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ESTIMATES FOR EIGENVALUES OF AHARONOV-BOHM OPERATORS
WITH VARYING POLES AND NON-HALF-INTEGER CIRCULATION

LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

We study the behavior of eigenvalues of a magnetic Aharonov—Bohm operator with non-half-integer
circulation and Dirichlet boundary conditions in a planar domain. As the pole is moving in the interior of
the domain, we estimate the rate of the eigenvalue variation in terms of the vanishing order of the limit
eigenfunction at the limit pole. We also provide an accurate blow-up analysis for scaled eigenfunctions
and prove a sharp estimate for their rate of convergence.

1. Introduction and statement of the main results

An infinitely long, thin solenoid perpendicular to the plane (x,x,) at the point @ = (a;,a») € R?
produces a point-like magnetic field as the radius of the solenoid goes to zero and the magnetic flux
remains constantly equal to « € R\ Z. This magnetic field is a 2z a-multiple of the Dirac delta at a
orthogonal to the plane (x1, x;) and is generated by the Aharonov—Bohm vector potential

Aa(x):a(— X2 —d3 , X1 —dy
(x1—ap)?+(x2—az)? (x1 —a1)* + (x2 —az)?

see, e.g., [Adami and Teta 1998; Aharonov and Bohm 1959; Melgaard et al. 2004]. We are interested in

the spectral properties of Schrodinger operators with Aharonov—Bohm vector potentials, i.e., of operators

), x = (x1.x2) € R*\ {a};

(IV4+A4,)% = —A+2id,-V+ |44

Since curl 4, = 0 in R?\ {a}, the magnetic field is concentrated at the pole a. If the circulation « is an
integer number, then the potential 4, can be gauged away by a phase transformation so that the operator
(iV 4+ Ag)? becomes spectrally equivalent to the standard Laplacian. On the other hand, if & ¢ Z, the
vector potential 4, cannot be eliminated by gauge transformations and the spectrum of the operator
is modified by the presence of the magnetic field: this produces the so-called Aharonov—Bohm effect;
i.e., the magnetic potential affects charged quantum particles moving in the region 2 \ {a}, even if the
magnetic field B, = curl 4, is zero there.

The dependence on the pole a of the spectrum of the Schrodinger operator (i V 4 A,4)? in a bounded
domain €2 was investigated in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Nogl
et al. 2014; Noris et al. 2015; Noris and Terracini 2010] under homogeneous Dirichlet boundary conditions.
In particular, in [Abatangelo and Felli 2015; 2016] sharp asymptotic estimates for eigenvalues were
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given in the case of half-integer circulation o € Z + % as the pole a moves towards a fixed point a € €2;
analogous sharp estimates were derived in [Abatangelo et al. 2017] in the case a € d2. We mention that
the continuous dependence of the eigenvalue function on the position of the pole and improved regularity
results under simplicity assumptions were established in [Bonnaillie-Noél et al. 2014; Léna 2015] for
any value of « (in particular also for non-half-integer circulation); on the other hand, to the best of our
knowledge, sharp estimates of the gap of eigenvalues have been investigated only in the case o € Z+ %; see
[Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015].

The case v € Z + % studied in the aforementioned papers presents several peculiarities which allow one
to approach the problem with a perspective and a technique that are not completely adaptable to a general
circulation « € R\ Z. Indeed, if « € Z + %, the problem can be reduced by a gauge transformation to
1 and, in this case, the eigenfunctions of (iV + A,4)? can be identified, up to a complex

2
phase, with the antisymmetric eigenfunctions of the Laplace—Beltrami operator on the twofold covering

the case o =

manifold of 2; see [Helffer et al. 1999; Noris and Terracini 2010]. As a consequence, if @ = %, the
magnetic eigenfunctions have an odd number of nodal lines ending at the pole a. It has been proved
in [Helffer and Hoffmann-Ostenhof 2013] that the corresponding nodal domains are related to optimal
partition problems. We refer to [Bonnaillie-Noél et al. 2009] for related numerical simulations.

The special features characterizing Aharonov—Bohm operators with circulation % played a crucial role
in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015;
Noris and Terracini 2010]. In particular, in [Noris et al. 2015] local energy estimates for eigenfunctions
near the limit pole are performed by studying an Almgren-type quotient, see [Almgren 1983], which is
estimated using a representation formula by Green’s functions for solutions to the corresponding Laplace
problem on the twofold covering. Moreover, in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017]
a limit profile vanishing on the special directions determined by the nodal lines of limit eigenfunctions is
constructed: this allows one to establish a sharp relation between the asymptotics of the eigenvalue function
and the number of nodal lines, which is strongly related to the order of vanishing of the limit eigenfunction.

In this paper we will focus on the case of noninteger and non-half-integer circulation; i.e., we will
assume o € R\ (Z/2). A reduction to the Laplacian on the twofold covering manifold is no longer
available in this case; moreover, magnetic eigenfunctions vanish at the pole a but they do not have nodal
lines ending at a (see Proposition 2.1). The lack of the special features of Aharonov—Bohm operators with
half-integer circulation described above requires alternative methods and produces a less precise estimate.
In particular, in order to estimate the Almgren frequency function, we will give a detailed description of
the behavior of eigenfunctions at the pole and we will study the dependence of the coefficients of their
asymptotic expansion with respect to the moving pole @, see Lemma 2.2.

By gauge invariance, if @ € R\ (Z/2) it is not restrictive to assume that

ae(0,1)\{3}. (1-1)

Let @ C R? be a bounded, open and simply connected domain. For every a € Q, we introduce the
functional space H!*4($2, C) as the completion of

{ue H'(Q,C)NC>®(Q, C) : u vanishes in a neighborhood of a}
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with respect to the norm

2 1/2
_ 2 2
”u”Hl’a(Q,C) - (“vu”LZ(Q,Cz) + ”u”LZ(Q,@) + m L@ C)) . (1-2)
The norm (1-2) is equivalent, under condition (1-1), to the norm
. 1/2
(”(l Y% + Aa)u”%}(g,cz) + ”u”iz(Q,C)) ’

in view of the Hardy-type inequality proved in [Laptev and Weidl 1999], see also [Alziary et al. 2003]
and [Felli et al. 2011, Lemma 3.1 and Remark 3.2],

2
|u(x)| dx. (1-3)
r (@) |x _a|2

/ |(iV + Ag)ul* dx > (min | —a|)2/
D, (a) jez D

which holds for all ¥ > 0, ¢ € R? and u € H"4(D, (a), C). Here we denote by D, (a) the disk of center a
and radius r; we will denote by D, := D, (0) the disk with radius r centered at the origin.

It is also worth mentioning the following formulation of the magnetic Hardy inequality proved in
[Alziary et al. 2003, Lemma 4.1]: for all r; > r, > 0, a € R?, and u € H"%(D,, (a) \ Dy,(a),C),

2
|”(x)|2 dx. (1-4)
1 (@\Dy, (@) X —al

/ |(iV+Aa)u|2dx2(minlj—al)zf
DI‘] (a)\Drz(d) J€Z D

We also consider the space HO1 (R, C) as the completion of C°($2\ {a}, C) with respect to the norm

u

H(}’”(Q,C)z{ueHol(Q,(D): eLZ(Q,@)}.

|x —al
From classical spectral theory, for every a € €2, the eigenvalue problem

{(iV+Aa)2u =Au in <,

E
u=20 on 0%2 (Ea)

admits a diverging sequence of real eigenvalues {A }x>1 with finite multiplicity; in the enumeration
a a a
)‘1 5)‘25"'5)\]' <.,

we repeat each eigenvalue as many times as its multiplicity. We are interested in the behavior of the
function a — )\;‘ in a neighborhood of a fixed point a € 2. Up to a translation and a dilation, it is not
restrictive to assume thata = 0 € 2 and D, C 2.

Let us assume that there exists 7 > 1 such that

)‘20 is simple, (1-5)

and define
Ao = )‘20 and  Ag = Ay,
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for any a € Q2. In [Léna 2015, Theorem 1.3] it is proved that
if A? is simple, the function a — )\;? is analytic in a neighborhood of 0. (1-6)

In particular the function a — A, is continuous and, if ¢ — 0, then A, — A; see also [Bonnaillie-Noél
et al. 2014]. Let ¢ € HOI’O(SZ, C) \ {0} be an L?(Q, C)-normalized eigenfunction of problem (E)
associated to the eigenvalue 1o = A9 o> 1€, satisfying

(iV+ A0)*po = hopo in Q.
©o=20 on %2, (1-7)
Jalpo()?dx = 1.

From [Felli et al. 2011, Theorem 1.3] (see also Proposition 2.1) it is known that

@o vanishes at 0 with a vanishing order equal to | — k| for some k € Z, (1-8)

in the sense that there exist k € Z and 8 € C\ {0} such that

ikt
—la—k| ~ e' T
r r(cost,sint)) — in C 0,2n],C (1-9)
oo (r( D N (0.27].©)

asr — 0T for any 7 € (0, 1).

Our first result provides an estimate of the rate of convergence of Ag — A, in terms of the order of
vanishing of ¢q at 0; in particular we have that higher vanishing orders imply faster convergence of
eigenvalues.

Theorem 1.1. Leta € (0,1)\ {%} and Q C R? be a bounded, open and simply connected domain such
that 0 € Q. Let ng € N be such that the ny-th eigenvalue )\20 = Ag of problem (E\) is simple and let
@Yo € HO1 0 (2, C) be an associated eigenfunction satisfying (1-7). Let k € Z be such that |0 — k| is the
order of vanishing of ¢o at 0 as in (1-9). For a € Q, let Ay = Aq be the no-th eigenvalue of problem (Eg).
Then

kg — Aol = O(la|' 1=Ky 45 ja] — 0,
where | - | denotes the floor function |t| := max{k € 7 : k <t}.

To prove Theorem 1.1, we will study the quotient

Ap—Ag

—|a|2|a—k| (1-10)

as a approaches the origin along a straight line {¢p : ¢ > 0} for any direction
peSli={xeR?:|x|=1}.

We will prove that, for every p € S!, the quotient (1-10) is bounded as a = |a|p — 0. Then (1-6) and the
fact that 2|o — k| is noninteger imply that the Taylor polynomials of the function Ay — A, with center 0
and degree less than or equal to | 2|a — k|| vanish, thus yielding the conclusion of Theorem 1.1.
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In the case of half-integer circulation o« = % the special nodal structure of the limit problem allows us
to prove instead that the limit
)‘-0 - )\a . )\0 - )\a
om0 Tal TR~ e im aAT
is different from 0 along some special directions p corresponding to tangents to the nodal lines of the limit

eigenfunction. As a consequence, the leading term of the Taylor expansion of the eigenvalue variation
Ao — Ag has order exactly |1 — 2k|. That is,

Ao —*a = P(@) +o(la|""?*l) as|a] —0F

for some homogeneous polynomial P 5 0 of degree |1 —2k|; see [Abatangelo and Felli 2015, Theorem 1.2].
In [Abatangelo and Felli 2016, Theorem 2] the exact values of all coefficients of the polynomial P are
determined, proving that P(|a|(cos?,sin?)) = Cola|'=2 I cos(|1 — 2k |(¢ — o)) for some ¢y and Cq > 0.
In particular the leading polynomial P is harmonic.

In this paper we will also describe the behavior of the eigenfunctions as @ — 0, proving a blow-up
result for scaled eigenfunctions and giving a sharp rate of the convergence to the limit eigenfunction ¢y.
In order to state these results more precisely, we need to introduce some notation.

For every b = (b, by) = |b|(cos®,sin}) € R?\ {0} with ¢ € [0,27), we define the polar angle
centered at b, 0, : R?\ {b} — [, + 27) as

Op(b + r(cost,sint))y =t forallr >0andzt €[V, + 27), (1-11)
and the function 96’ :R2\ {0} — [9, 9 +27) as
Gg(r(cost, sint))=t¢ forallr >0and¢ €[, 0+ 27). (1-12)

We remark that 6 is discontinuous on the half-line starting at » with slope ¥ = Arg(b), whereas 0(1)’ is
discontinuous on the half-line starting from 0 with the same slope; in particular, the range of 9(1)’ depends
on ¥ = Arg(b). Hence, the difference function 9{)’ — 0y is regular except for the segment

I'p:={tb:tel0,1]}. (1-13)
ForallaeQ2,letg, € Ho1 “4(2, €)\{0} be an eigenfunction of problem (E,) associated to the eigenvalue A4,
i.e., solving

{(iv+Aa)2‘Pa = Aa®a inQ, (1-14)

0a=0 on 0€2,

such that the following normalization conditions hold:
/ |pa(x)|*dx =1 and / ei“(eg_e")(x)(pa (x)@o(x) dx is a positive real number. (1-15)
Q Q

Using (1-5), (1-7), (1-14), (1-15), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983,
Theorem 8.10], it is easy to prove that

@a— @0 in H'(Q,C) and in C2.(2\ {0},0), (1-16)
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and
(iV 4+ Ad)pa — iV + Ag)po in L*(22,C). (1-17)

To give a precise description of the behavior of the eigenfunction ¢, for a close to 0, we consider a
homogeneous scaling of order |1k of @, along a fixed direction p € S!. Theorem 1.2 below gives
the convergence of scaled eigenfunctions to a nontrivial limit profile ¥, € Hkl);p (R2, C), which can be
characterized as the unique solution to the problem

(iV+ Ap)*W, =0 inR?in a weak H"?-sense, (1-18)
satisfying
/ 1V + A,) (W, — /@00y )12 dx < 400, (1-19)
R2\D,

where ¥ : R?> — C is defined as

k| eikt

Ners
The existence and uniqueness of a limit profile satisfying (1-18) and (1-19) will be proved in Lemma 5.3.
We notice that the function V¥ in (1-20) is the unique (up to a multiplicative constant) Hlé’co (R%,C)-
solution to (i V + Ag)?y = 0 in R? which is homogeneous of degree |o — k|.

