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THE ENDPOINT PERTURBED BRASCAMP-LIEB INEQUALITIES
WITH EXAMPLES

RUIXIANG ZHANG

We prove the folklore endpoint multilinear k;-plane conjecture originating in a paper of Bennett, Carbery
and Tao where the almost sharp multilinear Kakeya estimate was proved. Along the way we prove a more
general result, namely the endpoint multilinear k;-variety theorem. Finally, we generalize our results to
the endpoint perturbed Brascamp-Lieb inequalities using techniques in earlier sections.

1. Introduction

The endpoint multilinear kj-plane theorem. The multilinear k;-plane conjecture was implicitly proved
by Bennett, Carbery and Tao [2006], except for the endpoint case. In the first part of this paper we
formulate and prove the endpoint case. In fact we will prove the endpoint multilinear k;-variety theorem,
which is more general.

The proof uses the polynomial method. We will set up the polynomial like Guth [2010] did in his
proof of the endpoint multilinear Kakeya conjecture. Then we make some crucial new observations
and development of the theory, enabling us to estimate “the quantitative interaction of the polynomial
with itself” in terms of its visibility. As a result, we are able to deal with the codimension difficulty and
complete the proof.

The multilinear k;-plane estimate is a natural generalization of the famous multilinear Kakeya estimate.
Albeit weaker than linear Kakeya, the multilinear Kakeya theorem and the methods it inspired recently
had remarkable applications to classical harmonic analysis problems as well [Bourgain and Guth 2011;
Bourgain 2013a; 2013b; Guth 2016b; 2016¢; Bourgain and Demeter 2015]. See the beginning of [Guth
2015] for a good introduction.

The nonendpoint case of the multilinear Kakeya conjecture was proved by Bennett, Carbery and Tao
[Bennett et al. 2006] and later Guth [2010] proved the endpoint case, which we state below.

Theorem 1.1. For 1< j <d,let{T;,:1 <a < A(j)} be a family of unit cylinders in RZ We set Vj.q to be
the direction of the core line of the cylinder T; ,. Assume the core lines of cylinders from different families
are “quantitatively transversal”; i.e., for any 1 < a; < A(j), we have vy 4 AV2.a, A+ AVg g, >0 >0,
where 0 is fixed. Then we have

d A()) 1/(d—1) d
/d<| [ xT,-,a) Sa 07D T AN D, (1-1)
R . .

j=1 a=1 Jj=1

MSC2010: 42B10.
Keywords: Brascamp-Lieb inequality, polynomial method.
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Guth’s approach to proving Theorem 1.1 is very different from the approach of Bennett, Carbery and
Tao. He was able to take a polynomial that approximates the intersection of tubes sufficiently well, along
the way employing some nice tools and lemmas from algebraic topology and integral geometry.

In the Kakeya setting we have cylinders which are neighborhoods of lines. A natural analogue is to
replace lines with higher-dimensional affine subspaces and this will exactly be our multilinear k;-plane
setting. In Remark 5.4 of [Bennett et al. 2006], the authors note that their techniques can be also used to
obtain nonendpoint cases of multilinear k-plane transform estimates considered in [Oberlin and Stein
1982]. There is also a k-plane version of the Kakeya problem [Bourgain 1991] that could be relevant here.

They did not state the result precisely and we will state what we can get from their proof below. If
we go check the proof, similar techniques in [Guth 2015] can also give us the result. Here we allow
subspaces of different dimensions and hence call the theorem a “multilinear k;-plane theorem”.

Before stating the theorem we introduce our terminology to describe a “higher-dimensional” analogue
of cylinders.

Definition 1.2. In a space of dimension d, for any 1 < b < d define a b-slab to be the Cartesian product of
a b-dimensional ball By and a (d—b)-dimensional ball B; (the spaces spanned by both balls are required
to be orthogonal). The radius of B; will be called the size of our b-slab and the radius of B, will be called
the radius of it. The Cartesian product of B and the center of B; is called the core of this b-slab.

By the above definition, a 1-slab is a cylinder. Its length is the size in our language. Our definitions of
radius and core are consistent with familiar definitions for cylinders. As explained above, we call our
theorem a kj-plane theorem because when the size is large, a k-slab looks flat and is like a “fattened”
k-plane.

Theorem 1.3 (multilinear k;-plane theorem with R® loss [Bennett et al. 2006]). Assume R is a large
positive number. Assume K1, K», ..., K, ; {1,2,...,d} are disjoint and K, U---UK, ={1,2,...,d}.
Let kj = |KJ|

For1 < j<mn,let{T;,:1=<a=<A(j)} beafamily of kj-slabs of size < R and radius 1. Assume that
Jorany 1 < a; < A(j), the core of Tj 4, is on a kj-plane that forms an angle < § against the k;-plane
spanned by all e;, i € K;.

Then when § > 0 is sufficiently small depending on d, we have

n A(j) 1/(n—1) n
/ d(l [> XT,;H) Sea RE[TAGHYD. (1-2)
R . .

j=1 a=1 Jj=1

When n =d and K; = {j}, this theorem is the multilinear Kakeya theorem with R® loss, which is the
main theorem of [Bennett et al. 2006]. In [Guth 2015], a simpler proof of this special case is also given,
and it can be generalized easily to prove the whole Theorem 1.3.

We can obtain various k;-plane theorems by taking different n and K; in Theorem 1.3. As we saw
in Theorem 1.1, Guth [2010] was able to remove the R® in the multilinear Kakeya case. So in general we
would also expect the removal of R®. Conceptually, this will allow us to have slabs with “size co” (that are
actually 1-neighborhoods of k; planes) in the theorem. It turns out to be true and will be proved in this paper.
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Theorem 1.4 (multilinear k;-plane theorem). Take the same assumptions as Theorem 1.3, but with no
restriction on the size of slabs. We have

n A(j) 1/(n—1) n
f i(]‘[Zxr,,a) Sa[TADYD. (1-3)
R .
j=1

j=1 a=1

Theorem 1.4 has an affine-invariant version, just like the multilinear Kakeya case, which was first
pointed out in [Bourgain and Guth 2011]. We will actually prove this version (Theorem 1.5 below).
Theorem 1.4 is a direct corollary of it.

In order to state the theorem, we introduce some notation. For any g < d vectors vy, vy, ..., vy, We
define |v; Avy A--- Ay to be the volume of the parallelepiped generated by vy, vy, ..., v,. Moreover,
for any m (affine) subspaces Vi, V3, ..., V,, with a total dimension d, we can define |V A Vo A--- AV,
tobe [vi 1 A AVILG AVLIA AV G A AUyt AUy g, |, Where {v;; 1 1 <7 <d;} form an
orthonormal basis of the linear subspace parallel to V;.

Theorem 1.5 (affine invariant multilinear k;-plane theorem). Assume the positive integers 1 <ki, ..., k, <
d — 1 satisfy Z;'l=1 ki=d. For1 < j<n,let{T;,:1=<a=<A(j)}bea family of k;-slabs of radius 1.
Assume the core kj-plane of T; 4 is parallel to the linear subspace H; ,. Then for any real numbers p; 4,
we have

A(l) Am) n

1/(n—1) n ,A>) 1/(n—1)
L Xm0t w1 (S )

a=1 ap=1j=1 aj=1

Remark 1.6. We refer the reader to [Bennett and Bez 2010] for an explanation of why the exponents
are as they appear in Theorem 1.5. Also we note that in that paper the authors already observed the
affine-invariant Finner inequality, which is an “unperturbed” version of Theorem 1.5.

Our Theorem 1.5 has some application in the multilinear restriction theorem too. Foreach 1 < j <n
assume %; : U; — R? is a smooth parametrization of a subset of a smooth submanifold 2; whose closure
is compact. Also assume Z?:l dim Q; = d. Here we assume Uj is a neighborhood of the origin 0. We
can associate the extension operator to ¥; as follows:

Eig© = [ 0000 (1-5)

Assume T, )21 A- - - AT, 0)$2, # 0. Then just like the classical multilinear restriction case discussed
in [Bennett et al. 2006], we can form the endpoint multilinear restriction conjecture:

Conjecture 1.7 (endpoint multilinear k;-restriction conjecture). Assume we have X; as above such that
T, )1 A+ ATs,0)20 #0. Then when the U; are sufficiently small, we have

n
2/(n—1
fw [T1Ei&" " <a H 1811750 - (1-6)
j=1
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The methods in [Bennett et al. 2006] yield the following local variant of the conjectured (1-6) with
R?-loss:

n n
_ 2 —1
1Ejgi |7V <g0 RET [ l1gi 1750, (1-7)
L>(U))
BO.R) ;_ e j

We can use Theorem 1.4 to slightly improve (1-7). Using exactly the same proof techniques as in the
proof of Theorem 4.2 in [Bennett 2014], from Theorem 1.4 we deduce that there exists a k = k(d) > 0
such that

2/(n—-1) < K 2/(n=1) .
/. R)H'E &) <4 oz R) 1‘[||g,||L2(U/_) . (1-8

The endpoint perturbed Brascamp-Lieb inequalities. Everything in the previous section in its unper-
turbed version, including the Loomis—Whitney inequality and the multilinear k;-plane theorem, is a
special case of the Brascamp-Lieb inequalities. In this paper we also generalize the Brascamp—Lieb
inequalities in the same way we do with the multilinear k;-plane theorem, with some new combinatorial
ideas. We state our endpoint perturbed Brascamp-Lieb inequalities in this section.

We first briefly review the Brascamp-Lieb inequalities. We will mostly follow the notational convention
in [Bennett et al. 2008; 2010], which are two important references in the literature. Assume that in R¢ we
have 7 linear surjections B; : R - E ;. Then for certain positive numbers p;, 1 < j < n, the following
Brascamp-Lieb inequality holds for any measurable function f; on E;(1 < j < n) with some C > 0:

n n p]-
/ ]_[(fjoBJ-)Pfgc]_[(/ f,) : (1-9)
R j=1 j=1 M E

If this is the case, we call the minimum possible constant C such that (1-9) holds the Brascamp—Lieb
constant BL(B, p). Here we use B to denote the data (B, ..., B,) and p to denote the data (py, ..., py).
The pair (B, p) is called the corresponding Brascamp—Lieb datum. If (1-9) fails for any finite C, we define
BL(B, p) = +o0. Note that no a priori assumptions are made on the relationship between d and n here.

Lieb [Lieb 1990] showed:

Theorem 1.8. BL(B, p) = BL,(B, p), where

" (detg, Aj)Pi 1/2
[[i=i(detg; A)) )) (1-10)

dt(zj 1 PiBfA;B;

with the supremum is taken over all A; : E; — E; such that A; is a positive definite linear transform.

BL,(B, p) = sup(

An alternative way to state Theorem 1.8 is that the Brascamp—Lieb constant is what one would obtain
by restricting attention to the special case in which each f; is a certain Gaussian function.

Subsequently, Bennett, Carbery, Christ and Tao [Bennett et al. 2008; 2010] determined a necessary and
sufficient condition for BL(B, p) =BL, (B, p) < +00. They proved that BL(B, p) =BL,(B, p) < +00
is equivalent to the following two conditions:
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(1) Scaling condition:

> pidimE; =d. (1-11)
j

(2) Dimension condition: for any linear subspace V C R,

dimV <" p; dim(B; V). (1-12)
J
So we know when we can have the actual Brascamp-Lieb inequality (1-9) thanks to their work.
Inequality (1-9) has an equivalent version that is easier to understand intuitively. We state it in the
following proposition and refer the readers to [Bennett 2012] for this observation.

Proposition 1.9 (combinatorial Brascamp-Lieb). Assume we have a Brascamp—Lieb datum (B, p) in R%.
Assume k; =dimKker B; and we have n families of slabs. Assume the j-th family T; consists of only k;-slabs
of radius 1 whose cores are all parallel to ker B;. Also assume each |T| is finite. Then BL(B, p) < 400

if and only if we always have
n

pj n
/ 1'[( 3 ij> <TTim; 1. (1-13)
Rd .
Jj=1 "TjeT; j=l1

In light of the last subsection, a perturbed version of this proposition should be true. This can indeed
be proved; recently, Bennett, Bez, Flock and Lee [Bennett et al. 2015, Theorem 1.2] proved the following
(nonendpoint) theorem via generalizations of Guth’s method [2015].

Theorem 1.10 (perturbed Brascamp-Lieb with R®-loss [Bennett et al. 2015]). Assume we have a
Brascamp—Lieb datum (B, p) in R? with BL(B, p) < +0co. Let k; = dimker B;. Assume we have
n families of slabs and the j-th family T; consists of only kj-slabs of radius 1 and size < R. Assume each
|T;| is finite. Also assume that each slab in the j-th family has its core k;-plane within a §-neighborhood
of ker B; on the corresponding Grassmannian (with a given standard metric). Then when § is sufficiently
small depending on (B, p) we have

pj n
f JH(Z xT_,.) SapBLa.p.e R[] IT17. (1-14)
Rd

j=1 “T;€T; j=1

They conjectured that R® can be removed here (see inequalities (7) and (8) of [Bennett et al. 2015])
and we prove their conjecture in the last section of this paper.

Theorem 1.11 (endpoint perturbed Brascamp—Lieb theorem). Assume we have a Brascamp—Lieb datum
(B, p) in RY with BL(B, p) < +00. Let kj = dimker B;. Assume we have n families of slabs and the j-th
family T; consists of only k;-slabs of radius 1. Assume each |T;| is finite. Also assume that each slab in the
J-th family has its core k;-plane within a 5-neighborhood of ker B; on the corresponding Grassmannian
(with a given standard metric). Then when § is sufficiently small depending on (B, p) we have

n

pj n
/ l_[( > XT,-) SapeLa.p | [IT17. (1-15)
R :
j=1

d
j=1 TjETj
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Remark 1.12. Theorem 1.11 formally implies the stability of Brascamp—Lieb constants, which was a
result of Bennett, Bez, Flock, and Lee [Bennett et al. 2015]. However, it is worth noticing (see the proof
later in Section 8) that the main result in [Bennett et al. 2015] is an input rather than an output in our
proof of Theorem 1.11. In particular, we do not have a new proof of the main result in [Bennett et al.
2015] in this paper.

Our proof of Theorem 1.11 will follow the same scheme as the proof of Theorem 1.4. Some new
difficulties present themselves and we deal with them in due course.

Like what we had in the end of last subsection, our perturbed Brascamp-Lieb theorem has some
impact on the endpoint Brascamp—Lieb-type restriction conjecture formulated in [Bennett et al. 2015].
To introduce it, we use the same setup that we did in Conjecture 1.7, but this time we don’t assume that
Zj ki =d or that T, 0)21 A+ - - A Tx, 02, # 0. Instead, we assume that there exists p = (py, ..., pn),
pj > 0, such that BL(B(X), p) < oo, where B(X) = (T, )21, - .., T, 0)£2,) (here we abuse the
notation a bit and for each component we really mean the linear subspace of R? parallel to it).

Conjecture 1.13 (endpoint Brascamp-Lieb-type restriction conjecture). With the above setup, when the
U; are sufficiently small, we have

n
2p;
: pj < j )
/Rd H|E;8;| / Sd.p BL(B(S).p) l_! lgi 2, (1-16)
= J
In [Bennett et al. 2015] a local variant of (1-16) with R®-loss is proved
2p;:
/ H |Ej i1 SappLis)p.e R ﬂ g1l - (1-17)
BO.R) ; Pl i

By Theorem 1.11 and again the same method as in the proof of Theorem 4.2 in [Bennett 2014], we
can slightly improve (1-17): there is a k = k (BL(B(X), p)) > 0 such that

2p;
Ejgj1*" Sap Qlog B | | g5 (1-18)
[ Tl s vanr i,

Idea of the proofs. When looking to remove the factor R® in Theorems 1.3 and 1.10, the methods in
[Bennett et al. 2006] or [Guth 2015] do not feel very appealing. Instead we will follow the path led by
Guth [2010] and try to come up with a version of the so-called polynomial method.

However, there is a major difficulty to generalizing Guth’s argument: note that the zero set of one
polynomial has codimension 1. In the setting of [Guth 2010], because a line has dimension 1, a line will
intersect the above zero set at discrete points. And the number of such points is controlled by the degree
of the polynomial. Hence we can do some counting to obtain estimates. In particular, Guth’s proof relies
heavily on the following cylinder estimate.

Lemma 1.14 (cylinder estimate). Let T be a cylinder of radius 1 and P be a polynomial of degree D.
Let v be a unit vector parallel to the core line of T. If we define Z(P) to be the zero set of P, then the
directed volume (see Definition 2.1) satisfies

Vzpynr (v) Sa D. (1-19)
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In the k;-plane setting, the zero set of a single polynomial no longer interacts well with a k;-plane:
because the latter generally has a smaller codimension, it won’t intersect the former at discrete points in
general. Due to this issue we cannot do counting and seem to lose our main weapon (Lemma 1.14).

In this paper, we deal with this difficulty and obtain our Theorem 1.4. The main idea is the following:
for a k-plane, instead of finding one single polynomial, we would like to take zero sets of k polynomials
to interact with it. Because the codimensions of the k-plane and zero sets of the k polynomials add up
to d, they will intersect at points and it is possible to do counting to estimate the intersection again.

Along this line, we are taking more than one polynomial to approximate an arbitrary set of N cubes.
We would like the zero sets of all the polynomials to be “transverse”; with this requirement we can choose
at most d such polynomials. Like the original polynomial method, we would like to know how low the
degrees of our polynomials can be. Guth [2010] showed that we can always choose the first polynomial to
be of degree <; N'/¢. But for the second polynomial this degree bound may already be no longer valid.
Think about N unit squares lining up on a line in the plane R% Any polynomial with degree significantly
less than N would have most of its zero set “almost parallel” to the line, see [Guth 2016a], and hence
two such polynomials cannot interact transversely at most of the squares. However, in this example it is
possible to find two transverse polynomials with degree product N. One can also look at examples of
cube grids, or more generally transverse intersections of hypersurfaces, and similar phenomena happen
there. Based on the above discussion, we are willing to ask the following question in the spirit of the
polynomial method.

Question 1.15. Given any N disjoint unit cubes in R? and A, > 1 for each given cube Q,, do there
always exist d polynomials Py, Ps, ..., Py such that ]_[fl: , deg P; is roughly )" A, and the zero sets of

’»

all P; have “quantitative interaction” 24 A, at each of the above cubes?

We notice that it looks like a “continuous version” of the inverse Bézout’s theorem; see for example
[Tao 2012]. The analogue is very difficult in algebraic geometry, see [Tao 2012] for part of the reason,
and is conceivably very hard in its current continuous version too. We believe it can be formulated as an
explicit question with an affirmative answer though. One can make this question rigorous by specifying
the meaning of “quantitative interaction”; see the discussion below and (6-9) for a result of this flavor.

Luckily enough, we find the full power of this hard version is not needed this time. Instead, it will be
equally useful to have a positive answer to the following “softer”” question.

Question 1.16. Given any N disjoint unit cubes in R? and A, > 1 for each given cube Q,, do there
always exist d polynomials Py, P,, ..., Py and positive numbers o, > 1 such that ]_[?:  deg P; is roughly
>, oA, and the zero sets of all P; have quantitative interaction 24 o, A, at each of the above cubes?

This question is weaker than Question 1.15 because there we have the additional requirement that
a, = 1. In other words, we allow polynomials of higher degree here but “with the right multiplicity”. In
general, higher-degree polynomials, even with the right multiplicity, do not necessarily work as well as
ones with lowest possible degree; see for example some estimates in [Guth 2016a]. But in this application
it makes no difference, as we are in a situation similar to what we have in [Guth 2010].
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Surprisingly, it turns out that after some further refinement of the question, we find that we can take
Py, ..., Py all to be the same P and that we can obtain P by the refined polynomial method of Guth
involving visibility. Once this is clear we are able to prove our theorem with a great amount of help from
(multi-)linear algebra and geometry.

To be more specific, we find that we can take a single nonzero polynomial (that is complicated enough
to look like the product of several transverse polynomials) such that the following holds: If we define
Z(P) to be the zero set of P, then for each relevant Q,, d copies of Z(P) N Q, interact in a sufficiently
transverse manner. Since the d copies of Z(P) N Q, interact in a very transverse way, and the copies are
all the same, for any j and any Q, we deduce that k; copies of Z(P)N Q, interact sufficiently transversely
with the part of the j-th family of slabs inside Q). But for any j, the j-th family has a limited capacity of
transverse interaction with k; copies of Z(P) by Bézout’s theorem. This gives us an estimate that leads
to Theorem 1.4.

As we saw above, we end up taking one single polynomial d times. Nevertheless, we choose to keep the
entire thought process on “d transverse polynomials” here because after all, it is how we eventually come
up with the solution and the reader might find our thought process useful elsewhere. Also, Question 1.15,
which remains open, is still fundamental, as it’s a general one concerning the polynomial approximation
of any N cubes. For example, it implies the existence of the polynomial in the polynomial method. Its
discrete analogue is also open; see [Tao 2012]. But progress in various subcases has been made.

In the multilinear k;-plane setting, our method actually proves a stronger theorem (multilinear k;-variety
theorem, Theorem 6.1) which largely generalizes Theorem 1.4. We will state its exact form after a bit
more preparation. Here let us briefly describe it.

Let’s take a new viewpoint. Knowing that a point belongs to a slab of radius 1 is equivalent to knowing
the existence of another point on the core of the slab that lies in its 1-neighborhood. Also note that
the union of all cores (kj-planes) of the j-th family of slabs can be viewed as an algebraic variety of
degree A(j) and dimension k;. This variety is a smoothly embedded k;-manifold except some zero-volume
subset. Our Theorem 1.4 is basically saying that the n families of k;-planes have limited capacity of
“transversally interaction”. We will prove that this is the general case for any n algebraic varieties with
total dimension d in Theorem 6.1.

This multilinear k;-variety theorem immediately has interesting special cases. For instance, we have a
theorem about collections of sphere shells in the flavor of Theorem 1.4.

The proof of Theorem 1.11 is with almost the same machine, but we have some new difficulties: When
we use this machine, we want to know how well each k;-plane interacts with our polynomial. However,
the information on the Brascamp—Lieb constant seems to be very hard to use when we try to look at
things “locally”, as we do in the proof of Theorem 1.4. We address this issue in Section 7 and Section 8§
by proving a weaker “integral version” of our previous pointwise estimate. Albeit weaker, it already leads
to a proof of Theorem 1.11.

Like the situation of Theorem 1.4, Theorem 1.11 has a generalization to algebraic varieties (Theorem 8.1)
and we prove the latter to automatically imply the former. Again the current form is quite strong and
interesting in its own right.
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Outline of the paper. In Sections 2 and 3 we review Guth’s polynomial method [2010] and develop
all we need in this subject. Section 4 consists of linear algebra preliminaries and Section 5 consists of
integral geometry preliminaries. We prove Theorem 1.4 and Theorem 1.5 in Section 6 and Theorem 1.11
in Section 8 after some preparation (Section 7). We will prove them by generalizing to versions about
algebraic varieties.

2. Polynomial with high visibility

In this section, we review the refined polynomial method by Guth [2010]. We review the definition and
properties of visibility and state Guth’s theorem that we can find a polynomial with reasonable degree
and large visibility in many cubes. Along the way we define a relevant notion, namely the fading zone,
for future convenience.

Definition 2.1. In R¢, for any compact smooth hypersurface Z (possibly with boundary) and any vector v,
define the directed volume

Vz(v)zf |v-n|dVolyz, 2-1)
z

where n is the normal vector at the corresponding point of Z.

If v is a unit vector, there is a formula for Vz(v) that is geometrically more meaningful. Let 7, be
the orthogonal projection of R? onto the subspace v'. Then for almost y € v, we have |Z N 7 ()l s
finite and, see [Guth 2010],

Vy(v) = / Z 0w ()] dy. (2-2)

Definition 2.2. The fading zone F(Z) is defined to be the set {v : |[v| <1, Vz(v) < 1}. It is a nonempty
convex compact subset of the unit ball; see [Guth 2010]. The visibility Vis[Z] = 1/|F(Z)].

First we explain the heuristic meaning of the two concepts. Imagine that it is midnight and we are
looking at a glittering object with exactly the same shape as Z from a fixed distance. To describe the
situation mathematically, we can find a vector v such that its direction is the direction of the object and
its length is the brightness of the object. Then we can intuitively think that Z fades away when v enters
the fading zone. And naturally the less visible the object is, the larger we want the fading zone to be.
Hence we can define the visibility to be the inverse of the volume of the fading zone. See the beginning
of Section 6 in [Guth 2010] for how to intuitively understand visibility and a few simple examples.

It is good to keep in mind that in this paper we will mostly deal with hypersurfaces Z with Vz(v) 24 1
for any unit vector v. For hypersurfaces that don’t satisfy this we will typically fix it by taking its union
with several hyperplanes parallel to coordinate hyperplanes.

Clearly as long as Z has finite volume, F(Z) has a nonempty interior.

We are interested in polynomials and want to use the notions above to study them. Recall that the space

D+d

of degree D algebraic hypersurfaces in R is parametrized by RPX for K = (”¢) — 1 in the following

way: any such hypersurface corresponds to a polynomial P up to a scalar. By viewing P also as the
(D;d) -tuple of its coefficients we find this parametrization [Guth 2010]. We want to think of the directed
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volume and the visibility as functions over RPX. However, as Guth [2010] pointed out, they are bad
functions that may even be discontinuous.

Following [Guth 2010], we get around this difficulty by looking at the mollified versions of them. If we
take the standard metric on RPX, we will mollify those functions over small balls around some P € RPX.
In the rest of this paper, we take ¢ to be a very small positive number depending on all the constants, and
in application on the set of cubes and visibility conditions. This kind of assumption is often dangerous but
as we can eventually see, here it does no harm at all (mainly because all the algebraic hypersurfaces of
degree D satisfy the same intersection estimate (5-5) uniformly), just like the case of [Guth 2010]. There
instead of the intersection estimate, we have the cylinder estimate (1-19) as a special case counterpart.

For any P € RPX, let B(P, ¢) be the e-neighborhood of P. Let Z(P) denote the zero set of P. Note
that for any P, the set of singular points on Z(P) has zero (d—1)-dimensional Hausdorff measure. And
the rest of Z(P) is a smooth embedded hypersurface by the implicit function theorem.

Definition 2.3. For any bounded open set U and any vector v, define the mollified directed volume

Vzpynu(v) = Vzprynu (v)dP'. (2-3)

|B(P,¢)| B(P,¢)

Define the mollified fading zone and mollified visibility based on the mollified directional volumes:

F(Z(P)NU) = {(0: 0] < 1: V zpw (@) < 1}, (2-4)
. 1
Vs[Z(P) U= ———— 2-5)
. FZ(P)NU)|

Like we had before for F(Z), F(Z(P)NU) is a convex compact subset of the unit ball with a nonempty
interior. By John’s ellipsoid theorem [1948], for any convex set I' with interior, there is an ellipsoid
EI(T") such that EII(I") € I" € C4 EII(I") and | EII(I")| ~4 |I"|. It is easy to see that if the convex set is
symmetric about the origin (which will be the case for all convex sets considered in this paper), then we
may require the ellipsoid to be symmetric about the origin too. We assume so henceforth in the paper.
We call any such ElI(I") an elliptical approximation of T.

Vz(p)my(v) and \TS[Z(P) N U] are continuous with respect to P € RPY [Guth 2010]. In the same
paper, Guth also proved the following key lemma.

Lemma 2.4 (large visibility on many cubes [Guth 2010]). For any finite set of cubes Q1, ..., Qn and
nonnegative integers M(Q;), 1 <i < N, there exists a polynomial P of degree < D (but viewed as a
degree- D polynomial when we mollify) such that Vis(Z(P)N Qi) > M(Qy) and D <4 (ZlNzl M(Qk))]/d.

3. Wedge-product estimate based on visibility

As we are actually dealing with the mollification version of everything, it is convenient to have a
generalized definition of visibility on any space of finite measure. The generalized setup here will also be
cleaner and more flexible in the inductive arguments which are needed.
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Assume we have a measure space (X, n) with u(X) < oo and a vector-valued measurable function
f: X — R% For any vector v € R define the rotal absolute inner product of v and f as

Vx.r(v) = /X [v- )] du(x) (3-1)

(the directed volume of the last section being the example we have in mind).

Define the fading zone F(X, f) = {v < 1: Vx y(v) < 1} and visibility Vis[X, f] = 1/|F(X, f)|.
As we had in the end of the last section, we have an elliptical approximation ElII(¥ (X, f)) such that
EI(F(X, f)) € F(X, f) € C4EI(F(X, f)).

Next we obtain a lower bound of a wedge product integral in terms of visibility.

Theorem 3.1 (wedge product estimate). Assume that for any unit vector v we have Vx y(v) > 1. Then

[, ;Alm,.)

Proof. We do induction on the dimension d to prove the theorem. First observe that if EII(F (X, f)) is an
elliptical approximation of F'(X, f), then for any linear subspace W of R4, we have Ell(F (X, Hnw
(an ellipsoid) is also an elliptical approximation of F (X, )N W by definition (this may seem problematic

du(xy) dp(xz) - - - dp(xa) Za Vis[X, f]. (3-2)

as the Cy4 will vary, but for the conclusion only finitely many intermediate dimensions are involved in the
whole induction process and we can set C; of them to all be the same).
For d = 1, by definition we easily see

Vistx. =3 [ 1£@ldueo (3-3)

and the conclusion holds. Note that even in the argument here we are using the hypothesis to ensure we
have (3-3).

Assume the conclusion holds for d < dy and dy > 1. Now we deal with the case d = dy. Assume
vy, ..., Vg, are parallel to the semiprincipal axes of any elliptical approximation EIl(F (X, f)), respectively,
and that they form an orthonormal basis (we can arbitrarily choose a set of orthogonal semiprincipal
axes if there is ambiguity defining the semiprincipal axes). Among them we assume v; is parallel to a
semiminor axis (i.e., a shortest semiprincipal axis) that has length #;. Taking v = Av;, where A ~4, #1 in
(3-1), we deduce

1
/ |fCldp(x) = = (3-4)
X 1
Next for any unit vector v € R%, we prove
f‘ - '/d I|f(3€1) A A fXdg—1) Av|dpe(xr) dp(x) -+ - dp(xgp—1) Zap 11 - Vis[X, f1. (3-5)
Xdo=

Let 77, be the orthogonal projection from R% to its subspace v*. Define f,. = m,. o f. If we identify
R%—1 with vL, then fvt 1s another (dp—1)-dimensional vector-valued function on X. By definition,
we know Vx r(w) = VX.va (w) for any w € vl Hence F(X, for)=F(X, /)N vl By the previous
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discussion, we know we can choose Ell(F (X, f,1)) to be EIl(F (X, f))N v’ But among all the (dp—1)-
dimensional sections of EII(F (X, f)) passing through the origin, the section cut by vf has the largest
volume (see also Lemma 7.4), which is ~4, | El(F (X, f))|/t1 = 1/(t; - Vis[X, f]). Hence

1 1

Vis[X, fy1] = ~dy
S =5 % A1 T TR, fo))]

>4 11 - Vis[X, f1.
By induction hypothesis we have
/. . -/Xd01|f(x1) Ao A f Gigy) A ] di(en) de(aa) -+ dpagy-1)
_ f--/xdol\fvi(m)/\“-/\fvi(x[zo1){dM(X1)dM(Xz)-~ 42 ey 1)

Zdo ViSLX, fyr] Zap 11+ Vis[X, f]. (3-6)

This is (3-5).
Combining (3-4) and (3-5), we have

d
J\ )
i=1

[/

dp(xr) dp(xz) - - - da(xq)

- f |f(x)|<f- - f FE A A F i) A L dur) o) - du(xdo_l)) dju(x)
X xdo~! | f ()]
Zdo 11+ Vis[X, f] / | f () du(x) Za, Vis[X, f1, (3-7)
X
which concludes the induction. |

4. Linear algebra preliminaries

Our proof relies heavily on linear algebra. In this section we do the linear algebraic part and prove two
useful lemmas.

Lemma 4.1. Assume Vi, ..., V, € R? and kj = dim V; satisfies 27:1 ki = d. Then for any vectors
wi, ..., wy € RY we have

d

A

i=1

n
il
maxl_[|(Vj) Awj, /\"‘/\wij,kj| ZalVin---AV,|-
j=1

) (4-1)

where the maximum is taken over 1 <i;, <d for1 < j <n, 1 <h <k;, where each 1 <i <d is chosen
exactly once among all i; j,.

Proof. Assume that {v; »}1<p<k; is an orthonormal basis of V;. Then by definition we have

d
‘(VM---/\Vn)-(/\wf)
i=1

= (vj,n - wi)|. (4-2)
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By the generalized Laplace cofactor expansion, the determinant on the right-hand side of (4-2) is a
sum of terms in the form

+det(vy,, - wy,p) det(vap - Wa,p) - - - det(vy - Wy 1) (4-3)
where Wy 1, W12, ..., Wik, W2, 1,... W2 kys--os Wp,1,..., Wy, 1S a rearrangement of wy, ..., wy. Hence
for some such rearrangement we have
d

A

i=1

|V1/\.../\Vn|.

Sa |det(vy - Wy p) det(va - Wap) - - - det(vy - Wi p)|- (4-4)

By the properties of the Hodge x-operator, we then have
~ ~ ~ 1 ~ ~
| det(vj - Wi )| = [k 1 A AV R) AW LA AW | = [V AW A - A (4-5)
which concludes the proof. (Il

The rest of this section is dedicated to the computation of a determinant that will be useful in the next
section.

Lemma 4.2. Assume that 0 < c¢; < d are integers, 1 < j < m, satisfying Z}":l ¢j =d. For any j, assume

V1,2, ..., V)4 is an orthonormal basis of R4 (written as column vectors). Then we have
Vie+l *+° Vid V2epl -°° V24 0 o --. 0 0
v R ) 0 . 0 v )] . 0 . 0

det l,ci+1 1,d 3,c3+1 3,d
Vic41 *+ Vid 0 0 0 o ... VUmep+l *°° Umd

= |det(vl,1 VL V21 Ve U1t vm,cm)|~ (4-6)

Proof. For2 < j <m,let Aj = (v 1---01,,0---0---v;1--- Vit -0---0). The rule here is that its
first ¢; columns are vy 1, ..., v1,, and its (Zj,<j cjr+1)-th to (Zj,<j ¢jr)-th columns are v;,1, . .., Vjc;
while its other columns are zero vectors. The left-hand side of (4-6) is equal to

/I 0 o0 o o o0 o o o0 o o o o0 o

A2 Ui+l *° Vid V241 “°° V24 0 e o ... 0 0
det| A3 vieq1 - v1g O -+ 0 V34 - Vg - O - 0
Am Vic+1 *° Vid 0 0 0 o ... Vm.cp+l *°° Umd

We exchange the columns to make it look better. For simplicity let V; = (v ---v;4). This is an
orthogonal matrix. We also define a matrix B; = (b;(k,1)), 1 <k <d, such that b;(k,]) =1if ] <c; and
k=1+>" i’<jCjr» and bj(k, [) = 0 otherwise. Then after rearranging the columns of the matrix above we
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find the determinant (in absolute value) is equal to

By B, B3 --- By

Vi v 0 --- 0
det|] Vi 0 V3 - O
Vi 0 0 Vin

We can multiply the j-th column by Vj_1 = Vj’ on the right, then subtract all the j-th columns,
j > 1, from the first column. This preserves the determinant. Note the definition of B;, if we define
A=V, —V21 - —V2¢ - —Unl: " — Upc,) then the determinant is

A" ByV! B3VI .- B,V

0 I o --- 0
det] 0 O I - 0
0 O 0 1
Equation (4-6) then follows directly. U

5. Integral geometry preliminaries

In this section we prepare some integral geometry tools for our proof of Theorem 1.4. First we generalize
(2-2) to the following lemma.

Lemma 5.1. Assume in R? we have m smooth compact submanifolds Zy, Z», ..., Z, (possibly with

boundary) with codimensions cy, . .., cy respectively. If 271:1 c¢j = d then for any measurable subset
U € RY=D = (R~ we have

/// KU PTPa o PP T Z0E A+ A (T, Z)-| dVOL, - - Vo,
VAR VA) Zn

—/ (ZDN(Zy+v) NN (Zpet 4+ V=) N (Ziy 4 0p) | dva - -+ dvy,  (5-1)
v2,..., 0 €RY, (vy,...,v,,) €U

where p; € Z;, Ty, Z; is the tangent space of Z; at p;, dVol; is the volume element on the j-th submanifold,
and Zj +v; = {p; +v; : pj € Z;} is the translation of Z; along the vector v;. The | - | on the right-hand
side defines cardinality.

This lemma has a lot of information so we pause a bit and go through several examples to understand
it better.

When d = 2, if Z; and Z» are two nonparallel line segments and U is the whole R, the integrand on
the right-hand side of (5-1) is the characteristic function of a parallelogram generalized by Z; and Z,.
Hence the right-hand side is the area of the parallelogram, which is easily seen to be equal to the left-hand
side. When d = 3, if Z is a line segment, Z5 is a parallelogram in a plane and U is the whole R, the
situation is totally analogous.
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When d = 3, Z; is a whole line and Z, is a smooth surface of finite area, and we can take U to be the
point set between two planes orthogonal to Z; with distance 1. It is a simple exercise to show that (5-1)
then becomes (2-2). Hence it is indeed a generalization of the latter.

Finally let’s look at a more complicated example. Again take d = 3 and U = R®. Take a parallelepiped
Q=ABCD — A|B|CD,. Take three parallelograms Z; = ABCD, Z, = ABB1A|, Z3 = ADDA,.
Define u = ﬁ v= A_D) w= m Again the integrand on the right-hand side is a characteristic
function. We find it is plainly equal to Vol(£2)%. Now the left-hand side is equal to

uXxv VXW  wXu

lu xv|-|lvxw| |wxul- A A =|(uxv)A(WXwW)A(wxu)
luxv| |vxw| |w-ul

=|[((uxv)x(vxw))- (wxu)|

=|(v-(uxw)v-(wxu)|= Vol(Q)2. (5-2)

Proof of Lemma 5.1. Without loss of generality we can assume U is open and bounded. By the
multilinear feature of both sides of (5-1), we only need to consider this problem locally. Hence we
can assume each Z; is smoothly parametrized by a domain in R?=¢. In other words we may assume
Zi:xi = fiiyi1,--., yj,d_cj) and that the (d — ¢;j) vectors w;; = (9fj;/dyj1)1<i<a have a nonzero
wedge product at any point p; € Z;. They span the tangent space T}, Z; and will be written as column
vectors below.

Look at the cartesian product Z = Z; x Z» X - - - X Z,, € (R?)™ = R, This is a smooth submanifold of
dimension Z}": 1d—cj)=d(m—1). Use xj;, 1 <i <d, to denote the standard Euclidean coordinates in
the j-th copy of R4 and let vji =Xj;—X1,i, j > 1. For simplicity let x; = (x; ;)1<i<q¢ and v; = (v};)1<i<d-
Notice that the right-hand side of (5-1) is equal to

/ XU ((Vj)2<j<m)|dvados - - - dvgl.
Z

Define the density form 8 = |[dvy dvs - - - dvy,| = |dva g Advaa A~ Adva g A= Aduy 1 A Aduy, gl
On the manifold Z it is a multiple of the volume density element

/\ dyj,i

I<j<m,1<l<d—c;

(5r)
Ayt )|

av ) _wl,l oo _wl,d—C] w2,] oo w2’d_cz Y 0 oo 0 .........
dyj.1

d—c;

/\ wi

=1

m

avi=]]

Jj=1

Next we find 6/|dV|.

We have
6 1

AV T A

And by change of variable we have

—wy g o —Wig—g o --. 0 o Wyl Umd—e, ottt
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This looks very much like the left-hand side of (4-6). Indeed, the extra negative signs do not change the
determinant and can be ignored. The only essential difference here is that for each j, our {w; ;}1</<qa—; 18
not a set of orthonormal vectors. If we do a change of variable to make them orthonormal we will extract
a factor of | /\7;? w.,-,1| from right-hand side of (5-3) for each j. We then apply Lemma 4.2 and get

m
/\(ij Zj)*.
j=1

Hence the right-hand side of (5-1) is equal to fz XU((vj)zstm)V\;?’:l(ij Zj)L| dV. Note that dV is
the product of all dVol;. This can easily be recognized as the left-hand side. (Il

0
[dV]

(5-4)

In application, we want to look at the case where each V; is the zero set of an algebraic variety of
codimension c¢;. Such a V; may contain singular points, but they form a subset of measure 0 when we
take the (d—c;)-dimensional Hausdorff measure. Hence almost all points on V; are smooth points and
we can apply our Lemma 5.1 to obtain the following theorem.

Theorem 5.2 (intersection estimate). Assume in R? we have m algebraic subvarieties Z1, Z», ..., Zy,
with codimensions c1, . . ., ¢, and degrees sy, . . . , Sy, respectively. If Zle cj =d then for any measurable
subset U C R4m=D = (R)y"=1 ywe have

m
/ f = / X0 BTB3 - PP | (T ZD) A A (T, Zy)*| dVOL, - AV, < Vol(U) [T 550 (5-5)
71JZ, JZ, i
j=1
where dVol; is the (d—c;)-dimensional volume element on the j-th subvariety. Almost all p; € Z; are
smooth points and we define Tp, Z; to be the tangent space of Z; at p;.

Proof. Inequality (5-5) follows directly from Lemma 5.1 and Bézout’s theorem. ]

Theorem 5.2 generalizes the cylinder estimate in [Guth 2010], which was recorded as Lemma 1.14 in
our current paper.

6. Proofs of Theorems 1.4 and 1.5

In this section, we prove Theorem 1.5 and deduce Theorem 1.4 as a corollary. As briefly described in the
Introduction, we actually prove a generalized theorem about any n varieties.

Basically, our multilinear k;-variety theorem says that for n algebraic subvarieties of R? with their
codimension adding up to d, their tubular neighborhoods will provide us with an inequality similar to
Theorem 1.5 if we take their “amount of interaction” into account. In particular, if we take each subvariety
to be a union of k;-planes we obtain Theorems 1.5 and 1.4 (see the end of this section).

Theorem 6.1 (multilinear k;-variety theorem). Assume 1 <k; <d —1, 1 < j < n, satisfy 27:1 ki =d.
Assume that for 1 < j <n, H; C R? is part of a k;-dimensional algebraic subvariety of degree A(j). Let
do; denote the kj-dimensional (Hausdorff) volume measure of H;. Then with respect to this measure,
almost all y; € H; are smooth points. For a smooth point y; € H;, let Ty, H; denote the tangent space of
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Hj at y;. Then

/ (/ X{dist(yj,x)gl}
R \J H xHyx--x H,

We give an outline of the proof before we actually do it. For the convenience of the statement, we wrote

1/(n—1) n
dor(y1) -+ dan(yn>) dx Sa [TAGDYD. (61
j=1

n
/\ Tyj Hj

j=1

Theorem 6.1 in an integral form. However, because of the truncation x{dist(y;.x)<1} it is really of discrete
flavor. In other words, around any unit cube, we only take into account the part of the varieties near this
cube. By Lemma 2.4, we can find a polynomial with large visibility around each relevant cube. In the
lemma, it is possible to assign different weights to different cubes in the above movement. We assign

LT3

the weights according to the cubes’ “popularity” among H;, as done in [Guth 2010] for the multilinear
Kakeya theorem.

We will see it does not matter if we multiply all the weights by the same large positive number
simultaneously. As long as the weights are large enough, we can add hyperplanes to the polynomial
which do not essentially increase its degree and make its zero set satisfy the assumption of Theorem 3.1
at each relevant cube. Then we can invoke Theorem 3.1 for the resulting zero set Z(P) at all relevant
cubes to show that d copies of Z(P) have enough interaction there. Now around each relevant cube we
are ready to assign some copies of Z(P) to each variety H; and use Lemma 4.1 to show that those “have
enough interaction”. On the other hand, we can use Theorem 5.2 to bound the amount of interaction from
above. Hence we obtain a nontrivial inequality. All quantities there work out as they supposed to and we

obtain our theorem.

Proof of Theorem 6.1. We only need to prove the case where each H; is compact and take a limiting
argument to complete the proof. Fix a large constant N in terms of d; for example, N = 100e¢ should be
more than sufficient.

Consider the standard lattice of unit cubes in R%. For each cube 0, in the lattice, let O, be its center. Let

n n
G(0,) = / l_[ X{dist(y;,0,)<N} /\ Tyj Hj doj (yl) ce dGn(Yn)- (6'2)
HyxHyx--xH, j=1 j=1
Obviously
n n
G(0)) = / X{dist(y;,x)<1} /\ TyjHj doi(y1) -+ - doyp(yn) (6-3)
HyxHyx--x H, j=1 j=1

for any x € Q,. Hence it suffices to prove that under assumptions of Theorem 6.1, we have
m
Y G S [TAD YN, (6-4)
v j=1

We only have finitely many relevant cubes @, such that G(Q,) # 0. Hence we can choose a huge
cube of side length S containing all of the relevant cubes. By Guth’s lemma, Lemma 2.4, we can find
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a polynomial P of degree <, S such that for each cube Q,,
-1
Vis[Z(P)N 0,1 = $/G(Q,)"/ "~V (Z G(Qv)”("‘”) : (6-5)
v

Adding <; S hyperplanes to P (in other words multiplying P by linear equations of those hyperplanes)
if necessary, we may assume that for all Q, where G(Q,) > 0 we have Vz(p)va(v) > |v|. Hence we
are in a good position to use the wedge product estimate (3-2).

Before we move on let us remark on a technical issue. If we do have to add hyperplanes at this point,
we need to modify our Definition 2.3 a little bit: Assume all the hyperplanes we added form a zero set
of a polynomial Py. We call the original polynomial in Guth’s lemma P4 and our P is actually Pyiq Pp.
Then when we are talking about the mollified directed volume, mollified visibility, etc. around P, we
want to look at all P’ Py, where P’ € B(Poyq, ¢) instead of all P’ € B(P, ¢). For example, the definition
(2-3) should now be modified to

1

- VZ P'P mU(v) dP/ (6_6)
| B(Pod> €)| JB(Pya.e) .

Vzpynu (v) =

We also note that an alternative strategy to “adding hyperplanes” is given in [Carbery and Valdimarsson
2013] (see Lemmas 3 and 6 and the argument on page 1654 there). It is a very detailed and clear account.

For the rest of the section for simplicity of the notation, we deal with the case where no hyperplanes
are added. For the general case the proof is identical except for proper correction of notation.

For any y; € H N B(O,,N),...,y, € H, N B(O,,N), Pi,...,P; € B(P,¢)(see Section 2),
p1€Z(P)NB(O,,N),...,ps€ Z(P;)NB(0,, N),by Lemma 4.1, we can find some i; ;, for 1 < j <n,
1 < h < kj such that

n n d
]_[|(Tyj H)* A (T, Z(Py YA A (Tp,, Z(Pij’kj))li >, /\ T, Hj|- /\(Tpl.Z(Pi))L (6-7)
j=1 j=1 i=1
and all i; ; are distinct and form exactly the set {1, 2, ..., d}.
Integrating over (H, N B(O,,, N)) x --- x (H, N B(0O,, N)), we obtain
d
G(Qv) | \(Tp Z(P))*
i=1
n
<Y f f [TICT, B ATy, ZCPy ) A oA Ty, ZCP )|
iV FINBON) - JHOBOWN)

doi(y1) -+ don(yn). (6-8)

Here we sum over all possible choices of {i;, : 1 < j <n, 1 <h < k;} such that all ; ; are distinct
and form exactly the set {1, 2, ..., d}.

Integrate (6-8) over Py, ..., P; € B(P,¢) and p; € Z(P;) N B(O,, N) (we abuse the notation a bit
and write dp = do (p) where do is the (d—1)-dimensional Hausdorff volume measure on Z(P)). Taking
Definition 2.3 into account, we use wedge product estimate (Theorem 3.1) and (6-5), (6-8) and deduce
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i ) Lvwon | /
(l./_Xh:)|B(P,8)|d B,y JHnBO,,N) JH,NB(0,,N) JZ(P)NBO,,N) JZ(P)HNB(O,,N)

n

[T, HY: ATy, 2Py DS A A Ty, Z(Py )|
i
! dpi -+ dpgdoy(y1) - -+ doy () APy -+ dPy

>4 G(Qy)-Vis[Z(P)N Q]
-1

Za SdG(Qv)”/("l)(Z G(QUW("”) : (©-9)

Rewrite (6-9) as

Zl_[<|B(P 8)|kf/ /B(Pe)l S - A(j) JunBeo,.N) /Z(P,-jl)mB(o,,,N) /Z(Piik.)mB(ov,N)
, .k

(T H)h A (T, Z(Py DY A AT, 2Py, DY
. Jkj
dpij,l s dpij,kj dO’j (yj) dPij_l s dP,'/.,kj>

| -1
S GO, n/(n—l)( G(O, 1/(n—1>) ' 6-10
R4 T AG) (Qv) Z (0. (6-10)

By the arithmetic-geometric mean inequality we deduce

—1/n
T2 j‘(.))l/”mQU)”("“(ZG(QU)”("“)
j=1

<4
2 Z |B(P &)k / /B(P ot S5 A(j) A(J) H;NB(0,.N) /Z(P,-J.,I)MB(O, N /Z(Pi 45 )NBON)

() j=1
|(Ty, H))™ A (T, Z(Py, ) A A Ty, Z(Pl] ; N
dpi;, -+ dpi,_kj daj(y])dPlj_ sz_,;kj (6-11)
Sum (6-11) over v, and then invoke the intersection estimate Theorem 5.2 with U = {(u;)1<; <kj+1°
u; € RY, dist(u;, ujr) < N?} (it suffices to choose U large enough). Note that deg P; = § and deg H; = A(j),
we have

i e(Zeer ) (e
j=1

1
Sy oy g S
(l.jzh);w(P,S)lkf BP.o)i SY-A() JH Z(Py ) J2Py, )

X0 Piys -+ Pigy )| Ty BT ATy Z(Py D) EA A (T Z (P, )]
dplj_l e dpij_kj dU](Y]) dPlj_ e dPljykj
Sd dP, Sg 1 (6-12)
(IZ)JZI |B(P e)ki / /B(P )i Py ki

and (6-4) holds. U

1/n
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Theorems 1.5 and 1.4 follow easily from Theorem 6.1. To prove Theorem 1.5 it suffices to prove the
case where all p; 4, are rational numbers. Then without loss of generality we may assume further that they
are integers. By considering multiple copies of the U; 4;, we can further assume they are all 1. Then one
just takes the j-th variety to be the union of the cores of the j-th family of slabs and apply Theorem 6.1
(after a scaling). Theorem 1.4 is a direct corollary of Theorem 1.5.

7. An analogue of Lemma 4.1

In the rest of this paper, we prove Theorem 1.11. In this section we prove a lemma (Lemma 7.5) analogous
to Lemma 4.1, which will be used in the proof the same way as Lemma 4.1 was used in the proof of
Theorem 1.4. This lemma is weaker in appearance than Lemma 4.1, but it turns out that it serves our
purpose.

Definition 7.1. In R? given a convex body I' centered at the origin, define its dual body I'* to be
{(veR?:|(v,x)] <1 forall x € I'}, where (-, -) is the Euclidean inner product on R%.

It is trivial by definition that if two convex bodies I'y and I'; satisfy I'y S T'; then '} 2 T'J.

By John’s ellipsoid theorem, we need to mainly consider ellipsoids as examples of convex bodies.
Next we develop several lemmas concerning ellipsoids. From now on, when we talk about an ellipsoid in
Euclidean space, we always assume the ellipsoid has the same dimension as the background space.

Lemma 7.2. If the I in Definition 7.1 is a (closed) ellipsoid centered at O (the origin), then I'* is also
an ellipsoid centered at O. We call T'* the dual ellipsoid of . Choose a set of principal axes of T" (the
wording is because the choices might not be unique); then they are also a set of principal axes of T
Moreover, the lengths of the corresponding principal axes of T and T'*, when divided by 2, are reciprocal
to each other. Hence (I'*)* =T" and Vol(I") - Vol(I'*) = C; > 0 is a constant depending only on d.

Proof. Trivially the dual body of the unit ball is again the unit ball. Assume I'y has a dual body I'j. Then
for any positive definite linear transform A, we have by definition
(ATo)* = {v e R? : |(v, Ax)| < 1 for all x € o}
={veR’:|(A*v,x)| <1 forall x € [y}
= (AT =A""T. (7-1)
Now we can use a positive definite linear transformation A to transform the closed unit ball to our I';
by the computation above, I'* is A~! acting on the unit ball, so it is an ellipsoid. Also the principal axes

of I correspond to an orthonormal basis that diagonalizes A. This basis also diagonalizes A~'. Hence
the principal axes of " are also principal axes of I'* The rest of the lemma is obvious. U

Lemma 7.3. Suppose we have a subspace V C R¢ and T’ € R? is an ellipsoid centered at O. Let wy (-)
be the orthogonal projection onto V. Then wy (I'*) and T' NV are dual to each other (in V with respect to
the induced inner product). Note these two are both ellipsoids.

Proof. If V has dimension 1, then the lemma is true by definition of the dual body (note by Lemma 7.2,
the two ellipsoids are dual to each other).
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For general V, by the last paragraph for any V' C V of dimension 1 we have my (7y (I'*)) and
(I'NV)N V' are dual to each other. But given the ellipsoid I'y = ' NV C V, apparently there is only
one possible set Y C V such that for any V' C V of dimension 1, ry/(I'y) and ¥ N V' are dual to each
other (since Y N V' is determined by I'y via this property). Now by last paragraph again, the dual of I'y
in V is this unique Y. Hence 7y (I'*) has to be this dual. U

Lemma 7.4. For any subspace V C RY of dimension d', we define wy to be the orthogonal projection
onto V as usual. Then for any (closed) ellipsoid T' C R%, we have

lmy (TN VY = CaalT, (7-2)

where Cyq o > 0 only depends on d and d'. Here we use the corresponding standard Lebesgue measures
on 'V, V+ and RY, respectively.

Proof. 1t is well known that in R4, an ellipsoid defined by {x : (x, Ax) < 1} has volume C,;/(det A)!/ 2,
where A is a positive definite linear transform and (-, -) is the Euclidean inner product. Assume
I ={x:||Tx|*> <1}, where T is a nondegenerate linear transform. Since we can multiply 7" by any
orthogonal transform on the left, we may assume 7'V+ = VL. Then by last paragraph,

Cu
[=——7, 7-3
Il det T (7-3)
Cy
rnvt=_—%¢ (7-4)
|detT|y1]
Meanwhile, x € V belongs to my (I') if and only if inf,cy 1 || T (x 4+ v)|| < 1. By the method of least
squares, infycy 1 [|T(x +0)|| = |77y (Tx)|| = |ry(Tx)|. Hence
Cy
Ity ()] = (7-5)

| det(rry o T|v)|’

Now notice 7 V+ = V. Hence when written in matrix form it is easy to verify det T | vi-det(myoT|y)=
det T. This together with (7-3)—(7-5) implies (7-2). U

Now we are ready to develop an analogue of Lemma 4.1. We recall that in Section 3 we defined
the total absolute inner product Vy r(v), the fading zone F(X, f), visibility Vis[X, f], and chose an
elliptical approximation EIl(F (X, f)) for any measurable vector-valued function f : X — R?.

Lemma 7.5. Fix positive integers d and 1 <k, ..., k, <d. Let RY be the standard Euclidean space.
Assume a Brascamp—Lieb datum (B, p) such that all B; are orthogonal projections from R? to a
subspace and dimker B; = k;. Assume E; = B j(Rd) = (ker B j)J‘. Assume we have the scaling condition
Z;:l Pj dlmEJ =d.
For any measurable vector valued function f : X — R? on some measure space satisfying Vx,r(v) > 1
for all v € RY, we have
< b 1 " pi—I
H(fk |Ej N fxi) A--o A f Q)| doxg - - ka,-) >4.p BL(B, p)) ' (Vis[X, f ==L (7-6)
X

j=1
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Proof. Similar to the proof of Theorem 3.1, we define 7yer p; to be the orthogonal projection onto ker B;
as before and fie; Bj = Tker B; © f. Then

/k.|Ej/\f(xl)/\"‘/\f(xkj)idxl"‘ dxkj=/k‘|fker3,~(xl)/\'"/\fkerBj(xkj)|dx1"‘ dxy;. (7-7)
X X5

Similar to the proof of Theorem 3.1, we know F (X, fier B;) = F(X, f)Nker B;. Hence we can take
EUI(F (X, fkers;)) to be EI(F (X, f)) Nker B;. By (7-7), Theorem 3.1, Lemma 7.2 and Lemma 7.3,

/|E AFED A A f(xg,)] dxy - /|fker3(xl)/\ “A fier B, (6g)| dxy -

1
“VEI(F (X, f)) Nker B;|
Za |(BI(F (X, f)) Nker B;)*|

= |7er g, (EIL(F (X, f))I. (7-8)

Hence it suffices to prove

1‘[|nker3 BICF(X, [))]"” Za.p BL(B, p)) " (Vis[X, /177", (7-9)
j=l1
At this point we invoke the definition of BL(B, p). For any ellipsoid I, we choose f; = Xog, (%) in
(1-9). Then by definition ﬂ?zl(fj o Bj)?i > xr+. Hence

n n p/ n
|F*|s/Rl]_[<Jz~oB,-)”-fsBL(B,p)l_[(/E f,-) =BL(B, p) [ [ I, (T)|7. (7-10)
j=1 j=l1 ] Jj=1

In other words, \
BL(B, p) - IT|- [ [ lre, (C*)I7 24 1. (7-11)
j=1

By Lemmas 7.2, 7.3 and 7.4, we have

|7Txer B; ()]
'*)| ~ ~p g ———— 7-12
|77, ()] ~%; TNE;| kj.d T ( )
Hence
|7ker B; (D) \/
BL(B, r _— > 1. 7-13
( p>||1'[< T )Nd,p (7-13)

Take I' =EIl(F (X, f))* By Lemma 7.2 again, we have |I"| = | EIl(F (X, f))*| ~4 1/| EIl(F (X, f))|=
Vis[ X, f]. This fact and (7-13) imply (7-9), which in turn implies (7-6). U

8. Proof of Theorem 1.11

We are ready to prove Theorem 1.11. Just like the proof of Theorem 1.4, we prove a stronger theorem
concerning algebraic varieties. This theorem can also be considered as an analogue of Theorem 6.1.
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Theorem 8.1 (variety version of Brascamp-Lieb). Assume we have positive integers ki, . .., k, < d and
rational numbers p1, ..., p, > 0. Choose a common denominator t of all p; and assume p; = t; /T, with
T; € Z7 satisfying the scaling condition Zj pid—kj)=d.

Assume that for 1 < j <n, H; C R? is part of a kj-dimensional algebraic subvariety of degree A(j).
Let do; denote the kj-dimensional (Hausdorff) volume measure of H;. Then under this measure, almost
all y; € H; are smooth points. For a smooth point y; € Hj, let Ty, H; denote the tangent space of H; at y;.

For Zj Tj smooth points Yy = (Y11, .-, Yl,1;> Y2,1s -+ -3 Y215 - - - » Yn,1,)» V)l € Hj, there exists a unique
Brascamp-Lieb datum (B(y), p(y)) with ) _ j Tj projections B; all being orthogonal projections within
R? as the following: Define (B(y), p(y)) = Bi1,.--» B, B21,.... B2y, . ... By, 1/7, ..., 1/T)
such that ker B; | = Ty, H; and all components of p are 1/t. Then

n T

1/t
/ ( / r HHx{dist<yj,k,x><1}BL(B(y),p(y))"dm(yl,l)---dol(yl,n)‘--don(yn,f”)) dx
RIS H o x Hy

j=lk=1

n
St | JAGDP. (8-1)

Jj=1

Let us explain the motivation of Theorem 8.1 before proving it. If we want to naturally generalize
Theorem 6.1 to the Brascamp—Lieb setting, first of all we have to come up with a reasonable integral like
the left-hand side of (6-1) to put on the left-hand side. However the fact that in (6-1) all p; =1/(n —1)
no longer holds in our situation. In fact, the p; might even all be irrational numbers. A natural way would
be approximating (p;) by rational tuples. This works (see below) but eventually we need all the p; to be
the same to get a quantity analogous to left-hand of (6-1).

Another remark before we move on. It’s good to keep in mind that we may assume 7, =--- =71, =1
in this theorem without loss of generality. This is trivial to see. But we keep the theorem in its current
form here so it is more straightforward to apply.

Proof that Theorem 8.1 implies Theorem 1.11. Note that the conditions (1-11) and (1-12) only have
rational coefficients. Hence it is possible to choose (n + 1) different rational p’ close enough to p
such that the conditions (1-11) and (1-12) are satisfied (that is, BL(B, p’) < 4+00), and that p lies
in the convex hull of those p’. By interpolation we only need to prove the case when p is a rational
vector.

Next in order to apply the result of Theorem 8.1 to prove Theorem 1.11, we claim that if a Brascamp-
Lieb datum (B, p) is such that p; = t; /7, where 7 all 7; are positive integers, then BL(B, p) =BL(B’, p’),
where B’ = (By, ..., By,..., By, ..., B,) contains 7; copies of B;, and p’ = (1/7,...,1/7). In fact,
looking at the definition (1-9) of BL(B, p), we have

.

BL(B', p') = sup Jus l_[;l=1 [T.Ljio Byt
’ - - l/ .

(i Tl T (g, fi)

Since we can always take f;j; = f; for all /, we deduce BL(B’, p’) > BL(B, p). On the other hand, in
the definition of BL(B, p) we can take f; = f;, for every possible tuple (/1, ..., [,) satisfying 1 <I; <7;

(8-2)
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to deduce

n n /T
/ ]_[(fj,,_, o B;)%/* < BL(B, p)H(/ fj,l_/.> . (8-3)
Rd j=1 j=1 H;

Then we let (/;) run through all possible tuples and invoke Holder to conclude that

1/t
[T Teem <manfT11(f, 5) &4

=1[/=1 =1[/=1

Hence BL(B’, p’) < BL(B, p). Therefore BL(B’, p’) = BL(B, p).
By Theorem 1.1 in [Bennett et al. 2015], BL is a locally bounded function. It is then not hard to derive

Theorem 1.11 from Theorem 8.1 when p’ is a fixed rational number. (Il
Proof of Theorem 8.1. 1t’s plain that we may assume 7| = - - - = 7, = 1. For short we write B; = B} | and
Yji =Yj.1-

The proof will be almost identical to that of Theorem 6.1. In the current proof, we omit some details
for familiar manipulations in that proof to reduce redundancy and refer the reader to it.

Take the N and set up the unit cube lattice in R as in the proof of Theorem 6.1. Again let O, be the
center of any cube Q, in the lattice. This time we define

G(Qv)=/H " Hde(y, 0,)<N BL(B(y), p(y))" " do1(y1) - - - o, (ya)- (8-5)
[ XX j=1

Similar to the proof of Theorem 6.1, it suffices to show
n
> G Sam 1‘[A<j>”f. (8-6)
v

Again we may assume for the moment that each H; is compact and use a limiting argument. Then we
can again choose a large cube of side length S that contains all the relevant cubes. Finally we can find a
polynomial P of degree <, S such that for each Q,,

—1

Vis[Z(P)N Q,] = $/G(Q)'" (Z G(Qv)”f) : (8-7)

As before we have to make the technical comment that after adding some hyperplanes and changing
the definition of Vis accordingly, we may assume for all @, with G(Q,) > 0 we have

Vz2(pyng, (v) > |v]

(so that we are allowed to apply (7-6)). We only deal with the case where no hyperplanes are added so
that the notation is simpler.

Similar to what we did in the proof of Theorem 6.1, we choose B; =T, H;, all p; =1/t and integrate
(7-6) over y; € H; N B(O,, N). Then we choose the measure space X in (7-6) to be

{peZ(PYNB(O,,N): P € B(P,¢)}
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(the measure is just the surface measure on each Z(P’) joint with the standard measure on B(P, ¢), which
isdpdP’, where P’ € B(P,¢) and p € Z(P')N B(0,, N)) and deduce

|B(P, )= B(P.&)n—04 JH,nB(0,.N)  JH,NB(0,.N) JZ(P)NB(O,.N)  J Z(Pyu_ra)NB(0,.N)
n

[T HY A Ty 0 ZPrectige)) S A A Ty Z(Pryeig )|
dpi--- dpu—r)ado1(y1) - - dop(y,) APy - - - dPy—rya

Zan G(Qy) - Vis[Z(P)N Q1" "
—(n—1)
Zan S"G(Q)T (Z G(Qu)”’) : (8-8)

As before we rewrite it as

<|B(P 8)|k/ ,/1;(108)/ Sk A()) HjﬂB(O\,,N)/Z(P])ﬂB(OU,N) /Z(ij)ﬂB(O\,,N)
(Ty, H)E A (Tp Z(P)YEA - A (T,,ij(Pk_,))ﬂ dpi -+ dpy, doj(y;) dPy - - de_,)

1 —(n—1)
> i n—G ; n/r( G ; l/r) ) 8-9
R [ 4G (Qv) Z (Qv) (8-9)

Here note that since ) \7_, (d — k;) = td by assumption, we have 3 _, k; = (n — 7)d. We have used
this fact in the above inequality chain (8-9).
By the arithmetic-geometric mean inequality we have

(|B(P 8)|k/ /1.9(135)/ Sk - A()) H,MB(OU,N)/Z(P.)mB(OU,N) /Z(Pk/.)mg(ou,zv)
|(Ty H) Y A (T Z(PD)YE A== AT Z(Pi) ™| dpi -+ dpy doj () APy - - de,.)

1 —(n—1)/n

Zdn —HG(QU)‘/’( G(Q»‘/f) : (8-10)
(T, A Z

Like we did in the proof of Theorem 6.1, summing over v and applying the intersection estimate
Theorem 5.2 with U = {(u,-)lf,-ik/.Jr] cu;p € RY, dist(u;, u;) < N?}, we deduce
—(n—=1)/n

ToAa)™ (Z (Qu )”f) (Z G(Qu)l/f> San 1, (8-11)

which implies (8-6) and concludes the proof. (Il

Remark 8.2. For the perturbed Brascamp-Lieb theorem itself, Theorem 1.11, it is conceivable that one
can directly work with the framework of arguments in [Carbery and Valdimarsson 2013], without applying
a rational approximation argument as we did in this section. Nevertheless, we still decided to keep the
current approach as we feel that Theorem 8.1 here may be of independent interest, and that rationality
seems indispensable for us to state the theorem (and prove it).
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SQUARE FUNCTION ESTIMATES FOR DISCRETE RADON TRANSFORMS

MARIUSZ MIREK

We show ¢£7(Z¢)-boundedness, for p € (1, 00), of discrete singular integrals of Radon type with the aid
of appropriate square function estimates, which can be thought of as a discrete counterpart of Littlewood—
Paley theory. It is a very robust approach which allows us to proceed as in the continuous case.

1. Introduction
Assume that K € C'(R¥\ {0}) is a Calderén—Zygmund kernel satisfying the differential inequality

YFIK )+ Iy VR () < 1 (1-1)

for all y € RF with |y| > 1 and the cancellation condition

sup / K(y)dy| < 1. (1-2)
A=11J1<]y|<A
Let P = (Py, ..., Py) : Z¥ — 7% be a polynomial mapping, where each component P; - 7F > Zisa

polynomial of k variables with integer coefficients and P;(0) = 0. In the present article, as in [Ionescu
and Wainger 2006], we are interested in the discrete singular Radon transform T7 defined by

T )= Y f=POGIK®Y) (1-3)

yezk\{0}
for a finitely supported function f : Z% — R. We prove the following theorem.

Theorem A. For every p € (1, 00) there is C, > 0 such that for all f € £P (Z%) we have

1T fller < Coll fllev- (1-4)

Moreover, the constant C, is independent of the coefficients of the polynomial mapping P.

Theorem A was proven by Ionescu and Wainger [2006]. The operator 77 is a discrete analogue of the
continuous Radon transform R” defined by

R” f(x) =P-V-/Rk fx=Py)K(y)dy. 1-5)
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Nowadays the operators R” and their L?(R%)-boundedness properties for p € (1, 00) are very well
understood. We refer to [Stein 1993] for a detailed exposition, and see also [Christ et al. 1999] for more
general cases. The key ingredient in proving L” (R%) bounds for R” is Littlewood—Paley theory. More
precisely, we begin with L?(R%) theory which, based on some oscillatory integral estimates for dyadic
pieces of the multiplier corresponding to R”, provides bounds with acceptable decays. Then appealing
to Littlewood—Paley theory and interpolation it is possible to obtain general L?(R%) bounds for all
p € (1, c0). Now, one would like to follow the same scheme in the discrete case. However, the situation
for T7 is much more complicated due to arithmetic nature of this operator. Although £2(Z%) theory is
based on estimates for some oscillatory integrals, or rather exponential sums associated with dyadic pieces
of the multiplier corresponding to 77 as was shown in [Tonescu and Wainger 2006], £7 (Z%) theory does
not fall under the Littlewood—Paley paradigm as it does in the continuous case.

The main aim of this paper is to give a new proof of Theorem A using square function techniques.
We construct a suitable square function which allows us to proceed as in the continuous case to obtain
2P (7%) theory for the operator (1-3). Our square function gives a new insight for these sort of problems,
see especially [Mirek et al. 2015; 2017], and can be thought as a discrete counterpart of Littlewood—Paley
theory.

There is also an interesting open question concerning the estimates of T7 at the endpoint for p = 1.
This is unknown even in the continuous case. For instance, if we consider a Radon transform R” along
the parabola P(y) = (v, y?) in R?, i.e.,

dy
R” f(x1,x0) = P-V-f flxr—y, x2—y% 3
R

then the question about weak-type (1, 1)-estimates for R” is one of the major unsolved problems in
harmonic analysis. The best known result to date belongs to Seeger, Tao and Wright [Seeger et al. 2004].

In view of the recent negative results of [Buczolich and Mauldin 2010] and [LaVictoire 2011], at the end-
point for p = 1, for Bourgain’s maximal functions corresponding to the discrete averaging operators along

n? or n* with k > 2, we expect that similar phenomena may occur for discrete singular Radon transforms.

