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SQUARE FUNCTION ESTIMATES FOR DISCRETE RADON TRANSFORMS

MARIUSZ MIREK

We show ¢£7(Z¢)-boundedness, for p € (1, 00), of discrete singular integrals of Radon type with the aid
of appropriate square function estimates, which can be thought of as a discrete counterpart of Littlewood—
Paley theory. It is a very robust approach which allows us to proceed as in the continuous case.

1. Introduction
Assume that K € C'(R¥\ {0}) is a Calderén—Zygmund kernel satisfying the differential inequality

YFIK )+ Iy VR () < 1 (1-1)

for all y € RF with |y| > 1 and the cancellation condition

sup / K(y)dy| < 1. (1-2)
A=11J1<]y|<A
Let P = (Py, ..., Py) : Z¥ — 7% be a polynomial mapping, where each component P; - 7F > Zisa

polynomial of k variables with integer coefficients and P;(0) = 0. In the present article, as in [Ionescu
and Wainger 2006], we are interested in the discrete singular Radon transform T7 defined by

T )= Y f=POGIK®Y) (1-3)

yezk\{0}
for a finitely supported function f : Z% — R. We prove the following theorem.

Theorem A. For every p € (1, 00) there is C, > 0 such that for all f € £P (Z%) we have

1T fller < Coll fllev- (1-4)

Moreover, the constant C, is independent of the coefficients of the polynomial mapping P.

Theorem A was proven by Ionescu and Wainger [2006]. The operator 77 is a discrete analogue of the
continuous Radon transform R” defined by

R” f(x) =P-V-/Rk fx=Py)K(y)dy. 1-5)
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Nowadays the operators R” and their L?(R%)-boundedness properties for p € (1, 00) are very well
understood. We refer to [Stein 1993] for a detailed exposition, and see also [Christ et al. 1999] for more
general cases. The key ingredient in proving L” (R%) bounds for R” is Littlewood—Paley theory. More
precisely, we begin with L?(R%) theory which, based on some oscillatory integral estimates for dyadic
pieces of the multiplier corresponding to R”, provides bounds with acceptable decays. Then appealing
to Littlewood—Paley theory and interpolation it is possible to obtain general L?(R%) bounds for all
p € (1, c0). Now, one would like to follow the same scheme in the discrete case. However, the situation
for T7 is much more complicated due to arithmetic nature of this operator. Although £2(Z%) theory is
based on estimates for some oscillatory integrals, or rather exponential sums associated with dyadic pieces
of the multiplier corresponding to 77 as was shown in [Tonescu and Wainger 2006], £7 (Z%) theory does
not fall under the Littlewood—Paley paradigm as it does in the continuous case.

The main aim of this paper is to give a new proof of Theorem A using square function techniques.
We construct a suitable square function which allows us to proceed as in the continuous case to obtain
2P (7%) theory for the operator (1-3). Our square function gives a new insight for these sort of problems,
see especially [Mirek et al. 2015; 2017], and can be thought as a discrete counterpart of Littlewood—Paley
theory.

There is also an interesting open question concerning the estimates of T7 at the endpoint for p = 1.
This is unknown even in the continuous case. For instance, if we consider a Radon transform R” along
the parabola P(y) = (v, y?) in R?, i.e.,

dy
R” f(x1,x0) = P-V-f flxr—y, x2—y% 3
R

then the question about weak-type (1, 1)-estimates for R” is one of the major unsolved problems in
harmonic analysis. The best known result to date belongs to Seeger, Tao and Wright [Seeger et al. 2004].

In view of the recent negative results of [Buczolich and Mauldin 2010] and [LaVictoire 2011], at the end-
point for p = 1, for Bourgain’s maximal functions corresponding to the discrete averaging operators along

n? or n* with k > 2, we expect that similar phenomena may occur for discrete singular Radon transforms.

Outline of the strategy of our proof. Recall from [Stein 1993, Chapter 6, §4.5, Chapter 13, §5.3] that
given a kernel K satisfying (1-1) and (1-2) there are functions (K, : n € Z) and a constant C > 0 such
that for x # 0,

K(x)=Y Kp(x). (1-6)

neZ
where for each n € Z, the kernel K, is supported inside 272 < |x| < 2", satisfies
x| K (0] + X[ VK, ()] < € (1-7)

for all x € R¥ such that |x| > 1, and has integral 0. Thus in view of (1-7), instead of (1-4), it suffices to
show that for every p € (1, o0) there is a constant C,, > 0 such that

STV f

n>0

< Cpllfller (1-8)
or
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for all f € £P(Z%), where
TP fx) =) flx=PE)Ka(y) (1-9)
yezk
TP f=0.
As we mentioned before, the proof of inequality (1-8) will strongly follow the scheme of the proof of

for each n € Z. The summation in (1-8) can be taken over nonnegative integers, since ), _,
the corresponding inequality from the continuous setup. Now we describe the key points of our approach.
To avoid some technicalities assume that P(x) = (x, ..., x) is a moment curve for some d = dy > 2
and k = 1. Let m, be the Fourier multiplier associated with the operator T,”; i.e., T,V f = F~'(m, .
As in [Mirek et al. 2015; 2017], we introduce a family of appropriate projections (E,(£) : n > 0) which
will localize the asymptotic behaviour of m,(£). Namely, let n be a smooth bump function with a small
support, fix [ € N and define for each integer n > 0 the projection

E&)= Y n& ' E—a/g), (1-10)
alqe,
where &, is a diagonal d x d matrix with positive entries (¢; : 1 < j < d) such that ¢; < e and

%nz={a/q erﬂ@d:a=(a1,...,ad)eNZ and gcd(al,...,ad,q)=landqunz}

for some family P, such that N,; € Py €N ,i/10. All details are described in Section 2. Exploiting the
ideas of [Ionescu and Wainger 2006], we prove that for every p € (1, c0) there is a constant C; , > 0
such that

IF " & ller < Cr.plog(n+2)|| f ler. (1-11)

Inequality (1-11) will be essential in our proof. Observe that (1-10) allows us to dominate (1-8) as

S TTf

n>0

=<

> F Tl maEaf)

n>0

+
op

Y Flma (=80 f)

n>0

, (1-12)
op

P

and we can employ the ideas from the circle method of Hardy and Littlewood, which are implicit in the
behaviour of the projections E,, and 1 — E,,. Namely, the second norm on the right-hand side of (1-12) is
bounded, since the multiplier m, (1 — &,,) is highly oscillatory. Thus appealing to (1-11) and a variant of
Weyl’s inequality with logarithmic decay, which has been proven in [Mirek et al. 2015], see Theorem 3.1,
we can conclude that there is a constant C, > 0 such that for each n > 0 we have

|7~ ma (1 = B )

o <Com+ D72 fller.

