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ON RANK-2 TODA SYSTEMS WITH ARBITRARY SINGULARITIES:
LOCAL MASS AND NEW ESTIMATES

CHANG-SHOU LIN, JUN-CHENG WEI, WEN YANG AND LEI ZHANG

For all rank-2 Toda systems with an arbitrary singular source, we use a unified approach to prove:

(1) The pair of local masses (o7, 02) at each blowup point has the expression
0; = 2(Nj1p1 + Nizp2 + Ni3),

where N;jj €Z,i=1,2, j =1,2,3.

(2) Ateach vortex point p; if (o tl octz) are integers and p; ¢ 47N, then all the solutions of Toda systems
are uniformly bounded.

(3) If the blowup point ¢ is a vortex point p; and ), @? and 1 are linearly independent over Q, then

uk(x)+210g|x—pt| <C.

The Harnack-type inequalities of 3 are important for studying the bubbling behavior near each blowup
point.
1. Introduction

Let (M, g) be a Riemann surface without boundary and K = (k;;)nxn be the Cartan matrix of a simple
Lie algebra of rank n. For example, for the Lie algebra sl(n + 1) (the so-called A;) we have

2 -1 0 - 0
-1 2 -1 - 0
K=| : B (1-1)
o - -1 2 -1
o - 0 -1 2
In this paper we consider the solution ¥ = (uq, ..., u,) of the following system defined on M :
. .. . J— — l —_— -
Agu; + Zkl,pj(IM i v, 1) =Y 4maj(8y, — 1), (1-2)
Jj=1 DtE€S
where A is the Laplace—Beltrami operator (—Ag > 0), S is a finite set on M, hy, ..., h, are positive and
smooth functions on M, ozi > —1 is the strength of the Dirac mass 8,, and p = (p1, ..., pn) is a constant

vector with nonnegative components. Here for simplicity we just assume that the total area of M is 1.
MSC2010: primary 35J47; secondary 35J60, 35J55.
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Obviously, (1-2) remains the same if u; is replaced by u; + ¢; for any constant ¢;. Thus we might
assume that each component of u = (#1,...,uy) is in

HY(M):={ve LAM), Vv e L>(M) and [y, vdVg = 0}.

Then (1-2) is the Euler—Lagrange equation for the following nonlinear functional J,(u) in it (M):

n n
Jo(u) = %/ Z kingunguj dVe — Zpi log/ hie" dVg,
M i=1 i=1 M
where (kij)nX,, =KL

It is hard to overestimate the importance of system (1-2), as it covers a large number of equations and
systems deeply rooted in geometry and physics. Even if (1-2) is reduced to a single equation with Dirac
sources, it is a mean-field equation that describes metrics with conic singularities. Finding metrics with
constant curvature with prescribed conic singularity is a classical problem in differential geometry and
extensive references can be found in [Bartolucci and Tarantello 2002; Battaglia and Malchiodi 2014;
Eremenko et al. 2014; Lin et al. 2012; 2015; Lin and Zhang 2010; 2013; 2016; Troyanov 1989; 1991;
Yang 1997]. Recently profound relations among mean-field equations, the classical Lamé equation,
hyperelliptic curves, modular forms and the Painlevé equation have been discovered and developed in
[Chai et al. 2015; Chen et al. 2016].

The general form of (1-2) has close ties with algebraic geometry and integrable systems. Here we just
briefly explain the relation between the sl(n+1)-Toda system and the holomorphic curves in projective
spaces: Let f be a holomorphic curve from a domain D of R? into CP™. Then f can be lifted locally to
C**1! and we use v(z) = [vo(2),. .., va(2)] to denote the lift and f; the k-th associated curve,

fe:D = Glk,n+1) CCP*ARC™Y),  fiz) =) AV () A A& D ()],
where v(/) is the J -th derivative of v with respect to z. Let
Ar@)=v(E)A---A v(k_l)(z).
Then the well-known infinitesimal Pliiker formula gives

9 A -1 DI | A1)
log || A 2 =
9705 og ” k(Z)” ||Ak(Z)||4

where we put || Ag(z)||?> = 1 as convention and the norm ||-||?> = (-, - ) is defined by the Fubini—Study metric
in CP(A*C"*1). Here we observe that (1-3) holds only for | A% (z)|| > 0, i.e., for all the unramified points
ze M. Now we set ||A,+1(2)| = 1 by normalization (analytically extended at the ramification points) and

fork=1,2,...,n, (1-3)

Ur(z) = —log | Ak )| + k(n —k + 1) log2, 1<k <n.

For every ramified point p we use {y¥p.1, ..., ¥p,n} to denote the total ramification index at p and set

n n
* —_— . . o — .. .
u; = Z kijUj, ap;i = Zku Vp.js
Jj=1 Jj=1
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Then we have

n
Auf+ > kijel —Ko=41Y 0pibp. i=1,....n, (1-4)
j=1 PES
where Ky is the Gaussian curvature of the metric g.
Therefore any holomorphic curve from M to CP” is associated with a solution u™* = (uf,...,uy)
of (1-4). Conversely, given any solution u* = (u7,...,u}) of (1-4) in S?, it is possible to construct

a holomorphic curve of S? into CPP” which has the given ramification index Yp,i at p if yp; € N.
One can see [Lin et al. 2012] for the details of this construction. Therefore, (1-4) is related to the
following problem in more general setting: given a set of ramified points on M and its ramification
indices at these points, can we find holomorphic curves into CP” that satisfy the given ramification
information?

Equation (1-2) is also related to many physical models from gauge field theory. For example, to
describe the physics of high critical temperature superconductivity, a model related to the Chern—Simons
model was proposed, which can be reduced to an n X n system with exponential nonlinearity if the gauge
potential and the Higgs field are algebraically restricted. The Toda system with (1-1) is one of the limiting
equations if a coupling constant tends to zero. For extensive discussions on the relationship between the
Toda system and its background in Physics we refer the readers to [Bennett 1934; Ganoulis et al. 1982;
Lee 1991; Mansfield 1982; Yang 2001].

In this article we are concerned with rank-2 Toda systems. There are three types of Cartan matrices of

rank 2:
2 —1 2 —1 2 —1
Ay = (_1 2), Ba(=Cy) = (_2 2), Gy = (_3 2).

One of our main theorems is the following estimate:

Theorem 1.1. Let (k;;)2x2 be one of the matrices above, h; be positive C! functions on M, ai e NU{0},
t €{1,2,...,N} and K be a compact subset of M\ S. If p; € 47N, then there exists a constant
C(K, p1, p2) such that for any solution u = (uy,us) of (1-2)

lui(x)| <C forallxe K, i=1,2.

