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ON THE STABILITY OF TYPE II BLOWUP FOR THE 1-COROTATIONAL
ENERGY-SUPERCRITICAL HARMONIC HEAT FLOW

TEJ-EDDINE GHOUL, SLIM IBRAHIM AND VAN TIEN NGUYEN

We consider the energy-supercritical harmonic heat flow from R into the d-sphere S¢ with d > 7.
Under an additional assumption of 1-corotational symmetry, the problem reduces to the one-dimensional
semilinear heat equation

(d-1)
2r2
We construct for this equation a family of C°° solutions which blow up in finite time via concentration of

the universal profile
r
5t ~ B E
0~ (355

where Q is the stationary solution of the equation and the speed is given by the quantized rates

du = 02u +

0ru —

@ r_ D sin(2u).

A1) ~cu(T—1)7, €eN* 20>y =yd)e(l,2].

The construction relies on two arguments: the reduction of the problem to a finite-dimensional one thanks to
a robust universal energy method and modulation techniques developed by Merle, Raphaél and Rodnianski
(Camb. J. Math. 3:4 (2015), 439-617) for the energy supercritical nonlinear Schrodinger equation and
by Raphaél and Schweyer (Anal. PDE 7:8 (2014), 1713-1805) for the energy critical harmonic heat flow.
Then we proceed by contradiction to solve the finite-dimensional problem and conclude using the Brouwer
fixed-point theorem. Moreover, our constructed solutions are in fact ({—1)-codimension stable under pertur-
bations of the initial data. As a consequence, the case £ = 1 corresponds to a stable type II blowup regime.
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1. Introduction

We consider the harmonic map heat flow which is defined as the negative gradient flow of the Dirichlet
energy of maps between manifolds. Indeed, if ® is a map from R? % [0,T) toa compact Riemannian
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manifold M C R”, with second fundamental form Y, then ® solves

0;O— AP =7(P)(VD, VD), (1-1)
®(t =0) = Po.
We assume that the target manifold is the d-sphere S ¢ R4*1, Then, (1-1) becomes
_AD = 2
00— AP = |V~ D, (12)
Pt =0) = Py.

We will study the problem (1-2) under an additional assumption of 1-corotational symmetry, namely that
a solution of (1-2) takes the form

cos(u(|x|, 1)) )
D(x,1) = ( . . (1-3)
0=/ e sinu(x]. 1)
Under this ansatz, the problem (1-2) reduces to the one-dimensional semilinear heat equation
(d—-1) d-1 .
{a,u = 0%u + " oru — 52 sin(Qu), (1-4)
u(t =0) = uy,

where u(t) : r € Ry — u(r,t) € [0, w]. The set of solutions to (1-4) is invariant by the scaling symmetry

t
uy(r,t) = u(% ﬁ) for all A > 0.

The energy associated to (1-4) is given by

+o00 _
Eu]@t) = f (|a,u|2 + (dr—zl) sinz(u))rd_l dr, (1-5)
0
which satisfies
Eluy] = A472E ).

The criticality of the problem is reflected by the fact that the energy (1-5) is left invariant by the scaling
property when d = 2; hence, the case d > 3 corresponds to the energy-supercritical case.

The problem (1-4) is locally well-posed for data which are close in L°° to a uniformly continuous
map, see [Koch and Lamm 2012], or in BMO, see [Wang 2011]. Actually, Eells and Sampson [1964]
introduced the harmonic map heat flow as a process to deform any smooth map ®¢ into a harmonic
map via (1-2). They also proved that the solution exists globally if the sectional curvature of the target
manifold is negative. There exist other assumptions for the global existence; for example, assuming the
image of the initial data ug is contained in a ball of radius 7/(2+/k), where k is an upper bound on
the sectional curvature of the target manifold M; see [Jost 1981; Lin and Wang 2008]. Without these
assumptions, the solution u(r, t) may develop singularities in some finite time; see, for example, [Coron
and Ghidaglia 1989; Chen and Ding 1990] for d > 3, and [Chang, Ding and Ye 1992] for d = 2. In this
case, we say that u(r, t) blows up in a finite time 7" < +o00 in the sense that

lim [|Vu(t)|| o = +oc.
t—>T
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Here we call T the blowup time of u(x, ¢). The blowup has been divided by Struwe [1996] into two types:

u blows up with type i limsup(T — )2 || Vu()|| oo < +00,

t—>T

u blows up with type ILif limsup(T — )2 | Vu(t)|| oo = +00.

