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KLEIN’S PARADOX AND THE RELATIVISTIC §-SHELL INTERACTION IN R3

ALBERT MAS AND FABIO P1ZZICHILLO

Under certain hypotheses of smallness on the regular potential V, we prove that the Dirac operator in R,
coupled with a suitable rescaling of V, converges in the strong resolvent sense to the Hamiltonian coupled
with a 8-shell potential supported on %, a bounded C? surface. Nevertheless, the coupling constant
depends nonlinearly on the potential V; Klein’s paradox comes into play.

1. Introduction

Klein’s paradox is a counterintuitive relativistic phenomenon related to scattering theory for high-barrier
(or equivalently low-well) potentials for the Dirac equation. When an electron is approaching a barrier,
its wave function can be split in two parts: the reflected one and the transmitted one. In a nonrelativistic
situation, it is well known that the transmitted wave-function decays exponentially depending on the high
of the potential; see [Thaller 2005]. In the case of the Dirac equation it has been observed, in [Klein 1929]
for the first time, that the transmitted wave-function depends weakly on the power of the barrier, and it
becomes almost transparent for very high barriers. This means that outside the barrier the wave-function
behaves like an electronic solution and inside the barrier it behaves like a positronic one, violating the
principle of the conservation of the charge. This incongruence comes from the fact that, in the Dirac
equation, the behavior of electrons and positrons is described by different components of the same spinor
wave-function; see [Katsnelson et al. 2006]. Roughly speaking, this contradiction derives from the fact
that even if a very high barrier is reflective for electrons, it is attractive for the positrons.

From a mathematical perspective, the problem appears when approximating the Dirac operator coupled
with a é-shell potential by the corresponding operator using local potentials with shrinking support.
The idea of coupling Hamiltonians with singular potentials supported on subsets of lower dimension
with respect to the ambient space (commonly called singular perturbations) is quite classic in quantum
mechanics. One important example is the model of a particle in a 1-dimensional lattice that analyses
the evolution of an electron on a straight line perturbed by a potential caused by ions in the periodic
structure of the crystal that create an electromagnetic field. Kronig and Penney [1931] idealized this
system: in their model the electron is free to move in regions of the whole space separated by some
periodical barriers which are zero everywhere except at a single point, where they take infinite value. In
modern language, this corresponds to a §-point potential. For the Schrodinger operator, this problem is
described in [Albeverio et al. 1988] for finite and infinite §-point interactions and in [Exner 2008] for
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singular potentials supported on hypersurfaces. The reader may look at [Dittrich et al. 1989; Behrndt and
Holzmann 2016; Arrizabalaga et al. 2014; 2015; Ourmieres-Bonafos and Vega 2016] for the case of the
Dirac operator, and to [Posilicano 2008] for a much more general scenario.

Nevertheless, one has to keep in mind that, even if this kind of model is more easily mathematically
understood, since the analysis can be reduced to an algebraic problem, it is an ideal model that cannot be
physically reproduced. This is the reason why it is interesting to approximate these kinds of operators by
more regular ones. For instance, in one dimension, if V € C2°(R) then

Ve (1) :=%V(£) — (/ V)(SO when € — 0

in the sense of distributions, where 8y denotes the Dirac measure at the origin. In [Albeverio et al. 1988]
it is proved that A + V. — A + ( f V)(So in the norm resolvent sense when € — 0, and in [Behrndt
et al. 2017] this result is generalized to higher dimensions for singular perturbations on general smooth
hypersurfaces.

These kinds of results do not hold for the Dirac operator. In fact, in [Seba 1989] it is proved that, in
the 1-dimensional case, the convergence holds in the norm resolvent sense but the coupling constant
does depend nonlinearly on the potential V, unlike in the case of Schrddinger operators. This nonlinear
phenomenon, which may also occur in higher dimensions, is a consequence of the fact that, in a sense, the
free Dirac operator is critical with respect to the set where the §-shell interaction is performed, unlike the
Laplacian (the Dirac/Laplace operator is a first/second-order differential operator, respectively, and the
set where the interaction is performed has codimension 1 with respect to the ambient space). The present
paper is devoted to the study of the 3-dimensional case, where we investigate if it is possible to obtain the
same results as in one dimension. For §-shell interactions on bounded smooth hypersurfaces, we get the
same nonlinear phenomenon on the coupling constant but we are only able to show convergence in the
strong resolvent sense.

Given m > 0, the free Dirac operator in R? is defined by

H:=—ia-V+mpB,

where o = (a1, a2, a3),

i 0 o . _ |]2 0 N 10
a]_(aj O) for j=1,2,3, 5_<0 —u2>’ uz._(o 1),
01 0 —i 1 0
671=<1 0>, Ozz(l. 0), G3=<O _1) (1-1)

is the family of Pauli matrices. It is well known that H is self-adjoint on the Sobolev space H!(R3)* =:
D(H); see [Thaller 1992, Theorem 1.1]. Throughout this article we assume that m > 0.

In the sequel  C R? denotes a bounded C? domain and X := 32 denotes its boundary. By a C*> domain
we mean the following: for each point Q € X there exist a ball B C R? centered at Q, a C? function

and

¥ : R? — R and a coordinate system {(x, x3) : x € R? x3 € R} such that, with respect to this coordinate
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system, Q = (0, 0) and
BNQ=BN{(x,x3):x3>y¥x)}
BNE =BN{(x,x3):x3=1%(x)}.
By compactness, one can find a finite covering of ¥ made of such coordinate systems; thus the Lipschitz
constant of those i can be taken to be uniformly bounded on X.
Set Q¢ :={x eR?:d(x, =) <€} fore > 0. Following [Behrndt et al. 2017, Appendix B], there exists
n > 0 small enough depending on X such that for every 0 < € <7 one can parametrize €2, as

Qc={xx+tv(xy):xx € X, t € (—¢€,€)}, (1-2)

where v(xy) denotes the outward (with respect to €2) unit normal vector field on X evaluated at xx.
This parametrization is a bijective correspondence between 2. and ¥ X (—¢, €); it can be understood as

tangential and normal coordinates. For t € [—n, n], we set
Y ={xx+tv(xy) :xy € T} (1-3)

In particular, ¥, =0Q,\ Qifr >0, X, =0QNQif r <0 and Xy = X. Let 0, denote the surface
measure on X, and, for simplicity of notation, we set o := 0y, the surface measure on X.
Given V € L*®(R) with supp V C [—n, n] and 0 < € < n define

V.t) =1 V("—t)
€ €

and, for x € R3,

V . f Q , h — t f i 7t E - ¢, 9
Vo) = | V@ 1fx € Qe where x = x5 +1v(xs) foraunique (x5, 1) € X x (=€, €), | o
0 if x & Q..
Finally, set
ue = V2 ve = sign(Vo) | V|2 (1-5)

u(t) ==V @nl% @) = sign(V (nn)u().
Note that u., v. € L>®°(R3) are supported in Q. and u, v € L®(R) are supported in [—1, 1].
Definition 1.1. Given n, § > 0, we say that V € L*(R) is (8, n)-small if

8
suppV C[—n,n] and ||V L=wr) < 0

Observe that if V' is (8, n)-small then || V|11 ®) < 28; this is the reason why we call it a “small”
potential.

In this article we study the asymptotic behavior, in a strong resolvent sense, of the couplings of the
free Dirac operator with electrostatic and Lorentz scalar short-range potentials of the forms

H+V., and H+BV, (1-6)

respectively, where V; is given by (1-4) for some (8, n)-small V with é and 1 small enough only depending
on X. By [Thaller 1992, Theorem 4.2], both couplings in (1-6) are self-adjoint operators on H'(R3)*
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Given 1 > 0 small enough so that (1-2) holds, and given u and v as in (1-5) for some V € L*°(R) with
supp V C [—n, n], set

Ky f@t) = %i/ u(t) sign(t — s)v(s) f(s)ds for f € L} .(R). (1-7)
R

The main result in this article reads as follows.

Theorem 1.2. There exist no, § > 0 small enough only depending on X such that, for any 0 <n <ng
and (8, n)-small V,

H+V.— H+ A5 in the strong resolvent sense when € — 0, (1-8)
H+ BV, —> H+ A8y in the strong resolvent sense when € — 0, (1-9)
where
Ae 1= / v(®) (1 — K%,)*lu)(t) dt € R, (1-10)
R
A= /R v (1 +K3) ) (1) di € R, (1-11)

and H + \.6x and H + A S5, are the electrostatic and Lorentz scalar shell interactions given by (2-9)
and (2-11), respectively.

To define X, in (1-10) and A; in (1-11), the invertibility of 1 &+ IC%, is required. However, since Ky
is a Hilbert-Schmidt operator, we know that ||Ky || 12— 2w 1s controlled by the norm of its kernel
in L2(R x R), which is exactly lull 2@y llvllzzqey = 1V Ly < 28 < 1, assuming that § < % and that
V is (8, n)-small with n < ny. We must stress that the way to construct A, and A is the same as in the
1-dimensional case; see [§eba 1989, Theorem 1].

From Theorem 1.2 we deduce that if a € 0 (H + A.8x), where o (- ) denotes the spectrum, then there
exists a sequence {ac} such that a. € o (H + V) and a. — a when € — 0. The kind of instruments we
used to prove Theorem 1.2 suggest to us that the norm resolvent convergence may not hold in general;
thus we cannot ensure that the vice-versa spectral implication also holds. Nevertheless, if X is a sphere,
one has more information than in the general scenario; see [Mas and Pizzichillo 2017]. The Lorentz
scalar case is analogous.

The nonlinear behavior of the limiting coupling constant with respect to the approximating potentials
mentioned in the first paragraphs of the Introduction is depicted by (1-10) and (1-11); the reader may
compare this to the analogous result [Behrndt et al. 2017, Theorem 1.1] in the nonrelativistic scenario.
However, unlike in that result, in Theorem 1.2 we demand a smallness assumption on the potential, the
(8, n)-smallness from Definition 1.1. We use this assumption in Corollary 3.3 below, where the strong
convergence of some inverse operators (1 + B (a))~! when € — 0 is shown. The proof of Theorem 1.2
follows the strategy of [Behrndt et al. 2017, Theorem 1.1], but dealing with the Dirac operator instead of
the Laplacian makes a big difference at this point. In the nonrelativistic scenario, the fundamental solution
of —A +a? in R? for a > 0 has exponential decay at infinity and behaves like 1/|x| near the origin,
which is locally integrable in R? and thus its integral tends to zero as we integrate on shrinking balls in
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R? centered at the origin. These facts are used in [Behrndt et al. 2017] to show that their corresponding
(14 B¢ (a))~! can be uniformly bounded in € just by taking a big enough. In our situation, the fundamental
solution of H —a in R3 can still be taken with exponential decay at infinity for a € C \ R, but it is not
locally absolutely integrable in R% Actually, its most singular part behaves like x/|x|> near the origin,
and thus it yields a singular integral operator in R% This means that the contribution near the origin
cannot be disregarded as in [Behrndt et al. 2017] just by shrinking the domain of integration and taking
a € C\ R big enough; something else is required. We impose smallness on V to obtain smallness on
B¢ (a) and ensure the uniform invertibility of 1 + B (a) with respect to €; this is the only point where the
(8, n)-smallness is used.

Let ng, 6 > 0 be as in Theorem 1.2. Take 0 < n <ngand V = %tx(_r,,,,) for some 7 € R such that
0 < |r|n <24. Then, arguing as in [§eba 1989, Remark 1], one gets that

(0.¢)
/v(l —K2V)1M=Z/v/c2v"u =2tan({7n).
R n=0 R

Since V is (8, n)-small, using (1-10) and (1-8) we obtain that
H+V.— H+ 2tan(%rn)8z in the strong resolvent sense when € — 0,

analogously to [Seba 1989, Remark 1]. Similarly, one can check that fv 1+ K%,)_lu = 2tanh(%rn).
Then, (1-11) and (1-9) yield

H+BV.— H+ 2tanh(%tn),38; in the strong resolvent sense when € — 0.

Regarding the structure of the paper, Section 2 is devoted to the preliminaries, which refer to basic
rudiments with a geometric measure-theory flavor and spectral properties of the short-range and shell
interactions appearing in Theorem 1.2. In Section 3 we present the first main step to proving Theorem 1.2,
a decomposition of the resolvent of the approximating interaction into three concrete operators. This type
of decomposition, which is made through a scaling operator, already appears in [Behrndt et al. 2017, Seba
1989]. Section 3 also contains some auxiliary results concerning these three operators, whose proofs are
carried out later on, and the proof of Theorem 1.2; see Section 3A. Sections 4, 5, 6 and 7 are devoted to
proving all those auxiliary results presented in Section 3.