Our proof of Theorem 1.1 is based on the analysis of the behavior of solutions uk = (ulf, ulz‘) near
each blowup point. A point p € M is called a blowup point if, along a sequence of points py — p,

inzq:iu;{ﬁ]f(l’k)» 77112((1%)} — +00,
where
ﬁf.‘(x) = uf(x) + 4 ZafG(x» Dt),
t

and G(x, y) is the Green’s function of the Laplacian operator on M.
kisa sequence of solutions of (1-2). When n = 1, it has been proved that if uk blows up
somewhere, the mass distribution phe“k / ( far he”k) will concentrate; that is, for a set of finite points

Suppose u
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P1, D2, - - ., pr and positive numbers my, ..., my,
phe“k =
f he“k —>Zm, p; as k — oo.

i=1
In other words, “u concentrates” means u* (x) — —oo if x is not a blowup point. This “blowup implies
concentration” was first noted by Brezis and Merle [1991] and was later proved by Li [1999], Li and
Shafrir [1994] and Bartolucci and Tarantello [2002]. But for n > 2, this phenomenon might fail in general.
A component uf‘ is called not concentrating if uf‘ -+ —oo away from blowup points, or equivalently, ik
converges to some smooth function w; away from blowup points. It is natural to ask whether it is possible
to have all components not concentrating. For n = 2, we prove it is impossible.

k

Theorem 1.2. Suppose u” is a sequence of blowup solutions of a rank-2 Toda system (1-2). Then at least

one component of uk satisfies uf‘ (x) — —oo if x is not contained in the blowup set.

The first example of such nonconcentration phenomenon was proved by Lin and Tarantello [2016]. The
new phenomenon makes the study of systems (n > 2) much more difficult than the mean-field equation
(n = 1). Recently, Battaglia [2015] and Lin, Yang and Zhong [Lin et al. 2017] independently proved the
result of Theorem 1.2 for n > 3.

As mentioned before, our proofs of Theorems 1.1 and 1.2 are based on the asymptotic behavior of
local bubbling solutions. For simplicity we set up the situation as follows:

Let u¥ (u1 , u2) be a sequence of solutions of

Auk + Z kijhke") = 4ma;dy in BO,1), i = 1,2, (1-5)
j=1
where o; > —1. B(0, 1) is the unit ball in R? (we use B(p,r) to denote the ball centered at p with

radius r) and (k;;)2x2 is Az, By or G,. Throughout the paper, h’l‘, h’zc are smooth functions satisfying
h%(0) = hk(0) = 1 and

e <HE<C IMleipoay <C inBO1), i=1.2. (1-6)
For solutions u* (uk ”2) we assume
0 is the only blowup point of uk,
|uf.‘(x) —u{.‘(y)| <C forallx,y€dB(0,1),i=1,2, (1-7)
[sonhte" <. i=1.2.

For this sequence of blowup solutions we define the local mass by

r—>0 k—oo0 £

o; = lim lim i/ Wkt i=1,2. (1-8)
B(0,r)

It is known that O is a blowup point if and only if (o1, 02) # (0, 0). The proof is to use ideas from
[Brezis and Merle 1991] and has become standard now. We refer the readers to [Lee et al. 2017] for a
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complete proof. One important property of (07, 02) is the so-called Pohozaev identity (P.I. in short)
k2107 + k12k210102 + k1205 = 2ka1 0101 + 2k12 4202, (1-9)
where u; = 1+ «;. Take A, as an example; the P.1. is
012 — 0102 + 022 =21101 +21205.

The proof of (1-9) was given in [Lin et al. 2015] where we initiated an algorithm to calculate all the
possible (finitely many) values of local masses and (1-9) played an essential role. But the argument there
seems not very efficient. In this work we add major new ingredients to our approach and improve the
classification of (o1, 02) to the following sharper form:

Theorem 1.3. Let u¥ be a sequence of blowup solutions of (1-5) which also satisfies (1-6) and (1-7).
Suppose o1 and 0, are local masses defined by (1-8). Then o; can be written as

0; =2(Njipu1 + Nipp2 +N;3), i=1,2,
for some N; 1,Ni2, NizeZ (i =1,2).

Theorem 1.3 is proved in Sections 5 and 6. In Section 5, we give an explicit procedure to calculate the
local masses. Take the A, system as an example; we start with 7 = 0 and the P.1. gives 0, = 2u,. With
02 = 242, the P.1. gives 07 = 241 + 242 and so on. Let I'(1, u2) be the set obtained by the above
algorithm. Then I" (i1, 1) is equal to:

() 2u1.0), 21,21 +2p2), (21 + 22,211 + 2u2), 2p1 +2p2,212), (0,212)  for A,

(i) (2u1,0), 2ur,4pr +2u2), (4py +2p2, 4pr +2p02), (dpr + 22, 4 + 4po),
(0,2p2), Cpa +2p2,212), 21 + 212,41 +4p2)  for By,

(i) (2u1,0), (2p1, 601 + 2u2), (61 + 2u2, 641 +2182), (641 + 22, 12141 + 6u2),
(Bur +4p2, 121 + 6122), (Bur + 42, 121 +8u2), (0,212), (2pr + 212, 212),
(2p1 +2p2,6/u1 4+ 6p2), (61 +4p2, 601 + 6p2), (61 +4p2, 1211 +8uz)  for Ga.

Definition 1.4. A pair of local masses (01, 02) € I'(i1, 12) is called special if

(2p1 422,211 +2u2)  for Aa,
(01,02) = | (41 + 22, 4p1 +4uz)  for By,
8wy +4p2, 121 +8uz)  for Gi.

The analysis of local solutions in [Lin et al. 2015] describes a method to pick a family of points
Iy =40, x{‘ e ,leil} (if O is a singular point, otherwise 0 can be deleted from I';) such that a tiny ball
B(xlk, ) ]’.‘) contributes an amount of mass (which is quantized), and the following Harnack-type inequality
holds:

ug‘(x) + 2logdist(x, Xx) < C forall x € B(0,1). (1-10)

When o1 = a5 =0, we can use Theorem 1.3 to calculate all the pairs of even positive integers satisfying
(1-9) and the set is exactly the same as I'(1, 1).
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It is interesting to see whether any pair of the above really consists of the local masses of some
sequence of blowup solutions of (1-2). For K = A, the existence of such a local blowup sequence has
been obtained; see [Musso et al. 2016; Lin and Yan 2013].

After X is picked, the difficulty at the next step is how to calculate the mass contributed from outside
B(xk.1 Jk ) j=1,2,---, N. In Section 6, we see that the mass outside this union could be very messy.
However, the picture is very clean if (1, @) satisfies the following Q-condition:

o1, 05 and 1 are linearly independent over Q.

Theorem 1.5. Suppose («1, ap) satisfies the Q-condition. Then (01,072) € I'(it1, 2). Furthermore, for
any sequence of solutions of (1-5) satisfying (1-6) and (1-7), the following Harnack-type inequality holds:
uf(x) +2log|x| <C forx e B(0,1).

For (1-2), let 1, = atl +1land po = a% + 1 at a vortex point p; € S, and define
I = {2”(Et€JUi,t +2n) ‘ (01,6.02,1) €T(p1e, p2), J S S, neNU {0}}- (1-11)
Based on Theorem 1.5, Theorem 1.1 can be extended to the following version:

Theorem 1.6. Let h; be positive C functions on M, and K be a compact set in M. For every point
pt € S, if either both a},a? € N U {0} or (a},a?) satisfies the Q-condition, then for p; ¢ T; and
u = (U1, up) a solution of (1-2), there exists a constant C such that

lui(x)| <C forallx € K.

