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THE INVERSE PROBLEM FOR THE DIRICHLET-TO-NEUMANN MAP
ON LORENTZIAN MANIFOLDS

PLAMEN STEFANOV AND YANG YANG

We consider the Dirichlet-to-Neumann map A on a cylinder-like Lorentzian manifold related to the wave
equation related to the metric g, the magnetic field A and the potential g. We show that we can recover
the jet of g, A, ¢ on the boundary from A up to a gauge transformation in a stable way. We also show
that A recovers the following three invariants in a stable way: the lens relation of g, and the light ray
transforms of A and ¢. Moreover, A is an FIO away from the diagonal with a canonical relation given by
the lens relation. We present applications for recovery of A and ¢ in a logarithmically stable way in the
Minkowski case, and uniqueness with partial data.

1. Introduction and main results

Let (M, g) be a Lorentzian manifold of dimension 1 4+ n, n > 2; i.e., g is a metric with signature
(—=1,1,...,1). Suppose a part of dM is timelike. An example of M is a cylinder-like domain representing
a moving and shape-changing compact manifold in the x-space (if we have fixed time and space variables)
with the requirement that the normal speed of the boundary is less than 1; see Section 5.

Denote the wave operator by [g; in local coordinates x = (x%,...,x™) it takes the form

O, := 3;(y/] det g|g/*d
g \/ld—( egg k)

Consider the following operator P = Pg 4 4, which is a first-order perturbation of [lg:
1

P=Py g, = ——
g4 | det g|

Here i = +/—1, A is a smooth 1-form on M, and ¢ is a smooth function on M.

(8 —iAj)y/|detg|g/* (B —iAr) +q. (1)

The goal of this work is to study the inverse problem of recovery of g, A and g, up to a data-preserving
gauge transformation, from the outgoing Dirichlet-to-Neumann (DN) A map on a timelike boundary
associated with the wave equation

Pu=0 inM. (2)

We are motivated by applications in relativity but also in applications to classical wave-propagation
problems with media moving and/or changing at a speed not negligible compared to the wave speed. We
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are interested in possible stability results even though some steps in the recovery are inherently unstable.
This problem remains widely open. The results we prove are the following. First, we show that one
can recover the jet of g, A, g at the boundary (up to a gauge transform) in a Holder-stable way. Next,
we show that one can extract the natural geometric invariants of g, A, ¢ from A in a Holder-stable way.
More precisely, A recovers the lens relation £ related to g, in stable way. If we know g, the light ray
transform LA of A is recovered stably. If g and A are known, the light ray transform Lyg of ¢ is
recovered stably. The lens relation £ is the canonical relation of the Fourier integral operator (FIO) A
away from the diagonal, and the light ray transforms L; A and Logq are in fact encoded in the principal
and the subprincipal symbols of it. In fact, £ is directly measurable from A.

Since the results we prove are local or semilocal (near a fixed lightlike geodesic), and the proofs are
microlocal, we do not formulate a global mixed problem for the wave equation at the beginning but we do
consider one in Section 5. In fact, existence of solutions of such problems depends on global properties
of (M, g), one of which is global hyperbolicity, which are not needed for our weaker formulation and for
the proofs. Instead, we define the DN map up to smoothing operators only. In the case when one can
prove the existence of a global solution, the true DN map would coincide with ours up to a smoothing
error, see Section 5, and our results are not affected by adding smoothing operators.

This problem has a long history in the stationary Riemannian setting, i.e., when M = [0, T'] x My,
where (Mo, g) is a compact Riemannian manifold with boundary, and the metric is —d¢? + g;; (x)dx!dx/.
The boundary control method [Belishev 1987] and Tataru’s uniqueness continuation theorem [1995; 1999]
give uniqueness provided that T is greater than a certain sharp critical value T, as shown by Belishev
and Kurylev [1992]; see also the survey [Belishev 2007]. Stability however does not follow from such
arguments. Stability results for recovering of the metric and lower-order terms appeared in [Stefanov
and Uhlmann 1998; 2005b; Montalto 2014; Bellassoued and Dos Santos Ferreira 2011; Bao and Zhang
2014], with [Montalto 2014] covering the general case. A main assumption in those works is that the
metric is simple, i.e., that there are no conjugate points and the boundary is strictly convex (a not so
essential assumption) and the main technical tool for recovery of the metric is to reduce it to stability for
the boundary/lens rigidity problem; see, e.g., [Stefanov and Uhlmann 2005a]. For related results, we refer
to [Isakov and Sun 1992; Sun 1990]. Recently, the progress in treating the local rigidity problem allowed
results under the more general foliation condition [Stefanov et al. 2016], which allows conjugate points.
In any case, some condition is believed to be necessary for stability. It is worth noticing that all inverse
(hyperbolic) scattering problems for compactly supported perturbations are equivalent to inverse DN map
problems.

Recently, there has been increased interest in this problem or in related inverse scattering problems in
time-space. Recovery of lower-order time-dependent terms for the Minkowski metric has been studied
in [Stefanov 1989; Ramm and Sjostrand 1991; Ramm and Rakesh 1991; Waters 2014; Salazar 2013;
Ben Aicha 2015; Bellassoued and Ben Aicha 2017], and for —d¢? + 8ij (x)dxidxj in [Kian et al. 2018].
Eskin [2017] proved that one can recover g, A, g up to a gauge transformation, assuming existence of
a global time variable ¢ and analyticity of all coefficients with respect to it. The proof is based on an
adaptation of the boundary control methods and the analyticity is needed so that one can still use the
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unique continuation results in [Tataru 1999]. Stability does not follow from such arguments. Other inverse
problems on Lorentzian manifolds are studied in [Kurylev et al. 2014a; 2014b; Lassas et al. 2016]. The
inverse scattering problem of recovering a moving boundary is studied in [Cooper and Strauss 1984;
Stefanov 1991; Eskin and Ralston 2010]. The first author showed in [Stefanov 1989] that in the case
where g is Minkowski and A = 0, the problem of recovery of g reduces to the inversion of the X-ray
transform in time-space over light rays, which was shown there to be injective for functions tempered in
time and uniformly compactly supported in space. In [Lassas et al. 2017], it was shown that the linearized
metric problem leads to the inversion of a light ray transform of tensor fields. Such light ray transforms are
inherently unstable however because they are smoothing on the timelike cone. They require specialized
tools for analyzing the singularities near the lightlike cone, not fully developed in the geodesic case; see
[Greenleaf and Uhlmann 1989; 1990a; 1990b]. The light ray transform has been also studied in [Boman
and Quinto 1993; Begmatov 2001; Stefanov 2017; Kian 2016].

We describe the main results below. Let xo € M and assume that dM is timelike near x¢. Then dM
with the induced metric is a Lorentzian manifold as well and we choose (locally) one of the two time
orientations, which we call future pointing.

Let f € £'(0M) be supported near xo with WE( f) close to a fixed timelike (xq, £%) € T*0M \ 0. We
define the local outgoing solution operator f +— u, defined up to a smoothing operator, as the operator
mapping f to the outgoing solution u of

Pu e C® in M near xo, ulgpr = f mod C*°. (3)

The term “outgoing” here refers to the following. We chose that microlocal solution (parametrix) for

which the singularities of the solution are required to propagate along future-pointing bicharacteristics. We

refer to the subsection on page 1385 for more details. On the other hand, it is “local” because it solves (3)

near xo only and this keeps the singularities close enough to dM without allowing them to hit dM again.
Define the associated local outgoing Dirichlet-to-Neumann map as

AW o f = @vu—i (A, v)u)|ap. )

where v denotes the unit outer normal vector field to dM, and the equality is modulo smoothing operators
applied to f. By definition, the Aléﬁ’,c A is defined near xg only, and in fact, in some conic neighborhood
of the timelike (xo, £%’). Since the latter is arbitrary, A1

8,49
on dM but we keep it microlocalized near (xo, £%') to emphasize what we can recover given microlocal

extends naturally to the whole timelike cone

data only.

As we show in Theorem 3.1, Ag’c w is actually a WDO (pseudodifferential operator) on the timelike

loc

cone bundle near xo. The main result about A g

is Theorem 3.2: a stability estimate about the recovery
of the boundary jets of the coefficients.

Let f € £ (M) have WF(f) as above. Let u, as in (3), be the parametrix in a neighborhood
of the future-pointing null bicharacteristic issued from the unique future-pointing lightlike covector
(x0.£%) € T*M \ 0 with orthogonal projection (xg, £%). Note that the direction of (x¢, £°) and that

of the bicharacteristic might be the same or opposite. Assume that this bicharacteristic hits dM again,
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transversely, at point yo in the codirection 7° and let n° be the corresponding orthogonal tangential
projection on Ty"; OM. Then (yg,n") is timelike, as well. Let &/ and V be two small conic timelike
neighborhoods in 7*3dM \ 0 of (x¢,£%") and (yo, %), respectively. If U is small enough, for every
timelike (x, £’) € U close to (xg, £%’), we can define (y, ') in the same way. This defines the lens relation

L:U—V, Lx,&)=0.7); &)

see Figure 1. By definition, £ is an even map in the second variable; i.e., L(x, —£') = (y, —1'). If (x, &)
is future-pointing (i.e., if the associated vector by the metric is such), then (x, —&’) is past-pointing but
we can interpret (v, —n’) as the end point of the null geodesic with initial point projecting to (y, —n’) but
moving “backward” with respect to the parameter over it. This property correlates well with Theorem 4.2
since the wave equation has two wave “speeds” of opposite signs.

The map L is positively homogeneous of order 1 in its second variable. Now, for f as above, let u be an
outgoing microlocal solution to (3) near (the projection on the base of) the bicharacteristic yg issued from
(x0, £°) all the way to its second contact with dM at yq. In other words, u is a distribution defined near
yo and solving (3) there rather than just near x¢, having future-propagating singularities only. It is unique
up to a function smooth near yg; see Proposition 4.1. At this point, we assume that (xg, £%’) is not a fixed
point for £, which means that the reflected bicharacteristic does not become a periodic one after the first
reflection. This solution is constructed as a solution with the boundary removed, in some neighborhood
0/).

