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DINI AND SCHAUDER ESTIMATES FOR NONLOCAL FULLY NONLINEAR
PARABOLIC EQUATIONS WITH DRIFTS

HONGJIE DONG, TIANLING JIN AND HONG ZHANG

We obtain Dini- and Schauder-type estimates for concave fully nonlinear nonlocal parabolic equations
of order � 2 .0; 2/ with rough and nonsymmetric kernels and drift terms. We also study such linear
equations with only measurable coefficients in the time variable, and obtain Dini-type estimates in the
spacial variable. This is a continuation of work by the authors Dong and Zhang.

1. Introduction and main results

The paper is a continuation of [Dong and Zhang 2016a; 2016b] by the first and last authors, where
they obtained Schauder-type estimates for concave fully nonlinear nonlocal parabolic equations and
Dini-type estimates for concave fully nonlinear nonlocal elliptic equations. Here, we consider concave
fully nonlinear nonlocal parabolic equations with Dini continuous coefficients, drifts and nonhomogeneous
terms, and establish a C � estimate under these assumptions.

The study of second-order equations with Dini continuous coefficients and data dates back to at least
1970s, when Burch [1978] first considered divergence-type linear elliptic equations with Dini continuous
coefficients and data, and estimated the modulus of continuity of the derivatives of solutions. Later work
for second-order linear or concave fully nonlinear elliptic and parabolic equations with Dini data includes,
for example, [Sperner 1981; Lieberman 1987; Safonov 1988; Kovats 1997; Bao 2002; Duzaar and Gastel
2002; Wang 2006; Maz’ya and McOwen 2011; Li 2017], and many others.

The regularity theory for nonlocal elliptic and parabolic equations has been developed extensively in
recent years. For example, C ˛ estimates, C 1;˛ estimates, an Evans–Krylov-type theorem, and Schauder
estimates were established in the past decade. See, for instance, [Caffarelli and Silvestre 2009; 2011;
Dong and Kim 2012; 2013; Kim and Lee 2013; Lara and Dávila 2014; Mikulevičius and Pragarauskas
2014; Chang-Lara and Kriventsov 2017; Jin and Xiong 2015; 2016; Serra 2015; Mou 2016; Imbert et al.
2016]. In particular, Mou [2016] investigated a class of concave fully nonlinear nonlocal elliptic equations
with smooth symmetric kernels, and obtained the C � estimate under a slightly stronger assumption
than the usual Dini continuity on the coefficients and data. He implemented a recursive Evans–Krylov
theorem, which was first studied by Jin and Xiong [2016], as well as a perturbation-type argument.
By using a novel perturbation-type argument, the first and last authors proved the C � estimate for
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concave fully nonlinear elliptic equations in [Dong and Zhang 2016a], which relaxed the regularity
assumption to simply Dini continuity and also removed the symmetry and smoothness assumptions on
the kernels.

In this paper, we extend the results in [Dong and Zhang 2016a] from elliptic equations to parabolic
equations with drifts; that is, we study fully nonlinear nonlocal parabolic equations in the form

@tuD inf
ˇ2A

.LˇuC bˇDuCfˇ/; (1-1)

where A is an index set and for each ˇ 2A,

LˇuD

Z
Rd

ıu.t;x;y/Kˇ.t;x;y/ dy;

ıu.t;x;y/D

8<:
u.t;xCy/�u.t;x/ for � 2 .0; 1/;
u.t;xCy/�u.t;x/�y �Du.t;x/�B1

for � D 1;

u.t;xCy/�u.t;x/�y �Du.t;x/ for � 2 .1; 2/;
and

Kˇ.t;x;y/D aˇ.t;x;y/jyj
�d�� :

This type of nonlocal operator was first investigated by Komatsu [1984], Mikulevičius and Pragarauskas
[1992; 2014], and later by Dong and Kim [2012; 2013], and Schwab and Silvestre [2016].

We assume
.2� �/�� aˇ. � ; � ; � /� .2� �/ƒ for all ˇ 2A;

for some ellipticity constants 0< ��ƒ, and is merely measurable with respect to the y-variable. When
� D 1, we additionally assume Z

Sr

yKˇ.t;x;y/ dsy D 0 (1-2)

for any r > 0, where Sr is the sphere of radius r centered at the origin.
We also assume bˇ � 0 when � < 1 and bˇ D b.t;x/ is independent of ˇ when � D 1.
We say that a function f is Dini continuous if its modulus of continuity !f is a Dini function, i.e.,Z 1

0

!f .r/

r
dr <1:

We need the Dini continuity assumptions on the coefficients of (1-1):

sup
ˇ2A

Z
B2r nBr

jaˇ.t;x;y/� aˇ.t
0;x0;y/j dy �ƒrd!a.maxfjx�x0j; jt � t 0j

1
� g/ for all r > 0;

sup
ˇ2A
kfˇkL1.Q1/ <1; sup

ˇ2A
jfˇ.t;x/�fˇ.t

0;x0/j � !f .maxfjx�x0j; jt � t 0j
1
� g/;

sup
ˇ2A
kbˇkL1.Q1/ �N0; sup

ˇ2A
jbˇ.t;x/� bˇ.t

0;x0/j � !b.maxfjx�x0j; jt � t 0j
1
� g/;

where N0 > 0; and !a; !b; !f are all Dini functions.

(1-3)
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In Theorem 1.1 below, !u denotes the modulus of continuity of u in .�1; 0/�Rd ; that is,

ju.t;x/�u.t 0;x0/j � !u.maxfjx�x0j; jt � t 0j
1
� g/ for all .t;x/; .t;x0/ 2 .�1; 0/�Rd :

We also use the notation C 1;�C.Q1/ to denote C
1;�C"
t;x .Q1/ for some arbitrarily small " > 0. This

condition is only needed for Lˇu to be well defined, and may be replaced by other weaker conditions.

Theorem 1.1. Let � 2 .0; 2/, 0<��ƒ<1, and A be an index set. Assume for each ˇ 2A, Kˇ satisfies
(1-2) when � D 1, and the Dini continuity assumption (1-3) holds for all .t;x/; .t 0;x0/ 2Q1. Suppose
u 2 C 1;�C.Q1/ is a solution of (1-1) in Q1 and is Dini continuous in .�1; 0/�Rd. Then we have @tu is
uniformly continuous and the a priori estimate

k@tukL1.Q1=2/C Œu�
x
� IQ1=2

� C

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //; (1-4)

where C > 0 is a constant depending only on d , � , �, ƒ;N0, !b , and !a. Moreover, when � ¤ 1, we
have

sup
.t0;x0/2Q1=2

Œu�x� IQr .t0;x0/
! 0 as r ! 0

with a decay rate depending only on d , � , �, ƒ, !a, !f , !u, N0, and !b . When � D 1, Du is uniformly
continuous in Q1=2 with a modulus of continuity controlled by the quantities before.

This theorem improves Theorem 1.1 in [Dong and Zhang 2016a] in the following two ways. First,
(1-1) is parabolic and has drift terms. Second, the right-hand side of the estimate (1-4) depends only on
the seminorms of u and f , in particular, not on supˇ2A kfˇkL1.Q1/.

Remark 1.2. When � 2 .1; 2/ in Theorem 1.1, by interpolation inequalities we have

ŒDu�t��1
�
IQ1=2

� C.k@tukL1.Q1=2/C Œu�
x
� IQ1=2

/� C

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //:

The same proof of Theorem 1.1 can be used to prove Schauder estimates for concave fully nonlinear
nonlocal parabolic equations with drifts. To this end, we need the Hölder continuity assumptions on the
coefficients of (1-1):

sup
ˇ2A

Z
B2r nBr

jaˇ.t;x;y/� aˇ.t
0;x0;y/j dy �ƒrd maxfjx�x0j; jt � t 0j


� g for all r > 0;

sup
ˇ2A
kfˇkL1.Q1/ <1; sup

ˇ2A
jfˇ.t;x/�fˇ.t

0;x0/j � Cf maxfjx�x0j; jt � t 0j

� g;

sup
ˇ2A
kbˇkL1.Q1/ �N0; sup

ˇ2A
jbˇ.t;x/� bˇ.t

0;x0/j � Cb maxfjx�x0j; jt � t 0j

� g;

where N0;Cf ;Cb > 0; and  2 .0; 1/:

(1-5)

Recall that we assume bˇ � 0 when � < 1, and bˇ D b.t;x/ is independent of ˇ when � D 1.
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Theorem 1.3. Let � 2 .0; 2/, 0< ��ƒ<1, and A be an index set. There exists Ǫ depending only on
d; �;ƒ and � (uniform as � ! 2�) such that the following holds. Let  2 .0; Ǫ / such that � C  < 2

is not an integer. Assume for each ˇ 2 A, Kˇ satisfies (1-2) when � D 1, and the Hölder continuity
assumptions (1-5) hold for all .t;x/; .t 0;x0/ 2Q1. Suppose u 2 C 1C

�
;�C .Q1/\C


�
; ..�1; 0/�Rd /

is a solution of (1-1) in Q1; then we have the a priori estimate

Œu�1C
�
;�C IQ1=2

� Ckuk
�
; I.�1;0/�Rd CC Cf ; (1-6)

where C > 0 is a constant depending only on d , �;  , �, ƒ, N0, and Cb .

The essential new part of Theorem 1.3 is for the case � D 1. For � < 1, Theorem 1.3 is just Theorem 1.1
in [Dong and Zhang 2016b]. Even though the Hölder continuity assumption appeared slightly differently,
the proof in [Dong and Zhang 2016b] can be carried out with minimal modifications. For � > 1, the drift
is a lower-order perturbation and the conclusion can be proved without assuming � C  < 2 by using
Theorem 1.1 in [Dong and Zhang 2016b] and interpolation inequalities.

In the case of the linear equation

@tuDLuC bDuCf; (1-7)

the estimate (1-6) holds for all  2 .0; �/. Again, we assume b � 0 when � < 1.

Theorem 1.4. Let � 2 .0; 2/, 0< ��ƒ<1, and  2 .0; �/ such that � C  is not an integer. Assume
K satisfies (1-2) when � D 1, and the Hölder continuity assumptions (1-5) hold for all .t;x/; .t 0;x0/ 2Q1.
Suppose u2C 1C

�
;�C .Q1/\C


�
; ..�1; 0/�Rd / is a solution of (1-7) in Q1; then we have the a priori

estimate
Œu�1C

�
;�C IQ1=2

� Ckuk
�
; I.�1;0/�Rd /CC Cf ; (1-8)

where C > 0 is a constant depending only on d , �;  , �, ƒ, N0, and Cb .

It is natural to assume  < � in Theorem 1.4, since (1-5) will imply that f is independent of t if
0< � <  . In many applications, a will be independent of t as well under the assumptions of (1-5) and
� <  . Then, we can always differentiate (1-7) in t , and obtain higher-order regularity in t by applying
the result of Theorem 1.4 above.

We are also interested in the linear equation (1-7) when K, b, and f are Dini continuous in x but only
measurable in the time variable t , that is, they satisfyZ

B2r nBr

ja.t;x;y/� a.t;x0;y/j dy �ƒrd!a.jx�x0j/ for all r > 0;

kf kL1.Q1/ <1; jf .t;x/�f .t;x0/j � !f .jx�x0j/;

kbkL1.Q1/ �N0; jb.t;x/� b.t;x0/j � !b.jx�x0j/;

where N0 > 0; and !a; !b; !f are all Dini functions.

(1-9)

In Theorem 1.5 below, !u denotes the modulus of continuity of u in x uniform for all t ; that is,

ju.t;x/�u.t;x0/j � !u.jx�x0j/ for all .t;x/; .t;x0/ 2 .�1; 0/�Rd :
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Theorem 1.5. Let � 2 .0; 2/, 0 < � � ƒ <1. Assume K satisfies (1-2) when � D 1, and the Dini
continuity assumption (1-9) holds for all .t;x/; .t;x0/ 2Q1. Suppose u 2 C 1;�C.Q1/ is a solution of
(1-7) in Q1 and is Dini continuous in x in .�1; 0/�Rd. Then we have the a priori estimate: for � 2 .0; 2/,

k@tukL1.Q1=2/C Œu�
x
� IQ1=2

� C

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //; (1-10)

where C > 0 is a constant depending only on d , � , �, ƒ;N0, !b , and !a. Moreover, when � ¤ 1, we
have

sup
.t0;x0/2Q1=2

Œu�x� IQr .t0;x0/
! 0 as r ! 0

with a decay rate depending only on d , � , �, ƒ, !a, !f , !u, N0, and !b . When � D 1, Du is uniformly
continuous in x in Q1=2 with a modulus of continuity controlled by the quantities before. Also, @tu is
uniformly continuous in x in Q1=2 with a modulus of continuity controlled by d , � , �, ƒ, !a, !f , !u,
N0, !b , and kukL1 .

If K, b, and f in (1-7) are Hölder continuous in x locally but only measurable in the time variable t ,
that is, they satisfyZ

B2r nBr

ja.t;x;y/� a.t;x0;y/j dy �ƒrd
jx�x0j for all r > 0;

kf kL1.Q1/ <1; jf .t;x/�f .t;x0/j � Cf jx�x0j;

kbkL1.Q1/ �N0; jb.t;x/� b.t;x0/j � Cbjx�x0j;

where N0;Ca;Cb > 0; and  2 .0; 1/;

(1-11)

then we have:

Theorem 1.6. Let � 2 .0; 2/, 0<��ƒ<1, and  2 .0; 1/ such that �C is not an integer. Assume K

satisfies (1-2) when � D 1, and the Hölder continuity assumptions (1-11) hold for all .t;x/; .t;x0/ 2Q1.
Suppose u 2 C 1;�C .Q1/\C


x ..�1; 0/�Rd / is a solution of (1-7) in Q1; then we have the a priori

estimate
Œ@tu�

x
 IQ1=2

C Œu�x�C;IQ1=2
� Ckukx

 I.�1;0/�Rd /
CC Cf ; (1-12)

where C > 0 is a constant depending only on d , �;  , �, ƒ, N0, and Cb .