The organization of this article is as follows. In Section 2 we establish the global mass for the
entire solutions of some singular Liouville equation defined in R2 Then in Section 3 we review some
fundamental tools proved in the previous work [Lin et al. 2015]. In Section 4 we present two crucial
lemmas, which play the key role in the proof of main results. In Sections 5 and 6 we discuss the local
mass on each bubbling disk centered at 0 and not at 0 respectively, and then all the main results are
established based on previous discussions.

2. Total mass for Liouville equation

The main purpose of this section is to prove an estimate of the total mass for the solutions of the equation

Au+e¥ = va=14noz,~8pi in R?,

(2-1)
Sz €* <00,
where p1, ..., py are distinct points in R and o; > —1 forall 1 <i < N.
Theorem 2.1. Suppose u is a solution of (2-1) and a1, . ..,aN are positive integers. Then ﬁ Jr2 €" is

an even integer.

Proof. It is known that any solution u of (2-1) has, at infinity, the asymptotic behavior

u(z) = —2as0 loglz| + O0(1), ax > 1, (2-2)
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and u satisfies

1

N
37 s e'dx =2 aj + 20c0. (2-3)

i=1

We shall prove that oo + 21N=1 «; is an even integer. A classical Liouville theorem (see [Chou and Wan
1994]) says that u can be written as

v 1og S OE

(1+[f(2)1*)?

for some meromorphic function f. In general, f(z) is multivalued and any vertex p; is a branch point.

However if o; € NU{0}, then f(z) is single-valued. Furthermore (2-2) implies that f(z) is meromorphic

at infinity. Hence for any solution u of (2-1) there is a meromorphic function f on S? = C U {co} such
that (2-4) holds. Then

N
. _ u _ |f,(Z)|2
4”(2“’ +°‘°°) ‘/Rze =8 e arope Y

j=1

zeR? (2-4)

dxdy
= 8(deg 1) Rzﬁ = 8m(deg f),

where deg( f) is the degree of f as a map from S? = C U {oo} onto S? and w = f(z) = X +i 7. Thus

we have
N

o + oo = 2deg(f). O
j=1

Theorem 2.2. Suppose u is a solution of

Au + e =dmapsy, + ZZN=1 4ra;8y,  inR? (2-5)
Jr2 € < 00,
where po, p1,..., PN are distinct points in R? and oy, ..., aN are positive integers, g > —1. Then
ﬁ [r2 € is equal to 2(ag + 1) + 2k for some k € Z or 2k for some ki € N.
Proof. As in Theorem 2.1, there is a developing map f(z) of u such that
8 / 2
u(z) =log /G zeC. (2-6)

1+ [fP)*

On one hand by (2-5), u,; — %u% is a meromorphic function in C U {oo} because away from the Dirac
masses

4(uZZ — %u?)z =—(e"); +uze" =0.

By u(z) = 2¢; log |z — pi| + O(1) near p; we have

N
Uzz — U3 = —2(2 29 (305 + 1)z =p) 2+ Az —p) '+ B)’
=0
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where Ay, ..., Ay, B € C are some constants. On the other hand by (2-6), a straightforward computation
shows that P o ’
1 3
Uzz — Eug = f’ - z (7) . (2-7)

Using the Schwarz derivative of f,

o fm(Z) B é f//(Z) 2
{f’ }_ f/(Z) 2(](‘/(2))’
and letting
N
12)=) 30 (30 + 1)z =p) 2+ 4;(z=p))~ + B,
j=0

we can write the equation for f as

{f.z} =-21(2). (2-8)

A well-known classic theorem (see [ Whittaker and Watson 1927]) says that for any two linearly independent
solutions y; and y, of
Y'(2)=1(2)y(2), (2-9)
the ratio y,/y1 always satisfies
{y2/y1:z} = =21(2).

By (2-8) and a basic result of the Schwarz derivative, f(z) can be written as the ratio of two linearly
independent solutions. This is how (2-1) is related to the complex ODE (2-9). We refer the readers to
[Chai et al. 2015] for the details.

For (2-9), there is an associated monodromy representation p from 1 (C\ {po, p1,..., pN}:¢q) to
GL(2;C), where ¢ is a base point. Note that at any singular point p;, the local exponents are %a i +1
and —%a ;. It is known from [Lin et al. 2012, Section 7] that e™* can be locally written as

e =12+ [v2f* = ((v1,v2)", (v1, v2)"),

where vy, v are the two fundamental solutions of (2-9). After encircling the singular point p; once, we

have e™ = (p;j (v1,2)", pj (v1,v2)") and the value does not change. Therefore, we conclude that p; is
unitary and Jia; 0 B

pi =P =Ci\ o ,-mia; ) Ci
where y; € m1(C\ {po..... pn}.q) encircles p; only once, 0 < j < N, while the monodromy at oo

iS poo. Then we have
PooPN *** Po = I2x2.

Note that p; = />3 for 1 < j < N. Hence

. o™i 0, 0 .
Poo = Do Dy

- NV
0 e Tl Y=o

for some constant invertible matrix Dy.
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On the other hand, the local exponents at oo can be computed as follows. Let y(z) = y (%), where y
is a solution of (2-9). Then we have

() +25'() = 25, (2-10)

where [ (z)=1 (%)2_4. Since 1(z) is the Schwarz derivative of f(z), by direct computation I (z) is the
Schwarz derivative of f ( ). As before we let 1i(z) = u( ) —4log |z|. Then f ( ) is the developing map
of #(z). Since

u(z) =2(aoo —2) log|z| + O(1) near 0,

(because u(z) = —2a log |z| + O(1) at infinity), we have
1(z) = Jaoo(3 oo — 1)z72 + higher-order terms of z near 0.

By (2- 10) we see that the local exponents of (2-9) are —zozoo and zozoo — 1. Hence e™i%oo equals either
e X709 o g7 X0 , which yields
N N

so=—Y aj+2k or aeo=) aj+2k (2-11)
Jj=0 j=0

N
1 u_ .
n/Rze = >+ o

for some k € Z. Since

we elther have = 4 [g2 € = 2k for some k € N if the first case holds or 4 w2 e =2(ao + 1) + 2k’ for
Zl=1 o; + k — 1 if the second case holds. a

Remark 2.3. After proving Theorems 2.1 and 2.2, we found a stronger version of both theorems in
[Eremenko et al. 2014]. Because we only need the present form of both theorems, we include our proofs
here to make the paper more self-contained.

3. Review of bubbling analysis from a selection process

Let uk = (u’f, u’zc) be solutions of (1-5) such that (1-6) and (1-7) hold. In this section we review the
process to select a set X = {0, x’f, e ,x,’f } and balls B(xlk, I;) such that u¥ has nonzero local masses
in B (xl(c ,11). This selection process was first carried out in [Lin et al. 2015]. We briefly review it below.

The set Xy, is constructed by induction. If (1-5) has no singularity, we start with X, = &. If (1-5) has

a singularity, we start with X = {0}. By induction suppose X; consists of {0, x’f, e ,x,’fl_l}. Then we
consider
k .
- 2logdist(x, Xg)). 3-1
max ,-ri“i‘f‘z(”’ (x) + 2log dist(x, Z)) 3-1)

If the maximum is bounded from above by a constant independent of k, the process stops and X is
exactly equal to {0, x]f, . ,x,];_l }. However if the maximum tends to infinity, let ¢z be where (3-1) is
achieved and we set

di = 1 dist(qx, Zk)
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and
SK(x) = uF (x) + 2log(dy —|x —qx]) in Blgx.dy), i =1,2.