’

of yo. Since f is smooth near (o, n°’) that means there is no singularity of the solution u at (yg,
therefore, the singularity reflects at yg. We extend the solution microlocally over a small segment of the
reflected ray before reaching dM again; see Proposition 4.1 for details. Then we define the global outgoing
DN map AE 2. A.q
In fact, by propagation of singularities, Ag Ag f has a wave-front set in } only and we can cut smoothly

by (4) again but with the right -hand side localized to V, the projection of V to the base.

outside some neighborhood of yg. The map Ag 1s actually just semiglobal because it is the DN map
restricted to a solution near one geodesic segment connectmg boundary points. Also, it is only deﬁned up
to an operator smoothing near (xg, £°). If a global initial boundary value problem is well defined, AY e.Ag
coincides with the associated DN operator up to a smoothing operator; see Section 5. In Theorem 4.2, we
prove that Ai,l’ Ag is an FIO associated with the graph of £. In Theorem 4.3, we show that A‘Z’,l’ 4,4 Fecovers
L in a stable way, which is also a general property of FIOs associated to a local canonical diffeomorphism.

Another fundamental object is the light ray transform L which integrates functions, or more generally

tensor fields, along lightlike geodesics. We define L on functions by

Lof(y) = / Fr(5)) ds, ®)

and on covector fields of order 1 by

Lif(y) = / (F(s). 7(5)) ds. ™

where (f(y(s)), y(s)) = fj(y(s)))'/j (s) in local coordinates and y runs over a given set of lightlike
geodesics, and we always assume that supp f is such that the integral is taken over a finite interval. In
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our results below, y’s in Lo and L are the maximal geodesics through M connecting boundary points.
Unlike the Riemannian case, lightlike geodesics do not have a natural speed-1 parametrization and every
rescaling of the parameter along them (even if that rescaling changes from geodesic to geodesic) keeps
them being lightlike. The transform L is invariant under reparametrization of the geodesics and can
be considered as an integral of { f, dy) over the geodesics. On the other hand, L is not. Despite that
freedom, the property Lo f = 0 does not change. One way to parametrize it is to define it locally near a
lightlike geodesic hitting a timelike surface at s = 0, in our case, dM. Then the orthogonal projection y’(0)
of each such y on TdM (the prime stands for projection) determines y(0), and therefore y, uniquely.
To normalize the projections on 7dM, we can choose a timelike covector field Z on T dM locally and
require g(y, Z) = F1 for future-/past-pointing directions.

In Theorem 4.4, we show that given g, one can recover L A in a Holder-stable way; and if we are
given g, A, one can recover Log in a Holder-stable way. Notice that we do not require absence of
conjugate points and we do not use Gaussian beams. Instead, we use standard microlocal tools including
Egorov’s theorem. In Section 5, we consider some cases where L and Lo can be inverted to derive
uniqueness results. As we mentioned above, those transforms are unstable. The reason is that they are
microlocally smoothing in the spacelike cone; see, e.g., [Greenleaf and Uhlmann 1990b; Stefanov 2017;
Lassas et al. 2017]. Therefore, stable recovery of LA and Loq does not imply Holder-stable recovery of
A1 (up to a gauge transform) and g but allows for weaker logarithmic estimates using the estimate for
recovery of g from Log in the Minkowski case proven in [Begmatov 2001], for example. We discuss
some of those possible corollaries in Section 5. Recovery of g from L is an open problem, with some
results about the linearized problems obtained recently in [Lassas et al. 2017].

2. Preliminaries

Notation and terminology. In what follows, we denote by U and V the projections of &/ and V onto the
base dM. We freely assume that I/ and V, and therefore, U and V' are small enough to satisfy the needed
requirements below.

If £ is a covector based at a point x on dM, we denote by &’ its orthogonal projection to 7 dM. We
routinely denote covectors on 77 0M by placing primes, like &', etc., even if a priori such a covector is
not a projection of a given one.

Timelike/spacelike/lightlike vectors v are the ones satisfying g(v, v) <0, or g(v,v) >0, or g(v,v) =0,
respectively. We identify vectors and covectors by the metric. We choose an orientation in U that we call
future pointing (FP). More precisely, we choose some smooth timelike vector Z in U (identified with an
open set in the tangent bundle) and we call future pointing those timelike vectors v for which g(v, Z) > 0.
If we have a time variable ¢, for example, such a choice could be Z = d/d¢. In semigeodesic coordinates
(x® =, x) near a spacelike hypersurface, see (9) after Lemma 2.3, FP v = (v°, v’) means v° > 0. Notice
that for the associated covector (t, §) = gv, we have t < 0.

Given a timelike (x, ') € U, assume first that & is FP. Let & be the lightlike covector pointing into M
with orthogonal projection £’, identified with the vector v = g~ 1£. The geodesic Vx,g& (s) issued from
(x,v), for s > 0 will be called the FP geodesic issued from (x,&’). In Figure 1, left, v = vj,; and
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Figure 1. A tangent timelike future-pointing (FP) vector v” on the left, and a past-pointing
on the right; and the two lightlike vectors viye and vex with the same projection, pointing
to M and outside M, respectively. The FP geodesic y = y, ¢ (s) in both cases propagates
to the future but on the right, it is determined by negative values of the parameter over
it. The corresponding covectors &', & and &ex, are plotted, as well. The lens relation is

L(x, &)= (.7).

V£ (8) = y. If (x,§') is past pointing, then we choose v to be the lightlike vector projecting to v’
pointing to the exterior (vex in Figure 1, right) and take y, ¢/(s) for s < 0. By propagation of singularities,
a boundary singularity (x, §’) as above would propagate either along the FP geodesics chosen above, or
along the past-pointing ones (or both) that we did not choose. The choice we made reflects the requirement
that singularities should propagate to the future only. We call such microlocal solutions outgoing. We
borrow that term from scattering theory. In the case of the classical formulation of the Riemannian version
of this problem, this is guaranteed by the condition ¥ = 0 for # < 0.

Gauge invariance. There exist some gauge transformations which leave the local and the global versions
of the Dirichlet-to-Neumann map Ag 4 , invariant; thus one can only expect to recover the corresponding
gauge-equivalence class. To simplify the formulations, we assume that the DN map A 4,4 is well defined
globally on M. In our main theorems, we will apply this to the WDO part of Ag 44 first, and then ®
below needs to be the identity near a fixed point only. For the semiglobal one, we need ® to be identity
near both ends of the fixed lightlike geodesic only. Since the computations below are purely algebraic,
the lemmas remain true for the localized maps with obvious modifications.

We will consider two types of gauge transformations in this part. The first one is a diffeomorphism in
M which fixes dM.

Lemma 2.1. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form and
q be a smooth function on M. If ® : M — M is a diffeomorphism with ®|ypy = 1d, then

Ng,a,q = Norg,0v4,0%q
Here 1d is the identity map, and ®* g, ®* A, ®*q are the pullbacks of g, A, q under ®, respectively.

Proof. For any f € C°°(dM), let u be the solution of L4 4 4u =0on M withu|sps = f. Define v:= ®*u
as the pull-back of u; then a simple calculation in local coordinates shows that Lg+g ¢+ 4,0+4v = 0 and
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vlgp = f. If we write y = ®(x) as a local coordinate representation of @, then

Agaqf(y)= ’(y) (y)

axl v 8x ayk
J -
ay, i a 5 (x) Ak(x)v(x)

= i/ (x)m(m — i/ (x)(* 4) (x)v(x)

oM

= v/ ()7

oM

= Ao+g, 0% 4,0%¢ [,
oM

where v and ¥ are the unit normals in the y- and x-variables, respectively. The above calculation essentially

verifies that Ag 4 4 is defined invariantly. Therefore, Ag 4,4 = Ag*g o*4,0%q- |

Another type of gauge invariance occurs when one makes a conformal change of the metric g. This
type of gauge invariance also occurs when g is a Riemannian metric and Ag 4 4 is the corresponding
Dirichlet-to-Neumann map for the magnetic Schrodinger equation; see [Dos Santos Ferreira et al. 2009,
Proposition 8.2].

Lemma 2.2. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form and
q be a smooth function on M. If ¢ and  are smooth functions such that

¢lom = velom =0,  Vlom =0,
then we have
. i Ng.aq = Ne=20g.4-dy.e20(g—4,)
where q, 1= enT‘ngeTn‘p.
Proof. A direct computation in local coordinates shows that

n+2
% Lo
e Pg A’q (e 2 u) - _2‘ﬂg’A,ez‘ﬂ(q—qw)us

e VP aqeVu)y="p g, A—dyr,qU-
For any f € C°(dM), let u be the solution of Pg 4 ,u = 0 on M with u|pps = f. Setting v :=
¢"Z°%e~ 1V, we have
n=-2., _;
Pe20g,4-dy,e20(g-q)V = Pe—20g, a-dyre20(q—g,)(€ 2 Ve V1)

n+2 . n+2 —7
=e 2 PPy a_gygqle Vyy=e 2z %e ””Pg,A,quzo.

Furthermore, notice that v,—2¢¢ = Vg by the assumption on ¢; thus

cdv oy
Ae20g,a-ay.e20q—q,) ) =V 55—’ (A’ ox J)vbM

(e TPV .
:vja(e 2 e. u)—iVJ( - aw)(@ 5 gae li//u)laM

dx/
‘ 0 ) 0
:v/(—i%u—i—%)—zvhv/( —a—w])ulaM
~8
— i 2 —iv/ Ajulgpyr = Ag.agf. O
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Gauge equivalent modifications of g, A, q. It is convenient to work in semigeodesic normal coordi-
nates on a Lorentzian manifold. These coordinates are the Lorentzian counterparts of the well-known
Riemannian semigeodesic coordinates for Riemannian manifolds with boundary. We formulate the
existence of such coordinates in the following lemma.

Lemma 2.3. Let S be a timelike hypersurface in M. For every xg € S, there exist € >0, a neighborhood N
of xo in M, and a diffeomorphism ¥ : S NN x [0, T) — N such that

(1) W(x',0) =x"forallx’ € SN N;
(i) W(x/, x™) = yyr(x™), where yx(x™) is the unit speed geodesic issued from x' normal to S.

