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DOLGOPYAT’S METHOD AND THE FRACTAL UNCERTAINTY PRINCIPLE

SEMYON DYATLOV AND LONG JIN

We show a fractal uncertainty principle with exponent % —8+¢, &> 0, for Ahlfors—David regular subsets
of R of dimension § € (0, 1). This is an improvement over the volume bound % — &, and ¢ is estimated
explicitly in terms of the regularity constant of the set. The proof uses a version of techniques originating
in the works of Dolgopyat, Naud, and Stoyanov on spectral radii of transfer operators. Here the group
invariance of the set is replaced by its fractal structure. As an application, we quantify the result of
Naud on spectral gaps for convex cocompact hyperbolic surfaces and obtain a new spectral gap for open
quantum baker maps.

1. Introduction

A fractal uncertainty principle (FUP) states that no function can be localized close to a fractal set in both
position and frequency. Its most basic form is

1A Frlao 2@ —r2@ = OHP) ash— 0, (1-1)

where A(h) is the h-neighborhood of a bounded set A C R, 8 is called the exponent of the uncertainty
principle, and Fj, is the semiclassical Fourier transform:

Fpu(g) = (2nh)—%Ae—”fu(x) dx. (1-2)

We additionally assume that A is an Ahlfors—David regular set (see Definition 1.1) of dimension § € (0, 1)
with some regularity constant Cg > 1. Using the bounds || Fp ;2572 = 1, | Fallpiopee < h=2, the
Lebesgue volume bound sz, (A(h)) < Ch =%, and Holder’s inequality, it is easy to obtain (1-1) with
B = max(O, % — 8).

Fractal uncertainty principles were applied by Dyatlov and Zahl [2016], Dyatlov and Jin [2017], and
Bourgain and Dyatlov [2016] to the problem of essential spectral gap in quantum chaos: which open
quantum chaotic systems have exponential decay of local energy at high frequency? A fractal uncertainty
principle can be used to show local energy decay (’)(e_ﬂ "), as was done for convex cocompact hyperbolic
quotients in [Dyatlov and Zahl 2016] and for open quantum baker’s maps in [Dyatlov and Jin 2017]. Here
A is related to the set of all trapped classical trajectories of the system and (1-1) needs to be replaced by a
more general statement, in particular allowing for a different phase in (1-2). The volume bound 8 = % -6
corresponds to the Patterson—Sullivan gap or more generally, the pressure gap. See Sections 4-5 below
for a more detailed discussion.
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A natural question is: can one obtain (1-1) with 8 > max(O, % — 8), and if so, how does the size of the
improvement depend on § and Cr? Partial answers to this question have been obtained in the papers
mentioned above:

e Dyatlov and Zahl [2016] obtained FUP with 8 > 0 when ‘8 — %‘ is small depending on Cg, and
gave the bound B > exp(—K (1 +log!* CR)), where K is a global constant.

e Bourgain and Dyatlov [2016] proved FUP with 8 > 0 in the entire range § € (0, 1), with no explicit
bounds on the dependence of 8 on §, Cg.

¢ Dyatlov and Jin [2017] showed that discrete Cantor sets satisfy FUP with 8 > max(O, % — 8) in the
entire range § € (0, 1) and obtained quantitative lower bounds on the size of the improvement —
see Section 5 below.

Our main result, Theorem 1, shows that FUP holds with 8 > % — & in the case § € (0, 1), and gives
bounds on 8 — % + & which are polynomial in Cg and thus stronger than the ones in [Dyatlov and Zahl
2016]. Applications include

e an essential spectral gap for convex cocompact hyperbolic surfaces of size § > % —§, recovering
and making quantitative the result of [Naud 2005], see Section 4;

e an essential spectral gap of size f > max (O, % — 8) for open quantum baker’s maps, extending the
result of [Dyatlov and Jin 2017] to matrices whose sizes are not powers of the base, see Section 5.
(For the case § > % we use the results of [Bourgain and Dyatlov 2016] rather than Theorem 1.)

1A. Statement of the result. We recall the following definition of Ahlfors—David regularity, which
requires that a set (or a measure) has the same dimension § at all points and on a range of scales:

Definition 1.1. Let X C R be compact, iy be a finite measure supported on X, and § € [0, 1]. We say
that (X, py) is 8-regular up to scale h € [0, 1) with regularity constant Cg > 1 if

e for each interval  of size |I| > h, we have ux(I) < Cg|I|’;
e if additionally |/| <1 and the center of [ lies in X, then uy (/) > CEl |1)%.

Our fractal uncertainty principle has a general form which allows for two different sets X, ¥ of different
dimensions in (1-1), replaces the Lebesgue measure by the fractal measures py, 1y, and allows a general
nondegenerate phase and amplitude in (1-2):

Theorem 1. Assume that (X, jux) is 8-regular, and (Y, py) is §'-regular, up to scale h € (0, 1) with

constant Cr, where 0 < 68,8’ < 1,and X C Iy, Y C Jo for some intervals Iy, Jog. Consider an operator
By LY(Y, uy) — L®(X, ux) of the form

5= [ (52 )60 0y dnr ) (13

where ®(x,y) € C%(Iy x Jo; R) satisfies 8)20,(1) £ 0and G(x, y) € C1(Iy x Jo; C).
Then there exist constants C, g9 > 0 such that

I1BullL2 v,y )—>L2(X .y ) < CHEC. (1-4)
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Here g depends only on 8, 8, Cg,
g0 = (SCR)_go(ﬁ-’_m), (1-5)
and C additionally depends on Iy, Jo, D, G.

Remarks. (1) Theorem 1 implies the Lebesgue-measure version of FUP, (1-1), with exponent 8 =
% — & + &9. Indeed, assume that (A, p) is §-regular up to scale i with constant Cg. Put X := A(h)
and let y be A%~ times the restriction of the Lebesgue measure to X. Then (X, jux) is §-regular up to
scale i with constant 30C122; see Lemma 2.2. We apply Theorem 1 with (¥, uy) := (X, ux), G = 1, and
®(x,y) = —xy; then

1-s

1_
1Lam Falac l2@—r2@ = o= 1Bl 12t < Ch2 Seo

(2) Definition 1.1 is slightly stronger than [Bourgain and Dyatlov 2016, Definition 1.1] (where “up to
scale h” should be interpreted as “on scales % to 1””) because it imposes an upper bound on py (1) when
|7| > 1. However, this difference is insignificant as long as X is compact. Indeed, if X C [—R, R] for
some integer R > 0, then using upper bounds on p7, on intervals of size 1 we get ur (1) < up(X) <
2RCRg <2RCRg|I|® for each interval I of size || > 1.

(3) The restriction 8,8 > 0 is essential. Indeed, if 8 = 0, Y = {0}, wy is the delta measure, and f =1,
G =1, then

1Br fllL2(x,ux) = V Hx (X).

The restriction §, 8" < 1 is technical; however, in the application to Lebesgue-measure FUP this restriction
is not important since f = % — &+ &0 < 0 when § is close to 1.

(4) The constants in (1-5) are far from sharp. However, the dependence of &9 on Cg cannot be removed
entirely. Indeed, [Dyatlov and Jin 2017] gives examples of Cantor sets for which the best exponent &g
in (1-4) decays polynomially as Cr — o0; see Proposition 3.17 of that paper. See also Sections SB-5C.

