~|—narcsm(ﬁ)(l—ﬁ)+ 2| §1+Z(1—E)+m.

On peut donc choisir C(2, o) > 1 de sorte que I'inégalité C(2,)/+/2n + 1 < |x| implique

n 2
St x.0p)l <1+ 5(1-55):
On conclut a I’aide de (116).
Deuxiéme cas : H(2) etn € 2N+ 1. Par invariance radiale et par imparité des fonctions de Hermite 4,, o,

on obtient

(n+1)/2 (n+1)/2

ean(x) = hak—1(1x)*hn—2k+1(0)% =~ hak—1(1x])?
;; 2k—1 2k+1 Z 2k—1 m
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En notant K 1’ensemble des indices k vérifiant

o? a? 4 B2 n+1
St <k= ;
282 4p? 2
on a
2
Vk € K, gz(” Dsk-L avInrl<pyak-1

En utilisant (114) et la méme argumentation que celle du premier cas, nous arrivons a

1 1 .2 _ X _ C(Ot)
)2 G o e o )]
1 .2 B X - C(Ol)
= c(a)nkGZKSm [(4k I)CD( 4k—1)} n
| o? 1 X C(a)
Zaz(l—ﬁ)—ﬁzco{zmk—l)@( 4k—1)]_ no

keK

On finit exactement comme dans le premier cas.

Troisieme cas : H(d) avec d > 2 etn € 2N. On utilise la proposition 4.5 et I’invariance radiale de ey ,
exprimée par la formule (111) pour obtenir

n/2 GRd 1
eqn(x) = Zed 12k (10, 0yt (0)°

~ Z ed—1,.2k(x[,0,...,0)

14+n-—-2k
Z eq—1,2k(x[,0,...,0)
- 1+n—2k
2p2hsk=3

Comme dans le premier cas, les indices k sélectionnés vérifient I’inégalité a+/2n + 1 < 8./2(2k) + 1.
Puisque I'on a 8 < sm( ) I’hypothese de récurrence H(d — 1) nous fournit un nombre C(d — 1, ) > 1.
En imposant la condition

pC(d —1,B)
D < x| <av2n+1,
a2n +1 Il = avan

on a

Cd—-1,p)
—\/WE x| = Bv2(2k) + 1.
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Cela nous mene a

Dernier cas : H(d) avec d > 2 etn € 2N+ 1. On se ramene a H(d — 1) comme dans le troisi¢eme cas.

4E. Preuve du théoréme 4.3, randomisation des fonctions de Hermite. Nous avons déja vérifié les
hypotheses des théoreme 2.6 de dualité et théoreme 2.5 d’interpolation (voir (107) et (108)). On a donc les
points (i) et (ii). Décomposant u = ), o, I, (1) € PL? ([Rd, @D E4.). on souhaite maintenant montrer
que la norme || - py» (e, g £, ,) €St €quivalente a la suivante

1

i [ IR N7
N = o)y + [ Yon % (30— 2 E0) ]

n>1 k>n k
On va appliquer la proposition 4.1. Quitte a augmenter 1’entier n(d ), on peut supposer que 1’on a

C(d)
V2n +1

On vérifie facilement que la norme || - |[p» e, gy £, ,,) domine la norme N :

<1<a+v2n+1 pourtoutn >n(d).

ya
2
Wyt Zar [, (2 00 DI o ca0)

n>n(d)
5
_d
Rd,p /Rd( Z (1+n 2”H”(M)Hiz(Rd)llslxlSaM) dx
n>n(d)

y4

_d 2 2
2an [, ¥ (Z<1+k> 2||nk(u>||L2(Rd)) QY —

n>n(d) “k>n
. 41 O @ P )
2ap 2 n2 T A+ gy ) -
n>n(d) k>n

Pour récupérer les premiers termes d’indice n < n(d), il s’agit de remarquer les inégalités triviales

_@-1n
Vne NN [O,}’l(d)], ”u”PL”(Rd,GBEd,,,) Zd,p (1 + I’l) 2 ||Hn(u)||L2(Rd)”4/ed,n”L”(Rd)-

On obtient alors facilement I"estimation ||u||py» e, @ £, ,,) Rd.p N¥)-
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Montrons maintenant 1’ estimation réciproque ||u||py » (ra <4.p N(u) al’aide des deux fonctions
proq PL?(RY,DEqn) ~d.p

_d
A, x) =Y (L4172 M @17 2ga) Lo<ix| < vaG@mFD:

n>0

_xi2 —(d—
B(u,x) — e Cld) Z(] +l’l) d 1)||Hn(”)||1%2(wd)1JW§|xl’

n>0

ou le terme gaussien provient de la proposition 4.1. D’apres la proposition 4.1, nous avons

2 2
”uHII’)L"(Rd,EBEd,n) <d,p /Rd [A(u, x) + B(u,x)]z dx Za.p /RdA(u,x)z + B(u,x)2 dx.

Par une argumentation similaire a celle que nous venons d’employer, on vérifie

/ A(u,x)de Sa,p Nw)?.
R4

Par ailleurs, nous avons trivialement

_Ix2 _d
B(u,x) <e” €@ Y (1+n)"2 D)7 2ga)

n>0
_1x?
<e T@ul*_,
H™ 2 (RY)

/ B(u,x)2 dx <q.p, Nw)?.

R4

Nous pouvons conclure que I’on a ||u||? <d.p, Nu)?.
P d PL? (R, @ Eq ) ~4-P

4F. Preuve du théoréme 4.4, injections de Sobolev probabilistes hermitiennes. Le théoreme 4.3 permet
par dualité de se ramener au cas p € [2, +00[. Commencons par 1’inclusion

H 4G RY) c PLP(RL. D E, ).
On invoque I’inégalité triangulaire dans L% (R%) et (106) pour obtenir pour tout u € H_d(%_%) (R9)

leanl, 5 ma,

< D M2 ey g
8w ,;) PED (1 4yt

€d.n
M) 2 ey 2=y T

n>0

||Hn(”)”zz(Rd)
n>0 (1 +n)?G=5)

2
u .
- ” ”H_d(%_zl?)([@d)

1
Montrons maintenant I’inclusion PL? (R, @DEsn) C ’H_d(f_%)_e(Rd ) pour tout & > 0. Pour tout
u € PL? ([Rd, @ Eg »), on doit montrer

(]| s (53— gy = < C(p.d.9)ullpLr we, @ E, ) (117)
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Sans perte de généralité, on peut supposer que 1’on a I1,(u) = 0 pour n > 1. Posons a cet effet

_d
VneN, Ry:=) (1+k)> T 00117 2 gy

k>n

La décroissance et la positivité de (R,) permettent d’écrire

2 _ —d(3-1)—e 2
el a3 -py ey = 2D Il e

= (1 +m) 7 (R~ Rut1)

neN
<Cd.p.o) Y (1 +n)7 'R,
neN
<C(dp8)z x(l—l—n)pR
nen (1 +n)8+p
2
<c, p,s)(Z(l +n)‘z’—1R,§)p.
neN

On conclut avec (110).

Appendice A: Optimalité de I’exposant max(2, p) dans le théoreme 2.1

11 suffit de comprendre le cas unidimensionnel d, = 1. Examinons 1’espace mesuré X = N\{0, 1}
muni de la mesure de comptage si bien que I’on a L?(X) = £P(N\{0, 1}). Pour tout réel p € [2, oo, on
note (Xp,p)n>2 une suite i.i.d. de variables aléatoires symétriques, réelles et vérifiant

In(z)

Vi1 PllXaplzi= =0

II est clair que X, , n’a pas de moment d’ordre p et a des moments d’ordre ¢ € [1, p[. On a aussi

X
p.s. sup % = +o00. (118)
n=2p7 Inr(n)
En effet, il s’agit de remarquer que pour tout entier K € N, on a
1 2
> P[1Xpp| = Kn7 In? (n)] = +o0.
n>2
Par 1ndependance des variables X, p, il existe presque slirement une infinité d’entiers n > 2 tels que
| Xn,p|l > Knvr 5 n» (n). On en déduit facilement (118). Revenons a 1’optimalité de I’exposant max(2, p).

Cas p €[1,2]: On fixe u une suite non nulle appartenant a £Z (N\{0, 1}) et I’on examine les deux séries
aléatoires dans £7 (N\{0, 1})

En XnZ
Z—ﬁln(n)u et Z[ln(n) (119)
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La série aléatoire Y _ &,/(+/nIn(n)) converge presque siirement dans R. 11 s’ensuit que la premiere série
aléatoire dans (119) converge presque siirement dans £7(N\{0, 1}). La divergence presque siire de la
seconde série aléatoire dans (119) découle de (118).

Cas p € [2,+o0o[: Une démarche similaire est valide en examinant les deux séries aléatoires

€n Xn,p

w, et Wy,

1 2 1. 2
nrInr(n) ne In>r(n)
outw, =(0,...,0,1,0,...) € £2(N\{0, 1}) est la suite qui admet 1 a la position n et 0 ailleurs. Tl est clair
que la premiére série converge de manieére déterministe dans £ (N\{0, 1}). De nouveau, (118) implique

la divergence presque sire de la seconde série aléatoire.

Appendice B: Preuve de la proposition 1.10, inégalité de Latala précisée (26)

Notons B, = [¢;;] la matrice aléatoire de taille n x n et dont les coefficients &;; sont des variables
aléatoires i.i.d. qui suivent une loi %—Bernoulli a valeurs dans {—1, +1}. Les inégalités de Kahane—
Khintchine (39) dans I’espace de Banach (M (R), || - [|op) nous donnent I’encadrement :

Q|

Vg e[l.+oo, VneN*. E[|Bnlop] < E[llBallg]e < Kg1E[l|Bnllop]-

Cela signifie que tous les moments E[|| B, ||§p]$ ont le méme ordre de grandeur si n tend vers +oc. Par
ailleurs, la théorie des matrices aléatoires explique que le moment E[|| By ||op] est asymptotiquement de
’ordre de /n (voir [Tao 2012, Part 2.3]). Nous allons exploiter cette idée pour démontrer 1’inégalité (26).
Commencons par le lemme élémentaire suivant qui s’apparente a une version commutative de (26).

Lemme B.1. Considérons un réel p € [2,400[ ainsi que N variables aléatoires Uy, ..., Uy réelles,
centrées, i.i.d. et ayant un moment d’ordre p. Nous avons l’inégalité

EHUI +;/--N+ Un

Démonstration. L'idée se résume en deux points : on se ramene au cas ou les variables U; sont symé-

V4
] < (CJPPE[1 "]

triques et 1’on invoque les inégalités de Kahane—Khintchine & 1’aide du théoréme de Fubini. Si nous
notons Uy, ..., Uy des copies indépendantes des variables Uy, ..., Uy alors I’inégalité de Jensen pour
I’espérance en les variables Uy, ..., Uy donne

E[|U + -+ + UN|?] <E[[Uy = U1+ + Uy — Un|”].
Rappelons alors 1’égalité triviale

E[|U;—U; +-++Uy —Un|P] = Ew Eo [ |1(0") (U1 (@) = U1 (0)) + -+ &5 (o) (Un (@) = Tp (@))7].
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Il s’agit maintenant d’utiliser le théoreme de Fubini, les inégalités de Kahane—Khintchine (39) et (41)
(avec d,, = 1) pour obtenir

E[|Uy +---+Un|?]
waEw/[

On ()]]”]
Oy (@) + -+ en (@)|Un () = Oy (@)|[*]

(SIS

= Kg,zEw [Ew’[

] (120)

v 2
< (VP Eo| (L i)~ T | (121

i=1

N g _ »
<V (LI 001,5 ) =€V N0~ 071,

i=1
=<(CypN p”Ul”ip(Q)' O

La preuve précédente est similaire a celle de la proposition 2.10 avec (dy, an, My) = (1,1, Uy) a ceci
prés que nous pouvons utiliser en plus le principe de symétrisation. Nous avons écrit la preuve précédente
d’abord parce que nous aurons besoin plus loin de considérer des variables seulement centrées au lieu de
symétriques, mais aussi pour des raisons pédagogiques. En effet, la disparition élémentaire de 1’espérance
E, de la ligne (120) a la ligne (121) peut étre interprétée comme suit : I’espace de Banach R est de
type 2. Nous allons utiliser un substitut non-commutatif de cette propriété pour démontrer (26). C’est
I’objet de la proposition suivante dont la preuve est tres technique.

Proposition B.2 [Latata 2005, Theorem 1]. Il existe une constante universelle C > 1 telle que pour tout

2

entier n € N*, si [’on consideére n~ variables aléatoires i.i.d. (gij)1<i,j<n qui suivent une loi normale

Nwr(0, 1) et une matrice [a;;] € My (R) alors

n
E[”aljgl] ”0p] = C( H Z az] + lrillafn H Zazj + lr<nja§n V ZZIGIZJ) (122)

i,j=1
Latata démontre la proposition précédente pour en déduire 1’estimation (27) qui se reformule
1
E[|| Xijllop] < CVnE[ X1,1]%].

On peut attaquer la preuve de (26) et I’'on commence comme dans [Latata 2005]. On note X ij des copies
indépendantes des variables aléatoires X;;. En particulier, on a E[X; 7] = 0. Pour tout réel p € [4, 400,
I’argument classique de I’inégalité de Jensen en les variables X ;7 donne

E[| Xi; 12] < E[| Xij — Xij |12)] = Ellleij (Xi; — Xip)l|2)] < 2PE[|le;; Xi; 1 2], (123)

ou les n2 variables aléatoires &; ; sont indépendantes entre elles et vis-a-vis des variables X;; et X ij- On
differe maintenant de [Latata 2005] en faisant appel aux inégalités de Kahane—Khintchine (39) dans
I’espace de Banach (M (R), | - ||op) afin de récupérer le moment d’ordre p :

E[||8l] Xl] ” ] =E Ew’[||8l] (a) )le (a))” ] Kﬁle[Ew’[”Eij (w,)Xij (w)”op]p]- (124)
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Et I’on reprend de nouveau I’argumentation de Latata. En supposant que toutes les variables aléatoires
sont indépendantes, (122) et le principe de contraction (voir (45)) donnent pour tout w € €2,

s
V2

( Z X,,(w)4+ max ZX,j(w)2+ max ZX,, (w) )

)

Eo[llij (@) Xij(@)llop] = Eo[llgij (@) Xij(@)llop] = ~=Eo [llgij (@) Xij (@) llop]

1
~ Ellgul]

Reprenant (123), (124) et tenant compte que les variables X;; sont i.i.d., on obtient

FU 8= el 32 35) +m(ZX) - (X 00)

i,j=1

sC(p)E[( > th) +1I3,a§n(ZX’f) }

i,j=1

[SIS]

La fin de cette preuve est différente de [Latata 2005] car on doit tenir compte de ’inégalité p > 4. Le
premier terme ne posera aucun probléeme tandis que le dernier est plus délicat, ¢’est pour cela que nous le
forgons a €tre centré en majorant

n n
Z%fZE1+
j=1 j=1

—E[X?]

Cela nous donne
E[[ X 15] < C(p)[A() + A(2) + A(3)],

A(l) = E[( Xn: X,-‘})g],

i,j=1

n D
2
o 2 _ .2 2
AQ2) = 1?2‘”(2 1E[Xl~,~]) =n2E[X{]2,
J=

|

(NS

AQ3) = E[ max

1<i<n

n
> X -Eix}
j=1
L’inégalité de Holder donne d’abord A(2) < ngE[|X11 |?], puis

A0 =B Y 1317 | = nFE0 1)

i,j=1
Concernant le terme A(3), nous majorons grossiérement a 1’aide du lemme B.1 et de I’inégalité p > 4

AQ3) < ZE[

i=1

P

—E[XZ) }SC@MHﬂEﬂxﬁ—EMﬁ”ﬂfgxmnwgmuhw]

< C(p)n2E[|X11/7].
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Appendice C: Preuve de la proposition 1.10, minoration de la plus petite valeur singuliere
On commence par un lemme dual au lemme B.1.

Lemme C.1. Considérons N variables aléatoires Uy, . .., Uy réelles, centrées, i.i.d. et ayant un moment
d’ordre 1. Pour tout (y1, ..., yn) € RN, nous avons I'inégalité

E[|Ui1\/y?+--+y% < CE[[y1U1 +---+ ynUn|l.
Démonstration. Soient Uy, ..., Uy des copies indépendantes de Uj,...,Uy.On a
E[|y1(Ui —U1) +-++ yn(Un — On)|] <2E[|y1U1 + -+ + ynUn]l.

Puisque les variables U; — U; sont symétriques, le principe de contraction (théoreme 2.16), I’inégalité de
Khintchine et I’'inégalité de Jensen donnent

E[[U1]l\/y? + -+ % = (U [Elle1y1 + - +enyn ]2
<E[|U; — U] x K2,1E[le1y1 4+ +enynl]
< Ko 1E[|ly1(U1 =) + -+ yn(Un — On)l]
<2K>1E[|y1U1 +---+ ynUn]]. O

Passons a la preuve de (25). Fixons y = (y1,..., ¥») € R". Pour tout w € 2, la diagonalisation de la
matrice symétrique positive |M, (w)| = /"My (w) My (@) dans une base orthonormée fournit 1’inégalité

|Mu(0)y? := (Mp(@)y, My(0)y) = 9| Mn(@)*y < | Mn(@)llop'y | Mn ()] y.

L’inégalité de Cauchy—Schwarz donne alors

Eo[| My () 1] < Eo[ VIIMn (@) llopV'y | My ()] y]
Eol| My (@) []> < Eo[| My (@) loplEo [’y | M (@) ]

On invoque alors I’inégalité de Latata (27) pour contrdler le moment d’ordre 1 de || My ||qp :
1
Eo[| My (0)y[] < CE[|X11]*]% X 'VEo[|Ma()|]y.
On va maintenant utiliser 1’égalité

1 n n
My (@)y] = \/ —D |2 Xij(@)y;
j=1

i=1j=

)

2 n “
— ‘(%‘; X1 (w)y) ,...,ﬁ ;an(w)yj

a I’aide de I’inégalité triangulaire entre E,, et la norme euclidienne | - | de R" :

(2=

i=1

Z Xij(@)yj

Jj=1

2}
] ) < Eu[|Ma(@)]].
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Le lemme C.1 nous permet d’obtenir (25) :

E[| X117y + -+ y7) < CEy[[ My () y |1,
E[| X112

W(Jﬁz + -+ y2) <YE[|My]]y.
11
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ASYMPTOTIC LIMITS AND STABILIZATION FOR
THE 2D NONLINEAR MINDLIN-TIMOSHENKO SYSTEM

FAGNER DIAS ARARUNA, PABLO BRAZ E SILVA AND PAMMELLA QUEIROZ-SOUZA

Dedicated to Enrique Ferndndez-Cara on the occasion of his 60th birthday

We show how the so-called von Kdrman model can be obtained as a singular limit of a Mindlin—
Timoshenko system when the modulus of elasticity in shear k tends to infinity. This result gives a
positive answer to a conjecture by Lagnese and Lions in 1988. Introducing damping mechanisms, we also
show that the energy of solutions for this modified Mindlin—Timoshenko system decays exponentially,
uniformly with respect to the parameter k. As k — oo, we obtain the damped von Kdrman model with
associated energy exponentially decaying to zero as well.

1. Introduction

The Mindlin—Timoshenko system of equations is a widely used and physically fairly complete math-
ematical model to describe the dynamics of a plate, taking into account transverse shear effects; see,
e.g., [Lagnese and Lions 1988]. This model is used, for example, to model aircraft wings; see, for
instance, [Doyle 1997]. To describe this model, let 2 C R? be an open bounded set whose boundary T is
regular enough. Consider {I'g, I'1} to be a partition of I. Let 7 > 0 be given and consider the cylinder
0 =Qx(0, T), with lateral boundary ¥ = ¥oUX, where X; =17 x (0, T), i =0, 1. The two-dimensional
Mindlin—-Timoshenko system is

HP b1 — Li(p1. ¢2.9)=0  inQ,
53 — Lo(1, ¢, ) =0 in Q,

1 phwtt_L3(¢ls¢2’ w,ﬂl,ﬂz)zo in Qa (1_1)
Phniy — La(Yr, my,m2) =0 in Q,
phny — Ls(Y, m1,m2) =0 in Q.

We complete the system with the boundary conditions
pr=pr=v% =m=m=0 on X,

1-2
{Bl(¢1’¢2)’ 82(¢1’¢2)’ B3(¢1,¢2,W’ 771’772)’ 84(771’772)’ 35(771, )72)}:{0’070’0’0} on 217 ( )
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and initial data
{d)l('vo)’ d)Z("O)’ w(70)9 771(':0), 7]2("0)}:{¢107 ¢207 1/f0, nio, 7720} inQ’ (1_33)

{¢lt('90)’¢2t('s0)’ wt("o)’ nlt('so)7 n2t('70)}:{¢117¢21’ wlanlh 7721} inQ’ (I'Sb)
where

Li(¢1. 2. V) = D($1xx + 51— W1y + 51+ ory) — k(1 + ),
Ly($1. ¢2. ¥) = D($oyy + 3(1 — W + 5 (1 + )P1xy) — k(2 + ),
L3($1, 2. ¥, 01, m2) = k[(Ye + P1)x + Wy + ¢2)y] + (N1 + Nio¥ry)x + (Novry + Niath) s
LY, 1, m)Y = Nix + Nioy,
Ls(¥, n1, m) = Nay + Niox,
Bi(¢1, $2) = D[vigix + pviday + 5 (1 — ) (d1y + d2)12].
Ba(p1. $2) = D[vadhay + vadpix + 5 (1 = w)(d1y + do)vi ]

0
Bi (o1, d2, ¥ym1, m2) = k(% +vigr + V2¢2> + (WiN1 + N1 Y + (N2 +viN1R2) Yy,

Ba(Yr, n1, m2) = vi N1+ Nq2,

Bs(Yr, n1, n2) = v2No + v Np2,

Eh
Ny = 1_—M2(771x + Uy + 2UE + %Mlﬁyz)

Eh

N=1"1 (m2y + e + 595 + F097),

Ni2 (771y+772x+wx1/fy)-

_ En

S 2(1+p)
In system (1-1), subscripts mean partial derivatives. The vector v = (v, ;) represents the outward unit
normal to €2 and ;—U stands for the normal derivative. The unknowns are ¢ = ¢ (x, y, 1), ¢ =2 (x, y, 1),
Y=Y,y 1), n1 =n(x,y,t), and no = na2(x, y, t). Physically, the functions ¢; and ¢, represent,
respectively, the angles of rotation of the cross sections x = const., y = const. containing the filament
which, when the plate is in equilibrium, is orthogonal to the middle surface at the point (x, y, 0). The
function 1 is the vertical displacement, and 71, 1, are the in-plane displacement of the plate at time ¢
of the cross section located at (x, y) units from the endpoint (x, y) = (0, 0). The positive constant &
represents the thickness of the plate which, in this model, is considered to be small and uniform with
respect to x. The constant p is the mass density per unit volume of the plate and the parameter & is the
so-called modulus of elasticity in shear. The constant E is the Young’s modulus and the constant u,
O<p< %, is the Poisson’s ratio. The constant D is the modulus of flexural rigidity and is given by
D = Eh®/(12(1 — 42)). The constant k is given by the expression k = kEh/(2(1 4 1)), where k is a
shear correction coefficient. For more details concerning the Mindlin—Timoshenko hypotheses and the
governing equations see, for instance, [Lagnese and Lions 1988].
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For the nonlinear system (1-1)—(1-3), Rahmani [2014] considered a plate reinforced by a thin stiffener
on a portion of its boundary and modeled this junction through an approximate model where the stiffener
has a role on its boundary conditions.

The linear version of system (1-1)—(1-3) is

5pI3¢1 — Li($1, ¢2,¥) =0 in Q,
53¢ — Lo(d1, 2. ¥) =0 in Q, (1-4)
P — L3(1, 2, ) =0 in Q,

where L, L, are defined above and

Ls(¢1, b2, ¥) = k[(Wx + P1)x + (¥y + h2), 1.

There are quite a few works on this system: Lagnese and Lions [1988] studied its well-posedness and
analyzed its asymptotic limit when the parameter k tends to infinity. Lagnese [1989] studied problems
of existence, uniqueness and some other important properties as the asymptotic behavior in time when
some damping effects are considered. Chueshov and Lasiecka [2006] studied the dynamics for a class of
Mindlin-Timoshenko plate models with nonlinear feedback forces and showed the existence of a compact
global attractor for the system. Furthermore they studied its limiting properties when the shear modulus
tends to infinity. Ferndndez Sare [2009] investigated system (1-4) with frictional dissipations acting on the
equations for the rotation angles and proved that this system is not exponentially stable independent of any
relations between the constants of the system. Moreover, he showed that the solution decays polynomially
to zero, with rates that can be improved depending on the regularity of the initial data. Rahmani [2015]
studied system (1-4) and obtained results similar to those in [Rahmani 2014] for the system (1-1)—(1-3).

If one assumes the filament of the plate to remain orthogonal to the deformed middle surface, the
transverse shear effects are neglected, and the resulting model is the so-called von Kdrman system; see
[Lagnese and Lions 1988]:

Phlﬁn - ﬁp}ﬁAlﬂn + DAZVI - (Nl wx + NlZwy)x - (NZwy + lewx)y =0 in Qv

phniy — (Nix + Nizy) =0 in Q, (1-5)
phn2 — (N2y + Niox) =0 in Q,
with boundary conditions
)
w=—w=m=nz=0 on X,
av
DIAY + (1 — W) 2uivayey — V1Y, —13Y)] =0 on I,
I(AY) 0 0V
D[ 5o T = [OF = V)Y + vy, —wxxn] - mph = (1-6)

—(WIN1 +v2NpR)Yy — (N2 +viN12)Yy =0 on Xy,
ViIN1 +v:Ni2 =0 on X,
VN, +VNi; =0 on X,
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and initial data
{1//(70)7 7]1(',0)7 7]2("0)}:{‘#0, n10, 7720} inQv (1'73)

{"//I('vo)7 r’lt('70)7 7721‘(‘70)}:{]//17 nit, 7721} in Q. (1_7b)

In (1-6), T = (—vy, v1) is the tangent vector to 2 and d/d71 represents the tangential derivative. System
(1-5)—(1-7) has been an object of study for many years. Let us mention some known results about this
type of system. Lasiecka [1998] and Favini et al. [1996] studied well-posedness for this problem, as well
as the regularity of its solution. Perla Menzala and Zuazua [1997] proved exponential decay rates for the
energy of the system for a bounded smooth thermoelastic plate clamped on its boundary. A similar result
was obtained by Kang [2013] for von Karman equations with a memory term. Finally, for monotonic
functions with certain growth properties at the origin and at infinity, Lagnese and Leuring [1991] showed
that the one-dimensional von K4rman is uniformly asymptotically stable.

Neglecting the shear effects of the plate, obtaining system (1-5) is formally equivalent to considering
the modulus of elasticity k tending to infinity in system (1-1), since k is inversely proportional to the shear
angle. The present paper is devoted to analyzing the asymptotic limit of the nonlinear Mindlin—Timoshenko
system (1-1) as k — oo. This problem was mentioned in [Lagnese and Lions 1988, p. 24], where it was
conjectured that system (1-1) approaches, in some sense, the von Karman system (1-5), as k — oc:

One expects that, as k — oo, solutions of the system (1-1) will converge (in some sense) to
solution of the von Karmén system (1-5). However, a rigorous proof of convergence is lacking
and seems to be a difficult question.

In this direction, Lagnese and Lions [1988] proved (see also [Araruna and Zuazua 2008] for the one-
dimensional case) that, in the linear case, the solution of the Mindlin—Timoshenko model (1-4) converges,
as k — oo, towards to the solution of the Kirchhoff model (subject to appropriate boundary conditions)

ph — 130 Ay + DAY = 0. (1-8)

Later on, in [Araruna et al. 2010], the authors studied the one-dimensional nonlinear Mindlin—-Timoshenko
system with an extra fourth-order regularizing term

5 oh by — Dpx + k(¢ +Yx) =0 in Q,
Ph — k(@ + ) — ER[ Y (e + 59 2)], + 1¥rrex =0 in Q, (1-9)
phny — Eh(ne + 3¥72) =0 in Q,

and showed that, as k — oo, the system (1-9) converges toward the one-dimensional von Karmam system
{,Ohlffn - 11_2ph31/fxxtt + Dwxxxx - Eh[K//x (nx + %Wﬁ%)]x =0 in Q,
phiny — Eh(n: + 397), =0 in Q.

In the argument used in [Araruna et al. 2010], the use of the extra fourth-order regularizing term was

(1-10)

indispensable, since it ensures the compactness of a family of solutions, as k — oo, allowing one to pass
to the limit in the nonlinear term. Here, we study the nonlinear two-dimensional problem without any
regularizing term. We prove that the Mindlin—Timoshenko system converges to the von Kdrman one,
therefore giving a positive answer for the 1988 Lagnese—Lions conjecture. We note that our argument here
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can be used for the one-dimensional case as well, ensuring the conjecture holds also in the one-dimensional
case (as would be expected).

In the context of asymptotic limits, with respect to singular coefficients, Perla Menzala and Zuazua
[Perla Menzala and Zuazua 1999] proved that the one-dimensional von Karmén system of equations
approaches (weakly) to a nonlocal beam equation of Timoshenko type as a suitable parameter tends
to zero. In [Perla Menzala and Zuazua 2000a], the authors considered a dynamical one-dimensional
nonlinear von Kdrm4n model depending on one parameter ¢ > 0 and studied its weak limit as ¢ — O.
Furthermore, they proved that, depending on the type of boundary condition, the nonlinearity of the
Timoshenko model may either vanish or may become a nonlinearity concentrated on the extremes of the
beam. In [Perla Menzala and Zuazua 2000b], the full nonlinear dynamic von Karman system of equations
was considered and the authors showed how the so-called Timoshenko and Berger models for thin plates
may be obtained as singular limits of the von Kdrman system when a suitable parameter tends to zero.
‘We also mention the work [Perla Menzala et al. 2002], where the authors obtained the stabilization of
Berger-Timoshenko’s equation as a limit of the uniform stabilization of the von Kédrmén system of beams
and plates with respect to a singular parameter.

The second part of this work concerns stabilization. To our knowledge, exponential stability has
not been investigated for the two-dimension nonlinear Mindlin—Timoshenko system, so we study decay
properties of its solutions with both internal and boundary damping. More precisely, we show the
following: adding appropriate damping terms, there is a uniform (with respect to k) rate of decay for the
total energy of the solutions for (1-1) as t — 0o. As a consequence of this analysis, we obtain a decay
rate for the total energy of the solutions for the von Kdrmén system (as ¢t — 00) as a singular limit of the
uniform (with respect to k) decay rate of the energy of the Mindlin—Timoshenko system.

Let us mention some known results related to the stabilization. In the one-dimensional case, Araruna
et al. [2010] showed the exponential stability of the nonlinear Mindlin—Timoshenko beam under internal
damping. Stabilization results for the linear model were obtained in [Lagnese 1989; Kim and Renardy
1987] considering damping in both equations, and in [Alabau-Boussouira 2007] with a single nonlinear
feedback control. In [Ammar-Khodja et al. 2003], the system is damped by a memory-type term. In the
two-dimensional case, the uniform stabilization for linear Mindlin—Timoshenko model was studied in
[Ferndndez Sare 2009] considering frictional dissipations acting on the equations for the rotations angle.
Grobbelaar-Van Dalsen [2015] studied the polynomial decay rate of the Mindlin—Timoshenko plate model
with thermal dissipation. Stabilization results were obtained in [Nicaise 2011] for the multidimensional
case with nonconstant and nonsmooth coefficients, when the interior dissipation acts either on both
equations or only on the elasticity equation. The stabilization of the von Kdrman system, in the two-
dimensional case, was studied in [Perla Menzala and Zuazua 1997], where the energy decreases along
trajectories. Bradley and Lasiecka [1992] studied the local exponential stabilization for an unstructured
perturbation and feedback controls. Kang [2013] proved the exponential decay for the nonlinear von
Karman system with memory.

This work is organized as follows. In Section 2, we rigorously study the behavior of the Mindlin—
Timoshenko system towards the von Kdrmén system as k — oo. More precisely, we prove that solutions
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{¢1, d2. ¥, m, m2} of (1-1)—(1-3) converge to {—v, =¥y, ¥, n1, n2} as k — oo, where {y, 01, 2} solves
system (1-5)—(1-7). In Sections 3 and 4 we prove that, adding appropriate damping terms (internal and
boundary, respectively), one can prove a uniform (in k) exponential decay property for the solutions of
(1-1)—(1-3). Finally, in Section 5, we briefly discuss some related issues and open problems.

2. Asymptotic limit

In this section, we study the asymptotic limit of the solutions for the nonlinear Mindlin—Timoshenko
system (1-1)—(1-3) as k — oo. To study this problem, we consider the Hilbert space

X =[HL, (Q) x L)1 x [W"H(Q) N HE ()] x L*(Q) x [HE () x L* ()%, (2-1)

where H}! () ={p:¢ € H'(Q), ¢ =0o0n g}
The energy E(¢) of solutions is given by

Ex(t) = %{l—gph3[|¢u|2+|¢zt|2]+ph[|wt|2+|m,|2+|n2t|2]+k[|¢1+wx|2+|¢z+wy|2]

+F ([byj], [b,-,-])+D[|¢1x|2+|¢zy|2+%(1—u)|¢>1y+¢2x|z+zu fg (@1y$2:) dx dy]}, 22)

where
b11=771x+%¢3, b22=772y+%1/fy2, b12 =by1 = N1y +n2x + Yy,
and
Eh bi1+bxn 0 b1y b1z
F(b;i]) =—— 1-— .
(5is]) I—MZ{M[ 0 b1+ by el —w by1 by
Note that

(E([bi; D, [bij D L2

:< Eh {M[blﬂ—bzz 0 ]+C(1—M) [b11 b12]} |:b11 bu})
1—p? 0  butbxn by bxn])’ b2 b2
Eh

2
= 1_M2{u}mx+n2y+5|w|2\ +(1 =1 P+ A=) [baa*+5 A=) 1y +mox+ vy P} > 0

since Eh/(1 —p?) > 0and 0 < < 1, which shows that F is positive definite. Moreover, we have by
[Lagnese 1989, Lemma 2.1] that

D[|¢>1x|2 + 1oy > 4+ (1= 1011y + o> + 21 / (@1,¢2x dx dy)] > Clipi 1131 + 1921131 -
Q
So, the energy is positive. Furthermore,
Ei(t) = Ex(0) Vit>0. (2-3)

The main result of this paper is to give a positive response to a conjecture from [Lagnese and Lions
1988]. Our result is as follows.
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Theorem 2.1. Let {qb’f, (/512‘, vk, nll‘, nlz‘} be a solution of the system (1-1)—(1-3) with initial data {¢19, ¢11,
$20, $21, Yo, Y1, 10, M1, M20, N21} € X satisfying

$10+Yox =0 and ¢+ Yoy=0 inS. (2-4)
Then, letting k — oo, one gets
(@1, 5. v nY b} > (=Y, =y, Yo, ma) weak x in L, T, [HE ()T x [L2(Q)]),
where {{r, n1, n2} solves (1-5)—(1-7).
Remark 2.2. The variational formulation of system (1-5)—(1-7) is given by
P (1, ©) 50 (T, V) ph Gt ) ph G, €) + (N + iz, )
+ (Na¥ry + Niotre, ¢) + (NF, di) + (N, dy) + (Nz, e))+ (Nfy, e+ D(AY, A) =0, (2-5)

for all {c, d, e} € [H*(Q) N H, ()] x [H}, (2)]* and the initial conditions (1-6). In equation (2-5), (-, )
represents the inner product in L?(2). Furthermore, the system (1-5)—(1-7) is conservative; that is, its
energy

E(r)z%{ph[|x/ff|2+|mt|2+|n2t|2]+5ph3|th|2+D|m/f|2
Eh 2 2
b [ et 302 4 [+ 397)
— MK JQ
1 212 | 1 2
+ e+ 12y + 31V + 50 = w1y + 2 + ¥ty ] dxdy} (2-6)

satisfies E(t) = E(0) forall r € [0, T'].

Proof of Theorem 2.1. For each k > 0 fixed, let {¢}, ¢4, ¥, n¥, n5} be the solution of system (1-1)—(1-3)

with data {¢10, @11, ¢20, P21, Yo, Y1, M10, N1, M20, M21} € X. Since the initial data {¢19, 11, 20, P21, Yo,
¥, 010, N11, N20, 21} satisfy the condition (2-4), one has, due to the conservation of energy (2-3),

Ex(t)<C VYk>0,Vt>0. 2-7)

From now on, the letter C stands for a generic positive constant which may vary from line to line (unless
otherwise stated). The estimate (2-7) implies that the sequences (in k)

@5, @5, wh, Gy, ). Ve@E b, VR@+uh. @l @),
@1, + 050, (0, +31viT). (b, + 3000 T7). (i + 05, + 5 IVU P). G, + 5, + ¥ vr)
are bounded in L>(0, T, L?(<2)). Furthermore,

(¢, ] =[¢1,)y e H'(Q) and [¢5,], =[¢5,]: € H (),
since (¢f,) and (¢5,) are bounded in L>(0, T, L*(£2)). On the other hand,

(91, ]y =[], + @5, 1y — 85,1y =[], + 5,1y — [#),1c € H(Q),
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which implies that (d){‘y) is bounded in L>(0, T, L*(S2)). Similarly, one can show that (qﬁ’z‘x) is bounded
in L>(0, T, L*(R2)). Thus, the sequences (in k) (¢7), (¢5) and (%) are bounded in L>(0, T, H{, (0, L)).
Since, for each k, we have U]f, and 77]2(, belong to CO([O, T], LZ(Q)), we can write

t t
ni(t) = no + / nt.(s)ds and nh(t) =m0+ / 1, (s) ds.
0 0

Therefore, since (”]fz) is bounded in L>°(0, T, L*(2)), the sequence (17’1‘) is bounded L>®(0, T, L%(R)).
Indeed,

t
Int| = 7710+/ nt, ds
0

Analogously, it follows that (77]2‘) is bounded in L>®(0, T, L?(2)). Therefore, the sequences (nll‘), (n'z‘) are
bounded in L>(0, T, L?(R2)). Extracting subsequences, without changing notation, one gets

t
SC—i—/ Ink,|ds < C.
0

{01, 85 v nl b} > (@1, b2 v i ma) weak x in L0, T: [HY (P x [LA)]),  (2-8)
with

$r1+¢yx=0 and ¢ +y, =0, (2-9)

(@h, 65 ¥ mb b} = (10, dor, Yo ms ) weak s in L0, T; [LA(@)F),  (2-10)
b AW > @ weak * in L¥(0, T, L(Q)), (2-11)

nk, + 3K — B weak % in L*(0, T, L*()), (2-12)

nk, ik, Rk >y weak x in L0, T, L2(Q)). (2-13)

Now, using a compactness theorem due to Aubin and Lions see [Simon 1987, Corollary 4], we obtain

¢Y — ¢1 strongly in L*(Q), (2-14)
@5 — ¢ strongly in L*(Q). (2-15)

Therefore, given ¢ > 0, for large enough k one has
C

W | < [k + ok + of — i < Nk

Consequently,
Y= —¢1 in L(Q). (2-16)

On the other hand, we also have by the convergence (2-8) that
vk >y, inD(Q). (2-17)

Combining (2-16) and (2-17), we obtain
Yy = —¢1.
In a similar way, we get

Wy =—¢o.
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Therefore,

wk — ¢ strongly in L*°(0, T, Hllo (). (2-18)
By the previous convergence we conclude that

[¥51> = [y, > strongly in L0, T, L' (2)), (2-19)
[¥31> — [¥,]* strongly in L0, T, L' (). (2-20)

On other hand, the sequences (n’l‘), (n’z‘) are bounded in L*(0, T, L*(2)) and so

nk. — mie weak x in L0, T, H1(Q)), (2-21)
Ny — My weak % in L™(0, T, H~'(Q)). (2-22)

The same holds for (n’l‘y) and (n’z‘x). Combining the convergences (2-18)—(2-22), it follows that

o= 771x+% 2, B= ﬂ2y+%1//y2, Y =Ny + Mo + Yy,
N{ys + Nyl — Nire + Nipyr, - weak & in L%(0, T, L*(Q)), (2-23)
Ny§ + Ni¥s — Navry + Nipyre - weak # in L(0, T, L*(R)). (2-24)

For {a,b, ¢, d, e} € [H}, (Q)] satisfying
a+c,=0 and b+cy, =0, (2-25)

the variational formulation of problem (1-1)—(1-3) is

Lo (@t ) ol (8 b+ ph L U )+ ph G )+ ph s )
+D[<¢1x,ax>+§<1—m<¢1y,ay>+§<1+m<¢2x,ay>+(¢2y,by>+§<1—u><¢2x,bx>+%<1+m<¢fy,bx)]
H(NFYEHNGUE, e+ (N do)+(Nfy . dy) + (NS U+ N UL, ¢)+(NS ey)+(Nfy. ex) =0 (2-26)

Using convergences (2-8), (2-10)—(2-13), (2-23) and (2-24) in equation (2-26), and applying identities
(2-9) and (2-25), one obtains the weak formulation of the system (1-5)—(1-7) given in (2-5). To finish the
proof, it remains to identify the initial data of the limit system. In view of the convergences (2-8), (2-10),
and classical compactness arguments, one has {y/X, n’l‘, nlz‘} — {4, n1, 12} in CO([0, T1; [L*(2)]?). Then,

WL 00,05, 0), 15, 00 = (¥ (-, 00, mi (-, 0), ma(-,0)} in [L*(2)],

which combined with (1-3a) guarantees that {{/(-, 0), n1(-,0), n2(-, 0)} = {10, n10, n20}. In order to
identify {v,(-,0), n1,(-, 0), 12 (-, 0)}, multiply both sides of (2-26) by the function 65 € H'(0, T)
defined by

—t/86+1 ifrel0,94],

b() = {0 ifr e, Tl
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and integrate by parts to obtain

——(¢11, )+'0h

h
o [ @ ari—2 Gan 4857 [ @4 mrai—phian, )

h
+%/ (lﬁf,f:)dt—ph(nn,d)Jr%/ (U’f,,d)df—/?h(nzl,e)-i-%/ (nhy. €)di
0 0 0
T
1— 1 1— 1
+ fo D[k a0+ @ )+ @k a6k, b+ @k bo+ TR @ b0 |65 di
/ (N{UE+NGYS, eo)fsdi+ / (NJUS+NHYE, )0 dt— f (N{+NY,,. d)bs dt

- / (N3, 4Nty )05 dt =0. (2-27)
0

Passing to the limit as k — oo in the last equation, and using (2-8), (2-10)—(2-23), one obtains

ph
__(¢117Cx)+m/ (Wxtacx)dt'i‘ (¢21 cy) + 125/ (Yye, cy) dt

—ph<w1,c>+7/ (xpt,c)dr—ph(ml,dw?/ (. d) dt
0 0
,Oh ) T t
—/Oh(nzl,e)+?/ (nzt,e)dl-i-D/ (AY, AC)GsdH-/ (N1Yx + N2y, cx)0s dt
0 0 0

T T T
+/ (N2ry + N12Vrx, ¢y)05 dt —/ (Nix + N2y, d)0s dt —/ (N2y + Niay, €)0s dt =
0 0 0
On the other hand, multiplying (2-5) by 6s; and integrating in time, we get the identity

_%P}P(Alm( Ty O)a C) - Ph(wt( ) O)v C) - ph(nll‘( Ty O)a d) - Ph(UZt, e)
= — Lol i1 + oty ©) — ph(1. ) — ph(m. d) — ph(iar.e).  (2-28)

Therefore, (— 152> AY + ) (-, 0) = Y1 + 1552 (B11x + d21y), N1 (-, 0) = nyp, and 0o (-, 0) = 1. O

Remark 2.3. In order to fully identify the initial data of the solutions of the limit system (1-5)—(1-7) and,
more precisely, to determine the initial data of v, an elliptic equation has to be solved. Namely, the
initial datum for the velocity ¥, in (1-7b) is determined by solving the elliptic equation

V(0 e HL () (—5h*AY +¢),(-,0) = ¥ + 5h%(P11x +¢a1y)  in Q,

as the proof of the theorem showed. More precisely, this elliptic equation can be written in the variational
form

Hh2 (VY (-, 0), Vo) + (¥ (-, 0), ) = (Y1, ©) — 1517 (@11, ex) — 3577 (a1, ),

where the terms ¢11, and ¢, are not derived from ¢; and ¢,, respectively, in the sense of transposition,
but they are rather the linear mappings which, when acting on any element ¢ of Hllo(Q), produce
—(¢11, ¢x) and —(¢21, c¢y). The same can be said about Ay, (-, 0), yielding —(Vy, (-, 0), Vc).
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3. Stability: internal feedback

In this section we analyze the plate model with hinged boundary conditions and in the presence of internal
damping distributed all along the plate. Consider the system

5oh3 b1 — Li(d1, 2, )+, =0 in Q,

50h b — La(@1, 2. %)+ ¢ =0  in Q,

1 Phy — L3(é1, ¢, ¥, mi, n2) +¥; =0 in Q, (3-1)
pPhnie — La(Y, n1,m2) +n1, =0 in Q,
phny — Ls(Y, 01, m2) + 12 =0 in Q,

under boundary conditions (1-2) and initial data (1-3). The energy of solutions for (3-1), (1-2), (1-3)
decreases in time. Indeed, the energy given by (2-2) obeys the energy dissipation law

L B(t) = (101 OF + 62 OF + 190 + 1 OF + i, 1) ). (3-2)

The aim of this section is to obtain exponential decay for the energy (2-6) associated to the solution of
the von Kérmén system

PhY— 15017 AV +D A — N1 +Niay L= [No¥y +Niae ]y +¥ — Ay =0 in Q,
Phni—[Nix+Nizyl4+n1; =0 inQ, (3-3)
Phn2y—[Noy+Nioxl4+n2 =0 in Q,
with boundary conditions (1-6) and initial data (1-7), as a limit (as k — oco) of the uniform stabilization
of the dissipative Mindlin—Timoshenko system (3-1), (1-2), (1-3).

Analogously to the proof of Theorem 2.1, considering the initial data {¢1¢, ¢11, $20, P21, Yo, ¥1, N0,
N11, M0, N21} € X satisfying (2-4), system (3-3) can be obtained as a limit, as k — oo, of system (3-1),
(1-2), (1-3).

Since the energy E;(¢) in (2-2) is a nonincreasing function, we will show that this energy decays
exponentially (as ¢+ — oo) uniformly with respect to k. More precisely, the following result holds:
Theorem 3.1. Let {¢1, ¢o, ¥, n1, 2} be the solution of system (3-1), (1-2), (1-3) for data {¢10, P11, P20,
®21, Yo, Y1, 010, N1, N20, 21} € X. There exists a constant @ > 0 such that

Ex(t) <4Ep(0)e 2 Vi>0. (3-4)

Remark 3.2. As a consequence of inequality (3-4), if the initial data satisfy (2-4), letting k — oo one
recovers the exponential decay of the energy E(¢) associated to system (3-3), which is given by (2-6).
This is in agreement with the results from [Perla Menzala et al. 2002] in the sense that the same decay
rate for the solutions of the von Kdrmdm system was obtained.

Proof of Theorem 3.1. For each k > 1 fixed, let {¢§‘, ¢’2‘, Wk, 77’1‘, né} be the solution of system (3-1), (1-2),
(1-3) with data {¢10, ¢20, Yo, 710, 120} € X. From now on in this proof, we will omit the index k of the
solution to simplify the notation. For an arbitrary A > 0, define the perturbed energy

Gy(t) = Er(t)+LF(1), (3-5)
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where F is the functional

F(t) =0(5ph° 1, 1) +0(5 01 dor, 2) + 00y, ¥) +20(phnyy, m) +20(phna, m2),  (3-6)

where 6 > 0 is a constant to be chosen later on. Let us bound each term on the right-hand side of identity
(3-6) by an expression involving the energy (2-2).

« Analysis of 0(5ph3¢1,, ¢1) +6(L5 012, ¢2): using the Poincaré inequality, one obtains
0(5pl 1, ¢1) +60(5 01 ¢2r, )
L3310 2.0 1 131, 12 2 2 2
< C9(ﬁ,0h D117 + 77007 |92 |7 + (@12 |7 + |2y |” + | D1y + Pox] —2/ rxpay dx dy>
Q
< COE(1). (3-7)
o Analysis of 8(phy,(t), ¥ (¢)): using the Poincaré inequality again, one gets

0(phir, ¥) < CO(ph|Y > + [y |* + |9y )
< CO(ph|Y* + |1 + VeI + |2 + ¥y I + 1611° + [42]%)
< CO(ph|Y* + |1 + e |* + |2+ Uy I* + 112 * + |1y 1* + |22 * + |62 7)
< COE(t). (3-8)

o Analysis of 20(phny;, n1) + 260 (phny, 12): one has

20(phnis, n) + 20 (phnoy, n2)
< CO(phIni ) + [nixl* + Iniy > + phlna|* + 022> + |12y %)

< CO(phInul® + phlna P+ [+ 30217+ |may+ S0 2P iy P+ o+ D22+ L1y P?)
< ce(ph|m,|2+ph|n2t|2+ i 2027 2y + 3927 iy n2x|2—2/9 N1y dx dy + |vw|2)
< COE(1). 3-9)
According to the bounds (3-7)—(3-9), we conclude that
[F (1) < CE(1). (3-10)
Now, using (3-5) and (3-10), one obtains

|G (1) — Ex ()| < MF (@) < ACE(1),
which is equivalent to
(1 =ACO)Ex(1) = Gu(1) = (1 +AC) Er(1).

Taking 0 < A < 1/(2C), one gets

TE((1) < Ga(t) < 2E (D). (3-11)
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Differentiating the functional F and using the equations in (3-1), one obtains
L F(t)=—0DIg1 P~ (10 Dlg, P~ DL (1410 /Q Drbrydxdy—Okipi*~0k | yxdrdxdy
—0 fg b1prdx dy+015ph 1,17 —0 Doy |*—0 D1 (1— 1) [hor|*—O DS (14 11) /Q b1ypocdx dy
—0k|¢o|*—0k wa¢zdxdy+9$ph3|¢2f|2—e /Q b dx dy—0k| .|
6k | b1 dy=0kivn Pk | oy dxdy—- fg [Ny Wit Niathy I dx dy
—0 /Q [N2Wy+N iy 19y dx dy+0ph| v |*—0 fQ Yy dx dy—20 /Q Ninicdxdy
—29/Q Niniydxdy+20ph|ny, |2—249/S2 Nonpydx dy—29/Q Nipnacdxdy

+29Ph|7721|2—29f N dx dy—29f numdxdy. (3-12)
Q Q

We bound each term on the right-hand side of identity (3-12) separately.

* Analysis of —0(d1;, $1) — 0(d2s, $2):

—0(¢11, $1)—0(dr, $2) < 9—2|¢>n|2+§|¢1|2+9—2|¢2t|2+5|¢2|2
2§ 2 2§ 2

9_2 2 2, §C 2 2 2 2
< 2§[|¢1t| +l2 71+ > (Ip1x 1" +1P1y "+ P2x "+ 2y [7)

02 C

= E[|¢1,|2+|¢2t|2]+%(|¢>1x|2+|¢2y|2+|¢1y+¢2x|2—2 /Q b1yPar dx dy)
92

< £[|¢n|2+|¢2,|2]+50Ek<z), (3-13)

where & > 0 is a real number to be appropriately chosen.

o Analysis of —0 (i, (), ¥ (1)):

(2] <ﬁ 2 é
=0, ¥) < 25“”" +3

02 2 SC 2 2
= 251Vl 42 (a4 1)

ﬁ 2 E 2 2 2 2
52$|w,| + 201+ Y [+ P+ I P+ Ial)
f 2 -’E_C 2 2 2 2 2 2
szshm + 5 (b1 + Vel + 12+ Uy P 191l + 11y + 92l + Iy 1)
92
< E|wt|2+sCEk<r>. (3-14)

1|
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o Analysis of —20(n1;, n1) — 2001z, N1):

=201, m)—20 (01, m1)
02 5 %- 5 92
< — - R

|mt|+2|m|+2é

2 § 2
=% (M2 4—2|nz

C

2

92 £
< E[|mt|2+|nz,|2]+

02 EC 2 2
Sg[|n1z|2+lnzz|2]+7[|771x+%1l/f| 303 [ Iy 2P -2 / MyNoedx dy+397+30;
Q

(11 P+ 1y P+ 2 1P+ 2y 7]

92 EC 2 2
sE[|mt|2+|n2,|2]+7[|mx+%x/f3| +may 305 | Hmy+m P2 / MyNox dx dy+|Vy|?
Q

92
< Ennmzﬂnzt|2]+sCEk(t). (3-15)
Using bounds (3-13)—(3-15), one obtains, from (3-12),
d 1—n
TP = —0D|$1:|*~0D|ay | —0k|p1+ |*—0k|po+r, |*—O D - |p1y+dox]?

Eh
1—p?

1—u 2
—20Dp / G1y¢2x dx dy—26 T|my+nzx+vfxwy|2—29|mx+§w3|
Q
1,212 1,212 1.,212 ph’ 2 2
=20 |my 45| =200 may 397 [ =200 it 3 [ 436 CEL)+0 - [0+ ]

02 02 02
+O0ph[ 1Y 22012 +20m2 1P|+ == [161: o P+ = [0 P+ == [ 11 P+ 122 7]

2k 2 2k
< —(9—3sC>Ek<r>+<9"—hB+9—2> [l |2+|¢2,|2]+(0ph+f> ¥ |?
12 2¢ 2§
+(29ph+§)[|mt|2+|n2t|2]. (3-16)
Therefore,
L (1) = =0 =36 C B + CLI1 P + 19+ Wil + P+ s . (3-17)

Considering the derivative of the expression (3-5), and observing (3-2) and (3-17), one has
L 6,0) = =10 = 36C)Eu(t) = (1 = 2OIu >+ 1820+ 11 P I P+ ).
Choosing A < 1/(2C) and § < 6/3, one obtains, according to (3-11),
LGyt < =16 — O E (D) < —hwGi () V=0,
where w = A(6 — 3£ C). Therefore,
Gi(t) < Gr(0)e /2. (3-18)

Combining (3-11) and (3-18), one gets (3-4). [l
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4. Stability: boundary feedback

In this section we analyze the plate model in the case where the energy of the Mindlin—Timoshenko
system is dissipated through boundary feedback mechanisms. Let us assume that I; £ @ (i =0, 1), and
we consider the system (1-1) with boundary conditions

pr=¢pp=v¥ =m=m=0 on X,
{Bi(¢1, $2), Ba(1, ¢2), B3(@1, b2, ¥, 1. m2), Ba(ni, m2), Bs(ni, m2)} 41

:_{¢1t,¢21,1ﬁt,7711,772t} on 21’
and initial data (1-3). The energy of this system obeys the dissipation law

G0 == [ 147+ @)+ 2+ ) + a2 ar

Consequently,
Er(t) < Ex(0) Vr=>0.

We are interested in studying the asymptotic behavior of Ej(¢) as t — oo.
The variational formulation of (1-1), (4-1), (1-3) is given by

ép#%@ﬁ,awﬁp# (@ D) +oh Lk, ph L d)+ph L )
[P+ aten) H@s -+t b+ey)]
D[, a) L (1= )@, ay)+ LA+ (B, ay) (@ by) L A=) (@K, b+ (1) @, b0)]
HNFYEANEUE, c)+INE do)+(VE, dy) + (NS Wi+ NGk ey
+(N5, e))+(Nfy, e+ /F [¢},a+¢5, b+ c+nl,d+nhe]dT =0 (4-2)

for all {a, b, ¢, d, e} € [H}, (Q)T.

Remark 4.1. Using arguments similar to those in Section 2, considering initial data in a suitable class
and satisfying (2-4), we can prove that the system (1-1), (4-1), (1-3) converges (as k — oo) toward the
dissipative von Kadrmén system (1-5) with boundary conditions

oy
Y=—=n=n=0 on X,
Jv

D[AY+(1—1) Qoivatrey—vi ¥y —v3¥as) | = — (VY +12vy,)  on Xy,

[ (Ay)

R (e vg)wwvlvz(my—wm)]} 4-3)

oy 9
h3 tt—(V1N1+U2N12)1//x (V2N2+U1N12)¢y=E(—Vﬂ//yrl-vzllfxz)—l//t on Xy,

ViINi+»,Nip=—n1; on Xy,

VuNo+VviNip=—m on Xy,
and initial data (1-7).
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I } (xo0, Yo)

Figure 1. Example for which condition (4-4) is satisfied.

In order to establish the uniform asymptotic stability of system (1-1), (4-1), (1-3), some restrictions are
needed on the geometry of Q, I’y and I'j. Let us introduce a vector field m = m(x, y) in R? defined by

m(x, y) = (x, y) = (x0, yo),
where (xg, yo) is a fixed point of R% We assume that Iy and I'; are such that
m-v<0 only, m-v>0 onlj. 4-4)
Let us consider G = [g;;] the 5 x 5 matrix such that
gij=0, i#], and m-v)gii=1, i=1,...,5.
Note that g;; € C'(T"). Moreover, there are positive constants go and G such that
golsl> <Gs-s < Gols> Yo eR’ only. (4-5)
Before establishing the main result of this section, we will state and prove the following two lemmas.

Lemma 4'2' Let {¢17 ¢27 '(//9 ni, 772} and {¢11" ¢2[v wl: Nit» 7721‘} be regular enough' Then

/§2[¢1zL1(¢1,¢2,W)+¢21L2(¢1,¢2,1/f)
+¥: L3(d1, b2, Vo 1, m2)+n1 La(W 01, )40 Ls (W, i, m2) | dx dy
+Cl(¢1,¢2, w’ ni,n2, ¢lla ¢2tv wt’ Nt 7721‘)

= / [¢1:B1(1. 92)+D2 Ba (@1, $2)+¥: B3 (1. b2, ¥, m1 12) 01 Ba(W 1, m2)+02:B5(W, 1. ma) | dT,
r

(4-6)
with

a(¢1v ¢27 1//’ ni, 12, ¢1l‘v ¢21" th Nt 772t)
= ao(‘f)l’ ¢2’ d)ltv ¢2t> +ka1(¢19 ¢27 w’ (plta ¢2t’ 11//1) +a2(w’ ni, n2, wtv Nt 7721)’

where

ao(o1, &2, G11, P2r)
=D /Q [D1:B1ex + Doy Bory + UB1xbory + LP1ex 2y + 5(1— 1) (B1y + $22) Biry + o) | dx dy,
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ay(¢r, o2, ¥, 1s, b2, Y1) = /S;[(¢1 + ) (@1 4 Vi) + (P2 + ¥y (P2 + Y1y) | dx dy,

and

a2(W7 ni, N2, 11017 Nt 772t)

Eh
= T 2 \/;]I}l - M)(ﬁlx + %w;?)(nltx + Wx%x)

l—n
+ (=) (2y + 3¥7) (rasy + Yy Wry)
+ w(nix + 12y + 5IVY) (iix + 120y + VY - Vi)
51 = 1)1y + 122 V) ey + o+ Yty + Uy | die .

Remark 4.3. Here and elsewhere in this section we use the term “regular enough” to ensure that all
integrals are well defined (see Section 5 for additional comments on this point).

Proof of Lemma 4.2. By definition of the operators L;(¢1, ¢2, ¥, n1,1m2) (i =1,...,5), one has

/[¢11L1(¢1,¢2, V) + @2 Lo(@1, §2, V) + Vi L3(P1, 2, ¥, n1, 1m2)
? + 01 La(W, n1, m2) + n2:Ls(Y, 1, n2) | dx dy

= /Q{¢1t[D(¢1xx + 31— W1y + 3(1+ wary) — k(1 +¥1)]
+¢2[D(¢2yy + 31 = Weaex + 3 (1 +W1ay) — k(2 + )]
F Y k[ (W + D02 + Wy +02)y |+ (N1¥x + Nioty)x + (N2 4+ Niar) |
+ N1 [Nix + Nioy] + 1n2:[N2y + Nle]} dxdy.
Through integration by parts one obtains

/[¢11L1(¢1,¢2, V) + G2 Lo(@1, ¢2, V) + Vi L3(P1, ¢2, ¥, 1, m2)
8 + 1 La(, n1,m2) + 2 Ls(f, i, )| dx dy

= —ao(P1, $2, d11, b)) — kay(P1, d2, ¥, d1r, b2, Vi)

— / [(N1¥x + Nio¥y) ¥ + (N2yy+ Ny Vey + N1ux N1+ N1eyny, + n2ey N2 + naxNi2] dx dy
Q

+ / {1 Dprvi + 10— wibrva + 51— gacrs + s,
' + ¢2: D[dayv2 + 3 (1 — Wdoevi + 5 (1 — W P1yv1 + Uiy, |
+ Yik[ (@1 + Y)vi + (92 + Yy)v2 |+ (N1 + Niory)vy
+ N2y + Nia)va + 01 (N1vy + Ni2vz) + n2: (Nava + levl)} dr.

Finally, using the definition of Ny, N, and Nj;, one has

/ [91:L1(1, d2. V) + ¢ Lo(@1, d2, ¥) + ¥, L3(o1, 2. ¥, 11, m2)
¢ + 01 La(W, 01, m2) + 02 Ls(W, m1, m2) | dx dy
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= _a0(¢19 ¢2’ ¢1t7 ¢2t) - kal(¢ls ¢2’ W, ¢1t7 ¢2[9 wt) - aZ(w’ ni, n2, wt’ Nit» 7721‘)

/{¢1t51(¢1 $2) + P2 Ba(d1, $2) + Vi B3(P1, 2, ¥, M1, m2)
+ 01 Ba(, m1, m2) + 12 Bs(W, mi, ) AT, O

Lemma 4.4. Consider {¢1, ¢2, ¥, 11, 02} to be regular enough. Then
/Q[(m'v¢1)L1(¢1,¢2,¢)+(m-V¢2)L2(¢1,¢2,lﬂ)+(m'V1ﬂ)L3(¢1,¢2,W)
+(m-V) La(¥, n1.12)+(m-Vn2) Ls (¥, 01, m2) | dx dy

= kﬁ}[(¢1+wx)¢l+(¢2+¢y)¢2] dxdy

-1 /F m-v{D[(¢1x)2+(¢2y>2+2u¢1x¢2y+%(1—u>(¢1y+¢2x)2]
(=0 (3O A=) (2 + 302 s+ + 3 V9
+%(1—M)(n1y+n2x+%%)2] } dr

/[(m Vo) Bi(¢1, $2)+(m-V) Ba(¢1, ¢2)+(m-Vy) B3 (@1, d2, ¥, 1, 12)
+(m-V ) Ba (¥, n1, 12)+(m-Vn2) Bs(¥r, n1,12) | dT 4-7)

1—p?