Moreover, if (xO, e, x”_l) are local boundary coordinates on S, in the coordinate system (xO, cen X,
the metric tensor g takes the form

g:gaﬁdx“@)dxﬂ—l—dx"@dx", a,f<n-—1. (8)

Clearly, gqp has a Lorentzian signature as well. If M has a boundary, then S can be dM and x" is
restricted to [0, €]. A proof of the lemma can be found in [Petrov 1969] and is based on the fact that the
lines x” = const. and x” = s are unit speed geodesics; therefore the Christoffel symbols F,‘; ,, vanish for
all i. We will call such coordinates the semigeodesic normal coordinates. The lemma remains true if S is
spacelike with a negative sign in front of dx” ® dx™ in (8) (we replace the index n by 0 below), and this
gives us a way to define a time function ¢ = x locally, and put the metric in the block form

g=—di> +g;(t,x)dx' ®dx’/, 1<i,j<n, 9)

with g;; Riemannian.

Now we use the gauge invariance of Ag 4 4 to alter g, A, g without changing the DN map. Three
types of modifications are made in the following, labeled as (M1)—(M3) respectively.

Firstly, given two metrics g and g, one can choose diffeomorphisms as in Lemma 2.1 to obtain common
semigeodesic normal coordinates. In fact, let ¥ and U be diffeomorphisms like in Lemma 2.3 with respect
to g and g respectively; then ToUlisa diffeomorphism near 0M which fixes dM. Extend UoW ! asin
[Palais 1960] to be a global diffeomorphism on M. The properties of ¥ and U ensure that the two metrics g
and (\fl o W~1)*& have common semigeodesic normal coordinates near M. Therefore, we may assume:

(M1) If (x/, x™) are the semigeodesic normal coordinates for g, they are also the semigeodesic normal
coordinates for g.

Secondly, we employ the conformal gauge invariance to replace g with a gauge-equivalent one to
obtain some identities which later will help simplify the calculations.

Lemma 2.4. Let S be either a timelike or a spacelike hyperplane near some point pg € S. Given smooth
functions ra, r3, ... on S near py, there exists a smooth function [ near pg with £ =0, d,;u =0on S
so that if V is the diffeomorphism in Lemma 2.3 related to the metric g .= et g, then

3 det(U*g) =rj, j=2.3,...,

on S near po. Here 9, = 0/0x™ with (x°, ..., x™) the semigeodesic normal coordinates for g.
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Before giving the proof of the lemma, we remark that (x°, ..., x") may not be the semigeodesic
normal coordinates for g.

Proof. The statement of the theorem is invariant under replacing g by W* g for any local diffeomorphism ®
which preserves the boundary pointwise. Therefore, we may assume that g is replaced by W*g, i.e., that
x = (x/, x™) are semigeodesic coordinates for g.

Note first that the conformal factor does not change the property of a covector being normal to S but
rescales the normal derivative and may change the higher-order ones because Yy’ may change its curvature
with respect to the old metric. More precisely, for the vector e, = (0, ..., 0, 1) we have g(ey, en) =Fl1
but g(en, en) = Fet. Therefore, for the correspondlng normal derlva‘uves we have 8,) —e 2 0y = 0p
on x" = 0. Let P,/(s) be the normal geodesic at x” € S with yx/ consistent with the orientation of §,
normalized by gA()ﬁx/(s), );/x/(s)) = F1. Then for every smooth function f,

" f()xr=0 = B Len=o f (P (6™).
For j =0, 1, the results are not affected by the conformal factor and we get
U f(@)ro = f(0), 88" f(X)r=0 = fu(x".0).
To compute the higher-order normal derivatives, we write
2V f(x') = fi P9l + it onx" =0. (10)
Under the conformal change of the metric, the Christoffel symbols are transformed by the law
I‘Jkk Fk + > 8k8 uw+ %5}‘3,-# —g,-ij;L.
In particular,
Ty =T+ 58K 0n i+ 385 0nit — gnn V¥ 10 = 85 0 — 38" 0110 (11)
Therefore, f‘,’,‘n =0 on x" = 0 and (10) reduces to
PU* f(x') = fun onx" =0. (12)

In a similar way, we may compute 8{;@* f(x’) on x™ = 0. The result is 8£ f plus normal derivatives
of f of order j — 1 and less, with coefficients depending on the normal derivatives of p up to order j — 1.
For our purposes, the exact expression does not matter.

The metric g has the form

v g0/ (bug o e gus N " ggn
ok ol e o) T T ok ol

where the Greek indices range from 0 to n — 1 (but not 7). In particular,

(W* 8k = (&ij 0 W) —

det U* g = (detdW)? det(g o ¥). (13)
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We need to understand the structure of 3’; (det d\TJ)| xn=0 now. For k = 0, we have d@l xn=0 = Id.
Notice next that

AU = (9o, ..., 0,10, 9, 0), (14)

where each partial derivative is a vector. Since by (11), 92 = —f‘,’1 , =0 for x" =0,
dp (det dW)|xn—q = 0.
To analyze k = 2, we notice first that
BV = 9,18, = 0, (800 — 28" 01 11) = —8L ptnn +--- .

where the dots represent a term involving lower-order d,-derivatives of . Using this in (14), we get

0%(det dW)|n =0 = —fnn|xn=o0.
Reasoning as above, we see that

37 (det dW)|xn—g = —07 pt|xn=o +--- . (15)

where the dots represent terms involving normal derivatives of  (possibly differentiated tangentially) up
to order j — 1.
We will analyze the normal derivatives of det(g o @) in (13) now. Since det & = e* det g, we get

9, det(8 o U) = 8, (DY et g o )
=M+ 1)u,detg + 0, detg =09, detg on IM. (16)
We used the fact that d¥ = Id on M and that 9,d¥ = 0 since du = 0 on dM. Therefore, 8% detgo =
97, detg on x" =0 for j =0, 1. . .
For the highest-order derivatives, notice that 8%@ involves 8{,_1u as its highest-order normal p-
derivative, as the arguments leading to (15) show. Differentiating (16), we therefore get
8/ det(§ o U) = 3J (DY det g o )
=(m+1)@.pu)detg+--- ondM, (17)

where the dots have the same meaning as in (15).
Using (13) in combination with (15) and (17), we get

05 (det W*@)|xn=g = (n — 1)(3} ) det g +--- . (18)

To complete the proof of the lemma, we determine the normal derivatives of y on x” =0 for j =2, ....
We get first 92 (det T &)lxn=0 = (n — ) nn|xn=0, which needs to be equal to r,, and can be solved
for pnn. Then we can determine the tangential derivatives of the latter. After that, we can solve (17) with
J =3 for pnnn, etc. To complete the proof, we use Borel’s lemma. O

Let g and g be two metrics satisfying (M1) with the two diffeomorphisms W and W respectively, as in
Lemma 2.3. Applying Lemma 2.4 to S = dM and p = x¢, we can find a metric g := e*g with u =0,
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dyit =0 on AM such that under the semigeodesic normal coordinates (x°, ..., x™) for g we have
97 det(W*g) = 9/ det(¥*g), j =2,3,...,

on dM. Notice that (x°, ..., x") are also semigeodesic normal coordinates for g by (M1).

Now consider the metrics (@ o \Tl_l)* g and g. These metrics have common semigeodesic normal
coordinates (see the argument following Lemma 2.3), which are (x°, ..., x™). In these coordinates the
choice of g yields

37 det(T* o (W o U™1)*5) = 3/ det(U*g) = 9/ det(U*g).
Thus we may replace g by (\TJ o @_1)* g and change A, g accordingly, as in Lemma 2.1 and Lemma 2.2,
without affecting A g 4,4. We therefore can assume that g and g satisfy not only (M1), but also:

(M2) In the common semigeodesic normal coordinates (x’, x™),
3/ det g(x’,0) = 8/ detg(x,0), j =2.3,....

Here we have identified the metrics with their coordinate representations under 0.
Thirdly, we make modifications to the 1-form A. Again the modification does not change the gauge-
equivalence class of Ag 4.4 due to Lemma 2.2.

Lemma 2.5. Let (M, g) be a Lorentzian manifold with boundary as above, let A be a smooth 1-form
and q be a smooth function on M. There exists a smooth function & with ¥ |gps = O such that in the
semigeodesic normal coordinates (x', x"), B :== A — d satisfy

3 By(x',0)=0, j=0,1,2,.... (19)
Proof. We can find a smooth function ¥ with
v (x',0) =0, 3Ty (x,0) =8/ A, (x",0), j=0,1,2,....
Extend it in a suitable manner so that ¥ € C°° (M) with Y557 = 0. Then B = A — d satisfies (19). O

As a result we may further assume:

(M3) In the common semigeodesic normal coordinates (x’, x") of g and g,

3/ Ap(x',0) = 8] A, (x",0) =0, j=0,1,2,....

3. Boundary stability

We choose the semigeodesic coordinates (x/, x™) near xg so that xo = 0, dM locally is given by x” =0,
and the interior of M is given by x” > 0. Let £’ be a future-pointing timelike covector in T;‘O oM at xg.
On Figure 1, the associated vector would look like v’ on the left, while the covector £ would have the
opposite time direction, like the figure on the right. Let y(x’, £&') be a smooth cutoff function with small
enough support in I/ that is equal to 1 in a smaller conic timelike neighborhood of (x¢, £%). Assume also
that y is homogeneous in &’ of order 0.
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For o
f(x) =My (x, £, (20)

and for every N > 0, we would like to construct a geometric optics approximation of the outgoing
solution u of (3) near xg in M of the form

N
. , 1
Uy (x) = e A8 Z ﬁaj(x, £). 1)
Jj=0
The eikonal and the transport equations below are based on the identity
e M peitt = 2267k (3;¢0) (k) +iA0g +2iAg ¥ ;¢ (3 —iAy) + P.

