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We consider the L2 critical gKdV equation with a saturated perturbation: 9,1+ (uxx +u’> —yulu|?1), =0,
where ¢ > 5 and 0 < y < 1. For any initial data ug € H, the corresponding solution is always global
and bounded in H !. This equation has a family of solutions, and our goal is to classify the dynamics near
solitons. Together with a suitable decay assumption, there are only three possibilities: (i) the solution
converges asymptotically to a solitary wave whose H ! norm is of size y~2/@~1 as y — 0; (ii) the solution
is always in a small neighborhood of the modulated family of solitary waves, but blows down at +o00;
(iii) the solution leaves any small neighborhood of the modulated family of the solitary waves.

This extends the classification of the rigidity dynamics near the ground state for the unperturbed L2 crit-
ical gKdV (corresponding to y = 0) by Martel, Merle and Raphaél. However, the blow-down behavior (ii)
is completely new, and the dynamics of the saturated equation cannot be viewed as a perturbation of
the L? critical dynamics of the unperturbed equation. This is the first example of classification of the
dynamics near the ground state for a saturated equation in this context. The cases of L? critical NLS and
L? supercritical gKdV, where similar classification results are expected, are completely open.
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1. Introduction

1A. Setting of the problem. Let us consider the following Cauchy problem:
3tu+(uxx+u5_yu|u|q_1)x =09 (t’x) € [09 T)XR’
u(0,x) =up(x) € HY(R),

withg >5and 0 <y < 1.

(gKdV,)
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The equation has two conservation laws, i.e., the mass and the energy:
M) = [ u(t? = Mo,

E(u()) = %/“x(t)z_é/u(l)G'i‘q%/|u(l)|q+1 = Eo.

We can see that the solution of (gKdV,,) is always global in time and bounded in H 1. First of all,
(gKdV,) is locally well-posed in H ! due to [Kato 1983; Kenig, Ponce and Vega 1993]; i.e., for any
ug € H', there exists a unique strong solution in C([0, T'), H') with either T = 400 or T < 400 and
lim; 7 ||ux(?)||z2 = +o0. Since y > 0, g > 5, the mass and energy conservation laws ensure that, for
allt €[0,7),

_ 4
hux @72 S |Eol + v~ 775 Mo < 400,
so T = 400 and u(t) is always bounded in H !,

This equation does not have a standard scaling rule, but has the following pseudoscaling rule: for all
Ao >0, if u(z, x) is a solution to (ngVy), then

1
Uz (t,x) = Ao 2u(ryt, A5 x) (1-1)
is a solution to

90+ (vxx + 07— A5™yov]97 )y =0, (2.x) €[0,15°T) xR,

1

v(0,x) = Ay 2uo(Ay'x) € HY(R),
with

m=1(q—5)>0. (1-2)

The pseudoscaling rule (1-1) leaves the L2 norm of the initial data invariant.
There is a special class of solutions. We first introduce the ground state Q,, for 0 < w < w* K 1,
which is the unique radial nonnegative solution with exponential decay to the ODE!

Q= Quw + Q5 — Q0| Q! =0.
Then for all 19 > 0, 7o € R, xo € R with 1;™y < »*, the following is a solution to (gKdV,):
it
u(t,x) = Ao > Qusmy (A" (x = x0) = Ag>(t = 19)).
A solution of this type is called a solitary wave solution.

1B. On the critical problem with saturated perturbation. The saturated perturbation was first introduced
for the nonlinear Schrodinger (NLS)

idou+Au+g(uPu=0, (t.x)e0,T)xRY. (NLS)

I The existence of such O, was proved in [Berestycki and Lions 1983, Section 6], but in this paper we will give an alternative
proof for the existence.
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In many applications, the leading-order approximation of the nonlinearity, g(s), is the power nonlin-
earity; i.e., g(s) = +s5°. For example, g(s) = s leads to the focusing cubic NLS equation, which appears
in many contexts.

But such approximation may lead to nonphysical predictions. For example, from [Fibich 2015; Merle
and Raphagl 2005; Merle, Raphaél and Szeftel 2010; Sulem and Sulem 1999], for NLS with critical or
supercritical focusing nonlinearities (i.e., g(s) = s° with od > 2), blow up may occur. However, this
contradicts the experiments in the optical settings [Josserand and Rica 1997], which shows that there is
no “singularity” and the solution always remains bounded.

One way to correct this model is to replace the power nonlinearities by saturated nonlinearities. A
typical example? is g(s) = s° — s+, with § > 0, y > 0. Similar to (gKdV,), in this case any
H! solution to (NLS) is global in time and bounded in H!.

On the other hand, the saturated perturbation is also related to the problem of continuation after blow up
time. These kinds of problems arising in physics are poorly understood even at a formal level. One

approach is to consider the solution u.(¢) to the following critical NLS with saturated perturbation:

idsu+ Au+ |u|%u —elulfu =0, (r,x)€[0,T)xR?,

u(0, %) = up(x) € H(R),
where

4 4

7 <q< T 5
Suppose the solution u(¢) to the unperturbed NLS (i.e., ¢ = 0) with initial data ug, blows up in finite
time 7" < 4o00. Then, it is easy to see that for all &€ > 0, the solution u.(¢) exists globally in time, and for
allt <T

lim ue(t) =u(t) in H.
e—>0

Now, we may consider the limit
lim ug(t), t>T,
e—0

to see whether the limiting function exists and in what sense it satisfies the critical NLS. Such a construction
for blow-up solutions using the Virial identity was given by Merle [1992a]. An alternative way to construct
the approximate solution u.(¢) can also be found in [Merle 1989; 1992b; Merle, Raphaél and Szeftel
2013], but this only holds for very special cases. General constructions of this type are mostly open. In
all cases, the asymptotic behavior of the approximate solution u.(¢) is crucial in the analysis.

Therefore, the asymptotic dynamics of dispersive equations with a saturated perturbation becomes a
natural question.

1C. Results for L? critical gKdV equations. Let us recall some results for the following L? critical
gKdV equations:
i+ (uxx +1u°)x =0, (t,x)€[0,T)xR,

u(0,x) = up(x) € H'(R). (gKdV)

2See [Glasner and Allen-Flowers 2016; Marzuola, Raynor and Simpson 2010] for other kinds of saturated perturbations.
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This equation is L2 critical since, for all A > 0,
%y (13 -1
uy(t,x)=A2u(A7°t,A" " x)

is still a solution to (gKdV) and |juy |72 = ||u]| 2.
There is a special class of solutions, i.e., the solitary waves, which is given by

1 x—xO—)kO_Z(l—l())
)= k(l)/ZQ( Ao )’
with
_ 3 % " 5 __
Q(x)—(m), 0"-0+0>=0.

The function Q is called the ground state.

From variational arguments [Weinstein 1982], we know that if ||ug| ;2 < ||Q]|;2, then the solution
to (gKdV) is global in time and bounded in A1, while for |lug||;2 > || Q|l.2, blow up may occur. The
blow up dynamics for solutions with slightly supercritical mass

1912 < lluwollzz < 1QllL2 +o* (1-3)

has been developed in a series papers [Martel and Merle 2002a; 2002b; 2002c; Merle 2001]. In particular,
they prove the existence of blow up solutions with negative energy, and give a specific description of the
blow up dynamics and the formation of singularities.

Martel, Merle and Raphaél [2014; 2015a; 2015b] give an exclusive study of the asymptotic dynamics
near the ground state Q.

More precisely, consider the initial data set

A%:{uoeHl up = 0 + &, ||80||H1<oz0,/ y1°8%<1},
y>0
and the L? tube around the solitary wave family
1 X—X
7},*={u0€H1 inf uo——Q(—O) <oc*}.
A0>0, x0€R A(l)/z A,() L2

Then we have:

Theorem 1.1. For 0 < g < o™ < 1 and ug € Aqy,, let u(t) be the corresponding solution to (gKdV),
and 0 < T < 400 be the maximal lifetime. Then one of the following scenarios occurs:

Blow up: The solution u(t) blows up in finite time 0 < T < 400 with

t(uo) +o(1)

T_; s Z(uo) > 0.

[u@ g1 =
In addition, for allt < T, we have u(t) € Ty*.

Soliton: The solution is global, and for allt < T = 400, we have u(t) € To*. In addition, there exist a
constant Aoo > 0 and a C function x (t) such that
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1
Ao u(t,Aoo - +x(2)) > Q in Hléc ast — +00o,

t
[Aoo —1| S 8(@0), x(2) ~-5 ast— +oo.
A'OO
Exit: For some finite time 0 < t* < T, we have u(t*) ¢ Tg*.

Moreover, the blow-up and exit scenarios are stable by small perturbation in Agy,.

Martel, Merle, Nakanishi and Raphaél [2016] proved that the initial data in Ay, which corresponds to
the soliton regime is a codimension-one threshold submanifold between blow up and exit.
Theorem 1.2. Let
Ax = {go ceH! ‘ leoll g1 < 0. / y1%2 <1, (g0, 0) =01 .
y>0

Then there exist ag > 0, Bo > 0, and a C function A,

Az — (=Bo. Bo).

such that for all yg € A(Jx‘o and a € [—Bo, Bol, the solution of (gKdV) corresponding to ug = (14+a)Q +vo
satisfies

e the soliton regime if a = A(yo);
e the blow-up regime if a > A(yo);
e the exit regime if a < A(Yo).

In particular, let
_1
Q = {ug € H' | there exists Ao, xo such that ug = Ay > Q(Ag ' (x — x0))}.

Then there exists a small neighborhood © of Q in H' N L2(y_1‘_0dy) and a codimension-one C' submani-
fold M of O such that Q C M and for all ug € O the corresponding solution of (gKdV) is in the soliton
regime if and only if ug € M.

1D. Statement of the main result. The aim of this paper is to classify the dynamics of (gKdV, ) near
the ground state Q for (gKdV), when y is small enough. The main idea is that the defocusing term
yu|u|?~1 has weaker nonlinear effect than the focusing term u°. So, we may expect that (gKdV,) has
similar separation behavior as (gKdV), when y is small.

More precisely, we fix a small universal constant @* > 0 (to ensure the existence of the ground
state Q ), and then introduce the following L? tube around Qy:

. 1 X — X0

A0>0, Aa"llr)l/f<w*, x0€R o= W ngmy (T)

%*,VI%MQEHI

<a*).
L2

Then we have:

Theorem 1.3 (dynamics in Agy,). For all g > 5, there exists a constant 0 < a*(q) < 1 such that if
0<y Kap KLa* <a*(q), then for all ug € Ay, the corresponding solution u(t) to (gKdV,) has one
and only one of the following behaviors:
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Soliton: For all t € [0, +00), we have u(t) € Tyx . Moreover, there exist a constant Ao € (0, +-00) and
a C! function x(t) such that

1
Adu(t, doo - +x(1)) = Qpzmy, in Hy, ast — +00, (1-4)
t
x(t) ~ 7z ast — +oo. (1-5)
o

Blow down: For all t € [0, 400), we have u(t) € Ty, y. Moreover, there exist two C! functions A(t) and
x(t) such that

AZOut M) - +x(0) = O in HY, ast — +00; (1-6)
A(z)fvtﬁ, x(t)wt% ast — +00, (1-7)

Exit: There exists 0 < 1, < 400 such that u(t;) & Tax,y-

There exist solutions associated to each regime. Moreover, the soliton and exit regimes are stable under
small perturbation in Agy,.

Comments. (1) Classification of the flow near the ground state. Theorem 1.3 gives a detailed description
of the flow near the ground state Q,, of (gKdV,). This kind of problem has attracted considerable
attention, especially for dispersive equations. See for example, [Nakanishi and Schlag 2011; 2012a;
2012b] for Klein—Gordon and mass-supercritical nonlinear Schrodinger equations; [Fibich, Merle and
Raphaél 2006; Merle and Rapha&l 2003; 2004; 2005; 2005; 2006; Raphaél 2005; Merle, Raphaél and
Szeftel 2013] for mass-critical nonlinear Schrédinger equations; [Martel, Merle and Rapha&l 2014; 2015a]
for L? critical gKdV equations; [Kenig and Merle 2006; Duyckaerts and Merle 2009] for energy-critical
nonlinear Schrodinger equations; [Kenig and Merle 2008; Duyckaerts and Merle 2008; Krieger, Nakanishi
and Schlag 2013; 2014] for energy-critical wave equations; and [Collot, Merle and Raphaél 2017] for
energy-critical nonlinear heat equations. Note that the fact that the blow-down regime near the ground
state is a codimension-one threshold submanifold of initial data in Ag, could be proved much as in
[Martel, Merle, Nakanishi and Rapha¢l 2016].

(2) Asymptotic stability of solitons for (gKdV,,). Since the soliton regime is open, Theorem 1.3 also
implies the asymptotic stability of the soliton Q,, for (gKdV, ) under some suitable decay assumption.
Recall that from [Martel and Merle 2001], the soliton Q for the unperturbed critical gKdV equation is
not stable in H!.

(3) Blow-down behaviors. Theorem 1.3 shows that a saturated perturbation may lead to some chaotic
behaviors (i.e., the blow-down behaviors), which does not seem to appear in the unperturbed case.
Examples of solutions with a blow-down behavior were also found in [Donninger and Krieger 2013] for
energy-critical wave equations. While for mass-critical NLS, the blow-down behavior can be obtained as
the pseudoconformal transformation of the log-log regime.? However, Theorem 1.3 is the first time that
this type of blow-down behavior is obtained in the context of a saturated perturbation. Furthermore, in

3See [Merle, Raphaél and Szeftel 2013, (1.16)], for example.
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Theorem 1.3, the blow-down regime is a codimension-one threshold between two stable ones, which is in
contrast with the mass-critical nonlinear Schrodinger case, where the blow-down regime is stable.

Now we consider the case when y — 0. As we mentioned before, the defocusing term yu|u|?~! has
weaker nonlinear effect than the focusing term u°. So the results in Theorem 1.3 are expected to be a
perturbation of the one in Theorem 1.1.

More precisely, we have:

Theorem 1.4. Let us fix a nonlinearity ¢ > 5, and choose 0 < ag K a* < a*(q) as in Theorem 1.3. For
all ug € Ay, let u(t) be the corresponding solution of (gKdV), and u,(t) be the corresponding solution
of (ngVy). Then we have:

(1) If u(t) is in the blow-up regime defined in Theorem 1.1, then there exists 0 < y(ug, o, ¢*, q) < g
such that if 0 <y < y(uo, 0, ™, q), then u,(t) is in the soliton regime defined in Theorem 1.3.
Moreover, there exist constants d;i = d;i(ug,q) >0, i = 1,2, such that

2

dyyTT <Aoo < doy T, (1-8)

where Ao IS the constant defined in (1-4).

(2) If u(t) is in the exit regime defined in Theorem 1.1, then there exists 0 < y(ug, ag, @™, q) <K g such
that if 0 <y < y(uo, o, a™, q), then uy (t) is in the exit regime defined in Theorem 1.3.

Remark 1.5. We can see from Theorem 1.4 that (gKdV,) is a perturbation of (gKdV) as y — 0: the
soliton regime of (gKdV,,) “converges” to the blow-up regime of (gKdV), and the exit regime “converges’

’

to the exit regime of (gKdV).

Remark 1.6. Theorem 1.4 is the first result of this type for nonlinear dispersive equations. One may
also expect similar results for the critical NLS or the slightly supercritical gKdV cases. But they are still
completely open.

Indeed, for critical NLS, Malkin [1993] predicted a similar asymptotic behavior for the solution to the
saturated problem of critical NLS in the log-log region. However, due to the different structures of NLS
and gKdV, it seems hard to apply the strategy in this paper to the NLS case.

While for the slightly supercritical gKdV case, the stable self-similar blow-up dynamics is well-studied
in [Lan 2016]. But, due to the fact that the self-similar profile constructed in [Koch 2015, Theorem 3]
is not in the energy space H !, we have to choose a suitable cut-off as an approximation of this profile.
As a consequence, this generates some error terms that are hard to control, which makes it impossible
to consider the saturated problem in this case. However, Strunk [2014] proved the local well-posedness
result for supercritical gKdV in a space that contains the self-similar profile, which provides an alternative
option for the saturated problems.

1E. Notation. For 0 <w <w* < 1, we let Q,, be the unique nonnegative radial solution with exponential
decay to the ODE

Ql —Qu+ Q> — 00,2l =0. (1-9)
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For simplicity, we define Q = Qp. Recall that we have

1

3 7
Q@) = (cosh2(2x)) '

We also introduce the linearized operator at Q,:

Lof=—f"+f _SQif +qa)|Qw|q_1f-
Similarly, we define L = L.
Next, we introduce the scaling operator
A =3f+3f"
Then, for a given small constant a*, we denote by (™) a generic small constant with
lim §(a™) =0.
a*—0

Finally, we denote the L? scalar product by

(.9 = [ fgdx.
1F. Outline of the proof.