Now the whole difficulty lies in proving

> F N maEnf)

n>0

=Cplifller- (1-13)

P

For this purpose we construct new multipliers of the form

A= > €L E—aja) —nE L E —a/a))nE E —alq)) (1-14)

a/qeq/(ﬁ,l)l \(?/xl
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such that

EE) =) Y AL

jeZ s>0

Moreover, we will be able to show in Theorem 3.3, using Theorem 2.2, that for each p € (1, oo) there is
a constant C;, > 0 such that

o A 1/2
SOIFNALD

nez

< Cplog(s + 2| fller (1-15)
er

for any s > 0, uniformly in j € Z. Estimate (1-15) can be thought of as a discrete counterpart of the
Littlewood—Paley inequality; see Theorem 3.3. This is the key ingredient in our proof, which combined
with the robust ¢2(Z¢) estimate

o 1/2
' (Z |f1<mnAz,,sf)|2)

neZ
allows us to deduce (1-13). The last bound follows, since for each a/q € %41y \ % we have

mau(&) = G(a/q)®n( —a/q) +OQ7"?),

where G(a/q) is the Gaussian sum and &,, is a continuous counterpart of m,,; precise definitions can
s

<C27 s+ D7 £ 2, (1-16)

02

be found at the beginning of Section 3. This observation leads to (1-16), because |G(a/q)| < Cq~° and
g=>slifa/qe U541y \ U . The decay in | j| in (1-16) follows from the assumption on the support of
A,J;, s and the behaviour of ®,(¢§ —a/q); see Section 3 for more details.

The ideas of exploiting projection (1-10) were initiated in [Mirek et al. 2015] in the context of

£P (Z%)-boundedness of maximal functions corresponding to the averaging Radon operators

MEfx)=NF>" fx =Pk, (1-17)
yeNk,
where N’,‘V ={1,2, ..., N}X and the truncated singular Radon transforms
TVf) = Y fax—=PONK®Y), (1-18)
yeByn\{0}

where By = {x € Z¥ : |x| < N}. These ideas, on the one hand, resulted in a new proof for Bourgain’s maxi-
mal operators [Bourgain 1988a; 1988b; 1989]. On the other hand, they turned out to be flexible enough to
attack £7 (Z%)-boundedness of maximal functions for operators with signs like in (1-18). In fact, in [Mirek
et al. 2015] we provided some vector-valued estimates for the maximal functions associated with (1-17) and
(1-18). These estimates found applications in variational estimates for (1-17) and (1-18), which were the
subject of [Mirek et al. 2017]. Our approach falls within the scope of a general scheme which was recently
developed in [Mirek et al. 2015; 2017] and resulted in some unification in the theory of discrete analogues
in harmonic analysis. The novelty of this paper is that it provides a counterpart of the Littlewood—Paley
square function, which is useful in the problems with arithmetic flavour. Furthermore, this square function
theory is also an invaluable ingredient in the estimates of variational seminorm in [Mirek et al. 2017].
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The paper is organized as follows. In Section 2 we prove Theorem 2.2, which is essential in our
approach and guarantees (1-11). Ionescu and Wainger [2006] proved this result with (log N) loss in
norm, where D > 0 is a large power. In [Mirek et al. 2015] we provided a slightly different proof and
showed that log N is possible. Moreover log N loss is sharp for the method which we used. Since
Theorem 2.2 is a deep theorem, which uses the most sophisticated tools developed to date in the field
of discrete analogues, we have decided, for the sake of completeness, to provide necessary details. In
Section 3 we prove Theorem A. To understand more quickly the proof of Theorem A, the reader may
begin by looking at Section 3 first. These sections can be read independently, assuming the results from
Section 2.

Basic reductions. We set
degP = max{degP; : 1 < j < dp}
and define the set
F={y €Z\{0}:0 < |y| < deg P}

with the lexicographic order. Let d be the cardinality of I". Then we can identify R with the space
of all vectors whose coordinates are labelled by multi-indices y € I'. Next we introduce the canonical
polynomial mapping

Q=(9,:yel): 7" > 7,
where Q, (x) =x" and x” = x{/ b -x,’(/k. The canonical polynomial mapping Q determines anisotropic
dilations. Namely, let A be a diagonal d x d matrix such that

(Av)y = |V|vy
for any v € R? and y €T, where |y| = y; + - - - + y&. Then for every ¢ > 0 we set
14 = exp(Alogt);

ie., t4x = (t”"xy :y €I for x € RY and we see that Q(rx) = 4 Q(x).
Observe also that each P; can be expressed as

Pi(x) = Z c}’xy
yel

for some c}/ € R. Moreover, the coefficients (c}/ :y el je({l,...,dy}) define a linear transformation
L : R — R% guch that LQ = P. Indeed, it is enough to set

(Lv); = Zc}/vy

yell
for each j € {1,...,dp} and v € R%. Now instead of proving Theorem A we show the following.

Theorem B. For every p € (1, 00) there is C,, > 0 such that for all f € 2P (Z%) we have

1T fller < Cpll fllgo- (1-19)
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In view of [Stein 1993, Section 11] we can perform a lifting procedure, which allows us to replace the
underlying polynomial mapping P from (1-4) by the canonical polynomial mapping Q. Moreover, it shows
that (1-19) implies (1-4) with the same constant C,; see also [Ionescu and Wainger 2006] for more details.
Therefore, the matters are reduced to proving (1-19) for the canonical polynomial mapping. The advantage
of working with the canonical polynomial mapping Q is that it has all coefficients equal to 1, and the
uniform bound in this case is immediate. From now on for simplicity of notation we will write T = T<.

Notation. Throughout the whole article C > 0 will stand for a positive constant (possibly large constant)
whose value may change from occurrence to occurrence. If there is an absolute constant C > 0 such
that A < CB (A > CB) then we will write A < B (A 2 B). Moreover, we will write A~ B if A < B
and A 2 B hold simultaneously, and we will write A <s B (A 25 B) to indicate that the constant C > 0
depends on some § > 0. Let Ng =N U {0} and for N € N we set

Ny ={1,2,...,N}.

For a vector x € R? we will use the norms
d 172
. . 2
[tloo = max{lj|: 1< j<d} and |x|= <Z|x,~| ) :
j=1

If y is a multi-index from N’é then |y | =y1+- - -+ yk. Although, we use | - | for the length of a multi-index
y € N’é and the Euclidean norm of x € R, their meaning will be always clear from the context and it will
cause no confusions in the sequel.

2. Ionescu—-Wainger-type multipliers

For a function f € L'(R?) let F denote the Fourier transform on R¢ defined as

FFE) = / £ (r)eE d.
Rd
If fet'(Z% we set
fE =) fx)eE,

xez4
To simplify the notation, we denote by F~! the inverse Fourier transform on R¢ and the inverse Fourier
transform on the torus T¢ = [0, 1)? (Fourier coefficients). The meaning of F —1 will be always clear from
the context. Let 1 : RY — R be a smooth function such that 0 < n(x) < 1 and

( )_{1 for x| < 1/(16d),
Y710 for x| = 1/8d).

