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THE THIN-FILM EQUATION CLOSE TO SELF-SIMILARITY

CHRISTIAN SEIS

We study well-posedness and regularity of the multidimensional thin-film equation with linear mobility in
a neighborhood of the self-similar Smyth—Hill solutions. To be more specific, we perform a von Mises
change of dependent and independent variables that transforms the thin-film free boundary problem into
a parabolic equation on the unit ball. We show that the transformed equation is well-posed and that
solutions are smooth and even analytic in time and angular direction. The latter gives the analyticity of
level sets of the original equation, and thus, in particular, of the free boundary.

1. Introduction and main results

1.1. The background. We are concerned with a thin-film equation in arbitrary space dimensions. Our
interest is in the simplest case of linear mobility; that is, we consider the partial differential equation

diu+V-(uVAu) =0 (1)

in RY. In this model, u describes the thickness of a viscous thin liquid film on a flat substrate. We will
focus on what is usually referred to as the complete wetting regime, in which the liquid-solid contact
angle at the film boundary is presumed to be zero. Notice that in the three-dimensional physical space,
the dimension N of the substrate is 2.

Equation (1) belongs to the following family of thin-film equations:

diu+V-(mu)VAu) =0, 2)

where the mobility factor is given by m(u) = u3 + " 3u” with B being the slippage length. The
nonlinearity exponent n > 0 depends on the slip condition at the solid-liquid interface: n = 3 models
no-slip conditions and #n = 2 models Navier-slip conditions. The case n = 1 is a further relaxation and
the linear mobility considered here is obtained to leader order in the limit u — 0.

The evolution described in (2) was originally derived as a long-wave approximation from the free-
surface problem related to the Navier—Stokes equations and suitable model reductions; see, e.g., [Oron et al.
1997]. At the same time, it can be obtained as the Wasserstein gradient flow of the surface-tension energy
[Otto 1998; Giacomelli and Otto 2001; Matthes et al. 2009] and serves thus as the natural dissipative
model for surface-tension-driven transport of viscous liquids over solid substrates.

The analytical treatment of the equation is challenging and the mathematical understanding is far
from being satisfactory. As a fourth-order problem, the thin-film equation lacks a maximum principle.
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Moreover, the parabolicity degenerates where u vanishes and, as a consequence, for compactly supported
initial data (“droplets”), the solution remains compactly supported [Bernis 1996; Bertsch et al. 1998]. The
thin-film equation features thus a free boundary given by d{u > 0}, which in physical terms is the contact
line connecting the phases liquid, solid and vapor. Nonetheless, by using estimates for the surface energy
and compactness arguments Bernis and Friedman [1990] established the existence of weak nonnegative
solutions over a quarter of a century ago. The regularity of these solutions could be slightly improved with
the help of certain entropy-type estimates [Beretta et al. 1995; Bertozzi and Pugh 1996; Dal Passo et al.
1998], but this regularity is not sufficient for proving general uniqueness results. To gain an understanding
of the thin-film equation and its qualitative features, it is thus natural to find and study special solutions
first. In the past ten years, most of the attention has been focused on the one-dimensional setting, for
instance, near stationary solutions [Giacomelli et al. 2008; Giacomelli and Kniipfer 2010], traveling
waves [Giacomelli et al. 2014; Gnann 2016], and self-similar solutions [Gnann 2015; Belgacem et al.
2016]. The only regularity and well-posedness result in higher dimensions available so far is due to John
[2015], who analyzed the equation around stationary solutions. For completeness, we remark the thin-film
equation is also studied with nonzero contact angles; see, e.g., [Otto 1998; Giacomelli and Otto 2001;
2003; Kniipfer 2011; 2015; Kniipfer and Masmoudi 2015; Belgacem et al. 2016; Degtyarev 2017]. The
latter of these works is particularly interesting as it deals with the multidimensional situation.

In the present paper, we will conduct a study similar to John’s and investigate the qualitative behavior
of solutions close to self-similarity. A family of self-similar solutions to (1) is given by

_oan X2\
U (t,x) = NN+ \M T 2]+ h
where ay = 1/(8(N +4)(N +2)) and oy is a positive number that is determined by the mass constraint

/u*dsz,

and the subscript plus sign denotes the positive part of a quantity; i.e., (- )4+ = max{0, - }. These solutions
were first found by Smyth and Hill [1988] in the one-dimensional case and then rediscovered in [Ferreira
and Bernis 1997]. As in related parabolic settings, the Smyth—Hill solutions play a distinguished role in
the theory of the thin-film equation as they are believed to describe the leading-order large-time asymptotic
behavior of any solution — a fact that is currently known only for strong [Carrillo and Toscani 2002]
and minimizing movement [Matthes et al. 2009] solutions. Besides that, these particular solutions are
considered to feature the same regularity properties as any “typical” solution, at least for large times.
Thus, under suitable assumptions on the initial data, we expect the solutions of (1) to be smooth up to
the boundary of their support. (Notice that this behavior is exclusive for the linear-mobility thin-film
equation; see [Giacomelli et al. 2013].)

In the present work we consider solutions that are in some suitable sense close to the self-similar
Smyth-Hill solution. Instead of working with (1) directly, we will perform a certain von Mises change of
dependent and independent variables, which has the advantage that it freezes the free boundary d{u > 0}
to the unit ball. We will mainly address the following four questions:
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(1) Is there some uniqueness principle available for the transformed equation?
(2) Are solutions smooth?

(3) Can we deduce some regularity for the moving interface d{u > 0}?

(4) Do solutions depend smoothly on the initial data?

We will provide positive answers to all of these questions. In fact, applying a perturbation procedure we
will show that the transformed equation is well-posed in a sufficiently small neighborhood of u,. We
will furthermore show that the unique solution is smooth in time and space. In fact, our results show that
solutions to the transformed equation are analytic in time and in direction tangential to the free boundary.
The latter in particular implies that all level sets and thus also the free boundary line corresponding to the
original solutions are analytic. We finally prove analytic dependence on the initial data.

The fact that solutions depend differentiably (or even better) on the initial data will be of great relevance
in a companion study on fine large-time asymptotic expansions. Indeed, in [Seis > 2018], we investigate
the rates at which solutions converge to the self-similarity at any order. Optimal rates of convergence were
already found by Carrillo and Toscani [2002] and Matthes, McCann and Savaré [Matthes et al. 2009],
and these rates are saturated by spatial translations of the Smyth—Hill solutions. Jointly with McCann
[McCann and Seis 2015] we diagonalized the differential operator obtained after formal linearization
around the self-similar solution. The goal of [Seis > 2018] is to translate the spectral information obtained
in [McCann and Seis 2015] into large-time asymptotic expansions for the nonlinear problem. For this,
it is necessary to rigorously linearize the equation, the framework for which is obtained in the current
paper. This strategy was recently successfully applied to the porous-medium equation near the self-similar
Barenblatt solutions [Seis 2014; 2015]. The present work parallels in parts [Seis 2015] as well as the
pioneering work by Koch [1999] and the further developments by Kienzler [2016] and John [2015].

1.2. Global transformation onto fixed domain. In this subsection it is our goal to transform the thin-film
equation (1) into a partial differential equation that is posed on a fixed domain and that appears to be
more suitable for a regularity theory than the original equation. The first step is a customary change of
variables that translates the self-similarly spreading Smyth—Hill solution into a stationary solution. This
is, for instance, achieved by setting

.1 x A . N4 Nv+a
X—\/T_Mm, I—N+410gl, M—Wf u,
with the effect that the Smyth—Hill solution becomes
yi @2 =303y v = V20V +2), (3)

and the thin-film equation (1) turns into the confined thin-film equation
9t + V- (aVAR) -V - (%0) = 0. )
It is easily checked that #i4 is indeed a stationary solution to (4) and mass is no longer spreading over all

of RY. Instead, the confinement term pushes all mass towards the stationary 74 at the origin. To simplify
the notation in the following, we will drop the hats immediately!
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z X 1
Figure 1. The definition of the (z, w)-coordinates.

Now that the Smyth—Hill solution has become stationary, we will perform a change of dependent
and independent variables that parametrizes the solution as a graph over u,. This type of a change of
variables is sometimes referred to as a von Mises transformation. It is convenient to temporarily introduce
the variable v = yul/ 250 that +/2v, maps the unit ball onto the upper half-sphere. The new variables
are obtained by projecting the point (x, v/2v(x)) orthogonally onto the graph of +/2v,: noting that
Vv 2v(x) + |x|? is the hypotenuse of the triangle with the edges (0, 0), (0, |x]) and (|x|, /2v(x)), the
projection point has the coordinates (z, 1/2v«(z)) with

X

V2o(x) + |x[2
We define the new dependent variable w as the distance of the point (x, /2v(x)) from the sphere; that is,

14+w=+v2v+ x| )

which gives that x = (1 4+ w)z. This change of variables is illustrated in Figure 1.

The transformation of the thin-film equation (4) under this change of variables leads to straightforward
but tedious computations that we conveniently defer to the Appendix. The new variable w obeys the
equation

dw + L2w+ NLw = f[w] (6)

on B1(0), where
Lw=—p V. (p®Vw) = —pAw +2z-Vw

is precisely the linear operator that is obtained by linearizing the porous-medium equation d,u — Audl2 =0
about the Barenblatt solution; see, e.g., [Seis 2014; 2015]. Before specifying the particular form of the
nonlinearity f [w], let us notice that the linear operator £? 4+ N £ corresponding to the thin-film dynamics
was previously found by McCann and the author [McCann and Seis 2015] by a formal computation. Its
relation to the porous-medium linear operator £ is not surprising but reflects the deep relation between
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both equations. Indeed, as first exploited by Carrillo and Toscani [2002], the dissipation rate of the
porous-medium entropy is just the surface energy that drives the thin-film dynamics. On a more abstract
level, this observation can be expressed by the so-called energy-information relation, first formulated
by Matthes, McCann and Savaré [Matthes et al. 2009], which connects the Wasserstein gradient flow
structures of both equations [Otto 1998; 2001; Giacomelli and Otto 2001].

Let us finally discuss the right-hand side of (6). We can split f[w] according to f[w] = f[w] +
F2w] + f3[w], where

fHwl = p* Ri[w] » (Vw)* + Vw » V2w),
F2wl = px Rifw] » p((Vw)** + Vw » Viw),

F3w] = p* Ra[w] pz((Vzw)3* + Vi * V20 + V3w + (Vw)?* V4w),
and
(Vw)k*

- (1+w+z-Vw)kti

for some k£ € Ny. We will see in Section 3 below that the particular form of the nonlinearity is irrelevant

Ri[w]

for the perturbation argument. We have thus introduced a slightly condensed notation to simplify the
terms in the nonlinearity: we write f % g to denote any arbitrary linear combination of the tensors
(vectors, matrices) f and g. For instance, V11 x V210 is an arbitrary linear combination of products
of derivatives of orders m; and m. The iterated application of the  is abbreviated as f/* = f *---* f
if the latter product has j factors. The conventions f1* =1 f and f°* = 1 apply. We furthermore use
p as an arbitrary representative of a (tensor-valued) polynomial in z. We have only kept track of those
p prefactors, which will be of importance later on.