Y (r(cost,sint)) =r (1-20)

Theorem 1.2. Under the same assumptions as in Theorem 1.1, for p € S and a = |a|p € Q, let
Qg € HO1 (2, C) be an eigenfunction of problem (E,) associated to the eigenvalue A, and satisfying

(1-15). Let moreover,

o) = Pallal)
$a |l
Then

$a — BYp aslal—0

in H“P(Dg,C) for every R > 1, almost everywhere in R* and in Clgc([R2 \{p},C), with § # 0 and
k € Z being as in (1-9) and ¥, being as in (1-18)—(1-19).

Finally, we describe the sharp rate of convergence (1-17), which also turns out to depend strongly on
the order of vanishing of ¢q at 0, as stated in the following theorem.

Theorem 1.3. Under the same assumptions as in Theorems 1.1 and 1.2, for every p € S! there exists
£p > 0 such that

ekl 0 (B—09) 1 2
ja| N GV + Ag)pa — ' *CTD GV + Ao)o | 12g.0) = 1BI L5 asa=lalp—0.

We observe that Theorem 1.3 extends to the case of non-half-integer circulation an analogous result
obtained in [Abatangelo and Felli 2017] for half-integer circulation.

The main tools in the proof of the above-described results are energy estimates on eigenfunctions
obtained by an Almgren-type monotonicity argument and blow-up analysis for scaled eigenfunctions;
such a strategy was first developed in [Abatangelo and Felli 2015; Noris et al. 2015] in the half-integer
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case and is essentially based on the description of the behavior of limit eigenfunctions at the pole through
the limit of the Almgren quotient, which is possible in both the cases of half-integer and non-half-integer
circulation. On the other hand, in the implementation of this procedure for the non-half-integer case,
two main points present deep differences from that of the half-integer case. First of all a reduction to
the Laplacian on the twofold covering manifold is no longer available and hence a new strategy has to
be developed to prove monotonicity-type formulas: this is the main goal of Section 2, where we derive
precise estimates for eigenfunctions on small circles which are needed to prove Lemma 3.1 (whose
analogue in the half-integer case can be directly proved using the reduction to the Laplacian on the
twofold covering manifold). The second crucial difference arises in the blow-up analysis, more precisely
in the construction of the limit profile, which cannot be as explicit as in the half-integer case. This exploits
vanishing on the special directions of nodal lines of limit eigenfunctions. In the non-half-integer case, a
nontrivial limit profile still exists (see Lemma 5.3) but its description is quite implicit: this is also the
reason why the estimate we obtain here in the non-half-integer case is less precise than the estimates of
[Abatangelo and Felli 2015; 2016] for half-integer «.

The paper is organized as follows. In Section 2 we perform a detailed description of the behavior of the
eigenfunction ¢, near the pole @, which is crucial in Section 3 to prove an Almgren-type monotonicity
formula and to derive local energy estimates for eigenfunctions uniformly with respect to the moving
pole. In Section 4 we obtain some upper and lower bounds for the difference Ao — A4 by exploiting the
Courant-Fischer minimax characterization of eigenvalues and testing the Rayleigh quotient with suitable
competitor functions. Section 5 contains a blow-up analysis for scaled eigenfunctions, which allows us to
prove Theorems 1.1 and 1.2. Finally, in Section 6 we prove Theorem 1.3.

Notation. We list below some notation used throughout the paper:

e For all ¥ > 0 and a € R? we denote by D,(a) = {x € R? : |x —a| < r} the disk of center a and
radius r.

e Forall r >0, we let D, = D,(0) and S! = 9D;.
e ds denotes the arc length on 0D, (a).
e For every complex number z € C, we denote by Z its complex conjugate.

e For z € C, we denote its real part by Pie z and its imaginary part by Jm z.

2. Local asymptotics of eigenfunctions

The aim of this section is to describe the local asymptotics of eigenfunctions, showing how the coefficients
of expansions depend on the pole. This goal is achieved by expanding the angular part of eigenfunctions
in Fourier series with respect to the orthonormal basis of L2((0, 2:), C) given by {e¥/! /</27} jez, see
(2-11), and then by estimating the Fourier coefficients (2-13) by means of Gronwall-type lemmas. These
estimates will be crucial to developing the monotonicity argument of Section 3, in particular to proving
Lemma 3.1 (whose analogue in the half-integer case is obtained in [Noris et al. 2015, Lemma 5.8] with
techniques which are not adaptable to the non-half-integer case).
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We recall from [Felli et al. 2011] the description of the asymptotics at the singularity of solutions
to elliptic equations with Aharonov—Bohm potentials. In the case of Aharonov—Bohm potentials with
circulation & € (0, 1)\ {%}, such asymptotics is described in terms of eigenvalues and eigenfunctions of
the following operator ‘H acting on 2w -periodic functions

Hy = —y" + 2iay’ + a2y,

It is easy to verify that the eigenvalues of # are {(a — j)? : j € Z}; each eigenvalue (o — j)? has
multiplicity 1 and the eigenspace associated is generated by the function e”// /v/27. Let us enumerate
the eigenvalues (o — j)? as {(@ — j)?:j € Z} = i j=12,...}ywith u; <pp <p3 <---,so that

pr = min{o?, (1—a)*} 2-1)
and py, = max{e?, (1 —a)?}.

Proposition 2.1 [Felli et al. 2011, Theorem 1.3]. Let Q C R? be a bounded open set containing b, A € R,
and u € Ho1 b (2, C) be a nontrivial weak solution to the problem

(V+Ap)*u=ru inQ;
ie.,
/Q(iV+Ab)u-(iV + Ap)vdx = k/gzuﬁdx forallv e Hol’b(Q,C).
Then there exists j € Z such that

r fD,(b)(Kiv + Ap)u(x)|? —k|u(x)|2) dx

rgn(; faD,(b)|”|2dS = loe=Jl: (2-2)
Furthermore, there exists B(b,u, L) # 0 such that
r1e=Ily (b + r(cost, sin)) — B(b, u, 1) e’ in C1%([0,27], C) (2-3)
NGz

asr — 0% forany t € (0, 1).

LetusfixneN, n>1. Foralla € Q, let ¢, € Hol’a(Q ,C)\ {0} be an eigenfunction of problem (E,)
associated to the eigenvalue A%, i.e., solving

Pl =0 on €2,
such that
| e ax =1 25)
Q

Since a € Q +> A% admits a continuous extension on § as proved in [Bonnaillie-Nogl et al. 2014,
Theorem 1.1], we have

Ay = sup A € (0, +00). (2-6)
ael
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Moreover, from (2-4), (2-5), and (1-3) it follows that
{99} 4eq is bounded in H'(Q,C), (2-7)

which, by (2-4) and classical elliptic regularity theory, implies that, for each w € Q \ {0}, there exists
Pw > 0 such that
{05 }la|<p,, is bounded in C?%(w,C) for every o € (0, 1). (2-8)

The following lemma provides a detailed description of the behavior of the Fourier coefficients of the
function ¢ — @ (a + r(cost,sint)) as a is close to 0.

Lemma 2.2. Forn > 1 fixed and a varying in 2, let ¢f € HO1 (R, C) \ {0} satisfy (2-4) and (2-5). For
all j €eZanda € Q2, let

vi(r) = @%(a +r(cost,sint))e " dt. (2-9)

1 2r
V21 /0
Then there exists py > 0 such that, for all a with |a| < py, the following properties hold:

(1) Forall j € Z, we have v]q(r) = O(r'*=71y as r — 0. In particular, for all j € Z and for all R > 0
such that {x € R? : |x —a| < R} C Q, the value
a R —j
o UR g RO s
J 7 Rle=il T 2ja—j| Jo R2la—=jl
is well-defined and independent of R.

)v]‘-l(s) ds (2-10)

(ii) Forall j € Z, we have | ,3;-’| < B for some B > 0 independent of j and a.
(iii) Forall j €7,
of () = r B+ Rpa(r) and (o) (r) = o — 1B r™ (1 + Rya(r)).
where |Rj 4(r)| + |§j,a (r)| < const 72 for some const > 0 independent of j and a.
(iv) @5 can be expanded as
1 ; .
(g +r(cost,sing)) = —— Y r® B4 £ R 4(r))e!
vnla+r( ) m}% Bi(1+ Rja(r)

with Rj 4(r) as in (iii), where the convergence of the above series is uniform on disks Dg(a) for
each R € (0, 1).

(v) Ifwe let v(t) = (cost,sint) and t(t) = (—sint,cost), then (iV + Ag)pq can be expanded as
(iV+ Ag)gs(a+ r(cost,sint))

1 —il—1 . ~ : ii

r > perleiT (i — j|(1+ Rja(r)v() + (@ — j)(1+ Rja(r)T(t))e!
n iz

with Rj 4(r), ﬁj,a () as in (iii), where the above series converges absolutely in L*(Dg(a), C) and

pointwise in Dg(a) for each R € (0, 1).
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Proof. The functions {e’/? //27} jez form an orthonormal basis of L2((0, 27), C). Hence, recalling that
we are assuming D, C Q, if |a| is sufficiently small, (p,‘,’ can be expanded as

@n(a+r(cost,sint)) = Z v“(r) in L?((0, 27), C) for all r € (0, 1], (2-11)

j€z

\/_

where vj‘? is defined in (2-9). Equation (1-14) implies that, for every j € Z,

(« 1)2

—()"(r) - (v”)()+ vf(r) = Aqvi(r) forallr € (0,1], (2-12)

or equivalently
—plemiI=t (12l lemilyayy' = j2u@ () forall r € (0, 1].

Integrating twice between r and 1, we obtain, for some ¢{ It eC,

e J
a |(x—j| a a S |a ]|+1 a |a ]| a Sla .]|+1
Uj (r)=r (Cl,j +)\n/r ﬁ (S)dS)+r (Czj—)\, Z m J(S)dS) (2-13)
for all r € (0, 1].
The convergence (2-3) in Proposition 2.1 implies that, for all a,

l%(a + r(cost,sinr))| = O(rVHY)

as r — 0T, with u; as in (2-1) (not necessarily uniformly with respect to a). Hence, for every a in a
sufficiently small neighborhood of 0, there exists a constant C(a) > 0 such that, for all j € Z,

v ()| < C(a)yr¥* ' forall r €0, 1]. (2-14)

We deduce that each function v}l is bounded near 0; hence (2-13) necessarily yields

1 gla—jl+1
a. —)\4 —V9(s) ds. 2-15
| =0 [ S ds @-15)
We can therefore rewrite
A4 1 . 24 (T .
vi(r) = pla=l i+t sTIeIF 14 () ds ) + —”r_la_”/ s 71194 (5) ds.
2] — | g 2o — jl 0 !

(2-16)
If /ity +2 > |a — j|, using (2-14) to estimate the right-hand side of (2-16) we obtain the improved
estimate |vJ‘.‘ (r)] < C(j,a)r'*=il. Otherwise, if V1 42 < |a— j|, we can use (2-14) to estimate the
right-hand side of (2-16) to obtain the improved estimate |vj‘.’ (r)| < C(j,a)rv#1+2 for some constant
C(j,a) > 0 depending on ¢ and j. By iterating the process m + 1 times, with m the largest natural
number such that /ity + 2m < |a — j|, we obtain |v;‘(r)| < C(j,a)rl®=Jl, possibly for a different
constant C(j,a). We deduce that the quantity ,8;.’ introduced in (2-10) is well-defined. The fact that ,BJ‘.’ is
independent of R is a direct consequence of (2-12) and (2-16). This proves statement (i).
Using the independence of ,BJ” with respect to R, we choose R =1 in (2-10) and r =1 in (2-16) and
obtain L4

1
o — sTlemi 1,4 6) ds, (2-17)
/ B 2le— 1 Jo !
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so that (2-16) can be rewritten as

| g le—jl+1 i rogla—jl+1
vi(r)y =r'®7J (,3‘-’ -\ / ———V}(5) ds) + AépTied / ——v¥(s) ds. (2-18)
! e 2a— 8 o 2le—jl
From (2-18) it follows that, for all » € (0, 1],
r ‘ A4 T . .
n_ [ sTlemilye(s)| ds4 2ol f s2le=ilg=le=il e (5)| ds
2]o—j| /0 ! 2|a—J| 0 /

r .
/0 s_|°‘_1||vj‘-l(s)| ds.