Suppose ig is the component that attains

max max Sl-k (3-2)
! x€B(qk,dx)
at pr. Then we set

Ik = 3(di = | P — k)
and scale uf‘ by

(pr)

_1,k L1,k ~
vF () = uf (p + ¢ 20 P y) —ufl (p)  for |y < Ry = e2"io PR, (3-3)

It can be shown that Ry — oo and vlk is bounded from above over any fixed compact subset of R2. Thus
k

i

(R?) to (v1, v2) which satisfies

by passing to a subsequence, v¥ satisfies one of the following two alternatives:

(@) (v%,vk) converges in C2,

2
Avi+ ) kije¥ =0 inR?%i=12. (3-4)
j=1
(b) Either v’f converges to
Avi+2e"' =0 inR? (3-5)
and v’zc — —oo over any fixed compact subset of R? or 1)12‘ converges to Av, +2e¥? = 0 in R? and

v’f — —oo over any fixed compact subset of R?.

Therefore in either case, we could choose [ ;C“ — 00 such that

vF(y) +2logly| <C fori=1,2 and |y| <y (3-6)

/ hk vl dy:/ eV ) 4 o(1).
B(0,1}) R2

By scaling back to uf.‘, we add py in Xy with

and

—1yk (px
I = e 2 PR,

We can continue in this way until the Harnack-type inequality (1-10) holds.

We summarize what the selection process has done in the following proposition (a detailed proof for a
more general case can be found in [Lin et al. 2015, Proposition 2.1]):

Proposition 3A. Let u* be described as above. Then there exist a finite set Ty, := {0, xlf, e ,x,],%} @if o
is not a singular point, then O can be deleted from X)) and positive numbers | k..., l,’f, —>0ask - o0
such that the following hold:

(1) There exists C > 0 independent of k such that (1-10) holds and all the components have fast decay
on aB(xJ]-‘, l’-‘), j =1,...,m. (The definition of fast decay can be found in Definition 3.1 below).
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@) In BOK.1%) (j =1.....m), let Rjy = 2% f)lk, u{.j)(xj’?) = max; u (x%) and
—Lyk (xk
VF () = ub (e + &2 00D y) ik (i) (3-7)
for |y| < Rj k; then vk = (v1 , v2) satisfies either (a) or (b).
(3) BOK, I BGE i)y =a,i # ).
The inequality (1-10) is a Harnack-type inequality, because it implies the following result.
Proposition 3B. Suppose uk satisfies (1-5)—(1-7) and
uf-‘(x) +2log|x —xo| <C forx € B(xo,2rg).
Then

¥ (x1) —uF (x2)| < Co fOF— < Pzl

< <2 and x1,x2 € B(Xo, rk). (3-8)
27 |x2—xo| ~

The proof of Proposition 3B is standard, see [Lin et al. 2015, Lemma 2.4], so we omit it here. Let
x;‘ € Xy and rlk = %dist(x;‘, e\ {xlk }); then (3-8) implies

uf () =%y () +0(), xeBGf. ), (3-9)

— vk ~k : k
where r = |x; — x| and uxj‘,i is the average of ul. on dB(x;, ),

ik 1 k )
szkﬂ'(r) 2rr AB(xK.r) i 48, G-10

and O(1) is independent of r and k.
Next we introduce the notions of slow decay and fast decay in our bubbling analysis.

Definition 3.1. We say uf‘ has fast decay on dB(xg, ry) if along a subsequence
uf-‘(x) +2log|x —xo| < —Nj forall x € dB(x9, rr),
for some Ny — oo and we say uf‘ has slow decay if there is a constant C independent of k£ such that
uf(x) +2log|x —xo| = —C for all x € dB(x9, %)-
Furthermore, we say uf‘ is fast-decaying in B(xq, sg) \ B(xo, r¢) if uf‘ has fast decay on dB(xg, [;) for
any Il € [rk, sk].
The concept of fast decay is important for evaluating the Pohozaev identities. The following proposition
is a direct consequence of [Lin et al. 2015, Proposition 3.1] and it says if both components are fast-decaying

on the boundary, the Pohozaev identity holds for the local masses.
In the following proposition, we let B = B(x¥, ry). If xK £ 0, we assume 0 ¢ B(x*, 2r¢).

Proposition 3C. Suppose both u’f, u]zc have fast decay on OB, where B is given above. Then (01, 02)
satisfies the P.1. (1-9), where

al—llm—/hk i=1,2.
k—0 21

We refer the readers to [Lin et al. 2015, Proposition 3.1] for the proof.
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4. Two lemmas

In this section, we prove two crucial lemmas which play the key role in Sections 5 and 6. For Lemma 4.1,

Ww¢E assume:

(i) The Harnack inequality
uf-‘(x) +2log|x| <C for %lk <|x| <28, i =1,2,
holds for both components.
(ii) Both components ufc have fast decay on dB(0, [;) and al.k (B(0,1)) =0i +0(1) fori = 1,2, where
o= r]ir}) kli>moo % B(0,r51) hg‘e“f, =2
(ii1) One of uf.‘, i = 1,2, has slow decay on dB(0, st).
Lemma 4.1. (a) Assume (i) and (ii). If ufc has slow decay on 0B(0, 1), then
2
2 — Z kijo; > 0.
Jj=1

(b) Assume (i), (ii) and (iii). Let uf‘ be a slow-decaying component on 0B(0, si). Then the other
component has fast decay on 0B(0, st).

Proof. (a) Suppose that uf‘ has slow decay on dB(0, s;). Then the scaling

v]k(y) = u}c(sky) +2logsg, j=1,2 for ye B,
gives 5 k
Av]]-‘(y) + Zkﬂhéc(sky)e”l O = 4ra;jdy iny € B.
=1
If the other component also has slow decay on dB(0, sz ), then (v’lc , 1)12‘ ) converges to (v, v2) which

satisfies )

Avj () + Y kje” =0 in By\{0}, j =1.2. @-1)
=1

If the other component has fast decay on dB(0, sz ), then vlk (y) converges to v; (y) and v;(y) — —oo,
j # i. Furthermore, v; () satisfies

Avi(y)+2e” =0 in B\{0}. 4-2)
For any r > 0,

0vi () . ( - / ok )
dS = lim (4nma; — kiihTe™i dy
/BB(O,r) dv ke—00 l ; B

2
=dma; —2m Y kijoj +o(1) = 4nBi +o(1),
j=1
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which implies the right-hand sides of both (4-1) and (4-2) should be replaced by 478;8¢. If B; < —1, we
can use the finite energy assumption (see the bottom assumption in (1-7)) to conclude that either (4-1) or
(4-2) has no solutions. Hence o; — % ZJZ-=1 kijo; > —1 and then (a) is proved.

