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1. Introduction

1A. The result. Let Q C R? be an open set and let u € Wléép (2) be a local weak solution in €2 of the
orthotropic p-Laplace equation

2
D (g |P72 )y = 0. (1-1)
i=1

This means that for every Q' € Q and every ¢ € Wol’p ('), we have

2
3 /Q 2, |P72 s, oy dx = 0. (1-2)

i=1
In the recent literature, such an equation has sometimes been called the pseudo p-Laplace equation. We
decided to adopt the terminology orthotropic p-Laplace equation in order to emphasize the role played
by the coordinate system. Indeed, let us recall that if u € Wkl)’cp (2) is a local weak solution of the usual
p-Laplace equation, i.e.,

2
> (VulP ) =0,

i=1

MSC2010: 49N60, 49K20, 35B65.
Keywords: degenerate and singular problems, regularity of minimizers.
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814 PIERRE BOUSQUET AND LORENZO BRASCO

then for every linear isometry A : R? — R?, we know u o A is still a local weak solution of this equation
on A~1(Q). This property fails to be true for (1-1), but it still holds if 4 belongs to the dihedral group D5,
i.e., the group of symmetries of the square (—1, 1) x (—1, 1).

Equation (1-1) is the prototype of degenerate/singular elliptic equations with orthotropic structure,
interest in which arose for example in the context of optimal transport problems with congestion effects.
We refer to the introduction of [Brasco and Carlier 2014] for a detailed description of the framework and
the model leading to these kinds of equations.

A function u € Wl;"sp (R2) is a local weak solution if and only if it is a local minimizer of the functional

2
1
F@: Q) =) 5 /Q lox; 1P dx, @ eWhP(Q), @ e R
i=1
This easily follows from the convexity of the functional §. We recall that u € Wkl)’cp (€2) is a local
minimizer of § if

Su; Q) <F(p; Q) foreveryu—g¢ € Wol’p(Q/), Q eq.

In the recent paper [Bousquet et al. 2016], we proved that for p > 2 any such local minimizer is a
locally Lipschitz function; actually, the case 1 < p < 2 is a mere application of [Fonseca and Fusco 1997,
Theorem 2.2]. The aim of this paper is to go one step further and prove the following additional regularity.

Main Theorem. Every local minimizer U € VVIé’cp (Q) of the functional § is a C' function.

Remark 1.1. It is easy to see that the function
p_ .
u(xy,X2) = |x1 771 = [x2]| 77T, (x1,x) € R?,

1
is a local weak solution of (1-1). Observe that for p > 2, we have u is not C?, but only C Lo=1. We
conjecture this to be the sharp regularity of local weak solutions.

1B. Method of proof. The proof of the Main Theorem is greatly inspired by that of [Santambrogio and
Vespri 2010, Theorem 11], which in turn exploits an idea introduced in [DiBenedetto and Vespri 1995].
However, since our equation is much more singular/degenerate than theirs, most of the estimates have to be
recast and the argument needs various nontrivial adaptations. In order to neatly explain the method of proof
and highlight the differences with respect to [Santambrogio and Vespri 2010], let us first recall their result.
In [Santambrogio and Vespri 2010] it is shown that in R?, local weak solutions of the variational

equation
divVHVu) =0 (1-3)

are such that x — V H(Vu(x)) is continuous, provided that

e VH(Vu) e W2 nL®;

loc loc?

e H:R?*—]0,00)is a C? convex function such that there exist M > 0 and 0 < A < A for which

Mz|PT2IEP < (DPH(2)€.6) < Alz|P72|g|> forevery £ €R% |z = M. (1-4)
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The last assumption implies that (1-3) is a degenerate/singular elliptic equation, with confined degener-
acy/singularity. Indeed, on the set where the gradient of a Lipschitz solution u satisfies |Vu| > M, the
equation behaves as a uniformly elliptic equation. By using the terminology of [Bousquet et al. 2016],
we can say that (1-3) has a p-Laplacian-type structure at infinity.

The proof of the continuity of V H(Vu) in [Santambrogio and Vespri 2010] relies on the following
De Giorgi-type lemma: given a ball Bg of radius R, if a component Hy, (Vu) of the vector field VH (Vu)
has large oscillations only on a small portion of Bg, then the global oscillation of Hy, (Vu) on the ball B R
is reduced (in a precise quantitative sense). Such a result amounts to an L estimate for (a nonlinear
function of) the gradient, which in turn relies on the Caccioppoli inequality for the linearized equation

div(D*H(Vu) Vuy,) = 0. (1-5)

On the contrary, if Hy, (Vu) has large oscillations on a large portion of Bg, then one exploits the fact
that a function W12 N L™ in the plane is such that either

(A1) its Dirichlet energy in a crown contained in Bpg is large; or

(A2) the function itself is large on a circle contained in Bg.

When (A2) occurs, the structure of the linearized equation (1-5) allows us to prove a minimum principle
for Hy, (Vu), which implies that Hy; (Vu) is large on the whole disc bounded by the above-mentioned
circle. This again leads to a decay of the oscillation of Hy, (Vu) (this time because the infimum increases
when shrinking the ball).

Then the continuity result of [Santambrogio and Vespri 2010] is achieved by constructing inductively a
decreasing sequence of balls and using the dichotomy above at each step. The important point is that since
Hy, (Vu) has finite Dirichlet energy, then possibility (A1) can occur only finitely many times. Hence, the
oscillation of Hy; (Vu) decays to 0, as desired.

Unfortunately, our (1-1) does not have a p-Laplacian structure at infinity; i.e., (1-4) is not satisfied.
Indeed, in our case we have

2 \z:|P
HE) =Y 'Z;J

i=1

so that

P2 0
DZH(Z)=(p_1)|:| 1|0 |Zz|p—2j|a Z:(ZlaZZ)GRZ.

In particular, D? H(z) is degenerate/singular on the union of the two axes {z;=0} U {z,=0} and our
equation does not fit in the framework of [Santambrogio and Vespri 2010]. Thus, even if the proof of
the Main Theorem follows the guidelines illustrated above, we will have to overcome the additional
difficulties linked to the more degenerate/singular structure of (1-5). In particular, in the case p > 2,
we need a new Caccioppoli inequality, which weirdly mixes different components of the gradient (see
Proposition 3.1). This is one of the main novelties of the paper.
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Remark 1.2 (stream functions). For 1 < p < oo, let us set p’ = p/(p —1). When Q C R? is simply
connected to every local weak solution u € W1 ?(Q) of (1-1) one can associate a stream function
ve W, C’p (£2), such that

Uy, = |th2|1’_2 Uy, and vy, = —|uxl|1’_2 Uy, -

Existence of such a function v is a straightforward consequence of the Poincaré Lemma, once it is
observed that (1-1) implies that the vector field

(|uxl |p_2 Uxys |”X2|p_2 “xz)

is divergence free (in the distributional sense). It is readily seen that v is a weak solution of

2
Z(lvxi |P/—2 Ux,-)x,- == 0
i=1
This would allow us to reduce the proof of the Main Theorem to the case 1 < p < 2 only. However, this
kind of argument is very specific to the homogeneous equation and already fails in the case

2
D (x| P2 ux)x, = A €R,
i=1
which we note is covered by our method (indeed, observe that the previous equation and (1-1) have
the same linearization (1-5), thus the Main Theorem still applies). More generally, we observe that our
method of proof can be adapted to treat the case, as in [Santambrogio and Vespri 2010], of

2
-2
> (P ) = f
i=1
under suitable (not sharp) assumptions! on f. For these reasons, we avoided using this argument based
on stream functions.

1C. Plan of the paper. First, it should be noticed that almost every section is divided in two parts, one
for the degenerate case p > 2 and the other for the singular one 1 < p < 2 (the case p = 2 corresponds to
the standard Laplacian). Though the methods of proof for the two cases look very much the same, there
are some important differences which lead us to think that it is better to separate the two cases.

In Section 2 we introduce the technical machinery and present some basic integrability properties of
solutions and their derivatives, needed throughout the whole paper. Section 3 is devoted to some new
Caccioppoli inequalities for the gradient of a local minimizer. The core of the paper is represented by
Sections 4 and 5, concerning decay estimates for a nonlinear function of the gradient (case p > 2) or for
the gradient itself (case 1 < p < 2). Finally, the proof of the Main Theorem is postponed to Section 6.
The paper ends with Appendices A and B containing technical facts.

lAs 1n the case of the ordinary p-Laplacian, see [Kuusi and Mingione 20131; Corollary 1. 6] the sharp assumption should be
fe LlOC , the latter being a Lorentz space. For p > 2 our proof requires |u X |2 u xj € Wloc (£2), a result which is true only
when f enjoys suitable differentiability properties.
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2. Preliminaries

2A. Notation. Given A > 0 and a ball B C R? of radius R > 0, we denote by A B the ball with the same
center and radius AR.
We define for every ¢ > —1 the function g, : R — R as

gg()=1t|7t, teR. (2-1)

Then g4 is a homeomorphism and gq_1 =g 4. Observe that
q
119t <a << < |a|_# a,
a fact that will be used repeatedly.
LetU € Wlé’cp (£2) be a given local minimizer of §. We fix a ball B € Q2. There exists A > 1 such
that Ap B € Q as well. If {p¢}¢~0 C C5°(B;) is a smooth convolution kernel (here, By refers to the ball
with center 0 and radius ¢), we define U® := U * p, € WP (Q,), where Q, := {x € Q : dist(x, IQ) > ¢}.

By the definition of U? there exists 0 < g9 < 1 such that for every 0 < & < &g
1Ulw1omy = IVUE Loy + 11U NILeB) S IVU e By + U L2 g B)- (2-2)

2B. Regularization scheme, case p > 2. As in [Bousquet et al. 2016], we consider the minimization
problem

2
1 -1
mm{Z—/ |wxi|p dx + p2 8/ |Vw|2dx cw—=U¢e WOLP(B)}' (2_3)
: PJB B
i=1

Since the functional is strictly convex, there exists a unique solution u¢, which is C? on B; see, e.g.,
[Bousquet et al. 2016, Theorem 2.4] for the Lipschitz regularity and [Giusti 2003, Theorems 8.6 and 10.18]
for the higher regularity. Moreover, u? satisfies the Euler—Lagrange equation

2
Z/ (Juf, P72+ (p—1)e) uy, ¢x; dx =0 forevery ¢ € Wol’p(B).
B

i=1
We take ¢ € C? with compact support in B. Then for j € {1, 2}, the partial derivative @x; 1s still an
admissible test function. An integration by parts leads to

2
Z/B(lui;,.ll"2 +E) Sy, ox dx =0, j=1.2. (2-4)

i=1
As usual, by a density argument, the equation still holds with ¢ € Wo1 ’Z(B). We now collect some uniform

estimates on u°.

Lemma 2.1 (uniform energy estimate). There exists a constant C = C(p) > 0 such that for every
0 < & < gg the following estimate holds:

/|W8|de§c(/ |VU|de+gnfz|B|). (2-5)
B A B

Moreover, the family {u®}o<g<g, converges weakly in WLP(B) and strongly in L?(B) to U.
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Proof. The estimate (2-5) is standard, it is sufficient to test the minimality of u® against U?, which
is admissible. In particular, the family {#°}o<<¢, is uniformly bounded in WLP(B). Moreover, by
[Bousquet et al. 2016, Lemma 2.9] there exists a sequence {&x }ren C (0, &9) such that u®* converges
weakly in W17 (B) and strongly in L?(B) to a solution w of

2
. 1 /1 Lp
min — | lex;|Pdx i 9—UeW, (B)}.

Since U is a local minimizer of §§ and the solution of this problem is unique (by strict convexity), we get
w = U and full convergence of the whole family. O

Lemma 2.2 (uniform regularity estimates). For every 0 < ¢ < gy and every B, € B we have

lu®llpoe(B,) = C, (2-6)
Vu®|lpe(B,) = C, (2-7)

p=2 2 .
Lr|V(|u§j| 2 ufcj)} dx<C, j=1,2, (2-8)

for some constant C > 0 independent of € > 0.

Proof. The proof of the L°° estimate (2-6) is standard; it can be obtained as in [Giusti 2003, Theorem 7.5].
The standing assumption required throughout [Giusti 2003, Chapter 7], namely the property (7.2) there,
is satisfied in our framework since for every z € R? one has

2
1 1 p—1
cl’ =5 EW + el =C (=" + 1)
=
for some C = C(p) > 0.
The Lipschitz estimate (2-7) is more delicate and is one of the main outcomes of [Bousquet et al. 2016].
Indeed, we know from Proposition 4.1 of that paper that there exists C = C(p) > 0 such that for every
Br@iBR@iB

R\ 2+1
u$, Lo B,y = C(R ) [][ [Vu®|? dx + 1} , i=1,2. (2-9)

With the notation introduced in [Bousquet et al. 2016], this corresponds to the particular case §; =8, =0
and f = 0 there. By combining this with (2-5), we get (2-7).

We now prove the W 1:2 estimate for the nonlinear function of Vu®. We take 1 € Cg°(B) a standard
cut-off function such that

0<n<l, n=1 onB,, n=0 onR?\Bg, |V77|5R .
—r

Then we test (2-4) against ¢ = ufcj n?. With standard manipulations, we get the Caccioppoli inequality

2 2
Z/(Wi,. 1772 4 6) |ug, x, P17 dx = C Z/dui,. 1772 &) |us, 1? [x; |* dx.

i=1 i=1
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By dropping the term containing ¢ on the left and observing that

_ 4 p=2 2
|uii |p 2 |u§c‘ix]' |2 = _2 ‘(|u8xl| 2 u;l)le ’
we get
2 s 5 C 2
e |55= ¢ e |p—2 g |2 _
I;/B,’(lu""' T Ul )y | dx < =P ; /BR(lu’“"| +e) [uf, |* dx, (2-10)
where we used the properties of 1. In order to conclude, it is sufficient to use again (2-5). O

From the bounds obtained in Lemma 2.2, we can deduce the following convergence result.
Proposition 2.3 (convergence). With the notation above, for every B, € B we have:
(i) {u®}o<s<e, converges uniformly to U on B,.

(ii) {[us, |pT_2 us, Yo<e<e, converges to |Uy, |pT_2 Ux, weakly in W12(B,) and strongly in L*(B,). In
particular, we have
p=2
|Ux;| "2 Uy, € Wl’z(Br)-

(iii) {Vu®}o<g<g, converges to VU strongly in L (B,).
Proof. We already know from Lemma 2.1 that u® converges to U weakly in W17 (B) and strongly
in L?(B).

In view of (2-6) and (2-7), the Arzela—Ascoli theorem implies that the convergence is indeed uniform
on B, for every B, € B.

By (2-8), there exists a sequence {&e }xen C (0, &9) such that

sk us yeen, i =1,2,

converges to some function V; € W1-2(B,) weakly in W1-2(B,) and strongly in L?(B,). In particular,

this is a Cauchy sequence in L?(B,). By using the elementary inequality

—2 —2
—s|? <C |le]"Z = 15| s> tseR,

where C > 0 depends only on p, we obtain that {uf"l‘ }ren 1s a Cauchy sequence as well, this time in
LP(B;). This implies
lim [Vu® —VU|LrB,) =0.
k——+o00
We now prove that V; = |Uy; |pT_2 Uy, . We use the elementary inequality
—2 —2 —2 —2
)2 = 15|12 s| =C (1)"F +1s1"2 )lt—s|, t.s€R,
valid for some C = C(p) > 0. Then we obtain

p=2 p=2 2 p=2 p=2.2
177 U 7 U P = [ (15 410 7 S, P
r r

p—2 2

_ o> 2p D P

fc(/ (1012 10, | 277 dX)" (/ |”i€—sz-|”dx)p'
B, B,
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By using the strong convergence of the gradients proved above, this implies that V; = |Uy; |pT_2 Uy; . Since
the above argument can be repeated for every subsequence of {1°}9<z<,, it follows from the uniqueness
of the limit that the convergence holds true for the whole family {#®}o<¢<¢,, both in (ii) and (iii). O

From the convergence results stated in the above proposition, we can obtain some regularity properties
for the local minimizer U, which we state in the following theorem. These properties, which come with
local scaling-invariant a priori estimates, have already been established in [Bousquet et al. 2016; Brasco
and Carlier 2013; Fonseca and Fusco 1997].

Theorem 2.4 (a priori estimates, p > 2). Every local minimizer U € W];’cp (2) of the functional § is a
locally Lipschitz function, such that for every o > g we have

|Ux1_|a—1 Uxi € VVlclm’z(Q)» i = 1,2-

Moreover, for every Bgr € Q we have

D
U limimem =€ (£, vOrPas).i=1 1)
R

2a

/ }V(lUXiI“‘lUXi)lzdeCaz(][ |VU|de)p, i=12, (2-12)
Br/2 Br

for some C(p) > 0.

Proof. Let us prove the estimates (2-11) and (2-12). By taking the limit as ¢ goes to 0 in (2-9) and using
the convergence result of Proposition 2.3, we obtain

244
||Ux,-||LOO(BR/2)sc[][ |VU|1’dx+1] Cioin

Bgr
In order to obtain (2-11), it is sufficient to observe that if U is a local minimizer of §, then for every A > 0
the function AU is still a local minimizer of the same functional. Thus the previous Lipschitz estimate
holds true; i.e.,

244
MU e =C[7 f woraxsr] =
BRr

This can be rewritten as

p _r '
AT U, 1725, —cm]g VUIPdx<C, i=1,2.
R

for a different constant C = C(p) > 0. If we now maximize the left-hand side with respect to A > 0, we
get (2-11) as desired.

We already know from Proposition 2.3 that |Uy, | "2~ Uy, € W,12(). By passing to the limit in (2-10)
and using the convergences at our disposal from Proposition 2.3, we obtain

- C
[ |V(|Uxi|L22 Ux;) 2dx = _2/ IVU|? dx,
BR/Z R BR
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which is (2-12) for @ = p . In order to prove (2-12) for a general & > £, it is sufficient to observe that

|Ux,»|"“1 U, = [[Us, "2 Uy | 7% |Ux,.|% Us; (2-13)
and the function ¢ — |l| “riscl By using that
1,2
Ux;| T Uy, € Wa2(Q) N LEZ(Q),
we get that |Uy, |*~1 Uy, € loc (Q) N L (€2) as well. Finally, to prove the estimate, we observe that

(2-13) implies
— 2 20—
| 19U U dx = Ca? U 35 / V(U |17 U2 dx.
R/2

: .y}
By using (2-11) and (2-12) for o = 7,

we get the desired conclusion. O
We proceed with a technical result which will be needed to handle the case p > 2.

Lemma 2.5. Let p > 2 and let U € I/Vll ?(Q) still denote a local minimizer of §. Let B € R and set
t J—
F(1) = g/ 5|2 (s— B)4 ds, tER.
B

Then F(Uy;) € w,!: 2(Q) and we have

loc

(lUx | Ux, )xk (Ux, B)+ = (F(Ux,-))xk a.e.in 2. (2-14)

Proof. In order to prove that F(Uy;) € Wlécz (£2), we can observe that if we introduce the function

» [t]|2—P)/ Py

G() = F(i|'7 1) = —fﬂ 15172 (s — B ds.

then we have ,
pP—z
F(ij) = G(lijl 2 ij)- (2-15)

. . . p=2 . .
With the simple change of variable T = |s| 2 s, the function G can be rewritten as

t .
G(1) =/| (<157t = B) dr.

Bltr—2/2

Hence, G is a C! function. By using Theorem 2.4 and (2-15), we thus get that F(Uy;) € wl 2(SZ)

loc
In order to prove (2-14), we use the approximation scheme introduced in this section. For every & > 0,

thanks to the smoothness of u®, we have
p=2
(S, 172 us ) (U, = B+ = (F(Ug,))x.- (2-16)
By Proposition 2.3, we know that Vu? converges to VU strongly in L?(B,) and
|“fc,- |pT_2 ufcj weakly converges in W12(B,) to |Uy; |pT_2 Uy; .

This implies that the left-hand side of (2-16) converges weakly in L'(B,) to the left-hand side of (2-14).
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By using the uniform bounds of Lemma 2.2, the local Lipschitz character of G and the relation (2-15),
we get

p=2 2 p=2 2
/l;r|VF(u§j)|2dx:/Br}VG(|ufcj| p ugj)\ deC/Br|V(|u;j| P uij)| dx <C,

and

11m/ !F(Ux) F(u$, )‘ dx—llm/ |G(|Ux| ij) G(|ux| u )‘ dx

<C lim/ 1Us; 1527 Usy = 6,17 s, |* dx =0,
,

e—>0JB

where we used Proposition 2.3 for the last limit. We thus obtain that F (“fc,- ) converges weakly in W1-2(B,)
and strongly in L?(B,) to F (Ux; ). We can then pass to the limit in the right-hand side of (2-16). [

We end this subsection with two results on the solutions u® of the problem (2-3). The first one is a
standard minimum principle.

Lemma 2.6 (a minimum principle, p > 2). With the notation above, let B, € B. We have
e 1532 8 > C 9B e 1’326 >C inB
|y, |2 uy, = ondB, <= |uy |7 uy = in By.

Proof. In the differentiated equation (2-4) we insert the test function

<D — { |u | u )+ in Br,
0 in B\ B,,
which is admissible thanks to the hypothesis. Observe that
Y . 2-p
|uxj| 2 Uy, <C < Uy, <|C|? C; (2-17)
thus we obtain
—2
Z/ (I, 1772 4 &) [uS, 1“7 [, 1P dx = 0.
i JixeBoug <|clemm/r ey ! o

Observe that the two terms are nonnegative; thus for i = j we can also infer

-2
|2(11 ) |”x,x,| dx

0= /
{x€B;:ut <|C|(2—p)/p C}

2
:(—4 )/ [(lug, 132 s, ) |
3p-2 {xeB,:uijg\C|(2—p)/p C} 7 i/ xj

4\ . 3 2
(—3p_2) /B\(mm{w;li‘f’ D, 1015 ), |,

where we used that

2—p
uf, SICI7 C = U, 30Dy <iC)' C. (2-18)
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This gives
(min{lu, |3P~D s, |C| B CY), =0 aeinBy,

so that the Sobolev function
min{|uf, 322 |0 C)
does not depend on the variable x; in B,. By assumption, this function is constant on dB,. The last two

facts imply
—2
min{ju, |37 s, | |C| 5 C)=|C|% C ae.in B,

which is the desired conclusion, thanks to (2-17) and (2-18). O
Finally, we will need the following result about convergence of traces.

Lemma 2.7. Let B, € B. With the notation above, there exists a sequence {ey }ren C (0, &9) such that
for almost every s € [0, r], we have

kgrf ”|”€k| = ugs |Ux]'|pT_2 Uy HLOO(aBS) =0, j=1L2

Proof. We first observe that

e (P22 . p=2
{|uxj| 2 uxj_|ij| 2 ij}0<e<s()

weakly converges to 0 in W 1-2(B,.), thanks to Proposition 2.3. Thus for every 0 < t < 1, there exists a
subsequence which strongly converges to 0 in the fractional Sobolev space W 2(B,). We take % <t<l
and observe that the previous convergence implies that we can extract again a subsequence which strongly
converges to 0 in W%2(dBy) for almost every s € [0, 7] (see Lemma B.2). In order to conclude, it is now
sufficient to use that for % < 1 < 1, the space W¥2(3By) is continuously embedded in C°(dBy), since
0B is one-dimensional; see [Adams 1975, Theorem 7.57]. O

2C. Regularization scheme, case 1 < p < 2. In this case, the functional in (2-3) is not smooth enough,
in particular is not C2. Thus the regularized problem is now

2
- 1/ 2,8 P Lp
min — [ (e+|wy |2 :w=-U*eW, (B)}. (2-19)

This problem admits a unique solution 4, which is C? on B; see again [Bousquet et al. 2016, Theorem 2.4]
and [Giusti 2003, Theorems 8.6 and 10.18]. Moreover, the solution u? satisfies the corresponding Euler—
Lagrange equation; i.e.,

Z/(s+|ux| )z e ut, L Px; dx =0 forevery<peW1p(B) (2-20)
i=1

We still have the following uniform estimate. The proof is standard routine and is left to the reader.
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Lemma 2.8 (uniform energy estimate). There exists a constant C = C(p) > 0 such that for every
0 < & < gg the following estimate holds

/ |Vu8|pdx§C(/ |VU|de+e’z’|B|). (2-21)
B A B

Moreover, the family {u®}o<g<g, converges weakly in WLP(B) and strongly in L?(B) to U.
We will rely on the following Caccioppoli inequality to obtain certain bounds on the family {1°}o<¢<¢,-

Proposition 2.9 (Caccioppoli inequality for the gradient, 1 < p <2). Let { : R — R be a C! monotone
function then for every n € C? with compact support in B we have

Z/(s+|ux,| V21 s, ), P dx
i=1
P, p—1
= C [ EHVH ) B I8l V0P et € [ (419 )2 g ) (VnP+nl D) dx - 2-22)
for some C = C(p) > 0.

Proof. Suppose ¢ € C?; then the general result can be obtained by a standard approximation argument. To
obtain (2-22), we use a trick by Fonseca and Fusco [1997] to avoid using the upper bound on the Hessian of

2
H@)= Y (et |t zem?
i=1
see also [Esposito and Mingione 1998; Fonseca et al. 2002].
We start by testing (2- 20) against ¢ = (§(uf, ) n?%) x;- Thus we get

5 | P s, ) 1), =
i=1
By using the smoothness of ©#® and 7, we have

(é‘(ufcj) nz)xj x; = (é‘(lecj) nz)xi x; = (c/(ui]) ufcj Xi 712 +2 é‘(ufc]) n Uxi)x,-
= (i) Ul 1), +2 (s ) ), -

By using an integration by parts, we thus obtain

_Z/ (e+|u, | )57 ”xz) f(uxj)uxjx n? dx+2 Z/(e+|ux| Yz uxl(f(ux])nnx,)xj dx=0.
i=1 i=1
W1th simple manipulations, this becomes

/(e+|ux,| V2wl ) s, P
i=1
+(p- z>2/(s+|ux| Vs, 8w ) s, o dx

i=1
—22/(e+|u )5 G 0 0 v

i=1
+2 Z/(8+|Mx,| )z Uy §Qus,) x)x; dx. (9 03)

i=1
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‘We now observe that

Z/(Hlux,n ¢l ) S, 120 dx

= p=t
i= oY |6 B s P P
i=1

—Z/(e+|u 1) (e (p— D), 1) ) S, 12 P dix

i=1
so that the left-hand side of (2-23) has a sign. Thus we obtain?

Z/(s+|ux| )T (e (p— 1), 1) 1 WS s, 4, 12 0 dx

i=1

<2Z/(e+|u 5 [ G
i=1
2 Z/(e+|ux,| V2 s, 18, ) 1)y | . (2:24)
i=1
We now estimate the left-hand side of (2-24) from below

/(s+|ux| )72 (4 (p— D) S, 1) 18 ) i, o, 1 dx
i=1

> (p-1) Z/mw 2527 16wl ) [, o, P 0 dx

i=1

Z/<s+|ux,| )2 |¢(ux,)||ux,x,|2n2dx
i=1
2 Z/(a+|w| VI I, ) 1, 12 0P dx,
i=1
where we used that p —2 < 0. We will use the last term as a sponge term in order to absorb the second

derivatives of u® contained in the right-hand side.
As for the first term in the right-hand side of (2-24),

pr=2
[ P 18 1 g
p—1
= [ (e I, YT I8 1
p—1
= [ e 9P I )

1 D T p=2
52—/ (s+|Vu8|2)z|§’(uij)||vn|2dx+—/<e+|w|2) 18 WS s, , > 0P dox.
T Br 2 B

2Recall that by hypothesis, ¢’ has constant sign.
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Also, for the last term of (2-24), we simply get
p=2 p—1
/B<e+ S, 12) 2 s, 116, ) 100, )y | s/B (e + VU )T [£@s)] (1Vn1? + [nl | D2n]) dx.
R

By using these estimates in (2-24) and taking v = pT_l in order to absorb the Hessian term on the

right-hand side, we obtain
2
p=2
S [ (el )7 8 P P
i=1
p p—1
=C [ @D @EVIP dx+C [ eHVa ) )| (Tl D) v, @229
R R
which is exactly (2-22). O

We now collect some bounds on the family {u°}<¢<g,-

Lemma 2.10 (uniform estimates, 1 < p <2). Let 1 < p <2; then for every B, € B we have

[uflLoo(B,) + VU]l Lo B,y = C, (2-26)
2
—2
Z[B e+ us, )2 S, P <€, j=1.2, (2-27)
i=1 r
/ Vus, [Pdx<C, j=1,2, (2-28)
B,

for some C > 0 independent of .

Proof. The L estimate can be found in [Giusti 2003, Chapter 7] again, while the Lipschitz estimate
follows from [Fonseca and Fusco 1997, Theorem 2.2]. More precisely, for every ball By such that B,; € B,

sup(e + |Vut[}) 2 dx < C ][ (e + |Vut|?) 2 dx. (2-29)
Bs BZs

By covering a given ball B, € B with a finite number of balls By such that B,; € B and using the bound
on the L? norm of Vu?, one easily gets the Lipschitz estimate in (2-26) for some constant C > 0 which
may depend on B, but not on ¢.

In order to prove (2-27), we introduce two balls B, € Bg € B and a standard cut-off function € C?
such that

C C

0<n<lI, =1 on By, =0 onR?\Bg, V| < , Dl < ———.
=n= n r 1 \ B Vil = 27— | rzl_(R_r)2
By taking ¢(¢) = ¢ in (2-22), one gets

2

p=2
> [, ) o
i=1

< C/(e + VUt |22 |V dx + C[(s FVUEP) T |us, | (1Vnl* +1D%nl) dx.  (2-30)

By recalling the uniform bound on the L? norm of Vu?, (2-30) gives (2-27).
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‘We now observe that

Z/(e+|ux| )2 s, |2n2dx>2/(e+|w 257 s, P 0 dx

i=1 l—l

S e VU L ) 5 / S, 12 dx.

i=1

By appealing to (2-30), this yields

C 2—p p
€ Pdx < Vuf|? o 2/ Vuf|?)? dx.
fBr|ux,xl| ¥ = o IV )™ [ e vy a

In order to conclude, it is sufficient to use (2-26) for the ball Bg € B and again the uniform estimate on
the L? norm of Vu?. O

Proposition 2.11. With the notation above, for every B, € B, we have:
(1) {u®}o<e<s, converges uniformly to U on B,.

(2) {Vut}o<g<g, converges to VU weakly in W 12(B,) and strongly in L*(B,). In particular, we have
Uy, € WI2(B,).

3) {(8+|uf€i |2)pT_2 ug, }0<8<80 converges to |Uy, |pT_2 Uy, weakly in W12 (B,) and strongly in L%(Br).
In particular, we have
|Ux; | Ux ewh 2(Br)

Proof. We already know from Lemma 2.8 that u® converges to U weakly in W ?(B) and strongly
in L?(B).
By (2-26) and the Arzela—Ascoli theorem, the convergence of {#°}g<z<g, to U is uniform on B, for
every B, € B.
From estimates (2-26) and (2-28), we get that {u5 }o<e<e, is uniformly bounded in W2(B,). By
the Rellich—-Kondragov theorem, we can infer strong convergence in L2(B,) to U x; foreveryi =1,2.
We now observe that
2

p=2 2 p—2 =6 p=2
V(e + [u5, 1))+ uf)| 5 (e+ Ul 1P) @ |ul, 1> Vus, + (e +us, 1) 5 Vus,

2
-6
= (e+|u5, )" |Vuis, |2 §|u§i|2+e
< (e + us, 1)) T Vi, %
where we used that 1 < p < 2. By (2-27), this implies
e+t )" ST Socsesyr =12 (2-31)

is bounded in W1-2(B,). Again by the Rellich-Kondrasov theorem we can assume that, up to a sub-
sequence (we do not relabel), it converges to some function V; € W1-2(B,) weakly in W12(B,) and
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strongly in L2(B,). We now show at the same time that V; = |U. X; |DT_2 Uy, and that actually we have
strong convergence in L7 (B, ). Indeed, by using the elementary inequality of Corollary A.3, we obtain

r=2 p=2 4
[ 16 15, Y5, = U5 U |
,

_ — 4
= C/ (e + quc,-lz)pTz uy, —(e+ Uy, )5 Us, |7 dx
B,

5 D=2 p=2 4
+C | [(e+Ux ) Uy, —|Ux;| 2 Uy, |7 dx
B,
_ — 4
scf |u§i—Uxi|2dx+C/ (6 + [Ung|)'% Usy — Uy, |7 Usy |7 .
B, B,

By using the strong convergence of the gradients proved above (for the first term) and the dominated
—2

convergence theorem (for the second one), this implies V; = |Uy; |pT 4U x; and the convergence of the

full original sequence in (2-31) weakly in W !-2(B,) and strongly in L7 (B,). O

Using the above convergence result, one can establish the following regularity properties for the local
minimizer U.

Theorem 2.12 (a priori estimates, 1 < p < 2). Every local minimizer U € Wléép (2) of the functional §

. . . . p
is a locally Lipschitz function such that for every a > 5 we have

Uy, %7 Uy, e W22 Q). i=1,2.

loc

In particular, we have VU € Wl’z(Q; R?). Moreover, for every B € Q, we have

loc

p
”Ux]'”LOO(BR/z)fCl(]LI; |VU|de), j=1,2, (2-32)
R

2«

[ et v Paza(f mopa) =12 0.3
Br/2 Bgr

for some C1 = C1(p) > 0and Cy = Co(p,a) > 0.

Proof. Local Lipschitz regularity and the scaling invariant estimate (2-32) follow from [Fonseca and
Fusco 1997, Theorem 2.2].

We already know from Proposition 2.11 that |Uy; |pT_2 Uy, € Wkl)C’Z(SZ). In order to get (2-33) for
o= g, we first recall that
=2 2 p=2
|V ((e+ [uf, )= u%)|” = (e +ug, 1)z |Vus, %

We multiply the above inequality by the cut-off function n? as in (2-30), associated to the balls B R € Bg.
Integrating the resulting inequality, we get

—2 —2
/ IV ((e+us, 15 us,)| dx < / (e +|us, 1) "7 |Vus, |*n* dx.
Br/> Bgr
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Using (2-30), this implies
V(e + 1S, D) Fus )P dx < S [ e V)i d
2 & uxj uxj X = Rz & u X.
R/2 BpRr

By taking the limit in the previous inequality and using the convergences of Proposition 2.11, we get

(2-33) fora = £.

The last part of the statement now follows as in Theorem 2.4 above (observe that this time 0 < % <. O

Remark 2.13. For later reference, we observe that for every k, j =1, 2,
p=2 D p=2
(1Ux; |72 Uxj)xi = ) |Ux;| 2 Uxjx, ae.on{Uy; #0}. (2-34)

Since the function ¢ |t|pT_21 isnot C! for 1 < p < 2, or locally Lipschitz, the identity (2-34) does not
follow from the chain rule in a straightforward way. We start instead from the following identity, which
results from the classical chain rule for smooth functions:

e+ 2 Iu‘?.l2
#) : (2-35)

us. . .
e+ |ufcj|2 XXk

2. 2=p 2,232
(e [uS, 1) 7 (e + Jus, 1) 3 uf‘j)xk :(

On the left-hand side, (¢ + |u8 |2) =" 1s uniformly bounded on Bg € B and converges (up to a

subsequence) almost everywhere to |Uy; | =2, while
- -2
((e+ |H§j|2)pTux,-)Xk weakly converges in L2(Bg) to (|Ux; |pTUx].)xk.

Hence, the product converges weakly in L2(Bg) to |Ux; |25p (1Ux; | ‘U x] )xy -
A similar argument proves that the right-hand side of (2-35) converges to £ 5 Uy, x, weakly in L?(Bg).
We have thus proved that for almost every x € Bg,

b2 )4
|UX | (|Ux | Ux,)xk = E UX/‘X/(-

The identity (2-34) follows at once.

As in the case p > 2, we end this subsection on the case 1 < p < 2 with two additional results on the
solutions u® of the problem (2-19).

Lemma 2.14 (a minimum principle, 1 < p < 2). Let B, € B. With the notation above, we have
ufcj >C ondB, << uij >C inB,.

Proof. By inserting in (2-20) a test function of the form ¢x; with ¢ smooth with compact support in B
and integrating by parts, we get

Z/ (e 1%, ) 12, gy dx = .

i=1
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This is the same as
Z/(e—HuxI )T, g dx + (p— 2)2/(8+|uxl| VI, P, =
i=1

By the regularity of u?, the previous identity is still true for functions ¢ € WOI’Z(B). In the previous
identity, we insert the test function

0 in B\ B,,

which is admissible thanks to the hypothesis on ufcj. We obtain

2

>/ (e + 0%, [) 2 i, 2 dx
im1 {xeBr:uijSC}

p—4
+(p - 2>Zf (e iy 5 P e =

{xeB,: uY =<C

This can be rewritten as

2/ (e + 1S, 192 (e + (p— 1) [, 12) 5, |2 dx =0,

i1 {xeB,.us SC}

which in turn implies

2
Z/ |ug, xl|2dx—0 ie., / |Vu§j|2dx:0.
{x€B;:us <C} {xeBr:uij <C}

From this identity, we get that the Sobolev function
(C —uf )+,
is constant in B, and thanks to the fact that ufcj > C on 0B, we get
(C—u%)+=0 inB,
as desired. O

Lemma 2.15. Let B, € B. With the notation above, there exists a sequence {&y }ren C (0, £9) such that
for almost every s € [0, r], we have

Jim lu%t = Ux;llLoaB,) = 0. j =1.2.

Proof. Observe that {ufcj — Ux; }o<e<e, Weakly converges to 0 in W12(B,), thanks to Proposition 2.11.
The proof then runs similarly to that of Lemma 2.7. O
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3. Caccioppoli inequalities

3A. The case p > 2. One of the key ingredients in the proof of the Main Theorem for p > 2 is the
following “weird” Caccioppoli inequality for the gradient of the local minimizer U. Observe that the
inequality contains quantities like the product of different components of VU.

Proposition 3.1. Let ® : R — R be a C? function such that ® ®” > 0 and ¢ : R — R™ be a nonnegative
convex function. For every B €@ 2, every n € Cg°(B) and every j,k € {1,2},

2
> [ 10051 Vs [0/ U €Uy o i
i=1 2 % 2 %
= C(Z/ |Uxi |p—2 q)(UXk)4 |77xi |2 dx) (Z/ |UXi |p—2 E(ij)z |77xi |2 dx) . (3-1)
i=1

i=1

Proof. By a standard approximation argument, one can assume ¢ to be a smooth function. We fix ¢ > 0
and we take as above u® the minimizer of (2-3), subject to the boundary condition u® —U? € Wol’p (B).
We divide the proof in two parts: we first show (3-1) for #° and then prove that we can take the limit.

Caccioppoli for u®. We consider (2-4) with k in place of j and plug in the test function
¢ =W(us,) s, n*  with W(1) = @) @'(0),

where 7 is as in the statement. In order to simplify the notation, we write u in place of u® in what follows.
Since

Ox; = Uxy x; \D/(uxk) é‘(”xj) 772 + W(ux,) (é‘(“xj )x; 772 +2n10x; Y(ux,) é‘(qu)’

we obtain
2

[ 772 400, W) S ) 0

i=1

2
== 3 172 4 9, W) € i

i=1

2
23 [ 1772 )t W) S 15 . B2

i=1

For the second term in the right-hand side, the Young inequality implies
2 [ s 1772 €) g Wl ) 1

1 - _
= 3 [ 1772 €00 @) S P 4 2 (s 17724 6) @ )2 Sl 0 v

where we used the definition of W. The first term can be absorbed into the left-hand side of (3-2), thanks
to the fact that

\IJ/ — (CI) CI)/)/ — CI>,2 + 1) cD// > CI)’2,
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Hence for the moment we have obtained

5 [ 1772 000, @) ) o

i=1
=< 22/(|ux,|” 24 8) x| W ()| }(C(ux,))x,}n dx
i=1

14 Z / (s 1772 + £) D) 3¢ 1t 12, dx. (3-3)

i=1

In the particular case when ¢ = 1, we observe for later use that

[ (g 172 + ) (@t [P 1 dx = 3 / (It /P2 £) 12, 5, @ ()2 P dx
i=1 i=1

<4Z / (I, 1772 4 €) D, ) (3-4)

i=1

We go back to (3-3). By Holder’s inequality, we can estimate the last term of the right-hand side:

5 [ 1772 40 D0 ) 1,

i=1 % 2 %
< (Z / (Jux;| P72 + &) Dl )* 12, dx) (Z f (Jux, | P72 + ) L (uxy)? 0, dx). (3-5)
i=1 i=1

In a similar fashion, for the first term in the right-hand side of (3-3), we have

Z f (It 17728 [t |19 1) | € g )y | P

i=1
(Z [t lr 4010, \P(uxkfnzdx) (Z [ s 7740 @l 1 dx)
i=1

) ( /(l”xl 1P~ 2+8) ‘(g(”xj ) xi
i=1
In the last equality, we have used the fact that

Uy Yx)? = 7 (D)) x)>
It follows from (3-3), (3-5) and (3-6) that

( / (3, 1P 46) | (@) D),

i=1

n dx) . (3-6)

5 [ 772 4 0, @2
i=1
(Z [ 22 4 01 [ @G0 P dx) (Z [ 177+ Gl 0w P dx)
i=1 i=1
+4(Z/(|”x,|p 249 dD(uxk) 77x dx)z(Z/qule) 2+s)g‘(uxj)2 n2 d )

i=1 i=1
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By (3-4) with?® ®2? in place of ®, one has

2 2
> / (Jux, P72+ &) [(@ () ), 1P dx <4 Y / (Jux, 1772 + &) Dlu,)* 13, dx.
i=1 i=1

Similarly, by using (3-4) with ¢ in place of ® and j in place of k,

2 2
S [ 1772 409 Gl [P o dx =4 3 [ g 1772 4 00802 i
i=1 i=1

Hence, we have obtained

2
[ 772 4 00, @) €l ) o

i=1
2 1 2 1
2 2
<C ( / > 1772 4 6) D(un)* 12, dx) ( / > ur 1772 + ) L ux)* 0, dx)
i=1 i=1
for some universal constant C > 0. We now observe that
2

4 p—2
-2 2 -2,2 = .
(luxi |P + 8) uxixk 2 |uXi |P uxixk = pz ‘(|“x,| 2 ux,-)xk )

thus, by restoring the original notation u®, we get

2 —2
> [0, 15 )
i=1 2 % 2 %
<o X [ e aes)t R dx) (X [ 172+ ocas, o, ax). @)
i=1

i=1

0 (s, )2t (us,) i dx

Passing to the limit ¢ — 0. By Lemma 2.2, for every B, € B the gradient Vu? is uniformly bounded in

L°°(B,). Moreover, by Proposition 2.3, up to a subsequence (we do not relabel), it converges almost every-

where to VU. By recalling that  has compact support in B, the dominated convergence theorem implies

that the right-hand side of (3-7) converges to the corresponding quantity with U in place of u® and ¢ = 0.
As for the left-hand side, we use the fact that for a subsequence (still denoted by u?)

[0/@8,) VE@a) 1] poogpy SC- P/ W5, VWS, 0 — @ U) VEWUx) 0 ace.

and that
£ p=2 & . 1.2 p=2
luy,| 2 uy, weakly converges in W= (spt(n)) to |Uy;| 2 Uy,

still by Proposition 2.3. Hence, we can infer weak convergence in L2 (spt(n)) of
p=2
(S, 12 Ul ) @' (us,) Vs, ).
Finally, by semicontinuity of the L2 norm with respect to weak convergence, one gets
p=2 2 .. p=2 2
J 100512 U P @ U 60U 02 e < timin [0, 1527 w8 o [ 008, 2 6005, ) 0 v

This yields the desired estimate (3-1) for U. O

3Observe that 2 still verifies ®2 (®2)” > 0. Indeed, (®2)” = 2 (¥')? +2 ® & > 0, by hypothesis.
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3B. The case 1 < p < 2. In this case, the Caccioppoli inequality we need is more standard.

Proposition 3.2. Let { : R — R be a C! monotone function. For every B € Q, every n € C°(B) and
every j = 1,2 we have

2r]zdx

2
3 / U, 1772 [(Z(Us, ),
= S, #0)
<c / VU (VU] 18 U)] + [EUx))) (V02 + In] [ D>n]) dx, (3-8)

where Z : R — R is the C function defined by

t
Z(1) = /0 VT ds. (3-9)

Proof. We fix ¢ > 0 and we take as above u® the minimizer of (2-19), subject to the boundary condition
ut-U?®e Wol’p(B). Then by Proposition 2.9, we have

2
p—2

> [ s, ) i o, P

i=1

b p—1
= [ e 9P I8l 19 dx € [ e+ 190 [5G ) (9l + Il D) dx
for some C = C(p) > 0. Since p < 2,

p=2 p=2 2
(e +1u% 1) 2 18 WG, 1 0* = (G + g, 1) 75 ul,) VIS @) )

Hence,

2 s 5
5 [ (i, 5, ) VI @i )

i=1

—1
=€ [T @1V e+ [ eV 5 16, | (Ta+1al | D0l) . G-10)

In order to pass to the limit as & goes to 0, we observe that by Lemma 2.10, for every B, € B the gradient
Vu® is uniformly bounded in L°°(B,). Moreover, by Proposition 2.11 it converges almost everywhere to
VU (up to a subsequence). By recalling that n has compact support in B, the dominated convergence
theorem implies that the right-hand side of the above inequality converges to the corresponding quantity
with U in place of u® and ¢ = 0.

As for the left-hand side, we observe that by Proposition 2.11

p—

-2 2
(e + |”fci |2)pT ”fc,- weakly converges in W12(spt(n)) to  |Uy,| 2 Uy;,

and (up to a subsequence),

IVIE DN poogouay =€ VIE@S)I— VIT Ul ae.
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Thus as in the case p > 2, we can infer weak convergence in L?(spt(n)) of

p=2
(e + 15,1 5 u,) . VIE @)l

By the same semicontinuity argument as before, we get

hmmfZ/ (e + s, )5 0s,)  VIE WS i) dx>2/\<|ux, 22 Uy VIE (Usy) 1] dx.

i=1 i=1

The right-hand side is greater than or equal to

>

i=1

p—z p=2
10U 17U 18 W1 dx——Zf U2 Uy [2 16 (U)o .

{Ux, # {Uy; 7é0}

The last equality follows from (2-34). Now, applying the standard chain rule for the C! function Z
defined in (3-9) (remember also that Uy; € wl 2(Q) N L2 (2)) yields

loc

hmlan/ ((e+ [uf, Bix “xz) VIE @S ) ) dx i
= pT ;/ }|Uxi|p_2}(Z(ij))x,-}27)2 dx.

{Uy, #

loc

In view of (3-10), this completes the proof. O

4. Decay estimates for a nonlinear function of the gradient for p > 2
We already know from Theorem 2.4 that
Ui |2 Uy, € W2(Q) N LE2(RQ).

loc

This nonlinear function of the gradient of U will play a crucial role in the sequel for the case p > 2. Thus
we introduce the expedient notation

p=2 .
v =|Ux;| 2 Uy;, j=1,2.

For every Bg € €2, we will also use the following notation:

mj =infv;, Vj=vj—mj;, Mj=supV;=oscv;, j=1,2, 4-1)
Br Br Bpr
Lr=1+ ||VU||L°°(BR)- 4-2)

4A. A De Giorgi-type lemma. We first need the following result on the decay of the oscillation of v;.
This is the analogue of [Santambrogio and Vespri 2010, Lemma 4]. As explained in the Introduction,
our operator is much more degenerate then the one considered in that paper; thus the proof has to be
completely recast. We crucially rely on the Caccioppoli inequality of Proposition 3.1.
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Lemma 4.1. Let Bg € Q and 0 < o < 1. By using the notation in (4-1) and (4-2), there exists a constant
v =v(p, o, Lg) > 0 such that if
then

2 4(1—
|{V; > (1—a) M;} N Bg| < v M; P+l

IBI

0=V <(1-5) M. on By
Thus, we can assume that M; > 0

2
Proof. We first observe that if M; = 0, then V; identically vanishes in Bg and there is nothing to prove
For n > 1, we set

k,,:Mj(l—g o

R R
S—at) Ra=5 -+ Au=1{V;>ki}0 B,
where the ball Bg  is concentric with Bg. Let 8,, be a smooth cut-off function such that
0<6,<1 ph=1 on Bg,,,,

6i=0 onR2\Bg, |V6|<CZ
Recalling the definition (2-1) of g4, we then set for every n > 1
B = 83k (my + k) = |y + ka3 (m; + )
with m; defined in (4-1). We start from (3-1) with the choices

(4-3)
®(@t)=t, t(t)=(—pn); and n=0
Observe that
{Ux)) = (Ux; =) >0 = Vj >k,
and also*
4
0=<¢(Uy;) = !g,, , (V) — gp z(mj +kn)‘ <C|vj—mj—ky |P < CM” a.e.on B (4-4)
By using (4-4) and the definition of A4,,, we then obtain

/ (V) 12 (U 62

i=1

1 2 1
2 2
< C(Z/ U P72 U, | |<en)x,.|2dx) (Z/ U P72 £(Us))? (6 >x,|2dx)
i=1 i=1

1 1
4 2 2
<CLgM} (/ |V9,,|2) (/ |v9,,|2) .

Bgr, A,

In view of the properties of 6,, it follows that

i=1

Z/|(v,)xk| {Usy) 62 dx < C LY M (B ) 1Br,\ By |} 1401 < C 47 L] M,

=

5 |4n|
R

“4In the second inequality we use that # — g~ 32 (¥)i is 5 2_Holder continuous.
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for some C = C(p) > 0. Here, we have used that

837
|BR,\ Br,,,| =7(R:—R2, ) =m (R,

R 2
Rn—i—l) (Rn + Rn-H) = 2
In the left-hand side, we only keep the term i = j and use that by Lemma 2.5

_ R
n+127TR—7T—

where

Wj)x VE(Ux;) = (F(Ux;))xy.

We thus obtain

t
Hﬂ——/LﬂZJHsM——/IM (5—Bu)s ds. (<R

/|(F(Ux,))xk| 0pdx <C4" L% M;

(Sl

7 14n]
R
Summing over k = 1, 2, this yields an estimate for the gradient of F(Uy,), i.e

A 2
/\V(F(ij))\ Opdx <C4" L% M" | ;l (4-5)
Since mj < mj + kyn <mj + M; = suppg, vj and by the definition of Lg, we have |m; + k| < Lg
Hence, by the definition of 8, see (4-3),

|,3n| = Lg.
By keeping this in mind and using Lemma A.1 below.

(4-6)
0< F(Uyx,) < C(1Ux "7 + BT

) (UXJ

Bl <CLg
This implies that F(Uyx;) = 0 on Bg,\ A, and also that

(U, — B2
O<F(Ux)<CL §(Ux)<CL M”
for some C = C(p) > 0. In the last inequality, we have used (4-4). Hence

8
f|v9 | (F(ij))zdeCLf;‘zM”/ V6,2 dx
<Cc4a"Lh” 2 g0 1Anl

(4-7)
nrpb % |A”|
=C4" Ly M,
Jj R~ R
where in the last inequality we used that |A,,|% <./ Rand M; <2L?Z. By adding (4-5) and (4-7), with
some simple manipulations we get

[SIE

/ IV(F(Uyx;) 6n)> < C4" L M,
Bg,

[SIE

7 14|
R )
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where as usual C = C(p) > 0. We now rely on the following Poincaré inequality for the function
F(Uy,) 6y € W, *(Bg,):

[{x € Bg, : F(Uy;) 0y > 0}1/ |V(F(Uy;) 6,)|* dx > c/ | F(Usx;) 6|* dx.
Bg,

Bg,

This inequality can be obtained as follows: for every bounded open set 2 C R?, the Sobolev embedding
WOI’1 (Q) — L?() implies that for every f € Wol’z(Q),

2 2
2dx < = < : 2
[ dx_c(/Wﬂdx) c(/{#o}lmdx) <Cli s 201 [ 197P ax

where C is a universal constant.
Since 6, = 1 on Bg, | and by construction

| An| = ‘{F(ij)en > 0}},

one gets 4
4n LR MY
| 1P Ay = =TRE

BRn+l

for some C = C(p) > 0. By using that F is nondecreasing and

Ap+1=1{V; > kn+1} N Br,,, ={Ux; > Bn+1} N Br, ;>

we obtain
| Pz [ PP = Ay PG
Br,, Ant1
This gives 4
n Il; r ;

| Ant1] F(Bns1)? = C | An|2. (4-8)

We now use the lower bound of Lemma A.1 to get
F(Bny1)* = ¢ (Buy1 — )P T2 (4-9)

Remember that
Bn = g;le(mj +kn) and Buiq = g;le(mj +knt1)-
If we use again that for every 5,7 € R,
—2 —2
g2 = g2 ()] < C (11]"F +1s1"7) |t =51,
then one gets
+2 p=2 p=2\ p+2
lknt1 —knl? T2 = |(kng1 +mj) — (kn +mj)|p <C(IBnt1l = +1Bal 2 ) " (But1 — Bu)P 2
By using (4-6) and (4-9) we obtain

2_4

p=4
|kn+1 _kn|p+2 = CLR 2 F(,Bn—i-l)z-
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so that by (4-8), p2—4+2p 4
2

nL 4
R
| Ant1| Vknt1 —kn|PT2 < C

j 3
Anl2.
r—Y

By the definition of k,,, the previous inequality gives

3
| Apt1] on(p+4) p2_g+2p 2 p2\ (|4n]\2

R2 - J
Since M; > 0, the right-hand side is well-defined. If we now set Y, = |A,|/ R, this finally yields

p2—4+2p

Ypr1 = (CoLp 2 M;

4_p—2 3
P ) 22N Y, forevery n € N\ {0},

for some Cy = Cy(cr, p) which can be supposed to be larger than 1. If follows from Lemma B.1 that

2PFTH=6 o 2p+4(1-2
lim ¥, =0, provided that ¥, < ) p4=p*=2p 320+ 01=5)
n—+o0 C()Z J
The condition on Y; means
2p+4(1-2 2PtH=6 5
{V; > (1—a) Mj} N Bg| < v M, p+4(1-3) |Br|, withv:= %L; P =2p (4-10)
0
By assuming this condition and recalling the definition of Y,,, we get
Vi< tim ky=(1-5)M; ae. onBg. O
n—+00 2 2

Remark 4.2 (quality of the constant v). For later reference, it is useful to record that
2p+4(1-2
v M; p+a(1-3) < %
This follows by direct computation, using the definition of v and observing that
£ )}

Mj =2 |vjllLee(Br) = 2 1Ux; | foo(pgy = 2 (LR —1)2.
Also observe that by its definition (4-10), the constant v is monotone nonincreasing as a function of the
radius of the ball Bg (since R — Ly is monotone nondecreasing and 4 — p> —2 p < 0 for p > 2).
4B. Alternatives.

Lemma 4.3. We still use the notation in (4-1) and (4-2). Let Bg € Q2 and let v be the constant in
Lemma 4.1 for a = %. If we set

v 2p+4(1-2)
then exactly one of the two following alternatives occur:

0SC Vj 5% 0sc vj, B1)
Bsr Bgr

2p+4(1-2)
2 1 2

/ IVvj|“dx = 5177, v M M; P
Br\Bsr

(B»)
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Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities: either

_2
V> 3 M) B < v g 70D

i | Bl

1

or not. In the first case, by Lemma 4.1 with o = 7 we obtain

0SC Vj = 0SsC Vj = %osc vj,
Bsr Br/2 Br

which corresponds to alternative (B{) in the statement. In the first inequality we used that § < L. ee
Remark 4.2.
In the second case, we appeal to Lemma B.3 with the choices

2p+4(1-2
¢=2 ¢=Vi, M=M; ad y=vM," (-3
with § as in the statement above. It follows that

o cither

’ , 5 - 2p+4(1-2)
/B\B [VV;| dszIZEij Mj P
R SR

* or the subset of [R, R] given by
A={s€[SR,R]:V; = 3 M;, H'-ae.on 3By}
has positive measure.

If the first possibility occurs, then we are done since this coincides with alternative (B;).
In the second case, we consider u? the solution of the regularized problem (2-3) in a ball B € Q2 such
that Bg € B. Then we know from Lemma 2.7

. p=2
klir-iI-lOOH |uf€’;| 2 ufc’]‘ —vj HLOO(aBS) =0 forae.s€]0,R],

for an infinitesimal sequence {&j }»en. Since A has positive measure, we can then choose a radius s € A
such that the previous convergence holds. For every n € N'\ {0}, by taking k large enough we thus obtain

p—2
|ufc’]<|lT ufc’; > %Mj +mj — %, H'-a.e. on 3B;.
We can now apply the minimum principle of Lemma 2.6 with C = % Mj+mj— % and get
—2
|u§c/j{|pTu§C’;2%Mj +mj—1 in B (4-11)
—2
Thanks to Proposition 2.3, we know that {|ufc’j. |pT ufjj‘ }ken converges strongly in L2(By) to vj. It then
follows from (4-11) that
vj > %Mj +m;j —% a.e. in By; thatis, V; > %Mj —% a.e. in By.

Hence, by the arbitrariness of n we get

. . A < 3
osc vj <oscv; <supV; —inf V; < £ Mj,
Bsr By Bpr By

which implies again alternative (B1). O
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5. Decay estimates for the gradient for 1 < p <2
S5A. A De Giorgi-type lemma. For every Bgr € €2, we introduce the alternative notation

mjzglfUXj, ijij—m]', szsuijzochxj, j=12, (5-1)
R

Bgr Bgr
and still use the notation (4-2) for Lg.
Lemma 5.1. Let Bgr € Q and 0 < o < 1. By using the notation in (5-1) and (4-2), there exists a constant
v =v(p,a, L) > 0 such that if
[{Vi > (1—a)M;}N Bg| <v M} |Bgl.
then

o
OijE(l—E)Mj‘ on Bg.

Proof. We first observe that if M; = 0, then V; identically vanishes in Bg and there is nothing to prove.
Thus, we can assume that M; > 0.
Forn > 1, we set

R R
kn:Mj(l_%_;_n), Rn:E“f‘z_n» An:{Vj>kn}mBRn,

where the ball Bg, is concentric with Bg. Let 6, be a cut-off function such that

0<6,<1, 6,=1 onBg 0, =0 onR*\Bg,

n+1°
2" 2 4"
We then set for every n > 1
For every § > 0, we take a C! nondecreasing function £5 : R — [0 + 00) such that
£5(1) =0 fort <0, &) < C fort eRR, E()=C fort>3§,
for some universal constant C > 0. This has to be thought of as a smooth approximation of the “positive
part” function, up to the constant C > 0. One can take for example the function &5 of the form

0 fort <0,
Es(t) = 313/82 for0 <t <§,
3t—28 fort>4.

In the setting of Proposition 3.2, we take
§(t) =&s(t —Pn) and 15 =0y
We observe that

§O)=Ct—PBn)+.
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so that
{(Uy;) <C (Ux; —mj —kp)+ <CM; <2C Lg. (5-3)

By using (5-3) and the properties of ¢, one gets from (3-8)

2
C
i=1
=< C/{U . |VU|? (|V9n|2 + |D29n|) dx —I—L |VU|P—1 £ (Us))| (|V9n|2 4 |D29n|) dx
X > n

Ux]~ Zﬂn}

/ |Us |72 Uy, ;2 62 dx
{Us; 2Bu+81N{Us, £0}

< CLIIQ/ (V6| + | D?6y|) dx
{Ux; 2Bn}

Since p <2 and |Uy,| < Lg a.e., one gets

|

|ijx,.|29,3deCL§f (IV0u|* + | D?0y|) dx
l_l UY]Zﬂn+8}

{(JX] 2ﬂl’l}

Here, we have also used the fact that Uy; x; = 0 a.e. on the set {Uy, = 0}. We now take the limit as §
goes to 0 in the left-hand side. By the monotone convergence theorem, we get

Z/ |ijxi|293dx5CL§f (V6| + | D*0y)) dx.
i—1 /{Ux; ZBn} {Ux; 2Bn}
In view of the properties of 6y, it follows that
A
/}V(ij /3,,)+| 072 dx < C L% 4" | ”' (5-4)
for some C = C(p) > 0. Observe that
| An|
[ |VOul* (Ux; — Bn)3 dx < C L% 4" R’; (5-5)

thanks to (5-3). By adding (5-4) and (5-5), we get

2 | An|
fB [V(Us; = Ba)+ On)|" dx = C4" L =7
Rn

where as usual C = C(p) > 0. We rely again on the Poincaré inequality and obtain

66 € Biy Uy, =B 60> O3] [ V(s =B 6 dr = [ |(Us; = o) ] d
Bg, B

Rn

Since 6, = 1 on Bg, | and by construction

| An| = ‘{(ij —Bn)+ On > 0}|,
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one gets

4n LZ
/ (ij _,Bn)i dx <C 2R |An|2
Bry, R

for some C = C(p) > 0. By using that

An+1=1Vj > knt1} N Br, ., ={Ux; > Bu+1} N Br, ;>
we obtain
(Ux; = Bn)3 dx > / (Ux; —Bn)3 dx = | Ans1] (But1 — Bn)™
BRn-l—l An+1
This gives

n

2 4 L%Q 2
|An+1|(:3n+l_,3n) SC?Vlnl-

By recalling the definitions of 8, and k,, the previous inequality gives

| At 42n O\ (14a )

Since M; > 0, the right-hand side is well-defined. As before, we set Y, = |4,|/R?* and obtain

Yut1 <(Co L% M) 16"Y,} forevery n € N\ {0},

for some Cy = Cy(, p) > 1. Again by Lemma B.1 we get

16
lim ¥, =0, provided that ¥ <~ Lg* M}

n—-+o0o 0 7’

This means

, 16
{Vi> (1 —a)M;j}N Bg| <vM}|Bg|, withv:= in

By assuming this condition and recalling the definition of Y,,, we get

Vi < lim kn:(l—g)Mj a.e.on Br.
2

n——+o00 2

843

(5-6)

Remark 5.2 (quality of the constant v). For later reference, as in the previous case we observe that

2 1
VM] <§,

and that the constant v is monotone nonincreasing as a function of R.

5B. Alternatives.

Lemma 5.3. We still use the notation in (5-1) and (4-2). Let Bg € Bor € 2 and let v be the constant in

Lemma 5.1 for a = %. If we set

§ =
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then exactly one of the two following alternatives occur:

osc Uy, < % osc Ux; (B1)

SR R

/B \B VUs; | dx = 55 v M. (B2)
R SR

Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities: either
3 2
[{Vj > 3 M;} N Bgr| <v M} |Bgl,
or not. In the first case, by Lemma 5.1 with o = % we obtain

osc Uy; = osc Uy; = %osc Uy,
Bsr Br/2 Bgr

which corresponds to alternative (By) in the statement. In the first inequality we used again that § < %;
see Remark 5.2.
In the second case, we appeal to Lemma B.3 with the choices

qg=2, ¢=V;, M=M; and y:ij2,
with § as in the statement above. It follows that

o cither

2 1 4
/BR\BBR IVVi|*dx = 537 v M},
e or the set
A= {s €[6R, R]: Uy, —mj = %Mj, H'-a.e. on aBS}
has positive measure.

Again, if the first possibility occurs, then we are done since this coincides with alternative (B,).
In the second case, we consider u? the solution of the regularized problem (2-19) in a ball B € €2 such
that Bg € B. Then we know from Lemma 2.15

k—lir-ll—loo ||ufc’; —Ux; lL~@B,) =0 forae.s<[0,R],

for an infinitesimal sequence {&j }ren- Since A has positive measure, we can then choose a radius s € A
such that the previous convergence holds. For every n € N'\ {0}, by taking k large enough we thus obtain

e = 5 /. 1 g1
Uy, 23 Mj+m;—5 M -ae ondBs.

By proceeding as in the proof of Lemma 4.3 and using this time the minimum principle of Lemma 2.14
and Proposition 2.11, we obtain

Ux, —mj =3 M;—1 ae. in By
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By arbitrariness of n, we get

osc Uy; < oscUy; < (sup Ux; —mj) — (inf Ux; —m;) < %Mj,
Bsr By Br B;

which implies again alternative (B1). O

6. Proof of the Main Theorem

6A. Case p > 2. We already observed that for every ¢ > —1 the function ¢ + ¢ |¢|? is a homeomorphism
on R. This implies the following.

Lemma 6.1. Let f : E — R be a measurable function such that for some q > —1 the function | f| f is
continuous. Then f itself is continuous.

In view of this result, in order to prove the Main Theorem in the case p > 2 it is sufficient to prove
that each function

p=2 .
vi =|Ux;| 2 Ux;, =12,
is continuous on £2. Thus the Main Theorem for p > 2 is a consequence of the following.

Proposition 6.2. Let p > 2, xo € Q and Ro > 0 such that Bg,(x¢) € 2. We consider the family of balls
{Br(x0)}o<R<R, centered at xo. Then we have
by W) =0 I
Proof. For simplicity, in what follows we omit indication of the center xo of the balls. Since the map
R+ oscp, v; is nondecreasing, we only need to find a decreasing sequence { R, },en converging to 0
such that
lim (osc vj) =0.

n—-+o00 "Bg,

For simplicity we now drop the index j and write v in place of vj. We set

2p+4(1-2
My =oscv and 502\/%M0p ( ”),

Bg,

where v is the constant of Lemma 4.1 for R = Ry and a = %. We construct by induction the sequence
of triples {( Ry, My, 8n)}nen defined by

v 2p+4(1-2
M, :=o0scv, &= —"Mn ( ”),
Bg, 2

Rn+1 = 811 Rn,

and v, is the constant of Lemma 4.1 for R = R, and o = %. Since 8, < % for every n € N (see
Remark 4.2), the sequence { Ry, }nen is monotone decreasing and goes to 0. In order to conclude, we just
need to prove that

lim M, =0. (6-1)

n—>o0



846 PIERRE BOUSQUET AND LORENZO BRASCO

Observe that we can suppose M, > 0 for every n € N, otherwise there is nothing to prove. We set

_2
I:= neN:/ |Vv|2dx>Lvn ,,2p+4(1 » MY
BRn\BRn+1 —512mw n

and we have

244 (1-2 24+4(1-2
Vo Zsz++( 2 _ 1 ZvnM2p++( 2)

5127 " ~512n "

nel nel

5}2[ |wﬁdx5/ |Vv|? dx, (6-2)
R;l\BRn+1 BRO

nel B

thanks to the fact that v, > vy > 0 for every n € N (see Remark 4.2). We now have two possibilities:
either 7 is infinite or it is finite. If the first alternative occurs, then (6-2) and the fact that v € Wlééz (2)
imply
lim M, =0.
I3n—o0
This means that the monotone sequence { M}, },en has a subsequence which converges to 0; thus we have
(6-1) and this completes the proof in that case.
Otherwise, if I is finite then there exists £ € N such that for every n > £ we have

2p+4(1-2
|Vu|?dx < 1 Vn M,,th (1=5) M2
BRn\BRn+1 5127'[
By Lemma 4.3, this in turn implies that
M,+1 = osc vf% oscv=%Mn for every n > £.
Rp41 Bry
This again implies (6-1). (|

6B. Case 1 < p < 2. The case 1 < p < 2 is similar, but more direct. This time the Main Theorem
follows from the result below, whose proof is exactly as above. It is sufficient to use Lemma 5.1 in place
of Lemma 4.1 and Lemma 5.3 in place of Lemma 4.3. We leave the details to the reader.

Proposition 6.3. Let 1 < p <2, xo € Q and Ry > 0 such that Bg,(xo) € 2. We consider the family of
balls { Br(xo)}o<R<R, centered at xo. Then we have

Iim( osc Uy.)=0, j=1,2.
R\O(BR(XO) x,) /

Appendix A: Inequalities
In the proof of Lemma 5.1 we crucially relied on the following double-sided estimate for the function

p (" =
ng=5/|ﬂz@—m+m,zew
B
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Lemma A.1. Let § € R and p > 2. There exists a constant C = C(p) > 1 such that for every t € R,
p+2

é(l—ﬁ)ﬁ <F@t)y<C(1r]" "2 4 (max{0. - "T) (1 - P2 (A-1)

Proof. Since F(t) = 0 when ¢ < 8, both inequalities are true in this case. Thus let us assume that ¢ > .
Moreover, if § =0,

o
F(Z)=§/ spTzsds= P ZPTH fort > 0,
0

which implies the result.

Case 8 > 0. By Holder’s inequality

P to s (e 5
- '3) (/ (s— ,3)+dS) =(/ 7 © p@Jr ds)
B s P
(2, " (s—B)+ pT_:; T
_(/ﬁs (s ﬂ)+ds)([ﬂ s ds) =2 P a-p)7

where we used that (s — )+ < s and this gives the lower bound in (A-1). As for the upper bound, by the
change of variables T = s5/f one has

X
[ —
F() =,BPJ2r2 F+(B), where F4(X) =§ f 7 (t—1)dz, ©>1.
1
Observe that

) =L _n-x5-1, x>1.
p+2

Moreover, by convexity of the function X — X % we have
~wi-n=-Lr-n,

while a second-order Taylor expansion gives

P42 p2 X
m(X o=~ (X_1)+T/1 (X—s)ds<—(X—1)+—X (X =12

Thus we obtain
2

F+(X)<%X X =12 X>1,
and finally for ¢ >
2
F0 =5 £y () <55 g

which proves the upper bound in (A-1).
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Case 8 < 0. This case is slightly more complicated. We introduce the function
V4 X p=2 p pt2
F_(X)== Is] 2 (s+ 1) ds = —— (| X]| 3 —1)+(|X| X+1), X >-—1.
2 —1 p+ 2
It is sufficient to prove that there exists C > 1 such that
1
E(X+1)”z2 <F-(X)<C(X["Z + 1) (X + 1) (A-2)
Indeed, F(t) = |B|"3> F_(¢/|B]) and this would give

ST S FO = C (0" 418" (B

as desired.
The upper bound in (A-2) for —1 < X < 0 can be obtained as before, by using a second-order Taylor
-2
expansion for the first term and using that t +— |‘C|pT T is concave on —1 < 7 < 0. This gives

Rm=ﬁ5wﬂ—nmm X +1)

P p2 X
5—5(X+1)+T/ Is| 2 (X—s)ds+ (X +1)
—1
pz
5?(X+1)2.

Observe that the upper bound is trivial for 0 < X < 1, since
ﬁ(m”z D+ (X x4 <2<2(X]"T + D) (X + D2

Finally, for X > 1 we still use a second-order Taylor expansion for the first term and the elementary
inequality
Xt41<! X (X +1)?

for the second one. These yield

2 X _ _ 2 _
F_(X) < % / 15|27 (X —5) ds + % XX +1)? < (% + %) X7 (x +1)2
-1
In order to prove the lower bound, we just observe that the function
r+
X+1) 2
xu- TN
F_(X)
is positive continuous on (—1, +00) and such that

m M +OO and llm M < +OO
X—>(n+t  F(X) X—>+o0  F_(X) ‘

Thus it is bounded on (—1, +00) and this concludes the proof of the lower bound. O
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Lemma A.2. Let 1 <gq < 2. Forevery zg,z1 € RN we have
1201972 20— |21 972 21| <2279 |zg — 2|77 (A-3)

Proof. The proof is the same as that of [DiBenedetto 1993, Lemma 4.4], which proves a slightly different
inequality. We first observe that if z; = zg there is nothing to prove; thus we can suppose |z; — zg| > 0.
Let us set

zz=(—t)zg+1tz1, te]0,1].

