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MONOTONICITY OF NONPLURIPOLAR PRODUCTS
AND COMPLEX MONGE-AMPERE EQUATIONS
WITH PRESCRIBED SINGULARITY

TAMAS DARVAS, ELEONORA DI NEZZA AND CHINH H. LU

We establish the monotonicity property for the mass of nonpluripolar products on compact Kihler
manifolds, and we initiate the study of complex Monge—Ampere-type equations with prescribed singularity
type. Using the variational method of Berman, Boucksom, Guedj and Zeriahi we prove existence and
uniqueness of solutions with small unbounded locus. We give applications to Kdhler—Einstein metrics
with prescribed singularity, and we show that the log-concavity property holds for nonpluripolar products
with small unbounded locus.

1. Introduction and main results

Let X be a compact Kéhler manifold of complex dimension 7, and let 6 be a smooth closed real (1, 1)-form
on X such that {6} is big. Broadly speaking, the purpose of this article is threefold. First, we develop the
potential theory of nonpluripolar products without any restrictions on the singularity type by combining
techniques of Witt Nystrom [2017] and previous work of the authors [Darvas et al. 2018]. Second, given
¢ € PSH(X, 6), we introduce and study the spaces £(X, 0, ¢) and £ L(X,0, ), generalizing the content
of [Boucksom et al. 2010] to the relative framework. These latter spaces contain potentials that are slightly
more singular than ¢, and satisfy a (relative) full mass/finite energy condition. Lastly, with sufficient
potential theory developed, we focus on the variational study of the complex Monge—Ampere equation

O +iddu)" = fo', (1)

where f >0, f € L?(0"), p > 1, and the singularity type of u € PSH(X, 6) is the same as that of ¢. As
it will turn out, this equation is well-posed only for potentials ¢ with a certain type of “model” singularity,
which includes the case of analytic singularities, and we provide existence of unique solutions with small
unbounded locus. As we will see, on the right-hand side of (1) one may even consider more general
(nonpluripolar) Radon measures.

When 6 is a Kdhler form, f > 0 is smooth, and ¢ = 0, the above equation was solved (with smooth
solutions) by Yau [1978], see also [Aubin 1978], resolving the famous Calabi conjecture. Using both
a priori estimates and pluripotential theory, this result was later extended in many different directions; see
[Kotodziej 1998; 2003; Guedj and Zeriahi 2007; Boucksom et al. 2010; Berman et al. 2013; Berman
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2013; Phong and Sturm 2014]. Our approach seems to unify all existing works (in the compact setting),
under the theme of solutions with arbitrary prescribed (model) singularity type.

At the end of the paper, we give applications of our results to singular Kidhler—Einstein metrics and
establish the log-concavity property for certain nonpluripolar products. Other applications will be treated
in a sequel.

Though we will work in the general framework of big cohomology classes throughout the paper, we
note that all our results seem to be new in the particular case of Kéhler classes as well.

Monotonicity of nonpluripolar products and relative finite energy. Unless otherwise specified, we fix
a background Kihler structure (X, w) for the remainder of the paper.

We say that a potential u € L' (X, »") is 6-plurisubharmonic (8-psh) if locally u is the difference of
a plurisubharmonic and a smooth function, and 6, :=0 +i 9du > 0 in the sense of currents. The set of
6-psh potentials is denoted by PSH(X, 8). We say that {8} is pseudoeffective if PSH(X, 6) is nonempty.
Along these lines, {8} is big if PSH(X, 6 — ew) is nonempty for some ¢ > 0.

If u and v are two 6-psh functions on X, then u is said to be less singular than v if v < u + C for some
C € R. We say that u has the same singularities as v if u is less singular than v, and v is less singular
than u. This defines an equivalence relation on PSH(X, ) whose equivalence classes are the singularity
types [u], u € PSH(X, 0).

Given closed positive (1, 1)-currents Ty :== 6, , ..., T, := 6, where the 6/ are closed smooth real
(1, 1)-forms, generalizing the construction of [Bedford and Taylor 1987] in the local setting, it was shown
in [Boucksom et al. 2010] that one can define the nonpluripolar product of these currents:

O} A AOP =Ty A+~ AT)p).

U up *

The resulting positive (p, p)-current does not charge pluripolar sets and it is closed. For a 8-psh function u,
the nonpluripolar complex Monge—Ampere measure of u is simply 6 :==60, A--- A 6,.

It was recently proved by Witt Nystrom [2017, Theorem 1.2] that the complex Monge—Ampere mass
of 0-psh potentials decreases as the singularity type increases. Our main result about monotonicity of
nonpluripolar products generalizes this result to the case of different cohomology classes {6/}, fully
proving what was conjectured by Boucksom, Eyssidieux, Guedj and Zeriahi (see the comments after
[Boucksom et al. 2010, Theorem 1.16] in which they prove that the result holds for potentials with small
unbounded locus):

Theorem 1.1. Let 6/, j € {1, ..., n}, be smooth closed real (1, 1)-forms on X. Let uj, v; € PSH(X, 07)
such that u; is less singular than v for all j € {1, ..., n}. Then

1 n 1 n
f9”1/\‘--/\0%1zf@le---Aevn.
X X

To prove the above theorem, we first need to generalize the main convergence theorems of Bedford-
Taylor theory [1987]; see also [Xing 1996; 2009]. This is done collectively in the next result, further
elaborated in Theorem 2.3 below:
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Theorem 1.2. Let 6/, j € {1, ..., n}, be smooth closed real (1, 1)-forms on X. Suppose that we have
uj, u;? e PSH(X, 67) such that uj‘ — uj in capacity as k — oo, and

/GLJIA.--AQM';zlimsup/%w--wuﬁ. (2)
X X n

k— 00

Then 0% A---ANO% — 81 A---AO" in the weak sense of measures.
uy Uy, ui Un

We recall that a sequence {uy}; converges in capacity to u if for any § > 0 we have
lim Cap,{|lux —u| >38}=0,
k— 00

where Cap,, is the Monge—Ampere capacity associated to w; see [Gued;j and Zeriahi 2017, Definition 4.23].

We note that condition (2) is necessary in this generality, even in the Kihler case. Indeed, if u €
PSH(X, w) is a pluricomplex Green potential, then the cut-offs u; := max(u, —j) € PSH(X, o) satisfy
uj \ u. However, [y o = [y " > 0forall j, and [y o} = 0; hence wj cannot converge to wj weakly.

As noted above, Theorem 1.2 generalizes classical theorems of Bedford and Taylor (when u}‘, uj are
k
j k)
of these cases, there are severe restrictions on the singularity class of the potentials u;?, u;j. On the other

uniformly bounded) and also results from [Boucksom et al. 2010] (when u7, u; have full mass). In both
hand, the above theorem shows that there is no need for restrictions on singularity type of the potentials
involved. Instead, one needs only a semicontinuity condition on the total masses.

To develop the variational approach to (1), with the above general results in hand, we initiate the study
of relative full mass/relative finite energy currents. Let ¢ € PSH(X, 6). We say that v € PSH(X, 0) has
Sfull mass relative to ¢ (v € £(X, 6, ¢)) if v is more singular than ¢ and f x 0y = f X 0(2’. In our investigation
of these classes, the following well-known envelope constructions will be of great help:

v = Po(Y,d), Polv]1(d), Pol] € PSH(X,0) where ¢ € PSH(X, 6).

These were introduced by Ross and Witt Nystrom [2014] in their construction of geodesic rays, building
on ideas of Rashkovskii and Sigurdsson [2005] in the local setting. Due to the frequency of these operators
appearing in this work, we choose to follow slightly different notations. The starting point is the “rooftop
envelope”

Py(r, ¢) :=sup{v € PSH(X, 0) | v < min(y, ¢)}.

This allows us to introduce

Polyr1(¢) = ( Jim Py(y +C. 9))",

and it is easy to see that Py[v{](¢) only depends on the singularity type of 1. When ¢ =0 or ¢ = Vy, we
will simply write Py[y] := Po[¥](0) = Pg[yr](Vp), and we refer to this potential as the envelope of the
singularity type [V].

Using the techniques of our recent work [Darvas et al. 2018], we can give a generalization of [Darvas
2017, Theorem 3], paralleling [Darvas et al. 2018, Theorem 1.2]. This result characterizes membership in
E(X, 0, ¢) solely in terms of singularity type:
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Theorem 1.3. Suppose ¢ € PSH(X, 6) and | X 9; > 0. The following are equivalent:
) ueéX,0,op).

(1) ¢ is less singular than u, and Pylul(¢) = ¢.

(iii) ¢ is less singular than u, and Pylu] = Pyl¢].

Without the nonzero mass condition f X 0(’; > 0 this characterization cannot hold (see Remark 3.3). The
equivalence between (i) and (iii) in the above theorem shows that Py[u] is the same potential for any
uef&(X,0,¢), andis equal to Py[¢]. Given this and the inclusion £(X, 0, ¢) C £(X, 0, Py[¢]), one is
tempted to consider only potentials ¢ in the image of the operator v — Py[y], when studying the classes
of relative full mass £(X, 6, ¢). These potentials seemingly play the same role as Vjp, the potential with
minimal singularities from [Boucksom et al. 2010]. Implementation of this idea will be further motivated
by the results of the next subsection.

In addition to the above result, we also establish analogs of many classical results for £(X, 6, ¢), like
the comparison, maximum and domination principles. Some of these are routine, while others, like the
domination principle, require new techniques and a more involved analysis compared to the existing
literature (see Proposition 3.11).

Complex Monge—Ampére equations with prescribed singularity. With the potential theoretic tools de-
veloped, we focus on solving (1). A simple minded example shows that this equation is not well-posed
for arbitrary ¢ € PSH(X, 0) (see the introduction of Section 4). Instead, one needs to consider only
potentials ¢ that are fixed points of the operator ¥ — Py[v/], i.e., ¥ = Py[y]. Such potentials ¢ will be
called model potentials, and their singularity types [¢] will be called model-type singularities. In this
direction we have the following result:

Theorem 1.4. Suppose ¢ € PSH(X, 0) has small unbounded locus, and ¢ = Pyl¢]. Let f € L?(o"),
p > 1 such that f > 0 and fx fo" = fx 0(’; > 0. Then the following hold:

(1) There exists u € PSH(X, 0), unique up to a constant, such that [u] = [¢] and
0] = fo'. 3)
(ii) For any A > O there exists a unique v € PSH(X, 0) such that [v] = [¢] and
0" =™ fo. (4)

"=

That ¢ has small unbounded locus means that ¢ is locally bounded outside a closed complete pluripolar
set A C X. It will be interesting to see if this condition is simply technical, or otherwise necessary. This
seemingly extra condition on ¢ does have some benefits. Indeed, since in this setting solutions are locally
bounded on X \ A, one can interpret (3) and (4) in the following simple way: u and v satisfy (3) and (4)
on X \ A, in the sense of Bedford and Taylor.

Remark 1.5. As argued in Theorem 4.34, if (3) can be solved for all f € L?(X), p > 1, (with the
constraint [u] = [¢]) then ¢ must have model-type singularity. Consequently, our choice of ¢ in the above
theorem is not ad hoc, but truly natural!
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In our study of the above equations, we will start with a much more general context. In particular, we
will show in Theorems 4.28 and 4.23 below that instead of f®", one can consider, on the right-hand side
of (3) and (4), nonpluripolar measures, thereby generalizing [Boucksom et al. 2010, Theorems A, D].

Remark 1.6. Naturally, Vy = Py[Vp], but our reader may wonder if there are other interesting enough
potentials with model-type singularity. We believe this to be the case, as evidenced below:

o By Theorem 3.12 below, Py[vyr] = Py[Py[y]] for any v € PSH(X, 6) with fX 9; > 0. In particular,
P[] is a model potential, giving an abundance of potentials with model-type singularity.

« By Proposition 4.35 below, if ¥ € PSH(X, 6) has small unbounded locus, and 0{; Jo" € LP(0"), p > 1,
with | X 9:; > 0, then v has model-type singularity.

o All analytic singularity types (those that can be locally written as ¢ log(z il fi |2) + g, where the f;
are holomorphic, ¢ > 0 and g is smooth) are of model type [Ross and Witt Nystrém 2014, Remark 4.6;
Rashkovskii and Sigurdsson 2005]; see also Proposition 4.36. In particular, discrete logarithmic singularity
types are of model type, making a connection with pluricomplex Green currents [Coman and Guedj 2009;
Phong and Sturm 2014; Rashkovskii and Sigurdsson 2005].

e By [Ross and Witt Nystrom 2014; Darvas 2017; Darvas et al. 2018], potentials with model-type
singularity naturally arise as degenerations along geodesic rays and in particular along test configurations.

