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BEYOND THE BKM CRITERION FOR THE 2D RESISTIVE
MAGNETOHYDRODYNAMIC EQUATIONS

LEO AGELAS

The question of whether the two-dimensional (2D) magnetohydrodynamic (MHD) equations with only
magnetic diffusion can develop a finite-time singularity from smooth initial data is a challenging open prob-
lem in fluid dynamics and mathematics. In this paper, we derive a regularity criterion less restrictive than
the Beale-Kato-Majda (BKM) regularity criterion type, namely any solution (u, b) € C([0, T[; H" (R?))
with r > 2 remains in H” (R?) up to time 7 under the assumption that

1
T 2
Vu(t
[l
0

log(e + || Vu(t)lloo)
This regularity criterion may stand as a great improvement over the usual BKM regularity criterion,
which states that if fOT IV xu(t)|loo dt < 400 then the solution (u, b) € C([0, T[; H" (R?)) with r > 2
remains in A" (R?) up to time 7. Furthermore, our result applies also to a class of equations arising in
hydrodynamics and studied by Elgindi and Masmoudi (2014) for their L°° ill-posedness.

Introduction

Magnetohydrodynamic (MHD) equations describe the evolution of electrically conducting fluids in the
presence of electric and magnetic fields. Examples of such fluids include plasmas, liquid metals, and salt
water or electrolytes. The field of MHD was initiated by Hannes Alfvén [1942], for which he received
the Nobel Prize in physics in 1970. It addresses laboratory as well as astrophysical plasmas and therefore
is extensively used in very different contexts. In astrophysics, its applications range from solar wind
[Marsch and Tu 1994], to the sun [Priest 1982; Priest and Forbes 2000], to the interstellar medium [Ng
et al. 2003] and beyond [Zweibel and Heiles 1997]. At the same time, MHD is also relevant to large-scale
motion in nuclear fusion devices such as tokamaks [Strauss 1976]. A tokamak is a toroidal device in
which hydrogen isotopes in the form of a plasma reaching a temperature on the order of hundreds of
millions of Kelvins is confined thanks to a very strong applied magnetic field. Tokamaks are used to study
controlled fusion and are considered as one of the most promising concepts to produce fusion energy
in the near future. However the main problem with this approach of confinement is that hydrodynamic
instabilities arise. Numerical simulations using the MHD models are therefore of uttermost importance.
Further, the proof of the existence of a smooth strong solution would allow one to guarantee a priori the
convergence of some numerical approximations; see for instance [Chernyshenko et al. 2007].
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Due to their prominent roles in modeling many phenomena in astrophysics, geophysics and plasma
physics, the MHD equations have been studied extensively mathematically. Furthermore, while the
differences in behavior between the two-dimensional (2D) and three-dimensional (3D) hydrodynamical
turbulence of neutral fluids are accepted to be important, those of the MHD system in both cases are
conventionally believed to be nonsignificant [Biskamp and Schwarz 2001]. Strong statements were made
by some authors that 2D simulations can be safely used to model 3D situations because the properties
of the 2D and the 3D MHD turbulence are essentially the same [Biskamp 1993; Biskamp and Schwarz
2001].

Hence, the mathematical studies on the MHD equations in the two-dimensional case appear highly
relevant. However up to now, the question of the spontaneous appearance of a singularity from a local
classical solution of the partially viscous 2D MHD (2) or 2D inviscid MHD ((2) without the Laplacian
term) remains a challenging open problem in mathematical fluid mechanics. Thus, in the absence of a
well-posedness theory, the development of blow-up/nonblow-up theory is of major importance for both
theoretical and practical purposes. Indeed, for a mathematical or numerical test of the actual finite-time
blow-up of a given solution, it is important to have a good blow-up criterion. Thus, there have been
many computational attempts to find finite-time singularities of the 2D MHD equations; see [Brachet
et al. 2013; Kerr and Brandenburg 1999; Tran et al. 2013a]. Moreover, recent works on the 2D MHD
equations developed regularity criteria in terms of the velocity field and dealt with the MHD equations
with dissipation and magnetic diffusion given by general Fourier multiplier operators such as the fractional
Laplacian operators; see [Wu 2003; 2008; 2011; Chen et al. 2010; Tran et al. 2013b; Jiu and Zhao 2014;
Cao et al. 2014; Yamazaki 2014a; 2014b].

Among all the regularity criteria, one of particular interest is the Beale—Kato—Majda criterion, well-
known for Euler equations, and extended in [Caflisch et al. 1997] to the inviscid MHD equations, under
the assumption on both velocity field and magnetic field fOT(||a)(Z) lLoo 4+ 1| j(®)]|Lee) dt < o0, where the
vorticity is @ = V x u and the density is j = V x b. And so, the Beale—Kato—Majda criterion ensures
that the solution (u, b) of the inviscid MHD equations is smooth up to time 7.

Meanwhile the 2D Euler equation is globally well-posed for smooth initial data; however for the 2D
inviscid MHD equations, the global well-posedness of classical solutions is still a big open problem.
Despite recent developments on regularity criteria, see [Gala et al. 2017; Tran et al. 2013b; Jiu and
Zhao 2014; 2015; Yamazaki 2014a; 2014b; Agélas 2016; Ye and Xu 2014; Fan et al. 2014], the global
regularity issue of 2D MHD equations (2) remains a challenging open problem to date. The main reason
for the unavailability of a proof of global regularity for the system of equations (2) is due to the quadratic
coupling between u and b which invalidates the vorticity conservation. Indeed, the structure of the
vorticity is instantaneously altered due to the effects of the magnetic fields. This fact is the source of the
main difficulty connected to the global existence of classical solutions, where no strong global a priori
estimates are yet known. This difficulty is revealed through the equations of the 2D inviscid MHD
equations governing the vorticity @ = d;u, — d,u and the current density j = d1b, — d,b1,

{8,w+u-Va)=b-Vj,

1
0;j+u-Vj=b-Vo+T(Vu,Vb), M)
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where,
T(Vu,Vb) =201b1(02u1 + 01uz) + 20,u»(d2b1 + 91 by).

We observe that the magnetic field contributes in the last nonlinear part of the second equation with the
quadratic term 7' (Vu, Vb).

By virtue of this difficulty, no a priori uniform bound for ||@ ||z oo (g2x[0,77) i$ known for the 2D MHD
equations with only magnetic diffusion (2). Further in [Fan et al. 2014; Jiu and Zhao 2015; Agélas
2016], by considering Fourier multiplier operators magnetic diffusion slightly stronger than the Laplacian
magnetic diffusion, the authors were able to obtain a uniform bound of ||V j || L1 (0, 77; L.oo(r2)) and then
from the first equation of (1) obtain a uniform bound of ||@ || .co(r2x[0,77) deriving from estimates for
transport equations; see for instance Lemma 4.1 in [Kato and Ponce 1988].

However, the approach used in [Fan et al. 2014; Jiu and Zhao 2015; Agélas 2016], based on the
properties of the heat equation by using singular integral representations of (2), fails in the case where we
have only a Laplacian magnetic diffusion.

Then, in this paper, we consider the initial-value problem for the 2D incompressible magnetohydrody-
namic equations with Laplacian magnetic diffusion,

diu+ w-VYu=-Vp+(b-V)b,
b+ Ww-V)Yb—Ab=(b-V)u, @)
V-u=0, V-b =0,

with initial conditions

u(x,0) = ug(x) forae. x € R?

3)
b(x,0) = bo(x) forae.x € R?

which models many significant phenomena such as the magnetic reconnection in astrophysics and
geomagnetic dynamo in geophysics; see [Priest and Forbes 2000]. The problem of global well-posedness
of the 2D MHD equations with partial dissipation and magnetic diffusion has generated considerable
interest recently [Cao and Wu 2011; Chae 2008; Jiu and Niu 2006; Lei and Zhou 2009; Zhou and Fan
2011; Jiu and Zhao 2015]. However, as of now, the problem of uniqueness and global regularity of the
2D MHD system (2) remains widely open.