Then we have
1

_ _ d _ ! _
1211972 2y — 20|92 20 = E(|Zt|q zZt)dl=(q—1)/ 121972 (21 — z0) dt,
0 0

which implies

1
_ — q—2
1201972 20 — | 2117 221|§((1—1)|21—Zo|/ |lzol = 21 — zol|*™ " dt, (A-4)
0
where we used that ¢ —2 < 0. We now distinguish two cases:
either |Z()| = |Zl —Z()l or |Z()| < |Z] —Zo|.

In the first case, we have

1 1
q—2 —
/ |Izol = |21 — zol| dl:/ (Izol =t |21 — 20?2 dt
0 0

_ 20177 = (Iz0] — |21 —20D?™! _ |21 — 20772
(q—1) |21 — 2o g1
which inserted in (A-4) gives the desired conclusion. In the second case, let 0 < k¥ < 1 be such that

’

|ZO| =K |ZO _Zl|$

then we have

1 K 1
q—2 — _
/ |Iz0l = |21 — 2ol d’=/ (|20l = 1121 — zo|)? 2dl—|—/ (tz1 — 20| — |20 )92 dt
0 0 K

_ EN (Iz1 =20l = 120)7™" _ Jo—g |21 = 20172
(¢ —1) |21 — 2o (g—Dlz1—z0] — q—1
In view of (A-4), this gives the desired conclusion. O

Corollary A3. Let 1 < p < 2. Foreverye > 0andeveryt,s € R we have
‘(8+l2)pT_2t—(e—i—sz)pT_2 s‘ < 22_Tp |t—s|g, t,s €R.
Proof. We use (A-3) with the choices

N=2 q=3(p+2. zo=(e) and z;=(s.5).
This implies
(6412 (1. V8) — (e +57) T (5, V)| <2 [ 53
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By further observing that

(e 4+12)"% (1. Vo) — (e +51) "% (5. Vo) = |6 +1) T t—(e+5

we get the conclusion. U

Appendix B: Some general tools

In the proofs of Lemmas 4.1 and 5.1, we used the following classical result. This can be found, for
example, in [Giusti 2003, Lemma 7.1].

Lemma B.1. If {Y,},en is a sequence of nonnegative numbers satisfying

. _B+1
Y,,chb"Yn’Lﬂ, Y1 <c¢™ ﬂb B2 forsomec, B>0,b>1,

The next lemma is a Fubini-type result on the convergence of Sobolev functions. We denote by #! the
one-dimensional Hausdorff measure.

LemmaB.2. Letr0 <t < land 1 < p < oo. Let Br(xg) C R? be the disc centered at xo with radius
R > 0 and let {u, tnen C WTP(Bgr(x0)) be a sequence strongly converging to 0, i.e., such that

_ P
lim [/ |t |? dx—l—// |un(x) b;r_zi_()’ﬂ dx dy] —0
=20 JBr(xo0) Br(x0)xBgr(xo) |X—y|*T%

Then there exists a subsequence {up, }ien such that for almost every r €[0, R], {up, }ien strongly converges

to 0 in WHP (9B, (xy)); i.e.,

lim [/ |un, |P d?‘[ + / |uni(x)_un,' P dHl(X) d’Hl(y)] =
0B (x0)

i—00 0B, (x0)xdB,(xo)  |x—y[1T%P

Proof. Let us consider the convergence of the double integral, since the convergence of the L? norm is
similar and simpler to prove. Without loss of generality, we can assume xy = 0. Then we omit indication
of the center of the ball. We use polar coordinates x = g e’ % We need to show that up to a subsequence,
for almost every g € [0, R] we have

vy __ iwy|p
lim (unlly o5, = lim @'~ f/ |“”(Qe.§) U@V s g =0, (B-1)
n—oo [ n—oo 0,2 7]x[0,2 7] |el — el w|1+1:p

For every u € W%?(R?) and ¢ > 0, we introduce

00 iy _ iw\|p d
Ws(u)2=[ [/ '”(Q?l,) u@e N 1y 4o eco
e J027]x[0,272] |etV —ei@|ltTP olttr

C lu(x) —u(y)?
We(u) = z [U]Wr,p(RZ) //I%Zx[RZ |X y|2+l’P dx dy (B-Z)

We claim that
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for some constant C = C(p, t) > 0. Let us assume (B-2) for a moment and explain how to conclude: we
can extend {u, }nen to a sequence {iiy }nen C W”P(Rz) such that

Uy, =u, on Bg and < C[unl?

[”n]Wr p(RZ) — Wr.F(BR);

see [Adams 1975, Lemma 7.45]. The latter and (B-2) imply that
lim W, (iiy,) =0 forevery ¢ > 0.
n—o0

By the definition of W,, this means that the sequence of functions

ity _ iw\|p
[0,2 7]x[0,2 7] e’V — et @|1TTp

Jn(@) =

Q1+‘Ep

converges to 0 in L!((e, R)). Hence, there exists a subsequence { fy, }ien Which converges almost
everywhere to 0 on (&, R). By taking a sequence {ej }ren converging to 0 and repeating the above
argument for each ¢y, a diagonal argument leads to the existence of a subsequence, still denoted by
{ fn; }ien, which converges almost everywhere to 0 on (0, R). Equivalently, {u,, };en satisfies (B-1) for
almost every o € [0, R].

Let us now show (B-2). The proof is similar to that of [Bethuel and Demengel 1995, Lemma A.4]. For
0>e,t>0and ¥, w €[0,2 ] we have

. . . . w49 O ;
u@e' ) —u(ee’ )|’ < Cluee’”)—u(@+ne "2 )"+ Clu(e+1)e" "7 ) —u(@e' )|,
and (for ¥ # w)
. . w . .
Q—rp—l |elt9 _eza)|—tp—1 — (1 +‘Ep)/ [[+Q|elz9 _ezw|]—tp—2 dt.
0

Thus from the definition of We(u), we obtain with simple manipulations

W(u)<C/OO/OO/ uee!) —ull+n el " )lpgdz‘}dwdgdt
€ = [0.2 7]x[0.2 7] (I+Q|ezz9_elw|)2+rp .

Observe that

loe'? —(o+1)e 2| <t 4olet? — e BV,
hence,
i p
1 el U5
[0,2 7]x[0,2 7] Q el? (Q + t) e |2+rp
ity __ IRVAYYZ
<2< / |”(Q‘fl9) ”.(”2 N2 o5 av ay dods,
& J10,00)x[0,00) J[0,27]x[0,27] |0 €'? —s el V|2HTP
which completes the proof of (B-2). ([

The following result is a general fact for bounded Sobolev functions in the plane. This is exactly the
same as [Santambrogio and Vespri 2010, Lemma 5]; we reproduce the proof for the reader’s convenience.
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Lemma B.3. Let ¢ > 1 and let ¢ € W4 (Bg) N L®(BR) be a function such that 0 < ¢ < M. Let us
suppose that there exists 0 <y < 1 such that

[{¢ >3 M} N Bg| >y |Bgl
If we set § = \/Z , one of the following two alternatives occur:

(Aq) either
2—q

R
[ etz oty
BRr\Bsr 84-4-(2m)d
(Ay) or the subset of [6R, R] given by
{s €[BR,R]:¢p > %M, H'-a.e. on BBS}
has positive measure.
Proof. We first observe that thanks to the hypothesis we have
e > 3 M} (Br\ Bsg)| = [{¢ > § M} Br|—[{¢ > 3 M} N Byg|
>y | Br| — | Bsgl
= (y—8%)|Bgl.

By the definition of §, we get

o> 3 M} (Br\ Bsr)| = 7 | Brl-
We define the set
X={se€[§R,R]:H'({x €0Bs:p(x) =32 M})>0}.
Then

1V BRI < {9 >3 M} N (Br\Bsg)| = /X/aB Lip=3/amy dH" ds < 271/Xsds <27 R|X|.
This in turn implies that
X = g7 R.
Let us now suppose that alternative (A,) does not occur. This implies that
H'({x €9By:p(x) <3 M})>0 forae.s€[SR,R].
Thus for almost every s € X', we have

OSC(pZ%M—%M:%M.
0By

By observing that dB; is one-dimensional, we obtain

q

M < oscy < / VepldH' <@ R)' "4 ([ Vg4 dHl) ,
s 0B; 9B;
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where V. denotes the tangential gradient (by using polar coordinates x = g e’ ? this is nothing but the
¥-derivative). By taking the power ¢ in the previous estimate and integrating in s € X', we get

1
|V<p|qu2// IVo|?dH' > (M) —— |x|.
/BR\BSR X JOBg (8 ) (2JTR)q_1

Using the lower-bound on | X| yields alternative (Ap). O
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APPLICATIONS OF SMALL-SCALE QUANTUM ERGODICITY IN NODAL SETS

HAMID HEZARI

The goal of this article is to draw new applications of small-scale quantum ergodicity in nodal sets
of eigenfunctions. We show that if quantum ergodicity holds on balls of shrinking radius (1) — 0
then one can achieve improvements on the recent upper bounds of Logunov (2016) and Logunov and
Malinnikova (2016) on the size of nodal sets, according to a certain power of r(1). We also show that
the doubling estimates and the order-of-vanishing results of Donnelly and Fefferman (1988, 1990) can
be improved. Due to results of Han (2015) and Hezari and Riviere (2016), small-scale QE holds on
negatively curved manifolds at logarithmically shrinking rates, and thus we get logarithmic improvements
on such manifolds for the above measurements of eigenfunctions. We also get o(1) improvements for
manifolds with ergodic geodesic flows. Our results work for a full density subsequence of any given
orthonormal basis of eigenfunctions.

1. Introduction

Let (X, g) be a smooth compact connected boundaryless Riemannian manifold of dimension n. Sup-
pose Ag is the positive Laplace—Beltrami operator on (X, g) and ¥, is a sequence of L? normalized
eigenfunctions of A, with eigenvalues A. It was shown in [Hezari and Riviere 2016] that if for some
shrinking radius r = r(1) — 0 and for all geodesic balls B, (x) one has K1r" < ||y ”%r(x) < K,r", then
one gets improved upper bounds! of the form (r21)%(?) on the L? norms of v, where §(p) is Sogge’s
exponent. The purpose of this article is to prove more applications of small-scale L? equidistribution
of eigenfunctions. We will show that upper bounds on the size of nodal sets, as well as the order of
vanishing of eigenfunctions, can be improved by certain powers of r. Since by [Hezari and Riviere
2016]? such equidistribution properties hold on negatively curved manifolds® with r = (logA)™* for
any k € (O, %), we obtain improvements of the results of [Logunov 2016a; Logunov and Malinnikova
2016; Donnelly and Fefferman 1988; 1990a; Dong 1992]. We also get slight improvements for quantum
ergodic eigenfunctions because roughly speaking they equidistribute on balls of radius r = o(1).

In the following H"~1(Zy, ) means the (n—1)-dimensional Hausdorff measure of the nodal set of y;,
denoted by Zy, , and vy (1) means the order of vanishing of v, at a point x in X.

We recall that for n > 3, a recent result of [Logunov 2016a] gives a polynomial upper bound for
H""1(Zy,) of the form A* for some o > % depending only on n, and for n = 2 another recent result

MSC2010: 35P20.

Keywords: eigenfunctions, nodal sets, doubling estimates, order of vanishing, quantum ergodicity.
1t was shown by Sogge [2016] that ||, ”129r(x) < K r" suffices.
2In [Han 2015], this is proved for « € (0, %)
3For a full density subsequence of any given orthonormal basis of eigenfunctions.
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of [Logunov and Malinnikova 2016] shows upper bounds of the form A3~ for some small universal
B e (O, %) Our first result is the following refinement of the results of the above-mentioned papers and
also the order-of-vanishing results of [Donnelly and Fefferman 1988; 1990a; Dong 1992].

Theorem 1.1. Let (X, g) be a boundaryless compact Riemannian manifold of dimension n with volume
measure dvg, and ) be an eigenfunction of Ag of eigenvalue A > 0. Then there exists ro(g) > 0 such
that if A7z < ro(g), and if for some r € [)L_% ,r0(2)] and for all geodesic balls { By (x)}xex we have

K" s/ [Val* dvg < Kor” (1-1)
B, (x)
for some positive constants K1 and K, independent of x, then:
Forn >3,
H' N (Zy,) < cir?® 12, (1-2)
vr(¥2) < car V. (1-3)
Forn =2,
1
HY(Zy,) < car2™2P257F, (1-4)
> z(¥2) — 1) < car VA, (1-5)

ZGZVJAOB,.I/Z)L—I/4(X)

Here, o = a(n) > % and B € (0, %) are the universal exponents from [Logunov 2016a; Logunov and
Malinnikova 2016], and the constants c1, c2, c3, c4 are positive and depend only on (X, g), K1, and K,
and are independent of A, r, and x. Note that the quantity on the left-hand side of (1-5) counts the number
of singular points

S = {Y=[Vy,|=0}
in geodesic balls of radius rEATT

Combining this with our result [Hezari and Riviere 2016], which states that on negatively curved
manifolds (1-1) holds with r = (log )™ for any « € (O, %), the following unconditional results on such
manifolds are immediate.

Theorem 1.2. Let (X, g) be a boundaryless compact connected smooth Riemannian manifold of dimen-
sion n, with negative sectional curvatures. Let {y; }jen be any orthonormal basis of L%(X) consisting
of eigenfunctions of Ag with eigenvalues {1 ;};en. Let € > 0 be arbitrary. Then there exists S C N of full
density* such that for j € S,

— 12
ifn>3 H" l(Zl/,Aj) <ci(logh;) 2n a9,
. 1.8 3_
fn=2  H'(Zy,)<cslloghy)sTEreai T’
In addition, for all dimensions

vx(¥2;) < c2(log )Lj)_ﬁJrf \/Z

41t means that limp _, o, ﬁ card(SN[I,N]) = 1.
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We repeat that here o = (1) > % and 8 € (O, %) are the universal exponents from [Logunov 2016a;

Logunov and Malinnikova 2016], and ¢y, ¢2, ¢3 depend only on (X, g) and €.
We will also prove the following o(1) improvements for quantum ergodic sequences of eigenfunctions.
In fact equidistribution on X (instead of the phase space S* X) suffices.

Theorem 1.3. Let (X, g) be a boundaryless compact connected smooth Riemannian manifold of dimen-
sion n. Let {y); }jes be a sequence of eigenfunctions of Ag with eigenvalues {A;};es such that for all
re (O, % inj(g)) andall x € X

Vol (B ~
[ SEEEED S (16
B, (x) VOlg(X)

Then, along this sequence, forn >3

W (Zy, ) = 0(A9),
and forn =2
3B
H'(Zy, ) =00} ).
Also in all dimensions

vx(Ya;) = 0(\/)L—j) (uniformly in x).

In particular the above theorem holds for manifolds with ergodic geodesic flows by the quantum
ergodicity theorem of Shnirel’man [1974], Colin de Verdiere [1985] and Zelditch [1987]. Hence given
any orthonormal basis of eigenfunctions, on such a manifold one can pass to a full density subsequence
where (1-6), whence Theorem 1.3 holds.

Remark 1.4. We point out that the equidistribution property (1-6), which is weaker than quantum
ergodicity, holds for some nonergodic manifolds such as the flat torus and the rational polygons; see
[Marklof and Rudnick 2012; Riviere 2013; Taylor 2015].

Main idea. The major idea in proving our upper bounds is to lower the doubling index

supg, (x) [V |2)

NiBs(x)) = log( Supg, (x) [¥al?

under the assumption

Kir' < / ¥ 1? < Kor™.
By (x)

We recall that Donnelly and Fefferman [1988] showed that an eigenfunction V) of A, with eigenvalue A
satisfies

N(Bs(x)) < cvVA
for all s < 59, where s¢ and ¢ depend only on (X, g). We will prove in Lemma 2.1 that

N(Bg(x)) <crv/x (1-7)
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for all s < 10r, where ¢ depends only on (X, g). We then apply this modified growth estimate to the
proofs of [Logunov 2016a; Logunov and Malinnikova 2016; Donnelly and Fefferman 1988; 1990a; Dong
1992] to obtain our improvements.

Remark 1.5. Itis worth mentioning that in order to prove (1-2) of Theorem 1.1, we will need the improved
doubling estimates (1-7) to hold for all 0 < s < 10r and not just s comparable to r. This is because the
doubling exponent of a ball B (or a cube Q) as defined in [Logunov 2016a], see definition (2-12), is,
roughly speaking, the supremum of N(Bg(x)) over all balls Bg(x) contained in 2B (or 2Q respectively).
The main result of that paper (see Theorem 2.5) gives an upper bound on the nodal sets in terms
of this maximal doubling index. For the estimates (1-4) and (1-5) we need the validity of (1-7) for
0<s<Criys.

Background on the size of nodal sets. For any smooth compact connected Riemannian manifold (X, g)
of dimension 7, Yau’s conjecture states that there exist constants ¢ >0 and C > 0 independent of A such that

eNA<H'" N (Zy,) < CVA.

The conjecture was proved by Donnelly and Fefferman [1988] in the real analytic case. In dimension 2 and
the C*° case, Briining [1978] and Yau proved the lower bound ¢~/A. Until the recent result of Logunov
and Malinnikova [2016] the best upper bound in dimension 2 was C /\%, which was proved independently
by Donnelly and Fefferman [1990a] and Dong [1992] The result of Logunov and Malinnikova [2016]
gives C A 3P for some small universal constant 8 < z. In dimensions 7 > 3 until very recently, the best
lower bound was cA°7" , proved® by Colding and M1n100221 [2011]. However, a recent breakthrough
result of Logunov [2016b] proves the lower bound ¢~/ for all n > 3. Also another result of Logunov
[2016a] shows a polynomial upper bound C A* for some o > > Wthh depends only on n. The best upper
bound before this was the exponential bound ec‘fk"v’)L of Hardt and Simon [1989].

Background on small-scale quantum ergodicity. First, we recall that the quantum ergodicity result of
Shnirel’man [1974], Colin de Verdiere [1985] and Zelditch [1987] implies in particular that if the geodesic
flow of a smooth compact Riemannian manifold without boundary is ergodic then for any orthonormal
basis {W)Lj };”;1 consisting of the eigenfunctions of Ag, there exists a full density subset S C N such that
for any r < inj(g), independent of A;, one has

Volg (Br(x))

”W)Lj ”iz(Br(x))NW’ as kj — 00, j €S. (1-8)

The analogous result on manifolds with piecewise smooth boundary and with ergodic billiard flows was
proved by Zelditch and Zworski [1996].
The small-scale equidistribution problem asks whether (1-8) holds for r dependent on A ;. A quantitative
QE result of Luo and Sarnak [1995] shows that the Hecke eigenfunctions on the modular surface satisfy
> Different proofs were given later by [Hezari and Wang 2012; Hezari and Sogge 2012; Sogge and Zelditch 2012] based
on the earlier work [Sogge and Zelditch 2011], and by [Steinerberger 2014] using heat equation techniques. Also logarithmic

improvements of the form A E (log 1)* were given in [Hezari and Riviere 2016] on negatively curved manifolds and in [Blair
and Sogge 2015] on nonpositively curved manifolds.
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this property along a density one subsequence for r = A7% for some small ¥ > 0. Also, under the
Generalized Riemann Hypothesis, Young [2016] proved that small-scale equidistribution holds for Hecke
eigenfunctions for r = A—ate,

This problem was studied in [Han 2015; Hezari and Riviere 2016] for the eigenfunctions of negatively
curved manifolds. To be precise, it was proved that on compact negatively curved manifolds without
boundary, for any € > 0 and any orthonormal basis {1/, }]?'°=1 of L2(X) consisting of the eigenfunctions
of Ag, there exists a subset § C N of full density such that for all x € X and j € §,

) _1
Kir" < 19a, 1728, ) < K2r" with r = (log A7) 727, (1-9)

for some positive constants K, K» which depend only on (X, g) and €. The same result was proved in
[Han 2015] for r = (log kj)_ﬁ"'e.

We also point out that although eigenfunctions on the flat torus R” /7" are not quantum ergodic, they
equidistribute on the configuration space R” /Z"; see [Marklof and Rudnick 2012], and also [Riviere
2013; Taylor 2015] for later proofs. So one can investigate the small-scale equidistribution property
for toral eigenfunctions. It was proved in [Hezari and Riviere 2017] tlllat a commensurability of L2
masses such as (1-9) is valid for a full density subsequence with » = A~ 77+, Lester and Rudnick [2017]
improved this rate of shrinking to r = )L_TL2+6, and in fact they proved that the stronger statement (1-8)
holds. They also showed that their results are almost® sharp. The case of interest is 7 = 2, which gives
r = A~2%€ A natural conjecture is that this should be the optimal rate of shrinking on negatively curved
manifolds. A recent result of [Han 2017] proves that random eigenbases on the torus enjoy small-scale QE
forr = )L_%z“, which is better than [Lester and Rudnick 2017] for n > 5.

Some remarks.

Remark 1.6. In our proof we have used both local and global harmonic analysis; see [Zelditch 2008]
for background. The local analysis is used in [Logunov 2016a; Logunov and Malinnikova 2016], and
the global analysis is used in [Hezari and Riviere 2016] to obtain equidistribution on small balls. We
emphasize that our improvements of [Logunov 2016a; Logunov and Malinnikova 2016] are robust, in
the sense that any upper bounds of the form A% for o > % that result from a purely local analysis of
eigenfunctions can be improved using our combined method.

Remark 1.7. The most important assumption of Theorem 1.1 is the lower bound K;r" < || B, (x) V5|2
and the upper bound in (1-1) can be discarded at the expense of messy estimates in Theorem 1.1. In fact
using Sogge’s “trivial local L? estimates” [2016], which assert that one always has /, B, (x) |V |? < Kar,
we can still prove modified doubling estimates of the form
sup |ya)? < pbecrVA sup |y, |* forsome b =b(n)>0andall s < 10r.
B2s(x) By (x)

We can use this inequality and obtain estimates similar to those in Theorem 1.1; however we have not done
so for the sake of more polished estimates. Another reason that we have not discarded the assumption

e e . 1 __ .. .
%They showed that the equidistribution property fails for r = A~ 27=2 € for a positive density subset of some orthonormal
basis.
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f B, (x) |2 |2 < K,r" is that all the examples (such as QE eigenfunctions) for which we know the lower
bounds are satisfied, also satisfy the upper bounds in (1-1).

Remark 1.8. As we discussed in the previous section, a result of [Luo and Sarnak 1995] implies that
small-scale QE holds for a full density subsequence of Hecke eigenfunctions on the modular surface for
balls of radius r = A™* for some explicitly calculable ¥ > 0. Hence using (1-3), we get upper bounds of
the form 2% on the order of vanishing of these eigenfunctions. We could not find any arithmetic results
in the literature discussing improvements on the upper bound VA of Donnelly and Fefferman. Of course
a natural conjecture to impose is that for Hecke eigenfunctions vy () < cA€. Although the available
graphs of nodal lines of Hecke eigenfunctions with high energy do not show any singular points, i.e.,
places where nodal lines intersect each other, there are many almost-intersecting nodal lines.

Remark 1.9. By our discussion in the previous section on the work of [Lester and Rudnick 2017], and
using (1-3), we get that for a full density subsequence of toral eigenfunctions on the 2-torus, we have
vx (¥) < cA€. However, it is proved in [Bourgain and Rudnick 2011] that v, () < cAREEr for all
eigenfunctions on T2,

Remark 1.10. Theorem 1.1 is local in nature, meaning that if the eigenfunctions satisfy (1-1) for balls
centered on an open set, then we get the upper bounds in this theorem on that open set. In particular
we get all the upper bounds in Theorem 1.3 for eigenfunctions on ergodic billiards (and also rational
polygons) as long as we stay a positive distance away from the boundary. One would expect that the
results of [Logunov 2016a; Logunov and Malinnikova 2016] can be extended to the eigenfunctions of
the Laplacian on manifolds with boundary (with Dirichlet or Neumann boundary conditions) using the
method of [Donnelly and Fefferman 1990b].

2. Proofs of upper bounds for nodal sets and order of vanishing

The following lemma is the main ingredient of the proofs. It gives improved growth estimates for
eigenfunctions under our L? assumption on small balls.

Lemma 2.1. Let (X, g) be a smooth Riemannian manifold, p € X a fixed point, and R > 0 a fixed radius
so that the geodesic ball By (p) is embedded. Then there exists ro(g) such that the following statement
holds:

Suppose A2 <ro(g) and Y, is a smooth function such that Agry = Ay, on Bor(p). If for some
re [/\_%,ro(g)] and all x € Br(p)

K< [ P <Ko 1)
By (x
holds for some positive constants Ky and K, independent of x, then one has the refined doubling estimates

forse©10n. xeByp). [ P ser [ 22)
Bs(x)

Bs(x)

for §€(0,10r), x € Br(p),  sup |yn]? <e™V* sup |y, |2 (2-3)
2 Bys(x) Bs(x)
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We also have

—crvdA

porsc@dn.xebgon 5 [ Pz (5) 4
\—erVA
for §€(0,3r), x € Be(p). sup |y )? > (-) . (2-5)
2 Bs(x) Y

Here c is positive and is uniform in x, r, 8, and A, but depends on K1, K>, and (Bar(p), g).

Proof. We will give two proofs for (2-3). All other statements will follow from this as we will show. The
first proof of (2-3) follows from a rescaling argument applied to the following theorem of Donnelly and
Fefferman, which is a purely local result based on Carleman estimates. The second proof relies on a
theorem of [Mangoubi 2013].

Theorem 2.2 [Donnelly and Fefferman 1988, Proposition 3.10(ii)]. Let (f &) be a smooth Riemannian
manifold, p € Xa fixed point, and R>0a ﬁxed radius such that the g- geodeszc ball B L7 (P) is embedded.
Let Y5 be a smooth function such that for some X >1we have A V5= )Lw /5 on 32 7 (P). Then there exists
a suitably small ho(g) > 0 such that for all h < hy(g), § < h and x € B (p)

K1 \/i( Supgh (x) |¢)~t| 2
|2

Suth/S(x)\Eh/lo(x) W:l

sup |52 (2-6)
Bs(x)

sup [y ?<e
Bos(x)

The constant ho(g) is controlled by R and the reciprocal of the square root of sup B, x(p) | Sec(g)|, and
the constants k1 and K are controlled by sup B, x(p) | Sec(g)].

To prove our lemma, we define ()? ,8) = (X, rLZ g), and R= %R. Then the equation

Ag¥p =AY, on Byr(p)
becomes

Agy; =Ay; on B,z(p),
with

A=r%\ and Vi =V

We then note that by [Donnelly and Fefferman 1988], although not explicitly stated, we have

~ .15 N\ c . -1
ho(g)=C mm(%R, ( sup |Sec(g)|) 2) = mln(%R, ( sup |Sec(g)|) 2)
Bar(p) Bar(p)
for some suitably small C that is uniform in . Hence if we set

ro(g) < %C min(%R, ( sup |Sec(g)|)_%)
B>r(p)

then for all r < ro(g) we have ho(g) > 20, and therefore we can choose & = 20. As a result, by (2-6)

5 T SUPH ) IVilT
for § € (0,10), x € Bz(p),  sup |y;[*> <e® ﬂ(su —P20l) | le) sup [y 2
2 Bas(x) PB,\Box) 1V Bs(x)
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Writing this inequality with respect to the metric g we get

) i SUPBy, o VAP )
for§ € (0,10r), x € Br(p), sup |y;|° <e“'” ( 201 2) sup |yals. (2-7)
2 Bas(x) SUPB,, (\Bar (x) V212 By
Remark 2.3. We emphasize that since | Sec(g)| = r?| Sec(g)|, and since r is bounded by r¢(g), the
constants 1 and x, can be chosen independently from r.

We now bound the expression in parenthesis using our local L2 assumptions (2-1). First we find y
such that

By (y) C Bar (x)\BZr ()C)

Since by assumption | B,(») || > K1r", we must have

rn

sup [Yal* > sup [ > ————K].
By (x)\ B2y (x) B, () Vol(B;(y))

By making ro(g) sufficiently smaller, we obtain that for any r < ro(g) which satisfies (2-1), we have

sup [Val? > ak; (2-8)
Bar (x)\Bar(x)

for some constant ¢ which is uniform in x € B B (p), r € (0,r9(g)), and A. For the numerator in the

parenthesis we claim that’

sup | l? < bKa(rvA)" (2-9)
Boor(x)

for some constant b which is uniform in x € B B (p), r € (0,ro(g)) and A. To prove (2-9) we cover
Bsor(x) using balls of radius 5. It is therefore enough to show that

sp P <ot s [P (-10)
Br/2(y) z€B,/2(y) I Br(2)

for some b that is uniform in y, r, and A. This estimate, however, follows from standard elliptic estimates,

see for example [Gilbarg and Trudinger 1998, Theorem 8.17 and Corollary 9.21], which assert that there

exists @g < 1 suitably small such that for z € Bgr(p) we have

for all s € (O,aok_%], sup |y |2 < bos_”/ [ |2 (2-11)
By/2(2) B;(z

for some bo which is uniform in A, z, and s. Since /\_% <r,wehave B, ;-1/2 (z) C By(z) and hence to
get (2-10) we just need to observe that

sup [¥a2 < sup swp Pt s [l
By 2(y) 2€Br/2(y) By 2)2—1/2(2) z€By/2(y) Y Br(2)

7In fact when (X, g) is a closed manifold the better estimate hK5 (r~/A)" 1 holds using Sogge’s local L estimates [2016],
but we do not need this better estimate.
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with b = boa,”. Now we apply (2-8) and (2-9) to (2-7) to achieve
for § € (0,10r), x € Br(p), sup |yy]* < de“ r“/x(r«/i)"’c2 sup |¥; |2
2 Bas(x) Bs(x)

for some uniform constant d which depends on K; and K,. We note since /A > 1, if we choose M to
be an integer larger than k1 and n«, then

(rV/2)2e 1 TV < M1 2MTVA,
Finally by choosing
¢ > max(logd, M log M,2M),
we get (2-3).
To prove (2-2) we use (2-3). It is enough to show that

2 2
fBza(x) |l/f'1|2 < K(S\/I)” SUPB,s(x) V2l .
st(x) |w}-| SupB,;/z(x) |‘/’A|

because (§+/1)" < (10rv/A)" < e°” Y for some appropriate ¢, as we found in the above argument. The
above comparison of ratios follows from the trivial estimate

1
/ a2 < L8y sup v
Bas(x) a Bs;s(x)

applied to the numerator, and the estimate

1 . g1
[P = minGE )" swp (P
Bs(x) 0 Bs/a(x)
applied to the denominator. The last estimate follows from the elliptic estimate (2-11) by setting

+8) and writing

. _1
s = mm(aok 2,7

sup [al>< sup  sup [Yal? <bos™ sup / |W|2§bos_"/ il
Bs > (x) z€Bs/2(x) Bs/2(2) z€Bg/»(x) J/ Bs(2) Bs(x)

The proofs of (2-4) and (2-5) are obtained by iterations of inequalities (2-2) and (2-3). Since they
are very similar we only give the proof of (2-5). Fix § < £ and let m be the greatest integer such that
2m=l§ < Then if we write inequalities (2-3) for §, 26, 46, ..., 2m=1lg and multiply them all we get

sup [Ya]? > e ™Y sup (Y]
Bs(x) Bymg(x)

Because of the choice of m, we have 2§ > r. Hence
—mcra/A

sup |32 = VA sup |2 = o |l zakae YA
Bs(x) B, (x) ol(Br(x)) JB,(x)

Since m > log(g) and rv/A > 1, by selecting c slightly larger the lower bound (2-5) follows. O
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Second proof of improved L°°-growth estimates (2-3). We recall the following result of [Mangoubi
2013], which is similar to estimate (2-7).

Theorem 2.4 [Mangoubi 2013, Theorem 3.2]. Let (X, g) be a smooth Riemannian manifold, p € X, and
R > 0 50 that the geodesic ball Byg(p) is embedded, and set S = SUPB, k(1) | Sec(g)|- Suppose ¥y is a
smooth function such that Agj = Ay on Bar(p) for some A > 0. Then forall § <s < min(CS_%, éR),
and all x € Bg(p)

sup |¥al%
Bs(x)

sup |E/f/1|2 =cope

2
clsﬁ(SUPB3s(x) IWIZ)”QS §
B3s(x)

Supg, (x) [¥al?

where C, c1 and ¢, are positive constants which depend only on R, and cq depends on bounds on (g7 1); s
its derivatives and its ellipticity constant on the ball Byg(p).

Using this theorem twice, we get for § < s < min(CS -2, %R)

/792
SUPB,s (x) ¥l < SUPB(9,/4)5(x) Va2 SUPB 3,2)5(x) Val? < (20201 sﬁ(suszs(x) |1/’l|2)2+628 S
SUPBs(x) [Val? ™ SUPpy, , s 1WA1? SUPBy) V12 0 supg, (x) 1V l?

. _1
for a new constant cé. Now we choose ro(g) < % mln(CS 2, %R), we put s = 10r, and argue as we

did following inequality (2-7).

Proof of (1-3): upper bound on the order of vanishing. Let us show that the upper bound (1-3) on the
order of vanishing v, (v} ) follows from the lower bound (2-5). Suppose i, vanishes at x to order M.
Then there exists §g > 0 such that for all § < §g

CWA,508M = sup |WA|2~
Bs(x)

Therefore using (2-5), for all 0 < § < min(50, %r)

8 crﬁ
CWA,808M > (;) .

Dividing by 8™ and letting § — 0 we see that we must have M < cr+/A.

Proof of (1-2): upper bounds on the size of nodal sets for n > 3. The main tool is the following result.

Theorem 2.5 [Logunov 2016a, Theorem 6.1]. Let ()? , &) be a smooth Riemannian manifold of dimen-
siond, p € X, and R > 0 so that the geodesic ball B,(p) is embedded. Suppose H is a harmonic
function on B, z(p); that is, Az H = 0 on B,z (p). Then there exists Ro = Ro(B,z(p), g) < R such
that for any Euclidean® cube Q C Bgr,(p) one has

HITY((H =0y N 0) <« diam(Q)? "' N(H, 0)**

81t means that Q is a cube in the chart associated to the geodesic normal coordinates at p.
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for some o > % that is only dependent on d, and some k that depends only on (B, 5(p), g). Here,
_ SUpps (o) |H 2
N(H,Q)= sup log(%), (2-12)
B¢ (x)C20 supge (x) | H |
where Bg (x) stands for the Euclidean ball of radius s centered at x in the normal chart of Bg(p).

To prove (1-2), we use our modified growth estimates (2-2) and the above theorem. We first cover
(X, g) using geodesic balls { B, (x;)}x, ez such that each point in X is contained in C(X, g) many of the
double balls { By, (x;)}x; ez, Where C(X, g) is independent of r and depends only on the injectivity radius
of (X, g) and a bound on the Ricci curvature of (X, g). Such a thing is possible by the Bishop—Gromov

volume comparison theorem. For a proof see, for example, [Colding and Minicozzi 2011, Lemma 2].

It is then easy to see that such a covering has at most Cor~" open balls for some uniform constant

Co = Co(X, g). Next we estimate H"~1(Zy, N B,(p)) for each p € Z. To do this we define
X=XxR, d=n+1, §=productmetric.
We shall also use X = (x,t). We then put
H(®) =y (x)e VA

Then clearly Az H = 0. We now cover the compact manifold X x [—1,1] by finitely many balls
{B i }1<j<m each of which satisfies the property of the ball B Ro in Theorem 2.5. Let Lo be the Lebesgue
number of this finite cover and assume r < %Lo. Also for each p € X, let Q,(p) be the Euclidean cube
in X of side lengths 2r centered at p. Then we observe that for some 1 < j < M we have

0r(p) = Qr(p) x [-r.7] C Bar(p) C BLy(P) C B;,
where j = (p,0). By applying Theorem 2.5 for the cube Q (p) in the ball B;, we get that
1 ({ya=0} N B (p)) < H" ' ({¥2=0} N Qs (p))
= S ({H=0}1 0, (5)
< 521" N(H. 0, (p)*
= 'r" " N(H, 0, ().

Now we use our doubling estimates to show that N(H, Q +(P)) < ¢’r~/A for some ¢’ that is uniform in
r, A, and p. We emphasize that our doubling estimates involve geodesic balls, but the definition of the
doubling index N in [Logunov 2016a] uses Euclidean balls B (X) in a fixed normal chart of B, z(p).
However, by choosing Ry sufficiently small we can make sure that

By (¥) C B{(¥) C By (%)
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forall X € Bg,(p) and all s < Rg. As a result of this if we assume r < %RO, then using (2-3) four times
we get

SUpge (%) |H(??)|2)

NH.0,(5) = sup 1og( i
! supge (x) | H (%)

B¢(%)C 02 (D)

supp, (z) | H(X)|?
< sup log( 3. (x~) |H(~)|2
By /2(%)C 02 (§) SUPB, » (%) 11X

ss0/% SUPB3, (x) [y (x)|? ) Vi

< sup log (e
SUPg, ,,(x) 1WA (%)

By /2(x)C0Q2,(p)
Finally

H"_I(Z,/,A) < Z ’;'-["_I(Z,/,A N B, (x;)) < Cor k' r" 1 (c?r?1)% < ¢ r2%7 1\
X; €L

for some ¢ that is uniform in 7 and A.

Proof of (1-4): upper bounds on the size of nodal sets for surfaces. The main tool is the following local
result.

Theorem 2.6 [Logunov and Malinnikova 2016]. Let (f g) be a smooth Riemannian manifold of dimen-
sionn=2, p€ Xa point, and R > 0 a radius such that the & g- geodeszc ball B2 #(p) is embedded. Let
V5 be a smooth function such thatfor some A > 1 we have Az = Mk/1 on BzR(p) Suppose we also
know that there exists some so < 15 R such that for all s < so we have

- _12
Suszs(x) |WA| < Clecﬁ
SUPZ . (x) Wf,ﬂz B

for some constants ¢ and Cy that are uniform for x € B 7(p). Then
3
H (Y5 =01N Bg(p) < AP, (2-13)

where B € ( ) is a small universal constant and C, is controlled by ¢, C, and the C*¥ norm of (7 Y)ij g
on BzR (p) for some universal k.

To prove (1-4), suppose V¥, is an eigenfunction of Ag on (X, g). We cover X by geodesic balls
{B (xi)}x; ez of radius %r in such a way that the number of them is at most Cor ~". As we saw earlier,
thlS is always possible. We then estimate the size of the nodal set of ¥, in each Br (x) using Theorem 2.6.
To do this, we first define (X g) = ( .73 g) Under such a rescaling, a ball of radlus r scales to a ball of
radius 1. Hence we put R =1. Then the equation

—Ag¥y =AY, on By (p),
becomes
—Agys =AY, on By(p).
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with
A=r?1 and Vi =1vYa.

We can see that the doubling condition of Theorem 2.6 is valid because for all s < -, using (2-3)

10°
- 2
SUPE. (x) 2% _ SUpp, ., (x) [y l? - ecrﬁ _ ecﬁ

SUPE oy IVal> supp ) [¥al2 T

for some ¢ that is uniform in ;\, s, and x, and is controlled by K;, K5, and the ¢* norm of (g)"f on
B, (p) for some universal k. Therefore, by Theorem 2.6

He (102=0} N By (p)) = r" "My ({y5=0} N By (p) < Cor" 133 F,

We emphasize that since (§)”/ = r2g'/, for small enough ro(g) and all r < ro(h), the C¥ norm of (g)¥
on B,(p) is bounded by the C¥ norm of (g)"/ on Ba,(p). Hence C, is independent of 7, A, and p, and
is controlled only by K; and K5 and (X, g). Adding these up, we get

_ 133_ 0B, 3
Hy ({02 =0}) < > Hy ({¥2=0} N Bz (x)) < (Cor™)Cor" 1 237F = c3r! 722375,
x; €T
Proof of (1-5): number of singular points for surfaces. We shall use the results of [Dong 1992] instead
of [Donnelly and Fefferman 1990a], although both methods would work. Another goal is to simplify a
less detailed part of the argument of [Dong 1992]. Let us first recall some statements from that paper.

Theorem 2.7 [Dong 1992, Theorems 2.2 and 3.4]. Let (X, g) be a smooth Riemannian manifold of
dimension 2, p € X, and R > 0 so that the geodesic ball Bog(p) is embedded. Suppose ), is a smooth
function such that Ag\ry = Ay, on Bogr(p) for some A > 1. Then for all x € B§ (p)andall s < %R

Yo - <avVi+as’h. (2-14)

z€Zy, NBg(x)
The constants o1, ap are uniform in x, s, and A, and depend only on (Bar(p), ).

In fact by a glance at the proof of (2-14), see [Dong 1992, Theorem 3.4, pp. 502—-503], one sees that
the following statement holds:

SUPB, . (x) 91
3 (vz(m—1>sailog(3“—“"

) + as2A, (2-15)
z€Zy, NBs(x) SUPB, (x) 44

where N
a=IVyl* + 5|W|2

and oz’l and a, are some uniform constants.
The estimate (2-14) follows quickly from (2-15) if one knows that
SUpB, (x) 9 -

SUupg;(x) 94

Cz«/I

forse(O,%R), xeBg(p), ase
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The above growth estimate is proved in [Dong 1992] using the theory of frequency functions and
monotonicity formulas; see [Garofalo and Lin 1986; Han and Lin 2007; Lin 1991] for background.
However the proof of the monotonicity formula associated to ¢, see [Dong 1992, pp. 498-499], is carried
out only for the Euclidean metric and the proof of the upper bound VA on the frequency function uses the
methods of [Lin 1991]. Here we give a simpler proof of this growth estimate which is based on gradient
estimates for solutions of elliptic equations. More precisely, we show that if doubling estimates (2-3)
fors € (0,10r), x € Br(p), sup |1[f,1|2§e”ﬁ sup |,
2 Bas(x) B (x)

hold, then
SUPB,,(x) 91

SUPB (x) 92

for s € ()L_%, 2r), x € Bg(p), < ogeczrﬁ (2-16)

for uniform constants «3 and c¢,. For the proof we use an application of standard elliptic estimates to the
gradient of eigenfunctions, as performed in [Shi and Xu 2010].

Theorem 2.8 [Shi and Xu 2010, Theorem 1]. Let (X, g) be a smooth connected compact Riemannian
manifold without boundary. Suppose V), is an eigenfunction of Ag with eigenvalue A. Then

ﬂlﬁS;P“ﬁﬂ <sup| VY| < ﬂzﬁs;plw;d

for some positive constants B1 and B, independent of A.

In fact by looking at the proof of this theorem we notice that a stronger statement holds. More precisely,
one can see that, see [Shi and Xu 2010, p. 23, Fact (1) and equation (6)], for all s < % inj(g)

BivA sup [Yil<  sup |V

By (x) BS+(V0/)\,1/2)(x)
sup (VY <BavVA  sup  [yl. (2-17)
By (x) BS+(1/)LI/2)(x)

where Y is a positive constant that depends only on the Riemannian manifold (X, g). In fact it is the
Briining constant that guarantees that in every ball of radius yg/ A2 there is a zero of ¥,. However, to
prove (2-16) we only need the upper bound (2-17) for the gradient.® Let s € ()L_%, 2r). Then since
4s + 272 < 107, using our doubling estimate (2-3) three times, we get

sup gx = sup (|Vyal® + 21y l%)
Bys(x) By4s(x)

2
< prA sup [Vl
By taya1/2)(x)

<BArYE sy
By jatai/8a1/2)(X)
< 2/3’26'3”*/I sup ¢;.
Bs(x)

This proves (2-16) with a3 = 2 and ¢ = 3c.

9This is proved easily by a rescaling argument and elliptic estimates such as Theorem 8.32 in [Gilbarg and Trudinger 1998].
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To finish the proof of our upper bounds for the number of singular points for surfaces, we apply (2-16)
to the inequality (2-15) and obtain

Yo () - D) = afrVA +ans?A.

z€Zy, NBs(x)

We now put s = r2A~%. We underline that this choice of s is in fact in the allowable range (/\_%, 2r)
because r > )t_%. From this, (1-5) follows immediately.

Proof of Theorem 1.3: upper bounds for QF eigenfunctions. This theorem follows quickly from the
lemma below combined with Theorem 1.1.

Lemma 2.9. Let {/;};cs be a sequence of eigenfunctions of Ag with eigenvalues {A;};es such that for
all r € (0, % inj(g)) and all x € X

Vol, (B ;
/ lyi* — Olg (Br(x)) A 7<% oo (2-18)
B (x) Volg (X)

Then there exists ro(g) such that for each r € (0,ro(g)) there exists A, such that for A; > A, we have

Klr"S/B ( )IWjIZSKzr”
r(x

uniformly for all x € X. Here, K1 and K, are independent of r, j, and x.

We point out that this lemma is obvious when x is fixed; however to obtain uniform L? estimates we
need to use a covering argument as follows.

Proof: First we choose ro(g) < %inj (g) small enough so that for all r < ro(g)
ayr' < Vol(B% (x)) < Vol(Bzr(x)) < ar™

for some positive a1 and a, that are independent of r and x. Next, we cover (X, g) using geodesic balls
{Bg(x,-)}xl. ez such that card (Z) is at most Cor ", where Cy depends only on (X, g). The existence of
such a covering was discussed in the proof of (1-2). For each x; € Z, by using (2-18) twice, we can find
A;,r large enough so that for A; > A; ,

Kﬂ"f/ |Wj|25/ [yj|* < Kar™,
By /o2(x;) B (x;)

with K1 = a1/(2Vol(X)) and K> = 2a5/Vol(X). We claim that A, = max;ez{A; ,} would do the job
for all x in X. So let x be in X and r be as above. Then x € By (x;) for some i € 7 and clearly one has
B% (x;) C By(x) C Bar(x;). This and the above inequalities prove the lemma. O
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ON RANK-2 TODA SYSTEMS WITH ARBITRARY SINGULARITIES:
LOCAL MASS AND NEW ESTIMATES

CHANG-SHOU LIN, JUN-CHENG WEI, WEN YANG AND LEI ZHANG

For all rank-2 Toda systems with an arbitrary singular source, we use a unified approach to prove:

(1) The pair of local masses (07, 02) at each blowup point has the expression
oi =2(Ni1pt1 + Nizp2 + Ni3),

where N;jj€Z,i=1,2, j =1,2,3.

(2) Ateach vortex point p; if (o}, @?) are integers and p; ¢ 47N, then all the solutions of Toda systems
are uniformly bounded.

(3) If the blowup point g is a vortex point p; and @}, @? and 1 are linearly independent over Q, then

uk(x)+210g|x—p,| <C.

The Harnack-type inequalities of 3 are important for studying the bubbling behavior near each blowup
point.
1. Introduction

Let (M, g) be a Riemann surface without boundary and K = (k;;)nxn be the Cartan matrix of a simple
Lie algebra of rank n. For example, for the Lie algebra sl(n + 1) (the so-called A;) we have

2 -1 0 - 0
-1 2 -1 - 0
K= : N (1-1
o -+ =1 2 -1
o --- 0 -1 2
In this paper we consider the solution u = (uy, ..., uy) of the following system defined on M :
z hj et .
. .. . — — i — -
Agui + Zk,]p] (—fM i v, 1) = Y dwal (S, — 1), (1-2)
Jj=1 DPiES
where A is the Laplace—Beltrami operator (—Ag > 0), S is a finite set on M, hy,. .., h, are positive and
smooth functions on M, ol > —1 is the strength of the Dirac mass dp, and p = (p1, ..., pp) is a constant

vector with nonnegative components. Here for simplicity we just assume that the total area of M is 1.
MSC2010: primary 35J47; secondary 35J60, 35J55.

Keywords: SU(n+1)-Toda system, asymptotic analysis, a priori estimate, classification theorem, topological degree, blowup
solutions, Riemann—Hurwitz theorem.
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Obviously, (1-2) remains the same if u; is replaced by u; 4 ¢; for any constant ¢;. Thus we might
assume that each component of ¥ = (u1,...,uy) is in

HY(M):={ve L2(M), Vv e L*(M) and [,, vdVg =0}.

Then (1-2) is the Euler-Lagrange equation for the following nonlinear functional J,(u) in jig (M):

n n
Jo(u) = %/ Z k" Ngu;Vou; dVy —Zpi log/ hie" dVyg,
M; i1 i=1 M
where (k') xn = KL

It is hard to overestimate the importance of system (1-2), as it covers a large number of equations and
systems deeply rooted in geometry and physics. Even if (1-2) is reduced to a single equation with Dirac
sources, it is a mean-field equation that describes metrics with conic singularities. Finding metrics with
constant curvature with prescribed conic singularity is a classical problem in differential geometry and
extensive references can be found in [Bartolucci and Tarantello 2002; Battaglia and Malchiodi 2014;
Eremenko et al. 2014; Lin et al. 2012; 2015; Lin and Zhang 2010; 2013; 2016; Troyanov 1989; 1991;
Yang 1997]. Recently profound relations among mean-field equations, the classical Lamé equation,
hyperelliptic curves, modular forms and the Painlevé equation have been discovered and developed in
[Chai et al. 2015; Chen et al. 2016].

The general form of (1-2) has close ties with algebraic geometry and integrable systems. Here we just
briefly explain the relation between the sl(n+1)-Toda system and the holomorphic curves in projective
spaces: Let f be a holomorphic curve from a domain D of R? into CP”. Then f can be lifted locally to
C**1! and we use v(z) = [vo(2), ..., va(z)] to denote the lift and f; the k-th associated curve,

fi:D = Glk,n+1) C CPY(AC™Y),  fi2) =) AV (@) A avED(2)],
where v) is the Jj -th derivative of v with respect to z. Let
Ar@)=v(EZ)A---A v(k_l)(z).

Then the well-known infinitesimal Pliiker formula gives

92 1A k=1 DI [ Ak+1 ()]
log | Ag (2)|I* =

where we put | A¢(z)||% = 1 as convention and the norm ||-||?> = (-, - ) is defined by the Fubini—-Study metric
in CP(AKC"*1). Here we observe that (1-3) holds only for || A (z)|| > 0, i.e., for all the unramified points
z € M. Now we set || A,+1(2)]| = 1 by normalization (analytically extended at the ramification points) and

fork=1,2,...,n, (1-3)

Ur(z) = —log || Ak )||> +k(n —k + 1)log2, 1<k <n.

For every ramified point p we use {yp.1,...,¥p,n} to denote the total ramification index at p and set

n n
*— .. . . — .. .
u; = § :k,] Uj, api= Zku Yp.j>
Jj=1 Jj=1
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Then we have

n
Au?—{—Zkije";—Ko=4n Zozp,,-Sp, i=1,...,n, (1-4)
=1 PES
where Ky is the Gaussian curvature of the metric g.
Therefore any holomorphic curve from M to CP” is associated with a solution u™* = (u7, ..., uy)
of (1-4). Conversely, given any solution u* = (u7,...,uy) of (1-4) in S2, it is possible to construct

a holomorphic curve of S? into CP” which has the given ramification index Vp,i at p if yp; € N.
One can see [Lin et al. 2012] for the details of this construction. Therefore, (1-4) is related to the
following problem in more general setting: given a set of ramified points on M and its ramification
indices at these points, can we find holomorphic curves into CP” that satisfy the given ramification
information?

Equation (1-2) is also related to many physical models from gauge field theory. For example, to
describe the physics of high critical temperature superconductivity, a model related to the Chern—Simons
model was proposed, which can be reduced to an n x n system with exponential nonlinearity if the gauge
potential and the Higgs field are algebraically restricted. The Toda system with (1-1) is one of the limiting
equations if a coupling constant tends to zero. For extensive discussions on the relationship between the
Toda system and its background in Physics we refer the readers to [Bennett 1934; Ganoulis et al. 1982;
Lee 1991; Mansfield 1982; Yang 2001].

In this article we are concerned with rank-2 Toda systems. There are three types of Cartan matrices of

rank 2:
2 —1 2 —1 2 —1
Ay = (—l 2) . Ba(=Cy) = (_2 2) . Gy = (_3 2) .

One of our main theorems is the following estimate:

Theorem 1.1. Let (k;j)ax2 be one of the matrices above, h; be positive C functions on M, oci e NU {0},
t €{1,2,...,N} and K be a compact subset of M\ S. If p; & 4nN, then there exists a constant
C(K, p1, p2) such that for any solution u = (u1, uz) of (1-2)

lui(x)| <C forallxeK,i=1,2.

Our proof of Theorem 1.1 is based on the analysis of the behavior of solutions uk = (u]lc , ulzc ) near
each blowup point. A point p € M is called a blowup point if, along a sequence of points py — p,

max {5 (), 15 (pr)y — +oo0,

where
ﬁf(x) = uf-c(x) + 4 Z(fo(x, Dt)s
t

and G(x, y) is the Green’s function of the Laplacian operator on M.

k

Suppose u” is a sequence of solutions of (1-2). When n = 1, it has been proved that if uk blows up

o 3 Ky . : . .
somewhere, the mass distribution phe*" /( f,, he*") will concentrate; that is, for a set of finite points
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P1, P2, ..., pL and positive numbers mq, ..., mp,
k L
phe"
‘/‘h—uk—)ZmlSpl aSk—>OO.
Mm e i=1

In other words, “u concentrates” means u¥ (x) — —o0 if x is not a blowup point. This “blowup implies
concentration” was first noted by Brezis and Merle [1991] and was later proved by Li [1999], Li and
Shafrir [1994] and Bartolucci and Tarantello [2002]. But for n > 2, this phenomenon might fail in general.
A component uf‘ is called not concentrating if uf‘ -+ —oo away from blowup points, or equivalently, ftf.‘
converges to some smooth function w; away from blowup points. It is natural to ask whether it is possible
to have all components not concentrating. For n = 2, we prove it is impossible.

k

Theorem 1.2. Suppose u™ is a sequence of blowup solutions of a rank-2 Toda system (1-2). Then at least

one component of u* satisfies u{c (x) = —oo if x is not contained in the blowup set.

The first example of such nonconcentration phenomenon was proved by Lin and Tarantello [2016]. The
new phenomenon makes the study of systems (# > 2) much more difficult than the mean-field equation
(n = 1). Recently, Battaglia [2015] and Lin, Yang and Zhong [Lin et al. 2017] independently proved the
result of Theorem 1.2 for n > 3.

As mentioned before, our proofs of Theorems 1.1 and 1.2 are based on the asymptotic behavior of
local bubbling solutions. For simplicity we set up the situation as follows:

Let u* = (uk, u%) be a sequence of solutions of

2
Ak + Y kiphke = dmaiso in BO.1), i = 1,2, (1-5)
j=1

where o; > —1. B(0, 1) is the unit ball in R? (we use B(p,r) to denote the ball centered at p with
radius r) and (k;;)2x2 is Az, B or G,. Throughout the paper, hk, h’zc are smooth functions satisfying
h%(0) = h%(0) = 1 and

Lowk<c. Iifcison <C inBO.1), i=1.2. (1-6)

C
For solutions u* = (u]f, u’zc) we assume

0 is the only blowup point of uk,
uk(x)—uk(y)|<C forallx,y €3B(0, 1), i =1,2, (1-7)
For this sequence of blowup solutions we define the local mass by
k

o; = lim lim i/ hketi, i=1,2. (1-8)
B(0,r)

r—0 k—oo 27T

It is known that 0 is a blowup point if and only if (o1, 02) # (0,0). The proof is to use ideas from
[Brezis and Merle 1991] and has become standard now. We refer the readers to [Lee et al. 2017] for a



ON RANK-2 TODA SYSTEMS WITH ARBITRARY SINGULARITIES: LOCAL MASS AND NEW ESTIMATES 877

complete proof. One important property of (o7, 02) is the so-called Pohozaev identity (P.I. in short)
k2107 + k12k210102 + k1205 = 2ka1 0101 + 2k1244202, (1-9)
where u; = 1 4+ «;. Take A5 as an example; the P.1. is
012 — 0102 + 022 =21101 + 2U205.

The proof of (1-9) was given in [Lin et al. 2015] where we initiated an algorithm to calculate all the
possible (finitely many) values of local masses and (1-9) played an essential role. But the argument there
seems not very efficient. In this work we add major new ingredients to our approach and improve the
classification of (o1, 02) to the following sharper form:

Theorem 1.3. Let u* be a sequence of blowup solutions of (1-5) which also satisfies (1-6) and (1-7).
Suppose o1 and o, are local masses defined by (1-8). Then o; can be written as

0i =2(Njjip1 + Nipp2 +N;i3), i=1,2,
for some N; 1,N;ia2,Nize€Z (i =1,2).

Theorem 1.3 is proved in Sections 5 and 6. In Section 5, we give an explicit procedure to calculate the
local masses. Take the A, system as an example; we start with o1 = 0 and the P.I. gives 02 = 2u,. With
02 = 242, the P.1. gives 01 = 21 + 242 and so on. Let I'(i1, 42) be the set obtained by the above
algorithm. Then I'" (w1, 1) is equal to:

i) 2n1.0), 2u1,2pm1 +212), (21 + 22,211 +202), (21 + 22, 212), (0,2u2)  for As,

(i) (2p1,0), Cua, 41 +202), (4per + 202, 4pn + 2u2), (dpa + 2u2, 41 +4p2),
(0,2u2), 2u1+2u2,2u12), 2ur +2u2,4u1 +4p2)  for By,

(iii) (2p1,0), (21,61 +24u2), (61 + 242, 6401 +24u2), (61 + 242, 1201 + 6442),
(81 + 42, 12101 +6p2), (81 + 42, 12101 +8u2), (0,2u2), (2p1 +2u2,212),
(2p1 422, 6401 + 6p2), (61 + 42, 601 +6p2), (61 + 42, 1201 +8uz)  for Gs.

Definition 1.4. A pair of local masses (071, 02) € I'(i1, p2) is called special if

(2p1 +2p2, 211 +2u2)  for A,
(01,02) = { (41 + 22,41 +4pn)  for By,
(81 + 4u2, 121 +8uz)  for Ga.

The analysis of local solutions in [Lin et al. 2015] describes a method to pick a family of points
I'y = {0, x]f Yo ,xﬂ‘v} (if 0 is a singular point, otherwise 0 can be deleted from I'y) such that a tiny ball
B(xlk, ) Jk ) contributes an amount of mass (which is quantized), and the following Harnack-type inequality
holds:

uf‘(x) + 2logdist(x, X)) < C forall x € B(0,1). (1-10)

When o1 = ap =0, we can use Theorem 1.3 to calculate all the pairs of even positive integers satisfying
(1-9) and the set is exactly the same as I'(1, 1).
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It is interesting to see whether any pair of the above really consists of the local masses of some
sequence of blowup solutions of (1-2). For K = A, the existence of such a local blowup sequence has
been obtained; see [Musso et al. 2016; Lin and Yan 2013].

After Xy is picked, the difficulty at the next step is how to calculate the mass contributed from outside
B(x’.‘, / j].‘) j=1,2,---, N. In Section 6, we see that the mass outside this union could be very messy.
However, the picture is very clean if (o1, ap) satisfies the following Q-condition:

o1,0, and 1 are linearly independent over Q.

Theorem 1.5. Suppose (1, az) satisfies the Q-condition. Then (01,03) € I'(L1, o). Furthermore, for
any sequence of solutions of (1-5) satisfying (1-6) and (1-7), the following Harnack-type inequality holds:

uf-c(x) +2log|x| <C forxe B(0,1).
For (1-2), let u1,; = atl +1land po = 0{,2 + 1 at a vortex point p; € S, and define
Ti = {27(Stes0ip +2n) | (01,0.02,0) € D1y, p2), J €S, n e NU{O}}. (1-11)
Based on Theorem 1.5, Theorem 1.1 can be extended to the following version:

Theorem 1.6. Let h; be positive C' functions on M, and K be a compact set in M. For every point
pt € S, if either both a},a? € N U {0} or (a},a?) satisfies the Q-condition, then for p; ¢ T and
u = (u1,uz) a solution of (1-2), there exists a constant C such that

lui(x)| < C forall x € K.

The organization of this article is as follows. In Section 2 we establish the global mass for the
entire solutions of some singular Liouville equation defined in R% Then in Section 3 we review some
fundamental tools proved in the previous work [Lin et al. 2015]. In Section 4 we present two crucial
lemmas, which play the key role in the proof of main results. In Sections 5 and 6 we discuss the local
mass on each bubbling disk centered at 0 and not at O respectively, and then all the main results are
established based on previous discussions.

2. Total mass for Liouville equation

The main purpose of this section is to prove an estimate of the total mass for the solutions of the equation

Au+e¥ = va=147ra,~8pl. in R2,

(2-1
Jre € < 00,
where p1, ..., py are distinct points in R? and o; > —1 forall 1 <i < N.
Theorem 2.1. Suppose u is a solution of (2-1) and «y, . ..,anN are positive integers. Then ﬁ fRZ et is

an even integer.

Proof. 1t is known that any solution u of (2-1) has, at infinity, the asymptotic behavior

u(z) = 2a00loglz| + 0(1), as > 1, (2-2)
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and u satisfies
N

edx =2 Z o 4+ 2000- (2-3)

i=1

1
2w R2

We shall prove that oo + ZZN=1 «; is an even integer. A classical Liouville theorem (see [Chou and Wan
1994]) says that u can be written as

og S OP
(1+1f(2)1*)?

for some meromorphic function f. In general, f(z) is multivalued and any vertex p; is a branch point.

However if o; € NU {0}, then f(z) is single-valued. Furthermore (2-2) implies that f(z) is meromorphic

at infinity. Hence for any solution u of (2-1) there is a meromorphic function f on S? = C U {oo} such
that (2-4) holds. Then

N
o P
4”(2“" *“‘”) = /Rze = S/Rz A+ /PR

Jj=1
dxdy
=8(degf)/%zm = 8w (deg f),

u=1 zZ € IRZ, (2_4)

where deg( f) is the degree of f as a map from S? = C U {oo} onto S% and w = f(z) = X +iy. Thus
we have

N
Zaj+aoo:2deg(f). O
j=1

Theorem 2.2. Suppose u is a solution of

Au+e* = dragbp, + Y dnaidy, in R?, (2-5)
Jr2 " < 00,
where pg, p1,..., pN are distinct points in R? and o, . .. , 0N are positive integers, ag > —1. Then
ﬁ Sz € is equal to 2(ag + 1) + 2k for some k € Z or 2k for some ki € N.
Proof. As in Theorem 2.1, there is a developing map f(z) of u such that
8 / 2
u(z) =log /@) z eC. (2-6)

(1+1f(2))?

On one hand by (2-5), uz; — %u% is a meromorphic function in C U {oo} because away from the Dirac
masses

4(uZZ — %ug)z =—(e"); +uze* =0.

By u(z) = 2a; log |z — pi| + O(1) near p; we have

N
Uzz = qU7 = —2(2 2% (305 + 1)z = p) 2+ A5z —p) 7t + B)»
=0
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where Ay, ..., Ay, B € C are some constants. On the other hand by (2-6), a straightforward computation
shows that yY o ’
1 3

Using the Schwarz derivative of f,

/") 3 (f”(Z) )2
- ,

V=m0 e

and letting

N
1(z) = Z %Olj (%Olj + 1)(2 —pj)_z +Aj(z —pj)_1 + B,
=0
we can write the equation for f as

{f.z} =-21(2). (2-8)

A well-known classic theorem (see [Whittaker and Watson 1927]) says that for any two linearly independent
solutions y; and y, of
y'(2) = 1(2)y(2), (2-9)
the ratio y»/y1 always satisfies
{y2/yriz} = =21(2).

By (2-8) and a basic result of the Schwarz derivative, f(z) can be written as the ratio of two linearly
independent solutions. This is how (2-1) is related to the complex ODE (2-9). We refer the readers to
[Chai et al. 2015] for the details.

For (2-9), there is an associated monodromy representation p from 1 (C\ {po, p1,..., pN};q) to
GL(2; C), where ¢ is a base point. Note that at any singular point p;, the local exponents are %a i+ 1
and —%oz ;. It is known from [Lin et al. 2012, Section 7] that e™* can be locally written as

e =12+ [v2)* = ((v1,v2)", (v1,v2)"),

where vy, v2 are the two fundamental solutions of (2-9). After encircling the singular point p; once, we

u

have e™ = (p; (v1,2)", pj (v1,v2)") and the value does not change. Therefore, we conclude that p; is

unitary and ,
el 0 .
p] :IO()/]):C] 0 e—ﬂiOlj C] ’

where y; € m1(C\ {po..... pn}, q) encircles p; only once, 0 < j < N, while the monodromy at oo
iS poo. Then we have
PooPN *++ Po = I2x2.

Note that p; = £1>x> for 1 < j < N. Hence

. N
_ eI Xj=0% 0 _

. N
e_JTl leo a_/'

for some constant invertible matrix Dy.
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On the other hand, the local exponents at co can be computed as follows. Let y(z) = y(%), where y
is a solution of (2-9). Then we have

() +25'() = 25, (2-10)

where | (z)=1 (%)2_4. Since /(z) is the Schwarz derivative of f(z), by direct computation I (z) is the
Schwarz derivative of f ( ). As before we let 1i(z) = u( ) —4log |z|. Then f ( ) is the developing map
of #(z). Since

u(z) =2(aoo —2) log|z| + O(1) near O,

(because u(z) = —2uo log |z| + O(1) at infinity), we have
I(z)= 1000 (3000 — 1)z 2 + higher-order terms of z near 0.

By (2- 10) we see that the local exponents of (2-9) are —20600 and 1 5000 — 1. Hence e” i%o equals either
e Xj=09 o ¢~ =00 , which yields

N N
=D i +2k or o= oj+2k (2-11)
j=0 j=0
for some k € Z. Since v
1 u_
o /{Rze = X;)aj + oo,
J:

we either have = [no €% = 2k for some k € N if the first case holds or 7= [i» €% = 2(ag + 1) + 2k’ for
= Zl]\;l a; + k — 1 if the second case holds. O

Remark 2.3. After proving Theorems 2.1 and 2.2, we found a stronger version of both theorems in
[Eremenko et al. 2014]. Because we only need the present form of both theorems, we include our proofs
here to make the paper more self-contained.

3. Review of bubbling analysis from a selection process

Let uk = (u’f, u]2‘ ) be solutions of (1-5) such that (1-6) and (1-7) hold. In this section we review the

process to select a set X = {0, x’f, e ,x,’f} and balls B(xlk, I) such that u¥ has nonzero local masses

in B(x{C , It). This selection process was first carried out in [Lin et al. 2015]. We briefly review it below.

The set X is constructed by induction. If (1-5) has no singularity, we start with X, = &. If (1-5) has

a singularity, we start with X = {0}. By induction suppose X consists of {0, x{‘, e ,xfn_l}. Then we
consider

max max (uf‘(x) + 2 log dist(x, Ek)). 3-1)

XEB1i=1,2

If the maximum is bounded from above by a constant independent of k, the process stops and X is
exactly equal to {0, x{‘, cees xrﬁ_l}. However if the maximum tends to infinity, let g be where (3-1) is
achieved and we set

d = % dist(qx. )
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and
SF(x) = uf(x) + 2log(di — |x —qi|) in Blgr, dy), i = 1,2.

Suppose ig is the component that attains

max max Sik (3-2)
! x€B(qk.dx)
at pr. Then we set
Ik = 3(dk — | Pk — qx)
and scale uf.‘ by

oK () =k (g + 720 P gy —uk () for [y < Ry = 2“0 P, (3-3)

It can be shown that Ry — co and vi is bounded from above over any fixed compact subset of R2 Thus
by passing to a subsequence, vk satisfies one of the following two alternatives:

(a) (v’l‘, v]2‘) converges in 10C([R{z) to (v1, v2) which satisfies

2
Avi+ > kije™ =0 inR%i=12. (3-4)
j=1
(b) Either vlf converges to
Avy +2¢" =0 in R? (3-5)
and vé‘ — —oo over any fixed compact subset of R? or v’zc converges to Avy + 2e¥2 = 0 in R? and

v’f — —oo over any fixed compact subset of RZ.

Therefore in either case, we could choose / ]:‘ — 00 such that

vlk(y)~|—210g|y|§C fori =1,2 and |y| <} (3-6)

/ hk eVt dy=/ ") +o(1).
B(0,1}) R2

By scaling back to uf.‘, we add py in X with

and

lk e 2 lo(pk)lk

We can continue in this way until the Harnack-type inequality (1-10) holds.

We summarize what the selection process has done in the following proposition (a detailed proof for a
more general case can be found in [Lin et al. 2015, Proposition 2.1]):
Proposition 3A. Ler u* be described as above. Then there exist a finite set Ty := {0, x]f, cees x,’fl} if o
is not a singular point, then O can be deleted from Xy ) and positive numbers Ik ..., l,’fl
such that the following hold:

—0ask -

(1) There exists C > 0 independent of k such that (1-10) holds and all the components have fast decay
on BB(x’-‘, lj]-c), j =1,...,m. (The definition of fast decay can be found in Definition 3.1 below).
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Lk (k
2) In B(x]-‘,lj]?) (J=1,....m)letR;) = e2ui0(xf')ljl.‘, uﬁ)(x]].‘) = max; uf.‘(x]]-‘) and
—Lyk (xk
ok () = uk (F 7210 y) —uk () (3-7)

for |y| < Rj; then vk = (v]f, vlz‘) satisfies either (a) or (b).
k 1k k jky — ; ;
3) B(x.,lj)ﬂ B(x{, If)=2,i #j.
The inequality (1-10) is a Harnack-type inequality, because it implies the following result.
Proposition 3B. Suppose uk satisfies (1-5)—(1-7) and

uf(x) +2log|x —xo| < C forx € B(xo,2rg).
Then
|u{~‘(x1) —uf-‘(xz)| <Co for 1 < M <2 and x1,x3 € B(xq,1t). (3-8)
27 |x2 — xol
The proof of Proposition 3B is standard, see [Lin et al. 2015, Lemma 2.4], so we omit it here. Let
x;‘ € Xy and rlk =1 dist(x;‘, e\ {x;‘}); then (3-8) implies

-2
uk(x) = a’;lk,l. (r)+0(l), xeB(xF ), (3-9)
_1+k _ -k : k k
where r = |x; — x| and Uy s the average of u; on dB(x,r),
V)
k)= L k ]
uxf,i(r) C 2nr aB(x{‘,r)ul a5 G-10

and O(1) is independent of r and k.
Next we introduce the notions of slow decay and fast decay in our bubbling analysis.

Definition 3.1. We say u{‘ has fast decay on dB(xg, ) if along a subsequence
uf-c(x) +2log|x —xo| < —Nj forall x € d0B(xo, %),
for some N — oo and we say uf‘ has slow decay if there is a constant C independent of k& such that
uf(x) +2log|x —xo| > —C forall x € dB(x¢, rt).
Furthermore, we say u{c is fast-decaying in B(xo, sx) \ B(xo, r) if u{‘ has fast decay on dB(xg, [;) for
any lg € [rg. skl
The concept of fast decay is important for evaluating the Pohozaev identities. The following proposition
is a direct consequence of [Lin et al. 2015, Proposition 3.1] and it says if both components are fast-decaying

on the boundary, the Pohozaev identity holds for the local masses.
In the following proposition, we let B = B(x¥, ry). If xK 0, we assume 0 ¢ B(x*, 2r).