Complex Monge—Ampere equations with bounded/minimally singular solutions have been intensely
studied in the past; see [Kotodziej 1998; 2003; Gued]j and Zeriahi 2007; Boucksom et al. 2010; Berman
et al. 2013], to name only a few works in a fast expanding literature. To our knowledge, in the compact
case, only [Phong and Sturm 2014] discusses at length solutions that are not “minimally singular”, without
severe restrictions on the right-hand side of the equation. They treat the case of solutions to (3) with
isolated algebraic singularities in the Kéhler case, with a view toward constructing pluricomplex Green
currents on X. Given the specific setting, [Phong and Sturm 2014, Theorem 3] obtains more precise
regularity estimates compared to ours, using blowup techniques. In our general framework better estimates
are likely not possible. However, for smooth f, we suspect that away from the singularity locus our
solution u should be as regular as ¢ (up to order 2). For a general result on the regularity of certain model
potentials we refer to [Ross and Witt Nystrom 2017, Theorem 1.1].

Lastly, let us mention that in [Berman 2013, Section 4] solutions to complex Monge—Ampere
equations with divisorial singularity type are used in the construction/approximation of geodesic rays
corresponding to certain test configurations. In Section 5 of the same work, Berman speculates that
solutions with more general singularity type should allow for better understanding of degenerations
along test configurations/geodesic rays, and we believe our treatise will lead to more results of this
flavor.

In addition to the results in the compact setting mentioned above, finding singular/unbounded solutions
to the related Dirichlet problem on domains in C”, or more generally on compact manifolds with
boundary, was studied by a number of authors. We only mention [Lempert 1983; Bedford and Demailly
1988; Guan 1998; Phong and Sturm 2010a; 2010b] to highlight a few works in a fast expanding
literature.
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Applications. Solutions of complex Monge—Ampere equations are linked to existence of special Kéhler
metrics. In particular, we can think of the solution to (3) as a potential with prescribed singularity type
and prescribed Ricci curvature in the philosophy of the Calabi—Yau theorem. As an immediate application
of our solution to (4) we obtain existence of singular Kdhler—Einstein (KE) metrics with prescribed
singularity type on Kihler manifolds of general type. An analogous result also holds on Calabi—Yau
manifolds as well, via solutions of (3).

Corollary 1.7. Let X be a smooth projective variety of general type (Kx > 0) and let h be a smooth
Hermitian metric on Kx with 6 := ©(h) > 0. Suppose also that ¢ € PSH(X, 0) is a model potential,
has small unbounded locus and | X 9(;)’ > 0. Then there exists a unique singular KE metric he <€ on Ky
(QgKE =e?%e 109" where fy is the Ricci potential of 0 satisfying Ric @ =0+idd fy), with pxg € PSH(X, 0)
having the same singularity type as ¢.

As another application we confirm the log-concavity conjecture [Boucksom et al. 2010, Conjecture 1.23]
in the case of currents with potentials having small unbounded locus:

Theorem 1.8. Let Ty, ..., T, be positive closed (1, 1)-currents on a compact Kihler manifold X. Assume
that each T; has a potential with small unbounded locus. Then

1/n 1/n
f(T]A...ATn)2</(T]”)> (/(T;’)) .
X X X

Possible future directions. 1t is well known that, for A < 0, (4) does not always have a solution. More
importantly, solvability of this equation is tied together with existence of KE metrics on Fano man-
ifolds. It would be interesting to see if the techniques of [Darvas and Rubinstein 2017] apply to
give characterizations for existence of KE metrics with prescribed singularity type in terms of energy
properness.

By [Darvas 2017; Darvas et al. 2018] the geometry of geodesic rays and properties of (relative) full
mass potentials seems to be intimately related. In a future work we will explore this avenue further, by
introducing a metric geometry on the space of singularity types, via the constructions of [Darvas 2017;
Darvas et al. 2018]. By understanding the metric properties of this space, we hope to study degenerations
of singularity types along complex Monge—Ampere equations.

Organization of the paper. Most of our notation and terminology carries over from [Darvas et al.
2018], and we refer the reader to the introductory sections of this work. In Section 2 we prove
Theorems 1.1 and 1.2. In Section 3 we develop the theory of the relative full mass classes £(X, 6, ¢)
and we exploit properties of envelopes to prove Theorem 1.3. In Section 4 we generalize the vari-
ational methods of [Berman et al. 2013] to prove Theorem 1.4. Finally, Theorem 1.8 is proved in
Section 5.

2. The monotonicity property and convergence of nonpluripolar products

To begin, from the main result of [Witt Nystrom 2017] we deduce the following proposition:
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Proposition 2.1. Let 0/, j €A{l,...,n}, be smooth closed real (1, 1)-forms on X whose cohomology
classes are pseudoeffective. Let u;, v; € PSH(X, 67) be such that u i has the same singularity type as v;,

jef{l,...,n}. Then
/XGL}I/\---/\QIZ=/X9vll/\---/\91:i.

The proof of this result uses the arguments in [Boucksom et al. 2010, Corollary 2.15].

Proof. First we note that we can assume that the classes {#/} are in fact big. Indeed, if this is not the
case we can just replace each 6/ with 6/ + sw, and using the multilinearity of the nonpluripolar product
[Boucksom et al. 2010, Proposition 1.4] we can let ¢ — 0 at the end of our argument to conclude the
statement for pseudoeffective classes.

Foreacht € A={r=(11,...,1,) €R"|1; > 0} consider u, := Y, tju;, v, :=); tjv; and 0" := Y. 1;6.
Clearly, {6} is big, and u, has the same singularities as v,. Hence it follows from [Witt Nystrém 2017,
Theorem 1.2] that f X(GM’,)” = f X(QU’,)" for all + € A. On the other hand, using multilinearity of the
nonpluripolar product again [Boucksom et al. 2010, Proposition 1.4], we see that both 7 — | x(@; )" and
t— [ X (95,)71 are homogeneous polynomials of degree n. Our last identity forces all the coefficients of
these polynomials to be equal, giving the statement of our result. O

We recall a classical convergence theorem from Bedford—Taylor theory. We refer to [Guedj and Zeriahi
2017, Theorem 4.26] for a proof of this result, which is merely a slight generalization of [Xing 1996,
Theorem 1].

Proposition 2.2. Let Q C C" be an open set. Suppose { f;}; are uniformly bounded quasicontinuous func-
tions which converge in capacity to another quasicontinuous function f on 2. Let {u{ }is {ué} jreees {u}) i
be uniformly bounded plurisubharmonic functions on 2, converging in capacity to uy, ua, . . ., U, respec-
tively. Then we have the following weak convergence of measures:
fi108u] AidduUL A+ AidOu] — Fiduy Aidduz A -+ A0,
The following lower-semicontinuity property of nonpluripolar products will be key in the sequel:
Theorem 2.3. Let 6/, j€{l,...,n}, be smooth closed real (1, 1)-forms on X whose cohomology classes

are big. Suppose that for all j € {1, ..., n} we have u;, uj‘ € PSH(X, 6/) such that uj? — uj in capacity
as k — oo. Then for all positive bounded quasicontinuous functions x we have

k— 00

liminf/ XOL A AO 2/ X0, A NG
X uy n X n
If additionally,

/Gull/\---/\eu"nzlimsup/@tllkl,/\---/\eu"k, (5)
X X n

k—o00

then @, A---AO" — Ol A AO" in the weak sense of measures on X.
ulf Uy, uj Un
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Proof. Set 2 := ﬂ;zl Amp(67) and fix an open relatively compact subset U of . Then the functions Vj;
are bounded on U. We now use a classical idea in pluripotential theory. Fix C > 0, ¢ > 0 and consider
. max(u§ — Vpj + C, 0)

= L J=l....n keNr,
J max (u; — Vyi +C, 0)+¢

and

k,C .__ k )
Uy = max(uj, Vi — C).

Observe that for C, j fixed, the functions u;"c > Vyi — C are uniformly bounded in U (since Vj; is

bounded in U) and converge in capacity to ujc as k — oco. Moreover, f/.k’c’s =0if uf <Vy —C. By
locality of the nonpluripolar product we can write
FECe RO A Al = OO e A A
uy uy uy u

where fkC¢ = lk G, f,f’c’e. For each fixed C, ¢, the functions f*¢¢ are quasicontinuous, uniformly
bounded (with values in [0, 1]) and converge in capacity to ¢ := flc’s o € where fjc’s is defined by
fC,s . max(u; — Vp; +C,0)

77 max(uj — Vpi +C,0) 46

With the information above we can apply Proposition 2.2 to get

FECXO e A AOe = [OxOic A-- NGl ask — o0,
1 n 1 n

in the weak sense of measures on U. In particular since 0 < f%-¢ <1 we have

liminf/ XOL A AO > liminf/ fRCexol A A > / S G RN

k—oo Jy T i Uy k—oo Jy uy uy U u u
Now, letting ¢ — 0 and then C — o0, by definition of the nonpluripolar product we obtain
l}cnlif.ff/XXeu?A“'A% szxeul /\'--/\QZ,~

Finally, letting U increase to €2 and noting that the complement of €2 is pluripolar we conclude the proof
of the first statement of the theorem.

To prove the last statement, we set (i := Gulk A+ -AOT and p = GMII A---A6, . Note that the total mass
of these measures is bounded by f X Ol A - A 6" [Boucksom et al. 2010, Definition 1.17]. As a result,
by the Banach—Alaoglu theorem, it suffices to show that any cluster point of {1} coincides with w. Let
v be such a cluster point and assume (after extracting a subsequence) that w; converges weakly to v.
Condition (5) implies that v(X) < u(X). It suffices to argue that v > p, which is a consequence of the
first statement, thus finishing the proof. (|

Now we move on to the monotonicity of nonpluripolar products:

Theorem 2.4. Let 6/, j € {1, ..., n}, be smooth closed real (1, 1)-forms on X whose cohomology classes
are pseudoeffective. Let u;, v; € PSH(X, 67) be such that u; is less singular than v; for all j € {1, ..., n}.
Then

1 n 1 n
/Gul/\---/\eunZ/@U]A---Aevn.
X X
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Proof. By the same reason as in Proposition 2.1, we can assume that the classes {#/} are in fact big. For
each ¢t > 0 we set v]t. :=max(u; —t,v;) for j =1, ..., n. Observe that the v; converge decreasingly to v;
as t — oo. In particular, by [Guedj and Zeriahi 2005, Proposition 3.7] the convergence holds in capacity.
As vJ’. and u; have the same singularity type, it follows from Proposition 2.1 that

1 n __ 1 n
/XQMI/\---/\Hun_/X@ﬁ/\n-/\evz.

Letting t — oo, the first part of Theorem 2.3 allows us to conclude the argument. O

Remark 2.5. We note that condition (5) in Theorem 2.3 is automatically satisfied if uf /" uj ae. as
k — o0. Indeed, in this case uj‘ — u; in capacity, see [Guedj and Zeriahi 2017, Proposition 4.25], and by
Theorem 2.4 we have [, 6, A---A6) >limsup, [y 9;,; A A

On the other hand, if u}‘ yuj e (X, 67), by Corollary 3.2 below, it follows that (5) is again automatically
satisfied. Moreover, in the next section we will show that this last property holds for potentials of relative

full mass as well (see Corollary 3.15), giving Theorem 2.4 a more broad spectrum of applications.

3. Pluripotential theory with relative full mass

3A. Nonpluripolar products of relative full mass. Suppose 6/, j € {1, ..., n}, are smooth closed real
(1, 1)-forms on X with {6/} pseudoeffective. Let ¢j, ¥; € PSH(X, 67) be such that ¢; is less singular
than v/;. We say that Qllm A« A8y has full mass with respect to 9(})1 A---NBg , denoted as (Y1, ..., ¥a) €

E(X, 9;1,...,9;}"),&
1 1 7
[ o4 neenty, = [ ol neensg,

By Theorem 2.4, in general we only have that the left-hand side is less than the right-hand side in the
above identity.

In the particular case when the potentials involved are from the same cohomology class {#}, and
¢, ¥ € PSH(X, 6) with ¢ less singular than ¥ along with [, 0y = I 0y, we simply write ¥ € £(X, 0, ¢),
and say that v has full mass relative to 6’;. When ¢ = Vj, we recover the well-known concept of full
mass currents from the literature; see [Boucksom et al. 2010].

As a consequence of Theorem 2.3, we prove a criterion for testing membership in £(X, 011, cen )

Proposition 3.1. Let 6/, j € {1, ..., n}, be smooth closed real (1, 1)-forms on X with cohomology
classes that are pseudoeffective. For all j € {1, ..., n} we choose ¢;, ¥; € PSH(X, 67) such that @; is
less singular than ;. If Pyi[¥;1(¢;) = @j then (Y1, ..., ¥y) € E(X, 911, ces 0(;’").

