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ON A BILINEAR STRICHARTZ ESTIMATE ON IRRATIONAL TORI

CHENIJIE FAN, GIGLIOLA STAFFILANI, HONG WANG AND BOBBY WILSON

We prove a bilinear Strichartz-type estimate for irrational tori via a decoupling-type argument, as used by
Bourgain and Demeter (2015), recovering and generalizing a result of De Silva, Pavlovié, Staffilani and
Tzirakis (2007). As a corollary, we derive a global well-posedness result for the cubic defocusing NLS on

two-dimensional irrational tori with data of infinite energy.

1. Introduction

Bourgain and Demeter [2015] proved the full range of Strichartz estimates for the Schrodinger equation

on tori as a consequence of the £2 decoupling theorem. In this paper we prove in full generality the analog

of the improved Strichartz estimate that first appeared in [De Silva et al. 2007] for rational tori.

1A. Statement of the problem and main results. Let T = R/Z be the one-dimensional torus, and let

O1,...,0g_1 € [%, 1]; we define d-dimensional torus T as T¢ = T xa T x -+ - x og—1T. We say that

the torus is irrational if at least one ¢; is irrational. The torus is rational otherwise. For any A > 1, we

define Tf as a rescaling of LK by A;i.e.,

T¢ = AT9 = (AT) x (@1 AT) X -+ x (g1 AT).

When A — oo, one should think of T} as a large torus approximating R¢. We consider the following

Cauchy problem for the linear Schrodinger equation on Tg:

iug—Au=0, (1,x)eRxTY,
u(0,x) =ug, Ugé€ Lz(Tf).

Let U, (t)uo be the solution to (1-1), and let

1 1 1
Ay :==Zx—7Zx--- 7).
2 k( xO[1 X ><O(d_1 )

One has

1 o o
UA(Z)M()(.X)= Ad/z Z eZTrklx |2nk|21tu0(k).

kel
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Theorem 1.1. Let ¢y, ¢ € L*(T)) be two initial data such that supp qASl- Clk:|lk|~N;}, i =1,2, for
some large N1 > N3, and let 11(t) be a time cut-off function, supp n C [0, 1]. Then when d = 2,

1 Np\'?
00110 Usalzz, < N5 (5 +37)  Wrlzaldaloe (13
and whend >3
N2d—3 2d—l 1/2
In(@Urd1-n@)Uz2ll 2 < N3 (T + N ) l¢1llz2lP2lz2- (1-4)

We note that when d = 2, N1 = N, and A = 1, estimate (1-3) recovers the Strichartz inequality
for the (irrational) torus after an application of Holder’s inequality, up to an Nj-loss. When A — oo,
estimates (1-3) and (1-4) are consistent with the bilinear Strichartz inequality in R +1 [Bourgain 1998].
Up to the N;-loss, inequality (1-3) is sharp.

Furthermore, when A > Ny, the estimates fall into the so-called semiclassical regime in which the
geometry of T is irrelevant. We refer to [Hani 2012] for the same estimate (without N -loss) on general
compact manifolds. On the torus, our result improves the estimate in that paper for A < N;. Estimates
(1-3) and (1-4) rely on the geometry of the torus and cannot hold on general compact manifolds.

Remark 1.2. It may also be interesting to consider trilinear estimates. In fact when one considers the
quintic nonlinear Schrodinger equation, as in [Herr et al. 2011; Ionescu and Pausader 2012], trilinear
estimates are fundamental. See also [Ramos 2016].

We will derive Theorem 1.1 from some bilinear decoupling-type estimates. We first introduce some
basic notation.

Let P be the truncated paraboloid in R+

P={([5P):5 R €] <1 (1-5)
For any function f supported on P, we define

Ef = fdo, (1-6)
where o is the measure on P.
Note a function supported on P can be naturally understood as a function supported on the ball
B={fcR:|§| S 1}.
By a slight abuse of notation, for a function f supported in the ball B in R4, we also define

Ef(x,1) = /l?e‘z”i‘g')‘*'g'“f(s)ds. (1-7)

One can see that the two definitions of E f are essentially the same since P projects onto B.

We decompose P as a finitely overlapping union of caps 6 of radius §. Here a cap 6 of radius § is the
set 0 ={& e P:|E—E&| <4} for some fixed &g € P. We define E fy = f/gc?r, where fy is f restricted
to . We use a similar definition also when f is a function supported on the unit ball in R¢. We have
Ef =Y 4 Efy.

Now, we are ready to state our main decoupling-type estimate.
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Theorem 1.3. Given A > 1, Ny > Ny > 1, let f1 be supported on P where |&| ~ 1, and let f> be
supported on P where |&| ~ Na/Ny. Let Q ={(¢t, x) € [0, N12] x [0, (AN1)2)%}. For a finitely overlapping
covering of the ball B = {|&| < 1} of caps {0}, |0] = 1/(AN1), we have the following estimate. For any
small €e >0, when d = 2,

1 1/2

NA—1\1/2 2
IEAES2] L2, we) Se (Nz)exd/z(ﬁfv—l) H( > llEﬁ,elligvg(wQ)) . (18)
J=1\81=1/(AN))

and when d > 3,

d-3 d—1\1/2 2 1/2
VEAERI L2 gy Se (Nyrd/2( 22— 4 23 [T{ 2 IEf6I (1-9)
Lavg(wQ) ~€ A’ Nl ]’9 Lfvg(wQ) ’
J=1"10|=1/(AN1)

where wq is a weight adapted to Q.

The presence of the weight w in these estimates is standard. We list the basic properties of w in
Section 1D, and one can refer to [Bourgain and Demeter 2017] for more details. The notation La\,g(wg)2
is explained in Section 1C.

The proof of Theorem 1.3 gives another proof of the linear decoupling theorem in [Bourgain and
Demeter 2015] in dimension d = 2, and does not rely on multilinear Kakeya or multilinear restriction
theorems in R3. The proof of Theorem 1.3 in dimension d > 3 relies instead on linear decoupling in
R4+ [Bourgain and Demeter 2015].

Remark 1.4. The estimates in Theorems 1.1 and 1.3 are sharp up to an N5. See the Appendix for
examples.

Remark 1.5. The NJ-loss in Theorem 1.1 is typical if one wants to directly use a decoupling-type
argument. It may be possible to remove N5 in the mass supercritical setting (in our case, this means
d > 3), using the approach in [Killip and Visan 2016], where the scale-invariant Strichartz estimates are
studied.

Remark 1.6. Similar bilinear estimates for dimension d > 3 were also considered in [Killip and Visan
2016] for nonrescaled tori; see Lemma 3.3 in that paper. On the other hand in this work we also consider
the d = 2 case, which is mass critical.

1B. Background and meotivation. System (1-1) and the bilinear estimates (1-3) and (1-4) naturally
appear in the study of the following nonlinear Schrédinger equation on the nonrescaled tori:

iy + Au = |ulu,

u(0) = ug € H*(T9). (1-10)

Let us focus for a moment on the d = 2 case. The Cauchy problem is said to be locally well-posed in
H*(T9) if for any initial data ug € H*(T?) there exists a time T = T'(||uo||s) such that a unique solution
to the initial value problem exists on the time interval [0, T]. We also require that the data-to-solution

map is continuous from H*(T%) to COH([0,T] x T4). If T = oo, we say that a Cauchy problem is
globally well-posed.
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The initial value problem (1-10) is locally well-posed for initial data ug € H®, s > 0, via Strichartz
estimates. Note that using iteration, by the energy conservation law, i.e.,

E@) = Euo) = 3 [ 1Vul+ [ lul®

all initial data in H'(T?) give rise to a global solution. Next, by the nowadays standard I-method
[Colliander et al. 2002] by considering a modified version of the energy, in the rational torus case, it was
proved in [De Silva et al. 2007] that (1-10) is indeed globally well-posed for initial data in H*, s > %
The key estimate there was in fact (1-3) for linear solutions on rescaled tori, which we prove here to be
available also for irrational tori.

