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ON THE GLOBAL STABILITY OF A BETA-PLANE EQUATION

FABIO PUSATERI AND KLAUS WIDMAYER

We study the motion of an incompressible, inviscid two-dimensional fluid in a rotating frame of reference.
There the fluid experiences a Coriolis force, which we assume to be linearly dependent on one of the
coordinates. This is a common approximation in geophysical fluid dynamics and is referred to as the
B-plane approximation. In vorticity formulation, the model we consider is then given by the Euler equation
with the addition of a linear anisotropic, nondegenerate, dispersive term. This allows us to treat the
problem as a quasilinear dispersive equation whose linear solutions exhibit decay in time at a critical rate.

Our main result is the global stability and decay to equilibrium of sufficiently small and localized
solutions. Key aspects of the proof are the exploitation of a “double null form” that annihilates interactions
between spatially coherent waves and a lemma for Fourier integral operators which allows us to control
a strong weighted norm.
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1. Introduction

A basic model for a fluid in a rotating frame of reference is given by the Euler—Coriolis equation

div+v-Vo+ fQAv+Vp=0,
divv =0,

-1

where v = (v1,v2,v3) : (£,x) e RxR* - R3 and p : (¢, x) € R x R* — R are the velocity and pressure
of the fluid, respectively. Here, f'Q2 A v is the Coriolis force experienced in the rotating frame, with
Q € R3 being the axis of rotation and f : R® — R the strength of the effect, which depends on the spatial
location (but not on time). To describe waves on the surface of the Earth, a common approximation in
geophysical fluid dynamics, see [McWilliams 2006; Pedlosky 1987], consists in choosing 2 = (0,0, 1)T

MSC2010: 35B34,35Q35, 76B03, 76B15.
Keywords: nonlinear dispersive equations, Euler equation, Coriolis, global behavior, dispersive decay, beta-plane, rotating Euler.
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and assuming trivial dynamics in the vertical direction, i.e., d3v = 0. One can then reduce matters to a
two-dimensional system

. —_ T =
{8tu—|—u Vu + (= fuz, fu)' +Vp =0, (1-2)

divu =0,

where now u : (1, x) e RxR? - R?, p:(t,x) e RxR? - Rand f :R?* - R. A solution to the original
system (1-1) is then recovered by setting (vq, v3) = (11, u3) and solving a transport equation for vs.
Passing to a scalar equation using the vorticity w := curl u = d;u, — dou; yields

diw+u-Vo =—u-V{, u=vt=a)lo. (1-3)

On a rotating sphere, such as the Earth, the force f varies with the sine of the latitude. In a first rough
approximation, the so-called f-plane approximation, this variation is ignored, and a fixed value fj is
used throughout the domain. A more accurate and very common'! model in geophysical fluid dynamics
is a linear approximation to this variability, which is usually referred to as the B-plane approximation;
see, e.g., [McWilliams 2006, Chapter 2; Pedlosky 1987, Chapter 3]. Assuming that the strength of the
Coriolis force depends linearly on the latitude,

S p) = fo+ By —yo),
we arrive at the so-called B-plane equation

ad R
dw+u-Vo=BLiw, Li=-—=— u=V-A)lo, (1-4)
A |V
for w : R x R?> — R. Here f is the parameter of linearity of the Coriolis force, which by rescaling can be

assumed to be equal to 1, and R; stands for the Riesz transform in the first coordinate:

Rig®) = 6@, 2@ [ e ewdn

On one hand, one can view (1-4) as a perturbation of the Euler equation by a constant-coefficient
differential operator and show, by arguments akin to those for the two-dimensional Euler equation, the
existence of global solutions (even for large data) with at most double exponential growth in H*, s > 1; see
[Elgindi and Widmayer 2017, Appendix B]. On the other hand (1-4) can also be viewed as a quasilinear
dispersive equation, in the sense that it is a nonlinear version of the equation d;w = Lw, solutions of
which exhibit dispersive decay as will be shown further below.

1A. Main result. The content of this article is a treatment of the nonlinear problem (1-4), with the result
that for sufficiently small and localized initial data, solutions to the Cauchy problem decay like solutions
of the linear problem, and the zero solution of (1-4) is globally nonlinearly stable in a strong sense. We
can state our main result as follows:

Such a modeling assumption is made in various contexts: examples include rotating shallow-water equations, Rossby waves
and quasigeostrophic scenarios; see [McWilliams 2006, Chapter 4; Majda 2003, Chapter 4; Pedlosky 1987, Chapter 3] among

others. We also remark that in [Sukhatme and Smith 2009], equation (1-4) was viewed as part of a larger family of equations to
model two-dimensional dispersive turbulence.
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Theorem 1.1. Consider the initial value problem for the B-plane equation

{Bta) +u-Vo=Liw, u=Vi(-=A)lo,

w(0) = wy. (1-5)

There exist N > 1, g9 > 0, and a weighted L*-based function space X C W' on R? such that for any
initial data with ||wo || x, ||woll g~ = €0, there exists a unique global solution of (1-5) which decays at the
linear rate, namely ||w(t)|| Lo < €o(1 + |t|)7Y, and scatters.

A more precise statement of the theorem is presented as Theorem 2.2 in Section 2, where we also
illustrate its proof through a bootstrap argument in Section 2A. The key difficulty here lies in establishing
a global control over a suitably chosen weighted X -norm of the profile of w —see (2-8) on page 1592
for the precise definition — which has to be strong enough to guarantee the 1.°° decay.

1B. Background. To give some context we now present some of the key difficulties in treating the 8-plane
equation as a quasilinear dispersive equation. The present model features a quadratic nonlinearity and a
critical decay rate of |¢|~! at the linear level. This situation is common to many other dispersive and hyper-
bolic equations and a variety of different behaviors can occur even for small and Schwartz initial data. For
example, one could have global solutions with linear behavior as ir} the case of (quasilinear) wave equations
[Klainerman 1986] with a null condition, blow-up at time 7" ~ e ¢0 as in the compressible Euler equations
[Sideris 1985], nonlinear asymptotics in the sense of modified scattering as for nonlinear Schrédinger
equations [Hayashi and Naumkin 1998; Kato and Pusateri 2011], or growth at infinity as in [Alinhac 2003].

In the present case solutions are already known to be global, so no blow-up occurs. Moreover, one
can notice that there is a null structure in (1-5). More precisely, since u = V+(—A)~!w, the transport
term u - Vo is depleted when two parallel frequencies interact. On the negative side, one should also
notice that, when seen as a bilinear term in w, the nonlinearity is singular because of the (—A)~! factor.
Moreover, the linear operator L is anisotropic, and the impossibility of commuting the equation with
rotations introduces several difficulties.

Inviscid Euler and the role of dispersion. Generally, inviscid Euler-type nonlinearities can lead to double
exponential growth, as was shown by the example of [Kiselev and Sverdk 2014] on a bounded domain;
see also [Denisov 2015; Zlato$ 2015]. In the whole space, the question of global stability and asymptotic
behavior for the Euler equation is widely open. A byproduct of Theorem 2.2 is that for sufficiently small
data, instability in (1-5) is prevented by dispersion: waves with different frequencies travel with distinct
velocities and their interactions lose strength over time. However, this is a much weaker effect than
damping or friction. Indeed for (1-5) the same L?-based estimates as for the inviscid Euler equation
d:w + u - Vo = 0 hold, because of the skew symmetry (for the inner product in L?) of the constant-
coefficient right-hand-side operator L. Also, all Sobolev norms are preserved by the linear flow, and the
same blow-up criterion as for the two-dimensional Euler equation holds.

As is shown in this article, the dispersion produced by Ly acts as a regularizing mechanism that
globally stabilizes the fluid. A first way of seeing improvements at the hands of dispersion is through
a basic energy estimate yielding the following: assuming a linear decay rate of |¢t|~! for Du in L™
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one obtains the slow growth of all Sobolev norms for the nonlinear problem (whereas in the absence of
dispersion, or without control on the rate of dispersion, the best known bounds are double exponential —
see [Elgindi and Widmayer 2017, Appendix B]). A finer understanding of the interactions in the Euler-type
nonlinearity is then needed to show that decay occurs for nonlinear solutions.

In earlier work of T. Elgindi and the second author [Elgindi and Widmayer 2017], stability for the
B-plane equation (1-5) for arbitrarily large times was established: it was shown that for any M € N there
exists a threshold e, > 0, below which initial data of size & < ep lead to solutions that decay on time scales
at least e =™ — for more details see [Elgindi and Widmayer 2017, Theorem 2.1]. Apart from this work, the
literature on the B-plane equation is oriented towards questions of relevance in the realm of geophysical
fluid dynamics. An exhaustive list is beyond the scope of this article, and beyond the expertise of its authors,
so we refer the reader to the books [Drazin 2002; Majda 2003; McWilliams 2006] for some overview.

Resonance structure and (double) null form. At the basis of our approach is the formulation of the
problem in a way that makes it amenable to techniques from harmonic analysis. This is done by working
with the profile of the vorticity f(¢) := e~ Ligy(r), and writing the Duhamel formula for solutions of
(1-5) in terms of this profile f in Fourier space, in order to obtain an integral expression which can be
viewed as an oscillatory integral — see the beginning of Section 2 and the formulas (2-1)—(2-2).

From this point of view the resonances of the equation, that is, roughly speaking, those sets of frequen-
cies that do not produce oscillations, play a key role in the analysis of the nonlinear interactions. This
starting point is inspired by the method of space-time resonances, as introduced in [Germain et al. 2012b].
Without entering into too much detail, for now we point out that the space-time resonant set for this equation
is one-dimensional, which is the generic situation for quadratic nonlinearities in two dimensions; thus it
does not provide any additional smallness, in contrast to other problems such as in [Germain et al. 2012a;
2012b]. However, as already pointed out above, a null form is available in the nonlinearity: the symbol of
the quadratic interaction vanishes on parallel frequencies; see (2-1)—(2-2) in connection with (2-21). See
also the models in [Pusateri and Shatah 2013; Oh and Pusateri 2015; Hani et al. 2013] for similar behaviors.

In fact, as we shall explain in detail below, even more is true for (1-5): one has a “double” null form,
a quadratic (instead of linear) degree of vanishing of the symbol, as can be seen by symmetrizing the
expression (2-1). This is a key insight which greatly improves the control one has over interactions close
to the (space) resonant set, and for example yields much better decay estimates for the L2 norm of 9, f
than one would normally expect.

In our proof we will also exploit the special, anisotropic, geometric structure of interactions near the
(time) resonances through a 7'T* argument, which was previously used in [Deng et al. 2016; 2017].
However, here we employ such an argument in a different context, not for the purpose of establishing energy
estimates, but as another means of extracting more oscillations in the bilinear interactions. This allows
us to prove a strong weighted bound for our solutions which in turn implies the desired decay over time.

1C. Plan of the article. In Section 2 we begin by setting up the problem and giving our detailed functional
framework. We then state a precise formulation of Theorem 1.1 (see Theorem 2.2) and discuss its proof
using a bootstrap argument. We see there that a fractional weighted estimate, see (2-16), is at the core of
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our efforts. By symmetrizing the formulation of the §-plane equation we obtain a “double null form”.
As a first application, this yields improved bounds for the first iterate (see Lemma 2.4). The rest of the
article is then devoted to establishing the weighted estimate.

In Section 3 we go through preliminary reductions and a finite speed of propagation argument that
limits the range of parameters we need to consider for the weighted estimate. Further reductions are then
presented in Section 4. Using various localizations we balance smallness of relevant sets and repeated
integration by parts to essentially reduce to a problem where only frequencies of roughly order 1 are
involved. These arguments crucially rely on the improved bounds due to the double null form achieved
through symmetrization.

Finally, in Section 5 we exploit a nondegeneracy property of the phase function @, defined in (2-1)-(2-2),
viaa T T* argument, in combination with an appropriate anisotropic localization, thereby concluding the
proof of the weighted estimate.

In Section 6 we collect some useful lemmata.

2. Setup

The Duhamel formulation associated to the B-plane equation (1-5) is
t
o) =eTlw + / =1y . V(s) ds.
0

Written in terms of the profile
[@):=e" o)
this reads
2 2 1 " seEmE T 2 A
P00 = fo @+ oz [ [ e s f ) dnds Q-

n|?
with

PE.n)i= T — (2-2)
E12 1E—nl*>  In?
From now on we will omit the time dependence of the profiles in this expression, since it is clear from
the context.

We define the quadratic nonlinearity B( f, /') through its Fourier transform

t , 0t o4 A
FB(Neo= [ | s PEm E T (k) f s ) diyds, 23)
0 JR2 ul
so that the Duhamel formula (2-1) can be written as
A A 1
/@8 =fo($)+WfB(f, N 8). (2-4)

Conserved quantities. For future reference we note that an explicit calculation using (1-2) and (1-3)
shows that the L2-norms of both # and  are conserved along the flow of the equation:

lo@lLz = llw@)lL2 and [u@)]L2 = [u0)]L2. €R.
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As an immediate consequence we obtain that the H~! norms of @ and f are controlled as well:
[IVIT 2 = IV @ 2 < Hlull . (2-5)

Notation. In this article we will work with localizations in frequency, space and time. To define them, as
is standard in Littlewood—Paley theory we let ¢ : R — [0, 1] be an even, smooth function supported in
[—%, %] and equal to 1 on [—%, %] With a slight abuse of notation we also let ¢ be the corresponding
radial function on R2. For k € Z we define ¢ (x) := 02 %|x|)—@ (2751 |x|), so that the family (¢ )xecz
forms a partition of unity,

de® =1, &#£0.

kez
We also let

pr(x):= Y g forany I CR, ¢<4(x) = 0(00a](X). ¢>a(X)=@a,00)(x).
kelnz

with similar definitions for ¢4, ¢>4. To these cut-offs we associate frequency projections Py through

Prg:i=F g (©)8(©)

and define similarly P;g := F (¢ (£)8(£)), P<xg := F o<k (£)§(£)), k € Z etc. We will also
sometimes write @ = Q[k—2 k+2]-
To simultaneously localize in space, for (k, j) e J :={(k,j)€eZxZ: k+ j =0, j >0} we let
@j(x), j=—k+1lorj=>1,
o) = {g<ox).  j=0 (k=0), (2-6)
o<_x(x), j=—k (k<0).
Notice that for any k € Z we have ) ;> inc0 43 (p;k) (x) = 1. We then define

k
Qjkg = P[k—z,k+2]¢; ' Prg

to be the operator that localizes both in frequency and space. This will often be used to decompose our
profiles into atoms
g= Y Qe 2-7)
k.j))eg
For notational convenience we also introduce the shorthand (¢) := /1 +¢2 for ¢t € R.

The main norm. Apart from the usual Sobolev and Lebesgue spaces we will be using a weighted function
space built on L? in an atomic way: with the notation K+ := max{k, 0} we let

i + —
lg@llx := sup 2*FDAFT 0 o(@)| 2, §=0.5-107%. (2-8)
(k,j)eg

This choice of norm is motivated by our quest to control the °° decay of w through the dispersive
estimate (2-9) below. The use of weighted L2 norms in quasilinear dispersive problems is fairly standard.
Here we have decided to use a fractional weight following the functional framework introduced in [Ionescu
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and Pausader 2014]. The particular choice of putting the same number of derivatives (the power of 2k
as the number of weights (the power of 2/) is dictated by the characteristics of this specific problem,
including the singularity of the bilinear form in (2-3) and the “speed of propagation” of linear frequencies.

Dispersive estimate. For the linear semigroup e’Z1 we have the following decay estimate:

Lemma 2.1. For g € S(R?) and k € 7 we have
le"™1 Prgllpee < 1t]7"2%% || Peglipr. (2-9)

Since the Hessian of the exponent £;|£|™2 on the Fourier side is 4|£|7%, and so in particular is
nondegenerate, the proof is a standard application of the stationary phase lemma—see [Elgindi and
Widmayer 2017, Proposition 4.1]. We remark that the right-hand side of (2-9) is controlled by the X -norm
of g in (2-8) above.

Main theorem. In more detail, our Main Theorem, Theorem 1.1, is:

Theorem 2.2. Let?> 0 <8 <0.5-107* and N > 2.1-87L. Then there exists an g > 0 such that for all
e < g9 and initial data wqy with
lwoll g~ + llwollxy = e, (2-10)

(1-5) admits a unique global solution w € C(R, HN (R?)). Moreover, for all t € R the solution satisfies
the bounds

lo®llax < e +1N. e @)y < . (2-11)

and, in particular, also the decay estimate
lo@®) Lo < eo(1 + 127" (2-12)
Finally, the solutions scatters: for any initial data wq as in (2-10) there exist unique fioo € X such that
le™ 1w (f) — froolx — 0 ast — *oo. (2-13)

2A. Proof of the main theorem. We will prove Theorem 2.2 through a bootstrap argument. The main
ingredient is the bilinear estimate (3-1), which establishes Proposition 2.3 below. Since the equation is
time reversible it suffices to consider ¢ > 0. We will work with the following a priori assumptions.

A priori assumptions. We assume that for some 7" > 0 and ¢; = Ag( with a suitably chosen constant
A > 1 to be determined below, we have

P f ()l 2 < &1 () P02~ NET, (2-14)

i +
sup (KT 000 ()2 < e (2-15)
(k,j)eg

2We did not optimize on the value of 8, and the related size of N, to make the proof more readable. Especially in the last part
of the argument, in Sections 4 and 5, improvements on these values would be possible by tracking more carefully the various
parameters involved, but due to the technicality of the proof, we have decided not to do so. It is very likely that a number N
between 10 and 100 would work.
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for all # € [0, T'] and a suitably large D > 0. For small enough 7" > 0 the estimates (2-14)—(2-15) hold by
virtue of (2-10) and a standard local well-posedness argument (that we omit), yielding a unique local
solution such that e L1 € C([0, 1], HN N X).

Weighted estimate. As a key point in this paper we will prove:

Proposition 2.3. Assuming the a priori bounds (2-14)—(2-15), and with the notation (2-3) and (2-8), for
allt €0, T] we have

IB(f. /)®)llx < &7 (2-16)

This estimate is at the heart of our article and its proof will be carried out over the course of Sections 3-5.
In fact, we will prove the stronger version (3-1) of the bilinear bound (2-16), which also implies the
scattering statement (2-13) of Theorem 2.2.

Assuming Proposition 2.3 we now establish the Main Theorem.

Proof of Theorem 2.2. Our aim here is to show that the interval on which the a priori estimates (2-14)—(2-15)
hold can be extended to infinity. Using a continuity argument it will suffice to prove that for ¢ € [1, T']

Nkt
1Pk f ()] g2 < 31 () P02 NET,

; +
sup (XTI 0 £ 2 < Ler.
(k,j)eg

(2-17)

Invoking the Duhamel formula (2-4) and applying Proposition 2.3 yields

+ i + i .
2T EF DD 0 4 £ (1) 2 < 2% 28D (0 woll 2 + 10k BUS ()l z2)
<eo+Cel < 1o

for g9 small enough. Combining this with the decay estimate (2-9) we also have

_ : _ _akt+ _
le B P (Ol S (O712% > 271 Qi SOz S () (e0 + Ce])2— k270K,
j=—min{0,k}

In particular, if Du is the matrix of first derivatives of u, we have
lo(@)]| oo + 1 Du(®)]| oo < (1) (g0 + Ce?) (2-18)

for all ¢ € [0, T]. A standard energy estimate for the S-plane equation, see [Elgindi and Widmayer 2017,
Lemma 3.1], gives the bound

t
lo@l g~ = @) g~y eXP(C/O [Du(s)l|Loe + llw(s)]Loe dS)-
Inserting the decay estimate (2-18) and choosing appropriately the constant D, it follows that
| P (1)l 2 < o (r) P02 NET,

This gives us (2-17) and proves the bounds (2-11) and (2-12) in our Theorem 2.2.
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To conclude we remark that in proving Proposition 2.3 we will actually prove the stronger version
(3-1) of the bilinear bound (2-16). The estimate (3-1) then implies that f(¢) is a Cauchy sequence in
the X space, so that (2-13) follows. O

2B. Symmetrization and double null form. By virtue of the symmetry ®(&,n) = ®(£,£ —n) we can
write the bilinear term (2-3) as

t , o4 A
FBUNE = [ [ B EEI fe ) fon s

n|?
_1f is<1>(a5,n)(§'77L E-(S—n)l)A N ey did
2/0/[@26 2 + &2 SE—=n) f(m)dnds
_1 is@(g,n)((é'UJ')f'(é—Zn))A o A did
zf()/Rze 2 — P2 SE=n)f () dnds.
Here we let )
1E-n7)E-(E—2n)
=5 2-19
B - T (2-19)
and explicitly write the important equality
teo S, A
FBGS = [ [ 2SI e i dnds
t ) R R
= / f e ®EMm(e, ) f () S () dn ds. (2-20)
0 JR2

To illustrate the relevance of this symmetrization we remind the reader that we will treat the above
expressions as oscillatory integrals. From this point of view, the set S = {(&,n) : V;® = 0} where no
oscillations in 7 occur in the phase e/*® (also called the space-resonant set) is one of the main obstructions
to obtaining strong bounds through cancellations. In the present problem we have

_ lelle—2n]
& —nl?[n|?’

vanishes on S. This is referred to as a “null structure” and allows

|V @| (2-21)

so the original multiplier & - nt|n| ™2
one to (partially) compensate for the lack of oscillations; see for example [Klainerman 1986; Pusateri and
Shatah 2013]. However, we highlight that in our case even more is true: the symbol m in (2-20) vanishes
to second order on S, which is what we call a “double null form”. As we will see, this offers a crucial

advantage over the previous formulation with a regular null form.
Symbol bounds. Using the notation (6-4)—(6-5) we have the following basic bounds for our symbol (2-19):
”mk,kl ,kz || §oo < Zk—mil’l{kl ,k2} (2_22)

and
[mEFLR2 (£ ) o, (1 — 28) || goo < 27 mintkL K2},

[mEFrk2 & ) g (& —21) || soo < 26 Mtk
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as well as the more precise bound
912 (6, ) o (€ — 2m) | 500 < 226F 22720, (2-23)

2C. Estimate for 9, f. As a first major consequence of the symmetrization in Section 2B we will
establish a useful estimate for the time derivative of the profile. We will work under our main a priori
assumptions (2-14)—(2-15); in order to readily have their more precise consequences (3-4)—(3-6) at our
disposal we refer to them as they appear in (3-2)—(3-3).

Lemma 2.4. Let [ be given by (2-1). Forallm € {0,1,...}Yandt € [2™ —1,2"*11N[0, T], and under
the a priori assumptions (3-2)—(3-3), we have

IPeds f(0)ll 2 < €32k 24kt pm2m+105m, (2-24)

Notice that 9, f(¢) is a quadratic expression in w(¢) and is therefore expected to decay, in L? at least
as fast as ||w(¢)]||.co. The above lemma states that we actually have much more decay, almost 2. This
is due to the favorable “double null structure” of the equations. Needless to say this estimate will be
very helpful when integrating by parts in time in Duhamel’s formula, which gives rise to bilinear terms
involving d; f.

Proof of Lemma 2.4. From (2-1) and (2-20) we have

0O =FOU N0 = sz [ e fae—nfenydn

(27r)?
We start by observing that for any f, g € L? we have
Pk Q(Pr, 1. Pr, &) L2

< [mEReR2 o - sup min{|| Py, £l 2lle”E Prygllnoe, €21 Pr, f s || Prygllr2,
t2m .
| Pr, fllp2l Py gl 2 2mintkrkait = (2.05)

having used Lemma 6.3. Moreover, notice that by symmetry in ) <> £ —n, when looking at Q (P, [, Pk, /)
we may assume that k, < kq without loss of generality.
Using (2-25) and (3-6) we see that

X _ X X _ +
1 Px Q(Pr, fo Pry )l 12 S 257K\ Py, £l 2Nl Py £ 112252 < 2K 27 NRT 2K g 2Rz

so that the desired conclusion follows when k, < —2m or k1 > é§m (we will choose §(N —6) > 2 in (3-7)
below).
We also have

1P Q(Pr, £ Pry )i p2 S 2N F P Q(Pry s Py Nl oo S 25752 1Py Sl L2 1 Py Sl 2

which, in view of (3-6), and after summing over k1, k, with k, > —2m, gives the desired bound (2-24) if
k < -2m.
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In what follows we can then assume
min{k, k1, ky} > —2m, max{ki, ky} <dm. (2-26)

This leaves us with a summation over (k, k1, k») made by at most O(m?) terms, and we see that to obtain
(2-24) it will suffice to show

| PeQ(Pi, £, Piy /) 2 S 32 274K g m2m +90m (2-27)
for every fixed triple (k, k1, k) satisfying (2-26). We subdivide the proof of (2-27) into two main cases:
high-low and high-high interactions.

Case 1: |ky — ko| = 10. In this case we have k1 > k, + 10 and |k — k1| < 5. We further decompose our
inputs according to their spatial localization as in (3-17):
fl :lekl.f’ f2:Qj2k2f7 jV +kVZO’ V=1,2. (2_28)

The Holder estimate (2-25) and the a priori bounds (3-3)—(3-4) give us
L +
IPQ(f1. fo)llL2 S 25742627 2 Rapm szl =2k,

Therefore, we can obtain the desired bound whenever max{ji, j»} > (1—8)m—2k,. In the complementary
case when max{ ji, j»} < (1—8%)m—2k, we can instead integrate by parts repeatedly in 7. More precisely,
using

[Vp®| ~272k2, | DE@| g 27 (Hlebk

we can apply the bound (6-6) in Lemma 6.5 with

K=s2k  p=2%g e=20 g=mEnfiE-nhH0).
and obtain
1L Q1 )2 < 25Nl ) O, ) Lo
<2k @maRe)mM (1 4 pRagmatin 2 M ok=ka) £ o £l 2
<227 fill ezl e

where the last inequality follows by choosing M large enough. Using also (2-26) we see that this is more
than sufficient to obtain (2-24).

Case 2: |k1 — k| < 10. This case is more delicate and requires a further frequency space decomposition
in the size of | —2n|. More precisely, we let

FO(f9)(t.8) = / HPED (e, ) gy (6 — 2m) (1. & — )@ (2. ) dn.

R2
Notice that this vanishes unless £ < k; + 20. To obtain (2-27) it then suffices to show

S IPQ(Pr, f. Pry [ 2 < 32K 274K g7 2m98m. (2-29)
£<ki+20
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Subcase 2.1: min{k, £} < (=1 + 58)m + k. In this case we first use the L? x L Holder bound in
Lemma 6.3 together with the symbol bound (2-23), and the usual a priori estimates (3-3)—(3-4), to deduce

2T P Qu(Pr, /o Pry )l 2 S 22tk ti—ki—ha g 0 C=Bkig=m g ok (2-30)

having also used (3-6). This suffices to obtain the desired bound when the sum in (2-29) is over
{<—m+ky+55morwhenk <—m+ky+ 56m.
We are now left with O(m) terms in the sum in (2-29), so that it suffices to show

+ _
27N P Qg (Py, f, Pry )| S e32kp72m+80m, (2-31)

under the restrictions (2-26), |k —k»| <10 and (=1 + 58)m + k; < k, £ < k1 + 20. We now further
decompose our profiles in space, letting

PeOy(Py, [. Py /) = > PuQu(fi. f2).
j]sjz
with the notation (2-28).

Subcase 2.2: max{ /i, jo} = (1 —48)m — k1 + min{{, k}. In this case we use the Holder estimate in
Lemma 6.3 with the symbol bound (2-23) to get

1P Qe f1, f2)ll2 < 22™neB2k1 - qup min{|l £y [ 2 lle”E fallpoos le™E fill ool f2ll 2}

tr2m
The a priori bounds (3-3)—(3-4) then give us

29T PLOG(fi, o)l S 2382kt g pmma @Bkt g p—kigmmaxtin.J2)
S 8%2]( . 2_8kl .2_m_kl+min{k5e}_max{jl’j2}’

which, upon summation over ji, j,, suffices to obtain (2-31) under the current assumptions.

Subcase 2.3: max{ji, jo} < (1 —48)m —k{ + min{{, k} and min{k, £} > (—1 4+ 56)m + k. In this last
remaining case we want to resort again to repeated integration by parts through Lemma 6.5.

Before doing that, let us first look at the case £ < k 4 5. Notice that if £ < —%m + %kl + dm, then the
Holder estimate (2-30) already gives us the desired conclusion. We can then assume £ > —%m + %kl +ém
in what follows. On the support of P; Q;(f1, f2) we have, see (3-13),

|V17<D| %262—3](1’ |ng)| 52_(1+|0‘|)k1’ |a| 22
We then let
K=s2027%% 1 F(p = o pf27F) 7
and calculate
|DaF| < (262—3k1)—12—(1+|a|)k1 < 2(1—|Ol|)ﬁ’ |O£| >,

Choosing € = 2 and

g =m(E n)eeE —2n) fi(E—n) fr(n),
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the bound (6-6) in Lemma 6.5 gives us

1 Pr Qe(f1, f2)llp2 < (@m2b2=3ky=M (o=t 4 pmaxtini2hyMy g1 5| £l 2
<2719 fill 2|l fall 2,

which is more than enough.
Finally we look at the case k < £ — 5. Recall that we may assume k > —m + k1 + 56m. In the present
configuration we have

[Vp®| ~ 2K273k | D2 op| < 2 CleDkink ) > 2,

We can then apply Lemma 6.5 with K = s2koa=3k Fp) = D(E, n)(2k2=3k1)=1 ¢ = 2k1 and the same
choice of g as above, to obtain || P Q¢ (f1, )2 < 27| fill2] /2]l 2. This concludes the proof of
the lemma. O

3. Preliminary bounds and finite speed of propagation

Recall that our aim is to prove Proposition 2.3. We begin by localizing our time parameter on scales ~ 2™,
m € N, as follows. Given ¢ € [0, T'], we choose a suitable decomposition of the indicator function 1}
by fixing functions g, ..., 741 : R —[0,1], |L —log,(2 + ¢)| < 2, with the properties

supp 7o C[0,2], supprr41 Slt—2.7], supptm C[27 12" forme{l,... L},
L+1 t
Z tm(s) = 1jo,7(s), Tm € C'(R), and / |7/, (s)|ds <1 forme{l,...,L}.
0
m=0

We can then decompose
t . A~ A
B(f./)=)_ Bu(f.[). FBu(f [):= /0 T () /R LM miE ) £ —n)f () dyds.

To obtain Proposition 2.3 it will then suffice to show that for any m =0, 1,...,
2R ENAD Q4 B (f, )2 S 7270, (3-1)
For convenience we recall here the a priori bounds (2-14)—(2-15),
| P f @Ol 2 < 1 (1) 027Nk, (3-2)

i +
sup (2KFHYIF4T 00 F() 2 < e (3-3)
(k,j)eg

where we can choose pg = Cego < § for a suitable absolute constant C > 0. Then we also have the
following consequences of (3-2)—(3-3):

le™ 1 Qi f (D)oo S e (1) 12742V, (3-4)

10k /Nl oo <NQjkfllpt < g2 1HOR=4KT 5707 (3-5)
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Also recall that by virtue of (2-5) we have
25N P fll2 S IVIT e = IV @ 12 S llull 2 < e (3-6)

In the remainder of this section we begin our proof of the weighted estimate (3-1) by treating first
some ranges of parameters for which the estimates are easily seen to hold. Subsequently we present a
“finite speed of propagation” argument, which invokes the idea that each frequency is expected to travel at
its respective group velocity, in order to allow for a further reduction in the parameters to be considered.

3A. Basic cases. We first establish a simple lemma dealing with frequencies that are very large or very
small with respect to the relevant parameters. To this end we let

2

N':=N —6, N’Zg. (3-7)
Lemma 3.1 (basic cases). With the above notation and under the a priori assumptions (3-2)—(3-4) we
have
+ ; ) _83
> 245 20EDEED) Q4 B (Pr, f, Pry )l 2 S 2707 (3-8)
max{k ,kz}Zkﬂ-\,ﬂ
Moreover,

+ i ) _83
> 22 UHDEAD | Ok By (P, f. Piey )2 S275™ed. (3-9)
min{ky,kr}<—1.01(k+j+8m)

Proof. We begin by using an L? x L™ estimate, see Lemma 6.3, together with the symbol bound (2-22),
to deduce that
1Qjk Bm(Pr, S Prey /)l L2
s2m2 T sup min{l Py, Sl lle™! P Sl oo 1€ Pl Sl ool P SN2
t2m .
1Py SNl 2| Pay Sl 2™ 50523 (3-10)
Proof of (3-8). Without loss of generality, let us assume k, < ki, so that the sum is over k| >

(k 4+ j +&m)/N’. Using the bound in the high Sobolev norm (3-2), the a priori decay assumption (3-4),
and the estimate (3-10) above, we see that

+
1Qjk Bn(Pic, [ Pry /)| 2 S 2™ - 2572 gy 2700 Dka g4k g ppomy =Nk,

It follows that

i i (N=5)(k+j+8m)
Do 2D 0 By (P, . i )2 < 20FERD. ghapomym TR

klzikﬂ'f/am,kz
Since (N —5)/N’ > 1+ 6 and pg < § this is sufficient.

Proof of (3-9). Again, without loss of generality we assume k, < ki, so that the sum is over k, <
—1.01(k + j + §m). Using the estimate (3-10) above and the a priori bounds (3-3), (3-4) and (3-6), we
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see that
+
10k Bun(Pi, f. Pry f)ll g2 S 2™ 2572 g 27mp@=0ka g phip=dky,
J 1 2 L

It follows that

+ . . _ _ .
Z 24k 2(1-i-5)(k—i—j)||ijBm(Pk1 f, szf)”Lz52<1+5)(k+])'8%2 (1-8)1.01(k+j+6m)
ka<—1.01(k+j+8m). Ky

which is sufficient for § < ﬁ. O

As a consequence of the above lemma we can assume from now on that
max{kq,kr} < %S(k 4+ j+6m), min{k;,ky} > —1.01(k+ j+m) (3-1D)

and, in particular,
max{k,ki,k,} <6(j +6m)+ D, (3-12)

where D is a suitably large constant. From now on we will use D to denote an absolute constant that
needs to be chosen large enough in the course of our proof in order to verify several inequalities. In
view of (3-11)—(3-12), when decomposing our inputs into frequencies, summations are given by at most
O((j +m)?) terms.

3B. Finite speed of propagation. From (2-2) one computes

_ Inlln—2§| _ |&]15 —2n]
=w_mer V=
& —nl*[§] & —nl*[n]
Notice that applying a weight x to the bilinear term B( f, f) corresponds to differentiating in £ its Fourier
transform, i.e., the expression in (2-3). The main contribution from this can be expected to be the term

|Ve D (3-13)

where the £-derivative hits the oscillating phase, producing a factor of sV¢®. We then want to make this

statement precise by proving that if the bilinear term B( f, f) is restricted to locations |x| ~ 2/, then

2 min{k,k>,

we must have “|x| < 5|V ®|”, that is, we should expect to have 2/ <omp— k2} Later on in

Section 4 we will also use refinements of this statement in various scenarios.
Lemma 3.2 (finite speed of propagation). Assume that (3-12) holds and
j >m—2min{k, ky,ko} + D> (3-14)
Then we have the bound
242U DAED | 0 4 By (Pry f. Py /)2 S 275402, (3-15)
Proof. We subdivide the proof into several cases and subcases.
Case 1: k1 = k, + 10. In this case we must have |k; — k| < 10 and the assumption (3-14) implies
j =m—2k,+ D*. (3-16)

Notice that in view of (3-12) we must have j > %m
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Subcase 1.1: k < —(1—62%);. In this case we can use an L? x L™ estimate, see Lemma 6.3 and the
symbol bound (2-22), with the a priori bounds (3-3)—(3-4), to obtain

2UFDEEDN O it Biu(Pr, 1o Py P2 <211 Qk B(Pr, f Pry /) 12

<287 0m . 2k ke qup | Py, 2 lleE N Pry £ oo

ta2m
<287 .gm ok g2,
which suffices to obtain (3-15).
We further decompose the profiles according to their spatial localization by defining, see (2-6)—(2-7),
lelelﬂf’ fZZszsz; jU +kv203 v=1,2. (3'17)

Subcase 1.2: min{j;, j»} > (1 —§2) . Here we use again an L2 x L™ estimate and the a priori bounds
(3-3)—(3-4):

. .
24T URDEED N 014 B (1, f2) 12

<2 RNERD g e sup || fill 2l falles

t2m

< 95kT 5 (148 (k+j)  Hm _812—4k1+2—(1+8)(k1+j1) ,812—m2—4k2+2(1—8)k22—8j2‘
Using the assumption min{ j;, j,} > (1 —§2)j this can be bounded by
8%2k+2(1+8)j . 2—(1+3)j1 . 2—5]2 S 8%2k+2—%8j 2—82]'1 2_82J'2‘

Upon summing over j; and j, we obtain the bound (3-15) also in view of k < %8]’ +68%2m+ D; see (3-11).

Subcase 1.3: —k, min{j;, j»} < (1 —8%) /. In this case we want to integrate by parts in £ using the main
assumption (3-14). More precisely, let us decompose according to (3-17) and inspect the formula

¢ () PiBm(f1. f)(x)

t ) R )
=00 [Crnlo) [ e g @ 6~ ) dndg ds. (-18)

Let us assume first that j; < (1 —§2) . Notice that (3-13) and the hypothesis (3-16) imply
|Velx - & +5@E ]| = |x + sV 0| 2 2. (3-19)

We then want to apply Lemma 6.5 to

[, e 1) g 6) o~ d.
Let us explain this in detail since similar arguments will be used repeatedly below. We let
FE) =27[x-£+s0E 0], K~2, (3-20)
and have, for || > 2,

|DaF| < 2—jS |ng>(§, 77)| < 2—j+m2—(|(x|+1)min{k,k1} < 2(1—|a|) min{k,kl}‘
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We can then choose € = 2™™k-k1} make the natural choice of the integrand

g(&) = m(E ) er () 1 (E— 1),

and use the bound (6-6) to obtain

A 1 .
1)k Bm(fi- )2 S 274 || fall o - TR Y omnikkilel peg|,,
la|=M

§2m+j81.2—jM[2—min{k,k1}M+2—kM+2j1M].81 §2—10j8%‘

For the last inequality we have used (2-22) and the fact that max{—k, —k, j;} < (1 —8?)/, and chosen
M = O(57?) sufficiently large. This gives (3-15) when j; < (1 —6§2)].

When j, < (1 —682)j we can use a similar argument. More precisely we look at the formula (3-18)
and change variables to write

t

X . A A

0k Bu(f1. 2)(¥) = (x) /0 (@) [ | [Tl ©me. e fo—n de) i dnds.
X

Notice that (3-19) still holds. Therefore we can apply Lemma 6.5 with the same phase as in (3-20) above,

€ = 27%2_and the natural choice of the integrand g, obtaining
1Qjk B (f1. fo)ll 2 S 2mHT 27 UthkIM g3y plhat )M < =107 2
since —ky < j, < (1—=68%)].

Case 2: ky > k; + 10. This case is completely analogous to Case 1 since our main assumption is
symmetric upon exchanging k; and k.

Case 3: |k1 — k3| < 10. In this case we have
k <min{ky, ko } + 20,
and the main assumption (3-14) implies
j=>m-—2k+ D.
Recall that in view of (3-12) we must have j > %m Also, using the same estimate of Subcase 1.1 above,
we may assume k > —(1 —§2) .

Subcase 3.1: min{ /i, jo} > (1 —§2),. This case can be treated like we have done in the analogous
subcases above via an L x L2 estimate:

2 QUGN | 01 B (fi. o)l 2 S 29 20HDEED om . qup eI L1 f11 ol Pry S 2

rA2m
< 8%2(1+5)j 078 9=(1+8)j2 < 8%2—%512—52112—52]'2‘
Summing over ji, j, we get the desired bound (3-15).

Subcase 3.2: min{j, j»} < (1 —§2),. In this case we can integrate by parts in & as previously done after
(3-18), using Lemma 6.5, the lower bound (3-19) and —k < (1 —§2) ;. O
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4. The weighted estimate: part I

In this section we begin the proof of the main weighted bound

sup 2420 DD 10 B (f, 1)l S 270, (1)

(k.j)er

showing how this can be reduced to a similar one where the size of various important quantities can be
restricted to specific ranges depending on the time variable. More precisely we will show how to restrict
the size of the input and output frequencies to a range close to 1 (a range of the form [2_"15’”, 2025’”] for
some constants ¢y, c; > 0), the size of the phase ® = (&, 1) close to 27", and the size of its gradients
in & and 7 close to 1. In Section 5 we will then conclude our proof by treating the remaining cases.

4A. Main reduction of interaction frequencies. Here we show how to treat the contributions from input
and output frequencies that are much smaller than 1, more precisely smaller than 27¢8m for some ¢ > 0.

Proposition 4.1. Under the a priori assumptions (3-3)—(3-4) we have, for all (k, j) € J,

+ i 283
> 242 RAEDED) 0y By (P, f. Prey )2 S 2725 e, 4-2)

lk1—k2|=10
min{k;,k2}<—58m+D

Furthermore, for all (k, j) € J we have
+ . — 3 .
o 2% kDD 0 By (P, f Py Nl 2 S 272 e} if k <—56m+D.  (4-3)

lk1—k2|<10
Proof of Proposition 4.1. We split the proof into several scenarios, the most difficult ones being the
high-high interactions.
Proof of (4-2) Because of the symmetry in k1, k, we may assume k, + 10 <k, |k —k;| < 10.
Case 1: k < —(1—62)j. In this case we can use an L2 x L estimate, see Lemma 6.3 and the symbol
bound (2-22), with the a priori bounds (3-3)—(3-4) to obtain

2HDEED | 0k Bin (P, f. Py N2 $2% 22725792 sup || Py, [l palle ™ Py, f | 1o

ta2m
<28 .m0k gy g 2 mp (=02
which suffices to obtain (4-2). From now on we may assume —k < (1 —§2) .
Let us now decompose the profiles according to their spatial localization, adopting the same notation
as in (3-17):
leleklﬂ f2:Qj2k2f’ jU +ku20,v:1,2. (4'4)

Case 2: j; > (1 —62) . Here we use again an L2 x L estimate and the a priori bounds (3-3)—(3-4):

. .
24T AFDEED N 0 14 B (f1, f2) 2

+ . _ N .
< 20D o K sup || fillp2lle™™ fall oo
tA2m

< DSk QUAB k1) gm g o=ak )=+ k1 i1) . g p=m(1-8k2=bj2
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Using the assumption j; > (1—§2) j, the finite speed of propagation Lemma 3.2 to bound j <m—2k,+ D,
and that k < %8]' +8%m + D by (3-11), we can estimate
2T HDEED | 054 Bu(fi, fo)ll2 S 632523 o780 5=k b
< 8%225111 . 2(1—38)](22—82]1 2—5]2 .
Summing over j; and j, we obtain (4-2). From now on we may assume j; < (1 —§2) ;.

Case 3: j > ky —3ky +m + D. In this case we proceed in a similar way as we did in the proof of
Lemma 3.2, resorting to integration by parts in £&. We look again at the formula (3-18) and notice that
|Ve®| ~ 2k2=3k1, gee (3-13). Then we have the same lower bound as in (3-19), that is,

|Velx-& +sD(E, ]| 2 2/,

and we can apply Lemma 6.5 to

/Rz A EHPED (e 1)y (8) f (€ — 1) dE.

More precisely we do this by choosing again F(§) =27/[x-£ + s®(£,n)], K =2/, and using that for
o] = 2,
|DYF| <27 /s |D§lq>(§’ n)| <27/ o~ (el +2) minfk.ki}oka < H(1—laDky

so that we can let € = 2k1. Using the bound (6-6), and the a priori bounds (3-3) and (3-6), we can deduce

Ty _ A A i ot
1Qk Bm(f1, )2 S2m27 10 2k | Al il fallpr S 27372720 €2,

which can be multiplied by the factor 20+ +8) and summed over all indices to give the desired estimate.
From now on we may assume j < k, —3ky +m+ D.

Case 4: max{ji, j»} > m—2k, —8*m. We use a Holder estimate together with the usual a priori bounds,
placing the term with larger localization in L2 and the other one in L, and obtain

+ A (ko
24T a2t Py B (f1, f2) 12
< pka=2ki+m)(1+8) ymoki—ka y=myQ=kig  p—max{ji.j2}y=(1+8kay  =8(j1+]2)
<&l 228m 5(1-38)k1 yk2 n—8(j1+j2)

Also in view of j < —2k; +m + D and (3-12) we have k; < 28m + D; thus summing the bound above
over ji, j» we obtain (4-2) whenever k, < —56m.

Case 5: max{ji, j»} <m — 2k, —§>m. Notice that since k» < k; — 10 we have, see (3-13),
Va®(E )| ~ 2722, Dy m 270D o) 2 2.

We then resort to multiple 1ntegrat10ns by parts in n; that is, we apply Lemma 6.5 with F' = 22k2p,
K =s27%2 ¢ = 2k2 and g = m(€, n)fl (&— Tl)fz(’?) Using the bound (6-6) we have

10k B (fis L2 S 20 F(Qjk B (fis fo))lloe S 25271025752 fy| 2l fol 24
which is more than sufficient to obtain (4-2) using also j + k <k, —2k; +m + D and (3-3)-(3-6).
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Proof of (4-3). In this scenario we will make crucial use of the symmetrization argument, which gives
better bounds on the null structure. In view of Lemma 3.2 (and the assumption that k < —5§m + D), in
the current frequency configuration it is enough to show

— _983
> 2GR Py B (Pry f. Pry )l 2 S €327, 4-5)
lk1—k2|<10
Localization in the size of |& —2n|. We now introduce a further localization in the size of |£ — 27| by
writing

t
FBmef0)= [ o) [ Wetsg)dns,

We(f, g) = e Pm(E, n) pe (€ —2n) f (€ — )& ().

Notice that By, ¢( P, f, Px, f) vanishes if £ > k{ + 20. Also, notice that the symbol obeys the refined
bound

(4-6)

“mk’kl’kz(P[ (S _ 2)7) ||Soo S 22€+2k—2k1 —2k2' (4_7)
Using this bound and standard Holder estimates, we can reduce (4-5) to proving the following:
— _ 82
2D By (Pry f. Py 2 S 67270,
with |k1—k2| <10, —2”’156,/(1,](25481’}’1, —2m <k <-5m+ D.

The rest of this proof is dedicated to showing (4-8) and split into two cases, depending on which of the

(4-8)

parameters £ or k is smaller.
Case 1: £ <k + 5. In this case we must have k > min{k, k,} — 15, so that k, k1, k, are all comparable
to each other and smaller than —56m + D. In particular (4-7) gives

K2y (6 — 2) | 500 52267260, (4-9)

We proceed in three steps.

Step 1: £—k1 < —gm. In this case we use integration by parts in time. We introduce a further localization
in the size of the phase @ in the bilinear operators B,, ; defined in (4-6). More precisely, we write

B (f28) = Bm<po(/-2)+ Y Buip(f:8),  po:=—3m,
, p=>Ppo (4-10)
Bua 8= [ ) [ o @EnWelf0)Em) dnds

where W, is given in (4-6).
Notice that in analyzing the terms in (4-10) we will be dealing with a kernel of the form

Kpo(§,m) = @p(PE, 1) @e(§ —21) 9k (§) Pk, (§ — 1) Pk, (). (4-11)
Since k, ky, ko are all comparable and much larger than £ we see, using (6-3) in Lemma 6.2, that
<ortikits, (4-12)

1 Kp,e ”Sch
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We can directly use this estimate to obtain the desired bound (4-8) for the term B, ¢ <p,. Since we must
also have |®| < 272k1 < 25" there are only O(m) terms in the sum in (4-10), and it will thus suffice to
prove
2D B o p(Pay S iy 2 S 632725 (4-13)
for fixed p € [-3m, 5m].
Integrating by parts in s we can write

B, p(Pre, /o Py /) = L, p(Pic, Js Py ) — i g, p 01 Pry S Py /) — I p, p(Prcy 2 0t Prey f ),

t

Ininfo0) = [ 2700 [ 2SS W g em dnds, i
t

Hnip 0= [ o) [ CE WS )61 dnds.

For the first above term, using the a priori bounds (3-3)—(3-6), the bound on the symbol (4-9) and the
bound on the kernel (4-11), we have the estimate

2m=YAEO 1 (Pry fo Py )l 2

< 2m=RA+8) 262k 2=P K, o (1) Prey S (€ — )l gy | Phr S 1 22
< p(m=k)(1+9) ,2%k1+§z2—k1(1+5)81 kg,

< 2—(%+28)k12(1+8)m2%€8% < 8%2—ﬁm

having used the assumption £ < —gm + k for the last step.
For the remaining terms in (4-14) we can use a similar bound together with (2-24) to obtain

200D | I1 o (@1 Py S Pry /)2 S 20 R+D gmaski36 Bory ) sup (105 Pry S 2
S

~2m

—(14+8)k~Q2+8)m HSk1+3L . A—(1+8)ky 2~kan—2m+105m
<2 2 2241 €12 1.e72%22
5 21157"2-(%4*25)](12%68? 5 giz—ﬁm‘

The same bound can be similarly obtained for /1y, ,( Pk, f,0; Py, /) and this concludes the proof of
(4-13) when £ — kq < —§m

To deal with the remaining cases we introduce the usual spatial localizations as defined in (4-4), and
aim to show

o (m—k)(1+8) Z “Bm,f(fh fz)”Lz < 8%2_282"1,
J1sJ2

under the assumptions in (4-8) and with £ —k; > —%m.
Step 2: L —ky > ——m and max{ji, jo} <m+ £ —3ky—38m. In this case we can repeatedly integrate by
parts. Indeed, in our current frequency configuration we have |V, ®| ~ 2£273k1; see (3-13). Then we can
use Lemma 6.5 by letting K = s(2¢273%1)=1 F() = ®2¢273k1 and € = 2%, From (6-6), choosing M
large enough, we then obtain || B, ¢(f1, /2)l;2 < 2710m) £\ .21 £2 11 L.2» which is more than sufficient
to obtain (4-8).
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Step 3: max{ji, jo} = m+ £ — 3k —dm. In this case a standard Holder estimate, placing the input with
largest position in L2, suffices:

2=+ B o (fi, f)l 2
< pm=k)(1+8) ym »2L=2k1  y—ms(2=8)k1 2—4k1+81 = max{jialp—(148kz g 9=81+]2)

< 228mly(1=38)k19—4ki )—b(j1 +2)g2,

having used the a priori bounds (3-3)—(3-4), and the symbol bound (4-9). Summing over j;, j, we see
that this implies the desired bound (4-8) since min{k, k1, k,} < —56m + D holds.

Remark 4.2. Notice that the bounds proved above suffice to obtain an estimate as in (4-3) for ) ", By, ¢
instead of By, provided that £ < —58m, and placing no additional smallness restriction on k.

Case 2: k <{—5. Here we have k < —56m + D and |€ — k| < 20, and similar arguments to those of
Case 1 can be used essentially by reversing the roles of k& and £. Note that in this case stronger bounds are
available for the kernel that we need to consider; see (4-15) below. We decompose the profiles according
to their spatial localization as done above and proceed as follows.

Step 1: max{ji, jo} <m + k —3k; —Sm. Note that this case will be empty if k < —m + 3k; + ém
and only Step 2 below needs to be performed. In the current scenario we have |V,®| ~ 2k =3k
and | Dy @[ < 2kp=(el+2k1 |o| > 1. We can then use Lemma 6.5 by letting K = s(2k273k1)—1,
F(n) = ®2k273%1 and € = 2¥1, obtaining

1Bome(frs D2 277 fillp2ll 2] 2.

Step 2: max{ji, jo} = m+k — 3k —dm. In this case we want to use integration by parts in s similarly
to Step 1 of Case 1 above. From the formula for the symmetrized symbol we see that the bound (4-9)
used before can be substituted by

k.kq .,k 2k—2k
[m*" 520 (6 —2n) || go0 < 2 L
Moreover, notice that we have a bound stronger than (4-12) for the relevant kernel; that is,

| 0p(PE. 1)) @2 (& —20) G1c(8) By (€ — 1) Prer () | gy S 27 HFH2K1, (4-15)

as per (6-3) in Lemma 6.2. Then the same arguments as in Step 1 of Case 1 above go through and give the
main conclusion (4-2) when k < min{k;, —56m} + D. This concludes the proof of the proposition. [

As a consequence of Proposition 4.1 we have the following:

Corollary 4.3. In order to prove the main bound (4-1) it will be enough to prove the following claim: for
all (k, j) € J we have
o4 g2l K IR Py By g (Pry . Pry )2 S 27271,

(4-16)
whenever —56m <k, ki, ko, <4ém + D?,



ON THE GLOBAL STABILITY OF A BETA-PLANE EQUATION 1609

where B, ¢ is defined as

t
Fhnelf.0)= [ o) [ Wetsgdnds,

We(f, g)(E n) == e PEDm(E ) g (€ —2n) £ (E — )& ().

Proof. In view the estimates (4-2)—(4-3) in Proposition 4.1, we know that to obtain the main bound (4-1)

4-17)

it will suffice to show

sup 24 2CANAHD N0 B (Pr, f Pry f)lL2 S 2752, (4-18)
kkjf >0 ki ka>—58m
>—56m

Recall that from (3-12) we have the upper bound max{k, ki, k,} < 8(j +m) + D. Then the finite speed
of propagation Lemma 3.2 suffices to bound the sum in (4-18) whenever j > m —2min{k, k1, k,} + D.
We may therefore restrict ourselves to j <m —2mint{k, kq,k>} + D < (1 + 108)m + D, and thus also
to max{k, ky,k,} <48m 4+ D. We then have a sum over at most O(m?) terms so that it suffices to prove
the bound

24542k NAED ) 0 B (P, f Pry )2 < 273862

for each fixed triple k, k1, ko with =56m <k, ky,k, <48m + D, and (k, j) € J. Moreover, in view of
Remark 4.2 we may also replace By, above with By, , and assume that £ > —55m. The claim follows
since §(m —2min{k. k1. ka} + k) < 28m. O

4B. Further reductions. We now turn to further reductions on the size of the phase ® and the spatial
localization of the profiles in the bilinear term B, ¢(Px, /. Pk, /) in (4-17). For this purpose let us write

Bunt (P, f- Py /) = D Bunt.p(Pis /- Pia ) = 3, Bunr.p(Pic f- Picy /), (4-19)
(V4 r,peZ
D . p
Bt (10 = 7 [ o) [ op(@EmWel s s @20
t
Bucrp(1.0)=F [ o) [ 0p(@Em)0r1-20)Welf, ) dn s, @-21)

where W, is as in (4-17). Notice that B,,, ¢, ,(Px, [, Pk, f) is trivial unless p < —2min{k, k,ko}+ D <
108m + D and r <max{ky, ky}+ D <48m+2D?. Also note that a Schur-type estimate using Lemma 6.2
will give the desired bound for the sum of the terms By, ¢ , when p < —3m. Similarly, it is not hard to see
that one can obtain the bound (4-16) for the terms By, ¢ , , When r < —3m. Therefore the summations in
(4-19) are all over at most O(m?) terms, and it suffices to prove the bound for each element in the sum.

Proposition 4.4. With the usual notation f, = P[k,,_z,kl,+2]</?;f”)(x) Py, f, jv+ky=0,v=12and
under the frequency restriction in (4-16), namely

—58m <k, ky, ko, £ <48m + D?,
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we have
I P B g (f1, [2) L2 S272"e7  if max{ji, jo} <m +min{k, €} —3k; —5m. (4-22)
If instead max{ji, jo} = m + min{k, £} — 3k — §m, then we have the following bounds:
otk gm2mintk kol tk B (f )2 S2T0MERif p = —m+406m, (4-23)
p¥t g2tk KK Py By (1 )2 S2746]if r < —=358m, (4-24)

24k g 2wt KSR P By g g (fis S22 S 27476} if mingjr, jo} = gm +608m. (4-25)
For convenience we introduce the notation
k:=min{ky, ko}, k:=max{ky, ka}, ji=min{ji. jo}, J:=max{ji, jo}. (4-26)

Proof. Each one of the bounds in the statement can be proven via similar techniques to those used in the
proof of Proposition 4.1 above.
Proof of (4-22). This follows by integrating by parts in 7 sufficiently many times, i.e., by applying
Lemma 6.5 using the fact that [V, ®| ~ 2k+l=4k1 gpng | Dy ®| < 2~ (lal+ D) mintki.k2} o the support of the
integral.
Proof of (4-23). Now we treat the term By, ¢ , as defined in (4-20) analogously to what was done
in (4-10) and integrate by parts in s. Similarly to (4-14) we obtain B, ¢ ,(fi, /2) = Im,p(f1. f2) —
I, p (01 f1. f2) = 1, p(f1. 91 /2), where

! ®
i) = [ 2700 [ 2EE D s e dnds

e p(fog) = / () / g””f(f ’;)) We(f. ¢)(E. n) dn ds.

For the first term in (4-27) we use Lemma 6.4 and the a priori bounds, estimating the profile with the

(4-27)

largest spatial localization in L2 and obtain

— —mA—2kT —FA—
1P Lo p(f1. [l 2 S 277 - [mEKiR2g (€ — 2p) || goo - 2727 2K gy .27 27Rg
— le et A i
52 m 398m'||mk,k1,k2||soo_2 k 2k 2 mm{k,(}+3k18%.

Using the bound [[mK-k1-42| ¢ < 27k+k we see that

2m+k—2 min{k k1 ,k2}|| PkIm,ﬁ,p(fl’ f2)”L2 s 8%2—395m . 2—4 min{0,k,k1 ,k2,€}22max{0,k,k1 ,kz,e}’

which suffices to obtain (4-23) in view of the restrictions in (4-16).
For the terms 11, , we use Lemma 6.4, estimating in L? the term involving the time derivative of the
profile via (2-24), together with the bound for the symbol used above:

_ _ I _ _ak+
| P I p @ fis )]l 2 S 2272 mbRik2g) (& - 21)|| oo - 27M2%K gy - 2k 72mH100m o 5=k

—m— k—akt
52 m 305m'23k 4k 8%.

This suffices to prove (4-23).
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Proof of (4-24). We now look at the bilinear term B,, ¢ , , defined in (4-21) with r < —356m <
min{k, kq,k,} — D, so that k, k1, k, and £ are all comparable. In view of the previous step we may
assume p < —m + 356m. Using the estimate (6-2) in Lemma 6.2(2) we see that

| 0p (BE, M) Gk (€) G,y (€ — 1) Gy () G (€ — 27 Gr (7 — 28) [y S 2727 H3E,

k,k],k2| S 2r—k7 ]_

Using this bound with Schur’s test, |m > (1 —=6)m — 2k, and the usual a priori bounds,

we see that

+ _ ; _ 1 S _ _ —F~—
24k Hm 2mm{k’kl’k2}+k”PkBm,ﬁ,p,r(fl?f2)||L2 < om k'2m_2p+2r+2k‘2r k_2 k81 b kg

m+8map+3r+ik 2
<2 20202 ey,
which is sufficient to obtain (4-24).

Proof of (4-25). In view of the previous step we may assume p < —m + 408m and r > —356m. Just for
the purpose of this proof let us define

K&, m) = 0p(PE. M) pe(§ =21 ¢r (§ —21) P (§) Pre, (§ — 1) Pie, (1).

In view of Lemma 6.2(2) we have, recall the notation (4-26),

LK M) llsen + |1 KE, € —n)llsep S 27T 3E+3E,

Also notice that for any kernel with | K| < 1 one has

IKE g E —lsen < 1KE DIE gl 2.

Then, using Schur’s test by estimating in L? the profile corresponding to the larger localization 27 we
can bound

. ey 3 1 k.ki.k .
1Pk Bt p.r (fis )l L2 S 27 QPF2EF2E) 2 JmfS 0 2 gos || £ o - 15

1,13k, 1 ke AT ~—de—k—akt
52m,22p+4k+4k_2k k y=Jj—=J . p—k—k—4k 8%‘

Using the assumptions p < —m +408m, j > (1 —8)m — 3k, + min{k, £} and j = %m + 608m, we see
that

+ _ 3p_1 —mi
24k Hm— 2min{k,k, k2}+k||PkBm t.p. r(fl f2)||L2 < g2 29 398m 2k 2min{k,k1,k2} 4 —4k. 23k1 min{k,(}
< €2 29=398m "3 min{0.k k1 k2,0}+ max{0, Jerkea}

which is sufficient for (4-25), again in view of (4-16). O

5. The weighted estimate: part II

Recall that the main weighted bound (4-1) is implied by (4-16). Combining this fact with the estimates in
Proposition 4.4 we can reduce the proof of the main desired bound to showing that

+ _ . —_
gkt gm—2mintkkikaltk p g (fy )l S 274, (5-1)
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where

Bm,e,fpo,r(fa g) ;
= F! [0 T () fR LT ED g (D(E 1) m(E. 1) Qe (€~ 21) @r (26— 1) (6 =) &) .
and whenever
—58m <k, ki, ko, £ <48m+ D*, r>—358m,

po :=—m+408m,

5-2
:=max{ i, jo} = m+min{k, L} —3k; —m > m —208m, (5-2)

:=min{jq, jo} < %m + 608m.

I~.

Remark 5.1. Intuitively speaking the reductions to the configuration (5-2) have placed us in a framework
where neither integration by parts in time nor space produces any gain: |®| is of the order of s~! and
|V, ®| is of order about 1, with j of the order about s. Notice that this is not a localization to, but rather

away from, the resonant set.

Anisotropic decomposition. We now decompose the bilinear term into two pieces, according to the size
of [ —ml:

Bunt,<por (1. 12) = Bgo (f1. )+ ) Ba(f1. f2). o= —55m.

q4>40

t . A
Ba(f.g)=F /0 Tn(s) /R LN (P(E ) g (Er —n)me (E.1) £ (E =g dn. -3

my (€ ) i= w2 (E ) g (€ — 2n) @ (26 —);
see also the notation (6-5), and recall the formula (2-19) for the symbol m. Note that in order to simplify
notation we suppress the dependence on m, £, po, r in Bx.

SA. Estimate of B<4,. Here we show how we can exploit the smallness in the localization in |§; — 14|
to close our bounds. The main tool here is given by improved Schur kernel bounds.
Let us introduce the notation

Kgy (6. 1) = 0<po (P&, 1) 0<qo (61 —n1)my (€, 1),

where my , is as in (5-3), and so that

t
Beao (£ =7 [ ) [ BPED Ky 6 FE - dn
Proposition 5.2. Under the assumptions (5-2) the following holds true:
+ A2 mi _
2Ty BB, (1. f2) e S 270 (5-4)

Proof. Observe that

P _ e - L_;)_ (L_L)‘
2z o= -0~ ) = (5~ )|
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Since on the support of the integral (5-3) we have |§; — 11| < 290, we see that
1 1 1

> 1€ §1> 1E—nl?

We then distinguish two main cases depending on the size of |5 | relative to 2390108m Nore precisely

< 2P0 4 290

~

< 2q0+108m. (5_5)

171

we write
BS(]Q(f’g):ngo(f’g)+82q0(f7g)?
t . A
BE (f.g):=F"! / (s) / SPED K (e mxa(m) £ E—mEm) i,
0 R2
X=(m) =<1y 108m M)y x+(m) = 1= x-(m).

: _ . 1
Estimate of B_, . In this case || < 23901+108m 454 we see that

1
|§'77J_| < |($1 —771)172| -+ |(&'2 _;72);71| < 23!10+155m‘

This gives us an improved estimate on the symbol m, see (2-19), and hence on the kernel: using
Lemma 6.2(2) and the restrictions (5-2) we see that

1
|1 K go (& M x=(10) Iseh + | Kgo (6. € =) x—(Er — 1) l|sen S 2390 - 270 2309,

We then apply Schur’s test incorporating the profile with localization j in the kernel and estimating the
one with largest j_ in L2 using the a priori bounds (3-3) and (3-5) together with the restrictions (5-2) we

have
— . 1 . e
1B<qo (/1 /) 2 < 2m .30 PotAIm o pSEm g pmmt256m
—m A—A=m ~1108m 2
<27™Mm.27e™. ) 2.

This is sufficient to obtain (5-4), given that the restrictions (5-2) imply 2~ 2mintk.kika}+k < ym156m

and § <2-107%.
Estimate of B;rqo. In this case |9 | 2 25490+108m and in view of (5-5) we must have ‘Inl_z—lél_z‘ <2340,
Since |7 — [£]7% = [£]72n|7* (€3 —n3 + &7 —n7) we see that

62 —n3] S E12In[22390 + |&F —n}| 5 2290 H160m,
Therefore we know that on the support of the integral
g1 —m| <290, |83 —n3| S 230 Ve )|, [V @(E )| = 27700,
see (3-13) and the restrictions (5-2). Using these we claim that we can estimate

1
1K go &)X+ (10 llsch + || Kgo (€. & — ) x+(E1 — 1) [lsen < 2090 - 2P0 . 2708m, (5-6)

To see why this holds true, first observe that for the support of the kernel we have

supp(Kqo (§,m) S {(6. ) e R xR?:ne ST(E)UST(©)},
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where

SEE) 1= {n e R?: | (£, n)| S 270, |Vy®(&, 1), [VeD(E, n)| 2 27708, |
1 —£1] S 290, |na £ £y S 2390+8ImY

From this observation, and arguments similar to the ones in Lemma 6.2(1), it follows that
sup / | Ko (€. 1) X+ (1) | d < 2P0608m o 3ao+86m
ger2 JR?

having also used |m| < 2!9%™  The same bound can be also deduced for Ko (&, &E —n)x+ (&1 —m).
Combing these bounds with the similar but cruder estimate

sup ([ 1Kao(e.mlde + [ [Kayle.5 -l de) 5 2m07650m
nERz R2 R2
we see that (5-6) follows.

We finally use (5-6) and Schur’s test to obtain

1
”B;qo(fl’ f2)||L2 < om 2gqo+po+705m . 81255m X 812—m+258m

S 2—7}12—%20?” . 214057’}18%'
We can then conclude as before, since § is small enough. This suffices to prove the desired bound (5-4)

and concludes the proof of the proposition. O

5B. Estimates of the terms B,. In view of the decomposition (5-3) and Proposition 5.2, the main bound
(5-1) can be reduced to showing

24k+2m—2min{k,k1,k2}+k” PiBy(fi, f2)llp2 < 2_55"” q = qo, (5-7)

~

under the restrictions (5-2). This bound can in turn be reduced to the proof of the following proposition
about Fourier integral operators.

Proposition 5.3. Let
p=-m+405m, —;—0m§q§48m+D2, (5-8)

with § <1074 Forany g € L? and s € [2™~1, 2" 1] define the operator
Tpa(g)(E) = [R L€ T ED o<y (@E. 1) g (61 —m)p(E. 1) 201) dn,

X1
|x|2”

(5-9)
QE. ) =—-LE+LE-n+Lm, Lx)=
and assume that the symbol p has the properties

supp(p) € {(€,m) € R? x R? : 274 < || || < 240m
& —nl. e =20 2 274" (26— 2 2774} (5-10)
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for some absolute positive constant A < 5, and
| D, (&, )| 5 2lel(bm600m)p208m g = g, (5-11)
Then T 4 satisfies the operator bound
I Tpgllp2s gz < 27m1000m, (5-12)
Before proceeding with the proof of this proposition, let us explain how Proposition 5.3 implies the
p g p prop p P p
desired bound (5-7):

Proof of (5-7) from Proposition 5.3. Without loss of generality we can assume j; < j,. Then, according
to our notation (5-3) and under the assumptions above, we can write

PuBy(fi. fo) = F~! /R tm(5)-£1Tpg(f2) ds.
where we let
p(E, 1) = mFFIR2 (& 0y oy (& = 20) @, Q6 —m) 7! fr(E—1).

Using the a priori bound || fl | <27%1¢; and the restriction on J in (5-2), it is easy to see that the
above p(&, n) satisfies the hypotheses (5-11). Applying the conclusion (5-12) we can then estimate

1PeBy(frs )2 S €12 1 Tpgllpaes p2ll fallpz S €2 - 27— 1008m g pmmt2asim
which is sufficient to obtain (5-7) in view of the restriction (5-2). O

The proof of Proposition 5.3 will be performed in the remainder of the paper and will conclude the
proof of the Main Theorem, Theorem 2.2.