Remark 2.1. We will additionally assume that 7 is a convolution of two nonnegative smooth functions ¢
and i with compact supports contained in (—1/(8d), 1/ (8d))“.



SQUARE FUNCTION ESTIMATES FOR DISCRETE RADON TRANSFORMS 589

This section is intended to prove Theorem 2.2, which is inspired by the ideas of [lonescu and Wainger
2006]. Let p > 0 and for every N € N define

No=[N"?]+1 and Qo= (No)P?,

where D =D, = [2/p] + 1. Let Py = PN (Ng, N1, where P is the set of all prime numbers. For any
V C Py we define

nw)= J mw,
kEND
where for any k € Np

(V) ={p}"- -~ - pl*: y1€Np and p; € V are distinct for all 1 </ <k}.

In other words IT(V) is the set of all products of prime factors from V of length at most D, at powers
between 1 and D. Now we introduce the sets

Pyv={q=0-w:Q0|Qand we I(Py)U{1}}.

It is not difficult to see that every integer g € Ny can be uniquely written as ¢ = Q - w, where Q | Q¢ and
w € IT(Py) U {1}. Moreover, for sufficiently large N € N we have

g=0 w< Q0o w=< (NHhPN? < V'

thus we have Ny € Py € N, ~». Furthermore, if Ny < N, then Py, C Py,.
For a subset S € N we define

R(S)={a/qeTNQ?:ae A, and g € S},
where for each g € N
Ag={aeNi:ged(q, (@, :y €eT))=1}.
Finally, for each N € N we will consider the sets
Un = R(Pn). (2-D

It is easy to see, if N; < N; then %y, < %n,.
We will assume that © is a multiplier on R and for every p € (1, co) there is a constant A » > 0 such
that for every f € L*(RY) N LP(R?) we have

IF Y OF e < ApllfllLr- (2-2)

For each N € N we define the new periodic multiplier
AnE) = Y OE—a/g)nnE—a/q), (2-3)
a/qeUy

where ny(§) = n(EA_,lé ) and Ey is a diagonal d x d matrix with positive entries (¢, : y € I') such that
gy < ¢~N*_ The main result is the following.
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Theorem 2.2. Let ® be a multiplier on R? obeying (2-2). Then for every p > 0 and p € (1, 00) there is a
constant C,, , > 0 such that for any N € Nand f € £ (Z%) we have

IF " (Anller <Cpp(Ap+ 1D 1og N| £l (2-4)

The main constructing blocks have been gathered in the next three subsections. Theorem 2.2 is a
consequence of Theorem 2.6 and Proposition 2.7 proved below. To prove Theorem 2.2 we find some
C, > 0 and disjoint sets %, € %y such that

w= |
1<i<C,logN

and we show that A with the summation restricted to 52/]\‘, is bounded on £7(Z%) for every p € (1, 00).
In order to construct %1(,, we need a suitable partition of integers from the set I1(Py) U {1}; see also
[Ionescu and Wainger 2006].

Fundamental combinatorial lemma. We begin with the following definition.

Definition 2.3. A subset A C I1(V) has property O if there is k € Np and there are sets Sy, So, ..., Sk
with the following properties:

(i) For each 1 < j <k there is B; € N such that §; ={g; 1, ..., q;.}-
(i1) For every g; s € S; there are p; ; € V and y; € Np such that g; ; = p]y’é
(iii) For every w € A there are unique numbers g1 5, € S1, ..., ks, € Sk suchthat w =¢q15, - - - G g
(V) If (j. 5) # (j'. s') then (gj.s. gjr.e) = 1.
Now three comments are in order.
e The set A = {1} has property O corresponding to k = 0.
o If A has property O, then each subset A’ C A has property O as well.
 If a set A has property O then each element of A has the same number of prime factors k < D.
The main result is the following.

Lemma 2.4. For every p > 0 there exists a constant C,, > 0 such that for every N € N the set %y can be
written as a disjoint union of at most C,log N sets U, = R(Pjiv)’ where

Py=1{q=0Q -w:Q|Qoand we A;([Py)} (2-5)

and A;(Py) C TI(Py) U {1} has property O for each integer 1 <i < C,log N.

Proof. We have to prove that for every V C Py the set I[1(V) can be written as a disjoint union of at most

Cilog N sets with property O. Fix k e Np, let y = (y1, ..., Y&) € NkD be a multi-index and observe that
m(v)= | myv),
yeNk
where

Y Vy={pl"- - - pl*: p €V are distinct for all 1 <! <k}.
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Since there are DX possible choices of exponents 1, ..., yx € Np when k € Np, it only suffices to prove
that every HZ (V) can be partitioned into a union (not necessarily disjoint) of at most Cy log N sets with
property O.

We claim that for each k € N there is a constant C; > 0 and a family

m={m((V):1<i<Cilog|V]} (2-6)
of partitions of V such that
(i) forevery 1 <i < Cylog|V]|, each m;(V) = (Vi ..., Vki } consists of pairwise disjoint subsets of V
and V=V/U---UV];
(i1) for every E C V with at least k elements, there exists r; (V) ={ Vi, Vk"} € such that EN Vji + O

forevery 1 < j <k.

Assume for a moment we have constructed a family 7 as in (2-6). Then one sees that for a fixed y € N’;)

we have

mvy=|J nom, 2-7)

1<i<Cylog|V|
where
My, (V)={p{"- -+ - pl*: pj €V} and V] € m;(V) for each 1 < j < k}.

Indeed, the sum on the right-hand side of (2-7) is contained in H,’;(V) since each HZJ.(V) is. For the
opposite inclusion take p{‘ ceeee ka € I'IZ(V) and let £ ={py, ..., px}; then property (ii) for the family
(2-6) ensures that there is 7; (V) = {V/, ..., V,f} € m such that EN Vji # & for every 1 < j <k. Therefore,
pi'- -+ - p € I ;(V). Furthermore, we see that for each 1 <i < Cilog N, the sets IT; ;(V) have
property O.

The proof will be completed if we construct the family & as in (2-6) for the set V. We assume, for
simplicity, that V = Ny but the result is true for all V € Ny containing at least k£ elements. Now it will
be more comfortable to work with surjective mappings f : Ny +— N rather than with partitions of Ny
into k nonempty subsets. It will cause no changes to us, since every surjection f : Ny — N determines
a partition {(f~'[{m}]:1 <m <k} of Ny into k nonempty subsets.