The proof for (1-3) presented in [De Silva et al. 2007] is only for rational tori since it relies on certain
types of counting lemmata that cannot directly work on irrational tori. One of the main purposes of this
work in fact is to extend results on rational tori to irrational ones.

Based on the discussion we just made, as a corollary of Theorem 1.1, we have:

Corollary 1.7. The initial value problem (1-10) defined on any torus T2 is globally well-posed for initial
data in H*(T?) with s > %

Remark 1.8. Results such as Corollary 1.7 usually also give a control on the growth of Sobolev norms
of the global solutions. We do not address this particular question here. We instead refer the reader to the
recent work [Deng and Germain 2017].

The original Strichartz estimates needed to prove the local well-posedness of Cauchy problems such
as (1-10) were first obtained in [Bourgain 1993] via number-theoretical-related counting arguments for
rational tori. Recently, the striking proof of the £? decoupling theorem [Bourgain and Demeter 2015]
provided a completely different approach from which all the desired Strichartz estimates on tori, both
rational and irrational, follow. This approach in particular does not depend on counting lattice points.
See also [Guo et al. 2014; Deng et al. 2017]. The method of proof we implement in this present work is
mostly inspired by [Bourgain and Demeter 2015] and the techniques used to prove the ¢? decoupling
theorem.

We quickly recall the main result in [Bourgain and Demeter 2015]. Let P be a unit parabola in R+
covered by finitely overlapping caps 8 of radius 1/R. Let f be a function defined on P; then one has for
any € > 0 small,

€ p2yd/4—(d+2)/(2p) > 12 2(d +2)
IEf L os,,) Se RE(R?) DNEMI ) - PZ—F— (1D

0

Note that (1-11) corresponds to Theorem 1.1 in [Bourgain and Demeter 2015], and the dimension # in the
estimate (2) there corresponds to our d + 1. Also note that the linear decoupling (1-11) not only works
for those f exactly supported on P, but those f supported in an R~2 neighborhood of P, and in this
case, cap & would be replaced by the R~2 neighborhood of the original #; see Theorem 1.1 in [Bourgain
and Demeter 2015].
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We remark that one key feature of this decoupling-type estimate is that one needs to work on a larger
scale in physical space, i.e., the scale R? rather than R, in order to observe the decoupling phenomena.
The proper observational scale dictated by Heisenberg’s uncertainty principle is R.

Indeed, one principle, which is usually called parallel decoupling, indicates that if decoupling happens
in a small region, then decoupling happens in a large region as well. We state a bilinear version of parallel
decoupling below.

Lemma 1.9 [Bourgain and Demeter 2015; 2017]. Let D be a domain, and D = D1 U D, U---U Dy,
D; N D; = @. If for some constant A > 0 and for functions hy, h2, defined on the unit parabola, one has

2 1/2
IER Eh2llL2 wp,) = 4 1_[( > ||Ehj,0||i;*vg(w[,i)) Loi=1,.J, (1-12)
J=1*|0|=1/(AN1)

then one also has

2 1/2
IER Ehals oy < 4 [ ] ( S Eh ||i§vg(wD)) | (1-13)
J=1"10|=1/(ANy)
The proof of this particular formulation of parallel decoupling follows by Minkowski’s inequality.
As it exists, parallel decoupling is a principle rather than a concrete lemma. We state the version here
solely for concreteness. It should be easy to generalize the lemma under different conditions.

1C. Notation. We write A < B if A < CB for a constant C > 0, and A ~ B if both A < B and B < A.
We say A <. B if the constant C depends on €. Similarly for A ~ B. For a Borel set, E C R?, we
denote the diameter of E by |E| and the Lebesgue measure of E by m(FE).

We will use the usual function space LP. We also use a (weighted) average version of L? space; i.e.,

1/p 1 1/p
||g||Lqu(A) (]{1 gl m(A) J4 8]

1 1/p
lelzg,n = (e [ 161704)

where wy is a weight function described below.

For any function f, we use f to denote its Fourier transform. When we say unit ball, we refer to a ball of
radius r ~ 1. We will often identify a torus as a bounded domain in Euclidean space; for example, we will
view (R/Z)% as [0, 1]¢ C R¥. In this work, €2 is used to denote the domain [0, le] x[0, (AN1)?]? c R+,

1D. The weight w 4. If h is a Schwartz function whose Fourier transform, h, is supported in a ball of
radius 1/ R, we expect & to be essentially constant on balls of radius R, and essentially

12l L2, Ry ~ IlL2 (BR) ~ ItllLoo(BR)- (1-14)

avg

Expression (1-14) is not rigorous, and the introduction of the weight wp, is a standard way to overcome

this technical difficulty. We refer to Lemma 4.1 in [Bourgain and Demeter 2017] for a more detailed
discussion of the weight function.
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For any bounded open convex set A, the weight function w4 might change from line to line and from
the left-hand side of the inequality to the right-hand side, and satisfies the properties:

o [wyq ~m(A).
e wy = 1 on A, and rapidly (polynomial-type) decays outside A.

We will usually define A4 to be a ball, or the product of balls in this paper.

Furthermore, let Bg be a ball centered at 0, and let pp, be a function such that jig, is about
1/(m(B1/r)) on By,g, and supported in B,,g. Then 1up, is about 1 on B, and decays faster than any
polynomial outside of Bg. Additionally, “JZE?R is positive, decays faster than any polynomial outside of
Brp and is Fourier-supported in By, g. We take translations B’ of Bg to cover the whole space, and we
denote by pp’ the corresponding translation of up, and wp,(B’) = maxyep’ wp,. We have the useful
property,

wag (X) Y wa(B)1p/(x) S wae (B up (x) S wpy (x). (1-15)
B’ B
The last inequality follows from the fact that /A%/ decays faster than any polynomial outside of B’.

Lemma 1.10. For a function f supported in Byg, for any p < oo,

IEf lLooBr) S NES L2 (15 ,)-

We refer to the proof of Corollary 4.3 in [Bourgain and Demeter 2017] with the weight on the left-hand
side being 1, so that on the right-hand side we have a fast decay weight.

Remark 1.11. In general, Lemma 1.10 should hold for any convex set A and the dual convex body A*.

2. Proof of Theorem 1.1 assuming Theorem 1.3

Assume Theorem 1.3, and let us prove Theorem 1.1. The argument below comes from the proof of
discrete restriction and the Strichartz estimate on irrational tori assuming the £2 decoupling estimate; see
Theorems 2.2 and 2.3 in [Bourgain and Demeter 2015]. The argument originally comes as observation
due to Bourgain [2013]. We record it here for completeness.