Proof. If Pyj[¥;](¢;) = ¢;, then ij = Ppi(Yj+C, ¢j) /"¢ a.e.as C — oo. Theorem 2.3 and Remark 2.5
then imply

lim evc/\---/\evczf0¢1A---/\9¢n.
C—o00 X 1 n X

As Py (Y;+C, ¢;) has the same singularity type as v/; for any C, the result follows from Proposition 2.1. [l
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As a result of this simple criterion, we obtain that condition (5) in Theorem 2.3 is satisfied if the
potentials uf, u; are from £(X, 07):

Corollary 3.2. Let 0/, j € {1, ..., n}, be smooth closed real (1, 1)-forms on X with cohomology classes
that are pseudoeffective. If ¥ € £(X, 07), jef{l,...,n}, then

1 n _ 1 n
\/)‘(01//1/\”./\011111_/)(9‘/91/\.‘./\0‘/9”’

or equivalently, (Y, ..., ¥y) € E(X, 9‘1,91, e 9‘”,9”).
Proof. By [Darvas etal. 2018, Theorem 1.2] we have Py, [ ]:= Py;[¥;1(Vyi) = Vy,;. Hence Proposition 3.1
yields the conclusion. U

Remark 3.3. Unfortunately, the reverse direction in Proposition 3.1 does not hold in general. Indeed,
let X = CP! x CP! with 6 = m{wrs +mjwrs, Where my, m are the projections to the first and second
components respectively.

Consider ¢(z, w) := u(z) + v(w) € PSH(X, 6), where u, v < O satisfy wrg + iddu = 8,, and
wFs+i00v = 8y, where 8., 8, are Dirac masses for some zg, wo € CP'. Clearly, [} 9; =[x Qﬁ;v =0,
and since ¢ < wjv, we have ¢ € £(X, 6, m)v).

On the other hand, we know that ¢ has the same Lelong number as Py[¢] [Darvas et al. 2018,
Theorem 1.1]. As Py[¢p](n5v) < Py[¢], it follows however that Py[¢](rr5v) < v, since at some points
of CP! x CP! the Lelong number of 7jv is zero, but the Lelong number of ¢ is nonzero.

As we will see below (Theorem 3.14), a partial converse of Proposition 3.1 is still possible under the
assumption of nonvanishing total mass.

In the remaining part of this subsection we prove basic properties of nonpluripolar products with
relative full mass, which will be used later in this work.

Lemma 3.4. Suppose ¢;, ; € PSH(X, 07). Then (Y1, ..., ¥,) € E(X, 91], ey an) if and only if ¢; is

less singular than ; and

! A ANO —0 ask— oo
(Y1,¢1—k) (VUn n—k)
./LiJj{wjiq&j—k} max(y,91 max

Proof. If ¢; is less singular than v/;, then max (v, ¢; —k) has the same singularity type as ¢;. Consequently,
Proposition 2.1 gives

1 n __ 1 n
/X9¢1 AT —/Xemax(wl,asl—mA"‘Aemax(wn,qﬁnk)

= 0l A...AB" —i—/ 6! A ANOY .
v Yn W1,¢1—k) (Y pn—h)
Aj{¢j>¢j—k} l Ui v <¢;—k} e maxtv

Since fﬂj{ V> —k) 9‘1#1 ARERWAN 9";" — /. ¥ G‘Iﬂl ARRRW 0{;" as k — oo, the equivalence of the lemma follows
after we take the limit k — oo in the above identity. O
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As a consequence of this last lemma and the locality of the nonpluripolar product with respect to the
plurifine topology we obtain the uniform estimate

lim
k—o00

1 n 1 n
. AR fB Omax(yr.01—8) " N Omaxy )

<2/ el’llax(\/f ¢ k)/\"’/\GI’;lla %O
- ) - (1//”’¢ﬂ7k)
Uili<¢j—k} o i

for any Borel set B C X and (Yrq, ..., ¥,) € £(X, 911, - 9;;”).
Lastly, we note the partial comparison principle for nonpluripolar products of relative full mass,
generalizing a result of [Dinew 2009b]:

Proposition 3.5. Suppose ¢y, i € PSH(X,0%), k=1,...,j <n, and ¢ € PSH(X, 6). Assume that
(u,...,u,1//1,...,1//]‘),(U,...,U,l//],...,l//j)Eg(X,9¢,...,9¢,9¢1,...,9@.). Then

f 95’_]./\9‘1#1/\-‘-/\91‘25/ AN VNN
{u<v} ! {u<v} !

Proof. The proof follows the argument of [Boucksom et al. 2010, Proposition 2.2] with a vital ingredient
from Theorem 2.4.

Since max(u, v) is more singular than ¢ and v is more singular than ¢ for k =1, ..., j, it follows
from the assumption and Theorem 2.4 that

IAL A A = | 0TI ABL AL AG)
/ Oy ~ NOy A /\‘9¢,« _/ 0, 7 NOy, A /\9%_
X X
n—j 1 J
= /x Omaxu,v) N yy A A 9'//./

n—j 1 J
< /x% /\04)1 /\"'/\94),-'
Hence the inequalities above are in fact equalities. By locality of the nonpluripolar product we then can
write

n—j 1 J
/Xemax(u,v) A 8% A A ewj

z/ ij/\elll,l/\---/\elijJr/ 93’1/\91},1/\---/\%]
{u>v} {v>u}

f@n J/\Gw /\91 [ or- j/\ew '/\%j"‘/ 93—1/\9301/\.../\9]/1;]_
X {u=<v} {v>u}
/Qmax(uv)/\ellf /\91 / 97—1'/\9110'/\.../\%1,—%/{ }Qg_jAQILIA...AQéi_
v>u

We thus get

n—j 1 J n—j | J

/ 0y, NOy A /\91//’ / 0, T NOy, A AGW
{u<v} {u=<v}

Replacing u with u + ¢ in the above inequality, and letting £ \ 0, by the monotone convergence theorem
we arrive at the result. O
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In the next subsection, after we explore the class £(X, 6, ¢), we will give a partial comparison principle
specifically for this class, as a corollary of the above general proposition. Here we only note the following
trivial consequence:

Corollary 3.6. Suppose ¢ € PSH(X, 0) and assume that u, v € £(X, 0, ¢). Then

f 0y < / 0, .
{u<v} {u<v}

Note that the above result generalizes [Boucksom et al. 2010, Corollary 2.3].

3B. The envelope Pyl¢] and the class £(X, 0, ¢). Let 6 be a smooth closed real (1, 1)-form on X
which represents a big class and fix ¢ € PSH(X, 0) such that ¢ < 0. In this short subsection we focus on
the relative full mass class £(X, 6, ¢).

Based on our previous findings, one wonders if the following set of potentials has a maximal element:

¢p<v=<0 andf@{}:/eg},
X X

In other words, does there exist a least singular potential that is less singular than ¢ but has the same full
mass as ¢. As we will see, if [ 6 > 0, this is indeed the case; moreover this maximal potential is equal
to Py[¢] (Theorem 3.12).

Linking the envelope Py[¢] to the class £(X, 6, ¢), observe that ¢ < Pg[¢] <0 and fx 8}130 (6] = fx 0;;
in particular Py[¢] € Fyy and ¢ € E(X, 0, Py[¢]). Indeed, since Py(¢+C,0) / Py[¢1(0) = Py[¢] a.e. as
C — 00, using Theorems 2.4 and 2.3 we can conclude that [, 05, ;= [y 05.

In our study, we will need the following preliminary result, providing an estimate for the complex

Fy = {v € PSH(X, 6)

Monge—Ampere operator of rooftop envelopes, which builds on recent progress in [Guedj et al. 2017]:

Lemma 3.7. Let ¢, Y € PSH(X, 0). If Po(¢, ) # —00 then

0%, 0.0 = Lirs@.)=0)0p + L(Pyp,u)=y10y -

Proof. For each t > 0 we set ¢, := max(¢, Vg —t), ¥, := max(¥, Vyp —t) and v, := Py(¢;, ¥;). Set
v:= Py(¢, V). Since ¢;, ¥, have minimal singularities, it follows from [Guedj et al. 2017, Lemma 4.1] that

Oy, = Livi=p110y, + Lvi=y.10y, - (6)
For C > 0 we introduce
Ge:={v>Vy—C}, ¢ = max(v, Vy — C), and U,C = max(vy, Vg — C).

Since Py(p, ) <@, ¥, v, wehave Gc C{Vy —C <@} N{Vy —C < ¥} N{Vy — C < v,}. For arbitrary
A > 0and ¢t > C, this inclusion allows us to build on (6) and write

Locbjc = 16cby, = Liu=g1nGcby, + Lw=yinccy,
= Lo=gnte=Ve—110g, + Livi=viin(y>vi—1)0y,
= Li=pinte> Vo010 + Ln=yainiy>ve -0y < e 7008 4 ACer - (7)
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To proceed, we want to prove that

li[n_l)cigf 1GCQIZC > 1G.00c. ®)

More precisely, alluding to the Banach—Alaoglu theorem, we want to show that any weak limit of
{lGCQZC}, is greater than 1GC9U”C.

Let U := Amp(6). The potential Vj is locally bounded on U; hence so are v< and vC. To obtain (8),
we employ an idea from the proof of Theorem 2.3. For ¢ > 0 consider

. max(v—Vy+C,0)
 max(v—Vy+C,0)+¢’

fe:

and observe that f, > 0 is quasicontinuous on X. Moreover, the f; increase pointwise to 1g,. as ¢
goes to zero. Since v< \ v¢ as t — oo, from [Guedj and Zeriahi 2017, Theorem 4.26] it follows that
fe :C lu = fgev”c |y weakly. Using this we can write

liminflGCQ"clU > lim f‘(: nc|U = f€9nC|U.
t—00 Uy t—00 Yy v

Since X \ U is pluripolar, we let ¢ — 0 and use the monotone convergence theorem to conclude (8).
Now, letting t — oo in (7), the estimate in (8) allows us to conclude that

APy (9, 9)— A(Py(9,9)—
1GC91rlllax(Pg((p,1//),Vg—C) <e (Po (e, ¥) ¢)9$+e (Py(p.¥) 1//)9:/1/'

Letting C — oo, and later A — 0o, we arrive at the conclusion. O

We prove in the following that the nonpluripolar complex Monge—Ampere measure of Py[1](x) has
bounded density with respect to 6/ . This plays a crucial role in the sequel.

Theorem 3.8. Let v, x € PSH(X, 0) be such that v is more singular than x. Then 07’9[10]()() <

1{p9[,/,](x):X}9;. In particular, 9;1,9[1/,] < 1{p9[¢,]:()}9".

This result can be thought of as a regularity result for the envelope Pg[¢](x). For a more precise
regularity result on such envelopes in the particular case of potentials with algebraic singularities we refer
to [Ross and Witt Nystrém 2017, Theorem 1.1].

Proof. Without loss of generality we can assume that ¥, x < 0. For each t > 0 we consider Py (Y +1¢, x).
Since ¥ is more singular than y, we note that Py(y + ¢, x) has the same singularity type as ¢ and
Po(Wr+1t, x) / Py[r](x) a.e. It follows from Lemma 3.7 that

0}1’9(10-%1,)() = 1{Pe(w+t,x)=w+t}9$ + 1{Pg(w+z,x)zx}9;.

Since {Poy(Y +t, x) =¥ +t} C{Y¥+1t < x} C{Y+1t < Vp}, and the latter decreases to a pluripolar set,
the first term on the right-hand side above goes to zero as t — oo. For the second term, we observe that
{Py(W+t, x) = x} C{Polr](x) = x}. Hence, applying Theorem 2.3, the result follows.

For the last statement, we can apply the above argument to x := Vj, and note that from [Berman 2013,
(1.2)], see also [Darvas et al. 2018, Theorem 2.6 (arXiv version); Gued; et al. 2017, Proposition 5.2], it
follows that 9"}9 < 1yy,=0)0™ O
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Using the above result, we can establish a noncollapsing property for the class of potentials with the
same singularity type as ¢, when 9(;’ (X)>0:

Corollary 3.9. Assume that ¢ € PSH(X, 0) is such that f X 9(’; > 0. If U is a Borel subset of X with
positive Lebesgue measure, then there exists € PSH(X, 0) having the same singularity type as ¢ such
that 9{;(U) > 0.

Proof. 1t follows from [Boucksom et al. 2010, Theorems A, B] that there exists 4 € PSH(X, 0) with
minimal singularities such that ;' = c1y " for some normalization constant ¢ > 0. For C > 0 consider
¢c := Py(¢ + C, h) and note that ¢ has the same singularities as ¢. It follows from Lemma 3.7 that

Opc = Lpe=p+105 + Lipe=m0); < Ligrc<nbp + clige=nnv@”.