2. Preliminaries

As usual, in the sequel the letter “C” (or “c”) stands for some constant which may change its value at
different occurrences. We will also make use of constants with subscripts, both to highlight the dependence
on some other parameters and to stress that they retain their value from one equation to another. The
precise meaning of the subscripts will be clear from the context in each situation.

2A. Geometric and measure-theoretic considerations. In this section we recall some geometric and
measure-theoretic properties of ¥ and the domains presented in (1-2). At the end, we provide some
growth estimates of the measures associated to the layers introduced in (1-3).
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The following definition and propositions correspond to Definition 2.2 and Propositions 2.4 and 2.6 in
[Behrndt et al. 2017], respectively. The reader should look at that paper for the details.
Definition 2.1 (Weingarten map). Let X be parametrized by the family {¢;, U;, V;}ics; thatis, I is a
finite set, U; CR?% V; CR3, £ U, Vi and ¢;(U;) = V; N T for all i € I. For

x=@iu)eXNV;

with u € U;, i € I, one defines the Weingarten map W (x) : Ty — T, where T denotes the tangent space
of X on x, as the linear operator acting on the basis vector {9;¢; (u)};=12 of T, as

W(x) 0j¢i(u) := —0;v(p;(u)).

Proposition 2.2. The Weingarten map W (x) is symmetric with respect to the inner product induced by
the first fundamental form and its eigenvalues are uniformly bounded for all x € X.

Given 0 < € < n and Q. as in (1-2), let ic : ¥ x (—¢, €) — 2, be the bijection defined by
ic(xg,t) =xy +tv(xy).
For future purposes, we also introduce the projection Py : Q¢ — X given by
Py (xs +tv(xy)) == x3. -1

For 1 < p < +o0, let LP(2¢) and L? (X x (—1, 1)) be the Banach spaces endowed with the norms

1
1= [ AP0 U Wpmcrnyi= [ [ 117 doar 22)

respectively, where £ denotes the Lebesgue measure in R>. The Banach spaces corresponding to the
endpoint case p = 400 are defined, as usual, in terms of essential suprema with respect to the measures
associated to ¢ and ¥ x (—1, 1) in (2-2), respectively.

Proposition 2.3. If n > 0 is small enough, there exist 0 < c, cp < +00 such that

all fllpia,y S If oielliizxeey <2l fliig,y forall f € L'(Q), 0<e <.

Moreover, if W denotes the Weingarten map associated to ¥ from Definition 2.1,
€
/ fx)dx = / / fxs +tv(xy))det(l —tW(xg))do(xg)dt forall f € L' (R2). (2-3)
Q. —€JX

The eigenvalues of the Weingarten map W (x) are the principal curvatures of ¥ on x € X, and they are
independent of the parametrization of X. Therefore, the term det(1 —¢ W (xy)) in (2-3) is also independent
of the parametrization of X.

Remark 2.4. Let i : Q. — (—¢, €) be defined by h(xs + tv(xx)) :=¢. Then |VA| =1 in ¢, so the
coarea formula, see for example [Ambrosio et al. 2000, Remark 2.94], gives

€

£(x)dx =/ fx)do,(x)dt forall feL'(Q).
Qe —€JX;
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In view of (2-3), one deduces that

fdo; =/ fxs +tv(xy))det(l —rW(xs)) do(xx) (2-4)
A b

forallt € (—e,€) and all f € LY(Z).

In the following lemma we give uniform growth estimates on the measures o, for t € [—n, n] that
exhibit their 2-dimensional nature. These estimates will be used many times in the sequel, mostly for the
case of o.

Lemma 2.5. If n > 0 is small enough, there exist c1, ¢y > 0 such that

0:(B,(x)) <cir? forallx eR3 r >0, t€[—n, 7l (2-5)
o;(B,(x)) > 02r2 forallx € ¥;, 0 <r < 2diam(£2,), t € [-n, n], (2-6)

where B, (x) is the ball of radius r centered at x.

Proof. We first prove (2-5). Let rg > 0 be a constant small enough, to be fixed later on. If » > rg, then

0/ (B,(x)) < max o,(R*) <C=—rj<Cor?,
te[—n,n]

%
where Cp :=C /rO2 > 0 only depends on rg and 1. Therefore, we can assume that » < r(. Let us see that
we can also suppose that x € X;. In fact, if n and r( are small enough and 0 < r < ro, given x € R one
can always find x € X, such that 0;(B,(x)) <20,(B, (X)) (if x € ), just take X = Pxx +1v(Pxx)). Then
if (2-5) holds for %, one gets o;(B,(x)) < 20;(B,(¥)) < Cr?, as desired.

Thus, it is enough to prove (2-5) for x € X, and r < rq. If ry and 5 are small enough, covering X, by local
chards we can find an open and bounded set V; , C R? and a C! diffeomorphism ¢, : R — ¢,(R?) c R?
such that ¢,;(V;,) = X, N B,(x). By means of a rotation if necessary, we can further assume that
@, is of the form ¢, (y') = (¥, T;(y")), i.e., ¢, is the graph of a C! function 7, : R> — R, and that
max;e(—y,n IVT;lloo < C (this follows from the regularity of ). Then, if x" € V; , is such that ¢, (x") = x,
for any y' € V; , we get

P2 lo () — e (P =1y =X
which means that V; , C {y’ € R>:|x'—y'| <r}=:B' CR% Denoting by #? the 2-dimensional Hausdorff
measure, from [Mattila 1995, Theorem 7.5] we get

0/ (B, (x)) = H* (¢, (Vi) < H2 (@1 (B)) < |V |2 HA(B)) < Cr?

for all ¢ € [—n, n], so (2-5) is finally proved.
Let us now deal with (2-6). Given ry > 0, by the regularity and boundedness of X it is clear that
inf e[y 9], xex, 0/(By,(x)) = C > 0. As before, for any ro < r < 2diam(£2,) we easily see that

01 (B (x)) = 0;(B,(x)) = C = 4 diam(€2,)* > C1r%,

4 diam(£2,)?



712 ALBERT MAS AND FABIO PIZZICHILLO

where C; :=C/(4 diam(Qn)z) > 0 only depends on ry and 1. Hence (2-6) is proved for all ro <r <
2 diam(£2,)).

The case 0 < r < rg is treated, as before, using the local parametrization of X, around x by the graph
of a function. Taking n and r¢ small enough, we may assume the existence of V; . and ¢, as above, so
let us set ¢;(x") = x for some x" € V;,. The fact that ¢, is of the form ¢,(y") = (', T,(y’)) and that
@:(Vi.;) = ;N B,(x) implies B” :={y’ € R? : |x' — y'| < Cor} C V., for some C, > 0 small enough
only depending on max;e[—y, 5] | VT;|lo0, Which is finite by assumption. Then, we easily see that

0/ (By(x)) = 0:(¢: (V1)) = 0:(p:(B")) 2/ VI+IVLG)Pdy = / dy' =Cr?,
B// B’/
where C > 0 only depends on Cj. ]

2B. Shell interactions for Dirac operators. In this section we briefly recall some useful instruments
regarding the é-shell interactions studied in [Arrizabalaga et al. 2014; 2015]. The reader should look at
[Arrizabalaga et al. 2015, Sections 2 and 5] for the details.

Let a € C. A fundamental solution of H — a is given by

e—M|x| X
p)=———(a+mB+A+vVm?2 —ax|)ia-— | forx e R\ {0},
477 |x| |x|?

where ~/m?2 — a? is chosen with positive real part whenever a € (C\ R) U ((—m, m) x {0}). To guarantee
the exponential decay of ¢ at co, from now on we assume that a € (C\ R) U ((—m, m) x {0}). Given
G € LA(R%)* and g€ L?%(0)* we define

UG, g)(x) := fw ¢ (x —y) G(y) dy+/2¢”(x—y)g(y)d0(y) for x e R*\ . (2-7)

Then, ®¢ : L*(R%)* x L?(0)* — L?(R?)* is linear and bounded and ®“(G, 0) € H'(R?)* We also set
DG = tre(PY(G, 0)) € L*(0)*,

where try is the trace operator on X. Finally, given x € ¥ we define

Cgg(x) :=lim ¢“(x —y)g(y)do(y) and Cig(x):= lim @“(0, g)(y),
Y EN{lx—y|>€} Qisyn—m

where Q4 3 y > x means that y tends to x nontangentially from the interior/exterior of €2, respectively;
ie, Q4 :=Qand Q_ :=R3\ Q. The operators C¢ and C¢ are linear and bounded in L?(0)* Moreover,
the following Plemelj—Sokhotski jump formulae hold:
C4 =F3i(e-v)+CL (2-8)
Let A, € R. Using ®¢, we define the electrostatic §-shell interaction appearing in Theorem 1.2 as
D(H +1.85) :={®°(G,g): G e L*(R)*, g € L*(0)*, 1, ®VG = —(1+1.Cg},

(2-9)
(H+Aed5)p := Hp + 5he(py + )0 for g € D(H + A.85),
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where H ¢ in the right-hand side of the second statement in (2-9) is understood in the sense of distributions
and ¢ denotes the boundary traces of ¢ when one approaches ¥ from Q. In particular, one has
(H+A.85)p =G e L*(R%)* for all 9 = (G, g) € D(H + A.85). We should mention that one recovers
the free Dirac operator in H 1(R*)* when A, = 0.

From [Arrizabalaga et al. 2015, Section 3.1] we know that H + A.dy is self-adjoint for all A, # £2.
Additionally, if A, # 0, given a € (—m, m) and ¢ = (G, g) € D(H + A.0x),

(H +Aedy —a)p =0 if and only if (% + Cg>g =0. (2-10)
e

This corresponds to the Birman—Schwinger principle in the electrostatic -shell interaction setting. Since
the case A, = 0 corresponds to the free Dirac operator, it can be excluded from this consideration because
it is well known that the free Dirac operator doesn’t have pure point spectrum. Moreover, the relation
(2-10) can be easily extended to the case of a € (C\ R) U ((—m, m) x {0}) (one still has exponential
decay of a fundamental solution of H — a).

In the same vein, given A; € R, we define the Lorentz scalar §-shell interaction as

D(H +x;B85) :={®°(G, 8): G e LA(R*)*, g € L*(0)*, 1, D2G = —(B+1,Cg}. o1
(H+ B 85)p = Hp+ 3h (91 +¢_)o for ¢ € D(H + A 5).

From [Arrizabalaga et al. 2015, Section 5.1] we know that H 4+ A, 8y is self-adjoint for all A; € R.
Additionally, given A; #0, a € (C\R) U ((—m, m) x {0}) and ¢ = ®Y(G, g) € D(H + 1B 85), arguing
as in (2-10) one gets

(H+ A6y —a)p =0 if and only if (A£+Cf,>g=0. (2-12)
N
The following lemma describes the resolvent operator of the é-shell interactions presented in (2-9) and
(2-11).
Lemma 2.6. Given A,, Ay, e RwithA, #+2, ac C\Rand F € L2(R3%, the following identities hold:
(H+rebg —a) 'F=(H —a) ' F = 2,090, (14+1,CH) ' ®%F), (2-13)
(H+ B85 —a) 'F=(H—a)"'F— 1,00, (B+1,C3) ' DLF). (2-14)

Proof. We will only show (2-13); the proof of (2-14) is analogous. Since H + A.0x is self-adjoint for
he # 2, we know (H + .85, —a)~! is well-defined and bounded in L?(R3)* For A, = 0 there is nothing
to prove, so we assume A, # 0.

Let 9 = ®°(G, g) € D(H 4+ A.8x) asin (2-9) and F = (H + A.85x — a)p € L*(R*)* Then,

F=(H+ bz —a)®°(G, g) =G —ad’(G, g). (2-15)

If we apply H on both sides of (2-15) and we use that H ®°(G, g) = G + go in the sense of distributions,
we get HF = HG — a(G + go); thatis, (H —a)G = (H —a)F +aF + ago. Convolving with ¢¢
the left- and right-hand sides of this last equation, we obtain G = F + a®“(F, 0) + a®?(0, g); thus
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G — F =a®“(F, g). This, combined with (2-15), yields
0%(G, g) = ®“(F, g). (2-16)
Therefore, taking nontangential boundary values on X from inside/outside of €2 in (2-16) we obtain
DG +Clg=dUF +Clg.
Since ®°(G, g) € D(H + X.85%), thanks to (2-9) and (2-8) we conclude that

':ID‘(‘IF:—()\Le—i—Cg)g. (2-17)

Since a € C\R and H + A0y is self-adjoint for A, 7 £2, by (2-10) we see that Kernel(1/1.4Cg) = {0}.
Moreover, using the ideas of the proof of [Arrizabalaga et al. 2014, Lemma 3.7] and that A, # £2, one
can show that 1/, 4+ C§ has closed range. Finally, since we are taking the square root so that

\/mz a2 = \/mz — a2,
following Lemma 3.1 of the same paper we see that (¢9)! (x) = ¢ (—x). Here, (¢*)" denotes the transpose
matrix of ¢“. Thus we conclude that (Range(1/x, + Cf,))L = Kernel(1/X1. + Cf_;) ={0}, and so 1/A.+C§
is invertible. Then, by (2-17), we obtain
-1

g= _(% + cg) OUF. (2-18)

Thanks to (2-16) and (2-18), we finally get
-1
(H 485 —a)"'F = = d°(G, g) = D*(F, g) = d° <F, —(/\l + cg) @‘;F)
e
= ®“(F,0) — 4, P“(0, (1+1.CH ™' DLF),

and the lemma follows because ®¢(-,0) = (H —a)~! as a bounded operator in L2(R3H* O

2C. Coupling the free Dirac operator with short-range potentials as in (1-6). Given V as in (1-4), set
H:=H+YV, and H:=H+BV.