Proof. Analogously to the proof of Lemma 4.2,

/Q[(m Vo )Li1(¢1, ¢2, ¥) + (m - Vo) La(¢1, 2, ) + (m - V) La(dr, 2, ¥)
+ (m - V1) La(¥, 01, m2) + (m - V) Ls(Y, 1, m2) | dx dy

=—a(¢1. ¢2. ¥, m.m2,m- V1, m-Vy,m-Vr,m-Vu,m- V)

+ /r[(m “V)Bi(¢1, ¢2) + (m - Vd2)Ba(dr, ¢2) + (m - V) B3 (b1, 2. ¥, 01, m2)
+ (m - V) Ba(p, m, m2) + (m - V) Bs(r, m, m2) | dT. - (4-8)

In this way, to prove (4-7) we have only to study the term

a(¢1’ ¢27 W, ni, n2,m- V¢17 n - v¢29 n - Vw’ m- V’?l, nm- V’?Z)- (4_9)
Note that
ao(@1, p2, m-NVoi,m- V)

=D/[¢1x(m V¢1)x+¢2)(m V¢2)y+ﬂ¢1x(m V¢2)y +/1’¢2y(m v¢1)x
+ 51— ) @1y + o) ((m - V1) y + (m - Vo)) | dx dy

div{m[@7, + ¢3, + 21ty + (1 — W) (@1y + ¢2:)* ]} dx dy

m - v[@, + b3, + 2udreday + (1 — w) (1) + ¢20)?] dT, (4-10)
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ai(p1, 2, Y. m-Vo1,m-Vgy,m-Vir)
= /Q[(dn + ) ((m- Vi) 4+ (m - Vr)) + (92 +¥,) ((m - V) + (m - Vir)) | dx dy

= % /Q le{m[(¢1 + %)2 + (2 + %)2]} dx dy - /;)[(QH + Y )d1 + (P + Wy)¢2] dx dy

=%/F{m-v[(¢1+1ﬁx)2+(¢2+1ﬁy)2]}dr‘—/g[(¢1+1ﬁx)¢1+(¢2+¢y)¢2] dx dy, (4-11)

and
a(Y,n1, ma,m-Vr,m-Vo,m-Vina)
1EZ [(1 10 (x+307) (n- V) x4 (m-V )2 ) +(1—10) (n2y+ 3 ¥5) ((n- Vi) y 4+, (m- V) )
i (st +3 VY1) (00 V1) -V i) y+ ViV (m-V )
+3 (A=u(niy+nox+apry) (<m-Vm>y+<m-Vnz)x+wx(m-vw)ywy(m-w»)]dxdy

2(1 Mz)/dlv (1 M)(U1x+ lﬁ) +(1— M)(¢2y+ 1/,)
(a2 + VY R AL A p)u 1y a9 9,)?] f dx dy

m/m v[(1=0) (nx+ 39 2) 4+ (1=10) (m2y +192)°
(a2 VY ) L A= u gy Y ¥,)?]dT. (4-12)
Plugging (4-10)—(4-12) in (4-9) we get
a(er, 2, ¥, mi,n2, m-Vor,m-Veo,m-Vy,m-Vao,m-Vy)
=1 /F m-v{D[(¢u>2+<¢2y>2+2u¢u¢2y+%(1—u)(¢1y+¢2x>2]+k[<¢1+wx>2+(¢z+wy)2]
+fzz (A=) (a3 D)+ A=) (2 592) + it (g + IV P)?
+§(1—u>(my+nzx+wxwy>2]}dr

—k/Q[(dh+1ﬁx)¢>1+(¢2+1/fy)¢2]dx dy. (4-13)

Equation (4-7) follows directly from (4-8) and (4-13). O
The main result in this section is the following.

Theorem 4.5. Assume the geometric condition (4-4) holds. Let {¢1, ¢2, V¥, n1, 02} be a regular enough
solution of system (1-1), (4-1), (1-3). Then, there exist positive constants C and w such that

Ei(t) < CE((0)e™" V>0, (4-14)

Remark 4.6. For regular enough initial data satisfying (2-4), one obtains, as a consequence of inequality
(4-14), exponential decay for the energy E(¢) associated to system (1-5), (4-3), (1-7) as k — oo. This
decay rate for the limit system is in agreement with the results from [Perla Menzala et al. 2002].
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Remark 4.7. The case ') = & is not considered in this paper. In this case, one cannot ensure that the
energy decays to zero for every finite energy solution of (1-1), (4-1), (1-3) regardless of how the feedbacks
are chosen. Indeed, defining

2

{11, do1. V1, 1 1} = o B, —ax — By +y, —a’x — JaBy +c1, —3B%y — Japx + o},

where «, 8, y, ¢1 and ¢, are nonzero constants, and {¢19, ¢20, Yo, N10, 20} such that

Li(¢10, $20, Yo, no, 120) =0, i=1,...,5,

{B1(®10. $20). B2(d10 $20). B3(d10, $20. Yo 110+ 120)- Ba(Wo. n10- 120> Bs(Wo. n10. 120) }
= —{¢11, 21, Y1, M1, n21},

it is not difficult to check that

{p1, 02, ¥, 1, ma} = t{d11, d21, Y1, 011, n21} + {d10, P20, Yo, M105 M20}

is a solution of (1-1), (4-1), (1-3). However, for this solution,

E(t) = 5[{5o1° (d111* + 921 1) + ph (191 > + Im|* + [n2]*)] = const. > 0.
Proof of Theorem 4.5. We divide the proof into three steps:

Step 1: We apply Lemma 4.4 to the solution of (1-1), (4-1), (1-3) and integrate the resulting identity with
respect to ¢ from 0 to T to obtain

T
ph / [ 572 @10, m-V o)+ 150> o, m-V )+ e, m-VY)+ (100, m-V 1)+ (0200, m-Vp) | dt
0

T
—kfo L[(¢1+%)¢1+(¢2+%)¢2]dxdy

T
. /0 /r m-v{D[<¢1x)2+<¢zy>2+2u¢1x¢zy+%(1—u><¢1y+¢2x>2]+k[<¢1+vfx>2+(¢z+wy>2]
Eh
— (=) (4392 + (=) Oy + 19D

+u(mx+nzy+l|vw|2>2+l<1—m(my+n2x+1/fxwy>2]}dr

1

/ / (m-V 1) Bi+(m-V ) Ba+(m-Vyr) B3 +(m-V 1) Ba+(m-V2) Bs| dT
/ g [61: -V 1) b2, -V o)+ -V ) +1, -V 1)+, m-Vi) |dT. - (4-15)

Both of the integrals on the left-hand side of (4-15) may be interpreted in the L?(Q) scalar product since
{D11t, Dotts Wity N1z, N2se} € C ([0, 00), [L2(2)]?). The first integral on the left-hand side may be written as

,Oh// {58 [P100(m - V1) + e (m - V)| + Ve (m - V) + 10 (m - V1) + 124 (m - Vi) } dx dy dt

=Y — ,Oh// [ 572 (¢1:(m - Vpi,) + oy (m - Vo)
Y (m - V) +n1(m - Vi) + no(m - V772t)]dXdydf (4-16)



ASYMPTOTIC LIMITS AND STABILIZATION FOR THE 2D NONLINEAR MINDLIN-TIMOSHENKO SYSTEM 371

where

T

Yl:ph/Q{%h2[¢1,(m-v¢1)+¢2,(m-V¢2)]+1//t(m-V¢r)+m,(m-Vm)—H?zt(m-Vnz)}dxdy - (4-17)
0

A typical term of the last integral in (4-16) is (except for a constant factor)
T T T
| @um-vonar=4 [ [ avongtyaxavar— [ [ ¢ axayar
0 0Ja 0JQ

T T
=%/ (m-v)qsf,drdt—//¢ftdxdydz.
0 JI 0JQ

The other terms of that integral are treated similarly. Thus, it follows that
T
ph / / {5212 [1:Gn - V1) + s m - Vo) |+ (m - Vi) + e (m - Vi) e (m - Vi) } dx dy dit
0JQ
T
=%phfofr m vk (@, +83) + V7 + 0, + 3, ] dT dr
! T
— [ [ PhLE R + 03+ 7 o+ dyar. @1
Combining (4-15), (4-16) and (4-18), one has
T T
Yi+ / / ph[33h* @7, +¢3) 7+t 5, dx dy di —k / / [(@1+ W )1+ (b2 + Wy ] dx dy di
0/ 0Je
T
=J1_J2+// [(m-Vé)Bi+(m-V2)Br+(m-Vy)Bs+ (m- V1) Bs+ (m- Vi) Bs| dT dt
0 Jry
T
—/l/[@Am-V¢O4ﬂMAm‘V@ﬁ+¢ﬂm-V¢%+mdm'vnﬂ+ﬂndm-Vmﬂdrdh (4-19)
0Jr
where

T
leéphff m - v[5h* (@7, + ¢3,) + ¥} + 07, +n3,]dT dt, (4-20)
0 JI

and

T
=1 /0 /F m-v{D[<¢1x>2+<¢2y>2+2u¢1x¢2y+%(1—m<¢1y+¢2x)2]
L k@1 Gt
Eh
(=0 (4392 + A=) Oy 9D

+
1—p?
2
+u(matmy+31 V) +§<1—u)<my+n2x+wxwy>2]}drdr. (4-21)

Let us examine the integrals on Iy in the right-hand side of (4-19). Since ¢ =g = =n; =1 =0
on [y, we have V¢p; = v((d¢1)/(dv)) on [y and similarly for the other functions. Therefore,
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/F m-v| D62, + 63, + 2udredny + 51— @1y + 6207 + K[ + V07 + @2+ )] | ar

e [(1 — ) (me+ 392+ (1= ) (my + 592 it (1 + 12y + 31V )

2
:/mmhuﬁm+¢@)4bﬂmg@%ﬂ+
To av av
Eh

5= ) Oy + e+ Yy

(5)

bl

av dv

am 1( v\
—2(1 = L T -
( M)(Ul ™ +2<v1 8v>

am am 1
+M(V1 90 + 1 " +2

L—p( om a2 oy Y
— B v = v == | | }dDl. (422
T (”Zav e T 2% (4-22)
Furthermore,

/[(m-VqS])B]—|—(m-V¢2)Bz+(m-V1/f)B3+(m-Vm)B4+(m-Vn2)Bs]dF
To

3 D a1\ (2 g1 g\’ v\’ oy’
‘/Fom‘”{i[(l‘“)((a_v> +(a—v> )+<1+m(vla—v+na—v> ]+k< ) e <v18_v>
any

G v\ 3 3 3
+2N12v1—wvz—w+Nz Vz—w +Nivy L ﬂ+N2v2—+N12V1 24 ar. (4-23)
dv ~dv dv v v 0
Since

o L[ oy
(”2 v +2(”Zav)
9

ov

—+Npw -
ov v

—351D[d7 467, +2ud1rday+ 5 (1= ) b1y +¢2:)* |+ k[ @1+ V) + B2+ ) ]
Eh
_|_

T [(1—M)(n1x+%lﬁf)2+(1—M)(nzer%lﬁyz)2+/t(771x+nzy+%Ivlﬁlz)z

L= Oy 2+ vv)? |
+[(m-Vo1)Bi+(m-V o) By+(m- Vi) B3+ (m-Vn1) Ba+(m-Vn2)Bs|

1 a1 . g\ l—p( o1 ) LAY

—EH(‘“WMW) T ("ZW““ % ) }*"(W)
Eh a1/ v\ . 1( v\
et (5] ) room (et (o5))

1—
Vi—+Vi—Vy—
2 o0 1 1 2

3 3 1 2 9 3 v av\
S AL LA SR A P VA L PRV SR A A T SR
Jv v 2 v Jv ~dv
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we conclude from (4-19) and (4-24) that

T T
Y1+f0fgph[ﬁh2(¢i+¢%)+wf+ni+n§t]dxdydt—k/o /Q[(¢1+1//x)¢1+(¢2+1//y)¢2]dxdydt

T
:J0+J1_J2+/0/ [(m-Vé1)Bi+ (m- V) By + (m- V) Bz + (m - V1) Bs + (m - Vi) Bs| dT dit
Io

T
_/O/F[¢1t(m'V¢1)+¢21(m'v¢2)+wt(m'V‘/f)+7llt(m‘VU1)+772t(m‘V772)]dthv (4-25)

where
LT 0y g\ l—p( a1 dyn\ v\
Jo=- D|(vi—= +v—) + —Z([1,=— — k( —
0 2/0/F0{ [(‘“ av +”2au) T (”231) " av>]+ (av>
Eh am 1( v\ ) . 1( v\
1- Ly (v 1— RaLC R (Y
+1—u2[( “)(V‘ 8v+2<v18v> A=m(vgm g,

9 3 1 LI 3 3 v A\’
+u(v1ﬂ+vzﬂ+5|w|2) +T“(vzivl+v1ﬂ+vl—‘”vz—‘”> “dr.

av av
Now, use (4-6) with {¢1, ¢, 0, n1, n2} in the third term on the left-hand side of (4-25) to obtain
,Oh/ [%hz(quqﬁ] + d2r2) + e + 7721t772] dxdy
Q
—k/ [(D1 + ¥)p1 + (d2 + ¥y 2] dx dy + ao(¢1, $2) + az (¥, n1, 12, 0, 01, 72)
Q

=-— / [D1:01 + D22 + miem + m2em2 ] T (4-26)
Iy

Integrate identity (4-26) with respect to ¢ from O to 7. After an integration by parts in the first term, one
obtains

T
Ya—ph /0 /Q (51 @7+ ¢30) + 7, + 3 dx dy di
T T
+k fo fQ (@1 + V)1 + @+ Wy)ba] dx dy di + /0 Lo, 62) +as(nr, mo)] i

T
= _/0 /F [D1:61 + @212+ mim + 12 | dT dt (4-27)

where
T

Y, = ph/ [ 502 (D11 + d22) + num + naemz] dx dy (4-28)
Q

0
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Multiply (4-27) by 1 — ¢, with € € (0, 1), and add the product to (4-25) to get

T T
(-erph [ [ wiaxayaree [ [ o[ @+ o)+ ui et b | dvayr
0 JQ 0 JQ
T T T
+(1—e) /0 ao(br d2) di-+(1—6) /0 ar (Y ) di—ek /0 a1 1. b. Y 1. 62, 0 dI+Y 1 +(1—8) Y
T
— JoH—Ja— / / (1, (m-Vpr+(1— )1+ bos -V b (1—£)po) 41 (m-V )
0 JI
+n1,(m-Vyi+—e)n)+n2 (m-Vipp+(1—e)n) |[dT di. - (4-29)

Now, use (4-6) with {0, 0, v, 0, 0}. After an integration by parts in ¢ one obtains

T T T
Yg—phffw?dxdydtw/ a1<¢1,¢z,w,o,o,w)dt+/ (W s 1, 0, 0) di
0JQ 0 0

T
:_f Y, dT dt,  (4-30)
0JI

where
T

Ys = ph f Vi dx dy 4-31)
Q

0

Multiply identity (4-30) by € and add the product to (4-29) to obtain
T T
(1—2¢)ph / / Yldxdydi+e f / ph[Sh* (97, +¢3,)+¥7+nf,+n3, |dx dydt
0 Ja 0 Ja

T
+(1—8)‘/0 [a0($1. p2)+ar (W, 1. 02,0, mim2) | dt
T

T
+ekf a1<¢1,¢2,w)dr—2skf a1 (@1, b2, 0, b1, 2, 0) it
0 0

T
+8/ a(Y,n1,n2,¥,0,0)dt+Y1+(1—e)Yo+eY3
0

T
=Jo+Jl—Jz—/ / [¢1:(m-Vop1+(1—&) 1)+ (m-V o+ (1—£) )+, (m-V i +ev)
0 Jn
01 (m-V 1 +A—e)n)+n (m-Vip+(1—e)m) |dT dr. (4-32)

Step 2: Define the functional

pe(t) = ph[ 52 (@1,(0), m- V1 (D) + 5 h2 @ (1), - Vo (1) + (Wi (), m-V Y (1)
(0140, =V (O)+ (2 (1), - V120
+(1=e)ph{izh*[(b1: (1), $1(D)+(2 (1), 2N+ (11 (1), 1 (D) + (121 (1), ma(0)) }
+eph (Y (1), ¥ (1)). (4-33)
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From identities (4-17), (4-28), and (4-31), one sees that
Yi+ (I —=e)Ya+eYs = pe(T) — p(0). (4-34)

Since (4-32) is valid for all T > 0, we differentiate in 7 and obtain, writing ¢ in place of T,

d d
JrPe(0) =7 (ot =T)—(1-2¢) ph /Q Y7 dxdy—eph /Q [13h* @+ 950 +97 +mt,+m5, ] dx dy

—(1=&)[ao(¢1, p2)+a2 (¥, n1, 12, 0,11, m2) | —ekai (p1, da, ¥) di
+2¢ekay (P12, ¥, d1, P2, 0)—eax (Y, m1, m2, ¥, 0,0)

_/r [#10(m-Vp14+(1—&) 1)+ (m-V o+ (1—)2)
l*l-lﬁt(m'Vl/FI-EKl’)JF??lz(m'Vm-lr(l—8)771)-|r77zz(1’11'V772+(1—8)772)]6”', (4-35)

where the right-hand side is evaluated at 7. Now, let § > 0 and consider the perturbed energy F; s(¢)
given by

Fe5(t) = Ex(t) +8p.(1). (4-36)

We are going to prove that for all ¢, § sufficiently small, one has

d
S Fes(t) < —1e8Ex(t) — 38Er (1), (4-37)
where
Er(t)=14ph / mv[h2 @+ d3) + 2+, 40, ] dT
I

+3 /F v { D[@102+ @2y >+ 20162+ 5 A=) @1+ 920 | HA[ (@140 + (21,
Eh
1—p?

s [ = (e 392+ (=) 2y +3072)

+u(mx+nzy+%|w|2)2+§<1—u)(nly+nzx+wxwy)2]}dr. (4-38)

We begin the proof of inequality (4-37) estimating (d/dt)p.(t). First of all, we bound the term
a1 (o1, ¢2, ¥, P12, 0) in (4-35). For any £ > 0, we have

1
|a1(¢1, 62, ¥, 91, ¢, 0)| < %al((ﬁl, ¢2, ¥) + Eal((f)l’ $2,0).

Since I’y # &, according to [Lagnese 1989, Lemma 2.1] there is a constant ) (depending on the geometry
of © and on the parameters p and D) such that

ai (1, ¢2,0) = 111> + #2lI* < voao(1, ¢2).

Therefore,

|a1(@1, ¢2, ¥, ¢1, ¢2,0)| < %611@1, ¢, V) + ;/_ga()(fbla #2). (4-39)
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Use inequality (4-39) in identity (4-35) to get

d d
Soe() = -(o+T1—1o) —(1-2€)ph / Y7 dxdy—eph f [51° @1, +d3)+¥7 +mi,+n5, | dx dy
Q Q

eyok
- (1—8— : >a0(¢1, ) —(1=e)ax (¥, n1, m2, 0,11, 12)
—ek(1=8)ai(¢1, ¢, ¥) dt —car (Y, n1, m2, ¥, 0, 0)

—/F [¢1:(m- V1 +(1—£)p1) + o (m-Vepa+ (1 —£) )
l + Y (m -V W) 41 (m -V +(1=e)n1) +n2 (m- Vi +(1—&)n2) | dT.

Fix & = %, and then choose ¢ > 0 so that 1 — & — 2eypk > ¢; that is,

0< (4-40)

e< — .
2(1 4+ k)
For such &, one has

a4 4 STy (1 2 _ 12042 | 42 2,2, 2
T pe(t) < 7 Jo+J1—J2)—(1-2¢)ph o Vi dxdy—eph Q[lzh (1 +¢3)+97 0t 03, | dx dy
_gao(d)lv ¢2)_(1_8)612(1ﬁa ni, 12, 07 ni, n2)_%k8al(¢l7 ¢27 w)_5a2(‘//’ ni, 12, 1//v 07 0)

_/r [d1:(m-Vp1+(1—)p1)+¢i (m-Vepo+ (1 =)o)+ (m-Voy +ev)
l +01:(m-Vyi+(1—e)n)+n2 (m-Vip+(1—e)n2) | dT dt

d
< —Oothi=l)—(1-2e)ph f W} dx dy—eE(t)
Q
—%e{ph /Q [ 5027, +03)+V] +ni,+n3, | dx dy+ao(dr, ¢2)+az (¥, n1, 7)2)}

A [P1:(m-Vp1+(1—=€)p1)+¢o (m-Vo+ (1)) + ¥ (m-V+evr)
l +n1(m-Vyi+(1—e)n)+n2(m-Vip+(1—e)n2)]dl’ dr. (4-41)

We estimate the last term on the right-hand side of (4-41) as follows:

/[¢n<m-w>1+(1—e>¢1>+¢z,<m-V¢z+<1—e>¢2>+w,(m-w+sw)
" 0V 1+ (1= )111)+ 13y -V + (1 —€)) | dT
< %fr (03,462 + Y2+ i 1dT
+§ F1[<m-w>1+<1—e>q>1)2+(m-V¢2+<1—e)¢>2>2+<m-w+ew/f)2
+(m- Vi +(1—e)n)*+m-Vip+(1—)n)*| dT

1 d
=———Ek<r>+§ [(m-Vo1+(1—e)p1)*+(m-Vo+(1—&)$2)* +(m- Vi +e)?

2E dt 2 Jr,
+(m- Vi +(L—e)n)>+(m-Vip+(1—e)np)*]dl.  (4-42)
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Looking for the last integral in (4-42), it follows by (4-5) that

/ [(m -V + (1 —)p)* + (m -V + (1 — &)$2)* + (m - Vi + e)?
K +(m -V + (=) + (- Vi + (1 —8)n)?] dT

SGO/ m-v[(m- Vi + (1 —e)p)* + (m- Vo + (1 — &)¢n)?
o +(m -V +ep)? +m- Vg + (1 —e)n)> + (m- Vi + (1 —e)n)*|dl. (4-43)

We now bound the right-hand side of inequality (4-43). Its first term is bounded by

/m-v(m-V¢1+(1 —&)¢1)*dT 52/ m-v[(m-Ve1)* + (1 —e)’p7]dT
I

I

< 2R2/ m-v|Vei|?dl +2(1 —&)’R | ¢idT,
I I

where R = supp, m(x, y). The other terms can be bounded analogously. Therefore, one gets
[ o961+ =301+ 09+ (1 = 219"
r
1 +0m- VY +9) + (m- Vi + (1= e)n)’ + (m - Via + (1 —&)n)*] dT
<2GoR [ m-o[I991P + 1903 + IV + [V + ] ar
I

+ZGO(1—8)2R/ [67 + 63 + v + 0} +13]dT.  (4-44)
I

For k > ko > 0 we have, according to [Lagnese 1989, Lemma 2.1] and to trace theory,

/F [67 +¢2 +v2 + 07 + 03] dT < yi[ao(¢r, ¢2) +kai (1, ¢2, ¥) +ar(Wr, m1, 1) - (4-45)
In addition,

/m-v[|V¢1|2+|V¢z|2+|vw|2+|Vm|2+|Vnz|2]dr
I

< )72[% (@1, b2, ¥ 1. m2) + / (&7 + 3 +ni + n%)}
I

< yalay, (@1, 62, ¥, 1, m) +ao(@1, 2) +az(mi, ma)],  (4-46)

where the constants yj, v, depend only on 2, D, u, and kg, and

ar (1,02, ¥, 01, 1m2)
=29 1,= /r m-v{D[<¢1x>2+(¢2y>2+2u¢1x¢2y+%(1—u)<¢1y+¢2x>2]
Hh[(D1+H1) > +(da+y)7]
= [ﬂ—m(mx+%w$)2+<1—u><n2y+%w§>2

1—p?
+u(mx+n2y+§|Wf|2)2+§(1—u>(n1yn2x+wxwy>2]}dr. (4-47)

+
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From (4-42)—(4-47), we obtain the estimate

/ [1,(m - Vb1 + (1 — £)1) + oy (m - Vebo + (1 — )h2) + Y (m -V + )
b 41 Om - Vo + (1= &)n1) + nai (m - Vi + (1 — £)np)] dT

1 d
= _Ed_Ek(t) +EGoR*a[ay, (P1, 2, ¥, mi, m2) + a0, $2) +ax(yr, ni, m)]
+&Goyi(1 — &)’ R[ao(¢1, ¢2) +kai (p1, 2, ¥) +ax (¥, n1, 1) ]

1 d
S—Ed—Ek(tH—EGoR 2yalar, (@1, @2, ¥, 1, m2) + ao(@r, ¢2) +ar (W, 1, 1) ]
+EGoy1(1 —€)’RE(r). (4-48)

Using (4-48) in (4-41), it follows that

1
G0 = ot Sen @1 o, o m) =5 SED) ~ (=612GoR%)a, 1. g2, Y. mr. )
—[e—=26v1Go(1—&)*R]Ex(t) —[ 36— 612G oR*|[ao(d1, $2) +az (W, mi, m2)],  (4-49)

where
o @2y m) =250 = ph | o[BI 63+ 74 4]
From the definition of Jy and the first of the geometric assumptions in (4-4), we have
—Jo / /F m- v{ (1% (¢2,)* + 21152y +5 (1=) (b1, +62)°]
0 +k[(P1+9) 2+ (1)) 7]

Eh
T [(1—/ub)(771x+%1ﬂ§)2+(1—u)(nzﬁ%l/ff,)2+M(771x+nzy+%IWfIz)2
+%(1_M)(nly+n2x+wxwy)2] } dl" dt

L) dgn
1
+7(1=p) FOm v(v28—+vlﬂ> dr
= %ar‘o (¢1’ ¢2’ 1/15 n, 772), (4_50)
where

ap (@1, 42, ¥, 01, 1m2)
T
:%/o /r '””'{D (61007 +(@2)*+ 20152y 5 (1= 1) (P1y+ 2.0 |+ [ (@1 +02)* + (Do)

(=0 (4392 + A=) 2y 502+ i1 1y IV P)?

1—p?
+%<1—u)<n1y+n2x+mwy)2]}dr.
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Substituting (4-50) in the right-hand side of (4-49), one gets the estimate

d
pa(m < 3¢, (b1, 2. 1. m) — 5% thkm
— (3 —§12GoR?)ay, (B1, 2, ¥, mi, m) — [ — 261 Go(1 — &)* RIEx(1)
—[5& —£12GoR*][ao(¢1. ¢2) + ax (W, 1. )| — 3, (b1, G2, ¥ m2). (4-51)
Now, taking & < % and choosing & > 0 small enough such that

2691Go(1—e)*R < e, £»GoR* <1ie <1,

we can guarantee from inequality (4-51) that

L pe(t) = =5 S B = Se B + Seg (91, 62, 9,1, 1)

2¢ dt
— 3ar, (D1, d2. Y. M1, ) — gar (b1, 2. ¥, 1, M)

Let us consider
Fe 5(t) = Ex(t) + 8 (1)

with § > 0. Therefore,

Fes(t) = —Ek(t) +o /Os(t)

(1—%>thk(t) T E@m+ Crl(¢1,¢2 V.1, m2) — —ar(¢1,¢z,1ﬁ,m,nz),

where

ap (@1, ¢2, ¥, 01, m2) = ag (G1, d2, ¥, 01, m2) +ap, (D1, d2, ¥, 01, 12).
From (4-5), we get

d
40 == [ 8]+ 03+ 07+ 0}, + 1
1

—go/ m V@, + 92 + U2+ + 1 dT
I

80
S _I()_//lcrl (¢17 ¢2’ 11/7 n, 772)’ (4_52)

provided 15 Lh% <1 (as we may assume). Therefore

_ g0 ! 1) 1) 88E 8
g Fes() =~ ,oh( _E)_E ¢r, (@1 62, ¥ 1. ) = — Ei(t) = Jap, (61, 2. ¥ m2)

ed 1)
S—7Ek(t)—Z[Crl(¢1,¢2,w,ﬂl,n2)+arl(¢1,¢2,I/I,m,ﬁz)]
__ 9 ok 4-53
=—7 k(t)_i (1), (4-53)

with § > 0 being chosen such that
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Step 3: To get the exponential decay of Ej(¢) using inequality (4-53), we need to compare Ej(¢) and
F. 5(t). To carry this out, we use the definition (4-33) of p.(¢) and [Lagnese 1989, Lemma 2.1] to obtain

|pe ()| < CEx(1),
where C depends on 2, D, u, and Ko (K > Ko > 0) but not on ¢. Consequently

|Fe.s — E(t)] = 8pe (1) < SCEx(2).
Therefore,
(1 =8C)Ek(t) < Fe5(t) < (1+8C) Ex(1).
Moreover, since
Ex(®)+ 1 Er(t) = Ei(0),
one gets

d
—res < _a)Fs,B,

dt
where w = 8¢/(2(1 +8C)). As a consequence of (4-33), (4-36) and of the choice of ¢ (see (4-40)), we
conclude that there exist positive constants C > 0 and w > 0 such that

Ei(t) < CEr(0)e™"
for every ¢ > 0 and every solution of (1-1), (4-1), (1-3). O

5. Further comments and open problems

(1) Although we know the physical deduction for the nonlinear Mindlin—Timoshenko system (1-1)—(1-3),
see for example [Lagnese and Lions 1988; Rahmani 2014], we are not aware of results concerning
well-posedness and regularity for all £ > 0. However, since our main goal was to give a positive response
to the Lagnese—Lions conjecture, what we can say is that, for k£ large enough and for initial data in
the space X, the system (1-1)—(1-3) is very close to the known von Karman system (1-5)—(1-7) (see
Theorem 2.1). On the other hand, there is extensive literature dealing with well-posedness, regularity,
stability, etc., for system (1-5)—(1-7); see [Favini et al. 1996; Lagnese 1989; Lagnese and Leugering
1991; Lasiecka 1998; Perla Menzala et al. 2002]. In Section 4 we analyzed the asymptotic behavior
(as t — o0) for the solution of the nonlinear Mindlin—Timoshenko system with boundary feedback. To
this end, we had to request an additional regularity for their solutions. For this reason, in all results
of that section, we have used the expression “regular enough” to the solutions, in order to ensure
that, under certain restrictions, the results hold. In our case, for instance, if we consider the solution
{$1(6), p2(1), ¥ (1), m (1), ma(1)} € [H* N H]\ 12 x [H? N H]\ | x [H? N HY, 1%, the stability results hold.
For the linear Mindlin—Timoshenko system, this issue was treated in [Lagnese 1989, Remark 3.1].

(2) In the proofs of Theorems 2.1, 3.1, and 4.5, we have considered the case where the initial data are
fixed. The same results hold if we consider the case where they do depend on &, provided we assume
the initial data {q&’fo, ¢’1‘1, ¢>’2‘0, ¢>’2‘1, 11/(')‘, 1//{‘, n’fo, n’l‘l, 17’50, n’z‘l} to be such that the initial energy Ej(0)
remains bounded and such that they converge weakly to {¢10, @11, @20, P21, Yo, Y1, 110, D11, N20, 21} IN
the corresponding spaces.
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(3) It would be interesting to analyze whether the same stabilization results (Theorems 3.1, 4.5) hold
considering the systems (3-1), (1-2), (1-3) and (1-1), (4-1), (1-3) with less damping terms. To eliminate
some of these dissipative terms is a difficult task due to the complex nonlinearities involved. In this
context, we can mention the works [Alabau-Boussouira 2007; Alabau-Boussouira and Léautaud 2012;
Alabau-Boussouira et al. 2011; Ammar-Khodja et al. 2007; Soufyane 1999], which have obtained stability
for some hyperbolic systems without damping terms in some of their equations.

(4) Another interesting and difficult problem is to obtain the same result in Theorem 3.1 when the damping
mechanisms act in an arbitrary small region of the plate. The difficulty for this case, of course, consists in
getting a unique continuation result for the Mindlin—Timoshenko system. On this subject, we mention
[Cavalcanti et al. 2014; Charles et al. 2013; Geredeli and Lasiecka 2013; Komornik and Zuazua 1990;
Zuazua 1990], which have obtained decay rates for the energy of various hyperbolic systems considering
both linear and nonlinear localized damping terms.
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FINITE TIME BLOWUP FOR A SUPERCRITICAL DEFOCUSING
NONLINEAR SCHRODINGER SYSTEM

TERENCE TAO

We consider the global regularity problem for defocusing nonlinear Schrodinger systems
iat + Au = (VRmF)(U) +G

on Galilean spacetime R x [Rd, where the field u : R1T4 — C™ is vector-valued, F : C™ — R is a smooth
potential which is positive, phase-rotation-invariant, and homogeneous of order p + 1 outside of the
unit ball for some exponent p > 1, and G : R x R? — C™ is a smooth, compactly supported forcing
term. This generalises the scalar defocusing nonlinear Schrodinger (NLS) equation, in which m =1
and F(v) = 1/(p + 1)|v|?*L It is well known that in the energy-subcritical and energy-critical cases
whend <2ord >3and p <1+ 4/(d —2), one has global existence of smooth solutions from arbitrary
smooth compactly supported initial data #(0) and forcing term G, at least in low dimensions. In this paper
we study the supercritical case where d > 3 and p > 1+ 4/(d —2). We show that in this case, there exists
a smooth potential F' for some sufficiently large m, positive and homogeneous of order p + 1 outside of
the unit ball, and a smooth compactly supported choice of initial data u(0) and forcing term G for which
the solution develops a finite time singularity. In fact the solution is locally discretely self-similar with
respect to parabolic rescaling of spacetime. This demonstrates that one cannot hope to establish a global
regularity result for the scalar defocusing NLS unless one uses some special property of that equation that
is not shared by these defocusing nonlinear Schrodinger systems.

As in a previous paper of the author (Anal. PDE 9:8 (2016), 1999-2030) considering the analogous prob-
lem for the nonlinear wave equation, the basic strategy is to first select the mass, momentum, and energy
densities of u, then u itself, and then finally design the potential F in order to solve the required equation.

1. Introduction

The (inhomogeneous) nonlinear Schrodinger equation (NLS) takes the form

idu+ Au==+ul’lu+G,

where u : R x R — C is the unknown field of one time variable ¢ and d spatial variables x1, .

o Xd,

p > 1 is an exponent, A = 0y, dy; is the spatial Laplacian (with the usual summation conventions),
07,0x,,...,0x, are the partial derivatives in time and space, G : R x RY > Cisa forcing term, and =+ is

either the + sign (defocusing case) or — sign (focusing case). As is well known, in the homogeneous

case G = 0, this equation has (formally, at least) a conserved Hamiltonian

1
Hu):= | 2IVul>+——ul?*lq
(= [ AVuP & gl dx

MSC2010: 35Q41.
Keywords: discretely self-similar blowup, finite time blowup, nonlinear Schrédinger equation.
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which is nonnegative in the defocusing case; this Hamiltonian plays a crucial role in the large data global
regularity theory for such equations.

In this paper, we will study the following generalisation of the defocusing NLS equation, in which
the unknown field u is allowed to be vector-valued, but for which one continues to have a nonnegative
conserved Hamiltonian in the homogeneous case. Let C" be a standard finite-dimensional complex vector
space, with the real inner product

m
((z1,.+ .y zZm), (W1, ..., Wwy))cm :=Re Z ZjW;
j=1
and norm ||z|¢m 1= (Z,Z)gnz.
A function F : C"™ — R is said to be phase-rotation-invariant and homogeneous of order o for some

real « if we have

F(Av) = |A|*F(v) (1-1

for all A € C and v € C™; thus, for instance, F(e!?v) = F(v) for all § € R and v € C™. In particular,
differentiating (1-1) at A = 1 we obtain Euler’s identity

(l), (V@m F)(v))cm = OlF(l)), (1—2)
as well as the variant

(iv, (Vem F)(v))em =0 (1-3)

for all v € C™ where a gradient Vem F(v) € C™ exists. Here the gradient Vem F(v) is defined via duality
by the formula

(Ven F)w), when = 4 F (o + 1w)] = (1-4)

for all test directions w € C™. When « is not an integer, it is not possible for such homogeneous functions
to be smooth at the origin unless they are identically zero (this can be seen by performing a Taylor
expansion of F' around the origin). To avoid this technical issue, we also introduce the notion of F' being
phase-rotation-invariant and homogeneous of order a outside of the unit ball, by which we mean that
(1-1) holds for A € C and v € C"™ whenever |A|, ||v]|cm > 1, or whenever |A| = 1.

Define a potential to be a function F : C™ — R that is smooth away from the origin; if F is also
smooth at the origin, we call it a smooth potential. We say that the potential is defocusing if F is positive
away from the origin, and focusing if F is negative away from the origin. In this paper we consider
nonlinear Schrodinger systems of the form

i0;u+ Au= (Vem F)(u) + G, (1-5)

where the unknown field u : R x R? — C™ is assumed to be smooth, F : C™ — R is a smooth potential,
and G : R x RY — C™ is a smooth compactly supported forcing term. In the homogeneous case G = 0,
this is (formally, at least) a Hamiltonian evolution equation, with Hamiltonian

HO= [ 31VuRugon + P ds
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2

which is nonnegative when F is defocusing, where the quantity ||Vu/|Z, B

is given by the formula

”vu“éd(gcm 1= (0x; u, Ox, u)cm

with the usual summation conventions. By Noether’s theorem, the phase rotation invariance of this
Hamiltonian yields (formally, at least) the conservation of mass [na [|u ||¢2:m dx, while the translation
invariance of the Hamiltonian similarly yields conservation of the momentum 2 [p, (31, iu)cm dx. In
fact one has a conserved (pseudo-)stress-energy tensor Tog, which we will take advantage of later in the
paper.

Remark 1.1. One could of course consider other generalisations of the scalar NLS equation in which
the nonlinear term (Vcm F)(u) is replaced by other functions of u; for instance, in view of the form
+|u|?~Yu of the scalar nonlinearity, one might consider nonlinearities of the form A(u)u for some
scalar-valued or matrix-valued function A(u) of u. However, such equations would in general fail to have
a conserved Hamiltonian (or a conserved pseudo-stress-energy tensor) and would thus presumably have
worse behaviour at long times starting from large initial data.

We will restrict attention to potentials F* which are phase-rotation-invariant and homogeneous outside
of the unit ball of order p + 1 for some exponent p > 1. The scalar NLS equation introduced earlier
then corresponds to the case when m = 1 and F(v) = [v|?*1/(p + 1) (for defocusing NLS) or F(v) =
—[v|P*1/(p + 1) (for focusing NLS), with the caveat that one needs to restrict p to be an odd integer if
one wants these potentials to be smooth at the origin.

The natural initial value problem to study here is the Cauchy initial value problem, in which one
specifies a smooth initial position ug : R? — C™ and forcing term G : R x R? — C™, as well as the
potential F, and asks for a smooth solution u to (1-5) with u(0, x) = uo(x). To avoid ill-posedness issues
relating to the infinite speed of propagation of the Schrodinger equation, we will require the data u¢ and G
to be compactly supported in space, and restrict attention to solutions u that are in the Schwartz class.

Standard energy methods (see, e.g., [Cazenave 2003; Tao 2006]) show that for any choice of smooth
compactly supported data uq : R — C™ and smooth compactly supported forcing term G : Rx R — C™,
one can construct a unique smooth solution u to (1-5) in (—=7_, T}) x R4 for some 0 < T_, Ty < o0
which is Schwartz in space, with 7_, T maximal amongst all such solutions. Furthermore, if 7 < oo,
then ||u(¢)| Lo goes to infinity as ¢ — T4, and similarly for 7_. In these latter situations we say that the
initial value problem exhibits finite time blowup.

The global regularity problem for a given choice of potential F asks if the latter situation does not
occur, that is to say, for every choice of smooth, compactly supported data 1, G there is a smooth global
solution.

The answer to this question depends in a somewhat complicated way on the dimension d, the exponent p,
and whether the potential F is focusing or defocusing; the literature here is vast and the following
discussion is not meant to be comprehensive. Readers may consult the texts [Cazenave 2003; Bourgain
1999; Tao 2006] for more complete references. See Table 1 for an oversimplified summary of the situation.

Consider first the mass subcritical case p < 1+ %. It is known in this case from Strichartz estimates
and contraction mapping arguments (see, e.g., [Cazenave 2003]) that the initial value problem is globally
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well-posed in the Sobolev space H'! ([R{d ), regardless of whether the potential F is defocusing or not;
in the low-dimensional case d < 3, Strichartz estimates then place the solution locally in the space
LIL(R x R4), which is sufficient when combined with standard persistence of regularity arguments
based on the energy method (see, e.g., [Tao 2006, Proposition 3.11]) to show that solutions remain smooth
for all time. The case d = 4 can be handled by modifications of the arguments in [Ryckman and Visan
2007]. The global regularity question in higher dimensions d > 4 is still not fully resolved; note that for
the analogous question for the nonlinear wave equation (NLW), it was shown recently in [Tao 2016b] that
global regularity can in fact fail in extremely high dimensions d > 11, even in the “extremely subcritical”
case when the potential F' and all of its derivatives are bounded.

Now consider the case when p is mass critical or supercritical in the sense that p > 1 + %, but
is also energy critical or subcritical in the sense that either d < 3, or p <1 + ﬁ. In the case of
the focusing NLS, the well-known virial argument of Glassey [1977] shows that finite time blowup
can! occur (and in fact must occur if the initial data has negative Hamiltonian). If instead the potential
is defocusing, then it is known that the initial value problem is globally well-posed in the energy
space H'(R?). In energy-subcritical situations when d < 3 or p < 1 + ﬁ, this claim can again
be established from Strichartz estimates and contraction mapping arguments; see, e.g., [Cazenave
2003; Bourgain 1999; Tao 2006]. The energy-critical case when d > 3 and p = 1 + ﬁ 1S more
delicate; in the case of scalar NLS (in which m = 1 and F(u) = |u|P*!/(p + 1)), the d = 3 case was
established in [Colliander et al. 2008] (after several previous partial results), and the higher-dimensional
cases d = 4 and d > 4 were treated? in [Ryckman and Visan 2007] and [Visan 2007] respectively.
It is likely that these results can be extended to more general defocusing potentials, though we do
not attempt this here. Again, in low-dimensional cases d < 3, this H! local well-posedness can
be used in conjunction with Strichartz estimates to establish global regularity; see, e.g., [Bourgain
1999; Colliander et al. 2004; Tao 2006]; the d = 4 case was treated in [Ryckman and Visan 2007].
As before, the status of the global regularity question in higher dimensions d > 4 is not yet fully
resolved.

Finally, we turn to the energy-supercritical case when d >3 and p > 1 + ﬁ, which is the main
focus of this paper. The Glassey virial argument [1977] continues to show that finite time blowup can
occur here in the focusing case. In the defocusing case, the situation is less well understood. There are a
number of results [Burq et al. 2005; 2007; Christ et al. 2003; Carles 2007a; 2007b; Alazard and Carles
2009] that demonstrate that the solution map, if it exists at all, is highly unstable, although one can at
least construct global weak solutions, which are not known to be unique; see [Ginibre and Velo 1985;
Alazard and Carles 2009; Tao 2009].

The main result of this paper is to show that, at least for certain choices of defocusing potential F and
data ug, G, one in fact has blowup in finite time.

1Global regularity can however be restored if one imposes a suitable smallness condition on the data ugp, G; see, e.g.,
[Cazenave 2003].

2These papers are primarily concerned with the homogeneous case G = 0, but one can use the stability properties of NLS
(see, e.g., [Tao and Visan 2005]) to extend from the homogeneous case to the inhomogeneous case, at least in the context of H 1
global well-posedness.
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mass energy defocusing focusing
subcritical | subcritical | global well-posedness | global well-posedness
critical subcritical | global well-posedness | finite time blowup
supercritical | subcritical | global well-posedness | finite time blowup
supercritical | critical global well-posedness | finite time blowup
supercritical | supercritical | finite time blowup finite time blowup

Table 1. A somewhat oversimplified summary of whether nonlinear Schrodinger systems
are necessarily globally well-posed, or can admit finite time blowup solutions, for
various criticality types of exponents and for both focusing and defocusing nonlinearities.
Theorem 1.2 establishes the bottom entry on the third column.

Theorem 1.2 (finite time blowup). Let d > 3, let p > 1 + ﬁ, and let m be a sufficiently large
integer. Then there exists a defocusing smooth potential F : C" — R that is phase-rotation-invariant
and homogeneous of order p + 1 outside of the unit ball, and a smooth compactly supported choice of
initial data ug : R — C™ and forcing term G : R% x R — C™, such that there is a smooth, compactly
supported solution u : [0, 1) x R4 — C™ to the nonlinear Schrodinger system (1-5) with the property that
(@)oo (ray goeS to infinity ast — 17

When combined with the known uniqueness theory for (1-5) (see, e.g., [Cazenave 2003; Tao 2006]), we
see that there cannot be any smooth global solution to (1-5) with this data that is Schwartz in space (one
can relax the Schwartz requirement considerably, but we will not attempt to do so here). The presence of
the forcing term G is an unfortunate artefact of our method, which (due to the absence of finite speed of
propagation for Schrédinger equations) requires one to use the forcing term to truncate a solution to a
homogeneous equation that decays too slowly at infinity. It is however reasonable to conjecture that the
above theorem can be strengthened by making G vanish (with u now being Schwartz in space rather than
compactly supported).

We have not attempted to optimise the value of m produced by the arguments in this paper, but it will
grow quadratically in the dimension d: m = O(d?). It would of course be of great interest to set m
equal to 1 in order to have the blowup result apply to the scalar defocusing NLS; however, our method
requires a lot of “freeness” to the solution u (in particular invoking a version of the Nash embedding
theorem [1956]), and it does not seem possible to adapt it for this purpose. Nevertheless, Theorem 1.2
does construct a “barrier” against any attempt to prove global regularity for the scalar supercritical NLS,
in that any such attempt must crucially rely on some property of the scalar equation that is not enjoyed by
the vector-valued equations considered here. For instance, this theorem rules out any approach to global
regularity for scalar supercritical NLS that relies on somehow manipulating the conservation laws of
mass, momentum and energy to generate new a priori bounds on the solution.

Remark 1.3. We have only stated blowup in the L° norm in Theorem 1.2; however, the construction
of blowup is locally discretely self-similar, so one can in fact establish blowup of any subcritical norm,
as well as blowup of any critical spacetime norm that involves integration in the time variable (such
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Lgf;_l)(dﬂ)/ 2([0, 1) x R?)). It also blows up in the critical purely spatial norm

as the Strichartz norm
H v (R?); see Remark 3.2 below. In particular this rules out the solution being continuable as a
strong solution in a subcritical or critical norm; not coincidentally, these are also the norms which arise
in the well-posedness (and persistence of regularity) results for these equations. Meanwhile, due to
conservation of mass and energy, the solution stays bounded in the supercritical norm H ! (R9). Tt is likely
that one can continue the solution beyond the blowup time as a weak solution without any guarantees
of continuity or uniqueness, for instance, by adding a small dissipative term and taking a weak limit to

create a viscosity solution. We do not pursue these matters here.

Theorem 1.2 is an analogue of the recent finite time blowup result by the author [Tao 2016a] for
vector-valued defocusing NLW equations, and the argument follows broadly similar lines, in particular
performing a sequence of “quantifier elimination™ steps, each of which removes one or more of the
unknown fields from the problem.

The first reduction is to reduce matters to constructing a discretely self-similar solution to a homogeneous
NLS system (1-5), in which G is now zero, the potential F is homogeneous everywhere (not just o;ltside the
unit ball), and the solution u obeys the discrete self-similarity relationship u(4¢,2x) = e'*2™ »—Tu(t, x)
(the phase rotation « is needed for technical reasons, but can be ignored for a first reading). In order to
perform this reduction, it will be important that the self-similar solution u# remains smooth all the way up
to the initial time slice ¢ = 0 (except at the spacetime origin (¢, x) = (0, 0) where a singularity occurs).
See Theorem 3.1 for a precise statement of the claim needed.

Now that the forcing term G is eliminated from the problem, the next step is to eliminate the potential F
by first locating a self-similar field u, and then constructing a homogeneous defocusing potential F
to solve (1-5) with that given u. In order for this to be possible, the field u (as well as the “potential
energy” field V = F(u)) have to obey some differential equations (related to the conservation of mass,
momentum, and energy and the Euler identity (1-2)), as well as some positivity and regularity hypotheses;
see Theorem 4.2 for a precise statement. The derivation of Theorem 3.1 from Theorem 4.2 relies on a
classical extension theorem of Seeley [1964] that allows one to extend a smooth function on a submanifold
with boundary to a smooth function on the entire manifold.

The differential equations alluded to in the previous paragraph can be expressed in terms of the potential
energy field V' and the “Gram-type matrix” G [u, u] of u, which is a (2d +4) x (2d + 4) matrix consisting
of inner products (Dju, Dou)cm for various differential operators

DDy €{l,i 85, . 05y 0s:i0x ... i0x,.i0;}.

The coefficients of the Gram-type matrix G [u, u] necessarily obey a number of constraints; for instance,
G u, u] will be symmetric and positive definite, and one has the Leibniz type identities

8xj (uv u)cm = 2(”7 a.XTju)(]:m’
3xj (iu, axku)qjm - axk (iu, iju)@m = 2(i8xju, 8xku)¢m.

One can then eliminate the field u in favour of the Gram-type matrix by reducing Theorem 4.2 to a
statement about the existence of a certain matrix G of fields (as well as a potential field V') obeying
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the above-mentioned constraints and differential equations; see Theorem 5.4 for a precise statement.
Conveniently, the constraints and equations are now /linear in the fields G, V, in contrast to the nonlinear
nature of the original equation (1-5). In order to reconstruct the field u from the Gram-type matrix G,
one needs a “partially complexified” version of the Nash embedding theorem [1956]; this is the main
reason’ why the target dimension m is required to be large. Unfortunately, the existing forms of the
Nash embedding theorem in the literature are not quite suitable for this application, and we need to
adapt the proof of that theorem to establish the embedding theorem required (which we formalise as
Proposition 5.2). The proof of this embedding theorem is given in the Appendix.

The Gram-type matrix G contains a large number of fields, while simultaneously being required to
obey a large number of constraints. One can cut down the degrees of freedom considerably, as well as the
number of constraints, by requiring the Gram-matrix to be homogeneous with respect to parabolic scaling,
and also to be rotation-invariant in a certain tensorial sense. This reduces the number of independent
components of G and V' to seven scalar fields g1,1, £3,.5, £3,,.9,> £0,.9,> &1.,i3,> &1.,i3,» V Which obey
a certain number of conservation laws, positivity hypotheses, and some additional constraints such as
homogeneity; see Theorem 5.4 for a precise statement. The fields gp,, p, for various differential operators
D1, Dy are supposed to be proxies for the inner products (Diu, Dou)cm, while v is a proxy for the
potential energy V(u). (Strictly speaking, G contains another scalar field gj, 5,, a proxy for ||0,u ||%m,
which is independent of the other fields, but it is essentially unconstrained by any of the conservation
laws, and can be set to be extremely large and then ignored.)

Amongst the various constraints between the remaining scalar fields is the energy conservation law,
which in this notation becomes

-1
0(380,.3, + 3(d = Dga, 5, +v) = (3 + dT)gar,at =0. (1-6)

This law can be used in the energy subcritical case to rule out the type of discretely self-similar solutions
we are trying to construct here; with a bit more effort involving an additional Morawetz-type identity
arising from momentum conservation, one can also rule out such solutions in the energy-critical case.
However, in the energy-supercritical case it turns out that the conservation law (1-6) is easy to satisfy,
basically because the scalar field gj, 5, (representing energy current) that appears in this law has no
presence in any of the other conservation laws, allowing the energy to be transported spatially at an
essentially arbitrary rate. In the energy-supercritical case, the total energy becomes infinite, and so it
becomes possible to eliminate the field g5, 5, and the energy conservation equation (1-6), reducing one to
a variant of Theorem 5.4 with one fewer scalar field and one fewer constraint equation. One can similarly
use another constraint

d—1
g1,io, t %(33 + Tar)gl,l — 8,0, —(d—1gs,.5, =+ Do

31t may be possible to cut down the dimension m substantially by restricting attention to solutions that are spherically
symmetric, thus effectively reducing the dimension d to 1. However, we were not able to achieve this, mainly because we could
not construct a stress-energy tensor with the required properties for which the angular stress 7y, vanished. On the other hand,
we could not definitively rule out the existence of such a tensor either.
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(which ultimately arises from the Euler identity (1-2)) to easily eliminate the field g ;5, (which makes
no appearance in any of the other constraints), leaving one with just five remaining scalar fields g1.1,
89,8, 8040, &1,id,» Vs see Theorem 6.2 for a precise statement.

An inspection of the remaining constraints reveals that the potential field v and the angular stress
89,0, Play almost* the same roles, and some elementary manipulations allow one to effectively absorb
the potential v into the angular stress gy, 5., (and also the radial stress g, 3,), allowing one to reduce to
the case v = 0; see Theorem 7.1 for a precise statement. Now there are just four independent scalar fields
g1,1> £0,.9,» £9,.9,+ &1,i0, that one needs to locate.

One of the remaining constraints is the momentum conservation law, which can be rewritten as

0 (ri gy a,) = (d —1)r?2gy, o, +S1,

where S is the field

S1= 447 (00 (02 + L0 )1 + 200803,

One can integrate this law to obtain a representation of the radial stress g3, 5, as a certain integral
involving g3, 5, and Sp. The requirement that g5, 5. be smooth up to the initial time ¢ = 0 enforces
some asymptotic vanishing conditions on the integrand, while the positive definiteness of the Gram
matrix enforces an additional inequality on the integral. Once these conditions are satisfied, one can then
eliminate the field g3, 5, from the problem, leaving only three fields g1,1, £3,,.9,, £1,i9, tO construct.
See Theorem 8.1 for a precise statement.

The angular stress g3, 5, is now only constrained by a nonnegativity condition and by the constraints
on the integral involving g5 5, and S; mentioned above. It is then not difficult to eliminate g3, 5, , and
reduce matters to locating just two fields g1,1, g1,;5, that obey a mass conservation law

d—1

0811 = 2(3r + T)gl,iar

together with a number of technical additional conditions, mostly involving integrals of the quantity S
mentioned above. See Theorem 9.1 for a precise statement.
The mass conservation law can be solved explicitly by using the ansatz

g1 =2r""49,(r W),
grio, =r' "0 (r?W)
for a suitable scalar field W. Now that there is only one field W to choose, it becomes possible to write

down an explicit choice of this field that obeys the few remaining constraints required of it; we do so in
Section 11.

4This phenomenon is analogous to the well-known fact that when applying separation of variables in polar coordinates to the
free Schrédinger equation i d;u + Au = 0 in which u(¢, rw) = v(¢, r)Y;(w) for some spherical harmonic Y, of degree ¢, the
effect of the spherical harmonic is identical to that of a (defocusing) Coulomb type potential £(£ + 1)/r2.
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2. Notation

Throughout this paper, the spatial dimension d, the target dimension m, and the exponent p will be fixed.
Unless otherwise stated, we will always be assuming the energy supercritical hypotheses
4
d-2"

We will also assume that the target dimension m is sufficiently large depending on d. In particular, all the

d>3, p>1+ (2-1)

theorems in subsequent sections will implicitly have these hypotheses present (though from Theorem 5.4
onwards, the target dimension m plays no further role as the field u is eliminated at that point).

We use the asymptotic notation X = O(Y) or X < Y to denote the estimate | X | < CY for some C
depending on the above parameters p, d. In some cases we will explicitly allow the implied constant C
to depend on additional parameters.

Most of our analysis will take place in the spacetime region

Hy = ([0, +00) x RY)\{(0, 0)} (2-2)

or the one-dimensional variant
Hy := ([0, +00) x R)\{(0, 0)}, (2-3)

that is to say, on the portion of spacetime consisting of the present ¢+ = 0 and future ¢ > 0, but with
the spacetime origin (0, 0) removed. On these regions we introduce the parabolic magnitude function
p:H; — Rorp: H — R defined by

p(t,x) 1= (¢ + |x|H)4 (2-4)
for (t,x) € H;, or
pt,r) = (> +r)3 (2-5)

for (¢,r) € Hy. We also introduce the discrete scaling operator 7' : H; — H; by the formula
T(t,x):= (41,2x) (2-6)

(thus, for instance, po T = 2p) and let 77 := {T" : n € Z} be the group of scalings generated by T. A key
point is that the quotient space H;/TZ of spacetime by discrete scalings is compact; indeed one can view
this space as the set {(¢, x) € H; : 1 < p <2} with the boundaries p =1 and p =2 identified. We have chosen
to use the scaling (¢, x) — (41, 2x) in (2-6) to generate the discrete self-similarity, but this is an arbitrary
choice, and one could just as well have used another scaling (¢, x) — ()\%t, Aox) for some fixed Ag > 1.

3. Reduction to constructing a discretely self-similar solution

We begin the proof of Theorem 1.2. In analogy with the argument in [Tao 2016a], the first step is to reduce
to locating a discretely self-similar solution to a homogeneous nonlinear Schrodinger equation, thus
eliminating the role of the forcing term G. In the previous paper [Tao 2016a], one could use the finite speed
of propagation of nonlinear wave equations to restrict spacetime to a light cone {(z, x) : ¢ > 0, |x| < ¢} for
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the purposes of locating this solution. In the current context of nonlinear Schrddinger equations, one has
infinite speed of propagation, and so one can only restrict to the region H; defined in (2-2). To get from
here to Theorem 1.2, one must now apply a spatial cutoff, which is responsible for the forcing term G
that is present in this paper but not in the previous work [Tao 2016a].

We turn to the details. We will derive Theorem 1.2 from:

Theorem 3.1 (first reduction). There exists a defocusing potential F : C™ — R which is phase-rotation-
invariant and homogeneous of order p + 1 and a smooth function u : Hy; — C™\{0} that solves (1-5)

(with G = 0) on its domain and is nowhere vanishing, and also discretely self-similar in the sense that
w(T (1, x)) = €92 7=Tu(t, x) (3-1)
forall (t,x) € Hy, and some a € R, where T is the scaling (2-6).

A key point here is that u is smooth all the way up to the boundary of the region H; (except at
the spacetime origin (0, 0)), rather than merely being smooth in the interior. The exponent —% is
mandated by dimensional analysis considerations; the phase shift « is needed for more technical reasons,
representing a “total charge” coming from the nonzero momentum density. It would be natural to consider

solutions that are continuously self-similar in the sense that
-2 4, a
u(A2t, Ax) = A7 -T2y (1, x)

for all A > 0 (not just powers of 2) but we were unable to construct such a solution. In the analogous
situation for the NLW, such continuously self-similar solutions can be ruled out by ad hoc methods for
some ranges of d, p, as was shown in [Tao 2016a, Proposition 2.2].

Let us assume Theorem 3.1 for the moment, and show how it implies Theorem 1.2. Let F,u be as
in Theorem 3.1. Since u is smooth and nonzero on the compact region {(¢,x) € Hy : 1 < p <2}, itis
bounded from below in this region. By replacing u with Cu and F with v +> C2F(v/C) for some large
constant C, we may thus assume that

[u(z, x)[[em = 1

whenever (¢, x) € H; with 1 < p < 2. Using the discrete self-similarity property (3-1), we then have this
bound whenever p < 2; in fact we have a lower bound on ||u(z, x)||c that goes to infinity as (¢, x) — 0,
ensuring in particular that [|u()|| .o (ga) goes to infinity as z — 0.

Using a smooth cutoff function, one can find a smooth defocusing potential F; : R” — R that is phase-
rotation-invariant and agrees with F in the region {v € C™ : ||v||cm > 1}. Then u solves (1-5) with this
potential in the truncated region {(¢, x) € H; : p <2}, and in particular in the region {(¢, x) € H; :t, |x| <1}.
Next, let ¢ : R? — [0, 1] be a smooth function supported on the ball {x € R : |x| < 1} that equals 1 on
{x €R?:|x| < 1}, and define the functions ii : [0, 1) x R¢ — C™, F:C" — R, G :[0,1) xR — C™
by the formulae

u(t,x) :=u(l—t,x)p(x),
F) = Fi(0).

G(r,x):=i0.7(t, x) + Aii(t, x) — F(ii(t, x)).
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It is clear that F is a smooth defocusing potential that is phase-rotation-invariant and homogeneous
of degree p + 1 outside of the unit ball, while 1, G are smooth functions supported on the regions
{(t.x) €[0,1) xR : |x| < 1} and {(t,x) € [0, 1) xR? : L <|x| < 1}, with [[i(¢)]| L~ going to infinity
as t — 1. This gives Theorem 1.2 (with u, F, G replaced by 7, F, G respectively).

It remains to prove Theorem 3.1. This will be the focus of the remaining sections of the paper. We
remark that with the reduction to Theorem 3.1, we have effectively “compactified” spacetime, as the
discretely self-similar solution can be viewed as a solution (interpreted geometrically as a section of an
appropriate vector bundle) on the smooth compact manifold® with boundary H;/ TZ.

Remark 3.2. From the above construction we see that the solution # used to demonstrate Theorem 1.2 will
stay smooth at the blowup time ¢t = 1 away from the spatial origin, thoggh 12t will be discretely self-similar
near the origin at that time; in particular the critical Sobolev norm H 2~ 7—T (R?) will be infinite at time
t =1, so the blowup is of “type I’ in nature. This is consistent with the results in [Killip and Visan 2010]
which rule out “type II”’ blowup for energy supercritical nonlinear Schrodinger equations, at least in dimen-
sions 5 and higher. Beyond the blowup time, one can still continue the solution as a weak solution, although
we have nothing new to say about the uniqueness (or lack thereof) of such a solution, or of its regularity.

4. Eliminating the potential

We now exploit the freedom to select the defocusing potential F' from Theorem 3.1 by eliminating it
from the equations of motion. To motivate this elimination, let us formally manipulate the equation

i0;u+ Au= (Vem F)(u),

where F is assumed to be defocusing, phase-rotation-invariant, and homogeneous of order p + 1, in order
to derive equations that do not explicitly involve F.
From (1-2), (1-3) we have the identities

(10 + Auuyem = (p+ DV, @1)
(idsu + Au,iu)em =0, 4-2)
where we define the potential energy density V by
V.= F(u).

Note that the defocusing nature of F' makes V' nonnegative. From (1-4) and the chain rule we also have
the additional identities

(i0ru + Au, 0x;u)cm = 0x; V, (4-3)
(iatu—i—Au,atu)@m =8tV (4—4)

for j =1,...,d. We have thus obtained d + 3 equations involving the fields u, V' that do not directly
involve the nonlinearity F.

