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We deal with nonnegative functions satisfying

(=A)Yu, =0 inC,
u, =0 inR"\C,

where s € (0, 1) and C is a given cone on R" with vertex at zero. We consider the case when s approaches 1,
wondering whether solutions of the problem do converge to harmonic functions in the same cone or not.
Surprisingly, the answer will depend on the opening of the cone through an auxiliary eigenvalue problem
on the upper half-sphere. These conic functions are involved in the study of the nodal regions in the case
of optimal partitions and other free boundary problems and play a crucial role in the extension of the
Alt—Caffarelli-Friedman monotonicity formula to the case of fractional diffusions.
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1. Introduction

Let n > 2 and let C be an open cone in R” with vertex in O; for a given s € (0, 1), we consider the problem
of the classification of nontrivial functions which are s-harmonic inside the cone and vanish identically
outside, that is,
(=A)Y’u;=0 inC,
uy; >0 inR”?, (1-1)
u; =0 inR*"\C.

Here we define (see Section 2 for the details)

u(x) —u(n)
|X _ n|n+23

9

(=A)’u(x)=C(n,s) p.V.f

n
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where u is a sufficiently smooth function and

_ 2%sT(n/2+5)

C(n,S)—m> , (1-2)

where

o0
I'(x) :/ *~le=" dr.
0

The principal value is taken at n = x; hence, though u needs not to decay at infinity, it has to keep an
algebraic growth with a power strictly smaller than 2s in order to make the above expression meaningful.
By Theorem 3.2 in [Baiiuelos and Bogdan 2004], it is known that there exists a homogeneous, nonnegative
and nontrivial solution to (1-1) of the form

ug(x) = |x|)/sus(i>’
| x|

where y; := y,(C) is a definite homogeneity degree (characteristic exponent), which depends on the
cone. Moreover, such a solution is continuous in R" and unique, up to multiplicative constants. We can
normalize it in such a way that ||u|| ;o s.-1) = 1. We consider the case when s approaches 1, wondering
whether solutions of the problem do converge to a harmonic function in the same cone and, in that case,
which are the suitable spaces for convergence.

Such conic s-harmonic functions appear as limiting blow-up profiles and play a major role in many
free boundary problems with fractional diffusions and in the study of the geometry of nodal sets, also in
the case of partition problems; see, e.g., [Allen 2012; Barrios et al. 2015; Caffarelli et al. 2017; Dipierro
et al. 2017; Garofalo and Ros-Oton 2017]. Moreover, as we shall see later, they are strongly involved with
the possible extensions of the Alt—Caffarelli-Friedman monotonicity formula to the case of fractional
diffusion. The study of their properties and, ultimately, their classification is therefore a major achievement
in this setting. The problem of homogeneous s-harmonic functions on cones has been deeply studied in
[Bafiuelos and Bogdan 2004; Bogdan and Byczkowski 1999; Bogdan et al. 2015; Michalik 2006]. The
present paper mainly focuses on the limiting behavior as s 7 1.

Our problem (1-1) can be linked to a specific spectral problem of local nature in the upper half-sphere;
indeed let us look at the extension technique popularized by the authors in [Caffarelli and Silvestre 2007],
characterizing the fractional Laplacian in R" as the Dirichlet-to-Neumann map for a variable v depending
on one more space dimension and satisfying

{st =div(y! V) =0 in R"*, 1-3)

v(x,0) =ux) on R",

Such an extension exists and is unique for a suitable class of functions u, see (2-1), and it is given by the
formula

y¥u(n)
re (|x —n|% 4+ y?)n/2+s

1
dn, where y(n,s)”! ::/

———dn.
o (P D72

v(x, y) =y (n,s)
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Then, the nonlocal original operator translates into a boundary derivative operator of Neumann type:

C(n,s) lim yl—ZSa v(x y) — (_A)su(x)
y(n,s) y—0 S .

Now, let us consider an open region w € §"~! = 08", with §% = 8" N {y > 0}, and define the eigenvalue

_ f,l Y72 Vgu|? do . s ' .
1| (w) = inf +f T ueH (ST;y “do)\{0}andu=0in S" "\ wy.
sy TFutdo

Next, define the characteristic exponent of the cone C,, spanned by w (see Definition 2.1) as

Vs(Co) = ¥s ()\i (w)), (1-4)

where the function y,(¢) is defined by

ys() = \/(%(n - 2s))2 +1—1(n—2s).

Remark 1.1. There is a remarkable link between the nonnegative A} (w)-eigenfunctions and the y; (A} (w))-
homogeneous L -harmonic functions: Let consider the spherical coordinates (r, 8) with r > 0 and 6 € S".
Let ¢ be the first nonnegative eigenfunction to A (w) and let vy be its y; (A} (w))-homogeneous extension
to R, e,

vy (r, 0) = r 1@y, @),

which is well-defined as soon as y; (1] (w)) < 2s (as we shall see, this fact is always granted). By [Riiland
2015], the operator L can be decomposed as

. _ 1 o 1 n
Lyu = sin' Z‘Y(Gn)ﬁf)r(r"HJrz“B,u) + mLf u,

where y = r sin(6,) and the Laplace-Beltrami-type operator is defined as
LS u = divgs (sin' =2 (6,) Vgnur)

with Vg the tangential gradient on S”. Then, we easily get that v, is Lg-harmonic in the upper half-space.
Moreover, its trace ug(x) = vg(x, 0) is s-harmonic in the cone C,, spanned by w, vanishing identically
outside; in other words u; is a solution of our problem (1-1).

In a symmetric way, for the standard Laplacian, we consider the problem of y-homogeneous functions
which are harmonic inside the cone spanned by w and vanish outside:
—Au; =0 inC,,
u; >0 inR", (1-5)
up=0 inR"\C,.
It is well known that the associated eigenvalue problem on the sphere is that of the Laplace—Beltrami
operator with Dirichlet boundary conditions

St IVgu-ru|* do
Sgno1 u*do

A1 (w) = inf cue H'(S" H\{0}andu =0in $" "\ wy,
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and the characteristic exponent of the cone C,, is

Y (Co) = (501 = 2)> + 21 (@) — 101 = 2) = Yoy Ot @)). (1-6)

In the classical case, the characteristic exponent enjoys a number of nice properties: It is minimal on
spherical caps among sets having a given measure. Moreover, for the spherical caps, the eigenvalues enjoy
a fundamental convexity property with respect to the colatitude 0 [Alt et al. 1984; Friedland and Hayman
1976]. The convexity plays a major role in the proof of the Alt—Caffarelli-Friedman monotonicity formula,
a key tool in the free boundary theory [Caffarelli and Salsa 2005].

Since the standard Laplacian can be viewed as the limiting operator of the family (—A)* ass 7 1,
some questions naturally arise:

Problem 1.2. Is it true that:

(@) limy—,; y5(C) =y (C)?
(b) limy_, | us = u; uniformly on compact sets, or better, in Holder local norms?

(c) for spherical caps of opening 6 there is any convexity of the map 6 +— A](0), at least, for s near 1?

We therefore addressed the problem of the asymptotic behavior of the solutions of problem (1-1) for
s /' 1, obtaining a rather unexpected result: our analysis shows high sensitivity to the opening solid
angle w of the cone C,, as evaluated by the value of y (C). In the case of wide cones, when y (C) < 2
(that is, 8 € (7 /4, ) for spherical caps of colatitude 6), our solutions do converge to the harmonic
homogeneous function of the cone; in the case of narrow cones, when y (C) > 2 (that is, 8 € (0, 7 /4]
for spherical caps), the limit of the homogeneity degree will always be 2 and the limiting profile will be
something different, though related, of course, through a correction term. Similar transition phenomena
have been detected in other contexts for some types of free boundary problems on cones [Allen and Lara
2015; Shahgholian 2004]. As a consequence of our main result, we will see a lack of convexity of the
eigenvalue as a function of the colatitude. Our main result is the following theorem.

Theorem 1.3. Let C be an open cone with vertex at the origin. There exist the following finite limits:

7(C)i= lim y,(€) =min{y (©), 2, (1-7)
BT C(n,s) |0 if y(C)<2, ]
M(C)'_slf?2s—m(C)_{uo(C) if (C) > 2, (1-8)

where C(n, s) is defined in (1-2) and
fS,H |VS,._114|2 —2nu?do
(fSnfl |u| do—)2

Let us consider the family (us) of nonnegative solutions to (1-1) such that ||us|| e (sn-1y = 1. Then, as

cue H'(S"H\{0}andu=0in "'\ C}.

wo(C) = inf{

s /1, up to a subsequence, we have:

(1) ug —>iin L

(R") for some ii € H! (R") N L>(S"1).



ON s-HARMONIC FUNCTIONS ON CONES 1657

y=y(*1(9))

y=¥A10)

0
0 7/4 /2 3n/4 m

Figure 1. Characteristic exponents of spherical caps of aperture 20 for s < 1 and s = 1.

(2) The convergence is uniform on compact subsets of C and u is nontrivial with |[u|| g1y = 1 and is

v (C)-homogeneous.
(3) The limit u solves
{—A?:g(C)fsnlﬁdo in C, (1-9)
u

inR"\ C.

Remark 1.4. Uniqueness of the limit # and therefore existence of the limit of u; as s ' 1 hold in the
case of connected cones and, in any case, whenever y (C) > 2. We will see in Remark 4.2 that under
symmetry assumptions on the cone C, the limit function u is unique and hence it does not depend on the
choice of the subsequence.

A nontrivial improvement of the main theorem concerns uniform bounds in Holder spaces holding
uniformly for s — 1.

Theorem 1.5. Assume the cone is C*\. Let o € (0, 1), so € (max{ %, a}, 1) and A be an annulus centered
at zero. Then the family of solutions uy to (1-1) is uniformly bounded in C%*(A) for any s € [so, 1).

On the fractional Alt-Caffarelli-Friedman monotonicity formula. In the case of reaction-diffusion
systems with strong competition between a number of densities which spread in space, one can observe a
segregation phenomenon: as the interspecific competition rate grows, the populations tend to separate
their supports in nodal sets, separated by a free boundary. For the case of standard diffusion, both the
asymptotic analysis and the properties of the segregated limiting profiles are fairly well understood, we
refer to [Caffarelli and Lin 2008; Conti et al. 2005; Dancer et al. 2012; Noris et al. 2010; Tavares and
Terracini 2012]. Instead, when the diffusion is nonlocal and modeled by the fractional Laplacian, the
only known results are contained in [Terracini et al. 2014; 2016; Terracini and Vita 2017; Wang and Wei
2016]. As shown in [Terracini et al. 2014; 2016], estimates in Holder spaces can be obtained by the use
of fractional versions of the Alt—Caffarelli-Friedman (ACF) and Almgren monotonicity formulas. For
the statement, proof and applications of the original ACF monotonicity formula we refer to the book
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[Caffarelli and Salsa 2005] on free boundary problems. Let us state here the fractional version of the
spectral problem beyond the ACF formula used in [Terracini et al. 2014; 2016]: consider the set of
2-partitions of $"~! as

P?i= {(wl, @) :w; € 8" open, wi Nw, =@, & Udy = S”*I}

and define the optimal partition value as
2
inf Yo (05 (@) (1-10)
1

(w1,@2)€P?

