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SMALL DATA GLOBAL REGULARITY FOR HALF-WAVE MAPS

JOACHIM KRIEGER AND YANNICK SIRE

We formulate the half-wave maps problem with target S2 and prove global regularity in sufficiently high
spatial dimensions for a class of small critical data in Besov spaces.

1. The problem

Let u W RnC1! S2 ,! R3 be smooth, and assume that it converges to some p 2 S2 at spatial infinity.
Further, assume that on each fixed time slice rt;xu 2 Lp.Rn/ for some p 2 .1;1/. Denote by � the
standard vectorial product in three dimensions. We call this a half-wave map, provided it satisfies the
relation

@tuD u� .�4/
1
2u: (1-1)

Here we define the operator .�4/
1
2 via

.�4/
1
2uD�

nX
jD1

.�4/�
1
2 @j .@ju/;

a specification necessary on account of the fact that u does not vanish at infinity, but instead approaches
some p 2S2, while ru does vanish at infinity. In fact, the expression .�4/

1
2u under our current definition

is then well-defined since rt;xu.t; � / 2 Lp.Rn/ for some p 2 .1;1/, for all t .
We note that the model (1-1) appears formally related to the much-studied Schrödinger maps problem,

which can be written in the form
@tuD u�4u;

and moreover, we shall see shortly that (1-1) also appears closely related to the classical wave maps
problem with target S2. We also note that we have a formally conserved quantity

E.t/ WD

Z
Rn
j.�4/

1
4uj2 dx; (1-2)

where we let .�4/
1
4uD�

Pn
jD1.�4/

� 3
4 @j .@ju/. Such kinds of quantities have been considered in

the works of Da Lio and Rivière in the study of fractional harmonic maps; see for instance [Da Lio and
Rivière 2011a; 2011b; Da Lio 2013]. We also note that on account of the results on fractional harmonic
maps previously mentioned, this model moreover displays a very rich class of static solutions; see also
[Millot and Sire 2015].
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On the other hand, (1-1) scales just like wave maps, which means that in all dimensions n � 2 the
problem (1-1) is formally supercritical.

We formulated the model (1-1) as a nonlocal wave analogue to Schrödinger maps in 2014, but have
since learned from E. Lenzmann1 that it already exists in the physics literature. We learned from
Lenzmann that the half-wave map equation arises as the continuum version of the so-called integrable
spin Calogero–Moser systems, which in turn comes from the completely integrable quantum spin systems
called Haldane–Shastry systems.2 Recent work by Schikorra and Lenzmann [2017] completely classifies
the travelling wave solutions for this model in the critical case nD 1.

In the present note, our goal is to approach the issue of global solutions corresponding to small data,
attempting to parallel the developments in [Tataru 1998; Tao 2001a]. We will see that (1-1) can be
reformulated as a nonlinear wave-type equation of the schematic form

�uD F.u/rt;xu � rt;xu; (1-3)

although this is an oversimplification as the true underlying wave equation displays nonlocal expressions.
It has been known now for a while, see [Sterbenz 2004], that (1-3) admits global solutions corresponding
to initial data of small critical, i.e., scaling invariant, Besov PB

n
2
;1

2 norms, provided one restricts oneself
to spatial dimensions n � 6, and that passing to lower dimensions appears to require some sort of
null-structure. Here, we show that (1-1) does have enough of an intrinsic null-structure to allow for the
following.

Theorem 1.1. Let n� 5. Let

uŒ0�D .u.0; � /; ut .0; � //D .u0; u1/ W R
n
! S2 �TS2

be a smooth data pair with u1D u0� .�4/
1
2u0, and such that u0 is constant outside of a compact subset

of Rn (this condition in particular ensures that .�4/
1
2u0 is well-defined). Also, assume the smallness

condition

kuŒ0�k PBn=2;12 � PB
n=2�1;1
2

< �;

where �� 1 is sufficiently small. Then problem (1-1) admits a global smooth solution.

To prove this theorem, we shall have to reformulate (1-1) as a wave equation, which we do next.

Remark 1.2. We note that the restriction n � 5 comes from the fact that we use the L2tL
4
x-Strichartz

estimate, which is not available in spatial dimension n D 4. However, it is quite likely that this can
be circumvented, and that the structures exhibited in this paper suffice to push the result to n D 4.
However, both the issue of passing to the critical space PH

n
2, as well as going to lower spatial dimensions

n� 3, appear nontrivial, as there are novel trilinear terms which no longer seem to have the same strong
null-structure as the leading term coming from the wave maps equation.

1The name of half-wave map was suggested by Lenzmann.
2Lenzmann provided us with the references [Haldane 1988; Shastry 1988; Hikami and Wadati 1993; Blom and Langmann

1998] and we refer to his work for an account on the passage from the physics to the mathematical model.
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2. Passage to a wave equation

Departing from (1-1), we compute

@2t uD @tu� .�4/
1
2uCu� .�4/

1
2 @tu

D .u� .�4/
1
2u/� .�4/

1
2uCu� .�4/

1
2 .u� .�4/

1
2u/:

Then using the basic formula a� .b � c/D b.a � c/� c.a � b/, a; b; c 2 R3, we rewrite the first term on
the right as

.u� .�4/
1
2u/� .�4/

1
2uD�u..�4/

1
2u � .�4/

1
2u/C .�4/

1
2u.u � .�4/

1
2u/:

For the second term on the right above, introducing a commutator term, we write it in the form

u� .�4/
1
2 .u� .�4/

1
2u/D u� .�4/

1
2 .u� .�4/

1
2u/�u� .u� .�4/u/Cu� .u� .�4/u/

D u� .�4/
1
2 .u� .�4/

1
2u/�u� .u� .�4/u/Cu.u � .�4/u/C4u:

Using the fact that u �uD 1, whence

u � 4uCru � ruD 0;

we arrive at the equation

.@2t �4/uD�u..�4/
1
2u � .�4/

1
2u/C .�4/

1
2u.u � .�4/

1
2u/Cu� .�4/

1
2 .u� .�4/

1
2u/

�u� .u� .�4/u/Cu.ru � ru/:

Carefully note that ru here only involves the spatial derivatives. In order to make this appear closer to
the wave maps equation and introduce better null-structure, we have to also make the time derivatives
visible on the right-hand side, for which the first line on the right-hand side is pivotal. In fact, we get�

�u..�4/
1
2u � .�4/

1
2u/C .�4/

1
2u.u � .�4/

1
2u/

�
�uD�

ˇ̌
u� .�4/

1
2u
ˇ̌2
D�j@tuj

2;

and so the equation becomes

.@2t �4/uD u.ru � ru� @tu � @tu/C…u?..�4/
1
2u/.u � .�4/

1
2u/

Cu� .�4/
1
2 .u� .�4/

1
2u/�u� .u� .�4/u/; (2-1)

where …u? denotes projection onto the orthogonal complement of u. Thus we see that formally the
nonlinearity involves the precise wave maps source term, as well as two error terms, which formally
behave like

uru � ru:

3. Technical preliminaries

Our main tools shall be the classical Strichartz estimates, combined with some Xs;b-space technology.
Specifically, we let Pk , k 2 Z, be standard Littlewood–Paley multipliers on Rn (acting on the spatial vari-
ables), and furthermore, we denote byQj , j 2Z, multipliers which localise a space-time function F.t; x/
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to dyadic distance � 2j from the light cone j� j D j�j on the Fourier side. Specifically, letting zF .�; �/
denote the space time Fourier transform of F, while Of .�/ denotes the Fourier transform with respect to
the spatial variables, and letting � 2 C10 .RC/ be a smooth cutoff satisfyingX

k2Z

�

�
x

2k

�
D 1 for all x 2 RC;

we set

bPkf .�/D �
�
j�j

2k

�
Of .�/; AQjF D �

�ˇ̌
j� j � j�j

ˇ̌
2j

�
zF .�; �/:

Using these ingredients one can then define the norms

kuk PXn=2;1=2;1 WD sup
j2Z

2
j
2 kr

n
2
x QjukL2t;x

; kF k PXn=2�1;�1=2;1 WD
X
j2Z

2�
j
2 kr

n
2
�1

x QjF kL2t;x
:

In addition to these, we rely on the classical Strichartz norms, which are the mixed-type Lebesgue norms
k � kLpt L

q
x

, 1
p
C

n�1
2q
�

n�1
4

, p � 2, where we shall always restrict to n � 5. Call such pairs .p; q/
admissible.

We shall freely use the fact that Fourier localisers of the form PkQj act in bounded fashion on spaces
of the form L

p
t L

2
x , 1�p�1; see e.g., [Tao 2001b]. We can now define a norm controlling our solutions

as follows:

kukS WD
X
k2Z

sup
.p;q/ admissible

2.
1
p
Cn
q
�1/k
krt;xPkukLpt L

q
x
Ckrt;xPkuk PXn=2�1;1=2;1 DW

X
k2Z

kPkukSk :

(3-1)
We also introduce

kF kN WD
X
k2Z

kPkF kL1t PHn=2�1C PXn=2�1;�1=2;1
; (3-2)

as well as the norms

kuk PBr;12
WD

X
k2Z

kPkuk PH r :

Then the following inequality is by now completely standard; see e.g., [Krieger 2008; Tao 2001a;
Tataru 1998]:

Proposition 3.1. kukS . kuŒ0�k PBn=2;12 � PB
n=2�1;1
2

Ck�ukN : (3-3)

Sketch of proof. The fact thatX
k2Z

sup
.p;q/ admissible

2.
1
p
Cn
q
�1/k
krt;xPkukLpt L

q
x
.
X
k2Z

�
kPkuŒ0�k PHn=2� PHn=2�1 Ck�PkukL1t PHn=2�1

�
is a direct consequence of the Strichartz estimates; see, e.g., [Shatah and Struwe 1998]. The fact that

krt;xPkuk PXn=2�1;1=2;1 . k�PkukL1t PHn=2�1
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follows by localising the modulation and applying Holder’s inequality: setting k D 0, as we may by
scaling invariance,

2
j
2 krt;xP0QjukL2t;x

� 2
j
2 .1C 2j /



�.j�j/bQju.t; �/

L2tL2�
. 2j .1C 2j /



�.j�j/bQju.t; �/

L2
�
L1t
. k�P0QjukL1tL2x :

Furthermore, the fact that

sup
.p;q/ admissible

2.
1
p
Cn
q
�1/k
krt;xPkQjukLpt L

q
x
. k�PkQjuk PXn=2�1;�1=2;1 (3-4)

is a consequence of the fact that the function PkQju may be represented as a weighted average of free
waves, in conjunction with the standard Strichartz estimates: putting k D 0 as we may, write

BP0Qju.�; �/D �.j�j/�
�ˇ̌
j� j � j�j

ˇ̌
2j

�
Qu.�; �/

D �.j�j/
X
˙;˙

Z
�

�̇
a

2j

�
Qu.j�jC a; �/ı.˙� � j�j � a/ da

D �.j�j/
X
˙;˙

Z
a�˙2j

D
e˙itau˙;˙a .�; �/ da:

Here each u˙;˙a is a free wave and we have

X
˙;˙

Z
a�˙2j

ku˙;˙a kL1t L
2
x
da . 2

j
2

X
˙;˙

�Z
a�˙2j

ku˙;˙a k
2
L1t L

2
x
da

�1
2

. 2
j
2 kP0QjukL2t;x

;

where we have used Plancherel’s theorem in the last step. This gives the case j � k in (3-4) as a direct
consequence of the Strichartz estimates, while the case j � k follows directly from Bernstein’s inequality.

The fact that

krt;xPkuk PXn=2�1;1=2;1 . k�Pkuk PXn=2�1;�1=2;1

is immediate. This concludes our sketch of the proof of the proposition. �

In order to deal with the nonlocal expressions such as .�4/
1
2 .u� .�4/

1
2u/, the following simple

lemma shall be useful:

Lemma 3.2. Consider the bilinear expression (where �kj . � / smoothly localises to the annulus j�j � 2kj )

F.u; v/.x/ WD

Z
Rn

Z
Rn
m.�; �/ eix�.�C�/�k1.�/ Ou.�/ �k2.�/ Ov.�/ d� d�

where the multiplier m.�; �/ is C1 with respect to the coordinates on the support of �k1.�/ ��k2.�/, and
satisfies the pointwise bounds

jm.�; �/j � 
 . 1;
ˇ̌
.2k1r�/

i .2k2r�/
jm.�; �/

ˇ̌
.i;j 1 for all i; j:
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Then if k � kZ , k � kY , k � kX are translation invariant norms with the property that

ku � vkZ � kukX � kvkY ;

then it follows that
kF.u; v/kZ . 
 .1�/kPk1ukX kPk2vkY ;

where the implied constant only depends on the size of finitely many derivatives of m.