1.3. The intrinsic geometry and function spaces. In our analysis of the linear equation associated to (6),
ie.,
hw+L2w+NLw=f @)

for some general f, we will make use of the framework developed earlier in [Koch 1999; Seis 2015] for
the second-order equation
drw + Lw = f. ®)

The underlying point of view in there is the fact that the previous equation can be interpreted as a heat
flow on a weighted manifold, i.e., a Riemannian manifold to which a new volume element (typically a
positive multiple of the one induced by the metric tensor) is assigned. The theories for heat flows on a
weighted manifold parallel those on Riemannian manifolds in many respects; see [Grigor’yan 2006]. For
instance, a Calderén—Zygmund theory is available for (8). The crucial idea in [Koch 1999; Seis 2015] is
to trade the Euclidean distance on Bj(0) for the geodesic distance induced by the heat flow interpretation.
In this way, we equip the unit ball with a non-Euclidean Carnot—Carathéodory metric, see, e.g., [Bellaiche
and Risler 1996], which has the advantage that the parabolicity of the linear equation can be restored.
The same strategy has been applied in similar settings in [Daskalopoulos and Hamilton 1998; Koch 1999;
Kienzler 2016; John 2015; Denzler et al. 2015; Seis 2015].
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‘We define
|z — 2’|

Vo) + Vo) + Iz = 2]

forany z, z’ € B1(0). Notice that d is not a metric as it lacks a proper triangle inequality. This semidistance

d(z,z') =

is in fact equivalent to the geodesic distance induced on the (weighted) Riemannian manifold associated
with the heat flow (8); see [Seis 2015, Proposition 4.2]. We define open balls with respect to the metric d
by

Bl(z2)={z' € B1(0):d(z.2)) < r},

and set Q;l(z) = (%r“, r4) X B;’ (z) and also Q(T') = (T, T + 1) x B1(0). Properties of intrinsic balls
and volumes will be cited in Section 2.1 below.
With these preparations, we are in the position to introduce the (semi)norms
pak+1B1-1
lwlxgy = 3 sw o 107 @7 6 0w g oy

L,k,|B)ee ZOE<€'I<(?) €
) + Y sup Tlptof ol wllLecoery.
.k, |Bhee T=1

73

I fllypy = sup
e @ 207)

0<r<1

108 @I 1 riopen + 330 T ooy

for p > 1, where
£=14{(0,1,0),(0,0,2),(1,0,3),(2,0,4)}.

These norms (or Whitney measures) induce the function spaces X(p) and Y(p), respectively, in the
obvious way.

1.4. Statement of the results. In view of the particular form of the nonlinearity it is apparent that any
well-posedness theory for the transformed equation (6) requires an appropriate control of w and Vw
to prevent the denominators in R;[w] from degenerating. This is achieved when the Lipschitz norm
|lwllwico = |lw|lLee + [Vw||Loo is sufficiently small. A suitable function space for existence and
uniqueness is provided by X(p) N L (W 1->°) under minimal assumptions on the initial data. Here we
have used the convention that LZ(X) = L2((0, T); X) for some (possibly infinite) 7 > 0. Our first main
result is:

Theorem 1 (existence and uniqueness). Let p > N + 4 be given. There exists €, g9 > 0 such that for
every g € WH with

lgllw1.co < €0

there exists a solution w to the nonlinear equation (6) with initial datum g and w is unique among all
solutions with ||| .cow1.00y + Wl x(p) < & Moreover, this solution satisfies the estimate

[wll oo w1.00y + [Wllx(p)y < Igllw1.c0-
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Theorem 1 contains the first (conditional) uniqueness result for the multidimensional thin-film equation
in a neighborhood of self-similar solutions. Since any solution to the thin-film equation is expected to
converge towards the self-similar Smyth—Hill solution, our result can be considered as a uniqueness result
for large times. Notice that the smallness of the Lipschitz norm of w can be translated back into the
closeness of u to the stationary ux. Indeed, |w|/y1.00 < 1 can be equivalently expressed as

U — x| Loopy) + VU + X||Loo(p)) K 1

if P(u) = {u > 0} is the positivity set of u. Recall that Vu, = —x inside B;(0).
Our second result addresses the regularity of the unique solution found above.

Theorem 2. Let w be the solution from Theorem 1. Then w is smooth and analytic in time and angular
direction.

It is clear that the smoothness of w immediately translates into the smoothness of u up to the boundary
of its support. Moreover, the analyticity result particularly implies the analyticity of the level sets of u.
Indeed, the level set of u at height A > 0 is given by

(t,x):w(t,r,p) = \/r2+¥—1}

if r and ¢ are the radial and angular coordinates, respectively. As a consequence, the temporal and
tangential analyticity of w translates into the analyticity of the level sets of u. Notice that the zero-level
set is nothing but the free boundary d{u = 0}, and thus, Theorem 2 proves the analyticity of the free
boundary of solutions near self-similarity.

In the forthcoming paper [Seis > 2018], we will use the gained regularity in time for a construction of
invariant manifolds that characterize the large-time asymptotic behavior at any order.

The proof of existence and uniqueness in Theorem 1 follows from a fixed-point argument and a
maximal regularity theory for the linear equation. Analyticity and regularity are essentially consequences
of an argument first introduced by Angenent [1990] and later improved by Koch and Lamm [2012].

1.5. Notation. One word about constants. In the major part of the subsequent analysis, we will not keep
track of constants in inequalities but prefer to use the sloppy notation a < b if a < Cb for some universal

constant C. Sometimes, however, we have to include constants like eECt

when dealing with exponential
growth or decay rates. In such cases, C will always be a positive constant which is generic in the sense
that it will not depend on ¢ or z, for instance. This constant might change from line to line, which allows

2Ct < €Ct

us to write things like e even for large 7.

2. The linear problem

Our goal in this section is the study of the initial value problem for the linear equation (7). In fact, our
analysis also applies to the slightly more general equation

dw+ L2w+ Low = f in (0,00) x B1(0),

w(0,-)=g in B1(0), ©)
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where L, corresponds to the linearized porous-medium equation considered in [Seis 2014; 2015], defined
by
Low=—p °V-(p°T'Vw)=—pAw+ (6 +1)z-Vw

for any smooth function w € C*(B), and n > 0 is arbitrary. The constant o is originally chosen greater
than —1, but we will restrict our attention to the case o > 0 for convenience.
Our notion of a weak solution is the following:

Definition 3 (weak solution). Let 0 < T < oo and f € L?((0,T); L2), g € L2. We call w a weak
solution to (9) if w € L2((0, T); L2) with Lw € L2((0, T); L2)) solves

//8 {wdugdt—i—/ /ngﬁgwd,ugdt—l—n/ /V{ Vwdig41 dt

f/éfduadﬂrfé(() Yedus (10)

for all & € C®°([0, 00) x B1(0)) with spt¢ C [0, T') x B;(0).

Here we have used the notation L(Z7 for Lebesgue space L?(jiy) if /1o is the absolute continuous
measure defined by

diug = p° dx.

The Hilbert-space theory for (9) is relatively easy and will be developed in Section 2.3 below. In order
to perform a perturbation argument on the nonlinear equation, however, we need to control the solution w
in the Lipschitz norm. The function spaces X(p) and Y (p) introduced earlier are suitable for such an
argument. In fact, our objective in this section is the following result for the linear equation (9).

Theorem 4. Let p > N + 4 be given. Assume that g € W1, Then there exists a unique weak solution w
to (9), and this solution satisfies the a priori estimate

lwllw oo + lwlxpy S 1S lvep) + IEgllwico.

As mentioned earlier, a change from the Euclidean distance to a Carnot—Carathéodory distance suitable
for the second-order operator £, will be crucial for our subsequent analysis. In the following subsection
we will recall some basic properties of the corresponding intrinsic volumes and balls, which were derived
earlier in [Seis 2015]. Section 2.2 intends to provide some tools that allow us to switch from the spherical
setting to the Cartesian one. Energy estimates are established in Section 2.3. In Section 2.4 we treat the
homogeneous problem and derive Gaussian estimates. A bit of Calderén—Zygmund theory is provided in
Section 2.5. Finally, Section 2.6 contains the theory for the inhomogeneous equation.

2.1. Intrinsic balls and volumes. In the following, we will collect some definitions and properties that
are related to our choice of geometry and that will become relevant in the subsequent analysis of the
linearized equation. Details and derivations can be found in [Seis 2015, Chapter 4].
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It can be shown that the intrinsic balls B;i (z) are equivalent to Euclidean balls in the sense that there
exists a constant C < oo such that

BC_er(r,z)(Z) - B;I(Z) - BCrO(r,z)(Z) (11)
for any z € B;(0). Here 6 is defined by
O(r,z) =r Vv +/p(2).

For the local estimates, it will be crucial to notice that

Ve Sr = p(z)<r forall z € B;l (zo), (12)
p(zo) >r = p(z) ~p(zp) forallze Brd (zo). (13)

In particular, it holds that 8(r,-) ~ 6(r, zg) in B;l (zo). Moreover, if \/p(z¢) <7, and zg # 0, then (11)
implies

Be- lrz(lj |)mBl(0)cB (ZO)CBC,z( l)ﬂBl(O) (14)
0

EA)

We will sometimes write |A|, = o (A) for measurable sets A. The volume of an intrinsic ball can be
calculated as follows:

g ~r1 "z .
B;d N@ N+20 (15)
In particular, it holds that

d N\2N+20
|Bf (2)lo < (1+d(z,z)) . (16)

|BE ()]s~ r

2.2. Preliminary results. By the symmetry of £, and the Cauchy—Schwarz inequality in L(Z,, we have
the interpolation

IVElIo1 = /éﬁafdua = ll¢llo 1£58 1o (17)

For further reference, we also quote the maximal regularity estimate
IVwle +1V2wlot2 S 1Cowllo: (18)

see [Seis 2015, Lemma 4.6].
Close to the boundary, the operator £, can be approximated with the linear operator studied in [Kienzler
2016],

Low = -z’ V- (z""HVw) =—zyAw— (o + 1)dyw.

This operator is considered on the half-space [R{N {z e RN : z > 0}. Defining jiy = z¢ S dz for any
o > —1 and using the notation || - ||, for the norm on L?(fis) (slightly abusing notatlon), we have,
analogously to (18), that

IVwlls + IV wllot2 S 1 £ow]lo- (19)
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Our first lemma shows how the second-order elliptic equation can be transformed onto a problem on
the half-space.
Lemma S. Suppose that

for some w such that spt(w) C B1(0) N Be(en) for some ¢ > 0. Let ®(z) = /1—|z'|?en — z for
z € B1(0). If ¢ is sufficiently small, then ® is a diffeomorphism on B1(0) N Bs(en). Moreover, W defined
by W(®(z)) = w(z) solves the equation

Lot =,
where A = A(Z) e RVN and b = b(Z) € RN are smooth functions with
E=E0d '+ A: V20 +b-Vi
with |AG)| < |2% [b()| < |2].