In M near x¢, the phase function ¢(x, £’) solves the eikonal equation, which in the semigeodesic
coordinates takes the form

g 0u$ 0pp + (9n9)> = 0. lun—o=x"-§" (22)
With the extra condition d,¢|yp < 0, (22) is locally uniquely solvable. Moreover, (22) implies

O (x',0) =&,(x",€")>0 forany (x, &) ecUl, (23)

where

En (X, E) 1= V=g (X', 0)Ea 5. (24)

Notice that the choice of the sign of &, makes £ a lightlike future-pointing covector, pointing into M. In
Figure 1, the associated vector v = g~ £ looks like vjy on the left.

We recall briefly the method of characteristics for solving the eikonal equation. We first determine
d¢ on x" = 0 to get (23) or the same equation with a negative square root. We choose one of them,
and in this case our choice is determined by the requirement that d¢ points into M; see Figure 1. Let
now (¢,¢/(s), px,&/(s)) be the null bicharacteristic with g,/ ¢/ (0) = X', pyg(0) = (£, €,). We think of
(x’,s) as local coordinates and set ¢(x’, s) = x’ - €. More precisely, ¢ is uniquely determined locally by
the requirement to be constant along the null bicharacteristics ¢ ¢. Moreover,

p(s) = Vxo(q(s).&). (25)

Since by the Hamilton equations, ¢’ (s) = g/ p (), we get in particular that g9 i ¢ 0; is just the derivative
d/0ds along the null bicharacteristic.

In M near xo, the amplitudes ag and aj, j =1,2,..., solve the following transport equations:
TaO :07 a0|xn=0 - Xv (26)
iTaj =—Paj_1, ajlxy,=0=0, j=>1 27

where the operator T is defined as

T:=2g7%0;¢ (0 —iAg) + Og . (28)
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We prefer to express the bicharacteristics through the geodesics
[(s) := (gx,g/(5) P (5)) = (Vx,(5), 8Vxrg/ (5)).
Then along the bicharacteristics, we have
T =205 —2i (A, p(s)) + Ogp = 2udsp™ ", (29)

with the integrating factor u given by

N

nro) =exp| =3 [ Ot g @naof el [4tson. esp@)acl. G0

The amplitudes a;, j = 0,1, ..., are supported in a neighborhood of the characteristics issued from
Xo € OM in the codirection £(xg). As a result, on some neighborhood of x¢y, we have uy solves
Puy = 0Q™N), ulap = f.

loc
Theorem 3.1. Ag’A’q

is an elliptic WDO of order 1 in U.
Proof. Given f € £'(U), not related to (20), with a wave-front set as in the theorem, we are looking for

an outgoing solution u of Pu = 0 near x9, u = f on U, of the form

u(x) = (27)" / ST (&) () . 31)

The phase ¢ solves the eikonal equation (22) and therefore coincides with ¢ there. We chose the solution
which guarantees a locally outgoing u, which corresponds to the positive square root in (24). We are
looking for an amplitude a of the form a ~ Z;’;O aj(x, &), where a; is homogeneous in the §’-variable of
degree —j. The standard geometric optics construction leads to the transport equations (26), (27). Using
the standard Borel lemma argument, we construct a convergent series for a. Then u is the microlocal
solution (up to a microlocally smoothing operator applied to f) that we used to define Ag’f 4,4+ Then
A, f =0u/ov|y. Since ¢ = x"-& on U, we get that A?’CA,q is a WDO with symbol

8,49
—i &y (x' ) — Opa|xn=o.
In particular, for the principal symbol we get
0p(Agis ) (V') = —ibn = —i V=g (X)atp. (32)

We proceed in the same way if (x, &) is past pointing.
It remains to show that if we use another locally outgoing solution #, the resulting Klé‘,’c Agq would differ
by a smoothing operator. This follows by considering v := u — # which is a locally outgoing solution

with smooth boundary data, which therefore must be smooth. We omit the details. O

We prove a stable determination result on the boundary next. Let (g, A4, g) and (g, A, q) be two triples.
Define

8=[Agiag =2 a 12wy (33)
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where, as above, Alo’C Ag and A10C _ are the local DN maps associated with (g, A, g) and (g, A,9) respec-
tively microlocally restricted to a ﬁxed conic neighborhood ¢/ of a timelike future-pointing (xg, £%) € T*U
with xg € U C M. As above, we assume that £ is future pointing and timelike for both g and g,
and that ¢/ is small enough so that it is included in the future timelike cone on 7*U for both metrics.
Therefore, in the theorem below, we need to know the DN map microlocally only near a fixed timelike

covector on T*0M.

Theorem 3.2. Let (g, A, q) and (g, A, q) be replaced by their gauge equivalent triples satisfying (M1)—
(M3). Then for any u < 1 and m > 0, and some open neighborhood Uy € U of x,

~ o
(1) SUP, gy 1y 1<m |97 (8 — &) < C57;

~ _u
(2) SUPxeTy,y|<m |07 (A —A)| < Cs2m+T;

. _u
(3) SUPyeiyyj<m 107 (@ —§)| = C827F2

are valid whenever g,2, A, g,q, g are bounded in a certain C* norm in the semigeodesic normal
coordinates near xg with a constant C > 0 depending on that bound with k = k(m, ).

Proof. We adapt the proofs in [Montalto 2014; Stefanov and Uhlmann 2005b] in the Riemannian setting.
Let 'y be a small conic neighborhood of 50’. We can assume that y = 1 on Uy x I'g. Let f be as in (20).
We restrict (x’, ') to Uy x I'g below. In addition, we normalize &’ to have unit Euclidean length (in that
coordinate system). Since d,, = —dj,, the formal Dirichlet-to-Neumann map in the boundary normal
coordinates (x’, x™) is given by

Ay () = —eHF (zxzw»(x 0, §>+Z 7@ iAn)aj(xio,@)+0(1‘N‘1>- (34)

The expression for A 744 f is similar, with ¢ and a; replaced by ¢ and G 7, respectively.

The representation (34) could be derived from (21) but since u there is an approximate solution only,
and we defined Al gAg microlocally, we need to go back to its definition. To justify (34), notice that by
[Taylor 1981, Chapter VHI 7], on the set y = 1, we have e ~1Ax" E/A}S,OCA p
A}g‘,’CA g With A = |&| and £ in (34) unit.

In the following, C denotes various constants depending only on M, y in (20), on the choice of k >> 1
and on the a priori bounds of the coefficients of P in C k Solving for d,¢ (resp. 8,,(;3) in (34) and taking

f is equal to the full symbol of

the difference we obtain

N

Iy 1 oc oc 1 1 ~ , ~ . —N—

Onp— dnp = J(AIg’A,qf A; FaAR s 2(:) 271 naj =) —i(Anaj — Anap)] + O b
j:

in L2(Up). Integrating in Up yields

~ C C
19n¢ = In@llL2(wo) = S8 S Nl o) + - (35)
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The choice of f in (20) indicates that || f'|| z1(¢y,) < CA. Thus, taking the limit A — oo yields

& — Enll L2y = 19nd — 3l L2y < C8. (36)

From relation (24) we have
16 = &°")eatp | 2y = 167 = ExlL2we) = [ Pn9)” = @) | 2y < €S- BD)

We use the following argument here and in several places below: a quadratic form h*# £, & g is uniquely
determined for £’ in any fixed-in-advance open set I' on the unit sphere. In fact, one can choose n(n—1)/2
vectors £’ in I" and then the recovery is done by inverting an isomorphism on R~ 2™, and is therefore
stable; see [Dairbekov et al. 2007, Lemma 3.3]. Therefore, (37) implies ||g — &l 12w, < CS. By
interpolation estimates in Sobolev space and Sobolev embedding theorems, we have for any m > 0 and
u <1 that

g —&llcm@y < C8" (38)

provided k >> 1 is sufficiently large.
Second, we show that the first-order normal derivatives of g and the 1-form can be stably determined
on the boundary. From (34) we have

(0n —i Ap)do — (0 —iAn)ao = e " E(Ag agf — Nz 541)

FiA@On — Ind) + Z L (Onaj — dpa;) + O(ANH) in L2(Up).
Estimate as in (35) to obtain
[ @ —iAn)ao — On =i A)ao | 2y = € (8+ 28+ 1),
which holds for all A > 0. In particular, we may choose A = 8§72 to minimize the right-hand side; then
| @n —iAn)ao = (Bn —i An)do]| 12,y < C62. (39)

In order to estimate the difference of first-order normal derivatives of the metrics, we consider the
transport equation in (26). Since y = 1 for x € Uy, it follows from the boundary condition in (26) that
dato = dqx =0 fora =0,...,n—1. Moreover, g’/ = §" in the semigeodesic coordinates; thus the
transport equation in (26) becomes

26, (0n —iAn)ao — 21 A%y + On(v/—detgong) + Q(g) =0, (40)

1
/—detg
where, as before, Greek indices range from 0 to n — 1 (but not n). Here A% := g""B Ag,and Q(g)isa
linear combination of tangential derivatives of g, which is defined as follows:

0(g) = ————0a(/—detgg®? &g,

«/7
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where we have used that dg¢ = &g in Up, B =0,...,n—1. As a consequence of (38),

0(g) — Q(3) = 0(52). (41)
Therefore, combining (39), (40) and (41) we obtain

ma n(/—detgad,d) — \/T

Notice that

o 3,(J/—detgnd) — 2i (A% — A%, = O(82).