(b) Since both components have fast decay on dB(0, [;), the pair (01, 02) satisfies the P.1. (1-9). By a
simple manipulation, the P.I. (1-9) can be written as

k2101(4pk1 — k1202 —k1101) + k1202(4p2 — k2101 — k2202) = 0. (4-3)
Note by (a),

2 2
— Zkilal >2U; — Zkilal = 0.
=1 I=1

Hence for j #i

2 2
—ijlcrl < 4/Lj —ijlcrl <0,
=1 =1

where the last inequality is due to (4-3). By (a) again, uf does not have slow decay on dB(0, sz). O

Our second lemma says that a fast-decaying component does not change its energy more than o(1),
regardless of the behavior of the other component.

Lemma 4.2. Suppose the Harnack-type inequality holds for both components over r € [%l s ZSk]. If uf‘
is fast-decaying on r € [li, si], then

aF(B(0,sx)) = o (B(0, 1)) + o(1).

Proof. Obviously the conclusion holds if s/l < C. So we assume sz / [ — +00. The Harnack-type
inequality implies uk(x) = uk(r) + o(1) for 1lk |x| < 2sg. Thus we obtain from (1-5) that
2ui = 35—y kijof (r)

%(ﬁf‘(rHZlog r) = ;. , hesr<s, i=1.2,

where ak(r) = ak(B(O r)) and o; = hmk_,+ooc7 (), j=1,2.

Wlthout loss of generality, we assume that u¥ i # i, is fast-decaying on dB(0, /). Otherwise, we
may choose Ik such that [, < lk, u remains fast- decaymg for r € [lk lk] and Ok (B(0,r)) does not
change more than o(1), while u is fast decaying on dB(0, I, ©)- If s/ I r<C,we get the conclusion as
explalned above. If s/ lk — +oo by a little abuse of notation, we may replace lk by [r. Then both
u1 , u2 have fast decay on dB(0, /), and the P.I. holds at /i, which implies that at least one component
(say [) satisfies

2
4= kyjof () <0.
j=1
Thus,

mtom (4-4)
r

%(ﬁ;k)(r) +2log 1) < —
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Suppose 1y € [lk, s] is the largest r such that
%(ﬂgk)(r) +2log r) < _H for r € [I, rg]. (4-5)
r

Thus, either the equality holds at » = ry or rp = si. For simplicity, we let e = ;. By integrating (4-4)
from /i up to r < rg, we have

[
1)+ 210g r <a®Uy) +210g ) + SIOg(Tk);

that is for |x| =r,
"1™ < 0(1)e™ V) < 0(1)e Nk [gr=CFe),

where we used ﬁgk)(lk) + 2logly < —Nj by the assumption of fast decay. Thus

() ~Nege [ ) e~ N
/ e"1' dx < 0(l)e kl,i[ r Odr=0() -0
les|x|<srg

Ix €
as k — +o0o. Hence
of (re) = of (k) + o(1). (4-6)

If both components are fast-decaying on r € [I, 1], then limk_,Jroo((r{€ (re), oé‘ (rx)) = (61, 62) also
satisfies the P.1. (1-9). If 6; > 0y, then j # [ by (4-6). We choose r;* <ry such that oy (r;") = Ojk (lx)+eo for
small &g, and let 0;‘ = limg_,o 0 (r;). Then aj’-" and o7 satisfies the P.I. (1-9) and it yields a contradiction
provided &g is small. Thus, we have 0,’,‘[ (rp) = 0,’,‘1 (Ix) + o(1), m = 1,2. Then (4-4) holds at r = ry,
which implies r; = 5%, and Lemma 4.2 is proved in this case.

If one of the components does not have fast decay on [lj, 7], then we have [ =i and u;‘ , j #I,
has slow decay on dB(0,r;) for some r; < ri. If sp/rp < C, then (4-6) implies the lemma. If
Sk /T — +00, then by the scaling of uf at r = ry, the standard argument implies that there is a sequence
of rf K Fx = Ryry <K si such that both components have fast decay on 7y and

of (7)) = 0i(r) +o(1) = 0i(lx) +o(1) and 0¥ (7)) = ¥ (k) + &0

for j i and g9 > 0. Therefore the assumption of Lemma 4.2 holds at r € [, sx]. Then we repeat the
argument starting from (4-4) and the lemma can be proved in a finite steps. O

Remark 4.3. Both lemmas will be used in Section 6 (and Section 5) for the case with singularity at 0
(and without singularity at 0).

5. Local mass on the bubbling disk centered at x;‘ #0

5A. In this subsection we study the local behavior of uk near x{‘, where x;‘ = 0. For simplicity, we use
x* instead of x;‘ and 125‘ (r) rather than L_lkk (r). Let
Xp 50

k1 g0k k k 1 kouf .
= Lgist ek, 5 ok =1 e, i=1.2.
T 5 dist(x®, T \ {x*}), o (r) 7 L(xk,r) ie i
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) k k _ (,k .,k :
By Proposition 3A, [ < t*. Clearly u® = (u},uy) satisfies

2
k
Ak + 3 kiphke's =0 in B(xK, k),
Jj=1

For a sequence s, we define

limg 5 4 o0 ol.k (sg) if uf‘ has fast decay on dB(x, sz),

0i(sk) = (5-1)

lim, o limg_s 4 o0 ol.k (rsp) if uf‘ has slow decay on dB(x*, s¢).

Recall that both components of u* have fast decay on dB(x, [;.). This is the starting point of the following
proposition, which is a special case of Proposition 5.2 below.

In Proposition 5.1, (i1, n2) will be (1, 1) in both lemmas of Section 4.
Proposition 5.1. Ler u* = (ulf, ulzc) be the solution of (1-5) satisfying (1-7) and 6;(sy) be defined in
(5-1). The following holds:

(1) At least one component u* has fast decay on dB(x*, t%).

(2) (61(c%), 62(c*)) satisfies the P.I. (1-9) with j11 = jp = 1.

(3) (61(r%).62(c%) e T (1, ).

Proof. If 7y, / [ < C, (1)~(3) hold obviously for 7. So we assume 7%/}, — +o0. First we remark that

if u* is fully bubbling in B(x*, 1) (i.e., (1) in Proposition 3A holds), (61(lx), 62(ly)) is special (see
Definition 1.4) and satisfies

2
204 —Zkijéj(lk) <0, i=1,2.
j=1

Then by Lemma 4.1, both uf‘ have fast decay on dB(0, %) and Proposition 5.1 follows immediately.

Now we assume vlk defined in (3-7) and satisfies case (2) in Proposition 3A. We already know that
both components have fast decay at r = /. If both components remain fast-decaying as r increases from
Iy to 7%, Lemma 4.2 implies

of () = of (k) +o(1),  o%(t%) = 0% (lx) +o(1)

and we are done. So we only consider the case that at least one component changes to a slow-decaying
component. For simplicity, we assume that u’f changes to a slow-decaying component for some ry > .
By Lemma 4.2,

0{‘ (B(xk, %)) = U{C(B(xk, I)) +co for some co > 0.

We might choose s < rg such that

of (B(x¥,51)) = of (B(x . Iy)) + eo,
and
G{‘(B(xk, r)) < O{C(B(xk, Ir)) +eo forall r < sy,

where g¢ < %co 1s small.
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Then Lemmas 4.1 and 4.2 together imply that u]f has slow decay on dB(x, s;) and u’zC has fast decay
on dB(x¥, s) with

61(sx) = ok () +0(1) and  &2(s;) = ok (Ix) + o(1).