Acr._ 1
US FZE

i=

ACF

N

spherical caps (wg, wr—g) € P? with aperture 26 and 6 € (0, w) (for a detailed proof of this kind of
symmetrization we refer to [Terracini and Vita 2017]); that is,

0 -6
vACE — min () = min @) 1 (7 ).
§ 0e[0,7] 0el0,7] 2

It is easy to see, by a Schwarz symmetrization argument, that v.;*~" is achieved by a pair of complementary

This gives a further motivation to our study of (1-1) for spherical caps. A classical result in [Friedland and
Hayman 1976] yields vA°F =1 (in the case s = 1), and the minimal value is achieved for two half-spheres;
this equality is the core of the proof of the classical Alt—Caffarelli-Friedman monotonicity formula.

ACF s linked to the threshold for uniform bounds in

It was proved in [Terracini et al. 2014] that v;

Holder norms for competition-diffusion systems, as the interspecific competition rate diverges to infinity,
as well as the exponent of the optimal Holder regularity for their limiting profiles. It was also conjectured

that vACF = s for every s € (0, 1). Unfortunately, the exact value of vAF

know that 0 < vA°F < s; see [Terracini et al. 2014; 2016]. Actually one can easily give a better lower

bound given by vACF > max{%s, s — }‘} when n = 2 and vACF > %s otherwise, which however is not

satisfactory. As already remarked in [Allen 2012], this lack of information implies also the lack of an exact

is still unknown, and we only

Alt—Caffarelli-Friedman monotonicity formula for the case of fractional Laplacians. Our contribution to
this open problem is a byproduct of the main result, Theorem 1.3, and is depicted in Figure 2.

Corollary 1.6. In any space dimension we have

lim vAF = 1.
s—1
The paper is organized as follows. In Section 2 we introduce our setting and we state the relevant known
properties of homogeneous s-harmonic functions on cones. After this, we will obtain local C%%-estimates
in compact subsets of C and local H*-estimates in compact subsets of R" for solutions u; of (1-1). We

will see that an important quantity which appears in these estimates and plays a fundamental role is
C(n,s)
25 —y5(C) ’
where C(n, s) > 0 is the normalization constant given in (1-2). It will be therefore very important to bound

this quantity uniformly in s. In Section 3 we analyze the asymptotic behavior of y;(C) as s converges
to 1, in order to understand the quantities y (C) and w(C). To do this, we will establish a distributional
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0
0 7/4 /2 3 /4 ™

Figure 2. Possible values of I'*(0) ="' (wy, wr—g) fors <l and s =1 and n = 2.

semigroup property for the fractional Laplacian for functions which grow at infinity. In Section 4 we
prove Theorem 1.3 and Corollary 1.6. Eventually, in Section 5, we prove Theorem 1.5.

2. Homogeneous s-harmonic functions on cones

In this section, we focus our attention on the local properties of homogeneous s-harmonic functions on
regular cones. Since in the next section we will study the behavior of the characteristic exponent as s
approaches 1, in this section we recall some known results related to the boundary behavior of the solution
of (1-1) restricted to the unitary sphere S"~! and some estimates of the Holder and H* seminorms.

Definition 2.1. Let @ C S"~! be an open set, which may be disconnected. We define the unbounded cone
with vertex in 0, spanned by w, to be the open set

C,={rx:r>0, x ew}.

Moreover we say that C = C,,, is narrow if y (C) > 2 and wide if y (C) < 2. We call C,, a regular cone if
 is connected and of class C*!. Let 6 € (0, ) and wy C S"~! be an open spherical cap of colatitude 6.
Then we denote by Cy = C,,, the right circular cone of aperture 26.

Hence, let C be a fixed unbounded open cone in R" with vertex in 0 and consider

(=A)Yu; =0 inC,
ugy=0 inR"\C

with the condition ||ug|| 0 (sn-1y = 1. By Theorem 3.2 in [Bafiuelos and Bogdan 2004] there exists, up to
a multiplicative constant, a unique nonnegative function u; smooth in C and y;(C)-homogeneous, i.e.,

X
ug(x) = |x|yS(C)us <_) )
x|
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where y;(C) € (0, 2s). As is well known, see for example [Bogdan and Byczkowski 1999; Silvestre
2005], the fractional Laplacian (—A)* is a nonlocal operator well-defined in the class of integrability
L= £(dx/(1+ |x[)"*%), namely the normed space of all Borel functions u satisfying

lu(x)]
= — — dx . 2-1
Nl o fw 0+ x> <00 (2-1)
Hence, for every u € £}, ¢ > 0 and x € R" we define
u(x) —u(y)
(=A)ux)=C(n,s) ————dy,
: R\B(x) |X — Y[
where )
2=5sTT'(n/2+s)
C(n, s) = m € (0, 4F(7’l/2+ 1)]

and we can consider the fractional Laplacian as the limit

‘ : ‘ u(x) —u(y)
(—A)YM(X) = Llﬁ)l(—A);M(x) = C(l’l, S) p.V./R’l m
We remark that u € £! is such that u € £! 4 forany § > 0, which will be an important tool in this section
of the paper, in order to compute high-order fractional Laplacians. Another definition of the fractional
Laplacian, which can be constructed by a double change of variables as in [Di Nezza et al. 2012], is

C(n,s) 2u(x)—u(x—|—y)—u(x—y)d

(—A)’u(x) =
2 R |y[n+2s

’

which emphasizes that given u € C%(D) ﬂE}, we obtain that x — (—A)*u(x) is a continuous and bounded
function on D for some bounded D C R"

By [Michalik 2006, Lemma 3.3], if we consider a regular unbounded cone C symmetric with respect
to a fixed axis, there exist two positive constants ¢; = c(n, s, C) and ¢, = ¢2(n, s, C) such that

cplx |~ dist(x, 0C)° < uy(x) < cp|x |V ~F dist(x, C)* (2-2)

for every x € C. We remark that this result can be easily generalized to regular unbounded cones C,,
with @ C §"~! a finite union of connected C!*! domains w; such that @; U®; = @ for i # j, since the
reasoning in [Michalik 2006] relies on a boundary Harnack principle and on sharp estimates for the Green
function for bounded C!! domains which are not necessarily connected; for more details see [Chen and
Song 1998].

Throughout the paper we will call the coefficient of homogeneity y, the “characteristic exponent”,
since it is strictly related to an eigenvalue partition problem.

As we already mentioned, our solutions are smooth in the interior of the cone and locally C%* near the
boundary dC \ {0}, see for example [Michalik 2006], but we need some quantitative estimates in order to
better understand the dependence of the Holder seminorm on the parameter s € (0, 1).

Before showing the main result of Holder regularity, we need the following estimates about the
fractional Laplacian of smooth compactly supported functions; this result can be found in [Bogdan and
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Byczkowski 1999, Lemma 3.5; Dévila et al. 2015, Lemma 5.1], but here we compute the formula with a
deep attention on the dependence of the constant with respect to s € (0, 1).

Proposition 2.2. Let s € (0, 1) and ¢ € C>(R"). Then

[(—A) p(x)] < a forall x e R", (2-3)

+ |x|)n+2s

where the constant ¢ > 0 depends only on n and the choice of .

Proof. Let K C R" be the compact support of ¢ and k = max,cg |¢(x)|. There exists R > 1 such that
K C Bg/2(0).
Let |[x| > R. Then

p(x) —p(y)
o — |t

(=AY o) = ‘cm, S)/W dy‘ - ‘cm, 9

K |x _ y|n+23

o(y) d ‘

- C(n,s)k/ 1 - C(n, $)k2"*|K |
— |x|n+2S K (1 _ |y/x|)n+2s Y= |x|n+2s

- C(n, s)k22+29)|K | - c
— (1+|x|)n+2s — (1+|x|)"+23’

where ¢ > 0 depends only on n and the choice of ¢.

Let now |[x| < R. We use the fact that any derivative of ¢ of first or second order is uniformly
continuous in the compact set K and the fact that in Bg(0) the function (1 + |x [)**25 has maximum given
by (14 R)"*?5. Hence there exist 0 < § < 1 and a constant M > 0, both depending only on 7 and the
choice of ¢, such that

|p(x +2) +9(x —2) = 20(x)| < M|z|> for all z € B5(0).

Hence
p(x) —o(y) @(x) —p(y)
I(—A)Sw(X)I=‘C(n,S) =" dy+C(n,s) LA S SaN|
Ri\By(r) X — Y[ By(x) X —y[nt2s
1 C(n, —7)—2
<2kC(n,s) dy+ (n, 5) lp(x +2) +<p(x+2 ) =20
R\ Bs(x) 1X — y|"T=* 2 Bs(0) |z[1=s
> C(n, M0
< 2kC(n, $)wp_1 / P12 dr 4 M/ P12 dr
s 2 0
_kCn,s)wu—1 | C(n, )w,_ 1M
B $828 4(1 =)
c (1+|x|)n+2s C(1+R)n+2 c
<5 tc=c = = )
52 (1 + |x|)n+2s (1 + |x|)n+2s (1 + |x|)n+2s
where ¢ > 0 depends only on n and the choice of ¢. O

By the previous calculations we have also the following result.
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Remark 2.3. Lets € (0,1) and ¢ € CLZ.([R{”). Then there exists a constant ¢ = ¢(n, ¢) > 0 and a radius
R = R(¢) > 0 such that
C(n,s)

W for all x € R" \ Br (O) (2-4)

I(=A) e =c

The following result provides interior estimates for the Holder norm of our solutions.

Proposition 2.4. Let C be a cone, K C C be a compact set and sg € (0, 1). Then there exist a constant
c>0anda € (0, 1), both dependent only on sy, K, n, C, such that

s lne gy < e 14+ =)
u @ c e
T =T 20
forany o € (0, a] and any s € [sg, 1).

By a standard covering argument, there exists a finite number of balls such that K C Uﬁ:] B, (x;) for
a given radius r > 0 such that UI;-:1 By, (x;) C C. Thus, it is enough to prove:

Proposition 2.5. Let By, (x) C C be a closed ball and sq € (0, 1). Then there exist a constant ¢ > 0 and
a € (0, 1), both dependent only on sy, r, x, n, C, such that

C(n,s)
lusllcos @) = {1+ 37— 76

for any a € (0, @] and any s € [sg, 1).

In order to achieve the desired result, we need to estimate locally the value of the fractional Laplacian
of u, in a ball compactly contained in the cone C.