Recall that these operators are self-adjoint on H'(R?)% In the following, we give the resolvent formulae
for Hf and H}.

Throughout this section we make an abuse of notation. Remember that, given G € L?(R*)* and
gE€ L?(0)* in (2-7) we already defined ®“(G, g). However, now we make the identification ®“(-) =
®%( -, 0); that is, in this section we identify ®“ with an operator acting on L*(R*)* by always assuming
that the second entrance in ¢ vanishes. Additionally, in this section we use the symbol o (- ) to denote the
spectrum of an operator, the reader should not confuse it with the symbol o for the surface measure on X.

Proposition 2.7. Let u. and v, be as in (1-5). Then:

(1) a € p(H) ifand only if —1 € p(uP%v,), where p(-) denotes the resolvent set.
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(i) a € 0,,(Hf) if and only if —1 € opp(ucPve), where o,,(-) denotes the pure point spectrum.
Moreover, the multiplicity of a as an eigenvalue of HS coincides with the multiplicity of —1 as
eigenvalue of u d®%v..

Furthermore, the following resolvent formula holds:

(H —a) ' = & — v (1 + u D v.) 'u . (2-19)
Proof. To prove (i) and (ii) it is enough to verify that the assumptions of [Konno and Kuroda 1966,
Lemma 1] are satisfied. That is, we just need to show that a € 0,,,(H¢) if and only if —1 € 0, (u Pv)
and that there exists a € p(H¢) such that —1 € p(uPv).

Assume that a € 0,,(H?). Then (H + V. —a)F =0 for some F € L*(R3)* with F #0, so (H—a)F =
—V.F. Using that o (H) = 0ess(H), Where 0. (- ) denotes the essential spectrum, it is not hard to show
that indeed V. F #£ 0. Since V. = vcu,, by setting G =u.F € L*(R¥)* we get that G # 0 and

(H—a)F = —v.G. (2-20)
From [Thaller 1992, Theorem 4.7] we know that oes(H + V.) = 0ess(H) = o (H). Since o (Hf) is the
disjoint union of the pure point spectrum and the essential spectrum, we have o,,(Hf) C p(H), which
means that (H —a)~! = ®“ is a bounded operator on L?(R*)* By (2-20), F = —®%v.G. If we multiply
both sides of this last equation by u, we obtain G =u.F = —udv.G, so —1 € o, (u Pv.) as desired.

On the contrary, assume now that there exists a nontrivial G € L?(R3)* such that u. ®“v.G = —G. If
we take F = ®%v.G € L*(R?), we easily see that F £ 0 and V. F = —(H — a) F, which means that a
is an eigenvalue of H¢.

To conclude the first part of the proof, it remains to show that there exists a € p(Hf) such that
—1 € p(uPv.). By [Thaller 1992, Theorem 4.23] we know that o, (H¢) is a finite sequence contained
in (—m, m), so we can chose a € (—m, m) N p(H¢). Moreover, by [éeba 1988, Lemma 2], u,. ®%v, is
a compact operator. Then, by Fredholm’s alternative, either —1 € o, (U ®“ve) or —1 € p(ud“v,). But
we can discard the first option, otherwise a € 0,,,(Hf), in contradiction with a € p(H¢).

Let us now prove (2-19). Writing V, = v.u. and using that (H —a)~! = &% we have

(H¢ — a)(d* — v (1 4+ uc D) u D)
=1—ve(1 4+ u. D) ' u® + v ® — v (—1 414 u.dv) (1 + u d*v.) ', d°

=1—ve(1 + uc®v) ' uc® + veuc @ + ve(1 4+ uc dve) 'u P — veu O =1,
as desired. U

The following result can be proved in the same way; we leave the details for the reader.
Proposition 2.8. Let u. and v, be as in (1-5). Then:
(1) a € p(HY) ifand only if —1 € p(BuPv,).

(i1) a € opp(H?) if and only if —1 € 0pp(BuP*ve). Moreover, the multiplicity of a as an eigenvalue of
H? coincides with the multiplicity of —1 as eigenvalue of Bu P v..

Furthermore, the following resolvent formula holds:

(H! —a)™' = & — v (B+ ucdv) ' u . (2-21)
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3. The main decomposition and the proof of Theorem 1.2

Following the ideas in [Seba 1989; Behrndt et al. 2017], the first key step to proving Theorem 1.2 is to
decompose (H! — a)~! and (H? — a)~ !, using a scaling operator, in terms of the operators A (a), Be(a)
and C¢(a) introduced below (see Lemma 3.1).

Let no > 0 be some constant small enough to be fixed later on. In particular, we take 7g so that (1-2)
holds for all 0 < € < ng. Given 0 < € < 1, define

Ie : L*(E x (—€,€)* —> L*(Q)* by (Z f)(xs +tv(x5)) == f(xx, 1),
Se L2 x (=1, 1)* = LT x (=€, €)* by (Seg)(xx, 1) := b g(xz, 5).
Je €

Thanks to the regularity of X, Z, is well-defined, bounded and invertible for all 0 < € < g if 79 is small
enough. Note also that S is a unitary and invertible operator.
Let 0 <n <ng, Ve L>®R) with suppV C [—n, n] and u, v € L*°(R) be the functions with support
in [—1, 1] introduced in (1-5); that is,
u®) :=nVa)|Y? and  v(r) :=sign(V(n0)u(r). (3-1)
Using the notation related to (2-3), for 0 < € < 59 we consider the integral operators
Ac(a) : LA(Z x (=1, )* - LA R},
Be(a): L*(Z x (=1, 1)* = L*(Z x (=1, 1)*, (3-2)

C.(a): L2 (RH* = L*(Z x (-1, )*
defined by

1
(Ac(a)g)(x) :=f1/2¢“(x—yz—esv(yz))v(S)det(l—esW(yz))g(yz,S)dcr(yz)ds,

1
(Bo(@)g)(xs. 1) i= u(t) / | / ¢ (xs + €tv(xs) — yg — €sv(ys))v(s) (3-3)
T x det(1 — esW(ys))g(yx. 5) do(ys) ds,

(Col@g) (xp. 1) = u(t) /R (s + etvien) — »gO)dy.

Recall that, given F € L*(R**and f € L*(0)% in (2-7) we defined ®*(F, f). However, in Section 2C
we made the identification ®“(-) = ®%( -, 0), which enabled us to write (H —a)~' = ®% Here, and in
the sequel, we recover the initial definition for ®¢ given in (2-7) and we assume that @ € C \ R; now we
must write (H —a)~! = ®%(-, 0), which is a bounded operator in L*(R*)*

Proceeding as in the proof of [Behrndt et al. 2017, Lemma 3.2], one can show the following result.
Lemma 3.1. The following operator identities hold for all 0 < € < n:

Ac(a) = q)a( -, 0)ve Ze Se,
Be(@) =8I \ue (-, 0)ve Ie S, (3-4)
Ce(a) =877 'u, (-, 0).
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Moreover, the following resolvent formulae hold:
(H—a)™' = (H—a)"' + Ac(@)(1 + Bo(@)) ' Cc(@), (3-5)
(H! —a)™' = (H =)' + Ac(@)(B + Be(@)) ™' Ce(a). (3-6)
In (3-4), Ac(a) = ®4(-, 0)ve Z. S. means that A, (a)g = D% (ve Z. Sc g, 0) forall g € L*(X x (—1, 1)),
and similarly for B.(a) and C¢(a). Since both Z, and S, are an isometry, V € L*°(R) is supported in
[—n, n] and ®“( -, 0) is bounded by assumption, from (3-4) we deduce that A (a), B¢ (a) and C.(a) are
well-defined and bounded, so (3-2) is fully justified. Once (3-4) is proved, the resolvent formulae (3-5)
and (3-6) follow from (2-19) and (2-21), respectively. We stress that, in (2-19) and (2-21), there is the
abuse of notation in the definition of ®% commented on before.
Lemma 3.1 connects (H¢ —a)~! and (H! —a)~! to Ac(a), Bc(a) and C,(a). When € — 0, the limit
of the former ones is also connected to the limit of the latter ones. We now introduce those limit operators
for Ac(a), Be(a) and C.(a) when € — 0. Let

Ao(a) : L*(T x (=1, 1)* = L2(RYH*,
Bo(a): L*(Z x (=1, 1))* = L*(T x (=1, )4,

3-7
B i L*(T x (=1, 1))* > L%(T x (-1, 1), G-
Co(a) : L>(RH* = L>(Z x (=1, 1)*
be the operators given by
1
(Ao(@)g) (x) = / 1 /2 6 (r — y)()g(vx. 5) do(ys) ds,
1
(Bo(a)g)(xs. ) = lim u (1) f f 6% (rz — y2)v()g(vs. 8) do(yz) ds.
€0 =1 Jlxs—ys|>e (3-8)

1
(B'g)(xs. 1) = (o v(xx)) i u(t) / sign( =), ) ds,

(Col@e)(xs, 1) = u(t) /R (s — g0 dy.

The next theorem corresponds to the core of this article. Its proof is quite technical and is carried out
in Sections 4, 5 and 6. We also postpone the proof of (3-7) to those sections, where each operator is
studied in detail. Anyway, the boundedness of B’ is trivial.

Theorem 3.2. The following convergences of operators hold in the strong sense:

Ac(a) — Ap(a) when € — 0, (3-9)
B.(a) — Bo(a) + B whene — 0, (3-10)
Cc(a) — Cp(a) when € — 0. (3-11)

The proof of the following corollary is also postponed to Section 7. It combines Theorem 3.2, (3-5)
and (3-6), but it requires some fine estimates developed in Sections 4, 5 and 6.
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Corollary 3.3. There exist g, § > 0 small enough only depending on X such that, for any a € C\ R with
lal <1, 0 < n <ngand (8, n)-small V (see Definition 1.1), the following convergences of operators hold
in the strong sense:

(H+V.—a)' > (H=—a)""+ Ag(a)(1 + By(a) + B) 'Co(a) when e — 0,
(H4 BV, —a)™' - (H —a)"" + Ao(a)(B+ Bo(a) + B)'Co(a) when e — 0.

In particular, (1 + By(a) + B))~" and (B + Bo(a) + B')~! are well-defined bounded operators in
LY x (=1, )%

3A. Proof of Theorem 1.2. Thanks to [Reed and Simon 1980, Theorem VIII.19], to prove the theorem
it is enough to show that, for some a € C\ R, the following convergences of operators hold in the strong

sense:
(H+V.—a)' > (H+ X185 —a)~'  whene — 0, (3-12)

(H+BV.—a)™' > (H+ 2,885 —a)~' whene — 0. (3-13)

Thus, from now on, we fix a € C\ R with |a| < 1.
We introduce the operators

VLA x (=1, 1)* > L3%()* and U:L D)* = L3(Z x (=1, 1))*
given by
1

Vfxs) 2=/ v(s) f(xz,8)ds and U f(xs,0):=u() f(xz).