Hence the Gronwall lemma applied to the function r — ple=Jl |v;.’ (r)| yields that

Tt ()] <151+

<IB71+

= |

rle=ilye ()| < |Ble*n /=il < C|BY| forall r € (0,1]and j € Z, (2-19)

where C = e/ VI g independent of j, a, and r, with ;; and A, defined in (2-1) and (2-6) respectively.
From (2-13), (2-9), and (2-8) it follows that
< const

lefj ¢35l =il = @%(a+ (cost,sint))e™"" dt

Jirl

for some const > 0 independent of j and a; moreover, from (2-15) and (2-5) we deduce that

)\’a
le3 ;1 < — / shé(s)|ds < ——— lo?| dx < const
2T 20a—j o T 2le—j|V27 Jpi@ "

for some const > 0 independent of j and a. Hence

¢ ;1< C (2-20)
for some C > 0 independent of j and a.
Let K > 0 be such that AC 1
< —
2K 2

with C being as in (2-19) and A, being as in (2-6). Hence, from (2-6), (2-17), (2-19) and (2-20) it follows
that, if | — j| > K, then

A, C ~
1651 = (1- i 1B < et 1 < € @21)
Let us choose R € (0, 1) such that
A,,CR2 1
2./ 2'

From (2-10) and (2-19) it follows that, if o — j| < K,

—K|.a —le—jl| a a )‘Z Ro 1—|a—j| g Hle=]l a
Ry v (Ro)| = Ry ™ off (Ro)| = | = 57— | (s ~ ezl Ui () ds
0

A, C|B4 rRo
> |ﬂ;’|—% 25 ds
Iﬂ“I— 0Iﬁ‘ll > 11841,

J_
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Since, in view of (2-8), vj‘.’ (Rp) is bounded uniformly with respect to a and j, we conclude that, for all j
such that @ — j| < K, | ,3]‘-1 | is bounded uniformly with respect to @ and j. This, together with (2-21),
yields (ii).

From (2-18) and (2-19) it follows that

vi(r) =r®71e(1 + R; 4(r)), (2-22)

where |R; 4(r)| < const 12 for some const > 0 independent of j and a, thus proving the first estimate in
(iii). Differentiating (2-18) and using the above estimate (2-22), we easily obtain

W9 (r) = la— j1B4r'* /1711 + R; o (1)),

where |§ j.a(r)| < const r2 for some const > 0 independent of j and a. Hence the proof of (iii) is
complete.
From (2-11) and (iii) we have that the series
1 . .
=3B (1 4 R ()
r r))e
J Ja
n ez
converges in L2((0,27), C) to p%(a + r(cost,sint)) for all r € (0, 1]. In view of the estimates obtained
in (ii)-(ii1), the Weierstrass M-test ensures that the series is uniformly convergent in Dg(a) for every
R € (0, 1), thus proving (iv).
Let fj“ (a +r(cost,sint)) = v;‘ (r)e’/? /27, Since

V A a : — (A : U;I(V) eijt
iV + a)fj (a+r(cost,sint)) = (z(vj) )+ (a@—7) p r(t)) N

the above estimates also imply that, for every R € (0, 1), the series of functions »_ iV + Ag) fj” is
convergent absolutely in L?(Dg(a), C) and pointwise in Dg(a) to (i V + Aq)pf for every R € (0, 1).
Hence (v) follows from (iii). O

Corollary 2.3. Under the same assumptions and with the same notation as in Lemma 2.2, let R € (0, 1).
Then, forallr € (0, R) and t € [0, 27],

@2(a+r(cost,sint)) = le_ﬂ(r“ﬂg +r17%B91) £ Ry(r, 1), (2-23)
(iV+ Ag)ep(a+r(cost,sint)) = \/lz_nr“_lﬁgoe(iv(t) + (1))

+ rTYBY(1—a)(iv(t) —T(t))e'! +Ra(r, 1), (2-24)

Vo

where |Ra(r,1)| < const r ' tVE1 and |R4(r, )| < const r VA1 for some const > 0 independent of a, r, 1.

Proof. From part (iv) of Lemma 2.2 we have
1

m(ﬁ(‘)’r“ + B9r1%!) £ Ry(r,t), 1 e(0,1), t €[0,27],

@n(a+r(cost,sint)) =
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where
1 . 1 . ..
Ra(r.1) = ——=(B&r* Ro.a(r) + B{r' ™ Ry a(r)e') + —= Y parl*=II(1 + R 4(r))e".
N2 N2 ez
le—j|>1

Let us fix R € (0, 1). Estimates (ii)—(iii) of Lemma 2.2 imply that, for some const > 0 independent of
a,r,t (possibly varying from line to line),

|Ra(r,t)| < const(r"”r2 4pla Z rla—jl) < const 71 TVAT

jez
lo—jl=1+ /i1
for all r € (0, R), thus proving (2-23).
From part (v) of Lemma 2.2 we have

(iV+Ag)e, (a+r(cost,sint)) = %ﬂgr“_l(iv(t)+r(l))+%ﬂ‘fr‘“(iv(l)—r(t))e”+7§a(r, 1),
where
Ralr 1) = \/%ﬁgra—l (z' ﬁoga(r)v(t) + Ro,a(r)r(t)) + %ﬂ?r_a(iﬁl,a(”)”([) — nga(r)r(t))eit

+ = X A a0+ R = D+ R D)

lo—j|>1

From Lemma 2.2(ii)—(iii) we have that, for all € (0, R),

|Ra(r,t)| < const(r"‘Jrl 2o Z |oz—j|r°‘_j|_1) < const VAT
jez
la—j =1+ /2T

for some const > 0 independent of a, r, ¢ (possibly varying from line to line), thus proving (2-24). O

We now describe some consequences of Lemma 2.2 and Corollary 2.3, which will be needed in
Section 3 to prove a monotonicity-type formula.

Lemma 2.4. Under the same assumptions and with the same notation as in Lemma 2.2, we have

L / (iv+Aa)<pg-u(iv+Aa)<pg-xds}
0D¢(a)

V[ 16V Angavds|+
D¢ (a)
< 20(1 - a)lal B2 1641

lim
e—>0t { 2

Proof. Let R € (0, 1) be fixed. From (2-24) we have that, for all r € (0, R),
(1-w)?

2
‘(iV + Aa)gn(a+ r(cost,rsin t))‘2 = rz(“_l)|,38|2a— + i’_z"‘l,ﬁ‘lll2 + 7A€a(r, 1),
b4
where |7§a (r,1)| < const r2v#1~1 for some const > 0 independent of a, r, ¢. It follows that

lim iV + Ag)g2|*x -vds = 0.
e—=>01 JoD,(a)
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Moreover, from (2-24) we have

(iV+ Ag)pn(a+e(cost,sint)) - v(t)(iV + Ag)pd(a + e(cost, sint)) - (a + ev (1))

2D o)+ i 0)-a+ e P () i) -
2 2
+ 2s—lme(ﬁgﬁ";e—”—“(; ) (wi) i) -a) + O(EVEY

2

as € — 07, and hence, taking into account that fozn a-v(t)dt= [, a-t(t)dt =0, we obtain

lim (iV + Ag)@a - v(iV + Ag)pa - x ds = 2a(1 —a)Re(BI B%(a) —iay)),
e—=>01 JoD,(a)
from which the conclusion follows. O
Lemma 2.5. For n > 1 fixed and a varying in 2, let ¢5; € Ho1 (R, C) \ {0} satisfy (2-4) and (2-5). Let
us assume that ¢ — @9 in L>(Q, C) as a — 0 (or respectively along a sequence ay — 0). Let k € Z be
such that | — k| is the order of vanishing of g2 at 0. Forall j € Z and a € Q, let vJ‘.l be as in (2-9) and
ﬂ;-’ be as in (2-10). Then there exists pg > 0 such that, for all a with |a| < pg (respectively for a = ay
with £ sufficiently large), the following properties hold.:
(1) Forall j € Z, we have ,3]“ — ﬂjo as a — 0 (respectively along the sequence ay — 0).

(i) It holds that

2w
/ |<o::<a+r(cosz,sinr)>|2dz=( ) rz'“—f'|ﬂ;’|2|1+R,~,a(r)|2)+r2'°‘—k'|ﬂz|2<1+Ra(r)),
0 jez

le—jl<la—k|

where |ﬁa (r)| < h(r) for some function h(r) independent of a such that h(r) — 0 as r — 0T, and

1 ; . 1 )
(p,‘;(a—i-r(cost,sint)):ﬁ( Z r'“_flﬂj‘-‘(l—i-Rj,a(r))e”’)+Er'“_k|ﬂ,‘§(e’kt+Ra(r,z)),
jez

loe—j|<lo—k|

where |R;j 4(r)| < const 12 for some const > 0 independent of j and a, and |Rq(r,1)| < f(r) for
some function f(r) independent of a and t such that f(r) — 0asr — 0%,

(iii) Let v(¢) = (cost,sint) and T(t) = (—sint, cost). It holds that
2w ’
/ ‘(iV + Ag)@y (@ + r(cost,sin t))! dt
0
- ( S 2892 g R4 R () 1+ ﬁj,amﬁ))

Jjez ~
joe—j | <le—k| +r2eKIZ21 8012 10— K 2(1 4 Ra(r)),
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where |§a ()| < p(r) for some function p(r) independent of a such that p(r) — 0 as r — 07, and

(iV+Agz)p5(a+r(cost,sint)) = \/% Z rla_jl_l,B}l(i|a—j|v(t)+(oz—j)r(l)+Rj,a(r))eijt
T jez

loe—j|<lee—k|

\/%_ﬂrm—m—lﬁg((,- o —k[v(t) + (@ — k)T (0))e'*" + Ro(r, 1)),

where |R; 4(r,t)| < const 2 for some positive constant const > 0 independent of j and a and
|R,(r,1)| < g(r) for some function g(r) independent of a and t such that g(r) — 0 as r — 0.

+

Proof. In order to prove statement (i), we notice that (2-10) evaluated at R = 1 provides

A
20— j|

1
BY = ve(1) + / (s'led T gtHle=ilyyd(s) ds. (2-25)
0

From Lemma 2.2(ii)—(iii) it follows that, for |a| < po with pg > 0 sufficiently small,
[vf (r)] < C'rle=7l forallr € (0,1]and j €Z (2-26)

for some constant C’ > 0 independent of j, a, and r. Moreover, (2-4), (2-5), the convergence ¢ — (p,? in
L?(2, C), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983, Theorem 8.10], imply

vy — <p3 in H(Q,C) and Clgc(Q \ {0},C) asa— 0 (or along the sequence a; — 0).  (2-27)
From (2-25)—(2-27), and the dominated convergence theorem we obtain that, for all j € Z,

0 1
lim g7 = v (1) + %[o (s' il g1+l 0(s) ds = Y,
thus proving (i).

If k € Z is such that |@ — k| is the order of vanishing of ¢? at 0, from Lemma 2.2(iii) it follows that
;32 # 0 and ﬂj(.’ = 0 for all j € Z such that |& — j| < |@ — k|; in particular, in view of (i), we have
limg—0 B% # 0 and hence inf, <y, [B| > 0 for po sufficiently small. Then, from Lemma 2.2(iv) and the
Parseval identity we deduce that

2w
/0 92 (a+r(cost, sint) de = 3 129 BI2 11 R o ()2
jez

=( > rZ'“"'Iﬂ,"Iz|1+R,~,a(r)|2)+r2'“—kl|/3g|2(1+ﬁa(r)),
jez
lo—jl<|la—k|
with
%) 2 |ﬂf|2 2a—j|—2|a—k| 2
Ra(r) = |Ria(r)]* + 2Re(Rica(r)) + > T 11+ Rja(r)]
j€zZ k

le—j|>le—k|
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so that the first estimate in (ii) follows from Lemma 2.2(ii)—(iii). From Lemma 2.2(iii) we also deduce

that

1 . N 1 B .
\/T_]T Z V|Ot ]|'3;1(1 + Rj,a(l"))el]t — EHQ k|IBZ(elkt 4 Ra(}’, t)),
jez

la—jl=la—k|

where |R,(r,1)| < f(r) for some function f(r) independent of a and ¢ such that f(r) — 0 as r — 0.
Then the second estimate in (ii) follows from Lemma 2.2(iv).
From Lemma 2.2 (v) and the Parseval identity we deduce that

2
. . 2 —jl= . ~
/0 |1V +Aa)gi(a+r(cost,sind)|" dr =" r2* 1721812 |a— j 12 (|14 R o(r) > +]1+ R} a(r)]?)
Jjez

so that the first estimate in (iii) follows from Lemma 2.2(ii)—(iii) arguing as above. In a similar way, the
second estimate in (iii) follows from statements (iii) and (v) of Lemma 2.2. O

Remark 2.6. In the particular case n = ngy with ng such that (1-5) holds, the above lemma applies to the
family of eigenfunctions ¢, = <pgo satisfying (1-14) and (1-15). Indeed, in this case (1-16) holds; i.e., the
eigenfunctions ¢, converge as a — 07 so that the assumptions of Lemma 2.5 are fulfilled. In particular
we deduce that, if ¢ satisfies (1-7)—(1-9) and if ¢, is as in (1-14)—(1-15), then, for a sufficiently close
to 0, the vanishing order of ¢, is less than or equal to the vanishing order of ¢y.