Note that here we assume  2 .0; 1/ for all � 2 .0; 2/, since all the estimates only involve x. This
theorem improves Theorem 1.1 in [Jin and Xiong 2015], which does not include drifts and requires the
Hölder continuity of a and f in the time variable t as well. In the second-order case, similar results were
obtained a long time ago by Knerr [1980/81] and Lieberman [1992].

A few remarks are in order.

Remark 1.7. It is evident that Theorems 1.1, 1.3, 1.4, 1.5, and 1.6 hold for corresponding elliptic
equations as well.

Remark 1.8. Our proof does not tell whether the a priori estimates in Theorems 1.1 and 1.5 can be made
uniformly bounded as � ! 2�, even if we replace ƒ by .2� �/ƒ in both (1-5) and (1-9).
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The ideas of our proofs are in the spirit of the approach first developed in [Campanato 1966], which
has been used in [Dong and Zhang 2016a] for nonlocal fully nonlinear elliptic equations. A similar idea
was also used in the literature to derive Cordes–Nirenberg-type estimates; see, e.g., [Nirenberg 1954].
Here, we adapt the methods in [Dong and Zhang 2016a] from elliptic settings to parabolic settings, with
extra efforts to deal with the drift term especially when � D 1 and some simplification of the proofs.

The key idea is that instead of estimating the C � seminorm of the solution, we construct and bound
certain seminorms of the solution; see Lemma 2.1. When � < 1, we define such a seminorm as a series
of lower-order Hölder seminorms of u. In order for the nonlocal operator to be well defined, the solution
needs to be smoother than C �. This motivates us to divide the integral domain into annuli, and use a
lower-order seminorm to estimate the integral in each annulus. The proof of the case when � � 1 is
more involved mainly due to the fact that the series of lower-order Hölder seminorms of the solution
itself is no longer sufficient to estimate the C � norm. Therefore, we need to subtract a polynomial from
the solution in the construction of the seminorm. In some sense, the polynomial should be chosen to
minimize the series. It turns out that when � � 1, we can make use of the first-order Taylor’s expansion
of the mollification of the solution.

The organization of this paper is as follows. In the next section, we introduce some notation and
preliminary results that are necessary in the proofs of our main theorems. In Section 3, we show the Dini
estimates for nonlocal nonlinear parabolic equations in Theorem 1.1. In Section 4, we prove the Schauder
estimates for equations with a drift in Theorems 1.3 and 1.4. The last section is devoted to linear parabolic
equations with measurable coefficients in the time variable t , where Theorems 1.5 and 1.6 are proved.

2. Preliminaries

We will use the following notation:

� For r > 0, we set Qr .t0;x0/ D .t0 � r�; t0��Br .x0/ and yQr .t0;x0/ D .t0 � r�; t0C r� /�Br .x0/,
where Br .x0/� Rd is the ball of radius r centered at x0. We write Qr DQr .0; 0/ for brevity.

� Pt (or Px) is the set of first-order polynomials in t (or x), respectively.

� P1 is the set of first-order polynomials in both t and x.

� For ˛; ˇ > 0,
Œu�˛;ˇIQr .t0;x0/ D Œu�C˛;ˇt;x .Qr .t0;x0//

;

Œu�xˇIQr .t0;x0/
D sup

t2.t0�r�; t0/

Œu.t; � /�Cˇ.Br .x0//
;

Œu�t˛IQr .t0;x0/
D sup

x2Br .x0/

Œu. � ;x/�C˛..t0�r�; t0//:

If ˇ (or ˛) is an integer, the above seminorms mean the Lipschitz norm of Djˇj�1 (or @j˛j�1
t ). If there is

no subscript about the region where the norm is taken, then it means the whole domain where the function
is defined (e.g., Rd or .�t0; 0��Rd for some t0 > 0).

� We say u 2 C 1;�C.Q1/ if u 2 C 1;�C".Q1/ for some small " > 0.
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� We will also use the following Lipschitz–Zygmund seminorms. Let �� Rd be a domain, r > 0, and
QD .t0� r; t0���. For ˛; ˇ 2 .0; 2/, we define

Œu�x
ƒˇ.Q/

D sup
t2.t0�r�; t0�

Œu.t; � /�
ƒˇ.�/

D sup
t2.t0�r�; t0�

sup
x1;x2;x32�

x1 6Dx3; x1Cx3D2x2

ju.t;x1/Cu.t;x3/� 2u.t;x2/j

jx1�x2j
˛

;

Œu�t
ƒ˛.Q/

D sup
x2�

Œu. � ;x/�ƒ˛..t0�r�; t0//
D sup

x2�

sup
t1;t2;t32.t0�r�; t0�
t1 6Dt3; t1Ct3D2t2

ju.t1;x/Cu.t3;x/� 2u.t2;x/j

jt1� t2j˛
;

Œu�
ƒ˛;ˇ.Q/

D sup
.t1;x1/;.t2;x2/;.t3;x3/2Q

.t1;x1/ 6D.t3;x3/; .t1;x1/C.t3;x3/D2.t2;x2/

ju.t1;x1/Cu.t3;x3/� 2u.t2;x2/j

jt1� t2j˛Cjx1�x2j
ˇ

:

We will frequently use the identities

2j .u.t;xC 2�j l/�u.t;x//� .u.t;xC l/�u.t;x//

D

jX
kD1

2k�1
�
2u.t;xC2�k l/�u.t;xC2�kC1l/�u.t;x/

�
; (2-1)

2j .u.t � 2�j ;x/�u.t;x//� .u.t � 1;x/�u.t;x//

D

jX
kD1

2k�1
�
2u.t�2�k ;x/�u.t�2�kC1;x/�u.t;x/

�
; (2-2)

which hold for any unit vector l 2 Rd and j 2 N.

Lemma 2.1. Let ˛ 2 .0; �/ be a constant. Let Q be a convex cylinder such that Q 1
2
�Q�Q1.

(i) When � 2 .0; 1/, we have

Œu�x� IQCk@tukL1.Q/ � C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/CCkukL1.Q21=� /; (2-3)

where C is a constant depending only on d , � , and ˛. Moreover, the modulus of continuity of @tu is
bounded by the tail of the summation on the right-hand side of (2-3).

(ii) When � 2 .1; 2/, we have

Œu�x� IQCk@tukL1.Q/C ŒDu�t��1
�
IQ

� C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/CCkukL1.Q2/; (2-4)

where C is a constant depending on d , ˛, and � . The modulus of continuity of @tu is bounded by the
tail of the summation above.



1494 HONGJIE DONG, TIANLING JIN AND HONG ZHANG

(iii) When � D 1, we have

kDukL1.Q/Ck@tukL1.Q/ � C

1X
kD0

2k.1�˛/ sup
.t0;x0/2Q

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

CC sup
.t;x/;.t 0;x0/2Q2

maxfjt�t 0j;jx�x0jgD1

ju.t;x/�u.t 0;x0/j; (2-5)

where C is a constant depending on d , ˛, and � . The modulus of continuity of @tu and Du are
bounded by the tail of the summation above.

Proof. We first prove the estimate of @tu for � 2 .0; 2/ by showing that

k@tukL1.Q/ �C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2Pt

Œu�p�t˛
�
IQ

2�k .t0;x0/
C2 sup

.t0;x0/2Q

ju.t0�1;x0/�u.t0;x0/j:

(2-6)
Indeed, from (2-2),

2j
ju.t � 2�j ;x/�u.t;x/j

� ju.t � 1;x/�u.t;x/jC

1X
kD1

2k�1
j2u.t � 2�k ;x/�u.t � 2�kC1;x/�u.t;x/j

� ju.t � 1;x/�u.t;x/jCC

1X
kD1

2k.1�˛
�
/Œu�t

ƒ˛=� .Q
2�k� .t;x//

; (2-7)

where C only depends on � and k�D Œ.k�1/=��, i.e., the largest integer which is smaller than .k�1/=� .
The right-hand side of the above inequality is less than

ju.t � 1;x/�u.t;x/jCC

1X
kD1

2.k
��C�/.1�˛

�
/Œu�t

ƒ˛=� .Q
2�k� .t;x//

� ju.t � 1;x/�u.t;x/jCC

1X
kD1

2k�.��˛/ inf
p2Pt

Œu�p�t
ƒ˛=� .Q

2�k� .t;x//
:

By using the definition of k�, it is easy to see the second term on the right-hand side of the above inequality
is bounded by

C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2Pt

Œu�p�t˛
�
IQ

2�k .t0;x0/
:

Therefore, by sending j !1 in (2-7), we prove that k@tukL1.Q/ is bounded by the right-hand side of
(2-6). Since

inf
p2Pt

Œu�p�t˛
�
IQ

2�k .t0;x0/
� inf

p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/;

inf
p2Pt

Œu�p�t˛
�
IQ

2�k .t0;x0/
� inf

p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/;

the right-hand side of (2-6) is bounded by that of (2-3)–(2-5). We obtain the bound of k@tukL1.Q/.
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Next, we bound the modulus of continuity of @tu in Q. Assume

jt � t 0jC jx�x0j� 2 Œ2�.iC1/; 2�i/ for some i � 1:

From (2-2), for any j � i C 1,

2j .u.t � 2�j;x/�u.t;x//� 2i.u.t � 2�i;x/�u.t;x//

D

jX
kDiC1

2k�1.2u.t � 2�k;x/�u.t � 2�kC1;x/�u.t;x//;

and the same identity holds with .t 0;x0/ in place of .t;x/. Then we have

j@tu.t;x/� @tu.t
0;x0/j D lim

j!1
j2j .u.t � 2�j;x/�u.t;x//� 2j .u.t 0� 2�j;x0/�u.t 0;x0//j

� j2i.u.t � 2�i;x/�u.t;x//� 2i.u.t 0� 2�i;x0/�u.t 0;x0//j

CC

1X
kDiC1

sup
.t0;x0/2Q

2k.1�˛
�
/Œu�t

ƒ˛=� .Q
2�k� .t0;x0//

;

where k� is defined above. By the triangle inequality, the first term on the right-hand side is bounded by

2i
ju.t � 2�i;x/Cu.t 0;x0/� 2u.Nt ; Nx/jC 2i

ju.t 0� 2�i;x0/� 2u.Nt ; Nx/Cu.t;x/j;

where Nt D .t C t 0� 2�i/=2 and Nx D .xCx0/=2. This is further bounded by

2i.1�˛
�
/ sup
.t0;x0/2Q

Œu�
ƒ˛=�;˛.Q

2�i� .t0;x0//
;

where i� D Œ.i � 1/=��. Therefore,

j@tu.t;x/� @tu.t
0;x0/j � C

1X
kDi

sup
.t0;x0/2Q

2k.1�˛
�
/Œu�

ƒ˛=�;˛.Q
2�i� .t0;x0//

� C

1X
kDi

sup
.t0;x0/2Q

2k.1�˛
�
/ inf

p2P1

Œu�p�˛
�
;˛IQ

2�i� .t0;x0/;

which, from the definition of i�, converges to 0 as i !1.
In the rest of the proof, we consider the three cases separately.

Case 1: � 2 .0; 1/. The estimates of Œu�x� are the same as [Dong and Zhang 2016a, Lemma 2.1] and we
only provide a sketch here. Let .t;x/; .t;x0/ 2Q be two different points. Suppose h WD jx�x0j 2 .0; 1/.
Since

h�� ju.t;x0/�u.t;x/j � sup
x2Q

h˛�� Œu.t; � /�˛IBh.x/;

by taking the supremum with respect to t;x, and x0 for h< 1 on both sides, we get

Œu�x� IQ � sup
.t0;x0/2Q

sup
0<h<1

h˛�� Œu�x˛IQh.t0;x0/
� C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

Œu�x˛IQ
2�k .t0;x0/

:
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Notice that

Œu�x˛IQ
2�k .t0;x0/

D inf
p2Pt

Œu�p�x˛IQ
2�k .t0;x0/

� inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/:

The proof of Case 1 is completed.