1F1. Decomposition of the flow. We are searching for solutions of the form

1 x—x(t)
u(t,x) ~ WQb(t),w(r) (Tf))’
Y ds 1 A Xs

s
EYR) 5, — ) -V = _b3 -V = 17
Aam’ode A3 A
which lead to the modified self-similar equation

bAQb,a) + (QZ@ - Qb,w + Qg,w _wa,leb,w|q_1)/ = 0.

Formal computations show that » and @ must satisfy the condition

bs +2b% + cows = 0,
where co = co(g) > 0 is a universal constant.
Combining all the above, we get the formal finite-dimensional system

ds 1 As

— — Xs _ 1
dt A3 A 7 A7
4
bs +2b% + cows = 0, w=ﬁ.
By standard computations, it is easy to see that (1-11) has the following behavior. Let
b(0) mcoy
0=

T A2(0)  (m+2)Amt2(0)

(1-10)

(1-11)
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We have:

(1) If Ly > 0, then
1 2
as t — 400, which corresponds to the soliton regime.
(2) If Lo =0, then
b(t)—0, A(t)— 4oo, x(t)—> 400

as t — —+o00, which corresponds to the blow-down regime.
(3) If Lo <0, then
b(t) > —o0, A(t) > 400
as t — 400, which corresponds to the exit regime.

1F2. Modulation theory. Our first step is to find a solution to (1-10). But for our analysis, it is enough

to consider a suitable approximation:*

0b.0(¥) = Qu(») +bx(1b1P y) P ().

As long as the solution remains in 7y 5, we can introduce the geometrical decomposition

1 x —x(1)
u(t) = W[Qb(t),w(t) + g(t)]( A(2) )’

with w(t) = y/A(¢t)™ and the error term satisfies some orthogonality conditions. Then the equations of

the parameters are roughly speaking of the form

3T b= P 0(”8||Hl¢lac)’
dJs
2 _ 2
bs +2b" + cows = g + O(HEHHI(I)C)’

with

1% el + [ el

y>0
Therefore, a L! control on the right is needed, otherwise J; will perturb the formal system (1-11).

1F3. Monotonicity formula. Our next step is to derive a control for | &|| H Similar to [Martel, Merle
and Raphaél 2014, Proposition 3.1], we introduce the nonlinear functional

Fo [0 408 =520, ¥ + 4021050l ¥)

4See Section 2A for more details.
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for some well-chosen weight functions (v, ¢), which decay exponentially to the left and grow polynomially
on the right. We will see from the choice of the orthogonality condition that the leading quadratic term of
F is coercive:
F2lel? -
~ ||8|| Hkl)c

Most importantly, we have the monotonicity formula

d(FN el w2p24ps
%(ATJ) T ST
for j =0, 1. This formula is crucial in all three cases.

1F4. Rigidity. The selection of the dynamics depends on:

(1) For all ¢,

< eIy, 1t b*(1) + 0*(1).

‘b(t)

(2) For some ¢ < T = +o0,
b(t}) + —— a)(tl) > ||8(t)||H1 +b%(t) + ().
(3) For some ¢ < T = 400,
—b(1y )— (ll) > ||8(t)||H1 +b2(1) + (1)
We will see that in the first case we have for all ¢,

b(t)] ~ w(t) > ||8(t)||§,]1 ,
and in the second case we have
o(t) > [bO)] > [le@)lI7;,

for t > 7 >t as long as u(¢) remains in 7o~ ,,. While in the third case, we have
=b(t) > (1) > [l 17

for ¢t > ¢ as long as u(¢) remains in 7g~ ;. Then reintegrating the modulation equations, we will see that
these three cases correspond to the blow-down, soliton and exit regimes respectively.

Moreover, the condition on b(#{") and w(#;) which determines the soliton and exit regimes is an open
condition to the initial data due to the continuity of the flow. On the other hand, it is easy to construct
solutions, which belongs to the soliton and exit regimes respectively. Since, the initial data set Ay, is
connected, we can see that there exist solutions corresponding to the blow-down regime.

1FS. Proof of Theorem 1.4. The proof of Theorem 1.4 is based on the fact that the separation condition
for (gKdV,) is close to the separation condition for (gKdV) when y — 0. Then Theorem 1.4 follows
immediately from a modified H! perturbation theory.”

5See [Killip, Kwon, Shao, and Visan 2012, Theorem 3.1] for the standard L2 perturbation theory.
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2. Nonlinear profile and decomposition of the flow

We will introduce the nonlinear profile and the geometrical decomposition similar to the one in [Martel,
Merle and Raphaél 2014], which turns out to lead to the desired rigidity dynamics.

2A. Structure of the linearized operator L. Denote by ) the set of smooth functions f such that for
all k € N there exist rp > 0, Ci > 0 with

95 S (] < Ce(1+|y)e P, (2-1)
Let us first recall some results about the linearized operator L.

Lemma 2.1 (properties of L [Martel and Merle 2001; Martel, Merle and Rapha¢l 2014; Weinstein 1985]).
The self-adjoint operator L (recall that we use the notation L. = L, which was introduced in Section IE)
in L? has the following properties:

(1) Eigenfunction: LQ3 =—-803, LQ’ =0, ker L = {aQ’|a € R}.
(2) Scaling: L(AQ) = -20.

(3) For any function f € L? orthogonal to Q', there exists a unique g € H? such that Lg = f with
(g, Q') = 0. Moreover, if f is even, then g is even, and if f is odd, then g is odd.

(4) If f € L? suchthat Lf €Y, then f € ).

(5) Coercivity: Forall f € HY, if (f. Q%)= (f. Q') =0, then (Lf. ) > (f. f). Moreover, there exists
ko > 0 such that for all f € H

(LS. f) = xoll [ — K—lo[(ﬁ 0)? + (£ AQ)* + (. yAQ)’].

Proposition 2.2 (nonlocalized profiles [Martel, Merle and Rapha¢l 2014, Proposition 2.2]). There exists
a unique function P with P’ € Y such that

wry=no. im Po)=3 [0 IPOISeE pry=o @

2
r.o=([e). @or-o 3

Now for the ground state Q,, and the linearized operator L,,, we have the following properties:
Lemma 2.3. For 0 <w < o™ <K 1, we have:
(1) Null space: ker Ly, ={aQ,, | a € R}.
(2) Pseudoscaling rule: Ly(AQy) = —2Q, + %(q — 5wl

(3) For any function f € L? orthogonal to Q.. there exists a unique g € H 2 such that Log = f with
(g.9,,) =0. Moreover, if f is even, then g is even, and if f is odd, then g is odd.

(4) If f € L?> suchthat L, f € Y, then f € Y.
(5) Let Zyy = Q4 /0w. Then Zy, € Y, and Loy Zy = — Q| Q|97
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(6) Coercivity: There exists a ko > 0 such that for all f € H?,

(Lo f f) = kol £ 12 — K—lo[(ﬁ 0u)? + (£ AQu)? + (f, YA Qu)?).

Proof. Part (1) follows from the same arguments as the proof of [Weinstein 1985, Proposition 2.8; 1986,
Proposition 3.2]. Part (2) follows from direct computation. Part (3) is a direct corollary of (1), while
for (4), from standard elliptic theory, we know that f is smooth and bounded. So we have Lf € ), and
from Lemma 2.1, we have f € ).

Now we turn to the proof of (5). Differentiating (1-9), we obtain LyZ, = —Q4|Q0|?~ L. Since
Qu|Qwl? —1 €Y, if we can show that Z,, € L2, then we have Z, € ). To do this, we introduce the map

F:HZxRw L2, (u,0) —u" +u—u’+oulul?",

where H? and L2 are the Banach spaces consisting of all H? and L? functions, respectively, which are
even. Since H?(R) is continuously embedded into L>°(R), the map F is well-defined.

We claim that there exists a small * > 0 such that if 0 < w < @*, then there exists a unique u(w) € H2
such that F(u(w),w) = 0. Since we have F(Q,0) = 0, from implicit function theory, it only remains
to show that the Fréchet derivative with respect to u, i.e., dF/du|(g,0) € L(H, 62, Lg), is invertible and
continuous. But it is easy to see that

oF

il =L,

du (0.0
which is invertible and continuous due to part (3) of Lemma 2.1. Hence, we obtain the existence of
such u(w). Moreover, since F is continuously differentiable with respect to both # and w, we have u(w) is
continuously differentiable with respect to . In particular, we have du/dw € H2. But from the uniqueness
of u(w), we must have u(w) = Q. As a consequence, we have Z,, = 3Q,/dw = du/dw € H2, which
concludes the proof of (5).

Finally, (6) follows immediately from a perturbation argument for part (5) of Lemma 2.1. More
precisely, since Q,, is C! with respect to w, we have, for all f € H,

(Lo f. )= (LS )+ Ol flIF1,

and

(/. Qw)* + (f.AQw) + (£ yAQw)? = (£. @)% + (£ AQ)? + (/. yAQ)? + O(@)I| f I 1

Together with part (5) of Lemma 2.1, we conclude the proof of part (6) of Lemma 2.3, which finishes the
proof of Lemma 2.3. O

Proposition 2.4. For 0 < w < w* <K 1, there exists a smooth function P, with P}, € Y, such that

(LoPo) =0, lim_Po() =3 [ Qo -4

1 2
(Pw, Q) =0, (Pw,Qw)=E(/ Q) + F(o). (2-5)
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where F is a C! function with F(0) = 0. Moreover there exist constants Co, C1, . .., independent of w,
such that
daP, _y
|Po ()| + 5 <Coe 2 forally >0, (2-6)
8 »
| Po(¥)| + forall y € R, (2-7)
|8kPa,(y)| <Cre™  forallk eNg, y €R. (2-8)

Proof. The proof of Proposition 2.4 is almost parallel to Proposition 2.2. We look for a solution of
the form P, = Pa, f +°°AQw The function y = f *°AQ,, is bounded and decays exponentially as
y — 4o00. Then, P, solves (2-4) if and only if P,, solves

+o0 /
(Lwﬁw),=AQw+(Lw/ AQw) :R;)a
y

where
+o0 +o00

AQy +qa)|Qw|q_l[ AQy.

y

Ry = (AQw)/_SQz,/

y

Note that R, € V. Since (AQy, Qw) = 0 and L, Q. = 0, we have (Ryp, Q)) = —(R ,Qp) = 0.
Then from Lemma 2.3, there exists a unique P € Y, orthogonal to Q such that Lwa = Ry. Then
P, =P, — fy+°°AQm satisfies (2-4) with (Py, Q) = 0 and limy o Pu(y) = 5 f Qu. Moreover,
we have

2/ Pwa=—/(Lwa)AQw+0(a))=/AQw /y+OOAQw+0(w)

1 > | 2
Let
| 2
Fo) = (7000 -1 [ 0)
Then F(0) = 0.
Next we claim that 9 P, /0w € Y. Let us differentiate the equation LyP, =R, to get
P, R,
Lw(a—aj')) = S 20700} P+ 40— D070 Q0|1 Po + 4|l P 29)

Since Z, € ), it is easy to check that R, /dw € Y. So Lemma 2.3 implies aﬁw/aw c).
Now it only remains to prove (2-6)—(2-8). But from [Berestycki and Lions 1983, Section 6], there exist
constants My, M1, ..., independent of w, such that for all k € N, y € R,
k 20yl
|3 QoY) < Mye™ 3.
Together with (2-9) and the construction of P,, we obtain (2-6)—(2-8). It is easy to see that (2-6)—(2-8)
also imply F € CL. O
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Now, we proceed to a simple localization of the profile to avoid the nontrivial tail on the left. Let y be
a smooth function with0 < y <1, ¥/ >0, y(y) =1if y > —1,and y(y) =0if y < —2. We fix

B =

EN[W)

, (2-10)
and define the localized profile

1) =16 y). 0bw(3) = Qo +bxp (1) Puly). (2-11)
Lemma 2.5 (localized profiles). For |b| <b* < 1, 0 <w < w* K 1, we have:

(1) Estimates on Qp: Forall y €R, k € N,

10600 S e P+ 15| (A—z.0(BIP y) + ™ 7). (2-12)

105 0h 0 ()] S €14 ble™ + DB 1, (b1 y), (2-13)
where 1] denotes the characteristic function of the interval I.
(2) Equation of Qp. - Let
—Vp =bA0p w4+ (0 = b+ O — 0| 0p0l? ). (2-14)
Then, forall y € R,
Wy = b2((10Q) P2)y + APy) — 1b%(1— yp) Po
+0(1BI" P 1o (b1 y) + b2 (@ + [BDe™ ). (2-15)
Moreover, we have

_l
10y Wy ()] S 1612215 _1y(1bI1Py) + b2 > (2-16)

(3) Mass and energy properties of Qp -

‘/ lej,w—(/Q2)+2b/Pwa)

|E(Qp,0)| < ||+ . (2-18)

< |bP7A, (2-17)

Proof. The proof of (1) follows immediately from the definition of Qy ,, and Proposition 2.4. For (2), let
us expand Qp ,, = Qu + byp Py in the expression of Wy ,; using the fact that

Q) — Q0w+ Q) — w07 =0, (LoPo) =AQu,
we have

~Wpo = b= fp)AQu +b(X} P + 373 Pay + 24}, Py — X Por + 5}y Qo Poo — 4013 Qu| ™" Poo)
+b%((10Q X2 P2)y + Polxp + xpyP,)
+ 31002 13 P2y +b* (5Quxt Py + b5 (A3 PD)y

— 0 ((Qw + b5 Po)| Qo +btp Pl ™" = Q| Qul™" — b1y Pl Qu|?™"),,-

We keep track of all terms up to b2 Then (2-15) and (2-16) follow from the construction of the profile Qp .
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/ 2p2 < |b| k.
/Qi,w=/Q§,+2b/XwaQw+b2/X§Pj

While for (2-18), since E(Q,) = O(w), we have
|E(Qp,0)| S 10|+ |E(Qw)| < 5]+ w. O

Finally, for (3), we have

Then (2-17) follows from

2B. Geometrical decomposition and modulation estimates. In this paper we consider H! solutions to
(ngVy) a priori in the modulates tube 7+ , of functions near the soliton manifold. More precisely:

Lemma 2.6. Assume that there exist (A1(t), x1(t)) € ((y/w*)V/™, +00) x R and €1 (t) such that for all
t €10, 10), the solution u(t) to (gKdV, ) satisfies

1 x—x1(t)
u(t, x) = Al/z [Qw‘(’)—i_gl(t)](T(z))’ (2-19)
with, forallt €0, ty),
o1() +ller@ll2 =k L1, (2-20)
where
w1 (1) = /\m(t)
Then we have:
(1) There exist continuous functions (A(t), x(t), b(t)) € (0, +00) x R? such that for all t € [0, to),
e(t,y) = A2 (Ou(t, A1)y + x(1)) — Ob(1),00) (2-21)
satisfies the orthogonality conditions
(&(1), Qu(r)) = (e(1), AQu(r)) = (e(1), YA Qu(r)) =0, (2-22)
where
w(t) = Am o
Moreover,
A1(2)
w(t) + ez + [b(1)] + 20 < 8(k). (2-23)
leO) Iz < 8(ller(0)llg1)- (2-24)

(2) The parameters and error term depend continuously on the initial data. Consider a family of
solutions up, (t), withug n € Agy, and ug n —ug in H' asn— +00. Let (Ap(t), bu(t), xn (1), €n (1)) be the
corresponding geometrical parameters and error terms of u,(t). Suppose the geometrical decompositions
of un(t) and u(t) hold on [0, Ty for some To > 0. Then for all t € [0, Ty], we have

(An(6), b (1), Xn(t), £0 (1)) BXEs (A(2), (1), x(2), £(2)) (2-25)

asn — +oo.
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Proof. Lemma 2.6 is a standard consequence of the implicit function theorem. We leave the proof for
Appendix A. O

Remark 2.7. Similar arguments have also been used in [Martel and Merle 2002a, Lemma 1; 2002c,
Lemma 1; Martel, Merle and Rapha&l 2014, Lemma 2.5; Merle 2001, Lemma 2] etc.

Remark 2.8. The smallness of w(t) ensures that Q,,;) and Q) w() are both well-defined.

