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SMALL DATA GLOBAL REGULARITY FOR HALF-WAVE MAPS

JOACHIM KRIEGER AND YANNICK SIRE

We formulate the half-wave maps problem with target S? and prove global regularity in sufficiently high
spatial dimensions for a class of small critical data in Besov spaces.

1. The problem

Let u : R"*1 — §2 <5 R3 be smooth, and assume that it converges to some p € S? at spatial infinity.
Further, assume that on each fixed time slice V; xu € L?(R") for some p € (1, 00). Denote by x the
standard vectorial product in three dimensions. We call this a half-wave map, provided it satisfies the
relation

e = u X (—A)Zu. (1-1)

Here we define the operator (—A)% via

n
(—2)2u=—Y (~A)23;(3u).
=1

a specification necessary on account of the fact that u does not vanish at infinity, but instead approaches
some p € S2, while Vu does vanish at infinity. In fact, the expression (—A)%u under our current definition
is then well-defined since V; xu(z,-) € L?(R") for some p € (1, 00), for all ¢.

We note that the model (1-1) appears formally related to the much-studied Schrédinger maps problem,
which can be written in the form

oy =u X Au,

and moreover, we shall see shortly that (1-1) also appears closely related to the classical wave maps
problem with target S2. We also note that we have a formally conserved quantity

E(1) ::/ I(—A)aul? dx, (1-2)
Rn

where we let (—A)iu =— Zj?:l(—A)_%B i (0;u). Such kinds of quantities have been considered in
the works of Da Lio and Riviere in the study of fractional harmonic maps; see for instance [Da Lio and
Riviere 2011a; 2011b; Da Lio 2013]. We also note that on account of the results on fractional harmonic
maps previously mentioned, this model moreover displays a very rich class of static solutions; see also
[Millot and Sire 2015].
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On the other hand, (1-1) scales just like wave maps, which means that in all dimensions n > 2 the
problem (1-1) is formally supercritical.

We formulated the model (1-1) as a nonlocal wave analogue to Schrédinger maps in 2014, but have
since learned from E. Lenzmann'! that it already exists in the physics literature. We learned from
Lenzmann that the half-wave map equation arises as the continuum version of the so-called integrable
spin Calogero—Moser systems, which in turn comes from the completely integrable quantum spin systems
called Haldane—Shastry systems.?> Recent work by Schikorra and Lenzmann [2017] completely classifies
the travelling wave solutions for this model in the critical case n = 1.

In the present note, our goal is to approach the issue of global solutions corresponding to small data,
attempting to parallel the developments in [Tataru 1998; Tao 2001a]. We will see that (1-1) can be
reformulated as a nonlinear wave-type equation of the schematic form

Ou = F(u)Vy xu-Vyxu, (1-3)

although this is an oversimplification as the true underlying wave equation displays nonlocal expressions.
It has been known now for a while, see [Sterbenz 2004], that (1’;3) admits global solutions corresponding
to initial data of small critical, i.e., scaling invariant, Besov Bzz’ norms, provided one restricts oneself
to spatial dimensions n > 6, and that passing to lower dimensions appears to require some sort of
null-structure. Here, we show that (1-1) does have enough of an intrinsic null-structure to allow for the
following.

Theorem 1.1. Letn > 5. Let
u[0] = (u(0,-),u(0,-)) = (uo,u1) : R" - $> x T'S?

. . 1 . .
be a smooth data pair with u1 = ug X (—A)2uyg, and such that ug is constant outside of a compact subset
. S . S
of R™ (this condition in particular ensures that (—A)2ug is well-defined). Also, assume the smallness
condition

400 /2.1, 211 < €.
where € < 1 is sufficiently small. Then problem (1-1) admits a global smooth solution.
To prove this theorem, we shall have to reformulate (1-1) as a wave equation, which we do next.

Remark 1.2. We note that the restriction n > 5 comes from the fact that we use the L? L%-Strichartz
estimate, which is not available in spatial dimension n = 4. However, it is quite likely that this can
be circumvented, and that the structures exhibited in this paper suffice to push the result to n = 4.
However, both the issue of passing to the critical space H?Z, as well as going to lower spatial dimensions
n < 3, appear nontrivial, as there are novel trilinear terms which no longer seem to have the same strong
null-structure as the leading term coming from the wave maps equation.

I'The name of half-wave map was suggested by Lenzmann.
2Lenzmann provided us with the references [Haldane 1988; Shastry 1988; Hikami and Wadati 1993; Blom and Langmann
1998] and we refer to his work for an account on the passage from the physics to the mathematical model.
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2. Passage to a wave equation
Departing from (1-1), we compute
Bfu = 0su X (—A)%u +u x (—A)% dru
— (U X (=) Zu) X (—A)Zu 4 u x (—A)2 (u x (—A)2u).

Then using the basic formula a x (b x ¢) = b(a-c) —c(a-b), a,b,c € R3, we rewrite the first term on
the right as

(U X (—A)2u) X (= A)2U = —u((—A)2u - (—A)2u) + (—A) 2uu - (—A) 2 ).
For the second term on the right above, introducing a commutator term, we write it in the form
u X (—A)%(u X (—A)%u) =ux (—A)%(u X (—A)%u) —u X UX(=A)u)+uxux(—=2~A)u)
=ux (—A)%(u X (—A)%u) —uXx uXx(=M)u)+u(u-(—L)u)+ Au.
Using the fact that v -u = 1, whence

u-Au-+Vu-Vu =0,
we arrive at the equation
(8% —MNu = —u((—A)%u . (—A)%u) + (—A)%u(u . (—A)%u) +u X (—A)%(u X (—A)%u)
—uXUx(=MNu)+u(Vu-Vu).