For the proof we employ a probabilistic argument. Indeed, let f : Ny — N be a random surjective
mapping. Assume that for every n € Ny and m € N, we have P({ f (n) = m}) = 1/k independently of all
other n € Ny. For every E C Ny with k elements we have P({| f[E]| = k}) = k!/kk. It suffices to show
that for some r >~ log N and fi, ..., f- random surjections we have

P({Veeny |El =k Fic<r |fILE]l = k}) > 0.

In other words, for each E C Ny with cardinality k it is always possible to find, with a positive probability,
among at most Cy log N random surjections at least one f : Ny +— N such that | f[E]| = k. Then the
set { f~![{m}]:1 <m <k} is a partition of Ny and EN f~![{m}] # @ forevery | <m <k.



592 MARIUSZ MIREK

The task now is the determine the exact value of r >~ log N. Take now 1 <r < N independent random
surjections f1, ..., f, and observe that

k'
P({3pcny |El=k Vi AIEN <k}) < Y P(Vias IAEN<k)= Y (1—k—k)
ECNy:|E|=k ECNy:|E|=k
k
_ N 1_ﬂ ' < ﬂ e—rk!/kk _ eklog(eN/k)—rk!/k"
k Kk) =\ k '
Therefore
P((3ecny |El =k Vi< |fILE]| <k}) <1
if and only if
kk+l eN
r>——1logl — ).
k! k
Thus taking
kk—H eN
r = ’77 10g<7)—‘ + 1~ Ck IOgN,
we see that it does the job. This completes the proof of Lemma 2.4. O
Further reductions and square function estimates. Now we can write
Av= Y Ak,
1<i<C,logN
where foreach 1 <i < C,log N
Ay@E) = Y OE-—a/g)nnéE—a/q) (2-8)
a/qe”?/lf,

with 52/]\’, as in Lemma 2.4. The proof of Theorem 2.2 will be completed if we show that for every
p € (1,00) and p > 0, there is a constant C > 0 such that forany N e Nand 1 <i < C,log N we have

IF 1 AN Pller < CA, + DI fllg (2-9)

for every f € (7).
Let

A CTI(Py) U{1} (2-10)
be a set with property O; see Definition 2.3. Define
Uy =R(lg=0Q-w:Q|Qpand w e A})
and #y = R(A), and we introduce

ANE) = Y OE—a/q)nnE—a/q). -11)

a/qey



SQUARE FUNCTION ESTIMATES FOR DISCRETE RADON TRANSFORMS 593

We show that for every p € (1, 00) and p > 0, there is a constant C > 0 such that for any N > gmax{r.p'l/p
and for any set A as in (2-10) and for every f € £7 (Z%) we have

IF 1AL Pller < CA,+ DI flleo- (2-12)

For N < 8max{P.r'}/# the bound in (2-12) is obvious, since we allow the constant C > 0 to depend on p
and p. Moreover, by the duality and interpolation, it suffices to prove (2-12) for p = 2r, where r € N. If
A = A;(Py), as in Lemma 2.4, for some 1 <i < C,log N, then we see that %> = %}, and A% = A},
and consequently (2-12) implies (2-9) as desired.

The function ®(§) ny (&) is regarded as a periodic function on T9; thus

ANE) = Y OE—a/gnnE—alg)=Y, Y OE—b/Qo—ajw)nyE—b/Qo—a/w),

9 d
a/qe?/z\l,\ beNQO a/wely

where we have used the fact that if (g1, g2) = 1 then for every a € 7% there are unique aj, a € 74, such

that a1 /q1, az/q> € [0, 1) and

a al ar d
—— = —+ — (mod 7). (2-13)
q192 491 q2

Since A has property O, according to Definition 2.3 there is an integer 1 <k <2/p+ 1 and there are sets
81, ..., Sk such that for any j € Ny we have S; ={qg; 1, ..., qj,,gj} for some B; € N.
Now for each j € Ny we introduce

Ujy = {ajs/q).5 € TNnQl:se Ng; and a; s € Aq/‘.s}
and for any M ={ji, ..., jm} C Ng let
Uy = {uj1 +---+uj, € TnaQ?: uj € Uy, forany I € Nm}.
For any sequence o = (s, ..., sj,) € Ng, x---xNg, determined by the set M, let us define
Vi = {ajlvﬁ'jl [Qjrsiy T Wsjy [ D5y € T'na? “js; € A‘l.iz‘-vj, for any / € Ny, .

Note that Vy; is a subset of /), with fixed denominators Gjr,siy s Djmssin - If M = & then we have
Uy = Vi = {0}. Let

x(@E)=1x(8) and Qn(§) =0OE)nn ().

Then again by (2-13) we obtain

ANE = Y D OE—b/Qy—a/w)ny(E—b/Qy—a/w)

W d
ajwe N beNg,

=3 Y Y Mu e tta e, © = Y maE),  (2-14)

SléNgl al'sleAql,sl SkENﬂk akaGA‘Ik.xk MEZ/{Nk
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where

k
M (E) = May, Jar, 4t e €)= X @1y - hs) D QN(s—b/Qo—Zaj,s,./q,‘,s,) (2-15)

beN‘éO j=1
foru=a s /q1s + - +aks/qk.s-
From now on we will write, for every u € Uy, ,
fu@) = F omy f)(x) (2-16)
with f € £ (Z%) and r € N. Therefore,
FrarvHx =) fulx) (2-17)
MEZ/{Nk

and the proof of inequality (2-12) will follow from the theorem below.

Theorem 2.5. Suppose that p > 0 and r € N are given. Then there is a constant C,, , > 0 such that for
any N > 8%"/7 and for any set A as in (2-10) and for every f € €*" (Z%) we have

Yo hul = Corllflle (2-18)
uEUNk er
Moreover, the integer k € Np, the set Un, and consequently the sets Sy, ..., Sy are determined by the

set A as it was described above.

The estimate (2-18) will follow from Theorem 2.6 and Proposition 2.7 formulated below. Let us
introduce a suitable square function which will be useful in bounding (2-18). For any M € N; and
L ={ji,..., i} ©M and any sequence 0 = (sj,,...,5;) € Nﬁh X o0 X Nﬁjz determined by the set L,
let us define the square function Sg, y (fu 1 u € Uy,) associated with the sequence (f, : u € Uy,) of
complex-valued functions as in (2-16) by setting

2\1/2
) , (2-19)

Z Z Swrurv(X)

Sg,M(fu(x) ‘u euNk) = ( Z

wellye 'uelanr vevy
where M© = N \ M. For some s;, € {sj,,...,s;} we will write
(5 r57) 2\
IS7 p(fu:u €Un)llez. =< DS T (fux) tu € Uny) ) , (2-20)
/i SiieNﬁji
which defines some function which depends on x € Z¢ and on each s;, € {s},, ..., s;}\ {s;.}.