Proposition 3C. Suppose both ulf , ulzc have fast decay on 0B, where B is given above. Then (01, 07)
satisfies the P.1. (1-9), where

o = lim i/ Wkewf . i=1.2.
k—0 21 B

We refer the readers to [Lin et al. 2015, Proposition 3.1] for the proof.
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4. Two lemmas
In this section, we prove two crucial lemmas which play the key role in Sections 5 and 6. For Lemma 4.1,
we assume:
(i) The Harnack inequality
uf(x) +2log|x| < C  for 1y < |x| <25, i = 1,2,
holds for both components.
(i1) Both components uf‘ have fast decay on dB(0, [;) and al.k (B(0,1;)) =0i +0(1) fori = 1,2, where

;= lim lim i/ Wkl i=1,2.
r—0 k—o0 27 B(0,rsi)

(>iii) One of uf‘, i = 1,2, has slow decay on dB(0, sz).
Lemma 4.1. (a) Assume (i) and (ii). If uf‘ has slow decay on dB(0, i), then

2
2/,L,' — Zkijaj > 0.
j=1

(b) Assume (1), (ii) and (iii). Let uf‘ be a slow-decaying component on dB(0, si). Then the other
component has fast decay on 0B(0, si).

Proof. (a) Suppose that uf‘ has slow decay on dB(0, s). Then the scaling

vf(y) = uf(sky) +2logse.  j =1.2 for y € By
gives 5 k
Av]]-c(y) + Zkﬂhéc(sky)evl O = 4rajdp iny € Bs.
=1
If the other component also has slow decay on dB(0, sz ), then (v’lc , v§ ) converges to (v, v2) which

satisfies )

Avj(y)+ Y kjie" =0 in B\{0}, j =1.2. (4-1)
I=1

If the other component has fast decay on dB(0, s ), then vlk (y) converges to v; (y) and v;(y) — —oo,
j # i. Furthermore, v; (y) satisfies

Avi(y) +2e% =0 in B,\{0}. (4-2)
For any r > 0,

dvi (y) . ( - / kot )
dS = lim (4rma; — kiih e dy
/33(o,r) v koo ; By 7
2

=4no; — 2w Zkijaj +o(1) =4npB; +o(1),
j=1
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which implies the right-hand sides of both (4-1) and (4-2) should be replaced by 47 f;8¢. If ; < —1, we
can use the finite energy assumption (see the bottom assumption in (1-7)) to conclude that either (4-1) or
(4-2) has no solutions. Hence o; — % ZJ2~=1 kijo; > —1 and then (a) is proved.

(b) Since both components have fast decay on dB(0, /), the pair (o1, 03) satisfies the P.I. (1-9). By a
simple manipulation, the P.I. (1-9) can be written as

ka101(4p1 — k1202 —k1101) + k1202(412 — k2101 — k2202) = 0. (4-3)
Note by (a),

2 2
- Zkilal > 2 — ZkﬂO’l = 0.
=1 =1

Hence for j #i

2 2
_ijlal < 4/Lj _ijlal <0,
=1 =1

where the last inequality is due to (4-3). By (a) again, uf does not have slow decay on dB(0,s;). O

Our second lemma says that a fast-decaying component does not change its energy more than o(1),
regardless of the behavior of the other component.

Lemma 4.2. Suppose the Harnack-type inequality holds for both components over r € [%l > 2sk]. If uf.‘
is fast-decaying on r € (I, si|, then

ok (B(0,sr)) = (B0, 1)) + o(1).

Proof. Obviously the conclusion holds if s /[ < C. So we assume s /[ — 400. The Harnack-type
inequality implies uf.‘(x) = ﬁf.c(r) + o(1) for %lk < |x| < 2s%. Thus we obtain from (1-5) that
Mi — ij‘=1 kijajk(r)

d —k _2' <7< .
E(ui (r)+2log r) = . , Lk <r<sg, i=1,2,

where ak(r) = Jk (B(0,r)) and 0; = hmk_)+oo o} kL), j=12.

Wlthout loss of generality, we assume that u* 1 # i, is fast-decaying on dB(0, ;). Otherwise, we
may choose lk such that [ < lk, u remains fast- decaymg forr € [lk, lk] and ok(B(O r)) does not
change more than o(1), while u is fast -decaying on dB(0, lk) If s/ lk <C,we get the conclusion as
explalned above. If s;/ Iy — +oo by a little abuse of notation, we may replace Iy by /. Then both
”1 , u2 have fast decay on dB(0, /), and the P.I. holds at /i, which implies that at least one component
(say [) satisfies

2
4 =Y ko (l) <0,
j=1

Thus,

2u; +o(1)
r

L@ () +210g 1)<~ atr = Iy, (44)
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Suppose 7y € [lk, sk] is the largest r such that
%(ﬁ;k)(r) +2log r) < K for r € I, r]. (4-5)
r

Thus, either the equality holds at r = r; or rp = si. For simplicity, we let ¢ = u;. By integrating (4-4)
from [} up to r < rg, we have

l
ggk)(r) +2log r < ﬁgk)(lk) +2log(l) + 810g(7k);

that is for |x| =r,
euf(x) < O(l)eﬁf‘(r) < 0(1)€_Nkl£r_(2+£),

where we used ﬁ;k)(l x) + 2log [ < —Nj by the assumption of fast decay. Thus

Tk —Ni
/ e ) gy < 0(1)e—Nk1,§/ (49 g = 0(H)e— >0
Ie<|x|<rk

Ix €
as k — +o00. Hence
of (rx) = of (Ix) + o(1). (4-6)

If both components are fast-decaying on r € [Ij, r¢], then limk_>+oo(0{‘ (1), oé‘ (rx)) = (61, 62) also
satisfies the P.L. (1-9). If 6; > 0/, then j # [ by (4-6). We choose r; <7y such thato; (1)) = Ojl-‘ (Ix)+eo for
small g¢, and let 0;‘ = limg o 0 (r;). Then 0;‘ and o7 satisfies the P.I. (1-9) and it yields a contradiction
provided &g is small. Thus, we have o,]fl (rp) = 0,],‘1 (Ix) +o(1), m = 1,2. Then (4-4) holds at r = ry,
which implies r; = s, and Lemma 4.2 is proved in this case.

If one of the components does not have fast decay on [l r], then we have [ =i and u}‘, Jj #i,
has slow decay on dB(0, r;) for some r} < ri. If sp/rp < C, then (4-6) implies the lemma. If
S,/ rx — +00, then by the scaling of uj‘ at r = ry, the standard argument implies that there is a sequence
of r]:‘ LT =Ry r,:‘ & sg such that both components have fast decay on 7 and

of (F) = 0i (rg) + o(1) = 0i (L) +0(1) and o (F) = o (Ik) + &0

for j # i and g9 > 0. Therefore the assumption of Lemma 4.2 holds at r € [Fg, sx]. Then we repeat the
argument starting from (4-4) and the lemma can be proved in a finite steps. O

Remark 4.3. Both lemmas will be used in Section 6 (and Section 5) for the case with singularity at 0

(and without singularity at 0).

5. Local mass on the bubbling disk centered at x ;‘ #0

5A. In this subsection we study the local behavior of uk near x{‘, where x;‘ = 0. For simplicity, we use
x* instead of x;‘ and L'tf.‘ (r) rather than 12'; A i(r). Let
I

k_ 1 3:cook k k 1 kuk
= S dist(x", Zr \ {x*}), 0~(r)=—f hreti, i=1,2.
2 ! 2 B(xk,r) !
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aes k k _ ¢,k 1,k :
By Proposition 3A, [ < t*. Clearly u™ = (uf,u7) satisfies

2
k
Auk + Z kijhfe"j =0 in B(xX %).
j=1
For a sequence s, we define

limg 5 4+ o0 O'ik (sg) if uf.‘ has fast decay on dB(x, sp),

0i (sx) = (5-D

lim; o limg— 400 O'l-k (rsg) if uf‘ has slow decay on dB(xk, s1).
Recall that both components of u* have fast decay on dB(xX, [;.). This is the starting point of the following
proposition, which is a special case of Proposition 5.2 below.

In Proposition 5.1, (i1, t2) will be (1, 1) in both lemmas of Section 4.

Proposition 5.1. Ler u* = (u’f, uIZ‘) be the solution of (1-5) satisfying (1-7) and 6;(sy) be defined in
(5-1). The following holds:

(1) At least one component u* has fast decay on dB(x¥, t%).

(2) (61(z%), 62(c%)) satisfies the P.I (1-9) with ju1 = pup = 1.

(3) (61(z%),62(z%)) e T(1, 1),
Proof 1If 7i./ I < C, (1)—(3) hold obviously for 7. So we assume t¥ /I — 4o0. First we remark that
if u* is fully bubbling in B(x¥,I}) (i.e., (1) in Proposition 3A holds), (61(lx), 62(lx)) is special (see
Definition 1.4) and satisfies 5

2ui — Zkijéj(lk) <0, i=1,2.
j=1
Then by Lemma 4.1, both uf.‘ have fast decay on dB(0, %) and Proposition 5.1 follows immediately.
Now we assume vlk defined in (3-7) and satisfies case (2) in Proposition 3A. We already know that

both components have fast decay at r = . If both components remain fast-decaying as r increases from
I to T, Lemma 4.2 implies

of (%) = ok k) +o(1), ok (F) =k ) +o(1)

and we are done. So we only consider the case that at least one component changes to a slow-decaying
component. For simplicity, we assume that u]f changes to a slow-decaying component for some rg > Ij.
By Lemma 4.2,

G{C(B(xk, rE)) = of‘(B(xk, lx)) +co for some co > 0.

We might choose sj < ri such that

of (B(, 1)) = of (B(x¥, [y)) + o,
and
U{C(B(xk, r)) < 0{‘ (B(xk, l)) +eo forall r <sg,

1

where g9 < 5¢q is small.
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Then Lemmas 4.1 and 4.2 together imply that u’f has slow decay on dB(xX, s;) and u’2° has fast decay
on dB(x¥, sp) with

Gi(sx) = oF(x) +0(1) and  62(sg) = oX (Ig) + o(1).

Let vlk (y)= uf.‘(xk +5ky)+2log sk. If t /sp < C, there is nothing to prove. So we assume 7% /55 — oc.
Then v]f(y) converges to v1(y) and v’z‘(y) — —oo in any compact set of R? as k — 400 and vy (y)
satisfies 5
Avy +2¢" = =27 Y (k1;6;(£))8(0) in R (5-2)
j=1

Hence there is a sequence N;' — +00 as kK — +oo that satisfies

(D) Nps <X,

2) fB(o,N,j) el dy = fRz e’ldy +o(1),

(3) vF(y) +2log|y| < =Nk, i = 1,2, for [y| = N}
Scaling back to uf.‘, we obtain that uf.‘, i =1, 2, have fast decay on BB(xk, N]:‘sk).

We could use the classification theorem of [Prajapat and Tarantello 2001] to calculate the total
mass of vy, but instead we use the P.I. (1-9) to compute it. We know that both (61(l;), 62(Ir)) and
(61(N;'sk), 02(N,'si)) satisfy the P.I. and 62 (N, sx) = 62(Ix) by Lemma 4.2. With a fixed 02 = 62(/g),
P.I. (1-9) is a quadratic polynomial in o7; then 61 (/) and 61 (N ,:‘ sy ) are two roots of the polynomial.
From it, we can easily calculate 61 (N} sg).

By a direct computation, we have

(61(Ny k). 62(Ngsk)) € T(1, 1) if (61(lk). 62(k)) € T(1, 1).

Thus (1)-(3) hold at r = N,: Sr. By denoting N,: s as [, we can repeat the same argument until
% /1, < C. Hence Proposition 5.1 is proved. O

5B. Local mass in a group that does not contain 0. In this subsection we collect some xlk € X into a
group S, a subset of X satisfying the following S-conditions:

(1) 0¢ S and |S| > 2.
(2) If |S| = 3 and xlk , x]].‘, x;‘ are three distinct elements in S, then
dist(xlk, x]k) <C dist(xk, xf‘)
for some constant C independent of k.

(3) For any x,’f, € X\ S, we have dist(x,’fl, S)/ dist(xlk, xj’.‘) — 00 as k — 0o, where xlk, le.‘ €Ss.
We write S as S = {x’f, . ,x,’ﬁ,} and let

lk(S) =2 max dist(xlf, x’-‘). (5-3)
1<j<m /
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Recall rlk = %dist(x;‘, i\ {x;c 1); by (2) and (3) above we have [K(S) ~ rl.k for 1 <i <m. Let

ok = Ldist(x¥, 3¢\ 9).
Then by (3) above we have r’g./rl.k — oo for any x{‘ es.

By Proposition 5.1, we know that at least one of uf‘ has fast decay on 0B (x’f, r{‘ ). Suppose u’f has fast
decay on 8B(x’1‘, r{‘). Then

ulf has fast decay on 8B(x]1‘, 1%(S)), (5-4)
and we get
1 k
of (B(H.1%(8) = 5 /B( k1 (s)) hie't dx
X715
= % h]feulf + 2L h]feulf.
T JUj=y BGeS ) T JBOA IR SN\WUTZ 1 BG,T))

Since u’f has fast decay outside of B(xJ’-‘ , rjk ), we have

k
k —
1 < o(1)y max{lx —f 2} forx ¢ | B of)

j=1
and the second integral is o(1). Hence by Proposition 5.1,
a{‘ (B(x’f, lk(S))) =2mi+o0(l) forsomem; € NU{0}. (5-5)
Similarly if ulzC has fast decay on 8B(xlf, r{‘ ), we have
ok (B(x*,1%(S))) = 2ma +0(1) for some my € NU{0}. (5-6)

If MIZ‘ has slow decay on 0B (x’f, t{‘ ), then it is easy to see that u’zc has slow decay on 0B (xk, rj].‘ ). By

Proposition 5.1 we denote n; ; € N by
2n;,; = lim klgroloo—l (B(xj,rzj)), 1<j<m,i=12.
Define 7;,; by
2
ﬁl‘,j = —Zk,‘lnl,j.
=1

Then the slow decay of u% on dB(x¥, tj’.‘) implies 1 +17i5,; > 0. Since 7i5,; € Z we have 715 ; > 0.

Furthermore, if we scale u¥ by

vF () =uF (eF +15(S)y) + 21015 (S). i=1.2,
k

the sequence vy converges to v2(y) and v]f tends to —oo over any compact subset of R? \ {0}. Then v,
satisfies

m
Avy(y) +2¢") =dn )y iz ;8 in R (5-7)
j=1
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where p; = limk_,oo(x]’.C —x{‘)/lk(S). By Theorem 2.1

1

— e¥2 =2N for some N € N.
27T R2

Thus using the argument in Proposition 5.1, we conclude that there is a sequence of N — oo such that
both uf (i =1, 2) have fast decay on BB(x]f, N,:‘lk(S)) and O'l-k (B(x{‘, N,:‘lk(S))) =2m; +o0(1). Denote
N{I k(S) by I, for simplicity; we see that (5-5) and (5-6) hold at /. Then by using Lemmas 4.1 and 4.2
we continue this process to obtain the following conclusion:

At least one component of u¥ has fast decay on 0B (x]f, r]§ ). (5-8)
Let 6l.k (B(x{‘, T§)) be defined as in (5-1). Then
6 (B(x¥, t5)) = 2m;(S),  where m;(S) e NU{0}, (5-9)

and the pair (2m1(S), 2m2(S)) satisfies the P.1. (1-9).

Denote the group S by S;. Based on this procedure, we can continue to select a new group S» such
that the S-conditions holds except we have to modify condition (2). In (2), we consider S as a single
point as long as we compare the distance of distinct elements in S5.

Set

f§2 = %dist(xlf, Y\ S2) for x{‘ € Ss.

Then we follow the same argument as above to obtain the same conclusion as (5-8)—(5-9).
If (1-5) does not contain a singularity, the final step is to collect all the xlk into the single biggest group

and (5-8)—(5-9) hold. Then we get (01, 02) = (2m1,2m3) (which satisfies the Pohozaev identity), where
o; = lim lim —— Wkl i =1,2.
r—>0 k—oo0 &7 B(0,r)

By a direct computation, we can prove that the set of all the pairs of even integers solving (1-9) is exactly
I'(1, 1). This proves Theorem 1.3 if (1-5) has no singularities.

If 0 is a singularity of (1-5) then X can be written as a disjoint union of {0} and S; (j =1,...,m).

Here each S; is collected by the process described above and is maximal in the following sense:

(1) 0 S, |S| > 2 and for any two distinct points xlk , le-‘ in § we have

dist(x¥, xjk) < (),
where 75(S) = dist(S, Zx \ S).
(ii) For any 0 # xlk e X\ S,
dist(x¥, 0) < C dist(x¥, $)
for some constant C.

For S; we define
T'S‘j = L dist(Sj, 2k \ S)).
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Then the process described above proves the main result of this section:

Proposition 5.2. Let S; (j = 1....,m) be described as above. Then (5-8)~(5-9) hold, where B(x¥, t&)
is replaced by B(xlk, rlgj) and xlk is any element in S;.

6. Proofs of Theorems 1.2, 1.3, 1.5 and 1.6

In Proposition 5.2, we write 3 = {0} U S; U---U Sy. From the construction, the ratio |x¥|/|%¥] is
bounded for any x*, %% ¢ S;. Let
: k
I/ = min |x¥]
xXES;
and arrange S; by

[Sill =182l =--- = ISw -
Assume / is the largest number such that ||S;|| < C||S1]|. Then ||S;|| < [|S7+1]-
We recall the local mass contributed by x]].‘ €S§;is
(61(B(xK. ). 62(B(xK. <)) = (m1,j.ma, ;). where my j.ma j € 2NU{0}.
Let
it =301l
Then we have
uf-‘(x) +2loglx| <C for0<|x| < r{‘, i=1,2.
Proof of Theorem 1.3. Let
zlf-c(x) = uf-‘(x) + 2w log|x|, i=1,2.
Then (1-5) becomes

2
ATE () + Y ki [P R e @ =0, x| <k i=1,2.

j=1
Let
ik
—2log 6 = max max L, (6-1)
i€l xeB(0,rF) I+

and

¥ (y) = i 5k y) +2(1 + o) log . |y| <rf /8. i=1.2. (6-2)
Then 175‘ satisfies
2
~ . ok .
AGED) + D ki [y P kG y)e O =0, |y <rf /8 i =1.2. (6-3)
j=1

We have either
(a) limg o r{‘/(Sk = 00, or
(b) rf/s<C.
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For case (a), our purpose is to prove a result similar to Proposition 5.1:

(1) At most one component of u* has slow decay on dB(0, r{c ). As in Section 5, we define

R limg 5 4+ o0 O'ik(B(O, r{‘)) if uf‘ has fast decay on dB(0, r{‘),
0i,1 =9 . . .
l lim; 0 limg_ 40 O'l-k (B(0, rr{‘)) if uf‘ has slow decay on dB(0, r{‘),

(2) (61,1,072,1) satisfies the Pohozaev identity (1-9), and
3) 5’,"1 = 22?-21 nijlj +2n; 3, ni ;€ Z,i=1,2, j=1,2,3.
We carry out the proof in the discussion of the following two cases.

Case 1: If both 1711‘ (y) converge in any compact set of R2, then (61,1,82,1) can be obtained by the
classification theorem in [Lin et al. 2012]:

(21 + 242,21 +2u2)  for A,
(61,1.62,1) = | (411 +2p2, 41 +4pz)  for B,
(81 +4p2, 1211 +8uz)  for Ga.

By Lemma 4.1, both uf‘ have fast decay on dB(0, r{‘ ). So this proves (1)—(3) in this case.

Case 2: Only one 55‘ converges to v; (y) and the other tends to —oo uniformly in any compact set. Then

it is easy to see that there is [ < r{‘ such that both uf‘ have fast decay on dB(0, [;;) and

(01(B(0, 1)), 02(B(0,I))) = (2111,0) or (01(B(0,1x)),02(B(0, 1)) = (0,2u2).

So this is the same situation as in the starting point for Proposition 5.1. Then the same argument of
Proposition 5.1 leads to the conclusion (1)—(3).

The pair (61,1, 62,1) can be calculated by the same method in Proposition 5.1. Then (61,1,62,1) €
I'(ie1, n2), which is given in Section 2.

To continue for r € [r{C , ré‘ ], where ré‘ = %||Sl+1 ||, we separate our discussion into two cases also.

Case 1: One component has slow decay on dB(0, r{‘ ), say u’f Then we scale
vf(y) = uf (rfy) + 2log rf.

By our assumption, v’f(y) converges to vi(y) and v’z‘ (y) = —o0 in any compact set. Let le-‘ € §; and
yJIF = (r{‘)_lle.C — pj for j < 1. Then v{(y) satisfies
1

Avy + 2" = 4mdy 8o +4m Y i, j6p;. (6-4)
j=1
where
1o =
ni,j =-3 Zklimi,j for some m;; € Z and ax =a1—§Zk1,~6,~,1. (6-5)
i=1 i=1

The finiteness of fR2 e?! implies
&1 >—1 and ﬁl,j > 0.
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By Theorem 2.2, we have

— e’V dy =2(ay + 1) + 2kq, L/ e dy =2k, whereky,ky 7. (6-6)
21 Jr2 2w Jr2

As before, we can choose /i, r{‘ L« ré‘, such that both uf‘ have fast decay on dB(0, /). Then the
new pair (1,2, 02,2), which is defined by

012 = L lim h’t‘e“]l(, t=1,2,
27 k—0 B(0.1;)
becomes
1 1 I
A 4 {4 v . .
(61,2,62,2) = (01,1+E/RZ€ ‘+Zm1,/, 02,1+Zm2,1) (6-7)
Jj=1 j=1
for my;,my; € 2N U {0}. Using (6-6), we get
R 61,1+2k2+2§=1m1,j if %fRzevldy=2k2, 6-8)
01,2 = R R _ _ -
2,U«1+01,1_Zi2=1kliUi,1+2k1+Z§=1m1,j if 5o fo2 €Vt dy =2(@1+1)+2k1.
We note that if (61,1,62,1) € I'(i1, 2) and
2
21 +611— Y k1i6i1 >0,
i=1
then
2
(2M1 +01,1 —Zk1i5i,1,52,1) € I'(u1, p2).
i=1
Let (o],05) = (2,u1 +61,1— Zl-zzl k1i6i1, 62’1). We can write
(61,2.62,2) = (0] +m1, 03 +m2), (6-9)

with (o7,05) € I'(u1, pn2) and my, my € 27.

Case 2: If both uf‘ have fast decay on dB(0, r{‘), then they have fast decay on dB(0, cr{‘ ), where we
choose ¢ bounded such that U5=1 S; € B(0, ¢ r{‘) Then the new pair (61,2, 62.2) becomes

[ l
(6’1’2,62’2) = (61,1 =+ Zml,j, 6’2,1 + Zmz,j) for my,j,my ;€ 27. (6-10)
Jj=1 Jj=1

Hence, in this case we can also write
(61,2,02,2) = (0f +m1, 05 +m3), (6-11)

with (0], 05) = (61,1,62,1) € I'(1, n2) and my,mo € 2Z. Set cr{c = . Then we can continue our
process starting from /. After finitely many steps, we can prove that at most one component of uk has
slow decay on dB(0, 1) and their local masses have the expression in (3).
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For case (b), i.e., r{ k8 < C, first v <0 1mphes ly|?% hk(8ky)e i < C on B(0, r{‘/Sk) Then the
fact that © v has bounded oscillation on 0B(0, r{ k /8:) further gives

5% (x) = 0K (8B(0, ¥ /81)) + O(1)  for all x € B(r¥/5y),

where ﬁlk (0B(0, r{c /0x)) stands for the average of ﬁlk on dB(0, r{‘ /8x). Direct computation shows that

/ h¥ett dx =f |y % hE S p)e™ O dy = 0(1)e% CBOIT/8),
B(0,r) B(0,r{ /8x)

Thus if ﬁk(aB(O r{‘/Sk)) — —00, we get fB(o k) h et dx = 0(1). On the other hand, we note that
~k(aB(O r{‘ /8x)) — —oo is equivalent to uk havmg fast decay on 0B(0, rl) Consequently 6,1 =0
if ufc has fast decay on dB(0, r{‘). So if both components have fast decay on 9dB(0, rl) we have
(61,1,62,1) = (0,0).

If some component of u* has slow decay, say ulzc, according to the definition of 6,1, we have

621 = lim lim o¥(B(0,rrk)) = L lim lim hlzce“l2c dx
r—>0 k—+o0 7T r—>0 k—+o0 JB(0,rrf)
| (6-12)
= — lim lim |y|2°‘2hk(8ky)e”2 0 gy =0,

27 r—>0 k—>+oo B0k /80) 2

where we used |y|2°‘2h’2‘(8ky)e'7§ < C on B(0, r{‘/Sk). Then we still get
(61,1,02,1) = (0,0).

Now we can continue our discussion as in case (a) and Theorem 1.3 is proved completely. O

Next, we shall prove Theorem 1.5, that is, ¥ = {0}, by way of contradiction. Suppose X has points
other than 0. Using the notation from the beginning of this section, we have

Yr={0}USiU---USn.

Now suppose r; / 8k — 0o as k — oo. Let (61, 2, 02,2) be the local masses defined by (6-7) for one of the
components uk having slow decay on dB(0, r{ ) or by (6-10) for both components having fast decay on
dB(0, r{‘ ). We summarize the results in the following:

(i) 62 = ol.* + m;, where (oi“, 0;‘) e (i1, u2) and m;, i = 1,2, are even integers.
(ii) Both pairs (o7, 05) and (61,2, 02,2) satisfy the Pohozaev identity.
Based on the description above, we now present the proof of Theorem 1.5.

Proof of Theorem 1.5. From the discussion above, we have
(61,2.62,2) = (0f +my, 05 +m2).

We note that the conclusion of Theorem 1.5 is equivalent to proving m; = 0, i = 1, 2. In order to prove
this we first observe that both (61,2, 62,2) and (o7, 05) satisfy the P.I.

ko107 + k12k210102 + k1207 = 2ka1j1101 + 2k 1214202, (6-13)
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Thus we can write
k21(07)? + kizka107 05 + k12(05)? = 2kz1 0107 + 2k1210207, (6-14)
and
ka1(o7 4+ m1)? + kiaka1 (oF +m1) (05 4+ m2) + k1a(05 + m2)?
= 2ko1p1 (o] +my) + 2kiapa(oy +mz).  (6-15)
It is easy to obtain the following from (6-15) and (6-14):
2kpimyioy + kizkaimaoy + kizkaimioy + 2ki1omao)
= 2koymyipy + 2k1amapiy — (kaym? + kizkaymymy + k1am3).  (6-16)
Since (o7, 05) € I'(j1, n2), we set
of =l +hopa, 05 =bapr+lous.
Then we can rewrite (6-16) as
(2k21l1,1m1 + kiokorlo,imy —2kaymy + 2kiala 1mo + kiokar 1 im2)

+ (2k21l1,2m1 + ki2ka1la pomy + 2k12l2 ama + ki2kaily 2ma — 2kiama) jua
+ (koym? + k12kaimyma 4+ k1om3) = 0. (6-17)

Since 1, 2 and 1 are linearly independent, the coefficients of w; and @, must vanish. Equivalently we
have

(2k2111,1 +ki2kailz,1 —2ka1  2ki2lz,1 +ki2kailh ) (ml) _o. (6-18)

2ko1li o+ k12k2112.2 2k12l22 + ki2kaili 2 —2k12 ) \ma2
Let Mg be the coefficient matrix

My = (2k2111,1 + k12ka1l2,1 —2k21 2ki12l1 +ki2kailin )
2ka1l1 2+ ki2ka1l2 2 2ki12l20 + ki2ka1l12 —2k12)

Our goal is to show that M}, is nonsingular, which immediately implies m1; = m, = 0 and completes the
proof of Theorem 1.5. The proof of the nonsingularity of My, is divided into the following three cases.

Case 1: K = A,. Then we can write (6-18) as

(211,1—12,1—2 2l 1—111 )(ml) —0 (6-19)

2lip—lp 202—112—-2) \my
‘We note that

(1,1, 11,2, 12,1, 12,2) € {(2,0,0,0), (0,0,0,2), (2,2,0,2), (2,0,2,2), (2,2,2,2)}.

Then it is easy to see that Mg is nonsingular when (/1,1,/1,2, /2,1, [2,2) belongs the above set.

Case 2: K = B,. Then we can write (6-18) as

21—l —2 hi-lh ) (ml)
Iy o1 g =0. 6-20
( 2hip—hp la—lip—1)\m2 (6-20)
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‘We note that
(11,1’11,2’12,1’12,2) S {(2907070)’ (2’074,2)’ (49274’2)9 (09 070’2)’ (2’250,2)’ (29274’4)9 (472’494)}

From the above set, we can see that 4 | (/2,1 —/1,1)(2/1,2 —[2,2). As aresult, if the determinant of Mg
is 0, we have to make 4 | (2/1,1 — /2,1 —2), which forces /5,1 = 2 (mod 4). However, this is impossible
according to the above list. Thus M}, is nonsingular in this case.

Case 3: K = G,. Then we can write (6-18) as

611;1_312,1_6 212’1—311’1 my\
( 611,2_312,2 212,2—311,2—2) (mz) = 0. (6-21)

We note that

(11012 12,1, 12.2) € {(2,0,0,0), (2,0,6,2), (6,2,6,2), (6,2,12,6), (8,4,12,6), (8,4,12,8),
(0,0,0,2). (2,2,0,2), (2,2,6,6), (6,4,6,6), (6,4,12,8)}.

From the above list, we have 3|/ 1; then we get 9| (2/2,1 —311,1)(6/1,2 — 3/22). On the other hand, we
see that
[1,1=0,2 (mod3) and /5 =0,2 (mod3),

which implies (6/1,1 —3/2,1 —6)(2/2,2 —3/1,2 —2) is not multiple of 9; therefore we have the determinant
of Mk is not zero. Thus M, is nonsingular when K = G».
Theorem 1.5 is established. O

Finally we prove Theorems 1.2 and 1.6.

Proof of Theorems 1.2 and 1.6. Suppose there exists a sequence of blowup solutions (u’f , MIZ‘ ) of (1-2)
with (p1, p2) = (,o’f, ,012‘). First, we prove Theorem 1.2. From the previous discussion of this section, we
get that at least one component (say ulf ) of u* has fast decay on a small ball B near each blowup point ¢,
which means u’l‘ (x) > —oco if x € S and x is not a blowup point. Hence Theorem 1.2 holds.

Because the mass distribution of u’f concentrates as k — 400, we get that limg _, + o p]f is equal to the
sum of the local mass o1 at a blowup point g, which implies p; € I'1, a contradiction to the assumption.
Thus, we finish the proof of Theorem 1.6. O
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BEYOND THE BKM CRITERION FOR THE 2D RESISTIVE
MAGNETOHYDRODYNAMIC EQUATIONS

LEO AGELAS

The question of whether the two-dimensional (2D) magnetohydrodynamic (MHD) equations with only
magnetic diffusion can develop a finite-time singularity from smooth initial data is a challenging open prob-
lem in fluid dynamics and mathematics. In this paper, we derive a regularity criterion less restrictive than
the Beale-Kato-Majda (BKM) regularity criterion type, namely any solution (u, b) € C([0, T[; H" (R?))
with > 2 remains in H” (R?) up to time 7 under the assumption that

dt < +o0.

1
/T IVu (@)l %
o log(e +[|Vu(®)]oo)

This regularity criterion may stand as a great improvement over the usual BKM regularity criterion,
which states that if fOT |V x u(t)| oo dt < +o0 then the solution (u, b) € C([0, T[; H" (R?)) with r > 2
remains in H” (R?) up to time 7. Furthermore, our result applies also to a class of equations arising in
hydrodynamics and studied by Elgindi and Masmoudi (2014) for their L*° ill-posedness.

Introduction

Magnetohydrodynamic (MHD) equations describe the evolution of electrically conducting fluids in the
presence of electric and magnetic fields. Examples of such fluids include plasmas, liquid metals, and salt
water or electrolytes. The field of MHD was initiated by Hannes Alfvén [1942], for which he received
the Nobel Prize in physics in 1970. It addresses laboratory as well as astrophysical plasmas and therefore
is extensively used in very different contexts. In astrophysics, its applications range from solar wind
[Marsch and Tu 1994], to the sun [Priest 1982; Priest and Forbes 2000], to the interstellar medium [Ng
et al. 2003] and beyond [Zweibel and Heiles 1997]. At the same time, MHD is also relevant to large-scale
motion in nuclear fusion devices such as tokamaks [Strauss 1976]. A tokamak is a toroidal device in
which hydrogen isotopes in the form of a plasma reaching a temperature on the order of hundreds of
millions of Kelvins is confined thanks to a very strong applied magnetic field. Tokamaks are used to study
controlled fusion and are considered as one of the most promising concepts to produce fusion energy
in the near future. However the main problem with this approach of confinement is that hydrodynamic
instabilities arise. Numerical simulations using the MHD models are therefore of uttermost importance.
Further, the proof of the existence of a smooth strong solution would allow one to guarantee a priori the
convergence of some numerical approximations; see for instance [Chernyshenko et al. 2007].

MSC2010: 35Q31, 35Q61.
Keywords: MHD, Navier—Stokes, Euler, BKM criterion.
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Due to their prominent roles in modeling many phenomena in astrophysics, geophysics and plasma
physics, the MHD equations have been studied extensively mathematically. Furthermore, while the
differences in behavior between the two-dimensional (2D) and three-dimensional (3D) hydrodynamical
turbulence of neutral fluids are accepted to be important, those of the MHD system in both cases are
conventionally believed to be nonsignificant [Biskamp and Schwarz 2001]. Strong statements were made
by some authors that 2D simulations can be safely used to model 3D situations because the properties
of the 2D and the 3D MHD turbulence are essentially the same [Biskamp 1993; Biskamp and Schwarz
2001].

Hence, the mathematical studies on the MHD equations in the two-dimensional case appear highly
relevant. However up to now, the question of the spontaneous appearance of a singularity from a local
classical solution of the partially viscous 2D MHD (2) or 2D inviscid MHD ((2) without the Laplacian
term) remains a challenging open problem in mathematical fluid mechanics. Thus, in the absence of a
well-posedness theory, the development of blow-up/nonblow-up theory is of major importance for both
theoretical and practical purposes. Indeed, for a mathematical or numerical test of the actual finite-time
blow-up of a given solution, it is important to have a good blow-up criterion. Thus, there have been
many computational attempts to find finite-time singularities of the 2D MHD equations; see [Brachet
et al. 2013; Kerr and Brandenburg 1999; Tran et al. 2013a]. Moreover, recent works on the 2D MHD
equations developed regularity criteria in terms of the velocity field and dealt with the MHD equations
with dissipation and magnetic diffusion given by general Fourier multiplier operators such as the fractional
Laplacian operators; see [Wu 2003; 2008; 2011; Chen et al. 2010; Tran et al. 2013b; Jiu and Zhao 2014;
Cao et al. 2014; Yamazaki 2014a; 2014b].

Among all the regularity criteria, one of particular interest is the Beale-Kato—Majda criterion, well-
known for Euler equations, and extended in [Caflisch et al. 1997] to the inviscid MHD equations, under
the assumption on both velocity field and magnetic field fOT(||a)(t) Lo + |7 (#)||Leo) dt < oo, where the
vorticity is @ = V x u and the density is j = V x b. And so, the Beale—Kato—Majda criterion ensures
that the solution (u, b) of the inviscid MHD equations is smooth up to time 7.

Meanwhile the 2D Euler equation is globally well-posed for smooth initial data; however for the 2D
inviscid MHD equations, the global well-posedness of classical solutions is still a big open problem.
Despite recent developments on regularity criteria, see [Gala et al. 2017; Tran et al. 2013b; Jiu and
Zhao 2014; 2015; Yamazaki 2014a; 2014b; Agélas 2016; Ye and Xu 2014; Fan et al. 2014], the global
regularity issue of 2D MHD equations (2) remains a challenging open problem to date. The main reason
for the unavailability of a proof of global regularity for the system of equations (2) is due to the quadratic
coupling between u and b which invalidates the vorticity conservation. Indeed, the structure of the
vorticity is instantaneously altered due to the effects of the magnetic fields. This fact is the source of the
main difficulty connected to the global existence of classical solutions, where no strong global a priori
estimates are yet known. This difficulty is revealed through the equations of the 2D inviscid MHD
equations governing the vorticity w = dqu, — d,u; and the current density j = d1b, — d,b1,

{8tw—|—u-Va)=b'Vj,

1
0:j+u-Vj=>b-Vo+ T(Vu,Vb), M)
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where,
T(Vu,Vb) =201b1(02uy + 01uz) + 20,u»(32b1 + 01b3).

We observe that the magnetic field contributes in the last nonlinear part of the second equation with the
quadratic term 7' (Vu, Vb).

By virtue of this difficulty, no a priori uniform bound for [|@||zco g2 x[0,77) is known for the 2D MHD
equations with only magnetic diffusion (2). Further in [Fan et al. 2014; Jiu and Zhao 2015; Agélas
2016], by considering Fourier multiplier operators magnetic diffusion slightly stronger than the Laplacian
magnetic diffusion, the authors were able to obtain a uniform bound of ||V j || 1[0, 1]; L (2)) and then
from the first equation of (1) obtain a uniform bound of ||| Loo®r2x[o,7]) deriving from estimates for
transport equations; see for instance Lemma 4.1 in [Kato and Ponce 1988].

However, the approach used in [Fan et al. 2014; Jiu and Zhao 2015; Agélas 2016], based on the
properties of the heat equation by using singular integral representations of (2), fails in the case where we
have only a Laplacian magnetic diffusion.

Then, in this paper, we consider the initial-value problem for the 2D incompressible magnetohydrody-
namic equations with Laplacian magnetic diffusion,

diu+ (u-VY<u=—-Vp+(b-V)b,
b+ w-VYb—Ab=(b-V)u, (2
V-u=0, V-b=0,

with initial conditions

u(x,0) =ug(x) forae. x € R

3)
b(x,0) = bo(x) forae.x € R?

which models many significant phenomena such as the magnetic reconnection in astrophysics and
geomagnetic dynamo in geophysics; see [Priest and Forbes 2000]. The problem of global well-posedness
of the 2D MHD equations with partial dissipation and magnetic diffusion has generated considerable
interest recently [Cao and Wu 2011; Chae 2008; Jiu and Niu 2006; Lei and Zhou 2009; Zhou and Fan
2011; Jiu and Zhao 2015]. However, as of now, the problem of uniqueness and global regularity of the
2D MHD system (2) remains widely open.

Let us take a new look at the main obstruction. We start by noting that we can rewrite the first equation
of (1) satisfied by w, the vorticity of u, as

0w+ Ww-VYwo=F—b1b-Vuy, +b,b-Vuy, 4
where
F=b1(Aby +b-Vuy)—by(Aby +b-Vuy).

Furthermore, a uniform bound of [|Ab + (b - V)u|| oo (r2x[0,1]) Was shown recently in [Yuan and Zhao
2018] (in Section 4 we give a sketch of the proof). Moreover, we get a uniform bound of ||| oo r2x[0,77])
deriving from some estimates for the linear Stokes system, see [Giga and Sohr 1991], hence we deduce a
uniform bound for || F[| ;.co(g2x[0,77)- Then, we notice that our (4) fits with the study made in [Elgindi
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and Masmoudi 2014] about L*° ill-posedness for a class of equations arising in hydrodynamics. Thus,
by virtue of Vu = R(w Id), where R is the Riesz transform on 2 x 2 matrix-valued functions, see (18), we
understand that the main obstruction comes from the fact that Riesz transforms do not map L° into itself.

Let us specify the way in which the obstruction is characterized. We refer to Section 1 for the notation
used. By using the logarithmic Sobolev inequality proved in [Kozono and Taniuchi 2000],

. 2
||Vf||Loo(R2) < 1+ ”V X f”Loo(RZ)(l +10g+ ”f”Wsp(RZ)) with p > I, s>1+ ;,

where V- f =0, Vx f =—0, fi + 01 f> is the vorticity of f and log* x = max(0, log x) for any x > 0,
we infer that for all 7 € [0, T,

IVu(®)lloo Sr 1+ lo(®lloo(l +log™ |u(0)l| ar) 5)
and also
1(Vie, VYD) oo Sr 14 (. /) (@)oo (1 + log™ [|(u, b))l 7). (6)

Then thanks to (5) and by using estimates for transport equations, see for instance Lemma 4.1 in [Kato
and Ponce 1988], from (4) we infer that for all ¢ € [0, T[

t t
lo@lloo < IIwolloo+/O (||F(S)Iloo+||b(S)||§o)dS+/O 16() 1%l (s) oo (14+10g™ [lu(s) | mr) ds, (7)

where r > 2. As a consequence of the Gronwall lemma, we deduce

! ' 2 +
”w(t)”oo <c, (||w0||W+A (||F(S)||oo+ ”b(s)”io) dS) eCr fo||b(S)||oo(1+log ||u(S)||Hr)ds’ (8)

where ¢, > 0 is a real number depending only on r. Thus, the main obstruction to getting global regularity
comes from the term in logarithm which appears in (8), namely log™ ||u(s)| g-. Nevertheless, thanks to
(5), (7) and the estimate

It BYO) 1 = a0, bo) e So VYD Dl ©)
in the Hilbert space H”, we obtain a new estimate of || Vu(?)||co in Lemma 5.1, which leads to a new

regularity criterion in Theorem 5.3. Our new regularity criterion states that if

dt < 400

1
/T Va5
o log(e +[|Vu(r)|oo)
then the solution (u#,b) of the 2D MHD equations (2) remains smooth up to time 7. This new
regularity criterion appears less restrictive than the BKM regularity criterion, which states that if
fOT IV xu(t)||oo dt < +00 then the solution (u, b) of the 2D MHD equations (2) remains smooth up to
time 7. Indeed, by Vu = R((V x u) Id) with R the Riesz transform on matrix-valued functions, we get

”vu“BMO(RZ) SV x u”BMO(RZ)’
and forany 1 < ¢ < o0
”VM”Lq(RZ) 5 ||V X T/l”Lq(RZ).
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We thus expect that the blow-up rate at a time 7T of || Vu(?)||co behaves like the one of |V X u(?)| oo -
(log(e + ||V x u(t)||0o))? for a given y > 0 and due to the exponent % in our regularity criterion, we can
expect a great improvement over the usual BKM regularity criterion.

The paper is organized as follows:

e In Section 1, we give some notation and introduce the functional spaces.

¢ In Section 2, we deal with the local well-posedness of the Cauchy problem of the partially viscous
magnetohydrodynamic system (2).

¢ In Section 3, we give two energy estimates and some estimates from the properties of heat equation
by using singular integral representations of equations.

¢ In Section 4, we recall and give a sketch of the proof of new estimates obtained in [ Yuan and Zhao
2018] related to the term Ab + (b - V)u.

e In Section 5, we give a new estimate for || Vu(¢)| co in Lemma 5.1 and from this estimate, we obtain
a new regularity criterion in Theorem 5.3 less restrictive than the BKM regularity criterion.

1. Some notation

For any Banach space Z, we endow the Banach space Z x Z with the norm defined for all (f,g)e ZxZ
by (/. &)lzxz =/ z+ gl z. and for simplicity in the notation, we use || (/. &)[|z for [[(f. &)l zxz-
We use X <Y to denote the estimate X < C'Y for an absolute constant C. If we need C to depend on a
parameter, we shall indicate this by subscripts; thus, for instance, X <; Y denotes the estimate X < CsY
for some Cy depending on s.

Forany f € L?(R?), with 1 < p < oo, we denote by | /|, and || f||z», the LP-norm of f. We denote
by BMO(R?) the space of functions of bounded mean oscillation equipped with the norm

1
/B 1O) = Sl

| fllBMO :=  sup
X€R2, r>0 |BXJ’|

where By, is the ball of radius r centered at x, | Bx,,| its measure and /B, , := (1/|Bx,r|) fo . f(y)dy.
We denote by Id the 2 x 2 identity matrix. ’

Given an absolutely integrable function /" € L!(R?), we define the Fourier transform f :R?+— C by
the formula,

f©= [ e a,

and extend it to tempered distributions. We will use also the notation F( /) for the Fourier transform
of f. We define also the inverse Fourier transform f : R? —> C by the formula,

Fo= [ s de.

For s € R, we define the Sobolev norm || /|| s g2y of a tempered distribution /" : R? — R by

1
2
)

i = ([ 0+ 2017 @0 )
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and then we denote by H*(R?) the space of tempered distributions with finite H*(R?)-norm, which
matches when s is a nonnegative integer with the classical Sobolev space H k(R?), k € N. The Sobolev
space H*(R?) can be written as H*(R?) = J 5 L2(R?) where J = (1 — A)Z.

For s > —1, we also define the homogeneous Sobolev norm,

e = ([ 617 @2 a5)

and then we denote by H*(R?) the space of tempered distributions with finite H*(R?)-norm. We use the
Fourier transform to define the fractional Laplacian operator (—A)%, —1 <« < 1, as follows:

D) [(E) = €17 /(&)

We denote by H2(R?) the Sobolev space HS(R?) := {¢ € H*(R?)? : divy = 0}.
We denote by P the projector onto divergence-free vector fields given by P = Id — VA~! div. The

1
2
)

(10)

operator [P, which acts on vector-valued functions, is a projection: [P is equal to P2, annihilates gradients
and maps into solenoidal (divergence-free) vectors; it is a bounded operator from (vector-valued) L9 to
itself for all 1 < g < co and commutes with translation. We can notice that the operator [® can be written
in the form

P=1Id—VA~div, (11)

which yields the Helmholtz decomposition; indeed for all v € L4(R?)2 1 < ¢ < oo,

v=Pv+Vy, with divPv=0,

. (12)
Y =A""divo.
2. Local regularity of solutions of the 2D MHD equations

This section is devoted to the local well-posedness of the 2D MHD equations. By using [P, the matrix
Leray operator, the first equation of (2) can be rewritten as

0
B—L;—HP’((u-V)u—(b-V)b) —0. (13)
For a solution (u, b) of (2), let us introduce the vorticity @ = V X u = —dou; + d1u, and the current

density j = V xb = —0,b1 + 01b,. Applying V X to the equations of (2), we obtain the governing
equations for w and j

{ d0+w-Viw=(b-V)j, (14

8 j+W-V)j—Aj = (b-V)o+ T (Vu, Vb),
where,
T(Vu,Vb) =201b1(0uq1 + 01up) + 2 0,u»(0,b1 + 01b3).

In this section we assume that the initial data satisfies (u¢, bo) € H” (R?) with r > 2. Then, we introduce
wo = V X uy, the vorticity of ug, and jo = V x b, the current density of bg.
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We assume that (1o, bo) € H], (R?) with r > 2, thanks to Theorem 5.1 in [Caflisch et al. 1997], valid
for all integers r > 3, and by using the same arguments as in Proposition 4.3 of [Agélas 2016], valid for
all real numbers r > 2, we get that there exists a time of existence T > 0 such that there exists a unique
strong solution (u, b) € C([0, T[, H.(R?)) to the 2D MHD equations (2)—(3).

Thanks to the Beale-Kato—Majda (BKM) criterion obtained in [Caflisch et al. 1997] for any integer
r > 3 and extended in Proposition 4.2 of [Agélas 2016] for any real r > 2, we get that if (u,b) ¢
C([0, T, H.(R?)), then we have

T
| N O di =+ (15)
0
From the first equation of (2), we can retrieve the pressure p from (u, b) with the formula
p=—A""div((u-Vyu—(b-V)b). (16)
Since V-u=0and V-b=0,we get (u-V)u=V-(u®u)and (b-V)b =V -(b®b>b). Then by (16),
p=—A"1divV-w@u—-b®Db). (17)
By introducing
R:=A"ldivV. (18)

the Riesz transform on 2 x 2 matrix-valued functions on R2, we get

p=-Ru®u->b®D>b). (19)
Since (u,b) € C([0, T[, H" (R?)) with r > 2, we get p € C([0, T[, H" (R?)). Lemma X4 in [Kato and
Ponce 1988] (see also [Bahouri et al. 2011, Corollary 2.86, pp. 104] for which the Besov space Bj ,
matches with H®) states that L°°(R?) N H*(R?) is an algebra for any s > 0; i.e., for any f/ € H*(R?) and
g € H*(R?), we have || fgllgs S|/ lasllglloo + Il f lloollg |l &s- This lemma and the use of the Sobolev
embedding H” (R?) — L% (R?), since r > 2, yield for all f € H"(R?) and g € H" (R?),

I/gllar < N/ liglar (20)

Then owing to (u, b) € C([0, T[, H" (R?)), thanks to the L2-boundedness of the Riesz transforms and
(20) from (19) we infer that p € C([0, T[, H" (R?)).

Similarly to Proposition 4.1 in [Agélas 2016], we get the following local estimates in the higher Sobolev
norm H”: there exists a real k, > 0 depending only on r such that for all # € [0, T'[

t
@ DY@l e < 1o, bo) | e e¥r P NVHYOID oo d, 1)
3. Some estimates
In this section, we give some estimates related to the solutions of the 2D MHD equations (2).

Energy estimates. We recall some energy estimates. We state here the two following energy estimates
given in [Tran et al. 2013b; Lei and Zhou 2009; Agélas 2016]: for all ¢ € [0, T*[

t
lu(@) 2 + 162 + 2 /0 IVB@)IZ dr = Juol2 + 1boll3 22)
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and we get also that for all 7 € [0, T*[

. ! . . 2 2
()12 + 117 ()13 + /0 IV (@2 dt < (|aol3 + || jol|2)eCMuolzF120l2), (23)

where C > 0 is an absolute constant.

Some estimates deriving from heat equation. In the lemma just below, we give the details (often omitted)
of the proof of some estimates deriving from the properties of the heat kernel.

Lemma 3.1. Let (ug.bo) € H" (R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, H.(R?)) a solution of the 2D MHD equations (2)—(3). Then there exists a real C; > 0
depending only on || (ug, bo) ||gr, ¥ and T such that

61| oo ®2x[0,77) = C1-

For any real p > 1 and q > 2, we have also three real C, > 0, C3 > 0 and C4 > 0 depending only on
| (o, bo)|lerrs s g, 7 and T such that

VOl Loo (10,71 L2 ®2)) = C2,
||V“||LOO([0,T]xL4(R2)) =G,
IV2bl Lo (0. 71x Lam2)) < Ca-

Proof. For this, we write the second equation of (2) under its integral form; then we have for all # € [0, T'[
b@):e?Abo+:Lte“‘”A«b-Vﬁuu)—(u-Vﬂmﬂ)d& (24)
Then by using inequality (2.3) in [Kato 1984], we get
[eC=D2 (b Vyuls) = (- Vb)) o, S (¢ =) 3B Vu(s) = @-V)b(s)] 3
< =973 (1666 Va2 + 146 V5 ]12)-
As a consequence, from (24) we get,
16 lloo < llbolloo + /Ot(t — ) X (16616 V)2 + () 6 1V5()]l2) ds. (25)

Since [|b(s)ll6 < 16 g1s [u(s)lle < [lu(s)l| g1 and [[Vh(s)]l2 = [|j(s)ll2, we have [[Vu(s)|l2 =
llw(s)]|2 due to the facts V-b(s) = 0 and V -u(s) = 0; then thanks to (22) and (23), from (25) we deduce
that there exists a real Cy > 0 depending only on || (g, bg)|l2, ||(@we, jo)|l2 such that for all ¢ € [0, T'|

15@)lloo < 1bolloo + Co (T)3. (26)

Owing to (26) and thanks to the Sobolev embedding H” (R?) — L*°(R?) since r > 2, we deduce that
there exists a real C; > 0 depending only on || (¢, bo)||gr, ¥ and T such that for all ¢ € [0, T'[

[6(H) o < Ci, (27)
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which concludes the first part of the proof. By virtue of (24), we get that for all ¢ € [0, T'[
t
Vb(t) = e'2Vby + f VeU=98((b-Vyu(s) — (u-V)b(s)) ds. (28)
0

Let 2g/(q + 2) < o < 2. Notice that 2¢/(q + 2) > 1 since ¢ > 2 and hence @ > 1. Then by using
inequality (2.3") in [Kato 1984], from (28) we deduce

? 1 1 1
IVB(0) g <q |Vbollg + /0 (t—9)" a0 | (b Vyu(s) — (u-V)b(s)|,, ds. (29)

Further, thanks to the Holder inequality, we have ||(b - V)u(s)||a <|Ibs)|| 2o IVu(s)||, and we also get
2(x—1)
1D 20 Ser IIb(S)||2 IIVb(S)||2
thanks to a Gagliardo—Nirenberg inequality. Hence, we deduce for any s € [0, T'[

1@ V)us)lle S IIb(S)IIZ; IIVb(S)Ilza ’ IVu(s) 2

Sa ||b(s)||22; ||](S)||2 IIw(S)IIz
Sa [ (u, b)(S)||2 e J)(S)||2 T

Similarly, we get also ||(u - V)b(s)|la Sa ||(u, b)(s)||2 ||(a) ])(s)||2 By virtue of the two latter
inequalities, it is inferred that for all s € [0, T'[

|6 Vyu(s) = @u-V)b(s)|, <a ll(u. b)(S)IIZ . J)(S)Ilja_ : (30)

Thanks to the energy estimates (22) and (23), we have ||(«, b)(s) |2 < || (1o, bo)|2 and ||(@, j)(s)]2 =<
(@0, jo)|l2e1®0-b0)l2 with ¢ > 0 an absolute constant. Then by setting

0 = [[(t0. bo) 12 + Il (@o. jo) eI PN,
from (30) we deduce that for all s € [0, T[
|(B-Vyu(s) = @-V)b(s)|, Sa 5 (€3]
After plugging inequality (31) into (29), we obtain that for all ¢ € [0, T'[

t
IVB() g <g | Vbollg + 172 / (t—s)"GFa—a) g
0

q+2_ 1
Sqa IVbollg +ngT 24 ~«. (32)

We choose o = %(2 +2¢/(g + 2)). Thanks to a Gagliardo—Nirenberg inequality, for any ¢ > 2 we have
the Sobolev embedding H” (R?) — w4 (R?) since r > 2; then owing to (32) we deduce that there
exists a real C, > 0 depending only on ||(#g, bo)||gr, T, ¥ and ¢ such that for all ¢ € [0, T'[

IVb()lq = Ca, (33)

which concludes the second part of the proof.
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To get an estimate of ||| zco([o,7];2.4), We borrow some arguments used in [Jiu and Zhao 2015].
Thanks to the L? — L9 maximal regularity of the Laplacian operator, see for example [Giga and Sohr
1991], from the second equation of (2), we get that forall t € [0, T[, p > 1 and ¢ > 2

/ IV2b(6)2 Spq f [ Vyu(s) = (u-Vbis)|g ds

~p,q[0 (I6() 156 o)1 + )& IVE$)IT) ds. (34)

where we have used the fact that ||Vu(s)| 4 <4 |@(s)|l4; see Theorem 3.1.1 in [Chemin 1998]. Then, we
multiply the first equation of (14) by w|w|?72, integrate it over R? and use the fact that V- = 0 to obtain

L oy g = /R b(x.0)-Vj(x.0(x. D]wx, )7 dx

<16 lloo IV @)lg @127,
which yields for all € [0, T'[

Lo = 150)oo 1V O)lg o).
After an integration over [0, z] of the inequality just above, we obtain

t
lo@II < llwoll7 + 2/0 16 lloo IV 7 ($)lIgllo(s)lq ds

t
< llwolig +/0 IV )i + 165 () 1I) ds (35)

Then thanks to (34), from (35) we infer that for all # € [0, T'[

t
lo@17 < lwollg +/0 (a2 10 F + 1613 lwls)]17) ds. (36)

By using Gagliardo—Nirenberg inequalities, Young inequalities and the fact that [|[Vu(s)[lg <q [|@(5)llg,
we get
[ ($)lloo g llu($)ll2 + ll(s)llg- (37)

By virtue of (36) and (37), we get that for all ¢ € [0, T'[
t
lo@)7 <q lwoll; + /(Ilu(S)H% IVE@)IIZ + (V)15 + 1612 |l()]|7) ds. (38)

Thanks to (22), (27) and (33), we deduce that there exists a real C > 0 depending only on || (¢q, bo) || g+,
T, r and ¢ such that for all 7 € [0, T'[

t
lo@)lz =C + C/ lox()I|3 ds. (39)
Thanks to the Gronwall inequality, we infer that for all ¢ € [0, T'[

o)) < CeT.
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By using the fact that
IVu@)llg <q llo@®)llg:

we infer that there exists a real C3 > 0 depending only on ||(«g, bo)|| g, T and ¢ such that for all 7 € [0, T'[

Vu@)llq = Cs, (40)
which concludes the third part of the proof. By using (37) in (34) and thanks to (40), (22), (27) and (33),

we complete the proof. O

4. Some new estimates

We give a sketch of the proof of Lemma 4.1 obtained in [Yuan and Zhao 2018] by exploiting the special
structure of the 2D MHD equations (2).

Lemma 4.1. Let (ug,by) € H"(R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, HL(R?)) a solution of the 2D MHD equations (2)~(3). Then there exists a real C > 0 depending
only on ||(ug, bo)|| gr, ¥ and T such that

[AD + (b V)ull poo(fo,1:Loo®2y) = C, (41)
and we have also that for any real p > 2 and g > 2,
IV(AD + (b - V)l Lr (0,71 L4®2)) = C- (42)

Although we can deduce the proof of Lemma 4.1 from [Yuan and Zhao 2018], we prefer to give here
the details of its proof, as it is at the heart of the improvements obtained in this paper. For this, we borrow
some arguments used in [Yuan and Zhao 2018]. We start the proof by writing the equation satisfied by
§:=Ab+ (b-V)u, that is,

38— AF = —(b-V)P((u-VIu) + (b-VI)P((b-V)b) — A((u- V)b)

—Vuw-V)b+Vu(b-VIu+ Vu Ab. (43)
This equation is obtained by applying (b - V) and A respectively to the first equation of (13) and second
equation of (2), multiplying the second equation of (2) by Vu and then adding the resulting equations

together. Then, by writing (43) in its integral form and using the facts that V-u = 0 and V-b = 0, we get
forallt €0, T

t
F(0) = "2F(0) + / VeU=98(b(s) @ P((u - VYu)(s) — b(s) @ P((b- V)b)(s)) ds
0
+ / t Ve "= 92V ((u-V)b)(s) ds
0

+ / t eU™IB(—Vu(s) (u(s) - V)b(s) + Vu(s) (b(s) - Vyu(s) + Vu(s) Ab(s)) ds.  (44)
0
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Then using inequalities (2.3) and (2.3) of [Kato 1984] stated for 1 < p < ¢ < +00 but remaining true for
g = 00, we obtain for all ¢ € [0, T'|

I§@) oo = ||3(0)||o<>-|-[0 (t—5)7% |(()RP((u-V)u)(5)=b()RP((b-V)b)(5)) | ; ds
+ [ = RV @ In©lads
0
+/ (t—s)_%”—Vu(s)(u(s)-V)b(s)+Vu(s)(b(s)-V)u(s)—l—Vu(s)Ab(s)szs. (45)
0

By using the fact that P is a bounded operator from (vector-valued) L9 to itself for all 1 < ¢ < oo and
the Holder inequality, we get

[ (B(s) ® P((u- VYu)(s) — (b(s) @ P((b-V)b)(s) | 5
S o) oo lu(s)lls Vuls)lle + 16(s) oo 16Cs) 6 IVD(s)]6.

IV(@-V)D)()l3 < V()6 IVE(S) 6 + luls) 6 V256, (46)

H—Vu(s) (u(s)-V)b(s) 4+ Vu(s) (b(s) - VIu(s) + Vu(s) Ab(s) ”2
SVu@)lls 1416V lls + [Vu)IE 156 lls + V()6 | Ab(S)l3.-

Furthermore, thanks to a Gagliardo—Nirenberg interpolation inequality and the fact that, since V-u(s) =0,
V-b(s) =0, we have [Vu(s)ll2 = [[@(s)]|2 and [VO(s)ll2 = [ (s)]2, we get

lu®lls < 13 lo@13. 166)s < 1513 1715, 47)

After plugging (47) into (46) and using Lemma 3.1 with the energy inequalities (22), (23), from (45) we
infer that there exists a real Cy > 0 depending only on ||(«g, bg)|| g+, ¥ and T such that for all ¢ € [0, T'|

! 5 1
I5@)lloo < Co(l +/0 (t =)o (1+[V2b(s)]l6) + (t =5)"2(1 + ||Ab(s)||3)ds). (48)

Thanks to the Holder inequality used with the pairs of exponents (%, 7) and (%, 3), from (48) we deduce
that for all # € [0, T'[

t 35 g t %
||s<r)||oosco+co( /0 (r—s>—36ds) ( /0 (1+||v2b(s>||6>7ds)

¢ 2 ¢ 1
+C0( /0 (-5t ds) ( /0 (1+||Ab(s)||3)3ds),

which yields

1

t 3
( / <1+||Ab(s>||§>ds) ) (49)

=

" %
||s<z)||oosco(1+m(/0 (1+||v2b<s>||2>ds) e
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Then, thanks again to Lemma 3.1, from (49) one obtains that there exists a real C; > 0 depending only
on |[(ug,bo)|| g, ¥ and T such that for all ¢ € [0, T[

[F(®)]loo < Ci.

which gives us (41), the first inequality of Lemma 4.1.
For the second inequality of Lemma 4.1, we use the L? — L9 maximal regularity of the Laplacian
operator [Giga and Sohr 1991]; one has forany 1 < p <00, 1 <g <ooand g = fot e(’_S)Af,

IV2gll Lo o.17:La@2)) Spa | IlLeo.17:L9@2))- (50)

Then, with the expression of VF(¢) obtained from (44) and by using (50), inequality (2.3") of [Kato 1984],
Lemma 3.1 and the energy inequalities (22), (23), we obtain in a similar way (42), the second inequality
of Lemma 4.1.

5. A new blow-up criterion

In this section, we give a new estimate for ||Vu(#)|oo in Lemma 5.1 and from this estimate, we obtain a
new regularity criterion in Theorem 5.3 which is less restrictive than the BKM regularity criterion.

Lemma 5.1. Let (ug,bg) € H" (R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, HL(R?)) a solution of the 2D MHD equations (2)—~(3). Then there exists a real yo > 0 depending
only on ||(ug, bo)||gr, T and v such that for all t € [0, T|

t \V} éo
TN SNy B T S | s

Proof. We begin the proof with the following logarithmic Sobolev inequality, which is proved in [Kozono

and Taniuchi 2000], see inequality (4.20), and stands as an improved version of that in [Beale et al. 1984]:
. 2
IV fllpeomzy S 141V X fllpoomey (1 +1og™ | fllwsr@z) with p>1,5>1+ 7’ (52)

where V- f =0, Vx f =—0, fi + 91 /> is the vorticity of f and log™ x = max(0, log x) for any x > 0.
Thus, by virtue of (52), we get that for all # € [0, T'[

IVu(®)lloo < Br + Brllo(®)lloo(1 +log* u(®)llar), (53)

where B, > 0 is a real depending only on r. Let us give an estimate of the term 1 + log™ ||u(?)| g+
Thanks to (21), we get that there exists a real x, > 0 depending only on r such that for all # € [0, T'[

e YO a7 = 1|0, bo) s Sol V-V Dl (54)

After taking the logarithm in the inequality (54), we observe that for all ¢ € [0, T,

t
log™ 1. BY(0) |+ < log™ Il (o bo) | + kr /0 |(Var. VB)(0) ]| oo di. (55)
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Thanks to Lemma 3.1 and the Sobolev embedding W 2-4(R?) — W 1-°(R?) with ¢ > 2, we infer that
there exists a real g > 0 depending only on r, T and ||(u¢, bo)|| g~ such that

T
/0 1V5(0) oo < c0- (56)

Then owing to (56), from (55) we infer that there exists a real o; > 1 depending only on r, T and
[(uo, bo)|| g+ such that for all ¢ € [0, T'[

t
I+ log™ ||(u, D)D) | e =< 1 +Kr/ IVu(s)lloo ds. (57)
0

Thus, by plugging (57) into (53), we deduce that there exists a real o, > 0 depending only on || (¢q, bo) || g7,
T and r such that for all ¢ € [0, T[

t
IV = By + eallo®lloa(1+ [ 1906) o ). 58)
0
Now, let us estimate ||w(?)||co- We observe that the first equation of (14) can be changed into
drw~+u-Vo =F—b1b-Vuy, +bryb-Vuy, (59)

where F = by (Aby +b-Vuy)—by(Aby + b-Vuy). By using estimates for transport equations, see for
instance Lemma 4.1 in [Kato and Ponce 1988], we obtain that for all € [0, T'[

t t
IIw(t)IIooS||wo||c>o+c/0 IIF(S)||o<>a7S+C/0 15() 1156 IVt4(5)lloo dis. (60)

where ¢ > 0 is a constant. Thanks to Lemmata 3.1 and 4.1, we deduce that there exist two real g3 > 0
and o4 > 0 depending only on ||(ug, bo)|| g+, T and r such that for all € [0, T

t
c/O 1 E($) oo ds < 03,

(61)
163 < 0a-
Thus by virtue of (61), from (60) we infer that for all ¢ € [0, T’
t
0010 = l0oloo + 23 + s [ 1Vu(5)]oo s (©)
0
Furthermore, thanks to the Sobolev embedding H” (R?) < W1 (R?) with r > 2, we get
lwolloo <r lluollar- (63)

Hence, owing to (63), from (62) we deduce that there exists a real o5 > 0 depending only on || (ug, bo) || g,
T and r such that for all 7 € [0, T

t
lo()lloo < 05 + cos /0 1V u(s) oo ds. (64)
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By plugging (64) into (58), we infer that there exists a real o > 1 depending only on r, 7" and

[(xo, bo)| g+ such that for all ¢ € [0, T'[
t 2
V(o = e6(1+ [ 190 ds) 65)

which yields
1 1 !
Va1 <5 (1+ [ 19u6) 10 ds). (66)
0
We thus introduce the real function Jj defined for all ¢ € [0, T by
1 1t
3= +e; [ IVl ds (7
0
On one hand, by virtue of (66), thanks to (67) we get that for all € [0, T'[
1
IVu(®)lld < 3(). (68)
On the other hand, from (67), we infer that for any z € [0, T'[
2 |Vu)l3
N 1 o; [[Vu(t 1 1
(@) =02 [Vu(t)]oo = —2 = IVu@)l|d logle + [Vu@)l|Z)- (69)
log(e + [[Vu(1) | 5)
Then, owing to (68), from (69), we infer that for all ¢ € [0, T'[
(70)

5 1vu()|12
0¢ IVu(®)ll5 J(@) log(e +J(1)).

J() = T
log(e + [[Vu(?)l5)

After dividing inequality (70) by e + J(¢), we obtain that for all € [0, T'[
2| Vu(o))12
0¢ [Vul(z) N
s = —log(e + 3(1)). (71)

D tog(e +30)) = .
log(e + | Vu(0) )

As a consequence of the Gronwall lemma, from (71) we get for all ¢ € [0, T'[
1
1ot Vu(s)|| 2
log(e + J(7)) <log(e + J(0)) exp (Q62 / [Vu©)llee T ds). (72)
O log(e + [ Vu(s)ll5)

1
From (67), we get J(0) = ¢; and thanks to (72), we thus obtain for all 7 € [0, T'[

: t 3
J(t) <exp (log(e +0¢) exp (Qé /0 [Vu(s)lles T ds)). (73)
log(e + [[Vu(s)ll5)
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Owing to (68) and (73), we obtain that for all ¢ € [0, T[

1 1 t %
[Vu(t)|loo < exp (2 log(e +07) exp <Q62 /0 Vu(s) s . a’s)). (74)
log(e + [[Vu(s)[15%)

1
Since e + || Vu(s)]|3 = (e + ||Vu(s)||oo)%, then we get

log(e + [Vu(s)12) = L og(e + | Vu(5)lloo)

and hence from (74) we infer for all # € [0, T

1
i L [Vu(s)1 3o
Vul(t <exp|2log(e + 02)ex 22/ ds||,

which concludes the proof. ([

Remark 5.2. We observe that the expression of the estimate obtained in Lemma 5.1 for |Vu(?)| co
makes a double exponential growth appear. This double exponential growth derives from taking into
account in the estimate the term log(e + || Vu(?)||oo). We thus point out that we have also an upper bound
of ||[Vu(?)||co for which we get only one single exponential growth. Indeed, from (66), thanks to the
Gronwall lemma, we obtain that for all z € [0, T[

1 1 1 [t 1
IVud <o} exp(gg /0 IVuts) 12 ds),
which yields

1 [t 1
||Vu(r>||oosQ6exp(zgg [0 Va1, ds),

where g¢ > 0 is a real number depending only on 7', r and ||(u¢, bo)||,-
Let us establish now, a new regularity criterion in the theorem just below.

Theorem 5.3. Let (ug,bo) € H] (R?) with r > 2 and let T > 0 be such that there exists (u,b) €
C([0, T, H(R?)) a solution of the 2D MHD equations (2)—(3). If

1
T \V4 2
[ IVu®lloo dt < 400 (75)
0

log(e + [[Vu(1) ]l o)
then there cannot be blow-up of the solution u in H" (R?) at the time T, that is, u € C([0, T], H.(R?)).

Proof. Let us assume that (75) holds. For a contradiction, we suppose that u ¢ C([0, T], H. (R?). Then
we get (15). Thanks to Lemma 3.1 and the Sobolev embedding W 2:9(R?) < W 1:°(R?) with ¢ > 2, we
infer that foT Il 7()||oo dt < 4+00. Then from (15), we get only

T
/ w(?)|loo dt = +o0. (76)
0
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Thanks to Lemma 5.1, there exists a real 9; > 0 depending only on ||(uq, bo) ||+, T and r such that for

all 1 €0, T|
CVu)ld ))
||Vu(r>||oosexp(elexp(@1 /0 el as)). )

Then from (77) and (75), we infer that fOT||Vu(t)||c>o dt < +o0, which implies foT||a)(t)||C>o dt < +oo.
Then we obtain a contradiction with (76) and hence u € C([0, T'], H (R?), which concludes the proof. [

Conclusion

We obtained a new regularity criterion for the two-dimensional resistive magnetohydrodynamic (MHD)
equations which is less restrictive than the BKM regularity criterion (see Theorem 5.3) by using the
logarithmic Sobolev inequality. It is important to find some criteria less restrictive than the BKM
regularity criterion. Indeed, due to the quadratic nonlinearity of the MHD equations, we expect that the
blow-up rate of ||Vu(t)|« at a time 7 be at least faster than O(1/(T —t)). Thus, if one investigates
numerically the finite-time singularities of the solutions of such a system of equations and believes
that its numerical solution computed leads to a finite-time blow-up at some time 7', then one may
observe a blow-up rate at the time 7" for ||Vu(¢)| of the form O(1/((T —t)Y)), y > 1. Further, in all
the recent numerical investigations performed to find finite-time singularities of the 2D inviscid MHD
equations, the results suggest blow-up rates at a time 7" for ||Vu(?)|oo of the form O(1/((T — t)*))
with 1 < o < 2; see [Brachet et al. 2013; Kerr and Brandenburg 1999]. Then, for these numerical
cases, with the BKM regularity criterion, one would conclude there is evidence for a finite-time sin-
gularity at some time 7 of the solutions of the 2D resistive MHD equations. However, with the use
of our regularity criterion (see Theorem 5.3), we can confirm that in fact there is no blow-up of the
solution at this time 7". Then, it is dangerous to interpret the blow-up of an under-resolved computation
as evidence of finite-time singularities for the 2D resistive MHD equations. Indeed, computing 2D
MHD singularities numerically is an extremely challenging task. First of all, it requires huge com-
putational resources; see [Brachet et al. 2013]. Tremendous resolutions are required to capture the
nearly singular behavior of the 2D MHD equations. Secondly, one has to perform a careful convergence
study.