1B. Ideas of the proof. The proof of Theorem 1 is inspired by the method originally developed by

Dolgopyat [1998] and its application to essential spectral gaps for convex cocompact hyperbolic surfaces

by Naud [2005]. In fact, Theorem 1 implies a quantitative version of Naud’s result; see Section 4. More

recently, Dolgopyat’s method has been applied to the spectral-gap problem by Petkov and Stoyanov

[2010], Stoyanov [2011; 2012], Oh and Winter [2016], and Magee, Oh and Winter [Magee et al. 2017].
We give a sketch of the proof, assuming for simplicity that G = 1. For f € L2(Y, uy), we have

1Bn fllL2x.ux) < Virx Xy Y) - fll L2, uy)s (1-6)

applying Holder’s inequality and the bound [|Bx||11(x, jux)—>Lo0(v,uy) < 1. However, under a mild
assumption on the differences between the phases ®(x, y) for different x, y, the resulting estimate is not
sharp, as illustrated by the following example where X =Y = {1,2}, ux(j) =uy(j) = % for j =1,2,
and wjg 1= ®(j, £)/ h:
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Lemma 1.2. Assume that wjg € R, j, = 1,2, satisfy

T:=w11 + Wi — w12 — w21 ¢ 2nZ. (1-7)

(ul) _1 (exp(iwu) exp(ia)lz)) (fl)
u ) 2 \exp(iwz1) exp(iwn) ) \ f2)°

Assume that (f1, f2) # 0. Then

For fi, f> € C, put

i+ u2l® < [ AP+ 1 o) (1-8)
Remark. Note that (1-8) cannot be replaced by either of the statements

[ur| + lua| <|fil +1/2],  max(Juil, [uz]) <max(] fil,]/2]).

Indeed, the first statement fails when f; =0, f> = 1. The second one fails if w11 = w3 and f1 = fo = 1.
This explains why we use L2 norms in the iteration step, Lemma 3.2.

Proof. We have

2
3 ([ + [u2l?) < max(lui |2 jua?) < (341 +142D) < 5(A1P + 141 (1-9)
Assume that (1-8) does not hold. Then the inequalities in (1-9) have to be equalities, which implies that
lui] = |uz2l, |fil=|f2| >0, and fora =1, 2,

exp(i (wa1 — wa2)) f1.f2 > 0.
The latter statement contradicts (1-7). O
To get the improvement /%0 in (1-4), we use the nonsharpness of (1-6) on many scales:

o We fix a large integer L > 1 depending on §, Cg and discretize X and Y on scales 1, L1, ... L™K,
where i ~ L™K This results in two trees of intervals Vy, Vy, with vertices of height k corresponding to
intervals of length ~ L7k,

e For each interval J in the tree Vy, we consider the function

1 _1P(x, )
P = e <0 Y mas ).

where y is the center of J. The function F; oscillates on scale //|J|. Thus both F; and the rescaled
derivative h|J |71 F 7 are controlled in uniform norm by || f||11(y,,,)- We express this fact using the
spaces Cg introduced in Section 2B.

e If J1,..., Jp € Vy are the children of J, then F; can be written as a convex combinationof Fy,, ..., Fj,
multiplied by some phase factors e’ Y7 ; see (3-12). We then employ an iterative procedure which estimates
a carefully chosen norm of F; via the norms of Fy,,..., Fj,. Each step in this procedure gives a gain
1 — &1 < 1 in the norm, and after K steps we obtain a gain polynomial in /.

 To obtain a gain at each step, we consider two intervals I € Vx, J € Vy such that |I|-|J| ~ Lh, take
their children Iy,...,1I4 and Jy,..., Jp, and argue similarly to Lemma 1.2 to show that the triangle
inequality for e Y1y, ..., !B Jp cannot be sharp on all the intervals Iy, ..., I4.
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e To do the latter, we take two pairs of children I,, I/, (with generic points in I,,, I/ denoted by x4, X4/)
and J,, Jé. Due to the control on the derivatives of Fy,, the differences |Fy, (xq) — Fj, (xq/)| and
|Fj,, (xa) — F,,(xq)| are bounded by (Lh)™YJ|-|xa — xa’|. On the other hand, the phase shift 7

from (1-7) equals
T = Yp(xa) + Wy (xar) — Wpr (xa) — Wp(xar) ~ h_l(xa —Xa’) (Vb — Yir)-

Choosing a,a’, b, b" such that |xg —x4/| ~ L3 |, |yp—ypr |~ L3 |J ], and recalling that |7 |-|J | ~ Lh,
we see that T ~ L™3 does not lie in 27Z and it is larger than (Lh) ™| J |- |xq — Xa/| ~ L~3. This gives
the necessary improvement on each step. Keeping track of the parameters in the argument, we obtain the
bound (1-5) on &g.

This argument has many similarities with the method of Dolgopyat mentioned above. In particular, an
inductive argument using L2 norms appears for instance in [Naud 2005, Lemma 5.4], which also features
the spaces Cg. The choice of children 1,, I/, Jp, Jp/ in the last step above is similar to the nonlocal
integrability condition (NLIC); see for instance [Naud 2005, Sections 2 and 5.3]. However, our inductive
Lemma 3.2 avoids the use of Dolgopyat operators and dense subsets, see for instance [Naud 2005, p.138],
instead relying on strict convexity of balls in Hilbert spaces, see Lemma 2.7.

Moreover, the strategy of obtaining an essential spectral gap for hyperbolic surfaces in the present paper
is significantly different from that of [Naud 2005]. The latter uses zeta-function techniques to reduce
the spectral-gap question to a spectral radius bound of a Ruelle transfer operator of the Bowen—Series
map associated to the surface. The present paper instead relies on microlocal analysis of the scattering
resolvent in [Dyatlov and Zahl 2016] to reduce the gap problem to a fractal uncertainty principle, thus
decoupling the dynamical aspects of the problem from the combinatorial ones. The role of the group
invariance of the limit set, used in [Naud 2005], is played here by its §-regularity, proved by Sullivan
[1979], and words in the group are replaced by vertices in the discretizing tree.

1C. Structure of the paper.

e In Section 2, we establish basic properties of Ahlfors—David regular sets (Section 2A), introduce the
functional spaces used (Section 2B), and show several basic identities and inequalities (Section 2C).

In Section 3, we prove Theorem 1.

e In Section 4, we apply Theorem 1 and the results of [Dyatlov and Zahl 2016] to establish an essential
spectral gap for convex cocompact hyperbolic surfaces.

e In Section 5, we apply Theorem 1 and the results of [Dyatlov and Jin 2017; Bourgain and Dyatlov
2016] to establish an essential spectral gap for open quantum baker’s maps.
2. Preliminaries

2A. Regular sets and discretization. An interval in R is a subset of the form I = [c, d], where ¢ < d.
Define the center of I by %(c +d) and the size of I by |I| =d —c.
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Let u be a finite measure on R with compact support. Fix an integer L > 2. Following [Dyatlov and
Zahl 2016, Section 6.4], we describe the discretization of i with base L. For each k € Z, let V}, be the
set of all intervals I = [c, d] which satisfy the following conditions:

e c,delL*7.

e Foreach ¢ € L™F7 with ¢ < ¢ < d, we have u([g,q + L~%]) > 0.

o px(fe =LK c]) = p(ld.d + L7*]) = 0.

In other words, V% is obtained by partitioning R into intervals of size L7k, throwing out intervals of
zero measure (4, and merging consecutive intervals.
We define the set of vertices of the discretization as

V=[]
kez

and define the height function by putting H(I) := k if I € V. (It is possible that V. intersect for
different k, so formally speaking, a vertex is a pair (k, ), where I € V}..) We say that I € V} is a parent
of I" € Viy1, and I’ is a child of I, if I’ C I. Tt is easy to check that the resulting structure has the
following properties:

 Any two distinct intervals I, I’ € Vj are at least L7k apart.
* w(R\sey, 1) =0forall k.
e Each I € Vj has exactly one parent.
e If ] € Vjand Iy,..., I, € Vi1 are the children of /, then
n
0<u(l)=) nll). 2-1)
i=1
For regular sets, the discretization has the following additional properties:

Lemma 2.1. Let L > 2, K > 0 be integers and assume (X, px) is 8-regular up to scale L™K with
regularity constant Cg, where 0 < § < 1. Then the discretization of uy with base L has the following
properties:

(1) Each I € V with 0 < H(I) < K satisfies, for Cly := (3C2) 773,

LD < 1) < CpL~HD), (2-2)
Cr'L7HW < yx (1) < Cr(CR)’L™HD, (2-3)
Q) If I'isachildof I €V and0 < H(I) < K, then
pr() L7 24
px(I) — Cpg

(3) Assume that
6
L > (4CR)30-5 . (2-5)
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Figure 1. An illustration of the proof of the upper bound in (2-2). The ticks mark points
in L~%7, the solid interval is I , the dots mark the points x4, and the shaded intervals are
1. The intervals of length L% adjacent to I have zero measure [ty.