Lemma 2.6. Let n € C°(By-(X)) be a cut-off function such that 0 <n < 1 with n =1 in B,(x). Under

the same assumptions as Proposition 2.5,

s C(n,s)
(=) sl L=y < Co (1 + )

25 —y5(C)
for any s € [sg, 1), where Cy > 0 depends on sy, n, x, r, C, and the choice of the function .

Proof. Let R > 1 be such that By, (x) C Bg/2(0). Hence, let us fix a point x € By, (x). We can express
the fractional Laplacian of u7 in the following way:

(=AY (ugn)(x) = n(x)(=A) us(x) + C(n, S)./R us(y)%
—Cn.s) us(y)n(X) — n(g) dy +C(n. ) " n(x) — n(g)
Bz (0) |x — y[rt=s R\ Bg (0) |x — y[rt=s

We recall that u,(x) = |x]%©u,(x/|x]) and that for any s € (0, 1) the functions u; are normalized such
that |lu|| oo (sn-1y = 1. Moreover we remark that n(x) —n(y) =n(x) >0 in B, (x) x (R"\ Bg(0)). Hence,
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using Proposition 2.2 and the fact that y,(C) < 2s, we obtain

(=) (usm) ()| < C(n, s) fB (O)Ms(y)wdy‘JrC(n,S)

f s () n(x) —n(y) dy
|x — y|n+2s R\BR(O) | lx— [t
1

< R"O)(=A) n(x)| +C(n,S)2n+2S/ mdy

R\ Bg(0) 1Y
ok’ 2 o sp(C
= W+C(H,S)2n+ wn1/ Fo1=2540(0) g,
R
cR? cC(n, s)

< +
T (4 fx)rt2  RERO2s — y5(0))

< Co<1+ Ct. ) >

P —— UJ
25 —y5(C)

Proof of Proposition 2.5. Let as before n € C2°(B»,(x)) be a cut-off function such that 0 <»n < 1 with
n =1in B,(x). First, we remark that there exists a constant ¢y > 0 such that for any s € (0, 1)

lusnll Loy < co, (2-5)

where cg depends only on n, x, r. In fact, let R > 0 be such that IT()E) C Br(0). Then, for any x € R", we
have 0 < uyn(x) < R%(©) < R Using the bound (2-5) and the previous lemma, we can apply [Caffarelli
and Silvestre 2009, Theorem 12.1] obtaining the existence of o € (0, 1) and C > 0, both depending only
on n, sy and the choice of B, (x) such that

lusnllcoa gy < CUusnlle@n + 1(=A) (usn) | 8, )
C(n,s)
c(ara(i+520))
( 2s —y5(0)
for any s € [so, 1) and any « € (0, «]. Since n = 1 in B, (x) we obtain the result. U

Similarly, now we need to construct some estimate related to the H*® seminorm of the solution u;.
Since the functions do not belong to H*(R"), we need to truncate the solution with some cut-off function
in order to avoid the problems related to the growth at infinity. In such a way, we can use

0By = = A)01 g, = / v(—A)Yvdr, (2-6)
Rn

which holds for every v € H*(R"). So, let n € C2°(B>) be a radial cut-off function such that n =1 in
By and 0 < n <1 in By, and consider ng(x) = n((x — xg)/R), the rescaled cut-off function defined in
By g (xp) for some R > 0 and xg € R™

Proposition 2.7. Let so € (0, 1) and ng € C2°(Bar(xo)) be previously defined. Then

C(n,s) )

2 e <cll4+-—""2—
[usnR]H (R™) —C< + 25 — y5(C)

forany s € [so, 1), where ¢ > 0 is a constant that depends on xgy, R, C, so and 1.
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Proof. Let n € C2°(B>) be a radial cut-off function such that n =1 in By and 0 <7 < 1 in B», and
consider the collection of (ng)g with R > 0 defined by ng(x) = n((x — x¢)/R) with some x¢ € R". By
(2-6), for every R > 0 we obtain

(s R s oy = I1(=2)"2 g G2 gy = / usng(—A)* (ugng) dx.
Rn

By the definition of the fractional Laplacian we have

us(xX)nr(x)—us(Y)nr(y)
|x_y|n+2s

/ usnr(—A)’ (usng)dx =C(n,s) ug(x)ng(x) dydx

RHXRYI
nr(x)—ngr(y)

2 s
= U, (=AY u,dx+C(n,s
/nnR A Uk COns) |

ug(X)us (y)ng(x)dydx

_ C(n,s) Inr(xX)—nr(»)I*
- |x_y|n+2s

> ug(xX)us(y)dydx,
R~ x R

where the last equation is obtained by the symmetrization of the previous integral with respect to the

variable (x, y) € R" x R". Before splitting the domain of integration into different subsets, it is easy to

see that
nr(x)—nr(y) =0 in Br(xp) x Br(xo) U(R"\ Bagr(x0)) x (R"\ Bar(x0)),

Inr(x)—nr(Y) =1 in Br(xo) x (R"\ Bag(x0)) U(R"\ Bag(x0)) X Br(xo),

where all the previous balls are centered at the point xo. Hence, given the sets

Q) = B3r(xo) X B3r(xp),
Qs = Bar(xg) x (R"\ B3g(xp)) U(R" \ B3r(x0)) x Bar(x0),

we have
Ink(x) —nr(y)I?
ug(x)us(y)dydx
/Rnxw Xy s(X)ug(y)dy
Ingr(x) —nr(y)I? / Ing(x) —nr(»)I?
< ug(x)u dydx + us(xX)u dydx.
= [ PR n o dvar [ IR (1) dy
In particular
- 2 IVNRIIZ o (g
X R
/ & (x) Zig” us(x)us(y)dydx < sup uf/ —,,L+2(SR,; dydx
Q |x —yl B3g (x0) B3R (x0) x B3R (x0) lx — ¥l
< Vngllj~ sup ”?/ dx %dy
B3r(x0) B3r(0) Bsr(x) lx — y[r+=s
Vill7 6R)>%
< IV Gy 2Byt O
R B3r(x0) 2(1 —ys)
5 n—2s ) 5
< ClIVlg max{|xo>, GR?}usl| = 511,

2(1—s)
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where in the second inequality we use the changes of variables x — xg and y — x¢ and the fact that
B3r(0) x B3g(0) C B3r(0) x Bgg(x) for every x € B3g(0). Similarly we have

Ing (X)—nr()I? us(y)
us(xX)us(y)dydx <2 ug(x) —————dy ) dx
/522 |x—y|nt2s ’ 3 Bar(xo) R™ Bag (xo) 1X—Y["F2S
us(y+xo)
52/ u (x—i—xo)(/ ‘ 'dy>dx
Bar(©) R\ Bsr(0) [y (1—[x| /] y[)+2s

C Vs
< 2.3t / us (x+x0) (/ —(|y|+f;0|) dy) dx
Bar(0) R\Bsg(0)  |y["T

<C sup us|Bag||S" 2% G (x0, R)

Bag (x0)

with
Ixol”s /(25 — v ) BR)™* if |xo| > 3R,

GBGR)" 3 /(25 — y5) if [xo| <3R
—2s
_ BB

G(x0, R) = {

max{|xg|, 3R}".
N

Finally, we obtain the desired bound for the seminorm [u,7 R]%-IS([R”) summing the two terms and recalling
that ”Ms ”LOQ(S"’I) =1. O

3. Characteristic exponent y;(C): properties and asymptotic behavior

In this section we start the analysis of the asymptotic behavior of the homogeneity degree y,(C) as s
converges to 1. We get two main results: first we get a monotonicity result for the map s — y;(C)
for a fixed regular cone C, which ensures the existence of the limit and, using a comparison result, a
bound on the possible value of the limit exponent. Secondly we study the asymptotic behavior of the
quotient C(n, s)/(2s — y5(C)).

In order to prove the first result and compare different orders of s-harmonic functions for different
power of (—A)*, we need to introduce some results which give a natural extension of the classic semigroup
property of the fractional Laplacian for functions defined on cones which grow at infinity.

Distributional semigroup property. It is well known that if we deal with smooth functions with compact
support, or more generally with functions in the Schwartz space S(R"), a semigroup property holds
for the fractional Laplacian; i.e., (—A)* o (—A)%? = (—A)*'"52, where 51, 52 € (0, 1) with 51 +5, < 1.
Since we have to deal with functions in £! that grow at infinity, we have to construct a distributional
counterpart of the semigroup property in order to compute high-order fractional Laplacians for solutions
of the problem given in (1-1).

First of all, we remark that a solution u, to (1-1) for a fixed cone C belongs to Csl since 0 < uy(x) <
|x]7(©) in R" with ys(C) € (0, 25). Moreover, by the homogeneity one can rewrite the norm (2-1) as

U@ / i do /‘” POy = DO r (O 25—y ()
re (12 g o (o)t [(n+2s) g

lusll g1 = ugsdo.
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In the recent paper [Dipierro et al. 2016] the authors introduced a new notion of fractional Laplacian
applying to a wider class of functions which grow more than linearly at infinity. This is achieved by
defining an equivalence class of functions modulo polynomials of a fixed order. However, it can hardly
be applied to the solutions of (1-1) as they annihilate on a set of nonempty interior.

As shown in [Bogdan and Byczkowski 1999, Definition 3.6], if we consider a smooth function with
compact support ¢ € C°(R")(or ¢ € CCZ([R{”)), we can define the distribution k% by the formula

(=A)'9(0) = (K™, ).
By this definition, it follows that (—A)* @ (x) = k> % ¢(x).

Definition 3.1 [Bogdan and Byczkowski 1999, Definition 3.7]. For u € £! we define the distributional
fractional Laplacian (—A)*u by the formula

(—A)u, ) = (u, (—A)’¢) forall g € CX(R™).

In particular, since given an open subset D C R" and u € C%*(D) N L], the fractional Laplacian
exists as a continuous function of x € D and (—A)Su = (—A)*u as a distribution in D [Bogdan and
Byczkowski 1999, Lemma 3.8], throughout the paper we will always use (—A)* both for the classical
and the distributional fractional Laplacian. The following is a useful tool for computing the distributional
fractional Laplacian.

Lemma 3.2 [Bogdan and Byczkowski 1999, Lemma 3.3]. Assume that

// RAC{CIN dy < oo and |f (x)g(x)| dx < oo. (3-1)
[y—x|>¢ R

[y — x|+

Then ((—A)3 f, 8) = (f, (—A)ig). Moreoverif f € E}, and g € C.(R"), the assumptions (3-1) are satisfied
for every ¢ > Q.

Before proving the semigroup property, we prove the following lemma which ensures the existence of
the §-Laplacian of the s-Laplacian for 0 < § < 1.

Lemma 3.3. Ler ug be a solution of (1-1) with C a regular cone. Then we have (—A)*u; € Eé for any
6>0,ie.,
/ [(=A) ug(x)] dr < 00
pe (14 |x[)n+20

Proof. Since the function u; is s-harmonic in C, namely (—A)*us(x) = 0 for all x € C, we can restrict
the domain of integration to R" \ C.