E
2 det

—0,(/—detgd,¢) = a det gdn¢ + 03¢ =

o aB
/—detg S ang Saéﬂ

is an even function of &. Here in the computation, d,¢ is substituted by &, due to (23) and 92¢ is

calculated by differentiating the eikonal equation (22). Separating the even and odd parts in & we
conclude

En RPN _ En _ 5 zaB — 082
(2dt 0, detg 2Sn8ng Safﬂ) (2dt 0p det g ¥ Bn éaéﬂ)—O(S ), (42)

(A% =A%) = 0(87). (43)
From the odd part (43), varying & locally, we get
~ 1
||A_A||L2(Uo) < Céz2. (44)

To deal with the even part, notice (42) states that

b s
2detg Op det g anang Eabp

is stably determined of order 0(8%). As &, is stably determined on Uy, see (36), their product

&

Y det g — 5 008" bty =

1
“Peabp — 50n8" Eutp

_ 1 L . goP

5 detgan (detg-g™")Eatp
is also stably determined. Since det g is known to be stable and away from zero, it follows that dph*P
is stable where h®f := (det g)g®f. Hence, the normal derivative of g = (deth)ﬁh is also stably
determined; that is,

~ 1
[0ng — ang||L2(U0) <Céz2. (45)

Using interpolation and Sobolev embedding theorems, we obtain from (45) and (44) that for any m > 0
and pu < 1,

~ ~ “
||ang_angllcm((70) + ||A_A||Cm((70) <Cs2 (46)

provided k >> 1 is sufficiently large.
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Next we show that the second-order normal derivatives of g, the first-order normal derivatives of A,
and the values of g can be stably determined on the boundary. By (34) up to A~! we obtain

. L 1 _
|@n —iAn)ar = O =i An)ar || 2,y < C(A%84+ 182 +171).
Choose A = §~# to minimize the right-hand side. Then
. L~ 1
|@n = iAn)ar = O —i An)ar || 2,y < C8*. (47)
Consider the transport equation (27) for a;. In the semigeodesic coordinates this equation takes the form
2itn(dn —iAn)ar = —02ao +q + O(52). (48)

where O (6 %) represents the stably determined terms of order O(§ %). (In fact, a1 = 0 in these expressions
by the boundary condition in (27), but it is left here for the convenience of tracking the corresponding
terms.) From the estimates (36), (45) and (48) it follows that

~ - 1
(=Bpa0 + d3do0) + (¢ —§) = O(5%). (49)
To obtain an expression of 82a0, we differentiate the transport equation in (26) and evaluate it on Up:

8,2,a0 =

92 det ——33 1 gaBy 4 052

1 i 1
2 det —a ap — g9, 4 082
4 dot etg + 4gn goeéﬂ + ng n otéﬂ + 0(82),

where the 0(8%) terms are estimated by (38) and (46) and we have used that d,, 4, (x’,0) = 0 in (M3).
Inserting this into (49) and separating the even and odd parts in &’ gives (notice that &, = /—g*B &, g 18
an even function of £'):

1 1 1
32 det ——82dt - op —92g*h 0% 50
(4det ndetg—-—— etg 452 9g” Sa§ﬂ+4§n Saéﬂ) +(g—q)=0(5%), (50)

_sl_g B Auks +§—g°'ﬂa wAytp = 0(5%). (51)

To deal with (51), we multiply the two terms by &, and §n respectively. This is valid since &, is stably
determined in (36). By the argument following (37),

19n Aa = 00 A2y < C82.
To deal with (50), recall the following matrix identity which is valid for any invertible matrix S:
dlog|det S| = tr(S~105).
Taking S = g* and applying B,ﬁ._l we see that

3/ log(— det g% = ai_l(gaﬂang“ﬂ), j=12,....
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For j =2, it gives
Sap aﬁg""3 = 92 log(— det g%y — Ongap dng®P

The right-hand side is stably determined by (M2) and (45); we thus get on Uy that
1
2ap078"? —Zap78*" = 0(52). (52)

On the other hand, remember that the two metrics g and g have been modified to satisfy (M2); thus
by (37)

2 B 2 1~ 1 2 _
4d rgondete 4d gondetg = (4detg 4det§)a" detg = 0(9).
This together with (50) gives
1 ~ 1
(~agthasuts + 5 kuts) + a0 = 061 53)

Again we multiply the terms without the tilde by S,% and those with it by é,%, using (24) we have
(078°7 + 495" = 5% — 438 eulp = 0G).
By the argument following (37),
@8°F +4q8°") - 075° +448") = 0(6%).

Multiplying those terms without the tilde by g4, those with the tilde by gog, and then summing up in
o, B yields

(2ap 028" +4nq) — (Zap 330 +4nd) = O(5%).
From (52) we come to the conclusion that
lg—dllz2qy < C5%.
Inserting this into (53) and using the argument following (37),
1978%% =072 | L2y = €87
Putting the estimates on g, A, g together, we have established
1928 — 9221l 2wy + 19n Aa — 0 Aull 2w + g = Gl L2y < €83
As before, interpolation and the Sobolev embedding theorem lead to
1028 — 828l otz + 190 Aa — I Aull ey + 19 =l omergy < C8%

for m > 0 and u < 1. Repeating this type of argument will establish the stability for higher-order
derivatives of g, A, g on Up. O
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Figure 2. The solution u.

4. Interior stability

The semiglobal microlocal solution. We construct the semiglobal microlocal solution u sketched in the
gl

8,4.q°
timelike (xo, £%’) € T*9M \ 0 and a small conic neighborhood ¢ of it. We choose a local orientation so that

Introduction in the paragraph following (5) and used to define A We recall the assumptions. We fix a
(x0, £97) is future pointing. Then there is a unique lightlike (xg, £%) € T* M \ 0 which projects orthogonally
to (xo,£%). Let yo be the zero bicharacteristic issued from (xg, £%) extended until it hits 7*9dM again,
transversally, by assumption, at some (yg, %) with projection (yo, %) = L(xo,£%) € T*OM. Let
Y = L(U) and denote by U and V the projections w(Uf), w(V) of U and V onto the base, i.e., their
“x-parts”. Denote by I' the union of all zero bicharacteristics issued “from U/, i.e., from all future-
pointing (x, £) with x € dM which have projections on the boundary in ¢4. Let I'p := 7 (I") C M be the
projection of I onto the base; see Figure 2. We assume below, for convenience, that (M, g) is embedded
in a slightly larger manifold.

Next proposition says that the microlocal solution u used in the Introduction to define A?s Ag is well
defined.

Proposition 4.1. If U is small enough, then for every [ € E'(IM) with WE(f) € U there exists a
distribution u defined in a neighborhood of T'g so that Pu € C*®(Ty), u|ly — f € C®(U) andu|y € C*.
Moreover, u is unique up to a smooth function in I'y.

Proof. We are looking for a solution ™™ of the form (31) with f having a wave-front set in /. Past-
pointing codirections can be handled the same way. The solution is the same as in Theorem 3.1 but we
is supported

in a small neighborhood of the null bicharacteristic (projecting to a null geodesic on M) issued from

are now trying to extend it as far as possible away from dM. We know that microlocally, 2"
(x0, £9) with £° future pointing with a projection & " on the boundary; i.e., £0 = (& o’ £,(x0, £9)), where
&y is given by (24). See Figure 1. This follows from the general propagation of singularities theory but in
this particular case it can be derived from the fact that 7" in (28) has its principal part a vector field along
such null geodesics, and WF (") can be analyzed directly with the aid of (31).

Such a solution is guaranteed to exist only near some neighborhood of x¢ because the eikonal equation
may not be globally solvable. On the other hand, the solution is still a global FIO applied to the boundary
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data f. Indeed, it can also be viewed as a superposition of a finite number of local FIOs, each one
having a representation of the kind (31). We construct ™ first near dM; call it u;. Then we restrict
it to a timelike hypersurface S; intersecting the null geodesic 7 (yp) transversely and we chose S; so
that the geometric optics construction is still valid along 7 (o) until it hits S1, and a bit beyond it. We
take the boundary data at S7, and solve a new similar problem, by taking the outgoing solution (the
future-pointing cone on S is the one determined by WF(u1|s,)), etc. By compactness arguments, we can
cover the whole null geodesic (the projection of yg to the base) until it hits dM again. This construction
provides solutions (modulo smooth terms) u, . .., U, each one defined in an open set 'y, where | x Tk
covers I'g. Without loss of generality we may assume that the only intersections of the I'y’s happen
among consecutive ones. Then on Sy, near the intersection with 7 (y), we have two microlocal solutions:
Uy and Uy 41. They have the same traces on S modulo a smooth function.

Next, in their common domain of definition, u; and ug 1 coincide up to a smooth function. Indeed, the
difference v has smooth trace on Sj and it is outgoing. By the last paragraph of the proof of Theorem 3.1,
v is smooth near S.

We choose a partition of unity 1 =) ; xx near Ty subordinate to that cover and set 1™ = _ k XkUk-
The latter is a microlocal solution (i.e., a solution up to smooth errors) in a neighborhood of I'g. Indeed,
this is not completely obvious only when supp yj and supp yx 1 intersect but then ux; = uy modulo
€ and therefore, near such a point, u™ = yug + yx41Uk+1 = ux modulo C>, which is a microlocal
solution.

We use this argument several times below. This construction is similar to that in [Duistermaat 1996],
where it is shown that the Cauchy problem on a spacelike surface gives rise to a global FIO. As a result,
one gets a microlocal solution ™™ in a neighborhood of "¢ (not satisfying the needed boundary conditions
on V' yet) as a composition of a finite number of FIOs.
mc

We need to reflect '™ at V' to satisfy the zero boundary condition. We write the solution u as the sum

of the incident wave u™™ and the reflected wave u™: u = '™ 4+ u™f The construction of u"f is similar —

we start with boundary data —u™™|y on V and singularities which propagate into M into the future (the
inc

past-future orientation near V is determined by declaring the singularities of ¥ on V coming from the

ref peeds

past). We refer to (57) below and the construction following it for more details. The solution u
to be extended to a small neighborhood of the geodesics near yg reflected at ' until they leave I'g. By
choosing U small enough, we guarantee that the reflected geodesics do not hit M again.

Finally, we prove the uniqueness statement. If #; and uy are two such solutions, then v :=u1 —uy is
smooth on both U and V. A priori, v can be only singular along bicharacteristics close to yg or its reflection
from V. By the argument we used above, v must be smooth in I'g with the possible exception of some neigh-
borhood of V in M, where ™! might be nontrivial. Near V, we know v has smooth Cauchy data. An (eas-
ier) adaptation of the same argument shows that v has to be smooth near V' as well. Indeed, otherwise, for v,
extended as zero outside M, we would get that P v has singularities conormal to V' only, and the microlocal

propagation of singularities theorem then would yield that v has no singularities near yg or its reflection. [

gl
8.4,
part of the proposition shows that Ai,l Aq is defined up to a smoothing operator.