Case 2: � 2 .1; 2/. Similar to the previous case, we only provide the sketch of the proof following that
of [Dong and Zhang 2016a, Lemma 2.1]. Let ` 2 Rd be a unit vector and " 2

�
0; 1

16

�
be a small constant

to be specified later. For any two distinct points .t;x/; .t;x0/ 2 Q such that h D jx � x0j < 1
2

, there
exist Nx; Nx0 2Q such that jx � Nxj < "h, NxC "hl 2Q, and jx0� Nx0j < "h, Nx0C "hl 2Q. By the triangle
inequality,

h1��
jD`u.t;x/�D`u.t;x

0/j � I1C I2C I3; (2-8)

where
I1 WD h1��

jD`u.t;x/� ."h/
�1.u.t; NxC "h`/�u.t; Nx//j;

I2 WD h1��
jD`u.t;x

0/� ."h/�1.u.t; Nx0C "h`/�u.t; Nx0//j;

I3 WD h1�� ."h/�1
j.u.t; NxC "h`/�u.t; Nx//� .u.t; Nx0C "h`/�u.t; Nx0//j:

By the mean value theorem,

I1C I2 � 2�"��1Œu�x� IQ: (2-9)

Now we choose and fix an " sufficiently small depending only on � such that 2�"��1 �
1
2

. Using the
triangle inequality, we have

I3 � C h��
�
ju.t; NxC "h`/Cu.t; Nx0/� 2u.t; Qx/jC ju.t; Nx0C "h`/Cu.t; Nx/� 2u.t; Qx/j

�
;

where Qx D . NxC "h`C Nx0/=2. Thus,

I3 � C h˛�� Œu.t; � /�x
ƒ˛.Qh.t; Qx//

: (2-10)

Combining (2-8), (2-9), and (2-10), we get

Œu�x� IQ � C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2Px

Œu�p�x˛IQ
2�k .t0;x0/

:

Because

inf
p2Px

Œu�p�x˛IQ
2�k .t0;x0/

� inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/;

we bound Œu�x
� IQ

by the right-hand side of (2-4).
It follows from [Krylov 1996, Section 3.3] that ŒDu�t��1

�
IQ

is bounded by k@tukL1.Q/ C Œu�
x
� IQ

.
Therefore, (2-4) is proved.

Case 3: � D 1. We give the estimate of kDukL1 . It follows from (2-1) that

2j
ju.t;xC 2�j`/�u.t;x/j � ju.t;xC `/�u.t;x/jC

jX
kD1

2k.1�˛/Œu.t; � /�x
ƒ˛.B

2�k .xC2�k`//
:
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Taking j !1, we obtain that

kDukL1 � C

1X
kD1

2k.1�˛/ sup
.t0;x0/2Q

inf
p2Px

Œu�p�x˛IQ
2�k .t0;x0/

C sup
.t;x/;.t;x0/2Q2

jx�x0jD1

ju.t;x/�u.t;x0/j:

The estimate of the continuity of Du is the same as @tu, and thus omitted. �

Let � be a smooth nonnegative function in R with unit integral and vanishing outside .0; 1/. For R> 0

and � 2 .0; 1/, we define the mollification of u with respect to t as

u.R/.t;x/D

Z
R

u.t �R�s;x/�.s/ ds:

For the case � 2 Œ1; 2/, we define u.R/ differently by mollifying the x-variable as well. Let � 2 C1
0
.B1/

be a radial nonnegative function with unit integral. For R> 0, we define

u.R/.t;x/D

Z
RdC1

u.t �R�s;x�Ry/�.s/�.y/ dy ds:

The following lemma is for the case � 2 .0; 1/.

Lemma 2.2. Let � 2 .0; 1/, ˛ 2 .0; �/, and R> 0 be constants. Let p0 D p0.t/ be the first-order Taylor
expansion of u.R/ at the origin in t and QuD u�p0. Then for any integer j � 0, we have

Œ Qu�˛
�
;˛I.�R�;0/�B

2jR
� C inf

p2Pt

Œu�p�˛
�
;˛I.�R�;0/�B

2jR
; (2-11)

where C is a constant only depending on d and ˛.

Proof. It is easily seen that Qu is invariant up to a constant if we replace u by u�p for any p 2 Pt . Thus
to prove the lemma, we only need to bound the left-hand side of (2-11) by

C Œu�˛
�
;˛I.�R�;0/�B

2jR
:

Since QuD u�p.t/, it suffices to observe that

Œp�t˛
�
I.�R�;0/

DR��˛
j@tu

.R/.0; 0/j � C Œu�t˛
�
IQR

: �

The following lemma is useful in dealing with the case � 2 .1; 2/.

Lemma 2.3. Let ˛ 2 .0; 1/ and � 2 .1; 2/ be constant. Then for any u2C 1 and any cylinder Q, we have

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

Œu�p0�
x
˛IQ

2�k .t0;x0/
� C

1X
kD0

2k.��˛/ sup
.t0;x0/2Q

inf
p2Px

Œu�p�x˛IQ
2�k .t0;x0/

; (2-12)

where p0 is the first-order Taylor’s expansion of u in the x-variable at .t0;x0/, and C > 0 is a constant
depending only on d , ˛, and � .

Proof. Define
bk WD 2k.��˛/ sup

.t0;x0/2Q

inf
p2Px

Œu�p�x˛IQ
2�k .t0;x0/

:
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Then for any .t0;x0/ 2Q and each k D 0; 1; : : : , there exists pk 2 Px such that

Œu� pk �
x
˛IQ

2�k .t0;x0/
� 2bk2�k.��˛/:

By the triangle inequality, for k � 1 we have

Œpk�1� pk �
x
˛IQ

2�k .t0;x0/
� 2bk2�k.��˛/

C 2bk�12�.k�1/.��˛/: (2-13)

It is easily seen that

Œpk�1� pk �
x
˛IQ

2�k .t0;x0/
D jrpk�1�rpk j2

�.k�1/.1�˛/;

which together with (2-13) implies

jrpk�1�rpk j � C 2�k.��1/.bk�1C bk/: (2-14)

Since
P

k bk <1, from (2-14) we see that frpkg is a Cauchy sequence in Rd. Let q D q.t0;x0/ 2 Rd

be the limit, which clearly satisfies for each k � 0,

jq�rpk j � C

1X
jDk

2�j.��1/bj :

By the triangle inequality, we get

Œu� q �x�x˛IQ
2�k .t0;x0/

� Œu� pk �
x
˛IQ

2�k .t0;x0/
C Œpk � q �x�x˛IQ

2�k .t0;x0/

� C 2�k.1�˛/
1X

jDk

2�j.��1/bj � C 2�k.��˛/; (2-15)

which implies
ku.t0; � /�u.t0;x0/� q � .x�x0/kL1.B2�k .x0// � C 2�k� ;

and thus q Dru.t0;x0/. It then follows from (2-15) that
1X

kD0

2k.��˛/ sup
.t0;x0/2Q

Œu�p0�
x
˛IQ

2�k .t0;x0/
� C

1X
kD0

2k.��1/
1X

jDk

2�j.��1/bj

D C

1X
jD0

2�j.��1/bj

jX
kD0

2k.��1/
� C

1X
jD0

bj :

This completes the proof of (2-12). �

The last lemma in this section is for the case when � 2 Œ1; 2/.

Lemma 2.4. Let ˛ 2 .0; 1/, � 2 Œ1; 2/, and R > 0 be constants. Let p0 D p0.t;x/ be the first-order
Taylor’s expansion of u.R/ at the origin and QuD u�p0. Then for any integer j � 0, we have

sup
.t;x/;.t 0;x0/2.�R�;0/�B

2jR

.t;x/¤.t 0;x0/;0�jx�x0j<2R

j Qu.t;x/� Qu.t 0;x0/j

jx�x0j˛Cjt � t 0j
˛
�

� C inf
p2P1

Œu�p�˛
�
;˛I.�R�;0/�B

2jR
; (2-16)

where C > 0 is a constant depending only on d , ˛, and � .
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Proof. It is easily seen that Qu is invariant up to a constant if we replace u by u�p for any p 2 P1. Thus
to show (2-16), we only bound the left-hand side of (2-16) by

C Œu�˛
�
;˛I.�R�;0/�B

2jR
:

Since QuD u�p0, it suffices to observe that for any two distinct .t;x/; .t 0;x0/ 2 .�R� ; 0/�B2jR such
that 0� jx�x0j< 2R,

jp0.t;x/�p0.t
0;x0/j � jx�x0jjDu.R/.0; 0/jC jt � t 0jj@tu

.R/.0; 0/j

� C jx�x0jR˛�1Œu�x˛IQR
CC jt � t 0jR�.˛

�
�1/Œu�t˛

�
IQR

� C.jx�x0j˛Cjt � t 0j
˛
� /Œu�˛

�
;˛IQR

: �

3. Dini estimates for nonlocal nonlinear parabolic equations

The following proposition is a further refinement of [Dong and Zhang 2016b, Corollary 4.6].

Proposition 3.1. Let � 2 .0; 2/ and 0< ��ƒ. Assume for any ˇ 2A that Kˇ only depends on y. There
is a constant Ǫ depending on d , � , �, and ƒ (uniformly as � ! 2�) so that the following holds. Let
˛ 2 .0; Ǫ / such that � C ˛ is not an integer. Suppose u 2 C 1C˛

�
;�C˛.Q1/\C

˛
�
;˛..�1; 0/�Rd / is a

solution of
@tuD inf

ˇ2A
.LˇuCfˇ/ in Q1:

Then,

Œu�1C˛
�
;˛C� IQ1=2

� C

1X
jD1

2�j�Mj CC sup
ˇ

Œfˇ �˛
�
;˛IQ1

;

where

Mj D sup
.t;x/;.t 0;x0/2.�1;0/�B

2j

.t;x/¤.t 0;x0/;0�jx�x0j<2

ju.t;x/�u.t 0;x0/j

jx�x0j˛Cjt � t 0j
˛
�

;

and C > 0 depends only on d; �;ƒ; ˛ and � , and is uniformly bounded as � ! 2�.

Proof. This follows from the proof of [Dong and Zhang 2016b, Corollary 4.6] by observing that in the
estimate of Œhˇ �˛

�
;˛IQ1

, the term Œu�˛
�
;˛I.�1;0/�B

2j
can be replaced by Mj . Moreover, by replacing u by

u�u.0; 0/, we see that
kuk˛

�
;˛I.�1;0/�B2

� C Œu�˛
�
;˛I.�1;0/�B2

: �

In the rest of this section, we consider three cases separately.

The case � 2 .0; 1/.

Proposition 3.2. Suppose (1-1) is satisfied in Q21=� . Then under the conditions of Theorem 1.1, we have

Œu�x� IQ1=2
Ck@tukL1IQ1=2

� Ckuk˛
�
;˛CC

1X
kD1

!f .2
�k/; (3-1)

where C > 0 is a constant depending only on d , �, ƒ, !a, and � .
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Proof. For k 2 N, let v be the solution of�
@tv D infˇ2A.Lˇ.0; 0/vCfˇ.0; 0/� @tp0/ in Q2�k ;

v D u�p0.t/ in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where Lˇ.0; 0/ is the operator with kernel Kˇ.0; 0;y/, and p0.t/ is the Taylor’s expansion of u.2
�k/ in t

at the origin. Then by Proposition 3.1 with scaling, we have

Œv�1C˛
�
;˛C� IQ

2�k�1
� C

1X
jD1

2.k�j/�Mj CC 2k� Œv�˛
�
;˛IQ

2�k
; (3-2)

where ˛ 2 .0; Ǫ / satisfying � C˛ < 1,

Mj D sup
.t;x/;.t 0;x0/2.�2�k�;0/�B

2j�k

.t;x/¤.t 0;x0/;0�jx�x0j<2�kC1

j Qu.t;x/� Qu.t 0;x0/j

jx�x0j˛Cjt � t 0j
˛
�

;

and QuD u�p0.
Let k0 � 1 be an integer to be specified and p1 D p1.t/ be the Taylor’s expansion of v in t at the

origin. By the mean value formula,

kv�p1kL1.Q
2
�k�k0

/ � 2�.kCk0/.�C˛/Œv�1C˛
�
;�C˛IQ

2
�k�k0

;

and the interpolation inequality

Œv�p1�˛
�
;˛IQ

2
�k�k0

� C
�
2.kCk0/˛kv�p1kL1.Q

2
�k�k0

/C 2�.kCk0/� Œv�p1�1C˛
�
;˛C� IQ

2
�k�k0

�
;

we obtain
Œv�p1�˛

�
;˛IQ

2
�k�k0

� C 2�.kCk0/� Œv�1C˛
�
;˛C� IQ

2
�k�k0

:

From Lemma 2.2, we have

Mj � C inf
p2Pt

Œu�p�˛
�
;˛I.�2�k�;0/�B

2j�k
� C Œu�˛

�
;˛I.�2�k�;0/�Rd : (3-3)

These and (3-2) give

Œv�p1�˛
�
;˛IQ

2
�k�k0

� C 2�.kCk0/�
kX

jD1

2.k�j/�Mj CC 2�.kCk0/� Œu�˛
�
;˛I.�2�k�;0/�Rd CC 2�k0� Œv�˛

�
;˛IQ

2�k

� C 2�.kCk0/�
kX

jD1

2.k�j/�Mj CC 2�.kCk0/� Œu�˛
�
;˛CC 2�k0� Œv�˛

�
;˛IQ

2�k
: (3-4)

Next, w WD u�p0� v satisfies8<:
wt �MCw � Ck in Q2�k ;

wt �M�w � �Ck in Q2�k ;

w D 0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

(3-5)
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where MC and M� are the Pucci extremal operators, see, e.g., [Dong and Zhang 2016b], and

Ck D sup
ˇ2A
kfˇ �fˇ.0; 0/C .Lˇ �Lˇ.0; 0//ukL1.Q2�k /:

It is easily seen that

Ck � !f .2
�k/CC!a.2

�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j

.t0;x0/
CkukL1

�
:

Then by the Hölder estimate [Dong and Zhang 2016b, Lemma 2.5], we have

Œw�˛
�
;˛IQ

2�k
�C 2�k.��˛/Ck

�C 2�k.��˛/

�
!f .2

�k/C!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j

.t0;x0/
CkukL1

��
(3-6)

for some ˛ > 0. This ˛ can be the same as the one in (3-2) since ˛ is always small. By the triangle
inequality and Lemma 2.2 with j D 0