Furthermore, we notice also that our problem fits in the class of equations considered in [Elgindi and
Masmoudi 2014] in the study of L°° ill-posedness problem. We thus point out that by borrowing the
arguments used in this paper, we can establish the same regularity criterion for another interesting open
problem in mathematical fluid dynamics mentioned in [Elgindi and Masmoudi 2014] about the following

type of equation in two dimensions:
diu~+ (u-VYu+Vp = Au,
t ( ) p (78)
V-u=0,

with initial condition u#¢ in a divergence-free vector field and where A is some constant matrix. Namely,
as with Theorem 5.3, we get the following theorem for the system of equations (78):



916 LEO AGELAS

Theorem 5.4. Let ug € HL (R?) with r > 2 and let T > 0 be such that there exists u € C([0, T[, HL (R?))
a solution of (78). If

dt < 400

/T V()%
o Togle + [Vi(t)]o0)

then there cannot be blow-up of the solution u in H" (R?) at the time T, that is, u € C([0, T], H.(R?)).
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ON A BILINEAR STRICHARTZ ESTIMATE ON IRRATIONAL TORI

CHENIIE FAN, GIGLIOLA STAFFILANI, HONG WANG AND BOBBY WILSON

We prove a bilinear Strichartz-type estimate for irrational tori via a decoupling-type argument, as used by
Bourgain and Demeter (2015), recovering and generalizing a result of De Silva, Pavlovié, Staffilani and
Tzirakis (2007). As a corollary, we derive a global well-posedness result for the cubic defocusing NLS on

two-dimensional irrational tori with data of infinite energy.

1. Introduction

Bourgain and Demeter [2015] proved the full range of Strichartz estimates for the Schrodinger equation
on tori as a consequence of the £? decoupling theorem. In this paper we prove in full generality the analog

of the improved Strichartz estimate that first appeared in [De Silva et al. 2007] for rational tori.

1A. Statement of the problem and main results. Let T = R/Z be the one-dimensional torus, and let
01,...,0g_1 € [%, 1]; we define d-dimensional torus T¢ as T¢ = T x o1 x---xag_1T. We say that

the torus is irrational if at least one ¢; is irrational. The torus is rational otherwise. For any A > 1, we

define ij as a rescaling of TZ by 1; i.e.,

T4 = AT = (AT) x (@1 AT) X -+ X (g1 AT).

When A — o0, one should think of T, as a large torus approximating R4, We consider the following

Cauchy problem for the linear Schrédinger equation on Tf:
iu,—Au=0, (t,x)eRxTY,
u(0,x) =ugp, ugé€ LZ(Tij).

Let U, (¢t)uo be the solution to (1-1), and let

1 1 1
Api=~(zx=Zx-- 7).
1 )L( Xal X ond_l )

One has

1 | —_ / A
U/l(t)u()(x)zkd/z Z €2J'L’klx |2ﬂk|21lu0(k)‘

kGA)L

Our main theorem is the following bilinear refined Strichartz estimate.
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Theorem 1.1. Let ¢1, ¢ € L%(T;) be two initial data such that supp d;,- Cik: k|~ N;}, i =1,2, for
some large N1 > N, and let n(t) be a time cut-off function, supp n C [0, 1]. Then when d = 2,

001 nUsalsz, < N5 (5 +37)  Wnlealidaloe (13
and whend >3
N2d_3 2d—l 1/2
O 10OUsaliz, < N5 (Y= + 2 ) nlalalie (b

We note that when d = 2, Ny = N,, and A = 1, estimate (1-3) recovers the Strichartz inequality
for the (irrational) torus after an application of Holder’s inequality, up to an Nj-loss. When 1 — oo,
estimates (1-3) and (1-4) are consistent with the bilinear Strichartz inequality in RA+1 [Bourgain 1998].
Up to the Nj-loss, inequality (1-3) is sharp.

Furthermore, when A > Ny, the estimates fall into the so-called semiclassical regime in which the
geometry of T is irrelevant. We refer to [Hani 2012] for the same estimate (without N5 -loss) on general
compact manifolds. On the torus, our result improves the estimate in that paper for A < Np. Estimates
(1-3) and (1-4) rely on the geometry of the torus and cannot hold on general compact manifolds.

Remark 1.2. It may also be interesting to consider trilinear estimates. In fact when one considers the
quintic nonlinear Schrodinger equation, as in [Herr et al. 2011; Ionescu and Pausader 2012], trilinear
estimates are fundamental. See also [Ramos 2016].

We will derive Theorem 1.1 from some bilinear decoupling-type estimates. We first introduce some

basic notation.
Let P be the truncated paraboloid in R+

P={(IEP):§ R €S 1. (1-5)
For any function f supported on P, we define

Ef = fdo, (1-6)
where o is the measure on P.
Note a function supported on P can be naturally understood as a function supported on the ball
B={tcR?: | S 1}
By a slight abuse of notation, for a function f supported in the ball B in R4, we also define

Efr.n) = [ e 2mIEED pie) . (1-7)
B
One can see that the two definitions of E f are essentially the same since P projects onto B.

We decompose P as a finitely overlapping union of caps 6 of radius §. Here a cap 6 of radius § is the
set @ ={& € P :|E—E&| <6} for some fixed &g € P. We define E fy = f/g%, where fy is f restricted
to . We use a similar definition also when f is a function supported on the unit ball in R?. We have
Ef =34 Efy.

Now, we are ready to state our main decoupling-type estimate.
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Theorem 1.3. Given A > 1, Ny > N, > 1, let f1 be supported on P where |&| ~ 1, and let f> be
supported on P where |E| ~ Na/N1. Let Q = {(¢t, x) € [0, N12] x [0, (AN1)2)2}. For a finitely overlapping
covering of the ball B = {|&| < 1} of caps {0}, |0] = 1/(AN1), we have the following estimate. For any
small € > 0, when d = 2,

d— 1/2 2 1/2
EfE <NEA"/21N2—1/ Efi oll? / 1-8
IEAEf2lL2, (we) Se (N2) T+ [Tl X 1Ef6lis we) - (9
! J=16]=1/(AN))

and when d > 3,

d— d—1\1/2 2 1/2
IERE AL o <e ad2(M 2 MY E O ss e V)
1 2 Lavg(wQ) ~€ 2 R Nl 7,0 Lﬁvg(wﬂ) >
J=1*]0|=1/(AN1)

where wq is a weight adapted to Q.

The presence of the weight w in these estimates is standard. We list the basic properties of w in
Section 1D, and one can refer to [Bourgain and Demeter 2017] for more details. The notation Lavg(wg)2
is explained in Section 1C.

The proof of Theorem 1.3 gives another proof of the linear decoupling theorem in [Bourgain and
Demeter 2015] in dimension d = 2, and does not rely on multilinear Kakeya or multilinear restriction
theorems in R3. The proof of Theorem 1.3 in dimension d > 3 relies instead on linear decoupling in
R4+ [Bourgain and Demeter 2015].

Remark 1.4. The estimates in Theorems 1.1 and 1.3 are sharp up to an N5. See the Appendix for
examples.

Remark 1.5. The N;-loss in Theorem 1.1 is typical if one wants to directly use a decoupling-type
argument. It may be possible to remove Nj in the mass supercritical setting (in our case, this means
d > 3), using the approach in [Killip and Visan 2016], where the scale-invariant Strichartz estimates are
studied.

Remark 1.6. Similar bilinear estimates for dimension d > 3 were also considered in [Killip and Vigan
2016] for nonrescaled tori; see Lemma 3.3 in that paper. On the other hand in this work we also consider
the d = 2 case, which is mass critical.

1B. Background and motivation. System (1-1) and the bilinear estimates (1-3) and (1-4) naturally
appear in the study of the following nonlinear Schrodinger equation on the nonrescaled tori:

iug + Au = |ul?u,
u(0) = ug € H*(T9).
Let us focus for a moment on the d = 2 case. The Cauchy problem is said to be locally well-posed in

H*(T9) if for any initial data ug € H*(T?) there exists a time T = T'(||uo||s) such that a unique solution
to the initial value problem exists on the time interval [0, 7']. We also require that the data-to-solution

(1-10)

map is continuous from H*(T¢) to CPH([0,T] x T9). If T = oo, we say that a Cauchy problem is
globally well-posed.
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The initial value problem (1-10) is locally well-posed for initial data ug € H*, s > 0, via Strichartz
estimates. Note that using iteration, by the energy conservation law, i.e.,

EGu@) = Euo) =3 [ 1Vup+ ] [ lult

all initial data in H !(T?) give rise to a global solution. Next, by the nowadays standard I-method
[Colliander et al. 2002] by considering a modified version of the energy, in the rational torus case, it was
proved in [De Silva et al. 2007] that (1-10) is indeed globally well-posed for initial data in HS, s > %
The key estimate there was in fact (1-3) for linear solutions on rescaled tori, which we prove here to be
available also for irrational tori.

The proof for (1-3) presented in [De Silva et al. 2007] is only for rational tori since it relies on certain
types of counting lemmata that cannot directly work on irrational tori. One of the main purposes of this
work in fact is to extend results on rational tori to irrational ones.

Based on the discussion we just made, as a corollary of Theorem 1.1, we have:

Corollary 1.7. The initial value problem (1-10) defined on any torus T? is globally well-posed for initial
data in H* (T?) with s > 3.

Remark 1.8. Results such as Corollary 1.7 usually also give a control on the growth of Sobolev norms
of the global solutions. We do not address this particular question here. We instead refer the reader to the
recent work [Deng and Germain 2017].

The original Strichartz estimates needed to prove the local well-posedness of Cauchy problems such
as (1-10) were first obtained in [Bourgain 1993] via number-theoretical-related counting arguments for
rational tori. Recently, the striking proof of the £? decoupling theorem [Bourgain and Demeter 2015]
provided a completely different approach from which all the desired Strichartz estimates on tori, both
rational and irrational, follow. This approach in particular does not depend on counting lattice points.
See also [Guo et al. 2014; Deng et al. 2017]. The method of proof we implement in this present work is
mostly inspired by [Bourgain and Demeter 2015] and the techniques used to prove the £? decoupling
theorem.

We quickly recall the main result in [Bourgain and Demeter 2015]. Let P be a unit parabola in RA+L
covered by finitely overlapping caps 6 of radius 1/R. Let f be a function defined on P; then one has for
any € > 0 small,

€/ p2\d/4—(d+2)/(2p) 2 12 2(d +2)
|Ef lLr o, ,) Se RE(R?) D NEf L) - Pz
6

(1-11)
Note that (1-11) corresponds to Theorem 1.1 in [Bourgain and Demeter 2015], and the dimension 7 in the
estimate (2) there corresponds to our d + 1. Also note that the linear decoupling (1-11) not only works
for those f exactly supported on P, but those f supported in an R~2 neighborhood of P, and in this
case, cap 6 would be replaced by the R~2 neighborhood of the original 8; see Theorem 1.1 in [Bourgain
and Demeter 2015].
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We remark that one key feature of this decoupling-type estimate is that one needs to work on a larger
scale in physical space, i.e., the scale R? rather than R, in order to observe the decoupling phenomena.
The proper observational scale dictated by Heisenberg’s uncertainty principle is R.

Indeed, one principle, which is usually called parallel decoupling, indicates that if decoupling happens
in a small region, then decoupling happens in a large region as well. We state a bilinear version of parallel
decoupling below.

Lemma 1.9 [Bourgain and Demeter 2015; 2017]. Let D be a domain, and D = D1 U D, U---U Dy,
D; N D; = @. If for some constant A > 0 and for functions h1, h2, defined on the unit parabola, one has

2 1/2
IER Eh2l|L2 () < A ﬂ( >, ||Eh,-,e||,%§vg(w,)i)) coi=l (1-12)
J=1"18]=1/(AN1)
then one also has
2 1/2
|EREh2|l12, 00p) < A H( > ||Eh,-,e||i§vg(wD)) : (1-13)

J=1"10|=1/(AN1)
The proof of this particular formulation of parallel decoupling follows by Minkowski’s inequality.

As it exists, parallel decoupling is a principle rather than a concrete lemma. We state the version here
solely for concreteness. It should be easy to generalize the lemma under different conditions.

1C. Notation. We write A < B if A < CB for a constant C > 0, and A ~ B if both A < B and B < A.
We say A <. B if the constant C depends on €. Similarly for A ~¢ B. For a Borel set, E C R?, we
denote the diameter of E by |E| and the Lebesgue measure of E by m(FE).

We will use the usual function space L?. We also use a (weighted) average version of L? space; i.e.,

1/p 1 1/p
P = p) = (—/ p) s
lelzg,on = ( £, le — [1e

1 1/p
||g||Lg’vg(wA) = (m/LﬂpU)A) )

where wy is a weight function described below.

For any function f, we use f to denote its Fourier transform. When we say unit ball, we refer to a ball of
radius r ~ 1. We will often identify a torus as a bounded domain in Euclidean space; for example, we will
view (R/Z)? as [0, 1]¢ c R¥. In this work, £ is used to denote the domain [0, NZ]x]o, (AN1)?]? cREH,

1D. The weight w 4. If h is a Schwartz function whose Fourier transform, h, is supported in a ball of
radius 1/R, we expect & to be essentially constant on balls of radius R, and essentially

172012z

2.Br) ~ L2, (BR) ~ I1Hl|Loo(BR)- (1-14)
Expression (1-14) is not rigorous, and the introduction of the weight wp, is a standard way to overcome
this technical difficulty. We refer to Lemma 4.1 in [Bourgain and Demeter 2017] for a more detailed

discussion of the weight function.
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For any bounded open convex set A, the weight function w4 might change from line to line and from
the left-hand side of the inequality to the right-hand side, and satisfies the properties:

o [wyq ~m(A).
e wy 2 1 on A, and rapidly (polynomial-type) decays outside A.

We will usually define A4 to be a ball, or the product of balls in this paper.

Furthermore, let Bg be a ball centered at 0, and let g, be a function such that fig, is about
1/(m(By/r)) on By g, and supported in B, g. Then g, is about 1 on Bg, and decays faster than any
polynomial outside of Bg. Additionally, ,u%R is positive, decays faster than any polynomial outside of
Brp and is Fourier-supported in B,4,g. We take translations B’ of Bg to cover the whole space, and we
denote by pp’ the corresponding translation of g, and wp,(B’) = maxyep’ wp,. We have the useful
property,

Wae (X) < wpe(B)1p(x) S wpg (B)up (x) S wpg (x). (1-15)
B’ B’

The last inequality follows from the fact that u%, decays faster than any polynomial outside of B'.

Lemma 1.10. For a function f supported in By g, for any p < oo,

IEf LooBr) S NES N L2005 ,)-

We refer to the proof of Corollary 4.3 in [Bourgain and Demeter 2017] with the weight on the left-hand
side being 1, so that on the right-hand side we have a fast decay weight.

Remark 1.11. In general, Lemma 1.10 should hold for any convex set A and the dual convex body A™.

2. Proof of Theorem 1.1 assuming Theorem 1.3

Assume Theorem 1.3, and let us prove Theorem 1.1. The argument below comes from the proof of
discrete restriction and the Strichartz estimate on irrational tori assuming the £? decoupling estimate; see
Theorems 2.2 and 2.3 in [Bourgain and Demeter 2015]. The argument originally comes as observation
due to Bourgain [2013]. We record it here for completeness.

Let ¢1, ¢ be as in Theorem 1.1. We rescale ¢ to be supported in the unit ball and rescale ¢, to be
supported in a ball of radius ~ N5/ Np. Recall,

1 o 2. A
kGA)L
k~Nj

We perform a change of variables § = k/N; and we let

1 .
hj(r):m D> $iENDS(r). j=1.2. (2-2)
§€AN,
H

Note one can directly check that

U, (t)p;(x,t) = Ehj (=2 N1x, (2m)>N{t). (2-3)



ON A BILINEAR STRICHARTZ ESTIMATE ON IRRATIONAL TORI 925

Without loss of generality, we suppress the constants —27 and (277)2.
Let Qo =[0,N 12] X Tf N and let us view Tf w, s acompact set in RZ. In particular, one can construct
the associated weight function wg,,. Direct computation (via change of variables) gives

-
IUL@O¢1UL P2l L2 10, 17x74) ~ N1 ( +2)/2m(Qo)1/2||EhlEhzlngvg(Qo) (2-4)
and due to the periodicity of Eh;, i = 1,2, one has
IER Eh2llL2 (@) = [ER1ER2lL2 (00)- (2-5)

For a covering {0} of caps of radius 1/(AN1), each cap 6 contains at most one £g € A 3 v, , corresponding
to kg = N1&g € A. Then
1
IERj6llLs wo,) ~ hi(E0) ~ ﬁ¢j (ko).
and

2

1/2 2 R 1/2
(X 150 Bewy) ~* (5 X B®F) ~alorlealoale

J=1 *10|=1/(ANy) Jj=1 kel
For convenience of notation let

1/A+ N>/ Ny when d =2,

2-6
NE=3/A+ N§=1/Ny whend > 3. 0

Dj.ny N, = {

Recall that Q = [0, N1]2 x [0, (AN1)?]4; we apply Theorem 1.3 with Jfj = h;, and we have

2

1/2
1/2
IER Eh2l|12 (wg) Se (Nz)exd/2DA{N1,Nzl_[( > IIEhj,elliﬁvg(wQ)) L@
J=1*0|=1/(AN1)

Note that €2 can be covered by Q such that {Q} are finitely overlapping and each Q is a translation
of Qo. Since Eh; are periodic on x, estimate (2-7) is equivalent to

2

1/2
IER1EzllL2 (o) Se (NZ)GAd/ZD)lL{JZVDNzH( > ||Ehj,9||§4(wgo)) . (2-8)
J=110]=1/(AN))

Plugging (2-8) into (2-4) gives

—(d -
1001 U002l 1201170y S N 22 Nim(T )1 2074-(N2) 22D} bl 2 g2l

1/2
~(N)D Y 91ll2 122

and Theorem 1.1 follows.

The rest of the paper details the proof of Theorem 1.3.
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3. An overview of the proof of Theorem 1.3
First, we reduce the proof of Theorem 1.3 to the following proposition.

Proposition 3.1. Let t1 be a cap of radius N»/ Ny supported at & with |§| ~ 1. Let 15 be a cap of
radius N2/ Ny supported at § with |§| ~ N /Ni. Let f; be a function supported in t;. Then for any small
€>0,whend =2

1 N\ /22 1/2
IEAEAlL o % 0092 (14 32) TI( X 1Efol ) - GO

J=1"|0|=1/(AN1)
0er

and when d > 3,

d—3 d—-1\1/2 2 1/2
VEAE ALz ey S V22 (222 p 22 V(0 S e 2 (3-2)
LEJ2ILE (we) ~e V2 A J,0 L}, (we) :

N .
! J=161=1/(AN))
6Cr;

Now, let f1, f> be as in Proposition 3.1. We define Ko(A, N1, N») to be the best constant such that

2 1/2
||Ef1Efz||Lgvg(wQ)sxd/zKo(x,Nl,Nz>1‘[( > ||Eﬁ,0||i§v"(w9)) L (33
J=1"16]=1/(AN) )

We also let K (A, N1, N»2) and K(A, N1, N») be defined as the best constants such that

2 1/2

d/2 ¢ 2

< .

| Ef1 Efz||La2vg(w[0!N12]X[0’ANl]d) <AY“K(A,N1,N>) 1_11 (|9| %N )”Effﬂ||L;*vg(w[0'N12]X[0!AN1]d)) .
j= = |

(3-4)

2 1/2
| E f1 Ef2||L§Vg(wBN2) <A92K (A, N1, N2) l_[ ( Z IEf;6 ”12~§‘vg(wBN2)) : (3-5)
! J=1"10|=1/(AN1) !

Below we will prove that

1 Ny\!Y?
Ko(A, N1, No) SNS(~+ =) d=2,
AN
(3-6)
Nd—3 Nd—l 1/2
Ko(A,Ni,N2) SN | 22—+ 2 , d=3.
A Ny
We point out here that by parallel decoupling, Lemma 1.9, one always has
Ko(A, N1, N2) £ K(A, N1, N2),
(-7

Ko(A, N1, N2) S K(A, N1, Na).

The proof of Proposition 3.1 or equivalently (3-6) proceeds as follows. We first show:
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Lemma 3.2. When A > Ny,

_ (d-1)/2
R N1 N2) S N5 =2 (3-8)
Ny
Note that when A > Ny, Proposition 3.1 follows from (3-7) and Lemma 3.2.
Then, we show:
Lemma 3.3. When A < Ny,
1 Np\Y?
K(A,Nl,Nz)st(X—I—N—z) : d=2,
: (3-9)

Nd—3 Nd—] 1/2
K()uvl,zvszvzf(zA +]2V—1) a3,

From (3-7), clearly Proposition 3.1 follows from Lemmas 3.2 and 3.3.

The proof of Lemma 3.3 in dimension d = 2 relies on induction (of scale N5). The proof of Lemma 3.3
in dimension in d > 3 is easier and more straightforward, (in some sense, it also relies on induction, but
it is enough to induct only once.)

We first show the base case:

Lemma 3.4. When A < Ny and N» < 1, we have K(A, N1, N») < 1/A1/2

Lemma 3.4 is not as useful in dimension d > 3, we indeed have a better estimate:
Lemma 3.5. When d >3, A < Ny and A < N1/N2, we have K(A, N1, N2) < (N§=3/0)1/2

We then show the following lemma, which ensures that we only need to induct until A < Ny/N,, when
d = 2, and until N;/N, when d > 3.
Lemma 3.6. Let A < Nj.

Let d = 2. Assume we have K(A, N1, N3) < A V2 when A < N1/Nj. Then

(d-1)/2

K(A, N1, Np) < Nf—2———
2 N1/2

1

N
when A > iy

2

Let d > 3. Assume we have K(A, N1, N3) < (N2d_3/)t)1/2 when A < N1/N22. Then

2d -1/(2) Ny
K(A,N1,N2) < Nj—=——— whenA> —.
Nll /2 N22
Note that when d > 3, Lemmas 3.5 and 3.6 imply Lemma 3.3. In dimension d = 2, we use induction
(we rely on the so-called parabolic rescaling) to finish the proof of Lemma 3.3.

We end this section with an outline of the structure of the rest of the paper. We show that Proposition 3.1
implies Theorem 1.3 in Section 4. Lemmas 3.2, 3.4, and 3.6 all rely on the exploration of the so-called
transversality, which essentially allows us to reduce the dimensionality of the problem. We first explore
transversality in Section 5 and then we prove Lemmas 3.2, 3.4, and 3.6 in Section 6.
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The details of the induction procedure (which is nontrivial) that is used to prove Lemma 3.3 in
dimension d = 2 are given in Section 5. We remark here the proof of Lemma 3.3 relies on Lemma 3.2.

Finally, we prove Lemma 3.5 at the end of Section 7, which, together with Lemma 3.6 will conclude
the proof of Lemma 3.3 in dimension d > 3.

4. Proposition 3.1 implies Theorem 1.3
We first introduce one standard but important tool in the following lemma.

Lemma 4.1 [Bourgain and Demeter 2015; 2017]. Let {gq} be a family of functions such that supp gq
are finitely overlapped cubes of length p. Let A be bounded convex open set tiled by finitely overlapped
cubes Q of side length > p~1. Then for the wy adapted to A, the following holds:

2 1 ,
le‘zga wA§Zm/|ga| wy.

Proof. Since we can sum up the weight function over a finitely overlapping cover {Q} of A, that is,
wy = ZQC 4 W, it suffices to prove the result for A = Q. Recall by inequality (1-15), we can cover
the whole space R" by translations Q' of Q:

flze]

wo dx <

1
w(@%/gw

_ 1

~ m(Q) o
_ 1 / A ~ /2
——m(Q) /wQ(Q)/Iga*uQI

2
1y

<

O

1
m(Q) Q(Q)Z/Igal 1y S ") 2

Now we can reduce Proposition 3.1 to a bilinear decoupling on two (N, /Nj)-diameter caps.
Lemma 4.2. Theorem 1.3 is equivalent to Proposition 3.1.

Proof. Let f1, f> be as in Theorem 1.3. Then f; = Z\r|=N2/N1 f1,- and the f1 . are supported on
finitely overlapping caps of diameter N,/ Nj.

Since | f>| is supported in a cap of diameter N, /Ny, the supports of {Ej\‘m * E]?z}, are in finitely
overlapping cubes of length N,/Nj. Since the scale of 2 is larger than N;j /N5, i.e., it contains a ball of
radius > Ny/N3, by Lemma 4.1,

f |EfLEf2|*we dx < H Equfz
Q

IT|=N2/N

wo dx.

Now apply Proposition 3.1 for fi  and f> for each r; Theorem 1.3 follows. O
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5. Transversality

Let f1, f> be as in Proposition 3.1; then f; is supported around (0,0,...,0,1,1) and f5 is supported
around (0,0, ...,0). The main goal of this section is to explore the transversality between (0,0, ..., 0, 1)
and (0,0,0,...,0), or more precisely, the transversality between the unit normal vectors of the truncated
parabola at these two points. The main lemma in this section is Lemma 5.1 below, and Corollary 5.7
which essentially follows from Lemma 5.1.

We first introduce some basic notation. Let {eq, ..., ez} be the standard basis of R4. We will encounter
caps of radius v around (0,0, ...,0) and (0,...,0, 1, 1) on the parabola. Note around those two points,
when v is small (which is always the case in our work), one may view those caps as their natural
projection to R 1. And their image is essentially a square/cap of radius v. We say that a (v, v2)-plate
is a d-dimensional rectangle with the short side on the e;_;-direction such that its image under the
orthogonal projection to R4 1lisa(vxvx-XvX v?)-rectangle.

Lemma 5.1. Given |v| < 1, let f1 be a function supported on a cap of radius v, centered at (0, ...,0,1,1)
on the truncated parabola P, and let f> be a function supported on a cap of radius v centered at

(0,...,0,0,0) on the paraboloid. For a covering {t;} of supp f; with (v, v?) plates, with the shorter

side on the ej_-direction, we have the following decoupling inequality: for any R > v™2,

/'EflEf2|2wBR S Z/lEfl,IlEf2,12|2wBR- (5'1)
71,72

Remark 5.2. We thank J. Ramos for pointing out that Lemma 5.1 is a particular case of Proposition 2 in
[Ramos 2016]. We still write a proof in this paper for clarity.

Proof. The proof is similar to the proof of the L* Strichartz estimate on the one-dimensional torus. From
the inequality (1-15), we only need to prove that

[ ERERP S Y [IEfnERAPIG
B 1,72
for all translations B’ of Bg. Now

/B/ EAELP < ) /B EfitEfar Ef 1,0Ef 2,005 (5-2)

T1,72,73,T4

d—1,s - - - .
Let& €1, & = (Ei1v. . Eram1. 021 E)2) = E &a—r G2+ €D, i = 1,2.3,4. We
have _
&l Sv, i=1,2,3,4,

€ a1 —1<v, i=13, (5-3)
& ga—1lSv, =24

Essentially, for any 1, 12, 73, T4 such that

/ Efl,rl Efz,rzE_fle E'_f27t4,u123, 7é 0,
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one must have for some §; € 1,
El—E3=E—&+OR™),
€117 —1€3]% = [£13 — €] + O(R™),

and the second formula in (5-4) implies

(Er.d—1—E3,d0-1)ELa—1 +E3.0-1) = O(E* + [E4]*) + O(I&1)* + &%) + O(RTY). (5-5)

Plugging into (5-3), one has |£; 41 — &3 4—1| < v% which again implies &5 g1 — £4,9-1] < V>

To summarize, [ Efi  E f2,,2§‘ 113 E‘ z,m,u%, # 0 implies the distance between 71 and 73 and
the distance between 1, and 74 are both bounded by v2, which essentially means 7; = 7j 42, i = 1,2.
Applying this fact to (5-2), Lemma 5.1 follows. O

(5-4)

Remark 5.3. A quantitative version of estimate (5-1) can be stated as follows: assume that the support of
f1 is centered at (0, 1/K, (1/K)?) rather than (0,0, 1). From the proof we can attain the same estimate
as in (5-1) by introducing an additional constant K,

/ |EAEfo|Pwp, SK / |Ef1,0 Efa, P W (5-6)

71,72
Indeed, the proof essentially only relies on the fact that for &; € supp f;, i = 1,2, the difference between
the d — 1 components is at least 1/ K. Similar arguments also hold for the estimate in Lemma 5.5; see
Corollary 5.7 below.

Remark 5.4. We remark that for any @ < v, a function which is supported on a cap of radius « can be
naturally understood as a function supported on a cap of radius v.

Lemma 5.1 facilitates the decomposition of caps of radius v into plates of size (v, v?). We can further

decompose those into caps of radius v2.

Lemma 5.5. With the same notation as in Lemma 5.1, R > v™2, let supp f; be covered by finitely
overlapping caps 0; of radius v2,i = 1,2. Then
[ 1EAELPus 504D S [1Efi0 Efs P (57
16; |=v2
Proof. Clearly, we need only to prove (5-7) for every ball of radius v=2 contained in Bg, and then sum

them together. (This is the same principle of parallel decoupling, Lemma 1.9.)
Fix a pair of (v, v?) plates 1y, Tp:

2
[1ErnEraPos = [| ¥ EfinEfa) ws,
6,C1o
62|=v2
SU_(d_l) Z |Ef1,r1Ef2,92|2wBR§ Z |Ef1,91Ef2,02|2wBR- (5'8)
0>C1> OjC‘Ej
|62]=v2 16;|=v2

The last inequality follows from Lemma 4.1 and Lemma 4.2. O
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Remark 5.6. Similar to Remark 5.4, for v2 < a < v, a cap of scale v naturally lies in a cap of scale /.
Thus if we let f1 be a function supported on a cap of radius « centered at (0, ..., 0, 1, 1) on the paraboloid,
and we let f> be a function supported on a cap of radius « centered at (0, ...,0,0,0) on the paraboloid,

then by arguing similar to the proof of Lemma 5.5, we have for R > o1,

[ 1EAERPs, < (g) > [ 1Ef 10 Epson P, (5-9)

|6; =0
If we directly use the Holder inequality for all caps in the support of f; to estimate as in (5-8), then the
interpolation in the proof of Lemma 5.5 will give us a constant v~ rather than v~ in (5-7), since
one has v—¢ caps for each f;. The bilinear transversality, i.e., the transversality between (0,0, ..., 0) and
(0,...,0,1,1), helps in reducing the dimension by 1 since in one direction we can use L* orthogonality,

as shown in Lemma 5.1. Thus here we are able to improve the constant in (5-7) to p~@=1),

Corollary 5.7. Using the same notation as in Lemma 5.1, there exists a constant C such that for any v, 8,
and R™! <8 <w,

[ 1EAEL P, < (%)d_l

Proof. The proof is most clear when § = v2" for some n. Let us first handle this case and then go to the

log §|€

Z /|Ef101Ef202| WBR-

logv 6.1

general case. One may use induction. (This induction, however, does not rely on parabolic rescaling.) If

n = 0, there is nothing to prove.
2k+1

Assume the result holds for the case n = k. Let us turn to the case n = k + 1, where § = v , and
so §1/2 = vzk; thus by the induction assumption, we have
d—1
v
/ |EAAEf2lPwBg < (817) 2Ck > / \Ef1.m Ef2.n, P w8 (5-10)
ni|=81/2
Now note that R > (§71/2)2 By Lemma 5.5, we have for each pair (171, 72) in (5-10) that
[ 1Efm EfsPon, < GV D S [ 1Ef 0 Efy o P (5-11)
0; Crh
16 1=

The case n = k + 1 clearly follows if one plugs (5-11) into (5-10), taking the constant C large enough.
Now we turn to the general case. We only need to work on the case U2n+1 < 8 < v?". Recall that
2" we used induction as v — v2 — v 2 = = §, and in each step we

. . . k k+l
used Lemma 5.5 to finish the induction v2" — v2

2n+1

previously, when § = v

2

In the case v < 8 < v?" we have v?" < 8§/ 2 and we use induction as before for v — v* —

v s v?", and we use (5-9) to use induction again from v2" to §. This ends the proof. O

6. Proofs of Lemmas 3.2, 3.4 and 3.6

We are now prepared to use transversality to prove Lemmas 3.2, 3.4, and 3.6. Recall Lemma 3.2 concerns
I?()L, N1, N>) defined in (3-4). Furthermore, Lemmas 3.4 and 3.6 refer to K(A, N1, N>) defined in (3-5).
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6A. Proof of Lemma 3.2. For convenience of notation, we let 2 := [0, N 12] x [0, AN1]4. Note that one
can use finite overlapped balls of radius N 12 to cover 27 since A > Nj. We want to prove

2

Ndl 1/2
VS E 13 oy Se 29/2N5 2 1‘[( > b)) - 6D
! 161=1/(AN))

We first apply Corollary 5.7 with § = Nl_z, v=Ny/Ny, R= N12. Note that § < v. Then we have

c
_ log Ny
/lEflEf2|2wBN2 < (N1 Np)*! oo N —loz Vo > /|Ef1 61 Ef2,0,” WBy2
i og N1 —log N,
16 1=1/N?
SN)YTINS Y H IEf;.0, ||L4(w3 > (6-2)

6;1=1/N2 j=1

Remark 6.1. We avoid the case when N1 = N,, and thus In N1 —In N, = 0, by first decomposing caps
of diameter N, /N into caps of diameter N,/(2N;) with loss of a fixed constant, then continuing with
the proof as above. In all of what follows, one may assume, without loss of generality, that Ny > 2N5.

Via the principle of parallel decoupling, Lemma 1.9, or by summing different B N2 together, we have

2
[1EnERPug <N N Y TTIE. 0 g, (©3)

16;1=1/N2 j=1

Next we would like to show that

A d/2
2 2
B0 ey = (7)) 2 V0 aayy (6-4)
9]/-C9j
1051=1/(N1)

It suffices to show

A dj/2
2 2
1E7j0, 23, @1) = (Fl) > NEfg s wa,)
Q;CQJ'
10/1=1/GANY)

and sum up as in Lemma 4.1.

Each function Ef; 0, is Fourier-supported in 9’ in particular, Fourier-supported in a cylinder of
radius 1/(AN7), height ] /N2, and Q is tiled by cyhnders of radius ANy, height N2 in the ¢-direction.
The proof of Lemma 4.1 works the same:

2 2 2
||Efj,0,- ||L'§vg(91) < Z ”Efj,ej/ ”Lgvg(wBR) < Z “Ef},ej’ ”Lf‘tvg(wBR).
676, 0;Co;
167 1=1/(AN1) 107 1=1/(AN1)
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For the L°°-estimate, we apply the Cauchy—Schwarz inequality:

A\ A \¢
2 2 2
o lieey=(3) L VEhgleens () L 180100

07Co; 07 Co;
16} 1= 1/(/1N1) 167 |= 1/(AN1)

The last inequality is an application of Lemma 1.10. Note fg/ is supported in a ball of scale 1/(ANy),
and inside a box C of size (1/N2) X (1/(ANy)) x---x (1/()&N1)) We can make a affine transform of C
into a cube Q* of scale Ay,, which on the physwal side would transform €2 into a cube of scale ANj.
We apply Lemma 1.10 after the affine transformation and then transform back. (Note in that setting, cube
is no different than a ball.)

We apply Holder’s inequality to conclude the argument.

6B. Proof of Lemma 3.4. Let A < Ny. We first note that we can use finitely overlapping balls By, to
cover 2 and that N < 1. Applying Corollary 5.7 with § = 1/(AN1) and v = N,/ N1 we have

log A + log Ny

[ IERERPws,,, 5 N2y | 2R

> [IEfeEfelun,,

16;1=1/(AN1)

SN)TINS Y ]_[IIEJ‘,e,IIL4(wB e

16;1=1/(AN1) j=1
With parallel decoupling, Lemma 1.9, the desired estimate follows. (As remarked in Remark 6.1, one can

assume N1 > 2N».)

6C. Proof of Lemma 3.6. Let A < Nj.
We have the following two cases:
e Case I: d =2, Ny > A > Ni/N»,and N; = (N1/}).
e Case2: d >3, Ny > 1> Ni/N2Z, and N} = (N1 /)2
It is easy to check that we only need to show
Ni N, d-1/2
K(A,NLNz)EK(A,Nl,Nzl)(VF) - (6-5)
2 V1
We claim that

Ny Ny \@-D/2 2 ; 1/2
EAE R wn 0 = (ixe) T X 1Efel, ) - ©0
1 J: 1

N, N
271 10]=N3/(N1)

Since A < N1, we cover B N2 with balls of radius AN;. Thus by parallel decoupling, to prove (6-6), we
only need to show

Ny Ny \@-D/2 2 . 1/2
@N—l) 11:[1 > ||Efj,9||L§Vg(wBAN1) . (6-7)

||Ef1Ef2||L§Vg(wBAN1) N (
|0]=1/(AN1)
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Note that since AN; > N;/N,, estimate (6-7) follows from Corollary 5.7 by setting § = N,/Nj,
v = N, /N via interpolation and local constant arguments as in Section 6A.
By the definition of K (A, N1, N»), we have that for any 6y, 6, in (6-7),

2 1/2
IEfu o Efonlis on ) SAKONNDTT (X 1y ) - @O
167 1=1/(AN1)
6;Co;

Plugging (6-8) into (6-7), clearly (6-5) follows.

7. Induction procedure and proof of Lemma 3.3

To conclude the proof of Proposition 3.1, we are left with the proof of Lemma 3.3. For this lemma the
proof relies on induction on N,. The base case No < 1 is resolved by Lemma 3.4, and by Lemma 3.6 we
need only to induct until A = (N2)4~1/Nj.

Let f1, f» be as in Lemma 3.3. Applying Lemma 5.1, taking v = N;/N, and R = N2, we can
decouple the N»/Nj caps into (N2/Ny, N7 /NE) plates without any loss; i.e.,

[1EnERPu, < 3 [1Efn By, (7-1)

71,72

Here t; are plates as described in Lemma 5.1. We focus on the case when d = 2 in R3; the high-
dimensional case will be explained in the end. When d = 2, the underlying plates become strips. We
start with some preparation before the induction.

7A. Preliminary preparation for the induction. We fix a pair of (Ny/ Ny, N22 /N 12) strips 71, 7 from
estimate (7-1). We decompose 7; into a union of (N2/(KNy)) x (NZ/NZ) strips {s;}.
Using the notation “nonad;j” short for nonadjacent, and “adj” short for adjacent, we have

|Efe)? = Z|Efs,|2+ Yo IEfGEfgl+ Y |ES Efyl

85j58; ‘adj 5),8; ’nonadj

<10 |Efs, ? + |Efs, Efyl =11+ 12 (7-2)
J

5j 5 "nonadj

and
/|Efr1 Eft2|2wBN12 E/!(Efrzl—ll,l)(Efrzz—Iz,l)|+Efr2112,1+Efr2211,1+11,112,1w3 )
s Y [IERERERE e+ Y [1Ef P, 03
5,8} nonadj S1,52

The last inequality follows from Lemmas 4.1 and 4.2.
The reason why we want to have nonadjacent parts is that we would like transversality (after rescaling)
on the other direction. Formula (7-3) will the starting point of our induction.
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For the second term in (7-3), we will later directly use induction (not relying on parallel rescaling) on
N, and reduce everything to the known base case N, = 1.
For the first term, using Cauchy—Schwarz

1/2 1/2
[ ErEraErglun, < ([ 186 B Pos,) ([ 1EAERPus) - -0
1 1 1

We point out here that in what follows we do not rely on the bilinear transversality between s; and s5
(or 51 and s5), which is already handled in Lemma 5.1. Instead we will rely on the bilinear transversality
between s; and s (or s2,55), since they are not adjacent. This transversality is most clear when one
applies parabolic rescaling.

Let us now turn to the term f |Efs, E fsé |2wgq, when s, sé are nonadjacent. The term with s, s’l is
handled similarly, though one may need to rotate the coordinates.

Finally we point out here that K will be chosen large later and any (fixed) power of K will not impact
the final estimate. In particular, in the following estimates we will not worry about losing powers of K.

Without loss of generality, we assume

e s is the strip {(a1,az2,a? +a3) : la1| < N3/NZ, |az| < N2/ KNy},

o s} is the strip {(b1, b2, b7 +b3) : |b1| < N} /N2, |b — CN2/KN1| < N2/KNq}, C > 10. (Here
10 is of course just some universal constant.)

7B. Parabolic rescaling. The next step, parabolic scaling, is standard in decoupling-type results; we
give the details here for the convenience of the reader.

Note 57, 55 lie on the same N»/N; cap. We rescale the N»/ Ny cap to radius 1. By a slight abuse of
notation, we regard fy; as a function depending only on two variables (§;,1,£;,2). For convenience of

notation, we let hy = fs,, hao = fs/z. Let also g; (ni,1.ni2) := hi((Nz/Nl)ﬁi,l, (N2/N1)r],~,2).
Now

g1 is supported in the strip {(a1.az,a? +a2) : ar| < No/ Ny, laa| < 1/K},
¢ g, is supported in the strip {(bl,bz,b% +b§) 21b1| < N2/ Ny, |bo—C/K|<1/K}, C > 10.

Note g1, g2 are supported on a pair of transverse (N2 /Np) x 1 strips' due to the nonadjacency of s, 55.
We point out here the transversality between g1, g5 is not as in the assumption of Lemma 5.1, but it is in
the sense of Remark 5.3, which usually causes a loss of K in the estimate, but this does not matter.

The parabolic scaling says the following:

Claim 7.1. Let
Egi(y1,y2,¥3) = Ehi(N1/N2)y1, (N1/N2)ya, (N2 /N3)y3),

let D be domain in R3 and let
D :={(y1.y2,¥3) : (N1/N2)y1,(N1/N2)y2. (N2 /N3)y3 € D}.

LStrictly speaking, we need them to support on a pair of (N2 /N1) x (1/100) strips; we neglect this technical point here.
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Then it follows from a standard change of variables technique that the following two estimates, with the
same constant A, are equivalent:

2 1/2
||EhlEh2||Lgvg<wD)5A1'[( > ||Efs,-,0||iglvg(wa)) ’ (7-5)
J=1"10|=1/(AN1)
2 1/2
IEgiEglliz (wD)NAl‘[( > 188l ) - 76

J=1716]=1/(AN2)

We then concentrate on (7-6).
Take D = B N2 then D = [0, N. ] [0, Ny Nz] (Here, without loss of generality, we regard B N2 3
[0, N 2]3 ) For convenience of notation, we set £ = [0, N. 2] x [0, N1 N2]% The parabolic rescaling gives:

Lemma 7.2. Assume g1, g2 are two general functions defined on the parabola. Let g1 be supported in
a strip of size (N2 /N1) x 1 around (0,0, 0), and g» be supported in a strip of size (N2/N1) x 1 around
(0,1, 1). If for some constant A, one has (for all such g1, g2)

1/2
EEelem 3A( X 1Bzl w) -7)
|0]=1/(AN2)

then for the same constant A, one has

||Ef32Ef52||Ldv,>(wBN2)
! 1/2 1/2
Sk X Vil ) (X 1Efgaliy, ) - 09
|6]=1/(AN1) SN |6]=1/(AN1) M

Remark 7.3. After rescaling, the relevant g1, g2 should be supported around (0,0, 0) and (0, 1/ K, 1/K?)
rather than (0,0, 0) and (0, 0, 1). We state our lemma for g1, g» supported around (0, 0,0) and (0, 1, 1)
to be consistent with the statement in Lemma 5.1. This causes a loss of K€, but we emphasize again that
any loss due to a power of K would be irrelevant in the proof.

We end this section by introducing some notation.
Let g1, g2 be as in Lemma 7.2. We define A(A, N1, N>) to be the best constant such that

1/2
IEg1EgallLz (wg) < A(A, N1, Na) > ||Egj,§”124§W(w§)) : (7-9)
16]=1/(AN2)

Then we can restate Lemma 7.2.

Lemma 7.4. For j = 1,2, we have

IEfs; Efy ||Ld2vé(wBN2)
1

1/2 1/2
< KCA()L,Nl,Nz)( ) ||Efs,.,e||,%§vg(wBN2)) ( )3 ||Ef%f,9||z§vg(wBN2)) @10
1 1

16]=1/(AN1) 101=1/(AN1)
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7C. The induction procedure.

7C1. Before induction. Now we are ready to start the induction for the proof of Lemma 3.3. We emphasize
here the induction is on N> (though mixed with induction on K). Note we are now in dimension d = 2.
We need to show that for all 1 < N, < N; and A < Nj, one has
N>

| 1/2
KON N2 < Nf(x + N—l) .

Note the base case N, = 1 is already established in Lemma 3.4. And with Lemma 3.6, we need only to
perform induction until A = N/ Nj.

We will work on A(A, N1, N») defined in (7-9) to explore the transversality between nonadjacent
strips. The induction process is two-fold in some sense. We will induct on N, to better understand
K(A, N1, N3). In turn we find more information about A(A, N1, N»), which gives a better understanding
of K(/\, N1, Nz).

This is a final summary before we start the induction. Recall, we have (7-1) and (7-3); thus we have

[1EAEnPus, 5 [ X [ 1B EAEREfglon,, + [

8,8 ;nonadj

[ 1Ef Efilun . 11

1,52

Also recall that 51, s’1 , 82, sé are all (N2/ N 1)2 X (N2 / K Ny) strips. The second term can be easily handled
by direct induction, (which is not the main point of the induction procedure explained later). Indeed, if
there were only the second term in (7-11), since s7, 52 are both contained in caps of radius (N2/KNy),
then (7-11) already reduces the decoupling problem for f; supported in caps of size N,/ N; into the
decoupling problem for f; supported in caps of size N»/K N1, which reduce N, to N»/K.

We will focus on the first term of (7-11). The Holder inequality gives

2 1/2
[ 1Ef B BByl < T ( [ 188, E1, |2wBN12) . (712)
j=1

Estimate (7-12) is the starting point of the analysis in the following subsections.
We summarize in the lemma below how (7-12) and (7-11) come together to highlight the relevance of
A(N7, N3, A) in the induction procedure.

Lemma 7.5. When A < Ni/N, and A < Ny, we have
K(N1, N2, 2) S K€ LA, Na. 2) + K (N N2/ K ). (7-13)

Note that the assumption of Lemma 7.5 always holds during the induction procedure to prove
Lemma 3.3.

Proof of Lemma 7.5. Applying Lemma 7.4, we have
IEfs; Ef L2 (ws, 5)

avg
1

1/2 1/2
sKCAMND (X Mol ) (X 1l ) o 09
1]=1/(AN1) Ni 1|=1/(AN1) Ni
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Plugging (7-14) into (7-12), and then plugging into (7-11), we derive

1\1/2 2 1/2
IEAES 2w, ,) S KA (;) H( 2, Efis Iligvg(wBN2>)
1 1

i=10|=1/(AN}) .
X ey, )
10]=N2/(LKNy) i (7-15)
Thus we derive
AK(N1, N2, A) < K€ A(Ny, Na, A) + AK(Ny, N2/ K, A). (7-16)
Therefore, Lemma 7.5 follows. O

Now we are ready to start with the induction procedure on N>. We emphasize again that by Lemma 3.6
we only need to consider the case A < N1/ N5.

7C2. First induction: Case N22 < Nj. It will become clear in the following proof why we choose the
first splitting point at Ny = N22. We start with an estimate for A(A, N1, N;). We have:

Lemma 7.6. When N, < N2, A < N1, A < N1/ N,
A(A, Ny, Np) SAYV2 = 0712 (7-17)

Assuming Lemma 7.6 for the moment, let us finish the proof of Lemma 3.3 when N; > N22. Applying
Lemma 7.6 with Lemma 7.5, we derive

1 1/2
K(Nl,Nz,k)chx(X) + K(N1, N2 /K, X) (7-18)

when N; > N22 and A < Ni/N,. Choosing 1 € K ~ N2€1o’ performing induction on N5 again, and
recalling that the case Np <1 is covered by Lemma 3.4, we have Lemma 3.3 follows when N; > N22.

Now, we turn to the proof of Lemma 7.6.

Proof of Lemma 7.6. Since Nj < N22, we have N /Nj < 1/N,. (It is exactly because of this that we
decided our first splitting point N; < N22). Thus, the support of g1, g2 appearing in (7-9) is (contained
in) strips of size (1/N2) x 1. Thus, in a ball of radius N2, we have

[1EaEnion, s 5 [1E0Eealua,. (7-19)
2 2
|6 |=1/N>
6; Csupp g;
The proof of (7-19) is essentially the same as the proof of Lemma 5.1 and we leave it to reader.
Note one can use balls BN22 to cover  := [0, N22] x [0, N1 N2]? (since N1 > N,), thus we extend
(7-19) to
[1EaiEgivgs Y [1E0 Bl (7-20)

|6;|=1/N>
0; Csupp g;
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We claim for any fixed 61, 65, one has

2 1/2
1Eg1,6,E82,6,lL2(wg) S A2 1_[( Z IEg; . ||L4(w5~2)) : (7-21)
i=1 B é,‘CQi
16;:=1/(AN2)Il
Plugging (7-21) into (7-20), we have
1\1/2
A(N1, Nz, L) < A(X) , (7-22)

and then Lemma 7.6 follows.
Now we are left with the proof of (7-21). Let N{ = N», N, = N22/N1 < 1. When N{ = N, < A,
recall the definition of K (A, N1, Np) in (3-4) and apply Lemma 3.2. Then we have
K(N{,N3, ) S(Np)E(2) <(+++2) <AV 7-23
(N 2)~(2)(N1, ~A+N1 N (7-23)
The last inequality in (7-23) follows because we always have A < Nj/N in the whole induction process.
Note (7-23) implies

IEg1,6,E82,0, 2w

[0,N22]><[O,)\N2]2)

2
s)tK(N{,NZ/,)L)H( > IEg; gl L4qw
i=1 §ic0,-
16;=1/(AN2)|

1/2
)) . (7-24)

[0.N31x[0.AN212

Since A < Ny, (which is also always the case during the induction process ), €2 can be covered by the
translations of [0, N] x [0, AN]; thus (7-24) implies (7-21) by parallel decoupling, Lemma 1.9.
When A < Ny, since N5 < 1, by Lemma 3.4, we have

KA, NJ,Ny) SA7V2, (7-25)
Thus,

2 1/2
||Eg1,91 Eg2,92 ||L2(wBN22) < A,A_l/z l_[( Z ”Egi,é,' ||L4(wBN22)) . (7-26)

i=1 5 §ic0,-
[6;=1/(AN2)||

Since one can use B N2 and its translations to cover 2, (7-26) implies (7-21) by parallel decoupling,
Lemma 1.9. O

7C3. Second induction: Case N23 /2 <N; < N22.
Lemma 7.7. When NJ/? < Ny < N2, A < Ny and A < Ny /Ny, we have
AL, N1, No) S A2 =071/2 (7-27)

Clearly, using Lemma 7.5 and arguing as in Section 7C2, Lemma 3.3 follows from Lemma 7.7 when
N}/* < Ny < N2.
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Now we are left with proof of Lemma 7.7, i.e., the estimate (7-27). We will prove that estimate (7-27), in
the case N23 /2 <N; < N22, follows from the fact that Lemma 3.3 holds when N22 > Nj (given Lemma 3.2).

Proof of Lemma 7.7. The proof starts similarly to the proof of Lemma 7.6; note now we have N, /N, >
1/N>. As we derived in (7-19), we have in a ball of radius NIZ/NZ,

/|Eg1Eg2|wB(N1/N2)2§ Z /|Eg1,91Eg2,92|wB(N1/N2)2' (7_28)
|0; |=N2/N1
0; Csupp g;

Note one can use By, /n,)2 and its translations to cover Q; thus we have

/|Eg1Eg2|w§§ > /lEgl,OlEgZ,Ozlwﬁ- (7-29)
|6; |=N2/ N1
8; Csupp g;

The following procedure is essentially the same as in the first induction. Note that to prove (7-27) we
only need to further show that for fixed 61, 65,

2 1/2
||Eg1,elEg2,92||Lz(w§)SM‘W]_[( > ||Egl-,g,.||L4<w§)) : (7-30)
i=1 B é,'CQ,'
|6;|=1/(AN2)

where now |6;| = N/ Nj.

Let N{ = N and N} = N22/N1; note we have N > (Né)2 since N1 > N23/2. When A > N/, we have
by Lemma 3.2
IEg1,6,E82,0, 2w

[0,N22]><[0.AN2]2)

AN 1/2
S)L(F{) 1_[( Z ”Egiaéi”L4(“’[0,N2]x[0,,\/v2]2)) - (7-31)

i=1" gico
10;|=1/(AN2)
Since one can use [0, sz] x [0, AN,]? to cover Q, (7-30) follows from (7-31) (note that N, /N{ =
Nz/Ny <271
When A < N 1’, since one can use B N2 to cover S~2, to prove (7-30), we need only show

2 1/2
Bl p ST X 1B li,) « 032
2 i=1 é,‘C@,‘ 2
16;:=1/(AN2)I|
which is equivalent to K(N{, N;,A) < 1/A. But recall that N| > (N;)? thus this is exactly what we
proved in first induction; i.e., Lemma 3.3 holds when N; > N22. O

7CA4. Later inductions and the conclusion of the induction process. Recall that the first induction covers
the case Ny > N7 and the second inductions covers the case N < N; < N2, o = % The goal now is to
use induction to cover the case N < Ny, all the way to o = 1. The arguments here are similar to those
for the second induction presented in Section 7C3. Let N{ = N», N; = N3/Ny; then N| > (N})* is
equivalent to Nj > Nz(za_l)/ ® Once we show that Lemma 3.3 holds when Ng <N; < N22, we will be
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able to extend Lemma 7.7 to the case when N2(2a—1) Jo < Nj, which in turn proves that Lemma 3.3 holds
when Nz(za_l)/ % < Ny < N2. The induction would not end until @ = 1. We finally point out that only an
induction with finite steps is involved.

To show Lemma 3.3 for a fixed €p, we may pick an € < €, and then perform the induction for € as above.

After we prove Lemma 3.3 for Ny > N21+g, we are left with the case N; < N21+g. We first use the
Holder inequality to shrink the size of the cap from N,/Nj to N21—2€ /N1, which only gives a loss of
NZCg < N;O. Then we use Lemma 3.3 in the case N1 > N21+€ again.

Thus, Lemma 3.3 holds for all the cases for our fixed €g.

7D. The high-dimension case. To handle the case d > 3, we are left with the proof of Lemma 3.5. The
proof is indeed similar to previous arguments in this section and easier. The proof relies on the linear
decoupling estimate in [Bourgain and Demeter 2015].

As mentioned earlier, applying Lemma 5.1, taking v = N»/Nj and R = N 12, we can decouple the
N>/ Nj caps into (N2 /Ny, N22/N12) plates without any loss, i.e., (7-1). However, since we are in the case
A < Ni/NZ%, indeed N?/N? < 1/(ANy), we only need a weaker version of (7-1); i.e., we only want to
decouple the N,/ N caps into (N2/N1,1/(AN7)) plates:

/lEflEleszN12 < Z/|Ef1,r1Ef2,rz|2wB]3,]- (7-33)

TL,T
Here t; are (N2/ N1, 1/(ANy)) plates as described in Lemma 5.1. Note (7-33) follows from (7-1).

Now, for each 7; fixed, we further decouple t; into (1/Ny, 1/(AN1)) plates via linear decoupling in
[Bourgain and Demeter 2015], here recalled in (1-11). Note direct application of linear decoupling in
dimension d gives us

1/2
1EfellLaqos ) Nf(N%)d/“—(d“)/s( Y NEfi 4w, 2)) . (7-34)
1 Nl

v; Ct;

However, we are able to use (1-11) when the dimension is d — 1 rather than d, because our plates
are so thin (of scale 1/(AN1) < 1/Ny), which reduces the dimension by 1. Indeed, linear decoupling
(1-11) not only works for those functions which are exactly supported in parabola P but also those which
are supported in an N~ 2 neighborhood of P. This is consistent with the uncertainty principle, since in
physical space we are of scale N2, and in frequency space any scale of Ni 2 cannot be differentiated.
Since our plates are so thin, of scale 1/(AN1) < N; 2 one could indeed view them as N 1 2 neighborhoods
of some (d—1)-dimensional parabola. To be more specific, use 1o as example, since 7, is supported at
the origin. Let ;! (72) be the pull back image of 7 to the paraboloid. The Fourier inverse transform of
E f+, is supported on 7, !(12). One can see that if we project along the x1-axis, the projection image of
7; 1(2) is the (1/(AN7))?-neighborhood of a (d —1)-dimensional paraboloid (a piece of length N»/Ny).

Now, applying (d —1)-dimensional linear decoupling, we improve (7-34) into

1/2
|EfellLacos ) S N;(zv%)(“—“/“—(d*““( Y NEfill}ag, 2)) , (7-35)
i Ny

v; Ct;

where v; are (1/N1, 1/(AN1)) plates.
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Finally, similarly to the derivation of (6-4), we decouple v; into caps of radius 1/(ANy),

2
LR L] B S LY § (7-36)
N i

1 0; Cv; N

We remark that each v; can be covered by A2~ rather than A% caps of radius 1/(AN). Plugging (7-36)
into (7-35), then plugging it into (7-33), we derive

2 1/2
d—1/2 3;(d—3)/2 2
IEAE SN2,y < A47V2NS 1‘[( 3 ||EJ;,6||Lng(wBN2)) .
1 J=1 10|=1/(AN1) !

Thus, the desired estimate for K(A, N1, N») follows.

Appendix: Sharpness of Theorems 1.1 and 1.3

The sharpness (up to N5) of Theorem 1.3 is provided by the following examples. One can also rescale
those examples to show the sharpness of Theorem 1.1.
We take
Ef = Z o2l (Ex+IEPD)
€A N,
|EI<N2/ Ny

and f» = fi(- —(1,0,...,0)). Then |Efi| is about (AN2)? at B(0, Ni/N,) in RZ*L Note that it
follows from the uncertainty principle that it is locally constant in any ball of size N1/N, and one can
easily compute | E f1(0)] ~ (AN2)<. Also note | Ef; | has periodicity around AN in all components of x
(not necessarily in ¢). The same is true for |E f5|. Thus,

IEAEf2I7 2, Z (AN2)*

N
B(O, Vl)‘(ANl)d > AstIZd—i_lsz’d_l.
2

Each cap 0; of radius 1/(AN1) contains at most one point § € A, y,. Hence [|Ef; g, ||z4(w9) <R =
NZ(ANp)24:
nf-:l( S Ef, ||,’{4(w9)) < (NP NZN, P < A% N2+ N2
16j1=1/(AN1)

This example shows that the term with de ~1/Ny is sharp for both d =2 and d > 3.
When d = 2, we consider the example when

Efi= Y AHEHEE g Y amiEstn
§€An, E€AN,
&1=1,|&|<1/N; £1=016|<1/M

| E f1] is about A in the box of height N 12 (i.e., the ¢-direction), width N; (i.e., the-x, direction) and
length (AN7)? (i.e., the x;-direction) centered at origin. | E f>| is the same size in the same box. Moreover,
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Ef1 and E f, both have periodicity around AN; in x;:

IEAEf2] 2000y 2 ANT - N1+ (AND)?-AN1 2 A7NY.

As calculated previously, || Ef; g, ”24(109) =], so
6 776
o X 1B ) $47121 SN,
16;1=1/(AN1)

This example shows that when d = 2, the term with 1/4 is sharp.
When d > 3, we consider the example with

Efi = > PATIEHERD g, > e2miExFIERD)
€A N, E1=1 §€A N, 61=0
[2,-...64)|=N2 /Ny [(52,.--.6a) SN2/ Ny

Notice that we construct the example in d > 3 differently; the support of f; is in a thin plate of radius
N>/ Nj instead of 1/ N, as in two-dimensional example.

|E f1| is about (AN2)2~1 in a box of size (N1/N2) x -+ x (N1/N2) x (N1/N2)? x (AN1)2. |E f>|
is about ()LNz)d ~1in the same box. Both Ef; and E f, have periodicity around AN; in the x,-, ...,
x4 -directions:

d+1
_ N _ _ _
IEAEf|220, 2 AND* D) AN)2AN)4™! 2 A543 N2d+2 N3d—5
L2 (we) N,
and

o X 150 Bagun) S AN 0] S A2 232
[0;1=1/(AN1)

This example shows that when d > 3, the term with de =3 /A is sharp.
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We provide a quantitative study of nonnegative solutions to nonlinear diffusion equations of porous medium-
type of the form d,u + Lu™ =0, m > 1, where the operator £ belongs to a general class of linear operators,
and the equation is posed in a bounded domain  C R". As possible operators we include the three most com-
mon definitions of the fractional Laplacian in a bounded domain with zero Dirichlet conditions, and also a
number of other nonlocal versions. In particular, £ can be a fractional power of a uniformly elliptic operator
with C! coefficients. Since the nonlinearity is given by u™ with m > 1, the equation is degenerate parabolic.

The basic well-posedness theory for this class of equations was recently developed by Bonforte and
Viazquez (2015, 2016). Here we address the regularity theory: decay and positivity, boundary behavior, Har-
nack inequalities, interior and boundary regularity, and asymptotic behavior. All this is done in a quantitative
way, based on sharp a priori estimates. Although our focus is on the fractional models, our results cover
also the local case when £ is a uniformly elliptic operator, and provide new estimates even in this setting.

A surprising aspect discovered in this paper is the possible presence of nonmatching powers for the
long-time boundary behavior. More precisely, when £ = (—A)° is a spectral power of the Dirichlet
Laplacian inside a smooth domain, we can prove that

e when 2s > 1 — 1/m, for large times all solutions behave as dist'/™ near the boundary;

e when 2s < 1 — 1/m, different solutions may exhibit different boundary behavior.
This unexpected phenomenon is a completely new feature of the nonlocal nonlinear structure of this model,
and it is not present in the semilinear elliptic equation Lu™ = u.
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1. Introduction

In this paper we address the question of obtaining a priori estimates, positivity, boundary behavior,
Harnack inequalities, and regularity for a suitable class of weak solutions of nonlinear nonlocal diffusion
equations of the form

du+LF(u)=0 posedin Q = (0, 0c0) x €2, (1-1)

where @ C RY is a bounded domain with C!! boundary, N > 2,! and £ is a linear operator representing
diffusion of local or nonlocal type, the prototype example being the fractional Laplacian (the class of
admissible operators will be precisely described below). Although our arguments hold for a rather general
class of nonlinearities F' : R — R, for the sake of simplicity we shall focus on the model case F (1) = u™
with m > 1.

The use of nonlocal operators in diffusion equations reflects the need to model the presence of long-
distance effects not included in evolution driven by the Laplace operator, and this is well documented in
the literature. The physical motivation and relevance of the nonlinear diffusion models with nonlocal
operators has been mentioned in many references; see for instance [Athanasopoulos and Caffarelli 2010;
Bonforte and Vazquez 2014; 2015; de Pablo et al. 2011; 2012; Vazquez 2014b]. Because u usually
represents a density, all data and solutions are supposed to be nonnegative. Since the problem is posed in
a bounded domain, we need boundary or external conditions that we assume to be of Dirichlet type.

This kind of problem has been extensively studied when £ = —A and F(u) =u™, m > 1, in which case
the equation becomes the classical porous medium equation [Vazquez 2004; 2007; Dahlberg and Kenig
1988; Daskalopoulos and Kenig 2007]. Here, we are interested in treating nonlocal diffusion operators,
in particular fractional Laplacian operators. Note that, since we are working on a bounded domain, the
concept of fractional Laplacian operator admits several nonequivalent versions, the best known being the
restricted fractional Laplacian (RFL), the spectral fractional Laplacian (SFL), and the censored fractional
Laplacian (CFL); see Section 2A for more details. We use these names because they already appeared in
some previous works [Bonforte et al. 2015; Bonforte and Vazquez 2016], but we point out that the RFL
is usually known as the standard fractional Laplacian, or plainly fractional Laplacian, and the CFL is
often called the regional fractional Laplacian.

The case of the SFL operator with F(u) = u™, m > 1, was already studied by the first and third
authors in [Bonforte and Vazquez 2015; 2016]. In particular, in [Bonforte and Vazquez 2016] the authors
presented a rather abstract setting where they were able to treat not only the usual fractional Laplacians
but also a large number of variants that will be listed below for the reader’s convenience. Besides, rather
general increasing nonlinearities F were allowed. The basic questions of existence and uniqueness of
suitable solutions for this problem were solved in [Bonforte and Vazquez 2016] in the class of “weak dual
solutions”, an extension of the concept of solution introduced in [Bonforte and Vazquez 2015] that has
proved to be quite flexible and efficient. A number of a priori estimates (absolute bounds and smoothing
effects) were also derived in that generality.

10ur results work also in dimension N = 1 if the fractional exponent (that we shall introduce later) belongs to the range
O<s< % The interval % < s < 1 requires some minor modifications that we prefer to avoid in this paper.
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Since these basic facts are settled, here we focus our attention on the finer aspects of the theory, mainly
sharp boundary estimates and decay estimates. Such upper and lower bounds will be formulated in
terms of the first eigenfunction ®; of £, which under our assumptions will satisfy & =< dist(-, Q)"
for a certain characteristic power y € (0, 1] that depends on the particular operator we consider. Typical
values are y =s (SFL), y =1 (RFL),and y = s — % for s > % (CFL); see Sections 2A and 10A. As a
consequence, we get various kinds of local and global Harnack-type inequalities.

It is worth mentioning that some of the boundary estimates that we obtain for the parabolic case are
essentially elliptic in nature. The study of this issue for stationary problems is done in a companion paper
[Bonforte et al. 2017b]. This has the advantage that many arguments are clearer, since the parabolic
problem is more complicated than the elliptic one. Clarifying such differences is one of the main
contributions of our present work.

Thanks to these results, in the last part of the paper we are able to prove both interior and boundary
regularity, and to find the large-time asymptotic behavior of solutions.

Let us indicate here some notation of general use. The symbol co will always denote +o00. Given a, b,
we use the notation a < b whenever there exist universal constants ¢y, ¢; > O such that cob <a < c;b.
We also use the symbols a vV b = max{a, b} and a A b = min{a, b}. We will always consider bounded
domains © with boundary of class C2 In the paper we use the short form “solution” to mean “weak dual
solution”, unless differently stated.

1A. Presentation of the results on sharp boundary behavior. A basic principle in the paper is that
the sharp boundary estimates depend not only on £ but also on the behavior of the nonlinearity F (u)
near ¥ =0, i.e., in our case, on the exponent m > 1. The elliptic analysis performed in the companion
paper [Bonforte et al. 2017b] combined with some standard arguments will allow us to prove that, in all
cases, u(t) approaches the separate-variable solution ¢/ (x, t) = t /=1 §(x) in the sense that

[/ Du(e, ) — S|l 22 0, (1-2)

where S is the solution of the elliptic problem (see Theorems 3.2 and 7.1). The behavior of the profile
S(x) is shown to be, when 2sm # y (m — 1),
S(x) = &, ()" o= min{l, 2s—m} (1-3)
y(m—1)
Thus, the behavior strongly depends on the new parameter o, more precisely, on whether this parameter is
equal to 1 or less than 1. As we shall see later, o encodes the interplay between the “elliptic scaling power”

2s/(m — 1), the “eigenfunction power” y, and the “nonlinearity power” m. When 2sm = y(m — 1) we
have o = 1, but a logarithmic correction appears:

S(x) = @10 (1 + | log @1 () /D, (1-4)
« This fact and the results in [Bonforte et al. 2017a] prompted us to look for estimates of the form

7" (x0) 7" (xo)
CO(t)W Su(t’x())SCltl/(Tl) for all ¢ >O, XOEQ, (1-5)



948 MATTEO BONFORTE, ALESSIO FIGALLI aND JUAN LUIS VAZQUEZ

where co(t) and c; are positive and independent of u, eventually with a logarithmic term appearing
when 2sm = y(m — 1), as in (1-4). We will prove in this paper that the upper bound holds for the three
mentioned fractional Laplacian choices, and indeed for the whole class of integrodifferential operators
we will introduce below; see Theorem 4.1. Also, separate-variable solutions saturate the upper bound.

The issue of the validity of a lower bound as in (1-5) is instead much more elusive. A first indication
for this is the introduction of a function cy(#) depending on 7, instead of a constant. This seems to reflect
the fact that the solution may take some time to reach the boundary behavior that is expected to hold
uniformly for large times. Indeed, recall that in the classical PME [Aronson and Peletier 1981; Vazquez
2004; 2007], for data supported away from the boundary, some “waiting time” is needed for the support
to reach the boundary.

» As proved in [Bonforte et al. 2017a], the stated lower bound holds for the RFL with co(#) ~ (1 At)m/m=1),
In particular, in this nonlocal setting, infinite speed of propagation holds. Here, we show that this holds
also for the CFL and a number of other operators; see Theorem 5.2. Note that for the RFL and the CFL
we have 2sm > y (m — 1), in particular o = 1, which simplifies formula (1-5).

A combination of an upper and a lower bound with matching behavior (with respect to x and ¢) will be
called a global Harnack principle, and holds for all t > 0 for these operators; see Theorems 6.1 and 6.2.

o When £ is the SFL, we shall see that the lower bound may fail. Of course, solutions by separation of
variables satisfy the matching estimates in (1-5), eventually with an extra logarithmic term in the limit
case, as in (1-4), but it came as a complete surprise to us that for the SFL the situation is not the same for
“small” initial data. More precisely:

(i) We can prove that the following bounds always hold for all times:

£\ @1 (xo) o7/ (xy)
Co(l/\—*) /1) Su(l,xo)fcltl/(Tl)

(1-6)

(when 2sm = y (m — 1), a logarithmic correction (1 + | log & (x))V/m=D appears in the right-hand side);
see Theorem 5.1. These are nonmatching estimates.

(i) For 2sm > y (m — 1), the sharp estimate (1-5) holds for any nonnegative nontrivial solution for large
times t > t,; see Theorem 5.3.

(iii) Anomalous boundary behavior. Consider now the SFL with o < 1 (resp. 2sm =y (m — 1)).2 In this
case we can find initial data for which the upper bound in (1-6) is not sharp. Depending on the initial
data, there are several possible rates for the long-time behavior near the boundary. More precisely:

(a) When ug < A®;, we have u(r) < F(1)®," < ®7" (resp. @, < /" (14| log ®])/™=D) for

all times; see Theorem 5.4. In particular
ut.x) ; u(t, x) . -
im ———— = resp. lim m e (1-7)
x—32 O1(x) x—>3Q O (x)/™(1+ |log P1(x)|)
for any ¢ > 0.

2Since for the SFL y=1,wehaveo < lifandonlyif 0 <s <54 :=(m—1)/2m) < % Note that s, — 0 as we tend to the
linear case m = 1, so this exceptional regime does not appear for linear diffusions, both fractional and standard.
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(b) When ugy < AQD}_Z‘?/V, we have u(r) < F(t)CDi_ZY/y for small times; see Theorem 4.4. Notice that
when o < 1 we have always 1 — 2s/y > o/m. This sets a limitation on the improvement of the
lower bound, which is confirmed by another result: in Theorem 5.5 we show that lower bounds of
the form u(7T', x) > k ®{ (x) for data uo(x) < AP (x) are possible only fora > 1 —2s/y.

(c) On the other hand, for “large” initial data, Theorem 6.2 shows that the desired matching estimates
from above and below hold.

After discovering this strange boundary behavior, we looked for numerical confirmation. In Section 9
we will explain the numerical results obtained in [Cusimano et al. 2017]. Note that, if one looks for
universal bounds independent of the initial condition, Figures 2-3 below seem to suggest that the bounds
provided by (1-6) are optimal for all times and all operators.

o The current interest in more general types of nonlocal operators led us to a more general analysis where
the just-explained alternative has been extended to a wide class of integrodifferential operators, subject only
to a list of properties that we call (A1), (A2), (L1), (L2), (K2), (K4); a number of examples are explained
in Section 2. These general classes appear also in the study of the elliptic problem [Bonforte et al. 2017b].