Outline of the strategy of our proof. Recall from [Stein 1993, Chapter 6, §4.5, Chapter 13, §5.3] that
given a kernel K satisfying (1-1) and (1-2) there are functions (K, : n € Z) and a constant C > 0 such
that for x # 0,

K(x)=Y Kp(x). (1-6)

neZ
where for each n € Z, the kernel K, is supported inside 272 < |x| < 2", satisfies
x| K (0] + X[ VK, ()] < € (1-7)

for all x € R¥ such that |x| > 1, and has integral 0. Thus in view of (1-7), instead of (1-4), it suffices to
show that for every p € (1, o0) there is a constant C,, > 0 such that

STV f

n>0

< Cpllfller (1-8)
or
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for all f € £P(Z%), where
TP fx) =) flx=PE)Ka(y) (1-9)
yezk
TP f=0.
As we mentioned before, the proof of inequality (1-8) will strongly follow the scheme of the proof of

for each n € Z. The summation in (1-8) can be taken over nonnegative integers, since ), _,
the corresponding inequality from the continuous setup. Now we describe the key points of our approach.
To avoid some technicalities assume that P(x) = (x, ..., x) is a moment curve for some d = dy > 2
and k = 1. Let m, be the Fourier multiplier associated with the operator T,”; i.e., T,V f = F~'(m, .
As in [Mirek et al. 2015; 2017], we introduce a family of appropriate projections (E,(£) : n > 0) which
will localize the asymptotic behaviour of m,(£). Namely, let n be a smooth bump function with a small
support, fix [ € N and define for each integer n > 0 the projection

E&)= Y n& ' E—a/g), (1-10)
alqe,
where &, is a diagonal d x d matrix with positive entries (¢; : 1 < j < d) such that ¢; < e and

%nz={a/q erﬂ@d:a=(a1,...,ad)eNZ and gcd(al,...,ad,q)=landqunz}

for some family P, such that N,; € Py €N ,i/10. All details are described in Section 2. Exploiting the
ideas of [Ionescu and Wainger 2006], we prove that for every p € (1, c0) there is a constant C; , > 0
such that

IF " & ller < Cr.plog(n+2)|| f ler. (1-11)

Inequality (1-11) will be essential in our proof. Observe that (1-10) allows us to dominate (1-8) as

S TTf

n>0

=<

> F Tl maEaf)

n>0

+
op

Y Flma (=80 f)

n>0

, (1-12)
op

P

and we can employ the ideas from the circle method of Hardy and Littlewood, which are implicit in the
behaviour of the projections E,, and 1 — E,,. Namely, the second norm on the right-hand side of (1-12) is
bounded, since the multiplier m, (1 — &,,) is highly oscillatory. Thus appealing to (1-11) and a variant of
Weyl’s inequality with logarithmic decay, which has been proven in [Mirek et al. 2015], see Theorem 3.1,
we can conclude that there is a constant C, > 0 such that for each n > 0 we have

|7~ ma (1 = B )

o <Com+ D72 fller.

Now the whole difficulty lies in proving

> F N maEnf)

n>0

=Cplifller- (1-13)

P

For this purpose we construct new multipliers of the form

A= > €L E—aja) —nE L E —a/a))nE E —alq)) (1-14)

a/qeq/(ﬁ,l)l \(?/xl
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such that

EE) =) Y AL

jeZ s>0

Moreover, we will be able to show in Theorem 3.3, using Theorem 2.2, that for each p € (1, oo) there is
a constant C;, > 0 such that

o A 1/2
SOIFNALD

nez

< Cplog(s + 2| fller (1-15)
er

for any s > 0, uniformly in j € Z. Estimate (1-15) can be thought of as a discrete counterpart of the
Littlewood—Paley inequality; see Theorem 3.3. This is the key ingredient in our proof, which combined
with the robust ¢2(Z¢) estimate

o 1/2
' (Z |f1<mnAz,,sf)|2)

neZ
allows us to deduce (1-13). The last bound follows, since for each a/q € %41y \ % we have

mau(&) = G(a/q)®n( —a/q) +OQ7"?),

where G(a/q) is the Gaussian sum and &,, is a continuous counterpart of m,,; precise definitions can
s

<C27 s+ D7 £ 2, (1-16)

02

be found at the beginning of Section 3. This observation leads to (1-16), because |G(a/q)| < Cq~° and
g=>slifa/qe U541y \ U . The decay in | j| in (1-16) follows from the assumption on the support of
A,J;, s and the behaviour of ®,(¢§ —a/q); see Section 3 for more details.

The ideas of exploiting projection (1-10) were initiated in [Mirek et al. 2015] in the context of

£P (Z%)-boundedness of maximal functions corresponding to the averaging Radon operators

MEfx)=NF>" fx =Pk, (1-17)
yeNk,
where N’,‘V ={1,2, ..., N}X and the truncated singular Radon transforms
TVf) = Y fax—=PONK®Y), (1-18)
yeByn\{0}

where By = {x € Z¥ : |x| < N}. These ideas, on the one hand, resulted in a new proof for Bourgain’s maxi-
mal operators [Bourgain 1988a; 1988b; 1989]. On the other hand, they turned out to be flexible enough to
attack £7 (Z%)-boundedness of maximal functions for operators with signs like in (1-18). In fact, in [Mirek
et al. 2015] we provided some vector-valued estimates for the maximal functions associated with (1-17) and
(1-18). These estimates found applications in variational estimates for (1-17) and (1-18), which were the
subject of [Mirek et al. 2017]. Our approach falls within the scope of a general scheme which was recently
developed in [Mirek et al. 2015; 2017] and resulted in some unification in the theory of discrete analogues
in harmonic analysis. The novelty of this paper is that it provides a counterpart of the Littlewood—Paley
square function, which is useful in the problems with arithmetic flavour. Furthermore, this square function
theory is also an invaluable ingredient in the estimates of variational seminorm in [Mirek et al. 2017].
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The paper is organized as follows. In Section 2 we prove Theorem 2.2, which is essential in our
approach and guarantees (1-11). Ionescu and Wainger [2006] proved this result with (log N) loss in
norm, where D > 0 is a large power. In [Mirek et al. 2015] we provided a slightly different proof and
showed that log N is possible. Moreover log N loss is sharp for the method which we used. Since
Theorem 2.2 is a deep theorem, which uses the most sophisticated tools developed to date in the field
of discrete analogues, we have decided, for the sake of completeness, to provide necessary details. In
Section 3 we prove Theorem A. To understand more quickly the proof of Theorem A, the reader may
begin by looking at Section 3 first. These sections can be read independently, assuming the results from
Section 2.

Basic reductions. We set
degP = max{degP; : 1 < j < dp}
and define the set
F={y €Z\{0}:0 < |y| < deg P}

with the lexicographic order. Let d be the cardinality of I". Then we can identify R with the space
of all vectors whose coordinates are labelled by multi-indices y € I'. Next we introduce the canonical
polynomial mapping

Q=(9,:yel): 7" > 7,
where Q, (x) =x" and x” = x{/ b -x,’(/k. The canonical polynomial mapping Q determines anisotropic
dilations. Namely, let A be a diagonal d x d matrix such that

(Av)y = |V|vy
for any v € R? and y €T, where |y| = y; + - - - + y&. Then for every ¢ > 0 we set
14 = exp(Alogt);

ie., t4x = (t”"xy :y €I for x € RY and we see that Q(rx) = 4 Q(x).
Observe also that each P; can be expressed as

Pi(x) = Z c}’xy
yel

for some c}/ € R. Moreover, the coefficients (c}/ :y el je({l,...,dy}) define a linear transformation
L : R — R% guch that LQ = P. Indeed, it is enough to set

(Lv); = Zc}/vy

yell
for each j € {1,...,dp} and v € R%. Now instead of proving Theorem A we show the following.

Theorem B. For every p € (1, 00) there is C,, > 0 such that for all f € 2P (Z%) we have

1T fller < Cpll fllgo- (1-19)
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In view of [Stein 1993, Section 11] we can perform a lifting procedure, which allows us to replace the
underlying polynomial mapping P from (1-4) by the canonical polynomial mapping Q. Moreover, it shows
that (1-19) implies (1-4) with the same constant C,; see also [Ionescu and Wainger 2006] for more details.
Therefore, the matters are reduced to proving (1-19) for the canonical polynomial mapping. The advantage
of working with the canonical polynomial mapping Q is that it has all coefficients equal to 1, and the
uniform bound in this case is immediate. From now on for simplicity of notation we will write T = T<.

Notation. Throughout the whole article C > 0 will stand for a positive constant (possibly large constant)
whose value may change from occurrence to occurrence. If there is an absolute constant C > 0 such
that A < CB (A > CB) then we will write A < B (A 2 B). Moreover, we will write A~ B if A < B
and A 2 B hold simultaneously, and we will write A <s B (A 25 B) to indicate that the constant C > 0
depends on some § > 0. Let Ng =N U {0} and for N € N we set

Ny ={1,2,...,N}.

For a vector x € R? we will use the norms
d 172
. . 2
[tloo = max{lj|: 1< j<d} and |x|= <Z|x,~| ) :
j=1

If y is a multi-index from N’é then |y | =y1+- - -+ yk. Although, we use | - | for the length of a multi-index
y € N’é and the Euclidean norm of x € R, their meaning will be always clear from the context and it will
cause no confusions in the sequel.

2. Ionescu—-Wainger-type multipliers

For a function f € L'(R?) let F denote the Fourier transform on R¢ defined as

FFE) = / £ (r)eE d.
Rd
If fet'(Z% we set
fE =) fx)eE,

xez4
To simplify the notation, we denote by F~! the inverse Fourier transform on R¢ and the inverse Fourier
transform on the torus T¢ = [0, 1)? (Fourier coefficients). The meaning of F —1 will be always clear from
the context. Let 1 : RY — R be a smooth function such that 0 < n(x) < 1 and

( )_{1 for x| < 1/(16d),
Y710 for x| = 1/8d).

Remark 2.1. We will additionally assume that 7 is a convolution of two nonnegative smooth functions ¢
and i with compact supports contained in (—1/(8d), 1/ (8d))“.
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This section is intended to prove Theorem 2.2, which is inspired by the ideas of [lonescu and Wainger
2006]. Let p > 0 and for every N € N define

No=[N"?]+1 and Qo= (No)P?,

where D =D, = [2/p] + 1. Let Py = PN (Ng, N1, where P is the set of all prime numbers. For any
V C Py we define

nw)= J mw,
kEND
where for any k € Np

(V) ={p}"- -~ - pl*: y1€Np and p; € V are distinct for all 1 </ <k}.

In other words IT(V) is the set of all products of prime factors from V of length at most D, at powers
between 1 and D. Now we introduce the sets

Pyv={q=0-w:Q0|Qand we I(Py)U{1}}.

It is not difficult to see that every integer g € Ny can be uniquely written as ¢ = Q - w, where Q | Q¢ and
w € IT(Py) U {1}. Moreover, for sufficiently large N € N we have

g=0 w< Q0o w=< (NHhPN? < V'

thus we have Ny € Py € N, ~». Furthermore, if Ny < N, then Py, C Py,.
For a subset S € N we define

R(S)={a/qeTNQ?:ae A, and g € S},
where for each g € N
Ag={aeNi:ged(q, (@, :y €eT))=1}.
Finally, for each N € N we will consider the sets
Un = R(Pn). (2-D

It is easy to see, if N; < N; then %y, < %n,.
We will assume that © is a multiplier on R and for every p € (1, co) there is a constant A » > 0 such
that for every f € L*(RY) N LP(R?) we have

IF Y OF e < ApllfllLr- (2-2)

For each N € N we define the new periodic multiplier
AnE) = Y OE—a/g)nnE—a/q), (2-3)
a/qeUy

where ny(§) = n(EA_,lé ) and Ey is a diagonal d x d matrix with positive entries (¢, : y € I') such that
gy < ¢~N*_ The main result is the following.
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Theorem 2.2. Let ® be a multiplier on R? obeying (2-2). Then for every p > 0 and p € (1, 00) there is a
constant C,, , > 0 such that for any N € Nand f € £ (Z%) we have

IF " (Anller <Cpp(Ap+ 1D 1og N| £l (2-4)

The main constructing blocks have been gathered in the next three subsections. Theorem 2.2 is a
consequence of Theorem 2.6 and Proposition 2.7 proved below. To prove Theorem 2.2 we find some
C, > 0 and disjoint sets %, € %y such that

w= |
1<i<C,logN

and we show that A with the summation restricted to 52/]\‘, is bounded on £7(Z%) for every p € (1, 00).
In order to construct %1(,, we need a suitable partition of integers from the set I1(Py) U {1}; see also
[Ionescu and Wainger 2006].

Fundamental combinatorial lemma. We begin with the following definition.

Definition 2.3. A subset A C I1(V) has property O if there is k € Np and there are sets Sy, So, ..., Sk
with the following properties:

(i) For each 1 < j <k there is B; € N such that §; ={g; 1, ..., q;.}-
(i1) For every g; s € S; there are p; ; € V and y; € Np such that g; ; = p]y’é
(iii) For every w € A there are unique numbers g1 5, € S1, ..., ks, € Sk suchthat w =¢q15, - - - G g
(V) If (j. 5) # (j'. s') then (gj.s. gjr.e) = 1.
Now three comments are in order.
e The set A = {1} has property O corresponding to k = 0.
o If A has property O, then each subset A’ C A has property O as well.
 If a set A has property O then each element of A has the same number of prime factors k < D.
The main result is the following.

Lemma 2.4. For every p > 0 there exists a constant C,, > 0 such that for every N € N the set %y can be
written as a disjoint union of at most C,log N sets U, = R(Pjiv)’ where

Py=1{q=0Q -w:Q|Qoand we A;([Py)} (2-5)

and A;(Py) C TI(Py) U {1} has property O for each integer 1 <i < C,log N.

Proof. We have to prove that for every V C Py the set I[1(V) can be written as a disjoint union of at most

Cilog N sets with property O. Fix k e Np, let y = (y1, ..., Y&) € NkD be a multi-index and observe that
m(v)= | myv),
yeNk
where

Y Vy={pl"- - - pl*: p €V are distinct for all 1 <! <k}.
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Since there are DX possible choices of exponents 1, ..., yx € Np when k € Np, it only suffices to prove
that every HZ (V) can be partitioned into a union (not necessarily disjoint) of at most Cy log N sets with
property O.

We claim that for each k € N there is a constant C; > 0 and a family

m={m((V):1<i<Cilog|V]} (2-6)
of partitions of V such that
(i) forevery 1 <i < Cylog|V]|, each m;(V) = (Vi ..., Vki } consists of pairwise disjoint subsets of V
and V=V/U---UV];
(i1) for every E C V with at least k elements, there exists r; (V) ={ Vi, Vk"} € such that EN Vji + O

forevery 1 < j <k.

Assume for a moment we have constructed a family 7 as in (2-6). Then one sees that for a fixed y € N’;)

we have

mvy=|J nom, 2-7)

1<i<Cylog|V|
where
My, (V)={p{"- -+ - pl*: pj €V} and V] € m;(V) for each 1 < j < k}.

Indeed, the sum on the right-hand side of (2-7) is contained in H,’;(V) since each HZJ.(V) is. For the
opposite inclusion take p{‘ ceeee ka € I'IZ(V) and let £ ={py, ..., px}; then property (ii) for the family
(2-6) ensures that there is 7; (V) = {V/, ..., V,f} € m such that EN Vji # & for every 1 < j <k. Therefore,
pi'- -+ - p € I ;(V). Furthermore, we see that for each 1 <i < Cilog N, the sets IT; ;(V) have
property O.

The proof will be completed if we construct the family & as in (2-6) for the set V. We assume, for
simplicity, that V = Ny but the result is true for all V € Ny containing at least k£ elements. Now it will
be more comfortable to work with surjective mappings f : Ny +— N rather than with partitions of Ny
into k nonempty subsets. It will cause no changes to us, since every surjection f : Ny — N determines
a partition {(f~'[{m}]:1 <m <k} of Ny into k nonempty subsets.

For the proof we employ a probabilistic argument. Indeed, let f : Ny — N be a random surjective
mapping. Assume that for every n € Ny and m € N, we have P({ f (n) = m}) = 1/k independently of all
other n € Ny. For every E C Ny with k elements we have P({| f[E]| = k}) = k!/kk. It suffices to show
that for some r >~ log N and fi, ..., f- random surjections we have

P({Veeny |El =k Fic<r |fILE]l = k}) > 0.

In other words, for each E C Ny with cardinality k it is always possible to find, with a positive probability,
among at most Cy log N random surjections at least one f : Ny +— N such that | f[E]| = k. Then the
set { f~![{m}]:1 <m <k} is a partition of Ny and EN f~![{m}] # @ forevery | <m <k.
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The task now is the determine the exact value of r >~ log N. Take now 1 <r < N independent random
surjections f1, ..., f, and observe that

k'
P({3pcny |El=k Vi AIEN <k}) < Y P(Vias IAEN<k)= Y (1—k—k)
ECNy:|E|=k ECNy:|E|=k
k
_ N 1_ﬂ ' < ﬂ e—rk!/kk _ eklog(eN/k)—rk!/k"
k Kk) =\ k '
Therefore
P((3ecny |El =k Vi< |fILE]| <k}) <1
if and only if
kk+l eN
r>——1logl — ).
k! k
Thus taking
kk—H eN
r = ’77 10g<7)—‘ + 1~ Ck IOgN,
we see that it does the job. This completes the proof of Lemma 2.4. O
Further reductions and square function estimates. Now we can write
Av= Y Ak,
1<i<C,logN
where foreach 1 <i < C,log N
Ay@E) = Y OE-—a/g)nnéE—a/q) (2-8)
a/qe”?/lf,

with 52/]\’, as in Lemma 2.4. The proof of Theorem 2.2 will be completed if we show that for every
p € (1,00) and p > 0, there is a constant C > 0 such that forany N e Nand 1 <i < C,log N we have

IF 1 AN Pller < CA, + DI fllg (2-9)

for every f € (7).
Let

A CTI(Py) U{1} (2-10)
be a set with property O; see Definition 2.3. Define
Uy =R(lg=0Q-w:Q|Qpand w e A})
and #y = R(A), and we introduce

ANE) = Y OE—a/q)nnE—a/q). -11)

a/qey
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We show that for every p € (1, 00) and p > 0, there is a constant C > 0 such that for any N > gmax{r.p'l/p
and for any set A as in (2-10) and for every f € £7 (Z%) we have

IF 1AL Pller < CA,+ DI flleo- (2-12)

For N < 8max{P.r'}/# the bound in (2-12) is obvious, since we allow the constant C > 0 to depend on p
and p. Moreover, by the duality and interpolation, it suffices to prove (2-12) for p = 2r, where r € N. If
A = A;(Py), as in Lemma 2.4, for some 1 <i < C,log N, then we see that %> = %}, and A% = A},
and consequently (2-12) implies (2-9) as desired.

The function ®(§) ny (&) is regarded as a periodic function on T9; thus

ANE) = Y OE—a/gnnE—alg)=Y, Y OE—b/Qo—ajw)nyE—b/Qo—a/w),

9 d
a/qe?/z\l,\ beNQO a/wely

where we have used the fact that if (g1, g2) = 1 then for every a € 7% there are unique aj, a € 74, such

that a1 /q1, az/q> € [0, 1) and

a al ar d
—— = —+ — (mod 7). (2-13)
q192 491 q2

Since A has property O, according to Definition 2.3 there is an integer 1 <k <2/p+ 1 and there are sets
81, ..., Sk such that for any j € Ny we have S; ={qg; 1, ..., qj,,gj} for some B; € N.
Now for each j € Ny we introduce

Ujy = {ajs/q).5 € TNnQl:se Ng; and a; s € Aq/‘.s}
and for any M ={ji, ..., jm} C Ng let
Uy = {uj1 +---+uj, € TnaQ?: uj € Uy, forany I € Nm}.
For any sequence o = (s, ..., sj,) € Ng, x---xNg, determined by the set M, let us define
Vi = {ajlvﬁ'jl [Qjrsiy T Wsjy [ D5y € T'na? “js; € A‘l.iz‘-vj, for any / € Ny, .

Note that Vy; is a subset of /), with fixed denominators Gjr,siy s Djmssin - If M = & then we have
Uy = Vi = {0}. Let

x(@E)=1x(8) and Qn(§) =0OE)nn ().

Then again by (2-13) we obtain

ANE = Y D OE—b/Qy—a/w)ny(E—b/Qy—a/w)

W d
ajwe N beNg,

=3 Y Y Mu e tta e, © = Y maE),  (2-14)

SléNgl al'sleAql,sl SkENﬂk akaGA‘Ik.xk MEZ/{Nk
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where

k
M (E) = May, Jar, 4t e €)= X @1y - hs) D QN(s—b/Qo—Zaj,s,./q,‘,s,) (2-15)

beN‘éO j=1
foru=a s /q1s + - +aks/qk.s-
From now on we will write, for every u € Uy, ,
fu@) = F omy f)(x) (2-16)
with f € £ (Z%) and r € N. Therefore,
FrarvHx =) fulx) (2-17)
MEZ/{Nk

and the proof of inequality (2-12) will follow from the theorem below.

Theorem 2.5. Suppose that p > 0 and r € N are given. Then there is a constant C,, , > 0 such that for
any N > 8%"/7 and for any set A as in (2-10) and for every f € €*" (Z%) we have

Yo hul = Corllflle (2-18)
uEUNk er
Moreover, the integer k € Np, the set Un, and consequently the sets Sy, ..., Sy are determined by the

set A as it was described above.

The estimate (2-18) will follow from Theorem 2.6 and Proposition 2.7 formulated below. Let us
introduce a suitable square function which will be useful in bounding (2-18). For any M € N; and
L ={ji,..., i} ©M and any sequence 0 = (sj,,...,5;) € Nﬁh X o0 X Nﬁjz determined by the set L,
let us define the square function Sg, y (fu 1 u € Uy,) associated with the sequence (f, : u € Uy,) of
complex-valued functions as in (2-16) by setting

2\1/2
) , (2-19)

Z Z Swrurv(X)

Sg,M(fu(x) ‘u euNk) = ( Z

wellye 'uelanr vevy
where M© = N \ M. For some s;, € {sj,,...,s;} we will write
(5 r57) 2\
IS7 p(fu:u €Un)llez. =< DS T (fux) tu € Uny) ) , (2-20)
/i SiieNﬁji
which defines some function which depends on x € Z¢ and on each s;, € {s},, ..., s;}\ {s;.}.

For the proof of (2-18) we have to exploit the fact that the Fourier transform of f, is defined as a

sum of disjointly supported smooth cut-off functions. Then appropriate subsums of » fu should be

uEZ/INk
strongly orthogonal to each other.

Theorem 2.5 will be proved as a consequence of Theorem 2.6 and Proposition 2.7 below.
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Theorem 2.6. Suppose that p > 0 and r € N are given. Then there is a constant C, , > 0 such that for
any N > 8%/ and for any set A as in (2-10) and for every f € £¥ (Z¢) we have

> fu < Cor . > ST (fu i u €U (2-21)
LlEZ/[N e MCN} O'ENﬁj ><---><Nﬁj
M={ji,..., Jm} ! "
Moreover, the integer k € Np, the set Uy, and consequently the sets S, ..., Sy are determined by the

set A as it was described above the formulation of Theorem 2.5.

Proof. Under the assumptions of Theorem 2.5, there is a constant C, > 0 such that for any M C N; and
L={j,...., i} €M and j, € M\ L and for any o = (s, ..., ) € Nﬁh X +ve X Nﬁn determined by
the set L we have

BSjn
ISE i (fu s u €Ul < Cr[I1SLGG w(fu s v €Ul o (2-22)
where o @), = (8j,, - .-, 8, 8j,) €N x -+ xNg, xNpg, is the sequence determined by the set L U{s;, }.

Moreover, the right-hand side in (2-22) can be controlled in the following way:
Bsjy
[1SE0G w1 €Uz %

EB n g r
<G Z ST ot aa e €UN o 4 CHIST agjy (fu - e €UND T (2-23)

Sin <N,

The proofs of (2-22) and (2-23) can be found in [Mirek et al. 2015]. Therefore, (2-22) combined with
(2-23) yields

Dsjy
IS Cfuru €U <Cr D ISTO aa (fu i €UND T +CIST pp ) (Fu it €UNDIITE . (2-24)

Sin €N,

Applying (2-24) recursively we obtain

> fu

MGZ/{N

||Sg Nk(fu ue uNk)”ng

02r

S > IS, € U + ISo ey (fu s u € UnII

skENﬂjk
(Sk—1,5k)

S Y IS s € U+ D IS N et i 1 €U

Skfleng,. lskENﬁfk SkEN/S/k

D IS N, et € UNDIZ + (1SN, (fu s e € Un) I,

Sk— leNﬁ/k—l

,
2
SESEED SR DD o (5 3l oy o @25)
MCNy GENﬂjIX---XNﬂjm xeZd “weldyc UEVI(\T/I

M={ji,....Jjm}

The proof of (2-21) is completed. U
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Concluding remarks and the proof of Theorem 2.5. Now Theorem 2.6 reduces the proof of inequality
(2-18) to showing the estimate

. 2 2
E E IShr.00 (fu s u €U S 11 e (2-26)
M CNg oeNg, x--xNg.
M={j,.jm} "

for any f e £2"(Z¢) which is a characteristic function of a finite set in Z% Firstly, we prove the following.

Proposition 2.7. Under the assumptions of Theorem 2.5, there exists a constant C,, , > 0 such that for
any M ={ji, ..., ju} €S Ng, any o = (sj,,...,5j,) € Nﬂ.fn X -+ X Np, = determined by the set M and
f € 02 (7% we have

1S53 (fu 11 €Ul < Cpr Ar | Sy (f“ ( > nnE —b/Qo—u)f(§)> ‘e uNk) . (2:27)
beNg, e
Proof. We assume, without of loss of generality, that N € N is large. Let B, =g, 5, - - - Gjmsipy - Q0 = eN’

and observe that according to the notation from (2-16) and (2-14), we have

Z)r
Fl( > OE-b/Qo—v—w)n(E—b/Qo—v —w)f@))(x)

UEVIUW bGNQO

=Y Z( > |f—1(®nNG(s;n,w))(th+n)|2),

IS5 01 (fu :u €U

-X(x

xezd “weldye

(X

xeZd “weldyc

D fur@)

Lo}
vevy,

v

neN‘éh xez?d “welye (2-28)
where
GEnwy =Y Y fE+b/0o+v+w)e T/ Ct0m (2-29)
VeV beNg,
We know that for each 0 < p < oo there is a constant C}, > 0 such that forany d e Nand Ay, ..., A4 € c?
we have

1/p
(/ iz b AgzalPe T dZ) =Cp(MPP+- 4 DV (2-30)
C

By Proposition 4.5 from [Mirek et al. 2015], with the sequence of multipliers Oy = ® forall N e N
and ©® as in (2-2), we have

|7~ (©nyGE; n, w)(Byx +n)|

ey < Cor A [ FTH NG (55, w)) (Byx +1) |

22 (x) (2'3 1)

since inf ¢ e;] > eV > 2e@+DN? > By, for sufficiently large N € N.
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Therefore, combining (2-31) with (2-30), we obtain

Z Z( Z |71(®HNG(S:n,w))(th+n)|2>

nEN(Iii/ xeZd “wellyce
1

2r

:CZZ:/ Z Z ]—"—1(@171\/< Z ZwG(S;n,w)>>(th+n) oI dz
e neN‘l’gh xezd welye
2r
'Sr/ > 2 f_]( > Zw’?NG(S;n,w)>(th+n) e kI 4z
o neN‘gh xezd weldye
S Z( Yo IF 1<nNG<s;n,w>><th+n>y)
neNd xezd “wellye
h
2\r
SE(Z (X X me-va-v-wio)w| ). (2-32)
xezd “weldye veVy, beNg,
This completes the proof of Proposition 2.7. 0

Now we are able to finish the proof of Theorem 2.5.

Proof of Theorem 2.5. It remains to show that there exists a constant C, , > 0 such that for any
M = {j,....jn} S Ngany o = (s, ...,5),) € Nﬁjl X -0+ X Nﬁjm determined by the set M and
f € 0% (Z%) we have

> 83’4,M(f‘1( > nN(s—b/Qo—mf(s)) :ueuNk>

O‘ENﬁjl X“.XNﬁjm bENQO

2r

<ClAfller. (233
£2r

Since there are 2* possible choices of sets M € N and k € Np, (2-26) will follow and the proof of
Theorem 2.5 will be completed. If r = 1 then Plancherel’s theorem does the job since the functions
nn(E — b/Qop — v — w) are disjointly supported for all b/Q¢ € Ng,, w € Uye, v € V}j, and 0 =

(Sjyse-es8j,) € N,gjl x -+ x Ng, . For general r > 2, since ||f||§§, = ||f||§2 because we have assumed
that f is a characteristic function of a finite set in Z¢, it suffices to prove for any x € Z¢ that
2
> f—‘( Yo D G —b/Qo—v—w)f($)>(x) <Cp.. (2-34)
weldyc veVy beNg,
In fact, since || f||¢~ = 1, it is enough to show
fl( Yooaw) Y Y anE—b/Qo—v— w)) <Cp.s (2-35)
i

weldye veVy beNg,

for any sequence of complex numbers (c(w) : w € Uye) such that

> le)=1. (2-36)

weldye
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Computing the Fourier transform we obtain

}‘1( dooaw Y N nN(s—b/Qo—v—w)(x)

weUye veVy, beNg,
= < Z a(w)e—Znix~w> .det(EN)]-'—ln(ng) . ( Z Z e—lnix-(b/Q(H-v)).
el veVy, beNg, (2-37)

The function

Z Z e~ 2mix-(b/Qo+tv) (2-38)

veVy, beNp,
can be written as a sum of 2™ functions

d ¢, _

Y i) _ [ Q1 =0 (mod 0), (2:39)
0 otherwise,

bENQ

where possible values of Q are products of Q¢ and p}i 5 OF p;f‘gl for i € N,,. Therefore, the proof of
(2-35) will be completed if we show that

H( > a(w)e—zm'QX'“)-Q"det(sN)f—ln(QsNx) <Cp.r (2-40)

weldyc

)

for any integer Q < e"” such that (Q, gj.s) =1, forall j € M and s € Ng,.
Recall that, according to Remark 2.1, in our case 1 = ¢ * i for some smooth functions ¢, ¥ supported
in (—1/(8d), 1/(8d))?. Therefore, by the Cauchy—Schwarz inequality we only need to prove that

0% det(En)' A IF 19 (QEN) 2y < Cpr (2-41)
and
Qd/2 det(SN)1/2

( 2. a(w)e—z”"Q"'W) F Y (QENx)

weldyc

<Cp,. (2-42)
£2(x)
Since (Q, gjs) =1, forall j € M and s € Ng,, we know Quw ¢ 7¢ for any w € Uy and its denominator
is bounded by N . We can assume, without of loss of generality, that Qw € [0, 1) by the periodicity
of x > e~27*0¥ Tpequality (2-41) easily follows from Plancherel’s theorem. In order to prove (2-42),
observe that by the change of variables one has

( > oe(w)e—z"”'Q“’)-f—lesNx):Q—ddet(ser Y aw)F (YR (- = Qw)) ().

welyc welyc

Therefore, Plancherel’s theorem and the last identity yield

2
Q? det(En) ( > a<w>e2”fQX'W)-f1w(QsNx>
weldye £2(x)
= Yl [ pe-gywfder 3 oot [ weve- w-wds. 43)
weUyc wi,wrEUp

w1 AW
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The first sum on the right-hand side of (2-43) is bounded in view of (2-36). The second one vanishes
since the function ¥ is supported in (—1/(8d), 1/(8d))? and |E5" (w1 — w2)|eo > eV N=2D < 1 for
sufficiently large N. The proof of Theorem 2.5 is completed. (I

3. Proof of Theorem B

To prove inequality (1-19) in Theorem B, in view of the decomposition of the kernel K into dyadic
pieces as in (1-6), it suffices to show that for every p € (1, 00) there is a constant C,, > 0 such that for all
f € eP(Z%) we have

DOTuf| < Cpllfller, (3-1)
n>0 er
where
T f(x) =Y fx—QNKa(y) (3-2)

yezk

with the kernel K, as in (1-6) for each n € Z.

Exponential sums and £*(7%) approximations. Recall that for g € N
Ag={aeN!:ged(q. (@, :y eT))=1}.
Now for ¢ € N and a € A; we define the Gaussian sums
G(a/q) = q—k Z e2ria/9)-Qy)
yeNk
Let us observe that there exists § > 0 such that
Ga/pl$q™. (3-3)

This follows from the multidimensional variant of Weyl’s inequality; see [Stein and Wainger 1999,
Proposition 3].
Let P be a polynomial in R* of degree d € N such that

P(x)= Z & x7.

yel
Given N > 1, let Qy be a convex set in R¥ such that
Qn C{x eR": |x —xo| <¢N}
for some xo € R and ¢ > 0. We define the Weyl sums

Sv= ) & m), (3-4)

HGQNﬂZk

where ¢ : R¥ — C is a continuously differentiable function which for some C > 0 satisfies

lp(x)| <C and [Ve(x)|<C+x])~" (3-5)



600 MARIUSZ MIREK

In [Mirek et al. 2015] we proved Theorem 3.1, which is a refinement of the estimates for the multidimen-
sional Weyl sums Sy, where the limitations N® < ¢ < N*~¢ from [Stein and Wainger 1999, Proposition 3]
are replaced by the weaker restrictions (log N)? < ¢ < N*(log N)~# for appropriate 8. Namely:

Theorem 3.1. Assume that there is a multi-index vy such that 0 < |yy| < d and

a

1
Sm—; <=

q

for some integers a, q such that 0 <a < q and (a, q) = 1. Then for any a > 0 there is B, > 0 so that, for

any B = Bq, if

(log N)? < g < Nl (log N)™* (3-6)
then there is a constant C > 0 such that
|Swl < CN*(log N)™. (3-7)
The implied constant C is independent of N.

Let (m,, : n > 0) be a sequence of multipliers on T¢, corresponding to the operators (3-2). Then for
any finitely supported function f : Z¢ > C we see that

Tof(x) = F L m, f)(x),
where

ma (€)=Y MK, (y).
yezk
For n > 0 we set

ch(E) — /k eZm'E'Q(y)Kn(y) dy
R

Using multidimensional version of van der Corput’s lemma, see [Stein and Wainger 2001, Proposition 2.1],
we obtain
|©4(§)] S minfl, [2"48 17}, (3-8)

Moreover, if n > 1 we have
| P, (5)] = ‘%(S) — /k K (y) dy‘ <min{l, 248} (3-9)
R

The next proposition shows relations between m,, and ®,,.

Proposition 3.2. There is a constant C > 0 such that for every n € N and for every & € [%, %)d satisfying

a _
Ey e = L1 |y|LZ

q

forally € T, where 1 <q < L3 < 22 g e Ay, L1 >2"and Ly > 1 we have

ma(§) = G(a/q)Pus —a/q)| < C<L32—" +LyL327" 2(2”/L1)'V'> <CLyL327".  (3-10)
yell
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Proof. Let 0 =& —a/q. For any r € N¥, if y =r (mod ¢) then for each y € T

Syyy = gyyy + (ay/‘I)ry (mod 1);
thus
§-Q(y»)=0-9(y)+(a/q)-Q(r) (mod 1).

Therefore,

Z ZEQM K (y) = Z e2ia/q)-Q(r) Z eZniG-Q(qy-i'r)Kn(qy +7r).
yezk reNk yezk

If 22 < lgy +rl, |gy| <2" then by the mean value theorem we obtain

10-Qqy+r)—6- Q)| SIr1 Y 16, 1-2" W=D < g S LT 2" WD < 1107y 2Ly
yel yel yel

and
|Ku(qy +7) — Ka(gy)| S27"*FD L.
Thus
> TECOK, () = Gla/g)-qF Y OK, (gy) + O(Lsz—" +LaLs2™" Y (2" Lﬁﬂ)‘
yezk yezk yel

Now one can replace the sum on the right-hand side by the integral. Indeed, again by the mean value
theorem we obtain

Y YK, (y) ~ / TORUNK, (q1) di
Rk
yezk

Z / (ezm'e-Q(qy) K, (qy) — 200+ g (4(y +1)) dt)
yezk [0, D

= (’)(q_kL32_" +q *LoL327" Z(2"/L1)|V|>. O
yel

Discrete Littlewood—Paley theory. Fix j,n € Z and N € N and let £y be a diagonal d x d matrix with

positive entries (¢, : y € I') such that ¢, < e~V with p > 0 as in Section 2. Let us consider the
multipliers
Q€)= > OuE—a/g)nnE—alq) (3-11)
a/qeUn

with ny(§) = n(é';lé) and ®; ,(§) = & (2"A1ilg), where @ is a Schwartz function such that ®(0) = 0.

If %y = {0} then va" (&) can be treated as a standard Littlewood—Paley projector. Now we formulate
an abstract theorem which can be thought of as a discrete variant of Littlewood—Paley theory. Its proof
will be based on Theorem 2.2. Here we obtain a square function estimate which will be used in the proof
of inequality (3-1).
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Theorem 3.3. For every p € (1, 00) there is a constant C), > 0 such that for all —oo < M| < M3 < o0,
j€Zand N €N and every f € £P(Z%) we have

AN V-
H( 3> |f—1<szx”f>|2> < CplogN| fller. (3-12)
Mi<n<M, e
Proof. By Khintchine’s inequality, (3-12) is equivalent to
1 V2 1/p
( / Y e F @ dr) <log NI fller- (3-13)
0 op

My<n<M,
Observe that the multiplier from (3-13) can be rewritten as
Yo ey ©= > > mE-a/g)nnE—a/q)

Mi<n<Mj alqely My<n<M,

with the functions
m, (§) = £, (1) @2"H1g).

We observe that
my (§)] S min{ 2" 78 oo, 1274 g T

The first bound follows from the mean value theorem, since

D" ) = [@ 2" ) — d(0)] < [2"4HTE| sup [VO(E)| S 12" € .
EcRd

The second bound follows since @ is a Schwartz function. Moreover, for every p € (1, o0) there is C), > 0
such that

|sup |F ' FAOI| L, < Cpll flle
nez

for every f € L? (R%). Therefore, by [Stein 1993], the multiplier

> ma®)

Mi<n<M

corresponds to a continuous singular integral; thus it defines a bounded operator on L”(R?) for all
p € (1, oo) with the bound independent of j € Z and —oco < M| < M, < co. Hence, Theorem 2.2 applies
and the multiplier

Y el

M <n=<M,
defines a bounded operator on £”(Z%) with the log N loss, and (3-13) is established. ]
Remark 3.4. If the function @ is a real-valued function then we have

o 1/2
H S F@y scplogN“( > |fn|2)
p

My=n=M; My <n<M,

(3-14)

op
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This is the dual version of inequality (3-12) for any sequence of functions (f;, : M| <n < M) such that

H( > |fn|2)1/2
Mi<n<M,

We have gathered all necessary ingredients to prove inequality (3-1).

< Q.

12

Proof of inequality (3-1). Let x > 0 and / € N be the numbers whose precise values will be adjusted later.
As in [Mirek et al. 2015], we will consider for every n € Ny the multipliers

En®)= Y @& —a/q))’ (3-15)

alqeU,
with %y as defined in Section 2. Theorem 2.2 yields, for every p € (1, 00), that
IF T En Hller Slogn+2)1 f ller- (3-16)

The implicit constant in (3-16) depends on p > 0 from Theorem 2.2. From now on we will assume that
[ € N and p > 0 are related by the equation

10pl = 1. (3-17)

Assume that f : Z¢ > C has finite support and f > 0. Observe that

Y Tuf

n>0

=<
op

> F N maBaf)

n>0

+
124

Y F ma(1-En) f)

n>0

(3-18)

o

Without of loss of generality we may assume that p > 2; the case 1 < p <2 follows by the duality then.

The estimate of the second norm in (3-18). It suffices to show that

|7~ ma(1 = E) )

|y S @+D 2 fller (3-19)

For this purpose we define for every x € Z¢ the Radon averages
Myf)=N"53" flx—Q()).
yeN@

From [Mirek et al. 2015] follows that for every p € (1, 00) there is a constant C;, > 0 such that for every
fe 27 (Z%) we have
Isup [Mn £1],» < Cpll fller (3-20)
NeN

Then for every 1 < p < 00, by (3-16) and (3-20) we obtain

|7~ ma (1 — B )

o < sup My fller + | sup My(IFH(Ea D], Slog + 211 fller (3-21)
NeN NeN

since we have a pointwise bound

I ma @) = T f ()] S Mo £ (). (3-22)
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We show that it is possible to improve estimate (3-21) for p = 2. Indeed, by Theorem 3.1 we will show
that for big enough « > 0, which will be specified later, and for all n € Ny we have

[ma ()1 = En(E)] S (417" (3-23)
By Dirichlet’s principle, we have for every y € I'
&, —ay /gy < g, 'nP27"V,

where 1 < g, < n=P2"71 In order to apply Theorem 3.1 we must show that there exists some y € I" such
that n? < qy < n=hnlvl, Suppose for a contradiction that for every y € I" we have 1 < ¢, < n?; then for
some g <lcm(q, :y €T') < nP4 we have

&, —a, /q] <nP27V,

where ged(q, gcd(a; 1y €T')) = 1. Hence, taking a’ = (aJ’, 1y €T') we have a’/q € %, provided that
d < 1. On the other hand, if 1 — E,/(§) # 0 then for every a'/q € %, there exists y € I" such that
y n
&, —a),/q| > (16d)~ 271170,
Therefore
2% < 16dn”

but this is impossible when n € N is large. Hence, there is y € I' such that n? < qy < n=P2"71 Thus by
Theorem 3.1,
Ima () S (n+ 17

provided that 1 — &, () # 0. This yields (3-23) and we obtain

|77 (1= E) )] o S (L +1)"*log(n +2)[| f |2 (3-24)
Interpolating (3-24) with (3-21) we obtain
|7 (1= ED D, S A1)~ log(n +2) fler- (3-25)

for some ¢, > 0. Choosing « > 0 and / € N appropriately large, one obtains (3-19).

The estimate of the first norm in (3-18). Note that for any & € T¢ such that

&, —a,/q| < o—nllyl=x)

forevery y e 'with 1 < ¢ < e”l/m, we have
mu (&) = G(a/q)Pu(€ —a/q) +q " Ex(£), (3-26)
where
|Exn (§)] S 272 (3-27)

Proposition 3.2, with L1 =2", L, =2%" and Ly =¢"" ", establishes (3-26) and (3-27), since for sufficiently
large n € N we have

GP1En(£)] S qPLoLs27" < (e (=0 10g2=2n710)y < 5=n/2
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provided x > O is sufficiently small. Now for every j, n € Ny we introduce the multiplier

E1E) = > n@"E—a/g) (3-28)

a/qe,
and we note that

n>0

> F Hma (B0 = 8 f 4 ma B f)

n>0

Zf—l( > mu(B-E"Hf )

n=0 —lxnl<j<n

_ 7l 2
=1l +12 (3-29)

p

We will estimate [ ; and Ip2 separately. For this purpose observe that by (3-26) and (3-27), for every
a/q € %, we have

Imu (€)1 < q7°1Pu(€ —a/q)| +q °|Ex (&)

< g (min{1, 124 —a/q)loo, 12" (5 —a/@I !} +27"72), o
where the last inequality follows from (3-8) and (3-9). Therefore by (3-30) we get
ma @) (0@ (€ —a/q))? =@ € —a/g)’| SqTP@ M2 (33D)
since n(2" XM (& —a/q)) = n@"A~MI(E —a/q). Moreover, for any integer —xn < j < n we get
|ma &) (@41 —a/@)? = n@ U6 —a/g))?)| S g7 @IV 427, (3-32)
Bounding 1 1%' It will suffice to show, for some ¢ = ¢, > 0, that
|7 ma (B = 8 F ot ma B f) | S 271 f e (3-33)

Observe that for any 1 < p < oo, by (3-22), (3-20) and (3-16) we have

|7 magl O, < | sup My(FNEEHD], S |FERD

o Slogn+2)11 fller (3-34)
and in a similar way we obtain

|7 (ma (B = 8 ) £) ], Slogm+2)11 fller (3-35)
For p =2, by Plancherel’s theorem and (3-30) we obtain

172
|7~ om, & f)||ﬁ—(f D maE P A € —a/q)* | f©) d&) S27CD | flla. (3-36)

alqe,
By (3-31) we obtain

|77 (™" = &) ) |2
1/2
( / 3 ima@®P(n@ A7 —a/g)? - n@ A1 € —ajg))?)? I £ () d&)

alqe,

27X DY o (3-37)
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Therefore, by interpolation (3-34) with (3-36) and (3-35) with (3-37) we obtain for every p € (1, co) that
|7~ (ma (B = & f - ma € F) | S 277 1 f e

which in turn implies (3-33) and Iﬁ S NS ller-

Bounding 1 ;. Define for any 0 < s < n the new multiplier
A &= Y (@*NE—a/)) —n@ U E —a/g)?)n@ KD E —a/g))
a/q€ 1\
and we observe that by the definition (3-28) we have
Bl -8 E) = Y ALL®).

0<s<n
Moreover,

n@ATIT )2 _p@UATUHDI )2 = (@ A+TT )2 ATGHDIg)2) . (@ A+U =D ) _p A+ )
Thus we see
Aj L&) = ALLE) - ATIE),
where
A@® = Y (@ TUVE —a/q) —n@ AT E —a/q)n@ T (& —a/q))

a/qe“]/(sﬂ)l \OZ/SI
and

ARE = ), (@ E—a/g)? —n@ TV E —a/q)?)n@ T E —a/q)).

a/qeglﬁ,])l \%l
Moreover, A,’, s and A Y are the multipliers which satisfy the assumptions of Theorem 3.3. Therefore,

Sr( L X apimai)

n>0 —xn<j<n 0<s<n

> > Yo FlAlLmaAlLf

n,s

r

s>0 jeZ "n>max{j,—j/x,s}
2

<> > logs ( > |f‘1(mnAzz§f)|) (3-38)

s>0 jeZ n>max{j,—j/x,s} e

In the last step we used (3-14). The task now is to show that for some ¢ =¢, > 0

RN |
’ ( S |F T maA ) ) Ss727Y fler (3-39)
op

nzmax{js _I/X »S}

This in turn will imply ll, < I f ller and the proof will be completed. We have assumed that p > 2; then for
every g € {” (Z%) such that g > 0 with = (p/2)’ > 1 we have by (3-22), the Cauchy—Schwarz inequality



SQUARE FUNCTION ESTIMATES FOR DISCRETE RADON TRANSFORMS 607
and (3-20) that

> N NF oAl HFe S 303 M

FHAPRZH]) 0% g(x)

xezd nel xezd neZ
_ i A2
= > Y M (|F AN 0g)
xezd neZ
— io A 2
= 3 Y IF T ARH® M)
xezZd neZ
o\ 22
<|(Sit@nnf) | s miel,
neZ ¢p NeN
o\ 22
S H<Z|71(Ai{,?f)| ) lgller (3-40)
neZ 124
Therefore, by Theorem 3.3 we have
o \? o\ 2
H(ZIFanAz:%f)\ ) S H(Z\f‘lm,ﬁ:?m ) S logs|l f e (3-41)
)24 op

neZ nez

We refine the estimate in (3-41) for p = 2. Indeed, define
on j(§) = (nQ"4H1E)? — @At UF Vg2 (24Xl
W, (§) = min{[2"€ |, [2"4E1 077, 1}
By Plancherel’s theorem we have

» 22 ) 1/2
> | F Al

n>max{j,—j/x,s}

02

. 1/2
=</T 2. ) Imn<5>|2en,,-<s—a/q>2|f(s>|2ds>

n>max{j,—j/x,s} a/qe% s+ D! \q/bl

< (s 4+ 1)o7l £ (3-42)

The last estimate is implied by (3-30). Namely, by (3-30) we may write

> Y Ima®enE —a/q)?
anaX{j,—j/X,S} a/qe‘/’?/(x_*_])l\ﬂ//sl
Y Y g PWaE —a/g)+ 27 @ IV 4 27 P25 AED (& —a)q))?
nzmax{j,—j/x.s} a/qe¥ ., \y\ %,
< (s+ 1)*25124]'\/(261)‘ (3-43)

The last line follows, since we have used the lower bound for ¢ > s’ if a/q € U541y \ Usi. Moreover,

D (W —a/g)+27"") S 1 and Yoo @D E—a/q) 1

n>0 Q/QE%(S_H)I \JZZSI
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by the disjointness of the supports of the 1(2*‘A=x") (& —a/q)) whenever a/q € Us41y \ Uy . Since l € N
can be as large as we wish, interpolating (3-42) with (3-41) we obtain (3-39) and the proof of (3-1) and
consequently Theorem A is completed. (I
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ON THE KATO PROBLEM AND
EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS

DAVID CRUZ-URIBE, JOSE MARIA MARTELL AND CRISTIAN RIOS

We study the Kato problem for divergence form operators whose ellipticity may be degenerate. The
study of the Kato conjecture for degenerate elliptic equations was begun by Cruz-Uribe and Rios (2008,
2012, 2015). In these papers the authors proved that given an operator L,, = —w~'div(4V), where w
is in the Muckenhoupt class A, and A is a w-degenerate elliptic measure (that is, A = wB with B(x)
an n x n bounded, complex-valued, uniformly elliptic matrix), then L, satisfies the weighted estimate
||\/Hf||L2(w) ~ |V fllL2@)- In the present paper we solve the L?-Kato problem for a family of
degenerate elliptic operators. We prove that under some additional conditions on the weight w, the
following unweighted L2-Kato estimates hold:

ILY2 2@y 2 1V f 2@y

This extends the celebrated solution to the Kato conjecture by Auscher, Hofmann, Lacey, McIntosh,
and Tchamitchian, allowing the differential operator to have some degree of degeneracy in its ellipticity.
For example, we consider the family of operators L, = —|x|"div(|x|™" B(x)V), where B is any bounded,
complex-valued, uniformly elliptic matrix. We prove that there exists ¢ > 0, depending only on dimension
and the ellipticity constants, such that

2n
n+2

The case y = 0 corresponds to the case of uniformly elliptic matrices. Hence, our result gives a range of

||L11//2f||L2([R{") ~ ”Vf”LZ(Rn), —&e<y <

y’s for which the classical Kato square root proved in Auscher et al. (2002) is an interior point.

Our main results are obtained as a consequence of a rich Calderén—Zygmund theory developed for
certain operators naturally associated with L,,. These results, which are of independent interest, establish
estimates on L?(w), and also on L? (v dw) with v € A (w), for the associated semigroup, its gradient,
the functional calculus, the Riesz transform, and vertical square functions. As an application, we solve
some unweighted L2-Dirichlet, regularity and Neumann boundary value problems for degenerate elliptic

operators.
1. Introduction 610
2. Preliminaries 613
3. Off-diagonal estimates for the semigroup e "*Lw 621
4. The functional calculus 624
5. Square function estimates for the semigroup 628
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1. Introduction
We study the degenerate elliptic operators Ly, = —w ™! div AV, where w is in the Muckenhoupt class A

and A(x) is an n x n complex-valued matrix that satisfies the degenerate ellipticity condition
Aw(x)[E]> <Re(A()E,E),  [(AWE )| < Aw)[E[|nl, & neC” ae xeR",

Equivalently, A(x) = w(x)B(x), where B is an n x n complex-valued matrix that satisfies the uniform
ellipticity conditions

AlE1? =Re(B(x)E.§). [(B()E n)| < AlEllnl, &neC” ae xeR"

Such operators were first studied (with A a real symmetric matrix) by Fabes, Kenig and Serapioni [Fabes
et al. 1982]. When A is complex-valued and uniformly elliptic (i.e., w = 1), a landmark result was
the proof by Auscher, Hofmann, Lacey, Mclntosh, and Tchamitchian [Auscher et al. 2002] of the Kato
conjecture, which states that for all f € H 1

ILY2 fla ~ V£ 2.

The proof of this long-standing conjecture led naturally to the study of the operators associated with L:
the semigroup e L, its gradient /7 Ve 'L, the Riesz transform VL~/2 the H® functional calculus and
square functions; for details and complete references, see [Auscher 2007]. These estimates are interesting
in themselves; moreover, it is well known that L# estimates for these operators yield regularity results
for boundary value problems for L; for details, see the introduction to [Auscher and Tchamitchian 1998].

In [Cruz-Uribe and Rios 2015] (see also [Cruz-Uribe and Rios 2008; 2012; Auscher et al. 2015]), the
first and third authors solved the Kato problem for degenerate elliptic operators: they showed that if
w € A, and A satisfies the degenerate ellipticity conditions, then for all f € H1(w),

1LY Fllz2 ) ~ IV £ ll22w)- (1.1)

In this paper we consider the problem of determining those A, weights such that the classical Kato
problem can be solved for Ly, that is, finding weights such that L, satisfies the unweighted estimate

ILY2 f 2@y ~ IV f 2@
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for f in a class of nice functions (a posteriori, by standard density arguments, the estimate can be extended
to all £ € H'(R")). We solve this problem in two steps. The first is to prove weighted L? estimates
for some operators associated with L,, (the semigroup, its gradient, the Riesz transform, the functional
calculus, and square functions). These results, which are of interest in their own right, are analogous to
those obtained in the uniformly elliptic case. However, a significant technical obstruction is that given
a weight w € A,, while it is the case that there exists ¢ > 0 such that w € A,_g, it is easy to construct
examples to show that ¢ may be arbitrarily small. Therefore, our bounds in the range 1 < p < 2 need to
take this into account.

The second step is to find conditions on the weight w so that these operators satisfy unweighted 1>
estimates. Both steps are carried out simultaneously, and the proofs are intertwined. Our approach
is to apply the theory of off-diagonal estimates on balls developed by Auscher and the second author
[Auscher and Martell 2006; 2007a; 2007b; 2008]. We will in fact prove weighted estimates on L? (v dw),
where v satisfies Muckenhoupt and reverse Holder conditions with respect to the measure dw = w dx;
L?(w) estimates are then obtained by taking v = 1, and unweighted estimates by taking v = w~L

The unweighted L? estimates are delicate, since they require a careful estimate of the constants that
appear. Nevertheless, we are able to give useful sufficient conditions; e.g., w € A1 NRH, />4 . (For
definitions of these classes, see Section 2 below.) For example, we have the following result that is a
special case of one of our main results (cf. Theorem 11.11).

Theorem 1.2. Let Ly, = —w ™! div AV be a degenerate elliptic operator as above. If w € A "\RH,, /2415
then the Kato problem can be solved for L, for every f € H(R"),

||L110/2f||L2(Rn) ~ ”Vf”LZ(R”)

The implicit constants depend only on the dimension, the ellipticity constants, and the Ay and RH,, /511
constants of w.

Furthermore, if we define L, = —|x|” div(|x|™Y B(x)V), where B is an n x n complex-valued matrix
that satisfies the uniform ellipticity condition, then there exists 0 < ¢ < % small enough (depending only

on the dimension and the ratio A /A) such that

2n
n+2°

”L)l’/zf”Lz(R”) ~ ||Vf||L2(Rn), —e<y <

Remark 1.3. In Theorem 1.2 the operator LIIU/ 2isa priori only defined on H!'(w); however, this means
that it is defined on C§°(R") and so by a standard density argument we can extend our results to all
f € H'(R™). Hereafter we will make this extension without further comment.

We emphasize that in Theorem 1.2, when y = 0 we are back at the uniformly elliptic case, which is
the celebrated solution to the Kato square root problem by Auscher, Hofmann, Lacey, Mclntosh, and
Tchamitchian [Auscher et al. 2002]. Here we are able to find a range of y’s for which the same estimates
hold and the classical Kato square root problem (i.e., ¥ = 0) is an interior point in that range.
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These unweighted L? estimates have important applications to boundary value problems for degenerate
elliptic operators. Consider, for example, the following Dirichlet problem on R’j_"’l = R" x [0, 00):

Pu—Lyu=0 onRiH
— +1 _
u=f on IR’ "' =R".

If f e L?(R"), then u(x,t) = e_’Lllﬂ/2 f(x) is a solution, and if L, has a bounded H° functional
calculus on L2, then sup,~¢ [u(-,?)[l2 < || .fl2. Similar results hold for the corresponding Neumann and
regularity problems.

Our proofs are unavoidably technical, and the results for each operator considered build upon what
was proved previously for other operators. We have organized the material as follows. In Section 2 we
gather some essential definitions and results about weights, degenerate elliptic operators, and off-diagonal
estimates. Central to all of our subsequent work are Theorems 2.35 and 2.39, which were proved in
[Auscher and Martell 2006].

In Sections 3, 4, and 5 we prove estimates for the semigroup e ~*Lw,

t > 0, the H® functional calculus
(i.e., operators ¢(Ly,) where ¢ € H*), the vertical square function associated to the semigroup,

o _ 2 dr\'/?
et = ([ l0L0) 2 e p P 40)
and its discrete analog. Here and in subsequent sections we prove both L? (w) estimates and weighted
LP? (v dw) estimates. In many cases these results are proved simultaneously, with the unweighted results
(i.e., in L?(w)) following from the weighted results (i.e., in L? (v dw)) by taking v = 1.

In Section 6 we prove the so-called reverse inequality, ||L111,/ 2|| Lew) S IV fllLrw). that generalizes
the Lz(w) estimate in (1.1). We note that while the equivalence in (1.1) follows at once from the reverse
inequality for p = 2 by duality, the two inequalities behave differently when p # 2.

In Sections 7 and 8 we prove estimates for the gradient of the semigroup, +/t Ve *Lw_ The proof that
there exists ¢+ > 2 such that this operator satisfies L (w) estimates for 2 < p < ¢4 is quite involved as it
requires preliminary estimates for the Riesz transform and the Hodge projection. We note that, as opposed
to the nondegenerate case, here we cannot use “global” embeddings, nor can we rescale. Also we cannot
expect to obtain that the gradient of the semigroup maps globally L?(w) into L? (w) for p # 2. All these
difficulties arise naturally from the lack of isotropy of the natural underlying measure w(x) dx and make
the typical arguments used in the uniformly elliptic case (see [Auscher 2007, Chapter 4]) unusable. We
also note that in some sense our result is the best possible: even in the nondegenerate case it is known
[Auscher 2007] that given any p > 2 there exists a matrix A and operator L such that gradient of the
semigroup is not bounded on L?.

1/2

In Section 9 we prove L?(w) estimates for the Riesz transform VL™'/4, and in Section 10 we prove

L?(w) estimates for the square function associated to the gradient of the semigroup,

o0 1/2
Gt = ([ 02w P a)
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In Section 11 we prove unweighted L? inequalities for the operators we have considered in previous
sections. These are a consequence of the weighted estimates and are obtained by taking v = w™!. The
main problem is determining conditions on w for these to hold. We essentially have two different kinds
of estimates, one for operators that do not involve the gradient, and one for those that do. The latter
are more delicate as they involve careful bounds for the parameter g+ from Section 8 in terms of the
weight w. We also show that we get unweighted L? estimates for p very close to 2.

Finally, in Section 12 we describe in more detail the application of our results to L2 boundary value
problems for degenerate elliptic operators. The results in this section are the culmination of our work, as
they depend on all the estimates derived in previous sections.

As we were completing this project, we learned that related results had been obtained independently
by other authors. Le [2015] studied (among other things) the L? (w) theory for some of the operators
considered here and proved estimates for values of p in the range (2 — ¢, 2 + ¢). His proofs differ from
ours in a number of details. Hofmann, Le and Morris [Hofmann et al. 2015] established some Carleson
measure estimates and considered the Dirichlet problem for degenerate elliptic operators. Also, very
recently we learned that Yang and Zhang [2017] proved Kato-type estimates in L?(w) for p in the range
(po, 2]. Finally, we note that the paper [Chen et al. 2016] complements our work here as it considers the
conical square functions associated to the operator L.

2. Preliminaries

Throughout, n will denote the dimension of the underlying space R” and we will always assume n > 2. If
we write A < B we mean that there exists a constant C such that A < CB. We write A ~ B if A < B and
B < A. The constant C in these estimates may depend on the dimension 7 and other (fixed) parameters
that should be clear from the context. All constants, explicit or implicit, may change at each appearance.

Given a ball B, let r(B) denote the radius of B. Let AB denote the concentric ball with radius
r(AB) = Ar(B).

Weights. By a weight w we mean a nonnegative, locally integrable function. For brevity, we will often
write dw for w dx. We will use the following notation for averages: given a set £ such that 0 < w(E) < 00,

]ijfdx:|1?|/5fdx'

We state some definitions and basic properties of Muckenhoupt weights. For further details, see
[Duoandikoetxea 2001; Garcia-Cuerva and Rubio de Francia 1985]. We say that w € Ap, 1 < p < 00, if

-1
[wla, = Slép][Q w(x)dx (][Q w(x)' =¥ dx)p < 00.

or, if 0 < |E| < o0,
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When p =1, we say that w € A if
(w]a, = sup][ w(x) dx esssupw(x)~! < oco.
0 /o xeQ
We say that w € RHg, 1 <5 < 00, if

-1 1/s
[w]ry, = sgp(][g w(x) dx) (][Q w(x)® dx) < 00,

and we say that w € RHq if

-1
[WrH,, = sup(][ w(x) dx) esssup w(x) < oo.
o o xeQ

Let

do= |J 4= |J RH,

1<p<oo 1<s<oo

Weights in the A, and RH; classes have a self-improving property: if w € A, there exists € > 0 such
that w € Ap_, and similarly if w € RHy, then w € RH; 5 for some 6 > 0. Hereafter, given w € 4, let

ry =inf{p:w e Ap}, sy =sup{g:w € RHy}.

An important property of A, weights is that they are doubling: given w € A, for all T > 1 and any
ball B,
w(tB) < [w]a, " w(B).

In particular, hereafter let D < pn be the doubling order of w, that is, the smallest exponent such that
this inequality holds.

As a consequence of this doubling property, we have that with the ordinary Euclidean distance |- |,
(R", dw, |-]) is a space of homogeneous type. In this setting we can define the new weight classes A, (w)
and RHg(w) by replacing Lebesgue measure in the definitions above with dw; e.g., v € Ap(w) if

-1
[V]4, (w) =slép][g v(x) dw(][Q v(x)' 7 dw)p < 00.

It follows at once from these definitions that there is a “duality” relationship between the weighted and
unweighted A, and RH; conditions: v = wle Ap(w) if and only if w € RH, and v = w~! € RH(w)
if and only if w € Ay .

Weighted Poincaré—Sobolev inequalities were proved in [Fabes et al. 1982].

Theorem 2.1. Given w € Ap, p > 1, let p;, = pnry/(nry — p) if p < nry, and p;, = 0o otherwise.
Then for every p < q < py,, ball B and f € C§°(B),

1/q 1/p
(][ oG dw(x)) < cwm(f V£ (1 dw) . 22)
B B
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Moreover, if f € C*(B), then

1/p

1/q
(f If(X)—fB,wlqdw(X)) sCr(B)(f IVf(x)IPdw) , 2.3)
B B

where fp . = fg [ dw.

Remark 2.4. In the special case when w € A; and 1 < p <n we can also take ¢ = p; = p*, i.e., the
regular Sobolev exponent. See [Pérez 1999, Theorem 2.5.2].

Remark 2.5. If we let g =np/(n—1) < p2, then we can get a sharp estimate for the constant C in (2.2)
and (2.3): it is of the form C(p, n)[w]ﬁp, where k = (np —1)/(np(p — 1)). This follows from the sharp
weighted estimates for the fractional integral operator due to Alberico, Cianchi and Sbordone [Alberico
et al. 2009] and the standard pointwise estimates used to prove Poincaré—Sobolev inequalities; see [Fabes
et al. 1982] for details.

Remark 2.6. By a standard density argument, once we know that (2.3) holds for smooth functions in B
we can easily extend that estimate to any function f € L9(w) with V f € L?(w). Details are left to the
reader.

Degenerate elliptic operators. Given w € A, and constants 0 < A < A < oo, let &, (w, A, A) denote
the class of n x n matrices A = (4;; (x));.” j=1 of complex-valued, measurable functions satisfying the
degenerate ellipticity condition

Aw(x)[€[> <Re(AE£), (A&, n)| < Aw(x)IEllnl, & neC” 2.7

Given A € &, (w, A, A), we define the degenerate elliptic operator in divergence form
Ly =—w~divAV.

These operators were developed in [Cruz-Uribe and Rios 2008] and we refer the reader there for complete
details. Here we sketch the key ideas.

Given a weight w € A», the space H !(w) is the weighted Sobolev space that is the completion of C >
with respect to the norm

1/2
1l = [, (7P +1970P) du)

Note that the space defined above would usually be denoted by HO1 (w). The space H!(w) is defined
as the set of distributions for which both f and |V f| belong to L?(w). However, since the underlying
domain is R”, this definition implies that the “boundary” values vanish in the L?(w)-sense, and both
definitions agree [Miller 1982].

Given a matrix 4 € &,(w, A, A), define a( f, g) to be the sesquilinear form

a(f.g) = /R AV f () TR0 d. 2.8)
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Since w € A, and A satisfies (2.7), a is a closed, maximally accretive, continuous sesquilinear form.
Therefore, there exists an operator L, whose domain D(L,,) C H!(w) is dense in L?(w) and such that
for every f € D(Ly,) and every g € H'(w),

a(fi0) = (Luf b = [ Luf0z0) dw. 29

We note that the operator L, is one-to-one. Indeed, if u, v € D(Ly,) are such that Ly, u = L,v, then for
all g e H'(w)
0= / AX)V(u(x)—v(x))-Vg(x)dx.
RI’I
Taking g = u — v implies Vu(x) = Vv(x) and so u = v.

The properties of the sesquilinear form guarantee that on L?(w) there exists a bounded, strongly
continuous semigroup e ~*Lw, Further, it has a holomorphic extension. Let

Yo ={z€C:z#0,larg(z)| < w}
and define ¢, 9* € [O, %) by

A2
© =sup{larg(Lf, fwl|: f € D(Ly)}, ©®* = arctan 2 1.
Then there exists a complex semigroup e ?Lw on /2— of bounded operators on L?(w). By the
weighted ellipticity condition (2.7), we have 0 < ¥ <9¥* < 7.

Holomorphic functional calculus. Our operator L, is “an operator of type w” with w = 1, as defined
in [Mclntosh 1986]. Indeed, the ellipticity conditions imply that L, is closed and densely defined, its
spectrum is contained in Xy, and its resolvent satisfies standard decay estimates [Cruz-Uribe and Rios
2008]. Therefore, we can define an Lz(w) functional calculus as in [McIntosh 1986].

Given u € (9, ), let H*°(X,) be the collection of bounded holomorphic functions on X ,,. To define
@(Ly) for ¢ € H*°(X,,) we first consider a smaller class: we say that ¢ € Hg°(Z,,) if for some ¢, s >0
it satisfies

o) <clzPA+z)7, zez,.

We then have an integral representation of ¢(L,,). Let I'g be the boundary of ¥4 with positive orientation,
and let ¥ < 6 <v < min(u, Z); then

L= [ ez, (2.10)
|
where
_ 1 tz
10 =507 | eFora @.11)

and y, (z) = Rte! sienm@)v Note that

In(z)] Smin{l, |z| 71}, z €Ty,
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so the representation (2.10) converges in L2(w), and we have the bound

lp(Lw) fllzzw) < Cllelloo I f 2wy f € H (Ep). (2.12)

Now, since Ly, is a one-to-one operator of type w, it has dense range [Cowling et al. 1996, Theorem 2.3],
and so the results in [McIntosh 1986] (see also [Cowling et al. 1996, Corollary 2.2]) imply that L,, has an
H > functional calculus and (2.12) extends to all of #°°(X,,). Moreover, in [McIntosh 1986, Section 8]
the equivalence between the existence of this H *° functional calculus and square function estimates for
Ly and L7, is established:

o dr\'"?
([ 1002l %) = Clioleol iz ¢ € 120, @13)

with similar estimates for L .
The operators ¢(Ly,) also have the following properties:

e If ¢ and ¥ are bounded holomorphic functions, then we have the operator identity ¢(L)y¥ (L) =
(py)(L).

¢ Given any sequence {¢;} of bounded holomorphic functions converging uniformly on compact
subsets of X, to ¢, we have that ¢ (L) converges to ¢(Ly,) in the strong operator topology (of
operators on L2(w)).

Remark 2.14. The H®°° functional calculus can be extended to more general holomorphic functions,
such as powers, for which the operators ¢(L,) can be defined as unbounded operators; see [Haase 2006;
Mclntosh 1986].

Gaffney-type estimates. The semigroup and its gradient satisfy Gaffney-type estimates on LZ(w). Be-
low, we will see that these are a particular case of what we will call full off-diagonal estimates; see
Definition 2.33.

Theorem 2.15. Given w € Ay and A € E,(w, A, A), for any closed sets E and F, for f € L*>(w) and

forall z € T, where 0 <v < Z =1,

(D) lle 22w (f xE)xF L2y < Ce S4BTV £y gl o0,
@) IVzZVe e (f xB) X F 2wy < Ce @ EF N £y Bl 2w,
3) lzLwe ™2 (f xE) X F |2y < Ce 4EP 1 £y el 2

Proof. The semigroup estimate (1) was proved in [Cruz-Uribe and Rios 2008, Theorem 1.6] for real z,
but the same proof can be readily modified to prove the analytic version. Alternatively, estimates (1)
and (2) follow from the resolvent bounds

11+ 22 L) (B Xl wy < Ce PP £ gl o), (2.16)
12V + 22 L) (S XE)XF L2y < Ce P BN £ gl ). 2.17)
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obtained in [Cruz-Uribe and Rios 2015, Lemma 2.10] for z € X5, together with the integral
representation of the semigroup

S = g [ L g

where I' is the boundary of Xy with positive orientation and 5 < 6 < 7 + v —arg(z).
Finally, from (2.16) and (2.17) we obtain the estimate

122 Lo (14 22 L) N (f X E) X F 2wy < Ce P EFEN £y Ell 120,

and then by the same kind of argument we get (3). O

The Kato estimate. The starting point for all of our estimates is the L?(w) Kato estimates for the square
root operator L,lu/ 2 proved in [Cruz-Uribe and Rios 2015] (see also [Auscher et al. 2015] for a different
proof). This operator is the unique, maximal accretive operator such that Lllu/ 2L11u/ 2 = Ly,. It has the
integral representation

Ll/zzi Oo\/;L e_thﬂ
v v Jo v t

(For further details, see [Auscher and Tchamitchian 1998; McIntosh 1986].)