3This manifold is diffeomorphic to the solid torus B(0, 1) x (R/Z), where B(0, 1) is the closed unit ball in R?. However, we
will not need to use the diffeomorphism type of the manifold H;/TZ in this paper.
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Remark 4.1. The equations (4-1)—(4-4) are closely related to the usual conservation laws for the nonlinear
Schrodinger equation. Indeed, if we define the pseudo-stress-energy-tensor

Too := [[ul|Zm.
Toj =Tjo := 2(3xju,iu)@m,
Tjie 1= 4(0x; 1, deu)em + 8 2(p = DV = 8 Al |m)
for j =1,...,d, where § is the Kronecker delta, and also define the energy density
E = %(axju, dx,u)em +V
(with the usual summation conventions) and energy current
Jj = —(0x,u, dsu)em
for j =1,...,k, then one can easily use (4-2) to deduce the mass conservation law
d:Too + 0x; Tjo =0
and similarly use (4-1), (4-3) to deduce the momentum conservation law
¢ Tok +0x; Tjr =0
fork =1,...,d. From (4-1), (4-4) we can also obtain the energy conservation law
0 E +0x;J; =0.
Finally, we can rewrite (4-1) in a way that does not explicitly involve second derivatives of u as
(iug, uhom + 5 AToo — (Ox;u. dx,u)em = (p+ V. (4-5)

Conversely, if we take (4-5) as a definition of the potential energy density V, then the above conservation
laws can be used to recover (4-2)—(4-4).

Now assume that u obeys the discrete self-similarity hypothesis (3-1) and is nowhere vanishing. We
recall that the complex projective space CP™ ! is the quotient space

cpm1.= (C™\{0})/C*

of the manifold® C™\{0} by the action of the multiplicative complex group C* = C\{0} by scalar
multiplication. Let 7 : C"\{0} — CP"~! be the projection map; then  ou : H; — CP™~! is a smooth
map which is invariant under the action of 7Z, and thus descends to a smooth map 6 : Hy /T4 — CP™~ 1,
We will derive Theorem 3.1 from:

Theorem 4.2 (second reduction). There exists a smooth nowhere vanishing function u : H; — C™\{0}
which is discretely self-similar in the sense of (3-1) for some o € R, and a smooth function V : Hy — R
such that the defocusing property

V>0 (4-6)

SFor the purpose of defining tangent spaces, cotangent spaces, differentials, etc., we will view spaces such as C™\ {0} as real
manifolds (of dimension 2m) rather than complex manifolds, although we will certainly also use the complex structure.
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and the equations of motion (4-1)—(4-4) hold on all of Hy. Furthermore, the map 0 : Hy ) T? — CP™ -1
defined above is a smooth embedding, that is to say, it is injective and immersed in the sense that the
d + 1 derivatives 0;0(t, x), 0x,0(t,x), ..., 0x, (¢, x) are linearly independent in the tangent space of
CP™ 1 ar 0(¢, x) for all (¢, x) € Hy.

Let us assume Theorem 4.2 for now and see how it implies Theorem 3.1. Let d, p, m, u, V, 6 be as
in Theorem 4.2. To prove Theorem 3.1, it will suffice to produce a defocusing potential F : C" — R,
phase-rotation-invariant and homogeneous of degree p + 1, such that the identity

i0;u + Au = (Vem F)(u) 4-7)

holds on all of H;. Since u never vanishes, we can of course remove the origin O from the domain of F,
working instead on the manifold C"*\{0}.
We now consider the subset I' of C"*\ {0} defined by

[:={zu(t,x):(t,x) e Hy, z€ C*}
or equivalently
T=x""(0(Ha/T?).

This is a (d +2)-dimensional C*-invariant smooth submanifold (with boundary) of C"*\{0}. The values
of the potential F' and its gradient Vem F on I' are determined by the data u, V. Indeed, if F was
phase-rotation-invariant, homogeneous of degree p + 1, and obeyed (4-7), then from (1-2), (4-1) and
homogeneity we must have

B |Z|p+1
F(zu(t,x)) = P Vi, x) (4-8)
and
(Vem F)(zu(t, x)) = |z|P 71z (i d,u(t, x) + Au(t, x)) (4-9)

for all (z,x) € Hy and z € C*. Conversely, if we can locate a defocusing potential F that is phase-
rotation-invariant, homogeneous of degree p + 1, and obeys the identities (4-8), (4-9) on I, then we of
course have (4-7) after specialising (4-9) to the case z = 1.

It remains to construct such an F. In view of the constraints (4-8), (4-9), it is natural to introduce the
functions Fo: ' - R and F; : ' — C™ by the formulae

|Z|p+1

Fo(zu(t, x)) := vz, x), (4-10)
p+1

Fi(zu(t,x)) := |z|P 7 z(i d;u(t, x) + Au(t, x)) (4-11)

for all (¢, x) € Hy and z € C*. As we are assuming 6 to be injective, we see that zu(z, x) = z'u(t’, x’)
2 .
occurs if and only if (¢, x") = T"(t, x) and z’ = 27-1"z for some integer n. On the other hand, from

(3-1), (4-1) we have
_2(p+D)
V(T"(t,x)) =2 »=1 "V(t,x)
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and similarly from (3-1) we have
i10,u(T"(t,x)) + Au(T"(t,x)) = 2_%"(1'8,14(1, X) 4+ Au(t, x))

and so we see that the functions Fy, F; are well defined. As 6 is also a smooth embedding, the functions
Fy, F1 are also smooth on I'; from (4-6) we know that Fj is strictly positive. By construction we clearly
have the homogeneity relations
Fo(zv) = |z|P 1 Fo(v), (4-12)
Fi(zv) = |z|P7 2 Fi (v)
for all v € " and z € C*. Our task is to extend Fp : ' — R to a defocusing potential F : C"\{0} — R
that continues to obey the relation (4-12), and such that Vgm F agrees with F7 on T
At any given point zu(z, x) of I, the tangent space T3, x)I" is spanned (as a real vector space) by
the vectors zu(t, x), izu(t, x), zosu(t, x), and Zaxju(t,x) for j =1,...,d. From (4-1)-(4-4), (4-10),
(4-11) and linearity, we conclude the identity

dFo(v)(w) = (F1(v), w)cm (4-13)

forany v eI' and w € T, I, where d Fo(v) € T,/ T is the differential of Fy at v, or equivalently d Fo(v)(w)
is the directional derivative of Fy at v along the tangent vector w. To put it another way, if we use the
inner product ( , )cm to identify C™ with the dual space (C™)* = T,7C™ (viewed as real vector spaces),
then d Fyp(v) is the projection of F;(v) to T, T" (using the dual of the inclusion map from 7, I" to 7,C™).

It will be convenient to normalise out the homogeneity on F, Fy, F. Define the normalised functions
FO(I) :T' - R and Fl(l) : ' — C™ by the formulae

FP ) = [v|2 " Fo(v),
F{P@) = vlgh ™ Fiw) = (p+ DI IIgE ™ Fo(w)v.
Then Fo(l), F 1(1) are smooth, with the homogeneity relations
Fél)(zv) = Fo(l)(v),
Fl(l)(zv) = |z|_22F1(1)(v)
for all v € I' and z € C*; also, from (4-13) and the product rule we see that
dFsP )W) = (F{V (), w)em (4-14)

for any v € I' and w € T, I'. Finally, FO(I) is clearly everywhere positive.
Since Fo(l) : ' — R is invariant under the action of C*, it descends to a smooth positive function
Fo(z) :0(H;/T?) — R on the quotient space I'/C* = 6(H;/ T%); thus

F? (m(v)) = F§P ()

for all v € I'. For any v € I, we define the covector F 1(2) (r() eT; CP™~! by the formula

)
F2 (0(0)) (a0 (W) := (F (0), w) e
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for all w € T,,C"™ = C™, where 74, : T,C" — T,T(v)C[P’m is the projection map. Note from (4-14)
and the C*-invariance of F D) that F (1)(1)) is orthogonal to the kernel of 7y ,; this and the homogeneity
of Fo(l), F(l) ensure that F( ) is well defined and smooth on 7(I') = 0(Hy/T?). From (4-14) we see

dFP @) () = F (5) () (4-15)

forall o € @(Hy/T?) and w € T360(H,;/ T?); in other words, Fl(z) agrees with dFO(Z) at any point ¥ on
the compact manifold with boundary 6(H;/ T7), after restricting to the tangent space T50(Hy/T?) of
that manifold.

One can view H/ TZ as a smooth compact submanifold (with smooth boundary) of (RxR4\ {0, 0})/ T'Z.
The function 6 : Hy/TZ — CP™"! can be extended smoothly to an open neighbourhood of this
submanifold using a classical theorem of Seeley [1964]; the embedded copy 0(Hy/T?) of Hy/T? in
CP™~! can then similarly be extended to a slightly larger open manifold of the same dimension d + 1.
A further application of Seeley’s theorem allows one to smoothly extend FO(Z) to this enlargement of
6(H,/T%). Using this extension as well as (4-15) and Fermi normal coordinates (using, for instance,
the Fubini—Study metric on CP™ 1), one can then obtain a smooth extension Fé3) of FO(Z) to an open
neighbourhood U of the embedded copy 0(Hz/T%) of Hy/T% in CP™! in such a fashion that
dF, 3) = F @ on 6(H,;/T%). By shrinking U if necessary one can ensure that F0(3) is positive on all
of U. If one then sets FO(4) : CP"™! - R to be the function defined by

4
FY = oF +(1-9)

for some smooth cutoff ¢ : CP™~! — [0, 1] that is supported on U that equals 1 on a neighbourhood of
O(Hyz/T?), we see that F, @ .cpm-! LRisa positive smooth extension of F ) Such that d Fy @ _ =F; =
on O(H,;/T?).

If we now set F : C"\{0} — R to be the function

F@) = [v| 25 FP (e (v))

then F is a defocusing potential that is phase-rotation-invariant and homogeneous of degree p + 1. By
construction, F agrees with Fy on I', and

d(Jvligh™ FY)w) = (K" @), w)en
forall v € I" and w € T,C™ = C™. By the product rule and construction of F; @ , this implies
dF (v)(w) = (F1(v), w)cm

forall v e I' and w € T,C™, and thus
Vem F = Fy

on I', as desired.
It remains to establish Theorem 4.2. This will be the focus of the remaining sections of the paper.
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operator D parabolic order ord(D)
1, i 0
x;» 10x;, O, 107, 0o 1
0, 10; 2

Table 2. The parabolic order ord(D) of various differential operators D (or formal
differential operators) used in this paper. Some of the operators in this table will only be
defined in subsequent sections.

5. Eliminating the field

In view of Remark 4.1, the constraints (4-1)—(4-4) that need to be satisfied in Theorem 4.2 can be expressed
in terms of the pseudo-stress-energy tensor Too, To;, Tk, as well as the energy density £ and the energy
current J;. These quantities in turn depend linearly on the potential energy density V' and the components
of the (2d + 4) x (2d + 4) Gram-type matrix G [u, u], where we define

G[U,U] = ((D1u9D2v)Cm)D1,D2€'D (5-1)
for any smooth u, v : H; — C™, where D is the finite set of differential operators
D .= {1,i,8x1,...,Bxd,8t,i8x1,...,i3xd,i8t}.

For our later arguments, it will be crucial to observe that the component (d;u, 0;u)cm = (i dzu,id;u)cm
of the Gram-type matrix G[u, u] is not used to determine the quantities Too, 7o, Tik, E, Jj, and in
particular will be allowed to be extremely large compared to the other components of this matrix.

As in [Tao 2016a], the strategy of proof of Theorem 4.2 will be to eliminate the role of the field u by
reformulating the problem in terms of V' and the Gram-type matrix G [u, u] (or on closely related quantities
such as Too, Toj, Tjk, E, Jj). To do this, it is natural to ask what constraints a (2d + 4) x (2d + 4)
matrix-valued function G on Hy has to obey in order to be expressible as a Gram-type matrix G [u, u] of a
smooth field u : H; — C™ obeying the homogeneity condition (3-1). Certainly we will have homogeneity
relations of the form

(D1u(41,2x), Dou(4t,2x))om = 2~ p=1~od@D=0rdD2) ( By ) Doult, x))em,

where the parabolic order ord(D) of a differential operator D € D is defined by Table 2. Also, it is clear
that the matrix G[u, u] is real symmetric and positive semidefinite, with the additional constraint

(iDlu, iDzu)Cm = <D1u, Dzu)@m (5—2)
for Dy, Dy =1,0x,,...,0x,,d;. From the product rule we also have the additional constraints
(u, Dyu)em = S D1 {(u,u)em (5-3)

and
D1 (M, iDzu)Cm — Dz(u, iDlu)@m = 2(D1u, iDzu)@m (5—4)
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for D1, Dy = 0x,,...,0x,.d;. Finally we have
<iD1M,D2M>@m = —(Dlu,iDzu)Cm (5-5)
for D1,D3 = 1,0x,,...,0x,,0;. One could then hope that these were essentially the complete list

of constraints on the Gram-type matrix G[u, u]. In the real case, in which u takes values in the real
Euclidean space R™ (with the usual inner product { , )gm), and the set of operators D is reduced to the
d + 2 operators

Dr:={1,0x,,...,0x,,0¢},

one can obtain such a claim using the Nash embedding theorem [1956]:

Proposition 5.1. Let (Gp,,p,)D,,D,epy be a (d +2) x (d + 2) matrix of smooth functions Gp, p, :
H; — R obeying the following hypotheses:

(i) Foreach (t,x) € Hg, the matrix (Gp,.p,(t,X))D,,D,eny is Symmetric and strictly positive definite.

(i1) One has the scaling law
_4 _ —
Gp, p,(41,2x) =2 o1 PP (5-6)

forall Dy, D, € Dy and (t,x) € Hy.

(iii) We have the identity
G1,p,(t,x) = Gp,,1(t,x) = 3G1,1(1, %) (5-7)

forall (t,x) € Hy and D1 € Dg\{1}.

Suppose also that m is an integer that is sufficiently large depending on d. Then there exists a smooth
Sfunction u : Hy — R™ that is nowhere vanishing and obeys the discrete self-similarity (3-1) witha =0
such that

Gp,,p,(t, x) = (D1u(t, x), Dau(t, x))rm (5-8)

forall Dy, Dy € Dy and (t, x) € Hy. Furthermore, the function 0 : (t,x) — u(t,x)/||u(t, x)||rm, when
descended to the quotient space Hy/T?, is a smooth embedding.

Proof. Observe from the chain and quotient rules that if u is smooth and obeys (5-8), then u is nowhere
vanishing (since G, is strictly positive) and the direction map 6 : (¢, x) — u(t, x)/||u(t, x)||rm obeys
the identity

ng,]_)z(l,x) = (D19(t,x),D29(t,x))Rm (5—9)
for (t,x) € H; and D1, D, € Dg\{1}, where the functions gp,,p, : H; — R are given by the formula

Gp,,p, . G1,0,G1,p,
G G12,1

8D,D, ‘=

Motivated by this, our strategy will be to construct the direction map 6 obeying (5-9) first, and use this to
then reconstruct u.
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Since Gy,1 is strictly positive, the (d + 1) X (d + 1)-matrix g = (gp,,D,)D,,D,eDg\{1} 1S smooth
and symmetric; from the hypothesis (ii), the matrix g is 77-invariant, and can thus (by slight abuse of
notation) be viewed as a function on the quotient space Hy/TZ. From the identity

Z 8D1,D, 4D, 4Dy = Z Gp,,p, bp, bp,
D1,D>€Dg\{1} D1,D2€D

for all reals ap, D € Dr\{1}, where

apG
bp := —af;z and by := —ZDGDR\{;})Z b I’D,
G G

and the hypothesis (i), we see that the matrix g is strictly positive. Thus (H;/TZ, g) can be viewed as
a smooth compact (d +1)-dimensional Riemannian manifold with smooth boundary. If my is a large
enough integer, we may then apply the Nash embedding theorem [1956] (see also [Giinther 1991]) and
find a smooth isometric embedding of (Hz/T?%, g) into a Euclidean space R™0. As observed in [Tao
2016a, §4], any compact region of R”0 may be isometrically embedded into the unit sphere S™~! of R
if m > 2mg + 2. Thus, for m large enough, we may find an isometric embedding 0 : H;/T? — S™~!
of (Hy/T?, g) into unit sphere S™~! of R™ (with the induced Euclidean metric); thus 6 is a smooth
embedding and obeys the identity (5-9) (after lifting up from H,;/T% to Hy). If one then defines the
function u : H; — R™ by the formula

u(t,x) 1= 6(t,x)G1.1 (1, x)2

then u is smooth, nowhere vanishing, and obeys (3-1) with ¢ = 0, and from a routine calculation
using the product and chain rules (as well as hypothesis (iii)) we have the required identity (5-8) for all
D1, Dy € Dr\{1}; it is also clear that (5-8) holds when D1 = D, = 1. Differentiating the latter identity
in space or time using (iii) and the product rule, we obtain the remaining cases of (5-8), and the claim
follows. O

One could use the literature on the Nash embedding theorem to extract an explicit value of m as
a function of d in the above proposition, but we will not seek to optimise this value here. For future
reference, we observe that the above argument also gives the variant of Proposition 5.1 in which the
half-space Hy is replaced by the punctured spacetime R x R%\{(0, 0)}.

In view of the above proposition, one could conjecture a complex analogue of the proposition, in which
one uses D in place of Di and C™ in place of R™, with the additional constraints (5-4), (5-5) imposed.
This conjecture may well be false in full generality (note that the complex version of the Nash embedding
theorem is false; for instance, Liouville’s theorem prevents compact complex manifolds without boundary
from being holomorphically embedded into C™). Nevertheless we could adapt the proof of the Nash
embedding theorem to obtain a partial complex analogue of Proposition 5.1, in which we do not seek
to control the {(d;u, d;u)cm component of the Gram-like matrix (5-1), and in which we also have an
additional curl-free property of a certain combination of components of this matrix. While this falls well
short of a true complex version of Proposition 5.1, it will suffice for our purposes. Specifically, we have:
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Proposition 5.2. Let G = (Gp,,p,)D,,p,ep be a (2d + 4) x (2d + 4) matrix of smooth functions
Gp,,p, : Hg — R obeying the following hypotheses:
(i) Foreach (t,x) € Hy, the matrix (Gp,,p,(t, X)) D,,D,ep is symmetric and strictly positive definite.
(ii) One has the scaling law (5-6) for all D1, D> € D and (t,x) € Hy.
(iii) We have the identity (5-7), as well as the additional identities
D1G1,ip,(t,x) = D2G1,ip, (t,x) = 2Gp, i, (t. X) (5-10)
forall (t,x) € Hy and D1, Dy € Dr\{1}, and
Gip,,ip,(1,x) = Gp,,p, (1, X), (5-11)
Gp,.,ip,(t.x) = =Gp,,ip, (1, X) (5-12)
forall (t,x) € Hy and D1, Dy € Dy (in particular we have Gp, ip, = 0).

(iv) The vector field (Gl,iax,- / Gl,l);i:l is curl-free; that is to say,

Glaia)C' Gl,lax
G, 0T

s s

(t,x)=0

forall j,kel,...,dand (t,x) € Hy.

Suppose also that m is an integer that is sufficiently large depending on d. Then there exists a smooth
Sfunction u : Hy — C™ that is nowhere vanishing and obeying the discrete self-similarity (3-1) for some
o € R such that

Gp,.p,(t,x) = (D1u(t,x), Dou(t, x))cm (5-13)

for all (t,x) € Hy and all D1, D5 € D other than (D1, D3) = (9¢,0¢), (i0¢,i0;). Furthermore, the
function 6 : Hy ) T? — CP™ Y, formed by descending the map wou : Hy — CP™ Y10 H;/T% is a
smooth embedding.

Remark 5.3. The condition (iv) differs from the other hypotheses in that it is not necessitated by
the conclusions of this theorem. However, this condition turns out to be convenient in the proof of
Proposition 5.2, as it will allow us to “gauge transform away” the G oy, components; see Proposition A.1.
However, this additional constraint (iv) will end up not being harmful to our argument, because we will
eventually reduce to the case where the matrix G is spherically symmetric in the sense that G,1 (¢, x) =
g(t,|x]) and Gl,iaxj (t,x) = (x;/|x|)h(z,|x|) for some functions g, &, in which case the condition (iv)
is automatically satisfied.

The proof of Proposition 5.2 is rather lengthy, and the methods of proof (based on the proof of the Nash
embedding theorem) are not used elsewhere in the paper. We therefore defer this proof to the Appendix.
Combining Proposition 5.2 with Remark 4.1, we thus see that Theorem 4.2 will now follow from the
following theorem in which the field u has been eliminated.
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Theorem 5.4 (third reduction). There exists a smooth (2d +3) x (2d +3) matrix G =(Gp,,p,)D,,D,eD
of smooth functions Gp,,p, : Hgy — R and an additional smooth function V : Hy — R obeying the
following properties:

(i) Foreach (t,x) € Hg, the matrix (Gp,,p,(t, X)) D,,D,ep is symmetric and strictly positive definite.
(ii) One has the scaling law (5-6) for all D1, D> € D and (t,x) € Hy.

(iii) We have the identities (5-7), (5-10) for all (t,x) € Hy and D1, Dy € Dg\{1}, and (5-11), (5-12) for
all (t,x) € H; and Dy, D, € Dg.

(iv) The vector (Gl,iaxj /Gl,l)]”.l=1 is curl-free on Hy.
(v) One has the defocusing property (4-6).
(vi) If one defines the pseudo-stress-energy tensor

Too :=G1,1,

Toj = Tjo := =2Gip, 1,
Tjk := 4Gy, o, +0jk2(p =DV =8;xAG1,1
for j,k=1,...,d, as well as the energy density
E = %Gaxj,axj +V

(with the usual summation conventions) and energy current

Jj = —Gaxj,at
for j =1,...,d, then one has the identity
Gig1 +38G1L1-Gy 5 =(p+ 1DV (5-14)
and the conservation laws
9:Too + dx; Tjo =0, (5-15)
d¢ Tox + 0x; Tk =0, (5-16)
8 E +0x,J; =0 (5-17)

fork=1,...,d.

Note carefully that the components Gy, 5,, G;j,,i5, of G are not used in the hypotheses (ii)—(vi) above
(and only influence (i) through the requirement of being positive definite). The scaling law (5-6) only
applies directly to the components of G, but from the potential identity (5-14) we see that we also have a
corresponding scaling law

V(T(t,x)) = 27 712V, x)

for the potential V.
It remains to prove Theorem 5.4. This will be the objective of the remaining sections of the paper.
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6. Spherical symmetry and scale invariance

At first glance, the hypotheses required in Theorem 5.4 of the unknown fields G, V' appear to be more
complicated than those in previous formulations of the problem, such as Theorem 3.1. However, there
is one notable way in which the hypotheses of Theorem 5.4 are much better than those in previous
formulations: as they only involve linear equalities and inequalities (as well as claims of positive
definiteness), the constraints determine a convex set in the phase space of possible values for the fields G, V.
This can be compared to previous formulations in which the conditions on the unknown field u were
quadratic or otherwise nonlinear in nature.

One consequence of this convexity is that if there is at least one solution G, V to Theorem 5.4, then
there is a solution G, V' which is spherically symmetric in a tensorial sense, or more precisely that

Gi,1(t,x) = g1,1(t, |x]),

Xj Xk Xj Xk
Gy 0:5) = L5, 0 )+ (85 = S5 g, 11,

| x|
Xj
Ga,, .9, (t, %) = mgar,a,(h |x]),
Xj
Gl,iaxj (t,x) = mgl,ia,(f’ [x]),

Gi,ia,(t.x) = g1,19,(t. |x]),
V(t,x) =v(t,|x]|)

for some functions g11, £3,.3,> £3.,,0,+ £0,,0,» £1,id,» &1,i9,> We omit here for brevity some analogous
constraints on the remaining components of G which are either constrained completely by the fields
already listed, or (in the case of Gy, 3, and G;j, ;5,) are not relevant for the theorem. This is basically
because we can average the original solution G, V' over rotations (letting the orthogonal group SO(d)
act on tensors in an appropriate fashion) and use convexity to obtain a spherically symmetric solution.
For similar reasons (averaging now over dilations rather than rotations), one can assume without loss
of generality that the solution G, V is not only discretely self-similar in the sense of (5-6), but is in fact
continuously self-similar in the sense that the identity

d

4 g
Gp,.p, (A2t Ax) = A" 71 " RG L b (1)

holds for all Dy, D> €D, (¢, x) € Hy, and A > 0, where d, d> denotes the degrees of D1, D, respectively
as before.

Remark 6.1. Note that the reduction to spherical symmetry of the fields G, V' in Theorem 5.4 does not
mean that we can reduce to spherically symmetric u in the original formulation (Theorem 1.2) of the
results in this paper, because it is possible for a nonspherically symmetric field u to have a spherically
symmetric Gram matrix (e.g., if d = 2 and u is equivariant rather than invariant with respect to rotations).
Indeed, a spherically symmetric u would have a vanishing g5 5, field, whereas in our construction
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we will insist instead that this field be positive. Similarly, we cannot necessarily reduce to solutions in
Theorem 1.2 that are continuously self-similar.

We now perform these reductions by showing that Theorem 5.4 is a consequence of (and is in fact
equivalent to) the following spherically symmetric, continuously self-similar version. Recall that the
domain H is given by (2-3). It will be convenient to make the following definition: we say that a function
F : Hi — R scales like p* for some « € R if one has

F(A%t,Ar) = AYF(t,r) (6-1)

for all (¢, x) € Hy and A > 0. Here we recall p: H; — R was defined in (2-5). We also note the following
“factor theorem” on H;: if F : H; — R is a smooth function that vanishes on the time axis r = 0, then
the quotient F(z,r)/r has a removable singularity at r = 0, in the sense that there is a smooth function
G : Hy — R such that F(t,r) = rG(¢,r) for all (¢,r) € H; (so that G can be viewed as the smooth
completion of F(t,r)/r. Indeed, from the fundamental theorem of calculus, one can take

1
G(t,r) ::/0 (0, F)(t,sr)ds.

Iterating this, we see that if k is a positive integer, and F : H; — R is smooth and vanishes to order k
on the time axis r = 0 (in the sense that F(z,r) = O(r¥) as r — 0 for any fixed 7), then F/rk has a
removable singularity on the time axis.

Theorem 6.2 (fourth reduction). There exist smooth fields g1,1, 3,5, 83,0+ £0,.9,» &1,i0,+ &1,id,>V "
Hy{ — R obeying the following properties:

(1) One has the “positive definite” inequalities

2
(%argl,l) +g%,i3r <g1,1garaar’ (6_2)
81,1, 80,,9,+ 800,90 > 0 (6-3)

pointwise on Hj.

(ii) For each (D1, D3) = (1,1), (0r,0r), (0w, 0w), (3, 0¢), (1,i0;), (1,i0;), the field gp, p, scales

like p_%_ord(l) D=od(D2) yohere we recall the parabolic order ord(D) of a differential operator

D e€{l1,0,,i0r,04,0¢,i0;} is given by Table 2. Similarly, we require that v scales like p_%_z.

See Table 3 for a summary of these scaling requirements.
(v) One has the defocusing property v > 0 pointwise on Hj.

(vi) If one defines the mass density
Too :=g1,1.
the radial momentum density
Tor == —281,i,
the radial stress

d—

1
Tyr = 4g8r,3r +2(p—1)v—(83+ 8”)g151’ (6_4)
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exponent fields parity
2 t even
1 0 even
1 r odd
—%+d—4 S1, S» same as d
—% 81,1, Too, W even
_%_ 81,i0,» TOr odd
_%_ ga,,E),, gaw,8w7 gl,[atv v, Trr, Twa)’ E7 Z even
_%_ gar’at, Jr odd

Table 3. The scaling exponent of various fields on H; used in this paper, as well as their
parity in r (even or odd). Some of the fields in this table will only be defined in subsequent

sections.

the angular stress

d—1
Tww == 4g8w,8w +2(p—Dv— (8% + Tar)gl,l,

the energy density
E:=3g 5 +3d—1)g, 0, +V.
and radial energy current
Jri=—85,,9,

then one has the potential identity

g1,i0, + %(33 + %&)gm — 8,0, —(d—1)gy,.9, =@+ Do
and the conservation laws
d¢Too + <3r + E) Tor =0,

r
0:Tor + (0, +$)Trr—$ wo =0,
0 E + (2 + @)J, —0.

with a removable singularity at r = 0 (see Remark 6.3 below).
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(6-5)

(6-6)

(6-7)

(6-8)

(6-9)
(6-10)

(6-11)

The functions g1,1, £d,,9,> £9,,.0,> &1,i0,» V are eveninr, while gy 5., g1, are odd in r (see

Table 3). Furthermore, gy, 5, — &€3,,.9,, Vanishes on the time axis r = 0.

Remark 6.3. At first glance, the quantities 7;,, T, as well as (6-8)—(6-11), appear to have singularities
on the time axis r = 0, due to the factors of % However, these factors are removable due to the symmetry

hypotheses in (vii). Indeed, for each fixed time 7, one can Taylor expand the even function g;,; as
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g11=a+ br2 + ..., and then one sees that the quantity (83 + d:I Br)gl,l extends smoothly across
r = 0 (which is unsurprising given that this operator is nothing more than the Laplacian on spherically
symmetric functions). Thus 7,, and T, extend smoothly to r = 0. Also, the difference 7y, — Ty e
vanishes at r = 0, so the singularity for (6-10) is also removable. Finally, the functions Ty, J, are odd

in r and so the singularity in (6-9), (6-11) is also removable.

Remark 6.4. It is not difficult to use Table 3 to perform a “dimensional analysis” to verify that the require-
ments in Theorem 6.2(vi) are consistent with the scaling and parity requirements in Theorem 6.2(ii), (vii).
One can use the continuous self-similarity (ii) to eliminate the time variable, so that Theorem 6.2 becomes
an ODE assertion about the existence of some scalar functions on R. However, it will be convenient
(and more physically natural) to continue to work with both the time variable ¢ and the spatial variable r,
rather than with just one of these variables. It is also worth noting that the components g5 5, and g1 ;,
have only a small role to play in the above theorem, basically appearing only in the constraints (6-11) and
(6-8) respectively; crucially, they do not appear at all in the positive definite constraints in (i), thanks to
the previously observed absence of the fields gy, 5, or g;a,,i3,- As such, we will be able to eliminate
these fields from the problem in the next section.

Let us now see how Theorem 6.2 implies Theorem 5.4. Let the fields

81,1, £9,,0,» 804,00 &0,,0;» &1,id,> &1,id;» V
be as in Theorem 6.2. Let A > 0 be a large quantity to be chosen later. We then define the functions
Gp,,p, for D1,D, € D: H; — Rand V : H; — R by the formulae in Table 4.

It is a classical result of Whitney [1943] that a smooth function g(z,r) that is even in r can be
thought of as a smooth function of (¢, 72) (where the latter is viewed on the half-line [0, +00)), while
an odd function of ¢, r that is odd in r can be thought of as r times a smooth function of (¢, r2);
see, e.g., [Tao 2016b, Corollary 2.2]. In particular, we see that g1,1(¢, |x|), g1,;9, (. [x]), v(z,|x]),
gs,.0, (. |1x])—gs,.9,, (t, |x|) are smooth functions of 7, x, while gj_ 5, (. |x|), g1,i5, (¢, |x]) are |x| times
a smooth function of 7, x. Finally, g3, 5. (. |x]) — g3, a3, (Z. |X]) is |x|? times a smooth function of 7, x,
due to the hypothesis that g3, 5. — &5, .9, vanishes on the time axis. From this and Table 4, we can check
that all of the functions Gp,,p,, V' have removable singularities on the time axis and thus define smooth
functions on H,.

From tedious direct calculation using Table 4, we can verify the symmetry Gp, p, = Gp,,p, and the
properties claimed in Theorem 5.4(ii), (iii). Since

D10 1,y = 2L

1,1 | x| g1,1

(away from the time axis at least), we have

G1id,. Xj Xk | XjXk o ) 8L
D, 7 (. )—(——’3+’2 ) 22 1, )
AR T ) e

as the right-hand side is symmetric in j and k, we have the curl-free property in Theorem 5.4(iv) (after

removing the singularity at the time axis). The positivity property in Theorem 5.4(v) is clear. For in
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fields value at (z, x)
G1,1, Gi,i g1,1(, [x])
G1,i» Gi1 0
1
Guay,» Gay, .10 Giidy» Gid, i 50x;G1,1(1, x)
Gridy,» Gigy,1> =Gia,,» —Goy i (xj/r)gu,ia, (@, ]x])

G1,3,» Gy, 15 Giio,» Gia,,i

G1,id, Gia,,l, =Gi,9, —Gaz,i

20:G1,1(t.x)
g1ia, (. |x])

3xj,axk’ Gianaian

Gaxjyiaxk’ Giaxk:a){j

(xjxi/1x1%)ga,.9, . |x )+ —x; xi /|x1%)ga,, .0, (. |x])
0

G000 Gopong» Ginyguioe Gidnion,
Gaxj,l.aﬂ Giat,axj’ _Giax_/-,at’ _Gatsiax_/'

(x;/1x)ga, 0, (¢, [x])
%(8ij1,i8, (l’x)_atGl,l.axj (t’x))

Ga,o,» Gia,.io,
Ga,ia,» Gia,.o,

—__4__3
Ap(t, x) 71
0

Vv

v, [x])

Table 4. Components of G and V, and their values at a given point (¢, x) of H;; thus, for
instance, G1,1(¢,x) and G; ; (¢, x) are both set equal to g1,1(¢, |x|). Here j,k =1,...,d

are arbitrary.

Theorem 5.4(vi), we observe from the constructions of the various fields that

Too(t,x) = Too(t, |x|),

X

Toj(t,x) =Tjo(t,x) = ﬁTOr(Z, |x1),
XiXx Xix
T']k(t,x) = |]x_|2kTrr(Z» |x|) + (Sjk - |]x_|2k)Ta)w(la |x|)’
E(t,x) = E(t,]x]),
Y
Jj(t,x) = ﬁJr(t,lxl)

and then it is a routine matter to derive (5-14)—(5-17) from (6-8)—(6-11), again working away from the
time axis and then using smoothness to remove the singularity.

The only remaining task is to check Theorem 5.4(i); that is to say, we need to verify that for (¢, x) € Hy,
the matrix (Gp,,p,(?, xX))p,,D,ep is strictly positive definite. In view of (5-6), it suffices to do so in a
fundamental domain for Hy /TZ, such as {(z, x) : 1 < p < 2}. By continuity, we can also avoid the time
axis x = 0 as long as our positive definiteness is uniform in ¢, x. Henceforth we fix (¢, x) in this region
and suppress dependence on ¢, x. If we let @ := (ap)pep be a tuple of real numbers, not all zero, our
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task is to show that

~12
Z ap,ap,Gp,,p, > €la|
D,D>€D

for some ¢ > 0 uniform in #, x. The left-hand side can be expanded out as

2 2

(af +a7)Gr1 +2(aay,, +aiaiy, )G, +2(a1ai5, —aiay, )Gia,,

+2(a1ay, +aja;y, )Gy, +2(ara;5, —aiay, )Gy iy,

+2(ay,, ap,, +ais, dia,, )Ga,, 0y,

+2(as,, ay, +2ais, aia,)Ga,, 5, + (o, dia, — iy, aa,)Go, id,

2 2

+ (aat + aia[)Gat aat k4

where we use the usual summation conventions. If we define
b= (al,ai,aaxl seeen Ay 5 Aiy ,...,aiaxd)

to be the spatial components of d, then all the cross-terms in the above expression involving one copy of
ay, or a;p, and one term from b can be controlled via Cauchy—Schwarz as

g 1
0(|b|(a§[ +a?a[)2)’

where the implied constants can depend on G but are uniform in #, x in the fundamental domain. On
the other hand, from construction of Gy, j,, the term (agt + al.zat)Gat,at is bounded from below by
cAl(a (%z + al.zat) for some absolute constant ¢ > 0. By the inequality of arithmetic and geometric means, it
will thus suffice (for A large enough) to obtain the bound

(ai+4a})G1 +2(arap,, +aiaiy, )G, +2(a1ai, —aiay, )Gy ia,,
+(ay,, ay,, +aio, ain,, )Ga,, 0., = 26bl> (6-12)

for some ¢ > 0 independent of A.
If we setay,,a;5, € Randay, ,a;p, € R4 to be the quantities

X

aar = maaxj s
X

ajy, = |x|ai3xj,

. Xj ¢
ay, = aaxj —maar . 1,
]=

. Xj ¢
j=

then the left-hand side of (6-12) can be written as

(af +a?)gi,1 +2(aray, +aiaiy,)g1,s, +2(arazs, —aias,)g. i,

+(aj +aly )80, + (laa, 1> +14ia, 7)o, .00
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where we suppress the dependence on ¢ and |x| in the g-terms. The claim now follows from the
Cauchy—Schwarz inequality, the Legendre identity

2 2 2 2v,2 2
(aray, +aia;p, )"+ (araip, —aiay,)” = (a7 +a;j)(ay, +ajy )
and the hypotheses (6-2), (6-3).

It remains to prove Theorem 6.2. This will be the objective of the remaining sections of the paper.

7. Eliminating the energy conservation law and the potential energy identity

To motivate the next reduction, assume for the moment that the fields

81,1, 80,,0r> 804,000 83,,0;0 81,id,> 81,id;> V

obey the hypotheses and conclusions of Theorem 6.2, and let Tyg, Tor, Trr, Tww, E, Jr be as in that
theorem. The pointwise conservation laws (6-9)—(6-11) can then be written in a familiar integral form.
For instance, multiplying the pointwise mass conservation law (6-9) by 74~ and then integrating on a
fixed interval [0, R], one obtains the integral mass conservation identity

R
3, / Too(t,r) r® ' dr = —=R%"' Ty, (1, R),
0
and similarly the pointwise energy conservation law (6-11) gives the integral energy conservation identity
R
a,/ E(t,r)r¢Vdr=—R471J,.(t, R). (7-1)
0

Applying the same manipulations to (6-10) gives a more complicated identity

R R
3 / Tor(t.r) ¥V dr = =R T, (1, R) + (d — 1) / Two(t,r) 1472 dr;
0 0

if one sets d = 3 for sake of discussion, applies (6-4), (6-5), and integrates by parts, one obtains the local
Morawetz identity

R
i} / Tor(t,r) r*>dr = —R2Ty, (1, R) — 2R3, 1,1 (1, R) —2g1,1 (¢, R) +2g1,1(2,0)
0

R
4 / (8230500 (1. ) +4(p — V(1. PY)r dr.
0

These sorts of identities are often used in subcritical situations to help establish global regularity of
solutions to NLS. For instance, suppose we are in the energy-subcritical situation where d < 3, or d > 3
and p <1+ ﬁ, rather than in the energy supercritical situation (2-1) that is the focus of this paper. We
apply (7-1) with R =1 (say) to conclude that fol E(t,r) ri=vdr stays bounded as t — 0T. But from
the scaling hypothesis (ii) and (6-6), the energy density E scales like p_ﬁ_z, and hence (on setting
A =12 and integrating r from O to 1)

—1/2
/(;

ol
E(,r) rd_ldrztpil_dZZ/ E(,r) ré=14qr.
0
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In the energy-subcritical case, the exponent % — % is positive, and hence fot _l/zE (1,r) ré=1dr
goes to zero as t — 0. In the defocusing setting v > 0, the energy density E is strictly positive, giving a
contradiction.

Now we return to the energy-supercritical situation of Theorem 6.2. In this case, the local energy
conservation law (7-1) does not lead to a contradiction, but still manages to impose a one-dimensional
linear constraint on the energy density £. (Note that the energy current J; is almost arbitrary, since there
are almost no constraints on the field g3, 5, in Theorem 6.2 other than through the energy conservation
law.) Namely, from (7-1), the smoothness of J, on Hy, Taylor expansion, and the fundamental theorem

of calculus we have the asymptotic

1
/ E(t,r) ré Vdr = Pp(t) + O
0

as t — 0, where k > 0 is an integer to be chosen later, Py is a polynomial of degree at most k, and the

implied constant in the O( ) notation is allowed to depend on k and on the data in Theorem 6.2. As E
4

scales like p~ 21 ~2, we can then conclude the asymptotic

R
/ E(1,r) r¢=Vdr = RT™27751 (P, (1/R?) + O(R22)) (7-2)
0

as R — oco. Again using the fact that E scales like ,0_%_2, we also have the asymptotic
E(Lryrd =t =r77551 (04 (1/r%) + 06772 (7-3)

as r — 0o, for some polynomial Qy of degree at most k.
Now take k to be the largest integer such that

d—2— % _ok>o: (7-4)
p—1

note from the energy-supercriticality hypothesis (2-1) that k is nonnegative. If strict inequality holds in
(7-4), then the error term R4 51 O(R_zk ~2) in (7-2) goes to zero at infinity, while the error term
rdﬁ_ﬁ O(r_Zk_z) in (7-3) is absolutely integrable in r (for r near zero this follows from the local
integrability of rd= P41 Q x(1/7?) and the triangle 1nequahty) Integratlng (7-3) and comparing with
(7-2), we see that RY72 = P;(1/R?) must be a primitive of rd —7T 0« (1/r?), and one has vanishing
renormalised total energy in the sense that

R
lim [ (EQLr)rdt—rd 375 0 (1/70) dr =0 (1-5)
R—o0 Jg

since otherwise there would have to be a constant term in Rd_z_ﬁ Py (1/R?), which is not possible
when strict inequality occurs in (7-4). If instead equality holds in (7-4), then the same analysis yields
instead that the degree k coefficient of Q must vanish (that is to say, QO in fact has degree at most

k — 1), since otherwise there would have to be a log R term present in (7-2), which is not the case.
As it turns out, though, in the energy-supercritical case the linear constraint that we have just obtained
is “dense” rather than “closed”, in the sense that data that does not obey this constraint can be perturbed
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(in a natural topology) to obey the constraint. (In other words, the linear functional that defines the
constraint is unbounded with respect to a certain natural norm.) Informally speaking, this will be because
for self-similar solutions to an energy-supercritical problem there will be an infinite amount of energy
near spatial infinity that is available to “spend” to perform such a perturbation. As such, the constraint
can be eliminated entirely; we can also easily eliminate the potential identity (6-8) due to the fact that the
field g1 ;5, appearing in that identity is almost completely unconstrained outside of that identity. More
precisely, we can deduce Theorem 6.2 from:

Theorem 7.1 (fifth reduction). There exist smooth fields g1,1, £,.,> £d,.9,> £1,id9,» vV : H1 — R
obeying the following properties:

(i) One has the positive definite inequalities (6-2), (6-3) pointwise on H;.

(ii) For (D1, D2)=(1,1),(0;,0r), (0w, 0w), (1,i0;), the field gp,.p, scales like p_ﬁ_ord(D‘)_ord(DZ).
4

Similarly, we require that v scales like p_ﬁ_z.

(v) One has the defocusing property v > 0 pointwise on Hj.

(vi) If one defines the mass density
Too :=g1,1.
the radial momentum density
Tor := —281,i,
the radial stress

d—1
Ty = 4g3h3r +2(p—1Dv— (83 + Tar)gl,l,

and the angular stress

d—1
Tww :=4&s,,0, +2(p—1v— (33 + Tar)gl,l,

then one has the conservation laws (6-9), (6-10) with removable singularity at r = 0.

(vii) The functions 1,1, £3,,8,» 83,0, V are eveninr,while g ;3. is odd inr. Furthermore, the function
£9,.,0, — &3,,0,, vanishes on the time axis r = 0.

Let us now see how Theorem 7.1 implies Theorem 6.2. By Theorem 7.1, we may find fields g1.1,
89,,0,> &0,.0,+ &1,id,» U obeying the conclusions of that theorgm. Define the energy density E : H; — R
by the formula (6-6). Clearly E is smooth and scales like p_ﬁ_z. As in the previous discussion, we let
k be the largest integer obeying (7-4), so that k > 0; then E (1, r) has an asymptotic expansion of the
form (7-3) as r — oo for some polynomial Qj of degree at most k. Let us call the energy density E
good if one of the following conditions is satisfied:

o If strict inequality holds in (7-4), we call E good if we have the asymptotic vanishing property (7-5).
(Note that the limit in (7-5) exists because the integrand will be absolutely integrable, thanks to
(7-3).)

e If instead equality holds in (7-4), we call E good if the degree k component of Q vanishes, or
equivalently that O has degree at most k — 1.
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Let us suppose first that £ is good, and conclude the proof of Theorem 6.2. Using the data provided by
Theorem 7.1, and comparing the conclusions of that theorem with that of ;Fheorem 6.2, we see that it will
suffice to produce smooth fields g3, 3,.&1,i9, : H1 — R scaling like p_ﬁ_3 and p_ﬁ_z respectively
obeying the potential identity (6-8) and the energy conservation law (6-11), where J; is defined by (6-7);
also, we require g3, 3, to be odd in r, and g ;5, to be even in r.

It is clear from (6-8) how one should construct g ;5,; namely one should set

d—1
guia = (p+ o= 2(02+ 20, ) g1t + 9,9, + (d = 1)ga, 0,

Clearly g1,;5, is smooth on H; and even in r, thanks to (vii). It is clear from the scaling laws for v, g1,1,

89,.0,» &3,.0,, thatthe field g; ;5, scales like p_ﬁ_z

as required, and the identity (6-8) is clear from
construction.

In a similar fashion, after using (6-7) to rewrite (6-11) as
0: (! E) = 9,(r g, 0,)
it is clear from the fundamental theorem of calculus that we should define g3, 5, by the formula

1 R
0.0, R i= g [ 0BG 4t ar (7-6)

in the interior (0, +00) x R of Hy, where we adopt the convention fOR =—/ 1(2) when R is negative.
Note that the expression (¢, R) — fOR 3; E(t,r) r%~1 dr is smooth and vanishes to order at least d on
the time axis R = 0 when ¢ > 0, so the above definition of gj_ 5, (¢, R) extends s4rn00th1y to the entire
interior of H; (including the time axis). Since E is even in r and scales like p_ﬁ_z , we know g3, 3,
is odd in r and scales like ,o_ﬁ% in the interior of Hp. After defining J, by (6-7), we see from the
fundamental theorem of calculus that (6-11) is obeyed in the interior of H;. To complete the list of
requirements stated in Theorem 6.2, it will suffice to show that gj_ 5, extengls smoothly to the boundary
component {(0,7) : 7 # 0} of Hy. As g5, 5, is odd in r and scales like o~ 7—173 it suffices to show that
1+ g3,.9,(t, 1) can be smoothly extended to 1 = 0. From (7-6) we have

1
gar,a[ ([7 1) == 8[ / E([’ r) rd—l dr,
0

so it will suffice to show that the function f : 7 fol E(t,r) ré='dr fort >0 can be smoothly extended
tor=0.
From (6-1) one has

E(,r) = z‘pil—lE(l, %) -7)

so from a change of variables we have

—1/2

d—2_ 2 _ d—1
f@t)y=t 2 »-I E(l,r)r dr.
0
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Recalling the polynomial Qy introduced previously, we thus have f(¢) = U;(¢) + Ux(¢), where
d—2 2 t_l/z 4
Ui@):=12 7t f T Q1 ) dr
0
t—1/2

Us(t) = ,”’52—1731[0 (rd—lE(l,r)—rd*—% 0x(1/r?)dr.

Since Q has degree at most k, and at most k — 1 when equality occurs in (7-4), the expression
4 .
pd=3- 375172 where 0< j <k,or0<j <k—1

when equality occurs in (7-4). In particular, from (7-4) we see that the exponent in these monomials is

4 . . .. . —
71 Qy (1/r?)is alinear combination of monomials ré

strictly greater than —1, so the integral is absolutely convergent. Performing the integral, we see that
U, (¢) is a polynomial in ¢ and thus clearly smoothly extendible to ¢ = 0. It thus remains to show that U,
is also smoothly extendible to ¢ = 0.

First suppose that strict inequality occurs in (7-4). From (7-3) we know that the integrand r¢=YE(1,r)—
a3 0« (1/r?) is absolutely integrable near r = oo; from the smoothness of E and the absolute
integrability of the U; integrand we also have absolute integrability near r = 0. From (7-5) we thus have

Us(t) = —t ‘771 /:/2 (4 E(1r) = r4T3 T 0 (1/ 7)) dr (7-8)

Making the change of variables r = 1/+/st and noting from (7-7) that

1y _ 27+l
E(l,ﬁ)—E(Sl‘,l)(Sl‘) s

U E(st 1) —
Uz(t):_%/o (st,1) — QO (st) e

this becomes

Gk

The function (s,1) — E(st, 1) — QO (st) is smooth and vanishes to order k + 1 at s = 0 thanks to (7-3)
and rescaling, so the factor (E(st, ;) — Ok (s1))/s**1 is smooth in ¢ € [0, 1], uniformly in s € [0, 1]. By
2

definition of k, the weight sp1 2tk

is absolutely integrable on [0, 1]. From repeated differentiation
under the integral sign we conclude that U, extends smoothly to [0, 1] as desired.
Now suppose that equality occurs in (7-4). Now we do not necessarily have the vanishing property

(7-5), so we need to adjust (7-8) to

d=2_ 2 d=2_ 2 [ _ 34
Us(t)y = At 2 ~p-T —¢ 2 7 (rYEQ ) —r? T 0 (1/72)) dr
—1/2
for some quantity A depending on E, d, p but not on ¢. But in this case % — % is an integer, so the
— 2

monomial At 2 ~ »—T clearly extends smoothly to # = 0. Repeating the previous arguments we then
obtain the smooth extension of U to # = 0 as required.

We have completed the derivation of Theorem 6.2 from Theorem 7.1 under the hypothesis that E is
good. It remains to handle the situation in which the energy density E produced by Theorem 7.1 is not
good. In this case, we will perturb the data g1,1, £3,.9,. £9,,0,,> &1,i9,» vV provided by Theorem 7.1 to
make the energy density E good, without losing any of the properties listed in Theorem 7.1.
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More precisely, we will consider perturbations of the form

£1,1 = 81,1,
89,0, = 8a,,0, — (P —1DZ,
800,00 "= 80,00 — (P —1Z,
81,i0r = &1,id,
vi=v+2Z,
where Z : H; — R is a smooth function, even in r, which vanishes on the time axis r = 0, and which
4
scales like p_ﬁ_Z to be chosen later. It is clear that this perturbed data g1,1, £3,,3,» £d,,0,> &1,id,> U
continues to obey the scaling properties (ii) and symmetry properties (vii) of Theorem 7.1; the conservation
laws (vi) are also maintained since the densities Too, Tor, Irr, Twe are completely unchanged by this
perturbation. The positive definite inequalities (i) and the defocusing property (v) might not be preserved
in general, but will be maintained if the perturbation Z is sufficiently small in a suitable (scale-invariant)
sense which we will make precise later. Finally, from (6-6) we see that the perturbed energy density E is
related to the original energy density E by the formula

E=E+(2-Ld(p-1)z. (7-9)

In the energy-critical situation p > 1 4 ﬁ, we avoid the mass-critical exponent p = 1 + g and so

d(p=1)
2

the expression 2 — appearing in (7-9) is nonzero (in fact it is positive). This gives us substantial

flexibility to modify the energy density E, and in particular to perturb it to be good.
We turn to the details. First suppose that strict inequality occurs in (7-4). We let B denote the quantity

B:= /Oo(rd—lE(1,r)—rd—3—zf‘l Or(1/r%)dr, (7-10)
0

which is well-defined since the integrand is absolutely integrable. We introduce a smooth nonnegative
even function ¥ : R — R, supported in [—2, —1] U [1, 2], and normalised so that

/oow(r) ri=ldr =1.
0

We let R > 1 be a large quantity to be chosen later, and use the perturbation
B —2 _ r
Z(t,r):= —1—R_dt p=1 lw( 1)
—5d(p—1) Rt2
for t > 0, with Z(¢, r) vanishing at = 0. By construction, Z : H; — R is smooth, even, and scales like

p_%_z, with the function r +— Z (1, r) supported on [-2R, —R]U[R, 2 R] and obeying the normalisation

o0
B
/ Z@t,r)ri =
0

24D’

Comparing this with (7-9) and (7-10) we see that

/Ooo(rd_lﬁ(l, r) 43 Qk(l/rz)) dr =0
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so that E is good (note that E obeys the same asymptotics (7-3) as E with the same polynomial Q). It
remains to choose the parameter R so that the perturbed fields g1,1. g3, 5, - £3,,.9,,+ &1,i9, - U continue to
obey the properties (i), (V).

We begin with (v) for v. By hypothesis, the original field v is continuous, scales like p_ﬁ_z, and
everywhere positive, which (by the compactness of Hy/T7%) implies a pointwise bound

—_4__5
v(t,r) >ep P1

on H; for some & > 0. In order for V to also obey (v), it thus suffices to obtain the pointwise bound

B —d ., ——2- 1 ( r ) 4 __ 5
——— R YTy <ep U 7
2422l Rtz

On the support of ¥ (r/ (Rl%)), we know ¢ is comparable to (R™!p)?; thus the left-hand side is
O(ARﬁ_dJr2 p_ﬁ_z). As we are in the energy-supercritical situation, the exponent % —d+2is
negative, and so we obtain the required bound if R is large enough.

Similarly, from (i), scaling and compactness, we obtain the pointwise bounds

4
P}
80,,0r 834,80 €L P71 T,

1 2 2
(20r811)" + 810, , s,
g9,,0, — >ep P
81,1

on H; for some ¢ > 0, and by arguing as before we see that these properties will be preserved by the
perturbation if R is large enough. The claim follows.

Now suppose instead that (7-4) holds with equality; from energy-supercriticality this implies that & is
positive. We write

Ok (s) = Qg—1(s) + Csk (7-11)

for all s € R and some real number C, where Q_; is a polynomial of degree at most k — 1. We let
n: R — R be a smooth nonnegative even function, vanishing near the origin and equal to 1 near o0, let
R > 1 be a large parameter to be chosen later, and set

C r
Z(t,r) = ——|r|_dtkn(—) (7-12)
—3d(p—-1) Rtz
on Hi, with the convention that n(r/ (Rt%)) =1 when ¢t = 0. Itis clear that Z : H; — R is smooth, even

in r, and vanishing near the time axis, and as (7-4) holds with equality we have Z scaling like p_ﬁ_z

as required. From (7-9), (7-3), (7-11), and (7-12) we have
E(Lr) =r 2771 (01 (1/r%) + 007 272))

as r — 0o, where the implied constant in the O( ) notation can depend on R. In particular, E is good. It
remains to show that the properties in (i) and (v) are maintained by the perturbation. By repeating the
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previous arguments, it suffices to ensure that one has the pointwise bound
C
1—|r|“’tk”(Ll) <ep o1
—3d(p—1) Rtz
where ¢ > 0 is a quantity not depending on R. But on the support of 1Z(r/ (Rt%)), we know |r| is
comparable to p and 7 is O(r2/R2), so the right-hand side is O(CR 2K o~ 7=172) (since (7-4) holds with
equality), and the claim follows by taking R large enough. This completes the derivation of Theorem 6.2

from Theorem 7.1.
It remains to prove Theorem 7.1. This will be the objective of the remaining sections of the paper.

8. Eliminating the potential

We now make an easy reduction by eliminating the role of the potential energy density v.
Letd > 1 and p > 1, and suppose we have fields g1,1, g3, .5, £4,,,3,,- £1,i9,» V Obeying the properties
claimed in Theorem 7.1. If we then define the modified fields g1,1, &5,,9,. £3,.,9,> &1,i9,- U by
g1,1:= 81,1,

5,9, = 8,5, +3(p— 1D,

88,000 1= 89,0, + 5(P— DV,

81,id, = 81,id,

v:=0,

then one easily verifies that these new fields also obey the claims of Theorem 7.1, except with the
defocusing property v > 0 replaced by v = 0 (note that the new fields have exactly the same stresses

Tyr, Twe as the original fields). In the converse direction, it turns out that we can replace the defocusing
property v > 0 in Theorem 7.1(v) by v = 0. More precisely, we can deduce Theorem 7.1 from:

Theorem 8.1 (sixth reduction). Then there exist smooth fields g1,1, g3,., £3,,.9,+ £1,i9, - H1 — R
obeying the following properties:

(i) One has the positive definite inequalities

81,1, 89,,0, >0, (8'1)
1 2 2
(30r81,1)" + &7,
20rsl, 1,id,
0,0, > ’ (8-2)
81,1

pointwise on Hj.

4 4 4 4
(i) The fields g1,1.85,,3,+83,.3,+ &1,id, scale like p~ »=T, ,o_ﬁ_z, p_ﬁ_z, and p_ﬁ_l respec-
tively.

(vi) One has the mass conservation law

d—1
digia =2(0r + ) guia, (8-3)
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and momentum conservation law

4(a,+d_1

r

d—1 d—1
)ga,,a, = 4Tgaw,aw + 0, (33 + Tar)gl,l +20:81.i0, (8-4)

with removable singularity at r = 0.

(vii) The functions g1,1, &, .3, £3,,,0,, Are eveninr,while gy ;p, is oddinr. Furthermore, gy, 5.—83, .0,
vanishes on the time axis r = 0.

Let us now see how Theorem 8.1 implies Theorem 7.1. Suppose that g1,1, g5, .5, - £d,,.9,, &1,i9,> V
obeys the properties claimed by Theorem 8.1. Let ¢ > 0 be a small quantity to be chosen later, and
introduce the modified fields

81,1 :=81,1
5 . p—1 __4 ,
80y.0r *= 80r.0, — 8P p=l
~ —1 __4 __»5
890,00 = 83w .00 — 5P p-1
81,id, ‘= &1,id,

The properties (ii), (v), (vii) of Theorem 7.1 are easily verified to be obeyed by these new fields. Using
(8-3), (8-4) and the definitions of Tyg, Tor, Trr, Tre in Theorem 7.1(vi), we see that the conservation
laws (6-9), (6-10) are obeyed by the original fields g1,1., g5, .3, - £3,,,9,,- £1,i9, (With v = 0), and hence
by the new fields g1,1, 83, .9, £5,,.0,,» &1.i9r» U since the stress-energy densities Too, Tor. Trr. Twe for
these new fields are identical to those for the original fields. By using compactness as in the previous
section, we also see that the positive definite inequalities (i) will also be obeyed if ¢ is small enough, and
the claim follows.
It remains to prove Theorem 8.1. This will be the objective of the remaining sections of the paper.

Remark 8.2. The reduction to the case v = 0 does not mean that the finite time blowup in Theorem 1.2
is arising from a vanishing potential F' = 0, and indeed such a vanishing is not possible since the linear
Schrodinger equation will not create singularities in finite time from smooth, compactly supported data.
Instead, the v = 0 case roughly speaking corresponds to the case where F(x) is very close to zero when x
lies in the range of the solution map u : H; — C™, but is allowed to be much larger than zero elsewhere;
in particular, V F(x) does not need to vanish or be small on the range of u.

9. Eliminating the radial stress

Having eliminated the potential energy density v from the problem, we now turn our attention to
eliminating the radial stress g3, 5,. To motivate this reduction, assume for the moment that the hypotheses

1.d-1

and conclusions of Theorem 8.1 hold. Multiplying the momentum conservation law (8-4) by ;r we

arrive at the identity
0r(r'""ga,0,) = 52 (O-1)



418 TERENCE TAO

where S» : H; — R is the function
Syi=(d—1Dr@2gy 5 +Si (9-2)

and S; : H1 — R is the function

S1e= 4 (00 (02 + 0 )11 + 20080, ). ©-3)

As rd_lgar,ar vanishes on the time axis r = 0, we can therefore solve for g5 5 (¢, R) for (¢, R) in the
interior of H; by the formula

1 R
89,,9,(t, R) := F/{; Sa(t,r)dr,

noting that the right-hand side has a removable singularity at R = 0 since the integral vanishes to order
at least d — 1 there; a Taylor expansion at R = 0 then also reveals that g5, — g5, .9, Vanishes at
R = 0. However, it is not immediately clear that the right-hand side will extend smoothly to the boundary
{(0, R) : R # 0} of Hj, due to the singularity of the integrand at the spacetime origin. As in Section 7,
this requires an additional “good” hypothesis on the asymptotic expansion of the right-hand side of (9-1).
More precisely, we can deduce Theorem 8.1 from

Theorem 9.1 (seventh reduction). Then there exist smooth fields g1,1. 83,,.3,,+ 81,9, : H1 — R obeying
the following properties:

(1) One has the positive definite inequalities (8-1) pointwise on H.

(ii) The fields g1,1, £33, &1,id, scale like p_%, p_ﬁ_z, and p_%_l respectively.
(vi) One has the conservation law (8-3) with removable singularity at r = 0.
(vii) The functions g1,1, &3,.,,, are eveninr, while g1 ;5. isoddinr.

(viii) There is an &€ > 0 such that one has the pointwise inequality

1 2 2
1 R 50r81,1) + 871, _ 4
Wf Sa(l,r)dr > (2081 L% (1, R) + ep(1, R) 712
—Jo 81,1

forall R > 0, where S» : Hi — R is the function defined by (9-2).

(ix) Let k > —1 be the largest integer such that

d—3——4 —2k > 0. (9-4)
p—1

4 ag ) .
As Sy is smooth and scales like p~ P—1 +d 4 there is an asymptotic of the form

Sa(1,r) = rd™* "7 1 (R (1/72) + 0 22)) (9-5)

as r — oo for some polynomial Ry, of degree at most k (this forces R to vanish in the case k = —1,
where we adopt the convention that 0 has degree —o0). If strict inequality holds in (9-4), we require
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that -~
/0 (Sa(1,7) — pd=4=551 Re(1/r%)dr =0 (9-6)

(note that the integrand is absolutely integrable by (9-4), (9-5), and the smoothness of S»). If instead
equality holds in (9-4) (which can only occur if k > 0), we require that the degree k coefficient of
Ry vanishes, so that Ry actually has degree at most k — 1.

Let us now see how Theorem 9.1 implies Theorem 8.1. Letd >3 and p > 1 + ﬁ, and let
81,1, 8., 3w g1,i9, - H1 — R be as in Theorem 9.1. The function S defined in (9-2) scales like
p 7= e Td—4 , vanishes to order at least d —2 at r = 0, and has the same parity in r as r4=2 We may then
define

R
a0, (1, R) == [0 Sa(t,r)dr (9-7)

RE-1
for (¢, R) in the interior of H;. The integral fOR S1(¢, r) dr vanishes to order at least d — 1 at the time axis
R =0, so there is a removable singularity on that axis; by Taylor expansion we see that g5, 5. — &3,,.9,,
vanishes. It is also easy to see that g3, 5, is even in r and scales like p_ﬁ_z, and from the fundamental
theorem of calculus we see that g5 5 obeys (9-1). If we could show that g3 5, extends smoothly to the
boundary {(0, R) : R # 0} of H 1, then from Theorem 9.1(viii) we obtain (8-2) at (1, R) for all R > 0
(with a gap of at least ep = 2y, using scaling, symmetry and a limiting argument we would obtain
(8-2) throughout H;, and we would obtain all the requirements for Theorem 8.1.