Let us take a new look at the main obstruction. We start by noting that we can rewrite the first equation
of (1) satisfied by w, the vorticity of u, as

o+ w-VYwo=F—b1b-Vuy, +byb-Vuy, 4)
where
F=bi(Aby +b-Vuy)—by(Aby +b-Vuy).

Furthermore, a uniform bound of [[Ab + (b - V)ul|| p.co(g2x[0,77) Was shown recently in [Yuan and Zhao
2018] (in Section 4 we give a sketch of the proof). Moreover, we get a uniform bound of ||| oo r2x[0,7])
deriving from some estimates for the linear Stokes system, see [Giga and Sohr 1991], hence we deduce a
uniform bound for || F'|| oo (g2x[0,77)- Then, we notice that our (4) fits with the study made in [Elgindi
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and Masmoudi 2014] about L° ill-posedness for a class of equations arising in hydrodynamics. Thus,
by virtue of Vu = R(w Id), where R is the Riesz transform on 2 x 2 matrix-valued functions, see (18), we
understand that the main obstruction comes from the fact that Riesz transforms do not map L°° into itself.

Let us specify the way in which the obstruction is characterized. We refer to Section 1 for the notation
used. By using the logarithmic Sobolev inequality proved in [Kozono and Taniuchi 2000],

. 2
IV fllLso@2) S 141V X fllpso@ey (1 +1og™ | flwso@z) withp>1,5>1+ >

where V- f =0, Vx f =—0, fi + 01 f> is the vorticity of f and log* x = max(0, log x) for any x > 0,
we infer that for all ¢ € [0, T,

IVu(®)lloo Sr 1+ l@(®)lloo(1 +log™ u(0)] ar) (5)
and also
1V, VBY ) lloo Sr 1+ 1@, /) (@) loo(1 +log™ [, b))l 7). (6)

Then thanks to (5) and by using estimates for transport equations, see for instance Lemma 4.1 in [Kato
and Ponce 1988], from (4) we infer that for all 7 € [0, T'[

t t
@)oo S ||CU0||00+/0 (||F(S)Iloo+||b(5)||§o)dS+/0 15) 136 ll(9)lloo (1+10g™ [[u(s)lmr) ds, (7)

where r > 2. As a consequence of the Gronwall lemma, we deduce

t . N
lo@)|loo < cr (||w0||C>o + / ([ F(s)|loo + ||b(s)||§o) ds) oCr Jo b3 (1+10g N pr)ds. (8)
0

where ¢, > 0 is a real number depending only on r. Thus, the main obstruction to getting global regularity
comes from the term in logarithm which appears in (8), namely log™ ||u(s)| . Nevertheless, thanks to
(5), (7) and the estimate

e BYO) e < [[(tt0, bo) | ¥ Jo 1V VDDl dx ©)

in the Hilbert space H”, we obtain a new estimate of ||Vu(?)|c in Lemma 5.1, which leads to a new
regularity criterion in Theorem 5.3. Our new regularity criterion states that if

1
/T IVeOlz
0

log(e 4 [[Vu(r) [l oo)
then the solution (u,b) of the 2D MHD equations (2) remains smooth up to time 7. This new
regularity criterion appears less restrictive than the BKM regularity criterion, which states that if
fOT |V xu(t)| oo dt < 400 then the solution (i, b) of the 2D MHD equations (2) remains smooth up to
time 7. Indeed, by Vu = R((V x u) Id) with R the Riesz transform on matrix-valued functions, we get

||Vu”BMO(R2) SV x u”BMO(Rz)’
and forany 1 < ¢ < 0o
Vullpa@wzy S IV xull Lag2)-
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We thus expect that the blow-up rate at a time T of |Vu(t)| s behaves like the one of |V X ©(?)||co
(log(e + ||V xu(t)]|oo))? for a given y > 0 and due to the exponent % in our regularity criterion, we can
expect a great improvement over the usual BKM regularity criterion.

The paper is organized as follows:

e In Section 1, we give some notation and introduce the functional spaces.

e In Section 2, we deal with the local well-posedness of the Cauchy problem of the partially viscous
magnetohydrodynamic system (2).

e In Section 3, we give two energy estimates and some estimates from the properties of heat equation
by using singular integral representations of equations.

e In Section 4, we recall and give a sketch of the proof of new estimates obtained in [Yuan and Zhao
2018] related to the term Ab + (b - V)u.

e In Section 5, we give a new estimate for || Vu(?)] oo in Lemma 5.1 and from this estimate, we obtain
a new regularity criterion in Theorem 5.3 less restrictive than the BKM regularity criterion.

1. Some notation

For any Banach space Z, we endow the Banach space Z x Z with the norm defined for all (f,g)e Zx Z
by [(/.&)lzxz =/l z+ gl z. and for simplicity in the notation, we use || (/. )|z for [ (/. &) zxz-
We use X <Y to denote the estimate X < CY for an absolute constant C. If we need C to depend on a
parameter, we shall indicate this by subscripts; thus, for instance, X <s Y denotes the estimate X < CsY
for some Cy depending on s.

For any f € LP(R?), with 1 < p < oo, we denote by | /||, and || f||L», the L?-norm of f. We denote
by BMO(R?) the space of functions of bounded mean oscillation equipped with the norm

: fB O) Tl

Il fllBMO :=  sup
X€ERZ, r>0 |Bx,r|

where By, is the ball of radius r centered at x, | By, | its measure and fp, , := (1/|Bx,r|) fo S dy.
We denote by Id the 2 x 2 identity matrix. ’

Given an absolutely integrable function f € L!(R?), we define the Fourier transform f :R? — C by
the formula,

F@= [ e s,

and extend it to tempered distributions. We will use also the notation F( /') for the Fourier transform
of f. We define also the inverse Fourier transform f : R? —> C by the formula,

Fo= [ e s ae,

For s € R, we define the Sobolev norm || /|| s g2) of a tempered distribution f : R? — R by

1
2
)

sy = ([ 0+ 6Py a5 )
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and then we denote by H*(R?) the space of tempered distributions with finite H*(R?)-norm, which
matches when s is a nonnegative integer with the classical Sobolev space H k (R?), k € N. The Sobolev
space H*(R?) can be written as H*(R?) = J ¥ L?(R?) where J = (1 — A)%.

For s > —1, we also define the homogeneous Sobolev norm,

ey = ( [ 61172 a ) (10)

and then we denote by H* (R?) the space of tempered distributions with finite H?* (R?)-norm. We use the
Fourier transform to define the fractional Laplacian operator (—A)%, —1 <« < 1, as follows:

D) f(E) = 1617 [ (©).

We denote by H2(R?) the Sobolev space HS(R?) := {y € H*(R?)?: divy = 0}.

We denote by P the projector onto divergence-free vector fields given by P = Id — VA~! div. The
operator [P, which acts on vector-valued functions, is a projection: [P is equal to P2, annihilates gradients
and maps into solenoidal (divergence-free) vectors; it is a bounded operator from (vector-valued) L? to
itself for all 1 < ¢ < co and commutes with translation. We can notice that the operator P can be written
in the form

P=1Id— VA~ !div, (11)

which yields the Helmholtz decomposition; indeed for all v € L9(R?)?, 1 < g < oo,

v=Pv+Vy, with divPv =0,

(12)
v = A" divo.
2. Local regularity of solutions of the 2D MHD equations

This section is devoted to the local well-posedness of the 2D MHD equations. By using [P, the matrix
Leray operator, the first equation of (2) can be rewritten as

0
a—?—l—P((u-V)u—(b.V)b) —0. (13)
For a solution (u, b) of (2), let us introduce the vorticity @ = V x u = —d,u + d1u, and the current

density j = V xb = —0d,b1 + 01b,. Applying V x to the equations of (2), we obtain the governing
equations for @ and j

{ 0w+ w-Vo=(b-V)j, (14)

0:j+W-V)j—Aj=(b-Vo+T(Vu,Vb),
where,
T(Vu, Vb) = 231b1(821/11 + 81u2) +2 82u2(82b1 + 811)2).