By homogeneity and the results in [Bogdan and Byczkowski 1999], we have that the function (—A)%u;
is (ys — 2s)-homogeneous and in particular x — (—A)*u,(x) is a continuous negative function, for every

x € D @R"\C. In order to compute the previous integral, we focus our attention on the restriction of the
fractional Laplacian to the sphere $"~'; in particular, we prove that there exist £ > 0 and C > 0 such that

[(—A)* forall x € N:(3C)NS" !, (3-2)

< -
U= Giir, a0y
where N, (0C) = {x e R"*\ C : dist(x, dC) < ¢} is the tubular neighborhood of 9C.
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Hence, fixing R > 0 small enough, consider initially ¢ < R and x € S"" TN, (3C); since us(y) < |y|”
in R" and by (2-2) there exists a constant C > 0 such that for every y € C we have

us(y) < Cly|" " dist(y, 9C)*,

it follows, defining §(x) := dist(x, dC) > 0, that

Ms(y) us(y)
[(=A) us(x)| = C(n, s) —————dy+C(n,s) —
’ CBr(x) 1X — YIS C\Br(x) |x — y["+2s
Cly|~* dist(y, C)* %
<Cn.s) b (+y2 " dy+Con.s) Lﬂdy.
CNBR(x) |x — y[r+=s C\Br(x) |X — |

Since C N Br(x) C Br(x) \ Bs(x)(x), we have

Vs—S X — + 1D
R=x—y[=8(x) X — Y —yl=R X =Yl
© (14 1)»

1
5c/ —dy—i—w_]/ AP
Relr—yl=8(x) [X — y["Fs e

ko
SC/ —dr+ M
sy 1S

<C—— 4+ M.
=Caisr, a0y T

Moreover, again since s € (0, 1), considering a smaller neighborhood N, (dC), we obtain that there exists

a constant € > 0 small enough and C > 0 such that

[(—=A)* for every x € N;(3C) N "~ 1.

P
“O = i, a0y

Now, fixing § > 0 and considering & > 0 of (3-2), we have

f (=AY us )] / (G SR
= X
R R"\C

me (14 ]x[)rt2 (1 +]xyr+20

: A 1G]
:v/O /S"IO(R"\C) A+t do(z)dr

] rn71+)/s72s
— —dr/ |(=A) uy(z)| do.
fo (14 r)n+2 S=1ARMN\C) '

Since y; € (0, 2s) and s € (0, 1), it follows that

—A)uy(x
/ Lff+2)5'c1)cscf I(—A)Sus(z)ldU-I-C/ (—A)uy ()] do
rive (14 |x]) $"=1AN:(3C) ((R™\C)\ Nz (3C))NSn-1

do+M < o0

S”_lﬂNg(BC) dlSt(Z, BC)S

where in the second inequality we used that z — (—A)*u,(z) is continuous in every A € "' N (R"\ C)
and in the last one that dist(x, dC)~* € L' (§""' N N:(3C), do). O
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Proposition 3.4 (distributional semigroup property). Let us be a solution of (1-1) with C a regular cone
and consider § € (0,1 — ). Then

(=AM Puy = (—A’[(=A)u,] inD'(C)
or equivalently
(=AY Puy, 9) = (—A)°[(=A)usl, @) forall g € CZ(C).

Proof. Since |us(x)| < |x|"*, with y,; € (0, 2s), it is easy to see that u € Esl N C2(C). Moreover, as we
have already remarked, if u, € £} then u, € £} ; for every § > 0. In particular, (—A)**u, does exist
and it is a continuous function of x € C for every 6 € (0, 1 —s). By the definition of the distributional
fractional Laplacian, we obtain

(=) uy, @) = (s, (=2)""9),
and since for ¢ € C°(C) C S(R") in the Schwarz space, the classic semigroup property holds, we obtain
(=8 Fuy, 9) = (us, (=D [(=A) p)).
On the other hand, since by Lemma 3.3 we have (—A)*u; € Eg, it follows that
(=ARI=A)usl, @) = (A us, (—A)29) (3-3)

for every ¢ > 0. Since (—A)°uy € E; and ¢ € C°(R"), the §-Laplacian of (—A)*u, does exists in
a distributional sense and hence the left-hand side in (3-3) does converge to (=AY [(—A)*uyl, ©) as
& — 0. Moreover the right-hand side in (3-3) does converge to ((—A)*uy, (—A)p) by the dominated
convergence theorem, using Proposition 2.2 and Lemma 3.3, which give

(=A) us(x)(—A)’p(x) dx Sf de < 00.

R7 re (14 |x])n+20

By the previous remarks,
(=2 [(=8)"us). @) = (—=A)'uy, (=0)°9).
In order to conclude the proof of the distributional semigroup property, we need to show that
(s, (=D’ [(=A)p]) = (= A)’us, (= A)’p), (3-4)

which is not a trivial equality, since (—A)%p € C*°(R") is no more compactly supported.
Let n € C°(B2(0)) be aradial cut-off function such that n=11in B (0) and 0 <7 <1 in B,(0), and define
nr(x) =n(x/R) for R > 0. Obviously, since u;ng € C.(R") and (—A)g e L‘SI, by Lemma 3.2 we have

(usnr, (—AE[(=A) @) = (—A):(usnr), (—A)°p) (3-5)

for every ¢, R > 0. First, for R > 0 fixed, we want to pass to the limit for ¢ — 0. For the left-hand side in
(3-5), we get the convergence to (usng, (—A)* [(—A)%¢]) since we can apply the dominated convergence
theorem. In fact

/ usnr(—A)I(—=A)p] < Cf (—A)g < o0,
n K
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where K denotes the support of uzng. For the right-hand side in (3-5) we observe that, for any x € R”,

(—A)i(usnr)(x) = nr(X)(—=A)Jug(x) + ug (x) (= A)ing(x) — L (ug, nr)(x),
where

(us(x) —us(y))(Mr(x) —ngr(y)) dy.

I (us, ng)(x) = C(n,s) |x_y|n+2s

R™\ Be (x)
Obviously the first term ((—A)jus, nr(—A)2¢) converges to ((—A)°uy, nr(—A)°¢) by the defini-
tion of the distributional s-Laplacian, since u; € E} and nR(—A)‘sgo € CX(R"). The second term
(us(—A)ing, (—A)%¢) converges to (is(—A)*ng, (—A)?¢) by dominated convergence, since

_ous@)

re (14 [x[)r+2s
Finally, the last term (1, (us, ng), (—A)‘S(p) converges to (I (ug, ng), (—A)‘Sgo) by dominated convergence,
since

/ ug(—A)nr(—=A)Ypdx <c

| rtmn-areds<c [ 1-areiar
n Rn
which is integrable by Proposition 2.2. Finally, passing to the limit for ¢ — 0, from (3-5) we get

(usng, (=8 [(=A)’p]) = (—=A)’ (us1r). (=A)°¢p) (3-6)

for every R > 0.
Now we want to prove (3-4), concluding this proof, by passing to the limit in (3-6) for R — oo. Since
we know, by dominated convergence, that the left-hand side of (3-6) converges to (us, (—A)* (—A)? ) for
R — oo, we focus our attention on the other side. At this point, we need to prove that for any ¢ € C2°(C),

f n(—A)S(»tmR)(—A)%e /R (=AY ug(—A)p (3-7)

as R — oo. First of all, we remark that (—A)*(usngr) = (—A)uy in Llloc([R{”). In fact, let K C R" be
a compact set. There exists 7 > 0 such that K C Bj. Then, considering any radius R > r, we have
nr(x) =1 for any x € K. Hence, for any R > r, using the fact that u;(x) = |x|"us(x/|x|), we obtain

/K [(=A)* (ugng)(x) — (—A) us(x)| dx
=f dX'C(n,s) p.v./ us(X)ng(x) —us(Y)nr(y) +us(y) — us(x) dy
K n

|)C _y|n+2s

IR A ST
K C\Bp |lx—yrt3s

<C(n, s)/ dx(p.v.f Ldy)
K o\ (Iyl=r)nt2s

<C(n, s)/ dx (p.v.f |y|V.v_ dy)
K c\Bg [YI"T25(1 =7/ R)yt2s

R n+2s o 1 R n—+2s 1
=C — lim —dr=C - -0
R—7 p—oo Jp r2—rstl R—7 R2s~vs
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as R — oo. Hence we obtain also pointwise convergence almost everywhere. Moreover, we can give the
following expression:

nr(x) —nr(y)

|X _ y|n+23 (3_8)

(=AY (usnr) (x) = nr(X)(=A) us(x) + C(n, s) p-V-/Rn us(y)

We remark that ng(x)(—A) us(x) = (—A)uy(x) and
/ us(y)UR(x) —nr(y) dy = 0
R}’l

lx — y[rt2
pointwisely. Moreover, we can dominate the first term in the following way:
NR()(=A) us(x) < (=A) us(x),

and
(—=A) us(x) (=AY’ p(x) dx < 00
Rn

since (—A)’u, € Eé and using Proposition 2.2 over ¢ € C2°(C). In order to prove (3-7), we want to
apply the dominated convergence theorem, and hence we need the following condition for any R > 0:

I .= <c.

(—A)t?(p(x)(p.v./ us(Y)Md )dx
Rn n |X _ y|n+ s

Therefore, we will obtain a stronger condition, that is, the existence of a value k > 0 such that for any R > 1

C

We split the region of integration R"” x R" into five different parts

Qp:=(R"\ Br) xR", Q:=Byg X Byg, 3:=(Bar\ Bg) x (B3r\ B2r),
Q4 := (Bagr \ Bg) x (R"\ B3g), 5:=Bg x (R"\ Bap).