Then for each I € V with0 < H(I) < K, there exist two children I, I" of I such that
2
%CIEXL_H(I)_% <|x'—x"| < 21 ~HD-3 forallx' el x" eI”.

Remark. Parts (1) and (2) of the lemma state that the tree of intervals discretizing py is approximately
regular. Part (3), which is used at the end of Section 3B, states that once the base of discretization L is
large enough, each interval I in the tree has two children which are ~ L~HU -3 apart from each other.
A similar statement would hold if % were replaced by any number in (0, 1).

Proof. (1) Put k := H(I). The lower bound on || follows from the construction of the discretization. To
show the upper bound, assume that / = [¢,d] and d —c¢ = ML™¥. Foreach g € L™%7Z withc <¢ < d,
we have wy ([¢, ¢ + L™K]) > 0; thus there exists Xg€lq.q+ L7%]NX. Let I, be the interval of size L%
centered at xg; see Figure 1. Then

(U ta) = pclle = L75d + L7 = () < CotL ™
q

On the other hand, each point is covered by at most three intervals /,; therefore

MCR'L™ <3 ux(1y) < 3ux (U Iq)-
q

q
Together these two inequalities imply M < C, giving (2-2).
The upper bound on ux (1) follows from (2-2). To show the lower bound, take x € I N X and let I’
be the interval of size L™K centered at x. Then ux (I’ \ I) = 0; therefore ux (I) > ux (I’) > CElL_Sk.
(2) This follows directly from (2-3) and the fact that C3(C I,Q)S <Cg.

(3) Putk:= H(I). Take x € I N X and let J be the interval of size L~%=3 centered at x. Let I,.... I
be all the intervals in Vi which intersect J; they all have to be children of /. Let x1, ..., x, be the
centers of 11, ..., I,. Define
T:= LK+3 mezx |x; — xg].
Js

By (2-2), we have |/;| < CI/QL_"_1 and thus T < 1+CI/QL_%. On the other hand, the union of /1, ..., I,

. . . . . 2 g
is contained in an interval of size TL %3 +C kL k=1 Therefore

n
CRILTF3) <y (1) < 37 pux (1) < CR(TLT*5 4 CpL7* 1),
ji=1

EEIN]
W=

This implies T > Cp® — CRL73.
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Now, put I’ := I;, I" = I, where j, £ are chosen so that T = Lk+%|xj — x¢|. Then for each x’ € I,
x"" € I", we have by (2-5)

_2 _2

LT < Cr? —2CRL73 < LFH3|x — x| < 142CRL73 <2. O

We finally have the following estimates on the Lebesgue measure of neighborhoods of a §-regular set,
which are used in Sections 4-5:

Lemma 2.2. Assume that (A, pLp) is 6-regular up to scale h € (0, 1) with constant Cg. Let X := A(h) =
A + [—h, h] be the h-neighborhood of A and define the measure Ly by

px(A) = up (X NA4), ACR, (2-6)

where py, denotes the Lebesgue measure. Then (X, jux) is 8-regular up to scale h with constant C :=
30C3.
Proof. We follow [Dyatlov and Zahl 2016, Lemma 7.4]. Let / C R be an interval with |/| > h. Let
X1,...,xNy € AN I(h) be a maximal set of 2/-separated points. Denote by /,, the interval of size h
centered at x,. Since /,, are disjoint and their union is contained in /(24), which is an interval of size
|1|+ 4h <5]|I|, we have
N
N-CR'h® <) ually) < pa(I(2h) < 5CrII|. (2-7)
n=1

Next, let I, be the interval of size 6/ centered at x,,. Then X N[ is contained in the union of [, and thus

N
pL(X N1 <) ur(ln) = 6hN. (2-8)

n=1

Together (2-7) and (2-8) give the required upper bound
px (1) =h*" up (X 0 1) < 30CH| 1%,

Now, assume additionally that |/| <1 and [ is centered at a point in X. Let yq,...,ypy € ANI bea
maximal set of s-separated points. Denote by [, the interval of size 2h centered at y,,. Then AN is

contained in the union of [,; therefore
M

CM 1P <pa)=pa(AND) < Y uaUm) <M -2Crh". (2-9)
m=1
Next, let 1,, be the interval of size & centered at y,,. Then I,, C X are nonoverlapping and each 7,, N I
has size at least %h; therefore
M
pL(X 00z Y pr(, 01z zMh. (2-10)
m=1

Combining (2-9) and (2-10) gives the required lower bound

1
px () =" (x 0y =z —111°, O
4Cx
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2B. Functional spaces. For a constant # > 0 and an interval I, let Cg(/) be the space C () with the
norm

I llegry = maX(Sl;p |f1. 011 “sup 1£'1)-
The following lemma shows that multiplications by functions of the form exp(i 1) have norm 1 when
mapping Cq (/) into the corresponding space for a sufficiently small subinterval of /:
Lemma 2.3. Consider intervals
I'cl, |I'l<hn. (2-11)
Assume that W € C*°(I;R) and 0 > 0 are such that

40|1'| -sup [y'| < 1. (2-12)
I/

Then for each f € Cy(I), we have | exp(i V) fllc, 17y =< I f lleyr) and
011l “sup [exp ) £ < 51/ llegr)- (2-13)
Proof. The left-hand side of (2-13) is bounded from above by
OI'|(sup ' 1+ sup ).
From (2-12), (2-11) we get
o11'| “sup W' f1< 2l fllegry. 61| “sup |1 < 30 Nl

which finishes the proof of (2-13). The bound (2-13) implies || exp(i V') f llc, 17y =< I f ey (1)- O
The following is a direct consequence of the mean value theorem:
Lemma 2.4. Let f € Cy(I). Then forall x,x’ € I, we have

/ |x — x,l
| f(x) = f(xD)] SW-IIJ‘IICG(I)- (2-14)
2C. A few technical lemmas. The following is a two-dimensional analog of the mean value theorem:
Lemma 2.5. Let [ = [c1,d1] and J = [c2, d3] be two intervals and ® € C?(I x J; R). Then there exists
(x0, y0) € I x J such that

(D(Cl, Cz) + q)(dl, dz) — CD(cl, dz) — @(dl,CQ) = |]| . |J| . a)zcy(D(X(), y()).

Proof. Replacing ®(x, y) by ®(x, y)—P(c1, y)—D(x, c2) +P(c1, ¢2), we may assume that (cy, y) =0
and ®(x,c) =0forall x € I, y € J. By the mean value theorem, we have ®(dy, d2) = |I]-9xP(x0, d2)
for some xo € I. Applying the mean value theorem again, we have dx®(xo, d2) = |J |- chyd)(xo, yo) for
some yg € J, finishing the proof. O

Lemma 2.6. Assume that T € R and |t| < 7. Then |e'® — 1| > %|r|.



1466 SEMYON DYATLOV AND LONG JIN

Proof. We have

le'" — 1| = 2sin(3]7]).
It remains to use that sin x > %x when 0 < x < %, which follows from the concavity of sin x on that
interval. O

The next lemma, used several times in Section 3B, is a quantitative version of the fact that balls in
Hilbert spaces are strictly convex:

Lemma 2.7. Assume that H is a Hilbert space, f1,..., fu € H, p1,...,pn >0,and p1 +---+ py = 1.