For the proof of (2-18) we have to exploit the fact that the Fourier transform of f, is defined as a

sum of disjointly supported smooth cut-off functions. Then appropriate subsums of » fu should be

uEZ/INk
strongly orthogonal to each other.

Theorem 2.5 will be proved as a consequence of Theorem 2.6 and Proposition 2.7 below.
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Theorem 2.6. Suppose that p > 0 and r € N are given. Then there is a constant C, , > 0 such that for
any N > 8%/ and for any set A as in (2-10) and for every f € £¥ (Z¢) we have

> fu < Cor . > ST (fu i u €U (2-21)
LlEZ/[N e MCN} O'ENﬁj ><---><Nﬁj
M={ji,..., Jm} ! "
Moreover, the integer k € Np, the set Uy, and consequently the sets S, ..., Sy are determined by the

set A as it was described above the formulation of Theorem 2.5.

Proof. Under the assumptions of Theorem 2.5, there is a constant C, > 0 such that for any M C N; and
L={j,...., i} €M and j, € M\ L and for any o = (s, ..., ) € Nﬁh X +ve X Nﬁn determined by
the set L we have

BSjn
ISE i (fu s u €Ul < Cr[I1SLGG w(fu s v €Ul o (2-22)
where o @), = (8j,, - .-, 8, 8j,) €N x -+ xNg, xNpg, is the sequence determined by the set L U{s;, }.

Moreover, the right-hand side in (2-22) can be controlled in the following way:
Bsjy
[1SE0G w1 €Uz %

EB n g r
<G Z ST ot aa e €UN o 4 CHIST agjy (fu - e €UND T (2-23)

Sin <N,

The proofs of (2-22) and (2-23) can be found in [Mirek et al. 2015]. Therefore, (2-22) combined with
(2-23) yields

Dsjy
IS Cfuru €U <Cr D ISTO aa (fu i €UND T +CIST pp ) (Fu it €UNDIITE . (2-24)

Sin €N,

Applying (2-24) recursively we obtain

> fu

MGZ/{N

||Sg Nk(fu ue uNk)”ng

02r

S > IS, € U + ISo ey (fu s u € UnII

skENﬂjk
(Sk—1,5k)

S Y IS s € U+ D IS N et i 1 €U

Skfleng,. lskENﬁfk SkEN/S/k

D IS N, et € UNDIZ + (1SN, (fu s e € Un) I,

Sk— leNﬁ/k—l

,
2
SESEED SR DD o (5 3l oy o @25)
MCNy GENﬂjIX---XNﬂjm xeZd “weldyc UEVI(\T/I

M={ji,....Jjm}

The proof of (2-21) is completed. U
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Concluding remarks and the proof of Theorem 2.5. Now Theorem 2.6 reduces the proof of inequality
(2-18) to showing the estimate

. 2 2
E E IShr.00 (fu s u €U S 11 e (2-26)
M CNg oeNg, x--xNg.
M={j,.jm} "

for any f e £2"(Z¢) which is a characteristic function of a finite set in Z% Firstly, we prove the following.

Proposition 2.7. Under the assumptions of Theorem 2.5, there exists a constant C,, , > 0 such that for
any M ={ji, ..., ju} €S Ng, any o = (sj,,...,5j,) € Nﬂ.fn X -+ X Np, = determined by the set M and
f € 02 (7% we have

1S53 (fu 11 €Ul < Cpr Ar | Sy (f“ ( > nnE —b/Qo—u)f(§)> ‘e uNk) . (2:27)
beNg, e
Proof. We assume, without of loss of generality, that N € N is large. Let B, =g, 5, - - - Gjmsipy - Q0 = eN’

and observe that according to the notation from (2-16) and (2-14), we have

Z)r
Fl( > OE-b/Qo—v—w)n(E—b/Qo—v —w)f@))(x)

UEVIUW bGNQO

=Y Z( > |f—1(®nNG(s;n,w))(th+n)|2),

IS5 01 (fu :u €U

-X(x

xezd “weldye

(X

xeZd “weldyc

D fur@)

Lo}
vevy,

v

neN‘éh xez?d “welye (2-28)
where
GEnwy =Y Y fE+b/0o+v+w)e T/ Ct0m (2-29)
VeV beNg,
We know that for each 0 < p < oo there is a constant C}, > 0 such that forany d e Nand Ay, ..., A4 € c?
we have

1/p
(/ iz b AgzalPe T dZ) =Cp(MPP+- 4 DV (2-30)
C

By Proposition 4.5 from [Mirek et al. 2015], with the sequence of multipliers Oy = ® forall N e N
and ©® as in (2-2), we have

|7~ (©nyGE; n, w)(Byx +n)|

ey < Cor A [ FTH NG (55, w)) (Byx +1) |

22 (x) (2'3 1)

since inf ¢ e;] > eV > 2e@+DN? > By, for sufficiently large N € N.
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Therefore, combining (2-31) with (2-30), we obtain

Z Z( Z |71(®HNG(S:n,w))(th+n)|2>

nEN(Iii/ xeZd “wellyce
1

2r

:CZZ:/ Z Z ]—"—1(@171\/< Z ZwG(S;n,w)>>(th+n) oI dz
e neN‘l’gh xezd welye
2r
'Sr/ > 2 f_]( > Zw’?NG(S;n,w)>(th+n) e kI 4z
o neN‘gh xezd weldye
S Z( Yo IF 1<nNG<s;n,w>><th+n>y)
neNd xezd “wellye
h
2\r
SE(Z (X X me-va-v-wio)w| ). (2-32)
xezd “weldye veVy, beNg,
This completes the proof of Proposition 2.7. 0

Now we are able to finish the proof of Theorem 2.5.

Proof of Theorem 2.5. It remains to show that there exists a constant C, , > 0 such that for any
M = {j,....jn} S Ngany o = (s, ...,5),) € Nﬁjl X -0+ X Nﬁjm determined by the set M and
f € 0% (Z%) we have

> 83’4,M(f‘1( > nN(s—b/Qo—mf(s)) :ueuNk>

O‘ENﬁjl X“.XNﬁjm bENQO

2r

<ClAfller. (233
£2r

Since there are 2* possible choices of sets M € N and k € Np, (2-26) will follow and the proof of
Theorem 2.5 will be completed. If r = 1 then Plancherel’s theorem does the job since the functions
nn(E — b/Qop — v — w) are disjointly supported for all b/Q¢ € Ng,, w € Uye, v € V}j, and 0 =

(Sjyse-es8j,) € N,gjl x -+ x Ng, . For general r > 2, since ||f||§§, = ||f||§2 because we have assumed
that f is a characteristic function of a finite set in Z¢, it suffices to prove for any x € Z¢ that
2
> f—‘( Yo D G —b/Qo—v—w)f($)>(x) <Cp.. (2-34)
weldyc veVy beNg,
In fact, since || f||¢~ = 1, it is enough to show
fl( Yooaw) Y Y anE—b/Qo—v— w)) <Cp.s (2-35)
i

weldye veVy beNg,

for any sequence of complex numbers (c(w) : w € Uye) such that

> le)=1. (2-36)

weldye
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Computing the Fourier transform we obtain