5C. Proof of Proposition 5.3. To prove (5-12) we will use a T'T* argument which is based on a suitable
nondegeneracy property of the mixed Hessian of the phase ®. In particular, it turns out to be crucial that
we can integrate by parts along the direction parallel to the level sets of ®. We subdivide the proof into a
few steps: First, in Step 1 we describe a curvature quantity that gives a measure of the aforementioned
nondegeneracy. Step 2 then sets up the 7'T* kernel and guides the subsequent splitting; we either use
smallness of sets to get the claimed kernel bounds (Step 3) or exploit the nondegeneracy via an iterated
integration by parts (Step 4).

Step 1: The curvature quantity Y. In preparation for Step 2 let us define

Y VZ,® Veo vyo 5-13
(e O 5-13)

We begin with the following algebraic lemma involving T

Lemma 5.4. Define I' and © as follows:

R L&) O 1)
T = RN Jatacik )
G = e BV nvoE s TP T e
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Then we have the identity
3T E ) —20E ) =3E —m). (5-14)

As a consequence, on the support of the operator Ty, 4 the following bounds on Y hold:
29764Im < |7 (&, )| 5 20+ 04m, (5-15)

Proof. The identity (5-14) is obtained by a direct computation.
To verify (5-15) notice that

[T, mII&]In]
& —nl*1€ —2nlIn—2&|"

and therefore, because of the restrictions (5-10),

1T )| =

2848 P (g )| < T (& )| S 2104 T (g ).

Now note that |@ (&, n)| < 2P2245m « 29 ~ |&; — ;| by (5-8)—(5-9). Hence we can use (5-14) to deduce
that |I"| & 24, and the conclusion follows. d

Step 2: The T'T* kernel. Notice that the support of (7),4g)(£) is contained in the ball |£] < 248m
We decompose this ball into O(2-2412(Co+4)m) pa|is of radius R := 29~ Coém—D * for some absolute
constant Cy € [50, 150] to be determined below, depending on A4. If we denote by &, the center of any
such small ball and let

Tp,q.60(8)(8) := 9<r(E —£0) Tp,q(2)(6).

we see that the main bound (5-12) will follow provided we can show that for every &, € R,

1Tp.0.60Tpgeol2—12 < [pm—1008m 52 =2(Co+4)smy2, (5-16)

Such a localization to a small ball in £ will allow us to better control several remainder terms in various
Taylor expansions below.
Let us write

TnaeoTyigse® = [ Spaco6.€)eE) de.

where the kernel is given by

Spato(®-8) = 0=r(E ~E0)p=r(E ~ o) [R | PIED=EED p(e ) (& ) pg (61— m)
< 0q(§1 =) @<p(PE. M) 0<p(@E ) dn.  (5-17)

Notice that on the support of this kernel we must have |§ —£'| < 4R = 4.29~Coém—D 3 Also recall that the
symbol p satisfies the properties (5-10)—(5-11). We will sometimes use the short-hand notation S(&, £’)
for Sy, 4 £, (&, &), dropping the indices where this creates no confusion.

To bound the relevant operator we will resort to an integration by parts in 7 in the kernel (5-17) — see
Step 4. Where this integration fails we will show how to gain from the smallness of the measure of the
support of the kernel (Step 3).
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The integration by parts will be performed through the trivial identity

1
L Vi ®En o isteen-o@m

is[PEmM—DE ] _ - -
¢ ~isD V@, )| e
with
V(& 1)
= 12y Id(E ) — BE )], 5-19
¥, B )] [ PE,m) —PE, )] (5-19)

The choice of direction of integration by parts is motivated by the roughness of the symbol in the integrand
in (5-17). See also the identities (5-25)—(5-26).
To see the relevance of Y defined in (5-13) we calculate

Vi n)
= ———— . V,[®(&, ) —DE,

VadE ) e PE ]
_ VioEn o, / 3 .
= oo VenEME—ETF O(VEe, 0EnlE—£1).

The fact that VSCD does not vanish allows us write

Vi (€. 1) Ve d(E, 1)
—-& = be,, =t =t
FTE Sttt AT ReEn 2T NeoE )
We can thus decompose D as
- Vi ®(6.n) Ve®(&, 1)
D=a¥(En)+b— V2 O N e+ O(VE,  BE MIE—E ),
a¥(&.n+ Y, ®E )] e t3 77)|ng>(§’ Dl + O(Vig , PE mIE-ET7)

with Y defined in (5-13) and satisfying the bounds (5-15). In particular

DI = lal| T & n)| — 1b]|VZ, & m| 2P|V, ®E )& —£2. (5-20)
Observe that on the support of S(§, &) we have
27 2 | ) — PE )| 2 [VePE ) - (€ =)= O(VEDE )| IE &%)
= |b||VeD(E, n)| — O(VZOE )|E —E').

Step 3: The case |b] > 2€18m+D g —£/|2 with Cy := 134. Using (5-21), |Ve®(£, )| 2 27104™ and
|V§$<I>(E, )| < 2348m we deduce that |b| < 2PT1946m and in particular that we must have

(5-21)

&7 <27

‘We now use Schur’s test to show how this suffices to obtain (5-16).
More generally, let us assume that the support of S(&, £’) is contained in the set |§ —&’| < L. Using
Lemma 6.2(1), the lower bounds |V ®(§,7)| 2 2~ 1048m 4pnq IVa®(E. )| 2 2=448m that hold on the
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support of p(&, n), see (5-10) and (3-13), we can then estimate

f IS(E. &) xyes<ry dE < // 0= p (BE M PE 1) 9=p (DE . M)|PE 1) Xie—er <1y dndE
R2 R2 xR2
5/ <p5p(<1>($’,n))lp(5’,n)l[/ <05p(q>(5,n))|p(é,n)lX{|g—gf|sL}dE}dn
R2 R2

< [ o=p (@€ )lp(E |27 2004205 Ly

5 22p.2(14A+40)8m_L‘ (5_22)

By symmetry a similar bound also holds when exchanging the roles of & and &’. Using this estimate with
L= 2%1’, we see that (5-16) follows from Schur’s test since, under our assumptions, % p+ (144 +440)5m
is less than —2m — 2008m + 4q — 4(Cy + 4)6m, as required.

Step 4: The case |b| < 2€18m+D g _ /|2 I this case we have |b| <27 P |& — ¢/|, provided we choose
Co = Cy + 4. Therefore |a| > %|§ —£&’|. Then we must also have

2
2q|a| > 2C05m+D |$ _§/|2’

since |€ —&'| <4- 20=Codm=D* 4 the support of the kernel. From (5-15) we know that |’Y‘| la| =
24—6A45m=D\ ;| "and since we also have

b1V2, ®E )| + 2P|V}, D(E. )| [E— &' < 2C1H30Im+2D e g2,
we can choose Cy > C; +94 = 22 A4, and invoke (5-20) to deduce
D] 2 277545 al.

. _3 . _3
Notice that we can also assume that |a| = 27 70", for otherwise |a| ~ |§ —§&’| <27 10" and the bound
(5-22) would give us

/|S(§, S’)|X{|S_$/|S27(3/10)m} d%‘ 5 2217 .2(14A+40)8m _2—%m’
H

so that (5-16) would follow via Schur’s test as above.
We now claim that an iterated integration by parts yields

|S(S’S/)| < 2408m [2—m|D|—1 max{2%m+605m’ 274, |D|—12(%+1)A5m’ 2_p|D|}]M (5-23)

for any positive integer M. Since |D| 2 2_%”’, p=—-—m+406m and q > —zl—om, this bound clearly
suffices to obtain (5-16).

To prove (5-23), we integrate by parts in 7 in the integral (5-17) using the identities (5-18)—(5-19): For
notational convenience, we rewrite them here as

oisY _ %Xeis\ll’ W(EE ) = dE n)— D¢, n),

XY

X(E )= %v-v,,, xT & m) :=divn(lV')’ T V,0E )|

D
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Integrating by parts M times will then give

SE &)
< /R 27 MI@TM[pE o m) gqE1—n1) 0q(E =11 9p(P(E M) 9<p (PE )] | dn. - (5-24)

Let us now analyze the various terms that arise in (5-24):

(a) When divy, V hits the symbol p(&, n)p(€’, 1) this produces a factor growing at most 25m+608m iy
view of the assumption (5-11). This is accounted for by the first term in the curly brackets in (5-23).

(b) The terms that arise when div; V hits the cutoff ¢g (&1 — 1) ¢4(&] —n1) are bounded by 279.

(c) To deal with the terms when div, V hits the denominator D, it suffices to observe that on the support
of the kernel,
| DyD(E )| < 2+ DA,

(d) For the term arising when div, V hits the cutoff ¢<,(P(£", 1)) ¢<,(P(, 1)), first notice that by
construction

V- Vg p (@6, 7)) = 0. (5-25)
Moreover, we can calculate
VE. ) - Vylep(@E . 0) =V(E. 1) Vp@E . m27 7 (¢)p(P(E . 1))
=D 277 (@")p(E . ). (5-26)
We then see that this is accounted for by the last term in the curly brackets in (5-23).
This concludes the proof of (5-23) and Proposition 5.3. The Main Theorem, Theorem 2.2, follows. [

6. Useful lemmata

A Schur lemma. We demonstrate here some bounds for integral operators defined through kernels with
localizations. These bounds derive from the set-size restrictions brought about by localizations. We first
recall the standard Schur’s test:

Lemma 6.1. For a kernel K : R? x R?> — R, consider the corresponding operator

(T 6= [ K s dn
and assume that

swp [ K@l =Kio swp [ KGld = Ko

£€R2 neR2
Then

1Tk fllpz < VEi Kz flL2-

We will often apply the above lemma, and for this purpose define

1K lsen = (sup [ ke dn)z (sup [ xen ds)z. 6-1)
3 n
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Lemma 6.2. (1) Let F : R?> — R be smooth in a ball Bg(z) C R?, z € R?, R > 0. Then
/ <1 (F(x)) @z (VF(x)) dx <27#2*R.
Bgr(2)

(2) Consider an integral operator given by the kernel

K& n) = gp(PE. m) o€ —2n) 0r (1 —28) 0 (6) 0a(E — 1) 0p (1),

where ® is the phase in (2-2). Then we have the bound
1K llsen < P+ 5 (ktb—t=r)+2ay 3 min{l,r.a,b}+} min{l.r.k.a} (6-2)
so that, in particular,

1
1K ||sen S 2P T2k F0F20),

As a consequence, we also see that if min{k, £} < max{a,b}— 10, then, for

K (&, 1) = $p(PE m)pe (€ — 20 (§)palE — )b (1)

we have the bound
1K lsen < 2p+%(k+b—€+3a)2%min{(,a,b}—i—%min{ﬁ,k,a}’ (6-3)

Proof. Point (2) is a consequence of (1) and the formulas for the gradient of ® in (3-13), so we start by
demonstrating (1).

Proof of (1). Notice that {x € R?: |V F(x)| > 2"} C A}, U A2, where A, :={x € R?: |0, F(x)| > 2471},
Hence on Bgr(z) N A}L a well-defined change of variables is given by (1, y2) = Y(x) := (F(x1, X32), X2).
This change of variables has Jacobian determinant equal to |dx, | Z 2#, so we have

/ 9= (F)g=u(VF)(x)dx <274 f =i (F)g=u(VE)(Y ™1 () dy
Br(z)NA4] Y(Br(2)

< 2‘“/ <1 (y1)dy <27H2*R.
|[y2—z2|=R
Exchanging the roles of x; and x;, in complete analogy we deduce the same bound for

/ p<.(F)o=u(VF)dx,
BR(Z)ﬂAg

thus proving the first claim.
Proof of (2). We estimate the two integrals in (6-1); for each it will suffice to appropriately apply (1). To
this end, notice that with the localizations in K (&, 1) we have, see (3-13),
-2 -2
| 0 | — |é§|2|s n|2 ~ 2k+€2—2a—2b’ |vgq)| — |77|2|n Elz ~ 2b+r2—2k—2a
% & —nl §1%1& —nl

and ® is smooth in the domains of integration.
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Furthermore, for fixed & there exist & and R < min{2¢, 2", 29,22} such that the domain of the integral
in 1 is contained in the ball Bg(&p). We then invoke (1) to obtain

/ K(E.n)dy < / 0p(DE. 1) @it 02026 (2~ 1OV, D(E. 7))
R2 Br(%0)
5 2p2—k—€+2a+2b2min{€,r,a,b}‘

Similarly, for fixed 7 there exists 19 such that the domain of the integral in £ is included in a ball of
center 1o and radius R < min{2¢, 2", 2%, 24}, which promptly yields

K , d < 2p2—b—r+2k+2a2min{€,r,k,a}‘

|, Kz

Combining these gives the claim (6-2). The bound (6-3) follows since for min{k, {} < max{a,b}— 10
one has |r —max{a, b}| < 5. O
Holder-type estimates and integration-by-parts lemmas. For simplicity of notation we define the following
class of multipliers:

S :={m : (R*)?> — C: m continuous and ||| goo := || F " 'm| 1 < c0}. (6-4)

As we will often localize in frequency space we define, for any symbol m,

meRuk2 (8 )= o k18 Ok —2 k121 (E — 1) Pty —2.ka2] (MME, 1) (6-5)

see the notation in Section 2. Here is a basic lemma about S symbols that we will often use:
Lemma 6.3. (i) We have S® < L®(R?> x R?). If m,m’ € S*® then m -m’ € S*® and
lm-m|| o0 < [Im soo|lm'|| soo.

Moreover, if m € S®, A:R? — R? is a linear transformation, v € R?, and m 4 (&, 1) := m(A(&, 1) +v),
then
Imapllsee = [lm]soo.

(ii) For m € S, consider the bilinear operator Ty, : S(R?) x S(R?) — S'(R?) defined by

Tn(f.8)(E) = f_I/WZ(é, n).f(E—n)gm) dn.

Then, forall 1 < p,q,r < oo satisfying the Holder relation % = % + é, we have

1T (f. e < llmllseell S lzrliglLa-

Proof. The properties in (i) follow directly from the definition (6-4). A direct computation unwinding the
Fourier transforms shows that

To(f. g)(x) = /E it f mE.m) f € —me ) dnde= [ / Fx—2)g(x =y — iz, y) dy dz,
n yJz

from which the claim follows directly. O
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We state next a useful lemma, which allows us to use Holder-type bounds when we integrate by parts
in time.

Lemma 6.4. Assume t ~ 2™ for some m € N, and p > —m + 26m. For p € S, with || p| g = 1,
consider a bilinear operator of the form

Bp(v.w)(®) = g=10m(£) /R LT PED X QTP R(E. ) p(E 1) DE — md(n) dn.

where x is a Schwartz function. Then, for any % + 611 = %

i(t+s)L i(t+s)L IOm).

IBp(v.w)ll2<( sup e vlirelle wllpa + vl L2 lwll 22~

|s|<2—Pp28m
Proof. Let us use
X0 ) = [ T 5z
to write ’

By =c | ( /R (T HOREM ) dz)p@, WO —nyid(n) dn.

R2

Using the rapid decay || < (1 + |z])™M, for M large enough, we can estimate the contribution from the
region |z| > 207 as

/Rz (/| o ei(2*172+t)¢‘($,77))?(z) dz) o<t1om(&E)pE, MO(E —n)w(n) dn

2
L

10m H—5M ~10
<2027 ol e lwllg2 £ 27 vl 2wl o

~

We are now left with estimating

[ [ p1on (e T EOHED e gyl )y
z|< m

2
L

< sup f p(.m)e' G EFOLED G )l G ZAOLOD G () d|
|z|<28m R2 L%Z_
which by virtue of Lemma 6.3 and || p|| goo <1 is bounded by
sup ||ei(t+2_pz)LU”Lp||€i(2_pz+t)Lw||Lq.
|z|<28m
The desired conclusion follows. O

Here is a basic integration-by-parts lemma:

Lemma 6.5. Assume that € € (0,1), €K > 1, M > 1 is an integer, and F, g € CM (R"). Assume also
that F is real-valued and satisfies

IVF| > Lappe),  |D*Fl Spr €™ forall 2 <|a| < M.
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/ ¢iKF g g
Rn

The proof is a fairly straightforward integration-by-parts argument; see Lemma 5.4 in [lonescu and
Pausader 2014].

Then
1

§W Z E|O[|||Dwg||Ll (6-6)
lo|=M
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AIRY-TYPE EVOLUTION EQUATIONS ON STAR GRAPHS

DELIO MUGNOLO, DIEGO NOJA AND CHRISTIAN SEIFERT

We define and study the Airy operator on star graphs. The Airy operator is a third-order differential opera-
tor arising in different contexts, but our main concern is related to its role as the linear part of the Korteweg—
de Vries equation, usually studied on a line or a half-line. The first problem treated and solved is its correct
definition, with different characterizations, as a skew-adjoint operator on a star graph, a set of lines connect-
ing at a common vertex representing, for example, a network of branching channels. A necessary condition
turns out to be that the graph is balanced, i.e., there is the same number of ingoing and outgoing edges at the
vertex. The simplest example is that of the line with a point interaction at the vertex. In these cases the Airy
dynamics is given by a unitary or isometric (in the real case) group. In particular the analysis provides the
complete classification of boundary conditions giving momentum (i.e., L2-norm of the solution) preserv-
ing evolution on the graph. A second more general problem solved here is the characterization of condi-
tions under which the Airy operator generates a contraction semigroup. In this case unbalanced star graphs
are allowed. In both unitary and contraction dynamics, restrictions on admissible boundary conditions oc-
cur if conservation of mass (i.e., integral of the solution) is further imposed. The above well-posedness re-
sults can be considered preliminary to the analysis of nonlinear wave propagation on branching structures.

1. Introduction

We consider the partial differential equation

ou 3u ou

o Yoo TPy
where @ € R\ {0} and B € R, on half-bounded intervals (—o0, 0) or (0, o0), and more generally on
collections of copies thereof, building structures commonly known as metric star graphs.

A metric star graph in the present setting is the structure represented by the set (see Figure 1)

(1-1)

E:=E_UE,,

where E4 and E_ are finite or countable collections of semi-infinite edges e parametrized by (—oo, 0) or
(0, 0o) respectively. The half-lines are connected at a vertex v, where suitable boundary conditions have to
be imposed in order to result in a well-posed boundary initial value problem. From a mathematical point
of view the problem consists in a system of |E_| + |E4 | partial differential equations of the form (1-1),
with possibly different coefficients « and 8, coupled through the boundary condition at the vertex. Our
main concern in this paper is exactly the characterization of boundary conditions yielding a well-posed
dynamics for (1-1) on a metric star graph.

MSC2010: 47B25, 81Q35, 35Q53.
Keywords: quantum graphs, Krein spaces, third-order differential operators, Airy operator, KdV equation.
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Figure 1. A balanced star graph with |E_| = |E4| = 5 edges.

This is a well known problem when a Schrodinger operator is considered on the graph, in which case
the system is called a quantum graph. In this case, extended literature exists on the topic, both for the
elliptic problem and for some evolution equations, like heat or wave or reaction-diffusion equations; see
[Berkolaiko and Kuchment 2013; Mugnolo 2014]. The analysis has been recently extended also to the
case of the nonlinear Schrodinger equation, in particular as regards the characterization of ground states
and standing waves; see [Noja 2014; Cacciapuoti et al. 2017] for a review. Another dispersive nonlinear
equation, the BBM equation, is treated in [Bona and Cascaval 2008; Mugnolo and Rault 2014]. A partly
numerical analysis and partly theoretical analysis of some special cases of the linear Korteweg—de Vries
equation on a metric graph is given in [Sobirov et al. 2015a; 2015b; 2015c]. Finally we notice that
information about the linear part of the KdV equation on a star graph with special boundary conditions
related to controllability problems is considered in [Ammari and Crépeau 2017]. Apart from these papers,
not much seems to be known for (1-1), the linear part of the KdV equation. In this context, the solution
of (1-1) represents, in the long wave or small amplitude limit, the deviation of the free surface of water
from its mean level in the presence of a flat bottom. We will refer to (1-1) as the Airy equation and to
the operator on its right-hand side as the Airy operator; its connection with the KdV equation is one of
our main motivations for the study of this problem. Equation (1-1) appeared for the first time in [Stokes
1847] as a contribution to the understanding of solitary waves in shallow water channels observed by
Russel [Lannes 2013], but some of its solutions were discussed previously by Airy (ironically, to refuse
the existence of solitary waves).

One of the most fascinating features of this PDE is that it has both a dispersive and smoothing character
and in fact it is well known that (1-1) is governed by a group of bounded linear operators whenever its
space domain is the real line; see [Linares and Ponce 2009].

On the line, after Fourier transform, the solution of (1-1) is given by

1 .
U(Z,X) — E\/R/I;elk[(x_y)—akz—ﬂ]tuo(y) dy dk,

where u is the initial data of (1-1). The above Fourier formula can be further managed to give in the
standard o < 0 case

u(t,x) = K; % up(x),  K,(x) = i/ﬁm(%), (1-2)
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where

Ai(x) := %/ erx ity g, = L / cos(yx + 3»°) dy (1-3)
R T Jr

is the so-called Airy function (intended with a hidden exponential convergence factor).

Translation invariance allows one to get rid of the first-order term, just changing to moving coordinates
in the equation or directly in the solution, and it is not restrictive to put 8 = 0. In particular one has that
| K¢l oom)y = O(1/ /1), from which the typical dispersive behavior of Airy equation solutions on the
line follows. This estimate and other more refined dispersive properties are of utmost importance both at
the linear level and in the analysis of nonlinear perturbation of the equation, such as the KdV equation;
see [Linares and Ponce 2009].

Much harder is the analysis of the properties of the Airy operator when translation invariance is broken,
for example in the case of a half-line or in the presence of an external potential. In the first case much work
has been done in the context of the analysis of well-posedness of the KdV equation. The first problem one
is faced with is the unidirectional character of the propagation, which requires some care in the definition
of the correct boundary value problem. It is well known that for the standard problem (¢ < 0) of the KdV
equation two boundary conditions at 0 are needed on (—oo, 0) and only one suffices on (0, +00). The
issues in the definition of the correct boundary conditions of KdV equation are shared by the linear part, the
Airy equation. A more complete analysis of the problem on the half-line is given in the following section.

The Airy operator with an external potential, representing the effect of an obstacle in the propagation
or the result of a linearization around known stationary solutions is studied in [Miller 1997], especially as
regards spectral and dispersion properties, while a different model with an inhomogeneous dispersion
obtained through the introduction of a space-dependent coefficient for the third-derivative term is studied
in [Craig and Goodman 1990].

In this paper we are interested in the generalization of the half-line example and from now on we
will discuss only the case of a star graph in which the Airy operator has constant coefficients on every
single edge (but possibly different coefficients from one edge to another) and discard any other source of
inhomogeneity.

Our first goal is to properly define the Airy operator as an unbounded operator on a certain Hilbert
space, in such a way that it turns out to be the generator of a Cy-semigroup. We will consider two cases
in increasing order of generality. The first is the one in which the generated dynamics is unitary (in the
complex case) or isometric (in the real case); the second is the case in which the generated dynamics is
given by a contraction Cy-semigroup. The easiest way to understand the nature of the problem is to consider
the densely defined closable and skew-symmetric Airy operator u — Agu 1= a(d>u/dx?) + B(du/dx)
with domain C°(—o00, 0) or C2°(0, +00) on the Hilbert spaces L2(—o0,0) or L2(0, +00) respectively.
Due to the fact that the Airy operator is of odd order, changing the sign of « it is equivalent to exchange
the positive and negative half-line and so we can take o > 0 without loss of generality.

An easy control shows that the deficiency indices of the two operators are (2, 1) in the first case
and (1, 2) in the second case, so that i Ay does not have any self-adjoint extension on any of the two
half-lines. However, the direct sum of the operators on the two half-lines results in a symmetric operator on
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C2°((—00,0) U (0, +00)) with equal deficiency indices (3, 3). Hence, thanks to classical von Neumann—
Krein theory it admits a nine-parameter family of self-adjoint extensions generating a unitary dynamics
in L2(R). Of course, this is not the only possibility to generate a dynamics. For instance, it could be the
case that a suitable extension A of the operator on the half-line generates a nonunitary semigroup, so not
conserving L?-norm, that still consists of L2-contractions. According to the Lumer—Phillips theorem,
this holds true if and only if both A and its adjoint A* are dissipative. Dissipativity in fact occurs if the
right number of correct boundary conditions are added; for example in the standard case with o < 0, the
Dirichlet condition on #(0) on the half-line (0, +00) is sufficient, but two conditions, for example the
two Dirichlet and Neumann boundary conditions on u(0) and u’(0), are needed on (—o0, 0).

This is the ultimate reason why more or less explicit results about Airy semigroup formulas exist in
the above examples and they can be fruitfully applied to some cases of nonlinear perturbation, such as
the KdV equation on the half-line.

The above basic remark, which seemingly went unnoticed in the previous literature on the subject, is the
starting point of the treatment of the Airy operator on the more general case of a star graph. To efficiently
treat the case of star graphs, we exploit the fact that the Airy operator is antisymmetric, and we want to
give first existence conditions for its skew-adjoint extensions and their classification. This can be done in
principle in several ways and here we rely on a recent analysis making use (in the intermediate steps of
the construction) of Krein spaces with indefinite inner products, recently developed in [Schubert et al.
2015]. As suggested by the example of the half-line, a necessary condition for skew-adjointness is that
E_ = E4, i.e., the number of incoming half lines is the same of outgoing half-lines. When this condition
is met the graph is said to be balanced. A similar necessary condition was shown to be true in the case of
the quantum momentum operator —i (d /dx) on a graph; see [Carlson 1999; Exner 2013]. The complete
characterization of skew-adjoint boundary conditions is more complex, and is given in Theorems 3.7
and 3.8. To explain, we introduce the space of boundary values at the vertex for the domain element of
the adjoint operator A}: These are given by (u(0—), u’(0—), u”(O—))T and (u(0+),u'(0+), u”(O+))T,
spanning respectively spaces G_ and G4 (notice that u#(0—), u(0+) etc. are vectors with components
given by the boundary values on the single edges and “minus” and “plus” mean that they are taken on
edges in E— or E4 respectively). The boundary form of the operator Ay is given by

(Agu | v)+(u] Ajv)

—B- 0 —a_ u(0—) v(0—) —B+ 0 —oay u(0+4) v(0+)
= 0 a— 0 u'(0—) v'(0—) - 0 ar O u'(0+) v'(0+)
—a— 0 0 u”(0-)/ [ \v"(0-) o —a+ 0 0 u”(04)/ | \v"(0+4) Gy
u(0-) u(0-) u(0+) u(0+)
=|B_| u'(0-) u’'(0—) —| B+ | v/ (0+) u’'(04) ,

Z/l//(o_) u//(O—) u//(0+) u//(0+)

G- G+

where, with obvious notation, e+ and B4 are vector-valued coefficients in E4 of the Airy equation on the
graph. The block matrices B4 are nondegenerate and symmetric but indefinite and endow the boundary
spaces G+ with the structure of a Krein space. Correspondingly, the space G_ @ G+ is endowed with the



AIRY-TYPE EVOLUTION EQUATIONS ON STAR GRAPHS 1629

=5 3)0)|6)

The first important characterization is that skew-adjoint extensions of A are parametrized by the subspaces

sesquilinear form

X of G_ @G which are w-self-orthogonal (X = X where orthogonality is with respect to the indefinite
sesquilinear form w; see Definition 3.6 for more details). An equivalent, more explicit parametrization is
through relations between boundary values. Consider a linear operator L : G_ — G (here we describe
the simplest case in which G4 are finite-dimensional; for the general case see Section 3) and define

D(AL) = {u € D(Ay) : L(u(0—),u’(0-),u"(0—)) = (u(0+), u'(0+),u” (0+))},
ALL{ = —Agu.

Then Ay is a skew adjoint extension of Ag if and only if L is (G—, G4 )-unitary ({(Lx | Ly)+ = (x| y)—
and again see Definition 3.6).

The characterization of extensions A of A, generating a contraction semigroup can be treated along
similar lines. According to the Lumer—Phillips theorem, one has that A and 4™ have to be dissipative. For
a linear operator L : G— — G define A7 C —Aj as above. Denoting by L¥ the (G4, G_)-adjoint of the
operator L (see Definition 3.6) one has that Ay is the generator of a contraction semigroup if and only if
Lisa(G_,Gy)-contraction (i.e., (Lx | Lx)y < (x| x)_ forall x € G_) and L* is a (G4, G_)-contraction
(ie., (L¥x | L¥x)_ < (x | x)4 for all x € G).

This condition allows for a different number of ingoing and outgoing half-lines, and it is well adapted
to study realistic configurations such as a branching channel.

Notice that in both the skew-adjoint or dissipative case one can consider the possible conservation
of an additional physical quantity, the mass, coinciding with the integral of the domain element of 4.
Conservation of mass (see Remark 3.10) is characterized by boundary conditions satisfying the constraint

> ae(0-) = > weul(0+) + Y Pette(0-)— > Bette(0+) = 0.

e€E_ e€E4 e€E_ e€E4

Of course the requirement of mass conservation restricts the allowable boundary conditions, both in the
skew-adjoint and the dissipative case.

In Section 4 we provide a collection of more concrete examples. Already at the level of general
analysis previously done it is clear that a distinguished class of boundary conditions exists, in which
the first-derivative boundary values u’/(0=) are separated. This means that they do not interact with the
boundary values of u and u” and satisfy the transmission relation #’(0+) = Uu’(0—) with U unitary in
the skew-adjoint case and a contraction in the dissipative case, while #(0+) and u”(0+) are coupled.
This case is described at the beginning of Section 4. Some more special examples deserve interest. The
first is the graph consisting of two half-lines. This case is interesting also because it can be interpreted
as describing the presence of an obstacle or point interaction on the line. In the skew-adjoint case this
perturbation does not destroy the conservation of momentum during the evolution. Moreover, there are
both skew-adjoint and more generically contractive boundary conditions that conserve the mass as well.
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In this sense the two half-lines case corresponds to a forcing or interaction which however can preserve
in time some physical quantity. A related recent analysis is given in [Deconinck et al. 2016], where an
inhomogeneous interface problem for the Airy operator on the line (in the special case f = 0) is studied
by means of the Fokas unified transform method (UTM), see [Fokas 2008], and necessary and sufficient
conditions for its solvability are given in terms of interface conditions (in that paper the authors prefer to
distinguish between interface and boundary conditions; here this usage is not followed). It surely would
be interesting to compare the interface conditions studied in the quoted paper with the ones derived in the
present one both as regards the skew-adjoint case and the contraction case.

A second class of examples are given for the graph with three half-lines, which falls necessarily in
the non-skew-adjoint case. A more accurate analysis of this example is relevant because of the possible
application to the analysis of flow in branching or confluent channels, which has attracted some attention
in recent years; see [Nachbin and Simdes 2012; 2015], and the interesting early paper [Jacovkis 1991],
where different models of flows are treated but much of the analysis has general value. It is not at all clear
which boundary conditions should be the correct ones from a physical point of view, and the complete clas-
sification of those giving generation at least for the Airy operator is a first step to fully understand realistic
situations. In general one expects, on theoretical and experimental grounds, that 1-dimensional reductions
retain some memory of the geometry (for example the angles of the fork) which is not contemplated
in the pure graph description, and a further step in the analysis should consist in including these effects
through the introduction of further phenomenological parameters or additional terms in the equation.

The paper is so organized. In Section 2 the simplest case of a single half-line is considered, giving
also some comments on the previous literature on the subject. In Section 3 the complete construction
of the Airy operator on a star graph in the skew-adjoint and dissipative case is given. The exposition is
self-contained as regards the preliminary definitions on graphs and operators on Krein spaces. Besides
construction, some general properties of the Airy operators are further studied. In Section 4 some examples
are treated.

2. The case of the half-line

As a warm-up, in the present section we consider the Airy equation on the half-line. This is an often-
considered subject because of its relevance in connection with the analogous initial boundary value problem
for the KdV equation, which turns out to be a rather challenging problem, especially when studied in
low Sobolev regularity; for pertinent papers on the subject with information on the linear problem see
[Bona et al. 2002; Colliander and Kenig 2002; Hayashi and Kaikina 2004; Holmer 2006; Faminskii 2007;
Fokas et al. 2016]. For the interesting case of the interval see also [Colin and Ghidaglia 2001; Bona et al.
2003]. We recall that Korteweg and de Vries derived, under several hypotheses, the equation

877_3\/?03377 20 81 | 107
a2V G T3 T2 ) 1)

where the unknown 7 is the elevation of the water surface with respect to its average depth £ in a
shallow canal. (See [Korteweg and de Vries 1895] for an explanation of the parameters g, o, «; there
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o is implicitly assumed to be negative. See also [Lannes 2013] for a modern and complete analysis).
Renaming coefficients one obtains the KdV equation with parameter « in front of the third derivative and
B in front of the first derivative. The physically relevant case of a semi-infinite channel represented by the
half-line [0, +oo) and a wave maker placed at x = 0 is described, if dissipation is neglected, by the KdV
equation in which the linear part has @ < 0 and < 0; see [Bona et al. 2002]. So one obtains, neglecting
nonlinearity, the Airy equation on the positive half-line as the linear part of the KdV equation with the
above sign of coefficients. The first-derivative term disappears on the whole line changing to a moving
reference system, but on the half-line or on a non translation-invariant domain it should be retained, and
we do this. The sign of the coefficient of the third derivative is important and interacts with the choice
of the half-line, left or right, where propagation occurs. Depending on the sign of o, we must impose
a different number of boundary conditions: we have one and two boundary conditions on (0, co) and
(—o00, 0) respectively if « < 0, and vice versa if & > 0. This reflects the fact that the partial differential
equation (1-1) has unidirectional nature, and is explained in the literature in several different ways. An
explanation making use of the behavior of characteristic curves is recalled for example in [Deconinck
et al. 2016], where the authors however notice that it has only a heuristic value. A more convincing brief
discussion is given, for § = 0, in [Holmer 2006], which we reproduce now with minor modifications
and considering o = %1 for simplicity, which can always be achieved by rescaling the space variable.
On the left half-line, after multiplying both sides of (1-1) by u and integrating on (—oo, 0) one obtains

/0 we(t, x)u(t, x)dx = Fuxx(t,0-)u(t,0-) F 2ud(t,0-) + BIu*(t,0-).

—00

Integrating in time on (0, 7') one finally obtains the identity

1[0 1[0
5/ uz(T,x)dx—E/ u?(0, x) dx

- o 1 (T 1 (T
= i/ Uxx(t,0—)u(t,0—)dt F —/ ui(t,O—) dt +ﬂ—/ u?(t,0-) dt.
0 2 0 2 0

If we consider the operator with « = —1, which is the standard Airy operator, we conclude that the boundary

condition u(z,0—) = 0 alone and the initial condition u(0, x) = 0 are compatible with a nonvanishing

solution of the equation: to force a vanishing solution one has to fix the boundary value u (¢, 0—) = 0 also.

So uniqueness is guaranteed by both boundary conditions on # and u,. On the contrary, the above identity

for the operator with @ = 1 with the boundary condition u (¢, 0—) = 0 and the initial condition % (0, x) =0

imply u(7, x) = 0 for any 7. So one has uniqueness in the presence of the only condition on u(¢, 0).
In the case of the positive half-line (0, o0) one obtains from (1-1)

1 [~ [
5/ u?(T, x) dx—E/ u?(0+, x) dx
0 0

T T T
= :F/ Uxx (t,04)u(t, 04) dzi%/ u>(t,04) dt—ﬂ%/ u?(t,04) dt
0 0 0

and for = —1 one has uniqueness in the presence of the boundary condition for u(z, 0+) alone, while for
o = +1 uniqueness needs the specification of both u(¢,0+) and u (¢, 04). Considering the difference
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of two solutions corresponding to identical initial data and boundary conditions, one concludes that the
same properties hold true in the case of general nonvanishing boundary conditions.

One can go in greater depth and the following lemma is the point of departure. It clarifies some of the
properties of the Airy operator on the half-line and will be extended, with many consequences, to a star
graph in the following sections.

Lemma 2.1. Consider the operator

d3u du

U Hou:=oa—
dx3
with domain

C(=00,0) or C£°(0,400)
on the Hilbert space

L*(—00,0) or L?*0,+400)

respectively. Then i Hy is densely defined, closable and symmetric. However, its deficiency indices are
(2, 1) in the first case and (1, 2) in the second case, so i Hy does not have any self-adjoint extensions in
either case.

Proof. One checks directly that the adjoint of Hy on L?(—00,0) and L?(0, 00) is Hy = —a(d3u/dx?)—
B(du/dx) with domain H3(—o0,0) and H3(0, 00), respectively.
We are going to solve the elliptic problem (i ] F ild)u = 0 in L?(—00,0) and L2(0,00). Let us
consider the sign 4 and discuss
d3u du _
Olﬁ + ,3 % +u= 0
for u € L*(—00, 0) or L2(0, co) without any boundary conditions. A tedious but elementary computation
shows that a general solution is a linear combination of complex exponentials of the form

_x(iﬁA2/3+12iﬁa5+A2/3—12ﬁa) x<iﬁA2/3+12iﬁaB—A2/3+125a) x(A2/3—12Ba)
u(x) =Cie 12a41/3 + Cye 12a041/3 +Csze 6aal/3

where

483 +27
A:(lzﬁ M—108)012
(07

for general constants Cy, Cy, C3. However, carefully checking the real parts of the exponents one deduces
that such functions are square integrable on (—oo, 0) and (0, co) if and only if C3 =0 and C; = C, =0, re-
spectively, thus yielding the claim on the deficiency indices. The remaining case can be treated likewise. [J

This shows that the Airy operator cannot be extended to a skew adjoint operator generating a unitary
dynamics in L2 Moreover in some sense the Airy operator “with the wrong sign” or too few boundary
conditions has too much spectrum to allow for uniqueness; see [Hille and Phillips 1957, Theorem 23.7.2].
This is not however the whole story, and one can obtain more precise information and some more guiding
ideas giving up a unitary evolution and asking simply for generation of a contractive semigroup. To this
end we consider the Lumer—Phillips condition and its consequences; see for example [Engel and Nagel
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2000, Corollary 3.17]. Again, considering only the case @ = =1, which is enough, one has by integration
by parts

0
/ (Fuxxx + Pux)vdx
—00

0
- / U(F o — Bux) dx £ g (0)(0) + Bu(0)v(0) F t1x (00 (0)  u(0) vy (0).

—00

The operator Hy g with domain

D(Hy pg) = {u € H*>(—00,0) : u(0) = 0, ux(0) = 0}
and action
Hy pu = Fuxxx + Pux
satisfies
(Hy pu|u)=0

and it is dissipative (in fact conservative).
o . .
The operator H. ey with domain

D(HY g) = {u € H*(—00.0) :u(0) =0}
and action
Hﬁ,ﬂu = Fuxxx — Bux
satisfies
HC = 41 (1, (0-))?
( +,84 |u) = 5 (Uux(0-))

and so Hfr} 8 is accretive and H? 8 is dissipative for every B € R.
H, g and Hﬁ p are in fact adjoint one to another:

o _
H:I:,ﬂ = Hj;ﬂ. (2-2)

In particular this means that H g and Hj‘_’ p are both accretive and so they do not generate a continuous
contraction semigroup in L?(—oc, 0). On the contrary, H_ g and Hf, p are both dissipative and generate
a contraction semigroup in L2(—o0c, 0). With our convention of writing of the Airy equation, this gives
well-posedness on (—oo, 0) for the standard Airy equation (1-1) with two boundary conditions (generator
H_ p). The specular situation occurs for (0, 00), exchanging the roles and definitions of H and H 0, and
one has that Hﬁ, p generates a contraction semigroup on L2 (0, 0o) and the standard Airy equation (1-1)
with a single boundary condition is well-posed.

3. The case of a metric star graph

Star graphs can be regarded as the building blocks of more complicated graphs; for the purpose of investi-
gating (local) boundary conditions, they are sufficiently generic. Therefore, in this section we are going to
develop the theory of the counterpart of the operator Hy defined on a star graph G, which indeed turns out
to display some unexpected behaviors in comparison with its simpler relative introduced in Lemma 2.1.



1634 DELIO MUGNOLO, DIEGO NOJA AND CHRISTIAN SEIFERT

Upon replacing an interval (—oo, 0) by (0, 00) or vice versa, we may assume all coefficients « to
have the same sign on each edge e of the star graph. Throughout this paper we are going to follow the
convention that all coefficients are positive.

Proposition 3.1. Consider a quantum graph consisting of finitely or countably many half-lines E :=
E_ UE+ and let (0te)eck, (Be)ecE be two sequences of real numbers with oe > 0 for all e € E. Consider
the operator A defined by

D(Ag) := ) CF(—00.0)® @D C(0. +00).

e€E_ e€E
d3u du
—3e + ,Be_e
dx dx
Then i Ag is densely defined and symmetric on the Hilbert space

L*(G):= @) L*(—00.00® EP L*(0. +00)

e€E_ e€E

Ao i (Ue)ecE H> (ae

e€E

and its defect indices are (2|E—| + |E+|, |E—| + 2|E+]|). Accordingly, Ao has skew-self-adjoint extensions
on L?(G) if and only if |E4+| = |E_|.

In order to avoid some technicalities we will assume that the sequences (@e)ece and (Be)ece are
bounded, and furthermore, that (1/c.)ecg is bounded as well.

Unlike in the case of the Laplace operator, and in spite of the relevance of related physical models, like
the KdV equation, there seems to be no canonical or natural choice of boundary conditions to impose
on (1-1) on a star graph. For this reason, we are going to characterize all boundary conditions within
certain classes. Since (1-1) plays a role in dispersive systems in which conservation of the initial data’s
norm is expected, we are going to focus on those extensions that generate unitary groups, or isometric
semigroups, or at least contractive semigroups.

Extensions of A generating unitary groups. By Stone’s theorem, generators of unitary groups are
exactly the skew-self-adjoint operators. In order to determine the skew-self-adjoint extensions of A4, take
uve DAy =@ H (—00.00® P H*(0.+00).

e€E_ e€E4
Remark 3.2. Let u € D(A). By Sobolev’s lemma and the boundedness assumption on the (a.) and
(Be) we obtain (ul) (0—))ece_ € £2(E-) and (u% (0+))ece, € £*(E+) for k €{0,1,2}.
Following the classical extension theory, see [Schmiidgen 2012, Chapter 3], we write down the boundary
form to obtain

(Agu | v)+(u| Agv)

=—Z/0

(aeug"i‘ﬁe“é)ﬁe dx— Z
o0

e€E_" " e€E4
0

_ Z / (cte V' + BVl ute dx— Z

e€E_" " ecE4

+o0
/ (aeu/e”—l—ﬂeu/e)ﬁe dx
0

400
/0 (V' +Bevl)uedx
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—0 0
=— Z aeu;’(x)ve(x)‘ + Z oot UL dx
ecE TP e /@
- 0 0
— Z aeve(x)ue(x)) + Z oot 0 dx
e€E - e€E_ YT
4+ +o00
_ Z aeu;_’(x)ve(x)|0 5 Z /0 oett) VL dx
e€E4 e€E4
- + 400
_ Z oeeve(x)ue(x)‘0 “r Z /0 oteul 0 dx
e€E e€E
0 0 +oo +o0
— Z / Bettl Ve dx— Z / Bebitte dx— Z / Bulvedx— Z / BeUluedx
ecE_ Y X ecE_ Y T ecE4 0 ecE4 0
__0 —_0
==Y a0+ Y el ()|
e€E_ e€E_
I 0 __ _|—o©
=Y )|+ el ()u )|
e€E_ e€E
-+
=Y el Gu)|
e€E4 0
N +o0
=Y )|
e€E4
— |t
=Y Bt 0| = Y Bee(¥)ve)
e€E_ o0 e€E 0
==Y et (0ve(0)+ ) ettt (0)ve(0)— D etete(0)ue(0)+ » _ et (0)ue(0)
e€E_ e€E4 e€E_ e€E4
- Z Bette(0)ve(0)+ Z Bette(0)ve(0)+ Z aeu;(O)ve(O)— Z aeu;(o)ve(o)-
e€E_ e€E4 e€E_ e€E4

Thus, abbreviating ©(0—) := (#.(0—))cce_ and similarly for the other terms, and identifying with an
abuse of notation w4+ and 4 with the corresponding multiplication operator, i.e.,
oL X = (Olexe)eEEi’ X € KZ(E:I:)a

(3-D
Prx = (ﬂexe)eEEiy X € KZ(E:I:)’

we obtain
(Agu | v)+(u| Agv)
= —(a—u"(0-) | v(0—))+(a4-u" (0+) | V(0+)) = (@—u(0—) | v"(0—))+ (s u(0+) | V" (0+))
—(B=u(0=) [v(0=))+(B+u(0+) | v(0+))+(c—u'(0—) | v (0—)) —(ar4-'(0+) [ V' (0+))

—B- 0 —a_\ [ u(0—) v(0—) —B+ 0 —ay\ [ u(0+) v(0+)
=( 0 a— 0 )(u’(O)) (v’(O)) — 0 ay O u'(04) v'(04) ) , (3-2)
—a—0 0 u”(0-)/) | \v"(0-) o —ay+ 0 0 u”(0+)/ | \v"(0+) Gy
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where

G_:=L(E_)®L*(E-) D L*(E-)
and

Gy :=L*(E4) @ L2 (Ey) B LP(E4).

(We stress the difference from G, which we let denote the quantum graph.) Consider on the graph G(A4y)
of the operator A a linear and surjective operator I : G(Ag) — G— @ G+ defined by

F((u, Afu)) := ((u(O—), u'(0-), u”(0-)), (u(04), u' (0+), u”(o+))). (3-3)

Following the terminology in [Schubert et al. 2015, Examples 2.7], let €2 be the standard symmetric
form on G(47), i.e.,

Q((u, Agu), (v, Ajv)) := (((1) (1)) (A%u) ‘ (A%v))LZ(G)’ (u, Agu), (v, Agv) € G(Ay).

and define a sesquilinear form v : G_ ® G4 X G_ DG4+ — C by

o= )OI o
-0+

where B is the linear block operator matrix on G4 defined by

—B+ 0 —ax) [x
Bi(x,x',x"):= 0 axr O x|, (x,x',x")egy.
—ax 0 O x”

Observe that neither B4 nor B_ are definite operators.
Then (3-2) can be rewritten as

Q((u, Agu), (v, Agv)) = w(F(u, Agu), F(v, Agv)) forall u,v € D(Ay). (3-5)
Remark 3.3. Note that, since S+, o+ and 1/a+ are bounded, we have B1 € £(G+), B+ are injective
and B! € £(G+).

Our method is based on the notion of Krein space, i.e., of a vector space endowed with an indefinite
inner product.

Definition 3.4. Define an (indefinite) inner product (- | - )4+ : G+ x G4+ — [K by
(x[»)t:=(Bxx|y), x,yegs.

Then (G4, (- | -)+) are Krein spaces and (- | - )+ is nondegenerate, i.e., for x € G4 with (x | )+ =0
for all y € G4 it follows that x = 0.

Remark 3.5. Let K be a vector space and (- | -} an (indefinite) inner product on K such that (K, (- | -))
is a Krein space. Then there exists an inner product (- | -) on K such that (K, (- | -)) is a Hilbert space.
Notions such as closedness or continuity are then defined by the underlying Hilbert space structure.
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Definition 3.6. Let X_, K4 be Krein spaces and w : K— @ K4+ x K— & K4+ — C be sesquilinear.
(1) A subspace X of K_ @ K+ is called w-self-orthogonal if
X=X ={(x,y) e K- ® Ky :0((x,)), (u,v)) =0 forall (u,v) € X}.
(2) Given a densely defined linear operator L from K_ to K4, its (K—, K4+ )-adjoint L¥is
D(L% :={y e K4 :3z € K_ with (Lx | y)4={x | z)_ forall x € D(L)},
Lﬁy =z.
Clearly, L% is then a linear operator from 4 to _.
(3) A linear operator L from K_ to K4 is called a (K_, K4 )-contraction if
(Lx | Lx)+ <{x|x)- forall x e D(L).
(4) A linear operator L from K_ to K4 is called (K_, K4 )-unitary if D(L) is dense, R(L) is dense, L
is injective, and finally L¥ = L1

If in particular X_, K4+ are Hilbert spaces, then obviously (K_, K4+ )-adjoint/contraction/unitary opera-
tors are nothing but the usual objects of Hilbert space operator theory.
Note that if L is a (K_, K4 )-unitary, then

(Lx | Ly)+ =(x|y)— forall x,ye D(L). (3-6)

We stress that unitary operators between Krein spaces need not be bounded.

By [Schubert et al. 2015, Corollary 2.3 and Example 2.7(b)] we can now characterize skew-self-adjoint
extensions A of A9 —i.e., skew-self-adjoint restrictions of 45— and therefore self-adjoint extensions
of ZA() .

Theorem 3.7. An extension A of Ay is skew-self-adjoint if and only if there exists an w-self-orthogonal
subspace X € G_ @ G for which G(A) = F~1(X), where F is the operator defined in (3-3) and G(A)
is the graph of A.

Hence, w-self-orthogonal subspaces X parametrize the skew-self-adjoint extensions 4 of Ay. A more

explicit description of these objects is given next.

Theorem 3.8. (a) Let X € G_ D G+ be a subspace such that D :={x € G_:3y € G4 with (x,y) € X}
is dense in G_ and R := {y € G4 : dx € G_with (x,y) € X} is dense in Gy, and let X be
w-self-orthogonal. Then there exists a (G—, G4 )-unitary operator L such that X = G(L).

(b) Let L be a (G—, G4)-unitary operator. Then G(L) € G_ @ G+ is w-self-orthogonal.
Proof. (a) We first show that X is the graph of an operator. Let (0, z) € X. For (x, y) € X we have
a)((x, J’)» (0’ Z)) = 0;
1.€.,

0=(lz)+=B+yl2) =0 B+2).
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Thus, B4z 1 R, and by the denseness of R we obtain B4z = 0. Since B is injective, we conclude z = 0.
Thus, X is the graph of a linear operator L from G_ to G4+. Let (z,0) € X. For (x, y) € X we obtain
analogously

o((x,),(2,0)) =0;
ie.,
0=(x|z)-= (x| B-2).
Hence, B_z_1 D, and by the denseness of D we have B_z = 0. Since B_ is injective, z = 0. Thus, L is
injective.
For x, y € D(L), we have (x, Lx),(y, Ly) € X, so

o((x, Lx),(y,Ly)) =0;
ie.,

(Lx | Ly)+ = (x| y)-.
Let x € D(L)*. Then
(x|y)=0, yeD(L).
Thus,
0=(x|y)=(B-BZ'x|y)=(BZ'x|y)- =w((BZ'x,0).(y.Ly)). yeD(L).

Hence, (B:lx, 0)e Xtlo =X = G(L), so B~!x =0, and therefore x = 0. Thus, L is densely defined.
Similarly, we obtain that R(L) is dense.
For x € D(L), z € R(L) we have

(Lx|z)y =(x|L7"z)_.
Thus, R(L) € D(L¥), and L¥z = L™z forall z € R(L); i.e., L~ C L¥. Let (y,x) € G(L¥). Then
(Lz|y)+=(z]x)-, ze€D(L);

ie.,
w((z,Lz),(x,y))=0, zeD(L).

Hence, (x, y) € X1o = X = G(L), and therefore (y,x) € G(L™!). Therefore, L* = L™, so L is
(G—, G+ )-unitary.
(b) Let L be a (G—, G+)-unitary operator from G_ to G4 and X := G(L). Let x € D(L). Then

(Lx | Ly)+ = (x|y)-. yeD(L);
1.€.,

o((x, Lx),(y.Ly)) =0, yeD(L).

Thus, (x, Lx) € X1, and therefore X € X 1o,
Let now (z, y) € X1, Then, for x € D(L), we have

o((z, ), (x, Lx)) =0,
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and thus

(Lx |y} ={x]2)-.
By the definition of L*, we obtain ye D(L*) and L¥y =z. Since L¥ = L™, we find (z, y)eG(L)=X.
Hence, X1 C X.

Combining both parts, we see that X is w-self-orthogonal. O

Let L be a densely defined linear operator from G_ to G4. Then we define A7 € —Ag by

G(Ar):=F ' (G(L));
that is,

D(Ar) = {u € D(Ay) : (u(0-),u’'(0-),u"(0-)) € D(L),
L(u(0-),u’(0-),u"(0—)) = (u(0+), u'(0+),u” (0+))},
ALu = —Agu.

Theorem 3.9. Let L be a densely defined linear operator from G_ to G1.. Then Ay is the generator of a
unitary group if and only if L is (G—, G+ )-unitary.

Proof. By Theorem 3.7 we obtain that Ay, is skew-self-adjoint if and only if G(L) is w-self-orthogonal.
By Theorem 3.8 we conclude that this is equivalent to L being (G—, G+ )-unitary. Indeed, Theorem 3.8(b)
yields that if L is (G—, G+ )-unitary then G(L) is w-self-orthogonal. As in proof of Theorem 3.8(a) one
shows that if X := G(L) is w-self-orthogonal then the corresponding operator L is (G, G4 )-unitary. [J

Remark 3.10. If Theorem 3.7 applies, then Stone’s theorem immediately yields that the Airy equation
(1-1) on the quantum star graph G is governed by a unitary group acting on L?(G); hence it has a unique
solution # € C1(R; L?(G)) N C(R; D(A)) that continuously depends on the initial data o € L?(G).
Because the group is unitary, the momentum ||u|| 22 © is conserved as soon as we can apply Theorem 3.7.
By the above computation we also see that

0 00
9 / u(t,x)dx = Z / et (1, x) + Beul(t, x) dx + Z / ot (¢, x) + Beul(t, x) dx
ot G ecE_ Y ™X® ece_ V0
= Y el (0-) = Y el (04) + Y Beue(0-) = Y Berte(04). (3-7)
e€E_ e€E e€E_ e€E

In other words, the solution of the system enjoys conservation of mass — just like the solution to the
classical Airy equation on R—if and only if additionally

D el (0-) = Y aeul(04) + Y Berte(0-) — Y Bette(0+) = 0. (3-8)
e€E_ e€E e€E_ e€E
Remark 3.11. Since B, a4, 1/a+ are bounded, the form w introduced in (3-4) is continuous. Thus,
w-self-orthogonal subspaces are closed, so the corresponding (G—, G+ )-unitary L is closed. We do not
know whether L is in fact continuous (this holds true in Hilbert spaces, but we are not aware of any
argument in Krein spaces).
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Figure 2. A flower graph on seven edges.

Remark 3.12. As already remarked at the beginning of this section, star graphs can be seen as generic
building blocks of quantum graphs. Apart from their interest in scattering theory, star graphs whose edges
are semi-infinite still display all relevant features for the purpose of studying extensions of operators on
compact graphs. Indeed, our analysis is essentially of variational nature and therefore it only depends on
the orientation of the edges and the boundary values of a function on the graph. It is therefore clear that
analogous results could be formulated for graphs that include edges of finite length, too, like the flower
graph depicted in Figure 2. Clearly, an interesting feature of flower graphs is that they are automatically
balanced; i.e., the number of incoming and outgoing edges from the (only) vertex is equal: accordingly,
the operator Ay on a flower graph always admits skew-self-adjoint extensions.

Extensions of A generating contraction semigroups. Let A be an extension of 4¢ such that A C —Ag.
We focus on generating contraction semigroups. By the Lumer—Phillips theorem and corollaries of it we
have to show that 4 and A* are dissipative. Since we are dealing with Hilbert spaces, A is dissipative if
and only if Re (Au | u) <0 for all u € D(A), and analogously for A* Recall, that for a densely defined
linear operator L from G to G4 we defined A7 € —A§ by G(AL) = F~Y(G(L)).

Lemma 3.13. Let L be a densely defined linear operator from G_ to Gy. Then Ay is dissipative if and
only if L is a (G—, G+)-contraction.

Proof. Let u € D(Ayr). Then
—2Re(Aru|u) =Q((u,—Aru), (u,—Apu))
= ((u(0—=),u'(0=),u"(0-)) | (u(0=),u'(0-),u"(0-)))_
—(L(u(0=),u'(0-),u"(0-)) | L(u(0-),u'(0-),u"(0-))),.
Thus, Ay, is dissipative if and only if
(L(u(0=),u'(0-),u"(0-)) | L(u(0-),u'(0-),u"(0-))),
<((u(0—),u'(0-),u"(0-)) | (u(0—=),u’(0—),u"(0-)))_ forall u € D(AL).

By the definition of Ay we have D(L) = {(u(0—),u’(0—),u”(0—)) : u € D(Ar)}, so the assertion
follows. O
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Analogously, we obtain a characterization for dissipativity of the adjoint A7 of Ay . Here and in the
following, L% denotes the (G_, G+ )-adjoint of the operator L; see Definition 3.6.
Lemma 3.14. Let L be a densely defined linear operator from G_ to Gy. Then
D(A}) = {u e D(AY) : (u(0+),u'(0+),u" (0+)) € D(LY),
LA u(04), u' (04), u” (04)) = (u(0-), u'(0-), u” (0-)) },
Aju = Aju.
Proof. Letu € D(AL), v € D(Ag). Then
(Apu | v) = (u | Agv) —((u(0-),u'(0-), u”"(0-)) | (v(0+),v'(0+), v"(0+)))_
+(L(u(0-),u'(0-),u" (0-)) | (v(0+),v'(0+), v"(0+)))+.
Hence, v € D(A7}) if and only if (v(0+),v"(04),v”(0+)) € D(L*) and
L¥(v(04), ' (0+),v"(04)) = (v(0-),v'(0-),v"(0-)),
and then A7 v = Agv. O

Lemma 3.15. Let L be a densely defined linear operator from G to G+. Then A7 is dissipative if and
only if L is a (G4, G_)-contraction.

Proof. Letu € D(AJ). Then
2Re (A u |u) = Q(u, Aju), (u, A} u))

= (L} (u(0+), u'(0+), 1" (0+)) | L¥(u(0+), u' (0+), u” (0+)))_
—{(@(0+),u'(04),u”(04)) | (u(0+),u'(04),u” (04)))..

Thus, A7 is dissipative if and only if

(LA ((04),u'(0+), u” (04)) | LE(u(0+), u’ (0+), u”(0T)))_
<{(u(0+),u’ (04),u"(0+)) | (u(0+),u'(0+), u”(O—}—)))Jr forall u € D(Ayr).

By the definition of A7 we have D(L%) = {(u(0+),u'(0+).u”(0+)) : u € D(AL)}, so the assertion
follows. O

Theorem 3.16. Let L be a densely defined linear operator from G_ to G1. Then Ay, is the generator of a
contraction semigroup if and only if L is a (G—, G4)-contraction and L¥ is a (G4, G—)-contraction.

Proof. Let Ay generate a Cy-semigroup (7°(¢)),>¢ of contractions. By the Lumer—Phillips theorem, Ay,
is dissipative. Since A} generates the semigroup 7* defined by 7*(¢) := T'(¢)* (t > 0), which is also a
Co-semigroup of contractions, the Lumer—Phillips theorem assures that 47 is dissipative as well. Then
the Lemmas 3.13 and 3.15 yield that L and L* are contractions.

Now, let L and L* be contractions. Then Lemmas 3.13 and 3.15 yield that A7 and A7 are dissipative.
Hence, Ay generates a contraction semigroup. O
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Corollary 3.17. Let |E_| = |[E4| < 00, a4 = a—, B+ = B— (via some bijection between E_ and E).
Let L be a densely defined linear operator from G_ to G+. Then Ay is the generator of a contraction
semigroup if and only if L is (G—, G+ )-contractive.

Proof. In this setup, G_ = G, which are finite-dimensional and hence Pontryagin spaces. Therefore,
L is (G—, G4+)-contractive if and only if L¥is (G+, G—)-contractive by [Dritschel and Rovnyak 1990,
Theorem 1.3.7]. O

Remark 3.18. Like in the case of Remark 3.10, if Theorem 3.16 applies, then the Airy equation (1-1) on
the quantum star graph G has a unique solution # € C'(Ry; L%(G)) N C(R4; D(A)) that continuously
depends on the initial data uo € L?(G). Because the Cy-semigroup is contractive but not unitary, the

momentum ||z || is in general not conserved, but as in Remark 3.10 the system does enjoy conservation

2
L2(G)
of mass if and only if additionally (3-8) holds.

Separating the first derivatives. The special structure of By suggests to separate the boundary values
of the first derivative from the ones for the function and for the second derivative. In this case, one can
describe the boundary conditions also in another (equivalent but seemingly easier) way.

Note that oe > 0 for all e € E. We will write £2(E+, @) for the weighted £>-space of sequences
indexed by E. with inner product given by

I V)2 py = D, XeJette = (@xx | y)
eGE:t

for all x, y € Ez(Ei, a4 ), which turns them into Hilbert spaces.
For u, v € D(Af) we then obtain

(Agu [ v) + (u | Agv)
= (a—u'(0-) | v'(0-)) — (a4u'(04) | V' (04))
(B o) (O Y [0 \) (B —aw) (u@+) ) | (v(0+)
—a— 0 u”(0—) v”(0—) —ay 0 u”(0+) v”(0+)
= (a—u'(0-) | v'(0-)) — (a4u'(04) | V' (04))
(5 ) Gan) (0 ) Gan) [ Can))
0 —ay ) \u"(0+) 0 _%ﬂ_l’_ u(0+4) v(0+)
(o) 16 2 ) )+ (5 ) (a))
u(0+4) 0 —ay) \V'(0+) 0 —%/3_1’_ v(0+) /)
Let Y C ¢%(E_) @ {*(E) be a closed subspace, U a densely defined linear operator from £2(E_, o)
to £%(E4, a4 ), and consider

D(Ayy) = {u € D(Ag) : (u(0—),u(0+)) €Y,

—a_ 0 u”(0-) —1g_ 0 u(0-) i
(5 a) (o) + (37 45.) (o) <7

u'(0=) € D(U), u'(0+) = Uu/(O—)},
AY,UL{ = —Agu.
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Proposition 3.19. Let Y C (?(E_) @ {*(E4) be a closed subspace and U a densely defined linear
operator from €2 (E_,a_) to £*(Ey,ay). Then

D(A% ) = {u € D(AY) : (u(0-),u(0+)) € Y,

—a_ 0 u”(0—) A u(0-) 1
( 0 a+) (u”(0+)) +( 0 %m) (u(0+)) <
u'(0+) € D(U*), u'(0—-) = U*u/(O—}—)},
Ay yu = Agu.
Proof. Letu € D(Ay,y), v € D(Ag). Then
(Ay,pu |v) = (u| Ayv) + (a4 Uu'(0-) | v'(0+)) — (a—u'(0—) { v'(0-))

(5 a) (o) (5 5 Gen) [(a)
0 —ay) \u"(0+) 0 —3B+/) \u0+)) | \v(0+)
(o) (6 ) () (5 5.) ()
u(@0+)) |\ 0 —ay) \0"(0+) 0 —38+) \wOH)))
Let now v € D(A’;,U) such that (Ay,yu | v) = (u | A;,Uv) = (u | Ajv). Choosing u such that

(u(0—),u(0+)) = (u'(0—),u’(0+)) = 0, we obtain (v(0—),v(0+)) € Y. For all (u—,u4) € Y there
exists u € D(Ay,y) such that (u(0—), u(0+)) = (u—, u4), and (u'(0—), u’(0+)) = 0. Thus,

o 0 v”(0-) 16 0 v(0—) 1
( 0 —oz+) (v”(0+)) + (20 _%ﬂ_{_) (v(O—i—)) ey

(a4 U (0—) | V'(0+)) — (2—2/(0—) | V'(0—)) =0, u € D(Ayp).

Note that for all x € D(U) there exists u € D(Ay,y) such that u’(0—) = x. Hence, v'(0+) € D(U")
and U*v'(04) = v/(0-). O

Corollary 3.20. Let Y C {%(E_) @ {*(E4) be a closed subspace and U a densely defined linear operator
from L*(E_,a_) to £*(E4,a4). Then Ay,y is skew-self-adjoint if and only if U is unitary.

Thus, we arrive at

Proof. This is a direct consequence of Proposition 3.19. ([

Corollary 3.21. Let Y C{%(E_) @ {*(E4) be a closed subspace and U a densely defined linear operator
from L*(E_,a_) to £*(E4+,a4). Then Ay,y is dissipative if and only if U is a contraction.

Proof. Let u € D(Ay,py). Then
(Ay,pu | u) = (u | Aju) + (a3 Uu'(0-) | Uu'(0-)) — (a—u'(0-) | u’(0-)).
Since A%u = —Ay,yu, we obtain
2Re (Ay,gu | u) = (a Uu'(0-) | Uu'(0-)) — (a—u'(0-) | u(0-)).

Hence, Ay y is dissipative if and only if U is a contraction. O
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Corollary 3.22. Let Y C{%(E_) @ {*(E4) be a closed subspace and U a densely defined linear operator
from £2(E_, a_) to £*(E4, o). Then A"{,’U is dissipative if and only if U™ is a contraction.

Proof. Letu € A;U. Then, similarly as for Ay,y, we have
Ay gu | u) = (| —Agu) — (a4’ (0+) | &' (04)) + (@=U*u'(0+) | U*u'(0+)).
Since Aju = A"{,’Uu, we obtain
2Re (Ay,yu |u) = (@—U*u'(0+) | U*u'(0+)) — (a-/(0+) | u/(0+)).
Hence, Aik/, y is dissipative if and only if U* is a contraction. O

Theorem 3.23. Let Y C {%(E_) ® £?(E4) be a closed subspace and U a densely defined linear operator
from £*(E_,a_) to {*(E4, o). Then Ay y generates a contraction Co-semigroup if and only if U is a
contraction and U* is a contraction if and only if U is a contraction.

Proof. Let Ay,y generate a contraction semigroup. Then Ay,y is dissipative by the Lumer—Phillips
theorem, so Corollary 3.21 yields that U is a contraction.

Let U and U* be contractions. Then, Corollaries 3.21 and 3.22 ensure that Ay,;y and A;,U are
dissipative. Hence, Ay, generates a semigroup of contractions. Clearly, U* is a contraction provided U
is a contraction. O

Reality of the semigroup. Let (T(t));>o be a Cy-semigroup on L2(G). We say that (T'(¢));>¢ is real
if T(t)Reu = Re T (t)u for all u € L?(G) and ¢ > 0. Put differently, a semigroup is real if it maps
real-valued functions into real-valued functions.

For simplicity we will only consider the case of contractive semigroups here.

Proposition 3.24. Let L be a densely defined linear operator from G_ to G4 such that L and L* are
contractions. Let (T'(t))¢>o be the Co-semigroup generated by Ay . Let L be real; i.e., for x € D(L) we
have Rex € D(L) and Re Lx = LRe x. Then (T (t));>0 is real.

Proof. By Theorem 3.16, (T'(¢));>0 is a contraction semigroup. Let P be the projection from L?(G; C) to
L*(G;R); i.e., Pu:=Reu. By [Arendt et al. 2015, Corollary 9.6] realness of the semigroup (7°(¢));>0
is equivalent to the condition

Re(Apu|u— Pu) <0 forallue D(Ayr),
ie.,

Re(Apu |iImu) <0 forallu € D(AL).
Let u € D(Ayr). Since L is real we obtain Reu,Imu € D(Ayp). Since Ay v is real for v € D(Ayp) real
we have

Re(Ar(Reu~+iImu) |iImu) =Im(Ar Reu |Imu) +Re (Az Imu | Imu)
=Re(Ar Imu | Imu) <0,

since Ay, is dissipative by Lemma 3.13. O
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Remark 3.25. The semigroup generated by Ay is not positivity preserving, i.e., nonnegative functions
need not be mapped to nonnegative functions: indeed, also in this case positivity of the semigroup is
again equivalent to

Re(Aru |u— Pu) <0 forallu e D(AL), (3-9)

where P is now the projection of L2(G; C) onto the positive cone of L2(G;R), i.e., Pu := (Reu). Let
u be a real-valued function: integrating by parts and neglecting without loss of generality the transmission
conditions (due to locality of the operator), one sees that

Re(ALu|u—Pu)=—/

u’”u_dx:/ u”’udx=—%|u’|2‘a{u<0}.
G {u=0} =

Of course, wherever an H>-function changes sign its first derivative need not vanish, so condition (3-9)
cannot be satisfied.

Analogously, the semigroup is also not L®-contractive, i.e., the inequality ||’ 4L |00 < ||u||0o fails
for some u € L?(G) N L>®(G) and some ¢ > 0. In this case, the relevant projection onto the closed convex
subset C := {u € L*(G): |u| <1} of L?(G) is defined by Pu := (Ju| A 1) sgnu; hence

u— Pu:=(Ju|—1)4sgnu.
We also obtain realness of (7'(¢));>¢ in the case of separated boundary conditions.