Having constructed u, then we define A as in (4) but with the so-constructed u. The uniqueness
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Ai,l 44 Tecovers the lens relation L in a stable way.

)

Theorem 4.2. Under the assumptions in the Introduction, A? Ag is an elliptic FIO of order 1 associated
with the (canonical) graph of L.

Note that we excluded lightlike covectors in WF( f'). This excludes bicharacteristics (geodesics) tangent
to dM carrying singularities of u. This is where the two Lagrangians (one of them being the diagonal)
intersect. We also restricted u to the first reflection shortly after that. Without that, the canonical relations
would contain powers of £. The theorem is a direct consequence of the geometric optics construction and
propagation of singularities results for the wave equation and can be considered as essentially known.

As a consequence of Theorem 4.2, for every s, we have Ag”c 4,4 Maps H S(U) into H*~1(U) and
Ai,l’ A,q Maps HS(U) into H5~!(V). Fixing s = 1, one may conclude that the natural norms for those
two operators are the H! — L2 ones. While both operators are bounded in those norms, their dependence
on the metric g is not necessarily continuous if we stay in those norms. For Aléﬁ’,“ A.q0 We will see that the

principal symbol (and the whole one, in fact) depends continuously on g; and in fact the whole operator
gl

8,4.q
operator itself does not. This observation was used in [Bao and Zhang 2014]; see also [Stefanov et al.

does, as well. On the other hand, while the canonical relation of A depends continuously on g, the

2016] for a discussion.

Proof of Theorem 4.2. We will analyze first the map F : f + u'"|g, where S is a timelike surface as in
the proof of Proposition 4.1, and (31) for u = uj, is valid all the way to it, and a bit beyond it.

Change the coordinates x so that S = {x"” =1}. This can be done if S is close enough to M. Then
(31) with x = (x/, 1) is a local representation of the FIO F and its canonical relation is given by (see,
e.g., [Taylor 1981, Chapter VIII])

(Ve dlxn=1, E) > (X, Virglxn=1).

By (25), with the momentum p projected to 7*{x" =1}, we get that this is the lens relation £; from
U CT*OIM to T*S (instead of the image being on T*IM again).

We can repeat this finitely many times by choosing Sy, S>, etc., to get a composition of finitely many
canonical relations, starting with £7; then £, maps data on 7*S; to T*S,, etc. That composition of, say
m of them, gives the lens relation from dM to Sy,. In the final step, we need to take the normal derivative.
This shows that the map f +> d,u™™|y is an FIO of the claimed type.

To prove this for Ai,l’ 44> We need to add d,u™ . The latter has an oscillatory representation of
the same kind with a different phase; see (57). Its normal derivative on V is the same however and the
principal symbol is the same as that of 3,u"'|y/; see (58) below. O

To prove stable recovery of the lens relation £, we recall that the H! — L? norm of the DN maps is
not suitable for measuring how close the canonical relations £ and L of the FIOs A?, Ag and Ai;l’ i are.
Instead, we formulate stability based on measuring propagation of singularities. Given a properly supported
WDO R on dM near (g, n°), with a principal symbol rg, we consider A*RA, where A = Ail’ Ag By
the Egorov theorem, this is actually a WDO near (xg, &) with a principal symbol (rg o £)Ag, where A¢

is the principal symbol of AA* which depends on g. In this way, we do not recover £ directly; instead
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we recover functions of £ for various choices of r¢, multiplied by Ao. Choosing a finite number of R’s
satisfying some nondegeneracy assumption, we can apply the implicit function theorem to recover £
locally. In fact, we choose below the differential operators

(Riy={1,»%...,y" "1, 8/0)y°,...,9/0y" !} (54)
Theorem 4.3. Let (y°,...,y" 1) be local coordinates on dM near yo. Let
n—1 . )
Z IA*y/ A= A*y AMlgzwy»r2@w) <8, IIAN"A = A" Al g2@y—12@w) < 6.
=0
’ (55)
n—1 9 _ 9 ~
> A*—.A—A*—.AH <3,
izo dy/ W 3y —L2U)
with A = A?A P A = A% _ . Assume that (g,4,q9) and (g, Z,q) are e-close to a fixed triple

. . g,4, . . . .
(go, Ao, qo) in a certain C k norm in the semigeodesic normal coordinates near xo and near yo. Then
there exist k > 0 and j € (0, 1) so that

(L=D)(x.&)| = C8"—g(§.&) forall (x.§) €U, (56)
if U and & > 0 are small enough.

A few remarks:

(a) The square-root term is just a homogeneity factor.

(b) The cotangent bundle T*dM is not a linear space; therefore the difference £ — £ makes sense in
fixed coordinates only.

(c) The norms in (55) are the natural one since the operators we subtract there are WDOs of orders 2
and 3, respectively.

(d) The norms in (55) are equivalent to studying the quadratic forms (Af, RjAf) — (K [ R; A ).

(¢) One could reduce the number of the R;’s to 2n — 2; in fact, Rg = 1 in (55) is not needed, as it
follows from Remark 4.8, since we can recover 1’/n, and use the fact n = (17, n,) is a null covector.

We prove Theorem 4.3 at the end of this section.

Stable recovery of the light ray transforms of A and q. Let, as in the Introduction, £° € Ty, M \ 0 be
the future-pointing lightlike covector whose projection on 7*9M \ 0 is the timelike covector £%’ as in the
definition of the semiglobal DN map. Let yp := y,, g0, be the lightlike geodesic issued from (xo, & 0)
which intersects M at another point yo. Let V' be a neighborhood of yo containing all endpoints of
future-pointing geodesics issued from ¢/. Choose and fix any parametrization of the lightlike geodesics
close to yo by normalizing &. This defines a hypersurface Uy in . The theorem below holds if ¢/ is a
small enough neighborhood of (x¢, £%’), and therefore U is small enough, as well. Then L and Lg are
well defined on Up.
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Theorem 4.4. Fix a Lorentzian metric g and (xg, £°) satisfying the assumptions above. Let (A, q) and
(A q) be two pairs of magnetic and electric potentials. Define § := ||Ag Aq A?,Z,q |z @)—L2v)-
Then:

(a) Forany u <1 and m > 0, the following estimates are valid for some integer N whenever g, A, A, q,q
are bounded in a certain C* norm:

IL1(A— A) = 27N || e gz < C8H.

(b) Under the a priori condition || A — A”CI(M) < 81 for some §1 > 0, forany 0 < u < ' and m > 0,
the following estimate is valid whenever g, A, A ,q,q are bounded in a certain C k norm:

1Lo(q = Dllem @y < CE* +87).

If there are no conjugate points along yg, the proof can be done using a geometric optics construction
of the kind (21) but with a different phase in (21) all the way along that geodesic and taking the normal
derivative in V. Since we do not want to assume there are no conjugate points along yo, we will proceed
in a somewhat different way.

The fact that we cannot rule out the case N % 0 based on those arguments can be considered as a
manifestation of the Aharonov—Bohm effect. If A and A are a priori close, then N = 0.

We start with a preparation for the proof of the theorem. Consider first the geometric optics parametrix of
the kind (31) of the outgoing solution u like in the previous section. We assume that the boundary condition
f has a wave-front set in the timelike cone on the boundary, and for simplicity, assume that it is in the future-
pointing one (7 < 0 in local coordinates for which d/0¢ is future pointing). Assume at this point that the con-
struction is valid in some neighborhood of the maximal yy. We microlocalize all calculations below there.
All inverses like D1, etc., below are microlocal parametrices and the equalities between operators are mod-
ulo smoothing operators in the corresponding conic microlocal neighborhoods depending on the context.

The construction is the same as that in the previous section, but this time the outgoing solution u is
constructed near the bicharacteristic issued from (xg, £%’) all the way to yo. Since the solution can reach the
other side of the boundary, we need to reflect it at the boundary to satisfy the zero boundary condition. We

inc and the reflected wave u'™f: u = u'™® + u'f where

uinC(x) — (2n)—n/ eiq)(x,é’)(a})nc +ai1nc + RinC)(x’ Sl)f(é./) dfl,

write the solution u as the sum of the incident wave u

(57)
uref(x) — (27_[)—}1/ ei¢ref(x,§") (a{)ef + arlef + Rref)(x’ %./)f(é./) dé_./
Here the phase function ¢™ solves the same eikonal equation as ¢ does but satisfies the boundary condition

™|y = ¢. It differs from ¢ by the sign of its (exterior) normal derivative d¢/dv = —3¢™ /dv >0 on V.
The amplitudes are of orders 0 and —1, respectively, and satisfy

Tincaglc — 0’ mC|U =y,
ref ref ref nc
T™ay =0, |V——a1 lyv,
l-Tincainc _ Pamc mC|U — 0

Tref ref _P aref ref | v = 1nc | v,
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where T and 7" are the transport operators defined in (28), related to the corresponding phase function,
and the remainder terms are of order —2. Replace A and A with their gauge-equivalent field satisfying
(M3) on V. This does not change their light ray transforms. A direct computation, which can be justified
as (34), yields

NSy f =0 / e PED (21(3, 9)ail® + 2i (3y)al® + 3y (@i + afh) +a_y) £ (&) dE',  (58)

where a—1 is of order —1 and ¢ and the amplitudes are restricted to x € V.

The expression (58) allows us to factorize Ai,l’ Aq 38 A‘:;l’ Ag= 2 No D modulo FIOs of order 0 associated
with the same canonical relation, where Df is the trace of u'™ on V (a “Dirichlet-to-Dirichlet map”)
and Ny is the DN map Ag’fo’o but localized in V. Note that replacing A and ¢ in Ny by zeros or not
contributes to lower-order error terms. Let Do be the operator D related to A =0, ¢ = 0. Let Ny 1
and Dy ! be microlocal parametrices of those operators which are actually parametrices of the local
Neumann-to-Dirichlet map and the incoming Dirichlet-to-Dirichlet one from V' to U. Then

Dy'Ny'AE

e Aqg = 2D0_1D mod S~! (59)

is a DO of order 0.
In the next lemma, we do not assume that the geometric optics construction is valid along the whole yq.