Since Qq'; is nonpluripolar, we have that lim¢_; o f{ $+C<h) Qq'; = 0. Thus for C > 0 big enough, by the

o" 5/ o" <f o
fX\U = Jigre=n © S %

where in the last inequality we used the fact that [, 67 = [, 65 > 0. This implies that [, 6. > 0 for big

above estimate we have

enough C > 0, finishing the argument. U

A combination of Corollary 3.9 and [Witt Nystrom 2017, Corollary 4.2] immediately gives the following
version of the domination principle, making the conclusion of the latter corollary more precise:

Corollary 3.10. Assume that u, v € PSH(X, 0), u is less singular than v and fx 0} >0. If u>va.e
with respect to 0}, then u > v on X.

Proof. Assume by contradiction that {# < v} C X has positive Lebesgue measure. Then, by Corollary 3.9 we
can ensure that there exists ¥ € PSH(X, 6) having the same singularity type as u such that 9{; ({fu <v}) > 0.
On the other hand, since 6,/ ({u < v}) =0, [Witt Nystrom 2017, Corollary 4.2] gives that 0{;,({14 <v}) =0,
which is a contradiction. g

The noncollapsing mass condition | « 0 > 0 s trivially seen to be necessary. We now give the version
of the domination principle for the relative full mass class £(X, 6, ¢):

Proposition 3.11. Suppose ¢ € PSH(X, 0) satisfies fX 9('; >0andu,ve&(X,0,¢). If 0!({lu<v}) =0
then u > v.

Proof. First, assume that v is less singular than u. In view of Corollary 3.9 it suffices to prove that
0, ({u < v}) =0 for all » € PSH(X, 0) with the same singularity type as u. Let 4 be such a potential,
and after possibly adding a constant, we can assume that 2 < u, v. We claim that for each ¢ € (0, 1),
(1—tv+the&(X,0,¢). Indeed, since (1 —t)v +th is less singular than u, and more singular than v,

by Theorem 2.4 we can write
Ry Ky 3
X X X
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The comparison principle (Corollary 3.6) allows us then to write

o[ o < [ O = | 01 =0.
{u<(1—t)v+th} {u<(1—t)v+th} {u<v}

Since 0 =6,/ ({u < (1 —t)v+1th}) 70,/ ({u < v}) ast — 0, it follows that 6 ({u < v}) =0.
For the general case, we observe that 8, ({u < v}) =60, ({u < max(u, v)}), and the first step implies
u > max(u, v) > v. O

Next we show that Fy, the set of potentials introduced in the beginning of this subsection, has a very
specific maximal element:

Theorem 3.12. Assume that ¢ € PSH(X, 0) satisfies | X 0; >0and ¢ <0. Then

Pyl¢] = sup v.
UEF¢

In particular, Py[¢p] = Py[ Po[¢]].

As remarked in the beginning of the subsection, Py[¢] € Fy; hence by the above result Py[¢] is the
maximal element of Fy.

Proof. Let u € Fy. By Theorem 3.8 we have

O, 101 ({PolP] < u}) < Lip,1p1=0y0" {Pol@] < u}) < L(p,191=016" ({ Pol¢p] < O}) = 0.

As¢ <u,and [, 0, = [y 0, by Theorems 2.4 and 2.3 we have

/92’9@]:/ 9$=f 93:/ 0ot > 0-
X X X X

Consequently, Py[¢p]l,u € £(X, 6, Pglu]) and Proposition 3.11 now ensures that Py[¢] > u; hence
Py[@] = sup,cp, v. As Py[@] € Fy, it follows that Py[¢] = sup,c, v.

For the last statement notice that Py[¢] = sup,. Fy V= SUPyc Foyig) V= Py[Pyl]], since Fy D Fp,[¢).
The reverse inequality is trivial. U

Remark 3.13. The assumption | X 9$ > 0 is necessary in the above theorem. Indeed, in the setting of
Remark 3.3, it can be seen that Py[¢] < sup;,c Fy h, as the potential on the right-hand side is greater
than 7Jv, since myv € Fy.

As a consequence of this last result, we obtain the following characterization of membership in
E(X, 0, ¢), providing a partial converse to Proposition 3.1:

Theorem 3.14. Suppose ¢ € PSH(X, 0) with fx 0(’; > 0 and ¢ <0. The following are equivalent:
) uelX,0,9p).

(i1) ¢ is less singular than u, and Pylul](¢) = ¢.

(iii) ¢ is less singular than u, and Pylu] = Polp].
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As a consequence of the equivalence between (i) and (iii), we see that the potential Py[u] stays the same
for all u € £(X, 0, ¢); i.e., it is an invariant of this class. In particular, since £(X, 8, ¢) C E(X, 0, Pylo]),
by the last statement of Theorem 3.12, it seems natural to only consider potentials ¢ that are in the image
of the operator i — Py[¥], when studying classes of relative full mass £(X, 6, ¢). What is more, in the
next section it will be clear that considering such a ¢ is not just more natural, but also necessary when
trying to solve complex Monge—-Ampere equations with prescribed singularity.

Proof. Assume that (i) holds. By Theorem 3.8 it follows that Py[u](¢) > ¢ a.e. with respect to 9;19 [u
Proposition 3.11 gives Py[u](¢) = ¢; hence (ii) holds.

Suppose (ii) holds. We can assume that u < ¢ <0. Then Pylu] > Py[u](¢p) = ¢. By the last statement

of the previous theorem, this implies

Pylu] = Po[Polul]] = Po[o].

As the reverse inequality is trivial, (iii) follows.
Lastly, assume that (iii) holds. By Theorems 2.4 and 2.3 it follows that [ 6 = [, 05, 1.1 = [x 0%, 141 =
; hence (i) holds.
Ix 05: h (1) hold O

Corollary 3.15. Suppose ¢ € PSH(X, 6) such that fx 02 > 0. Then £(X, 0, ¢) is convex. Moreover,
given ¥y, ..., ¥, € £(X, 0, ¢) we have

QSI /\“./\05;1 :/ 0}1’ (9)
A ¥ Yn X ]

where s; > 0 are integers such that Z;’:l sj=n.

Proof. Letu,ve &(X, 0, ¢)and fix ¢ € (0, 1). It follows from Theorem 3.14 that Py[v](¢) = Polul(¢) = ¢.
This implies

1#)*

Pyltv+ (1 —ul(p) = 1 Py[v](¢) + (1 — 1) Pylul(¢) = ¢.

As the reverse inequality is trivial, another application of Theorem 3.14 gives tv 4 (1 —Hu € £(X, 6, ¢).
We now prove the last statement. Since £(X, 0, ¢) is convex, given ¥y, ..., ¥, € E(X, 8, ¢) we know
that any convex combination v := Z;'Zl s;yj with 0 <s; <1 and Zj s; = n, belongs to £(X, 0, ¢).

o)== o= (S)

As aresult, we have an identity of two homogeneous polynomials of degree n. Therefore all the coefficients
of these polynomials have to be equal, giving (9). U

Lastly, we provide another corollary, in the spirit of the partial comparison principle from Proposition 3.5:

Corollary 3.16. Suppose ¢ € PSH(X, 6) with fx Q(Z > 0. Assume that u, v, V1, ..., ¥; € £(X, 0, ) for
some j €{0,...,n}. Then

f eg—fAewlA---Aewjgf O Ay, A Ay,
{u<v}

{u<v}

Proof. The conclusion follows immediately from (9) together with Proposition 3.5. O



MONOTONICITY OF NONPLURIPOLAR PRODUCTS AND COMPLEX MONGE-AMPERE EQUATIONS 2065

4. Complex Monge-Ampere equations with prescribed singularity type

Let 6 be a smooth closed real (1, 1)-form on X such that {6} is big and ¢ € PSH(X, 0). By PSH(X, 6, ¢)
we denote the set of 6-psh functions that are more singular than ¢. We say that v € PSH(X, 6, ¢) has
relatively minimal singularities if v has the same singularity type as ¢. Clearly, £(X, 6, ¢) CPSH(X, 0, ¢).
Let u be a nonpluripolar positive measure on X such that u(X) = [, 65 > 0. Our aim is to study
existence and uniqueness of solutions to the following equation of complex Monge—Ampere type:

O, =n, Ve&(X,0,). (10)

It is not hard to see that this equation does not have a solution for arbitrary ¢. Indeed, suppose for the
moment that 6 = w, and choose ¢ € £(X, w) := £(X, w, 0) unbounded. It is clear that £(X, w, ¢) C
E(X, w, 0). By [Boucksom et al. 2010, Theorem A], the (trivial) equation a)z =",y el(X,w,0),is
only solved by potentials y that are constant over X; hence we cannot have v ¢ £(X, w, ¢).

This simple example suggests that we need to be more selective in our choice of ¢ to make (10)
well-posed. As it turns out, the natural choice is to take ¢ such that Py[¢] = ¢, as suggested by our study
of currents of relative full mass in the previous subsection. Therefore, for the rest of this section we ask
that ¢ additionally satisfies

¢ = Polo]. (11

Such a potential ¢ is called a model potential, and [¢] is a model-type singularity. As Vg = Py[Vp], one
can think of such ¢ as generalizations of Vjp, the potential with minimal singularity from [Boucksom et al.
2010]. We refer to Remark 1.6 for natural constructions of model-type singularities.

As a technical assumption, we will ask that ¢ has additionally small unbounded locus; i.e., ¢ is locally
bounded outside a closed pluripolar set A C X. This will be needed to carry out arguments involving
integration by parts in the spirit of [Boucksom et al. 2010].

One wonders if maybe model-type potentials (those that satisfy (11)) always have small unbounded
locus. Sadly, this is not the case, as the following simple example shows. Suppose 6 is a Kéhler form,
and {x;}; C X is a dense countable subset. Also let v; € PSH(X, 6) be such that v; <0, fX v;0" =1, and
vj has a positive Lelong number at x;. Then = ) i (1/ 2/ )v; € PSH(X, 6) has positive Lelong numbers
at all x;. As we have argued in [Darvas et al. 2018, Theorem 1.1], the Lelong numbers of Py[v/] are the
same as those of y; hence the model-type potential P[] cannot have small unbounded locus.

The following convergence result is important in our later study, and it can be implicitly found in the
arguments of [Boucksom et al. 2010], as well as other works:

Lemma 4.1. Let uy, uj € PSH(X, 0, ¢) and C > 0 such that
~C<u]l-¢<C

forall jeNandk e{l,...,n}. Assume also that u,{ — ug, ke{l,...,n},in capacity. Suppose also that
[, fj are uniformly bounded, quasicontinuous, such that f; — f in capacity. Then f;6 j N--- N6 ; —

p E 1 n
fOu, A= NOy, weakly.
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Proof. Let A C X be closed pluripolar such that {¢ = —o0} C A. We set u; := Qu{ A A Qui, and
u =0y, A--- A6, . Fix a continuous function x on X, ¢ > 0 and U an open relatively compact subset of
X \ A such that u(X \ U) < ¢. Fix V a slightly larger open subset of X \ A suchthat U € V € X \ A.
Fix p a continuous nonnegative function on X which is supported in V and is identically 1 in U. Since
all functions u,j( are uniformly bounded in V (along with uy) it follows from [Guedj and Zeriahi 2017,
Theorem 4.26] that x f;u; converges weakly to x fu in V. Also, Bedford—Taylor theory gives that u;
converges weakly to x in V. Thus liminf; u;(U) > n(U); hence lim sup; Hi(X\U) = u(X\U) <¢
since u;(X) = u(X). Since x, p, f;, f are uniformly bounded it follows that lim sup; fX\U elxfil;,
lim sup; fX\U X fili;, fX\U olxflw, fX\U | x f | are all bounded by Ce for some uniform constant C > 0.
On the other hand, since x f;uu; converges weakly to x fu in V and p = 0 outside V, we have

lim/ prjdujzf pxfdu.
J X X
Thus,

/xfjduj—/xfdulflimsur)
X X j

J

lim sup

[ pxsyan - prdu‘+4C8-
J X X

It then follows that

lim sup < (C'e.

J

/Xxfjdu«j—/xxfdu

Letting ¢ — 0 we arrive at the conclusion. g

4A. The relative Monge-Ampeére capacity. We introduce the relative Monge—Ampére capacity of a
Borel set B C X:

Cap, (B) := sup{/ 6 | ¥ PSH(X,0), g <v <o+ 1}.
B

Note that in the Kéhler case a related notion of capacity was studied in [Di Nezza and Lu 2015; 2017]. In
the case when ¢ = V) we recover the Monge—Ampere capacity used in [Boucksom et al. 2010, Section 4.1].
As is well known, the (generalized) Monge—Ampere capacity and the global relative extremal functions
play a vital role in establishing uniform estimates for complex Monge—Ampere equations; see [Kotodziej
1998; Boucksom et al. 2010; Di Nezza and Lu 2015; 2017]. Along these lines the capacity Cap,, will
play a crucial role in proving the regularity part of Theorem 1.4.