Proof. This follows by Fourier expansion of the multiplier m.�; �/: write

m.�; �/ �k1.�/ �k2.�/D
X
m2Zn

X
p2Zn

amp e
i.2�k1m��C2�k2p��/;

where we have

jam1m2 j � .2
�k1 jmjC 2�k2 jpj/�Mn



rMn
�;�

�
m.�; �/�k1.�/�k2

�


L1
�;�

.M;n ŒjmjC jpj��Mn;

while we also get the trivial bound jam1m2 j � 
 . It follows that

F.u; v/.x/D
X

m;p2Zn

jmjCjpj<
�1=.nM/

amp

Z
Rn

Z
Rn
Ou.�/ Ov.�/ ei.Œ2

�k1mCx���CŒ2�k2pCx���/ d� d�

C

X
m;p2Zn

jmjCjpj�
�1=.nM/

amp

Z
Rn

Z
Rn
Ou.�/ Ov.�/ ei.Œ2

�k1mCx���CŒ2�k2pCx���/ d� d�

and so

kF.u; v/kZ . kukX kvkY
� X

m;p2Zn

jmjCjpj<
�1=.nM/


 C
X

m;p2Zn

jmjCjpj�
�1=.nM/

.jmjC jpj/�Mn

�
. kukX kvkY 
1�

1
M :

Here the constant M may be chosen arbitrarily large (with implied constant depending on M ). �

4. Multilinear estimates

Here we gather the multilinear estimates which allow us to obtain a solution for (2-1) by means of a
suitable iteration scheme:

Proposition 4.1. Assume that u takes values in S2 and converges to p 2 S2 at spatial infinity. Then using
the norms k � kS , k � kN introduced in the previous section, we have the bounds

Pk�u.ru � ru� @tu � @tu/�

N . .1CkukS /kukS�X

k12Z

2�� jk�k1jkPk1ukSk1

�
: (4-1)

Furthermore, if Qu maps into a small neighbourhood of S2 and k QukS . 1, we have the similar bound

Pk�… Qu?..�4/ 12u/.u � .�4/ 12u/�

N . Y
vDu; Qu

.1CkvkS /kukS

�X
k12Z

2�� jk�k1jkPk1ukSk1

�
; (4-2)



SMALL DATA GLOBAL REGULARITY FOR HALF-WAVE MAPS 667

as well as

Pk�… Qu?�u� .�4/ 12 .u� .�4/ 12u/�u� .u� .�4/u/��

N
.

Y
vDu; Qu

.1CkvkS /kukS

�X
k12Z

2�� jk�k1jkPk1ukSk1

�
: (4-3)

We also have corresponding difference estimates: assuming that u.j /, j D 1; 2, map into S2, while Qu.j /

map into a small neighbourhood of S2, then using the notation

41;2F
.j /
D F .1/�F .2/

we have

41;2Pk�u.j /.ru.j / � ru.j /� @tu.j / � @tu.j //�

N
.
�
1Cmax

j
ku.j /kS

��
max
j
ku.j /kS

��X
k12Z

2�� jk�k1jkPk1u
.1/
�Pku

.2/
kSk1

�
C
�
1Cmax

j
ku.j /kS

��
ku.1/�u.2/kS

��
max
j

X
k12Z

2�� jk�k1jkPk1u
.j /
kSk1

�
; (4-4)

and similarly

Pk41;2�… Qu.j/
?

..�4/
1
2u.j //.u.j / � .�4/

1
2u.j //

�


N

.max
j

Y
vDu.j/; Qu.j/

.1CkvkS /ku
.j /
kS

�X
k12Z

2�� jk�k1jkPk1u
.1/
�Pk2u

.2/
kSk1

�

Cmax
j

Y
vDu.j/; Qu.j/

.1CkvkS /ku
.1/
�u.2/kS

�
max
j

X
k12Z

2�� jk�k1jkPk1u
.j /
kSk1

�

Cmax
j
.1Cku.j /kS /k Qu

.1/
� Qu.2/kS

�
max
j

X
k12Z

2�� jk�k1jkPk1u
.j /
kSk1

�
: (4-5)

The analogous difference estimate for (4-3) is similar. In fact, in all these estimates the choice � D 1
works.

Proof. We shall only deal in detail with the case nD 5, since the case n� 6 is simpler due to the better
decay with respect to large frequencies. Also, we note that then the desired estimates follow for a slightly
different functional framework from [Sterbenz 2004]. We observe that the proof of (4-1) is really quite
standard and follows for example from [Tataru 1998]. For completeness’s sake, we include a simple
version here.

Before giving the proof, we note that the Xs;b-type components of our spaces are only used to prove
(4-1), and not (4-2), (4-3). The key fact behind the proof of (4-1) is the identity

2Œut � vt �rxu � rxv�D�.uv/��uv�u�vI

see for example [Krieger 2008] for further discussion and earlier references.
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On the other hand, the estimates (4-2), (4-3) only use Strichartz norms; there the idea is to move a
derivative from a high- to a low-frequency factor, using algebraic relations such as

a� .b � c/D b.a � c/� c.a � b/; a; b; c 2 R3:

Proof of (4-1) To achieve it, we localise the second and third factors to frequencies� 2k1 ; 2k2, respectively,
and we shall restrict the output logarithmic frequency k to size 0. This is possible on account of the
scaling invariance of the estimate. We shall obtain exponential gains in terms of these frequencies in
certain cases, and summation over all allowed frequencies will result in the desired bound (4-1).

(1) High-high interactions maxfk1; k2g> 10. This is schematically written as

P0Œurt;xuk1rt;xuk2 �:

Then if k1 D k2CO.1/, we estimate this by

P0Œurt;xuk1rt;xuk2 �

L1tL2x . krt;xuk1kL2tL4x krt;xuk2kL2tL4x . 2� 32k1 Y
jD1;2

kukj kSkj
:

If k2 > k1C 10, say then we estimate it by

P0Œurt;xuk1rt;xuk2 �

L1tL2x D 

P0ŒPk2CO.1/urt;xuk1rt;xuk2 �

L1tL2x
. kPk2CO.1/ukL2tL4x krt;xuk2kL2tL4x krt;xuk1kL1t L2xCL1t;x
. 2�

5
2
k2kuk2kSk2 kuk2CO.1/kSk2CO.1/ kuk1kSk1 :

The case k1 > k2C 10 is of course the same. Summation over the suitable ranges of k1, k2 implies (4-1)
in this case with � D 3

2
.

(2) High-low interactions maxfk1; k2g < �10. Here one places rt;xukj , j D 1; 2, into L2tL
1
x and

uD PO.1/u into L1t L
2
x .