In this section we assume that the initial data satisfies (1o, bo) € HY (R?) with r > 2. Then, we introduce
wo = V X uyg, the vorticity of ug, and jo = V x b, the current density of by.
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We assume that (1, bo) € H (R?) with r > 2, thanks to Theorem 5.1 in [Caflisch et al. 1997], valid
for all integers r > 3, and by using the same arguments as in Proposition 4.3 of [Agélas 2016], valid for
all real numbers r > 2, we get that there exists a time of existence 7" > 0 such that there exists a unique
strong solution (u, b) € C([0, T[, H) (R?)) to the 2D MHD equations (2)—(3).

Thanks to the Beale-Kato—Majda (BKM) criterion obtained in [Caflisch et al. 1997] for any integer
r > 3 and extended in Proposition 4.2 of [Agélas 2016] for any real r > 2, we get that if (u,b) &
C([0, T], H: (R?)), then we have

T
| N Do di =+ 15)
0
From the first equation of (2), we can retrieve the pressure p from (u, b) with the formula
p=—A""div((u-Vyu—(b-V)b). (16)
Since V.-u=0and V-b=0,we get (u-V)u=V-(u®u) and (b-V)b =V -(b®b). Then by (16),
p=—A"1divV-u®u—bQDb). (17)
By introducing
R:=A"ldivV. (18)

the Riesz transform on 2 x 2 matrix-valued functions on R?, we get

p=—-Ru®u->®b). (19)
Since (u,b) € C([0, T[, H" (R?)) with r > 2, we get p € C([0, T[, H" (R?)). Lemma X4 in [Kato and
Ponce 1988] (see also [Bahouri et al. 2011, Corollary 2.86, pp. 104] for which the Besov space Bj ,
matches with H¥) states that L>°(R?) N H*(R?) is an algebra for any s > 0; i.e., for any f € H*(R?) and
g € H5(R?), we have || fgllas < | fllasllglloo + | f lloollg || s . This lemma and the use of the Sobolev
embedding H'" (R?) < L*°(R?), since r > 2, yield for all / € H"(R?) and g € H" (R?),

1/glar < NS arliglar- (20)

Then owing to (u,b) € C([0, T'[, H" (R?)), thanks to the L2-boundedness of the Riesz transforms and
(20) from (19) we infer that p € C([0, T[, H" (R?)).

Similarly to Proposition 4.1 in [Agélas 2016], we get the following local estimates in the higher Sobolev
norm H”: there exists a real x, > 0 depending only on r such that for all ¢ € [0, T[

t
1@ DYl ar < 1l o, bo)| - e Jol Ve VDID oo 21
3. Some estimates
In this section, we give some estimates related to the solutions of the 2D MHD equations (2).

Energy estimates. We recall some energy estimates. We state here the two following energy estimates
given in [Tran et al. 2013b; Lei and Zhou 2009; Agélas 2016]: for all z € [0, T*[

t
()5 + IIb(l)II§+2/O IVo()13 dt = lluoll3 + lIboll3 (22)
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and we get also that for all z € [0, 77|

t
lo@)I5 + 117 (O3 + /0 IV ()13 d7 < (lwoll3 + [l jol|3)eCUrolz+lbol3), (23)

where C > 0 is an absolute constant.

Some estimates deriving from heat equation. In the lemma just below, we give the details (often omitted)
of the proof of some estimates deriving from the properties of the heat kernel.

Lemma 3.1. Let (ug,bg) € H" (R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, H.(R?)) a solution of the 2D MHD equations (2)—(3). Then there exists a real C; > 0
depending only on ||(ug, bo)||gr, r and T such that

161 oo @2 x[0,77) = C1-

For any real p > 1 and q > 2, we have also three real C; > 0, C3 > 0 and C4 > 0 depending only on
Io, bo)l vy p g, v and T such that

VOl oo (o, T1x L1 @2)) = C2s
Vil oo (fo,T1x L ®2)) = C3,
||V2b||Lp([0,T]qu(R2)) =Cq.

Proof. For this, we write the second equation of (2) under its integral form; then we have for all ¢ € [0, T'[
b(r) = e"2bg + fo t eUD (b VYu(s) — (u-V)b(s)) ds. (24)
Then by using inequality (2.3) in [Kato 1984], we get
[ Vyuls) = (- VIBE) ] o S (¢ =) 3B Vyuuls) = (- V)b(s) 5
< (=973 (166 Va2 + 46 1V5)2).
As a consequence, from (24) we get,
16D loo < Nbolloo + /Ot(t —5) 7T (15616 V)2 + () 6 1V5()]l2) ds. (25)

Since [|b(s)ll6 < [16G)gr. Nlu@)lle < [lus)l g1 and [[Vb(s)]l2 = [/ (s)ll2, we have |[Vu(s)]2 =
lw(s)||2 due to the facts V-b(s) = 0 and V -u(s) = 0; then thanks to (22) and (23), from (25) we deduce
that there exists a real Cy > 0 depending only on ||(ug, bo)|2, ||(@o, jo)|l2 such that for all € [0, T'[

16@)lloo < 1bolloo + Co (T)3. (26)

Owing to (26) and thanks to the Sobolev embedding H” (R?) < L*(R?) since r > 2, we deduce that
there exists a real C; > 0 depending only on ||(u¢, bo)|| g, ¥ and T such that for all ¢ € [0, T'[

[6(t) o < Ci, (27)
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which concludes the first part of the proof. By virtue of (24), we get that for all # € [0, T'[
t
Vb(t) = e'2Vboy + / Ve U2 ((b-V)u(s) — (u-V)b(s)) ds. (28)
0

Let 2¢/(q + 2) < o < 2. Notice that 2¢/(q + 2) > 1 since ¢ > 2 and hence @ > 1. Then by using
inequality (2.3") in [Kato 1984], from (28) we deduce

? 1 1 1
IVB(®)llg <q I Vbollg + /0 (t—9)"@+a=D) | (b Vyu(s) — (u-V)b(s) |, ds. (29)

Further, thanks to the Holder inequality, we have ||(b - V)u(s)||a < ||b(s)|| 2o IVu(s)||, and we also get

1B 20 S IIb(S)||2 IIVb(S)||2

thanks to a Gagliardo—Nirenberg inequality. Hence, we deduce for any se[0,T]

1B V)us)lle Sa IIb(S)Ilz; IIVb(S)Ilz IIVM(S)IIz

<o )0 ||J(S)||2 ||w(s>||2
< @ BYOLE @ N

Similarly, we get also ||(¢ - V)b(S) |l Sa ||, b)(s)||2 ||(a) ])(s)||2 By virtue of the two latter
inequalities, it is inferred that for all s € [0, T'[

(B Vyuls) = (u-V)b(s)| , Sa ll(u, b)(S)||2 . J)(S)II;Q_ . (30)

Thanks to the energy estimates (22) and (23), we have |(u, b)(s)|l2 < |10, bo)||2 and (@, j)(s)]2 <
| (w0, jo)||zec||(”0’b0)”2 with ¢ > 0 an absolute constant. Then by setting

o = || (0. bo)llz + | @0 jo) 2¢€1¢0002,
from (30) we deduce that for all s € [0, T'[
| (b V)uls) — (- V)b(s), Se - (31
After plugging inequality (31) into (29), we obtain that for all € [0, T

t
IVo()llg Zg. ||Vb0||q+n(2)/ (-5 G+3-D) g
0

1

q+2 _ 1
Sq |Vhollg +ngT 24 ~«. (32)