Thus the only remaining difficulty is to ensure the smooth extension. We argue as in Section 7. By
scaling and symmetry it suffices to show that the function 7 = g3, 5, (¢, 1) extends smoothly to t = 0. If
strict inequality occurs in (9-4), then from (9-6), (9-7) we can write

— rd_4_ﬁ Rk(l/rz)) dr,

1 R d—4——4_
gar,ar(l,R): RA—1 /0 r P*le(l/r

and hence by rescaling

__2 _ _1
g0,0, )=t gy o (1,172) = Y1(t) + Ya(t),

where the functions Y71, Y5 : (0, +00) — R are defined by the formulae

—1/2

Yi(2) := t%_% / rd_4_%Rk(1/r2) dr,
0

d=3_ 2 [ ded— A 5
Ya(t) :=—1 2 ”‘/ (S2(1,r) —r® " 27T R (/%)) dr.
171/2

The function Y; is a polynomial and thus smoothly extends to t = 0. As for Y>, we make the change of
variables r = (st)_% to write

Yz(t)———/ Sa(st, 1) — Ry (s?) 25

34k
2
) s ds.
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Asi in Section 7, (Sa(st, 1) — Ry (st))/s¥+1 is smooth in 7 € [0, 1] uniformly in s € [0, 1], and the weight

sp Tk

is absolutely integrable, so we obtain a smooth extenswn to t =0 as required. The case when
d—3___2
equality occurs in (9-4) is treated by adding a monomial term A7 2 T to Y, precisely as in Section 7.

It remains to prove Theorem 9.1. This will be the objective of the remaining sections of the paper.

10. Eliminating the angular stress

Now we turn to eliminating the angular stress g3, .9, from the problem It will be natural to divide into the
stress- subcrmcal case d — 3— =7 <0, the stress-critical case d —3——=7 =0, and the stress-supercritical
case d —3— =5 > 0 (note that all three of these cases can occur in the energy supercritical regime (2-1)).

Assume that all the conclusions of Theorem 9.1 are satisfied. In the stress-subcritical case d — 3—ﬁ <0,
the exponent k in Theorem 9.1(ix) is equal to —1; thus Ry vanishes, S, is absolutely integrable, and the
condition (9-6) becomes

o0
/ S>(1,r)dr =0.
0

From Theorem 9.1(viii) we thus have

2
(39r81.1)" + 87 15,
81,1
for any R > 0. Applying (9-2), (8-1), we obtain the constraint

1
RA-1

e 4
/ Sy(lrydr <— (1. R) — ep(1, R) 772
R

1
Rd-1

(%aré’l,l)z + g%,ia,

81,1

— 5272
(I, R) —ep(1, R) »=1

o0
[ S1(1,r)dr <—
R

on the fields g1,1, g1,;9, for all R > 0. By scale invariance, we then have

(%arglJ)z
81,1

1
Rd—l
forall ¢, R > 0.

Now suppose we are in the stress-critical case d —3 — % = 0. Then k =0, and from Theorem 9.1(ix)
we have

oo +_g2,
/ Si(t.r)dr < — Lidr (1 Ry ep(r, R)" 7T 2 (10-1)
R

lim rS>(1,7) =0.
r—>00

Sti+d—4 _

As S scales like p7— ,0_1, the limit lim, o 7S1(1, r) exists; from (9-2), (8-1), we conclude

the constraint
lim rS1(1,7) <O0.
r—>00

Finally, in the stress-supercritical case d —3 — —— > 0, there is no obvious way to extract a constraint
on g1,1, &1,i9, from the properties in Theorem 9 1 that involve g3, 5. -

As it turns out, the obstructions listed above to eliminating gy, 5, are essentially the only ones. More
precisely, Theorem 9.1 is a consequence of:
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Theorem 10.1 (eighth reduction). Then there exist smooth fields g1,1, g1,i3, : H1 — R obeying the
following properties:

(1) One has the positive definite inequality g1,1 > 0 pointwise on H.

(i1) g1,1 and gy ;9, scale like p_ﬁ and p_ﬁ_l respectively.
(vi) One has the conservation law (8-3) on Hy with removable singularity at r = 0.
(vii) The function g1,1 is even in r, while gy ;5, is odd in r.

(X) In the stress-subcritical case, we have the constraint (10-1) for all R,t > 0 and some & > 0, where

S1 is defined by (9-3). In the stress-critical case, we have the constraint
lim »S1(1,r) <O.
r—>o0
In the stress-supercritical case, we impose no constraint here.

In the remainder of this section we show how Theorem 9.1 implies Theorem 8.1. Let g1,1, g1,;9,, be
as in Theorem 9.1. It will suffice to locate a smooth field g3, 5, : H1 — R, scaling like p_ﬁ_z, even
in r, and vanishing at r = 0, which is strictly positive and such that the function S, : H; — R defined by
(9-2) obeys the properties claimed in Theorem 9.1(viii), (ix).

We begin with the stress-critical case d — 3 — % = 0, which is the simplest. From Theorem 9.1(x)
we can write

lim rSi(l,r)=—c (10-2)
r—00

for some ¢ > 0. Let ¢ : R — [0, 1] be a smooth even function, supported on [—2, 2], that equals 1 on
[—1, 1], and choose

c — 1—d
G0, (1) 1= ——p! T+ AT Y (/1)

for some4large A > 0 to be chosen later. Clearly g3, 5 is strictly positive, smooth, even in r, and scales
like p_ﬁ_z = pl_d. From (9-2), (10-2) we see that

lim rSi1(1,r) =0.
r—>00

It remains to establish the property in Theorem 9.1(viii) with (say) ¢ = 1. That is to say, we need to show

R
Rd—l/ ri=2y(r)dr = f(R) (10-3)
0
for all R > 0, where
19 2,2 R
( gl,l) +81; __4 _ 1 5 1
f(R)= 29r o 1,i0, (1,R)+p(1,R) =T Z_Rd_l/(; (S1(1,7)+Crd 2p1 d)dr.

The function Sy1(1,r) + crd_zpl_d scales like p~1, and by (10-2) we have

lim r(S1(1,7)+ crd_zpl_d) =0,
r—00
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so we have an asymptotic of the form
Si(Lr)+cr?2p'=4 = 0(1/r?)

as r — 00. In particular, the integral fOR (S1(1,7)+cr?2p'=?) dr is bounded in R. The first two terms
4

in the definition of f(R) come from evaluating smooth functions scaling like ,o_ﬁ_z =p'=? at (1, R).

As such we conclude a bound of the form

f(R)=0((1+R)'™%)

for all R > 0, where the implied constant does not depend on A. On the other hand, from the construction
R 4-— .

Rdl—l Jo r4=24(r) dr is bounded below by ﬁ when R <1 and by m

for R > 1, so we obtain the required bound (10-3) by choosing A large enough.

of v, the expression

A similar argument lets us treat the stress-supercritical case in which d —3 — —1 = 2k for some
positive integer k, as follows. The function S is smooth and scales like pd —4 5T = = p2~1 and thus
we have an asymptotic of the form

S1(1,7) = r?* Y (R (1/72) + e /17K + 0(r=%72)) (10-4)

as r — 400, for some real number ¢; and some polynomial Rj_; of degree at most k — 1. Let
¥ : R — [0, 1] be a smooth cutoff as before, let A > 0 be a large parameter to be chosen later, and set

Cc
80400 (1,7) 1= (—Tk1|r|1_dtk+A|r|1_d+2k)(1 V(r/12) + +At 2 Ry (r/12).

d

If A is large enough, it is easy to verify that g5 5, is strictly positive, smooth, even in r, and scales like
4

,o_ﬁ_z = p!=4+2k_ From (9-2), (10-4) we have the asymptotic

S1(Lr) =r* YA+ Ry (1/r%) + O(r—%72))

as r — +o0.
It remains to establish the property in Theorem 9.1(viii) with (say) € = 1. As before, we rewrite this
desired inequality as

R
Ri-1 /0 (Y )+ A=y () dr = fie(R) (10-5)

for all R > 0, where

20 : 1 4 R _ 2
Jre(R) == a2211) +gl’”"‘(1,R)+p(1,1!e)‘ﬁ‘2— ; / (Sl(l,i’)—ck—l w:r/t ))d
0

81,1 RA-1

As before, the first two terms fi (R) come from evaluating a smooth function scaling like p—ﬁ—z =
pl~4%2k at (1, R), while the integrand S (1,7) — cx (1 — ¥ (r/1%))/r is of size O((1 + r)?*~1). We
conclude that

Je(R) = O((1+ R)'74+2K)
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(with implied constant independent of A), while from direct computation we have

1
RA—1

R
f (r9 72y () + r2* T 1=y (r)) dr = c(1 4+ R)! 79T
0

for all R > 0 and some quantity ¢ > 0 depending on d, k, ¥. The claim then follows by taking A large
enough.
It remains to prove Theorem 10.1. This will be the objective of the final section of the paper.

11. Conclusion of the argument

The mass conservation law (8-3) can be rewritten as

0,(r? 1 g1.1) = 20,(r ' g1,19,)-
It is thus clear that this law will be satisfied for r # 0 (with removable singularity at r = 0) if one uses
the ansatz
g1 =2r"99, (W) = 2rd, W 424w, (11-1)
gria, =r' "0, (rW) = ro,w (11-2)

for some smooth function W : H; — R. In order to obey the conditions (i), (ii), (vii) of Theorem 10.1,
we should impose the following conditions on W':

(i) One has 3,(r¢W(t,r)) > 0 for all » > 0 and 7 > 0. Furthermore, W (1, 0) > 0.
(i) W scales like p~ =T,

(vil) W iseveninr.

It is clear that if W is smooth and obeys the above properties (i), (ii), (vii), and g1,1, £1,;9, are then
defined by (11-1), (11-2), then the properties (i), (ii), (vi), (vii) of Theoreril 10.1 are satisfied. Such a
function W is easy to construct, indeed one can just take W(z,r) := p~ =T (noting from the energy
supercriticality hypothesis (2-1) that d — % > 2 > 0; hence the derivative

is positive for r > 0). This already establishes Theorem 10.1 in the stress-supercritical case d —3— % > 0.
It remains to handle the stress-critical case d —3— % =0 and the stress-subcritical case d —3— % <0.
Here the difficulty is 4th:alt there is an additional constraint in Theorem 10.1(x) that needs to be satisfied. If
one sets W0 := p~ -1 and defines the initial fields g?’l, g?, i, by the formulae (11-1), (11-2), that is to
say,
0 _92,9.W° 0
81,1 =2ro, W= +2d W=, (11-3)

80 g, =10 W°, (11-4)
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and then defines the initial field S ? by the analogue of (9-3), namely

$0:= 4r91 (o, (02 + ?8,)57?,1 +20:8% 15, ):

then there is no guarantee that the constraint in Theorem 10.1(x) will be obeyed for these choices of g1.1,
g1.i9,- Instead, we select a smooth function ¥ : R — R supported on [—1, 1], such that ¥ (¢) > 0 for all
t>0and ¥"(t)=1for0 <t < %, let § > 0 be an even smaller parameter, and let W : H; — R be the
function defined for all (¢, 7) € H; by the formula

Wit r) = WO, r)— 53p—1i1¢(8t_p),

and then define g1,1, g1,i5,, S1 by (11-1), (11-2), (9-3). Clearly W obeys the required properties (ii) and
(vii). We now claim that the property (i) also holds if § is small enough. Note that W (¢, r) is equal to
WO(t,r) unless t = O(8p); thus it suffices to verify (i) in the regime t = O(8p). By rescaling we may
normalise » = 1 and ¢ = O(§). In this regime we have

0, (reW(t,r)) = 0, (r* WO (1, 1)) + 0(87),

and from the fact that W° obeys (i), the quantity 3, (r? W°(z, r)) is bounded away from zero uniformly
in § in the regime r = 1, 1 = O(§), so the claim follows.

We now claim that Theorem 10.1(x) holds for § small enough. In the stress-supercritical case there is
nothing to prove. In the remaining cases, we need to study the quantity S (¢, r). By construction, this
quantity is equal to S ?(t, r) except in the regime r = O(8p). Now we rescale and study S (¢, 1) in the
regime r = O(§). From (11-1), (11-2) we have

t t
g11=g(1)1—2”5%3r P_ﬁ‘/’ - +2d5%,0_ﬁ‘/f .
’ ’ 8p op

3 __4 t
81,i0, = g?,ia,- +r820; (p =1 w(%))

and

Using the identities 9,0 = 1/(2p>), 9,p = r3/p> we can obtain the bounds

0211 =0[g%, + 0(8?), (11-5)
1
g1,i0, = 8155, + 0(62), (11-6)
t
dusnia, =254 72 () + o) (117
o

for j =0,1,2,3 in the regime r = 1, t = O(§). In particular, from (9-3) we have the bounds
t

Si(1,1) = —s—ip‘p“—l‘zw”( :
P

) +0(1) (11-8)
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in the region r = 1, t = O(§); this bound is also true in the larger range r = 1, t = O(1) since 1 = S{)
and ¥” = 0 when ¢ is much larger than §. In particular, for § small enough we have

lim Sy(¢,1) <O0;
t—0+

4 4+d—2

as Sp scales like p~ =1 , this is equivalent to which by rescaling is equivalent to

lim pr=1~9%25,(1,7) <0.
r—00

In the stress-critical case d — 3 — % = 0, this gives Theorem 10.1(x). Now suppose we are in the

stress-subcritical case d — 3 — % < 0. From (11-8), we have the bounds

1 [t A= : A
—;/0 Sl(z/,l)(7) di’ > 8‘2(1+§) —0(1)

for all 0 < ¢ < 1; note in the stress-subcritical case that the exponent % — % is at least —1. We have
d=3__2
_1 r\ 2 »1 2 _d=2
S 2|1+ g > §r-1 2,

By energy supercriticality (2-1), the exponent here is negative, and thus if § is small enough we have

2
1 [t t'\P-TT 2 2 _d=2
__[ Sl(t/’ 1)(—) dt/ >> 81,31 22
t Jo ‘

4 +d—2

forall 0 <t < 1. As S scales like p~ =T , this bound is equivalent to

1 > 2 __d=2 __4_ _,
_Rd_lf Si(L,rydr > §r—1" 2 p »-1
R

for 1 < R < o0; since S1(1,r) = S?(l, r) = O(1) when 0 < R < 1, we conclude that this bound also
holds for 0 < R < 1 if § is small enough. Meanwhile, from (11-5), (11-6) we have
2
(20r811)" + 87 5,
81,1

(t.1)=0(1)
for 0 <t <1, and hence by rescaling

1 2 2

>0rg811)" + 8%

(2 r ) 1,id, (1,R) = O(p_ﬁ_z)
81,1

for 1 < R < o0; since
gL R) =g} (1.R) > 1,

gria, (1LR) =7 ;5 (1.R)=0O(1),
drg1a(1,R) =0,87,1(1,R) = 0(1)
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for 0 < R < 1, this bound also holds for 0 < R < 1. We conclude that for § small enough, the conclusion
of Theorem 10.1(x) holds (with e = 1) in the stress subcritical case. This covers all the cases required for
Theorem 10.1, and thus (finally!) completes the proof of Theorem 1.2.

Appendix: Proof of Nash-type embedding theorem

The purpose of this appendix is to prove Proposition 5.2.
We can use the hypothesis in Proposition 5.2(iv) to make a “gauge transformation” to reduce to the
case when the components G ;5 . vanish:
A

Proposition A.1. In order to prove Proposition 5.2, it suffices to do so under the additional hypothesis
that Gl,iaxj vanishes identically for all j = 1,...,d, and in which we now require a = 0 in (3-1).

We remark from (5-10) that the vanishing of Gl,i8xj also implies the vanishing of Gaxj,iaxk'

Proof. Let the hypotheses be as in Proposition 5.2, and let g : H; — R4 denote the vector field

B} (Gl,iaxj )d
g:= .
Gia Ji—

From hypothesis (iv) we know that g is curl-free, so in particular

/g(z,x)-ds:o
¥

for all 7 > 0 and all closed curves y in R?, where dss is the length element. Taking limits as t — 0, we
conclude that

/E(O,x)' ds =0
v

for all 7 > 0 and all closed curves y in R?\{0}. In particular, g(0, -) is exact, and so we can find a smooth
function Py : R%\{0} — R such that

£(0,x) =V Po(x) (A-1)
forall x € [R{d\{O}. Observe from (5-6) that the vector field g has the homogeneity
g(41.2x) = 38(1.x) (A-2)

for all (¢, x) € Hy;. In particular, (A-1) continues to hold when Py is replaced by the rescaling x — Py (2x).
Integrating, we conclude that
Po(2x) = Po(x) +« (A-3)

for all x € R4\ {0} and some « € R.
From (A-2) and the smoothness of g up to the boundary of H;, we see for fixed 7 > 0 that one has the
asymptotic
g(t.x)—8(0.x) = 0(1/|x[?)
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as x — oo, and similarly for all spacetime derivatives of g (in fact one gains additional powers of |x|
with each derivative). If we then define the function P : H; — R by

P(t.x) == Po(x) — / (F(t. )~ §(0.)) - ds
Y

where y is an arbitrary curve from x to oo in Rd\{O} that is eventually linear, then we see from Stokes’
theorem that P is well-defined, and it is clear from construction that P is smooth and obeys the identity

g(t,x)=VP(t,x)
for all (¢, x) € H, . Furthermore, from (5-6) and (A-3) we see that
P(4t,2x) = P(t,x) +« (A-4)
for all (¢, x) € R¥.
We now introduce the “gauge transformed” matrix G’ = (Gb1 ’ Dz) D,.D-ep by setting
11=Gj; =G,
1,i =Gi =0,
.0, =G0p,.1 =Giip, =Gip,; = G1D,.
vip, =Gip,1=—Gip, ==Gp,,i = G1,p,—G1,1 D1 P,
Gp, p, =Gip,ip, = Gp,.0,—G1,ip, D1 P —G1,ip, D2 P +(D1P)(D2P)Gy 1,
Gp, ip, = Gip,.p, := Gp,.ip,—(D2P)G1,p, +(D1P)G\ p,

for D1, D> € Dg\{1}. The motivation for this matrix is that the requirement (5-13) can be seen to be
equivalent to the requirement

Gbl,Dz(I’ x) = (Dl(ueiP)(t, x), DZ(ueiP)(t’ x))@m (A-5)

for D1, D, € D, as can be seen from many applications of the product and Leibniz rules.
It is easy to see that G’ is smooth and real symmetric and obeys the scaling relation (5-6). We observe
the identity

/ —
Z Gp,.p, 4D, 4D, = Z Gp,,p,bp, bp,
D,,D,eD D{,D>eD

for all real numbers ap, D € D, where

b1 =a1— Z Cl,’DDP,

DeDy
b :=a; + Z apDP,
DeDy
bD] = ap,,
biD] = aip; -

From this we see that G’ is strictly positive definite, and thus obeys the property (i). Routine calculation
shows that it also obeys the conditions (ii), (iii), (iv), and that the components Gi i9 vanish for j =
> x.]'
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1,...,d. By hypothesis, we may thus find a smooth function u’ : H; — C™ that is nowhere vanishing
and obeys the discrete self-similarity (3-1) with o replaced by 0, such that

Gp,,p,(t.x) = (D1u'(t,x). Dau'(t, X)) cm

for all (¢,x) € Hy and all Dy, D, € D other than (D, D3) = (9¢,0¢), (9¢,i9;). Furthermore, the
function 6 : Hy/T% — CP™ 1, formed by descending the map 7 ou’ : Hy — CP™ 1 to H;/T% is a
smooth embedding. If we then set u := u’ e'P one checks from the equivalence of (5-13) and (A-5) that
u obeys all the properties required for Proposition 5.2. O

It remains to prove Proposition 5.2 under the additional hypothesis that G, idy; = 0 and with the
requirement & = 0. It will be convenient to work with a reduced “basis” of components of G, in order to
eliminate the various constraints between the components of G. Let P C D? denote the following set of
pairs in D:

P:={(1,D):D =1,idx,,....00x,.i0:} U{(0x,;.0x,): 1 < j <k <d}U{(dx,;.0;): 1<) <d}
and then define the reduction Gp : Hy — R” of the matrix G as

Gp :=(GD,,p,)(D1,D2)eP (A-6)

and the Gram-type matrix Gp[u, v]: Hy — R” of two smooth functions u, v : Hy — C™ for some m > 1
by the formula

Gplu,v] := ((D1u, D2v)em)(p,,Dy)ep-

Observe from the hypotheses (5-7), (5-11)—(5-12) (as well as the symmetry Gp, p, = Gp,.G,) on the
matrix G, as well as the analogous identities (5-2)—(5-5) (as well as the symmetry {(Dju, Dyu)cm =
(Dau, D1)cm) on the Gram-type matrix G[u, u], that if u obeyed the equations

Gplu,u]l = Gp (A7)

(that is to say, (5-13) holds for all (D1, D») € P) then in fact one has (5-13) for all pairs (D1, D>) in D?
other than (d;, d;) and (i d;,id;). Thus, our task reduces to that of locating a smooth, nowhere vanishing
map u : H; — C™ which obeys the discrete self-similarity (3-1) and the equation (A-7).

In order to avoid technicalities involving elliptic theory for manifolds with boundary, it will be
convenient to replace the half-space Hy with the punctured spacetime R x R?\{(0,0)}, so that the
quotient

M = RxR\{(0,0)})/T*
is now a smooth compact manifold without boundary. More precisely, we will show:
Proposition A.2. Let Gp = (Gp,,p,)(D,,D,)ep be a tuple of smooth functions

Gp,.p, : RxRI\{(0,0)} - R
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obeying the scaling law (5-6). Suppose also that the fields Gl,iaxj vanish for j = 1,...,d, and that the
(d +1)x(d + 1) matrix
(GD1,D2)D1,Dr{1,3x, ,s0x,} (A-8)

is strictly positive definite on all of R x RZ\{0}, where we define

_ 1
Gl,axj = Gaxj,l = 50x;G1,1
forj=1,...,d and
Goryodx; = G, ox,

for1 < j <k <d. Then, if m is an integer that is sufficiently large depending on d, there exists a smooth
nowhere vanishing function u : R x R4\ {(0,0)} — C™ obeying (3-1) with & = 0 such that the map 7 o u
is a smooth embedding of M into CP™~Y, and such that

GP[M, M] =G
on all of R x RZ\{(0,0)}.

We now explain why Proposition A.2 gives us Proposition 5.2. Let GD1 Dy» D1, D> € D be as in
Proposition A.2, with G, ,idy, =0. For each D1, D, € D, the function pP =T +°rd(D1)+°rd(D2)GD1 D, is T-
invariant and may thus be v1ewed as a smooth function on the quotient space H;/ TZ. Using the extension
theorem” of Seeley [1964], we may smoothly extend this function to the larger space (RxR?\{(0, 0)})/ T'%;
lifting this extension back up to Rx R4\ {(0, 0)} and dividing by pﬁJrord(D‘)Jrord(DZ), we obtain a smooth
extension of Gp, p, for (D1, D2) € P from Hy to R x R? — {(0, 0)} that continues to obey the scaling
properties (5-6). Of course we can arrange matters so that one retains the symmetry property Gp,,p, =
Gp,,p, with this extension, as well as the vanishing property Gl,iaxj = 0. By continuity, the matrix
(A-8) will remain strictly positive definite in an open neighbourhood of H;. By smoothly interpolating
the Gp,,p, with another set of functions for which the matrix (A-8) is strictly positive definite everywhere
(while also still obeying (5-6); this is easily achieved by keeping the diagonal terms G1,1, Gaxj By, large
and positive), one can assume without loss of generality that (A-8) is in fact positive definite on all of
R x RZ\{(0,0)}. If one now applies Proposition A.2 and then restricts back to H, one obtains the claim.

It remains to establish Proposition A.2. If we knew that the component G ;5, of G vanished (in
addition to the vanishing of Gl,iaxj that is already assumed), one could obtain this claim immediately
from Proposition 5.1, by embedding R™ into C™ and noting that the inner products (u, idx;u)cm and
(u,i0d;u)cm automatically vanish if u takes values in R™. (In this case, we could also recover the (d;, d¢)
case of (5-13).) Thus the only obstacle to address is the nonvanishing of G ;3,. Our strategy, inspired by
the usual proofs of the Nash embedding theorem, will be to modify Gp by subtracting the contribution
of a suitable “short map” that is designed to mostly eliminate the G, ;5,-component (while creating
only small perturbations in the remaining components of G), and then use the perturbative argument®
[Giinther 1991] to construct a solution u for this perturbative version of Gp.

70ne can also use the classical extension theorem of Whitney [1934].
80ne could also use the Nash-Moser iteration scheme here, although this would be more complicated technically.
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We turn to the details. The map u — Gplu,u] defined by (A-6) is quadratic in u, rather than
linear. Nevertheless, it does have the following very convenient additivity property: given two maps
up :RxR4\{(0,0)} - C™ and us : Rx R4 \{(0,0)} = C™2 into two finite-dimensional complex vector
spaces, one has the identity

Gpl(ur,uz), (u1,u2)] = Gplur, u1] + Gpluz, uz, (A-9)

where the pairing (u1,u2) : R x RE\{(0,0)} — C™1+™2 of 4, u, is the map defined by the formula

(ul» MZ)(t’x) = (Ml([?x)’ uz([,X))

where we identify C™! x C™2 with C™17™2 in the obvious fashion. Note also that if 1, u, are smooth
and obey (3-1) with @ = 0, then the pairing (11, up) does also; and if one of uy, us is an embedding
and nowhere vanishing and the other is merely a smooth map that is allowed to vanish, then the pairing
(11, u2) will be an embedding that is nowhere vanishing.

Next, we (again inspired by the usual proofs of the Nash embedding theorem) define a smooth map
u: RxR4\{(0,0)} — C™ to be free if, for any (z, x) € R x RZ\{(0, 0)}, the vectors u(z, x), O, u(t, x)
(for 1 < j <d), 0su(t,x), 0x;0x,u(t,x) (for 1 < j <k <d), and dx,d;u(t,x) (for 1 < j < d) are
all linearly independent over the complex numbers C in C™. We observe that if m is sufficiently large
(depending only on d), then there is at least one free map into C™ that obeys the discrete self-similarity
(3-1). Indeed, from the Whitney embedding theorem there is a smooth embedding v : M — R0 whenever
my is sufficiently large depending on d. If we then define the map w: M — RI+mo+(") by the formula

w = (1, (vj)lsjfm()’ (v]vk)lfjfkfmo)’

where vy, ..., Un, t R X R4\ {(0,0)}/T% — R are the components of v, then one verifies from the chain
rule and the immersed nature of v that w is free over R, and hence free over C if one embeds RI+™ 0+(")
into C1*+m0+("5). 1f one then defines the map ug : Hy — cl+mo+(y) by the formula

MO(Z? X) = p_%l,l)(ﬂ(l‘, X)),

we see from a further application of the chain rule that u¢ is smooth, free, nowhere vanishing, and obeys

the discrete self-similarity relation (3-1). By multiplying u¢ by a sufficiently small positive constant
(which does not affect the properties of u stated above), and using the compactness of M and the positive
definiteness of the (d + 2) x (d + 2) matrix-valued function (Gp,,p,)D,,D,eD> W€ can also assume
that u¢ is a short map in the sense that the (d 4 2) x (d + 2) matrix-valued function

(GD],DQ - (D1u09 D2M0)@]+m0+(mz()))DI,D2€DR

is strictly positive definite on all of R x R4 \{(0,0)}. Applying Proposition 5.1, we see (for m sufficiently
large depending on d) we may find a smooth nowhere vanishing map u; : R x R4\{(0,0)} — R™!
obeying the discrete self-similarity property (3-1) with &« = 0, with u/||u1||rm a smooth embedding of
M into S™~1 such that

Gp,,p, — (D1uo, DZUO)C1+n10+(nz20) = (Dqu1, Dauq)cm (A-10)
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on R x R4\{(0,0)} for all Dy, D, € Dg. This identity also is obeyed when (D1, D) = (1, idy;) for
some j = 1,...,d, since all three terms in the identity vanish in this case. On the other hand, (A-10)
can fail when (D1, D3) = (1,i0;), since Gy ;5, is not assumed to vanish. In particular, the vector-valued
function

Gp —Gplug, ugl — Gpluy, ui]

has all components vanishing except for the (1,7 9;)-component, which is equal to Gy ;5,. To address this
remaining component, we proceed by the following argument. Using a smooth partition of unity, we can

find a finite number aq,...,a; : R x R4 \{(0,0)} — R of smooth functions, each of which is supported
in a ball of radius ﬁ in the region {(t, X)eEH;: % <p< 2}, such that
k
1=>">"a}(T™"(t.x)) (A-11)
nezl=1

for all (¢,x) € Hy, where k depends only on d. Meanwhile, the function pﬁJrz Gi,i9,(t,x)is T-
invariant and thus descends to a smooth function of H;/T%. This function can be written as the difference
of two squares f. _ﬁ — f2 for some smooth fi : H;/T? — R (e.g., by setting f_ to be a large positive
constant and then solving for f); thus

_4

G _ —t-2 2 4. 2
1,i9, (1x) = p 7717 fo (e (2, x))" —p »=T 7 f (7 (2. X))~
Multiplying this with (A-11), we obtain the decomposition
k 4 4
Gy o, (1) = 3 Y 27 G2 (7, 2y — 2 GEEDR2 (7, ),

nezl=1
where

bt x) = ay (6.)p” 7T L £y (2. x)).

Note that for fixed /, the functions b12 +(T_" (z, x)) have disjoint supports as n varies, and similarly for
blz_ (T7(¢, x)).
Next, let € > 0 be a small parameter to be chosen later, and let us o : Hy — C2k be the map

k

2 2n . t 2k
uz,aa,x)::((282‘"231bz,+(T—"(r,x))e"(f‘i")) (e el ) )
nez I=1 nez I=1

One can check that u5 ¢ is smooth and obeys the discrete self-similarity property (3-1). Direct computation
using (A-9) and the chain and product rules gives the identity

Gp — Gplug, uo] — Gplui, u1] — Gpluz e, uz ¢ = e* Hp,

where Hp = (Hp,,p,)(D,,D»)ep 1s a smooth function from Hy to C? that is independent of & and obeys
the scaling property (5-6). The precise value of Hp is not important for our purposes, but for sake of
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explicitness we can evaluate the components of this matrix to be given by the formulae

k
Hig(ex) ==Y 3 3277 "0 (T 71, %)),

+ nezl=1
Hl,laxj ([’ ‘x) = 07
Hl,iat(t!x) =0’
k
(-4 _
Hy oy, (60) == 3 303 27 G0 by d by 1)(T7 (1, 0)),
+ nezl=1
k
(-4 _
Hy, ,(t.x) = Hy,p, (t.x) ==Y 33 2G5t by o,y )(T (1. x))

+ nezZl=1

for j,j’ =1,...,d. It is important here that the pairs (d;, d;), ({d;,i0d;) do not appear in P, as these
would introduce terms in Hyp that are of order 1/ which is unacceptably large for our purposes.

Proposition A.2 (and hence Proposition 5.2) may now be deduced from the following perturbative
claim:

Proposition A.3. Let the notation and hypotheses be as above. If € > 0 is sufficiently small, then there
exists a smooth map ug : R x R4\ {(0,0)} — cltmo+() obeying the discrete self-similarity property
(3-1) with a = 0, such that

Gpluo.e. uo.e]l = Gpluo.uol + & Hp.

Indeed, one can now take u to be the tuple u := (ug, U1, u2,¢) for a sufficiently small ¢, giving the
claim (for m large enough). Note that as u; was already a smooth nonvanishing embedding, u will be
also, regardless of how badly u¢ ¢ and u ¢ vanish or fail to be an embedding.

It remains to prove Proposition A.3. In order to be able to work on the compact manifold M rather
than the noncompact space R x R?\{(0,0)}, it will be convenient to normalise 1 and the differential
operators in D and P to be T -invariant. More precisely, let us introduce the 7 -invariant vector fields

X] = ,Oaxj, Xt = pzat

on R x R4\{(0,0)} (or the quotient space M) for j = 1,...,d, where we identify vector fields with
first-order differential operators in the usual fashion. We also introduce the pairs of rescaled differential
operators

Ph={(LDJULX;. Xi) 1< <k <dfURX) X1 <) sdjUR(LIX)) 1</ =dj U{(LiX0)
and then define
Gpu,v]:= (D1u, Dzv)Cm)(Dl,Dz)GP’

for smooth u, v : R x R%\{(0,0)} — C™. Note that the operators in P’ commute with the dilation
operator T'; in particular, if u is T-invariant, then so is Gp[u, u].
Proposition A.3 is then a consequence of:
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Proposition A.4. Let m be a positive integer. Let u : R x R4\ {(0,0)} — C™ be a smooth map which is
T-invariant and free, and let Hp : R x R%\{(0,0)} — R be smooth and T -invariant. Then, if ¢ > 0 is
small enough, there exists a smooth map ug : R x R4\ {(0,0)} — C™ that is smooth and T -invariant such
that

Gplug, ug) = Gpr[u, u] + &> Hpr. (A-12)
To see why Proposition A.4 implies Proposition A.3, we observe that if 1o : R x RZ\{(0, 0)} — Cm i

smooth and obeys (3-1) with & = 0, and we set u : R x R\ {(0, 0)} — C™ to be the map u := pp =Ty,
then u is T-invariant, and we have the linear relation

Gprlu,ul(t,x) = St xGpluo, uol(t, x)
for some invertible linear transformation Sy x : R” — R”’. The exact form of S ¢,x 1S not important, but
for sake of explicitness we can compute S x(Gp,,D,)(D,,D,)ep ‘= (Gbl,Dz)(Dth)ep/, where
, _4_
Gi1:=p71G1,

4 2 2 4
Gy, x,:=p7"" (szaxj ,axk+jp(3x, P)Gl,axk‘i‘jp(axkp)Gaxj 1 +W(8xj p)(axkp)Gl,l),

= 2 4
G;;,.,Xt:=pv—1(p3Gax.,at+p—p (0, G0, + =707 0up) Gy 1+ =55 002 )@ Gt ).

(p—

1,X =pr- lpGuax ,

1 Xy _pp ]IO Gl ,i0;-
Also, from the product rule we see that u¢ is free if and only if u is free. If one then applies Proposition A.4
with
Hp/(t,x) = St’pr(l‘, X)

(which one verifies to be T -invariant), then for & small enough, one can find a map u; : R x R4\ {(0,0)} —
C™ that is smooth and 7T -invariant, such that

Gprlue, uel(t, x) = St,xGplu, ul(t, x) + 6> St x Hp(t, ) (A-13)

for all (t,x) € Rx R4\{(0,0)}. If we then define upe: Rx R4\{(0,0)} - C™ to be the map ug ¢ :=
o = 7=Tug, then Gprlug, ug|(t, x) = St xGpluo.e, uoe](, x), so on applying S;” 1 to (A-13) we obtain
Proposition A.3 as claimed.

It remains to prove Proposition A.4. Henceforth the reference solution u will be held fixed, as well as
the range dimension m. If we write u, = u + v, then we can rewrite (A-12) as

Lyv =&>Hp —Gp[v,v], (A-14)

where L, is the linear operator defined on smooth functions u : M — C™ by setting L, v : M — R” to
be the function

Lyv:=Gplu,v]+ Gprv, ul.
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Our task is now to find a smooth solution v : M — C™ to (A-14). In coordinates, we can expand
Luv = ((LMU)DI,Dz)(Dl,Dz)GP/ as
(Luv)l,l = Z(U,u)@m,
(Luv)x; x, = (Xjv, Xpu)em + (Xju, Xgv)em
= Xj (l), Xku)@m —+ Xk(v, Xju)@m — (l), (Xij —+ Xka)u)@m,
(Luv)x;,x, := (Xjv, Xeu)em + (Xju, X¢v)em
= X; (v, Xqu)em + X (v, Xju)em — (v, (X; Xt + Xe Xj)u)em,
(Luv)l,iX_,- = (v,inu)q;m + (M,inU)Cm
=2(v,iXju)cm — X;(v,iu)cm,
(Luv)1,ix, := (v, iXeu)om + (u,iXrv)em
= 2(v,iX,u)Cm —Xt<U,iu>@m.
Observe that the components of L, v are expressed in terms of the coefficients (v, Du)cm, where D
ranges over the collection
Fo={1i, Xe,iX; }U{X;:1<j <d}U{iX;j: 1 <k <d}U{X;Xp + Xk X;:1<j <k <d}

of T-invariant differential operators (which may thus be viewed as differential operators on M). As u is
free, we see at each point in M that the vectors Du, D € F are linearly independent over R. By Cramer’s
rule, we may thus find smooth dual fields wp : M — C™ (depending on u), which are pointwise real
linear combinations of the Du, D € F, such that

(lesDZM)Cm =801,D2 (A-IS)

pointwise on M, where dp, , p, is the Kronecker delta (equal to 1 when D = D>, and zero otherwise). This
provides a zeroth-order right-inverse Zy to Ly, defined on any smooth collection F = (Fp,,p,)(D,,D,)ep’
of functions Fp, p, : M — R by setting Z,, F : M — C™ to be the function

1
ZuF: iFl,lwl_ Z FXj,kaXij+Xka
1<j<k=<d

d d
- Z Fx; x,wx;x,+Xx,X; — Z Fiix,wix; — F1,ix, wix, -
=1 =1

One can easily check from (A-15) and the expansion of L, in coordinates that Z,, is indeed a right-inverse
for L,; that is to say,

LyZyF=F

for all smooth F : M — C™.
One could now try to locate a solution to (A-14) using this left-inverse by solving the equation

v=Zye?Hp — Z,,Gpr[v, 0],
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which would imply (A-14). Here we face the familiar problem of loss of derivatives, since the Gram-type
operator Gp- is first-order whereas Z,, is zeroth-order. It is possible to recover this loss of derivative
problem for ¢ small enough using the technique of Nash—Moser iteration as in [Nash 1956]. However, we
instead follow the simpler approach of [Giinther 1991], by obtaining a decomposition of the form

Gpr[v,v] = Ly Qolv,v] + Q1[v,v], (A-16)

where Q¢, Q1 are “zeroth-order” operators. We will then be able to use a contraction mapping argument
to obtain a solution to the equation

v=Zye?Hp — Qolv,v] — Z, Q1[v, V] (A-17)

for ¢ small enough; applying L, to both sides, we obtain a solution to (A-14) as desired.

It remains to obtain the decomposition (A-16) and solve (A-17). We will need an elliptic second-order
operator —A on M. The precise choice of —A is not important, but for the sake of concreteness we will
take A to be the Laplace—Beltrami operator on M with the Riemannian metric

d
ds? = Z /oza’x]2 + ptdt?
Jj=1
(noting that the right-hand side is T '-invariant and thus descends to a metric on M), with the sign chosen
so that —A is positive semidefinite; in particular, one can define the resolvent operator (1 — A)~! on
smooth functions on M. We can then expand
Gplv.v] = —(1=A)"' F+(1-4)"' 0afv. ], (A-18)

where
F := Gp/[Av,v] + Gpr[v, Av],

Os[v,v] = Gpr[v,v] — AGpr[v, v] + Gpr [Av, v] + Gpr[v, Av].
Observe from the Leibniz rule that Q5[v, v] takes the schematic form
Qa2lv.v]= Y OV V),
0<a,b<2
where the gradient V is with respect to the Riemannian metric ds? (and the implied coefficients in the
O() notation are smooth on M); the point is that the “carré du champ”-type expression

—AGp[v,v] + Gp[Av, v] + Gpr[v, Av]

does not have any terms involving third or higher derivatives after cancelling out the top-order terms.
Thus, Q5 is a “zeroth-order operator”; for instance, it is a bounded bilinear operator on the Holder space
C?%%(M) for any 0 < & < 1, as can be seen by classical Schauder estimates.

The components of F' can be expanded using the Leibniz rule as

F1,1 =2(Av,v)cm,
Fx; x, = Xj(Av, Xpv)em + Xg (Av, Xjv)em — (Av, (Xj Xg + Xg Xj)v)em,
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Fx,; x, = X;j (Av, Xyv)om + X (Av, Xjv)em — (Av, (X; Xy + X Xj)v)em,
Fl,in = —Xj (Av,iv)em +2(Av,inv)q;m,
Fl,iXt =—X:{Av,iv)ecm + 2(Av,i X;v)cm.

Comparing this with (A-15) and the components of L,,, we can then write
F = LyQ3[v,v] + Q4lv, 0], (A-19)

where Q3[v,v] : M — C™ is the function

d
Os[v,v] := (Av,v)cmwy + Z(Av,ka)@mka + (Av, X v)emwy, + (Av,iv)emw;
k=1

/. . .
and Q4[v,v]: M — R” is given in components as

QOa4lv,v]1,1 :=0,
Qalv,vlx;,x, = —(Av, (Xj Xg + X Xj)v)cm,
Q4lv,vx;,x, == —(Av, (Xj X¢ + X Xj)v)em,
Q4lv,v]1,ix; = 2(Av,iXjv)em,
Qalv,v]1,ix, == 2(Av,iXtv)em.

Observe that, as with Q»[v, v], the expressions Q3[v, v] and Q4[v, v] both take the schematic form
Yo <ab<2 O (V@vV?v), as they does not contain any terms involving third or higher derivatives.
Using the identity

(1= "Ly =L,(1=A) "+ A=A [Ly, 1= AJ1= )"
=Lu(1-A)"'—(1=A)Ly, AJ(1=A)"!,

where [A, B] = AB — BA denotes the commutator of A4, B, as well as (A-18), (A-19), we obtain an
expansion of the form (A-16) with

Qolv, v] :=—(1—A)"1Q3[v,v],
O1[v,v]:= (1= A)"H(Q2[v,v] = Qa[v, v]) + (1 = A) " Ly, Al(1— A) " Q3[v, v].

Observe that the commutator [L,,, A] is a second-order differential operator on M with smooth coefficients.
From Schauder theory we then conclude that (after depolarisation) Qg, Q1 are bounded bilinear operators
on the Holder space C2%(M) for any fixed 0 < & < 1. As such, the contraction mapping theorem then
guarantees a solution v to (A-17) in the function space C2%(M) if ¢ is sufficiently small (depending
on u and o). We are almost done, except that we have not established that v is smooth. However, from
further application of Schauder theory one can establish estimates of the form

10 [v. vlllckeary < Cuallvlickeanlvlczemn + CrualvVIE-1amm
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forany k > 2 and i = 1, 2, where the quantities Cy o, Cg 4o depend only on the subscripted parameters.
Crucially, the leading constant Cy, o is independent of k. As such, a routine induction argument shows that
if e is sufficiently small (depending on u and o, but not on k) that all the iterates used in the contraction
mapping theorem to construct v, and hence v itself, are bounded in C k. (M) for any given k > 2, and so
v is smooth as required. This (finally!) completes the proof of Proposition 5.2.
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A SUBLINEAR VERSION OF SCHUR’S LEMMA AND ELLIPTIC PDE

STEPHEN QUINN AND IGOR E. VERBITSKY

We study the weighted norm inequality of (1, ¢)-type,
1G vl La@.doy < Cllvll forallv .z (Q),

along with its weak-type analogue, for 0 < ¢ < 1, where G is an integral operator associated with the
nonnegative kernel G on  x Q. Here .# ™ (2) denotes the class of positive Radon measures in £;
o,v€.#7(Q),and ||v]| = v(R).

For both weak-type and strong-type inequalities, we provide conditions which characterize the
measures ¢ for which such an embedding holds. The strong-type (1, g)-inequality for 0 < ¢ < 1 is
closely connected with existence of a positive function u such that u > G (u?0), i.e., a supersolution to
the integral equation

u—Gwio)=0, uelLl

10c(82,0).
This study is motivated by solving sublinear equations involving the fractional Laplacian,
(—A)%u —ulo =0,

in domains 2 € R” which have a positive Green function G for 0 < & < n.

1. Introduction

Let © be a locally compact, Hausdorff space, and .# * (£2) denote the class of all positive Radon measures
(locally finite) in €2. For a nonnegative, lower semicontinuous kernel G : 2 x Q — [0, +00], we denote by

Gv(x)z/QG(x,y)dv(y), x €,

the potential of v € .21 (Q).
Leto € .#7(R2), and let 0 < ¢ < 1. We study the weighted norm inequality
G v]La@,o) < x|Vl forallv e .21 (Q), (1-1)

for some positive constant x, where we use the notation ||v|| = v(R) if v € .#T(Q) is a finite measure.
The main goal of this paper is to show that (1-1) is connected to existence of a measurable function u

such that
u>Gwlo), 0<u<-+oo do-ae. in Q, (1-2)

under certain assumptions on G.
MSC2010: primary 35J61, 42B37; secondary 31B15, 42B25.

Keywords: weighted norm inequalities, sublinear elliptic equations, Green’s function, weak maximum principle, fractional
Laplacian.
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The restrictions on the kernel G studied here include that it satisfies a weak maximum principle,
and is quasisymmetric (see the definitions in Section 2 below). These restrictions are satisfied by the
Green kernel associated with the Laplacian, the fractional Laplacian (—A) 2, and kernels associated with
more general elliptic operators, see [Ancona 2002], as well as radially decreasing convolution kernels
G(x,y) =k(]x — y|) on R” [Adams and Hedberg 1996, Section 2.6].

For such kernels G, we show that (1-1) holds if and only if there exists u € L4(£2, o) which satisfies
(1-2). The additional condition that u € L4($2, ¢) can be dropped using a weighted modification of (1-1)
discussed below.

This equivalence provides a sublinear version of Schur’s lemma for linear integral operators; see
[Gagliardo 1965]. Without the restriction that G satisfies the weak maximum principle, (1-2) with
u € L9(Q2,0) does not imply in general that (1-1) holds even for positive symmetric kernels G. A
counterexample is discussed in Section 7 below.

Under further mild assumptions on G (the nondegeneracy of the kernel; see Section 2), we establish
that there exists a solution u € L9(2, o) to the integral equation

u—Gwilo)=0, 0<u<-+oo do-ae.in Q. (1-3)

Such integral equations arise from the study of the sublinear elliptic boundary value problem

Ay —yl5 — ;
Au—ul0 =0, u>0in €, (1-4)
u=20 on d€2,

1
loc

(), or more generally o € .77 (RQ).
In the following, we will consider the application of our general results to solving the equation involving

where 0 < ¢ < 1, 2 € R” is an open domain, and ¢ € L

the fractional Laplacian

(1-5)

(—A)%u—uqa =0, u>0in,
u=20 in Q°¢.

Note that (—A)% is a nonlocal operator for o % 2k (k € N), and consequently a condition that u = 0 on
a2 is ill-posed.

If (—A)% has a nonnegative Green’s kernel, then applying the Green’s operator G' to both sides, we
obtain the equivalent problem (1-3).

It is well known that G satisfies the maximum principle in €2 in the classical case « = 2 [Maria 1934],
and for 0 < o < 2 [Frostman 1950; Fuglede 1960]. For the case 2 < « < n, we can consider Green’s
kernels G for nice domains 2 C R”, such as the balls or half-spaces, where the Green’s kernel is known
to be positive, quasimetrically modifiable, and consequently satisfies the weak maximum principle, which
is enough for our purposes; see [Frazier et al. 2014].

In particular, for the entire space 2 = R”, the Green’s kernel is the Newtonian kernel if « =2, n > 3,
and the Riesz kernel of order « if 0 < o < n. Sublinear equations of the type (1-5) in this case were
treated earlier in [Cao and Verbitsky 2015; 2016; 2017].

For the weighted norm inequality (1-1), we show that it holds if and only if the associated integral
equation has a nontrivial supersolution, and actually a solution in a slightly more specific setup.
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Theorem 1.1. Let o € .41 () and 0 < g < 1. Suppose G is a lower semicontinuous, quasisymmetric
kernel which satisfies the weak maximum principle. Then the following statements are equivalent:

(1) There exists a positive constant x = x (o, G) such that
I1GVilLaQ,o) < x|l forallve MT(RQ).

(2) There exists a supersolution u € L1(2, do) such that (1-2) holds.

(3) There exists a solution u € LY(2, do) to (1-3) provided additionally that G is nondegenerate with
respect to o.

To some degree, the class of measures o for which (1-1) holds, and consequently those measures for
which there is a positive supersolution u#, can be understood in terms of energy norms of the type

G0l (0.0) = [ (Go)* do <+ (16

for certain values of s > 0. This condition with s = r/(1 —¢q) characterizes the existence of supersolutions
u € L7 (2, o) satisfying (1-2) in the case r > ¢, and is equivalent to the corresponding ( p, r)-inequality

IG (fdo)lLr@.e) = C I fllLr@,o) forall f € LP(Q,0), 1-7)

if 0 <r < p and p > 1; see [Verbitsky 2017].

In the case of Riesz potentials on 2 = R”, weighted norm inequalities (1-7) for 0 <r < p and p > 1
were studied earlier in [Cascante et al. 2006; Maz’ya 2011; Verbitsky 1999].

This study is concerned in a sense with the end-point case of (1-7) corresponding to p = 1 and
0 <r = q < 1, where it is more natural to use .# () in place of L!(Q,0) as in (1-1). We have the
following result.

Theorem 1.2. Let o € .47 () and 0 < q < 1. Suppose G is a quasisymmetric, nondegenerate kernel
which satisfies the weak maximum principle:

(1) If (1-1) holds, then Go € LT (Q, o).
Q) If Go € L7492, o), then (1-1) holds.

Here L% is the corresponding Lorentz space; see [Stein and Weiss 1971].

In Lemma 5.1 below, we will show that, without the assumption that G satisfies the weak maximum
principle, condition (1-6) with s = ¢ /(1—q) is necessary for the existence of a (super)solution u € L4($2, o)
only if ¢ € (0, go], where

go=1(5-1)=061...

denotes the conjugate golden ratio. In the case ¢ € (¢qg, 1), the optimal value of s in (1-6) is s = 1 + ¢,
provided o is a finite measure. For general measures ¢, the existence of a positive solution u € L4($2, o)
does not guarantee that (1-6) holds if s = ¢ /(1 —¢) and ¢ € (g9, 1), or s # q/(1 —¢q) for all g € (0, 1),
even for symmetric nondegenerate kernels G (see Section 7).
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Another characterization of (1-1) can be deduced from [Maurey 1974] (see also [Pisier 1986]): it is
equivalent to the existence of a nonnegative function F € L!(Q2, o) which satisfies

sup / G(x,yp) F(x)l_% do(x) < +o0.
yeQ JQ
This is a dual reformulation of (1-1), which does not require G to satisfy the weak maximum principle.
In the discrete case where 2 consists of a finite number of points, it represents the duality of the two
basic concave programming problems; see [Berge and Ghouila-Houri 1965, Section 5.7].
These characterizations have focused on the sublinear case 0 < ¢ < 1. Note that in the case ¢ > 1,
obviously (1-1) holds if and only if

sup / G(x,y)?do(x) < +o0.
yeQ JQ

We also give characterizations of the weak-type (1, ¢)-inequality
IG V]| Laco(@,doy) < Clv|| forallve.z(Q), (1-8)

for any ¢ > 0, in terms of energy estimates, as well as capacities (see Section 6 below). Some results
of this type were discussed in [Quinn and Verbitsky 2017] under more restrictive assumptions on the
kernel G, along with analogous characterizations of both strong-type and weak-type (1, ¢)-inequalities
involving fractional maximal operators and Carleson measure inequalities for the Poisson kernel.

In Section 3, we demonstrate how to remove the extra assumption imposed in Theorem 1.1 that a
(super)solution u is in L9(2, o) globally. We prove the following theorem where we only assume that
ue Lﬁ)c (0), or equivalently, 0 < u < +00 do-a.e., provided the kernel G satisfies a weak form of the
complete maximum principle, or alternatively if G is a quasimetric kernel (see definitions in Sections 2
and 3).

With a special function m satisfying 0 < m < +o00 do-a.e., known as a modifier, see, e.g., [Frazier
et al. 2014; Hansen and Netuka 2012], we can modify the kernel G, so that the modified kernel

G(x,y)
m(x) m(y)’

satisfies the weak maximum principle. This makes it possible to apply Theorem 1.1 with K in place of G,

K(x,y) = X,y e, (1-9)

and consider u € Lﬁ) .(0). A typical modifier that works for general kernels G which satisfy the complete
maximum principle is given by

g(x) =min{l, G(x, x0)}, x €, (1-10)
where X is a fixed pole in €2 [Hansen and Netuka 2012, Section 8].

Theorem 1.3. Let o € .#7 () and 0 < g < 1. Suppose G is a quasisymmetric nondegenerate kernel,
continuous in the extended sense on 2 x 2, which either (A) satisfies the complete maximum principle,
or (B) is quasimetrically modifiable with modifier given by (1-10). Then the following statements are
equivalent:
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(1) There exists a positive constant x such that the weighted norm inequality

||Gv||Lq(gd0)§%/gdv forallv e .#t(Q), (1-11)
Q

holds, where the modifier g(x) is given by (1-10) for some x¢ € Q2.

(2) There exists a positive (super)solution u to the equation u = G (u? do’) such that u € L;IOC (o) (or
equivalently 0 < u < +o0 do-a.e.)

Theorem 1.3 yields a characterization of the existence of weak solutions u € Lﬁm (o) to the fractional
Laplacian equation (1-5) in general domains €2 with positive Green’s function G for 0 < « < 2, or nice
domains (the entire space R”, or balls or half-spaces in R") for 0 < o« < n as discussed above. In the
classical case o = 2, such solutions are the so-called very weak solutions to the boundary value problem
(1-4) for bounded C2-domains €; see, e. g., [Frazier and Verbitsky 2017; Marcus and Véron 2014].

2. Background on integral kernels

Let G: X xY — [0, 4+ 00| be alower semicontinuous nonnegative kernel, where following the framework of
Fuglede [1960; 1965], we will assume that X, Y are locally compact Hausdorff spaces. Every kernel in this
paper will be assumed to be of this type, even if not stated explicitly. For most of the following, in particular
in the context of strong-type (1, ¢)-weighted norm inequalities, we will be working in the case X =Y = Q.
We denote by .# T (X) the collection of all nonnegative, locally finite, Borel measures on X, and we
write S, for the support of v € .Z 7 (X) and ||v|| := v(X) when v is a finite measure.
For v € .4 (Y), we define the potential of v by

Gv(x):= / G(x,y)dv(y) forall x € X,
Y
and for j € .# 7 (X) we have the potential with the adjoint kernel

G*u(y):= ,/X G(x,y)du(x) forall y €Y.

Let X =Y = 2, where Q is a locally compact Hausdorff space with countable base. The operator G
with kernel G on Q2 x 2 is said to satisfy the weak maximum principle (with constant 2 > 1) provided that

Gv(x) <M forall x €Sy,
implies
Gv(x)<hM forall x € Q,
for any constant M >0 and v € .21 (Q).
When i = 1, we say that G satisfies the strong maximum principle.

We say that a kernel G satisfies the complete maximum principle with constant 2 > 1 if, for any
w,v €. .#1(RQ), and constant ¢ > 0, the inequality

Gu(x) <h[Gv(x)+c], 2-1)
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for all x € S, implies that this inequality holds for all x € 2, provided G'u < oo du-a.e. This is a form
of the domination principle, see [Doob 1984, Section 1.V.10], which holds for Green’s kernel associated
with (—A)% in the case 0 < o < 2 with constant 4 = 1.

A kernel G : Q x Q — (0, +00] is quasisymmetric provided there exists a positive constant a such that

a'G(y,x) < G(x,y)<aG(y,x) forallx,yeq.
If G is a quasisymmetric kernel, note that we can construct a symmetric kernel G° given by
G°(x,»):=G(x,y) +G(y.x)
which is both symmetric and comparable to G. Indeed,
(1+ é)G(y,x) <G, ) <(1+a)G(nx), x.peQ.
We denote the integral operator with kernel G* by G*.
Remark 2.1. The inequality
GV La@.o) <x|v| forallve.zt(Q)

is equivalent to
1G* VLo .0) < %a V]| forall v e .2 (Q),

with only a change in the constant, so that x, depends only on x and a.
Similarly, there is a supersolution u to the inequality

u>Gwio)
if and only if there is a supersolution u; to the symmetrized inequality
us > G*(ulo).

Indeed, the first equivalence of the remark follows directly from the equivalence of G and G*. The
second equivalence can be shown by scaling u appropriately.

When 0 < g <1, G is akernel on Q, and o € .# 7 (R2), we are interested in positive solutions u € L9 (o)
to the integral equation

u=Gwl), u>0 do-ae.inQ, (2-2)
and positive supersolutions u € L4 (o) to the integral inequality
u>Gwilo), u>0 do-ae.inQ. (2-3)

In Section 3, we will discuss how to find solutions u € Lﬁ)c (0) instead of u € L9(o) in the case that the
kernels are quasimetrically modifiable, or satisfy the complete maximum principle. This corresponds
to the so-called “very weak” solutions to the sublinear boundary value problem (1-4); see [Frazier and

Verbitsky 2017; Marcus and Véron 2014].
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Lemma 2.2. Let G be a lower semicontinuous kernel on Q2 x Q, which is nonzero along the diagonal.
Let o € . #T(Q). Suppose that (2-2) or (2-3) holds, where u < +oo do-a.e. Thenu € LL (Q,0).

loc

Proof. We consider the case where (2-3) holds. Let K C 2 be a compact set. Then Ko = K N {u < +o00}
is a compact set in Qo = Q N {u < +oo}. For each x € Ky, set ¢x := min{l, G(x, x)}. By lower
semicontinuity, there exists an open neighborhood U, C Qg such that G(x, y) > %cx > 0 for y € Uyx.
Since K is compact, there exists a finite refinement of the collection {Uy } which covers Ky, denoted by
{Ux; 3. Then

N N
2
uqda:/ u? do < / u? do < —/ G(xi, y)ul(y)do(y) <

and thus u € L2

loc

N 2
Z =u(x;) < 400,
iz

(R,0). O
For a measure A € .# 1 (), the energy of i is given by

&) 1= /Q GLd).

The value of the energy of an extremal measure will be shown to be connected with the capacity. Following
the convention of Fuglede [1960], we say that a kernel G : Q2 x Q — (—o0, +0o0] is positive if G(x, y) >0
for every pair (x, y) € Q x Q. A kernel G is strictly positive if G is positive and additionally G(x, x) > 0
for every x € . We say a kernel is pseudopositive if £(i) > 0 for every measure j € .# () with
compact support. A kernel is strictly pseudopositive if &(j) > 0 for every u # 0, u € .#7(Q) with
compact support. A positive kernel is obviously pseudopositive, and a kernel is strictly positive if and
only if it is strictly pseudopositive [Fuglede 1960, p. 150].

The kernel G is said to be degenerate with respect to o € .4 ¥ (2) provided there exists a set A C Q
with 0(A4) > 0 and

G(-,y)=0 do-ae.for y € A.

Otherwise, we will say that G is nondegenerate with respect to o. (The notion of nondegeneracy
appeared in special conditions in [Sinnamon 2002] in the context of (p, ¢)-inequalities for positive
operators 7 : L? — L? in the case 1 < ¢ < p < +00.) We will sometimes rule out degenerate kernels
from study since the corresponding integral equations (1-3) cannot have positive solutions.

3. Modified kernels and L;Im: (o) solutions

q

In this section, we wish to describe how to find local solutions u € L;

(o) to the equation

U= G;(uqa) do-ae. in 2, 3-1)
uelLy. (o)

from global solutions v € L9 (w) = L9(2, w) to the equation
v=K(Wiw) dw-ae.in, (3-2)
ve L(w).
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Here, K is the modified kernel (1-9) with modifier (1-10) denoted by
g(X) = min{l, G(.X, xO)}’

where x( € Q is a fixed pole, v :=u/g, and dw := g(x)' T4 do.
In this case, we introduce the relevant (1, g)-weighted norm inequalities for this section:

||Gv||Lq(gda)§%/ gdv forallve .zt (Q), (3-3)
Q

KV La@w) < x|V forall v e .77 (Q). (3-4)

Note that (3-4) is simply (3-3) restated with K and w in place of G and o.

In this section, we consider two classes of kernels — quasimetrically modifiable kernels and kernels
satisfying the complete maximum principle — and show that if these kernels are modified, the modified
kernels then satisfy the weak maximum principle and thus Theorem 1.1 applies when (1-1) holds with K
and o in place of G and o. For domains 2 C R” satisfying the boundary Harnack principle, such as
bounded Lipschitz domains and NTA domains, the Green’s kernels G for the Laplacian and fractional
Laplacian (in the case 0 < @ < 2) are quasimetrically modifiable. Examples of quasimetric kernels and
quasimetrically modifiable kernels can be found in [Frazier et al. 2014].

We say that d(x, y) : Q x Q — [0, +00) satisfies the quasimetric triangle inequality with quasimetric
constant ¥ > 0 provided

d(x.y) =«ld(x.2) +d(z, y)] (3-5)

for any x, y,z € Q, and d(x, y) # 0 for some x, y € Q. Without loss of generality we may assume
K> % We say that G is a quasimetric kernel with quasimetric constant « provided G is symmetric and
d(x,y):=1/G(x, y) satisfies (3-5).

We say the kernel G is quasimetrically modifiable with constant k if there exists a measurable function
m: Q2 — (0, +00), called a modifier, such that

_ G(x,y)
K= mm -0

defines a quasimetric kernel with quasimetric constant «.
Remark 3.1. The two modifiers we will primarily work with are G*0(x) := G(x, x¢) and g(x) :=

min{1, G*0(x)} for some fixed pole xo € Q2. Further development and discussion of quasimetric kernels
can be found in [Frazier et al. 2014; Hansen 2005; Hansen and Netuka 2012; Kalton and Verbitsky 1999].

Remark 3.2. Since we wish to apply our existence theorems for supersolutions to the modified kernel K,
we will sometimes require additionally that either G(x, y) is continuous off the diagonal, or continuous
on 2 x € in the extended sense, so that K(x, y) will be lower semicontinuous.

We recall the so-called Ptolemy’s inequality for quasimetric spaces [Frazier et al. 2014]: if d is a
quasimetric with constant ¥ on €2, then

d(x,z)d(y, w) <4k?[d(x, y)d(z,w) +d(p,z)d (x, w)] (3-7)
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for any w, x, y, z € Q. The following lemma is immediate from (3-7); see also [Hansen and Netuka 2012,
Proposition 8.1 and Corollary 8.2].

Lemma 3.3. If G is a quasimetric kernel on Q with quasimetric constant k, then

G(x,y)

Kx,y)= ——"""—
)= R 6m0)
is a quasimetric kernel on Q \ {x : G(x, xo) = +oo} with quasimetric constant 4«>.

We will need an analogous statement for modifiers g in place of G*0. (See [Hansen and Netuka 2012,
Corollary 8.4], where a similar result is proved for Green’s functions associated with a Brelot space.)

Lemma 3.4. Let xg € 2, and let g(x) = min{l, G(x, xg)}. If G is a quasimetric kernel on Q with

quasimetric constant k, then

G(x,y)
g(x)g(y)

is a quasimetric kernel on Q \ {x : G(x, xo) = +oo} with quasimetric constant 4.