Proof. 1t is clear that ® is a diffeomorphism from a small ball around z = e into a small neighborhood
around the origin in [RR?_’ . Moreover, a direct calculation and Taylor expansion show that

22 o Ed N—1 2 5
+ ———— Vg + ——= %0 — + )8 w
,—1_|2/|2 N 1—|Z/|2 N ( /—1_|2/|2 (1_|§/|2)3/2 N

AW+ A1(2) : V20 + by (3)- Vb,

Z-Vw:—v1—|Z’|28N1D+2'-V'lf)+ (ZN—\/1|Z—|T)8NUN)
— |z’

>
IS

Aw =

= —IND+ ba(3)- Vb,
p(z) = V1—|Z P2y — 125 =Zn +c(3),
where |41 (2)| < |Z|, |b1(B)| S 1, |b2(B)| S |Z|, |c(2)] < |Z)% We easily infer the statement. O

A helpful tool in the derivation of the L%, maximal regularity estimates for our parabolic problem (9)
will be the following estimate for the Cartesian problem.

Lemma 6. Suppose W is a smooth solution of the equation

Lo =§
for some smooth £. Then
V20l + V3B llog2 + V¥ B lota S [VElo + | VZE 042

Proof. We start w1th the derivation of hlgher—order tangentlal regularity. Since L, commutes with 9; for
any i € {1,. — 1}, differentiation yields Lo 0i0 = d; fg‘ and thus via (19),

IV3; 0] + V200|042 < | VElo-
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We take second-order derivatives in tangential direction and rewrite the resulting equation as EU+ 0jjw =
US 23,1Nw, where 7, j € {1,..., N —1}. From the above estimate and (19) we obtain
~ cox . ~~ ~ oz
IV0;j0llg+2 + [IV=0ijDllo+4a S [VEllo + IVElo+2.

Transversal derivatives do not commute with ZU. Instead, it holds that 9 N Zg = Zcr—i-l 9 N — A’. A double
differentiation in transversal direction yields thus Zo-+28%vw = 8%,5 +2A’dn . We invoke (19) and
obtain with the help of the previous estimate

IV} @llor2 + V203 Bllota < 1VEllo + VElor2-
Finally, the control of B%Vw follows by using the transversally differentiated equation in the sense of

(o0 + 2)8Nw = —dyE—ZNyAdnw — A’ and the previous bounds. O

2.3. Energy estimates. In this subsection, we derive the basic well-posedness result, maximal regularity
estimates and local estimates in the Hilbert-space setting. We start with existence and uniqueness.

Lemma7. Let0 < T <ooand f € L2((0,T); L), g € L2. Then there exists a unique weak solution
to (9). Moreover, it holds that

sup ul} + / Vw2 di + / IV2w]2 5 dr < / 112 di + g2
0,7

Proof. Existence of weak solutions can be proved, for instance, by using an implicit Euler scheme. Indeed,
thanks to (18), it is easily seen that for any 4 > 0 and f € L2 the elliptic problem

%w + (E%, +nls)w=f

has a unique solution w satisfying Low € Lg; see [Seis 2014, Appendix] for the analogous second-order
problem. This solution satisfies the a priori estimate

1
—=lwlle +l1£owlle <./ llo-

Vh

With these insights, it is an exercise to construct time-discrete solutions to (9), and standard compactness
arguments allow for passing to the limit, both in the equation and in the estimate. In view of the linearity
of the equation, uniqueness follows immediately. O

Our next result is a maximal regularity estimate for the homogeneous problem.

Lemma 8. Let w be a solution to the initial value problem (9) with g = 0 and f € L?((0,T); L2)) for

some 0 < T < o0. Then the mappings t — ||\w(t)||¢ and t — ||Vw(t)|o+1 are continuous on [0, T| and
V2w, V3w, pV*w € L2((0, T); L2)) with

”atw”LZ(Lg) + ||V2w||L2(L[2,) + ||V3w||L2(L§+2) + ||V4w||L2(chr+4) < ||f||L2(L(2,)

In the statement of the lemma, we have written L2(L ) for L2((0, T); L2 o)
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Proof. We perform a quite formal argument that can be made rigorous by using the customary approxima-
tion procedures. Choosing § = x4, +,]0: W as a test function in (10), we have the identity

i
/ 19wl di + M Low(t)? + 2n | Vw(i2)lost
t

1

15
=/ /fatwdug dt + L Low () o + 2n [ Tw(tn) 1.
151

Combining this bound with the estimate from Lemma 7, we deduce that the mappings ¢ — ||w(¢)||s and
t = ||Vw(t)||g+1 are continuous. Moreover,

T T
fo ||atw||%.dzs/0 1 £ 112 dr

because g = 0. A similar estimate holds for £, w by virtue of Lemma 7, and the statement thus follows
upon proving

V2wl + 1V wllg42 + IViwlo+a < IElo + IVEllo + V€ llo+2 (20)

for any solution of the elliptic problem L, w = &, because the right-hand side is bounded by || f'||s thanks
to (18) and Lemma 7. It is not difficult to obtain estimates in the interior of B1(0). For instance, since

Lot20iw=0;§—ziAw +2z-Vojw— (6 + 1)d;w
is bounded in L(ZT 4, and because L[zI C L(27 2 an application of (18) yields
IV2wllot2 + 1V3wlo+a < 1836l + IVwle + IV2wllot2 < 1Elle + IVE o 1)

Since p ~ 1 in the interior of Bj(0), this estimate gives the desired control of the second- and third-order
derivatives in the interior of Bj(0). Fourth-order derivatives can be estimated similarly.

To derive estimates at the boundary of B1(0), it is convenient to locally flatten the boundary. For this
purpose, we localize the equation with the help of a smooth cut-off function 7 that is supported in a small
ball centered at a given boundary point, say ey,

Lo(mw) =néE—-2pVn-Vw —pAnw + (0 + 1)z-Vnw =: é
A short computation shows that

1Ello + IVEllo + IV2Ello42 S [Ello + IVElo + V€642,

where we have used (18) and (21) and the Hardy—Poincaré inequality ||w|l¢ < ||VWw| o+1 from [Seis 2014,
Lemma 3]. (For this, notice that we can assume that w has zero average because solutions to Ly w = £ are
unique up to constants.) Establishing (20) for this localized equation is now a straightforward calculation
based on the transformation from Lemma 5 and the a priori estimate from Lemma 6. A covering argument
concludes the proof. O

A crucial step in the derivation of the Gaussian estimates is the following local estimate.
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Lemma9. Let0<é<e<land0<8 <8 <1be given. Let w be a solution to the inhomogeneous
equation (9). Then the following holds for any zo € B1(0), t>0and 0 <r < 1:

0 4
/[ (8,w)2duodt+(r’—i())// V2w[? dug dt
© ' © 0(r, 20)* 3,02 4, 12
A2 ] Wl dpgszdr+ [ V40l dgads
[0 0

1
< [ 77 amoars G [[ wr e 0z 9u P o dr.
Q 0

where Q = (t +er?, v +r?) x Bgr (zo) and Q =(t+éer2t+r?)x Bgr (zo).
Proof. Because (9) is invariant under time shifts, we may set ¢ = 0. We start by recalling that
Lo(mw) =nLow —2pVn-Vw + (Lonw
for any two functions 1 and w, and thus, via iteration,
L5 (qw) = nLyw —2pVn-VLow + LonLow — 2L (pVN- Vw) + Lo (Lon)w).

In the sequel, we will choose 1 as a smooth cut-off function that is supported in the intrinsic space-time
cylinder Q , and is constantly 1 in the smaller cylinder Q. For such cut-off functions, it holds that
|8’t€ 82’3 nl < r=2k=1Blg(r, zo)_m |. (Here and in the following, the dependency on ¢, £, § and § is neglected
in the inequalities.) Then nw solves the equation
3 (nw) + L2 (nw) +nLe(qw) = 1f +dnw —4Ls (0Vn- Vw) —4pV (pV1) : Vw
—2pz-VnAw—=2(c +1+n)pVn-Vw +2Ls(pVn) - Vw
+ Lo (Lonw) + LonLow +n(Lon)w.

For simplicity, we denote the right-hand side by f . Testing against nw and using the symmetry and
nonnegativity properties of L, and the fact that nw = 0 initially, we obtain the estimate

[ otmon? auo ar < [[ o dio .

A tedious but straightforward computation then yields

‘/ nw f ds

1 90 1 00
< (P20 o+ V2ol + 3wl + 2 1xTwle ) (S3llawlo + 2 vule). - @

where y = yqp(y) and 6o = 6(r, zo), which in turn implies

/[ |Vw|2d,uadt+// IV2w|? dpg 4o dt
(9 (9

1
§r4//A de,L(,dz+r—4/[A w? +7r202|\Vw? dug dt - (23)
0 0
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via (18) and Young’s inequality. We will show the argument for (22) for the leading-order terms only. For
instance, from the symmetry of L, and the fact that |pV 7| < 6g/r, we deduce that

6o
< — 1Le(mw)llo [xVwllo-

l/ nwLle(pVn-Vw)dues .

Similarly, by integration by parts we calculate

05 1
< [Vl Vuldug + - [ nlul[Vul duo.

‘/ nwpV (pVn) : V2w djug

and conclude observing that |V (nw)| < 6y 'r~!|w| + [Vw|. The remaining terms of # can be estimated
similarly.

To gain control over the third-order derivatives of nw, we test the equation with L4 (nw). With the
help of the symmetry and nonnegativity properties of L, we obtain the estimate

// IV Lo () 2 dptos1 di < // Co(nw) f dpto dt.

We have to find suitable estimates for the inhomogeneity term. Because we have to make use of the
previous bound (23), we have to shrink the cylinders Q and Q such that the new function 7 is supported
in the set where the old 1 was constantly 1. We claim that

1
// IVLow|? dptg 1 dt er//A 2dus dt+r—6//A w? + 1203 |Vw| due dt. (24)
0 0 0

Again, we will provide the argument for the leading-order terms only. We use the symmetry of L, the
bounds on derivatives of n and the scaling of p, see (12) and (13), to estimate

‘ [ om0 (p¥n- Vi) s

_ ‘ [ VLo (nw) - V(pVn- Vo) djto 41

o 1
S 19 Lo o1 (31wl + 1 1T wllos2),
Similarly,

1
[ atnT o9 V0 dia | < 2 ol 1Tl

The estimates of the remaining terms have a similar flavor. We deduce (24) with the help of Young’s
inequality and (23).