We choose o = %(2 +24q/(q + 2)). Thanks to a Gagliardo—Nirenberg inequality, for any ¢ > 2 we have
the Sobolev embedding H” (R?) < W 19(R2) since r > 2; then owing to (32) we deduce that there
exists a real C, > 0 depending only on ||(uq, bo) || g+, T, r and ¢ such that for all € [0, T'[

VOb()lq = Ca, (33)

which concludes the second part of the proof.
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To get an estimate of ||| zoo([o,7];24), We borrow some arguments used in [Jiu and Zhao 2015].
Thanks to the L? — L4 maximal regularity of the Laplacian operator, see for example [Giga and Sohr
1991], from the second equation of (2), we get that for all € [0, T[, p > 1 and g > 2

t
||V2b(s)||q Spa H(b -V)u(s) = (u-V)b(s)| ] ds
q

<pa / (IO o2 + a1 Vb)) ds. (34)

where we have used the fact that |Vu(s)|4 <4 |@(s)]|l4; see Theorem 3.1.1 in [Chemin 1998]. Then, we
multiply the first equation of (14) by w|w|?72, integrate it over R? and use the fact that V-1 = 0 to obtain

L0l = [ b0 Vi 0t Dl 0l dy

<16 lloo IV @)lg @127,
which yields for all 7 € [0, T'[

o112 = 160 lleo IV 7Ol Ty
After an integration over [0, ¢] of the inequality just above, we obtain

t
lo@)17 < lwollg +2/0 16 Moo IV ($)ligllws)liq ds

t
< Jwollg +/0 (V)17 + 1613 lwo()lIg) ds (35)

Then thanks to (34), from (35) we infer that for all # € [0, T'[

t
lo@17 < lwollg +/0 (1) 136 IVE$)IZ + 15 135 llox()117) ds. (36)

By using Gagliardo—Nirenberg inequalities, Young inequalities and the fact that || Vu(s) ||y <g [|@($)lg,
we get
() lloo Sq lu()ll2 + lw(s)lg- (37

By virtue of (36) and (37), we get that for all ¢ € [0, T
t
lo@17 <q lwoll; + [(IIM(S)II% IVO)I7 + (VB 15 + [166) 12 lo($)]17) ds. (33)

Thanks to (22), (27) and (33), we deduce that there exists a real C > 0 depending only on ||(uq, bo)| g7,
T, r and ¢ such that for all € [0, T'[

t
lo@)]2 <C +C /0 lao(s)]12 ds. (39)

Thanks to the Gronwall inequality, we infer that for all 7 € [0, T'[

lo(®)]|Z < CeCT.
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By using the fact that
IVu@)llg Sq lo@lg.

we infer that there exists a real C3 > 0 depending only on || (¢, bo) ||z, T and ¢ such that for all 7 € [0, T'[

IVu(@)llqg = Cs, (40)

which concludes the third part of the proof. By using (37) in (34) and thanks to (40), (22), (27) and (33),

we complete the proof. O
4. Some new estimates

We give a sketch of the proof of Lemma 4.1 obtained in [Yuan and Zhao 2018] by exploiting the special
structure of the 2D MHD equations (2).

Lemma 4.1. Let (ug,by) € H"(R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, H.(R?)) a solution of the 2D MHD equations (2)—(3). Then there exists a real C > 0 depending
only on ||(ug, bo)|| gr, r and T such that

|Ab+ (b- V)u”Loo([O’T];Loo(Rz)) <C, 41)
and we have also that for any real p > 2 and q > 2,
IV(AD 4+ (b - V)l Lo o, 1);L0@2)) = C- (42)

Although we can deduce the proof of Lemma 4.1 from [Yuan and Zhao 2018], we prefer to give here
the details of its proof, as it is at the heart of the improvements obtained in this paper. For this, we borrow
some arguments used in [Yuan and Zhao 2018]. We start the proof by writing the equation satisfied by
§:=Ab+ (b-V)u, that s,

0§ —AF =—(b-V)P((u-Viu) + (b-V)P((b-V)b) — A((u - V)b)
—Vuu-VYb+Vu(b-V)u+VuAb. (43)

This equation is obtained by applying (b - V) and A respectively to the first equation of (13) and second

equation of (2), multiplying the second equation of (2) by Vu and then adding the resulting equations

together. Then, by writing (43) in its integral form and using the facts that V-u =0 and V-5 = 0, we get
forallt €[0,T]

t
F() = "2F(0) + f VelU=98(b(s) @ P((u - VYu)(s) — b(s) @ P((b- V)b)(s)) ds
0
+ / t Ve 92V ((u-V)b)(s) ds
0

+ f t U™ (Vu(s) (u(s) - V)b(s) + Vu(s) (b(s) - VIu(s) + Vu(s) Ab(s)) ds.  (44)
0
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Then using inequalities (2.3) and (2.3") of [Kato 1984] stated for 1 < p < ¢ < +00 but remaining true for
g = 0o, we obtain for all ¢ € [0, T'[

1§D lloo = ||3(0)||oo+/0 (t—5)7% |(2(5)®P((u-V)u) (5)=b(s)®P((b-V)b)(5)) | ; ds
+ [ = V@ In©lsds
0
t
—|—/ (l—s)_% H—Vu(s) (u(s)-V)b(s)+Vu(s) (b(s)-VIu(s)+Vu(s) Ab(s)szs. (45)
0

By using the fact that P is a bounded operator from (vector-valued) L7 to itself for all 1 < ¢ < oo and
the Holder inequality, we get

| (B(s) ® P((u- Vyu)(s) — (b(s) @ P((b-V)b)(s) | 5
S 16 lloo 1)l [IVu(s)lle + 12() oo 16Cs) 6 VD) 6

IV(@-V)D)Y()ls < IVu()lls IVES)lls + lu(s)ll6 V2D (5) s, (46)

H—Vu(s) (u(s)-V)b(s) + Vu(s) (b(s) - VIu(s) + Vu(s) Ab(s) H2
SUIVu)ll6 lu)llsllVo)lls + V()5 15(s)lls + IVu(s)ll6 | AbS)]5.

Furthermore, thanks to a Gagliardo—Nirenberg interpolation inequality and the fact that, since V-u(s) =0,
V-b(s) =0, we have [[Vu(s)[2 = @(s)[[2 and [[Vb(s)][2 = [/ (s)]|2, we get

lu@)ls < @3 oG5, 166)s < 1513 1G5, 47)

After plugging (47) into (46) and using Lemma 3.1 with the energy inequalities (22), (23), from (45) we
infer that there exists a real Cy > 0 depending only on || (g, bo)|| g, ¥ and T such that for all ¢ € [0, T'[

! 5 1
1500 < Co(l i /0 (= 5) (L4 [V25(s) l6) + (1 —5) (1 + ||Ab<s>||3>ds). (48)

Thanks to the Holder inequality used with the pairs of exponents (%, 7) and (%, 3), from (48) we deduce
that for all ¢ € [0, T'[

1500 < Co + Co ( /0 (-5 5 ds)7 ( [0 1+ [92(5)]ls)" ds)7

t s \3/ [t 3
+co(/0 (t—s)"% ds) (/0 (1+||Ab(s)||3)3ds),

1

1 ! 7 1 ! 3
||s<t)||oosco(1+m(/o (1+||v2b<s>||z>ds) +r6( /0 <1+||Ab<s>||§>ds) ) (49)

which yields
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Then, thanks again to Lemma 3.1, from (49) one obtains that there exists a real C; > 0 depending only
on |[(ug, bo)| g, ¥ and T such that for all ¢ € [0, T

IF(®)]leo = Ci.

which gives us (41), the first inequality of Lemma 4.1.
For the second inequality of Lemma 4.1, we use the L? — L9 maximal regularity of the Laplacian
operator [Giga and Sohr 1991]; one has forany l < p <00, 1 <g <ooand g = f(; e(’_s)Af,

IV2gll Lo o.1:Le@2)) Spaa | | Lo(o.71:0@2))- (50)

Then, with the expression of VF(¢) obtained from (44) and by using (50), inequality (2.3") of [Kato 1984],
Lemma 3.1 and the energy inequalities (22), (23), we obtain in a similar way (42), the second inequality
of Lemma 4.1.