}‘1( dooaw Y N nN(s—b/Qo—v—w)(x)

weUye veVy, beNg,
= < Z a(w)e—Znix~w> .det(EN)]-'—ln(ng) . ( Z Z e—lnix-(b/Q(H-v)).
el veVy, beNg, (2-37)

The function

Z Z e~ 2mix-(b/Qo+tv) (2-38)

veVy, beNp,
can be written as a sum of 2™ functions

d ¢, _

Y i) _ [ Q1 =0 (mod 0), (2:39)
0 otherwise,

bENQ

where possible values of Q are products of Q¢ and p}i 5 OF p;f‘gl for i € N,,. Therefore, the proof of
(2-35) will be completed if we show that

H( > a(w)e—zm'QX'“)-Q"det(sN)f—ln(QsNx) <Cp.r (2-40)

weldyc

)

for any integer Q < e"” such that (Q, gj.s) =1, forall j € M and s € Ng,.
Recall that, according to Remark 2.1, in our case 1 = ¢ * i for some smooth functions ¢, ¥ supported
in (—1/(8d), 1/(8d))?. Therefore, by the Cauchy—Schwarz inequality we only need to prove that

0% det(En)' A IF 19 (QEN) 2y < Cpr (2-41)
and
Qd/2 det(SN)1/2

( 2. a(w)e—z”"Q"'W) F Y (QENx)

weldyc

<Cp,. (2-42)
£2(x)
Since (Q, gjs) =1, forall j € M and s € Ng,, we know Quw ¢ 7¢ for any w € Uy and its denominator
is bounded by N . We can assume, without of loss of generality, that Qw € [0, 1) by the periodicity
of x > e~27*0¥ Tpequality (2-41) easily follows from Plancherel’s theorem. In order to prove (2-42),
observe that by the change of variables one has

( > oe(w)e—z"”'Q“’)-f—lesNx):Q—ddet(ser Y aw)F (YR (- = Qw)) ().

welyc welyc

Therefore, Plancherel’s theorem and the last identity yield

2
Q? det(En) ( > a<w>e2”fQX'W)-f1w(QsNx>
weldye £2(x)
= Yl [ pe-gywfder 3 oot [ weve- w-wds. 43)
weUyc wi,wrEUp

w1 AW
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The first sum on the right-hand side of (2-43) is bounded in view of (2-36). The second one vanishes
since the function ¥ is supported in (—1/(8d), 1/(8d))? and |E5" (w1 — w2)|eo > eV N=2D < 1 for
sufficiently large N. The proof of Theorem 2.5 is completed. (I

3. Proof of Theorem B

To prove inequality (1-19) in Theorem B, in view of the decomposition of the kernel K into dyadic
pieces as in (1-6), it suffices to show that for every p € (1, 00) there is a constant C,, > 0 such that for all
f € eP(Z%) we have

DOTuf| < Cpllfller, (3-1)
n>0 er
where
T f(x) =Y fx—QNKa(y) (3-2)

yezk

with the kernel K, as in (1-6) for each n € Z.

Exponential sums and £*(7%) approximations. Recall that for g € N
Ag={aeN!:ged(q. (@, :y eT))=1}.
Now for ¢ € N and a € A; we define the Gaussian sums
G(a/q) = q—k Z e2ria/9)-Qy)
yeNk
Let us observe that there exists § > 0 such that
Ga/pl$q™. (3-3)

This follows from the multidimensional variant of Weyl’s inequality; see [Stein and Wainger 1999,
Proposition 3].
Let P be a polynomial in R* of degree d € N such that

P(x)= Z & x7.

yel
Given N > 1, let Qy be a convex set in R¥ such that
Qn C{x eR": |x —xo| <¢N}
for some xo € R and ¢ > 0. We define the Weyl sums

Sv= ) & m), (3-4)

HGQNﬂZk

where ¢ : R¥ — C is a continuously differentiable function which for some C > 0 satisfies

lp(x)| <C and [Ve(x)|<C+x])~" (3-5)
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In [Mirek et al. 2015] we proved Theorem 3.1, which is a refinement of the estimates for the multidimen-
sional Weyl sums Sy, where the limitations N® < ¢ < N*~¢ from [Stein and Wainger 1999, Proposition 3]
are replaced by the weaker restrictions (log N)? < ¢ < N*(log N)~# for appropriate 8. Namely:

Theorem 3.1. Assume that there is a multi-index vy such that 0 < |yy| < d and

a

1
Sm—; <=

q

for some integers a, q such that 0 <a < q and (a, q) = 1. Then for any a > 0 there is B, > 0 so that, for

any B = Bq, if

(log N)? < g < Nl (log N)™* (3-6)
then there is a constant C > 0 such that
|Swl < CN*(log N)™. (3-7)
The implied constant C is independent of N.

Let (m,, : n > 0) be a sequence of multipliers on T¢, corresponding to the operators (3-2). Then for
any finitely supported function f : Z¢ > C we see that

Tof(x) = F L m, f)(x),
where

ma (€)=Y MK, (y).
yezk
For n > 0 we set

ch(E) — /k eZm'E'Q(y)Kn(y) dy
R

Using multidimensional version of van der Corput’s lemma, see [Stein and Wainger 2001, Proposition 2.1],
we obtain
|©4(§)] S minfl, [2"48 17}, (3-8)

Moreover, if n > 1 we have
| P, (5)] = ‘%(S) — /k K (y) dy‘ <min{l, 248} (3-9)
R

The next proposition shows relations between m,, and ®,,.

Proposition 3.2. There is a constant C > 0 such that for every n € N and for every & € [%, %)d satisfying

a _
Ey e = L1 |y|LZ

q

forally € T, where 1 <q < L3 < 22 g e Ay, L1 >2"and Ly > 1 we have

ma(§) = G(a/q)Pus —a/q)| < C<L32—" +LyL327" 2(2”/L1)'V'> <CLyL327".  (3-10)
yell
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Proof. Let 0 =& —a/q. For any r € N¥, if y =r (mod ¢) then for each y € T

Syyy = gyyy + (ay/‘I)ry (mod 1);
thus
§-Q(y»)=0-9(y)+(a/q)-Q(r) (mod 1).