The estimate (24) is beneficial as it allows us to estimate f in L2. This time, it is enough to study the
term that involves the third-order derivatives of w. We rewrite

Lo (pdindiw) = pdinLediw —2pV(pdin) - Voiw + L (pdin)diw,
Lodiw = 0;Low —z; Aw — (0 + 1)0; w,
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and estimate

1 1 6
1£(00:n0iw) |6 S— | xLodiwllo+2 + = | XV W lo+2 + — |l x VW]l
r6o r2 r3

1 1 Bo
S Slx0iLowlors + =5 1V2wlo+2 + 51X Velo.

Upon redefining O and Q as in the derivation of (24), an application of (23) and (24) then yields

2

r 1
/ ||£(p8ir)8iw)||(2,dt§// fzd,ugdt—i——S// w? +r203|Vw|? dug dt.
€ 0 = JJo

r

The remaining terms of f can be estimated in a similar way. Applying the energy estimate from Lemma 8
to the evolution equation for nw, we thus deduce

// (8,w)2duadt+// |V2w|2dugdt+// |V3w|2d,ua+2dt+// IV4*w|? djigya dt
o Q Y o
1
s// fzd,uodl"F—s// w? +r202|\Vw|? dug dt.  (25)
0 Mg

Notice that the above bound on the second-order derivatives and (23) together imply

04 1
—3// IV2w|? duy dt s//A f*dus dt+—8//A w? +r203|Vw|? du dt.
R, 0 4o

Similarly, we can produce the factor 93 /72 in front of the integral containing the third-order derivatives.
Indeed, because VLyw = Lo+1Vw + zAw — V2wz + (0 + 1)Vw, the bound (24) yields

/[ |Lo1Vw|*dppo 1 dt
(0

1
SrZ//A fzd’u“"dt_'_r_(s//Aw2+r29(%|vw|2dﬂﬂdt+//A|V2w|2dug+1 dl+//A \Vw[? djig 41 dt.
Q 0 ) 5

The second-order term on the right-hand side is controlled with the help of the Cauchy—Schwarz inequality,
(23) and (25). The first-order term is of higher order as a consequence of (23). It remains to invoke (18)
to the effect that

1
f/ |V3w|2dug+3dt§r2//A fzdr“‘fd[‘i'r_ﬁ//A w2+r29§|Vw|2d/L0dt.
Q 0 0

Combining the latter with (25) yields the statement of the lemma. O

2.4. Estimates for the homogeneous equation. In this subsection, we study the initial value problem
for the homogeneous equation

drw + L%w +nLsw =0 in(0,00)x B1(0),
w(0,-) =g in B1(0).

Our first goal is a pointwise higher-order regularity estimate.

(26)
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Lemma 10. Let 0 <& < 1and 0 < § < 1 be given. Let w be a solution to the homogeneous equation (26).
If &,8 € (0, 1) and § is sufficiently small, then the following holds for any zg € B1(0), Tt >0and 0 <r < 1:
—8k=21B19(r, z5)~2IAl

,
1%0Pw(r, 2))? <
rE r#Bé (20)lo

T+r?
/ f w? + r20(r, 20)*|Vw|? dus dt
T B (z0)

forany (t,z) € (t +er*, v +r4] x Bgdr(ZO).

Proof. The lemma is a consequence of the local higher-order regularity estimate
/f (0P w)? duy dr < r=8k21Blg(r, zo)~2IA] f/A w2 +r20(r, z0)?|\Vw |2 duo dt,  (27)
0 Q

where Q and Q are defined as in Lemma 9, and a Morrey estimate in the weighted space L2 (i1 ); see,
e.g., [Seis 2015, Lemma 4.9]. Notice that (27) is trivial for (k, |8]) € {(0, 1), (0, 2)}. In the following, we
write 8g = 0(r, zg).

To prove (27) for general choices of k and S, it is convenient to consider separately the two cases
v p(zo) Srand /p(zo) > r. The second case is relatively simple: Since p ~ p(zg) by (13) in both Q
and Q , we deduce (27) in the cases (k, |8]) € {(1,0), (0, 2), (0, 3), (0, 4)} directly from Lemma 9 (with
f =0). To gain control on higher-order derivatives, we differentiate with respect to z;,

3,0;w + L23;w +nLyd;w
=—ziALew— (0 + 1)0; Low — Lo (zi Aw) — (0 + 1) Lo djw —nz; Aw —n(o + 1)0; w.

Denoting by f the right-hand side of this identity, applying Lemma 9 yields the estimate

~ 1
// |V48iw|2dug+4dt§//A frdus dt+r—s//A(aiw)2+r293|vaiw|2dug dt.
0 0 0

We invoke the previously derived bound and the fact that p ~ p(z¢) to conclude the statement in the case
(k,|B]) = (0, 5). Higher-order derivatives are controlled similarly via iteration.

The proof in the case p(zg) < r is lengthy and tedious. As similar results have been recently obtained
in [John 2015; Kienzler 2016; Seis 2015] and most the involved tools have been already applied earlier in
this paper, we will only outline the argument in the following. Thanks to (14), it is enough to study the
situation where z¢ € dB1(0), and upon shrinking §, we may assume that ® constructed in Lemma 5 is a
diffeomorphism from Bgzr (zo) onto a subset of the half-space. Under ®, the homogeneous equation (26)
transforms into

9, + Zﬁu”) +nlew = f,
where f is of higher-order at the boundary. Because Ly commutes with tangential derivatives d; for
i €{l,...,N —1}, control on higher-order tangential derivatives is deduced from Lemma 9. To obtain
control on vertical derivatives, we recall that 9 N Z(, = Za+1 9 N — A Arguing as in the proof of Lemma 6
gives the desired estimates. Again, bounds on higher-order derivatives and mixed derivatives are obtained
by iteration. O
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For the proof of the Gaussian estimates and the Whitney-measure estimates for the homogeneous
problem, it is convenient to introduce a family of auxiliary functions y, 5 : B1(0) x B1(0) — R, given by

aa’A(Z,zo)2
Xa,b(ZaZO) = = ,
Vb? +d(z,z0)?

where a, b € R are given parameters, and

|z —zo]?

V()2 + p(z0)2 + |z — zo|?

d(z,z0)* = ~d(z,z0)%

It can be verified by a short computation that p|VZc? 212 < d and p|VZZc§ 2| < 1, with the consequence that

VPOV 1z 20)] < lal, 28)
(D)2 Ka(z. 20)| < % 29)

uniformly in z, zg € B1(0). Because g is conformally flat with g ~ p~'(dz)? the gradient Vg on (M, g)
obeys the scaling V; ~ pV, and thus (28) can be rewritten as /g(Vgx, Vgx) < |a| (where we have
dropped the indices and zg). The latter implies that y = y, (-, zo) is Lipschitz with respect to the
intrinsic topology; that is,

| Xa,b(z.20) = Xa,p (2", 20)| < lal d(z. 2"). (30)
We derive some new weighted energy estimates.

Lemma 11. Let w be the solution to the homogeneous equation (26). Let a,b € R and zo € B1(0) be
given. Define y = y4.p(-,20). Then there exists a constant C > 0 such that for any T > 0 it holds that

T
sup /ezxw2 dite ~|—/ /(22X|Vw|2 + (Lo (e*w))? dug dt < C@?/b?+a"T / e g2 dug.
[0,T] 0
Proof. The quantity eXw evolves according to
3 (e*w) 4 L (eXw) + nLy(eXw)

= -2pVeX -VLow + LoeX Low —2Ls(pVeX - Vw) + L ((LoeX)w) —2npVeX -Vw + n(LyeX)w.
Denoting the right-hand side by f and testing with eXw yields

41 / (*w) duo + f (Lo (X)) duo +n / V(W) o1 = f e'wfdus. ()

where we have used once more the symmetry of £,. We claim that the term on the right can be estimated
as follows:

~ a2
[ exwf duo 5 el @l + 1V E o) + (14 55 +atJlerwl2, G2
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where ¢ is some small constant that allows us to absorb the first two terms in the left-hand side of the
energy estimate above. Indeed, multiple integrations by parts and the bounds (28) and (29) yield that the
left-hand side of (31) is bounded by

all Lo ¢llo IVElo+1 +a*[VElIg 4y + (Ial ot la| )IIWIIaHIIZIIa

+ 1%l 1€lo- + (] )2l et + (14 25 +a*) 1012

2
(|b| +lal )ucno_l 1ello + al 1o llo [1Elo—r +a2lEI2 .

where we have set { = eXw. We next claim that

IZllo—1 S IElle + 1V Ello+1- (33)

Indeed, recall the Hardy—Poincaré inequality

Hz— feanan| <192l

-1
see [Seis 2014, Lemma 3], which holds true for any ¢ > o, because o > 0. In particular, ||{|o—1 <
IVCllg+1 + {f Cdiug—1 } Notice that for any « € (0, 6), it holds that

1/2
' [ canay =‘ |E = ( / zzpdua_l_a) <ot sa

by Jensen’s inequality because pz_14¢ 1S a finite measure. Applying the previous two estimates itera-

tively yields (33). Hence, combining (33) and the interpolation inequality (17) with the bound on the
inhomogeneity and using Young’s inequality yields (32).
Now (31) and (32) imply for ¢ sufficiently small that

%/(e)fw)zdua+/(ca<e><w))2ua,s( +—+a )/(e ) dits.

In view of the bound (18) we have the estimate |V(eXw)|ls < ||Lo(eXw)]|o. Therefore, invoking the
product rule of differentiation

leX*Vwllo < [[V(e*w)llo + le*wV xllo S Lo (e*w)llo + lallle*wlg—1.
Observe that (33) and (17) imply
lallle*wllo—1 < (la] +a®)|le*wllo + | Lo (e*w)|o-
Combining the previous estimates with a Gronwall argument yields the statement of the lemma. O

The following estimate is a major step towards Gaussian estimates.
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Lemma 12. Let w be the solution to the homogeneous equation (26). Let a, b € R be given. Then there
exists a constant C > 0 such that forall z,zo € B1(0), 0<r <1, t € (%r“, r4), keNgandp € Név it
holds that

—4k—|B| —IB]
|3’t<azl3w(t’z)| < d 9(}’,1/22) eC(az/b2+a4)t_Xa,b(zaZO)”eXa,h(',ZO)g”o'
|BE(2)lo
Proof. For simplicity, we write y = x4 5(-,zo) and 6 = 6(r,z). From Lemma 10 (with zo = z and
7 = 0) we deduce the estimate

—8k—2 -2
0% 0Bw(t.2)2 < Mo

r4
—2x 2x.,,,2 292 2x 2
sup e / / e“fw” +re0°eX|\Vw|“ dus dt (34)
r4|BE(2)lo B4 (z2) 0 JBI(2) ’

for all t € (%r“, r4). We first observe that the Lipschitz estimate (30) implies

_ _ 4.4
sup e X < emX(@)tatr
B (2)

To estimate the integral expression in (34), we distinguish the cases y/p(z) <r and /p(z) > r. In the
first case, we apply Lemma 11 and obtain

r4

r4( sup /ezxw2 ding +[ /er|Vw|2 dig dl) < rteC@/b?+atyrt / g% duy
[0.r4] 0

for some C > 0. In the second case, we only focus on second term, i.e., the gradient term. The argument

for the first term remains unchanged. Because p ~ p(z) in the domain of integration, see (13), it holds

that

r4 r4 r4
/ / r20%2e2X|\Vw|? duy dt SrzaZ/ /ez’fw2 dis dl+r2/ /|V(exw)|2d,ug+1 dt,
0 JB(2) 0 0

where we have used (28). By using (17) and Young’s inequality, we further estimate

P2 f V(e ) dg i1 < / (Lo(eXw)) duo + / (*w)? duo,

which in turn yields
o4
/ /d r202e?X|\Vw|? due dt <r*(1 + r2a2)ec(“2/b2+“4)r4/ e g? dug
0 JBi(2)

via Lemma 11. Notice that we can eliminate the factor 7242 in the previous expression upon enlarging
the constant C. Substituting the previous bounds into (34) yields the statement of the lemma. O

For large times, we have exponential decay as established in the lemma that follows.