Lemma 2.7. For n > 1 fixed and a varying in Q \ {0}, let o7 € Hol’a(Q, C) \ {0} satisfy (2-4) and (2-5).
Then there exist ¢ > 0 and C > 0 such that, for all R > 1 and a € Q such that 0 < |a| < o/ R,

1

L P dx < C [ 162 1? ds.
|| D(r+1)|a|(@\DR|a (@)

0D Rq|(a)

GV + Aa)gl ] dx <

< |02 ds.
R2la| JaDgu@

/D<R+1>a|(a)\DR|a(a)

Proof. Let us prove the first estimate arguing by contradiction: assume that there exist sequences Ry, > 1
and a; € Q such that Ry|ag| < 1/£ and

1
— lp2e|? dx > € o2 |2 ds. (2-28)

|ag| D(ry+nlagi(@e)\DRylay(ac) IDRylagl(@e)

It is easy to verify that, up to extracting a subsequence, ¢y* — @2 in L?(Q,C) as £ — oo for some
@) € HOI’O(Q,C) \ {0} satisfying

(iV+ Ao) ey = Aypp inQ,
@0 =0 on <2, (2-29)
Jo led(x)|?dx = 1.
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Let k € Z be such that |o — k| is the order of vanishing of ¢? at 0. Then, from Lemma 2.5 (first estimate
in (ii)) it follows that, for £ sufficiently large,
1 1 (Re+Dlael

2
— 74 ¢ dx r([ |t (ag+r(cost,sint))] dt) dr
0

|| D(ry+nlagi(@e)\DRrylay(ac) |a£| Rylae|
2 (Re+1)lag]

< — r( > r2|“—f||ﬁ]‘.‘f|2)dr

lael JRelay| I
lo—j[<|la—k|

<comst Y (Rglag)'*eIlgee)?
Jjez
loe— 1|<|oe k|

for some positive constant const > 0 independent of £, while
2
/ 02 ds = Relae] [ | (@x + Relaelicos.sine))|
0D Rylay(ar)

_ Relay|
-2

D (Relag)?7Ngie 1, (2-30)
Jjez
lo—jl<le—k|

thus contradicting (2-28) as £ — oco.
To prove the second estimate, let us assume by contradiction that there exist sequences Ry > 1 and
ay € Q such that Rylay| < 1/£ and

iV + Ag,)ep* 1> dx > 7 | ds. (2-31)

2
L(R[-Fl)agl(al)\DRglagl(al) Re|a€| 0DR,lay(ar)

As above we have that, up to extracting a subsequence, ¢;‘ — (p,? in L2(Q,C) as £ — oo for some

(p,? € H(: ’O(Q, C) \ {0} satisfying (2-29). Then, from Lemma 2.5 (first estimate in (iii)) it follows that, for
£ sufficiently large and for some positive constant const > 0 independent of £,

/ 69+ A )5 dx
Dry+1)lag1(@e)\DRyjayi(ac)

(Re+1)|ag| 2
= f r (/ |(iV 4 Ag, )2 (ag + r(cost,sint))|? dt) dr
0

Rylag|

(Re+1)]ag| )
:/ r( > r2|“—1|—2|ﬂ;’€|2|a—j|2(2+o(1)))dr
Relael jez
loe—j|<la—k|

2 2]ae—j|—2 2 2 2
< 3a—k (% e |ﬁ,‘-‘€|) S (Relagh?e g2 P,
Relag| j€z jez
lo—j|=<|e—k| |05 J1=la—k|

which, in view of (2-30), contradicts (2-31) as £ — oo. O
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Remark 2.8. Arguing as in Lemma 2.7, we can also prove the following similar estimate (possibly taking
a smaller o and a larger C if necessary): for all R > 1 and a € Q2 such that 0 < |a| <o/R

1

|a] JD(g 4 1)1a1@\Drial @)

GV + Aa)gy |* dx <
" R?|al D (R4 1)lal(@)

vipax=c [ 10212 ds,
0D(R+1)lal(@)

i | ds.

/D(R+l)|a| (@\DRja|(a)

Lemma 2.9. Forn > 1 fixed, let 97 be a solution to (2-4)—(2-5). Let o > 0 and C > 0 be as in Lemma 2.7
and Remark 2.8. Then, for all R > 2 and a € Q such that 0 < |a| < /R,

1+6C
[ teras- [ a0 [ g
dDR|a|(0) 0D R|a|(a) - 0D R|a|(a)
Proof. We note that

[ |<p::|2ds—/ |<o::|2ds=/ |<o::|29-ods—/ 68125 (=D)ds.  (2-32)
0D R4 (0) 0D R|q|(a) ace a

1.R L5 R

=

where
L] g = DRja|(0) \ DRig)(@), L35 g = DRrja)(@) \ DRja|(0),

and

B(x) = {x/|x| on 0D g|4((0), 5(x) = {x/lxl on 0D g|4((0),

—(x—a)/|x—a| ondDgy(a), (x—a)/|x —a| on dDg(a).

We note that ¥ is the outer unit normal vector on 85‘1‘ g and —V is the outer unit normal vector on 8[,‘21 R
By setting vy (x) = x/|x|, we can rewrite the right-hand side of (2-32) as

|, lPe—vvdst [ jsPursds [ tPa-v-ds= [ lgiPueods

‘CI,R a'Cl,R aLZ,R aLZ,R
= [ wpeods— [ It 0 ds
Ly g L5 R
+/ |g0,‘1’|2(17—v1)~ﬁds+/ |g03|2(13—v1)-\3ds. (2-33)
0D Rq((0) 0D Rqi(a)

We observe that

0 on 0D g|4((0),

() = v1 () - D(x) = {—1 +x-(x—a)/(|x||x —al) on dDg(a).

Moreover, since v; is smooth in Z‘I’ rY 2‘2’ g» We can apply the divergence theorem to the first two terms
in the right-hand side of (2-33), thus rewriting the right-hand side of (2-32) as

_/ |(pg|2(1_w) ds—i—/
9D Ral(a) |x[|x —al c

av(lggPondx— [ divllgPodx. @34

a
1.R £2,R
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Estimate of the first term in (2-34). Parametrizing dDg|,((a) as x = a + Rla|(cost,sint) and writing
a = |a|(cos 8,4, sin 6,) for some angle 6, € [0, 277), we get

. R +cos(t —6,)

1
B ’ " (R2+2Rcos(t — ) + 1)1/2

x-(x—a) -
~“ R-1

|x[[x —al

on dDR|q|(a). Therefore,

(x — 1
‘—/ Iw,‘,’lz(l - M) ds‘ <— lp2|? ds. (2-35)
0D Rq((a) |x| |.X _a| R—1 0D R|q)(a)

Estimate of the second term in (2-34). The second term in (2-34) splits into two parts:

a|2
/ diV(|(pg|2v1)dx=f | dx—l—/ 2Re(i @i (iV + Ag)pd -vy) dx.
a a L:

L"l,R ’CI.R |x| Cll.R

Since DRgjq|(0) C D(gy1)ja|(@), we have L p € D(r41)ja|(@) \ DRjq)(@). Let o > 0 and C > 0 be as
in Lemma 2.7 and Remark 2.8. Hence by Lemma 2.7 we have that, for all R > 1 and a € Q2 such that
0<lal <o/R,

a|2
L | x|

a
1.R

< / o>
D(R+1)lal(@\DR|a|(@) | x|
|

<
(R - 1)|a| D(r+1)jal(@\DRial(@)

dx

C
o212 dx < —— o2 1% ds
" R=1Jopgia@
and

/ 2Re(igy (iV + Ag)ed -vq) dx
c

1R
1/2 1/2
<o i) ([ 09+ Aa)g 2 d)
D(R+1)|al(@\DR|a(@) D(R+1)lal(@\DRja)(a@)

2C
E -
R J3aDgi(a)

@i | ds.

Therefore,
3C
< 2% ds (2-36)

‘[ div(lggPon) dx| < =
L R — L JODRq (@)

for all R > 1 and a €  such that 0 < |a| <o/R.

Estimate of the third term in (2-34). The estimate of the third term can be derived in a similar way,
observing that, since DRg4|(0) D D(r—1)q|(@), we have L] o € Dgjq(@) \ D(r—1)|a|(@), and using
Remark 2.8 to obtain

3C [ ,
=< lp2|= ds (2-37)
R-2 0D Rq|(a) "

for all R > 2 and a € Q such that 0 < |a| < o/ R (by possibly changing C and o).
Therefore combining (2-35)—(2-37) we complete the proof. O

‘/ div(lgg 2v1) dx
L5 R
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3. Monotonicity formula

The aim of this section is to introduce an Almgren-type frequency function and to use it to obtain local
estimates of the eigenfunctions in a neighborhood of order |a| of the singularity. In particular, we shall
prove that a suitable family of blow-up of the eigenfunctions ¢, is bounded in the magnetic Sobolev
space (see Remark 3.8 ahead).

3A. Almgren-type frequency function. Arguing as in [Abatangelo and Felli 2015, Lemma 3.1], one can
easily prove the Poincaré-type inequality

1 |u|2dx51/ |u|2ds+/ GV + Ag)u|? dx, 3-1)
r< Jp, I Jap, D,

which holds for every r > 0, a € D,, and u € H%(D,, C). Furthermore, defining, for every b € Dy,

' Jp, |GV + Ap)v|* dx
my 1= inf 3 ;
veH'P(D;,0) Jop, IvI*ds

UE=10)

we have that the infimum 1, is attained and mj > 0. Arguing as in [Abatangelo and Felli 2015], we can
prove that b = my, is continuous in D and that mo = ,/ft1, with 1 as in (2-1). Therefore a standard
dilation argument yields that, for any § € (0, ,/ft1 ), there exists some sufficiently large Y5 > 1 such that,
for every r > 0 and a € D, such that |a|/r < 1/,

JH1—6
L[ \u|? ds 5/ GV + Ag)ul? dx forall u € H4(D,,C). (3-2)
r oD, D,
ForAeR, beR2, ue H"*(D,,C) and r > ||, we define the Almgren-type frequency function as
E(u,r, A, Ap)
s by )"’ A =, ~
N(u r b) H(u, r)

where

E(u,r, A, Ap) = / [|GV + Ap)u|* —A|ul*]dx and H(u,r)= %f lu|? ds.
r aI)r

Forall 1 <n <nganda € 2, let ¢/ € HO1 (2, )\ {0} be an eigenfunction of problem (E,) associated
to the eigenvalue A%, i.e., solving (2-4), such that

/ lp2(x)|>dx =1 and / oy ()@ (x)dx =0 ifn#L. (3-3)
Q Q

For n = ny, we choose
9030 = a;,
with ¢, as in (1-14)—(1-15). Let
A= sup A% € (0,+00).

acQ
1=<n=<ng

We recall that A is finite in view of the continuity result of the eigenvalue function a — A% in Q proved
in [Bonnaillie-Noél et al. 2014, Theorem 1.1].
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Arguing as in [Abatangelo and Felli 2015, Lemma 5.2], we can prove that there exists
0< Ro< (A(1+2/ /7))~ /2
such that Dg, C Q and, if |a| < Ry,
H(py,r)>0 forallr € (lal, Ro) and 1 <n < ny. (3-4)
Furthermore, for every r € (0, Rp] there exist C, > 0 and «;, € (0, r) such that
H(py,r)>C, forall a with |a| <a, and | <n <n,. (3-5)

Thanks to (3-4), the function r — N (@7, r, A%, A,) is well-defined in (|a|, Ro). By direct calculations,
see [Noris et al. 2015] for details, we can prove that

d 2
EH(w,‘;,r) = ;E(w,‘,‘,r, AaL Ag), (3-6)
d
d—E(wf,‘,r, Ao, Aq) =2/ I(iV+Aa)<p,?-v|2ds—g(M,f+KZ/ Iw,‘ilde) (3-7)
¥ 0D, r D,

where

MJ = lim / (Re((V + Aa)pp - v(iV + Ag)pd - x) — % (iV+ Ag)p?>x - v) ds. (3-8)
e—>0% JID,(a)

Lemma 2.9, together with Lemmas 2.2 and 2.4, allow us to give an estimate of the quantity M, defined

in (3-8). We notice that the techniques used in [Abatangelo and Felli 2015; Noris et al. 2015] to estimate

the term M, for o = % were based on the possibility of rewriting the problem as a Laplace equation on

the twofold covering; hence it is not possible here to extend such proofs to the case « ¢ Z/2 and a new

strategy of proof is needed.