(3) Low-high interactions maxfk1; k2g 2 Œ�10; 10�. This is the most delicate case. We may assume that
k1 < k2� 10, since else we argue as in (1). Thus k2 2 Œ�10; 10�. Note that then

P0Œu�k1�10 rt;xuk1rt;xuk2 �

L1tL2x . ku�k1�10kL2tL1x krt;xuk1kL2tL1x krt;xuk2kL1t L2x

. kukS kuk2kSk2 kuk1kSk1 ;

which can be summed over k1 < k2� 10. One similarly estimates

P0ŒQ�k1�10 u<k1�10rt;xuk1rt;xuk2 �:

We have now reduced to estimating

P0ŒQ<k1�10 u<k1�10 @˛uk1 @
˛uk2 �:

Here note that

P0�Q<k1�10 u<k1�10 @˛uk1 @˛Q>k1�10 uk2�

L1tL2x . k@˛uk1kL2tL1x k@˛Q>k1�10 uk2kL2t;x
. kuk1kSk1 kuk2kSk2 ;
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again summable over k1 < k2� 10. Also, we get

P0�Q<k1�10 u<k1�10 @˛Q�k1C10uk1 @˛Q<k1�10 uk2�

X n
2
�1;� 1

2
;1

.
X

j�k1C10

2�
j
2 kQjrt;x ; uk1kL2tL

1
x
k@˛Q<k1�10 uk2kL1t L

2
x
. kuk1kSk1 kuk2kSk2 ;

and hence it is summable over k1 <k2�10. Finally, we expand the expression out using its null-structure:

2P0ŒQ<k1�10 u<k1�10 @˛Q<k1C10 uk1 @
˛Q<k1�10 uk2 �

D P0
�
Q<k1�10 u<k1�10�.Q<k1C10 uk1Q<k1�10 uk2/

�
�P0

�
Q<k1�10 u<k1�10�Q<k1C10 uk1Q<k1�10 uk2

�
�P0

�
Q<k1�10 u<k1�10Q<k1C10 uk1 �Q<k1�10 uk2

�
:

Then we bound each of these:

P0
�
Q<k1�10 u<k1�10�.Q<k1C10 uk1Q<k1�10 uk2/

�
D�P0

�
Q<k1�10 u<k1�10.Q<k1C10 uk1Q<k1�10 uk2/

�
�P0

�
rt;xQ<k1�10 u<k1�10rt;x.Q<k1C10 uk1Q<k1�10 uk2/

�
�P0

�
r
2
t;xQ<k1�10 u<k1�10.Q<k1C10 uk1Q<k1�10 uk2/

�
:

The last two terms on the right can be easily placed intoL1tL
2
x using theL2tL

1
x norm for the low-frequency

factors, while for the first term on the right, we get

�P0�Q<k1�10 u<k1�10.Q<k1C10 uk1Q<k1�10 uk2/�

X n
2
�1;� 1

2
;1

.
X

j<k1C20

2
j
2



P0Qj �Q<k1�10 u<k1�10.Q<k1C10 uk1Q<k1�10 uk2/�

L2t;x
. 2

k1
2 kQ<k1C10 uk1kL2tL

1
x
kQ<k1�10 uk2kL1t L

2
x

. kuk1kSk1 kuk2kSk2 :
Further, we get

P0�Q<k1�10 u<k1�10�Q<k1C10 uk1Q<k1�10 uk2�

L1tL2x

. k�Q<k1C10 uk1kL2tL4x kQ<k1�10 uk2kL2tL4x

. 2
k1
4 kuk1kSk1 kuk2kSk2 :

To close things, we also get

P0�Q<k1�10 u<k1�10Q<k1C10 uk1 �Q<k1�10 uk2�

L1tL2x
. kQ<k1C10 uk1kL2tL1x k�Q<k1�10 uk2kL2t;x
. kuk1kSk1 kuk2kSk2

and the desired bound follows again by summing over k1 < k2� 10.
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Proof of (4-2) Here we shall be able to get by only using Strichartz-type norms, by taking advantage of
the condition u �uD 1. Using the standard Littlewood–Paley trichotomy, we have

0D u �u�p �p D
X

jk1�k2j�10

uk1uk2 C 2
X
k1

uk1 �u<k1�10: (4-6)

This implies

0D
X

jk1�k2j<10

.�4/
1
2 .uk1uk2/C 2

X
k1

.�4/
1
2 .uk1 �u<k1�10/: (4-7)

Here the first term is better, since the outer derivative falls on the low-frequency output. We shall use this
to replace the second term on the right by the first. Write

… Qu?..�4/
1
2u/.u � .�4/

1
2u/D

X
jk1�k2j�10

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2uk2/

C

X
k1

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

C

X
k2

… Qu?..�4/
1
2u/.u<k2�10 � .�4/

1
2uk2/: (4-8)

Then for the first term on the right we infer



P0� X
jk1�k2j�10

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2uk2/

�




L1tL

2
x

.
X

jk1�k2j�10
k1<�20



PŒ�20;20�.… Qu?..�4/ 12u//

L1t L2x kuk1kL2tL1x k.�4/ 12uk2kL2tL1x
C

X
jk1�k2j�10
k1��20

k… Qu?..�4/
1
2u/kL1t L

2
xCL

1
t;x
kuk1kL2tL

4
x
k.�4/

1
2uk2kL2tL

4
x
:

Then using a further elementary frequency decomposition it is easy to see (see the Appendix) that

PŒ�20;20�.… Qu?..�4/ 12u//

L1t L2x .X
k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /;

k.… Qu?..�4/
1
2u//kL1t L

2
xCL

1
t;x
.
X
k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /;

and so we obtain thatX
jk1�k2j�10
k1<�20



PŒ�20;20�.… Qu?..�4/ 12u//

L1t L2x kuk1kL2tL1x k.�4/ 12uk2kL2tL1x
.

X
jk1�k2j�10
k1<�20

2
k2�k1
2

Y
jD1;2

kPkjukSkj

�X
k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /

�

.
�X
k32Z

2�jk3jkPk3ukSk3

�
kuk2S .1Ck QukS /;
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as well asX
jk1�k2j�10
k1��20



… Qu?..�4/ 12u/

L1t L2xCL1t;x kuk1kL2tL4x k.�4/ 12uk2kL2tL4x
.
� X
jk1�k2j�10
k1��20

2�
5
2
k1 kuk1kSk1 kuk2kSk2

� X
k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /

.
�X
k32Z

2�jk3jkPk3ukSk3

�
kuk2S .1Ck QukS /:

This concludes the required bound for the first term on the right-hand side of (4-8).
Now we pass to the second term. We write it as a sum of three terms:X
k1

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/D

X
k1�5

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

C

X
k12Œ�5;5�

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

C

X
k1<�5

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/:

Then we get



P0� X
k1�5

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

�




L1tL

2
x

.
X
k1�5



PŒk1�5;k1C5�.… Qu?..�4/ 12u//

L1t L2x kuk1kL2tL1x k.�4/ 12u<k1�10kL2tL1x
.