Lemma 4.2. The relative Monge—Ampére capacity Capy is inner regular; i.e.,
Cap¢(E) = sup{Cap¢(K) | K C E, K is compact}.

Proof. By definition, Capy(E) > Capy(K) for any compact set K C E. Fix ¢ > 0. There exists
u € PSH(X,0) suchthat p <u <¢ +1 and

/ 0, > Capy(E) —e.
E
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Since 6] is an inner regular Borel measure it follows that there exists a compact set K C E such that
Jx 0 = [z 65 —e = Cap,(E) — 2¢. Hence Cap,(K) > Cap,(E) — 2¢. Letting ¢ — 0 and taking the
supremum over all the compact sets K C E, we arrive at the conclusion. (|

By definition, Cap, (B) < Cap,(X) = f X 9(’;. Next we note that if Cap¢(B) =0 then B is a very “small”
set:

Lemma 4.3. Let B C X be a Borel set. Then Capy(B) = 0 if and only if B is pluripolar.

Proof. Fix w Kihler with w > 6. Recall that a Borel subset E C X is pluripolar if and only if Cap,, (E) =0;
see [Guedj and Zeriahi 2005, Corollary 3.11], which goes back to [Bedford and Taylor 1982].

If B is pluripolar then Cap,(B) = 0 by definition. Conversely, assume that Cap,(B) = 0. If B is
nonpluripolar then Cap,(B) > 0. Since Cap,, is inner regular [Berman et al. 2013, Remark 1.7], there
exists a compact subset K of B such that Cap, (K) > 0. In particular K is nonpluripolar; hence the global
extremal function of (K, ), V] i, is bounded from above (i.e., it is not identically co) by [Guedj and
Zeriahi 2017, Theorem 9.17]. Since w > 6 we have ng Kk = Vj)‘, x+ hence Ve*,  1s also bounded from above.

We recall that 9‘%]( is supported on K [Guedj and Zeriahi 2017, Theorem 9.17], and we consider
ur = Py(¢ +1, V), t > 0. By the argument of Corollary 3.9 there exists 7o > 0 big enough such
that ¥ := u;, € PSH(X, 0) has the same singularity type as ¢ and fK 01’; > 0. We can assume that
¢ <Y <¢+ C for some C > 0. If C <1 then ¢ is a candidate in the definition of Capq,(B); hence
Cap¢(B) > 0, which is a contradiction. In case C > 1, then (1 —1/C)¢ + (1/C)V is a candidate in the
definition of Cap¢(K ); hence

1
Capy(B) > Cap,(K) > /K 0(”1_1/C)¢+(1/C)1/, > o /K 03 > 0,

a contradiction. O

4A1. The ¢-relative extremal function. Recall that ¢ has small unbounded locus; i.e., ¢ is locally bounded
outside a closed complete pluripolar subset A C X. Recall that by PSH(X, 6, ¢) we denote the set of all
6-psh functions which are more singular than ¢.

Let E be a Borel subset of X. The relative extremal function of (E, ¢, 0) is defined as

he.¢ :=sup{u e PSH(X,0,¢) |lu<¢p—1onE, u<0on X}

Lemma 4.4. Let E be a Borel subset of X and hg 4 be the relative extremal function of (E, ¢, 0). Then
h o is a 0-psh function such that ¢ — 1 < h; 6 = ¢. Moreover, 9,’1‘* vanishes on {h7, 6 < 0\ E.
, ; % ;

Proof. Since ¢ — 1 is a candidate defining h g ¢, it follows that ¢ —1 < hp ¢ < hj‘E’q}. Any u e PSH(X, 6, ¢)
with # < 0 is a candidate of Py(¢ + C, 0) for some C € R. By Theorem 3.12 we get u < Py[¢] = ¢;
hence h7 4 < ¢.

By the above, h’g é is locally bounded outside the closed pluripolar set A, and a standard balayage
argument, see, e.g., [Bedford and Taylor 1976; Guedj and Zeriahi 2005, Proposition 4.1; Berman et al.
2013, Lemma 1.5], gives that e;luw vanishes in {i} , <O} \ E. O
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Theorem 4.5. If K is a compact subset of X and h := h é then

Capy () = [ o1 = [ @-m.
K X

Proof. Set h := hy. » and observe that 1 + 1 is a candidate defining Cap,,. Since 6}/ puts no mass on the
set {h <¢}\ K and h = ¢ — 1 on K modulo a pluripolar set, we thus get

Cap¢(K)z/ 9;:/(¢—h)9;:.
K X

Now let u be a 6-psh function such that ¢ — 1 <u < ¢. For a fixed ¢ € (0, 1) set u, := (1 —e)u + ¢¢.
Since h = ¢ — 1 on K modulo a pluripolar set and ¢ — 1 < u, it follows that K C {# < u,} modulo a
pluripolar set. By the comparison principle we then get

(1—8)"/9,’}5[ 9355/ 9{[:/9}’},
K (h<ug) {h<u.} K

where in the last equality we use the fact that 6;' vanishes in {4 < 0} \ K. Since u was taken arbitrarily,
letting ¢ — 0 we obtain Cap,, (K ) < / x 0 - This together with the previous step gives the result. U

Corollary 4.6. If (K;) is a decreasing sequence of compact sets then

Cap, (K) = lim Cap, (K;),
j—ooo

where K := () ; Kj. In particular, for any compact set K we have
Cap, (K) =inf{Capy(U) | K CU C X, U is open in X}.

Proof. Lethj := h";(j’ é be the relative extremal function of (K, ¢). Then (4;) increases almost everywhere
to h € PSH(X, 0), which satisfies  —1 <h < ¢, since ¢ —1 < h; < ¢.

Next we claim that 6; ({h < 0} \ K) = 0. Indeed, for m € N fixed and for each j > m we have that
{h <0}\ K,, C{hj <0} \ K; and by Lemma 4.4,

or ({hj < 0} \ K;) =0.

Using the continuity of the Monge—Ampere measure along monotone sequences (Theorem 2.3 and
Remark 2.5) we have that 9,2‘]_ converges weakly to 6. Since {h < 0} \ K,, is open, it follows that

0y ({h < 0}\ Kjy) < liminfeg’j({h <0}\ K,,) =0.
j—00 ’
The claim follows as m — oo. It then follows from Theorem 4.5 and Lemma 4.1 that
lim Cap,(K;) = lim /(qﬁ—hj)G;,’_ = / (¢ —h)oy =/ 6 < Cap,(K).
j—)OO ]*)OO X 7 X K

As the reverse inequality is trivial, the first statement follows.
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To prove the last statement, let (K;) be a decreasing sequence of compact sets such that K is contained
in the interior of K; for all j. Then by the first part of the corollary we have
Capy(K) = lim Cap,(K;) > lim Cap,(Int(K;))
j—o00 j—00
> inf{Cap¢(U) | K CUC X, Uisopenin X},

and hence equality. (|

Corollary 4.7. If U is an open subset of X then

Cap¢(U) = L(¢_huﬂ¢)eﬁu.¢'

Proof. Let (K;) be an increasing sequence of compact subsets of U such that | J K; = U. For each j we
set hj := h}}j’d). By Theorem 4.5 we have

Capy(K;) = / (¢ — hj)O,’fj.
X

Since h; decreases to hy g, it follows from Lemma 4.1 that the right-hand side above converges to
fx (¢ — hU,¢)9f7U,¢- Moreover, by the argument of Lemma 4.2 we have lim; Cap (K;) = Cap, (U); hence
the result follows. U

4A2. The global ¢-extremal function. For a Borel set E C X, we define the global ¢-extremal function
of (E, ¢, 0) by
VE,¢ :=sup{y € PSH(X, 0, ¢) | ¥ < ¢ on E}.

We then introduce the relative Alexander—Taylor capacity of E,

Ty(E) :=exp(—My(E)), where My(E) :=sup Vg ,.
X

Paralleling Lemma 4.3, we have the following result:
Lemma 4.8. Let E C X be a Borel set. If My(E) = 00, then E is pluripolar.

Proof. Let o be a Kéhler form such that w > 6. By definition we have
Ve.p < VEw :=sup{yy e PSH(X, w) | ¥ <0on E}.

This clearly implies My (E) <supy Vj ,, and so by assumption we know that supy V , = oo. It then
follows from [Guedj and Zeriahi 2005, Theorem 5.2] that E is pluripolar. U

If My(E) < oo then Vj %€ PSH(X, 6), and standard arguments give that 9"* :, does not charge X \ E;
see [Guedj and Zeriahi 2005, Theorem 5.2; 2017, Theorem 9.17]. Now, we claim that
¢ < Vi s < Polgpl+ My(E) = ¢ + My(E). (12)

The first inequality simply follows by definition, since ¢ < 0 is a candidate in the definition of Vg 4. If
My (E) = oo then the second inequality holds trivially. Assume that M4 (E) < oo. The inequality then
holds, since Vg’ 6 My (E) <0, and each candidate potential v in the definition of VE’ o is more singular
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than ¢; i.e.,  — My (E) is a candidate in the definition of Py(¢ + C, 0) for some C > 0. Finally, the last
identity follows from Theorem 3.12.

In particular, since ¢ has small unbounded locus, so does the upper semicontinuous regularization V;Zi" "
Also, from (12) we deduce that if My(E) < oo, the 6-psh functions V. » and ¢ have the same singularity

n _ n

The Alexander-Taylor and Monge—Ampere capacities are related by the following estimates:

type; hence Proposition 2.1 ensures that

Lemma 4.9. Suppose K C X is a compact subset and Cap,(K) > 0. Then we have
on 1/n
1< (I’(—‘p) < max(1, My(K)).
Cap¢,(K)

Proof. The first inequality is trivial. We now prove the second inequality. Note that we can assume
that My(K) < 0o, since otherwise the inequality is trivially satisfied. We then consider two cases. If
My(K) <1, then V,"("¢ < ¢+ 1; hence V,"("¢ is a candidate in the definition of Cap,, (K). Since 9”29 is
supported on K, we thus have

n _ n _ n
Cap, (K) Z/;(QV;;@ _AQV;,¢ _/X%,

and the desired inequality holds in this case.
If M := My(K) > 1, then by (12) we have ¢ < M~! Vi g+ (1= M~Y¢ < ¢+ 1, and by the definition
of the relative capacity we can write
Capy (K) = [ o7, oz g [0, [ = [
¢ = Jx MW +A=-M"Ng = prn . Vi M Iy Vi M Iy ¢

implying the desired inequality. O

4B. The relative finite energy class £'(X, 0, ¢). To develop the variational approach to (10), we need
to understand the relative version of the Monge—Ampere energy, and its bounded locus £'(X, 6, ¢).

For u € £(X, 0, ¢) with relatively minimal singularities, we define the Monge—Ampere energy of u
relative to ¢ as

1 e
L (1) ::n—_HkXZ(:)/X(u—qS)O,f/\% k,

In the next theorem we collect basic properties of the Monge—Ampere energy:
Theorem 4.10. Suppose u, v € £(X, 0, @) have relatively minimal singularities. The following hold:
@) Lyw) —Iy(v) =1/(n+ 1) Y _ [x(u—v)0k nOIE
(i) If u < ¢ then, [y (u—)0); <Tg(u) <1/(n+1) [y (u—¢)6;.

(iii) Iy is nondecreasing and concave along affine curves. Additionally, the estimates f y(u—v)o; <
Ip(u) —Iy(v) < fX(u —)0) hold.
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Proof. Since ¢ has small unbounded locus, it is possible to repeat the arguments of [Boucksom et al. 2010,
Proposition 2.8] almost word for word. As a courtesy to the reader, the detailed proof is presented here.

To start, we note that the nonpluripolar products appearing in our arguments are simply the mixed
Monge—Ampere measures defined in the sense of [Bedford and Taylor 1976] on X \ A, where A is a
closed complete pluripolar subset of X such that ¢ is locally bounded on X \ A (consequently, u and v
are locally bounded on X \ A). Since u — v is globally bounded on X, we can perform integration by
parts in our arguments below, via [Boucksom et al. 2010, Theorem 1.14].

For any fixed k € {0, ...,n — 1}, set T = 6% A 01’}’_"_1. Using integration by parts [Boucksom et al.
2010, Theorem 1.14], we can write

/(u—v)eng’sz(u—v)(9+iaév)/\T
X X
=/(u—v)iaé(v—u)AT+/(u—v)iaéuAT+f(u—v)9AT
X X X
:f(v—u)i&é(u—v)AT—i—/(u—v)@u/\T
X X

z/(u—v)euAT=/(u—v)9§+1/\93—’<—1, (13)
X X

where in the last inequality we used that
/(—(p)i85g0/\T=i/ A ANIQAT >0
X X

with ¢ := u — v. This shows in particular that the sequence k > | x(u— ¢)9,’; A 9g_k is nonincreasing
in k, verifying (ii).