t—T

Struwe [1988] showed that the type I singularities are asymptotically self-similar; that is, their profile
is given by a smooth shrinking function

u(r,t) = ¢(«/%) forallr €[0,T),

where ¢ solves the equation

" d—1 y / d—1 .
¢ +(T+E)¢ - 2y2 sm(2¢>)=0. (1-6)

Thus, the study of type I blowup reduces to the study of nonconstant solutions of (1-6).

When 3 < d < 6, by using a shooting method, Fan [1999] proved that there exists an infinite sequence
of globally regular solutions ¢, of (1-6) which are called “shrinkers” (corresponding to the existence
of type I blowup solutions of (1-4)), where the integer index n denotes the number of intersections of
the function ¢, with 7. More detailed quantitative properties of such solutions were studied in [Biernat
and Bizon 2011], where the authors conjectured that ¢, is linear stable and provided numerical evidence
supporting that ¢; corresponds to a generic profile of type I blowup. Very recently, Biernat, Donninger and
Schorkhuber [2016] proved the existence of a stable self-similar blowup solution for d = 3. Since (1-2)
is not time-reversible, there exists another family of self-similar solutions called “expanders”, which were
introduced in [Germain and Rupflin 2011]. These expanders have been recently proved to be nonlinearly
stable in [Germain, Ghoul and Miura 2017]. To our knowledge, the question on the existence of type II
blowup solutions for (1-4) remains open for 3 < d < 6.

When d > 7, Bizori and Wasserman [2015] proved that (1-4) has no self-similar shrinking solutions.
According to [Struwe 1988], this result implies that in dimensions d > 7, all singularities for (1-4) must
be of type II (see also [Biernat 2015] for a recent analysis of such singularities). Recently, Biernat and
Seki [2016], via the matched asymptotic method developed in [Herrero and Velazquez 1994], constructed
for (1-4) a countable family of type II blowup solutions, each characterized by a different blowup rate:

At ~(T—1)7 ast—T, (1-7)
where £ € N* such that 2¢ > y and y = y(d) is given by
y(d)=3(d—-2-7)e(1,2] ford >7, (1-8)

where 7 = +/d2 —8d + 8. The blowup rate (1-7) is in fact driven by the asymptotic behavior of a

stationary solution of (1-4), say @, which is the unique (up to scaling) solution of the equation

d-1) d-1
r 2r2

0"+ 0’ sin(20) =0,  Q(0)=0, Q'(0)=1, (1-9)
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and admits the behavior for r large

ao

1
Q(r):%_r_y+o(r2+y) for some ag = aop(d) > 0, (1-10)

(see the Appendix in [Biernat 2015] for a proof of the existence of Q). Note that the case 2¢ = y only
happens in dimension d = 7. In this case, Biernat [2015] used the method of [Herrero and Velazquez
1994] and formally derived the blowup rate

(T —1)2
|log(T" —1)|

He also provided numerical evidence supporting that the case £ = 1 in (1-7) or (1-11) corresponds to a

A1) ~ ast — T, (1-11)

generic blowup solution.

In the energy-critical case, i.e., d = 2, van den Berg, Hulshof and King [2003], through a formal
analysis based on the matched asymptotic technique of [Herrero and Veldzquez 1994], predicted that
there are type Il blowup solutions to (1-4) of the form

where
Q(r) =2tan"(r) (1-12)
is the unique (up to scaling) solution of (1-9), and the blowup speed is governed by the quantized rates:
T —1)
At) ~ ( ) for £ € N*.

llog(T — 1)1
This result was later confirmed by Raphaél and Schweyer [2014b]. Note that the case £ = 1 was treated
in [Raphaél and Schweyer 2013] and corresponds to a stable blowup. In particular, in those papers, they
adapted the strategy developed in [Raphaél and Rodnianski 2012; Merle, Raphaél and Rodnianski 2011]
for the study of wave and Schrodinger maps to construct for (1-4) type II blowup solutions. Their method
relies on a two-step procedure:

e Construction of a suitable approximate blowup profile through iterated resolutions of elliptic equations.
The tail computation allows us to formally derive the blowup speed. As a matter of fact, the asymptotic
behavior at infinity of the stationary solution (1-12) is an essential algebraic fact for their analysis,
which in fact drives the derivation of the blowup law and the possibility of a blowup solution with
Q profile.