Proposition 3.26. Let Y C (?(E_) @ (*>(E4) be a closed subspace and U : £*(E—,a_) — £>(E4, )
be linear and contractive. Let (T(t));>0 be the Cy-semigroup generated by Ay,y. Assume that
(Rex,Rey) €Y forall (x,y) €Y and U is real, i.e., ReUx = U Re x for all x € {>(E_,a_). Then
(T(2))¢>0 is real.

Proof. By Theorem 3.23, (T'(¢));>0 is a contraction semigroup. Let P be the projection from L?(G; C) to
L?(G;R);i.e., Pu:=Reu. By [Arendt et al. 2015, Corollary 9.6] realness of the semigroup (7'(¢));>0
is equivalent to

Re (Ayyu |u—Pu) <0 forallu € D(Ay,v).
ie.,

Re(Ayyu|ilmu) <0 forallu € D(Ayy).

Let u € D(Ay,y). The assumptions imply Reu € D(Ay,i7), and therefore also Imu € D(Ay,y7). Since
Ay,yv is real for v € D(Ay,y) real we have

Re (Ay,y(Reu +iImu) |iImu) =Im(Ay,y Reu |Imu) +Re (Ay,y Imu | Imu)
=Re(Ay,y Imu |Imu) <0,
since Ay,y is dissipative by Corollary 3.21. O

Remark 3.27. We end this section with some considerations about the boundary conditions used in the
literature related to the subject.
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In the classical treatise [Stoker 1957] the author, reviewing the much-studied case study of the confluence
between the Ohio and Mississippi rivers, proposed that the boundary conditions suitable for branching
water flows are the ones compatible with continuity and mass conservation. As we know, there are many.
This assumption was essentially undisputed in the not-so-abundant literature on the subject; see also the
interesting paper [Jacovkis 1991] for further information. Recently, in [Nachbin and Simdes 2012; 2015]
a more careful analysis has been put forth by the authors attempting a 1-dimensional reduction from a
fluid dynamical model in a 2-dimensional setting; they question the above traditional point of view about
the more convenient boundary conditions, in particular continuity.

We finally notice that in the few recent mathematical papers concerning the Airy or KdV equation on
graphs, [Sobirov et al. 2015a; 2015b; 2015¢; Ammari and Crépeau 2017; Cavalcante 2017], only very
special examples of boundary conditions are considered, essentially without explanation. All of them
turn out to be of the separated derivative type studied in this section.

4. Examples

The case of two half-lines. First, let us consider the case of the real line with a singular interaction at
the origin, i.e., |[E_| = |E4+| = 1; see Figure 3.

We will describe the operator explicitly in the case where the first derivative is separated.

Let Y C C? be a subspace and U : £>(E_,a_) — £?>(E4, @) be linear, i.e., U € C. Note that U is
contractive if and only if |U a4 < o_.

Example 4.1. Let Y := {(0,0)}. Then

D(Ay,y) = {u € D(43) :u(0—) = u(0+) =0, u’(0+) = Uu'(0-)},

_ *
AY,UU = —Aou.

By Corollary 3.20, Ay, generates a unitary group provided |U |> = «_/ay. By Theorem 3.23, Ayu
generates a semigroup of contractions provided |U|?> < a_/a. Observe that if we take U = 0, we are
effectively reducing the Airy equation on the star graph G to decoupled Airy equations on two half-lines
(0, 0) and (—o0, 0) with Dirichlet conditions (for both equations) and Neumann (on the positive half-line
only) boundary conditions. The Airy equation on either of these half-lines with the above boundary
conditions has been considered often in the literature; see, e.g., [Holmer 2006; Fokas et al. 2016].

Example 4.2. Let Y :=1in{(0, 1)}. Then

D(Ay,y) ={u € D(AY) :u(0-) =0, u” (0+)aq = —3B+u(0+), u'(0+) = Uu'(0-)},

_ *
AY,UM = —Aou.

O

Figure 3. A graph consisting of two half-lines.
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If U = 0, these transmission conditions can be interpreted as a reduction of the system to two decoupled
half-lines: a Dirichlet condition is imposed on one of them, while a transmission condition that is the
third-order counterpart of a Robin condition is imposed on the other one, along with a classical Neumann
condition.

By Corollary 3.20, Ay, generates a unitary group provided |U | = a—/ay. By Theorem 3.23, Ayu
generates a semigroup of contractions provided |U|> < a_ /oy

Example 4.3. Let Y :=1in{(1, 0)}. Then
D(Ay,y) = {u e D(A) :u(0+) =0, u”"(0—)a— = —1B_u(0-), u'(0+) = Uu'(0-)},
Ayyu = —Agu.
If U = 0, these transmission conditions can be interpreted as a reduction of the system to two decoupled
half-lines: Dirichlet and Neumann conditions are imposed on one of them, while the analog of a Robin

condition is imposed on the other one. By Corollary 3.20, Ay, generates a unitary group provided
|U|? = a—/a4. By Theorem 3.23, Ay, generates a semigroup of contractions provided |U|? < a—/ay.

Due to lack of conditions on u”(0+) and/or u”"(0—), (3-8) cannot be generally satisfied in any of the
previous three cases and therefore the corresponding systems do not enjoy conservation of mass.

Example 4.4. Let Y :=1in{(1, 1)}. Then
D(Ay,y) = {u € D(A3) 1 u(0—) = u(0+) =: u(0),

u"(0+)oy —u" (0-)a— = 3(B— = B+)u(0). u'(0+) = Uu'(0-)},
AY,U” = —A;‘;u.

By Corollary 3.20, Ay, generates a unitary group provided |U |> = a—/a4: observe that this is in
particular the case if o+ = a—, B4+ = f— and U = 1, meaning that not only u, but also «’ and u” are
continuous in the origin: this is the classical case considered in the literature and amounts to the free
Airy equation on R; see, e.g., the summary in [Linares and Ponce 2009, §7.1]. In view of Remark 3.10,
generation of a mass-preserving unitary group still holds under the more general assumption that U = e’¢
for some ¢ € [0, 27r), while in view of the prescribed transmission conditions, (3-8) cannot be satisfied
unless B4+ = B—. Even upon dropping the assumption that f = f_ we obtain the third-order counterpart
of a §-interaction, under which generation of a unitary group is still given.

On the other hand, by Theorem 3.23, Ay, generates a semigroup of contractions already under the
weaker assumption that |U|? < a_/a.

Example 4.5. Let Y :=1in{(1, —1)}. Then
D(Ay,y) = {u € D(A3) 1 u(0—) = —u(0+),
u"(0-F)ay +u"(0-)a— = 3(B+ — B-)u(0-), u'(0+) = Uu'(0-)},

_ *
AY’Uu = —AOL{.

By Corollary 3.20, Ay,y generates a unitary group provided |U |> = a_ /a4 : we can regard this case
as a third-order counterpart of §'-interactions of second-order operators. By (3-8), the system enjoys
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conservation of mass if and only if additionally
200" (04) + 5 (B+ — B-)u(0-) =0, (4-1)
which is generally not satisfied (remember that we are not considering the degenerate case @ = 0).
By Theorem 3.23, Ay iy generates a semigroup of contractions provided |U 1> <a_/a.
Example 4.6. Let Y := C2 Then
D(Ay,y) ={ue D(AY):u"(0-)a— =—1B_u(0-), u" (0+)ay = -3 B+u(0+), u’(0+) = Uu'(0-)},
Ay,yu=—Agu.

These transmission conditions amount to considering two decoupled systems, each with Robin-like
conditions along with a Neumann condition on one of them. By Corollary 3.20, Ay, generates a
unitary group provided |U|? = a_ /a4 ; by (3-8), the system enjoys conservation of mass if and only if
additionally

—2B-u(0—) + 1 B1u(0+) + f—u(0—) — B4u(0+) =0, (4-2)

which is generally only satisfied if B = B4+ = 0. By Theorem 3.23, Ay y generates a semigroup of
contractions provided |U|?> < a—/a.

Let us now describe one particular example where the first derivative is not separated and the corre-
sponding semigroup is unitary.

Example 4.7. We consider the case «— = a4 =1, f_ = B4+ =0. Define the 3x 3-matrix L :G_ — G4 by
1 0
L=|+v2 1

0
0
1 V21

An easy calculation yields

00 -1
L* 01 0|L=
-10 0

— o O
S = O

ie.,, LBy L = B_. Thus, for x, y € G_ we have
(Lx|Ly)+ =(B+Lx | Ly)=(L*B4+Lx|y)=(B-x|y)=(x]|y)-.

Hence, L defines a (G—, G+ )-unitary operator. Combining Theorems 3.8 and 3.7 we obtain that Ay, is
skew-self-adjoint. Note that
D(Ar) = {u € D(Ay) :u(0+) = u(0—) =: u(0),

u'(04) = V2u(0) + ' (0-), u”(0+) = u(0) + v2u'(0—) 4+ u” (0-)},

so the transmission conditions couple the values of the function and its first and second derivatives at the
boundary point. By (3-8), mass is not conserved.
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Figure 4. A graph consisting of three half-lines.

Remark 4.8. As mentioned in the Introduction, in the recent paper [Deconinck et al. 2016] the Airy
equation is treated (with 8 = 0, which makes difference when translation invariance is broken) on a line
with an interface at a point where linear transmission conditions are imposed. The authors give conditions
for the solvability of the evolution problem in terms of the coefficients appearing in the transmission
conditions. An interesting problem could be to compare the conditions obtained there with the ones given
in the present paper in the case of two half-lines.

The case of three half-lines. Let us now describe the operator (again with separated first derivative) for
the case of three half-lines; see Figure 4.

Let |[E_| =1 and |E4+| = 2, which describes two confluent channels. By Proposition 3.1 it is impossible
that the Airy equation is governed by a unitary group in this setting; however, we are going to discuss a
few concrete cases where a semigroup of contractions is generated by the Airy operator.

Let Y be a subspace of £2(E_) ® L4 (E4) =CHC?>=C3and U : £?(E_,a—) - {*>(E+,a+) bea
linear mapping, i.e., U € M3;(C) ~ C?: we denote for simplicity

U=U.Uy"
Then U is -contractive if and only if |U; |*a4 1 + |Us|?a4 » < a—. Note that U* is given by U;* =
Ui(ay,1/a-) and Uy = Uj(ay 2/a-).
Example 4.9. Let Y := {(0,0,0)}. Then
D(Ay,y) = {u € D(AY) : u(0-) = u1(0+) = uz(0+) = 0, (@} (0+),u5(0+))" =u/(0-)U},
Ay,yu =—Aju.
As in Example 4.1, whenever U = (0,0) T, the associated system effectively reduces to three decoupled

half-lines with Dirichlet, resp. Dirichlet and Neumann boundary conditions. By Theorem 3.23, Ay
generates a semigroup of contractions provided

UiPag 1 + Uz Pag p <o
In view of (3-8), mass is generally not conserved regardless of U.
Example 4.10. Let Y :=1in{(1, 1, 1)}. Then
D(Ay,y) = {u e D(Ag5) :u(0—) = u1(0+) = u(0+) =:u(0),
—a—u"(0—)+ay 11 (0+)+og ouy (0+) = 2(B——P+,1—B+,2)u(0),

(W (04),us(04+) T =/ (0-)U},
AY,UL{ = —Agu.
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Observe that the considered transmission conditions impose continuity of the values of u in the center of
the star; in fact, the transmission conditions are the analog of a §-interaction. By Theorem 3.23, Ay ¢
generates a semigroup of contractions provided

Ui Pg,1 +|UsPogn <o

Regardless of U, this semigroup is mass-preserving if and only if B_ — B4 | — B4+, =0.
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We deal with nonnegative functions satisfying

(=A)Yu; =0 inC,
uy=0 inR"\C,

where s € (0, 1) and C is a given cone on R” with vertex at zero. We consider the case when s approaches 1,
wondering whether solutions of the problem do converge to harmonic functions in the same cone or not.
Surprisingly, the answer will depend on the opening of the cone through an auxiliary eigenvalue problem
on the upper half-sphere. These conic functions are involved in the study of the nodal regions in the case
of optimal partitions and other free boundary problems and play a crucial role in the extension of the
Alt—Caffarelli-Friedman monotonicity formula to the case of fractional diffusions.
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5. Uniform-in-s estimates in C%% on annuli 1686
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1. Introduction

Letn > 2 and let C be an open cone in R” with vertex in 0; for a given s € (0, 1), we consider the problem
of the classification of nontrivial functions which are s-harmonic inside the cone and vanish identically
outside, that is,
(=A)Yug =0 1inC,
ug >0 inR", (1-1)
us; =0 inR*"\C.

Here we define (see Section 2 for the details)

u(x) —u(n)
|x — n|rtas

’

(=A)’u(x)=C(n,s) p.V./

Rn
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where u is a sufficiently smooth function and

225 (n/2 +5)

Cons) = AT a s

>0, (1-2)

where

o0
[(x) :/ et dr.
0

The principal value is taken at n = x; hence, though « needs not to decay at infinity, it has to keep an
algebraic growth with a power strictly smaller than 2s in order to make the above expression meaningful.
By Theorem 3.2 in [Baifiuelos and Bogdan 2004], it is known that there exists a homogeneous, nonnegative
and nontrivial solution to (1-1) of the form

us(x) = |x|ysus <i>v
x|

where y; := y,(C) is a definite homogeneity degree (characteristic exponent), which depends on the
cone. Moreover, such a solution is continuous in R" and unique, up to multiplicative constants. We can
normalize it in such a way that ||uy||~g.-1) = 1. We consider the case when s approaches 1, wondering
whether solutions of the problem do converge to a harmonic function in the same cone and, in that case,
which are the suitable spaces for convergence.

Such conic s-harmonic functions appear as limiting blow-up profiles and play a major role in many
free boundary problems with fractional diffusions and in the study of the geometry of nodal sets, also in
the case of partition problems; see, e.g., [Allen 2012; Barrios et al. 2015; Caffarelli et al. 2017; Dipierro
et al. 2017; Garofalo and Ros-Oton 2017]. Moreover, as we shall see later, they are strongly involved with
the possible extensions of the Alt—Caffarelli-Friedman monotonicity formula to the case of fractional
diffusion. The study of their properties and, ultimately, their classification is therefore a major achievement
in this setting. The problem of homogeneous s-harmonic functions on cones has been deeply studied in
[Baifiuelos and Bogdan 2004; Bogdan and Byczkowski 1999; Bogdan et al. 2015; Michalik 2006]. The
present paper mainly focuses on the limiting behavior as s 7 1.

Our problem (1-1) can be linked to a specific spectral problem of local nature in the upper half-sphere;
indeed let us look at the extension technique popularized by the authors in [Caffarelli and Silvestre 2007],
characterizing the fractional Laplacian in R" as the Dirichlet-to-Neumann map for a variable v depending
on one more space dimension and satisfying

(1-3)

Lyv=div(y!"»Vv) =0 in R,
v(x,0) =u(x) on R”.

Such an extension exists and is unique for a suitable class of functions u, see (2-1), and it is given by the
formula

1
o (P2 + 1775

y>u(n)

—1 o
o (|x — |2+ y2)n/2+s dn, where y(n,s)"" =

U(x,)’)=)/(”,s) d?’)
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Then, the nonlocal original operator translates into a boundary derivative operator of Neumann type:

—M : 1-2s (L ANS
y(n,s) yh—%y hyv(x, y) = (=A)ux).

Now, let us consider an open region w C "~ = 08", with §% = §" N {y > 0}, and define the eigenvalue
\/‘Si y1_2S|VSnI/l|2 dO'

Jon Y172 u? do
n

A (w) = inf[ cue H'Y(S"; y'" do)\ {0} and u =0in " '\ w .

Next, define the characteristic exponent of the cone C,, spanned by w (see Definition 2.1) as

¥s(Co) = 5 (A (@), (1-4)

where the function y;(¢) is defined by

ys(t) = \/(%(n —25)) +1—L(n—2s).

Remark 1.1. There is a remarkable link between the nonnegative A{ (w)-eigenfunctions and the y; (1] (@))-
homogeneous L-harmonic functions: Let consider the spherical coordinates (r, 8) with » > 0 and 6 € S".
Let ¢ be the first nonnegative eigenfunction to A} (w) and let vy be its y; (A} (w))-homogeneous extension
to R ie.,

us(r, ) = "t (6),

which is well-defined as soon as y;(A](w)) < 2s (as we shall see, this fact is always granted). By [Riiland
2015], the operator L can be decomposed as

1
Lou = sin' =2 (0,)— 9, "V 9,u) +

LS”
n plt2s S Uu,

where y = r sin(6,) and the Laplace—Beltrami-type operator is defined as
LS u = divgn (sin' =2 (6,) Vgnur)

with Vg the tangential gradient on S”. Then, we easily get that v, is Lg-harmonic in the upper half-space.
Moreover, its trace uz(x) = vg(x, 0) is s-harmonic in the cone C,, spanned by w, vanishing identically
outside; in other words u; is a solution of our problem (1-1).

In a symmetric way, for the standard Laplacian, we consider the problem of y-homogeneous functions
which are harmonic inside the cone spanned by w and vanish outside:
—Au 1= 0 in Cw,
u; >0 inR", (1-5)
ur=0 inR"\C,.
It is well known that the associated eigenvalue problem on the sphere is that of the Laplace—Beltrami
operator with Dirichlet boundary conditions

fsn—' |Vgn-1u|? do

cwe HUS"™ M\ {0 and u = 0 in S"! ’
fsn—ll/lzdo’ “ ( )\ {0} and u in \ @

(@) = inf{
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and the characteristic exponent of the cone C,, is

Y (Co) = (1= 2)> + 31 (@) — 100 —2) = yy sy Gt (@), (1-6)

In the classical case, the characteristic exponent enjoys a number of nice properties: It is minimal on
spherical caps among sets having a given measure. Moreover, for the spherical caps, the eigenvalues enjoy
a fundamental convexity property with respect to the colatitude 0 [Alt et al. 1984; Friedland and Hayman
1976]. The convexity plays a major role in the proof of the Alt—Caftarelli-Friedman monotonicity formula,
a key tool in the free boundary theory [Caffarelli and Salsa 2005].

Since the standard Laplacian can be viewed as the limiting operator of the family (—A)* ass 1,
some questions naturally arise:

Problem 1.2. Is it true that:

(@) lims—; y5(C) = y(C)?
(b) limy_, | us = u; uniformly on compact sets, or better, in Holder local norms?

(c) for spherical caps of opening 6 there is any convexity of the map 6 +— A{(0), at least, for s near 1?

We therefore addressed the problem of the asymptotic behavior of the solutions of problem (1-1) for
s /' 1, obtaining a rather unexpected result: our analysis shows high sensitivity to the opening solid
angle w of the cone C,,, as evaluated by the value of y (C). In the case of wide cones, when y (C) < 2
(that is, 8 € (7 /4, ) for spherical caps of colatitude ), our solutions do converge to the harmonic
homogeneous function of the cone; in the case of narrow cones, when y (C) > 2 (that is, 6 € (0, 7 /4]
for spherical caps), the limit of the homogeneity degree will always be 2 and the limiting profile will be
something different, though related, of course, through a correction term. Similar transition phenomena
have been detected in other contexts for some types of free boundary problems on cones [Allen and Lara
2015; Shahgholian 2004]. As a consequence of our main result, we will see a lack of convexity of the
eigenvalue as a function of the colatitude. Our main result is the following theorem.

Theorem 1.3. Let C be an open cone with vertex at the origin. There exist the following finite limits:

7(C):= lim y,(C) = min{y (C), 2}, (1-7)
_ Cn,s) _ [0 if y(C)<2, ]
w(C):= T 25 —y5(C) {MO(C) if y(C)>2, (1-8)

where C(n, s) is defined in (1-2) and
fS'H [Vgn-1 ul?> —2nu* do
(Jyo-t lul do)”

Let us consider the family (us) of nonnegative solutions to (1-1) such that ||us|| e (sn-1y = 1. Then, as

110(C) := inf tue H'(S" )\ {0} andu=0in $" '\ C .

s /1, up to a subsequence, we have:

(1) ug — iin L

(R") for some it € H! (R") N L>(S" ).
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y=y ()

y =¥(21(0))

0
0 /4 /2 3 /4 4

Figure 1. Characteristic exponents of spherical caps of aperture 20 for s < 1 and s = 1.

(2) The convergence is uniform on compact subsets of C and u is nontrivial with ||u|| g1y = 1 and is
Y (C)-homogeneous.

(3) The limit u solves

(1-9)

NI
Il

—Aii = pu(C) [y iido  inC,
0 inR"\ C.

Remark 1.4. Uniqueness of the limit # and therefore existence of the limit of u; as s ' 1 hold in the
case of connected cones and, in any case, whenever y (C) > 2. We will see in Remark 4.2 that under
symmetry assumptions on the cone C, the limit function u is unique and hence it does not depend on the
choice of the subsequence.

A nontrivial improvement of the main theorem concerns uniform bounds in Holder spaces holding
uniformly for s — 1.

Theorem 1.5. Assume the cone is C''. Let o« € (0, 1), so € (max{%, a}, 1) and A be an annulus centered
at zero. Then the family of solutions ug to (1-1) is uniformly bounded in C%*(A) for any s € [so, 1).

On the fractional Alt-Caffarelli-Friedman monotonicity formula. In the case of reaction-diffusion
systems with strong competition between a number of densities which spread in space, one can observe a
segregation phenomenon: as the interspecific competition rate grows, the populations tend to separate
their supports in nodal sets, separated by a free boundary. For the case of standard diffusion, both the
asymptotic analysis and the properties of the segregated limiting profiles are fairly well understood, we
refer to [Caffarelli and Lin 2008; Conti et al. 2005; Dancer et al. 2012; Noris et al. 2010; Tavares and
Terracini 2012]. Instead, when the diffusion is nonlocal and modeled by the fractional Laplacian, the
only known results are contained in [Terracini et al. 2014; 2016; Terracini and Vita 2017; Wang and Wei
2016]. As shown in [Terracini et al. 2014; 2016], estimates in Holder spaces can be obtained by the use
of fractional versions of the Alt—Caffarelli-Friedman (ACF) and Almgren monotonicity formulas. For
the statement, proof and applications of the original ACF monotonicity formula we refer to the book
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[Caffarelli and Salsa 2005] on free boundary problems. Let us state here the fractional version of the
spectral problem beyond the ACF formula used in [Terracini et al. 2014; 2016]: consider the set of
2-partitions of "~ ! as

P? = {(a)l, W) tw; C N open, w1 Nwy =9, w1 Uy = Sn_l}

and define the optimal partition value as
2

Acr._ 1. s
v == inf A (wy)). 1-10
. 2<w1,m>epz§”( H(@0) (1-10)

ACF
s

spherical caps (wg, wr—g) € P? with aperture 26 and 6 € (0, w) (for a detailed proof of this kind of
symmetrization we refer to [Terracini and Vita 2017]); that is,
VACF

ACF _ min 19(0) = min PO TR
‘ 0€l0.x] 6el0,7] 2

It is easy to see, by a Schwarz symmetrization argument, that v~ is achieved by a pair of complementary

This gives a further motivation to our study of (1-1) for spherical caps. A classical result in [Friedland and

ACF — 1 (in the case s = 1), and the minimal value is achieved for two half-spheres;

Hayman 1976] yields v
this equality is the core of the proof of the classical Alt—Caffarelli-Friedman monotonicity formula.

It was proved in [Terracini et al. 2014] that foF is linked to the threshold for uniform bounds in
Holder norms for competition-diffusion systems, as the interspecific competition rate diverges to infinity,
as well as the exponent of the optimal Holder regularity for their limiting profiles. It was also conjectured

ACF ;

that vACF = s for every s € (0, 1). Unfortunately, the exact value of vACF is still unknown, and we only

know that 0 < v;ACF <s; see [Terracini et al. 2014; 2016]. Actually one can easily give a better lower
bound given by vSACF > max{%s, s — }L} when n = 2 and v;ACF > %s otherwise, which however is not
satisfactory. As already remarked in [Allen 2012], this lack of information implies also the lack of an exact
Alt—Caffarelli-Friedman monotonicity formula for the case of fractional Laplacians. Our contribution to

this open problem is a byproduct of the main result, Theorem 1.3, and is depicted in Figure 2.

Corollary 1.6. In any space dimension we have

lim vAF = 1.
s—1
The paper is organized as follows. In Section 2 we introduce our setting and we state the relevant known
properties of homogeneous s-harmonic functions on cones. After this, we will obtain local C%*-estimates
in compact subsets of C and local H*-estimates in compact subsets of R" for solutions u, of (1-1). We

will see that an important quantity which appears in these estimates and plays a fundamental role is
C(n,s)
25 —ys(O)
where C (n, s) > 0 is the normalization constant given in (1-2). It will be therefore very important to bound

this quantity uniformly in s. In Section 3 we analyze the asymptotic behavior of y,(C) as s converges
to 1, in order to understand the quantities y (C) and w(C). To do this, we will establish a distributional
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0

0 /4 /2 3w /4 T

Figure 2. Possible values of I'*(0) = ' (wg, wr—g) fors <l and s =1 and n = 2.

semigroup property for the fractional Laplacian for functions which grow at infinity. In Section 4 we
prove Theorem 1.3 and Corollary 1.6. Eventually, in Section 5, we prove Theorem 1.5.

2. Homogeneous s-harmonic functions on cones

In this section, we focus our attention on the local properties of homogeneous s-harmonic functions on
regular cones. Since in the next section we will study the behavior of the characteristic exponent as s
approaches 1, in this section we recall some known results related to the boundary behavior of the solution
of (1-1) restricted to the unitary sphere S”~! and some estimates of the Holder and H* seminorms.

Definition 2.1. Let « C §"! be an open set, which may be disconnected. We define the unbounded cone
with vertex in 0, spanned by w, to be the open set

Co={rx:r>0, x € w}.

Moreover we say that C = C,,, is narrow if ¢ (C) > 2 and wide if y(C) < 2. We call C,, a regular cone if
w is connected and of class C'!. Let 6 € (0, ) and wy C S"~! be an open spherical cap of colatitude 6.
Then we denote by Cy = C,, the right circular cone of aperture 26.

Hence, let C be a fixed unbounded open cone in R" with vertex in 0 and consider
(—A)Y’us =0 1inC,
us;=0 inR"\C

with the condition ||ug|| e sn-1y = 1. By Theorem 3.2 in [Bafiuelos and Bogdan 2004] there exists, up to
a multiplicative constant, a unique nonnegative function u; smooth in C and y,(C)-homogeneous, i.e.,

X
Uy (x) = |x|%<c>us<—),

|x|
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where y,(C) € (0, 25s). As is well known, see for example [Bogdan and Byczkowski 1999; Silvestre
2005], the fractional Laplacian (—A)* is a nonlocal operator well-defined in the class of integrability
£!:= £(dx /(14 |x])"*?), namely the normed space of all Borel functions u satisfying

|u ()]

”M”£% = w W dx < oo. (2—1)

Hence, for every u € £!, ¢ > 0 and x € R" we define

u(x) —u(y)

(—A)Zu(x) =C(n,s) y|n+2s

’

R\ B, (x) X —
where
22sT(n/2 +s)

C(n, S) = —nn/zr‘(l _s)

€ (0, 4T (n/2+ D).

and we can consider the fractional Laplacian as the limit

ux) —u(y)

(—A) M(X) = lslﬁ)l(_A)gu(x) = C(n’ S) p‘v‘/n |x _ y|n+2s

R

We remark that u € L] is such that u € £} for any § > 0, which will be an important tool in this section

of the paper, in order to compute high-order fractional Laplacians. Another definition of the fractional
Laplacian, which can be constructed by a double change of variables as in [Di Nezza et al. 2012], is

Cn,s) 2u(x) —u(x+y)—ulx—y)

(=A)'u(x) =
2 Rn |y|n+25

dy,

which emphasizes that given u € C%(D) ﬂﬁg, we obtain that x — (—A)’u(x) is a continuous and bounded
function on D for some bounded D C R™

By [Michalik 2006, Lemma 3.3], if we consider a regular unbounded cone C symmetric with respect
to a fixed axis, there exist two positive constants c; = ¢y (n, s, C) and ¢ = c>(n, s, C) such that

ci|lx|P ¥ dist(x, 3C)* < ug(x) < cplx |V dist(x, 0C)° (2-2)

for every x € C. We remark that this result can be easily generalized to regular unbounded cones C,,
with @ C §"~! a finite union of connected C!*! domains w; such that @&; U@; = @ for i # j, since the
reasoning in [Michalik 2006] relies on a boundary Harnack principle and on sharp estimates for the Green
function for bounded C'! domains which are not necessarily connected; for more details see [Chen and
Song 1998].

Throughout the paper we will call the coefficient of homogeneity y; the “characteristic exponent”,
since it is strictly related to an eigenvalue partition problem.

As we already mentioned, our solutions are smooth in the interior of the cone and locally C%* near the
boundary aC \ {0}, see for example [Michalik 2006], but we need some quantitative estimates in order to
better understand the dependence of the Holder seminorm on the parameter s € (0, 1).

Before showing the main result of Holder regularity, we need the following estimates about the
fractional Laplacian of smooth compactly supported functions; this result can be found in [Bogdan and
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Byczkowski 1999, Lemma 3.5; Ddvila et al. 2015, Lemma 5.1], but here we compute the formula with a
deep attention on the dependence of the constant with respect to s € (0, 1).

Proposition 2.2. Let s € (0, 1) and ¢ € C2(R"). Then

(=AY ()| < W forall x € R", (2-3)

where the constant ¢ > 0 depends only on n and the choice of .

Proof. Let K C R" be the compact support of ¢ and k = max,cg |¢(x)|. There exists R > 1 such that
K C Bg2(0).
Let |x| > R. Then

s @(x) — <p(y) o)
[(=A) ' p(x)| = ‘C(n,s) o = |n+25 )/ Ty |n+2s
C(n, s)k / 1 C(n, s)k2"|K |
< y =<
|x|n+2x K (1 _ |y/x|)n+2s |x|n+2s
C(n, s)k22+29)|K | c
< < ,
(1+|x|)n+2s (l+|x|)"+25

where ¢ > 0 depends only on n and the choice of ¢.

Let now |x|] < R. We use the fact that any derivative of ¢ of first or second order is uniformly
continuous in the compact set K and the fact that in Bz (0) the function (1 + |x [)**2$ has maximum given
by (1 4+ R)"*25. Hence there exist 0 < § < 1 and a constant M > 0, both depending only on 7 and the
choice of ¢, such that

|p(x +2) +¢(x —2) = 2p(x)| < Mz forall z € B5(0).

Hence
p(x) —(y) p(x) —o(y)
[(=A)'p(x)| = ’C(ﬂ,s) " dy+C(n,s) LA
R\ By (x) |X — y["+% By(x) 1X — y["F2s
<2kC(n, s) ! dy 1 Cn,s) PG +2) +pk —2) = 20(0)]
= , R B (1) |x _ y|n+25 2 B;(0) |Z|n+23

00 ) C , M ) '
§2kC(n,s)wn1/ plm2 dr—i—(ns)#/ r1 =2 dr
8 0

_ kC(n, )wa—1 | C(n, s)w,_ M&*

5828 4(1 —s)
(1 LD e(l + R)M2 c
S 5= T = (1 [
where ¢ > 0 depends only on n and the choice of ¢. U

By the previous calculations we have also the following result.
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Remark 2.3. Lets € (0,1) and ¢ € CE(R”). Then there exists a constant ¢ = ¢(n, ¢) > 0 and a radius
R = R(¢) > 0 such that
C(n,s)

W for all x € R” \ Bgr (0) (2-4)

(=AY p(x) =c

The following result provides interior estimates for the Holder norm of our solutions.

Proposition 2.4. Let C be a cone, K C C be a compact set and sy € (0, 1). Then there exist a constant
¢ > 0anda € (0, 1), both dependent only on sy, K, n, C, such that

C(n,s) )

wy <cll4+—m—mm"r
llusl coe (i) _C< +2s—yx(C)
for any o € (0, @] and any s € [sg, 1).

By a standard covering argument, there exists a finite number of balls such that K C Ul;zl B, (x;) for
a given radius r > 0 such that U];:1 By, (xj) C C. Thus, it is enough to prove:

Proposition 2.5. Let By, (x) C C be a closed ball and sq € (0, 1). Then there exist a constant ¢ > 0 and
a € (0, 1), both dependent only on sy, r, X, n, C, such that

C(n,s)
lets | o e = C(l * 2s——y(C))

for any o € (0, @] and any s € [sg, 1).

In order to achieve the desired result, we need to estimate locally the value of the fractional Laplacian
of u; in a ball compactly contained in the cone C.

Lemma 2.6. Let n € C°(By (X)) be a cut-off function such that 0 <n < 1 withn =1 in B,(x). Under
the same assumptions as Proposition 2.5,

s C(n, s)
1(=A) (usm)|| L=, 7)) < Co(l + )

25 —y5(C)
for any s € [sg, 1), where Cy > 0 depends on sy, n, x, r, C, and the choice of the function .

Proof. Let R > 1 be such that By, (x) C Bg/2(0). Hence, let us fix a point x € By, (x). We can express
the fractional Laplacian of uyn in the following way:

nx) —n(y)
|x — y[rt2

(=2)* (usm (x) = n(x)(=A) ug(x) + C(n, S)/Rn us(y)

nx) —n(y)
|x — |t

n(x) —ny)

—Co) [ uy e

Br(0)

dy+C(n, s) / s ()

R™\Br(0)

We recall that u,(x) = |x]"©ug(x /|x|) and that for any s € (0, 1) the functions u are normalized such
that [|us || oo (gn-1) = 1. Moreover we remark that n(x) —n(y) =n(x) > 0in By, (x) x (R"\ Bg(0)). Hence,
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using Proposition 2.2 and the fact that y,(C) < 2s, we obtain

/ g () 1L =10 dy‘ +Cns)
Br(0)

I(=A) (usm(x)| < C(n, s) Xyt

nx) —n(y)
us(y)————5-dy
/R"\BR(O) P — |t

1
< R O(=A) n(x)|+ C(n, 5)2" / — - dy
R\ B (0) |y H2=1(©)
2

c 0o
=< W +C(n,s)2n+2wn_1/ F—1=254%,(0) 4,

R
cR? cC(n,s)
= +
T (I xprt 0 RZ O 25—y (C))
C(n,s)
<Coll14+—=—"o——). g
= 0( +2s—ys(C))

Proof of Proposition 2.5. Let as before n € C2°(B,,(x)) be a cut-off function such that 0 <5 <1 with
n =1in B,(x). First, we remark that there exists a constant ¢y > 0 such that for any s € (0, 1)

lusnll Loy < co, (2-5)

where cg depends only on n, x, r. In fact, let R > 0 be such that BT(X_) C Bg(0). Then, for any x € R", we
have 0 < u;n(x) < R%© < RZ Using the bound (2-5) and the previous lemma, we can apply [Caffarelli
and Silvestre 2009, Theorem 12.1] obtaining the existence of & € (0, 1) and C > 0, both depending only
on n, s and the choice of B, (x) such that

lusnll coa gy < CUusnllLemn + 11(=A) (usm) | LB, )
- C(C0+Co<1 . M))
2s —y5(C)
for any s € [sp, 1) and any « € (0, a]. Since n =1 in B,(x) we obtain the result. O

Similarly, now we need to construct some estimate related to the H*® seminorm of the solution u;.
Since the functions do not belong to H*(R"), we need to truncate the solution with some cut-off function
in order to avoid the problems related to the growth at infinity. In such a way, we can use

(08 ey = =80 ol = [ v(-ava, 2-6)
Rn

which holds for every v € H*(R"). So, let n € C2°(B>) be a radial cut-off function such that n =1 in
By and 0 < n <1 in B,, and consider ng(x) = n((x — xg)/R), the rescaled cut-off function defined in
Bor(xg) for some R > 0 and xp € R™.

Proposition 2.7. Let so € (0, 1) and ng € CZ°(Bar(xo)) be previously defined. Then

C(n,s) )

2o <cf14+ ——""—
[”S"R]H“R)‘C( 25— 1,(0)

for any s € [sg, 1), where ¢ > 0 is a constant that depends on xg, R, C, so and 1.



1664 SUSANNA TERRACINI, GIORGIO TORTONE AND STEFANO VITA

Proof. Let n € C2°(B>) be a radial cut-off function such that n = 1in B; and 0 <7 < 1 in By, and
consider the collection of (ng)g with R > 0 defined by ng(x) = n((x — x¢)/R) with some xy € R". By
(2-6), for every R > 0 we obtain

[usmR igs ry = 1= A (s oy = / usng(—A) (uyng) dx.
Rn

By the definition of the fractional Laplacian we have

f usn(— A (g dx = Cns) [ uy oy VIR I OMRD) 4 g
n o [y
= f ity (~ A g x4 Cns) [ TREOTIRDD, o (e dydx
R RrxRn X —y["Tes
_ 2
_C,s) Inr(X)—nr ()] , ()i, () dy do.,

2 RixRn  |x—y|rt2s

where the last equation is obtained by the symmetrization of the previous integral with respect to the
variable (x, y) € R" x R". Before splitting the domain of integration into different subsets, it is easy to

see that
nrR(x)—nr(y) =0 in Bg(xp) X Bg(xo) U(R"\ Bag(x0)) x (R"\ Bag(x0)),

Inr(x) —nr()I =1 in Bg(xo) x (R"\ B2r(x0)) U(R"\ B2g(x0)) x Br(x0),
where all the previous balls are centered at the point xg. Hence, given the sets
) = B3r(x0) X B3r(x0),
Q2 = Bar(xo) x (R"\ B3r(x0)) U(R" \ B3r(x0)) x Bar(x0),

we have
Inr(x) —nr()I?
u,(x)u dydx
/Rnxw PgpTET s()us(y) dy
Ing(x) — nr()I? / Ing(x) —nr(y)I?
< ug(x dydx + xX)u dydx.
_/91 X =y s(Ous(y)dy 0 =y us(X)us(y) dy
In particular
2
Ing(x) — nr()I? 5 VORI o0 )
usg(xX)ug(y)dydx < sup u ————dydx
/91 e =yl Bir(xo)  J Big(eo)x Bag(ro) 1X — YT
< [ VnglZe sup uzf ol —L g
- Bir(xo)  JBir(©®)  JBer(o) [X =y
V|7 6R)Z%
< IV Gy 2By st OB
R B3g(x0) 2(1 =)
5 n—2s ) 5
<ClIVnli= max {|xo| 7", BR)™ Hlug | Lo (sn-1ys

2(1—y)
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where in the second inequality we use the changes of variables x — xo and y — xo and the fact that
B3r(0) x B3g(0) C B3r(0) x Bgr(x) for every x € B3g(0). Similarly we have

Inr () —nr(y)|* s (y)
ug(x)ug(y)dydx <2 ug(x) ————dy | dx
/Qz |x—y|n+2s ’ ’ Bar(o) R\ Bag (xo) [X—Y["H2
Us (y+x0)
< 2/ ug(x+xg) (/ dy) dx
Bar(0) R\ Bsg () [ Y725 (1—]x| /]y )+

C _|_ Vs
< 2.3t / us (x+xo) (/ Clyltlxoh)™ nf;(s)D dy) dx
Bar(0) R\Bsr(0) |Vl

<C sup ug|Bag||S" 2" G(x, R)
B (x0)

with
X0l /(2s — y)BR)™* if |xo| > 3R,

BR)"™2 /(25 — ¥5) if [xo| < 3R
—2s

_GR)

T 25— Vs

G(xo, R) = {

max{|xo|, 3R}".

Finally, we obtain the desired bound for the seminorm [u7 R]%IS(R") summing the two terms and recalling
that ”uS”LOO(S"*l) =1. O

3. Characteristic exponent y;(C): properties and asymptotic behavior

In this section we start the analysis of the asymptotic behavior of the homogeneity degree y,(C) as s
converges to 1. We get two main results: first we get a monotonicity result for the map s — y5(C)
for a fixed regular cone C, which ensures the existence of the limit and, using a comparison result, a
bound on the possible value of the limit exponent. Secondly we study the asymptotic behavior of the
quotient C(n, 5)/(2s — ys(C)).

In order to prove the first result and compare different orders of s-harmonic functions for different
power of (—A)*, we need to introduce some results which give a natural extension of the classic semigroup
property of the fractional Laplacian for functions defined on cones which grow at infinity.

Distributional semigroup property. It is well known that if we deal with smooth functions with compact
support, or more generally with functions in the Schwartz space S(R"), a semigroup property holds
for the fractional Laplacian; i.e., (—A)* o (—A)%2 = (—=A)*1"52, where s1, 52 € (0, 1) with 51 +s, < 1.
Since we have to deal with functions in £! that grow at infinity, we have to construct a distributional
counterpart of the semigroup property in order to compute high-order fractional Laplacians for solutions
of the problem given in (1-1).

First of all, we remark that a solution u; to (1-1) for a fixed cone C belongs to £§ since 0 < uy(x) <
|x]7(©) in R" with ys(C) € (0, 25). Moreover, by the homogeneity one can rewrite the norm (2-1) as

g (x) 20 =y (©) T(n+y,(CHT (2s—y,(C))
luslpr=| ————dx= ugdo dp =
: R sn—1 0

= = do.
o (I fx)r2s (1+py2 P T (n1+25) P
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In the recent paper [Dipierro et al. 2016] the authors introduced a new notion of fractional Laplacian
applying to a wider class of functions which grow more than linearly at infinity. This is achieved by
defining an equivalence class of functions modulo polynomials of a fixed order. However, it can hardly
be applied to the solutions of (1-1) as they annihilate on a set of nonempty interior.

As shown in [Bogdan and Byczkowski 1999, Definition 3.6], if we consider a smooth function with
compact support ¢ € C°(R")(or ¢ € CZ(IR”)), we can define the distribution k% by the formula

(=AY 9(0) = k>, ).
By this definition, it follows that (—A) @ (x) = k>* % ¢ (x).

Definition 3.1 [Bogdan and Byczkowski 1999, Definition 3.7]. For u € £! we define the distributional
fractional Laplacian (—A)*u by the formula

(—A)u, ) = (u, (—=A)’p) forall p € CO(R").

In particular, since given an open subset D C R" and u € C*(D) N L!, the fractional Laplacian
exists as a continuous function of x € D and (—A)S u = (—A)’u as a distribution in D [Bogdan and
Byczkowski 1999, Lemma 3.8], throughout the paper we will always use (—A)* both for the classical
and the distributional fractional Laplacian. The following is a useful tool for computing the distributional
fractional Laplacian.

Lemma 3.2 [Bogdan and Byczkowski 1999, Lemma 3.3]. Assume that
/f If(x)g(y)l dxdy <oco and f |f(x)g(x)]dx < o0. (3-1)
ly—x|>¢ Re

|y x|n+25

Then ((—=A)3 f, 8) = (f, (—=A)3g). Moreover if f € ﬁ:. and g € C.(R"), the assumptions (3-1) are satisfied
for every ¢ > Q.

Before proving the semigroup property, we prove the following lemma which ensures the existence of
the §-Laplacian of the s-Laplacian for 0 < § < 1.

Lemma 3.3. Let ug be a solution of (1-1) with C a regular cone. Then we have (—A)*u, € Llé for any
6 >0, ie.,
[ (A ul
re (14 |x])n+2

Proof. Since the function u; is s-harmonic in C, namely (—A)*u,(x) = 0 for all x € C, we can restrict
the domain of integration to R" \ C.

By homogeneity and the results in [Bogdan and Byczkowski 1999], we have that the function (—A)%u;
is (ys — 2s)-homogeneous and in particular x — (—A)*u,(x) is a continuous negative function, for every

x € D @ R"\ C. In order to compute the previous integral, we focus our attention on the restriction of the
fractional Laplacian to the sphere $"~!; in particular, we prove that there exist £ > 0 and C > 0 such that

(= A) u for all x € N:(aC)N "1, (3-2)

< -
= Sstr, a0y
where N (0C) = {x e R"\ C : dist(x, dC) < ¢} is the tubular neighborhood of aC.
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Hence, fixing R > 0 small enough, consider initially ¢ < R and x € S"~'NN,(3C); since u; ) <|y|”
in R" and by (2-2) there exists a constant C > 0 such that for every y € C we have

us(y) < Cly|»*dist(y, 9C)°,
it follows, defining §(x) := dist(x, 0C) > 0, that

us(y) us(y)
[(=A) us(x)| = C(n, s) —————dy+C(n,s) —_—
’ CBr(x) 1X — yI"H2s C\Br(x) 1X — y["T2s
Cly|= dist(y, 3C)* 2
<C(n,s) Al 1s(+)72 ) dy+C(n,s) Lﬂdy.
CNBR(x) lx — y[rt=s C\Br(x) |X — "=
Since C N Br(x) C Br(x) \ Bs(x)(x), we have
Ys—S X — _|_ 1 Vs
[(=A) ug(x)] SC/ L,,de-F/ %d)’
R=lx—y|=8(x) X — Y k—yl=R [x =]

1 @+
cof g [,
R>lx—y|=6(x) X — VI R 1

R
<C dr+M
- /(;(x) rlts r+
<C ! +M
—  dist(x, 9C)*

Moreover, again since s € (0, 1), considering a smaller neighborhood N, (dC), we obtain that there exists

a constant &€ > 0 small enough and C > 0 such that

[(—A)u for every x € Nx(3C) N "1,

P
s = G a0y

Now, fixing § > 0 and considering & > 0 of (3-2), we have

/ [(=A) ug(x)| dx:/ "2 (= A) g (x /| x])|
reve (14 [x[)n+2 R\C (1 + |x])n+2s

o0 Vs —28 —A)*
=/ / r I( ) Z;(Z”r"*lda(z) dr
0o Js-inmn\c) (1+r)mt

0 rn71+ys 2s
= —dr/ [(=A) us(z)| do.
/0 (1 + r)n+28 S=1N(R™\C) S

Since y; € (0, 2s) and s € (0, 1), it follows that

dx

/ (A us )| / s / s
> dx <C |(=A) us(z)|do +C [(=A) us(z)| do
R SN (IC)

ne (14 |x[)n+2 (R™\C)\N(C)NS"~!

< C/ ————do+M<x0
S"‘lﬂNg(QC) dlSt(Z, a(j)Y

where in the second inequality we used that z — (—A)’u;(z) is continuous in every A € S IN(R"\ C)
and in the last one that dist(x, dC)™* € L' (S"" ' N N:(3C), do). O
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Proposition 3.4 (distributional semigroup property). Let us be a solution of (1-1) with C a regular cone
and consider § € (0,1 — ). Then

(=AY PPuy = (=A°[(=A)us] inD'(C)
or equivalently
(=AY PPuy, 9) = (=A)°[(=A)us), @) forall p € CZ(C).

Proof. Since |us(x)| < |x|*, with y; € (0, 2s), it is easy to see that u; € E_l N C?(C). Moreover, as we

1
s+36

and it is a continuous function of x € C for every § € (0, 1 —s). By the definition of the distributional

have already remarked, if u; € E} then uy; € L for every 6 > 0. In particular, (—A)* oy, does exist

fractional Laplacian, we obtain

(=D Pug, ) = (us, (=A) ),

and since for ¢ € C2°(C) C S(R") in the Schwarz space, the classic semigroup property holds, we obtain

(=AY Pug, @) = (us, (A [(=A)’¢]).

On the other hand, since by Lemma 3.3 we have (—A)*u; € E;, it follows that
(=A(=A) usl, @) = (—A) ug, (—A)2g) (3-3)

for every ¢ > 0. Since (—A)‘uy € Eé and ¢ € C°(R"), the §-Laplacian of (—A)*u, does exists in
a distributional sense and hence the left-hand side in (3-3) does converge to ((—A)°[(—A)*u,], @) as
¢ — 0. Moreover the right-hand side in (3-3) does converge to ((—A)*us, (—A)p) by the dominated
convergence theorem, using Proposition 2.2 and Lemma 3.3, which give

AN A |(_A)Sus(x)|
| corumenipma s [ FER 0 0 <.

By the previous remarks,

(=A°[(=A) us], @) = (—A) uy, (—A)°p).

In order to conclude the proof of the distributional semigroup property, we need to show that

(s, (A [(=A)0]) = (=A) us, (—A)°p), (3-4)

which is not a trivial equality, since (—A)%¢p € C*°(R") is no more compactly supported.
Let n € C2°(B2(0)) be aradial cut-off function such that n=11in B;(0) and 0 <7 <1 in B,(0), and define
nr(x) =n(x/R) for R > 0. Obviously, since u;ng € C.(R") and (—A)p e L_i, by Lemma 3.2 we have

(usnr, (A=A @]) = (A (usnr), (—A)°p) (3-5)

for every e, R > 0. First, for R > 0 fixed, we want to pass to the limit for ¢ — 0. For the left-hand side in
(3-5), we get the convergence to (usng, (—A)* [(—A)%¢]) since we can apply the dominated convergence
theorem. In fact

/R usnr(—A)[(—A)p] < C/ (—A)*g < o0,
n K
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where K denotes the support of u ng. For the right-hand side in (3-5) we observe that, for any x € R",

(—A)(ugnr)(x) = nr(x)(—=A)jug (x) + ug (x) (= A)ingr (x) — L (ug, ng)(X),

where

(s (x) —us () (r(X) = nr ()

I (ug, ng)(x) = C(n,s)
o R\ B, (x) |x — y|rt+2s

dy.

Obviously the first term ((—A)3us, nr(—A) @) converges to ((—A)°uy, nr(—=A)° ) by the defini-
tion of the distributional s-Laplacian, since u; € E} and nr(—A)¢ € C>*(R"). The second term
(us(—A)ing, (—A)%¢) converges to (us(—A)*ng, (—A)°p) by dominated convergence, since

/ Uy (=AY (=AY g dy < ¢ f s (%)

P E———— O B
re (L |x[)rtas

Finally, the last term (/. (uy, ng), (—A)‘S(p) converges to (I (ugs, ng), (—A)? ¢) by dominated convergence,
since

f Ie(ug, nR)(—A)’ @ dx < C/ [(—A)’ | dx,
Rn Rn
which is integrable by Proposition 2.2. Finally, passing to the limit for ¢ — 0, from (3-5) we get

Usng, (=AY’ [(=A)’p]) = (—A) (usnr), (=A)°9) (3-6)

for every R > 0.
Now we want to prove (3-4), concluding this proof, by passing to the limit in (3-6) for R — oo. Since
we know, by dominated convergence, that the left-hand side of (3-6) converges to (ug, (—A)* (—A)2¢) for
R — oo, we focus our attention on the other side. At this point, we need to prove that for any ¢ € C2°(C),

/r; (A (A - /R RENIRENL (3-7)

as R — oo. First of all, we remark that (—A)*(usng) = (—A)’us in Llloc([R{”). In fact, let K C R" be

a compact set. There exists 7 > 0 such that K C B;. Then, considering any radius R > 7, we have
nr(x) =1 for any x € K. Hence, for any R > r, using the fact that u;(x) = |x|"us(x/|x]), we obtain

/K [(=A)* (usnr) (x) — (=A) ug (x)] dx

2/ dx
K
=C(n, s)/ dx(p.v./ us(Y)[1— n,;Fy)] dy)

K C\Bg |x — y|ntas
< C(n, S)/ dx (p.v./ Ld))

K o\ (Iy|—7)m+2s
<C(n, s)/ dx (p.v./ |)’|V‘i dy)
B K o\Bg [YI"T2 (1 =7 /Ryt

R n+2s P 1 R n+2s 1
=C — lim —dr=C — —
R—r p—oo Jp r2—rstl R—7 R25—vs

Cln.s) pv. f s CMRCO) — s IR GY) 2 () = s ()
n Ix — y|l’l+2s

o
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as R — oo. Hence we obtain also pointwise convergence almost everywhere. Moreover, we can give the
following expression:

nr(x) —nr(y)

|x — y|n+23 dy. (3-8)

(=AY (usnr)(x) = nr()(=A) us(x) + C(n, ) P-V-/ ug(y)

Rn

We remark that ng(x)(—A)*us(x) = (—A)’u;(x) and
/ Ms(y)nR(X) —nr(y) dy = 0

|x — y[rt

pointwisely. Moreover, we can dominate the first term in the following way:

NRO)(—A) us(x) < (—A) us(x),
and
(=AY u; (x)(=A)’p(x) dx < 00
Rn

since (—A)*uy € Eé and using Proposition 2.2 over ¢ € C2°(C). In order to prove (3-7), we want to
apply the dominated convergence theorem, and hence we need the following condition for any R > 0:

(—A)‘Sw(x) (p.v.f us(y)M dy) dx‘ <c.
R R

a oy

Therefore, we will obtain a stronger condition, that is, the existence of a value k > 0 such that for any R > 1
<=
We split the region of integration R"” x R" into five different parts

Qp:=(R"\ Bor) xR", Qp:=Bog X Bagr, 3:=(Bar\ Br) X (Bsr\ Bar),
Q4:=(Bar \ Br) x (R"\ B3g), K5:=Bg x (R"\ Bag).

First of all, we remark that
(=AY ngr(x) = R (=A)*n(x/R)

and also that [[(=A)*n|lp~m® < oo. For the first term, using the fact that ng(x) — ng(y) = 0 if
(x,y) € (R"\ Bag) x (R"\ Bagr),

1= / (=AY (0]
R™\ By

- / (=AY p(0)]
R\ By

/ (=AY ()| (sup ts) | (— AY g (x)] dx
R™\Bg Byr

[ us(y)nR(X)—nR(y) dy‘dx
Rn

x — y|rt2

/ us(y)nR(X)—nR(y) dx
Bor

|x — ylrtas

IA

¢ 1 dr < c
— R2Z5—s Rn (1 + |x|)n+28 — R2Zs—vs



ON s-HARMONIC FUNCTIONS ON CONES 1671

For the second term, using the fact that ng(x) —ngr(y) > 0if (x, y) € Bog X (R"\ Bor), we obtain as before

/ us(y)nR(X)—nR(y) dy| dx
Bor

o — ylrtas

. / (=AY )]
Byr

< /B [(=A)p(x)| (sup us) | (—A) g (x)| dx

Bar
¢ 1 dx < c
— R25—s Rn (1 + |x|)n+28 X = R2s—vs~

For the third part

/ us(y)me(x}—nfz(y) dy| dx.
Biz\Bar lx — y|"+=s

L= f (=AY ()]
Bog\Bpr

we consider the change of variables

Sz%eBz\Bl, g:%e&\Bz.

Hence, using the y,-homogeneity of u; and the definition of our cut-off functions, we obtain

R* n(E) —n(¢)
L<-—— —AYo(REY uy ()10 e de.
S / /(Bz\BI)X(B3\Bz)|< PRy () TS de de

We use the fact that u, € C%*(B; \ B1), (see (2-2) proved in [Michalik 2006]) and the cut-off function
n € Lip(Bs \ By); that is, there exists a constant ¢ > 0 such that
lus(§) —us ()| < cl§ —¢I,
S S (3_9)
() —n()| =cl§ =<

for every &, ¢ € B3\ B;. Hence,

R lus(¢) —us(§)|In&) —n(&)|
i< — ~A)Y¥o(R déd
3= Reinox //(Bz\Bl)x(&\Bz) (A e (RE)] & — g |nt2s 54
R?" &) —n)l
T — — A Q(RE)|uy(§) ———2—ded
R, f/(Bz\Bl)x(&\Bz) |(=A) @ (RE)|us(&) & §d¢
=Ji+ /.

By (3-9), we obtain

<o BT /f (—a R EE T e qr
R27% ] J 8o\ B1yx (B3\Ba) 1§ — |t

- R*" / / 1 1 4& d¢
SC—5
R2Ys | J g\ Byyx(By\Byy (14 RIENH20 |& — g|nts—1

Ji

C C
< 7 d6d{ < ———.
R2s+28—y;s /~/(BZ\BI)><(B3\BZ) |§ _ ;-ln-i—s—l R2s+28—ys
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Moreover, using the additional changes of variable

¢ D= E8+n, GO (. E-h),

we obtain
h < R'fTZ_V / /( ooy [ 0RE) w(&)% dé d
= R"fTZ:‘VS //(Bz\BI)X(B3\Bz) (1+ R|g|)"+2 s (5) ,|7€(§—) ;IZSS) dsd¢
= | =L

c // 2n) —nE+h)—n(E —h) dt dh
By\B1)x By

< -
- R25+28—ys |h|n+2s

(V20 (&)h, h)
= pniny, R2s+25 Vs ( // h T (pnt2s dé dh)
(B,\B))xB. Nl

c 1 c

For the fourth part

Ihi= f (=AY o)
Byr\BR

we consider, as before, the change of variables

nr(x) —nr(y)
ug(y) ————dy|dx,
/R”\Bg}g ’ |x - y|n+ZS

_x _ Y epe
=5 €B\Bi, (=5 eR'\Bs
Hence,
Iy < c# f / |(—A>%(Rs>|L‘2 dg d¢
RH257Ys [ ) (By\By)x R\ B3) g =&t

<CR—2n // 1 |§-|Vs
= RE S gy (LHRIED™ ¢ _op )"

c g1
< —— d§ d¢
R25+25=vs /\/(BQ\B|)><(R"\B3) C|M 25 (1 —2/1¢[)r+2s

C C
< ° . e —
R2s+25—ys /ﬁBz\Bl)x(R"\Bg) |é~|n+257ys R2s+25—ys

Finally we consider the last term

Is = / (=AY o)
Bg

/ us(y)nR(X)—nR(y) dy| dx.
R™"\ B

|X _ y|n+2.v
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Hence we obtain

[yl
BSC/IK—Afwwﬂ / ————dy) dx
Bx R\ Bog |y — X[1H%

/ Iy[” dy) dx
B |y — Ry/Iyl|"
|y™ )
dy|dx
/Rn\BZR |y["F25(1 = R/|y|)"+2s
/ ! d ) d
R\ Bag |y|n+2x_ys
< —1 d - —1 d
=c Rn (1+|x|)"+25 X IR pl+2s—y; r
_ 1 ac) (i L 1 dar) < c
=c . (l+|x|)”+25 plj{lo 2R plA2s—ys = R25—vs

Since [ < Zis:l I;, we obtain the desired result. O

§c/‘K—Af¢@H
Br

fc/‘K—AfwuN
Br

TN N N N

50/‘K—Af¢@N
Bg

At this point, fixing s € (0, 1), by the distributional semigroup property we can compute easily the
high-order fractional Laplacian (—A)**® viewing it as the §-Laplacian of the s-Laplacian.

Corollary 3.5. Let C be a regular cone. For every § € (0,1 —s), the solution us of (1-1) is (s + 6)-
superharmonic in C in the sense of distribution; i.e.,

(=AY Pug, ) >0

for every test function ¢ € C2°(C) nonnegative in C.
Moreover, ug is also superharmonic in C in the sense of distribution; i.e.,

(—Aus, ) =0
for every test function ¢ € C2°(C) nonnegative in C.

Proof. As said before, the facts that u; € £; ysandug e C 2(A) for every A € C ensure the existence
of the (—A)**u, and the continuity of the map x — (—A) oy (x) for every x € A € C. Hence at
this point, the only part we need to prove is the positivity of the (s + §)-Laplacian in the sense of the
distribution, which is a direct consequence of the previous result. Indeed, since u; is a solution of the
problem (1-1), by Proposition 3.4 we know that for every ¢ € C2°(C) we have

(=AY Puy, 0) = (A [(=A)u,], ¢)
(—=A) us(x) = (=A) us(y)
= / @(x) p.v. w3 dy dx,
c R lx — ¥l
where (—A)°[(—A)*u,] is well-defined since (—A)*uy =0 € C%(A) for every A € C and, by Lemma 3.3,
(—A)Suy € L} for every § € (0, 1 — ).
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Consider now the nonnegative test function ¢ > 0 in C. Since (—A)*u;(x) = 0 for every x € C, we
have for every x € R*\ C

s _us(y)
(=A) us(x) = f s dy<0

Similarly,

—(=A)'us(y)

(=D)’[(=A)usl, ) = /(p(X) andydxzo,

since the support of ¢ is compact in the cone C, and so there exists € > 0 such that |[x — y| > ¢ in the
above integral. We have obtained that for any 6 € (0, 1 —s) and any nonnegative ¢ € C°(C)
(=2 ug, 9) = 0.

Then, passing to the limit for § — 1 — s, the function u; is superharmonic in the distributional sense

0< lim (=A)Puy, ) = Jim (s, (=AY 9 = (uy, —Ap) = (—Auy, ¢). O

—1—s —1—s

Monotonicity of s — y;(C). The following proposition is a consequence of Corollary 3.5 and it follows
essentially the proof of Lemma 2 in [Bogdan et al. 2015].

Proposition 3.6. For any fixed regular cone C with vertex in 0, the map s — y;(C) is monotone nonde-

creasing in (0, 1).

Proof. Fixing the cone C, let us denote by y and y;.s respectively the homogeneities of u; and u, 5. Let
us suppose by way of contradiction that y; > y,4s fora § € (0, 1 —s), and let us consider the function

h(x) =us4s(x) —us(x) in R,

where u; is the homogeneous solution of (1-1) and u,,s is the unique, up to multiplicative constants,
nonnegative nontrivial homogeneous and continuous-in-R" solution for

(—=AYu =0 inC,
u=0 inR"\C

of the form

Ugrs(xX) = [x]"ug +5(| |>

The function # is continuous in R” and 4 (x) =0in R"\ C. We want to prove that #(x) <0in R"*\ (CN By).
Since & =0 outside the cone, we can consider only what happens in C\ B;. As we already quoted, we have

c1() x| S dist(x, C)° < uy(x) < cp(s)|x|" ¥ dist(x, 9C)° (3-10)
for any x € C \ {0}, and there exist two constants c{(s + 4), ca(s + 8) > 0 such that

c1(s +8)|x |7~ dist(x, 0C) T < uyps(x) < ca(s +8)|x [+~ dist(x, 9C)* .
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We can choose u; and us so that ¢ := c1(s) = c2(s + 8) since they are defined up to a multiplicative
constant. Then, for any x € C \ By, since |x|"* < |x|*, we have

dist(x, 8C)° 1} -0

v (3-11)

h(x) < c|x|” dist(x, 8C)S|:

In fact, if we take x such that dist(x, dC) < 1, then (3-11) follows by

dist(x, 3C)°

R L= disiGx, 9C)° —1<0.
X

Instead, if we consider x so that dist(x, dC) > 1, then dist(x, dC)? < |x|® and hence (3-11) follows.
Now we want to show that there exists a point xo € C N By such that i(xg) > 0. Let us take a point
xeS"I'NC andlet o := us+s(x) > 0 and B := uz(x) > 0. Hence, there exists a small » > 0 so that
ar?’s+ > Br¥ and so, taking xo with |xg| = r and so that x¢/|xo| = X, we obtain i (xg) > 0.
If we consider the restriction of /2 to C N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists a maximum point x; € C N B; for the function &
which is global in R" and is strict at least in a set of positive measure. Hence,

h(x1) —h(y)

. X — y|n+2(s+8) >0,

(=AY FPh(x)) =C(n, s) p.v./

R

and since (—A)**h is a continuous function in the open cone, there exists an open set U (x;) with
U(x1) C C such that
(=AY TPh(x) >0 forall x € U(x)).

But thanks to Corollary 3.5 we obtain a contradiction since for any nonnegative ¢ € C2°(U (x1))
(=8 Ph,¢) = (=8) Pugss, 9) = (=0 us, ) = =((= 1) us, 9) < 0. O
With the same arguments as the previous proof we can show also the following useful upper bound.

Proposition 3.7. For any fixed regular cone C with vertex in 0 and any s € (0, 1), we have y;(C) < y (C).

Proof. Seeking a contradiction, we suppose that there exists s € (0, 1) such that y; > y. Hence we define
the function

h(x) =u(x) —us(x) inR",
where u; and u are respectively solutions to (1-1) and

—Au=0 inC
“ e (3-12)
u=0 inR"\C.

We recall that these solutions are unique, up to multiplicative constants, nonnegative, nontrivial, homo-
geneous and continuous in R” and of the form

u(x) = |x|yu(i), iy (x) = |x|%us<i)
x| x|
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for some y; € (0, 2s) and y € (0, 00). The function 4 is continuous in R"” and 4#(x) =0 in R*\ C. We
want to prove that 2(x) <0 in R" \ (C N By). Since & = 0 outside the cone, we can consider only what
happens in C \ B;. So, there exist two constants ¢ (s), c2(s) > 0 such that, for any x € C \ {0}, (3-10)
holds. Moreover there exist two constants ¢, ¢, > 0 such that

cilx)” "M dist(x, 9C) < u(x) < ca|x|” " dist(x, 8C).

We can choose u; and u so that ¢ := c|(s) = ¢, since they are defined up to a multiplicative constant.
Then, for any x € C \ By, since |x|” < |x|"**, we have

dist(x, 9C)1~*
h(x) < clx|” dist(x, 9C)* [M _ 1] <0

| x|]—s
by the same arguments as the previous proof.

Now we want to show that there exists a point xo € C N By such that h(xg) > 0. Let us take a point
xe S 'NC and let @ ;= u(x) > 0 and B := u,(¥) > 0. Hence, there exists a small » > 0 such that
ar? > Br”s, and so, taking xo with |xo| = r and so that x¢/|xg| = X, we obtain h(xg) > 0.

If we consider the restriction of /& to C N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists at least a maximum point in C N B for the function A
which is global in R". Moreover, since 4 cannot be constant on C N By and it is of class C 2 inside the cone,
there exists a global maximum y € C N B; such that, up to a rotation, 3;%,-x,-h()’) <Oforanyi=1,...,n
and 83}, x;7(y) <0 for at least a coordinate direction. Hence

n
Ah(y) =9 h(y) <O0.
i=l1

By the continuity of A/ in the open cone, there exists an open set U (y) with U (y) C C such that
Ah(x) <0 forallx e U(y).
Since, by Corollary 3.5 for any nonnegative ¢ € C2°(U (y))

(_AuS9 (p) Z 07
we have
(Ah7 gﬂ) = (AM, 90) - (AMS’ gﬂ) = (_AMS’ (P) = 07

and this is a contradiction. O

Asymptotic behavior of C (n, s)/(2s — y;(C)). Let us define for any regular cone C the limit

©) = 1im —="%_ ¢ 10, 00]
O = lim 5o <10

Obviously, thanks to the monotonicity of s — y,(C) in (0, 1), this limit does exist, but we want to show
that ;(C) cannot be infinite. At this point, this situation can happen since 2s — y;(C) can converge to
zero and we do not have enough information about this convergence. The study of this limit depends
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on the cone C itself and so we will consider separately the cases of wide cones and narrow cones, which
are respectively when y (C) < 2 and when y (C) > 2. In this section, we prove this result just for regular
cones, while in Section 4 we will extend the existence of a finite limit «(C) to any unbounded cone,
without the monotonicity result of Proposition 3.6.

Wide cones: y(C) < 2. We remark that, fixing a wide cone C C R”, there exist ¢ > 0 and 59 € (0, 1),
both depending on C, such that for any s € [sg, 1)

2s —ys(C) = ¢ > 0.

In fact we know that s — y;(C) is monotone nondecreasing in (0, 1) and 0 < y5(C) < y(C) < 2. Hence,
defining y (C) = limy_, | ¥5(C) € (0, 2) we can choose
so:=3F(C)=2)+1€(3.1) and &:=32-7(C)) >0,
obtaining
2s —ys(C) =250 —y(C) =¢ > 0.
As a consequence we have u(C) = 0 for any wide cone.

Narrow cones: y (C) > 2. Before addressing the asymptotic analysis for any regular cone, we focus our
attention on the spherical-caps ones with “small” aperture. Hence, let us fix 6y € (0, w/4) and for any
0 € (0, 6], let

, Sgo-1|Vsi-1ul* do
A@) = A1(wpg) = min 3
ueHY(8"~'NCp) fsnfl u=do
u7#0

We have that A (6) > 2n, and hence the following problem is well defined:

1o(6) = min fS,,,1|VSn_1M|2 —2nu?do

n— 2
ueH, ;S¢Olmc9) (fSnfl |ul d")

(3-13)

This number 1o(6) is strictly positive and achieved by a nonnegative ¢ € HO1 (8" 1'NCy) \ {0} which is
strictly positive on $"~! N Cy and is obviously a solution to

{—Asnl(p =2n¢ + uo(0) [ 9do in SN Cy,

3-14
=0 in $"~1\ Cy, -19)

where —A g1 is the Laplace—Beltrami operator on the unitary sphere $"~!.
Let now v be the 0-homogeneous extension of ¢ to the whole of R” and r(x) := |x|. Such a function
will be a solution to

{—Av =2nv/r* + no®)/r* [g-1 vdo  in Cy, (3-15)

v=0 in R*\ Cy.