5. A new blow-up criterion

In this section, we give a new estimate for || Vu(¢)| s in Lemma 5.1 and from this estimate, we obtain a
new regularity criterion in Theorem 5.3 which is less restrictive than the BKM regularity criterion.

Lemma 5.1. Let (ug,by) € H"(R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, HL(R?)) a solution of the 2D MHD equations (2)—(3). Then there exists a real yo > 0 depending
only on ||(ug, bo)||gr, T and r such that for all t € [0, T|

t V éo
||Vu(r)||oo5exp(yoexp(yo [ log(e”j[l(él"(s)” )ds)). (s51)

Proof. We begin the proof with the following logarithmic Sobolev inequality, which is proved in [Kozono
and Taniuchi 2000], see inequality (4.20), and stands as an improved version of that in [Beale et al. 1984]:

. 2
IV fllLeomzy S 1+ IV X fllpoomey(1+10g™ || fllws.o@z) with p>1, 5> 1+ > (52)

where V- f =0, VX f =—0, fi + 01 /> is the vorticity of / and log™ x = max(0, log x) for any x > 0.
Thus, by virtue of (52), we get that for all ¢ € [0, T'[

IVu(@)lloo = Br + Brllo(@)lloo(1 +log™ u(®) | ). (53)

where B, > 0 is a real depending only on r. Let us give an estimate of the term 1+ log™ ||u(?)| g+
Thanks to (21), we get that there exists a real x, > 0 depending only on r such that for all ¢ € [0, T[

1. b)) | e < [[(to. bo) | e e SN VH-IDID oo d (54)

After taking the logarithm in the inequality (54), we observe that for all ¢ € [0, T,

t
log™ [[(u, bY(0) | e < log™ || (o, bo)ll e +/<r/0 [(Vu, Vb)(7)]loo d . (55)
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Thanks to Lemma 3.1 and the Sobolev embedding W 2-4(R?) — W 1>*°(R?) with ¢ > 2, we infer that
there exists a real pg > 0 depending only on r, T" and ||(uq, bg)|| g+ such that

T
/0 1V5(0) oo < c0- (56)

Then owing to (56), from (55) we infer that there exists a real o; > 1 depending only on r, T and
(1o, bo)|| g such that for all ¢ € [0, T'[

t
L+ log* 1w 5)(O) | e < 01 + /0 IVu(s) oo ds. (57)

Thus, by plugging (57) into (53), we deduce that there exists a real 0, > 0 depending only on ||(uq, bo) || g7,
T and r such that for all # € [0, T'[

t
V(0o = -+ axllolo 1+ [ 196) o ). 58)
0
Now, let us estimate |w(?)||co- We observe that the first equation of (14) can be changed into
0w +u-Vo =F—b1b-Vuy+byb-Vuy, (59)

where F = b (Aby 4+ b-Vuy)—by(Aby + b-Vuy). By using estimates for transport equations, see for
instance Lemma 4.1 in [Kato and Ponce 1988], we obtain that for all ¢ € [0, T’

t t
l0®loo < @olloo + ¢ [0 | F(5) oo ds + ¢ /0 161125 [1V2(s) oo ds. (60)

where ¢ > 0 is a constant. Thanks to Lemmata 3.1 and 4.1, we deduce that there exist two real g3 > 0
and o4 > 0 depending only on ||(ug, bo)||gr, T and r such that for all € [0, T

t
/O IE($) oo ds < 03,

(61)
160113 =< 04
Thus by virtue of (61), from (60) we infer that for all ¢ € [0, T'[
t
0010 = l0oloo + 03 + a4 [ 1Vu(s)loo ds (©2)
0
Furthermore, thanks to the Sobolev embedding H”" (R?) — W 1> (R?) with r > 2, we get
lwolloo <r lltollar- (63)

Hence, owing to (63), from (62) we deduce that there exists a real o5 > 0 depending only on ||(u¢, bo) || 7,
T and r such that for all ¢ € [0, T’

t
lo@®lleo = 05+ 094/0 IVu(s)lloo ds. (64)
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By plugging (64) into (58), we infer that there exists a real pg > 1 depending only on r, 7' and

(1o, bo)|| g+ such that for all £ € [0, T'[

t 2
IVi)oo < Q6(1 +[ Vi)l oo ds) ,
0
which yields

1 1 t
Va1 <o} (1 +/ Vi) oo ds).
0

We thus introduce the real function Jj defined for all ¢ € [0, T by

1 1t
30 =0 +0; [ 1Vu)las .
On one hand, by virtue of (66), thanks to (67) we get that for all € [0, T'[
1

IVu@®)lloo < 3(t).

On the other hand, from (67), we infer that for any 7 € [0, T'[
1 1
0¢ IVu(®)|| %

log(e + [|Vu(?)]| %)
Then, owing to (68), from (69), we infer that for all z € [0, T'[

1
J(O) =05 IVu®)lloo =

b vuold
3/(05 Q6 ” u(t)H 1 3(1)10g(€+3(t))~

log(e + [ V(1)1 %)
After dividing inequality (70) by e + J(¢), we obtain that for all ¢ € [0, T'[

d log(e +J(1)) < % ||Vu(t)||ool log(e 4+ J(2)).

dt L
log(e + [|Vu(t)[15%)

As a consequence of the Gronwall lemma, from (71) we get for all ¢ € [0, T[

V)l ds).
toge +[1Vu(9)]%)

1
From (67), we get J(0) = o/ and thanks to (72), we thus obtain for all # € [0, T'[

1 L[t v éo
J@) < exp(log(e —|—Q62)exp<Q62 /0 | (||+L|’|(;)||( )”% ) ds)).
og(e u(s)||%

1 t
log(e +J(7)) < log(e +J(0)) exp (Qé /0

1 1
— [IVu(0)l50 log(e + [[Vu(?)ll50).

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)
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Owing to (68) and (73), we obtain that for all ¢ € [0, T'[

‘ 3
IVu(t) oo Sexp(Zlog(e—i—Qé)exp(Qé/ V)5 ds))‘ o
% log(e + [[Vu(s)l)

1
Since e + | Vu(s) || > (e + ||Vu(s)||oo)%, then we get

log(e + IVu(s)) = 7 log(e + [ Vu(s) ] oo)

and hence from (74) we infer for all ¢ € [0, T'[

1
3 ! IVu(s)1 3
Vu(t)|loo < expl2log(e + 0?) ex 22/ ds|],

which concludes the proof. |

Remark 5.2. We observe that the expression of the estimate obtained in Lemma 5.1 for ||[Vu(?)||co
makes a double exponential growth appear. This double exponential growth derives from taking into
account in the estimate the term log(e + ||Vu(?)|| o). We thus point out that we have also an upper bound
of ||Vu(t)||eo for which we get only one single exponential growth. Indeed, from (66), thanks to the
Gronwall lemma, we obtain that for all ¢ € [0, T[

1 1 1 [t 1
Va3 <o} eXp(Qé /0 ||Vu(s>||§ods),

which yields
1 [t 1
V() lloo < 06 exp(zgg /0 1VuI ds),

where gg > 0 is a real number depending only on T, r and ||(uq, bo)|r.
Let us establish now, a new regularity criterion in the theorem just below.