Now we compute the derivative of f(¢) := I4(u,), t € [0, 1], where u; := tu + (1 — t)v. By the
multilinearity property of the nonpluripolar product we see that f(¢) is a polynomial in z. Using again
integration by parts [Boucksom et al. 2010, Theorem 1.14], one can check the following formula:

(Z/(u—v)eb’j,/\e;}kJrZ/ k(ut—¢)iaé(u—v)/\95j1/\eg")

k=0 VX k=1"7%X

<Z/(u—v)9[;[w;—k+2/ k(u—v)(eu,—9¢)/\95[—1A9g—’<) =/(u—v)0,:‘t.
k=0 "X k=1"7%X X

Computing one more derivative, we arrive at

L1
Fo=q

1

T n+l

f1@) znf u—v)idd(u—v) A0~ = _m'f B —v) Ad(u— )0 <0.
X X

This shows that 14 is concave along affine curves.

Now, the function 7 — f'(¢) is continuous on [0, 1], thanks to the convergence property of the
Monge—Ampere operator (see Lemma 4.1). It thus follows that

1 1
I¢(u1) —I¢(u0) =/ f/(l‘) dt =/ / (u — U)Q,Z dt.
0 0 JX
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Using the multilinearity of the nonpluripolar product again, we get

1 n 1
/O/X(u—v)%’t dt:§</0 <Z)[k(1—l’)’l—kdt) A(u_v)efAeg—k

n

— 1 . k n—k
_”+1k2/x(u 0Ok Ao,

=0

This verifies (i), and another application of (13) finishes the proof of (iii). O

Lemma 4.11. Suppose uj,u € £(X, 0, ¢) have relatively minimal singularities such that u; decreases
to u. Then 1y(u;) decreases to 15(u).

Proof. From Theorem 4.10(iii) it follows that [T (u;) — Iy (u)| = Iy ;) —1pu) < fx(”j —u)f). An
application of the dominated convergence theorem finishes the argument. (|

We can now define the Monge—Ampere energy for arbitrary u € PSH(X, 0, ¢) using a familiar formula:
Iyp(u) :=1inf{I4(v) | v € £(X, 0, ¢), v has relatively minimal singularities, and u < v}.
Lemma 4.12. If u € PSH(X, 0, ¢) then 14(u) =lim,_, o, I (max(u, ¢ —1)).

Proof. 1t follows from the above definition that I5(«) < lim,_, o I4(max(u, ¢ —1)). Assume now that
v € PSH(X, 0, ¢) is such that u < v, and v has the same singularity type as ¢ (i.e., v is a candidate in
the definition of I4(«)). Then for ¢ large enough we have max(u, ¢ —t) < v; hence the other inequality
follows from the monotonicity of L. g

We let £'(X, 0, ¢) denote the set of all u € PSH(X, 6, ¢) such that I (u) is finite. As a result of
Lemma 4.12 and Theorem 4.10(iii) we observe that 1 is nondecreasing in PSH(X, 6, ¢). Consequently,
EY(X, 0, ¢) is stable under the max operation; moreover, we have the following familiar characterization
of £1(X, 6, ¢):

Lemma 4.13. Suppose u € PSH(X, 0, ¢). Then u € E'(X, 0, ¢) if and only if u € £(X, 0, ¢) and
Sy — )0 > —o0.
Proof. We can assume that u < ¢. For each C > 0 we set u€ :=max(u, ¢ — C). If Iy(u) > —oo then by

the monotonicity property we have I u®) > Iy (u). Since u€ < ¢, an application of Theorem 4.10(ii)
gives that f X u€ — $)0"c > —A for all C, for some A > 0. From this we obtain that

fooy o=t
Oc<——0
{u<¢—C) c

as C — oo. Hence it follows from Lemma 3.4 that u € £(X, 6, ¢). Moreover by the plurifine property of
the nonpluripolar product we have

/ W€ — )0l < / (u—¢)0].
X {u>9—C}

Letting C — oo we see that [\ (u —$)6) > —A.
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To prove the reverse statement, assume that u € £(X, 6, ¢) and f x W —@)8; > —oo. For each C > 0,

since 6] and HZC have the same mass and coincide in {u > ¢—C?}, it follows that f{u<¢7c} 9;10 = f{u<¢7c} o).

From this we deduce that

/(uc—¢)9[jc=—f C93+/ (u—qs)e;}:/(u—gb)eg > —A.
X {u<¢p—C} {u>¢—C}) X

It thus follows from Theorem 4.10(ii) that I¢(uc) is uniformly bounded. Finally, it follows from
Lemma 4.12 that I 4 @)\, Iy (u) as C — oo, finishing the proof. Il

We finish this subsection with a series of small results listing various properties of the class £ (X, 6, ¢):

Lemma 4.14. Assume that (u;) is a sequence in ENX,0,¢) decreasing to u € EYX,0,¢). Then Ly (uj)
decreases to 14(u).

Proof. Without loss of generality we can assume that u; < ¢ for all j. For each C > 0 we set

uJC = max(u;, ¢ — C) and u€ := max(u, ¢ — C). Note that ujc, u€ have the same singularities
as ¢. Then Lemma 4.11 ensures that lim; I (ujc) = I¢(uc). The monotonicity of I gives now that
Ip(u) <lim; Iy (u;) <lim; I¢,(ujc) = I¢(uC). Letting C — oo, the result follows. O

Lemma 4.15. Assume that (u;) is a decreasing sequence in EYX, 0, ¢) such that Iy (uj) is uniformly
bounded. Then the limit u := lim; u; belongs to ENX,0,¢) and Iy (uj) decreases to 14(u).

Proof. We can assume that u; < ¢ for all j. Since I4(u;) < fX (uj — q&)@g, I (u;) is uniformly bounded
and 6, has bounded density with respect to ", it follows that / x 4jo" is uniformly bounded; hence
U # —oo.

By continuity along decreasing sequences (Lemma 4.14) we have lim;_, o [ (max(u;, ¢ — C)) =
Iy (max(u, ¢ — C)). It follows that I, (max(u, ¢ — C)) is uniformly bounded. Lemma 4.12 then ensures
that L5 (u) is finite; i.e., u € £1(X, 0, p). O

Corollary 4.16. 1 is concave along affine curves in PSH(X, 0, ¢). In particular, the set ENX,0, ) is
convex.

Proof. Let u,v € PSH(X, 0, ¢) and u; :=tu+ (1 —¢t)v, t € (0, 1). If one of u, v is not in ENX,0,9)
then the conclusion is obvious. So, we can assume that both # and v belong to £ I (X, 0, ¢). For each
C > 0 we set u,c :=tmax(u, ¢ — C) + (1 —t) max(v, ¢ — C). By Theorem 4.10(iii), t — I¢(utc) is
concave. Since u,C decreases to u, as C — oo, Lemma 4.15 gives the conclusion. O

4C. The variational method. Recall that ¢ is a -psh function with small unbounded locus such that
¢ = Pyl¢], and [ x Up > 0. For this subsection we additionally normalize our class so that / X 9;; =1.
We adapt the variational method of [Berman et al. 2013] to solve the complex Monge—Ampere equations
in our more general setting:
0" =eMu, ue&(X,0,9), (14)

where A > 0 and p is a positive nonpluripolar measure on X. If A = 0 then we also assume that u(X) =1,
which is a necessary condition for the equation to be solvable.
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We introduce the following functionals on £ 1(X,0,¢):
Fo(u) = Fy ) :=13(u) — Ly, (), ueE(X,0,¢),

where L, (u) := (1/4) [y e dp if A > 0 and L, (u) := Lo, () := [y(u — ¢)du. Note that when
A >0, F) is finite on £' (X, 0, ¢). It is no longer the case if A =0, in which case we will restrict ourselves
to the following set of measures. For each constant A > 1 we let M 4 denote the set of all probability
measures @ on X such that

WE)<A- Cap¢(E) for all Borel subsets £ C X.

Lemma 4.17. M4 is a compact convex subset of the set of probability measures on X.

Proof. The convexity is obvious. We now prove that M 4 is closed. Assume that (u;) C My is a sequence
converging weakly to a probability measure . Then for any open set U we have

u(U) < liminf p;(U) < A Capy (V).
J

Now, let K C X be a compact subset. Taking the infimum over all open sets U D K in the above inequality,
it follows from Corollary 4.6 that u(K) < A Cap,, (K). Since u and Cap, are inner regular (Lemma 4.2)
it follows that the inequality holds for all Borel sets, finishing the proof. 0

Lemma 4.18. If 1 € M4 then Fy,, is finite on £'(X, 6, ¢). Moreover, there is a constant B > 0 depending
on A such that for all u € PSH(X, 6, ¢) with supy u = 0 we have

/Xw —¢)rdu < B(|ly(u)| +1).

The proof given below is inspired by [Berman et al. 2013, Lemma 2.9].

Proof. Fix u € PSH(X, 6, ¢) such that supy u = 0. By considering u; := max(u, ¢ — k) and then letting
k — 00, we can assume that u — ¢ is bounded. We first prove that

/wtCap¢(u <¢—=20)dt < C(=Iyp(u)+1) (15)
1

for some uniform constant C := C(n) > 0.
Indeed, foreach r > 1 we setu, :=t " 'u+(1—t~1)¢. We also fix ¥ e PSH(X, 6) such that p—1 < < ¢.
Observe that u;, ¥ € £(X, 0, ¢) and that the following inclusions hold:

u<op-20)Cu,<v—-1HCu<e¢p—1), t=>1.
It thus follows that

9$(u <¢—2t) 593,(»!, <Y-D=<0,(u <¢y—-1=<0,(u<¢p—1), (16)

where in the second inequality we used the comparison principle (see Corollary 3.6). Expanding 6, we

see that "

Op <Ct™' > 0k a0y F + 0y forallt>1, (17)
k=1
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for a uniform constant C = C(n). Since Qq'j has bounded density with respect to Lebesgue measure (see
Theorem 3.8), using [Gued] and Zeriahi 2017, Theorem 2.50] we infer that

9£(u<¢—t)§Af " < Ae™ (18)
{u<—t}

for some uniform constants a, A > 0 depending only on n, w, X. Combining (18) with (16) and (17) we
get that

o o0
/ t%(u<¢—2t)dt§/ 10, (u < ¢ —1)dt
1 1

oo N o0
5cf1 Ze[j/\eg"(u<¢—z)dt+/l 105(u < ¢ —1)dt
k=0

<Cn+ Dl +C".

Taking the supremum over all candidates { 4+ 1 we arrive at
o0
/ tCap,(u <¢—2t)dt <C(n+ 1)|Iy(u)| +C/,
1

proving (15). Finally, we can write

o0

f(u—¢)2du=2/mw(u<¢—t)dts4+8/ tu(u < ¢ —2t)dt
X 0 1

< 4+8/ At Cap,(u < ¢ —21)dt < B(|lg(w)| + 1),
1

where B > 0 is a uniform constant depending on n, C, C'. O

Observe that Lemma 4.18 together with Holder’s inequality give that Fy , is finite on & 1(Xx,0,¢)
whenever y € My for some A > 1. Indeed

12
/ =l du < (/ W —¢)2du> LDV < C(Ty a2+ 1) (19)
X X

for a suitable C > 0.
4C1. Maximizers are solutions.

Proposition 4.19. 1 : £ 1(X, 0, ¢) — R is upper semicontinuous with respect to the weak L' topology of
potentials.

Proof. Assume that (u;) is a sequence in EN(X, 0, ¢) convergingin L' tou € (X, 0, ¢). We can assume
that u; < 0 for all j. For each k, £ € N we set vy ¢ := max(uy, ..., Ugte). As EN(X, 0, ¢) is stable under
the max operation, we have vi ¢ € SI(X, 0,9).

Moreover vi ¢ /" @k := (sup;>; u;)*; hence by the monotonicity property we get L (k) > Iy (vk,¢) >
Ip(up) > —00. As aresult, ¢y € EYX,0,9). By Hartogs’ lemma, ¢ \  u# as k — co. By Lemma 4.14 it
follows that I 5 (¢ ) decreases to I4(u). Thus, using the monotonicity of I, we get Iy (1) =limy_, o0 I (¢x) >
lim sup;_, o, 1 (ux), finishing the proof. O
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Next we describe the first-order variation of I4, shadowing a result from [Berman and Boucksom 2010]:

Proposition 4.20. Let u € £'(X, 0, ¢) and x be a continuous function on X. For each t > 0 set u; :=
Py(u+tx). Thenu; € E1(X, 0, ), t — Iy (u,), is differentiable, and its derivative is given by

d '
Eltp(u,)zfxxe;t, teR.