Then
n
> o pif
j=1
If moreover for some ¢, R > 0

n
Y pilfil =R,
j=1

=Y pilfilz = D pipdfi— fill3 (2-15)
j=1

2
H 1<j<{<n

2
> (1—€)R, Ppmin:=minp; > 2/ (2-16)
H J

n

Y pifi
j=1
then for all j
VR < || filln <2VR. (2-17)

Proof. The identity (2-15) follows by a direct computation. To show (2-17), note that by (2-15) and (2-16)

for each j, ¢
eR

15 = fel < 5— < 3R
min
Put
Smax 1= mlax I fillzes  finin = n}m 5 M-
Then
fmax - frnin = %\/E, fmin <VR= fmaXa
which implies (2-17). O

Lemma 2.8. Assume thataj, p; >0, j=1,...,n, p1+---+ py =1, and for some &, R > 0
n
pra] = (I—S)R, maX(XJ < R, Pmin -= mlnpj > e.
, ] E
j=1
Then for all j,
R.

(Sl

aj >
Proof. We have "
Z pj(R—oj) <eR.
j=1
All the terms in the sum are nonnegative; therefore for all j

eR
Pmin

R. O

. 1
R_ajf 55
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3. Proof of Theorem 1

3A. The iterative argument. In this section, we prove the following statement which can be viewed
as a special case of Theorem 1. Its proof relies on an inductive bound, Lemma 3.2, which is proved
in Section 3B. In Section 3C, we deduce Theorem 1 from Proposition 3.1, in particular removing the
condition (3-1).

Proposition 3.1. Let §,8' € (0,1), Cr > 1, 1o, Jo C R be some intervals, G € C'(1y x Jo; C), and the
phase function ® € C2(1y x Jo; R) satisfy

3 <102, ®(x.y)| <2 forall (x.y) € Iox Jo. (3-1)
Choose constants C 1/3 > 0 and L € N such that
Ch = (2CR) @1, L > (2CH(6CR)FT)S. (3-2)

Fix Ky € Ng and put h := LK for some K € Ng, K >2Kq. Assume that (X, uy) is §-regular, and
(Y, y) is 8 -regular, up to scale LX0~K with regularity constant Cg, and X C Iy, Y C Jo. Put

st 4, — log(1 —e¢1)
=107(Cp Y Cr L2, = 3-3
€1 ( R R) 210gL ( )
Then for some C depending only on Ko, G, ux (X), uy (Y), and By, defined in (1-3),
1Bhf L2 ux) < CHON fllL2uyy forall f e L2(Y, py). (3-4)

Remark. Proposition 3.1 has complicated hypotheses in order to make it useful for the proof of Theorem 1.
However, the argument is essentially the same in the following special case which could simplify the
reading of the proof below: § =6, G =1, ®(x,y) = xy, Ko = 0. Note that in this case By, is related
to the semiclassical Fourier transform (1-2).

To start the proof of Proposition 3.1, we extend ® to a function in C2(R?; R) such that (3-1) still holds,
and extend G to a function in C ! (R?; C) such that G, 3G are uniformly bounded. Following Section 2A,
consider the discretizations of wy, ny with base L, denoting by Vy, Vy the sets of vertices and by H
the height functions.

Fix f € L?(Y, juy). For each J € Vy, let y; denote the center of J and define the function of x € R

1 [(D(x,y) — D(x,
P = [ e (MEEDL 2D Gy 100 dr ) (3-5)
pry(J) Js h
In terms of the operator By from (1-3), we may write
1 i®(x,yy)
o) = — s exp( -2 s ) 36
Put |

0= W (3-7)
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Figure 2. An illustration of (3-8) in the case K = 1. The vertical lines mark the endpoints
of intervals in Vx and the horizontal lines mark the endpoints of intervals in Vy. The
thick lines correspond to intervals of height O and the thin lines to intervals of height 1.
The shaded rectangles have the form I x J, I € Vx, J € Vy, where E; is constant on /,
and the shaded rectangles on the left/right correspond to the left-/right-hand sides of (3-9)
for H(J) = 0.

and for J € Vy define the piecewise constant function E; € L°°(X, ux) using the space Cy(I) defined
in Section 2B:

Ey(x) = ||Fslleyry. where x € I € Vy, H(I)+ H(J) =K. (3-8)

See Figure 2. Note that | Fy(x)| < Ej(x) for uyx-almost every x.

The L? norms of the functions E satisfy the following key bound, proved in Section 3B, which
gives an improvement from one scale to the next. The use of the L? norm of E; as the monotone
quantity is convenient for several reasons. On one hand, the averaging provided by the L? norm means it
is only necessary to show an improvement on F; in sufficiently many places; more precisely we will
show in (3-11) that such improvement happens on at least one child of each interval I € V(X) with
H(I)+ H(J) = K — 1. On the other hand, such improvement is obtained by a pointwise argument
which also uses that the F, are slowly varying on each interval / with H(I)+ H(J) = K — 1 (see
Lemma 3.7); this motivates the use of Cg(/) norms in the definition of £, .

Lemma 3.2. Let J € Vy with Ko < H(J) < K — Ky and J1,...,Jp € Vy be the children of J. Then,
with €1 defined in (3-3),

2 MY(Jb) 2
”EJ”Lz(X,p,X) = (1 1) Z (J) Jb“Lz(X,,uX)' (3-9)

Iterating Lemma 3.2, we obtain:

Proof of Proposition 3.1. First of all, we show that for all J € Vy with H(J) = K — Ky, and some
constant Cy depending on G, ux (X) and defined below, we have

112200

2
IET 72 10y) < Co ) (3-10)
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Indeed, take /I € Vx such that H(/) = Kg. By (2-2) and (3-1), forall y € J

T Sup [0 B(x, ) — D B(x, y)| < 21| < 2CHLE0
hxe[

and thus by (2-2) and (3-7)

40|1
L sup 6 0(x, )~ 20y < 1
xel
Arguing similarly to Lemma 2.3, we obtain for all y € J
[(D(x,y)— D(x,
“exp(l( (x, ) ; x yJ)))G(x,y) < Cg := max(sup |G|, sup |05 G]).
Co(I)

Using Holder’s inequality in (3-5), we obtain

Coll f 2,y

vy (J)

Eslr = 1 Fsllesny < f ) dpy () <

(J)

and (3-10) follows by integration in x, where we put Cyp := Cé ux (X).
Now, arguing by induction on H(J) with (3-10) as the base case and (3-9) as the inductive step, we
obtain for all J € Vy with Kg < H(J) < K — K,

[valF;
C0(1—81)K Ko—H(J) L2(J,uy)

IEs |3 <
L2 py (J)
In particular, for all J € Vy with H(J) = Ky, we have by (3-6)
2
By f)|? 2o 720,100
— =|IFs|7 <|Es|} < Ch™*0 ————==r,
H 1y (D) | 2cx L2(X,ux) — L2(X,ux) — wy (J)

where Cq := Co(1 — 81)_2K0. Using the identity

py () Bp(lyf)
py () py(J)

Buf =puy(¥) Y.
JeVy
H(J)=Ky

and (2-15), we estimate
185 f 12205 ey < CLrer DR f oy
and (3-4) follows with C := Cg (1 —¢&1) %0 /ux (X )y (Y). O

3B. The inductive step. In this section we prove Lemma 3.2. Let J € Vy satisfy Ko < H(J) < K —Kp
and Ji, ..., Jp be the children of J. It suffices to show that for all / € Vx with H(I)+ H(J) =K —1
we have

2 MY(Jb) 2
”EJ”LZ(I,MX) = (1 1) Z (J) Jb“Lz(I,MX)' (3-11)

Indeed, summing (3-11) over I, we obtain (3-9).
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Fix I e Vx with H(I)+ H(J) = K—1andlet Iy, ..., I4 be the children of /. Define
_ ux(Ua) __ ry(Jp)
a -— ) qb — .
px (1) py (J)
Note that p,,qp >0and p1+---+pa=q1+---+qgp =1.
The functions Fy and F, are related by the following formula:

B
: O(x, yg,) = P(x. y7)
Fr=Y qpexp(i¥p)Fj,. Wp(x):= U - . (3-12)
b=1
That is, Fy is a convex combination of Fy,, ..., Fj, multiplied by the phase factors exp(i V). At the

end of this subsection we exploit cancellation between these phase factors to show (3-11). However there
are several preparatory steps necessary. Before we proceed with the proof, we show the version of (3-11)
with no improvement:

Lemma 3.3. We have 5

WESZ 2y < D dIER 17201000 (3-13)
b=1

Proof. By (2-2), (3-1), and (3-7), we have for all a, b
B01al 17 _

46|14|-sup |¥y | < ? <1 (3-14)
1

Moreover, by (2-2) and (3-2) we have |I,4] < %|I |. Applying Lemma 2.3, we obtain

|l exp(iWp) Fypllc, 1) < I1F1,llcy -
By (3-12) and (2-15) we then have

B 2 B
IFS 12,0 < (Z qanJ,,nce(,)) < alFa 2, (3-15)
b=1 b=1

By (3-8), we have for all a, b

Eslr, = 1Frlleptn)s  Eaplt = I1Fs, llcory- (3-16)
Now, summing both sides of (3-15) over a with weights ux (/;), we obtain (3-13). O

The rest of this section is dedicated to the proof of (3-11), studying the situations in which the
bound (3-13) is almost sharp and ultimately reaching a contradiction. The argument is similar in spirit to
Lemma 1.2. In fact we can view Lemma 1.2 as the special degenerate case when A = B =2, p, =qp = %,
the intervals I, are replaced by points x,, Fj, = fj are constants, ug = Fj(x4), and wgp = Wp(x4).
The general case is more technically complicated. In particular we use Lemma 2.7 to deal with general
convex combinations. We also use §-regularity in many places, for instance to show that the coefficients
Pa,qp are bounded away from zero and to get the phase factor cancellations in (3-30) at the end of the
proof. The reading of the argument below may be simplified by making the illegal choice &1 := 0.
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We henceforth assume that (3-11) does not hold. Put
B

R:=Y " apl Fs,l3,) (3-17)
b=1
By (3-16), the failure of (3-11) can be rewritten as
A

> pallFrlg, g, > (1—e)R. (3-18)

a=1
We note for future use that p,, gp are bounded below by (2-4):

L= L=

——,  {min :=Mingp > .
! /
Cr b Cr

(3-19)

Pmin 1= l’l’}zil’l Pa =
We first deduce from (3-17) and the smallness of &1 an upper bound on each | Fy, ||¢c,(r) in terms of
the averaged quantity R:

Lemma 3.4. We have for all b,
1F s, llcocry < 2VR. (3-20)

Proof. The first inequality in (3-15) together with (3-18) implies

B 2 A
(S aslFnlesn) =2 pal sl = G —enk (321)
b=1 a=1
By (3-3) and (3-19) we have gmin > 2,/e1. Applying (2-17) to fp := || Fy, llce(,, With (3-17) and (3-21),
we obtain (3-20). O

We next obtain a version of (3-18) which gives a lower bound on the size of Fj, rather than on the
norm || Fyllc,(z,):

Lemma 3.5. There exist xq € 14, a=1,..., A, such that

A
> PalFr(xa)> > (1-2e1)R. (3-22)

a=1
Proof. By Lemma 2.3 and (3-14), we have
01, 'S}JP [(exp(iWp) Fy,) | < 21 Fs,llcor)-

It follows by (3-12) and the triangle inequality that for all a,

B
1
1F 5Ny < max(slup il 23 abll ||c9(1))- (3-23)
a b=1
By (3-15) we have
sup |Fr|> < | FslIZ, ) < R- (3-24)

Ia
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Therefore by (3-23) and the second inequality in (3-15)

I1F713, 1, = 3(R +sup ).

Summing this inequality over a with weights p,, we see that (3-18) implies
A
> pasup|Fy* > (1-2eD)R.

a=1 La

which gives (3-22). O
Now, choose x, as in Lemma 3.5 and put

Fab = F_]b (xa) S (C, Wap = ‘Ifb(xa) cR.

Note that by (3-12)
B

Fr(xa) =Y qpexp(iwap) Fap.
b=1

Using (2-15) for fp = exp(iwgp) F,p and (3-22), we obtain

. 2
> Paq|Fapl* > (1=2e)R+ Y paquqp |exp(i(@ap — ap)) Fap — Fapr|”- (3-25)
a,b aybab/
b<b’
From the definition (3-17) of R, we have for all a
B
> ablFapl” < R. (3-26)

b=1

Therefore, the left-hand side of (3-25) is bounded above by R. Using (3-19), we then get for all a, b, b’
the following approximate equality featuring the phase terms wgp:

2€1R
< 2
pminqmin
<2(CR)2 L' \/e1R. (3-27)

Using the smallness of &1, we obtain from here a lower bound on | Fp|:

‘exp(i (Wab — Wap')) Fap — Fapy

Lemma 3.6. For all a,b we have
|Fup| > 1V/R. (3-28)

Proof. By (3-3) and (3-19), we have pmin > 4¢1. Applying Lemma 2.8 to oy = ) qp|Fap|* and
using (3-25) and (3-26), we obtain for all a

B
> alFapl* = AR (3-29)
b=1



DOLGOPYAT’S METHOD AND THE FRACTAL UNCERTAINTY PRINCIPLE 1473

We now argue similarly to the proof of (2-17). Fix a and let Fy min = ming | Fyp|, Famax = maxp |Fgpl.
By (3-29) we have Fy max > +/R/2. On the other hand the difference Fj max — Fy min is bounded above
by (3-27). By (3-3) we then have

Famin > \/AR—2(CR)?LSH" \/e1R > 1 VR. O

We next estimate the discrepancy between the values Fj for fixed b and different a, using the fact
that we control the norm || Fy, ||¢, (7) and thus the derivative of F, :

Lemma 3.7. Foralla,a’,b we have

2«/§|xa — Xg/| - 2VR
0|1] -0

| Fap — Farp| < LAD | xp —xg.

Proof. This follows immediately by combining Lemma 2.4, Lemma 3.4, and (2-2). O

Armed with the bounds obtained above, we are now ready to reach a contradiction and finish the proof
of Lemma 3.2, using the discrepancy of the phase shifts w,; and the lower bound on |8)2€y<I>| from (3-1).
Using part (3) of Lemma 2.1 and (3-2), choose a, a’, b, b’ such that
2
LC L3 <LHD |x, —xp| <2073,
_2’
1CpP LT3 < LDy, —yy| <2075,
Recall that x4 € I, is chosen in Lemma 3.5 and yj, := yy, is the center of J,. By Lemma 2.5, we have

for some (X,y) el x J,

(Xa —xa) (Vb — Ypr)
h

By (3-1) and (3-2) and since h = L=X, H(I)+ H(J) = K — 1, we have

. 2 &% o
T = Wgp + Wg'by — Wa'h — Wgp) = axyq)(x7 ).

2

/L_

—2_
3§

Cr

.
Wi
Wl

<|t|<8L73 <m.