Lemma 13. Let w be the solution of the initial value problem (9) with f = 0. Then for any k € Ny,
B € Nf)v, t> % and z € B1(0) it holds that

oy 0% (w(t, z) —][ gua)

<e M| Vgllos1.
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Proof. The proof is an easy Consequence of Lemma 10 and a spectral gap estimate for £,. Indeed,

1

applying Lemma 10 with r = 7 + 1 =g r=landt> % to w —c, where ¢ = f w duq is a constant

of the evolution, we obtain the estimate
. t+3/4
%08 (w(t.2)—0o)| < / / (w—c)?+|Vw|? due dt.
t—1/4

Thanks to the Hardy—Poincaré inequality [Seis 2014, Lemma 3] and because ts+1 < o, We can drop
the term (w — c)? in the integrand. To prove the statement of the lemma, we thus have to establish the
estimate

1+3/4 )
/ L Vol di e 1’/|Vg|2dua+1. 35)
t_

For this purpose, we test the homogeneous equation with w and invoke the symmetry and nonnegativity
properties of £, and obtain the energy estimate

dﬂ/Ile Al + [(cgw) dio <0.

On the one hand, integration in time over [Z — Z’ t+ Z] and the a priori estimate (18) yield
t+3/4 )
/ / \Vw|? dpg dt < /!Vw(t—%)! ditg+1. (36)
t—1/4

On the other hand, the smallest nonzero eigenvalue A1 of Ly yields the spectral gap estimate

/(ﬁaw)zdﬂa :/Vw'v£ow dio+1 Zkl/|vw|2dﬂa+l,

which we combine with the energy estimate from above to get

/‘Vw(l_%)‘zdﬂoﬂ §€_2AII/|Vg|2dMo+1-

Plugging this estimate into (36) yields (35) as desired. O

We are now in the position to prove the desired maximal regularity estimate for the homogeneous
problem. Let us start with the latter.

Proposition 14. Let w be the solution to the homogeneous equation (26). Then

lwllzee < llgllzee.
lwlixpy + IVwlizee S IVE|Loe.
Proof. Thanks to the exponential decay estimates from Lemma 13, it is enough to focus on the norms
for small times, T < 1. We fix z¢ € Bl(O) foramoment andletr <1 andt € (1 4 4) be arbitrarily
given. As before, we set 8y = 6(r, z9). Because w — g(zg) is a solution to the homogeneous equation
with initial value g — g(zo), an application of Lemma 12 with a = —% and b = r yields the estimate

p=4k—181g 18!

908 2=z (w(t.2) — g (z0))] < T )|1/2 ex=1/rr420) (¢ — g(z0)) o 37)
A
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Notice that the function y drops out in the exponential prefactor because y(zg, zg) = 0. We claim that

leX=1/rr(:20) (¢ — g(20))||¢ < min{||g|lLoc, 70l| Vel Lo} B (z0)] /2. (38)

The proof of this estimate has been already displayed earlier; see, e.g., the proof of Proposition 4.2
in [Seis 2014]. For the convenience of the reader, we recall the simple argument. Notice first that
18(2) — g(z0)| < min{|[g]|Loe, |z — zo[[Vg|[Loo}. On every annulus

Aj = BE(20)\ BE_ ), (20)

it holds that y_y,,,(z,z0) <—(j — 1)/ V/2 as can be verified by an elementary computation, and thus,
for s € {0, 1}, we have

[ Gl =2 o ) 5 550G 20 4l
A;

as a consequence of (11). Clearly, 0(jr, zo) < jfo. We notice that A; = & for each j > % On the other
hand, thanks to the volume formula (15), it holds that

14jl6 < 72N B (20) o

It remains to notice that the annuli {4, };en cover By (0) and deduce that

) 1/2
om0z 5 w60y B ol 2 (V)

jeN
for some xk = k(s) > 0. Because the series is convergent, we have thus proved the bound in (38).
‘We now combine (37) and (38) to the effect of

FARHIBLGIBN 0k 08 |, o (w2, 2) — g(20))| < llg oo,

- -1
PRI 308 sy (w2, 2) — g (20))| S IV 0w
We obtain the uniform bounds on w and Vw in the time interval [0, 1] by setting (k, |8]) = (0, 0) in the
first and (k, |B|) = (0, 1) in the second estimate. (Recall that we use Lemma 13 to extend the estimates

to times ¢ > 1.) To control in X(p), we choose (k, |B]) € {(1,0), (0,2), (0, 3), (0, 4)}, raise the second of
the above estimates to the power p and average over Q,(z). For instance, if (k, |8]) = (0, 2), this leads to

ol :
0(r. 20)? |V2w(1. 20)|? dzo dt 5 ||Vg||P .
104(2)] M gazy L

If view of (12) and (13), it holds that 8(r, zg) ~ 8(r, z) uniformly in B;i (z), and thus, from maximizing

in r and z we obtain

sup ro(r, Z)|Q;L?(Z)|_1/p ||V2w||L,,(Q;1(Z)) < IVgllLee.
zeB1(0)
0<r=<i

Higher-order derivatives are bounded analogously. O

Gaussian estimates are contained in the following statement.
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Proposition 15. There exists a unique function G : (0,00) x B1(0) x B1(0) — R with the following
properties:

(1) If w is the solution to the homogeneous equation (26), then for any k € Ny, B € N(I)V and (t,z) €
(0, 00) x B1(0)

FoPw(r,z) = / *0BG(r.2.2)g(2)) dus.
(2) The function G is symmetric in the last two variables; that is,
G(t,z,Z))=G(t,Z,2)
forall (t,z,z') € (0, 00) x B1(0) x B1(0).
(3) Forany z' € B1(0), G’ = G(-,-,z') solves the homogeneous equation
3G'+L2G' + L,G' =0.
Moreover,

110 . T
0°G' —= 8,/ in the sense of distributions.

(4) It holds that

—4k—|B -
ot Bloc iz, 2)~ 18l o—C .2/ Y03

1B, ()lo* 1BY (=)o

10508 G(1,2,2")| <

forall (t,z,2") € (0,1] x B1(0) x B;(0) and any k € Ny and p € N
(5) It holds that
9592 (G(t.2,2) = [BL(O)[h)] S e
forall (t,z,z) € [1,00) x B1(0) x B1(0) and any k € Ng and B € N
The estimates in the fourth statement are usually referred to as “Gaussian estimates”.

Remark 16. In the fourth statement we may freely interchange the balls centered at z by balls centered
at z’ and vice versa. Likewise, we can substitute ( &/, z) by (/1 z’). This is a consequence of (16).

The proof of this proposition is (almost) exactly the one of [Seis 2014, Proposition 4.3]. We display
the argument for completeness and the convenience of the reader.

Proof. We first notice that the linear mapping L2 > g 8’; 85 w(t, z) € R is bounded for every fixed
(t,z) € (0,00) x B1(0) and (k, B) € Ng x N{)V . Indeed, for small times, boundedness is a consequence of
Lemma 12 (with a = 0), and for large times, boundedness follows from successively applying Lemmas 13
and 12 (with a = 0), namely |8’t‘82’3w(t,z)| < Hw(%) HU + HVw(%)”GJrl
theorem thus provides us with the existence of a unique function G g(¢,z,-) € L% such that

< |lgllo- Riesz’ representation

#olwit.2) = [ Grp(t.2. )¢ dua ).
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Setting G = Gy,0, uniqueness implies G g = 8’; Bzﬂ G. Notice that G inherits the symmetry in z and z’

fr0r2n the symmetry of the linear operator E%, + L via the symmetry of the associated semigroup operator
(Ls+Lo)t
e\ro .

We now turn to the proof of the Gaussian estimates. We shall write y = x4 5(-, Zo) for some fixed
zo € B1(0) and set & = 6(r, z). We first notice that by Lemma 12, for r ~ /7, we have

2752 4
B ()12 X |w(}t.2)| < eC@PFO g,
and thus, the mapping A defined by

(Ah)(z) = | Bf (2)]y/? X® / G(5t.2,2)e ™ h() duo ()

for z € B1(0), is a bounded linear mapping from L2 to L* with

2/K2 4
”A”L%—>L°O 5 eC(a /b*+a )t'

By the symmetry of the Green’s function, it holds that
[ Ang diso = [[ 1B @186 (31,2 2)e R da () dito )
= / e_Xwg(%t)h die

if wg denotes the solution to the homogeneous equation with initial value g¢ = |B;i (- )|(1,/ Zex &, and if
£ € L} is such that gt € L2. In particular, the action of the dual A* : (L>°)* — L2 on such functions &
is given by A*§ = e™Xwg(41). Because IANl L2 oo = I 4*[[(00)+— 1.2 » We then have the estimate

lewe (40)], S C@PH g

An application of Lemma 12 with a replaced by —a then yields that
r—4k—1Blg—IBI

C(@@?/b%2+aMt+x(z)
BIQIY? el

‘/ai‘afG(z,z,-)|B:‘(-)|3/2exsdua <

By approximation, it is clear that this estimate holds for any £ € L!. Thanks to the duality L> = (L1)*,
we thus have

r—4k—1B1g—1BI

eC(az /b2 +a*)t+x(2)—x(z")
B4 ()% BY ()] '

10508 G(1,2,2")| <

The term — y(z’) drops out of the exponent upon choosing z’ = zg. To conclude the argument for the
Gaussian estimates, we distinguish two cases: First, if ¥/f > d(z, zg), then

1 < e Clz0)/ ¥D)*?
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and thus the statement follows with ¢ = 0. Otherwise, if ¥/ <d (z,zg), we choose a = —£ for some
£>0and b ~d =d(z, zg) so that the exponent becomes

0? 4

(55 + ) —ta

modulo constant prefactors. We optimize the last two terms in £ by choosing £ ~ (d/t)'/3. It is easily
checked that the exponent is bounded by an expression of the form 1 — (d/ ¥/1)*/3, which yields the
desired result.

