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SCALE-FREE UNIQUE CONTINUATION PRINCIPLE FOR
SPECTRAL PROJECTORS, EIGENVALUE-LIFTING AND
WEGNER ESTIMATES FOR RANDOM SCHRODINGER OPERATORS

Ivica NAKIC, MATTHIAS TAUFER, MARTIN TAUTENHAHN AND IVAN VESELIC

We prove a scale-free, quantitative unique continuation principle for functions in the range of the spectral
projector x(—oo,£](Hy) of a Schrédinger operator H;, on a cube of side L € N, with bounded potential.
Previously, such estimates were known only for individual eigenfunctions and for spectral projectors
X(E—y,£1(Hp) with small y. Such estimates are also called, depending on the context, uncertainty
principles, observability estimates, or spectral inequalities. Our main application of such an estimate
is to find lower bounds for the lifting of eigenvalues under semidefinite positive perturbations, which
in turn can be applied to derive a Wegner estimate for random Schrédinger operators with nonlinear
parameter-dependence. Another application is an estimate of the control cost for the heat equation in a
multiscale domain in terms of geometric model parameters. Let us emphasize that previous uncertainty
principles for individual eigenfunctions or spectral projectors onto small intervals were not sufficient to
study such applications.

1. Introduction

We prove a quantitative unique continuation inequality, announced in [Naki¢ et al. 2015b], for functions
in the range of the spectral projector x(—«0,£](Hz) of a Schrodinger operator Hy, on a cube of side L € N.
Depending on the area of mathematics and the context, estimates of this type have various names: quanti-
tative unique continuation principles (UCP), uncertainty principles, spectral inequalities, observability
or sampling estimates, or bounds on the vanishing order. For our applications it is crucial (i) to exhibit
explicitly the dependence of the quantitative unique continuation inequality on the model parameters, and
(ii) to allow energy intervals (—oo, E] of arbitrary length, that is, for arbitrary E. If the observability or
sampling set respects in a certain way the underlying lattice structure, our estimate is independent of L;
for this reason we call it scale-free. This property is crucial for applications where one studies spectral
properties of the Schrédinger operator H;, in the thermodynamic limit L 7 co.

A key motivation to study scale-free quantitative unique continuation estimates comes from the theory
of random Schrodinger operators, in particular with nonlinear dependence on the random variables. The
class of operators considered here includes the random breather model as studied in [Combes et al. 1996;
2001; Taufer and Veseli¢ 2015; 2016]. Models with nonlinear randomness constitute a step towards a
better understanding of the universality of Anderson localization.
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We establish eigenvalue-lifting estimates, Wegner bounds, and the continuity of the integrated density
of states. (We defer precise definitions to Section 2.) In fact, there are a number of previous papers which
have derived a scale-free UCP and eigenvalue-lifting estimates under special assumptions.

Naturally, the first situation to be considered was the case where the Schrodinger operator is the pure
Laplacian H = —A, i.e., the background potential V vanishes identically. For instance, [Kirsch 1996]
derives a UCP which is valid for energies in an interval at zero, i.e., the bottom of the spectrum, if one has
a periodic arrangement of sampling sets. The proof uses detailed information about hitting probabilities of
Brownian motion paths, and is related to Harnack inequalities. A very elementary approach to eigenvalue-
lifting estimates is provided by the spatial averaging trick, used in [Bourgain and Kenig 2005; Germinet
et al. 2007] in periodic situations, and extended to nonperiodic situations in [Germinet 2008]. It is
applicable to energies near zero. A different approach for eigenvalue-lifting was derived in [Boutet de
Monvel et al. 2006]. In [Boutet de Monvel et al. 2011] it was shown how one can conclude an uncertainty
principle at low energies based on an eigenvalue-lifting estimate. Related results have been derived for
energies near spectral edges in [Kirsch et al. 1998; Combes et al. 2001] using resolvent comparison.
In one space dimension, eigenvalue-lifting results and Wegner estimates have been proven in [Veselié
1996; Kirsch and Veseli¢ 2002]. There a periodic arrangement of the sampling set is assumed. The proof
carries over to the case of nonperiodic arrangements verbatim, which has been spelled out and used in the
context of quantum graphs in [Helm and Veseli¢ 2007]. In the case that both the deterministic background
potential and the sampling set are periodic, an uncertainty principle and a Wegner estimate, which are
valid for arbitrary bounded energy regions, have been proven in [Combes et al. 2003; 2007]. These papers
make use of Floquet theory; hence they are a priori restricted to periodic background potentials as well as
periodic sampling sets. An alternative proof for the result in [Combes et al. 2007], with more explicit
control of constants, has been worked out in [Germinet and Klein 2013]. The case where the background
potential is periodic but the impurities need not be periodically arranged has been considered in [Boutet de
Monvel et al. 2006; Germinet 2008] for low energies. Our main theorem unifies and generalizes all the
results mentioned so far and makes the dependence on the model parameters quantitative. Indeed, our
scale-free unique continuation principle answers positively a question asked in [Rojas-Molina and Veseli¢
2013]. A partial answer was given already in [Klein 2013]. While [Rojas-Molina and Veseli¢ 2013]
concerns the case of a single eigenfunctions, [Klein 2013] uses a very nice perturbation argument to treat
linear combinations of eigenfunctions corresponding to eigenvalues which lie in an interval whose size is
smaller than an explicitly determined number. For a broader discussion we refer to the summer school
notes [Taufer et al. 2016].

A second application of our scale-free UCP is in the control theory of the heat equation. Here one asks
whether one can drive a given initial state to a desired state with a control function living in a specified
subset, and what the minimal L?-norm of the control function (called control cost) is. Recently, the search
for optimal placement of the control set and the dependence of the control cost on geometric features of
this set has received much attention; see, e.g., [Privat et al. 2015b; 2015a]. Our scale-free UCP gives an
explicit estimate of the control cost with respect to the model parameters in multiscale domains. While
this is of interest in itself, our main motivation to include the application to control theory in our paper is
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to bring to attention the relation between methods and ideas from this field and the theory of random
Schrodinger operators. This relation has not been explored before and it seems that it can be effectively
used in other problems of random operators.

Other authors have applied our main result, as announced in [Naki¢ et al. 2015b], to prove decorrelation
estimates for eigenvalues of random Schrddinger operators [Shirley 2015] and lower bounds on averaged
spectral shift functions [Dietlein et al. 2017]. We will generalize the methods of the present paper to
certain unbounded domains in R? in a forthcoming paper, while two of us have extended the results to
certain infinite-dimensional spectral subspaces in [Taufer and Tautenhahn 2017].

Our proof of the scale-free unique continuation estimate uses two Carleman and nested interpolation
bounds to obtain propagation of smallness estimates, an idea used before, e.g., in [Lebeau and Robbiano
1995; Jerison and Lebeau 1999]. Roughly speaking, one of the Carleman estimates establishes propagation
of smallness from a set of codimension one to a small ball, and the other one from a small ball to a larger
ball. To obtain explicit estimates we need explicit weight functions. The first Carleman estimate includes
a boundary term and uses a parabolic weight function as proposed in [Jerison and Lebeau 1999]. The
second Carleman estimate is similar to the ones in [Escauriaza and Vessella 2003; Bourgain and Kenig
2005]. However, neither of the two is quite sufficient for our purposes, so we use a variant developed
in [Nakié et al. 2015a]. A similar result was established recently in [Davey 2014]. Moreover, at first
sight it seems that one can get our result simply by summing up doubling estimates (which are a standard
consequence of Carleman estimates). However, the prefactor in the doubling estimate depends on the
ambient space, in particular its diameter. In our case we consider a family of domains A;, L € N, and
the diameter grows unboundedly in L; hence the constant in the doubling estimate becomes worse and
worse. Thus, to eliminate the L-dependence we have to use techniques developed in the context of
random Schrddinger operators to accommodate for the multiscale structure of the underlying domain and
sampling set.

In the next section we state our main results. Section 3 is devoted to the proof of the scale-free unique
continuation principle, Section 4 to proofs concerning random Schrodinger operators, and Section 5 to
the observability estimate of the control equation, while certain technical aspects are deferred to the
Appendix.

2. Results

Scale-free unique continuation and eigenvalue lifting. Let d € N. For L > 0 we denote by A; =
(—L/2,L/2)? ¢ R? the cube with side length L, and by Ay the Laplace operator on L>(Ar) with
Dirichlet, Neumann or periodic boundary conditions. Moreover, for a measurable and bounded V: R? — R
we denote by Vy : Ay — R its restriction to Ay given by Vp(x) = V(x) for x € A, and by

H,=—AL+V, onL*AL)

the corresponding Schrodinger operator. Note that H; has purely discrete spectrum. For x € R? and
r > 0 we denote by B(x, r) the ball with center x and radius r with respect to Euclidean norm. If the ball
is centered at zero we write B(r) = B(0, r).
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Definition 2.1. Let G > 0and § > 0. We say thata sequence z; € RY, j € (GZ)%,is (G, §)-equidistributed, if
for all j € (GZ)? we have B(z;,8) C Ag + J.
Corresponding to a (G, §)-equidistributed sequence we define for L € GN the set

Ws(L)= |J B@.8)NAL.
je(Gryd
Theorem 2.2. There is N = N(d) such that for all § € (O, %), all (1, 8)-equidistributed sequences, all
measurable and bounded V: R? — R, all L e N, all E > 0 and all ¢ € Ran(x (oo, £1(HL)) we have

11720, ) = Cotucll Bl 724, (1)
where s
Ctuc = Cstue(d, 8, E, [V [|oo) := sV IHIVI+VE)

The result can be formulated in terms of spectral projectors. This is the convenient form to use in the
context of random Schrddinger operators.