Carefully note that Vu here only involves the spatial derivatives. In order to make this appear closer to
the wave maps equation and introduce better null-structure, we have to also make the time derivatives
visible on the right-hand side, for which the first line on the right-hand side is pivotal. In fact, we get

(—u((=2) 2w (=A)2u) + (= A)2u - (—8)2u)) -u = —[u x (—8)2ul* = ~[d,ul?,
and so the equation becomes
(02 — A = u(Vu -V — dgu - dgu) + Ty, (—A)2u) (u - (—A)2u)
Fux (—A)Z (X (—A)2u) —u x (ux (—A), (2-1)

where I1, | denotes projection onto the orthogonal complement of u. Thus we see that formally the
nonlinearity involves the precise wave maps source term, as well as two error terms, which formally
behave like

uVu -Vu.

3. Technical preliminaries

Our main tools shall be the classical Strichartz estimates, combined with some X 5?-space technology.
Specifically, we let Py, k € Z, be standard Littlewood—Paley multipliers on R” (acting on the spatial vari-
ables), and furthermore, we denote by Q;, j € Z, multipliers which localise a space-time function F(z, x)
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to dyadic distance ~ 2/ from the light cone || = |£| on the Fourier side. Specifically, letting F(z.§)
denote the space time Fourier transform of F, while f(§) denotes the Fourier transform with respect to
the spatial variables, and letting y € C§°(R) be a smooth cutoff satisfying

Zx(zik) =1 forall x e Ry,

kez
we set

@ =1(5) 7@ 0 = (K Fety,

Using these ingredients one can then define the norms

L a _ I L |
lull rn/2.1/2.00 := S_UP22 Ve Qj“”L%x» I Fl gn/2—1.-1/2.1 := 22 Z|ve QjF”L%x-
Jjez ' jez |

In addition to these, we rely on the classical Strichartz norms, which are the mixed-type Lebesgue norms
I| - ||L§’L§’C’ % + % < %, p > 2, where we shall always restrict to n > 5. Call such pairs (p, g)
admissible.

We shall freely use the fact that Fourier localisers of the form Py Q; act in bounded fashion on spaces
of the form Lf LJZC, 1 < p <o0;seee.g., [Tao 2001b]. We can now define a norm controlling our solutions

as follows:

L+a-1)k
lells == sup 2(5+5-1) IVex Prrllpr g + 11V Pettll gnsa-1.1/2.00 = >l Peulls,
kez (P.q)admissible =
3-1
We also introduce

|Flln = Z ”PkF”LtlHn/Z—l+Xn/2—l,—l/2,l, (3-2)
kez

as well as the norms

el gra = I Pkl g

kez

Then the following inequality is by now completely standard; see e.g., [Krieger 2008; Tao 2001a;
Tataru 1998]:

Proposition 3.1. lulls < ||u[0]||Bg/z,1ng/2—1,1 + |Oul|n- (3-3)

Sketch of proof. The fact that

Lin 1)k
sup 2GRNV, Peullr g S S [P0 oo s + I Perl s o]
kez (p,q) admissible kez

is a direct consequence of the Strichartz estimates; see, e.g., [Shatah and Struwe 1998]. The fact that

IVex Prertll gnsa—v1/2.00 S IO Pkl 1 pnsa
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follows by localising the modulation and applying Holder’s inequality: setting k = 0, as we may by
scaling invariance,

24 Ve PoQjullz  ~2%(1+2)) [ 1(IED Qru(t.§)] 122
S (1+2D)[x (6D Qju. )] 121y S ITPoQjullLy 12

Furthermore, the fact that

Lyn 1)k
sup 2GR, POl g S IDPQjul gusai 1o (3-4)
(p,q) admissible

is a consequence of the fact that the function Py Q;u may be represented as a weighted average of free
waves, in conjunction with the standard Strichartz estimates: putting k = 0 as we may, write

PoOu(r. &) = x(|s|)x(|'f'_‘.'5”)a<r, £)

— x(£D Z/ ( )u<|s| T a.5)8(r — [£| —a) da

—X(l&l)Z/ :I:lta :tj:(f £)da.

+,+ .
Here each u; ™ is a free wave and we have

+.+ A
)N N e PR CEEED o
+.+ a~=+2J a

1
2 .
+,+ 1
lug = mL%da) <25 PoQyullyz -
+,+

~+2J

where we have used Plancherel’s theorem in the last step. This gives the case j < k in (3-4) as a direct
consequence of the Strichartz estimates, while the case j > k follows directly from Bernstein’s inequality.
The fact that

”vt,kau”Xn/Z—l,l/Z,oo < ||DPku||Xn/2—l,—l/2,l
is immediate. This concludes our sketch of the proof of the proposition. O

In order to deal with the nonlocal expressions such as (—A)%(u X (—A)%u), the following simple
lemma shall be useful:

Lemma 3.2. Consider the bilinear expression (where xy, (-) smoothly localises to the annulus |§| ~ 2k

Fo)wi= [ [ e ™ 0, 0@ 1 i) dé dy

where the multiplier m(€, ) is C° with respect to the coordinates on the support of i, (§) - xk,(n), and
satisfies the pointwise bounds

mE <y <l @V @RV mE )| <1 foralli, j.
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Thenif |-z, |- lly, || - lx are translation invariant norms with the property that

u-vlz < llulx vy,
then it follows that
|FQu )iz <y ) Prulix [Py vlly.
where the implied constant only depends on the size of finitely many derivatives of m.