Let ¢1, ¢ be as in Theorem 1.1. We rescale ¢; to be supported in the unit ball and rescale ¢, to be
supported in a ball of radius ~ N,/ Np. Recall,

1 e 24 n
kel
k~Nj

We perform a change of variables £ = k/N; and we let

1 N
hi () = a7 > $iENDS(r). j=1.2. (2-2)
€A N,
£|~1

Note one can directly check that

U, (t)pj (x,t) = Ehj(—2mN1x, (27)>Nit). (2-3)
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Without loss of generality, we suppress the constants —27 and (27)2.
Let Qo =[0, N 12] X Tﬁ{ N and let us view Tf n, s acompact set in R<. In particular, one can construct
the associated weight function wg,,. Direct computation (via change of variables) gives

-
101 Ur D2l 20,1179y ~ N7 @ T22m(Q0) | El Eh2 12 0, (2-4)
and due to the periodicity of Eh;, i = 1,2, one has
IER Eh2llL2 (@) = [ER1ER2ll L2 (00)- (2-5)

For a covering {0} of caps of radius 1/(ANy), each cap 6 contains at most one £ € A 3 v, , corresponding
to kg = N1&g € A . Then

1 .
IERj6llL4 oy ~ hi(E0) ~ A—d¢j (ko).
and

2

1/2 J 2 1/2 J
2 - " 2 -
(X 1EBwe) ~T1(G X 00F)  ~a ol

J=1"18|=1/(ANy) j=1 keA,
For convenience of notation let

1/A+ Ny/Ny when d = 2,

2-6
NE=3/2+ N¢=1/Ni whend > 3. 0

Dj NNy = {

Recall that = [0, N1]2 x [0, (AN1)?]4; we apply Theorem 1.3 with Jj = hj, and we have

2

1/2
1/2
IEh Enlis ey S (04015 W TT( X Wbl ) - @D
J=1"|6|=1/(AN1)

Note that € can be covered by Q such that {Q} are finitely overlapping and each Q is a translation
of Qp. Since Eh; are periodic on x, estimate (2-7) is equivalent to

2

1/2
IER E2lL2 (o) Se (Nz)fkd/zDifﬁl,Nzl_[( > ||Ehj’9||i4(wQ0)) . (2-9)
J=1"16]=1/(AN))

Plugging (2-8) into (2-4) gives
—(d+2)/2 - 1/2
10 (01 Ur Ol 2 g0, 11r9) S N 22 Nm(T )1 2274 - (N2) 242D /R,  Ibnll2 g2l
1/2
~ (MDY gl g2l 2

and Theorem 1.1 follows.

The rest of the paper details the proof of Theorem 1.3.
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3. An overview of the proof of Theorem 1.3
First, we reduce the proof of Theorem 1.3 to the following proposition.

Proposition 3.1. Let ty be a cap of radius N>/ N1 supported at § with |§| ~ 1. Let 15 be a cap of
radius N>/ Ny supported at § with |§| ~ N2/ Ni. Let f; be a function supported in t;. Then for any small
€>0,whend =2

AL 2 1/2
IEAERILz oy Ze W32 (1 +32) TI( X 1Efoly ) - D
Y j=Ne1=1/GN)
0Crt;

and when d > 3,

d— d—1\1/2 2 1/2
IEAES] <cvpada (N N : [T 2 1Efel] / (3-2)
LEJ2ILZ (wg) ~e V2 1 N, j,0 L3, (wg) :
J=1*|0|=1/(ANy1)
OC‘L'J'

Now, let f1, f> be as in Proposition 3.1. We define Ko(A, N1, N2) to be the best constant such that

2 1/2
EAERL 0o <A Ko MM [T X WEfol ) - O
J=1 "10|=1/(AN1)

We also let K (A, N1, N2) and K(A, N1, N») be defined as the best constants such that

2 1/2

d/2 ¢ 2

IEEL2L2, 00 oo nny) = K(/\,N1,Nz)j1j[1(9 %N )||Ef,,e||L§Vg(w[0,le]XWl]d)) :
1 \ol= 1M

(3-4)

2 1/2
IEAESNL2 g ) <A K Nl,Nz)l_[( > NEfalZs, 2)) . (39)
i J=1"16]=1/(AN1) M

Below we will prove that

1 N,\V/2
Ko NiuN2) SNs (- + ) d=2,
A M
(3-6)
Nd—3 Nd—l 1/2
Ko(A.N1.N2) SN5( 2—+ =2 . d=3.
A N1
We point out here that by parallel decoupling, Lemma 1.9, one always has
Ko(A, N1, N2) < K(A, N1, N2),
(3-7)

Ko(A, N1, N2) < K(A, N1, N»).

The proof of Proposition 3.1 or equivalently (3-6) proceeds as follows. We first show:
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Lemma 3.2. When A > N,

~ d-1)/2
K(A,Nl,Nz)ﬁNzEZT- (3-8)
N,y
Note that when A > N1, Proposition 3.1 follows from (3-7) and Lemma 3.2.
Then, we show:
Lemma 3.3. When A < Ny,
K(A,Nl,Nz)st(ff) , d=2,
: (3-9)

Nd—3 Nd—l 1/2
K()\,Nl,Nz)SNf( a + ]2\71) , d=3.

From (3-7), clearly Proposition 3.1 follows from Lemmas 3.2 and 3.3.

The proof of Lemma 3.3 in dimension d = 2 relies on induction (of scale N5). The proof of Lemma 3.3
in dimension in d > 3 is easier and more straightforward, (in some sense, it also relies on induction, but
it is enough to induct only once.)

We first show the base case:

Lemma 3.4. When A < Ny and Ny < 1, we have K(A, N1, N2) < 1//\1/2.
Lemma 3.4 is not as useful in dimension d > 3, we indeed have a better estimate:
Lemma 3.5. Whend >3, A < Ny and A < N1/N2, we have K(X, N1, N) < (N§=3/0)1/2
We then show the following lemma, which ensures that we only need to induct until A < Nj/N;, when
d =2, and until N1/N, when d > 3.
Lemma 3.6. Let A < Nj.

Let d = 2. Assume we have K(A, N1, N3) < A7 Y2 when A < N1/N;. Then

(d-1)/2
KA. N1, N2) < NS =2
Nl

N
when A > —1.

2

Let d > 3. Assume we have K(A, N1, Na) < (de_3/)k)1/2 when A < N1/N22. Then

d—1/(2)
K(A N1, N2) < N5 27—
Nl

N
when A > —12
N3
Note that when d > 3, Lemmas 3.5 and 3.6 imply Lemma 3.3. In dimension d = 2, we use induction

(we rely on the so-called parabolic rescaling) to finish the proof of Lemma 3.3.

We end this section with an outline of the structure of the rest of the paper. We show that Proposition 3.1
implies Theorem 1.3 in Section 4. Lemmas 3.2, 3.4, and 3.6 all rely on the exploration of the so-called
transversality, which essentially allows us to reduce the dimensionality of the problem. We first explore
transversality in Section 5 and then we prove Lemmas 3.2, 3.4, and 3.6 in Section 6.
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The details of the induction procedure (which is nontrivial) that is used to prove Lemma 3.3 in
dimension d = 2 are given in Section 5. We remark here the proof of Lemma 3.3 relies on Lemma 3.2.

Finally, we prove Lemma 3.5 at the end of Section 7, which, together with Lemma 3.6 will conclude
the proof of Lemma 3.3 in dimension d > 3.

4. Proposition 3.1 implies Theorem 1.3

We first introduce one standard but important tool in the following lemma.

Lemma 4.1 [Bourgain and Demeter 2015; 2017]. Let {gq} be a family of functions such that supp g4
are finitely overlapped cubes of length p. Let A be bounded convex open set tiled by finitely overlapped
cubes Q of side length > p~\. Then for the wy adapted to A, the following holds:

2 { .
fA‘Zga wANZm/@al A

Proof. Since we can sum up the weight function over a finitely overlapping cover {Q} of A, that is,
wy = ZQC 4 Wo, it suffices to prove the result for A = Q. Recall by inequality (1-15), we can cover
the whole space R" by translations Q' of Q:

2
][Q'Zg“ wo dx = (Q)Z/
m(Q) Q(Q)/'Zga
=@ZwQ<Q/)/|ga*ﬁQ/|2

1
(Q) Q(Q)Z/|ga| 1y S (Q);/Igalzwg- m

Now we can reduce Proposition 3.1 to a bilinear decoupling on two (N, /Nj)-diameter caps.