Theorem 2.18 [Cruz-Uribe and Rios 2015, Theorem 1.1]. Given w € A and A € E,(w, A, A), the
domain of Ly, is H'(w) and there exist constants ¢ and C, depending on n, A /A and [w)a,, such that
forall f e H (w),

IV Sl < 1Ly Fllzza) < CIVFllz2qw) (2.19)

The Riesz transform associated to L, is the operator VL;I/ 2, Formally, by (2.19) we have that the
Riesz transform is a bounded operator on L2(w, C"). To legitimize this, we define

vigr— L /oo VivetLu 4t (2.20)
RV t '

However, it is not immediate that this integral converges at 0 or co. To rectify this, for € > 0 define

1 1/¢
Se = Se(Ly) = ﬁ/ Ve tw %. (2.21)
&

Since S¢(z) is a uniformly bounded holomorphic function on the right half-plane for all 0 < ¢ < 1, by the
L?(w) functional calculus described above, Sg(Ly,) is uniformly bounded on L?(w) for that range of ¢.
Further, for f € L2° we have S; f € D(Ly) C D(L,IU/ 2), and so by inequality (2.19) and the functional
calculus,

IVSe f L2y S 1LY Se f L2y = l9e(Lw) f |l 22qw)- (2.22)

where

1 1/¢
00 = = | il
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The sequence {¢, } is uniformly bounded and converges uniformly to 1 on compact subsets of the sector 3,;,
0 < < 5. Therefore, LY/2s, f — f strongly in L?(w). If we combine this fact with (2.22) we see
that {V S, f} is Cauchy and so it converges in L?(w). We therefore define

VL V2 f = lim VS f.

where the limit is in L2(w).

Given this definition, hereafter, when we are proving Lz(w) estimates for the Riesz transform, we
should actually prove estimates for VS, that are independent of . These arguments will remain implicit
unless there are details we need to emphasize.

Off-diagonal estimates. Off-diagonal estimates as we define them were introduced in [Auscher and
Martell 2007b] and we will refer repeatedly to this paper for further information and results. Throughout
this section we will assume that given a weight w, we have w € A4,.

Given a ball B, for j > 2 we define the annuli C;(B) =2/T!B\ 2/ B. We let C1(B) = 4B. By a
slight abuse of notation, we will define

1
C;(B) w(2/T1B) Jc;(B)
If w € A (as it will be hereafter), then w(2/T1B) ~ w(C '1(B)), so this definition is equivalent to the
one given above up to a constant. Finally, for s > 0 we set Y'(s) = max{s,s~!}.

Definition 2.23. Given 1 < p <g¢ < 00, a family {7} };~¢ of sublinear operators satisfies L? (w)— L2 (w)
off-diagonal estimates on balls, denoted by

Ty € O(LP(w) — LY (w)),

if there exist constants 61, 6> > 0 and ¢ > 0 such that for every ¢ > 0 and for any ball B, setting r = r(B),

‘ 1/q r 0> » 1/p

< -
(]gmugfn dw) Nr(ﬁ) (]im dw) , (2.24)
and for all j > 2,

Vg i\ 1/p
(][ |Tt()cc,-<3>f)|4dw) zszIT(—) emeHT /’(][ Fak dw) : (2.25)
B NG C(B)

1/q _ 27 1 \92 o 1/p
(., mownian) " sooe(20) e f Iflpdw) | (226)
C;(B) Vi B

If the family of sublinear operators {7;},¢x,, is defined on a complex sector X, we say that it satisfies
L?(w) — L9 (w) off-diagonal estimates on balls in X, if (2.24)—(2.26) hold for z € ¥, with ¢ replaced
by |z| in the right-hand terms. We denote this by 7, € O(L?(w) — L?(w), Z,,).

We give some basic properties of off-diagonal estimates on balls as a series of lemmas taken from
[Auscher and Martell 2007b, Section 2.2]. The first follows immediately by real interpolation, the second
by Hélder’s inequality, and the third by duality.
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Lemma 2.27. Given1<p; <g; <oo, i=1,2,if T € O(LP'(w)— L9 (w)) and Ty : L2 (w) — L2 (w)
is uniformly bounded, then Ty € O(LP% (w) — L9%(w)), 0 < 8 < 1, where

16 1-6 1 6 1-96
— +

pe P P2 48 @ G2
Lemma2.28. If 1 < p < p1 <q1 <q <00, then

O(L?(w) — LY (w)) C O(LP! (w) — L' (w)).

Lemma 2.29. If for some 1 < p < q < o0, we have Ty € O(L? (w) — L(w)), and the operators Ty are
linear, then T € O(LY (w) — L? (w)). (Here T} is the dual operator for the inner product [g, fgdw.)

Lemma 2.30 [Auscher and Martell 2007b, Theorem 2.3]. (1) If Ty € O(L? (w) — L?(w)), 1 < p < o0,
then Ty : L? (w) — L?(w) is uniformly bounded.

Q) Ifl<p<g<r<oo, Ty e O(L4(w) — L"(w)), and Sy € O(LP(w) — L9 (w)), then T; o Sy €
O(L?(w) — L"(w)).

Remark 2.31. If p < g, then Ty € O(L?(w) — L9(w)) does not guarantee that T; is bounded from
L?(w) to LY (w).

Remark 2.32. Since complex sectors ¥, 0 < u <, are closed under addition, the proof of Lemma 2.30
extends to give off-diagonal estimates on complex sectors O(L? (w) — L9 (w), X,).

Definition 2.33. Given 1 < p < ¢ < 00, a family of operators {7} satisfies full off-diagonal estimates
from L?(w) to L4 (w), denoted by

T; € F(L? (w) — LY (w)),
if there exist constants C, ¢, 8 > 0 such that given any closed sets E, F,

_ _ 2
ITe(f XE) X FllLaqw) < Ct=0e=@" EEV £y b o).

The connection between full off-diagonal estimates and off-diagonal estimates on balls is given in the
following lemma from [Auscher and Martell 2007b, Section 3.1].

Lemma 2.34. Given 1 < p <g <o0:
(1) if Ty € F(LP(w) — L2(w)), then Ty : L (w) — L49(w) is uniformly bounded,
2) Ty € F(L?(w) — LP(w)) if and only if Ty € O(LP(w) — LP(w)).
The importance of off-diagonal estimates is that they will let us prove weighted norm inequalities
for the operators we are interested in. To do so we will make repeated use of two results first proved in

[Auscher and Martell 2007a]; however, we will use special cases of these results as given in [Auscher
and Martell 2006, Theorems 2.2 and 2.4].
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Theorem 2.35. Given w € Ay and 1 < py < qo < 00, let T be a sublinear operator acting on LP°(w),
{Ar}r>0 afamily of operators acting from a subspace D of LP°(w) into LP°(w), and S an operator from
D into the space of measurable functions on R™. Suppose that for every f € D and ball B with radius r,

1/po 1/po
(][ T = A0 f17 du) SZg(j)(][ | |Sf|1’°dw) | (236)
B i=1 2/t1B
1/q0 1/po
(firasman) " <X ein(f | mrmaw) .37)
B i=1 2/+1B

where Y g(j) < oo. Then for every p, po < p < qo, and weights

v € Ap/po(w) NRH(go/ py (W),

there is a constant C such that for all f € D,

ITflLr@waw) < CISSIILr@wdw)-

Remark 2.38. In Theorem 2.35 and Theorem 2.39 below, the case gg = oo is understood in the sense
that the L9°(w)-average is replaced by the essential supremum. Also in Theorem 2.35, if go = oo, then
the condition on v becomes v € 4/, .

Theorem 2.39. Given w € A, with doubling order D, and 1 < pg < qo <00, let T : L9°(w) — L°(w)
be a sublinear operator, and { A, }r>o a family of linear operators acting from LZ° into L9°(w). Suppose
that for every ball B with radius r, f € L° with supp(f) C B and j > 2,

1/ po 1/po
(][ T( — Ap) f170 dw) Eg(j)(][ 1P dw) . (2.40)
C;(B) B
Suppose further that for every j > 1,
1/q0 1/po
(£, orman) = < (f 171maw) @41
C;(B) B

where ) g(j/)2P7 < 0o. Then for all p, po < p < qo, there exists a constant C such that for all f € L

C b
ITf e @) = ClLf e w)-

3. Off-diagonal estimates for the semigroup e ~*Lw

In this section we consider off-diagonal estimates for the semigroup associated to L,,. Throughout this
and subsequent sections, let w € A and A4 € &, (w, A, A) be fixed. Our goal is to characterize the set of
pairs (p,q), p <gq, such that these operators are in O(L?(w) — L(w)). By Theorem 2.15 we have

e~tv e F(L*(w) — L?*(w)) C O(L*(w) — L*(w)).

We will show that in the (p, g)-plane this set contains a right triangle; see Figure 1.
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: (P’Q)

4

Figure 1. (p, ¢) such that e *Lv € O(L?(w) — L4 (w))

Let 7 (Ly) C [1, 00] be the set of all exponents p such that e "*Lw : LP(w) — L?(w) is uniformly
bounded for all # > 0. By Theorem 2.15 and Lemma 2.34,2 T (L), and if it contains more than one point,
then by interpolation J (Ly) is an interval. The set of pairs (p, ¢) such that e *Lw € O(LP (w) — L? (w))
is completely characterized by the next result.

Proposition 3.1. There exists an interval J(Ly) C [1, 00] such that p,q € J(Ly) if and only if e "'Lw €
O(L?(w) — L9(w)). Furthermore, J (L) has the following properties:
(1) J(Lw) C j(Lw)-
(2) Int J(Ly) = Int 7 (L)
(3) If p—(Ly) and p4(Ly) are respectively the left and right endpoints of J (Ly,), then p—(Ly,) < (23)'
and p4(Ly) > 23, where 2 is as in Theorem 2.1. In particular, 2 € Int(J (Ly)).

Remark 3.2. The smaller the value of ry,, the better our bounds on the size of the set J(Ly). In the
limiting case when w € Ay, we have p_(Ly) <2n/(n +2) and p4+(Ly) > 2n/(n —2). These values
should be compared to the estimates in [Auscher 2007, Corollary 4.6] for the nondegenerate case that
corresponds to the case w = 1.

We get two corollaries to Proposition 3.1. The first gives us weighted off-diagonal estimates.

Corollary 3.3. Let p—(Ly) < p = q < p+(Lw). If ve€ Ap/p_(r,)(w) NRH(p, (L,,)/q)y (W), then
e~ tlw ¢ O(LP (vdw) — L9 (v dw)).

Proof. By Proposition 3.1, if p_(Ly) < p <q < p+(Ly), then e *Lv € O(LP (w) — L9(w)). Therefore,
by [Auscher and Martell 2007b, Proposition 2.6], if v € A,/ ,_(L,,) (W) NRH(,, (L,,)/q) (W), then we
have e *Lw € O(L? (v dw) — L9 (v dw)). O

As our second corollary we get off-diagonal estimates for the holomorphic extension of the semigroup.
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Corollary 3.4. For any v, 0 <v < Z —1, and for any p < q such that e~ thw € O(LP(w) — L9(w)),
then for allm € NU{0}, (zLy) e ?Lw € O(LP (w) — L1(w), T).

Proof. This follows from [Auscher and Martell 2007b, Theorem 4.3] and the fact that, by Theorem 2.15,
e ?Lw ¢ F(L2(w) — L%(w)) for these values of z. O

Proof of Proposition 3.1. Fix 2 < q <2} . (If w € A we let ¢ =27 = 2*) We will show that e~tlw ¢
O(L?(w) — L4 (w)). Given this, then we also have e *Lw € O(L? (w) — L?(w)). For if LY is the
adjoint of Ly, (with respect to L?(w)), then L = —w™! div(4* V f) and the same estimates hold for L% .
Hence, e ~"Lw € O(L%(w) — L4(w)), and so by Lemma 2.29, e~*Lv € O(L? (w) — L%(w)). Since
e~'Lw is a semigroup, by Lemma 2.30 we have e "*Lw € O(L4 (w) — L4(w)). Therefore, by [Auscher
and Martell 2007b, Proposition 4.1], we have that there exists an interval 7 (L, ) and properties (1) and (2)
hold. Moreover, we have [¢’, g] C J(Ly), so if we let ¢ — 27, then we immediately get property (3).

It therefore remains to prove that e *Lv € O(L?(w) — L9(w)). We first show (2.24). Fix B and
for brevity write r = r(B) and C; = C;(B). By our choice of ¢, the Poincaré inequality (2.3) holds.
Moreover, as we noted above, e “‘Lw, /f Ve~ Lw € O(L?(w) — L?(w)); we may assume that the same
exponents 67, 6, hold for both operators. We thus get that

1/q
(][B e (x5 £ dw)

1/q
<l ™ (x5 /)Bwl+ ( ]g le™ v (xp ) (x) = (e (x f)Bw|’ dw(x))

1/2 1/2
< (][B |€_th(XBf)|2dw) “(][B |Ve—fLw<xBf>|2dw)
r r 0> 5 1/2
5(“%)*(%) (J[B'f | d“’)
r 1+6> ) 1/2
<x(Z) (frea)

The proof that (2.25) holds is gotten by nearly the same argument:

1/q
(]fB e (e, )l dw)

1/q
<1 (xe, £l + (]g e (xe, £)(0) — (@ (xe, £ dw(x))
1/2
< (f |e—’Lw(xC,-f)|2dw) +r(][ |Ve—’Lw(ijf)|2dw)
B B
e &)92 _curz/t( 2 )”2
<2 (1+ﬁ)r(ﬁ e ][Cj|f| dw

i \N146 A 1/2
52,-91T(2’_") 2e—c4”2“(][ Iflzdw) .
Vi G

1/2
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Finally, to prove that (2.26) holds we use a covering argument. Fix j > 2; then we can cover the
annulus C; by a collection of balls { Bx }]]cv=1, r(By) =2/72 r, with centers xB, € C;. The number of balls
required, &V, depends only on the dimension. For any such ball, since dw is a doubling measure, we have

1/q
(][B e (g £ dw)

<1 (15 £)a, 0] + ( f

By

1/2
s(][ |e—’LW(xBf)|2dw) +r<Bk>(][ |V€_th(XBf)|2dw)
By By

1/2 ) 1/2
S (][ | |€_th(XBf)|2dw) +2fr(][, | |Ve—’Lw<xBf>|2dw) |
2/+2B\2/-1B 2/+2B\2/-1B

If j >3, then 2/ 2B\ 2/7!B = Cj4+1 U C; UC;_q; then to estimate the last two terms we use the
fact that e 7*Lw, /tf Ve Lw ¢ O(L?(w) — L?(w)) and apply (2.26) with p = ¢ = 2 in each annulus C;,
j—1<i<j+4 1. (These annuli have comparable measure since dw is a doubling measure, so we can
divide the average up into three averages). If j = 2, then 2B\ 2B = C3 U C, U (4B \ 2B). On C3 and
C, we argue as before using (2.26). On 4B \ B we apply [Auscher and Martell 2007b, Lemma 6.1]. (We
note that in the notation there, C; (B)=4B\2B))

If we combine all of these estimates, we get that for every j > 2,

—tLy 61 - 2
(f, emamnan) =2 (1 e () (f 1)

i N1+6 . 1/2
< 2j91 T(Q,J_r) 2e_c41r2/t (f |f|2 dw) ]
Vi B

Since C; C | J; Bk, we can sum in k to get

1/q
™0 (5 )(0) = €% (13 )3 0| dw(x))

1/2

N

(f |e—fLw(xBf>|4dw)l/q<Z(f |e—fLw<xBf>|4dw)l/q
C;(B) - By

k=1

i \146 , 1/2
52j9‘T(2j—r) 2e—C“”z/’(][ Iflzdw) : O
va B

This completes the proof that e v ¢ O(L2(w) — L9(w)).

4. The functional calculus

In this section we show that the operator L., has an L?(w) holomorphic functional calculus. As we
discussed in Section 2 above, we know already that if ¢ is a bounded holomorphic function on X,
w € (93, ), then ¢(Ly) is a bounded operator on L?(w). Recall that for any p € (J, ), we say that
¢ € HP(Zy) if for some ¢, s > 0,

lp(z)| <clzF(1+1z)7%, zeX,. 4.1



ON THE KATO PROBLEM AND EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS 625

We say that L, has a bounded holomorphic functional calculus on L?(w) if for any such ¢,

lo(Lw) flLrw) < Cliellooll fllLray, /€ LP(w)N L2 (w), 4.2)

where C depends only on p, w, ¢ and u (but not on the decay of ¢). By a standard density argument,
(4.2) implies that ¢(L+,) extends to a bounded operator on all of L?(w). Furthermore, we then have this
inequality holds if ¢ is any bounded holomorphic function. For the details of this extension, see [Haase
2006; McIntosh 1986].

Proposition 4.3. Let p_(Ly) < p < p+(Ly) and ju € (3, ). Then for any ¢ € H3°(X,,),

lo(Lw) fllLraw) = Cllelloo I fllLr ). (4.4)

with C independent of ¢ and f. Hence, Ly, has a bounded holomorphic functional calculus on L? (w).
Moreover,if v€ Ap)p_(L,)(W)NRH(p, (L,,)/ py (W) then Ly, also has a bounded holomorphic functional
calculus on L? (v dw):

lo(Lw) fllLrwaw) < Clelloollf L2 @ aw) (4.5)
with C independent of ¢ and f.

Proof. For brevity, let p_ = p_(Ly) and p4+ = p4+(Ly). By density it will suffice to assume that
f € L. Fix ¢ € H3°(X,,); by linearity we may assume that [|¢||co = 1.

We divide the proof into two steps. We first obtain (4.4) for p— < p < 2 by applying Theorem 2.39
and following the ideas in [Auscher 2007]. To do so, we will pick go = 2 and po > p— arbitrarily close
to p—. In the second step, using some ideas from [Auscher and Martell 2006], we will use Theorem 2.35
to get (4.5); in particular this yields (4.4) for every 2 < p < p4 by taking v = 1. To apply Theorem 2.35
we will choose pg > p— arbitrarily close to p— and g¢ < p4+ arbitrarily close to p4. We will also use the
fact that ¢ (L) is bounded on L?°(w); this follows from the first step choosing p— < po < 2.

To apply Theorem 2.39, fix p— < po<p <2andletgo=2, T = ¢(Ly), and
_p2
Ar f(x) = (I = (I =™ Fn)™) f(x), (4.6)

where m is a positive integer that will be chosen below. We first show that inequality (2.41) holds. By
Proposition 3.1 we have e *f» € O(LP°(w) — L?(w)). Using

A, = i (’Z)(_l)k-i-le—krsz’ 4.7

k=1
and that for each fixed mand 1 <k <m

r r c4/r? c 4/r?
v( ) =vmr(F) e oot ) sew(- )

Proposition 3.1 implies

Ar € O(LP(w) — LY(w)) forall p_(Ly)<p <q < p+(Ly). (4.8)
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In particular, we have A, € O(L?°(w) — L?(w)). Thus, given any ball B with radius r, if supp( f) C B,

then for all j > 1,
1/2 , . ; 1/po
(][C » |A,f|2dw) <200y (27)02 et (]i|f|p0 dw) . (4.9)
J

This establishes (2.41) with g(j) = C 2/ (91+92)6_C4j, for in this case we have

Z 2J(01+62+D) ,—c4/ _ 00,
Jjz1

where D is the doubling constant of w.

We next prove that (2.40) holds. Since ¢(z)(1 — e_rzz)m € "o (Zmin{u,x/2}})» by the functional
calculus representation (2.10) we have

oL — A f = fr L f(2) dz.

where I' = 0¥, /59, with 0 <9 <6 <v < min{u, %}, and we choose 0 so that the hypotheses of
Corollary 3.4 are satisfied for z € I'. Moreover, we have the estimate

2m
In(z)| < |Z|T+1;

see [Auscher 2007, Section 5.1] for details.
We can now argue as follows: given a ball B with radius r, for each j > 2, by Minkowski’s inequality
and Corollary 3.4 (since pg € Int 7 (L)),

1/po
(f L = A 179 dw)

i
2 1/po
= (][ / e ?lv fn(z)dz dw)
C,(B)|JT
L 1/po r2m
< e~k g0 dw) Lz
/r(][cj(B) |z|m+1
1/p 2 N )
S e
B r |zt ||
1/po 1)
= (][ | £]Po dw) 2](91—27”)/ GZmT(O)Qze—CGZ d_a
B 0 o

. 1/po
< 0/ (01—2m) (][ | £ |70 dw) : (4.10)
B

the final inequality holds (i.e., the integral in o converges) provided 2m > 6,. Moreover, if we choose
2m > 0 + D, we have that (2.40) holds with g(j) = C 2U~D1=2m) 4pq

Jj=2 Jj=2
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We have shown that inequalities (2.40) and (2.41) hold, and so by Theorem 2.39 inequality (4.4) holds
for all p such that p_ < p <2.

We will now apply Theorem 2.35 to show that (4.5) holds for p— < p < p4. (Inequality (4.4) then
follows for 2 < p < p4 if wetake v=1.) Fix p, p_ < p < py,andv e Ay/,_(w) NRH(p, /py ().
By the openness properties of the A, and RH; classes there exist pg, go such that

P—<po<min{p,2} < p <qo < p+, VEApp,(w)NRHy, py(w).

Let T = @(Ly), Ar=1—-( — e_’ZLW)’", S = 1, and fix the above values of pg and g¢. By the
previous argument we have that ¢ (L) is bounded on L7°(w).
We first show that (2.36) holds. Fix a ball B and decompose f as

f=) frem=) 5 4.11)

j=1 j=1

Then, by the same functional calculus argument as given above, we have that for each j,

1/po
(]i\go(Lw)(l—Ar)mm dw) ’

Po 1/po
:(][ /e_Zwajn(z)dz dw)
BlJr
I 1/po r2m
—zLw g,
< [(f e sman) i
1 N2 N
5 (][ | £ [P0 dw) /poszl—zm)/ (_2” ) mr( 2r )  gmeair2)iz| 1421
i (B) r\yz| Viz| k4

. 1/po
< 2/61=2m) (][ | f [P0 dw) ;
C;(B)

the last inequality holds provided 2m > 6,. Hence, since 2/ 1B > C 7, by Minkowski’s inequality we
have (since the sum ) _ f; is finite for f € L2°)

1/po 1/p0
(£ 1owura —ansiman) ™ < X ( f jowara - a0 5" dw)

j=1
1/po
| ]P0 dw) .

< 3707 61-2m) ( ][
2 :

Jjz1

Jj+1B

This establishes (2.36) with g(j) = C 2/01=2m)_[f we take 2m > max{6y, 6,}, then > g(j) <oo.
We now show that (2.37) holds. Fix aball B and j > 1. Since A, € O(LP°(w) — L9°(w)) (see (4.8)),

1
(]i A (e, a2 (L) £)[© dw)

/q0

. . ; 1/po
st (i)
C;(B)
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Therefore, since ¢(Ly,) and A, commute, by Minkowski’s inequality we obtain
1/q0 ) ; 1/po
(][ (L) A £10 dw) < 320140 et (f (L) £170 dﬂ) |
B = C;(B)
This establishes (2.37) with g(j) = C 2j(91+92)e_04j; again, »  g(j) < oo. Therefore, our proof is
complete. O
5. Square function estimates for the semigroup

In this section we prove L?(w) norm inequalities for the vertical square function associated to the

semigroup e *Lw:

o0 1/2
ngf(X)=(/0 |(er>1/2e—fwa(x)|2d’) .

t
Proposition 5.1. Let p—(Ly) < p < p4+(Ly). Then
lgLw fllLrawy = | f e w)- (52)

Conversely if for some p the equivalence (5.2) holds, then p € J (Lw)—1.e., the interior of the interval
on which (5.2) holds is (p—(Ly), p+(Lw)).
Moreover, if ve Ap/p_(rL,)(w) NRH(, (L,)/p)y (W), then

1&Lw fllLr@waw) = I f lLr@wdw)- (5.3)

We note that the upper bounds in the previous result could be obtained by combining Proposition 4.3
with the operator theory methods developed in [Cowling et al. 1996]. To reach a wider audience we
present a self-contained harmonic analysis proof. We will use an auxiliary Hilbert space related to
square functions, following the approach in [Auscher and Martell 2006]. Let H denote the Hilbert space

LZ((O, 00), #) with norm
> dr\'"?
i = ([~ o <)
0

8Ly S (X) = llo(L.) fF(II.

In particular, we have

where ¢(z,1) = (1z)/2e~"%. Furthermore, we define Lﬁ(w) to be the space of H-valued functions with
the norm

1/p
g = ( [ Wt duo)

The following lemma lets us extend scalar-valued inequalities to H-valued inequalities. For a proof, see
[Auscher and Martell 2006, Lemma 7.4].
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Lemma 5.4. Given a Borel measure  on R", let D be a subspace of M, the space of measurable
functions in R", and let S, T be linear operators from D into M. Fix 1 < p < q < oo and suppose there
exists Co > 0 such that for all f € D,

ITf e < Co Y aiISS Lo (r;,w-
Jj=1

where the F; are measurable subsets of R" and oj > 0. Then there is an H-valued inequality with the
same constant: for all f :R" x (0, 00) — C such that for almost allt >0, f(-,t) € D,

||Tf||L§(M) <Co Zaj ||Sf||Lﬁ(F_,-,M)-
Jj=1

The extension of a linear operator 7" on C-valued functions to H-valued functions is defined for x € R”
and t > 0 by (Th)(x,t) =T (h(-,t))(x); that s, ¢ can be considered as a parameter and 7 acts only on
the variable in R”.

Proof of Proposition 5.1. We shall first prove the upper bound inequalities. We first claim that the upper
bound inequality in (5.2) holds for p = 2. Indeed, since ¢(z) = z}/2¢7% € Hoo(2,.), it follows from
(2.13) that we have the bound

gL f 2wy S I1F lL2qw)-

For brevity, let p— = p_(Ly) and p4+ = p4+(Ly). As in previous proofs, we divide our proof into
two steps. We will first prove the upper bound in (5.2) for p— < p < 2 by applying Theorem 2.39. Fix
p—<p<qo=2,andlet A, =1—(1 —e_rsz)m, where m will be chosen below. Notice that, by (4.8),
A, is bounded on L9°(w) for each m. Fix f € L°; the result for general f € L?(w) then follows by a
density argument.

We have (tLy)Y 2™ Lw (I — A,) f = @(Ly.1) f, where

(p(z’ Z):(tZ)l/ze_tZ(l _ e—rzz)m'

Moreover, since @( -, 1) € Hg°(Zmin{u,x/2}})> by the functional calculus representation (2.10) we have

(L) Pe o (1 — A, f = / 1(z.0e e £ dz,
r

where I' = 0¥, /5_¢, with0 <9 <6 <v < min{;L, %}, and we choose 6 so that the hypotheses of
Corollary 3.4 are satisfied for z € I". Moreover, we have the estimate [Auscher 2007; Auscher and Martell

2006]

1/2,2m

<
In(z. 1) < (2l £y zell.

oo dt 1/2 p2m
|||n(z,.)|||=( [ meop 7) S o 55)

Therefore,
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Now let f € LZ° with supp(f) C B. For j > 2, we have

1/p 00 zdt 1/2
(£, teat=ansran) "= (f ([ @)
C;(B) C;(B) 0
. )4 1/p
E(][ / =L | lnG. )l d 2] dw)
C;(B)|/Tr/2—0
L 1/p F2m
< e wfV’dw) LT
/1:‘71/2—«9 (][C_/(B) |z|m+1

1/p i\ O . 2
52]01(f |f|pdw) / T(zjr)ze_c4fr2/z|r m d|Z|
B | S Vi |Z| |Z|m |Z|
) _ 1/p
<20 g—mJ (][ |f|Pdw) : (5.6)
B

—z Ly

p 1/p
dw)

/ n(z,0)e v fdz
Lry2-6

in the second inequality we applied (5.5) and the off-diagonal estimates for e
and the last inequality holds provided 2m > 6,. Thus, if we take m > 61 + D, where D is the doubling
order of w, the operator gz, satisfies (2.40) in Theorem 2.39 with g(j) =C 2/(01=2m) Since we already
established (2.41) in (4.9) with g(j) = C 2/ O1402)4=mJ the hypotheses of Theorem 2.39 are satisfied if
m > 61 + 6, + D. Therefore, for each p_ < p < 2 there exists a constant C such that

gz, fllLr @y = CILS e @w)- (5.7)

In the second part of the proof we will show thatif p— < p < p andv € Ay/p_(w) NRH(,, /py (W),

from Corollary 3.4,

then the upper bound inequality in (5.3) holds. If we take v = 1, then we immediately get (5.2). To do so,
first note that if we fix p and v, then by the openness properties of weights there exist pg, go such that

P— < po <min{p,2} <max{p,2} <qo < p+

and v € A,/ ,_(w) NRH g,/ py ().

We will apply Theorem 2.35 with T = g7,,,, S = I and D = LP°(w) (again, note that by (4.8), A, is
bounded on L?°(w)). We first prove that inequality (2.36) holds. For each j > 1, let fj = fxc;(B); then
we can argue exactly as we did in the proof of (5.6), exchanging the roles of B and C;(B), to get

1/p ) ) 1/p
(][ gl —Ar)fjl”dw) < 214 (f Ifl”dw) .
B 2/+1B

Inequality (2.36) follows if we sum over all j and take g(j) = 2/014=/.

We will now show that inequality (2.37) holds. To do so, we need to prove a vector-valued version
of a key inequality. By Proposition 3.1, given a ball B with radius r, we have for all j > 1, g with
supp(g) CCj(B),and 1 <k <m,

—kr2L o 1(01+62) , a4’ H/po
le w g|90 < Cp2/\"1T%2)e |g]?° dw ) (5.8)
B C;(B)
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We now apply Lemma 5.4 with S = [ and T : LP°(w) — L9°(w) given by

_lw(2j+lB)1/P0

_ j(01+62) ,—a4’
Tg = (Co2 e ) w(B)1/a0

_ 2
xge v (g xe )

This yields the H-valued extension of (5.8): for all g € Lﬁo (w) with supp(g(-,1)) C C;j(B), t >0, we

have
1
—kr2Ly, q0 a0 J(01+62) ,—ad’
llle g(x, )[* dw < Cp2 e
B C;(B

J

1/po
gt du) 69
Given an arbitrary g € Lﬁo (w), decompose it as

gx.0) =) gx.Dxc;x) =Y gi(x.1).

Jjz1 Jj=1

Then inequality (5.9) yields

k 2L l/qo k 2L l/q()
(]i e wg(x,->|||q°dw) fZ(ﬁ e wg,-<x,-)|||q°dw)

Jj=1

, , 1/po
522’(91”2)8_“4](][, Illg(xn)llll’Odw) . (5.10)
i1 2/t1B

Define g(x,¢) = (tLy)"/2e~"Lw f(x). Then 8L, f(x) = |lg(x.-)|l; by our choice of pg and the first
step of the proof we have g € Lﬁo (w). Moreover, since for each 7 > 0 we know that (¢Ly,)/2e~*Lw and
ekr?Lu commute,

gLy (e K7 Lw £)(x) = [le * Lw g (x, ).

We can now use (4.7) and (5.10) to get

1/q0 m 2L 1/q0
(1. |ngArf|40dw) sZ(]i fle~*r wg<x,-)|||'1°dw)

k=1
, , 1/po
2](91+92)e—a4/ (][ |ngf|p dw) .
2/+1B

A

J=

—

This proves (2.37) with g(j) = C 2/®1+62)¢=c4’ Therefore, by Theorem 2.35 we get

1gLw flILr@waw) SIS Le@dw)-

It remains to show the reverse inequalities. We will prove the lower bound in (5.3); then the lower
bound in (5.2) holds if we take v =1. Fix p- < p<pyandv € Ay/p_(L,)(w)RH(,, (L,)/py(w). By
the duality properties of weights [Auscher and Martell 2007a, Lemma 4.4] and since p+(Ly)" = px(L}),
where L7 is the adjoint (on Lz(w)) of Ly,

v € Apyp ey (W) NRH(p, (1, pry (W) (5.11)
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We now proceed as in the proof of [Auscher and Martell 2006, Theorem 7.3]. Given F € Lﬁ(v dw) N
L2(w) and x € R", we set

* dt
TL, F(x) =/ (t Ly) /% e v F(x, 1) - (5.12)
0

Recall that (¢ Ly,)"/2 e 72w F(x,t) = (t Ly)Y/? e "Ew (F(-,1))(x). Hence, T, maps H-valued func-
tions to C-valued functions. For h € L? (v!=7" dw) N L?(w) with 170l »7 (w1=2" gy = 1, we have

_ 1%
'/ TLthdw‘= | [ Pent Ly e i & )
R7 T J0

< /R IHE e llgry, 7 (x) dw(x)

< ||F”L[ﬁ(vdw)||gLﬁ)h||Lp’(vlfp’ dw) S ”FHLﬁ(vdw)’

where the last estimate uses the fact that g7 » is bounded on L” "(v1=P" dw). This follows from the upper
bound in (5.3) (with L} in place of L,,), which we proved above, and (5.11). Taking the supremum over
all such functions / and using a standard density argument we have obtained that 77, is bounded from
Lﬁ(v dw) to L? (v dw).

Next, given f € L?(vdw) N L3(dw), if we define F(x,t) = (tLy)"2e7tLw f(x), then F €
Lf(vdw) N LZ(w) since IFN 22w dw)y = I18Lw f L (v dw) and analogously for L?(w). Also, by the
L?(w) functional calculus we have

o0
f(x) = 2/ (tLy)Y e w F(x, 1) % =271, F(x). (5.13)
0
Therefore,

I lzr@dwy = 2011, FllLr@aw) S NF L2 @awy = 181w flLr @ dw)

and this completes the proof of (5.3).

To finish the proof of Proposition 5.1 we need to show that the equivalence of norms in (5.2) implies
that the semigroup is uniformly bounded. However, this follows immediately from the definition of gz,
and the semigroup property: for any s > 0,

o0 1/2
ng(e_Swa)(X)=(/0 ILi)/ze_(H’)wa(X)lzdt) < 8L, f(x). O

We conclude this section by proving a version of Proposition 5.1 for the “adjoint” of a discrete square
function. We will need this estimate in the proof of Proposition 6.1 below.

Proposition 5.14. Define the holomorphic function Y on the sector X5 by

L[t
W(z)—ﬁfl ze NG (5.15)
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If p—(Ly) < p < p+(Ly), then for any sequence of functions {B }kez,

1/2
>y (FLy) Be < (Z |ﬁk|2) . (5.16)
kez LP(w) ke7z LP(w)
Proof. By duality and since p4(Ly)" = px(L?}), it will suffice to show that for every p_(L}) < p <
p+(L3y),
) 1/2
(X eEne) < hllr. 517
kez LP(w)

The function ¥ satisfies | (z)| < C|z|'/2e¢I? uniformly on subsectors Zu, 0 < pu < Z. Thus the
operator on the left-hand side of (5.17) is a discrete analog of the square function gy » , changing continuous
times ¢ to discrete times 4€ and z'/2¢77 to ¥ (z). Since ¥ (z) has the same quantitative properties as
z1/2¢72 (decay at 0 and at infinity), we can repeat the previous argument and obtain the desired estimates
as in the proof of Proposition 5.1. O

Remark 5.18. In Proposition 5.14 we can also get L? (v dw) estimates, but in the proof of Proposition 6.1
below we will only need the unweighted estimates. Further details and the precise statements are left to
the interested reader.

6. Reverse inequalities

In this section we will prove L?(w) estimates of the form ||L110/2f||Lp(w) < C|IV flLr @), which
generalize the L?(w) Kato estimates in Theorem 2.18. These are referred to as reverse inequalities since

if we replace f by L;l/ 2 f, then formally we get a reverse-type inequality for the Riesz transform:

1/ lLry < CIVLS fllo).

Since these estimates involve the gradient, in proving them we will rely (implicitly and explicitly) on
the weighted Poincaré inequality (2.3). This will require an additional assumption on p when p < 2. To
state it simply, define

nry p—(Ly)
—(L = —(Lw).
(P—(Lw))w,x e+ p—(Lw) < p-(Lw)
Proposition 6.1. Let max{ry, (p—(Lw))w.x} < p < p+(Ly). Thenforall f €S,
1232 FliLew) < CIV £ e ). 62)

with C independent of f. Furthermore, if

max{ry, p—(Ly)} < p < p+(Lw) and v € Ap/max{ry,p—(Ly)} (W) ﬂRH(p+(Lw)/p)/(w),
then for all f € S,

1Ly fllLr@aw) < CIV flLraw):- (6.3)
Remark 6.4. The quantity max{ry, (p—(Lw))w,+} can be equal to either term. For instance, it equals

rw if p—(Ly) < n’ry. From Proposition 3.1 we know that p_ (L) < (23)" = 2nry, /(nry + 2), but this
only implies the previous inequality for some values of n and ry,.
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Proof. As before, let p— = p_(Ly) and p+ = p4+(Ly). Fix p, max{ry, (p—)w s} <p <2,and f €S.
We will first show

ILY2 fllrcotwy S UV FILrw)- (6.5)

First note that since p > ry,, we have w € Aj. Therefore, given o > 0 we can form the Calderén—Zygmund
decomposition given in [Auscher and Martell 2006, Lemma 6.6]. There exist a collection of balls {B; };,
smooth functions {b;}; and a function g € Llloc(w) such that

f =g+ Zbl (6.6)
i
and the following properties hold:
[Vg(x)| < Ca for w-ae. x, (6.7)
supp(b;) C B; and / Vb | dw < Ca®Pw(B;), (6.8)
B;
C
Su) = [ Vs dw. 69)
; a? R”
> xB =N, (6.10)
i
1/q
(][ |b,-|‘1dw) <Car(B;) forl<g<ps, (6.11)
B;

where C and N depend only on n, p, ¢ and the doubling constant of w.
To prove (6.5) we will prove the corresponding weak-type estimates with f replaced by g and b;.
For g, we use the L?(w) Kato estimate (2.19), (6.7), and the fact that p < 2 to get

1/2 o 1 1/2 12
o(fieize=5) = 5 [ 1Li2erao
1
s [ Vel
07 R7
1
S— | [VglPdw
oP R”

< ! / [V fI? dw + ! pd
— w — w
NOlp R” a?

Rn

Z Vb,
i

1
s— | 1vfIPdw,
(024 R”

where the last estimate follows from (6.10), (6.8), and (6.9).
To prove a weak-type estimate for Lllu/2 (Zl b,'), let r; = 2K if 2% < r(B;) < 2%¥*1. Then for all i,
ri ~r(Bj). Write
L, 4t 1% dt

2

1 [
L1/2:—/ Lye +— | Lye 't — =T+ U;
RV P NN =T N
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then we have

(leenl-3)
cufUsn)+uf{[Sun]-4) s (=0 )|

1
< — VP dw+ 11 + I,
a? R”?

-4))

ZTibi
i

where the last inequality follows from (6.9).
We first estimate /. Since p > (p—)w,+ we have py > ((p—)w, x)s, = p—, and we can choose
g € J(Ly) such that (6.11) is satisfied. By Corollary 3.4, tLye*Lv € O(L9(w) — L4 (w)), and so

1
nsl ZZ/Cj(Bi)|Tibl-|dw

i j=>2

2
1 ; i ¢ _ dt
< JR. tLyy,, _
<y E E w(2 B,)/0 o 5 |tLye bi| dw 37

i j>2
1 iD ri2 0 . 92 4j 2/[ dt 1/q
1 J . J J . —c4/rift ©F .14
< ZZz w(Bl)/O 2 nr(z rl/«/;) e 7 (]i |b; | dw)
i j=>2 i
< ZZZjD e w(B;)
i j>2

1
<> w(B) S a—pfw IV £17 dw,
i

where we have used (6.11) and (6.9), and D is the doubling order of dw.
We will now estimate /7. For ¢ as above, by Proposition 4.3 we have an L4 (w) functional calculus
for Ly,. Therefore, we can write U; as ri_ll/f(rl-sz) with ¥ defined by (5.15). Let i = Ziri=2k bi/ri;

then,
Y Uibi=Y y@ Lw)( >, 'Z—) = V@ Ly)py.

kez irg=2k ! kez

Therefore, by Proposition 5.14, (6.10), (6.11), the fact that r; ~ r(B;) and (6.9), we have

Z Uibi (Z |,3k|2)1/2

kez

1 |bi |4 1/
S— | Y rdws> wB)s— | IV/IPdw.
Naq\/Rni q ww - w( l)r\»(xp IRn| fl w

q 1 q
5_

1
hs—
o4 L4 (w) ol

Li(w)
rl

If we combine all of the estimates we have obtained, we get (6.5) as desired.

To prove (6.2) from the weak-type estimate (6.5) we will use an interpolation argument from [Auscher
and Martell 2006]. Fix p and r such that max{ry,, (p—)w,«} <7 < p <2. Then by (6.5) and (2.19) we
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have that for every f € S,

ILY? fllzreoay SIV LIy NLY2Fllzw) S IV L2w)- (6.12)

Formally, to apply Marcinkiewicz interpolation, we let g = V f to get a weak (r, r) and strong (2, 2)
inequality; this would immediately yield a strong (p, p) inequality. To formalize this we must justify
this substitution.

For every g > ry, by [Auscher and Martell 2006, Lemma 6.7] we have that

E={(=M)2f: feS, supp f CR"\{0}}

is dense in L4 (w), where f denotes the Fourier transform of f. Moreover, since r > ry,, we have w € A,
and the Riesz transforms, R; =0, (—A)_l/ 2, are bounded on L” (w) [Garcfa-Cuerva and Rubio de Francia
1985]. It follows from this and the identity —/ = R? +--- + R2 that for g € L" (w),

lgllzr @y ~ IV(=A)"2gl|Lr ).

Thus, for g € £, we know L,lu/z(—A)_l/zg = L,lv/zf if f=(—A)""2gand IV £z @)~ 1€l (w) for
r > ry. Thus (6.12) becomes weighted weak (r, ) and strong (2, 2) inequalities for 7 = L1/ %(—A)~1/2,
and this operator is defined a priori on £. Since £ is dense in each L9(w), we can extend T by density in
both cases and their restrictions to the space of simple functions agree. Hence, we can apply Marcinkiewicz
interpolation and conclude, again by density, that (6.2) holds for all p with r < p < 2. Since r is arbitrary,
we get (6.2) in the range max{ry, (p—)w x} < p < 2.

For the second step of the proof we will prove (6.3) using Theorem 2.35. Inequality (6.2) for its full
range of exponents then follows by letting v = 1. Define p— = max{ry,, p—} <2, and fix p_ < p < p4
and v € Ap/5_(w) NRH(,, /py(w). By the openness properties of A; and RHy weights, there exist
Do, qo such that

P— <po<min{p,2} < p<qo <pt, VEAy p,(w)NRHyy py(w).

To apply Theorem 2.35, let T = L}U/Z, S=V,and A, =1—-(1 —e_rzLW)m, where the value of m
will be fixed below. We will first show that (2.37) holds. By (4.8) we have A, € O(LP°(w) — L9°(w))
since po, go € J(Ly). Let h = L,lu/ 2 f and decompose h as we decomposed f in (4.11). Then, since

L,lu/ 2 and A; commute, it follows that

1/2 q0 Hao .190 a0
Ble Ar f170 dw 52 BIAthI dw

Jj=1

jo VAL c4/ D 1/po
<Y 20y (2)02,m (][ || Odw)
> .

Jj=1

< N 0146 et ( ][
2 g

1/po
L2 i au)
j=1

J+1B

This gives us (2.37) with g(j) =C 2j(91+92)e_04j; clearly, > g(j) < oo.
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We now prove that (2.36) holds. Fix f € S and let ¢(z) = z'/2(1 — e_rzz)m so that
(L) f = Lif>(I =& Fo)m f.
By the conservation property [Cruz-Uribe and Rios 2015; Auscher 2007, Section 2.5],

¢(Lw) f =¢(Lw) (f = fapw) =Y ¢(Lw) hj. (6.13)
Jj=1
where h; = (f — faBw) ¢j» #j = Xc;B) for j = 3, ¢1 is a smooth function with support in 4B,
0<¢1 =1, ¢1=1in2B and Vo1 < C/r, and ¢ is chosen so that 3 ;- ; ¢; = 1.
We estimate each term in the right-hand side of (6.13) separately. When j =1, since p— < po < p+, by
the bounded holomorphic functional calculus on L?°(w) (Proposition 4.3) and the fact that (L) k1 =
= e_’sz)m L,lv/zhl, we have

l@(Lw) hillLroqw) S 1LY 2R1 1 Lrow)

uniformly in r. By the above argument we have that (6.2) holds for p = pg since p— < po < 2. Further,
since f €S, we have i € S by our choice of ¢;. This, together with the L”°(w)-Poincaré inequality (2.3)
(since po > ry, w € Ap,) and the definition of /1 yield

1LY 21 lLro ) S 1V Lr0 ()
SNV xaBllLroaw) + 1 I = fagw) xaBllLrow) S 1V F) xaBllLeo @w)-

1/po 1/po
(f 19(Luw) hy|P0 dw) s(][ IVfIPOdw) .
B 4B

When j > 3, the functions 5 associated with ¢ by (2.11) satisfy

Therefore,

2m
In(z)| < W’ z€lya9.

Since po € J(Ly), by Corollary 3.4, e7?L% € O(LPo(w) — LP°(w), =,,). This, together with the
representation (2.10), gives us that

1/po 1/po
(f |¢(Lw)h,~|1’0dw) < / (][ |e—th,~|P0dw) In(2)l1dz]
B Fr/j2—9 \/B

. 27 \P2 . 2m 1/po
on L (el )
| R |z| |z|™ C;(B)

. 1/po
2O 01 fapaldu)
2/+1B ’

A J 1/po
52J<91—2m—1>22l(][2]+13|Vf|”°dx) ,

=1




638 DAVID CRUZ-URIBE, JOSE MARIA MARTELL AND CRISTIAN RIOS

provided 2m + 1 > 6,. The last estimate follows from the L?°(w)-Poincaré inequality (2.3) (here we
again use that pg > ry, and so w € Ap,):

1/po 1/po J
(][ = fapawl? dw) < (][ If—fzj+13,w|”°dW) 3 st — a1l
2/+1B 2/+1B =2
J 1/po
< _ POd
< Z(][zIHB |f = far+13l x)
J , 1/po
< 2 V £flPod . 6.14
sy 2(f,, 9ima) (6.14)

=1
When j = 2 we can argue similarly, using the fact that

|ha| < | f = faB,wl XsB\2B < |f — f2B,w| XsB\2B + | f4B,w — f2B,w| X3B\2B-

If we combine these estimates, then by (6.13) and Minkowski’s inequality we get

(f (L) ]P0 dw)l/p0<2(f (L) B[P0 dw)l/po <Zg(j)(][ 1V £170 dw)
B ~ B / - B

j=1 j>1

1/po

with g(j) = Cp, 270172M) provided 2m + 1 > 6,. If we further assume that 2m > 61, then > 8(j) <oo.
This proves that (2.36) holds. Therefore, by Theorem 2.35 we get (6.3) as desired. O

7. The gradient of the semigroup /7 Ve ~*Lw

Let K(Ly) C [1, 00] be the set of all exponents p such that </t Ve *Lw : LP(w) — L?(w) is uniformly
bounded for all £ > 0. By Theorem 2.15 and Lemma 2.34, 2 € K(Ly,) and if it contains more than one
point, then by interpolation K(Ly) is an interval. In this section we give a partial description of the set of
(p.q) such that /tVe tLw € O(LP(w) — L7 (w)).

Proposition 7.1. There exists an interval K(Ly) such that if p, ¢ € K(Lw), p < ¢, then /t Ve 'Lv ¢
O(L?(w) — L2(w)). Moreover, K(Ly,) has the following properties:
(1) K(Lw) € K(Luw).

(2) If q—(Ly) and q4+(Ly) are the left and right endpoints of K(Ly), then q—(Ly) = p—(Ly),
2 <q+(Lw) = (q+(Lw))y < p+(Lw). Inparticular,2 € K(Ly) and K(Ly) C T (Lw)-

(3) If ¢g=2and p < q, and if \/t Ve tLw € O(LP(w) — LY(w)), then p, g € K(Ly).
4) sup K(Lw) = ¢+(Luw).

Remark 7.2. Unlike in the unweighted case [Auscher and Martell 2007b], we are unable to give a
complete characterization of /C(L,,). More precisely, if we have an off-diagonal estimate and p < g < 2,
then we cannot prove that p, g € K(Ly).

Remark 7.3. In Section 8 below we will show that g+ (L, ) > 2; in particular, this gives that 2 € Int C(L,).



ON THE KATO PROBLEM AND EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS 639

As an immediate consequence of Proposition 7.1 we get weighted inequalities for the gradient of the
semigroup. The proof is identical to the proofs of Corollaries 3.3 and 3.4.
Corollary 7.4. Let ¢—(Lw) < p < q < g+(Lw)- If v € Apq_(r,)(w) N RH g (L,)/q) (W), then
Vi Ve v e O(LP(vdw) — L9(vdw)) and /z Ve ?Lw € O(L? (vdw) — L4 (vdw), X)) forall v,
0<v<Z -0

The proof of Proposition 7.1 requires two lemmas.

Lemma 7.5. Given w € Ax and a family of sublinear operators {T; }s>o such that Ty € O(LP (w) —
L9(w)), with 1 < p < q < o0, there exist a, B > 0 such that for any ball B with radius r and for any

0,
() el () ()" o

Proof. This result is implicit in [Auscher and Martell 2007b, Proof of Proposition 2.4, p. 306]; here we
reprove it with a small improvement in the constant. There it was shown that in Definition 2.23 it is
sufficient to consider the case where r ~ /7. But in this case we get that Y (r/+/t) ~ 1 and for all j > 2,
Y (2/r/+/t) ~ 2/. The argument in [loc. cit., p. 306] shows that if we assume that (2.24)—(2.26) hold
when r &~ /¢, then (2.24) holds in general with constant max{1, (r/+/1)*} for some o > 0 depending on
P, q and w. In this maximum the 1 occurs when r < J/t; therefore, to prove (7.6) we need to show that
if » < /7, then we can replace 1 by the better constant (r/+/7)? for some g > 0.

Fix r < 4/t. If B = B(x,r), then B C B; = B(x, +/t). As in [loc. cit., p. 306] we apply (2.24) to T;

and By; this yields
1/q 1/q 1/q
(][B To(xs 1)) dw) ) ( Ty f)l"dw)
l) 1/q 1/p
) ( : |xBf|Pdw)

1/p—1/ 1/
) p— Q(][ |f|Pdw) P‘

B B r On
B|) = .
Since p < g we have

. ¢y 1/qr< r (1/p—1/q)0n by 1/p
(][Bu(xBfn w) N(ﬁ) (]im w) .

Therefore, if we combine this with the argument from [loc. cit., p. 306] described above, we get that (7.6)
holds with 8 = (1/p—1/q) On. O

The second lemma gives the close connection between off-diagonal estimates for e "L and /7 Ve ~*Lw
for p < 2.

A

A

Since w € Ao, we have that for some 6 > 0,

w(B)
w(By) ~

(v
(v
(v
“(ia
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Lemma 7.7. Given 1 < p < 2 the following are equivalent:

(1) e7tw e O(LP(w) — L*(w)).
(2) V1 Ve v e O(L? (w) — L*(w)).
(3) 1Ly e v € O(LP(w) — L%(w)).

Proof. We follow the proof of [Auscher and Martell 2007b, Lemma 5.3]. To prove that (1) implies (2), note
that by Theorem 2.15, 4/t Ve tLw € O(L2(w) — L?(w)). If we compose this with (1), by Lemma 2.30
and the semigroup property, we get (2).

To prove that (2) implies (3), define S; ]7 = Jte Lw (w1 div(4 f )). By duality, we have

(St &) 12w = (W' div(Af)), VieT i g) 2y = (div(AS)), VieFig),
f A* \/_V€ 1L ")g L2_<f w_lA \/_Ve 1L “’g)Lz(w).

The matrix w—' A* is uniformly elliptic, and so multiplication by it is bounded on L?(w). Furthermore,

ViVe L € O(L%(w) — L?(w)). Therefore, it follows that S; € O(L?(w) — L2(w)). If we combine

this with (2), we get that —tL,, e 2*Lw = §, 0 /t Ve~ Lw € O(LP(w) — L?(w)). This proves (3)
Finally we show that (3) implies (1). We first prove (2.24). Fix B and f, g such that (f5 | /|7 dw) 1/p

(f5 lg|? dw ) 172 _ = 1, and assume also that f € L?(B, dw). Define

h(t) =]€9 e (xp )(x)g(x) dw(x).

By duality it will suffice to show that |A(r)| < Y (r/+/7)?. (Note that our assumption implies that ¢/’ (z)
satisfies such a bound.) First, we claim that

lim A(t) = 0.
t—>00

To see this we use the fact (discussed in Section 2) that L, has a bounded holomorphic functional calculus

—tz

on L?(w). Given this, since z — e~*? converges to 0 uniformly on compact subsets of Re z > 0, we get

the desired limit.

Hence, we can write h(t) = — ftoo ' (s) ds. Notice that |th'(t)| < Y (r/+/1)%2 but this does not give a
convergent integral. However, if we apply Lemma 7.5 to L, e “*fv € O(LP (w) — L?(w)), we get that
Ith'(t)] < ?(r/ V1) with ’?(s) = max{s?, s#}. It follows from this estimate that

o ®~(r\d IVt _ 4 ~(r r O\ tA
'h(”'fft |h/<s)|dss/t T(ﬁ)?s“/o T(s)TSsT(ﬁ)sr(ﬁ) _

To prove (2.25) we argue as before, but with (fc (B) | f|? dw)l/p (f lg|? dw) Y2 _ | and

W) = ][B e (ye, ) ) ()2 () dw(x).
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Since d(B, C;(B)) > 0, by Theorem 2.15 and Holder’s inequality, 2(t) — 0 as ¢ — 0. Therefore,
h(t) = fé h'(s) ds. Since tLy, e Lw € O(L? (w) — L?(w)), we have

t . t 2] 6> . d
h([) = / |h/(S)| ds 5 2]91/ T(—r) e_C'4'/r2/S _S
0 0 \/E S

%2j91/00 T(S)92e_”2 ﬁ S2j91T(2J—r)02€_C4jr2/t.
27r/t S NG
This is (2.25).
Finally, the proof of (2.26) is essentially the same and we omit the details. This completes the proof
that (3) implies (1). O

Proof of Proposition 7.1. Define the sets K_(L ) and K4 (L) to be

K_(Ly)={pe[l,2]: vVt Ve tlv e O(L? (w) - L*(w))},
Ki(Lw)={p€[2,00]: vt Ve tlv e O(L*(w) — L (w))},

and let K(Ly) = K—(Ly) U K4+(Ly). The set is nonempty, since 2 € K(L,,). By Lemma 2.28 it
is an interval. Now fix p,q € K(Ly) with p <q. If p <g <2 or 2 < p < g, then by Lemma 2.28,
ViVe L e O(LP (w)— L9(w)) since p,q € K_(Ly) or p,g €K1 (Ly). If p<2<gq,then /t Ve 'L e
O(L*(w) — L4(w)) and by Lemma 7.7, e 'L € O(L?(w) — L?(w)). Hence, by Lemma 2.30 and
the semigroup property, /7 Ve 'L € O(L?(w) — L9(w)). Thus, in every case we get the desired
off-diagonal estimate.

We now prove (1)—(4). By Lemma 2.30, off-diagonal estimates on balls imply uniform boundedness,
and so0 (L) C K(Ly). This proves (1).

To prove (2), we first note that if p < 2, then by Lemma 7.7, p € J(Ly) if and only if p € K_(Ly).
Thus J(Ly) N[1,2] = K—(Ly) and s0 ¢—(Lw) = p—(Ly). To show that (¢4+(Ly))5 < p+(Ly), first
note that if g4 (L) = 2, then by Proposition 3.1 we have (¢+ (L)), =25 < p+(Lw). If g+ (Ly) > 2,
then we proceed as in the proof of this proposition. Let 2 < p < g4+ (Ly) and p < g < p;. Then by (2.3),
and the facts that e *Lv € O(L2(w) — L?(w)) and /7 Ve 'Lw € O(L?(w) — LP(w)), we get

1/q 1/2 1/p
(][ e () dw) < (f |e—’Lw<xBf)|2dw) +r(][ |Ve—’Lw(xBf>|Pdw)
B B B

ol ")

This gives us inequality (2.24). The other two inequalities in Definition 2.23 can be proved in exactly the
same way. Thus e~*Lv € O(L?(w) — L4 (w)), which implies ¢ < p4(Ly). Letting p /' ¢+ (L) and
q /" pr, we conclude that (¢4 (L)), < p+(Ly).

The last estimate implies in particular that ¢4 (Ly) < p+(Lyw). If g+ (Ly) < 00, we clearly have
g+ (Ly) < p+(Ly) and so K4 (Ly) C J(Ly). Otherwise, p4+ (L) = oo and again we have K4 (L) C
J(Ly). This completes the proof of (2).
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To prove (3), suppose first that 2 < p < g and /7 Ve L € O(L?(w) — L4 (w)). We will show that
p.q € K(Ly). Since we also have /7 Ve 'L € O(L?(w) — L?(w)), by interpolation (Lemma 2.27),
ViVe L e O(LP9 (w) — L9 (w)), where 1/pg = (1—6)/p +6/2, 1/g9 = (1 —0)/q +6/2 and
0e(0,1).If p¢ K+ (Ly), then g > sup K4+ (Ly). We can choose 6 such that pg < sup K+ (Ly) < gg.
Since K4 (Lyw) C J(Ly), we have pg € J(Ly); ie., e L € O(L2(w) — L?%(w)). By composition
and the semigroup property, /7 Ve 'Lw € O(L?(w) — L9 (w)); hence, gg € K (L), a contradiction.
Therefore, p € K4 (Ly). As we have +/7 Ve 'Lw € O(LP(w) — L9(w)) by assumption and e *Lw ¢
O(L?*(w) — L?(w)) since p € J(Ly), by composition and the semigroup property, /7 Ve *Lw ¢
O(L*(w) — L9(w)). Hence, g € K4 (Ly).

The case p < 2 < q is straightforward. Since /7 Ve 'Lw € O(L? (w) — L9(w)), by Lemma 2.28 we
have /7 Ve 'Lw € O(L?(w) — L4 (w)) and /7 Ve tLw € O(L?(w) — L?(w)). Hence, p € K_(Ly)
and g € K4 (Ly)-

Finally, we prove (4). Suppose to the contrary that sup K(Ly) > ¢+ (Ly). Then there exist p, ¢
such that ¢4 (Ly) < p < g < sup K(Ly). Fix r such that p_(Ly) = g_(Ly) < r < 2. Then we have
that /7 Ve™*Lw is uniformly bounded on L4 (w) and in O(L" (w) — L?(w)). By Lemma 2.27 we can
interpolate between these to get that /7 Ve 'Lw € O(LS(w) — L?(w)) for some s < p. But then by
the above converse, we have p € K(L,, ), which is a contradiction. O

8. An upper bound for KC(L )

In this section we will prove that g4 (L) > 2; that is, the set X(Ly, ) contains 2 in its interior. In general,
all we can say is that g4+ (L) > 2; as noted in [Auscher 2007, Section 4.5], even in the unweighted
case this is the best possible bound, since given any € > 0 it is possible to find an operator L such that
q+(L) <2+ ¢. In Section 11 below we will give some estimates for g (L) in terms of [w]4,.

We have broken the proof that g1 (L) > 2 into a series of discrete steps where we borrow some
ideas from [Auscher and Coulhon 2005]. We first prove a reverse Holder inequality and use Gehring’s
inequality to get a higher-integrability estimate. We then prove that the Hodge projection is bounded
on L4(w) for a range of ¢ > 2 and use this to prove the Riesz transform is also bounded for exponents
greater than 2. (In Section 9 we give a more complete discussion of the Riesz transform.) From this we
deduce that g4 (Ly) > 2.

A reverse Holder inequality. Fix aball By and let u € H'(w) be any weak solution of Ly,u = 0in 4B,.
Then for any ball B such that 3B C 4By, we can again prove via a standard argument a Caccioppoli

12 ¢ 1/2
(f |Vu|2dw) 5—(][ |u—u23,w|2dw) .
B r 2B

where C1 = C(n,A/)t)[w]l/2 > 1. Fix ¢ such that

An
2(n—1 2
max% (n ),rw, w } <q<?2; (8.1)

inequality:

24nry
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such a g exists since ry, < 2. Our choice of ¢ guarantees that 2 < ¢,;, and also that 2 < ngq/(g — 1). Then,
by the weighted Poincaré inequality, Theorem 2.1,

| 1/2 1/q
—(][ |u—u23,w|2dw) Scz(][ wuttdw) 82)
r'\J2B 2B

where Cp = C(n)[w]l’f12 >landk = (ng—1)/(ng(g —1)). (By our choice of ¢ we can get this sharp
estimate; see Remark 2.5. Since ¢ < 2 we could write [w]4,, but we use that [w]s, < [w]4,.) If we
combine these inequalities, we get a reverse Holder inequality:

1/2 1/q
(][ |Vu|2dw) §C1C2(][ |Vu|qdw) .
B 2B

We now apply Gehring’s lemma in the setting of spaces of homogeneous type [Bjorn and Bjorn 2011,
Theorem 3.22] to get that there exists pg > 2 such that for every such B,

1/po 1/2
(][ |vu|P0dw) gco(][ |vu|2dw) . (8.3)
B 2B

Moreover, we can take the values Co = 8C12C22[w]f1; and

2—q

24/q+1C12C22[w]f1/2q+17‘

po=2+ (8.4)

In Section 11 below we will need these precise values. Here, it suffices to note that in inequality (8.3)
we have pg > 2.

The Hodge projection. Define the Hodge projection operator by
T =YL, 2(V(Ly) )"

where the adjoint operators are defined with respect to the inner product in LZ(w). As we noted in
Section 2, the Riesz transform is bounded on L?(w); hence, the Hodge projection is also bounded. By
duality, (V(L*w)_l/z)*f = —L;l/z(w_1 div(w f)), and so

Tf=-VL 2L 2w div(w f) = —VLy (w™! div(w /).

Now fix ]? e L%(w,C") N LPo(w, C") such that supp(]?) C R\ 4By. Let u € H'(w) be a solution
to the equation

Lyu=w"! diV(wf);

by a standard Lax—Milgram argument because A satisfies (2.7) [Fabes et al. 1982, Theorem 2.2], we
know u exists. Then

Tf=-VL;'Lyu=—Vu,
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where equality is in the sense of distributions. In particular, since f = 0 on 4By, we know L, u =0 on
4 Bg. Therefore, we can apply (8.3) to u: on any ball B such that 3B C 4By,

. 1/po 1/po 1/2 . 1/2
(][ |T f|Po dw) = (][ |Vu|Po dw) 500(][ |Vu|2dw) = (][ |Tf|2dw) .
B B 2B 2B

As a consequence of this inequality, by [Auscher and Martell 2007a, Theorem 3.14] (see also Section 5
of the same paper), for all ¢, 2 < ¢ < po, we have T : L9 (w,C") - L2 (w,C").

Boundedness of the Riesz transform. To show that the Riesz transform VL;I/ 2 is bounded, fix q such
that @)
NFy p—
max{p_(L*), rw, Dt =max{ —(L%), ry, /,w—}< "< 2.
{p—(L3y). Tw. Po} p—(Ly). 1w, po )| 4

(The reason for 1nclud1ng p—(L7, ) will be made clear below.) By the above argument we have that 7*
is bounded on L4 (w), where T* f =-V(L) Y w div(w f )). Furthermore, by Proposition 6.1, we
have
L2 F o ) < CIV f L -
Therefore, R R
1OV LGY2)* Fllar oy = L5 ™2™ diviw ) e o)

= @) (L) ™ divw ) Lo )
S IVELE) ™ @™ divw 1))l Lo )
=1T* FllLa wy S 1 e -

JV2. e (w) — L9(w) for all g such that

Hence, by duality we have VL,
2 <gq <min{p4(Lw). 7. Po} = qu:
here we have used the fact that by duality, p—(L}) = p4(Ly).

Boundedness of the gradient of the semigroup. Finally, we show that if 2 < g < gy, then /f Ve tLw :
L9(w) — L4(w). The desired estimate for ¢ (L) follows from this: by Proposition 7.1, part (4),

q+(Lw) = supK(Lw) = gu > 2.
Fix such a g; then by the above estimate for the Riesz transform,
IVTVe™™ e fllLaw) = IVLy 2@ Lw) 2™ fllLaqw)
SNLw) 2™ fllzaq) = Ier(Lw) f o).

where ¢;(z) = (tz)l/ 2712 For all ¢ > 0, this is a uniformly bounded holomorphic function in the right
half-plane. Therefore, since 2 < g < p4+(Ly), by Proposition 4.3 we have

IV1Ve™ ™ fllLaqw) S I¢tlloollf ILoqw) S 1 e qw)

and the bound is independent of ¢. This completes the proof that g4 (L) > 2.
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9. Riesz transform estimates

1/2

In this section we prove L?(w) norm inequalities for the Riesz transform VL, ’“. We have already

proved such inequalities for a small range of values g > 2 in Section 8. Here we prove the following result.

Proposition 9.1. Let g_(Ly) < p < q+(Ly). Then there exists a constant C such that

IVLG 2 fllLr ) < CIF e w)- 9.2)

Furthermore, if v € Ap/q_(L,)(w) NRH g, (L,,)/py (W), then

IVLZY2 flLewaw) < CIFIlLewaw)- 9.3)

To prove Proposition 9.1 we would like to follow the same outline as the proof of Proposition 4.3.
The first step (i.e., proving (9.2) holds when ¢_(Ly,) < p < 2) does work with the appropriate changes.
However, the second step (i.e., the proof that (9.3) holds) runs into difficulties since VL;U 2 and the
auxiliary operators A, do not commute. One approach to overcoming this obstacle would be to adapt
the proof in [Auscher and Martell 2006]; see also [Auscher 2007]. In this case we would need to use an
LP0(w)-Poincaré inequality, which may not hold unless we assume w € Ap,. This would yield estimates
in the range max{ry,q¢—(Ly)} < p < g+(Ly), analogous to those in Proposition 6.1.

There is, however, an alternative approach. In [Auscher and Martell 2008] the authors considered
Riesz transforms associated with the Laplace—Beltrami operator of a complete, noncompact Riemannian
manifold. Their proof avoids Poincaré inequalities for p close to 1 as these may not hold. Instead, they
use a duality argument based on ideas in [Bernicot and Zhao 2008]; this requires that they first prove that
the Riesz transform is bounded for p > 2 in the appropriate range of values. This reverses the order used
in the proof of Proposition 4.3.

Proof of Proposition 9.1. For brevity, let g— = g—(Ly) and g+ = g+(Ly). To implement the approach
sketched above, we divide the proof in two steps. First we will prove that (9.2) holds when 2 < p < ¢g+4.
We do so using Theorem 2.35 and some ideas from [Auscher 2007; Auscher and Martell 2006]. We
note that since the Riesz transform and A, do not commute, we will use an L?(w)-Poincaré inequality.
This holds since w € Ay; the problem with using the Poincaré inequality only occurs with exponents
less than 2. The second step is to prove that (9.3) holds by adapting the proof in [Auscher and Martell
2008]. Here we will use duality and a result from [Auscher and Martell 2007a] that is based on good-A
inequalities. Inequality (9.2) then holds when g— < p < 2 by taking v = 1.

To apply Theorem 2.35, fix 2 < p < g4 and let T = VLwl/z, S=71andD= L. Let po =2 and
fix go such that 2 < p < go < g+. As before we take A, =1 — (I — e"zLW)m, where m will be chosen
below. We first show that (2.36) holds. Let f € L2° and decompose it as in (4.11); then we have

1/2 1/2
(][ VL V2(1 — e Lwym £ |? dw) < Z(][ VL2 (1 —e ™ Luym g2 dw) :
B B

Jj=1
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To estimate the first term, note that VL;I/ 2

and 2.18. Hence,

and e="’Lv are bounded on L?(w) by Theorems 2.15

1/2 1/2
(ﬁ\w;l/z(l—e—’sz)mfl\zdw) < (]ﬁg |f|2dw) . 9.4)

Fix j > 2; to get the desired L? estimates we will use the L? bounds for the gradient of the square
function. If 1 € L2(w), by (2.20)

l o0
VL;I/Z(I _e—rsz)mh = ﬁ/(; \/;VQO(st t)h %’ (95)

where ¢(z,1) =e 2 (1—e™" 2z )™ € Hg°(X,,). We can therefore use the integral representation (2.10)
for ¢(-,t). The function n(-,¢) in this representation satisfies

2m

r
|7](Z,t)|sW, ZEF,t>0.

By Theorem 2.15, \/z Ve ?L% € O(L?(w) — L?(w)); hence,

2 1/2
(][ ‘/ n(z) Vi Ve LV f; dz dw)
BlJr

1/2 «/;
< —zLw |2
_fr(]ngw £l dw) Sneldz]

6, 1/2
52]91 T(2J7’) —O(4jr2/|Z‘ \/_ d ( 2d )
J; NE S el J[c_,-(m'f v

i N> 2 1/2
<2/% /wr(zj—r) e wa/rfs T mde (][ Iflzdw) :
0 Vs Vs (s+1) C;(B) (9.6)

2jr —a 4/r2/s \/; r2m d jm
[ L ltnstcon o

If we insert this into the representation (2.10) we get

) 1/2 00 1/2
(][B}Ve_”””(l—e_r Lw)mf,-}zdw) 5/0 (][B|«/?Vgo(Lw,t)f,-|2dw) %

' 1/2
< /(61 —2m) (][ |f|2 dw) . (9.8)
C;(B)

If we now combine (9.4) and (9.8) we get (2.36) with g(j) = Cyn, 27172 if we also fix 2m > 0;, we
get that )~ g(j) < oo.

‘We now show that (2.37) holds. As we remarked above, the Riesz transform does not commute with A,.
To overcome this obstacle, we will prove an off-diagonal estimate for the gradient of the semigroup (using

When 2m > 6,,

the L2 (w)-Poincaré inequality), and then use an approximation argument to get the desired estimate for
the Riesz transform.
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More precisely, we claim that for every f € H!(w) and 1 <k <m,
) 1/q0 1/2
(f wetrtnppoan) "< (f | wrpan) ©9)
B = i+1pB

where g(j) = Cp, 2/ > I>j 219 o=a4' Assume for the moment that (9.9) holds. Then for every € > 0 we
can apply this estimate to S f, defined by (2.21), since S, f € H'(w). Moreover, we have that .4, and
Se commute, and so if we expand A, =1 — (I — e_rzL)m and apply (9.9), we get

(][ |V Se Ay f90 dw)l/qo <Cny_2(j) (][ IVSef1? dw)
B /1B

Jj=1

1/2

If we let € go to 0, we obtain (2.37). (The justification of this uses the observations made in Section 2
after (2.21) and is left to the reader.) Moreover, we have ) i>1 g(j) < oo, and so by Theorem 2.35 with
v = 1, which trivially satisfies v € A, /5(w) NRHg, /)y (w), we have that (9.2) holds for f € Lg° and
forevery 2 < p < q+.