Lemma 3.1. Forn € {l,...,no} and a € Q, let 5 be a solution of (2-4) satisfying (3-3). There exist
oo > 0 and co > 2 such that, for every 1 <n <ng, R > co and a € Q such that |a| < o9/ R, the
quantity M defined in (3-8) satisfies
| M2 - 200(1 — )
H(gg, Rlal) = R—co
Proof. Letus fixn € {1,2,...,n¢} and define, for |a| small and r € (0, 1],

~ 1
Agin=y [ ks
r(a

From the Parseval identity and Lemma 2.2(iv) it follows that there exists o, > 0 such that, for every
R > 2 and a € 2 such that |a| < 0,/R,

2
~ . 2 —j 2
H(¢3,R|a|)=f0 | @@+ Rlal(cost,sint)|*dt = > "(Rla])**/1|¢12|1 + R; 4(R|al)]
jez

2 _ 2
> (Rla])®|B&I1* |1+ Roq(Rlal)|” + (Rla])* |84 |1 + Ry 4(Rlal)|

> 1(1812(Rla)® + |82 (R]a])2(1—9), (3-9)



1762 LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

where the ,B;-"s are the coefficients defined in (2-10) for the eigenfunction ¢ (with n fixed). From the
elementary inequality ab < %(a2 + b?), it follows that

18511 lal = %IﬁSI(RIaI)“ BT I(Rla)! ™ < ﬁ(lﬂﬁlz(Rlal)Z“ + B (Rla)*=®).  (3-10)

Combining (3-9) and (3-10) we obtain

a a a 1
Wollpyllal 1 (3-11)
H(pd, Rla]) R
Moreover, Lemma 2.4 implies
M| <2a(1 —a)|BglI1BS]al. (3-12)

Lemma 2.9 provides some constant ¢, (independent of @ and R) such that, for a possibly smaller o, and
for all R > 2 and a € Q such that 0 < |a| < 0,/R,

~ C ~
|H(¢Z. Rlal) — H(gg, Rla])| < ”2H(¢,‘1,Rlal). (3-13)

R—
Therefore, by combining (3-11)—(3-13), we obtain

a _ a _ 7 a —1 _ —
| M <205(1 a)(1+H((pn,R|a|) H((pn,R|a|)) S20((1 a) 1 - 20(1 — )

H(pg, Rla)) — R H (2, Rla)) R 11— " R—(Q2+cn)
for all R > ¢, +2 and a € Q such that 0 < |a| < 0,/ R.
The conclusion then follows by repeating the argument for all n € {1,2,...,n¢} and choosing
op=min{o, : 1 <n=<ne} and co=max{2+c,:1=<n=<np}. O

Lemma 3.2. For § € (0, ./it1/2), let Y5 be such that (3-2) holds. Let Ry be as above, rog < Ry and
ne{l,....no}. If Ysla| <ry <ry <roand ¢? is a solution to (2-4) satisfying (3-3), then

2 -6
H(pd,rp) o o ACH Vi rg(”_Z) (Vr1—=98)
H(pg,r1) — r

Proof. Combining (3-1) with (3-2) we obtain that, for every Ts|a| <r < rg,

1 a2 1 / s 2
— dx < {1+ —— V+ Aa)pa|” d
5 [ s (14 o) [ 169+ o ax
2
< 1+—)/ IV 4 Aa)¢?)? dx.
( v M1 D, @
From above, (3-6) and (3-2), we have that, for every Yg|a| <r < rg,

d 2 2
—H(pg.r)= = 1=Ar* 14+ — / 'V + Al P d
nz(1=ar (14 —2)) [ 10+ dogil ax

(1 _ Ar2(1 + J%))wm 8 (gl r).

>

RS
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so that, in view of (3-4),
d 2
T log H(gfi.r) = (Vi =8) = 2Ar(2 + V).
Integrating between r; and r, we obtain the desired inequality. O
Lemma 3.3. Forn € {1,...,no} and a € Q, let 97 be a solution of (2-4) satisfying (3-3). Let R¢ be
as above, oy and c¢o > 0 be as in Lemma 3.1 and let ro < min{ Ry, 0¢}. For § € (0, /i11/2), let Y5 > 1

be such that (3-2) holds. Then, there exists c,, 5 > 0 such that for all R > max{Ys,co}, |a| <ro/R,
Rla|<r <rgandn ef{l,..., no},

AT A=A (N (g8, 1,28, Ag) + 1) < A8 =MD (N (g8 1o, 18, Ag) + 1) + —RC"”‘SC .

svpo
— 00

Proof. By direct calculations, using the expressions for the derivatives of the functions H(¢j,r) and
E(py,r, AL, Ag) written in (3-6) and (3-7) and the Cauchy—Schwarz inequality, we obtain

2|M2| 2).8

%N(wz,n M Aa) Z S T i, 19 (3-14)
By Lemmas 3.2 and 3.1 the first term can be estimated as
M Mg H(gg. Rla)
rH(gg.r)  rH(gg, Rlal)  H(gg,r)
- ‘—4();1__(:_)61\(2*“)’5 (Rla))> (VA= ~2(/E=0)-1 (3-15)
for all R > max{Ys,co}, |a| <ro/R, Rla]| <r <rgandne{l,..., np}.

For the second term, the Poincaré inequality (3-1) leads to

l—Al’g a2 a a a
}"2 |§0n| dXSE(QDn,V,)\n,Aa)-i-H(QDn,V)

r

for r < ro, which implies
2rig
r2H(eg.r) Jp,

for r < ry. Using (3-15) and (3-16) we can estimate the right-hand side of (3-14) thus obtaining

2Ar
2
1 —Aro

lp2 > dx > — N (@2, 1, A2, Ag) + 1) (3-16)

d
AU (N (g 10 Aa) + 1)

> _wef\’g/(l—f\rg)el\@-h/m)rg(R|a|)2(JlT1—8)r—2(M—8)—1
—¢o

for all Rla| <r < rg with R > max{Ts,co}. Integrating between r and ry and using the fact that
R|a| < r < rg, we obtain the statement with

_ 2a(l —Ol)eA(2+¢mr§+Ar§/(1—A’3). =

Cro,8 = —YF7/— o
ro /—Ml_(s
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Lemma 3.4. Let ¢, be a solution of (1-14)—~(1-15) and let k be as in (1-8). For every § € (0, /it1/2),
there exist rs € (0, Rg) and Kg > Y such that if R > Kg, |a| <rs/R and Rla| <r <rg, then

N (@a. 1, has Ag) < |a—k|+ 6.
Proof. From (1-16)—(1-17) it follows that, for every r < Ry,
lim N(goth r, )‘av Aa) = N(¢07 r, )"0’ AO)
a—0
Moreover, from [Felli et al. 2011, Theorem 1.3] we know that, under assumption (1-9),

r—0t

Then, the proof is a direct consequence of Lemma 3.3; see [Noris et al. 2015, Lemma 7.2; Abatangelo
and Felli 2015, Lemma 5.7; Abatangelo et al. 2017, Lemma 5.7] for details. O

3B. Local energy estimates.

Corollary 3.5. For § € (0, \/it1/2) let rs, Ks be as in Lemma 3.4 and o,z be as in (3-5). Then there
exists Cs > 0 such that

2(je—k|+8) s
H(¢a, R|a]) < H(ga. K5|a|)(?8) forall R> Ky and |a| < —. (3-17)
H(ga, Ksla) = Cylalei+ foraitial <min{ e} 19
)
H(¢a, Ksla|) = O(|a|*VH1—9) asa— 0. (3-19)

Proof. From (3-6), the definition of NV, and Lemma 3.4 we have

1 d 5
Hgar dr 1 War) = 7N @ar has Aa)

2
<—(Ja—k|+68) forall Kgla| <r <rs with |a| < ’s
r Ks
so that estimate (3-17) follows by integration over [Ks|a|, R|a|] and estimate (3-18) from integration over

[Ksl|al, rs] and (3-5). Finally (3-19) is a direct consequence of Lemma 3.2. |

Lemma 3.6. Forne{l,...,ng}and a € 2, let gz)n be a solution to (2-4) satisfying (3-3). Let Ro > 0 be
as in (3-4). For every § € (0 JH1/2), there exist K5 > 1 and C,g > 0 such that, for all R > Kg, ae
with Rla| < Rg,andn € {1,...,np},

[ 169+ daegl? dx = Ey(Riap D, (3-20)
DRia
/ D p2? ds < Cs(R|al)>VH1I=)F1, (3-21)
Rlal

/ |p2|? dx < Cs(Ra|)>WH1=9+2, (3-22)
DRja
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Proof. By Lemma 3.2 (choosing r; = R|a| and r, = Ry) and the definition of H it follows that
Rlal 2(/mu1—-96)
—) (3-23)

/ ¢ |? ds = Rla|H(gy, Rla|) < Rla|H (g}, Ro)é’A(HM)Rg(
0DR|al| RO

Moreover, from (2-7) and continuous trace embeddings we have H(¢2, Ro) = (1/Ro) [, Dr, lp4|2 ds is
bounded uniformly with respect to a. Hence estimate (3-23) implies (3-21).

From Lemma 3.3 it follows that the frequency N is bounded in r = R|a| provided R is sufficiently
large; hence E(¢5, Rla|, A%, Ag) is uniformly estimated by H (¢, R|a|), so that (3-21) and (3-1)—(3-2)
yield (3-20). Estimate (3-22) can be proved combining (3-20)—(3-21) with the Poincaré inequality (3-1).
We refer to [Abatangelo and Felli 2015, Lemma 5.8] for more details in a related problem. O

Lemma 3.7. ForacQ let ¢, € HO1 “4(Q, C) be a solution of (1-14)—(1-15). For some fixed § € (0, \/ji1/2),
let Kg > Yg be as in Lemma 3.4. Then, for every R > Kg,

f GV + Aa)gal® dx = O(H(ga Kslal))  as |a] — 07, (3-24)
DRjq
/ ¢al? ds = O(la| H(ga, Kslal))  as |a — 0%, (3-25)
aDRlal
/D \gal? dx = O(lal* H(ga. Kslal)) as |a] - 0*. (3-26)
Rlal

Proof. The proof follows from the boundedness of the frequency N (¢q, R|a|, Ag, Ag) established in
Lemma 3.4 and by its scaling properties. For é € (0, ./u1/2) fixed, let K5 > Y5 and rg be as in Lemma 3.4;

hence
'[DRIa\ iV + Aa)(Pal2 dx —Aq fDle |‘pa|2 dx

H(ga, Rlal)
<|la—k|+6 forall R> K5 and |a| < %

N(¢a, Rl|a|, ha, Ag) =

Then, by (3-1) and (3-2) it follows that

2
(1—Ar§(1+ ))[ |(iV+Aa)<pa|2dx§/ |(iV+Aa)goa|2dx—ka/ |@al|? dx
vV H1 DRia| DRja| DRja|
< H(a, Rla|)(Ja — k| + 6).

Then (3-24) follows from (3-17). Estimates (3-25) and (3-26) follow from (3-24) and the Poincaré-type
inequalities (3-1) and (3-2). O

Remark 3.8. Let us consider the blow-up family

@a(la|x)
VH(ga. Kslal)
with K5 > Y as in Lemma 3.4 for some fixed § € (0, \/it1/2). By Lemma 3.7 it follows that, for every
p €S! fixed, rs > 0 as in Lemma 3.4, and R > K, the blow-up family {¢, : a = |a|p, R|a| < rg} is
bounded in H'-?(Dg, C).

Pa(x) = (3-27)
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4. Estimateon Ao — A,

The aim of this section is to obtain a bound (both from above and from below) of the eigenvalue variation
Aq — Ao. These bounds are obtained by considering suitable competitor functions and by plugging them
into the Courant—Fischer characterization of A, and A:

iV4Ag)u)*dx
Ag =minq max fQ I a)u] : F is a linear subspace of Hol’a(Q,(D), dmF =ng ¢, (4-1)
ueF\{0} Jo lul?dx
V+Ao)u|®d
Ao =min4g max fQ G oJul”dx : F is a linear subspace of HOI’O(Q,CD), dimF=ng¢. (4-2)
ueF\{0} Jo lul?dx

In Section 4A we construct the competitor function for A,. This function is obtained by modifying (p,(l’
in a small neighborhood of a. Since the asymptotics of ¢? is exactly known, this allows us to obtain,
in Section 4B, a sharp bound from below of Ay — A,. The competitor function for A¢ is constructed in
Section 4C, by modifying locally ¢f. The energy estimates obtained in Section 3 allow us to obtain a
preliminary estimate from above of Ao — A, in terms of the quantity H(¢q, Kgl|a|).

Before proceeding, we find it useful to recall the following technical result, which is proved in
[Abatangelo and Felli 2015, Lemma 6.1] and concerns the maximum of quadratic forms depending on
the pole a — 0.

Lemma 4.1. For every a € €2, let us consider a quadratic form

no
Q4 :C" >R, Qu(z1.22.....2n)) = Y Mjn(a)zjZn,
J.n=1

with M ,(a) € C such that M y,(a) = My, j(a). Let us assume that there exist y € (0, 400), ar>o(a) €R
with o (a) > 0 and o (a) = O(|a|*?) as |a| — 0T, and a > p(a) € R with u(a) = O(1) as |a| — 07, such
that the coefficients M ,(a) satisfy the following conditions:

(1) Mno,no (Cl) = U(a)ﬂ(a)-

(i) Forall j < ng, we have M; j(a) — M as |a| — 0% for some M; € R, M; <.
(iii) Forall j < ng, we have Mj n,(a) = My, j(a) = O(|a|” \/o(a)) as |a| — 0.
(iv) Forall j,n < ng with j # n, we have Mj n(a) = O(|a|??) as |a| — 0.

(v) There exists M € N such that |a|?+tMY = o(o(a)) as |a| — 0.

Then
max Q4(z) = o(a)(u(a) +o(1)) asla] - 07,

zeC"o
llzll=1

1/2
where ||z|| = |(z1, 22, .. zng) | = (72, 12 17) 7
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4A. Construction of the test functions using <p2. Recall that ¢ € HO1 0 (2,0) \ {0} is a solution of
(2-4), also satisfying (2-5), with a = 0. Let R be as in (3-4). For every R > 1, a € Q with |a| < Rg/R
and 1 <n <ng we define

Wy'rg N DRial:
Wy,R,a = e)’(t ’ . (4-3)
wn,R,a an\DR|a|,
where
ext _ ia(0,—0%) 0 -
wn,R,a =e ¢ 7%p, 1n Q \ DRIaI’
and wil“‘R o 18 the unique solution to the minimization problem

min{[D |V + Ag)ul* dx :u € H(Dgjg), C), u = /a0 40 on 8DR|a|}.
R|a|

We notice that w,  and w'™, respectively solve
. 2 _ 0 . . 2 1 _ .
(iV+ Ay) wfl”“R’a _)‘anftR,a in Q\ Dgyg|. ind iV + Ay) w;“fR’a =0 in Dgjq|.
ext — pia(0,—6§) ,0 HQ\ D int — Lia(8,—6§) 0 oD
Wy Ra =€ n on (2 \ DRja) Wy Ra =€ $n O ODRlal.