Proof. This follows by Fourier expansion of the multiplier m (€, n): write

(21 moE12—k2 .
mE N Xk, E) k(D =Y Y ampe! @I mERTZPM),
mezZ" pez"
where we have

[@mims| < @75V | 42752 p )MV mE ) ke, @ 1] 0o
Saan [+ [pI7M",

while we also get the trivial bound |@; m,| < y. It follows that

Fauv)x= ) amp/Rn/Rn i1(§) 0 (n) ' @1 LT ) g g

m,peZ"
|m|+|17|<1’_1/("M) . 2—k1 2—k2
R JR?
m,pe7”
Im|+|p|=y =1/ M)
and so
-M 1—-L
Pz <l boly| X e X e S e ol
m,pe’” m,pez”
Im|+|p|<y=!/ M) |m|+|p|=y =/ (M)
Here the constant M may be chosen arbitrarily large (with implied constant depending on M). O

4. Multilinear estimates

Here we gather the multilinear estimates which allow us to obtain a solution for (2-1) by means of a
suitable iteration scheme:

Proposition 4.1. Assume that u takes values in S? and converges to p € S? at spatial infinity. Then using
the norms || - ||s, || - || v introduced in the previous section, we have the bounds

| P (V- Vi — - 9,0)] ||y < (1 + ||u||s)||u||s( > 2—"'k—k1'||Pklu||sk,). (4-1)
k€7
Furthermore, if i maps into a small neighbourhood of S* and ||it||s < 1, we have the similar bound

| Pe(Ma, (22w (~2)2w) |y < T] (1+||U||S)||“||S(Z2_U|k_kl|||Pk1“||Skl)» 4-2)

v=u,u kiez
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as well as
H Py (1'[,;L [u X (—A)%(u X (—A)%u) —u x (ux (—A)u)]) ”N
s JTa+ ||v||s>||u||s( > 2—°'k—k1'||Pk1u||skl). (4-3)

v=u,u ki€z

We also have corresponding difference estimates: assuming that ulh), j = 1,2, map into S?, while a()
map into a small neighbourhood of S?, then using the notation

Ay 2F(j) =M _ @

we have
H Ao Py [u(j)(vu(j) Vu —§,u). 3tu(j))] HN
< (14 max [u®5) (max IIM(j)IIS)( Y 2R P u D - Pku(”nskl)
/ / kiez
(1 max 1) (10 —u@s) (max - 2B H N P, ). @

k€7

and similarly

[ P2 (Mon (=2)2u) - (=2)2u) |

< max 1+ o)) u s p—olk—kil Py u(l)—Pk u® S
¢ 1 2 kq

v:u(j),ﬁ(j) ki€z

+max [ (+[vfs)lu —u<2)||s(max > 2“’"“’“'||Pk1u<“||skl)

v=u), () ! kiez

+max(1 + [u | 5) a® — ~<2>||s(max > 2“’"‘"‘“||Pklu‘f>||skl)- (4-5)
J ki€ez
The analogous difference estimate for (4-3) is similar. In fact, in all these estimates the choice 0 = 1
works.

Proof. We shall only deal in detail with the case n = 5, since the case n > 6 is simpler due to the better
decay with respect to large frequencies. Also, we note that then the desired estimates follow for a slightly
different functional framework from [Sterbenz 2004]. We observe that the proof of (4-1) is really quite
standard and follows for example from [Tataru 1998]. For completeness’s sake, we include a simple
version here.

Before giving the proof, we note that the X5-?-type components of our spaces are only used to prove
(4-1), and not (4-2), (4-3). The key fact behind the proof of (4-1) is the identity

2{us - vy — Vyxu - Vyv] = O(uv) — Ouv —ulv;

see for example [Krieger 2008] for further discussion and earlier references.
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On the other hand, the estimates (4-2), (4-3) only use Strichartz norms; there the idea is to move a
derivative from a high- to a low-frequency factor, using algebraic relations such as

ax(bxc)=ba-c)—c(a-b), a,b,ceR

Proof of (4-1) To achieve it, we localise the second and third factors to frequencies ~ 2k1 , 2k2, respectively,
and we shall restrict the output logarithmic frequency k to size 0. This is possible on account of the
scaling invariance of the estimate. We shall obtain exponential gains in terms of these frequencies in
certain cases, and summation over all allowed frequencies will result in the desired bound (4-1).

(1) High-high interactions max{k, ko} > 10. This is schematically written as
Py [u vl‘,xukl vt,xukzl'

Then if k1 = ko + O(1), we estimate this by

_3k
| Polu vt,x“klvt,xukz]HLtngc S IVexur, g2 IVexui,llp2pe $2720 H Ik sy, -
Jj=12
If k5 > k1 + 10, say then we estimate it by
| Polut Vi xuag, Vz,xukz]HL;L)zc = | Pol Pyt 0yt Vixt, Vt,xukz]HLtlLJZC
< ||Pk2+0(1)””L%L§‘( ||Vt,x”k2||L%L§1C ||Vt,xuk1 ||L§>OL)2€+L§>,OX
—3k
5 272 2||uk2||Sk2 ||uk2+0(1)||5k2+0(1) ||uk1 ”Skl .

The case k1 > k» + 10 is of course the same. Summation over the suitable ranges of k1, k, implies (4-1)

in this case with o = %

(2) High-low interactions max{ky,k2} < —10. Here one places V¢ xug,, j = 1,2, into L2L% and
u = Poqyu into L°L2.