-1

Observe that, by Fubini’s theorem,
Ao(a) = 40, -)V, Bola) =UCV, Cola)=Ud%. (3-14)
Hence, from Corollary 3.3 and (3-14) we deduce that, in the strong sense,

(H+V.—a)™' - (H—a) '+ %0, )VA+UCV + B)'Ud% whene -0,  (3-15)
(H+BV.—a)"' = (H—a)"' + 090, )V B+UCV+B) ' Ud® whene—0. (3-16)

For convenience of notation, set
Kg(xs. 1) 1= Ky(g(xs, () forge L x (—1, 1)),

where Ky is as in (1-7). Then, we get

L ~ L (o-v)Klh
1+B =04+ (x U)Kﬂ4_((0-v)lC|]2 L )

Here, o := (01, 02, 03), see (1-1), I4 denotes the 4 x 4 identity matrix and IACJI]4 denotes the diagonal 4 x 4
operator matrix whose nontrivial entries are &, and analogously for Kl,. Since the operators that compose
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the matrix 1 + B’ commute, if we set K := IACH4, we get

(1+B8) "= —1%2)‘1®( I

_ 12—l . 21 )
—(o -v)Kl, I, >—(1 ) (a-v)(1 =K' K. (3-17)

With this at hand, we can compute
A+0CV+B) " =(1+1+B)'TCV) "1+ B)"!
—(1+(1-K)'TCLV - (@-v)(1 -k~ 'KTCLV) ™
o((1—KH ' —(a-v)(1-KH'K). (3-18)
Notice that
V(I+(1—KHTTCLV — (@-v)1 - K ~'KUCeV)
=(1+VA-KH'0CE~ (@-v)V(1 - KHT'KUCY)V,
which obviously yields
1

VI+A=KHTTCLV - (@-v)(1 —KHIKUCV)”
—(1+VA-K)'TC: - (@-v)V(1-K)'KTCY) V. (3-19)
Additionally, by the definition of Ky in (1-7), we see that
Va-k37'0 = </v (1 —/czv)—‘u)u4 = Aol
¥ (3-20)
VA -K"'kU = (fv (1— /c’é)—licvu)h =0.
R

Indeed, from (1-10) in Theorem 1.2, A, = fpv (1 — K3,)~'u. Let us focus on [v (1 —K3) ™' KCyu. Note
that, for any n > 0,

N 2n+1 . .
/“’C%/Hl“:(_%’) n+/ . ZV(IO)V(tl)"'V(t2n+l)51gn(t0_tl)"'Slgn(t2n_t2n+l)dt0dtl"'dt2n+l-
R (=n,m)="+
Set s; :=ty, 41— for j €{0,...,2n+1}. Then,

sign(to — 1) - - - sign(tay — tan1) = (—=1)*" T sign(so — s1) - - - sign(s21 — $2041);

thus, by Fubini’s theorem, [, v} *'u = 0. This implies [v (1 — K2)~'Kyu = 0 by a Neumann series
argument, and therefore V(1 — K2)~'KU = 0.
Hence, combining (3-19) and (3-20) we have

VA+1—KH'TC2V — (@ v)(1 —KH7KTCeV) ™ = (1 + 4,697V, (3-21)
Then, from (3-18), (3-21) and (3-20), we finally get
(0, )W +TCLV + B 1U®% = 00, - )(1 4 1,C%) 1, 0.

This last identity combined with (3-15) and (2-13) yields (3-12).
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The proof of (3-13) follows the same lines. Similarly to (3-17),
B+B) ' =1A+KHT B~ (@ A+
One can then make the computations analogous to (3-18)—(3-21). Since
Ay = /Rv (14+K3) " u,

we now get
(0, YV (B+UCLV + B) UL = 00, - )(B + 1,C4) a0

From this, (3-16) and (2-14) we obtain (3-13). This finishes the proof of Theorem 1.2, except for the
boundedness stated in (3-7), the proof of Corollary 3.3 in Section 7, and Theorem 3.2, whose proof is
broken up as follows: (3-9) in Section 6, (3-10) in Section 5 and (3-11) in Section 4.

4. Proof of (3-11): C.(a) — Cy(a) in the strong sense when ¢ — 0

Recall from (3-3) and (3-8) that Cc(a) with 0 < € < g and Cy(a) are defined by

(Ce(a)g)(xs, 1) = M(t)/R3 ¢ (xz +etvxs) —y)g(y) dy,

(Col@)g) (s, 1) = (D) /R e~ Mg dy.

Let us first show that C, (a) is bounded from L2(R3)* to L2(X x (—1, 1))* with a norm uniformly bounded
on 0 < € < ng. For this purpose, we write

(Ce(@)g) (xz, 1) = u(t)(¢* * g) (xx + €tv(xx)), (4-1

where ¢ x g denotes the convolution of the matrix-valued function ¢¢ with the vector-valued function
g € L>(R*)* Since we are assuming that a € C\R and, in the definition of ¢¢, we are taking ~/m? — a2 with
positive real part, the same arguments as the ones in the proof of [Arrizabalaga et al. 2014, Lemma 2.8]
(essentially Plancherel’s theorem) show that

lp® * gll g1 oyt < Cliglz@ey  forall g € L2 (R,

where C > 0 only depends on a. Additionally, thanks to the C? regularity of X, if 1 is small enough it is
not hard to show that the Sobolev trace inequality from H L(R** to L?(Z¢;)* holds for all 0 < € < g
and ¢ € [—1, 1] with a constant only depending on 71y (and X, of course). Combining these two facts, we
obtain that

16 % gll2(s 0 < Cliglz@sy forallg e LXRYY, 0<e<moandre[-1.1].  (4-2)
By Proposition 2.2, if ng is small enough there exists C > 0 such that

c'< det(1 —etW(Pgx)) <C forall0<e<mng, te(—1,1)and x € X;. (4-3)
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Therefore, an application of (4-1), (2-4), (4-3) and (4-2) finally yields
1
2
IC (@85 w11y = / / |u(0) (9" * &) (xs +etv(xz))| do(xs) dr
-1Jz

1
_ 2
< Nl / / ldet(1 — et W(Pz) (8 % £)(0)| doer (x) di
—1J %
1
< Clluli= f o #8172,y dt < Cllul ooy 181172
That is, if 19 is small enough there exists C; > 0 only depending on ng and a such that

ICe(@) | 23y 125 x(—1.1)* < Cillullp=@ forall 0 <e < no. 4-4)

In particular, the boundedness stated in (3-7) holds for Cy(a).
In order to prove the strong convergence of C¢(a) to Co(a) when € — 0, fix g € L?(R*)* We must
show that, given § > 0, there exists €y > 0 such that

[Ce(a)g — Col@)gll 2z x(—1,1t <8 forall 0 <€ <e. 4-5)

For every 0 < d < no, using (4-4) we can estimate

[Ce(@)g—Co(@)gll12(zx(~1,1))*
<ICe(@ (X8 lL2(s x (=1, HICo(@) (X2, 8) | L2 (5 x (= 1,1 FI(Ce (@) —Co(@)) (Xr3\2,8) | L2(5 x (—1,1))
<2C [lull L@ I X, 8l 2@yt HII(Ce (@) —Co(@) (X, 8) | L2 (2 x (= 1,1))*- (4-6)

On one hand, since g € L>(R*)* and £(X) = 0 (£ denotes the Lebesgue measure in R3), we can take
d > 0 small enough so that

X282 < 4-7)

AC |ull Loy

On the other hand, note that
(x5 +etv(xs)) —xs| = €t v(xs)| < € < 3d =1 dist(Z, R*\ Q) < 4 x5 — y| (4-8)

forallOfef%d, te(—1,1), xy e X andye[R{3\§2d.

As we said before, we are assuming that a € C\ R and, in the definition of ¢¢, we are taking v/m? — a?
with positive real part, so the components of ¢“(x) decay exponentially as |x| — co. In particular, there
exist C, r > 0 only depending on a such that

109 (x)| < Ce™™™ forall |x| > 1,

X (4-9)
106 (x)| < Clx|™® forall 0 < |x| < 1,

where by the left-hand side in (4-9) we mean the absolute value of any derivative of any component of the
matrix ¢“(x). Therefore, using the mean value theorem, (4-9) and (4-8), we see that there exists C, 4 > 0
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only depending on a and d such that
€

|6 (s +erv(xs) —y) = ¢ 0z = Y| < Cod 3
lxs — yl

forall0 <e < %d, te(—1,1),xyeXand y € R3 \ 4. Hence, we can easily estimate
|(Ce(a) — Co(@)) (xpn0,8) (x5, 1)

< lullLow) /R}\Q |9p% (xs +etv(xs) — y) — ¢%(xx — »)|Ig()| dy

€lgy)l
< Ca,d||M||L°°(R)/ —
RI\Qy Xz — Yl

12

y

< Cya€llullL=m) (/3 [P |6> lgllzmays < Cpg€llullomllgl2ms)
R3\By(xg) 1X= — Y

where C ; 4 > 0 only depends on a and d. Then,

[(Ce(@) — Co(@) (Xpra, ) | 22 x(—1,1¢ < Copg €llull L@l gl 12w (4-10)

for a possibly bigger constant C L’l 4> 0.
With these ingredients, the proof of (4-5) is straightforward. Given § > 0, take d > 0 small enough so
that (4-7) holds. For this fixed d, take

. { ) d}
€) = min - s = (-
2C, yllullL=mligl 2@y 2

Then, (4-5) follows from (4-6), (4-7) and (4-10). In conclusion, we have shown that
lim [|(Ce(@) = Co@)gllaz w1, =0 forall g € L*(R)", (4-11)
which is (3-11).
5. Proof of (3-10): B.(a) = By(a) + B’ in the strong sense when ¢ — 0
Recall from (3-3) and (3-8) that B.(a) with 0 < € < ng, and By(a) and B’ are defined by
1
(Be(a)g)(xx, 1) = u(t)[ / ¢“(xx +etv(xs) — ys —esv(ys))v(s)
-1Jz
x det(l —esW(yz))g(ys, s)do(ys)ds,

1
(Bo@g)(vs. 1) = lim u(r) / | /I 6% (rs — y2)($)g(yz. ) ds do(ys),

Xy —ys|>€

1
(B'g)(xs, 1) = (a-v(xy)) 3i M(t)/] sign(t —s)v(s)g(xx, s) ds.

We already know that B¢ (a) and B’ are bounded in L*(Z x (=1, 1)* Let us postpone to Section 5B the
proof of the boundedness of By(a) stated in (3-7). The first step to proving (3-10) is to decompose ¢“ as
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in [Arrizabalaga et al. 2015, Lemma 3.2]; that is,

V=2 —m x| _ | ,
)= (atmprvVmi—atia =)+ i I 4 Lo
47| x| |x] 4 x|®  4m |x|3

=: of (x) + 0 (x) + w3(x). 5-1

Then we can write
Bc(a) = Be,a)‘l‘ + Be,w%’ + Be,w39

(5-2)
By(a) = Bo,wt + Bo,ws + Bo,ws,

where Be vty Be ot and B¢ ,,, are defined as B¢(a) but replacing ¢ by o, @) and w3, respectively, and
analogously for the case of By(a).

For j = 1,2, we see that |of (x)| = O(lx|™") and |9 (x)| = O(|x|7?) for |x| — 0, with the un-
derstanding that |a);‘ (x)| means the absolute value of any component of the matrix a)J“ (x) and |8a);‘ )]
means the absolute value of any first-order derivative of any component of a)]" (x). Therefore, the integrals
defining Be,w;z and Boﬁw;z are of fractional type for j = 1, 2 (recall Lemma 2.5) and they are taken over
bounded sets, so the strong convergence follows by standard methods. However, one can also follow the
arguments in the proof of [Behrndt et al. 2017, Lemma 3.4] to show, for j = 1, 2, the convergence of
BMU? to B()’a);f in the norm sense when € — 0; that is,

eli_{% [ Be.wt = Bo.o? 125 x(—1, 1> L2(sx (-1, =0 for j=1,2. (5-3)

A comment is in order. Since the integrals involved in (5-3) are taken over X x (—1, 1), which is bounded,
the exponential decay at infinity from [Behrndt et al. 2017, Proposition A.1] is not necessary in the setting
of (3-10); hence the local estimates of |wJ‘.’ (x)| and |8a);.1 (x)| near the origin are enough to adapt the proof
of Lemma 3.4 of the same paper to get (5-3).

Thanks to (5-2) and (5-3), to prove (3-10) we only need to show that B¢ ., — By «, + B’ in the strong
sense when € — 0. This will be done in two main steps. First, we will show that

lirr(l) B¢ i, 8(xx, 1) = By, 8(xx, 1) + B'g(xs,t) foralmostall (xg,1) € ¥ x (—1,1) (5-4)
€—>

andall g € L®°(X x (-1, 1))* such that supj, < lgxs,t)—g(ys, )| <Clxg—yg| forall xy, yy € ¥ and
some C > 0 which may depend on g. This is done in Section 5A. Then, for a general g € L>(Z x (—1, 1))%,
we will estimate | B¢ o, g(xx, t)| in terms of some bounded maximal operators that will allow us to prove
the pointwise limit (5-4) for almost every (xx, t) € ¥ x (—1, 1) and the desired strong convergence of
Be ., t0 Bo o, + B'; see Section 5B.