2C. Modulation equation. In the framework of Lemma 2.6, we introduce the rescaled variables (s, y)

_x—x(1) (1
RO S‘/o o ' e

Then, we have the following properties:

Proposition 2.9. Assume for all t € [0, ty),

3|yl

o)+ ez + / 8§e_2(f1—2) dy <« (2-27)

for some small universal constant k > 0. Then the functions (A(s), x(s), b(s)) are all C' and the following
hold:

(1) Equation of ¢: Forall s € [0, s9),

b= (Lol +bhe = (2 +8) A0ho + A0+ (3 =1) Qs+

A
5, b, P00 g Ry (R ey, (228
where
Yo =—bA0b.0—(0} o= 0b0+ 20} »—©Pb.0 .07 "), (2-29)
Ry(e) =5(03 ,—Q)e—q0(1 Qb0 T —|Qu|? e, (2-30)

RNL(E) = (64 0p.0) =507 =02
_a)[(8+ Qb,a))|8+ Qb,a) |q—1 —qe| Qb,w |q—1 _Qb,w | Qb,a) |q—1]‘ (2-31)

(2) Estimate induced by the conservation laws: For s € [0, s¢),

1
2
)

1 1
lellz2 < 1b|% + w2 + ‘fu%—/ 0?2 (2-32)

m—+2

Ieolfe 1 (o el -
2 Sz w+|bl+ [ &% +VW+| ol- (2-33)
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(3) H'! modulation equation: For all s € [0, sg),

A

2
7s+b‘+ %—1 < (/eze_llyol) +1b](w + 1)), (2-34)
1

\bs| -+ |ws| < (a)+|b|)[(/ gze—%)z +|b|] +/82€_‘y°|. (2-35)

(4) LY control on the right: Assume uniformly L control on the right; that is, for all t € [0, to),

/ 0] 586 (2-36)
y>

Then the quantities J1 and J, below are well-defined. Moreover, we have:

(a) Law of A: Let

y
() = / AQ.  Ji(s) = (e(s). p1). (2-37)

4
(/o)* /-

where Q is the ground state for (gKdV). Then we have

1
A 1A 2
TS +b —2((]1)s + ETSJI) S(w+ |b|)[(/ sze_lyol) + |b|] + / 826_%. (2-38)
(b) Law of b: Let
16 AP, 1
Py = 5 (( %) AQ+P—3 / Q) —8p1,  Ja(s) = (e(s), p2). (2-39)
(/ o)’ \IAQIZ,
where P was introduced in Proposition 2.2. Then we have
1A
bt 20 406 @) b (e + 550 0) 5 [ 2B r @bt @40
where G € C? with G(0) =0, G'(0) = co > 0, for some universal constant c.
(c) Law of b/A?: Let
p=4p1+p2€Y, J(s)=(e(s).p). (2-41)
Then we have
d (b b 1A wsG'(w) 1 5 _lyl 2
%(A—Z)‘FA—Z(JS-FETJ)-FA—Z sﬁ /8€ 0 4+ (w+|b)b”). (2-42)

Remark 2.10. The proof of Proposition 2.9 follows almost the same procedure as [Martel, Merle and
Raphaél 2014, Lemma 2.7]. It is important that there is no a priori assumption on the upper bound of A(z).

This fact ensures that Proposition 2.9 can be used in all three regimes.®

Proof. (1) Equation (2-28) follows by direct computation from the equation of u(¢).

OWe will see in Section 4 that we can’t expect any (finite) upper bound on the scaling parameter A(¢) in both the blow-down
and exit cases.
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(2) We write down the mass conservation law

/Qi,w—/ Q2+/82+2(8, Ob.00) :/ug—/ 02 (2-43)

From (2-17) and the orthogonality condition (2-22), we have

[szs |b|+w+|b|1—ﬂ||e||Lz+][u%—

Then (2-32) follows from f = 3
Similarly, we use the energy conservation law and (2-18) to obtain

202E0 = 2£(05.0)-2 [ Qs+ [ -5 [1(Qharter®~05,)
2 [10b0+el71-1050 1]

— 014+ [ &2 [ el(@0=Qulyy+ (05 =0+ 0(Qp.0l Qbal?™ = Qul Q™)
-3 [(@0t9°- 05,603 ]
2 100 +el 11050l =g+ D2 0b.0 Q0]

We estimate all terms in the above identity. By the definition of Qy 4, we have

‘ / el(Qbw — Qulyy + (05— O3) + 0(0p.0| Cp.0 ™" — QulQul V)]

1
vl \2
slbl(f eze—lyo) +ip 42 [ el
—2)b|<y=0
|
< |b|+/826_1y.

For the nonlinear term, we use the Gagliardo—Nirenberg inequality to estimate

5/8292)+/86+|b|/82

2, 4 2
s/s e~ 4 1b]+ el lley |2,

sw(|b|+/s i /|e|q+1)

2
<|b|+/s L e T

2,-1 leyll75"2
< |bl+ 10 +V7-

f [(Qbo+e)°— 08, —6:05 ]

and

@ f [10b0+ 197 = 10p 0|7 — (¢ + 1)e0p.0] Op.0ld~]

Collecting all the estimates above, we obtain (2-33).
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(3) Let us differentiate the orthogonality conditions

(e(1), AQu(r)) = (e(2), YA Qu(r)) = 0.

Note that

d
%(8’ AQy) = (65, AQw) + ws(e, AZy),

where Z, = 09, /dw € Y. So we have

‘(k + b) _ (&, La)(AQw)/) (x_s _ l) _ (e, Lw(yAQa))/)
A 1A Qull?, A 1A Qull?,
<(

1
vl )2
%—1‘+|b|) x (w+|b|+(/82e_ly0) )
For the nonlinear term, we use Sobolev embedding and the a priori smallness (2-27),

+

As
Z4b
A+'+

Iyl 9yl 9yl
+|bs|+|a)s|+/826_1y0 +/85e—15+/ lg|9e™ 10 .

_l _ 3l
lee™ ¥ 200 < ee™ 3@ |2

_ 3
< f (06> + &%)e 72

<1,
to estimate
ol 9Lyl 1yl 3l L 1]
[ [lee < Qe H i+ e BILD) [ 2B
Here we use the basic fact that g > 5.
For wg, we have
As As
Wy = —ma)T =mwb—mw o +b). (2-45)

The above estimates imply

1
%+b‘ + %—1‘ < @+ [BDIB] + bs] + ([ eze—'lyo')z (2-46)
and
As (e, Lo(A Qw)/) Xs (e, Lo (yA Qw)/)
St oz T\ Y- >
A 1A Qw72 A [AQull7

=

(=]

(2-47)

§(w+|b|)[(/ sze—lyo)z +|b|] +[826_1 .
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Next, let us differentiate the relation (g, Q,) = 0 to obtain

Q0
0=1(5,Qp)s = (&5, Qw)‘f’(gawsi)
ow

— v, (e, aa&)—(e,Lw(Q;))—b(Ae, 0u)
w

Xs

+(50) 1A Qb0 0+ Q1 (2

—1)[(Q§W 00)+(¢', Q)]

00p.0 ,
~bul(Pu Q) (B3 2y Q05 Qo "5+ (¥, Q)+ Ry 01+ B (0). 0. 248

Substituting the facts

(P 1 Qo) + (BY Xp» Qo) = (P, Qw) + 0(00) ~ 1,
LwQ;, =0, (Qw’AQw)z(Qa),Qéo)z(g’AQw)=O,
1
R4

[(Ro(e) + RyL(e). Q)| < (@ + |b|)( / 82e_10)2 N / 2o~

and (2-15), (2-16), (2-44), (2-45) into (2-48), we obtain

ol = (+lol+ ([ 2e#)7)( §_1’)+(w+|b|)[(/ 2 ) ]+ [ e

Combining (2-45), (2-46) and (2-49), we get (2-34) and (2-35).

As
Z4b
A+‘+

(4) First, we claim the sharp equation

16b [(AP,Q)
(fQ)2 IAQI7 >

bs +2b* + w;G' (w) — (e, L(AQ)) +20(s, PQ? Q’)}

R4

= O(bz(a) + 16 +/82€3_10) (2-50)
holds. To prove this, we take the scalar product of (2-28) with Q,,. We keep track of all terms up to b2
First, from (2-15), we have

(p.o» Qw) = —b2((10P2Q2), + APy, Qu) + O(b%(|b]| + »))
= —b%((10P%2Q%), + AP, Q) + O(b*(|b| + w))
= —1b2|0lI7, + O(*(|b| + w)), (2-51)

where for the last step we use the computation
(AP, Q) =—(P,AQ) = —(P,(LP)) = (P,(P" = P +50*P))

=(P,P" - P)+ 10/ 030’ P?,
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and from Proposition 2.2, we obtain
(10P2Q%), + AP, Q) =5 lim P?=g|Ql7,.
Next, from Proposition 2.4, we have
(502 @) = bulCts 4 B3 Par 0u) = (P Q)+ 0™)
= 16bs1Q171 + F(@)bs + 0(™). (2-52)
where F is the C! function introduced in Proposition 2.4. From Lemma 2.3, we have

(Zw, Quw) = —l(Lwa, AQy)+ O(w) = 1 /(AQQ))Q(U|QQ,|‘1_1 + O(w)

g+1
- +1)/|Qw| +0@) > 0.

Then from (2-35), we have

0| Qw ~ it
(wsaQb,w’Qw)_wsl 191 0(|ba)s|):a)sG’(a))+O(bz(a)+|b|)+ / sze_lol), (2-53)
Jw 2 ow

with G (@) = 3(|Qul2, — | Q]2,). It is easy to check G(0) =0, G € C!, and
g1 / q+1
= >0

1
2

6/(0) = (Zw, Qw)|w=0

Next, from Proposition 2.4 we have

vl

Q)0+ 3. Qu)l < (/ sze—w) Q. Q)| + (Pl Q)|+,

which together with (2-34) implies

(3 -1)@h +er. 0

For the small linear term, we have

[hUl

<b*(w + b)) +/ e 10, (2-54)

1

/Rb(8)9;=20b/ PwQS,Q;s+|b|(w+|b|)0(/ gze—'ly)z

1
1\2
=20b/ PQ3Q’8+|b|(a)+|b|)0(/ 8ze_ly0) . (2-55)
Since the nonlinear term can be estimated with the help of (2-44), we then have

2b2% 4+ wyG'(w) 3 16
1+ H(w) (14 H())(/ 0)?

s

[( wa,Qa»( +b)+20b(s PO Q)]

= O(bz(w+|b|)+f82e_l

=

(=]

)
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where

H(w) = F(w).

16
(/ 0)°
<(w+ |b|)|:(/ fsze_llyo)2 + |b|i| + / 20

[(AQp,0s Qu) = b(AP, Q)| 5™ +|b(AP, Q) = b(APy, Qu)| < [bl(w + |b]).

From (2-47) we have

|—

As (e. L(ADY)
ALY NS I Sk Bk Sk~ 24
‘(A - ) 1A012,

Moreover, we have

We then conclude that

B L(A 20(, P
1+ H(w) (1+ H(w))([ 0)2 |AQ”2 (e. L(AQ)) +20(s. PO Q')

bs+

- O(bz(a)—l—lbl)—l—/s e 'lo'). (2-56)

Finally, since H € C 1 H (0) =0, it is enough to check that the function

_ w él(x)

satisfies G € C2, G(0) =0, G’(0) = co > 0. Then, (2-56) implies (2-50) immediately.
Now, we turn to the proof of (2-38), (2-40) and (2-42). For all f € ), independent of s, (8, f i o ) is
well-defined due to (2-36). Moreover, we have

d Y As Y As Y
$(g’/_oo f) = (e Ly f)+ (7+b)(AQb,w,/_oof) +7(As,/_oof)
Xs 00p,0 0pw [”
_(T_l)(Qb,w'i‘g’f)_(bs b + ws Jo ,/—oof)

y
+ (\pb’w’/ f) + (Rp(e) + RnL(8), ).

—o0

Using (2-34), (2-35), (2-44) and Proposition 2.4, we have

S L) (oo [L1)+ (3o
BTN i

+ O] + ) b)) + 0( yo) @57

>)|><
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Proof of (2-38). We apply (2-57) to f = AQ, using the facts

y 2 y
LAQ = 20, (AQ,/_ AQ) =%(/ Q) , (Q’,/_ AQ) =0,
to obtain
16(8 Q) _)L_ I10 1 2 _1yo|)
2(J1)s = ——— (f Q) +(A +b) 5 J1+O((|b|+a))|:([8 e ) +|b|] / e .

Then (2-38) follows immediately from the orthogonality condition (2-22).

Proof of (2-40). We apply (2-57) to f = p5. Then from Lemma 2.1 and Proposition 2.2, we have

AP, Y
(80 = 1 (R5L000+ P = [ 0.n0) -2 (a0, [ n0)

(f 0)" \IAQ].2 (/ 0)° oo
6 4oz, 16 ( )2
= (AP, Q)+ (AQ, P)] + — AQ) =0,
(/o) o (o f
and
- (0w
Next, from

L(P")=(LP) +200'Q3P
=AQ +200'0%P

and the orthogonality condition (g, A Q) = 0, we have

16 (AP, Q) ) /D /
L P ]—8(s L
(e, Lo) = (fQ)(% [inpr 80y + (e, L})
16 _[(AP.Q) ] ( _m)é
= L(A 20(e, P (0] 0] .
ol e Haen + 20 ro*et] + ow( [
Substituting all the above estimates into (2-57) with f = p},, we obtain
16 [(AP. Q) } 1 As
J2)g =— L(A +20(e, P — ——J
(J2) (o) [IIAQII2( (AQ)) (e, PO Q) 2

+0((|b|+w)[(/s e w') +|b|]+/82e—'lyo'). (2-58)

Then (2-40) follows from (2-50) and (2-58).
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Proof of (2-42). From (2-38) and (2-42),

d (b _ bg+2b2 2b (A A
%(ﬁ)_—xz ?(7*)
1A 2b As G’ 1 —1
[(Jz)s 2/\]2] [2(J1)s+ Jl] wk—z(w)'i‘O(A—z(/ 10 +(w+[b[)b ))

b 1A G
=l o (G ([ Hrwsnnn?))

which is exactly (2-42).
Finally, it is easy to check that lim| | + o, p(y) = 0, which implies p € V. O

3. Monotonicity formula

We will introduce the monotonicity tools developed in [Martel and Merle 2002c; Martel, Merle and
Raphaél 2014]. This is the key technical argument of the analysis for solutions near the soliton.

3A. Pointwise monotonicity. Let (¢;)i=1,2, ¥ € C°°(R) be such that

e’ for y < —1,
pi(y)=q1l+y for —3<y<?i ¢'(y) >0 forall y e R, (3-1)
y! for y > 2,
2 —1,
() =1°¢ ory < ) ¥'(y) >0 forall y €R. (3-2)
1 for y > —5
Let B > 100 be a large universal constant to be chosen later. We then define the weight function
e =v(% ). ensm =92 ). (3-3)
B ’ B
and the weighted Sobolev norm of ¢
N5 = [ (630900 + 2600 dy. =12, (34
Niswls) = [ 26,30 50 dy. i =1.2. (3-5)

Then we have the following monotonicity:

Proposition 3.1 (monotonicity formula). There exist universal constants g > 0, B = B(q) > 100 and
0 <k < 1 such that the following holds. Let u(t) be a solution of (gKdV,,) satisfying (2-20) on [0, to],
and hence the geometrical decomposition (2-21) holds on [0, to]. Let so = s(t9), and assume the following
a priori bounds hold for all s € [0, sg]:

(H1) Scaling-invariant bound:

@(s) + [b(s)| +Na(s) + ()l L2 + () lley (DI <« (3-6)
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(H2) Bound related to H' scaling:

() +1b() +Na(s) _
() -

(H3) LZ-weighted bound on the right:

1
10,206 v)d <50(1+—).
/y>0y (s.y)dy = T00)

We define the Lyapounov functionals for (i, j) € {1,2}? as

Fij = /(%WB +(L+J,))e*pi,8 — 3VB[(Qp o +£)° — Qi,w - 68Q15,,a,]

2w _
+ m[lQb,w + 8|q+1 - |Qb,w|q—H —(q+ 1)£Qb,w|Qb,w|q

with’
e
Then the following estimates hold on [0, s¢]:
(1) Scaling-invariant Lyapounov control: fori =1, 2,

dFiq
ds

+ u[(si +6%)¢] g S b* (@ + 7).
(2) H'-scaling Lyapounov control: fori = 1,2,

d ]'-i,z n 2 2 b2(0)2+b2)
%(12)+ﬁf(8y+8 )‘Pf,BfB—kz )

(3) Coercivity and pointwise bounds: there hold for all (i, j) € {1,2}?,
Ni S Fij SN,

1
il + 1701 S N7

67

(3-7)

(3-8)

I]WB)a (3_9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)

Remark 3.2. The proof of Proposition 3.1 is almost the same as that of [Martel, Merle and Raphaél 2014,

Proposition 3.1]. The only difference here is the additional terms involving w.

Remark 3.3. Similar to Proposition 2.9, we do not assume any a priori control on the upper bound of

A(s) so that the monotonicity formula can be used in all three cases.

Remark 3.4. As mentioned in [Martel, Merle and Rapha&l 2014, Proposition 3.1], the weight function
decays faster than ¢; on the left. As a result, N and F; ; do not control f 85(/); p (see Remark 3.5 of

that paper for more details).