Since the spherical cap Cy N §"~1is an analytic submanifold of §"~1 and the data (dCy N S"~ 1,0, 3yP)
are not characteristic, by the classic theorem of Cauchy and Kovalevskaya we can extend the solution ¢
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of (3-14) to a function ¢, which is defined in an enlarged cone and satisfies

_AS"71¢ = 2n¢ + I‘Lo(e)/sn—l 90 dU in Sn71 m C@-‘ré‘a
G=0 in S""1NCy

for some ¢ > 0. As in (3-15), we can define v as the 0-homogeneous extension of ¢. Finally, we introduce
the function

v (x) == r ()" Du(x),

where the choice of the homogeneity exponent y.*(0) € (0, 2s) is suggested by the following important
result.

Theorem 3.8. Let 6 € (0, 6y). Then there exists so = so(0) € (0, 1) such that
(=A)’vs(x) <0 in Cy
for any s € [sg, 1).
Proof. By the y;*(#)-homogeneity of vy, it is sufficient to prove that
(=A)vy, <0 onConS" !,

since x > (—A)*vy is (y;(0) — 2s)-homogeneous. In order to ease the notation, through the following
computations we will simply use y instead of y*(6) and o(1) for the terms which converge to zero as
s goes to 1. Hence, for x € §"~1' N Cy, we have

(r"(x) =r" ()W) — v) 4

(=A) v (x) = [x["(=A)’ v(x) + v(x)(=A)'r” (x) = C(n, 5)

Rn |x_y|n+2s
First for R > 0,
lx " —[y|” [x [ —[y|”
(=A)'r"(x) =C(n,s) ———5-dy+C(n,s) —
Brx) X — y|n+2s R\ Bp(x) [ — y[F2s
C 2x|¥ — Yy — |V 1—1(v¥
(n s) x| |)C+Z+|2 lx —z| dz+Cn.s) Iyl+2
Bz(0) |z[" =S R\ Bg(x) [X — "¢
(n s)
- / n+2s fg»zl <VZ|X|VZ’Z> do +0(1)
+C s)|s"—1|/0o L ip—cas) bl
’ R pITE B S e Y
C , R2—2&
2 2—2s Jg
n 1+y X 14
—C(n, s)/ n+23 / ;—19 do (¥) dp +o(1).
Sn—l

Since for every symmetric matrix A we have

trA
/ (Az,z)do = —w, 1,
sn—1 n
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where w,_; is the Lebesgue measure of the (n — 1)-sphere $"~!, we can simplify the first term since
tr V2|x|” = A(|x|”) and checking that

X 4 -1 -1

;—l‘/‘ =14y (0 x)+o(p )

as p — oo it follows that

C(n,s) R** A(x]")wp_i o0 pn=lty
(e (0 === SO e g0, [ doo)
C(n, _ C
SEIDOL g e 2R = S, R o)
4n(1 —s) 2s —y
C(n, _ C
JEO Oy oy = S8, R o
4dn(l —s) 2s — y
Cn, sw C(n,s
SEEDO 124y = S8 o),
4n(l —s) —y

where in the last equality we choose y = y,"(f) such that () —2s — 0 as s goes to 1.
Similarly, if v is the 0-homogeneous extension of v in an enlarged cone, which is such that v > v and
v="0o0nCynNS* 1, it follows that

, C(n,s) 2v(x)—v(x+z)—v(x—2) V() —v(y)
—A)* =7 d
(=A)'v(x) > 2l<1 7|25 z+C(n,s) _ —|x—y|"+2S
C(” s) 20(x) —v(x+2)—v(x —2)
B jzl<1 |z|n+2s dz+C(n, s)/ o2 fsm v(x)—v(y)dodp
C(I’l S) n 1 2 5.
= / PIEEE /Sm (V70(x)z, z) do dp+o(1)
_ C(n, s)wy_1

2n(1—s) (=A)v(x)+o(1),

where we can use that v solves

—Aﬁ:Znﬁ—i—Mo/ vdo
Sn—]

in the enlarged cap $"~!' N Cy,,. Finally,
(x” = Y@@ —vk))

|x _ |n+2s

:C(n,s)[/ 4 - E&E) —v() dH/ (1= [y &) = v(y)) dy]
lyl<1 Iyl>1

lx — y[rt2 lx — y|rt2

C(n,s)

Rn

where the first term is o(1) since

1 . 1
/O (1—p")p""! fs YOV o= /0 (1=p")p"! f (W(E)—v(»)(1+0(p)) do dp

w1 |x—py |t

R
+ /0 (1=p")p"! fs @) 25)pt, ) do dp.
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Hence, we obtain

(Ix” = y[")(v(x) —v(y)) d
Ix_y|n+2s y

C(n,s)
Rn

(I =y x) —v(y)

ly|>1 |x — y|n+2s

=0(1)—C(n,s)/ [y (v(x) —v(y)) dy +o(1)
=1 |x— oyt

:0(1)—C(n,s)/mpyp”_1/ Mda dp
1 s

wt |x — py|r s

=C(n,s)

dy+o(1)

=o(1>—C<n,s)/ p‘“y‘%/ (W) —v()(1+o(p"))do dp
1 §n=1

—C(n,s) /1 h p 1Ty fs ) —v()) (4290, x)p~'do dp

C ) _ C b
_ o1y~ Sty C@s)
2s —y 2s —y Jgn-1

v(y)do.

Hence, recalling that y = y*(0), for x € "1 N Cy we have

C(n,s)a)n,l_ C(n,s) )/ ; dG+C(n,s)a)n,1
dn(1—s)  25—y*©) ) Jo1 4n(1—s)

C(n,s)
=< (MO(Q)—W> /Snl vy do+o(1),

where o(1) is uniform with respect to y,(9) as s — 1. In order to obtain a negative right-hand side, it

(=A)vs(x) < (Mo(Q) (n+y(0) 2=y, (0))vs

is sufficient to choose y,;*(#) < 2s in such a way to make the denominator 2s — ;¥ (@) small enough and

the quotient C(n, s)/(2s — y,*(0)) still bounded. [l
The previous result suggests the following choice of the homogeneity exponent:
C(n,
yH(0) =25 — s S5
po(0)

We can finally prove the main result of this section.
Corollary 3.9. For any regular cone C, we have u(C) < oo.

Proof. We will show that ;1(8) < oo for any 6 € (0, 6p]. Then, fixing an unbounded regular cone C, there
exists a spherical cone Cy such that 6 € (0, 8y] and Cy C C. Since by inclusion y5(C) < y;(8), we obtain

n(C) = p(f) < oo.

We want to show that fixing 6 € (0, 6p], we have y,(8) < y,;"(0) for any s € [50(0), 1), where the choice
of so(0) € (0, 1) is given in Theorem 3.8. The proof of this fact is based on considerations done in
Proposition 3.6. By way of contradiction, suppose y;(0) > y*(6). Let

h(x) = vy (x) — ug(x).
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The function 4 is continuous in R" and A(x) = 0 in R" \ Cy. We want to prove that A(x) < 0 in
R™\ (Co N By). Since h = 0 outside the cone, we can consider only what happens in Cy \ B;. By (3-10),
there exist two constants c;(s), c2(s) > 0 such that, for any x € Cy \ {0},

c1(s)x|" 7 dist(x, 0Cp)* < uyg(x) < ca(s)|x|"** dist(x, 3Cp)*,
and there exist two constants ¢, ¢ > 0 such that
c1lx]? "N dist(x, 3Cy) < vy (x) < c2|x|” ! dist(x, 9Cp).

We can choose vy so that ¢ := ¢ (s) = ¢ since it is defined up to a multiplicative constant. Then, for any
x € Cy \ By, since |x|" < |x|%, we have
h(x) <c|x|” dist(x, 3Cp)* [%?Cf)ls - 1:| <0.

Now we want to show that there exists a point xg € Cy N By such that h(xg) > 0. Let us consider
for example the point ¥ € §"~! N Cy determined by the angle ¥ = 6/2, and let & := v4(X) > 0 and
B :=us(x) > 0. Hence, there exists a small » > 0 such that ar?s > Br¥s, and so, taking xo with angle
¥ =6/2 and |xg| = r, we obtain h(xg) > 0.

If we consider the restriction of 4 to Cg N By, which is continuous on a compact set, by the previous
arguments and the Weierstrass theorem, there exists a maximum point x; € Cyg N B; for the function &
which is global in R" and is strict at least in a set of positive measure. Hence,

(=A)'h(x1) = C(n, ) p.v. / hix) = h(y)

Rn le _y|n+2s dy >0’

and since (—A)*h is a continuous function in the open cone, there exists an open set U(x;) with
U(x1) C Cy such that

(=A)’h(x) >0 forall x € U(xy).
But thanks to Theorem 3.8 we obtain a contradiction since for any nonnegative ¢ € C2°(U (x1))

(=A)'h, ) = ((=A)’ vy, ) — (=A)’us, @) = ((—A)’vs, @) <0,
where the last inequality holds for any s € [s59(8), 1). Hence, for any 6 € (0, 6p]

C(n, ) C(n,
0@ = fim <% iy €O ) < . 0
s—=>1= 25 —Y5(0) ~ s—>1- 25 — )/s*(e)

4. The limit for s /' 1

In this section we prove the main result, Theorem 1.3, emphasizing the difference between wide and narrow
cones. Then we improve the asymptotic analysis, proving uniqueness of the limit under assumptions on
the geometry and the regularity of C.
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Let C C R" be an open cone and consider the minimization problem

L/‘S”’] |VS)171M|2 da
fS”71 u?2do

M(C)zinf{ cue HY(S" )\ {0} and u =0 in S"—l\c}, 4-1)

which is strictly related to the homogeneity of the solution of (3-12) by
M) =y O)(y(C)+n—-2).
Moreover, if y (C) > 2, equivalently if A;(C) > 2n, the problem
Jgi-1|Vsu-1ul* — 2nu?* do

(fyor lul dor)?

is well-defined and the number 1o (C) is strictly positive.

1o(C) = inf{ ueH'(S" )\ {0} and u =0in §"! \C} (4-2)

By a standard argument due to the variational characterization of the previous quantities, we already
know the existence of a nonnegative eigenfunction ¢ € H(} (S"~1'N )\ {0} associated to the minimization
problem (4-1) and a nonnegative function v € HO1 (8"~1'N )\ {0} that achieves the minimum (4-2), since
the numerator in (4-2) is a coercive quadratic form equivalent to the one in (4-1).

Since the cone C may be disconnected, it is well known that ¢ is not necessarily unique. Instead, the
function v is unique up to a multiplicative constant, since it solves

—Agi1y =20 + po(C) g1 Y do in S"71NC,
V=0 in $"~1\ C.

In fact, due to the integral term in the equation, the solution i must be strictly positive in every connected

(4-3)

component of C and localizing the equation in a generic component we can easily get uniqueness by
the maximum principle.

The next result highlights the functional space in which the limit of the s-harmonic functions on cones
for s — 1 will be defined.

Proposition 4.1 [Bourgain et al. 2001, Corollary 7]. Let Q@ C R" be a bounded domain. For 1 < p < oo,
let f; € W5P(Q), and assume that

[fslwsr) < Co.

Then, up to a subsequence, ( fy) converges in LP(2) as s — 1(and, in fact, in W"P(Q) forallt < 1) to
some f € WhP(Q).
We use a different notation than that in [Bourgain et al. 2001] since in our paper the normalization

constant C(n, s) is incorporated in the seminorm [ - ] s in order to obtain a continuity of the norm ||-|| gs
for s € (0, 1].

Proof. Let C be an open cone and Ck be a regular cone with section on §”~! of class C!! such that
Cr CCand 9CgrNaC = {0}.

By monotonicity of the homogeneity degree y;(-) with respect to the inclusion, we directly obtain
¥s(C) < ys(Cg) and consequently, up to considering a subsequence, we obtain the existence of the
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finite limits
7(0) = lim 3, (C), (€)= i C,s) (4-4)
= lim y,(C), = lim o ————. -
PEE A 125 —7,(C)

Since y,(C) < 2s, we know ¢ (C) < 2 and similarly u(C) € [0, c0).

Let K C R"” be a compact set and consider xo € K and R > 0 such that K C Bgr(xp). Given
n € CX(By), aradial cut-off function such that =1 1in B; and 0 <n <1 in B, consider the rescaled
function ng (x) = n((x — xo9)/R) which satisfies nx =1 on K.

By Proposition 2.7, we have

C(n,s) C(n,s):|

2 2
[usnK]H'V(BQR(XO)) E [MsnK]H-V(R") E M(l’l, K)[2(1 —S) 2S - ys

and similarly

lots 11K Wogs Boregyy < Mets& N 2 gy + Lot Vs oy
C(n,s) C(n, )
2(1l—s) 25—y
By applying Proposition 4.1 with 2 = B,r(xp), we obtain that, up to a subsequence, u;nx — ung in
L*(Bar(xp)) and

2n
§M(n,K)[ i|§M(n,K)|i

Wp—1

+cu(C)+ 1i|.

||M77K||H1(BZR(XO)) = M(n K)

up to relabeling the constant M (n, K).
By construction, since ng =1 on K and nx € [0, 1], we obtain that u; — u in L*(K) and similarly

lall gy < Nlunk ey < lank 1 reg) < 0

which gives us the local integrability in H'(R").

By Proposition 2.4 and Corollary 3.9 we obtain, up to passing to a subsequence, a bound in Cloo’g‘ ()
for (u,) that is uniform in s. Then, since we obtain uniform convergence on compact subsets of C, the
limit must be necessary nontrivial with ||i| g1y = 1, nonnegative and y (C)-homogeneous.

Let ¢ € C°(C) be a positive smooth function compactly supported such that supp ¢ C B, for some
p > 0. By the definition of the distributional fractional Laplacian

0=/ (p(—A)Susdx:/ us(_A)SQde: Ms(_A)S¢dx+/ “s(_A)S(pdx'

R"\B, B,

1 x/lx|—ty/|x|
(n+2s)— / dr |,
|X _ y|n+25 |x|n+25 ( |X| |x/|x| . ty/|x”n+2s+2

by the definition of the fractional Laplacian for regular functions, it follows that

/ us(_A)SQO dx
R"\B,

Since

—Cn, s) 1 (%) _‘p(”z dy dx
R™\B, supp @ ly — x|t
— Cn.s) 100, —(y)dy dx + C(n, $)(n +2s) 60Dy d

R"™\B, |x|n+ supp ¢ R"\ B, | |n+23+1
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for some yr € L°°. Moreover, since u; is s (C)-homogeneous with y,(C) < 2s, we have

us(-xz = C(nv S) pyS(C)—ZS / MS(H) do
ri\B, |x|"T* 2s —y5(C) st

C(n,s)
and similarly

ug(x)

| ————www'

\B |x|n+2s+1
0

< Cn, )Yl L s (C)—=2s—1

con = 25— 50 +1

/ us(0)do = o(1).
Snfl
Hence, for each s € (0, 1)

/ us(—A)Sfpdx:/ us(—A) ¢ dx
Bﬂ

R™\B,
—Cn,s) 1, (x) L)+2dy dx
R\ B, supp ¢ |x - yln g
Cn,s)

= — o(x) dx/ ugdo +o0(1),
25 — y5(C) Jsuppo sn—1 '

and passing through the limit, up to a subsequence, we obtain

/ u(—A)pdx = u(C) ﬁda/ w(x)dx:/ (M(C)/ ﬁda)go(x) dx,
B sn—1 supp ¢ B, sn—1

I
which implies, integrating by parts, that
— A= u(C) udo inD'(C).
Snfl
Since the function « is y (C)-homogeneous, we get
—Aguiit = At + pn(C) ido onS"!'nc, (4-5)
Snfl
where A = 7(C)(y(C) +n —2) is the eigenvalue associated to the critical exponent y (C) < 2.
Consider now a nonnegative ¢ € HO1 ("N C)\ {0}, strictly positive on $"~! N C which achieves
(4-1). Then
—Ag19=11(C)¢ in HY(S" 1n0). (4-6)

By testing this equation with u# and integrating by parts, we obtain
(A1(C) — 1) ipdo = pu(C) i do / @do >0, (4-7)
Snfl Snfl sn—1
which implies that in general y (C) > y(C) and y (C) = y(C) if and only if u(C) = 0.

Wide cones: y (C) < 2. By the previous remark we have ¢ (C) < 2 and by the definition of w(C), it follows
that w(C) = 0. Since ¢ is the trace on §"1ofa homogeneous harmonic function on C, we obtain that
y(C) =y (C) and u is a homogeneous nonnegative harmonic function on C such that ||it| foo(gn-1y = 1.
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Narrow cones: y(C) > 2. If y(C) < 2 we have u(C) = 0 and consequently 1;(C) = X, which is a
contradiction since y(C) > 2 > y(C). Hence, if C is a narrow cone we get y(C) = 2. Since y(C) =2
is trivial and it follows directly from the previous computations, consider now o(C) as the minimum
defined in (4-2), which is well-defined and strictly positive since we are focusing on the remaining case
y(C) > 2. We already remarked that it is achieved by a nonnegative ¢ € H(} ($"~1'N )\ {0} which is
strictly positive on §”~! N C and a solution of

—Asn1w=2nw+uo(C)/;IIﬂda in H-1(s""'nC).

As we already did in the previous cases, by testing this equation with u we obtain u(C) = uo(C).
By uniqueness of the limits y(C) and u(C), the result in (4-4) holds for s — 1 and not just up to a
subsequence. O

Remark 4.2. The possible obstruction to the existence of the limit of u as s converges to 1 lies in the pos-
sible lack of uniqueness of nonnegative solutions to (1-9) such that ||i|| ,«(gn-1) = 1. This is the reason why
we need to extract subsequences in the asymptotic analysis of Theorem 1.3. More precisely, uniqueness of
(4-1) implies uniqueness of the limit # in the case y (C) <2 and uniqueness of (4-2) in the case y (C) > 2.
When C is connected (4-1) is attained by a unique normalized nonnegative solution via a standard argument
based upon the maximum principle. On the other hand, as we already remarked, when y (C) > 2, problem
(4-2) always admits a unique solution. Ultimately, the main obstacle in this analysis is the disconnection
of the cone C when y (C) < 2: in this case we cannot always ensure the uniqueness of the solution of
the limit problem and even the positivity of the limit function & on every connected component of C.

The following example shows uniqueness of the limit function # due to the nonlocal nature of the
fractional Laplacian under a symmetry assumption on the cone C.

Proposition 4.3. Let C = CU---UC,, be a union of disconnected cones such that C is connected and
there are orthogonal maps ®,, ..., ®,, € O(n) (e.g., reflections about hyperplanes) such that C; = ®;(Cy)

and ®;,(C) = (C) fori =2,...,m. Let (uy) be the family of nonnegative solutions to (1-1) such that

2

lusll Loo(sn-1y = 1. Then there exists the limit of us ass /' 1in Lj,

of C.
Proof. We remark that, for any element of the orthogonal group ®: R" — R",

o @) —u(y)
(=AY (uo®)(x) =C(n,s) P-V-/R” |D(x) — y|n+2s

By the uniqueness result [Bafiuelos and Bogdan 2004, Theorem 3.2] of s-harmonic functions on cones,

(R™) and uniformly on compact subsets

dy = (=AY u(®(x)).

we infer that uy = u; o ®; for every i =2, ..., m. Therefore, we have convergence to iz, which satisfies
lit]l poo(sn-1) = 1 and is a solution of

—Ail = pu(C) [y itdo in C,
u>0 in C, (4-8)
u=0 inR"\C
such that u = u o ®; forevery i =2, ..., m. Finally, connectedness of C; yields uniqueness of such a

solution also for narrow cones. |
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0
0 /4 /2 3w /4 T

Figure 3. Values of the limit ' (9) = lim,_,; '*() and I'(#) for n = 2.

Proof of Corollary 1.6. This corollary is an easy application of our main result, Theorem 1.3, since it
is a consequence of Dini’s theorem for a monotone sequence of continuous functions which converges
pointwisely to a continuous function on a compact set. In fact, fixing s € (0, 1), the function 6 — y,(0) is
continuous in [0, ) with y,(0) = 2s and y,(7r) = 0. Moreover this function is also monotone decreasing
in [0, 7r] and since there exists the limit

1 : 1
lim y,(0) = 72s—1) 1fn=?ands > 5,
6>~ ys(m) =0 otherwise,
we can extend 6 — y(0) to a continuous function in [0, 7r]; see [Michalik 2006]. Nevertheless, the limit
y(0) =lim;_, | y5(0) = min{y (0), 2} is continuous on [0, ] with
1 .
- B ifn= 2,
T) =

y(m {O otherwise.

Eventually, for any fixed 6 € [0, 7], the function s — y,(6) is monotone nondecreasing in (0, 1). By

Dini’s theorem the convergence is uniform on [0, r]. This fact obviously implies the uniform convergence

¥5(0) + ys(m = 6) y@)+y@—0)

FS 0 = —> l: 9 =
) 5 ) 5
in [0, 7], and hence (see Figure 3)
foF = min I*(0) > min )= v, O
6€l0,m] 6€l0,7]

5. Uniform-in-s estimates in C%% on annuli

We have already remarked in Section 2 that, if you take a cone C = C,, with  C §"~! a finite union of
connected C! domains w; such that @; U® j =@ fori # j, by [Michalik 2006, Lemma 3.3] we have (2-2).
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Hence solutions u, to (1-1) are C%*(S"~!) and for any fixed @ € (0, 1), any solution u; with s € («, 1)
is C% (571 that is, there exists Ly > 0 such that

g (x) —us(y)] _
sup ———————— =

L;.
ryestt X —=yl®

Let us consider an annulus A = A,, ,, = B, \ B rn With 0 <r; <y < 0co. We have the following result.

Lemma 5.1. Letax € (0, 1), so € (max{ %, oz}, 1) and A be an annulus centered at zero. Then there exists

a constant ¢ > 0 such that any solution ug to (1-1) with s € [sg, 1) satisfies
4y () — s ()| _

<cLy.
x,yeEA |X —y|°‘

Proof. First of all we remark that

s (x) —us(y)l <

T =y

x,yes;!

cLy (5-1)

for any r € (r1, r2). In fact, by the y;-homogeneity of our solutions, we have

sup Jus @) —us I _ L™,

x,yesr! X =yl
and since (259 — 1)/2 < y(C) < 2 for any s € [s9, 1) by the inclusion C C R" \ {half-line from 0}, we
obtain (5-1).
Now we can show what happens considering x, y € A which are not on the same sphere. We can suppose
without loss of generality that x € S}’(l, y € S"~! with r; <7 < R < rp. Hence let us take the point z
obtained by the intersection between S”~! and the half-line connecting 0 and x (z may be y itself). Hence

ls (x) —us (Y| < |us(x) —us(2)| + lus(2) —us(y)|

X
Sm(—)“ﬂ’“ — |zl
|x|

SClex_y|a-

+cLglz—y|*

In fact we remark that | ug|| L sn-1) = 1. Moreover, since 8 =Xxzy € (7/2, ], obviously |z—y|¥ < |x—y|%.
Thus by the o-Holder continuity of # — ¢%* in (71, r2) and the bounds (2s9 — 1)/2 < y(C) < 2, one can
find a universal constant ¢ > 0 such that

[l = 121"

<c|lxl =zl < elx —z|" <elx - yI%
where the last inequality holds since z is the point on S”~! which minimizes the distance dist(x, $*~!). O
Proof of Theorem 1.5. Seeking a contradiction,

|MS]( (-x) _uSk(y)| — Lsk — Lk = 00 as Sk — 1' (5'2)

max
cyest x—yl
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We can consider the sequence of points xi, y, € S"~! which realizes L; at any step. It is easy to see that
this pair belongs to C N §"~!. Moreover we can always think of x; as the one closer to the boundary
dC N §"~ 1. Therefore, to have (5-2), we have r; = |x; — yx| — 0. Hence, without loss of generality, we
can assume that xi, yx belong definitively to the same connected component of C and

u —ug (x —X
00— G0l o=
rk Tk
Let us define (i 4 7x) ) c
ug, (xp +rix) —ug (x —X
uk(x)z Sk 7k ]; il k, x e = k.
I"kLk i

We remark that «*(0) = 0 and u*((yx — xx)/r1) = 1.
Moreover, we can have two different situations.

Case 1: If
Tk

——— —0,
dist(xg, 0C)
then the limit of € is R”.

Case 2: If
Tk

dist(x, 0C)
then the limit of €2 is a half-space R" N {x; > 0}.

— [ € (0, 0],

In any case let us define Q4 to be this limit set. Let us consider the annulus A* := B3, \ B 2. By
Lemma 5.1 and the definition of u¥, we obtain, for any &,

k() ok
juk () — k()] _

sup <c, (5-3)

X, yeA} |x - yl“
where A} := (A* —x;)/ry — R" and the constant ¢ > 0 depends only on o and A*. Let us consider a
compact subset K of Q.. Since for k large enough K C A¥, functions u* are C®%(K) uniformly in k.
This is due also to the fact that they are uniformly in L°°(K), since luk (x) —u*(0)| < ¢|x|* on K. Hence
u* — i uniformly on compact subsets of ©2.,. Moreover i is globally a-Holder continuous and it is not
constant, since u(e;) — u(0) = 1. To conclude, we will show that & is harmonic in the limit domain Q4;

that is, for any ¢ € C2°(Qu0)
f p(—A)udx =0,
Qoo

and this fact will be a contradiction to the global Holder continuity. In fact we can apply Corollary 2.3
in [Noris et al. 2010], if Q,, = R" directly on the function u and if Q. = R" N{x; > 0}; since u =0
in 0240, We can use the same result over its odd reflection. Hence we want to prove

/ <p(—A)ﬁdx:/ i(—A)gdx = lim [ uf(=A)*pdx =0,
0 [e'9) k—o0 BR

where By contains the support of ¢ and the second equality holds by the uniform convergences u* — i

and (—A)* ¢ — (—A)p on compact subsets of Q,, since ¢ is a smooth function compactly supported.
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k

Moreover, since u” is si-harmonic on €2, and for k large enough the support of ¢ is contained in this

domain, we have
f W(=A)*pdx = | o(=A)*u*dx =0.
n Rﬂ

In order to conclude we want

lim uk(—A)*pdx = 0.
k— 00 R"\ Bg

Hence, defining n = x; 4 r¢x and using Remark 2.3, we obtain

Cn,s - u —uyg (x
/ uk(—A)Sk(p dx‘ < ( k) r]g.sk o / | Sk (77) s—iz( k)|
R\ Bg Ly In—xil>Rre 11— Xi|"T=%

For k large enough, we notice that we can choose ¢ > 0 such that the set {n € R" : Rry < |n — x| < €}
is contained in A*. So, we can split the integral obtaining

/ |usk(n)_“ili§xk)| dnf/ l””(n)_”“‘iz(xk)l d77+/ I“sk(n)_”iﬁgxk)l .
|n—xk|>Rrg |77_xk|n Sk Rri<|n—xi|<e |77_xk|n Sk [n—xi|>¢ |77_xk|n Sk

where we have

2sp—o
C(n, s)r; " / |, (1) — u, (xp0)|
Ly Rry<|n—x¢|<e |77 - xk|n+2sk

&
dn < C(n, sk)r,fs"_aca)n_l / R
Rry,

25k —a
_ C(n, si)cw,—1 (Ra25k T )

25k — g2
and similarly

Cln. seyrg™ ™ f s ()~ (01 CCo 50" con /°° (1407
In—xi|>e

Lk |77 _xk|n+25k - Lk 11428k
C(n, sk)rfs"_aca)n,l gVok =25k
= 1+ .
Lk 2Sk — Vsi

Finally, recalling that r, — 0, C(n, sx) — 0, Ly — 0o and 2s; — o > 0O taking s¢ > %, we obtain

Cln sp) "™
/ uk(—A)stOdX MV )M’
R™\Bg

25k —vs Lk
which converges to zero as we claimed, since

< (C(n, Sk) +

C(n,
_Cms) ) €10, 00)
285 — Vs (C)
in any regular cone C C R". O
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WEIGHTED LITTLE BMO AND TWO-WEIGHT INEQUALITIES
FOR JOURNE COMMUTATORS

IRINA HOLMES, STEFANIE PETERMICHL AND BRETT D. WICK

We characterize the boundedness of the commutators [b, T'] with biparameter Journé operators 7" in the
two-weight, Bloom-type setting, and express the norms of these commutators in terms of a weighted
little bmo norm of the symbol b. Specifically, if « and A are biparameter A, weights, v := w/PAP s
the Bloom weight, and b is in bmo(v), then we prove a lower bound and testing condition ||5||bmo) S
sup ||[b, R,} R,z] : LP(u) — LP?())]||, where R,i and RI2 are Riesz transforms acting in each variable.
Further, we prove that for such symbols b and any biparameter Journé operators 7, the commutator
[b, T]: LP(u) — LP()) is bounded. Previous results in the Bloom setting do not include the biparameter
case and are restricted to Calderén—Zygmund operators. Even in the unweighted, p = 2 case, the upper
bound fills a gap that remained open in the multiparameter literature for iterated commutators with Journé
operators. As a by-product we also obtain a much simplified proof for a one-weight bound for Journé
operators originally due to R. Fefferman.
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1. Introduction and statement of main results

Bloom [1985] proved a two-weight version of the celebrated commutator theorem of Coifman, Rochberg
and Weiss [Coifman et al. 1976]. Specifically, Bloom characterized the two-weight norm of the commutator
[, H] with the Hilbert transform in terms of the norm of b in a certain weighted BMO space:

b, H]: LP () — LP (W)l = [1BlBMO)
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where w, A are A, weights, 1 < p < 00, and v := Ml/ Py=lp, Recently, this was extended to the
n-dimensional case of Calderén—Zygmund operators in [Holmes et al. 2017], using the modern dyadic
methods started by [Petermichl 2000] and continued in [Hytonen 2012]. The main idea in these methods
is to represent continuous operators like the Hilbert transform in terms of dyadic shift operators. This
theory was recently extended to biparameter singular integrals in [Martikainen 2012].

In this paper we extend the Bloom theory to commutators with biparameter Calderén—Zygmund
operators, also known as Journé operators, and characterize their norms in terms of a weighted version of
the little bmo space of [Cotlar and Sadosky 1996]. The main results are:

Theorem 1.1 (upper bound). Let T be a biparameter Journé operator on R = R" Q R™, as defined in
Section 7A. Let i and A be A,,([R{ﬁ) weights, 1 < p < oo, and define v := /PP Then

1D, T1: LP(u) — LP ) < 1B llbmo(v) s
where ||blomo(v) denotes the norm of b in the weighted little bmo(v) space on R".

We make a few remarks about the proof of this result. At its core, the strategy is the same as in [Holmes
et al. 2017], and may be roughly stated as:

(1) Use a representation theorem to reduce the problem from bounding the norm of [b, T'] to bounding
the norm of [b, dyadic shift].

(2) Prove the two-weight bound for [b, dyadic shift] by decomposing into paraproducts.

However, the biparameter case presents some significant new obstacles. In [Holmes et al. 2017], T
was a Calderén—Zygmund operator on R", and the representation theorem was that of [Hytonen 2012].
In the present paper, T is a biparameter Journé operator on R = R™ ® R™ (see Section 7A) and
we use Martikainen’s representation theorem [2012] to reduce the problem to commutators [b, 5p],
where $p is now a biparameter dyadic shift. These can be cancellative, i.e., all Haar functions have
mean zero (defined in Section 7C), or noncancellative (defined in Section 7D). The strategy is summarized
in Figure 1.

The main difficulty arises from the structure of the biparameter dyadic shifts. At first glance, the
cancellative shifts are “almost” compositions of two one-parameter shifts $p, and 3p, applied in each
variable — if this were so, many of the results would follow trivially by iteration of the one-parameter
results. Unfortunately, there is no reason for the coefficients ap, g, &, r,0,r, in the biparameter shifts to
“separate” into a product ap, o, r, - ap,0, R, a8 would be required in a composition of two one-parameter
shifts. Therefore, many of the inequalities needed for biparameter shifts must be proved from scratch.

Even more difficult is the case of noncancellative shifts. As outlined in Section 7D, these are really
paraproducts, and there are three possible types that arise from the representation theorem:

(1) full standard paraproducts;
(2) full mixed paraproducts;

(3) partial paraproducts.
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16, T1: LP(w) = LPI S 16llbmov)

Martikainen representation theorem

Ib, 851 LP (1) — LP OIS 15 llbmowy
with at most polynomial bounds in i, j.

two-weight bounds
for paraproducts:
Section 6

cancellative shifts:
Theorem 7.2

—{ noncancellative shifts

full standard paraproduct:
Theorem 7.3

full mixed paraproduct:
Theorem 7.4

partial paraproduct:
Theorem 7.5

Figure 1. Strategy for Theorem 1.1.

These methods were considered previously in [Ou et al. 2016; Ou and Petermichl 2018] for the unweighted,
p =2 case. In [Ou et al. 2016] it was shown that

1o, T1: LAR™) — L2RY) | < b llomows»

where T is a paraproduct-free Journé operator. This restriction essentially means that all the dyadic shifts
in the representation of T are cancellative, so the case of noncancellative shifts remained open. This gap
was partially filled in [Ou and Petermichl 2018], which treats the case of noncancellative shifts of standard
paraproduct type. So the case of general Journé operators, which includes noncancellative shifts of mixed
and partial type in the representation, remained open even in the unweighted, p = 2 case. These types
of paraproducts are notoriously difficult — see also [Martikainen and Orponen 2016] for a wonderful
discussion of this issue. We fill this gap in Section 7D, where we prove two-weight bounds of the type

16, $p]: LP (n) — LPG)I S 118llbmow)

where $p is a noncancellative shift. The same is proved for cancellative shifts in Section 7C.

At the backbone of all these proofs will be the biparameter paraproducts, developed in Section 6,
and a variety of biparameter square functions, developed in Section 3. For instance, in the case of the
cancellative shifts, one can decompose the commutator as

[b, Sg]f = Z [Py, Sg’j]f + Z [Pb, Sé’;]]f +R; ;S
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Here P}, runs through nine paraproducts associated with product BMO, and py, runs through six paraproducts
associated with little bmo, so we are dealing with fifteen paraproducts in total in the biparameter case.
Some of these are straightforward generalizations of the one-parameter paraproducts, while some are
more complicated “mixed” paraproducts. Two-weight bounds are proved for all these paraproducts in
Section 6, building on two essential blocks: the biparameter square functions in Section 3, and the weighted
H'-BMO duality in the product setting, developed in Section 4. In fact, Section 4 is a self-contained
presentation of large parts of the weighted biparameter BMO theory.

Once the paraproducts are bounded, all that is left is to bound the so-called “remainder term” R;. 7 £
of the form Ilg ;b — $I1b, where one can no longer appeal directly to the paraproducts. At this point,
however, things become very technical, so bounding the remainder terms is no easy task. To help guide
the reader, we outline below the general strategy we will employ. This applies to Theorem 7.2, and in
large part to Theorems 7.3, 7.4, and 7.5:

(1) We break up the remainder term into more convenient sums of operators of the type O(b, f), involving
both b € bmo(v) and f € L? (). We want to show [|O(b, f) : L () — LP (L) || < 1bllbmo)- Using
duality this amounts to showing that

(O®, 1), &)l < IbllBmow) | fllLr g l&Il L oy

(2) Some of these operators O(b, f) involve full Haar coefficients l;(Ql x 7) of b, while others involve
a Haar coefficient in one variable and averaging in the other variable, such as (b, hg, x 1¢,/|02|).
Since, ultimately, we wish to use some type of H!- BMO duality, the goal will be to “separate out” b
from the inner product (O(b, f), g). If O(b, f) involves full Haar coefficients of b, we use duality with
product BMO and obtain

(O, 1), &)1 S 1blBMow I1SDP (f. &)l L1y

where ¢ (f, g) is the operator we are left with after separating out b, and Sp is the full biparameter
dyadic square function. If O(b, f) involves terms of the form (b, hg, x 19,/|Q2l), we use duality with
little bmo, and obtain something of the form

(OO, 1), &) < 1bllbmow) 15D, @ (f, @)l L1y

where Sp, is the dyadic square function in the first variable. Obviously this is replaced with Sp, if the
Haar coefficient on b is in the second variable.

(3) Then the next goal is to show that
Spé(f. 8) S (01 /)(028),

where O » will be operators satisfying a one-weight bound of the type L”(w) — L (w). These operators
will usually be a combination of the biparameter square functions in Section 3. Once we have this, we
are done.

In Theorem 7.2, dealing with cancellative shifts, the crucial part is really step (1). At first glance,
the remainder term R; 7 f seems intractable using this method, since it involves average terms (b) ¢, x 0,
instead of Haar coefficients of b. So the key here is to decompose these terms in some convenient form.
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In Section 7D, dealing with noncancellative shifts, the proofs follow this strategy in spirit, but deviate
as we advance through the more and more difficult operators. The main issue here is that we are really
dealing with terms of the form |(O(a, b, f), g)|, where now the operator O involves a function b in
the weighted little bmo(v), and a function a in unweighted product BMO. In the most difficult case of
partial paraproducts, a is even more complicated because it is essentially a sequence of one-parameter
unweighted BMO functions. In all these cases, the creature ¢ in the last step is really ¢ (a, f, g). While
in the previous case involving ¢ (f, g) it was straightforward to see the correct operators O ; to achieve
step (3), in this case nothing straightforward seems to work.

There are two key new ideas in these cases: one is to combine the cumbersome remainder term with
a cleverly chosen third term, which will make the decompositions easier to handle. The other is to
temporarily employ martingale transforms — which works for us because this does not increase the BMO
norms. We briefly describe the three situations below. As above, we will be rather nonrigorous about
the notation in this expository section. There is plenty of notation later, and the purpose here is just to
explain the main ideas and guide the reader through the technical proofs in Section 7D:

(1) The full standard paraproduct: Theorem 7.3. This case only requires simple martingale transforms
(a; and g, which have all nonnegative Haar coefficients), and otherwise follows the strategy outlined
above. However, we already start to see the operators (1 » becoming strange compositions of “standard”
operators and unweighted paraproducts, such as

Sp¢ < (MsI1; g:)(Sp f).

(2) The full mixed paraproduct: Theorem 7.4. Here we introduce the idea of combining the remainder
term Ilg b — $I1¢b with a third term 7, and we analyze (Ilg b — T') and (T — SI1yb) separately. This
allows us to express the remainder as

D Paplf + 1" F = TGV f

a sum of commutators of paraproduct operators, and a new remainder term. The new remainder has no
cancellation properties, so we prove separately that the 7, ; operators satisfy

[(Tap f5 &) S B llomow) 1f oo 181 Lo )

Here is where we employ the strategy outlined earlier, combined with a martingale transform a, applied
to a. Interestingly, this transform depends on the particular argument f of [b, 3] f. This will be absorbed
in the end by the BMO norm of the symbol for $p, so ultimately the choice of f will not matter.

(3) The partial paraproducts: Theorem 7.5. Here we again combine the remainder terms with a third
term 7, and this time end up with terms of the form py, F, where F is a term depending on a and f. So we
are done if we can show that || F'||zr) < | f |l Lr(n). Without getting too technical about the notation, we
reiterate that here a is not one function but rather a sequence apgr of one-parameter unweighted BMO
functions. So the difficulty here is that the inner products look something like

(F,g)=) (I, f &,
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where each summand has its own BMO function! The trick is then to write this as ) “(apor. ¢pror(f, 8))-
The happy ending is that these functions apgg have uniformly bounded BMO norms, so at this point we
apply unweighted one-parameter H'- BMO duality and we are left to work with || Sp¢ (f, )| L (Rn)> this
is manageable. In one case, we do have to work with F; instead, which is again obtained by applying
martingale transforms chosen in terms of f — only this time to each function apgr.

Finally, we see no reason why this result cannot be generalized to k-parameter Journé operators. The
main trouble in such a generalization should be strictly computational, as the number of paraproducts
will blow up.

In Section 8 we recall the definition of the mixed BMOz classes in between Chang and Fefferman’s
product BMO and Cotlar and Sadosky’s little BMO. In the same way as in [Ou et al. 2016] we deduce a
corollary from Theorem 1.1:

Theorem 1.2 (upper bound, iterated, unweighted case). Let us consider [R{‘?, d= (dy,...,dy), with a
partition T = (I)1<s<1 of {1,...,t}. Letb € BMOZ(R?) and let T, denote a multiparameter Journé
operator acting on functions defined on Q). L RY%. Then we have the estimate

”[Tla ey [Tla b]’ .. -]”Lp(RJ)_)Lp(RJ) 5 ”b“BMOI(R‘;)'

Coming back to the Bloom setting, we prove the lower estimate below, via a modification of the
unweighted one-parameter argument of Coifman, Rochberg and Weiss.

Theorem 1.3 (lower bound). Let u, A be A,(R" x R") weights, and set v = p'/P1=1/P. Then

1 p2
16lbmovy S sup  I[b, Ry Ry Lr(uy—Lr ()
I1<k,I<n

where R,i and R12 are the Riesz transforms acting in the first and second variables, respectively.

This lower estimate allows us to see the tensor products of Riesz transforms as a representative testing
class for all Journé operators.

We point out that in our quest to prove Theorem 1.1, we also obtain a much simplified proof of the
following one-weight result for Journé operators, originally due to R. Fefferman:

Theorem 1.4 (weighted inequality for Journé operators). Let T be a biparameter Journé operator on
R = R™ @ R"™. Then T is bounded LP(w) — L?(w) forall w € Ap(Rﬁ), 1< p<oo.

A version of Theorem 1.4 was first introduced by R. Fefferman and E. M. Stein [1982], with restric-
tive assumptions on the kernel. Subsequently the kernel assumptions were weakened significantly by
R. Fefferman [1987], at the cost of assuming the weight belongs to the more restrictive class A, />. This
was due to the use of his sharp function T* f=Ms(f 172 where My is strong maximal function. Finally,
he improved his own result in [Fefferman 1988], where he showed that the A, class sufficed and obtained
the full statement of Theorem 1.4. This was achieved by an involved bootstrapping argument based on
his previous result [Fefferman 1987].

Our proof in Section 7E of Theorem 1.4 is significantly simpler. This may seem like a “rough sell” in
light of the many pages of highly technical calculations that precede it. However, our proof of Section 7E
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is only based on one-weight bounds for the biparameter dyadic shifts of the form
IS5 L7 (w) = LP(w)]| S 1. (1-1)

These had to be proved along the way, as part of our proof of the two-weight upper bound for commutators,
Theorem 1.1. These one-weight bounds are useful in themselves, and their proofs are not that long: the
proof for cancellative shifts, given in (7-2), is easy, and the proof for the noncancellative shifts of partial
paraproduct type is given in Proposition 7.6. Once we have (1-1), the proof of Theorem 1.4 follows
immediately from Martikainen’s representation theorem — just as in the one-parameter case, a weighted
bound for Calder6n—Zygmund operators follows trivially from Hytonen’s representation theorem, once
one has the one-weight bounds for the one-parameter dyadic shifts.

The paper is organized as follows. In Section 2 we review the necessary background, both one-parameter
and biparameter, and set up the notation. In Section 3 we set up the types of dyadic square functions we
will need throughout the rest of the paper. In Section 4, we discuss the weighted and Bloom BMO spaces
in the biparameter setting, and use some of these results in Section 5 to prove the lower bound result.
Section 6 is dedicated to biparameter paraproducts, which will be crucial in Section 7, which proves the
upper bound by an appeal to Martikainen’s representation theorem [2012]. Finally, we prove Theorem 1.4.

2. Background and notation

We review some of the basic building blocks of one-parameter dyadic harmonic analysis on R", followed
by their biparameter versions for R :=R" @ R™,

2A. Dyadic grids on R". Let Dy := {27%([0, 1)" +m) : k € Z, m € 7"} denote the standard dyadic grid
on R". For every w = (w;) jez € ({0, 1}")7 define the shifted dyadic grid D,:
D, :={0+w: Q eDy}, where Q4+w:=Q+ Z 27 w;,
J27i<l(Q)
and /(Q) denotes the side length of a cube Q. The indexing parameter w is rarely relevant in what follows:
it only appears when we are dealing with E, — expectation with respect to the standard probability
measure on the space of parameters w. In fact, an important feature of the (by now standard) methods we

employ in this paper is obtaining upper bounds for dyadic operators that are independent of the choice of
dyadic grid. The focus therefore is on the geometrical properties shared by all dyadic grids D on R":

e PNQ €e{P, Q, )} forevery P, Q €D.
« The cubes Q € D with [(Q) =27, for some fixed integer k, partition R".
For every QO € D and every nonnegative integer k we define:

e 0% —the k-th generation ancestor of Q in D, i.e., the unique element of D which contains Q and
has side length 2¢1(Q).

e (Q)r —the collection of k-th generation descendants of Q in D, i.e., the 2kn disjoint subcubes of QO
with side length 27%1(Q).
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2B. The Haar system on R". Recall that every dyadic interval / in R is associated with two Haar

functions,
1

1
— (1,_ — 1y,
NI J !

the first one being cancellative (it has mean 0). Given a dyadic grid D on R”, every dyadic cube

hY = —1;,) and h}:=

Q=1 x---x1I,, where all I; are dyadic intervals in R with common length /(Q), is associated with
2" — 1 cancellative Haar functions:

n
() == hie) (o, x) = [ [ 1§ (o).

where € € {0, 1}"\ {(1, ..., 1)} is the signature of th. To simplify notation, we assume that signatures are
never the identically 1 signature, in which case the corresponding Haar function would be noncancellative.
The cancellative Haar functions form an orthonormal basis for LZ(R"). We write

f= f(@)hG,

QeD

where f(Qe) = (f, h¢ ) (f, g fRn fgdx, and summation over € is assumed. We list here some
other useful facts which will come in handy later:
 h%(x) is constant on any subcube Q € D, Q C P. We denote this value by 7% (Q).

o The average of f over a cube Q € D may be expressed as

= Y FPORS(Q). @-1)
PeD,P2QO
e Then, if Q C R €D,
(flo—(flr= Y.  FPIRS(Q). (2-2)
PeD,QCPCR
e For Q € D,
Lo(f = ()= D FPS. (2-3)
PeD,PCQ

 For two distinct signatures € # §, define the signature € + § by letting (¢ +§); be 1 if ¢, = §; and 0
otherwise. Note that € + § is distinct from both € and §, and is not the identically 1 signature. Then

I 1
ohty=—=h" ife#5 and hoho=—2
e vo e ol

Again to simplify notation, we assume throughout this paper that we only write hEQJ”S for distinct signatures
€ and 4.

Given a dyadic grid D, we define the dyadic square function on R" by

A 1 12
Spf(x) = (Z |f(Qf>|2ﬂ> .
= 0]
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Then || fIl, = [ISpfll, forall 1 < p < oco. We also define the dyadic version of the maximal function:

Mp f(x) = sup ([ fl)g 1o (x).

sup
QeD
2C. A,(R") weights. Letw be a weight on R"; i.e., w is an almost everywhere positive, locally integrable
function. For 1 < p < 00, let L?(w) := L?(R"; w(x) dx). For a cube Q in R", we let

w(Q) :=/w(x)dx and (w)Q:=@.
0 |0

We say that w belongs to the Muckenhoupt A ,(R") class provided that

/

[wla, := sup(w)g(w' 75" < oo,
0

where p’ denotes the Holder conjugate of p and the supremum above is over all cubes Q in R" with sides
parallel to the axes. The weight w’ := w'~?" is sometimes called the weight “conjugate” to w, because
we A, if and only if w' € A,.

We recall the classical inequalities for the maximal and square functions

IMflleea SNFlee@) and N flleea) = 18D fllLew)

for all w € A,(R"), 1 < p < oo, where throughout this paper “A < B” denotes A < cB for some
constant ¢ which may depend on the dimensions and the weight w. In dealing with dyadic shifts, we will
also need to consider the following shifted dyadic square function: given nonnegative integers i and j,

define
i.j NI 1o(x)\]"?
sirwe= (3 el (2 2GR

ReD “Pe(R); Q€e(R);
It was shown in [Holmes et al. 2017] that
IS5+ LP (w) — LP (w)|| < 2¢/20HD 2-4)

forallwe A,(R"), 1 < p <o0.
A martingale transform on R" is an operator of the form

[ foi= ) T f(PORS,

PeD

where each 7}, is either +1 or —1. Obviously Sp f = Sp f7, so one can work with f; instead when
convenient, without increasing the L?(w)-norm of f.

2D. The Haar system on R". In R" := R ® R™, we work with dyadic rectangles
D:=D1xD,={R=01x02:0; €D},

where each D; is a dyadic grid on R". While we unfortunately lose the nice nestedness and partitioning
properties of one-parameter dyadic grids, we do have the tensor product Haar wavelet orthonormal basis
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for L2(R"), defined by
hg(x1, x2) 1= hY (x1) @ hg, (x2)

forall R= Q1 x O, € D and € = (€1, €2). We often write
f=Y_ FOf x OHhY, ®hG,,
01x02

short for summing over O € Dy and Q» € D,, and of course over all signatures, where

FOQT X 09) = (£, S ®hS,) = /R o3, ()R, () dy do
While the averaging formula (2-1) has a straightforward biparameter analogue

(floixo, = E f(P61 x Py)h (Q0)h$ (Q2),
P20
P,20>

the expression in (2-3) takes a slightly messier form in two parameters: for any R = Q1 X Q>

Ir(f = (f)r)

- ¥ g s eng+ ¥ (52 e )ioeng+ ¥ (06 e 2 ot
PiCQ: P,CQ> Q1 | PICO, | 02|
P,CQ>

= > fP{ x PR, @hE + Lrlmo, £ (x2) — (f)r] + Lrlmg, £ (x1) — (f)&], (2-5)
PiCO
PCO>

where for any cubes Q; € D;,

1 1
mo, f(x2) i =—— [ fxi,x2)dx; and mg, f(x1):=—— [ [f(x1,x2)dx:. (2-6)
1011 Jo, 1021 Jo,

As we shall see later, this particular expression will be quite relevant for biparameter BMO spaces.

2E. A,,([Rﬁ) weights. A weight w(x;, x2) on R belongs to the class AP(Rﬁ) for some 1 < p < o0,

provided that
[wla, :=sup(w)r(w'")f~" < oo,
R

where the supremum is over all rectangles R. These are the weights which characterize L? (w) boundedness
of the strong maximal function

My f(x1, x2) :=sup(| f)r Lr(x1, x2),
R

where the supremum is again over all rectangles. As is well known, the usual weak (1, 1) inequality fails
for the strong maximal function, where it is replaced by an Orlicz norm expression. In the weighted case,
we have [Bagby and Kurtz 1985] for all w € AP(R;’),

- P k—1
wix € R : Mg f(x) > A} < /Q<|f;x)|) (1 +log* 'f(k_x)'> dw(x). 2-7)
Rn
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Moreover, w belongs to A p([R{ﬁ) if and only if w belongs to the one-parameter classes A,(R") in
each variable separately and uniformly:

[UJ]AP(R?:) ~ max{ess sup[w(xy, - )]Ap(an)’ esssup[w( -, x2)]Ap([R"l)}.
x1eR™ xeR"2

It also follows, as in the one-parameter case, that w € A p(Rﬁ ) if and only if w’ := wl=r e A p/([Rﬁ) and
L?(w)* ~ L” (w), in the sense that

1 £ llzree = suptl (£, )1 = g € L7 ). lIgll oy < 1. (2-8)

We may also define weights m g, w and mg,w on R" and R"!, respectively, as in (2-6). As shown
below, these are then also uniformly in their respective one-parameter A, classes:

Proposition 2.1. If w € Ap(lRﬁ), Il <p<oo,thenmg we A,(R") and mg,w € A,(R") for any cubes
Qi C R", with uniformly bounded A, constants:

mo,wly,wy < [wla, @i
forall 0; CRY, ic{1,2}, i #j.

Proof. Fix a cube Q| C R".. Then for every x; € R"2,

1/p 1/p'
[O1] =/ ldx) < (f w(xy, x2) dxl) </ w/(xlsXZ)dx1> ,
01 01 01

(mo,w) (x2) := (mo,w) ™7 (x2) < mo,w (x2).

and so

Then for all cubes Q, C R"*2,
~1 —1
(mQ|w>Q2<(mQ1w)/>gz = <w>Q|><Q2<w/>1éle2 < [wlarwi),
proving the result for m g, w. The other case follows symmetrically. U

Finally, we will later use a reverse Holder property of biparameter A, weights. This is well known to
experts, but we include a proof here for completeness.

Proposition 2.2. If w € A ,,(Rﬁ), then there exist positive constants C, €, 8 > 0 (depending only on n, p,
and [w]A,,(Rﬁ)) such that:

(i) For all rectangles R C R,

1 1/(1+€) C
(—/ w(x)1+€dx) §—f w(x)dx.
IR| Jr IR| Jr

(i1) For all rectangles R C R" and all measurable subsets E C R,

w(E) - C(@)S
w(R) = "\ IR/
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Proof. Note first that (ii) follows easily from (i) by applying the Holder inequality with exponents 1 + ¢
and (1+¢€)/e in w(E) = fE w(x) dx. This gives (ii) with § = €/(1 + €).

In order to prove (i) we first recall a more general statement of the one-parameter reverse Holder
property of A, weights (see Remark 9.2.3 in [Grafakos 2004]):

Forany 1 < p < 0o and B > 1, there exist positive constants
D=Dm,p,B) and B=pBn,p,B) (2-9)
such that for all v € Ap(R") with [v], i) < B, the reverse Holder condition

1 1+/3d 1/(1+8) D d 210
_ < -
(|Q|fQ”m t) Sio1 ), n0 4 (2-10)

holds for all cubes Q C R"

It is easy to see that if a weight v satisfies the reverse Holder condition (2-10) with constants D, 8, then
it also satisfies it with any constants C, € with C > D and € < 8.

Now let w € AP(IR{;‘), set B := [w]AP(Ra), and fori € {1, 2} let D; := D(n;, p, B) and B; := B(n;, p, B)
be as in (2-9). Fix a rectangle R = Q; x Q,, a measurable subset E C R, and set

C?:=max(Dy, D;) and €:=min(B, o).

For almost all x; € R"!, we have w(xy, -) € A,(R") with [w(xy, -)]AP(an) < B, so w(xy, - ) satisfies
reverse Holder with constants D;, 8, — and therefore also with constants JC,e. So

1 1 1
—/ wx) Tedx = — (—w(xl,xz)Hede) dx
IR| Jr 1011 Jo, \ 02|
1 C 1+e
<— (£/ w(xl,xz)dxz) dx;
1011 Jo, \ 102 Jo,
cl+e/2

TN fQI(mQQw(xl))Hédxl.

By Proposition 2.1, we have mg,w € A,(R"") with [m Q2U)]Ap(Rnl) < B, so this weight satisfies reverse
Holder with constants D1, 8 — and therefore also with constants +/C, €. Then the last inequality above
gives

1 1/(1+e€) C
(—/ w(x)! e dx) <— mg,w(xy)dx; =—/ w(x)dx. O
IR| Jr 1011 Jo, IR[ Jr

3. Biparameter dyadic square functions

Throughout this section, fix dyadic rectangles D :=D; x D, on R”. The dyadic square function associated
with D is then defined in the obvious way:

ﬂR(xl,xz)>‘/2

Spf(x1,x2) = (Z | (R ®

ReD
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We also want to look at the dyadic square functions in each variable, namely

21 ,1
SD'f(xl’xz):(Z |Hg, f(x2)? |Q’Q(x|‘)) . Sp,f(x1.x2) —(Z| ()2 |Q2Q(x|2)),
01€D, 0,eD,

where for every Q; € D; and signatures ¢;, we define
HE o= [ Fonh (odr, HEfon = [ o e de,
R"1
Then for any w € Ap([R?ﬁ),

lfllerwy = ISDfllerw) = IS, fllLraw) = 15D, fllLrw)-

More generally, define the shifted biparameter square function, for pairs i = (i1, i2) and f: (J1, jo) of
nonnegative integers, by

ij 2 pe € ’ Lo Lo V2
Pr=[ (2 verem)( 8 gregs)] - e
Ri€Dy

Pre(Ry); Qi1€(R)j,
RyeD, PQE(RQ),Z 02€(R2) j,
We claim that o
||S,;’)j :LP(w) — LP(w)|| < 211 /2) G+ (n2/2) 2+ ) (3-2)

forall w e A p([R{ﬁ), 1 < p < oo. This follows by iteration of the one-parameter result in (2-4), through
the following vector-valued version of the extrapolation theorem (see Corollary 9.5.7 in [Grafakos 2004]):

Proposition 3.1. Suppose that an operator T satisfies |T : L>(w) — L*(w)| < ACy,lw]a, for all
w € Ay (R™), for some constants A and C,,, where the latter only depends on the dimension. Then

(s ()’

forallw e Ap(R"), 1 < p < 00, and all sequences { f;} C LP(w), where C, is a dimensional constant.

Proof of (3-2). Note that (S5 )2 = Y cp, (S5, Fr,)? where

R 1 12
Fg, (x1, x2) := Z( > If(Pf‘foz)I)( > %) h (x2).

PeD; “Pie(R)iy 01€(R),

, p/2
/ ( > (SlZ;DFRl(xl,M))z) w(x1, x2) dxa dxi.
R

Ri1€Dy

< Acr/l[w]iljx(lal/(pfl))

LP(w) LP(w)

Then
158 v = [

Rﬂl
For almost all fixed x; € R"!, we know w(xy, - ) is in A, (R"?) uniformly, so we may apply Proposition 3.1
and (2-4) to the inner integral and obtain

r/2
/ (Z | Fr, (x1, xz)l) w(x1, x2) dxy dxy.
1 JR™2

pn» 2 2+ 2
R ED

R
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Now, we can express the integral above as

/ (o fe ety ) Pw(xy, x2) daxy doxy S 2P+ £ 1P
an R)‘ll

where
= Y If (P x PR, @b
Pix Py
is just a biparameter martingale transform applied to f, and therefore || f||zrw) = || fzllL»w) by passing
to the square function. O

3A. Mixed square and maximal functions. We will later encounter mixed operators such as

12
[SM]f(xl,x»::(Z(MDz(H f)? Ql(xl)) ,
= 0]

)2 Qz(XZ))]/Z

[MS]f (x1, x2) :=(Z(MD.(H Dy =5

02€D;

Next we show that these operators are bounded L” (w) — L?(w) for all w € A p([R{ﬁ). The proof only
relies on the fact that the one-parameter maximal function satisfies a weighted bound. So we state the
result in a slightly more general form below, replacing Mp, and Mp, by any one-parameter operator that
satisfies a weighted bound.

Proposition 3.2. Let T denote a (one-parameter) operator acting on functions on R" that satisfies
IT: L%(v) = L*(v)| < C for all v € Ay(R"). Define the following operators on R":

0, ()"
[ST1f (x1, x2) :=(Z<T<H P | ) :

01€D |Q
12
[Ts]f(x“xz):(Z(T(H £GDY? %Q(xf)) ,

02€Dy

where T acts on R™ in the first operator, and on R"" in the second. Then [ST] and [T S] are bounded
LP(w) — LP(w) forall w € A,,([Rﬁ).

Proof. We have

IIST1f1I7 / ( < )( )HQI(XI)> )p/zw(x x2)dxydx
LP(w) = Rt JRm2 oo m 1, X2 2 1

p/2
/ / (Z(H () 22 1)) w(x1, x2) davy dax
R JRe2 |01

01€D
= ||SD1f||L17(w) ,S ”f”{p(w),

where the first inequality follows as before from Proposition 3.1. The proof for [7'S] is symmetrical. []
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More generally, define shifted versions of these mixed operators:

.. @) S Lo\
[STY" £ (x1, x2) :=(Z< ) T<HPif)<x2)) 2 o ) ’

Ri€D1 “Pre(RD);; Q1€(Ry) )
0 : ’ Lo, (x2)\"?
iz, — 2
751t fon= (Y (X ragnen) ¥ R
R,€Dy “Pre(R2)i, 02€(R2)j,

Under the same assumptions on 7, it is easy to see that
IISTYR: LP () — LP (w) | S22 and - [T S]2: LP (w) — LP (w)|| S22 EHR) (3-3)
for all w € A, (R"). Specifically,
ISTI FI1Y ) = f ISp F(x1, %0 dw,  where F(xy,x2):= Y T(Hp f)(x2)h (x1),
P1eD,

SO ILSTV fllrawy S 22O F Lo ). Now,

1 Fllraw) = 01Sp, Fllerawy = WIST1f lerw) SN ILrqw)-

4. Biparameter weighted BMO spaces

Given a weight w on R”, a locally integrable function b is said to be in the weighted BMO(w) space if
1
w(Q)
where the supremum is over all cubes Q in R". If w =1, we obtain the unweighted BMO(R") space. The

dyadic version BMOp(w) is obtained by only taking the supremum over Q € D for some given dyadic
grid D on R". If w € A,(R") for some 1 < p < 0o, Muckenhoupt and Wheeden [1976] showed that

1B lBMO(w) = sup f 1b(x) — (B) ol dx < oo,
0 0

1 , 1/17’
I1DllBMOw) == IDlIBMOw'; p) := Slép<m /Q |b—(b)ol” dw’) , (4-1)

where w’ is the conjugate weight to w. Moreover, if w € A>(R"), the argument in [Wu 1992] shows that
BMOp(w) >~ Hzlj(w)*, where the dyadic Hardy space Hé(u)) is defined by the norm

161 12 0y = IS0 11 -
Then
1D, &) S 1blIBMOD ) 1SDP L1y  for all w € Ax(R"). 4-2)

Now suppose v and A are A,(R") weights for some 1 < p < oo, and define the Bloom weight
v :=u!/Pr=1/P  As shown in [Holmes et al. 2017], we have v € A»(R"), which means we may use (4-2)
with v. A two-weight John—Nirenberg theorem for the Bloom BMO space BMO(v) is also proved in that
paper, namely

IbllBMOM) == I1BlIBMO(1, 1, p) = 1BIIBMOG, 17, p)
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where

1 1/p
1B llBMOGe . :=sup(—/ b— (b) |de) ,

1 p 1/p
b— (b du’ .
k,(Q)/Q| Bhol u)

We now look at weighted BMO spaces in the product setting R = R" @ R"™. Suppose w(xy, x2) is a

IbllBMOG 1/, py i= Sup(
o

weight on R". Then we have three BMO spaces:
o Weighted little bmo(w) is the space of all locally integrable functions b on R” such that

1
w(R)

1B llomoqw) = sup / Ib— (b) x| dx < o,
R R

where the supremum is over all rectangles R = Q1 x Q3 in R". Given a choice of dyadic rectangles
D =D; x D,, we define the dyadic weighted little bmop (w) by taking supremum over R € D.

o Weighted product BMOp (w) is the space of all locally integrable functions » on R” such that
1 L 1/2
IbllBMOD (w) = SUP(— |b(R)| —) < 00,
2 \w@) RCQX,;GD ()

where the supremum is over all open sets Q2 C R with w () < oo.

o Weighted rectangular BMOp rec(w) is defined in a similar fashion to the unweighted case — just like
product BMO, but taking the supremum over rectangles instead of over open sets:

16 BMOn . :=sup(— |b(T€>|2—> ,
PR w(R)TXC; (w)7

where the supremum is over all rectangles R, and the summation is over all subrectangles 7 € D, T C R.
We have the inclusions
bmop(w) C BMOp(w) € BMOp Rec(w).

Let us look more closely at some of these spaces.

4A. Weighted product BMOp(w). As in the one-parameter case, we define the dyadic weighted Hardy
space H%J(w) to be the space of all ¢ € L' (w) such that Sp¢ € L' (w), a Banach space under the norm
”"b”H% () = |SD@Il L1 (). The following result exists in the literature in various forms, but we include a
proof here for completeness.

Proposition 4.1. With the notation above, ’H,ID(w)* = BMOp (w). Specifically, every b € BMOp(w)
determines a continuous linear functional on H%D(w) by ¢ — (b, @),

(b, @)1 < 1LllBMOD () 1SDP L1 (1) (4-3)

and, conversely, every L € H%D(w)* may be realized as L¢ = (b, ¢) for some b € BMOp(w).
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Proof. To prove the first statement, let b € BMOp(w) and ¢ € HID(w). For every j € Z, define the set
Uj:={x € R": Sp¢(x) > 2/}, and the collection of rectangles R; := {R € D: w(RNU;) > Jw(R)}.
Clearly U;jy1 C Uj and R ;11 C R ;. Moreover,

> 27w W) = 1ISp¢ L1 (), (4-4)
jez
which comes from the measure-theoretical fact that for any integrable function f on a measure space

(X, ), we have || fll1g = X cp27 ilx € X £ ()] > 27},
As shown in Proposition 2.2, there exist C,3 > 0 such that w(E)/w(R) < C(|E|/|R|)‘S for all
rectangles R and measurable subsets £ C R. Define then for every j € Z the (open) set

ﬁ 1/8
V] — {x c Ri’l . MSI[UI(X) > 0}’ Whel‘e 6 = (i) .

First note that if R € R;, then

l<w(RmUj)§C IRNU,|
2 w(R) |R|
SO
0 < (ﬂUj)RSMs]]_Uj(x) for all x € R.
Therefore
U RV, (4-5)
ReR;
Using (2-7), we have
w(Vj) S —(1+1log™ - dw >~ w(U)). (4-6)

Now suppose R € D but R ¢ UjeZ R ;. Then w(RN{Spp <2/}) > %w(R) for all j € Z, and so

w(RN{Spp =0}) = w(ﬂ RN{Sp¢ < 2—f}) > sw(R).

j=1

Then [{Sp¢p =0} > |RN{Sp¢ = 0}| > 0|R| > 0, and we may write

SR = / BRI B! / (Sp$)? dx = 0.
(SDP=0} IRN{Sp¢ = 0}] 0 Jispp=0)
So
#(R)=0 forall R €D, RgéURj. (4-7)

jez
Finally, if R € [ jez Rjs then

0=w(RN{Spp =00}) = lim w(RN{Spp >2/}) > Lw(R),
j—o00
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a contradiction. In light of this and (4-7),

YSTBMBIGRI=D Y bRIIGR)]

ReD jez RGRJ'\th

1 172

A 1/2 ~
sz( > |b<R>|2—> ( > |¢(R>|2<w>R)
<w>R RER\Rj+1

jGZ RER]\'R_H_]

To estimate the first term, we simply note that
A 1 A 1 A 1
bR —— < ) bR ——— < bR ——— < b3 w(V)),
2 i = 2 e =, (wyg = PMOPOO TR

RERj\'RjJrl RERj RCV_,‘,RE'D

where the second inequality follows from (4-5). For the second term, note that any R € R; \'R 4 satisfies
RCVjand w(R\Uj;1) > 3w(R). Then

w(R\Ujt1)

Yo BRPwr<2 Y BRI R

RGR/\Rj+1 RGRj\Rj+1

o 1r
=2 R —d
/ > BwE

NUitl ReRj\Rj 11

§2f (Spd)*dw <22 w(V)),
Vi\Uj+i

since Sp¢ < 277! off U;,. Finally, we have by (4-6),

D BR)IGR)] S 1BlBMopw) Y27 w(V)) = [1bllBMopw) Y 2 wU)).
ReD jez jez
Combining this with (4-4), we obtain (4-3).
To see the converse, let L € ’H%(w). Then L is given by L¢ = (b, ¢) for some function b. Fix an open
set 2 with w(2) < co. Then

1/2
( > bRP ) < su > b(R)qb(R)‘,
RCS.ReD () 19120 = R ReD
where ||g15||122(Q ) = 2RCQ.RED |¢(R)|?(w) g. By a simple application of Holder’s inequality,
> £<R>¢3<R>‘ S UL N340y < LI () 21812 (.0)5
RCQ,ReD
5o [|bllBMOpw) S 1L+ O

4B. Weighted little bmop(w). In this case, we also want to look at each variable separately. Specifically,
we look at the space BMO(wy, x3): for each x, € R"?, this is the weighted BMO space over R"!, with
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respect to the weight w( -, x):
BMO(wq, x2) :=BMO(w(-, x3); R*") foreach x, € R™.

The norm in this space is given by

1
16(-, x2) IBMO@w, ,x5) = sUp ————— [ [b(x1, x2) —mg,b(x2)|dx1,
(wi,x2) o w(Q1, x2) 0, Qi

where

w(Ql,x2)::/ w(x1,x2)dx; and mg b(x2) 1= b(x1, x2)dxq.

0 1011 Jo,

The space BMO(w», x1) and the quantities w(Q>, x1) and m,b(x1) are defined symmetrically.