1B. Asymptotic behavior and regularity. Our quantitative lower and upper estimates admit formulations
as local or global Harnack inequalities. They are used at the end of the paper to settle two important
issues.

Sharp asymptotic behavior. Exploiting the techniques in [Bonforte et al. 2015], we can prove a sharp
asymptotic behavior for our nonnegative and nontrivial solutions when the upper and lower bounds have
matching powers. Such sharp results hold true for a quite general class of local and nonlocal operators. A
detailed account is given in Section 7.

Regularity. By a variant of the techniques used in [Bonforte et al. 2017a], we can show interior Holder
regularity. In addition, if the kernel of the operator satisfies some suitable continuity assumptions, we
show that solutions are classical in the interior and are Holder continuous up to the boundary if the upper
and lower bounds have matching powers. We refer to Section 8 for details.

2. General class of operators and their kernels

The interest of the theory developed here lies both in the sharpness of the results and in the wide range of
applicability. We have just mentioned the most relevant examples appearing in the literature, and more are
listed at the end of this section. Actually, our theory applies to a general class of operators with definite
assumptions, and this is what we want to explain now.

Let us present the properties that have to be assumed on the class of admissible operators. Some of
them already appeared in [Bonforte and Vazquez 2016]. However, to further develop our theory, more
hypotheses need to be introduced. In particular, while the paper above only uses the properties of the
Green function, here we shall make some assumptions also on the kernel of £ (whenever it exists). Note
that assumptions on the kernel K of £ are needed for the positivity results, because we need to distinguish
between the local and nonlocal cases. The study of the kernel K is performed in Section 10.
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For convenience of reference, the list of used assumptions is (A1), (A2), (K2), (K4), (L1), (L2). The
first three are assumed in all operators £ that we use.

e Basic assumptions on L. The linear operator £ : dom(L) C L'(Q) — L1(Q) is assumed to be densely
defined and sub-Markovian; more precisely, it satisfies(A1)and(A2)below:

(A1) L is m-accretive on L' ();
(A2) IfO< f<1thenO<e " f <1.

Under these assumptions, in [Bonforte and Vazquez 2016], the first and third authors proved existence,
uniqueness, weighted estimates, and smoothing effects.

o Assumptions on the kernel. Whenever L is defined in terms of a kernel K (x, y) via the formula

£ =PV [ (F0) = FO) K dy,
R
assumption (L1) states that there exists kg > 0 such that
inf K(x,y)>kgq>0. (L1)
x,yER
‘We note that condition holds both for the RFL and the CFL; see Section 2A.
Whenever £ is defined in terms of a kernel K (x, y) and a zero-order term via the formula
Lf(x)= P-V-/N(f(X) —f) K(x,y)dy+ Bx) f(x),
R
assumption (L2) states that
K (x,y) > co8"(x)8"(y), c¢o>0, and B(x) >0, (L2)

where, from now on, we adopt the notation §(x) := dist(x, 0€2). This condition is satisfied by the SFL in
a stronger form; see Section 10 and Lemma 10.1.

o Assumptions on £~ In order to prove our quantitative estimates, we need to be more specific about the
operator £. Besides satisfying(A1)and (A2), we will assume that it has a left-inverse £ : L' (Q) — L1(Q)
that can be represented by a kernel G (the letter “G” standing for Green function) as

L1 = /Q G(x. y) £ () dy,

where G satisfies the following assumption for some s € (0, 1]: there exist constants y € (0, 1] and
co.9, c1,q > 0 such that, for a.e. x, y € ,

c0.087()8(y) < G(x, y) < — 2 ( — “)(MAI) (2

Tl = yIVEE N x =yl lx —yl¥
(Here and below we use the labels (K2) and (K4) to be consistent with the notation in [Bonforte and
Vazquez 2016].) Hypothesis (K2) introduces an exponent y which is a characteristic of the operator and
will play a big role in the results. Notice that defining an inverse operator £~ ! implies that we are taking into
account the Dirichlet boundary conditions. See more details in Section 2 of [Bonforte and Vazquez 2016].
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The lower bound in (K2) is weaker than the known bounds on the Green function for many examples
under consideration; indeed, the following stronger estimate holds in many cases:

Gl y) = — ( 87 Al)( ) Al). (K4)

|x — y[N=25 \ |x — y|” lx —y|”

Remarks. (i) The labels (A1), (A2), (K1), (K2), (K4) are consistent with the notation in [Bonforte and
Vazquez 2016]. The label (K3) was used to mean hypothesis (K2) written in terms of ®; instead of §7.

(i) In the classical local case £L = —A, the Green function G satisfies (K4) only when N > 3, as the
formulas slightly change when N =1, 2. In the fractional case s € (0, 1) the same problem arises when
N=1lands e [% 1). Hence, treating also these cases would require a slightly different analysis based
on different but related assumptions on G. Since our approach is very general, we expect it to work also
in these remaining cases without any major difficulties. However, to simplify the presentation, from now
on we assume that

either N>2andse€(0,1) or N=1landse (O, %)

The role of the first eigenfunction of L. We showed in [Bonforte et al. 2017b] that, under assumption (K1),
the operator £ is compact, has a discrete spectrum, and has a first nonnegative bounded eigenfunction ®;
assuming also (K2), we have

@ (x) =< 87 (x) =dist(x, Q)" forall x € Q. (2-1)

Hence, @ encodes the parameter y that takes care of describing the boundary behavior. We recall that
we are assuming that the boundary of € is smooth enough, for instance C''.

Remark. We note that our assumptions allow us to cover all the examples of operators described in
Sections 2A and 10A.

2A. Main examples of operators and properties. When working in the whole R, the fractional Lapla-
cian admits different definitions that can be shown to be all equivalent. On the other hand, when we
deal with bounded domains, there are at least three different operators in the literature, which we call the
restricted (RFL), the spectral (SFL) and the censored fractional Laplacian (CFL). We will show below
that these different operators exhibit quite different behaviors, so the distinction between them has to be
taken into account. Let us present the statement and results for the three model cases, and we refer to
Section 10A for further examples. Here, we collect the sharp results about the boundary behavior, namely
the global Harnack inequalities from Theorems 6.1, 6.2, and 6.3.

The parameters y and o. The strong difference between the various operators L is reflected in the
different boundary behavior of their nonnegative solutions. We will often use the exponent y, which
represents the boundary behavior of the first eigenfunction ®; =< dist( -, dQ2)?; see [Bonforte et al. 2017b].
Both in the parabolic theory of this paper and the elliptic theory of [Bonforte et al. 2017b] the parameter
o =min{l, 2sm/(y (m — 1))} introduced in (1-3) plays a big role.
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2A1. The RFL. We define the fractional Laplacian operator acting on a bounded domain by using the
integral representation on the whole space in terms of a hypersingular kernel; namely

g(x)—g(2)

N |x — z|N+2s Z 22)

(—Agn)°g(x) = ey PV. fR

where cy s > 0 is a normalization constant, and we “restrict” the operator to functions that are zero outside
2. We denote such operator by £ = (—A|q)*, and call it the restricted fractional Laplacian® (RFL). The
initial and boundary conditions associated to the fractional diffusion equation (1-1) are u(¢, x) =0 in
(0, 00) x RV \  and u(0, - ) = uo. As explained in [Bonforte et al. 2015], such boundary conditions can
also be understood via the Caffarelli-Silvestre extension [2007]. The sharp expression of the boundary
behavior for the RFL was investigated in [Ros-Oton and Serra 2014]. We refer to [Bonforte et al. 2015]
for a careful construction of the RFL in the framework of fractional Sobolev spaces, and [Blumenthal and
Getoor 1960] for a probabilistic interpretation.

This operator satisfies the assumptions (A1), (A2), (L1), and also (K2) and (K4) with y =5 < 1. Let
us present our results in this case. Note that we have o = 1 for all 0 < s < 1, and Theorem 6.1 shows the
sharp boundary behavior for all times; namely for all # > 0 and a.e. x € Q we have

£\ dist(x, 9620/  dist(x, 99)*/"
(in dist(x, 5)°/" dist(x, 92" (2-3)
*

ey = U x) Sk e

The critical time ¢, is given by a weighted L! norm; namely

—(m—=1)

Ly 1= K*HMOHLED @)’
1

where k., > 0 is a universal constant. Moreover, solutions are classical in the interior and we prove sharp
Holder continuity up to the boundary. These regularity results were first obtained in [Bonforte et al.
2017a]; we give here different proofs valid in the more general setting of this paper. See Section 8 for
further details.

2A2. The SFL. Starting from the classical Dirichlet Laplacian Ay on the domain €2, the so-called
spectral definition of the fractional power of Ag may be defined via a formula in terms of the semigroup
associated to the Laplacian; namely

1 © d K,
(—A)'gx) = ) /0 (e'2%g(x) _g(x))ﬁ = ZX,S gj ¢j(x), (2-4)
j=1
where (A, ¢;), j = 1,2, ..., is the normalized spectral sequence of the standard Dirichlet Laplacian

ong, g = fQ g(x)¢;(x)dx, and ||@;lL2() = 1. We denote this operator by £ = (—Ag)*, and call it the
spectral fractional Laplacian (SFL) as in [Cabré and Tan 2010]. The initial and boundary conditions
associated to the fractional diffusion equation (1-1) are u(f, x) = 0 on (0, co) x 32 and u(0, - ) = uy.

31In the literature this is often called the fractional Laplacian on domains, but this simpler name may be confusing when the
spectral fractional Laplacian is also considered; see [Bonforte and Vazquez 2015]. As discussed in this paper, there are other
natural versions.
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Such boundary conditions can also be understood via the Caffarelli-Silvestre extension; see [Bonforte
et al. 2015]. Following ideas of [Song and Vondracek 2003], we use the fact that this operator admits a
kernel representation,

(—A@)’g(x) =cn,s P-V-/ [g(x) — g(2)]K (x, z) dz + B(x)g(x), (2-5)
Q

where K is a singular and compactly supported kernel, which degenerates at the boundary, and B =
dist(-, 32)~2 (see [Song and Vondra¢ek 2003] or Lemma 10.1 for further details). This operator satisfies
the assumptions (A1), (A2), (L2), and also (K2) and (K4) with y = 1. Therefore, o can be less than 1,
depending on the values of s and m.

As we shall see, in our parabolic setting, the degeneracy of the kernel is responsible for a peculiar
change of the boundary behavior of the solutions (with respect to the previous case) for small and large
times. Here, the lower bounds change both for short and large times, and they strongly depend on o
and on ug: we called this phenomenon anomalous boundary behavior in Section 1A. More precisely,
Theorem 6.3 shows that for all # > 0 and all x € Q2 we have

£\ =D dist(x, 99) _ dist(x, 9)°/m
k1A — <u(t,x) <k

) 1/ m=1) = £1/(m=1) (2-6)

(when 2sm = y(m — 1), a logarithmic correction (1 + |log ®;(x)|)!/"~D appears in the right-hand
side). Such lower behavior is somehow minimal, in the sense that it holds in all cases. The basic
asymptotic result (see (1-2) or Theorem 7.1) suggests that the lower bound in (2-6) could be improved
by replacing dist(x, $2) with dist(x, 3$2)°/™, at least for large times. This is shown to be true for o = 1
(see Theorem 5.3), but it is false for 0 < 1 (see Theorem 5.4), since there are “small” solutions with
nonmatching boundary behavior for all times; see (1-7).

It is interesting that, in this case, one can appreciate the interplay between the “elliptic scaling power”
2s/(m — 1) related to the invariance of the equation £S™ = S under the scaling S(x) — A=2/m=D g (rx),
the “eigenfunction power” y = 1, and the “nonlinearity power” m, made clear through the parameter
o/m. Also in this case, thanks to the strict positivity in the interior, we can show interior space-time
regularity of solutions, as well as sharp boundary Holder regularity for large times whenever upper and
lower bounds match.

2A3. The CFL. In the simplest case, the infinitesimal operator of the censored stochastic processes has

the form
g(x) —g(y)

Q | X — y|N +2s
This operator was introduced in [Bogdan et al. 2003] (see also [Chen et al. 2010] and [Bonforte and
Vazquez 2016] for further details and references).

In thiscase y =5 — % < 2s; hence o = 1 for all % < s < 1, and Theorem 6.1 shows that for all > 0

Lg(x) =PV. dy, withf<s<l. (2-7)

and x € Q2 we have

at m/m=1) Qist(x, §Q)6—1/2/m - _ - dist(x, Q) =1/2/m
KVIA = $1/(m=1) = ult,x) <k t1/(m—1)

*
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Again, we have interior space-time regularity of solutions, as well as sharp boundary Holder regularity
for all times.

2A4. Other examples. There a number of examples to which our theory applies, besides the RFL, CFL
and SFL, since they satisfy the list of assumptions listed in the previous section. Some are listed in the
last Section 10; see more detail in [Bonforte and Vazquez 2016].

3. Reminders about weak dual solutions

We denote by Lg] (€2) the weighted L? space L” (€2, & dx), endowed with the norm

L/p
||f||LgI(Q) = <f9 | f )P D (x) dx) .

Weak dual solutions: existence and uniqueness. We recall the definition of weak dual solutions used in
[Bonforte and Vazquez 2016]. This is expressed in terms of the inverse operator £~!, and encodes the
Dirichlet boundary condition. This is needed to build a theory of bounded nonnegative unique solutions
to (1-1) under the assumptions of the previous section. Note that in [Bonforte and Véazquez 2016] we
used the setup with the weight 6 = dist(-, d€2)?, but the same arguments generalize immediately to the
weight @; indeed under assumption (K2), these two setups are equivalent.

Definition 3.1. A function u is a weak dual solution to the Dirichlet problem for (1-1) in (0, co) x € if:

e« 1€ C((0,00) : Ly () and u™ € L'((0, 00) : Ly, (R)).

f /Elu—dxdt—/ /uml/fdxdt=0 3-D
0o Jo ot 0o Jo

holds for every test function i such that ¥/ ®; € CC1 ((0, 00) : L*°(2)).

 The identity

o A weak dual solution to the Cauchy-Dirichlet problem (CDP) is a weak dual solution to the homo-
geneous Dirichlet problem for (1-1) such that u € C([0, c0) : L}Dl (2)) and u(0, x) = up € L}Dl (2).

This kind of solution was first introduced in [Bonforte and Vazquez 2015]; see also [Bonforte and
Vazquez 2016]. Roughly speaking, we are considering the weak solution to the “dual equation” 0,U = —u™,
where U = £~ 'u, posed on the bounded domain  with homogeneous Dirichlet conditions. Such a weak
solution is obtained by approximation from below as the limit of the unique mild solution provided by
the semigroup theory [Bonforte and Vizquez 2016], and it was used in [Vazquez 2014a] with space
domain RY in the study of Barenblatt solutions. We call those solutions minimal weak dual solutions, and
it has been proven in Theorems 4.4 and 4.5 of [Bonforte and Vazquez 2016] that such solutions exist and
are unique for any nonnegative data ug € Libl (£2). The class of weak dual solutions includes the classes
of weak, mild and strong solutions, and is included in the class of very weak solutions. In this class of

solutions the standard comparison result holds.
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Explicit solution. When trying to understand the behavior of positive solutions with general nonnegative
data, it is natural to look for solutions obtained by separation of variables. These are given by

Ur(t,x):= (T +0)"Y"Dsx), T>0, (3-2)

where S solves the elliptic problem
LS =S8 1in (0, +00) x 2, (3-3)
S=0 on the boundary.

The properties of S have been thoroughly studied in the companion paper [Bonforte et al. 2017b], and we

summarize them here for the reader’s convenience.

Theorem 3.2 (properties of asymptotic profiles). Assume that L satisfies (A1), (A2), and (K2). Then
there exists a unique positive solution S to the Dirichlet problem (3-3) with m > 1. Moreover, let ¢ be as

in (1-3), and assume that

o cither o =1 and 2sm # y(m — 1);
e oro < 1 and (K4) holds.

Then there exist positive constants co and c| such that the following sharp absolute bounds hold true for
all x € Q:
@1 ()7 < S(x) < 1 @1 (07, (3-4)

When 2sm = y (m — 1) then, assuming (K4), for all x € Q we have
co®1 ()" (14 log @1 ()" ™™D < S(x) < e1®1(x)"/" (1 4 [Tog @1 (x)"/ ™. (3-5)

Remark. As observed in the proof of Theorem 7.2, by applying Theorem 6.1 to the separate-variables
solution ¢~/ =D §(x) we deduce that (3-4) is still true when o < 1 if, instead of assuming (K4), we
suppose that

K(x,y) <erle =y~

for a.e. x, y € R¥and that &, € C?(RQ).

When T =0, the solution U in (3-2) is commonly named “friendly giant”, because it takes initial data
ug = +o0 (in the sense of a pointwise limit as ¢ — 0) but is bounded for all # > 0. This term was coined
in the study of the standard porous medium equation.

In Sections 4 and 5 we will state and prove our general results concerning upper and lower bounds
respectively. These sections are the crux of this paper. The combination of such upper and lower bounds
will then be summarized in Section 6. Consequences of these results in terms of asymptotic behavior and
regularity estimates will be studied in Sections 7 and 8 respectively.

4. Upper boundary estimates

We present a general upper bound that holds under the sole assumptions (A1), (A2), and (K2), and hence
is valid for all our examples.
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Theorem 4.1 (absolute boundary estimates). Let (Al), (A2), and (K2) hold. Let u > 0 be a weak
dual solution to the CDP corresponding to ugy € L<]1>1 (2), and let o be as in (1-3). Then, there exists a
computable constant k| > 0, depending only on N, s, m, and 2, such that for all t > 0 and all x € Q

ki :q)l(xo)a/m if v #2sm/(m —1),
V=D @ (x) /™ (1 + [Tog @1 (x) V"D if y =2sm/(m —1).

u(t, x) < @-1)

This absolute bound proves a strong regularization which is independent of the initial datum. It
improves the absolute bound in [Bonforte and Vazquez 2016] in the sense that it exhibits a precise
boundary behavior. The estimate gives the correct behavior for the solutions Uy in (3-2) obtained by
separation of variables; see Theorem 3.2. It turns out that the estimate will be sharp for all nonnegative,
nontrivial solutions in the case of the RFL and the CFL. We will also see below that the estimate is
not always the correct behavior for the SFL when data are small, as explained in the Introduction (see
Section 4A, and Theorem 5.4 in Section 5).

Proof of Theorem 4.1. This subsection is devoted to the proof of Theorem 4.1. The first steps are based
on a few basic results of [Bonforte and Vazquez 2016] that will also be used in the rest of the paper.
Step 1: pointwise and absolute upper estimates.

Pointwise estimates. We begin by recalling the basic pointwise estimates which are crucial in the proof
of all the upper and lower bounds of this paper.

Proposition 4.2 [Bonforte and Vazquez 2015; 2016]. It holds that

/ u(t, x)G(x, xg)dx < / uo(x)G(x, xg)dx forallt > 0. (4-2)
Q Q
Moreover, for every 0 < to < t; <t and almost every xy € 2, we have
g/ m=D gm/(m=1)
m m
ti"/(Tl)(tl — o) u” (fo, xo) < /Q[M(lo, x) —u(ty, x)]G(x, x0) dx < (m — l)t(;/(Tl) u(t, xo). (4-3)

Absolute upper bounds. Using the estimates above, in Theorem 5.2 of [Bonforte and Vizquez 2016] the
authors proved that solutions corresponding to initial data ug € L<11>1 (2) satisfy

K;
lu@) L) < P} forall 7 > 0, (4-4)

with a constant K| independent of ug. For this reason, this is called “absolute bound”.

Step 2: upper bounds via Green function estimates. The proof of Theorem 4.1 requires the following
general statement; see [Bonforte et al. 2017b, Proposition 6.5]:

Lemma 4.3. Let (A1), (A2), and (K2) hold, and let v : Q — R be a nonnegative bounded function. Let o
be as in (1-3), and assume that, for a.e. xy € €2,

v(xg)" < KO/ v(x)G(x, xo) dx. (4-5)
Q
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Then, there exists a constant ko > 0, depending only on s, y, m, N, 2, such that the following bound
holds true for a.e. xy € Q2

D (x0)° if y #2sm/(m—1),

4-6
@1 (x0)(1+ |log @1 (xo)|™ ™Dy if y =2sm/(m — 1). -0

/ v(x)G(x, xg)dx < Eoolcé/(mfl) {
Q

Step 3: end of the proof of Theorem 4.1. We already know that u(z) € L>°(2) for all r > 0 by (4-4).
Also, choosing t; = 2ty in (4-3) we deduce that, for > 0 and a.e. xg € 2,

om/(m=1)
u™(t, x0) < 7/ u(t, x)G(x, xo) dx. (4-7)
Q

The above inequality corresponds exactly to hypothesis (4-5) of Lemma 4.3 with the value ko =2"/"—D¢ =1,
As a consequence, inequality (4-6) holds, and we conclude that for a.e. xo € Q and all r > 0

Koo 2 =17 (@) (x0)° if y #2 ~1
/u(nx)@(x,xo)dxs"“— 1(x0) o Tygasmim=l), g
0 (=D | @4 (o) (14 log @1 (o) /") if y =2sm /(m—1).
Hence, combining this bound with (4-7), we get
m o 1 —
/=D | @ (x0) (1 + | log D1 (x0) [/~ D) if y =2sm/(m —1).
This proves the upper bounds (4-1) and concludes the proof. O

4A. Upper bounds for small data and small times. As mentioned in the Introduction, the above upper
bounds may not be realistic when o < 1. We have the following estimate for small times if the initial
data are sufficiently small.

Theorem 4.4. Let L satisfy (A1), (A2), and (L2). Suppose also that L has a first eigenfunction ®| =<
dist(x, 0Q2)?, and assume that o < 1. Finally, we assume that for all x, y € Q

1 Dy (x) @(y) —2s/
K(x,y) < |x—y|N+2S<|x—y|V Al)(m/\l) and B(x) <c1®(x)"7, (4-9)

Let u > 0 be a weak dual solution to the CDP corresponding to ug € L}D] (R2). Then, for every initial data
ug < ACID%_ZS/V for some A > 0, we have

ch—Zs/y

1
u(t) < ! = on [0, T4], where Ty .= ——,
(Al—m —Ct)m_l CAm—l

and the constant C > 0, that depends only on N, s, m, Ay, c1, and S2.

Remark. This result applies to the SFL. Notice that when o < 1 we have always 1 —2s/y > o/m; hence
in this situation small data have a smaller behavior at the boundary than the one predicted in Theorem 4.1.
This is not true for “big” data, for instance for solutions obtained by separation of variables, as already said.
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Proof. In view of our assumption on the initial datum, namely uy < ACD}_ZY/ ¥, by comparison it is enough
to prove that the function

i(t,x) = F()®; ()", F@t)= - :
(Al—m _ Ct)m—l

is a supersolution (i.e., d;u > —Lu™) in (0, T4) x 2 provided we choose c sufficiently large.
To this aim, we use the following elementary inequality, whose proof is left to the interested reader:
for any n > 1 and any M > O there exists b = b(M) > 0 such that letting 7 := n A 2

a'"—b" <nb" Ya—b)+bla—b|" foral0<a,b<M. (4-10)

We apply inequality (4-10) to a = ®(y) and b = ©(x), n =m(1 —2s/y), noticing that n > 1 if and
only if 0 < 1, and we obtain (recall that @, is bounded)

1" (t, y) — @™ (t, x) = F(6)"(®1(»)" "2/ — @y (x)"172) = F ()" (@1()" — ©1(x)")
<N F@O)"®1(x)" '[®1(y) — @1 (x)]+b F1)"|®1(y) — Dy (x)]"
< F@)" 01 (x)" ' [@1(y) — @1(0)]+b F ()" cll|x — y|7,

where in the last step we have used that |®(y) — ®(x)| < ¢, |x — y|”. Since B < c1d>1_2s/y,

/RN[‘DI(” — @1 IK (1, 3) dy = —£&1 () + BB (¥) < —h1 @1 (x) + 1By (1) 277,

Thus, recalling that n, > 1 and that ®; is bounded, it follows that
—L[u"](x) = /RN [a™ (t, y) —u"™(t, x)]1K (x, y) dy + B(x)u" (¢, x)

<N F@)"®1(x)" 2@ (x) + 1@y (x) 7377]

+B(X)F ()" ®](x)+bc} F(t)’"/RN Ix — " K (x, y)dy

< 5F(r>m(<1>1<x>“s/y +/RN x =y K (x, y) dy). (4-11)

Next, we claim that, as a consequence of (4-9),
[ =K ) dy i)' (+12)

Postponing for the moment the proof of the above inequality, we first show how to conclude: combining
(4-11) and (4-12) we have

—La" < csF(0)"@1(x)' T = () @1 (0)' 72 = .,

where we used that F/(¢) = ¢csF (t)’h provided C= cs(m — 1). This proves that u is a supersolution in
(0, T) x 2. Hence the proof is concluded once we prove inequality (4-12); for this, using hypothesis
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(4-9) and choosing r = @ 1(x)'” we have
1

. 1
Ry e [ s dy b a i) —dy
/RN B (x) [x — y|NF2s=iy Q\B,(x) X — y|NF2s+y=iy
iy — Dy (x) 1
<cr'™” 2S+Cl ——————dy
r® Jos. ) 1x — y|NFr—iy
-~ D (x
= cor T e 12(5 ) <cp®y (),
r
where we used that 7y —2s > 0 and 1 > 1. O

Remark. For operators for which the previous assumptions hold with B = 0, we can actually prove a
better upper bound for “smaller data”:

Corollary 4.5. Under the assumptions of Theorem 4.4, assume that moreover B =0 and uy < A®, for
some A > 0. Then, we have

@, 1
— on [0, Ts], whereTy .= =<
(Al—m _ Ct)m_l

u(t) < ,
CAm—l

and the constant C > 0 depends only on N, s, m, L, c1, and 2.

Proof. We have to show that u(¢, x) = F(t)®(x) is a supersolution: we essentially repeat the proof
of Theorem 4.4 with y = m (formally replace 1 — 2s/y by 1), taking into account that B = 0 and
ug < Ad;. O

5. Lower bounds

This section is devoted to the proofs of all the lower bounds summarized later in the main theorems,
Theorems 6.1, 6.2, and 6.3. The general situation is quite involved to describe, so we will separate several
cases and we will indicate for which examples it holds for the sake of clarity.

Infinite speed of propagation: universal lower bounds. First, we are going to quantitatively establish that
all nonnegative weak dual solutions of our problems are in fact positive in €2 for all ¢ > 0. This result is
valid for all nonlocal operators considered in this paper.

Theorem 5.1. Let L satisfy (Al), (A2), and (L2). Let u > 0 be a weak dual solution to the CDP
corresponding to ug € Lé,l (§2). Then there exists a constant ko > 0 such that the following inequality
holds:

m/(m—1)
t O]
) 1) forallt > 0anda.e. x € Q. (5-1)

M(t,X)EE()(l/\t— tl/(T])

%
—(m—1)

Here t, = K*””OHL}P @
1

, and the constants ky and Kk, depend only on N, s, y, m, ¢y, c1, and S2.

Notice that, for ¢ > t,, the dependence on the initial data disappears from the lower bound, as the
inequality reads as

D,
u(t) > K0 17m—Ty for all ¢ > t,,
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where k¢ is an absolute constant. Assumption (L2) on the kernel K of £ holds for all examples mentioned
in Section 10A.

Clearly, the power in this lower bound does not match the one of the general upper bounds of
Theorem 4.1; hence we cannot expect these bounds to be sharp. However, when o < 1, for small times
and small data and when B = 0, the lower bounds (5-1) match the upper bounds of Corollary 4.5; hence
they are sharp. Theorem 5.1 shows that, even in the “worst case scenario”, there is a quantitative lower
bound for all positive times, and shows infinite speed of propagation.

Matching lower bounds, I. Actually, in many cases the kernel of the nonlocal operator satisfies a stronger
property, namely inf, yeq K(x, y) > ko > 0 and B =0, in which case we can actually obtain sharp lower
bounds for all times. Here we do not consider the potential logarithmic correction that may appear in the
“critical case” 2sm = y (m — 1); indeed, as far as examples are concerned, the next theorem applies to the
RFL and the CFL, for which 2sm > y(m — 1).

Theorem 5.2. Let L satisfy (Al), (A2), and (L1). Furthermore, suppose that L has a first eigenfunction
@ < dist(-, 0R)”. Let o be as in (1-3) and assume that

e cither o = 1;
eoro <1, K(x,y)<cilx —y|" V2 forae x,y e RN and ®, € C?(Q).

Let u > 0 be a weak dual solution to the CDP corresponding to ugy € L}Dl (S2). Then there exists a constant
k1 > 0 such that the following inequality holds:

m/(m—l)q)l(x)a/m
u(t,x) >k (l A E) V=D forallt > 0anda.e. x € L, (5-2)

—(m—1)

Where t* = K*””OHL(ID (Q) .
1

The constants k. and k1 depend only on N, s, Yy, m, kq, c1, 2, and | P1 | cr ().

Remarks. (i) Asin the case of Theorem 5.1, for large times the dependence on the initial data disappears
from the lower bound and we have absolute lower bounds.

(i1) The boundary behavior is sharp when 2sm # y (m — 1) in view of the upper bound from Theorem 4.1.

(iii) This theorem applies to the RFL and the CFL, but not to the SFL (or, more generally, spectral powers
of elliptic operators); see Sections 2A and 2. In the case of the RFL, this result was obtained in
Theorem 1 of [Bonforte et al. 2017a].

We have already seen the example of the separate-variables solutions (3-2) that have a very definite
behavior at the boundary d€2. The analysis of general solutions leads to completely different situations
foro=1ando < 1.

Matching lower bounds, I1: The case o = 1. When o = 1 we can establish a quantitative lower bound
near the boundary that matches the separate-variables behavior for large times (except in the case
2sm = y (m — 1) where the result is false, see Theorem 5.4 below). We do not need the assumption of
nondegenerate kernel, so the SFL can be considered.
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Theorem 5.3. Let (A1), (A2), and (K2) hold, and let 0 = 1. Let u > 0 be a weak dual solution to the
CDP corresponding to ugy € lel (R2). There exists a constant ko > 0 such that

®; (x)l/m

> 7
u(t,x) = K> D)

forallt > t, and a.e. x € Q2. (5-3)

—(m—1)

L@ and the constants k, and k, depend only on N, s, y, m, and S2.
RS

Here, t, = Kk ||luo||

Remarks. (i) At first sight, this theorem may seem weaker than the previous positivity result. However,
this result has wider applicability since it holds under the only assumption (K2) on G. In particular
it is valid in the local case s = 1, where the finite speed of propagation makes it impossible to have
global lower bounds for small times.

(i) When £ = — A the result has been proven in [Aronson and Peletier 1981; Vazquez 2004] by quite
different methods. On the other hand, our method is very general and immediately applies to the
case when £ is an elliptic operator with C! coefficients; see Section 10A.

(iii) This result fixes a small error in Theorem 7.1 of [Bonforte and Vazquez 2015], where the power o
was not present.

The anomalous lower bounds with small data. As shown in Theorem 5.1, the lower bound u(z) 2 ®; is
always valid. We now discuss the possibility of improving this bound.

Let S solve the elliptic problem (3-3). It follows by comparison whenever ug > €pS with €y > 0 then
u(t) > S/(To+ 1)/ where T, = eé_m. Since § < QDT/m under (K4) (up to a possible logarithmic
correction in the critical case, see Theorem 3.2), there are initial data for which the lower behavior
is dictated by ®;(x)°/"t=1/=D_ More generally, as we shall see in Theorem 7.1, given any initial
datum ug € Lé)l (Q) the function v(z, x) := ¢/~ Dy (¢, x) always converges to S in L®(2) as t — o9,
independently of the value of o. Hence, one may conjecture that there should exist a waiting time ¢, > 0
after which the lower behavior is dictated by ®1(x)°/"¢~1/("=D in analogy with what happens for the
classical porous medium equation. As we shall see, this is actually false when o < 1 or 2sm =y (m — 1).
Since for large times v(¢, x) must look like S(x) in uniform norm away from the boundary (by the interior
regularity that we will prove later), the contrasting situation for large times could be described as a
“dolphin’s head” with the “snout” flatter than the “forehead”. As t — oo the forehead progressively fills
the whole domain.

The next result shows that, in general, we cannot hope to prove that u(¢) is larger than CD}/ " In
particular, when o < 1 or 2sm = y (m — 1), this shows that the behavior u(¢) < S cannot hold.

Theorem 5.4. Let (Al), (A2), and (K2) hold, and u > 0 be a weak dual solution to the CDP corresponding
to a nonnegative initial datum ug € Lé,l (). Assume that ug(x) < Co®1(x) a.e. in Q for some Cy > 0.
Then there exists a constant kK, depending only N, s, v, m, and , such that

u(t, x)™ < Cok

forallt > 0anda.e. x € Q.

Dy(x)
t
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In particular, if o <1 (resp. 2sm = y(m — 1)), then

u(t, x)
m ——F
x—3Q O (X)U/m

[7
=0 (resp. lim uit, x)

=0 t>0.
x—>09Q (bl(x)l/m(l+|10gq)1(x)|)1/(m—1) ) fOrCll’ly >

The proposition above could make one wonder whether the sharp general lower bound could be given
by CID}/ ™ as in the case o = 1. Recall that, under rather minimal assumptions on the kernel K associated
to £, we have a universal lower bound for u(¢) in terms of ®; (see Theorem 5.1). Here we shall see that,
under (K4), the bound u(¢) 2, CD}/m is false for o < 1.

Theorem 5.5. Let (A1), (A2), and (K4) hold, and let u > 0 be a weak dual solution to the CDP
corresponding to a nonnegative initial datum uy < Co®; for some Cy > 0. Assume that there exist
constants k, T, @ > 0 such that

u(T,x) > kd{(x) fora.e x€Q.
Then o > 1 —2s/y. In particular ¢ > 1/m if o < 1.
We devote the rest of this section to the proof of the above results, and to this end we collect in the

first two subsections some preliminary lower bounds and results about approximate solutions.

5A. Lower bounds for weighted norms. Here we prove some useful lower bounds for weighted norms,
which follow from the L!-continuity for ordered solutions in the version proved in Proposition 8.1 of
[Bonforte and Vazquez 2016].

Lemma 5.6 (backward-in-time Libl lower bounds). Let u be a solution to the CDP corresponding to the
initial datum ug € L}Dl (2). For all

1
0O<t<t<To+— (5-4)
1/(259,) m—1
QRVEDu@}g,
we have
%f u(ro,x><1>1<x>dxs/ u(t, x)®; (x) dx, (5-5)
Q Q

where ¥, :=1/[2s + (N +y)(m — 1)] and K>0isa computable constant.

Proof. We recall the inequality of Proposition 8.1 of [Bonforte and Vizquez 2016], adapted to our case:
forall 0 < 1y < 7, t we have

f u(z, )@ (x) dx < / u(t, )@ (x) dx + K o) I, "o e — 227 (5-6)
Q Q Lo, (D)
Choosing t = 1 in the above inequality, we get
25(m—1)»
[1 = Kollueo)lly) i)™ 16 = 70l*""] / (70, )1 (x) dx < f ut, @ ) dx. (57)
1 Q Q
Then (5-5) follows from (5-4). O

We also need a lower bound for Lgl (€2) norms.
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Lemma 5.7. Let u be a solution to the CDP corresponding to the initial datum ug € LED] (R2). Then the
following lower bound holds true for any t € [0, t,] and p > 1:

p
cz</ uo(x)CI>1(x)dx> 5/ uf (t, x)®;(x) dx. (5-8)
Q Q

—(m-1)

Lh @ where ¢y, ¢, > 0 are positive constants that depend only on N, s, m, p, Q.

Here t, = cy||luo|

The proof of this lemma is an easy adaptation of the proof of Lemma 2.2 of [Bonforte et al. 2017a], so
we skip it. Notice that c, has explicit form given in [Bonforte and Vazquez 2015; 2016; Bonforte et al.
2017a], while the form of ¢, is given in the proof of Lemma 2.2 of [Bonforte et al. 2017a].

5B. Approximate solutions. To prove our lower bounds, we will need a special class of approximate
solutions us. We will list now the necessary details. In the case when L is the restricted fractional
Laplacian (RFL), see Section 10A, these solutions have been used in Appendix II of [Bonforte et al.
2017a], where complete proofs can be found; the proof there holds also for the operators considered here.
The interested reader can easily adapt the proofs in that paper to the current case.

Let us fix § > 0 and consider the problem

ovs = —L[(vs +8)™ —8™] for any (¢, x) € (0, 00) X L,

vs(t, x) =0 for any (¢, x) € (0, 00) x (RN \ Q), (5-9)
v5(0, x) = up(x) for any x € Q.
Next, we define
us :=vs+96.

We summarize here the basic properties of us.
Approximate solutions us exist, are unique, and bounded for all (¢, x) € (0, o0) x Q whenever
0<upe L<11>1 (2). Also, they are uniformly positive: for any ¢ > 0,

us(t,x)>36>0 forae. x e Q. (5-10)

This implies that the equation for u;s is never degenerate in the interior, so solutions are as smooth as the
linear parabolic theory with the kernel K allows them to be (in particular, in the case of the fractional
Laplacian, they are C™ in space and C! in time). Also, by a comparison principle, for all § > 8’ > 0,

us(t,x)>ug(,x) forallt>0anda.e. x €, (5-11)

us(t,x)>u(,x) forallt>0anda.e.xeQ. (5-12)
Furthermore, they converge in L}Dl (2)tou as 6 — 0:
llus(2) — u(t)IIng)1 @ = llus(0) — uoIILgb1 @ = SIPillLie)- (5-13)

As a consequence of (5-11) and (5-13), we deduce that us converges pointwise to # at almost every point:
more precisely, for all # > 0,

u(t,x) = 3linol+ us(t,x) forae. x € Q. (5-14)
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5C. Proof of Theorem 5.1. The proof consists in showing that
u(t,x) > u(t, x) :=kot®i(x)

for all ¢ € [0, t,] and a.e. x € 2, where the parameter ko > O will be fixed later. Note that, once the
inequality u > u on [0, t.] is proved, we conclude as follows: since ¢ — ¢1/(m=1) u(t, x) is nondecreasing
int > 0 for a.e. x € Q [Bonforte and Vazquez 2016, (2.3)], we have

1/(m—1) 1/(m—1)
u(t, x) > (7> u(ty, x) > ko z*(7) ®,(x) foralls>t,.

Then, the result will follow k¢ = kot /(m=1) (note that, as we shall see below, kot, /m=1 can be chosen
independently of ug). Hence, we are left with proving that u > u on [0, #,].

Step 1: reduction to an approximate problem. Let us fix § > 0 and consider the approximate solutions u
constructed in Section 5SB. We shall prove that us > u on [0, #,] x €2, so that the result will follow by the
arbitrariness of §.

Step 2: We claim that u(¢, x) < us(¢, x) for all 0 < < ¢, and x € Q, for a suitable choice of k¢ > O.
Assume that the inequality u < ug is false in [0, #,] X Q, and let (7., x.) be the first contact point between u
and us. Since us =& > 0 =u on the lateral boundary, (¢, x.) € (0, t.] x 2. Now, since (7., x.) € (0, £,] x
is the first contact point, we necessarily have

us(te, xc) = u(te, x.) and us(t,x) >u(t,x) foralltel0,z], x € Q. (5-15)

Thus, as a consequence,
Orus(te, xc) < Oru(te, x0) = ko®1(xc). (5-16)

Next, we observe the following Kato-type inequality holds: for any nonnegative function f,
L™y =mf" L. (5-17)

Indeed, by convexity, f(x)" — f(y)™ <m[f(x)]" ' (f(x) — f(y)); therefore
L) (x) = fRN[f(X)’" — "1 K (x,y)dy + B(x) f(x)"
<m[f(x)]""! /RN[f(X) — fWIK(x,y)dy + B(x) f (x)"

=m[f ()"} ( /R L@ = FONK &, y)dy+ B(x)f(x)) — (m = 1)B(x) f(x)"
<m[f)I" ' Lf(x).

As a consequence of (5-17), since #. < t, and P, is bounded,
L@, x) <mu™ " L) = mlkot ®1(x)]" ™" kot L(P1) (x)
=mhi[kot @1 (x)]" < K1 (tiko)™ Py (x). (5-18)
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Then, using (5-16) and (5-18), we establish an upper bound for —L(uf§' — u™)(t, x.) as follows:
_E[u? —u"|(te, Xc) = us(te, xo) + LU™) (e, xc) < ko [1 +K1t>£nk(r)n71]d>l(xc)- (5-19)

Next, we want to prove lower bounds for —L(uf§' — ™ )(t., x.), and this is the point where the nonlocality
of the operator enters, since we make essential use of hypothesis (L2). We recall that by (5-15) we have
uf' (te, xc) = u™ (1, x.), so that assumption (L2) gives

_['[Mgl - L_tm](tc» Xe) = _'C[ugm - ’;tm](tc» Xe) + B(xc)[”?(to Xe) — ’L‘m (te, x0)]

- [RN [(uf (1, xe) — uf (te, ) — W (e, x0) — u" (e, ¥)) | K (xc, y) dy
:/Q[”:sn(tm)’)_lim(tc,y)]K(xc,y)dy

> COCDI(XC)/ [uf (te, y) —u™ (te, Y)1P1(y) dy,
Q

from which it follows (since u™ = [kot P (x)]" < ko (t:ko)™)
—Llug —u™](te, xc) > 00<I>1(xc)/ ug (te, y)@1(y) dy — Co<1>1(xc)/ u" (te, y)®1(y) dy.
Q Q

e (xc)/ ug (fe, y)P1(y) dy — co®i (xe )3 (ko)™ (5-20)
Q

Combining the upper and lower bounds (5-19) and (5-20) we obtain

Coq>1(xc)/ uf (te, )1 (y) dy < ko [1+ ey +re3)e'ky ' 11 (xe). (5-21)
Q

Hence, recalling (5-8), we get

" k
C2</ uo(X)<1>1(X)dX) 5/u?(tc,y)dh(y)dys£[1+(K1+K3)tfk6”_l].
Q Q

—(m—=1)

Since 1, = K*I|M0||L3D @
1

, this yields
k
cokem/ =D gmm/m=1) < C—O [1+ () +K3)lfk8171],
0

which gives the desired contradiction provided we choose kg so that kg := kots /m=1) g universally

small. O

5D. Proof of Theorem 5.2. The proof proceeds along the lines of the proof of Theorem 5.1, so we will
just briefly mention the common parts.
We want to show that
u(t, x) =Kot ®1(x)°'™, (5-22)

is a lower barrier for our problem on [0, ,] x 2 provided kg is small enough. More precisely, as in the
proof of Theorem 5.1, we aim to prove that u < us on [0, ¢,] x €2, as the lower bound for ¢ > ¢, then
follows by monotonicity.
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Assume by contradiction that the inequality u (¢, x) < us(t, x) is false inside [0, #,] x Q. Since u < us on
the parabolic boundary, letting (#., x.) be the first contact point, we necessarily have (z., x.) € (0, #,] x Q.
The desired contradiction will be obtained by combining the upper and lower bounds (which we prove
below) for the quantity —L[uf' — u™](%, x.), and then choosing «y > 0 suitably small. In this direction,
it is convenient in what follows to assume that

Ko < 1 AL™m=D gothat w1 < 1. (5-23)
Upper bound. We first establish the following upper bound: there exists a constant A > 0 such that
_‘C[“? - l;tm](tm Xe) < Orus(te, xc) + ‘Cl;tm (te, xc) < AKO- (5-24)

To prove this, we estimate d,us(%;, x.) and Lu™(¢., x.) separately. First we notice that, since (s, x3) is
the first contact point, we have

us(ts, xs) = u(ts, x5) and us(t,x) >u(t,x) foralltel0,1], x € Q. (5-25)

Hence, since t5 < t,,

Oyus (15, X5) < Byu(ts, x5) = ko®1(x)"/™ < ko ||q’1||i£onzg) = Aiko, (5-26)
where we defined A; := || D, ||E£O"ZQ). Next we estimate Lu™ (., x.), using the Kato-type inequality (5-17);

namely £[u™] < mu™"'Lu. This implies
Llu™(t, x) <mu™ (2, x) Lu(t, x) = m(ko )" D1 (x)" """ LT (x)

-1
< mko t)" @111 1) " 1L lILe(@) = Aako. (5-27)

Since K(’)"*l ty' <1, see (5-23), in order to prove that A; is finite it is enough to bound || LD ||Lx (). When

o =1 we simply have L& = —X;Py; hence Ay < mA|| D, ||i;l(ézn;. When o < 1, we use the assumption

®; € C7 () to estimate
| DT (x) — DT ()| < [P1(x) — D1 (y)|” <Clx—y["? forallx,ye Q. (5-28)

Hence, since yo = 2sm/(m — 1) > 2s and K (x, y) < c1]x — y|" V29, we see that

|ILPT (x)] =

/R 70— ST OIK . V) dy’

sf |x—y|y"1<(x,y)dy+cn<1>1||imm>f Iy|mVF29) dy < oo;
Q [R{N\Bl

hence A, is again finite. Combining (5-26) and (5-27), we obtain (5-24) with A=A+ A,.
Lower bound. We want to prove that there exists A > 0 such that

KQ

—L[ul — ™) (1, Xe) > ———
N T

/Q ug (tc, Y)@1(y) dy — Axo. (5-29)
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This follows by (L1) and (5-25):

_‘C[“? - l;tm](tm Xe) = _/

RN[(M?OC’ Xe) — usm(tc» y) — (’le(tw Xe) — l;tm(tc’ Y))]K(X» y)dy

— /Q W e ¥) — " (1, Y)IK Cx, y) dy

zgg/f%KMy)—EW&»Mdy
Q

KQ m _
> ——— | uj (tc, y)®1(y) dy — Axo, (5-30)
[P1llL=2) Ja

where in the last step we used that u” (., y) = [K()l‘CDT/m NI < Kka(koty)™ and K(’)"_]t;" < 1; see (5-23).

End of the proof. The contradiction can be now obtained by joining the upper and lower bounds (5-24)
and (5-29). More precisely, we have proved

(A + Ao := kKo,

P1]lL=0
/u?(rc,ym(y)dy < 11~
Q KQ

which combined with the lower bound (5-8) yields

Cz</guo(X)<I>1(X)dX> S/Quis"(tc,y)cbl(y)dyskko.

Setting «o := (1 A ca/ic)ts ™ ™, we obtain the desired contradiction. O
SE. Proof of Theorem 5.3. We first recall the upper pointwise estimates (4-3): forall 0 <7y <t <t
and a.e. xg € 2, we have

m/(m—1)
f u(ty, x)G(x, xg) dx —/ u(ty, x)G(x, xo)dx < (m — l)m u™(t, xp). (5-31)
Q Q Z‘O

The proof follows by estimating the two integrals on the left-hand side separately.
We begin by using the upper bounds (4-8) to get

)
/ u(ty, x)G(x, xg)dx < E% for all (¢1, x) € (0, +00) x Q. (5-32)
Q L

Then we note that, as a consequence of (K2) and Lemma 5.6,

/ (0, ) G(x, x0) dx > ka1 (xp) / (0, ))1(x) dr > L (xo) / wo® () dx (5-33)
Q Q Q

provided 7y < to/||u0||'L"1_1(Q). Combining (5-31), (5-32), and (5-33), for all # > #; > #p > 0 we obtain
@

1/(m—1)
Ly

_ —1/(m—1)) D1 (x0)

m 1
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Choosing
70 Ky . KQ m-l
tOIZTft]IZt*ZT with K« ZToV | ——
luoll? !, ol 4z
¢ ¢
so that 2k o |luoll; 1 L lleeoll; 1 the result follows O
2kalltollLy @ —K7 Z kelluollLy (@) :

5F. Proofs of Theorems 5.4 and 5.5.
Proof of Theorem 5.4. Since ug < Co®; and LP = AP, we have

C
/ up(x) G(x, xo) dx < Co/ @1 (x)G(x, x0) dx = CoL™' @ (x0) = k—oq’l(xo)-
Q Q 1
Since t —~ fQ u(t, y)G(x, y)dy is decreasing, see (4-2), it follows that
C
/ u(t, y)G(xg, y)dy < )\—OCI)l (x¢9) forall ¢t >0. (5-34)
Q 1

Combining this estimate with (4-7) concludes the proof. O

Proof of Theorem 5.5. Given xg € R, set Ry := dist(xg, €2). Since G(x, xp) = |x — xo|~ V=29 inside
BRgy/2(x0) by (K4), using our assumption on u(7) we get

/ G(x, xo)u(T, x) dx Z/ 5 2 ®1(x0) Ry’
Q Brypa(xo) 1X — X0V
Recalling that & (xp) =< Rg , this yields
@1 (x0) T2 S / G(x, xo)u(T, x) dx.
Q

Combining the above inequality with (5-34) gives

D (x0)* " < ®y(xg) forall xg € Q,

which implies

a>1— 2—S
14
Noticing that 1 —2s/y > 1/m if and only if o < 1, this concludes the proof. (Il

6. Summary of the general decay and boundary results

We now present a summary of the main results, which can be summarized in various forms of upper
and lower bounds, which we call the global Harnack principle, GHP for short. As already mentioned,
such inequalities are important for regularity issues (see Section 8), and they play a fundamental role
in formulating the sharp asymptotic behavior (see Section 7). The proof of such a GHP is obtained by
combining upper and lower bounds, stated and proved in Sections 4 and 5 respectively. There are cases
when the bounds do not match, for which the complicated panorama described in the Introduction holds. As
explained before, as far as examples are concerned, the latter anomalous situation happens only for the SFL.
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Theorem 6.1 (global Harnack principle I). Let L satisfy (A1), (A2), (K2), and (L1). Furthermore, suppose
that L has a first eigenfunction ® < dist(-, 0Q2)Y. Let o be as in (1-3) and assume that 2sm # y (m — 1)
and

e cithero =1
coro <1, K(x,y)<cilx —y|"¥*2 fora.e. x,y € RN, and &, € C" (Q).

Let u > 0 be a weak dual solution to the CDP corresponding to ug € Llpl (2). Then, there exist constants
K, kK > 0 such that the following inequality holds:
t m/(m—1) cbl(x)a/m @1()6)0/’”
()

- < < jg—_—
= = U X) Sk e

; forallt >0, x € Q. (6-1)

The constants k, k depend only on N, s, y, m, c1, kg, Q, and | ®1]|cr ().
Proof. We combine the upper bound (4-1) with the lower bound (5-2). The expression of ¢, is explicitly
given in Theorem 5.2. 0

Degenerate kernels. When the kernel K vanishes on 9€2, there are two combinations of upper/lower
bounds that provide Harnack inequalities, one for small times and one for large times. As we have already
seen, there is a strong difference between the cases 0 =1 and o < 1.

Theorem 6.2 (global Harnack principle II). Let (Al), (A2), and (K2) hold. Let u > 0 be a weak dual
solution to the CDP corresponding to ug € Libl (R2). Assume that

e either o =1 and 2sm # y(m — 1);
e oro <1, ugp> godf]’/m for some ko > 0, and (K4) holds.
Then there exist constants k, k > 0 such that the following inequality holds:

P (x)7/™ P (x)7/™

el A o) -
K /=1 = u(t,x) <k D) forallt >t,, x € Q.

If 2sm =y (m — 1), assuming (K4) and that ug > ko®1(1 4 | log D, |)1/(’”*1)f0r some ko > 0, then for
allt > t, and all x € Q

Dy (x)/m
K=

_ Dy (x)l/m

* ,U(Tl)(l + [log @ (x))"/ =D,

(1+[log @1 (X)) < u(r, x) <

The constants k, k depend only on N, s, y, m, kg, kg, and S2.

Proof. In the case 0 = 1, we combine the upper bound (4-1) with the lower bound (5-3). The expression
of ¢, is explicitly given in Theorem 5.3. When o < 1, the upper bound is still given by (4-1), while the
lower bound follows by comparison with the solution S(x) (ks ™" +£)~"/""=1, recalling that S < cI>‘1’/ "
(see Theorem 3.2). O

Remark. Local Harnack inequalities of elliptic/backward type follow as a consequence of Theorems 6.1
and 6.2, for all times and for large times respectively, see Theorem 8.2.
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Note that, for small times, we cannot find matching powers for a global Harnack inequality (except
for some special initial data), and such a result is actually false for s = 1 (in view of the finite speed of
propagation). Hence, in the remaining cases, we have only the following general result.

Theorem 6.3 (nonmatching upper and lower bounds). Let L satisfy (A1), (A2), (K2), and (L2). Let u >0
be a weak dual solution to the CDP corresponding to ug € Llpl (2). Then, there exist constants k, k > 0
such that the following inequality holds when 2sm # y (m — 1):
< r)’"“’"‘“ @1 (x) _ @i (x0)7/m
K

— < < g7
1A u(t,x) <k D)

; l»l/(Tl) =< for all t > 0, x € Q. (6-2)
*

When 2sm =y (m — 1), a logarithmic correction (1 + |log ®1(x)|)!/=V appears in the right-hand side.

Proof. We combine the upper bound (4-1) with the lower bound (5-1). The expression of t, is explicitly
given in Theorem 5.1. U

Remark. As already mentioned in the Introduction, in the nonmatching case, which in examples can
only happen for spectral-type operators, we have the appearance of an anomalous behavior of solutions
corresponding to “small data”: it happens for all times when o < 1 or 2sm = y(m — 1), and it can
eventually happen for short times when o = 1.

7. Asymptotic behavior

An important application of the global Harnack inequalities of the previous section concerns the sharp
asymptotic behavior of solutions. More precisely, we first show that for large times all solutions behave
like the separate-variables solution U (¢, x) = S(x) t~1/m=1 introduced at the end of Section 3. Then,
whenever the GHP holds, we can improve this result to an estimate in relative error.

Theorem 7.1 (asymptotic behavior). Assume that L satisfies (Al), (A2), and (K2), and let S be as in
Theorem 3.2. Let u be any weak dual solution to the CDP. Then, unless u = 0,

I/ Du e, ) — S|l (@) =22 0. (7-1)

Proof. The proof uses rescaling and time monotonicity arguments, and it is a simple adaptation of the
proof of Theorem 2.3 of [Bonforte et al. 2015]. In those arguments, the interior C{ (£2) continuity is
needed to improve the L' (Q) convergence to L®(£2), but the interior Holder continuity is guaranteed by
Theorem 8.1(1) below. O

We now exploit the GHP to get a stronger result.

Theorem 7.2 (sharp asymptotic behavior). Under the assumptions of Theorem 7.1, assume that u # 0.

Furthermore, suppose that either the assumptions of Theorem 6.1 or of Theorem 6.2 hold. Set U(t, x) :=
—(m—1)

t~ V=D §(x). Then there exists co > 0 such that, for all t >t := c0||u0||LI @ e have
@
u(t, - 2 t
) < 2 b (72)
U, -) L (9) m—1ty+t

We remark that the constant co > 0 only depends on N, s, vy, m, ko, kg, and 2.
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Remark. This asymptotic result is sharp, as it can be checked by considering u (¢, x) =U( + 1, x). For
the classical case, that is £ = A, we recover the classical results of [Aronson and Peletier 1981; Vazquez
2004] with a different proof.

Proof. Notice that we are in the position to use Theorem 6.1 or 6.2; namely we have
ut) <t Vm=Dg—y@t,.) forallr>t,,

where the last equivalence follows by Theorem 3.2. Hence, we can rewrite the bounds above saying that
there exist «, ¥ > 0 such that

S(x) _ S(x)
Ktl/(Tl)S u(t’x)SKtl/(Tl) for alltzt* and a.e. x € Q2. (7-3)
—(m—1)

Since t, = /<*||u0||le @
1

, the first inequality implies

S
<k < u(ty)
(ty +19)V/m=D) == (L/m=1) i

—(m—1)

for some 1o = colluoll;, "
1

> t.. Hence, by the comparison principle,

(t +1o) /=1 < u(t) forallt>t,.

On the other hand, it follows by (7-3) that u(, x) <Uz (¢, x) := S(x)(t —T)~/=D for all t > T provided
T is large enough. If we now start to reduce T, the comparison principle combined with the upper bound

(4-1) shows that u can never touch U7 from below in (7', 00) x 2. Hence we can reduce 7 until T = 0,
proving that u < Ujy; for an alternative proof, see Lemma 5.4 in [Bonforte et al. 2015]. Since #y > ¢,, this

shows that S(x) S(x)

X X

W < u(t,x) < =D for all # > 79 and a.e. x € Q2.
Therefore
1/(m—1)
t, 1 2 1
‘ _M( x) 51_(1_ 0 ) p— 0 for all t > tg and a.e. x € €2,
U, x) to+1t m—1ty+t

as desired. =

8. Regularity results

In order to obtain the regularity results, we basically require the validity of a global Harnack principle,
namely Theorem 6.1, 6.2, or 6.3, depending on the situation under study. For some higher-regularity
results, we will eventually need some extra assumptions on the kernels. For simplicity we assume that £ is
described by a kernel, without any lower-order term. However, it is clear that the presence of lower-order
terms does not play any role in the interior regularity.

Theorem 8.1 (interior regularity). Assume that

Lfx)= P-V-/RN(f(X) — fONK(x, y)dy + B(x) f(x),
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with
K@, ) =<|x—=yT™2) in By (x0) €,  Kx,y) S|x—y"V 2 in RN\ By, (x0).

Let u be a nonnegative bounded weak dual solution to the CDP on (Ty, T1) x 2, and assume that there
exist 5, M > 0 such that

0<dé<u(t,x) forae. (t,x)e (Ty,T1) X By (xg),
O<u(t,x)<M forae. (t,x)e (T, T1) x Q2.

(1) Then u is Holder continuous in the interior. More precisely, there exists o > 0 such that, for all
0< TO < T2 < T],

el cerzsa gy 71y B (o) = € (8-

(ii) Assume in addition |K (x, y) — K(x', y)| < c|x — x'|P |y|_(N+23)f0r some 3 € (0, 1 A2s) such that
B + 2s is not an integer. Then u is a classical solution in the interior. More precisely, for all
0< T() < T2 < Tl,

el ooy, 1y ooy = € (8-2)

The constants in the above regularity estimates depend on the solution only through the upper and
lower bounds on u. These bounds can be made quantitative by means of local Harnack inequalities, of
elliptic and forward type, which follow from the global ones.

Theorem 8.2 (local Harnack inequalities of elliptic/backward type). Under the assumptions of Theorem 6.1,
there exists a constant H > 0, depending only on N, s, y, m, c1, kg, 2, such that for all balls Bg(xo)
such that Byg(xg) C Q

-~

H
sup u(t,x) < inf  wu(t,x orallt > 0. 8-3
xeBRI()xO) ( ) (1 /\t/t*)m/(m—l) x€Bg(x0) ( ) f ( )

Moreover, forall t > 0 and all h > 0 we have

. h ¢ —m1/(m—1)
sup u(t,x)fH[(l—i—;)(l/\—) } inf  u(t+h, x). (8-4)

XEBR()C()) t* XEBR(X())

Proof. Recalling (6-1), the bound (8-3) follows easily from the following Harnack inequality for the first
eigenfunction, see for instance [Bonforte et al. 2017b]:
sup ®1(x) < Hny,yo inf O1(x).
X€BR(x0) xX€BR(x0)
Since u(t,x) < (1 + h/t)"/"=Dy(t + h, x), by the time monotonicity of ¢ > t1/"=D y (¢, x), (8-4)
follows. O

Remark. The same result holds for large times ¢ > t, as a consequence of Theorem 6.2. Already in the
local case s = 1, these Harnack inequalities are stronger than the known two-sided inequalities valid for
solutions to the Dirichlet problem for the classical porous medium equation, see [Aronson and Caffarelli
1983; Daskalopoulos and Kenig 2007; DiBenedetto 1988; 1993; DiBenedetto et al. 2012], which are
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of forward type and are often stated in terms of the so-called intrinsic geometry. Note that elliptic and
backward Harnack-type inequalities usually occur in the fast diffusion range m < 1 [Bonforte et al. 2012;
Bonforte and Vazquez 2006; 2010; 2014], or for linear equations in bounded domains [Fabes et al. 1986;
Safonov and Yuan 1999].

For sharp boundary regularity we need a GHP with matching powers, like Theorems 6.1 or 6.2, and
when s > y /2, we can also prove Holder regularity up to the boundary. We leave to the interested reader
to check that the presence of an extra term B(x)u" (¢, x) with 0 < B(x) < ¢ dist(x, Q)™ (as in the
SFL) does not affect the validity of the next result. Indeed, when considering the scaling in (8-6), the
lower term scales as §ru’," with 0 < §r < ¢y inside the unit ball B;.

Theorem 8.3 (Holder continuity up to the boundary). Under assumptions of Theorem 8.1(i1), assume
in addition that 2s > y. Then u is Holder continuous up to the boundary. More precisely, for all
0 < Ty < T < T there exists a constant C > 0 such that

. 1
lullymozim g, 1iyxgy <€ with ¥ :=2s — y(l — n_1>' (8-5)

Remark. Since we have u(t, x) < ®;(x)"/™ < dist(x, 3Q)?/™ (note that 2s > y implies that o = 1 and
that 2sm # y (m — 1)), the spacial Holder exponent is sharp, while the Holder exponent in time is the
natural one by scaling.

8A. Proof of interior regularity. The strategy to prove Theorem 8.1 follows the lines of [Bonforte et al.
2017a] but with some modifications. The basic idea is that, because u is bounded away from zero and
infinity, the equation is nondegenerate and we can use parabolic regularity for nonlocal equations to
obtain the results. More precisely, interior Holder regularity will follow by applying C f{ )/Czs,a estimates of
[Felsinger and Kassmann 2013] for a “localized” linear problem. Once Holder regularity is established,
under a Holder continuity assumption on the kernel we can use the Schauder estimates proved in [Dong
and Zhang 2016] to conclude.

8A1. Localization of the problem. Up to a rescaling, we can assume r =2, Tp =0, T} = 1. Also, by a
standard covering argument, it is enough to prove the results with 7, = %

Take a cutoff function p € C2°(B4) such that p =1 on B3 and n € C2°(B>) a cutoff function such that
n =1 on By, and define v = pu. By construction u = v on (0, 1) x Bs. Since p = 1 on B3, we can write
the equation for v on the small cylinder (0, 1) x Bj as

ov(t, x) = =L"](t, x) +g(t, x) = —L,v(t, x) + f (£, x) +g(t, x),

where
Ly[v](t, x) := /RN(v(t, x)—v(t, y)a(t,x,y)K(x,y)dy,

a9y = Iy (1= y)

1
=mn(x — y)/o [(1—A)v(t, x) +rv(t, )" dA+[1—n(x — )],
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[, x) = fRN\B ( )(v”’(t, x) =" (t, y) = v(t, x) + v(t, )1 —n(x — y)IK (x, y)dy,

g(t,x) == —LI(1 = p"u™](t, x) = / (L= p" (y)u" (2, y)K (x, y) dy

RN\ B3

(recall that (1 — p™)u™ =0on (0, 1) x Bj).

8A2. Holder continuity in the interior. Set b := f + g, with f and g as above. It is easy to check
that, since K (x, y) < |x — y|~®*29 we have b € L*((0, 1) x By). Also, since 0 < § < u < M inside
(0, 1) x By, there exists A > 1 such that A~! < a(t, x, y) < A fora.e. (t,x,y) € (0, 1) x B; x B; with
|x — y| < 1. This guarantees that the linear operator L, is uniformly elliptic, so we can apply the results
in [Felsinger and Kassmann 2013] to ensure that

”v”Cﬁﬁ?‘“"((]/z,l)xBl/z) < C(IIbll = 0,1)x By + 101 Lo 0.1y xRN) )
for some universal exponent & > 0. This proves Theorem 8.1(i).

8A3. Classical solutions in the interior. Now that we know that u € C*/ 2S")‘((%, 1) x By)»), we repeat
the localization argument above with cutoff functions p and n supported inside (%, 1) x Bj > to ensure
that v := pu is Holder continuous in (%, 1) x RV, Then, to obtain higher regularity we argue as follows.

Set B; := min{«, B}. Thanks to the assumption on K and Theorem 8.1(i), it is easy to check that
K, (t,x,y):=al(t, x,y)K(x, y) satisfies

|Ko(t, x,9) — Ko/, X', p)| < C(Ix = x'|P1 + [t — £/|P1/2) [y |~V +29)

inside (%, 1) X By. Also, f, g € CcPi/2s.h ((%, 1) X Bl/z). This allows us to apply the Schauder estimates
from [Dong and Zhang 2016], see also [Chang-Lara and Kriventsov 2017], to obtain that

”U||c,‘j'“‘/2“’2‘+ﬂ((3/4,1)x31/4) = C(”b”cﬁf”’((1/2,1)x31/2) + ”U||cff§.2“~“((1/2,1>xRN>)'

In particular, u € C'1A1/25.25+h ((%1 1) x Bys3). In the case By = B we stop here. Otherwise we set
a1 := 2s + B and we repeat the argument above with 8, := min{o, B8} in place of . In this way, we
obtain that u € C'+P1/25:25+P1((1 =274 1) x B,-s). Iterating this procedure finitely many times, we finally
obtain

ue Cl+ﬁ/2s,23+ﬁ((1 _ 2—](’ 1) % 324{71)
for some universal k. Finally, a covering argument completes the proof of Theorem 8.1(ii).

8B. Proof of boundary regularity. The proof of Theorem 8.3 follows by scaling and interior estimates.
Notice that the assumption 2s > y implies o = 1; hence u(¢) has matching upper and lower bounds.
Given xg € €2, set r = dist(xg, d€2)/2 and define

uy(t, x) =r V" uto+r’t, xo+rx), withd:=2s— y(l — nlq) (8-6)
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Note that, because 2s > y, we have ¥ > 0. With this definition, we see that u, satisfies the equation
oy + Lou =01in 2, 1= (Q —x0)/r, where

L f(x) =P-V-/RN(f(X)—f(Y))Kr(x,y) dy, Ky (x,y):=rN"K(xo+rx, xo+ry).

Note that, since o = 1, it follows by the GHP that u(¢) =< dist(x, 9$2)7/™. Hence,
0<8<u(t,x)<M forallte[r 0Ty, r "Ti], x € By,

with constants 8, M > 0 that are independent of 7 and xo. In addition, using again that u (1) < dist(x, dQ)"/",
we see that
ur(t,x) < C(1+|x|"™y forallre[r Ty, r"T;] and x € R".

Noticing that u!" (t, x) < C(1 + |x|”) and that y < 2s by assumption, we see that the tails of u, will not
create any problem. Indeed, for any x € By,

/R s u™(t, V)K,(x, y) "N dy < C /R . Iy Iy~ N dy < Co,
2 2

where Cy is independent of 7. This means that we can localize the problem using cutoff functions as done
in Section 8A1, and the integrals defining the functions f and g will converge uniformly with respect to
xo and r. Hence, we can apply Theorem 8.1(ii) to get

eyl cr+przss+p (=071 /2.0~ T+11x By o) = € (8-7)

forall T € [Ty, T} — r~"]. Since y/m < 2s + B (because y < 2s), it follows that

lwr looqr=o 74120 T+ 11.07/m By ) < Nr llor+pr202548 (=0 741 72,00 Tyt 11 By o) = C-

Noticing that

sup [trlerimp, ) = sup [t]crim(B, o))
telr?T+1/2,r?T+1] te[T+r? /2,r 9T +r="]

and that T e [Ty, T; —r~”] and xy are arbitrary, arguing as in [Ros-Oton and Serra 2014] we deduce that,
given T, € (Tp, T1),

sup [ulcy/m@) < C. (8-8)
1e[D2,Ti]

This proves the global Holder regularity in space. To show the regularity in time, we start again from
(8-7) to get
l0:urlLoo (=2 74122 T+1)% By o) = C-
By scaling, this implies
18w ll oo (7477 /2,00 Tr215 B, (xgy) < CrV /™7,
and by the arbitrariness of T and x¢ we obtain (recall that r = dist(xg, 9€2)/2)
10;u(t, x)| < Cdist(x, 3Q)Y/™ 7 forallr € [T», T1], x € Q. (8-9)

Note that y/m — ¥ = y —2s < 0 by our assumption.
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Now, given 1y, t; € [T», T1] and x € 2, we argue as follows: if |y — #;| < dist(x, Q)Y then we use
(8-9) to get (recall that y /m — ¥ < 0)

lu(ty, x) — u(ty, x)| < Cdist(x, 3Q2)Y/™ 7 |tg —t1] < Clto — t,|"/™.

On the other hand, if |fo — #;| > dist(x, )7, then we use (8-8) and the fact that u vanishes on 92 to
obtain
lu(t1, x) = uto, X)| < lu(tr, )| + uliy, x)| < Cdist(x, dQ)"™ < Clig —n|"/™”.

This proves that u is (y /md)-Holder continuous in time, and completes the proof of Theorem 8.3. (]

9. Numerical evidence

After discovering the unexpected boundary behavior, we looked for numerical confirmation. This has
been given to us by the authors of [Cusimano et al. 2017], who exploited the analytical tools developed
in this paper to support our results by means of accurate numerical simulations. We include here some
of these simulations, courtesy of the authors. In all the figures we shall consider the spectral fractional
Laplacian, so that y = 1 (see Section 2A for more details).

We take 2 = (—1, 1), and we consider as initial datum the compactly supported function

uo(x) — 64—]/(()c—1/2)()c-‘1-1/2))Xm<1/2

appearing in the left of Figure 1. In all the other figures, the solid line represents either CID%/ " or @}_zs,

while the dotted lines represent ¢!/ =Dy (¢) for different values of ¢, where u(z) is the solution starting
from ug. These choices are motivated by Theorems 5.3 and 5.5. Since the map ¢ — V=D, x) is
nondecreasing for all x € Q2 [Bonforte and Vazquez 2016, (2.3)], the lower dotted line corresponds to an
earlier time with respect to the higher one.

0

o
15 1 05 0 05 1 15 15 15

Figure 1. On the left, the initial condition #y. On the right, the solid line represents
<I>}/ ™ and the dotted lines represent !/ ~Dy(¢) at t = 1 and ¢ = 5. The parameters are
m=2ands = %; hence o = 1. While u(¢) appears to behave as @, =< dist( -, d€2) for
very short times, already at t = 5 it exhibits the matching boundary behavior predicted
by Theorem 5.3.
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15

Figure 2. In both pictures, the solid line represents @i/ ™. On the left, the dotted lines
represent ¢'/" =Dy (¢) at t = 30 and ¢ = 150, with parameters m =4 and s = %; hence
o = 1. In this case u(t) appears to behave as @ =< dist( -, d€2) for quite some time, and
only around # = 150 it exhibits the matching boundary behavior predicted by Theorem 5.3.
On the right, the dotted lines represent ¢!/ =Dy (¢) at t = 150 and t = 600 with parameters
m=4ands = %; hence 0 = % < 1. In this case u(¢) seems to exhibit a linear boundary
behavior even after long time (this linear boundary behavior is a universal lower bound
for all times by Theorem 5.1). The second picture may lead one to conjecture that, in the
case 0 < 1 and ug < @y, the behavior u(r) =< ®; holds for all times. However, as shown
in Figure 3, there are cases when u(t) > CD}_ZS for large times.

2
5
and the solid line represents CID}_Z“. On the left, the dotted lines represent ¢!/~ Dy (1) at

t =4 and t = 25, on the right we see t =40 and ¢t = 150. Note that u(¢) < &, for short
times. Then, after some time, u(t) starts looking more like QD}_ZS , and for large times
(t = 150) it becomes much larger than CD}’%.