Œv�˛
�
;˛IQ

2�k
� Œw�˛

�
;˛IQ

2�k
C Œu�p0�˛

�
;˛IQ

2�k

� Œw�˛
�
;˛IQ

2�k
CC inf

p2Pt

Œu�p�˛
�
;˛IQ

2�k
: (3-7)

Combining (3-4), (3-6), (3-3), and (3-7) yields

2.kCk0/.��˛/Œu�p0�p1�˛
�
;˛IQ

2
�k�k0

D 2.kCk0/.��˛/ŒwC v�p1�˛
�
;˛IQ

2
�k�k0

� C 2�.kCk0/˛
kX

jD1

2.k�j/� inf
p2Pt

Œu�p�˛
�
;˛I.�2�k�;0/�B

2j�k

CC 2�.kCk0/˛ Œu�˛
�
;˛CC 2�k0˛Ck.��˛/ inf

p2Pt

Œu�p�˛
�
;˛IQ

2�k
CC 2k0.��˛/!f .2

�k/

CC 2k0.��˛/!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j .t0;x0/

CkukL1

�
: (3-8)

Let `0 � 1 be an integer such that

1

2�
C

1X
lD`0C1

1

2l�
� 1:

Set Q`0 DQ 1
2

and for l D `0C 1; `0C 2; : : : , we define

Ql
WD

�
�

1

2�
�

lX
jD`0C1

1

2j�
; 0

�
�

�
x W jxj<

1

2
C

lX
jD`0C1

1

2j

�
:
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The choice of `0 will ensure that Ql �Q1 for all l � `0, and the definition of Ql will ensure that for
l � `0, k � l C 1, there holds

Ql
CQ2�k .t0;x0/�QlC1 for all .t0;x0/ 2Ql :

By translation of the coordinates, from (3-8) we have for any l � `0 and k � l C 1,

2.kCk0/.��˛/ sup
.t0;x0/2Ql

Œu�p0�p1�˛
�
;˛IQ

2
�k�k0

.t0;x0/

� C 2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� inf
p2Pt

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/
CC 2�.kCk0/˛ Œu�˛

�
;˛

CC 2k0.��˛/

�
!f .2

�k/

C!a.2
�k/

�
sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/ inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

��
: (3-9)

Then we take the sum (3-9) in k D l C 1; l C 2; : : : to obtain

1X
kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2
�k�k0

.t0;x0/

� C

1X
kDlC1

2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� inf
p2Pt

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/

CC 2�.lCk0/˛ Œu�˛
�
;˛CC 2k0.��˛/

1X
kDlC1

!f .2
�k/

CC 2k0.��˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

By switching the order of summations and then replacing k by kC j , the first term on the right-hand
side is bounded by

C 2�k0˛
1X

jD0

2�j�
1X

kDj

2k.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/

� C 2�k0˛
1X

jD0

2�j˛
1X

kD0

2k.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2�k .x0/

� C 2�k0˛
1X

kD0

2k.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/:
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With the above inequality, we have
1X

kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2
�k�k0

.t0;x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

CC 2�.lCk0/˛ Œu�˛
�
;˛CC 2k0.��˛/

1X
kDlC1

!f .2
�k/

CC 2k0.��˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

The bound above, together with the obvious inequality
lCk0X
jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/ � C 2.lCk0/.��˛/Œu�˛

�
;˛;

implies
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

CC 2.lCk0/.��˛/Œu�˛
�
;˛CC 2k0.��˛/

1X
kDl

!f .2
�k/

CC 2k0.��˛/
1X

kDl

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

By first choosing k0 sufficiently large, and then `0 sufficiently large (recalling that l � `0), we get
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/

�
1

4

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/CC 2.lCk0/.��˛/kuk˛
�
;˛CC

1X
kD1

!f .2
�k/:

Multiplying both sides by 4�l, taking the sum in l , we have

4�l
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/ � Ckuk˛
�
;˛CC

1X
kD1

!f .2
�k/: (3-10)

This, together with Lemma 2.1(i) and the fact that Q`0 DQ 1
2

, gives (3-1) and the continuity of @tu. �
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The case when � 2 .1; 2/.

Proposition 3.3. Suppose (1-1) is satisfied in Q2. Then under the conditions of Theorem 1.1, we have
for � 2 .1; 2/

Œu�x� IQ1=2
C ŒDu�t��1

�
IQ1=2

Ck@tukL1.Q1=2/ � Ckuk˛
�
;˛CC

1X
kD1

!f .2
�k/; (3-11)

where C > 0 is a constant depending only on d , �, ƒ, !a, !b , N0, and � .

Proof. For k 2 N, let vM be the solution of�
@tvM D infˇ2A

�
Lˇ.0; 0/vM Cfˇ.0; 0/C bˇ.0; 0/Du.0; 0/� @tp0

�
in Q2�k ;

vM D gM in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where M � 2ku�p0kL1.Q2�k / is a constant to be specified later,

gM Dmax.min.u�p0;M /;�M /;

and p0 D p0.t;x/ is the first-order Taylor’s expansion of u.2
�k/ at the origin. By Proposition 3.1, we

have

ŒvM �1C˛
�
;˛C� IQ

2�k�1
� C

1X
jD1

2.k�j/�Mj CC 2k� ŒvM �˛
�
;˛IQ

2�k
;

where ˛ 2 .0;minf Ǫ ; .� � 1/=2; 2� �g/ and

Mj D sup
.t;x/;.t 0;x0/2.�2�k�;0/�B

2j�k

.t;x/¤.t 0;x0/;0�jx�x0j<2�kC1

ju.t;x/�p0.t;x/�u.t 0;x0/Cp0.t
0;x0/j

jt � t 0j
˛
� Cjx�x0j˛

:

From Lemma 2.4 with � 2 .1; 2/, it follows

Mj � C inf
p2P1

Œu�p�˛
�
;˛I.�2�k�;0/�B

2j�k
: (3-12)

In particular, for j > k, we have

Mj � C Œu�˛
�
;˛I.�2�k�;0/�Rd ;

and thus,

ŒvM �1C˛
�
;˛C� IQ

2�k�1
� C

1X
jD1

2.k�j/�Mj CC 2k� ŒvM �˛
�
;˛IQ

2�k

� C

kX
jD1

2.k�j/�Mj CC Œu�˛
�
;˛I.�2�k�;0/�Rd CC 2k� ŒvM �˛

�
;˛IQ

2�k
: (3-13)
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From (3-13), and the mean value formula (recalling that ˛ < 2� � ),

kvM �p1kL1.Q
2
�k�k0

/ � C 2�.kCk0/.�C˛/
kX

jD1

2.k�j/�Mj

CC 2�.kCk0/.�C˛/Œu�˛
�
;˛I.�2�k�;0/�Rd CC 2�k˛�k0.�C˛/ŒvM �˛

�
;˛IQ

2�k
;

where p1 is the first-order Taylor’s expansion of vM at the origin. The above inequality, (3-13), and the
interpolation inequality imply

ŒvM �p1�˛
�
;˛IQ

2
�k�k0

� C 2�.kCk0/�
kX

jD1

2.k�j/�Mj CC 2�.kCk0/� Œu�˛
�
;˛I.�2�k�;0/�Rd CC 2�k0� ŒvM �˛

�
;˛IQ

2�k
: (3-14)

Next wM WD gM � vM satisfies8<:
@twM �MCwM C hM CCk in Q2�k ;

@twM �M�wM C
OhM �Ck in Q2�k ;

wM D 0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where
hM WDMC.u�p0�gM /; OhM WDM�.u�p0�gM /:

Here

Ck D sup
ˇ2A

fˇ �fˇ.0; 0/C bˇDu� bˇ.0; 0/Du.0; 0/C .Lˇ �Lˇ.0; 0//u


L1.Q2�k /
:

It follows easily that

Ck � !f .2
�k/C!b.2

�k/kDukL1.Q2�k /C sup
ˇ

kbˇkL12�k˛ ŒDu�˛
�
;˛IQ

2�k

CC!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�pt0;x0
�x˛IQ

2�j
.t0;x0/

CkDukL1.Q2�k /CkukL1

�
;

where pt0;x0
D pt0;x0

.x/ is the first-order Taylor’s expansion of u with respect to x at .t0;x0/. From
Lemma 2.3, we obtain

Ck � !f .2
�k/C!b.2

�k/kDukL1.Q2�k /C sup
ˇ

kbˇkL12�k˛ ŒDu�˛
�
;˛IQ

2�k

CC!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2Q

2�k

inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
CkDukL1.Q2�k /CkukL1

�
:

By the dominated convergence theorem, it is easy to see that

khMkL1.Q2�k /; k
OhMkL1.Q2�k /! 0 as M !1:

Thus similar to (3-6), choosing M sufficiently large so that

khMkL1.Q2�k /; k
OhMkL1.Q2�k / �

1
2
Ck ;
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we have
ŒwM �˛

�
;˛IQ

2�k

� C 2�k.��˛/

�
!f .2

�k/C .!b.2
�k/C!a.2

�k//kDukL1.Q2�k /C 2�k˛ ŒDu�˛
�
;˛IQ

2�k

C!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2Q

2�k

inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

��
: (3-15)

Clearly,

inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
� inf

p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/: (3-16)

From the triangle inequality and Lemma 2.4 with j D 0,

ŒvM �˛
�
;˛IQ

2�k
� ŒwM �˛

�
;˛IQ

2�k
C Œu�p0�˛

�
;˛IQ

2�k
� ŒwM �˛

�
;˛IQ

2�k
CC inf

p2P1

Œu�p�˛
�
;˛IQ

2�k
:

For all l D 1; 2; : : : , we define Ql DQ1�2�l . Combining (3-14), (3-15) with (3-16), and (3-12), similar
to (3-9), we get that for all l � 1 and k � l C 1,

2.kCk0/.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2
�.k0Ck/ .t0;x0/

� C 2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� inf
p2P1

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/

CC 2�.kCk0/˛ Œu�˛
�
;˛CC 2�k˛Ck0.��˛/ŒDu�˛

�
;˛IQlC1

CC 2k0.��˛/

�
!f .2

�k/C.!b.2
�k/C!a.2

�k//kDukL1.QlC1/

C!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

��
: (3-17)

Summing the above inequality in k D l C 1; l C 2; : : : as before, we obtain
1X

kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2
�k�k0

.t0;x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

CC 2�.k0Cl/˛ Œu�˛
�
;˛CC 2k0.��˛/

1X
kDlC1

2�k˛ ŒDu�˛
�
;˛IQlC1

CC 2k0.��˛/
1X

kDlC1

�
!f .2

�k/C.!b.2
�k/C!a.2

�k//kDukL1.QlC1/

�
CC 2k0.��˛/

1X
kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

�
; (3-18)
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and
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

� C 2.k0Cl/.��˛/Œu�˛
�
;˛CC 2�k0˛

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

CC 2k0.��˛/�l˛ ŒDu�˛
�
;˛IQlC1

CC 2k0.��˛/
1X

kDlC1

�
!f .2

�k/C .!b.2
�k/C!a.2

�k//kDukL1.QlC1/

�
CC 2k0.��˛/

1X
kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

�
:

By choosing k0 and l sufficiently large, and using (2-4) and interpolation inequalities (recalling that
˛ < .� � 1/=2), we obtain
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/

�
1

4

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CC 2.k0Cl/.��˛/

kuk˛
�
;˛CC

1X
kD1

!f .2
�k/:

Therefore,

1

4l

1X
jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/ � Ckuk˛

�
;˛CC

1X
kD1

!f .2
�k/; (3-19)

which together with Lemma 2.1(ii) gives (3-11) and the continuity of @tu. �

The case when � D 1.

Proposition 3.4. Suppose (1-1) is satisfied in Q2. Then under the conditions of Theorem 1.1,

kDukL1.Q1=2/Ck@tukL1.Q1=2/ � Ckuk˛;˛CC

1X
kD1

!f .2
�k/; (3-20)

where C > 0 is a constant depending only on d , �, ƒ, N0, !a, and !b .

Proof. Set b0 D b.0; 0/ and we define

Ou.t;x/D u.t;x� b0t/; Ofˇ.t;x/D fˇ.t;x� b0t/; and Ob.t;x/D b.t;x� b0t/:

It is easy to see that in Qı for some ı > 0,

@t Ou.t;x/D @tu.t;x� b0t/� b0ru.t;x� b0t/;
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and for .t;x/ 2Q2�k ,

j Ofˇ.t;x/� Ofˇ.0; 0/j � !f ..1CN0/2
�k/;

j Ob� b0j � !b..1CN0/2
�k/:

It follows immediately that

Out D inf
ˇ
. yLˇ OuC OfˇC . Ob� b0/r Ou/; (3-21)

where yL is the operator with kernel a.t;x� b0t;y/jyj�d��. Furthermore,

kDukL1 Ck@tukL1 � .1CN0/.kD OukL1 Ck@t OukL1/:

Therefore, it is sufficient to bound Ou. In the rest of the proof, we estimate the solution to (3-21) and abuse
the notation to use u instead of Ou for simplicity. By scaling, translation and covering arguments, we also
assume u satisfies the equation in Q2.