Let vlk (y)= uf.‘(xk +sky)+2log sk. If T /53 < C, there is nothing to prove. So we assume ¥ /s — co.
Then v’f(y) converges to v;(y) and v’zc(y) — —oo in any compact set of R? as k — 400 and vy (y)

satisfies
2

Avy +2¢" =27 Y (k1;6;(x))8(0) in R (5-2)
j=1

Hence there is a sequence N I: — 400 as k — o0 that satisfies
(1) Nifsp <7,

) fB(o,N,j) eVl dy = [ e dy +o(1),

3) vE(y) +2log|y| € =Nk, i = 1,2, for [y| = N}

Scaling back to uf-‘, we obtain that uf‘, i = 1,2, have fast decay on dB(x*, N k).

We could use the classification theorem of [Prajapat and Tarantello 2001] to calculate the total
mass of vy, but instead we use the P.I. (1-9) to compute it. We know that both (61 (), 62(lr)) and
(61(N;'sk), 62(N,!si)) satisfy the P.I. and 62 (N sg) = 62(Ix) by Lemma 4.2. With a fixed 02 = 62 (Ix),
P.I (1-9) is a quadratic polynomial in o1; then 61 (/) and 61(N/sg) are two roots of the polynomial.
From it, we can easily calculate 61 (N} sg).

By a direct computation, we have
(G1(NEs).62(Nisi)) € T(L D) if (61 (k). 62(1x)) € T(L. 1),

Thus (1)=(3) hold at r = N/sg. By denoting N, s as I, we can repeat the same argument until
% /1, < C. Hence Proposition 5.1 is proved. O

5B. Local mass in a group that does not contain 0. In this subsection we collect some xlk € X into a
group S, a subset of X satisfying the following S-conditions:

(1) 0€S and |S| > 2.
2) If |S| >3 and xlk , le.‘ , x;‘ are three distinct elements in S, then
dist(x,k, xj]-‘) <C dist(xj]-‘, x}c)
for some constant C independent of k.

(3) For any x,’% € X\ S, we have dist(x,]z, S)/ dist(xlk, xj].‘) — 00 as k — 0o, where xlk, le.‘ €s.
We write S as S = {x{‘, .. .,x,]fl} and let

lk(S) =2 max dist(x’f, le-‘). (5-3)
I<j=m
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k _ 1 q; k ky. k k ;
Recall 7, = 5 dist(x}’, g \ {x]'}); by (2) and (3) above we have [*(S) ~ 7, for | <i <m. Let

& = Ldist(x¥, 24\ 9).

Then by (3) above we have f{é/r{‘ — oo for any xlk es.

By Proposition 5.1, we know that at least one of uf‘ has fast decay on 0B (x’f, r{‘ ). Suppose u’lc has fast
decay on aB(xi‘, r{‘ ). Then

u’f has fast decay on BB(x]f, 1%($)), (5-4)
and we get
k k 1k 1 k uk
ol (B(x{,! (S)))=—/ hie1 dx
e 27 Jpekarisy
27 JUr, BGE o) 270 IRk IR SN, B o6
Since u’f has fast decay outside of B(x¥, rj’-‘ ), we have
. k
e*1®) < o(1) max{|x —xj’-‘|_2} for x ¢ U B(x]]-‘, rjl-‘)
J i
and the second integral is o(1). Hence by Proposition 5.1,
U{C(B(xlf, lk(S))) =2mi+o0(l) forsomem; € NU{0}. (5-5)
Similarly if ulzC has fast decay on 0B (x]f, r{‘ ), we have
ok (B(x*,1%(S))) = 2ma +0(1)  for some my € NU{0}. (5-6)

If u’zc has slow decay on BB(x]f, r{‘), then it is easy to see that u’zc has slow decay on dB(xk, fj’.‘). By
Proposition 5.1 we denote n; ; € N by

=1 i k k ok <ji<m. i=
an:] }gl}) kli)rroloal (B(X ,V‘EJ ))’ l_J_m’l 1’2

Define 7;,; by
2
hij == kini,j.
I=1

Then the slow decay of u’z‘ on 8B(xJ’-‘, rjk) implies 1 +175,; > 0. Since 7i2,; € Z we have 75 ; > 0.

Furthermore, if we scale u¥ by

vE ) = ukf (K 1% (8)y) +210g15(S), i=1,2,

the sequence v]zc converges to v(y) and v]f tends to —oo over any compact subset of R? \ {0}. Then v,

satisfies

m
Ava(y) +2¢%20) =4 Y iz j8p, i R (5-7)
j=1
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where p; = limk_wo(x]].‘ — xll‘)/lk(S). By Theorem 2.1

1

— e'2 =2N for some N € N.
27T R2

Thus using the argument in Proposition 5.1, we conclude that there is a sequence of N — oo such that
both uf‘ (i =1, 2) have fast decay on BB(x’f, N,:‘lk(S)) and al-k (B(x’f, N,:‘lk(S))) =2m; +o(1). Denote
N7 k(S) by I for simplicity; we see that (5-5) and (5-6) hold at /. Then by using Lemmas 4.1 and 4.2
we continue this process to obtain the following conclusion:

At least one component of u¥ has fast decay on 0B (x]f, r]§ ). (5-8)
Let 6{‘(B(x11‘, tls‘)) be defined as in (5-1). Then
& (B(xK, &)y = 2m;(S), where m; (S) e NU {0}, (5-9)

and the pair (2m1(S), 2m>(S)) satisfies the P.1. (1-9).

Denote the group S by S1. Based on this procedure, we can continue to select a new group S, such
that the S-conditions holds except we have to modify condition (2). In (2), we consider S as a single
point as long as we compare the distance of distinct elements in S.

Set

7§, = 3 dist(x}, T\ S2)  for xf € 5.

Then we follow the same argument as above to obtain the same conclusion as (5-8)—(5-9).
If (1-5) does not contain a singularity, the final step is to collect all the xlk into the single biggest group
and (5-8)—(5-9) hold. Then we get (01, 02) = (2m1,2m5) (which satisfies the Pohozaev identity), where

o; = lim lim i/ nkeuf, i =1,2.
r—0 k—o0 27T B(Oar)

By a direct computation, we can prove that the set of all the pairs of even integers solving (1-9) is exactly
I'(1, 1). This proves Theorem 1.3 if (1-5) has no singularities.

If 0 is a singularity of (1-5) then X can be written as a disjoint union of {0} and S; (j =1,...,m).

Here each S; is collected by the process described above and is maximal in the following sense:

(1) 0€ S, |S|> 2 and for any two distinct points xlk , x]].c in S we have
dist(x¥, le-‘) < %),
where 75(S) = dist(S, =k \ S).
(i) For any 0 # x¥ e T, \ S,
dist(x¥,0) < C dist(x¥, §)
for some constant C.
For §; we define
r’gj = Ldist(S;, Zx \ S)).
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Then the process described above proves the main result of this section:

Proposition 5.2. Let S; (j = 1....,m) be described as above. Then (5-8)~(5-9) hold, where B(x¥, %)
is replaced by B(xlk, rgj) and X,k is any element in S;.