X
k1�5; k2<k1�10

X
k3

2�
3
2
jk3j kPk3ukSk3 .1Ck QukS / kuk1kSk1 kuk2kSk2

.
�X
k3

2�
3
2
jk3jkPk3ukSk3

�
.1Ck QukS / kuk

2
S :

Similarly, for the term of intermediate k1, we have



P0� X
k12Œ�5;5�

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

�




L1tL

2
x

.
X

k12Œ�5;5�



P<10… Qu?..�4/ 12u/

L2tL1x kuk1kSk1 k.�4/ 12u<k1�10kL2tL1x ;
and one closes by observing (see the Appendix for the first bound) that

P<10… Qu?..�4/ 12u/

L2tL1x . .k QukS C 1/ kukS ; k.�4/ 12u<k1�10kL2tL1x . kukS :
Finally, for the range of low k1 < �5, we place both uk1 and .�4/

1
2u<k1�10 into L2tL

1
x and observe

that
kuk1kL2tL

1
x
k.�4/

1
2u<k1�10kL2tL

1
x
. kuk1kSk1kukS :
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Then we close by using that

P0

� X
k1<�5

… Qu?..�4/
1
2u/.uk1 � .�4/

1
2u<k1�10/

�

D P0

� X
k1<�5

PŒ�2;2�.… Qu?..�4/
1
2u//.uk1 � .�4/

1
2u<k1�10/

�
;

as well as 

PŒ�2;2�.… Qu?..�4/ 12u//

L1t L2x . .1Ck QukS /
�X
k3

2�
3
2
jk3jkPk3ukSk3

�
:

This concludes the required bound for the second term on the right in (4-8).
Finally, the third term in (4-8) is the most delicate, as the derivative .�4/

1
2 lands on the higher-

frequency term uk2 . To deal with it, we note, using Lemma 3.2, that the differenceX
k2

… Qu?..�4/
1
2u/.u<k2�10 � .�4/

1
2uk2/�

X
k2

… Qu?..�4/
1
2u/.�4/

1
2 .u<k2�10 �uk2/

can be estimated like the second term on the right in (4-8), and hence it suffices to boundX
k2

… Qu?..�4/
1
2u/.�4/

1
2 .u<k2�10 �uk2/D�

X
jk3�k4j<10

1
2
… Qu?..�4/

1
2u/.�4/

1
2 .uk3 �uk4/;

where we have used (4-6). This term is again straightforward to estimate: we have



P0� X
jk3�k4j<10
k3<�20

1
2
… Qu?..�4/

1
2u/.�4/

1
2 .uk3 �uk4/

�




L1tL

2
x

.
X

jk3�k4j<10
k3<�20



PŒ�10;10�Œ… Qu?..�4/ 12u/�

L1t L2x k.�4/ 12 .uk3 �uk4/kL1tL1x ;
and we close for the case k3 < �20 by observing thatX

jk3�k4j<10
k3<�20

k.�4/
1
2 .uk3 �uk4/kL1tL

1
x
.

X
jk3�k4j<10
k3<�20

2k3kuk3kL2tL
1
x
kuk4kL2tL

1
x
. kuk2S ;

as well as 

PŒ�10;10�Œ… Qu?..�4/ 12u/�

L1t L2x . .1Ck QukS /X
k3

2�
3
2
jk3jkPk3ukSk3 :

On the other hand, if k3 > �20, we place both uk3;4 into L2tL
4
x . We omit the simple details. This finally

concludes the bound of estimate (4-2).

Proof of (4-3) We commence by observing that we may in fact get rid of the outer operator … Qu? , since
one easily checks that

kP0Œ… Qu?F �kL1tL
2
x
. .1Ck QukS /

X
k1

2�jk1jkPk1F kL1t PHn=2�1 :
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Then assuming that we have proved the bound

kPk1F kL1t PHn=2�1 .
X
k2

2�� jk1�k2jkPk2ukSk2

for some � > 1, we then infer the bound

kP0Œ… Qu?F �kL1tL
2
x
. .1Ck QukS /

X
k2

2�jk2jkPk2ukSk2 :

Next, localising the last two factors to dyadic frequencies, and the output to frequency � 1 as we may,
we arrive at the expression

P0
�
u� .�4/

1
2 .uk1 � .�4/

1
2uk2/�u� .uk1 � .�4/uk2/

�
:

Then we first dispose of the easy cases:

Both frequencies large: maxfk1; k2g > 10. If k1 D k2CO.1/, we simply place both high-frequency
factors into L2tL

4
x , resulting in

P0�u� .�4/ 12 .uk1 � .�4/ 12uk2/�u� .uk1 � .�4/uk2/�

L1tL2x . 22k1kPk1ukL2tL4x kuk2kL2tL4x

. 22k1�.1C
5
2
/k1

Y
jD1;2

kukj kSkj
;

whence we have



 X
k1Dk2CO.1/>10

P0
�
u� .�4/

1
2 .uk1 � .�4/

1
2uk2/�u� .uk1 � .�4/uk2/

�




L1tL

2
x

.
X

k1Dk2CO.1/>10

2�
3
2
jk1j

Y
jD1;2

kukj kSkj
.
�X
k1

2�
3
2
jk1jkPk1ukSk1

�
kukS :

On the other hand, if k2� k1, we use

P0
�
u� .�4/

1
2 .uk1 � .�4/

1
2uk2/�u� .uk1 � .�4/uk2/

�
D P0

�
Pk2CO.1/u� .�4/

1
2 .uk1 � .�4/

1
2uk2/�Pk2CO.1/u� .uk1 � .�4/uk2/

�
:

Then place the first and third factors into L2tL
4
x and the middle factor into L1t L

2
x CL

1
t;x . The case

k2� k1 is similar.

Both frequencies small: maxfk1; k2g < �10. Here we observe that Lemma 3.2 allows us to place one
derivative .�4/

1
2 onto the factor uk1 , even if k1 < k2� 10. Thus we reduce to bounding the schematic

expression
P0ŒPŒ�5;5�urxuk1rxuk2 �;

which is straightforward since we can place the second and third factors into L2tL
1
x . We omit the simple

details.

One frequency intermediate, the other small: maxfk1; k2g 2 Œ�10; 10�. This case is a bit more difficult,
and we shall exploit the geometric structure of the expression. We split this further into two cases:
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(i) k1 2 Œ�10; 10�; k2 < 10. Here the difference structure inherent in the term is not helpful. In fact, we
can immediately estimate

P0Œu� .uk1 � .�4/uk2/�

L1tL2x . kuk1kL2tL4x k.�4/uk2kL2tL4x

. 2
k2
4 kuk2kSk2 kuk1kSk1 ;

and here of course we can sum over k2 < 10 to infer the desired bound. Next, using Lemma 3.2 allows
us to replace the term

P0
�
u� .�4/

1
2 .uk1 � .�4/

1
2uk2/

�
by

P0
�
u� ..�4/

1
2uk1 � .�4/

1
2uk2/

�
up to a term which is estimated like P0Œu� .uk1 � .�4/uk2/�. Before exploiting the algebraic structure
of the term above, we reduce the first factor u to frequency < 2k2�10, which we can on account of