Proposition 4.2. Let w(xy, x) be a weight on R" = R @ R™. Then b € Llloc([R{ﬁ) is in bmo(w) if

and only if b is in the one-parameter weighted BMO spaces BMO(w;, x;) separately in each variable,
uniformly:

15]lbmow) =~ max{ess sup |b(x1, - ) lBMOs.x1)» €8s sup [6(-, x2)BMOw, ) }-
x1eR™M xp€R™2

Remark 4.3. In the unweighted case bmo(R"), if we fixed x, € R™2, we would look at b( -, x;) in the
space BMO(R"') — the same one-parameter BMO space for all x;. In the weighted case however, the
one-parameter space for b( -, xp) changes with x,, because the weight w( -, x») changes with x.

Proof. Suppose first that b € bmo(w). Then for all cubes Q1, Q»,

1
b mo z ——— b s - b X d d
1D 1lbmo(w) (01 % Oy) le/Qzl (x1, x2) — (b) 0, x 0, dx2 dx;

1
- b(xy, —(b)o,x0, dx2| dxy,
Zw(QIXQZ) o /Qz (x1, x2) — (D) 0, x 0, dx2| dx;
SO
f Mub(x1) — () 01 0sl 1 s%ubnbmo(w» (4-8)

Now fix a cube Q7 in R™ and let fg,(x1) := sz |b(x1, x2) —mg,b(x1)| dx;. Then for any Q1,

1 1
<fQ2>Q1 =< _/ / |b(X1, XZ)_<b>Q1><Q2|dx+_/ / |mQ2b(x1)_<b>Q1><Q2|dx
1 Q1] 01J0 011 0140
w(Q1 x Q2) | Q2]
< O o) + b)) — (B gy 0,1 d
< o1l 161l bmo(w) 01/, Img,b(x1) — (b) 0, x0,| dx1
= 2M”b”bmo(w) = 2<w(Q27 : ))Ql ”b”bmo(w)s

B 101l

where the last inequality follows from (4-8). By the Lebesgue differentiation theorem,

fo,(x1) = Qlimx (f0.) 01 = 211D llbmo(w) Qlimx (w(Q2, )0, = 2[1bllbmow) w(Q2, x1)
1=>X] 1—>X]
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for almost all x; € R™, where Q| — x; denotes a sequence of cubes containing x; with side length
tending to O.

We would like to say at this point that |b(x1, - ) [BMO(w,.x;) =Supg, 1/(w(Q2, x1)) fo, (x1) is uniformly
(a.a. x1) bounded. However, we must be a little careful and note that at this point we really have that for
every cube O, in R"2, there is a null set N(Q,) C R" such that

fo,(x1) Z2[1bllbmowyw(Q2, x1) for all x; € R" \ N(Q»).

In order to obtain the inequality we want, holding for a.a. x;, let N := [ JN (éz) where éz are the
cubes in R"? with rational side length and centers with rational coordinates. Then N is a null set and
f@z (x)) < 2||b||bm0(w)w(§2, x1) for all x; € R"'\ N. By density, this statement then holds for all cubes Q»
and x; ¢ N, so

esssup [|b(x1, ) IBMOws.x1) = 2[1Dllbmo(w)-
X1 eRM

The result for the other variable follows symmetrically.
Conversely, suppose

1b(x1, ) IBMO@ws,x) < C1 fora.a. xi, 156(-, x2) IBMO(w,,x,) < C2 for a.a. xo.

Then for any R = Q| x Q»,

/ |b—(b)r|dx 5/ / |b(x1, x2) _sz(xl)|dx+/ |02 1mg,b(x1) — (b)g,x0,| dx1
R 01702 01
S/ Czw(Qz,Xl)dxl-i-/ / |b(x1, x2) —m g, b(x2)| dx2 dx
01 0140

< Cw(R) +/ Ciw(Q1, x2) dx;
0>

= (C1 + C)w(R),
SO

[1D1lbmo(w) < 2 max{esssup |b(x1, ) [BMOGws,x1)» €88 SUp [[6( -, X2) [BMOGw, 1) } - O
x1€R™ xpeR™2

Corollary 4.4. Let w € Ay(R") and b € bmop (w). Then

(b, #)1 < [1Lllbmor (w) 15D, Pl L1 ()
foralli €{1,2}.

Proof. This follows immediately from the one-parameter result in (4-2) and the proposition above:

|<b,¢>>|§/ (b1, ), dx1, i dxy
R™
S /;w Ib(x1, ) IBMOD, (e, NIISD, @ (X1, I L1 (w(xy.-)) X1

S 16lbmow) 152,81l 1 ()

and similarly for Sp,. U
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‘We now look at the little bmo version of (4-1).

Proposition 4.5. If w € A,(R") for some 1 < p < oo, then

1 , 1/p
||b”bmo(w) ~ ||b||bmo(w;p’) = Slljép(M/I; |b - <b>R|p dw/) .
Proof. By Proposition 4.2 and (4-1),

15]lbmoqw) == max{ess sup |b(x1, ) lBMO@(x,-): py» €88 SUP 6+, X2) IBMOw (- x2): p) |-
xjeR™ x2eR™2

1713

Suppose first that b € bmo(w; p’). Note that for some function g on R and a cube 0, in R"2, we have

/

p
|g(x1,X2)|P/w/(x1,X2)dx2Z—,/ g(x1, x2)dx;
/QZ w(Q2, x)P /o,
Then )
14 1 g
b N> - b(xy, — (b d d
1V 2 s | wioma /Q (51, %2) = (B) 10 ds| - dixy
1 / o 10l
=— lmg,b(x1) — (b) |V ———————dx
w(R) Jo, " & 02l (g, )P
1 ,
> —— lmg,b(x1) — (b) 1P w'(Q2, x1) dxy,
U)(R) 0, 0> 01x0>
where the last inequality follows from
10,7 1 (w'(x1, )
=0 2 10— 8~ (05, x).
w(Qval) <U)(.x],)>Q2 [w(xl’)]Ap

Now fix O, and consider fo,(x;) := sz |b(x1, x2) —szb(xl)lf’/w/(xl, Xx2) dxy. Then

1 / !
<fQ2>Q1 5 @/Q /; (|b(X1,X2) — <b)Q]><Q2|p + |mQ2b(x1) - (b)QlXQ2|p )w/(X],Xz) dx; dx;

< w(@1 x Q)
~ |01l

< w(@1 x Qo) bl
~ 0 bmo(w: p')

/ 1 ’
18 + g0 fQ m0,b(x1) — (B) gy 0P (03, x1)
1

Then for almost all x1,

. . w(@1x 02) ’ '
= lim < lim ——=="p||¥ N = , b|P .
sz(xl) Q|—>x1<fQ2>Ql ~ 01ox 101 | ”bmo(w;p) w(Q2, x1)l ”bmo(w;p)

Taking again rational cubes, we obtain

1 1/p'
w(On x1) < 16 lomow: »’
(03] (w(QLxl)sz(xl)) S 181y o(w; p’)

16(x1, ) IBMOw(x1,-); p) = SUP

for almost all x;.
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Conversely, if b € bmo(w), then there exist C; and C; such that

1b6(x1, ) IBMO(w(x,,):py < C1 for a.a. xp, and 16C-, x2) IBMO(w(- ,x2):p)) < C2  for a.a. x;.
Then
/|b YRI? dw/<// |b(x1, x2) — mo,b(x1)|P W' (x1, x2) dxz dxy

0140

+f / m 0,b(x1) — (b) g, x 0|7 W' (x1, x2) dxz dx;.
01702
The first integral is easily seen to be bounded by
/ 1b(x1, - )”gMo(w(xl,.))w(QL x1)dxy < C{’ w(Q1 X 02).
Qi
The second integral is equal to

/ |mQ2b(~xl)_<b>Q1><Q2|p,w/(Q25~x1)dx1
01

, p
5/ M(/ |b(xl,x2)_leb(x2)|dx2) dxi
0, |02|? 0>

</ w'(Qa, x)w(Qa, x)" !
0 0217

/ |b(x1, x2) —mg,b(x2) 1w (x1, x2) dxy dx,.
[&})

'—1

We may express the first term as (w'(xq, - )) g, (w(x1, -))’é < [w]‘z/p_1 for almost all x;. Then, the

2 ~

integral is further bounded by
/ w(Q1, x2)1b(+, x2) IBMO(w( - x2): p) dX2 S C3 w(Q1 X Q).
0>

Finally, this gives
1bllbmocws ) < (CF +CEHYP < max(Ci, €2) = 1 llbmotw)- O

We also have a two-weight John—Nirenberg for Bloom little bmo, which follows very similarly to the
proof above.

Proposition 4.6. Let 1, A € A,(R") for 1 < p < 00, and v := pn"/PA="/P. Then

”b”bmo(v) x~ ”b”bmo(u,k,p) x~ ||b||bm0(k’,u’,p’)a

1/p
b = b— P dx ,
1D lomo(ue, 2, p) (,u(R)/l b)R| )

1/p
I6llbmo(y, ', py : _SUP(A’(R)/ b — (b)gl" dM) -

Note that it also easily follows that v € Az([R{;’).

where
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5. Proof of the lower bound

Proof of Theorem 1.3. To see the lower bound, we adapt the argument of Coifman, Rochberg and Weiss
[Coifman et al. 1976]. Let {X;(x)} and {Y;(y)} both be orthonormal bases for the space of spherical
harmonics of degree n in R”. Then ), | Xy (x)]?> = ¢, |x|*" and thus

1 Xi(x —x") ,
1=—mek(x—ﬂ
and similarly for ;.
Furthermore X, (x —x') = Z‘ ol +1Bl=n x(lfg x%x'P and similarly for ¥;. Remember that

b, ) €bmo) =5 bl = sup / b(x, y) — (bl dx dy < co.
0

1
v(Q)
Here, Q =1 x J and I and J are cubes in R". Let us define the function

Co(x, y) =sign(b(x, y) —(b)o)Lo(x, y).
So

1b(x, y) = (D)ol1Q] Lo (x, y)
= (b(x,y) = (b)) QITg(x, y)

= / (b(x, y) =b(x', yNTo(x, y) dx'dy’

Y v/
~Z[(b<x P by )T ,|2n) <x—x’)%m—yﬁrgu,y)dx/dy’

b —b
—Z/Zn @) =D o yny v

=Py =y P

k 1
dooxfxex® Yy T, g, y) dx' dy'.

lo|+|Bl=n [y 1+18]=n

Note that

b(x,y) —b(x",y")

/ — X (x =XV (y = y) Xy lo(x', y) dx'dy = [b, TPy 1o (x, y)).
Ree [ = X'y =y
Here T; and T; are the Calder6n—Zygmund operators that correspond to the kernels
Xi(x) Yi(y)
2n an 2n "
|x| |yl

Observe that these have the correct homogeneity due to the homogeneity of the X and Y;. With this
notation, the above becomes

b(x, y) = (b)ol1Q]To(x, ¥)

k 1
=0 3 > xY iy Do, )b, TPy Lo (x, y)) (x, ).
kL la|+|Bl=n |y|+]8|=n
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Now, we integrate with respect to (x, y) and the measure A. Let us assume for a moment that both
and J are centered at O and thus Q is centered at 0. In this case, since I'p and 1 ¢ are supported in Q,
there is only contribution for x, x’, y, y" in Q:

1/p
|Q|</Q Ib(x,y)—<b)Q|”d/\(x,y)>

<Y YT xSy Tote mIb, TPy 1o, ), 9 1)
kI lal+|Bl=n ly|+I8|=n

Y)Y WM, Trey 1o YD Lo,

k@ lal+Bl=n ly|+I8]=n

<S03 ST @D, BTl e o e 168 Y Lo L Y) Loy

k@ la|+]Bl=n ly|+|é]=n

SO0 D0 1) P b, Tl o oy (@)Y

k@ lal+Bl=n ly|+Ié]=n

We disregarded the coefficients of X and Y at the cost of a constant.

Notice that the 7} and 7; are homogeneous polynomials in Riesz transforms. Therefore the commutator
[b, T; T;] can be written as a linear combination of terms such as M|[b, Rl-1 R?]N, where M and N are
compositions of Riesz transforms: First write [b, T;T;] as linear combination of terms of the form

[b, R* R!
RGy = 1_[ R

()~ (m+
is a composition of n Riesz transforms acting in the first variable with the choice i® = (i
{1,...,n}" for each k and similarly for R! () acting in the second variable Then, for each term, apply
[AB, b] = A[B, b]+[A, b]B successively as follows. Use A = Rl1 R2 and B of the form Ré‘n I)R(n—l) and
repeat. It then follows that for each &, / the commutator [b, T} T;] can be written as a linear combination
of terms such as M|[b, Rl.l RJZ.]N, where M and N are compositions of Riesz transforms. Thus 7} and 7;

], where

(k))n

are homogeneous polynomials in Riesz transforms of the same degree. We require that all commutators
of the form [b, Ril RJZ.] are bounded, and we have shown the bmo estimate for b for rectangles Q whose
sides are centered at 0. We now translate b in the two directions separately and obtain what we need, by
Proposition 4.6:

1/p
151bmowy 2= 1B llbmo(u..p) i= S (M(R) f b — RV’dA) 5133;2 16, R R Loy 1rGy. O
\7\”‘

6. Biparameter paraproducts

Decomposing two functions b and f on R" into their Haar series adapted to some dyadic grid D and
analyzing the different inclusion properties of the dyadic cubes, one may express their product as

bf =My f+1, f+Tpf+ b,



WEIGHTED LITTLE BMO AND TWO-WEIGHT INEQUALITIES FOR JOURNE COMMUTATORS 1717

where

Myf =Y b(Q)(f)ohS, TI b r b hSe.
bf Qé)(Q)( ohg, T f:= Q%)(Q)f(Q)@ bf = (;)(Q)f(Q)mQ

In [Holmes et al. 2017], it was shown that, when b € BMO(v), the operators I, IT}, and I';, are bounded
L?(u) — LP()).

6A. Product BMO paraproducts. In the biparameter setting D = D; x D,, we have fifteen paraproducts.
We treat them beginning with the nine paraproducts associated with product BMO. First, we have the
three “pure” paraproducts, direct adaptations of the one-parameter paraproducts:

Myf = Y bO] x O (f)oixo.hy, ®hG,

01x02
™ €] €2 r €] 1 Il 2
= Y b(Qf x 09 (0 x 05 |QQ|®|QQ|
01x0> 2
A 1
r = bh(O! h€1+51 ®h€2+32 r*f
bf QZQ (05 x O F (O} x Q%) m@ o if

Next, we have the “mixed” paraproducts. We index these based on the types of Haar functions acting
on f, since the action on b is the same for all of them, namely l;(Ql X ») —this is the property which
associates these paraproducts with product BMOp: in a proof using duality, one would separate out the b
function and be left with the biparameter square function Sp. They are

]l 1
Hp 00 f = Z b0 <f > 9 9n a,
01x0» |Q| |Q1|
A 1
Mo f = ), bQ} x 0F (f L@ Q> 5 ® 5 =M.
01%x0> [ Q1] | Q2|
]lQ 1 +4 €
Crons = 3 507 x 05 7hf &1 &) n @i
() ZQ ’ 102 J_|Q1 o ®ho,
~ R 1o
F*' f = b(Q€1 X QGZ)f(Q Q €1+81 Q=2 )
e QZQ L ? «/IQ Tor @,
Lp.a,00f = h(QS x 02 < >_hel ®h€2+ 2
v QZQ PO g J101 ¢
HQI €240

Dhanf= Y bQ{ x 09 F(Q] x 0 ———=—2 g i3]
01x0: V1021121

Proposition 6.1. If v := u'/PA=1/P for A,,([R'_”) weights u and X\, and Py, denotes any one of the nine
paraproducts defined above, then

IPy 2 LP () = LPM)I < 18]BMOD (1) (6-1)

where ||b|lBMop (v) denotes the norm of b in the dyadic weighted product BMOp (v) space on R"
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Proof. We first outline the general strategy we use to prove (6-1). From (2-8), it suffices to take f € L?(u)
and g € L? (1') and show that

[(Ps f, &)1 S NbllBmon o L 2w 181 Ly 3y

(1) Write (Py f, g) = (b, ¢), where ¢ depends on f and g. By (4-3), [(Ps f, &)| S [1LllBMOL () ISDA I L1 (1) -

(2) Show that Sp¢p < (O1f)(O2g), where O and O, are operators satisfying a one-weight bound
L?(w) — L?(w) for all w € A,,([Riﬁ) — these operators will usually be a combination of maximal
and square functions.

(3) Then the L' (v)-norm of Sp¢ can be separated into the L” (u) and LY (1") norms of these operators O;
by a simple application of Holder’s inequality,

1SD@lL1 )y S NOVf el 028w oy S W Lrau I8l Lo Gy
and the result follows.

Remark also that we will not have to treat the adjoints P} separately: interchanging the roles of f and g
in the proof strategy above will show that Py, is also bounded LY )y — LP/(,u/ ), which means that P} is
bounded L?(u) — LP()).

Let us begin with IT, f. We write

(M f, g) = (b, ), where ¢ := Z (f)01x0,8(QF" x QEZ)hG] hész.
01x02
Then

]l
(DB’ = Y (1f DD, 0,18(05 x 0P~ ® —2 < (Msf)*- (Spg)*.
o, IQ 1270,

SO

Ky f, &)1 S IbllBMop ) 1M s fllLr o ISDEN Lo vy S I1DIBMOD W) I FIlLr o 811w iy -
Note that if we take instead f € L ()') and g € L? (i), we have
K, £, &)1 S NblleMon ) IMs fll Ly g 1SD& N Lr iy S IDIBMOD M) 1L 1o 3y I8 L 0

proving that [|TT, : L” (V') — LP (W)|| = T} : LP (1) — L? (W)l S 16]lBMOp (v)- For T,

r €] €\ A 1 1 €]10] €2102
(Tyf, 8) = (b, ¢), where¢:= Q}%j@f@ x 05)8(0] xQé)J@J'Q_Zth‘S ®hH,

from which it easily follows that Sp¢ < Sp f - Spg.
Let us now look at ITj.(0,1y. In this case,

HQ2>< ]l h>h61 h€2
= Z<f 0\ T0u] @115, @15,

01x0»
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Then
. 1 21 1
S 2 _ < Q2>< =28 ®h€2> Ql® O
7 QZQ Tl B0, \# Tal 01~ 102l
1 1
_ He1 2 [ (%))
2 OG0 g 190 ]
1
s(Z(MDZH“ P00 f‘Q(ﬁ‘))(DMDlH;zg)z( D lz))z[SM]zf-[MS]zg
01 (%))

where [SM] and [M S] are the mixed square-maximal operators in Section 3A. Boundedness of I (o, 1)
then follows from Proposition 3.2. By the usual duality trick, the same holds for Il (1 ). Finally,

for Fb;(O,l),
o= > (Hy f)o,——==28(07"" x 0Hh} @h
Q1x02 lQ |
so Sp¢ S[SM]f - Spg. Note that I'.(1,0) works the same way, except we bound Sp¢ by [M S]f - Spg,
and the remaining two paraproducts follow by duality. (Il

6B. Little bmo paraproducts. Next, we have the six paraproducts associated with little bmo. We denote
these by the small Greek letters corresponding to the previous paraproducts, and index them based on
the Haar functions acting on b —in this case, separating out the b function will yield one of the square

]lQl >e
he @ he
< 0% Q2

functions Sp, in one of the variables:

Tonf =Y < h, ®10

2|

01x02 >
r Q
Ty f = Z<bh >f )|Q1|®hQ2’
01x0»
e\ > e
Tp- = Q h? he QhS
wa0f < 1011 I e ® 10, 0:
01x0»
* HQz
.0 f = <b h62 > ,
Ty |01 | | Q2]
8 8 *
Voo f = < hg ®; |> 07 Whgglf '®hG, =Yy

01x0>

ILQl $ P € er+68 *
Yo:1.00f = <b h2>f(Q X 0F)——==h, ®h5, " =vpa.0f
(1,0 QIXX:Q 101 0> 2 \/@ (] b;(1,0)

Proposition 6.2. If v := u'/PA=V? for A,,([R{ﬁ) weights u and A, and py denotes any one of the six
paraproducts defined above, then

lIps = L (w) = LP ) S [18llbmog v)

where ||b|lbmop(v) denotes the norm of b in the dyadic weighted little bmop (v) space on R"
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Proof. The proof strategy is the same as that of the product BMO paraproducts, with the modification that
we use one of the Sp, square functions and Corollary 4.4. For instance, in the case of 7. 1) we write

. 1
(Tho.n f.8) = (b.§), wheredp:= > (HF f)0,8(Qf XQZZ)hEél@ﬁ-
01x02

S | 2 < 1 | QZ( 2))( A €] € ZlQZ(XZ))lQl(xl)
) 5% ; LA NTN Zz 8@ =0 ) o
MZ H QZ(X2)>< 5(0°¢ 2 1o, (x1) le(XZ))

(Z bGP E T eer < 0P g e o]

=[MSPf - Spe,

Then

and so

(7h:0,1) /5 @)1 S NBllbmon ) 15D, @Il 21wy S B llbmon ) | f ey 1811 Lo iy -

The proof for 7. (1,0) is symmetrical —we take Sp,¢, which will be bounded by [SM]f - Spg. The
adjoint paraproducts 7. ©.1) and 71;;(1’0) follow again by duality. Finally, for y;.(0,1),

2 : P nE e+5 I[Qz
— 1 1 1 h

from which it easily follows that Sp, ¢ < Sp f - Spg. The proof for yj.(1,0) is symmetrical. (I

7. Commutators with Journé operators

7A. Definition of Journé operators. We begin with the definition of biparameter Calderén—Zygmund
operators, or Journé operators, on R = R" ® R"2, as outlined in [Martikainen 2012]. As shown later in
[Grau de la Herrdn 2016], these conditions are equivalent to the original definition of [Journé 1985].

I. Structural assumptions: Given f = f1 ® f> and g = g1 ® g2, where f;, g; : R" — C satisfy spt(f;) N
spt(g;) = @ for i =1, 2, we assume the kernel representation

(Tf.g) = / | K@ rosedsay.

The kernel K : R x R” \{(x,y) € R x R" :x1 =Yy or xp = yo} — C is assumed to satisfy:

(1) Size condition:
1

IK(x,y)|<C )
[x1 — y1|™ |x2 — ya|™2

(2) Holder conditions:

(@) If [y1 — yj| < 3lx1 — yi] and |y2 — y5| < 3|x2 — y2l, then
ly) — ly2 — y51°
lx1 — y1 | |xp — yo|r2td”

<
—_
S

|K(x,y)— K@, 51, ¥5) — K(x, (5, y2)) + K(x,y)| < C
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(b) If |x; — x| < %lx1 — y1| and |x5 — x| < 3[x2 — |, then

lxp —xi1% |xp — x50

/ / /
K (x, y) = K ((x1,x5), y) = K((x1, %), ) + K (', )| < € TSy —r—

(©) If [y; — y;| < Slx1 — yil and |xa — x5| < $]x2 — y2|, then

i =il Jxo —xh)°

/ / / !/
|K(xv Y)_K((xl’xz), y) _K(xv (y]v YZ))+K((xlax2)» (y]v y2))| S C|x1 _y1|l’ll+8 |x2_y2|n2+8

(d) If [x; —x}| < 2]x1 — y1] and [y2 — y}| < 3|x2 — y»|, then
i —x(> Iy =yl

/ / / /
|K (x, ) = K (x, (1, ¥5)) = K ((x1, x2), y) + K ((x1, x2), (01, )| < C [ [y — ol

(3) Mixed size and Holder conditions:
(a) If |x; — x| < 3|x1 — y1l, then
v —xil° I

X1 — yiMF8 |xp — yo|m2

K (x,y) = K((x1,%2), )| = C

(b) If [y1 — y;| < 3|x1 — 1], then

)
Iyt — il 1
lx1 — y1 "M+ |xp — yo |

|K (x, y) — K (x, (], )| <C

(©) If [x — x}| < 3|x2 — 2|, then

8
1 [ — x5

1K (x, y) — K((x1,x}), y)| < C .
2 X1 — y1|m1 |xg — yo|n2td

(d) If [y — ¥5| < %|x2 — y2|, then

1 ly2 — ¥51°

|K(x,y)— K(x, (y1, )| <C .
2 X1 — y1]m1 Jxg — yo|m2t?

(4) Calder6n—Zygmund structure in R"' and R"? separately: If f = f; ® f> and g = g1 ® g with
spt(f1) Nspt(g1) = &, we assume the kernel representation

rhie)= [ [ Kt AG0a e dndn,

where the kernel K, o, : R"' x R"'\ {(x1, y1) € R"' x R" : x; = y;} satisfies the size condition

|K s (xl,YI)|§C(f2,gZ)—,
f2.8 e — vy |

and Holder conditions:
1
(@) If |x; — x{| < 5|x1 — y1l, then
lx1 —x;[°

/
IK f, 0, (X1, y1) — K, 6, (X1, yDI| < C(f2, gz)m-
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(b) If |y1 = y{I < glx1 — yi, then

Iy = yil°

!/

IKf, 0, (x1, Y1) — K g g, (x1, yDI = C(f2, gz)m-

We only assume the above representation and a certain control over C( f,, g2) in the diagonal; that is,
C(lg,, 19,)+C(lg,,ug,) +Clug,, 1g,) = C| Q1|

for all cubes O, C R"? and all “Q»>-adapted zero-mean” functions u g, —that is, spt(up,) C Qo,
lug,| <1, and [ug, = 0. We assume the symmetrical representation with kernel K , ,, in the case

spt(f2) Nspt(g2) = .

II. Boundedness and cancellation assumptions:

(1) Assume T'1, T*1, T1(1) and T;*(1) are in product BMO(Rﬁ), where T is the partial adjoint of 7,
defined by
(T (/1® f2), 81 ®g2) =(T (g1 ® f2), /1 ® &2)-

(2) Assume
KT (Lo, ® 1g,), 19, ®1g,)| = C|Q1]]Q2|

for all cubes Q; C R"™ (weak boundedness).

(3) Diagonal BMO conditions: for all cubes Q; C R" and all zero-mean functions ag, and by, that are
Q- and Q;-adapted, respectively, assume:

T(ag, ® 1g,), Lo, ® 19,)| = C|Q1]1Q2], KT(lg, ® 1g,),ap, ® Lg,)|< C|Q1]Q2l,
KT (1o, ®bg,), Lo, ®1g,)| = C|Q111Q2], KT (1o, ®1g,), Lo, ®bg,)|< ClO1]|Qal.

7B. Biparameter dyadic shifts and Martikainen’s representation theorem. Given dyadic rectangles
D =D; x D, and pairs of nonnegative integers i = (i1, i) and j = (i1, j»), a (cancellative) biparameter
dyadic shift is an operator of the form

Sfle = Z Z Z AP QR P,02R, fA(PIEl X PZQ) hgl ®h6Q22’ (7-1)

Rie€Dy Pie(R1)i; Q1€(R1)
R2€D2 Pre(Ry)iy Q26(R)jy

where

VIPIIQU VIR Q2] _ e p2)ir4in) y(=na/2) i)
|Ri| |Ra|

lap, 0,k P,0sR, | <

We suppress for now the signatures of the Haar functions, and assume summation over them is understood.
We use the simplified notation

.

rdird ;’j n
S5 f = Z apor f(P1x P)hg, ®hy,
R.P.Q

for the summation above.
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First note that

Lo,
SHEBNH= 3 D ( 2 anoimposr f (P x 2)) 10170

RixRy Q1€(R1)j; “Pire(Ry);,
026(R2)j, Pre(Ra)i,

< p—milittjp—maliatj) (S;;f)Z

where S;’)j is the shifted biparameter square function in (3-1). Then, by (3-2),
185 £ ey S 20PN 2ERDEED S £y S I F e (7-2)

for all w € A, (R").
Next, we state Martikainen’s representation theorem [2012]:

Theorem 7.1 (Martikainen). For a biparameter singular integral operator T as defined in Section 7A,
for some biparameter shifts S;’Dj it holds that

(Tf,g)=Crky, Ey, Z 2= max(i1,j])8/22—max(iz,j2)8/2<$%/f, 2),
f,feli
where noncancellative shifts may only appear if (i1, j1) = (0, 0) or (i, j2) = (0, 0).

In light of this theorem, in order to prove Theorem 1.1, it suffices to prove the two-weight bound
for commutators [b, Sp] with the dyadic shifts, with the requirements that the bounds be independent
of the choice of D and that they depend on i and ; at most polynomially. We first look at the case of
cancellative shifts, and then treat the noncancellative case in Section 7D.

7C. Cancellative case.
Theorem 7.2. Let D =D x D, be dyadtc rectangles in R = R" QR"™ and S be a cancellative dyadic
shift as defined in (7-1). If u, A € A,,([R ), l<p<oo,andv = I/PA 1P then
106, 851 L2 () — LP G| S ((1 +max(iy, j) (1 +max(iz, j2))) 15llbmop -
where ||b|lbmop (v) denotes the norm of b in the dyadic weighted little bmo(v) space on R

Proof. We may express the product of two functions b and f on R” as

bf =) Pof+ ) pof +Tlsb,

where P, runs through the nine paraproducts associated with BMOp(v) in Section 6A, and py, runs
through the six paraproducts associated with bmop (V) in Section 6B. Then

0. SF1f =D [Po.SH1f + D [po. S5 1f +R; ;.
where .
- - = 77 — l"]
Ri,jf = Hngb SD Hfb.
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From the two-weight inequalities for the paraproducts in Propositions 6.1 and 6.2, and the one-weight
inequality for the shifts in (7-2),

HZ [Po. S5 1+ Y [po. 855 1: L7 (1) — LP() ” S 15 lbmop (-
so we are left with bounding the remainder term R;. 7 We claim that
IR; 7+ L7 (w) = LY S (1 +max(y, j1)) (1 +max(iz, j2)) 18 lbmop )

from which the result follows.
A straightforward calculation shows that

;7‘7
Riif = Y. aporf(Pix P2)((b)g,x0, — (b) pixp)hg, ®hog,.
R,P,Q

We write this as a sum R; 7 f = Rll H f+ R% H f by splitting the term in parentheses as

(b)o,x0, — (b)Y pxP, = (D) 0,0, — (D)R xRy) + ({D) Ry xRy, — (D) P, x P,)-

For the first term, we may apply the biparameter version of (2-2), where we keep in mind that R} = Q(J )
and R, = Q(”).

) o1x 0~ D rixrs = D DO x QY ) o (@) 1 (Q2)

I<ki<ji
I<ka<j>

+ Z <b h <k1)®|R |> <k1>(Q1)+ Z < R, |®h <kz>> Q;kz)(Qz)-

1<ki<ji I<k2<j>

Then, we may write the operator Rq - as

Ri:f = Z A f+ > B+ Y BLYf (7-3)
1<k1<i 1<ki<ji 1<k2<jn
I1<k2<j>
where
i
Aviaf = ) aporf(Pix POBQY x 0§ jun Q0 i (Q2)ho, @ ho,.
R,P,Q

ij
Blﬁ?,l)f = Z aPQRf(Pl X P2)<b h ot ® —

>h (kl)(Ql)th ®hQ27
R.P Q

BV f = Z aporf (P x P2)<

—L®h <k2>>h ) (Q2)hg, ® hg,.
R,P,0O

[Ri|
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We show that these operators satisfy
Ak &, o LP () = LY S 1bllBMOp vy for all ky, ks,
1B s LP () = LPO)N S Ibllomopy  for all &y,
1B LP () — LY S I1bllbmop ) for all k.
Going back to the decomposition in (7-3), these inequalities will give
IIR%,; D LP(w) = LPMII < Gz + 1+ j2) 1B llbmop (v) -
A symmetrical proof for the term R% H coming from ({(b)g,xr, — (b) p,x p,) Will show that
IR? -2 LP () = LP WIS Griz + i1 +i2) [Bllbmon ).
Putting these estimates together, we obtain the desired result
IR; 5 : LP () — LP )l
S (r+iz+iiz+ i+ 2+ 172D 1bllbmop ey S (1+max (@, ji) (1 +max(iz, j2)15llbmop (v)-

Note that we are allowed to have one of the situations (i1, i) = (0, 0) or (i, j») = (0, 0) — but not both —
and then either the term ng; for R%; f, respectively, will vanish.

Let us now look at the estimate for Ay, ,. Taking again fe L¥() and g € Lpl()\/), we write (Ag, k, f, 8) =
(b, ¢), where

i,J
o= D arorf(Pix POy (Qh 50 (Q2)8(Q1 X Q2)h e ® h iy
R.P,Q
= Z Z Z f(Pr x P2)< Z apor8(Qi x Q2)hN1(Q1)hN2(Q2))hN1®th-
Ri xRy Pre(R1)i; Ni€(R1)j; -k Q1N
Pre(R2)iy N2€(R2) j—ky 026(N2)i,
Then
. L1 Viyely
SPPS Y ( Yo 1f(Pix Pyl Y lapgrll2(Q1 x Q2] ) -
NiXN2 S py eyt 01e(Ny, VINIVIN - INH NG|
Pre(N;27?y, Qre(hay
<2—n1(i1+j])2—n2(i2+j2) Z Z |f(P P )|2n|k|/22n2k2/2<| |> )2 ]lNl ®]1N2
~ 1 X 73 SUNIxNo ) o v 1
N ) IN N,
N2 e,

(p—k)
Pe(N,2 %),

2
L L ~ 1 1
S o~ —k1)2—n2(12+12—k2)(MSg)2 E ( E | £ (P x P2)|) E M

IN1|N2|
RixRy “Pre(R); Nie(R1) jy—ky
Pre(Ry)i, N2€(R2) jy—ky

— 2—n1(i1+j1—k1)2—n2(i2+j2—k2) (Msg)Z(S%qi2)a(jl_klsj2_k2) f)Z
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where the last operator is the shifted square function in (3-1). Then, from (3-2),

Ak, o L () — L)l
S blBMon ) ISDP Il L1 (1)
—k —k
< ”b”BMOD(v)z( n1/2)(i1+j1 k1)2( na/2)(ix+j2— kz)”MSg”Lp (A)”SO] 22), (j1—k1, ja— 2)f”L”(pL)

S ||b||BMOD(v) ”g”Lﬂ/()J) ”f”Ll’(p,)-

Finally, we look at B,E?’l), with the proof for B,Ezl’o) being symmetrical. We write again B,E?’l) f,g) =

(b, ¢), where

i.j
= Z aporf (P x P)h <k1)(Q1)g(Q1 x Q2)h ot ® |R |
R.P.Q

Then

o , e s :H-N ]]-R 2
Sp, f 2Tzt N ‘(Z PBRIGRINIDY <|HQ2g|>N]2"lkl/2|R;|)

R €Dy RyeDs Pre(Ry)y 02€(Ry) j,
Ni€(R) j Pre(Ra)iy

and the summation above is bounded by

( 2 |]1_N (Z 'f(P‘XP”'Yﬁ;Z)(

Nil
RieD; R2eDy “Pie(Ry);

Nie(RY) j -k P2e(Ry)iy

)

Z( > Mp( ng))

RyeDy ~02€(R)j,

which is exactly
(S%lalz)v(]l_klvo) f)Z([MS]]Q,Og)Z

From (3-2) and (3-3), we obtain exactly ||Sp, @l 1) S I f e g1l 1+ (3> and the proof is complete. [
7D. The noncancellative case. Following the proof in [Martikainen 2012], we are left with three types
of terms to consider, all of paraproduct type,
« the full standard paraproduct, I, and IT?,
o the full mixed paraproducts, I, 1) and I, (1,0,
where, in each case, a is some fixed function in unweighted product BMO(Rﬁ), with ||a|lgmomwiy < 1, and
e the partial paraproducts, defined for every i1, j; > 0 as

1g,

11] . .
p'f= D D noim (RSP x RDNg, X o,

Ri€Dy Pre(R);
R2€D2 91e(Ry);,

where, for every fixed P;, Q1, Ry, we have ap, g, r, (x2) is a BMO(R") function with

VIPUIVIQU _ oo

lap, o,k lIBMO®R™) <
[R1]



WEIGHTED LITTLE BMO AND TWO-WEIGHT INEQUALITIES FOR JOURNE COMMUTATORS 1727

and

apoum (R = (ap, o0k, 12 e = / apoum () (x2) .
R2
The symmetrical partial paraproduct SS%jz is defined analogously.

We treat each case separately.

TD1. The full standard paraproduct. In this case, we are looking at the commutator [b, I1,], where

Mof =Y a(R)(f)rhr,
ReD

and a € BMOD(Rﬁ) with [la|lgmop @iy < 1. We prove that:
Theorem 7.3. Let i, A € A,,([R?ﬁ), l<p<ooandv:= ,ul/p)n_l/p. Then

b, Ta] - L7 () = LYW S llallgmop @iy 1 lbmon v)-
Proof. We remark first that
Ma(bf) =Y a(R)(bf)rhg and Tin,sb= Y a(R)(b)r{f)rhr,

ReD ReD
SO

Mu(bf) —TMn, b =Y a(R)((bf)x — (B)&{SIr)IR

ReD

=TI, (Z Pof +Z Pbf + Hfb) — I, b,

where the last equality was obtained by simply expanding bf into paraproducts. Then

M, b= Mpb =Y TPof+ Y Mappf — Y a(R)((bf)r — (B)r(f)r)hr-
ReD
Noting that

(b, Ta1f = Pollaf + ) pollaf =Y TaPof — Y Tapsf + M, b — M, Ty,
we obtain

[, T1f =) Pollaf + ) pollaf — Y a(R)((bf )& — (bYR(f)R)hR-
ReD
The first terms are easily handled:

IPoITa fllLe@y S BlBMOD M) 1T fllLr () S 101IBMOD W) 1@l BMO 5 ) LS 1] 2 1)

IpoTTa fllLr @y S 18 lbmon ) 1T f Il () S 18 1bmon 1) 1@ BMO 5 iy L 11 L ) -

So we are left with the third term.
Now, for any dyadic rectangle R,

1
by = Bl Fa = fR FEOLEGE) — (b)) dx.
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Expressing 1z (b — (b)g) as in (2-5), we obtain

1 A A
(bf)R—(bYR( IR ="—= D b(P1xPy)f(PixPy)

|R| ho,
P,CO»
|R|P1cQ1 |Q | |R|PCQ2 |Q |
Therefore
Y a(R((bf )k — BYRCLIRY R = Aap f + 2y [ 4200 f,
ReD
where

Y b(Pix P f(Prx Pz))hgl ®ho,,

PiCO;
P,CQ»

k(Ol) 5 ( <b,h 1Q2> Lhp @1 )h ®ho,,
/= QIXX:Qza(Q1 Q2)|Q [1 Q2] Pél Py 105 (f P Qz) 01 (&3]

Agpf = a
wfi= ) a0 x Q2)|Q||Q|<

01x02

(1 0)
f = Z a(Q1 x Qy)——— < Z <b ®hp2> £ ]lQl ®hp2)>l’lQl ®hQ2.
) [0 P AN

To analyze the term A, we write (A, b f, g8) = (b, ¢), where

¢= ) f(p XP2)< Y @01 x 02)8(01 x Q) ——— )hm@hpz
ot e 10 IIQ |
020P,
=Zf(R>( > a(T)g(T)7>hR
ReD TeD,TOR | |

S0 [{Aas f. &)1 S IblBMOp o) S0Pl 11 (1): and
A 21 R 29
S%¢=Z|f<R>|2< > a<T>g<T>7) 7R<Z|f<R>|2< > AT >7> X
ReD TeD,TDOR | | | | ReD TeD,TOR | | | |

where a; :=) p.p l@(R)|hg and g :=)_ g p |§(R)|h g are martingale transforms which do not increase
either the BMO norm of a, or the L’ (A") norm of g. Now note that

. . 1
(T} gelr= Y _ af<T>gf<T)ﬁ +) e (1)ge(T)
TCR TOR
and since all the Haar coefficients of a; and g; are nonnegative, we may write

> 3 (T)2e (T) = < (IT: g}

TSR 7
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Then
N 1r
Spo < > I (RIKITE g)k— < (MsTT, g0) 5% .

ReD |R|
and

1SDBIl L1y < IMSTIE gell L o 1SS Loy
SITLE gell oo 1 F 2o

S laz llsmop @iy 187 L Lo oy | F L oy

which gives us the desired estimate

[Aap: L (1) = LP Q) S llallgmop @iy 1011BMOD 1) -

Finally, we analyze the term Agob ), with the last term being symmetrical. We have A(O D f,g)=1(b, 9)
with
1 . . 1 1p
¢=Z<Z<f,hm®ﬂp2>— > 401 x P)2(Q1 x Py)—— 2>hp1,
P Py el 01DP 011 | P2

0,1
and |2 £, )1 S 16 lbmop ) 1S5, @1l 11 ()- Now

) ) 1\ 1p\ 1p
Sz H T Py)g. - l’
Dl¢52(2<| P1f|>Pz( Z a:(Q1 x P2)g: (02 x 2)_|Q1|)|P2|) Py

Py P Q1DP;

where we are using the same martingale transforms as above. Note that

. 1p, 1p,(x2) 101N Py
I1 R — = T P T P
<“fg |P1|>Rn1(x2) ; 1P| Z“ (P8O P 15 T

and again since all terms are nonnegative:

1 ﬂpz(xz)>2]1p] (x1)

SD1¢ < ZMDZ(lef)(Xz)< Z Zat(Ql X PZ)gr(Ql )|Q1| |P2| |P1|

010h P,

1p Tp (x1)
M2 (H g, —- !
S; 2 Plf)(”)« a8 |P1|>Rnl(x2)) I

P1 (x1)

< (Mp, (I} g:)(x1, X)) ZM%h(lef)( 2)

= (Mp, (TT;,_g-)(x1, x2))? ([SM f(x1, x2))*.
Then

15D, @l L1y S TG g ll Lo oy ILSMf Il ey S Nlallgmon @iy 181 Lo ooy I1F Il Lr s

and so

0,1
1205 L2 () — L 001l S llallemop o) 18 lbmon - O
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TD2. The full mixed paraproduct. We are now dealing with [b, I1,.(0.1)], where

1p \1p
Mo f = Y a(Prx P2)<f hp ® —2 >—‘®hp2.
P1><P2

Theorem 7.4. Let j1, A € A,(R"), 1 < p <00 and v:=p'/PA=VP. Then
B, Ta; 0,01 L7 (1) = LY S lallgmop @i 12 lbmon ) -

Note that the case [b, I1,.(1,0)] follows symmetrically.

Proof. By the standard considerations, we only need to bound the remainder term
©,1) .
Rap J =M, rb — Ma; 01 Isb.

Explicitly, these terms are

M, b= Y a(Pf' x P€2)<

P x P

1p
P1 | P, |>< Z (b)lepzh‘Bl(P1)h6Q‘1(x1))hj§2(x2),

012P
1p (Xl)
| P

Mao.nTpb= Y a(Py xP;)( D P X QF)(b) b0, ( 2)) ® h (x2).

P x Py 022P,

Consider now a third term

. Ip\ 1p

T := Z a(Pfl XP2€2)<b>P1><P2<f9 ®|P2|>|Pl|®h€ﬁz
2

P1><P2

Using the one-parameter formula

Ip(x1)

= > by (PORY, (x1),

012P
we write T as

]l
T= ) aPy' x P€2)<f he @ —2 >< > <b>plszhSQ‘l(Pl)h‘gl(xl))hz(xz),

Pyx P |72
1 X Py 012P

allowing us to combine this term with Ip,.,, 7 b:
Mn,. o, 0—T= Z a(PG‘xP€2)<f hP1®|p |>( Z( )01xP,— )PleZ)hi)'l(P1)h21(x1))hj§2(x2).
PixPy 012P
Using (2-2), we have
1p
<b>Q1><P2_<b>Pl><P2=_ Z < ’ 21 |P|>hfl (Pl)’

Ri:PICRICO

and then the term in parentheses above becomes

T1 HPZ T] 5| 51
-y > b,th®|P2| hy (P) )y (PORY (x1). (7-4)

012P1 "Ri:PICRICOy
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Next, we analyze this term depending on the relationship between R; and Q;:
Case 1: Ry € Q. Then we may rewrite the sum as

1
o - 5 o 5

Ri2P Qi12R — Ri2P
=hg, (R1)

This then leads to
R ]lp ]l ]lR (.X])
a(PEle€2)<,h€1® 2>( <b,h“® >h”(P) ' )h”(x)
2 AP PN O R; BRI R R )R

P1><P2
Lp . R (x1)
= b,hy ® 2>( a(P61><P€2)<f,hE1 >h”( )) ®hZ (x2)
Z< B Py PI;I R T Rl P

R1><P2
Tp. Tg, (x1)

= Z <b, R, ®|T22|><Ha;(0,l)fv hg ®h%) |}31| ®hp, (x2)

R]XP2
:”;;(O,I)Ha;(O,l)f-

Case 2a: Ry = Q1 and 11 # §;. Then (7-4) becomes
1 11+51
- (P )h (1),
2 < |Pz|>\/_|Q1 o

012P

which leads to

7| 1 1 61 €
ot 2 mion 5 i<l

O01x P P1C 0

T1+31
”1 |P|> P

1
— b b3 ® P2>< a0 f, h””‘ ®h€2>—/—h61 (x1) ® hip, (x2)
QIXX;< i “

= V.0, a;0,1) f-
Case 2b: Ry = Q; and 71 = §;. Then (7-4) becomes

Ip,\ 1
b h) ® 2>—h1,
Z< QP10 @

012P

which gives rise to the term

1
T(O l)f — Z <b,h81 >h51 ( )]’l (XZ)_ Z &(Plél % P2€2)<f’ hi)ll ® Py >
P 1P 011 P
1X P C0i

We have proved that

0,1
M, 00 =T = =701 Da:0.0 f = Vo000 a0 f — Ta(,b 'f.



1732 IRINA HOLMES, STEFANIE PETERMICHL AND BRETT D. WICK

Expressing T instead as
T = Z a(P€1 X Pez)( Z f(P€1 X Q22)< >P1><P2 Qz(PZ)) |P | 62 3
Py x Py 022P
we are able to pair it with Iy, 1)I17b. Then, a similar analysis yields

,0
T — g 0,01l = Ta;0,10)76;1,0) f + Ha; 0,0 ¥p:0,00 f + T( 1,
where

1 N
10 e 3 e 0 i (3 (b ) 00 )
= I AN 1021
Then

0,1) (1,0) (0 1)
Rap f=Ta00750,0 f +a;00V5:0,0 f =75 0.0 Mas00 f —VeonTDaon f+ T, =T, f

It is now obvious that the first four terms are bounded as desired and it remains to bound the terms 7, j.

We look at T;S;l), for which we can write T(0 D 18 ¢), where
1 1 1
¢= D &0 x Q)—( > apy xP§2)<f, " ® —> >)h‘21® <3
OP, 1911\, | P | P2

0,1
Then [(7.';" £, &) < 1Bllbmon () 15D, 11 L1 1)» and

R . 1p, \\ 1p,(x2) \* 1o, (x1)
S2 — 81 62 ( PE] P€2 < ) héz Py >> P ) Ql .
o ;(;g@] g 2 AP < EONLIE S ) ) o

PICO

Now,

€ € :H‘PQ | PN Q1]
a h: P! x Py’ .
< ot i B > 2 A )<f |P2I>|P1||Q1|

. _ €1,€2 A €] €2
Define the martingale transform a +— a, =) Pixp, TP, P2a(Pl x P,?), where

€1,€ _{l+1 1f<f,h;;l®]]-P2/|P2|>ZO,

P, Py —1 otherwise.

Note that, while this transform does depend on f, in the end it will not matter, as this will be absorbed
into the product BMO norm of a;. Then we have

1 . Lp Ig
- a(PGI x P62)<f, hE' ®_Z>‘ < <H ,;(0,1)f, _1®hez >
101 P% AT T Ry ’ 101~

Returning to the square function estimate, we now have

> 1 1
Sh$ <) < 807 x PO 1|3P< |z))(Z<|H;;nar;(o,l)f|>2Q,an(xl) Tij”) lQlQ(1X|1)
01 P P,

Pz( x2)

=< Spg(z M3, (HE g, 0.1).f) (x1) ) = Spe(IMSIy, 0.1 1)
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Finally,

1500l L1y = I1SDEI Lo oy ITM STz 0,1) f | e )

Sgller gy Magon fllere S lallsyop iyl e I8l g

Sl lgygo.p i I /170
showing that
17,5 LP () = LYW S llallpyop @i 12 lbmos 0)-
The estimate for 7, ;” follows similarly. O
7D3. The partial paraproducts. We work with

1g,

S5 = Y anow (RDF X PG @ .

Ri xRy Pre(Ry);
01€(R),

where iy, j; are nonnegative integers, and for every Pj, Q1, Ry,
ap,0,r,(x2) € BMO(R™)  with ||ap, o, r, lBMowr) < 2071/201+D),
Theorem 7.5. Let i, A € AP(RH), l<p<ooandv:= w'/Pp=1P Then
1B, 85712 L7 (1) > L2 S 1bllmon 0)-
First we need the one-weight bound for the partial paraproducts:

Proposition 7.6. For any w € A,(R"), 1 < p < oo,
IS5 LP(w) — LP(w)|| S 1. (7-5)

Proof. Let f € L”(w) and g € L”' (w'), and we will show that [($757 £, &)1 < 1| fllr(uw) €1l . (ur)- First,

ISH Ll <dY > Harowr. ¢roir e

Ry Pie(Ry),
01€(R1)j,
<Y > largr lemom) 1Sp.6p, 0,k Il e
Ry Pie(Ry)i;
Q1€(R1)j,
DGt
S 2( Yll/ )(ll"f‘]l) Z Z ||S'D2¢P1Q1R1 ”Ll(an),
Ry Pie(Ry)i;
Q1€(R1)j,
where for every Py, Q1, Ry,
. F g,
¢P1Q1R1(x2) = Zf(Pl X RZ) g’ th ® @ hRQ(XZ)'
Ry
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Now,
1g,(x2)
S2.¢poir = Y |Hp, F(R)*(IHg, gk, |22| < (Mp,Hg,8)*(x2)(Sp,Hp, f)*(x2),
Ry
SO
D7) ISl
Ry Pre(Ry)i
Q1€(R1)j,
<Y X[ (Mo o\ S, k) da
Ri Pie(Ry)i
Qi1€(R)j,
Tg, (x1)
Y. Y. (Mp,Hgg)x2)(Sp,Hp, [)(x2) R x1dn
R2JRY Ry Pre(R),
Q1€(R1)j,
21g, (D)) 21g, () )2
< (D2 D2 SpHp f(x) R Z > Mp,Hg,g(xs) R @
"NR PR, R “0ie(R);, !

= / [SSp, 110 f - [SMp, 1/ Ogw!/Pw™1/P dx.
R;‘

Then, from the estimates in (3-3),

IS £ &)l <20 POFINS S 10 Loy TS M, 18 o

< (= n1/2)(”+]1)2(n111/2)”f”Ll’(w)z(HUl/Z)||g||L17’(w/)v

and the result follows. O

Proof of Theorem 7.5. In light of (7-5), we only need to bound the remainder term
R f o= Mgn b= S5/ Tsb.

The proof is somewhat similar to that of the full mixed paraproducts, in that we combine each of these
terms

~ A 8 8 )
s b= D amor (RS (P ><R§2)( > <b>Q1xgzhéz(Rz)th(xz))hQ:(xl),
Ri xRy Pre(Ry)i 022R,
Q1€(R),

S%jlnfb = Z Z &P1Q1R1(R§2)f(P1€I X RZZ)(MPIXRZ]/LSQ]I(XI) ®
RixRy Pie(R1);
Q1€(R1)j,

1g,(x2)
|R>|

’

with a third term

Ti= 3 Y anow (RO FPE x R (b)oyxmhly, @
RixRy Pie(Ry);
Q1€(R1)j,

|Ry|
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As before, expanding the indicator function in 7" into its Haar series, we may combine 7" with ITg, ., fb:
D

N A $
Mgun,b=T= ), Y anor(RH)F (P x R)Ty(x)hg, (x1).
RixRy Pie(RD);;
01€(R1)j,

where 5 5
Ty(x2)= Y ((b)oixos — (B)oixp )R, (RDRG, (x2)
022R,

1
=3 < > <b |QQl| RhY >h’2 (R2)>h5Q22(R2)h‘SQ22 (x2).
022Ry "PyRyCP,COo
We analyze this term depending on the relationship of P, with Q5.
Case 1: P, C Q5. Then

1o 1
Ty(x) = Y <b 0 |®h’2>h’2 (R) T;ff),

P,DORy

which gives the operator

1o 1 -
Z<b 10, " > ) TZ(xf)( > X &PlQlRl(RSZ)H;]If(R;Z)h?z(RZ))

01X Py P1€(Q(1j1)),'l Ry,CPs
1p,(x2)
- Z<b 01l Tz>hf'( D= 2 (Mg, D B e
Q1xP, P, G(Q(”)),l
:n;;(l,O)Fv
where
s
F _Z( Z HPQR H;:f)(XZ))hQII(Xl)
(01 Ple(Qim)l
Now

175 1.0y F ey S 11D llbmop ) | Fll L ).
so we are done if we can show that

IE ey SN NLr- (7-6)
Take g € L” (/). Then

8
{F. 8) |<Z Z aP]QR ;’:f)’HQllg)R"”‘
& Ple(Q(“)),]
Notice that we may write

)
<HZP|Q1R1 (H;’if)’ HQ11g>R"2 = (ar,giRy» BP0 R )R,
where

$p0ir (¥2) = Y Hy f(RY)(Hp, ) o5, (x2).
Ry
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Then
I(F, 8>|<Z Z llap, o, rlIBMO®R™2) | SD,@P 01 R I L1 @2)
21 peoi,
5 Lg,(x2)\"?
I f( > HG F R (HY, 8, |3e|> dxs
Ry Pie(Ry);, 2
01€(R1)j,
(=1 /2140 e Le, (x1)
<2 D> (Mp,HJ &) (x2)(Sp, H) f)(x2) R
R Ry PreR);,
Q1€(R1)j,

The integral above is bounded by

[(5(, 2 comme) 52) (2

Pre(Ry)i;

3 S H f)x )) ’f'(lxll))

Pre(Ry)i;

([SSp, 10 F)(ISMp, 1 08) dx < [SSp, 1" f Il e IISMp, 108l L )
Rn

S20PGEN N g llgl ey by (3-3).
The desired estimate in (7-6) is now proved.
Case 2a: P, = O, and 1 # §,. Then

1o 1 s s
Ty(x)= ) <b ®h32> hg 2 (Ro)K, (x2),
EeyARIal V102

giving rise to the operator
1o 1
o e 5 050 e
. 101 o 03]

1% Q2 Pre@\);,
which is handled as in the previous case.
Case 2b: P, = Q5 and 7, = ;. In this case, Tp(x7) gives rise to the operator

1 R —
=) <b 0 —=L @hy >h51 2 S apo.r (RS H} f(RSY).

Qix Q2 Ple(QY”),-1 19 o,

Now define

=X X, )i 0

Q1 “peoMy,
just as we defined F before, except now to every function ap, g, g, we apply the martingale transform

+1 i HY F(RS) =0,

T _ € A € € —
AP QR > Ap o\R = Z TRAPIQI R (R2 )hR2’ where TR { 1 otherwise

R>
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Since this does not increase the BMO(R"?) norms of the ap, g, g, functions, the estimate (7-6) still holds:

”FTHLP(M SJ ”f”LP(p,)-
Moreover, note that

) Ry N Q5]
. e B T € 6 62
(TG o, )02 = D 5 0, (R H, f(RS) o=
Ry >0
and that
1o P 8 8
nb;(l,O)Fr = Z <b |Q 1| ®th > Z <HZ;1Q1R1 :f)>Q2h ) hQ22
Q1x0> P E(Q(”))”
Then
/ ]1Q1 82 ? € R Ql ]le
SpT'= ), \big i ® > |Q| Y laroum (RS Hj (R 1) 0117 10,]
Q1% 0 @y, o RC: 2
:[]-Ql 5 2 6 ]lQl ]]‘QZ
= <b’@® 2 > (@ 0, Hr )0 |Q1|®|Q2|
01x0> Pre("y;,

= S5 (7p:(1.0) Fr).

Finally, this gives us

IT Ly = NSDT N2ey < 18D (1.0) Fe ey = 176:1.0) Fellr oy S 10 llbmon ) | Fe ll e )
S 1B llbmon ) L f e () -
This proves that Hgil.jlfb— T obeys the desired bound, and the case 7' — S%jl I1;b is handled similarly. ]
D

7E. Proof of Theorem 1.4. Having now proved all the one-weight inequalities for dyadic shifts, we may
conclude that

1S5 2 LP(w) — LP(w)] <1

forallwe A p([Rﬁ). For the cancellative shifts, this was proved in (7-2). For the noncancellative shifts,
the first two types are simply paraproducts with symbol [|a||gpo, iy < 1, while the third type, a partial
paraproduct, was proved to be bounded on L?(w) in Proposition 7.6.

Theorem 1.4 now follows trivially from Martikainen’s representation theorem, Theorem 7.1: Take
feLP(w)and g € LP (w’). Then

(Tf.8) < CrEyEyy Y 27 MX(0002pmmax(@ 232G o))
i,jer?

— i1,71)8/2~— i2,)2)8/2
5 ||f||Ll’(w)||g||Lp’(w/) Z 2 max (i, j1)é/ 2 max(iz, j2)8/

i,jer’
1 o gl -
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8. The unweighted case of higher-order Journé commutators

Here is the definition of the BMO spaces which are in between little BMO and product BMO.

Letb:R? — Cwith3=(d1,...,dt). Take a partition Z = {[; : 1 <s <} of {1,2,...,¢} so that
U1<s<11s ={1,2,...,t}. Wesay that b BMOI([R{‘?) if for any choice v = (v;), vy € I5, we have b is
unifo;mly in product BMO in the variables indexed by v;. We call a BMO space of this type a “little
product BMO”. If for any X = (x1, ..., x;) € R? we define X; by removing those variables indexed by vy,
the little product BMO norm becomes

I1bllBMO, = mle{Sglp 16(X5)llBmO |
Xp

where the BMO norm is product BMO in the variables indexed by vj.

In [Ou et al. 2016] it was proved that commutators involving tensor products of Riesz transforms in
L? are a testing class for these BMO spaces:

Theorem 8.1 (Ou, Petermichl and Strouse). Let ] = (1,..., Jy) with 1 < ji < dy and let for each
l<s<l, j®= (JK)kel, be associated a tensor product of Riesz transforms R HO ®kels Ry, j.; here
Ry j, are ji-th Riesz transforms acting on functions defined on the k-th variable. We have the two-sided
estimate

”b”BMOI(RJ) S S‘{P ”[le(l)’ s [R,j(t)a b], .. ']”Lp(Rc?)*)LI’(RJ) S ”b”BMOI([R‘?)‘
J
It was also proved that the estimate self-improves to paraproduct-free Journé commutators in L2, in the

sense T is paraproduct free T(1Q - )=T(- 1) =T*(1® -)=T*(- ®1) =0.

Theorem 8.2 (Ou, Petermichl and Strouse). Let us consider [R{‘z , d= (di,...,dy), with a partition
Z=Us)1<s<1 of {1,...,t}as discussed before. Let b € BMOz(RY) and let T, denote a multiparameter
paraproduct-free Journé operator acting on function defined on Q). I R%. Then we have the estimate

||[Tlv ceey [T}, b], .. ']||L2([RJ)—>L2(R‘7) 5 ”b”BMOI(R‘i)'

This estimate was generalized somewhat in [Ou and Petermichl 2018] in that the paraproduct-free
condition was slightly weakened; the considerations in the present text in combination with arguments
from [Dalenc and Ou 2016; Ou et al. 2016] to pass to the iterated case, readily give us the following full
result, for all Journé operators and all p:

Theorem 8.3. Let us consider [Rig, d= (di,...,ds), with a partition T = (Is)1<s<; of {1,...,t} as
discussed before. Let b € BMO7(R?) and let T, denote a multiparameter Journé operator acting on
functions defined on @), L R%. Then we have the estimate

M7, ..., (1, D], .. -]“Lp(RJ)_)Lp(RJ) S ”b”BMOI(RJ)'
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dx.doi.org/10.2140/apde.2018.11.1741

ESTIMATES FOR EIGENVALUES OF AHARONOV-BOHM OPERATORS
WITH VARYING POLES AND NON-HALF-INTEGER CIRCULATION

LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

We study the behavior of eigenvalues of a magnetic Aharonov—Bohm operator with non-half-integer
circulation and Dirichlet boundary conditions in a planar domain. As the pole is moving in the interior of
the domain, we estimate the rate of the eigenvalue variation in terms of the vanishing order of the limit
eigenfunction at the limit pole. We also provide an accurate blow-up analysis for scaled eigenfunctions
and prove a sharp estimate for their rate of convergence.

1. Introduction and statement of the main results

An infinitely long, thin solenoid perpendicular to the plane (x;,x,) at the point ¢ = (a;,a,) € R?
produces a point-like magnetic field as the radius of the solenoid goes to zero and the magnetic flux
remains constantly equal to « € R\ Z. This magnetic field is a 2w a-multiple of the Dirac delta at a
orthogonal to the plane (x1, x») and is generated by the Aharonov—Bohm vector potential

X2 —dj X1 —dq
(x1 —a1)? + (x3 —a2)?” (x1 —a1)? + (x2 —ay)?
see, e.g., [Adami and Teta 1998; Aharonov and Bohm 1959; Melgaard et al. 2004]. We are interested in
the spectral properties of Schrodinger operators with Aharonov—Bohm vector potentials, i.e., of operators

Aa(x)=oe(— ) x = (x1,x) € R*\ {a};

(V4 A,)% =—A+2id,-V+ |44

Since curl 4, = 0 in R? \ {a}, the magnetic field is concentrated at the pole a. If the circulation « is an
integer number, then the potential 4, can be gauged away by a phase transformation so that the operator
(iV + Ag)? becomes spectrally equivalent to the standard Laplacian. On the other hand, if & ¢ Z, the
vector potential 4, cannot be eliminated by gauge transformations and the spectrum of the operator
is modified by the presence of the magnetic field: this produces the so-called Aharonov—Bohm effect;
i.e., the magnetic potential affects charged quantum particles moving in the region Q2 \ {a}, even if the
magnetic field B, = curl A, is zero there.

The dependence on the pole a of the spectrum of the Schrédinger operator (i V 4+ A,4)? in a bounded
domain €2 was investigated in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél
et al. 2014; Noris et al. 2015; Noris and Terracini 2010] under homogeneous Dirichlet boundary conditions.
In particular, in [Abatangelo and Felli 2015; 2016] sharp asymptotic estimates for eigenvalues were

MSC2010: 35B40, 35B44, 35]10, 3575, 35P15.
Keywords: Aharonov—Bohm operators, Almgren monotonicity formula, spectral theory.
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given in the case of half-integer circulation o € Z + % as the pole a moves towards a fixed point a € Q;
analogous sharp estimates were derived in [Abatangelo et al. 2017] in the case a € 2. We mention that
the continuous dependence of the eigenvalue function on the position of the pole and improved regularity
results under simplicity assumptions were established in [Bonnaillie-Noél et al. 2014; Léna 2015] for
any value of « (in particular also for non-half-integer circulation); on the other hand, to the best of our
knowledge, sharp estimates of the gap of eigenvalues have been investigated only in the case @ € Z+ %; see
[Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015].

The case v € Z+ % studied in the aforementioned papers presents several peculiarities which allow one
to approach the problem with a perspective and a technique that are not completely adaptable to a general

circulation @ € R\ Z. Indeed, if o € Z + %, the problem can be reduced by a gauge transformation to
1
2

phase, with the antisymmetric eigenfunctions of the Laplace—Beltrami operator on the twofold covering
%, the
magnetic eigenfunctions have an odd number of nodal lines ending at the pole a. It has been proved

the case @ = 5 and, in this case, the eigenfunctions of (iV + A4,)? can be identified, up to a complex

manifold of 2; see [Helffer et al. 1999; Noris and Terracini 2010]. As a consequence, if o =

in [Helffer and Hoffmann-Ostenhof 2013] that the corresponding nodal domains are related to optimal
partition problems. We refer to [Bonnaillie-Noél et al. 2009] for related numerical simulations.

The special features characterizing Aharonov—Bohm operators with circulation % played a crucial role
in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017; Bonnaillie-Noél et al. 2014; Noris et al. 2015;
Noris and Terracini 2010]. In particular, in [Noris et al. 2015] local energy estimates for eigenfunctions
near the limit pole are performed by studying an Almgren-type quotient, see [Almgren 1983], which is
estimated using a representation formula by Green’s functions for solutions to the corresponding Laplace
problem on the twofold covering. Moreover, in [Abatangelo and Felli 2015; 2016; Abatangelo et al. 2017]
a limit profile vanishing on the special directions determined by the nodal lines of limit eigenfunctions is
constructed: this allows one to establish a sharp relation between the asymptotics of the eigenvalue function
and the number of nodal lines, which is strongly related to the order of vanishing of the limit eigenfunction.

In this paper we will focus on the case of noninteger and non-half-integer circulation; i.e., we will
assume o € R\ (Z/2). A reduction to the Laplacian on the twofold covering manifold is no longer
available in this case; moreover, magnetic eigenfunctions vanish at the pole a but they do not have nodal
lines ending at a (see Proposition 2.1). The lack of the special features of Aharonov—Bohm operators with
half-integer circulation described above requires alternative methods and produces a less precise estimate.
In particular, in order to estimate the Almgren frequency function, we will give a detailed description of
the behavior of eigenfunctions at the pole and we will study the dependence of the coefficients of their
asymptotic expansion with respect to the moving pole a, see Lemma 2.2.

By gauge invariance, if « € R\ (Z/2) it is not restrictive to assume that

ae(0,1)\{3}. (1-1)

Let @ C R? be a bounded, open and simply connected domain. For every a € Q, we introduce the
functional space H!*4($2, C) as the completion of

{ue H'(Q,C)NC>®(Q, C) : u vanishes in a neighborhood of a}
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with respect to the norm

2 1/2
_ 2 2 u
”u”HL“(Q,C) - (”VMHLZ(Q,(EZ) + ”u”Lz(g,@) + m L@ C)) . (1-2)
The norm (1-2) is equivalent, under condition (1-1), to the norm
. 1/2
(1GY + Aa)ull2 2 c2) + 1112 20 0)

in view of the Hardy-type inequality proved in [Laptev and Weidl 1999], see also [Alziary et al. 2003]
and [Felli et al. 2011, Lemma 3.1 and Remark 3.2],

2
|u(x)| dx. (1-3)
r(a) |X—Cl|2

|16V Anul? dx = (min)j - al)” [
D, (a) J€Z D

which holds for all > 0, @ € R? and u € H'4(D, (a), C). Here we denote by D, (a) the disk of center a
and radius r; we will denote by D, := D, (0) the disk with radius r centered at the origin.

It is also worth mentioning the following formulation of the magnetic Hardy inequality proved in
[Alziary et al. 2003, Lemma 4.1]: for all r; > r, > 0, a € R?, and u € H"%(D,, (a) \ Dy,(a),C),

2
I (1-4)

|(iV+Aa)u|2dxz(minlj—al)zf 2 &
jer Dy, (@\Dry(a) |X —a|

/Drl (a)\DI‘Z (a)

We also consider the space Ho1 (R, C) as the completion of C2°(£2\ {a}, C) with respect to the norm
Il - ||Hul(Q’C), so that

Hé’“(SZ,C):{ueHOI(Q,C): eLZ(SZ,C)}.

|x —al
From classical spectral theory, for every a € €2, the eigenvalue problem

(iV+A)*u=>iu inQ,
E
{uzO on 0€2 (Ea)

admits a diverging sequence of real eigenvalues {A{ }x> with finite multiplicity; in the enumeration
a a a
)‘1 5)\25...5%, <.

we repeat each eigenvalue as many times as its multiplicity. We are interested in the behavior of the
function a — k;’ in a neighborhood of a fixed point a € 2. Up to a translation and a dilation, it is not
restrictive to assume thata = 0 €  and D, C 2.

Let us assume that there exists 779 > 1 such that

Ay, is simple, (1-5)
and define
Ao = )‘20 and A = Ay,
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for any a € Q. In [Léna 2015, Theorem 1.3] it is proved that
if A? is simple, the function @ k;-’ is analytic in a neighborhood of 0. (1-6)

In particular the function a — A, is continuous and, if ¢ — 0, then A, — A¢; see also [Bonnaillie-Noél
et al. 2014]. Let g € Hol’o(Q,C) \ {0} be an L?(Q, C)-normalized eigenfunction of problem (E)
associated to the eigenvalue Ao = A9 o> 1-€., satisfying

(iV+ A0) 0o = Aopo in 2,

©o=20 on 092, (1-7)

Ja lpo()?dx = 1.