* Implementation of a robust universal energy method to control the solution in the blowup regime
through the derivation of suitable “Lyapunov” functionals involving critical Sobolev norms adapted to
the linearized flow near the ground state, which relies on neither spectral estimates nor the maximum
principle and may be easily applied to various settings.

In this work, by considering d > 7, we ask whether we can carry out the analysis of [Raphaél and
Schweyer 2014b] for the energy-critical case d = 2 to the construction of blowup solutions for (1-4) in
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the case d > 7. It happens that the asymptotic behavior (1-10) is perfectly suitable to replace the explicit
profile (1-12) for an implementation of the strategy of [Raphaél and Schweyer 2014b]. The following
theorem is the main result of this paper.

Theorem 1.1 (existence of type II blowup solutions to (1-4) with prescribed behavior). Let d > 7 and y
be defined as in (1-8), we fix an integer

LeN*  suchthat 2L >y,

and an arbitrary Sobolev exponent
seN, s=5({) > 400 asl— +4oo.

Then there exists a smooth corotational radially symmetric initial data ugy such that the corresponding
solution to (1-4) is of the form

u(r,t) = Q(%) —l—q(ﬁ,t), (1-13)
where
A(t) = co)(T —1)7 (14057 (1)),  c(ug) >0, (1-14)
and
lim |V7q(0)llp2 =0 forallo (4 +3,5]. (1-15)

Moreover, the case £ = 1 corresponds to a stable blowup regime.

Remark 1.2. Since y =2 ford =7 and y € (1, 2) for d > 8§, the condition 2¢ > y means that £ > 2 for
d =7 and £ > 1 for d > 8. Note that the condition 2¢ > y allows us to avoid the presence of logarithmic
corrections in the construction of the approximate profile. In other words, the case 2¢ = y (equivalent to
¢ =1and d = 7) would involve an additional logarithmic gain related to the growth of the approximate
profile at infinity, which turns out to be essential for the derivation of the speed (1-11). Although our
analysis could be naturally extended to this case (£{ = 1 and d = 7) with some complicated computations,
we hope to treat this case in a separate work.

Remark 1.3. The quantization of the blowup rate (1-14) is the same as the one obtained in [Biernat and
Seki 2016]. Note that in that paper, they only claim the existence result of a type II blowup solution with
the rate (1-14) and say nothing about the dynamical description of the solution. On the contrary, our
result shows that the constructed solution blows up in finite time by concentration of a stationary state in
the supercritical regime. Moreover, our constructed solution is in fact ({—1)-codimension stable in the
sense that we will precise shortly.

Remark 1.4. Fix £ € N* such that 2¢ > y, an integer L > £ and s ~ L > 1. Then our initial data is of
the form

uo = Qp(0) + €0, (1-16)

where Qj is a deformation of the ground state Q and b = (b1, ..., br) corresponds to possible unstable
directions of the flow in the H¢ topology in a suitable neighborhood of . We will show that for
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alleg € H° N H® (for some 0 =o(d) > %) small enough, for all (b1(0), by+1(0),...,br(0)) small
enough, there exists a choice of unstable directions (b2 (0), ..., b¢(0)) such that the solution of (1-4) with
the data (1-16) satisfies the conclusion of Theorem 1.1. This implies that our constructed solution is
(£—1)-codimension stable. In other words, the case £ = 1 corresponds to a stable type II blowup regime,
which is in agreement with numerical evidence given in [Biernat 2015].

Remark 1.5. The harmonic heat flow shares many features with the semilinear heat equation
dou=Au+u’'u inR?. (1-17)
Two important critical exponents appear when considering the dynamics of (1-17):

d+2 . ~+o00 ) for d <10,
pPs =—F—7 and pjL =
d-2 1+ ford > 11
d—4-2vd -1
correspond to the cases d = 2 and d = 7 in the study of (1-4) respectively.
When 1 < p < pg, Giga and Kohn [1987] and Giga, Matsui and Sasayama [2004] showed that all

blowup solutions are of type 1. Here the type I blowup means that

lim sup(T — 1) 77 |u(t) || oo < +00
t—>T

otherwise we say the blowup solution is of type II.