Figure 3. In both pictures we use the parameters m = 2 and s = %; hence o =z < 1,

Comparing Figures 2 and 3, it seems that when o < 1 there is no hope of finding a universal behavior
of solutions for large times. In particular, the bound provided by (1-6) seems to be optimal.
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10. Complements, extensions and further examples

Elliptic versus parabolic. The exceptional boundary behaviors we have found for some operators and
data came as a surprise to us, since the solution to the corresponding “elliptic setting” £S™ = S satisfies
S = CD({/ ™ (with a logarithmic correction when 2sm # y (m — 1)); hence separate-variable solutions
always satisfy (1-5) (see (3-2) and Theorem 3.2).

About the kernel of operators of the spectral type. In this section we study the properties of the kernel
of £. While in some situations £ may not have a kernel (for instance, in the local case), in other situations
that may not be so obvious from its definition. In the next lemma it is shown in particular that the SFL,
defined by (2-4), admits a representation of the form (2-5). We state hereby the precise result, mentioned
in [Abatangelo 2015] and proven in [Song and Vondracek 2003] for the SFL.

Lemma 10.1 (spectral kernels). Let s € (0, 1), and let L be the s-th spectral power of a linear elliptic
second-order operator A, and let ®| = dist(-, 0Q2)Y be the first positive eigenfunction of A. Let
H(t, x, y) be the heat kernel of A, and assume that it satisfies the following bounds: there exist constants
co, €1, ¢ > 0 such that forall 0 <t <1

2 2
Py (x) Pi(y) ek (D) O (y) e lP@n
CO( tv/2 /\1>< tv/2 Al tN/2 SH(t,x,y)fco [VT/\I /2 Al (N2

(10-1)
and
O0<H(@,x,y) <cy®1(x)®1(y) forallt>1. (10-2)
Then the operator L can be expressed in the form
Lfx)= P-V-/N(f(X) —f) K(x, y)dy + B(x)u(x) (10-3)
R
with a kernel K (x, y) supported in Q x Q satisfying
1 P (x) Q1(y) )
K(x,y) = ( /\1)( A1) and B(x) = ®(x) 2. (10-4)
[x — V2 Jx — y]” lx —yl”

The proof of this lemma follows the ideas of [Song and Vondracek 2003]; indeed assumptions of
Lemma 10.1 allow us to adapt the proof of that paper to our case with minor changes.

Method and generality. Our work is part of a current effort aimed at extending the theory of evolution
equations of parabolic type to a wide class of nonlocal operators, in particular operators with general
kernels that have been studied by various authors; see for instance [del Teso et al. 2017; de Pablo et al.
2016; Serra 2015]. Our approach is different from many others: indeed, even if the equation is nonlinear,
we concentrate on the properties of the inverse operator £~ (more precisely, on its kernel given by the
Green function G), rather than on the operator L itself. Once this setting is well-established and good linear
estimates for the Green function are available, the calculations and estimates are very general. Hence, the
method is applicable to a very large class of equations, both for elliptic and parabolic problems, as well
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as to more general nonlinearities than F'(#) = u™; see also related comments in the works [Bonforte and
Viézquez 2015; 2016; Bonforte et al. 2015].

Finite and infinite propagation. In all cases considered in the paper for s < 1 we prove that the solution
becomes strictly positive inside the domain at all positive times. This is called infinite speed of propagation,
a property that does not hold in the limit s = 1 for any m > 1 [Vazquez 2007] (in that case, finite speed
of propagation holds and a free boundary appears). Previous results on this infinite speed of propagation
can be found in [Bonforte et al. 2017a; de Pablo et al. 2012]. We recall that infinite speed of propagation
is typical of the evolution with nonlocal operators representing long-range interactions, but it is not true
for the standard porous medium equation; hence a trade-off takes place when both effects are combined.
All our models fall on the side of infinite propagation, but we recall that finite propagation holds for a
related nonlocal model called “nonlinear porous medium flow with fractional potential pressure”; see
[Caffarelli and Vazquez 2011].

The local case. Since 2sm > y(m — 1) when s = 1 (independently of m > 1), our results give a sharp
behavior in the local case after a “waiting time”. Although this is well-known for the classical porous
medium equation, our results apply also to the case of the uniformly elliptic operator in divergence form
with C! coefficients, and yield new results in this setting. Actually one can check that, even when the
coefficients are merely measurable, many of our results are still true and they provided universal upper
and lower estimates. At least to our knowledge, such general results are completely new.

10A. Further examples of operators. Here we briefly exhibit a number of examples to which our theory
applies, besides the RFL, CFL and SFL already discussed in Section 2. These include a wide class of
local and nonlocal operators. We just sketch the essential points, referring to [Bonforte and Vazquez
2016] for a more detailed exposition.

Censored fractional Laplacian (CFL) and operators with more general kernels. As already mentioned
in Section 2A, assumptions (A1), (A2), and (K2) are satisfied with y =5 — % Moreover, it follows by
[Bogdan et al. 2003; Chen et al. 2010] that we can also consider operators of the form:

Lf(x) :P.V./Q(f(x) — f(y))pca_(’;—]zi% dy, withl<s<I,

where a(x, y) is a symmetric function of class C' bounded between two positive constants. The Green
function G(x, y) of L satisfies the stronger assumption (K4); see Corollary 1.2 of [Chen et al. 2010].

Fractional operators with more general kernels. Consider integral operators of the form

Lf(x) :P.V./RN(f(x) - f(y))l)f_();—"zih dy,

where a is a measurable symmetric function, bounded between two positive constants, and satisfying

la(x, y) —a(x, V)l xx—yj<1 <clx—y|7, withO<s <o <1,
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for some ¢ > 0 (actually, one can allow even more general kernels; see [Bonforte and Vazquez 2016;
Kim and Kim 2014]). Then, for all s € (0, 1], the Green function G(x, y) of L satisfies (K4) with y =s;
see Corollary 1.4 of [Kim and Kim 2014].

Spectral powers of uniformly elliptic operators. Consider a linear operator A in divergence form,

N
A== di(a;jdp),
i,j=1
with uniformly elliptic C! coefficients. The uniform ellipticity allows one to build a self-adjoint operator
on L%(Q) with discrete spectrum (Ag, ¢r). Using the spectral theorem, we can construct the spectral
power of such operator as

L@ =A fx):i=) A fide(x), where f = fQ £ )i (x) dx
k=1

(we refer to the books [Davies 1990; 1995] for further details), and the Green function satisfies (K2) with
y = 1; see [Davies 1995, Chapter 4.6]. Then, the first eigenfunction @, is comparable to dist( -, 9€2).
Also, Lemma 10.1 applies, see for instance [Davies 1995], and allow us to get sharp upper and lower
estimates for the kernel K of £, as in (10-4).

Other examples. As explained in Section 3 of [Bonforte and Vazquez 2016], our theory may also be
applied to: (i) sums of two fractional operators; (ii) the sum of the Laplacian and a nonlocal operator
kernel; (iii) Schrédinger equations for nonsymmetric diffusions; (iv) gradient perturbation of restricted
fractional Laplacians. Finally, it is worth mentioning that our arguments readily extend to operators on
manifolds for which the required bounds hold.
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BLOW-UP OF A CRITICAL SOBOLEV NORM FOR ENERGY-SUBCRITICAL
AND ENERGY-SUPERCRITICAL WAVE EQUATIONS

THOMAS DUYCKAERTS AND JIANWEI YANG

We consider a wave equation in three space dimensions, with a power-like nonlinearity which is either
focusing or defocusing. The exponent is greater than 3 (conformally supercritical) and not equal to 5
(not energy-critical). We prove that for any radial solution which does not scatter to a linear solution,
an adapted scale-invariant Sobolev norm goes to infinity at the maximal time of existence. The proof
uses a conserved generalized energy for the radial linear wave equation, new Strichartz estimates adapted
to this generalized energy, and a bound from below of the generalized energy of any nonzero solution
outside wave cones. It relies heavily on the fact that the equation does not have any nontrivial stationary
solution. Our work yields a qualitative improvement on previous results on energy-subcritical and
energy-supercritical wave equations, with a unified proof.

1. Introduction

1A. Motivation and background. Consider the semilinear wave equation in 143 dimensions

(02 — Ayu = t|u*™u, (1-1)
with initial data
u(0,x) =uo(x), 9u(0,x) =ui(x), (1-2)

where x € R3 and ¢ € R. The parameters m > 1 and ¢ € {&1} are fixed. The equation is focusing when
t = 1 and defocusing when « = —1. It has the following scaling invariance: if u(¢, x) is a solution of
(1-1) and A > 0, then A%u()&t, Ax) is also a solution. It is well-posed in the scale-invariant Sobolev space
Hoe = H% (R3) x H* 1 (R?), where sc = 3 — L is the critical Sobolev exponent. Equation (1-1) is
energy-subcritical if s, <1 (equivalently m < 2), energy-critical if s, = 1 (m = 2) and energy-supercritical

if se > 1 (m > 2).

The dynamics of (1-1) depend in a crucial way on the value of m and the sign of .
The energy-critical case m = 2 is particular. The conserved energy

E(i(1) = 3 [ [Vute, ) dx + 5 [ (ot ) dx— 5L / 22 dy

is well-defined in 7£5¢ = H! = H! x L2 When the nonlinearity is defocusing, the conservation of the
energy implies that all solutions are bounded in #!. It was proved in the 90s that all solutions are global

The authors were partially supported by ERC advanced grant no. 291214 BLOWDISOL.
MSC2010: primary 35L71; secondary 35B40, 35B44.
Keywords: supercritical wave equation, Strichartz estimates, scattering, blow-up, profile decomposition.
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and scatter to a linear solution in the energy space, i.e., that there exists a solution uy, of the linear wave

equation
(32— A)up, =0, (¢,x) e Rx R, (1-3)
with initial data in 71, such that
im0 = (0 = 0; (1-4)

see [Grillakis 1990; 1992; Ginibre et al. 1992; Shatah and Struwe 1993; 1994; Kapitanski 1994; Ginibre
and Velo 1995; Nakanishi 1999; Bahouri and Shatah 1998]. In the focusing case, there exist solutions
that do not scatter. Indeed, there exist solutions of (1-1) that blow up in finite time with a fype I behavior;
i.e., there are solutions u such that
Jim 7@l = +oo.

where T4 (u) is the maximal time of existence of u. Furthermore, the equation also admits stationary
solutions and more generally traveling waves. It was proved in [Duyckaerts et al. 2013] that any radial
solution that does not scatter and is not a type I blow-up solution decouples asymptotically as a sum
of rescaled stationary solutions and a dispersive term. This includes global nonscattering solutions (see
[Krieger and Schlag 2007; Donninger and Krieger 2013], and also [Martel and Merle 2016; Jendrej 2016]
in higher space dimensions, for examples of such solutions) and solutions that blow up in finite time
but remain bounded in the energy space, called type II blow-up solutions (see, e.g., [Krieger et al. 2009;
Krieger and Schlag 2014a] and, in higher dimensions [Hillairet and Raphaél 2012; Jendrej 2017]).

The case m # 2 is quite different. It is known that stationary solutions do not exist in the critical Sobolev
space, even for focusing nonlinearity, see, e.g., [Joseph and Lundgren 1973; Farina 2007, Theorem 2],
and it is conjectured that any solution that does not satisfy

li (1) 5c = 1-5
HITT(M)”“()”” +00 (1-5)

is global and scatters to a linear solution for positive times. A slightly weaker version of this result was
proved in many works; namely, if the solution does not scatter, then
limsup ([ (t) [ 4sc = +00. (1-6)
t—>Ty (u)
See [Kenig and Merle 2011; Duyckaerts et al. 2014] for the radial case, m > 2, [Shen 2013; Rodriguez
2017] for the radial case, 1 <m < 2, [Killip and Visan 2011] for the defocusing nonradial case, m > 2,
[Dodson and Lawrie 2015] for the radial case, m = 1, and also [Killip et al. 2014] for the nonradial
defocusing case, 1 <m < 2, where (1-6) is proved for finite time blow-up solutions with initial data in
the energy space.
Note that none of the preceding works excludes the existence of a nonscattering solution of (1-1) such
that

limsup [|u(?)|;sc = +oo and  liminf [[s(2)] ;s < 00.
t—>Ty (1) " t—Ty (1) H
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In [Duyckaerts and Roy 2015], this type of solution was ruled out in the case m > 2: for any radial
nonscattering solution of the equation, the critical Sobolev norm goes to infinity as ¢t — T4 (u).

It is interesting to compare the theorems cited above with analogous ones for other equations, and in
particular for the nonlinear Schrédinger equation

i9;v— Av = t|v[*™v. (1-7)

For the defocusing equation (¢ = —1), the fact that the bound of a critical norm implies scattering is
known in the cubic case in three space dimensions [Kenig and Merle 2010] and in energy-supercritical
cases in large space dimensions [Killip and Visan 2010]. Merle and Raphaél [2008] considered the
focusing equation (1-7) with ¢t = 1 and an L? supercritical (i.e., pseudoconformally supercritical), energy
subcritical nonlinearity, that is, 2 < m < 2 when the number of space dimensions is three. This condition
is the analogue of the condition 1 < m < 2 (conformally supercritical and energy subcritical power) for
the wave equation. They proved that if u is radial with initial data in the intersection of H' and the
critical Sobolev space, and if T4 (v) is finite, then

[0l = & og(T4(v) =D

for some constant o > 0. Note that in this case there exists a global, bounded, nonscattering solution.
The space L3™ is scale-invariant and strictly larger than the critical Sobolev space. Analogous results are
known for Navier—Stokes equations; see [Iskauriaza et al. 2003; Kenig and Koch 2011; Seregin 2012;
Gallagher et al. 2013; 2016]. For example, it is proved in [Seregin 2012] that the scale-invariant > norm
of a solution blowing-up in finite time goes to infinity at the blow-up time.

Going back to (1-1) with m # 2, many questions remain open:

e Is it true that all nonscattering solutions of (1-1) satisfy (1-5) in the nonradial case, or if 1 <m < 27

¢ Can one lower the regularity of the scale-invariant norm used in (1-5), as in the case of nonlinear
Schrodinger and Navier—Stokes equations?

¢ Is it possible to give an explicit lower-bound of the critical norm, in the spirit of [Merle and Raphaél
2008]?

In this article, we give a partial answer to the first two questions in the radial case. This is based on a new
well-posedness theory for (1-1), in a scale-invariant weighted Sobolev space £ which is not Hilbertian,
but is related to a conserved quantity of the linear wave equation and is compatible with the finite speed
of propagation.

1B. Strichartz estimates and local well-posedness. Consider the following norm for radial functions

(ug,u1) on R3:
1

o0 m
|(uo, u1)||om = (/ (|r8ru0|m+|ru1|m)dr) ,
0
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and define the space £ as the closure of radial, smooth, compactly supported functions for this norm.
Note that £2 is exactly! ’f-[rlad. The £™ norm was introduced in [Duyckaerts and Roy 2015], in the case
m > 2, as a scale-invariant substitute to the energy norm H! x L2 norm. Let us mention that 7, C L™
if m>2,and L™ C 7.-lrs§d if 1 <m < 2 (see Proposition 2.2 below). It was observed in [Duyckaerts and
Roy 2015] that the £ norm is almost conserved for solutions of the linear wave equation: we will indeed
introduce in Section 2 a conserved quantity (the generalized energy) which is equivalent to this norm. We
first prove Strichartz estimates for the linear wave equation. If 7 is a real interval, we denote by S(/) the

space defined by the norm

oo omt1 W\ T
||f||s<1)=(/1(/0 |f<r,r>|<m+>mrmdr) dt) |

Theorem 1. Let v be a solution of the linear wave equation

Zv—Av=0, (v,0;v))=0=(vo,v1) € L™
Then v € S(R) and
[vlls@ =< Cll(vo, v1)llzm.

Note that Theorem 1 generalizes, in the radial case, the L° L9 Strichartz/Sobolev estimate for finite-
energy solutions of the linear wave equation to the case m # 2. Let us mention that we prove more
general Strichartz estimates, including estimates for the nonhomogeneous wave equation (see Section 2B
for the details). As a consequence, we obtain local well-posedness in £ for (1-1):

Theorem 2. For m > 1, (1-1) is locally well-posed in L™. For any initial data (uo,u1) in L™, there exists
a unique solution u of (1-1), (1-2) defined on a maximal interval of existence I (1) = (T—(u), T+ (1))
such that i € C®(Imax (1), £L™) and for all compact intervals J € Inax (1), we have u € S(J). Furthermore,

Ty(w) <oo = |lullsqo, 7)) = +oo.

We obtain Theorem 1 and the other generalized Strichartz estimates of Section 2B by interpolating
between the known generalized Strichartz estimates of [Ginibre and Velo 1995], see also [Lindblad and
Sogge 1995], in correspondence to the case m = 2, and Strichartz-type estimates obtained by a new method,
based on the continuity of the Hardy—Littlewood maximal function from L! to L}D (see Section 2B).

We also construct a profile decomposition for sequences of functions that are bounded in £, which
is adapted to (1-1), in the spirit of the one of [Bahouri and Gérard 1999] which corresponds to the
case m = 2. This construction is based on a refined Sobolev embedding due to Chamorro [2011]. The
fact that £ is not a Hilbert space yields a new technical difficulty, namely that the usual Pythagorean
expansion of the norm does not seem to be valid and must be replaced by a weaker statement, closer to
Bessel’s inequality than to the Pythagorean theorem. We refer to [Solimini 1995; Jaffard 1999] for other
non-Hilbertian profile decompositions where this type of inequality also appears.

The definition of the space £™ does not involve any fractional derivatives and is technically easier to
handle than the space % with m # 2, where the latter are all defined by norms that are not compatible

I Throughout the article, the index rad denotes the subspace of radial elements of a given space of distributions on R3,
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with finite speed of propagation. We hope that the Strichartz estimates and profile decomposition proved
in this article will find applications for nonlinear wave equations apart from (1-1).

1C. Blow-up of the critical Sobolev norm for the nonlinear equation. Our second result is that the
dichotomy proved in [Duyckaerts and Roy 2015] remains valid in £, as long as m # 2:

Theorem 3. Assume m > 1 and m # 2. Let u be a radial solution of (1-1), (1-2), with (ug,u1) € L™ and
maximal positive time of existence T+. Then one of the following holds:

(D lirnt—)T.;_(u) ”ﬁ(l)”/:’" = +o00.

(2) T+(u) = 400 and u scatters forward in time to a linear solution; i.e., there exists a solution uy. of
(1-3), with initial data L™, such that

lim [ii(t) — i (t)]| o = 0.
t—>+o00

In the energy-supercritical case m > 2, Theorem 3 improves the result of [Duyckaerts and Roy 2015]
since 7% is continuously embedded into £™. In the case 1 < m < 2, we know £™ is continuously
embedded into 7% and Theorem 3 is not strictly stronger than the result of [Shen 2013]. However,
Theorem 3 is also new, since it says that as least some scale-invariant norm of ¥ must go to infinity as ¢
goes to T (u). It is very natural to conjecture that the *¢ norm of the solution also goes to infinity, but
this is still an open question.

Once the Strichartz estimates, well-posed theory and profile decomposition in £™ are known, the proof
of Theorem 3 (sketched in Sections 4, 5 and 6) is very close to the proof of the corresponding result in
[Duyckaerts and Roy 2015], with some simplifications due to the use of the space £™ instead of F%
throughout the proof. As in [loc. cit.], we use the channels of energy method initiated in [Duyckaerts et al.
2011], and the main ingredient of the proof is an exterior energy estimate for radial solutions of the linear
wave equation for the £ -energy, which generalizes the exterior energy estimate used in [Duyckaerts
etal. 2011; 2013; 2014].

According to Theorem 3, there are three potential types of dynamics for (1-1): scattering, finite time
blow-up solutions such that the critical norm goes to infinity at the blow-up time, and global solutions
such that the critical norm goes to infinity as ¢ goes to infinity. Only two of these dynamics are known to
exist: scattering (for both focusing and defocusing nonlinearities) and finite time blow-up (for focusing
nonlinearity only). Indeed, in the focusing case, it is possible to construct blow-up solutions with smooth,
compactly supported initial data using finite speed of propagation and the ordinary differential equation
y” = |y|?™y. Another type of blow-up solution was constructed by C. Collot [2014] for some energy-
supercritical nonlinearity in large space dimension: in this case the scale-invariant Sobolev norms blow
up logarithmically.

It is natural to conjecture that all solutions in £™ are global in the defocusing case. For m < 2,
this follows from conservation of the energy if the data is assumed to be in 7!, and only the case of
low-regularity solution is open. For supercritical nonlinearity m > 2, it is a very delicate issue even for
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smooth initial data, as the recent construction by T. Tao [2016] of a finite time blow-up solution for a
defocusing system? of energy supercritical wave equation suggests.

The existence of global solutions blowing-up at infinity with initial data in £™ (or ) is also
completely open. We refer to [Krieger and Schlag 2014b; Luk et al. 2016, Appendix A] for two different
constructions of global, smooth, nonscattering solutions in the case m = 3. The initial data of these
solutions do not belong either to the critical Sobolev spaces 714 or to the £3 space, but are, however, in
all spaces H, s > %. These constructions and Theorem 3 seem to suggest that any global solution with
initial data decaying sufficiently at infinity actually scatters, but we do not know of any rigorous result in
this direction.

Let us finally mention [Beceanu and Soffer 2017] on (1-1) with supercritical nonlinearity m > 2, where
global existence is proved for a class of outgoing initial data.

The outline of the paper is as follows: in Section 2, we prove the Strichartz estimate for the linear wave
equation and deduce the Cauchy theory for (1-1). In Section 3, we construct the profile decomposition. In
Section 4, we prove the exterior energy property for nonzero solutions of (1-1), which is the core of the
proof of Theorem 3. In Section 5, we introduce the radiation term (i.e., the dispersive part) of a solution
which is bounded in the critical space for a sequence of times. In Section 6, we conclude the proof.

Notation. If a and b are two positive quantities we write a < b when there exists a constant C > 0 such
that a < Cb, where the constant will be clear from the context. When the constant depends on some
other quantity M, we emphasize the dependence by writing a Sps b. We will write a & b when we have
both a <h and b < a. We will write a < b or a > b if there exists a sufficiently large constant C > 0
such that Ca < b or a > Cb respectively. We use S(R?) to denote the Schwartz class of functions on the
Euclidean space R¥.

If f is a radial function depending on ¢ and r := | x|, let

-

f=0,0:f) and [flx(t.r)= 0, £3)(rf).
Given s > 0 and n a positive integer, we define
H(R") := H*(R") x H* 7' (R"),

where H* denotes the standard homogeneous Sobolev space. We let Lf) (1, L) be the space of measurable
functions f on I x R3 such that

1 lzra.ze) = (/I ([R () dx)th)p < 0.

Unless specified, the functional spaces (L?, H, etc...) are spaces of functions or distributions on R3
with the Lebesgue measure. On a measurable space (€2, du) where p is positive, the weak L9 quasinorm
of a function f is defined as

Q|

I/ llzg, == iul())k (mixeQ:[f(x)|>A})7.

2The unknown u is R*%-valued.
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We shall also use the weighted Lebesgue norm L4 (R”, @), defined as

1oy = ( [ 10100 dx)’

for some measurable function w(x) as a weight. For g > 1, we use ¢’ = qul to mean its Lebesgue
conjugate.

We denote by Tg the operator
J(R), [x|=R,

£ T = |
SUxD. |x[= R.

Let St.(¢) denote the linear propagator; i.e.,

in (1D
St (wo. wr) = cos (Do + Py, p = A,

If u is a function of ¢ and r, we will denote by F(0,,u) the sum F(d,u) + F(0;u); for example,
|07, ,ul™ = |0;u|™ + |0, u|™.

2. Strichartz estimates and local well-posedness

2A. Preliminaries. For m > 1, we denote by W1 the closure of Coraq for the norm |- |[yy,1.m defined by

400 %
10l = ( /0 |3r(0(r)|mrmdr) |

Proposition 2.1. We have f € W™ if and only if f(r) € Crgd(((), +00)) satisfies the conditions

+o0
/ [rdy f(r)|™ dr < 400, (2-1)
0
lim ri f(r) = Tim. rin f(r) = 0. (2-2)

The proof is given in the Appendix.
We denote by £™ the closure of (C&‘;ad)z for the norm || - ||z,

+o00
(o, u1)llcm := lluollyim + (/ [uq ()| r™ dr) )
0
Then:

Proposition 2.2. (1) If m > 2 and (ug,u1) € H%, then (ug,u1) € L™ and

o, u)llcm < Mo, wa)lse -

) If1l<m<2and (uo, ul) € L™ then (MO, ul) c ’HS(: and

[ (o, u) e < (o, u) | cm.
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(3) If ug € W™, then ug € L3 (R3) and

luollzzm < Nutollyyrm.

4) If up e WY and R > 0, then

+oo +o00
R|MO(R)|m+/;2 |3r(ru0)|m dr %/;e |8ru0|mrm dr,

where the implicit constant does not depend on R.

Proof. For the proofs of properties (1), (3), (4), see [Kenig and Merle 2011, Lemma 3.2; Duyckaerts and
Roy 2015, Lemmas 3.2 and 3.3]. We prove (2) by duality from (1). Assume m € (1,2) and let m’ be the

Lebesgue dual exponent of m. Let (ug,u1) € L™ and ¢, ¢ € C&?ad(R3). Note that

o0 o0
/ 20,100, drz/ 3, (rug)d,(ro)dr.
0 0

By Holder’s inequality and (1),

o0
+‘/ rzulw dr
0

This yields the announced result.

o
f r23ru08r<p dr
0

Let v(¢, x) be a solution to the Cauchy problem
(8% —A)(t,x) =0, (v,0;V)|;=0 = (v, V1), tER, x€R>,

where the initial data is in £™. Define r = |x| and set

1 1 lo|
F(o)=zovo(lo])+ = rvi(r)dr.

2 2 Jo

An explicit computation, using
07 =) (rv) =0
yields
1
v(t,r) = ;(F(t +r)—F(t—r)).

We have

I+t 1) = (8 +3)(rv) =2F (t + 1), [v]-(t,r) = @y —8:)(rv) = 2F (1 = 1).

If (vo,v1) € L™, we define

+00
Em(vo,v1)=/ (18- (rv0) + ror ™ + 18, (rv0) — rua|™) dr,
0
so that

+o0 +o00
Em(ﬁ(t))=/0 }[u]+(t,r)\’”dr+/0 ] (t.7)[" dr.

<o u)lem l(@. Yl o < [0, ) [l (0, Y 11241/ -

O

(2-3)

(2-4)

(2-5)

(2-6)

27
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Proposition 2.3. Assume 1 <m < +o00. Let (vg,v1) € L™ and v(t, 1) be given by (2-3).

(1) Equivalence of energy and £™ norm.
400

+o0o
ool [ 10, Gvodr+ [ lral” dr ~ EnGvo. ).
0 0
(2) Energy conservation. E,, (V) is independent of time. We call E,, the L™ -modified energy for (1-3).
(3) Exterior energy bound. If R > 0, the following holds for all t > 0 or for all t < 0:

400 +00
/ 19, (roo)|™ + Jro1 ™ dr < / 19, (r0) ™ + 13: (r0)|™ dr.
R R+t

Property (2) follows from direct computation, and the formula (2-5). Let us mention that the notation £,
has a slightly different meaning in [Duyckaerts and Roy 2015].

Remark 2.4. Note that

E>(v(1)) = ng |Vu(t, x)|> dx + /W |0;v(t, x)|? dx, (2-8)
which coincides (up to a constant) with the standard energy functional for (2-3). Moreover, from (2-6)
we know for any m € (1, 400), there exists Cy, > 0 such that

Cor 15Ol em < 5@l < Cull5(O) | for all 7. (2-9)

Thus ||v()]|zm enjoys the pseudoconservation law, namely (2-9), and extends the classical energy to the
general case m > 1.

From the conservation of the energy, we deduce the following energy estimate for the equation with a
right-hand side.

Corollary 2.5. Consider the problem
(8$_A)u(l9x)=f(t’x)a (M, 8lu)|l=0=(u0’ul)a t GR’ XER3’ (2_10)

with (ug,u1) € L™ for a fixed m > 1, and f radial. Then we have the following inequality as long as the
right-hand side is finite:

* % +o00 00 %
sup(/0 [|3r(I’M)|m(l)+|at(ru)|m(t)]d}’) EC(||(uo,u1)||£m+/ (/0 |rf(t,,)|mdr) dt)

teR —00 (2_11)
Proof. Write u(t,r) = up(t,r) +un(t, r) with
t o _ —A
) = 500,00, o) = [ IR ) as

The bound for ||uy | zm follows from (2-9) and the conservation of the £ modified energy. Moreover,

t ; —OV—A
liin(t, 7]l om < /0 (S‘“((’ J% ) L

and the estimate on u follows again from (2-9) and the conservation of the £™-modified energy. [

f(s), cos((t —s)vV—A) f(s))
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2B. Strichartz estimates in weighted Sobolev spaces. Let 2 be a measurable subset of R; x (0, +00)
of the form Q = J,cp{t} x J;, where for all ¢, we have J; is a measurable subset of (0, +00). If f is a
measurable function on 2, we let

1 1
m 2m+1
||f||s<m=(/R (/J If(t,r)l(zmH)’”rmdr) dt) .
t

If Q@ =1 x(0,400), where [ is a time interval, we will set S(€2) = S(/) to lighten notation:

+oo Lot
||f||s<1)=(/1 (/0 If(t,r)l(zm“)mr’”dr) dz) 1

In this subsection we prove the following Strichartz estimate:

Proposition 2.6. Let m > 1 and assume v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vg, v1) € L™ Then there exists a constant C such that

Ivlls@) = ClO) ] m. (2-12)
We also have its analogue for the inhomogeneous part:

Proposition 2.7. Let m > 1 and u(t, r) be the solution of (2-10) with 1(0) = (0, 0). Assume
400 400 i
||f||L;L§1(rmd,) Z=/ (/(; | f (@, r)|"r™ dr) dt < oo.
—00

lulls@ < CILF s L grmary: (2-13)

Then we have

We start by proving auxiliary symmetric Strichartz-type estimates in Section 2B1, using the weak
continuity in L! of the Hardy-Littlewood maximal function. In Section 2B2 we will interpolate these
estimates with standard Strichartz inequalities to obtain the key estimates (2-12) and (2-13).

2B1. A family of symmetric Strichartz estimates. With the explicit expression (2-6), we are ready to
deduce a crucial estimate for the linear wave equation (2-3) with v(0) € £L™.

Proposition 2.8. Let v(t, x) = SL(¢)(vo, v1) be a radial solution of (2-3). Then for any m € (1, +00)
and o € (1, 4+00), there is a constant C such that the following a priori estimate is valid:

“+o0 ﬁ
(// |v(t,r)|°‘mr“_2drdt) < C||9(0)||zm. (2-14)
RJO

Proof. We assume v; = 0 first. Then from (2-4) and the fundamental theorem of calculus,

1 t+r
v(t,r) = —/ ds(svo(s)))ds, r=]x|. (2-15)
2r t—r
Let us consider the operator
t+r
T: G(s) > i/ G(s) ds. (2-16)
2r Ji—
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First, it is clear that

sup TG, 1) = [|GllLoom; as)- (2-17)
(t,r)ERXR4

Next, we demonstrate the weak-type estimate
ITGllLg @iy s ra—2aran < CIG L1 g5 as)- (2-18)

or equivalently, there is C > 0 such that for any A > 0 we have

o
// 1 2drdt < C (@) , (2-19)
Ex A

where £ = {(t,r) e Rx R4+ : |TG(t,1)| > A}.
Given this, we have, interpolating between (2-17) and (2-18),

1
(/ /+00 TG, r)|*™r* 2 dr dt)a < C/ |G(s)|™ ds; (2-20)
RJ0 R
see Theorem 5.3.2 in [Bergh and Lofstrom 1976]. The estimate (2-14) with v = 0 now follows by using
(2-20) with
G(s) = ds(s vo([s]))-
To show (2-19), one observes that on &,

Gl

O<r<——"— and (MG)()> A,

where M denotes the Hardy—Littlewood maximal function. Therefore, we can bound the left-hand side

of (2-19) as follows:
Gl G o
/ZA a2 a’r/ dt 5C(—” ”L‘) , 2-21)
0 {teR|(MG)(1)>A} A

where we have used the weak estimate M : L1(R) — LL (R).
The case vy = 0 follows from the same argument. Indeed, in this case we have

1 t+r
v(t,r)= —/ svi(|s|) ds. (2-22)
2r Ji—y
Letting G(s) = sv1(|s|) and applying (2-20) we are done. O

Let u(t, x) be a solution to the nonhomogeneous Cauchy problem (2-10), where f(¢, x) is radial in
the space variable and locally integrable. If we set

gt.p)=pf( |pl), (2-23)

then we have

1 t pTttr
u(t,r)= 5/ / gt—1,0)dodr. (2-24)
0Jt—r
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After a change of variables, we obtain

1 t+r
u(t.r) =5 f G(t.p) dp, (2-25)
t

—r

with
t
G(t.p) = /0 ¢(s.p—s)ds.

A proof very close to the one of Proposition 2.8 yields symmetric Strichartz estimates for the nonhomo-
geneous equation:

Proposition 2.9. Let u(t, x) be a radial solution of the problem (2-10) with initial data 1 (0) = (0, 0).
Then for anym € (1, +00) and a € (1, +00) there is a constant C such that we have

+o0 ﬁ +o00 %
(// |u(t,r)|°‘mr°‘_2drdt) SC/ (/ Irf@, r|™ dr) dt. (2-26)
rRJo r\Jo

Proof. In view of (2-25), we have
ut.r)| <TGt r),
where 7 is defined as in (2-16) and

~ +Oo
G(p) = / lg(s,p—s)|ds,

—00
with g given by (2-23). Noting that m > 1, we obtain (2-26) by using (2-20) and Minkowski’s inequality. [J

Remark 2.10. Notice that from (2-15) and (2-22), one may deduce the following end-point Strichartz
estimate for linear wave equations in three dimensions with radial initial data

ISL@) (o, v)l 2w, Loo@yy = € (Ivoll g1 w3y + Iv1ll2@3)- (2-27)

where (vg, v1) € I-'Irzd([R3) X erad([R3). In fact, we may assume without loss of generality that (vg, v1)

belongs to the Schwartz class. Then (2-27) follows from (2-15) and (2-22) by using the L?-boundedness
of the Hardy-Littlewood maximal function and integration by parts.

2B2. Proof of the key Strichartz inequality. We prove here Propositions 2.6 and 2.7. Let us first recall
the following classical Strichartz estimates for wave equations; see [Ginibre and Velo 1995].

Theorem 2.11. Consider v(t, x), the solution of the linear Cauchy problem

(9% — A)v = h(t, x), (x,1) e R3x R,
V|r=0 = vo € HI(R?), (2-28)
0:v|s=0 = v1 € L2(R3),

so that

toinlr A
U(t)=SL(f)(UO,v1)+/0 Slrl(t%h(s)a’s.
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Let2 < q,0 < oo and let the following conditions be satisfied:

1,1 _1 1,3 1
sl < = il —
q+a—2’ (q,0) # (2,00), q+0 3
Then there exists C > 0 such that v satisfies the estimate
lvllza @, Lo@3y) < € (Ivoll g1 gy + V1l 2@3) + 12l g L2@w3))- (2-29)

We are now ready to prove Proposition 2.6

Proof. Since (2-12) is classical when m = 2, it suffices to consider below the cases for m > 2 and
1 < m < 2 separately.

If m > 2, we define m™ = 2m and take o = %(Zm + 1). Then we have from (2-14)

+o0o p+o0 . ﬁ
(/ / v, r)r’|*™ r¥2 dr dt) < C||9(0)|| g, (2-30)
—o0 JO
where
_ Sm-=2 2

so that yiam™ + y, = a — 2. Let

8m(2m+1) 8m(2m +1)
- 0=—".
8m2—11m +6 5m—2

Then (2-29) yields

+o0o +oo % é
(/ (/ |v(l,r)ry1|°ry2dr) dz) < Cl50)] 2. (2-31)
—00 0
In view of
16 1-6 1 0 1-9 16 1-6 1
m 2 m*  2m+1 q am* m@m+1) o am*’ S om—1

and the fact that yym(2m + 1) + y» = m, we obtain (2-12) by interpolating (2-30) and (2-31); see
Theorem 5.1.2 in [Bergh and Lofstrom 1976].

If 1 <m <2, we set

. m+1 82m +1) 2(m—1)
m =-—, 0= —, 9=—’
2 3m+5 m(3—m)
82m+1) 82m+1)
=, oO=—,
10—m 3m—2
3m—2 3m—2 6m
71 V2=

Tem2llm+4  Cm+D)Gm+4) 3m+4°

One can verify that (2-30) and (2-31) along with the interpolation relations as in the first case remain
valid. O
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Using the same argument as above and (2-26), we obtain Proposition 2.7.

We conclude this subsection with some additional Strichartz-type estimates that will be useful in the
construction of the profile decomposition in Section 3 and follow from Proposition 2.8 and (2-27).

Proposition 2.12. Assume m > 2 and v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vy, v1) € L™ Let

4 2m(m —1)(m + 2)

b
m24+3m—2

_ 2m(m—1)(m+2)
N m—2 )

’

Then there exists a constant C such that

+00 oo 5 \a
(/ (/ |v(t,r)|brmdr) dt) < C||3(0) || zm. (2-32)
—00 0

Proof. Indeed, from (2-14), we have

+00 p+o00 m
( / / lo(z, r)2mm+2)m gy dt) < C||15(0)]| p2m. (2-33)
—o0 JO

Interpolating (2-33) with (2-27), we are done. O
The choice of (a, b) above is not suitable in the case m < 2, where we will use the following estimates:

Proposition 2.13. Assume 1 <m <2 and v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vg,vy) € L™ Let
m(m+2)(3—m) b m(m+2)(3—m)
a = s =
m2—m+2 2(2—m)

Then there exists a constant C such that

+o00 +o00 % a
(/ (/ lo(t, r)Pr™ dr) dt) < C||5(0)||zm. (2-34)
—00 0

Proof. Let m* = mT'H From (2-14), we have

+o00 p4o00 N W
(/ / lo(e, r)|™ 2 pm gy dt) < C[BO) | pn- (2-35)
—00 JO

Interpolating (2-35) with (2-27), we are done. O
Remark 2.14. In both propositions, we have m <a <2m + 1 < % < 00.

Remark 2.15. The interpolations we used in the above two propositions are based on the complex method.
In fact, we used Theorems 5.1.1 and 5.1.2 in [Bergh and Lofstrom 1976].

Remark 2.16. Notice that when m = 2, we have (a, b) = (2, 0co) coincides with the end-point Strichartz
estimate (2-27).
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2C. Local well-posedness. Consider here the Cauchy problem for the nonlinear wave equations (1-1),
(1-2), with (ug,u1) € L™, m > 1. In this subsection, we prove the following small-data well-posedness
statement, which implies Theorem 2:

Proposition 2.17. There exists 6o > 0 such that if 0 € I C R is an interval and
[SL(@) (o, u1)llsa) =3 < o, (2-36)
then there exists a unique solution u € S(I) to the Cauchy problem (1-1), (1-2) for t € I such that
u e CO%I,L™). Moreover,
lullsry <26 (2-37)

and we have
sup [ ()| cm < Con (o, ur) [ om + 82" F1). (2-38)

tel

Remark 2.18. From the assumption on the initial data and the Strichartz-type inequality (2-12), we see
that for each (ug,u1) € £™ and § > 0, there is an interval I = I(ug, 11, §) such that (2-36) holds. Using
this observation and standard arguments, it is easy to construct from Proposition 2.17 a maximal solution
of (1-1), (1-2) that satisfies the conclusion of Theorem 2.

Proof. Let Cy be the constant in the estimates (2-12) and (2-13) . Consider
X={vonRxR?| v x)=0(,|x]). lvllscry < 26},
where
e m P _pE2 1
0<8<min(Cy 7~'277-1,27r=1(pCo)~7-T), p=2m+1.

Define
Usin(t —s)v/—A

e [v]>™v(s) ds. (2-39)

Pugur) (V) = SL() (o, u1) + l/(;
If v, w € X, we have from (2-13)

1D o) W) lsry < 6+ Co(26)7 <26,
and by the Holder inequality

-1 -1
| P0.1e1) (®) = g0y W) | 1y < 20 Co (10115 + Iw G ) Il —wllisry
<4pCo(28)" v —wllsy
<v-wlsu
for all v, w € X. Thus, there exists a unique fixed point u € X such that
u = @uo’ul (M).

Note that (2-37) follows from the construction and (2-38) follows from the energy estimates and (2-37). O
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2D. Exterior long-time perturbation theory. We conclude this section by a long-time perturbation theory
result for (1-1) with initial data in £™. Taking into account the finite speed of propagation, we will give
a statement that works as well when the estimates are restricted to the exterior {r > A + |¢|} of a wave
cone. This generalization will be very useful when using the channels of energy arguments.

Lemma 2.19. Let M > 0. There exist epg > 0, Cpy > 0 with the following properties. Let T € (0, +o<],
u,i € S0, T)) such that u,u € C°([0, T), L™). Assume that u is a solution of (1-1), (1-2) on [0, T')

and that®
07 — Atl = 1Lr> (Aie)) 381" + e

- - . (2-40)
Upr=0 = (to,u1),
where e € LYL™(r™ dr), A € RU{—00}. Let
Ry(t) = SL(t)((uo,u1) — (to, i1)).
Assume
l#lsre,1), r=a+ithep <M, (2-41)
T +o00 %
/ (/ |re|™ dr) dt + | RL|seef0,7), r=(a+1th 1)) =€ = eM- (2-42)
0 A+t +

Then u(t) =1u(t) + RyL(¢) + €(t) with

l€llseto, 7y, r=(a+Iehsp + sup / |rdz,re|™dr < Cpe.
te[0,T) J(A+1t))+

In the lemma, we have set (4 + |t])+ = max(0, A + |¢]). By convention, if 4 = —o0, this quantity
equals O for all . Note that the case A = —oo corresponds to the usual long-time perturbation theory
statement;* see, e.g., [Tao and Visan 2005].

Sketch of the proof. We let, for t € [0, T),

Fo0 Gt
&) = (/ le(t, r)|@meDmm dr) ,
(

A+l
~ +oo QT
o= ([, e )T
A+ 4
+oo G
R(r) = (/ |RL(t,r)|@mHDm pm dr) :
A+ 4

By the assumptions (2-41), (2-42),

Ll 2m+10,7) =M, ||RlL2m+10,7) < &

3in the sense that 7 satisfies the usual integral equation
4Traditionally the “linear part” of the solution Ry (¢) is incorporated into #. For convenience we preferred to distinguish
between these two components.
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Since

(07 — A)e = (ju*™u — |a*") + e,

we obtain by (2-11), Strichartz estimates and finite speed of propagation that for all 6 € [0, T),

+o00 L
sup [(/( [rd;,rel™ dr) + |E@) || m + ||€(f)||L2m+1]

1€[0,0] A+t +
0 +o0 ) ) m
SC/ (/ [a|“" i — |u|"u|" + le|™)r™ dr) dt.

0 (A+|r|)+(| | ) (2-43)

NS

‘We have

0 +o00 m
/ (/ |e|mrmdr) dt <e
0 \J(A+|zD+
and, using Holder’s inequality

6 400 %
/ (/ |24 — |u[*™u|" ™ dr) dt
0 (A+tD+

7]
< / (€(1) + R@) @)™ +R(1)>™ + (1)) di
0

0

EO)U@)>m dt)

6
< (IR )+ IR )+ [ OB ar 4 [

0
<C (IIGII,{Z%I(O,@) +e2m M2 /0 €()ii(r)>" dt).

Collecting the above, we obtain, for all 8 € [0, T),

0
€l 2m+1(0,6) < C (s +eMH L MM e €175 6+ /0 E(1)U(r)*" dt).

This is a Gronwall-type inequality classical in this context. Using, e.g., Lemma 8.1 in [Fang et al. 2011],
we deduce that for all 8 € [0, T),

€]l L2m+1(0.0) < C(e+ ™" + M e + ||€||i’§1nﬂl(0’9))d>(CM2m),

where ®(s) = 2I'(3 4 2s), and I is the usual Gamma function. Using a standard bootstrap argument, we
deduce, assuming that ¢ < gps for some small gpy,

|| €||L2m+1 (0,6) <Cype,

and going back to (2-43) and the computations that follow this inequality, we obtain also the desired
bound on the £ norm of €. O
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3. Profile decomposition
3A. Linear profile decomposition. The main result of this section is the following:

Theorem 3.1. Let (uy,»)n be a sequence of radial solutions of (1-3) such that (iiy,,5(0)), is bounded in L™.
Then there exists a subsequence of (Urn)n (still denoted by (uy,n)n) and, for all j > 1, a solution U]f
of (1-3) with initial data (Uj, Ulj) in L™ and sequences (Ajn)n € (0,00)N, (¢j.n)n € RY such that the
following properties hold:

¢ Pseudo-orthogonality. For all j, k > 1, one has

Ajn i Aen |t =t nl _

i #k = lim . 3-1

J# o Akn  Ajn Ajn oo -1

e Weak convergence. Forall j > 1,

7 1 iyl
(Aj,nuL,n (tj,n’ Aj,n ')» Aj,n 8tuL,n (tj,na Aj,n : )) rg\o (U s U1 )» (3-2)
weakly in L™,
¢ Bessel-type inequality. Forall J > 1,
J .
lim Ep(uon.u1n) = Y Em(U (0)) = 0. (3-3)
n—00 —
J:
¢ Vanishing in the dispersive norm.
. . J _ )
Jim, Jm s =0 @9
In the above, we have taken
J .
wy (£, x) =uLa(t,x) =Y U, (. ). (3-5)
j=1
; 1 ft—t; X
UL],n(t’x) = 1 UL ( A j’n’ A ) (3'6)
)Ljﬁn Jon Jon

Theorem 3.1 generalizes (in the radial setting) the profile decomposition of [Bahouri and Gérard 1999]
to sequences that are bounded in £ instead of the classical energy space. The only difference between
the two decompositions is the fact that the Pythagorean expansion proved in that paper is replaced by the
weaker property (3-3). One cannot hope, in this context, to have an exact Pythagorean expansion; see the
example on p. 387 of [Jaffard 1999].

The proof of Theorem 3.1 is based on the following two propositions, which we will prove in Sections 3B
and 3C respectively.

Proposition 3.2. Let (ur ,)n be a sequence of radial solutions to the linear wave equation and set
(o, U1,n) = ULn(0). Assume for m € (1, +00), the sequence (i1, ,(0))y, is bounded in L™ and that for
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all sequences (Ay)n € (0, 00)N and (t,), € RN,

1 _tn * 1 _tn *
a2 ) _ 3.7
(ArzuL’n(kn akn)akldl_nlq tuLn(An ’A,n)) ( )
n n n

converges weakly to 0 in L™ as n — 4o00. Then

n_liff luLnllsw = 0. (3-8)

Proposition 3.3. Let J > 1 and (ULj )j=1,...,s be solutions of the linear wave equations with initial data
in L™ Forall j =1,...,J,welet (Aj,)n € (0, oo)N and (tjn)n € RN be sequences of parameters that
satisfy the pseudo-orthogonality property (3-1). Let (ur, ) be a sequence of solutions of the linear wave
equation with initial data in L™. Let wJ be deﬁned by (3-5), (3-6) and assume that forall j €{1,...,J},

Then the Bessel-type inequality (3-3) holds.

Proof of the theorem. The proof of Theorem 3.1, assuming Proposition 3.2 and 3.3, is quite standard, at
least in the Hilbertian setting. We give it for the sake of completeness. We mainly need to check that it
is harmless that we have only a Bessel-type inequality (3-3) in the £™ setting, which is not Hilbertian,
instead of a more precise Pythagorean expansion.

We construct the profiles ULj and the parameters A; ,, ¢ , by induction.

Let J > 1 and assume that for 1 < j < J — 1, we have constructed profiles U]{ such that (3-1) and
(3-2) hold after extraction of a subsequence in n (if / = 1 we do not assume anything and set w,? =ULn).
Note that this implies (3-3) by Proposition 3.3. Let Ay be the set of (U, Uy) € L™ such that there exist
sequences (Ay)y, (tn)n of parameters such that, after extraction of a subsequence,

(Am Tty o) A w0 . A ) == Wo. U)

weakly in £™, where w 1 is defined by (3-5). We distinguish two cases.
Case I: Ay ={(0,0)}. In this case we stop the process and let U/ =0 for all j=J.

Case 2: There exists a nonzero element in .Ay. In this case, we choose (U7, U IJ ) € Ay such that

Em(UJ.U{) = 3 sup  Em(Uo. Uy), (3-10)
(Uo,U1)eA,

and we choose sequences (A ,), and (t5 ), such that, (after extraction of subsequences in n),

1 L
A = s Agn ) AT Bw) T g A ) — (U UY) (3-11)

weakly in £™. Note that (3-2) holds for j = J thanks to (3-11). Furthermore, (3-1) for j € {1,...,J —1},
k = J follows from (3-2) (for j € {1,...,J —1}), (3-11) and the fact that (U, UIJ) # (0, 0). Finally,
as already observed, (3-3) is a consequence of (3-1), (3-2) and Proposition 3.3.
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If there exists a J > 1 such that Case 1 above holds, then we are done: indeed, in this case, w,{

does not depend on J for large n, and (3-4) is an immediate consequence of the definition of .A; and
Proposition 3.2.

Next assume that Case 2 holds for all J > 1. Using a diagonal extraction argument, we obtain, for all
j =1, profiles U, J , and sequences of parameters ()L,J;),, and (z,{ ) such that (3-1), (3-2) and (3-3) hold for
all j, k, J. It remains to prove (3-4). In view of Proposition 3.2, it is sufficient to prove

lim sup (Ao, A1)|zm = 0.
J =00 (49,41)eA,

1
This follows from (3-10), the equivalence between E,; and the £ norm, and the fact that, by (3-3),
lim E,U{.U{)=o. O
J—o00
3B. Convergence to 0 of the Strichartz norm. First of all, let us introduce the notation Bgo, oo(IRd) for

the homogeneous Besov space on R4, which is defined as follows. Let Y e Cg® (IRd) be a radial function,
supported in {§ € R : % < |¢| <2} and such that

dov@TUEH =1, £eR\{0}.

Jjez
We denote by A ;j the Littlewood—Paley projector
Aife) =27/ (). JjeL
where

F© = [ fmean
R4
is the Fourier transform on R? and we use
W= [ s@ea
@2n)? Jpa
to denote the inverse Fourier transform. For a tempered distribution f on R?, we set
”f”Bgo,oo(Rd) = S.U.p 2/¢ H AijLoo(Rd) .
JEZ

If ”f”l?éo,oo < 400, we say f belongs to Bgooo

We have the following refined Sobolev inequality in weighted norms.

Lemma 3.4. Let w(x) € Ap with 1 < p < +o00; i.e.,

p—1
sgp(liT'/Ba)(x) dx) (|Ti|/Bw(X)_pl_l dx) < +00, (3-12)



BLOW-UP OF CRITICAL SOBOLEV NORM FOR ENERGY-SUB/SUPERCRITICAL WAVE EQUATIONS 1003

where the supremum is taken over all balls B in R%. If V f € LP(R%, w(x)dx) and f € Bo_o’foo([Rd),
then

0 -0
1 Nt o = U7 T 1 g ap LIS (-13)
where 1 < p < g < +00, 925, =125

The refined Sobolev inequality (3-13) in weighted norms was proved in [Chamorro 2011], where
the author considered more general situations with the underlying domain R4 replaced by stratified Lie
groups. The above lemma follows immediately since the Euclidean space R4 with its natural group
structure is an example of a stratified Lie group. Notice that 1 € A,, and one recovers the classical result
on the refined Sobolev inequalities established first in [Gerard et al. 1997].

With Lemma 3.4 at hand, we are ready to prove the Proposition 3.2.

Proof. Since ((Uo,n,U1,n))n is bounded in L™, there exists A > 0 such that

+o00 +o00
/ |rdruon(r)|™ dr—i—/ [rup n(r)|"dr < A < 400
0 0

for all n.
Assuming (3-8) fails, we have for some constant co having the property that 0 < co < C A%, that

limsup ||ur» ||L%m+l(R’ LmCmED (3 m—2y) = €0, (3-14)
n—>oo

where C is the constant in (2-12), (2-32) and (2-34). From (2-32), (2-34) and Holder’s inequality, we
know that up to a subsequence, there exists some 6 € (0, 1) such that

. co =

00 Ll o, 0 3,2y 2 ((CA—m)e) - G-1)

For m > 1, we denote by [m] the greatest integer less than or equal to m and by {m} := m — [m] the
fractional part of m. Notice that {m} € [0, 1) and {m} = 0 if and only if m € N.

Letd = [m]+1 and w(x) = |x|¥ with y = {m}, x € R%. It is easy to see that ® € A,,, see for example
[Grafakos 2014], and we have the following refined Sobolev inequality in view of Lemma 3.4:
1 _m_
1/ om0 @ jxiy < ColV N or ey 1 W20 (3-16)

If we apply (3-16) to functions uy, , (, |x|) with respect to the spatial variable x € RI+1 we obtain by
transferring the formula into polar coordinates

+o00 [T
/ g (£, )M g < cOnED / POy, r)|™ dr
0 0

2

A m
“iet xenim (2_'{1/ ‘”V(y)”h"(tv|x—2_’yl)dy) . (3-17)
J€Z xeRlml+1 RIMI+1
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. . 1 .
In view of the conservation of the £™-energy, and the fact that the norms || || 2= and (E,,)m are equivalent,
there exists some N > O such thatif n > N

sup sup - Sup / 2 i uLa(t, |x _Z_jJ’D vV (y)dy| = o, (3-18)
teR j€Z xeRlml+1 [JRIMI+1
where
_m+1 m 1 m
So = %cé'_e)m (C =7 Co)~ o+ Com r%(&ﬂnﬂrl) >0,

and C, is the constant in (2-9).
As a result of (3-18), we have a family of (t,?)n in RY, a sequence of (j,), € ZN and (x,), in
(RI1+1)Ngych that

z

n>N.

_Jn —7
/l;z[m]ﬂ 27 UL (L, | xXn =27y Dy (v) dy

20
2 b
Setting o(+) =¥V (+), An =277, ty = —t94,, and y, = A,x,, we will obtain a contradiction by letting
n — oo provided, up to some subsequences,

1 —t —

/ —TULn —",—|y ul p(y)dy -0, n— +oo. (3-19)
RImI+1 Am ln )Ln

n

To prove this, we divide the argument into two cases.

Case 1: limsup,,_, o, |yn| = +00. Up to a subsequence, we may assume

0<|n| <yl € L |ynl L |yn+1l--—> 400, n— +o0. (3-20)
Define
1 t
= gua(35,)
Aﬂ% n n

Note that V, is a radial function on R1+1 Then from the radial Sobolev embedding (see (4) in
Proposition 2.2), we have

1 oo o \[™ OV AN
Va(y)] < : (/ rorUL, (——, r) dr) < Cp (—) (3-21)
ly|m \Jo An [y
for all n. As a consequence, (3-19) is bounded by
_1
= [ =l el dy. (3-22)
RImI+1
and it suffices to show

lim ¢, =0. (3-23)

n—-+oo
‘We write

_1 _1
Cn:/ |y — ¥nl '"pr(y)ldy+/ |y = yul ™ lo(y)| dy.
[y—ynl=1 [y—ynl=1
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The first term is bounded by

(s lo()) /| |<1|z|—r1« .o,

ly—ynl<1 nee
while the second one goes to zero by dominated convergence. Hence (3-23).

Case 2: There exists ¢ > 0 such that |y, | < ¢ < +oo for all n. We have, up to some subsequences, y, —> y«
as n — 0o, where y4 € R+ guch that |y«| <c. Setting 7,¢0(-) = @(- + yn) and 40(+) = (- + yx),
we have

T = To@, N — 400, inSRMTL) (3-24)

From the condition that (3-7) converges weakly to zero in L™, we have

lim Va(x) T(x) dx = 0.

n—+o00 Jrimi+1

In fact, considered as a function on R3, we have, by (3) in Proposition 2.2,

Vy, — 0 weakly in L3 (R3).

n—-oo
Furthermore,

+o00
[, 0 mprdx = [ eegro) o) varyrar
RImI+1 0 Slml

+o00
=/ / Te@(rw) do () r™=2 ) v,(r)r2 dr — 0,

=W(r)

since W(r) can be considered as a radial function in L3 (R3) for 1 < m < 4o00. On the other hand,
we have by the fundamental theorem of calculus and integration by parts

1
/ VallyD) (tnp () — te (7)) dy = / / (VVn(3). Ore— 3m)@ (3 50 — ye) + )} dy ds.
RImI+1 0 RImI+1

After using Holder’s inequality and the energy estimate, we see the term on the right-hand side is bounded
by

m—1

1 m=1
1 _m __ _ m—[m] m
G lyn =yl [ ([ 050w =y 4y P ay) ™ as.
0 RIm1+1
Notice that ¢ € S(R"I*1), |y,| <c¢ and |y|_mm_—[nlq] is integrable near the origin of R+ when m > 1.
We have

lim Va(3) (tnp(y) — tx90(y)) dy = 0. O

n—00 Jpiml+1

3C. Bessel-type inequality. In this subsection we prove Proposition 3.3. .
We let {ur »}nen and, for 1 < j < J, let U]f and (A, jn)n be as in Proposition 3.3, and define U]in
by (3-6) and w;} by (3-5).
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First of all, we have the explicit formula for [U]f ]=(,r)

(U4 (.r)y=2F (t+7). [U/1-(.r)=2F/(t—-r). j=1. (3-25)
with o]
1 1 g ;
FI(0) = 5003 (o) + 5 /0 o U/ (0) do.

In view of (2-7), one easily verifies that

' 1 ~ t—tj r
[ULj,n]i(t’r)= i [ULJ]i( )L-J’n’)t. )
A‘E -]’n J;n
j.n

Up to subsequences, we may assume, after translating in time and rescaling UIf if necessary,

[.
j>1, lim —2% =4+c0 or foralln, tj,=0. (3-26)

n—o0o i
Jsn

Step I: decoupling of linear profiles. In this step, we prove
J J
: 77 _ 7
Jim Ep, (Z UL,,,(O)) =2 En(U ). (3-27)
j=1 j=1
Recall that for any solution u of the linear wave equation, we have
> - too m
EnGi0) = En@@) =Y [ |lle.n)|" dr
T Jo
where [u]+ is defined in (2-7). Hence (for constants C > 0 that depend on J and m, but not on n)

J J J J
Ep (ZUL{n(O))—ZEm(UL’ (0))‘ =|Em (ZUL{,, (0))—ZEm(UL{,, (0))’
j=1 j=1 j= Jj=1

<c2/ 107100 |[Uf 1 0.7 dr

J?ék
tintr IR i —tknEr
<CZ/ ( kjn ) i i ( Aen ar.
J#k ’ Akm ’
Ij;l,:k,n

We are thus reduced to proving that each of the terms Ij:,bk,n (j # k) goes to 0 as n goes to infinity. By
density we may assume o

ul, v, uf, uf ecg,
and thus F/, Fk e Cg°. We will only consider I]T n whereas the proof for I]Tk,n is the same. Extracting

subsequences and arguing by contradiction, we can distinguish without loss of generality between the
following three cases.
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Case 1: We assume limy, o0 i = (. By the change of variable s = t)’fl'(—”ﬂ, we obtain
90 aen \ | s (MkenS F lem — i\ | Mem )T
I, = / Kon ) i (2o Flen ~ L |Fk(s)| ds<(ZE2) 7 328
Join —skn Ajn Ajn )Ljn
k.n

where we have used that £/ and F¥ are bounded and compactly supported. Sinc
goes to infinity, we are done.

Case 2: We assume lim,, o i]’( = = (. We argue similarly by using the change of variable s = —_t-){'"ﬂ.

J.n

Case 3: We assume that the sequence (A’ 4 ik ”) is bounded. We use as in Case 1 the change of
—tintr

variable s = BT By the pseudo- orthogonahty condition (3-1) we see that
tin—1t
lim —| jon ~ lhn| = +o00,
n—-oo j,n

and thus, as a consequence of the first line of (3-28), Ij+k ,, 18 0 for large n, which concludes Step 1.

Step 2: end of the proof. For 1 < m < 400, we introduce the notation

. 1 r . m— .
CID,jLO(r):;;/O U, 410, 5)] 2[UL{n]jE(o,s)ols,

. 1 . m— .
<I>,f,,1(r>=;Z¢\[U{,n]i(o,r)| U] 1 (0.7).

and let CIDJ L(t) be the solution of the linear wave equations with initial data (CDn 0 ,]1 )€ L™ where

m' =

m—1

. . P
(@) 1+0.7) = [[U7 ]+ 0.1)|[" 7 [U/ 10, ).
and note that

400
En(U/ (0) = En(U{,(0)) = / Z[cb 1+ OV )£ 0) dr. (3-29)

J

From the weak convergence condition satisfied by the remainder term w;, , we have by time translation

and changing variables

+o00 . .
/0 ([®; 11+ (0, N[w;y 140, r) + [®;,  1- (0, w; |- (0, 7)) dr

+o00 . . 1
=/0 107140, 1) 2140, r) AT, [w’]+(z,-n,x,-nr>dr
00
+/ 10710, " 20710, 1) AT [ 1= 6y, A 7 i,
0

which goes to zero as n — +o0 for 1 < j < J. Furthermore,

+o0 .
[O 0] 0. U, 10, )| dr = /0 107,12 0.0 (UK, 10 )| .
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and, by Step 1, this goes to 0 as n goes to infinity if j # k. Hence from (3-29), we have

J

> Em(U{ (0))

j=1

= 1 e 0y 0,r))d e 0 J ® 1-0,r)) d
—am [ [ [uL,n1+<o,r>(j§[<Dn,Ll+<,r>) r+ [uL,n]_m)(j:l[ ul-0.0)dr |

which is bounded after using Holder’s inequality by
1 /

J 1
[ lim Em( ! (0, r))]m [limsupEm(ﬁL,n(O))} .
=1

N

n—+00 n—>+o00

Furthermore, by the decoupling property proved in Step 1 we obtain

J J J
lim Em/(Z @) | (0, r)) =Y Ew(®)(0) = Em(T{ (0))
j=1 Jj=1 Jj=1

n—-4o00

and this concludes the result.

3D. Approximation by sum of profiles. We next write a lemma approximating a nonlinear solution by a
sum of profiles outside a wave cone. This type of approximation is only available in space-time slabs
where the S norm of all the profiles remain finite. To satisfy this assumption, we will work outside a
sufficiently large wave cone.

Let {(v0.,n,u1,n)}n be a sequence of functions in £ that has a profile decomposition with profiles
(U, J , Ulj ) and parameters (A; n,%jn)n, j > 1. Extracting subsequences and time-translating the profiles,
we can assume that for all j > 1 one of the following holds:

. [j,n
nlggo—/\j’n € {£oo0} or (3-30)
foralln, ¢, =0. (3-31)

We will denote by Joo the set of indices j such that (3-30) holds and by 7y the set of indices such that
(3-31) holds. We assume:

(1) There exist jo > 1, A > 0 and a global solution U Jo of
anfo —AUJo = t|UjO|2mUj°1{rz|;|+A},
U0, r) = l?LJO(O, r), r>A,
such that [7j0(0) € L™ and ||Uj0||S({rz|t|+A}) < 00.

(2) If j € Jo\ {Jjo}, then the solution of (1-1) with initial (7{ (0) scatters in both time directions or

For j > 1, we define U J as follows:
o U0 is defined as in point (1) above.

" — (), then U/ is the solution of (1-1) with initial data l?lf (0).

n

o If j € Jo and limy 00 72
70
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o If j € Jo and limy .00 722 = 00, then U/ = 0.
JO

o If j € Joo, then U/ = U/
We let U,{ be the corresponding modulated profiles:
: 1 (t—t
UJ(t.x) = 1 UJ( jn X )
Jsn
Lemma 3.5. Assume that points (1) and (2) above hold, let u,, be the solution of (1-1) with initial data
(Mo,n,U1,n), and Iy, be its maximal interval of existence. Then

J
Un(t.X) =Y UJ (6. %)+ w) (t.x) + 5 (&, %),

j=1

where
J oo J
i imsup( 67 Lsvety. =z + 500 [ rdn i dr) <o
J—>00 p—oo tely JAAj, ntlt|
Proof. This follows from Lemma 2.19 with
J€Jo

We omit the details of the proof that are by now standard; see, e.g., the proof of the main theorem in
[Bahouri and Gérard 1999]. O

3E. Exterior energy of a sum of profiles.

Proposition 3.6. Let {(1on,U1,n)}nen be a bounded sequence in L that has a profile decomposition
with profiles {ULJ }i>=1 and parameters {(tjn, Ajn)n}j>1. Let {(On, pn,0On)nen be a sequence such that
0<pp <oy <00, 0, €R. Let k > 1. Then, extracting a subsequence if necessary

opn On
on(1) + f POt (B, )™ dr = / P9 Uy (B ™ d. (3-32)
0

n Pn
where lim,, 0,(1) = 0, ur_, is the solution of the linear wave equation with initial data (uo ,u1,,) and

UF, is defined in (3-6).
See [Duyckaerts and Roy 2015, Proposition 3.12] for the proof.

4. Exterior energy for solutions of the nonlinear equation

4A. Preliminaries on singular stationary solutions. We recall from [Duyckaerts et al. 2014; Duyckaerts
and Roy 2015; Shen 2013] the following result on existence of stationary solutions for (1-1).

Proposition 4.1. Ler £ € R\ {0}. Assume m > 1, m # 2. There exists Ry > 0 and a maximal radial
C? solution Zy of

AZy+1Zy)*™Z; =0 on RPN{|x|> Ry} 4-1)
such that

1
rZe(r) =+ P2 Zy ) + U S g, 7> L (4-2)

_2’



1010 THOMAS DUYCKAERTS AND JIANWEI YANG

Furthermore,
o if 1 = +1 (focusing nonlinearity), then Ry = 0 and Zy ¢ L3™(R?),

e if = —1 (defocusing nonlinearity), then Ry > 0 and
lim |Z(r)] = +o0. (4-3)
r—)Rg

Remark 4.2. We will construct Z; and let

7 +1 7 ( r )
(L= 1 m
=Nl

(where =+ is the sign of £), which will satisty the conclusion of Proposition 4.1 for all £ € R\ {0}. In
particular,

Ry = Rul¢|m=T.
Let us mention that the uniqueness of Z, can be proved by elementary arguments. However, it will follow
from Proposition 4.3 and we will not prove it here.

Proof. The proof is essentially contained in [Duyckaerts et al. 2014; Shen 2013] (focusing case for m > 2
and m € (1, 2) respectively) and [Duyckaerts and Roy 2015] (defocusing case for m > 2). We give a
sketch for the sake of completeness.

We assume £ = 1 (see Remark 4.2).

Existence for large r. Letting g = rZ 1, we see that the equation on Z is equivalent to

§'(r) = =5 |g(r) "5 (r). (4-4)

It is sufficient to find a fixed point for the operator A defined by

o0 OO L om
A(g)=1- —n180)|""g(o) do ds
r Js O
in the ball
B ={geC’ro.+).R):d(g.1) = M},
where rg and M are two large parameters and
d(g, h) == sup (r?™2|g(r) — h(r))).
r=ro

Noting that (B, d) is a complete metric space, it is easy to prove that A is a contraction on B assuming
M > 1 and ro > 1 (depending on M), and thus that A has a fixed point g;. The fact that Z; := % g1
satisfies the estimates (4-2) follows easily. Let Ry > 0 such that (R, +00) is the maximal interval of
existence of g; as a solution of the ordinary differential equation.

Focusing case. We next assume ¢ = 1 and prove that Ry =0 and Z, ¢ L™ Let

G(r) = 38/()? + (P2

2m + 2)r2m
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By (4-4), if r € (Ry, +00),

G'(r) =~ g )P+

(m + 1)r2m+1
Hence

6/l < £ 6.

This proves that G is bounded on (Ry, +00) if Ry > 0, a contradiction with the standard ODE blow-up
criterion. Thus R; = 0.

The fact that Z; ¢ L3™(R3) is nontrivial but classical. Assume by contradiction that Z; € L3 Then
one can prove, see [Duyckaerts et al. 2014], that Z is a solution in the distributional sense on R3 of

—AZy=|Z1]P"Z;.

Noting that |Z|*™ € L%, one can use [Trudinger 1968] to prove that Z; € L®, and thus, by elliptic
regularity, that Z; is C 2 on R3. To deduce a contradiction, we introduce, as in [Shen 2013], the function
v(r) = rmZ 1. It is easy to check, using (4-2), for the limits at infinity and the fact that Z; is C? for the
limit at 0, that

li = li 'r= 1 = 1 '(r) =0.
r_l)r(r)1+v(r) r_l)r(r)1+rv (r) r_:rj{loov(r) r_:rfwrv (r)

2 1 1 1 1 1
V(1= W+ == —— v+ =)P"v=0.
r m r2\m2 m r2

Integrating the identity

d (LW m-1, lv(r)|?" 12 2—-m 5
— — = 4-5
dr (r 2 2m? " )+ 2m +2 m rlv(r)| (4-5)

Furthermore,

between 0 and 400, one sees that v must be a constant, a contradiction with the construction of Z;. Note
that we have used in this last step that the constant Z_Tm in the right-hand side of the identity (4-5) is
nonzero, i.e., m # 2.

Defocusing case. Assume t = —1. We prove that R; > 0 by contradiction. Assume R; = 0 and let
—z,(1
h(s) := Zg(s).
Then
1
h'(s) = —|h(s)P"h(s)
s
and by (4-2),

h
im ) him ws) =1,
s—0t S s—0T
By a classical ODE argument, see [Duyckaerts and Roy 2015] for the details, one can prove that / blows
up in finite time, a contradiction. This proves that R; > 0. The condition (4-3) follows from the standard
ODE blow-up criterion. O
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4B. Statement. One of the main ingredients of the proof of Theorem 3 is a bound from below of
the exterior £™-energy for nonzero, £™ solutions of (1-1). It is similar to [Duyckaerts et al. 2013,
Propostions 2.1 and 2.2] and [Duyckaerts and Roy 2015, Propositions 4.1 and 4.2]. The statements in
these articles are divided between two cases, whether the support of (ug,u1) — (Zg, 0) is compact for all
£ # 0 or not. We give below a unified statement.

If (ug,u1) € L™ and A > 0 we will denote by T4 (ug, u1) the element of L™ defined by

TaGuo,un)(r) = (o, un)(r) ifr > A, (4-6)
Tatuo,u1)(r) = (uo(4),0) if r < A, 4-7)
We note that
+o00
1T o 1) = /A (B0 (Rt [™ + [ (™) r™ dr. 4-8)

We denote by ess supp the essential support of a function defined on a domain D of R3:
esssupp(f) = D\U{Q C D|Qisopenand f =0ae.in Q}.
Recall from Proposition 4.1 the definition of Z; and R;.

Proposition 4.3. Let u be a radial solution of (1-1) with (ug,u1) € L™ Assume that (Ug,U1) is not
identically 0. Then there exist A > 0, n > 0 such that, if (g, 1) = Tg(ug,u1), and i is the solution of

07t — Aii = Ui P il > 4410 (4-9)

with initial data (g, 1), then U is global, scatters in L™ and the following holds for all t > 0 or for all
t <0:

400 +00
/ [0pu(r)|"r™ dr—i—/ [0:u(r)|"™r™ dr > 1. (4-10)
A+t| A+t

The proof of Proposition 4.3 is very close to the proofs of the analogous propositions in [Duyckaerts
et al. 2014; Duyckaerts and Roy 2015]. We give a sketch of proof for the sake of completeness.