6. Proofs of Theorems 1.2, 1.3, 1.5 and 1.6

In Proposition 5.2, we write 3 = {0} U S; U---U Sy. From the construction, the ratio |x¥|/|x¥] is

bounded for any x*¥, ¥¥ € S;. Let
Si|l= min |x*
I = min 1+
and arrange S; by

ISill < 1S20l =+~ = [ISw -
Assume [ is the largest number such that ||S;|| < C||S1]|. Then || S| < ||S741]]-

We recall the local mass contributed by le.‘ €S§;is

(61(B(x1-‘, ‘E]]-C)), 62(B(x1-€, ‘L’Jk))) = (my,j,ma,;), Where my, ;,my ; € 2NU {0}.
Let
i =301l

Then we have
uk(x) +2log|x| <C for0<|x|<rk i=1,2.
Proof of Theorem 1.3. Let
ﬁf-‘(x) = uf-‘(x) 4+ 25 log|x|, i=1,2.
Then (1-5) becomes

2
ATE () + Y ki [P R (e D =0, x| <rki=1.2.

j=1
Let
ik
—2log 8y = max max L, (6-1)
i€l xeB(0,rk) l+o;

and

() = iF Bey) +2(1 + i) logde. |yl <rk/8c. i =1.2. (6-2)
Then ﬁlk satisfies
2
- . L3 .
A3+ D ki |y P R8T O =0, |yl </ i =1.2. (6-3)
j=1

We have either
(a) limg_s r{‘/Sk = 00, or

(b) rk/8 < C.
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For case (a), our purpose is to prove a result similar to Proposition 5.1:
(1) At most one component of u* has slow decay on dB(0, r{‘ ). As in Section 5, we define
limg 4 oo oik (B(0, r{‘)) if uf‘ has fast decay on dB(0, r{‘),

lim, o limg— 4o aik (B(0, rr{‘)) if uf‘ has slow decay on dB(0, r{‘),

A

0i,1 =
(2) (01,1,072,1) satisfies the Pohozaev identity (1-9), and
(3) 611 =22 nijpy +2nis ni €2 i =12, j =1,2,3.

We carry out the proof in the discussion of the following two cases.

Case 1: If both ﬁlk (y) converge in any compact set of R then (61,1,62,1) can be obtained by the
classification theorem in [Lin et al. 2012]:

(2p1 422,211 +2u2)  for Aa,
(61,1,62,1) = | (401 +2u2, 41 +4pz)  for By,
(81 + 42, 121 +8uz)  for Ga.

By Lemma 4.1, both uf‘ have fast decay on dB(0, r{c ). So this proves (1)—(3) in this case.

Case 2: Only one 1711‘ converges to v; (y) and the other tends to —oo uniformly in any compact set. Then

it is easy to see that there is [ < r{‘ such that both uf‘ have fast decay on dB(0, [;;) and

(01(B(0.1x)). 02(B(0, 1)) = (21t1.0) or  (01(B(0,k)), 02(B(0.k))) = (0.2p2).

So this is the same situation as in the starting point for Proposition 5.1. Then the same argument of
Proposition 5.1 leads to the conclusion (1)—(3).

The pair (61,1, 62,1) can be calculated by the same method in Proposition 5.1. Then (61,1,62,1) €
I'(1, n2), which is given in Section 2.

To continue for r € [r{C , ré‘ ], where ré‘ = %||S1+1 I, we separate our discussion into two cases also.

Case 1: One component has slow decay on dB(0, r{‘), say u]f. Then we scale
vlk(y) = uf-‘(r{cy) + 2log r{‘.

By our assumption, v’f (y) converges to vy (y) and v’z‘ (y) — —o0 in any compact set. Let xJ’.c € S; and

y]].C = (r{‘)_lx]].‘ — pj for j <[. Then v (y) satisfies
)
Avy +2e%! =4ma189 + 4n Zﬁl,jSpj’ (6-4)
Jj=1
where
2 2
i ~——le ;m; i forsome m;; € Z and a1 =« —le ;0 (6-5)
1,7 — 2 1M, j ij 1 — &1 D) 1i0i,1-
i=1 i=1

The finiteness of fRZ eVl implies
&1 >—1 and fll,j > 0.
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By Theorem 2.2, we have

— el dy = 2(5(1 + 1) + 2k1, L[ eVl dy =2ky, whereky,ky€”Z. (6-6)
21 Jp2 21 Jp2

As before, we can choose I, r{‘ LI K ré‘, such that both uf‘ have fast decay on dB(0, /). Then the
new pair (61,2, 62,2), which is defined by

Gro= lim/ hkei, 1=12,
B(0,lx)

T k—0
becomes
1 l I
A ja — ja v . A .
(01,2,02,2) = (OI’H_E/We ‘+Zm1,p 02,1+Zm2,/) (6-7)
J=1 Jj=1
for myj,my; € 2N U {0}. Using (6-6), we get
. 6—1,1+2k2+2§=1m1,j if 5o [e2 eVl dy =2k>, 6-8)
01,2 = R R . ~ ;
2M1+01,1_Zz'2=1kliai,1+2k1+2§:1ml,j if 5o [ et dy =2(@1+1)+2k1.
We note that if (61,1,62.1) € I'(1, 2) and
2
21+ 61,1 _Zkliai,l >0,
i=1
then
2
(2M1 +61,1— Zku&i,l,f}z,l) e '(pr, p2).
i=1
Let (0],0%) = (2u1 + 61,1 — Yr—1 k1:61,1, 62,1). We can write
(61,2.62,2) = (o] +m1, 05 +m2), (6-9)

with (07, 05) € T'(i1, u2) and my, my € 27.

Case 2: If both uf-‘ have fast decay on dB(0, r{‘ ), then they have fast decay on dB(0, cr{‘), where we
choose ¢ bounded such that szl S;CB ((), %cr{‘ ) Then the new pair (61,2, 62,2) becomes

l [
(6’1,2,62,2) = (61’1 + Zml,j, 52,1 + ZH’ZzJ) for mi,j,my j € 27. (6-10)
=1 =1

Hence, in this case we can also write
(61,2.02,2) = (0] +my, 05 +m2), (6-11)

with (0{",0;) = (61,1,02,1) € I'(1, n2) and my, my € 2Z. Set cr{‘ = [;. Then we can continue our
process starting from /. After finitely many steps, we can prove that at most one component of uk has
slow decay on dB(0, 1) and their local masses have the expression in (3).
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For case (b), ie., r} ks, < C, first v <0 1mp11es ly|?% hk(é’ky)e v < C on B(0, r{‘/Sk) Then the
fact that v v has bounded oscillation on 9B(0, { k /8:) further gives
¥ (x) = 3F(B(0, ¥ /81)) + O(1) for all x € B(r§ /8),

where 55‘ (0B(0, r{‘ /6% )) stands for the average of 17!‘ on dB(0, r{‘ /8% ). Direct computation shows that

/ ket dx = / 1y [2% 1k (81 y)e™ O dy = O(1)e? @BO-ri/80),
B(0,rf) B(0,r{/8k)

Thus if 5;‘(83(0 r K /81)) — —o0, we get fB(O k) h i dx = 0(1). On the other hand, we note that
5;‘ (0B(0, r{‘ /8r)) — —oo is equivalent to u havmg fast decay on dB(0, rl) Consequently ;1 =0
if uf‘ has fast decay on dB(0, r{‘). So if both components have fast decay on dB(0, rl) we have
(61,1,62,1) = (0,0).