Theorem 5.3. Let (ug,bg) € HL(R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T[, H:(R?)) a solution of the 2D MHD equations (2)—(3). If

/T IVu()]|%
o Togle 1+ [Vu(t)]o0)

then there cannot be blow-up of the solution u in H" (R?) at the time T, that is, u € C([0, T, H.(R?)).

dt < +o00 (75)

Proof. Let us assume that (75) holds. For a contradiction, we suppose that u ¢ C([0, 7], H (R?). Then
we get (15). Thanks to Lemma 3.1 and the Sobolev embedding W 2-9(R?) — W 1:*°(R?) with ¢ > 2, we
infer that fOT Il 7 ()]loo dt < +00. Then from (15), we get only

T
/ lo(t)||oo dt = +00. (76)
0
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Thanks to Lemma 5.1, there exists a real 01 > 0 depending only on ||(u¢, bo)|| g+, T and r such that for

allt €0, T]
C V)L
[Vu(®)lloo = CXP(QI exp(el /0 log(e £ IVu ) ds)). (77)

Then from (77) and (75), we infer that fOT [Vu(t)||oo dt < +o00, which implies fOT lw(®)]l0o dt < +o00.
Then we obtain a contradiction with (76) and hence u € C([0, T], H. (R?), which concludes the proof. [

Conclusion

We obtained a new regularity criterion for the two-dimensional resistive magnetohydrodynamic (MHD)
equations which is less restrictive than the BKM regularity criterion (see Theorem 5.3) by using the
logarithmic Sobolev inequality. It is important to find some criteria less restrictive than the BKM
regularity criterion. Indeed, due to the quadratic nonlinearity of the MHD equations, we expect that the
blow-up rate of | Vu(?)||co at a time T be at least faster than O(1/(T —¢)). Thus, if one investigates
numerically the finite-time singularities of the solutions of such a system of equations and believes
that its numerical solution computed leads to a finite-time blow-up at some time 7, then one may
observe a blow-up rate at the time 7 for |Vu(z)| of the form O(1/((T —t)Y)), y > 1. Further, in all
the recent numerical investigations performed to find finite-time singularities of the 2D inviscid MHD
equations, the results suggest blow-up rates at a time T for | Vu(?)||co of the form O(1/((T —)%))
with 1 < o < 2; see [Brachet et al. 2013; Kerr and Brandenburg 1999]. Then, for these numerical
cases, with the BKM regularity criterion, one would conclude there is evidence for a finite-time sin-
gularity at some time 7 of the solutions of the 2D resistive MHD equations. However, with the use
of our regularity criterion (see Theorem 5.3), we can confirm that in fact there is no blow-up of the
solution at this time 7. Then, it is dangerous to interpret the blow-up of an under-resolved computation
as evidence of finite-time singularities for the 2D resistive MHD equations. Indeed, computing 2D
MHD singularities numerically is an extremely challenging task. First of all, it requires huge com-
putational resources; see [Brachet et al. 2013]. Tremendous resolutions are required to capture the
nearly singular behavior of the 2D MHD equations. Secondly, one has to perform a careful convergence
study.

Furthermore, we notice also that our problem fits in the class of equations considered in [Elgindi and
Masmoudi 2014] in the study of L°° ill-posedness problem. We thus point out that by borrowing the
arguments used in this paper, we can establish the same regularity criterion for another interesting open
problem in mathematical fluid dynamics mentioned in [Elgindi and Masmoudi 2014] about the following

type of equation in two dimensions:
diu+ (u-VYu+Vp=Au,
’ (78)
V.u=0,

with initial condition #¢ in a divergence-free vector field and where A is some constant matrix. Namely,
as with Theorem 5.3, we get the following theorem for the system of equations (78):
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Theorem 5.4. Let ug € H. (R?) with r > 2 and let T > 0 be such that there exists u € C([0, T[, H} (R?))
a solution of (78). If

dt < 400

/T IVu() 12
o Togle - [Vu()loo)

then there cannot be blow-up of the solution u in H" (R?) at the time T, that is, u € C([0, T], H. (R?)).

Acknowledgements

The author would like to thank the referees for their valuable comments which helped to improve the
paper.

References

[Agélas 2016] L. Agélas, “Global regularity for logarithmically critical 2D MHD equations with zero viscosity”, Monatsh. Math.
181:2 (2016), 245-266. MR Zbl

[Alfvén 1942] H. Alfvén, “Existence of electromagnetic-hydrodynamic waves”, Nature 150:3805 (1942), 405—406.

[Bahouri et al. 2011] H. Bahouri, J.-Y. Chemin, and R. Danchin, Fourier analysis and nonlinear partial differential equations,
Grundlehren der Mathematischen Wissenschaften 343, Springer, 2011. MR Zbl

[Beale et al. 1984] J. T. Beale, T. Kato, and A. Majda, “Remarks on the breakdown of smooth solutions for the 3-D Euler
equations”, Comm. Math. Phys. 94:1 (1984), 61-66. MR Zbl

[Biskamp 1993] D. Biskamp, Nonlinear magnetohydrodynamics, Cambridge Monographs on Plasma Physics 1, Cambridge
University Press, 1993. MR

[Biskamp and Schwarz 2001] D. Biskamp and E. Schwarz, “On two-dimensional magnetohydrodynamic turbulence”, Phys.
Plasmas 8:7 (2001), art. id. 3282. MR Zbl

[Brachet et al. 2013] M. E. Brachet, M. D. Bustamante, G. Krstulovic, P. D. Mininni, A. Pouquet, and D. Rosenberg, “Ideal evolu-
tion of magnetohydrodynamic turbulence when imposing Taylor—Green symmetries”, Phys. Rev. E 87:1 (2013), art. id. 013110.

[Caflisch et al. 1997] R. E. Caflisch, I. Klapper, and G. Steele, “Remarks on singularities, dimension and energy dissipation for
ideal hydrodynamics and MHD”, Comm. Math. Phys. 184:2 (1997), 443-455. MR Zbl

[Cao and Wu 2011] C. Cao and J. Wu, “Global regularity for the 2D MHD equations with mixed partial dissipation and magnetic
diffusion”, Adv. Math. 226:2 (2011), 1803-1822. MR Zbl

[Cao et al. 2014] C. Cao, J. Wu, and B. Yuan, “The 2D incompressible magnetohydrodynamics equations with only magnetic
diffusion”, SIAM J. Math. Anal. 46:1 (2014), 588-602. MR Zbl

[Chae 2008] D. Chae, “Nonexistence of self-similar singularities in the viscous magnetohydrodynamics with zero resistivity”,
J. Funct. Anal. 254:2 (2008), 441-453. MR Zbl

[Chemin 1998] J.-Y. Chemin, Perfect incompressible fluids, Oxford Lecture Series in Mathematics and its Applications 14,
Oxford University Press, 1998. MR Zbl

[Chen et al. 2010] Q. Chen, C. Miao, and Z. Zhang, “On the well-posedness of the ideal MHD equations in the Triebel-Lizorkin
spaces”, Arch. Ration. Mech. Anal. 195:2 (2010), 561-578. MR Zbl

[Chernyshenko et al. 2007] S. I. Chernyshenko, P. Constantin, J. C. Robinson, and E. S. Titi, “A posteriori regularity of the

three-dimensional Navier—Stokes equations from numerical computations”, J. Math. Phys. 48:6 (2007), art. id. 065204. MR
Zbl