P0�u�k2�10 � ..�4/ 12uk1 � .�4/ 12uk2/�

L1tL2x

. ku�k2�10kL2tL1x k.�4/
1
2uk1kL1t L

2
x
k.�4/

1
2uk2kL2tL

1
x

. kuk1kSk1 kuk2kSk2 kukS :

Summing over k2 < 10 and recalling that k1 2 Œ�10; 10� leads to the desired bound.
Consider now the expression

P0
�
u<k2�10 � ..�4/

1
2uk1 � .�4/

1
2uk2/

�
:

Write this as

P0
�
u<k2�10 � ..�4/

1
2uk1 � .�4/

1
2uk2/

�
D P0

�
.�4/

1
2uk1.u<k2�10 � .�4/

1
2uk2/� .�4/

1
2uk2.u<k2�10 � .�4/

1
2uk1/

�
:

In order to estimate this, we use a frequency-localised version of (4-6). Specifically, we have

0D 2uk �u<k�10C
X

k1Dk2CO.1/

Pk.uk1 �uk2/C 2
�kL.uk;rxu<k�10/; (4-9)

where L is a bilinear operator of the form used in Lemma 3.2 with a bounded kernelm.�; �/. We conclude
the schematic relation

.�4/
1
2uk �u<k�10 D�

1
2
.�4/

1
2

X
k1Dk2CO.1/

Pk.uk1 �uk2/CL.uk;rxu<k�10/:

It follows that we can write

P0
�
.�4/

1
2uk1.u<k2�10 � .�4/

1
2uk2/

�
D�

1
2
P0

�
.�4/

1
2uk1

X
k3Dk4CO.1/

.�4/
1
2Pk2.uk3 �uk4/

�
CP0

�
.�4/

1
2uk1L.uk2 ;rxu<k2�10/

�
;
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and here we have (keeping in mind that k1 2 Œ�10; 10�)



P0�.�4/ 12uk1 X
k3Dk4CO.1/

.�4/
1
2Pk2.uk3 �uk4/

�




L1tL

2
x

. 2k2
X

k3Dk4CO.1/�k2

k.�4/
1
2uk1kL1t L

2
x
kuk3kL2tL

1
x
kuk4kL2tL

1
x

. k.�4/
1
2uk1kL1t L

2
x

X
k3Dk4CO.1/�k2

2k2�k3 kuk3kSk3 kuk4kSk4 ;

and here we can sum over k2 < 10 to arrive at an upper bound of . kuk1kSk1 kuk
2
S , as desired. We also

have the simple bound

P0�.�4/ 12uk1L.uk2 ;rxu<k2�10/�

L1tL2x . k.�4/ 12uk1kL1t L2x kuk2kL2tL1x krxu<k2�10kL2tL1x
. k.�4/

1
2uk1kL1t L

2
x
kuk2kSk2 kukS ;

and summing over k2 < 10, we arrive again at the bound

. kuk1kSk1 kuk
2
S :

This concludes the case (i).

(ii) k2 2 Œ�10; 10�; k1 < 10. Proceeding in analogy to case (i), we immediately reduce to the expression

P0
�
u<k1�10 � .�4/

1
2 .uk1 � .�4/

1
2uk2/�u<k1�10 � .uk1 � .�4/uk2/

�
:

Here we first note that on account of Lemma 3.2 we have

P0�u<k1�10 � .�4/ 12 .uk1 � .�4/ 12uk2/� .�4/ 12 �u<k1�10 � .uk1 � .�4/ 12uk2/��

L1tL2x
. k.�4/

1
2u<k1�10kL2tL

1
x
kuk1kL2tL

1
x
k.�4/

1
2uk2kL1t L

2
x

. kukS kuk1kSk1 kuk2kSk2 :

Then summation over k1 < 10 gives the required bound.
Next, we expand out

P0
�
.�4/

1
2

�
u<k1�10 � .uk1 � .�4/

1
2uk2/

�
�u<k1�10 � .uk1 � .�4/uk2/

�
D P0.�4/

1
2

�
uk1.u<k1�10 � .�4/

1
2uk2/� .�4/

1
2uk2.u<k1�10 �uk1/

�
�P0

�
uk1.u<k1�10 � .�4/uk2/� .�4/uk2.u<k1�10 �uk1/

�
: (4-10)

Then pairing up these last four terms suitably, we have

P0.�4/
1
2

�
uk1.u<k1�10 � .�4/

1
2uk2/

�
�P0

�
uk1.u<k1�10 � .�4/uk2/

�
D P0.�4/

1
2

�
uk1.�4/

1
2 .u<k1�10 �uk2/

�
�P0

�
uk1.�4/.u<k1�10 �uk2/

�
Cuk1L.rxu<k1�10; uk2/

D L
�
.�4/

1
2uk1 ; .�4/

1
2 .u<k1�10 �uk2/

�
Cuk1L.rxu<k1�10; uk2/:
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The last term is straightforward since

uk1L.rxu<k1�10; uk2/

L1tL2x . kuk1kL2tL1x krxu<k1�10kL2tL1x kuk2kL1t L2x
. kukS kuk1kSk1 kuk2kSk2 ;

and we can sum over k1 < 10. Further, we see that

L
�
.�4/

1
2uk1 ; .�4/

1
2 .u<k1�10 �uk2/

�
D L

�
.�4/

1
2uk1 ; .�4/

1
2 .u<k2�10 �uk2/

�
C error;

where the term error here is estimated exactly like the previous term. But then taking advantage of (4-9),
we find

L
�
.�4/

1
2uk1 ; .�4/

1
2 .u<k2�10 �uk2/

�
D�

1

2

X
k3Dk4CO.1/>k2

L
�
.�4/

1
2uk1 ; .�4/

1
2Pk2.uk3 �uk4/

�
C 2�k2L

�
.�4/

1
2uk1 ; .�4/

1
2L.rxu<k2�10; uk2/

�
:

Then we have



�12 X
k3Dk4CO.1/>k2

L
�
.�4/

1
2uk1 ; .�4/

1
2Pk2.uk3 �uk4/

�




L1tL

2
x

.
X

k3Dk4CO.1/>k2

2k2k.�4/
1
2uk1kL2tL

1
x
kuk3kL2tL

1
x
kuk4kL1t L

2
x
:

The preceding sum can be further bounded by

.
X

k3Dk4CO.1/>k2

2k2 2
k1�k3
2 2�

5
2
k4kuk1kSk1 kuk3kSk3 kuk4kSk4

.
�X
k1

2�jk4�k2j kuk4kSk4 kukS

�
kuk1kSk1 :

This can be summed over k1 < 10 to yield the desired kind of bound.
Finally, we have the simpler bound