SA. The pointwise limit of B ., g(xx,t) when € — 0 for g in a dense subspace of L3(X x (-1, 1)*.
Observe that the function u in front of the definitions of B ., Bo.», and B’ does not affect the validity
of the limit in (5-4), so we can assume without loss of generality that u =1 in (—1, 1).

We are going to prove (5-4) by showing the pointwise limit component by component; that is, we are
going to work in L*°(X x (—1, 1)) instead of L*°(X x (—1, 1))* In order to do so, we need to introduce
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some definitions. Set

k(x) = 471)|C—x|3 for x € R3\ {0). (5-5)

Givent € (—1, 1) and 0 < € < gy with 1 small enough and f € L*°(X x (—1, 1)) such that
sup | f(xz, 1) — f(yz, )] = Clxs — yz|

It]<1

for all xy, yy € ¥ and some C > 0, we define

1
TE f(xs) = / | /E K(xs +€tvirs) — ys —esv(ye)) f(vg, ) det(l — esW(yg)) do(ys) ds.
By (2-4)
1
T flrg) = / | / K (ke — Yes) £ (P yess 8) dGes (ves) ds, (5-6)

where x¢; := xx + €tv(xy), Yes := Yz +€sv(yx) and Py is given by (2-1). We also set

1 1
T, f(xx) = lim / 1 /I k(xz — y3) f (p. 8) do(yz) ds + Lo(xg) / sign(t =) f (v, 5)ds.

z—ys|>d
We are going to prove that

lim T f(xx) =T, f(xx) (5-7)

for almost all (xx, ) € ¥ x (—1, 1). Once this is proved, it is not hard to get (5-4). Indeed, note that
k = (ky, ka2, k3) with k;(x) := x; /(47 Ix]3) being the scalar components of the vector kernel k(x). Thus,
we can write

TS f(xs) = ((TF f (e, (T f (es))as (T f (x5))3),

where each (T f(xx)); is defined as in (5-6) but replacing k by k;. Then, (5-7) holds if and only if
(Tf f(xx))j — (T f(xx)); when € — O for j = 1,2, 3. From these limits, if we let f(ys, s) in the
definitions of 7, f and T, f be the different components of v(s)g(yx, s), we easily deduce (5-4). Thus,
we are reduced to proving (5-7).
The proof of (5-7) follows the strategy of the proof of [Hofmann et al. 2010, Proposition 3.30]. Set
E(x):= b for x € R\ {0},
47| x|

the fundamental solution of the Laplace operator in R>. Note that VE = k = (ki, k, k3). In particular, if
we set v = (vy, vz, v3) and x = (x1, X2, x3), for x € R? and y € ¥ with x # y we have the decomposition

ki(x —y) =0, E(x — y) = v(y)|* , E(x — )

= (2 EC = y) + Y v (0, EG =) = Y 0j(3)va (1), E(x — y)

n

V() Y 0 B =23 + Y (ma ()3 E(x — y) = vj(3) 8y, E(x = ) v (y)

=1V E@x =)+ VI E(x = y)ua(y), (5-8)
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where we have taken
vv(y)E(x - )’) = Z Vn(y)ax,,E(x - y) = VxE(x - y) : V()’)»
n

(5-9)
VIS E( =) 1= v (0)dg E(x — ) = v;(3)9, E(x — y).
For j, n € {1, 2, 3} we define
1
vaf(xz, [) = / / Vv“(yﬁ)E(xet — yés)f(PEyGS’ S) dO-ES(yGS) dS,
R (5-10)

j, nf(xE 1) —/ / Ve (yg E(xet Yes) f(PsYes, 8) dOes(Yes) dss,

where Ves(YVes) :=v(yx) is a normal Vector field to X,. Additionally, the terms V,_ (y ) E(X¢; — yes) and
Uﬂ(y )E (Xer — Yes) 1n (5-10) are defined as in (5-9) with the obvious replacements.
Given f € L®°(X x (—1, 1)) such that sup < |f (xz, 1) — f(ys, )| < Clxg —yz| forall xy, yx € X
and some C > 0, by (5-8) we see that

(T f(xg)); = TShi(es, )+ Y Tfhalxs, 1), (5-11)
n
where h, (Px Yes, §) = (Ves Ves)n [ (PxYes, s) forn =1, 2, 3. We are going to prove that

1
lim T hj(xx, 1) = lim / / Vi) E(xs —ys)hj(ys, s)do(ys)ds
e—0 §—0 xz—ys|>8

1
+%/_ sign(t —s)hj(xg, s)ds, (5-12)

lim T,k (x;,t)_hm/ / v(yE)E(xg ys)ha(vs, 8) do(ys) ds (5-13)
€0 lxs—yz|>8

for n =1, 2, 3. Then, combining (5-11), (5-12) and (5-13), we obtain (5-7). Therefore, it is enough to
show (5-12) and (5-13).

We first deal with (5-12). Remember that VE = k so, given § > 0, from (5-9) and (5-10) we can split
Tfhj()q:, t) as

1
Tuehj (xz, 1) = / / k(xer — Yes) * Ves (Ves) hj(PZyesv §)d0Oecs(Yes) ds
[Xes —Yes|>8

1
+/ f k(xet__YGs)'Ves(yes)(hj(PEyGSss)_hj(PExes,S))dO_es(yes)ds
[Xes —Yes| <8

1
+/ h.i(P2x€Sa s) k(xer — Yes) - Ves (Yes) dOes(yes) ds
—1

[Xes—Yes| <6
€,8 + '@6,5 + ‘fe,s,
and we easily see that

m T¢h;(xs, 1) = im lim (5 + Be s + C..9). (5-14)
e—>0 6—0 e—0

We study the three terms on the right-hand side of (5-14) separately.
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For the case of @ s, note that k € C ®(R3\ Bs(0))? and it has polynomial decay at co, so
lk(x)| + |0k(x)| < C < +00 forall x € R? \ B;s(0),

where C > 0 only depends on 8, and dk denotes any first-order derivative of any component of k. Moreover,
hj is bounded on ¥ x (—1, 1) and X is bounded and of class C 2 Therefore, for a fixed § > 0, the uniform
boundedness of the integrand combined with the regularity of £ and ¥ and the dominated convergence
theorem yields

1
lim o7 =/ f k(xs —ys)-v(ys) hj(ys,s)do(ys)ds. (5-15)
€0 1 Jjxg—ys|>8

Then, if we let § — 0, from (5-15) we get the first term on the right-hand side of (5-12).

Recall that the function h; appearing in %, s is constructed from the one in (5-4) using v, see below (5-7),
and vy, see below (5-11). Hence hj € L*°(X x (-1, 1)) and SUp|; < |hj(xs, 1) —hj(ys, )| < Clxs —ys|
for all xy, yy € ¥ and some C > 0. Thus, if 9 and é are small enough, by the mean value theorem there
exists C > 0 such that

| Ps yes — Py Xes] < C

|xXer — yes|2 T | Yes — Xes|

|k (Xer = Yes) * Ves (Ves) (hj (P yes, ) — hj(Psxes, 5))| < C (5-16)
for all 0 < € < ng and |x¢5; — yes| < 8. In the last inequality in (5-16) we used that Py is Lipschitz on
@y, and that |xe¢s — yes| < Clxer — Yes| if [Xeg — Yes| < 6 and § is small enough (due to the regularity
of ¥). From the local integrability of the right-hand side of (5-16) with respect to o¢; (see Lemma 2.5)
and standard arguments, we easily deduce the existence of Cs > 0 such that SUP)<e <y, |%e 5| < Cs and
Cs — 0 when § — 0; see [Behrndt et al. 2017, (A.7)] for a similar argument. Then, we have

|lim lim % 5| < lim sup |%cs| < lim Cs=0. (5-17)
§—0e—0 s 0<e<ng §—0

Let us finally focus on % 5. Since k = VE, from (5-9) we get

/ k(xer — Yes) - Ves(Yes) dOes(Yes) = / Vvﬂ(y“)E(xet — Yes) d0es(Ves).
[Xes—Yes| <6 [Xes—Yes| <6

Consider the set
Bs(xes) \ R2(e,5) ift <,

D§(t,s) =
Bs(xes) NQ(e,s) ift >,

where 2 (e, s) denotes the bounded connected component of R3 \ X that contains 2 if s > 0 and that is
included in Q if s < 0.

Set E,(y) := E(x — y) for x, y € R® with x # y. Then AE,, =0in D§(t,s) and VE,_(y) =
—VE(xer — y). If vyper.5) denotes the normal vector field on 0 D5 (t, s) pointing outside Dj(t, s), by the
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VaDE (t,5)

Ves (Yes)

8!
[ DS(t,s)
]
e[ [

v ,
‘.\l es(Ves)

N NN \

Figure 1. The set D§(z, s) in the case t > s > 0 (left) and s > ¢ > 0 (right).

divergence theorem,
0= / AE,, (y)dy=— / VE (et — ¥) - Vaps (.5 (0) dH ()
D§(t,s) ID5(t,5)

= - Sign(t —5) Vv“(yES)E(xet — Yes) d0es(Ves)

[Xes—Yes| <6

- f VE(xq —y) —— d#2(y), (5-18)
{yeR3:|xes—y|=8}NAS |y — Xes]

where
AS =R\ Q(e,s) ift<s and A5 :=Q(es) ift>s.

Remember also that 742 denotes the 2-dimensional Hausdorff measure. Since VE = k, from (5-18) and
(5-9) we deduce that

. Xes — Y
f K (ker—es)-Ves (ves) d0es (es) = sign(i—s) / kGra—y) =Y 432(y). (5-19)
|Xes—Yes | <8 3 Bj (xes)NAE, |Xes — ¥

Note that x; ¢ D§ (¢, s) by construction; see Figure 1. Moreover, by the regularity of X, given
§ > 0 small enough we can find €y > 0 so that |x¢; — y| > %8 forall0 <€ <¢p, s,t € [—1,1] and
y € 0Bs(xes) N Af,s. In particular,

lk(xe; — ¥)| < C <400 forall y € 9Bs(xes) NAS (5-20)

t,s°
where C only depends on § and €. Then,

Xet — Xeg —
et — Y = es — Y d,Hz(y)
A |xer — yI°  |xes — ¥l

Xes — Y
X0 Bs(xe )AL, (V) k(Xer — ¥) - AW (y) = X0 Bs(xe )AL, (V)

|xXes — ¥l

N X9 Bs(xs)ND(1,s) (V)

o B dH*(y) whene — 0, (5-21)
Xy —Y

where
D(t,s) =R\ Q ifr<s  and D(t,s):=Q ifr>s.
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The limit in (5-21) refers to weak-x convergence of finite Borel measures in R3 (acting on the variable ).
Using (5-21), the uniform estimate (5-20), the boundedness of /; and the dominated convergence theorem,
we see that

1 —
lim [ sign(t —$)h;(xs, s) / KGre — ) -~ an2(y) ds
1 BBS(xex)mAf,x

e—0J_ | €s

1

=/ sign(t—s)hj(xz,s)/ —2d7-{2(y) ds
—1 39Bs(xs)ND(t,s) 471Xz — ¥l
1 2
) H(0Bs(xx) N D(t, 5))
= sign(t — s)h; ,
/_1 B = S, ) 3 By (e

Then, using the regularity of ¥ and the dominated convergence theorem once again, we get

1 _
lim lim [ sign(t — ) (xs. 5) / k(e — ) -~ a32(y) ds
1 0Bs(xes)NAT

§—0e—0 J_ [Xes — V|

1
=1 / sign(r — $)h; (s, s) ds.  (5-22)
—1

By (5-19), (5-22) and the definition of %, s before (5-14), we get

1
lim lim % s = % / sign(t — s)hj(xx, s)ds. (5-23)
-1

§—0e—0

The proof of (5-12) is a straightforward combination of (5-14), (5-15), (5-17) and (5-23).
To prove (5-13) we use the same approach as in (5-12); that is, we split Tfnh,, (xx,1) as

T;nhn(-xi, t) = Jye,(s + v@g’é +(g€’5,

like above (5-14). The first two terms can be treated analogously and one gets the desired result; the
details are left for the reader. To estimate 4, s we use the notation introduced before. Recall that E,, is
smooth in Dg(—t,s) (assuming ¢ # s) and k(x¢; —y) = VE(x¢, —y) = —VE,_, (y). So, by the divergence
theorem, see also (5-9),

Jon B 2
/305 (r,s)v””DEU‘-w(y) Ere =) dH()
= / ((UBDE (,5) ONn axj~ E(xer —y) — (V8D§ (t,s) (y))j aan(xet - y)) dH2(y)
ADE(t,5)
= f (9y,dy, Ex,, — dy,dy, Ex., ) (y) dy = 0. (5-24)
D (1,5)
Since d D5 (1, s) = (Bs(xes) N es) U (0 Bs(xes) N Af’s), from (5-24) we have

VI E(Xest — Yes) dO, / v E(xe —y) dH* ()|,
‘/|xﬂ—yﬂ|§6 Ves (Ves) (Xest — Yes) dOes(Ves) N~ Vg (1.0 (Y) (Xer —¥) )
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Observe that

XoByreonas, ) VI E(xe —y) dHA(Y)

Vaug(r,s)(y)
= X085 (ren)n AL, (V) (VoD 1.5)(9))j 0y, B, (V) = VaDe 1.5) (V) By, Ex, (1) dH*(y)
(y—xx); (y—xx)
— 4 8y,,Ex>; (y) - _ .
ly —xxl ly —xxl

when € — 0. The limit measure in (5-25) vanishes because its density function corresponds to a tangential

— XBB5(x);)ﬂD(I,s)(y)< dy,Exy (y)) dH*(y)=0 (5-25)

derivative of E,; on dB;s(xx), which is a constant function on 9 Bs(xx). Therefore, arguing as in the
proof of (5-12) but replacing (5-21) by (5-25), we have that, now,

lim lim %, s =0.