First of all, we remark that
(=AY nr(x) = R (=A)*n(x/R)

and also that ||[(—A)*n|lze®+ < oo. For the first term, using the fact that ng(x) — nr(y) = 0 if
(x, y) € (R"\ Bag) x (R"\ Bag),

Ii= f (=AY ()
R"™\ By

< / (=AY o)
R\ Bog

< f [(=A)p(x)] (sup us) [(—A) ng(x)| dx
R\ Bog

Bag

f us(y)me(x}—me(y) dy‘dx
Rn

Jox — y|rtas

f us(y)nR(X)—nR(y) dx
Byr

|X _ y|n+2s

__¢ 1 dy < c
— R2Z5—s Rn (1 + |x|)n+28 * = R2s—vs '
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For the second term, using the fact that ng(x) —nr(y) > 0if (x, y) € Bog X (R"\ Bog), we obtain as before

b= | |<—A>%<x>|‘ [ ™I gy
Byr Byr |x - Y|

< / (=AY p(x)| (sup ug) [(—A) nr(x)| dx
Bor

Bog

c / 1 c
< dx < .
— R2s—vs R (1 + |x|)n+28 — R2s—vs
For the third part

nr(x) —nr(y)
ug(y) ——————dy| dx,
/B}R\BQR ’ |x - y|n+2s

him [ e8]
Byr\Br
we consider the change of variables
X y
==eB\B == € B3\ B».
§=5€B\Bi, (=5€B\B
Hence, using the y,-homogeneity of u; and the definition of our cut-off functions, we obtain

R n(E) = ()
I _ —A 8 R s — ~~ d&de.
- / /<Bz\31>x<33\32>'( PoROIus () Tl de dg

We use the fact that u, € C%%(B3 \ B1), (see (2-2) proved in [Michalik 2006]) and the cut-off function
n € Lip(Bs \ Bj); that is, there exists a constant ¢ > 0 such that
lus(§) —us(§)| < cl& = ¢,
s s (3_9)
(&) —n@)l <cl§ =<

for every &, ¢ € B3\ B;. Hence,

R 145 (2) — uy (&) 1) — ()|
L<— —A)o(R dé d
P f /(BZ\B.NB3\32>'( Y o(RE)] e £de
R (&) —n()|
K" AV o(RE) |y (8) ) T e g
e / /(Bz\w(&\gz)'( PR us(6) T L d g
=Ji+ /.

By (3-9), we obtain

2n e s+1
h<e—o / / AV pReIE L ge ar
RH2570 ] J B\ By x (B3\By) & — ¢t

- R // 1 1 4& d¢
<c——5—
R™257Ys | J g\ Byyx(Bs\By (1 + RIEN T2 | — g|nts—]

C C
S o ——d§d <= ———.
R5+20=7s / /(Bz\an(Ba\Bz) |§ — ¢! R2s+20=n
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Moreover, using the additional changes of variable

¢, EE+0), .0~ (§.§—h),

we obtain

R n() —n()

< — —A)Yo(R J(E)——22ded
P / /(BZ\BI)X<33\BZ>'( PR ) T de e

R 1 (&) —n()
= Rt w2 s () nt2s
R Vs JJ(Bo\B)x(Bs\By) (1 + RIED) |E —¢]|
c n&)—n)
< T ded
T R //(.Bz\Bl)X(B.%\Bz) & — g |nt2s s

c 2n) —nE+h)—nE —h)
= mf/(Bz\Bl)sz || t2s dg dh

(VZn(&)h, h)
dé dh
- RZYH‘S Vs <C+//BZ\BI)><BS ||n+2s : >

1
- R2s+26—ys ( //Bz\B|)XB |h|n+2s dé" dh) R25+25 Vs

For the fourth part

L= / (=AY o(x)]
Bar\Br

we consider, as before, the change of variables

lx — y[rt2

/ us(y)ﬂk(x)—ﬂR(Y) dy‘dx,
R"\ B3

X y n
& r € 2\ B1, ¢ = € \ B3
Hence,
R HE

<2 / / (=AY o(RE) — " ge q;
RrFT270 [ J 0\ By x @\ By) & —&nt2s

TR S syx@ns L+ RIED™ |0 _op g "

< / f L1 de de
T REFBs [ g\ By @\ By [S17T2 (1 =2/ )2

Cc c
<< — _dfd < ———.
R2s+286—ys /x/(Bz\Bl)X(R"\Bﬁ |§-|n+2s—ys R2s+28—ys

Finally we consider the last term

Is :=/ I(—A)‘Sw(X)I/ us(y)wdy dx.
Br IRn\BQR

|x — y[rt2

dé d¢
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Hence we obtain

[y
esc/'K—Afw@n / T gy) dx
Bx R\ By |y — X[+

Iyl
n+2s dy dx
R\Ba |y — Ry/|yl|
|y )
dy|)dx
/R"\BZR |yl 25 (1 = R/|y[)r+2s
/ ! d )d
R"\ Bag |y|l’l+2S—]/x
< —1 dx ” —1 d
=c¢ Rn (l+|x|)”+25 IR rl+2s—y; r
. 1 d . L 1 dar) < c
=c . (1+|x|)"+2‘3 X pggo 2R 7 1H25—ys = R25—vs

Since I < Z?:l I;, we obtain the desired result. O

sc/ I(=A)’p(x)]
Bg

sc/'K—Afw@n
Br

TN N TN N

§c/ I(=A)’p(x)]
Bg

At this point, fixing s € (0, 1), by the distributional semigroup property we can compute easily the
high-order fractional Laplacian (—A)**® viewing it as the §-Laplacian of the s-Laplacian.

Corollary 3.5. Let C be a regular cone. For every & € (0, 1 — s), the solution us of (1-1) is (s + 8)-
superharmonic in C in the sense of distribution; i.e.,

(=2 Pug, ) >0

. 00 ..
for every test function ¢ € C°(C) nonnegative in C.
Moreover, uy is also superharmonic in C in the sense of distribution; i.e.,

(_AuSa (p) Z 0
for every test function ¢ € C2°(C) nonnegative in C.

Proof. As said before, the facts that u, € L; 4o and ug € C%(A) for every A € C ensure the existence
of the (—A)* Py, and the continuity of the map x — (—A) oy (x) for every x € A € C. Hence at
this point, the only part we need to prove is the positivity of the (s 4+ §)-Laplacian in the sense of the
distribution, which is a direct consequence of the previous result. Indeed, since u; is a solution of the
problem (1-1), by Proposition 3.4 we know that for every ¢ € C2°(C) we have

(=AY uy, 9) = (A’ [(—A) us], @)
(=AY ug(x) — (—A) us(y)
= /C @(x) p.v. . =y dydx,

where (—A)%[(—A)*uy] is well-defined since (—A)*uy; =0 € C2(A) for every A € C and, by Lemma 3.3,
(—A)uy € L} for every § € (0,1 — ).
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Consider now the nonnegative test function ¢ > 0 in C. Since (—A)*u(x) = 0 for every x € C, we
have for every x € R*\ C
us(y)

—A)ug(x)=— | ————-dy <0.
( ) us (x) L |X _ y|n+2s
Similarly,
—(=A) s
(=AY [(~AYul, 9) = f o) [ 2RO 445,
c Re X =yl

since the support of ¢ is compact in the cone C, and so there exists ¢ > 0 such that |[x — y| > ¢ in the
above integral. We have obtained that for any 6 € (0, 1 —s) and any nonnegative ¢ € C2°(C)

(=AY ug, ) = 0.
Then, passing to the limit for § — 1 — s, the function u; is superharmonic in the distributional sense
0< lim (=8)"u;, @)= lim (u5, (=A)"9) = (u;, —Ap) = (—Auy, ¢). O
5—1—s §—>1—s
Monotonicity of s — ys(C). The following proposition is a consequence of Corollary 3.5 and it follows
essentially the proof of Lemma 2 in [Bogdan et al. 2015].

Proposition 3.6. For any fixed regular cone C with vertex in 0, the map s +— y;(C) is monotone nonde-

creasing in (0, 1).

Proof. Fixing the cone C, let us denote by y, and y,s respectively the homogeneities of uy and u,s5. Let
us suppose by way of contradiction that y; > y,45 for a § € (0, 1 —s), and let us consider the function

h(x) = ugis(x) —us(x) inR",

where u; is the homogeneous solution of (1-1) and u,4s is the unique, up to multiplicative constants,
nonnegative nontrivial homogeneous and continuous-in-R” solution for

(—A)'Pu=0 inC,
u=0 inR*"\C
of the form

VYs+8 X
Usps(x) = [x|"Pugs| — .

| x|

The function 4 is continuous in R” and 4 (x) =0 in R"\ C. We want to prove that #(x) <0in R*\ (CNBy).
Since & = 0 outside the cone, we can consider only what happens in C'\ By. As we already quoted, we have

c1 () x|~ dist(x, 3C)* < uy(x) < cp(s)|x|*° dist(x, aC)* (3-10)
for any x € C \ {0}, and there exist two constants c;(s +8), c2(s +8) > 0 such that

c1(s +8) x|~ dist(x, 0C) T < uyrs(x) < cals + 8)|x |+~ dist(x, 9C) 2.



ON s-HARMONIC FUNCTIONS ON CONES 1675

We can choose u; and u;s so that ¢ := c1(s) = c2(s + 8) since they are defined up to a multiplicative
constant. Then, for any x € C \ By, since |x|"*+ < |x|"*, we have

. 8
dist(x, 0C) B 1] <0,

e (3-11)

h(x) < c|x|” dist(x, BC)S|:

In fact, if we take x such that dist(x, dC) < 1, then (3-11) follows by

dist(x, 3C)°

o —1 <dist(x,3C)° —1 <0.
X

Instead, if we consider x so that dist(x, dC) > 1, then dist(x, dC)? < |x|® and hence (3-11) follows.
Now we want to show that there exists a point xo € C N By such that i(xg) > 0. Let us take a point
xe S !'NC andlet o := us+s(x) > 0 and B := uy(x) > 0. Hence, there exists a small » > 0 so that
ar¥s+ > Br¥s and so, taking xo with |xg| = r and so that xo/|x¢| = x, we obtain h(xg) > 0.
If we consider the restriction of & to C N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists a maximum point x; € C N B; for the function &
which is global in R" and is strict at least in a set of positive measure. Hence,

h(x1) —h(y)

o lxg — y|n+2(s+8) dy >0,

(=AY Th(x)) =C(n, s) p.V.f

R

and since (—A)’*h is a continuous function in the open cone, there exists an open set U (x;) with
U(x1) C C such that
(=AY PPh(x) >0 forall x € U(x)).

But thanks to Corollary 3.5 we obtain a contradiction since for any nonnegative ¢ € C2°(U (x1))
(=A)"h, 9) = (=8) P usis, 0) = (=8)us, 9) = =(=4) ug, ) <0. O
With the same arguments as the previous proof we can show also the following useful upper bound.

Proposition 3.7. For any fixed regular cone C with vertex in 0 and any s € (0, 1), we have y,(C) <y (C).

Proof. Seeking a contradiction, we suppose that there exists s € (0, 1) such that y; > y. Hence we define
the function

h(x) =u(x) —u,(x) in R",
where u; and u are respectively solutions to (1-1) and

—Au=0 1inC,
i (3-12)
u=0 inR"\C.
We recall that these solutions are unique, up to multiplicative constants, nonnegative, nontrivial, homo-

geneous and continuous in R" and of the form

u(x) = |x|Vu(i), iy (x) = |x|%us<i)
x| x|
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for some y; € (0, 2s) and y € (0, 0c0). The function 4 is continuous in R"” and A(x) =0 in R* \ C. We
want to prove that 2(x) <0 in R" \ (C N By). Since & = 0 outside the cone, we can consider only what
happens in C \ B;. So, there exist two constants c;(s), cz(s) > 0 such that, for any x € C \ {0}, (3-10)
holds. Moreover there exist two constants cj, ¢, > 0 such that

cilx|” " Hdist(x, 9C) < u(x) < co|x|)¥ " dist(x, 8C).