To complete this step we need to prove (9.9). Fix | <k <m and f € H'(w). Leth = f — faB.w,
where fap .y = f4 g J dw. Then by the conservation property (see [Cruz-Uribe and Rios 2015], or the
proof in [Auscher 2007, Section 2.5]), e tLw] =1 forall t > 0, and so

Ve_k r2wa — ve—k 2Ly (f o f4B,w) — Ve_k r2Lwh — Z Ve_k rszhj’
Jj=1
where hj = h ) c;(B)- Hence,

1/qo0 1/q0
(][ |Ve_kr2wa|q°dw) <Z(][ |[Ve —kr? Lwp ;|90 a’w) :
B

Jj=1

Since 2 < ¢o < g+, by Proposition 7.1, /t Ve~ Lw € O(L?(w) — L2°(w)). If we apply this and the
L?(w)-Poincaré inequality (see Remark 2.6 with p = g = 2), then for each j > 1 we get

1/q0
(][ Ve 7?Luw ;|40 dw)
B

- 2/(01+62) ,—a 4/

~

1/2
|h;|? dw)
r c, (B)

2Jj(01+62) ,—a 4/ (

1/2
If—f43,w|2dw)

r 2/+1B
2/ (61462) ,—ac 4/ /2 J
< ((][ 1~ fareigal dw) +Z|fzzB,w—fzz+nB,w|)
r 2/+1B =2

2/,(01462) p—a 4l J 1/2
< — 2 dw
ST (1 )

=1

o J
< 2/@1462) p=ad/ 37l (][
2

=1

1/2
|Vf|2dw) .

I+1p
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If we combine these two estimates and exchange the order of summation we get (9.9) with 6 = 61 + 6,.
This completes the proof that (9.2) holds when 2 < p < g+.

For the second step of our proof we show that (9.3) holds for all p, g— < p <g4,and v € A,/ (w) N
RH(y, /py (w). Fix such a p and v; then by the openness properties of 4, and RH; weights, there exist
Do, qo such that

g— < po <min{p,2} <max{p,2} <qo <q+ and v € A,/ ,, (w) NRH,, py(w).
By the duality properties of weights [Auscher and Martell 2007a, Lemma 4.4],
w=0""""€ Ay g (w) NRH(py 7y ().

Let T = VL;I/Z; then 7' is bounded from L?(R",vdw) to L?(R";C",vdw) if and only if T* is
bounded from L? (R"; C", u dw) to L? (R"; u dw). (Note that T takes scalar-valued functions to vector-
valued functions and 7* does the opposite.)

Therefore, it will suffice to prove the boundedness of 7* We will do so using a particular case of
[Auscher and Martell 2007a, Theorem 3.1]. This result is stated there in the Euclidean setting but it
extends to spaces of homogeneous type. Here we give the weighted version we need; see [loc. cit.,
Section 5].

Theorem 9.10. Fix 1 <g <00, a > 1 andu € RHy(w), 1 <s < co. Then there exists C > 1 with the
following property: suppose F € LY(w) and G are nonnegative measurable functions such that for any
ball B there exist nonnegative functions Gg and Hp with F(x) < Gg(x) + Hp(x) for a.e. x € B and,
forall x € B,

1/q
(][ H} dw) <aMyF(x), ][ Gpdw < G(x), (9.11)
B B
where My, is the Hardy-Littlewood maximal function with respect to dw. Then for 1 <t < gq/s,

My F Lt aw) < CIGI Lt udw)- 9.12)

To apply Theorem 9.10, fix f € L°(R";C"), and let h = T* f and F = |h|90. Then F € L' (w); by
the argument above, since 2 < go < ¢+, we have that T is bounded from L9°(R", w) to L9°(R"; C", w),
thus, 7* is bounded from L9 (R™; C", w) to L% (R™, w).

Nowlet A, =1 —(1 —e™" 2Lw)m, where m > 0 will be fixed below. Given a ball B with radius r, we
define

F <297V (I — A;)*h|% 429071 | A*h|% = G + Hp.

where, as before, the adjoint is with respect to LZ(w). To complete the proof, suppose for the moment that
we could prove (9.11) with ¢ = p;/qq and G = Mw(|f|46). Since u € RH(,; /7y (), by the openness
property of reverse Holder weights, u € RHy (w) for some s < pg/p’. Then if we let t = p’/q( =
(Po/44)/(po/P") < q/s, we have u € A;(w), and so M, is bounded on L’ (u dw). Therefore, by (9.12),

1T S0 ey =< 1M Fllztawy < CIG Izrawy = CIMuw (S 1%0) s uawy S U170 g, guy:
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To complete the proof we need to show that (9.11) holds. We first estimate Hp. By duality there exists
g € LPo(B, dw/w(B)) with norm 1 such that for all x € B,

1/(q q¢)
(][B H} dw) gw(B)—I/Rn |h||Arg| dw

o , 1/45 1/q0
<Y 2P (f 1] dw) (][ Ay g0 dw)
i=1 C;(B) C;(B)

Lo . 1/po ,
< My F(x)"/40 ZZJ(D+91+92)e—Oé4J (][B |g|Po dw) < My F(x)"/9,
j=1

where in the second-to-last inequality we used the fact that by our choice of pg, ¢o, we have e Lv ¢
O(LPo(w) — L9°(w)), and so A, is as well.

We now estimate G g. Again by duality there exists g € L99(B, dw/w(B)) with norm 1 such that for
all x € B,

1/q5 -
(][ G dw) < w(B)—lf T = A dw
B R7

o ., 1/4 1/q0
S Z 2D (][ | /|40 dw) (][ IT(I — Ay)g|9° dw)
= C;(B) C;(B)
= ’ i . 1/q0
< My (| f19%)(x) /% Y 27P (f IT(I — Ar)g|®0 du) . 9.13)
i C;(B)
Jj=1 4

To estimate each term in the sum, we argue as in the first half of the proof. When j = 1, we know that
VL;I/ 2 and e="*Lv are bounded on L9° (w) by the first part of the proof and Theorem 2.15. Hence,

1/q0 1/q0
(][ IVLZV2( — e Lwymg|ao dw) < (][ |g|20 dw) =1. 9.14)
4B B

For j > 2 we use the integral representation (9.5). If we estimate as in (9.6), with the roles of B and
C; (B) switched and using the fact that \/z Ve 7Lw € O(L90(w) — L99(w)) since 2 < go < ¢4, We see

that
q0 1/q0
d w)

’ 1/q0 ﬁ
- / (f |VEVezLw g0 dw) M ez
r\Jc;®) Vzl

, 27 \92 : 7 1/2
<2/t / T( r) e—““"’z/'Z'iwzn|dz|(f |g|q0dw)
r ¥4 V1zl B

-6 oo 2y 0> adir?s \/? F2m
<2 T[— ) e ———ds.
0 Vs Vs (s +ymtl

/ n(z)Vt Ve ? Vg dz
r
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If we take 2m > 65, we can combine this with (9.7). We can then insert this estimate into the representation
(2.10) to get that for every j > 2,

1/q0
(f |ve_th ([ _e—r2Lw)mg|qo dw)
C;(B)

oo 1/q0 di ‘
5/ (][ |Vt Vo(Ly.1)g|" dw) 4l <2/Oi=2m) (g 15)
0 C;(B) t

Taken together, (9.13)—(9.15) yield

oo

1/(]6 - ’ . = 7 / 4
(][ Gs d“’) S Moy (| f190) (x) /90y~ 2/ PHO=2m) <, (| 190)(x) 190 = Gi(x) 40,
B .
j=1

provided we take m large enough so that D 4 6; —2m < 0. This completes the estimate of Hp and Gp
and so completes our proof. O

10. Square function estimates for the gradient of the semigroup

In this section we prove L?(w) estimates for the vertical square function

*° dr\'"?
Gt = ([ 102vebe P 4)
0
Proposition 10.1. Let g—(Ly) < p < g+ (Ly). Then

1GLy fllLrw) S I llLr@w)- (10.2)

Furthermore, if v € Ap/q_(L,,)(w) NRH g, (L,,)/py (W), then

IGLy, fllLr@waw) S | fIILe@dw)- (10.3)

We can also prove a reverse inequality for G,,,. To do so we need to introduce an auxiliary operator.
Define the weighted Laplacian by A,, = —w~!divwV; i.e., Ay is the operator L, if we take the
matrix A to be wl, where [ is the identity matrix.

Proposition 10.4. Let g4 (Ay) < p < 0o. Then
A Py S NGLy fllLr@w)- (10.5)
Furthermore, if v € Ap/q. (A,y (W), then

”f”LP(vdw) < ”Gwa”Ll’(vdw)- (10-6)

Proof of Proposition 10.1. The proof could be done in a way similar to those for the square function gz,,,
in Section 5. However, we will give a shorter proof that uses the Riesz transform estimates from Section 9.

Let g— = g—(Lw) and g4+ = g+ (Ly). Fix p,

q—=p—(Ly) <p<q+ = p+(Lw),
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and v € Ap/y_(w) N RH(g, /py(w). Then by Proposition 9.1, the Riesz transform is bounded on
L?(vdw), and so by Lemma 5.4 it has a bounded extension to Lﬁ(v dw);ie., if g(x,1) € Lﬁ(v dw),
then [|[VL, %¢g|| 120 dw) S 121112 (> Where the extension of VL3'/? to H-valued functions is defined
for x € R” and ¢t > 0 by (VL;l/zg)(x, t) = VL;l/z(g(- 1)) (x).

Define g7 (x,1) = (tLy)"/2e7v f(x) and Gs(x,1) = t'/2Ve~"Lw f(x); then we clearly have
lgLw fllLrwaw) = 187 IL2waw) a0d IGLy, fllLraw) = |G llL2 v dw)- Furthermore, G (x,1) =
VLG (g7 (.0)(x) = (VL gg)(x.1). Hence,

1G Ly flLrwaw) = 161z wawy = IVL 5 12w dw)

SEr Lz wawy = 181w S lILr@aw) S I1f e @ dw)-

To prove the last inequality, we used Proposition 5.1; we also used the fact that g— = p_(Ly) < p <g4+ <
P+(Ly)andveAd, , (w)NRHg, /py (w), which together imply ve€ A, ,_(L,,)(W)NRH (., (L,,)/p) (W)-
This proves (10.3). To prove inequality (10.2), we take v = 1. O

To prove Proposition 10.4 we need the following identity relating Gr,,, and A,,. It is a straightforward
extension of a similar unweighted result given in [Auscher 2007, Section 7.1]. For completeness we
include the proof.

Lemma 10.7. If f, g € L°(w) then

| ot au

<(A+1 /I;En G, f(x)Ga,g(x)dw.

Proof. By the definition and properties of the operators L, and A, we have
/ F(x)g(x)dw = lim / e ?Lw f(x)e—tBwg(x)dw — lim / e RLu f(x)e~RAwg(x) dw
R &0 Jrn Rtoo Jrn
o0 d -

= —/ —/ e v f(x)e~tBwg(x) dw dt
o dt Jpn
o0 e

= / / (Lwe_tL"’ f(x)e Bwg(x) + e Hw f(x)Awe_tAwg(x)) dw dt

0o Jrn

= /Ooo /[R” (A@)w(x)™ ' + I)(Ve_’wa(x) Ve tAwg(x)) dw dt.

Since ||[Aw ™! s < A, if we apply Holder’s inequality in the ¢ variable we get the desired result. O

Proof of Proposition 10.4. As a consequence of the Gaussian estimate for weighted operators with real

symmetric coefficients that were proved in [Cruz-Uribe and Rios 2008], we have that A,, € O(L'(w) —

L*(w)). Inparticular, g_(Ay) = p—(La,,) = 1. Further, by the results in Section 8 we have g1 (Ay) > 2.
Therefore, by Proposition 10.1, if 1 < p’ < g4+ (Ay), and

u € Ap (W) NRH(g, (a,)/py (W), (10.8)
then
||GAwf||Lp’(udw) < ”f”Lp’(u dw)* (10.9)



652 DAVID CRUZ-URIBE, JOSE MARIA MARTELL AND CRISTIAN RIOS

We want to apply inequality (10.9) with u = =7 By [Auscher and Martell 2007a, Lemma 4.4], the
condition (10.8) is equivalent to v € Ay /4, (wy (W).
Now fix f, g € L and a weight v € A, /4., (wy (w). Then by Lemma 10.7, for g+ (Ay)" < p < oo,

[ reeeaw

<A [ Gry f(6)Ga, 20 du

=(A+ 1)/ Gwa(x)GAwg(x)vl/p v P gy
Ri’l

<A+ DIGL, fllLrwam 1Ga,8llLr wi-r guw)
s ”GLu) f ”Ll’(v dw) ||g||LP/(vl_1’/ du))’
the last inequality follows from (10.9). If we take g = sign(f)| f|?~'v, we get

112 00 dy S 162w £ 1Ly 11770 Lo orm aiy = 162 f 20 aw) LA 120 -

This immediately gives us the desired inequality. O

11. Unweighted L? Kato estimates

In this section we prove unweighted L? estimates for the operators we have considered in the previous
sections. These will all be consequences of the weighted L? (v dw) estimates we have already proved:
it will only be necessary to find further conditions on w € A, so that the weight v = w™! satisfies the
requisite conditions.

We are particularly interested in power weights and we recall some well-known facts about them. Define
we(x) = |x|% a > —n; this restriction guarantees that wy, is locally integrable. We can exactly determine
the Muckenhoupt A4, and reverse Holder RH; classes of these weights in terms of «: if —n <a <0,
then w € Ay; for 1 < p < oo, we have w € Ay if —n < a <n(p —1). Furthermore, if 0 < a < oo, then
w € RHqo; for 1 < ¢ < 0o, we have w € RHy if —n/q < o < co. Hence, we easily see that

Fw, = max{l, 1 +a/n}, syp, = (max{l, (1 +a/n)"1}). (11.1)

We first consider the semigroup e ~*Lw, the functional calculus, and the square function gL, since
these estimates will depend on p_(Ly) and p4 (L) and we have good estimates for these quantities.

Theorem 11.2. Given a weight w € A, suppose 1 <r,, < 1+% and sy, > grw +1. Thene ttw. 12512
is uniformly bounded for all t > 0. Similarly, ¢(Ly,) : L* — L2, where ¢ is any bounded holomorphic
function on X, € (9, 7),and g, : L*> — L%

In particular, these L? estimates hold if we assume that w € Ay N RH| 4, /2, or more generally if
w € Ar NRH@/2)r 41 for 1 <r <1+ %, or if we take the power weights

2n
W (x) =|x|% ———<a<?2.
w) =l S
Proof. Let p =q =2, po=(2}), go =2}, and let v = w~ L. Then by Proposition 3.1, Corollary 3.3

and the nesting properties of weights, e *Lw € O(L2 — L?) if w™! € A3/ po(w) N RH (g, 2y (w); in
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particular, by Lemma 2.30, e~*Lw : .2 — 2 is uniformly bounded. However, this weight condition is
equivalent to
w € RH(2/pgy M Ago/2-

A straightforward computation shows that

2 /
q_oz nry ’ 2 Zﬁrw-i-l.
2 Nry —2 Po 2

Since ry, <1+ %, we have ry, <nry, /(nry —2), so we automatically have w € Ago/2- Therefore, the
desired bounds hold if we have s, > %rw + 1. Ifwe A "RH/2),41 With 1 <r <1+ %, then ry <r
and sy > 51 + 1> Zry + 1. The desired conclusion for power weights follows at once from (11.1).

The same argument holds for ¢(Ly,) and gy, , using Proposition 4.3 or Proposition 5.1, respectively. [

It is straightforward to construct weights more general than power weights that satisfy the conditions
on ry and sy, in the above theorems. For instance, w € A112/, NRHz4, /2 (which corresponds to the
choicer =1+ %) if and only if there exist u1, up € Ay such that

w = 2O+, 2Un

This follows from the Jones factorization theorem and the properties of A; weights; see [Cruz-Uribe and
Neugebauer 1995].

Remark 11.3. We can modify the proof of Theorem 11.2 to get unweighted L? estimates for values
of p close to 2. We leave the details to the interested reader.

For the reverse inequalities we must take into account the slightly stronger hypotheses in Proposition 6.1;
otherwise, the proof of the following result follows exactly as in the proof of Theorem 11.2.

Theorem 11.4. Given a weight w € A,, suppose that

2 2V n
1<rp<l4+-— and sy >maxi|{ — |, =ryw+1;.
n

Tw 2
Then
ILY2f N2 <CIVSl2, feS. (11.5)

In particular, this is the case if we either assume that w € A1 N RHyy, /2, or more generally that
w € Ar NRHpax{2/ry,(n/2)r+13 With 1 <r <1+ %, or for power weights if we take

2n . (n 2n
— =—min{ -, ——; <o <2.
n—+2 2 n+2

Wy (x) = |x|%,

Remark 11.6. Note that max{(2), 2r + 1} = Zr + 1 provided r <2~ 2 and this always holds if n > 4
as 1+ % <2- % In this case, the conditions in the second part of Theorem 11.4 simplify to the same
conditions as in Theorem 11.2.

Remark 11.7. We note that in Theorems 11.2 and 11.4 we can replace 1 <ry, <1+ % with the possibly
weaker condition 1 < ry, < p4+(Ly)/2. The proof only requires us to take go = p+(Ly).
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For the gradient of the semigroup /7 Ve ~*Lw, the Riesz transform VL;,I/

our estimates depend on g4 (L,).

2, and the square function G,,,,,

Theorem 11.8. Given a weight w € Aj, suppose 1 < ry < q+(Ly)/2 and sy > 5ry + 1. Then
ViVe tLw : 2 5 2 is uniformly bounded for all t > 0. Similarly, we have VL;I/2 :L? — L% and
Gr,:L*— L%

In particular, this is the case if we assume that w € Ay NRHy /2 1. Furthermore, these L? estimates
hold if the following is true: given ® > 1 there exists ¢9 = g9(®,n, AJ/A), 0 < g9 < %, such that
W € A1+ NRH@ /2y (146)+1, 0 < € <e&o, and (w]a, < O.

For power weights, there exists €1 = 1(n, AJA), 0 < &1 < 3, such that these estimate holds for

2n
n—+2

we(x) = |x|%, - <a<eg.

Proof. We will prove this result for /7 VeI using Proposition 7.1. The proof for VL;I/ 2 or G, is

exactly the same, using Proposition 9.1 or Proposition 10.1.
By Proposition 7.1, v/fVe ™ lv : 12 5 L2 if w™l =v € Ayyy (1, (W) N RHy, (L,)/2)y (w), which
is equivalent to

w € RH@ /g (L)Y N Ag i (Ly)/2-

Therefore, we need ry, < g4 (Ly)/2. Furthermore, since we have ¢—(Ly,) = p—(Lyw) < (2})’, we can

take
2 "n
we\egy) T2t

To get the particular examples stated in the theorem, note first that if we let r, = 1, then it clearly

suffices to assume w € A1 NRH,; /241, since we showed in Section 8 that g4 (L) > 2 for every w € A».

We now prove the condition for weights w € Aj4.. In this case it is more difficult to satisfy the
condition ry, < g+(Ly)/2 since the right-hand side can be very close to 1, depending on w. Assume
then that w € A1+ NRH(;/2) (146)+1, With0 <& < g9 < ﬁ [w]a, < O, and with g9 > 0 to be fixed
below. Then we have

n n
Sw>5(1+8)+125rw+1

Therefore, in order to apply the first half of the theorem we need to show that we can choose ¢¢ sufficiently
small so that ry, < g+ (Ly)/2. To do so we will use the notation and computations from Section 8. There
we showed that g4+ (Ly) > g, and so it will suffice to show that

2ry < gw = min{ry,, p+(Lw), po}. (11.9)

We will compare ry, to each term in the minimum in turn.

The first two terms are straightforward. First, we have ry, <1 +e <1+ % < % and 0 2ry, < r},.
Second, ry < 1 + % <1+ %, and it follows at once from this that 2r,, < 2} . By Proposition 3.1,
23 < p+(Lw) and 50 2ry < py(Ly).
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Finally, we estimate pg, the exponent from the higher-integrability condition (8.3). We will use the
formula (8.4). First, we need to fix the exponent ¢ from the Poincaré inequality (8.2). Letg =2 —1/n;
this value satisfies (8.1) since ryy < 1+ % <14 % With this choice of ¢ (that only depends on n), we
have

2—q 1

+ =2+ ,
24/a+1C2C2w] Y nCn. AJA) Wl

po=2

where C(n, A/A) > 1 depends only on n and the ratio A /A of the ellipticity constants of the matrix A
used to define L,,, and where 6,, > 1 depends only on n. Then, since we also assumed that [w]g, < O,

we get that
1 1
po=2+ >2+ =2+ 2¢o,
nC(n, A/2) w7, nC(n, AJL)©bn

and g9 = 2nC(n, A/X) ©®%)~1 is such that 0 < g9 < % Thus 2ry <2(1 4+€) <2(1 4+ &9) < po and
s0 21y < po. This completes the proof that (11.9) is satisfied, and so the L? estimates hold for weights
that satisfy w € A14¢ NRH(;/2)(146)+1-

Finally, we consider power weights. First, it is easy to see that
—2n
we(x) =1|x]%, ——<a=<0
n+2

yields the desired estimates, since in this case ryy = 1 and sy > 5 + 1 = 5ry + 1.

Now consider the case @ > 0. If we assume that o < %, then w € A141/(2n) NRHx. Moreover, it is
straightforward to show that for all such «, there exists ®, depending only on 7, such that [wg]4, < ©.
Now apply the above argument to find &g € (O, %], this value will only depend on n and the ratio A/A.
If we let £1 = neg and assume that 0 < @ < 1, then o < % and wy € A1+ for some € < g¢ as desired. [

To find examples of weights other than power weights to which Theorem 11.8 apply, we argue as
before. If u; € A1, then
w = M%/(n+2) S Al ﬂRHn/2+1.

To get weights that are not in A1, take u € A and let w = ub If 6 is sufficiently small (depending on n,
the ratio A /A and [u]4,), we can show that w satisfies the final conditions given in Theorem 11.8. Details
are left to the interested reader.

Remark 11.10. To get the unweighted lower estimate

I/l = ClIGLy, f L2,

we note that by (10.6) we need w™! € A2/q. (Ay) (W), or equivalently, w € RHz/4, (a,,)) - Hence, it

suffices to assume
q+(Aw)

G+ (D) =2

Arguing as above we can construct weights that satisfy this condition; details are left to the interested

Sw > 14

reader.
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If we combine Theorems 11.4, 11.8, and Remark 11.7 we solve the Kato square root problem for
degenerate elliptic operators.

Theorem 11.11. Let Ly, = —w ™! div AV be a degenerate elliptic operator with w € A,. If

L 2y
1§rw<M and sw>max{(—),zrw+l§,
2 rw 2

then the Kato problem can be solved for L.; that is, for every f € H(R"),

1Ly f 2@y = IV f L2g@ny (11.12)

where the implicit constants depend only on the dimension, the ellipticity constants A, A, and w.

In particular, (11.12) holds if w € A1 NRHy, /24 1. Further, (11.12) holds if the following is true: given
® > 1 there exists g =e9(0O,n, A/L), 0<eo < ﬁ, such that w € A14+e NRHpmax{(2/(1+¢)Y, (n/2) (1+8)+1}
0<e<ep,and[w]g, <O.

For power weights, there exists €1 = e1(n, AJA), 0 <e1 < 1

< 5. such that inequality (11.12) holds (with

Wqy in place of w) if

2n
wy (x) = |x]% “a T3 <a<ey.

We can restate the final part of Theorem 11.11 as follows: consider the family of operators L, =
—|x|” div(|]x|~Y B(x)V), where B is an n x n complex-valued matrix that satisfies the uniform ellipticity

condition
AE[* <Re(B(x)E.§). [(B()E | <Al[ln]. & neC’ ae xeR"
Then,
1/2 2n
1Ly fllez@wny = IV 2@y, —e1<y< —— 2 (11.13)

When y = 0 we get the classical Kato square root problem solved by Auscher, Hofmann, Lacey, Mclntosh,
and Tchamitchian [Auscher et al. 2002]. Inequality (11.13) shows that we can find an open interval
containing 0 such that if y is in this interval, the same estimate holds.

12. Applications to L2 boundary value problems

In this section we apply the results from the previous section to some L2 boundary value problems
involving the degenerate elliptic operator L,,. We follow the ideas in [Auscher and Tchamitchian 1998]
and consider semigroup solutions: for the Dirichlet or regularity problems we let u(x,¢) = e ‘L W’ f(x);
for the Neumann problem we let u(x,¢) = —L;l/ze_””l”/2 f(x). In each case, for ¢ > 0 fixed, Lyu(-,1?)
makes sense in a weak sense since u( -, ¢) is in the domain of L. Further, derivatives in ¢ are well-defined
because of the semigroup properties. Finally, note that by the strong continuity of the semigroup and
the off-diagonal estimates, in the context of the following results we have e_tLllv/2 f— fast—0Tin
L?; see [Auscher and Martell 2007b, Section 4.2]. Further details are left to the interested reader.
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We first consider the Dirichlet problem on [Ri:’fl = R" x [0, 00):

B%u —Lyu=0 onR"

U|3Rn+l =f on BR’_"_H =R". (z.h

Theorem 12.2. Given a weight w € Az, suppose IL<ry<l+% 2 and sy > 5rw + 1. Then for any
f € L2(R™), we have that u(x,t) =e 1Ly f(x) is a solution of (12 1) with convergence to the boundary
data ast — 0% in the L?-sense. Furthermore, we have

sup lu(-.OllL2 < Cll fll2. (12.3)
>0

In particular, this is the case if we assume that w € Ay N RH;4,/2, or w € Ay N RH, /5,41 with
l<r=<1+ %, or if we take the power weights

2n
we(x) =x|% ——<a<?2.
W) = ol ==

Proof. Formally, it is clear that u is a solution to (12.1), and this formalism can be justified by appealing
to the theory of maximal accretive operators; see [Kato 1966]. Alternatively, the weighted estimates for
the functional calculus in Proposition 4.3 show that both (3%/9t?)u(-,t) and Lyu(-,t) belong to L?
for each ¢ > 0 and that they are equal in the L2-sense. To see that inequality (12.3) holds, it suffices to let
pr(z) =e? vZ Then ¢¢ is a bounded holomorphic function on X, and so by Theorem 11.2 we get the
desired bound. O

Remark 12.4. Note that as observed in Remark 11.7, in the previous result we can replace 1 <ry, <1+ %
with the possibly weaker condition 1 < ry, < p4(Ly)/2. Also, by Proposition 4.3 we also have that for
u as in Theorem 12.2 and all £ > 1,

sup
>0

ok _r1/2
(0| =sup|[ @ LA e T £ < CILf e (12.5)
8l L2 >0

For the regularity problem we have the following.

Theorem 12.6. Given a weight w € A,, suppose

L 2y
1§rw<M and Sy > max{| — ,zrw—i—l .
2 rw/) 2

1/2
Then for any f € HY(R"), we have u(x,t) = e *Lw” f(x) is a solution of (12.1) with convergence to
the boundary data as t — 0% in the L?-sense. Furthermore, we have

sup [V cu (-, 1) |2 < Cl[V £l 2. (12.7)
t>0

In particular, (12.7) holds if we assume that w € Ay N RH4,/5. Furthermore, it holds if the

following is true: given © > 1 there exists ¢g = €0(®,n,A/A), 0 < gg < %, such that w € Aj4¢ N

RHumax{(2/(1+6)).(n/2) (1 +e)+1} 0 = & < €0, and [w]a, < ©.
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For power weights, there exists €1 = e1(n, A/1), 0 < g1 < %, such that (12.7) holds if

n
we (x) = |x]%, —5 <e<er
Proof. Arguing as before, it suffices to prove that (12.7) holds. For any ¢ > 0 we have, by Theorem 11.11,
guing p y y
_ _rl1/2 172
IV D)l < VLG 2Ly e fllpa + 1Ly 2™ [l 2

_ 1/2 _ 1/2

SIL e fllpa = lle™ " Ly flli2 SISl S IV Sl O

Note that under the hypothesis of Theorem 12.6, and as observed in Remark 12.4, we have that
1/2

u(-,t) =eLw’” f satisfies (12.3) and (12.5). Additionally, from the functional calculus estimates on
L? it follows that

_71/2
sup 1 V(- Ol 2 % Ly %™ f 2 % 1S e (12.8)
1>

Finally, we consider the Neumann problem

3%u —Lyu=0 onR"

Octtlygr1 = f on IR™H! = ™. (12.9)

Theorem 12.10. Given a weight w € Ay, suppose 1 < ry < q+(Ly)/2 and sy > 5ry + 1. Then for
— 1/2

any f € L*(R"), we have u(x,t) = —Lwl/ze_’Lw f(x) is a solution of (12.9) with convergence of

u(-,t) — f ast — 0% inthe L?-sense. Furthermore, we have

sup [|V,su (-, 0)llp2 < C|ll fll2- (12.11)
t>0

In particular, (12.11) holds if we assume that w € A1 NRH 4, /5. Furthermore, it holds if the following
is true: given © > 1 there exists eg = c9(®,n, A/1), 0 <gg < ﬁ, such that w € A1+ N"RH(/2)(146)+15
0<e<eo,andw]y, <O.

For power weights, there exists €1 = e1(n, A1), 0 <eg1 < %, such that (12.11) holds if

2n
=x|% ——<a<e.
We (x) = |x| nt2 a<ep

Proof. Again, u is clearly a formal solution of (12.9); see [Kato 1966]. The proof that (12.11) holds is
similar to the proof of (12.7):

—1/2 —tL /2 _tL1/2 _tL1/2
IVaqu- 0)llg2 < IVL 2™ fllpa + e fllga S lle™™ 0 fli2 S0 flz2s

where we have used Theorem 11.8 (for the Riesz transform) and Theorem 11.2 (for the functional calculus
with ¢(z) = e~1V7). O

Remark 12.12. As we noted in Remark 11.3, we can also get unweighted L# bounds for these operators
for values of p close to 2. As a consequence we can also get estimates for L? boundary value problems
for the same values of p. Details are left to the reader.
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SMALL DATA GLOBAL REGULARITY FOR HALF-WAVE MAPS

JOACHIM KRIEGER AND YANNICK SIRE

We formulate the half-wave maps problem with target S? and prove global regularity in sufficiently high
spatial dimensions for a class of small critical data in Besov spaces.

1. The problem

Let u : R"*1 — §2 <5 R3 be smooth, and assume that it converges to some p € S? at spatial infinity.
Further, assume that on each fixed time slice V; xu € L?(R") for some p € (1, 00). Denote by x the
standard vectorial product in three dimensions. We call this a half-wave map, provided it satisfies the
relation

e = u X (—A)Zu. (1-1)

Here we define the operator (—A)% via

n
(—2)2u=—Y (~A)23;(3u).
=1

a specification necessary on account of the fact that u does not vanish at infinity, but instead approaches
some p € S2, while Vu does vanish at infinity. In fact, the expression (—A)%u under our current definition
is then well-defined since V; xu(z,-) € L?(R") for some p € (1, 00), for all ¢.

We note that the model (1-1) appears formally related to the much-studied Schrédinger maps problem,
which can be written in the form

oy =u X Au,

and moreover, we shall see shortly that (1-1) also appears closely related to the classical wave maps
problem with target S2. We also note that we have a formally conserved quantity

E(1) ::/ I(—A)aul? dx, (1-2)
Rn

where we let (—A)iu =— Zj?:l(—A)_%B i (0;u). Such kinds of quantities have been considered in
the works of Da Lio and Riviere in the study of fractional harmonic maps; see for instance [Da Lio and
Riviere 2011a; 2011b; Da Lio 2013]. We also note that on account of the results on fractional harmonic
maps previously mentioned, this model moreover displays a very rich class of static solutions; see also
[Millot and Sire 2015].

MSC2010: 35L0S, 35B40, 35A01.
Keywords: wave equation, fractional wave maps, half-wave maps, Besov spaces, global regularity.
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On the other hand, (1-1) scales just like wave maps, which means that in all dimensions n > 2 the
problem (1-1) is formally supercritical.

We formulated the model (1-1) as a nonlocal wave analogue to Schrédinger maps in 2014, but have
since learned from E. Lenzmann'! that it already exists in the physics literature. We learned from
Lenzmann that the half-wave map equation arises as the continuum version of the so-called integrable
spin Calogero—Moser systems, which in turn comes from the completely integrable quantum spin systems
called Haldane—Shastry systems.?> Recent work by Schikorra and Lenzmann [2017] completely classifies
the travelling wave solutions for this model in the critical case n = 1.

In the present note, our goal is to approach the issue of global solutions corresponding to small data,
attempting to parallel the developments in [Tataru 1998; Tao 2001a]. We will see that (1-1) can be
reformulated as a nonlinear wave-type equation of the schematic form

Ou = F(u)Vy xu-Vyxu, (1-3)

although this is an oversimplification as the true underlying wave equation displays nonlocal expressions.
It has been known now for a while, see [Sterbenz 2004], that (1’;3) admits global solutions corresponding
to initial data of small critical, i.e., scaling invariant, Besov Bzz’ norms, provided one restricts oneself
to spatial dimensions n > 6, and that passing to lower dimensions appears to require some sort of
null-structure. Here, we show that (1-1) does have enough of an intrinsic null-structure to allow for the
following.

Theorem 1.1. Letn > 5. Let
u[0] = (u(0,-),u(0,-)) = (uo,u1) : R" - $> x T'S?

. . 1 . .
be a smooth data pair with u1 = ug X (—A)2uyg, and such that ug is constant outside of a compact subset
. S . S
of R™ (this condition in particular ensures that (—A)2ug is well-defined). Also, assume the smallness
condition

400 /2.1, 211 < €.
where € < 1 is sufficiently small. Then problem (1-1) admits a global smooth solution.
To prove this theorem, we shall have to reformulate (1-1) as a wave equation, which we do next.

Remark 1.2. We note that the restriction n > 5 comes from the fact that we use the L? L%-Strichartz
estimate, which is not available in spatial dimension n = 4. However, it is quite likely that this can
be circumvented, and that the structures exhibited in this paper suffice to push the result to n = 4.
However, both the issue of passing to the critical space H?Z, as well as going to lower spatial dimensions
n < 3, appear nontrivial, as there are novel trilinear terms which no longer seem to have the same strong
null-structure as the leading term coming from the wave maps equation.

I'The name of half-wave map was suggested by Lenzmann.
2Lenzmann provided us with the references [Haldane 1988; Shastry 1988; Hikami and Wadati 1993; Blom and Langmann
1998] and we refer to his work for an account on the passage from the physics to the mathematical model.
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2. Passage to a wave equation
Departing from (1-1), we compute
Bfu = 0su X (—A)%u +u x (—A)% dru
— (U X (=) Zu) X (—A)Zu 4 u x (—A)2 (u x (—A)2u).

Then using the basic formula a x (b x ¢) = b(a-c) —c(a-b), a,b,c € R3, we rewrite the first term on
the right as

(U X (—A)2u) X (= A)2U = —u((—A)2u - (—A)2u) + (—A) 2uu - (—A) 2 ).
For the second term on the right above, introducing a commutator term, we write it in the form
u X (—A)%(u X (—A)%u) =ux (—A)%(u X (—A)%u) —u X UX(=A)u)+uxux(—=2~A)u)
=ux (—A)%(u X (—A)%u) —uXx uXx(=M)u)+u(u-(—L)u)+ Au.
Using the fact that v -u = 1, whence

u-Au-+Vu-Vu =0,
we arrive at the equation
(8% —MNu = —u((—A)%u . (—A)%u) + (—A)%u(u . (—A)%u) +u X (—A)%(u X (—A)%u)
—uXUx(=MNu)+u(Vu-Vu).

Carefully note that Vu here only involves the spatial derivatives. In order to make this appear closer to
the wave maps equation and introduce better null-structure, we have to also make the time derivatives
visible on the right-hand side, for which the first line on the right-hand side is pivotal. In fact, we get

(—u((=2) 2w (=A)2u) + (= A)2u - (—8)2u)) -u = —[u x (—8)2ul* = ~[d,ul?,
and so the equation becomes
(02 — A = u(Vu -V — dgu - dgu) + Ty, (—A)2u) (u - (—A)2u)
Fux (—A)Z (X (—A)2u) —u x (ux (—A), (2-1)

where I1, | denotes projection onto the orthogonal complement of u. Thus we see that formally the
nonlinearity involves the precise wave maps source term, as well as two error terms, which formally
behave like

uVu -Vu.

3. Technical preliminaries

Our main tools shall be the classical Strichartz estimates, combined with some X 5?-space technology.
Specifically, we let Py, k € Z, be standard Littlewood—Paley multipliers on R” (acting on the spatial vari-
ables), and furthermore, we denote by Q;, j € Z, multipliers which localise a space-time function F(z, x)
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to dyadic distance ~ 2/ from the light cone || = |£| on the Fourier side. Specifically, letting F(z.§)
denote the space time Fourier transform of F, while f(§) denotes the Fourier transform with respect to
the spatial variables, and letting y € C§°(R) be a smooth cutoff satisfying

Zx(zik) =1 forall x e Ry,

kez
we set

@ =1(5) 7@ 0 = (K Fety,

Using these ingredients one can then define the norms

L a _ I L |
lull rn/2.1/2.00 := S_UP22 Ve Qj“”L%x» I Fl gn/2—1.-1/2.1 := 22 Z|ve QjF”L%x-
Jjez ' jez |

In addition to these, we rely on the classical Strichartz norms, which are the mixed-type Lebesgue norms
I| - ||L§’L§’C’ % + % < %, p > 2, where we shall always restrict to n > 5. Call such pairs (p, g)
admissible.

We shall freely use the fact that Fourier localisers of the form Py Q; act in bounded fashion on spaces
of the form Lf LJZC, 1 < p <o0;seee.g., [Tao 2001b]. We can now define a norm controlling our solutions

as follows:

L+a-1)k
lells == sup 2(5+5-1) IVex Prrllpr g + 11V Pettll gnsa-1.1/2.00 = >l Peulls,
kez (P.q)admissible =
3-1
We also introduce

|Flln = Z ”PkF”LtlHn/Z—l+Xn/2—l,—l/2,l, (3-2)
kez

as well as the norms

el gra = I Pkl g

kez

Then the following inequality is by now completely standard; see e.g., [Krieger 2008; Tao 2001a;
Tataru 1998]:

Proposition 3.1. lulls < ||u[0]||Bg/z,1ng/2—1,1 + |Oul|n- (3-3)

Sketch of proof. The fact that

Lin 1)k
sup 2GRNV, Peullr g S S [P0 oo s + I Perl s o]
kez (p,q) admissible kez

is a direct consequence of the Strichartz estimates; see, e.g., [Shatah and Struwe 1998]. The fact that

IVex Prertll gnsa—v1/2.00 S IO Pkl 1 pnsa
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follows by localising the modulation and applying Holder’s inequality: setting k = 0, as we may by
scaling invariance,

24 Ve PoQjullz  ~2%(1+2)) [ 1(IED Qru(t.§)] 122
S (1+2D)[x (6D Qju. )] 121y S ITPoQjullLy 12

Furthermore, the fact that

Lyn 1)k
sup 2GR, POl g S IDPQjul gusai 1o (3-4)
(p,q) admissible

is a consequence of the fact that the function Py Q;u may be represented as a weighted average of free
waves, in conjunction with the standard Strichartz estimates: putting k = 0 as we may, write

PoOu(r. &) = x(|s|)x(|'f'_‘.'5”)a<r, £)

— x(£D Z/ ( )u<|s| T a.5)8(r — [£| —a) da

—X(l&l)Z/ :I:lta :tj:(f £)da.

+,+ .
Here each u; ™ is a free wave and we have

+.+ A
)N N e PR CEEED o
+.+ a~=+2J a

1
2 .
+,+ 1
lug = mL%da) <25 PoQyullyz -
+,+

~+2J

where we have used Plancherel’s theorem in the last step. This gives the case j < k in (3-4) as a direct
consequence of the Strichartz estimates, while the case j > k follows directly from Bernstein’s inequality.
The fact that

”vt,kau”Xn/Z—l,l/Z,oo < ||DPku||Xn/2—l,—l/2,l
is immediate. This concludes our sketch of the proof of the proposition. O

In order to deal with the nonlocal expressions such as (—A)%(u X (—A)%u), the following simple
lemma shall be useful:

Lemma 3.2. Consider the bilinear expression (where xy, (-) smoothly localises to the annulus |§| ~ 2k

Fo)wi= [ [ e ™ 0, 0@ 1 i) dé dy

where the multiplier m(€, ) is C° with respect to the coordinates on the support of i, (§) - xk,(n), and
satisfies the pointwise bounds

mE <y <l @V @RV mE )| <1 foralli, j.
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Thenif |-z, |- lly, || - lx are translation invariant norms with the property that

u-vlz < llulx vy,
then it follows that
|FQu )iz <y ) Prulix [Py vlly.
where the implied constant only depends on the size of finitely many derivatives of m.

Proof. This follows by Fourier expansion of the multiplier m (€, n): write

(21 moE12—k2 .
mE N Xk, E) k(D =Y Y ampe! @I mERTZPM),
mezZ" pez"
where we have

[@mims| < @75V | 42752 p )MV mE ) ke, @ 1] 0o
Saan [+ [pI7M",

while we also get the trivial bound |@; m,| < y. It follows that

Fauv)x= ) amp/Rn/Rn i1(§) 0 (n) ' @1 LT ) g g

m,peZ"
|m|+|17|<1’_1/("M) . 2—k1 2—k2
R JR?
m,pe7”
Im|+|p|=y =1/ M)
and so
-M 1—-L
Pz <l boly| X e X e S e ol
m,pe’” m,pez”
Im|+|p|<y=!/ M) |m|+|p|=y =/ (M)
Here the constant M may be chosen arbitrarily large (with implied constant depending on M). O

4. Multilinear estimates

Here we gather the multilinear estimates which allow us to obtain a solution for (2-1) by means of a
suitable iteration scheme:

Proposition 4.1. Assume that u takes values in S? and converges to p € S? at spatial infinity. Then using
the norms || - ||s, || - || v introduced in the previous section, we have the bounds

| P (V- Vi — - 9,0)] ||y < (1 + ||u||s)||u||s( > 2—"'k—k1'||Pklu||sk,). (4-1)
k€7
Furthermore, if i maps into a small neighbourhood of S* and ||it||s < 1, we have the similar bound

| Pe(Ma, (22w (~2)2w) |y < T] (1+||U||S)||“||S(Z2_U|k_kl|||Pk1“||Skl)» 4-2)

v=u,u kiez
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as well as
H Py (1'[,;L [u X (—A)%(u X (—A)%u) —u x (ux (—A)u)]) ”N
s JTa+ ||v||s>||u||s( > 2—°'k—k1'||Pk1u||skl). (4-3)

v=u,u ki€z

We also have corresponding difference estimates: assuming that ulh), j = 1,2, map into S?, while a()
map into a small neighbourhood of S?, then using the notation

Ay 2F(j) =M _ @

we have
H Ao Py [u(j)(vu(j) Vu —§,u). 3tu(j))] HN
< (14 max [u®5) (max IIM(j)IIS)( Y 2R P u D - Pku(”nskl)
/ / kiez
(1 max 1) (10 —u@s) (max - 2B H N P, ). @

k€7

and similarly

[ P2 (Mon (=2)2u) - (=2)2u) |

< max 1+ o)) u s p—olk—kil Py u(l)—Pk u® S
¢ 1 2 kq

v:u(j),ﬁ(j) ki€z

+max [ (+[vfs)lu —u<2)||s(max > 2“’"“’“'||Pk1u<“||skl)

v=u), () ! kiez

+max(1 + [u | 5) a® — ~<2>||s(max > 2“’"‘"‘“||Pklu‘f>||skl)- (4-5)
J ki€ez
The analogous difference estimate for (4-3) is similar. In fact, in all these estimates the choice 0 = 1
works.

Proof. We shall only deal in detail with the case n = 5, since the case n > 6 is simpler due to the better
decay with respect to large frequencies. Also, we note that then the desired estimates follow for a slightly
different functional framework from [Sterbenz 2004]. We observe that the proof of (4-1) is really quite
standard and follows for example from [Tataru 1998]. For completeness’s sake, we include a simple
version here.

Before giving the proof, we note that the X5-?-type components of our spaces are only used to prove
(4-1), and not (4-2), (4-3). The key fact behind the proof of (4-1) is the identity

2{us - vy — Vyxu - Vyv] = O(uv) — Ouv —ulv;

see for example [Krieger 2008] for further discussion and earlier references.
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On the other hand, the estimates (4-2), (4-3) only use Strichartz norms; there the idea is to move a
derivative from a high- to a low-frequency factor, using algebraic relations such as

ax(bxc)=ba-c)—c(a-b), a,b,ceR

Proof of (4-1) To achieve it, we localise the second and third factors to frequencies ~ 2k1 , 2k2, respectively,
and we shall restrict the output logarithmic frequency k to size 0. This is possible on account of the
scaling invariance of the estimate. We shall obtain exponential gains in terms of these frequencies in
certain cases, and summation over all allowed frequencies will result in the desired bound (4-1).

(1) High-high interactions max{k, ko} > 10. This is schematically written as
Py [u vl‘,xukl vt,xukzl'

Then if k1 = ko + O(1), we estimate this by

_3k
| Polu vt,x“klvt,xukz]HLtngc S IVexur, g2 IVexui,llp2pe $2720 H Ik sy, -
Jj=12
If k5 > k1 + 10, say then we estimate it by
| Polut Vi xuag, Vz,xukz]HL;L)zc = | Pol Pyt 0yt Vixt, Vt,xukz]HLtlLJZC
< ||Pk2+0(1)””L%L§‘( ||Vt,x”k2||L%L§1C ||Vt,xuk1 ||L§>OL)2€+L§>,OX
—3k
5 272 2||uk2||Sk2 ||uk2+0(1)||5k2+0(1) ||uk1 ”Skl .

The case k1 > k» + 10 is of course the same. Summation over the suitable ranges of k1, k, implies (4-1)

in this case with o = %

(2) High-low interactions max{ky,k2} < —10. Here one places V¢ xug,, j = 1,2, into L2L% and
u = Poqyu into L°L2.

(3) Low-high interactions max{ky, k,} € [—10, 10]. This is the most delicate case. We may assume that
k1 < ko — 10, since else we argue as in (1). Thus k, € [—10, 10]. Note that then

H Po[uzkl—lo Vt,xukl vt,x“kz]”LtlL)ZC < ””Zk1—10”L%L§° ||Vt,x“k1 ||L%L;O ||vt,xuk2||L<t>0L§
< Nl Thagy s, gy s,

which can be summed over k1 < ko — 10. One similarly estimates

PO[szl—IO u<k1—lovt,xuk1 Vt,xukz]-
We have now reduced to estimating

Po[Q <k —10 U<k;—10 Oatk, 0%Ug,].
Here note that
” PO[Q<k1—10 U<fi1—-10 a(xulﬂ 0* Q>k1—10 ukz] ”LZIL%C S ”aotukl ”L%LS’CO ”8a Q>k1—10 Uk, ”L%x

S Mgy s, ks N, -
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again summable over k1 < k; — 10. Also, we get

| Po[ QO <y =10 U<k —10 0 O 5y + 10Uk, 0% O <ky—10 Uks | ngfl,f%,l

_J
S Y 2770 Vi u, 22700 10%Q<key—10 Uk oo p2 < Mtk s, Nty I, -
j>k1+10

and hence it is summable over k1 < k» — 10. Finally, we expand the expression out using its null-structure:
2Po[Q <k;—10 U <k;—10 0 @ <k;+10 Uk; 0% Q <k;—10 Uk,)

= Po| O <ky—10 U<ic;—10 O(Q <k +10 Uk; O <ky—10 Uks) ]

— Po[Q <key—10 U<k;—10 DO <k; +10 Uk, Q <ki—10 Uk, |
— Po[ Q<10 U<k —10 Q<ky+10 Uk, DO <ky—10 Uk, |-
Then we bound each of these:
Po[Q<ki—10 U<i;—10 (O <y +10 Uk, O <key—10 Uks) ]
=0OPo[Q<ky—10 U<k;—10(Q <k +10 Uk; Q<ky—10 Uks)]
— Po[Vix O <ky—10U<icy—10 Vi,x (O <key +10 Uiy Q<ky—10 Uk>) ]

— Po[ V7 Q<y—10 U<ki—10(Q <ky +10 Uk, Q<ky—10Uk,)]-

The last two terms on the right can be easily placed into L} L2 using the L? L$° norm for the low-frequency

factors, while for the first term on the right, we get

n_q_1
x3-1-351

< Z 2éHPOQ/‘[Q<k]—1oM<k1—10(Q<k1+10uk1 Q<k1—10uk2)]”Lgx
j<ki420 '

10 Po[ O <ky—10 t<kc;—10(Q <ky+10 Uiy Q<ki—10 Uk,)]|

k1
S22 1Q<ky+10 Uk 200 1Q<ky—10 Uiy oo 2

< gy sy, s s, -
Further, we get

| Po[ @ <y —10 U <kc;—10 OO <k +10 U, Q<ky—10 Uk, | ”L}L}c

SO0 <ki+10 Uk llz2p4 1@ <ki—10 Uk, ll 214

k1
<24 ug, s, ks I, -
To close things, we also get

| Po[ @ <ty —10 U<k =10 O <ky+10 Uk, DO <k, —10 Mkz]”L}L%
< || Q<k1+10 Uk, ”L%L%’ ”DQ<k1—10 Uk, ||L%,x

S ey sy, N, Il
1 2

and the desired bound follows again by summing over k1 < k, — 10.
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Proof of (4-2) Here we shall be able to get by only using Strichartz-type norms, by taking advantage of
the condition u - u = 1. Using the standard Littlewood—Paley trichotomy, we have

O=u-u—p-p= Z ukluk2+22ukl-u<kl_10. (4-6)
|k1—k2|<10 ki
This implies
1 1
0= D (=A)2(ug,uky) +2 ) (=) (ug, U<k —10)- (4-7)
|k1—k2|<10 k1

Here the first term is better, since the outer derivative falls on the low-frequency output. We shall use this
to replace the second term on the right by the first. Write

Mg, (82w (—2)2u) = Y Mg, (—A)2u) (g, - (—A)2uy,)

lk1—k2]|<10
+ ) Mg, ((—8)2u) (g, - (— D) 2u <k, —10)
k1
+3 i, (C8)2W) (ko107 (—D)2uy).  (4-8)
ko

Then for the first term on the right we infer

‘P0|: )3 HaL((—A)iuxukl-<—A)5uk2)}

lk1—k2|<10

172
tLJC

1 1
S Y P22 Ma, (~8)20) | ooz Itk 20 1= 2) iy 200

|k1—k2|<10
k1<—20
1 1
+ Z ”Hﬁi ((_A)zu)||L}>°L§+L‘,>°x ||uk1 ”L%Li ||(_A)2uk2||L%L§-
|k1—k2|<10
k1>-20

Then using a further elementary frequency decomposition it is easy to see (see the Appendix) that

1 — ~
| Prso,201(Ma, ((=2)2) | oo 2 < Y 27 [ Prgulls,, (1 + Nl s),

ksez
1 — ~
|(Ma, (A)2uDl 24200 S D 27 Prgulls,, (1 + lllls).
kzez

and so we obtain that

1 1
Z ” P[—20,2O](Hﬁi ((—A)Zu))”L?oL% ||uk1 ”L%L;’f ||(_A)2”k2||L%L§°

|k1—k2|<10
ko—kj _ -
s Y 27 ] ||Pk,u||sk,.(§:2 "‘3'||Pk3u||sk3<1+||u||s))

k1<—20
lk1—k2|<10 Jj=12 kzez
k1<—20

< (X 2 *lpuls,, ) 30+ lls),

kzez
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as well as

1 1
> | Ma (—2)7u)| roerzqree, Ik lp2ps 1(=28)2uk, 21

|k11€—k2|510
1=—20
—3k —Jk N
5( Yo 27 fugy sy, ||uk2||Sk2) > 27l Pyulls,, (1+ Ilills)
|k1—k2|<10 kzez
k1>—20
—lk 2 ~
S (Z 2 3||Pk3u||sk3) Il (1 + ).
kzez

This concludes the required bound for the first term on the right-hand side of (4-8).
Now we pass to the second term. We write it as a sum of three terms:

3 i, (—A)2u) (g, - (—8)2ucg,—10) = Y M, ((—2)2u)(ug, - (=A) 3, —10)

k1 k1>5
1 1
+ Y Mg, (A)2u)(ug, - (D) 2u g, —10)
ki1€[-5,5]
1 1
+ Y Mg, (—A)2u) (g, - (D)2 g, —10).
ki1<—5
Then we get
1 1
‘ PO( Z Hﬁi((_A)2u)(uk] . (_A)2u<k1—10))
k1>5 L}L)ZC

1 1
S Z HP[kl—s,k1+5](nﬁ4((_A)2”))HL?OL)% |u, ”L%L}’O ||(_A)2”<k1—10||L%L§°
k1>5

_3k ~
s > Y2l Pguls, A+ llls) g, sy, T llsy,
k1>5,ko<k1—10 k3

_3 1
< (S 273kl pulis, ) (1 lills) 2.
3

k3
Similarly, for the term of intermediate k1, we have

‘P0|: )3 HaL«—A)iu)(ukl-(—A)%u<kl_w)”

k1€[-5,5]

LIL?

1 1
< ) [ P<roMa, ()2 L2 g0 g llsy, I(=2)2u <k, —10ll 2 00
k1€[-5,5]
and one closes by observing (see the Appendix for the first bound) that

1 . 1
| P<10Tla, (=2)20) | 1200 < (litlls + D lulls. [(=2)2u<k,—10ll 250 S Ilulls.

Finally, for the range of low k1 < —5, we place both uj, and (—A)%u<k1_10 into L%Lg" and observe
that

1
et 2 (=8 2wt —roll 2 < Mty s, Nl
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Then we close by using that

Po 3 a0 g, - (-0) by -10)
k

1<—5

1 1
= Po( Z P32 (T, ((=A)2u)) (ug, '(—A)2u<k1—10))»
ki1<-5
as well as

1 - _3
| Pra 2 (M, (—2)2u) | ooz S (1+ ||u||s>(22 2'k3'||Pk3u||sk3)-
k3
This concludes the required bound for the second term on the right in (4-8).

Finally, the third term in (4-8) is the most delicate, as the derivative (—A)% lands on the higher-
frequency term uy,. To deal with it, we note, using Lemma 3.2, that the difference

1 1 1 1
D T, (82w (10 (=A)21p,) = > T, (—2)2u)(—A)2 (U iy —10 - Uke,)
k2 k2
can be estimated like the second term on the right in (4-8), and hence it suffices to bound
1 1 1 1 1
D M, (8)2u)(=L)2 (a0 i) =— Y 5T, (A)2u)(=A)2 (ug, - ug,).
k> lk3—k4]|<10

where we have used (4-6). This term is again straightforward to estimate: we have

Pl X A o )

k3—ka|<10 LjL%
k3<—20 1 1
< Z | P=10,10 (M, (—2)2u)] ”L;”L)% (=2)2 (s - urey) g1 oo
lk3—k4|<10
k3<—20

and we close for the case k3 < —20 by observing that

1 k 2
> I(=2)2 (g, Ukl pipee S > 2 oursllipzpoolurallz2pee < llulls,
lk3—k4|<10 lk3—k4|<10
k3<—20 k3<—20

as well as

1 ~ _3
| Pito,100Ma, (=2)20)] oo 2 < (L4 llills) D 27250 Pulls,,
k3

On the other hand, if k3 > —20, we place both ug, , into L?L%. We omit the simple details. This finally
concludes the bound of estimate (4-2).

Proof of (4-3) We commence by observing that we may in fact get rid of the outer operator IT; ., since
one easily checks that

I1PolMg Flllz1p2 < (4 llalls) D 27 ¥t Py, Fll 1 o
k1
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Then assuming that we have proved the bound

—olk1—k
| Pey Fllr ggnos S D 277172 Pyulls,,
k>
for some o > 1, we then infer the bound
- —|k
| PolMae Flll 1 z2 < (14 lllls) S 27 Pyl
k>

Next, localising the last two factors to dyadic frequencies, and the output to frequency ~ 1 as we may,
we arrive at the expression

1 1
Polu x (=2A)2 (uje, X (—A)2up,) —u x (ug, X (—D)ug,)].
Then we first dispose of the easy cases:
Both frequencies large: max{ky,k,} > 10. If k1 = ko + O(1), we simply place both high-frequency
factors into L? L%, resulting in
1 1
| Pofu > (—2)2 (uje, X (—A)2up,) —u X (ug, X (—A)ug,)] HL;Lg 2% 1 Pryullp2ps lursllz2pa

s
< 2Zki=(1+3)k 1_[ g, ”Skj ,

j=1,2
whence we have

1 1
Z PO[M X (_A)z (ukl X (_A)zukz) —ux (ukl X (_A)ukz)]‘
k1=k,4+0(1)>10

LIL?

_3k 3k
s > 22BN dugllsy, 5(22 2| 1'||Pk1u||skl)||u||s.
k1

k1=k2+0(1)>10 j=12

On the other hand, if k» > k1, we use
1 1
Po[u x (=2)2 (e, x (—=28)2ug,) —u x (ug, X (=A)ug,)]
1 1
= Po[ Py 01y X (=2)2 (ug; X (—A)2up,) — Py oyt X (g, X (—D)ug,)].
Then place the first and third factors into L?L#% and the middle factor into L L2 + L. The case
ko < kq is similar.

Both frequencies small: max{ky, k,} < —10. Here we observe that Lemma 3.2 allows us to place one
derivative (—A)% onto the factor uy , even if k1 < ko —10. Thus we reduce to bounding the schematic
expression

Po[Pi—5 51u Vg, Vxiig,],
which is straightforward since we can place the second and third factors into L?L3°. We omit the simple
details.

One frequency intermediate, the other small: max{k, k,} € [—10, 10]. This case is a bit more difficult,
and we shall exploit the geometric structure of the expression. We split this further into two cases:
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(1) k1 € [-10, 10], k2 < 10. Here the difference structure inherent in the term is not helpful. In fact, we
can immediately estimate

” Polu x (ukl X (_A)ukz)]”L}L% < ||”k1 ”L%Lﬁ‘c ||(_A)uk2||L%L;‘C

K
S 279 Nlug, sy Ntk Nl sy, -

and here of course we can sum over k < 10 to infer the desired bound. Next, using Lemma 3.2 allows
us to replace the term

Polu x (—=A)3 (g, x (—A)2u,)]
by
Polu x (—2)2uy, x (—A)2u,)]

up to a term which is estimated like Po[u X (ug, X (—A)uy,)]. Before exploiting the algebraic structure
of the term above, we reduce the first factor u to frequency < 2¥2719 which we can on account of

1 1
| Pofusso—10 X ((=2)2ug, x (=2)2ui)]| 1112
1 1
S sy —10ll L2150 1(=2)220g, oo p2 1(=2)22gy [l 2 00

S Mgy sy, ks llise, s
1 2

Summing over k» < 10 and recalling that k1 € [—10, 10] leads to the desired bound.
Consider now the expression

1 1
PO[u<k2—10 X ((—A)2ukl X (_A)zukz)]'
Write this as
1 1
Po[t<iy—10 X (—A)2uj, x (—A)2ug,)]
1 1 1 1
= Po[(—2)2up, (Uaiy—10- (—2)2upy) — (D)2 Uy (Ufer—10 - (—2)2ug,)].

In order to estimate this, we use a frequency-localised version of (4-6). Specifically, we have

0=2ug uck—r0+ D Prlug, ury) +27%L(ug. Vari k—10). (4-9)
ki=k2+0(1)

where L is a bilinear operator of the form used in Lemma 3.2 with a bounded kernel m (&, n). We conclude
the schematic relation

1 1
(=) 2 ucg10=—5(=2)2 > Prlug, -ug,) + L, Vet x—10)-
k1=k2+0(Q)

It follows that we can write
1 1
PO [(_A) 2 Uk, (u<k2—10 : (_A) 2 ukz)]

1 1 1
= _%PO |:(_A)2uk1 Z (—A)2 sz(uk3 . uk4)j| + PO[(—A)ZMle(MkZ, qu<k2—10)]v
ka=ks+0(Q)
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and here we have (keeping in mind that k; € [—10, 10])

Po[(—A)%ukl 3 (—A)isz(uh-uku]

ks=ka+0(1) LiL%
k 1
S 2% Z [(—=2)2u, ”L;’OL% ||“k3||L%L§° ||“k4||L%L§°
kz=ks+0(1)>k>
1 ko—k
SN(=2)2up llpeor2 > 2527 utges Ml sy Moty sy, -

k3=ka+0(1)=k>

and here we can sum over k> < 10 to arrive at an upper bound of < [Jug, ||Sk1 lu ||§, as desired. We also
have the simple bound

1 1
| Po[(—2A)2ug, L(ugy, Vit <ky—10)] “L;L)% S I(=2)2up lIpeor2 ks llz2 o0 Vatt<kr—10ll L2700
1
< I=8) 2k, o2 Ny s, uls.
and summing over k» < 10, we arrive again at the bound
2
< g, s, Tuel3-
This concludes the case (i).
(ii) ko € [-10, 10], k1 < 10. Proceeding in analogy to case (i), we immediately reduce to the expression
1 1
PO[u<k1—10 X (—A)Z (ukl X (_A)Zukz) —U<k1-10 X (Mkl X (_A)Mkz)]
Here we first note that on account of Lemma 3.2 we have
1 1 1 1
H PO[M<k1—lO X (—A)Z (Mkl X (_A)zukz) - (_A)2 (M<k1_10 X (ukl X (_A)zukz))] HL}L)%
1 1
< ||(—A)2“<k1—10||L§L§° ||“k1 ”L?L;’f’ ||(_A)2”k2 ||L<;OL§

S llulls Nk, s, Nk, sy, -

Then summation over k1 < 10 gives the required bound.
Next, we expand out

Po[(—2)2 (<ty—10 X (uey X (—2)2ug,)) = <ty —10 X (g, X (= D)utg,)]
= PO(_A)%(“kl(“<k1—10 . (_A)%ukz) - (_A)%“kz(“<k1—10 “Ug,))
— Po(uge, (U<t —10 - (—Dtjy) — (= Ay (U< —10 - U, ). (4-10)
Then pairing up these last four terms suitably, we have
Po(=2) (g, (< —10 - (—2)uk;)) = Po(utk, (4 <ty 10+ (= A)uig,))
= Po(— 1) (g, (=) 2 <y —10 k) = Po e, (— )1t <, 10 k) + ek, LVt ey ~10. 2,
= L((—2)2ug,, (~A)3 (ucg, 10~ Uky)) + gy L(Vxtl <k, —10. Ug).
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The last term is straightforward since
“”le(qu<k1—10»“kz)”LtlL§ < llug, ”L%L?CO ||Vx“<k1—10||L%L§° ”ukz”L‘;oL)%
< ulls Nk, sy, ek s,
and we can sum over k1 < 10. Further, we see that
1 1 1 1
L((~2) 21k, (= 8)2 (k10 Uk)) = L((—2) 21k, (—8)2 (cky—10  Ug)) +error,

where the term error here is estimated exactly like the previous term. But then taking advantage of (4-9),
we find

L((—=8)Zug,, (D)3 (<10 - U,))

1 3 3
=2 Y LMk A P i)
k3=k4+0O k
3=ka+0(1)>k2 +27R2 L ((— ) Zugy . (~ )2 LVt <y 10: k).

Then we have

Y LM e o) Pt )

k3=k4+0(1)>k>2 L;L%
k 1
< Z 22|(=A) 2 ug, ”L%Lf\?’ ||“k3||L%L§° ||“k4||L§>OL)ZC~
k3=kq+0(1)>k>
The preceding sum can be further bounded by
k k1—k3 —3k
< Yoo 2227 2 g s s s ek Dsy,

k3=kq+0(1)>k>
< (Z 2kl g s, ||u||s)||uk1 I, -
ki
This can be summed over k1 < 10 to yield the desired kind of bound.

Finally, we have the simpler bound

HZ_kZL((—A)%“kl , (—A)%L(qu<k2—10v U,)) ”L}L%

1
< ||(—A)2uk1 ”L%L;’f’ ||Vx“<k2—10||L%L§° ”ukz”L?oL%’

which after summation over k1 < 10 is again bounded by < ||u ||§ |k, | Sk,
Returning to (4-10), it remains to bound the difference

Po(—2)2 [(—A) 2ty (U iy —10 - Uk, )] — Po[(— D)y iy —10 - 1,)]

1 1
= _L((_A)zukza Z (—A)ZPkl (Mk3 Mk4))
ki=ks+0(1)>k; . .
+ L((_A)jukza (_A)jz_kl L(qu<k1—10a uk] ))
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Then the first term is bounded by

%L((_A)iukz’ Z (_A)%Pkl(uk3 ‘Mk4))

k3=kqs+0(1)>k;

L%
k 1
<2 Y 2 uk e ks iz Tkl 2
k3=kq+0(1)>k;

k1—k
Shuls, S 2975 g, e, Tk,
k3=kq+0(1)>k;

This expression can be summed over k; to give the desired bound. Similarly, we get
1 1 _
HL((_A)Z Uky, (—L)22 le(vxu<k1—10a ukl)) ”L}L%
1
< ”(_A)ZukZHLZOOL)Z( ||Vx”<k1—10||L%L§° ”“kl ”L%Lgo
< iy sy ey llsi, Nells
and summation over k1 < 10 yields the desired bound. This concludes case (ii), and thereby of (4-3).

The estimates (4-4), (4-5) are proved similarly, after passing to the differences. One only needs to make
sure to reformulate the terms as in the preceding using (4-6), (4-9), before passing to the differences. [

5. The iteration scheme

Here we solve (2-1). Specifically, we prove the following.

Theorem 5.1. Let n > 5. Let u[0] = (u,u;) : R" — S? x TS? be a smooth data pair with u -u; = 0
pointwise, and such that u is constant outside of a compact subset of R"™. Also, assume the smallness
condition

||u[o]||B§/2~1ng/2—1~1 <€,
where € < 1 is sufficiently small. Then problem (2-1) admits a global smooth solution with these data.

Proof. We do this by means of a suitable iteration scheme: first, let u® = p, where p € S? is the limit
of the initial data u|,—¢ at spatial infinity. Then let u!) be the wave map into S2 with the given data
(which is possible since u;(0, -) - u(0,-) = 0 from our assumption), thus solving

(02 — Au® =y O VuD . vu® 9,5, . 5,0 W),

It is given by u) = p + D kez u,(cl), and its existence follows via simple iteration from (4-1) and the
corresponding difference estimate. Then we define the higher iterates ul, j =2, via the following
iterative scheme:

(07 — Ay
=uDvu . vy —5,u . 5,u))
+ I ((=2) 20U ™) V™D (- 2) 200 70)
€1
+ 0,0 [uY ™ x (=0)2 @Y™V x (=2)2u0 D) — U= 5 @U=D x (=AY =D)]. (5-1)
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This equation defines u/) implicitly, and so to actually compute it, we have to run a subiteration
(3%_ A)u(j’i)
11,000 (=4)2uY ™) @™ (-2) 2007
s
+T G [u(j—l) % (—A)% (u(j_l) % (_A)%u(j—l))_u(j—l) x (u(j—l) x (—A)u(j_l))] (5-2)
1
for i > 1, while u "9 is the free wave evolution of the data u [0]. Then we again have u (i) = P+ ok u](cj ’i),
and in particular each u1) is close to 2 with respect to the L.°° norm, while convergence with respect to
|| -|ls follows from Proposition 4.1. We also get higher regularity of each 1/} and u(/) by differentiating

the equation.
Our choice of iterative scheme (5-1) implies

D(u(J) —1) = (u(f) _ 1)(Vu(J) vul) — 3tu(1) .3tu(j))’

as well as () -u) — 1)[0] = (0, 0), which inductively gives that u/) maps into S2 for all ;. Finally,
convergence of the u/) with respect to || - || s follows again via Proposition 4.1. Differentiating (5-1) then
also gives higher regularity of the limit function u. The latter is then easily seen to solve (2-1). For later
purposes, we also note that Proposition 4.1 in conjunction with the assumptions that (u — p)|;=0 € C§°

and utlt =o=ux(— A) |t=0 imply that we have improved control over low frequencies: u(z,-) €
HZ™ 2, u(t, )eHz 3 for all 7. O

6. Proof of Theorem 1.1

It remains to show that the solution u(¢, x) obtained in Theorem 5.1 actually solves (1-1). For this
introduce the quantity
X:=u;—ux (—A)%u,

as well as the energy type functional

E@): ——/ (=253 X(1, )] dx.

3

Note that we have V; xu € H272 as observed previously, and hence E (¢) is well defined and also
continuously differentiable (on account of the higher-regularity properties of u). Retracing the steps that
led to the final wave equation (2-1), we deduce

9 X = —X X (=A)2u—ux (—A)2X —u(X - (u x (—A)2u +uy)),
and so we deduce

LEO = [ o X x Cautux o)) (Ca)iixdx
Rn

- /R (=) E 73 (u(X - (u x (=A)Tu +uy))) - (—A) 573X d.
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Then we note that?
n_3 1 1 n_1
I(=2)373 (X x (—2)2u+ux(—A)2X) —ux (—A)4 74X |,
X
n_3 1 n_1
SIE2)T X 2 [(E2)2ullpge + 11X p2nss [(=A) 474 ull 2n/m-3
n_3 1 n_3
F =273l 2o [(=2)2 X || 205 Su [(=D)373 X2,
X X X

on account of Sobolev’s embedding and higher regularity of u, and further, we observe that
| ux (—2)474X) - (~A) i X dx
= | COax a0 TR dx o+ O(I-0) 8 X T, [ Vaule)
= O(I(=)3 73X |12, || Vxu ).
Similarly, we infer
‘ [ 0¥ @x Caphuru) - ()X x| 5 o)X,

But then the preceding implies that
d ~ ~
—FE@) < E(t
SEm = caEw)

and furthermore £ (0) = 0, which implies E (t) = 0 throughout. It follows that X = 0 identically, which
completes the proof of Theorem 1.1.

Appendix
Here we prove some bounds related to the projection operator Il used in the proof of Proposition 4.1.