When p = pg, Filippas, Herrero and Veldzquez [2000] formally constructed for (1-17) type II blowup
solutions in dimensions 3 < d < 6; however, they could not do the same in dimensions d > 7. This
formal result is partly confirmed by Schweyer [2012] in dimension d = 4. Interestingly, Collot, Merle
and Raphaél [2017] showed that type II blowup is ruled out in dimension d > 7 near the solitary wave.

When ps < p < pjr, Matano and Merle [2004], see also [Mizoguchi 2004], proved that only type I
blowup occurs in the radial setting.

When p > pyr, Herrero and Veldzquez [1994] formally derived the existence of type II blowup
solutions with the quantized rates

lu(t) || oo ~ (T — )T De@m,  LeN, 2> a.

The formal result was clarified in [Matano and Merle 2009; Mizoguchi 2007; Collot 2017]. The collection
of these works yields a complete classification of the type II blowup scenario for the radially symmetric
energy-supercritical case.

In comparison to the case of the semilinear heat equation (1-17), it might be possible to prove that all
blowup solutions to (1-4) are of type I in dimensions 3 < d < 6. However, due to the lack of monotonicity
of the nonlinear term, the analysis of the harmonic heat flow (1-4) is much more difficult than the case of
the semilinear heat equation (1-17) treated in [Matano and Merle 2004].

Let us briefly explain the main steps of the proof of Theorem 1.1, which follows the method of
[Raphaél and Schweyer 2014b] treated for the critical case d = 2. This kind of method has been
successfully applied for various nonlinear evolution equations, in particular in the dispersive setting
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for the nonlinear Schrodinger equation both in the mass-critical [Merle and Raphael 2005a; 2005b;
2004; 2003] and mass-supercritical [Merle, Raphaél and Rodnianski 2015] cases, the mass-critical
gKdV equation [Martel, Merle and Raphaél 2015a; 2015b; 2014], the energy-critical [Duyckaerts, Kenig
and Merle 2013; Hillairet and Raphaél 2012] and energy-supercritical [Collot 2018] wave equation,
the two-dimensional critical geometric equations, the wave maps [Raphaél and Rodnianski 2012], the
Schrédinger maps [Merle, Raphaél and Rodnianski 2013] and the harmonic heat flow [Raphaél and
Schweyer 2013; 2014b], the semilinear heat equation (1-17) in the energy-critical [Schweyer 2012]
and energy-supercritical [Collot 2017] cases, and the two-dimensional Keller—Segel model [Raphaél
and Schweyer 2014a; Ghoul and Masmoudi 2016]. In all these works, the method relies on two
arguments:

e Reduction of an infinite-dimensional problem to a finite-dimensional one, through the derivation of
suitable Lyapunov functionals and the robust energy method as mentioned in the two-step procedure
above.

e The control of the finite-dimensional problem thanks to a topological argument based on index theory.

Note that this kind of topological argument has proved to be successful also for the construction of
type I blowup solutions for the semilinear heat equation (1-17) in [Bricmont and Kupiainen 1994;
Merle and Zaag 1997; Nguyen and Zaag 2017] (see also [Nguyen and Zaag 2016] for the case of
logarithmic perturbations, [Bressan 1990; 1992; Ghoul, Nguyen and Zaag 2017] for the exponential
source and [Nouaili and Zaag 2015] for the complex-valued case), the Ginzburg—Landau equation in
[Masmoudi and Zaag 2008] (see also [Zaag 1998] for an earlier work), a nonvariational parabolic
system in [Ghoul, Nguyen and Zaag 2018] and the semilinear wave equation in [Cte and Zaag
2013].

For the reader’s convenience and for a better explanation, we first introduce notation used throughout
this paper.