We can choose u; and u so that ¢ := ¢ (s) = ¢, since they are defined up to a multiplicative constant.
Then, for any x € C \ By, since |x|” < |x|*, we have

dist ’aC 1—s
h(x) < cl|x|” dist(x, 8C)S[M _ 1] <0

| xll—s
by the same arguments as the previous proof.

Now we want to show that there exists a point xo € C N By such that i(xg) > 0. Let us take a point
¥ e S 'NC andlet o := u(x) > 0 and B := u,(¥) > 0. Hence, there exists a small » > 0 such that
ar? > Br”, and so, taking xo with |xo| = r and so that xo/|xg| = X, we obtain A (xg) > 0.

If we consider the restriction of 4 to C N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists at least a maximum point in C N B for the function &
which is global in R”. Moreover, since & cannot be constant on C N By and it is of class C? inside the cone,
there exists a global maximum y € C N B; such that, up to a rotation, ai,xl,h(y) <Oforanyi=1,...,n
and 8%/_ x;7(y) < 0 for at least a coordinate direction. Hence

n
Ah(y) = 32, h(y) <0.
i=1

By the continuity of A/ in the open cone, there exists an open set U (y) with U(y) C C such that
Ah(x) <0 forall x e U(y).
Since, by Corollary 3.5 for any nonnegative ¢ € C2°(U (y))

(_AMS’ §0) 2 07
we have
(Ah, ) = (Au, ¢) — (Auy, ) = (—Aus, ) > 0,

and this is a contradiction. O

Asymptotic behavior of C(n, s)/(2s — y;(C)). Let us define for any regular cone C the limit

. Cs)
u(C) = ng{l_ 2S——)/S(C) € [0, oo].

Obviously, thanks to the monotonicity of s — y,(C) in (0, 1), this limit does exist, but we want to show
that £ (C) cannot be infinite. At this point, this situation can happen since 2s — y;(C) can converge to
zero and we do not have enough information about this convergence. The study of this limit depends
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on the cone C itself and so we will consider separately the cases of wide cones and narrow cones, which
are respectively when y (C) < 2 and when y (C) > 2. In this section, we prove this result just for regular
cones, while in Section 4 we will extend the existence of a finite limit «(C) to any unbounded cone,
without the monotonicity result of Proposition 3.6.

Wide cones: y(C) < 2. We remark that, fixing a wide cone C C R", there exist ¢ > 0 and s¢ € (0, 1),
both depending on C, such that for any s € [sg, 1)

2s —ys(C) = e > 0.

In fact we know that s — y,(C) is monotone nondecreasing in (0, 1) and 0 < y,(C) < y(C) < 2. Hence,
defining y (C) = lim,_, y;(C) € (0, 2) we can choose

s0:=3F(C)—2)+1€(3.1) and &:=32—7(C)) >0,
obtaining
2s —y,(C) =250 —y(C) =¢ > 0.
As a consequence we have ©(C) = 0 for any wide cone.

Narrow cones: y (C) > 2. Before addressing the asymptotic analysis for any regular cone, we focus our
attention on the spherical-caps ones with “small” aperture. Hence, let us fix 6y € (0, w/4) and for any
0 € (0, 6p], let
1| Veu|* do
A@0):=ri(wp) = min Jyp-i [Vl

ueHg ($"~1NCy) fsn—l u? do
u7#0

We have that A{(6) > 2n, and hence the following problem is well defined:

to@ = min  JVemul —2mldo

1N 2
weHy(S 100 (fg Juldo)

(3-13)

This number 10(0) is strictly positive and achieved by a nonnegative ¢ € HO1 (S"~1'NCy) \ {0} which is
strictly positive on $"~! N Cy and is obviously a solution to

{—Asnlfﬂ =2n¢ + o) [ 9 do in SN Cy,

3-14
=0 in $"71\ Cy, G-19)

where —A .1 is the Laplace—Beltrami operator on the unitary sphere S"~!.
Let now v be the 0-homogeneous extension of ¢ to the whole of R” and r(x) := |x|. Such a function
will be a solution to

{—Av=2nv/72+M0(9)/r2fsn1 vdo in Gy, (3-15)

v=0 in R"\ Cj.

Since the spherical cap Cy N §"1is an analytic submanifold of $"~1 and the data (0Cy N S"~1, 0, 0,P)
are not characteristic, by the classic theorem of Cauchy and Kovalevskaya we can extend the solution ¢
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of (3-14) to a function ¢, which is defined in an enlarged cone and satisfies
—Ag1@ =2n@ + 11o(0) [ 9 do in S 1N Coe,
o= ins"'n Cy

for some ¢ > 0. As in (3-15), we can define v as the 0-homogeneous extension of ¢. Finally, we introduce
the function
vy () == r ()" ),

where the choice of the homogeneity exponent y.*(8) € (0, 2s) is suggested by the following important
result.

Theorem 3.8. Let 6 € (0, 6y). Then there exists so = so(0) € (0, 1) such that
(=AY’ v(x) <0 inCy
forany s € [sg, 1).
Proof. By the y."(6)-homogeneity of vy, it is sufficient to prove that
(—A)v, <0 onCynS",

since x > (—A)*vy is (y;(0) — 2s)-homogeneous. In order to ease the notation, through the following
computations we will simply use y instead of y;*(¢) and o(1) for the terms which converge to zero as
s goes to 1. Hence, for x € $"~1'NCy, we have

(r’ (x) =r’ (M) (wx) — v 4

(=)' v (x) = [x[" (=A)’v(x) + v(x)(=A)'r” (x) = C(n, S)

| y|n+2s
First for R > 0,
lx ¥ —[y¥ lx [V —[y]”
(=A)'r"(x) =C(n,s) ———dy+C(n,s) —_
Br(x) X — y|n+2s R\ Bp(x) [ — y["F2S
C(” s) 2x [V = |x + 2z —|x —z|V 1 —yl¥

|Z|n+2s dz + C(n’ S) |n+2s

Br(0) R\ Br(x) [X — Y

=0 / T /Snl<v2|x|yz,z>do+o<1>

+C( )|S"‘1I/0o - do—Cln.s) SIS
n,s o—C(n,s ———dy
R PITE R\ Bg(x) 1X — Y[
C , R272s
2 2—2S sn—1
n I+y X Y
—C(n, s)f n+2s / 1 ;—19 do (@) dp+o0(1).
sn=

Since for every symmetric matrix A we have

tr A
/ (Az,z)do = —w,—1,
sn—1 n
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where w,_ is the Lebesgue measure of the (n — 1)-sphere $"~!, we can simplify the first term since
tr V2|x|¥ = A(]x]”) and checking that
¥

X
‘; —9| =1+yp ' x)+o(p™h

as p — oo it follows that

Cn,s) R*% A(x|")wn_i 0 pr=Ity
(=AY (1) = === - — —C(n, s)wy 1/ s dp o)
C(n, _ C
SE SOt gy 2R - S0 R o)
4n(l —s) 25—y
C(n, _ C(n, _
:_My(n_z_i_y)RZ—Zs_ (n S)a)n_lRy 2s —JrO(l)
4n(1 —s) 2s —y
Cn,s)w C
Z_M y(n—2+ )— (2, )wn 1 +o(l),
4n(1—ys) -y

where in the last equality we choose y = y,*(0) such that y,*(#) —2s — 0 as s goes to 1.
Similarly, if v is the 0-homogeneous extension of v in an enlarged cone, which is such that v > v and
v="7on CgNS* !, it follows that

C(n,s) 2v(x)—v(x+2z)—v(x—2) v(x)—v(y)
—A) — RV
(A v 2 lz]<1 |z|n+2s detCins) —y|>1 |X—y|”+zs
C(n s) 20(x)—v(x+z)—v(x—2)
n 1.2
__C S)f M/ (V25(x)z, z) do dp+o(1)
Snfl
_ C(n, s)wp—;

iy (AP +o(D,

where we can use that v solves

—Af):Znﬁ—i—Mof vdo
Sn—l

in the enlarged cap $"~' N Cy,.. Finally,
(x” =y k) — v 4

|)C _ |n+25

ZC(n,s)[/ A=y —v() dy+/ A=y &) —v() y}
lyl<l lyI>1

|x — y[rt2 |x — y[rt2

C(n,s)
Rn

where the first term is o(1) since

1 _ 1
fo (1—p")p"~"! /S OVG) 45 g, — /0 (1—p")p""! /S @ =v)(1+o(p)) do dp

w1 |x—py|rtE

R
+ /O (1-p")p""! /S @)@ 25)p(, ¥) do dp.
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Hence, we obtain
(Ix " =y (w(x) —v(y)) d
y

o L x =y
L=yl _
% _
=o=Cts)| &l livfxy)wés(y)) dy +o(1)
=o(l) — C(n,s)‘/c'o ,0”,0"1/ Lv(yz)da dp
1 sn-1 [x — py[rtes

=0(1)—C(H,S)/ PH}’zS/ x) —v(M) (1 +o(p~ ")) dodp
i -1

—C(n,s) / h p 1ty / (W(x) —v(y) (1 +25)(y, x)p~ ' do dp
1 sn—1

Cn, s)w,— C(n,s
=0(1)——( ) 1v(x)—l— (. 5)
2s —y 2s —y Jon

v(y)do.

Hence, recalling that y = y.*(9), for x € S"~! N Cy we have

Cn,s)wp—1  C(n,s) )/ . dO_+C(n,s)a)n,1
dn(l—s)  25—y*©O) ) Jg1 4n(l—s)

Cn,s)
< (ko5 ) [ vwdoro,

where o(1) is uniform with respect to y;*(#) as s — 1. In order to obtain a negative right-hand side, it

(=AY vs(x) < (MO(G) (n+y,(0) 22—y, (0))v;

is sufficient to choose y;*(f) < 2s in such a way to make the denominator 2s — y;*(¢) small enough and

the quotient C(n, 5)/(2s — y;*(6)) still bounded. Il
The previous result suggests the following choice of the homogeneity exponent:
Cn,
Yo (0):=2s —s (n S).
mo(0)

We can finally prove the main result of this section.
Corollary 3.9. For any regular cone C, we have u(C) < oo.

Proof. We will show that 1 (0) < oo for any 8 € (0, 8p]. Then, fixing an unbounded regular cone C, there
exists a spherical cone Cy such that 8 € (0, 6p] and Cy C C. Since by inclusion y;(C) < y,(8), we obtain

p(C) = n(0) < oo.