(3) Low-high interactions max{ky, k,} € [—10, 10]. This is the most delicate case. We may assume that
k1 < ko — 10, since else we argue as in (1). Thus k, € [—10, 10]. Note that then

H Po[uzkl—lo Vt,xukl vt,x“kz]”LtlL)ZC < ””Zk1—10”L%L§° ||Vt,x“k1 ||L%L;O ||vt,xuk2||L<t>0L§
< Nl Thagy s, gy s,

which can be summed over k1 < ko — 10. One similarly estimates

PO[szl—IO u<k1—lovt,xuk1 Vt,xukz]-
We have now reduced to estimating

Po[Q <k —10 U<k;—10 Oatk, 0%Ug,].
Here note that
” PO[Q<k1—10 U<fi1—-10 a(xulﬂ 0* Q>k1—10 ukz] ”LZIL%C S ”aotukl ”L%LS’CO ”8a Q>k1—10 Uk, ”L%x

S Mgy s, ks N, -
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again summable over k1 < k; — 10. Also, we get

| Po[ QO <y =10 U<k —10 0 O 5y + 10Uk, 0% O <ky—10 Uks | ngfl,f%,l

_J
S Y 2770 Vi u, 22700 10%Q<key—10 Uk oo p2 < Mtk s, Nty I, -
j>k1+10

and hence it is summable over k1 < k» — 10. Finally, we expand the expression out using its null-structure:
2Po[Q <k;—10 U <k;—10 0 @ <k;+10 Uk; 0% Q <k;—10 Uk,)

= Po| O <ky—10 U<ic;—10 O(Q <k +10 Uk; O <ky—10 Uks) ]

— Po[Q <key—10 U<k;—10 DO <k; +10 Uk, Q <ki—10 Uk, |
— Po[ Q<10 U<k —10 Q<ky+10 Uk, DO <ky—10 Uk, |-
Then we bound each of these:
Po[Q<ki—10 U<i;—10 (O <y +10 Uk, O <key—10 Uks) ]
=0OPo[Q<ky—10 U<k;—10(Q <k +10 Uk; Q<ky—10 Uks)]
— Po[Vix O <ky—10U<icy—10 Vi,x (O <key +10 Uiy Q<ky—10 Uk>) ]

— Po[ V7 Q<y—10 U<ki—10(Q <ky +10 Uk, Q<ky—10Uk,)]-

The last two terms on the right can be easily placed into L} L2 using the L? L$° norm for the low-frequency

factors, while for the first term on the right, we get

n_q_1
x3-1-351

< Z 2éHPOQ/‘[Q<k]—1oM<k1—10(Q<k1+10uk1 Q<k1—10uk2)]”Lgx
j<ki420 '

10 Po[ O <ky—10 t<kc;—10(Q <ky+10 Uiy Q<ki—10 Uk,)]|

k1
S22 1Q<ky+10 Uk 200 1Q<ky—10 Uiy oo 2

< gy sy, s s, -
Further, we get

| Po[ @ <y —10 U <kc;—10 OO <k +10 U, Q<ky—10 Uk, | ”L}L}c

SO0 <ki+10 Uk llz2p4 1@ <ki—10 Uk, ll 214

k1
<24 ug, s, ks I, -
To close things, we also get

| Po[ @ <ty —10 U<k =10 O <ky+10 Uk, DO <k, —10 Mkz]”L}L%
< || Q<k1+10 Uk, ”L%L%’ ”DQ<k1—10 Uk, ||L%,x

S ey sy, N, Il
1 2

and the desired bound follows again by summing over k1 < k, — 10.
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Proof of (4-2) Here we shall be able to get by only using Strichartz-type norms, by taking advantage of
the condition u - u = 1. Using the standard Littlewood—Paley trichotomy, we have

O=u-u—p-p= Z ukluk2+22ukl-u<kl_10. (4-6)
|k1—k2|<10 ki
This implies
1 1
0= D (=A)2(ug,uky) +2 ) (=) (ug, U<k —10)- (4-7)
|k1—k2|<10 k1

Here the first term is better, since the outer derivative falls on the low-frequency output. We shall use this
to replace the second term on the right by the first. Write

Mg, (82w (—2)2u) = Y Mg, (—A)2u) (g, - (—A)2uy,)

lk1—k2]|<10
+ ) Mg, ((—8)2u) (g, - (— D) 2u <k, —10)
k1
+3 i, (C8)2W) (ko107 (—D)2uy).  (4-8)
ko

Then for the first term on the right we infer

‘P0|: )3 HaL((—A)iuxukl-<—A)5uk2)}

lk1—k2|<10

172
tLJC

1 1
S Y P22 Ma, (~8)20) | ooz Itk 20 1= 2) iy 200

|k1—k2|<10
k1<—20
1 1
+ Z ”Hﬁi ((_A)zu)||L}>°L§+L‘,>°x ||uk1 ”L%Li ||(_A)2uk2||L%L§-
|k1—k2|<10
k1>-20

Then using a further elementary frequency decomposition it is easy to see (see the Appendix) that

1 — ~
| Prso,201(Ma, ((=2)2) | oo 2 < Y 27 [ Prgulls,, (1 + Nl s),

ksez
1 — ~
|(Ma, (A)2uDl 24200 S D 27 Prgulls,, (1 + lllls).
kzez

and so we obtain that

1 1
Z ” P[—20,2O](Hﬁi ((—A)Zu))”L?oL% ||uk1 ”L%L;’f ||(_A)2”k2||L%L§°

|k1—k2|<10
ko—kj _ -
s Y 27 ] ||Pk,u||sk,.(§:2 "‘3'||Pk3u||sk3<1+||u||s))

k1<—20
lk1—k2|<10 Jj=12 kzez
k1<—20

< (X 2 *lpuls,, ) 30+ lls),

kzez
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as well as

1 1
> | Ma (—2)7u)| roerzqree, Ik lp2ps 1(=28)2uk, 21

|k11€—k2|510
1=—20
—3k —Jk N
5( Yo 27 fugy sy, ||uk2||Sk2) > 27l Pyulls,, (1+ Ilills)
|k1—k2|<10 kzez
k1>—20
—lk 2 ~
S (Z 2 3||Pk3u||sk3) Il (1 + ).
kzez

This concludes the required bound for the first term on the right-hand side of (4-8).
Now we pass to the second term. We write it as a sum of three terms:

3 i, (—A)2u) (g, - (—8)2ucg,—10) = Y M, ((—2)2u)(ug, - (=A) 3, —10)

k1 k1>5
1 1
+ Y Mg, (A)2u)(ug, - (D) 2u g, —10)
ki1€[-5,5]
1 1
+ Y Mg, (—A)2u) (g, - (D)2 g, —10).
ki1<—5
Then we get
1 1
‘ PO( Z Hﬁi((_A)2u)(uk] . (_A)2u<k1—10))
k1>5 L}L)ZC

1 1
S Z HP[kl—s,k1+5](nﬁ4((_A)2”))HL?OL)% |u, ”L%L}’O ||(_A)2”<k1—10||L%L§°
k1>5

_3k ~
s > Y2l Pguls, A+ llls) g, sy, T llsy,
k1>5,ko<k1—10 k3

_3 1
< (S 273kl pulis, ) (1 lills) 2.
3

k3
Similarly, for the term of intermediate k1, we have

‘P0|: )3 HaL«—A)iu)(ukl-(—A)%u<kl_w)”

k1€[-5,5]

LIL?

1 1
< ) [ P<roMa, ()2 L2 g0 g llsy, I(=2)2u <k, —10ll 2 00
k1€[-5,5]
and one closes by observing (see the Appendix for the first bound) that

1 . 1
| P<10Tla, (=2)20) | 1200 < (litlls + D lulls. [(=2)2u<k,—10ll 250 S Ilulls.

Finally, for the range of low k1 < —5, we place both uj, and (—A)%u<k1_10 into L%Lg" and observe
that

1
et 2 (=8 2wt —roll 2 < Mty s, Nl
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Then we close by using that

Po 3 a0 g, - (-0) by -10)
k

1<—5

1 1
= Po( Z P32 (T, ((=A)2u)) (ug, '(—A)2u<k1—10))»
ki1<-5
as well as

1 - _3
| Pra 2 (M, (—2)2u) | ooz S (1+ ||u||s>(22 2'k3'||Pk3u||sk3)-
k3
This concludes the required bound for the second term on the right in (4-8).

Finally, the third term in (4-8) is the most delicate, as the derivative (—A)% lands on the higher-
frequency term uy,. To deal with it, we note, using Lemma 3.2, that the difference

1 1 1 1
D T, (82w (10 (=A)21p,) = > T, (—2)2u)(—A)2 (U iy —10 - Uke,)
k2 k2
can be estimated like the second term on the right in (4-8), and hence it suffices to bound
1 1 1 1 1
D M, (8)2u)(=L)2 (a0 i) =— Y 5T, (A)2u)(=A)2 (ug, - ug,).
k> lk3—k4]|<10

where we have used (4-6). This term is again straightforward to estimate: we have

Pl X A o )

k3—ka|<10 LjL%
k3<—20 1 1
< Z | P=10,10 (M, (—2)2u)] ”L;”L)% (=2)2 (s - urey) g1 oo
lk3—k4|<10
k3<—20

and we close for the case k3 < —20 by observing that

1 k 2
> I(=2)2 (g, Ukl pipee S > 2 oursllipzpoolurallz2pee < llulls,
lk3—k4|<10 lk3—k4|<10
k3<—20 k3<—20

as well as

1 ~ _3
| Pito,100Ma, (=2)20)] oo 2 < (L4 llills) D 27250 Pulls,,
k3

On the other hand, if k3 > —20, we place both ug, , into L?L%. We omit the simple details. This finally
concludes the bound of estimate (4-2).

Proof of (4-3) We commence by observing that we may in fact get rid of the outer operator IT; ., since
one easily checks that

I1PolMg Flllz1p2 < (4 llalls) D 27 ¥t Py, Fll 1 o
k1
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Then assuming that we have proved the bound

—olk1—k
| Pey Fllr ggnos S D 277172 Pyulls,,
k>
for some o > 1, we then infer the bound
- —|k
| PolMae Flll 1 z2 < (14 lllls) S 27 Pyl
k>

Next, localising the last two factors to dyadic frequencies, and the output to frequency ~ 1 as we may,
we arrive at the expression

1 1
Polu x (=2A)2 (uje, X (—A)2up,) —u x (ug, X (—D)ug,)].
Then we first dispose of the easy cases:
Both frequencies large: max{ky,k,} > 10. If k1 = ko + O(1), we simply place both high-frequency
factors into L? L%, resulting in
1 1
| Pofu > (—2)2 (uje, X (—A)2up,) —u X (ug, X (—A)ug,)] HL;Lg 2% 1 Pryullp2ps lursllz2pa

s
< 2Zki=(1+3)k 1_[ g, ”Skj ,

j=1,2
whence we have

1 1
Z PO[M X (_A)z (ukl X (_A)zukz) —ux (ukl X (_A)ukz)]‘
k1=k,4+0(1)>10

LIL?

_3k 3k
s > 22BN dugllsy, 5(22 2| 1'||Pk1u||skl)||u||s.
k1

k1=k2+0(1)>10 j=12

On the other hand, if k» > k1, we use
1 1
Po[u x (=2)2 (e, x (—=28)2ug,) —u x (ug, X (=A)ug,)]
1 1
= Po[ Py 01y X (=2)2 (ug; X (—A)2up,) — Py oyt X (g, X (—D)ug,)].
Then place the first and third factors into L?L#% and the middle factor into L L2 + L. The case
ko < kq is similar.

Both frequencies small: max{ky, k,} < —10. Here we observe that Lemma 3.2 allows us to place one
derivative (—A)% onto the factor uy , even if k1 < ko —10. Thus we reduce to bounding the schematic
expression

Po[Pi—5 51u Vg, Vxiig,],
which is straightforward since we can place the second and third factors into L?L3°. We omit the simple
details.