Corollary 2.3. Under the same assumptions as in the above theorem, we have in the sense of quadratic
forms 2

X(—c0.E1CHL) XWy(L) X(—o0.£1(Hp) = 8NV J”/E)X(—oo,E](HL)- (2)

Here xw;(1) denotes the multiplication operator with a characteristic function, and X(—o,£1(Hr) denotes
a spectral projector.

The crucial point here is that we allow energy intervals (—oo, E] of arbitrary length. It is not possible
to achieve this result with the methods of [Rojas-Molina and Veseli¢ 2013; Klein 2013]. For ¢, L > 0
and a measurable and bounded V : R — R we define the Schrodinger operator Hy ;, = —tAp + V. on
L?(A1). By scaling we obtain the following corollary.

Corollary 2.4. Let N = N(d) be the constant from Theorem 2.2. Then, forall G,t > 0, all 5 € (0, G/2),
all (G, §)-equidistributed sequences, all measurable and bounded V : R > R,all L e GN,all E>0
and all ¢ € Ran(x(—co0,£](H;,1)) we have

2 G,t 2
1PUIZ2 w0y Z Cotacll P24,
h
o NU+G*3 VI /123 +GETD)
Gt _ Gyt .
Cone = Caae(d, 8, E, | V|0 = (5) .

Note that the set Ws(L) depends on G and the choice of the (G, §)-equidistributed sequence. In
particular, there is a constant M = M(d, G, t) > 1 such that

€Ot > sMUHIVIL +VIED 3)

sfuc —

We also emphasize that Theorem 2.2 and Corollary 2.4 also hold for E < 0, since

Ran(x(—oo,£](H)) C Ran(x(—o0,01(H))

for any self-adjoint operator H.
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Remark 2.5 (previous results). If L = G the result is closely related to doubling estimates and bounds
on the vanishing order; see [Lebeau and Robbiano 1995; Kukavica 1998; Jerison and Lebeau 1999; Bakri
2013]. These results, however, do not study the dependence of the bound on geometric data, e.g., the
diameter of the domain or manifold. In the context of random Schrédinger operators results like (1)
have been proven before under additional assumptions and using other methods: for V = 0 and energies
close to the minimum of the spectrum in [Kirsch 1996; Bourgain and Kenig 2005], near spectral edges of
periodic Schrodinger operators in [Kirsch et al. 1998], and for periodic geometries Ws(L) and potentials
in [Combes et al. 2003]. More recently and using similar methods to ours, bounds like (1) have been
established for individual eigenfunctions in [Rojas-Molina and Veseli¢ 2013]. This has then been extended
in [Klein 2013] to linear combinations of eigenfunctions corresponding to eigenvalues which are close
to each other. For more references and a broader discussion of the history see, e.g., [Rojas-Molina and
Veseli¢ 2013; Klein 2013; Taufer et al. 2016].

As an application to spectral theory we have the following corollary. A proof is given at the end of
Section 3.

Corollary 2.6. Let E,a,G >0, § € (0,G/2), L €e GNand A, B : A; — R be measurable, bounded
potentials and assume that

B > axw;w)

for a (G, §)-equidistributed sequence. Denote the eigenvalues of a self-adjoint operator H with discrete
spectrum by )\;(H), enumerated increasingly and counting multiplicities. Then for all i € N with
rMi(—A+ A+ B) < E,we have

rM(=AL+A+B)>r(—AL+A)+aCSl(d, 8, E, |A+ Bll).

sfuc

Remark 2.7 (generalizations). In [Taufer and Tautenhahn 2017] it has been proven that Corollary 2.4
holds also if y(—0 g1(HL) is replaced by exp(—t Hy ) for sufficiently large r > 0. An adaptation of our
methods allows us to treat Schrodinger operators H on the whole of R instead on cubes. This will be
discussed in our forthcoming paper. An important consequence of this result is a lifting estimate for
boundaries of the essential spectrum, quite analogous to Corollary 2.6. Finally, let us remark that an
analog of Theorem 2.2 for the case V = 0 where the equidistributed set needs only to be measurable (and
not open) has been established in [Egidi and Veseli¢ 2016] using different methods.

Application to random breather Schriodinger operators. An important application of our result is in the
spectral theory of random Schrodinger operators. The above scale-free unique continuation estimate is
the key for proving the Wegner estimate formulated below, which is a bound on the expected number of
eigenvalues in a short energy interval of a finite box restriction of our random Hamiltonian. Together
with a so-called initial scale estimate, Wegner estimates facilitate a proof of Anderson localization via
multiscale analysis. For more background on multiscale analysis and localization and on Wegner estimates
consult, e.g., the monographs [Stollmann 2001] and [Veseli¢ 2008], respectively.

The main point is that the potentials we are dealing with here exhibit a nonlinear dependence on the
random parameters w;. Due to this challenge, it is not clear how to apply previously established versions
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of (1), as discussed in Remark 2.5, to such models. We emphasize that our scale-free unique continuation
principle and Wegner estimate are valid for all bounded energy intervals, not only near the bottom of the
spectrum.

Let us introduce a simple, but paradigmatic example of the models we are considering. (The general
case will be studied in the next paragraph.)

Let D be a countable set to be specified later. For 0 < w_ < w4 < 1 we define the probability space
(2, A, P) with

Q=XR A=Q)B®R) and P=(X)u.
Jj€D jeD jeD

where B(R) is the Borel o -algebra and u is a probability measure with supp i C [w—, w4 ] and a bounded
density v,. Hence, the projections @ +— @y give rise to a sequence of independent and identically
distributed random variables w;, j € D. We denote by [ the expectation with respect to the measure P.
The standard random breather model is defined as

Hy=—=A+V,(x) with V() = Y xa, (x = ), )
jezd

and the restriction of H,, to the box Ay is denoted by H, ;. Here obviously D = 7¢. Denote by
X[E—e.E+¢](Hy, 1) the spectral projector of H,, ;.. We formulate now a version of our general Theorem 2.10
applied to the standard random breather model.

Theorem 2.8 (Wegner estimate for the standard random breather model). Assume that [w—, w4] C [O, }‘],

fix Eg € R, and set epax = zlt . 8_N(2+|E0+1|1/2), where N is the constant from Theorem 2.2. Then there is
C =C(, Ey) € (0, 00) such that for all ¢ € (0, emax] and E > 0 with [E — ¢, E +¢] C (—o0, Ep], we
have

E[Trl X5 e, k161 (Hop 1)]] < Cllv oo™V CHEATO 1y 614 1.4,

Theorem 2.8 implies local Holder continuity of the integrated density of states (IDS) and is sufficient
for the multiscale analysis proof of spectral localization; see the next paragraph.

Remark 2.9 (previous results on the random breather model). The paper [Combes et al. 1996] introduced
random breather potentials, while a Wegner estimate was proven in [Combes et al. 2001], however,
excluding any bounded and any continuous single site potential; see the Appendix. Lifshitz tails for
random breather Schrodinger operators were proven in [Kirsch and Veseli¢ 2010]. All of the papers
mentioned so far approached the breather model using techniques which have been developed for the
alloy-type model. Consequently, at some stage the nonlinear dependence on the random variables was
linearized, giving rise to certain differentiability conditions. As a result, characteristic functions of cubes
or balls, which would be the most basic example one can think of, were excluded as single-site potentials.
Only [Veseli¢ 2007] considers a simple nondifferentiable example, namely the standard random breather
potential in one dimension, and proves a Lifshitz tail estimate. This will be extended to multidimensional
models in the forthcoming paper [Schumacher and Veseli¢ 2017].
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More general nonlinear models and localization. We formulate now a Wegner estimate for a general
class of models, which includes the standard random breather potential, considered in the last paragraph
as a special case. We state also an initial scale estimate which implies localization.

Here, in the general setting, we assume that D C R4 is a Delone set; i.e., there are 0 < G| < G5 such
that for any x € R? we have #{DN (Ag, +x)} <1land ${DN(Ag, +x)} > 1. Here, #{ - } stands for the
cardinality. In other words, Delone sets are relatively dense and uniformly discrete subsets of R?. For
more background about Delone sets, see, for example, the contributions in [Kellendonk et al. 2015]. The
reader unacquainted with the concept of a Delone set can always think of D = Z¢.

Furthermore, let {u, : t € [0, 1]} C Lgo([R{d) be functions such that there are G, € N, up.x > 0,
o, B1 > 0 and ay, B = 0 with

vVt €[0,1], suppu; C Ag

u’

Vi€ [0, 11, lluslloo < Umax, (%)
Vielw_,wi], § <1 —wy, Ix0 € Ag,, Urts —Ur = alfsazXB(xo,,glaﬂz)-
We define the family of Schrédinger operators H,, w € 2, on L>(R?) given by

Hy:=—A+V,, where Vy(x)=> iy (x—j).
jeD
Note that for all @ € [0, 1]° we have

1Villoo < Ku = ttmax [Gu/ G11%;

see Lemma 4.1. Assumption (5) includes many prominent models of random Schrédinger operators —
linear and nonlinear. We give some examples.

Standard random breather model: Let y be the uniform distribution on [0, ;] and let u,(x) = x5,
j€z ThenV, =" jezd XB(j.o) 1s the characteristic function of a disjoint union of balls with random
radii. This model was introduced in the previous subsection.

General random breather models: Let 0 <u € Lgo(Rd) and define u,(x) :=u(x/t) fort > 0 and ug :=0
and assume that the family {u, : t € [0, 1]} satisfies (5). Natural examples are discussed in the Appendix.
They include the characteristic function of bounded convex sets, the hat-potential (1 — |x|) x{jx|<1} or the
bump function exp(l/(|x|2 — 1) xqix|<1y- Then V,(x) = Zjeld Ue, (x — j) is a sum of random dilations
of a single-site potential u at each lattice site j € Z¢.

Alloy-type model: Let 0 < u € LSO(R"), u >« > 0, on some open set and let u,(x) := tu(x). Then
V,(x) = Zj <z¢ @ju(x — j) is a sum of copies of u at all lattice sites j € 74, multiplied with ;.