§—>0e—0

This yields (5-13) and concludes the proof of (5-4).

SB. A pointwise estimate of |Be .,,8(xx, t)| by maximal operators. We begin this section by setting

k() i= 39— for j=1,2,3, x = (x1, x2,x3) € R\ (0}, (5-26)
47 |x]

In (5-5) we already introduced a kernel k which, in fact, corresponds to the vectorial version of the ones
introduced in (5-26). So, by an abuse of notation, throughout this section we mean by k(x) any of the

components of the kernel given in (5-5).
Note that k(—x) = —k(x) for all x € R?\ {0} and, besides, there exists C > 0 such that

lk(x — )| < for all x, y € R? such that |x — y| > 0,

T lx—yl?

(5-27)
|z — x|
|3

k(z—y)—k(x—y)|<C forall x, y, z € R with 0 < |z — x| < J|x — .

lx—y

As in Section 5A, we are going to work componentwise. More precisely, in order to deal with the

different components of Be ,,g(xx, ) for g € L*(T x (—1, 1)) we are going to study the following
scalar version. Given 0 <€ <1, g € L?(Z x (=1,1)) and (xx,1) € £ x (=1, 1), define

Beg(xs, 1)
1
:=u(t)/ fk(xz +etv(xs) —ys —esv(ys))v(s) det(l —esW(ys))g(ys, s)do(ys)ds, (5-28)
—1J2

where u and v are as in (3-1) for some 0 < n < 5. It is clear that pointwise estimates of |§€ glxy, )|
for a given g € L*(Z x (=1, 1)) directly transfer to pointwise estimates of |Be .,/ (xx, t)| for a given
he L%(T x (-1, 1))* so we are reduced to estimating |1§€g(xz, )| for g € L*(T x (—1, 1)).

A key ingredient to finding those suitable pointwise estimates is to relate B, to the Hardy-Littlewood
maximal operator and some maximal singular integral operators from Calder6n—Zygmund theory. The
Hardy-Littlewood maximal operator is given by

1
M, f(xg) = sup ——— |fldo, M, :L*(X)— L*(Z) bounded; (5-29)
50 0(Bs(xx)) JB;(xy)
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see [Mattila 1995, Theorem 2.19] for a proof of the boundedness. The above-mentioned maximal singular
integral operators are

T, f (x5) := sup , Ty:L*(Z)— L*(Z) bounded;  (5-30)

§>0

/| ke ) fn) o)
Xz —yz=|>

see [David 1988, Proposition 4 bis] for a proof of the boundedness. We also introduce some integral
versions of these maximal operators to connect them to the space L3(Z x (=1, 1)). Set

M*g(xil) .

1 1/2
(/ M*<g(-,s))<xz)2ds) . M, :L*X x (=1, 1)) > L%(Z) bounded,
- (5-31)

1
ﬁg(xz) :=/ T.(g(-,8))(xx)ds, ﬁ : L2(2 x (—1,1)) —» LZ(Z) bounded.
-1

Indeed, by Fubini’s theorem and (5-29),

1 1
Mgl 72z, = fz / Mg ) rs) ds dotxs) = f M DI s ds

1
=< Cf] ”g( vs)”iZ(E) ds = C”g”iZ(EX(_]y]))-

By the Cauchy—Schwarz inequality, Fubini’s theorem and (5-30), we also see that T, is bounded, so
(5-31) is fully justified.

Let us focus for a moment on the boundedness of By(a) stated in (3-7). The fact that, for g €
L2(Z x(—1, 1))* the limit in the definition of (By(a)g)(xx, t) exists for almost every (x5, 1) € T x(—1, 1)
is a consequence of the decomposition (see (5-1))

¢ = 0] + o) + w3,

the integrals of fractional type on bounded sets in the case of w{ and  and, for w3, that

lim k(xs —yy) f(yx)do(yg) exists for o-almost every xy € X (5-32)

€20 J|xs—ys|>e

if f e L?(X) (see [Mattila 1995, Theorem 20.27] for a proof) and that
1
/ v(s)g(-, s)ds € LA()*
-1

Of course, (5-32) directly applies to By, 4, (see (5-2) for the definition). From the boundedness of i
and working component by component, we easily see that By, is bounded in L2(Z x (=1, 1)~ By the
comments regarding Bo,a)'; and Bo,wg from the paragraph which contains (5-3), we also get that By(a) is
bounded in L*(X x (—1, 1))* which gives (3-7) in this case.
With the maximal operators at hand, we proceed to pointwise estimate |I§; g(xx,1)| for g € L*2(Z x
(—1,1)). Set
8e(yz, 8) :==v(s)det(l —esW(yx))g(ys, 5). (5-33)
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Then, since the eigenvalues of W are uniformly bounded by Proposition 2.2, there exists C > 0 only
depending on 7g such that

18e(yz, )| = CllvllLemlg(ys, s)I forall0 <e <no, (ys,s5) € L x (=1, 1). (5-34)
Additionally, the regularity and boundedness of ¥ imply the existence of L > 0 such that
lv(xs) —v(yz)l < Llxg —ys| forallxs, ys € X. (5-35)

We make the following splitting of Eeg(xg, t) (see (5-28) for the definition):

1
BogCrs, = u(t) f / K(xs + €tv(xs) — vz — esv(yn))ge (v, 5) do(ys) ds
—1 J|xg—ys|<de|t—s]|

1
+u(t)f / (k(xg +€rv(xs) — ys —€sv(yx))
b ml=aei] — k(xs +esv(xs) — yz — esv(y2)))ge vz, 8) do(ys) ds

1
+M(l)/ / (k(xs +es(xs) —v(ys)) — ys) —k(xs — y5))
Tl bl x ge(ys, s)do(ys) ds

1
+M(l)f / k(xs —ys)ge(ys, s)do(ys)ds
=1 J|xz—yz|>4elt—s|

=: Be1g(xs, 1)+ Beag(xs, 1) + Be3g(xs, 1) + Beag(xs, 1). (5-36)

We are going to estimate the four terms on the right-hand side of (5-36) separately.
Concerning §5,1g(Xg, 1), note that
€|t —s| =dist(xy + €tv(xz), Tey) < |xz +etv(xs) — yx —esv(yx))|
for all (yx,s) € & x (=1, 1); thus |k(xg + etv(xs) — yz —esv(ys))| < 1/(€2|t — s|%) by (5-27), and
then
! 1

1B1g(xs, 1) < ||u||mR>/ -
—1 €2t =52 Jxg—ysi<deli—s|

lge(ys, s)ldo(ys)ds

1
< CllullL=m®) / 1 M, (ge(-,5))(xx)ds < Cllul|Lemllvlize® Mg (xXx), (5-37)

where we used the Cauchy—Schwarz inequality and (5-34) in the last inequality above.
For the case of Ee,z g(xx, t), we split the integral over ¥ on dyadic annuli as follows. Set

N = [ logz<w) H +1 (5-38)

elt —s|
for t # s, where [ - ] denotes the integer part. Then, 2Ve|t —s| > diam(£2,,) and

1 N
1Beag(xs, 0] < llullz~) / > / -+ do(ys)ds, (5-39)
-1, 2ntle|t—s|>|xs—ys|>2"€|t—s|
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where .- means |k(xs + €1v(xs) — yz — €sv(y5)) —k(xs +esv(xs) — ys — €sv(yz))|1g (s, 8)I-
By (5-35),

(I=noLl)|xs —yz| < lxs —ysl —nolv(xz) —v(ys)l
<|xz +esv(xs) — yz —esv(ys)|
<lxz —ysl+nolvxz) —v(yz)l <A +nol)lxy — y=l,
thus if we take ng < 1/(2L) we get
3lrs — vzl < |xx +esvixz) —ys —esv(yz)| < 20z —ysl. (5-40)
Additionally, for 2"+le|t —s| > |xx — yz| > 2"€|t — 5|, using (5-40) we see that

|xz +etv(xy) — (xy +esv(xz))| =e€|t —s| <27"|xg — ys|
<27 xg +esv(xy) — yx —esv(ys)|

< 3|xs +esvixs) —ys —esv(yy)] (5-41)
foralln =2, ..., N. Therefore, combining (5-41), (5-27) and (5-40) we finally get

[k(xs +€tv(xs) — yx —€sv(yx)) —k(xs +esv(xs) — ys —esv(ys))]

|xg +etv(xy) — (xg +esv(xy))| - Celt —s| - C
lxg +esv(xs) —ys —esv(ys)? T xg —ysP 23e?r —s)?
foralls,re(—1,1), 0<e<ng, n=2,...,N and 2" e|t —s| > |xx — yx| > 2"€|t —s|. Plugging this
estimate into (5-39) we obtain
I 18 (yz. 9)|
~ >
|Bepg(xs, )] < C||M||L°<>(R)f / =" do(ys)ds
‘ —1 ; el —s|> [xp—ys | > 2nelr—s| 2 €|t — |2
1
_18e(ys, )
< Cllulle) / [ _do(yz) ds
-1,5 |xs—ys|<2ntHe|t—s| (2n+16|t |)

o
1 ~
< Cllull=m ) 5, / M (8e(+,$))(xp) ds < Cllull o IVl omM.g(xz), (5-42)
n=2 -1

where we used the Cauchy—Schwarz inequality and (5-34) in the last inequality above.
Let us deal now with §€’3g(x2, t). Since 0 <€ <ngand s € (—1, 1), if we take ng < 1/(2L) as before,
from (5-35) we see that

|(xs +es(vixs) —v(ye))) — xz| =€ls| V(xs) —v(ys)l < jlxs — yzl,

and then, by (5-27),

els[lv(xg) —v(ys)] - Ce
lxz —yz |3 ~ Jxs —yzl?

|k(xs +es((xs) —v(ys) —ys) —k(xz —yz)| < C (5-43)
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Splitting the integral which defines §€,3 g(xyg, t) into dyadic annuli as in (5-39), and using (5-43), (5-34)
and (5-38), we get

1 N
~ lge (s, 9)I
Buaglrs. 0] = Clullmn [ Ye [ 8V I 5(ys) ds
—1 2tHle|r—s|>|xs—ys|>2me|i—s| X5 — Yzl

1 N
< cnunmmf €Y M.(ge(+,5)(xg)ds
-1 n=2

! diam(£2,,,)
< Cllullpemllviizem) | € |log, “er—s| M, (g(-,s))(xx)ds. (5-44)
—1 -
Note that
diam (2
elogz<ﬁ) <€e(C+|log, €|+ |log, |t —s]|) < C(1+4|log, |t —sl|)

for all 0 < € < ng, where C > 0 only depends on 19. Hence, from (5-44) and the Cauchy—Schwarz
inequality, we obtain

1
|Besg(xs, 1) SC||u||Loo<R>||v||Loo<R)f (1+|log, |t —s||)M.(g(-, 5))(xx) ds
-1

1 1/2
2 ~
sC||u||Loo<R>||v||Loo<R)(/ (14 |log, |7 —s1]) ds) M,g(xx)
-1
< Cllull L@ V]l L@ Myg (x5), (5-45)

where we also used that t € (—1, 1), so f_ll(l + |log, |t —s||)2ds <c(1 +f02 |log, r|*dr) < +o0, in
the last inequality above.
The term |§€,4g(x2, t)| can be estimated using the maximal operator ﬁ as follows. Let A;(yy) and
A2(yx) denote the eigenvalues of the Weingarten map W (yx). By definition,
8e(ys, s) =v(s)det(l1 —esW(ys))g(ys, s)
= () (1 + %571 (y2)ha(yx) — eshi(yz) —€s22(y5))8 (s, 9)-
Therefore, the triangle inequality yields