MQ/

Lemma 4.2. Theorem 1.3 is equivalent to Proposition 3.1.

Proof. Let f1, f> be as in Theorem 1.3. Then f; = Z|r|=N2/N1 f1,- and the f1 . are supported on
finitely overlapping caps of diameter N,/ Nj.

Since | f2| is supported in a cap of diameter N,/ Ny, the supports of {571,, * EFZ}, are in finitely
overlapping cubes of length N,/ Nj. Since the scale of 2 is larger than N/ N>, i.e., it contains a ball of
radius > Ny /N3, by Lemma 4.1,

wo dx.

][|EflEf2|2wsde< ‘][ EflrEfZ
Q

|t|=N2/Ny

Now apply Proposition 3.1 for f1 ; and f for each t; Theorem 1.3 follows. O
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5. Transversality

Let f1, f> be as in Proposition 3.1; then f; is supported around (0,0,...,0,1,1) and f; is supported
around (0,0, ...,0). The main goal of this section is to explore the transversality between (0,0, ...,0, 1)
and (0,0,0,...,0), or more precisely, the transversality between the unit normal vectors of the truncated
parabola at these two points. The main lemma in this section is Lemma 5.1 below, and Corollary 5.7
which essentially follows from Lemma 5.1.

We first introduce some basic notation. Let {eq, ..., eg} be the standard basis of R4. We will encounter
caps of radius v around (0,0, ...,0) and (0,...,0, 1, 1) on the parabola. Note around those two points,
when v is small (which is always the case in our work), one may view those caps as their natural
projection to R4=1. And their image is essentially a square/cap of radius v. We say that a (v, v?)-plate
is a d-dimensional rectangle with the short side on the e;_;-direction such that its image under the
orthogonal projection to R4 lisa (v XvX-XUX v?)-rectangle.

Lemma 5.1. Given |v| <1, let f1 be afunction supported on a cap of radius v, centered at (0, ...,0,1,1)
on the truncated parabola P, and let f> be a function supported on a cap of radius v centered at

(0,...,0,0,0) on the paraboloid. For a covering {t;} of supp f; with (v, v?) plates, with the shorter

side on the ey_-direction, we have the following decoupling inequality: for any R > v™2,

[1EAERPuR S Y [ 1A EnPun,. (5-1)
71,72

Remark 5.2. We thank J. Ramos for pointing out that Lemma 5.1 is a particular case of Proposition 2 in
[Ramos 2016]. We still write a proof in this paper for clarity.

Proof. The proof is similar to the proof of the L# Strichartz estimate on the one-dimensional torus. From
the inequality (1-15), we only need to prove that

[ ERERE S Y [IEAAER AP
B 71,72
for all translations B’ of Bg. Now

/B/ |Ef1Ef2|2 f Z /l;/ Efl,tl Efz,rzE_fl,tj,E_fZ,mM%;/- (5-2)

T1,72,73,74

d— i z P — .
Let& €ty & = (§itoer o Eiamts Y01 ED?) = G biaon, JE2 + G912, i = 1,2,3,4. We
have _
& Sv, i=1,2,3,4,

&a—1—1<v, i=13, (5-3)
& a—1l Sv, =24

Essentially, for any 11, 12, 73, 74 such that

/Efl,n EfZ,rzE_fl,UE_flml’L%’ 7é 0,
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one must have for some §; € 1;,
El—&3=&—-&+OR™),
€117~ 18317 = €5~ |13 + O(R™),

and the second formula in (5-4) implies

(rd—1—E3.0-1)ELa—1 +E3.a-1) = O(&* + [E4]*) + O(E1]* + |&]%) + O(RTY). (3-5)

Plugging into (5-3), one has |€; 41 — &3 4—1| < v% which again implies |5 g—1 —£4.9-1| S V2

To summarize, f EfioE fz,rzE_f 1,13E_f 2,74 u%, # 0 implies the distance between 7; and t3 and
the distance between 1, and t4 are both bounded by v2, which essentially means t; = tj45, | = 1,2.
Applying this fact to (5-2), Lemma 5.1 follows. O

(5-4)

Remark 5.3. A quantitative version of estimate (5-1) can be stated as follows: assume that the support of
f1 is centered at (0, 1/ K, (1/K)?) rather than (0, 0, 1). From the proof we can attain the same estimate
as in (5-1) by introducing an additional constant K,

[1ErERPuR <K Y [1Efin EfePun (5:6)

71,72
Indeed, the proof essentially only relies on the fact that for & € supp f;, i = 1,2, the difference between
the d — 1 components is at least 1/ K. Similar arguments also hold for the estimate in Lemma 5.5; see
Corollary 5.7 below.

Remark 5.4. We remark that for any o < v, a function which is supported on a cap of radius « can be
naturally understood as a function supported on a cap of radius v.

Lemma 5.1 facilitates the decomposition of caps of radius v into plates of size (v, v?). We can further

decompose those into caps of radius v2.

Lemma 5.5. With the same notation as in Lemma 5.1, R > v™2, let supp f; be covered by finitely
overlapping caps 0; of radius v2,i = 1,2. Then

/lEflEf2|2wBRSU_(d_l) Z /|Efl,91Ef2,92|2wBR- (5'7)
6; |=v?

Proof. Clearly, we need only to prove (5-7) for every ball of radius v—2

contained in Bg, and then sum
them together. (This is the same principle of parallel decoupling, Lemma 1.9.)

Fix a pair of (v, v?) plates 11, Tp:

2
[1EAaEpnlPos, = [| ¥ EfinEfa ws,
6>C1o
|62]=v?
SU_(d_l) Z |Ef1,1:1Ef2,92|2wBR§ Z |Ef1,91Ef2,92|2wBR' (5-8)
6>Cto 8 Crj
62| =0 16, |=v2

The last inequality follows from Lemma 4.1 and Lemma 4.2. O
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Remark 5.6. Similar to Remark 5.4, for v2 < @ < v, a cap of scale v naturally lies in a cap of scale /.

Thus if we let f be a function supported on a cap of radius « centered at (0, ..., 0, 1, 1) on the paraboloid,
and we let f> be a function supported on a cap of radius « centered at (0, ..., 0,0, 0) on the paraboloid,
then by arguing similar to the proof of Lemma 5.5, we have for R > o™/,
d—1
v
[1EnEnrus, < (2) X [1EA0ER 0 o, 59)
16; |=

If we directly use the Holder inequality for all caps in the support of f; to estimate as in (5-8), then the
interpolation in the proof of Lemma 5.5 will give us a constant v~ rather than v=@~1 in (5-7), since
one has v—¢ caps for each f;. The bilinear transversality, i.e., the transversality between (0,0, ..., 0) and
(0,...,0,1,1), helps in reducing the dimension by 1 since in one direction we can use L* orthogonality,
as shown in Lemma 5.1. Thus here we are able to improve the constant in (5-7) to p~@-1

Corollary 5.7. Using the same notation as in Lemma 5.1, there exists a constant C such that for any v, 8,
and R7' <8 <wv,

d—1
/ EfiEfoPws, < (g)

Proof. The proof is most clear when § = v2" for some n. Let us first handle this case and then go to the

logé’

> /|Ef1 6, Ef2,6,|” W,

logv 61

general case. One may use induction. (This induction, however, does not rely on parabolic rescaling.) If
n = 0, there is nothing to prove.