Lemma A.1. Assume that ii : R°T1 — S2 maps into a small neighbourhood of S? with ||it||s < 1. Then
for any a € Z we have the bounds

1 — ~
| Pldar(Ma, (=2)20) ] ooz Sa D 27" Prgulls, (1+ [l s). (A-1)
kzez
1 — ~

[ (M (22 [ o200 < D0 27 Pigulls,, (14 Nllls). (A-2)
kzez
1 ~

| P<aTli, ()2 12 00 Za (liills + Dllulls. (A-3)

Proof of (A-1). Note that we can write
Mg, (—A)2u) = (~A)2u— F(i) - (—A)3u

3Here 2n/(n — 5) gets replaced by oo if n = 5.
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for a suitable C* function F : R3 — R3, which in addition to all its derivatives is bounded. Then since

| Praa(=8)2u] o2 Sa 3 270N Pyulls,,
kz€z

it suffices to consider H Pl_q,q1 [F (u) - (—A)%u] H ooy 2+ To deal with this expression, observe first that
t X
- _ - - 57~
| PrF@)l| ooz <27 | Pr[ Pat—ao(VEVF' @] oo 12 + 272 ] 2
_ - - - 57~
<27 | P1[ P<1—20(Vil) P<j—po(Vit) F" (i1) ] ”L}X’L% +272! 21 gns2
_ - - - - 57~
<273 Py [ Poy—a0(Vil) P20 (Vi) P<j—p0(Vil) F" (i) ] HL‘,X’L)% + 272 [ii] s
and we can estimate the last term by
-3l ~ ~ ~\ I
273 Py [ P<i—20(Vil) P<j—20(Vit) P<j—p0(Vii) F"" (1) ] HL?OL)ZC

—31~n3 —3] .~
<272 lullg <272 ulls,

31 NTE
S2 7 Par—20(Vil oo p6 <

whence in summary ”P]F(ﬁ)”LtooL)Zc < 273! |lZZ]|s. To conclude, we estimate
H P[—aﬂ][F(ﬁ)‘(_A)%“]HL;’OL%C = || Plea,a[ P<—a—10[F (@)] - (—A)%”]”L?"Li
+ | Prea.a)[ Pra—10,a4 10 [F ()] - (—A)%M] HL?"L%

+ | Pa,al[ P>a+10[F ()] - (—A)%M]HL;»L%,
and we have

HP[—a,a][P<—a—10[F(7:‘)]'(_A)%u]”L?OL}C < ||P[—a—20,a+20](_A)%uHL?oLi
Sll Z 2_‘k3| ||Pk3u||Sk3 )
kizez

1Pt-a.a) Pi-a-10.0410)[F GDH=2) 2] ooy 2 S |Piam10.0410)[F D] ooy 2 | Pat10(=2)2u] oo

~ —k
Salliills Y 27N Puls,,.
kz€z

where we have used the preceding bound for P; F (i) to control “ P_q—10,a+10)[F (11)] H ooy 2- Finally,
t X

we get
HP[_a,a][P>a+10[F(ﬁ)]'(—A)%”]”LfoL% = Z HP[—a,a][Pkl [F(f‘)]'sz(_A)%”]”L?L%
k1=kx+0(1)>a+10
<a > 1Py [F @)l oo 2 1| Py (—A)%ulngoLgc

k1=k,+0(1)>a+10
~ —k
Sallitls Y 27N Peyulls,,
kzez

where we have used Bernstein’s and Holder’s inequalities as well as the preceding bound for P; F(z). O
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Proof of (A-2). This is similar to the preceding bound; one places

Po[(Ty, (—A)2u))]

into LS, and

Pso[(Tly, (=) )]
into L}X’L)ZC. g

Proof of (A-3). We use the preceding bounds, and reduce to bounding ” P, (F (ﬁ)(—A)%u
Then

| P<a(F(@)(=2)71)] 2,

< P<a(F(ﬁ)P<a+1o(—A)%“)”Lnggo +| P<a(F(ﬁ)Pza+10(_A)%u)HL?L;’CO

) HL%L;@ :

and we can bound

| P<a(F) P<asio(=2)21) | 2100 S D IPL(=2)2u] 2 00

k<a+10
k
S > 27| Peulls; Sa llulls.
k<a+10
as well as ) . i .
| P<a(F () Psat10(=2)2u) | 12 00 S Yo P<alPr FG) Py (—2)20) | 20
k1=k>+0(1)=>a+10
5 - 1
<23¢ > | Prey FG)ll o0 12 1| Paey (= 2)20 ] 2 o0
k1=k>+0(1)=a+10
5 _5 - k1
<23 > 2739 || s - 27 || Pryull sy,
k1=k>+0(1)=a+10
Za llills llulls. O
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THE SEMIGROUP GENERATED BY THE DIRICHLET LAPLACIAN
OF FRACTIONAL ORDER

TSUKASA IWABUCHI

In the whole space R, linear estimates for heat semigroup in Besov spaces are well established, which
are estimates of L?—L4 type, with maximal regularity, etc. This paper is concerned with such estimates
for the semigroup generated by the Dirichlet Laplacian of fractional order in terms of the Besov spaces on
an arbitrary open set of R%.

1. Introduction

Let Q be an arbitrary open set of R? with d > 1. We consider the Dirichlet Laplacian 4 on L2(2),

82
A:—A:—Zax—z,
J

. . J=1
with the domain

D(A):={f € H}(Q): Af € L*(Q)}.
We consider the fractional Laplacian and the semigroup

o S o a/2 oo Aa/2
A2 :/ A2 dE4(d), e =/ e T dEA(L), > 0.
—0o0

—0o0

Here, @ > 0 and { E4 (1)}, cr denotes the spectral resolution of identity, which is determined uniquely
for the self-adjoint operator A by the spectral theorem. The motivation of the study of the fractional
Laplacian comes from the study of fluid mechanics, stochastic processes, finance etc.; see for instance
[Applebaum 2009; Bertoin 1996; Chen et al. 2010; Vlahos et al. 2008]. We also refer to [Di Nezza et al.
2012; Vazquez 2012; 2014], where one can find some results on fundamental properties of fractional
Sobolev spaces and applications to partial differential equations.

In the paper [Iwabuchi et al. 2016a], based on spectral theory for the Dirichlet Laplacian 4 on L?(R2),
a kind of L? theory was established and the Besov spaces on an open set 2 were introduced, where
regularity of functions is measured by A. The purpose of this paper is to develop linear estimates for the
semigroup generated by the Dirichlet Laplacian of fractional order in the homogeneous Besov spaces
B;,q (A), namely, the estimate of L?—L4 type, smoothing effects, continuity in time of the semigroup,
equivalent norms with the semigroup and maximal regularity estimates. Such estimates with the heat
semigroup in the case when 2 = R4 are well established; see [Bahouri et al. 2011; Chemin 2004; Danchin
2005; 2007; Danchin and Mucha 2009; Hieber and Priiss 1997; Kozono et al. 2003; Lemarié-Rieusset

MSC2010: primary 35R11; secondary 35K08.
Keywords: semigroup, Dirichlet Laplacian, Besov spaces.
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2002; Ogawa and Shimizu 2010; 2016; Peetre 1976]. In this paper we consider open sets of R? and the
semigroup generated by the fractional Laplacian with the Dirichlet boundary condition.

Let us recall the definitions of spaces of test functions and tempered distributions and the Besov spaces
associated with the Dirichlet Laplacian; see [Iwabuchi et al. 2016a]. We take ¢o(-) € C5°(R) to be a
nonnegative function on R such that

suppgo C{A€R:271 <A <2}, > ¢o2 /A =1 ford>0, (1-1)
Jj€Z
and {¢; }jc7 is defined by letting

$;(A):=po(27/ 1) for X eR. (1-2)
Definition. (i) (linear topological spaces Xo(£2) and X(R2)) Xo(L2) is defined by letting
Xo(Q):=1{f e LY Q) NDA): AMf € L'(Q) N D(A) forall M €N},
equipped with the family of seminorms {po, s (-)}57_, given by

pom(f) =Sl +$u§ 2M Hd’j(ﬂ)fuu(m'
je

(ii) (linear topological spaces Zo(2) and Z(£2)) Zo(S2) is defined by letting
Z0(R) = {f € Xo(RQ) : sup 2M|J'||\¢,~(«/Z)f|}wm < oo forall M € N},
J=0

equipped with the family of seminorms {go, a(-)}37_, given by

qgo.m (/) =/l +$01£2M|j|H‘f’j(\/z)fHLl(sz)'
je

Definition. For s e Rand 1 < p,q < o0, B;’q (A) is defined by letting

B3y (A):= 1 € 2025 1 f 35, cay < 0}
where

||f||B;,,q(A) = H{2Sj H‘ﬁj(\/z)f“m(sz)}jez ”eq(z)-

Let us mention the basic properties of Xy (£2), Z¢(£2), their duals, and B;, 4(A) and explain the operators

g (v/A) and the Laplacian of fractional order.
Proposition [Iwabuchi et al. 2016a]. Let s, € Rand 1 < p,q,r < oco. Then the following hold:

(i) Xo(2) and Z¢(2) are Fréchet spaces and enjoy Xo(Q2) — LP(Q) — Xj(Q) and Z¢(R2) —

LP(Q) — Z(Q).

(ii) B;’q (A) is a Banach space and enjoys Zy(2) — B;’q (A) = Z((R2).

1 1 _ 1 1 _ 5s . H—s
(ii) If p,q < oo and sty =gt = 1, the dual space of By, ,(A) is Bp,’q,(A).

cs+d(1-1 .
(v) If r < p. then B, G ”)(A) is embedded to B, ,(A).

(V) Forany f € B;;“(A), we have A%f € B;,q(A).
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It should be noted that ¢, (v/A) and A are defined in L2(£) initially and by the argument in [Iwabuchi
et al. 2016a] they can be realized as operators in Z((£2) and Besov spaces. In the proof, the uniform
boundedness in L7 (£2) of ¢; (v/A) with respect to j € Z is essential. Uniformity in L2(Q) is proved
easily by the spectral theorem, while that in L(2) is not trivial. For any open set @ C R4, L1(Q)
boundedness is known in some papers; see Proposition 6.1 in [Thinh Duong et al. 2002] and also
Theorem 1.1 in [Iwabuchi et al. 2017]. Let us explain the strategy of its proof as in [Iwabuchi et al. 2017]
(see also the comment below Lemma 2.2). The uniform boundedness in L1 () is proved via estimates in
amalgam spaces £!(L?)g, where the side length of each cube is scaled by 0%, 6 =272/ (see Section 2),
together with the Gaussian upper bounds of the kernel of e™* 4 That scaling fits for the scaled operator
o; (v/A) = ¢o(27/+/A), and we can handle the norm in £ (L?)g through the estimates in L2(£2), since
its norm is defined locally with L2(2). The Gaussian upper bounds of the kernel of e ~*4 are necessary
in order to estimate the L1 (€2) norm via £1(L?)g. Once the L!(Q) estimate is proved, the L? () case
is assured by interpolation and a duality argument.

As for the Laplacian of fractional order, it was shown in the proof of Proposition 3.2 in [Iwabuchi
et al. 2016a] that A% is a continuous operator from Z{(£2) to itself, which is proved as follows: Show
the continuity of A% in Z0(2) first with the boundedness of spectral multipliers

[ 425 VD 1 (@) r1 () = €2
for all j € Z and consider their dual operator together with the approximation of the identity

f=Y ¢;(VAf inZ{(Q) forany f € ZH(Q).
jez
Hence, we define A% by

AT f =) (A2¢;(VA)f inZH(Q)forany f € Z)(<Q).
jez
Noting that e_tAa/zc,bj (v/A) with ¢ > 0 is also bounded in L(R2) (see Lemma 2.1 and (3-1) below), we

also define e*4%’? by

e_tAa/zf = Z(e_tAa/zqﬁj(«/Z))f in Zy(2) for any f € Z((Q).
jez
We state four theorems on the semigroup generated by A 3 the estimates of L?—L4 type and smoothing
effects, continuity in time, equivalent norms with semigroup and maximal regularity estimates, referring
to the results in the case when Q = R? and o = 2.
We start by considering estimates of L?—L4 type and smoothing effects. When @ = R”, it is well
known that

1 _1
le'® fllpamay < Ct 2SS D fllomay. 1V Fllprgay < Ct 2 £l ay,

where 1 < p,g < oo and f € LP(R%). Hence one can show that

5251

1 fll s o< Cr 22T 1
€ B2 ,(4) = Byl 4(4)




686 TSUKASA IWABUCHI

where s > 51, 1 < p; < pp < oo and 1 < g < oco. The following gives the linear estimates for the
semigroup generated by A% onan open set.

Theorem 1.1. Leta >0, t >0, 5,581,520 € Rand 1 < p, p1, p2.9,91, 92 < 00:

. — /2 ., . R . .
(i) e is a bounded linear operator in BIS, q (A); i.e., there exists a constant C > 0 such that for any

feBs (A
—1A4%/2 ; —1A%/2
e f€By,(A) and |e f”ngq(A) = C”f”[gg!q(A)- (1-3)
(i) If s2 > 51, p1 < p2 and
d(pi—pi) + 57 —5851 >0,
1 2
then there exists a constant C > 0 such that
—tA%/? — (=) 2t
lle f”B;%,qz(A) <Ct L2 ”f”B;%ql (4)
forany f € B;},ql(A).

Remark. In the estimate (1-4), the regularity on indices g1 and g5 is gained without loss of the singularity

S2—S1

(1-4)

at t = 0. This estimate is known in the case when 2 = R” and o = 2; see [Kozono et al. 2003].

As for the continuity in time of the heat semigroup e’ when Q = R4, it is well known that for
I1<p<o
lim [|e’? f — fllLrway =0 forany f € LP(RY).
t—0

In the case when p = oo, the above strong convergence does not hold in general, while it holds in the dual
weak sense. The following theorem is concerned with such continuity in the Besov spaces on an open set.

Theorem 1.2. Lers €R, 1< p,g<ocand 5+ 5, =+ 5 =1:

(i) Assume that q < oo and [ € B;,q(A). Then
: —tAY2 o oy _
}E;% lle f f”B},’,q(A) =0.

(i1) Assume that 1 < p <oo, g=ocoand [ € B;’OO(A). Then e_’Aa/zf converges to f in the dual weak
sense as t — 0; namely,

i Y- [ {6/ = e, (Vg dx =0

t—0 4
jez

forany g € Bp_/sl (A).
Remark. Related to Theorem 1.2(ii), it should be noted that the predual of B;’q (A) is Bp_,s q,(A) for

1 < p,q < oo, where % + # = é + % = 1. In fact, we can regard f € B;,q(A) as an element of the
dual of Bp_,sq,(A) by

=Y /Q (6 (VA) 10, (VA)g dx

JEz

for any g € Bp_,sq/(A), see [Iwabuchi et al. 2016a], where ®; :=¢;—1 + P; + Pj+1.
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As for the characterization of the norm by using the semigroup when Q = R?, it is known that

1
. 1
~ —50 1A gdt|?
I s, cay = {/0 (20" fllLr@ey) T (
where s < 0; see, e.g., [Lemarié-Rieusset 2002]. We consider the equivalent norm of Besov spaces on an
open set by using the semigroup generated by A%,

Theorem 1.3. Leta > 0, 5,50 € R, 59 > 5 and 1 < p,q < 0o. Then there exists a constant C > 0 such
that

1
qdt|?

y EC”f”B;;‘q(A) (1-5)

—1 > _ 5 o _tAOC/z
M gy = | [ E B4 )
: 0
forany f € Bls,’q(A), where X = LP(Q), Bg,r(A) with 1 <r < oo.

Since the equivalence (1-5) is closely related to the real interpolation in the Besov spaces, we mention
that the interpolation is also available; see, e.g., [Bergh and Lofstrom 1976; Triebel 1983] and also
Proposition A.1 in the Appendix.

The last result is concerned with the maximal regularity estimates. When Q = R, the Cauchy problem
which we should consider is

diu—Au = f, t>0, x eRY,
u(0,x) = up(x), x € Re.

For 1 < p, g < o0, the solution u of the above problem satisfies

19e1ll La 0,005 (Rery) + AU La(0,00:L7 ) = Cllttoll g2-27a 4y + CllLf Ml La 0,007 ®e1Y)

provided that ug € Bﬁ;% (A) and f € L9(0, oo; L?(R?)); see [Hieber and Priiss 1997; Lemarié-Rieusset
2002]. We note that maximal regularity such as the above is well-studied in the general framework
on Banach spaces with unconditional martingale differences (UMD); see [Amann 1995; Da Prato and
Grisvard 1975; Denk et al. 2003; Dore and Venni 1987; Ladyzhenskaya and Ural’tseva 1968; Weis 2001].
We also note that the cases when p, g = 1, oo require a different treatment from UMD since the spaces are
not reflexive. In terms of Besov spaces, one can consider ngq (A) for all indices p,q with 1 < p,q < o0;
see [Danchin 2005; 2007; Danchin and Mucha 2009; Hieber and Priiss 1997; Ogawa and Shimizu 2010;
2016]. Our result on the maximal regularity estimates on open sets is formulated in the following way.

Ls+a—< .
Theorem 1.4. Lets €R, a>0and 1 < p,q <oo. Assume thatuo € By 4 * (A), f € L9(0,00; BS ,(A)).
Let u be given by

t
u(t) = e Ay + / e~ A2 0y gt
0
Then there exists a constant C > 0 independent of ug and [ such that

19614l Lo 0,00:85. ) T 1142 ¥l La(0,00:85  (ay = C 10l gya=ara gy + CllL M Lao.00:85 4 ) (1-6)
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The proofs of our theorems are based on the boundedness of the spectral multiplier of the operator

A g (VA):

[e™ 481 (VD oy oy = €l O 0V | oy forall j 2.

where s > % + % (see Lemma 2.1 below). The above inequality implies

”e—l‘AO(/Z(ﬁj(\/Z) ‘|LP(Q)_>LP(Q) < Ce—C_ltZO(j’

and this estimate allows us to show our theorems in a method analogous to those in the case when 2 = R4
In this paper, we give proofs of all theorems by estimating directly so that the paper is self-contained.

Here, we note that our proofs can be applicable to the estimates for e ~*4

in the inhomogeneous Besov
spaces and hence similar theorems are able to be obtained. On the other hand, for the semigroup generated
by the fractional Laplacian, since there appear to be problems around low frequencies, we show only
the result for the heat semigroup in Section 7 (see Theorem 7.2 below). It should be also noted that our
argument can be applied not only to the Dirichlet Laplacian but also to more general operators A such
that the Gaussian upper bounds for e 4 hold.

This paper is organized as follows. In Section 2, we prepare a lemma to prove our results. Sections
3-6 are devoted to proofs of theorems. In Section 7, we state the result for the inhomogeneous Besov
spaces. In the Appendix, we show the characterization of Besov spaces by real interpolation.

Before closing this section, we introduce some notation. We denote by || - ||z» the L?(£2) norm
and by || -|| B, the B;,q (A) norm. We use the notation || - || gsg) to represent the H*(R) norm for
functions, e.g., ¢; (1), e”* Aa/z, whose variables are spectral parameters. We denote by S(R) the Schwartz
class.

2. Preliminaries

In this section we introduce the following lemma on the boundedness of the scaled spectral multiplier.
Lemma 2.1. Let N > %, 1<p<oo, §>0anda,b > 0. Then there exists a constant C > 0 such that
for any ¢ € C§°(R) with supp¢ C [a,b], G € C*((0,00)) N C(R) and [ € LP(2) we have

|G De@INVA) [, = C|GQ@ VW grsrrovsll flIe -1
forall j €7.

Remark. As is seen from the proof below, the constant C on the right-hand side of (2-1) depends on the
interval [a, b] containing the support of ¢.

To prove Lemma 2.1, we introduce a set <7y of some bounded operators on L?(2) and scaled amalgam
spaces £1(L2)g for 0 > 0 to prepare a lemma. Hereafter, for k € Z%, Cy(k) denotes a cube with the
center 02k and side length 9%, namely,

Cotk):={xeQ:|x;—02k;| <2707 for j =1,2,....d),

and yc, (k) is a characteristic function whose support is Cq (k).
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Definition. For N € N, we denote by .7 the set of all bounded operators T on L?(2) such that

1Tl == sup |[|-=02k1N Txcom | 22 < 00
kezd

Definition. The space £!(L?)g is defined by letting

CH(L2)g = 1{f € Lie(@) | f lerz2), < 00},
where

1A lercrzy, = Y I IL2cyim)-

kezd
Lemma 2.2 [Iwabuchi et al. 2017; Iwabuchi et al. 2016b]. (i) Let N € Nand N > %. Then there exists
a constant C > 0 such that

_d & 1—4
IT g1 L2y, 0122y < CUT 22 + 072 NTIZNNT 220 5) (2-2)

- L2—L?
forany T € o/ and 6 > 0.

(i) Let N € N. Then there exists a constant C > 0 such that

oo

1y (M +64)" oy = C9/2V/ (1+ 522 [9(6)| dé (2-3)

for any ¥ € S(R) and 6 > 0.

(iii) Let M > 0 and B > %. Then there exists a constant C > 0 such that

I(M +04) |11 g1 r2y, < CO% (2-4)
for any 6 > 0.

Remark. Lemma 2.2 is useful to prove the L! boundedness of spectral multipliers and let us briefly
remind how to prove Lemma 2.2 as in [Iwabuchi et al. 2017; Iwabuchi et al. 2016b]. The original
idea is by Jensen and Nakamura [1994; 1995], who studied the Schrodinger operators on R4. In the
first inequality (2-2), we start with the decomposition 7" = Zm’kezd Xcom)T XCy(k)» and it suffices to
show that for each k € Z a sum of operator norms ), | xc,m)T Xcy (k)| L2— 12 is bounded by the
right-hand side of (2-2). The first term || T'|| .2, ; 2 is obtained just by applying L2(2) boundedness to the
L?(Cq(m)) norm with m = k. The second term is obtained by decomposing the sum into two cases when
0<|m—k|<wand |m—k|> w for v > 0, applying the L2($2) boundedness to the case |m —k| < w and
the Schwarz inequality to the case |m — k| > w for sequences |m —k|™V, |m —k|N I xcoem)TxCoto) L2
and minimizing by taking suitable w. As for the second one (2-3), we utilize the formula

V(M +04)7Y) = 2m) / e~ )y

—00

. s —1 . —i —1 .
To estimate ||e " /{(M+64)7" | , ~» We consider the commutator of (x — 01/2k) and et M+ \which

is rewritten with 6, (M + 6A)~!, V(M + 6A)~! and is able to be handled by the use of L2(R2)
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boundedness, which proves (2-3). As for the last one (2-4), thanks to the formula
1 o0
(M + GA)_’g = —/ tB—1p=Mt ,—104 4y
I'B) Jo
and the Young inequality, we get

_ 1 ® g _ _
I(M +64) ﬂflIe'(L%STﬂ)/O P~ le M(/Q le "’A(-,wllen(m)elf(wldy) dt,

A

where I'(B) is the Gamma function. By the Gaussian upper bounds of e~ 94 we have

d d
le™ A Mller ey, < COTFA+17%).
These estimates yield the inequality (2-4), since the integrability with respect to ¢ € (0, 00) is assured by
B> %.
Proof of Lemma 2.1. Instead of the inequality (2-1), by replacing 27/+/A4 and /A with 272/4 and A,
respectively, it is sufficient to show that

IG(A)p2>A) fllLr < CIGQ* () gn+1/245@ |l f L, (2-5)

where supp ¢ C [a2, b?].
First we consider the case when p = 1. By decomposing 2 into cubes Cy (k) and the Holder inequality,

we get
iy d o

IG(A) fp 2™ A) |1 = COZ G2 A) fllgr(12),- (2-6)

For fixed real numbers M > 0 and 8 > 4 et ¥ be such that
V(W = GRY (™ = M)t = M)pF. 2-7)
It is easy to check that
0o 1 1
Y €C(0.00) and supp¥ C | g g |

and
G2 ™1 =G6¥ 27 M@ NP uf =y (b,
where A and u are real numbers with

27y =p - M.
The above equality yields that

G(A)PQ2HA) =y (M +27274)" Y (M +2724)7F, (2-8)
Then it follows from (2-6), (2-8) and the estimate (2-4) in Lemma 2.2 that
IG(A)$ 27> A) fll
<COE|y(M +27 YA YM+ 2P f |00,
<COT Y ((M + 272 Yo @y et @2, M + 27247 Pl 22y, 1
< CIY((M + 277 Y1y w2y, 1 f 11 (2-9)
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By comparing the estimates (2-5) and (2-9), all we have to do is to show that

1 (M 4272 D1 12)—01 22y < CIGQRT )G grnr1/215 gy (2-10)

To apply the estimate (2-2), we consider the operator norms |- [|;2_, 72 and ||| sy of ¥ ((M +272/4)71).
On the operator norm |- ||72_, 7.2, we have from N > % and the embedding HN+3+8 (R) — L°°(R) that

Iy (M +27274) D2 < Wl < 1Vl gy 1245

for any § > 0. As for ||y (M +272/4)71)]| ., , by applying the estimate (2-3) and the Holder inequality,
for any § > 0 there exists C > 0 such that

1y (M +64)" oy < CQIZV/_ (1+ 1§22 16) d§

<COT (1 +1ED) 2 L2 1A+ 1D E 200 o
< COZ [yl gnivag.
Then we deduce from the above two estimates and (2-2) that
I (M 42724 Y g1 12y, 01 12y
< CllWlgv+i2rsy + 075 OF 19l gvr1/25w) 2 (10| grvi/2s () 730 }

< ClY lgn+1/2+5)-

Since v is defined by (2-7) and the support is bounded and away from the origin, we see from the change
of variables by ;= (A + M)™! that

IV Ol v+1245@) < CIGRY )G () | gn+1/245).

Hence the estimate (2-10) is obtained by the above two estimates, and the estimate (2-5) in the case when
p = 1is proved.

We next consider the case when p = oo. Since the dual space of L!() is L%°(2) and Cse(2) is
dense in L1(Q), the following holds:

IG(A) G2 A) fllLo = sup
g€Cs> gl 1=1

/Q (G(A)p(277A4) f)g dx|.

On the right-hand side of the above equality, we have from the duality argument for the operator
G(A)$(27/A), the Holder inequality and the estimate (2-5) with p = 1 that

(G A2 f.8)x | =

‘ /Q (G(A)p(277A) f) g dx (1, G2 A)g) x|

_ ' [ 1 GORETAg x| <1/l IG @ Arel

<1/ leellG@* ) ()l v +1/245m)llgllLr

where g € C§°. This proves (2-5) in the case when p = co.

As for the case when 1 < p < oo, the Riesz—Thorin theorem allows us to obtain the estimate (2-5). [J
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3. Proof of Theorem 1.1
Proof of (1-3). Put ®; :=¢;_1 + ¢; + ¢;+1. By applying the estimate (2-1) in Lemma 2.1 with

G=Gi(h)=e ™

we have
l; VA1, = (G (VA (VA (85 (VA )] .
< C|G(@ V)P )| g t1r248@) |65 VA S L

where N > % and § > 0. Here it is easy to check that there exists C > 0 such that
1627 V)P | gvs1/24sy < Ce™C 2 forany j €7,
and hence,
”¢j («/Z)e_tAa/zf ”L,, < Ce=C7'12% H@(ﬂ)f”u for any j € Z. (3-1)
By multiplying 2%/ and taking the £9(Z) norm in the above inequality, we obtain the assertion (1-3). [
Proof of (1-4). By the inequalities

—tA%2 oy < |p—tAY2 £ . ) < )
e P e A PO Vi PN P PO

which are assured from the embedding relations in the Besov spaces, and taking s; = 0 for the sake of
simplicity, it is sufficient to show

_ A0/ _d(1__1)_52
||€ tA 2f||B;§1 <Ct 04(171 ry/ ”f”Bgloo’ 3-2)
where
§s2>0, p;<pr and d(i—i)+sz>0.
P11 D2

.s2+d L L
B P11 P2

It follows from the embedding B,

s B}Z,l and the estimate (3-1) that

s A/2 _sqa/2 i +d 11y oj
||€ tA f”B;2 1 < C||e tA f”BSZ'td(l/pl_l/pz) < C E 2s2] (1)1 Pz)Je ct2 ”¢j( /A)f”L,Dl ]
2 Pl

jez
Since s, + d(% - é) >0, we get
Z 2S21+d(ﬁ_712)je_0t2aj H¢j (\/Z)f HL”l
JE€Z
=17 E ) S 2y E G ) e g, (VA £
jez

which proves (3-2). O
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4. Proof of Theorem 1.2

Proof of (i). Let f € B;,q (A). We take fn such that

SN = Z ¢j(«/Z)f for N € N.

l/I=N
Since g < oo, for any ¢ > 0 there exists Nog € N such that
Il fa _f”Bg,q < ¢ forany N > Np.
The above inequality and boundedness (1-3) in Theorem 1.1 imply
—1A%2 ¢ . _ . _ . _ .
1™ A f = Flly . < 1™ fn = fivllgs + 174 v = Plllgs, + 10w = Flls
—tAY2 , _ )
< e fy — fllgy +Cllfv =gy,

_A0/2
<le™ fn— fnllgy, +Ce

—1A4%/? —1A%/?

for any ¢ > O provided that N > Ny. Then all we have to do is to show that
: —tAY2 o N )
lim [le INn—=Inllgy, =0 (4-1)

We prove (4-1). Noting that the spectrum of f is restricted and

N+1 7
||e—fA“”fN—fN||B;;.f{ P IO i VW P i
j==N-1

we may consider the convergence of H¢>J-(\/Z)(e_“‘1a/2 — 1) fw |, for each j. For each j =0, %1,
+2,...,+(N + 1), it follows from (2-1) in Lemma 2.1 with

G=G/A)=e—1
that
¢ (VA = 1) fv ]| Lo = (G (VD& (VD)5 (VD) f) o
<C HGt(zj \/T)qDO(f)“HN+d/2+8 ”¢j (“/Z)fN ”va
where ®; 1= ¢; 1 + ¢; + ¢;+1. Here it is readily checked that
lim |G (27 /) @0(V/) | grvaras =0 for each .
and hence, (4-1) is obtained. O

Proof of (ii). Put ®; := ¢j_1 + ¢; + ¢;+1. By considering the dual operator of e~ aez _ 1, we have

> /Q{¢j(@(e—““"”—l)f}cbj(ﬂ)g dx=Y /Q (¢ (VA) f1®; (VA) (e A ~1)g dx. (4-2)

JjE€Z Jj€Z
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It follows from the Holder inequality that

3 /Q () (VA) £ 10, (VA) (e A2 _ 1)g| dx

jez

<D 2 (VA S| 27 |0 (VAT g

JjE€Z
_sA40/2
< CIlf Ny N4 =gl (43)

which assures the absolute convergence of the series in (4-2) by the boundedness of 1A% in Bp_,sl
from (1-3) in Theorem 1.1. The above estimate and the assertion (i) of Theorem 1.2 imply

3 /Q 9/ (VAT ) flo; (VAN dx| <Clfll gy I Dgllp s =0 asi—0. O

jez
5. Proof of Theorem 1.3
To prove Theorem 1.3 we will need the following lemma.
Lemma 5.1. Leta >0, so € Rand 1 < p < oo. Then there exists C > 0 such that
CT 2y 02 gy (VA f | Ly < 04T 0T A g (VA £

. —14paj (5_1)
< C(12%)%0e=C7 12 Hfﬁj(‘/z)f”u’

foranyt >0, j €Zand f € LP(Q).

Proof. Put ®; :=¢;_1 + ¢; + ¢;+1. We start by proving the second inequality of the estimate (5-1). By
applying the estimate (2-1) in Lemma 2.1 with

G = G((A) = (t1A%)%0e ™A,
we have

[(€A%)y0e 4 (VA [0 = (G (VAP (VD) (b (VA) )] .,

. (5-2)
< C|G(2 V)P ) | gns1r215 gy |97 VA S| Lo
where N > % and § > 0. Here it is easy to check that there exists C > 0 such that
; i _C—1lsaj .
[G: @ )P0 gr/asay = C12%)*0e™ 2 forany j €7, (5-3)

and hence,
H (IA%)soe_tAa/ngj(\/Z)fHLp < C(t2°‘j)s°e_c_1t2aj Hgbj(x/Z)fHLp for any j € Z.

This proves the second inequality of (5-1).
We turn to the first inequality of (5-1). Since ¢; (v/A) f is written as

¢ (VA f = ((tA%) %04 &, (VA)) ((tA%)0e 4% 9, (VA) f)
=: ((t4%) ™0 4" 0, (VA) F,
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all we have to do is to show that

[(ca%) =0 4 @, (VAVF |, < Ca2%T )0 F . (5-4)
Applying (2-1) in Lemma 2.1 with

G = Gi(X) = (tA%) 504"
to the left-hand side of (5-4), we have from an similar argument to (5-2) and (5-3) that
[(tA%)=0e 4 0, (VAYF ||, < C|Gi 27 V)P0V gnrsateqey | FllLr
< C(12%) 70| F |-

This proves (5-4) and the first inequality of (5-1) is obtained. O

In what follows, we show the inequality (1-5) for f € BIS,’ 4(A) to prove Theorem 1.3. We note that the
proof below concerns the case when g < oo only, since the case when g = oo is also shown analogously
with some modification.

Proof of the first inequality of (1-5). By the embedding L? (), BY . (4) < BY . (A), it is sufficient to
show that

t

1
© s @ o A q
C_lnf”B;;,q < {/(; (t_&H (tA2)%¢ tA /szBgoo)q ﬂ . (5-5)

We have from the definition of norm || - || BY. oo and the first inequality of estimate (5-1) in Lemma 5.1 that

x® s Liso —tA%/2 g dt
{/ (el aayoe A | 5 ) 7}
1%/0 (1% sup(r2%7 e~ | g (VA £ | ) ‘Iﬂ

Jj€z

1

Decomposing (0, co) in the last line by

(0,00) = | J27@*+D 27k, (5-6)
kez
we get

{/0 (x| aBy e 4 | 5o )q%}q

y—ak I .
=C {2/2 a<k+1) t : sup(tz j) beCr ”"b/(\/—)fHLp)q _t}

Q=

> { > (2% sup(22U =Ry =C2 T g, (V) ”L”)q} ' o7

kez Jjez
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Here it follows from the Holder inequality that
sup(2“U 00~ g, (VA £,

jez
1 . a(j— e
= Y (i @ g 1) |

Jjez

—_

Then we deduce from (5-7) and the above inequality that

{/0 (z‘% H (tA%)soe—tA“/zf HB,(,’,OO)Q %} K

S T g O gy ) |

1
q

217 _ k|2
kez YA I+o |J k|
_ 2—s(j—k) . oo\ ) 7
_ -1 sJ . q (e (j—k)yso ,—C2%V
=D ) (7 g @)
je€z kez
2(soa—s)k « q é
_ -1 ) s 7 ,—C2
=~ gy X (T ) |
kez
Since so > 2 and the summation appearing in the last line converges, we obtain (5-5). O

Proof of the second inequality of (1-5). By the embedding ngl (A) — LP(Q2), Bg’ 4(A), itis sufficient to
show that

1
o0 s a VYT q
G e P e RS T P 59)

Analogously to the proof of (5-5), we apply the second inequality of (5-1) in Lemma 5.1 instead of the
first one and the decomposition (5-6) to get

TRGIERE I PR

< { Z(zsk Z(Za(j—k))soe_c—lZa(_/—k) H(]Sj («/Z)f HLp)q % 5.

kez jez

Here the Holder inequality yields that

Z(za(j_k))soe—cleO‘(j*k) “d)j(«/Z)f”Lp
Jjez .
< C{Z((l +a2|j _k|2)(2Ot(j—k))soe—C*12a(Jf >”¢j(ﬂ)f””)q§ '

jez

Q=
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Then we have from the above two estimates that

G R P

t

=

q

< c{z(zsk)q S +a?lj kAR CT T g, () I\Lp)q}

kez jez
1
. —sU- ; j— _(—lra(i—k) q
- C{Z(2Sj Hd)j(\/z)fHLp)q 2(2 s(J k)(l +012|] _k|2)(2(x(j k))soe Cc—1pa0 )q}
jez kez
1
—, _C—1Hak q
=Cllf s, { $((1 + a2 k[2)200u-9k =€ 12k yal e
kez
Since s¢ > % and the summation appearing in the last line converges, we obtain (5-8). 0

6. Proof of Theorem 1.4

Proof of (1-6). It is sufficient to prove the case when s = 0 thanks to the lifting property in the proposition
on page 684. We also consider the case when g < oo only, since the case when ¢ = oo is also shown
analogously. First we prove that

1432l 00 00158 1) = Clloll go—ara + C1L.F a0 oor, (6-1)

By the definition of u and the triangle inequality, we get

. (6-2)

t
o @ _yqa/2 a —(t—17)A%/2
||A2u||Lq(0,oo;ng)§||A2e t “0||L‘/(O,oo;l?2q)+”‘42/ e~ (=7 f(r)dt .
' ' 0 L4(0,00;Bp 4)

On the first term of the right-hand side in the above inequality, it follows from the estimate (1-5) for
so=1, s=a—%that

g —tA%/? _
||A2€ uO”Lq(O,OO;Bg,q) < C”uO“Lq(O,OO;Bg:]a/q)' (6-3)

As for the second one, we start by proving that

¢J(\/Z)Ag/t e_(t_t)Aa/zf(‘L’)dT < C2Zj{/t(e_c—1(t—‘t)2“j “(ﬁj(\/Z)fHLp)q dt 5. (6_4)
0 Lr 0

The above estimate (6-4) is verified by applying the estimate (5-1) in Lemma 5.1 and the Holder inequality;
in fact, we get

¢ (VA) A% / L0y g <o / L o (A (0], d
0 Ly 0
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1
i — o t _ o« 7
< C2% |l GO ’llm/w«o“,}){ | O g, (Vi 0] ) de
0
) t B i 1
T i DI AVCT N
0
By the estimate (6-4), we have
t
H Ag/ eI (1) d
0 L4(0,00;B9.,)
- aif (1 —@C) -2 q AR
S AN EAIAC O oy (V0] ) de) | ]
0 jez 0
> q aj oo —q(2C)~ 1 (t—1)2%/ é
=C/ Y lg (VA f@l7.(2 / e dt) dr
Y 1 T
JEZ
= CllS N a0,00:89  (a))- (6-5)

Then the estimates (6-2), (6-3) and (6-5) imply the inequality (6-1). The estimate for d;u, i.e., the
inequality
196100 a0 o055 ) = C 0l e + C 11 F | a0, 00:0., )
is verified by the estimate (6-1) and the equality
dou=—A2u+ f

Hence we obtain the estimate (1-6) and the proof is complete. O

7. Results for the inhomogeneous Besov spaces

We should mention that similar theorems also hold for the heat semigroup in the inhomogeneous Besov
spaces B;, ¢(A). We also note that the semigroup generated by the fractional Laplacian cannot be treated
analogously by the direct application of boundedness of the scaled spectral multiplier in Lemma 2.1 (see
the comment below Theorem 7.2).

First we recall the definition of B;’ ¢(4). Let ¥ be as in C5°(—00, 00)) such that

Y(A?)+ Y ¢;j(A)=1 forany A >0.
JEN
The inhomogeneous Besov space B;, ,(A) is defined as follows; see [Iwabuchi et al. 2016a].
Definition. For s € Rand 1 < p,q < oo, By ,(A) is defined by letting
By ,(A):={f e X;(Q): I f By, (a) <00},

where

1 Bs.,cay = IV (A) fllLr +]|{27 H¢j(ﬂ)fHLp}jeNng(N)-



THE SEMIGROUP GENERATED BY THE DIRICHLET LAPLACIAN OF FRACTIONAL ORDER 699

The high-frequency part is able to be treated in the same way as the proof for the homogeneous case by

using Lemma 2.1. As for the low-frequency part, we employ the pointwise estimate of the kernel of e~*4

o2
0= e A(x, y) < (4rt)% exp('x s )

which assures the boundedness of e 74 in L?(£2) and also B, ,(A) as well as the case when 2 = R4 In

—tA

order to treat continuity in time of e~*“, we need the following obtained by a proof similar to that of

Lemma 2.1.

Lemma7.1. Let N >4, 1< p <00, §>0, 9 € C§°(—00,00) and G € HN+248(R). Then there
exists a positive constant C such that for any f € L?(Q)

IG(AY(A) fllLr = CIGH)Y ()l gn+i2+s@llfILr- (7-1)
We take G such that
G(A):= e —1 for any A € R

to apply the above lemma. For the above G it is easy to check that

||G(‘)W(')||HN+1/2+5(R) —0 ast—0.

Hence for any f € B, ,(A), it follows from (7-1) that

lim [y (A) e~ f = )llLr =0.

tA

According to the boundedness and the continuity of e™*“, we obtain the following result for the inhomo-

geneous Besov spaces.
Theorem 7.2. Lets € R, 1 < p, p1, p2,q <00 and % + # = 1. Let W and V; with j € N be such that
W(A) := Y (A) + ¢1(VA),
O1(VA) 1= ¥ (4) + $1(VA) + $2(VA),
) (VA) =1 (VA) + ¢ (VA + 11 (VA) for j =2
(i) There exists a constant C > 0 such that
le™ £y, a» < CILS s, a)

forany f € By, ,(A). If p1 < p2, then there exists a constant C > 0 such that

1 1
— A —_—
le™ fllgg, < Ct 2G5 fllgy L ay

forany f € B, .(A).
(ii) If g <ooand f € B, ,(A), then

. 1A, ) —
tlgr(l) le "4 f f”Bp,q(A) 0.
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Ifg=o00, 1 <p=<ooand f € B, ,,(A), then e M f converges to f in the dual weak sense as t — 0,
namely,

hm[ / (e f -} W(A)gdx+) / {p; (VA f—Hd;(VA )gdx]
JEN
forany g € Bp_,fl (A).

(iii) Let T >0, 5,50 € R and so > 5. Then

T
£ 1By o4y = 1V (TA) fliLr + {/ (2l Ay e £ix)? dt}

forany f € By ,(A), where X = LP(Q), p,,(A) with1 <r < oo.
(iv) Let T >0, ug € Bls,j;z_z/q (A) and f € L9(0,T; By ,(A)). Assume that u satisfies

t
u(t) = e ug + / e A f(0) dr.
0
Then there exists a constant C = C(T) > 0 independent of ug and f such that

19eullLaco,r:B5 44y + 142 ullLaqo,7:B5 4 (a)) = Clluoll gs+2-2/a( 4y + Cll fllLaco.7:B} 4 a))-

Remark. Let us mention what is obtained by the abstract theory for sectorial operators by Da Prato
and Grisvard [1975]; see also [Haase 2006; Lunardi 1995]. Let X = Bz(i),q (A). We can consider A as
a sectorial operator with the domain D(A%) = Bg,q(A). Let0<T <00, 1 <g<oo, 1 <p,r=<o0,
6 €(0,1) and a > 0. Then for any f € L9(0,T; (X, D(A%))g,) the equation

du
dr

u(0) =

+Au=f, 0<t<T,

admits a unique solution u satisfying
|5
dt

A . o <C . o s
L9(0,T;(X,D(A%))g.) + ” u”L‘I(O,T,(X,D(A No.r) = ||f||L‘1(0,T,(X,D(A No.r)

where C depends on 7. Here we note that (X, D(A4%))g,, = BZ“G(A) and 2a.0 is possibly an arbitrary
positive number since & > 0 and 6 € (0, 1).

Let us give a few remarks on the semigroup generated by A% . If we consider applying Lemma 7.1

—1A%/2

directly, it is impossible to obtain the boundedness of e for general «. In fact, taking

G=G,()=e "

and applying (7-1), we see that the H" +5+8 (R) norm of the above G = G;(A) is not finite for small
A > 0 because of less regularity around A = 0. On the other hand, if « is even or sufficiently large, the
HN+5+8 (R) norm of e™* 1412 is finite and we can get some results. However this argument does not
reach the optimal estimate, and hence, we do not treat it in this paper and will treat it in a future work.
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Appendix: Real interpolation

We now give a remark that real interpolation can be considered in the Besov spaces BIS,, ¢(4) and By (A)
on open sets as well as the whole space case. We recall the definition of real interpolation spaces
(Xo, Xl)g’q for Banach spaces Xy and X1; see, e.g., [Bergh and Lofstrom 1976; Peetre 1968; Triebel
1983].

Definition. Let 0 <6 <1 and 1 < g < 0. (Xo, X1)g,4 is defined by letting

1
0o 1
— dt |7
(Xo, X1)g,q 1= ya € Xo+ X1 : [lall(xo,x1)e., = {/ (Kt a))? 7} < OO},
0
where K(¢, a) is Peetre’s K-function
K(t,a) :=inf{|laollx, + tllatllx, : @ = ao + a1, ao € Xo, a1 € X1}.

As well as in the case when = RY, we obtain the following.

Proposition A.1. Let 0 < 6 < 1, 5,509,851 € Rand 1 < p,q,q0,91 < 00. Assume that sg # s1 and
s =(1—=06)sg+ 0s1. Then ) ) )
(B2, (A), B3l (A)g.g = BS 4 (A),

P40 D.q1
(Bplgo(A): Bplg, (A)o.q = By 4(A).

We omit the proof of the above proposition since one can show it analogously to the whole space case;
see, e.g., [Triebel 1983].
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KLEIN’S PARADOX AND THE RELATIVISTIC §-SHELL INTERACTION IN R3

ALBERT MAS AND FABIO P1ZZICHILLO

Under certain hypotheses of smallness on the regular potential V, we prove that the Dirac operator in R,
coupled with a suitable rescaling of V, converges in the strong resolvent sense to the Hamiltonian coupled
with a 8-shell potential supported on %, a bounded C? surface. Nevertheless, the coupling constant
depends nonlinearly on the potential V; Klein’s paradox comes into play.

1. Introduction

Klein’s paradox is a counterintuitive relativistic phenomenon related to scattering theory for high-barrier
(or equivalently low-well) potentials for the Dirac equation. When an electron is approaching a barrier,
its wave function can be split in two parts: the reflected one and the transmitted one. In a nonrelativistic
situation, it is well known that the transmitted wave-function decays exponentially depending on the high
of the potential; see [Thaller 2005]. In the case of the Dirac equation it has been observed, in [Klein 1929]
for the first time, that the transmitted wave-function depends weakly on the power of the barrier, and it
becomes almost transparent for very high barriers. This means that outside the barrier the wave-function
behaves like an electronic solution and inside the barrier it behaves like a positronic one, violating the
principle of the conservation of the charge. This incongruence comes from the fact that, in the Dirac
equation, the behavior of electrons and positrons is described by different components of the same spinor
wave-function; see [Katsnelson et al. 2006]. Roughly speaking, this contradiction derives from the fact
that even if a very high barrier is reflective for electrons, it is attractive for the positrons.

From a mathematical perspective, the problem appears when approximating the Dirac operator coupled
with a é-shell potential by the corresponding operator using local potentials with shrinking support.
The idea of coupling Hamiltonians with singular potentials supported on subsets of lower dimension
with respect to the ambient space (commonly called singular perturbations) is quite classic in quantum
mechanics. One important example is the model of a particle in a 1-dimensional lattice that analyses
the evolution of an electron on a straight line perturbed by a potential caused by ions in the periodic
structure of the crystal that create an electromagnetic field. Kronig and Penney [1931] idealized this
system: in their model the electron is free to move in regions of the whole space separated by some
periodical barriers which are zero everywhere except at a single point, where they take infinite value. In
modern language, this corresponds to a §-point potential. For the Schrodinger operator, this problem is
described in [Albeverio et al. 1988] for finite and infinite §-point interactions and in [Exner 2008] for

MSC2010: primary 81Q10; secondary 35Q40, 42B20, 42B25.
Keywords: Dirac operator, Klein’s paradox, §-shell interaction, singular integral operator, approximation by scaled regular
potentials, strong resolvent convergence.
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singular potentials supported on hypersurfaces. The reader may look at [Dittrich et al. 1989; Behrndt and
Holzmann 2016; Arrizabalaga et al. 2014; 2015; Ourmieres-Bonafos and Vega 2016] for the case of the
Dirac operator, and to [Posilicano 2008] for a much more general scenario.

Nevertheless, one has to keep in mind that, even if this kind of model is more easily mathematically
understood, since the analysis can be reduced to an algebraic problem, it is an ideal model that cannot be
physically reproduced. This is the reason why it is interesting to approximate these kinds of operators by
more regular ones. For instance, in one dimension, if V € C2°(R) then

Ve (1) :=%V(£) — (/ V)(SO when € — 0

in the sense of distributions, where 8y denotes the Dirac measure at the origin. In [Albeverio et al. 1988]
it is proved that A + V. — A + ( f V)(So in the norm resolvent sense when € — 0, and in [Behrndt
et al. 2017] this result is generalized to higher dimensions for singular perturbations on general smooth
hypersurfaces.

These kinds of results do not hold for the Dirac operator. In fact, in [Seba 1989] it is proved that, in
the 1-dimensional case, the convergence holds in the norm resolvent sense but the coupling constant
does depend nonlinearly on the potential V, unlike in the case of Schrddinger operators. This nonlinear
phenomenon, which may also occur in higher dimensions, is a consequence of the fact that, in a sense, the
free Dirac operator is critical with respect to the set where the §-shell interaction is performed, unlike the
Laplacian (the Dirac/Laplace operator is a first/second-order differential operator, respectively, and the
set where the interaction is performed has codimension 1 with respect to the ambient space). The present
paper is devoted to the study of the 3-dimensional case, where we investigate if it is possible to obtain the
same results as in one dimension. For §-shell interactions on bounded smooth hypersurfaces, we get the
same nonlinear phenomenon on the coupling constant but we are only able to show convergence in the
strong resolvent sense.

Given m > 0, the free Dirac operator in R? is defined by

H:=—ia-V+mpB,

where o = (a1, a2, a3),

i 0 o . _ |]2 0 N 10
a]_(aj O) for j=1,2,3, 5_<0 —u2>’ uz._(o 1),
01 0 —i 1 0
671=<1 0>, Ozz(l. 0), G3=<O _1) (1-1)

is the family of Pauli matrices. It is well known that H is self-adjoint on the Sobolev space H!(R3)* =:
D(H); see [Thaller 1992, Theorem 1.1]. Throughout this article we assume that m > 0.

In the sequel  C R? denotes a bounded C? domain and X := 32 denotes its boundary. By a C*> domain
we mean the following: for each point Q € X there exist a ball B C R? centered at Q, a C? function

and

¥ : R? — R and a coordinate system {(x, x3) : x € R? x3 € R} such that, with respect to this coordinate
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system, Q = (0, 0) and
BNQ=BN{(x,x3):x3>y¥x)}
BNE =BN{(x,x3):x3=1%(x)}.
By compactness, one can find a finite covering of ¥ made of such coordinate systems; thus the Lipschitz
constant of those i can be taken to be uniformly bounded on X.
Set Q¢ :={x eR?:d(x, =) <€} fore > 0. Following [Behrndt et al. 2017, Appendix B], there exists
n > 0 small enough depending on X such that for every 0 < € <7 one can parametrize €2, as

Qc={xx+tv(xy):xx € X, t € (—¢€,€)}, (1-2)

where v(xy) denotes the outward (with respect to €2) unit normal vector field on X evaluated at xx.
This parametrization is a bijective correspondence between 2. and ¥ X (—¢, €); it can be understood as

tangential and normal coordinates. For t € [—n, n], we set
Y ={xx+tv(xy) :xy € T} (1-3)

In particular, ¥, =0Q,\ Qifr >0, X, =0QNQif r <0 and Xy = X. Let 0, denote the surface
measure on X, and, for simplicity of notation, we set o := 0y, the surface measure on X.
Given V € L*®(R) with supp V C [—n, n] and 0 < € < n define

V.t) =1 V("—t)
€ €

and, for x € R3,

V . f Q , h — t f i 7t E - ¢, 9
Vo) = | V@ 1fx € Qe where x = x5 +1v(xs) foraunique (x5, 1) € X x (=€, €), | o
0 if x & Q..
Finally, set
ue = V2 ve = sign(Vo) | V|2 (1-5)

u(t) ==V @nl% @) = sign(V (nn)u().
Note that u., v. € L>®°(R3) are supported in Q. and u, v € L®(R) are supported in [—1, 1].
Definition 1.1. Given n, § > 0, we say that V € L*(R) is (8, n)-small if

8
suppV C[—n,n] and ||V L=wr) < 0

Observe that if V' is (8, n)-small then || V|11 ®) < 28; this is the reason why we call it a “small”
potential.

In this article we study the asymptotic behavior, in a strong resolvent sense, of the couplings of the
free Dirac operator with electrostatic and Lorentz scalar short-range potentials of the forms

H+V., and H+BV, (1-6)

respectively, where V; is given by (1-4) for some (8, n)-small V with é and 1 small enough only depending
on X. By [Thaller 1992, Theorem 4.2], both couplings in (1-6) are self-adjoint operators on H'(R3)*
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Given 1 > 0 small enough so that (1-2) holds, and given u and v as in (1-5) for some V € L*°(R) with
supp V C [—n, n], set

Ky f@t) = %i/ u(t) sign(t — s)v(s) f(s)ds for f € L} .(R). (1-7)
R

The main result in this article reads as follows.

Theorem 1.2. There exist no, § > 0 small enough only depending on X such that, for any 0 <n <ng
and (8, n)-small V,

H+V.— H+ A5 in the strong resolvent sense when € — 0, (1-8)
H+ BV, —> H+ A8y in the strong resolvent sense when € — 0, (1-9)
where
Ae 1= / v(®) (1 — K%,)*lu)(t) dt € R, (1-10)
R
A= /R v (1 +K3) ) (1) di € R, (1-11)

and H + \.6x and H + A S5, are the electrostatic and Lorentz scalar shell interactions given by (2-9)
and (2-11), respectively.

To define X, in (1-10) and A; in (1-11), the invertibility of 1 &+ IC%, is required. However, since Ky
is a Hilbert-Schmidt operator, we know that ||Ky || 12— 2w 1s controlled by the norm of its kernel
in L2(R x R), which is exactly lull 2@y llvllzzqey = 1V Ly < 28 < 1, assuming that § < % and that
V is (8, n)-small with n < ny. We must stress that the way to construct A, and A is the same as in the
1-dimensional case; see [§eba 1989, Theorem 1].

From Theorem 1.2 we deduce that if a € 0 (H + A.8x), where o (- ) denotes the spectrum, then there
exists a sequence {ac} such that a. € o (H + V) and a. — a when € — 0. The kind of instruments we
used to prove Theorem 1.2 suggest to us that the norm resolvent convergence may not hold in general;
thus we cannot ensure that the vice-versa spectral implication also holds. Nevertheless, if X is a sphere,
one has more information than in the general scenario; see [Mas and Pizzichillo 2017]. The Lorentz
scalar case is analogous.

The nonlinear behavior of the limiting coupling constant with respect to the approximating potentials
mentioned in the first paragraphs of the Introduction is depicted by (1-10) and (1-11); the reader may
compare this to the analogous result [Behrndt et al. 2017, Theorem 1.1] in the nonrelativistic scenario.
However, unlike in that result, in Theorem 1.2 we demand a smallness assumption on the potential, the
(8, n)-smallness from Definition 1.1. We use this assumption in Corollary 3.3 below, where the strong
convergence of some inverse operators (1 + B (a))~! when € — 0 is shown. The proof of Theorem 1.2
follows the strategy of [Behrndt et al. 2017, Theorem 1.1], but dealing with the Dirac operator instead of
the Laplacian makes a big difference at this point. In the nonrelativistic scenario, the fundamental solution
of —A +a? in R? for a > 0 has exponential decay at infinity and behaves like 1/|x| near the origin,
which is locally integrable in R? and thus its integral tends to zero as we integrate on shrinking balls in
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R? centered at the origin. These facts are used in [Behrndt et al. 2017] to show that their corresponding
(14 B¢ (a))~! can be uniformly bounded in € just by taking a big enough. In our situation, the fundamental
solution of H —a in R3 can still be taken with exponential decay at infinity for a € C \ R, but it is not
locally absolutely integrable in R% Actually, its most singular part behaves like x/|x|> near the origin,
and thus it yields a singular integral operator in R% This means that the contribution near the origin
cannot be disregarded as in [Behrndt et al. 2017] just by shrinking the domain of integration and taking
a € C\ R big enough; something else is required. We impose smallness on V to obtain smallness on
B¢ (a) and ensure the uniform invertibility of 1 + B (a) with respect to €; this is the only point where the
(8, n)-smallness is used.

Let ng, 6 > 0 be as in Theorem 1.2. Take 0 < n <ngand V = %tx(_r,,,,) for some 7 € R such that
0 < |r|n <24. Then, arguing as in [§eba 1989, Remark 1], one gets that

(0.¢)
/v(l —K2V)1M=Z/v/c2v"u =2tan({7n).
R n=0 R

Since V is (8, n)-small, using (1-10) and (1-8) we obtain that
H+V.— H+ 2tan(%rn)8z in the strong resolvent sense when € — 0,

analogously to [Seba 1989, Remark 1]. Similarly, one can check that fv 1+ K%,)_lu = 2tanh(%rn).
Then, (1-11) and (1-9) yield

H+BV.— H+ 2tanh(%tn),38; in the strong resolvent sense when € — 0.

Regarding the structure of the paper, Section 2 is devoted to the preliminaries, which refer to basic
rudiments with a geometric measure-theory flavor and spectral properties of the short-range and shell
interactions appearing in Theorem 1.2. In Section 3 we present the first main step to proving Theorem 1.2,
a decomposition of the resolvent of the approximating interaction into three concrete operators. This type
of decomposition, which is made through a scaling operator, already appears in [Behrndt et al. 2017, Seba
1989]. Section 3 also contains some auxiliary results concerning these three operators, whose proofs are
carried out later on, and the proof of Theorem 1.2; see Section 3A. Sections 4, 5, 6 and 7 are devoted to
proving all those auxiliary results presented in Section 3.

2. Preliminaries

As usual, in the sequel the letter “C” (or “c”) stands for some constant which may change its value at
different occurrences. We will also make use of constants with subscripts, both to highlight the dependence
on some other parameters and to stress that they retain their value from one equation to another. The
precise meaning of the subscripts will be clear from the context in each situation.

2A. Geometric and measure-theoretic considerations. In this section we recall some geometric and
measure-theoretic properties of ¥ and the domains presented in (1-2). At the end, we provide some
growth estimates of the measures associated to the layers introduced in (1-3).
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The following definition and propositions correspond to Definition 2.2 and Propositions 2.4 and 2.6 in
[Behrndt et al. 2017], respectively. The reader should look at that paper for the details.
Definition 2.1 (Weingarten map). Let X be parametrized by the family {¢;, U;, V;}ics; thatis, I is a
finite set, U; CR?% V; CR3, £ U, Vi and ¢;(U;) = V; N T for all i € I. For

x=@iu)eXNV;

with u € U;, i € I, one defines the Weingarten map W (x) : Ty — T, where T denotes the tangent space
of X on x, as the linear operator acting on the basis vector {9;¢; (u)};=12 of T, as

W(x) 0j¢i(u) := —0;v(p;(u)).

Proposition 2.2. The Weingarten map W (x) is symmetric with respect to the inner product induced by
the first fundamental form and its eigenvalues are uniformly bounded for all x € X.

Given 0 < € < n and Q. as in (1-2), let ic : ¥ x (—¢, €) — 2, be the bijection defined by
ic(xg,t) =xy +tv(xy).
For future purposes, we also introduce the projection Py : Q¢ — X given by
Py (xs +tv(xy)) == x3. -1

For 1 < p < +o0, let LP(2¢) and L? (X x (—1, 1)) be the Banach spaces endowed with the norms

1
1= [ AP0 U Wpmcrnyi= [ [ 117 doar 22)

respectively, where £ denotes the Lebesgue measure in R>. The Banach spaces corresponding to the
endpoint case p = 400 are defined, as usual, in terms of essential suprema with respect to the measures
associated to ¢ and ¥ x (—1, 1) in (2-2), respectively.

Proposition 2.3. If n > 0 is small enough, there exist 0 < c, cp < +00 such that

all fllpia,y S If oielliizxeey <2l fliig,y forall f € L'(Q), 0<e <.

Moreover, if W denotes the Weingarten map associated to ¥ from Definition 2.1,
€
/ fx)dx = / / fxs +tv(xy))det(l —tW(xg))do(xg)dt forall f € L' (R2). (2-3)
Q. —€JX

The eigenvalues of the Weingarten map W (x) are the principal curvatures of ¥ on x € X, and they are
independent of the parametrization of X. Therefore, the term det(1 —¢ W (xy)) in (2-3) is also independent
of the parametrization of X.

Remark 2.4. Let i : Q. — (—¢, €) be defined by h(xs + tv(xx)) :=¢. Then |VA| =1 in ¢, so the
coarea formula, see for example [Ambrosio et al. 2000, Remark 2.94], gives

€

£(x)dx =/ fx)do,(x)dt forall feL'(Q).
Qe —€JX;
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In view of (2-3), one deduces that

fdo; =/ fxs +tv(xy))det(l —rW(xs)) do(xx) (2-4)
A b

forallt € (—e,€) and all f € LY(Z).

In the following lemma we give uniform growth estimates on the measures o, for t € [—n, n] that
exhibit their 2-dimensional nature. These estimates will be used many times in the sequel, mostly for the
case of o.

Lemma 2.5. If n > 0 is small enough, there exist c1, ¢y > 0 such that

0:(B,(x)) <cir? forallx eR3 r >0, t€[—n, 7l (2-5)
o;(B,(x)) > 02r2 forallx € ¥;, 0 <r < 2diam(£2,), t € [-n, n], (2-6)

where B, (x) is the ball of radius r centered at x.

Proof. We first prove (2-5). Let rg > 0 be a constant small enough, to be fixed later on. If » > rg, then

0/ (B,(x)) < max o,(R*) <C=—rj<Cor?,
te[—n,n]

%
where Cp :=C /rO2 > 0 only depends on rg and 1. Therefore, we can assume that » < r(. Let us see that
we can also suppose that x € X;. In fact, if n and r( are small enough and 0 < r < ro, given x € R one
can always find x € X, such that 0;(B,(x)) <20,(B, (X)) (if x € ), just take X = Pxx +1v(Pxx)). Then
if (2-5) holds for %, one gets o;(B,(x)) < 20;(B,(¥)) < Cr?, as desired.

Thus, it is enough to prove (2-5) for x € X, and r < rq. If ry and 5 are small enough, covering X, by local
chards we can find an open and bounded set V; , C R? and a C! diffeomorphism ¢, : R — ¢,(R?) c R?
such that ¢,;(V;,) = X, N B,(x). By means of a rotation if necessary, we can further assume that
@, is of the form ¢, (y') = (¥, T;(y")), i.e., ¢, is the graph of a C! function 7, : R> — R, and that
max;e(—y,n IVT;lloo < C (this follows from the regularity of ). Then, if x" € V; , is such that ¢, (x") = x,
for any y' € V; , we get

P2 lo () — e (P =1y =X
which means that V; , C {y’ € R>:|x'—y'| <r}=:B' CR% Denoting by #? the 2-dimensional Hausdorff
measure, from [Mattila 1995, Theorem 7.5] we get

0/ (B, (x)) = H* (¢, (Vi) < H2 (@1 (B)) < |V |2 HA(B)) < Cr?

for all ¢ € [—n, n], so (2-5) is finally proved.
Let us now deal with (2-6). Given ry > 0, by the regularity and boundedness of X it is clear that
inf e[y 9], xex, 0/(By,(x)) = C > 0. As before, for any ro < r < 2diam(£2,) we easily see that

01 (B (x)) = 0;(B,(x)) = C = 4 diam(€2,)* > C1r%,

4 diam(£2,)?
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where C; :=C/(4 diam(Qn)z) > 0 only depends on ry and 1. Hence (2-6) is proved for all ro <r <
2 diam(£2,)).

The case 0 < r < rg is treated, as before, using the local parametrization of X, around x by the graph
of a function. Taking n and r¢ small enough, we may assume the existence of V; . and ¢, as above, so
let us set ¢;(x") = x for some x" € V;,. The fact that ¢, is of the form ¢,(y") = (', T,(y’)) and that
@:(Vi.;) = ;N B,(x) implies B” :={y’ € R? : |x' — y'| < Cor} C V., for some C, > 0 small enough
only depending on max;e[—y, 5] | VT;|lo0, Which is finite by assumption. Then, we easily see that

0/ (By(x)) = 0:(¢: (V1)) = 0:(p:(B")) 2/ VI+IVLG)Pdy = / dy' =Cr?,
B// B’/
where C > 0 only depends on Cj. ]

2B. Shell interactions for Dirac operators. In this section we briefly recall some useful instruments
regarding the é-shell interactions studied in [Arrizabalaga et al. 2014; 2015]. The reader should look at
[Arrizabalaga et al. 2015, Sections 2 and 5] for the details.

Let a € C. A fundamental solution of H — a is given by

e—M|x| X
p)=———(a+mB+A+vVm?2 —ax|)ia-— | forx e R\ {0},
477 |x| |x|?

where ~/m?2 — a? is chosen with positive real part whenever a € (C\ R) U ((—m, m) x {0}). To guarantee
the exponential decay of ¢ at co, from now on we assume that a € (C\ R) U ((—m, m) x {0}). Given
G € LA(R%)* and g€ L?%(0)* we define

UG, g)(x) := fw ¢ (x —y) G(y) dy+/2¢”(x—y)g(y)d0(y) for x e R*\ . (2-7)

Then, ®¢ : L*(R%)* x L?(0)* — L?(R?)* is linear and bounded and ®“(G, 0) € H'(R?)* We also set
DG = tre(PY(G, 0)) € L*(0)*,

where try is the trace operator on X. Finally, given x € ¥ we define

Cgg(x) :=lim ¢“(x —y)g(y)do(y) and Cig(x):= lim @“(0, g)(y),
Y EN{lx—y|>€} Qisyn—m

where Q4 3 y > x means that y tends to x nontangentially from the interior/exterior of €2, respectively;
ie, Q4 :=Qand Q_ :=R3\ Q. The operators C¢ and C¢ are linear and bounded in L?(0)* Moreover,
the following Plemelj—Sokhotski jump formulae hold:
C4 =F3i(e-v)+CL (2-8)
Let A, € R. Using ®¢, we define the electrostatic §-shell interaction appearing in Theorem 1.2 as
D(H +1.85) :={®°(G,g): G e L*(R)*, g € L*(0)*, 1, ®VG = —(1+1.Cg},

(2-9)
(H+Aed5)p := Hp + 5he(py + )0 for g € D(H + A.85),
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where H ¢ in the right-hand side of the second statement in (2-9) is understood in the sense of distributions
and ¢ denotes the boundary traces of ¢ when one approaches ¥ from Q. In particular, one has
(H+A.85)p =G e L*(R%)* for all 9 = (G, g) € D(H + A.85). We should mention that one recovers
the free Dirac operator in H 1(R*)* when A, = 0.

From [Arrizabalaga et al. 2015, Section 3.1] we know that H + A.dy is self-adjoint for all A, # £2.
Additionally, if A, # 0, given a € (—m, m) and ¢ = (G, g) € D(H + A.0x),

(H +Aedy —a)p =0 if and only if (% + Cg>g =0. (2-10)
e

This corresponds to the Birman—Schwinger principle in the electrostatic -shell interaction setting. Since
the case A, = 0 corresponds to the free Dirac operator, it can be excluded from this consideration because
it is well known that the free Dirac operator doesn’t have pure point spectrum. Moreover, the relation
(2-10) can be easily extended to the case of a € (C\ R) U ((—m, m) x {0}) (one still has exponential
decay of a fundamental solution of H — a).

In the same vein, given A; € R, we define the Lorentz scalar §-shell interaction as

D(H +x;B85) :={®°(G, 8): G e LA(R*)*, g € L*(0)*, 1, D2G = —(B+1,Cg}. o1
(H+ B 85)p = Hp+ 3h (91 +¢_)o for ¢ € D(H + A 5).

From [Arrizabalaga et al. 2015, Section 5.1] we know that H 4+ A, 8y is self-adjoint for all A; € R.
Additionally, given A; #0, a € (C\R) U ((—m, m) x {0}) and ¢ = ®Y(G, g) € D(H + 1B 85), arguing
as in (2-10) one gets

(H+ A6y —a)p =0 if and only if (A£+Cf,>g=0. (2-12)
N
The following lemma describes the resolvent operator of the é-shell interactions presented in (2-9) and
(2-11).
Lemma 2.6. Given A,, Ay, e RwithA, #+2, ac C\Rand F € L2(R3%, the following identities hold:
(H+rebg —a) 'F=(H —a) ' F = 2,090, (14+1,CH) ' ®%F), (2-13)
(H+ B85 —a) 'F=(H—a)"'F— 1,00, (B+1,C3) ' DLF). (2-14)

Proof. We will only show (2-13); the proof of (2-14) is analogous. Since H + A.0x is self-adjoint for
he # 2, we know (H + .85, —a)~! is well-defined and bounded in L?(R3)* For A, = 0 there is nothing
to prove, so we assume A, # 0.

Let 9 = ®°(G, g) € D(H 4+ A.8x) asin (2-9) and F = (H + A.85x — a)p € L*(R*)* Then,

F=(H+ bz —a)®°(G, g) =G —ad’(G, g). (2-15)

If we apply H on both sides of (2-15) and we use that H ®°(G, g) = G + go in the sense of distributions,
we get HF = HG — a(G + go); thatis, (H —a)G = (H —a)F +aF + ago. Convolving with ¢¢
the left- and right-hand sides of this last equation, we obtain G = F + a®“(F, 0) + a®?(0, g); thus
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G — F =a®“(F, g). This, combined with (2-15), yields
0%(G, g) = ®“(F, g). (2-16)
Therefore, taking nontangential boundary values on X from inside/outside of €2 in (2-16) we obtain
DG +Clg=dUF +Clg.
Since ®°(G, g) € D(H + X.85%), thanks to (2-9) and (2-8) we conclude that

':ID‘(‘IF:—()\Le—i—Cg)g. (2-17)

Since a € C\R and H + A0y is self-adjoint for A, 7 £2, by (2-10) we see that Kernel(1/1.4Cg) = {0}.
Moreover, using the ideas of the proof of [Arrizabalaga et al. 2014, Lemma 3.7] and that A, # £2, one
can show that 1/, 4+ C§ has closed range. Finally, since we are taking the square root so that

\/mz a2 = \/mz — a2,
following Lemma 3.1 of the same paper we see that (¢9)! (x) = ¢ (—x). Here, (¢*)" denotes the transpose
matrix of ¢“. Thus we conclude that (Range(1/x, + Cf,))L = Kernel(1/X1. + Cf_;) ={0}, and so 1/A.+C§
is invertible. Then, by (2-17), we obtain
-1

g= _(% + cg) OUF. (2-18)

Thanks to (2-16) and (2-18), we finally get
-1
(H 485 —a)"'F = = d°(G, g) = D*(F, g) = d° <F, —(/\l + cg) @‘;F)
e
= ®“(F,0) — 4, P“(0, (1+1.CH ™' DLF),

and the lemma follows because ®¢(-,0) = (H —a)~! as a bounded operator in L2(R3H* O

2C. Coupling the free Dirac operator with short-range potentials as in (1-6). Given V as in (1-4), set
H:=H+YV, and H:=H+BV.