00| =

Therefore, by Lemma 2.6 the phase factor e’ is bounded away from 1, which combined with (3-28)
gives a lower bound on the discrepancy:

<M

—2_
5 8

. R C
|Fab|'|€”—1|2|r|;/_2 Rgn L75VR. (3-30)

On the other hand we can estimate the same discrepancy from above by (3-27), Lemma 3.7, and the
triangle inequality:

|Fap|-1e'™ 1] = |e! @ar™0ar) Fypp —e! @arv=0ar) |
=< |ei(wab_wab,)Fab_Fab’|+ |Fab’_Fa’b’|+ |ei(wa/b_wa/b/)Fa’b_Fa’b’|+ |Fab_Fa’b|
< 4(CR2LSHY Je R+807'L73VR.
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Comparing this with (3-30) and dividing by +/R, we obtain

—2_
8

Cgr
8

This gives a contradiction with the following consequences of (3-2) and (3-3):

M)

L75 < 4(CR)ALP*Y fer +8071L73.

—2_
s

T A I M
167

—2_
]

Cg
167

EdM)
SN

W=
W=

L3,

. 4(CRALSTY ey <

3C. Proof of Theorem 1. We now show how to reduce Theorem 1 to Proposition 3.1. The idea is to split
G into pieces using a partition of unity. On each piece, by appropriate rescaling we keep the regularity
constant Cg and reduce to the case (3-1) and & = L™K for some fixed L satisfying (3-2) and some integer
K > 0.

To be more precise, let (X, ux), (Y, ny), 8, &', Iy, Jo, ®, G satisfy the hypotheses of Theorem 1.
Using a partition of unity, we write G as a finite sum

G=> Gy GyeC'(loxJo:C), supp Gy C Iy x J, (3-31)
{

where I, C Iy, Jy C Jo are intervals such that for some m = m({) € Z,
2" <197, ® <2™F! on Iy x Jg.

It then suffices to show (1-4), where G is replaced by one of the functions G,. By changing ® outside of
the support of G (which does not change the operator Bj), we then reduce to the case when

2" <02, ® <2™*! on Ipx Jo (3-32)

for some m € Z.
We next rescale By, to an operator B j satisfying the hypotheses of Proposition 3.1. Fix the smallest
L € Z satisfying (3-2). Choose K € Z and o € [1, +/L) such that

. hi=L7K (3-33)

Put for all intervals 1, J

<0

oX C Iy:=ol, ugol):= UguX(I),

=~

oY C Jo:=0alo, py(0J) = US/My(J).

Then (X, M ) is 8-regular, and (Y .ty ) is 8'-regular, up to scale o'k with regularity constant Cg. Consider
the unitary operators

Ux : L*(X.ux) —» L2(X.ug). Ux f(H) =072 f(0™'5),
Uy : L2(Y,py) — L2(F ). Uy f(F) =0"% f(o™' ).
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Then the operator Efz = UXBhUgl CL2(Y, ny) — L2(X, i ) has the form (1-3):

5o B )\ & 2 o pn _
Bt )= [Lexo( "2 )60 1) dug ()
where
B(t,5) =200 %,071F), G(EH)=0"2G0 E,075).
By (3-32) the function ® satisfies (3-1). Fix smallest Ko € Ng such that oh < LKo=K that is,

LKo> 2"
~ 0o
Without loss of generality, we may assume that % is small enough depending on L, m so that K > 2Kj.

Then Proposition 3.1 applies to B j and gives

||Bh||L2(Y,uy)—>L2(X,uX) = ||Eﬁ”L2(?,u)~,)—>L2(f,ug) = C};SO = C(Z_mL)sohao

for ¢ defined in (1-5) and some constant C depending only on 8,8, Cg, Iy, Jo, ®, G. This finishes the
proof of Theorem 1.

4. Application: spectral gap for hyperbolic surfaces

We now discuss applications of Theorem 1 to spectral gaps. We start with the case of hyperbolic surfaces,
referring the reader to [Borthwick 2016; Dyatlov and Zahl 2016] for the terminology used here.

Let M = I'\H? be a convex cocompact hyperbolic surface, Ar C S! be its limit set, § € [0, 1) be the
dimension of Ar, and u be the Patterson—Sullivan measure, which is a probability measure supported
on Ar; see for instance [Borthwick 2016, Section 14.1]. Since Ar is closed and is not equal to the
entire S', we may cut the circle S! to turn it into an interval and treat A as a compact subset of R.
Then (Ar, p) is §-regular up to scale 0 with some constant Cg; see for instance [Borthwick 2016,
Lemma 14.13]. The regularity constant Cr depends continuously on the surface, as explained in the case
of three-funnel surfaces in [Dyatlov and Zahl 2016, Proposition 7.7].

The main result of this section is the following essential spectral gap for M. We formulate it here in
terms of the scattering resolvent of the Laplacian. Another formulation is in terms of a zero-free region
for the Selberg zeta function past the first pole; see for instance [Dyatlov and Zahl 2016]. See below for a
discussion of previous work on spectral gaps.

Theorem 2. Consider the meromorphic scattering resolvent

2 2
RO = (“Ay — 1 -2yt JE D = L7500, dmA> 0,
Lcomp(M) - L1OC(M), ImA <0.

Assume that 0 < § < 1. Then M has an essential spectral gap of size

B=1—56+13CR) 5w 4-1)
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that is, R(X) has only finitely many poles in {Im A > —B} and it satisfies the cutoff estimates for each
V¥ € C§°(M), & > 0 and some constant Cy depending on &

IRV |22 < C(, €)|A| 71 72min@mD+e 1 ) € [-B, 1], |[Re A| = Co.

Proof. We use the strategy of [Dyatlov and Zahl 2016]. By Theorem 3 of that paper, it suffices to show
the following fractal uncertainty principle: for each p € (0, 1),

1 2N — 160
Bo:=5—38+(150Cg) 50-9,
and each cutoff function y € C*®°(S! x S!) supported away from the diagonal, there exists a constant C
depending on M, y, p such that for all & € (0, 1)
ILar 42 Brlaraollzsn—r2sty < ChP7207P), (4-2)

where Ar(h?) C S! is the h” neighborhood of A and the operator B j, is defined by (here |x — y| is
the Euclidean distance between x, y € S! C R?)

Benf @)= Qa4 [ 1x— i xe,) ) dy.

To show (4-2), we first note that by Lemma 2.2, (Y, juy) is §-regular up to scale s with constant 30C 2,
where Y = Ar(h) and py is h®~! times the restriction of the Lebesgue measure to Y. We lift y(x, y) to
a compactly supported function on R? (splitting it into pieces using a partition of unity) and write

Bynlarmy f(x) = Qr) 2h3 8B, f(x),

where Bj, has the form (1-3) with G(x,y) = x(x,y) and (with |x — y| still denoting the Euclidean
distance between x, y € Sl)
O(x, y) =2log|x —y|.

The function ® is smooth and satisfies the condition 3)2”,@ # 0 on the open set S! x S\ {x =y} which
contains the support of G; see for instance [Bourgain and Dyatlov 2016, Section 4.3]. Applying Theorem 1
with (X, uy) := (Y, uy), we obtain

11ar) BynlarmllLzsy—»r2st) < ChPo.

Similarly we have

LA )+t Byplary+slr2stysr2sty < ChPO, 15 e[-1,1],

where X + ¢ is the result of rotating X C S! by angle ¢. Covering A (h”) with at most 10427~ rotations
of the set Ar(h), see for instance the proof of [Bourgain and Dyatlov 2016, Proposition 4.2], and using
triangle inequality, we obtain (4-2), finishing the proof. O

We now briefly discuss previous results on spectral gaps for hyperbolic surfaces:

» The works [Patterson 1976; Sullivan 1979] imply that R(A) has no poles with ImA > § — % On
the other hand, the fact that R(A) is the L? resolvent of the Laplacian in {Im A > 0} shows that it has
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only has finitely many poles in this region. Together these two results give the essential spectral gap
B = max(O, % — 8). Thus Theorem 2 gives no new results when § is much larger than %

e Using the method developed by Dolgopyat [1998], Naud [2005] showed an essential spectral gap of
size B > % — & when § > 0. Oh and Winter [2016] showed that the size of the gap is uniformly controlled
for towers of congruence covers in the arithmetic case.