Delone-alloy-type model: Let D C R4 be a Delone set, 0 < u € Lgo([Rd), u > o > 0, on some nonempty
open set and let u; (x) := tu(x). Then V,(x) = ). _p wju(x — j) is a sum of copies of u at all Delone

j
points j € D, multiplied with w;. See [Germinet et al. 2015] for background on such models.

For L > 0 we denote by H,, | the restriction of H, to L?(A 1) with Dirichlet boundary conditions.
Following the methods developed in [Hundertmark et al. 2006], we obtain a Wegner estimate under our
general assumption (5).
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Theorem 2.10 (Wegner estimate). For all Ey € R there are constants C, k, emax > 0, depending only
ond, Eo, Ky, G,, G2, a1, a2, B1, B2, wy and ||v,| o, Such that for all L € (G, + G,)N, all E € R and
& < &max With [E — ¢, E 4+ €] C (—o0, Eg] we have

E[Tr{X{£—e,£+e)(How,1)]] < Ce'/*|InelL. (©6)

Theorem 2.11 (initial scale estimate). Let k be as in Theorem 2.10 for Eq = dn? + K. Assume that
there are ty, C > 0 such that

Oesuppp and  forallt €[0,10], ([0, r]) < Cri*.

Then there is Lo = Lo(ty, Smax, &, Gu, G1) > 1 such that for all L € (G, + G,)N, L > Ly, we have

1 C
P({a) €Q:A(Hy ) —M(Hyp) > m}) >1- Tan

where Hy 1 is obtained from H,, by setting w; to zero for all j € D.

Remark 2.12 (discussion on initial scale estimate). Theorem 2.11 may serve as an initial scale estimate
for a proof of localization via multiscale analysis. More precisely, by using the Combes—Thomas estimate,

an initial scale estimate in some neighborhood of a := inf o (Hy) follows. Note that the exponents % and
d
2
measure p. Localization in a neighborhood 1, of a follows via multiscale analysis, e.g., a la [Stollmann
2001]. The question of whether o (H,,) N I, # & for almost all w € 2 has to be settled. This is, however,

satisfied for all examples mentioned above. In the special case of the standard random breather model one

in Theorem 2.11 can be modified to some extent by adapting the proof and the assumption on the

can get rid of the assumption on p by proving and using the Lifshitz tail behavior of the integrated density
of states; see [Veseli¢ 2007] for the one-dimensional case, and the forthcoming paper of Schumacher and
Veseli¢ for the multidimensional one.

Application to control theory. We consider the controlled heat equation with heat generation term (—V)

du—Au+Vu= fx, wuecL?>(0,T]xSQ),
u=20 on (0, 7T) x 02, @)
M(O, ) =Uuop, uo S LZ(Q)a

where w is an open subset of the connected 2 C RY, T >0and V € L*(R). In (7) u is the state and f
is the control function which acts on the system through the control set w.

Definition 2.13. For initial data ug € L?(S2) and time T > 0, the set of reachable states R (T, u) is
R(T, ug) = {u(T, -) : there exists f € L*([0, T] x w) such that u is solution of (7) with RHS}.

The system (7) is called null controllable at time 7 if 0 € R(T'; ug) for all ug € L?(2). The controllability
cost C(T, ug) at time T for the initial state u is

C(T, ug) =inf{|l £ ll 120.7)xe) : U is solution of (7) and u(T, -) = 0}.
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Since the system is linear, null controllability implies that the range of the semigroup generated by
the heat equation is reachable too. It is well known that null controllability holds for any time 7 > 0,
connected 2 and any nonempty and open set w C €2 on which the control acts; see [Fursikov and
Imanuvilov 1996].

It is also known, see for instance [Tucsnak and Weiss 2009, Theorem 11.2.1], that null controllability
of the system (7) at time T is equivalent to final state observability on the set w at time T of the system

u—Au+Vu=0, uelLl?*(0,T]xQ),
u=>0 on (0, T) x 0L, ®)
u(0, -) = uo, uo € L*(Q).
Definition 2.14. The system (8) is called final state observable on the set w at time T if there exists
kr = k7(2, w, V) such that for every initial state ug € L2(S2) the solution u € L2([0, T] x ) of (8)
satisfies
(T, G < k1017 240,715 )

Moreover, the controllability cost C(T, ug) of (7) coincides with the infimum over all observability
costs /kr in (9) times ||ugpllq; see, for example, the proof of [Tucsnak and Weiss 2009, Theorem 11.2.1].

The problem of obtaining explicit bounds on C(7T', u) received much consideration in the literature, see,
for example, [Giiichal 1985; Fernandez-Cara and Zuazua 2000; Phung 2004; Tenenbaum and Tucsnak
2007; Miller 2006; 2004; 2010; Ervedoza and Zuazua 2011; Lissy 2012], especially the case of small
time, i.e., when T goes to zero. The dependencies of the controllability cost on 7 and ||V ||« are today
well understood; see, for example, [Zuazua 2007]. However, the dependence on the geometry of the
control set is less clear: in the known estimates the geometry enters only in terms of the distance to the
boundary or in terms of the geometrical optics condition. To find an optimal control set is a very difficult
problem; see for instance the recent articles [Privat et al. 2015a; 2015b].

We are interested in the situation Q@ = A; € R? and w = W;s(L) for a (G, 8)-equidistributed sequence
with L € GN, G > 0 and § < G/2. In this specific setting we will give an estimate on the controllability
cost. The novelty of our result is that the observability cost is independent of the scale L and the specific
choice of the (G, §)-equidistributed sequence. Moreover, the dependencies on ||V |« and on the size
of the control set via § are known explicitly. As far as we are aware, this is the first time that such a
scale-free estimate is obtained.

By the equivalence between null-controllability and final state observability, it is sufficient to construct
an estimate of the form (9). In order to find such an estimate, we will combine Corollary 2.4 with results
from [Miller 2010] to obtain the following theorem.

Theorem 2.15. For every G > 0, § € (0, G/2) and Ky > O there is T' = T'(G, §, Ky) > 0 such that
forall T € (0,T'], all (G, §)-equidistributed sequences, all measurable and bounded V R4 — R with
IVileo < Ky and all L € GN, the system

du—Apu+Viu=0, uelL?*(0,T]xAL),
u=~0 on (0,T)x0A,
M(O, ) = Up, uo S Lz(AL)



1058 IVICA NAKIC, MATTHIAS TAUFER, MARTIN TAUTENHAHN AND IVAN VESELIC

is final state observable on the set Ws(L) with cost kt satisfying

KT < 4a0b062c*/T

2/3

where ag = (8/G)"NUHGPIVIE) | po = e2IVle ¢, < In(G/8)X(NG +4/1n2)? and N = N(d) is the
constant from Theorem 2.2.

Remark 2.16. (i) The same result holds also in the case of the controlled heat equation with periodic or
Neumann boundary conditions with obvious modifications.

(ii) Null controllability of the heat equation implies a stronger type of controllability, so-called approximate
controllability. Following [Fernandez-Cara and Zuazua 2000], one can find an estimate for the cost of
approximate controllability from the proof of Theorem 2.15. We will not pursue it in this paper.

3. Proof of the scale-free unique continuation principle

Carleman inequalities. We denote by [Rd+1 ={x e R4t : 1 Xg+1 = 0} the (d+1)-dimensional half-space
and by B := {x € IRTrl . |x| < r} the (d+1)-dimensional half-ball. For x € R¢t! we denote by
x’ the projection on the first d coordinates; i.e., for x = (x1, ..., x411) € R9t! we use the notation
x' = (x1,...,x7) € R% By |x| and |x’| we denote the Euclidean norms and by A the Laplacian on R+,
For functions f € C °°([Ri+1) we use the notation fo = f/x,,,=0-

In the appendix of [Lebeau and Robbiano 1995], the authors state a Carleman estimate for complex-
valued functions with support in B by using a real-valued weight function ¥ € C®(R4*!) satisfying
the two conditions

for all x € B we have (9441%)(x) #0, (10)

and for all £ € R?*! and x € B} there holds

2(€, Vi) =0, 4t
), 5 = Z B ¥) (&& + (0;9) (0 y)) > 0. (11)
&7 = VY] k=1

As proposed in [Jerison and Lebeau 1999] we choose r < 2 — +/2 and the special weight function
VR S R,
V) = —xa1 + 3304 — g 1) (12)

Note that ¥ (x) < 0 for all x € B; . This function v indeed satisfies the assumptions (10) and (11).
Condition (10) is trivial for r < 1. In order to show the implication (11) we show
d+1

EP=IVyl® = D v+ vay) >0. (13)
jk=1
We use the hypothesis of (13) and calculate
d+1

D 0 i+ Yoy = — 2252+Sd+1 §1X 17+ Car = D =367, — 11X 1P+ 3 G — D2,

j.k=1
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Since |x'|> < r? and (x441 — 1)?> = (1 —r)?, assumption (13) is satisfied if r <2 — V2. Now let
CX(BH) ={g: R — C:g=0o0n {xs1 =0}, Ip € C°R""") with

suppp C {x € R x| < r} and g=¢on [Rflﬁl}.
Hence, as a corollary of Proposition 1 in the appendix of [Lebeau and Robbiano 1995] we have:

Proposition 3.1. Let € C® (R R) be as in (12) and p € (0,2 — \2). Then there are constants
Bo, C1 > 1 such that for all B > By, and all g € Cg%(B;) we have

/ ezﬂ‘”(mvm%ﬂﬂgﬁ)scl(f ezﬂ*"mgﬂwfezﬂ*’f°|(ad+1g>o|2).
Rd+1 Rd+l Rd

We will need another Carleman estimate with a weight function whose level sets can be explicitly
controlled.