Recall that these operators are self-adjoint on H'(R?)% In the following, we give the resolvent formulae
for Hf and H}.

Throughout this section we make an abuse of notation. Remember that, given G € L?(R*)* and
gE€ L?(0)* in (2-7) we already defined ®“(G, g). However, now we make the identification ®“(-) =
®%( -, 0); that is, in this section we identify ®“ with an operator acting on L*(R*)* by always assuming
that the second entrance in ¢ vanishes. Additionally, in this section we use the symbol o (- ) to denote the
spectrum of an operator, the reader should not confuse it with the symbol o for the surface measure on X.

Proposition 2.7. Let u. and v, be as in (1-5). Then:

(1) a € p(H) ifand only if —1 € p(uP%v,), where p(-) denotes the resolvent set.
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(i) a € 0,,(Hf) if and only if —1 € opp(ucPve), where o,,(-) denotes the pure point spectrum.
Moreover, the multiplicity of a as an eigenvalue of HS coincides with the multiplicity of —1 as
eigenvalue of u d®%v..

Furthermore, the following resolvent formula holds:

(H —a) ' = & — v (1 + u D v.) 'u . (2-19)
Proof. To prove (i) and (ii) it is enough to verify that the assumptions of [Konno and Kuroda 1966,
Lemma 1] are satisfied. That is, we just need to show that a € 0,,,(H¢) if and only if —1 € 0, (u Pv)
and that there exists a € p(H¢) such that —1 € p(uPv).

Assume that a € 0,,(H?). Then (H + V. —a)F =0 for some F € L*(R3)* with F #0, so (H—a)F =
—V.F. Using that o (H) = 0ess(H), Where 0. (- ) denotes the essential spectrum, it is not hard to show
that indeed V. F #£ 0. Since V. = vcu,, by setting G =u.F € L*(R¥)* we get that G # 0 and

(H—a)F = —v.G. (2-20)
From [Thaller 1992, Theorem 4.7] we know that oes(H + V.) = 0ess(H) = o (H). Since o (Hf) is the
disjoint union of the pure point spectrum and the essential spectrum, we have o,,(Hf) C p(H), which
means that (H —a)~! = ®“ is a bounded operator on L?(R*)* By (2-20), F = —®%v.G. If we multiply
both sides of this last equation by u, we obtain G =u.F = —udv.G, so —1 € o, (u Pv.) as desired.

On the contrary, assume now that there exists a nontrivial G € L?(R3)* such that u. ®“v.G = —G. If
we take F = ®%v.G € L*(R?), we easily see that F £ 0 and V. F = —(H — a) F, which means that a
is an eigenvalue of H¢.

To conclude the first part of the proof, it remains to show that there exists a € p(Hf) such that
—1 € p(uPv.). By [Thaller 1992, Theorem 4.23] we know that o, (H¢) is a finite sequence contained
in (—m, m), so we can chose a € (—m, m) N p(H¢). Moreover, by [éeba 1988, Lemma 2], u,. ®%v, is
a compact operator. Then, by Fredholm’s alternative, either —1 € o, (U ®“ve) or —1 € p(ud“v,). But
we can discard the first option, otherwise a € 0,,,(Hf), in contradiction with a € p(H¢).

Let us now prove (2-19). Writing V, = v.u. and using that (H —a)~! = &% we have

(H¢ — a)(d* — v (1 4+ uc D) u D)
=1—ve(1 4+ u. D) ' u® + v ® — v (—1 414 u.dv) (1 + u d*v.) ', d°

=1—ve(1 + uc®v) ' uc® + veuc @ + ve(1 4+ uc dve) 'u P — veu O =1,
as desired. U

The following result can be proved in the same way; we leave the details for the reader.
Proposition 2.8. Let u. and v, be as in (1-5). Then:
(1) a € p(HY) ifand only if —1 € p(BuPv,).

(i1) a € opp(H?) if and only if —1 € 0pp(BuP*ve). Moreover, the multiplicity of a as an eigenvalue of
H? coincides with the multiplicity of —1 as eigenvalue of Bu P v..

Furthermore, the following resolvent formula holds:

(H! —a)™' = & — v (B+ ucdv) ' u . (2-21)
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3. The main decomposition and the proof of Theorem 1.2

Following the ideas in [Seba 1989; Behrndt et al. 2017], the first key step to proving Theorem 1.2 is to
decompose (H! — a)~! and (H? — a)~ !, using a scaling operator, in terms of the operators A (a), Be(a)
and C¢(a) introduced below (see Lemma 3.1).

Let no > 0 be some constant small enough to be fixed later on. In particular, we take 7g so that (1-2)
holds for all 0 < € < ng. Given 0 < € < 1, define

Ie : L*(E x (—€,€)* —> L*(Q)* by (Z f)(xs +tv(x5)) == f(xx, 1),
Se L2 x (=1, 1)* = LT x (=€, €)* by (Seg)(xx, 1) := b g(xz, 5).
Je €

Thanks to the regularity of X, Z, is well-defined, bounded and invertible for all 0 < € < g if 79 is small
enough. Note also that S is a unitary and invertible operator.
Let 0 <n <ng, Ve L>®R) with suppV C [—n, n] and u, v € L*°(R) be the functions with support
in [—1, 1] introduced in (1-5); that is,
u®) :=nVa)|Y? and  v(r) :=sign(V(n0)u(r). (3-1)
Using the notation related to (2-3), for 0 < € < 59 we consider the integral operators
Ac(a) : LA(Z x (=1, )* - LA R},
Be(a): L*(Z x (=1, 1)* = L*(Z x (=1, 1)*, (3-2)

C.(a): L2 (RH* = L*(Z x (-1, )*
defined by

1
(Ac(a)g)(x) :=f1/2¢“(x—yz—esv(yz))v(S)det(l—esW(yz))g(yz,S)dcr(yz)ds,

1
(Bo(@)g)(xs. 1) i= u(t) / | / ¢ (xs + €tv(xs) — yg — €sv(ys))v(s) (3-3)
T x det(1 — esW(ys))g(yx. 5) do(ys) ds,

(Col@g) (xp. 1) = u(t) /R (s + etvien) — »gO)dy.

Recall that, given F € L*(R**and f € L*(0)% in (2-7) we defined ®*(F, f). However, in Section 2C
we made the identification ®“(-) = ®%( -, 0), which enabled us to write (H —a)~' = ®% Here, and in
the sequel, we recover the initial definition for ®¢ given in (2-7) and we assume that @ € C \ R; now we
must write (H —a)~! = ®%(-, 0), which is a bounded operator in L*(R*)*

Proceeding as in the proof of [Behrndt et al. 2017, Lemma 3.2], one can show the following result.
Lemma 3.1. The following operator identities hold for all 0 < € < n:

Ac(a) = q)a( -, 0)ve Ze Se,
Be(@) =8I \ue (-, 0)ve Ie S, (3-4)
Ce(a) =877 'u, (-, 0).
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Moreover, the following resolvent formulae hold:
(H—a)™' = (H—a)"' + Ac(@)(1 + Bo(@)) ' Cc(@), (3-5)
(H! —a)™' = (H =)' + Ac(@)(B + Be(@)) ™' Ce(a). (3-6)
In (3-4), Ac(a) = ®4(-, 0)ve Z. S. means that A, (a)g = D% (ve Z. Sc g, 0) forall g € L*(X x (—1, 1)),
and similarly for B.(a) and C¢(a). Since both Z, and S, are an isometry, V € L*°(R) is supported in
[—n, n] and ®“( -, 0) is bounded by assumption, from (3-4) we deduce that A (a), B¢ (a) and C.(a) are
well-defined and bounded, so (3-2) is fully justified. Once (3-4) is proved, the resolvent formulae (3-5)
and (3-6) follow from (2-19) and (2-21), respectively. We stress that, in (2-19) and (2-21), there is the
abuse of notation in the definition of ®% commented on before.
Lemma 3.1 connects (H¢ —a)~! and (H! —a)~! to Ac(a), Bc(a) and C,(a). When € — 0, the limit
of the former ones is also connected to the limit of the latter ones. We now introduce those limit operators
for Ac(a), Be(a) and C.(a) when € — 0. Let

Ao(a) : L*(T x (=1, 1)* = L2(RYH*,
Bo(a): L*(Z x (=1, 1))* = L*(T x (=1, )4,

3-7
B i L*(T x (=1, 1))* > L%(T x (-1, 1), G-
Co(a) : L>(RH* = L>(Z x (=1, 1)*
be the operators given by
1
(Ao(@)g) (x) = / 1 /2 6 (r — y)()g(vx. 5) do(ys) ds,
1
(Bo(a)g)(xs. ) = lim u (1) f f 6% (rz — y2)v()g(vs. 8) do(yz) ds.
€0 =1 Jlxs—ys|>e (3-8)

1
(B'g)(xs. 1) = (o v(xx)) i u(t) / sign( =), ) ds,

(Col@e)(xs, 1) = u(t) /R (s — g0 dy.

The next theorem corresponds to the core of this article. Its proof is quite technical and is carried out
in Sections 4, 5 and 6. We also postpone the proof of (3-7) to those sections, where each operator is
studied in detail. Anyway, the boundedness of B’ is trivial.

Theorem 3.2. The following convergences of operators hold in the strong sense:

Ac(a) — Ap(a) when € — 0, (3-9)
B.(a) — Bo(a) + B whene — 0, (3-10)
Cc(a) — Cp(a) when € — 0. (3-11)

The proof of the following corollary is also postponed to Section 7. It combines Theorem 3.2, (3-5)
and (3-6), but it requires some fine estimates developed in Sections 4, 5 and 6.
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Corollary 3.3. There exist g, § > 0 small enough only depending on X such that, for any a € C\ R with
lal <1, 0 < n <ngand (8, n)-small V (see Definition 1.1), the following convergences of operators hold
in the strong sense:

(H+V.—a)' > (H=—a)""+ Ag(a)(1 + By(a) + B) 'Co(a) when e — 0,
(H4 BV, —a)™' - (H —a)"" + Ao(a)(B+ Bo(a) + B)'Co(a) when e — 0.

In particular, (1 + By(a) + B))~" and (B + Bo(a) + B')~! are well-defined bounded operators in
LY x (=1, )%

3A. Proof of Theorem 1.2. Thanks to [Reed and Simon 1980, Theorem VIII.19], to prove the theorem
it is enough to show that, for some a € C\ R, the following convergences of operators hold in the strong

sense:
(H+V.—a)' > (H+ X185 —a)~'  whene — 0, (3-12)

(H+BV.—a)™' > (H+ 2,885 —a)~' whene — 0. (3-13)

Thus, from now on, we fix a € C\ R with |a| < 1.
We introduce the operators

VLA x (=1, 1)* > L3%()* and U:L D)* = L3(Z x (=1, 1))*
given by
1

Vfxs) 2=/ v(s) f(xz,8)ds and U f(xs,0):=u() f(xz).

-1

Observe that, by Fubini’s theorem,
Ao(a) = 40, -)V, Bola) =UCV, Cola)=Ud%. (3-14)
Hence, from Corollary 3.3 and (3-14) we deduce that, in the strong sense,

(H+V.—a)™' - (H—a) '+ %0, )VA+UCV + B)'Ud% whene -0,  (3-15)
(H+BV.—a)"' = (H—a)"' + 090, )V B+UCV+B) ' Ud® whene—0. (3-16)

For convenience of notation, set
Kg(xs. 1) 1= Ky(g(xs, () forge L x (—1, 1)),

where Ky is as in (1-7). Then, we get

L ~ L (o-v)Klh
1+B =04+ (x U)Kﬂ4_((0-v)lC|]2 L )

Here, o := (01, 02, 03), see (1-1), I4 denotes the 4 x 4 identity matrix and IACJI]4 denotes the diagonal 4 x 4
operator matrix whose nontrivial entries are &, and analogously for Kl,. Since the operators that compose
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the matrix 1 + B’ commute, if we set K := IACH4, we get

(1+B8) "= —1%2)‘1®( I

_ 12—l . 21 )
—(o -v)Kl, I, >—(1 ) (a-v)(1 =K' K. (3-17)

With this at hand, we can compute
A+0CV+B) " =(1+1+B)'TCV) "1+ B)"!
—(1+(1-K)'TCLV - (@-v)(1 -k~ 'KTCLV) ™
o((1—KH ' —(a-v)(1-KH'K). (3-18)
Notice that
V(I+(1—KHTTCLV — (@-v)1 - K ~'KUCeV)
=(1+VA-KH'0CE~ (@-v)V(1 - KHT'KUCY)V,
which obviously yields
1

VI+A=KHTTCLV - (@-v)(1 —KHIKUCV)”
—(1+VA-K)'TC: - (@-v)V(1-K)'KTCY) V. (3-19)
Additionally, by the definition of Ky in (1-7), we see that
Va-k37'0 = </v (1 —/czv)—‘u)u4 = Aol
¥ (3-20)
VA -K"'kU = (fv (1— /c’é)—licvu)h =0.
R

Indeed, from (1-10) in Theorem 1.2, A, = fpv (1 — K3,)~'u. Let us focus on [v (1 —K3) ™' KCyu. Note
that, for any n > 0,

N 2n+1 . .
/“’C%/Hl“:(_%’) n+/ . ZV(IO)V(tl)"'V(t2n+l)51gn(t0_tl)"'Slgn(t2n_t2n+l)dt0dtl"'dt2n+l-
R (=n,m)="+
Set s; :=ty, 41— for j €{0,...,2n+1}. Then,

sign(to — 1) - - - sign(tay — tan1) = (—=1)*" T sign(so — s1) - - - sign(s21 — $2041);

thus, by Fubini’s theorem, [, v} *'u = 0. This implies [v (1 — K2)~'Kyu = 0 by a Neumann series
argument, and therefore V(1 — K2)~'KU = 0.
Hence, combining (3-19) and (3-20) we have

VA+1—KH'TC2V — (@ v)(1 —KH7KTCeV) ™ = (1 + 4,697V, (3-21)
Then, from (3-18), (3-21) and (3-20), we finally get
(0, )W +TCLV + B 1U®% = 00, - )(1 4 1,C%) 1, 0.

This last identity combined with (3-15) and (2-13) yields (3-12).
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The proof of (3-13) follows the same lines. Similarly to (3-17),
B+B) ' =1A+KHT B~ (@ A+
One can then make the computations analogous to (3-18)—(3-21). Since
Ay = /Rv (14+K3) " u,

we now get
(0, YV (B+UCLV + B) UL = 00, - )(B + 1,C4) a0

From this, (3-16) and (2-14) we obtain (3-13). This finishes the proof of Theorem 1.2, except for the
boundedness stated in (3-7), the proof of Corollary 3.3 in Section 7, and Theorem 3.2, whose proof is
broken up as follows: (3-9) in Section 6, (3-10) in Section 5 and (3-11) in Section 4.

4. Proof of (3-11): C.(a) — Cy(a) in the strong sense when ¢ — 0

Recall from (3-3) and (3-8) that Cc(a) with 0 < € < g and Cy(a) are defined by

(Ce(a)g)(xs, 1) = M(t)/R3 ¢ (xz +etvxs) —y)g(y) dy,

(Col@)g) (s, 1) = (D) /R e~ Mg dy.

Let us first show that C, (a) is bounded from L2(R3)* to L2(X x (—1, 1))* with a norm uniformly bounded
on 0 < € < ng. For this purpose, we write

(Ce(@)g) (xz, 1) = u(t)(¢* * g) (xx + €tv(xx)), (4-1

where ¢ x g denotes the convolution of the matrix-valued function ¢¢ with the vector-valued function
g € L>(R*)* Since we are assuming that a € C\R and, in the definition of ¢¢, we are taking ~/m? — a2 with
positive real part, the same arguments as the ones in the proof of [Arrizabalaga et al. 2014, Lemma 2.8]
(essentially Plancherel’s theorem) show that

lp® * gll g1 oyt < Cliglz@ey  forall g € L2 (R,

where C > 0 only depends on a. Additionally, thanks to the C? regularity of X, if 1 is small enough it is
not hard to show that the Sobolev trace inequality from H L(R** to L?(Z¢;)* holds for all 0 < € < g
and ¢ € [—1, 1] with a constant only depending on 71y (and X, of course). Combining these two facts, we
obtain that

16 % gll2(s 0 < Cliglz@sy forallg e LXRYY, 0<e<moandre[-1.1].  (4-2)
By Proposition 2.2, if ng is small enough there exists C > 0 such that

c'< det(1 —etW(Pgx)) <C forall0<e<mng, te(—1,1)and x € X;. (4-3)
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Therefore, an application of (4-1), (2-4), (4-3) and (4-2) finally yields
1
2
IC (@85 w11y = / / |u(0) (9" * &) (xs +etv(xz))| do(xs) dr
-1Jz

1
_ 2
< Nl / / ldet(1 — et W(Pz) (8 % £)(0)| doer (x) di
—1J %
1
< Clluli= f o #8172,y dt < Cllul ooy 181172
That is, if 19 is small enough there exists C; > 0 only depending on ng and a such that

ICe(@) | 23y 125 x(—1.1)* < Cillullp=@ forall 0 <e < no. 4-4)

In particular, the boundedness stated in (3-7) holds for Cy(a).
In order to prove the strong convergence of C¢(a) to Co(a) when € — 0, fix g € L?(R*)* We must
show that, given § > 0, there exists €y > 0 such that

[Ce(a)g — Col@)gll 2z x(—1,1t <8 forall 0 <€ <e. 4-5)

For every 0 < d < no, using (4-4) we can estimate

[Ce(@)g—Co(@)gll12(zx(~1,1))*
<ICe(@ (X8 lL2(s x (=1, HICo(@) (X2, 8) | L2 (5 x (= 1,1 FI(Ce (@) —Co(@)) (Xr3\2,8) | L2(5 x (—1,1))
<2C [lull L@ I X, 8l 2@yt HII(Ce (@) —Co(@) (X, 8) | L2 (2 x (= 1,1))*- (4-6)

On one hand, since g € L>(R*)* and £(X) = 0 (£ denotes the Lebesgue measure in R3), we can take
d > 0 small enough so that

X282 < 4-7)

AC |ull Loy

On the other hand, note that
(x5 +etv(xs)) —xs| = €t v(xs)| < € < 3d =1 dist(Z, R*\ Q) < 4 x5 — y| (4-8)

forallOfef%d, te(—1,1), xy e X andye[R{3\§2d.

As we said before, we are assuming that a € C\ R and, in the definition of ¢¢, we are taking v/m? — a?
with positive real part, so the components of ¢“(x) decay exponentially as |x| — co. In particular, there
exist C, r > 0 only depending on a such that

109 (x)| < Ce™™™ forall |x| > 1,

X (4-9)
106 (x)| < Clx|™® forall 0 < |x| < 1,

where by the left-hand side in (4-9) we mean the absolute value of any derivative of any component of the
matrix ¢“(x). Therefore, using the mean value theorem, (4-9) and (4-8), we see that there exists C, 4 > 0
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only depending on a and d such that
€

|6 (s +erv(xs) —y) = ¢ 0z = Y| < Cod 3
lxs — yl

forall0 <e < %d, te(—1,1),xyeXand y € R3 \ 4. Hence, we can easily estimate
|(Ce(a) — Co(@)) (xpn0,8) (x5, 1)

< lullLow) /R}\Q |9p% (xs +etv(xs) — y) — ¢%(xx — »)|Ig()| dy

€lgy)l
< Ca,d||M||L°°(R)/ —
RI\Qy Xz — Yl

12

y

< Cya€llullL=m) (/3 [P |6> lgllzmays < Cpg€llullomllgl2ms)
R3\By(xg) 1X= — Y

where C ; 4 > 0 only depends on a and d. Then,

[(Ce(@) — Co(@) (Xpra, ) | 22 x(—1,1¢ < Copg €llull L@l gl 12w (4-10)

for a possibly bigger constant C L’l 4> 0.
With these ingredients, the proof of (4-5) is straightforward. Given § > 0, take d > 0 small enough so
that (4-7) holds. For this fixed d, take

. { ) d}
€) = min - s = (-
2C, yllullL=mligl 2@y 2

Then, (4-5) follows from (4-6), (4-7) and (4-10). In conclusion, we have shown that
lim [|(Ce(@) = Co@)gllaz w1, =0 forall g € L*(R)", (4-11)
which is (3-11).
5. Proof of (3-10): B.(a) = By(a) + B’ in the strong sense when ¢ — 0
Recall from (3-3) and (3-8) that B.(a) with 0 < € < ng, and By(a) and B’ are defined by
1
(Be(a)g)(xx, 1) = u(t)[ / ¢“(xx +etv(xs) — ys —esv(ys))v(s)
-1Jz
x det(l —esW(yz))g(ys, s)do(ys)ds,

1
(Bo@g)(vs. 1) = lim u(r) / | /I 6% (rs — y2)($)g(yz. ) ds do(ys),

Xy —ys|>€

1
(B'g)(xs, 1) = (a-v(xy)) 3i M(t)/] sign(t —s)v(s)g(xx, s) ds.

We already know that B¢ (a) and B’ are bounded in L*(Z x (=1, 1)* Let us postpone to Section 5B the
proof of the boundedness of By(a) stated in (3-7). The first step to proving (3-10) is to decompose ¢“ as
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in [Arrizabalaga et al. 2015, Lemma 3.2]; that is,

V=2 —m x| _ | ,
)= (atmprvVmi—atia =)+ i I 4 Lo
47| x| |x] 4 x|®  4m |x|3

=: of (x) + 0 (x) + w3(x). 5-1

Then we can write
Bc(a) = Be,a)‘l‘ + Be,w%’ + Be,w39

(5-2)
By(a) = Bo,wt + Bo,ws + Bo,ws,

where Be vty Be ot and B¢ ,,, are defined as B¢(a) but replacing ¢ by o, @) and w3, respectively, and
analogously for the case of By(a).

For j = 1,2, we see that |of (x)| = O(lx|™") and |9 (x)| = O(|x|7?) for |x| — 0, with the un-
derstanding that |a);‘ (x)| means the absolute value of any component of the matrix a)J“ (x) and |8a);‘ )]
means the absolute value of any first-order derivative of any component of a)]" (x). Therefore, the integrals
defining Be,w;z and Boﬁw;z are of fractional type for j = 1, 2 (recall Lemma 2.5) and they are taken over
bounded sets, so the strong convergence follows by standard methods. However, one can also follow the
arguments in the proof of [Behrndt et al. 2017, Lemma 3.4] to show, for j = 1, 2, the convergence of
BMU? to B()’a);f in the norm sense when € — 0; that is,

eli_{% [ Be.wt = Bo.o? 125 x(—1, 1> L2(sx (-1, =0 for j=1,2. (5-3)

A comment is in order. Since the integrals involved in (5-3) are taken over X x (—1, 1), which is bounded,
the exponential decay at infinity from [Behrndt et al. 2017, Proposition A.1] is not necessary in the setting
of (3-10); hence the local estimates of |wJ‘.’ (x)| and |8a);.1 (x)| near the origin are enough to adapt the proof
of Lemma 3.4 of the same paper to get (5-3).

Thanks to (5-2) and (5-3), to prove (3-10) we only need to show that B¢ ., — By «, + B’ in the strong
sense when € — 0. This will be done in two main steps. First, we will show that

lirr(l) B¢ i, 8(xx, 1) = By, 8(xx, 1) + B'g(xs,t) foralmostall (xg,1) € ¥ x (—1,1) (5-4)
€—>

andall g € L®°(X x (-1, 1))* such that supj, < lgxs,t)—g(ys, )| <Clxg—yg| forall xy, yy € ¥ and
some C > 0 which may depend on g. This is done in Section 5A. Then, for a general g € L>(Z x (—1, 1))%,
we will estimate | B¢ o, g(xx, t)| in terms of some bounded maximal operators that will allow us to prove
the pointwise limit (5-4) for almost every (xx, t) € ¥ x (—1, 1) and the desired strong convergence of
Be ., t0 Bo o, + B'; see Section 5B.

SA. The pointwise limit of B ., g(xx,t) when € — 0 for g in a dense subspace of L3(X x (-1, 1)*.
Observe that the function u in front of the definitions of B ., Bo.», and B’ does not affect the validity
of the limit in (5-4), so we can assume without loss of generality that u =1 in (—1, 1).

We are going to prove (5-4) by showing the pointwise limit component by component; that is, we are
going to work in L*°(X x (—1, 1)) instead of L*°(X x (—1, 1))* In order to do so, we need to introduce
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some definitions. Set

k(x) = 471)|C—x|3 for x € R3\ {0). (5-5)

Givent € (—1, 1) and 0 < € < gy with 1 small enough and f € L*°(X x (—1, 1)) such that
sup | f(xz, 1) — f(yz, )] = Clxs — yz|

It]<1

for all xy, yy € ¥ and some C > 0, we define

1
TE f(xs) = / | /E K(xs +€tvirs) — ys —esv(ye)) f(vg, ) det(l — esW(yg)) do(ys) ds.
By (2-4)
1
T flrg) = / | / K (ke — Yes) £ (P yess 8) dGes (ves) ds, (5-6)

where x¢; := xx + €tv(xy), Yes := Yz +€sv(yx) and Py is given by (2-1). We also set

1 1
T, f(xx) = lim / 1 /I k(xz — y3) f (p. 8) do(yz) ds + Lo(xg) / sign(t =) f (v, 5)ds.

z—ys|>d
We are going to prove that

lim T f(xx) =T, f(xx) (5-7)

for almost all (xx, ) € ¥ x (—1, 1). Once this is proved, it is not hard to get (5-4). Indeed, note that
k = (ky, ka2, k3) with k;(x) := x; /(47 Ix]3) being the scalar components of the vector kernel k(x). Thus,
we can write

TS f(xs) = ((TF f (e, (T f (es))as (T f (x5))3),

where each (T f(xx)); is defined as in (5-6) but replacing k by k;. Then, (5-7) holds if and only if
(Tf f(xx))j — (T f(xx)); when € — O for j = 1,2, 3. From these limits, if we let f(ys, s) in the
definitions of 7, f and T, f be the different components of v(s)g(yx, s), we easily deduce (5-4). Thus,
we are reduced to proving (5-7).
The proof of (5-7) follows the strategy of the proof of [Hofmann et al. 2010, Proposition 3.30]. Set
E(x):= b for x € R\ {0},
47| x|

the fundamental solution of the Laplace operator in R>. Note that VE = k = (ki, k, k3). In particular, if
we set v = (vy, vz, v3) and x = (x1, X2, x3), for x € R? and y € ¥ with x # y we have the decomposition

ki(x —y) =0, E(x — y) = v(y)|* , E(x — )

= (2 EC = y) + Y v (0, EG =) = Y 0j(3)va (1), E(x — y)

n

V() Y 0 B =23 + Y (ma ()3 E(x — y) = vj(3) 8y, E(x = ) v (y)

=1V E@x =)+ VI E(x = y)ua(y), (5-8)
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where we have taken
vv(y)E(x - )’) = Z Vn(y)ax,,E(x - y) = VxE(x - y) : V()’)»
n

(5-9)
VIS E( =) 1= v (0)dg E(x — ) = v;(3)9, E(x — y).
For j, n € {1, 2, 3} we define
1
vaf(xz, [) = / / Vv“(yﬁ)E(xet — yés)f(PEyGS’ S) dO-ES(yGS) dS,
R (5-10)

j, nf(xE 1) —/ / Ve (yg E(xet Yes) f(PsYes, 8) dOes(Yes) dss,

where Ves(YVes) :=v(yx) is a normal Vector field to X,. Additionally, the terms V,_ (y ) E(X¢; — yes) and
Uﬂ(y )E (Xer — Yes) 1n (5-10) are defined as in (5-9) with the obvious replacements.
Given f € L®°(X x (—1, 1)) such that sup < |f (xz, 1) — f(ys, )| < Clxg —yz| forall xy, yx € X
and some C > 0, by (5-8) we see that

(T f(xg)); = TShi(es, )+ Y Tfhalxs, 1), (5-11)
n
where h, (Px Yes, §) = (Ves Ves)n [ (PxYes, s) forn =1, 2, 3. We are going to prove that

1
lim T hj(xx, 1) = lim / / Vi) E(xs —ys)hj(ys, s)do(ys)ds
e—0 §—0 xz—ys|>8

1
+%/_ sign(t —s)hj(xg, s)ds, (5-12)

lim T,k (x;,t)_hm/ / v(yE)E(xg ys)ha(vs, 8) do(ys) ds (5-13)
€0 lxs—yz|>8

for n =1, 2, 3. Then, combining (5-11), (5-12) and (5-13), we obtain (5-7). Therefore, it is enough to
show (5-12) and (5-13).

We first deal with (5-12). Remember that VE = k so, given § > 0, from (5-9) and (5-10) we can split
Tfhj()q:, t) as

1
Tuehj (xz, 1) = / / k(xer — Yes) * Ves (Ves) hj(PZyesv §)d0Oecs(Yes) ds
[Xes —Yes|>8

1
+/ f k(xet__YGs)'Ves(yes)(hj(PEyGSss)_hj(PExes,S))dO_es(yes)ds
[Xes —Yes| <8

1
+/ h.i(P2x€Sa s) k(xer — Yes) - Ves (Yes) dOes(yes) ds
—1

[Xes—Yes| <6
€,8 + '@6,5 + ‘fe,s,
and we easily see that

m T¢h;(xs, 1) = im lim (5 + Be s + C..9). (5-14)
e—>0 6—0 e—0

We study the three terms on the right-hand side of (5-14) separately.
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For the case of @ s, note that k € C ®(R3\ Bs(0))? and it has polynomial decay at co, so
lk(x)| + |0k(x)| < C < +00 forall x € R? \ B;s(0),

where C > 0 only depends on 8, and dk denotes any first-order derivative of any component of k. Moreover,
hj is bounded on ¥ x (—1, 1) and X is bounded and of class C 2 Therefore, for a fixed § > 0, the uniform
boundedness of the integrand combined with the regularity of £ and ¥ and the dominated convergence
theorem yields

1
lim o7 =/ f k(xs —ys)-v(ys) hj(ys,s)do(ys)ds. (5-15)
€0 1 Jjxg—ys|>8

Then, if we let § — 0, from (5-15) we get the first term on the right-hand side of (5-12).

Recall that the function h; appearing in %, s is constructed from the one in (5-4) using v, see below (5-7),
and vy, see below (5-11). Hence hj € L*°(X x (-1, 1)) and SUp|; < |hj(xs, 1) —hj(ys, )| < Clxs —ys|
for all xy, yy € ¥ and some C > 0. Thus, if 9 and é are small enough, by the mean value theorem there
exists C > 0 such that

| Ps yes — Py Xes] < C

|xXer — yes|2 T | Yes — Xes|

|k (Xer = Yes) * Ves (Ves) (hj (P yes, ) — hj(Psxes, 5))| < C (5-16)
for all 0 < € < ng and |x¢5; — yes| < 8. In the last inequality in (5-16) we used that Py is Lipschitz on
@y, and that |xe¢s — yes| < Clxer — Yes| if [Xeg — Yes| < 6 and § is small enough (due to the regularity
of ¥). From the local integrability of the right-hand side of (5-16) with respect to o¢; (see Lemma 2.5)
and standard arguments, we easily deduce the existence of Cs > 0 such that SUP)<e <y, |%e 5| < Cs and
Cs — 0 when § — 0; see [Behrndt et al. 2017, (A.7)] for a similar argument. Then, we have

|lim lim % 5| < lim sup |%cs| < lim Cs=0. (5-17)
§—0e—0 s 0<e<ng §—0

Let us finally focus on % 5. Since k = VE, from (5-9) we get

/ k(xer — Yes) - Ves(Yes) dOes(Yes) = / Vvﬂ(y“)E(xet — Yes) d0es(Ves).
[Xes—Yes| <6 [Xes—Yes| <6

Consider the set
Bs(xes) \ R2(e,5) ift <,

D§(t,s) =
Bs(xes) NQ(e,s) ift >,

where 2 (e, s) denotes the bounded connected component of R3 \ X that contains 2 if s > 0 and that is
included in Q if s < 0.

Set E,(y) := E(x — y) for x, y € R® with x # y. Then AE,, =0in D§(t,s) and VE,_(y) =
—VE(xer — y). If vyper.5) denotes the normal vector field on 0 D5 (t, s) pointing outside Dj(t, s), by the
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VaDE (t,5)

Ves (Yes)

8!
[ DS(t,s)
]
e[ [

v ,
‘.\l es(Ves)

N NN \

Figure 1. The set D§(z, s) in the case t > s > 0 (left) and s > ¢ > 0 (right).

divergence theorem,
0= / AE,, (y)dy=— / VE (et — ¥) - Vaps (.5 (0) dH ()
D§(t,s) ID5(t,5)

= - Sign(t —5) Vv“(yES)E(xet — Yes) d0es(Ves)

[Xes—Yes| <6

- f VE(xq —y) —— d#2(y), (5-18)
{yeR3:|xes—y|=8}NAS |y — Xes]

where
AS =R\ Q(e,s) ift<s and A5 :=Q(es) ift>s.

Remember also that 742 denotes the 2-dimensional Hausdorff measure. Since VE = k, from (5-18) and
(5-9) we deduce that

. Xes — Y
f K (ker—es)-Ves (ves) d0es (es) = sign(i—s) / kGra—y) =Y 432(y). (5-19)
|Xes—Yes | <8 3 Bj (xes)NAE, |Xes — ¥

Note that x; ¢ D§ (¢, s) by construction; see Figure 1. Moreover, by the regularity of X, given
§ > 0 small enough we can find €y > 0 so that |x¢; — y| > %8 forall0 <€ <¢p, s,t € [—1,1] and
y € 0Bs(xes) N Af,s. In particular,

lk(xe; — ¥)| < C <400 forall y € 9Bs(xes) NAS (5-20)

t,s°
where C only depends on § and €. Then,

Xet — Xeg —
et — Y = es — Y d,Hz(y)
A |xer — yI°  |xes — ¥l

Xes — Y
X0 Bs(xe )AL, (V) k(Xer — ¥) - AW (y) = X0 Bs(xe )AL, (V)

|xXes — ¥l

N X9 Bs(xs)ND(1,s) (V)

o B dH*(y) whene — 0, (5-21)
Xy —Y

where
D(t,s) =R\ Q ifr<s  and D(t,s):=Q ifr>s.
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The limit in (5-21) refers to weak-x convergence of finite Borel measures in R3 (acting on the variable ).
Using (5-21), the uniform estimate (5-20), the boundedness of /; and the dominated convergence theorem,
we see that

1 —
lim [ sign(t —$)h;(xs, s) / KGre — ) -~ an2(y) ds
1 BBS(xex)mAf,x

e—0J_ | €s

1

=/ sign(t—s)hj(xz,s)/ —2d7-{2(y) ds
—1 39Bs(xs)ND(t,s) 471Xz — ¥l
1 2
) H(0Bs(xx) N D(t, 5))
= sign(t — s)h; ,
/_1 B = S, ) 3 By (e

Then, using the regularity of ¥ and the dominated convergence theorem once again, we get

1 _
lim lim [ sign(t — ) (xs. 5) / k(e — ) -~ a32(y) ds
1 0Bs(xes)NAT

§—0e—0 J_ [Xes — V|

1
=1 / sign(r — $)h; (s, s) ds.  (5-22)
—1

By (5-19), (5-22) and the definition of %, s before (5-14), we get

1
lim lim % s = % / sign(t — s)hj(xx, s)ds. (5-23)
-1

§—0e—0

The proof of (5-12) is a straightforward combination of (5-14), (5-15), (5-17) and (5-23).
To prove (5-13) we use the same approach as in (5-12); that is, we split Tfnh,, (xx,1) as

T;nhn(-xi, t) = Jye,(s + v@g’é +(g€’5,

like above (5-14). The first two terms can be treated analogously and one gets the desired result; the
details are left for the reader. To estimate 4, s we use the notation introduced before. Recall that E,, is
smooth in Dg(—t,s) (assuming ¢ # s) and k(x¢; —y) = VE(x¢, —y) = —VE,_, (y). So, by the divergence
theorem, see also (5-9),

Jon B 2
/305 (r,s)v””DEU‘-w(y) Ere =) dH()
= / ((UBDE (,5) ONn axj~ E(xer —y) — (V8D§ (t,s) (y))j aan(xet - y)) dH2(y)
ADE(t,5)
= f (9y,dy, Ex,, — dy,dy, Ex., ) (y) dy = 0. (5-24)
D (1,5)
Since d D5 (1, s) = (Bs(xes) N es) U (0 Bs(xes) N Af’s), from (5-24) we have

VI E(Xest — Yes) dO, / v E(xe —y) dH* ()|,
‘/|xﬂ—yﬂ|§6 Ves (Ves) (Xest — Yes) dOes(Ves) N~ Vg (1.0 (Y) (Xer —¥) )
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Observe that

XoByreonas, ) VI E(xe —y) dHA(Y)

Vaug(r,s)(y)
= X085 (ren)n AL, (V) (VoD 1.5)(9))j 0y, B, (V) = VaDe 1.5) (V) By, Ex, (1) dH*(y)
(y—xx); (y—xx)
— 4 8y,,Ex>; (y) - _ .
ly —xxl ly —xxl

when € — 0. The limit measure in (5-25) vanishes because its density function corresponds to a tangential

— XBB5(x);)ﬂD(I,s)(y)< dy,Exy (y)) dH*(y)=0 (5-25)

derivative of E,; on dB;s(xx), which is a constant function on 9 Bs(xx). Therefore, arguing as in the
proof of (5-12) but replacing (5-21) by (5-25), we have that, now,

lim lim %, s =0.

§—>0e—0

This yields (5-13) and concludes the proof of (5-4).

SB. A pointwise estimate of |Be .,,8(xx, t)| by maximal operators. We begin this section by setting

k() i= 39— for j=1,2,3, x = (x1, x2,x3) € R\ (0}, (5-26)
47 |x]

In (5-5) we already introduced a kernel k which, in fact, corresponds to the vectorial version of the ones
introduced in (5-26). So, by an abuse of notation, throughout this section we mean by k(x) any of the

components of the kernel given in (5-5).
Note that k(—x) = —k(x) for all x € R?\ {0} and, besides, there exists C > 0 such that

lk(x — )| < for all x, y € R? such that |x — y| > 0,

T lx—yl?

(5-27)
|z — x|
|3

k(z—y)—k(x—y)|<C forall x, y, z € R with 0 < |z — x| < J|x — .

lx—y

As in Section 5A, we are going to work componentwise. More precisely, in order to deal with the

different components of Be ,,g(xx, ) for g € L*(T x (—1, 1)) we are going to study the following
scalar version. Given 0 <€ <1, g € L?(Z x (=1,1)) and (xx,1) € £ x (=1, 1), define

Beg(xs, 1)
1
:=u(t)/ fk(xz +etv(xs) —ys —esv(ys))v(s) det(l —esW(ys))g(ys, s)do(ys)ds, (5-28)
—1J2

where u and v are as in (3-1) for some 0 < n < 5. It is clear that pointwise estimates of |§€ glxy, )|
for a given g € L*(Z x (=1, 1)) directly transfer to pointwise estimates of |Be .,/ (xx, t)| for a given
he L%(T x (-1, 1))* so we are reduced to estimating |1§€g(xz, )| for g € L*(T x (—1, 1)).

A key ingredient to finding those suitable pointwise estimates is to relate B, to the Hardy-Littlewood
maximal operator and some maximal singular integral operators from Calder6n—Zygmund theory. The
Hardy-Littlewood maximal operator is given by

1
M, f(xg) = sup ——— |fldo, M, :L*(X)— L*(Z) bounded; (5-29)
50 0(Bs(xx)) JB;(xy)
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see [Mattila 1995, Theorem 2.19] for a proof of the boundedness. The above-mentioned maximal singular
integral operators are

T, f (x5) := sup , Ty:L*(Z)— L*(Z) bounded;  (5-30)

§>0

/| ke ) fn) o)
Xz —yz=|>

see [David 1988, Proposition 4 bis] for a proof of the boundedness. We also introduce some integral
versions of these maximal operators to connect them to the space L3(Z x (=1, 1)). Set

M*g(xil) .

1 1/2
(/ M*<g(-,s))<xz)2ds) . M, :L*X x (=1, 1)) > L%(Z) bounded,
- (5-31)

1
ﬁg(xz) :=/ T.(g(-,8))(xx)ds, ﬁ : L2(2 x (—1,1)) —» LZ(Z) bounded.
-1

Indeed, by Fubini’s theorem and (5-29),

1 1
Mgl 72z, = fz / Mg ) rs) ds dotxs) = f M DI s ds

1
=< Cf] ”g( vs)”iZ(E) ds = C”g”iZ(EX(_]y]))-

By the Cauchy—Schwarz inequality, Fubini’s theorem and (5-30), we also see that T, is bounded, so
(5-31) is fully justified.

Let us focus for a moment on the boundedness of By(a) stated in (3-7). The fact that, for g €
L2(Z x(—1, 1))* the limit in the definition of (By(a)g)(xx, t) exists for almost every (x5, 1) € T x(—1, 1)
is a consequence of the decomposition (see (5-1))

¢ = 0] + o) + w3,

the integrals of fractional type on bounded sets in the case of w{ and  and, for w3, that

lim k(xs —yy) f(yx)do(yg) exists for o-almost every xy € X (5-32)

€20 J|xs—ys|>e

if f e L?(X) (see [Mattila 1995, Theorem 20.27] for a proof) and that
1
/ v(s)g(-, s)ds € LA()*
-1

Of course, (5-32) directly applies to By, 4, (see (5-2) for the definition). From the boundedness of i
and working component by component, we easily see that By, is bounded in L2(Z x (=1, 1)~ By the
comments regarding Bo,a)'; and Bo,wg from the paragraph which contains (5-3), we also get that By(a) is
bounded in L*(X x (—1, 1))* which gives (3-7) in this case.
With the maximal operators at hand, we proceed to pointwise estimate |I§; g(xx,1)| for g € L*2(Z x
(—1,1)). Set
8e(yz, 8) :==v(s)det(l —esW(yx))g(ys, 5). (5-33)
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Then, since the eigenvalues of W are uniformly bounded by Proposition 2.2, there exists C > 0 only
depending on 7g such that

18e(yz, )| = CllvllLemlg(ys, s)I forall0 <e <no, (ys,s5) € L x (=1, 1). (5-34)
Additionally, the regularity and boundedness of ¥ imply the existence of L > 0 such that
lv(xs) —v(yz)l < Llxg —ys| forallxs, ys € X. (5-35)

We make the following splitting of Eeg(xg, t) (see (5-28) for the definition):

1
BogCrs, = u(t) f / K(xs + €tv(xs) — vz — esv(yn))ge (v, 5) do(ys) ds
—1 J|xg—ys|<de|t—s]|

1
+u(t)f / (k(xg +€rv(xs) — ys —€sv(yx))
b ml=aei] — k(xs +esv(xs) — yz — esv(y2)))ge vz, 8) do(ys) ds

1
+M(l)/ / (k(xs +es(xs) —v(ys)) — ys) —k(xs — y5))
Tl bl x ge(ys, s)do(ys) ds

1
+M(l)f / k(xs —ys)ge(ys, s)do(ys)ds
=1 J|xz—yz|>4elt—s|

=: Be1g(xs, 1)+ Beag(xs, 1) + Be3g(xs, 1) + Beag(xs, 1). (5-36)

We are going to estimate the four terms on the right-hand side of (5-36) separately.
Concerning §5,1g(Xg, 1), note that
€|t —s| =dist(xy + €tv(xz), Tey) < |xz +etv(xs) — yx —esv(yx))|
for all (yx,s) € & x (=1, 1); thus |k(xg + etv(xs) — yz —esv(ys))| < 1/(€2|t — s|%) by (5-27), and
then
! 1

1B1g(xs, 1) < ||u||mR>/ -
—1 €2t =52 Jxg—ysi<deli—s|

lge(ys, s)ldo(ys)ds

1
< CllullL=m®) / 1 M, (ge(-,5))(xx)ds < Cllul|Lemllvlize® Mg (xXx), (5-37)

where we used the Cauchy—Schwarz inequality and (5-34) in the last inequality above.
For the case of Ee,z g(xx, t), we split the integral over ¥ on dyadic annuli as follows. Set

N = [ logz<w) H +1 (5-38)

elt —s|
for t # s, where [ - ] denotes the integer part. Then, 2Ve|t —s| > diam(£2,,) and

1 N
1Beag(xs, 0] < llullz~) / > / -+ do(ys)ds, (5-39)
-1, 2ntle|t—s|>|xs—ys|>2"€|t—s|



732 ALBERT MAS AND FABIO PIZZICHILLO

where .- means |k(xs + €1v(xs) — yz — €sv(y5)) —k(xs +esv(xs) — ys — €sv(yz))|1g (s, 8)I-
By (5-35),

(I=noLl)|xs —yz| < lxs —ysl —nolv(xz) —v(ys)l
<|xz +esv(xs) — yz —esv(ys)|
<lxz —ysl+nolvxz) —v(yz)l <A +nol)lxy — y=l,
thus if we take ng < 1/(2L) we get
3lrs — vzl < |xx +esvixz) —ys —esv(yz)| < 20z —ysl. (5-40)
Additionally, for 2"+le|t —s| > |xx — yz| > 2"€|t — 5|, using (5-40) we see that

|xz +etv(xy) — (xy +esv(xz))| =e€|t —s| <27"|xg — ys|
<27 xg +esv(xy) — yx —esv(ys)|

< 3|xs +esvixs) —ys —esv(yy)] (5-41)
foralln =2, ..., N. Therefore, combining (5-41), (5-27) and (5-40) we finally get

[k(xs +€tv(xs) — yx —€sv(yx)) —k(xs +esv(xs) — ys —esv(ys))]

|xg +etv(xy) — (xg +esv(xy))| - Celt —s| - C
lxg +esv(xs) —ys —esv(ys)? T xg —ysP 23e?r —s)?
foralls,re(—1,1), 0<e<ng, n=2,...,N and 2" e|t —s| > |xx — yx| > 2"€|t —s|. Plugging this
estimate into (5-39) we obtain
I 18 (yz. 9)|
~ >
|Bepg(xs, )] < C||M||L°<>(R)f / =" do(ys)ds
‘ —1 ; el —s|> [xp—ys | > 2nelr—s| 2 €|t — |2
1
_18e(ys, )
< Cllulle) / [ _do(yz) ds
-1,5 |xs—ys|<2ntHe|t—s| (2n+16|t |)

o
1 ~
< Cllull=m ) 5, / M (8e(+,$))(xp) ds < Cllull o IVl omM.g(xz), (5-42)
n=2 -1

where we used the Cauchy—Schwarz inequality and (5-34) in the last inequality above.
Let us deal now with §€’3g(x2, t). Since 0 <€ <ngand s € (—1, 1), if we take ng < 1/(2L) as before,
from (5-35) we see that

|(xs +es(vixs) —v(ye))) — xz| =€ls| V(xs) —v(ys)l < jlxs — yzl,

and then, by (5-27),

els[lv(xg) —v(ys)] - Ce
lxz —yz |3 ~ Jxs —yzl?

|k(xs +es((xs) —v(ys) —ys) —k(xz —yz)| < C (5-43)
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Splitting the integral which defines §€,3 g(xyg, t) into dyadic annuli as in (5-39), and using (5-43), (5-34)
and (5-38), we get

1 N
~ lge (s, 9)I
Buaglrs. 0] = Clullmn [ Ye [ 8V I 5(ys) ds
—1 2tHle|r—s|>|xs—ys|>2me|i—s| X5 — Yzl

1 N
< cnunmmf €Y M.(ge(+,5)(xg)ds
-1 n=2

! diam(£2,,,)
< Cllullpemllviizem) | € |log, “er—s| M, (g(-,s))(xx)ds. (5-44)
—1 -
Note that
diam (2
elogz<ﬁ) <€e(C+|log, €|+ |log, |t —s]|) < C(1+4|log, |t —sl|)

for all 0 < € < ng, where C > 0 only depends on 19. Hence, from (5-44) and the Cauchy—Schwarz
inequality, we obtain

1
|Besg(xs, 1) SC||u||Loo<R>||v||Loo<R)f (1+|log, |t —s||)M.(g(-, 5))(xx) ds
-1

1 1/2
2 ~
sC||u||Loo<R>||v||Loo<R)(/ (14 |log, |7 —s1]) ds) M,g(xx)
-1
< Cllull L@ V]l L@ Myg (x5), (5-45)

where we also used that t € (—1, 1), so f_ll(l + |log, |t —s||)2ds <c(1 +f02 |log, r|*dr) < +o0, in
the last inequality above.
The term |§€,4g(x2, t)| can be estimated using the maximal operator ﬁ as follows. Let A;(yy) and
A2(yx) denote the eigenvalues of the Weingarten map W (yx). By definition,
8e(ys, s) =v(s)det(l1 —esW(ys))g(ys, s)
= () (1 + %571 (y2)ha(yx) — eshi(yz) —€s22(y5))8 (s, 9)-
Therefore, the triangle inequality yields

1
|Beag(xs, )| < ||M||L00(R)||U||L°°(R)/I(T*(g(',S))(Xz)-l-n%T*(Mkzg(',S))(Xz)

+ 00T (M8 (-, ))(xx) +noTe(h2g (-, $))(x%)) ds
< Cllull=@Ivll=@ (Teg (rs) + Tu(hi228) (x2) + To (h18) (x5) + T (hag) (xx)).  (5-46)
Combining (5-36), (5-37), (5-42), (5-45) and (5-46) and taking the supremum on € we finally get that

sup |Beg(xs, D) < Clull=mllvl L) (ﬂ*g(xz) +T.g(xs)
0<e<no ~ ~ ~
+ Tu(MA28) (x3) + To(M 1) (x5) + Tu(M2g) (x3)),  (5-47)
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where C > 0 only depends on 9. Define

B.g(xs.1):= sup |Beg(xs. )| for (xg,1) € ¥ x (—1,1).
O0<e<no
Then, from (5-47), the boundedness of M, and T, from L?(S x (—1, 1)) to L%(), see (5-31), and the
fact that ||A1]|z(x) and [|A2||z~(x) are finite by Proposition 2.2, we easily conclude that there exists
C > 0 only depending on 71 such that

1 Bsgllz2zx(—1.1)) < CllullLe@llviiem gl 2z x(—1,1))- (5-48)

5C. Be,o, = Bo,w; + B’ in the strong sense when € — 0 and conclusion of the proof of (3-10). To
begin this section, we present a standard result in harmonic analysis about the existence of a limit almost
everywhere for a sequence of operators acting on a fixed function and its convergence in the strong sense.
General statements can be found in [Duoandikoetxea 2001, Theorem 2.2 and the remark below it] and
[Torchinsky 1986, Proposition 6.2], for example. For the sake of completeness, here we present a concrete
version with its proof.

Lemma 5.1. Let b € N and (X, uyx) and (Y, jy) be two Borel measure spaces. Let {W,}o<e<p, be a
family of bounded linear operators from L*>(ux)? to L?(uy)? such that, if

W.g(y):= sup |Weg(y)| forge L*(ux)’ andye?,

O<e<no
then

We: L*(ux)” — L*(uy)

is a bounded sublinear operator. Suppose that for any g € S, where S C L*>(ux)? is a dense subspace,
lim._,o Weg(y) exists for jy-a.e. y € Y. Then, for any g € L*>(jux)?, we know lim._,o Weg(y) exists for
uy-a.e. y € Y and

=0. (5-49)

fm | Wes — lim W],

In particular, lim¢_, o W defines a bounded operator from L*(ux)? to L*(uy)®.

Proof. We start by proving that, for any g € L*(ux)? lime_o W.g(y) exists for uy-a.e. y € Y. Take
gk € S such that ||gx — gll12(uy)» — 0 for k — 00, and fix A > 0. Since lim¢_,0 Wegk () exists for uy-a.e.
y € Y, the Chebyshev inequality yields

,uy({y eyY: |lim sup Weg(y) — ligl_j(r)lfWGg(y)| > k})

e—>0

<py({yeY:|lim sup We(g — g0 ()| + |1igigfwe (g — M| >1})
< MY({)’ €Y 2Wi(g —gu)(y) > A})

= )\2 ”W (g gk)”Lz(MY)

= )\’2 ”g gk”Lz(l/LX)h
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Letting k — oo we deduce that

py({y €Y : |limsup Weg(y) —li?l)i(r)lfWEg(y)| >1})=0.

e—0

Since this holds for all A > 0, we finally get that lim._,o W g(y) exists uy-a.e.

Note that |W,.g(y) — lims_.o Wsg(y)| < 2W,g(y) and W,.g € L>(uy). Thus, (5-49) follows by the
dominated convergence theorem. The last statement in the lemma is also a consequence of the boundedness
of W,. O

Thanks to Lemma 5.1 and the results in Sections 5A and 5B, we are ready to conclude the proof of
(3-10). As we said before (5-4), to obtain (3-10) we only need to show that B¢ ,,, — By ., + B’ in the
strong sense when € — 0. From (5-4), we know that

lirr(l) Be.w,8(xx, 1) = By o g(xx, 1) + B'g(xy, 1) for almost all (xx,7) € T x (—1, 1)
€—

and all g € L>®(X x (-1, 1))* such that SUP|;|<1 lg(xs, 1) —g(ys, )] < Celxy —ys| forall xz, yx € X
and some C, > 0 (it may depend on g). Note also that this set of functions g is dense in L*(Z x (=1, )4
Additionally, thanks to (5-48) we see that, if ng > 0 is small enough and we set

By 8(xs, 1) 1= sup |Bew,g(xs,1)| for (xx,1) € ¥ x(=1,1),

0<e<no

then there exists C > 0 only depending on ng such that

| Bs.wngll L2z x(—1,1)) < CllullemllviliLemy gl L2z x(—1,1))4- (5-50)

Thus, from Lemma 5.1 we get that, for any g € L2(X x (-1, 1))* the pointwise limit lim,_. Be o, 8 (xx, t)
exists for almost every (xx, f) € X x (—1, 1). Recall also that By ., + B’ is bounded in L>(Z x (=1, 1)*
(see the comment before (5-33) for By ., the case of B’ is trivial), so one can easily adapt the proof of
Lemma 5.1 to also show that, for any g € L>(X x (—1, 1))%,

lil’l’(l) Be o, 8(xx, 1) = By, g(xx, 1) + B'g(xs,t) foralmostall (xg,7) € & x (—1,1).
€—>
Finally, (5-49) in Lemma 5.1 yields

elg% I(Be,wy — Bo.oy — BNgll 12— 1.1yt =0 forall g € L*(X x (—1, 1))*,
which is the required strong convergence of B ., to By ., + B’ This finishes the proof of (3-10).

6. Proof of (3-9): Ac(a) - Ay(a) in the strong sense when € — 0

Recall from (3-3) and (3-8) that A.(a) with 0 < € < 5o and Ag(a) are defined by
1
(Ac(a)g)(x) = /1 fzdf’(x —yx —esv(yz))v(s) det(l —esW(ys))g(ys, s) do(ys) ds,

1
(Ao(@)g)(x) = / 1 /E 6 — y2)u(s)g (ys. $) dolyz) ds.
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We already know that A, (a) is bounded from L*(Z x (—1, 1)* to L?(R*)* To show the boundedness of
Ao(a) (and conclude the proof of (3-7)) just note that, by Fubini’s theorem, for every x € R?\ ¥ we have

1
(Ao(@)g)(x) = /E ¢ (x — )’z)< / 080z ) ds) dolyz).

and f_ll v(s)g(-,s)ds € L*(2)*if g € L>(Z x (=1, 1))* Since a € C\ R, [Arrizabalaga et al. 2014,
Lemma 2.1] shows that A (a) is bounded from L2(Z x (—1, 1))* to LZ(R3)*.
We begin the proof of (3-9) by splitting
Ac(a)g = xmo\@,, Ac(@)g + X, Ac(@)g. (6-1)

Let us treat first the case of XRs\QmAe(a). As we said before, since a € C\ R, the components of
¢“(x) decay exponentially when |x| — oo. In particular, there exist C, r > 0 only depending on a and g
such that

99 (0)], 19¢* (x)| < Ce™™™ forall x| > Ino, (6-2)

where the left-hand side of (6-2) means the absolute value of any component of the matrix ¢“(x) and of
any first-order derivative of it, respectively.

Note that 79 = dist(R? \ €, ©). Hence, if x € R*\ Q,,, y5 € 2,0 <€ < ingand s € (—1, 1) then,
forany 0 <g <1,

lg(x —ys —esv(ys) + (1 —g)(x —y5)| =[x —y5 —gesv(ys)]

> [x—yz|—qels| = [x—ys|—1ino = Sx—ys| = ino. (6-3)

Thus (6-2) applies to [x, ys]; :=g(x —ys —€sv(ys)) + (1 —g)(x — yx), and a combination of the mean
value theorem and (6-3) gives

% (x — yx —esv(ys)) — ¢ (x —yz)| <€ Jnax 199" ([x, y£1g)| < Cee”W/Py=l (6-4)

Set g.(yx, s) :=det(l —esW(yx))g(ys, s). On one hand, from (6-4), Proposition 2.2 and the Cauchy—
Schwarz inequality, we get that

XR\Q,, ()| (Ac(@)g) (x) — (Ag(a)ge) (x)]
1
< Clvllmxma, @ [ [ ez s 9l dots) ds
> a
< Cellvllom 18 ll L2(s x (—1,1)* XR3\@,, (X) (/ e vzl dcr(yz)>
z

< CelvlLe@llgll L2z x(=1,1y)*§ (X,
where

12
§(x) = Xm\gq,, (X) (fz e el dG()’z)) ,
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Since & € L?(R?) because 0(X) < +00, we deduce that
Xm0, (Ac(@)g — Ao(@) gl 2@y < CellvllLom lIgllL2(zx (1,14 (6-5)
On the other hand, by Proposition 2.2 we have

|2e(ys. $) — 8(ys, )| = |det(1 —esW(yz)) — 1]18(ys, )| < Celg(yz, 9).
This, together with the fact that Ag(a) is bounded from L3(Z x (=1, 1))* to L2(R3)*, see above (6-1),

implies
||XR3\Q, Ao(a)(ge — 2wyt = CllvllLem) 18 — gllL2zx(=1,1
10
= CG||U||L°°(R)||g||L2():><(—1,1))4' (6-6)

Using the triangle inequality, (6-5) and (6-6), we finally get that
[ Xr3\@,, (Ae(@) — Ao(a))gll 2w < CellvliLe@ gl L2z x (1,1 (6-7)
forall0 <e < %770, where C > 0 only depends on a and ng. In particular, this implies
elig(l) [ Xr\@,, (Ae(@) = Ao(@) 125 x(— 1,14 23y = 0. (6-8)

Let us deal now with XQner (a). Consider the decomposition of ¢ given by (5-1). Then, as in (5-2),

we write
Aé (a) = Ae,w’f + Ae,w‘zl + Ae,w3,

Ao(a) = Aot + Ao,w8 + A0,w3

(6-9)

where Aé,wzlz, Ae,wg and A, ,, are defined as A.(a) but replacing ¢ by w{, @ and w3, respectively, and
analogously for the case of Ag(a). For j =1, 2, the arguments used to show (5-3) in the case of Bsyw;_c
also apply to XQnoAg’w;’; thus we now get

1im 110, (Ac.ot = Ao |21y =0 forj=1,2. (6-10)

It only remains to show the strong convergence of Xgnerm. This case is treated similarly to what we
did in Sections 5A, 5B and 5C, as follows.

6A. The pointwise limit of A¢ ,,8(x) when € — 0 for g € L%(X x (=1, 1))* This case is much easier
than the one in Section 5A. For a fixed x € R*\ ¥, we can always find 8., C, > 0 small enough such that

|x —yg —esv(yx)|=C, forallyg € ¥,s€(—1,1)and 0 <€ < 6.

In particular, for a fixed x € R3 \ X, we have |w3(x —yy —€sv(yy))| < C uniformlyon yy € ¥,s € (—1, 1)
and 0 <€ < §y, where C > 0 depends on x. By Proposition 2.2 and the dominated convergence theorem,
given g € L*(Z x (-1, 1))* we have

lim Ac 0, (x) = Ao g(x) for L-ae. x € R, (6-11)
€—

where £ denotes the Lebesgue measure in R,
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6B. A pointwise estimate of xey, (x)|A¢, ;8 (x)| by maximal operators. Given 0 < e < 4—1‘770, we divide
the study of XS, (x)A¢ »;8(x) into two different cases, i.e., x € Qy, \ Q24¢c and x € Q4. As we did in
Section 5B, we are going to work componentwise; that is, we consider C-valued functions instead of
C*-valued functions. With this in mind, for g€ L*(Z x (—1, 1)) we set

1
Aeg(x) 1=/1fzk(x—yz—ESV(yz))v(S)det(l—6sW(yz))g(yz,S)dG(yz)ds,

where k is given by (5-26).

In what follows, we can always assume that x € R3 \ X because £(X) = 0. In case that x € 4,
we can write x = xy + €tv(xy) for some t € (—4, 4), and then ;feg(x) coincides with Eeg(xz, 1), see
(5-28), except for the term u(¢). Therefore, one can carry out all the arguments involved in the estimate
of Ee g(xyz, t), that is, from (5-28) to (5-48), with minor modifications to get the following result: Define

Av*g(xg, t):= sup |Z€g(xz +etv(xy))| for (xx,t) € X x (—4,4). (6-12)
O<e<np/4

Then, if 1o is small enough, there exists C > 0 only depending on ng such that

[ sup Avg(-. 0 1oy < Cllvle@ gl 2w w—1ry forall g € LA(E x (<1, 1)), (6-13)
|t|<4

For the proof of (6-13), a remark is in order. The fact that in the present situation ¢ € (—4, 4) instead
of t € (—1, 1), as in the definition of Eeg(xz, t) in (5-28), only affects the arguments used to get (5-47)
at the comment just below (5-45). Now one should use that

5
/ | log, r|2dr < 400
0
to prove the estimate analogous to (5-45) and to derive the counterpart of (5-47); that is,
A.g(rs, 1) < Cllvll i (Mag(rs) + Tag () + Tu(i228) (¥5) + T (1) (x5) + To (h2g) (x3))

for all (xx, 1) € ¥ x (—4,4), where 1| and XA, are the eigenvalues of the Weingarten map. Combining
this estimate, whose right-hand side is independent of ¢ € (—4, 4), the boundedness of I\f/VLk and ik from
L%(Z x (=1, 1)) to L>(%), see (5-31), and Proposition 2.2, we get (6-13).

Finally, thanks to (6-12), (2-3), Proposition 2.2 and (6-13), for 79 small enough we conclude

”055250/4 X2l Acgl | 2, = | sup Acg(Py-, 1) |22,
E C” Sup Z*g( ) t)||L2(E)
It <4
< ClvllLe@lIgllL2(zx(=1,1y)- (6-14)

‘We now focus on X\ e Zg for0<e < %,770' Similarly to what we did in (5-36), we set

8e(yz, s) :==v(s)det(l —esW(yx))g(ys, ),
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see (5-33), and we split A, g(x) into Acg(x) = A 18(x) + Ac2g(x) + Ac38(x) + A 4g(x), where
1
Aergo) = / / (k(x — yg — esv(yn)) — k(x — y)) ge vz, ) do(ys) ds.
—1JX
- 1
Feng(n) = / / K(x — y2)ge(ys. s) do(yz) ds.
—1 Jjxg—ys|<4dist(x,S)
1
Ac38(x) 3=/ / (k(x —ys) —k(xs —ys))8(ys, s)do(yx) ds,
—1 Jjxg—yz|>4dist(x,3)

1
Acag8(x) == / / k(xs —ys)8e(yx, s)do(ys)ds.
—1 Jjxg—yz|>4dist(x, %)
From now on we assume x € 2, \ Q4¢ and, as always, ys € X. Note that

(v —esv(ys)) — ys| <€ < 1 dist(x, ©) < L x — ysl,

s0 (5-27) gives |k(x —yy —esv(ys)) —k(x —ys)| < Celx —yy |_3. Furthermore, we have |x — yy| >
Clxy — yx| for all yx € ¥ and some C > 0 only depending on 79. We can split the integral on X, which
defines Ze, 18(x) in dyadic annuli as we did in (5-39), see also (5-42), to obtain

1
|A€,1g<x)|sc/ / €802y yg) ds
—1Jx

s—ys|<dist(r,x) dist(x, )3

' €lge(yz. 5)|
| Y S8 L do(yy) ds
—1 475 Jedisie. D) <fxs —ys <2 diste 3y X — Yl

1 oo
~ 1 18 (s, 5)|
< Clvlmmigtz)+C [ o0 | 18O Iy ds
7 -1 2:: 2" Jixg—yp <2 distie, 5 (27 dist(x, £))?

o0 1
~ 1 ~
< Cllollie Mg () +C Y5 / M. (c(-, $)(xs) ds = Cllvll i~ Mog(rs). (6-15)
n=0 -1

Using that [k(x — yx)| < Clx — ys |2 < C dist(x, X)~2 by (5-27), it is easy to show that
|Ae28(x)] < Cllvll Lo Mag (xs). (6-16)
Since dist(x, X) = |x — x|, the same arguments as in (6-15) yield
|Ae38()| < Cllvll L@ Mg (xs). (6-17)
Finally, the same arguments as in (5-46) show that
|Acag ()] < Cllvllze@ (Teg(rs) + Tu(hir2g) (rs) + Te(Mig) (rx) + Tu(M29)(xx)).  (6-18)
Therefore, thanks to (6-15)—(6-18) we conclude that

SUP X22,0\0 (V)| Acg ()]
O<e<no/4 ~ ~ ~ ~ ~
< Cllvllpom (Meg (x5) + Teg(xx) + T (MA28) (x5) + Tu(h18) (x3) + T (h28) (x%)),
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and then, similarly to what we did in (6-14), a combination of (5-31) and Proposition 2.2 gives

| sup xo, 0l Al 2@y < Clol®@ gl 2 x-1.1))- (6-19)
0<e<no/4

Finally, combining (6-14) and (6-19) we get that, if 9 > 0 is small enough, then

| sup xo, 1Al 2 < Cllvlix@llgll 211, (6-20)
0=<e=<no/4

where C > 0 only depends on 1.

6C. A o, = Ao, in the strong sense when € — 0 and conclusion of the proof of (3-9). It only
remains to put all the pieces together. Despite that the proof follows more or less the same lines as the
one in Section 5C, this case is easier. Namely, now we don’t need to appeal to Lemma 5.1 because the
dominated convergence theorem suffices (the developments in Section 6A hold for all g € L2(Zx(—1, )%

not only for a dense subspace like in Section 5A).
Working component by component and using (6-20) we see that, if we set

Ay 8(X) = sup |Acayg(x)| forx eR3\ T,
0<e<no/4

then there exists C > 0 only depending on ng > 0 (being 1o small enough) such that

X2, Axw38ll2wey = ClivliLemlgllLa s x 1.1y (6-21)

Moreover, given g € L2(Z x (—1, 1))% in (6-11) we showed that lim¢_,¢ A¢ 4, g(x) = Ag.0,&(x) for
L-a.e. x € R3. Thus (6-21) and the dominated convergence theorem show that

lm [1q, (Acn = Aow)gll 2y =0. (6-22)
Then, combining (6-1), (6-9), (6-8), (6-10) and (6-22), we conclude that
lim [[(Ae(a) — Ao(a))glliz(R3)4 < Eli_r)rg)(llxmszno (Ac(a) — Ao(a))glliz(R3)4
+ 11X, (Acwi = A0.w)8 N 725
+ 11X, (Acwg — 40,098l 72y
+ 11 X2, (Ae.on — A0.03)8 172 gsys) =0
for all g € L2(Z x (=1, 1))* This is precisely (3-9).

7. Proof of Corollary 3.3

We first prove an auxiliary result.

Lemma 7.1. Leta € C\ R and ny > 0 be such that (1-2) holds for all 0 < € < ng. If ng is small enough,
then for any 0 < n <ngand V € L (R) with supp V C [—n, n] we have

N Ae(@ Il L2(5 x (=1.1))4 = L2(R3)*»
| Be (@) | L2(2 5 (=1, 1)4 = L2(Z x (=1, 1))*>

ICe(@IlL2@3y4 = L2(2 % (—1,1))*
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are uniformly bounded for all 0 < € < ng, with bounds that only depend on a, ng and V. Furthermore, if
no is small enough there exists 5 > 0 only depending on ng such that

IBe(@) 125 x (1.1 L2(Ex (—1.1¢ =< 3 (7-1)
foralllal <1, 0<e <ngy, 0<n<ngandall (§,n)-small V.
Proof. The first statement in the lemma comes as a byproduct of the developments carried out in Sections 4,
5 and 6; see (4-4) for the case of C.(a), (5-50) and the paragraph which contains (5-3) for B¢(a), and
(6-7), (6-10) and (6-21) for A.(a). We should stress that these developments are valid for any V € L>®(R)
with suppV C [—n, 5], where 0 < n < no; hence the (8, n)-small assumption on V in Theorem 1.2
is only required to prove the explicit bound in the second part of the lemma, which will yield the
strong convergence of (1 + B(a))~! and (B + Bc(a))~! to (1 + By(a) + B))~" and (B + By(a) + B)) ™,
respectively, in Corollary 3.3.

Recall the decomposition

Be (a) = Bs,w? + Bs,w‘z’ + Be,w3 (7-2)
given by (5-2). Thanks to (5-50), there exists Cy > 0 only depending on ng such that
| Be,ws I 25 x (=114 > 125 x (—1. 1)+ < Collullp=@llvlizem®) forall 0 <e <nj. (7-3)

The comments in the paragraph which contains (5-3) and an inspection of the proof of [Behrndt et al.
2017, Lemma 3.4] show that there also exists C; > 0 only depending on 1 such that, for any |a| < 1 and
ji=12,

[ Be.ot 2255 (— 1,14 > L2z x(—1,1* < Cillull Lo llvliLem forall 0 <e <no. (7-4)

Note that the kernel defining Be ¢ is given by

e*«/mzfaz\x\ 1

S =———ia I
2 47 lx|3’
SO
. |m2—a2|
|5 (x)| = O N for |x| — 0.
X

Therefore, the kernel is of fractional type with respect to o, but the estimate blows up as |a| — co. This

is the reason why we restrict ourselves to |a| < 1 in (7-4), where we have a uniform bound with respect

to a. However, for proving Theorem 1.2, one fixed a € C \ R suffices, say a = i; see (3-12) and (3-13).
From (7-2), (7-3) and (7-4), we derive that

[ Be(@)l 25 (—1.1)y > L2(5x(— 1.1y < (Co +2CD)|lull Lo l|vllLo® forall 0 <e <nq. (7-5)

If V is (8, n)-small (see Definition 1.1) then ||V | Lo @) < §/n, so (1-5) yields

lullomyllvlizemwy =nllViiLew < 9.
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Taking § > 0 small enough so that (Co +2C1)8 < %, from (7-5) we finally get (7-1) for all 0 < € < nq.