1
|Beag(xs, )| < ||M||L00(R)||U||L°°(R)/I(T*(g(',S))(Xz)-l-n%T*(Mkzg(',S))(Xz)

+ 00T (M8 (-, ))(xx) +noTe(h2g (-, $))(x%)) ds
< Cllull=@Ivll=@ (Teg (rs) + Tu(hi228) (x2) + To (h18) (x5) + T (hag) (xx)).  (5-46)
Combining (5-36), (5-37), (5-42), (5-45) and (5-46) and taking the supremum on € we finally get that

sup |Beg(xs, D) < Clull=mllvl L) (ﬂ*g(xz) +T.g(xs)
0<e<no ~ ~ ~
+ Tu(MA28) (x3) + To(M 1) (x5) + Tu(M2g) (x3)),  (5-47)
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where C > 0 only depends on 9. Define

B.g(xs.1):= sup |Beg(xs. )| for (xg,1) € ¥ x (—1,1).
O0<e<no
Then, from (5-47), the boundedness of M, and T, from L?(S x (—1, 1)) to L%(), see (5-31), and the
fact that ||A1]|z(x) and [|A2||z~(x) are finite by Proposition 2.2, we easily conclude that there exists
C > 0 only depending on 71 such that

1 Bsgllz2zx(—1.1)) < CllullLe@llviiem gl 2z x(—1,1))- (5-48)

5C. Be,o, = Bo,w; + B’ in the strong sense when € — 0 and conclusion of the proof of (3-10). To
begin this section, we present a standard result in harmonic analysis about the existence of a limit almost
everywhere for a sequence of operators acting on a fixed function and its convergence in the strong sense.
General statements can be found in [Duoandikoetxea 2001, Theorem 2.2 and the remark below it] and
[Torchinsky 1986, Proposition 6.2], for example. For the sake of completeness, here we present a concrete
version with its proof.

Lemma 5.1. Let b € N and (X, uyx) and (Y, jy) be two Borel measure spaces. Let {W,}o<e<p, be a
family of bounded linear operators from L*>(ux)? to L?(uy)? such that, if

W.g(y):= sup |Weg(y)| forge L*(ux)’ andye?,

O<e<no
then

We: L*(ux)” — L*(uy)

is a bounded sublinear operator. Suppose that for any g € S, where S C L*>(ux)? is a dense subspace,
lim._,o Weg(y) exists for jy-a.e. y € Y. Then, for any g € L*>(jux)?, we know lim._,o Weg(y) exists for
uy-a.e. y € Y and

=0. (5-49)

fm | Wes — lim W],

In particular, lim¢_, o W defines a bounded operator from L*(ux)? to L*(uy)®.

Proof. We start by proving that, for any g € L*(ux)? lime_o W.g(y) exists for uy-a.e. y € Y. Take
gk € S such that ||gx — gll12(uy)» — 0 for k — 00, and fix A > 0. Since lim¢_,0 Wegk () exists for uy-a.e.
y € Y, the Chebyshev inequality yields

,uy({y eyY: |lim sup Weg(y) — ligl_j(r)lfWGg(y)| > k})

e—>0

<py({yeY:|lim sup We(g — g0 ()| + |1igigfwe (g — M| >1})
< MY({)’ €Y 2Wi(g —gu)(y) > A})

= )\2 ”W (g gk)”Lz(MY)

= )\’2 ”g gk”Lz(l/LX)h
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Letting k — oo we deduce that

py({y €Y : |limsup Weg(y) —li?l)i(r)lfWEg(y)| >1})=0.

e—0

Since this holds for all A > 0, we finally get that lim._,o W g(y) exists uy-a.e.

Note that |W,.g(y) — lims_.o Wsg(y)| < 2W,g(y) and W,.g € L>(uy). Thus, (5-49) follows by the
dominated convergence theorem. The last statement in the lemma is also a consequence of the boundedness
of W,. O

Thanks to Lemma 5.1 and the results in Sections 5A and 5B, we are ready to conclude the proof of
(3-10). As we said before (5-4), to obtain (3-10) we only need to show that B¢ ,,, — By ., + B’ in the
strong sense when € — 0. From (5-4), we know that

lirr(l) Be.w,8(xx, 1) = By o g(xx, 1) + B'g(xy, 1) for almost all (xx,7) € T x (—1, 1)
€—

and all g € L>®(X x (-1, 1))* such that SUP|;|<1 lg(xs, 1) —g(ys, )] < Celxy —ys| forall xz, yx € X
and some C, > 0 (it may depend on g). Note also that this set of functions g is dense in L*(Z x (=1, )4
Additionally, thanks to (5-48) we see that, if ng > 0 is small enough and we set

By 8(xs, 1) 1= sup |Bew,g(xs,1)| for (xx,1) € ¥ x(=1,1),

0<e<no

then there exists C > 0 only depending on ng such that

| Bs.wngll L2z x(—1,1)) < CllullemllviliLemy gl L2z x(—1,1))4- (5-50)

Thus, from Lemma 5.1 we get that, for any g € L2(X x (-1, 1))* the pointwise limit lim,_. Be o, 8 (xx, t)
exists for almost every (xx, f) € X x (—1, 1). Recall also that By ., + B’ is bounded in L>(Z x (=1, 1)*
(see the comment before (5-33) for By ., the case of B’ is trivial), so one can easily adapt the proof of
Lemma 5.1 to also show that, for any g € L>(X x (—1, 1))%,

lil’l’(l) Be o, 8(xx, 1) = By, g(xx, 1) + B'g(xs,t) foralmostall (xg,7) € & x (—1,1).
€—>
Finally, (5-49) in Lemma 5.1 yields

elg% I(Be,wy — Bo.oy — BNgll 12— 1.1yt =0 forall g € L*(X x (—1, 1))*,
which is the required strong convergence of B ., to By ., + B’ This finishes the proof of (3-10).

6. Proof of (3-9): Ac(a) - Ay(a) in the strong sense when € — 0

Recall from (3-3) and (3-8) that A.(a) with 0 < € < 5o and Ag(a) are defined by
1
(Ac(a)g)(x) = /1 fzdf’(x —yx —esv(yz))v(s) det(l —esW(ys))g(ys, s) do(ys) ds,

1
(Ao(@)g)(x) = / 1 /E 6 — y2)u(s)g (ys. $) dolyz) ds.
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We already know that A, (a) is bounded from L*(Z x (—1, 1)* to L?(R*)* To show the boundedness of
Ao(a) (and conclude the proof of (3-7)) just note that, by Fubini’s theorem, for every x € R?\ ¥ we have

1
(Ao(@)g)(x) = /E ¢ (x — )’z)< / 080z ) ds) dolyz).

and f_ll v(s)g(-,s)ds € L*(2)*if g € L>(Z x (=1, 1))* Since a € C\ R, [Arrizabalaga et al. 2014,
Lemma 2.1] shows that A (a) is bounded from L2(Z x (—1, 1))* to LZ(R3)*.
We begin the proof of (3-9) by splitting
Ac(a)g = xmo\@,, Ac(@)g + X, Ac(@)g. (6-1)

Let us treat first the case of XRs\QmAe(a). As we said before, since a € C\ R, the components of
¢“(x) decay exponentially when |x| — oo. In particular, there exist C, r > 0 only depending on a and g
such that

99 (0)], 19¢* (x)| < Ce™™™ forall x| > Ino, (6-2)

where the left-hand side of (6-2) means the absolute value of any component of the matrix ¢“(x) and of
any first-order derivative of it, respectively.

Note that 79 = dist(R? \ €, ©). Hence, if x € R*\ Q,,, y5 € 2,0 <€ < ingand s € (—1, 1) then,
forany 0 <g <1,

lg(x —ys —esv(ys) + (1 —g)(x —y5)| =[x —y5 —gesv(ys)]

> [x—yz|—qels| = [x—ys|—1ino = Sx—ys| = ino. (6-3)

Thus (6-2) applies to [x, ys]; :=g(x —ys —€sv(ys)) + (1 —g)(x — yx), and a combination of the mean
value theorem and (6-3) gives

% (x — yx —esv(ys)) — ¢ (x —yz)| <€ Jnax 199" ([x, y£1g)| < Cee”W/Py=l (6-4)

Set g.(yx, s) :=det(l —esW(yx))g(ys, s). On one hand, from (6-4), Proposition 2.2 and the Cauchy—
Schwarz inequality, we get that

XR\Q,, ()| (Ac(@)g) (x) — (Ag(a)ge) (x)]
1
< Clvllmxma, @ [ [ ez s 9l dots) ds
> a
< Cellvllom 18 ll L2(s x (—1,1)* XR3\@,, (X) (/ e vzl dcr(yz)>
z

< CelvlLe@llgll L2z x(=1,1y)*§ (X,
where

12
§(x) = Xm\gq,, (X) (fz e el dG()’z)) ,
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Since & € L?(R?) because 0(X) < +00, we deduce that
Xm0, (Ac(@)g — Ao(@) gl 2@y < CellvllLom lIgllL2(zx (1,14 (6-5)
On the other hand, by Proposition 2.2 we have

|2e(ys. $) — 8(ys, )| = |det(1 —esW(yz)) — 1]18(ys, )| < Celg(yz, 9).
This, together with the fact that Ag(a) is bounded from L3(Z x (=1, 1))* to L2(R3)*, see above (6-1),

implies
||XR3\Q, Ao(a)(ge — 2wyt = CllvllLem) 18 — gllL2zx(=1,1
10
= CG||U||L°°(R)||g||L2():><(—1,1))4' (6-6)

Using the triangle inequality, (6-5) and (6-6), we finally get that
[ Xr3\@,, (Ae(@) — Ao(a))gll 2w < CellvliLe@ gl L2z x (1,1 (6-7)
forall0 <e < %770, where C > 0 only depends on a and ng. In particular, this implies
elig(l) [ Xr\@,, (Ae(@) = Ao(@) 125 x(— 1,14 23y = 0. (6-8)

Let us deal now with XQner (a). Consider the decomposition of ¢ given by (5-1). Then, as in (5-2),

we write
Aé (a) = Ae,w’f + Ae,w‘zl + Ae,w3,

Ao(a) = Aot + Ao,w8 + A0,w3

(6-9)

where Aé,wzlz, Ae,wg and A, ,, are defined as A.(a) but replacing ¢ by w{, @ and w3, respectively, and
analogously for the case of Ag(a). For j =1, 2, the arguments used to show (5-3) in the case of Bsyw;_c
also apply to XQnoAg’w;’; thus we now get

1im 110, (Ac.ot = Ao |21y =0 forj=1,2. (6-10)

It only remains to show the strong convergence of Xgnerm. This case is treated similarly to what we
did in Sections 5A, 5B and 5C, as follows.

6A. The pointwise limit of A¢ ,,8(x) when € — 0 for g € L%(X x (=1, 1))* This case is much easier
than the one in Section 5A. For a fixed x € R*\ ¥, we can always find 8., C, > 0 small enough such that

|x —yg —esv(yx)|=C, forallyg € ¥,s€(—1,1)and 0 <€ < 6.

In particular, for a fixed x € R3 \ X, we have |w3(x —yy —€sv(yy))| < C uniformlyon yy € ¥,s € (—1, 1)
and 0 <€ < §y, where C > 0 depends on x. By Proposition 2.2 and the dominated convergence theorem,
given g € L*(Z x (-1, 1))* we have

lim Ac 0, (x) = Ao g(x) for L-ae. x € R, (6-11)
€—

where £ denotes the Lebesgue measure in R,



738 ALBERT MAS AND FABIO PIZZICHILLO

6B. A pointwise estimate of xey, (x)|A¢, ;8 (x)| by maximal operators. Given 0 < e < 4—1‘770, we divide
the study of XS, (x)A¢ »;8(x) into two different cases, i.e., x € Qy, \ Q24¢c and x € Q4. As we did in
Section 5B, we are going to work componentwise; that is, we consider C-valued functions instead of
C*-valued functions. With this in mind, for g€ L*(Z x (—1, 1)) we set

1
Aeg(x) 1=/1fzk(x—yz—ESV(yz))v(S)det(l—6sW(yz))g(yz,S)dG(yz)ds,

where k is given by (5-26).