"Recall that J 1 was defined in (2-37).
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Proof of Proposition 3.1. The proofs of (3-13) and (3-14) are exactly the same as [Martel, Merle and
Raphaél 2014, Proposition 3.1]. We only need to prove (3-11) and (3-12). To do this, we compute directly

to obtain that, for all (i, j) € {1,2}?

- F
A2U 1)(ﬁ) =fi+t o+ 3+ fat fs.
S

where

As
fi= 2/ (SS_TAS) (_(WBe)y +8(/)i,B_wBAb,a)(8))a

A
= 2/ (8S—TSA8)8x7i,j90i,B,

fi==2 [ VB (Qbu)ilBh.0-560} , +40610p.al7]

_ 2wy

fS = g+1 /HQb’w+8|q+1_|Qb,w|q+1_(Q+1)8Qb,w|Qb,w|q_1]‘ﬁB,

Ab,a) (e) = (Qb,w +8)5_ Qzﬁw_w(Qb,w +e)| Qb,w "|‘8|q_l +a)Qb,a) | Qb,w |q—1.

Our goal is to show that for some pg > 0,

d
%fl < —/l«o/‘((s2 +2) ¢ g +e5,0p) + Ch*(w* +b?),

d
%fk

= ’f—{)’ /((82 +e2) ] g +e2,0p) + Cb2(w? +b%) fork =2,3,4,5.

The following properties will be used several times in this paper:®
;" W+ 1ol DI+ 1" O+ Iy D+ 1Y ()] < ¢f < giforall y €R,
Pl + WIS el ~¢i forally € (~o0. 3],

2
Nl,loc 5-/\/2,100 le 5N27 [‘9 ¢1,B dy SNZ,lom

1 8
/ y262(s) < (1 + 0 ) Zg’loc(s).
y>0 Lo (s)

Control of f1. First, we rewrite f1 using the equation of ¢ in the form

A
&5 — S Ae = (—&yy +e—Ap u(8))y

As s
+ (54 8)A00a+ (3 1)@ +ey =1,

aQb,w aQb,w
T PR

8See [Martel, Merle and Raphaél 2014, Section 3] for more details.

(3-15)

A A
£ =22 [ Ae-mey)y + (140608 VB BN (s [ 01mE>=2G-D Ty,

(3-16)

(3-17)

(3-18)
(3-19)

(3-20)

(3-21)

(3-22)
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where W, = bAQp o +(Qf , — Qbw + 0} , — ©0b.w| Qbw|?™")y. This yields
fi=fir+ fizt fiz+ fiat+ fis,
with
fii1= 2/(—8yy +e—Apu(e)y(—(VBEy)y +€0i.B — VB Ap 4 (8)),
A
fia= 2(7s i b) [ ACbat=ne), +epin—vmBsote

fi3= 2(% - 1) /(Qb,w +&)y(=(VBey)y +690i, B —VBAp o (€)),

d d
fra=—2f ( o, %{’j}’“’)(—wgsy)y )

frs=2 / Wy o (—(WBEy)y + 2015 — VB Apo(©)).

For the term f7,1, we integrate by parts to obtain a more manageable formula:

fii=2 / (—eyy &= Apo(©)y(—eyy +&— Apol©)Vn
+2 [ (—eyy + &= Apo(@)y(— Wy + £(05 — VB)).

We compute these terms separately. First, we have

2 [ (epy 46~ B0 @y (~ens + 6= BNV

— [Vhens + e Bpo(@)

= [y o= Do @ = (e +67) = [ Wty + 27

| [0, 28+ 2 =] - [Wa(ers o= B0 = ey + 0).
Next, we integrate by parts to obtain
2 [ BooeN, (grn — e

— =1 [ @un = vm) (@b + 61~ 05, ~ 65051~ 66[( Qb0+ &)° - 03,
=2 [ in = VB (@0 Qb0+~ 05, ~ 5004 )

2
s / @i, =V8) (1Qb0 + el = 1Qb0l"™" = (a + DeQb 0] 0p.ul"]
—(@+Del(Qv0 + )| Qb0 +e"™ = 00l Qbol’ 1)

+ zw/((Pi,B - 1ﬂB)(Qb,a))y [(Qb,a) + 8)|Qb,w + 8|q_1 - Qb,w|Qb,w|q_1 _q8|Qb,w|q_1]»
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and

2 [ ey + €1y (~Vhey +(0im ~ ¥)
= —2[[ Viesy + / &5 (30l p— 5V —5V5) + / e*(5(¢p —VB) — 3(¢B — wB)W)}-
Finally, by direct expansion, we have
[ @oa@hey =5 [ Vhe (@b (@ +0)* ~ 08 )+, (Qpa +°)
~40 [ V3o (@00, 1100 + #1171 = 1000l ™1+ 2 Qb +6l77).

Collecting all the estimates above, we have

f1’1=1+11,

where
1 == Vs, + Gol 5 + ¥ — V5 + 0] 5 — 9ip)e)
~2[[§(Qba +9° = 0, ~ 6605, ~ el @b +0)° = 0 ,1]tw} 5 ~ V)
+2 [ Qo+ 0 = 05, ~ 5608 )by (Vi — i)
10 [ 56, (001l Qb +9)* = 0F )+ (Qpa +2)7)

- / Vo[t &= Ap (@ — (—eyy +)°)

=h+L+1z3+14+ 15,
and

o /[|Qb,w+e|q+1—|Qb,w|q+1—(q+1>8Qb,w|Qb,w|q-1

q+1
E[(Qpo+6)] O +e]7 —Qb,w|Qb,w|q—1]} @ 5—Vh)

_2w/[(Qb,w +8)|Qb,a) +8|q_1 - Qb,w|Qb,a)|q_1 —qel Qb,wlq_l](Qb,a))y(WB _(Pi,B)

—26160/ Y5y ((0pw)yl|Qbw+el? ™ —10p |9 1+ey|0pp+el?T).

For Iy, k =1,2,3, 4, we can use the same strategy as in [Martel, Merle and Raphaél 2014, Proposi-
tion 3.1] to obtain

4
I = - / (£2,0p + 29 g + 9] p) + Cb* (3-23)
k=1

for some universal constant @y > 0.
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The idea is to split the integral into three parts. We denote by /=, I;” and I, the integration on
y<-=8 |yl < % and y > g, respectively, for k = 1,2,3,4.

On the region y < —g, using the weighted Sobolev bound introduced in [Merle 2001, Lemma 6;
Martel, Merle and Raphaél 2014, Proposition 3.1],

L@ p)?
|e*Ve HLoo~II8IILz(/ e3¢ IB+/ 2 )<8(K)/(e +e2) ¢ p. (3-24)
B

we have

Iy +15 +17 <B /(86+85Q2,w +ereM) g g+ ||Qb,w||Loo(y<_123)/(8§ +67) ] g

< 8(0) / (62 + %)) 5.

Hence we have

4
S IE < / (0 + s+ 50 ) (3-25)
k=1 y<—%

for some pyp > 0.
For the region |y| < £, we have

Z ID=—= (385 +e2-50%24+20y0'03%%) + 0(/| (1b] + w)e® + ¢ )
y

|<
We then introduce the following coercivity lemma:

Lemma 3.5 [Martel, Merle and Raphaél 2014, Lemma 3.4]. There exist Bo > 100, w3 > 0 such that, for
alle € HY and B > By, we have

(3e? + 62 —50%% +20y0'03¢?) > 3 &2 +¢%— L
i<t z 7 B

|J/|<7

The above lemma implies immediately that
4
Z I <2 f| e+ s+ ) (3-26)
k=1 Yi=z

while for the region y > £, we have v/ 5 =Yg =0. We also have

2
||8||Loo(y>g) < “8”H1(y>§) SNy < (k).
Hence, we have

4
> 17 200l ) + el )] [ G +62)6 5.
k=2

which implies .
Y Iz < —MZ/ N (+&5 + &%) ¢ . (3-27)
k=1 ry>z

Combining (3-25)—(3-27), we obtain (3-23).
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Now we turn to the estimate of /5. We have

|15 5/l/f)/g(|8yy|+|8|+|5|5+w|8|q)(|8|5+a)|8|q+|Qb,w5|)

<105 @ cun( [ Gutvs+ [upra? [1sP1y). a2

Combining (3-24) and the hypothesis (H1), we have

[ Gt 1000l s, [0n = Lo [ (€D, (329

2
[ £0yr < (W) I [ 2 < 5(0) / &+ gl 5+ ( f 85%)2) L 330
and

2 2 2012 1.4 2g—8 2112 14 -3 -5
" / P79 < 0?2 Wh) f 6975 < w22 H 2w lel 43 ey 143

2
< 8(/()[(85 +82)§01{53 + (/ si(wl’g)Z) ,

where we use the fact that w|[ey |7, < « for the last inequality.
From ((y¥')2 )” < ¢; and (H1), we have

(/ei(lﬁ%);) =( /88yy(1/f3)2+ / () ),,)
5/82/8%%’3 + (/ 82(pl{,B)2

< 8(k) / (€5, V5 +E°9] ). (3-31)

Substituting (3-29)—(3-31) into (3-28), we have

|15|</;0(/ 2,0 + /(e +82)solB) (3-32)

Now, we turn to the estimate of /1. We write I/ in the form

IH=I1~+1I",

where I1= and I1~ correspond to the integration on y < —E and y > —g respectively.

For I1 =, using the fact that WB ((pl B)2 for y < —E , we have

V& Sw(/ B(|e|q+1+|Qb,w|Q‘lez>¢£,B+/
y<—%

-3 y<_f

10}, (el +£2) g B)

+w/ Vley (16177 +10p,017 72 el + ey |16 +1ey ] 10b,0 77"
y<—

S

= o [ e pet 4+ [vpEt sl )+ K [ @iy
<72
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We use (H1)-(H3) and the Gagliardo—Nirenberg inequality to estimate these terms separately. First, we

have
o [ 1 16; p 5 012 R [ lelt
o [ (ez+e§)<p;,3)(||ey||§5||e||§)
5(w||ey||?2)(/ ) /(a +e2)0l 5560 [ P +eDel .
and

o et <ol 4 L b 0"

i q=2 q=5
Sw( / 82) ( / <82+s§>w;,3)||s||L5 eyl < 860) / &+l p.

From ¥’ < (¢/)? and (3-31), we also have
1

o [ Viedlelr ol IR~ el [ Swp)?
< @l Iplels( [ +ewp?) [ S’
< 8(k) / (e*+&5)9)p+ ( / 8§(wg)5)2
= 5<'<)( / SV + / (e* +s§>¢;,B),
o [ ples Il 5 0l W) el (W) T2 el
< (wnsyan)neum“( [+ s§><wg>%) ( / 85%)5)%
< 8(k) / (2 +e2) gl g+ ( / 55%)5)3

2
< o5 [ @bt s cun ([ Bwp?)

< 5%10(/ 3y Ve + /(8 +3)¢f B)
|[I1<| < %(/ &, Vp +/(82+8§)<p;’3). (3-33)

and

In conclusion, we have
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For 117, we know that /5 = 0 for y > —% Using Sobolev embedding, we have

2
€12 yozy S Nell 2oy ley ooy SN2 < L.

Thus, we have

17| < w(/ 29 g + /(Qb,w)y82¢i,3) <B 5('6)/@2 +&5)¢} p- (3-34)
Combining (3-23), (3-32), (3-33) and (3-34), we have

Fir < o / (&% +e2)g] 5 + Cb* (3-35)

for some universal constant pg > 0.
Now, let us deal with fj ». It is easy to see that

fia=1+ 1,
where

3 As
I = 2(7 + b) / AQpo(—(WBEy)y + 6018 —VB[(Qp0 +6)° — 03 ,]).

~ As - -
1= 2‘”(7 + b) / AQpo¥B(Qho+8)Qbo el = 0.0 Q1D

The term / can be estimated by the same argument as in [Martel, Merle and Raphaél 2014, Propos-
tion 3.1]. Thus, we have

7] < % /(82 +62) ¢ g + CH* (@ + D),
We mention here that the modulation estimate (2-34) in this paper is slightly different from [Martel,
Merle and Raphaél 2014, (2.29)]; i.e., there is an additional term “w|b|” on the right-hand side of (2-34).
This additional term results in the appearance of the term “w2b2” on the right-hand side of the above
inequality.
While for 17T , we have

D=

T 5o

A 1
Ts—i-b‘(B Niioc+/|8|q1ﬂ3)-

Using (2-34) and the strategy for f1,1, we have

|fj|<ﬂ

<200 /(82 +6))¢) g+ Cb* (@ +b?).

A similar argument can be applied to f; x, kK = 3,4,5. Together with (3-35), we conclude the proof
of (3-16).
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Control of f>. For f>, we integrate by parts, using (3-22) to get

A
fo=23i, cuns [(—eyy e Apu(E)y + (—S n b) AOho

A
X d0p, 905,
+ (TS - 1)(Qb,w +¢)y —bs 3bw — Wy aa)w + Y50 |-
We integrate by parts, estimating all terms like we did for f;. Together with
1
Ti,j1 S 11l S N7 < 8(k),
we have
A15860 [ €+ )0] 5 + 5207 1), (3-36)

Control of f3. Recall that
As 2 . )Ls
fr=2+ Ae(—(¥Bey)y + (1 + Ji.j)e0i B — VB Ao (8) + (Ti.j)s | ¢iBe” —2(j — D= i

Integrating by parts,® we have
fa=1+11,
where
- A'S . /
=% [1e-2G - 1wa-yvpd
1 Ag ) ,
=332 [1e=20 = s - y¥3l(Qsa + 9 - 05, ~ 6203,
As
#2520 [ UpAQ Qo+ o - 03,5203,

A _ A
+ s [ Pon =20+ ) [ 0l =20 =05 1+ [ 2o

and
~ 20 A q+3 . _
1= 2220 [ (5 -20-0)va 05 [X[1Qbatol* =1 0p0lt* =g+ 16 0b0l ol

s ] ] ]
20 [ VBAQH[(Cb0+0) Qb el = b0l 0pal? ™ ~gel bl ']

Similarly, we can use the same strategy as in [Martel, Merle and Rapha&l 2014, Proposition 3.1] to
estimate /, which leads to

I7] < 8(k) / (& +e2) ¢} g +b*(@* +b?). (3-37)

9See [Martel, Merle and Raphaél 2014, Proposition 3.1, Step 5] and [Lan 2016, (5.22)] for more details.
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More precisely, we can rewrite I as

-y | ,
1= [ee-ive-yvpe
1A

- 573 /[2(2_ ])wB - yWIIS’] X [(Qb,w + ‘9)6 - Qg,w - 68QZ,0)]

s
+22 [ UaAQ Q0+ e - 05, 5201,

g —20 =10+ a2 [ i | p)e?

1@ =26 =00+ 35| [Gonn e e

1 As /
+ lT|:(s7i,j)s -G -+ + s7i,j)7:| /y(pl-,Bsz

= il + fz,
where

~ 1 As /
ih= ;[(Jl-,,-)s — @G =D+ +$~,J~)7] [ voie

We also denote by IAk<, f]: and f]:, k = 1,2, the integration over y < —%, ly| < g and y > g
respectively.
For integration over |y| < g, the estimate is straightforward, we have

P11 S8 [ (65 + )0 5
|ﬂ<7

While for y < —%, using (2-34), we have

A A 1
TR+ 1S Qb1 NG [ G ol + 0@ 6 + Iyl pe?
y<—%

1
s(|b|+N,~?m)[/ T / B|y|<p;,382]
y<—%5 y<—%

2

1 99
1 5\ 100 5 S\ 100
§(|b|+J\fifloc)[/8§<pl{,B+(/ i ylooesgz) (/ BeBgZ) ]
y<—% y<—2

2 2
1 99
S (1Bl + N2 % (/ £ g +/\/l-j1%‘;) < S(K)/(e§ +&%) ¢} g+ Cb*.

Now, for y > g, we first have

igiB—y¢; g =0
for all y > B. Hence

A~ 1
1S 001+ M) [ 4200 2860 [+ 206

Next, for f2> , we know from (2-38) that

_ 4(j —1)+2i
- (1 _J1)4(j—1)+2i+1

A As
(Fij)s = @0 =D+ +7.,)5 (s = 550 = 1) S 15+ N
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Together with (3-7), (3-8) and (3-21), we have

1 8
|12 | < (|b| +N loc)( A190)"/\/’1'?100

8

8
< BI(1 +8()[b]75) Noe T Nijoc(1 4 8(k) N; 1OC)N910c

< 5(K)/(s§ +6%) ¢ g +b*(w* +b7).

Combining the above estimates, we obtain (3-37).
Finally, for I1, from the fact

/
1 /SB (pi’By

3
Ve + ‘(%—20 —1))w3—ng
we have

. As
I < il
M 50|35

[ et et 4 2.
Using |As/A| < 8(k) and the strategy for f7.1, we have

1] < 500) / (€2 +e2)¢] p.