The proof is similar to the case � 2 .1; 2/ and we indeed proceed as in the previous case. Take p0 to be
the first-order Taylor’s expansion of u.2

�k/ at the origin. We also assume that the solution v to the equations�
@tv D infˇ2A.Lˇ.0; 0/vCfˇ.0; 0/� @tp0/ in Q2�k ;

v D u�p0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /

exists without carrying out another approximation argument. By Proposition 3.1 and Lemma 2.4 with �D1,

Œv�1C˛;1C˛IQ
2�k�1

� C

1X
jD1

2k�j Mj CC 2k Œv�˛;˛IQ
2�k

� C

1X
jD1

2k�j inf
p2P1

Œu�p�˛;˛I.�2�k ;0/�B
2j�k
CC 2k Œv�˛;˛IQ

2�k

� C

kX
jD1

2k�j inf
p2P1

Œu�p�˛;˛I.�2�k ;0/�B
2j�k
CC Œu�˛;˛CC 2k Œv�˛;˛IQ

2�k
:

(3-22)
From (3-22) and the interpolation inequality, we obtain

Œv�p1�˛;˛IQ
2
�k�k0

�C 2�.kCk0/
kX

jD1

2k�j inf
p2P1

Œu�p�˛;˛I.�2�k ;0/�B
2j�k
CC 2�k0 Œv�˛;˛IQ

2�k
CC 2�.kCk0/Œu�˛;˛; (3-23)

where p1 is the first-order Taylor’s expansion of v at the origin. Next w WD u�p0 � v satisfies (3-5),
where by the cancellation property,

Ck � !f ..1CN0/2
�k/C!b..1CN0/2

�k/kDukL1.Q2�k /

CC!a..1CN0/2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.1�˛/ inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

�
:
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Clearly, for any r � 0,

!�..1CN0/r/� .2CN0/!�.r/:

Therefore, similar to (3-6), we have

Œw�˛;˛IQ
2�k

� C 2�k.1�˛/

�
!f .2

�k/C!b.2
�k/kDukL1.Q2�k /

C!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2Q

2�k

inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

��
: (3-24)

From (2-16) and the triangle inequality,

Œv�˛;˛IQ
2�k
� Œw�˛;˛IQ

2�k
C Œu�p0�˛;˛IQ

2�k
� Œw�˛;˛IQ

2�k
CC inf

p2P1

Œu�p�˛;˛IQ
2�k

:

For all l D 1; 2; : : : , we define Ql DQ1�2�l . Similar to (3-9), by combining (3-23) and (3-24), shifting
the coordinates, and using the above inequality, we obtain for all l � 1 and k � l C 1,

2.kCk0/.1�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2
�k�k0 .t0;x0/

� C 2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2k�j inf
p2P1

Œu�p�˛;˛I.t0�2�k ;t0/�B
2j�k .x0/

CC 2k0.1�˛/

�
!f .2

�k/C!b.2
�k/kDukL1.QlC1/

C!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2Px

Œu�p�x˛;Q
2�j

.t0;x0/
CkukL1

��
CC 2�.kCk0/˛ Œu�˛;˛; (3-25)

which by summing in k D l C 1; l C 2; : : : implies
1X

kDlC1

2.kCk0/.1�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2
�k�k0

.t0;x0/

� C 2�k0˛
1X

jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

CC 2�.k0Cl/˛ Œu�˛;˛CC 2k0.1�˛/
1X

kDlC1

!f .2
�k/

CC 2k0.1�˛/
1X

kDlC1

�
!b.2

�k/kDukL1.QlC1/C!a.2
�k/

�

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2Px

Œu�p�x˛IQ
2�j

.t0;x0/
CkukL1

��
;
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where for the first term on the right-hand side, we replaced j by k � j , switched the order of the
summation, and bounded it by
1X

kD0

2�.kCk0/˛
kX

jD0

2j sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

D 2�k0˛
1X

jD0

2j sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

1X
kDj

2�k˛

� C 2�k0˛
1X

jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/:

Therefore,
1X

jD0

2j.1�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

� C 2�k0˛
1X

jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

CC 2.lCk0/.1�˛/Œu�˛;˛CC 2k0.1�˛/
1X

kDlC1

!f .2
�k/

CC 2k0.1�˛/
1X

kDlC1

!b.2
�k/kDukL1.QlC1/

CC 2k0.1�˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/CkukL1

�
: (3-26)

Then we choose k0 and l sufficiently large, and apply Lemma 2.1(iii) to obtain
1X

jD0

2j.1�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/

�
1

4

1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/CC 2.lCk0/.1�˛/kuk˛
�
;˛CC

1X
kD1

!f .2
�k/;

and thus,

1

4l

1X
jD0

2j.1�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�j

.t0;x0/ � Ckuk˛
�
;˛CC

1X
kD1

!f .2
�k/; (3-27)

from which (3-20) follows. The proposition is proved. �

Proof of Theorem 1.1. We use the localization argument to prove Theorem 1.1.
Without loss of generality, we assume the equation holds in Q3. We divide the proof into three steps.
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Step 1: For k D 1; 2; : : : , define Qk WDQ1�2�k . Let �k 2 C1
0
. yQkC3/ be a sequence of nonnegative

smooth cutoff functions satisfying �k � 1 in QkC2, j�k j � 1 in QkC3, k@j
t Di�kkL1 � C 2k.iCj/ for

each i; j � 0. Set vk WD u�k 2 C 1;�C and notice that in QkC1,

@tvk D �k@tuC @t�kuD inf
ˇ2A

.�kLˇuC �kbˇDuC �kfˇC @t�ku/

D inf
ˇ2A

.Lˇvk C bˇDvk � bˇuD�k C hkˇC �kfˇC @t�ku/;

where

hkˇ D �kLˇu�Lˇvk D

Z
Rd

�k.t;x;y/aˇ.t;x;y/

jyjdC�
dy;

and

�k.t;x;y/D u.t;xCy/.�k.t;xCy/� �k.t;x//�y �D�k.t;x/u.t;x/.��D1�B1
C��>1/

D u.t;xCy/.�k.t;xCy/� �k.t;x// since D�k � 0 in QkC1:

We will apply Proposition 3.3 to the equation of vk in QkC1 and obtain corresponding estimates for vk

in Qk.
Obviously, in QkC1 we have �kfˇ � fˇ, bˇuD�k � 0, and @t�ku � 0. Thus, we only need to

estimate the modulus of continuity of hkˇ in QkC1.

Step 2: For .t;x/ 2QkC1 and jyj � 2�k�3, we have

�k.t;x;y/D 0:

Also,
j�k.t;x;y/j D ju.t;xCy/.�k.t;xCy/� �k.t;x//j

�

�
2!u.jyj/C 2ju.t;x/j when jyj � 1;

C 2k ju.t;xCy/jjyj when 2�k�3 < jyj< 1:

For .t;x/; .t 0;x0/ 2QkC1, by the triangle inequality,

jhkˇ.t;x/� hkˇ.t
0;x0/j

�

Z
Rd

j.�k.t;x;y/� �k.t
0;x0;y//aˇ.t;x;y/j

jyjdC�
C
j�k.t

0;x0;y/.aˇ.t;x;y/� aˇ.t
0;x0;y//j

jyjdC�
dy

WD IC II: (3-28)

By the estimates of j�k.t;x;y/j above, we have

II� C

�
2k.�C1/

kukL1.Q2/C

1X
jD0

2�j�!u.2
j /

�
!a.maxfjx�x0j; jt � t 0j

1
� g/; (3-29)

where C depends on d , � , and ƒ. For I, by the fundamental theorem of calculus,

�k.t;x;y/� �k.t
0;x0;y/D y �

Z 1

0

�
u.t;xCy/D�k.t;xC sy/�u.t 0;x0Cy/D�k.t

0;x0C sy/
�

ds:
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When 2�k�3 � jyj< 2, similar to the estimate of �k.t;x;y/, it follows that

j�k.t;x;y/� �k.t
0;x0;y/j

� C jyj
�
2k!u.maxfjx�x0j; jt � t 0j

1
� g/C 22k

kukL1.Q3/.jx�x0jC jt � t 0j/
�
: (3-30)

When jyj � 2, we have

j�k.t;x;y/� �k.t
0;x0;y/j D ju.t;xCy/�u.t 0;x0Cy/j � !u.maxfjx�x0j; jt � t 0j

1
� g/;

which implies

I� C 2k.�C1/!u.maxfjx�x0j; jt � t 0j
1
� g/CC 2k.�C2/

kukL1.Q3/.jx�x0jC jt � t 0j/:

Therefore,

jhkˇ.t;x/� hkˇ.t
0;x0/j � !h.maxfjx�x0j; jt � t 0j

1
� g/;

where

!h.r/ WD C

�
2k.�C1/

kukL1.Q3/C

1X
jD0

2�j�!u.2
j /

�
!a.r/

CC 2k.�C1/!u.r/CC 2k.�C2/
kukL1.Q3/.r C r� / (3-31)

is a Dini function.

Step 3: In this last step, we only present the detailed proof for � 2 .1; 2/. We omit the details for the proof
of the case � 2 .0; 1�, since it is almost the same as and actually even simpler than the case � 2 .1; 2/.
We apply Proposition 3.3, together with a scaling and covering argument, to vk to obtain

k@tvkkL1.Qk/C Œvk �
x
� IQk C ŒDvk �

t
��1
�
IQk

� C 2k�
kvkkL1 CC 2k.��˛/Œvk �˛

�
;˛CC

1X
jD1

.!h.2
�j /C!f .2

�j //

� C 2k.�C2/
kukL1.Q3/CC02k.��˛/Œu�˛

�
;˛IQkC3

CC

1X
jD0

2�j�!u.2
j /CC

1X
jD0

.2k.�C1/!u.2
�j /C!f .2

�j //;

where C and C0 depend on d , �, ƒ, � , N0, !b , and !a, but are independent of k. Since �k � 1 in Qk, it
follows that

k@tukL1.Qk/CŒu�
x
� IQkCŒDu�t��1

�
IQk

�C 2k.�C2/
kukL1.Q3/CC02k.��˛/Œu�˛

�
;˛IQkC3

CC

1X
jD0

2�j�!u.2
j /CC

1X
jD0

.2k.�C1/!u.2
�j /C!f .2

�j //: (3-32)
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By the interpolation inequality, for any " 2 .0; 1/,

Œu�˛
�
;˛IQkC3 � ".k@tukL1.QkC3/C Œu�

x
� IQkC3/CC "�

˛
��˛ kukL1.Q3/: (3-33)

Recall that ˛ � .� � 1/=2 and thus,
˛

� �˛
�
� � 1

� C 1
<

1

2
:

Combining (3-32) and (3-33) with "D C�1
0

2�3k�16, we obtain

k@tukL1.Qk/C Œu�
x
� IQk C ŒDu�t��1

�
IQk

� 2�16.Œu�x
� IQkC3 Ck@tukL1.QkC3/C ŒDu�t��1

�
IQkC3

/CC 24k
kukL1.Q3/

CC

1X
jD0

2�j�!u.2
j /CC

1X
jD0

.2k.�C1/!u.2
�j /C!f .2

�j //:

Then we multiply 2�5k to both sides of the above inequality and get

2�5k.k@tukL1.Qk/C Œu�
x
� IQk C ŒDu�t��1

�
IQk

/

� 2�5.kC3/�1.k@tukL1.QkC3/C Œu�
x
� IQkC3 C ŒDu�t��1

�
IQkC3

/

CC 2�k
kukL1.Q3/CC 2�2k

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //:

We sum up the both sides of the above inequality and obtain
1X

kD1

2�5k.k@tukL1.Qk/C Œu�
x
� IQk C ŒDu�t��1

�
IQk

/

�
1

2

1X
kD4

2�5k.k@tukL1.Qk/C Œu�
x
� IQk C ŒDu�t��1

�
IQk

/

CCkukL1.Q3/CC

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //;

which further implies
1X

kD1

2�5k.k@tukL1.Qk/C Œu�
x
� IQk C ŒDu�t��1

�
IQk

/

� CkukL1.Q3/CC

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //;

where C depends on d , �, ƒ, � , !b , N0, and !a. By applying this estimate to u�u.0; 0/, we obtain

k@tukL1.Q4/C Œu�
x
� IQ4 C ŒDu�t��1

�
IQ4
� C

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //: (3-34)

This proves (1-4).
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Finally, since kv1k˛
�
;˛ is bounded by the right-hand side of (3-34), from (3-19), we see that

1X
jD0

2j.��˛/ sup
.t0;x0/2Ql

inf
p2P1

Œv1�p�˛
�
;˛IQ

2�j
.t0;x0/ � C

for some large l . This and (3-18) with u replaced by v1 and fˇ replaced by h1ˇC�1fˇC@t�1u�bˇuD�1

give
1X

jDk1C1

2.jCk0/.��˛/ sup
.t0;x0/2Qk1

inf
p2P1

Œv1�p�˛
�
;˛IQ

2
�j�k0

.t0;x0/

� C 2�k0˛CC 2k0.��˛/
1X

jDk1

.!f .2
�j /C!a.2

�j /C!u.2
�j /C!b.2

�j /C 2�j˛/:

Here we also used (3-31) with k D 1. Therefore, for any small " > 0, we can find k0 sufficiently large,
then k1 sufficiently large, depending only on C , � , N0, ˛, !f , !a, !f , !b , and !u, such that

1X
jDk1C1

2.jCk0/.��˛/ sup
.t0;x0/2Qk1

inf
p2P1

Œv1�p�˛
�
;˛IQ

2
�j�k0

.t0;x0/ < ";

which, together with the fact that v1 D u in Q 1
2

and the proof of Lemma 2.1(ii), indicates that

sup
.t0;x0/2Q1=2

.Œu�x� IQr .t0;x0/
C ŒDu�t��1

�
IQr .t0;x0/

/! 0 as r ! 0

with a decay rate depending only on d , �, N0, ƒ, !a, !f , !b , !u, and � . Hence, the proof of the case
when � 2 .1; 2/ is completed. �

4. Schauder estimates for equations with drifts

We now are going to prove Theorems 1.3 and 1.4. Here, the main difference from the theorems in [Dong
and Zhang 2016b] is that our equation may have a drift, especially for � D 1.