[Elgindi and Masmoudi 2014] T. M. Elgindi and N. Masmoudi, “Ill-posedness results in critical spaces for some equations
arising in hydrodynamics”, preprint, 2014. arXiv

[Fan et al. 2014] J. Fan, H. Malaikah, S. Monaquel, G. Nakamura, and Y. Zhou, “Global Cauchy problem of 2D generalized
MHD equations”, Monatsh. Math. 175:1 (2014), 127-131. MR Zbl


http://dx.doi.org/10.1007/s00605-016-0958-1
http://msp.org/idx/mr/3539934
http://msp.org/idx/zbl/06641464
https://www.nature.com/articles/150405d0.pdf
http://dx.doi.org/10.1007/978-3-642-16830-7
http://msp.org/idx/mr/2768550
http://msp.org/idx/zbl/1227.35004
http://dx.doi.org/10.1007/BF01212349
http://dx.doi.org/10.1007/BF01212349
http://msp.org/idx/mr/763762
http://msp.org/idx/zbl/0573.76029
http://dx.doi.org/10.1017/CBO9780511599965
http://msp.org/idx/mr/1250152
http://dx.doi.org/10.1063/1.1377611
http://msp.org/idx/mr/1680234
http://msp.org/idx/zbl/1151.76001
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.87.013110
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.87.013110
http://dx.doi.org/10.1007/s002200050067
http://dx.doi.org/10.1007/s002200050067
http://msp.org/idx/mr/1462753
http://msp.org/idx/zbl/0874.76092
http://dx.doi.org/10.1016/j.aim.2010.08.017
http://dx.doi.org/10.1016/j.aim.2010.08.017
http://msp.org/idx/mr/2737801
http://msp.org/idx/zbl/1213.35159
http://dx.doi.org/10.1137/130937718
http://dx.doi.org/10.1137/130937718
http://msp.org/idx/mr/3163239
http://msp.org/idx/zbl/1293.35233
http://dx.doi.org/10.1016/j.jfa.2007.10.001
http://msp.org/idx/mr/2376577
http://msp.org/idx/zbl/1163.35030
http://msp.org/idx/mr/1688875
http://msp.org/idx/zbl/0927.76002
http://dx.doi.org/10.1007/s00205-008-0213-6
http://dx.doi.org/10.1007/s00205-008-0213-6
http://msp.org/idx/mr/2592288
http://msp.org/idx/zbl/1184.35258
http://dx.doi.org/10.1063/1.2372512
http://dx.doi.org/10.1063/1.2372512
http://msp.org/idx/mr/2337003
http://msp.org/idx/zbl/1144.81329
http://msp.org/idx/arx/1405.2478
http://dx.doi.org/10.1007/s00605-014-0652-0
http://dx.doi.org/10.1007/s00605-014-0652-0
http://msp.org/idx/mr/3249890
http://msp.org/idx/zbl/1297.35182

BEYOND THE BKM CRITERION FOR THE 2D RESISTIVE MAGNETOHYDRODYNAMIC EQUATIONS 917

[Galaetal. 2017] S. Gala, A. M. Ragusa, and Z. Ye, “An improved blow-up criterion for smooth solutions of the two-dimensional
MHD equations”, Math. Methods Appl. Sci. 40:1 (2017), 279-285. MR Zbl

[Giga and Sohr 1991] Y. Giga and H. Sohr, “Abstract L? estimates for the Cauchy problem with applications to the Navier-Stokes
equations in exterior domains”, J. Funct. Anal. 102:1 (1991), 72-94. MR Zbl

[Jiu and Niu 2006] Q. Jiu and D. Niu, “Mathematical results related to a two-dimensional magneto-hydrodynamic equations”,
Acta Math. Sci. Ser. B Engl. Ed. 26:4 (2006), 744-756. MR Zbl

[Jiu and Zhao 2014] Q. Jiu and J. Zhao, “A remark on global regularity of 2D generalized magnetohydrodynamic equations”,
J. Math. Anal. Appl. 412:1 (2014), 478-484. MR Zbl

[Jiu and Zhao 2015] Q. Jiu and J. Zhao, “Global regularity of 2D generalized MHD equations with magnetic diffusion”, Z. Angew.
Math. Phys. 66:3 (2015), 677-687. MR Zbl

[Kato 1984] T. Kato, “Strong LP—solutions of the Navier—Stokes equation in R", with applications to weak solutions”, Math. Z.
187:4 (1984), 471-480. MR Zbl

[Kato and Ponce 1988] T. Kato and G. Ponce, “Commutator estimates and the Euler and Navier-Stokes equations”, Comm. Pure
Appl. Math. 41:7 (1988), 891-907. MR Zbl

[Kerr and Brandenburg 1999] R. M. Kerr and A. Brandenburg, “Evidence for a singularity in ideal magnetohydrodynamics:
implications for fast reconnection”, Phys. Rev. Lett. 83:6-9 (1999), art. id. 1155.

[Kozono and Taniuchi 2000] H. Kozono and Y. Taniuchi, “Bilinear estimates and critical Sobolev inequality in BMO, with
applications to the Navier—Stokes and the Euler equations”, pp. 39-52 in Mathematical analysis in fluid and gas dynamics
(Kyoto, 1999), edited by A. Matsumura and S. Kawashima, Siirikaisekikenkytisho Kokytiroku 1146, RIMS, Kyoto, 2000. MR
Zbl

[Lei and Zhou 2009] Z. Lei and Y. Zhou, “BKM’s criterion and global weak solutions for magnetohydrodynamics with zero
viscosity”, Discrete Contin. Dyn. Syst. 25:2 (2009), 575-583. MR Zbl

[Marsch and Tu 1994] E. Marsch and C.-Y. Tu, “Non-Gaussian probability distributions of solar wind fluctuations”, Ann.
Geophysicae 12:12 (1994), 1127-1138.

[Ng et al. 2003] C. S. Ng, A. Bhattacharjee, K. Germaschewski, and S. Galtier, “Anisotropic fluid turbulence in the interstellar
medium and solar wind”, Phys. Plasmas 10:5 (2003), 1954-1962.

[Priest 1982] E. R. Priest, Solar magnetohydrodynamics, Springer, 1982.

[Priest and Forbes 2000] E. Priest and T. Forbes, Magnetic reconnection: MHD theory and applications, Cambridge University
Press, 2000. MR Zbl

[Strauss 1976] H. Strauss, “Nonlinear three dimensional dynamics of noncircular tokamaks”, Phys. of Fluids 19:1 (1976),
134-140.

[Tran et al. 2013a] C. V. Tran, X. Yu, and L. A. K. Blackbourn, “Two-dimensional magnetohydrodynamic turbulence in the
limits of infinite and vanishing magnetic Prandtl number”, J. Fluid Mech. 725 (2013), 195-215. MR Zbl

[Tran et al. 2013b] C. V. Tran, X. Yu, and Z. Zhai, “On global regularity of 2D generalized magnetohydrodynamic equations”,
J. Differential Equations 254:10 (2013), 4194-4216. MR Zbl

[Wu 2003] J. Wu, “Generalized MHD equations”, J. Differential Equations 195:2 (2003), 284-312. MR Zbl

[Wu 2008] J. Wu, “Regularity criteria for the generalized MHD equations”, Comm. Partial Differential Equations 33:1-3 (2008),
285-306. MR Zbl

[Wu 2011] J. Wu, “Global regularity for a class of generalized magnetohydrodynamic equations”, J. Math. Fluid Mech. 13:2
(2011), 295-305. MR Zbl

[Yamazaki 2014a] K. Yamazaki, “On the global regularity of two-dimensional generalized magnetohydrodynamics system”,
J. Math. Anal. Appl. 416:1 (2014), 99-111. MR Zbl