In conclusion, we have
1150 [ € + gl 5 + 0707 +57).

Control of f4. From (2-5) and (3-12), we have

Qba)

|(Qb,a))s| + | s|

,loc

Using the Sobolev bounds (3-24) and the strategy for fi 1, we have

| /2] 58(K)(/(w|e|q+|g|s+gz)¢l{,B) 55(@(/ &, Vg +/(82+s§)¢553).

Control of f5. From (2-34) we know that

< 8(k).

] As
ws| = —
s| = mw 5

Thus, by the Sobolev bounds (3-24) and the strategy for fi,1, we have

| f5] < 5(K)/(a)|8|q+1 +6%)¢] g SS(K)(/ e, Vp +f(ez+s§)<p£,3)-

< (@+ BD(b| + N2 <806,

77

(3-38)

(3-39)

(3-40)

Combining (3-36), (3-38), (3-39) and (3-40), we conclude the proof of (3-17), and hence the proof of

Proposition 3.1.

O
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3B. Dynamical control of the tail on the right. In order to close the bootstrap bound (H3), we need the
dynamical control of the L? tail on the right introduced in [Martel, Merle and Raphaél 2014]. More

precisely, we choose a smooth function
0 for y <0, ,

= > 0.
(010()’) {ylo for y > 1, P10 =

Then we have:

Lemma 3.6 (dynamical control of the tail on the right [Martel, Merle and Raphaél 2014]). Under the
assumption of Proposition 3.1, it holds that

1 d
—— (A 10 / 901082) <B M 1oc + b%. (3-41)

Proof. The proof of Lemma 3.6 is exactly the same as [Martel, Merle and Raphaél 2014, Lemma 3.7].
More precisely, from (3-22), we have

1d A A
goloez = / §0108|:—SA8 +(—&yy +e—Apo(e)y + (—S + b)AQb,w

2ds A A
x 905, 905,
(; _1)(Qb,w+8)y_bs 8bw_a)s aww +\Ijb,w s

where

Ab,a)(‘c:) = (Qb,w + 8)5 - Qz,w _w(Qb,w + 8)|Qb,w + 8|q_1 + a)Qb,a)|Qb,w|q_1-

We integrate the linear term by parts using the fact that y ¢, = 10¢1o for y > 1, and ¢} < ¢}, for y

large, to obtain
A 14 3 1 1
/‘PIOS[TSA&‘-F(—gyy‘i‘)y] =55 ywioez—gfsiwio—zfezfpiﬁ5/82%’6
A 3 1
< —STS/<P1082— §/S§<ﬂio— 5/82%0 + C N joc-

Next, from (2-15), (2-34), and (2-35), it is easy to obtain
A X 8Qb, aQb,
‘/¢108[(7S+5)AQ1W+ (Ts—l)(Qb,w+8)y—bs abw — ws 860” + VY0

While for the nonlinear term, we integrate by parts to remove all derivatives on ¢ to obtain
—wl
[ enetdnaels| < [oneteS elimoman + [ oo [ 16071610 550 [ ot

where we use the fact that |Qp ,,| + 10} | < e /2 for y > 0 and

5 b2 +N1,loc-

lellLoo(y>0) SNt <K 1.

Hence, we have
d A
— / @062 + 1052 / 0106% < b% + N 1oc
ds A

which, together with Gronwall’s inequality, implies (3-41) immediately. O
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4. Rigidity of the dynamics in Ay, and proof of Theorem 1.3

We will classify the behavior of any solution with initial data in Ay, which directly implies Theorem 1.3.
To begin, we define

t* =sup{0 <t < 4oo|forall ' €[0,7], u(t') € Tax,y}- 4-1)

Assume 0 < y < ag < @* < 1; then the condition on the initial data, i.e., ug € Ayg,, implies * > 0.
Next, by Lemma 2.6, u(¢) admits the following geometrical decomposition on [0, #*]:

1 x—x(t)
0.0 = S5 Q6000 + 01 )

The condition ug € Agy,, implies
@(0) + [[e) | 71 + @(0)lley 0) 75 + [6(0)| + |1 = A(0)| < 8(o). (4-2)
/ y1%(0)dy <2. (4-3)

y>0

Using Holder’s inequality, we have

N2(0) < 8(eo). (4-4)

Then let us fix a 0 < ¥ < 1 as in Propositions 2.9 and 3.1, and define
t** =sup{0 <t < t* | (H1), (H2) and (H3) hold for all ¢’ € [0, ¢]}. (4-5)

Note that from (4-2)—(4-4), we have t** > 0. Let s* = s(¢*) and s** = s(t**).

4A. Consequence of the monotonicity formula. We derive some crucial estimates from the monotonicity
formula introduced in Section 3.
Lemma 4.1. We have the following:

(1) Almost monotonicity of the localized Sobolev norm: There exists a universal constant Ko > 1 such

that, fori = 1,2 and 0 < 51 < 55 < §**,

Nits2)+ [ [ @60 +826 ) 0] p0) dvds < Kol Ao+ sup )P+ sup 0], (40

s€[s1,52] S€[s1,52]

Fon+ [ sl @+ 006s) 0000+ o] a

A2(s2)
Ni(s1)  [b%(s1) + 0(s1)  b%(s2) + @ (s2)
= Ko(lz(ﬁ) [ A2(s1) A2(s2) D @7

(2) Control of b and w: For all 0 < 51 < 55 < s**,

o(52) + [ b2(s)ds SN o)+ sup 1b(s)]. 4-8)

s€[s1,52]



80 YANG LAN

(3) Control of b/A?: Let 1 = (m/(m + 2))G'(0) > 0, where G is the C? function introduced in (2-40).
Then there exists a universal constant K1 > 1 such that, for all 0 < s7 < sp < §**

b(s2) + cro(s2) b(S1)+Clw(S1) (NI(SI)+b2(51)+w2(31)+b2(52)+w2(32)) 4-9)
A2(s2) A2(s1) A2(s1) A2(s1) A2(s2) '

(4) Refined control of A: Let Ao(s) = A(s)(1 — J1(s))% Then there exists a universal constant K, > 1
such that, for all s € [0, s**],

(A'O)S

+b| < Ko\ + (] + o) (N + [B])]. (4-10)

Proof. Proof of (4-6) and (4-8). From (2-50), we have

d
%G(a)) + b2 = _bs + CNl,loc~

Integrating from s1 to s2, we have
52 52 §2

G(w(Sz))-l-/ bZS/ N1,10c+G(w(Sl))+|b(82)—b(51)|5[ Mo +G(w(s1))+ sup  [b(s)].
S1 S1 N SE[s1,52]

Since G(w) ~ w, we obtain (4-8).
Next, from the monotonicity formulas (3-11) and (3-13) we obtain

§2
Ni(s2) + f / (2(5.7) + 205, )@l p () dy ds
SNi(sl)—i-[ sup b2(s)+ sup a)z(s)] b2. (4-11)

S€[s1,82] S€[s1,52]
Combining (4-8) and (4-11), we obtain (4-6).
Proof of (4-7). First, from (2-50) and (2-35), we have

S [ 10P _ [ _Iblbs — 0sG'@)[b] + CN e +80)|b]
EVERE A A2

2 2 +wb2 2 [p3
<=5 +0(/ 1,loc ) 8( )/ | | ) (4_12)
S1 S1

Recall that @ = y/A™. Then from (2-34) we have

/32 wb®> [ Aswb N /sz wb (As +b)
5 A2 o A A2 22\

1 52 w 52 C()bz 52 Nl loc
< 2)b+s ®° Lo ’
b2

1 52
T om+2 1

1 1

1b|b]

b a0 [ O

2 Mijoe . b%(s1) + 0?(s1)  b%(s2) + w*(s2)
+0(/S1 2 T 26y T 2 ) &1
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From (2-50) and (2-35), we have
52w 52w m
T\ =< ) 24— 2 ! oc
/\2( by) _/Sl 2 [( +10)b +wsG (w)+C(m)N1 i|
K} 2 K /
< (2+ﬁ) 2%+/ ? os0G (@)
10 S1 A2 S1 (V/w)z/m

2 Mjoe | b2 (s1)+@%(s1)  b%(s2)+0?(s52)
+O(/S1 A2 + A2(s1) + A2(s2)

51

). (4-14)
From (2-34) and (2-35) again, we have

/32 wswG' (@) |M(w(s2)) — M(w(s1))] < w?(s1) = ®*(s2)
s (/w)2m| y2/m N A2(s1)  A2(s2)]

(4-15)
where

C 142 2+2
M(w) = x TmG(x)dx ~w Tm
0

Therefore, combining (4-13)—(4-15), we have

/szwbzs ZE 30 | g /w_bz
s A2 m+2 s AZ
52 N1 1oc [192(51) +w*(s1) | b*(s2) +w2(Sz)D
+ 0 / — + + . (4-16
( Y A2s1) 22(s) (10
Taking x > 0 small enough, from (4-12) and (4-16) we have

2 p2(w + |b]) 2 Nijoe | [6%(s1) + @ (s1)  b%(52) + @ (s52)
/s 2 S/S 22 +[ 26 22 ]

Now, integrating the monotonicity formula (3-12), we have

NiGs2) [ 1 e 2 b2(s)(@(s) + b(s)))
20 T, ms)[(/ (EY“)(S)“”"B)]CI AZ( )”( )/ 2o

which implies (4-7) immediately.

4-17)

1 1

Proof of (4-9). The proof of (4-9) is based on integrating the equation of b/A2, i.e., (2-42). More precisely,
from (2-34), (2-42) and the fact that |J| < N'/2 (recall that J given by (2-41) is a well-localized L2

1,loc

b b ws G’
“\e) el
As b 1
b2 2 - 2

|J|+0(Az(/8 e 10 + (w+|b|)b ))

05 Wi+ @+ 100).

scalar product), we have

( b J) N a)sG/(a))eJ

A2 A2

<
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We integrate this estimate in time using (4-7) to get

b ol S2+/32 a)SG/(a))eJ §N1(S1) b%(s1) + ®%(s1)  b2(s2) + w?(s2) ‘ (4-18)
e si Jdsi A? A2(s1) A2(s1) A2(s2)
Note that [e/ —1| <2|J| < 1{30 Together with (4-7), we have
A N [
], =, e
1 s; 1 2 2 2 2 (4-19)
_b Lo N1(s1) +b (51) + 0 (s1) +b (52) + 0 (s2)
A%, A2(s1) A2(s1) A2(s2) .
Next, from (2-35), (4-7) and |J| < Nlquc, we have
/52 5G'(©) (s _ 1)‘ - / (0 + ©0?)b* + Ni e
51 A2 ~ s A2
§/\/1(51) b2(s1) + @*(s1) bz(Sz)-i-wz(Sz). (4-20)
A2(s1) A2(s1) A2(s2)

Finally, recall ® = y/A™, so we have

/Sz wsG' () _/s2 wsG'(w)  T(w)|?
s Ay em a2

1
where

Y(w) =

1 © 2,
a)z/m/o xmG'(x)dx.

Recall that G is the C? function introduced in (2-40). We then have ¥ € C? and ¢; = ¥/(0) =

(m/(m +2))G’(0) > 0. Hence, we have
2 wsG'(0)  col” (a)z(sl) wz(sz))
/s A2 A2 51 A2(s1)  A2%(s2)
Combining (4-18)—(4-21), we conclude the proof of (4-9).
Proof of (4-10). From (3-14), we have

1

o IEVIEN R

Ao
thus we obtain from (2-38)
(/\0)5 /\s J1
1-J1)—+b-2(J — b
AO 1—J1 ( 1) + ( l)s 1—]1

s[ 5 4 (6] + )V + D).

This concludes the proof of (4-10), and hence the proof of Lemma 4.1. O
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4B. Rigidity dynamics in Ag,. In this part, we will give a specific classification for the asymptotic
behavior of solution with initial data in Agy,,.
We first introduce the separation time #;:
x_ |0 i [b(0)+c10(0)] > C*(N1(0)+b%(0)+w?(0)),
P lsupfo <t <t* |forall # €[0,¢], |b(t")+cro(t’)| < C*(N1(t)+b2 () +w2(1)))} else,

where!?

(4-22)

C* = 100(K; + KoK>2) > 0. (4-23)

Then we have:

Proposition 4.2 (rigidity dynamics). There exist universal constants 0 <y < ap K a* < 1land C* > 1
such that the following hold. Let ug € Aq, and u(t) be the corresponding solution to (gKdV,,). Then we
have:

(1) The following trichotomy holds:

Blow down: If t{ =t*, thent{ =t* =T = 400, with
|b(t)] + Na(t) >0 ast — +o0, (4-24)
M) ~ 1T, x(1) ~ 14T ast — 4oo. (4-25)
Exit: If tf <t* with
b(1f) + cro(tf) = =C*N1(1) + b2 (tf) + 0?(17)),

thent* < T = +o0. In particular,

. 1 X — Xo
f 1*)— —=Qp-m, | ——— =a*. 4-26
AO>O,AJ”171;<w*,x0€R u( ) A(l)/z Q)LO y( /\0 ) L2 * ( )
Moreover, we have
* * * C(Ol*)
bt™) <—-C@™) <0, AE™)=> > 1. 4-27)
8(ao)
Soliton: If t{ <t™* with
b(t1) + cro(t}) = C*N1() + b2(t]) + 02 (1])),
thent* =T = 4-00. Moreover, we have
No(t) + |b(t)| =0 ast— +oo, (4-28)
t
A(t) = Aoo(1+0(1)), x(t)= /\T(l +o0(1)) ast— 4o, (4-29)

oo

for some A € (0, +00).

(2) All of the three scenarios introduced in (1) are known to occur. Moreover, the initial data sets which
lead to the soliton and exit cases are open in Ay, (under the topology of H' N Lz(y}rO dy)).

10Recall that Ko, K1, K7 and ¢1 were introduced in Lemma 4.1.
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Remark 4.3. It is easy to see Proposition 4.2 implies Theorem 1.3 immediately.

Remark 4.4. The constant C* chosen here is not sharp. We can replace it by some slightly different
ones.

Proof of Proposition 4.2. The basic idea of the proof is to show that the assumptions (H1)-(H3) introduced
in Proposition 3.1 hold for all 7 € [0,¢™) (i.e., as long as the solution is close to the soliton manifold).
And then together with the estimates obtained in Lemma 4.1, we can show that the error term & does not
perturb the ODE system, and hence the parameters (b, A, x) have the same asymptotic behavior as the
formal system (1-11), which concludes the proof of Theorem 1.3.

In the blow-down and exit cases, this is done by improving the estimates in (H1)—(H3) on [0, £**]
(recall that ** is the largest time ¢ such that (H1)—(H3) hold on [0, 7]), and then a standard bootstrap
argument shows that t** = ¢*, i.e., (H1)—(H3) hold on [0, #*), while in the soliton case it seems hard to
improve all the estimates on [0, 7 **]. But, fortunately, we can use a similar bootstrap argument to show
that some modified assumptions (H1)’, (H2), (H3)’ hold on [0, 7*], which is also enough to obtain the
asymptotic behavior of the parameters.

I. The blow-down case. Assume that ¢ =t*;i.e., forall € [0,1*],

b(1) + c10(t)| < C* (N1 (1) + b>(1) + w*(1)). (4-30)
Step 1: Closing the bootstrap. We claim that t** = *; i.e., the bootstrap assumptions (H1), (H2) and
(H3) hold on [0, £*].
Indeed, we claim that for all s € [0, s**),
w(s) + [b(s)] + lle(s) L2 + N2 (s) < 8(wo), (4-31)
A(s) = 2, (4-32)
/ y0(s)dy <. (4-33)
y>0

Then choosing a*, ag, y such that 0 < y < ap € a™ < k, we can see that (4-31)—(4-33) imply t** = ¢*
immediately.
First, from (4-30) we have, for all s € [0, s**),

b(s) <4C*Ni(s) —|b(s)l, (4-34)
1b(s)| S N1(s) + w(s), (4-35)
w(s) SNi(s) + |b(s)]. (4-36)

Then we apply (4-34) and (4-36) to (4-10) to obtain

(AO)s
0
> —5C*N1 + |b| = 8(x)|b] Z —N1.