One frequency intermediate, the other small: max{k, k,} € [—10, 10]. This case is a bit more difficult,
and we shall exploit the geometric structure of the expression. We split this further into two cases:
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(1) k1 € [-10, 10], k2 < 10. Here the difference structure inherent in the term is not helpful. In fact, we
can immediately estimate

” Polu x (ukl X (_A)ukz)]”L}L% < ||”k1 ”L%Lﬁ‘c ||(_A)uk2||L%L;‘C

K
S 279 Nlug, sy Ntk Nl sy, -

and here of course we can sum over k < 10 to infer the desired bound. Next, using Lemma 3.2 allows
us to replace the term

Polu x (—=A)3 (g, x (—A)2u,)]
by
Polu x (—2)2uy, x (—A)2u,)]

up to a term which is estimated like Po[u X (ug, X (—A)uy,)]. Before exploiting the algebraic structure
of the term above, we reduce the first factor u to frequency < 2¥2719 which we can on account of

1 1
| Pofusso—10 X ((=2)2ug, x (=2)2ui)]| 1112
1 1
S sy —10ll L2150 1(=2)220g, oo p2 1(=2)22gy [l 2 00

S Mgy sy, ks llise, s
1 2

Summing over k» < 10 and recalling that k1 € [—10, 10] leads to the desired bound.
Consider now the expression

1 1
PO[u<k2—10 X ((—A)2ukl X (_A)zukz)]'
Write this as
1 1
Po[t<iy—10 X (—A)2uj, x (—A)2ug,)]
1 1 1 1
= Po[(—2)2up, (Uaiy—10- (—2)2upy) — (D)2 Uy (Ufer—10 - (—2)2ug,)].

In order to estimate this, we use a frequency-localised version of (4-6). Specifically, we have

0=2ug uck—r0+ D Prlug, ury) +27%L(ug. Vari k—10). (4-9)
ki=k2+0(1)

where L is a bilinear operator of the form used in Lemma 3.2 with a bounded kernel m (&, n). We conclude
the schematic relation

1 1
(=) 2 ucg10=—5(=2)2 > Prlug, -ug,) + L, Vet x—10)-
k1=k2+0(Q)

It follows that we can write
1 1
PO [(_A) 2 Uk, (u<k2—10 : (_A) 2 ukz)]

1 1 1
= _%PO |:(_A)2uk1 Z (—A)2 sz(uk3 . uk4)j| + PO[(—A)ZMle(MkZ, qu<k2—10)]v
ka=ks+0(Q)
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and here we have (keeping in mind that k; € [—10, 10])

Po[(—A)%ukl 3 (—A)isz(uh-uku]

ks=ka+0(1) LiL%
k 1
S 2% Z [(—=2)2u, ”L;’OL% ||“k3||L%L§° ||“k4||L%L§°
kz=ks+0(1)>k>
1 ko—k
SN(=2)2up llpeor2 > 2527 utges Ml sy Moty sy, -

k3=ka+0(1)=k>

and here we can sum over k> < 10 to arrive at an upper bound of < [Jug, ||Sk1 lu ||§, as desired. We also
have the simple bound

1 1
| Po[(—2A)2ug, L(ugy, Vit <ky—10)] “L;L)% S I(=2)2up lIpeor2 ks llz2 o0 Vatt<kr—10ll L2700
1
< I=8) 2k, o2 Ny s, uls.
and summing over k» < 10, we arrive again at the bound
2
< g, s, Tuel3-
This concludes the case (i).
(ii) ko € [-10, 10], k1 < 10. Proceeding in analogy to case (i), we immediately reduce to the expression
1 1
PO[u<k1—10 X (—A)Z (ukl X (_A)Zukz) —U<k1-10 X (Mkl X (_A)Mkz)]
Here we first note that on account of Lemma 3.2 we have
1 1 1 1
H PO[M<k1—lO X (—A)Z (Mkl X (_A)zukz) - (_A)2 (M<k1_10 X (ukl X (_A)zukz))] HL}L)%
1 1
< ||(—A)2“<k1—10||L§L§° ||“k1 ”L?L;’f’ ||(_A)2”k2 ||L<;OL§

S llulls Nk, s, Nk, sy, -

Then summation over k1 < 10 gives the required bound.
Next, we expand out

Po[(—2)2 (<ty—10 X (uey X (—2)2ug,)) = <ty —10 X (g, X (= D)utg,)]
= PO(_A)%(“kl(“<k1—10 . (_A)%ukz) - (_A)%“kz(“<k1—10 “Ug,))
— Po(uge, (U<t —10 - (—Dtjy) — (= Ay (U< —10 - U, ). (4-10)
Then pairing up these last four terms suitably, we have
Po(=2) (g, (< —10 - (—2)uk;)) = Po(utk, (4 <ty 10+ (= A)uig,))
= Po(— 1) (g, (=) 2 <y —10 k) = Po e, (— )1t <, 10 k) + ek, LVt ey ~10. 2,
= L((—2)2ug,, (~A)3 (ucg, 10~ Uky)) + gy L(Vxtl <k, —10. Ug).
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The last term is straightforward since
“”le(qu<k1—10»“kz)”LtlL§ < llug, ”L%L?CO ||Vx“<k1—10||L%L§° ”ukz”L‘;oL)%
< ulls Nk, sy, ek s,
and we can sum over k1 < 10. Further, we see that
1 1 1 1
L((~2) 21k, (= 8)2 (k10 Uk)) = L((—2) 21k, (—8)2 (cky—10  Ug)) +error,

where the term error here is estimated exactly like the previous term. But then taking advantage of (4-9),
we find

L((—=8)Zug,, (D)3 (<10 - U,))

1 3 3
=2 Y LMk A P i)
k3=k4+0O k
3=ka+0(1)>k2 +27R2 L ((— ) Zugy . (~ )2 LVt <y 10: k).