We want to show that fixing 6 € (0, 6], we have y,(0) < y,*(0) for any s € [s0(6), 1), where the choice
of so(0) € (0, 1) is given in Theorem 3.8. The proof of this fact is based on considerations done in
Proposition 3.6. By way of contradiction, suppose y,(6) > y.; (6). Let

h(x) = vs(x) — us(x).
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The function /4 is continuous in R" and A(x) = 0 in R" \ Cy. We want to prove that 2(x) < 0 in
R" \ (Cg N By). Since h = 0 outside the cone, we can consider only what happens in Cy \ B;. By (3-10),
there exist two constants c;(s), cz(s) > 0 such that, for any x € Co \ {0},

c1(s)|x [ dist(x, 9Cq)" < ug(x) < ca(s)|x|" " dist(x, 3Cp)°,
and there exist two constants c;, ¢, > 0 such that
crlx ] "M dist(x, 9Cy) < vy (x) < c2|x|% ~ dist(x, Cp).

We can choose v; so that ¢ := ¢1(s) = ¢ since it is defined up to a multiplicative constant. Then, for any
x € Cy \ By, since |x|% < |x|", we have

dist(x, 9Cy)!—*
h(x) < clx|” dist(x, aCQ)S[M — 1] <0.

|x|lfs

Now we want to show that there exists a point xg € Cy N B such that h(xg) > 0. Let us consider
for example the point X € §"~! N Cy determined by the angle ¥ = 6/2, and let « := v,(¥) > 0 and
B = uy(¥) > 0. Hence, there exists a small r > 0 such that ar?> > Br?:, and so, taking x with angle
¥ =6/2 and |xg| = r, we obtain h(xgy) > 0.

If we consider the restriction of & to Cy N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists a maximum point x; € Cg N B; for the function A
which is global in R"” and is strict at least in a set of positive measure. Hence,

(=A)°h(x1) = Cn, ) p.v. f hix) = h(y)

Rn |X1 _y|n+25 dy >0,

and since (—A)*h is a continuous function in the open cone, there exists an open set U (x;) with
U(x1) C Cy such that

(=AYh(x) >0 forall x € U(x;).
But thanks to Theorem 3.8 we obtain a contradiction since for any nonnegative ¢ € C2°(U (x1))
(=A)'h, ) = ((=A) vy, 9) — (=A)’ug, 9) = (=A)*vs, ) <0,

where the last inequality holds for any s € [s9(8), 1). Hence, for any 6 € (0, 6]

C 9 . C b
pn(®) = lim o) < lim ) (@) < oo. 0
s—>1- 28 — yq(9) s—17 25 — ys*(e)

4. The limit fors /1

In this section we prove the main result, Theorem 1.3, emphasizing the difference between wide and narrow
cones. Then we improve the asymptotic analysis, proving uniqueness of the limit under assumptions on
the geometry and the regularity of C.
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Let C C R" be an open cone and consider the minimization problem

St [Vn-1u|? do
Sgno1 u? do

M(C)=inf[ cue H'(S" 1\ {0} and u =0 in snl\c}, (4-1)

which is strictly related to the homogeneity of the solution of (3-12) by
M€ =y(O)(y(C)+n-2).
Moreover, if y (C) > 2, equivalently if 1;(C) > 2n, the problem
fsn—' |Vgn-1u)? — 2nu’ do
(fyoos lul dor)’

is well-defined and the number 1o (C) is strictly positive.

wo(C) == inf{ cue H'(S" H\ {0} and u =0 in §"~! \c} (4-2)

By a standard argument due to the variational characterization of the previous quantities, we already
know the existence of a nonnegative eigenfunction ¢ € HO1 ("N C)\ {0} associated to the minimization
problem (4-1) and a nonnegative function v € HOl ($"~'NC)\ {0} that achieves the minimum (4-2), since
the numerator in (4-2) is a coercive quadratic form equivalent to the one in (4-1).

Since the cone C may be disconnected, it is well known that ¢ is not necessarily unique. Instead, the
function v is unique up to a multiplicative constant, since it solves

{—Asnuﬂ =2ny —i—uo(C)fSH vdo inS"'NC,
¥ =0 in "1\ C.

In fact, due to the integral term in the equation, the solution i must be strictly positive in every connected

(4-3)

component of C and localizing the equation in a generic component we can easily get uniqueness by
the maximum principle.

The next result highlights the functional space in which the limit of the s-harmonic functions on cones
for s — 1 will be defined.

Proposition 4.1 [Bourgain et al. 2001, Corollary 7]. Let Q C R" be a bounded domain. For 1 < p < 0o,
let fo € W5 P(Q), and assume that

[fslwsr ) < Co.

Then, up to a subsequence, (f;) converges in LP(Q2) as s — 1(and, in fact, in WP (Q) forall t < 1) to
some f € WHP(Q).
We use a different notation than that in [Bourgain et al. 2001] since in our paper the normalization

constant C(n, s) is incorporated in the seminorm [ - ]gs in order to obtain a continuity of the norm ||-|| g+
for s € (0, 1].

Proof. Let C be an open cone and C be a regular cone with section on §”~! of class C!!' such that
CrCCand dCrNaC = {0}.

By monotonicity of the homogeneity degree y;(-) with respect to the inclusion, we directly obtain
ys(C) < y5(Cg) and consequently, up to considering a subsequence, we obtain the existence of the
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finite limits
5(C) = lim 7,(C),  u(C) = lim —— %) (4-4)
= lim , =lim ————. -
Y Ee H 1 25 — 74 (C)

Since y,(C) < 2s, we know ¥ (C) < 2 and similarly ©(C) € [0, 00).

Let K ¢ R" be a compact set and consider xyp € K and R > 0 such that K C Bgr(xg). Given
n € C°(B,), aradial cut-off function such that n =1 in By and 0 <5 <1 in B,, consider the rescaled
function ng (x) = n((x — x¢)/R) which satisfies ng = 1 on K.

By Proposition 2.7, we have

C(n,s) C(n,s):|

2 2
[MSUK]HS(BZR(xo)) =< [usnK]HS([Rn) <M(n, K)|:2(1 —9 2% — 7,

and similarly
loas 11k Wops (Borrgyy < Mets& N 2 gy + L5 Vs oy
C(n, C(n,
<M, k)| S C)
2(1—s) 25—y
By applying Proposition 4.1 with 2 = Byr(x¢), we obtain that, up to a subsequence, u;nx — ung in
L*(Bag(x0)) and

2n

1} < M@, K)|: +en(C) + 1]

n—1

-~ 2
”unK”Hl(BzR()Co)) S M(n’ K)

up to relabeling the constant M (n, K).
By construction, since ng =1 on K and ng € [0, 1], we obtain that u; — u in L*(K) and similarly

lall gy < Nlunk k) < lank | a By < 00
which gives us the local integrability in H'(R").

By Proposition 2.4 and Corollary 3.9 we obtain, up to passing to a subsequence, a bound in Cloo’f (&)
for (u,) that is uniform in s. Then, since we obtain uniform convergence on compact subsets of C, the
limit must be necessary nontrivial with ||i|| ;e(gn-1y = 1, nonnegative and y (C)-homogeneous.

Let ¢ € C2°(C) be a positive smooth function compactly supported such that supp ¢ C B, for some
p > 0. By the definition of the distributional fractional Laplacian

0=/ (p(_A)S”sdx= us(_A)s(pdxzf

R™\B,
1 1 y o[ x/lxl—ty/lx]
= 1—(n+2s)—/ dr |,
x — y[rt2s |x|”+2s< el Jo o [x/1x] = ty/ x| "2

by the definition of the fractional Laplacian for regular functions, it follows that

/ s (—A) g dx
R™\B,

s (—AY @ dx + / uy (=AY @ dx.
R B,

Since

—¢(y)
=C(n,s) us (x) T ni2s
R™\B, supp ¢ |y —x[+=
us(x) us(x)
=C(n,s) — —o(y) dyderC(n,S)(nJrZS)/ — ¥ (x)dx
R"\ B, |x|n+2s supp ¢ R"\B, |x|n+2s+l
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for some € L. Moreover, since u; is ys(C)-homogeneous with y,(C) < 2s, we have

C(n,
C(n, s) ”S—(x;dx - ﬂp%@%/ 1, (0) do
R\B, |X|"* 2s —y5(C) sn-1
and similarly
ug(x) C(n, )Yl L= o
C(n, L A dx| < 2222220 BR 7y (C)=2s—1 0)do = o(1).
. ) /R"\Bp |X|”+2S+1w(X) x‘ B 2S—Vs(C)+1p gn—1 () do=o(l)

Hence, for each s € (0, 1)

[ warea= [ uearen
B, R\ B,
P(y)
=Cs)|  wm|
R™\ B, supp ¢ |x - y|
C(n,s)

=" " @(x)dx usdo +o(1),
25 = 75(C) Jsuppy -t

and passing through the limit, up to a subsequence, we obtain

/ u(—A)pdx = u(C) ﬁda/ go(x)dx:f (M(C) lida)(p(x)dx,
By st supp ¢ B sn-1

P

which implies, integrating by parts, that

—Au=pu(C) iado inD'(C).
sn—1

Since the function u is y (C)-homogeneous, we get
—Agitit = Ait + 1 (C) ido on S 'nc, (4-5)
Snfl
where A = 7 (C)(y(C) +n —2) is the eigenvalue associated to the critical exponent y (C) < 2.
Consider now a nonnegative ¢ € HO1 (S"~1'N )\ {0}, strictly positive on §”"~! N C which achieves
(4-1). Then
—Agip =1 (C)g in H (" 'n0O). (4-6)

By testing this equation with u# and integrating by parts, we obtain
(A1(C) =) ipdo = u(C) ido / pdo >0, 4-7)
sn—1 sn—1 sn—1
which implies that in general y(C) > y(C) and y (C) = y(C) if and only if u(C) =0.

Wide cones: y (C) < 2. By the previous remark we have y (C) < 2 and by the definition of w(C), it follows
that £(C) = 0. Since ¢ is the trace on $"~! of a homogeneous harmonic function on C, we obtain that
y(C) = y(C) and i is a homogeneous nonnegative harmonic function on C such that ||| f0o(gn-1) = 1.
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Narrow cones: y(C) > 2. If y(C) < 2 we have u(C) = 0 and consequently 1;(C) = A, which is a
contradiction since y(C) > 2 > y(C). Hence, if C is a narrow cone we get y (C) = 2. Since y (C) =2
is trivial and it follows directly from the previous computations, consider now o(C) as the minimum
defined in (4-2), which is well-defined and strictly positive since we are focusing on the remaining case
y(C) > 2. We already remarked that it is achieved by a nonnegative i € H(} ("~ 'NC)\ {0} which is
strictly positive on $”~! N C and a solution of
— A1y =20y 4 1o(C) lw do imnH'(S"'noO).
g

As we already did in the previous cases, by testing this equation with & we obtain u(C) = uo(C).