1
> —b—Ni—C(w+I[b)N5 +1b])
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Integrating this from s; to s, for some 0 < 57 < 52 < s** and using (4-6), we have
A(s2) = T5A(s1). (4-37)

In particular, we know from (4-2) that for all s € [0, s**)

A(s) = 5A(0) > £. (4-38)
By our choice of y, we have
|4
w(s) = ) <2"y < (o). (4-39)

Next, from (4-4), (4-6) and (4-35), we have for all s € [0, s**)

Na(s) SN2(0) + sup N3(s") + sup w3(s),

s’€[0,s] s’€[0,s]
which together with (4-35) implies
|b(s)| + Na(s) < 8(ao)
for all s € [0, s**). Then from (2-32) and the condition on the initial data, we obtain
le(s)ll L2 < 8(eo). (4-40)
From (2-33) and the condition on the initial data, we have

ley 12 ey @52
Taa OO Ty

Since €y, (0)[|z2 < 8(eep), A(0) ~ 1, from a standard bootstrap argument we have

ley ()17,
LT < .
26) ~ (o)
Thus, we have
lley ()17
A (s)
Finally, let us integrate (3-41) from O to s, using (4-3), (4-6), (4-8), (4-37) and (4-38) to obtain
)LIO(O) ) s )LIO(S,)
0)d C —_—

a)(s)||8y(s)||2"2 Sy < 8(ao). (4-41)

(Nl,loc(sl) + bz(S/)) ds’

[ ousrar =
=34 C [ W) + 226 ds' <3480 <5
0

We therefore conclude the proof of (4-31)—(4-33), and obtain ** = ¢*. Since 0 <@g < ¥, the estimate
(4-31) implies t** =t* =T = 4o0.
Step 2: Proof of (4-24) and (4-25). We first claim that A(f) — 400 as t — 4o00. Let

+o00 1
S = d 0 .
/0 IS 7 € (0, +00]
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From (2-35), (4-6), (4-8) and (4-36) we have
+o00 S S
| toidi = [ laslds < [ Nain(s) + 8250 ds < +oc,
0 0 0
+o00 VZ S ) S )
———dt = ds < b d .
/(; EESTTON t /(; w”(s)ds N/(; (N2,10c(8) + b7 (s5)) ds < 00

This leads to A(z) — 400 as t — +o00, or equivalently lim;—, oo w(z) = 0.
Next, we claim that S = +o00. Otherwise, b(s), w(s) € L1([0, S)). Applying this to (4-10), we obtain

Go)s L'([0, S)).
Ao

But since Ag(s) — +o00 as s — S, we have

S—38
0 (AO)S I I
/0 —)&o (s")ds

B Ao (S —do)
= oo )| =

as §o — 0, which leads to a contradiction.
Now we can prove (4-24) and (4-25). To do this, we claim that, for all s € [0, +00),

S
A" ($)Na(s) + / (s ) (2 (s) + e5(5)) @y pds’ S 1. (4-42)
0
From (3-11) we have
Li()ﬁ”)f )< —u | (2 +e2)p) g+ Ob* + 0?bh?) — ﬁf (4-43)
v ds 2,1) = —H € €y)%>.B w mk 2,1 -

From (2-34), (3-13), (3-21) and (4-38), we have
A 1 1 8
d < (6] +N12,loc)|:(l +MT9(S))N29,IOC+/8§1//B:|

7.7:2,1
< b? +5(K)/(82 +£3)¢5 p-

Substituting this into (4-43) and integrating from O to s, using (4-35) and (4-36), we have,
N0+ [ AN a5 5 [ AM60H ) s [N as
v [ 6as s [ M) ds
<y /0 " B2(s') ds'+5(6) /0 T M) d

Together with (4-8), we obtain (4-42).
Since A(s) - +o0 as s — +o00, we have

Na(s) SAT™(s) >0 ass— +oo. (4-44)
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Now, using (4-10), (4-30) and (4-35), we have

‘_ (Ao)s (Ao)s
0 Ao

1
SN+ b7+ 0?4+ (bl + 0)(NF + |b]) SN +8(K) o.

+b

+ciw| <

+ b+ cro]

Multiplying the above inequality by A{' and integrating from O to s, we obtain

N N N
—C/ Ao N + %clys 5/ (Ao)sAl ! < C/ Ao N1+ 2c1ys.
0 0 0
From (4-42) and |1 —A/A¢| < 8(k), we obtain

A (s) ~s ass — 4o0.
We then have

$ +3 a+1
t(s)=/ A3(s)ds ~ s m =sa5  ass— 400,
0

which implies

A([)qu% ast — —+o00.
Next, from (4-30) and (4-35), we have
b(t) -0 ast— 4oo.

Finally, integrating (2-34), we obtain

3

x(t) ~ 14T ast—> 400,
which concludes the proof of (4-24) and (4-25).
II. The exit case. Assume #{ <™ with
b(t7) + cro(t) = —C* N1 (1) + b2 (1]) + 0 (1) (4-45)

Step I: Closing the bootstrap. First of all, following the same procedure as in the blow-down case, we
have, for all s € [0, s7],

(s) +[b()| + le(®) L2 + @(s)lley ()72 + N2(s) < (o), (4-46)
Als) > 2, (4-47)
/ y1%%2(s) dy <5. (4-48)

y>0

In particular, we have ¢ < t** <t* Now, we claim t** =¢* < T = 4o00.
To prove this, we use a standard bootstrap argument by improving (H1), (H2) and (H3) on [¢{", ¢ **].

Let
B b(ti“) + cla)(tf‘)

A2(t})

K*
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It is easy to see that [£*| < 8(cg). Now we observe from (4-9) that, for all s € [s],s**),

b2(s) + w?(s) - b(s)+ cla)(s) e b2(s) + w?(s)

W-C—nn T e 2t e

which implies

—b(s) Z w(s) >0, (4-49)
w(s) _ bGs) _
A2(s) Az(s) -3

We then observe from (4-10) and (4-49) that

(AO)S
Ao

which after integration, yields the almost monotonicity:

3" —

<0. (4-50)

Z _Nl,loc,

forall s} <s1 <s2 <™, A(s2) = 5A(s1) = 3. (4-51)

So we obtain for all s € [s], s**),

w(s)
20) ~ <y S 8().

Together with (4-7) and (4-50), we have, for all 5 € [s],s™*),
b(s)| + N2(s)
A2(s)
which improves (H2) if we choose «gp << k. Next, using the same strategy as in the blow-down case, we
have, for all s € [s7,5s*"),

w(s) +

< 8(wo).

/<P1082(S) dy <7.

Then, (H3) is improved. It now only remains to improve (H1). Since for all ¢ € [t,1*) we have
u(t) € Tgx,y, following the argument in Lemma 2.6, for all # € [0, t*) we have |b(t)| < §(a™). By (2-32),
(4-6), and (4-49), we have, for all s € [s], s*%),

o(s) + e(s) |2 +Na(s) < (™).
Now, following from the same argument as for (4-41), we have

w(s)lley ()7 < 8(xo).

Then (H1) is improved, due to our choice of the universal constant, i.e., a* < k.
In conclusion, we have proved ** = t*.

Step 2: Proof of (4-26) and (4-27). We first claim that the exit case occurs in finite time * < +o0.
Dividing (4-10) by A2, and using (4-49) to estimate on [1], %),
* N 1,loc

o (o), < —30F 4 ol

Nl loc
3 A2 '

A2
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Integrating from ;" to ¢, we get

t
Nl,loc

< Ao(t) —Ao(17) =3[LF|(t — 1) + C> 32
1

E* t_t* N ocC
| |( 1) _le 1,1

3 ¥ A,
From (4-51), we have

NI loc

*
1

/ MV oo < AGS) / Nijoe < 860A().
Thus, for all ¢ € [¢,1%),

2UCT1@ —11) + Ao (1)) = A() < 4(1€7[(2 — 1) + Ao (1))

Next, from (4-49), we have for all ¢ € [t],1%),
| *I

—100[£*|(1*](z —17) + Ao (17)* < b(1) < — Too (€710 =11) + Aot )2

If t* = T = 400, then the above estimate leads to b(t) — —oo as t — +o00, which contradicts the fact
that |b(¢)| < 8(a™) for all ¢ € [t],¢*). Thus, we have t* < T = +o0.
Finally, since 0 < t* < 400, by the definition of #*, we must have —b(t*) > C(a™) > 0. While from
(4-49), we have
L[bH)| _ C(¥)
227067 7 o)

which concludes the proof of (4-26) and (4-27).

A2 (t* > 1,

III. The soliton case. Assume ;" < ¢* with
b(1}) + cro(t]) = C*N1(}) +b>(11) + 0> (1])) > 0. (4-52)

Step 1. Estimates on the rescaled solution. Similar to the exit case, we have, for all s € [0, si‘],

w(s) 4 [b(s)| + lle($) L2 + @ (s) ey ()72 +Na(s) < 8(ao), (4-53)
As) = 5. (4-54)
/ y1%%2(s) dy < 5. (4-55)

y>0

But here we can’t directly prove that ** = ¢* as we did in the exit case. The main difficulty is that we
lack some control on the upper bound of A(#{), which makes it hard to improve the bootstrap assumptions
(H2) and (H3). However, we will see that the bootstrap assumptions (H2) and (H3) are related to the
scaling symmetry of the problem. If we use the pseudoscaling rule (1-1) on [t]", #*) to rescale A(¢]) to 1,
then we can get the desired result. Roughly speaking, on [t #*], the bootstrap assumptions (H2) and
(H3) should be replaced by some other suitable assumptions (H2)" and (H3)'.
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More precisely, we introduce the following change of coordinates. For all ¢ € [t],¢*), let

- t—tf  _ x—=x() _ Y -1
= —_—, =, = . t 4_56
BeH YT e T e RVEITN (4-56)
1(F, %) = 22u(W3AH) T+ 15, AT+ x(1F)). (4-57)
Then, from the pseudoscaling rule (1-1), (7, X) is a solution to the Cauchy problem
Ot + (i +1° = i1~z =0, (%) €[0.7%) xR, (4-58)
1(0,%) = Qp(ry.0(n (%) +e(t], ) € H'(R).
Moreover, for all 7 € [0,7*) we define
_ - _ - AMAEHE+ y
E(,y)=eA3a)t+17.y), A) = 1 L o) = =——, 4-59
(. y) (A~(17) 1)) (1) A(F) (1) (i) ( )
_ _ _ M+t —x(tf
b = bR+, 7() = DI I =X (4-60)
At])
Then, from (2-21), it is easy to check that
- 1 X—x(t)
0.9 = 5 %5000+ 0“5
with
(&(5), Qai)) = (€(5), AQai)) = (6(5), YAQ ;) =0
where (5, y) are the scaling-invariant variables
_ /" 1 _ x-x@)
s = = df, y=——".
0 A3(7) At)
We then introduce the weighted Sobolev norms
K = [E6.5980) + 26 D9.a () d7.
(4-61)

Niroe3) = / 2. 7) ¢l () dF.

where ¢; p and ¥ p are the weight functions introduced in Section 3.
From now on, for all 7 € [0,7*), we let t = A3(¢)7 + ¢;. In this setting, we have 5(7) = s(t) — s7}.
Since the pseudoscaling rule (1-1) is L? invariant, we have

ut) € Tory <= u(t) € Taxy.
which yields
1* =sup{0 <7 < 4oo|forall ¢’ €[0,7], u(t') € Tax 3}

Next, let k¥ > 0 be the universal constant introduced in Proposition 2.9, Proposition 3.1 and Lemma 4.1.
We then define the following bootstrap assumptions for the rescaled solution 7(z, X). For all § € [0, 5(7)):
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(H1)" Scaling-invariant bound:
@)+ 1bG)| +N2() + [EG) L2 + G |Es BT <. (4-62)
(H2)" Bound related to H! scaling:

OB) + b+ N26) _

— 4-63
22() - (69
(H3)' L? weighted bound on the right:
1
S10220c oy g5
&°(s,y)dy <501+ = . (4-64)
/My - dy ( Aw(i))
We define ** as

** =sup{0 <7 <1*|(H1), (H2)" and (H3)' hold for all ¢’ € [0,7]}. (4-65)

Our goal here is to prove that ¢
§*=5@*), 5% =5(**). Since

** — [* = 400, which gives us the desired asymptotic behaviors.!! Let

AM0)=1, X(0)=0, b0)=b(t]), @0)=o(]), &0,7)=ctf.7). 7Sy (466

we know from (4-53)—(4-55), that s** > 0.
On the other hand, on [0, 5**), all conditions of Propositions 2.9 and 3.1 and Lemmas 3.6 and 4.1 are
satisfied for (7, X). Repeating the same procedure, we have:

Lemma 4.5 (estimates for the rescaled solution). For all § € [0,5**) or equivalently s € [s],s] +5**),
all estimates of Propositions 2.9 and 3.1 and Lemmas 3.6 and 4.1 hold with

(t7 x? ua V? A'(l‘)a b(t)’ x(t)’ a)(t)’ E(I), S, y)
replaced by
(T.%.8,7. A7), b(0), X(0). @(0).5(0).5. 7).
Remark 4.6. For simplicity, we skip the statement of these similar estimates for u. We also refer to the
equation number of the corresponding inequality for (), when we need to use these estimates for (7).

Step 2: Closing the bootstrap. In this part, we will close the bootstrap argument to show that ** =
t* = +o0. This is done through the following steps:

(1) We prove that for 7 large enough, we have @(7) > |b()|, which coincides with the formal ODE
system (1-11) in the soliton region, where we have w(¢) converges to a positive constant, while b(¢)
converges to 0 as ¢ — +o0. Indeed, if |b(7)| = &(7) holds for all 7 € [0, 7**], we will obtain finite time
blow-up if b(0) > 0 or exit behavior if »(0) < 0. Both of them lead to a contradiction.

HSince /\(ti" ) = 1, we know that (H1) is equivalent to (H1)" and (H2) is weaker than (H2), while (H3) is stronger than (H3)'.
It is hard to determine whether 1** = A3 (1) 7** + ¢ holds.



92 YANG LAN

(2) The hardest part of the analysis is to prove that the scaling parameter A is bounded from both above
and below for all 7 € [0, 7**]. This is done by proving that!?

! ci( 2 e >0
(AZ)S V(AZ)

(3) The estimates of the rest of the terms can be done by arguments similar to those in the blow-down
and exit regions.

Now we turn to the proof of 1** = * = +o00. We first define

0 if [5(0)] < g5€1(0),
sup{0 <7 <i*|forallt’ €[0,7], |b(t")| = 55c10(t)} else.

7k

L, =

Our first observation is that 7 < 7*. Otherwise, since £} = t* > t** > 0, we have, for all 7 € [0,1**),
b(7) # 0.

If 5(0) > 0, we claim that 7** = 7 = i* = +o0. To prove this, we need to improve (H1)’, (H2)’ and
(H3)" on [0, #**]. Indeed, from the definition of 7, we have

0 <o)< b (4-67)
for all z € [0,7**). Applying this to (4-10), we have

e - )
( ;) < b+ O(Wayo0) + 8)B).
0

Integrating this from O to 7 using (4-6) and the fact that A(0) = 1, we obtain the almost monotonicity
forall 0 <§; <5 <5, A(2) <A < 2. (4-68)
On the other hand, we learn from (4-9), (4-52) and (4-66), that for all § € [0, 5**)

9 p g PO +O6) _bE) +adE) 1015 H6)+6%6)

- - _ = , 4-69
100 TG T 2G) 100 e (4-69)
where _
p* b(()) tc a_)(()) * *
0<{*= T@ = b(1}) +cro(t}) < (ao).
Together with (4-67), we have for all 5 € [0, 5**)
bG) D) _ 7
_ ~0F <8(ag), = <" < 8(ap). 4-70
2G) (o) 26) (xo0) (4-70)
Then from (4-68), (4-6) and (4-7), we have for all § € [0, §**)
ij((_s)) $é@o). N2()+@(G) +1bG)| < A2G)L" + 8(to) < (). (4-71)
5

128ee (4-88) and (4-90) for details.
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Then, from (2-32), (4-53) and fact

(0, %) = Qper).wer)(X) + (], X),
we know that

1
2

1E6)2 < (o) + ‘ f 7(0) - / 0

< 8(@0) + ) 2 + [bED)|2 + 02 (1) < 8(e0).- (4-72)

Now, from (2-33) and (4-71), we have

- =\nm \ mt2
IISZ-(S)_IILZ) 2 0
AT (3)

e EHOI
SOOI =7

3

< 8(ao) + (P ym E@(0))|2,

where E (i(0)) is the energy of the Cauchy problem (4-58), i.e.,

E (i1 L[ 20=1 [ 46 L ~(n4+1
EaO) =5 [ #0)-¢ [ a0+ Lo [ o,
Since
70, %) = A2 (1 )ulry AGHT + (7).
from the energy conservation law of (gKdV,,) and the condition on the initial data, we have

2 E((0))
eI

|7 E(@(0))| = = |ym EQ(tf))] = |y Eol < 8(ao).

Thus, for all 5 € [0, 5**), we have

BE)E5 G172 < 8o) + @E)E@)172)" T3

From (4-53) and (4-66), we have

@(0)[1£5(0)[I72 = @(sp)lley (STI72 < 8(xo).