From [Felli et al. 2011, Theorem 1.3] (see also Proposition 2.1) it is known that
@o vanishes at 0 with a vanishing order equal to |« — k| for some k € Z, (1-8)

in the sense that there exist k € Z and B € C\ {0} such that
le—k| ekt 1,z
r*T r(cost,sint)) — in C>*([0,2x],C (1-9)
@o(r( )—> B Ners ([0, 27], C)

asr — 0% for any 7 € (0, 1).

Our first result provides an estimate of the rate of convergence of Lo — A4 in terms of the order of
vanishing of ¢( at 0; in particular we have that higher vanishing orders imply faster convergence of
eigenvalues.

Theorem 1.1. Leta € (0,1)\ {%} and Q C R? be a bounded, open and simply connected domain such
that 0 € Q. Let ng € N be such that the ny-th eigenvalue )\20 = Ao of problem (E\) is simple and let
@Yo € HO1 ’O(Q , C) be an associated eigenfunction satisfying (1-7). Let k € 7 be such that |o — k| is the
order of vanishing of ¢o at 0 as in (1-9). For a € 2, let AZO = Aq be the ng-th eigenvalue of problem (Eg).
Then

|ha = ol = O(lal' 2™l a5 ja] — 0,
where | - | denotes the floor function |t| :=max{k € Z : k <t}.

To prove Theorem 1.1, we will study the quotient

Ao —Ag

—|a|2|a—k| (1-10)

as a approaches the origin along a straight line {¢p : ¢ > 0} for any direction
peShi={xeR?:|x|=1}.

We will prove that, for every p € S, the quotient (1-10) is bounded as @ = |a|p — 0. Then (1-6) and the
fact that 2|o — k| is noninteger imply that the Taylor polynomials of the function Ao — A, with center 0
and degree less than or equal to |2|a — k|| vanish, thus yielding the conclusion of Theorem 1.1.
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In the case of half-integer circulation o = % the special nodal structure of the limit problem allows us
to prove instead that the limit

)L() - )»a . )¥0 - )\a

im ————= lm —

a=|a|p—0 |a|2|°‘_k| a=|a|p—0 |Cl|‘1_2k|
is different from 0 along some special directions p corresponding to tangents to the nodal lines of the limit
eigenfunction. As a consequence, the leading term of the Taylor expansion of the eigenvalue variation

Ao — Ag has order exactly |1 — 2k|. That is,
ho—ha = P(a)+o(lal""2*) as|a| — 0T

for some homogeneous polynomial P = 0 of degree |1—2k|; see [Abatangelo and Felli 2015, Theorem 1.2].
In [Abatangelo and Felli 2016, Theorem 2] the exact values of all coefficients of the polynomial P are
determined, proving that P(|a|(cos?,sint)) = Cola|'=2*! cos(|1 — 2k |(t — to)) for some 7o and Cy > 0.
In particular the leading polynomial P is harmonic.

In this paper we will also describe the behavior of the eigenfunctions as @ — 0, proving a blow-up
result for scaled eigenfunctions and giving a sharp rate of the convergence to the limit eigenfunction ¢y.
In order to state these results more precisely, we need to introduce some notation.

For every b = (by,b;) = |b|(cos ¥, sin ) € R?\ {0} with ¥ € [0,27), we define the polar angle
centered at b, 6 : R?\ {b} — [, + 27) as

Op(b 4+ r(cost,sint)) =t forallr >0andz €[V, + 2n), (1-11)
and the function 0(1)’ ‘R2\ {0} — [, 9 + 27) as
Qg(r(cosl,sint)) =¢ forallr > 0and¢ €[, 0+ 2n). (1-12)

We remark that 6y, is discontinuous on the half-line starting at » with slope ¥ = Arg(b), whereas 9(1)’ is
discontinuous on the half-line starting from 0 with the same slope; in particular, the range of 9(1)’ depends
on ¥ = Arg(b). Hence, the difference function 9([)’ — 0, is regular except for the segment

[p:={th:te]0,1]}. (1-13)
Forallae Q,letg, € H(} “4(, C)\{0} be an eigenfunction of problem (E,) associated to the eigenvalue A4,
i.e., solving

{(iV+Aa)2§0a = Aapq in €2, (1-14)

0a =0 on 092,

such that the following normalization conditions hold:
/ lga(x)|*dx =1 and / em(og_e“)(x)(pa (x)@o(x) dx is a positive real number. (1-15)
Q Q

Using (1-5), (1-7), (1-14), (1-15), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983,
Theorem 8.10], it is easy to prove that

@a — @0 in H'(Q,C) and in C2.(Q\ {0},0), (1-16)



1746 LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

and
(iV + Agd)pa — iV + Ag)go in L*(R,C). (1-17)

To give a precise description of the behavior of the eigenfunction ¢, for a close to 0, we consider a
homogeneous scaling of order |a|/* %! of ¢, along a fixed direction p € S!. Theorem 1.2 below gives
the convergence of scaled eigenfunctions to a nontrivial limit profile ¥, € Hli’cp (R?, C), which can be
characterized as the unique solution to the problem

(iV+ A,)*W, =0 in R? in a weak H'*?-sense, (1-18)
satisfying
/ 1V + Ap) (W, — /@O0y )12 dx < +o0, (1-19)
R2\D;
where /4 : R?> — C is defined as
eikt
Yy (r(cost,sint)) = rle kI —— (1-20)

Vam

The existence and uniqueness of a limit profile satisfying (1-18) and (1-19) will be proved in Lemma 5.3.
We notice that the function ¥ in (1-20) is the unique (up to a multiplicative constant) Hlééo (R%,0)-
solution to (i V + Ag)*y = 0 in R? which is homogeneous of degree |o — k|.

Theorem 1.2. Under the same assumptions as in Theorem 1.1, for p € S' and a = |a|p € Q, let
©Yq € Ho1 (R, C) be an eigenfunction of problem (E,) associated to the eigenvalue g and satisfying

(1-15). Let moreover,

o) = Pellel)
Palt) =g fle=kT
Then

@a— BY, aslal—0

in H“P(Dg, C) for every R > 1, almost everywhere in R? and in C* (R?\ {p},C), with B # 0 and

loc
k € Z being as in (1-9) and V), being as in (1-18)—(1-19).

Finally, we describe the sharp rate of convergence (1-17), which also turns out to depend strongly on
the order of vanishing of ¢ at 0, as stated in the following theorem.

Theorem 1.3. Under the same assumptions as in Theorems 1.1 and 1.2, for every p € S! there exists
£p > 0 such that

a2 GV + Aaga =@ + oo}, c) — S, asa=lalp 0.

We observe that Theorem 1.3 extends to the case of non-half-integer circulation an analogous result
obtained in [Abatangelo and Felli 2017] for half-integer circulation.

The main tools in the proof of the above-described results are energy estimates on eigenfunctions
obtained by an Almgren-type monotonicity argument and blow-up analysis for scaled eigenfunctions;
such a strategy was first developed in [Abatangelo and Felli 2015; Noris et al. 2015] in the half-integer
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case and is essentially based on the description of the behavior of limit eigenfunctions at the pole through
the limit of the Almgren quotient, which is possible in both the cases of half-integer and non-half-integer
circulation. On the other hand, in the implementation of this procedure for the non-half-integer case,
two main points present deep differences from that of the half-integer case. First of all a reduction to
the Laplacian on the twofold covering manifold is no longer available and hence a new strategy has to
be developed to prove monotonicity-type formulas: this is the main goal of Section 2, where we derive
precise estimates for eigenfunctions on small circles which are needed to prove Lemma 3.1 (whose
analogue in the half-integer case can be directly proved using the reduction to the Laplacian on the
twofold covering manifold). The second crucial difference arises in the blow-up analysis, more precisely
in the construction of the limit profile, which cannot be as explicit as in the half-integer case. This exploits
vanishing on the special directions of nodal lines of limit eigenfunctions. In the non-half-integer case, a
nontrivial limit profile still exists (see Lemma 5.3) but its description is quite implicit: this is also the
reason why the estimate we obtain here in the non-half-integer case is less precise than the estimates of
[Abatangelo and Felli 2015; 2016] for half-integer «.

The paper is organized as follows. In Section 2 we perform a detailed description of the behavior of the
eigenfunction ¢, near the pole a, which is crucial in Section 3 to prove an Almgren-type monotonicity
formula and to derive local energy estimates for eigenfunctions uniformly with respect to the moving
pole. In Section 4 we obtain some upper and lower bounds for the difference Ao — A, by exploiting the
Courant-Fischer minimax characterization of eigenvalues and testing the Rayleigh quotient with suitable
competitor functions. Section 5 contains a blow-up analysis for scaled eigenfunctions, which allows us to
prove Theorems 1.1 and 1.2. Finally, in Section 6 we prove Theorem 1.3.

Notation. We list below some notation used throughout the paper:

e For all 7 > 0 and a € R?, we denote by D, (a) = {x € R? : |[x —a| < r} the disk of center a and
radius r.

e Forall r >0, we let D, = D,(0) and S! = dD;.
e ds denotes the arc length on 0D, (a).
¢ For every complex number z € C, we denote by Z its complex conjugate.

¢ For z € C, we denote its real part by fRe z and its imaginary part by Jm z.

2. Local asymptotics of eigenfunctions

The aim of this section is to describe the local asymptotics of eigenfunctions, showing how the coefficients
of expansions depend on the pole. This goal is achieved by expanding the angular part of eigenfunctions
in Fourier series with respect to the orthonormal basis of L2((0, 27), C) given by {e’/!//27} jez, see
(2-11), and then by estimating the Fourier coefficients (2-13) by means of Gronwall-type lemmas. These
estimates will be crucial to developing the monotonicity argument of Section 3, in particular to proving
Lemma 3.1 (whose analogue in the half-integer case is obtained in [Noris et al. 2015, Lemma 5.8] with
techniques which are not adaptable to the non-half-integer case).
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We recall from [Felli et al. 2011] the description of the asymptotics at the singularity of solutions
to elliptic equations with Aharonov—Bohm potentials. In the case of Aharonov—Bohm potentials with
circulation @ € (0, 1) \ {%}, such asymptotics is described in terms of eigenvalues and eigenfunctions of
the following operator H acting on 27 -periodic functions

HY =—y" + 2y’ + .

It is easy to verify that the eigenvalues of H are {(a — j)? : j € Z}; each eigenvalue (a« — j)? has
multiplicity 1 and the eigenspace associated is generated by the function e’/? /+/27r. Let us enumerate
the eigenvalues (o — j)? as {(« — j)?:j € Z} ={uj:j =1,2,...} with uy <ty < 3 <---, so that

f1 = min{a?, (1 — )} (2-1)
and p1, = max{o?, (1 —a)?}.

Proposition 2.1 [Felli et al. 2011, Theorem 1.3]. Let Q@ C R? be a bounded open set containing b, A € R,
and u € HO1 b (2, C) be a nontrivial weak solution to the problem

(V+Ap)?u=ru in<Q;
ie.,

f(iV+Ab)u-(iV+Ab)vdx=k/ uv dx forallveH&’b(Q,C).
Q Q

Then there exists j € Z such that

r fD,A(b)(Kiv + Ap)u(x)|? —k|u(x)|2) dx

lim =la—jl. (2-2)
Furthermore, there exists B(b,u, A) # 0 such that
ja—j] et 1
r 19 y(b 4+ r(cost,sint)) — B(b,u, A in C"7(]0,2x],C (2-3)
(b+r( ) = B( )m (10, 27], C)

asr — 0% forany t € (0, 1).

LetusfixneN, n>1. Foralla € Q, let p7 € HO1 “4(Q,C) \ {0} be an eigenfunction of problem (E,)
associated to the eigenvalue A%, i.e., solving

{(iaV +4a) %0 = Moy in Q. o)
Yl =0 on €2,
such that
/ e (> dx = 1. (2-5)
Q

Since @ € Q +> A% admits a continuous extension on Q as proved in [Bonnaillie-Nogl et al. 2014,
Theorem 1.1], we have

Ay = sup A4 € (0, +00). (2-6)
aeQ
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Moreover, from (2-4), (2-5), and (1-3) it follows that
{0} 4eq is bounded in H'(Q, C), 2-7)

which, by (2-4) and classical elliptic regularity theory, implies that, for each v € Q \ {0}, there exists
Pw > 0 such that

{05 }la|<p,, is bounded in C?(w, C) for every o € (0, 1). (2-8)

The following lemma provides a detailed description of the behavior of the Fourier coefficients of the
function ¢ > @ (a + r(cost,sint)) as a is close to 0.

Lemma 2.2. Forn > 1 fixed and a varying in Q, let @5 € Hol’a (2, C) \ {0} satisfy (2-4) and (2-5). For
all j e Zand a € 2, let

vi(r) = ¢%(a+r(cost,sint))e ! dt. (2-9)

1 2r
V2 /0
Then there exists py > 0 such that, for all a with |a| < pyg, the following properties hold.:

(1) Forall j € Z, we have vj‘.l (r) = 0(r'*= Iy as r — 0%, In particular, forall j € Z and for all R > 0
such that {x € R? : |x —a| < R} C Q, the value

v4(R) A4 R o gltle—jl
a_ J 1 Icle—jl 2 )34 -
,BJ Rla—J] + a7 Jo (S R2la=T] )vj (s)ds (2-10)
is well-defined and independent of R.

(ii) Forall j € Z, we have |ﬂ;‘| < B for some B > 0 independent of j and a.
(ii1) Forall j €7,
of (1) = r B+ Rpa(r) and (o) (r) = ot — 1B r* ™71 (1 + Ry a (1)),
where |Rj 4(r)| + |§j .a(r)| < const 72 for some const > 0 independent of j and a.
(iv) @5 can be expanded as
1 ; .
@p(a+r(cost,sint)) = — Z r|°‘_1|,8;’(1 + Rj 4(r))e”!
T ez
with Rj 4(r) as in (iii), where the convergence of the above series is uniform on disks Dg(a) for
each R € (0,1).

(v) Ifwe let v(t) = (cost,sint) and t(t) = (—sint,cost), then (iV + Aq)@q can be expanded as

(iV+ Ag)pi(a+r(cost,sint))

B J;z_nZﬁ?r'“_j"‘(ila—jl(l + Rja(r)v(0) + (@ = j)(1 + Rj a(r)T (1))’
jez

with Rj 4(r), Ej,a (r) as in (iii), where the above series converges absolutely in L?(Dg(a), C) and
pointwise in Dg(a) for each R € (0, 1).
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Proof. The functions {e*/? /</27} jez form an orthonormal basis of L2((0, 2rr), C). Hence, recalling that
we are assuming D, C , if |a| is sufficiently small, <pg can be expanded as

¢n(a+r(cost,sint)) = Z v“(r) in L2((0, 27), C) for all r € (0, 1], (2-11)

jez

\/_

where vJ‘.’ is defined in (2-9). Equation (1-14) implies that, for every j € Z,

(J)

—) ) = LY () + 0l () = At () forall 7 € (0,1], (2-12)

or equivalently

—rlo‘_ﬂ_l(r1_2|°‘_j|(r|°‘_j|v;‘)’) = A “(r) for all r € (0, 1].

Integrating twice between r and 1, we obtain, for some c{ i ,c§ € C,
a la—jl [ .a a ls—Ioz—jI—I—l a la—jl [ .a a Ia ji+i
v(r)y=r'%" (c A / —v7(s) ds)—i—r_ - (c F—=A / ——v?(s) ds) (2-13)
J Linrn o la—j| Y ) 2a— g

for all r € (0, 1].
The convergence (2-3) in Proposition 2.1 implies that, for all a,

lp%(a + r(cost,sint))| = O(rVF1)

as r — 0T, with p; as in (2-1) (not necessarily uniformly with respect to ). Hence, for every a in a
sufficiently small neighborhood of 0, there exists a constant C(a) > 0 such that, for all j € Z,

[v¥(r)| < C(a)yrY™ forall r €0, 1]. (2-14)
We deduce that each function v}l is bounded near 0; hence (2-13) necessarily yields
2. = —v%(s) ds. (2-15)
2 o 2la— | g

‘We can therefore rewrite

vﬂn=ﬂwﬂG?

1 sTlami 8 ) ds) R P /’ sle=i 1138 5) ds.

r 2|Ot —J | 0 /

(2-16)
If /ity +2 = | — j|, using (2-14) to estimate the right-hand side of (2-16) we obtain the improved
estimate |v;‘ (r)] < C(j,a)r'*=il. Otherwise, if VT 42 < |a— j|, we can use (2-14) to estimate the
right-hand side of (2-16) to obtain the improved estimate |v;.‘ (r)] < C(j,a)rY#1+2 for some constant
C(j,a) > 0 depending on a and j. By iterating the process m + 1 times, with m the largest natural
number such that /ity + 2m < | — j|, we obtain |vJ‘.’(r)| < C(j,a)r'*=71, possibly for a different
constant C(j,a). We deduce that the quantity ,B]" introduced in (2-10) is well-defined. The fact that ﬁ]“ is
independent of R is a direct consequence of (2-12) and (2-16). This proves statement (i).

n
J T S]]

Using the independence of /3]“ with respect to R, we choose R =1 in (2-10) and r =1 in (2-16) and

obtain L4 |
A=ty O @1
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so that (2-16) can be rewritten as
| | r S—|oc—j|+1 | | r -
v¢(r) =r“7/ (ﬁq - )»”/ —0%(s) ds) a1 / ——v¥(s) ds. (2-18)
/ e 2la—jl 8 o 2le—jl
From (2-18) it follows that, for all r € (0, 1],
)\a

o A4 roo T
ple J||v;?(r)|§|ﬂ;’|+2|a—ij|/o gl J||U}1(S)|ds+2|a—ij|r 20 /I/O g2lo—jl—lo J||v;1(s)|ds

)\‘a r .
§|ﬂ;?|+—”_f sl (5)| ds.
la—jl| Jo
Hence the Gronwall lemma applied to the function r > 1%/l |v;? ()| yields that
rmle=ilye ()| < |Bgletnr /=il < C|BY| forall r € (0,1]and j € Z, (2-19)
where C = e/ VI g independent of j, @, and r, with ;7 and A, defined in (2-1) and (2-6) respectively.
From (2-13), (2-9), and (2-8) it follows that

2w
|cf j+ 3 1= iD= —= /0 @%(a + (cost,sint))e” " dt| < const

V2

for some const > 0 independent of j and a; moreover, from (2-15) and (2-5) we deduce that

g )=t /1s|v;'(s)|dsf
’ 2l —jl Jo

for some const > 0 independent of j and a. Hence

a

n
2|a—]|\/2n’ Di(a)

lps | dx < const

ef ;1= C (2-20)
for some C > 0 independent of j and a.
Let K h th
et K > 0 be such that AC 1
< —
2K 2

with C being as in (2-19) and A, being as in (2-6). Hence, from (2-6), (2-17), (2-19) and (2-20) it follows
that, if |@ — j| > K, then

AyC ~
g1 = (1o JIBs1 <1t 1 < @21
Let us choose R € (0, 1) such that
AnCR; 1
<-.
2,/#1 2

From (2-10) and (2-19) it follows that, if |& — j| < K,

—K | a —la—jly. a a )‘Z Ro 1—|a—j| S1+|a_j| a
Ry ®1of (Ro)l = R (Ro)| = | = 57— | (s ~ o2l Ui () ds
0

A, C|B4 Ro
z|ﬁf|—% 25 ds
M1 0
A, CR?
= |BY|— =—=2|B%] = 11BYI.

2/



1752 LAURA ABATANGELO, VERONICA FELLI, BENEDETTA NORIS AND MANON NYS

Since, in view of (2-8), v]‘.‘ (Ry) is bounded uniformly with respect to a and j, we conclude that, for all j
such that |0 — j| < K, | ,Bj‘.’l is bounded uniformly with respect to @ and j. This, together with (2-21),
yields (ii).

From (2-18) and (2-19) it follows that

vi(r) =r® 711 + R; 4(r)). (2-22)

where |Rj 4(r)| < const r2 for some const > 0 independent of j and a, thus proving the first estimate in
(iii). Differentiating (2-18) and using the above estimate (2-22), we easily obtain

W9 (r) = la — j1B4r"* 71 (1 + Ry (1),

where |E j,a(r)] < const r2 for some const > 0 independent of j and a. Hence the proof of (iii) is
complete.
From (2-11) and (iii) we have that the series
1 ; .
—= 2B 4 Ryar))e”
r r))e
J J.a
n ez
converges in L2((0,2r), C) to @a(a+r(cost,sint)) for all r € (0, 1]. In view of the estimates obtained
in (ii)—(iii), the Weierstrass M-test ensures that the series is uniformly convergent in Dg(a) for every
R €(0, 1), thus proving (iv).
Let fj” (a +r(cost,sint)) = v]‘.‘ (r)e’/t /\/2m. Since

oiit
«/271’

the above estimates also imply that, for every R € (0, 1), the series of functions ) iV + Aq) fj“ is

@V + Aa)fj“(a + r(cost,sint)) = (i (vj‘?)/(r)v(t) +(@—j) vjr(r) r(t))

convergent absolutely in L?(Dg(a), C) and pointwise in Dg(a) to (iV + Ag)e? for every R € (0, 1).
Hence (v) follows from (iii). O

Corollary 2.3. Under the same assumptions and with the same notation as in Lemma 2.2, let R € (0, 1).
Then, forall v € (0, R) and t € [0, 27],

1

@n(a+r(cost,sint)) = m(r“ﬁg + rl_"‘ﬂ‘l’e”) + Ra(r,t), (2-23)
(iV+ Ag)¢%(a+r(cost,sint)) = le_nr“_lﬁga(iv(t) +1(1))

+ «/Lz_nr‘“m’ (I=a)(iv(r) =T (1)e" +Ra(r.1). (2:24)

where |Ra(r, )| < const r 'tV and |Ry(r, )| < const rvH1 for some const > 0 independent of a, r, 1.

Proof. From part (iv) of Lemma 2.2 we have

1 )
p2(a+r(cost,sint)) = ——(Bar® + por'~%e'") + Ra(r,t), re(0,1), t €[0,27],
V2m
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where
1 . 1 . .
Ra(r.t) = —=(Bar* Roo(r) + Bir' "Ry 4(r)e’) + — Z ﬁ,"r'“_"(HRj,a(r))e’”-
N2 27 ez
le—j|>1

Let us fix R € (0, 1). Estimates (ii)—(iii) of Lemma 2.2 imply that, for some const > 0 independent of
a, r,t (possibly varying from line to line),

|Ra(r 1) < const(r"”r2 434 Z rla—jl) < const r 1 TVAT

jez
la—jl=1+/u1
for all r € (0, R), thus proving (2-23).
From part (v) of Lemma 2.2 we have
1— .
(iV+Aa)py, (a+r(cost,sint)) = \/%ﬂgr“‘l (iv(t)-l—r(t))-l—F:,Bfr_“ (iv(t)—T(t))e'" +Ra(r. 1),

where

Ra(r.1) = %ﬁﬁr"“l (i Ro.a(r)v(t) + Roa(r)T(1)) + I_T:ﬁi’r‘“ (i Rya(r)v(t) = Ry o(r)T (1))’

vers V2r

1 a. . la—jl—1(; . =~ . i
t ; BIrleI T (ia — (1 + Rja(r)v (@) + (@ — /) (1 + Rj o (r)T (1))
joe=j1>1

From Lemma 2.2(ii)—(iii) we have that, for all € (0, R),

|Ra(r,1)] < const(r“"H +r7% Y —j|r|°‘_j|_1) < const rVET
jez
la—jl=1+ /1
for some const > 0 independent of a, r, ¢ (possibly varying from line to line), thus proving (2-24). O

We now describe some consequences of Lemma 2.2 and Corollary 2.3, which will be needed in
Section 3 to prove a monotonicity-type formula.

Lemma 2.4. Under the same assumptions and with the same notation as in Lemma 2.2, we have

/ (iV—i—Aa)(p,‘,’-v(iV—i—Aa)(pg-xds}
0D¢(a)

< 2a(1—a)lal|Bgl1A1.

+

lim {‘1/ |1V + Ag)g?*x - v ds
e—0+ | |2 3D, (a)

Proof. Let R € (0, 1) be fixed. From (2-24) we have that, for all » € (0, R),

+7%a(’”, t)a

o? 1 —a)?
‘(iV + Ag)py(a+r(cost,r sint))|2 = rz(a_l)lﬁglz? + r_2“|/3f|2( - )

where |Rq4(r, 1)| < const r2v#1~1 for some const > 0 independent of a, r, ¢. It follows that

lim |V + Ag)e?|*x -vds = 0.
e—>01 JaD,(a)
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Moreover, from (2-24) we have

(iV+ Ag)py(a+ e(cost,sint)) -v(t)([iV + Aa)(p,‘} (a + e(cost,sint)) - (a +ev(t))
¢ 01)2

= 2 D) = (v(r)+zr(z)) a+ e By
®)

wt)—it(t))-a

28_19{2(/985‘1’6’_”0[( (w()—iz(t)) -a) + 0(82\/'171_1)

as ¢ — 07, and hence, taking into account that fOZ” a-v()dt = fozn a-t(t)dt =0, we obtain
lim (iV + Ag)pa-v(iV + Ag)@q - x ds = 2a(1 —a)Re(BEB%(ay —ias)),
e—=>01 JoD,(a)
from which the conclusion follows. O
Lemma 2.5. For n > 1 fixed and a varying in 2, let ¢5 € H(:’a (2, C) \ {0} satisfy (2-4) and (2-5). Let
us assume that 2 — ¢ in L2(Q, C) as a — 0 (or respectively along a sequence ag — 0). Let k € Z be
such that | — k| is the order of vanishing of 92 at 0. For all j € Z and a € Q, let v;‘ be as in (2-9) and
,8;.’ be as in (2-10). Then there exists py > 0 such that, for all a with |a| < po (respectively for a = ay
with £ sufficiently large), the following properties hold.:
(i) Forall j € Z, we have /3;‘ — ,Bjo as a — 0 (respectively along the sequence ay — 0).

(i1) It holds that

2w
| |¢:(a+r<cosz,smz>>|2dz=( ) rz'“—f'wﬂz|1+Rj,a<r>|2)+r2'“—k'|ﬂz|2(1+Ra<r)>,
0 jez

le—jl<la—k|

where |ﬁa (r)| < h(r) for some function h(r) independent of a such that h(r) — 0 as r — 07T, and

1 ; . 1 ,
@n(a+r(cost,sint)) = E( Z r'“‘”ﬂf(l +Rj,a(l’))el]t) +Erla—kl’3z(etkt 1 Ry(r, 1)),
jez

loe—j|<lee—k|

where |R;j 4(r)| < const 12 for some const > 0 independent of j and a, and |Rq(r,t)| < f(r) for
some function f(r) independent of a and t such that f(r) — 0asr — 0%,

(iii) Let v(t) = (cost,sint) and t(t) = (—sint, cost). It holds that
2m )
/ {(iV + Aa)¢q(a + r(cost, sin l))} dt
0
— ( o IR g — (114 R o ()P + 1+ ﬁj,a(r)|2))

J€EZ ~
joe—j|<loe—k| + 2 KI=2 18012 o — Kk |2(1 + Ra(r)),
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where |§a ()| < p(r) for some function p(r) independent of a such that p(r) — 0 as r — 07, and

(iV+Ag)py(a+r(cost,sint)) = \/% Z r|°‘_j|_1,3]‘~’(i|a—j|v(l)+(a—j)t(t)+Rj,a(r))eijt
T jez

lo—jl|<loa—k|

=B (e — ko0 + = 0T @)™ + Ralr.0).

where |R; 4(r,t)| < const 12 for some positive constant const > 0 independent of j and a and
[R,(r,t)| < g(r) for some function g(r) independent of a and t such that g(r) — 0asr — 0.

_l’_

Proof. In order to prove statement (i), we notice that (2-10) evaluated at R = 1 provides

A4 1 . .
2|a n J| / (Sl—la—]| _S1+|a—]|)vjél(s) ds. (2—25)
- 0

Bi =vi (1) +
From Lemma 2.2(ii)—(iii) it follows that, for |a| < po with pg > 0 sufficiently small,
v¢(r)| < C'rl*=7 forall r € (0.1]and j € Z (2-26)

for some constant C’ > 0 independent of j, a, and r. Moreover, (2-4), (2-5), the convergence s — <p2 in
L?(2, C), and standard elliptic estimates, see, e.g., [Gilbarg and Trudinger 1983, Theorem 8.10], imply

oy — (p,? in H'(2,C) and CI%,C(Q \{0},C) asa— 0 (or along the sequence ag — 0).  (2-27)

From (2-25)—(2-27), and the dominated convergence theorem we obtain that, for all j € Z,

0 1
lim g7 = v (1) + %/0 (s'leI T — g Hle=ihy0(s) ds = BY,
thus proving (i).

If k € Z is such that |@ — k| is the order of vanishing of ¢? at 0, from Lemma 2.2(iii) it follows that
,32 # 0 and ,8]0 = 0 for all j € Z such that |@ — j| < |a — k|; in particular, in view of (i), we have
lim,—,o B} # 0 and hence infj,|<,, |B7| > 0 for po sufficiently small. Then, from Lemma 2.2(iv) and the
Parseval identity we deduce that

2w
/O lpg(a+r(cost,sint)|>dt = " r2*=IBE2 |14 R; 4(r)|?

jez
=( 2 rz'“‘f'lﬁf‘lzI1+Rj,a(r)|2)+r2'“""|ﬁz|2<1+ﬁa<r>),
jez
lo—jl<|la—k|
with
5 B2 i
Ra(r) = |Ria(n)* + 2Re(Re o)+ Y Wrm JIm2ekl 1 4 Rj ()]
jez k

lo—jl>la—k]|
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so that the first estimate in (ii) follows from Lemma 2.2(ii)—(iii). From Lemma 2.2(iii) we also deduce

that

1 _ iy
= 2 B+ R =
jez

lo—j|=la—k|

1

V2

rle=klga el t 4 Ry(r,1)),

where |Ry4(r,t)| < f(r) for some function f(r) independent of @ and ¢ such that f(r) — 0 as r — 0.
Then the second estimate in (ii) follows from Lemma 2.2(iv).
From Lemma 2.2 (v) and the Parseval identity we deduce that

2w
. . 2 — = . ~
/0 | V+Aa)f (a+r(cost,sint)|"di =" r2* /172|842 jg— j12(|14+ R} o (1) | +]1+ R} a (1))
jez

so that the first estimate in (iii) follows from Lemma 2.2(ii)—(iii) arguing as above. In a similar way, the
second estimate in (iii) follows from statements (iii) and (v) of Lemma 2.2. O

Remark 2.6. In the particular case n = ny with ng such that (1-5) holds, the above lemma applies to the
family of eigenfunctions ¢, = gozo satisfying (1-14) and (1-15). Indeed, in this case (1-16) holds; i.e., the
eigenfunctions ¢, converge as @ — 07 so that the assumptions of Lemma 2.5 are fulfilled. In particular
we deduce that, if ¢( satisfies (1-7)—(1-9) and if ¢, is as in (1-14)—(1-15), then, for a sufficiently close
to 0, the vanishing order of ¢, is less than or equal to the vanishing order of ¢y.

Lemma 2.7. For n > 1 fixed and a varying in Q \ {0}, let ¢ € HO1 4(Q,C) \ {0} satisfy (2-4) and (2-5).
Then there exist 0 > 0 and C > 0 such that, for all R > 1 and a € Q such that 0 < |a| < o/R,

1
— lpg|>dx < C g |* ds,
al JDg11)1a1@\D Riai (@) dDR|a) ()

[V + Aa)gy)* dx <

< lp9|? ds.
R2|a| JoDgig(@)

/D(R+1)|a|(a)\DR|a|(a)

Proof. Let us prove the first estimate arguing by contradiction: assume that there exist sequences Ry > 1
and ay € Q such that Ry|ay| < 1/€ and

1
o2 |2 dx > € lpae|? ds. (2-28)

|| DRy+1)lag1(@e)\DRylayi(ar) ODRlay1(@c)

14

It is easy to verify that, up to extracting a subsequence, g;¢ — ¢2 in L2(Q,C) as £ — oo for some

@) € HOI’O(Q, C) \ {0} satisfying
(iV+A9)?p2 =200 inQ,
@ =0 on 0€2, (2-29)
Joleg ()P dx = 1.
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Let k € Z be such that |o — k| is the order of vanishing of ¢? at 0. Then, from Lemma 2.5 (first estimate
in (ii)) it follows that, for £ sufficiently large,
1 1 (Re+1)lag|
" g Pdx = —
|| DRy+1)1agl(@)\DRylay)(ar) lag| JRylay)
2 [(Re+Dlagl

< — r( > r2|“—f|ﬁjf|2)dr

lael JRelagl I
lo—jl<la—k|

<comst Y (Rlag))'+?le/l|pgep?
jez
le—j|<|a—k|

2r
r (/ [ (ag—i-r(cost,sinl))lzdt) dr
0

for some positive constant const > 0 independent of £, while

27
[ 2 ds = Rylay| / |08 (ag + Relag)(cos . sin1))[ di
aDRe\ael(aZ) 0

Rylay]| _i
== ) (Rela)?* P, (2-30)
jez
la—j|<le—k|

thus contradicting (2-28) as £ — oco.
To prove the second estimate, let us assume by contradiction that there exist sequences Ry > 1 and
ay € Q such that Rylay| < 1/£ and

iV + Aa)pt | dx > @t |? ds. (2-31)

2
/D(Re—l-l)lagl(aﬁ)\DRgIagl(aﬁ) Ry |agl DR ja,(ar)

As above we have that, up to extracting a subsequence, ¢y¢ — <p3 in L2(2,C) as £ — oo for some

@ € HO1 ’O(Q , )\ {0} satisfying (2-29). Then, from Lemma 2.5 (first estimate in (iii)) it follows that, for
¢ sufficiently large and for some positive constant const > 0 independent of £,

/ GV + Ag )l dx
D(ry+nlagi(@e)\DRylay(ac)

(Re+1)ac| 27
-/ ( |16V + Aaeit e +r(cosz,sinz>>|2dr) dr
0

Rylael

(Re+1)]ag| .
-/ ( ) r”—f'—2|ﬂ;”|2|a—j|2<2+o<1))) dr
Relag] jez
le—j|<|a—k|

2 2|le—jl—2 2 2|le—j 2
< 3la—k| (X ) ar <SS Raa P
R€|aé| jEZ Z X=VA
le—j|<|la—k| le—j|<|la—k|

which, in view of (2-30), contradicts (2-31) as £ — oo. O
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Remark 2.8. Arguing as in Lemma 2.7, we can also prove the following similar estimate (possibly taking
a smaller o and a larger C if necessary): for all R > 1 and a € Q such that 0 < |¢| <o/R

1

|a] /D1 1)1a1@\DRial @)

iV + Ag)g?|? dx <

wiPax=c [ 6812 ds.
0D(R+1)|al(@)

o | ds.

/I)(R+1)a|(a)\DR|a|(a) R?|al 0D(R+1)|al(@)

Lemma 2.9. Forn > 1 fixed, let ¢/ be a solution to (2-4)—(2-5). Let o > 0 and C > 0 be as in Lemma 2.7
and Remark 2.8. Then, for all R > 2 and a € Q such that 0 < |a| < o/R,

[ eras= [ jenpas
0D R4 (0) 0D Ra|(a)

Proof. We note that

/ |<pf;|2ds—f |<o::|2ds=[
0D R4 (0) 0D R|q|(a) aced

1+6C/ |(pa|2ds.
R-2 0D Ral(a) "

=

iR pds— [ iR s @)

1.R L3R
where
£§ & = Drial(0)\ Dria(@),  £5 g = DRia|(@) \ DRia)(0),
and
S(x) = {x/|X| on D g4((0), 5(x) = {x/|x| on 3D g|4(0),
—(x—a)/|x—al ondDgy(a), (x—a)/|x —a|l on dDg(a).

We note that v is the outer unit normal vector on 8[2‘1’ g and —v is the outer unit normal vector on 8£§ R
By setting v (x) = x/|x|, we can rewrite the right-hand side of (2-32) as

[ tera—vpdse [ giPuesds+ [ leiPG-vads= [ lgtPueids

‘Cl.R a‘CI,R a‘(:Z,R a['Z,R

= [ teipwpds— [ jeiuyds

L1.Rr 9L5 R

+f |¢,‘;|2(ﬁ—u1)-ads+/ lp2|2(D—vy)-Dds. (2-33)
0D R|41(0) 0D R|q((a)

‘We observe that

0 on 3D g|4((0),

(G0 = v (x)) - D(x) = {—1 +x-(x—a)/(|x||x —al) on dDg(a).

Moreover, since v; is smooth in Z‘I‘ rY Z‘z‘ g» We can apply the divergence theorem to the first two terms
in the right-hand side of (2-33), thus rewriting the right-hand side of (2-32) as

_/ |¢Z|2(1_M)ds+f
0D gja) (@) |x||x —al c

avllggPrdx= [ divlgiPrdr. @34

a
1.R EZ,R
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Estimate of the first term in (2-34). Parametrizing dDg|q|(a) as x = a + Rla|(cost,sint) and writing
a = |a|(cos 6,4, sin 8,) for some angle 6, € [0, 277), we get

_ R + cos(t —6,)

B (R2 4+2Rcos(t —6,) + 1)1/2

x-(x—a)

-

|x||x —al “R-1

on 0D g|q((a). Therefore,

x-(x—a) 1 5
- 74 |2( —) ds‘ < — ||~ ds. (2-35)
‘ ‘/‘;DRIa(a) " |X| |X _a| R-1 0D R|q|(a) "

Estimate of the second term in (2-34). The second term in (2-34) splits into two parts:

2

/ div(|g?|*vy) dx =/ i dx+[ 2Re(igg (iV + Ag)pd -vy) dx.
Li r LY r x| L{ r

Since DRiq|(0) C D(r+1)|a|(@), we have E‘ll,R C D(r+1)la|(@) \ DRjg|(a). Let 0 > 0 and C > 0 be as

in Lemma 2.7 and Remark 2.8. Hence by Lemma 2.7 we have that, for all R > 1 and a € Q such that

0<lal <o/R,

a|2 a|2
£f r |x| DR+ 1)jal(@\DRjal(@) | x|
1
< iPax s [ s
(R—1al D(r+1)lal(@)\DR|a| (@) " R—-1 dD Ra(@) "

and

/ 2Re(igy (iV + Ag)ed -vq) dx
c

iR
1/2 1/2
= irax) ([ (9 -+ A0 dx)
D(r+1)jal(@\DRal(@) D(r+1)jal(@\DRa)(a)

2C
E -
R J3Dgai(a)

o | ds.

Therefore,
3C

R-1 0D R|q|(a)

[, aivdegny x| < 6812 ds (2-36)
Ly r

forall R > 1 and a € Q such that 0 < |a| < o/R.

Estimate of the third term in (2-34). The estimate of the third term can be derived in a similar way,

observing that, since Dg4(0) D D(r—1)q/(@), we have L] p € Dpgjq(@) \ D(r—1)|a|(@), and using
Remark 2.8 to obtain
3C

@ |? ds (2-37)
R=2 Jipgm@ "

‘ / div(lgg[?vy) dx| <

for all R > 2 and a € Q such that 0 < |a| < o/ R (by possibly changing C and o).
Therefore combining (2-35)—(2-37) we complete the proof. O
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3. Monotonicity formula

The aim of this section is to introduce an Almgren-type frequency function and to use it to obtain local
estimates of the eigenfunctions in a neighborhood of order || of the singularity. In particular, we shall
prove that a suitable family of blow-up of the eigenfunctions ¢, is bounded in the magnetic Sobolev
space (see Remark 3.8 ahead).

3A. Almgren-type frequency function. Arguing as in [Abatangelo and Felli 2015, Lemma 3.1], one can
easily prove the Poincaré-type inequality

%/ |u|2dxsl/ |u|2ds+[ GV + Ag)u|? dx, 3-1)
r< Jp, r Jabp, D,
which holds for every r >0, a € Dy, and u € H la (Dy, C). Furthermore, defining, for every b € Dy,

Jp, |GV + 4p)v|* dx

vEH;';(ODl,C) faDl|v|2ds ,

mpg =

we have that the infimum m1,, is attained and m;, > 0. Arguing as in [Abatangelo and Felli 2015], we can
prove that b = my, is continuous in Dj and that mo = /i1, with 1 as in (2-1). Therefore a standard
dilation argument yields that, for any § € (0, /1), there exists some sufficiently large Ys > 1 such that,
for every r > 0 and a € D, such that |a|/r <1/,

N/

/ |u|2ds§/ |(iV + Ag)u|*dx forallu € H“*(D,,C). (3-2)
r oD, D,

ForAeR, beR2, ue H"*(D,,C) and r > |b|, we define the Almgren-type frequency function as
E(u,r, A, Ap)

Nu,rh, Ap) = Hory

where
E(u,r,k,Ab)zf [|(iV+Ab)u|2—k|u|2]dx and H(u,r):%/ lu|? ds.
D, D,

Forall 1 <n <nganda e Q,let ¢ € H(} “4(22,C) \ {0} be an eigenfunction of problem (E,) associated
to the eigenvalue A%, i.e., solving (2-4), such that

f lp2(x)|*dx =1 and / PR (x)pf(x)dx =0 ifn+#L. (3-3)
Q Q

For n = ng, we choose
90,70 = %a;
with ¢, as in (1-14)—(1-15). Let
A= sup A%e(0,+00).

acQ
1=<n=<ng

We recall that A is finite in view of the continuity result of the eigenvalue function a — A% in Q proved
in [Bonnaillie-Noél et al. 2014, Theorem 1.1].
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Arguing as in [Abatangelo and Felli 2015, Lemma 5.2], we can prove that there exists
0<Ro<(A(1+2/ i)~ /?
such that Dg, C @ and, if |a| < Ry,
H(pga,r)>0 forallr e (|a], Rg) and 1 <n < ny. (3-4)
Furthermore, for every r € (0, Ro] there exist C, > 0 and &, € (0, 7) such that
H(pj,r) > C, forall a with |a| <o, and 1 <n < ny. (3-5)

Thanks to (3-4), the function r — N (g5, r, A%, A,) is well-defined in (|a|, Ro). By direct calculations,
see [Noris et al. 2015] for details, we can prove that

d 2
EH(fp,‘,‘,r) = ;E(so,?, Ay, Aa). (3-6)
d
B A =2 [ 16V 4 angolas=2 (i [ wra) e
r aD, r D,
where
M? = lim (Re((V + Aa)? vV + Aa)p? - x) — 2|V + Al |*x -v)ds.  (3-8)

e=>0%" J9D,(a)
Lemma 2.9, together with Lemmas 2.2 and 2.4, allow us to give an estimate of the quantity M, defined
in (3-8). We notice that the techniques used in [Abatangelo and Felli 2015; Noris et al. 2015] to estimate
the term M} for o = % were based on the possibility of rewriting the problem as a Laplace equation on
the twofold covering; hence it is not possible here to extend such proofs to the case @ ¢ Z/2 and a new
strategy of proof is needed.

Lemma 3.1. Forn € {l,...,no} and a € Q, let p7 be a solution of (2-4) satisfying (3-3). There exist
oo > 0 and co > 2 such that, for every 1 <n < ng, R > co and a € Q such that |a| < o9/ R, the
quantity M? defined in (3-8) satisfies
| M2 - 20(1 — )
H(gp, Rlal) = R—co
Proof. Letus fixn € {1,2,...,nq} and define, for |a| small and r € (0, 1],

~ 1
fgn=y [ ks
r(a

From the Parseval identity and Lemma 2.2(iv) it follows that there exists o, > 0 such that, for every
R > 2 and a € Q2 such that |a| < 0, /R,

2
~ . 2 _i 2
H(go;:,R|a|)=[0 |@g @+ Rlal(cost.sin0)|* dt = "(R|a])** /1|41 |1+ R; 4(R]al)]
jez

2 _ 2
> (Rla))*|B&I1* |1+ Roq(Rlal)|” + (Rla])* =842 |1 + Ry 4(Rlal)]

> 1(1B812(Rla))® + |BY|2(R]a)>(179), (3-9)
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where the ﬂ;"s are the coefficients defined in (2-10) for the eigenfunction ¢; (with n fixed). From the
elementary inequality ab < l(a2 + b?), it follows that

1
Bol1BT Il = & Iﬂol(RI a)®|BS| (Rla])' —R(Iﬂol (Rla)®® + 181 (Rla)*' ™). (3-10)
Combining (3-9) and (3-10) we obtain
a a
1
PsllPillal _ 1. (3-11)
H(pg, Rla]) — R
Moreover, Lemma 2.4 implies
| M| < 2a(1—a)|B5l1BTlal. (3-12)

Lemma 2.9 provides some constant ¢, (independent of @ and R) such that, for a possibly smaller o, and
for all R > 2 and a € Q such that 0 < |a| < 0,/R,

| H (2. Rlal) — H (¢, 2 Rlal). (3-13)

Therefore, by combining (3-11)—(3-13), we obtain

a _ a _~ a —1 _ —
| M7 <205(1 a)(1+H(g0n,R|a|) H((pn,R|a|)) <20{(1 a) 1 - 20(1 — )

H(pj, Rlal) — R H (¢, Rlal) R 1—45 "~ R—(2+cp)
for all R > ¢, +2 and a €  such that 0 < |a| < 0,/ R.
The conclusion then follows by repeating the argument for all n € {1,2,...,n¢} and choosing
op=min{o, :1 <n=<ng} and co=max{2+cy:1=<n=<ngy}. O

Lemma 3.2. For § € (0, ./it1/2), let X5 be such that (3-2) holds. Let Ry be as above, ro < Ry and
ne{l,....no}. If Ysla| <ry <ry <roand ¢y is a solution to (2-4) satisfying (3-3), then
2 -8
H(pd, 1)) . o~ ACH D (7_2) (Wit )‘
H(pg. 1) r

Proof. Combining (3-1) with (3-2) we obtain that, for every Ys|a| < r < rg,

1 a2 1 / . 2
— dx <14+ —— V4+4 a1z
rsz,“”"' x_(+m_3) [ 167+ daygif? s
2
< iV + Ag)0?|? dx.
( m)/Dr'( ot

From above, (3-6) and (3-2), we have that, for every Ysla| <r < rg,

d 2 2
—H(pg.r) = =(1=Ar* 1+ — IV + Aa)ep P d
Swgn =2 (1=ar 1+ 22 )) [ 169+ Aol as

(I—Ar (1+ﬁ)) I =8 H (gl 1),

=

SN
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so that, in view of (3-4),

d 2
7 log Hgy,r) 2 2(Vi =8) =2Ar 2 + i)
Integrating between r; and r, we obtain the desired inequality. O

Lemma 3.3. Forn € {1,...,no} and a € Q, let 97 be a solution of (2-4) satisfying (3-3). Let R¢ be
as above, o and co > 0 be as in Lemma 3.1 and let ro < min{Rg, 0¢}. For § € (0, \/it1/2), let Y5 > 1
be such that (3-2) holds. Then, there exists c,, s > 0 such that for all R > max{Ys,co}, |a| <ro/R,
Rla| <r <rgandn €{l,..., no},

C
ATIONDW (gl 1,15, Aa) + 1) = MUND W pf ro, 0 A) + 1)+ 20

Proof. By direct calculations, using the expressions for the derivatives of the functions H(¢j,r) and
E(pg,r, A%, Ag) written in (3-6) and (3-7) and the Cauchy—Schwarz inequality, we obtain

SRz~ [ i 3-14)
By Lemmas 3.2 and 3.1 the first term can be estimated as
Mg 2Mg| H(gg. Rla)
rH(gg.r)  rH(gg. Rlal) H(gg.r)
= ‘—40;;1__(:0&_)6“”*@’3 (RJa])> WA= —2(/ET=5)-1 (3-15)
for all R > max{Ys,co}, |a| <ro/R, Rla| <r <rgandn € {l,...,ng}.

For the second term, the Poincaré inequality (3-1) leads to

1—1\)’5 a2 a a a
V2 D |(pn| deE((pn’r’)‘n’Aa)-i_H(gon’r)

for r < ry, which implies
2raé
r2H(gft.r) Jp,
for r < ry. Using (3-15) and (3-16) we can estimate the right-hand side of (3-14) thus obtaining

2Ar

A2
o

2| dx > — N @2, 1, A% Ag) + 1) (3-16)

d 2
E(eArZ/(l—Aro)(N(gog, rA9, Ag) 4+ 1))

2 _40;(1 —05)eArg/(1—Ar§)eA(2+mr§(Rlal)z(m—a)r—z(m—S)—l
for all Rla| < r < ro with R > max{Yg,co}. Integrating between r and ry and using the fact that
R|a| < r < rg, we obtain the statement with

20(1 =) AQ+ arg+Arg/(1-Ard) 0

NI

C}"(),(S =
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Lemma 3.4. Let ¢, be a solution of (1-14)—(1-15) and let k be as in (1-8). For every 6 € (0, /i11/2),
there exist rs € (0, Rg) and Kg > Y such that if R > Kg, |a| <rs/R and Rla| <r <rg, then

N(‘pthr»)\a,Aa) S |a_k| +5
Proof. From (1-16)—(1-17) it follows that, for every r < Ry,
lim N (@q, 1, Aa, Aq) = N(@o, 7, Ag, Ag).
a—0
Moreover, from [Felli et al. 2011, Theorem 1.3] we know that, under assumption (1-9),
r—0+

Then, the proof is a direct consequence of Lemma 3.3; see [Noris et al. 2015, Lemma 7.2; Abatangelo
and Felli 2015, Lemma 5.7; Abatangelo et al. 2017, Lemma 5.7] for details. O

3B. Local energy estimates.

Corollary 3.5. For § € (0, \/it1/2) let rs, K§ be as in Lemma 3.4 and o,z be as in (3-5). Then there
exists Cs > 0 such that

R 2(la—k|+6) rs
H(gq, Rla|) < H(¢a. K,;lal)(?s) forall R> Ky and|a| < —. (3-17)
H(ga. Kslal) = Cylal?(*=FI+9) forall |a| < min{;—‘s,ar,;}, (3-18)
)
H(ga, Ksla|) = O(|a|* V=9 asa — 0. (3-19)

Proof. From (3-6), the definition of N, and Lemma 3.4 we have
1 d 2
————— H(pa, 1) = —-N(¢a, 1, Ag, A
H(ga,r) dr (@a 1) ; (@a: 1 ha, Aa)
2
<Z(la—k|+8) forall Ksla| <r < rs with |a| < -
r K
so that estimate (3-17) follows by integration over [K|a|, R|a|] and estimate (3-18) from integration over
[Ksl|al, rs] and (3-5). Finally (3-19) is a direct consequence of Lemma 3.2. O

Lemma 3.6. Forn € {l,...,no} and a € Q, let p? be a solution to (2-4) satisfying (3-3). Let Ry > 0 be
as in (3-4). For every 6 € (0, \/1t1/2), there exist Ks > 1 and Cg > 0 such that, for all R > Kg, a € Q
with Rla| < Ry, andn € {1,...,no},

/ GV + Aa)g?)? dx < Cy(Rlal)>VET—D), (3-20)
DRja|
/au p2|? ds < Cs(R|a])>WHI=DF1, (3-21)
Rla|

f 922 dx < Cs(R|a|)>VHI=9+2, (3-22)
DRia|
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Proof. By Lemma 3.2 (choosing ¥ = R|a| and r, = Ry) and the definition of H it follows that
Rl )Z(M —8)

Ro (3-23)

/ 109|? ds = Rla|H(gf. Rla]) < Rla| H(gf, Ro)eM2+~Hi Rg(
DR|a|

Moreover, from (2-7) and continuous trace embeddings we have H (g3, Ro) = (1/Ryo) [, Dr, |pd|2 ds is
bounded uniformly with respect to a. Hence estimate (3-23) implies (3-21).

From Lemma 3.3 it follows that the frequency N is bounded in » = R|a| provided R is sufficiently
large; hence E (g5, R|a|, A%, Ag) is uniformly estimated by H (g5, R|a|), so that (3-21) and (3-1)—(3-2)
yield (3-20). Estimate (3-22) can be proved combining (3-20)—(3-21) with the Poincaré inequality (3-1).
We refer to [Abatangelo and Felli 2015, Lemma 5.8] for more details in a related problem. O

Lemma 3.7. Fora€ let ¢, € H(}’a(Q, C) be a solution of (1-14)—(1-15). For some fixed 6 € (0, /1t1/2),
let K§ > Yg be as in Lemma 3.4. Then, for every R > Kg,

/ GV + Ad)gal2 dx = O(H(ga, Ksla))  as |a] — 07, (3:24)
DRq
[ \al? ds = O(a| H(ga. Kslal)) as |a] — 0%, (3-25)
3DR\‘,|
/D \gal? dx = O(lal H(ga. Kslal)) as |a] = 0% (3:26)
Rlal

Proof. The proof follows from the boundedness of the frequency N (¢q, Rla|, Aq, Ag) established in
Lemma 3.4 and by its scaling properties. For é € (0, ./u1/2) fixed, let K5 > Tg and rg be as in Lemma 3.4;
hence
fDR\al iV + Aa)¢a|2 dx —Ag fDle |(Pa|2 dx

H(¢a, Rlal)

<la—k|+48 forall R> Kgand |a] <%S.

N((pa, R|a|7)\’av Aa) =

Then, by (3-1) and (3-2) it follows that

2
(1_Ar82(1+ \/—))/ |(iv+Aa)‘Pa|2dx§/ |(iV+Aa)(Pa|2dx_)\a |‘Pa|2dx
M1 DRja DRia| DRya

< H(ga, Rla|)(|a — k| + ).

Then (3-24) follows from (3-17). Estimates (3-25) and (3-26) follow from (3-24) and the Poincaré-type
inequalities (3-1) and (3-2). O

Remark 3.8. Let us consider the blow-up family

Galx) = ¢a(lalx)

a L )
\Y H(Qﬂa, K(Slal)

with K5 > T as in Lemma 3.4 for some fixed § € (0, ./i1/2). By Lemma 3.7 it follows that, for every

p € S! fixed, rs > 0 as in Lemma 3.4, and R > K, the blow-up family {@, : a = |a|p, R|a| < rs} is

bounded in H-?(Dg, C).

(3-27)
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4. Estimateon Ao —1,

The aim of this section is to obtain a bound (both from above and from below) of the eigenvalue variation
Aq — Ao. These bounds are obtained by considering suitable competitor functions and by plugging them
into the Courant-Fischer characterization of A, and Ag:
iV4+Ag)u|*dx
Aazmin{ Ja|(V+A4a)u]

max . F is a linear subspace of H*“ Q,C),dimF =ng,, (4-1
ue F\{0} Jo lu|?dx P o (2.0) 0} -1

iV+Ag)u|*dx
Ao = min{ max fQ I o)ul : F is a linear subspace of H(}’O(Q,(E), dim F = no}. 4-2)

ueF\{0} Jo lul?dx

In Section 4A we construct the competitor function for A,. This function is obtained by modifying ¢?
in a small neighborhood of a. Since the asymptotics of ¢? is exactly known, this allows us to obtain,
in Section 4B, a sharp bound from below of Aoy — A,. The competitor function for A¢ is constructed in
Section 4C, by modifying locally ¢5. The energy estimates obtained in Section 3 allow us to obtain a
preliminary estimate from above of Ao — A, in terms of the quantity H(¢,, Kgl|a|).

Before proceeding, we find it useful to recall the following technical result, which is proved in
[Abatangelo and Felli 2015, Lemma 6.1] and concerns the maximum of quadratic forms depending on
the pole a — 0.

Lemma 4.1. For every a € €2, let us consider a quadratic form

no
0q:C" >R, Qulz1.22.....2py) = Z M; n(a)zjzy,
Jj.n=1

with M ,(a) € C such that M y(a) = My, j(a). Let us assume that there exist y € (0, +00), ar>o(a) €R
with o (a) > 0 and o (a) = O(|a|?*?) as |a| — 07, and a > j1(a) € R with j(a) = O(1) as |a| — 07T, such
that the coefficients M ,(a) satisfy the following conditions:

(1) Mno,no (a) = U(a)ﬂ(a)-

(ii) Forall j < ng, we have M; j(a) — M; as |a| — 0% for some M; € R, M;j <O0.
(iii) Forall j < ng, we have Mj y,(a) = My, j(a) = O(|a|¥ \/o(a)) as |a| — 0.
(iv) Forall j,n < ng with j # n, we have Mj n(a) = O(|a|?”) as |a] — 0.

(v) There exists M € N such that |a|?TMY = o(o(a)) as |a| — 0.

Then

max Qq(2) = 0(a)(u(a) +o(1)) asla| — 07,
lzll=1

1/2
where ||z|| = [|(z1, 22, ... zng) | = (272, 12i1%)
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4A. Construction of the test functions using (02. Recall that go,? € H(:’O(Q, C) \ {0} is a solution of
(2-4), also satisfying (2-5), with @ = 0. Let Ry be as in (3-4). For every R > 1, a € Q with |a| < Ry/R
and 1 <n < ng we define

W'a i DRial,
WnRa= A\ ex 4-3)
W R 1nQ\DR|a|,
where
ext _ Jda(0,—0%) 0 -
Wy Ra=¢ @ 70%p, 1n Q \ DRIaI»
and w;mR o 18 the unique solution to the minimization problem

min{f IV + Ag)u|*dx :u € H"(Dgjq), C), u = 000 on 8DR|a|}.
DRja|

We notice that w®™!, and w™, respectively solve

n,R,a n,R,a
. 2 0 . . 2 1 .
iV + A4p) w;’,“R’a = )\nw;”“R’a in @\ Dgjg|- o iV + Am) wzﬂ’tR’a =0 in Dgig|s
ext — pia(0,—6§) 0 QN D int — pia(8,—6§) 0 oD
wn,R,a =e Pn on ( \ RIaI) wn,R,a =e ¢, on Rlal-

As a consequence of Proposition 2.1 we have ¢ (x) = O(|x|'*=71) as x — 0 for some j € Z, which
implies
oo(x) = O(|x|V*1) asx —0, 4-4)

since |o — j| > /i for all j € Z. Furthermore (2-2) implies

. a—j|+o(1)
/ |<zv+Ao)¢,‘,’|2dx=Ao/ |¢3|2dx+L[ 1002 ds
D, D, r D,
=0@r*V*) asr—07T. (4-5)

From (4-4) and (4-5) we deduce that, for every R > 1, a € Q such that R|a| < Ry, and 1 <n < ny,

f |V + Ao)gy | dx = O(la>VH1), / lpn|? ds = O(la]>VFrHh),
o o (4-6)
and [ (B2 dx = Ol asa) - 0.
DRial

Using the above estimates (4-6) and the Dirichlet principle (see the proof of [Abatangelo and Felli
2015, Lemma 6.2] for details in the case of half-integer circulation), we obtain that, for every R > 2
and 1 <n < ny,

/ |GV + Ag)w™, |>dx = 0(|a|2\/W)’ / w2 ds = 0(|a|2m+1)’
DRial Rlal

n,R.,a n,R,a

(4-7)

n,R,a

and / lw™, 12dx = O(ja|*V*1+2)  as|a| > 07,
DRial
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The above estimates can be made more precise in the case n = ng in view of (1-9): for every R > 2 and
a € Q2 with Rla| < Ry,

/ |V + Ag)po|? dx = O(Jal?@7X), / lpol? ds = O(lal@=*IT ),
DRiq|

DRia
PR (4-8)
and / loo|2 dx = O(la]?*7*1+2) as |a| - 07,
DRja
and consequently, in view of the Dirichlet principle,
|16V duit g dx = 0P, [t 2 ds = OGPk,
D a bl bl a bl 9
Rlal Rlal (4-9)
and / [ R JPdx = O(la?*=k1+2) a5 |a| - 07,
Dle EEAE)
with k as in (1-8). Furthermore, defining
_ po(lalx)
Wa(x) := TalokT (4-10)
for all R > 2 and a € Q such that R|a| < Ry, (1-9) implies
W, — By in H'"°(Dg,C), as |a| — 0, (4-11)

where v, is defined in (1-20).

4B. Estimate of the Rayleigh quotient for A ,.
Lemma 4.2. There exists ¢ € R such that

Ao —ra > clal?* K foralla e Q,
where k is as in (1-8).

Proof. The proof follows along the lines of [Abatangelo and Felli 2015, Lemma 6.7; Abatangelo et al.
2017, Lemma 7.2]. Let wy g 4 be defined in (4-3). Let us fix R > 2. By proceeding with a Gram—-Schmidt
process we define

~ li)n,a
Whna = T~ 1 <n =<ny,
||wn,a||L2(Q,q:)
where
Whngy,a = Wpo,R,a>
no
N a A
Wn,a = Wn,R.a — E CpnWeas I<n=<nyg—1,
{=n+1
and

a fQ wnyR’aweaa dx
c@,n =

— , 1=n=<ng—1, n+1=<4L=<ny.
||w€,a||L2(Q,C)
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From (4-6), (4-7) and an induction argument it follows that, for all £, 7 such that 1 <n <ny—1 and
n+1=<¥{<ny,

1Bnall} 2.0 =1+ Oal>Y#1F2) and  ¢f, = O(la]>VF1+?) (4-12)

as |a| — 0. Moreover, from (4-8) and (4-9) we have

|Bng.all} 2. c) = 1Wno.Rallf2ig.cp = 1 + OUal* ™ +2) as |a] -0, (4-13)

and
Cron = O(|a|l®*I+VEI+2) a5 |a| — 0, for 1 <n <ng— 1. (4-14)
Since dim(span{wi,g 4, - - ., Wny,R,a}) = Mo, We have that also dim(span{w; 4, ..., Wny,a}) = N9, and

hence from (4-1) we deduce that

2
Ag < max iV+A ot i,
¢ (a1,...,ocno)e@"o/ ( a)(; n na)
Z:():l |an|2=1
which leads to
no

Ag — Ao < max i ’ »

‘ O_(Otl,...,a,,o)e@no Z n Jpnj ( )

=1
n
Zno=1 |°¢n|2=1

where p7 i= fQ(iV-l—Aa)u?n,a-(iV + Ag)Wj q dx —Aobpj, with 6,; =1 if n = j and 6,; = 0 otherwise.
Using the estimates above we can now estimate p,‘: i First, using (4-8), (4-9), and (4-13)

a
Pny, ( /|wn Ra| dx)
;Mo = fQ |wn0,R al?dx o

iV + Ag)w™ |2dx—/ |(iV+A0)<p0|2dx)
fQ |wn0,R,a| dx (/;)Ral 47 o, Roa Rlal

= O(|a]**7¥*2) + O(la*~*1)

= a|?* ¥ O(1) as|a|—>07.

Next (4-6), (4-7) and (4-12) provide for n < ng

Po = —ho+ %(}»2 [V Al Pdx— [ 16T+ oyl dx)
||wn,a||L2(Q’C) DRjal Rlal
1 ho 2
+ # / (ZV + Aa)( Z C?’nw(’a) dx
1on.allz> g c) /9 t=n+1
2

Re Z {cen/(zV—}—Aa)wnRa (zV—I—Aa)wgadx}

”w”ﬂ”iz(Q,C) L=n+1
= (Ap— o) +o(D),
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as |a| — 0. Using (4-6), (4-7), (4-8), (4-9), (4-12) and (4-14), we have that, for all n < ny,
Phng = B = O(alV" 7K as ja] -0,
while the same estimates imply that, for all n # £ < ng,
Pig = Bp=00al™) aslal - 0.
Therefore, the quadratic form in (4-15) satisfies the hypothesis of Lemma 4.1 with o (a) = |a|2|°‘_k X
Y =i, M; =A?—k0 <0 for j <ngand M € N such that (2+ M) /ity > 2|a — k|, so that

no
max Undj Py j = lal?**lo(1) as |a| — 0. O
(g, Qfno)e(EnO .
ngo 2 n,j=1
Dot lanl=1

We notice that Lemma 4.2 does not give any information about the sign of the constant c.

4C. Construction of the test functions using ¢@,. Let @5 € HO1 (R, C)\ {0} satisfy (2-4) and (2-5). Let
Ry beasin (3-4), R> 1 and |a| < Ry/R. For every 1 <n <ng we define

int :
_ Un,R,a n DRW’
Un,R,a =

v,elXtR a in \ DR|a|7
where
UR.a = Ol inQ\ Dpjg.
and v’ilmR o 18 the unique solution to the minimization problem
min{/ |iV + Ag)u|*dx :u € Hl’O(DR|a|, C), u= ei“(eg_aa)go,’f on 8DR|a|}. (4-16)
DRial
We notice that v&% _ and v"p respectively solve
(ivV+ Ao)zvf,f},a = kﬁv;”“R’a in Q\ Dgig|s
Ve = ¢ Gy on (2 \ DRja)).
and )
(iV+ 407", , =0 in DRy, @17
Uppa = Ol on dDgyq).
The energy estimates in Lemmas 3.6 and 3.7 imply the following estimates for the functions vilmR a

Lemma 4.3. For§ € (0, ./it1/2) fixed, let 125 be as in Lemma 3.6 and R be as in (3-4). Let
R > max{2, 125}
and 1 < n < ng be fixed. For every a € Q with |a| < Ry/R, let vi™, be defined as in (4-16). Then

n,R,a
/ GV + Ao)viM ,I? dx = O(ja*VH1=9)
Drial 4-18)

f oty 412 dx = O(la*VF=9F2) - apg / vty 4|7 ds = O(laPVAI=DH
DRja dDR|al

as |a| — 0%,
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Proof. The proof follows by combining the Dirichlet principle, a suitable cutting-off procedure, and
Lemma 3.6 (see the proof of [Abatangelo and Felli 2015, Lemma 6.2] for details in the case of half-integer
circulation). O

Lemma 4.4. For R > max{2, Ky} fixed, with Kg as in Lemma 3.4, let v‘m R . be defined as in (4-16).
Then

/D iV + Ag)vyt ¢ o> dx = O(H (¢a, Kslal)), (4-19)
Rlal

/ VI o 12 dx = O(lal* H(pa, Kslal)), / VI o 12 ds = O(lal H(ga, Kslal)), (4-20)
DRl DRa|

as |a| - 0t.

Proof. The proof follows from the estimates of Lemma 3.7, a suitable cutting-off procedure, and the

Dirichlet principle; see (4-16). O
Remark 4.5. For all R > 2 and a € Q with |a| < Ry/R we consider the blow-up family
vt g a(lalx)
ZR(x) i= —n0Raa (4-21)

\Y, H(¢a, K5|a|

with K as in Lemma 3.4 for some fixed é§ € (0, ./it1/2). From Lemma 4.4 it follows that, for every
p €S! fixed, rs > 0 as in Lemma 3.4, and R > max{Kj, 2}, the family of functions

{ZR:a=lalpeQ, |a| <rs/R}
is bounded in H':%(Dg, C).

4D. Estimate of the Rayleigh quotient for ). An estimate from above for the limit eigenvalue A in
terms of the approximating eigenvalue A, can be obtained by choosing as test functions in (4-2) an
orthonormal family constructed starting from the functions {v, g 4}n=1,...,n,> as done in the following.

Lemma 4.6. For § € (0, \/111/2) fixed, let rs, Ks be as in Lemma 3.4 and oy be as in (3-5). Then there
exists 05 > 0 such that
Ao —ha =05 H(¢a. Kslal)

forall a € Q such that |a| < min{rs/Kg, oty }.

Proof. In view of (3-18) it is enough to prove that Ag — Ay < O(H (¢4, Ksla|)) as |a| — 0.

Recall the definition of v, g , given at the beginning of Section 4C. Let us fix R > max{2, K, Eg},
with K as in Lemma 3.6. As in the proof of Lemma 4.2, we use a Gram—Schmidt process; that is, we
define

~ i}n,a
Unag=-——> L=n=no,
[0n,allL2(@,c)
where R
VUng,a = Vny,R,a»
no

ﬁn,a = Un,R,a — Z dﬁnﬁe,a, l<n<noy—1,
{=n+1
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and _
a _ fgz Un,R,aV¢,q dX
T g al? ’
L,a L2(2,0)

l1<n=<ng—1, n+1=L€=<ny.