2�k2L�.�4/ 12uk1 ; .�4/ 12L.rxu<k2�10; uk2/�

L1tL2x

. k.�4/
1
2uk1kL2tL

1
x
krxu<k2�10kL2tL

1
x
kuk2kL1t L

2
x
;

which after summation over k1 < 10 is again bounded by . kuk2S kuk2kSk2 .
Returning to (4-10), it remains to bound the difference

P0.�4/
1
2

�
.�4/

1
2uk2.u<k1�10 �uk1/

�
�P0

�
.�4/uk2.u<k1�10 �uk1/

�
D�L

�
.�4/

1
2uk2 ;

X
k3Dk4CO.1/>k1

.�4/
1
2Pk1.uk3 �uk4/

�
CL

�
.�4/

1
2uk2 ; .�4/

1
2 2�k1L.rxu<k1�10; uk1/

�
:
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Then the first term is bounded by



12L�.�4/ 12uk2 ; X
k3Dk4CO.1/>k1

.�4/
1
2Pk1.uk3 �uk4/

�




L1tL

2
x

. 2k1
X

k3Dk4CO.1/>k1



.�4/ 12uk2

L1t L2x kuk3kL2tL1x kuk4kL2tL1x
. kuk2kSk2

X
k3Dk4CO.1/>k1

2k1�k3 kuk3kSk3 kuk4kSk4 :

This expression can be summed over k1 to give the desired bound. Similarly, we get

L�.�4/ 12uk2 ; .�4/ 12 2�k1L.rxu<k1�10; uk1/�

L1tL2x
. k.�4/

1
2uk2kL1t L

2
x
krxu<k1�10kL2tL

1
x
kuk1kL2tL

1
x

. kuk2kSk2 kuk1kSk1 kukS ;

and summation over k1 < 10 yields the desired bound. This concludes case (ii), and thereby of (4-3).
The estimates (4-4), (4-5) are proved similarly, after passing to the differences. One only needs to make

sure to reformulate the terms as in the preceding using (4-6), (4-9), before passing to the differences. �

5. The iteration scheme

Here we solve (2-1). Specifically, we prove the following.

Theorem 5.1. Let n � 5. Let uŒ0� D .u; ut / W Rn ! S2 � TS2 be a smooth data pair with u � ut D 0
pointwise, and such that u is constant outside of a compact subset of Rn. Also, assume the smallness
condition

kuŒ0�k PBn=2;12 � PB
n=2�1;1
2

< �;

where �� 1 is sufficiently small. Then problem (2-1) admits a global smooth solution with these data.

Proof. We do this by means of a suitable iteration scheme: first, let u.0/ D p, where p 2 S2 is the limit
of the initial data ujtD0 at spatial infinity. Then let u.1/ be the wave map into S2 with the given data
(which is possible since ut .0; � / �u.0; � /D 0 from our assumption), thus solving

.@2t �4/u
.1/
D u.1/.ru.1/ � ru.1/� @tu

.1/
� @tu

.1//:

It is given by u.1/ D pC
P
k2Z u

.1/

k
, and its existence follows via simple iteration from (4-1) and the

corresponding difference estimate. Then we define the higher iterates u.j /, j � 2, via the following
iterative scheme:

.@2t �4/u
.j /

D u.j /.ru.j / � ru.j /� @tu
.j /
� @tu

.j //

C…
u
.j/
?

..�4/
1
2u.j�1//.u.j�1/ � .�4/

1
2u.j�1//

C…
u
.j/
?

�
u.j�1/ � .�4/

1
2 .u.j�1/ � .�4/

1
2u.j�1//�u.j�1/ � .u.j�1/ � .�4/u.j�1//

�
: (5-1)
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This equation defines u.j / implicitly, and so to actually compute it, we have to run a subiteration

.@2t �4/u
.j;i/

D u.j;i�1/.ru.j;i�1/ �ru.j;i�1/�@tu
.j;i�1/

�@tu
.j;i�1//

C…
u
.j;i�1/
?

..�4/
1
2u.j�1//.u.j�1/ �.�4/

1
2u.j�1//

C…
u
.j;i�1/
?

�
u.j�1/�.�4/

1
2 .u.j�1/�.�4/

1
2u.j�1//�u.j�1/�.u.j�1/�.�4/u.j�1//

�
(5-2)

for i �1, while u.j;0/ is the free wave evolution of the data uŒ0�. Then we again have u.j;i/DpC
P
k u

.j;i/

k
,

and in particular each u.j;i/ is close to S2 with respect to the L1 norm, while convergence with respect to
k�kS follows from Proposition 4.1. We also get higher regularity of each u.j;i/ and u.j / by differentiating
the equation.

Our choice of iterative scheme (5-1) implies

�.u.j / �u.j /� 1/D .u.j / �u.j /� 1/.ru.j / � ru.j /� @tu.j / � @tu.j //;

as well as .u.j / �u.j /� 1/Œ0�D .0; 0/, which inductively gives that u.j / maps into S2 for all j . Finally,
convergence of the u.j / with respect to k � kS follows again via Proposition 4.1. Differentiating (5-1) then
also gives higher regularity of the limit function u. The latter is then easily seen to solve (2-1). For later
purposes, we also note that Proposition 4.1 in conjunction with the assumptions that .u�p/jtD0 2 C10
and ut jtD0 D u� .�4/

1
2 jtD0 imply that we have improved control over low frequencies: u.t; � / 2

PH
n
2
� 1
2 ; ut .t; � / 2 PH

n
2
� 3
2 for all t . �

6. Proof of Theorem 1.1

It remains to show that the solution u.t; x/ obtained in Theorem 5.1 actually solves (1-1). For this
introduce the quantity

X WD ut �u� .�4/
1
2u;

as well as the energy type functional

zE.t/ WD
1

2

Z
Rn

ˇ̌
.�4/

n
4
� 3
4X.t; � /

ˇ̌2
dx:

Note that we have rt;xu 2 PH
n
2
� 3
2 as observed previously, and hence zE.t/ is well defined and also

continuously differentiable (on account of the higher-regularity properties of u). Retracing the steps that
led to the final wave equation (2-1), we deduce

@tX D�X � .�4/
1
2u�u� .�4/

1
2X �u.X � .u� .�4/

1
2uCut //;

and so we deduce

d

dt
zE.t/D�

Z
Rn
.�4/

n
4
� 3
4

�
X � .�4/

1
2uCu� .�4/

1
2X
�
� .�4/

n
4
� 3
4X dx

�

Z
Rn
.�4/

n
4
� 3
4

�
u.X � .u� .�4/

1
2uCut //

�
� .�4/

n
4
� 3
4X dx:
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Then we note that3