Therefore,

Z ZEQM K (y) = Z e2ia/q)-Q(r) Z eZniG-Q(qy-i'r)Kn(qy +7r).
yezk reNk yezk

If 22 < lgy +rl, |gy| <2" then by the mean value theorem we obtain

10-Qqy+r)—6- Q)| SIr1 Y 16, 1-2" W=D < g S LT 2" WD < 1107y 2Ly
yel yel yel

and
|Ku(qy +7) — Ka(gy)| S27"*FD L.
Thus
> TECOK, () = Gla/g)-qF Y OK, (gy) + O(Lsz—" +LaLs2™" Y (2" Lﬁﬂ)‘
yezk yezk yel

Now one can replace the sum on the right-hand side by the integral. Indeed, again by the mean value
theorem we obtain

Y YK, (y) ~ / TORUNK, (q1) di
Rk
yezk

Z / (ezm'e-Q(qy) K, (qy) — 200+ g (4(y +1)) dt)
yezk [0, D

= (’)(q_kL32_" +q *LoL327" Z(2"/L1)|V|>. O
yel

Discrete Littlewood—Paley theory. Fix j,n € Z and N € N and let £y be a diagonal d x d matrix with

positive entries (¢, : y € I') such that ¢, < e~V with p > 0 as in Section 2. Let us consider the
multipliers
Q€)= > OuE—a/g)nnE—alq) (3-11)
a/qeUn

with ny(§) = n(é';lé) and ®; ,(§) = & (2"A1ilg), where @ is a Schwartz function such that ®(0) = 0.

If %y = {0} then va" (&) can be treated as a standard Littlewood—Paley projector. Now we formulate
an abstract theorem which can be thought of as a discrete variant of Littlewood—Paley theory. Its proof
will be based on Theorem 2.2. Here we obtain a square function estimate which will be used in the proof
of inequality (3-1).



602 MARIUSZ MIREK

Theorem 3.3. For every p € (1, 00) there is a constant C), > 0 such that for all —oo < M| < M3 < o0,
j€Zand N €N and every f € £P(Z%) we have

AN V-
H( 3> |f—1<szx”f>|2> < CplogN| fller. (3-12)
Mi<n<M, e
Proof. By Khintchine’s inequality, (3-12) is equivalent to
1 V2 1/p
( / Y e F @ dr) <log NI fller- (3-13)
0 op

My<n<M,
Observe that the multiplier from (3-13) can be rewritten as
Yo ey ©= > > mE-a/g)nnE—a/q)

Mi<n<Mj alqely My<n<M,

with the functions
m, (§) = £, (1) @2"H1g).

We observe that
my (§)] S min{ 2" 78 oo, 1274 g T

The first bound follows from the mean value theorem, since

D" ) = [@ 2" ) — d(0)] < [2"4HTE| sup [VO(E)| S 12" € .
EcRd

The second bound follows since @ is a Schwartz function. Moreover, for every p € (1, o0) there is C), > 0
such that

|sup |F ' FAOI| L, < Cpll flle
nez

for every f € L? (R%). Therefore, by [Stein 1993], the multiplier

> ma®)

Mi<n<M

corresponds to a continuous singular integral; thus it defines a bounded operator on L”(R?) for all
p € (1, oo) with the bound independent of j € Z and —oco < M| < M, < co. Hence, Theorem 2.2 applies
and the multiplier

Y el

M <n=<M,
defines a bounded operator on £”(Z%) with the log N loss, and (3-13) is established. ]
Remark 3.4. If the function @ is a real-valued function then we have

o 1/2
H S F@y scplogN“( > |fn|2)
p

My=n=M; My <n<M,

(3-14)

op
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This is the dual version of inequality (3-12) for any sequence of functions (f;, : M| <n < M) such that

H( > |fn|2)1/2
Mi<n<M,

We have gathered all necessary ingredients to prove inequality (3-1).

< Q.

12

Proof of inequality (3-1). Let x > 0 and / € N be the numbers whose precise values will be adjusted later.
As in [Mirek et al. 2015], we will consider for every n € Ny the multipliers

En®)= Y @& —a/q))’ (3-15)

alqeU,
with %y as defined in Section 2. Theorem 2.2 yields, for every p € (1, 00), that
IF T En Hller Slogn+2)1 f ller- (3-16)

The implicit constant in (3-16) depends on p > 0 from Theorem 2.2. From now on we will assume that
[ € N and p > 0 are related by the equation

10pl = 1. (3-17)

Assume that f : Z¢ > C has finite support and f > 0. Observe that

Y Tuf

n>0

=<
op

> F N maBaf)

n>0

+
124

Y F ma(1-En) f)

n>0

(3-18)

o

Without of loss of generality we may assume that p > 2; the case 1 < p <2 follows by the duality then.

The estimate of the second norm in (3-18). It suffices to show that

|7~ ma(1 = E) )

|y S @+D 2 fller (3-19)

For this purpose we define for every x € Z¢ the Radon averages
Myf)=N"53" flx—Q()).
yeN@

From [Mirek et al. 2015] follows that for every p € (1, 00) there is a constant C;, > 0 such that for every
fe 27 (Z%) we have
Isup [Mn £1],» < Cpll fller (3-20)
NeN

Then for every 1 < p < 00, by (3-16) and (3-20) we obtain

|7~ ma (1 — B )

o < sup My fller + | sup My(IFH(Ea D], Slog + 211 fller (3-21)
NeN NeN

since we have a pointwise bound

I ma @) = T f ()] S Mo £ (). (3-22)
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We show that it is possible to improve estimate (3-21) for p = 2. Indeed, by Theorem 3.1 we will show
that for big enough « > 0, which will be specified later, and for all n € Ny we have

[ma ()1 = En(E)] S (417" (3-23)
By Dirichlet’s principle, we have for every y € I'
&, —ay /gy < g, 'nP27"V,

where 1 < g, < n=P2"71 In order to apply Theorem 3.1 we must show that there exists some y € I" such
that n? < qy < n=hnlvl, Suppose for a contradiction that for every y € I" we have 1 < ¢, < n?; then for
some g <lcm(q, :y €T') < nP4 we have

&, —a, /q] <nP27V,

where ged(q, gcd(a; 1y €T')) = 1. Hence, taking a’ = (aJ’, 1y €T') we have a’/q € %, provided that
d < 1. On the other hand, if 1 — E,/(§) # 0 then for every a'/q € %, there exists y € I" such that
y n
&, —a),/q| > (16d)~ 271170,
Therefore
2% < 16dn”

but this is impossible when n € N is large. Hence, there is y € I' such that n? < qy < n=P2"71 Thus by
Theorem 3.1,
Ima () S (n+ 17

provided that 1 — &, () # 0. This yields (3-23) and we obtain

|77 (1= E) )] o S (L +1)"*log(n +2)[| f |2 (3-24)
Interpolating (3-24) with (3-21) we obtain
|7 (1= ED D, S A1)~ log(n +2) fler- (3-25)

for some ¢, > 0. Choosing « > 0 and / € N appropriately large, one obtains (3-19).