From (3-22), (4-18) and an induction argument it follows that, for every 1 <n <ng—1andn+1 <¥{ <n,,

”ﬁn’a”iz(g,ﬂ:) =1 + O(lalz(«/lTl_(s)‘f‘z) and dzl,n = O(|a|2(x/lT1_5)+2) (4_22)

as |a| — 0. Moreover, from (3-26) and (4-20), we have

19np.all72(q.c) = 1+ Ollal* H(ga. Kslal)) ~ as Ja] — 0, (4-23)

and, for 1 <n <ny—1,
dg = 0(la|V* =52 [H (4. Kslal)) as |a| — 0. (4-24)
Since dim(span{vi,g 4, .-, Ung,R,a}) = Mo, We have that also dim(span{v; 4, ..., Uny,a}) = no, and

hence from (4-2) we deduce that

2
Ao < max iV4+ A o, dx,
0 (ala""ano)ecno / ( 0) (’; e a)
22():1 |05n|2=1
which leads to

Ao —Ag < o0 , 4-25

0 a = (@1.. ,ano)eC 0 Z n anj ( )
Zn 1|01n|2 1

where q,‘fj = [o(V + A0)lna - (iV + Ag)Vjadx — La8yj. Using the results above we can now
estimate q,‘; i First, using (4-19), (3-24), and (4-23)

Aa
a = 1- v 2 dx)
nong fgz |Un0,R,a|2 dx( /sz| no.R.al

1 ([ . i 2 . 2
iV + Ag)v!™ 5 | dx—[ |(iV + Ag)pq|” dx
fQ |Ung,R.al? dx DRjal o-R.a DRjal e

= H(ga. Ksla]) O(1),

as |a| — 0. Next (4-18), (3-20), (4-22), and the fact that A9 — kg as |a| — 0, provide, for n < ng,

1 .
e, = —ha+ #(Ag +/D |(iV+A0)v;2tR’a|2dx—/ |(iv+Aa)go;;|2dx)
Rlal Rlal

||Un,a||L2(Q’@)
no 2
@9+ o 3 d i)

1 /
2
Q {=n+1

” ﬁn,a ”LZ(Q,C)
2

dx

no

Re Z {C?Z’n]s;(iv‘FAO)vn,R,a'(iV+A0)ﬁ€,adx}

~ 2
IPnallzz ey e ni
= A0 — Ao +o(1),
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as |a| — 0. Now, using (3-20), (3-24), (4-18), (4-19), (4-22), (4-23), and (4-24), we prove that, for all
n <ny,
Ghtno = Ghign = OlalV*17° H g, Kslal))  as la| - 07,

while the same estimates imply that, for all n # £ < ng,
¢, =Gf, = 0(al*VEI=9)  asa] > 0%,

Therefore, the quadratic form in (4—25) satisfies the hypothesis of Lemma 4.1 with y = ,/uy — 6,
o(a) = H(pa, Kslal) = O(|a|*”) (by (3-19)), Mj = )\;) — Ao <0 and M any natural number such that
M >2(Ja—k|— /i1 +28)/( /i1 —8) by Corollary 3.5. Therefore the right-hand side in (4-25) satisfies

max Z an@jq, ; = H(ga, Ksla))O(1),
=1
=0 fanP=1 "

as |a| — 0. Then the conclusion follows from (4-25). O

4E. Energy estimates.
Corollary 4.7. For § € (0, \/jt1/2) fixed, let Kg be as in Lemma 3.4. Then
() [Ao —Aal = O(1) max{H (¢a. Kslal). la*~*I} as a — 0;
(ii) [ho —Aal = O((H(ga, Ksla))l*=KI/le=kI+8)) g5 4 — 0.
Proof. Estimate (i) is a direct consequence of Lemmas 4.2 and 4.6. Corollary 3.5 implies
a7 = O((H (pa, Ks|a])l* =V (a=k1+0)

as a — 0, so that (ii) follows from (i). O

5. Blow-up analysis

In order to obtain a more precise estimate of the order of vanishing of the eigenvalue variation |Ag — A4|
than Corollary 4.7, we have now to compare the order of H (¢, Ks|a|) with |a|21®~*. We observe that
the estimates obtained so far (in particular Corollary 3.5) are not enough to decide what is the dominant
term among H (¢q, Ks|a|) and |a|2!*~*|. To this aim, our next step is a blow-up analysis for scaled
eigenfunctions (3-27) along a fixed direction p € S. In order to identify the limit profile of the blow-up
family (3-27), the following energy estimate of the difference between approximating and limit scaled
eigenfunctions plays a crucial role.
Let D(l)’z([Riz, C) be the completion of C2°(R? \ {0}, C) with respect to the magnetic Dirichlet norm

1/2
lull s 22,0y = (AZ|(iv+Ao)u(x)\2dx) .

Theorem 5.1 (energy estimates for eigenfunction variation). Let p € S! be fixed. For some fixed
5 € (0, /i1/2), let Kg > Yg be as in Lemma 3.4. For every R > max{2, Kg} and a = |a|p € Q such
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that |a| < Ro/R, let vy, R q be as in Section 4C. Then

“Uno,R,a _gDOHHOl’O(Q,C) = C(h(p’a’ R) + g(p’ a, R)) \% H(‘Pa’ K5|a|)v
where C > 0 is independent of a, R, p,

h(p.a,R) = sup / (€@ =) iV + Ap)ga— IV + A0)ZR) v g do|,
(DGD(I).Z(RZ,@) 3DR
||¢||D(1).2(R2.C):1
and, for p and R fixed,

h(p,a, R) = 0() and g(p,a, R)=o0(1)
as |a| - 0t.

Proof. The proof exploits the invertibility of the differential of the function F' defined below, in the spirit
of [Abatangelo et al. 2017, Theorem 8.2; Abatangelo and Felli 2015, Theorem 7.2]. Let

F:Cx Hy*(Q.C) > RxRx (Hy(Q.0)*,
@)= (915100 ¢~ *0- Im(fg 60 d). (Y + 40)*¢ — 1p).

In the above definition, (HO1 ’ﬂg (2,0))* is the real dual space of Ho1 ’ﬂg (2,0) = HOI’O(Q ,C), which is
here meant as a vector space over R endowed with the norm

1/2
. 2
llggocy = [ 167+ Aol ax)
and (iV + Ag)?¢ —Ap € (H(}’Dg(Q,C))* acts as
(H0(@.0)* (V4 A¢)*¢ — Lo, u) H@.0) = %e(/g(iv 4+ Ag)p-(iV + Ag)udx —A /Q Qi dx)

for all ¢ € H(} ’O(Q, C). It is easy to prove that the function F' is Fréchet-differentiable at (A, ¢g), with

differential dF (Lo, go) € L(Cx Hy*(2,C), Rx Rx (Hy (82, C))*) given by

dF(Ao,¢o>(x,¢>=(zme( /Q (iV+Ao)¢o~(iV+Ao)<pdx),Jm( /Q wodx),(N+Ao)2¢—xo<p—x<po)

for every (A, ¢) € Cx HO1 ’O(Q , C). From the simplicity assumption (1-5) it follows that d F(L¢, ) is
invertible; see [Abatangelo and Felli 2015, Lemma 7.1] for details.
From the definition of vy, g 4, (1-17), (3-19), (3-24), (4-8), and (4-19) it follows that

/Q G + A0) (v, R0 — 00)| dix = /Q 16780 (1 4 Ag)pa— IV + Ao)gol” dx

. / |eia(05’—9a)(iv + Ag)pa — (iV + Ao)fpo}2 dx
DRja|

. ini 2
+/D ‘(IV—I-AO)(vn(LR’a—(pO)‘ dx =o0(1)
Rlal|
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as |a| — 0, so that v, g4 — @o in HO1 (22, C) as |a| — 0. Then, from the invertibility of dF(A¢, o)
we have

Ma - )"Ol + ”UnO,R,a - (pOHHOl’O(Q,C) = ”(dF()‘Ov 900))_1 ”/J(RXRX(HOI.’"-?(Q,C))*,CXHOI’O(Q,C))
X “F(Aa, v”O’R’“)”RXRX(HOI'Dg(Q,C))*(1 +0(1)) (5'1)
as |a| — 0T. We define

F(Aq, Uno,R,a) = (aq, ,Ba, Wq),

where

Og = “vno,R,a||12L101,0(Q 0 —ho €R,

Ba = Jm(/Q Ung,R,a%0 dx) eR,

wa = (iV + A0)*Vng,R.a — kaVno,R.a € (Hy (2. C))*.
In view of (4-19), (3-24), and Corollary 4.7 we have

aa=(/l) |GV + Ao)vy gl dx — / |<iV+Aa>¢a|2dx)+(ka—)~o)
Rlal Rial

= O(H(¢a, Kslal)) + O((H (ga, Ksla|))l* 1/ 02—k — o(\/H(¢q, Kslal)) (5-2)

as |a| — 0. The normalization condition for the phase in (1-15), together with (4-20), (4-8), and (3-26),
yields

Ba = jm(/ viln(:,R,aq_)O dx _/ eia(ég—ea)q)a(po dx + L eia(eg—ea)¢a¢0 dx)
DRial

Jm vi,"‘ R.aP0 dx — ei“(eg_ea)waéo dx
0,4\,
DRq DRia

= O(la|* M/ H (¢4, K5la])) = o(v/H(ga, Kslal)) (5-3)

as |a| — 0.
For every a € €2, the map

Ta: Dy (R%.C) - Dy 2 (R, 0).  Tag(x) = ¢(lalx),

is an isometry of D(l)’z([Riz, C).
Since HOI’O(Q, C) is continuously embedded into D(l)’Z(IRz, C) by trivial extension outside 2 and

1,0
||u||D(1),2(R2’C) = ”u”HOl’O(Q,C) for every u € H," (2, C), we have

”wa”(HOl’GQ(Q,C))* = sup 9‘{3(/ (iV+A0)vn0’R’a.(iV+A0)(pdx—ka/ vnO,R,aédx)
’ peH(Q,0) & &

||(P||H(;.0(Q£)=1

< sup 9%([ (iV—i—Ao)v,,O,R,a'(iV%-Ao)(pdx—ka/ vnO,R,agZde) .
9eDy 2 (R2,0) f &

191,122 ¢, =! (5.4)
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1,2
For every ¢ € D’ (R2,C) we have

/Q iV + A0 ng R0 - TV F Ag)p dx — g /Q Vo R.a@

_ / OO iV + Ag)pa- IV + Ag)p dx =g =00 pug dx
2\ Dria E\DRia

—i—/l; (V4 Ao)vng,Ra- IV + Ag)pdx —Ag Vno,R,a® dx. (5-5)
R|a|

DRja
From scaling and integration by parts we have that, letting ¢, be defined in (3-27),

/ 050D iV + Ag)pq - (iV + Ag)p dx — ha !0 =0 . & dx
Q\DRjq| Q\DRa|

=i /H(¢a, Ks|a)) [ Tap 0= (iV 1 4,)G, v da, (5-6)
0D g

where v = x/|x| is the outer unit normal vector. In a similar way we have that, defining Z f as in (4-21)
and using (4-17),

/ @V +A0)Un0,R,a'(iv+A0)‘P dx—)m/ Vno,R.aP dx
DRia| D

Rlal

— JH G, K5|a|)(—i / (Y + A0 ZE v Top do — halal? /
0D R

Dg

ZRT0 dx). (5-7)
Combining (5-4)—(5-7) and recalling that 7, is an isometry of D(l)’z([Rz, C), we obtain

ZRgdx|,  (5-8)

_1
(H(¢a, Kslal)) 2||wa||(H01=Dg(Q,@))* Sh(P,a,R)+)\a|a|2 1Slzlp ‘
‘ peny?®@2,0) VPR
1

||‘p”1>$’2(n2,m:
where
Mpay= s || (@G A~ (Y + A0 ZE) v pdo].
peny?(®?,0) 1VODR
||<P||D(1),2(R2’C)=1

From Remarks 3.8 and 4.5 it follows that, for R > max{2, K5} and p € S fixed,

{(eia(%’—‘%)(iv + Ap)Ga— iV + Ao)ZaR) v} is bounded in H~/2(dDg)

la|<rs/R

so that, for p and R fixed, h(p,a, R) = O(1) as a — 0. Moreover, Remark 4.5 implies that, for
R > max{2, K5} and p € S! fixed,

ZRg dx
Dp

sup

9€Dy? (R2,0)

lell 1.2
Do

=0(l) as|a|—0.

=1
(R2.0)

Hence the conclusion follows from (5-1), (5-2), (5-3), and (5-8). O
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The previous theorem allows us to estimate the energy variation of scaled eigenfunctions and improve
the results of Corollary 3.5 as follows.
Corollary 5.2. Let p € S! be fixed. Then
(1) |a]**~* = O(H(¢a. Ksla])) as a = |a| p — 0;
(ii) letting §q and W, be as in (3-27) and (4-10), for every R > max{2, K} it holds that

—k
/ (iv+Ap)(¢a—e"“<9n—96’)W s )
(2/1a)\Dr

* VH(ga, Kslal)

Proof. Estimate (5-9) follows from scaling and Theorem 5.1. From (5-9) it follows that

2
dx=0(1) asa=lalp—0. (5-9)

ja!* ] . 2 \?
o ‘(zV—I—Ao)Wa} dx
vV H(¢a, Ksla|) \JD,r\Dg
loe—F| . 1/2
S ( / |GV + Ap) (O W) |2 dx)
vV H(@a, Ksla|) \VD,r\Dr
2 1/2
<o)+ ([ iV + Ap)Pa(x) dx)
D>r\Dpg

as a = |a|p — 0. From Remark 3.8 and (4-11), the above estimate implies (i). d

In the following lemma we prove the existence and uniqueness of the function W, satisfying (1-18)
and (1-19), which will turn out to be the limit of the blow-up family (3-27) as @ — 0 along the fixed
direction p € S'.

Lemma 5.3. Let p € S'. There exists a unique v, € Hl’p(IRz, C) satisfying (1-18) and (1-19).

loc

Proof. Let 1 be a smooth cut-off function such that 7 = 0 in Dy and n = 1 in R?\ Dg for some R > 1.
Recalling the definition of ¥; (1-20), we have

F =iV + 4p)* (e =0y
= —Ane!*Cr =8y 120V iV + Ap) Oy £ 0V + Ap) By
= —Ane'™* @0y 420V 1V + Ap) (@0 yy) € (D AR, C)*.

Here D},’z(RZ, C) is the completion of CX°(R? \ {0}, C) with respect to
1/2
Wlogency = ( [, 16+ apunax)
By the Lax—Milgram theorem, there exists a unique g € D;’Z(RZ, C) which solves
(iV+A4,)%¢g=—F in(Dy*(R* C)*.

Then, ¥, = g + neia(eﬁ_eé’)wk satisfies (1-18) and (1-19), and the existence is proved.
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The uniqueness follows from the fact that, if wl \IJI% € Hl’p([Rz, C) satisty (1-18) and (1-19), then

loc
(iV+4,)°(V,—¥)) =0 in(D,*(R* C))* (5-10)
and
fRZ iV + Ap) (W, —W))|* dx < +o0,

which, in view of the Hardy inequality (1-3), implies
\pl _ LDZ 2
/ M dx < 400,
R2 [x—pl
and hence that \Illl, — 11;12) € D},’z(RZ, C). Therefore we can test (5-10) with \I’ll, — \Iflz, thus concluding that

: 1 2912 gy
A;{z |GV + Ap) (Y, —¥,)|"dx =0,
which implies \1111) = lllg. g
We are now in a position to prove that the scaled eigenfunctions (3-27) converge to a multiple of ¥,
asa=|a|lp— 0.

Lemma 54. Let p € S! and § € (0, /j11/2) be fixed and let Ks > Y5 be as in Lemma 3.4. For
a=la|lp € Q let §, be as in (3-27). Then

,B KS 1/2
o - - /] = | —)0
§0a |ﬁ|(faDK6 |\I]p|2 ds) D as d | |p

in HYP(Dg, C) for every R > 1 and in CI%JC(IR2 \{p},C), where V), is the function defined in Lemma 5.3.
Moreover,

|a|le—*] 1 K 1/2
lim @ ———— = —(—2) .
a=lalp>0 /H(ga. Kslal) ~ 1BI\ fop,, [¥p|* ds
Proof. From Remark 3.8 and Corollary 5.2 it follows that, for every sequence a, = |a,|p with |a,| — 0,
there exist a subsequence a,,, ¢ € [0, +00) and ® € Hl(lj’cp (R?, C) such that

(5-11)

|an£ ||a—k|

Pan, = ) weakly in H"?(Dg,C) as { — +oc0 and  lim —c
t=+00 /H(¢a,, . Kslan, )

for every R > 1. Passing to the limit in the equation satisfied by @q, i.€., (i V + A,)?@q = Aglal?@, in
(1/]a])$2, we obtain that ® satisfies

(iV+A4,)’P=0 inR2 (5-12)

Moreover, by compact trace embeddings,

1 ~
—f D)2 ds =1, (5-13)
Ks Jopg,

so that @ is not identically zero. Testing the equation for ¢, with ¢, itself, integrating by parts and

exploiting the C2_-convergence of @, in R\ { p} (which follows from classic elliptic estimates) we obtain

loc
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Jpe |GV + Ap)@a,, |2 dx —>~fDR |(iV 4+ Ap)®|? dx as £ — oo for every R > 1. Hence we conclude
that, for all R > 1, ¢q,, — ® strongly in HVP(Dg,C) as { — +oo0.
By the strong Hli’cp (R?, C)-convergence and recalling (4-11), we can pass to the limit along ay, . 1in
(5-9) to obtain
/ GV + 4,)(D = cBe™ @~y dx < +o0.
R2\Dg

This implies ¢ # 0 (and hence ¢ > 0), otherwise we would have fRZ\ Dx |iV+4 p)5>|2 dx < +o00, which,
together with (5-12), implies ® = 0, thus contradicting (5-13).
Then Lemma 5.3 and (5-13) provide

_ | Ky 1/2
®=cB¥, and c= —(—) .
B\ Jopg, 1%l
Since these limits depend neither on the sequence, nor on the subsequence, the proof is complete. [
Proof of Theorem 1.1. Let p € S'. From Corollary 4.7(i) and (5-11) we conclude that
ko —ka = O(jal**7)

as a = |a| p — 0. Since the function a + A, is analytic in a neighborhood of 0, due to the simplicity of Ag,
see [Léna 2015, Theorem 1.3], and since 2|o — k| is noninteger, we have that the Taylor polynomials of
the function Ao — A, with center 0 and degree less than or equal to |2|o — k|| vanish, thus yielding the
conclusion. d

Proof of Theorem 1.2. 1t is a direct consequence of Lemma 5.4. O

6. Rate of convergence for eigenfunctions
Taking inspiration from [Abatangelo and Felli 2017], we now estimate the rate of convergence of the
eigenfunctions. We then take into account the quantity
” (iV+ A4a)¢a — eia(eu_eo)(iv + Ao)go HLZ(Q,C)’

where ¢ = @p satisfies (1-14), (1-15) and g = <p2 , satisfies (1-7). We split the argument in two different
steps, the first considering the energy variation inside small disks of radius R|«|, the second considering
the energy variation outside these disks.

Lemma 6.1. Under the same assumptions as in Theorems 1.1 and 1.2, we have that, for every p € S
and R > 1,

lim [ |0V + Aa)pa — OO GV + Ag)go|” dx = |B Fp(R),  (6-1)
a=la|p—0 a|2®=* Jp,,,

where

Fp(R) = / [V + Ap)Wp = @0 (Y + Ao)yie|” v,
Dpr

W, is defined in Lemma 5.3 and . is as in (1-20). Moreover,
£p:= lim Fp(R) € (0,400).
R—+o00
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Proof. We notice that, in view of (1-19), £, < +oc. The proof of (6-1) relies on a change of variables
and on the convergences stated in (4-11) and in Theorem 1.2. We have

lim Fp(R) = / |GV + Ap) W, — @O0 iV 4 Ag)y|? dx
R—+oc0 R2

— / ‘(ZV + Ap)(lpp _eia(ep_eg)wk)|2 dx > 0’
R2\T,

where I'y, is defined in (1-13). Indeed, suppose by contradiction that the above limit is zero. Since, for
every r; > ry > 1 we have W), — ei“(ep_gg)t/fk € H“?(D,,(p)\ Dy, (p), C), the Hardy inequality (1-4)
implies W, —ei“(el’_eg)wk =0in R?\ D;(p). Moreover, since (i V+ A,)* (¥, —eia(eﬁ_eg)wk) = 0in
R2\ I'p, a classical unique continuation principle, see, e.g., [Wolff 1992], implies W, — el (Op=6¢ )Wk =0
in R?\ I'p necessarily. But this is impossible since, by (1-18) and classical elliptic estimates away from p,

i“(el’_eéy)wk is discontinuous on I', \ {0} since it is the product of

ia(6p

W), is smooth in R2\ {p}, whereas e
the continuous nonzero function v and of the discontinuous function e —05 ); see the definitions
(1-11), (1-12) and (1-13). d

Before addressing the energy variation outside the disk, it is worthwhile introducing a preliminary

result. For all R > 2 and p € S, let Zp, R be the unique solution to

iV + Ag)? =0 in Dg,
{(l + Ao) zp,R in Dg 6-2)

; p
Zp,R = eta(® _91’)\1/1, on dDg.

From Lemma 5.4 it follows that the family of functions Z f introduced in (4-21) converges in H!-°(Dg, C)
to some multiple of z, g.

Lemma 6.2. Let p € S' and R > 2. Fora = |a|p € Q, let Zf be as in (4-21). Then
p ( Ks )1/2
ZR ., = (——— Zp R
BN\ fypy, WP ds) P
in H"°(Dg,C) as |a| — 0.

Proof. Define
o E(L)” i
P2 1BIN Jopy, 1 2 ds

By (4-17) and (6-2) we have that Zf — Yp,6Zp,R SOlves

iV + ‘40)2(che —Vp.8Zp,R) =0 in Dg,
VAR Vp.6Zp,R = eia(e‘?_e”)(@a —¥p,s¥p) on dDg.

For R > 2, let ng : R? — R be a smooth cut-off function such that

ng =0 in Dg/y, ng=1 inR?\ Dg, 0<nr <Ll (6-3)
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Then, by the Dirichlet principle and Lemma 5.4,

/ GV + AN (ZF — yps2p.0)* dx
Dpr
< /D GV + Ao) (1R G0 — 1y 50| dx
R

= RI"|@a — P8 *p rIG D Pa — p.6*p =
<2 |Vng*|@a—vps¥pl* dx +2 NRIGV + Ap)(@a— vp.s¥p)I* dx = o(1)
Dr Dr\Dgr,>

as a = |a| p — 0. Finally, the Hardy-type inequality (1-3) allows us to conclude. O

Lemma 6.3. Let ¢g € HOI’O (2, C) be a solution to (1-7) satisfying (1-5). Let p € S'. Fora = |a|p € Q,
let o4 € Hol’a(Q,C) satisfy (1-14)—(1-15). Then, for all R > max{2, Ks},

i (09—0,) . 2 -
Heza(oo 9a)(z V+ Ag)pa — iV + Ag)eo ”Lz(Q\DR\m,C) < |a|2‘°‘ le(p, a, R),
where lim,—|4| p—0 G(p.a, R) = G(p, R) for some G(p, R) such that
lim G(p, R) =0. (6-4)
R—+o0
Proof. Let R > max{2, Ks}. From Theorem 5.1 and (5-11) we have
@0V + Aa)pa = (1Y + A0)eollL2(@\Dgi10) = 100 Raa = ¥l 10 )

< C(h(p.a. R)+ g(p.a, R))a* 7,
where g(p,a, R) = o(1) as |a|] — 07 and

h(p,a,R)= sup
peDy*(R2,0)
||¢||D(1),2

f (iV+Ag) (@) G, ZR)., G do
0D R

®@2.0 !

< const]| (i V4+A) ("€ =0 G, — Z R).v—y, 51V +A0) (@O0, —2, g)-v]| 1)2 Dr)
+Vp.s sup

9€Dy? (R2,C)
lell 1.2
Po

/a . (iV+A) (0w, 2, p)v@do|,
R

®2.0" ]

where

,3 K8 1/2
Yps = W(/ I |2ds)
Dk, | P

and the constant const > 0 is independent of ¢. From Lemmas 5.4 and 6.2 we have
iV + Ag) (€@ G, — ZR) v =y, sV + Ag) (/O W, — 2, p)-v

in H=Y2(dDg) as a = |a|p — 0. Therefore h(p,a, R) < f(p,a, R) with

lim e R =yps s | [ GV A,z v do).
a=la|p—0 pep,2®2,c) /DR

||<P||D(1),2

®2.0" 1
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To complete the proof is then enough to show that

Pl sup / IV + Ag) (e C =)W, —z, g)-v g do| =0. (6-5)
e (peD(l)’z(Rz,C) dDR
II(PIID(l).z(Rz.O=1

Using an integration by parts we can rewrite

/aD IV + Ag) (e~ W, — 2, p)-v G do
R

/3D eia(%'—@p)(iv + Ap) (Y, — eioc(@p—%)wk) vgdo + /30 iV +Ao) (Y —zp,R) - v@ do
R R

—i / (iV+ Ap) (Y, — eia(Gp—‘g(?)wk) GV + AO)(peia(e(f_ep) dx
R2\Dpg

—H//;) (V4 Ag) Yk —zp,r) - (iV + Ag)p dx

’

which implies

sup

9eDy?(R%,0)

el 1.2
Do

/Z;D (iV+ AO)(em(G(l’j_e")"I’p —Zp,R)- V@ do
R

®@2.0 !

. » 1/2 1/2
< (/ |GV + A4p)(¥, —el®(6p=b wk)\z dx) + (/ |1V + Ao) (Y —zl,,R)\2 dx) . (6-6)
R2\Dgr Dgr

The first term in the right-hand side of (6-6) goes to zero as R — +o0 because of (1-19). To estimate the
second term, we consider a test function 7 g satisfying (6-3) and the additional property |Vng| <4/R in
Dg\ DR/>. Recalling that y —z), g satisfies (i V + Ao)> (Vg —zp,R) = 0 in Dg with the boundary condi-

tion Yx —zp R =Yk — (65 —0n) » on dDg, the Dirichlet principle and the Hardy inequality (1-4) provide

/D (Y + A0) (Vg — 2 )| dx

< f GV + Ao) (1R (Vi — ¥ ~00 )| dx
Dgr

52/ |VnR|2|¢k—ef“<96’—9ﬁ>xy,,|2dx+2/ iV + Ag) (Vg — @ =0 @ )12 dx
Dg RZ2\DR />
32 . .
< ﬁ I“I'IP _el(x(ep—eg)wk|2 dx + 2/ |(1V + Ap)(lpp _ela(ep—e(f)wk)|2 dx
DR\Dg/> R2\DpR/>

_RR+1’ / |y — =00y |2
B R? Dr+1(P)\D(r-2)/2(P) lx — p|?

+2/ 1V + A,) (W, — /@O =00) )2 dx
R2\Dg /2

dx
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32(R +1)? .

< 2D [ GV + Ap) (U — 00Dy )2 dx

Ry DRr+1(P\D(R—2)/2(P)

+2 |GV + 4,) (8, — =00y dx,

R2\Dg /2

which goes to zero again thanks to (1-19). Therefore we have obtained (6-5) and the proof is complete. [
Proof of Theorem 1.3. Let p € S! and & > 0. From Lemma 6.1 and (6-4) there exists some R >max{2, K}
sufficiently large such that

|Fp(Ro) —£p|l <e and |G(p, Ro)| <e.
Moreover, again from Lemmas 6.3 and 6.1 there exists p > 0 (depending on p, ¢, and Ry) such that, if
a = |a|p and |a| < p, then
|G(p.a, Ro) = G(p, Ro)| <¢
and

1

. j —4 . 2
PR /D |0V + Aa)ga(x) — @O GV 4 Ag)po (x)|” dx — B Fp(Ro) | <e.
Rylal

Therefore, taking into account Lemma 6.3, we have that, for all a = |a|p with |a| < p,

|a| 2okl / [V + Ag)gq — e Ca=0D iV + Ag)po|” dx —|B12Lp
Q

=

_ _ . i —_pay ,. 2
la] 2] /D (Y + Aa)pu — e Ca8D iV 1 Ag)go|” dx — |81 Fy(Ro)
Rolal

+ |a| 2ok / GV + Ag)pa — e *Ca=0D iV + Ag)go|? dx + B2 1Ly — Fp(Ro)|
Rylal

<e+G(p,a, Ry) + |,3|28
<e+|G(p.a. Ro)—G(p, Ro)| +|G(p. Ro)| + B> e = 3 + | B|*)e. O
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COMPLEX ROTATION NUMBERS: BUBBLES AND THEIR INTERSECTIONS

NATALIYA GONCHARUK

The construction of complex rotation numbers, due to V. Arnold, gives rise to a fractal-like set “bubbles”
related to a circle diffeomorphism. “Bubbles” is a complex analogue to Arnold tongues.

This article contains a survey of the known properties of bubbles, as well as a variety of open questions.
In particular, we show that bubbles can intersect and self-intersect, and provide approximate pictures of
bubbles for perturbations of Mobius circle diffeomorphisms.

1. Introduction

1.1. Complex rotation numbers: Arnold’s construction. In what follows, f :R/Z — R/Z is an analytic
orientation-preserving circle diffeomorphism. Its analytic extension to a small neighborhood of R/Z in
C/7 is still denoted by f. H C C is the open upper half-plane.

The following construction was suggested by V. Arnold [1983, Section 27] in 1978. Given w € H/Z
and a small positive ¢ € R, one can construct a complex torus E(f + w) as the quotient space of a
cylinder IT by the action of f + w:

:={zeC/Z|—& <Imz <Imw+ ¢},
E(f+ow):=11/z~ f(2)+ o).

For a small positive ¢, the quotient space E(f + w) is a torus, inherits a complex structure from C/Z and

ey

does not depend on ¢.
Due to the uniformization theorem, for a unique 7 € H/Z there exists a biholomorphism

H,:E(f+w)—>C/(Z+12) 2

such that H, takes R/Z C E(f 4+ w) to a curve homotopic to R/Z C C/(Z + tZ). The number
(f4+w):=1 €H/Z, i.e., the modulus of the complex torus E(f + w), is called the complex rotation
number of f + w.
In the original Arnold’s construction, w was supposed to be purely imaginary. The above version of this
construction was suggested by R. Fedorov. The term “complex rotation number” is due to E. Risler [1999].
The complex rotation number 7(f + w) depends holomorphically on w € H/Z; see [Risler 1999,
Section 2.1, Proposition 2].

Supported by RFBR project 16-01-00748-a and Laboratory Poncelet.
MSC2010: 37E10, 37TE4S.
Keywords: complex tori, rotation numbers, diffeomorphisms of the circle.
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1.2. Rotation number and its properties. This section lists well-known results on rotation numbers; see
[Katok and Hasselblatt 1995, Sections 3.11, 3.12] for more details.
Let f be an orientation-preserving circle homeomorphism, and let F : R — R be its lift to the real line.
The limit
] Fol’l (x)
rot f = lim

n—o0 n

mod 1

exists and does not depend on x € R. It is called the rotation number of the circle homeomorphism f.

Rotation number is invariant under continuous conjugations of f. It is rational, rot f = p/q, if and
only if f has a periodic orbit of period g. If rot f is irrational and f € C*(R/Z), then f is continuously
conjugate to z +— z 4 rot f (Denjoy theorem, see [Katok and Hasselblatt 1995, Section 3.12.1]). We will
need the following, much more complicated result.

Definition. A real number p is called Diophantine if there exist C, 8 > 0 such that for all rationals p/q,
p C
'p - 3' =
Theorem 1 (M. R. Herman [1979], J.-C. Yoccoz [1984]). If an analytic circle diffeomorphism has a

Diophantine rotation number rot f, then it is analytically conjugate to z — z +rot f.

This motivates the term “complex rotation number” for t( f + w) above: while a circle diffeomorphism
f is conjugate to the rotation x +— x +rot f on R/Z, a complex-valued map f + w is biholomorphically
conjugate to the complex shift z — z 4 t(f + ) in the cylinder IT C C/Z.

1.3. Steps on the graph of @ — rot(f + ). Rotation number depends continuously on f in the C-
topology. In particular, rot( f +w) depends continuously on w € R/Z; clearly, it (nonstrictly) increases on w.

Recall that a periodic orbit of a circle diffeomorphism is called parabolic if its multiplier is 1, and
hyperbolic otherwise. If a circle diffeomorphism has periodic orbits, and they are all hyperbolic, then the
diffeomorphism is called hyperbolic.

Let I,,, :={w € R/Z | rot(f +w) = p/q}; from now on, we always assume that p, g are coprime.
If for some value of w the diffeomorphism f + w has the rotation number p/q and a hyperbolic orbit
of period ¢, then this orbit persists under a small perturbation of w. In this case, I,/, is a segment of
nonzero length. Endpoints of /,,, correspond to diffeomorphisms f + w having only parabolic orbits.

In a generic case, the graph of the function w — rot(f + w) contains infinitely many steps, i.e.,
nontrivial segments /,/, X {p/q}, on rational heights.

1.4. Rotation numbers as boundary values of a holomorphic function.

Question 2. Can we find a holomorphic self-map t on H/Z such that its boundary values on R/Z coincide
with w — p(f + w)?

The answer is No (except for the trivial case f(x) = x + ¢), because the function w — p(f + w) is
locally constant on nonempty intervals /,,/,, and this is not possible for boundary values of holomorphic
functions. In more detail, note that H/Z is biholomorphically equivalent to the punctured unit disc D \ {0},
sothe map 1/(2wi)Inz: D\ {0} — H/Z conjugates t to a holomorphic bounded self-map of the punctured
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unit disc. Clearly, 0 is a removable singularity for this self-map. The following Luzin—Privalov theorem
[1925, Section 14, p. 159] shows that such an extension 7 does not exist:

Theorem 3 (N. Luzin, J. Privalov). If a holomorphic function in the unit disc D has finite nontangential
limits at all points of E C 0D, where E has a nonzero Lebesgue measure, then this function is uniquely
defined by these limits.

This motivates the next question:

Question 4. Can we find a holomorphic self-map on H/Z such that its boundary values on (R/2)\ 1,4
coincide with w — p(f + w)?

Remark. The set (R/Z)\ | I/, has nonzero measure due to a result of M. R. Herman [1977, Section 6,
p- 287]; so by Theorem 3, such a holomorphic extension must be unique.

The answer to this question is Yes, and this holomorphic function is the complex rotation number
7(f + w). The following theorem is proved in [Buff and Goncharuk 2015]; the proof is based on
previous results by E. Risler [1999], V. Moldavskij [2001], Y. Ilyashenko and V. Moldavskij [2003], and
N. Goncharuk [2012].

Theorem 5 (X. Buff and N. Goncharuk [2015]). Let f : R/Z — R/Z be an orientation-preserving
analytic circle diffeomorphism. Then the holomorphic function t(f + ) : H/Z — H/Z has a continuous
extension T(f + ) :H/Z — H/Z. Assume v € R/Z:

o If rot(f + w) is irrational, then T(f + w) = rot(f + w).
o If rot(f + w) is rational and f + w has a parabolic periodic orbit, then T(f + w) =rot(f + w).

o If rot(f + w) is rational and f + w is hyperbolic on an open interval w € I C R/Z, then T(f + w)
depends analyticallyon w € I and T(f +w) e H/Z for w € I.

The extension T (f + w) is also called the complex rotation number of f 4 w. Due to Theorem 3, it is
continuous on w, and coincides with the ordinary rotation number on R/Z\ | J I,,/,.

Definition. The image of the segment 1/, = {w € R/Z | rot( f +w) = p/q} under the map w — 7(f +w)
is called the p/q-bubble of f.

Due to Theorem 5, the p/g-bubble is a union of several analytic curves in the upper half-plane with
endpoints at p/q. Each analytic curve corresponds to the interval of hyperbolicity of f 4 w, and its
endpoints correspond to f + w with parabolic orbits.

So, each circle diffeomorphism f gives rise to a “fractal-like” set T(f + w) (bubbles) in the upper
half-plane, containing countably many analytic curves. The picture of bubbles growing from rational
points of the real axis was first described by R. Fedorov (oral communication, about 2001), and remained
conjecturable until [Goncharuk 2012; Buff and Goncharuk 2015].

The possible shapes of bubbles are not known. The following question is also open.

Question 6. Is the set T(f + w) self-similar (i.e., is it a fractal set)?

The precise meaning of “self-similarity” in this question is not clear; conjecturably, for certain sequences
of rational numbers {p,/q,}, the p,/q,-bubbles (when rescaled properly) tend to some limit shape.
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1.5. Properties of bubbles and the Main Theorem.
Question 7. Is T invariant under analytic conjugacies?
The answer is Yes:

Lemma 8. The complex rotation number T is invariant under analytic conjugacies: for two analytically
conjugate circle diffeomorphisms f1, f», we have T(f1) = 7(f2).

For nonhyperbolic fi, f», their complex rotation numbers coincide with rotation numbers, so this lemma
trivially repeats the invariance of rotation numbers under conjugacies. For hyperbolic diffeomorphisms,
the proof of this lemma is implicitly contained in [Buff and Goncharuk 2015]; see also Section 5 below.

Note that in general, for conjugate fi, f» and w € H/Z, the numbers T( f; + w) and 7(f> + w) do not
coincide.

Question 9. Is there an explicit formula for 7(f + w)?

The only case when the author can obtain an explicit formula for 7 ( f +w) is described in the following
proposition.
Let w : C/Z — C* be given by 7(z) := exp(2wiz).

Proposition 10. Let F' be a Mobius map that preserves the circle {lw|=1|w € C}. Let f : R/Z — R/Z
be given by f :==m ' o Fom. Then f has only a 0-bubble, and this bubble is a vertical segment.

Proof. First, let us compute 7(f + w) for w € H/Z.

Put F,, := ¢2™®F. For w € H/Z and small ¢ > 0, let E*(F,) be the quotient space of the annulus
IT* := {1 > |w| > |e2™®|} via the map F,,. Note that the map 7 induces a biholomorphism of E(f + )
to E*(F,). Indeed, it takes I to the neighborhood of IT* and conjugates f +w to F,, =mo(f +w)om L
So 7(f + w) is equal to the modulus of E*(F,).

The map F, is a Mobius map that takes the unit circle to the interior of the unit disc. Let A, be
its attractor with multiplier u(w) and R, be its repellor. The map (w — A,)/(w — R,) conjugates
F, to the linear map w — w(w)w, and thus induces a biholomorphism of E*(F,) to the complex
torus C*/(w ~ p(w)w). The modulus of this torus is equal to 1/(27i) In u(w). Finally, t(f + w) =
1/Q2ri) In p(w).

Now let us study the boundary values of t(f 4+ w), i.e., T(f +wp) = limy—«, T(f +w) for wy € R/Z.

The map F,,, is a Mobius self-map of the unit circle. If it has two hyperbolic fixed points on the unit
circle (i.e., wp is an interior point of Ip), then the multiplier of its attractor, (wy), is real because F,,,
preserves the unit circle. Then

_ . 1 1 .
T(f 4+ wy) = wll)ng)o i In pu(w) = i In u(wp) € iR.

If F,, has one parabolic fixed point on the unit circle, then lim,,_, ,,, (@) =1, and T(f +wp) = 0. If Fy,,
has no fixed points on the unit circle (i.e., wy € (R/Z) \ Iy), then it has a unique fixed point A, inside the
unit disc and a unique fixed point R, outside it; the Schwarz lemma implies that the multiplier of A,
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Figure 1. Infinitesimal O-bubbles for a perturbation of the Mobius map f =
(z+0.5)/(1 +0.5z) by the map g = sin2wnx, n = 1,2,3,4,5,10. The pictures
are rescaled horizontally. The vertical segment on each picture is the O-bubble for f.

satisfies | (wg)| =1, so

_ . 1 1
T(f +wy) = wlgral)o i In u(w) = i In w(wg) € R/Z.

Finally, the image of Iy under T(f 4+ -) belongs to iR, and the image of (R/Z) \ Iy belongs to R/Z.
We conclude that the only bubble of f is a O-bubble, and it is a vertical segment. (Il

Question 11. Is there a way to compute 7 ( f + w) approximately?

In the general case, one can try to implement the construction described in Section 5 as a computer
program. The author haven’t done this yet. For perturbations of Mobius maps, a simpler approach is
described below.

Take a map f + eg where f is as in Proposition 10, and g is a trigonometric polynomial. Figure 1
shows infinitesimal O-bubbles of f + eg.
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Definition. An infinitesimal 0-bubble for a perturbation f + eg of an analytic circle diffeomorphism f is
the image of the segment Iy for f under the map
a)r—>1?(f+a))—|—e2-i T(f +eg+w),
dele=0

i.e., under the linear approximation to the complex rotation number.

The choice of ¢ is shown on each picture in Figure 1, but it does not essentially affect the shape of
the infinitesimal bubble. In the lower part of bubbles, (d/d¢)|.—oT(f + £g¢ + @) tends to infinity. So the
linear approximation is not accurate, and this part of infinitesimal bubbles is not shown on the picture.

The following proposition enables us to draw infinitesimal bubbles. Its proof follows the same scheme
as the computation in [Risler 1999, Section 2.2.3]; it is postponed until the Appendix.

Proposition 12. Let f, g be as above. Let y be a curve in C/Z which is close to R/Z and passes below
the attractor and above the repellor of f + w, w € Iy. Then

d _ [ 8@
Je 8=01(f+8g+a)) = P

where H,, uniformizes E(f 4+ w). As in Proposition 10, one can compute H,, explicitly. The derivatives in

(H! (2))*dz, (3)

the right-hand side are with respect to z.

For any trigonometric polynomial g (say, g(x) = sin 2w nx), the change of variable w = 7 (z) turns
the integral (3) into an integral of a rational function along the closed loop 7 (y). We then compute it
explicitly via the residue theorem; for n > 3, the formulas become cumbersome and we use a computer
algebra system GiNaC [Bauer et al.; Vollinga 2006] to obtain them. The infinitesimal bubbles thus
obtained are shown in Figure 1.

In certain cases, intersections of infinitesimal O-bubbles for f + eg mean that for small ¢, the 0-bubbles
of f + eg intersect as well; see Remark 17 below.

Question 13. Is it true that the map w — 7 (f +w) is injective (so that the bubbles belong to the boundary
of the set {t(f +w) |w e H/Z})?

No, see [Buff and Goncharuk 2015, Corollary 16].
Question 14. How large are the bubbles?

In [Buff and Goncharuk 2015, Main Theorem] the authors prove that the p/g-bubble (with coprime
P, q) is within a disc of radius D/ (4 q?) tangent to R/Z at p/q, where D £ 1s the distortion of f,

D ‘=/ f) dx
’ r/z| f'(x)

Question 15. Can the bubbles intersect or self-intersect?

Here are several results in this direction.

Proposition 16. If an analytic circle diffeomorphism f is sufficiently close to a rotation in C* metrics, its
different bubbles do not intersect.
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Proof. We will use the answer to Question 14 above. Suppose that the distortion of f satisfies Dy < 27,
which holds true if f is C2-close to a rotation. For each p/q, take the disc of radius D r/ (4mg*) <1/(2¢%)
tangent to R/Z at p/q. It is easy to verify that these discs do not intersect for different p/g. As mentioned
in the answer to Question 14, the bubbles are within such discs, so they do not intersect as well. O

This proposition does not imply that the bubbles of f are not self-intersecting. This article contains an
affirmative answer to Question 15:
Main Theorem. (1) There exists a circle diffeomorphism f such that its 0-bubble is self-intersecting.
(2) For each rational p/q, there exists a circle diffeomorphism f such that its 0-bubble intersects its

p/q-bubble.

We do not assert that these bubbles intersect transversely; it is possible that they are tangent at a
common point.

Remark 17. Let
z+0.5

14+0.5z

be the M6bius map that we chose to draw infinitesimal O-bubbles. Let g = sin2wnx, n = 3,4, 5, or 10.

f:

Using the self-intersections of infinitesimal O-bubbles for f + eg, see Figure 1, one may show that for
sufficiently small ¢, the O-bubble of f + eg is self-intersecting. This provides an alternative proof of the
first part of the Main Theorem. Here we sketch this proof.

Let /1 (¢) and I (¢) be two small intersecting arcs of the infinitesimal O-bubble for f + eg. Let a., b,
and c,, d. be the endpoints of [ (¢), [>(¢) respectively. It is easy to verify that the lengths of the sides and
the diagonals of the quadrilateral a.c.b.d, are of order ¢, and /;(¢), [>(¢) are close to these diagonals.
The 0-bubble of f + eg is o(g)-close to the infinitesimal 0-bubble for f + g, and thus it contains a pair
of curves that are o(¢)-close to 1 (¢), [>(g). This implies that the O-bubble of f + eg is self-intersecting
for small e.

2. Main lemmas

Part 1 of the Main Theorem is based on Lemma 8 and the following lemma.

Lemma 18. For any hyperbolic analytic circle diffeomorphism f| with rot f; = 0 and any analytic circle
diffeomorphism f, # id, there exists an analytic diffeomorphism f and w € R/Z \ {0} such that f and
f + w are analytically conjugate to fi, f» respectively.

This lemma provides a nonrestrictive sufficient condition for two analytic diffeomorphisms to appear
(up to analytic conjugacies) in one and the same family of the form f + w.
Part (2) of the Main Theorem also requires the following lemma, which is interesting in its own right.

Lemma 19. For any complex number w € H/Z and any natural number m, there exists a hyperbolic
circle diffeomorphism f having 2m fixed points and the complex rotation number T(f) = w.



1794 NATALIYA GONCHARUK

Lemma 8 shows that complex rotation numbers can be used as invariants of analytic classification of
families of circle diffeomorphisms; Lemma 19 is a weak version of the realization of these invariants.
The following realization question is open:

Question 20. Which holomorphic self-maps of the upper half-plane are realized as w +— 7 (f + w) for
some circle diffeomorphism f?

3. Proof of the Main Theorem modulo Lemmas 18 and 19

3.1. Part (1): self-intersecting 0-bubble. This part of the Main Theorem does not require Lemma 19.

Fix a hyperbolic circle diffeomorphism f; with rot fj = 0. Apply Lemma 18 to f and f> = fi.

We get a circle diffeomorphism f such that f, f + o with @ # 0 mod 1 are both analytically conjugate
to f1. Due to Lemma 8, 7(f) = t(f1) = 7(f 4+ w). Note that T(f), T(f + ») belong to the 0-bubble
for f because f, f 4+ w have zero rotation number and are hyperbolic.

So the 0-bubble for f passes twice through the point T(f1). This completes the proof of the Main
Theorem, part (1).

Remark. Using Lemma 19, one can also prove that the O-bubble may self-intersect at any prescribed
point w € H/Z. To achieve this, it is sufficient to start with f; provided by Lemma 19 such that 7(f1) = w.

3.2. Part (2): intersection of 0-bubble and p [q-bubble. Take a hyperbolic circle diffeomorphism f;
with rot f> = p/q. Put w := 7(f>). Using Lemma 19, construct a hyperbolic circle diffeomorphism f;
with zero rotation number such that 7( f]) = w.

Now, the two circle diffeomorphisms fi, f> satisfy rot f; =0, rot fo = p/q and T(f1) = T(f2).

Lemma 18 provides us with a circle diffeomorphism f such that f, f 4+ w are conjugate to fi, f>.
Due to Lemma 8, 7(f) = 7(f1) = w and 7(f 4+ w) = 7(f2) = w. The point w belongs to the 0-bubble
of f, because rot f =rot fi =0 and f is hyperbolic, and it also belongs to the p/g-bubble, because
rot( f + w) =rot(fo) = p/q and f + w is hyperbolic. Finally, the O-bubble and the p/g-bubble for f
intersect at w. This completes the proof of the Main Theorem, part (2).

Remark. In a similar way one can prove that the O-bubble and the p/g-bubble may intersect at any
prescribed point w € C/Z. This requires an analogue of Lemma 19 for circle diffeomorphisms with
nonzero rational rotation numbers; the proof of this analogue repeats the proof of Lemma 19, except for
some technical details.

4. Proof of Lemma 18

We say that two circle diffeomorphisms f1, f> have a Diophantine quotient if rot(f} f{l) = w is
Diophantine. Lemma 18 follows from two propositions below.

Proposition 21. If two analytic circle diffeomorphisms fi, f» have a Diophantine quotient and
rot( f1 fz_l) =: w, then there exists an analytic diffeomorphism f such that f and f + w are analytically
conjugate to f1, f> respectively.
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Figure 2. The choice of & that yields rot( fl fz_l) = %

Proposition 22. Any hyperbolic analytic circle diffeomorphism fy with rot i =0 is analytically conjugate
to a diffeomorphism that has a Diophantine quotient with a given analytic circle diffeomorphism f5,

fr#id.

Proof of Proposition 21 . Due to the Herman—Yoccoz theorem (see Theorem 1), in some analytic chart,
fi f{l is the rotation by w =rot f} f{l. Let fi, f> be the diffeomorphisms fi, f> in this analytic chart;
then fj f{l(z) =z+4w. So f1(2) = f2(2) + w, and we can take f = f>. O

Proof of Proposition 22. Let A be the set of analytic diffeomorphisms of the form fl =ho fioh™!
for all possible analytic orientation-preserving diffeomorphisms /4. Then A is a linearly connected
subset of the space of all analytic circle diffeomorphisms, because for each hy, h, we can join h; to
h, by a continuous family of analytic circle diffeomorphisms A’. Now if we show that the continuous
function fl > rot( fl f2_1) on A takes two distinct values, then it takes all intermediate values, including
Diophantine values.

Let us find two maps of the form fl =ho f; o h~! such that rot( fl f{l) attains values 0 and %:

e rot( fl fz_l) = 0. Choose & such that for some point a € R/Z, we have fl (a) = f>(a). This is possible,
because f; # id and f, # id. Then ﬁf{l(fz(a)) = fa(a), so fa(a) is a fixed point for ﬁf[l, and
rot(fi f; 1) =0.

e rot( f] fz_l) = % Choose two points a, b € R/Z such that these points and their preimages under f, are
distinct and are ordered in the following way along the circle: a, b, fz_] (a), fz_1 (b). It is sufficient to
take a not fixed and b close to a.

Choose two points ¢, d € R/Z such that these points and their images under f; are distinct and are
ordered in the following way along the circle: ¢, fi(c), fi(d), d. It is sufficient to take ¢ and d near an
attracting fixed point of fi, on the different sides with respect to it.

Choose h that takes four points ¢, fi(c), fi(d), d to four points fz_1 (b),a,b, f2_1 (a) (see Figure 2).
Then fi =ho fi o h~" satisfies f1(f; (b)) =a, fi(f; ' (a)) = b; hence the point a has period 2 under
fifs ! sorou(fify ) =1

Finally, for some /4, the maps f] =ho fioh~!' and f, have a Diophantine quotient. (]

These two propositions imply Lemma 18.
The rest of the article is devoted to the proof of Lemma 19.
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Figure 3. Construction of £(f).

5. Explicit construction of bubbles

Theorem 5 defines 7(f +w), w € R/Z, as a limit value of the map w — t(f + ) on the real axis. In this
section, we describe T(f +w), w € Iy, as a modulus of an explicitly constructed complex torus E(f + ).

This construction was proposed by X. Buff; see [Goncharuk 2012; Buff and Goncharuk 2015] for
more details. The key idea of this construction is contained in [Risler 1999], but there it was used in
different circumstances.

5.1. The complex torus £(f). Let f be a hyperbolic diffeomorphism. Assume that rot f = 0.

Leta;j, 1 <j <2m,be its fixed points with multipliers A;. We suppose that0 <25, <1 <Ay;,i.e.,even
indices correspond to repellors, and odd indices correspond to attractors. Let ; : (C, 0) — (C/Z, a;) be the
corresponding linearization charts, i.e., 1//]._1 ofoyi(z) =21z, ¥;(0)=aj, ¥;(R) CR/Z, and ¥; preserve
orientation on R. We extend these charts by iterates of f so that the image of v; contains (a;_1, aj+1).

Construct a simple loop y C C/Z (le courbe ascendante, in terms of [Risler 1999]) such that f(y) is
above y in C/Z. Namely, let y = [ y;; let y; have its endpoints on (a;_1, a;) and (a;, aj+1); let y; be
the image of an arc of a circle under ;; let y; be above R/Z if j is even, and below R/Z if j is odd.
Since v; conjugates f to z > A;z, the curve f(y) is above y in C/Z.

LetlIcC /Z be a curvilinear cylinder between y and f(y) (see Figure 3). Consider the complex torus
E(f) which is the quotient space of a neighborhood of n by the action of f. Due to the uniformization
theorem, there exists T € H/Z and a biholomorphism I:iw :E(f) = C/(Z+ t2) that takes y to a curve
homotopic to R/Z. Let t(£(f)) := t be the modulus of £(f).

For rot f = p/q, the construction of y should be slightly modified: ¢; are linearizing charts of f4
at its fixed points, y; are arcs of circles in charts ¢;, we let y =] y;, ¥ winds above repelling periodic
points of f and below attracting periodic points of f, and we choose y; so that f(y) is above y in C/Z.
The rest of the construction is analogous to the case of rot f = 0.

Theorem 23 [Goncharuk 2012; Buff and Goncharuk 2015, Section 6]. Let f be a hyperbolic circle
diffeomorphism with rational rotation number; define E(f) as above. Then the modulus T (E(f)) of the
torus E(f) equals T(f).

Due to the construction, £( f) does not depend on the analytic chart on R/Z. This implies Lemma 8.
So in order to prove Lemma 19, it is sufficient to find a circle diffeomorphism f with 2m fixed points
such that T(£(f)) = w.
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5.2. Cutting E(f) by the real line. Let A; C I be the domain bounded by v;, f(¥j), and two segments
of R/Z. Note that the complex manifold ZJ- :=A;/f is an annulus, and ZJ- C ﬁ/f =E(f).

Let H" = H and H~ be the upper and the lower half-planes of C respectively. From now on, we use
the notation A*()) for the following standard annulus: AT :=HT/(z ~ rz). Ttis easy to see that its
modulus is 7t /| log A|.

Remark 24. The linearizing chart v/; induces the map from A ; to the standard annulus A™(A;) for even j,
and to A™(A;) for odd j. This follows from the fact that ¥; conjugates f to x — A;z.

This gives a full description of £(f) in terms of multipliers and transition maps of f: E£(f) is
biholomorphically equivalent to the quotient space of the annuli A (A i), mod AT (A ;) =m/llogA;|, by
the transition maps ¥ J._Jrll o ¥; between linearizing charts of f.

6. Circle diffeomorphisms with prescribed complex rotation numbers
In this section, we prove Lemma 19.

6.1. Scheme of the proof. Remark 24 above shows that £(f) can have any modulus, which nearly
implies Lemma 19. Indeed, we can obtain a complex torus of an arbitrary modulus by gluing some
2m annuli by some maps. We only need to show that there are no restrictions on possible multipliers and
transition maps for an analytic circle diffeomorphism. This follows from Theorem 25 below.

The above arguments together with Theorem 25 show that £(f) can be biholomorphic to a standard
torus of any modulus; however, we must also check that this biholomorphism matches the generators,
as required by the definition of 7(£(f)); see Section 5 above. The formal proof of Lemma 19, with the
explicit construction of f and the examination of generators, is contained in Section 6.3.

6.2. Moduli of analytic classification of hyperbolic circle diffeomorphisms. The following theorem is
an analytic version of a smooth classification of hyperbolic diffeomorphisms due to G. R. Belitskii [1986,
Proposition 2]. The proof is completely analogous, but we provide it for the sake of completeness.

Theorem 25. Suppose that we are given a tuple of 2m real numbers A; with0 < X1 <1 < Ay, and
a tuple of analytic orientation-preserving diffeomorphisms ;. j+1 : Rt — R~ such that ;. j+1(Ajz) =
Aj+1: j+1(2)-

Then there exists an analytic circle diffeomorphism f such that it has 2m fixed points with multipliers A,
and . j 11 are transition maps between their linearization charts V;: V. j41 = 1/fj_+11 oYj.

Remark. It is also true that such an f is unique up to analytic conjugacy, so the data above is the modulus
of an analytic classification of hyperbolic circle diffeomorphisms. Given f, transition maps v;. ;4 are
uniquely defined up to the equivalence

oYy )~ g @/aj-1), ..
for some numbers a; > 0; see [Belitskii 1986, Proposition 3].

Proof. Take 2m copies of the real axis and glue the j-th to the (j+1)-th copy by the map ¥;. j11 : Rt — R™.
We get a one-dimensional C“-manifold homeomorphic to the circle R/Z. It is well known that such
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manifolds are C”-equivalent to R/Z. Thus there exists a tuple of C* charts ¥; : R — R/Z such that
Vi1 = 1!’]-111 o ;. Due to the equality v/;. j+1(A;z) = Aj 41V, j+1(z), the maps ¥; ()ij//]fl(z)) glue into
the well-defined C® circle diffeomorphism f.

Let a; = v;(0). Note that f(a;) = wj()\jwj_l(aj)) = Y;(A;-0) = ¢;(0) = aj, so these points are fixed
points of f.

On a segment (a;_1, a;j11), the map ¥; conjugates f =joA; wj’l to z > A;z, S0 ¥; is a linearizing
chart of a fixed point a;, and A; is the multiplier of f at a;. (I

6.3. Proof of Lemma 19, see Figure 4. Recall that our aim is to construct a circle diffeomorphism f
with 2m hyperbolic fixed points and the complex rotation number w.

Consider the standard elliptic curve E,, = C/(Z + wZ); let R/Z and wR/wZ be its first and second
generators respectively. Take 2m arbitrary disjoint simple real-analytic loops v; C E,, along the second
generator. Let A; C E, be the annulus between v; and v . Let A; = A;NR/Z; then A; joins boundaries
of Aj .

We are going to construct a circle diffeomorphism f with 2m fixed points, and a biholomorphism
H :&(f) — E, such that H(Zj) =A; C Ey, where ;fj are the annuli in £(f) bounded by intervals of
R/Z as in Section 5.2. This biholomorphism H will take the class of y in £(f) to the class of R/Z = A;
in E,,. This will prove that the modulus of £(f) equals w.

Uniformize A;. For each annulus A; where j is even, take A; > 1 such that there exists a biholomorphism
7 B AT (L ;) — Aj;. For each annulus A; where j is odd, take A; < I such that there exists a biholomorphism
@j : A7 (%j) = A;. Each map {Ivlj extends analytically to a neighborhood of Ai(kj) in C*/(z ~ A;z2),
because the boundaries of A; are real-analytic curves v;. Assume that \T/j*l(vj) is the left boundary
of A(x)); that is, W' (v;) = R™/(z ~ 4;2). Then W, (vj 1) = R /(z ~ A;2).

Let W, : H* \ {0} — A; be the lift of \le to the universal cover of Ai()\j); then W; (A;z) = V;(2).
For each j, choose one of the preimages §; = \IJJ._1 (Aj). Letlj e R™, rj € RT be the left and the right
endpoints of §; respectively. Consider the maps ;. ;41 : Rt — R,

-1
Vjjr1 =V oW,
where we choose the branch of lI/j_+11 so that ;. j+1(rj) =1j11. Note that v/;. ;11 (X;2) = Aj 11V, j+1(2)
because ¥;(4;z) = V¥;(2).

Now, the complex torus E,, is biholomorphically equivalent to the quotient space of annuli A* (A i) by
the maps ;. ;1. This, together with Remark 24, motivates the construction of f* below.

Construct f and a biholomorphism H : £(f) — E,. Use Theorem 25 to construct f with multipliers A;
and transition maps ;. j 1.

Let v; be linearization charts of its fixed points; then ¥;. ;11 = wjjrl] oyj. Lety,E(f), Aj, A j be
defined as in Section 5 for this circle diffeomorphism f.

Consider the tuple of maps W, o wj_l on A; C C/Z. These maps agree on the boundaries of A; due to

the equality

(Wisro )™ o W0y =y oW o W0y =y ooy =id,
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Figure 4. Proof of Lemma 19.

so they define one map on T hey descend to the map H : £(f) — E, because v; conjugates f to
z+> Ajz and W, (xjz) = W;(z). Clearly, H(A)) = A,.

H takes the class of y in E(f) to the first generator of E,,. Note that the curves ¥;(§;) have common

endpoints v (r;) = ¥j1+1(lj41) since ;. j41(rj) =lj41. So y' :==J ¥;(8;) is a loop in C/Z that passes

above the attractors 1/,;_1(0) and below the repellors 1, (0) of f. So y’ is homotopic to y in an annular

neighborhood of R/Z covered by linearizing charts of fixed points; the homotopy does not pass through

fixed points. Hence y’ is homotopic to y in £(f), i.e., corresponds to the first generator of E(f).
Finally, H(y") =J ¥;(6;) =U Aj = R/Z C E,,. This completes the proof of Lemma 19.

Appendix: Derivatives of complex rotation number

In this section we compute (d/9w)7(f,,) for a family of circle diffeomorphisms f,,. In particular, this
yields Proposition 12. The computation is analogous to that of [Risler 1999, Section 2.2.3].

Let f, be an analytic family of analytic circle diffeomorphisms. Let G, := ~aj !, where H,, rectifies
the complex torus £( f,,); see Section 5. Let t(w) = 7(f,). Then

fo(Gu(2) = Goz+T(w) forze G, (y). )
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The Ahlfors—Bers theorem implies that the map G,,, if suitably normalized, depends analytically on w;
see [Risler 1999, Section 2.1, Proposition 2].

Fix w = wy € R/Z; in what follows, all derivatives with respect to w are evaluated at w = wyp, and
we will omit the lower indices in f,,, G, etc. Here and below G’, f’ are derivatives with respect to z;
G.,, f.., T, are derivatives with respect to w.

The following proposition clearly implies Proposition 12.

Proposition 26. Let f,,, G, be as above. Then

r fa/)(w) -1y 2
W= | Frm (@D @) dw,

where all derivatives are evaluated at w = wy.

Proof. We may and will assume that the curve y in the construction of £( f,,) does not depend on w in a
small neighborhood of wy.
Differentiate (4) with respect to w:

fllew + flew Gl =G (z+ 1)+ G (z+1)T),.

Express 7, using this equation and the identity G'(z 4+ 1) = f'|¢(;)G’(z) (this is the derivative of (4)).
We get

o = Jolow | Gu® _G,l+7)
¢ GG+t G@ G+t

Integrate this expression along G~'(y). The second and the third summands cancel out because the
function G/,(z)/G’(z) is holomorphic. We obtain

/
e[ Lo,
G~ l(y) G (Z + ‘L')
Using again G'(z+ ) = G'(2) f’|(;) and making the change of variable w = G(z), we get the desired
formula. U
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QUANTITATIVE STABILITY OF THE FREE BOUNDARY
IN THE OBSTACLE PROBLEM

SYLVIA SERFATY AND JOAQUIM SERRA

We prove some detailed quantitative stability results for the contact set and the solution of the classical
obstacle problem in R" (n > 2) under perturbations of the obstacle function, which is also equivalent to
studying the variation of the equilibrium measure in classical potential theory under a perturbation of the
external field.

To do so, working in the setting of the whole space, we examine the evolution of the free boundary I'!
corresponding to the boundary of the contact set for a family of obstacle functions /#’. Assuming that
h=h'(x)=h(t, x)is C*t12 in [—1, 1] x R" and that the initial free boundary 0 is regular, we prove
that '’ is twice differentiable in 7 in a small neighborhood of ¢ = 0. Moreover, we show that the “normal
velocity” and the “normal acceleration” of T'* are respectively C¥~1¢ and C*=2¢ scalar fields on I'’. This
is accomplished by deriving equations for this velocity and acceleration and studying the regularity of
their solutions via single- and double-layer estimates from potential theory.

1. Introduction

Motivation of the problem. Consider the classical obstacle problem; see for instance [Kinderlehrer and
Nirenberg 1977; Caffarelli 1998]. If the obstacle % is perturbed into & + ¢t£ with ¢ small and £ regular
enough, how much does the contact set (or coincidence set) move? The best known answer to this question
is in [Blank 2001], where it is proved that the new contact set is O (f)-close to the old one in Hausdorff
distance, in the setting of a bounded domain with Dirichlet boundary condition. Some results are also
proved in [Schaeffer 1975] in an analytic setting, by Nash—Moser inversion.

Our paper is concerned with getting stronger and more quantitative stability estimates, in particular
obtaining closeness of the contact sets in C**% norms with explicitly described first and second derivatives
with respect to ¢, which come together with an explicit asymptotic expansion of the solution itself. We
believe that such results are of natural and independent interest for the obstacle problem. They are also
for us motivated by an application on the analysis of Coulomb systems in statistical mechanics from
[Leblé and Serfaty 2018], which relies on the present paper.

Let us get into more detail on this aspect. In potential theory, the so-called (Frostman) “equilibrium
measure” for Coulomb interactions with an external “field” Q is the unique probability measure © on R"
which minimizes

/R N P(x —y)dp(x)du(y) + N Q(x)du(x), -1

MSC2010: 35R35, 31B35, 49K99.
Keywords: obstacle problem, contact set, coincidence set, stability, equilibrium measure, potential theory.
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where P is the Newtonian potential in dimension n. If Q grows fast enough at infinity, then setting

u(x) = fR PGr—y)du(y), (1-2)

the equilibrium measure u is compactly supported and uniquely characterized by the fact that there exists
a constant ¢ such that
u zc—%Q and u=c—%Q u—ae.;

see for instance [Saff and Totik 1997]. We thus find that & = — Au, where u solves the classical obstacle
problem in the whole space
min{—Au,u —h} =0

with obstacle h = ¢ — %Q —the two problems (identifying the equilibrium measure and solving the
obstacle problem) are in fact convex dual minimization problems, as seen in [Ekeland and Temam 1976];
see for instance [Serfaty 2015, Chapter 2] for a description of this correspondence. Thus, the support of
the equilibrium measure is equal to the contact set wherever the obstacle is “active”.

The understanding of the dependence of the equilibrium measure on the external field — which is
thus equivalent to the understanding of the dependence of the solution and its contact set on the obstacle
function — is crucial for the analysis of systems of particles with logarithmic or Coulomb interactions;
in particular it allows one to show that the linear statistics of fluctuations of such systems converge to
Gaussians. Following the method first introduced by [Johansson 1998], this relies on the computation of
the Laplace transform of the fluctuations, which directly leads to considering the same system but with
perturbed external field. Previously, the analysis of the perturbation of the equilibrium measure, as done
in [Ameur et al. 2011], relied on Sakai’s theory [1991], a complex-analytic approach which is thus only
valid in two dimensions and imposed analyticity assumptions on the external field and the boundary of
the coincidence set.

In that context, the evolution of the contact sets sometimes goes by the name “Laplacian growth” or
“Hele-Shaw flow” or the “Hele-Shaw equation”, see [Hedenmalm and Makarov 2004; 2013], and seems
related to the quantum Hele-Shaw flow introduced by the physicists Wiegmann [2002] and Zabrodin. It
has only been examined in dimension 2.

Setting of the study. Both for simplicity and for the applications we have in mind mentioned above, we
consider global solutions to the obstacle problem in R”, n > 2. We note that the setting in R? is slightly
different than the setting in R" for n > 3 due to the fact that the logarithmic Newtonian potential does not
decay to zero at infinity, and this will lead us to often making parallel statements about the two. We also
note that the potential u associated to the equilibrium measure in (1-2) behaves like P at infinity, since
is a compactly supported probability measure, i.e., tends to 0 if n > 3 and behaves like —5—log | x| if
n = 2. Specifying the total mass of —Au is equivalent to specifying the ratio of u/—log |x| at infinity in
dimension 2, or to adding an appropriate! constant to u in dimension n > 3.

et u’ be defined as (1-3). For n > 3 there is a nonlinear (but monotone and continuous) relation between the mass fIR" Au'

and value of the constant ¢’. For ¢’ large enough, the mass is 0, and when ¢ decreases, the mass increases continuously. This
allows us to solve the equation with prescribed mass by varying the constant ¢’.
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With the above motivation, in order to consider the perturbations of the obstacle, we thus consider for
each r € [—1, 1], given ¢’ a function of ¢, the function u’ solving the obstacle problem

liInl)cl—)oo u'(x) = (n>3),
min{—Au’, u’' —h'} =0 in R", . (o) . (1-3)
11m|x|_>oom =cC (n=2)
We assume AK® < 0 on {u0 = ho}, i.e., the obstacle must be “active” in the contact set, and
limy oo b/ () < ¢ (n23),
. h’(x) : (1_4)
hm|x|_)oo Tg\xl <cC (I’l = 2),
h=h'(x)=h(t,x) e C*""(—1, 1] x Bg), (1-5)
while
c=c =c@t) e C*([—1, 1]). (1-6)
For n =2 we assume ¢ > 0.
In addition, we assume
A(h' —h% is compactly supported in Bg 1-7)
and
W —h"—>0 as|x|>o00 (n>3), (1-8a)
h' —h?
-0 as |x|]—>00 (m=2). (1-8b)
—log |x|
In particular, letting ~ denote the derivative with respect to ¢, this implies
W' —>0 as|x|—>o00 (n>3), (1-9a)
)t
—0 as|x|>o00 (n=2). (1-9b)

—log |x|
Let us denote by
Q:={u'—-h">0 and T'":=09Q

the complement of the contact set and the free boundary, respectively.