Then we have

Y LM e o) Pt )

k3=k4+0(1)>k>2 L;L%
k 1
< Z 22|(=A) 2 ug, ”L%Lf\?’ ||“k3||L%L§° ||“k4||L§>OL)ZC~
k3=kq+0(1)>k>
The preceding sum can be further bounded by
k k1—k3 —3k
< Yoo 2227 2 g s s s ek Dsy,

k3=kq+0(1)>k>
< (Z 2kl g s, ||u||s)||uk1 I, -
ki
This can be summed over k1 < 10 to yield the desired kind of bound.

Finally, we have the simpler bound

HZ_kZL((—A)%“kl , (—A)%L(qu<k2—10v U,)) ”L}L%

1
< ||(—A)2uk1 ”L%L;’f’ ||Vx“<k2—10||L%L§° ”ukz”L?oL%’

which after summation over k1 < 10 is again bounded by < ||u ||§ |k, | Sk,
Returning to (4-10), it remains to bound the difference

Po(—2)2 [(—A) 2ty (U iy —10 - Uk, )] — Po[(— D)y iy —10 - 1,)]

1 1
= _L((_A)zukza Z (—A)ZPkl (Mk3 Mk4))
ki=ks+0(1)>k; . .
+ L((_A)jukza (_A)jz_kl L(qu<k1—10a uk] ))
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Then the first term is bounded by

%L((_A)iukz’ Z (_A)%Pkl(uk3 ‘Mk4))

k3=kqs+0(1)>k;

L%
k 1
<2 Y 2 uk e ks iz Tkl 2
k3=kq+0(1)>k;

k1—k
Shuls, S 2975 g, e, Tk,
k3=kq+0(1)>k;

This expression can be summed over k; to give the desired bound. Similarly, we get
1 1 _
HL((_A)Z Uky, (—L)22 le(vxu<k1—10a ukl)) ”L}L%
1
< ”(_A)ZukZHLZOOL)Z( ||Vx”<k1—10||L%L§° ”“kl ”L%Lgo
< iy sy ey llsi, Nells
and summation over k1 < 10 yields the desired bound. This concludes case (ii), and thereby of (4-3).

The estimates (4-4), (4-5) are proved similarly, after passing to the differences. One only needs to make
sure to reformulate the terms as in the preceding using (4-6), (4-9), before passing to the differences. [

5. The iteration scheme

Here we solve (2-1). Specifically, we prove the following.

Theorem 5.1. Let n > 5. Let u[0] = (u,u;) : R" — S? x TS? be a smooth data pair with u -u; = 0
pointwise, and such that u is constant outside of a compact subset of R"™. Also, assume the smallness
condition

||u[o]||B§/2~1ng/2—1~1 <€,
where € < 1 is sufficiently small. Then problem (2-1) admits a global smooth solution with these data.

Proof. We do this by means of a suitable iteration scheme: first, let u® = p, where p € S? is the limit
of the initial data u|,—¢ at spatial infinity. Then let u!) be the wave map into S2 with the given data
(which is possible since u;(0, -) - u(0,-) = 0 from our assumption), thus solving

(02 — Au® =y O VuD . vu® 9,5, . 5,0 W),

It is given by u) = p + D kez u,(cl), and its existence follows via simple iteration from (4-1) and the
corresponding difference estimate. Then we define the higher iterates ul, j =2, via the following
iterative scheme:

(07 — Ay
=uDvu . vy —5,u . 5,u))
+ I ((=2) 20U ™) V™D (- 2) 200 70)
€1
+ 0,0 [uY ™ x (=0)2 @Y™V x (=2)2u0 D) — U= 5 @U=D x (=AY =D)]. (5-1)
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This equation defines u/) implicitly, and so to actually compute it, we have to run a subiteration
(3%_ A)u(j’i)
11,000 (=4)2uY ™) @™ (-2) 2007
s
+T G [u(j—l) % (—A)% (u(j_l) % (_A)%u(j—l))_u(j—l) x (u(j—l) x (—A)u(j_l))] (5-2)
1
for i > 1, while u "9 is the free wave evolution of the data u [0]. Then we again have u (i) = P+ ok u](cj ’i),
and in particular each u1) is close to 2 with respect to the L.°° norm, while convergence with respect to
|| -|ls follows from Proposition 4.1. We also get higher regularity of each 1/} and u(/) by differentiating

the equation.
Our choice of iterative scheme (5-1) implies

D(u(J) —1) = (u(f) _ 1)(Vu(J) vul) — 3tu(1) .3tu(j))’

as well as () -u) — 1)[0] = (0, 0), which inductively gives that u/) maps into S2 for all ;. Finally,
convergence of the u/) with respect to || - || s follows again via Proposition 4.1. Differentiating (5-1) then
also gives higher regularity of the limit function u. The latter is then easily seen to solve (2-1). For later
purposes, we also note that Proposition 4.1 in conjunction with the assumptions that (u — p)|;=0 € C§°

and utlt =o=ux(— A) |t=0 imply that we have improved control over low frequencies: u(z,-) €
HZ™ 2, u(t, )eHz 3 for all 7. O

6. Proof of Theorem 1.1

It remains to show that the solution u(¢, x) obtained in Theorem 5.1 actually solves (1-1). For this
introduce the quantity
X:=u;—ux (—A)%u,

as well as the energy type functional

E@): ——/ (=253 X(1, )] dx.