The case of By(a) follows similarly, just recall the paragraph previous to (5-33) taking into account that
the dependence of the norm of By(a) with respect to ||u|| ) ||v]l L) is the same as in the case of

0<e<no. O

7A. Proof of Corollary 3.3. We are going to prove the corollary for (H + V. —a)~!; the case of
(H + BV, —a)~! follows by the same arguments. Let 179, § > 0 be as in Lemma 7.1 and take a € C\ R
with |a| < 1. It is trivial to show that

1B | 22 x (-1, 1)y > 125 x (— 1,14 < Cllull Loy 101 Lo )

for some C > 0 only depending on 2. Using (1-5), we can take a smaller § > 0 so that, for any (4, 1)-small
V with 0 < n < nq,

1Bl 22 x(—1.1)y > L2(sx (— 1,174 < C8 < %
Then, from this and (7-1) in Lemma 7.1 (with € = 0) we deduce that
(14 Bo(a) + BNl r2mx(—1.1¢ = 18l 2z x (= 1.1)* — 1 (Bo(@) + B)gll 12(sx(~1.1))4
> %”g”LZ(Ex(fl,l))“
for all g € L2(Z x (—1, 1))* Therefore, 1 + By(a) + B’ is invertible and
I(1+ Bo(a)+ B! 22 x (1,012 x (=11 < 3.

This justifies the last comment in the corollary. Similar considerations also apply to 1 4+ B¢(a), so in this
case we deduce that

1+ Be(a))_l||L2(Ex(—l,1))4—>L2(E><(—1,1))4 < % (7-6)
for all 0 < € < ng. Note also that
(14 Be(@) ™' — (14 Bo(a) + B)"' = (1 + Bc(a)) "' (Bo(a) + B’ — Be(a))(1 + Bo(a) + B)) ™. (7-7)

Given g € L*(Z x (=1, 1))% set f = (14 By(a) + B')"'g € L>(Z x (=1, 1))* Then, by (7-7) and
(7-6), we see that

[((1+ Be@)™ = (1 + Bo@ + B) )| g 1.1y
= | (14 Be(@) ™' (Bo@) + B' = Be@) f | 121 1y
< 3|/(Bo(a) + B = Be(a)) f | L2(Ex(=1,1)*" (7-8)

By (3-10) in Theorem 3.2, the right-hand side of (7-8) converges to zero when € — 0. Therefore, we
deduce that (1 + Bc(a))~! converges strongly to (1 + By(a) + B’ )~! when € — 0. Since the composition
of strongly convergent operators is strongly convergent, using (3-5) and Theorem 3.2, we finally obtain
the desired strong convergence

(H+V.—a)' > (H=—a)""+ Ag(a)(1 + By(a) + B)"'Cy(a) when e — 0.

Corollary 3.3 is finally proved.
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DIMENSION-FREE L? ESTIMATES FOR VECTORS OF RIESZ TRANSFORMS
ASSOCIATED WITH ORTHOGONAL EXPANSIONS

BrAZEJ] WROBEL

An explicit Bellman function is used to prove a bilinear embedding theorem for operators associated
with general multidimensional orthogonal expansions on product spaces. This is then applied to obtain
L? boundedness, 1 < p < 0o, of appropriate vectorial Riesz transforms, in particular in the case of Jacobi
polynomials. Our estimates for the L” norms of these Riesz transforms are both dimension-free and linear
in max(p, p/(p — 1)). The approach we present allows us to avoid the use of both differential forms and
general spectral multipliers.

1. Introduction
The classical Riesz transforms on R are the operators
Rif(xX) =0y (—Ap) 2 f(x), i=1,...,d.
E. M. Stein [1983] proved that the vector of Riesz transforms

Rf:(le’def)

has L? bounds which are independent of the dimension. More precisely

IRf vy < Cpll fllr@ey, 1< p<o0, (I-1)

where C), is independent of the dimension d. Note that (1-1) is formally the same as the a priori bound
11V 1 Lo ety < Cp I1G=2)'2 Fll Lo y-

Later it was realized that, for 1 < p < 2, one may take C, < C(p — 1)~!in (1-1); see [Bafiuelos 1986;
Duoandikoetxea and Rubio de Francia 1985]. It is worth mentioning that the best constant in (1-1)
remains unknown when d > 2; the best results to date are given in [Bafiuelos and Wang 1995] (see also
[Dragicevi¢ and Volberg 2006] for an analytic proof) and [Iwaniec and Martin 1996].

The main goal of this paper is to generalize (1-1) to product settings different from R =R x --- x R
with the product Lebesgue measure. Our starting point is the observation that the classical Riesz transform
can be written as R; = §; (Z?:l Li)_l/ 2, where §; = d,,, and L; = §'6;. The generalized Riesz transforms
we pursue are of the same form,

R =8L7"% i=1,...,d, (1-2)

MSC2010: 42C10, 42A50, 33C50.
Keywords: Riesz transform, Bellman function, orthogonal expansion.
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with §; being an operator on L*>(X;, wi),

d
Li=68+a and L=Y L.
i=1

Here a; is a nonnegative constant. The adjoint ;" is taken with respect to the inner product on L>(X;, i),
where u; is a nonnegative Borel measure on X; such that du; (x;) = w;(x;) dx; for some positive and
smooth function w; on X;. To be precise, if 0 is an L? eigenvalue of L, then the definition of R; needs
to be slightly modified; this is properly explained in the next section. Throughout the paper we assume
that each X;, i =1, ...,d, is an open interval in R, an open half-line in R, or the real line; we also set
X=X;x--xXgand pu=pu; ®---® uy. We consider §; given by

8 f(x) = pi(x;) O, +qi(x;), x;i €X;,

for some real-valued functions p; € C*°(X;) and ¢g; € C*°(X;). We remark that a significant difference
between the classical Riesz transforms and the general Riesz transforms (1-2) lies in the fact that the
operators §; and &} do not need to commute.

There are two assumptions which are critical to our results. Firstly, a computation, see [Nowak and
Stempak 2006, p. 683], shows that the commutator [§;, §7] is a function which we call v;. We assume
that v; is nonnegative; see (Al). Secondly, it is not hard to see that L = Z?:] L; may be written as
L=L+r,where Lisa purely differential operator (without a zero-order potential term) and r is the
potential term. We impose that Zflzl ‘152 is controlled pointwise from above by a constant times 7, namely
Zl‘.l: 1 ‘11'2 < K -r for some K > 0; see (A2). In several cases we will consider, we can take K = 1 or

K = 0. In particular if ¢; = --- = g4 = 0 then the bound (A2) holds with K = 0. When 0 is not an
L? eigenvalue of L, our main result can be summarized as follows.

Main result (informal). Set p* = max(p, p/(p — 1)). Then the vectorial Riesz transform Rf =
(Rif, ..., Rqf) with R; given by (1-2) satisfies the bounds

IR fllrcx, <240 +VE)(p* = DIl fllrx,, 1< p < oo.
In other words, introducing §f = (81 f, ..., 84 f), we have
181 1 x oy <240 +VE)P* = DILY? fllrexy, 1< p < oo

The rigorous statement of our main result is contained in Theorem 1. In order to prove it we need some
extra technical assumptions. For the sake of clarity of the presentation we decided to concentrate on the
case of orthogonal expansions, when each of the operators L; = §;8; + a; has a decomposition in terms
of an orthonormal basis. Our precise setting is described in detail in Section 2. We follow the approach
of [Nowak and Stempak 2006]; in fact the present paper may be thought of as an L” counterpart for a
large part of the L? results from that paper. Adding the technical assumptions (T1), (T2), and (T3) to the
crucial assumptions (A1) and (A2), we state our main result, Theorem 1, in Section 3. In all the cases
we will consider, the projection IT appearing in Theorem 1 is the identity operator or has its L? norm
bounded by 2 for all 1 < p < oco. Moreover, we have IT = I if and only if 0 is not an L? eigenvalue of L.
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From Theorem 1 we obtain several new dimension-free bounds on L?, 1 < p < oo, for vectors of
Riesz transforms connected with classical multidimensional orthogonal expansions. For more details we
refer to the examples in Section 5. For instance, in Section 5.3 we obtain the dimension-free boundedness
for the vector of Riesz transforms in the case of Jacobi polynomial expansions. This answers a question
left open in [Nowak and Sjogren 2008]. Moreover, the approach we present gives a unified way to treat
dimension-free estimates for vectors of Riesz transforms. In most of the previous cases, separate papers
were written for each of the classical orthogonal expansions. More unified approaches were recently
presented by Forzani, Sasso, and Scotto in [Forzani et al. 2015] and by the author in [Wrébel 2014].
However, these papers treat only dimension-free estimates for scalar Riesz transforms and not for the
vector of Riesz transforms.

Let us remark that Theorem 1 formally cannot be applied to some cases where the crucial assumptions
on v; and r continue to hold. This is true when L has a purely continuous spectrum, for instance for
the classical Riesz transforms on R? (when v; = 0 and r = 0). However, it is not difficult to modify the
proof of Theorem 1 so that it remains valid for the classical Riesz transforms. We believe that a similar
procedure can be applied to other cases outside the scope of Theorem 1, as long as the crucial assumptions
(A1) and (A2) are satisfied.

We deduce Theorem 1 from a bilinear embedding theorem (see Theorem 3) together with a bilinear
formula (see Proposition 2). The main tool that is used to prove Theorem 3 is the Bellman function
technique. This method was introduced to harmonic analysis by Nazarov, Treil, and Volberg [Nazarov
et al. 1999]. Before that paper, Bellman functions appeared implicitly in [Burkholder 1984; 1988; 1991].
The proof of Theorem 3 is presented in Section 4 and is based on subtle properties of a particular Bellman
function. This approach was devised by Dragicevi¢ and Volberg [2006; 2011; 2012]. Carbonaro and
Dragicevi¢ [2013; 2016a; 2016b; 2017] developed the method further. The approach from [Carbonaro
and Dragicevi¢ 2013] was recently adapted by Mauceri and Spinelli [2015] to the case of the Laguerre
operator. Our paper generalizes simultaneously [Dragicevi¢ and Volberg 2012] (as we admit a nonnegative
potential ) and [Dragicevi¢ and Volberg 2006; Mauceri and Spinelli 2015] (as we consider general p; in
i = pi Ox, + i)

In some applications of the Bellman function method, the authors needed to prove dimension-free
bounds on L? for certain spectral multipliers related to the considered operators; see [Dragi¢evi¢ and
Volberg 2006; 2012] for such a situation. In other papers mentioned in the previous paragraph they needed
to consider operators acting on differential forms; see [Carbonaro and Dragicevi¢ 2013; Mauceri and
Spinelli 2015]. One of the merits of our approach is that we avoid using both general spectral multipliers
and differential forms. This is achieved by means of the bilinear formula from Proposition 2. This formula
relates the Riesz transform R; with an integral where only §; and two kinds of semigroups (one for L and
one for L + v;) are present; see (3-1).

For the sake of simplicity we use a Bellman function with real entries in Section 4. Thus our main results,
Theorems 1 and 3, apply to real-valued functions. Of course they can be easily extended to complex-valued
functions with the constants being twice as large. One may improve the estimates further by using a
Bellman function with complex arguments, as was done in [Dragicevi¢ and Volberg 2006; 2011; 2012].
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Notation. We finish this section by introducing the general notation used in the paper. By N we denote
the set of nonnegative integers. For N € N and Y being an open subset of RY, the symbol C"(Y), n € N,
denotes the space of real-valued functions which have continuous partial derivatives in Y up to the order n.
In particular C(Y) = C(Y) denotes the space of continuous functions on ¥ equipped with the supremum
norm. By C*°(Y) we mean the space of infinitely differentiable functions on Y. Whenever we say that
v is a measure on Y we mean that v is a Borel measure on Y. The symbols V f and Hess f stand for
the gradient and the Hessian of a function f: RY — R. For a, b € R", we denote by (a, b) the inner
product on RY and set |a|?> = (a, a). The actual N should be clear from the context (in fact we always
have N € {1,d,d + 1}). For p € (1, c0) we set

=)
p* = max| p, .
p—1

2. Preliminaries

All the functions we consider are real-valued. Our notations will closely follow that of [Nowak and
Stempak 2006].
Fori =1,...,d, let X; be the real line R, an open half-line in R or an open interval in R of the form

X;=(0;,%;), where —oc0o<0; <X; <o0.

Consider the measure spaces (X;, B;, i), where B; denotes the o-algebra of Borel subsets of X; and
W; is a Borel measure on X;. We impose that d u; (x;) = w; (x;) dx;, where w; is a positive C*° function
on X;. Note that in [Nowak and Stempak 2006] the authors assumed that X| = - - - = Xy; this is, however,
not needed in our paper. Throughout the article we let

X=X x-xXg, p=pu1Q - Q g,

and abbreviate
LV =L, ), -l =1-ler, and |-llpep =1 lLrore.

This notation is also used for vector-valued functions. Namely, if g = (g1, ..., gn8): X — RY for some

N € N, then
1/2

1/p N
||g||p=(fx|g(x)|’7du<x>) , with|g(x)|=(2|gi(x>|2)
i=1

We shall also write (f, g) 12 for (f, g)12(x )-
Leté;, i =1,...,d, be the operators acting on C°(X;) functions via

di = pi Oy, +qi.

Here p; and ¢; are real-valued functions on X;, with p;, ¢; € C*°(X;). We assume that p;(x;) % 0 for
x; € X;. We shall also denote by p and g the exponents of L?” and L? spaces. This will not lead to any
confusion as the functions p; and ¢; will always appear with the index i =1, ..., d.
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Let 8 be the formal adjoint of §; with respect to the inner product on L>(X;, w); ie.,

5 == 0w +aif. f € CEX.

A simple calculation, see [Nowak and Stempak 2006, p. 683], shows that the commutator
w!
[6;. 871 = 6;67 — 6/8; = pi (2%{ - (Pi—’> = Pl{/) =1y (2-1)
w;
is a locally integrable function (0-order operator). Most of the assumptions made in this section are of a
technical nature. The first of the two assumptions that are crucial to our results is

the functions v;, i =1, ...,d, are nonnegative. (A1)

The property (A1) has been (explicitly or implicitly) instrumental for establishing the main results in

[Harboure et al. 2004; Mauceri and Spinelli 2015; Nowak and Sjogren 2008; Stempak and Wrébel 2013].

It is also explicitly stated by Forzani, Sasso, and Scotto as Assumption H1(c) in [Forzani et al. 2015].
For a scalar a; > 0 we let L; and L be given on C2°(X) by

d
L; :=6;k8i+a,-, L=2L,‘.
i=1

Here each L; can be considered to act either on C°(X;) or on C2°(X); thus the definition of L makes
sense. Note that both L; and L are symmetric on C>°(X) with respect to the inner product on L% We
assume that for eachi =1, ..., d, there is an orthonormal basis {(p,’;i }x,en Which consists of L2(X;, i)
eigenvectors of L; that correspond to nonnegative eigenvalues {)»}'Ci Jkiens 1€,

Li‘ﬁ/i,— = )\};l_cp,’;[_.

Then, it must be that Ay, > a; fork; e Nand i =1,...,d. We require that the sequence {)L};i JkieN 1S
strictly increasing and that limy, _, )qu = 00. Note that our assumptions on p;, g;, and w; imply that L;
is hypoelliptic. Therefore we have go,ii € C®(X;). Setting, for k = (ky, ..., kq) € N9,

=0, ® Q. (2-2)

we obtain an orthonormal basis of eigenvectors on L for the operator L = L + - - - 4+ L. The eigenvalue
corresponding to ¢y is
M= AL

so that Lor = Ax@r. We consider the self-adjoint extension of L (still denoted by the same symbol)
given by
Lf =Y M (f o on) 20k

keNd
on the domain

Dom(L) = {f €L Y Il rdpol” < oo}.

keNd
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We assume that the eigenfunctions <p,ii, i=1,...,d, are such that

<81(p]l(,’ Sl(pll’l’ll>L2(X1,/L1) = <61*81 (p]lq’ (p;ﬂ,>L2(thMt) (Tl)

fori =1,...,d, and k;, m; € N; see [Nowak and Stempak 2006, (2.8)]. The condition (T1) implies that
the functions

Si(pkz(plll ®...®3i¢ii®...®(pgd (2-3)
are pairwise orthogonal on L? and
(Siprs Sigr) 12 = My, — ai

see [Nowak and Stempak 2006, Lemmas 5 and 6]. Moreover, since ¢ € C*°(X), we also see that
Sipr € C*(X).

We remark that our assumptions differ slightly from those in [Nowak and Stempak 2006]. Namely,
we assume that the coefficients p;, g;, and the weight w; are C* functions, whereas they considered
Di, qi, w; that possessed only a finite order of smoothness. The smoothness of these functions is in
fact needed to easily conclude that L; is hypoelliptic and that ¢, € C*°(X), which is an issue that was
overlooked” in [Nowak and Stempak 2006].

We also impose a boundary condition on the functions (p,’;i and Sigo,ii. Namely, we require that for each
i=1,...,d,if z; € {0;, Z;}, then

Jim [+ 1 1™ + 1804, 1) (P wi 0,01 ](xi) =0, .
Jim [ I 1™ + 1804, 1) (P w3 01,8) ] (xi) = O "
for all k; € N and s, s, > 0. Condition (T2) is close to Assumption H1(a) from [Forzani et al. 2015].
Observe that the term |<p,ii |51 4 |8i(p,ii |*2 in (T2) is significant only when the functions (p,ii and 8i(p,ii are
unbounded on X;.
Let
A=ai+--+aq, Ao=rj+--+Arj.

Then Ay is the smallest eigenvalue of L. We set

d_{N{ Ag >0,
AN {(O,...,0)}, Ag=0
and define

f = > (f o) r2¢x.

keNd

Then in the case Ao > 0 we have I1 = /, while in the case Ay = 0 the operator [T is the projection onto

the orthogonal complement of the vector ¢, .. o). The Riesz transforms studied in this paper are formally

"The hypoellipticity of L; is not necessary for the theory from [Nowak and Stempak 2006] to work (Nowak, personal
communication, 2017). When not having this property, one has to add instead some extra assumptions (much weaker than
smoothness) on the regularity of the eigenfunctions ¢y.
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of the form
R ==& L',
while the rigorous definition of R; is
Rif =Y 2 Uf o) 28w
keNd
In many of the considered cases, I1 = [ so that R; = §,L~!/2
It was proved in [Nowak and Stempak 2006, Proposition 1] that the vector of Riesz transforms

Rf=(Rif,...,Raf)
satisfies

IR fll2—2 < I fll2.

The main goal of this paper is to prove similar estimates for p in place of 2. We aim for these estimates
to be dimension-free and linear in p* More precisely, we shall prove that for 1 < p < oo it holds that

IRfllp—p < C(P*=DIfIp.

Here C is a constant that is independent of both p and the dimension d.
To state and prove our main results we need several auxiliary objects. Firstly, we let

0i = pi dy;. (2-4)

That is, 0; is the “differential” part of §;. In many (though not all) of our applications we will have g; =0
and thus §; = 0;. The formal adjoint of 0; on L>(X;, up) is

a f—_ 8x,(plwlf) fEC?O(Xl) (2-5)

A computation shows that L; = 070, +r;, with

2 / / wz/
ri=a; + (ql- — Piq; — Piqi _pi%‘;>- (2-6)

i

We shall also need
d d
Z:=2070i=L—r, wherer::Zri
i=1 i=1

Then L is the potential-free component of L and the potential  is a locally integrable function on X. We

assume that p

there is a constant K > 0 such that Z qi2 (x;)) <K -r(x) (A2)
i=1
for all x € X. This is our second (and last) crucial assumption. In many of our examples we shall have
q1=---=¢q =0 and thus r = A and (A2) holding with K =0.
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Next we define
M= 818 +6,67 = L+[8;,871=L+uv;,
J#
see [Nowak and Stempak 2006, (5.1)], and set
ci = 118;0cll5"

if 8;¢r # 0 and c}'C = 0 in the other case. Then {c,iSi Ok brene (excluding those c}'(él-gok which vanish) is an
orthonormal system of eigenvectors of M; such that M; (cj;S,-cpk) equals Akcié,-(pk.
We define

D =lin{g: k e N}, D; =8[D]=lin{8;¢x: k € N},
and make the technical assumption that
both D and D;, i =1, ...,d, are dense subspaces of L”, 1 < p < o0. (T3)

In most of our applications the condition (T3) will follow from [Forzani et al. 2015, Lemma 7.5], which
is itself a consequence of [Berg and Christensen 1981, Theorem 5].

Lemma 1 [Forzani et al. 2015, Lemma 7.5]. Assume that v is a measure on X such that, for some € > 0,

d
/XeXp(s > v I) dv(y) < oo,
i=1

Then, for each 1 < p < oo, multivariable polynomials on X are dense in L? (X, v).

we have

In what follows we consider the self-adjoint extension of M; given by

Mif =" Ml f.ck8ipe) 2 Sign.
keNd
on the domain

Dom(M;) = {f €L Y IMPUS cidign) 2 < oo}.
keNd

Keeping the symbol M; for this self-adjoint extension is a slight abuse of notation, which however will
not lead to any confusion. Finally, we shall need the semigroups

712 : _oagl2
P = 'L and Q) :=e M

These are formally defined on L? as

12 . 12 , .
Pif=> ™ (fiog)ee. Qif = e ™ (ficl8ign)2ch igx.

keNd keNd

Note that for t > 0 we have P,[D] C D and Qi[D,-] CD;,i=1,...,d.
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3. General results for Riesz transforms

Recall that we are in the setting of the previous section. In particular the assumptions (A1), (A2), and the
technical assumptions (T1), (T2), (T3), are in force. The following is the main result of our paper.

Theorem 1. For each 1 < p < 0o we have
IRfIl, <241 +VEK)(p* = DITf e, f €LP.

Remark. In all the examples we consider in Section 5 the projection IT satisfies || IT]| ,—. , <2, 1< p < oo.
In fact in many of the examples I1 equals the identity operator.

In order to prove Theorem 1 we need two ingredients. The first of these ingredients is a bilinear
formula that relates the Riesz transform with an integral in which both P; and Q! are present.

Proposition 2. Leti =1, ...,d. Then the formula

(Ri f, g>L2=—4/0 (8; PiTIf, 3, Q18) 2 1 dt (3-1)

holds for f € D and g € D;.
Before proving the proposition let us make two remarks.

Remark 1. Formulas similar to (3-1) were proved before, though, depending on the context, they may have
involved spectral multipliers of the operator L. However, treating these spectral multipliers appropriately
was achieved with variable success. A way of avoiding multipliers was first devised in [Carbonaro and
Dragicevi¢ 2013] for Riesz transforms on manifolds. In such a setting, the above formula is a special case
of the identity (3) there. The approach in [Carbonaro and Dragicevi¢ 2013] was adapted in [Mauceri and
Spinelli 2015] to the case of Hodge—Laguerre operators. In the case of Laguerre polynomial expansions
(see Section 5.2) the formula (3-1) is a special case of [Mauceri and Spinelli 2015, (5.1)]. We note that
both in [Carbonaro and Dragicevié¢ 2013] and [Mauceri and Spinelli 2015] the authors needed to consider
the Riesz transform as well as the formula (3-1) for differential forms; this is not needed in our approach.

Remark 2. Note that if the operators §; and §7 commute, then Q;' = P, and the formula (3-1) can be
formally obtained via the spectral theorem. The problem is that often these operators do not commute.
A way to overcome this noncommutativity problem was devised by Nowak and Stempak [2013]. They
introduced a symmetrization T; of §; that does commute with its adjoint; in fact 7* = —7;. This
symmetrization is defined on Lz()? ), where

X=X U(=X)) X x (XgU(=Xy)).

SetT = — Z?:l Tl.2 and let S, = e~'T". The formula (3-1) for T; is then formally

o0
(LT f, g) iy = —4 fo (T3S0 £ 905:8) 12 1 . (3-2)

This leads to a proof of (3-1) different from the one presented in our paper. Namely, a computation shows
that applying (3-2) to functions f: X > Rand g: X — R, which are both even in all the variables, we
arrive at (3-1).
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Proof of Proposition 2. We start with proving (3-1) for f = ¢y and g = 8;¢,, with some k, n € N% If k =0
and Ag = 0 then both sides of (3-1) vanish. Thus we can assume that A; > 0. A computation shows that

_ —1/2
(8114 l/zf, g>L2 :)\‘k 1 <8ifv g>L2

and

> i e 172 —12)?
—4/ <6,-P,f,a,Q,g>thdt=—4/ =5, f, =312 ) L1 di
0

0
00 12,12 4A}/2
=4A}/2/ TR 1 dt (8, f 8) 12 = iy - (81 f 81
0 A"+ 20
hence
1/2
7172 4 = . i dt = (3712 — A ‘
(GiL™7"f 8)+ (Oi P f, 0:Qy8) 2t dt = | Ay 72 a0l &) (3-3)
0 O 4202

Now §; f is also an L? eigenvector for M; corresponding to the eigenvalue A;. Consequently, since
eigenspaces for M; corresponding to different eigenvalues are orthogonal, (§; f, g) is nonzero only if
Ay = Ag. Coming back to (3-3) we obtain (3-1) for f = ¢ and g = §;¢,.

Finally, by linearity (3-1) holds also for f € D and g € D;. ]

The second ingredient we need to prove Theorem 1 is a bilinear embedding, as was the case in
[Carbonaro and Dragicevi¢ 2013; Dragicevi¢ and Volberg 2006; 2012; Mauceri and Spinelli 2014; 2015].
For N €N (the cases interesting to us being N =1 and N =d) we take F =(fi, ..., fx): X x(0, oo) - RV
and set J

[FI2i=r|FP+10,FPP+ > [0 F2 (3-4)

i=1

The absolute values |- | in (3-4) denote the Euclidean norms on RY of the vectors F(x, t), 8,F (x,t) =
@ fi(x, 1), ..., 0 fn(x, 1)), and 0; F(x, 1) = (0; fi(x, 1), ..., 0; fn(x, 1)), where (x, 1) € X x (0, 00).
Below we only state our bilinear embedding. The proof of it is presented in the next section.

Theorem 3. Let f: X — Rand g = (g1, ..., 84) : X¢ — R? and assume that f € D and g; € D; for
i=1,...,d. Define

F(x,n)=P If(x) and Gx,t)=0:g=(0,g1 ..., 0%ga).
Then

/O/XIF(x,t)I*IG(x,t)I*dM(X)tdt <6(p" = DINSfIplglly- (3-5)

Remark. The theorem can be slightly generalized, at least at a formal level. Namely in Theorem 3, we
do not need that v; = [§;, 6]. It is enough to have any v; > 0 and take Q; = e ™Mi with M; = L + v;.

1’7

Our main theorem is an immediate corollary of Proposition 2 and Theorem 3.
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Proof of Theorem 1. 1t is enough to prove that for each f € L? and g; € LY, i =1, ..., d, the absolute
value of Zflzl (R; f, gi) does not exceed
d 1/2
(Z i |2)
i=1

A density argument based on the assumption (T3) allows ustotake f e Dand g, € D;, i =1,...,d.
From Proposition 2 we have

q

24(1+VEK)(p* = DIITIf I,

o0

o
—1(Ri f. 82 Z/ (0; P11, 3zQ§gi)L2fdf+/ (qi PIf, 0, Q18i) 2t dt
0 0

and thus, assumption (A2) gives

00 d 12
< /((Z'aiP’“f<X>lz) +~/?Jr<T>|PtHf<x>|) (G ) ]edp(x) 1 di
0 JX\\io

d

D (Rif, g

i=1

<4(1 +JE)/OO/ |F(x, )]x|Gx, )]s dp(x) t dt.
0 X

Now, Theorem 3 completes the proof. U

4. Bilinear embedding theorem

This section is devoted to the proof of our embedding theorem, Theorem 3. We shall follow closely the
reasoning from [Carbonaro and Dragicevi¢ 2013; Mauceri and Spinelli 2015].

4.1. The Bellman function. Before proceeding to the proof of Theorem 3 we need to introduce its most
important ingredient: the Bellman function.
Choose p > 2. Letg=p/(p—1),

y=y(p)=3q(q—1),
and define 8, : [0, 00)? — [0, 00] by

2 2—q p q

s5 1, s7 < 85,

Bp(si,s2) =sV +sT4+y 17172 b=
P ! 2 (2/p)s1p+(2/q—1)sg, sf}sg.

For m = (m;, m») € N2, the Nazarov—Treil Bellman function corresponding to p, m is the function
B =B, ,: R™" xR" — [0, c0)
given, for any ¢ € R™ and n € R by

By m(¢,m) = 2B,¢ In)).

The function B originated in an article by F. Nazarov and S. Treil [1996]. It was employed (and simplified)
in [Carbonaro and Dragicevi¢ 2013; 2017; Dragicevi¢ and Volberg 2006; 2011; 2012]. Note that B is
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C!(R™+m2) and is C? everywhere except on the set
{(¢.m) eR™ xR™:np=0or|¢|"=]|n|?}.
To remedy the nonsmoothness of B we consider the regularization

BK,p,m = BK =B Kgm+mo '(p,(,

where
1

Km1+m2

Y () = cme /Oy iy (x) and Y (x) = ¥ (x /i),

with ¢,, such that me1+mz Y (x)dx = 1. Here ygm+m, stands for the characteristic function of the
(m1+mj)-dimensional Euclidean ball centered at the origin and of radius 1. Since both B and v, are
biradial also B, is biradial. Hence, there is 8, = B, , acting from [0, 00)? to R such that

Be(t.m) =3Bl InD), ¢ eR™, neR™

We shall need some properties of 8, and B, that were essentially proved in [Carbonaro and Dragicevié
2013; Dragicevi¢ and Volberg 2012; Mauceri and Spinelli 2014; 2015].

Proposition 4. Let k € (0, 1). Then, fors; >0, i = 1,2, we have

(1) 0< Be(s1,52) < (L+y(p)((s1+K)P + (52 +1)7),
(i) 0 < 95, Be(s) < Cpmax((s1 + )P~ 52+ k) and 0 < 8y, B (s) < Cp(s2 + )77\, with Cp, a positive

constant.

The function B, belongs to C®(R™*"™) and for any & = (£, n) € R™™™ there exists a positive
. = 1.(|Z|, In|) such that for v = (w1, wp) € R™T™2 ywe have
(i) (Hess(Bo)(E)w, ) > 37 (p)(tclor]” + 7' wa]).

Moreover, there is a continuous function E, : R™ ™2 — R for which

(iv) (VB)©). &) = 3y (p)(xl¢* + 1 Inl») —k E (6),
V) |Ec(E) < Cnp(1C1P7 4 Inl+ [l 647,
Proof (sketch). Let T = 7(|¢|, |n|) be the function from [Carbonaro and Dragicevi¢ 2013, Theorem 3]
and define 7, = 1 *ga+1 Y. With exactly this 7, items (i), (ii), and (iii) were proved in [Mauceri and
Spinelli 2014, Proposition 6.3].
Let

EK(S):_/ (VB —«s),s) Ye(s)ds, & ERm1+'"2;
R +m2

see [Dragicevi¢ and Volberg 2012, (2.10)]. Item (iv) (with these 7, and E,) follows from [Dragicevié
and Volberg 2012, Theorem 4(iii")], together with the observation from [Carbonaro and Dragicevié¢ 2013;
Dragicevi¢ and Volberg 2012] that

1/2
(T*Y)E) T 5y (E) > ( fR o T = N2 )P (x — y)'2 dy) =1.
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Item (v) is proved in [Dragicevi¢ and Volberg 2012, p. 207]. Note that, our Bellman function B, coincides
with —% Q. from that paper (when Q, is restricted to real arguments).

We remark that in [Dragicevi¢ and Volberg 2012, Theorem 4 (iii’)] a stronger statement is proved with
an additional negative term — B, (§) on the left-hand side of (iv). O

4.2. Proof of Theorem 3. Define u : X x (0, o0) — R x R by
u=ux,0)= (P If(x), Qg) = (P TIf(x), Q;g1(x), ..., O ga(x)).
Assume first that p > 2 and set
by =Bcou:X x(0,00) — [0, 00).

Here B, = By 4,p is the Bellman function from Proposition 4 with m; = 1 and m, = d. For each
i=1,...,d, we fix a sequence {0;"},cn Which converges to o;, and a sequence {X}'},cn which converges
to ¥;. We also impose that 0; < 0" < X! < Z; fori =1,...,d, n € N. Defining

X!'=[o, T and X, =X|x---x X},

where n € N, we see that { X, },,en is an increasing family of compact subsets of X such that X = Un X,.
We shall estimate the integral

I(n,¢) = /OO/ 07 = L) (b)) (x, 1) dpu(x) te™*" di 4-1)
0 JX,

from below and above and then, first let n — oo and then ¢ — 0. Here « (n) is a small quantity depending
on n which will be determined in the proof. Since X, is compact, f e Dand g; € D;, i =1,...,d,
the integral (4-1) is in fact absolutely convergent. In what follows we will often briefly write « instead
of k(n).

The lower estimate of (4-1) for p > 2. The key result here is Proposition 5 below. Its proof hinges on
the assumption (A1l).

Proposition 5. For x € X and t > 0 it holds that

(7 = Db (x. 1) 2 y|F(x, )]|G(x, )]s — k r(x) Ec(u(x, 1)). (4-2)
Proof. Set 0¢ := 9;. To justify (4-2) we shall need the pointwise equality
d d
(07 = L)be =r (VBe(), u) + Y v+ (3 Be(w) - Qhgi) + Y _(Hess(B)(@ju), dju).  (4-3)
i=1 i=0

We first we focus on proving (4-3).
From the chain rule we have 0;b, = p;(VB,(u), 0y,u). Moreover, a computation shows that, for
i=1,...,d,

/

w- w{
O =—pidy —pi—t—p; and [0, =—pid; (pi;’_ +2p,’-) Pi ;.
1 1
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Consequently, applying once again the chain rule we obtain fori =0, ..., d,
w'
D;‘kaibk = _Piaxi (pl (VBK(M)’ ax,-”)) - (sz + P,/)Pt <VBK(M)7 8xi”>
1
w!
= _pizaxi(<VBK(u)’ ax,-“)) - plp:(VBK(u)v axiu> - (pl;l + p;)Pl(VBK(u)v axiu>
l

/

_ 202 w; / 2
- <VBK(M)7 —P; axiu - <pla + 2pi)pi8x,-u> — D; <HeSS(BK)(8xiu)a ax,~”>
L

= (VB (1), 070;u) — (Hess(Bc) (d;u), dju).

Now, summing the above formulaini =0, ..., d, we obtain
_ _ d
0§ — L)be = (VB (u), (05 — Lyu)+ > _(Hess(B,)(u)(@;u), dju). (4-4)
i=0

The formula (4-4) implies (4-3). Indeed we have

37 —Lyu= (@ —L)P.f. (3} —L)Q,8).

where
(3> —L)Pf=0
and
0 —L)Q:;g= (0} —L)Q/g1,.... (0] —L)Q{ ga)-
Moreover,

(3} —L)Qlgi = (8 —M)Qlgi+vi-Qlgi=v; - Qg

and using (4-4) the equation (4-3) follows.
Having demonstrated (4-3) we pass to the proof of (4-2). Proposition 4(ii) implies (9,, B (1) - Qi gi)=>0.
Thus (4-3) together with the assumption (A1) produce
d
(32— L)be >r (VB (u), u) + Z(Hess(BK)(D,-u), ju). 4-5)
i=0
Finally, (4-2) is a consequence of (4-5), items (iii) and (iv) from Proposition 4, and the inequality between
the arithmetic and geometric mean. (Il

Coming back to the proof of the lower estimate in (4-1) we now take {«x (n)},en such that |k (n)] < 1,
lim, x(n) = 0 and

lic () |1/ /X |7 (xX) Eye(ny (u(x, )| dpu(x) < 1. (4-6)

To see that such a sequence exists we use Proposition 4(v) and the fact that P, f € D and Qi gi €D,
(hence also P, f € C*°(X) and Qﬁ gi € C*(X)). Next, (4-2), together with (4-6), leads to

oo
liminfl(n,S)ZV/ /|F(x,t)|*|G(x,t)|*d,u(x)tegtdt,
0o Jx

n—oo
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and, consequently, by the monotone convergence theorem

liminf liminf I (n, &) > y(p) /OO/ [F(x,t)]«|Gx, 1)« du(x)tdr. 4-7)
o0 0 Jx

e—~>0t n—

This is our lower estimate of (4-1).

The upper estimate of (4-1) for p > 2. The main ingredients here are the technical assumptions (T2)
and (T3). We split the integral in (4-1) as

I(n,e)=I11(n,e)— ILn,c¢)

= /oof 82 (be(n)) (x, 1) dpu(x) te™*' dt —/OO/ Z(bK(n))(x, Hdu(x)te ' dt.
0 JX, 0 JX,

First we prove that

lim L(n,¢)=0. (4-8)
n—oo

To see this we recall that L = Zf-]: | 070, with 0; given by (2-4) and 0} being the formal adjoint of 9;
on L2 Then,

d d .0
L(n, &) = Z L(n,e):= Z/ / 070,) (b)) (x, ) dja(x) te™*" dt,
i=1 i=1 70 JXn
and it is enough to prove that each of the integrals Ié (n, €) goes to 0 as n — oo. As the reasoning is
symmetricini =1, ..., d, we present it only for 121 (n, €). Define
XD =Xyx--xXg, xV=(x2...,x), and uV=1,® - -®ua.

Formula (2-5) together with integration by parts in the x;-variable produces

oo
I (n, ) = f / L (@Twr b (S 2D = (plw 9,b) @7, X)) dp D (6 e ™ dr.
0 Jx
Call z7 either of the quantities o' or £{. Then the chain rule gives

(Piwi 3, b) (@, x V) = pTEDwi (@) dy, Prf (&, x) 8, Be (P f (2}, x V), 0,82}, x 1))
+ piE@DHwi@)(0x, Qg (@, xM), VB (P £ (), x D), 01821, xM))).  (4-9)

Since f € D and g; € D; we have that P, f € D and Q;g € D; ® - - - ® D4. Recall that ¢y is defined by
(2-2), while 8¢, i =1, ...,d, are given by (2-3). Now, Proposition 4(ii) implies

IVenBe (€I < Cp g (12177 + 197+ Il + 1471, (4-10)

Therefore, since |« (n)| < 1, a calculation based on (4-9) together with the assumptions (T2), (T3), and
Holder’s inequality produces lim,, 121 (n,e)=0.
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Now we focus on I {(n,¢). Since f €D, gie€D;, i=1,...,d, B, € C“([R{d“) and we integrate
over x € X, the double integral is absolutely convergent. Thus Fubini’s theorem gives

o0
Lin,¢) = / f 02 (b)) (x. 1) te™*" dt dpu(x).
X, JO

Integrating by parts in the inner integral twice we obtain
o
noer== [ [ aaena-ene  arduco
X,J0
o.¢] o0
=/ bK(n)(x,O)du(x)+82/ / bk(,,)(x,t)te_”dtd,u(x)—Zef / by (x,t)e” " dt du(x)
Xn Xnd0 X,J0

o0
</ bK<n>(x,0)du(x)+82/f b (x, 1) te™ " dt dpu(x)
Xn X,J0
=1 (n)+I{ (n, e).

In the first two equalities above we neglected the boundary terms by using the chain rule together with
(4-10).
First we treat / 12 (n, €). Proposition 4(i) gives

I} (n,e) < 82Cp/ / (IPTIf ()17 + 0,8 (x)|? + max(k (n)?, k(n)?)) re™*" dt dju(x).
X, Jo

Take « (n) which satisfies (4-6) and
max(c ()"~ 2, e ()T w(X,) < 1. (4-11)

Then, since f e Dand g; € D;, i =1, ...,d, we have
o0
lim sup I7 (n, €) <82Cp// |PILf(O)IP + Qg ()| tdt du(x) < C(p, f.8) &%,
n— 00 XJO

and, consequently,

lim sup lim sup I7(n, ) = 0. (4-12)

=0+ n—oo

Coming back to / 11 (n) we use Proposition 4(i) to estimate
I <31+ y)/X (ITLF )|+ & ()" dpx) + (1 + y)fx (Ig(0)|+Km)? du(x).

Now for each ¢ > 0 we split the first integral onto fl and the second

and fl

cni<elmy o) and |

Then we obtain

Kk (n)|>&|TLf (x)|

integral onto |,

k(n)|<elg ()| Kk(n)|>elg(x)|"

I <2+ (A+)PITIf10+ (1 +e)7g)9)
+ 1L+ (T +e PP (X, + 1+~ (m) 1u(X,)).
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Since « (n) satisfies (4-6) and (4-11) we arrive at

lim sup limsup I{ (n) < $(1+ ) (ITIF 12 + 1 gl9).

0+ n—oo

Recalling (4-8) and (4-12) we thus proved
limsup limsup 7 (n, &) < 2(1 +y (P (ITIFIL + 19), (4-13)

e—0t n—00

which is the upper estimate of (4-1) we need.

Completion of the proof of the bilinear embedding. Consider first p > 2. Combining the lower estimate
(4-7) and the upper estimate (4-13) we obtain

1+y(p)

2y (p)
Finally, a polarization argument finishes the proof. More precisely, for s > 0 we replace f with sf and g

| [ FeoLi6e oL duw ar < (T + g ). (4-14)
X

with s~ g on both sides of (4-14). Then, the left-hand side is unchanged, while minimizing the right-hand
side over s > 0 we obtain

o0 1+ 1/p 1/q
ff|F<x,t>|*|G<x,r>|*du(x)rdz<ﬂ((3) +(1) )nnfnpngnq. 4-15)
0 Jx 2y (p) q p

Using the above inequality, a calculation leads to (3-5). We sketch the argument below.
Note that for p > 2 we have p* = p and recall that y (p) = %q(q —1). Thus, for 1 < g <2 we obtain

1 1/p 1/q
+y(p) ((g) N <g) ) = 18+q(g—D)g—DV ' (p—1)

2y(p) \\q p
<(q+3q—-D"" ' (p*-1. (4-16)
Setting s = ¢ — 1 we need to maximize the function H (s) := (s +4)s*/¢*D for s € (0, 1]. Let
slogs
h(s) =1 4) — ,
(s) =log(s +4) p——

so that H(s) = ¢"®). Then we have
1 1 1 1 21 -1
K (s) = _ 085 _ and B'(s) = — oy ¢ :
s+4  (s+1D?2 s4+1 s+42  (+1D3  s@s+1)2
consequently, 2" (s) < 0 for s € (0, 1). Observe that 4'(5;) > 0 and h’(%) < 0. Therefore A’ has a unique
zero inside the interval (27—0, %) and # attains a global maximum there. Obviously, the same is true for

H = ¢". Now it is easy to see that

max H(s) < 2. (L 72/7<6,
7/20<s<2/5 ) <5 ()

and thus also sup,_;; H(s) < 6. Hence, coming back to (4-16) we obtain

() (5] o
2y(p) \\g - p =6t -1

In view of (4-15) this implies (3-5) and completes the proof of Theorem 3 for p > 2.
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The proof of Theorem 3 for p < 2 proceeds analogously once we switch p with g and P, f with O, g
in the definition of b,. Namely, we consider I5K (x,1)= EK(Q,g, P, ), where EK (¢, n) =B g, 1(& N,
= RY, n € R. Here By 4 (4,1 1s the function from Proposition 4 with m| =d and m, = 1. Then we repeat
the argument used for p > 2. The function EK satisfies items (iii)—(v) of Proposition 4 with p replaced by q.
Therefore both the lower estimate (4-7) and the upper estimate (4-13) hold with y (p) replaced by y (g).

5. Examples

Throughout this section we apply Theorem 1 to the examples of orthogonal systems considered in [Nowak
and Stempak 2006, Section 7]. This is possible for all of these systems except for the Fourier—Bessel
expansions [Nowak and Stempak 2006, Section 7.8]. In this case the condition (T2) fails. Despite this
failure we think that it might be possible to treat also the Fourier—Bessel expansions by the methods of the
present paper. It might be also interesting to try to apply the methods of our paper to the Riesz transforms
considered in [Nowak and Sjogren 2012] (in the case of Jacobi trigonometric polynomial expansions).

In all of the examples we present, for more details the reader is kindly referred to [Nowak and Stempak
2006, Sections 7.1-7.7]. The formulas for v; and r = Z?:] r; in the examples below follow directly from
(2-1) and (2-6). Recall that

u=u1® - Quqg, X=Xix---xXq, LP=L"(X,p), l-lp=1I"lce,

* p
p*=max|p, —— ).
p—1

5.1. Ornstein—Uhlenbeck operator: Hermite polynomial expansions. Here we consider

and

_ 42
pi=1, ¢=0, a=0, wix)=n""%" dwx)=wx)dx
on X; = R. Then

8i:ai:8Xi’ 8;":—8x,+2xi, [81, t]_ r=0, (5'1)

and

d
Z ;=—A+2(x, V)

is the Ornstein—Uhlenbeck operator on X = R% The operator L is essentially self-adjoint on C f.’o([F\Rd)
with the self-adjoint extension given by

Lf =Y [kI(f. Hi)2 H.

keNd

In the formula above |k| = k; + - - - + kg, the symbol L? stands for L? = L*(R?, 1), while {Hk}keNd is
the system of L? normalized Hermite polynomials; see [Nowak and Stempak 2006, Section 7.1; Lebedev
1972, p. 60]. In this section we take

O = ﬁk, k e Nd.
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Note that u is a probability measure in this setting. The projection 1 becomes

Nf= > (f H)pH. fel?
keNd9, k0
Then

(I =) f = (f, Ho) 1> Ho,

and, since Hy = 1, the operator / — IT is the projection onto the constants given by

(1= = [ Fordut). rex
X
Hence, by Holder’s inequality |[(/ —IT) f|l, < || f |l »» and, consequently,

ITLF N, <20 fllp, 1< p<oo. (5-2)
Next
8; Hi = /2k; Hi—;, (5-3)

where, by convention I-Ik_e_ . =0if k; = 0. This convention is also used for the examples presented in the
next sections. The Riesz transform is defined by
k: 1/2 _ "
Rif: Z <_J> (f’ Hk)LZHk—ei’ f € Lz‘

k
keNd, k£0 K]

Dimension-free estimates for the vector Rf = (R f, ..., Rq f) were proved by Meyer [1984]; see
also [Gundy 1986; Gutiérrez 1994; Pisier 1988] for different proofs. Later Dragicevi¢ and Volberg [2006,
Corollary 0.4] found a proof which uses the Bellman function method. The best result in terms of the
size of the constants is due to Arcozzi [1998, Corollary 2.4] who proved that | R [, <2(p* — DI fll
1 < p < 00. An application of Theorem 1 produces similar, though weaker, bounds.

Theorem 6. Fix 1 < p < oco. Then, for f € L? such that fX f()du(y) =0, we have

IRfIl, <24(p™ = DI fllp- (5-4)
Remark. Using (5-2) we may extend the bound (5-4) to all f € L? with 24 being replaced by 48.

Proof. We apply Theorem 1. In order to do so we need to check that its assumptions are satisfied.

By (5-1) we see that (A1) and (A2) (with K = 0) hold. Condition (T1) is proved by an easy calculation
based on integration by parts. The assumption (T2) is also straightforward. Finally, (T3) follows from
Lemma 1 and (5-3).

Now, if [ x S () du(y) =0 then I1f = f. Thus, an application of Theorem 1 completes the proof. [

5.2. Laguerre operator: Laguerre polynomial expansions. Here, for a parameter a € (—1, 00)?, we
consider

1 _
e Tidx;,  dpi(x;) =w;(x;)dx;

pi=+%, ¢=0, a =0, wi(%’)ZmX,
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on X; = (0, 00). Then §; = 0; = \/x; d,,, and thus

— X7 By, — L r=0. (5-5)

In this case

is the Laguerre operator on X = (0, 00)4. Tt is symmetric on C2°((0, 00)4) and has a self-adjoint extension
Lf =Y |kI(f. L) 2 LY.
keNd

Here L? = L?((0, 00)?, 1), while {Zz }ren is the system of L? normalized Laguerre polynomials; see
[Nowak and Stempak 2006, Section 7.2; Lebedev 1972, p. 76]. These Laguerre polynomials are our
functions ¢y, in this section; namely
Ok = Ng, k € Nd.
Next we have

8 LY = Jkj/xi LY (5-6)

while the projection IT becomes
Mf= Y (f.LPpLy, fel”
keNd, k0

A repetition of the argument from the previous section shows that ITf = f if and only if |, x SO du(y)=0

and
ITLf Nl <20 fllp, 1< p<o0. (5-7)
The Riesz transform is then given by
ki \ 12
Rif= Z <|71|) (L) pym LTS, f el

keNd k0
Dimension-free bounds for single Riesz transforms R; were first studied by Gutiérrez, Incognito and
Torrea [Gutiérrez et al. 2001] for half-integer multi-indices, and generalizedT by Nowak [2004] to multi-
3 )d. Moreover in [Graczyk et al. 2005], Graczyk, Loeb, Lopez, Nowak, and Urbina
proved dimension-free estimates on L? for the vector of Riesz-Laguerre transforms and half-integer

indices « € [

multi-indices «. Recently, the author [Wrébel 2014, Theorem 4.1(b)] obtained dimension-free bounds on
L? for scalar Riesz transforms and general parameters a € (—1, oo)¢, while Mauceri and Spinelli [2015,
Theorem 5. 2] proved a dimension-free bound for the vectorial Riesz transforms Rf = (R f, ..., Rqs f),

and o € [ )d. All the bounds mentioned in this paragraph are also independent of the parameter o

2 ’

In [Nowak 2004, Theorem 13] the author also states an estimate on L? for the vector of Riesz-Laguerre transforms that is
dimension-free for certain values of «. Unfortunately this result is not properly proved there (Nowak, personal communication,
2017). This is due to a problem in the proof of the vectorial g-function bound from [Nowak 2004, Theorem 7(b)].
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(appropriately restricted). Moreover, the estimate from [Mauceri and Spinelli 2015, Theorem 5.2] is also
linear in p*.

By using Theorem 1 we obtain a result which coincides with [Mauceri and Spinelli 2015, Theorem 5.2]
in the case of Riesz transforms acting on functions.

Theorem 7. Fix o € [—%, oo)d and 1 < p < oco. Then, for f € L? which satisfy fX fOdu(y) =0, we
have

IRfII, <24(p" = DISIp.

Remark. By (5-7) we have the same bound for general f € L? with the constant being twice as large.

Proof. We are going to apply Theorem 1, so we need to verify its assumptions.

By (5-5) we see that if « € [—%, oo)d, then (A1) and (A2) (with K = 0) are satisfied. Moreover, the
assumptions (T1) and (T2) follow from a direct calculation. Next, for such « the condition (T3) can be
deduced from Lemma 1 together with (5-6).

Now, if [ v S du(y) =0 then I1f = f. Therefore, using Theorem 1 we complete the proof of
Theorem 7. U

5.3. Jacobi operator: Jacobi polynomial expansions. In this section for parameters «, 8 € (—1, 00)?
we consider

pi = 1—x2 qgi=0, a =0,

i

w; (x;) = C(%,ﬁﬁ) (I—x)% (A +x)Pdx;,  dui(x) =wi(x)dxi, X =(—1,1),

where C(«;, f;) is such that u;(X;) =1. Then §; =0; =+ 1 — xi2 dy,;, and

T e
V=520 + @+ ) 7t = (B4 D)y T

— X; 1+ x; (5-8)
a+3 Bits
=[8,8]1=—24+"-2, r=0.
[l l] l—xi+l+x,- "

Here

d d
=Y Li=) —(1-x))0} — (B —ai — (@ + Bi +2)x;) by,
i=1 i=1

is the Jacobi operator on X = (—1, D4 Let L>=L?((—1, )%, 1), and denote by {ﬁ,fl”s}ke,\,d the system of
L? normalized Jacobi polynomials; see [Nowak and Stempak 2006, Section 7.1; Szegé 1975, Chapter 4].
These Jacobi polynomials are our functions ¢y in this section; namely

o =P keN,
The Jacobi operator is symmetric on C2°((—1, 1)¢) and has a self-adjoint extension

Lf =Y lf. BEPY 2 PP

keNd
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where A, = Zf.l:l Af{i with )L;;i =kitki+a;+Bi+1),i=1,...,d. Similarly to the previous two sections
the projection IT is

Nf= Y (£ PP, fel’

keNd, k£0

Moreover, I1f = f precisely when | x S () du(y) =0 and we have
1Tl <20 fllp, 1< p<oo. (5-9)

The action of §; on Jacobi polynomials is given by

8i PP =Vki(ki + i + B + DV 1 — x B P (5-10)

and the Riesz transform becomes

MY~
Rif= Y (—k) (f. PPy a1 =22 B PYe fe 2,

A
keNd k20 N

Dimension- and parameter-free estimates for single Riesz transforms R; are due to Nowak and Sjogren
[2008], who proved them for «, B € [—l oo)d.

An application of Theorem 1 generalizes [Nowak and Sjogren 2008, Theorem 5.1] to the vectorial
Riesz transforms R f = (R f, ..., Rq f). This result is new according to our knowledge. Moreover, we
obtain an explicit estimate which is linear in p*.

Theorem 8. Fix o, € [—% oo)d and 1 < p < oo. Then, for f € LP which satisfy fx f)du(y) =0,
we have

IR, <24 (p"=DIfllp, feL”. (5-11)

Remark. As in the previous two sections (5-11) holds for all f € L? with 48 (p* — 1) in place of
24 (p* — 1). This follows from (5-9).

Proof. We are going to apply Theorem 1, so we need to verify its assumptions for parameters o, 8 €
[~5.00)"

By (5-8) we see that if @, B € [—1, 00)", then (A1) and (A2) (with K = 0) are satisfied. Similarly,
using (5-10) one can see that, for such « and B, the conditions (T1) and (T2) also hold. The assumption
(T3) follows from Lemma 1 together with (5-10).

Now, since [ x S () du(y) =0 implies I1f = f, an application of Theorem 1 completes the proof of

Theorem 8. U
5.4. Harmonic oscillator: Hermite function expansions. Here we take

pi=1, qi=x;, a=1 wix)=1 dux)=dx;, X, =R,
so that
8 =0y +xi, 0=y, 8 =—0y+x, v=[681=2r&) =x> (5-12)

i
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and L is the harmonic oscillator d
L=Y Li=-A+[x
i=1

It is well known that L is essentially self-adjoint on C2°(R¢) with the self-adjoint extension given by

Lf =Y QlIkl+d){f. hi)p2he.
keNd
Here L? = L?(R?, dx), while {/}}ycne is the system of L? normalized Hermite functions; see [Nowak
and Stempak 2006, Section 7.4]. The functions A are our ¢y in this section. They are of the form
hi =hy, ®--- @ hy,, where
hy, () = Hy, (x)e ™% x; €R, (5-13)

with ﬁk,- being the Hermite polynomial from Section 5.1. Note that as 0 is not an L? eigenvalue of L, the
projection IT equals the identity operator.
Next
Sihk = /2kjhi—,, (5-14)
and thus the Riesz transform is

2%; 12 )

R f= Chi)r2hg—e: s L~

f E (2|k|+d> (f, hi)p2hi—e;, S €
keNd, k£0

Here dimension-free bounds for the vector of Riesz transforms can be deduced, by means of transference,
from the paper of Coulhon, Miiller, and Zienkiewicz [Coulhon et al. 1996]; see also [Harboure et al.
2004; Lust-Piquard 2006] for different proofs. Moreover, a dimension-free bound for the vector of Riesz
transforms which is additionally linear in p* was proved in [Dragicevi¢ and Volberg 2012, Proposition 4].

Using Theorem 1 we are able to obtain a more explicit estimate for the vector R f than in [DragiCevic

and Volberg 2012]. However, contrary to that paper, our method says nothing about the vector of “adjoint
transforms R* f = (STL*U?]Q o S;L*I/Zf),

Theorem 9. For 1 < p < oo we have

IRfII, <48(p* = DIfllp. feL”

Proof. We apply Theorem 1. In order to do so we need to check that its assumptions are satisfied.

The equation (5-12) gives (A1) and (A2) with K =1. Condition (T1) is straightforward. The assumption
(T2) holds since, by (5-13), Hermite functions /y, vanish rapidly at o0o. Finally, (T3) follows from
(5-14) and the (well-known) density of Hermite functions in L?, 1 < p < o0.

Thus, an application of Theorem 1 is justified and the proof of Theorem 9 is completed. (Il

5.5. Laguerre operator: Laguerre function expansions of Hermite type. For a parameter « € (—1, 00)?
we consider
o + %
pi=Ll qi=xi— oai=1 wilx)=1, dui(xj)=dx;, X;=(0,00),

i
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so that
1 1
o + o + 5
§i =0y +x——=2, =0y, O =—0y+x——2
Xi Xi
d 21 (5-15)
v=18,671=2 re) =P+ )

Here L is the Laguerre operator

d d 2 1
o — 7
L/zzzzzld =:—wﬁ'+|X|24‘§£:‘l;E—i.
i=1 i=1 i

Then L is symmetric on Cé’o(Rd ) and has a self-adjoint extension given by

Lf = (Alkl+2d +2la)(f. ¢f) 1205
keNd
In the above formula we set |k| =k; +-- -+ kg and |a| =« + - - - +a4; note that |«| may be negative. By
L? we mean L?((0, 00)?, dx), while {9 }rene stands for the system of L? normalized Laguerre functions
of Hermite type; see [Nowak and Stempak 2006, Section 7.5]. The functions ¢}’ are the tensor products

¢ =¢p ®- - ¢! with

op () = V2 LY (x7) R TN ) (5-16)
and ZZ; the Laguerre polynomials from Section 5.2. In this section we take
Pk =@y -

As 0 is not an L? eigenvalue of L, the projection IT equals the identity operator.
Next

a+te;j
k*@j ’

Sivp =—=2Vkj @ (5-17)

and thus the Riesz transform is
4k; 172 e,
Rif=— ) (—) (fei e, fel’

kN ££0 41k| 4+ 2|a| +2d

Dimension-free bounds for single Riesz transforms R; were obtained by Stempak and the author [Stempak
and Wrébel 2013, Theorem 5.1] for a certain restricted range of the parameter «.
In this section, for a € (%, oo)d we define

ai+3
C(a) = max ' ?
2

i=l1,..., ciai—-—

By using Theorem 1 we obtain the following strengthening of [Stempak and Wrébel 2013, Theorem 5.1]
in the case o € (%, oo)d.
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Theorem 10. Let o € (%, oo)d. Then, for 1 < p < 0o, we have

IRfllp, <241+ C@)(P*=DIfllp. [feL”

Proof. We apply Theorem 1. In order to do so we need to check that its assumptions are satisfied.

The formula (5-15) gives (A1) and (A2) for o € (%, oo)d with K = C(«). Conditions (T1) and (T2)
follow from (5-16) and (5-17). Finally, (T3) follows from [Nowak 2003, Lemma 5.2] and (5-17).

Thus, an application of Theorem 1 is justified and the proof of Theorem 10 is completed. ]

5.6. Laguerre operator: Laguerre function expansions of convolution type. For a parameter o €
(=1, 00)¢ we consider

pi=1, q=x;, a =20+2,

wi () = x24T dp () = wix) dxi, X = (0, 00),
so that
8i =0y +Xi, 0;=0, & =—0y+x— 201;?1— 1,
i
Ui=[8i,5;'<]:2+205 ) = e (5-18)

2 b
l
Here L is the Laguerre operator

d

d
20; + 1
L=Y Li=-A+xP=) ——3,.
i=1

i=1 i

Then L is symmetric on CZ°((0, 00)?) and has a self-adjoint extension given by
Lf =) (4lk|+2d +2la){f, €)2£F.
keNd

Here L? = L?((0, 00)4, w(x)dx), while {€7 }kene 1s the system of L? normalized Laguerre functions
of convolution type; see [Nowak and Stempak 2006, Section 7.6]. The functions £ are of the form
0 =0 ®---® L with

) =2 D e 2 x>0, (5-19)

and ZZ; the Laguerre polynomials from Section 5.2. In this section we take
ok =15.
Also here, as 0 is not an L? eigenvalue of L, the projection IT equals the identity operator.
Next
5,08 = —2v/ki xi ) (5-20)

k—ei ’
and thus the Riesz transform is

4k; 1/2 |

Ri - T LAl 1L AT s EO{ E‘)H'e/ , c LZ,

! Z <4|k|+2|a|—|—2d> (Ll f
keNd, k=0
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The boundedness of these Riesz transforms on L? was proved by Nowak and Stempak [2007, Theorem 3.4].
Later Nowak and Szarek [2012, Theorem 4.1] enlarged the range of admitted parameters «. In both of these
papers Calderén—Zygmund theory was used; thus the L” bounds depended on the dimension d. Applying
Theorem 1 we obtain a dimension-free bound for the vectorial Riesz transform Rf = (R f,..., Raf).

Theorem 11. Let o € [—%, oo)d. Then, for 1 < p < 00, we have
IRfI, <48(p* = DIfllp, feL” (5-21)

Proof. A continuity argument based on (5-19) and (5-20) shows that it suffices to prove (5-21) for
aE (—%, oo)d. We are going to apply Theorem 1. In order to do so we need to check that its assumptions
are satisfied.

The formula (5-18) gives (A1) and (A2) with K = 1. Conditions (T1) and (T2) follow from (5-19) and
(5-20). It remains to prove (T3). For the space D this condition follows from [Nowak 2003, Lemma 4.3].
Inthe case of D;, i =1, ..., d, the assumption (T3) can be deduced from (T3) for D together with (5-20).

Thus, an application of Theorem 1 is justified and the proof of Theorem 11 is completed. (]

5.7. Jacobi operator: Jacobi function expansions. For parameters «, € (—1, 00)? we consider

pi=1, gqi=—3Qu+Dcot(3x)+ 52+ Dtan(3x;), @ = g(ai+pi+1)7
wi(x) =1, dui(x)=dx;, X;=(0,m),
so that
8; =y, — 5 Qay+1) cot(5x;)+5 2B+ Dtan(3x;), 0y =20y,
20;+1 2Bi+1

8 =—0, —L2aj+1)cot(Lx;)+L 2B+ tan(Lx;), =[5,,8/]1= : ,
' o (31)+22f; (3) o 8cos2(3x;) 8sin’(3x;)  (5-22)

d

r(x):Z1—16(20{,-+1)2c0t2(%xi)+1—16(Zﬂi—i—l)ztanz( i)+ 1 (i 4+Bi+1)* =2 +1) 28+ 1)).
i=1

Here L is the Jacobi operator

d d 2 2
402 —1 4p2 —1
L= Li=-A+) i ’ .
, l * — <l6sin2(1 ) + 160052(%)6,'))

2

Then L is symmetric on C2°((0, 7)¢) and has a self-adjoint extension given by
Lf =Y alf ey ey’
keNd

Here 3, = Y4 A, with A = (ki + T+ Bi + 1))2, L? = L*((0, )¢, dx), while {¢,‘§"’3}keNd is the
system of L? normalized Jacobi functions; see [Nowak and Stempak 2006, Section 7.7]. These Jacobi
functions have the tensor product form ¢ =" Pg... @ Doy Pd with

¢a’ Pi (x;) = 2(“"+’3’+1)/213,§):"’ﬁ” (cos x;) (sin(%xi)) "Jrl/z(cos(%x,-))ﬂ’drl/2 (5-23)
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for x; € (0, ), and ﬁ,f: ot being the Jacobi polynomials from Section 5.3. In this section we take

Yk = ¢;‘f’ﬂ-

In the case when o, 8 € [%, oo)d, the L? kernel of L is trivial, and thus the projection IT equals the identity
operator.
Next

807" = — ki ki + o + By + D7 (5-24)

and thus the Riesz transform is

kitki+ai +Bi+ D\ ap e
Rif=- > ( ) (foop Py gttt el

A
keNd, k; 20 k

In the case d = 1 the L?” boundedness of these Riesz transforms was proved by Stempak [2007]. Using
Theorem 1 we obtain the following multidimensional bounds.

Theorem 12. Let o, B € [% oo)d. Then, for 1 < p < 0o, we have

IR, <48(p" = DIfllp, feL”.

Proof. A continuity argument based on (5-23) and (5-24) allows us to focus on «, 8 € (%, oo)d. We
are going to apply Theorem 1 for such parameters o and 8. In order to do so we need to check that its
assumptions are satisfied.

The formula (5-22) gives (A1) and (A2) (with K = 1). Conditions (T1) and (T2) follow from (5-23)
and (5-24), while (T3) can be deduced from the density of polynomials in C((—1, 1)) together with (5-23)
and (5-24).

Thus, an application of Theorem 1 is permitted and the proof of Theorem 12 is completed. (I
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REDUCIBILITY OF THE QUANTUM HARMONIC OSCILLATOR IN
d-DIMENSIONS WITH POLYNOMIAL TIME-DEPENDENT PERTURBATION

DARIO BAMBUSI, BENOIT GREBERT, ALBERTO MASPERO AND DIDIER ROBERT

We prove a reducibility result for a quantum harmonic oscillator in arbitrary dimension with arbitrary
frequencies perturbed by a linear operator which is a polynomial of degree 2 in (x;, —i0;) with coefficients
which depend quasiperiodically on time.

1. Introduction and statement of results

The aim of this paper is to present a reducibility result for the time-dependent Schrodinger equation

i = H(ot)y, xeRY, (1-1)
H.(wt) := Hy+ eW(wt, x, —iV), (1-2)
where
d
Ho:=—A+V@),  V@:=) vix, v>0 (1-3)
j=1

and W(0, x, &) is a real polynomial in (x, &) of degree at most 2, with coefficients being real analytic
functions of 8 € T". Here w are parameters which are assumed to belong to the set D = (0, 27)".
For € = 0 the spectrum of (1-2) is given by
d
o (Ho) = (Mdkene: Ak = Mtk = Y _(2kj + Dy, (1-4)
j=1
with k; > 0 integers. In particular if the frequencies v; are nonresonant, then the differences between
couples of eigenvalues are dense on the real axis. As a consequence, in the case ¢ = 0 most of the
solutions of (1-1) are almost periodic with an infinite number of rationally independent frequencies.
Here we will prove that for any choice of the mechanical frequencies v; and for w belonging to a
set of large measure in D, the system (1-1) is reducible: precisely there exists a time-quasiperiodic
unitary transformation of L*(R?) which conjugates (1-2) to a time-independent operator. We also deduce
boundedness of the Sobolev norms of the solution.
The proof exploits the fact that for polynomial Hamiltonians of degree at most 2, the correspondence
between classical and quantum mechanics is exact (i.e., without error term), so that the result can be

MSC2010: 35310, 37KS55.
Keywords: reducibility, harmonic oscillators, growth of Sobolev norms.
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proven by exact quantization of the classical KAM theory, which ensures reducibility of the classical
Hamiltonian system

d
he :=ho+eW(wt, x, ), ho=Y & +vjx}. (1-5)
j=1

We will use (in the Appendix) the exact correspondence between classical and quantum dynamics of
quadratic Hamiltonians also to prove a complementary result. Precisely we will present a class of
examples, following [Graffi and Yajima 2000], in which one generically has growth of Sobolev norms.
This happens when the frequencies  of the external forcing are resonant with some of the v;.

We recall that the exact correspondence between classical and quantum dynamics of quadratic Hamil-
tonians was already exploited in [Hagedorn et al. 1986] to prove stability/instability results for one degree
of freedom time-dependent quadratic Hamiltonians.

Notwithstanding the simplicity of the proof, we think that the present result could have some interest,
since this is the first example of a reducibility result for a system in which the gaps of the unperturbed
spectrum are dense in R. Furthermore it is one of the few cases in which reducibility is obtained for
systems in more than one space dimension.

Indeed, most of the results on the reducibility problem for (1-1) have been obtained in the 1-dimensional
case, and also the results in higher dimensions obtained up to now deal only with cases in which the
spectrum of the unperturbed system has gaps whose size is bounded from below, like in the harmonic
oscillator (or in the Schrodinger equation on T¢). On the other hand we restrict here to perturbations,
which although unbounded, must belong to the very special class of polynomials in x; and —id;. The
reason is that for operators in this class, the commutator is the operator whose symbol is the Poisson
bracket of the corresponding symbols, without any error term (see Remark 2.2 and Remark 2.4). In order
to deal with more general perturbations one needs further ideas and techniques.

Before closing this introduction we recall some previous works on the reducibility problem for (1-1)
and more generally for perturbations of the Schrédinger equation with a potential V (x). As we already
anticipated, most of the works deal with the 1-dimensional case. The first one is [Combescure 1987], in
which the pure point nature of the Floquet operator is obtained in the case of a smoothing perturbation
of the harmonic oscillator in dimension 1; see also [Kuksin 1993]. The techniques of this paper were
extended in [Duclos and St ovi¢ek 1996; Duclos et al. 2002] in order to deal with potentials growing
superquadratically (still in dimension 1) but with perturbations which were only required to be bounded.

A slightly different approach originates from the so-called KAM theory for PDEs [Kuksin 1987; Wayne
1990]. In particular the methods developed in that context in order to deal with unbounded perturbations,
see [Kuksin 1997; 1998], were exploited in [Bambusi and Graffi 2001] in order to deal with the reducibility
problem of (1-1) with superquadratic potential in dimension 1; see [Liu and Yuan 2010] for a further
improvement. The case of bounded perturbations of the harmonic oscillator in dimension 1 was treated in
[Wang 2008; Grébert and Thomann 2011].

An extension of KAM theory to NLS on T4 has been obtained in [Eliasson and Kuksin 2010] and
its methods have been adapted to deal with the reducibility problem of quasiperiodically forced linear
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Schrodinger equation in [Eliasson and Kuksin 2009]. A further reducibility result for equations in more
than one space dimension is [Grébert and Paturel 2016], in which bounded perturbations of the completely
resonant harmonic oscillator in R were studied. As far as we know, these are the only higher-dimensional
linear systems for which reducibility is known. '

We remark that all these papers deal with cases where the spectrum of the unperturbed operator is
formed by well-separated eigenvalues. In the higher-dimensional cases they are allowed to have high
multiplicity localized in clusters. But then the perturbation must have special properties ensuring that the
clusters are essentially not destroyed under the KAM iteration.