We will assume that all points of the “initial” free boundary I'° are regular points in the sense of
Caffarelli [1977; 1998]. In particular we assume that ° is an open set with smooth boundary.

For the analysis of the paper it is convenient to identify precisely the quantities on which the (constants
in the) estimates depend. To this aim, let us fix p > 0 and make the following quantitative assumptions.

First, we assume that, for some U C Bg, we have

_ uW—hn'>p inR'\U (n=3),

AR’ <—p inU  and _ (1-10)
M zp MRN\U (1=2),

where U C Bp is some open set containing {u® = 0}.
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Second, we assume
all points of I'’ can be touched from both sides by balls of radius p. (1-11)

This is a quantitative version of the assumption that all points of I'? are regular points.
Throughout the paper, if C is a set of parameters of the problem, we denote by C(C) a constant
depending only on C. We define

C:= {nv k9 «, R9 U7 P, ||h||ck+l,a([_1’]]XU), ||c||C2([—l,l])}9 (1_12)
C’:={n,k,a, R, U, p, |1 crsra(zys €} (1-13)

For n =2 we also add to C the constant infj_; 17¢ > 0.

Main result. Let t, > 0 and let ¥ = W' (x) = W(s, x) be a 1-parameter family of diffeomorphisms
W (=1, 1) X R" — R". We say that W fixes the complement of U if W(x) = x for all x e R" \ U.
We say W is continuously differentiable if for all ¢ € (—t,, t,) there exists v ecC O(R"; R") such that

W1 (x) — W' (x) — s () || co ey = 0(5),
N () — W' () [l co gy = (1)
as s — 0.

We say W is twice continuously differentiable if, in addition, for all ¢+ € (—t,, t,) there exists
W' e CO(R"; R") such that

WS () — W (x) — s B (x) — £52 W' (x) ||C0(R";R") = 0(s),
S () — W' () | co gy = 0(1)

as s — 0.
Throughout the paper, given a function f : (—¢,, #,) x ¥ — R we use the notation f = f'(x) = f(z, x),

fs-‘rt_fs .
& f° =" and I’ :=lti¢r{)18zfs=8zf(s,y)-

The main result of the paper is the following. In its statement, and throughout the paper, we denote by
RS I L
the unit normal vector to I'’ pointing towards £2’.

Theorem 1.1. Letn > 2, k > 1, a € (0, 1), and u' satisfy (1-3), with h and c¢ satisfying (1-4)—(1-8).
Assume (1-10) and (1-11) hold.

Then, there exists t, > 0 and a 1-parameter differentiable family of diffeomorphisms W' € C*(R"; R")
that fixes the complement of U and which satisfies, for every t € (—t,, t,),

v =0 wT%=r",
9 V!

I || chtageny < € and (Wowh™h v = A

onT?, (1-14)
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where V! := ! — h' is the solution® to

AV = — AR in ', AV = — AR in &,
Vi=0 onT', Vi=0 onT?, (1-15)
lim, o0 Vi) =¢ (n>3), lim, 0 Joik = ¢ (n=2).

In addition, we have
W =h"+Viyxg inal R".

If moreover k > 2 then W is twice differentiable and we have

|| etz ey < Co (1-16)
and

”ut ”LOO(R") + ||vut ||C/"_2="‘((QOUQ‘)‘ U Qomgf) S CO- (1'17)
The constants t, and C, depend only on’ C.

An informal rephrasing of Theorem 1.1 is as follows. If the moving obstacle A(t, x) is C¥+1-% and ()
is C? then I' is “twice differentiable” for ¢ in a small neighborhood of 0. Moreover, the “normal velocity”
of ' and the “normal acceleration” of I'" are respectively CX~1¢ and C¥=2¢ scalar fields on I'!, with the
normal velocity precisely identified via a Dirichlet-to-Neumann transformation: to compute it, one finds
the solution V"’ to the Dirichlet problem in a exterior domain (1-15) and the normal velocity at a point of

I'" is given by the normal derivative of V' divided by the Laplacian of the obstacle at that point.

Open questions. It is of course natural to ask whether similar results hold for more general obstacle
problems, such as those associated to fully nonlinear operators or to fractional Laplacians.
In view of our results,* a natural open question, which we believe to be delicate, is whether one can
improve Theorem 1.1 to
W(r, x) € C*  (jointly in 7 and x).

Structure of the proof and organization of the paper. For the proof, we first reduce to a situation where
the contact set is growing, i.e., Q' C Q. We then define a coordinate system near the free boundary I'’,
and express the “height” n’ of I'" in these coordinates.

In Section 3, assuming that an expansion of the type 1’ = n° + 1% + %1'7'01‘2 +--- holds as t — O,
we derive equations for 7° and 7i°, which allow us to obtain explicit formulae and Holder regularity for
these quantities via single- and double-layer potential-theoretic estimates. These regularity estimates are
delicate to obtain because the relations characterizing 7° and #i° are at first implicit and one needs to show
they can be “closed” for regularity.

2Since we assumed /' tends to 0 (resp. is < | log |x|| if n = 2) at 0o, we have V/ is the unique solution such that V' + Rt is
bounded, coincides with 4 in the complement of Q' and is harmonic in €. In fact, V! + A is the unique bounded harmonic
extension of A’ outside of (7)<

3The set of constants of the problem C was defined in (1-12).

4We establish that if 1 € CkT1¢ then W! € Ck- ! € Ck% and §! e ck—22,
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In Section 4, we show that the existence of an expansion in 7 for n’, which was previously assumed,
does hold. This is done by using a second set of adapted coordinates near I'’ (a sort of hodograph
transform) and again single- and double-layer potential estimates.

Finally, in Section 5 we prove the main result by showing how to treat the general case where the
contact set is not necessarily growing. In the Appendix, we collect the potential-theoretic estimates we
need and some additional proofs.

2. Preliminaries

Known results. Throughout the paper it is useful to quantify the smoothness of the (boundaries of the)
domains €. Let us introduce some more notation with that aim. Let U be some open set and r > 0. We
write U € Ck% if for all x, € dU there are some orthonormal coordinates y;, 1 <i < n, with origin
at x, (these coordinates may vary from point to point), and a function F,, € C k""(E;) such that

UN{ly'l <r |yl <r}={yn < F,, OOYN{IY'I <7, Iyal <7},

where y' = (y1, y2, ..., Yn—1)-
In this framework we define

10U g == 5Up 11 Fy, ety < 00, @1

x,€0U
where B, = {|y/| <r} Cc R*7L.
With the previous assumptions we have in our notation:

Proposition 2.1 [Caffarelli 1977; 1998; Kinderlehrer and Nirenberg 1977; Blank 2001]. There exist
universal constants t, > 0 and C, depending only on C such that the following hold:

(1) We have
IT | ke < Co  forallt € (—to, 1).
p/4

(ii) For every pairt,s € (—t., t,), the Hausdorff distance between I'" and T'* satisfies
dHausdorff(Ftv Fs) < Co |t - S|.

Proposition 2.1 is contained in the results of [Blank 2001]. However, for the sake of completeness,
we briefly sketch the proof in the Appendix. This is done by combining the classical results for the
obstacle problem in [Caffarelli 1977; 1998; Kinderlehrer and Nirenberg 1977] and the key sharp estimate
|QTAQY| < C|r — s| for the symmetric difference of the positivity sets (or of the contact sets) from [Blank
2001].

Scalar parametrization of deformations (definition of n'). By Proposition 2.1 the free boundaries I'!
are “uniformly” C k.o for |¢| small and the difference between I'' and I'* is bounded by C|t’ —t| in the
L™ norm. A goal of the paper is to prove that the difference is bounded C|¢’ — ¢| also in a C¥~1¢ norm.
To prove this type of result it is convenient to have a scalar function representing the “difference” between
I'" and I'*. This has a clear meaning locally — since both I'" and I'* are graphs, and one can simply
subtract the two functions that define these graphs. We next give a global analogue of this.
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In an open neighborhood U, of '’ we define coordinates
(Za S) : Uo — Z X (_Soa So),

where s, > 0 and Z is some smooth approximation of I'°.
We assume the vector field

N := 0,
is a smooth approximation of v° on I'’. More precisely, we assume
N € C®(U,; R"), IN| =1 and NV >(1—¢g,) forte(—t,1t), (2-2)

where ¢, is a constant that in the sequel will be chosen to be small enough — depending only on C.
In this framework, Proposition 2.1 implies that for all ¢ € (—t,, t,) with ¢, small enough there exists
n' € C*%(Z) such that

I' = {s=n1"@)} CU.. (2-3)

Remark 2.2. From the data of '’ we may always construct Z and (z, s) satisfying the previous prop-
erties — for &, arbitrarily small —by taking Z to be a smooth approximation of ' and N a smooth
approximation of v°. Once Z and N are chosen, the coordinates (z, s) are then defined respectively as
the projection on Z and the signed distance to Z along integral curves of N.

3. A priori estimates
Roughly speaking, the goal of this section is to show that if an expansion of the type

77{=770+7?01+%7'7'0t2+"‘

holds, where
! 0_ :0 )
_ — —n't
il tn —>7'70 and %—)% ast — 0, inCO(Z),

then 7° and #° must satisfy certain equations that have uniqueness of solution and a priori estimates.
From these equations we obtain conditional (or a priori) estimates for || ﬁ0||ck—l.a( z) and [|7) O”ck—z,a( 2)-
In the next sections, let us provisionally assume

AW —h% >0 and ¢ —c"<0 (3-1)

for all # > 0, which is not essential but simplifies the analysis: Assumption (3-1) guarantees that ' C Q°
for all # > 0. Indeed, this is an immediate consequence of the characterization of

i =u' —h'

as the infimum of all nonnegative supersolutions with the same right-hand side and appropriate condition
at infinity. More precisely, we have the following lemma, whose proof is standard in dimension n > 3
and which we sketch in dimension n = 2 in the Appendix.
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Lemma 3.1. The function it can be defined as the infimum of all f satisfying f >0, Af < —AR',

lim (f +h) =" (n=3), (3-22)
m I i o). (3-2b)

x—o00 —log |x| ~
Note that in particular f = 0 is included since Ai® = —AR? < — AR, and

lim (@°+ /") = lim @ +1% + lim (' =A%) > > (n>3),
X—> 00 X—>0Q0 X—>0Q0

~0 t
wth) ct) (n=2).

b —logla| —
Therefore, applying Lemma 3.1 we obtain #° > i’ and
Q={i'>0c@’>0=a"
for all # > 0. Equivalently (3-1) implies n* > 0 on Z for ¢t > 0.
Later, when we prove Theorem 1.1, we will reduce to this case by decomposing 4’ as a sum of two

functions, one with nonnegative Laplacian and one with nonpositive Laplacian.
Let us define

o= 8,0 = %(ﬁ’ _ ). (3-3)
The function v’ is a solution of
Avl = —A§R°  in Y, Av' = —A8h° in Q',
vl = —%fto on I'!, v = —%ﬁo on I, (3-4)
limy oo v’ =8,¢° (n>3), limy 00 j;ogfxl =8 (n=2).

Since i = |Vi?| =0 on I'°, using the classical estimate’

0 0
lullcriwey < (m— DAl cra e,
we obtain

~ 2 2
i@’ < Cllhll e @ diausdore(T> TY) < Ct* on T,

Then, using that ' grows to ° as ¢ |, 0 and uniform estimates for v’ we find that v’ — v as 7 | 0, where

v is the solution of

Av=—Ah" inQO, Av=—AQ" in QO,
v=0 on I'°, v=0 on I, 3-5)
v(o) =" (n>3), limy oo Sagty = €0 (1 =2).

Here AR = lim, o A8, 10 = (Ad;h)(0, x).

5Since 19 is a solution of the obstacle problem in the whole R” with a semiconcave obstacle hO, we know uY is semiconcave

with D%u% > =Nl (Rn)ld and the estimate follows using Au® =0, where u® > 10,
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Equation and estimate for j°. We first prove the following

Proposition 3.2. Let k > 1. Assume that for some t,, |, O there exists 7° e CO(2) such that
8,mno — ﬁo in CO(Z) as m — o0.

Then, the limit 7° is given by

. oN vV
7(2) = (MW)(Z, n°(2)), (3-6)

with v as in (3-5). As a consequence, 70 is independent of the sequence t,, and we have 1 € C k=Le(z)
with the estimate

17 crre 2y < CENUR N chr sy + 167D (3-7)
Proof. We split the proof into two steps.
Step 1. We prove (3-6). Recall that since i’ is a solution of a zero obstacle problem we have
' =|Va'|=0 onT"’.
Thus,

8Svt = %(asﬂt — 8Sﬁ0) = —a— onTI". (3'8)

From (3-8) we deduce that

L, - L= ~
00" (2, ") = — =85t (2, ") = = (8512, ") + 05l 2 ) (0" = ") +o(tm)),  (3-9)
m m

where 1° and n' are evaluated at z (although we omit this in the notation) and where 9551°(z, no) is
understood as the limit from the Q°-side. To justify the validity of the previous Taylor expansion we use
that i € C2%(Q°); see Lemma 3.6.

Since i° = |Vu®| = 0 on I'° we obtain

9pell? = (- 1)?0it° = (- v)? AL’ = —(e - v)?AR° on TP

for every vector e, where v = v° is the normal vector to I'’ (pointing towards Q°). Again, the previous
second derivatives on '’ mean the limits from the ©2°-side. Hence, we have

3,i%(z, n°(2) =0 and 3’z 1°(2)) = —((N - v)*AR")(z, n°(2)), (3-10)

where 3,,i1°(z, n°(z)) is from the Q°-side. Dividing (3-10) by 1,, and taking the limit as #,, | 0 in (3-9)
using the assumption, we obtain

3v(z, 1°(2)) = =855’ (z, 1°(2)) 1°(2) = (N - v)? AR (z, 1°(2)) P°(2), (3-11)

where 9,v(z, n°(z)) and d,,1°(z, n°(z)) are from the Q°-side. When computing the limit that yields (3-11)
we must check that

0™ (z, n" (2)) — d5v(z, n°(2)), (3-12)
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where 9,v(z, n°) is from the Q°-side. To prove this, note that the equation (3-4) for v’, since we have
uniform C'¢ estimates for the boundary I'!, implies that ||V’ || co @ is uniformly bounded (for ¢ > 0
small). This implies that Vv’ converges uniformly to Vv in every compact set of Q°. Then using the
uniform continuity of the derivatives of v on Q we show that

lim Vv (x,) — Vu(x) as p—> oo whenevert, | 0, x, — x and x), € Q".

This establishes (3-12) and (3-11). Then, (3-6) follows immediately from (3-11), after recalling that
= 0.

Step 2. We prove (3-7). Indeed, from (3-5), and using that M = 9Q0 e cke o/4 with norm universally

bounded, we obtain

[vllcracqoy < CEYUAR || ci2a(qoy + 16°1) < CEYNA | cro o) + 1¢°)). (3-13)

Now recalling that N is smooth, that [|v°]ci- Le(roy < C|r° ||Cka < C, that —AhY > p, and that
1n° | cke(zy < C, (3-6) and (3-13) imply (3-7). O

Equation and estimate for ij°. In this section we estimate the second derivative in ¢ of n at t = 0. It is
convenient to introduce here the following notation, which we shall use throughout the paper. Given a
function f : (—t., 1) X ¥ — R, recall the notation f = f’(y) = f(t, x). Let us also define

5zf‘ f

857 f =2 and  f*i=1im&? f* =0 f (7,0).

From now on let us consider v to be defined in all of R"” by extending the solution of (3-5) by 0 in
R*\ Q0 Note that this is consistent with v = lim; o v" and vl =68,a"=0in R" \ QO (since both &' and
#° vanish there).

We now introduce the function, defined in all of R”,
w =800 = %(vt —v) = %8,12 )

Using (3-5) and the identity

1

v = - i =L =]

Aho in Q\ ',

we find, in the distributional sense,

At = (O (N VT T +(GAN° = A1) xopigr) = 3 AP xR
-14a
wl(OO) = %836.0 (I’L > 3)s
[Awt = 1 (@vv/(N - vDH Tro +(7 AR — AR) xgo\or) = 3 A87h xer i R”, (3-14b)
limy 5 10gt|x| 182 * (n=2),

where H denotes the Hausdorff measure. Indeed, note also that for v = v° we have

oyv = (N - vo)a,,v on I’ while 0,v=0 on Fgl.

out?
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Here, “T'0 . refers to the limit from the ©°-side, while “Fgl” refers to the limit from the (R" \ Q°)-side.
Therefore, Aw' has some mass concentrated on I'’ which is given by the jump in the normal derivative
of v, namely,
l aN v n—1
t N -0

In the following lemma, and throughout the paper, P denotes the Newtonian potential in dimension 7,

Iro .

namely,

_ 1 2—n
P(X)——n(n_2)|Bl||X| (n=3)
or

P(x)= —%log x| (n=2).

Recall that —A P = §,—¢ in the sense of distributions.
We also need to introduce the Jacobian

J(z,s):=|detD (z,s)" !

of the coordinates (z, s) defined by

/ f(x)dx:/ f(z,8)J(z,s)dzds.
A (z,8)(A)

We use the following abuse of notation:
e When f = f(x) we denote by f(z, s) the composition f o (z,s)”".
o Conversely, when g = g(z, s) we will denote by g(x) the composition g o (z, s).

Finally, let us denote by
m:U,—> Z

the projection map along N, which is defined in the coordinates (z, s) by

(z,8) = (z,0).
We will need the following:

Lemma 3.3. Given f : T — R continuous we have

/F N f@ aH () = /Z Fn®(@) I n°@) d=.

Proof. Let us assume without loss of generality that f is defined and continuous in the neighborhood U,
of I'°. Given & > 0 let
A® = {x € Us 0 (2(x) = 5(0) < n°(2(x)) + e}

Recalling that N = 9, and that |[N| = 1, we have

/ (N - vo)(x) f(x) d?—[”_l(x) = liml fx)dH" (x).
o £l0 € J e
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On the other hand, for (z, 5)(A®) :={(z, 5) € Z X (=S, 50) : 1°(z) < s < n°(z) + &} we have, by the
definition of J,

l/ f)dH"(x) = l/ f(z,8)J(z,8)dzds
& Jae € J(z,5)(4%)
=f dz l/ ds f(z,n°@) +5) J(z, n°(2) +5)
z € Jo

= fz Fzn°@) Iz, 1°(2) dz +o(1)

as ¢ | 0 and the lemma follows. O

Lemma 3.4. Let k > 2. Assume that for some t,, |, 0 there exist 1, ij € C°(2) such that

nm—n® =%

2 n'=2 - i inc’2)

1,
m [’%l

as ty { 0. Then,
weakly in Rn,

wn 222
where w can be decomposed as
W = Wsolid T Wsingle T Wdouble T Wimplicit + constant (3-15)

for

Weoria () = f AH V(A £, () P, (3-16)

) N
Wsingle (X) 1= fr dH" ' (y) ((N-vo)m%m) Aho—é(ﬁ‘)om)vaaN (Jh°>> ) P(x—y), (3-17)

Waouble (X) 1= /F dH" 1 (y) (%(ﬁoomzN'T”O (JAh°>> (y) O P(x—y), (3-18)
0 n—1 S
Wimplicit (X) := fro dH (y)m(y) P(x—y), (3-19)
where © : TV > R,
® == (N V)2 AR ({0 o y). (3-20)
Proof. Define
f_lovv

D i=Aw' ==
w t NO

H o — (tlehO + %Aho) Xeoar — LA82 yqr.
Let us show that D' — D in the sense of distributions, for some distribution D that we compute.
Let us first write
D' =D| + D),
where
D} = —%Ako Xona — 3 A8  xg (3-21)
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and

1{ onv 1
D) = (N = H' 1o —?Aho XQO\Q,). (3-22)

First we clearly have, for ¢ € C°(R"),
[ow(Fait o) wrar=1 [ [ "I §)(e. 9 dz ds
n
— /Z 1°(2)J (z, ”°)(AR° $) (2, n") dz = /F (N Gilom) AR ¢ dH"!
ast =t, | 0, where we have used Lemma 3.3, and hence
Dl X, (N )@ o) AR H' ! Tro — L AR xgo. (3-23)

Next, using (3-6), we compute, for ¢ € C°(R"),

t

/¢Dz </ J(Z—n%an(z)gb(Z, 7]0)— / dz /‘W ds(JAR® ¢)(z,s)>
(N -v9)2(z, n) z 0

nt
=l/ dz<(JAh0¢)<z,n°>ﬁ°—1/ ds(JAh°¢)(z,s)>
t z t nO
=hL+D, (3-24)

~ | —_

where

1 0 0 AR 0
I .=;/ dz((JAh $)(z. 1))’ ——/0 ds(JAh ¢)(Z,S)>
n

and

n[
b= [ asusr s

0+T:]Ol’
On one hand, letting s = n° + 7%z,

I 2/ dz/1 7°(2)t ds i((JAh()@(Z, %) — (JAR® §)(z, 770+1'70t§)>
Z 0 t S

st

1
= f dz / (1")%(2) 5d5 8;(J AR® $)(z, n°) +0(1)
Z 0

1
_ / 5 ds / dz (%%(2) 3, (J AR $) (2, 1°) + o(1)
0 Z

1

=2 [ v Oan! %(ﬁo o) dy (JAR §) + o(1). (3-25)
1"0

as t =t,, | 0, where for the last relation we used Lemma 3.3 with

F 00 = (5000 (AR ) (1),
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noting also that ; = dy and (7° o 1) (z, 7°(z)) = (1°)?(z). On the other hand,

n0+i%+3
___de/ ds(J AR §) (2, 5) + o(1)

0+170f
- 2/ dzii® (J AR $)(z, n°) + o(1)
-1 / AH'N (N 00) (1 0 1) ARC +o(1) (3-26)
1"0
ast =ty | 0. Therefore, D;’” — D,, where

N 0
¢y =+ | a0 omp)? Y
2 F()

In dimension n > 3 we have

aN(JAhOd))—%/ dH" N (N V) (50 o)) AR, (3-27)
FO

; _ 1 2 ~0 _ 152 0 _ 120
w™(o00) = 2xll)n;o(3tmu (00) =30, ¢ — 3¢,

2
and thus
w(o0) = %co = constant.
In dimension n = 2 we have instead )
w(x .
lim %co

x=o0 —log [x|

and this implies 2n%'c'0 = fRZ Aw and that w can be obtained (up to an additive constant) by convolving
the Newtonian potential P with Aw.
Therefore, combining (3-23) and (3-27), we obtain that (3-15)—(3-19) hold. O

We may now state the final result of this section.

Proposition 3.5. Let k > 2. Assume that for some t,, | O there exist 1), ij € C°(Z) such that

; 0_ 0
m —_— t
s =2l TN 50 i cO(2)
tm
as ty 4 0. Assume w € C'(Q°) and
lim Vw™ (x,,) = Vw(x) asm — oo forall x,, — x such that x,, € Q" (3-28)

Then, © : T° — R defined by (3-20) satisfies

O — 23555u’ (1° 0 1)? = dyv )’ + dyw  on Ty (3-29)
Moreover, ii° does not depend on (t,,) and
17 ct-20(2) < €€ Q, (3-30)

where
= 1%l k-t oy + 101+ (R crary + 1D RO Nl oo @ny + 1€°]).
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As for 7, the independence of ¢, and regularity of ij will be consequences of the fact that ® solves
(3-29), for which regularity estimates and uniqueness hold. However, note that (3-29) is an implicit
equation for ® since wimpiicit depends on O, which makes the analysis more involved.

To prove Proposition 3.5, we will need two auxiliary lemmas with standard proofs.

Lemma 3.6. We have

18 i gy < C(CO).
More generally, fort € [0, t,), where t, = t,(C), we have ii' € Ck+1’°‘(8_2’) with
||ﬁt||ck+l,a(m) <C(@).
Proof. Note that 9;it" solves
A@ii") =—A@0;h") inQ', with 9u'=0 onI’'=09Q"".

Since —A(9;h') € CK=2*(R") and I'' belongs to C’;"", using standard Schauder estimates up to the
boundary we obtain

di' € CH¥(BrNQ),
and hence

i e CH LY (BN Q). O

Lemma 3.7. Let U C Bg C R" be bounded with dU belonging to C"+2¢ for some r > 0 and f €
C!"*(Bagr), where m > 0. Let W be the solution of

AWZfX[R"\U in R", AWZfX[RE"\U in R",
W) =0  (nz3), limy o0 —oey = 27 Jpo f Xmrw (0 =2),

which is given in dimension 2 by convolution with the logarithmic Newtonian potential.
Then,

” W||Cm+2,a(EZR\U) + || W||Cm+2,0t(l7) =< C“f”cm,ot(gy.\,),
where C=C(n,m,a, R, r, ||8U||Cm+2,ot).

Proof. Let W be the solution of

AW=Ff inR"\U, AW = f in R"\ U,
W=0 on 0U, W=0 on 0U,
W(o)=0 (n>3), lim, o 5 =0 (n=2).

We consider W defined in all of R” by extending it by 0 in U.
Note that by standard Schauder estimates up to the boundary we have

W1l ez y < ClLE lleme - (3-31)
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On the other hand, the difference (ﬁ/ — W) solves, in all of R”,
AW —W) =8, ouW H' ' [yy  inR",
(W=W)(0)=0 (n>3),
AW —W) =8, ouW H' ' [y inR",
limy oo W — 27 [ f xmevw =27 [y oW atoo  (n=2).

—log x|
Therefore, W — W is a single-layer potential and using Theorem A.1 we obtain
(W — W)||Cm+2‘a(§2R\U) + (W — W)||Cm+2,a(f/) = C”av, outW”C'"HvOf(aU)
= C||W||C'"+2=°‘(I§2R\U) = C”f”cmﬂ(]ﬂ)'

Using (3-31) and recalling that by definition W =0in U we obtain

IWllenzagyvy T I1Wllenize@y < ClLf llema(zyg)- -

Proof of Proposition 3.5. Step 1. We first prove (3-29).
Expanding (3-8) as in (3-9) but up to the next order, we find

350" (z, ") = =855 i1°(z, n°) (A° + Lii% + 0(1)) — L8,5528°(z, n°) (1)1 + 0(1) (3-32)

ast =ty | 0.

Here 1, 7/ and ij are evaluated at z (although we omit this in the notation) and d,,i°(z, n°) and
55511°(z, n°) mean the limits from Q°. To obtain the Taylor expansion up to the third order of i° we are
using that, by Lemma 3.6, u® € C**1.%(Bg N Q0) where k > 2. Recall here that {u® =0} = R"\ Q° C
U C Bg.

Subtracting from both sides of (3-32) the quantity

dv(z, n°) = —d55it° (z, 17° (3-33)

and dividing by ¢, we obtain

asv! (z, n') — dsv(z, n°) 3 . .
t = —103550°(z, 10)7* = $8555u° (2, n”°) °) + 0(1). (3-34)

Recall that by Lemma 3.4 we have w’ — w in the sense of distributions with w given by (3-15)—(3-19).
Then, the assumption (3-28) allows us to compute the limit of the left-hand side in (3-34), namely,

v (@) —dw(z, n®) . Bz, ') —dw(z, 1) 8 (z, n') — dsu(z, ')
lim = lim +
t=t,, 10 t t=tn 0 t 4
= dyv(@ )i+ lim (N0 V'@ n)

= d55v(z, 1% 7+ dyw' (z, n°), (3-35)

where we have used the assumption (3-28).
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Taking t =1, | 0 in (3-34) and using (3-35) we obtain
—%3”50(2, Uo)ﬁo - %8555140(2» 770)(770)2 = Oys0(2, 770) n+ 8511)[(2, 770)-

Recalling the definition of ® in (3-20) and the fact that 3,4’ = —Ah" on '’ —and in particular at
(z, n°) — we obtain (3-29).

Step 2. We use (3-29) to prove uniqueness and regularity of 7. Recall that
Osw = dyw = N Wsolid + IN Wsingle + IN Wdouble + ON Wimplicit»

and while 9y wsolid, ON Wsingle> N Wdouble depend only on “known” functions — see (3-16), (3-17), (3-18) —
the term 9y Wimplicit introduces a “implicit” dependence on ® — see (3-19). We therefore need to “solve
for ®” in (3-29) in order to prove the uniqueness and regularity of its solutions ©.

For this, we write

N Wimplicit = (N + V) 3y Wimplicit + (N — (N - v)v) - VWimplicit 0N Fgut’

where v = v’ Recall that by a standard result on single layer potentials — see Theorem A.1 — we have

(N 1), Wimpicie () = 10(0) + B(x) on TY, (3-36)
where
~ ®
O(x) :=/ dH"I(y)(——)(y) v(x) - VP(x —y). (3-37)
Iy (N : V)

Note that the first term in the right-hand side of (3-36) is exactly the half of the first (and main) term in
the left-hand side of (3-29). Using this and defining

w(x):=(N—(N-v)v)(x) forxonTI?

we obtain

10 =1055u’ (7% 01)* +17° 9N - Vo + 8 (Wsolia + Weingle + Wouble) + @ VWimplicic +©  on Toy. (3-38)

out*

Step 3. From (3-38), we may deduce optimal regularity estimates for ®, and hence for ii°. To do so we
will bound each of the five terms in the right-hand side of (3-38) separately.

From here on, the constant C means C = C(n, k, «, p, ||h0||ck+l,a(Rn)).

For the first term, we use that A% € C¥*t1-% and we obtain that I'° € Cf)’/‘ft, that v0 € CK—1¢(I'%), and
that n° € C*%(Z) with estimates — here we are using the regularity estimates on I’ from Proposition 2.1.
In particular,

7211l ke oy + 10l ch-te oy < C. (3-39)

Observe also that the vector field N is smooth and hence 9,,u’ — the third derivative of u° along an
integral curve of N —is regular as D3u’.
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Therefore,
. 2
|| %avss MO(’?O o T[l) || Ck—Z.a(l"O)
0 -0 2 0 .0 2
<C(llu | cierra(gprgoy 1017 0 1) Ml oo roy 4[] oo ey 177 0 771) | ct—2aro))

< Il cr-20(z)
<CO. (3-40)

For the second term, we use again that N is smooth and recalling the estimate (3-13) for v and the
estimate 7 in (3-7), we obtain

167° 0 701) Bss vl k20 g0y < C (170 ll 22y 10l Lo By + 17 N2 10| ot o))

<COQ, (3-41)

where we used (3-7) and (3-13).
For the third term, we proceed as follows. From Lemma 3.7 we obtain that

IV wsotiall k2.0 (3graoy < CIAR |cr—20 < CQ.

Next, since N and J are smooth, Ah® € C¥~1¢, 10 e %%, and v° € C¥~1* we obtain by Theorem A.1(i)
that

[Wsingte | ¢t 0y < C(I1G7° 0 1) AR || cx-2.0 1y + 1 (3”0 7012l ch-20(1y)) < CQ

and by Theorem A.1(iii)

lwaoubte [l ct-1(goy < C(H° 0 71)? | ch-taryy < CQ.
Hence,
|2 (wsolid + Wsingle ~+ Wdouble) ”Ck—z‘a(I‘O) <CQ. (3'42)

For the term @ - VWimplicic we use that Theorem A.1(i) yields

| Wimpticit | ck-1.0 g0y < CIIO| k2.0 (1)
and thus
|- Vwimplicit”ck—M(FO) =< C||w||ck—2va(r0) [ ®||ck—21a(1“0)- (3-43)

Also, recalling the definition of ® in (3-37) and using Theorem A.1(iii) we obtain
18] ct-2e(r0y < ClIOlct-s.a(0). (3-44)
Inserting (3-40)—(3-44) into (3-38), we obtain
1O ct-2a(roy < C(Q + ll@ll ci-2a 0y Ol k-2 (roy + | O] ck-3.r0)) -

Note that we may take |||l cr-2.(roy arbitrarily small by taking &, in (2-2) small enough. Then, by a
standard interpolation argument we obtain

1O cr-20r0y < CQ. (3-45)
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Finally we recall the definition of ® in (3-20), use that o e chk=la _Ap0 > p and ARV € Ck-le
and observe that 7, Iz 5 1 satisfies o ! | cke(zy < C with C universal, to obtain

1770l k-2 (z) < CQ. O

4. Removing the a priori assumptions

In Section 3 we assumed the existence of the limits

t 0 t 0 -0
m m J— t
T =T 30 and 21 =0 —T0m ’12 Tom 50 in C%2) (4-1)

tm P
and we have shown that 7° and 7j° must then satisfy certain equations for which uniqueness and regularity
estimates were proven.

The purpose of the next section is to prove that under our assumptions, (4-1) indeed holds for every
sequence #,,, | 0.

The setup. We start by introducing a new system of coordinates in U, N Q° that are adapted to u°.
Let us define

o =o0(x):=0dyig(x). (4-2)

Note that o is defined in U, N Q and takes positive values in that neighborhood of I'? if U, is chosen
small enough. An application of the implicit function theorem gives that (z, o) are CX* coordinates in

U, N Q° (up to taking a smaller neighborhood U.). Indeed, for v = v°
p g g
0
a—" = 05,01° = (N - 1)29,,i° = (N -v)2Ai° = —(N - v)> AR (4-3)
s

on I'% . and where by assumption —A/#° > p > 0 in a neighborhood of T'°. Note in addition that the new
coordinates (z, o) are indeed C** since i € CK+1.¢(QV).
Let us also introduce
U N Qs z

to be the projection defined in the coordinates (z, o) by
(z,0) — (z,0).

These coordinates are clearly related to the hodograph transform of the obstacle problem introduced
in [Kinderlehrer and Nirenberg 1977]. Note also that for the case of the model solution to the obstacle
problem %(xn)%r, and with N = e, the coordinate o would simply be x;,.

In view of Proposition 2.1 there exists A’ € C k. (2) such that

I'" = {0 =A"(z)} forte(0,t). (4-4)

In the coordinates (z, o) we have
20=0 (4-5)
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since 0 = dyu® =0 on I'’. In addition, from (3-8) and the definition of the coordinate o we have

P ~0 A
oyv' = — i =—2=——07_rl on I'/;
t t t
hence
)\‘t
TQP?HMHLN@D. (4-6)
Indeed to prove (4-6) we use (3-8) and the definition of the coordinate o to obtain
it Al
8Nvt:— v :—gz——oﬁ'l Ol’lFt.
t t t

The relation (4-6) will allow us to prove uniform C*~1¢ estimates for A /¢, leading to the existence of the

Ck—2,a

limit as ¢ | 0 of A’ /¢, which will be denoted by A’. Later on, we will prove uniform estimates for

1A =20% A/ =00

2 12 2 t

which will lead to the existence of its limit as  — 0, denoted by A°. These estimates will be deduced

from the equation

M=30 v A (@) —vv(z, 0)

; ; —dyw' (z, A (2)), 4-7)

obtained from (4-6) by subtracting 20 (z) = —dnv(z, 0) from both sides, dividing by ¢ on both sides, and
recalling that by definition w’ = (v —v) /1.

Estimate on A" [t. The goal of this subsection is to prove a regularity result (without a priori assumptions)
on A'/t. We state it next.

Proposition 4.1. Fort € (0, t,) we have

)\‘t
v

=C©O).
Ck—l.a(z)

Before proving Proposition 4.1, let us state its main corollary
Corollary 4.2. There exist n° and \° such that

t 0 t
7 t” 7% and 7—>A0 in C°(2)

ast | 0.

Proof. Let t, | 0. Note that both coordinate systems (z, s) and (z, o) are C k@ Hence, the estimate in

Proposition 4.1 implies

0
<C

Ck—l,a(z)

n'—n
t

and by Arzela—Ascoli there is a subsequence t,, such that

1, 0 1,
m )\'m
T"7 ¢, and — - in C°(2)

tm m




QUANTITATIVE STABILITY OF THE FREE BOUNDARY IN THE OBSTACLE PROBLEM 1823

for certain limit functions £; and £, in CK=1*(Z). Applying Proposition 3.2, we must have £; = 7,
where 7° is the function given by (3-6). Then, either using the change of variables between s and o or
passing to the limit in (4-6) we obtain

02(z) = A%(2) := dyv(z, 0 =0).

Therefore, we have proven that each sequence has a subsequence converging to a limit that is indepen-
dent of the sequence. In other words the limits as ¢ |, 0 exist and are given by 7° and A°. ]

In view of (4-6), Proposition 4.1 is an immediate consequence of the following:

Lemma 4.3. Fort € (0, t,) we have

1A 1 A
27 leraz €O+ 100 |+

Jowo' a0 -

Ck—l,m(z)'

Next we state a sequence of lemmas aimed at proving Lemma 4.3. To study the regularity of dyv’, let
us write down (for the first time) the equation for v’ = %(ﬁt — % in all of R". We have

Av ==y o+ A8 xe  in R”, Av ==y i+ A8 xe  in R, s
v (00) =8,c° (n>3), limy—, oo #gxl)xl =50 (n=2).
Hence, we may decompose v’ as
v = v} + v} + constant,
where
. AR®
vi(x):=—[ dy —Xene MPx—y), 4-9)
R’l
vy (x) 1= —/ dyA§h xar () P(x — y). (4-10)
RV!

To prove Lemma 4.3 we will deal separately with the two contributions dyv; and dy vy to dyv.

Note that dyv; is an “approximate single-layer potential”. To study its regularity we need the next
lemma. Before giving its statement, we need to introduce some notation.

We denote by

J(z,0):=|det D (z,0)7"|
the Jacobian of the coordinates (z, o) defined by
/ Jx)dx =/ f(z.0)J(z,0)dzdo. (4-11)
A (z,0)(A)

Also, for 6 € (0, 1) we define
Q) i={xeUNQ’:0(x) >0 (z(x)} U\ U),
Iy :=0Q) ={o =01 (2)},
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and denote by v the unit normal to I'j towards Q. Although the following lemma will be used in this
subsection for F = —Ah®, we write it for general F for later use.

Lemma 4.4. Let V be the single-layer potential

ver= [ ar(F rae) )P . @-12)
We may write
14 =/l v?ae, (4-13)
where '
vi= [ H"“(y)(F Mom O ”f))(ymx .
) ssU

and for all 6 € (0, 1) we have

Al
”VVQ ||Ck71.ot(§t) <C©) “ F s o] ’

. (4-14)
0

Before giving the proof of the previous lemma let us give the analogue to Lemma 3.3 in the present

context.

Lemma 4.5. Given f : Ty — R continuous we have

(N -v))
r; d0/0s

(x) f)dH" ' (x) = f f(z, 01 () J(z, 01 (2)) dz.
zZ

Proof. Let us assume without loss of generality that f is continuously extended in a neighborhood of I}
contained in U, N Q% Given ¢ > 0 let

Afi={x e U, :0M (z(x)) <o(x) <OA(z(x)) +¢}.
Recalling that (do/ds)d, = N = 9, and that |N| = 1, we have
(N -v))
ro 0o/ds
On the other hand, for

x) f(x) d?-{,"_l(x) zliml/ fx)dH" (x).
el0 € J pe

(z,0)(A®) :={(z,0) € Z x (—00,0,) : 01/ (2) <o <O\ (2) + ¢}

we have, by the definition of J,
1

€ Jae

f)dH" (x) = %/ f(z,8) J(z,8)dzds

(z,5)(A®)

:f dz 1/ ds f(z,0M (2) +5) J(z, 00" (2) +5)
z &€ Jo

=/ f(z,0)'(2)) J(z, 01" (z)) dz + o(1)
zZ

as ¢ | 0 and the lemma follows. [l
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Proof of Lemma 4.4. The key idea in the proof is to think of an approximate single-layer potential as an
average (or integral) of exact single-layer potentials. More precisely, using (4-11) we may write

foavt fac] " aniror
PAV == | dz do (F¢J)(z,0)
I Jz 0

1
_ / dz 1 / 463 (2) (FoT)(z, 03 (2))
z UJy

! Al (N -vp)(y) _1
= do L (F — L dH" ,
fo /{GZW(Z)} C(Fo) G )

where we used Lemma 4.5.
Recalling that o = d,u, this proves (4-13).
To prove (4-14) we use that V? is a single-layer potential on the surface I'};, with charge density

t N - Ul

(A—oﬁ)F( . 2
t uSS

Note that Proposition 2.1 yields [|A || ck«(zy) < C and hence {o =61’ (x)} is C*? and its normal vector v

is Ck=1.% Recall also that u® € C*¥+1¢(Q0) and that u% ~ —(N - v°)2Ah° > 0 in a neighborhood of I"°.

Then, if

Al _
FTOJTI Eck 1,01’

it follows from Theorem A.1 that V? is C k""(S_Zg) and in particular VY is Ck*(Q") with the estimate

(4-14). O
Recalling (4-9), and using Lemma 4.4 with F = —Ah° we may now write
vl (x) = /1 V9 (x)de, (4-15)
where '
Ve(x)::f (—Aho)”—tofn (N'vé)>(y)P(x—y)dy. (4-16)
r! ! dysu®

The following lemma is a straightforward consequence of Theorem A.1 in the Appendix.
Lemma 4.6. Let VY be as in (4-16). We have

—ARO A

~douV’ = 3N V) == ot a0V on T}, (4-17)
Ss

where
9 A
19yg,0V" l ety = C(C) HT

Ck—2.« (Z) :

Proof. We recall that (N-vé), —ARY, 9,u° > p/2>0,and 7%1_1 1 Z— Fé, —AR? are all C¥~1-¢ functions.
Then, the lemma follows from Theorem A.1(ii)—(iii). U
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The next lemma will be used to control the “difference”
1 Af
—on V(@ n'@) = 5 (@)

Lemma 4.7. Let V? be as in (4-16). We have

1 )J A
VO (- L2 NI
H NI () Ck-la (Z) cO+ 100 Ck-le(Z)
Proof. Step 1. We estimate the Ckil’“(Z) norm of
L(2) =0y V7 (2, M (2)) — Ow.ou V' (2, OM (2)).
To do it we write this difference as
o _ t
I :t[ d6 aoaNVS(x/,eﬂ(x/))”?(x/).
0
Then, using Lemma 4.4 we obtain
)\t 0 A
Il ceovegz) <Ct(||v lesstaan | 5] s, FIV Im@p) T ] )
)\'t
‘ A < <C, (4-18)
ckezyll t llLee(2) L®(Z)

where C = C(C). Here we have used the fact that ||A'/¢| 1~(z) < C and information that follows from
Proposition 2.1.

Step 2. We next estimate the C¥~1-%(Z) norm of

1A
L(z) = dy.ouVO (2,00 (2)) — 3 T
Using (4-17) we have

0 t
L) = (N =) VouV(z, 00 (2)) + = ((N Ve) 50 1)% o T} —I—B%,OV@.
SSs
Using the estimates from Lemma 4.6 and 4.4 we have
0 0 A
1YV lct-tay < IV ooy < €| 5 | v
In addition,
IN—vi|~0, (N-vi)~1, and _M’Ofvl on T’
0 ’ 0 ’ P 0

for t € (0, t,), where X & Y means that “X is arbitrarily close to Y provided that ¢, and ¢, are chosen
small enough depending only of C.
Therefore, using the estimate in Lemma 4.6 and an interpolation inequality, we obtain

g Af A
e =5l
“ 2||Ck Le(z) = 20 ¢ Ck-la(z) Ck—2.0(Z)
t t !
<el A c|* * e = x C, (4-19)
t lck-1e(z) Lo(Z) Ck-le(z)

where ¢ > 0 can be taken arbitrarily small by decreasing, if necessary, t, and &,.
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Step 3. We conclude by the triangle inequality that

laxvec o en-2%

Ck—l,vt(z) S ||Il ”Ck*l,a(z) + ||12||Ck71.a(z)

and the lemma follows from (4-18) and (4-19), setting € = ﬁ. [

Lemmas 4.4, 4.6, and 4.7 will be used to treat the term dyv;. As a counterpart, the next lemma will be
used to treat the term 0y vs.

Lemma 4.8. We have
1051l ek ry < C(C).

Proof. Recalling that Av) = A8:h° xqr and that T = 3 are (uniformly) C*-¢, it follows from Lemma 3.7
that

||U2||cka(9r) = C(C)||A51h | cx- 2. (Rn)-
Using the trivial estimate
||A8;h0||ck—2,a(|Rn) S ”h”ck+l.a([_1’1]an)

the lemma follows. O

Proof of Lemma 4.3. We have
Inv'(z, M'(2)) = (B 4 dnv)) (2, A (2)),
and by (4-15)—(4-16) we have

1
Byl (2, A (2)) = /0 on V(2.2 (2)) db.

Hence, by the triangle inequality, and using Lemmas 4.7 and 4.8,

1A y .y z |
“BNU ( )\ )___(Z) Ck=le(z) — '/(; dQHaNV )\ ) ET‘Ck—l-“(Z)—}_”anz(.’)\ )||Ck71,a(2)
Al
C+ WH Ckfl,oc(z) +C”8NU§”C1‘*1-0¢(1'V)
)\‘t
< — || &=
B C + 100 H t Ckfl,a(z)’
where C = C(C). ;

Proof of Proposition 4.1. Recall (4-6), that is, (A" /1)(z) = —dnV'(z, A'(2)). Subtracting %(A’/t)(z) from
both sides and using Lemma 4.3 we obtain

o' (A~ 2 2

Ck=La(Zz) = “_ t CO+ 150

1 H A
Ck*I-“(Z) 100

ol 7

Ck—l,a(z)

as desired. |



1828 SYLVIA SERFATY AND JOAQUIM SERRA

Estimate on %(l’ Jt— A%). The goal of this subsection is to prove the following regularity result (without
a priori assumptions).
Proposition 4.9. We have

<C(C).
Ck—z,d(z) - ( )

Ha
1\t

Before proving Proposition 4.9, let us give its main corollary.

Corollary 4.10. There exist ii® and X0 such that

t 0 -0 t 1 0
n—n _“7 ..0 A —tA
t—2—>n and 2 2

2 -1 inc%2)

ast | 0.

Proof. Let t, | 0. Note that since both coordinate systems (z, s) and (z, o) are C k.o the estimate of
Proposition 4.9 yields

n' —n®—i°
t2

< C(C).
Ck=2.a (2)

Hence, by Arzela—Ascoli there is a subsequence ¢, such that
0 —n° —twi” M — 110

5 — ¢ and 2¥— " ¢, inCY%2)

2 2

Im Im
for certain limit functions £; and £, in C¥~2%(Z2).

Applying Proposition 3.5 the limit £; must be 7%, the unique solution to (3-20)—(3-29). Using the
change of variables between s and o we obtain that there is also a unique possible limit £,(z) = 19(2)
which is independent of the subsequence.

In other words, the limits as 7 |, 0 exist and they are denoted by 7i° and A°. O
In view of (4-7) and the regularity of dyv, Proposition 4.9 is a consequence of the following:

Lemma 4.11. We have
A/ —20
I [

At —30
v’ (-, () - IOOH%

Ck—2,oz (Z) Ck—Z,a (Z)

Let us state a sequence of lemmas which will prove Lemma 4.11. To study the regularity of dyw’ we
will use the equation for w' in all of R” that was obtained in (3-14).
As in Step 2 of the proof of Proposition 3.5 we take the decomposition
w' = w] 4+ w) + constant,

where, for n > 3,
1 .
wy(x) = /(;AhOXQO\Qf - %A‘Szzho)(szf) dy)P(x—y), w);=0,

and

L oNv 1
wh(x) = — / ;(ﬁ% Hro = AR xQo\Qz)(de(x =)

Respectively, for n = 2 we define w| and w} as the potentials of the previous Laplacians.
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The analysis of the regularity in & of w} is done using Lemmas 4.4 and 3.7, which straightforwardly
imply:
Lemma 4.12. We have
VW]l k24 (gy < C(C).

To study w), let us further split it as

t t t
Wy = Wy + Wy, + constant,

where
2[ X) = 1 3 U+ N : H - d Px—

1 oy ARY AT L0
wéz(X)Z—/;((N'V )ao/8s7H [ro = AR Xao\ar | (dy) P(x — y).

The study of dyw}, is done by observing that w, is a single-layer potential and using Theorem A.1.
Indeed we have:

Lemma 4.13. We have

1
C(C)+m

1 A"/t
anwh, (- O’—O)—E/—

AL/t — 20
t

Ck—z,a(z) Ck—Z,a (Z)

Proof. Let

O p— (a PO A At)()——l io—”)()
FO) = ey v (N l‘(N-l)O)( A

for x € I'%. Here we have used that dyv = —4 o 77 and (4-3).
On one hand, by Theorem A.1(iii) we have
3vo,outw§1 = %f + avoyowél onTY,
with
19,0, 0w | ck-2a(roy < CIl f Il k=3 (o)

and
||w121 ”Ck—l‘m(QO) S C”f”ck—lm(r()) (n Z 3),

IVwh llerzeqgoy < Cll fllcizaqroy  (n=2),
where C = C(C). Therefore, using that [N — 10| < & we have
1
|| aN w;l - Ef || Ck—z,a(r()) E C8” w121 ”Ck—l,a(QO) + ||8U0’0w;1 ||C’<—2=“(I‘°)
< Ce| flick-2e(roy + Cll f | k-3 (o),
and the lemma follows using interpolation and choosing ¢ small enough. (I

It thus remains to study the regularity of w/,, which we treat as an approximate double layer.



1830 SYLVIA SERFATY AND JOAQUIM SERRA

Lemma 4.14. We have
|| Vw;z ” Ck—lzx(ﬁt) S C(C) .

Proof. We will first write our approximate double layer as an average of double layers and we will then
use the regularity results for the single layers to deduce the regularity of double layers.
Let us compute

/ A / n AR® 2 — ! Lan® d
pAwy, = ¢(x) )8 s T fro—t Xoo\qr | (x) dx
_ 1 M@ _
:_/ dz —(z)(JAhO¢)(z,0)——2/dzf do (TAR $)(z, 0)
tJz t t Z 0

1 t
_ f 49 / dz )%(z);((J_Ahoqb)(z,O)—(J_Ahoqb)(z,é)f))
0 Z

1 (% A 2 _
——/ d9/ de// (—) (2) dz 85 (JAR® ¢)(z, 6'A1)
0 0 z\1
b A\’ - N -vj,
—/ d@/ dG’/ <—) oy‘rlaa(JAhoqﬁ)( )
0 0 ré/ t do /8S
where we have used Lemma 4.5. Changing the order of integration we find
1 Al 2 (N vt)
—f¢Aw§2=—/ (1—6)d9/ (—) 0 7105 (J AR p)——2~
0 ry\ 1 do/os

! MY oo (N

Therefore, we have

1
why (x) = — / (1—0)d6 Ip(x) (4-20)
0
for
A2 _ N -
Iy (x) := —/FQ dH"(y) (7) o 1(y) aN((JAhO)@)P(x—y))((8 7o ))2( ).
Note that
. AN (N - )
Io(x) = I{ () + I (x) = /F é dH"(y) ((7) o1 dn(J AR®) W—a"f)z)(y)mx—y)

- n—1 Y 0y (N -vp) _
+dwx(/rgdH (y)((T) Oﬂl(y)(JAh)(a 795)2 )( )P (x y)).

Therefore, recalling that

t
T eChe, AT ect (@), mech Ty, vpect Ty, Jan’ect,
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and do/0s = ugs positive and C¥~1% and using Theorem A.1 we obtain
IV I ||Ck—2.a(§?€) + ”v12||ck—2,a(§é) <C(C).
The estimate of the lemma then follows from (4-20) observing that Q' c 5_2’9 for all 6 € (0, 1). [l

Lemma 4.11 is now an immediate consequence of Lemmas 4.12, 4.13, and 4.14, and Proposition 4.9
follows.

5. Proof of the main result

In this section we conclude the proof of Theorem 1.1. If one assumes 2*+" — h7 satisfies A(h*™ —h%) >0

and ¢*!

—c* <0forz,t € (0,1) then Theorem 1.1 is a straightforward consequence of the results
developed in Sections 2-5. Hence, the main issue that needs to be addressed is how to remove these

technical sign assumptions. This is done by using a decomposition of the form
h' —n’ =g, +&", -1

where A(Sff’ —£&7) >0and limx_)oo(éfft —£&7) > 0 and the same with &, replaced by & and > replaced
by <. This decomposition is defined as follows. We let

14 zé? —14ze™*
and ¢_()=—1+H——

=14
$+(2) e L e2 et +e ¢

and note that
$r+o_ =2 (5-2)

and that ¢ is similar to x™ (the positive part), while ¢_ is similar to —x~ (minus the negative part) at
large scales.

Let ¢ be a radial smooth cutoff function with { =1 in Bg and ¢ = 0 outside of Byg. For t € (—t,, t,)
and x € R” let us define

g [ Pa-yi(Fan 1)z o),
e @i [ Pa-yie(Fac - i) o
Rn
Note that by definition we have, for t and ¢ small,

AEET — 6D = (e +00s (7 AT = 0) — oy (FAGT ~ 1))

= rl.-

= (61 (A8 + 16 (88,1%) L

(1'p4 (A8} 1+ 0 )¢

(A8, 101 + 0(z1+°‘));
t'=t1

= (0 (A8 + 7 (ASH) 1O + 0 +))¢

>t(1-Ct%*=Ct*)¢ >0, (5-3)
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d
dt' ly=

where in the passage from the third to the fourth line we have used that, since # € C><,
(A8 = AL
T

W\ _ hf—h0+hf
dt' lr=¢ t o 72 T
AR+ Ot  ART
_(_ 2( ) ):10(r"f).
T T

A similar inequality (with opposite sign) holds when + is replaced by —. Moreover, by (5-2),

T

AEL+ED) = t¢+<%A(h’ - ho))§ +t¢_(%A(h’ - h0)>; N

since A(h**t" —h%) = 0 outside of Bg and ¢ = 1 in Bg. Therefore (5-1) follows.
Next, for ¢, 7 € (—t,, t,) we consider the two-parameter family of solutions to obstacle problems u'-’
defined as

min{—Au'’ u™ — B} =0 inR" {l%m')"”“ ””((f)) =c =3, (5-4)
limjy |- 00 ozl = c't (n=2),
where
Wl =0 EL g
and
A i=th_ (%(ct - co)> +ipy (%(c’_ - c0)>.
Note that
u'=u"" and n' =n".
Let us define
Q" =" —h"" >0} and T :=9Q"
and let " € C*(Z) be defined by
' = {s=n""(2)} C U,. (5-5)

In the proof of Theorem 1.1 the following observation will be useful.

Remark 5.1. For e = (¢!, ¢?) € S! making a small enough angle with (1, 0) a computation similar to
(5-3) shows that

A(hH T THET_pily > 0 and (TN _ il < (5-6)

for (¢,7) in a small neighborhood of (0,0). Thanks to this observation, the results developed in
Sections 2-5 can be applied to obtain, in a neighborhood of (0,0), estimates for the derivatives of
u" and n”’_ in a cone of directions (¢, 7). As a consequence, we obtain estimates for all the first and
second derivatives 9, 7, d;;, 057, 0;7 of u’ “and n" ina neighborhood of (0, 0). In particular we obtain
estimates in the direction (1, 1) which are equivalent to estimates for u’ = u"' and ' = n""’.
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Proof of Theorem 1.1. Step 1. Assuming that k > 1 we prove that n’ T is once differentiable (jointly) in
the two variables (¢, f) in a neighborhood of (0, 0) with the estimate

137" | c-1a(z) < l€]C(C) (5-7)

and the formula )
ot — < Oy (Beu" )
en' =

which holds true for every vector e in the (¢, f)-plane.

Indeed, let e; = (1, 0) and let e; be some different unit vector making a small enough angle with e; as
in Remark 5.1.

By Remark 5.1, for fixed (¢, 7) in a small enough neighborhood of (0, 0) and for i = 1, 2, the one
parameter family (u/*¢ 7+l ); satisfies the assumptions of Sections 2—4. Applying Corollary 4.2 to it,
we find that
t,f d
3ei7’] Ti=—=

dt |i=g

t+ei1 f, t_+el.2t~
exists in the sense that the limit defining this derivative exists in C 0(2).
Then, Proposition 3.2 yields the estimate

| Oe; 77”[_||Ck*1»“(2) <C(©)

and the formula

e; -

y (aNaei (ut,t__hl,t_)

- (N - vt1)2 AT >(Z’ n(x)).

Since 9, = d,, and d; is a linear combination of d,, we obtain that 5/ is continuously differentiable
(jointly) in the two variables (¢, 7) in a neighborhood of (0, 0) with the estimate (5-7) and formula (5-8).

Step 2. Applying (5-7) and formula (5-8) for (¢, 7) restricted to the “diagonal” t =7 (still in a neighborhood
of (0,0))—i.e., with e = (1, 1) — we obtain that n’ is differentiable with respect to ¢, with the estimate

117" ll k1.0 2y < C(€) (5-9)
and the formula )
: an@' —h')
r_ )z, ' (x)). 5-10
1 ((N'v,)zAh, (z,m (%)) (5-10)
Note that (5-9) and (5-10) are identical to those of Proposition 3.2 but now they are valid under more
general assumptions (we do not need to assume the sign condition that implies that the contact sets are

ordered).
Step 3. Similarly we obtain
19een” | ct-1.0(2) < le*C(C). (5-11)

Indeed, let e; and e; be as in Step 1 and let e3 be a third vector such that the e; are pairwise linearly
independent and the angle of e3 with (1, 0) is small enough.



1834 SYLVIA SERFATY AND JOAQUIM SERRA

Using again Remark 5.1, for fixed (z, 7) in a small enough neighborhood of (0, 0) and for i =1, 2, 3, the
one parameter family (u/¢ " 7+¢7)- satisfies the assumptions of Sections 2-4. Applying Corollary 4.10
we find that

_ d?

t,t .

_ = t+elf, i+elf
T2 .
dt* ;o

aei e; 77 7]

exists in the sense that the limit defining this derivative exists in C 0(2).
Then, Proposition 3.2 yields the estimate

” aeiei 77” ”Ck*l’o‘(Z) = C(C)

Since for all e in the (7, 7)-plane 9., is a linear combination of {9, }i=1.2,3, we obtain that n’ 1 s twice
differentiable (jointly) in the two variables (¢, 7) in a neighborhood of (0, 0) with the estimate (5-11).
Step 4. Applying (5-11) or (¢, 7) restricted to the “diagonal” r =7 (still in a neighborhood of (0, 0)) —
i.e., with e = (1, 1) — we obtain that n’ is twice differentiable with respect to #, with the estimate

1" | ct-1a(2y < C(C). (5-12)

Again note that (5-11) is identical to that of Proposition 3.5 but now it is valid under more general
assumptions.

Step 5. Finally, we complete the proof of Theorem 1.1 by defining the diffeomorphisms W’ from the
coordinates (z, s) and the function . Let ¢ € C2°(U,) be some function such that ¢ = 1 in a neighborhood
of I'% Let us define

(2,5) 7 (2x), () + 1z (0) + ¢ ) (' 2 (x)) = °(z(x))}),  x € U,

\Ij(x):{x, x e R"\ U,.

Since we may take U, C U we have that W’ fixes the complement of U. By the definition of " we easily
show that W' (w°) = Q' — and thus W/ (I'%) = I'".

It not difficult to check that (5-9), (5-10), and (5-12) yield (1-14), (1-15) and (1-16) when rewritten in
terms of W. On the other hand, estimate (1-17) follows from the estimates for w obtained in Step 3 of the
proof of Proposition 3.5. 0

Appendix: Single-layer potentials and auxiliary proofs

We recall here classical regularity properties and the formula for the jump in the normal derivative for a
single-layer potential.

Theorem A.1. Let U C Br C R" be a domain such that dU € C™* for somer >0, m € Nand « € (0, 1).
Given f € C" 1 2(QU) let us define

wix) = fau dH () F PG — y),

where P is the Newtonian potential.
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We then have:
() we CORY), we C™*(U) and w € C™*(R" \ U) with the estimate

||w||cm,a(l7) + ||w||cm.a(m) = C”f”Cm—lv’l(BU),

where C depends only onn, m, a, r, and ||0U || cre.

(i1) Denoting by 9, ouw and 9, inw the (outward) normal derivatives of w from outside and inside U
respectively we have, for all x € dU,

B, owrw (x) = By ow(x) — 3 £ (x),
Ay, inw (x) = By 0w (x) + 5 f (x),

where

A, ow(x) :=/ dH"'(y) fF() v(x) - VP(x — ).
aU
(iii) The linear operator T : f + 8, ow maps continuously C"™=>*(QU) to C"™~ 1% (QU). More precisely,

0v.owllcn-re@uy < Cll fllen—2epu),
where C depends only on n, m, a, R, r, and ||0U||cre. In particular T is compact in Holder spaces.
We provide the following for completeness.

Bibliographic references and sketch of the proof of Theorem A. 1. Properties of single-layer potentials in
the spirit of (i)—(iii) — and related ones for double-layer potentials — are very classical results in potential
theory. They are key tools in proving the existence of solutions for the Dirichlet and Neumann problems
in C* domains by the method of boundary potentials (by solving in Holder spaces Fredholm integral
equations on the boundary of the domain). For more information on the topic, see for instance the classical
books [Sobolev and Dawson 1964; Dautray and Lions 1990].

The proofs of (i), (ii) are given in [Dautray and Lions 1990, Section II.3]. The proof of (i) is given in
full detail only for m = 1 but the proof for general m is similar. The result for all m is stated in [Dautray
and Lions 1990, p. 303].

The compactness property of T in (iii) is in the core of the theory for solving the Dirichlet and Neumann
problems by the method of boundary potentials. Indeed, by (ii), the Neumann problem Aw =0 in U,
d, =g on AU is equivalent to 7' f + % f = g, where f is the charge on the boundary. Since 7T is compact,
this equation can be solved by Fredholm’s alternative;®see [Sobolev and Dawson 1964, Lectures 15-19].

Roughly speaking, the reason why T f increases the order of differentiability of f by 1 is that the
integral kernel (x € dU) satisfies
k = - *X—y _ n—2
(x,y):=v(x)-VP(x —y) =cpv(x) O(lx —y["™)

lx—yl"

S1In this case the orthogonality condition of Fredholm’s alternative requires | au 8§=0.
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as y — x, y € dU, while dU is an (n—1)-dimensional surface. The extra factor |x — y| comes from
v(x) - (x—y)=0(x — y|?) since dU is smooth enough. Thus, T f behaves similarly to

e [ o
Rd [yl

which maps C¥=1#(R9) to C**(RY).

Since it is not easy to find complete references for (iii), although these types of estimates are very
classical, for the sake of completeness we provide next a detailed proof of a nearly optimal estimate like
(iii) in the case m = 2 (the proof for other m is more involved but similar). For the purposes of this paper
the optimal estimate is not necessary — we just state the optimal result for the convenience of the reader.
In our proofs, we do not need to gain a full derivative but just obtain a control in a finer Holder norm to
control the corresponding term by interpolation. Let us prove that if dU € Cf*“ then, for all 8 € (0, 1),

1T fllcosouy < Cllfllcow@u (A-1)

(note that the optimal estimate would be with C!'* instead of C%#).
As a matter of fact we will prove the stronger (and almost sharp) estimate

ITfllcosry < ClfllLe@u), (A-2)
which clearly yields (A-1).
Indeed, we start by showing that
X—=Yy
k(x, ) = v(0)—— (A-3)
lx — I
satisfies
|k(x, y) —k(x, y)| < Clx — x| |& — y|7"*, (A-4)

where & is a point of a curve on dU joining x and Xx.
Indeed, if y C dU is a smooth curve joining x and x and of length comparable to [x — x| we have, at
§=y(),
E—y
& — I

Choosing an appropriate frame, we may assume v; (§) = §;; and y]’. (t) = Cd,j —since the former vector

|Z|25,'j —nz;zj
|Z|n+2

%k(y(t),y)=v’(§) +vi(€) v () forz =& —y.

is normal to dU and the latter is tangent. Therefore

|Z|25,‘j —nz;zj

2122 |z|2|z]
w©y 0 <

1-n _ _ y|l-n
E IZI,,+2_C|Z| =ClE -y,

where we have used that the first axis is normal to dU and hence we have |z;| < |z|> —by C? regularity
of AU and recalling that z = & — y with both £ and y on dU. Therefore, an application of the mean value
theorem gives

_ _1d _ n
lk(x,y)—k(x,y)| < Clx — x| ‘Ek(y(t), )| < Clx —x|1E —y|!

and proves (A-4).
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Finally, recalling that
k(x, )| < Clx—yP™" and [k(¥, y)| < C|x — y|*™"
and combining this with (A-4), we obtain
Jk(x, y) = k(F, )] < Cla = £1P1E =y T (lx = |70 |5 — y @70 020),

Therefore

ITf(x) =Tf(x)|=

/a TN ) =k ) a0
< fau Ok, ) — k(G )l dH* ()

= Cllfl=u) / v — 171§ =y TP (e = y| @I 15 -y TEE)
U
< C|lfllL=@ulx — %,
which proves (A-2). O

Sketch of the proof of Proposition 2.1. For the sake of clarity we give a proof assuming that, for r > 0,
we have A(h' —h%) > 0 and A" — h® > 0 and thus Q' C ©°. We give the proof in dimension n = 2. The
proof for n > 3 is similar; see [Blank 2001].

Step 1. We show that for some #, > 0 and C, depending only on C we have
10\ Q| <Cc(©o)n. (A-5)
Indeed, from (4-8) we know that (recall that v’ := §,ii")

{ AV = —(AR°/1) xgo\qr + A8 R xqr  in R?,
: '@ _ 50
lim,_ o0 jl’Tgxlxl = §,cY.

Note that by (1-10) we have I'" C Bg for ¢ € [0, t,), where 7, > 0 is a small enough constant depending
only on C. Recalling that by assumption A8;A" is supported in Bg, we have

AR®
(S[CO = / Avt = / ——XQO\Qt + AS[/’lOXQt.
R2 R2 t
Therefore, since —Ah® > p, we find

Ligo\ ') <16 +f A8 < C(O).
Bg

Step 2. We first show (i); that is, we prove that for 7, small enough we have

||Ft||ck./[z <C, foralltel0,1). (A-6)
P
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Indeed, by Step 1, |20\ Q/| | 0 as t — 0 and hence, for # small enough, all points of I'! are regular points.
More precisely, for all p € T/,
By(p)N{a' =0} > c,(C) > 0.
Then, we apply:
(1) C'* free boundary estimates near regular points [Caffarelli 1977; 1998].
(2) 1% = Ck« estimates for obstacle 1 € CK*t1:¢ [Kinderlehrer and Nirenberg 1977].
We thus obtain (A-6).

Step 3. From (A-5) and (A-6) deduce that for ¢ € (0, ), the Hausdorff distance between I'! and I'*
satisfies

dHausdorff(Ft7 FO) = Co I. O

Sketch of the proof of Lemma 3.1. The lemma for n > 3 is very standard. Let us prove it in the case n = 2.
Assume n = 2. We want to prove that u’ = f,, where

Ful(x) :=inf{f(x):feC([R22), f>h', Af <0, lim f —c’}. (A7)

2% Tlogla]

The admissible class in (A-7) is nonempty since the function
f1(x) := ¢ min{0, —log |x|} + C;

is a member, provided we take C; > 0 large enough that log |x| 4+ C > h’(x) for all x € R>— here we are
using (1-4). Hence, f(x) € [A'(x), +00) is finite for all x.

We now check that u’ = f; is a solution of (1-3) (n = 2). First, as an infimum of superharmonic
functions, it is superharmonic. To check that it is a subsolution of the obstacle problem, we argue by
contradiction. Suppose on the contrary that there exist r, £, § > 0 (as small as we like) and x, € R? such
that f, > e+ h' in B,(x,) and fi(x,) > & + fa B, (x.) f«. By changing (slightly) x, and making r and &
smaller, if necessary, we may assume § < ¢ and

oscgx)h' <& = fi> sup h'.
By (xo)
Let f € C(B,(x,)) be the unique harmonic function in B, (x,) with Dirichlet boundary condition f =
18+ fx on 3B, (x,). Note that £ > h' in B,(x.), and set

S (x), x ¢ B, (x,),
min{f, fu(x)}, x € B,(x.).

Then f is admissible in (A-7) and hence f, < f. But then by the mean value formula for f we have

fx) :=i

o) < fra) < flxa) = hs 4+ ][ fo <164 fulr) —e < fulxo).

By (x,)

a contradiction. |
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