» Dyatlov and Zahl [2016] introduced the fractal-uncertainty-principle approach to spectral gaps and used
it together with tools from additive combinatorics to give an estimate of the size of the gap in terms of
CR in the case when § is very close to %

* Bourgain and Dyatlov [2016] showed that each convex cocompact hyperbolic surface has an essential
spectral gap of some size 8 = B(§, Cr) > 0. Their result is new in the case § > % and is thus complementary
to the results mentioned above, as well as to Theorem 2.

More generally, spectral gaps have been studied for noncompact manifolds with hyperbolic trapped sets.
(See for instance [Nonnenmacher 2011, Section 2.1] for a definition.) In this setting the Patterson—Sullivan
gap % — § generalizes to the pressure gap — P (%) which has been established by Ikawa [1988], Gaspard
and Rice [1989], and Nonnenmacher and Zworski [2009]. An improved gap § > —P (%) has been proved
in several cases; see in particular [Petkov and Stoyanov 2010; Stoyanov 2011; 2012]. We refer the reader
to [Nonnenmacher 2011] for an overview of results on spectral gaps for general hyperbolic trapped sets.

5. Application: spectral gap for open quantum maps

In this section, we discuss applications of the fractal uncertainty principle to the spectral properties of open
quantum maps. Following the notation in [Dyatlov and Jin 2017] we consider an open quantum baker’s
map By determined by a triple (M, A, x), where M € N is called the base, A C Zp; ={0,1,..., M —1}
is called the alphabet, and y € C§*((0,1); [0, 1]) is a cutoff function. The map By is a sequence of
operators By : 4%, — (%, {%, = (*(Zy), defined for every positive N € MZ by

XN/M FN/M XN/M
By =Fn Iwe (5-1)
XN/M FN/M XN/M

wijl

where Fy is the unitary Fourier transform given by the N x N matrix (1/+/N )(e_zT) it XN/M 18
the multiplication operator on K%, M discretizing y, and I 4,7 is the diagonal matrix with £-th diagonal
entry equal to 1 if [£/(N/M)]| € A and 0 otherwise.

An important difference from [Dyatlov and Jin 2017] is that in the present paper we allow N to be any
multiple of M, while they required that N be a power of M. To measure the size of N, we let k be the
unique integer such that M¥ < N < M¥*1 je., k = |log N/log M |. Denote by § the dimension of the
Cantor set corresponding to M and A, given by

5= log | A|
C o logM
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The main result of this section is the following spectral gap, which was previously established in [Dyatlov
and Jin 2017, Theorem 1] for the case when N is a power of M:

Theorem 3. Assume that 0 < § < 1; that is, 1 < |A| < M. Then there exists

B = B(M, A) > max(0, 1 —§) (5-2)
such that, with Sp(By) C {A € C: |A| < 1} denoting the spectrum of By,
limsup max{|A|: A € Sp(By)} <M P (5-3)
N—>oco, NeM7Z

The main component of the proof is a fractal uncertainty principle. For the case N = M*, the following
version of it was used in [Dyatlov and Jin 2017]:

I2c, Fvle gz gz < CN7P, (5-4)
where Cy, is the discrete Cantor set given by
k—1 .
Crk :={ZajM]:a0,...,ak_1€A} CZn. (5-5)
=0

For general N € MZ N [M*, M¥**1), we define a similar discrete Cantor set in Zy by
. JN
Ck(N):=1{bj(N):jeC}CZn, bj(N):= k| (5-6)
In fact, in our argument we only need b; (N) to be some integer in [[N/M*, (j + 1)N/M¥).
The uncertainty principle then takes the following form:
Theorem 4. Assume that 0 < § < 1. Then there exists
B = B(M, A) > max(0, 1 — ) (5-7)
such that for some constant C and all N,
IXer i FNleeanlle e, = CNP. (5-8)

In Section 5A below, we show that Theorem 4 implies Theorem 3. We prove Theorem 4 in Sections 5C
and 5D using Ahlfors—David regularity of the Cantor set, which is verified in Section 5B.

S5A. Fractal uncertainty principle implies spectral gap. We first show that Theorem 4 implies Theorem 3.
The argument is essentially the same as in [Dyatlov and Jin 2017, Section 2.3], relying on the following
generalization of Proposition 2.5 from that paper:

Proposition 5.1 (localization of eigenstates). Fix v > 0, p € (0, 1), and assume that for some k € N,
NeMZnN [Mk,Mk‘H), A eC, uel?, we have

Byu=Au, [A|>M"".
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Define
Xp=| J{e(N)+m:meZ |m|<(M+2N'"P} CZy.
Then
lullgz, < M| Pk 11x,ull2, + ONT)lullg . (5-9)
lu—F1x, Fnull = ON ") |ullg . (5-10)

where the constants in O(N ~°°) depend only on v, p, y.

Proof. Following [Dyatlov and Jin 2017, (2.7)], let ® = ®js 4 be the expanding map defined by

1 1
q);l_l i,i —(0,1), ®(x)=Mx—a, x€ i,i . (5-11)
M M M M
acA
Put

k:=[pkle{l,....k}. (5-12)
With d( -, -) denoting the distance function on the circle as in [Dyatlov and Jin 2017, Section 2.1], define
X, = {x €[0.1]: d(x, ®F([0, 1)) < N},

Then (5-9), (5-10) follow from the long time Egorov theorem [Dyatlov and Jin 2017, Proposition 2.4]
(whose proof never used that N is a power of M) similarly to Proposition 2.5 of the same paper, as long
as we show the following analog of [Dyatlov and Jin 2017, (2.30)]:

¢
(e{0...N-1}. ek = (leX, (5-13)

To see (5-13), note that (with the intervals considered in R/Z)

- . k—k k—k
_i j—M j+M
oFpo.e U (L)
J€Ck

Assume that £ € {0,..., N — 1} and £/N € X,,. Then there exists j € Cx such that

e -

dl =, 2 V<N P+ MF*<M+1)N".
(N Mk)_ " =M+

It follows that

£ bj(N) -
dl = — ) <M +2N~*
(£.24) o
and thus £ € X, as required. O

Now, we assume that Theorem 4 holds and prove Theorem 3. Using the triangle inequality as in the
proof of [Dyatlov and Jin 2017, Proposition 2.6], we obtain

11, F1x, 2 2, < @M + 5> N2T2 L iy Fv Lol 3,
< CN2U=P=B, (5-14)

Here C denotes a constant independent of N.
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Assume that A € C is an eigenvalue of By such that |[A| > M8 and u € E%\, is a normalized
eigenfunction of By with eigenvalue A. By (5-9), (5-10), and (5-14)
—ok —
1= llullg, = MPIAI™"F | Ly, ullz +ON~)
< MP 1A 7P¥)1x, P 1x, Fyull g, + O(N ™)
< CIA|PEN2A=P=B L o(N~). (5-15)

It follows that |A|°K < CN~F+2(-0) or equivalently

|)L| < C%kMz(lfg:)fB.
This implies

. B g 20=0=8
limsupmax{|A|: A € Sp(By)} <max{M ", M » }.

N—o0

Letting p — 1, we conclude the proof of Theorem 3.

5B. Regularity of discrete Cantor sets. Theorem 4 will be deduced from Theorem 1 and the results of
[Bourgain and Dyatlov 2016]. To apply these, we establish Ahlfors—David regularity of the Cantor set
Cr(N)yCZy ={0,..., N — 1} in the following discrete sense.