The remaining properties are immediate consequences of the preceding analysis. O

2.5. Calderon-Zygmund estimates. We will see at the beginning of the next subsection that the kernel
representation of solutions of the homogeneous problem carries over to the ones of the inhomogeneous
problem. This observation is commonly referred to as Duhamel’s principle. To study regularity in the
inhomogeneous problem, the detailed knowledge of the Gaussian kernel provided by Proposition 15 is
very helpful. A major step in the analysis of Whitney measures is the translation of the energy estimates
from weighted L? to standard L? spaces. We are thus led to the study of singular integrals in the spirit
of Calder6n and Zygmund and the theory of Muckenhoupt weights.

Out of the Euclidean setting, a good framework for these studies is provided by spaces of homogeneous
type, see [Coifman and Weiss 1971], which are metric measure spaces, i.e., metric spaces endowed with a
doubling Borel measure.! The theory of singular integrals in spaces of homogeneous type was elaborated
by Koch [1999; 2004; 2008]. For the Euclidean theory, we refer to [Stein 1970; 1993].

Let us recall some pieces of the abstract theory. Let (X, D) be a metric space endowed with a doubling
Borel measure p. A linear operator T on L9(X, i) with g € (1, 00) is called a Calderon—Zygmund
operator if T can be written as

Tfx) = /X K. y) f () dp(y)

for all x € (spt f)€ and f € L*°(X,u) N LY(X, ), where K : X x X — R is a measurable kernel such
that
Y= K(x.3) € Lige(X \ {x}. ).

x> K(x,y) € L (X \ {y}. ).

satisfying the following boundedness and Calderén—Zygmund cancellation conditions:

sup V(x, y)|K(x,y)| <1 (39)
X£y

and

sup sup V(x,y) AV(x', y)K(x,y) = K(x',y)| <
X#y x'#y’

(D(x,x/) + D(y,y@)‘g “0)

D(x,y)+ D(x',y’)

n fact, Coifman and Weiss introduced the notion of spaces of homogeneous type with quasimetrics instead of metrics.



THE THIN-FILM EQUATION CLOSE TO SELF-SIMILARITY 1327

for some § € (0, 1]. Here we have used the notation

)

It is worth noting that the doubling property of p implies that we could equivalently have chosen to center
the above balls at x or y.
Finally, we call w a p-Muckenhoupt weight if

o R Ry )’H
SEP(M(B)/B‘”‘Z“)(M(BJB‘“ dn) - <oo

The class of p-Muckenhoupt weights is denoted by A, (X, D, ).
The theory of singular integrals asserts that any Calderén—Zygmund operator 7' extends to a bounded
operator on any L? (X, u) with p € (1, 00); i.e.,

ITf Ly S I NLew-

Moreover, if w € A, is a Muckenhoupt weight, then 7 is also bounded on L? (i L w), where d(u L o) =
wd.

In order to establish L? maximal regularity estimates for our problem at hand, we have to study
singular integrals of the form

o0
To 2 = [ [ Kerp (2. (120 012 duo ()
0
where Ky ;. g((t,2), (1", 2") = X(O,,)(z/)p(z)ealfafG(t —t',z,z'). In fact, we will see that Ty x g is a
Calderén—Zygmund operator on the product space (0, o0) x B1(0) provided that £, k, and § are such that
4, k,|B]) € £E=1{(0,1,0),(0,0,2),(1,0,3),(2,0,4)}. 41)

We will accordingly refer to any tuple (£, k, B) in the above class as a Calderén—Zygmund exponent.
The product space X = (0, co) x B1(0) will be endowed with the metric

D((t,z2),(t, ) = ‘\‘/|t —t'|+d(z, z)*,

which reflects the parabolic scaling of the linear differential operator, and the product measure i = A'® s,
with A1 denoting the one-dimensional Lebesgue. Because d is doubling, so is D, and thus the metric
measure space (X, D, i) is of homogeneous type in the sense of [Coifman and Weiss 1971] and is thus
suitable for Calderén—Zygmund theory. Notice also that the volume tensor V((z, z), (¢, z")) simplifies to

z4+7
V20, 002 ~ DU 2 62D B oy (B2

2 “2)

.
Without proof, we state the following lemma:

Lemma 17. If (£, k, B) is such that (41) holds, then Ty i g is a Calderon—Zygmund operator.

The proof is almost identical to the one in the porous-medium setting; see Lemmas 4.20 and 4.21 in [Seis
2015]. We will thus refrain from repeating the argument and refer the interested reader to the quoted paper.
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2.6. The inhomogeneous problem. In this subsection, we consider the inhomogeneous problem with
zero initial datum,

2 _ .
{8,w+£0w+n£gw = f in (0, 00) x B1(0), 43)

w(0,-) =0 in B1(0).
Our first observation is that the kernel representation from Proposition 15 carries over to the inhomo-
geneous setting.

Lemma 18 (Duhamel’s principle). If f € L?(L2) and w is the solution to the initial value problem (43),
then

t
w(t,z)=/0[G(l—t’,z,Z/)f(t’,zl)dug(z/)dt/

forall (t,z) € (0,00) x B1(0).
Proof. The statement follows from the fact that G is a fundamental solution, see Proposition 15(3). O

Proposition 19. Let w be the solution to the initial value problem (43). Then, for any p € (1, 00) it holds
that

19:wlizr + IVwlzr + IV2wlle +lpV3wlLe + 102 ViwllLe <1 fllLe. (44)

Proof. The purpose of this lemma is to carry the energy estimates from Lemma 8 over to the standard
LP setting. This is achieved by applying the abstract theory recalled in the previous subsection. In fact,
as a consequence of Lemma 18, any function ,oZ 8’; 82’3 w has the kernel representation

Tosp f(t.2) = /O / Kexp((t.2). (02 £ 2 dpio () d,
where

Kerp((t,2),(t,2") = xon@)p() 38 Gt -1z, 7).

If (¢, k, B) are Calderén—Zygmund exponents (41), by Lemma 17, the energy estimates from Lemma 8
carry over to any L?(L?(ug)) space with p € (1,00). Moreover, if v is a Muckenhoupt weight in
Ap(B1.d, g ), then the operators T g are bounded on L?(L? (s L v)). Notice that this is the case
for weights of the form v = pY precisely if —(0 + 1) <y < (p —1)(0 + 1). In particular, choosing
y = —0o, we see that Ty x g is bounded on L? = LP(L?) for any p € (1, c0) because o > 0. This is the
statement of the proposition apart from the term || Vw/||z». The control of this term can be deduced, for
instance, from the analogous estimates for the porous-medium equation, see Proposition 4.23 in [Seis
2015], applied to 9, w +nLow = f — L2w. O

In the following, we consider the larger cylinders
0%(z0) 1= (3r*,r*) x B4, (z0) and Q(T) = (L7, T) x B1(0).

Lemma 20. (1) Suppose that spt [ C Q;l (zo) for some zp € B1(0) and O <r < 1. Then for any (£, k, B)
satisfying (41) and any p € (1, 00), it holds that

r* 108 o) TV 110 5 B Wl Lo ot 20y S 1S I (p)-
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(2) Suppose that spt f C Q(T)for some T > 1. Then it holds for any p € (1, 0o0) that

o Tl B wlLeory S If llyep-
,k,|B)ee

Proof. We will only prove the first statement. The argument for the second one is very similar. The
desired estimate is an immediate consequence of Proposition 19. Indeed, the latter implies
{ak
Il 9 agw”Lp(Qrd(ZO)) N ||f||Lp(Q;l(ZO))~

If now {Qfl (zi)}ier is a finite cover of Qrd (zo) with radii r; ~ r and such that ) _; |Qfl () = |Qf (zo)l,
then

1 A
1 0eo@g oy = 2 1 oo oy S 72107 GOl 1LS Ty -

iel
Notice that |QA$I (zo)| S0 f (z0)|, because i1y ® Al is doubling, which concludes the proof. O

In view of the definition of the X(p) norm, the estimates on the second- and third-order spatial
derivative derived in the previous lemma are not strong enough for balls B;i (zo) that are relatively far
away from the boundary in the sense that v/ p(z¢) >> r. Estimates in such balls, as well as uniform bounds
on w and Vw, are derived in the lemma that follows.

Lemma 21. (1) Suppose that spt f C QAf(zo)for some zo € B1(0)and 0 <r <1l andlet p > N + 4.
Then it holds for any 0 < t < r* that

[w(t. z0)| + [Vw(t. 20)] £ | /1y (p)-

If moreover \/m > r, then it holds that
r0(r.20) 102 Co)l ™2 V201l g ooy + 72020 10L GOl ™2 193wl v 0 oy S 1 v o)
(2) Suppose that spt f C Q(T)for some T > 1. Then it holds for any p > 1 + %N that

lwllzeooy) + IVwliLeoy) S I f lvp)-

Proof. (1) As a consequence of Lemma 18 and Holder’s inequality, we have

4

r 1/q
o< ([ 1086wl de) I, @s)

where ¢ is such that % + % =1land g € N(])V . The statements thus follow from suitable estimates for the
kernel functions. From Proposition 15 we recall that

08G(x,2,2) 5 Y7 Plo( Yz, 2B B ()5l emC @@ VT (46)

Let {Bj,d%(z)}jej be a finite cover of B;. Then

_ ) 4/71\4/3 — i—1)4/3
/e 9@ YO gy (2 < 3 e1€U-D B4 (@lgo-
jeJ
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Notice that by the virtue of (15),

2N|B

1By (Dlgo < 72N 1BL 2 (Dlgo ~ 12N 1B () BL()IE.

which in turn implies

_ Ny 4/=y4/3 —g(i—1)4/3 . -
[ e 4C@E VO 6 () < (Z edU~D ﬁN) |BY ()] B (212
jeJ
The sum is converging and can thus be absorbed in the (suppressed) constant. We now integrate (46) over

time and space and obtain

4

r 7'4
/0 102Gz, )118, dr s /0 Y Py, B (o) dr 47)

for any z € Bj.
First, if \/p(z) < r, then by (12), estimate (47) turns into

4

’ " —alBl~a-DN
[ 108Gzl ars [P gr g peapizaw,
0 40 0

provided that N +2 < (2—|B|) p, which is consistent with the assumptions in the lemma only if | 8| € {0, 1}.

It remains to notice that
4-2(q—1)N < 4q| nd (o 1—

by virtue of (15). From this and (45), we easily derive the first estimate in the first part of the lemma in

the case where /p(z) <r.
Second, if /p(z) > r, then (47) becomes

4

r _ —(—1IN 7‘4 B B ~
J A A e e Rl M PR
0 q0 0

— —(g—1)N
5 /_,O(Z) |Blg—(g—1) r4_“3|q_(q_1)N,

provided that N 4+ 4 < (4 —|B|) p, which is consistent with the assumptions only if |8| € {0, 1,2, 3}. Now
we notice that

/—p(z)—IﬂIq—(q—l)Nr4—|ﬂ|q—(q—1)N < r(4—|,3|)q9_|,3|q|Qi[(z”l_q’

using (15) again. It is not difficult to see that the latter estimates in combination with (45) imply remaining
estimates in the first part of the lemma.