As a consequence of Proposition 2.1 we have ¢ (x) = O(|x|'*=71y as x — 0 for some j € Z, which
implies
02(x) = O(|x|VF1) asx — 0, (4-4)

since |a — j| > ./m1 for all j € Z. Furthermore (2-2) implies

. a—jl+o0(1)
/ |(lV+Ao)<p,?|2dx=10/ Iw,?lzderL lop|? ds
D, D, r oD,
= 0>y asr—07. (4-5)

From (4-4) and (4-5) we deduce that, for every R > 1, a € Q such that R|a| < Ry, and 1 <n < ny,

/ |0V + Ao)gy > dx = O(ja>¥F), f lpn|* ds = O(la]*VFTHY),
o o (4-6)
and / 212 dx = O(laYFT+2) as |a] > 0*
DRy

Using the above estimates (4-6) and the Dirichlet principle (see the proof of [Abatangelo and Felli
2015, Lemma 6.2] for details in the case of half-integer circulation), we obtain that, for every R > 2
and 1 <n < ny,

/ |(ZV +Aa)wim |2dx = 0(|a|ZM)’ / |wint |2 ds = 0(|a|2m+1)’
DRial DRal

n,R,a n,R.,a

(4-7)

n,R,a

and / lw™ 12dx = O(la]*V*1+2)  as |a| — 07,
DRial
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The above estimates can be made more precise in the case n = ngy in view of (1-9): for every R > 2 and
a € Q with Rla| < Ry,

/ iV + Ao)gol” dx = O(la|**~*), / lpol* ds = O(la*7FI*T),
DR\aI

DRia
Rial (4-8)
and / lpo|? dx = O(la|?*7*1+2) a5 |a| - 07,
DRjq|
and consequently, in view of the Dirichlet principle,
|16V + A g 2 dx = 0P, [t 2 ds = OGPk,
D a 9 9 a bl bl
Rlal Rlal (4-9)
and / witt ¢ o7 dx = O0(la?*¥1*2) as |a| > 0,
DRm‘ EEAY)
with k as in (1-8). Furthermore, defining
_ pollalx)
Wa(X) = |a||(¥——k| (4—10)
for all R > 2 and a € Q such that R|a| < Ry, (1-9) implies
W, — By in HY°(Dg, ), as |a| — 0, (4-11)

where v, is defined in (1-20).

4B. Estimate of the Rayleigh quotient for A ,.
Lemma 4.2. There exists ¢ € R such that

Ao —ra = clal?® K foralla e Q,
where k is as in (1-8).

Proof. The proof follows along the lines of [Abatangelo and Felli 2015, Lemma 6.7; Abatangelo et al.
2017, Lemma 7.2]. Let wy, g 4 be defined in (4-3). Let us fix R > 2. By proceeding with a Gram—Schmidt
process we define

- UA}n,a
Wnag=+>—"7—"", 1=n=mny,
||wn,a||L2($2,C)
where
Why,a = Wng,R,a>
no
~ a
Wp,a = Wn,R,a — E CenWelas l<n<ng—1,
L=n+1
and

a fsz Wn,R,aWe,q dX
Ck,n =

~ 2 ) 15”5”0_1, n+1§€§n0
”wf,a”LZ(Q,C)
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From (4-6), (4-7) and an induction argument it follows that, for all £,n such that 1 <n <ng—1 and
n+1<¢{< no,
N 2 2 +2 a _ 2 +2
limal?aiq =1+ 0(al™ +2) and ¢f, = O(la>VF1+2) (4-12)

as |a| — 0. Moreover, from (4-8) and (4-9) we have

1Bng.all} 20.c) = 1Wno.R.allF2(g.c) = 1+ OUal* %) as |a| 0, (4-13)

and
cd = 0(la|* M HTVIH2) g ja] >0, for 1 <n <ng— 1. (4-14)
Since dim(span{wy g 4. ..., Wny,R,a}) = No, We have that also dim(span{w; 4, ..., Wng,a}) = no, and

hence from (4-1) we deduce that

no 2
Aa = max iV+A - dx.
a (Aq,eees (xno)e([:n()/gz( a)(’; n n,a)
ZZ(;I |an|2=1
which leads to
no
Ag—ho = max Ui a.’ 415
‘ 0= (@1,-.,0n)) ECMO z—:l n%j Py, j ( )

n
Zno=1 ‘an|2=1

where pi‘l"j = fQ (iV4+Ax)Wna-(iV + Ag)Wj g dx —Aobyj, with §,; = 1if n = j and §,; = 0 otherwise.
Using the estimates above we can now estimate pfl i First, using (4-8), (4-9), and (4-13)

Ao (

a 2

V4 = 1_/ [wy, ,R,al dx
Ho-1o fQ |wn0,R,a|2 dx Q 0

1 (/ . i 2 . 2
+ iV 4+ Ag)w™ 5 | dx—f |V 4+ Ag)po|” dx
Jo [wng,R.al? dX \UDg,, @ no.Ra DRjal

— 0(|a|2|a—k|+2) + O(|a|2|a—k|)

= |a|?**lO(1) as|a|—>07.

Next (4-6), (4-7) and (4-12) provide for n < ng

(Ag + /D |GV + Ag)wiy'e I dx—/ |V + Ao)e, | dx)
Rlal Rlal|

no
(iV+Aa)( > cg,nwg,a)

{=n+1

p}":,n = _)\’0 + A 2
||wn,a||L2(Q,C)

1
it
Q

2
— dx
”wn,aHLZ(Q’@)

2 i o
- —Re ) {5;;’,, [ (V4 Ad)wpRa- IV + Ag)ihg 4 dx}
lonalz2e)  eZnt 2

=AY —Xo) +0(1),
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as |a| — 0. Using (4-6), (4-7), (4-8), (4-9), (4-12) and (4-14), we have that, for all n < ng,
Phiny = Pign = Olal V178 asja] — o,
while the same estimates imply that, for all n # £ < ny,
Py =B, = O0(alPY™) asla| 0.

Therefore, the quadratic form in (4-15) satisfies the hypothesis of Lemma 4.1 with o (a) = |a|?l**],
y = i1, Mj =2 —ho <0 for <n0 and M € N such that 2+ M) /ity > 2|a — k|, so that

max Z Un@j Py j = lal?*klo(1) as |a] — 0. O
n,j=1
We notice that Lemma 4.2 does not give any information about the sign of the constant c.

4C. Construction of the test functions using ¢,. Let @5 € HO1 “4(Q,C)\ {0} satisfy (2-4) and (2-5). Let
Ry be asin (3-4), R > 1 and |a| < Ry/R. For every 1 <n < ngy we define

int .
_ vn,R,a mn DRW’
Un,R,a =

ext :
vn,R,a an\DR|a|v
where
ext _ ia(0f—6,) a
vn,R,a =e © a)(pn in 2 \ DR\a|,

and v;lmR o 18 the unique solution to the minimization problem

min{/D IV + Ag)u|>dx :u € H'"*(Dgjq), C), u = ¥ =0 4@ on 8DR|a|}. (4-16)
Rlal|
We notice that v, and v"p respectively solve
(iV+ 4020 % o = Mvsie o 02\ DRy,
vf;’“R = —ie(Ba=05) pa on (2 \ DRjq))-
and
(iV+ Ag)*vi'e ;=0 in Dpl, @17
v;sz ,=e 66003 on dDgy.
The energy estimates in Lemmas 3.6 and 3.7 imply the following estimates for the functions v;lnfR’ a

Lemma 4.3. For§ € (0, ./it1/2) fixed, let 1'53 be as in Lemma 3.6 and Ry be as in (3-4). Let
R > max{2, 123}
and 1 < n < ng be fixed. For every a € Q with |a| < Ry/R, let v‘m , be defined as in (4-16). Then
/ iV + Ag)vg oI dx = 0(|a|2(m_5))
DRia o

Kial (4-18)

/ vty 4|2 dx = O(la*VF=9%2) - ang / ity 412 ds = O(jaPVHI=DH
DRia ODRlal

as la| — 0%,
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Proof. The proof follows by combining the Dirichlet principle, a suitable cutting-off procedure, and
Lemma 3.6 (see the proof of [Abatangelo and Felli 2015, Lemma 6.2] for details in the case of half-integer

circulation). O
Lemma 4.4. For R > max{2, K} fixed, with Kg as in Lemma 3.4, let vlnt R.q be defined as in (4-16).
Then
[ NG+ Ao g ol dx = OCEH g, Kolal) (4-19)
Rlal

/D vm ral” dx = O(lal* H(ga. Ksla))), /  lomgal*ds = O(alH(pa. KslaD). (420
Rlal Rlal

Proof. The proof follows from the estimates of Lemma 3.7, a suitable cutting-off procedure, and the

Dirichlet principle; see (4-16). O
Remark 4.5. For all R > 2 and a € Q with |a| < Ry/ R we consider the blow-up family
vt g.a(lalx)
ZR(x) 1= —oRa (4-21)

\Y% H((pde8|a|

with K as in Lemma 3.4 for some fixed § € (0, ./it1/2). From Lemma 4.4 it follows that, for every
p €S! fixed, r5 > 0 as in Lemma 3.4, and R > max{Kj, 2}, the family of functions

(ZR:a=lalpeq, |al <rs/R}
is bounded in H':°(Dg, C).

4D. Estimate of the Rayleigh quotient for L. An estimate from above for the limit eigenvalue A¢ in
terms of the approximating eigenvalue A, can be obtained by choosing as test functions in (4-2) an
orthonormal family constructed starting from the functions {v, g 4}n=1,...,n,> as done in the following.

Lemma 4.6. For § € (0, \/j11/2) fixed, let rs, Kg be as in Lemma 3.4 and oy be as in (3-5). Then there
exists 05 > 0 such that
ho—Aa =05 H(pa, Kslal)

forall a € Q such that |a| < min{rs/Ks, otz }.

Proof. In view of (3-18) it is enough to prove that g — Ay < O(H (¢4, Ksla|)) as |a| — 0.

Recall the definition of v, g , given at the beginning of Section 4C. Let us fix R > max{2, K3, K5},
with K as in Lemma 3.6. As in the proof of Lemma 4.2, we use a Gram—Schmidt process; that is, we
define

~ ﬁn,a
vn,a:/\—v 15”5”09
||vn,a||L2(Q,C)
where R
Uno,a = Uno,R,a’
no

A a A
Un,a = Un,R,a — E d{,nvﬁ,aa l<n<nog—1,
L=n+1
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and

a _ fsz Un,R,aV¢,q dX
Lin —

— , 1=n=<ng—1, n+1=4L=<ny.
||v€,a||L2(Q’C)

From (3-22), (4-18) and an induction argument it follows that, forevery 1 <n <ng—1landn+1<{ <ny,

I9nal} 200 = 1+ O(aPYFI=D+2) “and  dff, = O(la?VI=D+2) (4-22)

as |a| — 0. Moreover, from (3-26) and (4-20), we have

19n0alZ20.c) = 1+ OClal® H(ga. Kslal)) as la] 0, (4-23)
and, for1 <mn <mny—1,
dg = 0(|la|V" =572 /H (4. Kslal)) as a| — 0. (4-24)
Since dim(span{vi,gq, ..., Vng,R,a}) = No, We have that also dim(span{v; 4. ..., Uny,a}) = no, and
hence from (4-2) we deduce that
2
Ao < max iV+A o)) dx,
0 (ala"'aano)eCnO /. ( 0)(2 e a)
n n=1
Zno=1 |0‘n|2=1
which leads to
Mo—re < max > and@jgl ;. (4-25)

(al,...,ano)GC”O S
M =
Zn(;] |an‘2=1

where q,‘fj = fQ(iV + A0)Un,a - (iV + Ag)Vjqdx — Agbpj. Using the results above we can now
estimate ¢, i First, using (4-19), (3-24), and (4-23)

a v dx
oo = fgzlvnoRa| dx( /|n0,Ra| )

iV + Ag)vi™ |2dx—/ iV + Ag)e |2dx)
fQ|Un0,R,a| dx (/;)Rlu no-R.a DRja e

= H(ga. Ksla|) O(1),

as |a] — 0. Next (4-18), (3-20), (4-22), and the fact that A% — kg as |a| — 0, provide, for n < ny,

1 .
a2, =—Aa+#()\;‘;+/D |(iV+A0)v;1“fR,a|2dx—/ |(iv+Aa)<pf;|2dx)
Rlal| Rlal

”vn,a“Lz(Q,C)
no 2
(iV+A0)( > de“’nﬁg,a)

1
+ #
”Un,a“Lz(Q’C) Q {=n+1

2 o - . ~
—#%e Z {dg,n/Q(lv+AO)Un,R,a'(lv+AO)U€,adx}

onallp2 o) 2t
=19 — ko +o(1),

dx
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as |a| — 0. Now, using (3-20), (3-24), (4-18), (4-19), (4-22), (4-23), and (4-24), we prove that, for all

n <ny,
g py =48 = 0(1alV" 7% \/H(¢q. Kslal)) as |a| — 07,

while the same estimates imply that, for all n # £ < ny,
qZ’,c = q_g,n = 0(|a|2(\/171—8))’ as |a| - 0.