Notation. For each d > 7, we define
h=|3(4-v)]eN,
§=1(2—y)-h, 8e(1),

where | x| € Z stands for the integer part of x, which is defined by | x| < x < |x] + 1. Note that § # 0.
Indeed, if § = 0, then there is m € N such that 2y = d —4m € N. This only happens when y =2 or y = %

(1-18)

because y € (1,2]. The case y =2 givesd =7 and m = % & N. The case y = % gives d = % ZN.
Given a large integer L > 1, we set
K=L+#h+1. (1-19)
Given by > 0 and A > 0, we define
1
by

)= fG) withy ==

Bo Bi=B)"", 0<n«l, (1-20)

and



120 TEJ-EDDINE GHOUL, SLIM IBRAHIM AND VAN TIEN NGUYEN

Let x € C§°([0, +-00)) be a positive nonincreasing cutoff function with supp(y) C [0,2] and y =1
on [0, 1]. For all M > 0, we define

Y
=x| =) 1-21
Im(y) X(AJ) (1-21)
We also introduce the differential operator
Af =ydyf
and the Schrodinger operator
d—1 zZ

Strategy of the proof. We now summary the main ideas of the proof of Theorem 1.1, which follows the
route map in [Raphaél and Schweyer 2014b; Merle, Raphaél and Rodnianski 2015]:

(1) Renormalized flow and iterated resonances. Following the scaling invariance of (1-4), let us make the
change of variables
r ds 1

w(y’s)zu(r’t)’ y:m7 E_Az—(t)’

which leads to the renormalized flow

d—1 d—1 A
( )%w—mAw—(zz)mmma by =-=2. (1-23)
y

dsw = w + 5
Assuming that the leading part of the solution w(y, s) is given by the ground state profile Q admitting
the asymptotic behavior (1-10), the remaining part is governed by the Schrodinger operator . defined by
(1-22). The linear operator .# admits the factorization (see Lemma 2.2 below)

* * 1 —
L =", ﬂf’fz—AQay(é)v o f=m3y(yd 'AQ ), (1-24)
which directly implies
Z(AQ) =0,

where from a direct computation,
AQ ~ ;—(;, as y — +oo, with y defined in (1-8).
More generally, we can compute the kernel of the powers of . through the iterative scheme
LTj1 =Tk, To=AQ, (1-25)
which displays a nontrivial tail at infinity (see Lemma 2.9 below),

Te(y) ~ ey fory > 1. (1-26)
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(i1) Tail dynamics. Following the approach in [Rapha&l and Schweyer 2014b], we look for a slowly
modulated approximate solution to (1-23) of the form

w(y,s) = OQps) (),

where
L+2

L
b=(bi,....br), Qb)) = QW+ Y biTi(»)+ ) Si(y) (1-27)
i=2

i=1
with a priori bounds

bi ~ b, |Si(y)] S by,

so that S; is in some sense homogeneous of degree i in b1, and behaves better than 7; at infinity. The
construction of S; with the above a priori bounds is possible for a specific choice of the universal dynamical
system which drives the modes (b;)1<; <z . This is so-called the tail computation. Let us illustrate the
procedure of the tail computation. We plug the decomposition (1-27) into (1-23) and choose the law for
(bi)1<i <1 which cancels the leading-order terms at infinity:

e At the order O(b1): We cannot adjust the law of by for the first term! and obtain from (1-23),
bi(LT1 + AQ) =0.
o At the order O(bz, b): We obtain
(b1)sT1 +b3ATy 4+ by Ty + £, = b NL(T1, Q).
where NL; (T, Q) corresponds to nonlinear interaction terms. Note from (1-26) and (1-25), we have

ATy ~Q2—y)T; fory > 1, LT, =T,
and thus,
(b1)sT1 +bIATy + 522 T5 ~ [(b1)s + (2—7)bT —ba] T,

Hence the leading-order growth for y large is canceled by the choice

(b1)s + (2 —y)bi —by =0.
We then solve for
LSy = —b}(AT) —(2—y)T1) +bINL((T1, Q),

and check the improved decay
[S20)I S b1y*™ fory > 1.

e At the order O(blf +h bi41): We obtain an elliptic equation of the form

(br)sTy +b1bp ATy +bp 1. LT 1 + L Sk+1 = blf+1 NLi(Ty,..., Ty, Q).