(2) By Duhamel’s principle in Lemma 18 and the fact that f is concentrated on Q(T), we have for any
(t,z) € Q(T) and B € N} that

t—1
|3§w(t,2)|§// 028G (12, )| £ (¢, 2 dpo () di’
T/4

t
4 [ / 0BG —1, 2. f (=) dpo ()1
t—1
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with the convention that the first integral is zero if %T >t — 1. If it is nonzero, we use Proposition 15(5)
and estimate the latter by

t—1
/T S Ve dd ST gy < T oy
Similarly, applying the same strategy as in part (1) above, we bound the second term by

18GC 2 Moozt 1 I pogery <1 lirioy:
The statement thus follows by choosing || € {0, 1}. d
We need some estimates for the off-diagonal parts.
Lemma 22. (1) Suppose that spt f C [0,r%) x B1(0) \ QA;i (zo) for some zg € B1(0) and 0 < r < 1.
Then it holds for any p € (1, 00) that

4k+Bl

{ak
[0l oo (og o + IVP oo o+ D 0. zgy20181 1P O wlLrgf o S 1S vy
wheiphee V"

(2) Suppose that spt f C [%, %T] x B1(0) for some T > 2. Then it holds for any p € (1, 00) that

lwlizeoery + IVwlzeay + Y. TletoFdbwliromy S I1f Ive-
L.k, |BNeE

Proof. (1) We begin our proof with a helpful elementary estimate: if 6 and C are given positive constants,
then there exists a new constant C such that

Yi—p e CaG V=) < -0, ~C (.2 (48)

for all (1,z) € 0%(z0) and (¢, 2') € [0,r*) x B1 \ 0% (z0). The argument for (48) runs as follows: To
simplify the notation slightly, we write t =t —¢t" and d = d(z,z'). If z' € Bgr (zo), then necessarily
- (%r“, r4), and therefore © > r*. It follows that

Y7 0= CUEI VDY _ 4 < 1 =0,-C@/r>

because d(z,z') < d(z, zo) + d(z0, z') < 3r. Otherwise, if z’ & B (z), it holds that 2r < d(z’, zg) <

. -9 _ 4/=04/3 . :
d(z,z') +r, and thus ¥/t < r < d. Using the fact that T — ¥/T b p=Ca/ Y0 i increasing for
0 <t <d* we then estimate

Y7 0= CW@/ YD < =6,~Cd/n*>,

This completes the proof of (48).
In the following, C will be a uniform constant whose value may change from line to line.
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Because f = 0 in Q;j (zo0), Duhamel’s principle (Lemma 18) and the Gaussian estimates from
Proposition 15 imply
|07 08 w(z, 2)|
< / ’ / Y Wlg iy, )8l
1BY()lo
)IBI+N+20

e CAGC VDY) £t _ 1 N duy (2 d

<1 (—/_ YT HTPIENTR = CUEDI YO 1~ 1, 2 dpto () d
0 JT+ V()
As a consequence of (48), Remark 16 and the monotonicity of the function s + s/(s + ¢) for any fixed
¢ > 0, we may substitute any /7 by r and find
F4k+1Bl-1 -
- B
9(r,Z)2£—|B|+l|p(Z) al,‘ 8ZU)([,Z)|

< e~ Cl(z, z)/r)*/3 Y rz 1 t. d 2dt'.
le(z)lcf/ ) /02 diaa )

We consider now a finite family of balls {B,d (zo)}ier covering B1(0). Since d(z,z;) <d(z,z’) + r for
any z’ € B¢ (z;) and
Ze—C(d(z,Zi)/r)4/3 < 00
iel
uniformly in r and z, we further estimate the right-hand side of the last inequality by
swp e [ / 00 ) U o () . @9)
e, |BE (Z)|cr Bd(z)

We claim that this term is controlled by || f||y(p). To see this, we fix Z € B1(0) and let r; = (\/g)jr.

Applying a non-Euclidean version of Vitali’s covering lemma, see Lemma 2.2.2 in [Koch 1999], we find
a finite family of balls { Bﬁlj (zij)}ier,; covering Brd () and such that

Y IBEGiplo S IBE (Bl (50)
i€l

uniformly in j, r, and Z. Then (0, r%) x Brd (2) is contained in the countable union UjeNo Uielj Qf/, (zij).
Invoking Holder’s inequality we thus find

/ / 00 Y £ ) e () i
Bd(z)

] —1 1
= 3 YD 60 g, 08 o 1 Vuniod, oy

JENpiel;
where, as usual, % + é = 1. Notice that j14¢ is a finite measure for any ¢ € (1, 00). From (12) and (13)

we deduce that 6(r;, z;;) ~ 0(r;,z') < 0(r,z’) forany z’ € Bd(zij), and thus, as a consequence of (15),

||9(”")_1”Lq(,(Qr (z,,))w ]9(’"/’21/) 1|Q (le)l 1/p|B (le)|0
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Combining the previous two estimates, using (50) and the convergence of the geometric series finally
yields that the term in (49) is bounded by || f ||y (). We have thus proved that

Fak+1B1-1

. 22T P 0 0Bw(t.2)| S I f lvep-

We easily deduce the statement of the lemma.

(2) To prove the second statement, we use Lemma 18 and Proposition 15(5) to estimate
T/4 ,
bl s [ e M [ 15 dua () dr
1/2

for any (¢,z) € Q(T) and any k € Ny and 8 € Nf)\' with kK + || > 1. Let M € Z be such that
M < %T < 2M+1 We then split and compute

M .om ) T/4 )
oty [N [ifldugdir [ e M [ dug dr
mep 2! T/8

M
ST flln@@my + e TV fllLooay

m=0
<e T Fllye.

We easily infer all estimates but the uniform bound on w. To gain control on ||w||zec, we argue similarly

and get
M+1 .pm M+1
wealz Y [ [ifldudr s ( > o m)ufnnp)-
m=0 2=t m=0 ( )
The desired estimate follows from the convergence of the geometric series. O

A combination of the results in this subsection yields the maximal regularity estimate for the inhomo-
geneous problem (43).

Proposition 23. Suppose that p > N + 4. Let w be a solution to the homogeneous problem (43). Then

lwllLeow1.00) + I0llx(p) < 1/ ¥ (p)-

Proof. The statement follows immediately from Lemmas 20, 21 and 22 and the superposition principle for
linear equations: For small times, we split f into nf + (1 —n) f with 5 being a smooth cut-off function
such that n =1 on Qf (zo) and 1 = 0 outside QA;i (zo) for some arbitrarily fixed r < 1 and zg € B (0).
For large times, we make a hard temporal cut-off by splitting f into yf 4+ (1 — y) f, where y is the
characteristic function on Q(T). Notice that to estimate the large times, it is enough to study such f’s
that are zero in the initial time interval (O, %) For details, we refer to [Seis 2015]. O
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3. The nonlinear problem
Our goal is this section is the derivation of Theorems 1 and 2. The existence of a unique solution to the
nonlinear problem is a consequence of a fixed-point argument. We need the following lemma:
Lemma 24. Let wi and wy be two functions satisfying
lwillpeowi.coy + Wi llxpy <& i=1,2, (51)
for some small ¢ > 0. Then
If w1l — flw2llly(p) S e(llwi — wall oo ooy + w1 — wallx(p))-

Proof. For notational convenience, we write fij = f/[w;] forany i € {1,2} and j € {1,2,3}. We will
also just write w instead of w; or w, if the index doesn’t matter. We remark that by the virtue of (51), it

holds that
| R [w1] = Ri[wa]| < [w1 — w2l poo(wi.c0),

|Rk[w]| <1
for any value of k.
The estimates of the differences of the fl.j is very similar. We focus on the leading-order terms, i.e.,
f13 - f23. Using (51) and the previous bounds on the Ry, we first notice that

|/ = 51 5 p2llwi = wall Lo 1oy (IVZw ] + V20| VPw] + V|| VHw])
+ P2 V21 — V2w | (|V2w [ + [Vaw|[V3w])
+ p2|V3wq — V3w ||V |VZw| + p?|VAw; — VAw, | Vw2
The control of the individual terms is derived very similarly. There are a few obvious cases; for instance
the last term, which is simply controlled by using (51):
|02 1VH w1 — Vs | [Vw]? | Y(p) = ”w”ioo(Wl,oo)”wl —w2|x(p) < ellwr —w2llx(p)-
For most of the remaining terms, we have to make use of the following interpolation inequality
VST, < IEIZ= IVl .
provided that mp = ir for some integers i < m, which has been proved in Appendix A of [Seis 2015].

For instance, setting { = nVw for some smooth cut-off function 7 satisfying n = 1 in B;l (zo)and n =0
outside Bgr (zo), we have

21v72,,,13 _ 2 3 3
[p*1Vw ”LP(B;’(zo)) =1V w”Lgf,(B;f(zo)) = ”W”L;Ip"

Applying the above interpolation inequality and using the fact that 1 varies on the scale r6(r, zo) and
p < 0(r,z9)? in Bgr (z0), see (12) and (13), we then get

0
||P2|V2w|3||Lp(B;1(ZO)) < Vw ||%,oo (”pzv4”L”(B§,(Zo))+7 V3w ”L”(Bgr(Zo))

6% 2 0
+r_2 IV-w ||L”(B§lr(zo))+r_3 IVw ”L”(Bgr(Zo)))’
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where 6 = 0(r, zp). Integrating in time over (%r“, r4), multiplying by r3/6 and using (51) then yields

3
i hd —1/p|| 212,13
fglg 9 |07 (zo)| H/O IV-w| ”LP(Q;I(ZO)) SSHWHX(p)-

This type of estimate can be used, for instance, to bound the first term in the above estimate for f13 — f23
for small times. The remaining terms and the large-time parts of the Y (p) norm can be controlled in a
similar way. O

We are now in the position to prove Theorems 1 and 2.

Proof of Theorems 1 and 2. To simplify the notation in the following, we denote by X (p) the intersection
X(p) N L® (W) and set || - I2(py = I lx(p) + |l -l Loow1.00)- Let € and g be two positive constants.
We denote by M, the set of all functions w in X (p) such that ||wl| X(p) < € and by N, the set of all
functions g such that || g ||y 1.00 < &o. We divide the proof into several steps.