By uniqueness of the limits ¢ (C) and @ (C), the result in (4-4) holds for s — 1 and not just up to a
subsequence. O

Remark 4.2. The possible obstruction to the existence of the limit of u as s converges to 1 lies in the pos-
sible lack of uniqueness of nonnegative solutions to (1-9) such that ||« ||« (g--1) = 1. This is the reason why
we need to extract subsequences in the asymptotic analysis of Theorem 1.3. More precisely, uniqueness of
(4-1) implies uniqueness of the limit « in the case y (C) < 2 and uniqueness of (4-2) in the case y (C) > 2.
When C is connected (4-1) is attained by a unique normalized nonnegative solution via a standard argument
based upon the maximum principle. On the other hand, as we already remarked, when y (C) > 2, problem
(4-2) always admits a unique solution. Ultimately, the main obstacle in this analysis is the disconnection
of the cone C when y (C) < 2: in this case we cannot always ensure the uniqueness of the solution of
the limit problem and even the positivity of the limit function # on every connected component of C.

The following example shows uniqueness of the limit function & due to the nonlocal nature of the
fractional Laplacian under a symmetry assumption on the cone C.

Proposition 4.3. Let C = C1U---UC,, be a union of disconnected cones such that C| is connected and
there are orthogonal maps ®,, ..., ®,, € O (n) (e.g., reflections about hyperplanes) such that C; = ®;(Cy)

and ®;(C) = (C) fori =2,...,m. Let (ug) be the family of nonnegative solutions to (1-1) such that

2

lusllLoo(sn-1y = 1. Then there exists the limit of us ass /' 1in Lj

of C.
Proof. We remark that, for any element of the orthogonal group ®: R* — R”,

s _ w ) —uy)
(=AY (o ®)(x) = C(n,5) p. fR o) =3

By the uniqueness result [Bafiuelos and Bogdan 2004, Theorem 3.2] of s-harmonic functions on cones,

(R™) and uniformly on compact subsets

dy = (=AY u(®(x)).

we infer that u; = ug; o ®; for every i =2, ..., m. Therefore, we have convergence to iz, which satisfies
|#|| oo (sn-1y = 1 and is a solution of

—Ai = pu(C) [gritdo inC,
u>0 in C, (4-8)
u=0 inR"\ C
such that u = u o ®; for every i =2, ..., m. Finally, connectedness of C; yields uniqueness of such a

solution also for narrow cones. O
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y

0
0 7/4 /2 3 /4 ™

Figure 3. Values of the limit ' (9) = lim,_,; ['*(8) and I'"(9) for n = 2.

Proof of Corollary 1.6. This corollary is an easy application of our main result, Theorem 1.3, since it
is a consequence of Dini’s theorem for a monotone sequence of continuous functions which converges
pointwisely to a continuous function on a compact set. In fact, fixing s € (0, 1), the function 6 — y,(6) is
continuous in [0, ) with ,(0) = 2s and y,(7r) = 0. Moreover this function is also monotone decreasing
in [0, 7r] and since there exists the limit

1 . 1
lim ys(6)={§(2s—1) ifn=2ands > 3,
0—>m—

ys(m) =0 otherwise,

we can extend 6 — y5(0) to a continuous function in [0, r]; see [Michalik 2006]. Nevertheless, the limit
y(0) =lims_,| y5(0) = min{y (6), 2} is continuous on [0, 7] with

1 .
_ e lf n= 2,
T) =
v {0 otherwise.

Eventually, for any fixed 6 € [0, ], the function s — y;(8) is monotone nondecreasing in (0, 1). By
Dini’s theorem the convergence is uniform on [0, 7 ]. This fact obviously implies the uniform convergence

Vs (0) 4 ys(m — 6) y@)+y(@—0)

) 2 ©) 7
in [0, 7], and hence (see Figure 3)
vAF = min @) - min (@) =vF, O
0€[0,7] 0€[0,7]

5. Uniform-in-s estimates in C%* on annuli

We have already remarked in Section 2 that, if you take a cone C = C,, with @ C §"~! a finite union of
connected C!-! domains w; such that @&; U® j =@ fori # j, by [Michalik 2006, Lemma 3.3] we have (2-2).



ON s-HARMONIC FUNCTIONS ON CONES 1687

Hence solutions u; to (1-1) are C%*(S”~1) and for any fixed « € (0, 1), any solution u; with s € («, 1)
is €%« (S"~1); that is, there exists L, > 0 such that

sup [ ZusOL

S
x,yES”*I |')C _y|a

Let us consider an annulus A = A,, ,, = B, \ B r With 0 <7 < ry < 0co. We have the following result.

Lemma 5.1. Letx € (0, 1), s € (max{ %, a}, 1) and A be an annulus centered at zero. Then there exists

a constant ¢ > 0 such that any solution ug to (1-1) with s € [sg, 1) satisfies

s (x) — us(y)l <

<cLs.
Xx,yEA |X—)7|°’

Proof. First of all we remark that

lug(x) —us(y)| -

<cL (5-1)
|x — y|*

sup
x,yes;™!

for any r € (r1, r2). In fact, by the y;-homogeneity of our solutions, we have

Sup Ius(x) - us(y)| — Lsrys—a’

x,yesi=! lx — yl@
and since (259 — 1)/2 < y5(C) < 2 for any s € [s9, 1) by the inclusion C C R" \ {half-line from 0}, we
obtain (5-1).
Now we can show what happens considering x, y € A which are not on the same sphere. We can suppose
without loss of generality that x € SZ”, y € S"~ L with r; <7 < R < rp. Hence let us take the point z
obtained by the intersection between S”~! and the half-line connecting 0 and x (z may be y itself). Hence

g (X) —us(Y)] < lug(x) —us(2)| + lus(z) —us(y)|

x
< M‘v<m)||x|ys —lz|™

SCL5|X—)’|0[-

+cLglz — yla

In fact we remark that [|u|| o~ (g»-1) = 1. Moreover, since 8 =Xxzy € (7/2, ], obviously [z—y|¥ < |x —y|%.
Thus by the a-Holder continuity of ¢ — ¢¥* in (r1, rp) and the bounds (2sg — 1)/2 < y,(C) < 2, one can
find a universal constant ¢ > 0 such that

[xl? = 1217

<c|lxl=lzl|" = elx -zl < clx =y,
where the last inequality holds since z is the point on S;’*I which minimizes the distance dist(x, S"~1). O

Proof of Theorem 1.5. Seeking a contradiction,

max lts, 0) = tt5, (V)| =Ls =Lr—>o00 ass— L (5-2)

x,yesn! lx — y[®
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We can consider the sequence of points xi, v, € S"~! which realizes Ly at any step. It is easy to see that
this pair belongs to C N $"~!. Moreover we can always think of x; as the one closer to the boundary
dC N §"~ 1. Therefore, to have (5-2), we have ry = |x;x — yx| — 0. Hence, without loss of generality, we
can assume that xi, yx belong definitively to the same connected component of C and

|ug, (yi) —ausk(Xk)l _ L, Ve~ Xk .
e Tk
Let us define G+ ) ) c
ug, (xp +rix) —ug, (x —X
uk(x): Si T l; oL k, X € Q= k.
re Lk Tk

We remark that 1 (0) = 0 and u*((yx —xx)/rx) = 1.
Moreover, we can have two different situations.

Case 1: If
Tk

. — 05
dist(xg, 0C)
then the limit of 2 is R".

Case 2: If
Tk

dist(xy, 0C)
then the limit of €2 is a half-space R" N {x; > 0}.

— [ € (0, 00],

In any case let us define Q4 to be this limit set. Let us consider the annulus A* := B3/, \ B, 2. By
Lemma 5.1 and the definition of u¥, we obtain, for any k,

w <c, (5-3)
x,yeA; |x -y |a

where A} := (A* —x;)/rx — R" and the constant ¢ > 0 depends only on o and A*. Let us consider a

compact subset K of Q.. Since for k large enough K C A%, functions u* are C®%(K) uniformly in k.

This is due also to the fact that they are uniformly in L°°(K), since |k (x) —u*(0)| < c|x|* on K. Hence

u* — it uniformly on compact subsets of Q... Moreover i is globally a-Holder continuous and it is not

constant, since u#(ey) — u(0) = 1. To conclude, we will show that u is harmonic in the limit domain Q4;

that is, for any ¢ € C2°(Qu0)
/ e(—A)udx =0,
Qoo

and this fact will be a contradiction to the global Holder continuity. In fact we can apply Corollary 2.3
in [Noris et al. 2010], if 2, = R" directly on the function u and if Qo = R" N {x; > 0}; since u =0
in 02+, we can use the same result over its odd reflection. Hence we want to prove
f o(—A)idx = / i(—A)gpdx = lim [ uf(=A)*pdx =0,
o 00 k—o00 BR

where By contains the support of ¢ and the second equality holds by the uniform convergences u* — i

and (—A)*¢ — (—A)gp on compact subsets of 2., since ¢ is a smooth function compactly supported.



ON s-HARMONIC FUNCTIONS ON CONES 1689

k

Moreover, since u” is si-harmonic on €2, and for k large enough the support of ¢ is contained in this

domain, we have

/ " (=A% dx = [ o(=A)*uFdx =0.
n Rn

In order to conclude we want

lim uk (= A)*pdx = 0.
k— 00 R"\Bg

Hence, defining 1 = xj + rrx and using Remark 2.3, we obtain
/ uk(_A)Skwdx S C(n, Sk)rlz,sk—a / |usk(77) —Msk(Xk)l
R™\ Bg Ly

| — g |2
For k large enough, we notice that we can choose ¢ > 0 such that the set {n € R" : Rry < |n — x| < €}

[n—xk|>Rrg

is contained in A* So, we can split the integral obtaining

/ |usk(77)_usiz(xk)| dns/ |Msk(77)_ui;;§xk)| d77+/ Iusk(n)—usjixwl dn.
[n—xk|>Rry |77_xk|n Sk Rri<|n—xi|<e |77—x1<|" Sk In—xk|>e |77—xk|" Sk

where we have

25—
C(n, sri " f s, (1) — ug, (xX) |
Ly Rri<|n—xi|<e In— xk|n+23k

1
dn < C(n, sk)rkzsk*acwn,l / a2 qp
Rry

25—
_ C(n, sp)cw,—1 (RaZSk T )

28 — 25—«
and similarly

C(n, sk)r,fsk_a / |ug, (17) — g, (x1)| - C(n, sk)r,fsk_aca)n_l /oo (141)"
[n—xik|>¢

Lk |77 _xk|n+2sk = Lk 11+2s¢
C(n, sk)r,f“"‘_acwn_l < Vs 25 )
= 1+ .
Lk 2Sk — Vsi

Finally, recalling that r, — 0, C(n, sx) — 0, Ly — 0o and 2s; — o > 0O taking s¢ > 1 we obtain

2
C , 25k —a
/ uk(—A)S"'(pdx M"" )M’
R"\Bg

25k —vs Lk
which converges to zero as we claimed, since

< (C(n, Sk) +

C(n, si)
——— —> 1(C) €[0,00)
25 — 5, (C)
in any regular cone C C R”. O
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