Lemma 4.5. The operator D, INO_ 1 Ai,l Ag is a WDO of order 0 in U with principal symbol

2expliL1A(yxe)} (60)
where yy: g is the future-pointing lightlike geodesic issued from x' in direction & with projection &',
Proof. By (59), we need to find the principal symbol of D ID.

The transport equation for ai(;‘c is

[2¢7%(3;0) (B —iAx) + Tglai =0, ali|ly = 1.

As explained right after (25), g/*(d j¢)0 is the tangent vector field along the null geodesic yy g .
Therefore, with I'(s) := (yx,¢/(5), gVx,&/(5)), as before, on the set y =1 we get ag‘C = u; see (30). Thatis,

ai(;“?(r(s)) = exp{ —%/0 Ogp)(T'(0)) da} exp{i /0 Ay o Vx’,&’(UW,’f/,g/(U) do; . 61)
Take s = 5(x,§) so that y,/ ¢/ (s) € V to get

(ag®o£)(x, &) = exp{—3 L(Ogp)(x', §) +iL1 A(X, £},
where we use the coordinates (x’, ') to parametrize the lightlike geodesics locally, and the definition of
L(Og¢) is clear from (61).
To construct a representation for Dy 1 note first that when A = 0, the term involving L1 A is missing

above. We look for a parametrix of the incoming solution of Ogu = 0 with boundary data u =/ on V
with WF(h) C V of the form

u(x) = (27) " / FPEEp(x ) £ () dE (62)
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where ¢ is the same phase as in the first equation in (57) and f, not related to (20), depends on / as
below. The amplitude b solves the transport equation along the same bicharacteristics (with different
coefficients since A = 0, ¢ = 0) with the initial condition

bly =a™|y,

where a'™ is the full amplitude in the first equation in (57). Restricted to V, the map f — u|y is just Df.
Then to satisfy u = & on V, we need to solve Df = h, i.e., to take f = D~ 'h microlocally.

To illustrate the argument below better, suppose that we are solving the ODE
y'+ay=0 y0) =1,
from ¢ =0to ¢ = 1, where a = a(t). Then we solve

yi+aiy1 =0, yi(1)=y(),

where a; = a;(t). A direct calculation yields

t t
y(l)ZeXp{—/O a(S)dS}, yl(t)zeXp{—/l al(S)dS} y().

In particular,
1
y1(0) = exp{ — / (a1(s) —af(s)) ds} .
0
We apply those argument to the transport equation to get

blu = expliLi A(yeg)}.
Then
D3\ Df = (21)" / 'E expliL1A(yye)} f(E) dE.

This proves the lemma under the assumption that the geometric optics construction is valid in a neigh-
borhood of yy.

To prove the theorem in the general case, we use the partition argument we used in Proposition 4.1.
Let S1,..., Sk be small timelike surfaces intersecting ) in increasing order from U to V so that the
geometric optics construction is valid in a neighborhood of each segment of yg cut by two consecutive
surfaces of the sequence {U, S1, ..., Sk, V'}. This determines Dirichlet-to-Dirichlet maps D; from U
to S1, then Dy, from S to S, etc., until Dy 41 from Si to V. Then D = Dy Dy --- D1. Similarly,
Do = Doy g+1Dox - Do,1. Then (59) is still valid and takes the form

—1p7—1 8l —1 -1 -1 -1
Do 'No Ay 4 =2D01 Dy Dogy1 D1 Di - Dy mod S71
By the first part of the proof, D ,16 +1DPk+11s 2 WDO on V' with principal symbol exp{iLng)A}, where
Lng) is the light ray transform L restricted to geodesics between S and V. Then we apply Egorov’s
theorem, see [Hormander 1985b, Theorem 25.2.5], to conclude that D(TIIC(DO_IIC_HDkJrl)D;C is a YDO
-1 ’ ?

with a principal symbol that of D . | Dg41, pulled back by L 11, the canonical relation between Sk
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and V, multiplied by the principal symbol of D Ilc Dy.. The result is then (60) without the factor of 2 with
the integration between Sy (through Sj 1) to V. Repeating this argument several times, we complete
the proof of the lemma. O

Stability of the light ray transform of the magnetic field.
Proof of Theorem 4.4(a). We have

Y

| D5 Ny (A A% g,;{,qHHl(U)eLz(V) = Cs. (63)

g. 4.9 gAq)HHl(U)
Ai] 1 (}). By Lemma 4.5, R is a WDO in U of order 0 with principal symbol

ro(x,§) = 2expliL1(A— A)(yx )},

and we have || R|| g1y < C3, by (63). We need to derive that rg is “small” in U, as well. We essentially
did that in the proof of Theorem 3.2. Choose f as in (20). By [Taylor 1981, Chapter VIIL.7], on the set
¥ =1, we know e "*¥"¥ R f is equal to the full symbol of AL?’CA’Q with A = |€] and £ in (34) bounded,
say, unit. Therefore,

g,4.q9

1 1
Set R:=Dy'Ng ' (A%, —

ro(x’, €)= e A ERE L O(1/2) (64)
in C* for every k. Since | fllz2=C and || f| g1 ~ A, (63) yields
Iro(-.ENlg1 )y < CAS + C/A,

uniformly for £ in some neighborhood of £%’. With a little more effort one can remove A from C A§ but
this is not needed. Take A = §~2 to get

lexptiLa (A= ) (e 1 ary < €52

Using interpolation estimates, we can replace the H ! norm by any other one at the expense of lowering
the exponent on the right from % to another positive one, if k in Theorem 4.4 is large enough. Since
le’? — 1] < & implies |z — 27 N | < Ce for some integer N, this proves part (a) of the theorem. |

Stability of the light ray transform of the potential.

Proof of Theorem 4.4(b). First, we will reduce the problem to the case A=A For A i A? AG
we get a representation as in (58) with a principal symbol with seminorms 0(8“ ), snfce 3ve can use
interpolation estimates to estimate the higher derivatives of A—A. Apply a parametrix (Ai, A q)_l to that
difference to get a WDO Q of order 0 microlocally supported in ¢/. If the geometric optics construction
is valid all the way from U to V, we get as in the proof of (a) that O f = O(8!' /) + O(1/A) in H'. This
implies the same estimate for H (/\il — Ag 4 q) f H 12+ In the general case, we can prove the same

estimate as in the proof of (a). We will use this later and for now, we assume A=A

Lemma 4.6. The operator DNy LA AE

g.A.q 2.4.) 18 a WDO of order —1 on U with principal

symbol
2[Lo(@ =) oy e (65)

where Yy ¢ is the future-pointing lightlike geodesic issued from x" in direction § with projection &'.
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Proof. Assume first that the geometric optics construction is valid in a neighborhood of the whole yg. In
the amplitude
—2i(pp)ag® —2i(dvp)al® + dy(ag® +ag') +a—1

in (58), the terms —2i (8v¢)a3‘° and 81,(61'})“C + af)ef) do not depend on g; see (61). The other two terms
depend on ¢ but they are of different orders. Therefore,

(Ai,l’A’q _Ail,A’q)f — (27_[)—71/ ei¢(X,S’) (_2l(av¢)(dllnc _ailnC) + (a—l _&_1))f(§-/) dé/lV- (66)

The order of the FIO above is zero. As in the previous proof, we can represent this as a composition of
2Ny with the operator D — D (the difference of two such Dirichlet-to-Dirichlet maps):

_ A4

el
A 8,49

A = 2No(D — D) (67)

modulo FIOs of order —2. That operator D — D is an FIO with a symbol, compare with (66),
o(D — D) =—2i(@" —a™) + a_,, (63)
with a_, of order —2.

To compute ailnc, recall the transport equation for ailnC

[267%0;¢ (0 — iAg) + Ogpla™ = iPail®, ™|y =0, (69)
where
inc inc

. inc . .
iPay  =iPg g0ay +iqag .

The first term on the right is independent of g. By (29), (30), with I'(s) as in (61), we get

inc _ ia})nc g 1 inc inc
ai“(I'(s)) = 5 [Pg,4,0a¢ +qay ]ol(0)do
0

inc

+ inc K} ’ (70)
) 1 inc
= > /0 [ﬁPg}A,an +q} OF(U) do.
0

The potential g depends on x only, so g o I'(s) = g o y(s). In (70), only the last term depends on ¢ and is
an integral of g over lightlike geodesics multiplied by an elliptic factor. Note that the integral, as well as
ailnc, are homogeneous of order —1 in &', as they should be.

We go back to (68) now. Using (70), the terms involving Pg 4,0 and P 2. 4.0 cancel below and we get

o(D—=D)oL=ialLo(G—q)+a—s, (71)

where a_; is a symbol of order —2, different from the one above.
Similarly to (59), we have

DTINGY(AY . — A%, y=2D"'(D— D) mod S~2. (72)

8,44 8,49
Therefore, we need to compute the principal symbol of 2D_1(5 — D). Let R be a YDO in U with
principal symbol r_; given by (65). Then, in &, DR is an FIO of the type (62) with x € V' with the
same phase function and a principal amplitude bg solving Thg = 0, bo|y = r—1. By (29), the solution
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restricted to x € V is given by ur—; o £L7!|y. Recall that o = aglc. By (71), this is 26 (D — D) modulo
symbols of order —2. Therefore, DR = 2(5 — D) modulo FIOs of order —2. This proves the lemma
under the assumption that the geometric optic construction is valid along the whole yg.