Assume the result holds for the case n = k. Let us turn to the case n = k + 1, where § = v2k+l, and
s081/2 = vzk; thus by the induction assumption, we have
d—1
v
/|Ef1Ef2|2wBR < (W) Ck Z /|Ef1 7]1Ef2 7]2| WRg - (5'10)
ni|=81/2
Now note that R > (§~1/2)2 By Lemma 5.5, we have for each pair (71, n2) in (5-10) that
[ 1Efim EfnPun, < @274 S [ 1Ef 0 Efo P (5-11)
0; Cn,
16:1=

The case n = k + 1 clearly follows if one plugs (5-11) into (5-10), taking the constant C large enough.
Now we turn to the general case. We only need to work on the case vzn+1 < § < v?". Recall that

2" we used induction as v — vZ — v 52 = = §, and in each step we

used Lemma 5.5 t(3r }inish the induction v — v,

2" on

previously, when § = v

2

I’l . .
In the case U < 8§ < v? we have V%" < 81/ 2 and we use induction as before for v — v

2
U2

—

— .- — 02", and we use (5-9) to use induction again from v?" to . This ends the proof. O

6. Proofs of Lemmas 3.2, 3.4 and 3.6

We are now prepared to use transversality to prove Lemmas 3.2, 3.4, and 3.6. Recall Lemma 3.2 concerns
K (A, N1, N») defined in (3-4). Furthermore, Lemmas 3.4 and 3.6 refer to K(A, N1, N3) defined in (3-5).
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6A. Proof of Lemma 3.2. For convenience of notation, we let 21 :=[0, N 12] x [0, AN1]%. Note that one
can use finite overlapped balls of radius N 12 to cover 21 since A > N;. We want to prove

2

Nd—l 1/2
IEAELl13, 0,y Se A2N5 2 — 1‘[( 3 ||Ejg-,9||igvg(wgl)) AR
J=1*10|=1/(AN1)

We first apply Corollary 5.7 with § = Nl_z, v=N/Ni, R= N12. Note that § < v. Then we have

log Ny ¢

EfiEf>)? S(N N ——=—
JIERER s, 5 (i)t BT

Z / |Ef1,091 Ef2,92|2wBN12

16;1=1/N?

2
SN)TINE Y TTIES e 12au, ©-2)

).
N 2
|9./|=1/N12J:1 N1

Remark 6.1. We avoid the case when N1 = N,, and thus In Ny — In N, = 0, by first decomposing caps
of diameter N,/ Nj into caps of diameter N>/ (2N7) with loss of a fixed constant, then continuing with
the proof as above. In all of what follows, one may assume, without loss of generality, that N1 > 2N5.

Via the principle of parallel decoupling, Lemma 1.9, or by summing different B N? together, we have

2
[lEflElezwglg(NlNz)d‘le > ]_[||E];,9j||§4(wm). (6-3)

16;|=1/N2 j=1

Next we would like to show that

A d/2
2 2
136, g = (—Nl) > UEf e 6-4)
Q}CQJ'

16 1=1/(N1)

It suffices to show

A dj/2
2 2
o yan=(3) L 1Ehe e
0} C9j
16/1=1/(N)

and sum up as in Lemma 4.1.

Each function E f;gj/ is Fourier-supported in 91’., in particular, Fourier-supported in a cylinder of
radius 1/(ANy), height 1/N2, and 2 is tiled by cylinders of radius ANy, height N2 in the ¢-direction.
The proof of Lemma 4.1 works the same:

2 2 2
”Ef],G, ”Lgvg(gl) < Z ||Efj,ej' ”Lfvg(wBR) < Z ||Efj,0]’ ”L;lvg(wBR)-
6} Cej G}CGJ'

1671=1/(AN1) 107 1=1/(AN1)
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For the L°°-estimate, we apply the Cauchy—Schwarz inequality:

A d A d
1Ef 6,12 < (E) Y IS By S (Vl) > 1 s ey
67 Co; 0; b,
167 1=1/(AN1) 167 1=1/(AN1)

The last inequality is an application of Lemma 1.10. Note fy/ is supported in a ball of scale 1/(ANy),
and inside a box C of size (1/N12) X (1/(AN1)) x--- % (1/()LNJI)). We can make a affine transform of C
into a cube Q* of scale Ay,, which on the physical side would transform €21 into a cube of scale ANj.
We apply Lemma 1.10 after the affine transformation and then transform back. (Note in that setting, cube
is no different than a ball.)

We apply Holder’s inequality to conclude the argument.

6B. Proof of Lemma 3.4. Let A < Nj. We first note that we can use finitely overlapping balls B, y, to
cover 2 and that N < 1. Applying Corollary 5.7 with § = 1/(AN1) and v = N,/ N1 we have

log A + log Ny ¢

/| S1Ef2] WB; N, < (AN2) log N1 —log N>

Z / |Ef1,91 Ef2,02|2wBAN1

6 1=1/(AN1)

2
SAN)TINS Y TTIES gy,
10;1=1/(AN1) j=1 !

With parallel decoupling, Lemma 1.9, the desired estimate follows. (As remarked in Remark 6.1, one can

assume N; > 2N5.)

6C. Proof of Lemma 3.6. Let L < Nj.
We have the following two cases:
e Case 1: d =2, Ny > A > Ni/N»,and N; = (N1/}).
e Case2: d >3, Ny > 1 > N;/NZ, and N} = (N1/2)V/2

It is easy to check that we only need to show

Ni N2 )“"“/2 ©5)

K(A, Ny, N- SKX,N,N, —_— =
(A, N1, N2) (A, M1 2)(N£N1

We claim that

Ny N, d-1/2 2 1/2
IEAEf2NLs s ) S (v [T0 D> UEfelis wy ) - 66
N2 N} Ny ) e (WB
J=1 *10|=N3/(N1) 1

Since A < Nj, we cover B N2 with balls of radius A N;. Thus by parallel decoupling, to prove (6-6), we
only need to show

Ny Ny \@-D/2 2 1/2
2
£l (1) T X 180l ) -

J=1"10|=1/(AN1)
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Note that since ANy > Ni/N,, estimate (6-7) follows from Corollary 5.7 by setting § = N»/Nj,
v = N; /Ny via interpolation and local constant arguments as in Section 6A.
By the definition of K(A, N1, N»), we have that for any 61, 65 in (6-7),

2 1/2
||Ef1,elEfz,eznqvg(wml)sxd/zK(x,Nl,Ng)l"[( )3 ||Eﬁ,e;||igvg(wg)) 69
J=1 16} 1=1/GN)
6;Co;

Plugging (6-8) into (6-7), clearly (6-5) follows.

7. Induction procedure and proof of Lemma 3.3

To conclude the proof of Proposition 3.1, we are left with the proof of Lemma 3.3. For this lemma the
proof relies on induction on N,. The base case N, < 1 is resolved by Lemma 3.4, and by Lemma 3.6 we
need only to induct until A = (N2)4~1/Nj.

Let f1, f> be as in Lemma 3.3. Applying Lemma 5.1, taking v = Ni/N; and R = N2, we can
decouple the N»/Nj caps into (N2/Ny, N7 /N3E) plates without any loss; i.e.,

[1ErERPus, < 3 [1EAw Efsm g &

T1,T2

Here 7; are plates as described in Lemma 5.1. We focus on the case when d = 2 in R?; the high-
dimensional case will be explained in the end. When d = 2, the underlying plates become strips. We
start with some preparation before the induction.