LIf (by)s = —c1b1, then —A5/A ~ b1 ~ e€15; hence after an integration in time, |log A| < 1 and there is no blowup.
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From (1-26) and (1-25), we have
(br)sTie + D10k ATy + b1 LTi+1 ~ [(br)s + (2k — y)b1bg — b 41] Tk,

which leads to the choice
(br)s + 2k —y)b1bx — b1 =0

for the cancellation of the leading-order growth at infinity. We then solve for the remaining Sg 4 1-term
and check that |Sg11(y)| < b]f +1y2k=¥ for y large. We refer to Proposition 2.11 for all the details of
the tail computation.

(iii) The universal system of ODEs. The above procedure leads to the following universal system of ODEs
after L iterations:

(bx)s + 2k —y)bibg —bg11 =0, 1=<k=L, bp41 =0,
As ds 1 (1-28)
T aT e
Unlike the critical case treated in [Raphaél and Schweyer 2014b], there is no further logarithmic correction
to take into account. The set of solutions to (1-28) (see Lemma 2.13 below) is explicitly given by

Ck

bli(s):s_k’ 1<k=<L,
{ *
c1=m, LeN* 20>y,
y(t—k) (1-29)

Ch+1 = — x, 1<k<i-1, £>2

20—y
cj =0, j=Ll+1,

A(s) ~ 57707

In the original time variable ¢, this implies that A(¢) goes to zero in finite time 7 with the asymptotic
¢
At) ~ (T —1t)r.

Moreover, the linearized flow of (1-28) near the solution (1-29) is explicit and displays £ — 1 unstable
directions (see Lemma 2.14 below). This implies that the case £ = 1 corresponds to a stable type II
blowup regime.

(iv) Decomposition of the flow and modulation equations. Let the approximate solution Q be given by
(1-27), which by construction generates an approximate solution to the renormalized flow (1-23),

(d 1)

25 sin(2Qp) = Mod() + O(b3E+2),

Yy, =050 —AQp +bAQ) +

where the modulation equation term is roughly of the form

L
Mod(1) = ) "[(bi)s + (2i — y)b1b; —bi41]T;.

i=1
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We localize Qj in the zone y < B; to avoid the irrelevant growing tails for y > 1/4/b1. We then take
initial data of the form
uo(y) = Qp0)(y) +qo(»).

where gg is small in some suitable sense and b (0) is chosen to be close to the exact solution (1-29). By a
standard modulation argument, we introduce the decomposition of the flow

) = 0(y.5) = st + D0+5) = ot + ) 37751 (1-30)

where L + 1 modulation parameters (b(¢), A(z)) are chosen in order to manufacture the orthogonality
conditions .
(g, 2'®p)=0, 0<i<L, (1-31)

where @)y, see (3-4), is some fixed direction depending on some large constant M, generating an
approximation of the kernel of the powers of .. This orthogonal decomposition (1-30), which follows
from the implicit function theorem, allows us to compute the modulation equations governing the
parameters (b(¢), A(¢)) (see Lemmas 4.2 and 4.3 below),

L

; L

+ D 1bi)s + Qi = y)bibi —bit1 S lglhoe + by T, (1-32)

i=1

As
—+b
/\-1-1

where ||¢||1oc measures a spatially localized norm of the radiation ¢ and v(§, ) > 0.

(v) Control of Sobolev norms. According to (1-32), we need to show that local norms of ¢ are under
control and do not perturb the dynamical system (1-28). This is achieved via high-order mixed energy
estimates which provide controls of the Sobolev norms adapted to the linear flow and based on the powers
of the linear operator .. In particular, we have the following coercivity of the high energy under the
orthogonality conditions (1-31) (see Lemma A.5):

2
— k2 2k |2 lq|
o) = [ 1298 2 [190P + [ .

where K is given by (1-19). Here the factorization (1-24) will help to simplify the proof. As in [Raphaél
and Rodnianski 2012; Raphaél and Schweyer 2014b; Merle, Raphaél and Rodnianski 2015], the control
of &,k is done through the use of the linearized equation in the original variables (7, ¢); i.e., we work with
v in (1-30) and not g. The energy estimate is of the form (see Proposition 4.4)

i{ Sk } B b%L-H—i—Zv(S,n)
ds | )4k—d ) 4k—d ’

where the right-hand side is controlled by the size of the error Wy in the construction of the approximate

v(8,1n) >0, (1-33)

profile O, above. An integration of (1-33) in time by using initial smallness assumptions, b1 ~ b§ and