In what follows, we can always assume that x € R3 \ X because £(X) = 0. In case that x € 4,
we can write x = xy + €tv(xy) for some t € (—4, 4), and then ;feg(x) coincides with Eeg(xz, 1), see
(5-28), except for the term u(¢). Therefore, one can carry out all the arguments involved in the estimate
of Ee g(xyz, t), that is, from (5-28) to (5-48), with minor modifications to get the following result: Define

Av*g(xg, t):= sup |Z€g(xz +etv(xy))| for (xx,t) € X x (—4,4). (6-12)
O<e<np/4

Then, if 1o is small enough, there exists C > 0 only depending on ng such that

[ sup Avg(-. 0 1oy < Cllvle@ gl 2w w—1ry forall g € LA(E x (<1, 1)), (6-13)
|t|<4

For the proof of (6-13), a remark is in order. The fact that in the present situation ¢ € (—4, 4) instead
of t € (—1, 1), as in the definition of Eeg(xz, t) in (5-28), only affects the arguments used to get (5-47)
at the comment just below (5-45). Now one should use that

5
/ | log, r|2dr < 400
0
to prove the estimate analogous to (5-45) and to derive the counterpart of (5-47); that is,
A.g(rs, 1) < Cllvll i (Mag(rs) + Tag () + Tu(i228) (¥5) + T (1) (x5) + To (h2g) (x3))

for all (xx, 1) € ¥ x (—4,4), where 1| and XA, are the eigenvalues of the Weingarten map. Combining
this estimate, whose right-hand side is independent of ¢ € (—4, 4), the boundedness of I\f/VLk and ik from
L%(Z x (=1, 1)) to L>(%), see (5-31), and Proposition 2.2, we get (6-13).

Finally, thanks to (6-12), (2-3), Proposition 2.2 and (6-13), for 79 small enough we conclude

”055250/4 X2l Acgl | 2, = | sup Acg(Py-, 1) |22,
E C” Sup Z*g( ) t)||L2(E)
It <4
< ClvllLe@lIgllL2(zx(=1,1y)- (6-14)

‘We now focus on X\ e Zg for0<e < %,770' Similarly to what we did in (5-36), we set

8e(yz, s) :==v(s)det(l —esW(yx))g(ys, ),
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see (5-33), and we split A, g(x) into Acg(x) = A 18(x) + Ac2g(x) + Ac38(x) + A 4g(x), where
1
Aergo) = / / (k(x — yg — esv(yn)) — k(x — y)) ge vz, ) do(ys) ds.
—1JX
- 1
Feng(n) = / / K(x — y2)ge(ys. s) do(yz) ds.
—1 Jjxg—ys|<4dist(x,S)
1
Ac38(x) 3=/ / (k(x —ys) —k(xs —ys))8(ys, s)do(yx) ds,
—1 Jjxg—yz|>4dist(x,3)

1
Acag8(x) == / / k(xs —ys)8e(yx, s)do(ys)ds.
—1 Jjxg—yz|>4dist(x, %)
From now on we assume x € 2, \ Q4¢ and, as always, ys € X. Note that

(v —esv(ys)) — ys| <€ < 1 dist(x, ©) < L x — ysl,

s0 (5-27) gives |k(x —yy —esv(ys)) —k(x —ys)| < Celx —yy |_3. Furthermore, we have |x — yy| >
Clxy — yx| for all yx € ¥ and some C > 0 only depending on 79. We can split the integral on X, which
defines Ze, 18(x) in dyadic annuli as we did in (5-39), see also (5-42), to obtain

1
|A€,1g<x)|sc/ / €802y yg) ds
—1Jx

s—ys|<dist(r,x) dist(x, )3

' €lge(yz. 5)|
| Y S8 L do(yy) ds
—1 475 Jedisie. D) <fxs —ys <2 diste 3y X — Yl

1 oo
~ 1 18 (s, 5)|
< Clvlmmigtz)+C [ o0 | 18O Iy ds
7 -1 2:: 2" Jixg—yp <2 distie, 5 (27 dist(x, £))?

o0 1
~ 1 ~
< Cllollie Mg () +C Y5 / M. (c(-, $)(xs) ds = Cllvll i~ Mog(rs). (6-15)
n=0 -1

Using that [k(x — yx)| < Clx — ys |2 < C dist(x, X)~2 by (5-27), it is easy to show that
|Ae28(x)] < Cllvll Lo Mag (xs). (6-16)
Since dist(x, X) = |x — x|, the same arguments as in (6-15) yield
|Ae38()| < Cllvll L@ Mg (xs). (6-17)
Finally, the same arguments as in (5-46) show that
|Acag ()] < Cllvllze@ (Teg(rs) + Tu(hir2g) (rs) + Te(Mig) (rx) + Tu(M29)(xx)).  (6-18)
Therefore, thanks to (6-15)—(6-18) we conclude that

SUP X22,0\0 (V)| Acg ()]
O<e<no/4 ~ ~ ~ ~ ~
< Cllvllpom (Meg (x5) + Teg(xx) + T (MA28) (x5) + Tu(h18) (x3) + T (h28) (x%)),
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and then, similarly to what we did in (6-14), a combination of (5-31) and Proposition 2.2 gives

| sup xo, 0l Al 2@y < Clol®@ gl 2 x-1.1))- (6-19)
0<e<no/4

Finally, combining (6-14) and (6-19) we get that, if 9 > 0 is small enough, then

| sup xo, 1Al 2 < Cllvlix@llgll 211, (6-20)
0=<e=<no/4

where C > 0 only depends on 1.

6C. A o, = Ao, in the strong sense when € — 0 and conclusion of the proof of (3-9). It only
remains to put all the pieces together. Despite that the proof follows more or less the same lines as the
one in Section 5C, this case is easier. Namely, now we don’t need to appeal to Lemma 5.1 because the
dominated convergence theorem suffices (the developments in Section 6A hold for all g € L2(Zx(—1, )%

not only for a dense subspace like in Section 5A).
Working component by component and using (6-20) we see that, if we set

Ay 8(X) = sup |Acayg(x)| forx eR3\ T,
0<e<no/4

then there exists C > 0 only depending on ng > 0 (being 1o small enough) such that

X2, Axw38ll2wey = ClivliLemlgllLa s x 1.1y (6-21)

Moreover, given g € L2(Z x (—1, 1))% in (6-11) we showed that lim¢_,¢ A¢ 4, g(x) = Ag.0,&(x) for
L-a.e. x € R3. Thus (6-21) and the dominated convergence theorem show that

lm [1q, (Acn = Aow)gll 2y =0. (6-22)
Then, combining (6-1), (6-9), (6-8), (6-10) and (6-22), we conclude that
lim [[(Ae(a) — Ao(a))glliz(R3)4 < Eli_r)rg)(llxmszno (Ac(a) — Ao(a))glliz(R3)4
+ 11X, (Acwi = A0.w)8 N 725
+ 11X, (Acwg — 40,098l 72y
+ 11 X2, (Ae.on — A0.03)8 172 gsys) =0
for all g € L2(Z x (=1, 1))* This is precisely (3-9).

7. Proof of Corollary 3.3

We first prove an auxiliary result.

Lemma 7.1. Leta € C\ R and ny > 0 be such that (1-2) holds for all 0 < € < ng. If ng is small enough,
then for any 0 < n <ngand V € L (R) with supp V C [—n, n] we have

N Ae(@ Il L2(5 x (=1.1))4 = L2(R3)*»
| Be (@) | L2(2 5 (=1, 1)4 = L2(Z x (=1, 1))*>

ICe(@IlL2@3y4 = L2(2 % (—1,1))*
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are uniformly bounded for all 0 < € < ng, with bounds that only depend on a, ng and V. Furthermore, if
no is small enough there exists 5 > 0 only depending on ng such that

IBe(@) 125 x (1.1 L2(Ex (—1.1¢ =< 3 (7-1)
foralllal <1, 0<e <ngy, 0<n<ngandall (§,n)-small V.
Proof. The first statement in the lemma comes as a byproduct of the developments carried out in Sections 4,
5 and 6; see (4-4) for the case of C.(a), (5-50) and the paragraph which contains (5-3) for B¢(a), and
(6-7), (6-10) and (6-21) for A.(a). We should stress that these developments are valid for any V € L>®(R)
with suppV C [—n, 5], where 0 < n < no; hence the (8, n)-small assumption on V in Theorem 1.2
is only required to prove the explicit bound in the second part of the lemma, which will yield the
strong convergence of (1 + B(a))~! and (B + Bc(a))~! to (1 + By(a) + B))~" and (B + By(a) + B)) ™,
respectively, in Corollary 3.3.

Recall the decomposition

Be (a) = Bs,w? + Bs,w‘z’ + Be,w3 (7-2)
given by (5-2). Thanks to (5-50), there exists Cy > 0 only depending on ng such that
| Be,ws I 25 x (=114 > 125 x (—1. 1)+ < Collullp=@llvlizem®) forall 0 <e <nj. (7-3)

The comments in the paragraph which contains (5-3) and an inspection of the proof of [Behrndt et al.
2017, Lemma 3.4] show that there also exists C; > 0 only depending on 1 such that, for any |a| < 1 and
ji=12,

[ Be.ot 2255 (— 1,14 > L2z x(—1,1* < Cillull Lo llvliLem forall 0 <e <no. (7-4)

Note that the kernel defining Be ¢ is given by

e*«/mzfaz\x\ 1

S =———ia I
2 47 lx|3’
SO
. |m2—a2|
|5 (x)| = O N for |x| — 0.
X

Therefore, the kernel is of fractional type with respect to o, but the estimate blows up as |a| — co. This

is the reason why we restrict ourselves to |a| < 1 in (7-4), where we have a uniform bound with respect

to a. However, for proving Theorem 1.2, one fixed a € C \ R suffices, say a = i; see (3-12) and (3-13).
From (7-2), (7-3) and (7-4), we derive that

[ Be(@)l 25 (—1.1)y > L2(5x(— 1.1y < (Co +2CD)|lull Lo l|vllLo® forall 0 <e <nq. (7-5)

If V is (8, n)-small (see Definition 1.1) then ||V | Lo @) < §/n, so (1-5) yields

lullomyllvlizemwy =nllViiLew < 9.
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Taking § > 0 small enough so that (Co +2C1)8 < %, from (7-5) we finally get (7-1) for all 0 < € < nq.

The case of By(a) follows similarly, just recall the paragraph previous to (5-33) taking into account that
the dependence of the norm of By(a) with respect to ||u|| ) ||v]l L) is the same as in the case of

0<e<no. O

7A. Proof of Corollary 3.3. We are going to prove the corollary for (H + V. —a)~!; the case of
(H + BV, —a)~! follows by the same arguments. Let 179, § > 0 be as in Lemma 7.1 and take a € C\ R
with |a| < 1. It is trivial to show that

1B | 22 x (-1, 1)y > 125 x (— 1,14 < Cllull Loy 101 Lo )

for some C > 0 only depending on 2. Using (1-5), we can take a smaller § > 0 so that, for any (4, 1)-small
V with 0 < n < nq,

1Bl 22 x(—1.1)y > L2(sx (— 1,174 < C8 < %
Then, from this and (7-1) in Lemma 7.1 (with € = 0) we deduce that
(14 Bo(a) + BNl r2mx(—1.1¢ = 18l 2z x (= 1.1)* — 1 (Bo(@) + B)gll 12(sx(~1.1))4
> %”g”LZ(Ex(fl,l))“
for all g € L2(Z x (—1, 1))* Therefore, 1 + By(a) + B’ is invertible and
I(1+ Bo(a)+ B! 22 x (1,012 x (=11 < 3.

This justifies the last comment in the corollary. Similar considerations also apply to 1 4+ B¢(a), so in this
case we deduce that

1+ Be(a))_l||L2(Ex(—l,1))4—>L2(E><(—1,1))4 < % (7-6)
for all 0 < € < ng. Note also that
(14 Be(@) ™' — (14 Bo(a) + B)"' = (1 + Bc(a)) "' (Bo(a) + B’ — Be(a))(1 + Bo(a) + B)) ™. (7-7)

Given g € L*(Z x (=1, 1))% set f = (14 By(a) + B')"'g € L>(Z x (=1, 1))* Then, by (7-7) and
(7-6), we see that

[((1+ Be@)™ = (1 + Bo@ + B) )| g 1.1y
= | (14 Be(@) ™' (Bo@) + B' = Be@) f | 121 1y
< 3|/(Bo(a) + B = Be(a)) f | L2(Ex(=1,1)*" (7-8)

By (3-10) in Theorem 3.2, the right-hand side of (7-8) converges to zero when € — 0. Therefore, we
deduce that (1 + Bc(a))~! converges strongly to (1 + By(a) + B’ )~! when € — 0. Since the composition
of strongly convergent operators is strongly convergent, using (3-5) and Theorem 3.2, we finally obtain
the desired strong convergence

(H+V.—a)' > (H=—a)""+ Ag(a)(1 + By(a) + B)"'Cy(a) when e — 0.

Corollary 3.3 is finally proved.
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