4C. Sketch of proof of Proposition 4.3. We argue by contradiction, assuming that for all 4 > 0 the
solution % of (4-9) with initial data T4 (u¢, #1) is not a scattering solution, or is scattering and satisfies

lim inf |0; 2i(t, 7)™ r™ dr = 0. (4-11)
t—>F00 J44s|

We let

v(r) =ru(r), wvo(r) =rue(r). wvi(r)=rui(r).

Step I: In this step we prove that there exists g9 > 0 such that, if A > 0 is such that

+o00
/ (10,uo|™ + |u1|™)yr™ dr = ¢ < &9, (4-12)
A
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then
oo c @m+1)
[4 |8rl)()|m+|l)1|m dFEWhJO(A)Vn , (4-13)

forall B € [4,24], [vo(B) —vo(4)| < CA> 7> |ug(A)["+! < Ce?|vg(A)]. (4-14)

We first assume (4-13) and prove (4-14). By the Holder inequality and (4-13) we have

24 24 -
lvo(B) —vo(A)] Ef |3rvo(r)|dr§Am’"_l(/ |0, vo|™ dr) < CA*™"|ug(A)P" T (4-15)
A A

Furthermore, by (4-12) and (4) in Proposition 2.2,

1

(I = Ao (A" <z,

which yields
o (A) 2™ < 6242772
Combining with (4-15), we obtain the second inequality of (4-14).
We next prove (4-13). Let
(to,%1) = Ta(uo, ur).
Let u and iy, be the solutions of the nonlinear wave equation (1-1) and the linear wave equation (1-3),

respectively, with initial data (iig, t1). By the small data theory, # is global and

sup ||t (¢) — i (t)|| gm < Ce2™H1, (4-16)
teR

Using the exterior energy property (3) in Proposition 2.3, we have that the following holds for all # > 0 or
forallz <O:

/ (19- (o)™ + o [") dr = € / | (rii) . )™ dr < € / B i (1. 7)™ dr.
4 A+lr| A+lr]

Using (4-16), we obtain that the following holds for all £ > 0 or for all # < 0:

400 +o00
/ (18, Wo)™ + [v1 ™) dr < C ( / O it ™ dr + e<2m+”m). “17)
A A+t

Using (4-11) and the definition (4-12) of ¢, and letting ¢ — +00 or t — —o0, we obtain

1 +o00 +o0 2m+1
& |l omyar < ([ ool + afmyom ar)
A A

By (4) in Proposition 2.2, and since A|ug(A)|™ = ﬁh}o A,
+o00 400 1 2m+1
[ o+ < e ([ @+l dr + )

Since fA+°°(|8rv0|m + |v1|™) dr is small, we deduce (4-13).
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Step 2: We prove that there exists £ € R\ 0 such that

lim vo(r) =4, (4-18)
r—>00
and that there exists a constant M > 0 (depending on u) such that
M
|U0(’")—5|§r2m—_2 (4-19)
for large r.
Let ¢ > 0 and fix A¢ such that
+o0
/ (10uo|™ + [u1|™)r™ dr = & < &y, (4-20)
Ao

where g¢ is given by Step 1. By (4-14),
forallk >0, |vo(2¥T1A40)| < (1 + Ce?)(Jvo(2X 4p)]).
Hence, by a straightforward induction,
forall k >0, |vo(2XT 40)| < (1 + Ce2)*|vg(Ag)|.
Using (4-14) again, we deduce
00 (2¥F1 A9) — v9(2F Ag)| < C(2F A0)272M (1 + C2)F @M T yo(4g)[2m L, (4-21)
Choosing & small enough (so that 22727 (1 4 Ce?)2m+1 < 1), we see that

Z|v0(2k+1A0) — vo(zkAo)‘ < 00,
k>1

and thus that vo(2% Ag) has a limit £ as k — +o0. Using (4-14) again, we deduce
lim_ [vo(r)| = £

Summing (4-21) over all k > 0, we deduce, using that v is bounded, that there exists a constant M > 0,
such that [vg(A4g) —£| < MA%_Z’" for Ag large enough. This yields (4-19).
It remains to prove that £ % 0. We argue by contradiction. By (4-19), if £ = 0, then

M
lvo(r)| < am—a

On the other hand, using (4-14) and an easy induction argument, we obtain that for all &€ > 0, for all Ay
satisfying (4-20),
|v0(2* 40)| = (1~ C?)*|vo(Ao)-

Combining with the previous bound, we obtain

2\k
(1—=Ce%)*lvg(Ao)| < W’
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a contradiction if ¢ is chosen small enough unless vo(Ag) = 0. Using (4-13), we see that this would
imply vo(r) = 0 and v (r) = 0 for almost all r > Ay. Since this is true for any Ao such that (4-20)
holds, an obvious bootstrap argument proves that (vg, v1) = (0, 0) almost everywhere, contradicting our
assumption.

Step 3: Recall from Proposition 4.1 the definition of Ry. Let, for r > Ry,

(g0.81)(r) := (uo(r) — Zg(r),u1(r)), (ho,h1)(r) =r(go(r),g1(r)).

If ¢ > 0, we fix A > Ry such that

+o00 gn
/A 10, Ze"'r™ dr + | Zell'S 5 A, 41013 = c’ (4-22)

In this step, we prove that for all € > 0, if A > A, satisfies

+00 Sm
/ (Brgol™ + g1 /™)r™ dr < = (4-23)
4 C
then
+oo e
fA Orhol™ + i |™ dr < L lho(A)™ (4-24)

Fix A > A, let (tig,t1) = T4(uo,u1), and let % be the solution of the nonlinear wave equation (1-1)
with initial data (g, %1) at ¢ = 0. Note that by (4-23) and small data theory, # is global and scatters in
both time directions. Note also that by our assumption, u satisfies (4-11).
Define g as the solution to the equation
{3?§—A£’ = Lz atip (i — | Zg " Zy), 425)
Zr—o = Ta(g0. g1).

and g1 the solution of the free wave equation with the same initial data. Notice that (32 — A) (i — Z¢) =
(02— A)g forr > A+ |t| and g(0,r) = (tig — Zy, i1 )(r) for r > A. Thus, by finite speed of propagation,
g=1u—Zy forr > A+ |t|, and we can rewrite the first equation in (4-25):

78— Ag=Lpsapip(1Ze+ 87" (Ze+ 8) =1 ZeP" Zy). (4-26)

Using (4-26), Strichartz estimates and the Holder inequality, we see that for all time intervals / containing 0

g —&ullsay + sup 180 —gL®llem < C1Zel 5= aziop 1€1say + 12150

te[max(u)
By (4-23), (4-22) and a straightforward bootstrap argument, we deduce that for all intervals /7 with 0 € I,
1&llscry < CllgLllsy < ClITa(go.81)llcm < Ce,

and
sup 13(t) = ()]l em < Ce¥™ | Talgo. g1) || - (4-27)
te
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By the exterior energy property (3) in Proposition 2.3, the following holds for all # > 0 or for all # < 0:

400 too
/ (hol™ + |1 ™) dr < C / 19 80| ™ dr
A A+t]

+o00
<c (<82m||7:4(go,g1)||gm)m N /A g dr),
+ |z

where in the last line we used (4-27).
Letting t — £o00 and using (4-11), we deduce

+00 5
/ 19, ho|™ + |h1|™ drfCezm/
A A

The desired estimate (4-24) follows, taking ¢ small and using (4) in Proposition 2.2.

+oo
(10-go|™ +1g1|"™)r™ dr.

Step 4: Fix a small € > 0 and let A; be as in Step 3, i.e., such that (4-22) holds. In this step, we prove
that r < Ag on esssupp(uo — Zg, U1).

Indeed, if not, we obtain from (4-24) that there exists A > A, such that s¢(A) # 0. Using a similar
argument to that in Step 1, we deduce from (4-24) that for all A > A, such that (4-23) holds,

forall B € [A,24], |ho(A) —ho(B)| < Cel|ho(A)]. (4-28)

If ess supp(ug — Z¢, uq) is not bounded, we deduce by (4-24) that ho(A) # O for all large A > 0. If ¢ > 0
is small enough, we deduce using (4-28) that

lim r%ho(r) = +o0,
r—>+400

where a € (0,2m —2) is fixed. Since
vo(r) =€ =ho(r)—L+rZy,

this contradicts (4-19) in Step 2 and the asymptotic estimate (4-2) of Z,.
We have proved that ess supp(ug — Zg, u1) is bounded. Using (4-24), (4-28) and a straightforward
bootstrap argument, we deduce that » < A, on the support of ess supp(ug — Zyg, u1).

Step 5: Fix a small ¢ > 0. We have proved in Step 4 that (ug, u1)(r) = (Z¢(r), 0) for almost every r > Ag,
where A, depends only on £. We will prove (ug,u1)(r) = (Z¢(r),0) for r > Ry, a contradiction with
Proposition 4.1 since (ug,u1) € L™

We argue by contradiction, assuming that there exists B > Ry such that B € ess supp(ugo—Zy, u1). Using
a similar argument to that in Step 3, but on small time intervals (see, e.g., the proof of Proposition 2.2(a),
§2.2.1 in [Duyckaerts et al. 2013]), we prove that the following holds for all £ > 0 or for all # < 0:

B + |t] € esssupp((u(t) — Zg, 0;u(t))). (4-29)
Choose o such that
B +|tg| > A;  on esssupp((u(to) — Zg., d,u(to))). (4-30)
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It is easy to see that u satisfies the following: for all A > |¢g| the solution % of
02 — Afi = i |25 At lr—10])

with initial data 74 (# (o)) at ¢ = fo is not a scattering solution, or is scattering and satisfies

+o00
lim inf |0 (e, r)|"r™ dr =0.
1=>300 JA 4|t —10)|

We can then go through Steps 1-4 above, but with initial data at ¢ = #¢, and restricting to r > |fg|. Note
that by finite speed of propagation, the limit £ obtained in Step 2 for # = 0 and for ¢ = ¢ is the same; i.e.,

lim ru(to,r) = lim ru(0,r).
r——+00 r—+o00

By the conclusion of Step 4, we obtain that r < max(4g,%9) on esssupp(i(tg) — Zy), contradicting
(4-30). O
5. Dispersive term

This section concerns the existence of a “dispersive” component for a solution u of (1-1) that remains
bounded in £™ along a sequence of times. This component is the strong limit of u(z), in £™, outside the
origin in the finite time blow-up case (see Section 5A), and a solution of the linear wave equation in the
global case (see Section 5B).

5A. Regular part in the finite time blow-up case.
Proposition 5.1. Let u be a radial solution of (1-1), (1-2). Assume

Ty (u) <oo, liminf |u(2)|zm < oo.
t—>T4(u)

Then there exists a solution v of (1-1), defined in a neighborhood of t = T4+, such that for all t in
Imax(u) ﬂ Imax(v),
forallr > Ty —t, u(t,r)y="0v(,r).

We omit the proof; see Section 6.3 in [Duyckaerts and Roy 2015] for a very close proof.
5B. Extraction of the radiation term in the global case. We prove here:
Proposition 5.2. Let u be a radial solution of (1-1), (1-2). Assume
Ty (u) = 400, liminf ||u(2)|zm < 0.
t—>+o00
Then there exists a solution v of the free wave equation (1-3) such that for all A € R,

lim (|8t(u—vL)|m+|8r(u—vL)|m)rm dr =0. (5-1)
1=>400 Jix|>A+]t|
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The proof relies on the following lemma, which is a consequence of finite speed of propagation,
Strichartz estimates and the small data theory. We omit the proof, which is an easy adaptation of the
proofs of Claims 2.3 and 2.4 in [Duyckaerts et al. 2016] where the usual energy is replaced by the
L™-energy:

Lemma 5.3. There exists €1 > 0 with the following property. Let u be a solution of (1-1), (1-2) such
that Ty (u) = 4o00. Let T > 0 and A > 0. Assume || SL(- — T)i(T) || s¢|x|>A+t. t>T}) = € < €1. Then
lullsqx|>A+t, e>Ty) < 2€’, and there exists a solution vy of the linear wave equation such that (5-1)
holds.

Proof of Proposition 5.2. See also Section 3.3 in [Duyckaerts et al. 2013].

Step 1: Let t, — +o0 such that the sequence (i (t,)), is bounded in £™. In this step we prove that there
exists 6 > 0 such that for large n,

ISLC ) (tn) | s (x| (1—8)t, +1, 20}) < €1, (5-2)

where ¢ is given by Lemma 5.3. We argue by contradiction, assuming (after extraction of subsequences)
that there exists a sequence 8, — 0 such that

ISLC ) (tn) | (x> (1=8,) 10+, £03) = €1 (5-3)

Extracting subsequences again, we can assume that the sequence (i(f,)), has a profile decomposition
with profiles Ulf and parameters (A; ,,%jn)n. Let J be a large integer such that

J
s (-)(*(m)— (0>) H <8
‘L ; ; o=

A contradiction will follow if we prove (possibly extracting subsequences in ») that for all j € {1,...,J},
Jim ISLCUL Ol 5(¢1x1=(1=8n)tn +1, £203) = O. (5-4)
We have
ISL(DUL Ol s¢tr==8)tnt1, 1209 = 1V 54,0+

where 5

t 1— t t
Ajp:=3(t,r) €Rx(0,00):¢t>—2L% and r > (1 =)t +‘z+ T }

A«j’n A]!n A]!n

As a consequence, we see that we can extract subsequences so that the characteristic function of A4;

. . tj,n tn
goes to 0 pointwise unless T and

“_ are bounded. Time translating the profile U]f and extracting
J.n
again, we can assume

lim

=19 €[0,00) foralln, tj, =0.
n—>oo

Jj.n
By finite speed of propagation and the small data theory,
lim lim sup/ [r0rsu(ty)|™ dr = 0. (5-5)
|x|>t,+A

A—>+00 p—+00
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By Proposition 3.6, for all A € R, we have that for large n,

+o0 1 +o00 .
/ @)™ dr = & [ Ir B UZ (O™ dr
th+A th+A
1 400 400
=3 fpoa IrOnel O™ dr 2 5 [ o oI dr

)‘j,n

Combining with (5-5), we see that if ULJ is not identically 0, then 7 is strictly posmve and we can rescale
the profile U}’ / to assume 70 =1,and A; , = t,. Using (5-5) we see that ess supp U J (0) is included in
the unit ball of R3, which implies

1O sy = 10 Iscie=0, r==8n)+1) =20

concluding the proof of (5-4) in this case. Step 1 is complete.

Step 2: By Step 1 and Lemma 5.3, for all A € R, there exists a solution vf of the free wave equation
such that

lim (|8t(u—vL)|m |0, (u—vL)|m) "dr=0. (5-6)

12400 Jix|= A+t
We consider the sequence ¢, — +o00 of Step 1 and assume, extracting a subsequence if necessary, that
1i(t,) has a profile decomposition (Ulf . (Ajn.tin)n)j=>1. Reordering the profiles and rescaling and time-
translating UL1 if necessary, we can assume, without loss of generality, that t; , =1, and A , = 1 for
all n. In other words, 0L1 (0) is the weak limit, as n goes to infinity, of §L(—tn)ﬁ(tn). Note that U;! might
be identically 0.
Fix A € R. Then
J

ii(tn) = 5 (1) = U (tn) = 5 (tn) + Y U, (0) + ;] (1n):
Jj=2

i.e., U(tn) — U{1(ty) has a profile decomposition G/, (Ajnstin)n)j=1, with Ulf = U]f if j > 2, and
(’le = UL1 — vf. By Proposition 3.6,

lim sup |97 — o) (1) dr = Tim sup 1737, (U = v ()™,
n—oo Jr>A+t, n—o00 Jrzin+A

and thus, by (5-6)
lim 1797, (U = ) (1) ™ = 0

n=>00 Jr>t,+A

Using (5-6) again, we obtain

lim rdre (U —u)(tn)|™ =0

n=>00 Jr>t,+A
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This is valid for all A € R. A simple argument using finite speed of propagation and small data theory
yields

lim I8 (U} —u) ()] = 0,

=00 Jr>r+A4

concluding the proof of the proposition with vy, = ULI. O

6. Scattering/blow-up dichotomy
In this section we prove Theorem 3. Let u be a solution of (1-1). Consider the property:

liminf [[#(t)[| om < 0. 6-1)
t—=>T1 (u)

We must prove:
(1) If (6-1) holds then T4 (u) = +o0.
(2) If T4 (u) = +o00 and (6-1) holds, then u scatters to a linear solution in £,
The proofs of (1) and (2) are very similar, and are simplified versions of the corresponding proofs in

[Duyckaerts and Roy 2015]. We will only sketch the proof of (2) and explain the necessary modification
to obtain (1).

6A. Proof of scattering. Let u be a global solution and let z, — +00 such that 1(z,) is bounded. Let
vL, be the linear component of u, given by Proposition 5.2. Extracting subsequences, we can assume that
(ti(ty) — UL(tn))n has a profile decomposition with profiles U]f and parameters (A ,,j,n)n. As before,
we denote by U]in the modulated profiles; see (3-6). Extracting subsequences and translating the profiles
in time if necessary, one of the following three cases holds.
Case 1: Assume

Vi1, U/=0 or lim —2 = _cc. (6-2)

Let 7' >> 1 such that [ vL|| s (T,+00)) < 870, where §¢ is given by the small data theory (see Proposition 2.17).
By (6-2), for all j,

. J — J =
nlggo HUL,” ”S((T_I”’O)) - nll>n;o “UL HS((PZZ%’ﬂ)) -

J.n
Thus for large n,

ISLC)u(tn) |l s((T—1,,0)) < Bo-
By Proposition 2.17, for large n,
lull sty = 1uln + )l s(T~1,.00) < 250-

Letting n — oo, we deduce ||u||s((T,+o00)) < 280, and thus u scatters.
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Case 2: We assume

Vi>1, U/ =0 or lim —" e{+oo}. (6-3)
n—>oo j,l’l
and ;
. jo . _j(),n _ _
Jjo=1, U;°#0 and nli)rrolo Ko = 4o00. (6-4)

We will use a channel of energy argument based on the following observation, which is a direct consequence
of the explicit form of the solution; see (2-4), (2-6):

Claim 6.1. Let uy, be a nonzero solution of the linear wave equation (1-3) with initial data in L™. Then

there exists A € R such that
+o0

lim inf r™ 0y uL|™ dr > 0.
I=>400 JA+¢
If j > 1, we have

” If ”S({t>0,r>t}) ”LIf” Ljn Ljion ).
U 20,7> S({tz—lj_n STt 1)
Noting that under the assumptions of Case 2,

forall j >1, 1 — 0

{tz—%, r2t+%} n—>00
pointwise, otherwise ULj = 0. We obtain
. . J —
forall j =1, lim U, |ls¢r=i=0 =0
and thus
im | SL(1)i (t) | s tr =103 = 0.

By the small data theory (see Proposition 2.17) and finite speed of propagation

+o00
lim (||u(tn + scrst=on + sup/ |8,,r(u(tn +1)— SL(t)z?(tn))|mrm dr) =0. (6-5)
n—o00 t>0J¢

Let jo be as in (6-4). By Claim 6.1, there exists A € R such that

oo .
lim inf |rd: U/ ™ dr > 0.
1=>+o0 A.io,nA_t./'o.n'i‘t ’

For large n, we have A, A —tj, » > 0. By Proposition 3.6, we deduce from (6-5) that for large n,

(o,]
lim inf r™ 0 (ut,r)y—vpL(t, r)|™dr >0,
1400 Ao nA—tjo.n+t—tn

contradicting the definition of vy..

Case 3: In this last case we assume
3j=1,Vn, ti,=0 and U/ #0. (6-6)

This is the core of the proof, where we use Proposition 4.3, and thus the fact that (1-1) has no nonzero
stationary solution in £™.



1022 THOMAS DUYCKAERTS AND JIANWEI YANG

We will use Section 3D to approximate u, outside appropriate wave cones, by a sum of profiles. As
in Section 3D, we let Jp be the set of indices j such that 7;, = 0 for all n and J the set of j such
that ij L goes to 400 or —oo. Extracting subsequences and translating the profiles in time if necessary,

J.n

we can assume N\ {0} = Jo U Joo. Let §; > 0 be a small number, smaller than the number given by
the small data theory, and such that there exists j € Jo with |U; (0)||zm > 1. We let jio € Jo such that

1T°(0)[| o > 81, and
- A
(jeJo and U (0)|cm>81) = lim %% = +o0. (6-7)

n=>00 Ajn

We note that by Proposition 3.3, there exists a finite number of j € Jy with || l?LJ (0)||zm > 61, so that, in
view of the pseudo-orthogonality property (3-1), jo is well-defined. By Proposition 4.3, there exist 4,
n>0, U0 e S(R) such that U/0 € CO(R, £™),

07 = A)UP = U P ULz gy, U0(0) = Ta (T (0)), (6-8)
and the following holds for all # > 0 or for all # < 0:
+o0 )
/ |rd, U™ dr > . (6-9)
[t|+A

Note that (Uj,)&j,n, tjn)j>0 with UP? = v and Aon = 1,10, =ty is a profile decomposition of i (zy).
According to Lemma 3.5,

J
u(t + 1) =vL( + 1)+ D UL @) +wy) () + 5 (1), 1 €[ty +00), (6-10)
j=1

where the modulated profiles Unj for j # jo are defined in Section 3D and

+o00
, J 7
hmsup(ll8n Istel—tn,+00), r>ah;y n+Ielp) + SUP / rde,rey (6.r)™ dr)
n—00 t>—tn |l|+AAj0_n

goes to 0 as J goes to infinity. It can be deduced from Proposition 3.6 that for all sequences (6,), in
[_[na +OO)’

+00

+o0 i
on(1) —i—/ ‘rar,t(u —op)(ty + 6, r)}m dr > / |r0r: U6, r)|[™dr.  (6-11)
Aljo,n‘f'lenl Akjo,n‘Henl

Indeed, this can be proved by noticing that (6-10) (and its time derivative) at ¢ = 6, can be considered as
a profile decomposition of the sequence ((¢ — 1)(0, + t4))»n and using Proposition 3.6 and finite speed
of propagation. We refer to the proof of (3.18) in [Duyckaerts and Roy 2015] for a detailed proof in a
very similar setting.

If (6-9) holds for # > 0, then by (6-11), for large n,

’

—+o00
lim sup / 1O (4 (s ) — V1 (s )| =
t—>+4o00 Jt+AAj,n

NS

contradicting the definition of vy .
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If (6-9) holds for ¢ <0, we use (6-11) at 6,, = —t,, together with (6-9) and obtain that for large n

NS

+o0
f |rd¢r(u(0,r)—vL(0,r)|" dr >
tn+Alj0,n

a contradiction since %(0) € £™. O
6B. Proof of global existence. We argue by contradiction, assuming that (6-1) holds and that 7 = T (u)

is finite. Let v be the regular part of u at t = 7., defined by Proposition 5.1. Recall that v is a solution
of (1-1) defined in a neighborhood of 7 (1) and such that

for all 1 € Iax (1) N Iax (v), forall r > Ty —t, u(t,r) =v(t,r). (6-12)

As in Section 6A, we consider a sequence t, — T4 such that 1(z,) is bounded in £, and we assume
(extracting subsequences if necessary) that (1 (z,) — v(t,)), has a profile decomposition with profiles ULJ
and parameters (A}, ,)n. We distinguish again between three cases.

Case 1: We assume (6-2). By the same proof as in Case 1 of Section 6A, we obtain

[ SLC) ) = B(n)) | 3¢ —oo.0y) = ©-

lim
n—>oo
By Lemma 2.19, if T < T4 (u) is in the domain of definition of v, close to T4 (u),

lim [ () s(T.1)) < 00

which contradicts the blow-up criterion

1 (ta) | (T, 74 Guy)) = 00,
Case 2: We assume (6-3) and (6-4). Fix jo > 1 such that (6-4) holds. Using Claim 6.1 and an argument
very similar to the one of Case 2 of Section 6A, we obtain that for large #,

lim inf

/ [0¢r(u—0)(t, )" r™dr >0,
1T ) Jr>AMjo n—tjo.n+t—tn

where A € R is given by Claim 6.1, contradicting (6-12) (since for large n, we have AL, » —tj.n > 0).

Case 3: We assume (6-6). We define Jp, Joo as in Case 3 of Section 6A and choose jy € Jo such that
(6-7) holds. Using Proposition 4.3, we obtain 4, 7 > 0, and a solution U/0 € S(R) of (6-8), such that
(6-9) holds for all £ > 0 or for all # < (0. We distinguish two cases.

If (6-9) holds for all # > 0, then we prove using Lemma 2.19 and Proposition 3.6 that for large n,

lim inf / [0 (u—0)(t, )" r™dr >0,
1=>T1 ) Jr>AMjo p+t—tn

a contradiction with (6-12).
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If (6-9) holds for all t <0, we let T € [0, T+ (u)) such that T is in the domain of definition of v. Using
Lemma 2.19 and Proposition 3.6, we deduce that for large n

’

10, (u—v)(T, 7)™ r™ dr >

N3

‘/"‘ZAAjO,n +t,—T

a contradiction for large n, since d; (v —v)(T, r) is supported in |x| < 74 — T This concludes the sketch
of proof.

Appendix: Proof of Proposition 2.1

The “only if” part. First of all, we have a sequence of smooth radial functions ( f), with compact
supports such that

400
/ 10, (f — f)(M|"r™dr — 0, n— oo. (A-1)
0

As a consequence, we clearly have (2-1). Notice that for 0 < r < r’ < +00, we have

1

Cm (7 "
7)== ([T s as)”
rm r
and this yields that f(r) is continuous.
To see (2-2), we first prove

3=

400
|f(r)|si( / Isasf(S)l’"dS) |

T
rm
and

rf )] <" ( [ etsrent d)

Indeed, if f € C§°((0, +00)), then the preceding inequality follows from the fundamental theorem of
calculus and the Holder inequality. The case of a general function f can be deduced from (A-1). The
desired estimate (2-2) is an immediate consequence of these two inequalities.

The “if” part. Given a radial function f(x) on R3, satisfying the conditions (2-1), (2-2), we are to construct
a sequence of smooth radial functions f,(x) compactly supported in R? such that (A-1) holds.

To achieve this, we take a smooth radial function ¢(x) on R3 such that ¢(x) = 1 for |x| < 1 and
@(x) =0if |x| > 2. Let (¢,), be a sequence of positive numbers, tending to zero as n — co. Define

1 =00 (1-9( ) 2L (a2

where {¢(0) is the usual approximate delta function supported in —5 < ¢ < 0 and f * { denotes the
radial convolution as in [Strauss 1977], namely

0
fxée(x)=[ Lo f(lx|-0o)de.

_£
2
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Then it is clear that f,(x) is smooth, radial and supported in {x eR3|e, < x| < %} We have
r
Or(f(r) = fu(r)) = —€n(3r@)(enr) (1 —¢ (—)) f(r) (A-3)

+<p(enr)—(ar<p)( )f(r) (A-4)

T [1 - w(enr)(l - go(g—))}arf(r) (A-5)

rarlven(1-o(2))] [ v re-ot@de  wo

roenn(1-0( L)) [, Grs0r= i s -0t @ de. a0

n

In view of (2-1), one easily sees that multiplying by r on both sides of the above identity, raising them
to the power m and integrating over (0, +00), we have the contributions of (A-6), (A-7) go to zero as
n — oo. In fact, this is immediate for (A-7) in view of the boundedness of ¢ and the fact that {; is an
approximation of the identity. For (A-6), we need to estimate two terms produced correspondingly by the
cases when 9, hits on ¢(g,7) and (p(é) In the first case, we use the fundamental theorem of calculus to
write

1
F)— f(r—0) = /0 09, f(r — 60) 6.

Applying Minkowski’s inequality, we are led to estimating

/ /(/ rd, f(”)|md”)l|Q§an(Q)|d9dQ,

which is clearly tending to zero as n — o0o. A similar argument applies to the second case. In fact,
applying the same trick will lead us to estimating

/_/ (/ 2 Irdr f(r)" dr)"l?'fi' e, (0) 46 do,

which tends to zero as n — oo.

Next, by invoking (2-2), one sees that the contribution from (A-3) is bounded by
2
1 en
(sup rm|f)” '/1 lo (enr)|™eMr™ Y dr -0, n— 0.

1 2
==z, en

Similar argument applies to (A-4) thanks to (2-2). Finally, the contribution of (A-5) is easily seen to be
bounded by

2¢ep +o00
/ |r8,f(r)|mdr+/] |ro, f(r)|"dr —0, n—oc. O
0 .

&n
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GLOBAL WEAK SOLUTIONS FOR GENERALIZED SQG
IN BOUNDED DOMAINS

HUY QUANG NGUYEN

We prove the existence of global L? weak solutions for a family of generalized inviscid surface quasi-
geostrophic (SQG) equations in bounded domains of R2 In these equations, the active scalar is transported
by a velocity field which is determined by the scalar through a more singular nonlocal operator compared
to the SQG equation. The result is obtained by establishing appropriate commutator representations for
the weak formulation together with good bounds for them in bounded domains.

1. Introduction

Let  C R? be an open bounded set with smooth boundary. Define
A =+~—-A, (1-1)

where —A is the Laplacian operator in €2 with homogeneous Dirichlet boundary condition.
We consider the following family of active scalars

00 +u-Vo =0, (1-2)
where 6 = 0(x,t), u = u(x,t) with (x,¢) € Q x [0, 00) and with the velocity u given by

u=Vity, (1-3)
v =A%, acl0,2]. (1-4)

Here, fractional powers of the Laplacian —A are based on eigenfunction expansions (see the first subsection
of Section 2 below for definitions and notations) and  is called the stream function. By (1-3) the velocity
u is automatically divergence-free. The case o« = 2 corresponds to the two-dimensional Euler equation
in the vorticity formulation. When o = 1, (1-2) is the surface quasigeostrophic (SQG) equation of
geophysical significance [Held et al. 1995], which also serves as a two-dimensional model of the three-
dimensional Euler equations in view of many striking physical and mathematical analogies between them
[Constantin et al. 1994]. The global regularity issue is known for the two-dimensional Euler equations
but remains open for any o < 2. Growth of solutions when o = 1,2 and = R2, T? was studied in
[Cérdoba and Fefferman 2002]; nonexistence of simple hyperbolic blow-up when & = 1 and Q = R?
was confirmed in [Cérdoba 1998]. We refer to [Chae et al. 2011] for a regularity criterion when « € [1, 2]
and Q = R2 On the other hand, finite time blow-up for patch solutions of (1-2) in the half plane with

MSC2010: 35Q35, 35Q86.
Keywords: generalized SQG, global weak solutions, bounded domains.

1029


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2018.11-4
http://dx.doi.org/10.2140/apde.2018.11.1029
http://msp.org

1030 HUY QUANG NGUYEN

small o < 2 was recently shown in [Kiselev et al. 2016]. The velocity ¥ becomes more singular when o
decreases, and in particular, u is not in L?(2) if 6 is in L?(2) and « < 1. Equations (1-2) with o € (0, 1)
were introduced in [Chae et al. 2012] to understand solutions to the SQG-type equations with even more
singular velocity fields. More precisely, that paper established the existence of global L? weak solutions
on the torus T2, together with local existence and uniqueness of strong solutions in R2 The borderline
case o = 0 is surprisingly easy due to the cancellation of the nonlinear term: (1-2) reduces to the simple
equation d;0 = 0, and thus 6(-,¢) = 0(-,0) for all # > 0. On the other hand, if « < 0 then the stream
function ¥ = A~%6 is not well-defined when 6 € L?(2), noticing that there is no dissipation in the
equation.

In this paper, we are interested in the issue of global weak solutions for (1-2) with « € (0, 1) in arbitrary
(smooth) bounded domains of R2. Let us recall that the existence of global weak solutions for SQG
(o = 1) were first proved in [Resnick 1995] in the periodic case. This highlights a difference between the
nonlinearities of the SQG equation and the three-dimensional Euler equations: SQG has weak continuity
in L2, while the Euler equations do not. The weak continuity of SQG is due to a remarkable commutator
structure which was subsequently revisited in [Chae et al. 2011] and used in the proof of absence of
anomalous dissipation in [Constantin et al. 2014]. In [Constantin and Nguyen 2016], this structure
was adapted to arbitrary bounded domains to take into account the lack of translation invariance of the
fractional Laplacian in domains: a new commutator between the fractional Laplacian and differentiation
appears. In addition to that, with the more singular constitutive laws (1-4), in order to establish the
weak continuity of the nonlinearity u - V6 we will need to find appropriate commutator representations
for which good bounds can be derived. Let us emphasize that many known commutator estimates for
fractional Laplacians in the whole space (or on tori) are too expensive for bounded domains due to
possible singularity near the boundary or the lack of powerful tools of Fourier analysis. For further results
on the fractional Laplacian and SQG in bounded domains, we refer to [Cabré and Tan 2010; Caffarelli
and Silvestre 2007; Constantin and Ignatova 2016; 2017].

Our main result is:

Theorem 1.1. Let o € (0, 1) and g € L*(R2). There is a weak solution of (1-2), 8 € L*([0, 00); L2(2))
with initial data 0y. That is, for any T > 0 and ¢ € C5° (2 x (0, T)), 0 satisfies

T T
/ / 0(x,t) 8t¢(x,t)dxdt+/ N, ¢)dt =0 (1-5)
0 Jo 0
and the initial data
0(-,0)=00(-) in H4(Q) foralle >0 (1-6)
is attained. Here,
N, ¢) = %/ [A% VY - Véy dx — %/ ATIFOVLy AT A VY dx. (1-7)
Q Q
Moreover, 0 obeys the energy inequality

16(-, t)”]%Z(Q) = ||00||iZ(Q) ae. t>0. (1-8)
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Additionally, the stream function  is in C([0,00); D(A*™¢)) for any ¢ > 0 and its D(A%) norm is
conserved,

v (- Dllpaerzy = 1Y (-, 0l paarzy forallt > 0. (1-9)

In Theorem 1.1 and what follows,

[A,B]:= AB — BA

denotes the commutator of two operators A and B.

When o = 0, we have u = R0, where R = (dx, A™1, 95, A~!) denotes the Riesz transforms. As
R : L*(Q) — L?(Q) is continuous, we have u6 € L1(Q) if 6 € L?(Q). In that case, @ is a weak solution
of (1-2) if

T T
//G(x,t)atqb(x,t)dxdt—i-/ / u(x,t)0(x,1)-Vep(x,t)dxdt =0 forall ¢ € Cg°(2x(0,T)).
0 JQ 0 JQ

The global existence of such solutions was proved in [Constantin and Nguyen 2016]. However, when
a < 1, we have u is less regular than 6 and the second integral in the preceding formulation is not
well-defined. Nevertheless, taking into account the nonlinearity structure to explore extra cancellations,
this integral has the commutator representation (1-7), which makes sense provided only 8 € L2(R2), as
will be proved in Lemma 3.4 below using the heat kernel approach. Let us note that the two objects are
equal if ¥ € HJ (), or equivalently, 6 € D(A'~%). This representation is good enough to well define the
nonlinearity but another representation, see (3-5), will be needed for the compactness argument. The point
is that these two representations are equivalent provided only 6 € L?(£2) (see Lemma 3.3 below). Unlike
the proof in [Constantin and Nguyen 2016], which uses only Galerkin approximations, Theorem 1.1 will
be proved by a two-tier approximation procedure: Galerkin approximations for each vanishing viscosity
approximation. This is because the nonlinearity 16 is not well-defined in L!(2) (see Remark 3.6 below).

The paper is organized as follows. In Section 2, we present the functional setup of fractional Laplacian
in domains and necessary commutator estimates, which can be of independent interest. The proof of
Theorem 1.1 is presented in Section 3. Finally, the proofs of the commutator estimates announced in
Section 2 are given Appendices A and B.

2. Preliminaries

Fractional Laplacian. Let 2 be an open bounded set of R4, d >2, with smooth boundary. The Laplacian
—A is defined on D(—A) = H2(Q)N HJ (). Let {w; }92, be an orthonormal basis of L?(2) comprised
of L2-normalized eigenfunctions w; of —A;i.e.,

—Aw; =Ajw;, wjlsg =0, /wjzdle,
Q

With0<)t1<sz---§)tj — 0Q.



1032 HUY QUANG NGUYEN

The fractional Laplacian is defined using eigenfunction expansions,

ASfE(_A)%fzzz/\ffj,wj with f =" fiw;, fj:/wajdx,
j=1

j=1
for s > 0 and
feDA%) :={f eL*(Q):A°f € L*(Q)}.
The norm of f = Z]oil Jiw; in D(A®), s >0, is defined by

00 1

2

£ lpeasy := IA® fllL2 @) = (Z Aifﬁ) :
J

=1
It is also well-known that D(A) and HO1 (£2) are isometric. In the language of interpolation theory, see
[Lions and Magenes 1972, Chapter 1],
D(A®) = [L*(Q). D(=A)]5 forall s €[0,2].
As mentioned above,
Hg (@) = D(A) = [L*(Q), D(=D)]y:

D=

hence
D(A®) = [L*(Q), H} (Q)]s forall s €[0,1]. (2-1)
Consequently, we can identify D(A®) with usual Sobolev spaces:
H(Q) ifse(3,1],
D(A®) = HO%O(SZ) ={ue H2(Q):u/\/d(x) e LX(Q)} ifs= 2 (2-2)
H3(Q) if se[0,1).

see [Lions and Magenes 1972, Chapter 1]. Here and below d(x) is the distance to the boundary of the
domain:
d(x) =d(x,09). (2-3)

Next, for s > 0 we define

o0
AT F =) A2 fw,
j=1
if £ =300, fjw; € D(A™) with

D(A™®) := {Zf,-wj €e7'(Q): fi €R, ZAJ.‘%fjw,- eLZ(Q)};
j=1 j=1

moreover,
o )
1 ams = 1A= L2 = (Z /\j‘sfﬁ) .
J

—1

It is easy to check that D(A™°) is the dual of D(A®) with respect to the pivot space L?(R).



GLOBAL WEAK SOLUTIONS FOR GENERALIZED SQG IN BOUNDED DOMAINS 1033

We have the following relation between D(A®) and H*(€2) when s > 0.
Lemma 2.1. The continuous embedding
D(A®) C H%(RQ) (2-4)
holds for any s > 0.
Proof. By interpolation, it suffices to prove (2-4) for s € {0, 1,2, ... }. The case s = 0 is obvious and the
case s = 1 follows from (2-2). Assume by induction (2-4) for s < m with m > 1. Let § € D(A™t1).
Then f := —Af € D(A™ 1) and thus f € H™ 1 (Q) by the induction hypothesis. On the other hand,
6 vanishes on the boundary d<2 in the trace sense because 6 € D(A!) = HO1 (£2). Elliptic regularity then
implies that 6 € H™+1(Q) and
101l gm+1 < CllLfllgm—1 < ClAOlm—1,0 = Cl0llm+1,D.

which is (2-4) fors =m + 1. O
Lemma 2.2. The operator

A"V : D(AY) — D(AY™I7H) (2-5)
is continuous for any y € [0, 1] and u <y — 1.
Proof. We first note that the gradient operator V is continuous from HO1 () to L?(R) and from L2(RQ)
to H~1(); hence by interpolation,

VL2 Hyly — [H' L%,
for any y € [0, 1]. From the interpolation (2-1) we deduce that

[L% Hgly = D(AY).
[H_l’ Lz]y = ([Hl, Lz]y)* = ([Lza Hl]l—y)* = D(Al_y)* = D(Ay_l)-
Thus, for any y € [0, 1],
V:D(AY) > D(AY7Y),

and hence

A"V : D(AY) — D(AY17H)
provided u <y —1. O
Remark 2.3. The above fractional Laplacian is the spectral one. In R the well-known integral represen-

S - f)

Rd |x_y|d+2s

tation

(—ARa)° f(x) =cq s PV. dy, s>0,

holds; here P.V. stands for the principal value integral. For any domain £ C R, the restricted fractional
Laplacian (—A|gq)® is defined by

(—Al@)* f = (—Aga)* e
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for f:Q2 — R and f the zero-extension of f outside 2. It was proved in [Bonforte et al. 2015] (see
Section 3.1 there) that (—A|g)® is an isomorphism from D(A®) onto its dual D(A®)* with respect to the
bilinear form

1.1
Bifo)= [ £hrede £=al)
Hence for any scalar 6 € D(A%)* D L?(R) the stream function ¥ can be defined alternatively by

¥ = ((-Al@)2)7'6. (2-6)

Note that the resulting v is different from the one defined in (1-4). It would be interesting to see if the
results in this paper still hold with this definition. We also refer to [Ros-Oton and Serra 2014] for the
Holder regularity of the i given by (2-6).

Commutator estimates. Due to the lack of translation invariance, the fractional Laplacian does not
commute with differentiation. The following theorem provides a bound for the commutator.

Theorem 2.4 [Constantin and Nguyen 2016, Theorem 2.2]. Let p, g € [1, 0], s € (0, 2) and a satisfy
a()d(-) T e L1(@).

Then the operator a[A®, V] can be uniquely extended from C5°(S2) to LP(2) such that there exists a
positive constant C = C(d, s, p, Q) such that

e1_d
la[A®, V] fllza@) < Clla(-)d(-) 7 Lol f e (2-7)
holds for all f € L?(R2).

The bound (2-7) is remarkable in that the commutator between an operator of order s > 0 and an
operator of order 1, szhich happens to vanish when € = R?, is of order 0. The price is a singularity of
the form d(x)™*~17 7, which counts the order of A® and V.

Remark 2.5. Let us explain how Theorem 2.4 follows from [Constantin and Nguyen 2016]. In that paper,
using the heat kernel representation of the fractional Laplacian together with a cancellation of the heat
kernel of R?, we proved the pointwise estimate for f € Cse(2),

Ce_1—4d
[A%, V1 ()| < C(d.s, p, Q)dX) 77| flLr(@)-
The estimate (2-7) then follows by extension by continuity.

The next commutator estimate for negative powers of Laplacian is needed to handle the situation of
more singular velocity.

Theorem 2.6. Let s € (0,d) and a € WH(Q). Let p,r € (1, 00) satisfy

d—s _ 1
7 —1—|—r.

_l’_

-
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Then the operator [N, a] can be uniquely extended from C§°(S2) to L (2) with values in Wol’r (2)
such that there exists C = C(s,d, p,r, 2) > 0 such that

IIA™. a1/ N1 gy = Cllallw ooy L/ Lo

forall f e LP(Q).
In particular, for any p € (1,00), s € (0, %), there exists C = C(s,d, p, 2) > 0 such that

AT al flly1.r gy = Cllallwrec@ll fllr ) (2-8)
forall f € LP(R2).
With the same method of proof, we obtain:
Theorem 2.7. Let s € (0,1) anda € CY(2) withy € (0,1] and s < y. Let p,r € (1, 00) satisfy

d+s—y 1

Ly — 141
r

p d

Then the operator [A®, a] can be uniquely extended from C§°(2) to LP(2) with values in L" (2) such
that there exists C = C(s,y, p,r,d, 2) > 0 such that

I[A®% al fllLr @) < Cllallcr@)l f Lz @) (2-9)

forall f € LP(RQ2).
In particular, for any p € (1, 00), if

s € (max{)/ — %, O}, max{)/ — % +d, y})
then there exists C = C(s, y, p,d, ) > 0 such that
A% al fllLr@) = Cllaller@ll f lliLr)- (2-10)
Remark 2.8. In view of the identity
AT[AS al f =[a, AT5|A® S,
it follows from (2-8) that

A% al f I par-sy < Cllallwroco@ll fIpas. s (0.%). (2-11)

This exhibits a gain of 1 — s derivatives of [A® a] when acting on D(A®). On the other hand, the estimate
(2-10) shows a gain of s derivatives when acting on L2 Both (2-8) and (2-10) make use of the fact that
€2 is bounded.

The proofs of Theorems 2.6, 2.7 are given in Appendices A and B.
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3. Proof of Theorem 1.1

Commutator representations. First, we adapt the well-known commutator representation of the nonlin-
earity in SQG [Resnick 1995], see also [Chae et al. 2012; Constantin et al. 2001; Constantin and Nguyen
2016], to take into account the lack of translation invariance of the fractional Laplacian and the more
singular constitutive law (1-4):

Lemma 3.1. Let ¢ € Ho1 (Q), u=VLty,and 0 = A*y. Let ¢ € Cy°(R2) be a test function. Then

/ Ou -V dx = 1/ A% VL] - Vo dx — 1/ Vg (A% Vely dx 3-1)
Q 2 Ja 2 Ja

holds.

Proof. We have

/9u-V¢dx=/ A“ww.wczx:—/ YVLEA%Y -V dx,
Q Q Q

where we integrated by parts and used the fact that V- V¢ = 0. The first and middle terms are well
defined because fu = VL € L1(R), noticing that v € HO1 (Q) and § = A%y € D(A'™%) C L2(Q).
The last term is defined because V¢ - VEA%Y € H™1(Q) and ¢ € HO1 (). Commuting V+ with A%
and then with V¢ leads to

/Qu-Vd)dx:—/ w[VL,A“]w-Vqﬁdx—/ YAYVLy -V dx
Q Q Q
=—/ 1//[VJ',A°‘]1//~V¢dx—/ Vg - A% (V) dx
Q Q
=—/ VL, A%y - Vo dx—/ V4t - [AY V¢]wdx—/ Vi - VoA*y dx
Q Q Q

= —/ VL, A%y - Vo dx—/ Vg - [AY Voly dx—/ Ou -V dx.
Q Q Q
The above calculations are justified by means of Theorems 2.4 and 2.7. Noticing that the last term on the
right-hand side is exactly the negative of the left-hand side, we proved (3-1). O
Remark 3.2. The representation (3-1) was derived in [Constantin and Nguyen 2016] for the SQG equation
(¢ =1). When Q = R? or T2, (3-1) reduces to

/Hu-ngdx:—%/ Vi [A% Vely dox.
Q Q

Integrating by parts yields

1 1 o _1 1 o _1 oL
—5 | Vv Ve dr =3 [ gV vely ax= 5 [ WA Vel ax

where we used in the second equality the fact that V- V¢ = 0. This representation was invoked in [Chae
et al. 2012] to prove the existence of global L? weak solutions of (1-2) in the periodic setting. More
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precisely, the authors proved the commutator estimate
1AV, glhll 22y = CllhllL22) gl as+2+e 2y + CHA R 22y 18 | 2+ (12
for any s, &€ > 0. In arbitrary bounded domains, we were not able to establish such a commutator estimate.

We observe that by virtue of Theorem 2.4, the first integral on the right-hand side of (3-1) is well-defined
provided only ¥ € L2(2); moreover,

[ 1A%y Ty x| < CIVOAC) iV

where by applying the Hardy inequality three times, together with the fact that « € (0, 1), we get

IVod(-) ™l L2@) = CIIVd(-) > L2 = ClIVHliL20) < Clidllg+()-

Consequently,
[ 1A% 54y Tov ax| = Clolnsa V1 ey 62)
Regarding the second integral, we prove:
Lemma 3.3. Assume W € D(A%). Then
Nah)i= [ ATV AN Vgly da (33
satisfies ®
N2, )| < ClIVPllwroo |V | (ac): (3-4)

For any § € (0, min(a, 1 — ) we have
Na (¥, ) =[ AT gLy A[Vp, AT Ay dx—i—/ ATIHevLy AVe, AT Ay dx. (3-5)
Q Q
Moreover,

IN2(¥. 9)| = ClIVEllwr.llV I paa—8) 1V DAy + CIIVEIlw 1oV DAy 1V I Das)-  (3-6)

Proof. (1) By Lemma 2.2,
”A_H'aVJ'W”LZ =< ||W||D(A°‘)'

On the other hand, a direct calculation gives
A™[A% Vol = [Vé, A™*]A%Y,
which, by virtue of Theorem 2.6, belongs to D(A) and satisfies
IAIVG, AT*IA*Y |12 = CIVellw1.= A Y2 = CIVellwr. IV Da).-

Therefore, the integral defining N> (¥, ¢) in (3-3) makes sense and obeys the bound (3-4).
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(2) Let § € [0, min(x, 1 —)). According to (3-3),

No(¥,¢) = (A1 HeVEy, AT[AY VeTY) 0 4
— (A—1+Ot—8 VJ_Wv Al—a+8 [A(X, Vd)]w)D(AS),D(A—S)'
Now we write
Al—a+8[Aa, V¢]W — AA_(H_S[A“, V(P]W
= A{A° (Vo) — AT (VoA y))
= A{[A%, VlY + VoATy — A= (VoA y)}
= A{[A°, Vol + VoA FIA* Y — A= F (VpA*y))
= A[AS VoY + A[Ve, A4 TIA%y,
where, according to (2-11),
[A%, Vgly € D(A'),
SO
A[A%, VY € D(ATP);
on the other hand, according to Theorem 2.6,
AV, A" TA%y € L2(Q) c D(ATP).
Thus, we can write

I = (A—l+(¥—8vLW, A[V(b, A_a+8]AaIﬁ) A—l-’ra—avJ_W, A[AS, V(p]w)

Dp(A%),D(a—3) T D(A%),D(AD)

:/ A_H_a_SVJ‘l//'A[VqS,A_OH_S]Aal/f dx+/ A_I—HXVJ'Iﬂ'Al_S[AS, V¢]1ﬁ dx
Q Q
=/ ATy Lly AV, AT A%y, dx—i—/ ATIrevLy A[Ve, ATOASY dx.
Q Q
As in (1), an application of Theorems 2.4, 2.6, and (2-5), with (y = ¢ — 8,4 = —1 —a —§) and

(y = a, u =—1+4 ), leads to the bound (3-6). O

Let us define

Ny (Y ) = fQ (A% Y4y -V dx, .

N ¢) = INi(¥. ¢) — N2V, ¢).
Putting together the above considerations, we have proved:
Lemma 34. If ¥ € H}(Q) then
/Que-qu =N, ).
If 6 € L?(Q) then
INW. ) < CliglgallV 7>+ ClIVlwreoll¥ I Bac
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and for any § € (0, min(«, 1 — ),
N W, )| < Cligllga ¥ 172 +ClIVElwreoll¥ I pac—s)l¥ Ipaey +C 1 Vo llw o 1V I Daay 1V | p(as):

Viscosity approximations. Let us fix 6y € L?(2) and a positive time 7. For each fixed £ > 0 we consider
the viscosity approximation of (1-2)

{8t98+u8-v98—8A9£:O, t >0,

3-8
6¢ = 0y, t =0, (3-8)

with u® = V4Eye, 8 = A~%6%,
Equation (3-8) can be solved using the Galerkin approximation method as follows. Denote by P, the
projection in L2(2) onto the linear span L2,($2) of eigenfunctions {wy, ..., wy}; i.e.,

[P’mf:ijwj forf:ijwj.
j=1 J=1

We recall the following lemma which shows that P,,¢ are good approximations of ¢ in any Sobolev
space for ¢ € C§°(S2).

Lemma 3.5 [Constantin and Nguyen 2016, Lemma 3.1]. Let ¢ € C5°(R2). For all k € N we have
im0 =Pm) | g @) =0 (3-9

The m-th Galerkin approximation of (3-8) is the following ODE system in the finite-dimensional space
PnL2(Q) = L2
{0,‘;‘,+Pm(u,“;1-V0,f1)—eA0,§1:O, t>0, (3-10)

02 = Ppbp. t=0,

with 0,,(x,1) = Zj—l 9]('") (H)w;(x) and u,y, = V4 A~%6,, automatically satisfying div u,, = 0. Note
that in general u,, ¢ L2 The existence of solutions of (3-10) at fixed m follows from the fact that this is

an ODE:
de"”) m

+ Z (Z’ll)ej(m)e(m)_i_gklel(m) —
Jj.k=1

with
J(Z'l) =A; 2/ (VJ‘wJ -Vwg)w; dx.

Since Py, is self-adjoint in L2, u,, is divergence-free and w ; vanishes at the boundary 92, integration
by parts with 6, gives

Q Q

—/ N dxz/ |VOE | dx.
Q Q

and
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It follows that
1d
B Om (. D22 + IV 122y =0,

and thus for # € [0, T'],

t
%”0;1( s Z)HIZJZ(Q) + 5/(; ||V951( ’ S)”iz(g) ds= %Heriz( ’ 0)”1242(9) = %||90||i2(9)' (3'11)

This can be seen directly on the ODE because y}Z’l) is antisymmetric in k, /. Therefore, the smooth

solution 62, of (3-10) exists globally and obeys the L2 bound (3-11). The sequence (6%,), is thus
uniformly in m bounded in L*([0, T]; L2(2)) N L2([0, T]; Hy (2)). Consequently, for any p € [1, 00)
and any ¢ € [1,2/(1 — )], we have

65, € L2([0. T): Hy(R)) C L2([0. T]; L” (%)),

ué, = VA0, € L2([0, T); H*(Q)) € L2([0, T]; L1()),
with bounds uniform with respect to m, where we have used Lemma 2.1 to have
A™%B,, € L2([0,T]; D(A'T®)) c L2([0, T]; HT¥(Q)).

In particular,
[ - VOl 0,751 (@) = I divQus, - 05) 1 qo,7:5-1 (@)
2 C 2
= C ||6,8n ||L2([0,T];Hl () = ;”90”}11 Q) (3'12)

where (3-11) was invoked in the last inequality. Therefore, using (3-10) we obtain that (9;0;,)m is
uniformly in m bounded in L1([0, T]; H~1(Q)). Then according to the Aubin-Lions lemma [Lions
1969], there exist a 6%,

6° € L*®([0, T]; L*(2)) N L*([0, T]; Hy (), (3-13)
and a subsequence of (6},),, such that
6: — 6¢ strongly in L? ([0, T]; H *(Q)) N L*([0, T; H(}_M(Q)) (3-14)

for any p < oo and u € (0, 1).
Integrating by parts the first equation of (3-10) against any test function ¢ € C5°(2 x (0, T')) gives

T T T
//9;8t¢dxdt+/ / Q;M;-Vﬂmm¢(x,t)dxdt+8/ / O, A dx dt =0. (3-15)
0 Ja 0o Ja 0o Ja

In the limit m — oo, the first term and the third term converge respectively to

T T
/ / 0°0;¢ dx dt, 8/ / 0°A¢p dx dt.
0 JQ 0 JQ
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It remains to study the nonlinear term:

T T
N := / / anufh-Vqudedt—/ / 0°u®-Vo dx dt
0 JQ 0 JQ

T T T

= / / Q,f,ufn-V(Iquﬁ—qb)dxdl—l-/ /(Gi—es)ufn-Vqﬁdde—/ / 0% (ut,—u®)-Vo dx dt
0 JQ 0 JQ 0 JQ

=: N1+No+N3.

Lemma 3.5 ensures that lim,;,—.oc N1 = 0. On the other hand, the strong convergence (3-14) with
sufficiently small u implies limy;—o0 N2 = limy, o0 N3 = 0. Thus, we have proved that 6% satisfies

T T T
//Gsaﬂpdxdt—l—//Qaus-Vgi)dxdt—i-s//98A¢dxdt=0
0 JQ 0 JQ 0 JQ

for all ¢ € C3°(2 x (0, T)). Here, 0° has the regularity (3-13), and in view of (3-11),
g2 e12 2
”9 ”LOO([(),T];LZ(Q)) + 28”9 ”L2([O,T];H3(Q)) = ”90”L2(Q)‘ (3'16)

Since ¥8(-,1) € D(A'T%) C HO1 () for a.e. t > 0, using Lemma 3.4 for the representation of the
nonlinearity, we obtain for all ¢ € C§°(2 x (0, 7)),

T T T
/ / 0% 0:¢ dx dt +/ Ne ¢)dt + 8/ / 0*Ap dx dt = 0. (3-17)
0JQ 0 0JQ
Moreover, integrating by parts (3-10) with v, leads to
1d
EE ||er1( B z)||2D(Aa/2) + 8”1#:;1( Ty t)||2D(A1+Ot/2) = 07
where we used the fact that the nonlinear term vanishes:
/ YE P (ul, - VOE) dx = / Y div(VEYE, 0) dx = —/ Ve - VEYE Oy dx = 0.
Q Q Q

Consequently, integrating in time and letting m — oo results in

t
lye(-, t)”zD(Aa/z) +23/(; ||‘/’8('73)||2D(A1+a/2) ds=[v°(-, 0)||2D(Aa/2) forall z > 0. (3-18)

Vanishing viscosity. In order to extract a convergent subsequence of 8¢ we need, in addition to (3-16),
a uniform bound for d,6% in a lower norm. Let us note that the bound (3-12) is not uniform in . By
(3-13), B%(-,t) € D(A) for a.e. t > 0, which implies ¥¢(-,¢) = A~%0%(-,t) € D(A'T®) C D(A) for
a.e. t > 0. Lemma 3.4 then gives

/ 0°u® -V dx
Q

and hence, in view of (3-17),

T
//esa,qsdxdz
0 JQ

< Clgllas@ 1V Ipaay = Cllglaa)lfol72(q)s

< ClollL1qo,r:m4@) (100l L2(@) + ||90||22(9))
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for all ¢ € C3° (2 x (0, T)). Consequently,
19:6° 1l Loo o, 7114223 = C (I160llL2() + 16017 2(q2))- (3-19)
In view of the uniform bounds (3-16) and (3-19), the Aubin-Lions lemma ensures the existence of a 6,
6 e L0, T]; L2(Q))NC([0,T]; H~V(Q)) forall v >0,
and a subsequence 6° such that
6 —~ 6 weakly in L2([0, T]; L*(Q)), (3-20)
6° — 0 strongly in C([0, T]; H"(R2)) forall v > 0. (3-21)
Consequently, with ¢ := A740,
Y € L0, T]; D(A*)) N C([0, T]; D(A*™") forallv >0,

we have
W&~y weakly in L2([0, T]; D(A%)), (3-22)
Y& — 1 strongly in C([0,T]; D(A*™")) forallv > 0. (3-23)

Let ¢ € C§°(2x (0, T)) a be fixed test function, we send ¢ to 0 in the weak formulation (3-17). The first
term converges to |, OT /. o 0 0:¢ dx dt and the last term converges to 0. Regarding the nonlinear term, we
shall prove that

T
Re= [ N9 - N dr
0
converges to 0. In view of (3-1), (3-5), we have 2R® = 216:1 Ij‘? with
1§ = [ 1A% 5410 - ) - Vo d.
15 = [ A 94y - Vot — ) dx.
T
5= _/ / ATV (Y — ) AV, ANy E dx dr,
0 JQ
T
It = _/ / AT gLy A [V, AT TSN (Y — v) dx dt,
0 JQ
I5 = ‘/ ATV —9) - A[VH, AT JA Y dx,
Q

IE = _/Q ATty AV, ATSAS (e — ) dix,

where § € (0, min(o, 1 — ).
By virtue of Theorem 2.4 and the fact that ¢ € C5°(2),

Tl = COVe = V2@ IVelr2@): Uzl = C@IIVe = V2@ YLz g)-

Hence limg o I{ = limg—o 5 = 0 in view of the convergence (3-23) with v < .
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As for (3-6),

1131 < ClIVllL1qo,r1:w1-00) 1V =V ll oo 0, 77: DAy ¥ [ Lo (0, 71D (A %))

which combined with (3-23) leads to limg—o /§ = 0. Because A[V¢, A‘“”]A“ is norm continuous
from L2([0, T]; D(A%)) to L?([0, T]; L?(R2)) (according to Theorem 2.6), it is weak-weak continuous,
and thus lim, ¢ /; = 0 noticing that by (2-5),

ATy € L0, T): D(A)) € L2(0. T]: L*(Q)).

Similarly, limg—o /£ = 0 since A1Vl (g, — ) — 0 in L2([0, T]; D(A%)) by (3-22), and since
A[V¢, A=8|ASy e L2(]0, T]; L%(2)) by Theorem 2.6. Finally, by (2-5) and Theorem 2.6,

[IEL < ATV el L2y IAIVS, APTAS (Ve =)l 2@ < [Well peamllve — ¥l pcasy = O,

noticing that § < o. We conclude that

T T
/ / 00:¢dxdt +/ N, ¢)dt =0 forall ¢ € Cg°(2x(0,T)).
0 Jo 0
Moreover, because of the strong convergence (3-21) the initial data is attained:
O(-,0) = lim 6°(-,0) = lim Oy(-) = Op(-) in H " () for all v > 0.
e—0 e—0

Let us now show the conservation (1-9). In view of (3-16) and the fact that 6 = A%y we have

A1+ot

2 2 2
”AOCWSHLOO([O,T];]}(Q)) + 28” ‘ﬂSHLz([O,T];Lz(Q)) = “90“L2(Q)

By interpolation,
AT E Y2y < CIAT Y290 o IA%Y® 150, a=1-&.

Holder’s inequality then yields

DR

1+2 62 2(1-a) 1+ 2
1AV o1y = CIAY oo o, rz2an IV 22 g0 2 T
<CT3|6ol}2qe™ " "2 forall T >0.
In particular,
: 1+% 2 —
slgl}) e|A T2 w6||L2([0,T];L2(Q)) =0 forall T >0.

Letting ¢ — 0 in (3-18) we obtain (1-9).
Finally, the energy inequality (1-8) follows from (3-16) and lower semicontinuity.

Remark 3.6. If we implement directly the Galerkin approximations for (1-2) then in view of (3-1), we
need to bound

‘/ [Aa’ VJ_]K/fm VP Vm dx|.
Q

However, the commutator [A%, V-] then cannot be bounded by means of Theorem 2.4 because VP, ¢
does not vanish on the boundary even though ¢ has compact support. In [Constantin and Nguyen 2016],
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we overcame this by first using Lemma 3.5 and the fact that u,, 0y, is uniformly bounded in L!(2) to

approximate fQ UmOm VP, ¢ by fQ UmbmVd. When o < 1, this argument breaks down since U, 6y, is

not anymore uniformly bounded in L' (2). This explains why we proceeded in the proof of Theorem 1.1

using vanishing viscosity approximations.

Appendix A: Proof of Theorem 2.6

In view of the identity

o
D77 = cr/ 1~ 177D gy
0

with D, r > 0 we have the representation of negative powers of Laplacian via heat kernel:

oo
A_Sf(x):cs[ 171 2!A f(x)dt, s> 0.
0

Let H(x, y,t) denote the heat kernel of 2; i.e.,

2 f(x) =f H(x,y.t)f(y)dy forallx €.
Q

We have from [Li and Yau 1986] the following bounds on H and its gradient:

lx—y|2

H(x,y,t)fCt_%e_ Ki |

d lx—y|2

|VxH(x,y,1)| <Cz_%_7e‘ K1

forall (x,y) e 2 xQ and ¢ > 0.
We will also use the elementary estimate

/Ooo 1% ek di < Ckmp™ m.p.K>0.
Let f € CS°(S). Using (A-1) we have
Aalfw =c [ i | H 0t £y d =ecat) [ h
=cs/0°°z—1+5/QH(x,y,t)[au)—a(x)]f(y)dr.

In view of (A-2), (A-4), and the assumption that s < d, we deduce that

d

(A-1)

(A-2)

(A-3)

(A-4)

+3 / H(x,y.0) f(y) di
Q

(A-5)

A% alf ()] < ClallLo / / 1574 B ar) £ () dy

< Clali | Ay

(A-6)
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Let us recall the Hardy-Littlewood—Sobolev inequality. Let « € (0, d) and (p, 1) € (1, 0o) satisfy

%+%=1+%. (A7)
A constant C then exists such that
ILf 117 or ey < CIF Lo @ay- (A-8)
Applying (A-8) with @ = d — s leads to
AT al fllr @ < CllallLe |l fllr @) (A-9)

Let yg denote the trace operator for Q. It is readily seen that yo(A™° f) = 0 because A=° f € D(A™)
for all m > 0; hence yo(aA™°f) = yo(a) yo(A™° f) = 0. In addition, af € HO1 (2) = D(A); hence
A~5(af) € D(A'%) C HJ(R) and yo(A™5(af)) = 0. We deduce that

vo([A™%alf) =0. (A-10)
Next, for gradient bound we differentiate (A-5) and obtain
VIASal e = [ [V Gy 0l0) el 0) d
—o [ [ Gy 0Va o) ar
=:1+1I. ’ "
The term /1 can be treated as above and we have

1) < ClIVallLe|l fllLr(e)- (A-11)

For I, we use the gradient estimate (A-3) for the heat kernel and the fact that

la(x) —a(y)| < [[Val Lo |x — y|

to arrive at
* _14s_l_d _lx—y?
[1(x)| = C|Val|Lee o 1722 2T Koo dtlx —y|[f(y)]dy
0
(»)
< C|Valp [ AT
Q |x—yl

Appealing to (A-8) as before gives
Il @) = CliVallLe | fllzr (@)
which, combined with (A-9), (A-11), (A-10), leads to
IIA™.a) f gy = Cllallwroo@ L/ ILre). (A-12)

where p,r satisfy (A-8) with o = d —s. Using the density of C5°(£2) in L?(2) for p € (1, 00), and
extension by continuity, we conclude that the estimate (A-12) holds for any f € L?(R).
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Now, for any p € (0, 00), if s < % then r € (1, c0) given by

1 1 s
,

p d

satisfies (A-8). Because r > p and €2 is bounded, the continuous embedding Wol’r(Q) C Wol’p (R2) yields

IIA™. a1/ N0y = Cllallwrso@l £ lLr@)-

Appendix B: Proof of Theorem 2.7

In view of the identity
oo 3
A2 =cs/ i1 —e MY dt
0

with 0 < s <2 and

o0
1= cs/ T2 (1 —e ) dt,
0
we have the representation of the fractional Laplacian via heat kernel
o0 S
A° f(x) = cs/ T3 (1 =) f(x)dt, 0<s<2.
0

Appealing to this representation, we have for f € C§°(2)

A% 4] f(x) = ¢, /0 (13 /Q H(x,y.0)dt [a(0) —a()] /() dy.

In view of (A-2), the fact that
la(x) —a(y)| < llallcr|x = yI?,

and (A-4), we deduce that
s o —1—s_4d _lx=yi? v

|[A,a]f<x>|5csna||cy/[ 134T ar 7| £ ) dy

- eele / | fO))

|d+s )/

(A-13)

(B-1)

Then as in the proof of Theorem 2.6, if s < y (note that d + s — y > 0), an application of the Hardy—
Littlewood—Sobolev inequality leads to the bound (2-9). Finally, (2-10) follows from (2-9) and the fact

that 2 is bounded.
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SCALE-FREE UNIQUE CONTINUATION PRINCIPLE FOR
SPECTRAL PROJECTORS, EIGENVALUE-LIFTING AND
WEGNER ESTIMATES FOR RANDOM SCHRODINGER OPERATORS

Ivica NAKIC, MATTHIAS TAUFER, MARTIN TAUTENHAHN AND IVAN VESELIC

We prove a scale-free, quantitative unique continuation principle for functions in the range of the spectral
projector x(—oo,£](Hy) of a Schrédinger operator H;, on a cube of side L € N, with bounded potential.
Previously, such estimates were known only for individual eigenfunctions and for spectral projectors
X(E—y,£1(Hp) with small y. Such estimates are also called, depending on the context, uncertainty
principles, observability estimates, or spectral inequalities. Our main application of such an estimate
is to find lower bounds for the lifting of eigenvalues under semidefinite positive perturbations, which
in turn can be applied to derive a Wegner estimate for random Schrédinger operators with nonlinear
parameter-dependence. Another application is an estimate of the control cost for the heat equation in a
multiscale domain in terms of geometric model parameters. Let us emphasize that previous uncertainty
principles for individual eigenfunctions or spectral projectors onto small intervals were not sufficient to
study such applications.

1. Introduction

We prove a quantitative unique continuation inequality, announced in [Naki¢ et al. 2015b], for functions
in the range of the spectral projector x(—«0,£](Hz) of a Schrodinger operator Hy, on a cube of side L € N.
Depending on the area of mathematics and the context, estimates of this type have various names: quanti-
tative unique continuation principles (UCP), uncertainty principles, spectral inequalities, observability
or sampling estimates, or bounds on the vanishing order. For our applications it is crucial (i) to exhibit
explicitly the dependence of the quantitative unique continuation inequality on the model parameters, and
(ii) to allow energy intervals (—oo, E] of arbitrary length, that is, for arbitrary E. If the observability or
sampling set respects in a certain way the underlying lattice structure, our estimate is independent of L;
for this reason we call it scale-free. This property is crucial for applications where one studies spectral
properties of the Schrédinger operator H;, in the thermodynamic limit L 7 co.

A key motivation to study scale-free quantitative unique continuation estimates comes from the theory
of random Schrodinger operators, in particular with nonlinear dependence on the random variables. The
class of operators considered here includes the random breather model as studied in [Combes et al. 1996;
2001; Taufer and Veseli¢ 2015; 2016]. Models with nonlinear randomness constitute a step towards a
better understanding of the universality of Anderson localization.

MSC2010: primary 35J10, 35P15, 35Q82, 35R60, 81Q10; secondary 81Q15.
Keywords: uncertainty relation, spectral inequality, Wegner estimate, control of heat equation, random Schroedinger operator.
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We establish eigenvalue-lifting estimates, Wegner bounds, and the continuity of the integrated density
of states. (We defer precise definitions to Section 2.) In fact, there are a number of previous papers which
have derived a scale-free UCP and eigenvalue-lifting estimates under special assumptions.

Naturally, the first situation to be considered was the case where the Schrodinger operator is the pure
Laplacian H = —A, i.e., the background potential V vanishes identically. For instance, [Kirsch 1996]
derives a UCP which is valid for energies in an interval at zero, i.e., the bottom of the spectrum, if one has
a periodic arrangement of sampling sets. The proof uses detailed information about hitting probabilities of
Brownian motion paths, and is related to Harnack inequalities. A very elementary approach to eigenvalue-
lifting estimates is provided by the spatial averaging trick, used in [Bourgain and Kenig 2005; Germinet
et al. 2007] in periodic situations, and extended to nonperiodic situations in [Germinet 2008]. It is
applicable to energies near zero. A different approach for eigenvalue-lifting was derived in [Boutet de
Monvel et al. 2006]. In [Boutet de Monvel et al. 2011] it was shown how one can conclude an uncertainty
principle at low energies based on an eigenvalue-lifting estimate. Related results have been derived for
energies near spectral edges in [Kirsch et al. 1998; Combes et al. 2001] using resolvent comparison.
In one space dimension, eigenvalue-lifting results and Wegner estimates have been proven in [Veselié
1996; Kirsch and Veseli¢ 2002]. There a periodic arrangement of the sampling set is assumed. The proof
carries over to the case of nonperiodic arrangements verbatim, which has been spelled out and used in the
context of quantum graphs in [Helm and Veseli¢ 2007]. In the case that both the deterministic background
potential and the sampling set are periodic, an uncertainty principle and a Wegner estimate, which are
valid for arbitrary bounded energy regions, have been proven in [Combes et al. 2003; 2007]. These papers
make use of Floquet theory; hence they are a priori restricted to periodic background potentials as well as
periodic sampling sets. An alternative proof for the result in [Combes et al. 2007], with more explicit
control of constants, has been worked out in [Germinet and Klein 2013]. The case where the background
potential is periodic but the impurities need not be periodically arranged has been considered in [Boutet de
Monvel et al. 2006; Germinet 2008] for low energies. Our main theorem unifies and generalizes all the
results mentioned so far and makes the dependence on the model parameters quantitative. Indeed, our
scale-free unique continuation principle answers positively a question asked in [Rojas-Molina and Veseli¢
2013]. A partial answer was given already in [Klein 2013]. While [Rojas-Molina and Veseli¢ 2013]
concerns the case of a single eigenfunctions, [Klein 2013] uses a very nice perturbation argument to treat
linear combinations of eigenfunctions corresponding to eigenvalues which lie in an interval whose size is
smaller than an explicitly determined number. For a broader discussion we refer to the summer school
notes [Taufer et al. 2016].