Then a standard bootstrap argument leads to

O®[E5® 7> < 8(eo) (4-73)
for all 5 € [0, 5*%).
Finally, integrating (3-41), using (4-6) and (4-68) we obtain

A

710 0 C
[ w65 d5 < 1108 [ w055+

110(5)

s - _ -
/ AR oo + 52)
0

544(k)
;\10(5) )

< [5 L CiP(0) / (W isoe + 52)} < 74
0

110(5:)



94 YANG LAN

Combining (4-70)—(4-74), we conclude that 7** = 7*. Since all H! solutions of (4-58) are global in time,
we must have 7** = * = +o00, provided that ¢g < a*. Now we substitute (4-70) into (4-10) to obtain
E_* A71,loc /\_/l,loc

7 N\ %
?—CTf—(ko)tfﬂ +C B

Integrating in time, we have for all 7 € [0, +00)

T T by E*f t-/\_/lloc
0<Ao(t) =A0)——+C .
<ho0 =30 -5+ [

From (4-68) and (4-6) we have

£ .A71 loc S Iva $ INa
[ ldoc _ / AMON110c(T) dT < / Nijoe(t) dT < (k).
0o A2 0 0

which implies that the solution blows up in finite time. This is a contradiction.

Now we consider the other case 5(0) < 0. We claim again that ty =1** =1* = +o0. It is also done
by improving the three bootstrap assumptions. First, we know from (4-9), (4-52) and (4-66) that (4-69)
still holds in this case. And the definition of 75 implies

_B®) o

0<{*<——F v ——. (4-75)
A2(5)  A2%(5)
Then we apply the fact that 0 < @ < —b to (4-10) to obtain
A _ _
(Ao)s > —2b— O(N2,10¢)
Ao
Integrating in time we have
forall 0 <5y <5 <5, A(52) > 5A(1) > 2. (4-76)
which yields for all 5 € [0, 5*%*)
@ (5) + @(5) <y < d(xp) 4-77)
A2 0T
From (4-75), (4-6) and (4-7), we get
o N2+ b6
F26) +15@)] + 22 PO 50, @78)
A2(5)
Using the same argument as we did for (4-72)—(4-74), we have
1EG) 22 S 8(o), @) [E5 ()72 < (eo), /sﬂméz(f) dy =T. (4-79)

Combining (4-77)—(4-79), we conclude that ** = t* = +o00. But from (4-75), we have

b ~@@) = g (IF)aE > 0. (4-80)
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On the other hand, from (4-8), we have

5** _
/ b2(s") ds' < 1.
0

The above two estimates imply

+o0 1
§F* =/ - dt < 400,
0 A3(7)

which leads to A (7, ) — 00 as n — 400 for some sequence 7, — 400 or equivalently limy, s o0 @ (7, ) =0.
This contradicts (4-80).
In conclusion, we have proved that 7, < t* with

b(@3)] < 1e5c10(E5).
Let 55 = 5(25). Repeating the same procedure as before, we have for all 5 € [0, 53]
OE) + b®I+ [E@)IL2 + G e I72 + N2(3) < 8(eo). (4-81)
&) + bE)| +N2G)
A2(3)

/ 25V dy < 7(1 +
>0

< d(@o), (4-82)

1
S (4-83)
A10(5) )

In particular, we have 7 < ** < ¢*. Similarly, we need to improve the three bootstrap assumptions on
[, 1**) to obtain ** = * = 4-o00.

First, it is easy to see that (4-69) holds on [55, §**). So the definition of 55 yields'?

QZ* < 6165(55) < 257*

= 4-84
2070 — A2(5%) —20 "’ (4-84)
which implies
- 2 - 2
0% \m+z2 1 {* \m+z
o RN
10\ ¢y A2(s3) ~ 10\ ey
Next, we let
_ % _ 101
C] = 1006‘1 <cCy, Cz— 1006’1 >C1.

Then, we learn from (4-69) that, for all § € [55,5*%),

9 g DO +C66) e 66) 0(152(5) +a32(5))

1000 = 22(3) 100 22(5) A2(5)
g 15(5)frc_2a)(5)_c_1§>(5_) +8(K)(‘6(s)jrC_2ca(§) +‘f‘o(§_) )
A2(5) 100 22(5) A2(5) A2(5)

13Recall that ¢; = G/ (0) > 0, where G is the C 2 function introduced in (2-40).
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which implies!#
95 DG +Coin) 1 @) (4-86)
50 A2(5) 200 A3(3)

where

@0 (5) = I
0

Substituting (4-10) into (4-86), using (4-7) and the fact that!>

b(5) + C2d0 (5) _
23 >
we have
497+ _ 101 ( Ro)s czaso(i)) 1 (5@) + czaso(i)) a1 @od)
500 ~ 100\ 23 22(5) 100 22(3) 200 22(3)
101K, N1 (5) +8(K)(‘B(§) + Cao(5)| | |@o(5) )
100 22(3) 22 (5) 236
_ 1ot ( (%0)s N C2030(5)) 1 (b(S) + Czwo(s)) <1 @o(5)
=100 A3 22 (5) 100 22 (5) 300 )ﬂ(s)
N 101K K2 (N'1(0) + b2(0) + @2(0)) 500 (‘ b(5) + C20(5)| | @0(5) )
100 A2(0) A2 (5) 22(5)
_lo1 ( (A0)s N Czéo(f)) n 51KoK> (N1(0) + 5%(0) +652(0))
=100 23 A2(5) 50 22(0)
(4-87)
From (4-52) and (4-66), we have
7 = 2O + 160 = 100(K + KoKo )(Nl(O) +b%(0) +w2(0))
22(0) A2(0)
So (4-87) implies that for all § € [55,5**),
T (VT 9,
(m)rerlz) =0 Y
Similar to (4-86), we have
5154 _ D) +C1a0G) | 1 @) o [bB)+ Cado(5) )
50¢ 2 26 200126) 8(c )‘ 72(5) (59

14Here we use the fact that |1 — (A/A0)| < [T 1] < 8(x).
15This is a direct consequence of (4-86).
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which leads to

51 g« - 2(_()1_0)5 N Cla_)o_(f)) JrL(g(f)irc_la_)o(i)) +C_16E)0(~_§)
50 =100\ 73 22(5) 22(5) 200 A3(3)

100

LK NGB ( b3) + C200 ()| |, |@0() )
100 33(5) A33) A5G 1)
and
ﬂg*>ﬂ(_()_k_o)§+C}@O(f))_L(E(E)fC@o(E))+C_165)0_(S_)
507 ~ 100\ 23 22 (5) 100 A2(5) 200 23(3)
101K N1 (5) _S(K)('é(f) + C260) | ’6_50(3) )
100 A2Z(5) A3(3) A3(3)

Using the same strategy as (4-87), and discussing the sign of (b(3) + C1&o(5))/ )_L%(E), we have

1(1 VY g,
5(E);cw(i—%) < e, (4-90)

Then we need following basic lemma:

Lemma 4.7. Let F: [0, xo) — (0, +00) be a C! function. Let v > 0, L > 0 be two positive constants.
Then we have:
(1) If for all x € [0, x9)
Fx+F'V>1L,
then for all x € [0, xg),

1

F(x) > min(F(0), LT+v).

() If for all x € [0, xo)
Fr+F'™ <L,
then for all x € [0, xg),
F(x) < max(F(0), LTHv).

It is easy to prove Lemma 4.7 by standard ODE theory. Now we apply Lemma 4.7 to (4-88) and (4-90)
on [55,5**), using (4-85) to obtain

- 2 - 2
7* \ 2 1 0* \mt2
B 4(E)
101 c1y AZ(S) 9 c1y
for all § € [55,5**). This also implies that, for all § € [5},5**),
5G) ~ 7 (@) < 8(@0), 2O P < 8(a). (4-92)

A2(3)
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From (4-86) and (4-89), we have

b@) + C2o0(5) _ 495 bE) +C1606) _ 5.

g 0 A5() ’
together with (4-92), we have
5(5) e - 2~ _m
——— | S <o), [b(5)] Sy (LT) 2 < (o). (4-93)
A2(5)

Again, from the mass conservation law (2-32), the energy conservation law (2-33) and the almost
monotonicity (4-6), (4-7), we have for all § € [55, 5*%)

N2 (3)
A2(3)

IE®) |22 +OG)E5 G2 +N2(3) + < 8(wo). (4-94)

Finally, we learn from (4-91) that, for all 55 <51 <52 < §*%

el = () =G <

Then for all 5 € [55,5**), we integrate (3-41) from 55 to § to obtain

o AGE))

[eneEa a2
XIO(E*)

= 7o) (1

<28(l+;) 4+ 6(k) <30(1—|— ! ) (4-95)
- 110(5) 110(5) )

C S0 _
7)E* (55, 7)dy + = /A“’N oc +b°
¢10()&°(52,7) dy oG ), (N1 )

52

;\10(§;)

Combining (4-92)—(4-95), we have improved (H1)’, (H2)" and (H3)’; hence :** = t* = +o0. This
also implies t* = 4o0.

Step 3: Proof of (4-28) and (4-29). Now it is sufficient to prove
b)) +Na(@) =0, () = Aeo € (0, +00)

as f — +oo. First of all, from (4-91), we know that

+o0 1
§**:§*=/ _ dt = 4o00.
0 A3 (1)

Then we claim that bzb € L'((0, +00)). Indeed, from (2-50), we have

[yl

|bbs + @;G'(@)b| < b? + / gZe~ 10 € L1((0, +00)).
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)

From (2-34), we have
_ _ (s - _
@;G'(®)b = mdG' (@)b? + O(J)’b(% + b) D = 0(192 + / 2e
The above two estimates imply

‘oo +o00 _
| tbsbnas = [ 1@ < +oc.

<

(=

Together with
+oo _
/ b%(5) d5 < +o0,
0

we conclude that l;(t_ ) — 0 as t — +o00. Next, we use (2-50) again to obtain

Lyl

s +356' @) 5B+ [ @ € 110, +00))
Thus, we have

+00
/ |(b + G(@))5(s)| ds’ < +o0.
0

We then know that b(7) + G(&(t)) has a limit as f — +o0. Since lim;_, | b(f) = 0, we obtain that
G(@(1)) has a limit as 7 — +00. On the other hand, we have G’(0) > 0, @(f) < 1, so there exists a
constant W > 0 such that

_Hmtﬂﬂ:@wwp#b@ﬂﬂq

t—>+o00
or equivalently
1
- - c1y \"+2
Iim A() =Aoo~ | —=
t_—>1+oo © > ( 0* )
Let . .
E*:bm)+2wm) 0.
A2(t))
Recall that 5 B
- Y VES * * /7 A(/\ (tik)t'i_tik)
=——, {"=Db( 1), Alt)= :
14 )&m(tik) (1)+Clw(1) ( ) A(lik)
We obtain 1
. _ c1y \" 2
t_l)lrlloo/\(l‘) = Aoo ( T ) . (4-96)

Next, the inequality (4-6) implies the existence of a sequence 5, such that
Ni(Gn) < /(52(5;1) + 5327(@1))%,3 —0 asn— 400,
where lim, 4o 5, = +00. Using the monotonicity (4-11), we have

N1(5) =0 as5— +oo.
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Together with (3-21) and (4-91), we obtain

Nao(f) =0 asf— 4oo,
which implies
Na(t) >0 ast — +oo.
Finally, from (2-34), we have

A2()x(t) ~1 ast — +oo,
which after integration implies

(t) ~ — [+
X ~ — as’ — Q.
A3

We then conclude the proof of (4-28) and (4-29), and hence the proof of the first part of Proposition 4.2.

IV. Nonemptiness and stability. Now we give the proof of the second part of Proposition 4.2.

First, we show that the soliton and exit regimes are stable under small perturbation in 4,,. From (2-25),
we know that the parameters depend continuously on the initial data, which implies that the exit and soliton
cases are both open in Ay, since the separation condition is an open condition of initial data in Agy,,.

Indeed, for all ug € Ay, if the corresponding solution u(#) to (gKdV,, ) belongs to the soliton regime,
we let ¢{ be the separation time introduced in Proposition 4.2. For all iy € Ag,, close enough to ug,
we let u() be the corresponding solution to (gKdV,,), and 15(t), x(1), ;\(t), £(t) be the corresponding
geometrical parameters and error term. Then from local theory, we have SUP;e[0,¢7] lu@)—u@)| g <1,
which together with (2-25), leads to

b(tT) + c1@(t]) = T C* N1 (1) + > () + @2 (t])).

So 1(t) must belong to the soliton regime. This implies the openness of soliton regime. The openness
of the exit regime follows from the same argument.

Next, we claim that there exists initial data in Ag, such that the corresponding solution to (gKdV,)
belongs to the soliton and exit regimes respectively. First, it is easy to check that the traveling wave solution

u(t,x) =Qy(x—1)

belongs to the soliton regime. On the other hand, from (2-43), we can see, in both the soliton and
blow-down cases, we have

luoll2 = 1212

Hence, for initial data ug € Ag, With'® |lugl|z2 < || Q|12 the corresponding solution must belong to
the exit regime.

Finally, since the sets of initial data which lead to the soliton and exit regimes are both open and
nonempty in Ay, , together with the fact that Ay, is connected, we conclude that there exists ug € Ag,
such that the corresponding solution to (gKdV,,) belongs to the blow-down regime. O

168ince we assume that y K ag, such ug exists in Agy,, .
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5. Proof of Theorem 1.4

In this part we will use the local Cauchy theory of generalized KdV equations developed in [Kenig, Ponce
and Vega 1993] to prove Theorem 1.4.

5A. H! perturbation theory. First of all, let us introduce the following:
Lemma 5.1 [Kenig, Ponce and Vega 1993]. The following linear estimates hold:

(1) Foralluy € HY,

%W(f)uo

LoI2®) + ”W([)MO”LiLth(IR) < ”M()HLz, (5-1)
x L7

| DS DI W@l e pr sy < I1D¥ uoll 2. (5-2)

where q > 5 is the power of the defocusing nonlinear term of (gKdV,,), and

453 1 2
WS =L =5y
1 2 8 3 6
Ay = — = ",
7710 5(-1) "1T10 5(g-1)
1 2 1 1_3 4

? T 5q-n 10 rT10 5q-1)

(2) For all well-localized g, we have

8 t
supl = [ Wie—r)g | Sl (53)
” [ we-tsear]  Slelzey (54
LPL7()
t
“/0 Wit —t)g(-.t')dt’ s S gl srap 00y (5-5)
xLy

t
HD&‘"D?Q [ Wi Slel,y 1oy (5-6)
0 L2L7(I) x =
gl 00 3wz < IDE D8l o (5-7)
where
1= l + L = l + l/
P p r r

Proof. See Theorem 3.5, Corollary 3.8, Lemma 3.14, Lemma 3.15 and Corollary 3.16 in [Kenig, Ponce
and Vega 1993] for the proofs of (1) and (2). O
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Now we define the norms
1 _ 2 _ 3 _ Danﬂq
Ul(w) = ”w”LiL}O(I)’ U[(w) = ”wx”LgoLg(])v U[(w) = || Dy t w”L)’ZL;(I)’
Q@ (w) = max [ir7 (w) + 0y (wx)] + 17 (w).
A7) = WAl g2y + Wl s o gy + Wl g2y + Wl s o gy + Wl o

for all interval I C R.

Then we have the following:
Proposition 5.2 (modified long-time H ! perturbation theory). Let I be an interval containing 0 and i
be an H' solution to

Ot + Oyt +11° —yit|i] 9™ = ex.  (t.x) €I xR, (5.8)
1(0,x) =tig e H'.

Suppose we have

sup @)l g1 + 27 () < M
te

for some M > 0 independent of y. Let ug € H' be such that
o —tioll g1 + ||e||L§L%(1) + llex ||L§c/4Lt10/9(1) + [lex ”L}YL%(I) +[lexx ||L§c/4L¢10/9(1) + llex ||L§/L{’(I) =¢
for some small 0 < & < go(M). Then the solution of (gKdV,, ) with initial data u¢ satisfies

sup |lu —t| g1 + QLr(u—u) <C(M)e. (5-9)

tel

Remark 5.3. The perturbation theory still holds true if we replace H! by H*, with s > % —2/(g—1)>0.

Proof of Proposition 5.2. Without loss of generality, we assume that / = [0, Tp] for some Tg > 0.
We first claim the following:

Lemma 5.4 (short-time perturbation theory). Under the same notation as Proposition 5.2, if we assume
in addition that Qy (1) < gg for some small 0 < g9 = €1(M) < 1, then there exists a constant Co(M)
which depends only on M such that if 0 < & < g9 = €1(M), then

sup |[u —u|l g1 + Qr(u—u) < Co(M)e. (5-10)
tel

We leave the proof of Lemma 5.4 for Appendix B.
Now we turn to the proof of Proposition 5.2. Let ¢9 = £1(2M) > 0 as in Lemma 5.4. We then choose
0=t9 <t <--- <ty = Ty (recall that we assume / = [0, Tp]) such that forall j =1,..., N,

Q[tj—latj](ﬁ) S 8().