We first prove a weaker version of Theorem 1.3.

Proposition 4.1. Suppose (1-1) is satisfied in Q2. Then under the conditions of Theorem 1.3, for any
 2 .0;minf Ǫ ; 2� �g/ with Ǫ being the one in Proposition 3.1, and any ˛ 2 .;minf Ǫ ; 2� �g/, we have

Œu�1C
�
;�C IQ1=2

� C.kuk˛
�
;˛CCf /;

where C > 0 is a constant depending only on d; ; ˛, �; �, ƒ, N0, and Cb .

Proof. The proof is very similar to that of Propositions 3.2, 3.3, and 3.4. We fix an ˛ 2 .; Ǫ /.

Case 1: � 2 .0; 1/. We start from (3-9). Let Ql and `0 be as in the proof of Proposition 3.2. Multiplying
2.kCk0/ to both sides of (3-9) and making use of the Hölder continuity of a and f , we have for all l � `0
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and k � l C 1,

2.kCk0/.�C�˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2
�k�k0

.t0;x0/

� C 2.kCk0/.�˛/ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� inf
p2Pt

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/

CC 2.kCk0/.�˛/Œu�˛
�
;˛

CC 2k0.�C�˛/

�
Cf C sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/ inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

Taking the supremum in k � `0C 1 and using the fact that  < ˛, we have

sup
k�`0Ck0C1

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/

� C 2k0.�˛/ sup
k�0

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .x0/

CC 2.`0Ck0C1/.�˛/Œu�˛
�
;˛

CC 2k0.�C�˛/

�
Cf C sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/ inf
p2Pt

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

By taking k0 large, l D `0, using (3-10), and noticing that

sup
0�k�`0Ck0

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/
� C 2.`0Ck0/.�C�˛/Œu�˛

�
;˛;

we have

sup
k�0

2k.�C�˛/ sup
.t0;x0/2Q1=2

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/ � C ŒCf Ckuk˛
�
;˛ �:

Since

Œu�1C
�
;�C IQ1=2

� C sup
k�0

2k.�C�˛/ sup
.t0;x0/2Q1=2

inf
p2Pt

Œu�p�˛
�
;˛IQ

2�k .t0;x0/CC Œu�˛
�
;˛;

we obtain

Œu�1C
�
;�C IQ1=2

� C.kuk˛
�
;˛CCf /:

Case 2: � 2 .1; 2/. We start from (3-17). Let Ql be as in the proof of Proposition 3.3. Multiplying
2.kCk0/ to both sides of (3-17) and making use of the Hölder continuity of a, b, and f , we have for all
l � 1 and k � l C 1,
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2.kCk0/.�C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2
�k�k0

.t0;x0/

�C 2.kCk0/.�˛/ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� inf
p2P1

Œu�p�˛
�
;˛I.t0�2�k�; t0/�B

2j�k .x0/

CC 2.kCk0/.�˛/Œu�˛
�
;˛CC 2.kCk0/.�˛/Ck0� ŒDu�˛

�
;˛IQlC1

CC 2k0.�C�˛/

�
CfCkDukL1.QlC1/C sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/ inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

Note that this Ǫ can be chosen very small, at least strictly smaller than � � 1. Taking the supremum in
k � 2 and using the fact that  < ˛, we have

sup
k�k0C2

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/

�C 2k0.�˛/ sup
k�0

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .x0/

CC 2.k0C2/.�˛/Œu�˛
�
;˛CC 2.2Ck0/.�˛/Ck0� ŒDu�˛

�
;˛IQlC1

CC 2k0.�C�˛/

�
CfCkDukL1.QlC1/C sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/ inf
p2P1

Œu�p�˛
�
;˛IQ

2�j
.t0;x0/CkukL1

�
:

By taking k0 large, l D 1, using (3-19) and (2-4), and noticing that

sup
0�k�1Ck0

2k.�C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/
� C 2.1Ck0/.�C�˛/Œu�˛

�
;˛;

we have

sup
k�0

2k.�C�˛/ sup
.t0;x0/2Q1=2

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/ � C ŒCf Ckuk˛
�
;˛ �:

Since

Œu�1C
�
;�C IQ1=2

� C sup
k�0

2k.�C�˛/ sup
.t0;x0/2Q1=2

inf
p2P1

Œu�p�˛
�
;˛IQ

2�k .t0;x0/CC Œu�˛
�
;˛;

we obtain

Œu�1C
�
;�C IQ1=2

� C.kuk˛
�
;˛CCf /:

Case 3: � D 1. We start from (3-25). Multiplying 2.kCk0/ to both sides of (3-25) and making use of
the Hölder continuity of a; b; f , we have for all l � 1 and k � l C 1,
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2.kCk0/.1C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2
�k�k0 .t0;x0/

�C 2.kCk0/.�˛/ sup
.t0;x0/2Ql

kX
jD0

2k�j inf
p2P1

Œu�p�˛;˛I.t0�2�k ;t0/�B
2j�k .x0/

CC 2k0.1C�˛/

�
CfCkDukL1.QlC1/C

1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2Px

Œu�p�x˛;Q
2�j

.t0;x0/
CkukL1

�
CC 2.kCk0/.�˛/Œu�˛;˛:

Taking the supremum in k � 2 and using the fact that  < ˛, we have

sup
k�k0C2

2k.1C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

�C 2.k0�1/.�˛/ sup
k�0

2k.1C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

CC 2k0.1C�˛/

�
CfCkDukL1.QlC1/C

1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

inf
p2Px

Œu�p�x˛;Q
2�j

.t0;x0/
CkukL1

�
CC 2k0.�˛/Œu�˛;˛:

By taking k0 large, l D 1, using (3-27), and noticing that

sup
0�k�k0C1

2k.1C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

� C 2k0.1C�˛/Œu�˛;˛;

we have

sup
k�0

2k.1C�˛/ sup
.t0;x0/2Ql

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

� C ŒCf Ckuk˛;˛ �:

Since

ŒDu�; IQ1=2
C Œ@tu�; IQ1=2

� C sup
k�0

2k.1C�˛/ sup
.t0;x0/2Q1=2

inf
p2P1

Œu�p�˛;˛IQ
2�k .t0;x0/

CC Œu�˛;˛;

we obtain

ŒDu�; IQ1=2
C Œ@tu�; IQ1=2

� C ŒCf Ckuk˛;˛ �: �

Proof of Theorem 1.3. The proof is the same as that of Theorem 1.1 using localizations. We sketch the
proof here. We use the same notation as in the proof of Theorem 1.1. Without loss of generality, we
assume (1-1) holds in Q3.

Let �k 2 C1
0
. yQkC3/ be a sequence of nonnegative smooth cutoff functions satisfying �� 1 in QkC2,

j�j � 1 in QkC3, k@j
t Di�kkL1 � C 2k.iCj/ for each i; j � 0. Set vk WD u�k 2 C 1C

�
;�C and notice

that in Q1,

@tvk D inf
ˇ2A

.Lˇvk C bˇDvk � bˇuD�k C hkˇC �kfˇC @t�ku/;
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where

hkˇ.t;x/D

Z
Rd

�k.t;x;y/aˇ.t;x;y/

jyjdC1
dy;

and

�k.t;x;y/ WD u.t;xCy/.�k.t;xCy/� �k.t;x//�u.t;x/y �D�k.t;x/.��D1�B1
C��>1/

D u.t;xCy/.�k.t;xCy/� �k.t;x// since D�k � 0 in QkC1:

We will apply Proposition 4.1 to the equation of vk in QkC1 and obtain corresponding estimates for vk

in Qk.
Obviously, in QkC1 we have �kfˇ � fˇ , buD�k � 0, and @t�ku� 0. Thus, we only need to estimate

the modulus of continuity of hkˇ in QkC1. Since

�k.t;x;y/ WD u.t;xCy/.�k.t;xCy/� �k.t;x//;

which is the same as in Theorem 1.1, we also have (3-31) here. Therefore,

Œhkˇ �
�
; IQkC1�C

�
2k.�C1/k

kukL1.Q3/C

1X
jD0

2�j�!u.2
j /

�
CC 2k.�C1/Œu�

�
;CC 2k.�C2/

kukL1.Q3/:

The rest is almost the same as (actually much simpler than) the proof of Theorem 1.1, by using
Proposition 4.1 (recalling  < ˛), and we omit the details. �

In the following, we prove Theorem 1.4 using Theorem 1.3 and difference quotients.

Proof of Theorem 1.4. We only provide the proof for � C  > 2. We know from Theorem 1.3 that there
exists 0 such that � C 0 < 2 is not an integer, and the theorem holds for 0 <  � 0. Below we will
prove the theorem for all  2 .0; �/ using difference quotients.

We suppose (1-7) holds in Q4. We will consider the difference quotients in x first. For h 2
�
0; 1

4

�
,

e 2 Sd�1, let

uh.t;x/D
u.t;xC he/�u.t;x/

h�0
; f h.t;x/D

f .t;xC he/�f .t;x/

h�0
;

and
ah.t;x;y/D

a.t;xC he;y/� a.t;x;y/

h�0
; bh.t;x/D

b.t;xC he/� b.t;x/

h�0
:

Then uh satisfies

@tu
h.t;x/DLhuh

C b.t;xC he/Duh
Cf h

C bhDuCg in Q1;

where

LhuD

Z
Rd

ıu.t;x;y/a.t;xC he;y/

jyjdC�
dy; g D

Z
Rd

ıu.t;x;y/ah.t;x;y/

jyjdC�
dy:

Applying the result for  D 0 gives

Œuh�
1C

0
�
;�C0IQ3=4

� Ckuh
k0
�
;0
CC Œf h

C bhDuCg�0
�
;0IQ1

:

It follows from direct calculations that

Œg�0
�
;0IQ1

� C Œu�
1C

0
�
;�C0IQ5=4

CCkuk0
�
;0
:
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Applying the C 1C
0
�
;�C0 estimate as mentioned at the beginning of this proof, we have

Œg�0
�
;0IQ1

� Ckuk0
�
;0
CC Œf �0

�
;0IQ2

:

Similarly, we have

ŒbhDu�0
�
;0IQ1

� CkDuk0
�
;0IQ1

� Ckuk0
�
;0
CC Œf �0

�
;0IQ2

:

Therefore,

Œuh�
1C

0
�
;�C0IQ3=4

� Ckuk
�
; CC Œf �

�
; IQ2

:

Note that we assumed that � C  > 2 and thus, � > 1. Also 1< � C 0 < 2. Then we have

Œ.Du/h�x�C0�1IQ3=4
� Ckuk

�
; CC Œf �

�
; IQ2

;

that is,
jDu.t;xC 2he/� 2Du.t;xC he/CDu.t;x/j

h�C�1
� Ckuk

�
; CC Œf �

�
; IQ2

for all .t;x/ 2Q 1
2

and h� 1
20

. Making use of (2-1) and sending j !1 there, we have

jDu.t;xC he/�Du.t;x/� hD2u.t;x/ � ej � C h�C�1
1X

kD1

2�k.�C�2/.kuk
�
; C Œf �

�
; IQ2

/

� C.kuk
�
; C Œf �

�
; IQ2

/h�C�1;

from which we have

Œu�x�C IQ1=2
� Ckuk

�
; CC Œf �

�
; IQ2

: (4-1)

Similarly, we can use the difference quotients in t . For s 2
�
0; 1

10

�
, let

us.t;x/D
u.t;x/�u.t � s;x/

s
�0
�

: (4-2)

By similar arguments, we have

Œus �t
1C

0
�
IQ1=2

� Ckuk
�
; CC Œf �

�
; IQ2

;

that is

Œ.ut /
s �t0
�
IQ1=2

� Ckuk
�
; CC Œf �

�
; IQ2

:

The same arguments as the above (noticing � >  ) will lead to

Œu�t
1C

�
IQ1=2

� Ckuk
�
; CC Œf �

�
; IQ2

:

This estimate, together with (4-1), implies

Œu�1C
�
;�C IQ1=2

� Ckuk
�
; CC Œf �

�
; IQ2

:

We remark that actually the proof of the other situation � C  2 .0; 1/[ .1; 2/ is exactly the same as
above. �
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5. Linear parabolic equations with measurable coefficient in t

We now consider the linear equation (1-7), where K, b, and f are Dini continuous in x but only measurable
in the time variable t . We first need a proposition for the case that K does not depend on x, and b � 0.

Proposition 5.1. Let � 2 .0; 2/ and 0<��ƒ. Assume K does not depend on x, and b� 0. Let ˛ 2 .0; 1/
such that � C˛ is not an integer. Suppose u 2 C �C˛

x .Q1/\C
˛
�
;˛..�2� ; 0/�Rd / is a solution of (1-7)

in Q1. Then,

Œu�x˛C� IQ1=2
� C

1X
jD1

2�j�Mj CC Œf �x˛IQ1
;

where

Mj D sup
.t;x/;.t;x0/2.�1;0/�B

2j

0<jx�x0j<2

ju.t;x/�u.t;x0/j

jx�x0j˛

and C > 0 is a constant depending only on d , � , �, ƒ, and N0, and is uniformly bounded as � ! 2�.