Proposition 3.2 [Naki¢ et al. 2015a]. Let p > 0 and w : R? — R,

xl/p | — ot
w(x):m/ ° ar.
o Jo t

In particular,

x| | x|
forall x € B(p), — <w(x)<—.
pe

Then there are constants oy, C» > 1 depending only on the dimension such that for all « > «y, and all
u € W22(RY) with support in B(p) \ {0} we have

/ (()t,ozwlfz"‘Wul2 +a3w*1*2“|u|2) dx < C2p4/ w2 Aul? dx.
Rd Rd

This variant of the Carleman estimate is essentially given in [Escauriaza and Vessella 2003], albeit
that paper concerns parabolic operators. For elliptic operators, in [Bourgain and Kenig 2005] a weaker
statement than Proposition 3.2, without the gradient term on the left-hand side, was spelled out and proven
explicitly. A version of Proposition 3.2 for divergence-type elliptic operators is stated in [Kenig et al. 2011].
While this covers more general operators than we are interested in here, it lacks a quantitative statement
about the admissible functions u. An explicit proof of Proposition 3.2, i.e., for the pure Laplacian, was
first given in [Klein and Tsang 2016]. See also [Naki¢ et al. 2015a] for the case of divergence-type
elliptic operators. The paper [Davey 2014] also contains a Carleman estimate which is less explicit than
Proposition 3.2, but would still be sufficient for the purpose of the proof of Theorem 2.2.

Extension to larger boxes. For each measurable and bounded V : R? — R and each L € N we denote
the eigenvalues of the corresponding operator Hy, by Ej, k € N, enumerated in increasing order and
counting multiplicities, and fix a corresponding sequence ¢, k € N, of normalized eigenfunctions. Note
that we suppress the dependence of Ej; and ¢ on V and L.

Given V and L we define an extension of the potential V; and the eigenfunctions ¢y to the set A gy for
some R € Nogg = {1, 3, 5, ...} to be chosen later on. The extension will depend on the type of boundary
conditions we are considering for the Laplace operator.
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Extension for periodic boundary conditions: We extend the potential V; as well as the function ¢y, defined
on the box A, periodically to vV, ¥ : RY — R and then restrict them to Ag;. By the very definition of
the operator domain of A, with periodic boundary conditions the extension ¥ is locally in the Sobolev
space W>2(R?).

Extension for Dirichlet and Neumann boundary conditions: The potential V; will be extended by
symmetric reflections with respect to the hypersurfaces forming the boundaries of Ay. In the first step
we extend V. : A, — R to the set

{(xeAsp:x; € (—=L/2,L/2), i €{2,...,d}}

by
Vi(x) ifxeAp,
0 if x; € {—L/2, L/2},
Vi(x) = .
VL(L—xl,XQ,...,xd) 1fx1>L/2,
VL(—L—xl,XQ,...,xd) ifx1<—L/2.

Now we iteratively extend V in the remaining d — 1 directions using the same procedure and obtain a
function Vi : A3 — R. Iterating this procedure we obtain a function V; : Agr — R. The extensions of
the eigenfunctions will depend on the boundary conditions. In the case of Dirichlet boundary conditions,
we extend an eigenfunction similarly to the potential by antisymmetric reflections, while in the case of
Neumann boundary conditions, we extend by symmetric reflections.

The extensions of the functions and V; and ¢, k € N, to the set Ay will again be denoted by V.
and ¢y, k € N. The reader should be reminded that (the extended) V; : Ag; — R does in general not
coincide with Vg; : Agr — R. Note that for all three boundary conditions, V; : Ag; — R takes values in
[—1IV lsos |V llso], the extended ¢y are elements of W22(Agy) with corresponding boundary conditions
and they satisfy A¢y = (Vi — Ex)¢r on Agp. Furthermore, the orthogonality relations remain valid.

Ghost dimension. For a measurable and bounded V:R? — R, L €N, E >0 and ¢ € Ran( X(—o0,E1(HL))
we have

= > apr, with o=/ ¢).

keN
E.<E

Since the ¢ extend to A gy as explained in the previous subsection, the function ¢ also extends to Ay .
We set wy := /| Ex| and define the function F : Ag; x R — C by

F(x,xq41) = Z P (x) sk (Xa41),

keN
Ey<E

where s : R — R is given by
sinh(wit)/wy, Ex >0,
sk(t) =11t, Ey =0,
sin(a)kt)/a)k, E, <O.
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Note that we suppress the dependence of ¢ and ¢ on V, L, E. Furthermore, the sums are finite since Hy
is lower semibounded with purely discrete spectrum. The function F satisfies

d+1
AF =) "9}F=V.F onAg. xR
i=1

and

0041 F(x,00= ) oxdp(x) forx € A

keN
E.<E

In particular, for all x € Ay we have 9,41 F (x, 0) = ¢. This way we recover the original function we are

interested in.

Let us also fix the geometry. For § € (0, ) we choose

Y1 =—165" Vo=—38% Y3=—38"
rlzé—%m, r=1, r3:6e\/3,

1-1/16-82, Ry=3vVd, R3;=9eVd,
and define for i € {1, 2, 3} the sets

Sii={x e R 1y (x) > ¥y, xa41 €0, 11} C REH,

Vi :=B(R;)\ B(r;) c R™.
Let R € N be the least power of 3 larger than 2R3 + 2. For i € {1,2,3} and x € R¢ we denote
by Sj(x) = S; + (x,0) and V;(x) = V; + (x, 0) the translates of the sets §; C R*! and V; ¢ R4+
Moreover, for L € N and a (1, §)-equidistributed sequence z; € R4, j€ 74, we define = 74N AL,
U;(L)= UjeQL Si(zj), X1=Apx[-1,1]and )?R3 = Ar12r, X[—R3, R3]. Note that Ws(L) is a disjoint
union. In the following lemma we collect some consequences of our geometric setting. We will first
restrict our attention to the case L € Nyqq, and consider the case of even integers thereafter.

Lemma 3.3. (i) Forall§ € (0, 1) we have S C S C S3 C B c R{™.

(i) For all L € Nogg with L > 5, all § € (O, %) and all (1, §)-equidistributed sequences z; we have
UjeQL VZ(Zj) D Xi.

(iii) There is a constant K4, depending only on d, such that for all L € Nygq, all § € (O, %), all (1, 8)-
equidistributed sequences zj, all measurable and bounded 'V : RY > R, all E > 0 and all ¢ e
Ran(x(—oo,£1(HL)) we have

2 2
Z ||F||H](V3(zj)) < Kd”F”Hl(U/’eQL V3(Zj)).
Jje0L '

(iv) Forall L € Nyyq, 6 € (O, %) and all (1, §)-equidistributed sequences z; we have UjeQL V3(zj) C X,

We note that part (ii) of Lemma 3.3 will be applied with L replaced by SL.
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Figure 1. Illustration for (ii) in the case d = 1, L =5 and for some configuration z;,
j € Or. The set [—%, %] x [—1, 1] is covered by V»(z;,) and Va(z),).

Proof. Parts (i) and (iv) are obvious.
%]d x [—1, 1] can be covered by the sets V>(z;). Let us take

J1.2€ 0.

To show (ii), we first prove that [—
jl :(_150""70)9 j2:(_270""9
Then

1
2

[, 4] < [=1, 11 € Va(z;,) U Va(zp); (14)

see Figure 1. Indeed, let x = (x1, . .., X441) be an arbitrary point from [—%, %]d x[—1, 1]. Then (14) is not
satisfied only if |(z;,, 0)—x|? < 1 and |(z,, 0)—x|2 > R2. Since zj, € (=348, —1 —8) x (—1+8, 1 —8)*""
and zj, € (=348, =3 —8) x (=1 48,1 —5)"", it follows that

(—% -4 —x1)2+x§+1 <1 and (—% +46 —x1)2—|— d—-1(1 —6)2 +x§+1 > 9d.
Plugging the first relation into the second, we obtain
9d < (d—1)(1 =8> +2(1 =8)(B+2x)+1<(d—1)(1—8)>+8(1—8)+1.

But this relation is satisfied only for d < 1. Since L > 5 the same argument applies to cover every
elementary cell ([—%, %] +i) x [—=1,1], i € Qr, by two neighboring sets V»(z;).

Now we turn to the proof of (iii). Since R > 2R3 + 2, the function F is defined on V3(z;) for all
jeQr. Forall x € UjGQL V3(z;), the number of indices j € Qy such that V3(z;) > x is bounded from
above by (2R3 +2)?. Hence,

forall x € Xe, ) xvaep ) < QR3 +2) 0,y v (),
JjeOoL

D NF ey = /X (Z xv3<zj><x>)<|F<x>|2+ IVF(x)]%) dx

JE€QL Ry NieQp

< (2R; +2)"||F||i,.(ui 0, V3@’
JELL

and thus

Hence we can take K; = (2R3 +2)% U
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Interpolation inequalities.

Proposition 3.4. Forall § € (0, %) all (1, §)-equidistributed sequences zj, all measurable and bounded
V:RY - R, all L € Ny, all E > 0 and all ¢ € Ran(x(—oo,£1(HL)):

(@) Thereis By = B1(d, ||V lleo) = 1 such that for all B > B| we have

L1 0y < DIBIF I wyry) + D1 @@t FlollZ 24y, 1)
where B is given in (16), and 51(,3) and ﬁl (B) are given in (17).

(b) We have

1/2 1/2
||F||H1(U1(L)) = Dl”(ad+1F)O||L2(Wa(L))||F||H1(U3(L))’

where D is given in (21).