Proof. Note that u 4t infy x is a candidate in each envelope; hence u + ¢ infx x < u,. The monotonicity
of Iy now implies that u, € ENX, 0, ).
As the singularity type of each u;, is the same, we can apply Lemma 4.21 below and conclude

f (g5 — uz)GZZM <Ig(uiyy) —Ip(uy) < / (rys — ut)%’t.
X X

It follows from [Darvas et al. 2018, Proposition 2.13] that 6, is supported on {u; = u +1 x}. We thus have

/(uz+s—uz)9;’, zf(utﬂ—u—tx)@;’, 5/ S X0y,
X X X

since u;+s < u 4 (t + ) x. Similarly we have

/ (s —u)0. = f U+t +5)x —u)ol, > / SXOp .
X X X

Since u; 1 converges uniformly to u; as s — 0, by Theorem 2.3 it follows that 6 , converges weakly
to 6, . As x is continuous, dividing by s > 0 and letting s — 0™ we see that the right derivative of 1, (u,)
attis [, x X0, . The same argument applies for the left derivative. O

Lemma 4.21. Suppose u,v € £1(X, 0, ¢) have the same singularity type. Then
/ (w—v)0, <Iyu)—Iy(v) < f (u—v)o,.
X X

Proof. First, note that these estimates hold for u¢ := max(u, ¢ — C) and v¢ := max(v, ¢ — C), by

Theorem 4.10(ii). It is easy to see that u¢ — v°

is uniformly bounded and converges to u — v. Also,
by the comments after Lemma 3.4 it follows that the measures 6. converge uniformly to 6 (not just

weakly!). Putting these last two facts together, the dominated convergence theorem gives

/ W€ —v9)o’ —/ (u—v)0" / W —v)o" — / (u—v)0"
X X X X

as C — oo. A similar convergence statement holds for the left-hand side of our double estimate as well,

= + -0

/ W€ —v)(©O% — 0
X

and using Lemma 4.12, the result follows. O

Theorem 4.22. Assume that L;_, is finite on E'(X,0,¢) and u € E'(X, 0, ¢) maximizes F; , on
ENX, 0, ¢). Then u solves (14).

Proof. First, let’s assume that A 0. Let x be an arbitrary continuous function on X and set u, := Py (u-+t x).
It follows from Proposition 4.20 that u; € £'(X, 6, ¢) for all ¢ € R, that the function

g(t) =1Ly (us) = Ly (u+1x)
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is differentiable on R, and its derivative is given by g'(r) = f x X0, — f X x et dy. Moreover, as
u; <u-+ty, wehave g(t) < F, ,(u;) < SUpst(x.0.¢) Fr.u = Fu) = g(0). This means that g attains a
maximum at 0; hence g’(0) = 0. Since x was taken to be arbitrary, it follows that 6" = . When
A =0, similar arguments give the conclusion. U

4C2. The case A > 0. Having computed the first-order variation of the Monge—Ampere energy, we
establish the following existence and uniqueness result.

Theorem 4.23. Assume that (u is a positive nonpluripolar measure on X and A > 0. Then there exists a
unique ¢ € E'(X, 6, ¢) such that

o) =™ L. (20)

Proof. We use the variational method as above; see also [Darvas et al. 2018]. It suffices to treat the case
A =1 as the other cases can de done similarly. Consider

F(u) ::I¢(u)—/ edu, uef'(X,0,).
X

Let (¢;) be a sequence in EY(X, 0, ¢) such that lim; F(p;)= SUpgi(x,g,¢) F > —00. We claim that supy ¢;
is uniformly bounded from above. Indeed, assume that it were not the case. Then by relabeling the
sequence we can assume that supy ¢; increases to oo. By the compactness property [Guedj and Zeriahi
2005, Proposition 2.7] it follows that the sequence ¥; := ¢; — supy ¢; converges in L'(X, »") to some
Y € PSH(X, 6) such that supy ¥ = 0. In particular fX eV du > 0. It thus follows that

/ e dp = e™Px w_// eVidu > ce®Px ¥ 1)
X X

for some positive constant c. Note also that y; < ¢ since ¥; € £(X, 0, ¢) and /; <0 and ¢ is the maximal
function with these properties (see Theorem 3.12). It then follows that

Iy(pj) =1g(j) +supg; <supg;. (22)
X X
From (21) and (22) we arrive at
lim F(g;) < lim (sup @; — ce®Px %) = —o0,
j—00 j—oo  x

which is a contradiction. Thus supy ¢; is bounded from above as claimed. Since F(¢;) <I4(¢;) <supy ¢;,
it follows that I4(¢;) and hence supy ¢; is also bounded from below. It follows again from [Guedj and
Zeriahi 2005, Proposition 2.7] that a subsequence of ¢; (still denoted by ¢;) converges in L'(X, 0" to
some ¢ € PSH(X, 6). Since 14 is upper semicontinuous it follows that ¢ € £ (X, 6, ¢). Moreover, by
continuity of u — fx e" du we get that F(¢) > supgi(x g 4) F. Hence ¢ maximizes F on ENX,0,9).
Now Theorem 4.22 shows that ¢ solves the desired complex Monge—Ampere equation. The next lemma
address the uniqueness question. 0

Lemma 4.24. Let A > 0. Assume that ¢ € £(X, 0, ¢) is a solution of (20) while € £(X, 0, @) satisfies
91’; > e . Then ¢ > on X.
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Proof. By the comparison principle for the class £(X, 6, ¢) (Corollary 3.6) we have

6" 5[ 6",
/{<p<1//} V= i<y

As ¢ is a solution and 1 is a subsolution to (20) we also have

/ Vdu 5/ Oy 5/ 9;’ =/ ek‘pdpLS/ Mdu.
{o<y} {o<yr} {p<y} {p<y} {p<y}

It follows that all inequalities above are equalities; hence ¢ > i u-almost everywhere on X. Since
w=e "% 0, it follows that 6, ({¢ < ¥}) = 0. By the domination principle (Proposition 3.11) we get that
¢ > ¢ everywhere on X. O

4C3. The case . =0.
Theorem 4.25. Assume that ;1 € M 4 for some A > 1. Then there exists u € £ 1 (X, 0, ¢) such that 6] = 1.

Proof. In view of Theorem 4.22 it suffices to find a maximizer in £' (X, 6, ¢) of the functional F := Fo
defined by

F(u) ::Id,(u)—/(u—d))du, uetl(X,0,¢).
X

Note that F(u) is finite for all u € (X, 0, ¢) since u € M4 (see Lemma 4.18). Let (u;) be a sequence
in £(X, 0, ¢) such that supy u; =0 and F'(u;) increases to SUPgi(x.g.4) F > —00. By the compactness
property [Guedj and Zeriahi 2005], a subsequence of (u;) converges to u € PSH(X, 6, ¢), and supy u =0.
Moreover, since i € My, by (19) we have

F(u;) <lg(u;) 4 Cllyp)|*+C forall j.

It thus follows that I4(u;) is uniformly bounded. Since I4 is upper semicontinuous it follows that
ue&l(X,0,¢). Also, since fx (uj — d)rdu is uniformly bounded (Lemma 4.18) it follows from the
same arguments as [Gued;j and Zeriahi 2017, Lemma 11.5] that f x(uj —¢)du converges to f xu—@)dp.
Since Iy is upper semicontinuous, we obtain that F'(u) > limsup; F(u;). Hence u maximizes F on
EY(X, 0, ¢), and the result follows. O

Lemma 4.26. If i is a positive nonpluripolar measure on X and A > 1 then there exists v € My and
0< feL'(X,v)suchthat u = fv.

The short proof given below is due to Cegrell [1998].

Proof. It follows from Lemma 4.17 that M 4 is a convex compact subset of M (X), the space of probability
measures on X. It follows from [K6nig and Seever 1969, Lemma 1] that we can write

nw=v-+o,

where v, o are nonnegative Borel measures on X such that v is absolutely continuous with respect to an
element in M 4 and o is singular with respect to any element of M 4; i.e., o L m for any m € M y. It then
follows from [Rainwater 1969, Theorem] that o is supported on a Borel set E such that m(E) = 0 for
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allm € My. If u is a candidate defining the capacity Capy(E), then clearly 6 € M4; hence f g0i=0.
It follows that Cap,, (E) = 0; hence by Lemma 4.3 E'is pluripolar. Therefore, o = 0 since y does not
charge pluripolar sets. (|

To prove the main existence result in this subsection we also need the following lemma. The argument
uses the locality of nonpluripolar Monge—Ampere measures with respect to the plurifine topology, and is
identical to the proof of [Guedj and Zeriahi 2007, Corollary 1.10].

Lemma 4.27. Assume that v is a positive nonpluripolar Borel measure on X and u, v € PSH(X, 0). If

0, > v and 0, > v then Qr';lax(u » =V

Theorem 4.28. Assume that u is a positive nonpluripolar measure on X such that u(X) = [ x 0 Then
there exists u € £(X, 6, ¢) (unique up to a constant) such that 0! = L.

Proof. Tt follows from Lemma 4.26 that & = fv, where v € M; and 0 < f € L'(X, v). For each j it
follows from Theorem 4.25 that there exists u; € £ (X, 6, ¢) such that supy u; =0 and

9::,« = ¢; min(f, j)v.

Here, ¢; is a normalization constant and ¢; — 1 as j — 0o. We can assume that 1 < ¢; <2 forall j. By
compactness [Guedj and Zeriahi 2017, Proposition 8.5], a subsequence of (u;) converges in LY(X, o)
to u € PSH(X, 6, ¢) with supy u = 0. We will show that u € £(X, 0, ¢). For each k € N we set
Vg = (supj2 ;)" Then vy € £ '(X, 0, ¢) and (vy) decreases pointwise to u. For each k fixed, and for all
j > k we have 9;’_/ > min( f, k)v. Thus for all £ € N it follows from Lemma 4.27 that 917;;(,@ > min( f, k)v,
where wy ¢ := max(ug, ..., urse). Since (wy ¢) increases almost everywhere to vi as £ — oo, it follows
from Theorem 2.3 and Remark 2.5 that

6,, = min(f, k)v.
Thus for each C > 0, setting vkc := max(vg, Vyp — C), using the plurifine property of the Monge—Ampere
measure and observing that {u > Vy — C} C {vx > Vy — C}, we have
9;1; > Ly vp—)0y, = Liye>vy—cy min(f, k)v > Ly v, —cy min(f, k)v.

Since (vkc) decreases to u¢ := max(u, V) — C) and vkc, u€ € £(X, 0), it follows from Theorem 2.3 that
Gl’fc converges weakly to 6 ; hence

k
Q;IC = 1{u>V9—C}M-

Since p is nonpluripolar, by letting C — oo it follows that

0, = lim lyovy,c}0)c > lim lyoy,—cyju = p.
C—o0 C—o00

Moreover by [Witt Nystrom 2017, Theorem 1.2] the total mass of 6/ is smaller than | X 9(;’ = u(X) since
u < ¢. Hence [, 65 = u(X) = [y 0;. It thus follows that u € £(X, 0, $) and 6 = w. Uniqueness is
addressed in the next theorem. O

Theorem 4.29. Assume u, v € £(X, 0, ¢) are such that 0] =0,/. Then u — v is constant.
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The proof of this uniqueness result rests on the adaptation of the mass concentration technique of
Kotodziej and Dinew [2009b] to our more general setting; see also [Boucksom et al. 2010; Dinew and Lu
2015]. The arguments carry over almost verbatim, but as a courtesy to the reader we provide a detailed
account.

Proof. Set u := 6" = 6. We will prove that there exists a constant C such that u is supported on
{u = v+ C}. This will allow us to apply the domination principle (Proposition 3.11) to ensure the
conclusion. Assume that it is not the case. Arguing exactly as in [Boucksom et al. 2010, Section 3.3]
we can assume that 0 < u(U) < u(X) = fx 0(’; and u({u = v}) =0, where U := {u < v}. Let ¢ > 1
be a normalization constant such that f{u <) c"dpu = u(X). It follows from Theorem 4.28 that there
exists h € £(X, 0, ¢), supy h =0, such that ;) = ¢"1yp. In particular, 1 < ¢. For each t € (0, 1) we
set U; :={(1 —t)u +1t¢ < (1 —t)v +th} and note that, since h < ¢, the sets U, increase as t — 0T to
U\ {h=—o0}.