7A. Preliminary preparation for the induction. We fix a pair of (N2/ Ny, N22 /N 12) strips 71, T2 from
estimate (7-1). We decompose 7; into a union of (N2/(KNp)) x (N22/N12) strips {s; }.
Using the notation “nonadj” short for nonadjacent, and “adj” short for adjacent, we have

Efe, P =) |Ef; P+ > |EfEfgl+ > |EfsEfyl

Sj ,sj’adj sj ,sjfnonadj
<10) |Ef, P+ Y |EfEfgl=Ln+12 (7-2)
Sj 5,87 nonadj

and
/|Efn Efr2|2wBN2 f/‘(Efrzl—11,1)(Ef122—12,1)‘+Ef12112,1+Eféll,1+11,112,1wBN2
1 1

s Y [IERERERE e+ Y [ 1B EfPus,,. 03

, .
55,85 nonadj S1,52

The last inequality follows from Lemmas 4.1 and 4.2.

The reason why we want to have nonadjacent parts is that we would like transversality (after rescaling)
on the other direction. Formula (7-3) will the starting point of our induction.
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For the second term in (7-3), we will later directly use induction (not relying on parallel rescaling) on
N> and reduce everything to the known base case N, = 1.
For the first term, using Cauchy—Schwarz

1/2 1/2
[1EsEf Bt fgun,, < ([1EfER Pos) ([ 1ERERPus,) . G0
1 1 1

We point out here that in what follows we do not rely on the bilinear transversality between s; and s>
(or 51 and s5), which is already handled in Lemma 5.1. Instead we will rely on the bilinear transversality
between s and s (or s2,55), since they are not adjacent. This transversality is most clear when one
applies parabolic rescaling.

Let us now turn to the term f |Efs, E fs’2 |2wq, when s, s5 are nonadjacent. The term with s1, s is
handled similarly, though one may need to rotate the coordinates.

Finally we point out here that K will be chosen large later and any (fixed) power of K will not impact
the final estimate. In particular, in the following estimates we will not worry about losing powers of K.

Without loss of generality, we assume

e 55 is the strip {(al,az,a% +a%) dag| < N22/N12, laz| < No/ KNy},
e s} is the strip {(b1, b2, b3 + b3) : |b1| < N§/N}, |bo—CN»/KNi| < No/KNi}, C > 10. (Here

10 is of course just some universal constant.)

7B. Parabolic rescaling. The next step, parabolic scaling, is standard in decoupling-type results; we
give the details here for the convenience of the reader.

Note s2, s lie on the same N,/N; cap. We rescale the N2/ N cap to radius 1. By a slight abuse of
notation, we regard f;; as a function depending only on two variables (§;,1, & 2). For convenience of

notation, we let i1 = fs,, ha = fsé. Let also g; (1;,1,1i,2) := hi((NZ/Nl)Ui,l, (NZ/NI)’TI',Z)'
Now

e g, is supported in the strip {(al,az,a% —I—a% t|lar| < Na/ Ny, |az| < 1/K},
* g is supported in the strip {(b1, b2, b? + b3) : |b1| < N2/ Ny, |b—C/K| <1/K}, C > 10.

Note g1, g» are supported on a pair of transverse (N2/Np) x 1 strips! due to the nonadjacency of s», 55.
We point out here the transversality between g1, g2 is not as in the assumption of Lemma 5.1, but it is in
the sense of Remark 5.3, which usually causes a loss of K in the estimate, but this does not matter.

The parabolic scaling says the following:

Claim 7.1. Let
Egi(y1,2,¥3) = Ehi(N1/N2)y1, (N1/N2)ya, (NZ/N3)y3),

let D be domain in R3 and let
D= {1, y2,93) : (N1/N2)y1, (N1/N2)y2, (N12/N22))73 € D}.

L Strictly speaking, we need them to support on a pair of (N2 /N1) x (1/100) strips; we neglect this technical point here.
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Then it follows from a standard change of variables technique that the following two estimates, with the
same constant A, are equivalent:

2 1/2
Em Bz, SATI( X 1EA ol ) 7-5)
J=1*0|=1/(AN1)
2 1/2
BBl wp AT X 18850 0p) 76

J=17161=1/(AN>)

We then concentrate on (7-6).
Take D = B N2 then D = [0, N. 2] x [0, Ny N2] (Here, without loss of generality, we regard B N2 3
[0, N2]3.) For convenience of notation, we set Q=[0,N $]1 % [0, N1 N2]% The parabolic rescaling gives:

Lemma 7.2. Assume g1, g2 are two general functions defined on the parabola. Let g1 be supported in
a strip of size (N2 /N1) x 1 around (0, 0,0), and g» be supported in a strip of size (N2/N1) x 1 around
(0, 1, 1). If for some constant A, one has (for all such g1, g2)

1/2
EEnlensA( X 1Bzl wy) a7
|0|=1/(AN2)

then for the same constant A, one has

”EstEszHLdvg(wBNz)
! 1/2 1/2
sKCA( Z “Efsz,é’”i;lvg(wB 2)) ( Z ”Efsé,elliglvg(wB 2)) . (7-8)
6=1/(AN1) M 6=1/(AN1) M

Remark 7.3. After rescaling, the relevant g, g» should be supported around (0, 0, 0) and (0, 1/K, 1/K?)
rather than (0, 0, 0) and (0, 0, 1). We state our lemma for g1, g supported around (0, 0,0) and (0, 1, 1)
to be consistent with the statement in Lemma 5.1. This causes a loss of K€, but we emphasize again that
any loss due to a power of K would be irrelevant in the proof.

We end this section by introducing some notation.
Let g1, g2 be as in Lemma 7.2. We define A(A, N1, N>) to be the best constant such that

1/2
T PPREVIC V1 (D S LT TP 79

16]=1/(AN2)

Then we can restate Lemma 7.2.

Lemma 7.4. For j = 1,2, we have
IEfs; Ef) IILng(wBle)

1/2 1/2
< KCA(A,N1,N2)( Z ||Efs,-,9||i§vg(wBN2)) ( Z ||Ejfsj/’9”i§Vg(wBN2)) . (7-10)
1 1

161=1/(AN1) 161=1/(AN1)
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7C. The induction procedure.

7C1. Before induction. Now we are ready to start the induction for the proof of Lemma 3.3. We emphasize
here the induction is on N5 (though mixed with induction on K). Note we are now in dimension d = 2.
We need to show that for all 1 < N, < Ny and A < Ny, one has

1/2
K(A,N1,Ny) < Nf(% + %) .
Note the base case N, = 1 is already established in Lemma 3.4. And with Lemma 3.6, we need only to
perform induction until A = N>/ Njy.

We will work on A(A, N1, N») defined in (7-9) to explore the transversality between nonadjacent
strips. The induction process is two-fold in some sense. We will induct on N, to better understand
K(A, N1, N3). In turn we find more information about A(A, Ny, N»), which gives a better understanding
of K(A, Nl, Nz).

This is a final summary before we start the induction. Recall, we have (7-1) and (7-3); thus we have

[1EnERPus, s [ 3 [1EGELEREL s, +

5,8 ;nonadj

[ 1B Eflun . @10

1,82

Also recall that 51, s/1 , 852, s/2 are all (No/N 1)2 X (N2/ K Ny) strips. The second term can be easily handled
by direct induction, (which is not the main point of the induction procedure explained later). Indeed, if
there were only the second term in (7-11), since s7, s5 are both contained in caps of radius (N2/ K Ny),
then (7-11) already reduces the decoupling problem for f; supported in caps of size N»/Nj into the
decoupling problem for f; supported in caps of size N/ K Ny, which reduce N, to N»/K.

We will focus on the first term of (7-11). The Holder inequality gives

2 1/2
J1EREf Efatfglon, < T1( [ 125,56y Pos,,) (7-12)
j=1

Estimate (7-12) is the starting point of the analysis in the following subsections.
We summarize in the lemma below how (7-12) and (7-11) come together to highlight the relevance of
A(N1, N3, A) in the induction procedure.