Proof. First we recall that AF = V. F, 0541 F(x’,0) = ¢(x’) and B; D S3. Now we choose a cutoff
function y € C*®°(RY*1; [0, 1]) with supp x C S3, x(x) =1ifx € S, and

~

Gl
max{[|Ax [loos 1V xlloo} < = 01,

where @1 -0 1(d) depends only on the dimension. This is due to the fact that the distance of S,
and [R{ff”l \ 83 is bounded from below by 82 /16. Let ¢ be a nonnegative function in C§°([R§d ) with the
properties that [|¢]|; = 1 and supp¢ C B(1). For & > 0 we define ¢, : RY — R by ¢.(x) = e 9p(x/e).
The function ¢, belongs to CZ° (R?) and satisfies supp ¢, C (¢). Now we continuously extend the
eigenfunctions ¢y : Agr — R to the set R4 by zero and define for ¢ > 0 the function F; : R x R by

Fe(x, Xap) = ) or(pe % i) () sk (Xa1).

keN
E<E

By construction, the function g = x F; is an element of C gf(’)(B;). Hence, we can apply Proposition 3.1
with g = x F, and p = % and obtain for all 8 > By > 1

/ PV (BIV(XF)I* + B |x FeI?) 501/
$3

e?PV|A(Fo) > + BC / PV (@ar1(x Fe))ol*.  (15)
83

B(3)

Note that By and C; only depend on the dimension. By [Ziemer 1989, Theorem 1.6.1(iii)] we have
Qe %O — P, V(e x ) — Vo and A(g, *pr) = Ay in L?(S3) as ¢ tends to zero. Consequently, the
same holds for F,, VF, and AF, and thus we obtain (15) with F, replaced by F. For the first summand
on the right-hand side we have the upper bound

/ezﬂ'/’|A<xF>|zs3/ eV (4IVXPIVE? +|AxPIFI? + |AF P x]?)
S3 S3

53e2ﬁ‘/f2/ (4®%|VF|2+®%|F|2)+/ 3PV |V Fx|?
$3\ 82 S3

< 1267 P g, +3IVIE, [ VP
$3
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The second summand is bounded from above by BC| f B((S)|(ad+1F Yol?, since F =0 and ¥ < 0 on
{x4+1 = 0}. Hence,

B SeW IV F)PHB=3IVIZLC) | PV IxFIP<12C107e* V|| F 13 5, +C1BI Qa1 Foll 2 -
3

S3
Additionally to 8 > By we choose 8 > (6| V||goC1)1/ 3 =: By. This ensures that for all
B = B1 :=max{Bo, fo} (16)
we have

1
3 / PV (BIV(F)P + B FI?) < 121072 | FII3 5, + CLBI@as1 Fholl7 sy
S3

Since B>1, S3D 81, x =1 and e*#¥ > /¥ on §;, we obtain
PV Fll s, < 24C107P 2| FIl o) +2C1H1 Bast ol (s

We apply this inequality for translates S;(z;) and obtain by summing over j € Q; = 79N AL
2 2 2.2 2 2
€ P Z “F”HI(S](Zj)) =< 24'6'1(91e P Z ||F||H1(S3(zj)) +2C1 Z ”(ad"'lF)O”LZ(B(zj,S))'
JE0L JeOL JjeQL

Recall that U; (L) = UjEQL Si(z;j) and Ws(L) = UjEQL B(z;, 8). Hence, for all B8 > B; we have

2 n 2 N 2
”F”H1(U1(L)) =< Dl ”F”Hl(Ug(L)) + Dl ”(ad-l-lF)O”LZ(WB(L)),
where
Di(B) =24C,0%e*PV2=V)  and Dy (B) =2C,e 2PV, (17)

We choose 8 such that

2 1/(2
eﬂ _ [ 1 ||(8d+1F)0||L2(W5(L)i| /(2¥2) (18)
= 5 3 .
12@1 ||F||H](U3(L))
Now we distinguish two cases. If 8 > B, we obtain by using | = 2y,
IF I3 w0y < 8V3CIOUIF | oy 1 Qas Floll 2wy (19)

If B < B1 we use Lemma 5.2 of [Le Rousseau and Lebeau 2012]. In particular, one concludes from (18)
that

1
2 -2 2
||F||H1(U3(L)) < 12®26 ﬁ”//z”(ad+1F)0”L2(W5(L))'
1

This gives us in the case 8 < B

—p1yn
€
L e < WE W sy < Ji20, Wl asanllGas Foll 2w, wy- (20)
If we set B
ef 12
D? = max{sﬁcl®1, } (21)
‘ V12

we conclude the statement of the proposition from inequalities(19) and (20). [l
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Now we deduce from the second Carleman estimate, Proposition 3.2, another interpolation inequality.

Proposition 3.5. Forall § € (O, %), all (1, §)-equidistributed sequences z;, all measurable and bounded
V:R? - R,all L € Nogg, all E >0 and all ¢ € Ran(x(—oo,£1(HL)):

(a) Thereis oy = a1(d, ||V |lso) = 1 such that for all o > a1 we have
”F”H'(X y = DZ(Q)”F”HI(UI(L)) +D2(Ol)||F”H1(XR )s

where o is given in (23), and Dz(a) and Dz(ot) are given in (27).
(b) We have
“F”Hl(Xl) = D2||F||H1(U (L))”F”HI(X )

where y and D, are given in (32) and (33).

Proof. We choose a cutoff function x € Cgo(Rd“; [0, 1]) with supp x C B(R3)\ B(r1), x(x) =1 if
x € B(r3) \ B(Ry),

~

_6
< 84 =: 0,
max{||Ax lloo,vs» 11V X1lloo, 15} < O3,

max{[| Ax lloo,vi» NV xlloo, v,

where ©5 depends only on the dimension and ®j3 is an absolute constant. We set u = x F. We apply
Proposition 3.2 with p = Rj3 to the function « and obtain for all @ > g > 1

/ (e R3w' 2| Vu|* + o} w2 |u|?) dx < C2R§/ w22 Aul? dx.

B(R3) B(R3)

Since w < 1 on B(R3) we can replace the exponent of the weight function w at all three places by 2 — 2¢;
ie.,

/ (aR3w* 2| Vu|* + o’ w?™ 2“|u|2)dx5c2R§f w22 Aul?dx =: 1. (22)
B(R3) B(R3)

For the right-hand side we use
Au=2(Vx)(VF)+ (AY)F+ (AF)y,
and AF =V, F, and obtain
I s3czR§‘fw2—2“(4|(vX)(VF)|2+|<Ax)F|2+||V||§o|xF|2)dx=: L+ L+
B(R3)

If we choose « sufficiently large, i.e.,
a > (6C2R3|IVIIS)'" =: do,
we can subsume the term /3 into the left-hand side of (22). We obtain for all

o > ap ;= max{wg, oo} (23)
the estimate
/ (ozR2 - 2‘)‘|Vu|2—+—é053w2 2"‘|u|2) dx < I + b,.
B(R3)
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For the “new” left-hand side we have the lower bound
L+5L> (a R3w* 2| Vul* + Lo w? 2 |u?) dx > ~( - Nl
2 2\ R H (V)
B(R3) 2

For I; and I, we have the estimates

R 200—2 R 202
I <3C,R? [4@%(6—3) IVF|? +4®%(e—3)
r Vi "\ 13 Vs

eR 2002 eR 2002
1253C2Rg‘[®§<—3) /|F|2+®§(—3) /|F|2].
ri Vi r3 V3

Putting everything together, the Carleman estimate from Proposition 3.2 implies for « > «

mﬂ,

2 4| o2 eR2 2 2 2 eR2 2 2

By translation, (24) is still true if we replace Vi, V, and V3 by its translates V;(z;), Va2(z;) and V3(z;) for
all j € Q. Hence,

202 202
SR <40R @2 (RS 1m0 02 (SR S
(st = =3C205 | 0| T iy T3 H (Vs |

jeor JjeoL JEQL
(25)

For all L € Nygq Lemma 3.3 tells us that UkeQ5 U Va(zj+kL) D X1 = A x[—1, 1] and the left-hand

side is bounded from below by

1 1
E : 2 _ L Z Z 2 A2
||F||H1(Vz(z,-)) T 5d ||F||H1(V2(Zj+kL)) = 3d ”F”H‘(Xl)'
jeor keQsjeQL

j€0L

Since Vi(zj) N IRff:r1 C Si1(z)), S1(zi)NS1(zj) = for i # j, and since F is antisymmetric with respect
to its last coordinate, we have

2 2 _ 2
Z ”F”Hl(Vl(Zj)) <2 Z ”F”H'(Sl(zj)) - 2”F”H'(Ul(L))'
JjeOL jeoL

For the second summand on the right-hand side of (25), we find by Lemma 3.3(iii) that there exists a
constant K, such that

2 2
Z ||F||H](V3(Zj)) = Kd”F”Hl(UjEQL V3(z‘,~))'
JjeorL

Moreover, since icoL V3(zj) C Xgy = AL+Rry, X [—R3, R3], we have

2 ~
Y N F Iy < Kal Flln @,
JjeorL

Putting everything together we obtain for all @ > o)

1 ~ —~
S lF Iy = D2@IF I g,y + D2@OIF 1 5 (26)
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where

s eR2 20—2 ) R2 20—2
Dy (ax) = 48C, R3O} and D,(a) = 24C,RIOIK, . (27)
r r3

If we let c; = 48C,O3R3r}/(eR2)?, o =24C2O3K, R3r}/(eRy)?,

eR, _ el
=2In{— ] >0 and p =2In|—) <0,
r r3

then (26) reads as

_ pt 2 pa 2
Sd “F”HI(X) <cie ||F||H1(U1(L))+Cze ||F||H1(XR3)' (28)
We choose o such that L
L
e* = - . (29)
Cl ”F”HI(U (L))
If & > o1 we obtain from (28) that
1—y 2-2y D
Sd ”F”HI(XI) = 2C C2 ”F”Hl(Ul(L))||F||H|(§R3)’ where Y = p+ —p (30)

If « < a1, we proceed as in the last part of the proof of Proposition 3.4; i.e., we conclude from (29) that

G a1 (pt=p7)
”F”Hl(x ) cy ' ||F||H1(U1(L))’
and thus
2pt—p)/(pT—p~ 2(1—y) 1 _
L e A T e >( S )) IFl iy BD
We calculate
_ In2 (32)
~In(r3/ry)’
set 2 2(a1—1)
202r2 \ [ 20 “TUNY
D§:max{5d192-94cz®§1(de4d2( 2l ) ( 2 (ri) ) } (33)
®3Kdr3 ®3Kd r
and conclude the statement of the proposition from (30) and (31). (I

Proofs of Theorem 2.2 and Corollary 2.6.