A second application of our scale-free UCP is in the control theory of the heat equation. Here one asks
whether one can drive a given initial state to a desired state with a control function living in a specified
subset, and what the minimal L?-norm of the control function (called control cost) is. Recently, the search
for optimal placement of the control set and the dependence of the control cost on geometric features of
this set has received much attention; see, e.g., [Privat et al. 2015b; 2015a]. Our scale-free UCP gives an
explicit estimate of the control cost with respect to the model parameters in multiscale domains. While
this is of interest in itself, our main motivation to include the application to control theory in our paper is
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to bring to attention the relation between methods and ideas from this field and the theory of random
Schrodinger operators. This relation has not been explored before and it seems that it can be effectively
used in other problems of random operators.

Other authors have applied our main result, as announced in [Naki¢ et al. 2015b], to prove decorrelation
estimates for eigenvalues of random Schrddinger operators [Shirley 2015] and lower bounds on averaged
spectral shift functions [Dietlein et al. 2017]. We will generalize the methods of the present paper to
certain unbounded domains in R? in a forthcoming paper, while two of us have extended the results to
certain infinite-dimensional spectral subspaces in [Taufer and Tautenhahn 2017].

Our proof of the scale-free unique continuation estimate uses two Carleman and nested interpolation
bounds to obtain propagation of smallness estimates, an idea used before, e.g., in [Lebeau and Robbiano
1995; Jerison and Lebeau 1999]. Roughly speaking, one of the Carleman estimates establishes propagation
of smallness from a set of codimension one to a small ball, and the other one from a small ball to a larger
ball. To obtain explicit estimates we need explicit weight functions. The first Carleman estimate includes
a boundary term and uses a parabolic weight function as proposed in [Jerison and Lebeau 1999]. The
second Carleman estimate is similar to the ones in [Escauriaza and Vessella 2003; Bourgain and Kenig
2005]. However, neither of the two is quite sufficient for our purposes, so we use a variant developed
in [Nakié et al. 2015a]. A similar result was established recently in [Davey 2014]. Moreover, at first
sight it seems that one can get our result simply by summing up doubling estimates (which are a standard
consequence of Carleman estimates). However, the prefactor in the doubling estimate depends on the
ambient space, in particular its diameter. In our case we consider a family of domains A;, L € N, and
the diameter grows unboundedly in L; hence the constant in the doubling estimate becomes worse and
worse. Thus, to eliminate the L-dependence we have to use techniques developed in the context of
random Schrddinger operators to accommodate for the multiscale structure of the underlying domain and
sampling set.

In the next section we state our main results. Section 3 is devoted to the proof of the scale-free unique
continuation principle, Section 4 to proofs concerning random Schrodinger operators, and Section 5 to
the observability estimate of the control equation, while certain technical aspects are deferred to the
Appendix.

2. Results

Scale-free unique continuation and eigenvalue lifting. Let d € N. For L > 0 we denote by A; =
(—L/2,L/2)? ¢ R? the cube with side length L, and by Ay the Laplace operator on L>(Ar) with
Dirichlet, Neumann or periodic boundary conditions. Moreover, for a measurable and bounded V: R? — R
we denote by Vy : Ay — R its restriction to Ay given by Vp(x) = V(x) for x € A, and by

H,=—AL+V, onL*AL)

the corresponding Schrodinger operator. Note that H; has purely discrete spectrum. For x € R? and
r > 0 we denote by B(x, r) the ball with center x and radius r with respect to Euclidean norm. If the ball
is centered at zero we write B(r) = B(0, r).
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Definition 2.1. Let G > 0and § > 0. We say thata sequence z; € RY, j € (GZ)%,is (G, §)-equidistributed, if
for all j € (GZ)? we have B(z;,8) C Ag + J.
Corresponding to a (G, §)-equidistributed sequence we define for L € GN the set

Ws(L)= |J B@.8)NAL.
je(Gryd
Theorem 2.2. There is N = N(d) such that for all § € (O, %), all (1, 8)-equidistributed sequences, all
measurable and bounded V: R? — R, all L e N, all E > 0 and all ¢ € Ran(x (oo, £1(HL)) we have

11720, ) = Cotucll Bl 724, (1)
where s
Ctuc = Cstue(d, 8, E, [V [|oo) := sV IHIVI+VE)

The result can be formulated in terms of spectral projectors. This is the convenient form to use in the
context of random Schrddinger operators.

Corollary 2.3. Under the same assumptions as in the above theorem, we have in the sense of quadratic
forms 2

X(—c0.E1CHL) XWy(L) X(—o0.£1(Hp) = 8NV J”/E)X(—oo,E](HL)- (2)

Here xw;(1) denotes the multiplication operator with a characteristic function, and X(—o,£1(Hr) denotes
a spectral projector.

The crucial point here is that we allow energy intervals (—oo, E] of arbitrary length. It is not possible
to achieve this result with the methods of [Rojas-Molina and Veseli¢ 2013; Klein 2013]. For ¢, L > 0
and a measurable and bounded V : R — R we define the Schrodinger operator Hy ;, = —tAp + V. on
L?(A1). By scaling we obtain the following corollary.

Corollary 2.4. Let N = N(d) be the constant from Theorem 2.2. Then, forall G,t > 0, all 5 € (0, G/2),
all (G, §)-equidistributed sequences, all measurable and bounded V : R > R,all L e GN,all E>0
and all ¢ € Ran(x(—co0,£](H;,1)) we have

2 G,t 2
1PUIZ2 w0y Z Cotacll P24,
h
o NU+G*3 VI /123 +GETD)
Gt _ Gyt .
Cone = Caae(d, 8, E, | V|0 = (5) .

Note that the set Ws(L) depends on G and the choice of the (G, §)-equidistributed sequence. In
particular, there is a constant M = M(d, G, t) > 1 such that

€Ot > sMUHIVIL +VIED 3)

sfuc —

We also emphasize that Theorem 2.2 and Corollary 2.4 also hold for E < 0, since

Ran(x(—oo,£](H)) C Ran(x(—o0,01(H))

for any self-adjoint operator H.
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Remark 2.5 (previous results). If L = G the result is closely related to doubling estimates and bounds
on the vanishing order; see [Lebeau and Robbiano 1995; Kukavica 1998; Jerison and Lebeau 1999; Bakri
2013]. These results, however, do not study the dependence of the bound on geometric data, e.g., the
diameter of the domain or manifold. In the context of random Schrédinger operators results like (1)
have been proven before under additional assumptions and using other methods: for V = 0 and energies
close to the minimum of the spectrum in [Kirsch 1996; Bourgain and Kenig 2005], near spectral edges of
periodic Schrodinger operators in [Kirsch et al. 1998], and for periodic geometries Ws(L) and potentials
in [Combes et al. 2003]. More recently and using similar methods to ours, bounds like (1) have been
established for individual eigenfunctions in [Rojas-Molina and Veseli¢ 2013]. This has then been extended
in [Klein 2013] to linear combinations of eigenfunctions corresponding to eigenvalues which are close
to each other. For more references and a broader discussion of the history see, e.g., [Rojas-Molina and
Veseli¢ 2013; Klein 2013; Taufer et al. 2016].

As an application to spectral theory we have the following corollary. A proof is given at the end of
Section 3.

Corollary 2.6. Let E,a,G >0, § € (0,G/2), L €e GNand A, B : A; — R be measurable, bounded
potentials and assume that

B > axw;w)

for a (G, §)-equidistributed sequence. Denote the eigenvalues of a self-adjoint operator H with discrete
spectrum by )\;(H), enumerated increasingly and counting multiplicities. Then for all i € N with
rMi(—A+ A+ B) < E,we have

rM(=AL+A+B)>r(—AL+A)+aCSl(d, 8, E, |A+ Bll).

sfuc

Remark 2.7 (generalizations). In [Taufer and Tautenhahn 2017] it has been proven that Corollary 2.4
holds also if y(—0 g1(HL) is replaced by exp(—t Hy ) for sufficiently large r > 0. An adaptation of our
methods allows us to treat Schrodinger operators H on the whole of R instead on cubes. This will be
discussed in our forthcoming paper. An important consequence of this result is a lifting estimate for
boundaries of the essential spectrum, quite analogous to Corollary 2.6. Finally, let us remark that an
analog of Theorem 2.2 for the case V = 0 where the equidistributed set needs only to be measurable (and
not open) has been established in [Egidi and Veseli¢ 2016] using different methods.

Application to random breather Schriodinger operators. An important application of our result is in the
spectral theory of random Schrodinger operators. The above scale-free unique continuation estimate is
the key for proving the Wegner estimate formulated below, which is a bound on the expected number of
eigenvalues in a short energy interval of a finite box restriction of our random Hamiltonian. Together
with a so-called initial scale estimate, Wegner estimates facilitate a proof of Anderson localization via
multiscale analysis. For more background on multiscale analysis and localization and on Wegner estimates
consult, e.g., the monographs [Stollmann 2001] and [Veseli¢ 2008], respectively.

The main point is that the potentials we are dealing with here exhibit a nonlinear dependence on the
random parameters w;. Due to this challenge, it is not clear how to apply previously established versions
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of (1), as discussed in Remark 2.5, to such models. We emphasize that our scale-free unique continuation
principle and Wegner estimate are valid for all bounded energy intervals, not only near the bottom of the
spectrum.

Let us introduce a simple, but paradigmatic example of the models we are considering. (The general
case will be studied in the next paragraph.)

Let D be a countable set to be specified later. For 0 < w_ < w4 < 1 we define the probability space
(2, A, P) with

Q=XR A=Q)B®R) and P=(X)u.
Jj€D jeD jeD

where B(R) is the Borel o -algebra and u is a probability measure with supp i C [w—, w4 ] and a bounded
density v,. Hence, the projections @ +— @y give rise to a sequence of independent and identically
distributed random variables w;, j € D. We denote by [ the expectation with respect to the measure P.
The standard random breather model is defined as

Hy=—=A+V,(x) with V() = Y xa, (x = ), )
jezd

and the restriction of H,, to the box Ay is denoted by H, ;. Here obviously D = 7¢. Denote by
X[E—e.E+¢](Hy, 1) the spectral projector of H,, ;.. We formulate now a version of our general Theorem 2.10
applied to the standard random breather model.

Theorem 2.8 (Wegner estimate for the standard random breather model). Assume that [w—, w4] C [O, }‘],

fix Eg € R, and set epax = zlt . 8_N(2+|E0+1|1/2), where N is the constant from Theorem 2.2. Then there is
C =C(, Ey) € (0, 00) such that for all ¢ € (0, emax] and E > 0 with [E — ¢, E +¢] C (—o0, Ep], we
have

E[Trl X5 e, k161 (Hop 1)]] < Cllv oo™V CHEATO 1y 614 1.4,

Theorem 2.8 implies local Holder continuity of the integrated density of states (IDS) and is sufficient
for the multiscale analysis proof of spectral localization; see the next paragraph.

Remark 2.9 (previous results on the random breather model). The paper [Combes et al. 1996] introduced
random breather potentials, while a Wegner estimate was proven in [Combes et al. 2001], however,
excluding any bounded and any continuous single site potential; see the Appendix. Lifshitz tails for
random breather Schrodinger operators were proven in [Kirsch and Veseli¢ 2010]. All of the papers
mentioned so far approached the breather model using techniques which have been developed for the
alloy-type model. Consequently, at some stage the nonlinear dependence on the random variables was
linearized, giving rise to certain differentiability conditions. As a result, characteristic functions of cubes
or balls, which would be the most basic example one can think of, were excluded as single-site potentials.
Only [Veseli¢ 2007] considers a simple nondifferentiable example, namely the standard random breather
potential in one dimension, and proves a Lifshitz tail estimate. This will be extended to multidimensional
models in the forthcoming paper [Schumacher and Veseli¢ 2017].
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More general nonlinear models and localization. We formulate now a Wegner estimate for a general
class of models, which includes the standard random breather potential, considered in the last paragraph
as a special case. We state also an initial scale estimate which implies localization.

Here, in the general setting, we assume that D C R4 is a Delone set; i.e., there are 0 < G| < G5 such
that for any x € R? we have #{DN (Ag, +x)} <1land ${DN(Ag, +x)} > 1. Here, #{ - } stands for the
cardinality. In other words, Delone sets are relatively dense and uniformly discrete subsets of R?. For
more background about Delone sets, see, for example, the contributions in [Kellendonk et al. 2015]. The
reader unacquainted with the concept of a Delone set can always think of D = Z¢.

Furthermore, let {u, : t € [0, 1]} C Lgo([R{d) be functions such that there are G, € N, up.x > 0,
o, B1 > 0 and ay, B = 0 with

vVt €[0,1], suppu; C Ag

u’

Vi€ [0, 11, lluslloo < Umax, (%)
Vielw_,wi], § <1 —wy, Ix0 € Ag,, Urts —Ur = alfsazXB(xo,,glaﬂz)-
We define the family of Schrédinger operators H,, w € 2, on L>(R?) given by

Hy:=—A+V,, where Vy(x)=> iy (x—j).
jeD
Note that for all @ € [0, 1]° we have

1Villoo < Ku = ttmax [Gu/ G11%;

see Lemma 4.1. Assumption (5) includes many prominent models of random Schrédinger operators —
linear and nonlinear. We give some examples.

Standard random breather model: Let y be the uniform distribution on [0, ;] and let u,(x) = x5,
j€z ThenV, =" jezd XB(j.o) 1s the characteristic function of a disjoint union of balls with random
radii. This model was introduced in the previous subsection.

General random breather models: Let 0 <u € Lgo(Rd) and define u,(x) :=u(x/t) fort > 0 and ug :=0
and assume that the family {u, : t € [0, 1]} satisfies (5). Natural examples are discussed in the Appendix.
They include the characteristic function of bounded convex sets, the hat-potential (1 — |x|) x{jx|<1} or the
bump function exp(l/(|x|2 — 1) xqix|<1y- Then V,(x) = Zjeld Ue, (x — j) is a sum of random dilations
of a single-site potential u at each lattice site j € Z¢.

Alloy-type model: Let 0 < u € LSO(R"), u >« > 0, on some open set and let u,(x) := tu(x). Then
V,(x) = Zj <z¢ @ju(x — j) is a sum of copies of u at all lattice sites j € 74, multiplied with ;.

Delone-alloy-type model: Let D C R4 be a Delone set, 0 < u € Lgo([Rd), u > o > 0, on some nonempty
open set and let u; (x) := tu(x). Then V,(x) = ). _p wju(x — j) is a sum of copies of u at all Delone

j
points j € D, multiplied with w;. See [Germinet et al. 2015] for background on such models.

For L > 0 we denote by H,, | the restriction of H, to L?(A 1) with Dirichlet boundary conditions.
Following the methods developed in [Hundertmark et al. 2006], we obtain a Wegner estimate under our
general assumption (5).
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Theorem 2.10 (Wegner estimate). For all Ey € R there are constants C, k, emax > 0, depending only
ond, Eo, Ky, G,, G2, a1, a2, B1, B2, wy and ||v,| o, Such that for all L € (G, + G,)N, all E € R and
& < &max With [E — ¢, E 4+ €] C (—o0, Eg] we have

E[Tr{X{£—e,£+e)(How,1)]] < Ce'/*|InelL. (©6)

Theorem 2.11 (initial scale estimate). Let k be as in Theorem 2.10 for Eq = dn? + K. Assume that
there are ty, C > 0 such that

Oesuppp and  forallt €[0,10], ([0, r]) < Cri*.

Then there is Lo = Lo(ty, Smax, &, Gu, G1) > 1 such that for all L € (G, + G,)N, L > Ly, we have

1 C
P({a) €Q:A(Hy ) —M(Hyp) > m}) >1- Tan

where Hy 1 is obtained from H,, by setting w; to zero for all j € D.

Remark 2.12 (discussion on initial scale estimate). Theorem 2.11 may serve as an initial scale estimate
for a proof of localization via multiscale analysis. More precisely, by using the Combes—Thomas estimate,

an initial scale estimate in some neighborhood of a := inf o (Hy) follows. Note that the exponents % and
d
2
measure p. Localization in a neighborhood 1, of a follows via multiscale analysis, e.g., a la [Stollmann
2001]. The question of whether o (H,,) N I, # & for almost all w € 2 has to be settled. This is, however,

satisfied for all examples mentioned above. In the special case of the standard random breather model one

in Theorem 2.11 can be modified to some extent by adapting the proof and the assumption on the

can get rid of the assumption on p by proving and using the Lifshitz tail behavior of the integrated density
of states; see [Veseli¢ 2007] for the one-dimensional case, and the forthcoming paper of Schumacher and
Veseli¢ for the multidimensional one.

Application to control theory. We consider the controlled heat equation with heat generation term (—V)

du—Au+Vu= fx, wuecL?>(0,T]xSQ),
u=20 on (0, 7T) x 02, @)
M(O, ) =Uuop, uo S LZ(Q)a

where w is an open subset of the connected 2 C RY, T >0and V € L*(R). In (7) u is the state and f
is the control function which acts on the system through the control set w.

Definition 2.13. For initial data ug € L?(S2) and time T > 0, the set of reachable states R (T, u) is
R(T, ug) = {u(T, -) : there exists f € L*([0, T] x w) such that u is solution of (7) with RHS}.

The system (7) is called null controllable at time 7 if 0 € R(T'; ug) for all ug € L?(2). The controllability
cost C(T, ug) at time T for the initial state u is

C(T, ug) =inf{|l £ ll 120.7)xe) : U is solution of (7) and u(T, -) = 0}.
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Since the system is linear, null controllability implies that the range of the semigroup generated by
the heat equation is reachable too. It is well known that null controllability holds for any time 7 > 0,
connected 2 and any nonempty and open set w C €2 on which the control acts; see [Fursikov and
Imanuvilov 1996].

It is also known, see for instance [Tucsnak and Weiss 2009, Theorem 11.2.1], that null controllability
of the system (7) at time T is equivalent to final state observability on the set w at time T of the system

u—Au+Vu=0, uelLl?*(0,T]xQ),
u=>0 on (0, T) x 0L, ®)
u(0, -) = uo, uo € L*(Q).
Definition 2.14. The system (8) is called final state observable on the set w at time T if there exists
kr = k7(2, w, V) such that for every initial state ug € L2(S2) the solution u € L2([0, T] x ) of (8)
satisfies
(T, G < k1017 240,715 )

Moreover, the controllability cost C(T, ug) of (7) coincides with the infimum over all observability
costs /kr in (9) times ||ugpllq; see, for example, the proof of [Tucsnak and Weiss 2009, Theorem 11.2.1].

The problem of obtaining explicit bounds on C(7T', u) received much consideration in the literature, see,
for example, [Giiichal 1985; Fernandez-Cara and Zuazua 2000; Phung 2004; Tenenbaum and Tucsnak
2007; Miller 2006; 2004; 2010; Ervedoza and Zuazua 2011; Lissy 2012], especially the case of small
time, i.e., when T goes to zero. The dependencies of the controllability cost on 7 and ||V ||« are today
well understood; see, for example, [Zuazua 2007]. However, the dependence on the geometry of the
control set is less clear: in the known estimates the geometry enters only in terms of the distance to the
boundary or in terms of the geometrical optics condition. To find an optimal control set is a very difficult
problem; see for instance the recent articles [Privat et al. 2015a; 2015b].

We are interested in the situation Q@ = A; € R? and w = W;s(L) for a (G, 8)-equidistributed sequence
with L € GN, G > 0 and § < G/2. In this specific setting we will give an estimate on the controllability
cost. The novelty of our result is that the observability cost is independent of the scale L and the specific
choice of the (G, §)-equidistributed sequence. Moreover, the dependencies on ||V |« and on the size
of the control set via § are known explicitly. As far as we are aware, this is the first time that such a
scale-free estimate is obtained.

By the equivalence between null-controllability and final state observability, it is sufficient to construct
an estimate of the form (9). In order to find such an estimate, we will combine Corollary 2.4 with results
from [Miller 2010] to obtain the following theorem.

Theorem 2.15. For every G > 0, § € (0, G/2) and Ky > O there is T' = T'(G, §, Ky) > 0 such that
forall T € (0,T'], all (G, §)-equidistributed sequences, all measurable and bounded V R4 — R with
IVileo < Ky and all L € GN, the system

du—Apu+Viu=0, uelL?*(0,T]xAL),
u=~0 on (0,T)x0A,
M(O, ) = Up, uo S Lz(AL)
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is final state observable on the set Ws(L) with cost kt satisfying

KT < 4a0b062c*/T

2/3

where ag = (8/G)"NUHGPIVIE) | po = e2IVle ¢, < In(G/8)X(NG +4/1n2)? and N = N(d) is the
constant from Theorem 2.2.

Remark 2.16. (i) The same result holds also in the case of the controlled heat equation with periodic or
Neumann boundary conditions with obvious modifications.

(ii) Null controllability of the heat equation implies a stronger type of controllability, so-called approximate
controllability. Following [Fernandez-Cara and Zuazua 2000], one can find an estimate for the cost of
approximate controllability from the proof of Theorem 2.15. We will not pursue it in this paper.

3. Proof of the scale-free unique continuation principle

Carleman inequalities. We denote by [Rd+1 ={x e R4t : 1 Xg+1 = 0} the (d+1)-dimensional half-space
and by B := {x € IRTrl . |x| < r} the (d+1)-dimensional half-ball. For x € R¢t! we denote by
x’ the projection on the first d coordinates; i.e., for x = (x1, ..., x411) € R9t! we use the notation
x' = (x1,...,x7) € R% By |x| and |x’| we denote the Euclidean norms and by A the Laplacian on R+,
For functions f € C °°([Ri+1) we use the notation fo = f/x,,,=0-

In the appendix of [Lebeau and Robbiano 1995], the authors state a Carleman estimate for complex-
valued functions with support in B by using a real-valued weight function ¥ € C®(R4*!) satisfying
the two conditions

for all x € B we have (9441%)(x) #0, (10)

and for all £ € R?*! and x € B} there holds

2(€, Vi) =0, 4t
), 5 = Z B ¥) (&& + (0;9) (0 y)) > 0. (11)
&7 = VY] k=1

As proposed in [Jerison and Lebeau 1999] we choose r < 2 — +/2 and the special weight function
VR S R,
V) = —xa1 + 3304 — g 1) (12)

Note that ¥ (x) < 0 for all x € B; . This function v indeed satisfies the assumptions (10) and (11).
Condition (10) is trivial for r < 1. In order to show the implication (11) we show
d+1

EP=IVyl® = D v+ vay) >0. (13)
jk=1
We use the hypothesis of (13) and calculate
d+1

D 0 i+ Yoy = — 2252+Sd+1 §1X 17+ Car = D =367, — 11X 1P+ 3 G — D2,

j.k=1
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Since |x'|> < r? and (x441 — 1)?> = (1 —r)?, assumption (13) is satisfied if r <2 — V2. Now let
CX(BH) ={g: R — C:g=0o0n {xs1 =0}, Ip € C°R""") with

suppp C {x € R x| < r} and g=¢on [Rflﬁl}.
Hence, as a corollary of Proposition 1 in the appendix of [Lebeau and Robbiano 1995] we have:

Proposition 3.1. Let € C® (R R) be as in (12) and p € (0,2 — \2). Then there are constants
Bo, C1 > 1 such that for all B > By, and all g € Cg%(B;) we have

/ ezﬂ‘”(mvm%ﬂﬂgﬁ)scl(f ezﬂ*"mgﬂwfezﬂ*’f°|(ad+1g>o|2).
Rd+1 Rd+l Rd

We will need another Carleman estimate with a weight function whose level sets can be explicitly
controlled.

Proposition 3.2 [Naki¢ et al. 2015a]. Let p > 0 and w : R? — R,

xl/p | — ot
w(x):m/ ° ar.
o Jo t

In particular,

x| | x|
forall x € B(p), — <w(x)<—.
pe

Then there are constants oy, C» > 1 depending only on the dimension such that for all « > «y, and all
u € W22(RY) with support in B(p) \ {0} we have

/ (()t,ozwlfz"‘Wul2 +a3w*1*2“|u|2) dx < C2p4/ w2 Aul? dx.
Rd Rd

This variant of the Carleman estimate is essentially given in [Escauriaza and Vessella 2003], albeit
that paper concerns parabolic operators. For elliptic operators, in [Bourgain and Kenig 2005] a weaker
statement than Proposition 3.2, without the gradient term on the left-hand side, was spelled out and proven
explicitly. A version of Proposition 3.2 for divergence-type elliptic operators is stated in [Kenig et al. 2011].
While this covers more general operators than we are interested in here, it lacks a quantitative statement
about the admissible functions u. An explicit proof of Proposition 3.2, i.e., for the pure Laplacian, was
first given in [Klein and Tsang 2016]. See also [Naki¢ et al. 2015a] for the case of divergence-type
elliptic operators. The paper [Davey 2014] also contains a Carleman estimate which is less explicit than
Proposition 3.2, but would still be sufficient for the purpose of the proof of Theorem 2.2.

Extension to larger boxes. For each measurable and bounded V : R? — R and each L € N we denote
the eigenvalues of the corresponding operator Hy, by Ej, k € N, enumerated in increasing order and
counting multiplicities, and fix a corresponding sequence ¢, k € N, of normalized eigenfunctions. Note
that we suppress the dependence of Ej; and ¢ on V and L.

Given V and L we define an extension of the potential V; and the eigenfunctions ¢y to the set A gy for
some R € Nogg = {1, 3, 5, ...} to be chosen later on. The extension will depend on the type of boundary
conditions we are considering for the Laplace operator.
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Extension for periodic boundary conditions: We extend the potential V; as well as the function ¢y, defined
on the box A, periodically to vV, ¥ : RY — R and then restrict them to Ag;. By the very definition of
the operator domain of A, with periodic boundary conditions the extension ¥ is locally in the Sobolev
space W>2(R?).

Extension for Dirichlet and Neumann boundary conditions: The potential V; will be extended by
symmetric reflections with respect to the hypersurfaces forming the boundaries of Ay. In the first step
we extend V. : A, — R to the set

{(xeAsp:x; € (—=L/2,L/2), i €{2,...,d}}

by
Vi(x) ifxeAp,
0 if x; € {—L/2, L/2},
Vi(x) = .
VL(L—xl,XQ,...,xd) 1fx1>L/2,
VL(—L—xl,XQ,...,xd) ifx1<—L/2.

Now we iteratively extend V in the remaining d — 1 directions using the same procedure and obtain a
function Vi : A3 — R. Iterating this procedure we obtain a function V; : Agr — R. The extensions of
the eigenfunctions will depend on the boundary conditions. In the case of Dirichlet boundary conditions,
we extend an eigenfunction similarly to the potential by antisymmetric reflections, while in the case of
Neumann boundary conditions, we extend by symmetric reflections.

The extensions of the functions and V; and ¢, k € N, to the set Ay will again be denoted by V.
and ¢y, k € N. The reader should be reminded that (the extended) V; : Ag; — R does in general not
coincide with Vg; : Agr — R. Note that for all three boundary conditions, V; : Ag; — R takes values in
[—1IV lsos |V llso], the extended ¢y are elements of W22(Agy) with corresponding boundary conditions
and they satisfy A¢y = (Vi — Ex)¢r on Agp. Furthermore, the orthogonality relations remain valid.

Ghost dimension. For a measurable and bounded V:R? — R, L €N, E >0 and ¢ € Ran( X(—o0,E1(HL))
we have

= > apr, with o=/ ¢).

keN
E.<E

Since the ¢ extend to A gy as explained in the previous subsection, the function ¢ also extends to Ay .
We set wy := /| Ex| and define the function F : Ag; x R — C by

F(x,xq41) = Z P (x) sk (Xa41),

keN
Ey<E

where s : R — R is given by
sinh(wit)/wy, Ex >0,
sk(t) =11t, Ey =0,
sin(a)kt)/a)k, E, <O.
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Note that we suppress the dependence of ¢ and ¢ on V, L, E. Furthermore, the sums are finite since Hy
is lower semibounded with purely discrete spectrum. The function F satisfies

d+1
AF =) "9}F=V.F onAg. xR
i=1

and

0041 F(x,00= ) oxdp(x) forx € A

keN
E.<E

In particular, for all x € Ay we have 9,41 F (x, 0) = ¢. This way we recover the original function we are

interested in.

Let us also fix the geometry. For § € (0, ) we choose

Y1 =—165" Vo=—38% Y3=—38"
rlzé—%m, r=1, r3:6e\/3,

1-1/16-82, Ry=3vVd, R3;=9eVd,
and define for i € {1, 2, 3} the sets

Sii={x e R 1y (x) > ¥y, xa41 €0, 11} C REH,

Vi :=B(R;)\ B(r;) c R™.
Let R € N be the least power of 3 larger than 2R3 + 2. For i € {1,2,3} and x € R¢ we denote
by Sj(x) = S; + (x,0) and V;(x) = V; + (x, 0) the translates of the sets §; C R*! and V; ¢ R4+
Moreover, for L € N and a (1, §)-equidistributed sequence z; € R4, j€ 74, we define = 74N AL,
U;(L)= UjeQL Si(zj), X1=Apx[-1,1]and )?R3 = Ar12r, X[—R3, R3]. Note that Ws(L) is a disjoint
union. In the following lemma we collect some consequences of our geometric setting. We will first
restrict our attention to the case L € Nyqq, and consider the case of even integers thereafter.

Lemma 3.3. (i) Forall§ € (0, 1) we have S C S C S3 C B c R{™.

(i) For all L € Nogg with L > 5, all § € (O, %) and all (1, §)-equidistributed sequences z; we have
UjeQL VZ(Zj) D Xi.

(iii) There is a constant K4, depending only on d, such that for all L € Nygq, all § € (O, %), all (1, 8)-
equidistributed sequences zj, all measurable and bounded 'V : RY > R, all E > 0 and all ¢ e
Ran(x(—oo,£1(HL)) we have

2 2
Z ||F||H](V3(zj)) < Kd”F”Hl(U/’eQL V3(Zj)).
Jje0L '

(iv) Forall L € Nyyq, 6 € (O, %) and all (1, §)-equidistributed sequences z; we have UjeQL V3(zj) C X,

We note that part (ii) of Lemma 3.3 will be applied with L replaced by SL.
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Figure 1. Illustration for (ii) in the case d = 1, L =5 and for some configuration z;,
j € Or. The set [—%, %] x [—1, 1] is covered by V»(z;,) and Va(z),).

Proof. Parts (i) and (iv) are obvious.
%]d x [—1, 1] can be covered by the sets V>(z;). Let us take

J1.2€ 0.

To show (ii), we first prove that [—
jl :(_150""70)9 j2:(_270""9
Then

1
2

[, 4] < [=1, 11 € Va(z;,) U Va(zp); (14)

see Figure 1. Indeed, let x = (x1, . .., X441) be an arbitrary point from [—%, %]d x[—1, 1]. Then (14) is not
satisfied only if |(z;,, 0)—x|? < 1 and |(z,, 0)—x|2 > R2. Since zj, € (=348, —1 —8) x (—1+8, 1 —8)*""
and zj, € (=348, =3 —8) x (=1 48,1 —5)"", it follows that

(—% -4 —x1)2+x§+1 <1 and (—% +46 —x1)2—|— d—-1(1 —6)2 +x§+1 > 9d.
Plugging the first relation into the second, we obtain
9d < (d—1)(1 =8> +2(1 =8)(B+2x)+1<(d—1)(1—8)>+8(1—8)+1.

But this relation is satisfied only for d < 1. Since L > 5 the same argument applies to cover every
elementary cell ([—%, %] +i) x [—=1,1], i € Qr, by two neighboring sets V»(z;).

Now we turn to the proof of (iii). Since R > 2R3 + 2, the function F is defined on V3(z;) for all
jeQr. Forall x € UjGQL V3(z;), the number of indices j € Qy such that V3(z;) > x is bounded from
above by (2R3 +2)?. Hence,

forall x € Xe, ) xvaep ) < QR3 +2) 0,y v (),
JjeOoL

D NF ey = /X (Z xv3<zj><x>)<|F<x>|2+ IVF(x)]%) dx

JE€QL Ry NieQp

< (2R; +2)"||F||i,.(ui 0, V3@’
JELL

and thus

Hence we can take K; = (2R3 +2)% U
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Interpolation inequalities.

Proposition 3.4. Forall § € (0, %) all (1, §)-equidistributed sequences zj, all measurable and bounded
V:RY - R, all L € Ny, all E > 0 and all ¢ € Ran(x(—oo,£1(HL)):

(@) Thereis By = B1(d, ||V lleo) = 1 such that for all B > B| we have

L1 0y < DIBIF I wyry) + D1 @@t FlollZ 24y, 1)
where B is given in (16), and 51(,3) and ﬁl (B) are given in (17).

(b) We have

1/2 1/2
||F||H1(U1(L)) = Dl”(ad+1F)O||L2(Wa(L))||F||H1(U3(L))’

where D is given in (21).

Proof. First we recall that AF = V. F, 0541 F(x’,0) = ¢(x’) and B; D S3. Now we choose a cutoff
function y € C*®°(RY*1; [0, 1]) with supp x C S3, x(x) =1ifx € S, and

~

Gl
max{[|Ax [loos 1V xlloo} < = 01,

where @1 -0 1(d) depends only on the dimension. This is due to the fact that the distance of S,
and [R{ff”l \ 83 is bounded from below by 82 /16. Let ¢ be a nonnegative function in C§°([R§d ) with the
properties that [|¢]|; = 1 and supp¢ C B(1). For & > 0 we define ¢, : RY — R by ¢.(x) = e 9p(x/e).
The function ¢, belongs to CZ° (R?) and satisfies supp ¢, C (¢). Now we continuously extend the
eigenfunctions ¢y : Agr — R to the set R4 by zero and define for ¢ > 0 the function F; : R x R by

Fe(x, Xap) = ) or(pe % i) () sk (Xa1).

keN
E<E

By construction, the function g = x F; is an element of C gf(’)(B;). Hence, we can apply Proposition 3.1
with g = x F, and p = % and obtain for all 8 > By > 1

/ PV (BIV(XF)I* + B |x FeI?) 501/
$3

e?PV|A(Fo) > + BC / PV (@ar1(x Fe))ol*.  (15)
83

B(3)

Note that By and C; only depend on the dimension. By [Ziemer 1989, Theorem 1.6.1(iii)] we have
Qe %O — P, V(e x ) — Vo and A(g, *pr) = Ay in L?(S3) as ¢ tends to zero. Consequently, the
same holds for F,, VF, and AF, and thus we obtain (15) with F, replaced by F. For the first summand
on the right-hand side we have the upper bound

/ezﬂ'/’|A<xF>|zs3/ eV (4IVXPIVE? +|AxPIFI? + |AF P x]?)
S3 S3

53e2ﬁ‘/f2/ (4®%|VF|2+®%|F|2)+/ 3PV |V Fx|?
$3\ 82 S3

< 1267 P g, +3IVIE, [ VP
$3
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The second summand is bounded from above by BC| f B((S)|(ad+1F Yol?, since F =0 and ¥ < 0 on
{x4+1 = 0}. Hence,

B SeW IV F)PHB=3IVIZLC) | PV IxFIP<12C107e* V|| F 13 5, +C1BI Qa1 Foll 2 -
3

S3
Additionally to 8 > By we choose 8 > (6| V||goC1)1/ 3 =: By. This ensures that for all
B = B1 :=max{Bo, fo} (16)
we have

1
3 / PV (BIV(F)P + B FI?) < 121072 | FII3 5, + CLBI@as1 Fholl7 sy
S3

Since B>1, S3D 81, x =1 and e*#¥ > /¥ on §;, we obtain
PV Fll s, < 24C107P 2| FIl o) +2C1H1 Bast ol (s

We apply this inequality for translates S;(z;) and obtain by summing over j € Q; = 79N AL
2 2 2.2 2 2
€ P Z “F”HI(S](Zj)) =< 24'6'1(91e P Z ||F||H1(S3(zj)) +2C1 Z ”(ad"'lF)O”LZ(B(zj,S))'
JE0L JeOL JjeQL

Recall that U; (L) = UjEQL Si(z;j) and Ws(L) = UjEQL B(z;, 8). Hence, for all B8 > B; we have

2 n 2 N 2
”F”H1(U1(L)) =< Dl ”F”Hl(Ug(L)) + Dl ”(ad-l-lF)O”LZ(WB(L)),
where
Di(B) =24C,0%e*PV2=V)  and Dy (B) =2C,e 2PV, (17)

We choose 8 such that

2 1/(2
eﬂ _ [ 1 ||(8d+1F)0||L2(W5(L)i| /(2¥2) (18)
= 5 3 .
12@1 ||F||H](U3(L))
Now we distinguish two cases. If 8 > B, we obtain by using | = 2y,
IF I3 w0y < 8V3CIOUIF | oy 1 Qas Floll 2wy (19)

If B < B1 we use Lemma 5.2 of [Le Rousseau and Lebeau 2012]. In particular, one concludes from (18)
that

1
2 -2 2
||F||H1(U3(L)) < 12®26 ﬁ”//z”(ad+1F)0”L2(W5(L))'
1

This gives us in the case 8 < B

—p1yn
€
L e < WE W sy < Ji20, Wl asanllGas Foll 2w, wy- (20)
If we set B
ef 12
D? = max{sﬁcl®1, } (21)
‘ V12

we conclude the statement of the proposition from inequalities(19) and (20). [l
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Now we deduce from the second Carleman estimate, Proposition 3.2, another interpolation inequality.

Proposition 3.5. Forall § € (O, %), all (1, §)-equidistributed sequences z;, all measurable and bounded
V:R? - R,all L € Nogg, all E >0 and all ¢ € Ran(x(—oo,£1(HL)):

(a) Thereis oy = a1(d, ||V |lso) = 1 such that for all o > a1 we have
”F”H'(X y = DZ(Q)”F”HI(UI(L)) +D2(Ol)||F”H1(XR )s

where o is given in (23), and Dz(a) and Dz(ot) are given in (27).
(b) We have
“F”Hl(Xl) = D2||F||H1(U (L))”F”HI(X )

where y and D, are given in (32) and (33).

Proof. We choose a cutoff function x € Cgo(Rd“; [0, 1]) with supp x C B(R3)\ B(r1), x(x) =1 if
x € B(r3) \ B(Ry),

~

_6
< 84 =: 0,
max{||Ax lloo,vs» 11V X1lloo, 15} < O3,

max{[| Ax lloo,vi» NV xlloo, v,

where ©5 depends only on the dimension and ®j3 is an absolute constant. We set u = x F. We apply
Proposition 3.2 with p = Rj3 to the function « and obtain for all @ > g > 1

/ (e R3w' 2| Vu|* + o} w2 |u|?) dx < C2R§/ w22 Aul? dx.

B(R3) B(R3)

Since w < 1 on B(R3) we can replace the exponent of the weight function w at all three places by 2 — 2¢;
ie.,

/ (aR3w* 2| Vu|* + o’ w?™ 2“|u|2)dx5c2R§f w22 Aul?dx =: 1. (22)
B(R3) B(R3)

For the right-hand side we use
Au=2(Vx)(VF)+ (AY)F+ (AF)y,
and AF =V, F, and obtain
I s3czR§‘fw2—2“(4|(vX)(VF)|2+|<Ax)F|2+||V||§o|xF|2)dx=: L+ L+
B(R3)

If we choose « sufficiently large, i.e.,
a > (6C2R3|IVIIS)'" =: do,
we can subsume the term /3 into the left-hand side of (22). We obtain for all

o > ap ;= max{wg, oo} (23)
the estimate
/ (ozR2 - 2‘)‘|Vu|2—+—é053w2 2"‘|u|2) dx < I + b,.
B(R3)
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For the “new” left-hand side we have the lower bound
L+5L> (a R3w* 2| Vul* + Lo w? 2 |u?) dx > ~( - Nl
2 2\ R H (V)
B(R3) 2

For I; and I, we have the estimates

R 200—2 R 202
I <3C,R? [4@%(6—3) IVF|? +4®%(e—3)
r Vi "\ 13 Vs

eR 2002 eR 2002
1253C2Rg‘[®§<—3) /|F|2+®§(—3) /|F|2].
ri Vi r3 V3

Putting everything together, the Carleman estimate from Proposition 3.2 implies for « > «

mﬂ,

2 4| o2 eR2 2 2 2 eR2 2 2

By translation, (24) is still true if we replace Vi, V, and V3 by its translates V;(z;), Va2(z;) and V3(z;) for
all j € Q. Hence,

202 202
SR <40R @2 (RS 1m0 02 (SR S
(st = =3C205 | 0| T iy T3 H (Vs |

jeor JjeoL JEQL
(25)

For all L € Nygq Lemma 3.3 tells us that UkeQ5 U Va(zj+kL) D X1 = A x[—1, 1] and the left-hand

side is bounded from below by

1 1
E : 2 _ L Z Z 2 A2
||F||H1(Vz(z,-)) T 5d ||F||H1(V2(Zj+kL)) = 3d ”F”H‘(Xl)'
jeor keQsjeQL

j€0L

Since Vi(zj) N IRff:r1 C Si1(z)), S1(zi)NS1(zj) = for i # j, and since F is antisymmetric with respect
to its last coordinate, we have

2 2 _ 2
Z ”F”Hl(Vl(Zj)) <2 Z ”F”H'(Sl(zj)) - 2”F”H'(Ul(L))'
JjeOL jeoL

For the second summand on the right-hand side of (25), we find by Lemma 3.3(iii) that there exists a
constant K, such that

2 2
Z ||F||H](V3(Zj)) = Kd”F”Hl(UjEQL V3(z‘,~))'
JjeorL

Moreover, since icoL V3(zj) C Xgy = AL+Rry, X [—R3, R3], we have

2 ~
Y N F Iy < Kal Flln @,
JjeorL

Putting everything together we obtain for all @ > o)

1 ~ —~
S lF Iy = D2@IF I g,y + D2@OIF 1 5 (26)
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where

s eR2 20—2 ) R2 20—2
Dy (ax) = 48C, R3O} and D,(a) = 24C,RIOIK, . (27)
r r3

If we let c; = 48C,O3R3r}/(eR2)?, o =24C2O3K, R3r}/(eRy)?,

eR, _ el
=2In{— ] >0 and p =2In|—) <0,
r r3

then (26) reads as

_ pt 2 pa 2
Sd “F”HI(X) <cie ||F||H1(U1(L))+Cze ||F||H1(XR3)' (28)
We choose o such that L
L
e* = - . (29)
Cl ”F”HI(U (L))
If & > o1 we obtain from (28) that
1—y 2-2y D
Sd ”F”HI(XI) = 2C C2 ”F”Hl(Ul(L))||F||H|(§R3)’ where Y = p+ —p (30)

If « < a1, we proceed as in the last part of the proof of Proposition 3.4; i.e., we conclude from (29) that

G a1 (pt=p7)
”F”Hl(x ) cy ' ||F||H1(U1(L))’
and thus
2pt—p)/(pT—p~ 2(1—y) 1 _
L e A T e >( S )) IFl iy BD
We calculate
_ In2 (32)
~In(r3/ry)’
set 2 2(a1—1)
202r2 \ [ 20 “TUNY
D§:max{5d192-94cz®§1(de4d2( 2l ) ( 2 (ri) ) } (33)
®3Kdr3 ®3Kd r
and conclude the statement of the proposition from (30) and (31). (I

Proofs of Theorem 2.2 and Corollary 2.6.

Proposition 3.6. For all T > 0, all measurable and bounded V RY - R, all L € Nygq, all E > 0 and all
¢ € Ran(x(—o0,£](HL)) we have
2

T ||F”H1 A —T.T

5 2l < IR ST (1 (L V) T2) Y BTl
keN keN
E<E Ey<E

where if Ex <0,

IBk(T) { ZT\/i lf Ek =~ 0.
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Proof. For the function F : Ag; x R — C we have for T > 0

T
I Wpinggirn = [ [ (00a P41V FP+1FP)
- RL

Note that || @ellz2(a,,) = RY. By Green’s theorem we have

d
/ |V’F|2dx’=f (—Zal-zF)Fdx’:—f V|F|2dx/+[ (83, F)F dx’
ARL ARL i=1 ARL ARL

for all x;41 € R. First we estimate

T
P Biigrry = [ [ (8PP =VIFE+ Gy PF +1FP) dy
ARL

/f (1041 FP + @20, FYF + (L + VI IFP) dy =28 Y lenPI,
ARL

keN
Er<E

where

T
I = / ((L+ 1V lloo) 8k (a1 + 85 (ag1)* + 8§ (Xag1) 8k (xa41)) dxas1
0

=1+ 1Vleo) /OT sk (%at1)” dxag1 + sp(T) s (T).
If E; <0, we estimate using s () < and s, (t)sx(t) <1 for t >0
I < 30+ V)T +T < (A + VI T? + T)Bi(T).
For E; > 0 we use sinh(wyt)/wy <t cosh(wyt) for t > 0 and cosh(w; T)? < e?*T to obtain
sinh® (@gxg+1)

ILi=04+ Vi) f — 2 dxgy1 + sinh(wi T) cosh(wi T') /i,
Wy

< (1 4+ Vo) T? cosh? (i T) + T cosh®(@x T)) < (1 + |V loo) T> + T) B (T).

This shows the upper bound. For the lower bound we drop the gradient term and obtain

[T rm—/ / (021 FIP+IF ) dx =2 R Y |ox P i,

keN
E.<E

where

T
i = / (5 Cra)? + 5, (e )] dxn.
0

If E; = 0, the lower bound ik > T follows immediately. Else, we have se(H)? > sin®(wit) /i and
Sk (1)? > cos(wyt), whence

T w2 T
~ sin“ (wgXg+1) s1n(2a)kT)
I Z/ —2+ + cos? (@ Xg+1) dxg1 2/ cos* (WXat1) dxgp = + —_—
0 Wi 0 2 4w
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Now, if 2w T < m, the sinus term is positive and we drop it to find ik >T/2. If 204 T > 7, we have
sin(wi T) > —1 and estimate

T 1 T g T T T
Ik>___:__ > _ — > — O

2 dop 2 dmex T2 2w T 47

Proof of Theorem 2.2. First we consider the case L € Nyqq. We note that Proposition 3.6 remains true if
we replace Agy by Ap and R by 1;ie., forall 7 > 0 and L € Nygqg we have

T

5 2l < UFIG oy S2TA+ A+ VI T?) Y AT lenl. (34)
keN keN
Ex<E E<E

We have §R3 C Arr X [—R3, R3]. By (34) and Proposition 3.6 we have

” ”HI(X ) ||F||H](ARLX[ R3, R3])
I F> B IFII%

< DiD?

H'(X)) H'(X1)

with
2
~5 ZEkEE Ok lory |

D= SEE s and Di=4RIR(1+ (14 [V ) RS),
EkSE

where 6, = B (R3). We use Propositions 3.4 and 3.5 and obtain
2
||F||H1(XR ) — D3D4”F”H1(X1) = DyD2D3D4”F”H|(X )||(8d+1F)0||L2(W5(L))||F||7;I/I(U3(L))
Since Us(L) C §R3 we have
2/y =2/y 2
Il Gy < DIDS DY DI 11 @a F)oll 2 wyny-

By (34), the square of the left-hand side is bounded from below by

VF W Ry = W W oo = 2R3 D ol

keN
E.<E

Putting everything together we obtain by using (9741 F)o = ¢

§ : 2 4 n 4 2

%R?) |ak| S Dl (D2D3D4) /y”('b”Lz(Wg(L))
keN
E.<E

In order to end the proof we will give an upper bound on D5 which is independent of ay, k € N. For this
purpose, we recall that 6y = B;(R3). Since 6 < e2RVE for all k € N with E, < E, we have

l~)§ < D§ = e*RVE,
Hence, using ZEk5E|O‘k| ||gi)||L2(A ) we obtain for all L € Nyqq the estimate

2 2
Csfuc ”¢||L2(AL) = ||¢||L2(W5(L))’
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where Csue = Cstue(d, 8, E, ||V [|oo) = Dy *(D2D3D4)~*/7. From the definitions of D;, i € {1,2,3, 4},
and y one calculates that
Core > sN(1+IV I +VE)

with some constant N = N (d). Now we treat the case of L € Neyen = {2, 4, 6, ...}. By a scaling argument
as in Corollary 2.2 of [Rojas-Molina and Veseli¢ 2013], we immediately obtain that for all G > 0,
3 €(0,G/2), L/G € Nygq and all (G, §)-equidistributed sequences g; we have

2 ~G 2

(d,8, E, |V]e) = Cstuc(d, 8/ G, EG?, || V|| G?). Here W{ (L) denotes the set Ws(L) corre-
sponding to the sequence g;. Now we define
G— L/(L/2—1) if L €4N,

2 otherwise,

and CS

sfuc

which satisfies G € [2,4] and L/G € Nygq. Since G > 2, every elementary cell Ag + j, j € (G2)4,
contains at least one elementary cell A| + j, j € Z%. Hence we can choose a (G, §)-equidistributed
subsequence ¢g; of z;. We apply (35) to this subsequence and obtain

2 2 ~G
”¢”L2(W5(L)) Z ||¢||L2(W{;1(L)) Z Csfuc||¢||L2(AL)‘

Note that Ws(L) corresponds to the sequence z;. Putting everything together we obtain the statement of
the theorem with
N e N(1+IvIZP+VE
min{ Cfuc, Ginf, CGe) =8 (HIVIEVE)

and some constant N = N (d). For the last inequality we use that (i)N > 52 O

Proof of Corollary 2.6. We denote the normalized eigenfunctions of —A; 4+ A 4+ B corresponding to the
eigenvalues A;(—Ay + A + B) by ¢;. Then we have
ri(=AL+ A+ B)={(¢i, (AL + A+ B)¢:)

= max (¢, (—AL+A)p)+ (¢, BP)
¢pE€Span{ey,....¢; }
llll=1
> max (P, (AL + A)P) +a(d, xwyw)P)-
$eSpan{@y,....d;}
lloll=
By Corollary 2.4, we conclude that for all ¢ € Span{¢y, ..., ¢;}, ||[¢]l = 1, we have

(@, Xwy1)®) = Cue(d, 8, E, || A+ Blloc)
and furthermore, by the variational characterization of eigenvalues, we find

max (¢, (AL +A)p) > inf max (¢, (—AL+ A)p) =Ai(—AL+ A).
¢€Span{¢y,...,¢; } dimD=i ¢eD
lol=1 lol=1

Thus, we obtain the statement of the corollary. U
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4. Proof of Wegner and initial scale estimates

Recall that 0 < G| < G are the numbers from the Delone property such that 8{D N (Ag, +x)} <1,
H{DN(Ag,+x)}>1forany x € R, and that for all 7 € [0, 1] we have suppu; C Ag,. Let Spax :=1—w4
and K, ;= unmax [Gy/ G11% Forwe [w_, a)+]D and 6 < dmax, We use the notation V,, s for the potential V,,
where every w;, j € D, has been replaced by w; + 8. The following lemma is a consequence of the
properties of a Delone set, in particular fA; "D < [L/ Gﬂd, and our assumption (5).

Lemma 4.1. (i) For all w € [w_, a)+]D, all 0 < § < dmax and all L € (G, 4+ G,)N, the difference
Vot+s — Vo is on A bounded from below by a18* times the characteristic function of W s, (L)
which corresponds to a (G, + G,,, B18P?)-equidistributed sequence.

(ii) Forall w € [0, 117 we have || Vylloo < Ku.

(iii) Forall L € (G, 4+ G,)N, we have
2{jeD:3r (0.1, suppu,(- — )N AL # &) < [(L+G)/G11* < QL/G)".

Proof of Theorem 2.10. Note that for all Ey € R, A;(Hy, 1) < Ep implies, by Lemma 4.1(ii), that
Ai(Hys.1) < Eo+||Vors— Vol < Eg+2K,,. Now we apply Corollary 2.6 with A=V, and B=V,,s—V,,
(both restricted to Ay). Together with Lemma 4.1(i), we obtain for all Ey € R, all L € G,N, all
w € [w_, wy]P, all § < 8y and all i € N with Ai(Hy, 1) < Ey the inequality

2i(Hyys.1) = hi(Hy 1) + 018 CGF O (d, 187, Eo+ 2K, Ku).

sfuc

In particular, there is k =k (d, w4+, o1, @2, B1, B2, G2, Gy, Ky, Eg) > 0 such that
Ai(Hyys,1) > Ai(Hy, 1) + 8% (36)

Now let ¢ > 0, satisfying & < enmax := 85, /4. We choose § := (4¢)'/%, whence

Ai(Hyys,0) = Xi(Hy, 1) +4e. 37)

Let p € C*°(R, [—1, 0]) be smooth, nondecreasing such that p = —1 on (—o0; —¢] and p =0 on [¢; 00).
We can assume || p0’||oo < 1/¢. It holds that

X(E—e;E+e1(X) S p(x —E+2¢) —p(x —E—2¢) =p(x — E—2¢e+4¢) —p(x — E —2¢)
for all x € R and together with (37) this implies
E[Trlx(£—e:E4+e1(Ho,)]] < E[Tr[p(Ho,L — E — 26 +4¢) — p(Hy L — E —2¢)]]
< E[Tr[p(Hyys,. — E —26) — p(Hy, L — E —2¢)]]. (38)

Now let A = {j eD:3re[0,1], suppu,(- — j) N Ar # I} be the set of lattice sites which can
influence the potential within Ay. Note that tIzN\ L < L /Gl)d. We enumerate the points in A L by
k:A{L,..., j:I[\L} — D, n +— k(n). The upper bound in (38) will be expanded in a telescopic sum by
changing the |A | indices from w;j to w; + & successively. In order to do that some notation is needed.
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Givenw € [o_, w412, ne{l,...,|ALl}, 8 €0, Smax] and 7 € [w_, w. ], we define &9 (1) € [w_, 1]P

inductively via

if j =k(1),
else

if j = k(n),

N(l’(g)[ L t ?
(@7 (1)); {wj (@19 (w; +8)); else.

and  (@"0(1)); := {

The function &% : [w_, 1] = [w_, 1]P is the rank-1 perturbation of w in the k(n)-th coordinate with
the additional requirement that all sites k(1), ..., k(n — 1) have already been blown up by §. We define
On(t) :=Trlp(Hpnn(yp — E —26)] forn=1,...,|AL].

Note that
O1(wra)) =Tr[p(Hy,, L — E —2¢)],

®"(a)k(l’l)) = ®n—1(wk(n—l) + 8) forn=2,... s |]\L| and
®|]\L|(wk(|AL|) +6) =Tr[p(Hyys,L — E —2¢)].

Hence the upper bound in (38) is

[E[Tr[p(Hw—O—B,L —E—2¢)]-Trlp(Hy,L — E — 28]] = lE[®|1~\L|(wk(‘[\L|) +9)— 0, (a)k(l))]

ALl
> E[On(@k(m) + ) — Onlwkm)]-
n=1

Due to the product structure of the probability space, we can apply Fubini’s theorem to each summand
and obtain

E[©n (@kn) + 8) — On(wxw)] = [E|:/ On(Wk(n) +8) — On(Wk(n)) du(wk(n))]~

Note that ®,, : [w—_, 1] — R is monotone and bounded. We will use the following lemma.

Lemma 4.2. Let —00 < w_ < wy < +00. Assume that | is a probability distribution with bounded
density v, and support in the interval [w_, wy ] and let ® be a nondecreasing, bounded function. Then
forall 6 >0

A[(@(?» +6) —OM]du) = vulleo - 8[O (w4 +68) — O(w-)].
Proof of Lemma 4.2. We calculate

/R[®()» +48) —O@)]1du(r)

wy+8 wy

EHV/LHOO/ +[®(K+3)—®(k)]dk=IIV;LIIOO[/ . ®(K)d>»—/ ®(k)d>»]
_ w_+ w_

wy+8 w_+38
=||vu||oo[/ @(de—/ @(de}s||vﬂ||oo'8[®<w++6>—®<w)1. 0

+
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Thus, we find foralln =1, ..., |Ay|

/ [®n ((Uk(n) +48) — ®n(a)k(n)) dﬂ(wk(n))] = ”‘)/L oo« [On (w4 +68) — Op(w-)].

We will also need the following result; see, e.g., Theorem 2 in [Hundertmark et al. 2006].

Proposition 4.3. Let Hy :== —A + A be a Schridinger operator with a bounded potential A > 0, and
let H| := Hy + B for some bounded B > 0 with compact support. Denote the corresponding Dirichlet
restrictions to A by HOA and HIA, respectively. There are constants K1, K, depending only on d and
monotonously on diam supp B such that for any smooth, bounded function g : R — R with compact
support in (—oo, Eg] and the property that g(HlA) - g(HOA) is trace class we have

Trlg(H{) — g(HM1 < K1eP + Ko (In(1 4 118" o)D)l 11
Proposition 4.3 implies:

Lemma 4.4. Let 0 < & < eax. Then 0, (v +8) — 0, (w_) < (Kefo + 2¢K5)|Ine|?, where K1, K, are
as in Proposition 4.3 and thus only depend on d and on G,,.

Proof of Lemma 4.4. Let g(-) := p(- — E — 2¢)). By our choice of p, we know g has support in
(—00, Eol, llg’'llec < 1/¢ and ||g’|l1 = 1. We define the operators

HY = H@"Y(w_),L) and HP :=H@""(w; +36), L).

They are lower semibounded operators with purely discrete spectrum and since g has support in (—oo, Ep],
the difference g(HlA) — g(HOA) is trace class. By the previous proposition

O (@4 +8) — O, (w-) = Trlg(H") — g(Hg)] < Kie™ + K>(In(1 4 1/))".
To conclude, note that & < gy < % and thus In(1 4+ 1/¢) <2|Ing| and 1 < [Ing| < [Ing|% O
Putting everything together and recalling § = (4¢)'/* we find
E[Trlx(£—e. £+e1(Ho.)1] < (K10 4+ 27K2) [0, lloo - SlIn g || A |
< (K1e™ +27K2) [y lloo - (4e) ¥ [Inel 2/ G LY. O
Proof of Theorem 2.11. We follow the ideas developed in [Barbaroux et al. 1997; Kirsch et al. 1998].
Let t < dmax, Vi1 be the restriction of V,, to A obtained by setting all random variables to ¢, and
Hip =—Ap, +VL,0n LZ(AL) with Dirichlet boundary conditions. Note that Hy; = —Ax, + VoL
and that the first eigenvalue of H; ; is bounded from above by d(/L)*> + K. Inequality (36) with
Ey=dn*+K,, oy =0, keD,and§ =1 yields that there is k = k (d, dmax, @1, &2, B1, B2, G2, Gy, K)
such that for all # < §pax
M (Hpp) = A(HoL) + 1.

We choose t = L~7/%) and L sufficiently large such that ¢ < min{d,ax, fo}. Then,

M(Hyp) —Ai(Hop) > L7774
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Let Qo :={w € Q: A (Hy,, 1) = X1(H;,)}. Since the potential values in Ay only depend on wy,
ke Ap+g,ND, we calculate using A7 16, "D <[(L+G,)/G 114 and our assumption on the measure u

that
P(Q) >1-P@3y e A D, w, <>1—| G ‘ 0,1 = 1—| ZFC g
(R0) =1 -=PEy € ALy, ND, 0y =1) = 1= G w0, 1) =1 - G 17
Since [(L + G,)/G11¢ < L>¥/* for L sufficiently large, we obtain the statement of the theorem. (I

5. Proof of the observability estimate

We want to apply [Miller 2010, Theorem 2.2] where we choose A = Ay — V on L?*(AL) with
Dirichlet boundary conditions, C = xw;) and Cp = Id. Note that A is self-adjoint with spectrum
contained in (—oo, ||V |s]. For A > 0 we define the increasing sequence of spectral subspaces &, :=
Ran x[_x 00) (AL — VL).

We need to check [Miller 2010, (5),(6),(7)]. By spectral calculus, we have for all A > 0

(Ap—=Vp)t )ul|

lle ulla, <e Mulla,, u€& =Ranxoo_in(AL—Vy), t>0.

Furthermore, Corollary 2.4 implies for all A > 0 and u € &,

-N ln(zS/G)G\/X”u ||%v

2
HMHAL = doe S(L)*

For T <1 we have eZT”V”OC/T < e2lVlee2/T \whence

e2T

IVie (T T
T(A=V), |2 A=V), 112 20 Vlloo w2/ T A=V) 112
le"AVuld, < [ 1, s i [T, an
0 0

T
Thus we found [Miller 2010, (5),(6),(7)] withmg=1, m =0, a =v = %, ap and bg as in the theorem,
a=—(N/2)In(6/G)G >0, b=1 and B = 1. By [Miller 2010, Theorem 2.2 and Corollary 1(i)], there
exists 7’ > O such that forall 7 < T’

kT < 4a0boezc*/T, where ¢, =4(Va+2 — \/5)74.

From the proof in [Miller 2010], it can be inferred that 7’ only depends on my, «, B, a, b, ag, by and on
our choice of T < 1. Thus, in our case, T’ only depends on G, § and ||V || .

Using va+2—a=["" 2(2/x)~'dx > (a +2)~1/2 and the fact that from 8 < G2, it follows that
2 <2a/ampin, Wwhere anin := (N/2) In(2)G, and we obtain

Cr <4a+2)? <4a*(142/amin)> =In(G/8)*(NG +4/1n2)>.

Appendix: On single-site potentials for the breather model

Our assumptions. In this section we discuss our conditions on the single-site potential in the random
breather model. Recall that the w; were supported in [w_, w; ] C [0, 1), whence we consider 7 € [w_, w4 ]
and § € [0, 1 —w4].
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Definition A.1. We say that a family {u,},¢[0,1] of measurable functions u; : RY — R satisfies:

 condition (A) if the u, are uniformly bounded, have uniform compact support and if there are
ay, B1 > 0and ay, B > 0 such that for all € [w_, w4 ], 8§ < 1 —w, there is xo = xo(t, §) € R? with

Upgs —Ur = (X15a2XB(xO"313ﬂ2), (39)

« condition (B) if u, is the dilation of a function u by ¢, defined as u,(x) := u(x/t) for t > 0 and
ug = 0, where u is the characteristic function of a bounded, convex, open set K with 0 € K,

« condition (C) if u, is the dilation of a measurable function u# which is positive, radially symmetric,
compactly supported, bounded with monotonously decreasing radial part r,, : [0, co) — [0, c0) and
such there is a point X > 0 where r, is differentiable, r,(¥) < 0 and r,(X) > 0,

« condition (D) if u; is the dilation of a measurable function # which is positive, radially symmetric,
radially decreasing, compactly supported, bounded and which has a discontinuity away from 0,

« condition (E) if u_, is the dilation of a measurable function which is nonpositive, radially symmetric,
radially increasing, compactly supported, bounded, and such there is a point X > O where the radial
part r,, is differentiable, r, (¥) > 0 and r, (¥) < O.

Remark A.2. Condition (A) is the abstract assumption we used in the proof of the Wegner estimate for
the random breather model. Conditions (B) to (E) are relatively easy to verify for specific examples of
single-site potentials. In particular, (C) holds for many natural choices of single-site potentials such as the
smooth function yyj<1 exp(1/ (|x|2 — 1)) or the hat-potential x|¢|<1(1 — |x]). Furthermore, we note that
if we have families {u,};c[0,1] and {v;};¢[0,1] Where u; satisfies (A) and v;45 —v; >0 forall € [w_, w4 ]
and 6 € (0, 1 — w4 ], then the family {u; + v;},¢j0,1] also satisfies (A).

Lemma A.3. We have that each of the assumptions (B) to (E) implies (A).

Proof. Assume (B). We will show (A) with ¢y =1, ap =0, f» =1 and B; = ¢, and hence it is enough to
show the existence of a c¢§-ball in K, 5\ K;.

For K C R? and t > 0 we define K, := {x ¢ R? : x/t € K} and K, := @. Without loss of generality
let x := (1,0, ...,0) be a point in K which maximizes |x| over K. For A € R define the half-space
H, :={x € R? : x; < A}, where x; stands for the first coordinate of x. By scaling, the existence of a
cé-ball in K, s\ K; is equivalent to the existence of a ¢§/(¢ + §)-ball in K\ K;/(;15). By maximality of
(1,0,...,0), we have K C H; and hence K;/+s) C H;j+s)- Thus, it is sufficient to find a ¢d/(z +§)-ball
in K\ H; /5. By convexity of K, the set {z eK:z1= %} is nonempty and since K is open, we find
zo € K with z1 = % and 0 <c < % such that B(zg, ¢) C K. We define for A € [0, 1) the set X (1) C R? as
X)) :=B(zo+X((1,0,...,0) —zp), c- (1 —1)). By convexity and the fact that (1,0,...,0) € K, we
have X (A) C K. In fact, let {x,},en C K be a sequence with x, — (1,0, ..., 0). We define open sets
X, (A) by replacing (1,0, ..., 0) by x, in the definition of X (1). By convexity of K, every X,, is a subset
of K, whence |, .y X»(A) C K. Furthermore we have X (1) C |,y X»(2). Thus X (1) C K. We now
choose A :=1/(t + ). Then X (1) N H, = @. Noting that c(1 — 1) = ¢§/(t + §), we see that X (1) is the
desired ¢§/(t + §)-ball.
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Now we assume (C). Let r, (X) = —Cj. Then there is € > 0 such that
raE +e) — (@) € [—2sc1, —%Cl] for all |e| < &. (40)

It is sufficient to prove the following: there are C,, C3 > 0 such that for every 0 < ¢ < w; and every
0 <68 <1—wy thereis X = x(z, §) such that

X+ Cy6 X
ru< oy >—ru<?) > C34. 41

Indeed, by monotonicity of r,, (41) implies that for every x € [x, X + C»8] we have

X X\ X+ C8 X - a8
r e — 7 — r — 7 — ,
“\r+6 "\t ) ="\ 1458 “\r)=73

whence (A) holds with xg := (X + C28/2)e1, a1 =C3, B1 =C2/2, an =B = 1.

In order to see (41), let £ = (¢t + §)X. We choose « € (0, 1) and assume that X — 4« > 0 (this is no
restriction since (40) also holds for smaller &). Furthermore, we define C, := k€. Now we distinguish
two cases. If X6/t < &, then (40) implies

Tr e D o (42 (&) + 7 (%) L
Ty P Ty ; =r,| x Kt+5 ry(x)+r,(x)—r,| x xt
) ) Ci X —4«ke
>-2kCi——+Ci—>56—
t+06 2t 2 t+9
If X6/t > &, we use r, (x) —r,(Xx + x8/t) > r,(x) — r, (X + €) and (40) to obtain

X+ Cy8 X g8 g C¢ 4k b C¢
—ra(2) = —2¢C ci="2(1- > 100 4.
r”( P ) r“(z)— st T ( t+5>_ y (=40

Hence

x + Cp8 X Ci(x —4ke) Cie(1—-4
Tu r+ea —ry al > (C38, where C3:= min 1S Kg), 1€( <) >0
t+46 t 2 2(1 —wy)

The fact that (D) implies (A) is a consequence of (B). In fact, a function u as in (D) can be decomposed
as u = v+ w, where v is (a multiple of) a characteristic function of a ball, centered at the origin, and w is
positive, radially symmetric and decreasing. Indeed, let xy be the point of discontinuity with the smallest
norm. Then we can take v = (u(xo—) — u(xo+)) X B(0,|x,|)» Where x4 denotes the characteristic function
of the set A.

The function v satisfies (A) by (B) (since balls are convex) and we have w, s —w, > 0. By Remark A.2,
the family {u;}re0.1] = {vr + w:}iep0,17 also satisfies (A). The case (E) is an adaptation of (C). [l

Earlier assumptions. For certain types of random breather potentials, Wegner estimates have been given
before; see [Combes et al. 1996; 2001]. As we will show below, none of these results covers the standard
breather model. The methods of [Combes et al. 1996; 2001] seem to be motivated by reducing, thanks to
linearization, the random breather model to a model of alloy type and then applying methods designed
for the latter one. They are not focused to take advantage of the inherent, albeit nonlinear, monotonicity
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of the random breather model. The following assumptions on the single site potential are considered in
[Combes et al. 1996] and [Combes et al. 2001], respectively.

Definition A.4. We say that a measurable function u : RY — [0, co) satisfies:

o condition (F) if u is compactly supported, in C?(R¢), nonzero in a neighborhood of the origin and
for some ¢y > 0 we have the inequalities

(x, Hess[u]x)

—x-Vu>0 forallxeR? and
x-Vu

<cy<oo forallx e RI\{0}), (42)

« condition (G) if u # 0 is compactly supported, in C!(B;\{0}), and there is &9 > 0 such that
—x-Vu—gou >0 forall x € R/\{0}. (43)
We have the following lemma.
Lemma A.5. We have that
o (F) never holds,
 (G) implies that u has a singularity at the origin.

Proof. We first show the statements in dimension one. Assume (F) and let xg := min supp u. Note that
xo < 0. By the first inequality in (42) we have that u’ > 0 for x € (xo, 0). The second inequality in (42)
implies

cou’ (x) - 2cou’ (x)

lu” (x)| <
|xo

for all x € (xg, x0/2),

| x|
whence we have
X X 200 X
W (x) = f W (y) dy < f ()] dy < 22 f W' (y) dy.
X0 X0 |X()| X0

and iteratively
Q)

=1y
2C n X X

u'(x) < (2¢0) / / / u' (x™ydx™ ... dx®
|xol" xo Jxg X0

e =1

zc n X
<1t lloo - ( 01 / / / dx® ... dx®
|)C()| x0 JXxg X0

2 _ n
= || o - (%) )" >0 asn— oo

for all x € (xg, x0/2). We found u’ = 0 on (x¢, xo/2), which is a contradiction.

Now we assume (G). The function # cannot have its supremum at a point of differentiability for else
it would have to be zero at its maximum, which would imply # = 0. Condition (43) implies that u
is increasing on the negative half-axis and decreasing on the positive half-axis. We conclude that the
supremum has to be the limit at the only possible nondifferentiable point x = 0 and we will show that
this limit is co. By monotonicity of # and the assumption u# £ 0, there is §o > O such that

u(x) >u(dy) >0 on (0, §) or u(x) >u(—=séy) >0 on (—dp, 0).
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Without loss of generality, we assume u(x) > u(8g) > 0 on (0, &g). Furthermore, from (43) it follows that
u(x)
—u'(x) >eg——= forx > 0.
X

Using this inequality we estimate for 0 < x < §o:

%0 4 (s)

o
u(x) > u(x) —u(dy) = —/ u'(s)ds > 80/ —ds
X X s
)
> gou(&))/ s7lds = eou(8g)[In(6g) — In(x)] = oo as x — 0.

Now we show the claim in higher dimensions. If the single site potential U : R? — [0, o) does
not vanish identically there is a point y such that U(y) > 0. Assume without loss of generality that y
lies on the x;-axis and define u : R — [0, co) by u(x;) = U(xy,0, ..., 0). Note that if U satisfies the
assumption (F) or (G), respectively, then u satisfies (F) or (G) as well and the one-dimensional argument
can be applied to u. Hence, the statement of the lemma also holds for U. (I

In the light of the comments made at the beginning of this section, the occurrence of a singularity is not
surprising since in the case of a single-site potential with a polynomial singularity, u(x) = |x|~%, we have

|—0{

u(x/wj) = |x/w; :w}xlxl_"‘ :a);‘u(x),

and thus the random breathing would correspond to a multiplication, which would allow to reduce the
breather model to the well-understood alloy-type model V,,(x) =) j wju(x — j).
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