Therefore, the quadratic form in (4-25) satisfies the hypothesis of Lemma 4.1 with y = /iy — 6,
o(a) = H(gpa, Ksla]) = O(|a|*”) (by (3-19)), M; = X;? —Ap <0 and M any natural number such that
M >2(la—k|— /i1 +28)/ (/i1 —6) by Corollary 3.5. Therefore the right-hand side in (4-25) satisfies

no

max Y ap@jqt ;= H(ga. Ksla)) O(1),

o] ,..., oy, ) ECO
( 1 ”0) n,j= 1

as |a| — 0. Then the conclusion follows from (4-25). O

4E. Energy estimates.
Corollary 4.7. For § € (0, \/j11/2) fixed, let K5 be as in Lemma 3.4. Then
() Ao —Aal = O(1) max{H (¢a. Kslal). la**~ ¥}y as a — 0;
(ii) [ho —Aal = O((H(ga, Ksla|))\*~KI/le=kl+8)) g5 ¢ — 0.
Proof. Estimate (i) is a direct consequence of Lemmas 4.2 and 4.6. Corollary 3.5 implies
ja? 7 = O((H (¢, Kslaly)@~H/(te=kI+D)

as a — 0, so that (ii) follows from (i). O

5. Blow-up analysis

In order to obtain a more precise estimate of the order of vanishing of the eigenvalue variation |[Ag — A4]
than Corollary 4.7, we have now to compare the order of H (¢, Ks|a|) with |a|21*~*. We observe that
the estimates obtained so far (in particular Corollary 3.5) are not enough to decide what is the dominant
term among H (g, Ksla|) and |a|21®=*I. To this aim, our next step is a blow-up analysis for scaled
eigenfunctions (3-27) along a fixed direction p € S!. In order to identify the limit profile of the blow-up
family (3-27), the following energy estimate of the difference between approximating and limit scaled
eigenfunctions plays a crucial role.
Let Dé’z(Rz, C) be the completion of C2°(R? \ {0}, C) with respect to the magnetic Dirichlet norm

1/2
. 2
gy = [ 167 + oo ax)

Theorem 5.1 (energy estimates for eigenfunction variation). Let p € S! be fixed. For some fixed
8 € (0, /ix1/2), let K§ > Yg be as in Lemma 3.4. For every R > max{2, Ks} and a = |a|p € Q such
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that |a| < Ro/R, let v, R q be as in Section 4C. Then

||vno,R,a - (pOHHOl'O(Q,C) = C(h(l” a, R) + g(lﬁa’ R)) V H((/)a» K5|Cl|),
where C > 0 is independent of a, R, p,

h(p,a, R) = sup
peDy*(R2,0)
||<P||D(1),2

/ (=0 iV + Ap)Ga— IV + A0)ZR) v G do|,
0Dg

®2.0~1

and, for p and R fixed,
h(p.a,R)=0(1) and g(p,a,R)=o0(1)
as |la| — 0%,

Proof. The proof exploits the invertibility of the differential of the function F defined below, in the spirit
of [Abatangelo et al. 2017, Theorem 8.2; Abatangelo and Felli 2015, Theorem 7.2]. Let

F:Cx Hy®(Q.C) > RxRx (Hy2(2,0)*
A, 0) (||</’||i,01,o(9£) — ko, Im([q @0 dx). (iV + Ao)?¢ — Ap).

In the above definition, (Hol’[g(Q,CD))* is the real dual space of Hol’[g(Q,C) = HOI’O(Q, C), which is

here meant as a vector space over R endowed with the norm

1/2
. 2
||u||H01,o(Q,C) = (/ﬂ‘(zV—l—Ao)u| dx) ,

and (iV + Ag)?p —Ap € (Hol’ﬂg(Q, C))* acts as

(H0(@.0)* (V4 Ag) o — ho, u) @0 = %e(/g(iv + Ao)p - (iV+ Ag)udx —A /Q i a’x)

for all p € HO1 0 (2, C). It is easy to prove that the function F is Fréchet-differentiable at (A¢, ¢g), with
differential dF (Ao, ¢o) € L(C x Hy*(2,C), Rx R x (Hy 2 (82, C))*) given by

dF(xo,wo)(x,¢)=(29%e( /Q (iV+Ao>¢o-(iV+Ao)sodx),Jm( /Q wczodx),(iV+Ao)2<p—Aoso—wo)

for every (A, @) € Cx H(: ’O(Q , C). From the simplicity assumption (1-5) it follows that d F(A¢, ¢g) is
invertible; see [Abatangelo and Felli 2015, Lemma 7.1] for details.
From the definition of vy, g 4, (1-17), (3-19), (3-24), (4-8), and (4-19) it follows that

/Q GV + A0)(Ung. k. — 0| dix = /Q 1619680 (1Y + Ag)pa — IV + Ao)gol” dx

_/ ’eia(eg—%)(l‘v + Ag)pqa — (iV + A0)<P0|2 dx
DRjal

[ 16+ A0 =g dx =)
Rlal|



ESTIMATES FOR EIGENVALUES OF AHARONOV-BOHM OPERATORS WITH VARYING POLES 1775

as |a| — 0, so that vy, g.a — o in H; (2, C) as |a| — 0T. Then, from the invertibility of dF (o, ¢o)
we have

—1
|)\a - )\0| + ”vﬂ(),R,a - (pOHHOl’O(Q,(D) = ”(dF()\O’ (,00)) ”L(RXRX(H(}"D-?(Q,C))*,CXHOI'O(Q,C))
X ”F()\av vnO:R’a)”RXRX(HOI’US(Q,C))*(1 + 0(1)) (5'1)
as |a| — 0. We define

F(Aq, UnO,R,a) = (ttg, Ba, Wa),

where )
Ug = ||Uno,R,a||1L101,o(Q o) Ao €R,

Ba = jm(/g UnO,R,a(pO dx) eR,
wa = (iV + 40)*Vng.R.a — aVno.R.a € (Hy 5 (2.C)*.
In view of (4-19), (3-24), and Corollary 4.7 we have

ca=([ 16+ A g Pix= [ 16T+ A dv) + o)
Rlal Ral

= O(H(¢a, Kslal)) + O((H (ga, Ksla|))l* 1/ (e=kT0)y — o(\/H(¢q, Ks|al)) (5-2)

as |a| — 07T. The normalization condition for the phase in (1-15), together with (4-20), (4-8), and (3-26),
yields

2 =Jm vl o @o dx — @660 g, 5o dx + | 00, dx
no,R,a
DRjq DRjq Q
Can([ et [ o0 )
DRja| DRia|
= 0(la|*T1* ™\ /H (¢4, Kslal)) = o(/H(¢a, Kslal)) (5-3)
as a| — 0.

For every a € 2, the map
Ta: Dy (R%.C) » Dy (R2.C),  Tap(x) = ¢(lalx).

is an isometry of D(l)’z([Riz, 0).
Since Hol’O(SZ,@) is continuously embedded into D(l)’z([R{z, C) by trivial extension outside 2 and

1,0
”””D},‘Z(RZ,@) = ”“”H(}'O(Q,a:) for every u € H," (2, C), we have

”wa”(Hl’O(Q,@))* = sup i)%e(/ (iV-i—Ao)vnO’R’a-(iV-i-Ao)(pdx—)xa/ UnO,R,a(/_)dx)
o peH!*(Q,0) Q Q

lell 1. 1
H,

Yoo~

< sup 9{6(/ (iV—I—AO)vnO,R,a-(iV—i-AO)godx—ka/ vnO’R,aédx) .
peDy (R2,0) Q Q

”(0"@(1)’2([@2,@):1 (5-4)
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1,2 m2
For every ¢ € D" (R*, C) we have

fQ iV + A0 ong R0 - (Y F A0)p dx —ha /Q U R 0P

_ / 0D GV + Ag)pa- (V + Ag)p dx — g 'O g dx
Q\ DRl “\Dria

+ / (iV 4+ A0)vyg,Ra- iV + Ao)pdx — g Vno,R,a® dx. (5-5)
DRjal DRial

From scaling and integration by parts we have that, letting ¢, be defined in (3-27),

/ '8 (i V + A)pq - (iV + Ag)p dx — ha 050 . & dx
Q\DRjal Q\DRjal

=i/ H(ga, Kgla)) / Ta9 @00 (iV + A,)G,-vdo, (5-6)
0DR

where v = x/|x| is the outer unit normal vector. In a similar way we have that, defining Z f as in (4-21)
and using (4-17),

/ (Y + Ao)vng.Ra GV T AP dx —ha | vny.R.a dx
DRia| DRja|

:,/H(%,K5|a|)(—i/ (iV+A0)z§.u77pda—Aa|a|2/ medx). (5-7)
BDR DR

Combining (5-4)—(5-7) and recalling that 7, is an isometry of D(l)’z([Rz, C), we obtain

/ ZRgdx|,  (5-8)
Dg

_1
(H(QDQ, K8|a|)) 2 ”wa”(Hl»O(Q’C))* = h(p’av R) + )‘a|a|2 sup
0.] (peD(l)’z(Rz,C)
1

||¢||D(1)'2<R2,©:
where
Mpa®= s || (@G A~ (Y + A0 ZE) v o o).
peDy?(®2,0) VDR
101220,

From Remarks 3.8 and 4.5 it follows that, for R > max{2, K5} and p € S! fixed,

{(eia(%’—@p)(iv + Ap)fa — iV + AO)Zf) v} is bounded in H~/2(3Dg)

lal<rs/R

so that, for p and R fixed, h(p,a, R) = O(1) as a — 0. Moreover, Remark 4.5 implies that, for
R > max{2, Ks} and p € S! fixed,

sup ’/ ZRg dx

peDy 2 ®2,0) VPR

lell 1.2
Do

= 0(l) as|a|—0.

®2.0 " !

Hence the conclusion follows from (5-1), (5-2), (5-3), and (5-8). O
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The previous theorem allows us to estimate the energy variation of scaled eigenfunctions and improve
the results of Corollary 3.5 as follows.

Corollary 5.2. Let p € S! be fixed. Then
(i) |a]?*~* = O(H(¢a. Ksla])) as a = |a|p — 0;
(ii) letting ¢q and Wy be as in (3-27) and (4-10), for every R > max{2, Ks} it holds that
) loe—k]|
(iV + A4p) (% _ a0y, 14l )

/ e
(2/lal)\ D Vv H(¢a, Kslal)

Proof. Estimate (5-9) follows from scaling and Theorem 5.1. From (5-9) it follows that

2
dx=0(l) asa=|a|lp—0. (59)

|a||¢x—k|

1/2
([ el i)

|a||a—k| (6P 5 1/2
=—(/ }(iV—l—Ap)(e’“( P 0)Wa)} dx)
v H(¢a, Ksla|) \JD,r\Dr
2 1/2
<0+ (/ (iV+ Ap)pa(x) dx)
D>Rr\Dg
as a = |a|p — 0. From Remark 3.8 and (4-11), the above estimate implies (i). O

In the following lemma we prove the existence and uniqueness of the function W, satisfying (1-18)
and (1-19), which will turn out to be the limit of the blow-up family (3-27) as a — 0 along the fixed
direction p € S!.

Lemma 5.3. Let p € S'. There exists a unique V), € HP (R?, ©) satisfying (1-18) and (1-19).

loc

Proof. Let 1 be a smooth cut-off function such that = 0 in D; and n = 1 in R?\ Dg for some R > 1.
Recalling the definition of ¥z (1-20), we have

F =V + 4p)* (@)
= —Ane! =8y 2V iV + Ap) Oy 10V + Ap) Gy
= —Ane'* @Iy 20V iV + 4p) (@0 yy) € (D, @2, 0)".

Here Dll,’z([Rz, C) is the completion of CX°(R? \ {0}, C) with respect to
1/2
Il = ([, 167+ dpuoax)
By the Lax—Milgram theorem, there exists a unique g € DII,’Z(IRZ, C) which solves
(iV+A4p,)°g=—F in(Dy*(R*C)*

Then, ¥, = g + nei“(ep_eg)wk satisfies (1-18) and (1-19), and the existence is proved.
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The uniqueness follows from the fact that, if W! lIflz, e H"? (R?, C) satisfy (1-18) and (1-19), then

loc
(iV+A4,)2 (), —¥y) =0 in(Dy*(R* C)*, (5-10)
and
/RZ iV + Ap) (W, —W)|* dx < +o0,

which, in view of the Hardy inequality (1-3), implies
\IJI _ lI.I2 2
/ M dx < 400,
Rz |x—pl
and hence that \IJ; — \IJI% € Dll,’z([l%z, C). Therefore we can test (5-10) with \IJ; — \IJI% thus concluding that

. 1 22 g
/RZ |GV + Ap) (Y, —W¥,)|"dx =0,
which implies \Illl, = lII;. |
We are now in a position to prove that the scaled eigenfunctions (3-27) converge to a multiple of W),
asa=|a|lp— 0.
Lemma 5.4. Let p € S! and § € (0, /ji1/2) be fixed and let K5 > Ys be as in Lemma 3.4. For
a=|a|p € Q let ¢4 be as in (3-27). Then

Y-
a
BI\ Ty, 19517 ds

in HYP(Dg, C) for every R > 1 and in ClgC(RZ \{p},C), where W), is the function defined in Lemma 5.3.