Proposition 3.6. For all T > 0, all measurable and bounded V RY - R, all L € Nygq, all E > 0 and all
¢ € Ran(x(—o0,£](HL)) we have
2

T ||F”H1 A —T.T

5 2l < IR ST (1 (L V) T2) Y BTl
keN keN
E<E Ey<E

where if Ex <0,

IBk(T) { ZT\/i lf Ek =~ 0.
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Proof. For the function F : Ag; x R — C we have for T > 0

T
I Wpinggirn = [ [ (00a P41V FP+1FP)
- RL

Note that || @ellz2(a,,) = RY. By Green’s theorem we have

d
/ |V’F|2dx’=f (—Zal-zF)Fdx’:—f V|F|2dx/+[ (83, F)F dx’
ARL ARL i=1 ARL ARL

for all x;41 € R. First we estimate

T
P Biigrry = [ [ (8PP =VIFE+ Gy PF +1FP) dy
ARL

/f (1041 FP + @20, FYF + (L + VI IFP) dy =28 Y lenPI,
ARL

keN
Er<E

where

T
I = / ((L+ 1V lloo) 8k (a1 + 85 (ag1)* + 8§ (Xag1) 8k (xa41)) dxas1
0

=1+ 1Vleo) /OT sk (%at1)” dxag1 + sp(T) s (T).
If E; <0, we estimate using s () < and s, (t)sx(t) <1 for t >0
I < 30+ V)T +T < (A + VI T? + T)Bi(T).
For E; > 0 we use sinh(wyt)/wy <t cosh(wyt) for t > 0 and cosh(w; T)? < e?*T to obtain
sinh® (@gxg+1)

ILi=04+ Vi) f — 2 dxgy1 + sinh(wi T) cosh(wi T') /i,
Wy

< (1 4+ Vo) T? cosh? (i T) + T cosh®(@x T)) < (1 + |V loo) T> + T) B (T).

This shows the upper bound. For the lower bound we drop the gradient term and obtain

[T rm—/ / (021 FIP+IF ) dx =2 R Y |ox P i,

keN
E.<E

where

T
i = / (5 Cra)? + 5, (e )] dxn.
0

If E; = 0, the lower bound ik > T follows immediately. Else, we have se(H)? > sin®(wit) /i and
Sk (1)? > cos(wyt), whence

T w2 T
~ sin“ (wgXg+1) s1n(2a)kT)
I Z/ —2+ + cos? (@ Xg+1) dxg1 2/ cos* (WXat1) dxgp = + —_—
0 Wi 0 2 4w
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Now, if 2w T < m, the sinus term is positive and we drop it to find ik >T/2. If 204 T > 7, we have
sin(wi T) > —1 and estimate

T 1 T g T T T
Ik>___:__ > _ — > — O

2 dop 2 dmex T2 2w T 47

Proof of Theorem 2.2. First we consider the case L € Nyqq. We note that Proposition 3.6 remains true if
we replace Agy by Ap and R by 1;ie., forall 7 > 0 and L € Nygqg we have

T

5 2l < UFIG oy S2TA+ A+ VI T?) Y AT lenl. (34)
keN keN
Ex<E E<E

We have §R3 C Arr X [—R3, R3]. By (34) and Proposition 3.6 we have

” ”HI(X ) ||F||H](ARLX[ R3, R3])
I F> B IFII%

< DiD?

H'(X)) H'(X1)

with
2
~5 ZEkEE Ok lory |

D= SEE s and Di=4RIR(1+ (14 [V ) RS),
EkSE

where 6, = B (R3). We use Propositions 3.4 and 3.5 and obtain
2
||F||H1(XR ) — D3D4”F”H1(X1) = DyD2D3D4”F”H|(X )||(8d+1F)0||L2(W5(L))||F||7;I/I(U3(L))
Since Us(L) C §R3 we have
2/y =2/y 2
Il Gy < DIDS DY DI 11 @a F)oll 2 wyny-

By (34), the square of the left-hand side is bounded from below by

VF W Ry = W W oo = 2R3 D ol

keN
E.<E

Putting everything together we obtain by using (9741 F)o = ¢

§ : 2 4 n 4 2

%R?) |ak| S Dl (D2D3D4) /y”('b”Lz(Wg(L))
keN
E.<E

In order to end the proof we will give an upper bound on D5 which is independent of ay, k € N. For this
purpose, we recall that 6y = B;(R3). Since 6 < e2RVE for all k € N with E, < E, we have

l~)§ < D§ = e*RVE,
Hence, using ZEk5E|O‘k| ||gi)||L2(A ) we obtain for all L € Nyqq the estimate

2 2
Csfuc ”¢||L2(AL) = ||¢||L2(W5(L))’
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where Csue = Cstue(d, 8, E, ||V [|oo) = Dy *(D2D3D4)~*/7. From the definitions of D;, i € {1,2,3, 4},
and y one calculates that
Core > sN(1+IV I +VE)

with some constant N = N (d). Now we treat the case of L € Neyen = {2, 4, 6, ...}. By a scaling argument
as in Corollary 2.2 of [Rojas-Molina and Veseli¢ 2013], we immediately obtain that for all G > 0,
3 €(0,G/2), L/G € Nygq and all (G, §)-equidistributed sequences g; we have

2 ~G 2

(d,8, E, |V]e) = Cstuc(d, 8/ G, EG?, || V|| G?). Here W{ (L) denotes the set Ws(L) corre-
sponding to the sequence g;. Now we define
G— L/(L/2—1) if L €4N,

2 otherwise,

and CS

sfuc

which satisfies G € [2,4] and L/G € Nygq. Since G > 2, every elementary cell Ag + j, j € (G2)4,
contains at least one elementary cell A| + j, j € Z%. Hence we can choose a (G, §)-equidistributed
subsequence ¢g; of z;. We apply (35) to this subsequence and obtain

2 2 ~G
”¢”L2(W5(L)) Z ||¢||L2(W{;1(L)) Z Csfuc||¢||L2(AL)‘

Note that Ws(L) corresponds to the sequence z;. Putting everything together we obtain the statement of
the theorem with
N e N(1+IvIZP+VE
min{ Cfuc, Ginf, CGe) =8 (HIVIEVE)

and some constant N = N (d). For the last inequality we use that (i)N > 52 O

Proof of Corollary 2.6. We denote the normalized eigenfunctions of —A; 4+ A 4+ B corresponding to the
eigenvalues A;(—Ay + A + B) by ¢;. Then we have
ri(=AL+ A+ B)={(¢i, (AL + A+ B)¢:)

= max (¢, (—AL+A)p)+ (¢, BP)
¢pE€Span{ey,....¢; }
llll=1
> max (P, (AL + A)P) +a(d, xwyw)P)-
$eSpan{@y,....d;}
lloll=
By Corollary 2.4, we conclude that for all ¢ € Span{¢y, ..., ¢;}, ||[¢]l = 1, we have

(@, Xwy1)®) = Cue(d, 8, E, || A+ Blloc)
and furthermore, by the variational characterization of eigenvalues, we find

max (¢, (AL +A)p) > inf max (¢, (—AL+ A)p) =Ai(—AL+ A).
¢€Span{¢y,...,¢; } dimD=i ¢eD
lol=1 lol=1

Thus, we obtain the statement of the corollary. U
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4. Proof of Wegner and initial scale estimates

Recall that 0 < G| < G are the numbers from the Delone property such that 8{D N (Ag, +x)} <1,
H{DN(Ag,+x)}>1forany x € R, and that for all 7 € [0, 1] we have suppu; C Ag,. Let Spax :=1—w4
and K, ;= unmax [Gy/ G11% Forwe [w_, a)+]D and 6 < dmax, We use the notation V,, s for the potential V,,
where every w;, j € D, has been replaced by w; + 8. The following lemma is a consequence of the
properties of a Delone set, in particular fA; "D < [L/ Gﬂd, and our assumption (5).

Lemma 4.1. (i) For all w € [w_, a)+]D, all 0 < § < dmax and all L € (G, 4+ G,)N, the difference
Vot+s — Vo is on A bounded from below by a18* times the characteristic function of W s, (L)
which corresponds to a (G, + G,,, B18P?)-equidistributed sequence.

(ii) Forall w € [0, 117 we have || Vylloo < Ku.

(iii) Forall L € (G, 4+ G,)N, we have
2{jeD:3r (0.1, suppu,(- — )N AL # &) < [(L+G)/G11* < QL/G)".