Proof. By (3-7), we have

K(x,y)=

1 1 <4K2[ 1 Lo 1 }
G(x,y)G(z.x0) = = LG(x,2) G(y.x0)  G(x,x0) G(z.») ]

from which it follows that

g(x)g(y) _ 4/<2[ gx) &)
Gx,py) — G(x,2)  G(z,y)

Now we wish to consider several cases in order to replace G(z, x¢) with g(z). If G(z, xo) < 1, then we

]G(z,xo).

are done. We focus on the case where G(z, x¢) > 1, which implies g(z) = 1.

First, consider the subcase where G(y, x¢) > 1 and G(x, xg) > 1. Then g(x) = g(y) = 1 and our
desired result is precisely the quasimetric triangle inequality for G.

We now consider the case where G(y, x9) < 1 and G(y, xg9) < G(x, x¢) (the case G(x, xg) < 1 and
G(x,x9) < G(y, x¢) is similar). In this case, g(y) = G(y, xo) and g(y) < g(x). This reduces to showing

g(x)g(y) o[ g(x) g(»)
Gory) ~ [G(x,z>+G<y,z>]‘

Since g(x) < 1, using the quasimetric triangle inequality for d(x, y), we deduce

gx)g(y) _ &) <K[ g &) }< K2|: gx) . &) ]
Gx.y) =~ Gx.y) — [Gx.2) G.2) ]~ G(x,z)  G(.2) [
which is the desired inequality. O

Note that, under the assumptions of Lemma 3.4, when G is finite off the diagonal, then K is a
quasimetric kernel on the punctured domain €2 \ {xq}.

Lemma 3.5. Let K be a quasimetric kernel with quasimetric constant k. Then K satisfies the weak
maximum principle with constant h = 2x.
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Proof. For x,y € Q,letd(x,y) = 1/K(x, y). Suppose i € .7 () and K j(x) <1 on Sy, where we
may assume without loss of generality that .S, is a compact set in Q. Suppose x € Q\ S,,. Let x" € S, be
a point which “minimizes” (up to an € > 0) the quasidistance between x and S,. For all y € Sy, note that

d(y,x") <kld(y.x) +d(x'.x)] < 2k +€) d(x, y).
This implies that K(x, y) < (2« +€) K(x’, ), and consequently
Ku(x)<(Q2k+e€)Ku(x') <2 +e.
Letting € — 0, we deduce that K satisfies the weak maximum principle with constant /1 = 2«. g

Lemma 3.6. Let G be a positive kernel on Q and let K be the modified kernel

G(x,y)
g(x)g(y)

If G satisfies the complete maximum principle (2-1) with constant h > 1, then K satisfies the weak

K(x,y) =

maximum principle with the same constant.

Proof. Let € .4+ (Q). First, we claim that dv := du/g € .#7(Q). Let F C Q be a compact set. By
lower semicontinuity of g, it follows that 1 > g(x) > ¢ > 0 on F, and so v(F) < (1/¢)(F). This shows
that v is locally finite, and S, = S,.

Now suppose K <1 on S,. We wish to show that K </ on Q. Notice that Gv < g(x) on S,
where dv = du/g. Consequently, Gv <1 and Gv < G Jx, on S,. By the complete maximum principle
with constant 4 > 1, it follows that Gv < h on 2, and at the same time Gv < h G §x, on Q2. Hence,

Gv < h g(x) on Q. Converting our expression back to terms of K and u proves the claim. O
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let dw = g' 79 do. Tt is easy to see by the definitions of G, K, u, v, and w that
(3-3) and (3-4) are equivalent. If (3-3) holds, then, by Theorem 1.1, there exists a solution v € L?(w) to
(3-2). Then by Lemma 2.2, we have u := gv € L?OC
1qoc (0) is a supersolution to (3-1). Note that v € LY (w) if and only if

(0), and u is a solution to (3-1).
Conversely, suppose u € L

/ u(x)?g(x)do(x) < +o0 (3-8)
Q
holds. Since u € Lﬁ)c(a), we have u(x) < 400 do-a.e. Further,

/ () u(x)? do(x) < / G(x. x0) u(x)? do(x) < u(xo).
Q Q

which establishes that v € L9(w) provided u(xg) < +o00. Since (A) or (B) holds, by Lemma 3.5 and
Lemma 3.6 it follows that K satisfies the weak maximum principle. Therefore, by Theorem 1.1, inequality
(3-4) holds and so (3-3) holds as well. O

Remark 3.7. It follows from the proof of Theorem 1.3 that statement (1) holds for the weight g(x) =
min{G(x, xg), 1} with any x¢ € Q provided u(xg) < 400, where u is the supersolution in statement (2).
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Consequently, if statement (1) holds for at least one x¢ € €2, then it holds for every x¢ € €2, except possibly
a set of o-measure zero. In the case of Green’s kernel associated with (—A)% inthe case 0 <o < 2,itis
easy to see that we can use any xq € €2, since otherwise u = 400 in £2.

4. Summary of potential theory

A major tool in the proofs of both the strong-type and weak-type results will be the notions of capacity of
a set and the associated equilibrium measure. We will start by describing potentials of kernels on X x Y
used in the context of weak-type inequalities; then we will narrow our focus to kernels on € x € in the
case X =Y = Q having in mind applications to strong-type counterparts.

For akernel G : X x Y — [0, +00], we will be using several related notions of capacity. Let K C X
be a compact set. The initial two capacities we consider,

capy(K) :=sup{u(K): p € .4 (K), G*u(y) <1forall y e Y}, 4-1)
cont(K) :=inf{A(Y):A € . #T(Y), GA(x) > 1 forall x € K}, (4-2)

are discussed by Fuglede [1965] and Brelot [1960].

In fact, Fuglede [1965] showed that these two notions of capacity (content) coincide with the use
of von Neumann’s minimax theorem. The study of capacities provides characterizations of weak-type
inequalities like (1-8), as we will see in Section 6.

In the case G : 2 x 2 — [0, +00], we consider the Wiener capacity

cap; (K) := sup{u(K) : p € 41 (K), G*(y) <1forall y € S}

for compact sets K C 2.

The extremal measure p which attains the capacity will be referred to as the equilibrium measure; it
exists under certain assumptions on G (see Theorem 4.3 below).

Unless otherwise noted, we will work with this capacity. Note that cap,(K) < cap;(K), and in the
case where G satisfies the weak maximum principle we have cap, (K) < & cap,(K). Capacity can also
be computed via an extremal energy problem:

cap; (K) = (w[K])™"
where
w[K]:=inf{&(n): e #T(K), n(K)=1}.

We say that a property holds nearly everywhere (or n.e.) on K when the exceptional set Z C K has
capacity cap; (Z) = 0. The following lemmas will help us to work with sets of zero capacity.
Lemmad.l. If u € .#*(K), u %0, and cap,(K) = 0, then G* . = 400 du-a.e. in K.

Proof. Set
E={xeK:G"u(x) < +oo}.

Notice that E = | Jy—| Fy, where F, = {x € K : G*j1(x) < n} is a closed set by the lower semicontinuity
of G, and consequently is a compact subset of K. In particular, E is a Borel set.



450 STEPHEN QUINN AND IGOR E. VERBITSKY

Suppose that cap; (K) = 0. Then cap, (F,) =0, and hence u(fy) =0, foreveryn =1,2,...,in view
of the definition of cap; (F}). It follows that

P(E) =) u(Fy) = 0.

n=1
This proves that G*u = 400 dp-a.e. on K. O

Lemma 4.2. Let ¢ > 0. Suppose o € # 7 (K), and G*(u90) < u do-a.e., where [x u?do < +oo for
every compact set K C Q. Then dw := uf do is absolutely continuous with respect to capacity; i.e.,
cap; (K) = 0 yields o(K) = 0. If in addition u > 0 do-a.e. on K, where cap,(K) = 0, then 6 (K) = 0.

Proof. Suppose K is a compact set subset of 2. Since

G*w<u do-ae.,

we deduce

/(G*w)qdaff u? do = w(K) < 0.
K K

Hence 6 ({x € K: G*w = +00}) = 0. Since w is absolutely continuous with respect to o, it follows that
o({x € K:G*w = +00}) = 0. If cap, (K) = 0, then by the previous lemma, w(K) = 0. This yields
0(K)=0,unless u =0 do-a.e. on K. O

The following result of [Fuglede 1960] will be important in deriving the inequality (1-1) from a known
positive supersolution for (2-3).

Theorem 4.3. Let G denote a symmetric, pseudopositive kernel, and K a compact set with cap; K < 400.
The two maxima problems

MK) = maximum  (where . € #T(K), GA<1o0nS};),
2A(K) — &) = maximum  (where ) € .47 (K)),
have precisely the same solutions, and the value of each of the two maxima is the Wiener capacity
cap; K. The class of all solutions is compact in the vague topology on .4 and consists of all measures

A € .4 (K) for which
E(A) = A(R2) = cap; K.

The potential of any solution has the following properties:
(1) G A(x) = 1 nearly everywhere in K.

(2) GA(x)<1onS,.

3) GA(x)=1dA-a.e in Q.

Note that the extremal measure A in Theorem 4.3 is the equilibrium measure for the set K. We observe
that the previous theorem requires the capacity of the compact set K to be finite. To deal with this
requirement, we will make sure that the kernel is strictly pseudopositive.
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Remark 4.4. Let G be a kernel on 2. Then cap; K < +oo0 for every compact K C €2 if and only if G is
strictly pseudopositive.

Indeed, see [Fuglede 1960, p. 162], since K is compact, the minimization problem
w(K) =inf&(p),

taken over all unit measures u € .27 (K), attains its minimum. Therefore, w(K) > 0 by the strict
pseudopositivity of the kernel, and thus cap;(K) = 1/w(K) < 4o0.

Conversely, if cap; K < 400 for every compact K C €2, then for each xo € €2, we see that the point
mass Sy, is the extremal measure for w(K), with G(x¢, x9) = w({xo}) = 1/cap; K > 0. This shows
that the kernel is strictly positive, and therefore is strictly pseudopositive.

5. Proof of strong-type results

The proof of Theorem 1.1 is broken in parts contained within the following subsections. As shown in

Section 3, we can find solutions u € L2

loc(0) by passing to a modified kernel and determining solutions

v e L9(w). Going from the inequality (1-1) to supersolution (2-3) follows from a lemma due to Gagliardo
[1965], see also [Szeptycki 1984], and does not require G to be quasisymmetric or to satisfy the weak
maximum principle. However, the converse statement does not hold without the weak maximum principle.
Indeed, we provide an example of such a kernel in Section 7.

Proof of Theorem 1.1. That (1) = (2) follows from Lemma 5.7 and Remark 5.5. That (2) => (3) follows
from Lemma 5.8. The implication (3) = (2) is trivial, and (2) = (1) follows from Lemma 5.11. O

Energy estimates. Important to our study of the strong-type inequality (1-1) are energy conditions of the
type

/Q(Ga)s do < oo (5-1)

for some s > 0. Note that when s = 1, we are computing the energy & (o) introduced above. We first
start with providing a proof of Theorem 1.2.

Proof of Theorem 1.2. (1) First, suppose that the strong-type inequality (1-1) holds, where G is a
quasisymmetric kernel with quasisymmetry constant a. (Notice that the weak maximum principle is
not used in the proof of this statement.) By Maurey’s theorem [1974] (1-1) yields the existence of
a nonnegative function F € L(0), F > 0 do-a.e., so that |G * (Fl_
quasisymmetry of G it follows that |G (F! 4 do)| Lo (deo) < a, and by Holder’s inequality with exponents
1/q and 1/(1 —¢q), we deduce

4 do)|r@es) = 1. Hence, by

Golx)= /Q F() ™' Gx. 2)F(») do ()

<[G(F'"4do)(x)[G (F do)(x)] '™ < a[G (F do)(x)]'™1 do-ace.



452 STEPHEN QUINN AND IGOR E. VERBITSKY

Using the preceding inequality, Holder’s inequality, and Fubini’s theorem, we estimate

2
/(Ga)lzq dasaf'—qf[G(Fdo)]qF—leo
Q

U G(Fdo)F'~ qda] ||F||L1(a)
q

2 2
:al—c1|:/ G*(Fl—a do)Fd0:| ||F||;z’0)§a1%1 I Fll L1 doy < 00
Q

Thus we have established Go € LT-a (o) provided (1-1) holds for g € (0, 1).

(2) Now, suppose that G o € LT (o). We note that ¢ is absolutely continuous with respect to capacity.
Indeed, suppose this were not the case; then by Lemma 4.1, G o = +00 on a set of positive ¢ measure.
This contradicts |G 0 || pa/(1-a).0(5) < +00. By nondegeneracy, we know G o # 0 on a set of positive &
measure, and hence division by G ¢ is well defined. By duality we find

- (G2 o]
16vlza) = (Go) o) Ll (o)

Gv
<|(gs)
Gv |9
E Ll.oo(a)”G ”LQ/(l q)q(a)—C” ”

where the last inequality holds by Lemma 5.10. Thus we have established the strong-type inequality (1-1). [J

(G ) L1/a-a.1 ()

L1/4.00(g)

As the above proof shows, the energy condition is closely related to the existence of the strong-type
inequality. The following lemma shows that knowing only that a supersolution exists allows us to obtain
similar energy estimates. These estimates will allow us later to construct solutions to our integral equation
from supersolutions.

In the next lemma, we deduce (5-1) for various values of s without assuming that (1-1) holds, and
without using the weak maximum principle, for general quasisymmetric kernels G.

Let g = %(ﬁ_ 1) = 0.61... denote the conjugate golden ratio.

Lemma 5.1. Suppose G is a quasisymmetric kernel on 2 x Q with quasisymmetry constant a. Let
o € #T(R). Suppose there is a positive supersolution u € L4(Q, o) to (2-3).

(@) Let 0 < g < qg. Then (5-1) holds with s = q/(1 —q), and
/ (Go)ﬁ do <c / u? do, (5-2)
Q Q

q2
where ¢ = a1-

(b) If g0 < q < 1, and o is a finite measure, then (5-1) holds for 0 <s <1+ q, and

s(d—q)
[ (Go)'do <c [/ uf d(f] ’ [o()]! " q), (5-3)
Q Q
where ¢ = aT+4.

For symmetric kernels G, both (5-2) and (5-3) hold with ¢ = 1.
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Remark 5.2. For gy < g < 1, statement (a) generally fails. More precisely, there exists a strictly positive
symmetric kernel G and measure ¢ such that there is a positive solution u € L4(2,0) to (2-2), but
I (Ga)quq do = +o00; see Section 7.

Remark 5.3. The exponents s = ¢/(1 —¢) and s = 1 4+ ¢ in statements (a) and (b) respectively are sharp;
i.e., there exist symmetric kernels G for which (5-1) fails if s # ¢ /(1 —¢q) in the case of general measures o,
and if s > min{qg/(1 —¢q), 1 + ¢} in the case of finite measures ¢; see Section 7 and [Verbitsky 2017].

Proof. Suppose u is a positive supersolution satisfying (2-3). Suppose

qisfmin{ 1 ,l—l—q}.
l—¢
Let r = s/g. By Holder’s inequality with exponents r and r' = r/(r — 1),
Go(x) = / uruTtG(x, y)do(y) < [G (u? do(x)]7[G (u~ 7T do)(x)]”
Q
< [u(X)]7[G (™ 7T do) (x)]7.

Suppose 1’ > 5. Using the preceding inequality, Holder’s inequality with exponents r'/s = 1/(s —¢q) and
(r'/s) =1/(1 + g —s), and Fubini’s theorem, we estimate

f (Go)* do < / WG (u™ 71 do)*™ do
Q Q

4 s—q 14+g—s

< [/ G (u 1 do)u? doi| [/ uf da]

Q Q

‘ s—q 1+qg—s

= |:/ G*wldoyu 1 d0:| [/ uf d0:|

Q Q

s—q 1+g—s
Eas_q[/ ul = da] |:/ uf da] )
Q Q

g _s—(qg+4*)
r—1 s—q

Here
1 _

Setting s = ¢/(1 —¢q) where ¢ +¢g> <1,sothatr =1/(1—¢q), r'=1/g>sand 1 —q/(r — 1) = q, we
obtain
a_ az
/ (Go)T4 do 501—4/ u? do
Q Q
for all 0 < g < qy.
If o is a finite measure, gg <g <1, s =1+4¢, and r = 1 /g + 1, using the preceding estimates we deduce

1—g2

7 2_
/ (Go)' T do Sa/ w0 do <a [/ uf da] [a(Q)]q+qrz g
Q Q Q

Hence, for 0 < s < 1 + ¢, by Jensen’s inequality,

s(1—q)

/(Go)sdaf[/ (G0)1+qdo]l+q[o(§2)]l_ls+q <qTHa [/ uqd(,} Y e@ T o
Q Q Q
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Remark 5.4. Inequality (5-1) with s = ¢q/(1—q) is known for quasimetric kernels provided a supersolution
u satisfying (2-3) exists.

Construction of supersolutions. In the following, we construct a supersolution ¢ € L1 (Q2,0) to the
problem
¢ >[G(¢pdo)?>0 do-ae.in Q.

Remark 5.5. If ¢ solves the above inequality, then u = qﬁé solves (2-3).

We then are able to use the energy estimates shown above to construct positive solutions to the integral
equation (2-2) when the kernel G is nondegenerate.

The existence of supersolutions will follow from a lemma due to [Gagliardo 1965]; see also [Szeptycki
1984]. Let B be a Banach space. A convex cone P C B is strictly convex at the origin if the convex
combination of two elements of P equals zero only if both of those elements are zero; i.e., a1 + B¢ =0
implies ¢1 = ¢ =0, whenever o, f >0 and o + 8 = 1.

Lemma 5.6 [Gagliardo 1965]. Let B be a Banach space and let P C B be a convex cone which is strictly

convex at the origin. Let S : P — P be a continuous mapping. Assume the following conditions hold:

(1) If (¢pn) C P, dpt1—Pn € Poand if ||¢pnl|lp < M foralln = 1,2, ..., then there exists ¢ € P such
that ||¢n — ¢ B — 0.

(2) For ¢,y € P such that ¢ — € P, we have S¢ — Sy € P.

(3) If lI¢llp = 1 and if ¢ € P, then ||Su|p = 1.

Then for every A > 0 there exists ¢ € P such that (1 +1)¢p —S¢p € P and 0 < |¢| g < 1. Moreover, for
every ¥ € P such that O < ||[Y||lg < A/(1 4+ X), we can pick ¢ so that p = + (1/(1 + 1))S¢.

We will apply this lemmato B = L!(c) and P :={¢ € L'(0) : ¢ > 0do-a.e.}. In our case, it is easy
to see that Lemma 5.6 gives not only that ||¢| g > 0, but further that ¢ > 0 do-a.e.

Lemma 5.7. Let (2, 0) be a sigma-finite measure space. Suppose the strong-type inequality (1-1) holds.
Then, for every A > 0, there is a positive supersolution ¢ € L' (o) such that

¢ =[G (¢ do))
with Bl L1 gy < (1+4) =777,

Proof. The supersolution ¢ can be constructed using Lemma 5.6. Indeed, let S : L!(c) — L' (o) be
given by

S 1= (G (¢ o))"

for all ¢ € L'(0). Inequality (1-1) gives that S is a continuous operator. Moreover, by (1-1) we can
establish condition (3) of Lemma 5.6. Suppose that [|¢|| 1) < 1; then

q
||S(¢)||L1(a)=X%L[G(¢d0)]qd0§%%%q(/g¢do) <1.
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Therefore, by Lemma 5.6, there exists ¢ € L! (o) such that
(1+2)¢ > %iq[G (¢ do)],

¢llL1(e) < 1. and ¢ > 0 do-a.e. We can renormalize with ¢g := a¢, with the choice

1 =
e [rri]

Po =[G (¢o do)]*,

and see that ¢ satisfies

with
1 g
||¢)0||L1(0') = (1 + )\,) 1—q ) 1—q
and ¢g > 0 do-a.e. .

Lemma 5.8. If there exists a positive supersolution ug € L4(2, 0) satisfying (2-3), then there exists a
positive solution v € L1(2, do) such that v = G (v? do) do-a.e., unless G is degenerate. In the latter
case of the degenerate kernel, the equation v = G (v? do) does not have a positive solution v € L4(Q2, 0).

Proof. Let ug € L9(2,0) be the positive supersolution to (2-3). We can define by induction the
nonincreasing sequence of supersolutions {u,}°> | given by

Upt1:=Guldo], n=0,1,2,...,

where u, | v, and v € L9($2, do) is a nonnegative solution by the dominated convergence theorem.

It remains to check that the solution v is positive do-a.e. provided the kernel is nondegenerate. This
can be done by finding a lower bound on the supersolutions u, by using Lemma 5.1 with u, in place of
u and ok in place of ¢ for an arbitrary compact set K C €2. Notice that by induction each u, > 0 do-a.e.
since G is nondegenerate. Consequently,

r
/(GO'K)st'ch[/ uZdo],
K K

where s = min{g/(1—¢q), 1 4+¢}, r >0, and Cg does not depend on n. Letting n — +o0 in the preceding

inequality, we deduce
,
/ (Gog) do < CK[[ v? da] )
K K

Thus, if v =0 on K then Gog = 0 do-a.e. on K, and hence G(-, y) = 0 do-a.e. for y € K. Hence,
o(K) =0; thatis, v > 0 do-a.e.

If the kernel is degenerate, then clearly a positive solution does not exist. Indeed, if G were degenerate,
then there would exist a set K such that 6(K) > 0 and G(x,-) = 0 do-a.e. for x € K. This implies that,
for every solution u, we have u(x) = [o G(x, y) u? do(y) =0 for x € K do-a.e., which shows that a
positive solution u# does not exist. O

Corollary 5.9. If inequality (1-1) holds, and there exists a solution u € L4(2, o) to (2-2), it follows that

_1
lullpa@,o) < 21-4.
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Proof. By applying (1-1) to v := u90, we get
v(Q)z/ (Gv)Tdo <xT(Q)1. O
Q

Derivation of inequality. In establishing a converse result, we appeal to potential theory, and in particular
some results due to [Fuglede 1960]. The necessary definitions and results are summarized in Section 4.
We will need the following weak-type inequality.

Lemma 5.10. Let G be a symmetric, nonnegative kernel satisfying a weak maximum principle. Suppose
w € .41 (Q) is absolutely continuous with respect to capacity. Then

Ex < hlv) 54

Ll.oo(Q’w)
forany v € #T(Q).

Proof. Lett > 0. Define
G
E; = {er:—v(x)>t}.
Go

We claim that compact subsets K C E; have finite capacity. This requires that G(x, x) > 0 on E;. Letting
A:={x e Q:G(x,x) =0}, weclaim A N E; = &. Indeed, by the weak maximum principle, since
G bx(x) =0 for any x € A, we have G §x(y) = 0 for every y € Q. Thus, G(x, y) = 0 on 4 x Q. Further,
for any measure v € . (Q), we have G v(x) = 0 for x € A. Adapting the convention % =0, we see
then that £; N A = & as claimed.

Let K C Q be a compact set. We can find an equilibrium measure 1 € .# 1 (K) such that G > 1
n.e.on K and Gpu <1onSy. Thus,if N :={x € K: G u(x) < 1}, then we have w(N) = 0, since w is
absolutely continuous with respect to capacity. By the weak maximum principle, G i < 1 on Sy, yields
Gu=<honQ.

We deduce the estimate

a)(K)S/ Guda):/ Gdeus/ @duzl/ G,,Ldvslf hdv="vQ).
K K Kk ! t g t g t

Therefore we have w(K) < hv(2)/t for any compact set K C E;. Taking the supremum over all such K,

we find
o(E) < 1u(e)

for all ¢ > 0. This establishes (5-4). O

Lemma 5.11. Let G be a quasisymmetric kernel which satisfies the weak maximum principle. Suppose
there is a positive supersolution u to (2-2) such that u € L1(2, o). Then (1-1) holds.

Proof. Without loss of generality we may assume that G is symmetric (see Remark 2.1). Letu € L9(2, 0)
be a positive supersolution; i.e., G (u90) <u. Let the measure w be given by dw :=u? do. By Lemma 4.2,
we know that w is absolutely continuous with respect to capacity. Suppose v € .Z (). If v(Q) = +o0,
there is nothing to prove. In the case that v(£2) < +o00, we can normalize the measure and work with the
case V(2) = 1.
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Since u is a positive supersolution, we have (G w)? do < dw. We estimate

Gv\? Gv\?
/(Gv)qdo=[ (—U) uquS/ (_v) dw
Q o\ u o\Gw
B G e
=q/ a)({—v>t})tq_ldt+q/ a)({—v>t})zq_1dt=1+ll
0 Gow B Gow
for any 8 > 0.

For integral 1, we see that I < f9w(Q) = p4 [ u? do.
By Lemma 5.10, we have the weak-type bound

Gv <hv($2)_ﬁ
(g

With this estimate, we find 17 < ¢/(1 —q)hB9~". Thus, with the choice of 8 = i/ (w(R2)), we deduce

ha 1=
(Gv)? daf—(/ u? da) )
Q 1-g\Ja

Therefore, in the general case with v € .#Z T (S2), we obtain the desired inequality

h4 -4
(Gv)do < —(/ u? da) v(R)14.
Q 1—q\Ja
It is important to note that in the above inequality, we have the constant on the right-hand side in terms of
the norm ||u||4(q,)- This implies that (1-1) holds with
1—q

— llull :

T L4(Q,0)
(I—¢)e
where x is the least constant in (1-1). O

n =

6. Weak-type results

In addition to characterizing the strong-type inequality (1-1), we study in this section the analogous
weak-type (1, ¢)-inequality
|G V| Laco(x.o) < C v forallve.zt(Y) (6-1)
in a more general setting where G is akernel on X xY and o € .# 1 (X). We give various characterizations
of (6-1) using capacities, as well as noncapacitary terms, for all 0 < g < oo.
A complete characterization of (6-1) in terms of the capacity cap,(-) (see Section 4 above) is given in

the following proposition. Note that this result does not require G to satisfy the weak maximum principle
on €2, does not restrict to the case X = Y, and does not place any restriction on the range of ¢ > 0.

Proposition 6.1. Let G be a kernel on X x Y. Suppose 0 < g < +00 and 6 € .4V (X). Then there exists
a positive constant C such that (6-1) holds if and only if

0(K) < CY(capy(K))? forall compact sets K C X, (6-2)

where C is the same between both statements.
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Proof. (=) Without loss of generality we may assume that C = 1. Let K C X be a compact set. If
capy K = 400, there is nothing to show, so we assume cap, K < +o0. Then for every € > 0, there exists
ameasure A € .#7(Y) so that GA(x) > 1 on K and A(Y) < capy(K) + €. Then by (6-1),

0(K) S 1G A goo .y = MY < (capg(K) + €)".
Letting € — 0, we establish the capacity inequality (6-2).

(<) Suppose 0(K) < (capy(K))? for any compact K C X. Fort > 0,let E; :={x € X : Gv(x) > t}.
Let K C Q2 be a compact set. For € > 0, by the dual definition of capacity (4-2), we can find a measure
w € .4 (K) such that G*p(y) < 1forall y € Y and capy(K) < u(K) + .

Then by Fubini’s theorem,

o(K)s SM<K>+651/ Gv(x)du(x)+e=l/ G () dviy) +e< P 4 e,
tJk tJy t

By exhausting over all compact sets K C E; and letting € — 0, we establish the weak-type (1, ¢)-inequality

for all £ > 0, which proves (6-1). O

In the case ¢ > 1 we can use the duality L% (X,0) = [L?"1(X,0)]*, 1/q +1/¢’ =1, to show
that it suffices to verify (6-1) on point masses v = 6, x € X. This leads to a simple noncapacitary
characterization of (6-1).

Proposition 6.2. Let G be a kernel on X xY. Suppose 1 <q < 400, and o € .# 7 (X). Then the following

statements are equivalent:
(1) There exists a positive constant C such that (6-1) holds.
(2) The following condition holds:

sup [|G(+, y)llLa.co(x,0) < +00. (6-3)
yeyYy

(3) There exists a positive constant C such that, for all measurable sets E C X,

sup G*og(y) <C G(E)# (6-4)
yeyY

Proof. By duality, statement (1) is equivalent to

/X(G Vg do <c|vil¢llLag forallge LTY(X,0), ve.#T ().
Equivalently, by Fubini’s theorem,

/YG*(qﬁa) dv =c|vllli$llpe. forallee LT\ (X,0), ve.#T(Y).

Clearly, the preceding inequality holds if and only it holds for all v = §y; that is,

G @0)0) = [ 6.0 $()do(x) = gy forallg < L9 (X.o), y <.
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Using duality again, we see that the preceding inequality is equivalent to
IG(-, y)|lpa.coe) <c forall yeY. (6-5)

This establishes (1) <= (2).
The equivalence (2) <= (3) follows from the well-known fact that, for ¢ > 1, we have || /|| La.c0(x,¢)

is equivalent to the norm

1
sup 1/E|f|dc7(x).

ECX g(E)

Applying this to f(-) = G(y,-), for a fixed y € Y, we see that

1
7

Gox() = [ GU.x)dot) =CalE)?.
E
where C does not depend on y € Y and E C X, if and only if (6-5) holds. O

Remark 6.3. For Riesz kernels Iy(x) = [x|*™" (0 < a < n) on R”, condition (6-3) means that
o(B(x,r)) < Cr=49 for all balls B(x,r) in R". This condition was used by D. Adams in the
context of (p, g)-inequalities for ¢ > p > 1; the capacitary condition (6-2) was introduced by V. Maz’ya
[2011]; see also [Adams and Hedberg 1996].

There are more direct characterizations of the weak-type (1, ¢)-inequality in the case 0 < g < 1 if
X =Y =, and additionally if G is quasisymmetric and satisfies the weak maximum principle. Notice
that in this case cap(-) is equivalent to the Wiener capacity cap;(-).

Theorem 6.4. Let o € .47 (), and 0 < q < 0o. Suppose G is a quasisymmetric kernel on Q x Q which
satisfies the weak maximum principle. Then the following statements are equivalent:

(1) There exists a positive constant ¢ such that
G v|Laco@,o) c vl forallve MT(RQ).
(2) There exists a positive constant C such that
0(K) < C (cap,(K))? forall compact sets K C Q.
(3) Go e LT0™(Q,0), when 0 < ¢ < 1.

The details of this theorem can be found in [Quinn and Verbitsky 2017].
We finally consider (6-1) in the case ¢ = 1, i.e., the weak-type (1, 1)-inequality, along with its
(p, p)-analogues for 1 < p < +o00, under the same assumptions as in Theorem 6.4.

Theorem 6.5. Let 0 € .41 (). Suppose G is a quasisymmetric kernel on Q x Q which satisfies the
weak maximum principle. Then the following statements are equivalent:

(1) There exists a positive constant ¢ such that

IGvp1co@y <clvll forallve.a* (). (6-6)
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(2) If 1 < p < 400, then there exists a positive constant ¢ such that

1G (f do)Lro) =l fllLry forall f e LP(2,0). (6-7)

(3) There exists a positive constant ¢ such that

// G(x,y)do(x)do(y) <ca(K) forall compact sets K C Q2. (6-8)
KxK

(4) If G is a quasimetric kernel then

// G(x,y)do(x)do(y) <co(B) (6-9)
BxB

for all quasimetric balls B = B(x,r), where B(x,r)={yeQ:d(x,y)<r}, d(x,y)=1/G(x,p)
(x,yeQ,r>0).

Remark 6.6. The equivalence of statements (2) and (4) of Theorem 6.5 in the case of quasimetric
kernels G is due to F. Nazarov; see [Nikolski and Verbitsky 2017, Theorem 4.6]. It can be deduced
from more general results on operators with nonpositive kernels in the framework of nonhomogeneous
harmonic analysis; see [Hytonen 2010]. The weak-type (1, 1)-inequality in Theorem 6.5 may be new.

Proof. As above in the case of strong-type (1, ¢)-inequalities, we may assume without loss of generality
that G is a symmetric kernel such that G(x, x) > 0 for all x € Q. The latter condition ensures that
cap; (K) < oo for any compact set K € 2. By Proposition 6.1, the weak-type (1, 1)-inequality (6-6) is
equivalent to the condition

0(K) < C cap,(K) for all compact sets K C 2. (6-10)

From the discussion in Section 4 it follows that, for any compact set K C €2,

1
cap, (K) = sup{uuo 5 //K GO ) du() du(y) = 1},

where the supremum is taken over all u € . (K) such that ;4 (K) > 0. Taking u = (1/C) o, where C is
the constant in (6-10), we see that (6-8) implies (6-10), and consequently, (6-6). This proves (3) = (1).
Conversely, suppose that (6-10) holds. Let 1 < p < +00. We first prove the corresponding weak-type

(p, p)-inequality
1G (g do)llLreoie) = cligllLr (o), (6-11)

where c is independent of g. Here without loss of generality we may assume that g € L?(2,0), g > 0,
is compactly supported. For a fixed ¢ > 0, denote by E; the set
E:={xeQ:G(gdo)(x) >t}
Notice that
G(gdogc) <G(gdo) <t onEj.
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Consequently, by the weak maximum principle
G(gdoge)<ht onQ.
Denote by K an arbitrary compact subset of the set F; defined by
F,={xeQ:G(gdo)(x)> (h+1)t}.
We observe that by the preceding estimates,
FiC{xeQ:G(gdog,) > t}.

We denote by p the equilibrium measure u associated with cap; (K), which is supported on K, and has
the property G i < 1 on K. Hence G'u < 1 on Q by the weak maximum principle.
Since K C Fy, by (6-10) we estimate

C C Ch
U(K)iccapl(K):CM(K)ET/KG(ngE’)dM:T/Q(GM)ngE’ST/E gdo.
t

From this, by Jensen’s inequality we deduce

Ch 4
o(K) =< e o(E)? ||gllLr(o)-

Taking the supremum over all K C F;, we see that

Ch 1
o(Fy) = - o(E)? |IgllLr(o)-
Multiplying both sides of the preceding inequality by ¢ and taking the supremum over all ¢ € (0, #y) we get

1
sup [P o(F)|<Ch sup [tP o(ED]” [IgllLro)-
0<r<ty 0<r<ty
Here the right-hand side is finite for any 7y > 0 since g is compactly supported, and consequently
g€ L' (R,0), so that

sup [P o(E)]<t2™" sup [ta(EN] <l gllLi(o) < o0

0<t<ty 0<t<oo
Notice that
1 1
sup [tPo(Fy)]= —— sup [P o(Ep)]> ——— sup [t?o(EL)].
0<t<ty (h + 1)p o<t<(h+1)19 i (h + 1)1) 0<t<tg i

Combining the preceding estimates we deduce

1
sup [t? 0 (E7)]? = Ch(h+ 1P gllLr(o)-

0<t<ty

Letting ty — 400, we obtain

1
sup  [tP o (EQ)]? < Ch(h+ 1P [gllLr(0)-

0<t<+4o00
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This proves the weak-type (p, p)-inequality (6-11) for all 1 < p < 400, which by the Marcinkiewicz
interpolation theorem yields (6-7) for all 1 < p < +o0.

For any measurable set £ C 2 and 1 < p < 400, letting g = x g in (6-7), or (6-11), we deduce by
Jensen’s inequality

1
7

[ﬁ_EGwJommmmﬂwsnGquwuwyﬂEw <Co(E). 6-12)

In particular, (6-8) and (6-9) hold. This proves (1) = (2) = (3) = (1).
If G is a quasimetric kernel, then (4) = (2) for p = 2; see Remark 6.6. Conversely, (6-7) for p =2
yields (6-12) for any measurable E C €2, so that (2) = (4). O

7. Breaking the inequality: a counterexample

In this section, we provide some examples which demonstrate that our main results may fail in the absence
of the weak maximum principle, first for nonnegative symmetric kernels &, and then for strictly positive
kernels. More specifically, we justify the following remarks.

Remark 7.1. Without the weak maximum principle, for a symmetric kernel G there can be a positive
solution to u = G (u? do) with u € L9(2, o) but there is no constant 0 < x < +0c0 such that the inequality
Jo(Gv)?do < x?v(2)7 holds for all v € .#T ().

First, we present some minor computations for 2 x 2 matrices which we will employ extensively below.
Suppose that we have a discrete kernel G(x;,x;) = g;j (i =1,2) on Q = {x;, X2}, where x, x, are

6 =tenl= |} o]

Note that this kernel does not satisfy the weak maximum principle.

distinct points, and

Suppose we have the measure 0 = (01, 03) on 2, and u = (11, u;), where u;,0; > 0 (i = 1,2). Then,
if u is a solution to the equation u = G (u?dc), we have the system of equations

[Z5] =MZO'2, u2=u(1101,
which we can solve explicitly for u in terms of ¢ and o:
q Fp 2 q 12
up = (0y02) =4, uy = (0,01) -4
We compute the norm of # in L9(c) to be
q q q q_ Nz N
lullpa(ey = u101 +uy02 = (0702) 1797 01 + (010,) 1=4° 03.

Now suppose we have a kernel G on the discrete set of distinct points €2 = {x; }?2_ ;. This kernel will
consist of the above blocks placed along the diagonal and zeros elsewhere:
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0 1 -
10
01

10 . (7-1)
01
10

Then we find that for o = (0y)3—;, as above, the equation u = G (u? do’) has a solution

U= (U, Uy Unfo1, UDfr--)
1 1 1 1
= ((0702) =4, (0107) =4, ... (03, _,02k) =0, (02k—105;) =47, ... ), (7-2)
with norm
4q q
||“||iq(0) Z ujoy = Z (03, _,02k) 1=4% 0ot + (02k—105;) 197 O ). (7-3)
k=1

We would now like to create a measure o for which [|u||z4 () < 400. Set 09— = ak and oy = b7,
Then the k-th pair of terms in the sum are

(ng—1°2k)$01 + (GZk—lf’gk)ﬁﬁzk = (@b )= gk 4 (kR b
al\ gz 1% a \ia2 b1k
=[5 1G]
a i a?\i2 7
-GG

a<b? a?<b.

We wish to choose a, b > 0 so that

Note that this reduces down to choosing 1 < a < b4. If this holds, then a? < a < b? < b, so a? < b.
Therefore, with appropriate choices of a, b, we have ||u||r4(s) < +00.
Now we wish to show that
Jo(Gv)?do
sup St—— =

(7-4)
vent@ V()T

Note that the ratio on the left-hand side can be written as
fg (Gv)!do _ Z;?:l (ngUzk—l + ng_lazk)
V() (2R i)’ '

1 l

Setting vop_1 = azk , Vg = O'  fork=1,2,...,n, and vg = 0 for k > 2n, we obtain

Jo(Gvdo _ X3 00 (ZG lq)l‘q
)

Q)9 =
T (e
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Since 0 < g < 1, and 0y5—; = ak where a > 1, the partial sums on the right go to +0c0 as n — 400,
which yields (7-4). This justifies Remark 7.1.

Remark 7.2. The preceding example employs a block matrix kernel which fails to satisfy the weak
maximum principle based on a construction with zeros along the diagonal. We have seen that such kernels
allow for compact sets K € 2 to have infinite capacity, i.e., cap; K = 400, which we would like to
rule out. With this in mind, we can adapt the above construction so that (7-4) holds for a symmetric
kernel G such that G(x, x) > 0 for all x € Q, i.e., G is strictly positive, but nevertheless the equation
u = G (u? do) has a positive solution u € L9(2,0).

Specifically, we adjust each block along the diagonal so that we have kernel G in place of G. Let

é:[cll I}a]’

where a > 0 is a constant to be specified. Note that G v < G v, so we can invoke the above computations
to see that (7-4) holds for G as well. We decompose G as

~ 01 a 0

-
As shown above, there is a positive solution u € L2(Q2,0) to u = G (u? do). By scaling, for t = 2T-au,
we have %12 = G (11 do). Following the appropriate choice of @, we can then ensure that %12 =G,(ul do).
This establishes that i« is a solution, since we have

i = Yii+ i = G (@9 do) + Go(a? do) = G (d? do).

The choice of a should be so that

where a is uniquely determined by a = (o, / al)ﬁ.

With this choice of a, let @ = aj, for each block, where a; depends on ¢ and the values of 0, and
05 defined for the k-th block, as specified above. Thus, we have a positive solution & = G (uldo),
where 1 € L9(2, 0), but (7-4) holds with G in place of G, which justifies Remark 7.2.

The following example shows that the restriction on ¢ € (0, go], where g¢ = %(\/g —1),in Lemma 5.1(a)
is sharp.

Remark 7.3. Let g € (go, 1). Without the weak maximum principle, for a symmetric kernel G there can
be a positive solution to u = G' (u? do) with u € L9(2,0), but

/ (Go)ﬁ do = +o0.
Q

To construct such an example we employ the above construction of the block matrix kernel G given
by (7-1). Then there exists a positive solution u € L9(2,0) to u = G (u? do) given by (7-2) with finite
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norm (7-3) provided
q o (4 T q N7z
lullza(e) = Z((Uzk_lﬁzk)“q 02k—1 + (02k—103,) =7 0% ) < 00.
k=1

At the same time we can pick oy so that, for g € (qg, 1), we have

o0
a_ = =
/Q(Ga)lq do = E (02k—104; " + 0,7 | 02k) = F00.
k=1

Indeed, setting 055 _1 = 1 and o, = 1/ k, we see that

X a4 1
““”%q(g) = Z(k 1=a? 4k 1-4*) < o0,
k=1

since both ¢/(1 —g?) > 1 and 1/(1 —¢?) > 1. On the other hand,
q as q
/(Ga)l—q do =Y (k"= +k~") = +oo0.
@ k=1
A slight modification of this example as in Remark 7.2 produces a strictly positive kernel G with the

same properties.

Remark 7.4. There are analogous examples that show that the exponents s = ¢/(1 —¢q) (for general
measures 0) and s = 1 + ¢ (for finite measures ¢) in statements (a) and (b) of Lemma 5.1, respectively,
are sharp as well. We omit the details.
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RADIAL FOURIER MULTIPLIERS IN R3 AND R*

LAURA CLADEK

We prove that for radial Fourier multipliers m : R* — C supported compactly away from the origin,
T,, is restricted strong type (p, p) if K = is in L?(R?), in the range 1 < p < % We also prove an
L? characterization for radial Fourier multipliers in four dimensions; namely, for radial Fourier multipliers
m : R* — C supported compactly away from the origin, 7}, is bounded on L” (R*) if and only if K =1 is
in L”(R%), in the range 1 < p < %. Our method of proof relies on a geometric argument that exploits
bounds on sizes of multiple intersections of 3-dimensional annuli to control numbers of tangencies
between pairs of annuli in three and four dimensions.

1. Introduction and statement of results

In this paper we study radial multiplier transformations whose symbol is compactly supported away from
the origin. These are operators 7;, defined via the Fourier transform by

FITu f1E) = m() F(£),

where the function m : RY — C is bounded, measurable, radial and supported in a compact subset of
{&‘:%<|§| <2}.

In the cases p # 1, 2, it is generally believed that it is impossible to give a reasonable characterization
of all multiplier operators which are bounded on L”. However, for radial Fourier multipliers, a characteri-
zation can be obtained for an appropriate range of p. Heo, Nazarov, and Seeger [Heo et al. 2011] proved
a strikingly simple characterization of radial multipliers that are bounded on L”(R?) in dimensions d > 4
forl < p<Q@d—-2)/(d+1).

Theorem A. Letd > 2. If m : R¢ — C is radial and supported in a compact subset of {é : % < || < 2},
the multiplier operator Ty, is bounded on LP(R?) if and only if the kernel K = i is in LP(RY), in the
range 1 < p < (2d —2)/(d+1).

The characterization in [Heo et al. 2011] was motivated by the earlier work [Garrigés and Seeger 2008],

where the authors obtained a similar characterization of all convolution operators with radial kernels

p

acting on the space L,

of radial L? functions, in the larger range 1 < p <2d/(d +1).

The author would like to thank Andreas Seeger for helpful discussions and comments which improved the presentation of this
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Theorem B. Letd > 2. If m : RY — C is radial and supported in a compact subset of {S : % < |§] < 2},
the multiplier operator T,, is bounded on Lfad(le) if and only if the kernel K = is in L?(R?), in the
range 1 < p <2d/(d+1).

This range 1 < p <2d/(d+1) is the optimal range for their result to hold, since for p > 2d/(d+1) one
may construct radial kernels in L? that have Fourier transforms which are supported compactly away from
the origin but which are also unbounded. By the same reasoning, the range 1 < p <2d/(d +1) is also the
largest possible range in which one could hope for the characterization from Theorem A to hold. Thus one
might propose the following conjecture, which we will refer to as the “radial Fourier multiplier conjecture”.

Conjecture 1.1. Letd >2. If m :R? — C is radial and supported in a compact subset of {S : % < |&] < 2},
the multiplier operator Ty, is bounded on LP(R?) if and only if the kernel K = 1 is in L?(R?), in the
range 1 < p <2d/(d+1).

One can appreciate the strength of this conjecture by noting that since 2d /(d + 1) is the critical value for
the Bochner—Riesz conjecture, the Bochner—Riesz conjecture (and hence also the restriction and Kakeya
conjectures) would follow as a special case from Conjecture 1.1. However, the statement of Conjecture 1.1
is far more general than the Bochner—Riesz conjecture, since it makes no a priori assumptions whatsoever
on the regularity of the multiplier.

The arguments of [Heo et al. 2011] did not yield any results about radial Fourier multipliers in R>.
We will improve a key lemma of that paper in three dimensions to obtain a characterization of restricted

strong type (p, p) boundedness of compactly supported radial Fourier multipliers m : R*> — C, in the

13

range | < p < 3.

Theorem 1.2. Let m be a radial Fourier multiplier in R supported in {% <&l < 2} and let K = F~'[m].

13

Then for 1 < p < 35, if K € L? then the multiplier operator Ty, is restricted strong type (p, p), and

moreover,

1K * fller@sy Sp K N Le@sy Ll Lot sy

Remark 1.3. Our proof will also show that || K x fllzr S, | K|lzs1 |l fllzr, and we expect that || K| 7.1
could be improved to || K ||.».

We will also prove a full L? characterization for compactly supported radial Fourier multipliers in R*

in the range 1 < p < %, which improves on Heo, Nazarov, and Seeger’s result.

Theorem 1.4. Let m be a radial Fourier multiplier in R* supported in {% <& < 2} and let K = F~'[m].

36 if K € LP(R*), the multiplier operator T, is bounded on LP(R*), and moreover,

Then for 1 < p < 53,

1K * fllorwsy Sp 1K Lol e @e)-

Our proofs of Theorems 1.2 and 1.4 refine the arguments of [Heo et al. 2011] while simultaneously
incorporating new geometric input. A key divergence from their arguments is the exploitation of the
underlying “tensor product structure” inherent in the problem, a notion which will become clearer later.
This, combined with a geometric argument involving sizes of multiple intersections of 3-dimensional
annuli, allows one to take advantage of improved scalar product estimates which were not used by Heo et al.
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However, since we exploit the tensor product structure of the problem, we are currently not able to deduce
any local smoothing results for the wave equation as corollaries, as was able to be done in [Heo et al. 2011].

The outline of the paper is as follows. The first portion of the paper will be devoted to the proof of
Theorem 1.2, which is less technical than the proof of Theorem 1.4. The second portion will give the
proof of Theorem 1.4. At the end, we provide as an Appendix the proof of the geometric lemma used in
the proofs of both theorems.

2. Preliminaries and reductions

We will now collect some necessary preliminary results and reductions. Versions of these results can be
found in [Heo et al. 2011], but we reproduce them here for completeness. In general, this section will
very closely follow that paper, and for convenience we choose to adopt similar notation.

Discretization and density decomposition of sets. The first step will be to discretize our problem, and in
preparation for this we will first need to introduce some notation. Let ) be a 1-separated set of points
in R3 and let R be a 1-separated set of radii > 1. Let £ C ) x R be a finite set that is also a product, i.e.,
E =&y x Eg, where &y C Y and Eg C R. (The assumption that £ is a product was not used in [Heo et al.
2011], but will be crucial for our argument.)
Let
ued={2":v=0,1,2,...}

be a collection of dyadic indices. For each k, let ‘B, denote the collection of all 4-dimensional balls of
radius < 2X. For a ball B, let rad B denote the radius of B. Following [Heo et al. 2011], define
Ry := RN [2F 2K+,
E=ENY X Ry),
Exw) :=1{(y,r) € & : AB € By, such that #(& N B) > u rad B},
&) =Ex)\ | k).

u'el
u'>u

We will refer to u as the density of the set & (u). Note that we have the decomposition
&= &w.
ueld

Let o, denote the surface measure on rS?, the 2-sphere of radius r centered at the origin. Now fix a
smooth, radial function ¥y which is supported in the ball centered at the origin of radius % such that 1}0
vanishes to order 40 at the origin. Let ¢ = g * Y. For y € Y and r € R, define

Fy,r ZUr*w(' _y)
For a given function ¢ : Y x R — C, further define

Guki= Y c(3.NFy,, Gui=) Gy and Gi:=)» Gu.

(y,r)€& (u) k>0 ueld
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An interpolation lemma. As a preliminary tool, we will need the following dyadic interpolation lemma.

Lemma 2.1. Let 0 < pg < p| < o0. Let {Fj}jcz be a sequence of measurable functions on a measure
space {2, i}, and let {s;} be a sequence of nonnegative numbers. Assume that for all j, the inequality

1115 <277 MPs; 2-1)

holds for v=0and v = 1. Then for all p € (po, p1), there is a constant C = C(po, p1, p) such that

Y F
J

p
<CPMPY 20k, (2-2)
P j

The discretized L? inequality. Our goal is to prove the following proposition, which we will see implies
our main result for compactly supported multipliers.

Proposition 2.2. Let £ and &, be as above (recall that £ has product structure). Let ¢ : £ — C be a

function satisfying |c(y,r)| <1 forall (y,r) €. Thenfor1 < p < %,

> ey r)Fy,

(y,r)e€

p

2k
Sp Y2 g
p k

Using the dyadic interpolation lemma (Lemma 2.1), we obtain the following corollary.

Corollary 2.3. Let E be any measurable set of finite measure, and x g its characteristic function. Suppose

that f is a measurable function satisfying | f| < xg. Thenfor 1 < p < % we have

1/p
Y v ) Fy 5( > |y<r>xE<y)|f’r2) : (2-3)
(y,r)EYXR P (y,r)EYXR
Also
o0 o0 1/p
/ / W) f () Fyyp dr dy 5(/ / |h<r>xE(y>|Pr2drdy) . (2-4)
Rre J1 » Re J1

Proof that Proposition 2.2 implies Corollary 2.3. For j € Z, define the level sets

E={. ey xR: 27 <ly(xe(| <27}

Notice that £/ has product structure, so Proposition 2.2 implies that for 1 < p < %,

P
jp 2
Sp2 Z re.
p (y,r)e&i

H Y vOFOF.,

(y.r)egl

Now apply Lemma 2.1 with F; = Z(y,r)eg.f Yy f(y)Fy,and M =1ands; = Z(W)Eg_,- r2 to obtain (2-3).
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Now we prove (2-4). Let y=z+ w for z € 73 and w e Qp:=10,1)3 and r =n + 1 for n € N and

0 < 7 < 1. By Minkowski’s inequality and (2-3),
oo
DY h+ D) f @+ W Fewnir

\ <.
p Qox[0.D C7a =

> 1/p
S’f/ (Z Z|h(”+T)XE(Z+w)|p(n+r)2) dwdt
00x[0,1)

ze74 n=1

o) 1/p
s(fRf |h(r>xE<y>|"r2drdy> ,
4 J1

where in the last step we have used Holder’s inequality. ([

dwdrt
p

/ / W) £ (9) Fyyp dr dy
R J1

Support size estimates vs. L* inequalities. As in [Heo et al. 2011], we will show that the functions G, x
either have relatively small support size or satisfy relatively good L? bounds. We begin with a support-size
bound from that paper that improves as the density u increases.
Lemma C. For all u € U, the Lebesgue measure of the support of G, i is < u~ 122K #&;.

We will prove the following L? inequality, which in some sense an improved version of Lemma 3.6
from [Heo et al. 2011], although the hypotheses are different since it is crucial that we assume that the

underlying set £ has product structure. This inequality improves as the density u decreases. In [Heo et al.
2011], the analogous L? inequality proved is

1Gul5 S u* "D log2+u) Y 24"V, (2-5)
k

and when d = 3 the term x>/~ is equal to u. One may check that combining (2-5) with Lemma C as in
the proof of Lemma 2.5 below yields no result in three dimensions. We use geometric methods to improve
on (2-5) in three dimensions, and our argument will rely on Lemma A.1 proved later in the Appendix.

Lemma 2.4. Let £, &, and G, be as above (recall that € has product structure). Assume |c(y,r)| <1
for (v,r) € Y x R. Then for every € > 0,

2 11/13 2k
1Gul3 Seu/134 D 2% g,
k

Combining Lemma C and Lemma 2.4, we obtain the following L? bound.

Lemma 2.5. For p <2, foreverye >0,
I/p
”Gu”p SE u—(l/p—12/13—6) (Z 22k#gk> )
k

Proof of Lemma 2.5 given Lemma C and Lemma 2.4. By Holder’s inequality,

IGull, < (meas(supp G,)'/P~12[G,ll2
1/p

1/p
56M—l/p+l/2ull/26+e(222k#5k> §€u12/13—1/p+e(222k#5k> ' 0

k k



472 LAURA CLADEK

Summing over u € U, we obtain Proposition 2.2. Thus to prove Proposition 2.2 it suffices to prove
Lemma 2.4.

Compactly supported multipliers. Following [Heo et al. 2011], we now show how one may deduce
Theorem 1.2 from Corollary 2.3. Suppose that m : R® — C is a bounded, measurable, radial function with
compact support inside {& : 3 < €] <2}. Then K = F~![m] is radial, and so we may write K () =x(|-|)
for some « : R — C. Fix a radial Schwartz function 7g such that 7y(¢) = 1 on supp m and such that
has Fourier support in {}T < |§] < 4}. Setn = F‘l[(tﬁ)_lﬁo]. We have K x f = n*1 % K * f. Let
Ko = K x{x:|x|<1) and write K = Ko+ K. Since [|Koll1 S [IK ||, it suffices to show that the operator
f = n*y %Ko f is restricted strong type (p, p) with operator norm <, || K| ,. Let E be a measurable
set of finite measure, and suppose that | f| < xr. We may write

w*Koo*fzfl /w*m- () £ () dy dr.

By Corollary 2.3, we have

p

1/p 1/
5 W % Koo fllp Sp 1 % Koo fllp Sp (f IK(r)I”rzdr> </|XE(y)|pd)’> ;

which implies the result of Theorem 1.2.

3. Proof of the L? inequality

We have shown in Section 2 that to prove our main result Theorem 1.2 it remains to prove Lemma 2.4,
and this section is dedicated to the proof of that lemma. The proof will rely on a geometric lemma about
sizes of multiple intersections of 3-dimensional annuli, which is stated and proved in the Appendix.

Estimates for scalar products. In order to obtain the desired L? estimate, we need to examine pairwise
interactions of the form (F) ,, Fy,,). By applying Plancherel’s theorem and writing I?y,r and I?ygr/ as
expressions involving Bessel functions, the authors of [Heo et al. 2011] obtained the following estimates
for [(Fy. ., Fy,)l.

Lemma 3.1. For any choice of r,r' > 1 and y, y' € R3,

rr’

Fyp, Fy,)| S :
|< v, r y,r>|N1+|y_y/|+|r_r/|

The proof of this lemma used only the decay and not the oscillation of the Bessel functions. By
exploiting the oscillation of the Bessel functions, one may obtain the following improved bounds, which
are crucial for our purposes. Since we will use this lemma in three and four dimensions, we state it in
terms of dimension d, where the functions Fy , are defined analogously in d dimensions as they are
defined previously in three dimensions.

Lemma 3.2. For any choice of r,r' > 1 and y,y' € R? and any N > 0,

— —(d— —-N
[(Fyro )l < Oy Y D24 1y =y |4 e =)Dy (14 [r e 1y —yl])
+,+
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Proof of Lemma 3.2. We may write ¢ in terms of Bessel functions as 61 (§) = B;(|¢]), where

—d-2)/2

By(s) = cqs Ja-2)2

and J denotes the standard Bessel function. This implies

&) =r" ' Ba(rlg)).
Since 1/A/ is radial, we may write 1/7(&‘) = a(|&€|) for some rapidly decaying function a that vanishes to high
order (say 10d) at the origin. By Plancherel, we have

(For Fr) = [ 6:©5 @@ P dg

= ca(rr)*™! / Ba(rp)Ba(r'p)Ba(ly = y'lp)|a(p) o~ dp.

We will use the following well-known asymptotic expansion, which holds for |x| > 1 and any M:

M
Ba(x) =) (cly ge +epp g MR L MEy ()
v=0

where for any k| > 0,
|Eyh a0l < C(M. k. ki, d).

Using this expansion together with the higher order of vanishing of a at the origin, one sees that there is a
fixed Schwartz function 5 so that we obtain for any N > 0,

(Fyr Fy o) S @YD+ 1y =y D72y " nr e £y =y D+ A+ lr =]+ ly—y'D7N
+,+

In fact, we may take 7 to be the Fourier transform of |a( - )2 p% D for some appropriate exponent o (d). [
Another preliminary reduction. Recall that our goal is to estimate the L? norm of G, = > k>0 G,k Let
N (u) be a sufficiently large number to be chosen later (it will be some harmless constant depending on

u that is essentially O (log(2 + u))). We split the sum in k as } 5,y ) Guk + 2 ¢= () Gu.x and apply
Cauchy—Schwarz to obtain

‘ Z Gu,k
k

We may thus separately estimate Zk ||GL,,k||% and Zk>k,> N ) [{Gu i, Gyk)l, which divides the proof of
the L? estimate into two cases, the first being the case of “comparable radii” and the second being the

2
5N(u>[2nGu,kn%+ > |<Gu,k/,Gu,k>|]. (3-1)
2 k

k>k'>N (u)

case of “incomparable radii”.

Comparable radii. We will first estimate ), |G, « ||%. Our goal will be to prove the following lemma.

Lemma 3.3. For every € > 0,
1G il Se 22 (HEHu'/ 13, (3-2)
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Fix k and u. We first observe that for (y, r), (¥, ') € & (u), we have (Fy ,, Fy,,/) =0 unless |(y, r) —
(v, )| < 2K+, To estimate |G, x ||§ for a fixed k, we would thus like to bound

> [{Fy.rs Fy)]

0.1, O\ e€ )
2" <|(y,r) =) <2

forall 0 <m <k +4.

Now fix m < k4 4. Let Q, ., be a collection of almost disjoint cubes Q C R* of side length om+5
such that & (1) C UQ€ Oum Q and so that every Q has nonempty intersection with & (u). Let O* denote
the 2°-dilate of Q and Q* the corresponding collection of dilated cubes. Observe that

u,k,m

1Guslz S D ( > |<Fy,r,Fy/,r/>|)+ > NF3

O<m<k+4 1), (Y, rHe€(u) (v,r)€Ek(u)
om Sl(y,r)f(y’,r’)lfz’"ﬂ

< 2 (Z( 2. I<Fy,r,chw>|>)+ I VS A E S

O<m<k+4 “Q€Quim ~(y.r).(V'.r)e(EwNQ*) (y,r)e&(u)
2" <|(y,r)=(yhr) <2t

Now we introduce some terminology that will be useful. For a subset S C ) x R, define its - and
R-projections by
Sy={ye¥:3(y,r)es},
Sg={reR:3(y,r) € S}.

Also define the product-extension S* of S C Y X R to be the set Sy x Sg. We also define some parameters
associated with a fixed Q € Q, r,m. Let Ng o be the cardinality of the R-projection of & N Q*, i.e.,

Ng,o =#((&N QO )p) =#r:3(y.r) € &N Q™)
Similarly define
Ny o :=#((&ENQYy) =#{y:3(y,r) €& N O™}

We also note the following important observation, which we will use repeatedly. Using the definition
of the sets & (u) and the fact that & has product structure, one may see that if Q € O, x ,, is such that
(& () N Q") is nonempty, then

|Ny.g - Nr.ol S1&N QT Su™ (3-4)

We remark that the product structure of the sets & is related to the “tensor product structure” intrinsic to
radial Fourier multipliers, mentioned in Section 1. Now with (3-3) in mind, we will prove the following
lemma.

Lemma 3.4. For each Q € Q, k.m, we have the estimates

> [(Fy.rs Fyr)l S Nr,o BEN Q)22 (mlog(u)) max (u/02/%, u2"/?) (3-5)

0.1, () EE N Q™)
27" <|(y,n) =y <27t
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and
> [(Fyrs Fy)| S 2262 @60 Q)u2" (Ng.g) ™" (3-6)

,r), (v rHeE@)NQ*)
2" <|(y,r)— ()| <2m !

We will then choose the better estimate from Lemma 3.4 depending on Ng o and sum over all
0 € 9Q,.x.m and then over all m > u“ where a is a number to be chosen later. We will then use other
methods to deal with the case m < u“, from which we will then obtain Lemma 3.3.

Proof of Lemma 3.4. We will first prove (3-5). By incurring a factor of N,ze, o- to estimate

> [{Fyro Fy)]

(.1, OV, rNEE )N Q™)
2" <[y, ) =<2

it suffices to estimate, for a fixed pair ry, 15,

> [{Fyorx Fy)l,

.11, (¥, r2) €(E ) *NQO™)
2 <|(y,r)—(y,r2) | <2+

i.e., to restrict (y, r) and (y’, r’) to lie in fixed rows of the product-extension of & (1) N Q* (Our estimates
will not depend on the particular choice of r; and r;.)

Now, referring to the estimate in Lemma 3.2, we see that for fixed y, 1, r, we have that [(F) ,,, Fy,,)]
decays rapidly as y’ moves away from the set {y’ : |y — y'|=|r1 — rz| or |y — y'|=r; + r2}, which is
contained in a union of two annuli of thickness 2 and radii |r; — ;| and r; 4+ 7, centered at y.

Let s > 0, fix < 2”10 and define Kx(Q, s, t) to be the number of points y € (& (u) N Q*)y such
that there are at least 2° many points y" € (£ N Q*)y such that y’ lies in the annulus of inner radius ¢ and
thickness 3 centered at y. That is, define

Ki(Q, s, 1) :=#{y € (E(u) N Q%)y : there exist at least 2° many points
y' € (§N O%)y such that ||y’ —y| — (r +3)| < 3}.