Step 1: existence and uniqueness. For w € M, and g € N, given, we denote by w := I(w, g) the unique
solution to the linear problem (43) with inhomogeneity f = f[w]. By Theorem 4, we have the estimate
10l %y < I/ wlllyp) + Igllwr.c. Applying Lemma 24 with wy = w and w, = 0 and using the
assumptions on w and g, we find that || || X =C (62 + &9) for some positive constant C. We choose &
and &¢ small enough so that Ce? < %8 and Cgg < %e, with the consequence that i € M. This reasoning
implies that for any fixed g € Ng,, the function w( -, g) maps the set M, into itself. Moreover, given w

and wy in M, we find by linearity and Lemma 24 that

11 (wi,8) = w2, g (py S I fTwr] = fTwalllvep) S ellwn —wallgy):

Thus, choosing ¢ even smaller, if necessary, the previous estimate shows that (-, g) is a contraction
on M,. By Banach’s fixed-point argument, there exists thus a unique w* € M, such that w* = I(w*, g).
In particular, w* solves the nonlinear equation. From the previous choice of &, we moreover deduce that

0™l 2 < gl oo

Step 2: analytic dependence on initial data. In order to show that w* depends analytically on g, we
will apply the analytic implicit function theorem; see [Deimling 1985, Theorem 15.3]. Because the
nonlinearity f = f[w] is a rational function of w and Vw, and thus analytic away from its poles, the
contraction map [ is an analytic function on Mg x Ng,. We consider the map J : M X Ny, — M, defined
by J(w, g) = w — I(w, g). Because [ is analytic, so is J. It holds that 7(0,0) = 0 and D, /(0,0) = id.
From the analytic implicit function theorem we deduce the existence of two constants & < ¢ and £g < &g
and of an analytic map A : Nz, — Mjz with A(0) = 0 and such that J(w, g) = 0 if and only if A(g) = w.
From the uniqueness of the fixed point and the definition of J we then conclude that the map g > w™ is
analytic from Nz, to M;.

Step 3: analytic dependence on time and tangential coordinates. Let us now change from Euclidean
to spherical coordinates. For z = (z1,...,zx)T € B1(0), we find radius s € [0, 1] and an angle vector
¢p=(¢1.....0n-1)T € Axy_1:=1[0, 7]V =2 %[0, 2] such that z,, :s(]_[;';ll sin ¢; ) cos ¢, forn <N —1
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and zy = s ]_[lN;ll sin¢;. By a slight abuse of notation, we write w(¢,z) = w(z, s, ¢). For A € R and
¥ € Ay—1 we define

Wiy =W 0By, Eaylts.¢)i= s, ¢+1y).

A short computation reveals that w, y solves the equation

ath’w +/Haw;¢ = f/l,?,b[w;t,w]:
where
frplwl :=Af[w]+ (1 =D How + V- Vow, He=LE+nLs.

Clearly, f1,0 = f. Similarly as above, we denote by I ., (w, g) the solution to the linear equation with
inhomogeneity f3 y[w] and initial datum g. We furthermore set Jj  (w, g) := w — I} y(w, g). Itis
obvious that J1 ¢(0,0) = 0 and D, J1,0(0,0) = id. Applying the analytic implicit function theorem once
more, we find positive constants §, & < &, & < £o and an analytic function 4, ,(g) = A(A, ¥, g) from
B(gR(l) X B(;,RN_I (0) x Ng, to My such that J; 4 (A, 4(g). g) = 0. In particular, the above uniqueness
result gives that Ay ., (g) = A(g) o E 4. We conclude that w, 4 € X (p) depends analytically on A and
¥ in a neighborhood of (1,0) € R x R¥~1 In particular, there exists a constant A dependent only on N
such that for any k € Ng and B’ € NJ'~L, it holds that

k a8’ —k—|B’
[950% 16.vr=.0) waw | gy S AP IR B gl 1o
It remains to notice that
0505 |Gy =c1.0) Wiy (2. 2) = F T8 e 1 )
to deduce
BNk Vw (e, r ) < AT TRLB gl oo (52)

Step 4: regularity in transversal direction. The derivation of the transversal regularity relies on the
analyticity bounds established above together with the Morrey estimate

0l Loogoe 2y S 108 D)5 P I0l 208 (=)
+r0108 ISP IVl 20 oy + QL2100 200 2y 53)

which holds for any p > N uniformly in r and z. The proof of this estimate proceeds analogously to the
Euclidean case; see, e.g., [Evans and Gariepy 1992, Chapter 4.5]. We omit the argument.

In the following discussion, we keep r and z fixed and we set 8 = 6(r, z). For b € {2, 3}, we choose
o = (b—1)p and apply (53) to the effect that

4—bab d -1 b—14—b b
||V1/; asw”LOO(Q;l(Z)) <10y (Z)|(b_/f)p o qu 8sw”Lp(Q;l(Z))

—1 _ _
+ 10108 @)D, 10° 7 VP00Vl L oo o)

-1 _ _
+ 4108 I D  10°7 V2020w Lo 0d (o))
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We recall from (15) that |Qﬁl (2)|g ~ 0% Qf(z)| and that \/p(Z) < 0 forany Z € B;l (z) by virtue of (13).
Therefore,

19572080 oo gt ) = 042 1QF @172 0PV 8wl g
+ 6322108 ()72 PV PRV W b 0d )
+ 40422102 ()| TP 0PV 000wl Lo g (o)

With the help of the analyticity estimates (52), we easily deduce that

”9”t2v12pa?w”Loo(Qrd(z)) + (r9)2||ti3§’wllLoo(Qg(Z)) S lgliwr.co. (54)
An analogous argument yields the corresponding control of the time derivatives, namely
3
?”atw”lloo(le(z)) < llgllwi.co. (55)

In order to deduce control over the fourth-order vertical derivatives, we rewrite the nonlinear equation (6)
as

002 (pd%w) = f[w] —d;w + Lo.t.

The terms on the right-hand side are all uniformly controlled thanks to (52), (54) and (55). Similarly, we
may write
_P_l ar (pzar v)=h

for some & such that 1“1 € L™ for some k > 0, and where v = —p~ 19, (0?9, w). This identity can be
integrated so that

1
0yv = p_2/ phdrF.
r

The expression on the right is differentiable with
1
8%1} = 2p_3r/ ohdFi—p~th.
r

We deduce that pt*32v € L™ and thus p?t* 33w € L.
This argument can be iterated and yields the smoothness of w. O

Appendix: Derivation of the transformed equation

Let us write z = ®;(x). We will first verify that ® defines a diffeomorphism. For this purpose, we
compute the derivatives of @ in terms of x and v,
j_ 51']' _ xj(0;v+x;)
Qv+ [xHV2 - 2u+|x[2)3/2
Recalling the elementary formula det(/ —a ® b) = [ —a - b for any two vectors a and b, we compute that
2v—x-Vv
(2v + |x|2)N/2+1'

i

detVo(x) =
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If v is close to the Smyth—Hill solution in the sense that

[v=vsllLoo(p)) + VU + X[[Loop)) < &

for some small ¢, we find that 2v —x-Vv >1—3¢ and 2v + |x|2 > 1—2¢, which implies that the Jacobi
determinant is finite if ¢ is sufficiently small.
Let us express the derivative of ® in terms of the new variables z and w. Differentiating (5) yields

-V
3iv+xi=(1+w)Vw-3i<D=8iw—Z w(8,~v+xl~),
14+ w
and thus .
+w
d; =—9J;w.
iV l+w+z-Vw i

Plugging this and (5) into the expression for the derivatives of ®, we find
dij Zj0;jw
I+w (A+w)(l4+w+z-Vw)

0; o/ =
Under the assumption that w is such that
[wlzee + [[Vw|re <&

for some small e, we see by a calculation similar as the one above that ® is a diffeomorphism.
We will now compute how the change of variables acts on the confined thin-film equation (3). For
notational convenience, we set

p(z) = 5(1—1z]?),

and w = 1 + w, with the effect that
pw? =v=yu'/? (56)

For an arbitrary function f = f(z), it thus holds that

hif (z-V[)oiw
9; (f(D)) = — . 57
@)= = o 57
Now, differentiating (56) with respect to x; yields
1 d;w
2 2 =4 L 2 ~4
dju = —0; - z-V
y“oiu = —09i(p” W) Ptz Vi) (p"w")
~3 ~
s pW?0; W
= 2o i+ 22—
Pz w+z-Vw
Differentiating with respect to x; again, we obtain that
y? 2 2\.~2 0 1 2
L Pu=—(p—z2)0?+ —— 57 19.(0%0: W
) iU (o—z)w +1I)+Z-Vu~)p t(P~21w) I o
W i W W= (0; w
_fl)z'v % +(/O+|Z|2)..(—l)~2
w+z-Vw w+z-Vw (Ww+z-Vw)
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Hence, summing over i and rearranging terms yields

2 = =12 =12
y w+z-Vw V| V|
—Aux——=(1—-(N+2 -V L l—p)—————— V| ————= ).
T AU T = (L= (N 4 20p) (42 Vi) = L+ (1= p) o —pz -V e
With the help of the x-notation, the (nonlinear) term in the second line of the above identity can be
rewritten as

\V/ (k—1)x
Z(( :2 SoE (V0 B)2* + pVii x V2i0).

In what follows, it should become clear why this way of writing drastically simplifies the notation.
With the help of (57), we compute

w? D 3,0 f
ai(( +z- thf)( )) +z-vw(a Sz V(w+z Vw))

for any function f = f(z), and thus

—2(3 Au— x,)xw — N0 —0; LD
(Vw)z*—i—Vw*Vzw+p(V2w)2*+pr*V3
wW+z-Vw
(Vw)3*+(Vw)2**Vzw-i—pr*(Vzw)z*-l—p(Vw)z* 30
(W+z-Vw)?
(Vw)4*+(VU))3**v2w+,0(VU))2**(V2 V2 p(V)3*x V30
(w+z-Vw)3
(Vw)5*+p(Vw)4**V2w+p(Vw)3**(V2w)2*
(+z-Vi)*

+

+

We notice that the nonlinearity belongs to the class

Z (Vw)(k 1)

Ttz ViR * (V)** + Vi * V2 + p(VZ0)>* + pVb * V>0).

Similarly to the above, we compute for an arbitrary function f = f(z) that

> ot oW f ;W f
a"((uvﬂ.vwf)(q)))_uv+z.v~(af+3 +z- Vw_z'v(wﬂ—.vu;))’

and thus

y? z.V
Y V.V Au— ux)xw—i_—w (N+L)Li
oW

2
+ p* R_q[0]* (VD) + Vi * VD)
+px R_1 [0]*p((VZD)** + Vi« Vi)
+ p* R_a[0]%p? ((V20)* +Vix Vi x V3 i+ (VD) * « V4b),



1340 CHRISTIAN SEIS

where R;[W] = r;j (V, W + z - Vb)) for some rational functions r; that are homogeneous of degree i, i.e.,
ri(sa,sb) =s'ri(a,b).
We finally turn to the computation of the time derivative. For this notice first that

2

y© oz
d; P =—"———0su,
and thus, a short computation shows that
2 5 pu~)4 .
—dsu = w
2 W+z-Vi !

After a rescaling of time # — y?¢, and recalling that @ = 1 + w, we find the transformed equation (6).
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