Proof of Theorem 2.10. Note that for all Ey € R, A;(Hy, 1) < Ep implies, by Lemma 4.1(ii), that
Ai(Hys.1) < Eo+||Vors— Vol < Eg+2K,,. Now we apply Corollary 2.6 with A=V, and B=V,,s—V,,
(both restricted to Ay). Together with Lemma 4.1(i), we obtain for all Ey € R, all L € G,N, all
w € [w_, wy]P, all § < 8y and all i € N with Ai(Hy, 1) < Ey the inequality

2i(Hyys.1) = hi(Hy 1) + 018 CGF O (d, 187, Eo+ 2K, Ku).

sfuc

In particular, there is k =k (d, w4+, o1, @2, B1, B2, G2, Gy, Ky, Eg) > 0 such that
Ai(Hyys,1) > Ai(Hy, 1) + 8% (36)

Now let ¢ > 0, satisfying & < enmax := 85, /4. We choose § := (4¢)'/%, whence

Ai(Hyys,0) = Xi(Hy, 1) +4e. 37)

Let p € C*°(R, [—1, 0]) be smooth, nondecreasing such that p = —1 on (—o0; —¢] and p =0 on [¢; 00).
We can assume || p0’||oo < 1/¢. It holds that

X(E—e;E+e1(X) S p(x —E+2¢) —p(x —E—2¢) =p(x — E—2¢e+4¢) —p(x — E —2¢)
for all x € R and together with (37) this implies
E[Trlx(£—e:E4+e1(Ho,)]] < E[Tr[p(Ho,L — E — 26 +4¢) — p(Hy L — E —2¢)]]
< E[Tr[p(Hyys,. — E —26) — p(Hy, L — E —2¢)]]. (38)

Now let A = {j eD:3re[0,1], suppu,(- — j) N Ar # I} be the set of lattice sites which can
influence the potential within Ay. Note that tIzN\ L < L /Gl)d. We enumerate the points in A L by
k:A{L,..., j:I[\L} — D, n +— k(n). The upper bound in (38) will be expanded in a telescopic sum by
changing the |A | indices from w;j to w; + & successively. In order to do that some notation is needed.
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Givenw € [o_, w412, ne{l,...,|ALl}, 8 €0, Smax] and 7 € [w_, w. ], we define &9 (1) € [w_, 1]P

inductively via

if j =k(1),
else

if j = k(n),

N(l’(g)[ L t ?
(@7 (1)); {wj (@19 (w; +8)); else.

and  (@"0(1)); := {

The function &% : [w_, 1] = [w_, 1]P is the rank-1 perturbation of w in the k(n)-th coordinate with
the additional requirement that all sites k(1), ..., k(n — 1) have already been blown up by §. We define
On(t) :=Trlp(Hpnn(yp — E —26)] forn=1,...,|AL].

Note that
O1(wra)) =Tr[p(Hy,, L — E —2¢)],

®"(a)k(l’l)) = ®n—1(wk(n—l) + 8) forn=2,... s |]\L| and
®|]\L|(wk(|AL|) +6) =Tr[p(Hyys,L — E —2¢)].

Hence the upper bound in (38) is

[E[Tr[p(Hw—O—B,L —E—2¢)]-Trlp(Hy,L — E — 28]] = lE[®|1~\L|(wk(‘[\L|) +9)— 0, (a)k(l))]

ALl
> E[On(@k(m) + ) — Onlwkm)]-
n=1

Due to the product structure of the probability space, we can apply Fubini’s theorem to each summand
and obtain

E[©n (@kn) + 8) — On(wxw)] = [E|:/ On(Wk(n) +8) — On(Wk(n)) du(wk(n))]~

Note that ®,, : [w—_, 1] — R is monotone and bounded. We will use the following lemma.

Lemma 4.2. Let —00 < w_ < wy < +00. Assume that | is a probability distribution with bounded
density v, and support in the interval [w_, wy ] and let ® be a nondecreasing, bounded function. Then
forall 6 >0

A[(@(?» +6) —OM]du) = vulleo - 8[O (w4 +68) — O(w-)].
Proof of Lemma 4.2. We calculate

/R[®()» +48) —O@)]1du(r)

wy+8 wy

EHV/LHOO/ +[®(K+3)—®(k)]dk=IIV;LIIOO[/ . ®(K)d>»—/ ®(k)d>»]
_ w_+ w_

wy+8 w_+38
=||vu||oo[/ @(de—/ @(de}s||vﬂ||oo'8[®<w++6>—®<w)1. 0

+
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Thus, we find foralln =1, ..., |Ay|

/ [®n ((Uk(n) +48) — ®n(a)k(n)) dﬂ(wk(n))] = ”‘)/L oo« [On (w4 +68) — Op(w-)].

We will also need the following result; see, e.g., Theorem 2 in [Hundertmark et al. 2006].

Proposition 4.3. Let Hy :== —A + A be a Schridinger operator with a bounded potential A > 0, and
let H| := Hy + B for some bounded B > 0 with compact support. Denote the corresponding Dirichlet
restrictions to A by HOA and HIA, respectively. There are constants K1, K, depending only on d and
monotonously on diam supp B such that for any smooth, bounded function g : R — R with compact
support in (—oo, Eg] and the property that g(HlA) - g(HOA) is trace class we have

Trlg(H{) — g(HM1 < K1eP + Ko (In(1 4 118" o)D)l 11
Proposition 4.3 implies:

Lemma 4.4. Let 0 < & < eax. Then 0, (v +8) — 0, (w_) < (Kefo + 2¢K5)|Ine|?, where K1, K, are
as in Proposition 4.3 and thus only depend on d and on G,,.

Proof of Lemma 4.4. Let g(-) := p(- — E — 2¢)). By our choice of p, we know g has support in
(—00, Eol, llg’'llec < 1/¢ and ||g’|l1 = 1. We define the operators

HY = H@"Y(w_),L) and HP :=H@""(w; +36), L).

They are lower semibounded operators with purely discrete spectrum and since g has support in (—oo, Ep],
the difference g(HlA) — g(HOA) is trace class. By the previous proposition

O (@4 +8) — O, (w-) = Trlg(H") — g(Hg)] < Kie™ + K>(In(1 4 1/))".
To conclude, note that & < gy < % and thus In(1 4+ 1/¢) <2|Ing| and 1 < [Ing| < [Ing|% O
Putting everything together and recalling § = (4¢)'/* we find
E[Trlx(£—e. £+e1(Ho.)1] < (K10 4+ 27K2) [0, lloo - SlIn g || A |
< (K1e™ +27K2) [y lloo - (4e) ¥ [Inel 2/ G LY. O
Proof of Theorem 2.11. We follow the ideas developed in [Barbaroux et al. 1997; Kirsch et al. 1998].
Let t < dmax, Vi1 be the restriction of V,, to A obtained by setting all random variables to ¢, and
Hip =—Ap, +VL,0n LZ(AL) with Dirichlet boundary conditions. Note that Hy; = —Ax, + VoL
and that the first eigenvalue of H; ; is bounded from above by d(/L)*> + K. Inequality (36) with
Ey=dn*+K,, oy =0, keD,and§ =1 yields that there is k = k (d, dmax, @1, &2, B1, B2, G2, Gy, K)
such that for all # < §pax
M (Hpp) = A(HoL) + 1.

We choose t = L~7/%) and L sufficiently large such that ¢ < min{d,ax, fo}. Then,

M(Hyp) —Ai(Hop) > L7774
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Let Qo :={w € Q: A (Hy,, 1) = X1(H;,)}. Since the potential values in Ay only depend on wy,
ke Ap+g,ND, we calculate using A7 16, "D <[(L+G,)/G 114 and our assumption on the measure u

that
P(Q) >1-P@3y e A D, w, <>1—| G ‘ 0,1 = 1—| ZFC g
(R0) =1 -=PEy € ALy, ND, 0y =1) = 1= G w0, 1) =1 - G 17
Since [(L + G,)/G11¢ < L>¥/* for L sufficiently large, we obtain the statement of the theorem. (I

5. Proof of the observability estimate

We want to apply [Miller 2010, Theorem 2.2] where we choose A = Ay — V on L?*(AL) with
Dirichlet boundary conditions, C = xw;) and Cp = Id. Note that A is self-adjoint with spectrum
contained in (—oo, ||V |s]. For A > 0 we define the increasing sequence of spectral subspaces &, :=
Ran x[_x 00) (AL — VL).

We need to check [Miller 2010, (5),(6),(7)]. By spectral calculus, we have for all A > 0

(Ap—=Vp)t )ul|

lle ulla, <e Mulla,, u€& =Ranxoo_in(AL—Vy), t>0.

Furthermore, Corollary 2.4 implies for all A > 0 and u € &,

-N ln(zS/G)G\/X”u ||%v

2
HMHAL = doe S(L)*

For T <1 we have eZT”V”OC/T < e2lVlee2/T \whence

e2T

IVie (T T
T(A=V), |2 A=V), 112 20 Vlloo w2/ T A=V) 112
le"AVuld, < [ 1, s i [T, an
0 0

T
Thus we found [Miller 2010, (5),(6),(7)] withmg=1, m =0, a =v = %, ap and bg as in the theorem,
a=—(N/2)In(6/G)G >0, b=1 and B = 1. By [Miller 2010, Theorem 2.2 and Corollary 1(i)], there
exists 7’ > O such that forall 7 < T’

kT < 4a0boezc*/T, where ¢, =4(Va+2 — \/5)74.

From the proof in [Miller 2010], it can be inferred that 7’ only depends on my, «, B, a, b, ag, by and on
our choice of T < 1. Thus, in our case, T’ only depends on G, § and ||V || .

Using va+2—a=["" 2(2/x)~'dx > (a +2)~1/2 and the fact that from 8 < G2, it follows that
2 <2a/ampin, Wwhere anin := (N/2) In(2)G, and we obtain

Cr <4a+2)? <4a*(142/amin)> =In(G/8)*(NG +4/1n2)>.