In the general case, we repeat the arguments of Lemma 4.5. We represent D and Dasa composition
D = Dy --- Dy, and similarly for D. We will do the first step. Consider 2(D2D1)~ (D2 D1 — D, Dy).
We have

2(D2D1) ™ (D2D1 ~ D2D1) =2D7' Dy (D2~ D2) D1 + Da(Dy — Dy))
= D{'RyDy+ Ry =D 'RyD1 + Ry

modulo FIOs of order —2, where R; = 2Dj_1(5j — Dj), j = 1,2. We apply Egorov’s theorem to
Dl_1 R, D to conclude that it is a WDO on U with a principal symbol equal to the sum of two terms as in
(65) with L taken over the geodesic segments between U and S, first, and S and S, second. The sum

is equal to (65) with L¢ taken over the union of those segments. Repeating this argument to include D,
etc., completes the proof of the lemma. O

We finish the proof of part (b) as we did that for part (a). Set

N [ gl
R=D""N, (Ag,A,q_Ag,A,q)~

It is a WDO of order —1 rather than of order O as in (a). The analog of (63) is still true. If, as above, r_
is the principal symbol of R, then by Lemma 4.6,

r1(x\€) = =2i[Lo(@— @) o yw g = 2T ERS +0(1/1)
with f as in (20); compare with (64). Then
1 (- e @y < CA?6+C/A.
Choose A = 673 to get [r—1(-. &) lg vy < C§85. This completes the proof of the theorem. |

Proof of the stable recovery of the lens relation.

Proof of Theorem 4.3. We use the notation above. Recall the remark preceding Theorem 4.3 above. The
operator A* PA is a WDO with a principal symbol (pg o £L)A¢g. Take p = po = 1 as in (54) to recover Ag
first. Knowing the latter, we recover p; o £ for j =1,...,2n —1; see (54). That gives us (y,7’) in (5) as
functions of (x, &’). Therefore, we reduce the stability problem to the following: show that the principal
symbol of a WDO A of order m is determined by A : H™ — L? in a stable way which is resolved by the
lemma below, see also (35), (36). Note that the lemma is a bit more general than what we need since
{P;} are simple multiplication and differentiation operators.

Lemma 4.7. Let Q be YDO in R" with kernel supported in K x K, where K C R" is compact. Let gy,
be its principal symbol homogeneous of order m. Then

lgm (. Oz < CIEM QI gmr2
forall £ # 0 with C > 0 depending on K only.
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Proof. Take f = e'*€ y(x), where y € C§*° equals 1 in a neighborhood K. Then for x in a neighborhood
of K, we have Q f(x) = € (gmm(x, ) 4+ r(x, §)) with r € S”~1. We have

B <l < clem
c — H"m =
for |£| > 1. Therefore, for such &,
Cillofll2 _ [gm. O _C2
I N 016 2 €D
Take the limit |§| — oo along radial rays to complete the proof. O

We complete the proof of Theorem 4.3 with the aid of Lemma 4.7. We recover first the L2-norms with
respect to x of £(x, £) — L(x, &) uniformly in £ (in fixed coordinates); we can choose y = 1 then. Using
standard interpolation estimates, we can estimate the L% norm of £(x, §) — £(x, £) with i < 1 in (56),
using the a priori bounds on g and g in some C k k> 1, which imply similar bounds on £ and L. O

Remark 4.8. The symbol A¢ can be computed. Since we do not use this formula, we will sketch the
proof only. Using Green’s formula, as in the proof of [Stefanov and Uhlmann 1998, Proposition 2.1], we
can show that 2Ny, = D* A, where = stands for equality modulo lower-order terms, and Ny, is N above
with the subscript V indicating that it acts microlocally in that set. The same proof implies that A* is the
DN map associated with the incoming solution, i.e., the one which starts from V microlocally and hits /.
Therefore, A* = 2Ny, D ™!, where Ny; now acts in I. Those two identities and Egorov’s theorem imply
Ao = —4(&, o £)&,, where &, is the function defined in (32).

5. Applications and examples

We start with a partial but still general enough case. We follow [Hormander 1985a, §24.1]. Let M be
a Lorentzian manifolds with a timelike boundary dM. Assume that 7 is a real-valued smooth function
on M so that the level surfaces ¢ = const. are compact and spacelike. For every a < b, the (compact)
“cylinder” M, = {a <t < b} (assuming [a, b] is in the range of ¢) has a boundary consisting of the
spacelike surfaces ¢ ~!(a), t—1(b) and IM N M, which intersect transversely. This is a generalization
of [0, T] x  in the Riemannian case. By [Hormander 1985a, Theorem 24.1.1], the following problem is
well posed:
Pu=0 inM,  uli<a=0, ulgy=f

with f € H¥(OM), s > 1, f =0 for t < a, with a unique solution u € H¥(M) vanishing for ¢ < a.
Moreover, the map f + u is continuous. Then the Dirichlet-to-Neumann map Ag 4, defined as in (4),
is well defined.

Let xo € Up € U C dM be as in Theorem 3.2. Let y be a properly supported ¥DO cutoff of order 0
localizing near some timelike covector over xg € Up. Since there is a globally defined time function, there
are no periodic lightlike geodesics. Then yAg 4,4 x can be taken as A}g‘,”c Ag and Theorem 3.2 applies. If
we know a priori that Ag 4.4 : H (10)(3M ) — L2(dM) is continuous, where the subscript (0) indicates

loc by Ag. 4,4 in (33) and therefore, in Theorem 3.2.

functions vanishing for = 0, then we can replace A 2.A.q
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Figure 3. The DN map, with g Minkowski, on the lateral boundary of the cylinder
determines a potential and a magnetic field up to d¢ inside the cylinder but outside the
two characteristic cones.

Similarly, with suitable WDO cutoffs y; and y», we can take A?’ Ag = X1A g, 4,4 x2, under the
assumptions of Theorem 4.4. And again, if we know that Ag 4.4 : H (10)(8M ) — L?(dM) is continuous,
we can remove the cutoffs. The results with the cutoffs are actually stronger.

Some special subcases are discussed below. They recover and extend the uniqueness results in [Stefanov
1989; Ramm and Sjostrand 1991; Ramm and Rakesh 1991; Waters 2014; Salazar 2013; Ben Aicha 2015;
Bellassoued and Ben Aicha 2017], and some of the stability results there. Using the results in this paper
with the support theorems about the light ray transform in [Stefanov 2017; RabieniaHaratbar 2017], we
can get new partial data results.

Example 5.1. Let ¢ be a unknown potential but assume that the metric and the magnetic fields are
known. Restrict the DN map to M, for some a < b. Then we can recover Log in a stable way as in
Theorem 4.4 over all timelike geodesics intersecting the lateral boundary transversely at their endpoints.
If g is real-analytic, then we can apply the results in [Stefanov 2017] to recover ¢ in the set covered by
those geodesics under an additional foliation condition. Note that in contrast, the results in [Eskin 2017]
require A and ¢ to be analytic in time.

Example 5.2. In the example above, assume that g is Minkowski, and M, = [0, T] x © for some
bounded smooth 2 C R". By Theorem 3.2, we can recover L1 A and Log over all lightlike geodesics
(lines) [; 9 ={(t,x) = (s,z+50):s €R}, (z,0) e R" x S”~1 not intersecting the top and the bottom of
the cylinder. By [Stefanov 2017], we can recover ¢ in the set covered by those lines. By [RabieniaHaratbar
2017], we can recover A up to d¢, ¢ =0 on [0, T'] x IR in that set as well.

For example, if €2 is the ball B(0, 1) = {x : |x| < 1}, the DN map recovers uniquely ¢ and A, up to a
gauge transform, in the cylinder [0, T']x B (0, 1) with the upward characteristic cone with base {0} x B(0, 1)
and the downward with base {7’} x B(0, 1) removed; see Figure 3. If T < 2, those two cones intersect;
otherwise they do not but the result holds in both cases. This is the possibly reachable region from
[0, T'] x 9€2; thus the results are sharp since no information about the complement can be obtained by the
finite speed of propagation.
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This extends further the uniqueness part of the results in [Stefanov 1989; Ramm and Sjdstrand 1991;
Ramm and Rakesh 1991; Waters 2014; Salazar 2013; Ben Aicha 2015; Bellassoued and Ben Aicha 2017].
Using the stability estimate in [Begmatov 2001] about L, and the logarithmic estimate for L; in [Salazar
2014], we can use Theorem 4.4 to recover the results in [Salazar 2014]. One important improvement
however is that for uniqueness, we do not assume that A and ¢ are known outside [0, T], or that T = o0
because the uniqueness results in [Stefanov 2017; RabieniaHaratbar 2017] do not require the function or
the vector field to be compactly supported in time.

Example 5.3. A partial-data case of Example 5.2 is the following. Let I' C 92 be relatively open, and
assume that 02 is strictly convex. Assume that we know the DN map for f supported in [0, T'] x T, and
we measure A f there, as well. Then we can recover ¢ (for all n > 2) and A for n > 3, up to a gauge
transform, in the set covered by the lightlike lines hitting [0, T'] x 2 in [0, T'] x I" at their both endpoints.
When n = 2, the recovery of A up to a potential d¢ requires that if we know L1 A for some lightlike /; g,
we also know it for / z,—6, see [RabieniaHaratbar 2017], and this is the reason we restricted n to n > 3.
Those local uniqueness results for the DN maps are new.

Example 5.4. In a recent work [Bellassoued and Ben Aicha 2017], an inverse problem for the wave

operator
P:=0%>+a(t,x)d; — A +b(t,x)

with real-valued a, b is studied. The coefficient b causes absorption. We do not restrict A and ¢ to be
real-valued, so we can take

A= (%a(z,x),o, .. 0) q= —%iata(t,x) +b(t, x);

then P in (1) is the same as the one above. Then Theorem 4.4 proves unique recovery of A, g up to the
gauge transform A — A —dy with ¥ =0 on [0, T] x dR2. Since A is restricted to the class of covector
fields with spatial components zero, we must have ¥ = 1 (¢). However, then ¥ = 0 for x € Q2 implies
Y = 0. Therefore, the logarithmic and the double logarithmic stability estimates in [Bellassoued and
Ben Aicha 2017] for a and for b which are about the DN map can be obtained by Theorem 4.4 combined
with the stability estimates in [Begmatov 2001; Salazar 2014]. We can get new uniqueness results however
with partial data as in the previous examples. In the Riemannian case studied by Montalto [2014] we can
allow an absorption term as well to obtain, up to a gauge transform, stable recovery of a Riemannian
simple metric in a generic class, a magnetic field, a potential and an absorption term from the DN map.
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