In view of the observation in the previous paragraph, for a given s and a fixed number r < 2"+10 we
would like to prove a bound on K¢ (Q, s, t). Our bound will depend on s and m but be independent of
the choice of + < 2"+1°_ For this reason, we define the quantity

Ki(Q,s) ::0 max K(Q,s,1t),

<t<2m+10

and we will see that K;(Q, s) satisfies the same bound we prove for Ki(Q,s,t). Our bound for
Ki(Q, s, t) will decay as 2° gets larger and closer to Ny, ¢; in other words, “most” of the points y in
(& (u) N Q*)y cannot have a large proportion of other points in (£ N Q*)y lie in the annulus of inner
radius ¢ and thickness 3 centered at y. If we take t = |r; — rp| or t = r; + rp, we see that this implies that
“most” of the Fy , with (y,r) € (& (u) N Q*)y x {r1} do not “interact badly” (where by badly we mean
to the worst possible extent allowed by Lemma 3.2, i.e., internal tangencies of annuli) with most of the
other Fy,» where (', r") € (& N Q*)y x {r2}. This will allow us to obtain (3-5), which is a good estimate
in the case that Ng ¢ is small.
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More precisely, we will prove
K (Q.s) < max[u2" Ny/ 327, u2"? Ny g27*]. (3-7)

Combining this with the trivial bound K} (Q, s) < Ny, ¢ yields

5/3

K{(Q. s) S max[min(u2" Ny/ 27, Ny, ), min(u2"/>Ny, 027, Ny,0)]- (3-8)

Note that (3-7) gives decay in the number of points K (Q, s) (i.e., K;(Q, s) < Ny, o) if we have that

(1) Ny/527%u2" < Ny,g. ie., if 2° > Ny/ju'/?2"/2, and also
(2) Ny.g275u2™? < Ny g, i.e., if 2° > u2™/?.

Using Lemma 3.2, we may bound

> [(Fy.ro Fy)|

(.1, (¥ r")e(E )N Q™)
27 <|(y,r) =y <2t

5 Z ( Z |<Fy,r1 ’ Fy’,r2>|)

r1.r2€EW)NQ*)R y.y' €& N0y
2 <|(y,r)— (¥, r2)| <2

cwen y (y (¥ 5 )

r1, €& )NQ*) g > 0<a<m+10 *ye(&(u)NQO*)y Y eEw)nNQ®)y
ming 1 (14|r1£rly—y'|])~2¢

S 22(k—m/2) Z ( Z 2—aN< Z KIZF(Q’ S)ZY)>

ri,ne(EW)NQO*) g~ 0<a<m+10 5§>0:25<2Ny o

SPEMANG Y KFQ. 92 (3-9)
§>0:29<2Ny o

Assuming (3-8) holds, we have

> [{Fy.ry Fyrr)]

0.1, 0 ) EENQ™)
2" <|(y,r) =y r)l<2m*!

SNR 226D N max[min(u2™ Ny/ 5275, Ny,02), min(u2"/2Ny,g. Ny,02")]
5§>0:25SNy, o

<N} 22 m2 max[ Y min@2" Ny 27 Nyo2'), Y. min(u2"Nyg, Ny,Qz-V)}
5>0:25SNy,0 5>0:25SNy,0
(3-10)
Now, note that u2mN5(Q2 ¥ > Ny,p2° if and only if 2° < u1/22’"/2N . Thus choosing the better
estimate in the term min(u2" Ny o3 027", Ny,02%) depending on s yields that

> min(u2mN/ 275, Ny 2S)<u1/22'"/2N4/3
SEOZZS,EN)/_Q
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Note that u2"/2Ny o > Ny, o2° if and only if 2° < u2™/2. Thus choosing the better estimate in the term
min(u2"/?Ny g, Ny,2°) depending on s yields that

> min@2"?Ny,g. Ny,o2") $log(Ny,o)Ny.g u2™?.
SZO:Z’VSNY,Q

It follows that the left-hand side of (3-10) is bounded by

N3 225" "D Ny o log(Ny, o) max(Ny/gu'/?2m/2, u2™/?)
< N,%,sz“*m/Z)Ny,Q(m log(u)) max (/6256 1y 2m/%)
< Nr.o(#(E N 0")22% /D (m log(u)) max (u>/025™/6, u2™/2),  (3-11)

which proves (3-5). This will be a good estimate when Ng ¢ is small.

Thus to prove (3-5) it remains to prove (3-7). We will in fact prove (3-7) with K;(Q, s) replaced
by Ki(Q, s, t), uniformly in t < 219, Fix t < 2"*10 and let j = [log,(#)] and cover (& (1) N Q*)y
by < 230"~/ many 3-dimensional almost disjoint balls of radius 2/*>; denote this collection of balls as
% = {B;}. For each i, we define a collection of “special” points A;(Q, s, t) to be the set of all points
y € (&(u) N Q*)y N B; such that there are > 2° many points y’ € (£ N Q*)y such that y’ lies in the
annulus of radius ¢ and thickness 3 centered at y. That is, we define

Ari(Q, s, 1) := {y € (& (u)N Q*)y N B; : there exist at least 2° many points
y' € (&N Q*)y such that ||y’ — y| — (t+3)| < 3}.

Let K¢ i (Q, s, t) denote the cardinality of A ;(Q, s, t). Now cover each B; with < 230G=D many almost
disjoint 3-dimensional balls {B; o}, of radius 2! for some I < j. Each such ball contains at most u2!
many points of Ay ;(Q, s, t), so for a fixed i there must be 2 K; ;(Q, s, Hw2H™! many balls B; o that
contain at least one point in Ay ;(Q, s, t). Thus there must be at least 2> Kj ;(Q, s, ) (u2hH=! many such
points in B; N Ax ;(Q, s, t) spaced apart by > 2!: call this set Dy i(Q, s, t). But by Lemma A.1, which
we prove later in the Appendix, the size of 3-fold intersections of annuli of radius ¢ &~ 2/ and thickness 3
spaced apart by ~ 2/ with centers lying in a ball of radius 2/ is bounded above by 23U ~" provided that
> j/2+20.

It follows that if / > j /2420, then for each of these ~ K ; (Q, s, Hw2H~! many points p € Dy ;(Q, s, t),
there can be

S Kei(Q, s, 027222070

points lying inside the 7-annulus centered at p that are simultaneously contained in at least two other
different z-annuli centered at points in Dy ; (Q, s, t). This implies that if Ny o ; denotes the cardinality of
(&N Q*)y N B}, where B} = 10B;, then we have

Ny.o.i = Kii(Q, s, t)(u2)~125, (3-12)

which is essentially 2° times the number of points in Dy ;(Q, s, t), provided that 2° is much bigger than
the total number of points lying inside a ¢t-annulus centered at p that are simultaneously contained in at
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least two other different #-annuli centered at points in Dy ; (Q, s, ), i.e., provided that

Kei(Q. s, 0> 222070 « 28 (3-13)
and
l>j/2+20.
Solving for 2! in (3-13) yields
2> Kii(Q, s, 1?2 Pu=2P2750, (3-14)

Thus choosing a minimal / such that
2l max[Kk,,-(Q, s, 1)2/3231/5y=2/5p=5/5, 2j/2]
for a sufficiently large implied constant and substituting into (3-12) yields
Kii(Q.s.1) Smax[u2"Ny/5 27%, u2"?Ny g ;27], (3-15)
and summing over all i and using the almost-disjointness of the B} gives
Ki(Q.s5.1) S max[u2" Ny/ 527, u2"* Ny, 27*]. (3-16)

Taking the maximum over all 0 <t < 2m+10 proves (3-7) and hence also (3-5).

It remains to prove (3-6), which will be a good estimate in the case that Ny o is large. For a fixed
(y,r) € O* and afixed y" € (& (1) N Q*)y, there are at most two values of r” away from which (Fy ,, Fy,’)
decays rapidly. Thus using Lemma 3.2 we may estimate

> [(Fy.r Fy)l

(.1, (¥, e(E (N Q™)
2 <[ (y,r)— ()| <2mFl

EL B E B )

0=a=m+10 *(y,r)eE@NQ*) *y'e(E@)NQ*)y r'e(E N0
27 <|(y,r)=(yhr) <2t
ming o (14+|r£r'£y—y'||)~2¢
S22 @#EW) N QM) Ny 0 S 22T (#(E(w) N Q)u2" (No,p) ™,
(3-17)
and the proof of (3-6) is complete. ]
We will now use Lemma 3.4 to prove Lemma 3.3.

Proof of Lemma 3.3. Fix an a > 0 to be determined later. As in [Heo et al. 2011], we let G = Zu G us
where for each positive integer © we set

Iy = [Zk +(u—Du, 2k + pu),
gk,u =& N X Ik,/L)?

Gep= Y c(y.rFy, and Geur= Y c(y.r)Fy,.
()€€ y:(y.r)e&y
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‘We have

2
1Gllz <

2 G
I

2
SY NGeulz+ Y- UGk G- (3-18)
2 2 u'>p+10

By Cauchy—Schwarz,

2 2
1Gkull3 S u® D Gkl
rely MR

Write
Gk,,wz( > c<y,r>wo<-—y>)*<or*wo>.

yi(y,r)€€k

By the Fourier decay of o, and the order of vanishing of v at the origin, we have

16 Yolloo S 7

Since the square of the L? norm of Zy:(y,r)egk# c(y,Yo(- —y)is S#y e : (y,r) € &, ), we have

D NGeulE Su®Y " > MGkpurl} Su2* 48 (3-19)
yr n rely ,NR
By (3-18), it remains to estimate 10 (G > Gk.p)l-
Fix € > 0. We will use (3-5) when Ng o < 2™¢ min(u!/12+4/12 4/4) and (3-6) when Nro =
2m€ min(u!/12+4/12 a/%) We write

> Uy Fyp)l

.r), (' r")e&(u)
|, r)=(r") | =u

S Z( 2. ( > (Fy .y Fyp)l+ » (Fy Fy,’r,”)),

m2Mm=ud N (y,r),(y\r')e&(u) 0€Qu k,m 0€Qu k,m
|(y’r)_(y/’r/)‘%2m NR,szme min(u]/12+a/l2’ua/4) NR<Q22m€ min(u|/12+a/12yua/4)
One sees that
> UFyr Py ST+, (3-20)

(.1, )€ ()
1) =G 1=u

1/124a/12

where using (3-5) when Ng ¢ < 2" min(u u®*) and summing over all Q € Q, x.» and over

all m such that 2" > u“ we have
I:= 22/{(#5}() log(u) Z uE max[z—m/6+€ min(u11/12+a/12’ u5/6+a/4)’ 2—m/2+€ min(u13/12+a/12, u1+a/4)]
m:2m>y4
< 22]( (#gk)ue max[ufa/6 min(l/t“/12+a/12, M5/6+a/4), Mfa/z min(ul3/12+a/12, ul+a/4)]’ (3_21)

1/124a/12
9

and using (3-6) when Ng ¢ > 2" min(u u®*) and summing over all Q and over all m such

that 2" > u% we have

II ::22/((#5]()1/{6 Z 2—m€ max(ull/IZ—a/IZ’ ul—a/4) ge 22/((#5]() ué max(ull/IZ—a/u’ ul—a/4)‘ (3_22)

m:2" >y
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Combining (3-18), (3-19) and (3-20), we thus have the estimate

”Gu,k”% Se 22k(#5k)[ua + ué max{u—a/ﬁ min(u11/12+a/12’ u5/6+a/4)’ u—a/z min(u13/12+a/12, u1+a/4)}

+ u€ max(u!1/12-4/12 Ml—a/4)].

Choose a = % to obtain
2 2%k 11/1
1Guklls Se 2% #EHu' /1T

for every € > 0, which is (3-2). O

Incomparable radii. We now want to estimate ) ,_, Ny {Guks Gu i)l Our estimate will be much
better than in the comparable radii case. In view of (3-1), we will in fact prove the following.

Lemma 3.5. Let € > 0. For the choice N (1) = 100e ! log, (2 +u), we have
> UGuw. Gui)l Se 2% #e. (3-23)

k>k'>N (1) k

Fix u and k. Similar to the case of comparable radii, the first step is to cover & (u) by a collection
Q,,.x of almost-disjoint cubes Q of side length 2¥*3, By the almost-disjointness of the cubes, it is enough
to estimate |{G, r’, Gy k)| when we restrict our points in & (¢#) and E(u) to points in a fixed Q* and
get an estimate in terms of #(& N Q*), after which we may sum in Q € Q, . So fix such a cube Q,
and let Ng ¢« denote the cardinality of (§ N Q*)g and for a fixed &/, let Ng ¢« denote the cardinality
of (& N Q*)g. Similarly, let Ny ¢ x denote the cardinality of (£ N Q*)y and for a fixed &/, let Ny g
denote the cardinality of (& N Q*)y. Next, we prove a lemma that plays a role similar to Lemma 3.4 in
the comparable radii case.

Lemma 3.6. For each Q € Q, x, we have the estimates

> > UFrg Fyo)| S RP#(EN Q"u(Np gi) ™ (3-24)
(Y, R)e&E(u)NQ* (y,r)e&u)NQ*
and

> > UFrg. Fyp)l

Y. R)e&(u)NQ* (y,r) €€ u)NQ* < Ng.gu#(E N Q*))zk(k log(u))max(u5/625k/6, uzk/z)_ (3-25)

Proof of Lemma 3.6. We will first prove (3-24), which will be a good estimate in the case that Ng ¢ i is
large. For each (Y, R) € (& (u) N Q*) we need only consider y € (E(u) N Q*)y lying in an annulus of
width 2K+ built upon the sphere of radius R centered at ¥ in R>. Cover the intersection of this annulus
with (E(u) N Q*)y by a collection C of < R?272" 3-dimensional cubes C of side length 2¢'+3 in R?
such that each C N (E(u) N Q*)y is nonempty. For each C € C, let C denote the 4-dimensional cube
C =C x [2¥ —2K+2 2K 1 oK' +2] "and let C denote the corresponding collection of cubes C. Now note that
C N (Ep(u) N QO*)y nonempty implies that (5 NEyNO*)r = (E N O*)g, and also that #(5 NE) < u2¥
and hence by the product structure of CNé&N o

#((CNE N QY)y) SHENENHCNENOMR) ™ Su2’(Nr gu)™" (3-26)
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Next, note that for a fixed Y € (£, N Q)y, a fixed R € (& N Q*)g, and a fixed y € (& N Q%)y,
Lemma 3.2 gives rapid decay for |(Fy g, Fy )| as r moves away from two possible values of 7/, that is,
when r moves far away from »' = R — |Y — y| and ' = |Y — y| — R. For these values of r’ we have
(Fy.r, Fy, )| S 2K Using (3-26) and our bound on the size of the collection C, we thus have

> > UFrg Byl

Y,R)e&w)NQ* (y,r)e&A(u)NQ*

s ) (Z( > |<FY,R,Fy,,>|)>

(Y,R)€ENQ* “ CeC (y.r)eEyNQ*NC

< Z (Z< Z ( Z ( Z 2_“N2k/))>>
(Y,R)eENQ* “ CeC “ye(EyNQ*NC)y “a€Z,a=0 re(EyNO*r
max ([r/—r+Y =yl | +r—[Y —y|[)~2¢

S RM#(EN QM) (Nr,00) ' u,
which is (3-24).

Now we prove (3-25), which is the estimate that we will use in the case that N ¢ x is small. This
estimate is similar to (3-5), and the proof is very similar with only minor modifications, but we give all
the details anyways.

By incurring a factor of Ng g« - Ng, ok, to estimate

>, > Frr. Fyal,
(Y,R)EE W)NQ* (y,r)€E(u)NQ*
it suffices to estimate for a fixed pair r; € (&N Q*)g and ry € (Ep N O*)r

2. > UFra. Fym)l.

Y,rpe&nQ* (y,r)eEpnQ*

Similar to the proof of (3-5), for s > 0, let N;,’ka = 2% < Ny, ¢« be a given dyadic number. Fix ¢ < 2k+10
and define Ky x(Q, s, t) to be the number of points y € ((u) N O*)y such that there are > N{,’Q’k =25
many points y' € (& N Q*)y such that y’ lies in the annulus of inner radius # and thickness 3 centered
at y. That is, define

Kiw(Q,s,t):= #{y € (& (u) N Q")y : there exist at least 2° many points
y' € (& N Q*)y such that ||y — y| — (t +3)| < 3}.
Also define
Ki(Q.5):= max Kip(Q.s.1).

OStSZk‘HO

Note that the product structure of £ implies that if both & N Q* and & N Q* are nonempty, then their
Y-projections are equal, and so (3-8) implies the bound

K (Q.s.1) < max[min(u2“Ny/5 272, Ny,g 1), min(u2"/* Ny, 042, Ny.0.0)]- (3-27)
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Using Lemma 3.2, we may bound

> UFrr Fyrl
(Y,R)e(&Em)NQO*)
s ) ( > |<FY,,1,Fy,r2>|)

(y,)eE@)NQ®)
reENQ*) g ~Ye(Ew)NQ*)y
rREEHNQ)r  ye(EyNQ™)y

2 Y (X (% > )

reEwNQ* g ~0<a<m+10 “Ye(&wm)NQO*)y ye(ENQ*)y
r&(ENQ0™)r ming o (14]r1£r£ly—y'||)a2¢
<2ty ( 3 2“N< 3 K,jjk,(Q,s)f))
reE@nNQ*)g " 0=a=m+10 §>0:25<2Ny, o
re(Ew)NQ*)r
S2%NroiNrow Y. Kip(Q.9)2'. (3-28)

§>0:2<2Ny o«
Applying (3-27), we have
> UFrr Fy)l

(Y, R)e(E(w)NQ™)
v, r)eEAu)NQ*)

<Ng.oxNr.ow2" Z max[min(u2*N; Y Q 01275 Ny, 0x2%), min(u2*> Ny o 1, Ny, 0.x2)].  (3-29)
SZOZZS<NY,QV/€

Now, note that u2kN5/3 27% > Ny, ¢2% if and only if 2° < u1/22k/2N1/3 Also note that u2*/2Ny, o x >

Ny, o x2° if and only if 2v <u2/2 Thus choosing the better estimate in the term min(u2™ N / 2_ , Ny 02%)

depending on s and the better estimate in the term min(u2*/*N Y,0.k> Ny,0.k2*) yields that the left-hand

side of (3-29) is bounded by
Nr.g. Nr.g.x 2° Ny, .k 10g(Ny, g.0) max(Ny/gy qu' /22872, 12k/2), (3-30)
Using Ny o.x S u2k, (3-30) is bounded by

Ng.ox Nr.ox 25X Ny o.x(klog(u)) max (u>/62%%/6, 42k/2)
< N, o H#(E N 0*))2% (k log(u)) max (u”/02°%/6, 42k/?),

which completes the proof of (3-25). ]

Proof of Lemma 3.5. Fix € > 0, and set N (u) = 100~ log, (2 +u). We apply (3-24) when N, g > 2~'€
and (3-25) when Ng g i < 2K'¢ and then we sum over N(u) < k' <k for k fixed to obtain

> > > UFrr Fyp)l
N(;:)ﬁ<k(’j<k (Y,R)e&(u)NQ* (y,r)e&u)NQ*
Xe
<¢ R?#(& N Q%) max(1, log(u)u/®27*/5€ log(u)u2=%/>*€).  (3-31)
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Next we sum over Q € Q, x and k > N (u) to obtain

> X > S P Fe)l S Y 2% 48, (332)

k Q€Qui Nu)<k'<k (Y,R)e&E@)NQ* (y,r)e&p(u)NO* k
k fixed

We have thus shown that for the choice N (1) = 100e ! log,(2+u), we have

Y UG, Guidl Se Y 2% #e. O

k>k'>N (u) k

Putting it together. Combining (3-1), (3-2) and (3-23), we have that for every € > 0,

2
Z Gu,k
k

This completes the proof of Lemma 2.4 and hence the proof of Proposition 2.2. Thus we have

2
||Gu”2:‘

Selogy(2+u) Y 2% @eu'/1e, (3-33)
2 k

finished the proof of Theorem 1.2. The rest of the paper will be devoted to the (more technical) proof of
Theorem 1.4.

4. Preliminaries and reductions: part I1

Similarly to Section 2, we will collect necessary preliminary results and reductions to prove Theorem 1.4.
Much of the proof of Theorem 1.4 will be similar to the proof of Theorem 1.2, but there are nontrivial
additional technical difficulties to the proof of Theorem 1.4 that will make the proof more involved. The
main reason for this is the fact that Theorem 1.4 is a full L? characterization rather than a restricted
strong type (p, p) result, and therefore we cannot simply assume that our discrete sets £ have product
structure as we were able to do in the proof of Theorem 1.2. The obstacle in applying these techniques to
the 3-dimensional case is in fact the case of “incomparable radii”. While this case is very easy to deal
with in dimensions d > 4, we currently do not know how to handle it in three dimensions without the
product structure assumption we are allowed to make when proving restricted strong type inequalities.

Discretization and density decomposition of sets. Again, the first step will be to discretize our problem,
and as before we will first need to introduce some notation. Let ) be a 1-separated set of points in R*
and let R be a 1-separated set of radii > 1. Let £ C ) x R be a finite set, and let

ued={2":v=0,1,2,...}

be a collection of dyadic indices. For each k, let B denote the collection of all 5-dimensional balls of
radius < 2K, For a ball B, let rad B denote the radius of B. Following [Heo et al. 2011], define
Ri = RN[2K, 26+,
e =ENQY X Ry),
Ex(w) :={(y,r) € & : B € By such that #(& N B) > u rad B},
&) =& )\ | JEw).

u'eld
u'>u
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We will refer to u as the density of the set & (u). Note that we have the decomposition

& = U Ec(u).

ueld

Let o, denote the surface measure on rS>, the 3-sphere centered at the origin of radius . Now fix a
smooth, radial function ¥y which is supported in the ball centered at the origin of radius % such that 1@0
vanishes to order 40 at the origin. Let ¢ = g * ¥o. For y € Y and r € R, define

Fy,r:O—r*'S/f(' _y)

For a given function y : J) x R — C and finite set £ C Y x R, further define

7€ _ & 7€ vE . _ v.€
G,y = E y(y,nFy,, GI°:= E G, i, Gy = E G,y
(y,r)e&(u) k>0 ueld

The discretized L? inequality. We will prove the following proposition, which implies our main result
for compactly supported multipliers.

36
@.
vy, 1) = y1(0)a(r). Foreach j € 7, define

Proposition 4.1. Let 1 < p < Let y : Y x R — C be a function that is a tensor product; i.e.,

e i={(r ) eYxR:2 <ly(y.nl <21,
&= eYxRireRi, ¥ <ly(r. 0 <2*).

H Y y(.nFy,

(y.r)e€ri

Then

p . .
<p2IP Y 20Dy ke, @-1)
P 1> k

Using the dyadic interpolation lemma (Lemma 2.1), we obtain the following corollary.

Corollary 4.2. Let y : YV x R — C be a function that is a tensor product; i.e., v (y,r) = y1(¥)ya2(r). Let

h : R> — C be a function that is a tensor product; i.e., h(y, r) =hi(y)ho(r). Then for 1 < p < %,

1/p
> v r)Fy, Sp( > Iy(y,r)l”r3) : 4-2)

(y.r)eYXR P (y,r)€YxR

00 00 1/p
’ / / h(y.r)Ey, dr dy 5,,(/ / |h<y,r)|Pr3drdy) . 4-3)
Rr3 J1 » R3 J1

Proof that Proposition 4.1 implies Corollary 4.2. Apply Lemma 2.1 with F; = Z(y,r)egw vy, nFy,,
M?P the implied constant from (4-1), and

sjp=y 207D p¥yel!

I1>j k

we have

Also

to obtain (4-2).
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Now we prove (4-3). Let y=z+w for z € Z* and w € Q¢ :=1[0, 1)* and r = n + 1 for n € N and

0 < 7 < 1. By Minkowski’s inequality and (4-2),
oo
D) han+T)hi @+ w) Fogunie

00
/ / h(yar)Fy,rdrdy Sp //
R*J1 p Qox[0,1) 774 n=1

o0 1/p
<p // (ZZ|h2(n+r)h1(z+w)|1’(n+r)3> dwdt
Qox[0,1)

zeZ4 n=1

00 1/p
< (// |h<y,r>|Pr3drdy) ,
R3 J1

where in the last step we have used Holder’s inequality. (I

dwdt
)4

Support-size estimates vs. L* inequalities. Fix a function y : ) x R — C that is a tensor product, i.e.,
y(y,r) =y1(")y2(r), and fix j € Z. Let

E = (1) e ¥ xRS <y (y.r)] < 2P,

and recall the density decomposition
gl =& w
uel
defined previously. Define a function G nyl Y xR — C to be the restriction of the function G,’;sz to
the set £/, i.e., .
e o it edl,

G v . -
if (y,r) ¢ &

Similarly define
CrEM _ N G SvET N mr.end
Gro =) G/ and G =) G .
k>0 ueld

Note that G7'*"'=G7*"", and 3", GI'*"" appears on the left-hand side of the inequality in Proposition 4.1.
Similarly to [Heo et al. 2011], we will show that the functions GZ/f” either have relatively small support
size or satisfy relatively good L? bounds. As in the previous part of the paper, we begin with a support-
size bound which follows immediately from the similar bound in [Heo et al. 2011] that improves as the
density u increases.

Lemma C’. Forall u € U, the Lebesgue measure of the support of GZf” is < “7123k#(U1;|1_j|510 5{’1).

We will prove the following L? inequality, which in some sense an improved version of Lemma 3.6
from [Heo et al. 2011], although the hypotheses are different since it is crucial that we assume that the
underlying set is of the form £/, i.e., the ~ 2/ level set of some function y(y, r) = y1(y)y>(r). This
inequality improves as the density u decreases. In [Heo et al. 2011], the analogous L? inequality proved is

||6Z’5N ||§ < y2/@=n log(2 + u)22j Z 2k(d—l)#< U 5]1/,1')_ (4-4)
k L:|l—j|<10
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We use geometric methods to improve on (4-4) in four dimensions, and our argument will rely on
Lemma A.1 proved later in the Appendix.

Lemma 4.3. Let £V, S,Z/ o ,and éﬁ:’gw be as above. Then for every € > 0,

G 13 S w! 119402 3000010 57 gk
1> k

Combining Lemma C’ and Lemma 4.3, we obtain the following L” bound.

Lemma 4.4. For p <2, forevery e >0,

. i ] I/p
||GZ’£N ”p ge,p u—(l/p—29/36—6)2J (Z 2(1—‘/)/10 Z 23k#8]1/’l) )
1>j k

Proof of Lemma 4.4 given Lemma C' and Lemma 4.3. By Holder’s inequality,

IGYE™ ||, <, (meas(supp(GL-E ))Y/P= 12| G |

) ) 1/p
,Se,p u29/36—1/pteq (Z 2(1—1)/102231(#5]1/,1) ' 0
1> k

Summing over u € U, we obtain Proposition 4.1. Thus to prove Proposition 4.1 it suffices to prove
Lemma 4.3. One may deduce Theorem 1.4 from Corollary 4.2 in the same way as one deduces Theorem 1.2
from Corollary 2.3.

5. Proof of the L? inequality: part II

We have shown in Section 4 that to prove our main result Theorem 1.4 it remains to prove Lemma 4.3,
and the goal of this section is to prove Lemma 4.3. The intuition and reasoning behind our arguments will
be loosely as follows. Unlike the previous case where we worked with characteristics functions, the level
sets £/ in Lemma 4.3 are no longer product sets in R? x R since we no longer have the assumption
that we are working with characteristic functions. However, they are still very well structured, since
they are level sets of tensor products g(y)h(r) of functions, where y € R? and r € R. The dyadic level
sets £/ may be written as a sum of product sets, and if there are not too many of them (e.g., logarithmic
in the relevant parameters) then we may simply crudely sum over the total number of product sets and
proceed with the same argument as in the characteristic function case. On the other hand, if there are a
large number of such product sets, then this forces the underlying function to take on values much larger
than 2/, and we may then control sums over the sets £%*/ by cardinalities of sets 5,1/ ! with 1 >7j.

Another preliminary reduction. Recall that our goal is to estimate the L2 norm of G = > k=0 égf”
Let N (u) be a sufficiently large number to be chosen later (it will be some harmless constant depending

on u that is essentially O (log(2 + u))). We split the sum in k as ZkSN(u) Gnyl + ZbNW Gwa and
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apply Cauchy—Schwarz to obtain

12 . . .
~ ’g%J ~ ’5}/,1 ~ ’g}/,] ~ ,SVJ
Y Gy 2,§N(u)<z IGre 13+ > UGLe .Gy >|). (5-1)
k

k k>k'>N(u)

. ~y £V
We may thus separately estimate ) _, ||G2:f ' ||§ and

Sy, EV <y gV
Y WG Gl
k>k'>N(u)

which divides the proof of the L? estimate into two cases, the first being the case of “comparable radii”
and the second being the case of “incomparable radii”.

Comparable radii. We will first estimate ) _, || 55?” ||%. Our goal will be to prove the following lemma.

Lemma 5.1. For every € > 0,

” GZ:iyj ||% S_,e u11/18+€22j Z 2(l*j)/1023k(#51i/,l). (5_2)
I>j
Fix k and u. As in [Heo et al. 2011], we first observe that for (y, r), (¥, r') € gz’j(u) ﬂé‘,ﬁ”j, we have
(Fy,r, Fy,7) =0 unless |(y, r) — (v/, r')] < 25%5. To estimate |[G7'§ |13 for a fixed k, we would thus like
to bound
2% > [(Fyrs Fy)l

.1, o) eED ynel
2m<|(y,r) = ()| <2m !

forallO <m <k +4.

Now fix m <k +4. Let Q, j x.m be a collection of almost disjoint cubes Q C R’ of side length 2>
such that

glwne’c |J o
QEQu.k,j,m

and so that every Q has nonempty intersection with g ,1/ J )N 5,1/ 7, Let Q* denote the 2°-dilate of Q and

ek im the corresponding collection of dilated cubes. Observe that
~Y.EV 2~ H2) 3
s T (L wemar X in)
0=m=k+4 () 1) ()& nel (. eEl wnel

2M <|(y,r)— ()| <2mH!

<22 Z ( Z ( Z |<Fy,r,Fy¢,/>|>+ Z IIFy,rH%)-

O=m=k+4 “Q€Qukjm (y,r),(v,r)eE)! wnel no*) (y,r)eEl el
21 <|(y,r)—(,r) <2 H

(5-3)
For each integer b € Z define

E7 =) €Y xR 2P () =27, 270 < () <2770,
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Note that
e c| et c &
beZ
Note also that each set 5,1’ Jbis a product, that is, a set of the form Y x R, where Y C Y and RC R. It
follows that 8,1/ b Q is a product for any cube Q C R4+,

We also define some parameters associated with a fixed Q € Q, « jn» and b € Z. Let Ng o 5, be the
cardinality of the R-projection of £/" N 0*; i.e.,

Nr..p :=#(E "N Q"R =#{r: 30, 1) € "N 07).
Similarly define
Ny.op = #(E" N0y =#y: 30, 1) € 7N 0",
We also note the following important observation, which we will use repeatedly. Using the definition of

the sets & ,Z */(u) and the fact that for each b € Z, the set 8,1’ Jb has product structure, one may see that if
Q € Qu k,j,m 1s such that gZ’J(u) N Eg’]’b N Q* is nonempty, then

INy.0- Nr.osl SHE "N 0% SHED N 0" Su2™ (5-4)

. . ib . .
Now, we will organize our sets 5,1’ 7 as follows. For a fixed m, given Q € Q, « j.m,» we would like to

g%jvb

group together those b € Z for which #(£;”""" N Q) has essentially equal cardinality and for which the

ratio Ny, o »/NR, o, 18 essentially equal. For each pair of integers (c, d) € 72, we define
Boea ={beZ: 27" <#E" N Q% <2 2971 < Ny.o.»/Nr.gw < 2%).
Now with (5-3) in mind, we will prove the following lemma.

Lemma 5.2. For each Q € Qy k j.m and each quadruple (c,d, c’,d’) € 7%, we have the estimates

> [(Fy,r, Fy,r)| S 2mXC DD (max(#B .0, #B0,c,a))’

31€Uses,y, o ENE (0NQ")
0r€Upes,y o EPNEL wynQ*)
27 <|(y,r) () <27

x 2max(€.3E=m/D) (1 log () max (2", u2"/?)  (5-5)

and

> [(Fyry Fyr )| S 236m20maxC) (max #B o.a, #B0.c 1))’

(y,neuhegg.c,d<€Z”"fﬁ"(u>ﬂQ*> x 2™ (Qmx(e=d)/2.(=d)/2=1 - (5.6)
0 r€Uses,, , , €T NEN 0NQ")
2 <] (y,r)— ()| <2 H!

Notice that (5-5) is the better estimate when 2max((c=d)/2.('=d")/2) 5 small and (5-6) is the better estimate
when 2max((c=d)/2.('=d")/2) j¢ large. We will use (5-5) when pmax((c=d)/2.(c'=d")/2) < 1/12 gpq (5-6) when

pmax((e=d)/2.(c'=d")/2) 5 ;y1/12 Thjs yields the following corollary.
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Corollary 5.3. Z (Fyr, Fy )| Se I +11, 5-7)

31€Upes,y o € NE (0NQ")
o'reUpes, , , ENEN )N

Q.c.d
27 <|(y.r) = ()] <27
where
[ := 230" (max (#B . c.q, #Bg..a) u 2" max (u'/1227m/2, 13/12p=m), (5-8)
1 = 232" (max(#Bg.c.a, #B0.c.a)) u 2" w1 /12272, (5-9)

Now note that if (max(#Bg ¢4, #Bo.c.a’)) > 10000m log(u), then for some [ such that / > j +
%(max(#BQ,c’d, #B0.¢.a')), we have #(Q* ﬂS,f’l) > 1, because this implies there must be (y, r) such that
y(y.r) = 2!, where | > j+ 5 (max(#Bg.c.a, #Bg.c.a). Since 2m%¢<) <#(0*NEVY) Suam <20=D/%,
this implies

20X (max(#B.c.a, #Bo.c.a))? S 20 10%EN 1 Q).

Thus Corollary 5.3 implies the following.

Corollary 5.4. > (Fyr, Fy )| ST+, (5-10)

veUres,y, 4 € NE N0
o r)GUbeB) o (5””mgk”(u)mQ*)
27 (o) = () <2

where
I = 231{ Z 2([7]')/10#(5]371 ) Q*)uezme max(ull/122fm/2’ u13/1227m)’ (5_11)
I>j
=3

By (5-4) there are Sm* log(u)* quadruples (¢, d, ¢', d") for which both Uy, ., (6] TPAEYT ()N 0¥)
and UbE By ,d,( grd by neé ,1/ J (u) N Q) are nonempty, so Corollary 5.4 implies the following.

Corollary 5.5. > (Fy.r Fy,) | ST+, (5-13)

), (o EUper (€L NEL )N Q*)
2 <|(y,r)— ()| <2t

where
I = 23/( Z 2(1—]')/10#(5,1’71 N Q*)uezme max(ull/l22—m/2, ul3/122—M) (5_14)
=3
[>j

Proof of Lemma 5.2. We will first prove (5-5). Fix b € Bg .4 and b’ € By 4. Set

Ny, 0.5 = max(Ny,g p, Ny, g ) A2 2™ (HD/2EHDD),
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It suffices to prove

> [{Fy.rs Fy)l S Nk.0.sNr. .o Ny.g o x 2267 (m log(u)) max (2", u2™/?).

(y.ne€l M nEN o (5-16)
(y’,r’)e:‘,‘ky‘j’b/ﬂg}:"/(u)ﬂQ*
2 < (y,r)— () <2 !
After incurring a factor of Ng o »Nr, o,, to estimate the left-hand side of (5-16) it suffices to estimate
for a fixed pair ry, rp,
> {Fy.ro Fy)l, (5-17)
.re@E nE wnor
OhreE Y nEL wnon
2" <|(y, )= (<2
i.e., torestrict (v, r) and (y/, ¥') to lie in fixed rows of the product-extensions of (SV b gy &y J (w)NQO*)* and
(& erd 4 N g}: J ()N Q*)*, respectively. (Our estimates will not depend on the particular choice of r and r.)
Now referring to the estimate in Lemma 3.2, we see that for a fixed y, r1, r» we have that [(Fy ., Fy,)|
decays rapidly as y’ moves away from the set {y" : |y — y'| = |rj —rz2| or |y — ¥'| = r1 +r2}, which is
contained in a union of two annuli of thickness 2 and radii |r; — rp| and ry 4 r, centered at y.
Lets >0, fix t <219 and define KV Jobb (Q s, 1) to be the number of points y € (&; &y j’hﬂgZ’j(u)ﬂQ*)y
such that there are > 2* many points y’ € (] g 4 N O*)y such that y’ lies in the annulus of inner radius
¢t and thickness 3 centered at y. That is, deﬁne

K”bb(Q s, 1) _#{ye( grb g{’j(u)ﬂQ*)y:there exist at least 2° many points
Y € (€77 NQ")y such that ||y’ —y|—(1+3)| < 3].

In view of the observation in the previous paragraph, for a given s sufficiently large but smaller than 2", sa
s >m+100, and a fixed number ¢ < 2"+1% we would like to prove a bound on KZ’J’b’b(Q, s, 1). Our bound
will depend on s and m but be independent of the choice of ¢ < 2”10, For this reason, we define the quantity
KPP0, 5) = max  KITPY(Q. s b).
0§t§2m+10

We will prove

5/%

K” b, $) < max[u24’”/3N ,2_2s, u2"?Ny g pp27*], s >m+100. (5-18)

Combining this with the trivial bound K J ’b’b/’*(Q, $) S Ny,g.p.p yields

K[ 700(Q.)
< max[min@2*"ANY/J 27, Ny g ). min(2"* Ny, g 27" Ny,0p.)]. 5 >m+100. (5-19)
. : . Y, j.b,b . v, j,b,b'x
Note that (5-18) gives decay in the number of points K (0Q,s) (e, K} (Q,s) < Ny,0.bp)
if we have that both
(1) Ny/o 2 2 u2¥3 & Ny g p . that is, if 20 > Ny/p) /222, and

(2) Ny.g.by27u2™? & Ny b1, that is, if 2° > u2™/2.
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Using Lemma 3.2, we may bound

> [(Fy.r. Fy,)|
(v.eE " EL wno*)
OreE M N n o)
2 <] (3r)= () =27

S Z < Z |<Fy,r1a Fy’,r2>|>

rne@ & 0NN vy e NE wneMy
e nE ngHg 2" SI0r=(r)|<2"

e T LEALEL B )

e nE wnohg 05a=m 0 e nE winny  ye@! Y nE wney

e NEN wno*)k minz + (14|r ry]y—y'|])~20
- - ,J.b. b,
R )
rl E(E{'j’hﬁgz’j WNO*)r 0<a<m+10 §>0:2<2Ny o1

ok
reE " nE 0N

SBEMDN 0y Nrow Y. KPPPTHQ092 (5-20)
.YZO:2S§2Ny’va

Assuming (5-19) holds, we have

Z |<Fy,r» Fy’,ﬂ)l
.eE T NEL wng*)
O\ reEr Y nEM wyno*)
2’"5\(y,r)f(y’,r’)ISZ”’“
5 NR’Q,bNR’Q’b/Z‘Q)(k_m/Z) Z max[min(u24m/3N;’%,b’b/2_s, NY’Q’b’b/ZS),

>0 : m/2 K
2S§1SV;,QJ;,1;/ min(u2 / Ny,0.b.'s Ny, 0,662 )]

5NR,Q,bNR,Q,b/23<"—m/2>[mz'"Ny,Q,b,b/+maX{ Y min@2* ANy 27 Ny gs2),

s>0
2SNy, 0.0

Z min(u2m/2Ny,Q,b,b/,Ny,Q,b,b’Zs)}]-

s>0
2SNy g.bp

(5-21)
Now, note that u24’"/3N)5,/(32 b2 " = Ny gpp2° if and only if 2° < ul/222’"/3N)1,/(32 - Thus choosing

the better estimate in the term min(u2*"/ 3N)5,/ g b2 s Ny 0.b»2°) depending on s yields that

S min@2* PNy, 270 Ny.gww2) Su PN L
SZOZZ“VSNy_QYth/
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Note that u2"/2Ny o p.»» > Ny.g.».»2° if and only if 2° < u2"/2 Thus choosing the better estimate in
the term min(u2™/ ZNY,Q,b,b/, Ny, 0,b,»2°) depending on s yields that

> min@2™*Ny.g by Ny.g.sr2") S10g(Ny.0.5.0)Ny.g.bs u2".

szO:ngNy_QYbe/
Using that N5, , ,, < u!/32"/3, it follows that the left-hand side of (5-21) is bounded by

NR .0, bNR 0, b’2 3= m/Z)N Y,0.,b,b' [m2 + IOg(Ny 0,b, b’) maX(NY 0.b, pY 1/222m/3’ u2’"/2)]
< Nr.0sNr. 02> ™D Ny o p.p(m log(u)) max (/2™ u2™/?)
<max(Ng. g5, Nr..p) 2" D 23E=m/D) (1 10g (1)) max (u/02", u2™'?), (5-22)

which proves (5-5). This will be a good estimate when max(Ng g5, Nr,0,»7) is small.

Thus to prove (5-5) it remains to prove (5-18). We will in fact prove (5-18) with K,’;’j’b’b/’*(Q, s)
replaced by K,l/’j’b’b/(Q, s, 1), uniformly in ¢ < 2"*10, Fix t < 2"+10 and let & = [log,(¢)] and cover
(& &ritn ,7: o/ (u) N 0%y by < 240"=% many 4-dimensional almost-disjoint balls of radius 2%*>; denote
this collection of balls as B = {B;}. For each i, we define a collection of “special” points A,’;’f ’b’b/(Q, s, 1)

to be the set of all points
ye@nE wn oMy B

such that there are > 2° many points y’ € (EZ b A 0*)y such that y’ lies in the annulus of radius ¢ and
thickness 3 centered at y. That is, we define

AZ:l'j’b’bl(Q’ s.):={ye (5{’j’bmg{’j(u)ﬂ Q*)yNB; : there exist at least 2° many points
yrA
y € (&7 NQ%)y such that ||y’ —y|—(t+3)| < 3}.

Let K ,3/ ’ij ’h’b/(Q, s, t) denote the cardinality of A,}:lj ’h’b/(Q, s, t). Now cover each B; with < P many al-
most disjoint 4-dimensional balls B; , of radius 2/ for some ! < «. Each such ball contains at most 2/ many
points of A}’; J0Y(0 s, 1), so for a fixed i there must be at least 2K S0V 0 s D@2 many balls B; ,
that contain at least one point in AV +J:b. b(Q s, t). Thus there must be at least = K; . ] b, b,(Q s, ) w2hH~!
many such points in B; N Ay J:b b(Q s, t) spaced apart by > 2/; call this set Dy b b(Q s,t). But by
Corollary A.2, which we prove later in the Appendix, the size of 3-fold 1ntersect10ns of 4-dimensional
annuli of radius # ~ 2% and thickness 3 spaced apart by > 2! with centers lying in a ball of radius 2%
is bounded above by < 23@=D2¢ provided that / > «/2 + 20. This is true because for each point p
in Dy ;(Q, s, 1), there will be at least > 2° many points contained in the ¢-annulus centered at p that
are contained in no more than two other different ¢ annuli centered at different points p’ and p”
Dy.i(Q, s, 1), so the total number of points is = 2° x card(Dy; (Q, s, 1)).

It follows that if / > «/2 4+ 20, then for each of these = K, ” bb(Q s, H)w2hH™! many points
pe D” b0 5, 1), there can be

S KL, s, 0 w2 2¥e o
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points lying inside the 7-annulus centered at p that are simultaneously contained in at least two other
different 7-annuli centered at points in DZ lj bk (Q, s, t). This implies that if Ny, ¢ ,; denotes the cardinality

of (Elz/’j’b/ N Q*)y N B}, where B = 10B;, then we have
Ny.owi 2 KU (0, s, @212, (5-23)

which is essentially 2° times the number of points in D}:lj ’b’b(Q, s, 1), provided that 2° is much bigger
than the total number of points lying inside a z-annulus centered at p that are simultaneously contained

in at least two other different ¢-annuli centered at points in D};’ij ’b’b/(Q, s, t), i.e., provided that
KL, s, 022223 Do « 20 (5-24)
and
[ >a/2+20.
Solving for 2! in (5-24) yields
21 > K]z,ij,b,b/(Q’ s, t)2/524a/5u—2/52—s/5' (5_25)

Since s >> m, we may choose a minimal / such that
2> max[K,l”f’b’bl(Q 5, 1)2/52%/5,=2/59=5/5 2a/2]
,l k) ’ b

for a sufficiently large implied constant. Substituting into (5-23) yields

KPP0, 5.0 S max[u2 AN 273, u2™ 2Ny 9.1i27), (5-26)

N
and summing over all i and using the almost-disjointness of the B} gives

5/3

K70, 5, 1) S max[u2*"* N .

w27 u2" Ny 270 (5-27)

Taking the maximum over all 0 < ¢ < 2"*+10 proves (5-18) and hence also (5-5).
It remains to prove (5-6), which we reproduce again below for convenience:

> [{Fy.ro Fy)|
vNeUpesy o € NE (0N Q")
0'reUpes,, o EPEN wno®)
2" <|(y.r)— () <2

5 23(k—m/2) 2max(c,c’) (max(#BQ,c,d7 #BQ,C’,d’))zuzm (Zmax((c—d)/l, (C’—d’)/Z))—l' (5_28)

This will be a good estimate in the case that 2max((c=d)/2.('=d")/2) jq Jarge. Without loss of generality,
assume that ¢’ —d’ > ¢ —d. For a fixed (y, r) € Q* and a fixed

e
Yy e & nEwyn 0y,
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there are at most two values of 7" away from which (F, ,, Fy,s) decays rapidly. Thus using Lemma 3.2

we may estimate

> [{Fy.ro Fyp)]
0 eUpesy o €T NET )N
0'r1eUpes,, o 0 € NEL 000"
27 <|(nr) () <27

S| )3 ( )3

0=a=m+10 "y neUpes,y , , ENE 0NQY) yeUpes,, , , € NEL @NQy

Z 2—Na23(k—m/2))>)

e
r/eUbeng v &’ mg{ T wNO0*)k
2M <|(y,r)— ()| <2m !
ming = (14+]rr/£|y—y'|| ) ~2¢

L d

5 73(k—m/2) (max(#Bg c.q, #BQ,C’,d’))2 hgllgax (#(SZ,j’b N gl){/u/ w)NO*)
Q,c,d

x max #ETTNE w)n 0*)y)
b/EBQ,E’d

S, 23(k—m/2) (max(#BQ’c,d, #BQ,c’,d’))z 2max(c,c’)u2m (2(Cl—d/)/2)—1’
(5-29)
and the proof of (5-6) is complete. ]

We will now use Lemma 5.2 to prove Lemma 5.1.
Proof of Lemma 5.1. Fix an a > 0 to be determined later. Similar to [Heo et al. 2011], we let égf” =

~y EV e
> Gy .. » Where for each positive integer u we set

I = 1254 (= Du, 25 + ),

gk,ﬂ = y X Ik,l,ba
Sy EV Sy E
Gu,k,,u = Z V(y7r)Fy,r and Gu,k,u,r = Z y(y,r)Fy’r.
(1) L NENTNEY () yi(p. ) €& W NETNEY (u)
‘We have
. 112 . ) )
NV,gy’] 2 Ny’gVJ NV,ng] 2 ~ngy’] y,g%]
IGE 13D Gl SONG 5+ D UGE Gl (5-30)
2 2 14 w>pu+10

By Cauchy—Schwarz,

~y.EV 2 ~y i 0
Gk 12 S 0 Z 1G ki ll2-
rely MR

Write
Gl = ( 3 v (5. P — y)) % (0, % Vo).

y:(y. )€€ W NELT NEY (u)
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By the Fourier decay of o, and the order of vanishing of g at the origin, we have

~ 7 3/2
16, Polloo < 732

Since
H > vy V(- =y | S2#yeY: (. €& NET NE" ),
Y€ wNEN NED () 2
we have
~y, EVJ ~y EVJ ; k L
Z 1Y 13 S u Z Z G N3 S 22 w2 He) . (5-31)
2 K rely AR

ay’g%j ay’g%j

By (5-30), it remains to estimate } ., 10 (G, s G,k )

Note that we have the bound
~y,EVI Sy £V 2
SN GO Y [E Ful
/'L/>”“+10 mIZmzua

.)€l wynel’
2" <|(y,r) =<2

< 3 ( 3 ( » |<F},,,,Fy,,r,>|)). (5-32)

m:2">ut * Q€Qy k. jm (y,r),(y’,r')EQﬁg,f,/’j (u)m‘,’ky‘j
2" <|(y, )= (| <2

To estimate the inner sum above, we will use Corollary 5.5. Summing over all Q € Q, x ;. » and over
all m such that 2™ > u“ we have

~y EVI gy £V ;
Y UGy Gl Se 22U+ 1), (5-33)
w>u+10
where

=3k Z 2(1—j)/10(#511/,1)ue max(ull/IZ—a/Z’ u13/12—a)’ (5-34)
I>j

T = 23k Z2(l—j)/10(#g]z/,l)ueu11/12—a/2' (5-35)
I=j

Combining (5-30), (5-31) and (5-33), we thus have the estimate
||55f” ||% <. 22j3k Zz(l—j)/lo(#gli/,l)(ua + ylV/12-a/2+e + ul3/12—a+e).
1>j
Choose a = % to obtain
||§L’:]f” 12 <, 2%i2% Z 2(lfj)/10(#g]z/,l)ull/18+e
I>j

for every € > 0, which is (5-2). [l
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Incomparable radii. We now want to estimate
<y, EVI Sy £V
Y. WG Gl
k>k'>N(u)

Our estimate will be much better than in the comparable radii case. In fact, since d = 4, we may simply
use the estimate proved for incomparable radii in [Heo et al. 2011], which is more than sufficient for our
purposes. We restate this estimate using our notation as follows.

Lemma 5.6. Let € > 0. For the choice N (1) = 100e ! log, (2 +u), we have
~y, EVJ EV i 1
Y OUGETTGUT S 2 Y 2 Y el (5-36)
k>k'>N (1) k LI—jl<10

For a proof of Lemma 5.6, see [Heo et al. 2011].

Putting it together. Combining (5-1), (5-2) and (5-36), we have that for every € > 0,

E : SyEVI
Gu,k

2
<yl Z 23kn2j Z 2(1—,')/10(#5/1/,1)‘ (537)
k 2

k >

This completes the proof of Lemma 4.3 and hence the proof of Proposition 4.1.

Appendix: A geometric lemma

In this section we prove the geometric lemma used in the previous section.

Lemma A.1. Fix integers j,1 withl < j. Let 271 <t < 2/%\ Then the size of the intersection of three
annuli in R3 of thickness 4 and inner radius t such that the distance between the centers of any pair is at
least 2" and no greater than 27 /10 is < 23U=D provided that 1 > j/2 + 10.

We will use the following basic lemma which gives an estimate on the size of intersections of
2-dimensional annuli. This is an immediate corollary of Lemma 3.1 in [Wolff 1999].

Lemma D. Let A| and A, be two annuli in R> of thickness 1 built upon circles C and C; of radius R,
and let d denote the distance between the centers of C| and C,. If d < R/5, then A1 N A, is contained in
the 10-neighborhood of an arc of C1 of length < R/d.

Proof of Lemma A.1. Let Ay, Ay, A3 denote the three annuli. Let £1 ; denote the line through the centers
of Aj and A,, and let £; 3 denote the line through the centers of A| and A3. Let P be any plane containing
both £ 7 and £; 3. Then A N A; is the 3-dimensional solid formed by rotating the intersection of the two
(circular) annuli A1 N P and A, N P about the line ¢ ». Similarly, A; N A3 is the 3-dimensional solid
formed by rotating the intersection of the two (circular) annuli A N P and A3 N P about the line ¢; 3.
Now, by Lemma D, A; N A, N P is contained in the 10-neighborhood of two arcs of length < 2/~ of
the circle that A; N P is built upon. Rotating A; N A2 N P about the line £ 5 to get A; N A,, this implies
that A; N A; is the union of < 2/~/ many 10-neighborhoods of circular annuli of radius < 2/ lying in
a plane normal to the line ¢; ;. The same holds for A} N Az with ¢ > replaced by £¢; 3. Suppose first
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V12 VI3 ocmma

‘o

Figure 1. The circles C;, C,, C3, and Cg in the plane P, from the proof of Lemma A.1.
The shaded-in circle is Cy, the thick circle is C», the dashed circle is C3, and the remaining
circle is Cj.

that the angle between £ and £1 3 is > 2/~/73, in radians. Then |A| N A, N A3] is bounded by <2201
times the largest possible size of the intersection of two 10-neighborhoods of circular annuli, where the
first lies in a plane normal to £; » and the second lies in a plane normal to £ 3. One computes that the
largest possible size of such an intersection is < 2/~

It remains to consider the case when the angle between ¢; , and ¢; 3 is < 2!=i=3 in radians. We now
define the following coordinates associated to the lines £; > and £; 3. Let x{, x2, x3 denote the centers
of Ay, A», Az respectively. For x € R3, we define the £1 2-coordinate

(x —x1, X2 —x1)

(xX)12=
|xo — x1]

Similarly define the ¢; 3-coordinate

(x —x1,x3 —x1)

)13 =
lx3 — x1]

By interchanging the order of A;, Ay, A3, we may assume without loss of generality that (x3);2 >
(x2)12 = 1. We will show that [ > j/2 4 10 implies that A; N A, and A, N A3 are actually disjoint.
Observe that since the angle between £; > and £ 3 is < 2!=i=3 we have that (x3 — X212 > 2!=1 Now, let
xé be the closest point on the line £; ; whose distance from x; is the same as the distance from x; to x3.
Clearly, we also have (xg —Xx2)12 > 2!=1 Let C; be the circle in P with center at x3 and radius 7 and let
C; be the circle in P with center at x3 and radius 7. Then if y] 5 denotes either of the two points in C; N Cj3
and y; , either of the two points in C; N Ca, then (x§ —x2)12 > 2/~ implies that (yi3 —y12)12 =272
This is because with respect to the £; >-coordinate, y{’3 lies at the midpoint of x| and x3 and y;  lies at
the midpoint of x; and x,. Note that C; N Cs is the rotation within P of C; N C} by an angle of < 2/=/73,
where the rotation is based at x;. This implies that if y; 3 is either of the two points in C; N C3, then
V13— Y13l < 273, It follows that (y1.3 — y1.2)12 > (V] 3 — Y1.2)1.2 — V13— Y13l = 2172 2173 =213,



498 LAURA CLADEK

But by Lemma D, A N A is the rotation in R? of a 10-neighborhood of an arc of C; of length < 2/~/
that contains y » about £; 5, and so A; N A; lives in the slab {z € R?: |(z — y1.2)1.2] < 2/7/**}. Similarly,
AN Aj is the rotation in R? of a 10-neighborhood of an arc of C; of length <2/~ that contains y; 3 about
£1.3, and so AN Aj lives in the half-infinite slab {z € R*: (z —y1.3)1.2 > —2/ 7!}, and since [ > j/2+10,
we have j —I+4 <1—10. Since (y1.3—y1.2)1,2 > 2/ 73, it follows that A} N A, and A, N Aj are disjoint. [J

Corollary A.2. Fix integers j, 1 withl < j. Let 2/=' <t < 2/%1. Then the size of the intersection of three
annuli in R* of thickness 4 and inner radius t such that the distance between the centers of any pair is at
least 2" and no greater than 27 /10 is < 23U=D2J  provided that | > j/2 + 10.

Proof. Let P be a hyperplane in R* containing the centers of the three annuli, and for each 7 € R, let P,
be the one-parameter family of hyperplanes with normals parallel to the normal to P. For each ¢, the
intersection of each annulus with P; is a 3-dimensional annulus of a fixed radius depending on ¢ that is
< 2/ and a fixed width depending on 7 that is < 1, and with centers spaced apart by > 2'. By Lemma A.1,
AN AN A3 N P; has size < 230D Tt follows that A; N Ay N A3 has size < 230027, O
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CONTINUUM LIMIT AND STOCHASTIC HOMOGENIZATION
OF DISCRETE FERROMAGNETIC THIN FILMS

ANDREA BRAIDES, MARCO CICALESE AND MATTHIAS RUF

We study the discrete-to-continuum limit of ferromagnetic spin systems when the lattice spacing tends
to zero. We assume that the atoms are part of a (maybe) nonperiodic lattice close to a flat set in a
lower-dimensional space, typically a plate in three dimensions. Scaling the particle positions by a small
parameter ¢ > 0, we perform a I"-convergence analysis of properly rescaled interfacial-type energies. We
show that, up to subsequences, the energies converge to a surface integral defined on partitions of the flat
space. In the second part of the paper we address the issue of stochastic homogenization in the case of
random stationary lattices. A finer dependence of the homogenized energy on the average thickness of the
random lattice is analyzed for an example of a magnetic thin system obtained by a random deposition
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1. Introduction

Polymeric magnets are known to be lighter and more flexible than conventional magnets. They can be
easily manufactured to form thin films made of few layers and are currently considered one of the main
building blocks of the future generations of electronic devices. Under external magnetic fields they form
Weiss domains, whose wall energy is influenced by the thickness and the roughness of the film, which
in turn depends on the physical and chemical properties of the specific material at use. A fairly large
amount of experimental results reconstruct the relation between film thickness and interfacial domain wall
energy for different ferromagnetic materials, see [Klein and Smith 1951], but no rigorous explanation has
appeared so far in this direction. Among the reasons for such an unsatisfactory analysis, we single out
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one which has a geometric flavor: depositing magnetic particles on a substrate to obtain a thin film leads
to disordered arrangements of particles and rough film surfaces, which makes it very difficult to formulate
a suitable ansatz leading to the correct (and simpler) continuum model. In this paper we look at this
problem from a different perspective: we single out a simple Ising-type model for a thin film obtained by
random deposition of magnetic particles on a flat substrate, for which the geometric part of the problem is
still nontrivial, and propose an ansatz-free variational analysis of such a film. Combining I"-convergence
and percolation theory, we finally obtain a rigorous explanation of the relation between film thickness
and domain-wall energy in some asymptotic regimes.

A simple way to model thin ferromagnetic polymeric materials at the microscale first requires the
definition of a polymeric matrix made of magnetic cells and then that of an interaction energy between
those cells; see [Vollath 2013] for further details. The polymeric matrix of such a system can be seen as a
random network whose nodes are the cross-linkers molecules of the three-dimensional polymeric magnet,
which are supposed to entail the local magnetic properties of the system and to interact as magnetic
elementary cells via a ferromagnetic Potts-type coupling. The system is supposed to be thin in the sense
that the nodes of the matrix are within a small distance, of the order of the average distance between the
nodes themselves, from a two-dimensional plane. In the presence of an external magnetic field or of
proper boundary conditions, the ferromagnetic coupling induces the system to form mesoscopic Weiss
domains, i.e., regions of constant magnetization.

In this paper we aim at upscaling the system described above from its microscopic description to a
mesoscopic one in a variational setting. This consists in performing the limit of its energy as the average
distance between the magnetic cells, which we denote by &, goes to zero with respect to the macroscopic
size of the system. Such a limit will have two main effects: it will allow us to describe the original
discrete system as a continuum, while at the same time it will reduce its dimension from three to two (or
more generally from d to k with 2 <k < d).

The discrete-to-continuum analysis in this paper is also part of a general study of the effects of
discreteness in lattice systems on their macroscopic description. It is directly related to a series of papers
describing the overall behavior of spin energies [Caffarelli and de la Llave 2005; Alicandro et al. 2006;
Braides and Piatnitski 2013; Braides and Cicalese 2017; Alicandro and Gelli 2016]. Moreover, discrete-
to-continuum analyses for thin elastic objects in a deterministic setting have also been considered, e.g., in
[Alicandro et al. 2008; Schmidt 2008; Lazzaroni et al. 2015], and the behavior of full-dimensional random
lattices is dealt with in [Alicandro et al. 2011]; see also [Blanc et al. 2007]. For dimension-reduction
problems for continuum elastic objects we also refer to [Le Dret and Raoult 1995; Braides et al. 2000],
the latter introducing a dimensionally reduced localization argument similar to the one used in the present

paper.
Using the same model as in [Alicandro et al. 2015] we describe the polymeric matrix as a random

network whose nodes £ C R? form a thin admissible stochastic lattice, meaning that the matrix is thin;
i.e., there exist k € N with 2 < k < d and M > 0 such that, identifying R¥ with a linear subspace of R4,

dist(x, RY) <M forallx e £
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and it is admissible according to the following standard definition; see [Ruelle 1989] and also [Alicandro
et al. 2011; Blanc et al. 2007] in the framework of rubber elasticity. We say that £ is an admissible set of
points if the following two requirements are satisfied:

(i) There exists r > O such that [x —y| >r forallx #y, x,y € L,
(ii) There exists R > 0 such that dist(x, £) < R for all x € RX.

Within this definition we may include “slices” of periodic lattices [Alicandro et al. 2008], and also
aperiodic geometries [Braides et al. 2012].

Given a probability space (2, F, ), a random variable £ : 2 — (R?)N is called an admissible stochastic
lattice if L(w) is an admissible set of points uniformly with respect to w € 2.

We assume that the magnetization takes only finitely many values; that is to say, we consider configura-
tions u : e£ — S with a state-space S = {s1, ..., 5, } that we embed in the euclidean space RY. We have in
mind the case of spin systems, where u; € {1, —1}. Note that even in that case it is sometimes necessary
to use a larger set of parameters S if frustration forces the formation of texture; see [Braides and Cicalese
2017]. Note that if we have more than two parameters, we may have concentration phenomena of a third
phase on the interfaces between two phases. A finer description of this phenomenon can be found in
[Alicandro et al. 2012].

Associating a Voronoi tessellation V(L) to the lattice £, one introduces the set of nearest neighbors
NN (L) as the set of those pairs of points in £ whose Voronoi cells share a (d—1)-dimensional edge. This
allows us to distinguish between long-range and short-range interactions, introducing the (£-dependent)
interactions

un (5,81, 87) if (x, y) € NN(D),
fii(x,y,si,5;) otherwise,

fa(x’)’:si’sj):{

which we assume to be nonnegative and to satisfy the following coerciveness and growth assumptions.

Hypothesis 1. There exist ¢ > 0 and a decreasing function Jj, : [0, +00) — [0, +00) with
[ antiapixiar = 7 < +oc
Rk
such that, foralle >0, x,y € R? and s;, s; €8,

clsi =il < fron (O, y,8i,87) < De(lx = yDIsi =51, fo(x, v, 81, 87) < D (Ix — yDIsi — sj1.

We remark that the decay of J;, is needed to control the effect of long-range interactions and we use
the same bound for short-range interactions only to save notation.