3

Note that we have V; xu € H272 as observed previously, and hence E (¢) is well defined and also
continuously differentiable (on account of the higher-regularity properties of u). Retracing the steps that
led to the final wave equation (2-1), we deduce

9 X = —X X (=A)2u—ux (—A)2X —u(X - (u x (—A)2u +uy)),
and so we deduce

LEO = [ o X x Cautux o)) (Ca)iixdx
Rn

- /R (=) E 73 (u(X - (u x (=A)Tu +uy))) - (—A) 573X d.
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Then we note that?
n_3 1 1 n_1
I(=2)373 (X x (—2)2u+ux(—A)2X) —ux (—A)4 74X |,
X
n_3 1 n_1
SIE2)T X 2 [(E2)2ullpge + 11X p2nss [(=A) 474 ull 2n/m-3
n_3 1 n_3
F =273l 2o [(=2)2 X || 205 Su [(=D)373 X2,
X X X

on account of Sobolev’s embedding and higher regularity of u, and further, we observe that
| ux (—2)474X) - (~A) i X dx
= | COax a0 TR dx o+ O(I-0) 8 X T, [ Vaule)
= O(I(=)3 73X |12, || Vxu ).
Similarly, we infer
‘ [ 0¥ @x Caphuru) - ()X x| 5 o)X,

But then the preceding implies that
d ~ ~
—FE@) < E(t
SEm = caEw)

and furthermore £ (0) = 0, which implies E (t) = 0 throughout. It follows that X = 0 identically, which
completes the proof of Theorem 1.1.

Appendix
Here we prove some bounds related to the projection operator Il used in the proof of Proposition 4.1.

Lemma A.1. Assume that ii : R°T1 — S2 maps into a small neighbourhood of S? with ||it||s < 1. Then
for any a € Z we have the bounds

1 — ~
| Pldar(Ma, (=2)20) ] ooz Sa D 27" Prgulls, (1+ [l s). (A-1)
kzez
1 — ~

[ (M (22 [ o200 < D0 27 Pigulls,, (14 Nllls). (A-2)
kzez
1 ~

| P<aTli, ()2 12 00 Za (liills + Dllulls. (A-3)

Proof of (A-1). Note that we can write
Mg, (—A)2u) = (~A)2u— F(i) - (—A)3u

3Here 2n/(n — 5) gets replaced by oo if n = 5.
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for a suitable C* function F : R3 — R3, which in addition to all its derivatives is bounded. Then since

| Praa(=8)2u] o2 Sa 3 270N Pyulls,,
kz€z

it suffices to consider H Pl_q,q1 [F (u) - (—A)%u] H ooy 2+ To deal with this expression, observe first that
t X
- _ - - 57~
| PrF@)l| ooz <27 | Pr[ Pat—ao(VEVF' @] oo 12 + 272 ] 2
_ - - - 57~
<27 | P1[ P<1—20(Vil) P<j—po(Vit) F" (i1) ] ”L}X’L% +272! 21 gns2
_ - - - - 57~
<273 Py [ Poy—a0(Vil) P20 (Vi) P<j—p0(Vil) F" (i) ] HL‘,X’L)% + 272 [ii] s
and we can estimate the last term by
-3l ~ ~ ~\ I
273 Py [ P<i—20(Vil) P<j—20(Vit) P<j—p0(Vii) F"" (1) ] HL?OL)ZC

—31~n3 —3] .~
<272 lullg <272 ulls,

31 NTE
S2 7 Par—20(Vil oo p6 <

whence in summary ”P]F(ﬁ)”LtooL)Zc < 273! |lZZ]|s. To conclude, we estimate
H P[—aﬂ][F(ﬁ)‘(_A)%“]HL;’OL%C = || Plea,a[ P<—a—10[F (@)] - (—A)%”]”L?"Li
+ | Prea.a)[ Pra—10,a4 10 [F ()] - (—A)%M] HL?"L%

+ | Pa,al[ P>a+10[F ()] - (—A)%M]HL;»L%,
and we have

HP[—a,a][P<—a—10[F(7:‘)]'(_A)%u]”L?OL}C < ||P[—a—20,a+20](_A)%uHL?oLi
Sll Z 2_‘k3| ||Pk3u||Sk3 )
kizez

1Pt-a.a) Pi-a-10.0410)[F GDH=2) 2] ooy 2 S |Piam10.0410)[F D] ooy 2 | Pat10(=2)2u] oo

~ —k
Salliills Y 27N Puls,,.
kz€z

where we have used the preceding bound for P; F (i) to control “ P_q—10,a+10)[F (11)] H ooy 2- Finally,
t X

we get
HP[_a,a][P>a+10[F(ﬁ)]'(—A)%”]”LfoL% = Z HP[—a,a][Pkl [F(f‘)]'sz(_A)%”]”L?L%
k1=kx+0(1)>a+10
<a > 1Py [F @)l oo 2 1| Py (—A)%ulngoLgc

k1=k,+0(1)>a+10
~ —k
Sallitls Y 27N Peyulls,,
kzez

where we have used Bernstein’s and Holder’s inequalities as well as the preceding bound for P; F(z). O
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Proof of (A-2). This is similar to the preceding bound; one places

Po[(Ty, (—A)2u))]

into LS, and

Pso[(Tly, (=) )]
into L}X’L)ZC. g

Proof of (A-3). We use the preceding bounds, and reduce to bounding ” P, (F (ﬁ)(—A)%u
Then

| P<a(F(@)(=2)71)] 2,

< P<a(F(ﬁ)P<a+1o(—A)%“)”Lnggo +| P<a(F(ﬁ)Pza+10(_A)%u)HL?L;’CO

) HL%L;@ :

and we can bound

| P<a(F) P<asio(=2)21) | 2100 S D IPL(=2)2u] 2 00

k<a+10
k
S > 27| Peulls; Sa llulls.
k<a+10
as well as ) . i .
| P<a(F () Psat10(=2)2u) | 12 00 S Yo P<alPr FG) Py (—2)20) | 20
k1=k>+0(1)=>a+10
5 - 1
<23¢ > | Prey FG)ll o0 12 1| Paey (= 2)20 ] 2 o0
k1=k>+0(1)=a+10
5 _5 - k1
<23 > 2739 || s - 27 || Pryull sy,
k1=k>+0(1)=a+10
Za llills llulls. O
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