.�4/n4� 34 �X � .�4/ 12uCu� .�4/ 12X��u� .�4/n4� 14X


L2x

. k.�4/
n
4
� 3
4XkL2x k.�4/

1
2ukL1x CkXkL2n=3x

k.�4/
n
4
� 1
4uk

L
2n=.n�3/
x

Ck.�4/
n
4
� 3
4uk

L
2n=.n�5/
x

k.�4/
1
2Xk

L
2n=5
x
.u k.�4/

n
4
� 3
4Xk2

L2x

on account of Sobolev’s embedding and higher regularity of u, and further, we observe thatZ
Rn
.u� .�4/

n
4
� 1
4X/ � .�4/

n
4
� 3
4X dx

D

Z
Rn
.�4/

1
4 .u� .�4/

n
4
� 2
4X/ � .�4/

n
4
� 3
4X dxCO

�
k.�4/

n
4
� 3
4Xk2

L2x
krxukL1x

�
DO

�
k.�4/

n
4
� 3
4Xk2

L2x
krxukL1x

�
:

Similarly, we inferˇ̌̌̌Z
Rn
.�4/

n
4
� 3
4

�
u.X � .u� .�4/

1
2uCut //

�
� .�4/

n
4
� 3
4X dx

ˇ̌̌̌
.u k.�4/

n
4
� 3
4Xk2

L2x
:

But then the preceding implies that
d

dt
zE.t/� C.u/ zE.t/

and furthermore zE.0/D 0, which implies zE.t/D 0 throughout. It follows that X D 0 identically, which
completes the proof of Theorem 1.1.

Appendix

Here we prove some bounds related to the projection operator … Qu? used in the proof of Proposition 4.1.

Lemma A.1. Assume that Qu W R5C1! S2 maps into a small neighbourhood of S2 with k QukS . 1. Then
for any a 2 Z we have the bounds

PŒ�a;a�.… Qu?..�4/ 12u//

L1t L2x .a X

k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /; (A-1)



.… Qu?..�4/ 12u//

L1t L2xCL1t;x .X
k32Z

2�jk3jkPk3ukSk3 .1Ck QukS /; (A-2)



P<a… Qu?..�4/ 12u/

L2tL1x .a .k QukS C 1/kukS : (A-3)

Proof of (A-1). Note that we can write

… Qu?..�4/
1
2u/D .�4/

1
2u�F. Qu/ � .�4/

1
2u

3Here 2n=.n� 5/ gets replaced by1 if nD 5.
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for a suitable C1 function F W R3! R3, which in addition to all its derivatives is bounded. Then since

PŒ�a;a�.�4/ 12u

L1t L2x .a X
k32Z

2�jk3jkPk3ukSk3 ;

it suffices to consider


PŒ�a;a��F. Qu/ � .�4/ 12u�

L1t L2x . To deal with this expression, observe first that

kPlF. Qu/kL1t L
2
x
. 2�l



Pl�P<l�20.r Qu/F 0. Qu/�

L1t L2x C 2� 52 lk Quk PHn=2

. 2�2l


Pl�P<l�20.r Qu/P<l�20.r Qu/F 00. Qu/�

L1t L2x C 2� 52 lk Quk PHn=2

. 2�3l


Pl�P<l�20.r Qu/P<l�20.r Qu/P<l�20.r Qu/F 000. Qu/�

L1t L2x C 2� 52 lk Quk PHn=2

and we can estimate the last term by

2�3l


Pl�P<l�20.r Qu/P<l�20.r Qu/P<l�20.r Qu/F 000. Qu/�

L1t L2x

. 2�3lkP<l�20.r Qu/k3L1t L6x . 2
� 5
2
l
k Quk3S . 2

� 5
2
l
k QukS ;

whence in summary kPlF. Qu/kL1t L2x . 2
� 5
2
l
k QukS . To conclude, we estimate

PŒ�a;a�ŒF . Qu/ � .�4/ 12u�

L1t L2x � 

PŒ�a;a��P<�a�10ŒF . Qu/� � .�4/ 12u�

L1t L2x
C


PŒ�a;a��PŒ�a�10;aC10�ŒF . Qu/� � .�4/ 12u�

L1t L2x
C


PŒ�a;a��P>aC10ŒF . Qu/� � .�4/ 12u�

L1t L2x ;

and we have

PŒ�a;a��P<�a�10ŒF . Qu/��.�4/ 12u�

L1t L2x . 

PŒ�a�20;aC20�.�4/ 12u

L1t L2x
.a

X
k32Z

2�jk3jkPk3ukSk3 ;



PŒ�a;a��PŒ�a�10;aC10�ŒF . Qu/��.�4/ 12u�

L1t L2x . 

PŒ�a�10;aC10�ŒF . Qu/�

L1t L2x

P<aC10.�4/ 12u

L1t;x
.a k QukS

X
k32Z

2�jk3jkPk3ukSk3 ;

where we have used the preceding bound for PlF. Qu/ to control


PŒ�a�10;aC10�ŒF . Qu/�

L1t L2x . Finally,

we get

PŒ�a;a��P>aC10ŒF . Qu/��.�4/ 12u�

L1t L2x � X
k1Dk2CO.1/>aC10



PŒ�a;a��Pk1 ŒF . Qu/��Pk2.�4/ 12u�

L1t L2x
.a

X
k1Dk2CO.1/>aC10

kPk1 ŒF . Qu/�kL1t L
2
x
kPk2.�4/

1
2ukL1t L

2
x

.a k QukS
X
k32Z

2�jk3jkPk3ukSk3 ;

where we have used Bernstein’s and Holder’s inequalities as well as the preceding bound for PlF. Qu/. �
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Proof of (A-2). This is similar to the preceding bound; one places

P<0Œ.… Qu?..�4/
1
2u//�

into L1t;x and

P�0Œ.… Qu?..�4/
1
2u//�

into L1t L
2
x . �

Proof of (A-3). We use the preceding bounds, and reduce to bounding


P<a�F. Qu/.�4/ 12u�

L2tL1x .

Then

P<a�F. Qu/.�4/ 12u�

L2tL1x
.


P<a�F. Qu/P<aC10.�4/ 12u�

L2tL1x C 

P<a�F. Qu/P�aC10.�4/ 12u�

L2tL1x

and we can bound

P<a�F. Qu/P<aC10.�4/ 12u�

L2tL1x . X
k<aC10

kPk.�4/
1
2ukL2tL

1
x

.
X

k<aC10

2
k
2 kPkukSk .a kukS ;

as well as

P<a�F. Qu/P�aC10.�4/ 12u�

L2tL1x . X
k1Dk2CO.1/�aC10



P<a�Pk2F. Qu/Pk1.�4/ 12u�

L2tL1x
. 2

5
2
a

X
k1Dk2CO.1/�aC10

kPk2F. Qu/kL1t L
2
x
kPk1.�4/

1
2ukL2tL

1
x

. 2
5
2
a

X
k1Dk2CO.1/�aC10

2�
5
2
k2 k QukS � 2

k1
2 kPk1ukSk1

.a k QukS kukS : �
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