By the mixed Monge—Ampere inequalities [Boucksom et al. 2010, Proposition 1.11], which go back to
[Dinew 2009a; Kotodziej 2003], we have

0" ' Al > 1yen, 05 A0 >u, k=0,...,n. (23)

Moreover, since u, v, h € £(X, 8, ¢), it follows from Corollary 3.15 that all the above nonpluripolar
products have the same mass. Consequently, 95 A 6,’}_" =u, k=0,...,n. Using the partial comparison
principle (Proposition 3.5) we can write

/ 0::_1 Ae(l—t)v—i-th = / 03_1 /\0(1_[)u+t¢.
U, U,

Expanding, and using the fact that " = 0"~! A 6, we get

/ NS 5/ NS (24)
Combining (23) and (24) we have cu(U) < [, 047" A6, < [, 6;7' A6y, Letting 1 — 0, and noting
that p is nonpluripolar (hence p puts no mass on the set {h = —oo}) we obtain

cu(U) < / NS

U
Now, applying the same arguments for V := {u > v} we obtain
bu(V) < f NS

v

where b > 1 is a constant such that »" (V) = u(X). Using that u({u = v}) = 0, we can sum up the last
two inequalities and obtain

0 < min(b, c)u(X) < / 0" Aby = (X)),
X

where the last equality follows again from Corollary 3.15. This is a contradiction since min(b, ¢) > 1. [J
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4D. Regularity of solutions. Recall that we work with ¢ € PSH(X, 0) with small unbounded locus such
that Py[¢] = ¢, and [ X e;; > 0. Let f € L?(0") with f > 0. In the previous subsection we have shown
that the equation

o) =fo", Ve eNX, 0,9,

has a unique solution. In this subsection we will show that this solution has the same singularity type as ¢.
This generalizes [Boucksom et al. 2010, Theorem B], which treats the particular case of solutions with
minimal singularities in a big class. Analogous results will be obtained for the solutions of (20) as well.

Our arguments will closely follow the path laid out in [Boucksom et al. 2010, Section 4.1], which
builds on fundamental work of Kotodziej [1998; 2003] in the Kéhler case. As we shall see, the fact that ¢
has model-type singularity plays a vital role in making sure that the methods of [Boucksom et al. 2010]
work in our more general context as well.

We first prove that any measure with L!*%, ¢ > 0, density is dominated by the relative capacity:

Proposition 4.30. Let f € L? ("), p > 1, with f > 0. Then there exists C > 0 depending only on 0, w, p
and || f|lL» such that

C
[ ror == capy (e’
£ (/x 65

for all Borel sets E C X.
Proof. Since Cap,, is inner regular we can assume that £ is compact. Thanks to Lemma 4.8 we can also
assume that My(E) < o0.

We introduce vy := supy , v(T, x), where x € X, T is any closed positive (I, 1)-current cohomologous
with 6, and v(T, x) denotes the Lelong number of T at x. As a result, the uniform version of Skoda’s
integrability theorem [Guedj and Zeriahi 2017, Theorem 2.50] yields a constant C > 0, only depending

on 0 and w such that fX exp(—vg_ltﬁ)a)” < C for all ¥ € PSH(X, 0) with supy ¥ = 0. Applying this to
Vgﬂ, — My(E) we get

/ exp(—ve_lVE’d))a)" <C- exp(—ve_lM¢(E)).
X

On the other hand, V 6 = 0 on E a.e. with respect to Lebesgue measure; hence

Vol (E) :=/ o' < C-exp(—ve_qus(E)). (25)
E

An application of Holder’s inequality gives

/ f&" < | fllLr Vol,(E)P~D/P. (26)
E

At this point we may assume that My(E) > 1. Indeed, if this were not the case, then Lemma 4.9 would
imply that Capy(E) = | X Qq';, yielding the desired estimate of the proposition. Putting together Lemma 4.9,
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(25) and (26) we get

—1/n
/fw”SCV“”Mfmmem<—p_l(C@#fU )-
E PVve fx 9¢

The result now follows, as exp(—t‘l/") = 0(t?) whent — 0. O

Before we state the main result of this subsection, we need one last lemma, which is a simple
consequence of our comparison principle:

Lemma 4.31. Letu € £(X, 0, ¢). Then forallt > 0 and § € (0, 1] we have

1
Cap, {u<¢—t—8}§—/ e".
¢ 8" {u<gp—t} “

Proof. Let € PSH(X, 6, ¢) be such that ¢ < < ¢ + 1. In particular, note that ¥ € £(X, 6, ¢). We
then have

fu<p—t—-6}Clu<év+10—-8)¢p—t—56}Cf{u<e¢—t}.

Since 8"9(; < 9{% H(1—5)p U has relative full mass and £(X, 6, ¢) is convex, Corollary 3.6 yields

5"/ 0y 5/ Osy+1-5)9 5/ b 5/ Ou-
{u<p—1—8) {U<8Y+(1—8)p—1—8) {U<8Y+(1—8)p—1—8) (<t}

Since ¥ is an arbitrary candidate in the definition of Cap, the proof is complete. 0
We arrive at the main results of this subsection:

Theorem 4.32. Suppose ¢ = Pyl¢] has small unbounded locus and f X 0; > 0. Let also y € £(X, 6, ¢)
with supy ¥ = 0. If 9:}, = fo" for some f € LP(0"), p > 1, then \ has the same singularity type as ¢;
more precisely,

¢ - C(ufan, p.w. 0, f 9;) <y <o
X
Proof. To begin, we introduce the function
g(1) := (Capy{y <p—1h'/", 1=0.

We will show that g(M) = 0 for some M under control. By Lemma 4.3 we will then have v > ¢ — M
a.e. with respect to ", which then implies ¥ > ¢ — M on X.
Since 6y, = fw", it follows from Proposition 4.30 and Lemma 4.31 that

1/n

gt+68) < g®? >0, 0<8<1.

Consequently, we can apply [Eyssidieux et al. 2009, Lemma 2.3] to conclude that g(M) =0 for M :=1t¢+2.
As an important detail, the constant 79 > 0 has to be chosen so that

1
g(t) < Yelllh
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On the other hand, Lemma 4.31 (with § = 1) implies

n n 1 n 1
g+1) S/{¢<¢z1}fw StJr_I/XM)_wa SH—lllfllm(lliﬁllm+||¢||Lq),

where in the last estimate we used Holder’s inequality with ¢ = p/(p — 1). Since ¢ and ¢ both belong to
the compact set of 8-psh functions normalized by supy u = 0, their LY norms are bounded by an absolute
constant only depending on 6, w and p. Consequently, it is possible to choose 7y to be only dependent on
IfllLr, 6, @, [y 6} and p, finishing the proof. O

Corollary 4.33. Suppose ¢ = Pyl¢] has small unbounded locus and f X 9; >0. If »>0and, ¥ €
E(X,0,9), 9:; =™ fo" for some f € LP ("), p > 1, then \r has the same singularity type as ¢.

Proof. Since v is bounded from above on X and A > 0, it follows that ¢*¥ f € L?(X, "), p > 1. The
result follows from Theorem 4.32. U

4E. Naturality of model-type singularities and examples. Our readers may still wonder if our choice of
model potentials is a natural one in the discussion of complex Monge—Ampere equations with prescribed
singularity. We hope to address the doubts in the next result.

Theorem 4.34. Suppose v € PSH(X, ) has small unbounded locus and the equation
0) = fo"

has a solution u € PSH(X, 0) with the same singularity type as  for all f € L™, f > 0, satisfying
Ix 0 = [x fo" > 0. Then ¢ has model-type singularity.

Proof. Our simple proof follows the guidelines of the example described in the beginning of Section 4.
Indeed, suppose that [1] is not of model type. Then Py[] is strictly less singular than 1, but of course
E(X,0,¢) CEX,0, Py[v]), as fX by = fX O, 1v1-

By Theorem 3.8, there exists g € L* such that 9}",6[1“ = go". By the uniqueness theorem (Theorem 4.29),
Py[yr] is the only solution of this last equation inside £(X, 6, Py[v¥]).

Since £(X, 0, %) CE(X, 0, Py[y]), but Py[¥] ¢ £(X, 0, ), we get that 8 = g cannot have any
solution that has the same singularity type as . O

Next we point out a simple way to construct model singularity types:
Proposition 4.35. Suppose that € PSH(X, 0) has small unbounded locus and 0!, = f&" for some
feLl(o, p>1,with fX fa" > 0. Then  has model-type singularity.

Proof. We first observe that ¢ € £(X, 0, Py[y¥]). Since % has L? density with p > 1, it thus follows from
Theorem 4.32 that ¢ — Py[v/] is bounded on X; hence [] = [ Ps[¥]], implying that i has model-type
singularity. O

Using this simple proposition, one can show that all analytic singularity types are of model type, which
was previously known to be true using algebraic methods; see [Ross and Witt Nystrom 2014; Rashkovskii
and Sigurdsson 2005]:
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Proposition 4.36. Suppose v € PSH(X, 6) has analytic singularity type; i.e., W can be locally written as
clog(zj | f; |2) + g, where f; are holomorphic, ¢ > 0 and g is smooth. Then [] is of model type.

Proof. We can assume that our fixed Kéhler form w satisfies @ > 26. Since Py[y] < P,[y], it suffices to
prove that ¢ — P, [v] is globally bounded on X. In fact we will prove the following stronger result:
a)n
0= —'f: € L?(0") for some p > 1. 27
0}
As w/2 > 6 it follows that fx a)’j/] >27" fx " > 0; hence Proposition 4.35 will imply that ¥ — P,[¥/] is
globally bounded on X.
We now prove (27). Since X is compact it suffices to prove that there exists a small open neighborhood U

around a given point x € X (which will be fixed) such that p € L? (U, dV) for some p > 1. Since ¢ has
analytic singularities we can find a holomorphic coordinate chart €2 around x such that

N
Y =clogz 1fil*+g
j=1
in a neighborhood of €2, where ¢ > 0 is a constant, f; are holomorphic functions in €2 and g is a smooth
real-valued function in Q. Let A > 0 be large enough so that (A — )w+iddg > 0in Q.
In X\ {ty = —o0}, since i is smooth we can write a)g = pw", where p > 0 is smooth. We extend p to
be 0 over the set {yy = —oo}. Then pw" is the nonpluripolar Monge—Ampere measure of i with respect
to w as follows from [Boucksom et al. 2010]; hence

/pw"S/pw"S/w".
Q X X

Similarly we can write (Aw + iaéw)n = paw™ in Q\ {y = —o0}, where 0 < p4 € L' (22, dV).
Now, we carry out the computation in 2\ {1y = —oo}. For notational convenience we set s := Zjvzl |12
¢ :=log ZJNZI |fj|2 and we compute i 9 ¢:
N . NS . N = N P
= D=1 i0f; NOf; ’(Zj=1 Fi9f) A (Zj=l fi9f})

139 = _ .
oo h 2

Foreach 1 <j <k <N we seta; := fjdfx — fxdf;. Then we obtain

1009 =h""> iajk Adjx. (28)
j<k
Let C > 0 be large enough such that C~!8 < Aw+i9dg < CB in Q, where B is the standard Kihler

form in C". Foreach £ =0, ..., n, set y; := (id9¢)’ A "¢, Then there exists a constant B > 1 (depending
on ¢, C > 0) such that in Q \ {1y = —oo} one has

% > y= % D (909) AB" < (Aw +i00y)" < B (i9dp) A" =B v (29)
£=0

=0 p=0 =0
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By the definition of «; x it follows that the (¢, 0)-forms «j, x, A - - - A, k, are of the type Y Fy dzy,,
where |I;| = €, and each Fj is holomorphic in 2. By the above identity in (28), each y; is the sum of
(n, n)-forms of type | F|*h~2¢B", where F is holomorphic in Q. By the first estimate in (29) it follows
that for each ¢,

/ [FIPh2p" < B/ pae' < oo;
Q Q

hence | F|?e2¢1°¢" is integrable in Q. From the resolution of Demailly’s strong openness conjecture
[2001] due to Guan and Zhou [2015] (see also [Hiep 2014] for an alternative proof) it follows that each
|F|?h=2% is in LP(U, dV) for some p > 1 and a smaller neighborhood U C  of x. Finally, from the
second estimate in (29) we see that w?p /" € LP(U, dV), which what we wanted. U

5. Log-concavity of nonpluripolar products

Theorem 5.1. Let T1, ..., T, be positive (1, 1)-currents on a compact Kihler manifold X. Assume that
each T; has potential with small unbounded locus. Then

1/n 1/n
/(Tl/\.../\Tn)Z</(T]")) (/(Tnn)> .
X X X

Proof. We can assume that the classes of 7; are big and their masses are nonzero. Otherwise the
right-hand side of the inequality to be proved is zero. Consider smooth closed real (1, 1)-forms 6/, and
u; € PSH(X, 6/) with small unbounded locus such that 7; = Gujj

For each j =1,...,n, Theorem 4.28 ensures that there exists a normalizing constant ¢; > 0 and
@; € E(X, 07, Pylu;]) such that (6),)" = cj’".

We can assume that f X " = 1; thus we can write

A combination of Proposition 2.1 and Theorem 2.3 then gives

1 1 1
/9#’1/\”'/\95":/aPe[ullA"'AQ;l’e[unJZ/eul/\"'/\gb:ln:/<T]/\'“/\Tn>'
X X X X

An application of [Boucksom et al. 2010, Proposition 1.11] gives that 6} A---A 62 > /"

The result follows after we integrate this estimate. g

1/n
--cn/ w".
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