We fix D C R¥ and denote by Py : R¢ — R* the projection onto R¥. For a given configuration u : e£ — S
we consider the energy per unit ((k—1)-dimensional) surface of D to have the ferromagnetic Potts form;
see also [Alicandro et al. 2006; 2012; 2015; Braides and Cicalese 2017] given by

Ecw= Y &7 fulx, y,ulex), u(ey)).

x,yeL
sx,syePk’lD
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Since the sets £ will eventually shrink to a k-dimensional set, we conveniently describe the system in
terms of an average spin order parameter Pu : e P, L — co(S) defined on the k-dimensional set € Py L by

1
Pu(z) = —— u(ex).
#(Pk I(Z) N SL) sxePXl(:z)ﬂsL
k

We then embed the energies E, in L' (D) by identifying Pu with a function piecewise constant on the cells
of the Voronoi tessellation of P L, define the convergence u. — u in D in the sense that the piecewise
constant functions Pu, converge to u strongly in L'(D) and perform the I'-convergence analysis with
respect to this notion (see Section 2 for further details).

In Theorem 3.2 we prove a compactness and integral representation result for the I'-limit E of E,,
stating that, up to subsequences, this is finite only on BV(D, §), where it takes the integral form

E(u) = f ¢ 0, ut,u, v,) A
Su

In this formula S, is the jump set of u, the functions u™ and u~ represent the traces on both sides of
the jump set, v, € Sk=1 is the measure-theoretical normal to S, and H*~! is the (k—1)-dimensional
Hausdorff measure. The function ¢* is interpreted as the domain-wall interaction energy (per unit
(k—1)-dimensional area) between Weiss domains.

The dependence of such an energy on the randomness of the lattice is studied in Section 5 in the
context of stochastic homogenization, assuming the thin random lattice to be stationary (or ergodic) in
the directions of the flat subspace to which it is close and the interaction coefficients to be invariant under
translation in these directions. More precisely we assume that there exists a measure-preserving group
action (t;),cz« on €2 such that, almost surely in €2, we have L(t,w) = L(w) + z (if in addition (7;),cz« is
ergodic, then also the lattice £ is said to be ergodic) and the following structural assumption:

Hypothesis 2. There exist functions fu,, fir: RK x R2(@=5) % §2 — [0, +00) such that, setting Ar(x,y) =
(V1= X104+ oy Yk — Xks Xkt 15 Yk 1s - - > Xds Ya)» it holds that

o (0, Y, 8i58) = fan (A (X, ¥),8i,87),  fr(x, ¥, 81,8 = i, (A (x, ¥), i, 8)).

In Theorem 5.8 we prove that under Hypotheses 1 and 2 and assuming the stationarity (or ergodicity)
in the sense specified above, the I'-limit of E, as ¢ — 0 exists and is finite only on BV(D, §) where it
takes the form

E2, () = / o0t u, ve) dHE
Su

The energy density is given by an asymptotic homogenization formula which is averaged in the proba-
bility space under ergodicity assumptions on £, thus turning the stochastic domain wall energy into a
deterministic one.

The result is proved by the abstract methods of I'-convergence, first showing an abstract compactness
result, and then giving an integral representation of the limit, as described in detail for deterministic bulk
elastic thin films in [Braides et al. 2000]; for other applications of this method in a discrete-to-continuum
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setting see, e.g., [Alicandro and Cicalese 2004; Le Dret and Raoult 2017; Braides and Cicalese 2017].
The proof makes use of two main ingredients: the integral-representation theorem in [Bouchitté et al.
2002] and the subadditive ergodic theorem in [Akcoglu and Krengel 1981]. They are combined following
a scheme introduced in [Alicandro et al. 2011] in the context of random discrete systems with limit
energy on Sobolev spaces, see also [Dal Maso and Modica 1986], and recently extended to sets of finite
perimeter in [Alicandro et al. 2015]. Section 6 is devoted to extending the result above to the case of a
volume constraint on the phases.

An interesting issue in the theory of thin magnetic composite polymeric materials is the dependence of
the domain wall energy on the random geometry of the polymer matrix. We devote the second part of
the paper to this problem. We consider a specific model of a discrete system in which the state-space
is § = {£1} and the stochastic lattice is generated by the random deposition of magnetic particles on
a two-dimensional flat substrate. For simplicity we limit ourselves to a simple deposition model with
vertical order and suppose that the magnetic interactions have finite range. We are interested in the
dependence of the domain wall energy on the average thickness of the thin film. Even though a complete
picture would need a more extended treatment, thanks to percolation arguments we are able to attack the
problem in the asymptotic cases when the thickness of the film is either small or very large.

More specifically, we model the substrate (where the particles are deposited) by taking a two-
dimensional deterministic lattice, which we choose for simplicity as £° = Z> x {0}. We then consider an
independent random field {X lp }icz3, where the X lp are Bernoulli random variables with P(X lp =1)=pe
(0, 1). For fixed M € N we construct the random point set

£y (@)= {(i1 iz, i3) € 221 0 < i3 < 3L XG4y (@),

which means that we successively deposit particles M times independently onto the flat lattice £° and
stack them over each other (the point set constructed is stationary with respect to translations in Z* and
ergodic). Moreover, given u : 8£2” (w) — {£1}, we consider an energy of the form

El @), A= Y eclx—yluex) —uley),
x,yeL) (@)
ePy(x),ePr(y)eA

where the interaction constant ¢ : R3 — [0, +00) has finite range, is bounded from above and is coercive on
nearest neighbors, so that the Hypotheses 1 and 2 above are satisfied. As a result Theorem 5.8 guarantees
the existence of a surface tension, say qﬁfom(M ; V), given by an asymptotic cell formula.

The main issue now is the dependence of ¢}’:0m(M ;v)on p and M.

A first result in this direction is proved in Proposition 7.3, where we show that, for every direction
v € S!, the wall energy density is linear in the average thickness pM as M — +o0; that is,

Phrom (M ;

. V) |
lim =o'(v), (1-1)

M—+o00 pM

with ¢!(v) given in Lemma 7.2 being the wall energy per unit thickness of the deterministic problem
obtained for p = 1.
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A second and more delicate result is contained in Theorem 7.5 and concerns a percolation-type
phenomenon which can be roughly stated as follows: when the deposition probability p is sufficiently low
(below a certain critical percolation threshold) the domain wall energy is zero for M small enough. At
this stage it is worth noticing that our energy accounts for the interactions between the deposited particles
and the substrate. On one hand this assumption might be questionable from a physical point of view in
the case one assumes to grow thin films on neutral media, thus expecting the properties of the film to be
independent of the substrate. On the other hand removing such an interaction leads to a dilute model
similar to the one considered in [Braides and Piatnitski 2012]. An adaption of this analysis would require
a lot of additional work like the extension of fine percolation results to the (range-1)-dependent case,
which goes far beyond the scope of the present paper (see also Remark 7.4). We prove the percolation
result for nearest-neighbor positive interactions. Setting the interaction with the substrate to be n > 0,
we can prove that if p < 1 — pgee (here pgiee is the critical site percolation threshold in 7?), the limit
energy d)lﬁ;r’; (M v) is bounded above (up to a constant) by n for M small enough. This result suggests the
absence of a positive domain wall energy in the thin film on a neutral substrate (n = 0 case). In the limit as
M diverges, (1-1) holds with ¢£’0’21(M ; V), which is independent of 7, thus showing that the contribution
of the first layer does not affect the asymptotic average domain wall energy as expected. The proof of
these results needs the extension to the dimension reduction framework of a result by Caffarelli and
de la Llave [2005] about the existence of plane-like minimizers for discrete systems subject to periodic
Ising-type interactions at the surface scaling. This is contained in Appendix A.

As a final remark, we mention that we prove all our results in the case when the flat object is at least
two-dimensional. Most of the results can be extended to one-dimensional objects (with the proof being
much simpler), except the ones contained in Section 6, which fail in dimension one as can be seen by
simple examples and the percolation-type phenomenon in Section 7, as no percolation can occur in
(essentially) one-dimensional lattices.

2. Modeling discrete disordered thin sets and spin systems

This section is devoted to the precise description of the model we are going to study. We start with the
notation we are going to use in the sequel.

As we are concerned with dimension-reduction issues, there will be two geometric dimensions k and d
with 2 < k < d. Given a measurable set A C R¥, we denote by |A] its k-dimensional Lebesgue measure,
while more generally 7" (A) stands for the m-dimensional Hausdorff measure. We denote by 1, the
characteristic function of A. Given x € RF and r > 0, we denote by B, (x) the open ball around x with
radius 7. By |x| we denote the usual euclidean norm of x. Moreover, we set d (A, B) to be the Hausdorff
distance between the sets A and B and dimy (A) to be the Hausdorff dimension of A. If it is clear from
the context we will use the same notation as above also in R? (otherwise we will indicate the dimension
by sub/superscript indices). Given an open set D C R, we denote by A(D) the family of all bounded
open subsets of D and by AR (D) the family of those sets in .A(D) with Lipschitz boundary. Given a unit
vector v € S¥=1 let v =y, ..., v be an orthonormal basis. We define the open cube in R¥

0, = {x e R*:|(x,v;)| < % forall i},
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and, for x € RX, p > 0, we set O, (x, p) :=x 4+ p Q,. We call v e S¥~! a rational direction if v € Q. We
denote by P, : R? — R¥ the projection onto R,

For g € N we let BV(D, R?) be the space of R?-valued functions of bounded variation, that is, those
functions u € L' (D, R?) such that their distributional derivative Du is a matrix-valued Radon measure.
Given a set S C R?, we denote by BV(A, S) the space of those functions u € BV(A, R?) such thatu(x) €S
almost everywhere. If S is a finite set, then the distributional derivative of u# can be represented on any
Borel set B C D as Du(B) = fBﬂSu (utr(x) —u~ (%)) ® v, (x) dH 1 (x) for a countably H*~!-rectifiable
set S, in D which coincides H*~!-almost everywhere with the complement in D of the Lebesgue points
of u. Moreover v, (x) is a unit normal to S, defined for H*~!-almost every x and u™(x), u~(x) are the
traces of u on both sides of S,. Here the symbol ® stands for the tensorial product of vectors; that is,
for any a, b € R¥, we have (a @ b); j '=a;b;. A measurable set B is said to have finite perimeter in D
if its characteristic function belongs to BV(D). We refer the reader to [Ambrosio et al. 2000] for an
introduction to functions of bounded variation. The letter C stands for a generic positive constant that
may change every time it appears.

We want to describe (possibly nonperiodic) particle systems, where the particles themselves are located
very close to a lower-dimensional linear subspace. To this end we make the following assumptions: Let
£ C R? be a countable set. We assume that there exists M > 0 such that, after identifying R¥ ~ R¥ x {0},
we have

dist(x, Ry <M forall x € L. (2-2)

Moreover, adapting ideas from [Alicandro et al. 2011; 2015; Blanc et al. 2007] we assume that the point
set is regular in the following sense:
Definition 2.1. A countable set £ C R? is a thin admissible lattice if (2-2) holds and
(1) there exists » > O such that |[x —y| >r forall x #y, x,y € L,
(i) there exists R > 0 such that dist(x, £) < R for all x € R,

We associate to such a lattice a truncated Voronoi tessellation V(L), where the corresponding d-
dimensional cells C € V(L) are defined by

Cx) == {z e R  x [-2M,2M1" % 1 |z —x| < |z — x| for all x' € L},
and we introduce the set of nearest neighbors accordingly by setting
NN(L) = {(x,y) € L7 : dimy (C(x) NC(y)) =d — 1}.

As usual in the passage from atomistic to continuum theories, we scale the point set £ by a small parameter
& > 0. We assume that the magnetization of the particles takes values in a finite set S = {s1, ..., s,} C R%
Fix a k-dimensional reference set D € AR(R¥). Given A € AR(D) and u : ¢£ — S, we consider a
localized (on A) pairwise interaction energy

Ecw, A= Y &7 fulx, v, ulex), uley)),

x,yeL
sx,syeP,:lA
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where the (£-dependent) interactions distinguish between long- and short-range interactions and are of

the form .
(x,y,siy ) if (x,y) e NN (L),

fE(x,y,si,s;)  otherwise.

fs(-x’ )’»Siasj) = {

For our analysis we make the following assumptions on the measurable functions f£,, £ :RY x RY x §? —
[0, +00):
Hypothesis 1. There exist ¢ > 0 and a decreasing function Jj, : [0, +-00) — [0, +-00) with

/ Jir(IxDIxldx = J < 400
Rk

such that, forall ¢ > 0, x,y € R4 and s;, s; €8,

c<cr,(x,y) <Jp(x—=yD, ¢ () <Jp(x—=y).

Since the sets €L shrink to a k-dimensional set as ¢ vanishes, we want to define a convergence of
discrete variables on shrinking domains.To that end, denoting by co(S) the convex hull of S, we define
the averaged and projected spin variable Pu : ¢ P,L — co(S) via

1

P L
u(ez) #(Pk_l(z)ﬂﬁ) )

Z u(ex). (2-3)

eP”'(NL

The projected lattice P £ C R¥ inherits property (ii) from Definition 2.1, but (i) might fail after projection.
Nevertheless, due to (2-2) the projected lattice is still locally finite and the following uniform bound on
the number of points holds true: there exists a constant C = C > 0 such that, given a set A € A(D) with
[0A| =0, we have

e*#{ez e e PLN A} < CIA| (2-4)

for & small enough. We now associate the corresponding k-dimensional Voronoi tessellation V(Py L) =
{Ck(2)} in R¥ to the lattice P;L and we identify Pu with a piecewise-constant function belonging to the

class
PC(L) ={v: RF — (S) : Vjecy () 18 constant for all z € P L}

Note that we can embed PC,(£) in L'(D) since the intersection of two Voronoi cells always has zero
k-dimensional Lebesgue measure.

For the sake of illustration, in Figure 1 we picture the construction in the simple case d =2, k=1
and S = {£1}. In the picture above, we draw a portion of the truncated Voronoi diagram of the lattice £
represented by the dots, black for # = —1 and white for u = +1. At the bottom of the Voronoi diagram we
include the projected points P; £ and the values of the variable Pu € [—1, 1] (range reflected by the gray
scale in the figure). The dashed lines indicate the exceptional set of projection points where | Pu| # 1. The
picture below represents the piecewise-constant function on the Voronoi intervals subordinated to P; L.

To deal with convergence of sequences u, : e¢£L — S, we adopt the idea of [Braides et al. 2012]. We
will see in Section 6 that this notion of convergence is indeed meaningful for variational problems in a
random environment.
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Figure 1. Construction of the piecewise-constant interpolation ford =2, k =1 and § = {£1}.

Definition 2.2. Let A € A(D). We say that a sequence u, : €L — S convergesin Atou: A — R? if the
piecewise-constant functions Pu, converge to u strongly in L' (A).

For our variational analysis we introduce the lower and upper I'-limits E, E” : L'(D, R?) x AR (D) —

[0, +o00] setting

E'(u, A) = inf{limi(r)leg(ug, A):u, — uin D},
y P . (2-5)

E"(u, A) := 1nf{11rnsup E.(ue, A) :ug — u in D}.

e—0
Remark 2.3. The functionals E’, E” are not I"-lower/upper limits in the usual sense since they are not
defined on the same space as E.. However, if we define the functionals Eg s LY(D,RY) x AR(D) —
[0, +00] as
Bt A) = {infv E.(v,A) ifu= ?v for some v: el — S,
+00 otherwise,

then E’, E” agree with the I'-lower/upper limit of E, in the strong L' (D)-topology. Therefore we will

refer to the equality of E’ and E” as I'-convergence. Moreover, one can show that
E'(u, A) = inf{limiéles(ug, A):u, — uin A},
E—>

E"(u, A) = inf{lim sup E, (u¢, A) : us — u in A}.

e—>0

By the properties of I'-convergence, this implies that both functionals u — E’(u, A) and u — E” (u, A)
are L' (A)-lower semicontinuous and hence local in the sense of Theorem 3.1(ii).
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We now prove several properties of the convergence introduced in Definition 2.2. We start with an
equicoercivity property.

Lemma 2.4. Assume Hypothesis I holds. Let A € A(D) and let u, : eL — S be such that
sup, E¢(ug, A) < +o00.

Then, up to subsequences, the functions Pu, defined as in (2-3) converge strongly in L'(A) to some
ueBV(A,S).

Proof. Fix A’ € A such that A’ € AR(D). We start by estimating the measure of the set {Pu, ¢ S} N A’
Note that if Pu.(ez) ¢ S for some z € PiL such that € C;(z) N A’ # @, then there exist x, x, € Pk_1 (NL
such that u.(ex;) # uc.(ex;). As a preliminary step we show that we can find a path of nearest neighbors
in £ joining x| and x», that is, a finite collection of points {x!, ..., x™}C L such that x! = x; and x”* = x,
and (x’, x'*1) e NN(L) forall i =1, ..., m — 1. Moreover this path will be chosen such that it does
not vary too much from the segment between x; and x;. To this end, fix 0 < § < 1 and consider the
collection of segments

Gs(x1, x2) ={x +A(x2 —x1) 1 x € Bs(x1), 0 <A < 1}. (2-6)
We argue that there exists a segment g* = {x* 4+ A(x, — x1) : 0 < A <1} C G;s satisfying the implication
gFNCX)NCX)#2 = (x,x) e NN(L). 2-7)

Indeed, assume by contradiction that the implication is false for all x* € Bs(x;). Since the number of
d-dimensional Voronoi cells C(x) € V(L) such that C(x) N Gs # & is uniformly bounded, we can then
find finitely many Voronoi facets of dimension less than d — 1 whose projection onto the hyperplane
containing x; and orthogonal to x, —x; covers a (d—1)-dimensional set. Since projections onto hyperplanes
are Lipschitz continuous, we obtain a contradiction.

The path connecting x; and x; is then given by the set G (x1, x3) :={x € L: g"NC(x) # &}, provided that
8 is small enough. Observe that there exist x, y € G (x1, x3) such that (x, y) e NNV (L) and u.(ex) #u.(gy).
From the coercivity assumption in Hypothesis 1, we thus deduce that each path contributes to the energy.
Moreover, by (2-2) and the local construction of the paths, for any pair (x, y) € NNV (£) it holds that

#{ze PL:G(x1, x)N{x, y} # @} <C.
From these two facts we infer that
ez eCLIN A" # B, Pug(e2) ¢ S} < CEc(us, A) < C, (2-8)

where we have used that eG (x1, xp) C (Pk_lA) NeL for ¢ small enough. Since the measure of a Voronoi
cell in Py L can be bounded uniformly by a constant, by rescaling we deduce that

{Pu, ¢ S)NA'| < Ce. (2-9)

We continue bounding the total variation |D Pu.|(A’). Since Pu, is equibounded and piecewise constant,
it is enough to provide a bound for H*~!(Sp,, N A’). Note that the jump set Sp,, is contained in the
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facets of the Voronoi cells of the lattice € P, L. Since L is thin admissible in the sense of Definition 2.1
and property (ii) is preserved by projection, for each such facet F it holds that

HEVF) < cef
For ¢ small enough, we conclude that
H T (Spu, NA) < Ce*'#{(2, ) e NN (PLL) : Pug(e2) # Puy(eZ), ez, ez’ € A'+ Bre(0)}.

Given ¢z, €7’ € A’ + Bg.(0) such that (z, z') € NN (PL) and Pu.(ez) # Pu.(ez’), again we may find a
path of nearest neighbors

Gz, 2)={x"e PN (2),x!, ..., x" e P71 (2))
with 1, (ex®) # u,(ex™) and the paths are local in the sense that
#{(z,2) e NN (L) : G(z, Z)N{x, y} £} < C
for all (x, y) € NN(L). Reasoning as in the first part of the proof we find that
e #{(z, ') e NN (PLL) : Pug(ez) # Puc(e7)), ez, 67 € A+ Bro(0)} < CE,(ue, A) < C.

By well-known compactness properties of BV-functions (see, for example, [Ambrosio et al. 2000,
Corollary 3.49]) and (2-9), there exists a subsequence (not relabeled) such that Pu, — u in L'(A) for
some u € BV(A, S). Since A’ was arbitrary, the claim follows by a diagonal argument combined with
equiboundedness, which rules out concentrations close to the boundary. (I

We will also use the following auxiliary result about the convergence introduced in Definition 2.2.

Lemma 2.5. Let A € A(D) be such that |0A| = 0 and let ug, v, : €e£L — S both converge in A to u in the
sense of Definition 2.2 and assume both have equibounded energy on A. Then

li k € — Vg = V.
sgr(l) Z e ug(ex) —vg(ex)| =0

exeel
ePr(x)eA

Proof. Fix a set A’ € A such that A’ ¢ AR(D). By (2-4) and equiboundedness of u, and v, it is enough
to show that

lim )" e ug(ex) — ve(ex)| =0.
e—0

exeel

ePr(x)eA’

Using the fact that u,, v, both have finite energy in A, we can argue as in the derivation of (2-8) to show
#lex € eL: e P(x) € A, Pu,(ePe(x)) # ue(ex) or Pvg(ePi(x)) # ve(ex)} < Ce' ™K
Inserting this estimate and using that £ satisfies (2-2) we obtain

Z eMlug (ex) — vp(ex)| < C Z eX|Pug(e2) — Pug(e2)| + Ce.

exeel ezee P L
ePr(x)eA’ sz€A’
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Thus it is enough to control the last sum. Since the Voronoi cells in the projected lattice may become
degenerate, we can only use bounds on the number of cells. To this end fix L > 1 large enough such that,
for all z; € LZ*, we have

1 <#(eP LN (2, +10, Le)")) < C. (2-10)
Define I, :={z; € LZ* : (ez; +[0, Le)*) N A’ # &} and subdivide this set again as

Is1 :={zy € I, : Pu, is not constant on £z;, + [0, Le)k},
152 :={z; € I, : Pv, is not constant on ez, + [0, Le)*},
1= 1\ur?).
Since every scaled k-dimensional Voronoi cell ¢Cx(z) can only intersect finitely many cubic cells

ez1 + [0, Le)* with a uniform bound on the cardinality, we can again use the energy bound in A
and argue as for (2-8) to conclude

#(1'ur?) < celk (2-11)
Combining (2-10) and (2-11) we infer from the definition of the set / 53 that

> e Puc(er)—Puo(e)| <Ce+ Y > & Pug(ex)—Pug(e2)]
ezee P L z €1 ezee P L
szeA’ ezeez +[0,Le)k

<Cet+C ) / |Pu(s)—Pug(s)|ds
ez +[0,Le)k

L €I}

< C8+C||PMS—PU8||LI(A).
This concludes the proof, since the last term tends to 0 by assumption. |

Following some ideas in [Alicandro et al. 2011] we introduce an auxiliary deterministic square lattice
on which we will rewrite the energies E.. This lattice, shown in Figure 2, will turn out to be a convenient
way to control the long-range interactions.

On setting ' = r/~/d it follows that #{£ N {a + [0, r")¢}} < 1 for all € r'Z%. We now set

Z(L) :={a er'2? :#(LN{a+[0,r)"}) =1},
Xo = LN{a+][0,)), «eZ. (L),

and, for £ € r’7%, U c R¥ and ¢ > 0,
Rf(U) ={a:a,a+§ € Z(L), Xy, EXgye € Pk_lU}.
Note that by (2-2), enlarging M if necessary, it is enough to consider

Eer'?y =r'7'n R x [-2M,2M]* 7).
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Figure 2. The particles in £ (circles) and the auxiliary lattice r’ 7% (black dots).

We can then rewrite the localized energy as

Ecw, A)= Y Y & folra, Xars, u(exy), (exase)).

ger'Z9 aeRi(A)
Remark 2.6. Observe that we can write

Eerzip=|J =G 2, ....200) & €r'7").

zer’ 74k
[Z]oo<2M

Hence the monotonicity assumption from Hypothesis 1 allows to transfer the decay of long-range
interactions to the discrete environment as follows: given § > 0, there exists Ls > 0 such that

PR ACDIH LS (2-12)
Ser’Z‘;&
|§1>Ls
where & € & + [—r/, 71 is such that |£| = dist([0, r')¢, [0, r') +&). This decay property along with
Lemma 2.7 below will be crucial to control the long-range interactions. However note that Ls in general
depends on M.

The following lemma asserts that on convex domains we can essentially control the long-range
interactions by considering only nearest neighbors.

Lemma 2.7. Let B C A(R¥) be convex and B = {x € R* : dist(x, B) < 3(R + M)e}. Then there exists a
constant C depending only on r, R, M in Definition 2.1 such that for every & € r’ ij,, and everyu :eL— S
it holds that

S ol Yot ulexa) u(exase)) < CI(EDIEL Y felx, v, u(ex), u(ey)).

aeRS(B) (x,y)ENN (L)
sx,syePkleg

Proof. Leta € R§ (B). As in the proof of Lemma 2.4 we consider the collection of segments Gs(xq, Xot¢)
defined as in (2-6). By the same argument, there exists a segment g* C Gs(Xq, Xo+¢) satisfying (2-7).
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Consider then the set G(o, §) = {x € L: g*NC(x) # &}. By construction we can number G(«, &) =
{xe =x% ..., xV = x44¢} such that (x', x'*!) € NNV (L). By the bounds of Hypothesis 1 it holds that

So (s Yo, u(Exa), u(Exere)) < Jir(EDIu(Exe) —u(exaye)| < Jp(E) D |ulex) —u(ey)|

(x,y)eENN(L)
x,y€G (&)

< CJir () > fex, y, u(ex), u(ey)), (2-13)
(x,y)ENN (L)
x,ye(l/e) P BENG(a,§)

where we used that by convexity we have G (o, &) C %Pk_l B? provided § is small enough. Now given
(x,y) e NN (LN %Pk_lBs we set

TE(x,y) :={a € RE(B) : {x, y}NG(a, §) # 2}
Note that if « € Tf (x, y), then
Xo €E{z+1tE:|z—x| <C, |t] <C}
for some C > 0, and hence #Tf (x, y) < C|&]| by Definition 2.1. The claim now follows by summing
(2-13) over all « € RS (B). O
3. Integral representation on the flat set

Our first aim is to characterize all possible variational limits of energies E, that satisfy Hypothesis 1. As
for the case k =d and S = {£1} treated in [Alicandro et al. 2015], the following version of Theorem 3 in
[Bouchitté et al. 2002] will be the key ingredient:

Theorem 3.1. Let 7 : BV(D, S) x A(D) — [0, +00) satisfy the following hypotheses:
(1) F(u, -) is the restriction to A(D) of a Radon measure.
(1) F(u, A) = F(v, A) whenever u = v a.e. on A € A(D).
(iii) F(-, A) is L1(D) lower semicontinuous for every A € A(D).
(iv) There exists ¢ > 0 such that
%Hk’l(Su NA) < F(u, A) < cH1(S, N A)
for every (u, A) € BV(D, S) x A(D).

Then for every u € BV(D, S) and A € A(D),

F(u, A) = f g(x, ut u",vy,) d’i—[kil,
S,NA

with

m(uicjo,l)a Qv(x()s p))
k—1 ’

8(xo, si, 5j, v) = limsup
‘ p—0 P
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where, for all s;, s; € S,
l/tij — {Si l.f('x _x07 U) Z O,

v s otherwise,
and for any (v, A) € BV(D, S) x A(D) we set
m(v, A) = inf{]-'(u, A):u eBV(A,S), u=vinaneighborhood of 8A}.
The following theorem is the main result of this section.

Theorem 3.2. Let L be a thin admissible lattice and let f,, and f}. satisfy Hypothesis 1. For every
sequence of ¢ — 07 there exists a subsequence &,, such that the functionals E,, I"-converge with respect
to the convergence of Definition 2.2 with A = D to a functional E : L' (D, R?) — [0, +00] of the form

Ew) = {fs,, G, ut,um, v,)dH ifueBV(D,S),
+00 otherwise.
Moreover, a local version of the statement above holds: for all u € BV(D, S) and all A € AR(D),
[-lim E,, (u, A) = SO, ut,um, v,) dHL
n S,NA

with respect to the same convergence as above.

Remark 3.3. If k = 1, then a similar result holds. In this case we obtain a limit energy finite for
u € BV(D, S) and of the form
E(u) = Z d(x,ut u).
xX€eS,

The proof of Theorem 3.2 will be given later and it is based on Theorem 3.1. We now start proving
several propositions that allow us to apply Theorem 3.1.

We start with the growth condition (iv) of Theorem 3.1. Using the lower semicontinuity of the perimeter
of level sets in BV(D, §), one can use the same argument as for Lemma 2.4 to prove the following lower
bound for E'(u, A) defined in (2-5):

Proposition 3.4. Assume that Hypothesis 1 holds. Then E'(u, A) < +o0o only if u € BV(A, S) and there
exists a constant ¢ > 0 independent of A such that
%7—["_1(5,, NA) < E'(u, A).
In the next step we provide a suitable upper bound for E”(u, A) defined in (2-5).

Proposition 3.5. Assume Hypothesis | holds. Then there exists a constant ¢ > 0 such that, for all
A € AR(D) and all u e BV(D, S),

E"(u, A) < cH (S, N A).
Proof. First, assume that u is a polyhedral function on R¥, which means that all level sets have boundaries

that coincide (up to #*~!_null sets) with a finite union of (k—1)-dimensional simplexes. We define a

sequence u. : e£L — S by setting
ug(ex) ;= u(e Pr(x)).
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Note that u, — u in the sense of Definition 2.2. Given § > 0, we choose Ls > 0 such that (2-12) holds.
We further set A° = A + Bs(0). For |£] < Ls, we can argue as in the proof of Lemma 2.7 to show that,
for & small enough, it holds that

D T fo(tan Xares te(6X0), us(exare)) < CI(EDIEL D & ug(ex) — ue(ey)]

acRE(A) (.y)ENN(L)
sx,syeP,:lA‘s

< CJ, (EDIEIHI (S, N AY), (3-14)

where the last estimate follows from the regularity of S,. Next we consider the interactions where |£| > L.
Let u be a polyhedral function; applying Lemma 2.7 we deduce for any ¢ > 0 the weaker bound

D T falran Xages te(exa), us (X)) < Y & folXa, Xaye, e (6X0), e (6Xaye))
a€RE (A) e RE (RK)
< CJir(EDIEIH T (S).- (3-15)
Combining (3-14),(3-15) and (2-12) and the integrability assumption from Hypothesis 1, we deduce that
E"(u, A) <limsup E, (u,, A) < CH*"'(S, N A%) + CsH*1(S,).
g

As § > 0 was arbitrary we obtain
E'(u, A) < CH*1(S, N A). (3-16)

Now we use locality and a density argument. Indeed, for every u € BV(D, §) we can find a function
i € BVjoo(R¥, S) such that u = i on A and H*~1(S; N9A) = 0; see Lemma 2.7 in [Braides et al. 2017].
From Remark 2.3 it follows that E”(u, A) = E”(it, A). Then, by [Braides et al. 2017, Corollary 2.4]
there exists a sequence u, € BVioc (R, S) of polyhedral functions such that u, — # in L'(D) and
HK=1(S,,, N D) — H=1(S; N D). By the L' (D)-lower semicontinuity of E”( -, A) stated in Remark 2.3
and (3-16), we obtain

E"(u, A) <liminf E" (u,, A) < Climsup H* (S, N A) < CH 1 (S; N A) = CHF1 (S, N A),
n n
where the last inequality is a consequence of the L'(D)-lower semicontinuity of u — H*~1(S, N D\ A)
foru e BV(D, S). [l

As is usual for applying integral-representation theorems, we next establish a weak subadditivity
property of A — E"(u, A).

Proposition 3.6. Let f;;, and f. satisfy Hypothesis 1. Then, for every A, B € AR(D), every A’ C AR(D)
such that A’ € A and every u € BV(D, S),

E'(u, A'UB) < E"(u, A)+ E"(u, B).

Proof. We may assume that E”(u, A) and E”(u, B) are both finite. Let u,, v, : ¢£ — S both converge to
u in the sense of Definition 2.2 such that

limsup E(ue, A) = E"(u, A), limsup E; (v, B) = E"(u, B). (3-17)

=0 e—0
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Step 1: extensions to convex domains. Let Qp be a cube containing D. Since D € AR(D), we can
extend u (without relabeling) to a function u € BV (R¥, S). We first show that we can modify u,
and v, on £\ A and £\ B respectively, such that they converge to u on L'(Qp) and such that they have
equibounded energy on the larger set Q p. We will show the argument for u,. Take another cube Q’ such
that Qp € Q" Arguing as in the proof of Proposition 3.5, we find a sequence i, : ¢£ — S such that
i — uon Q" and limsup,_, E.(ii,, Q') < CH*1(S, N Q’). We then set it € PC,(L) as
u(ex) = 1a(Pe(ex)ue(ex) + (1 — La(Pr(ex)))ite (£x).
Then u; — u on Qp and applying Lemma 2.7 combined with Hypothesis 1 and (2-2) yields

Ec(ic, Q) <C Y Jr(EDIEL Y &7 flx, y, e (o), e (ey))
ger'zd, (x,»)eNN (L)

ex,eyeQ’

< C(Eelue, A)+ Eeie, 0'\A) + L[9A + Barc O)]).

The first and second terms remain bounded by construction, while the third term converges to a multiple
of the Minkowski content of d A which agrees with H1(9A) as A € AR(D).

Step 2: energy estimates. Again, given § > 0 we choose Ls such that (2-12) holds. Fix d’ < % dist(A’, 0A)

and let J
Ny = —— |,
e(Ls+2r)

where | - | denotes the integer part. For j € N we define
Agji={x € A:dist(x, A") < je(Ls+2r)}.
We let wé € PC.(L) be the interpolation defined by

wl (6x) = L, , (Pe(ex)ue(6x) + (1 — La, , (Pe(6x)))ve(ex).

Note that for each fixed j € N, we have w! — u on D in the sense of Definition 2.2. We set

Sf’g = {x=y+1tP(E):y €A, |t <e, & €&+[—r, 1"} N(AUB).
For j < N, we have

E.(w], A'UB) < E;(ug, A )+ Ec(ve, B\Ae )+ > > &7 fuloa, Xayer w](ex0), w] (EXa1e))
Eer'Zi; aeRi(S;)

=:pf’8(a)
< Ec(ue, A+E (e, B+ Y Y pi(a). (3-18)
§er'Ziy aeRE(S)

We now distinguish between two types of interactions depending on Ls. If |§| > Ls, we use Lemma 2.7.
Since AU B € Qp, we deduce that

YN it @=C > HEDEL YD T Ay w](ex), wl(ey)).
|E1>Ls aeRf(Sf’g) |E1>Ls (x,y)ef}\)ff_\{(g)
EX,Eye€ * D
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We have Pk_1 Op C Pk_lA& ;iU Pk_l( Op\Ag, ;). Nearest-neighbor interactions between those two sets
are contained in Pk_1 S,f’g for some & €1/ Zj’,l with |&| < 4R. Therefore, we can further estimate the last
inequality via

> pf”?(a)fc(s(Eg(ug,AHEa(ve,QD)+Z > pf”(a)). (3-19)
|§1>Ls aeRE(Sf‘s) |§1<Ls aeRﬁ(Sf'E)

Now we treat the interactions when |§| < Ls. Consider any points ex, ey € ¢£. If wg (ex) # wgg (ey)
then ex, ey € A, j, ex,ey ¢ Ag jorex € Ag j but ey ¢ A, ; (the reverse case can be treated similarly).
In the last case we have a contribution only if u.(ex) # v.(¢y). Then either u.(ey) = v.(ey) or
fe(x, y,us(ex), ve(ey)) < Clucs(ey) — v (ey)|. Summarizing all cases we obtain the inequality

P %) < TN fo(x, v ue(ex), ue () + €57 fox, v, v (ex), ve(e3)) + Ce T us (ey) — ve(ey).

By our construction we have S;’S C (A, j+1\Ag j—1) =: S]‘?. ‘We deduce that

YooY p5@) = Eelute, S+ Ee(ve, S+ Cs Y e ue(ey) — ve(ey)l,

I§1<Ls o c RE (§5¢ yeL
veRe (S ePL(y)eSt

where C;s depends only on Ls. Observe that by definition every point can only lie in at most two sets
Sj.l, sz. Thus averaging combined with (3-19), Step 1 and the last inequality yields

N, N,
1 &€ 2 €
L=y X L X desg Y Y @
=l ger aerf (st * =1 E1SLs aeRS(sE)

4
< o (Eelte, Q)+ Ec(ve, Q) +Cs Y &”luc(ey) = veley)| +C8
€ yeLl

ePy(y)eD
C d
< —+Cs E eue(ey) —ve(ey)| + C4.
N
yel
eP(y)eD

Due to Step 1 we can apply Lemma 2.5 to deduce that limsup,_ 5/, < C§. For every ¢ > 0, let

Jje € {1, ..., N.} be such that
Yooy sl (3-20)

Eer'Zf; aeRi(S5")

and set w, := ngE. Note that, as a convex combination, w, still converges to u on D. Hence, using (3-18)
and (3-20), we conclude that

E"(u, AAUB) <limsup E,(we, AUB) < E"(u, A)+E"(u, B)+C3.

e—0

The arbitrariness of § proves the claim. U
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Proof of Theorem 3.2. From Propositions 3.5 and 3.6 it follows by standard arguments that E” (u, -) is
inner regular on AR (D); see, for example, Proposition 11.6 in [Braides and Defranceschi 1998]. Therefore,
given a sequence &, — 07 we can use Remark 2.3 and the compactness property of I'-convergence, see
[Braides 2002, Section 1.8.2], to construct a subsequence ¢, (not relabeled) such that

T-lim E, (u, A) =: E(u, A)
n

exists for every (1, A) € L'(D) x AR(D). By Proposition 3.4 we know that E(u, A) is finite only if
u € BV(A,S). We extend E(u, -) to A(D) setting

E(u, A):=sup{Eu, A'): A' € A, A" € AR(D)}.

To complete the proof, it is enough to show that E satisfies the assumptions of Theorem 3.1. Again
by standard arguments E (u, - ) fulfills the assumptions of the De Giorgi—Letta criterion [Braides 2002,
Section 16] so that E(u, -) is the trace of a Borel measure. By Proposition 3.5, it is indeed a Radon
measure. The locality property follows from Remark 2.3. By the properties of I'-limits and again
Remark 2.3 we know that £ (-, A)is L'(D)-lower semicontinuous and so is E( -, A) as the supremum of
lower semicontinuous functions. The growth conditions (iv) in Theorem 3.1 follow from Propositions 3.4
and 3.5, which still hold for E in place of E. The local version of the theorem is a direct consequence of
our construction. O

4. Convergence of boundary value problems

In this section we consider the convergence of minimum problems with Dirichlet-type boundary data. In
order to model boundary conditions in our discrete setting we need to introduce a suitable notion of trace,
taking into account possible long-range interactions; see also [Alicandro et al. 2015]. In what follows
we will further assume a continuous spatial dependence of the integrand of the limit continuum energy.
Without such a condition we can still obtain a weaker result stated in Lemma 4.3. On the other hand
continuity assumptions are always fulfilled in the case of the homogenization problem that we are going
to treat in Section 5.

Consider A € AR(D) and fix boundary data ug € BV(RF ., S). We assume the boundary data are well-

loc?
prepared in the sense that, setting u. o € PC.(L) as uz o(ex) = ug(Pr(ex)), we have u, g — up on D and

lim sup Eg (uc.0, B) < CH'(S,yNB),  H'(S,,N0A) =0, (4-21)
e—0
with C independent of B € AR(RF). Observe that as in the proof of Proposition 3.5 we may allow for
any polyhedral function such that #*~1(S,, N dA) = 0, but more generally it suffices that all level sets
are Lipschitz sets.
We define a discrete trace constraint as follows: let [, > O be such that

lim/l, =400, liml,e=0. (4-22)

e—0 e—0
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We set PClee

&,Uo

(L, A) as the space of those u that agree with u( at the discrete boundary of A, by setting

PCEE (L, A) = {u:eL — S:u(ex) = up(Pe(ex)) if dist(Pc(ex), dA) < lye}.

£,UQ

For ¢ > 0 and [, > 0 we consider the restricted functional Eé’f w (A PCke (L, A) — [0, +00] defined as

£,UQ

E% (u,A):= E.(u, A). (4-23)

&,upn
We need some further notation. Given u € BV(D, S), we set u4 o : R > S as

ulx) ifxeA,
ug(x) otherwise.

uao(x) = {

Since A is regular we have u4 o € BV (R, S). The following convergence result holds:

Theorem 4.1. Let L be a thin admissible lattice and let f,, and f;. satisfy Hypothesis 1. For every
sequence converging to 0, let €, and ¢ be as in Theorem 3.2. Assume that the limit integrand ¢ is
continuous on D x 8% x SK=1. Then, for every set A € AR(D), A € D, the functionals Eéi”,uo( -, A)
defined in (4-23) I'-converge with respect to the convergence on A in Definition 2.2 to the functional

E,(-,A): L' (D,R?) — [0, 400]

that is finite only for u € BV(A, S), where it takes the form

Euo(us A) = / _ ¢(x’ u_X’Ov M;,Ov UuA’o) de_]
Suy oN

uA 0 A

Proof. By Proposition 3.4 we know that the limit energy is finite only for u € BV(A, S). To save notation,
we replace the subsequence ¢, again by ¢.

Lower bound: Without loss of generality let u, — u on A in the sense of Definition 2.2 be such that
liminf E%,, (u., A) < C. (4-24)
. :

: e
Passing to a subsequence, we may assume u, € PC5,

(L, A). We define a new sequence v, : ¢£L — S by

Ve (ex) = 14 (Pr(ex))ue(ex) + (1 — 1o (Pr(ex)))uo(e Pr(x)).

Note that by our assumptions on uy we have v; — u4 0 on D in the sense of Definition 2.2. Now fix
A; €@ A €@ A such that Ay, A, € AR(D). Setting

§5¢ = {a € RE (Ap) 1 exy € Pk_lA, EXqie & Pk_lA or vice versa},

it holds that

Ec(ve, Ar) < Ef;uo(ue’ A)+Ec(ug, AZ\A1)+ Z Z Sk_l fe(Xa, Xa+£5 Vs (exa), Vg (Sanrg)), (4-25)

ger'zd, aesse
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Given 6 > 0, let Ls > 0 be such that (2-12) holds. To bound the long-range interactions, we fix again a
large cube Qp containing D. Then Lemma 2.7 and the coercivity assumption in Hypothesis 1 yield

Z Z gk_lfs(xou Xa+&, Ve (£xq), US(SX“"‘S))

[§1>Ls aeSt-®

<C Y JEDIEL DD e fulxn v ve(ex), ve(ey))
|§1>Ls (x,y)eENN (L)
ex,eyeP ' Op

sca<E€(ug,A>+Es<ua,o, op)+ Y. Y e"—lfg<xa,xa+g,vg(exa>,v£<sxa+g>>>. (4-26)

[§1<Ls aecSte

For interactions with |£| < Ls and & small enough, we have §5¢ AQ\A 1. Moreover, if [, > Ls + 2r,
then by the boundary conditions on u, we get

Z Z 8k_1f£(xa, Xo+&s Ve(EXg), Ve(EXq1s)) < Ee(Ue 0, AZ\AI)'

|€1<Ls aeSt*
From the local version of Theorem 3.2, (4-21), (4-24), (4-25) and (4-26) we infer

E(ua . A) <liminf EF, (ue, A)+C 8(1+H" " (S, N Op)) + CH ™ (Suy N A2\ A)).
inf £,

The lower bound follows by letting A, | A and A 1 A combined with (4-21) and the arbitrariness of §.

Upper bound: We first provide a recovery sequence in the case when u = ug in a neighborhood of d A.
Let u. : e£ — S converge to u on D in the sense of Definition 2.2 and be such that

lina E.(us, A) = E(u, A). 4-27)

&—

Again, given 6 > 0 we let Ls > 0 be such that (2-12) holds. Now choose regular sets A} € A, € A such that
u=uy onA\Aj. (4-28)

The remaining argument is similar to the proof of Proposition 3.6 and therefore we only sketch it. Fix
d < %diSt(Al, 0A,) and set N, = |d'/(e(Ls+2r))]. For j € N we define the sets

Agji={x e A:dist(x, Ay) < je(Ls+2r)}.

We further define ué :eL — S setting

j _ Juo(ex) if Pi(ex) ¢ Ae ),
ug (Ex) - .
us(ex) otherwise.
It holds that
Ec(ul, A) < Ec(ute, A)+ Ec(e0, ANAD+ Y 671 Y fi(Xa, Xare, ul(ex0), ul(6Xar1z)),

Eer'Zy,  aeRi(S]")
where the set Sf’e is defined as

;= {x=y+1P )y €A, ), lt] <&, £ €& +[—r r '} NA.
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As for (4-26), using (4-21) and (4-27) we can show that
Z e Z Je(Xa, Xatgs ”g(Sxa), u‘g/ (5Xa+g))

§er'zy,  acRi(S)) . .

<Cs+C Z Z 1 o (xa, Ko, UL (EXy), ul(eXqie)).
[§1<Ls aeg(sf@)

To estimate the interactions where |§| < Lg, note that due to (4-28) we can use the averaging technique

like in Step 2 of Proposition 3.6 to obtain j; € {1, ..., N} and the corresponding sequence ul satisfying

the boundary conditions, at least for small & because of (4-22), such that

&,Uuo

limsup E*, (uls, A) < E(u, A) + CH* "1 (S,, N (A\A))) + C8,
n

where we used (4-21). Moreover, due to the assumptions on u#g and (4-28) we know that u;gg — uon A.
Letting first § — 0 and then A} 1 A we finally get

I-limsup E%, (u, A) < E(u, A) = Eyy(u, A).
&

For a general function u € BV(A, S) we argue by approximation. To this end we take any B € AR (D)
such that A € B. By Lemma B.1 we obtain a sequence u,, € BV(D, S) such that u,, = ug in a neighborhood
of A and moreover u, — u4 o in L'(B) and ’Hk_l(Sun N B) — H1(S, N B). By L'(A)-lower
semicontinuity and the previous argument we obtain

I"-lim sup Eéeuo(u, A) <liminf E(u,, A) <liminf E(u,, B) = E(u4.0, B).
P ’ n n

In the last step we used the continuity assumption on the integrand and a Reshetnyak-type continuity result
for functionals defined on partitions that is proven in [Ruf 2017]. Letting B | A we obtain the claim. [J

Remark 4.2. (i) Itis a direct consequence of our proof, that if we have only finite range of interactions,
thatis f° (x, y) =0 for |[x — y| > L, then it is enough to take [, > L.
(i) By Remark 2.3 the above Theorem 4.1 implies the usual convergence of minimizers in the spirit of

I"-convergence.

Finally we prove an auxiliary result about convergence of boundary value problems that holds without
any continuity assumptions. This result will be useful to treat homogenization problems as in Section 5.
To this end we replace the discrete width /; by a macroscopic value 1 and then take first the limit when
¢ — 0 and let n — 0 in a second step. Given n > 0 and A € AR(D), we set

0A, ={x € A:dist(x, dA) < n}.
We let ug be as before. Using a similar notation to that in Theorem 3.1 we define the quantities
m}(ug, A) =inf{E¢ (v, A) : v € PC] , (L, A)},

m(ug, A) = inf{E(v, A) : v =ug in a neighborhood of 0 A},

where the limit functional E is given (up to subsequences) by Theorem 3.2. Note that the mapping
n +— mg(ug, A) is nondecreasing. Then we have the following weak version of Theorem 4.1.
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Lemma 4.3. Let ¢, and E be as in Theorem 3.2. Then it holds that

lim liminfm] (ug, A) = lim limsupm] (ug, A) =m(ug, A).
n—0 n " n—0 n "

Proof. First note that by monotonicity the limits for  — 0 are well-defined. Moreover, by the first
assumption in (4-21) we have that m_ (1, A) is equibounded. Now for any n € N let u,, € PC(Z", up (L, A)
be such that mZ" (uo, A) = E¢, (u,, A). By Lemma 2.4 we know that, up to a subsequence (not relabeled),
u, — u on A and by the assumptions on u it follows that # = uy on dA,. Extending u we can assume
that u is admissible in the infimum problem defining m(u¢, A) and using Theorem 3.2 we obtain

m(ug, A) < E(u, A) < liminf E, (u,, A) < liminfm? (ug, A).
n n n

Since 7 is arbitrary, we conclude that m (ug, A) < lim,_,o liminf, mgn (ug, A).

In order to prove the remaining inequality, given y > 0 we let u € BV(A, S) be such that u = up in a
neighborhood of dA and E(u, A) <m(ug, A) +y. Now let u, : e£L — S be a recovery sequence for u.
Repeating the argument for the upper bound in Theorem 4.1, given 6 > 0 we can modify u, to a function
U, € PCZMO (L, A) for some n = n(§) > 0 such that

limsup E;, (it,, A) < E(u, A) +36.
By the choice of u we obtain

lirr%)lim supm; (uo, A) <limsup E, (it,, A) +8 < m(uo, A) +y +3.
n— n n
The claim now follows letting first § — 0 and then y — 0. (]

5. Homogenization results for stationary lattices

We now replace the deterministic lattice £ by a random point set. In what follows we introduce the
probabilistic framework. To this end let (2, F, ) be a probability space with a complete o -algebra F.

Definition 5.1. We say that a family (t;),cz«, 77 : 2 — €, is an additive group action on 2 if
Ty4z, =T, 07, forall 7,22 € z*.
Such an additive group action is called measure preserving if
P(z.B) =P(B) forall B e F, z € Z~
Moreover (t;),c 7+ is called ergodic if, in addition, for all B € F we have the implication
(t,(B)=B forallzeZ") = P(B)e{0,1}.

For general m € N we denote by [a, b) :={x e R™ :a; <x; < b; for all i} the m-dimensional coordinate
parallelepiped with opposite vertices a and b, and we set Z,,, = {[a, D) : a, b € 7™, a # b}. Next, we
introduce the notion of regular families and discrete subadditive stochastic processes:
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Definition 5.2. Let {/,,} C Z,,, be a family of sets. Then {/,} is called regular if there exists another family
{1} C Z,, and a constant C > 0 such that

(i) I, C I, for all n,
(i) I, CI,, whenever n| < n,
(i) 0 < H™(I") < C H™(I,) for all n.
Moreover, if {,} can be chosen such that R” = ( J, I, then we write lim,_, o [, = R™.

Definition 5.3. A function u : Z,, — L'(Q) is said to be a discrete subadditive stochastic process if the
following properties hold P-almost surely:

(i) For every I € Z,, and for every finite partition (/;) jc; C Z,, of I we have
p, ) <> pd;, o).
jeJ
(i) inf{(H™(D))~! [ u, w)dP(w) : I € T, } > —o0.

One of the key ingredients for our stochastic homogenization result will be the following pointwise
ergodic theorem; see Theorem 2.7 in [Akcoglu and Krengel 1981].

Theorem 5.4. Let i : Z,, — L' (Q) be a discrete subadditive stochastic process and let I,, be a regular
Sfamily in T,,,. If u is stationary with respect to a measure-preserving group action (t;)czn, that is,

foralll €T, z€Z™, u(+z,0)=up(,t,w)amost surely,

then there exists u*>° : Q2 — R such that, for P-almost every w,

I, w
im M = n®(w).
n—+oo HM(I,)
The statement is written for a generic m since in this section we will use Theorem 5.4 for m =k — 1,
while in the next one we use it for m = k. We require some geometric and probabilistic properties of the

random point set.

Definition 5.5. A random variable £: Q — (RN, w > L(w) = {L(w);}ien, is called a stochastic lattice.
We say that £ is a thin admissible lattice if L(w) is a thin admissible lattice in the sense of Definition 2.1
and the constants M, r, R can be chosen independent of w P-almost surely. The stochastic lattice £ is said
to be stationary if there exists a measure-preserving group action (7;),cz+ on £ such that, for P-almost
every w € €2,

L(t,w) = L(w) + z.
If in addition (t;),cz« is ergodic, then £ is called ergodic, too.

In order to prove a homogenization result we make the following structural assumption:
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Hypothesis 2. There exist functions f,,, fi, : R* x R?¢=% — [0, +00) such that, setting Az (x, y) =
(Y1 —X15 s Yk — Xk» Xkt-1> Yk+1» - - - » Xd» Yd), it holds that

f,fn(xa)’)zfnn(Ak(xa)’)), fli(x»)’):flr(Ak(X’Y))

Note that nearest-neighbor and long-range interaction coefficients are deterministic, but the set of
nearest neighbors becomes now random. In the following we let E. () be the discrete energy defined in
the previous section, with the stochastic lattice £(w) in place of £. As a general rule we will replace £
by w to indicate the dependence on the stochastic lattice £L(w).

In view of Theorem 3.1 and Lemma 4.3 we can further characterize the I'- 11m1ts of the family E.(w)
by investigating the quantities m¢ (1o, Q) for suitable oriented cubes and ug = uy . Due to the decay
assumptions of Hypothesis 1 it will be enough to consider truncated interactions. To this end, for fixed
L e N we will replace the long-range coefficients by

fiEGe, y) = fir (A, Y) Lx—yj<t

and denote the corresponding energy by EX(w)(u, A). By Remark 4.2 the I'-limit of the truncated
energies is characterized by the minimum problem defined below: for s;,s; € S, v € S¥=1 and a cube

Qv (x, p) we set
TE @)@, Qy(x, p)) = inf{ Ef (0)(u, Qy(x. p)) 1u € PCY i (@, Qu(x, )} (5-29)
The following technical auxiliary result will be used several times.

Lemma 5.6. Let Q = Q,(z, p) C R be a cube and let {Q,, = Q. (2n, pp)}n be a finite family of disjoint
cubes with the following properties:

(i) min,, p, >4L.
(i) z, —z1 € (v}
(i) dist(zy, {V}L +2) < Il’lllln Pn-

(iv) U, @n C 0.
(V) Either dist(d | J, 0. 0Q) > nor z; —z € {v}™-.

Then there exists C = Cp > 0 such that for all n > L,
M@ 0 < Eomtt @6, 00+ 1((Q\U 0,) N (v} +2))

HO ((02\IQ N1 +20) + 1~ (00,18, 1),

where S,(z, z1) is the infinite (possibly, flat) stripe enclosed by the two hyperplanes {v}*+z and {v}*++2z;.

Proof. During this proof, given y € R¥, we denote by P, y the projection onto the affine space it +y.
For each n let u, be a minimizer for the problem in (5-29) with O, (x, p) = Q,. By assumptions (ii)
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and (v), the function v : £L(w) — S defined as
Uy (x) if P.(x) € Q, for some n,
vx) = {uz J,(Py(x)) otherwise
is well-defined and belongs to PC?,uQ’}, (w, Q). For x, y € L(w) N Q with |x — y| < L, we say that
e (D) holds if Pr(x) € O, and Pi(y) € O, for n #= m or if Py(x), Pr(y) € 00y,
o (IT) holds if Py(x) € O\ U, On and Pi(y) € Q, for some n.

By (iv) and Hypothesis 1 we can estimate
mi @)W, 0) < Ef (@), 0)
=Y i@, on+EF@(v O\ J8i)+C Y wm—ve)l. (530

lx—y|<L
(@ or (II) hold
We start with estimating the contribution of x, y € 0O\ |, Q.. Suppose v(x) # v(y). Then P(x) and
Pr(y) lie on different sides of the hyperplane {v}* + z. Then it holds true that P, (P.(x)) € O\U, On:
otherwise assumptions (i) and (iii) would imply

L > |Pe(x) — Pe(»)| = | Pe(x) — Py (Pc(x)| = 300 — Spn = 2L.

Thus dist(Pk ), (Q\U, 0,) N (v}t + z)) < L and, using the properties of Definition 2.1, it follows
that

Ef@)(v. o\ 0x) =cn ' ((o\J 2a) n it +2). (5-31)

Next we have to control the interactions in Case (I). Given such x, y with [x —y| < L we know that by the
definition of v, the boundary conditions on the smaller cubes and (ii) that v(x) = u; 11 v(Pr(x)) and v(y) =
u’zjl v(Px(y)), so that if they contribute to the energy we conclude from assumption (ii) that P (x) and Py (y)
must lie on different sides of the hyperplane {v}*+z;. We deduce that | P, ;, (Pr(x))—Pr(x)| < L. Since by
(iv) the segment [ P, ;, (P (x)), Py z, (Px(y))]intersects the (k—2)-dimensional set (9 9, \0 ON{v}t+z1),
it follows that

dist(Pe(x), (00,\dQ) N ({v}* +21)) <2L.

Again, by Definition 2.1 and the above inequality we derive the estimate

D @ —vMI=C Y HT(00,\00) N () +21). (5-32)

lx—yl<L
(I) holds

It remains to estimate the contributions coming from Case (II). For such x, y with |x — y| < L, due
to the boundary conditions on the smaller cubes, a positive energy contribution implies 3, (P (x)) #
uZl v (Pr(y)). Thus the segment [ P, (x), Pr(y)] intersects d Q,, in (at least) one point x, and also S, (z, z1)
in (at least) one point xs. Denote by x,, s the projection of xg onto the facet of the cube Q,, containing x,,.
Since this facet cannot be parallel to (v}t by (i) and (iii), it holds that x, s € 90, N S,(z, z1) and

| Pe(x) = xp,s| < | Pr(x) — xs| + |x5 — Xn,s| < L+ |xg — x| <2L,
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which yields the estimate
dist(Pr(x), 00, NSy (z, z1)) <2L. (5-33)

This set may not be (k—1)-dimensional in the second possibility of (v). In this case one can bound the
interactions by the right-hand side of (5-31). Otherwise, using (5-33) we obtain the estimate

Y @ — v =C Y HT @0, NSz 7). (5-34)
lx—y|<L n
(I1) holds
In any case the claim now follows from (5-30), (5-31), (5-32) and (5-34). O

Remark 5.7. Lemma 5.6 still holds if we replace cubes by k-parallelepipeds of the type 1, (z, {omn}n) =
2+ {x € R*:|(x, vm)| < 1pm}. Then the cubes Q, are replaced by the collection I, = I, (zx, {0/} }n) and
in the assumptions (i) and (iii) we have to replace p, by min,, o}, .

The next theorem is the main result of this section.

Theorem 5.8. Let L be a stationary, thin admissible stochastic lattice and let f,,, and fi, satisfy Hypothe-
ses 1 and 2. For P-almost every w and for all s;,s; € S and v € Sk=1 there exists

o (@ 51,37, ) = lim 1im sup L inf{ E1 (@), ©u(0,1) 1 € Py (@, Q0. 1)
=0 t—>+o00 Bk
The functionals E.(w) I'-converge with respect to the convergence of Definition 2.2 to the functional

Ehom(®) : LY(D, R?) — [0, +00] defined by

E (w)(u)_{fsu Ghom(@; ut, u=, v,) dH if u e BV(D, S),
hom - +00

otherwise.

If L is ergodic, then o = ¢nom(w, S, 5j, v) is almost-surely constant.

Proof. Fix any sequence ¢ — 0. According to Theorem 3.2, for all w € 2 such that £(w) is admissible,
there exists a (w-dependent) subsequence ¢, such that

I-lim E,, (o), A) = ¢ (w; x,ut,u", v)dHr!
n S,NA

for all u € BV(D, S) and every A € AR(D). According to Theorem 3.1 and Lemma 4.3, for any x € D,
si,s; €S and v € S¥7! it holds that

1
¢(w X, Sl9sjav)_11msup k— lm(a))(ux v Ql)(xv /0))
p—0 1%

= lim sup pkl T hm hmsupm" (w)(ux v Ov(x, p)).
p—0

If we change the variables via t, = ¢, Vand v(x) = u(t, Ix), the above characterization reads as

¢(w; x, 5,57, v) =limsup lim lim sup m” (a))(u,nx v 1 Oy (x, p)).

p—0 n—>0 (/0 n)
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Except for the claim on ergodicity, due to the Urysohn property of I"-convergence (recall Remark 2.3)
it is enough to show that for a set of full probability the limit in p can be neglected and the remaining
limits do not depend on x or the subsequence ¢,. We divide the proof into several steps.

Step 1: truncating the range of interactions. First we show that it is enough to consider the case of finite
range interactions. We argue that it is enough to prove that there exists ¢hom(a), v) and a set 2y of full
probability such that for all w € 2y, x € D, every cube Q,(x, p) and every sequence t,, — +0o0 it holds that

;
(pt)k=

where m]t"’L(a)) is defined in (5-29). Indeed, if (5-35) is proven, then for all w € (1), €2, we find a
configuration vl : £(w) — S with the correct boundary conditions (extended to the whole space) that

P (s 53, 57, V) = gin%) lim sup "t” (co)(u,nx v I Qv(x, 0)), (5-35)
- n

minimizes E lL(w)( -, 1 0y(x, p)) in (5-29). Using Lemma 2.7 we obtain the estimate

m!" (@)Wl 1200 (x, p)) —m" (@) (U, 1,00 (x, P))

’ (ptp)*= |
< El(w)(vffv thQv(x, p)) — ElL(a))(v,f’ t, 0, (x, p))
B (ptn)<!
= (i1 (ptn)k ! ZZ Jir(EDIE] Z Fan G, ¥, v (), vy (1)
[§1>L (x,)ENN (w)

X, yE(ty Qy (x’p))3(R+M)

The inner sum can be bounded by the energy plus interactions close to 9z, Q,,(x, p). Due to the boundary
conditions, these are of order (pf,)*2 Using the trivial a priori bound m"(a)) (utnx I Oy(x, p)) <
C(pty)*! we deduce that

'71;1 txv’tn AN - '7ln txwtn v, 2~
() (uy) Oy(x pz))m ut (a))(un 0.(x, p)) _c Z L GEDIEL

21&|>L

Due to the integrability assumption of Hypothesis 1, we infer that ¢Ifom(a); si, 8, v) is a Cauchy sequence
with respect to L and moreover, in combination with (5-35), we deduce that

. . 1
hinqﬁtfom(a); Siy Sj, V) = ,}I_I)% lim sup m” (a))(utnx v 1 0y (x, p))

n (p 1)k
exists and is independent of x, p and the sequence f,. Therefore it remains to show (5-35). For clarity
of the argument we first consider an auxiliary problem where we replace the varying boundary width 5z,
by L. As an intermediate result we show that there exists

¢,J (w;v) = (a))(utnx v I Qu(x, p)) (5-36)

(t)kl

and this limit does not depend on x, p or the sequence #,.
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Step 2: existence of (1)1.6. for x = 0 and rational directions. Fix L € N. We have to show that, for P-almost
every w € Q2 and every s;, s; € Sand v € S*k=1 there exists the limit in (5-36). We start with the case x =0
and v € S¥~1 N Q. For this choice we can use the subadditive ergodic theorem in (k—1)-dimensions.