Lemma 7.5. When A < N1/N; and A < Ny, we have
K(N1, N2 3) S K€ LANG, Mo, ) + K(N1 N2 /K A). (7-13)

Note that the assumption of Lemma 7.5 always holds during the induction procedure to prove
Lemma 3.3.

Proof of Lemma 7.5. Applying Lemma 7.4, we have
[ Efsj Efsj( ”L.}vg(wBNz)

1
1/2

1/2
§KCA(N1,N2,X)( Z ||Eﬂj,9||i§vg(wBNz)) ( Z ||Ef?;,9||12dgvg(wBN2)) . (7-14)
1

161=1/(AN1) 1 161=1/(AN1)



938 CHENIJIE FAN, GIGLIOLA STAFFILANI, HONG WANG AND BOBBY WILSON

Plugging (7-14) into (7-12), and then plugging into (7-11), we derive

1 1/2 2 1/2
|EfEfalll2ug z)chk(;) H( 2. NEfiolzs, wp 2>)

Ny i=1|0|=1/(AN1) N 12

X ey, )
101=N>/ KN M (7-15)

Thus we derive

AK(N1, N2, 1) S K€ A(N1, N2, &) + AK (N1, Na/ K, 1), (7-16)
Therefore, Lemma 7.5 follows. O

Now we are ready to start with the induction procedure on N>. We emphasize again that by Lemma 3.6
we only need to consider the case A < N1/Na.

7C2. First induction: Case N22 < Nj. It will become clear in the following proof why we choose the
first splitting point at N = N22. We start with an estimate for A(A, N1, N2). We have:

Lemma 7.6. When N> < N?, A < N1, A < N1/Na,
AL, Ny, Np) S AV2 =0712 (7-17)

Assuming Lemma 7.6 for the moment, let us finish the proof of Lemma 3.3 when N > N22. Applying
Lemma 7.6 with Lemma 7.5, we derive

1 1/2
K(Nl,Nz,A)SKCA(X) + K(N1,N2/K,A) (7-18)

when N; > NZ2 and A < N1/N>. Choosing 1 < K ~ N5 10, performing induction on N, again, and
recalling that the case N» <1 is covered by Lemma 3.4, we have Lemma 3.3 follows when N; > N22.

Now, we turn to the proof of Lemma 7.6.

Proof of Lemma 7.6. Since N1 < N22, we have Np /Ny < 1/N,. (It is exactly because of this that we
decided our first splitting point N1 < N22). Thus, the support of g1, g2 appearing in (7-9) is (contained
in) strips of size (1/N2) x 1. Thus, in a ball of radius N2, we have

/ |Eg1Eg2|wBN2 S Z / |Eg1,91 Eg2,02|wBN2~ (7_19)
2 2
|6 |=1/N>
6; Csupp g;
The proof of (7-19) is essentially the same as the proof of Lemma 5.1 and we leave it to reader.
Note one can use balls Bsz to cover § = [0, N22] x [0, N1 N3]? (since N1 > N,), thus we extend
(7-19) to
/ |Eg1Eglwg S Y / |Eg,.0,Eg2.0, w5 (7-20)

|0;|=1/N2
0; Csupp gi
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We claim for any fixed 6y, 65, one has

2 1/2
I1E€1,6, E€2,0,llL20g) S AA? H( Y. lEgy ||L4<w§)) : (7-21)
i=1 B él' Co,'
16;=1/(AN2)I|
Plugging (7-21) into (7-20), we have
1 1/2
A(N1, N2, L) < A(X) , (7-22)

and then Lemma 7.6 follows.
Now we are left with the proof of (7-21). Let N{ = N», N} = N22/N1 < 1. When N{ = N <A,
recall the definition of K (A, N1, N») in (3-4) and apply Lemma 3.2. Then we have
K(N{,N3, ) SNl 2] <(++—] <A V2 7-23
(N1, N, )N(z)(Nl, NA+N1 N (7-23)
The last inequality in (7-23) follows because we always have A < N;j/N; in the whole induction process.
Note (7-23) implies

1Eg1,6, 82,0, 2w

[O,N22]><[0J»N2]2)

2
5AK(N{,N5,A)]_[( Y. lEg g llLiw
i=1 _ éiCOi
16i=1/(GNo)|

1/2
)) . (7-24)

[0, N21x[0,AN3]2

Since A < Nj, (which is also always the case during the induction process ), €2 can be covered by the
translations of [0, N7] x [0, AN,]; thus (7-24) implies (7-21) by parallel decoupling, Lemma 1.9.
When A < N{, since N; < 1, by Lemma 3.4, we have

K(A,N{,N3) SA™/2. (7-25)
Thus,

2 1/2
1E81,6,£82,6, ||L2(wBN2) SAATY2 1_[( > IEg; . ”L4(wBN2)) : (7-26)
2 2

i=1 B §,~C0,<
16; =1/ (AN2)|l

Since one can use B N2 and its translations to cover €2, (7-26) implies (7-21) by parallel decoupling,
Lemma 1.9. O
7C3. Second induction: Case N23/2 <N; < N22.
Lemma 7.7. When N23/2 <N < N22, A< Njyand A < N1/N,, we have

AL, N1, Np) SAY2 = 071/2, (7-27)

Clearly, using Lemma 7.5 and arguing as in Section 7C2, Lemma 3.3 follows from Lemma 7.7 when
N2? < Ny < N2.
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Now we are left with proof of Lemma 7.7, i.e., the estimate (7-27). We will prove that estimate (7-27), in
the case N23 /2 <N; < N22, follows from the fact that Lemma 3.3 holds when sz > N (given Lemma 3.2).

Proof of Lemma 7.7. The proof starts similarly to the proof of Lemma 7.6; note now we have N,/ Ny >
1/N>. As we derived in (7-19), we have in a ball of radius N12/N2,

/lEglEg2|wB(Nl/N2)z < Z /|Eg1,91Eg2,92|wB(N1/N2)2' (7-28)
|0;|=N2/ N1
6; Csupp g;

Note one can use By, /n,)2 and its translations to cover Q; thus we have

/ |Eg1Eglwg S Y / |Eg,.6, E22,6,|wg. (7-29)
[0;|=N2/N
6; Csupp g;

The following procedure is essentially the same as in the first induction. Note that to prove (7-27) we
only need to further show that for fixed 61, 65,

2 1/2
1Eg1,6, £82,6, I L2(wg) < A2 1_[( > IEg; . ||L4(w§)) : (7-30)
i=1 5 5,-c0,:
|6;1=1/(AN2)

where now |6;| = Na/Njy.

Let N = N> and N, = N22/N1; note we have N{ > (Nz’)2 since Ny > N23/2. When A > Ny, we have
by Lemma 3.2
1Eg1,0, £82,0, 2w

[0.N22]><[0,AN2]2)

Nz/ - 1/2
<A (W) l_[( Z ||Eg,~,§i ||L4(w[0’N2]X[0,AN2]2)) - (7-31)
! i=1 é,‘CQ,‘
16:1=1/(AN2)
Since one can use [0, N22] x [0, AN2]? to cover €2, (7-30) follows from (7-31) (note that Nj/N{ =
Na/Nyp <A1,
When A < N 1’, since one can use B N2 to cover Q, to prove (7-30), we need only show

2 1/2
11,0, E82.0: 1200y S 3472 ]‘[( Y lEg g ||L4(wBN2)) L0
2 =1 6; Co; 2
16;: =1/(AN2)|
which is equivalent to K(N{, N5, 1) < 1/A. But recall that N > (N,)? thus this is exactly what we
proved in first induction; i.e., Lemma 3.3 holds when N; > N22. O

7C4. Later inductions and the conclusion of the induction process. Recall that the first induction covers

the case Ny > N7 and the second inductions covers the case N < N; < N2, o = % The goal now is to

use induction to cover the case Ng < Nj, all the way to & = 1. The arguments here are similar to those
for the second induction presented in Section 7C3. Let N| = N>, Nj = N22/N1; then N{ > (N))“ is

equivalent to Ny > Nz(za_l)/ % Once we show that Lemma 3.3 holds when N < Ny < N2, we will be
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able to extend Lemma 7.7 to the case when Nz(za_l)/ Y<N 1, which in turn proves that Lemma 3.3 holds
Qa—1)/a

when N,

induction with finite steps is involved.