Definition 5.2. We say that X C Zy is §-regular with constant Cg if
e for each interval J of size |J| > 1, we have #(J N X) < Cg|J |, and
e for each interval J with 1 <|J| < N which is centered at a point in X, we have #(J N X) > CEI |7,
Definition 5.2 is related to Definition 1.1 as follows:
Lemma 5.3. Let X C Zy. Define X := N~1X C [0, 1] which supports the measure
1g(A) =N #4XNnA4), ACR. (5-16)
Then X is §-regular with constant Cg in the sense of Definition 5.2 if and only if (f , i) is 8-regular up
to scale N~ with constant Cg in the sense of Definition 1.1.
Proof. This follows directly from the two definitions. O
We first establish the regularity of the discrete Cantor set Cj defined in (5-5):
Lemma 5.4. The set Cy C Zyk is 5-regular with constant Cr = 2M2,
Proof. We notice that for all integers k” € [0,k] and j' € Z
JAK = M8¥ 7 e Crypo,
o J'# Cher

Let J be an interval in R, with 1 < |J| < N = M¥. Choose an integer k' € [0,k — 1] such that
MK < |J| < M¥*1, Then there exists some j’ € Z such that

#Cr N MR G+ 1HMF)) (5-17)

J C [ MFHL (G 4 2)MF+,
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Therefore by (5-17)
#(CNJ) <2M8E+D <opd1 718 < Cr|JI )P

On the other hand, if |J| > N then
#(CNJ) <#(Cx)=N®<|J|°.

This gives the required upper bound on #(Cy N J).
Now, assume that 1 < |J| < N and J is centered at some j € Cr. Choose k' as before. If k¥’ = 0 then

#CrNJ)=1=>MJ)P5 =gl

We henceforth assume that 1 <k’ <k —1. Let j’ € Cx_gs+1 be the unique element such that j’M*'~1 <
j < (' +1)M¥ 1 Since M > 2, we have |J| > M¥ > 2M*'~1 and thus

G/ME LG+ DME T [ - MF L+ MR
Therefore by (5-17)
#(C N J) = MOE=D > =281 718 > et g B,
This gives the required lower bound on #(Cg N J), finishing the proof. O
We now establish regularity of the dilated Cantor set C (N ):

Proposition 5.5. Assume that M* < N < M*t! and let Ct (N) C Zy be given by (5-6). Then Cx(N) is
8-regular with constant Cg = 8M 38,

Proof. For any interval J, we have
M* M*
#(C(NYNJ) =#{j €Cr:bj(N) € J} =#{j €Cr: Hbi(N) € TJ}.
By our choice of b;(N), we have (Mk/N)bj(N) € [j,j +1). Therefore

#(ck N MTkJ) —1<#Cu(N)N J) 5#(ck N MTkJ) 1.

We apply Lemma 5.4 to see that for any interval J with |J| > 1
#Ce(NYNJT) <2M2 1718 +1 <3M?8 718 < Cr|J )%

Now, assume that J is an interval with 85 M3 < |J| £ N centered at b; (N) for some j € Cx. Then
(M*/N)J contains the interval of size ﬁl] | centered at j. Therefore, by Lemma 5.4

#(C(N)NJ) > L (1Y 1> 171" >Cz'J)°
k =oM% \2M = gm3s — R

Finally, if J is an interval with 1 < |J| < 85 M3 centered at a point in C (N), then

#C(N)NJ)=1>CRJI O
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5C. Fractal uncertainty principle for § < % The proof of Theorem 4 in the case § < % relies on the
following corollary of Theorem 1:

Proposition 5.6. Let X, Y C Zy be §-regular with constant CRr and 0 < § < 1. Then
—(1_
”lX‘FNlY”Z%v_)@V <CN (2 8+€0), (5-18)

where C only depends on §, Cr and
g0 = (5CR) ™ 515 (5-19)
Proof Put h:= N~1, X = hX, Y = hY, and define the measures Ui, iy by (5-16). By Lemma 5.3,
(X, M) and (v, Wy ) are §-regular up to scale 4 with constant Cg. Consider the operator
By: L'V, ug) — L¥(X . ng)
defined by

511 = [[exo(~T5) 0 g )

and note that it has the form (1-3) with ®(x, y) = —2nxxy, G = 1. By Theorem 1

”Bh ”Lz(?,ﬂy)—)Lz()‘stg) = Ch®o.

Comparing the formula
Bhf(ﬁ) _N Zexp(— g )f(ﬁ . jex.
leY
with the definition of the discrete Fourier transform Fp, we see that

_ Ar8-3 ~ ~
”lX}—NlY”(%V_)Z?V =N 2||Bh||L2(Y,u7)—>L2(X,/L§)’
which finishes the proof. O
Combining Propositions 5.5 and 5.6, we get (5-8) for

1 35— 160
B=1-5+0M>*) 505 (5-20)

which finishes the proof of Theorem 4 for § < %

5D. Fractal uncertainty principle for § > % For § > %, Theorem 1 does not in general give an improve-
ment over the trivial gap f = 0. Instead, we shall use the following reformulation of [Bourgain and

Dyatlov 2016, Theorem 4]:

Proposition 5.7. Let 0 < § <1, Cgr > 1, N > 1 and assume that f, Y C [—1,1] and (f,ui) and
(7, Wy ) are §-regular up to scale N~ with constant Cg in the sense of Definition 1.1, for some finite
measures [Lg, Ly supported on XY

Then there exist Bo > 0, Co depending only on §, Cg such that for all f € L*(R),

supphtf CN-¥ = | fll2c8) < CoN Pl fll2m).- (5-21)
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Here f denotes the Fourier transform of f:
hif(§) =Ff(€) = Ae_z”ixsf(X) dx. (5-22)
Proposition 5.7 implies the following discrete fractal uncertainty principle:
Proposition 5.8. Let X, Y C Zy be 8-regular with constant Cr and 0 < § < 1. Then
Ilx Fn1yllez, 3, < CN7E, (5-23)
where C, B > 0 only depend on §, Cp.

Proof. Put h:= N71,
X :=hX +[=h,h], Y:=hY +[-h,h],

and define the measures (5, iy on XY by (2-6). By Lemmas 5.3 and 2.2, (X, u ) and (¥, Wy ) are
§-regular up to scale & with constant 30C1%. Applying Proposition 5.7, we obtain for some constants
Bo > 0, Co depending only on §, Cg and all f € L?(R)

supphtf CN-Y = [l 2% < CoN Pl fllr2@m). (5-24)
To pass from (5-24) to (5-23), fix a cutoff function y such that for some constant ¢ > 0

1eCE((=3:2)): lxllza =1, inf 177"yl =

This is possible since for any y € C5°(R) which is not identically 0, F ~1y extends to an entire function
and thus has no zeros on {Im z = s} for all but countably many choices of s € R. Choosing such s we see
that 7~ (e~ y(£)) has no real zeros.

Now, take arbitrary u € Z%V. Consider the function f € L?(R) defined by

FE =Y u)yE-0.

leY

Then suppf C N-Y and I/ 2@ < ||u||z%v, so by (5-24)

1/ L2y < CoNPllulla . (5-25)
On the other hand, for all j € Zy, we have for all j € X
1
N

Consider the nonoverlapping collection of intervals

7(4) =z eo( %) 5-26)

L=l L 2o 1lcg jex
J N 2NN ' 2N
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Using that (| /'|2)’ = 2Re(f f), we have

2
C
2 ¢ s
sc/h £l dx+N/Ij @)1 )l d,

1 J
*1 . 2<_ e
| Fylyu(j)l _CZN‘f(N)

where C denotes some constant depending only on §, Cg, y. Summing over j € X and using the
Cauchy—Schwarz inequality, we obtain

C
||1XJE}§}1W||§3V =< C“f”zz(j(") TALAUES o% £ 2 y-
Since suppf C [—N, N], we have ||f’||L2(R) <1ON|[flir2w) =< 10N||u||13%V and thus by (5-25)
||1X]'—;\<]1Y”||§%V < CN_‘%IIMII?%V,

which gives (5-23) with 8 = 1 Bo. O

Combining Propositions 5.5 and 5.8, we obtain (5-8) for % < § < 1, finishing the proof of Theorem 4.
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