Moreover,

la—k]| 1 K 1/2

Jim L:_(—SZ) , (5-11)
a=lalp>0 v/H(gq. Kslal)  |BI\ fap,, [¥p|*ds

Proof. From Remark 3.8 and Corollary 5.2 it follows that, for every sequence a, = |ay|p with |a,| — 0,
there exist a subsequence a,,, ¢ € [0, +00) and ® € Hl(l)’cp (R?, C) such that

1/2
) v, asa=lalp—0

e |1* K]

‘Z’ane NS weakly in Hl’p(DR, C) as{ - 400 and lim —c
t=>+00 V'H(¢ay, . Kslan,)

for every R > 1. Passing to the limit in the equation satisfied by ¢,, i.e., iV + Ap)z@l = Aglal?@q in
(1/]a])$2, we obtain that ® satisfies

(iV+A4,)’P=0 inR> (5-12)

Moreover, by compact trace embeddings,

1 -
—/ D% ds =1, (5-13)
Ks Jopy,

so that ® is not identically zero. Testing the equation for ¢, with @, itself, integrating by parts and

exploiting the C 2 -convergence of @, in R?\ { p} (which follows from classic elliptic estimates) we obtain

loc
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Jpe GV + 4p)@a,, |2 dx —:fDR |(iV + Ap)®|? dx as £ — oo for every R > 1. Hence we conclude
that, for all R > 1, ¢q,, — ® strongly in HVP(Dg,C) as { — +o0.
By the strong Hl(l);p (R?, C)-convergence and recalling (4-11), we can pass to the limit along ay, . in
(5-9) to obtain
f |GV + 4p)(D = cBe™ @Dy )| dx < +o0.
R2\Dg

This implies ¢ # 0 (and hence ¢ > 0), otherwise we would have fRZ\DR |V + A},)Chf>|2 dx < +o00, which,
together with (5-12), implies ® = 0, thus contradicting (5-13).
Then Lemma 5.3 and (5-13) provide
5 1 K; 1/2
$=chU, and c= _(—) |
? BI\ Jopy, 19512

Since these limits depend neither on the sequence, nor on the subsequence, the proof is complete. [
Proof of Theorem 1.1. Let p € S!. From Corollary 4.7(i) and (5-11) we conclude that

ho—ha = O(la?*™H)
as a = |a| p — 0. Since the function a + A, is analytic in a neighborhood of 0, due to the simplicity of A,
see [Léna 2015, Theorem 1.3], and since 2|« — k| is noninteger, we have that the Taylor polynomials of
the function A9 — A, with center 0 and degree less than or equal to |2|a — k|| vanish, thus yielding the
conclusion. O

Proof of Theorem 1.2. 1t is a direct consequence of Lemma 5.4. O

6. Rate of convergence for eigenfunctions

Taking inspiration from [Abatangelo and Felli 2017], we now estimate the rate of convergence of the
eigenfunctions. We then take into account the quantity

|V + Aa)pa — "0 (i V + A¢)po | 2200

where ¢, = (p,‘jo satisfies (1-14), (1-15) and ¢y = (p,‘,’o satisfies (1-7). We split the argument in two different
steps, the first considering the energy variation inside small disks of radius R|«|, the second considering
the energy variation outside these disks.

Lemma 6.1. Under the same assumptions as in Theorems 1.1 and 1.2, we have that, for every p € S'
and R > 1,

o —/ GV + Ag)pa — @O GV 1 Aggo|* dx = |BP Fp(R).  (6-1)
a=lalp—0 |a|2@=k Jp, .,

where
Fp(R) = / GV + Ap) ¥y GGV + Aoy | dx,
Dgr

W), is defined in Lemma 5.3 and Yy, is as in (1-20). Moreover,
£p:= lim Fp(R) € (0,400).

R—+o00
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Proof. We notice that, in view of (1-19), £, < +o0c. The proof of (6-1) relies on a change of variables
and on the convergences stated in (4-11) and in Theorem 1.2. We have

lim }'p(R)=/ |(iv+Ap)qu_eia(ep_eé))(iv+A0)Wk‘2dx
R—>+0oc0 R2

= / |V + A4p) (U, —ef“(‘)p—%’)wk)\z dx >0,
R2\T,

where Ty, is defined in (1-13). Indeed, suppose by contradiction that the above limit is zero. Since, for
every 1y > 1y > 1 we have W), — e"“(ol’_e(l),)wk € H?(D,,(p)\ Dy,(p),C), the Hardy inequality (1-4)
implies W, —eia(eﬂ_%))wk = 0in R?\ D (p). Moreover, since (i V + 4,)*(¥, —ei“(eﬂ_%))wk) = 0in
R2\ I'p, a classical unique continuation principle, see, e.g., [Wolff 1992], implies ¥, — i@ (6p=6g) Yr=0
in R?\ I'p necessarily. But this is impossible since, by (1-18) and classical elliptic estimates away from p,
ia(6p—0y )y, is discontinuous on I'p \ {0} since it is the product of
the continuous nonzero function v, and of the discontinuous function eia(Op—0g ); see the definitions

(1-11), (1-12) and (1-13). O

W), is smooth in R2\ {p}, whereas e

Before addressing the energy variation outside the disk, it is worthwhile introducing a preliminary
result. For all R > 2 and p € S, let Zp, R be the unique solution to

iV + Ag)? =0 in Dg,
{( + Ao) zp,R R 6-2)

oD
zp.r = €@ =)W,  on dDg.

From Lemma 5.4 it follows that the family of functions Z f introduced in (4-21) converges in H LO(pg,C)
to some multiple of z, g.

Lemma 6.2. Let p € S! and R > 2. Fora = |a|p € Q, let Zf be as in (4-21). Then

ZR, = (——2 Zp. R
“ 18| faDK6 |W, |2 ds P

in H"%(Dg,C) as |a| - 0.

Proof. Define

,3 K8 1/2
Yps = m(f I |2ds) '
Dk, | P

By (4-17) and (6-2) we have that Zf — ¥p,8Zp,R SOlves

(iV+ AO)Z(Z;e —¥p,6Zp,R) =0 in Dp,
YN
ZR~vpszpR = '@ =) (g, — Yp,s¥p) on dDg.

For R > 2, let ng : R? — R be a smooth cut-off function such that

nr=0 in Dg/y, ng=1 inR?\ Dg, 0<ngr=<1. (6-3)
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Then, by the Dirichlet principle and Lemma 5.4,

/ GV + AN ZR — yps52p.0) dx
Dg
< /D GV + Ao) (1€ G0 — vy 5 U dx
R

<2 VRPN s WpPdx 2 [ RIGY + Ap)Ga vl dx = o(1)
Dr DR\DR/>

as a = |a|p — 0. Finally, the Hardy-type inequality (1-3) allows us to conclude. O

Lemma 6.3. Let ¢y € HOI’O(Q,C) be a solution to (1-7) satisfying (1-5). Let p € S. Fora = |a|p € Q,
let @, € Hol’a(Q,(C) satisfy (1-14)—(1-15). Then, for all R > max{2, K},

i a_ . . 2 —
”em(eo 9“)(1V 4+ Ag)pqa — (iV + Ag)po ”LZ(Q\DRW,C) < |a|2|0‘ k|G(p, a, R),
where limg—|4| p—0 G(p.a, R) = G(p, R) for some G(p, R) such that
lim G(p,R)=0. (6-4)
R—+o00

Proof. Let R > max{2, Ks}. From Theorem 5.1 and (5-11) we have

[ @GV + Aa)pa = (Y + A0)@ollL2(@\D gi1,0) = 100, Raa = $0ll 10 )

< C(h(p.a. R) +g(p.a, R))a*~*,
where g(p,a, R) =o(1) as |a| — 0T and

h(p,a,R)= sup
(peD(l)’Z(RZ,C)
||<P||D(1),2

/ (i V+A40) (O =G, ZR)1 G do
0D R

®2.0 !

< const]|(i V+Ao) (000 G, — ZRY.v—y, 51V +A0) (O 00—z, R)v| 1/ D)
+¥ps  sup

9€Dy? (R2,0)
lell 1.2
Do

/BD (iV"‘AO)(é’ia(eg_ep)‘I’p_zp,R)'V pdo|,
R
@0~ !

where

B K; 1/2
ol i)
PS8\ oy, 1912 ds
and the constant const > 0 is independent of a. From Lemmas 5.4 and 6.2 we have
WV + A0) (e 0G, — 28y v — 7, 5V + Ao) (W W, — 2, g) v

in H=Y/2(3Dg) as a = |a| p — 0. Therefore h(p,a, R) < f(p,a, R) with
hm f(p»a’ R) = Vp,(S Sup

a=|a|p—>0 (pE'D(l)"Z(RZ,C)
lell 1.2
Do

/BD iV + Ag) (@€ W, — 2, p)-v@do|.
R

®2,0~ !
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To complete the proof is then enough to show that

Pl sup f iV + Ag) (e C =)W, —z, g)-v g do| =0. (6-5)
* ey ®?,c) 1VIPR
||¢||D(1J,2(R2.D=1

Using an integration by parts we can rewrite

/aD iV + Ag) (e W, — 2, p)-v G do
R

/ eia(e(‘;'—@p)(l-v + Ap)(‘pr _ eia(@p—eg)wk) V@ do + [ GV + Ag) (Vg — Zp,R) vgdo
3DR aDR

—i / (V + Ap) (T, — 'O =00y, ). IV + Ag)pe'® 00 —0) 4x
R2\Dgr

+i/D (iV+Ao) Yk —zp,R) - (iV + Ag)p dx

’

which implies

sup

peDy? (R2,C)

lell 1.2
Do

/a N iV + Ag) (@)W, — 2, p)-vGdo
R

®2.0 !

) » 1/2 1/2
5(/ |(z'v+Ap)(xp,,_em(%—%)wk)}zdx) +(/ |(iv+A0)(wk—zp,R)}2dx) . (6-6)
RZ\DR Dpg

The first term in the right-hand side of (6-6) goes to zero as R — +oo because of (1-19). To estimate the
second term, we consider a test function 7 g satisfying (6-3) and the additional property |Vng| <4/R in
Dg\ Dg/>. Recalling that ¥ —z, g satisfies (i V + Ao)?> (Vi —zp,R) = 0in Dg with the boundary condi-
tion Y —z, R =Yk —ei@(65—6p) W, on 0Dg, the Dirichlet principle and the Hardy inequality (1-4) provide

fD GV + A0) Wk — zp.0)| dx

< [ GV + Ao)(nR(Yx — ¥ EE 8w, )| dx
Dg

< 2/ IVng|? [ — @@= w12 dx + 2/ 1V + Ag) (Vi — ™=@ )12 dx
Dgr R2\Dg,»
< — |qu _ela(ep—eg)wk|2 dx + 2/ |(IV + Ap)(\ljp _ela(ep—eg)wkNZ dx
R DR\DR/Z RZ\DR/Z
_ 2(R+1)? [ W, — ! =60) g |2 y
=~ 5 X
R? DRr+1(P)\D(r-2)/2(P) |x — p|?

+2/ |(iv+A,,)(\pr—e"“<9v—95>wk)|2dx
R2\DRr,2
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2
< w/ 1V + 4,) (Y, — 1@ =60) y ) |2 dx
R? 14 DR+1(P)\D(r-2)/2(P)
+2 1V + A,) (W, — /@@ =00)y)2 dx,
R2\Dg />

which goes to zero again thanks to (1-19). Therefore we have obtained (6-5) and the proof is complete. [

Proof of Theorem 1.3. Let p € S' and & > 0. From Lemma 6.1 and (6-4) there exists some R >max{2, K;}
sufficiently large such that

|Fp(Ro) —£pl <e and |G(p, Ry)| <e.
Moreover, again from Lemmas 6.3 and 6.1 there exists p > 0 (depending on p, ¢, and R() such that, if
a = |a|p and |a| < p, then
|G(p.a, Ro) —G(p. Ro)| <¢
and

1

R <EéE.
|a|2|°‘_k|

/ |(lv + Aa)(pa(x) _eia(Oa—Gg)(x)(l'V + Ao)(po(X)’2 dx — |}3|2FP(R())
DRyal

Therefore, taking into account Lemma 6.3, we have that, for all a = |a|p with |a| < p,

|a| 2okl f |GV + Ag)gq — @O0 iV + Ag)po|” dx —|B1Lp
Q

=

ja|72lek] / |V + Ag)pa — @O0 iV + Ag)po|” dx — |B1>Fp(Ro)
DRylal

+ |a| 2ok /Q » GV + Ag)gpa — @ Ca=0D iV + Ag)po|” dx + |B121Lp — Fp(Ro)]
Rglal

<e+G(p.a, Ro) +|B|’e
<e+|G(p,a, Ro) = G(p, Ro)l +1G(p, Ro)l + 181> = B+ |BI*)e. .
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