<N; < N22. The induction would not end until « = 1. We finally point out that only an

To show Lemma 3.3 for a fixed €, we may pick an € < €p, and then perform the induction for € as above.

After we prove Lemma 3.3 for Ny > N21 +g, we are left with the case N1 < N21+€. We first use the
Holder inequality to shrink the size of the cap from N,/ Nj to Nzl_Zg /N1, which only gives a loss of
NZCE < N2€°. Then we use Lemma 3.3 in the case N1 > N21Jrg again.

Thus, Lemma 3.3 holds for all the cases for our fixed €.

7D. The high-dimension case. To handle the case d > 3, we are left with the proof of Lemma 3.5. The
proof is indeed similar to previous arguments in this section and easier. The proof relies on the linear
decoupling estimate in [Bourgain and Demeter 2015].

As mentioned earlier, applying Lemma 5.1, taking v = N /N; and R = le, we can decouple the
N3/ Ny caps into (N2/ Ny, N3/ N?) plates without any loss, i.e., (7-1). However, since we are in the case
A < Ni/NZ,indeed N?/NZ < 1/(ANy), we only need a weaker version of (7-1); i.e., we only want to
decouple the No/ Ny caps into (No/ Ny, 1/(ANy)) plates:

[1EnERPun, = 3 [1EAn Bl (7.33)

71,72
Here t; are (N2/ N1, 1/(AN7)) plates as described in Lemma 5.1. Note (7-33) follows from (7-1).

Now, for each t; fixed, we further decouple 7; into (1/Ny, 1/(ANy)) plates via linear decoupling in
[Bourgain and Demeter 2015], here recalled in (1-11). Note direct application of linear decoupling in
dimension d gives us

1/2
IE s, N5V @I TS o )) . (7-34)

v; Ctj

However, we are able to use (1-11) when the dimension is d — 1 rather than d, because our plates
are so thin (of scale 1/(AN1) < 1/Ny), which reduces the dimension by 1. Indeed, linear decoupling
(1-11) not only works for those functions which are exactly supported in parabola P but also those which
are supported in an N~ 2 neighborhood of P. This is consistent with the uncertainty principle, since in
physical space we are of scale N2, and in frequency space any scale of N L 2 cannot be differentiated.
Since our plates are so thin, of scale 1/(AN) < N2 one could indeed view them as N L 2 neighborhoods
of some (d —1)-dimensional parabola. To be more specific, use 15 as example, since 7, is supported at
the origin. Let ;! (72) be the pull back image of 7 to the paraboloid. The Fourier inverse transform of
E fz, is supported on 7, 1(72). One can see that if we project along the x1-axis, the projection image of
;7 1(z2) is the (1/(AN7))?-neighborhood of a (d —1)-dimensional paraboloid (a piece of length N»/N1).

Now, applying (d —1)-dimensional linear decoupling, we improve (7-34) into

1/2
IE o s, < NSOV G ( T NESu ey ) a3

v; CT;

where v; are (1/N1,1/(AN1)) plates.
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Finally, similarly to the derivation of (6-4), we decouple v; into caps of radius 1/(AN7),

2
IEfu o ) S x(d-l)( S IES, ||g4(wBN2)) | (7-36)
1 1

0; Cv;

We remark that each v; can be covered by A2~ rather than A caps of radius 1/(AN). Plugging (7-36)
into (7-35), then plugging it into (7-33), we derive

2 1/2
d— d—3)/2
||Ef1Ef2||Lazvg(wBN2)§)L 1/2 Ny {d=3)] 1—[( > IIEf,-,elliﬁvg(wBNz)) . (7-37)
i J=1N01=1/(AN)) i

Thus, the desired estimate for K(A, N1, N») follows.

Appendix: Sharpness of Theorems 1.1 and 1.3

The sharpness (up to N5 ) of Theorem 1.3 is provided by the following examples. One can also rescale
those examples to show the sharpness of Theorem 1.1.
We take
Efi = Z o2miEx+E1%0)
§eAin,
|E]<N2/ Ny

and f» = fi(- —(1,0,...,0)). Then |Efi| is about (AN2)? at B(0, N;/N>) in Ré*+1. Note that it
follows from the uncertainty principle that it is locally constant in any ball of size Nj/N; and one can
easily compute | E f1 (0)| ~ (AN2)4. Also note |E fi | has periodicity around AN; in all components of x
(not necessarily in ). The same is true for |E f5|. Thus,

IEAESF 20, Z (AN2)*

N
B (0, Fl) ‘(ANl)d > A% N2AFI NG
2

Each cap 6; of radius 1/(AN1) contains at most one point § € A, y,. Hence ||Ef; g, ||i4(wﬂ) <2 =
NZ(ANp)24:
H?-ZI( Y. Efs, ||i4(w9)) S (AN2)2INZ(AN1)? 5 24 NPIH2NZ,
6j1=1/(AN1)

This example shows that the term with de ~1/Ny is sharp for both d =2 and d > 3.
When d = 2, we consider the example when

Efy = Z 2miEHERD e Z o2 i (Ex+IEP)
SGAANI SEAANI
&1=1,1&I<1/N; £1=0|&]<1/M;

|Ef1] is about A in the box of height N (i.e., the -direction), width Ny (i.e., the-x, direction) and
length (AN1)? (i.e., the x1-direction) centered at origin. |E f>| is the same size in the same box. Moreover,
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E f1 and E f, both have periodicity around AN in x5:
||Ef1Ef2||iz(wQ) > A*NZ - Ny -(AN1)?-AN; 2 ATNS.

As calculated previously, || Ef;, = ||, so

4
0j||L4(wQ)
o X 180 Bauny) $3% 191 S 2N,

|6 |=1/(AN1)

This example shows that when d = 2, the term with 1/A is sharp.
When d > 3, we consider the example with

Efi = > ATIEXHIEPD = > 2miExHEPD,
§€han,,61=1 §€AN,,61=0
|(E2,~-~,Ed)|§N2/N1 |($2aa$d)|SN2/N1

Notice that we construct the example in d > 3 differently; the support of f; is in a thin plate of radius
N>/ Nj instead of 1/Ny, as in two-dimensional example.

|E f1| is about (AN2)?~1 in a box of size (N1/Nz) x -+- x (N1/N2) x (N1/N2)? x (AN1)2. |E f>|
is about (/\Nz)”l_1 in the same box. Both E f; and E f, have periodicity around ANj in the x5-, ...,
x4 -directions:

d+1
_n(N _ _ _
IEAEf7 2, 2 AND* ”(Fi) AND? AN 2 243NN
and

H?zl( Z 1 Efj.6; ||i4(w9)) < (AN2)2@D Q| < )\4d—2N12d+2N22d_2
|0 1=1/(AN1)

This example shows that when d > 3, the term with de —3 /A is sharp.
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