[Yamazaki 2014b] K. Yamazaki, “Remarks on the global regularity of the two-dimensional magnetohydrodynamics system with
zero dissipation”, Nonlinear Anal. Theory Methods Appl. 94 (2014), 194-205. MR Zbl

[Ye and Xu 2014] Z. Ye and X. Xu, “Global regularity of the two-dimensional incompressible generalized magnetohydrodynam-
ics system”, Nonlinear Anal. Theory Methods Appl. 100 (2014), 86-96. MR Zbl


http://dx.doi.org/10.1002/mma.3989
http://dx.doi.org/10.1002/mma.3989
http://msp.org/idx/mr/3583053
http://msp.org/idx/zbl/1356.35176
http://dx.doi.org/10.1016/0022-1236(91)90136-S
http://dx.doi.org/10.1016/0022-1236(91)90136-S
http://msp.org/idx/mr/1138838
http://msp.org/idx/zbl/0739.35067
http://dx.doi.org/10.1016/S0252-9602(06)60101-X
http://msp.org/idx/mr/2265204
http://msp.org/idx/zbl/1188.35148
http://dx.doi.org/10.1016/j.jmaa.2013.10.074
http://msp.org/idx/mr/3145815
http://msp.org/idx/zbl/1311.35222
http://dx.doi.org/10.1007/s00033-014-0415-8
http://msp.org/idx/mr/3347406
http://msp.org/idx/zbl/1320.35281
http://dx.doi.org/10.1007/BF01174182
http://msp.org/idx/mr/760047
http://msp.org/idx/zbl/0545.35073
http://dx.doi.org/10.1002/cpa.3160410704
http://msp.org/idx/mr/951744
http://msp.org/idx/zbl/0671.35066
http://dx.doi.org/10.1103/PhysRevLett.83.1155
http://dx.doi.org/10.1103/PhysRevLett.83.1155
http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/1146-3.pdf
http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/1146-3.pdf
http://msp.org/idx/mr/1788853
http://msp.org/idx/zbl/0968.35512
http://dx.doi.org/10.3934/dcds.2009.25.575
http://dx.doi.org/10.3934/dcds.2009.25.575
http://msp.org/idx/mr/2525193
http://msp.org/idx/zbl/1171.35452
http://dx.doi.org/10.1007/s00585-994-1127-8
http://dx.doi.org/10.1063/1.1567291
http://dx.doi.org/10.1063/1.1567291
http://dx.doi.org/10.1007/978-94-009-7958-1
http://dx.doi.org/10.1017/CBO9780511525087
http://msp.org/idx/mr/1767269
http://msp.org/idx/zbl/0959.76002
http://dx.doi.org/10.1063/1.861310
http://dx.doi.org/10.1017/jfm.2013.193
http://dx.doi.org/10.1017/jfm.2013.193
http://msp.org/idx/mr/3062190
http://msp.org/idx/zbl/1287.76241
http://dx.doi.org/10.1016/j.jde.2013.02.016
http://msp.org/idx/mr/3032302
http://msp.org/idx/zbl/1283.35094
http://dx.doi.org/10.1016/j.jde.2003.07.007
http://msp.org/idx/mr/2016814
http://msp.org/idx/zbl/1057.35040
http://dx.doi.org/10.1080/03605300701382530
http://msp.org/idx/mr/2398230
http://msp.org/idx/zbl/1134.76068
http://dx.doi.org/10.1007/s00021-009-0017-y
http://msp.org/idx/mr/2805867
http://msp.org/idx/zbl/1270.35371
http://dx.doi.org/10.1016/j.jmaa.2014.02.027
http://msp.org/idx/mr/3182750
http://msp.org/idx/zbl/1300.35107
http://dx.doi.org/10.1016/j.na.2013.08.020
http://dx.doi.org/10.1016/j.na.2013.08.020
http://msp.org/idx/mr/3120685
http://msp.org/idx/zbl/1282.35114
http://dx.doi.org/10.1016/j.na.2014.01.012
http://dx.doi.org/10.1016/j.na.2014.01.012
http://msp.org/idx/mr/3168045
http://msp.org/idx/zbl/1288.35406

918 LEO AGELAS

[Yuan and Zhao 2018] B. Yuan and J. Zhao, “Global Regularity of 2D almost resistive MHD Equations”, Nonlinear Anal. Real
World Appl. 41 (2018), 53-65.

[Zhou and Fan 2011] Y. Zhou and J. Fan, “A regularity criterion for the 2D MHD system with zero magnetic diffusivity”,
J. Math. Anal. Appl. 378:1 (2011), 169-172. MR Zbl

[Zweibel and Heiles 1997] E. Zweibel and C. Heiles, “Magnetic fields in galaxies and beyond”, Nature 385 (1997), 131-136.

Received 16 Jan 2017. Revised 12 Sep 2017. Accepted 14 Nov 2017.

LEO AGELAS: leo.agelas@ifpen.fr
Department of Mathematics, IFP Energies nouvelles, Rueil-Malmaison, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1016/j.nonrwa.2017.10.006
http://dx.doi.org/10.1016/j.jmaa.2011.01.014
http://msp.org/idx/mr/2772455
http://msp.org/idx/zbl/1211.35231
http://dx.doi.org/10.1038/385131a0
mailto:leo.agelas@ifpen.fr
http://msp.org

Nicolas Burq

Massimiliano Berti

Sun-Yung Alice Chang

Michael Christ

Alessio Figalli

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Vadim Kaloshin

Herbert Koch

Izabella Laba

Gilles Lebeau

Richard B. Melrose

Frank Merle

William Minicozzi IT

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Princeton University, USA

chang @math.princeton.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

ETH Zurich, Switzerland
alessio.figalli@math.ethz.ch

Princeton University, USA
cf@math.princeton.edu

Universitidt Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu
University of Maryland, USA
vadim.kaloshin@gmail.com

Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Massachussets Inst. of Tech., USA
rbm @math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot

Werner Miiller

Gilles Pisier

Tristan Riviere

Igor Rodnianski

Wilhelm Schlag

Sylvia Serfaty

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andras Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitdt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2018 is US $275/year for the electronic version, and $480/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:alessio.figalli@math.ethz.ch
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 11 No.4 2018

C' regularity of orthotropic p-harmonic functions in the plane
PIERRE BOUSQUET and LORENZO BRASCO

Applications of small-scale quantum ergodicity in nodal sets
HAMID HEZARI

On rank-2 Toda systems with arbitrary singularities: local mass and new estimates
CHANG-SHOU LIN, JUN-CHENG WEI, WEN YANG and LEI ZHANG

Beyond the BKM criterion for the 2D resistive magnetohydrodynamic equations
LEO AGELAS

On a bilinear Strichartz estimate on irrational tori

CHENJIE FAN, GIGLIOLA STAFFILANI, HONG WANG and BOBBY WILSON
Sharp global estimates for local and nonlocal porous medium-type equations in bounded do-
mains

MATTEO BONFORTE, ALESSIO FIGALLI and JUAN LUIS VAZQUEZ
Blow-up of a critical Sobolev norm for energy-subcritical and energy-supercritical wave equa-
tions

THOMAS DUYCKAERTS and JTANWEI YANG

Global weak solutions for generalized SQG in bounded domains
Huy QUANG NGUYEN

813

855

873

899

919

945

983

1029

Scale-free unique continuation principle for spectral projectors, eigenvalue-lifting and Wegner 1049

estimates for random Schrodinger operators
IvicA NAKIC, MATTHIAS TAUFER, MARTIN TAUTENHAHN and IVAN VESELIC

2157-5045(2018)11:4;1-Q

8)

1



	Introduction
	1. Some notation
	2. Local regularity of solutions of the 2D MHD equations
	3. Some estimates
	4. Some new estimates
	5. A new blow-up criterion
	Conclusion
	Acknowledgements
	References
	
	