From a standard argument, we know that N = N(M, e9) = N(M) > 0. We use Lemma 5.4 on each
interval [¢t; 1, ;] to obtain

sup  u(®) —u @l g + Q2 1,70 < Co(M) max(e, [lu(tj—1) —u(tj—1) || g1)-

teftj—1,t]
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Arguing by induction, using [|u(0) — % (0)| g1 <&, we have forall j =1,..., N,

sup  [lu(®) —u @l g1 + Ly, = C(JL M)e.
teltj—1,t;]
Summarizing these estimates, we have
N

sup [lu —iill g1+ Qr@ <Y sup (@) — @)l g+ Ly, 0,1 (@)
tel j=1t€[t_/_1,tj]

N
<) CU.M)e=C(M)e.
Jj=1

which concludes the proof of Proposition 5.2. O

5B. End of the proof of Theorem 1.4. Now for 0 <y < ap K a* < 1, we choose a ug € Ay, /2 C Ag,
such that the corresponding solution u(¢) to (gKdV) belongs to the blow-up regime with blow-up time
T < +oo. Let uy (1) be the corresponding solution to (gKdV, ). From [Martel, Merle and Rapha€l 2014,
Section 4.4], we know that there exists a 0 < T}" < T' < +o00, geometrical parameters (A(¢), b(t), x(t))
and an error term &(¢) such that the following geometrical decomposition holds on [0, 77*]:

1 x—x(t)
1.0 = 731000 +e0) (7). 6-11)
with
(85 Q) = (8’ AQ) = (85 yAQ) = 0 (5'12)
Moreover, we have for all ¢ € [0, T}]
No(0) + ez + [b@)]+ [1 = A@)]| < 8(wo), (5-13)
[ v, y)dy <5, (5-14)
y>0
b(Ty") = 2C* N1 (TY), (5-15)

where C* is the universal constant!” introduced in Section 4B. One may easily check that C* defined by
(4-23) is independent of y.
Next, we claim that there exists a constant C(ug, g) > 1 which depends only on #¢ and g such that

?HP | @l 1 + Lo, 71 () + A[o,T;*<](M|M|q_1) < C(uo,q) < +o00. (5-16)
tel0, T

Indeed, from [Kenig, Ponce and Vega 1993, Corollary 2.11] (taking s = 1), we have

77[10,7*1*](74) + U[IO,TI*](MX) + 77[20,T1*](u) + n[zo,Tl*](“x) < C(uo,q) < +o0.

17The constant C* chosen here might be different from the one in [Martel, Merle and Raphagl 2014, (4.23)]. But we can
always replace C* (both constants in this paper and in [Martel, Merle and Raphagl 2014]) by some larger universal constant.
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Then, from Duhamel’s principle, we have

u(t) = W(t)uo + [Ot(W(t —1")d,(u?)) dt’.

Together with (5-2), (5-6) and the Gagliardo—Nirenberg inequality introduced in [Bahouri, Chemin and
Danchin 2011, Theorem 2.44], we have

3 4 4
Mo, 701 10) < Nty o+ ol < el s ol 2o 70 + ol

4 s 1—s s K
< lullfg ol DXl 50 1 DX el o + ol
4 1—s S, 1— 1—s S,
< Nl ol 5 o e o) = Qe 25 o N )% + ol

5
< (77[10,T1*](”) + 77[10,T1*](”JC) + 77[20,T1*](U) + U[ZO,TI*](ux)) + [luoll g1,

where
1 1 2 1 3 4

0 10 5@G=1 ro 10 3G-1)

This implies Q[O,Tl*](u) < C(up,q) < +o0.
Next, using the arguments in [Kenig, Ponce and Vega 1993, Section 6], we obtain

Ao, (lul?™1) < (Qpo,7# ) < Cluo, q),
which yields (5-16).
Then we apply Proposition 5.2 to u(r) and u, (¢), with e = yu|u|?~. Note that from (5-16), we have

1
Apo,rr1(e) <yCluo,q) = y2 K eo(C(uo.q)),

provided that 0 < y < y(ug, 9, a*,g) < 1. Then Proposition 5.2 implies that, for all ¢ € [0, T}], we
have

() =1y ()| g1 S ¥2. (5-17)

Combining with (5-11)—(5-14), we know that 1, (1) € Tg,,, for all ¢ € [0, T}*]. This allows us to apply
Lemma 2.6 to 1, (¢) on [0, T*]; i.e., there exist geometrical parameters (b, (), A, (), x,(¢)) and an error
term &y (), such that

| —x,(t
uy (. x) = i e 0w o+ ey(’”(%ﬁ))’
with
14
(6) =
AT

Moreover, the orthogonality conditions (2-22) hold.
Now, from Lemma 2.6 and (5-17) we obtain that, for all ¢ € [0, 7],

‘1 R0
Ay (2)

‘ + by (1) =D(O)] + [xy (1) =x ()] + &y (1) —e@) | g1 < 8(y). (5-18)
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Together with (5-13)—(5-15), we have the following:
(1) For all ¢ € [0, T}"], (4-53)—(4-55) hold for u,, (¢).
(2) Atthe time t =T,
by(TF) + cr0y (Tf) = C* (N1 (T7) + b2(TY) + 02 (T7)),

where

Ny (1) = / (e)2V5 + 2015.

By the argument in Section 4, we know that u,(¢) belongs to the soliton regime introduced in
Theorem 1.3. Moreover, we also obtain (1-8) from (4-96). This concludes the proof of the first part of
Theorem 1.4.

The second part of Theorem 1.4 follows from exactly the same procedure. Thus, we complete the
proof of Theorem 1.4.

Appendix A. Proof of the geometrical decomposition

We will give the proof of Lemma 2.6. We first introduce the following notation: for all suitable,
(L. %.b.6,v)

Fl (i’)zs 767)7 v) = (Qd), 817275,(7)71)), (A_l)
(A, %,5,0,v) = (AQ3. 65 .5.0): (A-2)
F3(L,%,50,0,v) = (YA Q3,65 5 5.5.0): (A-3)

where
~1 ~ »
£l a0 W) =220y +3) = Q5 5 (1)

We mention here that we don’t assume
14

C(~) = =
Am

At (A, %,b,,v) = (1,0,0,0, Q), we have
(aFl dF; OF

S E) — (A0.0).(0". 0).(P.0)).

OF, OF, 0F,\ :

(W’ . E) — ((AQ. AQ). (0. AQ). (P. AQ)).
OFy OF; 0F3\ ,

(—ai R ) _ ((AQ.YAQ), (Q'. yAQ). (P, yAQ)).

Since

(AQ.0)=(Q".0)=(0".A0) = (AQ.yAQ) =0,
(P.Q)#0. (AQ.AQ)#0. (Q".yAQ)#0,
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it is easy to see that the above Jacobian is not degenerate. Hence, from implicit function theory, we have:

there exist unique continuous maps
(Ao, %0.bo) : (@,v) > (1—8,1+8) x (=8,8) x (=8.,8), §>0,
such that for all ® < 1, [[v— Q| g1 < 1, it holds that
Fi(Ao(@,v), %o(@,v), bo(&,v),®,v) =0, j=1,2,3.
The uniqueness also implies that, for all ® < 1, we have
o(@, Q) = 1.

Next we fix a time 7 € [0, 7o) as in Lemma 2.6. For a solution u(t) to (gKdV,,) with

1 X=X (t)
u(t, x) = YT lem)“l(”(Té))’

and

w1(t) = <1,

14
AT (D)
we let

() = ll%(t)u(l,ll(t) cFx1(0) = Qo (n(+) +e1 (2, ).

Then we have |v(t,-) — Q)| g1 <K 1.
We claim that there exists a A(¢) > 0 such that

Al(r)io(km() v(r)) =10, gy <1

This is easily verified by implicit function theory. We let

M v) = A—M(t)io(%m, v).

Then we have
M(A'l(t)’ le (t)) =0,
oM )
o =1+ ma)l(t)—(a)l(t) le(t)) >0,
2 1A0)=(A1(1),Qw; 1))

which implies (A-7) immediately.
Applying (A-4)-(A-7) to v(t), we have

Fi(Ro(@(1), v(1)), Fo((1), (1)), bo(w(1), (1)), 0(1), v(t)) =0, j =1,2,3,

A () ho(@(t), v(t)) = A1),

where

w()—km(z)

(A-4)

(A-5)

(A-6)

(A-T)

(A-8)
(A-9)
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Now, we let

A0 =A@0), b)) =bo(@(),v(), x()=x1() +11(DFo((), v(1)), (A-10)

Amy(l), e(t.y) = A2 (Out. A1) - +x()) — Ope).00)- (A1l)

We claim that this (A(¢), x(¢), b(¢)) satisfies the orthogonality conditions (2-22). Indeed, from (A-7)—
(A-9), we have

0 = Fi(do(@(), v(1)), To(@(t), (1)), bo((t), v(1)), (1), (1))
= (me(-), 33 @) v )0 (1. Lo(@(1), v(1)) - +Fo(w(0), v(r)))—Qbm,w(,)(-))

w(t) =

= (Qw(t)(')a A (D Ao((1), v(0))]?
xu(t, A1) [Ro(@(t), v(1)) - +Fo(w (1), v(l))]+x1(l))—Qb(t),w(t)('))

1
= (Qu)(*). AZ(Ou(t, A(t) - +x 1) = Qb(1),0(r)(+))
= (Qu (). £(1)).

The other two orthogonality conditions can be verified similarly.
Finally, since the maps

(Ao, %0.b0) : (@,v) > (1—=8,148) x (=8, 8) x (=8, 8)

are continuous, the remaining part of Lemma 2.6 follows immediately.

Appendix B. Proof of Lemma 5.4

We give the proof of the modified short-time perturbation theory, i.e., Lemma 5.4.
First, we let v(z, x) = u(t, x) —u(t, x), S(¢) = Qo,(v). We claim the following estimate holds true
forallt € I:

S(t) Sm e+ SOSO*+ SO+ Qra@)* + Q@) ). (B-1)
Since S(0) = 0 and 7 (&) < g9, we know that Lemma 5.4 follows from a standard bootstrap argument.

Now it only remains to prove (B-1).
First, by Duhamel’s principle, we have

t

v(t) = W(t) (g — uo) +/0 (W(t —t")0x[0° — ya|a|9™" — (@ + v)° + y(i + v)|i + v|[?7" —e]) dt’

= (1) + vn (D).

For the linear part vy, from Lemma 5.1, we have

Qpo,q(ve) + sup |vrlg1 < o —uollgr e (B-2)
t’€[0,¢]
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Now, for the nonlinear part vy, we use Lemma 5.1 to estimate

1 ~\4 ~ ~4 ~
n[o,t](vN) < ”ex”Li/“L}O/g([O,t]) +lv+u)"(v+iu)x —u uX||L;SC/4LtIO/9([O,t])
A1 4 = [0 il g0 105 )
By Holder’s inequality, we have
(v 4 0)* (v 4 i1)x — i1tk ||, 574, 10/9
x YULY L7 ([0,2])
< ”((v + ﬂ)4 - ﬂ4)ﬁx ”LiML;O/g + ”(v + ﬁ)4vx ||L)5c/4Lz10/9
~113 3 ~ 4 ~
< (““”L;L}o + ”U||L§CL}0)||U”L)SCL}OHMJC||L§°L% + ”le,gL}O(“vx”L?ﬂL% + ||ux||L§°L%)
SSOESO*+ SO+ Qr@* + @,
and
~1g—1 ~ ~1g—1 ~
|||v+u|q (U+u)x_|”|q ux”L)SC/‘lL;O/g([O,t])
S v+l — a9 D] sa 1079+ [[v + ﬁlq_lvx||L§/4L;0/9
< (”u”Ls(q D/4pS@=1/2 + ”v”LS(q 1)/4L5(q*1)/2)”v”Lfc("_”/“Lf("_l)/z”ﬁx”Li"Lf
+ ”v”LS(q l)/4L5(q—l>/2(”vx”L§°Lf + ||ﬁx||L§°L%)
oy ~By ~ ag B ag nB ~
< (1D DALy, + DS Df w2 DIDS D vl gy Il o2
ag B ~
+ 1 Dx*D qU”Ler(”Ux”LgoL% + ||”x||L§°L%)
SSOESO*+ SO+ Qr@* + @,

where we used (5-7) for the last two inequalities. The above two estimates imply

Mo, (0N) S SOSO* + SO +r@)* + Q@) +e. (B-3)

Similarly, we have

r][IOJ](ava) < ”exx”LiML}Ow([O,t]) + [ (v +7)° — ) xx ||L§/4L}0/9([0,t])

(@ @) o+ @17 =i T el v 1075 g0 1)
By Holder’s inequality again, we have
~\5 =5
[((v +u) )xx ||L§/4Lt‘°/9([0,t])
<+ ft)4vxx||L)sc/4Lt10/9 + (v 4+ )3 (vx + Zitx )vxll 5/ p 10/

< (“ﬁ”iiL,‘o + ||U||i)sth10)||Uxx||L)ocoL% + ||U||z)sthlo||Ux||L§°L%(”Ux”L§Lt10 + ”ﬁx”LiL}O)
SSOEO+ SO+t + @,
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and
~ ~1g—1 _ ~1~1g—1 .
(v + ) |v + u| ulu| )xx“LfCML}O/)([O,t])
S+ ﬁlq_lvxx||L5/4L10/9 + v+ ﬁlq_z(vx + 27f~ix)vx”L;5€/4L;0/9

< (||“||L5<q /4 Sa=D/2 + v ”LS(q D/4p 5= v lvxxllpee 2
+ ||U||L5(q D/ LS/ lxllge 12 (lvx +20xll sa-174 ) s6a-172)
SSOESO*+ SO + @ +Qr@?h).
Collecting these estimates, we have
Mon@xvn) S SOSO* + SOT +Q1 ) + @) +e. (B-4)
Next, using a similar strategy, we have
77[20,,](UN) <le ”L}cL?([O,t])—i_ | (v+it)° =i I L2(o.nt [ u+it) o+ |4~ =) 1" ||L)1CL%([()J])
< 8‘1‘(”77‘||2;5CL;0+||U||25L10)||U||L5L10
+([lv ”LS(q /45— 1)/2+||”||L5(q 1)/4L5<q—1>/2)||”||L§L}0
SSOEO+SOTT +Qr @) +Qr @ e, (B-5)
and
77[20,,](3xUN) < llex ||L;L§([0,t]) + (v +2)° — i) “L}CL%([O,t])
I+ o + 17 =il 120

Se+(w+n)* -ty Izt z2(0,7) + II(v + i) vy Izt 22(10,07)
+ (v +a?" - |ﬁ|q_1)ﬁx||L}(L%([o,t]) + v+ ﬁ|q_1vx||L}CL%([o,t])
SSOESO+ SO+ Q@+ Q@) + e (B-6)

Finally, we need to estimate 77[30 t](v ). From Lemma 5.1, we have

HE’O,I] (UN) § ||ex ”L)’é/L;’/([O,t]) + ” ((U =+ Z’7)5 - ~5)x ||L§/L;/([O,t])

(@ + @ o+ a7 =@ el o

~\4 4~ ~\4
Se+ @+ —ayiialp + 10+ sl
~1g—1 _ 1 ~19—1\~ ~1g—1
Qo +al ™ = [l x| pr o A o+ @l vl
By similar technique to that used for (B-6), we have

[ ((v + 71)4 - ~4)77‘)6 ||L)PC'/L§’ + (v + 77‘)4Ux ||L§/L§/

4 ~4 - -4
SN +w)" =l sy siallixlpropro + 1+ )7 574y s2llvxlipopro

< llvxllroro (SO)* + Qo (@)*) + lliix 70 70 S(O(S)? + Qo).
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and

o+ 197 = il e+ W+ 17 vl

S lloxll oo (SOOI + Qo™ + [l 7070 SIS + Qo ()72,

where
1 1 2 1 3 4

P10 Sg-1 1 107 Sg-1)
By the Gagliardo—Nirenberg inequality introduced in [Bahouri, Chemin and Danchin 2011, Theorem 2.44],
we have

1—
||Ux||L§OL;’0 < ”D;‘IUH Sq ||D;‘1vx“Sq

L3L} LYL?
1—s S, 1— 1—s K
< (”UllLiZ}o”Ux”Lq;L[lo) Sq(”Ux”L%oz%”vxxHngoL?)sq < S(@2).

Similarly, we have
Il 70 ro < S270,17 (8);
hence
Mo (0n) S SOESO* + SO+ Qr@* + Q") +-. (B-7)

Combining (B-2)—(B-7), we conclude the proof of (B-1), and hence the proof of Lemma 5.4.
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