Proof. We only prove the case that �C˛ > 2 as before. Let � be a cut-off function such that �2C1c . yQ 3
4
/

and � � 1 in Q 1
2

. Let w.t;x/ D u.t;x/� u.t; 0/, Qf .t;x/ D f .t;x/� f .t; 0/ and v D �w. Then v
satisfies

vt DLvC hC �twC � Qf � �g.t/ in .�2� ; 0/�Rd ;

where

hD �Lw�L.�w/D

Z
R

�
.�.t;x/� �.t;xCy//w.t;xCy/CyT D�.t;x/w.t;x/

�
K.t;y/ dy

and
g.t/D .Lu/.t; 0/:

By Theorem 4 in [Mikulevičius and Pragarauskas 2014], we have

kvkx�C˛ � CkhC �twC � Qf � �g.t/kx˛ :

From (3.18) and (3.23) in [Dong and Zhang 2016a], we have

khkx˛ � C.kwkx
˛I.�1;0/�Rd C Œrw�

x
˛IQ15=16

/� C.kukx
˛I.�1;0/�Rd C Œru�x˛IQ15=16

/:

It is clear that

k�g.t/kx˛ � C.kD2ukL1.Q7=8/CkDukL1.Q7=8/CkukL1..�1;0/�Rd //;

k� Qf kx˛ � C Œf �x˛;Q3=4
:

Therefore, we have

Œu�x�C˛IQ1=2
� C.kD2ukL1.Q7=8/CkDukL1.Q7=8/C Œru�x˛IQ15=16

Ckukx
˛I.�1;0/�Rd C Œf �

x
˛IQ3=4

/:

The same interpolation arguments of the proof of Theorem 1.1 in [Dong and Zhang 2016b] lead to

Œu�x�C˛IQ1=2
� C.kukx

˛I.�1;0/�Rd C Œf �
x
˛IQ3=4

/:
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Then as in the proof of Proposition 3.1, see also [Dong and Zhang 2016b, Corollary 4.6], applying this
estimate to the equation of Qv WD Q�.u.t;x/� u.t; 0//, where Q� 2 C1

0
. yQ 15

16
/ satisfying Q�D 1 in Q 3

4
, we

have the desired estimates for Œu�x
˛C� IQ1=2

. �

Proposition 5.2. Suppose (1-7) is satisfied in Q2. Then under the conditions of Theorem 1.5, we have

Œu�x� IQ1=2
� Ckukx˛ CC

1X
kD1

!f .2
�k/; (5-1)

where C > 0 is a constant depending only on d , �, ƒ, !a, !b , N0 and � .

Proof. We will consider three cases separately.

Case 1: � 2 .0; 1/. For k 2 N, let v be the solution of�
@tv DL.t; 0/vCf .t; 0/ for x 2 B2�k ; and almost every t 2 .�2��k ; 0�;

v D u in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /:

(5-2)

We sketch the proof of the existence of such v as follows. Let K".t; 0;y/ and f ".t; 0/ be the mollifications
of K.t; 0;y/ and f .t; 0/ in t . Then there exists v" satisfying�

@tv
" DL".t; 0/v"Cf ".t; 0/ in Q2�k ;

v" D u in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /:

(5-3)

Since this equation is uniformly elliptic, we have the global uniform Hölder estimate of v", which is
independent of ". Thus, there exists a subsequence converging locally uniformly to a global Hölder
continuous function v. On the other hand, by Proposition 5.1, we can reselect a subsequence such that for
almost every time, they converge to v locally uniformly in C �C˛

x .B2�k /. Since we have from (5-3) that
for all t 2 .�2�k�; 0�,(

v".t;x/D u.�2�k� ;x/C
R t
�2�k� L".�; 0/v".�;x/ d� C

R t
�2�k� f

".�; 0/ d� in Q2�k ;

v" D u in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

we can send "! 0, using the dominated convergence theorem, to obtain(
v.t;x/D u.�2�k� ;x/C

R t
�2�k� L.�; 0/v.�;x/ d� C

R t
�2�k� f .�; 0/ d� in Q2�k ;

v D u in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /:

This proves (5-2). Moreover, we have from the estimates of v" in Proposition 5.1 by sending "! 0, that

Œv�x˛C� IQ
2�k�1

� C

1X
jD1

2.k�j/�Mj CC 2k� Œv�x˛IQ
2�k

; (5-4)

where ˛ 2 .0; 1/ satisfying � C˛ < 1 and

Mj D sup
.t;x/;.t;x0/2.�2�k�;0/�B

2j�k

0<jx�x0j<2�kC1

ju.t;x/�u.t;x0/j

jx�x0j˛
:
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Let k0 � 1 be an integer to be specified. From (5-4), we have

Œv�x˛IQ
2
�k�k0

� C 2�.kCk0/�
kX

jD1

2.k�j/�Mj CC 2�.kCk0/� Œu�x˛ CC 2�k0� Œv�x˛IQ
2�k

: (5-5)

Let w WD u� v which satisfies�
@tw DL.t; 0/wCCk in Q2�k ;

w D 0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where
Ck.t;x/D f .t;x/�f .t; 0/C .L.t;x/�L.t; 0//u:

It is easily seen that

kCkkL1.Q2�k / � !f .2
�k/CC!a.2

�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j

.t0;x0/
CkukL1

�
:

Then by the Hölder estimate [Dong and Zhang 2016b, Lemma 2.5], we have

Œw�˛
�
;˛IQ

2�k
�C 2�k.��˛/Ck

�C 2�k.��˛/

�
!f .2

�k/C!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j

.t0;x0/
CkukL1

��
:

(5-6)
Combining (5-5) and (5-6) yields

2.kCk0/.��˛/Œu�x˛IQ
2
�k�k0

� C 2�.kCk0/˛
kX

jD1

2.k�j/� Œu�x
˛I.�2�k�;0/�B

2j�k

CC 2�.kCk0/˛ Œu�x˛CC 2�k0˛Ck.��˛/Œu�x
˛I.�2�k�;0/�B

2�k
CC 2k0.��˛/!f .2

�k/

CC 2k0.��˛/!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/Œu�x˛IQ
2�j .t0;x0/

CkukL1

�
:

(5-7)

Let Ql, l D `0; `0C 1; : : : , be those in the proof of Proposition 3.2. By translation of the coordinates,
from (5-7) we have for l � `0, k � l C 1,

2.kCk0/.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2
�k�k0

.t0;x0/

�C 2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� Œu�x
˛I.t0�2�k�; t0/�B

2j�k .x0/
CC 2�.kCk0/˛ Œu�x˛

CC 2k0.��˛/

�
!f .2

�k/C!a.2
�k/

�
sup

.t0;x0/2QlC1

1X
jD0

2j.��˛/Œu�x˛IQ
2�j

.t0;x0/
CkukL1

��
: (5-8)
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Then we take the sum (5-8) in k D l C 1; l C 2; : : : to obtain
1X

kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2
�k�k0

.t0;x0/

� C

1X
kDlC1

2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD0

2.k�j/� Œu�x
˛I.t0�2�k�; t0/�B

2j�k .x0/

CC 2�.lCk0/˛ Œu�x˛CC 2k0.��˛/
1X

kDlC1

!f .2
�k/

CC 2k0.��˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

Œu�x˛IQ
2�j

.t0;x0/
CkukL1

�
:

As before, by switching the order of summations and then replacing k by kC j , the first term on the
right-hand side is bounded by

C 2�k0˛
1X

kD0

2k.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�k .t0;x0/

:

With the above inequality, we have
1X

kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2
�k�k0

.t0;x0/

� C 2�k0˛
1X

kD0

2k.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�k .t0;x0/

CC 2�.lCk0/˛ Œu�x˛CC 2k0.��˛/
1X

kDlC1

!f .2
�k/

CC 2k0.��˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

Œu�x˛IQ
2�j

.t0;x0/
CkukL1

�
:

The bound above, together with the obvious inequality
lCk0X
jD0

2j.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�j

.t0;x0/
� C 2.lCk0/.��˛/Œu�x˛;

implies
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�j

.t0;x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�j

.t0;x0/

CC 2�.lCk0/˛ Œu�x˛CC 2.lCk0/.��˛/Œu�x˛CC 2k0.��˛/
1X

kDlC1

!f .2
�k/

CC 2k0.��˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

Œu�x˛IQ
2�j

.t0;x0/
CkukL1

�
:
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By first choosing k0 sufficiently large and then `0 sufficiently large (recalling l � `0), we get
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�j

.t0;x0/

�
1

4

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

Œu�x˛IQ
2�j

.t0;x0/
CC 2.lCk0/.��˛/kukx˛ CC

1X
kD1

!f .2
�k/:

This implies
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

Œu�x˛IQ
2�j

.t0;x0/
� Ckukx˛ CC

1X
kD1

!f .2
�k/;

which together with Lemma 2.1(i) gives (5-1).

Case 2: � 2 .1; 2/. For k 2 N, let vM be the solution of�
@tvM DL.t; 0/vM Cf .t; 0/C b.t; 0/Du.t; 0/� @tp0 in Q2�k ;

vM D gM in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where M � 2ku�p0kL1.Q2�k / is a constant to be specified later,

gM Dmax.min.u�p0;M /;�M /;

and p0Dp0.t;x/ is the first-order Taylor’s expansion of u.2
�k/ in x at .t; 0/, and u.2

�k/ is the mollification
of u in the x-variable only:

u.R/.t;x/D

Z
Rd

u.t;x�Ry/�.y/ dy

with � 2 C1
0
.B1/ being a radial nonnegative function with unit integral.

By Proposition 5.1, we have

ŒvM �x˛C� IQ
2�k�1

� C

1X
jD1

2.k�j/�Mj CC 2k� ŒvM �x˛IQ
2�k

;

where ˛ 2 .0;minf2� �; .� � 1/=2g/ and

Mj D sup
.t;x/;.t;x0/2.�2�k�;0/�B

2j�k

0<jx�x0j<2�kC1

ju.t;x/�p0.t;x/�u.t;x0/Cp0.t;x
0/j

jx�x0j˛
:

From Lemma 2.4 with � 2 .1; 2/, it follows that for j > k, we have

Mj � C Œu�x
˛I.�2�k�;0/�Rd ;

and thus,

ŒvM �x˛C� IQ
2�k�1

� C

1X
jD1

2.k�j/�Mj CC 2k� ŒvM �x˛IQ
2�k

� C

kX
jD1

2.k�j/�Mj CC Œu�x
˛I.�2�k�;0/�Rd CC 2k� ŒvM �x˛IQ

2�k
: (5-9)
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From (5-9), and the mean value formula (recalling that ˛ < 2� � ),

kvM �p1kL1.Q
2
�k�k0

/ � C 2�.kCk0/.�C˛/
kX

jD1

2.k�j/�Mj

CC 2�.kCk0/.�C˛/Œu�x
˛I.�2�k�;0/�Rd CC 2�k˛�k0.�C˛/ŒvM �x˛IQ

2�k
;

where p1 is the first-order Taylor’s expansion of vM in x at .t; 0/. The above inequality, (5-9), and the
interpolation inequality imply

ŒvM �p1�
x
˛IQ

2
�k�k0

� C 2�.kCk0/�
kX

jD1

2.k�j/�Mj CC 2�.kCk0/� Œu�x
˛I.�2�k�;0/�Rd CC 2�k0� ŒvM �x˛IQ

2�k
: (5-10)

Next wM WD gM � vM , which equals u�p0� vM in Q2�k , satisfies�
@twM DL.t; 0/wM C hM CCk in Q2�k ;

wM D 0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

where

hM WDL.t; 0/.u�p0�gM /

and

Ck D f �f .t; 0/C bDu� b.t; 0/Du.t; 0/C .L�L.t; 0//u:

It follows easily that

jCk j � !f .2
�k/C!b.2

�k/kDukL1.Q2�k /CkbkL12�k˛ ŒDu�x˛IQ
2�k

CC!a.2
�k/ sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/ sup
t2.t0�2�j�; t0/

Œu.t; � /�pt;x0
�x˛IB

2�j
.x0/

CC!a.2
�k/.kDukL1.Q2�k /CkukL1/;

where pt;x0
D pt;x0

.x/ is the first-order Taylor’s expansion of u with respect to x at .t;x0/. From
Lemma 2.3, we obtain

jCk j � !f .2
�k/C!b.2

�k/kDukL1.Q2�k /CkbkL12�k˛ ŒDu�x˛IQ
2�k

CC!a.2
�k/ sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/ sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

CC!a.2
�k/.kDukL1.Q2�k /CkukL1/:

By the dominated convergence theorem, it is easy to see that

khMkL1.Q2�k /! 0 as M !1:
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Thus, similar to (3-6), choosing M sufficiently large so that

khMkL1.Q2�k / �
1
2
Ck ;

we have

ŒwM �˛
�
;˛IQ

2�k

�C 2�k.��˛/

�
!f .2

�k/C.!b.2
�k/C!a.2

�k//kDukL1.Q2�k /C2�k˛ ŒDu�x˛IQ
2�k

C!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.��˛/ sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/
CkukL1

��
: (5-11)

From Lemma 2.4 (more precisely, its proof)

Mj � C sup
t2.�2�k�;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2j�k

: (5-12)