The estimate of the first norm in (3-18). Note that for any & € T¢ such that

&, —a,/q| < o—nllyl=x)

forevery y e 'with 1 < ¢ < e”l/m, we have
mu (&) = G(a/q)Pu(€ —a/q) +q " Ex(£), (3-26)
where
|Exn (§)] S 272 (3-27)

Proposition 3.2, with L1 =2", L, =2%" and Ly =¢"" ", establishes (3-26) and (3-27), since for sufficiently
large n € N we have

GP1En(£)] S qPLoLs27" < (e (=0 10g2=2n710)y < 5=n/2
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provided x > O is sufficiently small. Now for every j, n € Ny we introduce the multiplier

E1E) = > n@"E—a/g) (3-28)

a/qe,
and we note that

n>0

> F Hma (B0 = 8 f 4 ma B f)

n>0

Zf—l( > mu(B-E"Hf )

n=0 —lxnl<j<n

_ 7l 2
=1l +12 (3-29)

p

We will estimate [ ; and Ip2 separately. For this purpose observe that by (3-26) and (3-27), for every
a/q € %, we have

Imu (€)1 < q7°1Pu(€ —a/q)| +q °|Ex (&)

< g (min{1, 124 —a/q)loo, 12" (5 —a/@I !} +27"72), o
where the last inequality follows from (3-8) and (3-9). Therefore by (3-30) we get
ma @) (0@ (€ —a/q))? =@ € —a/g)’| SqTP@ M2 (33D)
since n(2" XM (& —a/q)) = n@"A~MI(E —a/q). Moreover, for any integer —xn < j < n we get
|ma &) (@41 —a/@)? = n@ U6 —a/g))?)| S g7 @IV 427, (3-32)
Bounding 1 1%' It will suffice to show, for some ¢ = ¢, > 0, that
|7 ma (B = 8 F ot ma B f) | S 271 f e (3-33)

Observe that for any 1 < p < oo, by (3-22), (3-20) and (3-16) we have

|7 magl O, < | sup My(FNEEHD], S |FERD

o Slogn+2)11 fller (3-34)
and in a similar way we obtain

|7 (ma (B = 8 ) £) ], Slogm+2)11 fller (3-35)
For p =2, by Plancherel’s theorem and (3-30) we obtain

172
|7~ om, & f)||ﬁ—(f D maE P A € —a/q)* | f©) d&) S27CD | flla. (3-36)

alqe,
By (3-31) we obtain

|77 (™" = &) ) |2
1/2
( / 3 ima@®P(n@ A7 —a/g)? - n@ A1 € —ajg))?)? I £ () d&)

alqe,

27X DY o (3-37)
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Therefore, by interpolation (3-34) with (3-36) and (3-35) with (3-37) we obtain for every p € (1, co) that
|7~ (ma (B = & f - ma € F) | S 277 1 f e

which in turn implies (3-33) and Iﬁ S NS ller-

Bounding 1 ;. Define for any 0 < s < n the new multiplier
A &= Y (@*NE—a/)) —n@ U E —a/g)?)n@ KD E —a/g))
a/q€ 1\
and we observe that by the definition (3-28) we have
Bl -8 E) = Y ALL®).

0<s<n
Moreover,

n@ATIT )2 _p@UATUHDI )2 = (@ A+TT )2 ATGHDIg)2) . (@ A+U =D ) _p A+ )
Thus we see
Aj L&) = ALLE) - ATIE),
where
A@® = Y (@ TUVE —a/q) —n@ AT E —a/q)n@ T (& —a/q))

a/qe“]/(sﬂ)l \OZ/SI
and

ARE = ), (@ E—a/g)? —n@ TV E —a/q)?)n@ T E —a/q)).

a/qeglﬁ,])l \%l
Moreover, A,’, s and A Y are the multipliers which satisfy the assumptions of Theorem 3.3. Therefore,

Sr( L X apimai)

n>0 —xn<j<n 0<s<n

> > Yo FlAlLmaAlLf

n,s

r

s>0 jeZ "n>max{j,—j/x,s}
2

<> > logs ( > |f‘1(mnAzz§f)|) (3-38)

s>0 jeZ n>max{j,—j/x,s} e

In the last step we used (3-14). The task now is to show that for some ¢ =¢, > 0

RN |
’ ( S |F T maA ) ) Ss727Y fler (3-39)
op

nzmax{js _I/X »S}

This in turn will imply ll, < I f ller and the proof will be completed. We have assumed that p > 2; then for
every g € {” (Z%) such that g > 0 with = (p/2)’ > 1 we have by (3-22), the Cauchy—Schwarz inequality
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and (3-20) that

> N NF oAl HFe S 303 M

FHAPRZH]) 0% g(x)

xezd nel xezd neZ
_ i A2
= > Y M (|F AN 0g)
xezd neZ
— io A 2
= 3 Y IF T ARH® M)
xezZd neZ
o\ 22
<|(Sit@nnf) | s miel,
neZ ¢p NeN
o\ 22
S H<Z|71(Ai{,?f)| ) lgller (3-40)
neZ 124
Therefore, by Theorem 3.3 we have
o \? o\ 2
H(ZIFanAz:%f)\ ) S H(Z\f‘lm,ﬁ:?m ) S logs|l f e (3-41)
)24 op

neZ nez

We refine the estimate in (3-41) for p = 2. Indeed, define
on j(§) = (nQ"4H1E)? — @At UF Vg2 (24Xl
W, (§) = min{[2"€ |, [2"4E1 077, 1}
By Plancherel’s theorem we have

» 22 ) 1/2
> | F Al

n>max{j,—j/x,s}

02

. 1/2
=</T 2. ) Imn<5>|2en,,-<s—a/q>2|f(s>|2ds>

n>max{j,—j/x,s} a/qe% s+ D! \q/bl

< (s 4+ 1)o7l £ (3-42)

The last estimate is implied by (3-30). Namely, by (3-30) we may write

> Y Ima®enE —a/q)?
anaX{j,—j/X,S} a/qe‘/’?/(x_*_])l\ﬂ//sl
Y Y g PWaE —a/g)+ 27 @ IV 4 27 P25 AED (& —a)q))?
nzmax{j,—j/x.s} a/qe¥ ., \y\ %,
< (s+ 1)*25124]'\/(261)‘ (3-43)

The last line follows, since we have used the lower bound for ¢ > s’ if a/q € U541y \ Usi. Moreover,

D (W —a/g)+27"") S 1 and Yoo @D E—a/q) 1

n>0 Q/QE%(S_H)I \JZZSI



608 MARIUSZ MIREK

by the disjointness of the supports of the 1(2*‘A=x") (& —a/q)) whenever a/q € Us41y \ Uy . Since l € N
can be as large as we wish, interpolating (3-42) with (3-41) we obtain (3-39) and the proof of (3-1) and
consequently Theorem A is completed. (I
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