Appendix: On single-site potentials for the breather model

Our assumptions. In this section we discuss our conditions on the single-site potential in the random
breather model. Recall that the w; were supported in [w_, w; ] C [0, 1), whence we consider 7 € [w_, w4 ]
and § € [0, 1 —w4].
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Definition A.1. We say that a family {u,},¢[0,1] of measurable functions u; : RY — R satisfies:

 condition (A) if the u, are uniformly bounded, have uniform compact support and if there are
ay, B1 > 0and ay, B > 0 such that for all € [w_, w4 ], 8§ < 1 —w, there is xo = xo(t, §) € R? with

Upgs —Ur = (X15a2XB(xO"313ﬂ2), (39)

« condition (B) if u, is the dilation of a function u by ¢, defined as u,(x) := u(x/t) for t > 0 and
ug = 0, where u is the characteristic function of a bounded, convex, open set K with 0 € K,

« condition (C) if u, is the dilation of a measurable function u# which is positive, radially symmetric,
compactly supported, bounded with monotonously decreasing radial part r,, : [0, co) — [0, c0) and
such there is a point X > 0 where r, is differentiable, r,(¥) < 0 and r,(X) > 0,

« condition (D) if u; is the dilation of a measurable function # which is positive, radially symmetric,
radially decreasing, compactly supported, bounded and which has a discontinuity away from 0,

« condition (E) if u_, is the dilation of a measurable function which is nonpositive, radially symmetric,
radially increasing, compactly supported, bounded, and such there is a point X > O where the radial
part r,, is differentiable, r, (¥) > 0 and r, (¥) < O.

Remark A.2. Condition (A) is the abstract assumption we used in the proof of the Wegner estimate for
the random breather model. Conditions (B) to (E) are relatively easy to verify for specific examples of
single-site potentials. In particular, (C) holds for many natural choices of single-site potentials such as the
smooth function yyj<1 exp(1/ (|x|2 — 1)) or the hat-potential x|¢|<1(1 — |x]). Furthermore, we note that
if we have families {u,};c[0,1] and {v;};¢[0,1] Where u; satisfies (A) and v;45 —v; >0 forall € [w_, w4 ]
and 6 € (0, 1 — w4 ], then the family {u; + v;},¢j0,1] also satisfies (A).

Lemma A.3. We have that each of the assumptions (B) to (E) implies (A).

Proof. Assume (B). We will show (A) with ¢y =1, ap =0, f» =1 and B; = ¢, and hence it is enough to
show the existence of a c¢§-ball in K, 5\ K;.

For K C R? and t > 0 we define K, := {x ¢ R? : x/t € K} and K, := @. Without loss of generality
let x := (1,0, ...,0) be a point in K which maximizes |x| over K. For A € R define the half-space
H, :={x € R? : x; < A}, where x; stands for the first coordinate of x. By scaling, the existence of a
cé-ball in K, s\ K; is equivalent to the existence of a ¢§/(¢ + §)-ball in K\ K;/(;15). By maximality of
(1,0,...,0), we have K C H; and hence K;/+s) C H;j+s)- Thus, it is sufficient to find a ¢d/(z +§)-ball
in K\ H; /5. By convexity of K, the set {z eK:z1= %} is nonempty and since K is open, we find
zo € K with z1 = % and 0 <c < % such that B(zg, ¢) C K. We define for A € [0, 1) the set X (1) C R? as
X)) :=B(zo+X((1,0,...,0) —zp), c- (1 —1)). By convexity and the fact that (1,0,...,0) € K, we
have X (A) C K. In fact, let {x,},en C K be a sequence with x, — (1,0, ..., 0). We define open sets
X, (A) by replacing (1,0, ..., 0) by x, in the definition of X (1). By convexity of K, every X,, is a subset
of K, whence |, .y X»(A) C K. Furthermore we have X (1) C |,y X»(2). Thus X (1) C K. We now
choose A :=1/(t + ). Then X (1) N H, = @. Noting that c(1 — 1) = ¢§/(t + §), we see that X (1) is the
desired ¢§/(t + §)-ball.
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Now we assume (C). Let r, (X) = —Cj. Then there is € > 0 such that
raE +e) — (@) € [—2sc1, —%Cl] for all |e| < &. (40)

It is sufficient to prove the following: there are C,, C3 > 0 such that for every 0 < ¢ < w; and every
0 <68 <1—wy thereis X = x(z, §) such that

X+ Cy6 X
ru< oy >—ru<?) > C34. 41

Indeed, by monotonicity of r,, (41) implies that for every x € [x, X + C»8] we have

X X\ X+ C8 X - a8
r e — 7 — r — 7 — ,
“\r+6 "\t ) ="\ 1458 “\r)=73

whence (A) holds with xg := (X + C28/2)e1, a1 =C3, B1 =C2/2, an =B = 1.

In order to see (41), let £ = (¢t + §)X. We choose « € (0, 1) and assume that X — 4« > 0 (this is no
restriction since (40) also holds for smaller &). Furthermore, we define C, := k€. Now we distinguish
two cases. If X6/t < &, then (40) implies

Tr e D o (42 (&) + 7 (%) L
Ty P Ty ; =r,| x Kt+5 ry(x)+r,(x)—r,| x xt
) ) Ci X —4«ke
>-2kCi——+Ci—>56—
t+06 2t 2 t+9
If X6/t > &, we use r, (x) —r,(Xx + x8/t) > r,(x) — r, (X + €) and (40) to obtain

X+ Cy8 X g8 g C¢ 4k b C¢
—ra(2) = —2¢C ci="2(1- > 100 4.
r”( P ) r“(z)— st T ( t+5>_ y (=40

Hence

x + Cp8 X Ci(x —4ke) Cie(1—-4
Tu r+ea —ry al > (C38, where C3:= min 1S Kg), 1€( <) >0
t+46 t 2 2(1 —wy)

The fact that (D) implies (A) is a consequence of (B). In fact, a function u as in (D) can be decomposed
as u = v+ w, where v is (a multiple of) a characteristic function of a ball, centered at the origin, and w is
positive, radially symmetric and decreasing. Indeed, let xy be the point of discontinuity with the smallest
norm. Then we can take v = (u(xo—) — u(xo+)) X B(0,|x,|)» Where x4 denotes the characteristic function
of the set A.

The function v satisfies (A) by (B) (since balls are convex) and we have w, s —w, > 0. By Remark A.2,
the family {u;}re0.1] = {vr + w:}iep0,17 also satisfies (A). The case (E) is an adaptation of (C). [l

Earlier assumptions. For certain types of random breather potentials, Wegner estimates have been given
before; see [Combes et al. 1996; 2001]. As we will show below, none of these results covers the standard
breather model. The methods of [Combes et al. 1996; 2001] seem to be motivated by reducing, thanks to
linearization, the random breather model to a model of alloy type and then applying methods designed
for the latter one. They are not focused to take advantage of the inherent, albeit nonlinear, monotonicity



SCALE-FREE UNIQUE CONTINUATION PRINCIPLE FOR SPECTRAL PROJECTORS 1077

of the random breather model. The following assumptions on the single site potential are considered in
[Combes et al. 1996] and [Combes et al. 2001], respectively.

Definition A.4. We say that a measurable function u : RY — [0, co) satisfies:

o condition (F) if u is compactly supported, in C?(R¢), nonzero in a neighborhood of the origin and
for some ¢y > 0 we have the inequalities

(x, Hess[u]x)

—x-Vu>0 forallxeR? and
x-Vu

<cy<oo forallx e RI\{0}), (42)

« condition (G) if u # 0 is compactly supported, in C!(B;\{0}), and there is &9 > 0 such that
—x-Vu—gou >0 forall x € R/\{0}. (43)
We have the following lemma.
Lemma A.5. We have that
o (F) never holds,
 (G) implies that u has a singularity at the origin.

Proof. We first show the statements in dimension one. Assume (F) and let xg := min supp u. Note that
xo < 0. By the first inequality in (42) we have that u’ > 0 for x € (xo, 0). The second inequality in (42)
implies

cou’ (x) - 2cou’ (x)

lu” (x)| <
|xo

for all x € (xg, x0/2),

| x|
whence we have
X X 200 X
W (x) = f W (y) dy < f ()] dy < 22 f W' (y) dy.
X0 X0 |X()| X0

and iteratively
Q)

=1y
2C n X X

u'(x) < (2¢0) / / / u' (x™ydx™ ... dx®
|xol" xo Jxg X0

e =1

zc n X
<1t lloo - ( 01 / / / dx® ... dx®
|)C()| x0 JXxg X0

2 _ n
= || o - (%) )" >0 asn— oo

for all x € (xg, x0/2). We found u’ = 0 on (x¢, xo/2), which is a contradiction.

Now we assume (G). The function # cannot have its supremum at a point of differentiability for else
it would have to be zero at its maximum, which would imply # = 0. Condition (43) implies that u
is increasing on the negative half-axis and decreasing on the positive half-axis. We conclude that the
supremum has to be the limit at the only possible nondifferentiable point x = 0 and we will show that
this limit is co. By monotonicity of # and the assumption u# £ 0, there is §o > O such that

u(x) >u(dy) >0 on (0, §) or u(x) >u(—=séy) >0 on (—dp, 0).
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Without loss of generality, we assume u(x) > u(8g) > 0 on (0, &g). Furthermore, from (43) it follows that
u(x)
—u'(x) >eg——= forx > 0.
X

Using this inequality we estimate for 0 < x < §o:

%0 4 (s)

o
u(x) > u(x) —u(dy) = —/ u'(s)ds > 80/ —ds
X X s
)
> gou(&))/ s7lds = eou(8g)[In(6g) — In(x)] = oo as x — 0.

Now we show the claim in higher dimensions. If the single site potential U : R? — [0, o) does
not vanish identically there is a point y such that U(y) > 0. Assume without loss of generality that y
lies on the x;-axis and define u : R — [0, co) by u(x;) = U(xy,0, ..., 0). Note that if U satisfies the
assumption (F) or (G), respectively, then u satisfies (F) or (G) as well and the one-dimensional argument
can be applied to u. Hence, the statement of the lemma also holds for U. (I

In the light of the comments made at the beginning of this section, the occurrence of a singularity is not
surprising since in the case of a single-site potential with a polynomial singularity, u(x) = |x|~%, we have

|—0{

u(x/wj) = |x/w; :w}xlxl_"‘ :a);‘u(x),

and thus the random breathing would correspond to a multiplication, which would allow to reduce the
breather model to the well-understood alloy-type model V,,(x) =) j wju(x — j).
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