Substep 2.1: defining a stochastic process. We need a few preliminaries: given v € S¥~! there exists an
orthogonal matrix A, € RK** such that A,e; = v, the mapping v — A,e; is continuous on Sk_l\{—ek}
and if v € QF then A, € Q¥ (it suffices to consider the orthogonal transformation that keeps the vector
v + ¢; fixed and reverses the orthogonal complement). We now fix a rational direction v € S¥~1 N QX
Then there exists an integer N = N (v) > 4L such that NA,(z,0) € Z* for all z € Z*~!. We now define a
discrete stochastic process (see Definition 5.3). To I = [ay, b)) X - -+ X [ax—1, bx—1) € T}—1 we associate
the set Q; C R¥ defined by

Qr:=NA, (int I x (_%Smax, %smax))»
where Spax = max; |b; —a;| is the maximal side length. Then we define the process  : Zy_; — L' () as
p(l, o) = inf{E{ (@) (v, Q1) : v € PCT i (0, QD)+ CuH 2D, (5-37)

where C, is a constant to be chosen later. We first have to show that p(/, -) is an L'(2)-function. Testing
the L£(w)-interpolation of u¢ , as a candidate in the infimum problem, one can use the growth assumptions
from Hypothesis 1 and Definition 2.1 to show that there exists a constant C > 0 such that

w(l, w) < CN*111(1) (5-38)

for all 1 € Z;_; and almost every w € €2 so that (7, -) is essentially bounded. F-measurability can be
proven similar to [Alicandro et al. 2015, Lemma A.2].

We continue with proving lower-dimensional stationarity of the process. Let z € Z¢~!. Note that Q;_, =
) —Zf,v, where ziv :=NA,(z,0) e {v}+ Vs By the stationarity of £ it holds that v € PClL’ugfu(w, 0Or-;)
if and only if u(-) =v(- — zf,v ) € PCiuf)jv (‘EZ{}va), Q7). Moreover, by the definition of nearest neighbors,
Hypothesis 2 and again the stationarity of £, we obtain EIL(a))(v, Or—;)= EIL(TZév w)(u, Qr). By the
shift invariance of the Hausdorff measure we conclude that u(/ —z, w) = u(l, T,yw). Setting T, = 7__»
we obtain a measure-preserving group action on 7%= such that w(1, T,w) = u(I 4 z)(w), which yields
stationarity.

To show subadditivity, let € Z;_; and let {,}, C Zy—; be a finite disjoint family such that I = J,, I,.
Note that Q7 and the family {Q; }, fulfill the assumptions of Lemma 5.6 (in the sense of Remark 5.7).
We conclude

mi @) g, 00 <Y mP @) g, 01,)+C Y HTH(00,\000) N v,

Applying the definition of u(/, w) yields
ul, o) =m @) ug,. 0 + CH 200, N {v}h)
<Dy, @)+ (C—C) Y HTHDQ,\Q) N v},
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which yields subadditivity if we choose C,, > C. Property (ii) in Definition 5.3 is trivial since u(/, o) is
always nonnegative. By Theorem 5.4 there exists ¢i§. (w; v) such that almost surely, for rational directions
v € S¥=1 it holds that

Ok (w; v) = hrfoow L)y, 0.0, 2Nn)),

where we used that the term C ,ﬂ—lk_z(a I) is negligible for the limit.

Substep 2.2: from integer sequences to all sequences. Next we consider an arbitrary sequence ¢, — +00.
From the previous step we know that

Ok (i v) = L%W L@l . 0u(0, 2N 1))

exists almost surely. To shorten notation we set A, = 2Nt, and A, =2N (¢, ]. For n large enough, we
can apply Lemma 5.6 to the cube 0, (0, A,) and singleton family {Q, (0, A,))} and obtain
(a))(uo v Ov(0, Ay))
k—2 1 k—1 a0 T 1l
<my (w)(uo br @0 (0, 2)) +H T2 (0(Q0(0, 1)) N{v}) + CH T ((Q0 (0. A\Q, (0, ) N{1}T)
= m] (w)(uo vy 00(0, A,)) +CAk 2
which yields
. 1
lim sup —— E @), 000, Ap) < dh(; v). (5-39)

j—>—+o00 n

Similarly, one can prove that

i (@i v) < lim inf A,} L@ g, 000, Ap)). (5-40)

Combining (5-39) and (5-40) yields almost surely the existence of the limit for arbitrary sequences.

Substep 2.3: shift invariance in the probability space. Up to neglecting a countable union of null sets,
we may assume that the limit defining qﬁiLj (w; v) exists for all rational directions v. We next prove that
the function w — ¢l.1; (w; v) is invariant under the entire group action {7;},cz«. This will be important
to treat the ergodic case but also for the shift invariance in the physical space. Given z € Z* there exists
R=R(L,z) > 0suchthatforall >0

0,0,1) C Qv(—z, R+1), 2L <dist(3Q,(0,1),30,(—z, R+1)). (5-41)
Similar to the stationarity of the stochastic process we have

qbl] (tyw; v) < I:Tigop W (a))(LLZ vy Qv(—z, R+1))
= lim sup kl 1m1 (a))( 2o Qv(=z, R+1)).

t—+400
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Due to (5-41) we can apply Lemma 5.6 to the cube Q,,(—z, R +¢) and the singleton family {Q (0, )}
and deduce that there exists a constant C = C(R, z) such that

ELy@",,, 0v(—=z, R+ 1) <m" (a))(uou, 0,(0, 1))+ Crk=2

Hence we get qu (t,w;v) < ¢L (w; v). The other inequality can be proven similarly so that the limit
indeed exists (Wthh we 1mphcltly assumed with our notation) and, for P-almost every w € €2,

¢ (T3 v) = ¢f3 (@3 v). (5-42)

Step 3: shift invariance in the physical space. In this step we prove the existence of the limit defining
qbiLj (w; v) when we blow up a cube not centered in the origin. We further show that it agrees with the
one already considered. We start with considering a cube Q, (x, p) with rational direction v, x € Z*\{0}
and p € Q. Given ¢ > 0 and N € N (not the same one of Step 2.1) we define the events

Qv :={weQ: sup |tp) Fm (@), 0,0, 1p)) — ph(w: v)| <&},
t>N/2
By Step 2 we know that the function 1¢, converges almost surely to 1g when N — +o00. Denote by
Jy the o-algebra of invariant sets for the measure-preserving map 7,. Fatou’s lemma for the conditional
expectation yields
1o =E1le|J:] < liminf E[1g, |T:]. (5-43)
N—+4o00

By (5-43), given é > 0, almost surely we find N9 = Ny(w, §) such that
1> Ello, |Ji](@) = 1-56.

Now due to Birkhoff’s ergodic theorem, almost surely, there exists ng =ng(w, &) such that, for any n > %no,

‘% 3 Loy, (we) — Ellgy |7 1@)] <6,
=1

Note that the set we exclude will be a countable union of null sets provided ¢ € Q.

For fixed n > max{ng, N9} we denote by R the maximal integer such that forall/=n+1,...,n+ R
we have 7;, () ¢ Qn,. In order to bound R, let 2 be the number of ones in the sequence {1¢ No (tix (@)}
By the definition of R we have

n n—n—R R+4+n—n
52 |~ Ello, I(@)| = |1 = Ell gy |73 ]@) + > -

n+ R - n+R

Since n —n > 0 and without loss of generahty d < 4, this provides an upper bound by R < 4né.
So for any n > max{ng, Ng} and R= 6ns, we ﬁnd l,eln+1,n+ R] such that 7, (w) € Qu,. Then
by (5-42) and stationarity we have for all r > %N() that

[tp) *m (@)WY, . Qu(=lux, 10)) — B (@ V)| <. (5-44)
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Define B, = n + crp~'|x|(l, — n), where c¢; € N is chosen such that Q,(—nx, np) C Q,(=l,x, Bup)
and dist(d Q. (—nx, np), dQ,(—l,x, Byp)) > L. Observe that such c;, exists as [, —n > 1. Then each
face of the cube Q, (—nx, np) has at most distance (8, —n)p = cr|x|(l,, —n) to the corresponding face
in Q,(—Il,x, B,p). Then, for n large enough, we can apply Lemma 5.6 to the cube Q(—/,x, B,p) and
the singleton family {Q,(—nx, np)} to obtain

mlL’L(w)(Mijlnx,v» Oy (=lyx, Bup)) - mlL’L(a))(ugnx’v, 0,(—nx,np))
(Bup)k! N (Bup)<!
@@, Qvnxnp))
B (np)*—1

On the other hand we can define 6, =n — ¢ p x|, — n) for a suitable ¢; € N and deduce from a

+CR(Bup)”!

Cs. (5-45)

similar reasoning that

mi @) @y Quo(=nx.np) myH @), o Qu(=lax, 6,p)) N
(np)k=1 - (Onp)<!
1

Now if § is small enough (depending only on x, L and p) we have 8, > 6, > 5n > %No. Combining
(5-45),(5-46) and (5-44) we infer

6C3. (5-46)

m{"L(a))(ugnx,uv QV(_nxv I’l))

lim sup
k—1
n

n—-+o0o

— j(@; )| <6CS + ¢,

which yields the claim in (5-36) for Q, (x, p) with x € Z* and rational v and p. The extension to arbitrary
sequences f, — +oo (and thus to rational centers x) can be achieved again by Lemma 5.6, comparing
first the minimal energy on the two cubes Q,(|t,]x, [t,]p) and O, ([, ]x, t,,p), similar to Substep 2.2,
and then the energy on the latter cube with the one on Q,(#,x, t,0), as in Substep 2.3. Eventually the
convergence of irrational p follows from the estimate

mEE (@)Ul 00 (tax, 120)) < mE B @)W, Qutax, 1a(p — 8)) + C1,8 (6, p) 2,

which is a consequence of Lemma 5.6 applied to the cube Q, (t,x, t,p) and {Q,(t,x, t,(p — §))}, when
one neglects lower-order terms. Choosing 0 < §; — 0 such that p — §; € Q then yields

L,L ij
ml ’ (a))(u;ix,ln Qv(tnx’ tnp)) L

= ¢l~j(a); V).

lim su
A (tap)*!
Using the same argument for the cube Q,(t,x, t,(p + 8)) and the family {Q, (¢,x, t,p)}, we find that
the limit exists and agrees with ¢l§. (w; v). Finally, for irrational centers we can again use a perturbation
argument based on Lemma 5.6 as we did for proving (5-45) and (5-46). We omit the details.

Step 4: from rational to irrational directions. Now we extend the convergence from rational directions to all
v € SK=1. As the argument is purely geometric similar to Lemma 5.6, we assume without loss of generality
that x = 0. First note that the set of rational directions is dense in S~ (as the inverse of the stereographic



CONTINUUM LIMIT AND STOCHASTIC HOMOGENIZATION OF DISCRETE FERROMAGNETIC THIN FILMS 531

projection maps rational points to rational directions). Given v € S¥~! and a sequence ¢, — +o0 we define

— . 1 ij
¢)le (w; v) = limsup ﬁmf,L(w)(u:)J’v’ 0,(0, 1)),
n—+oo Iy

L/ on g I L ij
¢;j(@; v) = lim inf le (0)(ug ,, Ov(0, 1)).

Let v € S¥"1\Q*. By the construction of the matrix A, in Substep 2.1 we can assume that there exists
a sequence of rational directions v; such that A,, — A,. Therefore, given 6 > 0 we find [y € N such that
for all / > [y the following properties hold:

(i) 0,(0, (1—-28)) € 0,,(0,1—38) € 0,(0, 1).
(i) 0 < dy({v}+ N B2(0), {v} N By(0)) <.

For a fixed [ > lp and n € N, we let u,; : L(w) — S be an admissible minimizer for the problem

my" (@), . 0,0, (1—8)t,)). We define a test function v, : £L(w) — S setting

un(x) if x € 0y (0, (1 —98)t,),
uo,»(x) otherwise.

v, (x) = {

Note that if Py (x), Pr(y) € 0v(0, 1)\ 0,,(0, (1 —8)1;) are such that |x — y| < L and v, (x) # v,(y), then
by the choice of [y and (i), for [ large enough we have

dist(Px(x), (Qv(0, 1)\ Qv (0, (1 —28)1,)) N{v}*) < L. (5-47)

If Pi(x) € 0v(0, 1)\ Qy, (0, (1 —6)1,) and Pi(y) € Qv (0, (1 —8)1,) with |[x — y| < L and v, (x) # v, (y),
then, for / large enough one can show that by (ii) either P (x) or P¢(y) must lie in the cone

K, v) = {x € R : (x,v) - (x, v) <0}
As the segment [ Pr(x), Py (y)] intersects 9 Q,, (0, (1 — 8)t,), we conclude that
dist(Pk(x), (KW, v)+Br(0))NaQ,, 0, (1 - 8)t,,)) <L. (5-48)

By (i) it holds that v, € PClL’ug (w, Q,(0, t,)) for n large enough. From (5-47), (5-48) and the choice
of Iy we deduce that for [ large enough

my (@) (ug o Qv(0, 1) <mp " (@) (ug . Oy, (0, (1= 8)t,)) +C8tk.
Dividing the last inequality by t,’f_l and taking the lim sup as n — +o00, we deduce
b1 (@: v) < 5 (w: v) + C8.

Letting first | — 400 and then § — 0 yields q?lLJ (w; v) < liminf; ¢i6' (w; v;). By a similar argument we
can also prove that lim sup;, qbiL]. (w;v)) < ?5 (w; v). Hence, we get almost surely the existence of the limit
in (5-36) for all directions v and the limit does not depend on x, p or the sequence .
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Step 5: proof of (5-35). We claim that ¢iLj (w; V)= qﬁlfom (w; s, sj, v). By the preceding steps this concludes
the proof. First observe that by monotonicity it is enough to show that ¢}fom(w; Siy Sj, V) < ¢I.Lj (w; v). Let
t, — 400 and fix a cube Q,(x, p). By a trivial extension argument, for n small enough (depending on p)

it holds that

. N i N )
m" (@)W, Qtx, tap)) < my (@)U ¢y QtaX, tap — 1t)) + Crptk 1,

Dividing by (#,0)*~! and letting first n — o0 and then 7 — 0 we obtain the claim.
When the group action is ergodic, the additional statement in Theorem 5.8 follows from (5-42) since
in this case all the functions w +— d)i% (w; v) are constant and so is the pointwise limit when L — +4-oc0. [J

Remark 5.9. One can show that the surface tension can be obtained by one single limit procedure. Indeed,
referring to (4-22) and repeating Steps 1 and 5 of the proof of Theorem 5.8, it follows that

Drom(@: 51,55, = lim Lz inf{ By @)@, 0,(0,0): w e P}y @, 0,0,

6. Volume constraints in the stationary case

In this section we will discuss the variational limit of the energies E.(w) when, foralli =1, ..., g, we
fix the number of lattice points where the configuration takes the value s;. For general thin admissible
lattices this energy might not converge without passing to a further subsequence, so we treat only the case
of stationary lattices in the sense of Definition 5.5. In order to formulate the result, given A € AR (D) and
a family V, = {V,-’E}l.qzl € N9, we introduce the class

PCY (@) :={u:eL(w) > S:#{ex € eL(w) NP 'D:u(ex) =si} = Vi }.

Beside the natural compatibility condition ) _; V; , =#(e L(w)N P, D), we assume that foralli =1, ..., g
there exists V; > 0 such that

! Vie
1m P . =
=0 #(eL N P, D)

i

Note that we exclude the case V; = 0 for some i. This case contains some nontrivial aspects which are
related to the concept of (B)-convexity studied in [Ambrosio and Braides 1990b]. Such conditions are
not necessarily satisfied by our discrete energies. Of course the extreme case V; . = 0 for all ¢ > 0 can be
treated by changing the set S and thus the whole model.

The following lemma describes how the volume constraint behaves for sequences with finite energy.

Lemma 6.1. For P-almost all w € Q2 the following statement holds true: for all u € BV (D, S) such that
there exists a sequence u, : e L(w) — S with ug; — u in the sense of Definition 2.2 and

# cel NP 'D: =
sup Eq(w)(us) <C, lim fex € eL{w) N P ug(ex) =s;}

=V
>0 60 #{ex € eL(w) N P ' D)

1

we have
{u = si}l = V/|D|.
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Proof. Up to the transformation 7 (s;) = e¢; we may assume that the vectors s; form a basis. For w € Q2
we consider the sequence of nonnegative Borel measures y, (w) on D defined as

vew)= Y HPT(R)NLW))S:.
zeP(L(w))ND/e

As y:(w)(D) < C|D|, up to subsequences we know that y. (w) * y (w) in the sense of measures. We now
identify the limit measure. To this end we define a discrete stochastic process y : 7y — L' () as

y()(w) = Z #(P,:l(y) NL(w)) =#(x € L(w) : P(x) e ). (6-49)
yePU(L(@)N]

It follows from (2-4) that y (1) is essentially bounded for every I € Z;. In addition it can be checked that
y (1) is F-measurable; thus we infer that y (/) € L°°(€2). Upon redefining the group action as 7, = 7_,,
the process y is stationary and (sub)additive. By Theorem 5.4 there exists yy(w) such that for almost
every w € Q and all 1 € Z; we have

I
yabh© _ .

n—+oo  nk|I|

It is straightforward to extend this result to all sequences f, — 400 and then to all cubes in R by a
continuity argument. Now let a, b € R¥ and let Q = [a, b). Then by definition

lim y:(@)(Q) = lim Y MHMPT@N L) = n@)]Ql. (6-50)
2€P(L(w)N(1/e)Q
Given any open set A € A(D), for § > 0 we consider the following interior approximation:
Am@® = |J  z+00,8"
z€8ZF:z+[0,8)kCA

It can be checked by monotone convergence that lims_.o [A(5)| = |A|. By (6-50) and additivity we obtain
lim inf y, (0)(A) = liminf y, (w)(A(3)) = yo(w)|A(S)].
e—0 e—0

Letting 6 — O we obtain liminf; y.(w)(A) > yo(w)|A|. By the portmanteau theorem we conclude that
y (w)(B) = yo(w)|B| for all Borel sets B C D. In particular the whole sequence converges in the sense
of measures. On the other hand, if A € A(D) is such that |0 A| = 0, then the outer approximation

Aou(8) = U  z+10.9F
7€87%:24+10,8)* NA#D

also fulfills lims_.o |A(8)| = |A[; hence
lim y. (@)(A) = yo(@)|A] (6-51)

for all A € A(D) such that |[0A|=0. Given now § > 0, we take any polyhedral function us € BVie(R¥, S)
such that |lu — usll;1(py < 8. As us is Borel-measurable, we have

/ Pugdys(w)=/(Pug—ua)dye(w)Jr/ us dye (w).
D D D
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Since u; is a polyhedral function, we can use (6-51) to obtain
lim | wusdy.(w)= yo(w)f ugdx. (6-52)
e—=0Jp D

Concerning the first term, by (2-2) and the regularity of S,; and 9 D we have

<C Y HPuc(er) —us(e). (6-53)
zeP(L(w))ND/e

/ (Pug —us) dy(w)
D

Now using the fact that u, has equibounded energy, one can reason as in the proof of Lemma 2.5 to show
that

limsup > e¥|Puc(er) —us(e2)| < Cllu — usllp(py < C8.
¢=0 e p (L(@)ND/e

Combining the above inequality with (6-52) and (6-53) we finally obtain by the arbitrariness of § that

q
iim [ Pucdy@) = (@) [ wdr =@ Y siu=s)
b b i=1

e—0

On the other hand, plugging in the definition and using again (6-51), it holds

q q
lim A Pu, dy,(w) = Sliil});si#{sx €eL(@)ND: ug(ex)=s;}e" = 5;V/|Dlyo(w).
1=

E—
i=1
Since we assumed the s; form a basis, we conclude the proof. O

In order to include the volume constraint in the functional, for almost every w € 2 we introduce
EYe(w) : PCe(w) — [0, +00] as

E.(@)() ifuePCl(w),
400 otherwise.

El (0)(u) = {

With the help of Lemma 6.1 we can now prove the following theorem.

Theorem 6.2. Let L be a stationary stochastic lattice and let f,, and f;, satisfy Hypotheses I and 2. For
P-almost every w the functionals E ;/ ¢(w) I'-converge with respect to the convergence of Definition 2.2 to
the functional EY (w):LY(D,R?7) — [0, +00] defined by

hom

s, drom(@; ut,u=, v) dHif u € BV(D, S) and |{u = s;}| = Vi|D| for all i,

+00 otherwise.

E) (@) (u) = {

Proof. The lower bound follows from Theorem 5.8 and Lemma 6.1. In order to prove the upper bound,
for the moment assume that u € BV (D, S) satisfies the volume constraint and that each level set {u = s;}
contains an interior point. In particular, in each level set we find g disjoint open balls B, (xf ) € {u=s;}
with n < 1. By Theorem 5.8 we can find a sequence u, : ¢£L(w) — S such that u, converges to u in the
sense of Definition 2.2 and

lin}) E¢(w)(ue) = Epom(w) (). (6-54)
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Repeating the argument used for proving Proposition 3.6, one can show that without loss of generality we
may assume that u.(ex) =s; for all ex € eL(w) N B, (xf ) and that u. has equibounded energy on a large
cube Qp containing D. For each i set \7,-,5 =#{ex eeL(w)N Pk_lD s ug(ex) =s;}. Applying Lemma 6.1
we deduce that

~

. Vi,e - Vi,a
lim =
e~>0#{ex € eL(w) N P D}

(6-55)

We now adjust the sequence u, so that it belongs to PCY: (w). This will be done locally on the balls
B, (xf ). First we change the values on B, (xll) and B, (xé) so that the sequence satisfies the constraint
for i = 1. In general, for i < g we change the sequence on B, (xf ) and B, (xii +1) so that it satisfies the
constraints for all j <i. At the end the constraint for i = g follows by the compatibility assumption.
Each modification will be such that L'-convergence and convergence of the energies is conserved. We
will provide the construction only for the first step. In what follows we consider the case 171’ e>Vie. We
set hy, = (Vl, e — Vi, VK Up to modifying u, on a set of lattice points contained in the complement of

1—k

the union of the balls B, (xf ) and with diverging cardinality much less than ¢ ~*, we may assume that

he — 400. Note that such a modification still yields a recovery sequence.
Observe that (6-55) and the properties of a thin admissible lattice imply

lim h.e = 0. (6-56)

e—0

We already know from the proof of Lemma 6.1 that, almost surely, we can write
q°(xi, he) = #{x € L) : Pu(x) € Qe (1, Yo (@) he) } = g + 'y

for some sequence Y. = y. (o, xll) such that lim;_,o(y:/ he) = 0. In the following we assume that y, <0,
but with a similar argument we can also treat the case y, > 0. As L(w) is thin admissible in the sense of
Definition 2.1, one can show that for some appropriate ¢ = c¢(R) > 0 it holds true that

%h’;—l < q“(x0, he +n+4c) —q®(xo, he +n) < ChE™!

for any 0 < n < h,. In particular, there exist n, = O(y,) and nonnegative equibounded c, such that
q® (x0, he +ne) = hi +cchi . (6-57)

Now choose any set G, C R such that PG, C B,(x1) and #(G. N L(w)) = c.h*~L. To reduce notation,
set Q¢ := Q. (x{, Yo(@) 'e(hs +n,)). We define

52 if EPk(x) [S Qs,
us(ex) = 1 81 if ex € Gg,

ug(ex) otherwise.

Note that by (6-56) we have Q. € B, (x 11) for & small enough and therefore

#lex € eL(@)NP'D tii(ex) =51} = Vi
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Again by (6-56) we still have u, — u in the sense of Definition 2.2. From Hypothesis 1 we deduce

Eo(0)(iie) < Ec(@)(e) +C Y i (ED#(G: NeL(w))e"!

Eer’Zj‘l/I
+ ) Yo T e Xare. e (6Xa), e (EXa ).
Eer'zy aeRE(D)

&P ([Xa, Xat£ NI Qe 7D

It remains to bound the last term since the second one vanishes by (6-56) and the integrability of J;.. We
split the interactions according to (2-12). By Lemma 2.7 and Hypothesis 1, for ¢ small enough we have
by construction

Z Z 8k71f8(xaa Xags U (6Xa), e (EXarve))

[§1<Ls aeRE (D)
5Pk([xmxa+él)ma Q:#9

<C Y LEDEL YD T yiiie(ex), iie(ey) < CHFTN@Q0) < Clehe)* !, (6-58)
[§1=<Ls (X, ))ENN (0)
sx,syeBn(xll)
so that the left-hand side vanishes when ¢ — 0. To control the remaining interactions, recall that u, has
finite energy on the larger cube Qp. Hence Lemma 2.7 and Hypothesis 1 yield

Z Z Ekilfe(xou Xags U (6Xa), e (EXarrs))

I§1>Ls «€RE (D)
‘9Pk([xaaxot+é])ma QF#Q

<Cs Y T falx, v, ite(ex), e (ey))

(x,y)ENN (@)
ex,eyeQp

< C3(E(0)(up, Qp) +H* 1 (0Q,) +#(Ge NeL(w))e* 1) < C8.
As § > 0 was arbitrary, we infer from (6-54), (6-58) and (6-58) that

limsup E¢(w)(ite) = limsup E(w)(ug) = Epom(w)(u).

e—0 e—0

The case when V] < V. can be treated by an almost symmetric argument. Repeating this construction for
the remaining phases as described at the beginning of this proof, we obtain

C-limsup EY* (0)(u) = Enom(w)(u).

e—0

Now for a general u € BV(D, S) such that [{u = s;}| = V;|D|, the statement follows by density. This
procedure is classical, see [Ambrosio and Braides 1990a], and therefore we omit the details. O

7. A model for random deposition

The general homogenization result proved in Section 5 describes only the qualitative phenomenon that
interfaces may form on the flat subspace. In this final section we investigate the asymptotic behavior of the
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limit energy as a function of the average thickness. To simplify matters, we consider a three-dimensional
to two-dimensional dimension-reduction problem in which magnetic particles are deposited with vertical
order on a two-dimensional flat substrate and interact via finite-range ferromagnetic interactions of
Ising-type, which means in particular that S = {=1}. We obtain information on the dependence of the
limit energy on the average thickness when the latter is very small or very large.

In order to model the substrate where the particles are deposited, we take a two-dimensional deterministic
lattice, which we choose for simplicity to be £ = Z% x {0}. We then consider an independent random
field {X ip }iez3, where the X f are Bernoulli random variables with P(X ip =1)=p € (0, 1) and, for fixed
M € N, we define the random point set

£y @) = {1, i2.13) € Z: 0=i3 < 3L, XG 1, (@)}, (7-59)

which means that we successively deposit particles M times independently on the flat lattice £° and stack
them over each other (see Figure 3). Note that the point set constructed in (7-59) is stationary with respect
to integer translations in Z2 and ergodic by the independence assumption. Given u : eﬁlﬁ,” (w) — {£1},
we consider an energy of the form

El @), A= Y ec(x—y)ulex)—uley)l, (7-60)

x,ye[)%(w)
Py(x), P2 (y)€eA/e

where the interaction ¢ : R3 — [0, 4+o00) fulfills
(i) c(z) < C forall z € R?,
(i) c(z) =01if |z| = L,

>iii) ¢c(z) =co>0if |z] = 1.

Remark 7.1. The coefficients above satisfy Hypothesis 2, but in general are not coercive, as required in
Hypothesis 1. However, the results obtained in the first part of this paper still hold true. This is due to the
vertical order of the deposition model, which makes the proof of coercivity much simpler. However, note
that, for instance, the constant in Lemma 2.7 now depends strongly on M.

Due to Remark 7.1 we can apply Theorem 5.8 and thus we know that there exists the effective
(deterministic) surface tension

Phrom (M5 V) Izt_l)igloo%inf{EﬁM(w)(v, 0,(0,1)) 1 v(x) =g, (P2(x)) if dist(P2(x),dQ,(0,1) <2L},

where we used the alternative formula in Remark 5.9 and Remark 4.2. Note that, due to symmetry reasons,
the surface tension does not depend on the traces; see also [Alicandro et al. 2015].

We are interested in the asymptotic behavior of ¢>}’1’0m(M ; V) when M — +o0. First, we define some
auxiliary quantities. Given p € (0,1], 0<N <M and u : 73— {£1}, we set

Ely @@, 0) = > clx—yux) —uy)|
x,yeﬁﬁ‘,’[(w)
x,yeEOX[N,M]
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//
./././'
?
?7‘6:

k

Figure 3. Three successive deposition steps (black, gray and white) in the construction
of £2” (w). The dashed bonds connect nearest neighboring particles.

and omit the dependence on w of E [[;v my When p = 1. In that case, given v € § ! we further introduce the
corresponding surface tension

M) = im % inf{ Ef 1, (u, 00(0, 1) : v(x) =g, (P2(x)) if dist(P>(x), 3Q,(0,1)) <2L}.

Note that the existence of this limit follows by standard subadditivity arguments. The next lemma shows
that the auxiliary surface tensions converge when M — +o0.

Lemma 7.2. For any v € S' there exists the limit
1 - L im
= lim —¢" .
¢'(v):= lim 6" ()
Proof. We define a sequence a; = ¢*~!(v). It is enough to show that a; is superadditive. To reduce
notation, similar to (5-29) we introduce

2L

L (Qu(x, o).
Note that by periodicity, mn, am(@o,v, Ov(x, p)) = MmNk, M+k](Uo,v, Qv (x, p)) for every k € N. For

fixed  >> 1 one can take any admissible configuration for mo, pr+pm'—17(0,v, Qv (0, 1)) and restrict it to
the sets Q0,(0,1) x [0, M — 1] and Q,(0, ) x [M, M + M’ — 1] to obtain the inequality
1

miy. 1o, Qu(x, p)) :=inf{Ely 4, Qu(x, p)) :u € PC

1 1
;m[O,M-i-M/—l](MO,m 0,0,1)) > ;m[O,M—l](MO,m 0,0,1)) + ;m[M,M-i-M/—l](MO,v’ 0,(0,1))

1
= ;m[O,M—l](MO,v» 0,(0,1))+ ;m[O,M/—l](MO,Vs 0,(0,1)),

where we neglected the interactions between the two cubes and used periodicity in the last equality.
Letting t — 400, we obtain superadditivity of the sequence a.

O
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The next result shows the asymptotic behavior of the surface tension when the average number of
layers pM diverges.

Proposition 7.3. Let ¢! be defined as in the previous lemma. For v € S' it holds that

i Pp (M v)

M—+o00 pM

=¢'(v).

Proof. Throughout this proof we assume without loss of generality that L € N and we set 72, =
7% x {0, ..., M}. Fix v € §' (we will drop the dependence on v for several quantities). We separately
show two inequalities. For the moment we also fix M. Consider a sequence of minimizing configurations
uy such that limN(l/N)E[lo’M](uN, 0,(0, N)) = ¢"M(v). As we show now, we can assume that u is a
plane-like configuration, as given by Theorem A.3. Indeed, applying that theorem we find a plane-like
ground state u, for the energy

En(u, 0O, N):= > Y clx—yu@) —u@)l.
xez3, yez?,
Py (x)€Qv(0,N)

To reduce notation, we set

Sy(N,2) = {x e R*:x € 0,(0, N), dist(x, {v}") <4(r + L)}

so that the energy of u,, is concentrated on S, (N, A) x [0, M] with A < CM (see Theorem A.3). For any
N € N we define two configurations iy, iy : Zﬁ,l — {*1} via

i <x>—{“0vv(” J() i dist(Pa(x), B\ Q, (0. N)) < 2L,
N u,(x) otherwise,

iy ()_{uvm if dist(Ps(x), R*\(Q,(0, N)) < L,
VI = uny(x) otherwise.

Then uy is a plane-like configuration whose energy is again concentrated on S, (N, A) x [0, M]. Using
the boundary conditions and the finite-range assumptions one can prove that

Ejo y(un. @00, N)) < Ejg iy, @00, N)) < Ep(uy, Qu(0, N)) + CM?
< Em(in, Qv(0, N)) + CM* < Efy 1 (un, 00, N)) +2C M.
Dividing by N and letting N — 400 we see that asymptotically we can replace uy by the plane-like

configuration i . From now on we denote by uy ) a plane-like minimizer whose energy is concentrated
on S, (N, A) x [0, M] with A < CM and such that

|
"M (v) =Tim = Efo vy (un a1, Qu(0, N)).

We extend uy p to 73 setting uy p(x) = ug,, (P2(x)) for x3 ¢ {0, ..., M}. For § > 0 small enough, we
separate the contribution of the bottom and the first M 5” = [(p + §) M random layers and estimate the
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remaining interactions. This leads to

1 1
37 Phom (M v) = 77 lim mf— [ED @)ty yyp. Qu(0, N))]
< Ltiminf LE[E! .y . 000, N))]
M N>+oo N [0, M ] N.My o v
+ %gniig %[E[#{x € LY (w):x € Sy(N, 1) x (M] — L, M1}]
< Lyt () 4 CE[#]x € £Y @) : x € (0,00} x (! — L, M]}]
<7 M () : : r_p,
M
1 » M _
< M¢1,M,s v)+C Z (k—M§’+L)< ' )pk(1 — pyMk,

k=M}—-L

where in the last step we have used that the probability of having k points in {(0, 0)} x (M f —L,M]is
the same as having k + M g’ — L successes out of M trials in a Bernoulli experiment. In order to bound
the last sum, we use Hoeffding’s inequality, which yields, for M large enough depending on L, §,

) 5 k2
(ZX(OOI) > k+ M/ —L) < P(ZX(OOI) >k+(p+3) ) <exp(—2M(5+4:) )
i=1
From this bound we infer the estimate
M M M
3 (k—M§’+L)< ; )pk(l — M < S kexp(— L M8?) exp(—25k).
k=MJ—L k=1

Since the right-hand side vanishes when M — 400, by Lemma 7.2 we deduce limsup,,(1/M )qblfom (M;v)<
(p+8) @' (v). Since § was arbitrary, the first inequality is proven.

It remains to show the reverse inequality. Given any admissible function vy : Cf,’[ (w) = {£1}, we can
neglect the interactions coming from Q,(0, N) x [M P s + 1, M], which yields the estimate

E{ @)@y, Q0. N)) 2 Efp 1o (@) (vn. Qu(0, N)).
Minimizing on both sides and dividing by N, we obtain in the limit that
LGl (M) = 1P M), (7-61)
M 7hom ’ - M

Now the idea is to estimate the error when we replace ¢? M (v) by ¢>1’M56 (v). Let uy be a sequence
of plane like configurations as in the first part of the proof. We also consider an optimal sequence

u]’i,‘s = uN (a)) such that

W = lim GEEL o @ 000 NI
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Since the deterministic surface tension dominates the random one, we have

0<o" M) - ¢PMfa(v)—hm FELElo e (un s SuN 1) = Ef o (@) (] (@), @00, N))]

<limsup — ! [E[E
N

< Climsup %[E[#{x € (S N x[1, MPQ)NZP 2 x ¢ L} (w)}]
N

0.17,] (uh’, Sy (N, 1)) — [0 M, (@) (R’ (@), Sy (N, 1))]

P

MZ M
5CM[E[max{ wao,), }] §CMZkIP(M’_’8—ZXg)’OJ)zk).
k=1 i=1
Here we used that the number of missing interactions can be estimated by the number of missing lattice
points since each point can only interact with finitely many others. Now we apply again Hoeffding’s
inequality, which yields

M
) ) k 2
P 3 oo =) <0 (b(r-3) = L) <en(-20(5+ ')
1=

We conclude the bound
MP

M?;
ZkP(M” Zx(00)>k) Zkexp (—1 M8?) exp(—26k).
k=1

Again the right-hand side vanishes when M — +o00 and thus limM(l/M)|¢1’MfS ) — ¢”’Mfs =0,
so that Lemma 7.2 and (7-61) imply the estimate

S Y . : 1 1,M" =(p— 1
liminf gl (M) = lim M) = (p - 9)6! ().

Again the desired estimate follows by the arbitrariness of § > 0. (I

Remark 7.4. If we had not included the initial layer £°, then Proposition 7.3 would still hold. However,
then the surface tension may not be related to an appropriate I'-limit since the compactness of sequences
with bounded energy becomes a nontrivial issue. We refer to [Braides and Piatnitski 2012] for a possible
approach to this problem in the case of nearest-neighbor interactions and bond-percolation models.

A percolation-type phenomenon. We close this final section with a result on the growth of the averaged
surface tension when the number of layers increases. We let Eg (w) be defined as in (7-59) but restrict
the analysis to nearest-neighbor interactions and make them nonperiodic in the sense that their magnitude
is very small when one of the particles belongs to the initial layer £°. More precisely, given 0 < n < 1
we consider functions of the form

0 if [x —y|>1,
cy(Aa(x, y))=19n if [x —y[=1and x3-y3 =0,
c(x —y) otherwise,
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where A; is defined in Hypothesis 2 and x +— c(x) is strictly positive on the unit circle. Then the
coefficients satisfy Hypothesis 2 and fulfill (a slightly weaker version of) Hypothesis 1. We define E 5 A’;
as in (7-60) with ¢ replaced by c,. According to Theorem 5.8, again there exists the limit

Dhrom (M5 V) = m % inf{ Y (@) (v, Q0(0, 1)) : v(x) = ug,y (P2(x)) if dist(Pa(x), dQ,(0,1)) <2}.

In contrast to Proposition 7.3, for this model we also consider the case of small M. We will show that if
p < 1 — psite, Where pyiee s the critical site percolation probability on 72, then it holds that

ol (1;v) < Cpm,

where C), may blow up only for p — 1— psjee. Note that we do not claim here that py;ee is the optimal bound.
We can actually improve the result in the sense that for all M € N such that (1 — Y > pae, we have

D (M v) < Cp.

hom

This shows that when the probability is very small but finite, the surface tension can be arbitrary small
depending on the strength of the interaction in the substrate layer, on the other hand we will establish
an analogue of Proposition 7.3 asserting that if the average number of layers increases further, even the
normalized surface tension approaches a value independent of 7. This result can be interpreted as the
equivalent to the percolation phenomenon described in the introduction of the paper for the model without
initial layer (n = 0). Before proving this result, we introduce the typical energy of one slice. Given
g€ (0,11 and u : 7> — {£1}, we set

El@@. )= Y c—yu) —u®)

x,yeL) (@)\L°
Py(x),P2(y)eA

and omit the dependence on w if ¢ = 1. We further introduce the corresponding surface tension
N e g
G0 = lim —inf{ Ef @)@, 0u(0,1) : v(x) = o, (x) if dist(x, 80, (0,1)) =2}.

Note that the existence of this deterministic limit follows again from the subadditive ergodic theorem as
in the proof of Theorem 5.8, since we used the coercivity only for passing from finite range to decaying
interactions in Step 4. In general the random variables w +— Efl (w)(u, A) are not defined on the same
probability space but we will use them only for slices of the large set LZ?,” (w).

Theorem 7.5. Let p € (0, 1) and M € N be such that (1 — p)M > psite- There exists a constant C ),y
locally bounded for (1 — p) € (psie, 1) such that
Do (M 1) < Cp u.

hom

On the other hand, for any p € (0, 1) it holds that

i %tbﬁ’(;il,(M; V) =2p((c(e) +c(—e)|vi| + (c(e2) + c(—e2))v2]).
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[ 2 . L4 * L 4 * * * * L 4 i 4 * > ®*
[ 2 * L2 * L4 * * ® * ®
$ ~JN
[ 2 L2 - * * . L *
. L4 L4 L4 L4 * ® * * * * * —L
~N

Figure 4. The different sets in the construction of u . R;{, and R correspond to the
white regions above and below the bold line, respectively. In the light gray region, u y (x)
agrees with ug ., (P2(x)).

Proof. In order to prove the first statement, we start with the case v = e, and use results from percolation
theory which show that the contribution from the random layers is negligible: for ¢ := (1 — p)™ > pyie,
we consider the so-called Bernoulli site percolation on Z2; that is, we assign independently a weight
X;(w) € {£1} to all the vertices i € Z? such that P(X; = 1) = q. We say that iy, ..., ir is an occupied
pathif |i, —i,+1|=1and X; (w) =1foralln =0, ..., k. Theorem 11.1 in [Kesten 1982] yields that
there exist universal constants c;, d; such that

I]:D(at least ci1(g— psite)dl n disjoint occupied paths from
{0} x[0, n] to {m}x[0, n] and contained in [0, m]x [0, n] exist) > l—cz(m—l—l)exp(—C3(q—psite)d2n).

Given N € N, we first combine this estimate with the Borel-Cantelli lemma and, using stationarity, we
obtain that for almost every w € 2 there exists Ny = Ng(w) such that for all N > Ny we find at least
c1(q — psite)' 24/ N disjoint occupied paths connecting the vertical boundary segments of the rectangle

Ry :=[-[IN]+2,[IN] =2] x [-[VN1, [VNT].

As the paths are disjoint and are contained in Ry, at least one of them uses at most (2/c;)(q — psite)*dl N
vertices. Now we come back to the actual proof. By the definition of the random lattice in (7-59), using
the above considerations in the layer Z? x {1}, for N > Ny we can find a path connecting the vertical
boundary segments of the rectangle Ry x {1}, contained in Ry x {1}, using at most ¢, N vertices with
none of them belonging to Lﬁ‘,” (w). This path separates Ry x {1} into two subregions R, x {1} and
R; x {1}. As depicted in Figure 4, for N > Ny we define a (random) configuration uy : [,[Af (w) — {£1}

as
Ug,e, (P2(x)) if Po(x) ¢ Ry,
uy(x) =4 +1 if P(x) € R},
—1 otherwise.

Up to possibly exchanging the roles of lef,, we can assume that uy € PC% wo.. @, Qe (0, N)). Hence
sH0,en

by the definition of ¢/" (e>) and the fact that u does not depend on the z-direction, it holds that

hom
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pn S
Bpom(€2) =< }\}gfg ﬁEl,M(w)(uN, 0.,(0, N))

. 1
§hmsupﬁ Z Nlun(x) —uy(y)]
N=teo T ve, 0.2

x—y|=1 M
" lmsup L XY v —un)l. (7-62)
k=1 x,yeL) ()
X,y€Qe, (0.N)x (k)

We now estimate each of the two terms on the right-hand side. Concerning the second one, we observe
that if x,y € (Q,,(0, N) x {k}) N Eﬁ”(a)) are such that |x — y| =1 and uy(x) # uy(y), then either
Py(x), P2(y) € £5Ney + ([—4, 4] x [-2+/N, 24/N]) or, without loss of generality, P>(x) € Ry and
P(y) € R;. In the second case, we note that either (P>(x), 1) or (P>(y), 1) has to be a vertex of the
path constructed above; hence either x ¢ £11‘f (w)oryé¢ LIA,’I (w). We then rule out the existence of such
interactions and we may bound the second term via

cCM
lim sup — c(x =) |unyx) —un(y)| <limsup —= =0. (7-63)
N%+oo ; N yg‘:’l(w) N—+o00 vV N

2,7€ 00y (O.N) x (k)

Applying the same arguments for the first term, we may use the fact that the separating path uses at most
cp,m N vertices and we deduce that

) 1
limsup— > plun(x) —uy (3] < 4cpun.
N——+o00 N 5
x,y€Qe, (0,N)NZ
x—yl=1
From this estimate, the first claim in the case v = e, follows by (7-62) and (7-63). The above argument
can be adapted to the cases v = —e, and v = +e;. By L'-lower semicontinuity, the one-homogeneous
extension of ¢h0m must be convex; see [Ambrosio and Braides 1990b]. For general v € S ! the claim then
follows upon multiplying the constant by a factor /2.
In order to prove the second claim, we need to show two inequalities. Given a sequence of admissible
configurations u y such that

.1
lim % Egy ey, Qu(0, N)) = g (v),
we define an admissible configuration u y : Eﬁ‘;f (w) — {£1} via

un(x) =uy(Pr(x)).

Arguing as in the proof of Proposition 7.3, we may assume that uy is a plane-like configuration and its
energy is concentrated in a stripe

Sy(N, 1) ={x e R*:x € 0,(0, N), dist(x, {v}H) <4(r+ D},
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where now A is independent of N, M. By definition and the fact that i,y gives no interaction in the
z-direction, we obtain that for any § > 0 small enough

M,
Bhan ) 1 oo LELED @)y, 0,00, M)
(mgiziE [E @)y, Q0, N))]) 7 limsup #le € Z20S,V. 1)
I 1 v Cn
< }Viglirgﬂ(pww;l(w, 0.0 N+ Y EEL @)ux. 0.0, N))])
k>|(p+8)M]

= (p+OB )+ sup Timinf E[E] @)y, 00, N1+ S5,
k>|(p+8)M] N—+oo N M
where p; = Zf‘i " (AZ/’ ) p!l(1 — p)M~! is the probability of having at least k successes out of M trials in a
Bernoulli experiment. Note that here the new random variables are indeed defined on the same probability
space and are coupled to the variables generating the stochastic lattice Egl (w). As A is independent of M,
the third term vanishes when M — +o00, so that we are left to show that also the second one converges to
zero. In order to estimate the second term we use the fact that uy is a plane-like configuration, so that

1
v EL [Ef () (un, Qu(0, N))] = —[E[E “(@)(un, Sy(N, M) < peCh.
For any k > [(p + §)M ], by the law of large numbers it holds that py — 0 when M — 4-co. Hence we

deduce lim supﬁ,,(l/M)¢1f(;r'z1 (M;v) <(p+9) (1)1 (v). As § > 0 was arbitrary, we finally obtain
lim sup M¢hom(M V) < pd)sl(v)

We next show the reverse inequality. Given any admissible function uy : Eg” (w) — {£1} we can
neglect the interactions in the z-direction and the lowest layer £° and obtain the estimate

[(p—8)M1
E7y (@), 0.0, N))>ZE (@)(un (-, k), Qv(0, N)) = Z Eff (@)(@n(-, k), Qu(0, N)).
k=1 k=1

Since uy (-, k) fulfills the correct boundary condition in every layer, we deduce that
¢hom(M v) > (p—9) k<[(ipn_f8)M] ).
Again by the law of large numbers for an independent Bernoulli experiment it remains to show that the
function ¢ > @7 (v) is continuous in g = 1, which means we can pass from a random to a deterministic
lattice. This will be the last step.
In order to prove continuity let u be a plane-like sequence of configurations as in the first part of the
proof and consider an optimal sequence ”?v (w) such that

fl(lﬁ)zlvl_i)ril —[E[Eq(w)(uN(w) 0, (0, N)I.
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Similar to the proof of Proposition 7.3 we obtain
0 < Ph(v) — ¢ (v) = lim - E[E} (., S, N)) — E4 (@) (@), ©,(0. N))]
— ¥sl sl - N N sl N> POy ’ sl N ) v ’

< lim sup %[E[EQ(qu(w), Su(hy N)) = E4 (@) 0% (@), Sy(1, N))]

< Cli}{/n%ﬂf[#{z €Sy NNZ) x {1}z ¢ Ly()}]=C(1—g)A.

The estimate above clearly implies convergence of the surface tensions when ¢ — 1, which shows that
limsup,, (1/M)¢pon (M; 1) = p §j(v).

It remains to identify ¢Sll(v). We just sketch the argument. Any admissible configuration asymptotically
has an interface containing at least |v| interactions along the two directions +e; and |v;| interactions
along the directions +e;. Since any pair of interacting points is counted twice with reversing direction
and |u(x) —u(y)| € {0, 2}, we find that ¢511(v) > 2(c(ey) + c(—ey))|vi] +2(c(ez) + c(—e3))|v2]. On the
other hand, a suitable discretization of a plane attains this value; hence

$4(v) =2(c(er) +c(—e1)|vi| +2(c(e2) + c(—e))|va. U

Appendix A: Plane-like minimizers for one-periodic dimension-reduction problems

We prove that the results about plane-like minimizers for periodic interactions in [Caffarelli and de la
Llave 2005] can be extended to dimension-reduction problems. We restrict the analysis to one-periodic
interactions, which is the case when the coefficients depend only on the difference, as in Hypothesis 2.
Moreover, we focus on the physical case of reducing from three dimensions to two dimensions. To fix
notation, for any set I' C Z2 we write I'y; = I x (ZN [0, M]). In contrast to the main part of this paper,
here we consider an interaction energy that takes into account also interactions outside the domain. To be
more precise, given u : Z?M — {£1} we investigate finite-range energies of the form

En@,T)= Y > clx—ylu)—u),

xel'm yez?,
where the coefficients fulfill the following assumptions:
(i) 0 <c(z) < C for all z € R* and min; c(£e;) > o > 0.
(ii) There exists L > 0 such that ¢(z) =0 for all |z| > L.
Before stating and proving the main theorem we need some definitions.

Definition A.1. We say that u : Z%,, — {£1} is a ground state for the energy E,; whenever Ey(u, I') <
Ey(u, T) for all finite sets I' ¢ Z% and all v : Z?M — {*1} suchthatu = v on {z € Zﬁ,l 137 € (ZP\D)u
with |z — 7| < L}.

Remark A.2. When u and I" are such that Ey(u, I') < Ey (v, I') for all v such that u = v on {z € Zﬁ,, :
3z’ € (Z>\I")y with |z — 7| < L}, the same conclusion holds for every subset I'' C T'. Indeed, take any v
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such that u = v on {z € ZIZVI : 37’ € (Z2\I")y with |z — 2’| < L}. Then for any two points x, y with
xe(\I")yandye Z%M with |x —y| < L, it holds that u(x) = v(x) and u(y) = v(y). Hence it follows that

EM(M’ F/) - EM(U, F,) = EM(”» F) - EM(U, F) = 0.

Using the same notation as for the stochastic group action, for k € Z2 we denote by 7 the shift operator
acting on sets I" and configurations u : Z?W — {£1} via

gl =T 4k, 1ukx)=ulx—(k,0)).
Then the following formula holds true:
Ey(teu, ul') = Ep(u, ). (A-64)
The remaining part of this appendix will be devoted to the proof of the next theorem.

Theorem A.3. There exists . > 0 such that for all v € S' there exists a ground state u,, of Ey such that
u(x) # u(y) implies dist(x, {v}+) < A. Such a ground state is called plane-like. Moreover we can choose
A < CM for some constant C independent of v, M.

The proof of this theorem is very similar to [Caffarelli and de la Llave 2005; Cozzi et al. 2017]. We first
construct a particular minimizer among periodic configurations that enjoys several geometric properties.
To this end, we need further notation; see [Caffarelli and de la Llave 2005] for more details. Fix a rational
direction v € S' N Q2. We define the Z-module Z, = {z € 7Z* : (z, v) = 0} and, given m € N, we let Fp,.,
be any fundamental domain of the quotient Z?mzv; that is, for every z € Z? there exist unique z; € mZ,
and z € Fy,;, such that z = z; + z2. Given real numbers 6 and A, with 6 < A, we further introduce

For =z € Fpy:(v,2) €10, A1)

Now we define an admissible class of periodic configurations: A function u : wa — {£1} is called
(m, v)-periodic if u(x) =u(x +m(z, 0)) for every x € Z%W and every z € Z,,. We set

A8k ={u s uis (m, v)-periodic, u = +1if (P2(z),v) <0, u(z) = —1if (P,(z), v) > A}.

We start with a very elementary lemma that shows how for periodic functions any translation gives the
same energy.

Lemma A.4. Let u be (m, v)-periodic and k € 7% Then it holds that
Ey(tiu, ]:m,v) = Ey(u, fm,v)-

Proof. Given x € (t_xFmu,v)m, we find z1(x) € mZ, and z2(x) € Fy,;,, such that Pr(x) = z1(x) 4+ z2(x).
By (m, v)-periodicity, for any y € Zﬁ,, it holds that
lu(x) —u(y)| = lux — (z1(x), 0)) —u(y — (z1(x), 0))],
c(x —y)=clx = (z1(x),0) — y + (z1(x), 0)).
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Now assume that there exist another x” € (t_x Fy.,)ar \{x} with (x —x’, e3) =0 and z2(x) = z2(x"). Then
T Pr(x) — e Pa(x) = z1(x) — 21 (x") € mZ,\{(0, 0)}. As 14 P2(x), T P2(x") € Fy.», this contradicts the
fact that F,, , is a fundamental domain. Using (A-64) we conclude by comparison that

Ep(tru, »Fm,v) = Ey(u, T—kfm,v) =< EM(”’ }—m,v)-
Applying the above inequality to t_ and # := t,u, which is also (m, v)-periodic, we obtain the claim. [

We define the class of minimizers for the energy Ep (-, Fn,y) on A% via
MO ={u e A%%  Ey(u, Finw) < En(v, Fpy) forall v e A5 1.

As the set .AG *is finite, the class of minimizers is nonempty. Next we define the so-called infimal
minimizer, Wthh has several useful properties:

Oh _ 6.1 6.1
u,,’, =min{u € M} € A

We next show that the infimal minimizer also belongs to the class of minimizers. This follows from the
following elementary observation; see Lemma 2.1 and also Lemma 2.3 in [Cozzi et al. 2017].

Lemma A.5. Given any u : Z]Zw — {£1} and T € 7 finite, it holds that
Ey(min{u, v}, I') + Ep(max{u, v}, T') < Ey(u, I') + Epy (v, T).

Iterating the above lemma finitely many times we find that u9 = ./\/19 ~.
We now turn to the first property of the infimal minimizer. Th1s is the so-called absence of symmetry
breaking, which says that the infimal minimizer does not depend on the length m of the period.

Lemma A.6. For any m € N it holds that um : u? ﬁ
Proof. We define an auxiliary configuration via u = mln{rku :k € Z,}. By elementary arguments it
follows that u € Al ", while Lemma A.4 implies that t,u?: /\/le % and by iterating Lemma A5 we

obtain u € M&* . Since u < uf
as u and u?’ﬁ are both (1, v)-periodic it follows that

. % , by the definition of 1nﬁmal minimizer we obtain u = u%* . Moreover,

1
Ey(u, Fi) = —Ey(u, Fny) < - EM(ulv, Fnw) = Ey s, Fi). (A-65)

In partlcular we deduce that u € M * and thus u > ”1 . On the other hand, (A-65) must be an equality,
so that u e /\/le % and therefore u? ;\ > u. This proves the claim. U

We next establish the so-called Birkhoff property of the infimal minimizer, which will be the main
ingredient for the proof of Theorem A.3.

Lemma A.7. Let k € 7% Then tuu|y < u"} if (k. v) <0 and teu”} > ul’} if (k, v) > 0.
Proof. We start w1th the case (k, v) < 0 and define the two configurations m = mm{u] s rku] U} and

M = max{u1 b rkul v} By elementary considerations one can prove m € A9+<k VIRV and M e A
Using Lemma A.5 we obtain

Ey(m, Fi, U)+EM(M1U,-FI v) < Ey(m, Fry) +Ey(M, F, v)<EM(Tk”1U7-F1 U)+EM(M Fiv)s

lv’
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which yields

Ey(m, Fi1,) < Ey(qu’™, Fi )

lv’

0, O+ (k,v),A4(k,v)

We claim that tju 'y =u . Indeed, as ‘L’kul . = A9+<k W) At (k)

, this configuration is admissible
and minimality follows by Lemma A.4. Now assume it is not the infimal minimizer; then also u?:i is not
the infimal minimizer, as we could construct a smaller one by translation of the other infimal minimizer.

By definition of the infimal minimizer we infer that m > t;, u?:ﬁ, which proves the claim by definition
of m. The case (k, v) > 0 follows upon applying the translation 7; to the inequality t_ku?:ﬁ < u?:ﬁ, which
holds by the first part of the proof. (]

In the next lemma we deduce a powerful property of configurations fulfilling the Birkhoff property.

Lemma A.8. Let u : lew — {%1} satisfy the Birkhoff property with respect to v € S' N Q?; that is,
wu <uif (k,v) <0, and tou > u if (k, v) > 0. Assume further that u(xo) = —1 for some xg € Z?M. Then
u(x)=—1 forall x € wa such that (x — xg, e3) = 0 and (P>(x — xp), v) > 0.

Proof. Every such x can be written as x = xo — (k, 0) with k € 72 such that (k, v) <0. Hence Lemma A.7
implies that u(x) = tpu(xg) < u(xg) = —1, so that u(x) = —1. ]

We are now in a position to prove that the infimal minimizer becomes unconstrained when we take

6 = 0 and X large enough. To reduce notation, from now on we set u’ := u?ﬁ

Lemma A.9. There exists Ly > 0 (depending on M in such a way that Ao < C M) such that for all A > g
it holds that u’(x) = —1 for all x € Zzzw such that (P>(x), v) > A — /2.

Proof. By Lemma A.8 it is enough to show that for large enough A, in every layer Z? x {I} with
[ €{0, ..., M} there exists some x; such that (P»(x;), v — /2 and u*(xl) = —1. We will show that
this is always the case provided X is large enough.

Assume that there exists a layer 7% x {1} such that uﬁ(x) =1 for all x € Z* x {I} with (P>(x), v) <A —V2.
We argue that in this case there must exists a second layer 7> x {I'} and a point xp € 7% x {I'} with
(Py(xp), v) < ~/2 and u*(xp) = —1. Indeed, if this would be false, then the function t;u’ with any
k € {0, £1}? such that (k, v) < 0 fulfills tku € -’4(1) 4 By Lemma A.7 we further know that rku < u’\.
On the other hand, by Lemma A.4 we have t;u’ € MY I v,
obtain tzu’ = u*. This contradicts the boundary conditions by the choice of k. Now applying Lemma A.8
in the second layer 7% x {I'}, we obtain uﬁ(x) = —1 for all x € Z2 x {I'} such that (P>(x), v) > V2. As
we will see now, for fixed M this will cost too much energy.

hence by the definition of infimal minimizer we

Without loss of generality we assume that [ > [, the other case can be treated almost the same way.
For every r € {1, ..., M} there exists x € 7% x {r} such that uﬁ(xr) = —1. Let x, be one of such points
that minimizes (P, (x), v) among all such points. According to Lemma A.8 we obtain uﬁ (x) = —1 for all
xeZ*x {r} with (P>(x), v) > (P2(x,), v) =: p,. Note that
-1

Z(pf+1 = Dr)

r=I’

> A —2v2. (A-66)
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On the other hand, just counting the interactions between neighboring layers, we obtain by the coercivity
of the interactions and (A-66) that

M
Ey@}. Fi) = c Y |pr—proil = c(h—2V2).
r=1
Testing a discretized plane as a possible minimizer, by the finite-range assumption we know an a priori
bound of the form Ey(u*, F;,) < CM. Hence our assumption can only hold as long as A < CM for
some constant C depending neither on v nor on M and the claim follows upon setting .o =2CM. [

The next (and last) lemma bounds the oscillation of the jump set of the infimal minimizer u’°.
Lemma A.10. Let Ao be as in Lemma A.9. Then u € M,,_Jl,;an foranyn,m e N.

Proof. We first claim that 0 = u*0*! for any I € N. This will be done iteratively. First note that for any
A > A it holds that u} € A72*" and by Lemma A.9 it also holds that u**! € A">. Then

Ent Fry) = Exl, Fi)

and both are infimal minimizers. Hence they must agree. This proves the first claim.
Give an arbitrary configuration v € A;f’,;xﬁn, we choose a vector k € Z2 such that (k,v) > n and
(k, v) € N. Then

_ ’
v eAmt’lU—i-(k,v),ko-i-n-i-(k,v) CAS{’X‘?-FH

with n” € N. Using the first claim and Lemmata A.4 and A.6 we obtain
EM(M?:Oa ]:m,v) =< EM(Tkv, fm,v) = Ey(v, ]:m,v)'
As u0 € A, we proved the claim. O

Proof of Theorem A.3. First assume that v € S' N Q% We show that u*0 is a ground state. To this end let
I C 72 be finite and let v : 73, — {1} be such that v =wu’0 on {z € 73, : 37’ € (Z*\I") iy with |z—7'| < L}.
Then we find m € N such that, for a suitable fundamental domain, I' C F;,,,. By Lemma A.10 we have
Ey (uﬁ‘), Fmv) < Ey(v, Fir,v) and the claim then follows by Remark A.2.

For general directions v € S we argue by approximation. Take a sequence v; — v of rational directions
and consider the sequence u; := uﬁj where A; is uniformly bounded in j. By Tychonoff’s theorem we
can assume that u; — u for some u : Z%W — {£1}. It holds that u is a plane-like configuration. By the
definition of the topology, given any finite set I' C Z> we can find an index jo such that u i(x) =u(x)
for all x € I'yy and all j > jj. Since we assume a finite range of interaction, the previous convergence
property implies that u is also a ground state. (]

Appendix B: Density results for trace-constraints on partitions

In this second appendix we show the density result needed in the proof of Theorem 4.1.

Lemma B.1. Let A € B both be bounded open sets with Lipschitz boundary. Given v, w € BV(B, S)
such that H*1(S, NdA) =0, we set u = 14v + (1 — 14)w. Then there exists a sequence A, € A of
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sets of finite perimeter such that u, 1= 14,v 4+ (1 — 14,)w converges to u in L'(B) and additionally
HE1(S,, N B) — HE1(S, N B).

Proof. We define the mapping T : S — R? by T (s;) = e;. As a special case of Proposition 4.1 in [Schmidt
2015], applied to the bounded BV-function o := T (w) — T (v), for every & > 0 we find an open set A, of
finite perimeter such that A, € A, |A\A.| <€ and

/ |a|JgAs|de_1§f o 4| A1 46 (B-67)
0A, dA

With the same arguments as in [Schmidt 2015], the sets A, can be constructed in such a way that for all
6 > 0 there exists g9 > 0 such that for all ¢ < ¢gg

{x € A :dist(x,0A) > 8} C A,. (B-68)

We show that the sets A, fulfill the required properties. As a first step we claim that 7 (u.) converges
strictly to T (#). We have that T (u.) converges to T (1) in LY(B). By lower semicontinuity of the total
variation it is enough to show that

limsup DT (u,)|(B) < |[DT (u)|(B). (B-69)

e—0

By definition we have |DT(u€)|(B\A) = |DT(u)|(B\/_\), so that we can reduce the analysis to A. By
Theorem 3.84 in [Ambrosio et al. 2000] it holds that

DT (us) = DT (W)L AL + DT(w) L AL + (T ()5, — T(w)j5,) @vHT L IA,,

where in general Ag) is defined for ¢ € [0, 1] via

A.NB
AY = {x € R : lim 1220 8o (0] =t}.
p—0 |Bp(x)|

Since A, € A and A, is open we infer A,(gl) C A and A§°> C RM\A,, so that

|DT (ue)|(A) < [DT (v)[(A) 4 | DT (w)|(A\A¢) +f T W), — Ty, | dH!

&€

< |DT@)I(A) + DT (w)|(A\A,) + / T W)k, — Ty, |dH!

&

+faA O —T(w);;AJdH"*l.

By the assumption on w we have |DT (w)|(dA) = 0, so that by (B-68) the second and the third terms
vanish when & — 0. For the fourth one we use (B-67) and infer

limsup | DT (ue)|(A) < |DT (v)|(A) + / T W) 54— T (), dH" !
0A

e—0

= DT ()|(A) +/3A T ()i, — T(W)jys| dH! = DT ()] (A),
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where we used that inner and outer trace of T (w) agree for 7%~ !-almost every x € 3 A. By the structure
of the set T'(S), strict convergence implies that

1 1
V2 V2

As for every u € BV(B, §) it holds that H1(S, NB) = ’Hk_l(ST(u) N B) and also Ll—convergence is
conserved, we conclude the proof. U

H* 1 (S7(u,) N B) = —=|DT (us)| - —=|DT )| = H*' (Srw N B).
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