If some component of uk has slow decay, say ulzc, according to the definition of 6, 1, we have

621 = lim lim o¥(B(0,rrF) = — lim lim h’zceug dx
r—>0 k—>+o0 T r—>0 k—>+oo B(O,rr{‘)
| . (6-12)
= — lim lim 202 pk (5. 9)e?20) gy =0,

27 10k %o S0t 150 |y[7*2h5 Bk y) y

where we used |y|2“2h’2‘(8ky)e'7§ < C on B(0, r{‘/Sk). Then we still get
(61,1,62,1) = (0,0).

Now we can continue our discussion as in case (a) and Theorem 1.3 is proved completely. O

Next, we shall prove Theorem 1.5, that is, X; = {0}, by way of contradiction. Suppose X} has points
other than 0. Using the notation from the beginning of this section, we have

Yr={0}USiU---USyn.

Now suppose 7 / 8 — oo as k — oo. Let (61, 2, 02,2) be the local masses defined by (6-7) for one of the
components uk having slow decay on dB(0, ) or by (6-10) for both components having fast decay on
0B(0, 7] ). We summarize the results in the following:

() 6i2 =0 +m;, where (07,05) € I'(u1, n2) and m;, i = 1,2, are even integers.
(ii) Both pairs (o7, 05) and (61,2, 62,2) satisfy the Pohozaev identity.
Based on the description above, we now present the proof of Theorem 1.5.

Proof of Theorem 1.5. From the discussion above, we have
(61,2.62,2) = (0] +my, 05 +m2).

We note that the conclusion of Theorem 1.5 is equivalent to proving m; = 0, i = 1, 2. In order to prove
this we first observe that both (61,2, 62,2) and (0], 0}) satisfy the P.1.

ka10? + k12ka10102 + k1207 = 2ka1 101 + 2k 1211207, (6-13)



ON RANK-2 TODA SYSTEMS WITH ARBITRARY SINGULARITIES: LOCAL MASS AND NEW ESTIMATES 895

Thus we can write
k21(07)? + kizka107 05 + k12(05)* = 2ka1 107 + 2k124207, (6-14)
and
* 2 * * * 2
ka1(of +m1)* + ki2ka1 (o] +m1) (o5 +m2) + ki12(0) +m2)
=2ka1p1(o] +m1) + 2kiz2p2(05 +m2).  (6-15)
It is easy to obtain the following from (6-15) and (6-14):
2kpimioy + ki1akaimaoy + kizkaimioy + 2ki1omao)
= 2koymijur + 2k1amapin — (kaym? + kiakaymimy + k1am3).  (6-16)

Since (o7,05) € I'(i1, n2), we set

of =l +hoape, 05 =hip+1l2ous.
Then we can rewrite (6-16) as
(2kz111,1my + ki2kaila,1my —2kaymy + 2k12l2,1m2 + ki2ka111,1m2)

+ (2ka111 pmy + kioka1laomy + 2k12lo pma + ki2kayly,2ma — 2kiama) o
+ (kaim3 + kizkaymyma + kizm3) = 0. (6-17)

Since (1, 2 and 1 are linearly independent, the coefficients of p; and p, must vanish. Equivalently we

have

(2k2111,1 + k12ka1l2,1 —2ka1 2k12la 1 + ki2kaili 1 ) (ml) —0 (6-18)
2ko1l12 + ki2ka1l22 2k12la 0 + ki2ka1l1 2 —2k12 ) \m2 ’

Let Mg be the coefficient matrix

Mo — (2k2111,1 + ki2ka1l2,1 —2k21 2k1202,1 + k12k21/11 )
2ko1li o + ki12k21l2,2 2k12l2 2 + ki2ka1l12—2k12)

Our goal is to show that M}, is nonsingular, which immediately implies 711 = m, = 0 and completes the
proof of Theorem 1.5. The proof of the nonsingularity of M} is divided into the following three cases.

Case 1: K = A,. Then we can write (6-18) as
2l1—1a—2 21—l ) (ml)
s s s 4 g O 6'19
( 2lip=lrp 2l5—112-2) \m2 (6-19)

(1,1, 11,2, 12,1, 12,2) € {(2,0,0,0), (0,0,0,2), (2,2,0,2), (2,0,2,2), (2,2,2,2)}.

We note that

Then it is easy to see that M is nonsingular when (/1,1, /1,2, /2,1./2,2) belongs the above set.

Case 2: K = B,. Then we can write (6-18) as

(211,1—12,1—2 lra—li ) (ml) —0 (6-20)

2l1p—=lrn lap—l1p—1) \m2
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We note that
(1. l12.121,120) € {(2,0,0,0), (2,0,4,2), (4,2,4,2), (0,0,0,2), (2,2,0,2), (2,2,4,4), (4,2,4,4)}

From the above set, we can see that 4 | (/2,1 —/1,1)(2]1,2 —[2,2). As a result, if the determinant of Mg
is 0, we have to make 4| (2/1,1 — /2,1 —2), which forces /2,1 = 2 (mod 4). However, this is impossible
according to the above list. Thus M} is nonsingular in this case.

Case 3: K = G,. Then we can write (6-18) as

611,1_312,1—6 2[2’1—311’1 my\ _
( 611,2_312,2 2]2’2—311,2—2) (mz) =0. (6-21)

We note that

(1. 11,2.12,1.12,2) € {(2.0,0,0), (2,0.6,2), (6,2,6,2), (6,2,12,6), (8,4,12,6), (8,4,12,8),
(0,0,0,2), (2,2,0,2), (2,2,6,6), (6,4,6,6), (6,4,12,8)}.

From the above list, we have 3| /5,1; then we get 9| (2/2,1 —311,1)(6/1,2 —3/2,2). On the other hand, we
see that
/1,1 =0,2 (mod3) and />, =0,2 (mod3),

which implies (6/1,1 —3/2,1 —6)(2l2,2 —3[1,2 —2) is not multiple of 9; therefore we have the determinant
of Mg is not zero. Thus M}, is nonsingular when K = G».
Theorem 1.5 is established. O

Finally we prove Theorems 1.2 and 1.6.

Proof of Theorems 1.2 and 1.6. Suppose there exists a sequence of blowup solutions (u’f , u’2‘) of (1-2)
with (p1, p2) = (/011c , ,o’zC ). First, we prove Theorem 1.2. From the previous discussion of this section, we
get that at least one component (say u’f ) of u* has fast decay on a small ball B near each blowup point ¢,
which means u]f (x) > —oo if x & § and x is not a blowup point. Hence Theorem 1.2 holds.

Because the mass distribution of u’f concentrates as k — +00, we get that limy_, 4 ,o’f is equal to the
sum of the local mass o1 at a blowup point g, which implies p; € I'1, a contradiction to the assumption.
Thus, we finish the proof of Theorem 1.6. O
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