From the triangle inequality and Lemma 2.4 with j D 0,

ŒvM �x˛IQ
2�k
� ŒwM �x˛IQ

2�k
C Œu�p0�

x
˛IQ

2�k

� ŒwM �x˛IQ
2�k
CC sup

t2.�2�k�;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�k

:

For l D 1; 2; : : : , let Ql DQ1�2�l . Combining (5-10), (5-11), and (5-12), similar to (5-8), we then get

2.kCk0/.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�.k0Ck/�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2
�.k0Ck/ .x0/

� 2.kCk0/.��˛/ sup
.t0;x0/2Ql

Œu�p0�p1�
x
˛IQ

2
�.k0Ck/ .t0;x0/

� C 2�.kCk0/˛ sup
.t0;x0/2Ql

kX
jD1

2.k�j/� sup
t2.t0�2�k�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2j�k .x0/

CC 2�.kCk0/˛ Œu�x˛C sup
.t0;x0/2Ql

2�k˛Ck0.��˛/ŒDu�x˛IQ
2�k .t0;x0/

CC 2k0.��˛/

�
!f .2

�k/C .!b.2
�k/C!a.2

�k//kDukL1.QlC1/

C!a.2
�k/

� 1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
CkukL1

��
:

Summing the above inequality in k D l C 1; l C 2; : : : as before, we obtain
1X

kDlC1

2.kCk0/.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�.k0Ck/�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2
�.k0Ck/ .x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
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CC 2�.k0Cl/˛ Œu�x˛CC 2k0.��˛/
1X

kDlC1

2�k˛ sup
.t0;x0/2Ql

ŒDu�x˛IQ
2�k .t0;x0/

CC 2k0.��˛/

� 1X
kDlC1

�
!f .2

�k/C .!b.2
�k/C!a.2

�k//kDukL1.QlC1/

�
C

1X
kDlC1

!a.2
�k/

�
kukL1 C

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

��
;

(5-13)
and
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

� C 2�k0˛
1X

jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

CC 2k0.��˛/kukL1 CC 2.lCk0/.��˛/Œu�x˛CC 2k0.��˛/�l˛ ŒDu�x
˛IQlC1

CC 2k0.��˛/
1X

kDlC1

�
!f .2

�k/C .!b.2
�k/C!a.2

�k//kDukL1.QlC1/

�
CC 2k0.��˛/

1X
kDlC1

!a.2
�k/

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
:

By choosing k0 and l sufficiently large, and using (2-4) and interpolation inequalities (recalling that
˛ < .� � 1/=2), we obtain
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

�
1

4

1X
jD0

2j.��˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

CC 2.k0Cl/.��˛/
kukx˛ CC

1X
kD1

!f .2
�k/:

Therefore,
1X

jD0

2j.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
� Ckukx˛ CC

1X
kD1

!f .2
�k/; (5-14)

which together with Lemma 2.1(ii) (actually the proof of it) gives (5-1).

Case 3: � D 1. Set

B0.t/D

Z 0

t

b.s; 0/ ds
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and we define

Ou.t;x/D u.t;xCB0.t//; Ofˇ.t;x/D fˇ.t;xCB0.t//; and Ob.t;x/D b.t;xCB0.t//:

It is easy to see that in Qı for some ı > 0,

@t Ou.t;x/D .@tu/.t;xCB0.t//� b.t; 0/ru.t;xCB0.t//

D yLˇ OuC OfˇC . Ob� b.t; 0//r Ou; (5-15)

where yL is the operator with kernel a.t;xCB0.t/;y/jyj
�d��. For .t;x/ 2Q2�k ,

j Ofˇ.t;x/� Ofˇ.t; 0/j � !f .2
�k/;

j Ob� b.t; 0/j � !b..1CN0/2
�k/:

Furthermore,

kDukL1 Ck@tukL1 � .1CN0/.kD OukL1 Ck@t OukL1/:

Therefore, it is sufficient to bound Ou. In the rest of the proof, we estimate the solution to (5-15) and abuse
the notation to use u instead of Ou for simplicity. By scaling, translation and covering arguments, we also
assume u satisfies the equation in Q2.

The proof is similar to the case � 2 .1; 2/ and we indeed proceed as in the previous case. Take p0 to
be the first-order Taylor’s expansion of u.2

�k/ in x at .t; 0/, where u.2
�k/ is the mollification of u in the

x-variable only, as in Case 2. We also assume that the solution v to the equations�
@tv D yL.t; 0/vC Of .t; 0/� @tp0 in Q2�k ;

v D u�p0 in ..�2�k�; 0/�Bc
2�k /[ .ftD� 2�k�g �B2�k /;

exists without carrying out another approximation argument. By Proposition 5.1 with �D1 and Lemma 2.4
in [Dong and Zhang 2016a],

Œv�x1C˛IQ
2�k�1

� C

1X
jD1

2k�j Mj CC 2k Œv�˛;˛IQ
2�k

� C

1X
jD1

2k�j sup
t2.�2�k�;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2j�k
CC 2k Œv�x˛IQ

2�k

� C

kX
jD1

2k�j sup
t2.�2�k�;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2j�k
CC Œu�x˛CC 2k Œv�x˛IQ

2�k
: (5-16)

From (5-16) and the interpolation inequality, we obtain

Œv�p1�
x
˛IQ

2
�k�k0

�C 2�.kCk0/
kX

jD1

2k�j sup
t2.�2�k�;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2j�k
CC 2�k0 Œv�x˛IQ

2�k
CC 2�.kCk0/Œu�x˛; (5-17)
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where p1 is the first-order Taylor’s expansion of v in x at .t; 0/. Next w WD u�p0� v satisfies�
@tw D yL.t; 0/wCCk in Q2�k ;

w D 0 in ..�2�k ; 0/�Bc
2�k /[ .ftD� 2�kg �B2�k /;

where by the cancellation property,

Ck D
Of � Of .t; 0/C . Ob� b.t; 0//ruC . yL� yL.t; 0//u;

so that

jCk j �!f .2
�k/C!b..1CN0/2

�k/kDukL1.Q2�k /

CC!a..1CN0/2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.1�˛/ sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/
CkukL1

�
:

Clearly, for any r � 0,

!�..1CN0/r/� .2CN0/!�.r/:

Therefore, similar to (5-11), we have

Œw�˛;˛IQ
2�k

�C 2�k.1�˛/

�
!f .2

�k/C!b.2
�k/kDukL1.Q2�k /

C!a.2
�k/

�
sup

.t0;x0/2Q
2�k

1X
jD0

2j.1�˛/ sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/
CkukL1

��
: (5-18)

From the proof of (2-16) and the triangle inequality,

Œv�x˛IQ
2�k
� Œw�x˛IQ

2�k
C Œu�p0�

x
˛IQ

2�k
� Œw�˛IQ

2�k
CC sup

t2.�2�k ;0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�k

:

For l D 1; 2; : : : , let Ql D Q1�2�l . Similar to (5-8), by combining (5-17) and (5-18), shifting the
coordinates, and using the above inequality, we obtain for l � 1 and k � l C 1,

2.kCk0/.1�˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�.kCk0/�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2
�k�k0 .x0/

�C 2�.kCk0/˛
kX

jD0

2k�j sup
.t0;x0/2Ql

sup
t2.t0�2�k�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2j�k .x0/

CC 2k0.1�˛/

�
!f .2

�k/C!b.2
�k/kDukL1.QlC1/

C!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛;B
2�j

.x0/
CkukL1

��
CC 2�.kCk0/˛ Œu�x˛; (5-19)
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which by summing in k D l C 1; l C 2; : : : implies
1X

kDlC1

2.kCk0/.1�˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�.kCk0/�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2
�k�k0

.x0/

�C 2�k0˛
1X

jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/

CC 2�.k0Cl/˛ Œu�x˛CC 2k0.1�˛/
1X

kDlC1

!f .2
�k/

CC 2k0.1�˛/
1X

kDlC1

�
!b.2

�k/kDukL1.QlC1/

C!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/
CkukL1

��
;

where for the first term on the right-hand side of (5-19), we replaced j by k � j and switched the order
of the summation as before. Therefore,

1X
jD0

2j.1�˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/

�C 2�k0˛
1X

jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/

CC 2.lCk0/.1�˛/Œu�x˛CC 2k0.1�˛/
1X

kDlC1

!f .2
�k/

CC 2k0.1�˛/
1X

kDlC1

!b.2
�k/kDukL1.QlC1/

CC 2k0.1�˛/
1X

kDlC1

!a.2
�k/

� 1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; �/�p�x˛IB
2�j

.x0/
CkukL1

�
:

Then we choose k0 and then l sufficiently large, and apply Lemma 2.1(iii) (actually the proof it) to get

1X
jD0

2j.1�˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

�
1

4

1X
jD0

2j.1�˛/ sup
.t0;x0/2QlC1

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/

CC 2.k0Cl/.1�˛/
kukx˛ CC

1X
kD1

!f .2
�k/:
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This implies
1X

jD0

2j.1�˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
� Ckukx˛ CC

1X
kD1

!f .2
�k/;

from which (5-1) follows. �

Proof of Theorem 1.5. As before, Theorem 1.5 follows from Proposition 5.2 using the argument of
freezing the coefficients. We only present the detailed proof of Theorem 1.5 for � 2 .1; 2/. We omit the
proof of the case � 2 .0; 1� since it is almost the same and actually is simpler.

Indeed, the proof here for � 2 .1; 2/ is almost identical to that of Theorem 1.1, so we just sketch it.
Without loss of generality, we assume the equation holds in Q3.

Step 1: For k D 1; 2; : : : , define Qk WDQ1�2�k . Let �k 2 C1
0
. yQkC3/ be a sequence of nonnegative

smooth cutoff functions satisfying �� 1 in QkC2, j�j � 1 in QkC3, and k@j
t Di�kkL1 � C 2k.iCj/ for

each i; j � 0. Set vk WD u�k 2 C 1;�C and notice that in QkC1,

@tvk D �k@tuC @t�kuD �kLuC �kbDuC �kf C @t�ku

DLvk C bDvk � buD�k C hk C �kf C @t�ku;

where

hk D �kLu�Lvk D

Z
Rd

�k.t;x;y/a.t;x;y/

jyjdC�
dy;

and
�k.t;x;y/D u.t;xCy/.�k.t;xCy/� �k.t;x//�y �D�k.t;x/u.t;x/

D u.t;xCy/.�k.t;xCy/� �k.t;x// since D�k � 0 in QkC1:

We will apply Proposition 5.2 to the equation of vk in QkC1 and obtain corresponding estimates for vk

in Qk.
As before, we have �kf � f , @t�ku� 0, and buD�k � 0 in QkC1. Thus, we only need to estimate

the moduli of continuity of hk in QkC1 with respect to x. The same proof of (3-31) shows that

!h.r/ WDC

�
2�k
kukL1.Q3/C

1X
jD0

2�j�!u.2
j /

�
!a.r/CC 2k�!u.r/CC 2k.�C1/

kukL1.Q3/r: (5-20)

As in the proof of Theorem 1.1, by making use of Proposition 5.2 to vk and interpolation inequalities,
an iteration procedure will lead to

Œu�x
� IQ4 � CkukL1.Q3/CC

1X
jD0

.2�j�!u.2
j /C!u.2

�j /C!f .2
�j //: (5-21)

Applying this to the equation of u.t;x/�u.t; 0/ gives to (1-10).
Finally, since kv1k

x
˛ is bounded by the right-hand side of (5-21), from (5-14), we see that

1X
jD0

2j.��˛/ sup
.t0;x0/2Ql

sup
t2.t0�2�j�; t0/

inf
p2Px

Œu.t; � /�p�x˛IB
2�j

.x0/
� C

for some large l .
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This and (5-13) with u replaced by v1 and f replaced by h1C �1f C @t�1u� buD�1 give
1X

jDk1C1

2.jCk0/.��˛/ sup
.t0;x0/2Qk1

sup
t2.t0�2�.jCk0/�; t0/

inf
p2Px

Œv1�p�x˛IB
2
�j�k0

.x0/

� C 2�k0˛CC 2k0.��˛/
1X

jDk1

.!f .2
�j /C!a.2

�j /C!u.2
�j /C!b.2

�j /C 2�j˛/:

Here we also used (5-20) with k D 1. Therefore, for any small " > 0, we can find k0 sufficiently large,
then k1 sufficiently large, depending only on C , � , N0, ˛, !a, !f , !b , and !u, such that

1X
jDk1C1

2.jCk0/.��˛/ sup
.t0;x0/2Qk1

sup
t2.t0�2�.jCk0/�; t0/

inf
p2Px

Œv1�p�x˛IB
2
�j�k0

.x0/
< ":

This, together with the fact that v1 D u in Q 1
2

and the proof of Lemma 2.1(ii), indicates that

sup
.t0;x0/2Q1=2

Œu�x� IQr .t0;x0/
! 0 as r ! 0

with a decay rate depending only on d , �, N0, ƒ, !a, !f , !b , !u, and � . Also, by evaluating (1-7)
on both sides and making use of the dominated convergence theorem, we have that @tu is uniformly
continuous in x in Q 1

2
with a modulus of continuity controlled by d , � , �, ƒ, !a, !f , !u, N0, !b ,

and kukL1 .
Hence, the proof of the case when � 2 .1; 2/ is completed. �

Proof of Theorem 1.6. Given the proofs of Theorems 1.3 and 1.4, Theorem 1.6 can be similarly proved
(actually simpler), and we omit the details. �
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