Finally we recall the works [Bambusi 2017a; 2017b], in which pseudodifferential calculus was used
together with KAM theory in order to prove reducibility results for (1-1) (in dimension 1) with unbounded
perturbations. The ideas of the present paper are a direct development of the ideas of [Bambusi 2017a;
2017b]. We also recall that the idea of using pseudodifferential calculus together with KAM theory in
order to deal with problems involving unbounded perturbations originates from [Plotnikov and Toland
2001; Iooss et al. 2005] and has been developed in order to give a quite general theory in [Baldi et al.
2014; Berti and Montalto 2016; Montalto 2014]; see also [Feola and Procesi 2015].

In order to state our main result, we need some preparations. It is well known that (1-1) is well-posed,
see for example [Maspero and Robert 2017], in the scale H*, s € R, of the weighted Sobolev spaces
defined as follows. For s > 0 let

1=y € LX®RY) : H)*y € LARY)),

equipped with the natural Hilbert space norm ||| := ||Hg/ 21p|| 2(rdy- Fors <0, #H*is defined by
duality. Such spaces are not dependent on v for v; >0, 1 < j <d. We also have H* =Dom(—A+|x [2)s/2,
We will prove the following reducibility theorem:

Theorem 1.1. Let i be a solution of (1-1). There exist €, > 0, C > 0 and for all €| < €, a closed
set E C (0, 2m)" with meas((0, 27)" \ &) < Ce'/® and, for all w € &, there exists a unitary (in L?)
time-quasiperiodic map U, (wt) such that, defining ¢ by U, (wt)p =, it satisfies the equation

19 = Hop, (1-6)

with H, a positive definite time-independent operator which is unitary equivalent to a diagonal operator

d

00,2 2
Zv.i (xj _axj)’
Jj=1

where vjoo = v;’o (w) are defined for w € &, and fulfill the estimates

|vj—vJC~’°| <Ce¢, j=1,...,d.
Finally the following properties hold:
() Foralls >0, forall € H*, we have 6 — U, (0)y € CO(T"; 1*).

IWe would like to point out also [Procesi and Procesi 2012; 2015], which at present refer to the resonant nonlinear Schrodinger
equation; it would be interesting to study if they have some consequences for reducibility theory.
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(i1) For all s = 0, there exists Cy > 0 such that for all 0 € T"
11— Un @)l eps+2;305) < Cs€. (1-7)
(iii) Foralls,r >0, the map 6 +— U, (0) is of class C" (T"; L(H T2, #%)).

Remark 1.2. In Theorem 1.1, if the frequencies v; are resonant, then the change of coordinates U,, is
close to the identity, in the sense of (1-7), but the Hamiltonian Hy, is not necessary diagonal. However, it
is always possible to diagonalize it by means of a metaplectic transformation which is not close to the
identity; see Theorem 2.10 and Remark 2.11 below.

Let us denote by U, (¢, T) the propagator generated by (1-1) such that U, (7, 7) =1 forall T € R.
An immediate consequence of Theorem 1.1 is that we have a Floquet decomposition:

Ue (t, T) = Uk (wt) e D> U (wtau). (1-8)

Another consequence of (1-8) is that for any s > 0 the norm ||[Uc (¢, 0)¥o]|s is bounded uniformly in
time:

Corollary 1.3. Let w € &, with |€| < €,. The following is true: for any s > 0 one has

cslolls = 1Ue, (2, 0)%0lls < Cslivholls  forallt € R, for all Y € H, (1-9)

for some cg >0, C; > 0.
Moreover there exists a constant ¢\, such that if the initial data o is in H**? then

Iolls — ecslivollso < et OWolls < IWolls +ecliolls2  forallt €R. (1-10)

It is interesting to compare estimate (1-9) with the corresponding estimate which can be obtained for
more general perturbations W (¢, x, D). So denote by U(¢, T) the propagator of Hy+ W (z, x, D) with
U(t, 7) = 1. Then in [Maspero and Robert 2017] it is proved that if W (z, x, ) is a real polynomial in
(x, &) of degree at most 2, the propagator U(t, s) exists, belongs to L£(#*) for all s > 0 and fulfills

U, 0)olls < e yglly forall e R
(the estimate is sharp!). If W (z, x, £) is a polynomial of degree at most 1, one has
U, 0)Yolls < Cs(1+12))° IWolls forall 7 € R.

Thus estimate (1-9) improves dramatically the upper bounds proved in [Maspero and Robert 2017] when
the perturbation is small and depends quasiperiodically in time with “good” frequencies.

As a final remark we recall that growth of Sobolev norms can indeed happen if the frequencies w are
not well chosen. In the Appendix, we show that the Schrodinger equation

i =[—10:y + 3x* +axsinot]y, xeR

(which was already studied by Graffi and Yajima [2000], who showed that the corresponding Floquet
operator has continuous spectrum), exhibits growth of Sobolev norms if and only if w = +£1, which are
clearly resonant frequencies. We also slightly generalize the example.
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Another example of growth of Sobolev norms for the perturbed harmonic oscillator is given by Delort
[2014]. There the perturbation is a pseudodifferential operator of order O, periodic in time with resonant
frequency w = 1.

Remark 1.4. The uniform-time estimate given in (1-9) is similar to the main result obtained in [Eliasson
and Kuksin 2009] for small perturbation of the Laplace operator on the torus T%. Concerning perturbations
of harmonic oscillators in R, most known reducibility results are obtained for d = 1, except in [Grébert
and Paturel 2016].

Remark 1.5. In [Eliasson and Kuksin 2009; Grébert and Paturel 2016] the estimate (1-10) is proved
without loss of regularity; this is due to the fact that the perturbations treated in those papers are bounded
operators. There are also some cases, see for example [Bambusi and Graffi 2001], in which the reducing
transformation is bounded notwithstanding the fact that the perturbation is unbounded, but this is due to
the fact that the unperturbed system has suitable gap properties which are not fulfilled in our case.

Remark 1.6. The €!/° estimate on the measure of the set of resonant frequencies is not optimal. We
wrote it just for the sake of giving a simple quantitative estimate.

Remark 1.7. Denote by {1 };cne the set of Hermite functions, namely the eigenvectors of Hy: Hoyy =
A Yr. They form an orthonormal basis of L*(R%), and writing ¢ = Zk cx Y, one has

I = > A+ kD> el
k

Denote by ¥ (1) =) end Ck (1) Yy the solution of (1-1) written on the Hermite basis. Then (1-9) implies the
following dynamical localization for the energy of the solution: for all s > 0, there exists Cy = Cs(1/g) > 0
such that
sup e ()| < Cs(1 4+ |k])™* forall k € N, (1-11)
teR
From the dynamical property (1-11) one obtains easily that every state ¥ € L>(R?) is a bounded state
for the time evolution U ., (¢, 0)y under the conditions of Theorem 1.1 on (€, w). The corresponding
definitions are given below.

Definition 1.8 [Enss and Veseli¢ 1983]. A function ¥ € L%(R%) is a bounded state (or belongs to the
point spectral subspace of {Uf (¢, 0)};ecr) if the quantum trajectory {U ., (¢, 0)y : ¢ € R} is a precompact
subset of L%(R4).

Corollary 1.9. Under the conditions of Theorem 1.1 on (€, w), every state € L>(R?) is a bounded
state Of {ue,a)(ta 0)}IER~
Proof. To prove that every state ¢ € L?*(R?) is a bounded state for the time evolution Ue o(t, 0) Y, using

that 7{* is dense in L2(R?), it is enough to assume that ¥ € H*, with s > 1d. With the notation of
Remark 1.7, we write

v) =y @)+ RNV @),

where ¥ (1) = Y- <y ek (D)W and RN (1) = - Ly e () Y.
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Take § > 0. Applying (1-11), taking N large enough, we get that [|[R™)(¢)]o < %8 for all € R. But
{yM (1) : 1 € R} is a subset of a finite-dimensional linear space. So we get that {U ,(t,0)y: teR}isa
precompact subset of LZ(R%). (I

This last dynamical result is deeply connected with the spectrum of the Floquet operator. First note
that Theorem 1.1 implies the following:

Corollary 1.10. The operator U,, induces a unitary transformation L*(T") ® L*>(RY) which transforms
the Floguet operator K, namely

K =—iw- % + Hy+eW(),
into
90 o

Thus one has that the spectrum of K is pure point and its eigenvalues are AJQO +ow- k.

Notice that Enss and Veseli¢ [1983, Theorems 2.3 and 3.2] proved that the spectrum of the Floquet
operator is pure point if and only if every state is a bounded state. So Corollary 1.10 gives another proof
of Corollary 1.9.

2. Proof of Theorem 1.1
To start, we scale the variables x; by defining x} = ,/vjx; so that, defining
hj(xj,éj) = 51-2—{—)6-2, Hj = —83],4—)6]-2,

one has J J
ho=_vihj, Hy=Y v;H;. 2-1)
j=1 j=1
Remark 2.1. Notice that for any positive definite quadratic Hamiltonian  on R?“ there exists a symplectic
basis such that & = ZJ‘.IZI vihj, with v; > 0 for 1 < j <d; see [Hormander 1994].

For convenience in this paper we shall consider the Weyl quantization. The Weyl quantization of a
symbol f is the operator Op" ( f), defined as usual as

Op" (fu(x) =

e | e © Gy E)uedydt.
y,§eRrd

Correspondingly we will say that an operator F' = Op"(f) is the Weyl operator with Weyl symbol f.
Notice that for polynomials f of degree at most 2 in (x, &), we have Op¥(f) = f(x, D) + const, where
D=i"'V,.

Most of the time we also use the notation f*(x, D) := Op"(f). In particular, in (1-2) W(wt, x, —idy)
denotes the Weyl operator WY (wt, x, D).

Given a Hamiltonian x = x(x, &), we will denote by ¢§< the flow of the corresponding classical
Hamilton equations.
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It is well known that, if f and g are symbols, then the operator —i[ f* (x, D); g (x, D)] admits a
symbol denoted by {f; g}m (the Moyal bracket). Two fundamental properties of quadratic polynomial
symbols are given by the following well-known remarks.

Remark 2.2. If f or g is a polynomial of degree at most 2, then {f; g}m = {f; g}, where

4 of 0g  og of

{fig} :=j:1 9%, 58 9 56,

is the Poisson Bracket of f and g.

Remark 2.3. Let x be a polynomial of degree at most 2; then it follows from the previous remark that,
for any Weyl operator f* (x, D), the symbol of e/X"*:D) fw(x  D)eix"x.D) jg f o ¢’ -

Remark 2.4. If f and g are not quadratic polynomials, then {f; g}m = {f; g} + lower-order terms;
similar lower-order corrections would appear in the symbol of e~ X" D) fw(x = D)el'x" (D) That is the
reason why we restrict here to the case of quadratic perturbations. In order to deal with more general
perturbations one needs further ideas which will be developed elsewhere.

Next we need to know how a time-dependent transformation transforms a classical and a quantum
Hamiltonian. Precisely, consider a 1-parameter family of (Hamiltonian) functions x (¢, x, £) (where ¢ is
thought of as an external parameter) and denote by ¢* (¢, x, ) the time t flow it generates, precisely the

solution of
dx 0y d§  9x

E:EU’X’E)’ o —a(t,x,é). (2-2)

Consider the time-dependent coordinate transformation
(0. §) =¢' (1,5, §) =97 (1. X", §)]e=1. (2-3)

Remark 2.5. Working in the extended phase space in which time and a new momentum conjugated to it
are added, it is easy to see that the coordinate transformation (2-3) transforms a Hamiltonian system with
Hamiltonian 4 into a Hamiltonian system with Hamiltonian 4’ given by

1
0
W ) =o' - [ Eagarie . (2-4)
0
Remark 2.6. If the operator x (¢, x, D) is selfadjoint for any fixed ¢, then the transformation
w — efixw(t,x,D)w/ (2_5)

transforms iy = H into iy’ = H'v’ with

1
H = el)(“(t,x,D)He—lxw(t,x,D) _/ eltxw(t,x,D)(atXw(t’ X, S)) e—lrx“(t,x,D) dr. (2-6)
0

This is seen by an explicit computation. For example see Lemma 3.2 of [Bambusi 2017a].
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So in view of Remark 2.3, provided that transformation (2-5) is well-defined in the quadratic case, the
quantum transformed Hamiltonian (2-6) is the exact quantization of the transformed classical Hamiltonian
(2-4).

To study the analytic properties of the transformation (2-5) we will use the following simplified version
of Theorem 1.2 of [Maspero and Robert 2017] (to which we refer for the proof).

Theorem 2.7 [Maspero and Robert 2017]. Let Hy be the Hamiltonian of the harmonic oscillator. If X is
an operator symmetric on H such that X H; Vand [X, HolH, Ubelong to L(H®) for any s > 0, then the
Schrodinger equation

10: 9 =X

is globally well-posed in H* for any s, and its unitary propagator e ™% belongs to L(H*) for all s > 0.
Furthermore one has the quantitative estimate

eslllls < le Xy lls < Csllylls  forall T €10, 1], (2-7)

where the constants cs, Cs > 0 depend only on ||[X, HJ1Hy ™" || £30)-

The properties of the transformation are given by the next lemma and are closely related to the standard
properties on the smoothness in time of the semigroup generated by an unbounded operator.

Lemma 2.8. Let x(p, x, &) be a polynomial in (x, £) of degree at most 2 with real coefficients depending
in a C®-way on p € R. Then for all p € R", the operator x*(p, x, D) is selfadjoint in L*(R%).
Furthermore for all s > 0, for all T € R, the following hold true:

() The map p — e X" P:XD) g iy COR™, L(HT2, HY)).
(ii) For all € H*, the map p +— e X" (0D g in COR™, ).
(iii) Forall r € N, the map p > e 7" 05D s jn CT(R", L(HTH+2, HY)).

@iv) If the coefficients of x(p, x, &) are uniformly bounded in p € R" then for any s > 0 there exist c¢; > 0,
C, > 0 such that we have

esllWlls < e T CEDy o< Cillrlly forall p € R", for all T € [0, 1].

Proof. First we remark that in this lemma the quantity p plays the role of a parameter. Since x (p, x, &) is
a real-valued polynomial in (x, &) of degree at most 2, the operator x“(p, x, D) is selfadjoint in L*(R%),
so for all p € R" the propagator e ~17x"(*-*:D) jg ynitary on L?(R?).

In order to show that e 717X" (*-*:D) maps 4% to itself, for all s > 0, for all p € R", we apply Theorem 2.7.
Indeed since x"“(p, x, D) has a polynomial symbol, we know x*(p, x, D)H, ! and the commutator
[Ho, x"(p,x, D)IH, ! belong to L(H*) for all s > 0. Item (iv) follows by estimate (2-7) and the fact
that ||[[Hj, x" (0, x, D)1H;, * || £(30) is bounded uniformly in p.

To prove item (i) we use the Duhamel formula

oiTB _ pmitA i/r e~ iT—TA (A—B) e 1B g, (2-8)
0
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Then choosing B = x"(p + p’, x, D), A= x"(p, x, D) one has that forall0 <t <1

”e—l'L’X (p+p',x,D) _ e-lTX (/O’x’D)”L‘,(HSJrZ”HS) S C”XW(p +/0/, X, D) _ Xw(p’ X, D)||L‘(7—[S+27HS)~

This proves item (i). Continuity in item (ii) is deduced by (i) with a standard density argument. Finally
item (iii) is proved by induction on r, again using the Duhamel formula (2-8). U

Remark 2.5, Remark 2.6 and Lemma 2.8 imply the following important proposition.

Proposition 2.9. Let x (¢, x, &) be a polynomial of degree at most 2 in x and & with smooth time-
dependent coefficients. If the transformation (2-3) transforms a classical system with Hamiltonian h into
a Hamiltonian system with Hamiltonian h', then the transformation (2-5) transforms the quantum system
with Hamiltonian h" into the quantum system with Hamiltonian (h')".

As a consequence, for quadratic Hamiltonians, the quantum KAM theorem will follow from the
corresponding classical KAM theorem.

To give the needed result, consider the classical time-dependent Hamiltonian

he(@t,x,8):= ) 3vi(x7 + &) +e W(wt, x,8), (2:9)
1<j<d

with W as in the Introduction. The following KAM theorem holds.
Theorem 2.10. Assume v; > vy >O0for j=1,...,d and T" xR? xR? > (0, x,&) > W (O, x, &) € Ris
a polynomial in (x, &) of degree at most 2 with coefficients which are real analytic functions of 6 € T"

Then there exists €, > 0 and C > 0, such that for |€| < €, the following hold true:

(1) There exists a closed set E C (0, 2m)" with meas((0, 27)" \ &) < Cel/?.

(ii) For any w € &, there exists an analytic map 0 — A, () € sp(2d) (the symplectic algebra® of
dimension 2d) and an analytic map 0 > V,,(9) € R* such that the change of coordinates

(', &) = e @D (x, &) + V,(01) (2-10)

conjugates the Hamiltonian equations of (2-9) to the Hamiltonian equations of a homogeneous
polynomial hoo (x, &) of degree 2 which is positive definite. Finally both A, and V,, are €-close to zero.

Furthermore ho, can be diagonalized: there exists a matrix P € Sp(2d) (the symplectic group of dimen-

sion 2d) such that, setting (y, n) = P(x, &) we have
d

hoo o P~y m) =Y v (7411, (2-11)
j=1

where vjoo = vj’o (w) are defined on &, and fulfill the estimates

|1)j‘?°—1)j|§C6, j=1,...,d. (2-12)

Remark 2.11. In general, the matrix P is not close to the identity. However, in the case that the
frequencies v; are nonresonant, P = 1.

2Recall that a real 2d x 2d matrix A belongs to sp(2d) if and only if JA is symmetric
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KAM theory in finite dimensions is nowadays standard. In particular we believe that Theorem 2.10 can
be obtained combining the results of [Eliasson 1988; You 1999]. However, for the reader’s convenience
and the sake of being self-contained, we add in Section 3 its proof.

Theorem 1.1 follows immediately combining the results of Theorem 2.10 and Proposition 2.9.

Proof of Theorem 1.1. We see easily that the change of coordinates (2-10) has the form (2-3) with a
Hamiltonian x,(wt, x, £) which is a polynomial in (x, §) of degree at most 2 with real, smooth and
uniformly bounded coefficients in ¢ € R.

Define U, (wt) = e o @1.x.D), By Proposition 2.9 it conjugates the original equation (1-1) to (1-6),
where Hy, := Op¥ (ho).

Furthermore 6 — U, (0) fulfills (i)—(iv) of Lemma 2.8, from which it follows immediately that
0 +— U,(0) fulfills items (i), (iii) of Theorem 1.1. Concerning item (ii), by the Taylor formula the quantity
11— Uy (O) |l £(s+2, 345 is controlled by || x; (0, x, D)l £(3s+2 35y, from which estimate (1-7) follows.

Finally using the metaplectic representation, see [Combescure and Robert 2012], and (2-11), there
exists a unitary transformation in L? denoted by R(P~Y), such that

d
RP™) HoR(P™) =) vi(x} — 7). O
j=1
We prove now Corollary 1.3.

Proof of Corollary 1.3. Consider first the propagator e/~ We claim that

Sup ||e—i[H

teR

gy < oo forallt e R. (2-13)

Recall that Hy, = h¥,(x, D), where ho(x, §) is a positive definite symmetric form which can be di-
agonalized by a symplectic matrix P. Since h is positive definite, there exist cg, c1, c2 > 0 such
that

ctho(x,§) < co+hoo(x, §) < c2(1 +ho(x, §)),

which implies C1 Hy < Co+ Hoo < Co2(1 + Hp) as bilinear form. Thus one has the equivalence of norms

Co Nl < 1(Hoo) YNl 12 < Collr 13-
Then

lle ™ g [l < Cll(Hoo)*/? e Hoovipg || 12 = Cs | (Hoo)** Woll 12 < Chllbollzes,

which implies (2-13).

Now let ¥/ (¢) be a solution of (1-1). By formula (1-8), ¥ (¢) = Ujj(cot)e‘i’HOC U,(0)yrg. Then the
upper bound in (1-9) follows easily from (2-13) and sup;, ||Uy(w?)]l£(2s) < 00, which is a consequence
of Lemma 2.8. The lower bound follows by applying Lemma 2.8 (iv).

Finally estimate (1-10) follows from (1-7). [l
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3. A classical KAM result

In this section we prove Theorem 2.10. We prefer to work in the extended phase space in which we
add the angles 6 € T" as new variables and their conjugated momenta / € R". Furthermore we will use
complex variables defined by

zj = %fz(gj —ixj),
so that our phase space will be T” x R" x C¢, with C? considered as a real vector space. The symplectic
form is dI Ad6 +idz A dz and the Hamilton equations of a Hamiltonian function 4 (6, I, z, z) are

. oh . dh . .0h
I=——, O0=—, z=-1_—_.
a0 al 0z

In this framework & takes the form hg = Zj-i: 1 vjzjZ; and W takes the form of polynomial in (z, ) of
degree 2, W(0, x, &) = q (b, z, 7). The Hamiltonian system associated with the time-dependent Hamil-

tonian A, see (2-9), is then equivalent to the Hamiltonian system associated with the time-independent
Hamiltonian w - I + h (written in complex variables) in the extended phase space.

General strategy. Let h be a Hamiltonian in normal form:
h(l,0,z,2) =w- -1+ (z, N(w)z), 3-1)
with N € My the set of Hermitian matrices. Notice that at the beginning of the procedure N is diagonal,
N = No =diag(v;, j=1,...,d)

and is independent of w. Let g = ¢q,, be a polynomial Hamiltonian which takes real values: ¢ (0, z,2) € R
for € T" and z € C¢. We write

q(0,2,2) = (2, 02(0)2) + (2, Q2:(0)2) + (Z, 0=:(0)2) +(Q:(0). 2) +(0:(6),2),  (3-2)
where Q,,(0) = Q,,(w, 0) and Q,:(0) = Q.:(w, 8) are d x d complex matrices and Q,(0) = 0.(0, w)
is a vector in C% They all depend analytically on the angle

el ={x+iy:xeT", yeR" |y|<o}.

We notice that Q,: is Hermitian, while Q.. is symmetric. The size of such a polynomial function
depending analytically on # € T" and C! on w € D = (0, 27r)" will be controlled by the norm
lgle := sup [9]Q:(@.0)|+ sup [3]Q:z(w. O)|+ sup [3]Q:(w.6)|

Imé | <o Imé| <o |[Imé| <o
weD, j=0,1 weD, j=0,1 weD, j=0,1

and we denote by Q(o) the class of Hamiltonians of the form (3-2) whose norm [ - ], is finite.
Let us assume that [¢], = O(¢€). We search for x = x, € Q(o) with [x], = O(e€) such that its time-1
flow ¢, = ¢>§(=1 (in the extended phase space, of course) transforms the Hamiltonian A + ¢ into

(h+q@)opy =hy+q1(0), weDy, (3-3)
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where hy = w- I 4 (z, N+z) is a new normal form, e-close to &, the new perturbation g4 € Q(o) is of
size’ O(e%/?) and D, C D is €“~close to D for some « > 0. Notice that all the functions are defined on
the whole open set D but (3-3) holds only on D, a subset of D from which we excised the “resonant
parts”.

As a consequence of the Hamiltonian structure, we have

(h+q®)od, =h+{h, x}+q©O) +0€?), weD,.
So to achieve the goal above we should solve the homological equation:
(h,x}=hy—h—q®)+0E?), weD,. (3-4)

Repeating iteratively the same procedure with /. instead of &, we will construct a change of variable ¢
such that

(h4+q@)op=w-1+he, €Dy,

with /5 = (z, Noo(w)Z) in normal form and Dy, an €“-close subset of D. Note that we will be forced to
solve the homological equation not only for the diagonal normal form Ny, but for more general normal
form Hamiltonians (3-1) with N close to Ny.

Homological equation.

Proposition 3.1. Let D = (0,27)" and D 3> w — N(w) € My be a C' mapping that satisfies

; min(1, vp)
10}, (N(w) — No)|| < m (3-5)

for j=0,1andweD. Leth=w-1+{z,NZ), g € Q(0), k >0and K > 1.
Then there exists a closed subset D' = D' (k, K) C D satisfying

meas(D\ D) < CK"«, (3-6)

and there exist X, 1 € [y<y .y Q(0") and D> w N(w) € My a C' mapping such that for all @ € D’

{h, x}+q = (z. NZ) +r. (3-7)

Furthermore for all € D
18N (@)l <lglo. j=0.1, (3-8)

and forall0 <o’ <o
e—1/2(0—0)K
o < C———[q]s, 3-9
[rler < o —o [q] (3-9)
CK

[xlor < [q]s- (3-10)

k2(oc —o’)"

3 Formally we could expect g+ to be of size O(€2) but the small divisors and the reduction of the analyticity domain will lead
to an estimate of the type 032,
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Proof. Writing the Hamiltonians 4, g and x as in (3-2), the homological equation (3-7) is equivalent to
the three following equations (we use that N is Hermitian, thus N ='N):

®-VoXzz—ilN, Xzz1=N — Oz + Rz, (3-11)
w'VGXzz_i(NXzz+XZZN):_sz+Rzz’ (3-12)
w-VeX,+iNX, =—-0.+R,. (3-13)

First we solve (3-11). To simplify notation we drop the indices zz. Written in Fourier variables (with
respect to 6), (3-11) reads as

iw-k Xy —i[N, X1 =8.0N — Ox + Re, keZt, (3-14)

where 8 ; denotes the Kronecker symbol.
When k = 0 we solve this equation by defining

)?0=0, §0=0 and ﬁ=§0.
We notice that N € My and satisfies (3-8).
When |k| > K, (3-14) is solved by defining

Ri=0r, Xi=0 forlk|>K. (3-15)
Then we set

R, =0 forlk| <K

in such a way that r € (), <o'<0 Q(o’) and by a standard argument r satisfies (3-9). Now it remains to
solve the equations for X, 0 < |k| < K, which we rewrite as

Li(@) Xy =i Ok, (3-16)
where Lj(w) is the linear operator from Mg, the space of symmetric matrices, into itself defined by
Ly(w): M+ (k-w) M — [N(w), M].

We notice that Mg can be endowed with the Hermitian product: (A, B) = Tr(AB) associated with
the Hilbert—Schmidt norm. Since N is Hermitian, L (w) is selfadjoint for this structure. As a first
consequence we get

1 B 1
min{[A|, 2 € £ (Li(®))}  minf{lk- o —a(w) + B(@)| :, B € Z(N (@)}’

where for any matrix A, we denote its spectrum by X' (A).

(L)~ < (3-17)

Let us recall an important result of perturbation theory, which is a consequence of Theorem 1.10 in
[Kato 1980] (since Hermitian matrices are normal matrices):

Theorem 3.2 [Kato 1980, Theorem 1.10]. Let I C R and I > z +— M (z) be a holomorphic curve of
Hermitian matrices. Then all the eigenvalues and associated eigenvectors of M (z) can be parametrized
holomorphically on 1.
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Let us assume for a while that N depends analytically on w in such a way that w — L;(w) is analytic.
Fix a direction z; € R"; the eigenvalue A;(w) =k - w — a(w) + B(w) of Li(w) is C' in the direction® z
and the associated unitary eigenvector, denoted by v(w), is also piecewise C! in the direction z;. Then,
as a consequence of the hermiticity of L;(w) we have

dor(w) - 2k = (V(@), (B Li(@) - 21) v(@)).

Therefore, if N depends analytically of w, we deduce using (3-5) and choosing z; = k/|k|

> k| =2[18,N || = 5 for k #0, (3-18)

Do (@) -
) w._
AT

which extends also to the points of discontinuity of v(w). Now given a matrix L depending on the
parameter @ € D, we define

D(L,k)={weD: L <« }

and we recall the following classical lemma:

Lemma 3.3. Let f : [0, 1] — R be a C'-map satisfying | f'(x)| = 8 for all x € [0, 1] and let k > 0. Then
meas{x € [0, 1]: | f(x)] < x} < %

Combining this lemma, (3-17) and (3-18) we deduce that, if N depends analytically of w, then for k #0

meas(D \ D(Lg, k)) < Ck. (3-19)

Now it turns out that, by a density argument, this last estimate remains valid (with a larger constant C)
when N is only a C! function of w; the point is that (3-18) holds true uniformly for close analytic
approximations of N.

In particular, defining

D= () D),
0<|k|<K

D’ is closed and satisfies (3-6).

By construction, X (w) := i Ly ()~ Oy satisfies (3-16) for 0 < |k| < K and w € D(Lx, k) and

IXi @)l <k Ox(@)ll, @ € D(Li, k). (3-20)

It remains to extend 5(\;(( -) on D. Using again (3-5) we have for any |k| < K and any unit vector z,
|[0,A(w) - z| < CK. Therefore
K

dist(D\ D(Ly, k), D(Ly, 1)) = oK

and we can construct (by a convolution argument) for each k, 0 < |k| < K, a C! function g; on D with

lgklcopy < C, Igklerpy < CKx™! (3-21)

4That is, ¢ > Ak (w + tz) is a holomorphic curve on a neighborhood of 0, and we denote by d,A(w) - z its derivative at
t=0.
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(the constant C is independent of k) and such that gi(w) = 1 for o ¢ D(Lg, k) and g¢(w) = 0 for
w € D(Ly, %/c) Then X; = gx X is a C! extension of X to D. Similarly we define Ox = g Oy in such a
way that X, satisfies

Li(@)Xi(@) =i Or(w), O0<|k|<K, weD.

Differentiating with respect to w leads to
Li(@) 8, X (k) =90, O(k) = k; X (k) + [9, N, X(R)], 1< j <n.

Defining By () = i 8, Ok (@) — k; Xi (@) + [0, N (®), Xi ()] we have

100, Xi(@) | <" Bi(@)ll, weD.
Using (3-5), (3-20) and (3-21) we get for |k| < K and w € D

1B (@) < 118, Ok (@)l + K || Xi(@)] + 218, N (@) ||| X (@) |
< CKx™' (180, Ok, @) | + | Ok, ) ).

Combining the last two estimates we get

sup (18] Xi(@)| < CKk™? sup  [|8] Ox(@)].
weD, j=0,1 weD, j=0,1
Thus defining
Xz, 0)= Y X,
0<|k|<K

Xz (w, -) satisfies (3-11) for w € D’ and leads to (3-10) for x.:(w, 0, z,7) = (z, Xz (w, - )Z).

We solve (3-13) in a similar way. We notice that in this case we face the small divisors |w - k — a(w)],
k € 7", where a € X (N (w)). In particular for k£ = O these quantities are > %vo since |o —v;| < 41;”0 for
some 1 < j <d by (3-5).

Writing in Fourier variables and dropping indices zz, (3-12) reads as

iw-k X(k) —i(NX(k)+ X(k)N) = —Q(k) + R(k). (3-22)

So to mimic the resolution of (3-14) we have to replace the operator L (w) by the operator My (w), defined
on Mg by
Miy(@)X :=w-k+NX + XN.

This operator is still selfadjoint for the Hermitian product (A, B) = Tr(AB) so the same strategy applies.
Nevertheless we have to consider differently the case £k = 0. In that case we use that the eigenvalues of
My(w) are close to eigenvalues of the operator My defined by

Moy : X+ NoX +XNg= NoX + XN,
with No = diag(v;, j =1, ...,d) areal and diagonal matrix. Actually in view of (3-5)

(L = Lo)M|lus < [IN — Nollus [|M |lus < dIIN — Noll [ M [|lus < vo.
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The eigenvalues of Lg are {v; +v,: j,£=1,...,d} and they are all larger than 2vy. We conclude that
all the eigenvalues of My(w) satisfy |a(w)| > vg. The end of the proof follows as before. O

The KAM step. Theorem 2.10 is proved by an iterative KAM procedure. We begin with the initial
Hamiltonian kg + qg, where
ho(1,0,z,2) =w-I+(z, Noz), (3-23)

No=diag(v;, j=1,...,d), ® € D=[I,2]" and the quadratic perturbation go equals e W € Q(o, D) for
some o > 0. Then we construct iteratively the change of variables ¢,,, the normal form 4, =w-1+(z, N, Z)
and the perturbation g, € Q(0,,, D,,) as follows: Assume that the construction is done up to step m > 0.
Then:

(i) Using Proposition 3.1 we construct x,,+1, "m+1 and N, the solution of the homological equation:

(B, Xma1} = (2 NuZ) = qu(0) + Fmy1, @ € Dpy, 0 €T . (3-24)
(i) We define h,,41 :=w- I+ (z, Njyr12) by
N1 = N+ Ny, (3-25)
and |
Gt 1= T+ /0 (1= ) — P+ i)+ (G Yo 0 8, . (3-26)

By construction, if Q,, and N,, are Hermitian, so are R,, and S,,+ by the resolution of the homological
equation, and also N,,+; and Q4.

For any regular Hamiltonian f we have, using the Taylor expansion of f o ¢§(m+l between t = 0 and
t=1,

1
f 0¢)1(m+1 = f + {fv Xm+1} +/0 (1 - t){{f7 Xm+1}s Xm+1} o¢;,;1+1 dr.

Therefore we get for w € Dy, 41

1
Xm+1

(hm +gm)o@ :hm+l +gm+1-

Iterative lemma. Following the general scheme above we have

(ho+qo) oy 0+ 0¢, =hm+qu,

where gy, is a polynomial of degree 2 and h,, = w- I 4+ (z, N;,z) with N,, a Hermitian matrix. At step m
the Fourier series are truncated at order K, and the small divisors are controlled by k,,. Now we specify
the choice of all the parameters for m > 0 in terms of €,,, which will control [g,]p,, o, -

First we define €) = €, 09 =0, Dy =D and for m > 1 we choose

-2 -1 -1 1/8
Om—1—0m =Cyoom™ ", K,y =2(0jp—1 —0,)" In €n_1> Km=¢€,_1,

where (C,)~! = 23 s 1/j>%
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Lemma 3.4. There exists €, > 0 depending on d, n such that, for |€| < €, and

€n = 6(3/2)771, m >0,
we have the following:
For all m > 1 there exist closed subsets D, C Dy—1, hyy = - I + (2, NjyZ) in normal form, where
Dy 3w Npy(w) € My € Cl, and there exist X, gn € Q(Dy, 0m) such that for m > 1:

(1) The symplectomorphism
O =y, (@) R'xT"xC¥* - R"xT" x C¥,  weD,, (3-27)
is an dffine transformation in (z, z), analytic in6 € Tg and C Vin w € D,, of the form
¢n(1,0,2,2) = (gn(1,0,2,2),0, ¥, (0, 2, 2)), (3-28)

where, for each® € T", (z,7) — V,,(0, z, 7) is a symplectic change of variable on C*".
The map ¢, links the Hamiltonian at step m — 1 and the Hamiltonian at step m; i.e.,

(hm—1+qgm—1) 0w =hy +qm forall w € Dy,.

(i) We have the estimates

meas(Dy_1 \ D) < €./, (3-29)
[Nl < €m-1, (3-30)

[gmly 5™ < €m: (3-31)

lpm (@) — | pqer ooy < Cel?, for all € Dy (3-32)

Proof. Atstep 1, ho = w - I + (z, Noz) and thus hypothesis (3-5) is trivially satisfied and we can apply
Proposition 3.1 to construct x, Ny, r; and D; such that for w € Dy

{ho, x1} = (z, (N1 — No)z) — qo + 1.
Then, using (3-6), we have

meas(D \ D) < CKik < 65/9

for € = ¢¢ small enough. Using (3-10) we have for ¢y small enough
K, 1/2
<C—==1

[x1]py 01 < por——

Similarly using (3-9), (3-8) we have
[Ny — Noll <€0 and [rilp,o <C

for € = €9 small enough. In particular we deduce ||¢1 — 1| zgn 77 x 024y < eé/ % Thus using (3-26) we get
for €g small enough

3/2
[g1]D,,0y < € 2 =e.
0

The form of the flow (3-28) follows since x; is a Hamiltonian of the form (3-2).
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Now assume that we have verified Lemma 3.4 up to step m. We want to perform the step m 4+ 1. We
have h,, = w- I + (z, N;,z) and since
m—1
INw = Noll < [Ny = Noll +-- -+ [Nt = Noll < ) ¢; < 2eq,
j=0
hypothesis (3-5) is satisfied and we can apply Proposition 3.1 to construct Dy, 41, Xm+1 and g, +1. Estimates
(3-29)—(3-32) at step m + 1 are proved as we have proved the corresponding estimates at step 1. (I

Transition to the limit and proof of Theorem 2.10. Let & = ()~ Dw. In view of (3-29), this is a
closed set satisfying
meas(D \ &) < Z 6,2/9 < 2601/9.

m>0

Let us set <5N =¢10---0¢p. Due to (3-32) it satisfies for M < N and for w € &

N
Z Z 1/2
1Px — Pull crsrccany < D enl? <26y
m=M
Therefore (¢x)y is a Cauchy sequence in L(R" x T" x C2¢). Thus when N — oo, the mappings ¢y
converge to a limit mapping ¢, € L(R" x T" x C>?). Furthermore since the convergence is uniform on
w € & and 6 € T2, we know qﬁéo depends analytically on 8 and C 1'in . Moreover,

1/2
oo — Ll cqn oz < €9 (3-33)

By construction, the map ¢,, transforms the original Hamiltonian ko 4 go into A, + g,,. When m — oo,
by (3-31) we get g, — 0 and by (3-30) we get N, — N, where
+00
N=N(@) =No+ Y N
k=1
is a Hermitian matrix which is C' with respect to w € &. Setting /oo (2, Z) = w- I + (z, N(w)Z) we have
proved
(h+q(0)) 0 oo = heo. (3-34)

Furthermore for all w € & we have, using (3-30),

oo
IN(@) = Noll ) € <2¢

m=0
and thus the eigenvalues of N (w), denoted by vfo (w), satisfy (2-12).
It remains to give the affine symplectomorphism ¢~,. At each step of the KAM procedure we have by
Lemma 3.4
dn(1,0,2,2) =(gn(1,0,2,2),0,V,(0,z,2)),
and therefore
o1, 0,2,2) =(g(1,0,2,2),0,¥(0,z,2)),

where W (0, z,2) =lim,, oo V1o Ws0---0W,.
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It is useful to go back to real variables (x, §). More precisely, write each Hamiltonian y,, constructed
in the KAM iteration in the variables (x, £):

xm(@,x,8) = % [gi| - E B, (0) [g] +Un6), E:= [(1) _(1)] , (3-35)

where B, (0) is a skew-symmetric matrix of dimension 2d x 2d and U,,(0) € R24, and they are both of
size €,,. Then W, written in the real variables has the form

1
U, (0, x,8) =P D (x, &) + T,,(6), where T,,(0) := / 1= B (9) ds. (3-36)
0

Lemma 3.5. There exists a sequence of Hamiltonian matrices A;(0) and vectors Vi(0) € R4 such that
Wio--oW(x, &) =MD (x, &)+ Vi(0) forall (x,&) e R¥. (3-37)

Furthermore, there exist an Hamiltonian matrix A, (0) and a vector V,,(8) € R* such that

lim 4@ = Ax©®) lim V;(0) = Vs (0),
[—+o00 [—+00
(3-38)
sup  [|Au (@) < Ce, sup  |V,,(0)| < Ce,
[Imf| <o /2 [Imé| <o /2

and for each 6 € T",
W, x, &) =eD(x, &)+ Vy(0) forall (x,&) e R*.

Proof. Recall that ¢; = €%/ + T;, where 7; is a translation by the vector 7; with the estimates || B; || < Cé;,
I7;1l < Cej. So we have el =1+ S; with ||S;|| < Ce;. Then the infinite product ngj<+oo eBiis
convergent. Moreover we have [, e® =1+ M; with || M;|| < Ce, so we have [],_;_, , ¥ =1+ M,
with ||[M]| < Ce. This is proved by using

[TO+S)=1+S+S 1S+ +55S

1<j=l
and estimates on || S;|.
So, M; has a small norm and therefore A; := log(l + M;) is well-defined. Furthermore, by construction
I+ M; € Sp(2d) and therefore its logarithm is a Hamiltonian matrix, namely A; € sp(2d) for 1 </ < +4-o0.
Now we have to include the translations. By induction on [ we have

$ro---opi(x,§) =eV(x,§) +V,
with V;11 = eA Tj.1 + V; and V| = T;. Using the previous estimates we have
IVigr = Vill = ClITi41 |l = Cey.

Then we get that lim;_, ;o V; = Vi exists. U
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Appendix: An example of growth of Sobolev norms (following Graffi and Yajima)

In this appendix we are going to study the Hamiltonian
H :=—10,, + 3x* + ax sinot (A-1)

and prove that it is reducible to the harmonic oscillator if w # =£1, while the system exhibits growth of
Sobolev norms in the case w = £=1. Actually the result holds in a quite more general situation, but we think
that the present example can give a full understanding of the situation with as few techniques as possible.
We also remark that in this case it is not necessary to assume that the time-dependent part is small.

Finally we recall that (A-1) with @ = %1 was studied by Graffi and Yajima as an example of a
Hamiltonian whose Floquet spectrum is absolutely continuous (despite the fact that the unperturbed
Hamiltonian has discrete spectrum). Exploiting the results of [Enss and Veseli¢ 1983; Bunimovich et al.
1991], one can conclude from [Graffi and Yajima 2000] that the expectation value of the energy is not
bounded in this model. The novelty of the present result rests in the much more precise statement ensuring
growth of Sobolev norms.

As we already pointed out, in order to get reducibility of the Hamiltonian (A-1), it is enough to study
the corresponding classical Hamiltonian, in particular proving its reducibility; this is what we will do. It
also turns out that the whole procedure is clearer working as much as possible at the level of the equations.

So, consider the classical Hamiltonian system

h:=1(x*+&%) +axssin(wt), (A-2)
whose equations of motion are
~X': - év o .
. ) < X+x+asin(wt)=0. (A-3)
&€ = —x —asin(wt)

Proposition A.1. Assume that w # 1. Then there exists a time-periodic canonical transformation
conjugating (A-2) to
h =3+ E7). (A-4)

If w = %1 then the system is canonically conjugated to
W :=+3ldk. (A-5)
In both cases the transformation has the form (2-10).

Corollary A.2. In the case w==1, for any s > 0 and o € H°, there exists a constant 0 < C; = C (|| Yo |l3¢s)
such that the solution of the Schrodinger equation with Hamiltonian (A-1) and initial datum g fulfills

¥ (g = Cs(t)’ forallt € R. (A-6)

Before proving the theorem, recall that by the general result of [Maspero and Robert 2017, Theorem 1.5],
any solution of the Schrodinger equation with Hamiltonian (A-1) fulfills the a priori bound

1Y Ol < Clllvollzes + 121 1Yollz0)  forall € R, (A7)

which is therefore sharp.
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Proof of Proposition A.1. We look for a translation

x=x'—f), &=&-g@, (3-8)
with f and g time-periodic functions to be determined in such a way to eliminate time from (A-3).
Writing the equations for (x/, "), one gets
¥=¢—g+f &=-x'-asin@)+g+f,
which reduces to the harmonic oscillator by choosing

{—a sinfwt) + ¢+ f =0,
—g+f:0

which has a solution of period 27 /w only if @ # =£1. In such a case the only solution having the correct

< [+ f=asin(w1), (3-9)

period is
a

1 —w?

f= sin(wt), g= cos(wt).

aw
1 —w?
Then the transformation (3-8) is a canonical transformation generated as the time-1 flow of the auxiliary
Hamiltonian

£ sin(wr) +x—= cos(wr)
= —&——sin(w x———cos(wt),
X 1 —w? 1 —w?

which thus conjugates the classical Hamiltonian (A-2) to the harmonic oscillator; of course the quantization
of x conjugates the quantum system to the quantum harmonic oscillator, as follows by Proposition 2.9.
We come to the resonant case, and, in order to fix ideas, we take w = 1. In such a case the flow of the
harmonic oscillator is periodic of the same period as the forcing, and thus its flow can be used to reduce
the system.
In a slightly more abstract way, consider a Hamiltonian system with Hamiltonian

H:= %(z; Bz) + (z; b(1)),

with z := (x, &), B a symmetric matrix, and b(¢) a vector-valued time-periodic function. Then, using the
formula (2-4), it is easy to see that the auxiliary time-dependent Hamiltonian

X1 := 5t(z; Bz) (3-10)
generates a time-periodic transformation which conjugates the system to
W= (z; e 7 Bb (1))
(J being the standard symplectic matrix). An explicit computation shows that in our case
W = laxsin(2t) — 1aé& cos(2t) + 3ak. (3-11)

Then in order to eliminate the two time-periodic terms in (3-11) it is sufficient to use the canonical
transformation generated by the Hamiltonian

X2 = —}‘Ea sin(2t) — %xa cos(2t), (3-12)
which reduces to (A-5). [l
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Proof of Corollary A.2. To fix ideas we take w = 1. Let ;" = %t(—axx + x?) and x5 be the Weyl

quantizations of the Hamiltonians (3-10) and (3-12) respectively. By the proof of Proposition A.1, the
changes of coordinates

’W = e_i[HO'(pl9 WI = e_iX;Y(lyxyD)q)’ HO = %(_axx +x2)7 (3'13)

conjugate the Schrodinger equation with Hamiltonian (A-1) to the Schrédinger equation with Hamiltonian
(A-2), namely the transport equation

0 = —%a 0x Q.
The solution of this transport equation is given clearly by
o(t,x) = @o(x — 1at),
where ¢ is the initial datum. Now a simple computation shows that
liminf |t [l ll3¢ = (1a1)"llpollze-
In particular there exists a constant 0 < Cy = C(|l@o|l3s) such that
lo@llas = Cy ). (3-14)

Since the transformation (3-13) maps H* to H* uniformly in time (see also Lemma 2.8) estimate (3-14)
holds also for the original variables. (I

We remark that by a similar procedure one can also prove the following slightly more general result.
Theorem 3.3. Consider the classical Hamiltonian system
d d
h=> 307 +ED)+ ) (g (@hx; + fj(@nE), (3-15)
j=1 j=1
with f;, gj € C"(T").
(1) If there exist y > 0 and t > n+ 1 such that

lw- k£ vj| > forallke7", j=1,...,d, (3-16)

v
1+ |k|?
andr >t+1+ %n, then there exists a time-quasiperiodic canonical transformation of the form
(2-10) conjugating the system to’

h

Y by 8.

j=1
(2) If there exist 0 # k € 7" and j, such that

w-k—v:=0, (3-17)

5 Actually the transformation is just a translation, so in this case one has A = 0.



REDUCIBILITY OF THE QUANTUM HARMONIC OSCILLATOR IN d-DIMENSIONS 797

and there exist y > 0 and t such that

lw -k £v; for all (k, j) # (k, j) (3-18)

1> L

T 14k
andr >t+1+ %n, then there exists a time-quasiperiodic canonical transformation of the form
(2-10) conjugating the system to

1 2, g2
h=7 " 3v(5 +E) +cixj + k5,
J#J
with c1, ¢y € R.
Remark 3.4. The constants ¢y, ¢, can be easily computed. If at least one of them is different from zero
then the solution of the corresponding quantum system exhibits growth of Sobolev norms, as in the special
model (A-1). Of course the result extends in a trivial way to the case in which more resonances are present.
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EIGENFUNCTION SCARRING AND IMPROVEMENTS IN L* BOUNDS

JEFFREY GALKOWSKI AND JOHN A. TOTH

We study the relationship between L™ growth of eigenfunctions and their L? concentration as measured
by defect measures. In particular, we show that scarring in the sense of concentration of defect measure on
certain submanifolds is incompatible with maximal L* growth. In addition, we show that a defect measure
which is too diffuse, such as the Liouville measure, is also incompatible with maximal eigenfunction
growth.

1. Introduction
Let (M, g) be a C*° compact manifold of dimension n without boundary. Consider the eigenfunctions
(=Ag =Auz, =0, Ny llz2 =1 (1-1)

as A; — oo. It is well known [Avakumovic¢ 1956; Levitan 1952; Hérmander 1968], see also [Zworski
2012, Chapter 7], that solutions to (1-1) satisfy

(n—1)/2
llun; llLoomy = CA; (1-2)

and that this bound is saturated, e.g., on the sphere. It is natural to consider the situations which produce
sharp examples for (1-2). In many cases, one expects polynomial improvements to (1-2), but rigorous
results along these lines are few and far between [Iwaniec and Sarnak 1995]. In the case of negatively
curved manifolds, log improvements can be obtained [Bérard 1977]. However, at present, under general
dynamical assumptions, known results involve o-improvements to (1-2) [Toth and Zelditch 2002; Sogge
et al. 2011; Sogge and Zelditch 2002; 2003; 2016a; 2016b]. These papers all study the connections
between the growth of L* norms of eigenfunctions and the global geometry of the manifold (M, g). In
this note, we examine the relationship between L growth and L? concentration of eigenfunctions. We
measure L2 concentration using the concept of a defect measure — a sequence {u »;} has defect measure
if for any a € S° _(T*M \ {0}),

hom

(a(xv D)l't)»_,‘v u)\.j) — / a(x’ g) du (1_3)
S*M

By an elementary compactness/diagonalization argument, it follows that any sequence of eigenfunctions
uy,; solving (1-1) possesses a further subsequence that has a defect measure in the sense of (1-3) [Zworski
2012, Chapter 5; Gérard 1991]. Moreover, a standard commutator argument shows that if {u; } is any

MSC2010: 35P20, 58350.
Keywords: eigenfunction, sup norms, defect measure.
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sequence of L2-normalized Laplace eigenfunctions, the associated defect measure . is invariant under the
geodesic flow; that is, if G; : S*M — S*M is the geodesic flow, i.e., the Hamiltonian flow of p = %|é 2,
(Gp)sp = pu for all t € R.

Definition 1.1. We say that an eigenfunction subsequence is strongly scarring provided that for any
defect measure w associated to the sequence, supp u is a finite union of periodic geodesics.

Theorem 1. Let {u,,} be a strongly scarring sequence of solutions to (1-1). Then

—-1)/2
Iz, e = 0" "),

We also have improved L°° bounds when eigenfunctions are quantum ergodic, that is, their defect
measure is the Liouville measure on S*M, ur; see, e.g., [Shnirelman 1974; Colin de Verdiere 1985;
Zelditch 1987] for the standard quantum ergodicity theorem.

Theorem 2. Let {u,,} be a quantum ergodic sequence of solutions to (1-1). Then

—-1)/2
s, Il = 0 (A",

Theorems 1 and 2 are corollaries of our next theorem, where we relax the assumptions on p and make
the following definitions. Define the time-T flow-out by

T
Avr:= ] Gusim.
t=—T
Definition 1.2. Let H" be the n-dimensional Hausdorff measure on S*M induced by the Sasaki metric
on T*M; see for example [Blair 2010, Chapter 9] for a treatment of the Sasaki metric. We say that the
subsequence u;;, j=1,2,...,is admissible at x if for any defect measure p associated to the sequence
there exists 7 > 0 such that

H"(supp pla, ) =0. (1-4)
We say that the subsequence is admissible if it is admissible at x for every x € M.

We note that in (1-4), u|a, , denotes the defect measure restricted to the flow-out A, 7; for any A that
is pu-measurable,

W, (A) == w(AN Ay ).

Theorem 3. Let {u;;} be a sequence of L?-normalized Laplace eigenfunctions that is admissible in the
sense of (1-4). Then
i, L = 0" "),

Remark 1.3. We choose to use the Sasaki metric to define 4" for concreteness, but this is not important
and we could replace the Sasaki metric by any other metric on S*M.

Theorem 3 can be interpreted as saying that eigenfunctions which strongly scar are too concentrated
to have maximal L°° growth, while diffuse eigenfunctions are too spread out to have maximal growth.
However, the reason the admissibility assumption is satisfied differs in these cases. In the diffuse case
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(see Theorem 2), one has |, , = 0, so that the admissibility assumption is trivially verified. In the
case where the eigenfunctions strongly scar (see Theorem 1), |4, , # 0 but the Hausdorff dimension of
supp ila, , is < n; so again, (1-4) is satisfied. The zonal harmonics on the sphere S2, which saturate the
L*> bound (1-2), lie precisely between being diffuse and strongly scarring (see Section 4).

Observe that the condition u is diffuse is much more general than u = . Jakobson and Zelditch
[1999] show that any invariant measure on S*S” where S” is the round sphere can be obtained as a defect
measure for a sequence of eigenfunctions and in particular many non-Liouville but diffuse measures
occur.

Remark 1.4. We note that the results here hold for any o(A) quasimode of (—Ag — A?) that is compactly
microlocalized in frequency; see [Galkowski 2017].

Relation with previous results. Theorem 2 is related to [Sogge et al. 2011, Theorem 3], where the
o(h'="/2) sup bound is proved for all Laplace eigenfunctions on a C® surface with ergodic geodesic
flow. However, in Theorem 2, we make no analyticity or dynamical assumptions on (M, g) whatsoever,
only an assumption on the particular defect measure associated with the eigenfunction sequence. Recently,
Hezari [2016] and Sogge [2016] gave independent proofs of Theorem 2.

One consequence of the work of Sogge is the relation between L?” norms for eigenfunctions and the
push forward of defect measures to the base manifold M. In particular, he showed [Sogge 2016, (3.3)]
that

sl oo oy < CAO™D2 sup 87 lus 2y 0y (1-5)
xXeM
when 17! <8 <inj(M, g) and A > 1. We note that when u, are quantum ergodic, sl 2By xy) =~ §n/?
and so the o(A”~1/2)-bound in Theorem 2 follows from (1-5) as well; see also Corollary 1.2 in [Sogge
2016].

However, neither the scarring result in Theorem 1 nor the more general bound in Theorem 3 follow
from (1-5). To compare and contrast with (1-5), we observe that (1-5) implies for any § > 0 independent
of A,

timsup "2 lus || ooy < € sup 8712 (uu(S* Bs ()2,

A—>00 xeM
Our main estimate in (3-12) says that for any x (1) with d(x (1), x) = o(1),

1/2

lim sup A"="/2 u; (x (W))| < C5(H" (supp il a,(/2,35))) (1-6)

A—o00
where for ; > §; we have A,(81, 62) = Ax5, \ Axs,- This microlocalized bound allows us to deal with
the more general scarring-type cases as well. In particular, the key differences are that we have replaced
S*Bs(x) by Ax(8/2,28) C A, and the defect measure by Hausdorff n-measure. We note however that
unlike (1-5), 8 > 0 can be arbitrarily small but is fixed independent of A in (1-6).
Sogge and Zelditch [2002] proved that any manifold on which (1-2) is sharp must have a self-focal
point. That is, a point x such that |£,| > 0, where

Ly :={& € S{M : there exists T such that exp, T& = x}
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and | - | denotes the normalized surface measure on the sphere. Subsequently, in [Sogge et al. 2011] the
authors showed that one can replace £, by the set of recurrent directions R, C L, and the assumption
R.| > 0 for some x € M is necessary to saturate the maximal bound in (1-2). Here,

R, = {s €S*M:te (ﬂ UGt(x,s)mS;M)ﬂ(ﬂ U Gt(x,é)ﬂS;M)}.

T>0 t>T T>0t<-T

The example of the triaxial ellipsoid with x equal to an umbilic point shows that latter assumption is
weaker than the former. Indeed, in such a case |£,| = 1, whereas |R.| = 0. Most recently, in [Sogge and
Zelditch 2016a; 2016b], it was proved that for real-analytic surfaces, the maximal L bound can only
be achieved if there exists a periodic point x € M for the geodesic flow, i.e., a point (x, &) such that all
geodesics starting at (x, £) € S*M close up smoothly after some finite time 7 > 0.

Together with our analysis, the results of [Sogge et al. 2011] imply that any sequence of eigenfunctions,
{u,} having maximal L*° growth near x and defect measure  must have (A, 7) > Oforall T > 0 and
|Rx| > 0. In particular, the results of that paper show that u; can only have maximal L* growth near a
point with a positive measure set of recurrent points and Theorem 3 shows that a point with maximal L*°
growth must have (A, 7) > 0. As far as the authors are aware, the results in [Sogge et al. 2011; Sogge
and Zelditch 2016a; 2016b] do not give additional information about .

On the other hand, under an additional regularity assumption on the measure p, Theorem 3 can be
used to show that when u; has maximal growth near x, the measure |4, , is not mutually singular with
respect to H". Since the measure for a zonal harmonic is a smooth multiple of H" (see Section 4), this
implies that the measure u resembles the defect measure of a zonal harmonic. In [Galkowski 2017], the
first author removed the necessity for any additional regularity assumption and gave a full characterization
of defect measures for eigenfunctions with maximal L* growth, in particular proving that if u; has
maximal growth near x and defect measure u, then |4, , is not mutually singular with respect to H".
Finally, we note that unlike [Sogge et al. 2011; Sogge and Zelditch 2002; 2016a; 2016b], the analysis
here is entirely local.

2. A local version of Theorem 3

In the following, we will freely use semiclassical pseudodifferential calculus where the semiclassical
parameter is 7 with 7~! = A € Spec vV —A ¢- We write r(x, y) : M x M — R for the Riemannian distance
from x to y and write B(x, §) for the geodesic ball of radius § around x. We start with a local result:

heorem 4. Let {u;} be sequence of Laplace eigenfunctions that is admissible at x. Then for any
8(h) =o(1),
lunll LB esa = o2,

Theorem 3 is an easy consequence of Theorem 4.

Proof that Theorem 4 implies Theorem 3. Suppose that u is admissible and

lim sup 2%~ D72 |uy || o # 0.
h—0
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Then, there exist ¢ > 0, Ay — 0, xp, so that
—(n—1)/2
Jun e )| = ch "D

Since M is compact, by taking a subsequence, we may assume xj;, — x. But then r(x, x,) = 0o(1) and
since u is admissible at x, Theorem 4 implies

timsup "~ |up, (x,)| = 0. -

k— 00
3. Proof of Theorem 4

In view of the above, it suffices to prove the local result: Theorem 4.
Proof. Fix T > 38 > 0 and let p € S(R) with p(0) =1 and supp p C (3, 28). Let
S*M(e) == {(x, &) : ||5lc — 1] <&}
and x (x, &) € C;°(T*M) be a cutoff near the cosphere $*M with x (x, &) =1 for (x, &) € S*M(e) and
x(x,&) =0 when (x,&) € T*"M \ S*M(2¢). Let x(x, hD) € Op,(C3°(T*M)) be the corresponding
h-pseudodifferential cutoff. Also, in the following, we will use the notation
[y i=supp ula,r

to denote the support of the restricted defect measure corresponding to the eigenfunction sequence {up, }
in Theorem 3.
Then, we have

1 nrn it/ (K2 A—
uh=P<ﬂ[—h2A—l])uh:/Rp(t)e WDRANhy (3 D Yup, dt + Oy (h™). (3-1)

Microlocalization to the flow-out A,. Set
Ve, x,y, h) = (p@)e Py (v hD )@, x, ).

Then, by Egorov’s theorem [Zworski 2012, Theorem 11.1]
WE,(V(t, -, h) C{(x, & y,n):(x,§) =Gy, n),

see, e.g., [Dyatlov and Zworski 2017, Definition E.37] for a definition of WF,/Z.
Let by ¢(x, hD) € Op,(Cy°(T*M)) be a family of h-pseudodifferential cutoffs with principal symbols

&l — 1] < 2e}; (3-2)

bre € C&({(v.m) = (v, m) = Gy (x0, §) for some (xo, §) € S5 M (3¢) with r(x, xo) < 2¢, §/2 <t < 35},
with
bys,=1 on {(y, n) : (y,n) = G:(xg, &) for some (xg, £) € S;‘OM(ZS) with r(x, xp) <&, 6 <t < 28}.

By the definition of WF together with (3-1) and (3-2), it follows that for r (x (h), x) = o(1),

uh(X(h))=/M\7(X(h),y,h) bye(y, hDy) up(y) dy + O (h™), (3-3)
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where,
V(x(h),y, h) = / p@) (! WPIRANhy (v hD ) (@, x(h), y) dt.
R
By a standard stationary phase argument,
V(x, y, h) =hU2e im0 hg(x y k) p(r(x, ¥)) + Os(h), (3-4)

where a(x, y, h) € S°(1).

To see this, observe that by [Zworski 2012, Theorem 10.4]

V(x,y,h)=Qrh)™ f ey gt x, y,m, h) p(t) dndt + O (h™),

where b € C2° and ¢ solves

0 =30l — 1. 9O, x,y.n) =(x—y.n). (3-5)
In particular, for all (¢, x, y, ), we have exp(tHE@/g)(ango + vy, 1) = (x, dy¢). The phase function

o(t, x, y,m) = (exp, (x), n) + 5t (Inl; — 1)
satisfies (3-5).
We next perform stationary phase in (¢, 7). First, observe that the phase is stationary at

exp(tHig2 o) (v, 1) = (x, 0x9),  19xlg0) = 1.

In particular, = r(x, y) and the geodesic through (y, n) passes through x. Since supp p C (8, 268), by
performing nonstationary phase, we may assume ¢ € (8, 28) and hence § < r(x,y) < 26. Then, we
observe that 8(%’ ”
d;¢ =0 and 9,¢ = 0 are given by

@ is nondegenerate for ¢ € (8, 28). The solutions (¢, 1) of the critical point equations

exp, ' (x)
r(x,y)
Consequently, (3-4) follows from an application of stationary phase; see also [Sogge 1993, Lemma 5.1.3;
Burq et al. 2007, Theorem 4].
Then, in view of (3-4) and (3-3),

up(x(h)) = vp(x(h)) + Os (h™),

te=lexp;' ()| =r(x,y), ne=-—

v (x(h)) = h1=/2 / e N (x(h), y, h) p(r(x(h), ¥)) by.e (v, hDy) up(y) dy. (3-6)
Now, note that foréﬁl;r:;yeké%o (M),
va(x(h)) = 11 (x(h), h) + L(x(h), ), (3-7)
where
Iy :=Quh)1="/? / e~ DI (x(h), y, ) Hr(x(h), Y)W (Y) (e (y. hDyup)dy,
8/2<r(x,y)<28
L= Qnh)'™"? /5 i renron e~ OV g (x(h), y, ) p(r(x(h), ) A=y (1)) (by.e (v, hDy)up)dy.
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Therefore, by Cauchy—Schwarz applied to /1 and 1>,
D20, e ()] < C (19 122 1br,e (v Dyl 2 + [ (1= ¥ (W) [Bx.e (v, hDy)un| )
Hence letting 7 — 0 then ¢ — 0, and using that
1bx,e (v, ADy)up ()22 < (sup |bx | + 0e (1) lunll 2,

see for example [Zworski 2012, Theorem 5.1], we have

limsuph<"‘”/2|uh<x<h>>|sca(||w||Lz+< /A " (l—w(y))2du)2>- (3-8)
x,38 \\x,8/2

h—0

Further microlocalization along supp p|a,. Let H" be the n-dimensional Hausdorff measure on the
flow-out A . By assumption, H" (supp u|a,) = 0. In view of the microlocalization above, we are only
interested in the annular subset

Ax(‘s/za 38) = Ax,38 \ Ax,8/2-
Since H" is Radon, for any &; > 0, there exist n-dimensional balls B(r;) C A.(5/4,45), j=1,2,...,

withradiir; >0, j=1,2,..., such that

0.¢] oo
supp tta, 235 C | B(rp),  H" (U B(G’)) < H"(supp tla,s/2.3) + €1.
j=1 j=1

Note that for § > 0 small enough, the canonical projection & : T*M — M restricts to a diffeomorphism
i A(38,48) > {ye M :8/4 <r(x,y) <45}

Consider the closed set

K =m(supp p|a,s/2,38) CM

with open covering
o0
Gi=n (U B(rj)) satisfying H"(G) = H"(K) + O(e1). (3-9)
=1

By the C* Urysohn lemma, there exists xr, € C3°(M; [0, 1]) with

xr.lxk =1, suppxr, CG. (3-10)

(Note that xr, depends on &1, but we suppress this dependence to simplify notation.) We now apply (3-8)
with ¥ = xr,. First, observe that by (3-9) and (3-10)

e, 2 < (H'(G)'? < (H"(K )2+ 0. (3-11)
Next, by construction, for all ; > 0,

(I =xr)(y) =0 forall y € w(Supp |, is\Ays/4)
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and hence

/ (1= xr,dpp =0,
Ax 35\ Ax.5/2

Using this together with (3-11) in (3-8) and sending &; — 0 gives
. _ 1/2 1/2
tim sup 2"~/ |uy, (x ()| < Cs (H" (r(supp 1l a,5/2.39)) '~ < C(H" (supp pla,6236)) > (3-12)
h—0
where the last inequality follows from the fact that 7r|(s/2,3s) is a diffeomorphism. Finally, since u, is
admissible at x,

H" (supp 1t]a, s/2.3) = 0. O

Remark 3.1. For r(x(h), x) = o(1), the estimate

. _ 1/2

limsup 2"/ |uy (x ()| < C5(H" (supp il a, s/2.35)) /

h—0

in (3-12) holds for any sequence of eigenfunctions with defect measure p. It gives a quantitative estimate
relating the behaviour of the defect measure to L° norms of eigenfunctions. This estimate can also be
obtained as a consequence of [Galkowski 2017, Theorem 2] by replacing the absolutely continuous part
of u with lgupp ., dH".

4. The example of zonal harmonics

Let (52, gcan) be the round sphere and (r, ) be polar variables centred at the north pole p = (0,0, 1) R3.
The geodesic flow is a completely integrable system with Hamiltonian

H=|§; =8+ (sinr) 7%, re0,m), (4-1)

and Claurault integral p = &y satistying {H, p} = 0. The associated moment mapping is P = (H, p) :
T*S? — R? and the connected components of the level sets are, by the Liouville-Arnold theorem,
Lagrangian tori A. indexed by the values of the moment map (1, c) € P(T*S?).

The associated quantum integrable system is given by the Laplacian A, and the rotation operator 1 Dy.
The corresponding L>-normalized joint eigenfunctions are the standard spherical harmonics Y,ﬁ with

—A Y =k(k+D)YE, hDeYE =myk.

m

These eigenfunctions can be separated into various sequences (i.e., ladders) associated with different
values (€ P(T*S?); specifically, the correspondence is given by ¢ = lim,,_, o, m/k). The eigenfunctions
with maximal L blow-up are the sequence of zonal harmonics given by
V2k+1 (7
un(r,0) =Yi(r,0) = 2—+/ (cosr+isinrcost)fdr, h=k L k=1,2,3.... (42
T 0

It is obvious from (4-2) that
Yy (p)| ~ k'/?

and thus attains the maximal sup growth at p (similarly, at the south pole). At the classical level, the
zonals uj, = Yé‘ concentrate microlocally on the Lagrangian tori Ag = P~1(1, 0). From the formula (4-1)
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it is clear that away from the poles (where (r, ) are honest coordinates),
Ao\ {£p) ={(r. 0.6 =+£1,& =0):r € (0, m)} = S*\ {£p)}. (4-3)

The choice of £, = %1 determines the Lagrangian torus (there are two of them) and also, either torus
clearly covers the entire sphere. At the poles themselves, the projection 75, : Ag — S* has a blowdown
singularity with

Tt (Ep) = S5(SH =S (4-4)
To see this, consider the behaviour at p (with a similar computation at —p). Rewriting the integral in

involution in Euclidean coordinates (x, y, z) € R>, one has H = (x&y— VE) + (xE, —2E )2+ (VE, — zEy)2
and & = x&, — y&,. Setting H =1, x§, — y§, =0and (x, y,z) = (0,0, 1) gives

Tao (P) E{(E &) e R E] 6] =1},

It is then clear from (4-3) and (4-4) that wp, : Ao — S2is surjective and a diffeomorphism away from the
poles (modulo choice of Lagrangian cover) and the fibres above the poles are S (S?) = S!. We also note
that the Lagrangian Ag = A, o5 is the 277 -flow-out Lagrangian of S7 (5?) and the cylinder A p(8/2,368) is
just a local slice of this Lagrangian.

The defect measure p associated with the zonals is

du = |d6, dos],

where (01, 62; I, I,) € R?/Z* x R? are symplectic action-angle variables defined in a neighbourhood of
the Lagrangian torus A [Toth and Zelditch 2003]. One can choose one of the angle variables 0, € S;(SZ)
to parametrize the circle fibre above p (a homology generator of the torus). Then, by the Liouville-Arnold
theorem, the geodesic flow on the torus Ag = {I; = c¢1, I = ¢»} is affine with

oH
Oj(t)=0j(0)+ozjt, Olj=—750.

01;

It is then clear that
2
/,L(Ap’,;)=/ d@l-/ ardt~§#0
0 lt| <8
and supp p|a, = A ). Therefore, this case violates the assumption in Theorem 3 and that is of course
consistent with the maximal L° growth of zonal harmonics.
The analysis above extends in a straightforward fashion to the case of a more general sphere of rotation

[Toth and Zelditch 2003].

5. Eigenfunctions of Schrodinger operators

Consider a Schrodinger operator P(h) = —thg 4+ V with V € C*®°(M;R) on a compact, closed
Riemannian manifold (M, g) and let uj, be an L?-normalized eigenfunction with

P(Wup = EWup,  ER)=E+o(l), E>minV,  |upllp=1. (5-1)
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Any sequence u, of solutions to (5-1) has a subsequence u;, with a defect measure u in the sense that
fora € C°(T*M)
(a(x, hD)uy, up) — adu.
T*M
Such a measure u is supported on {p = 0} and is invariant under the bicharacteristic flow G, :=exp(tH,,).
In analogy with the homogeneous case, we define for x € M the time-T flow-out by

T
Avrvi= ] Gi(=n),
t=—T
where

S ={E€TiM g, +V(x)=E)}.

Definition 5.1. Let " be n-dimensional Hausdorff measure on {|& |§, + V(x) = E} induced by the Sasaki
metric on T*M. We say that the sequence uj, of solutions to (5-1) is admissible at x if for any defect
measure © associated to the sequence, there exists T > 0 so that

H"(supp ila, ry) =0. (5-2)
With these definitions we have the analog of Theorem 3:

Theorem 5. Let B C V™'(E) be a closed ball in the classically allowable region and j be a defect
measure associated with the eigenfunction sequence uy. Then, if the eigenfunction sequence is admissible
for all x € B in the sense of (5-2),

sup |uy (x)| = o(h1="/2).

xeB

Proof. In analogy with the homogeneous case [Christianson et al. 2015, Lemma 5.1], we have
p(h~'[P(W) = ED)(x, y) = b a(x, y, e AN 4 R(x, y, h),

where A(x, y) € [(2Cy)~ e, 2Cpe] for some Cy > 1 and is the action function defined to be the integral of
the Lagrangian L(x, &) = | |§, — V(x) along the bicharacteristic in {p = E} starting at (y, ) and ending
at (x, &£). For (x, y) in a small neighbourhood of the diagonal, there is a unique such 5 satisfying this
condition. The remainder R(x, y, k) is equal to O (h*°) pointwise and with all derivatives. The proof
then follows using the same argument as in the homogeneous case. U
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