A(s) ~ e/ (2t=v) yields the estimate

/|V2k 24 / lg |24k < Bls )<b2L+2v(8 )
+

which is good enough to control the local norms of ¢ and close the modulation equations (1-32).
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Note that we also need to control lower energies &,, for # +2 < m < Kk — 1 because the control of
the high energy &>k alone is not enough to control a nonlinear term appearing in the linearized equation
around Qp. In particular, we exhibit a Lyapunov functional with the dynamical estimate

—h)— (6,
d Erm B b%(m )—1+2v(8.n)
ds /\4m—d ~ k4m—d ’

Then, an integration in time yields

V'(8,1) > 0.

iy (4m=d)

<)%
Em(s) < {bz(m—h—1)+2v’(8,n)
1

forh+2<m<{L+h,
forh+4+1<m<k-—1,

which is enough to control the nonlinear term. Let us remark that the condition m > % + 2 ensures
4m —d > 0 so that &, is always controlled. By the coercivity of &,,, this means that we are only able
to control the Sobolev norms || V2%¢ ||1242 for 0 > f + 2, resulting in the asymptotic (1-15).

The above scheme designs a bootstrap regime (see Definition 3.2 for a precise definition) which traps
the blowup solution with speed (1-14). According to Lemmas 2.13 and 2.14, such a regime displays £ — 1
unstable modes (b3, ..., by) which we can control through a topological argument based on the Brouwer
fixed-point theorem (see the proof of Proposition 3.5), and the proof of Theorem 1.1 follows.

The paper is organized as follows. In Section 2, we give the construction of the approximate solution
Qp of (1-4) and derive estimates on the generated error term Wy (Proposition 2.11), as well as its
localization (Proposition 2.12). We also give in this section some elementary facts on the study of the
system (1-28) (Lemmas 2.13 and 2.14). Section 3 is devoted to the proof of Theorem 1.1, assuming a
main technical result (Proposition 3.6). In particular, we give the proof of the existence of the solution
trapped in some shrinking set to zero (Proposition 3.5) such that the constructed solution satisfies the
conclusion of Theorem 1.1. Readers not interested in technical details may stop there. In Section 4, we
give the proof of Proposition 3.6 which gives the reduction of the problem to a finite-dimensional one,
and this is the heart of our analysis.

2. Construction of an approximate profile

This section is devoted to the construction of a suitable approximate solution to (1-4) by using the same
approach developed in [Raphaél and Rodnianski 2012]. Similar approaches can also be found in [Raphaé¢l
and Schweyer 2013; 2014a; Hillairet and Raphaél 2012; Schweyer 2012; Merle, Raphaél and Rodnianski
2015]. The key to this construction is the fact that the linearized operator . around Q is completely
explicit in the radial setting thanks to the explicit formulas of the kernel elements.

Following the scaling invariance of (1-4), we introduce the change of variables

r ds 1

) = ’t ’ = ’ -5 = ’ 2_1
W) =u. ¥ =g S = -1
which leads to the renormalized flow
d—1 A d—1
dsw = aiw + ( )ayw + 2 Aw— ( ) sin(2Qw), (2-2)

A 2y2
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where Ay = dA/ds. Noticing that in the setting (2-1) we have

8ru(r’t)= ayw(y’s)

1
A1)
and since we deal with the finite-time blowup of the problem (1-4), we naturally impose the condition

At) >0 ast—>T

for some T € (0, +00). Hence, d,u(r, t) blows up in finite time 7.
Let us assume that the leading part of the solution of (2-2) is given by the harmonic map Q, which is a
unique solution (up to scaling) of the equation

(d—-1) (d—1)
T

0"+ o’ sin2Q) =0, Q(0)=0, Q'(0)=1. (2-3)
We aim to construct an approximate solution of (2-2) close to Q. The natural way is to linearize (2-2)
around Q, which generates the Schrodinger operator defined by (1-22). Let us now recall the main

properties of .Z in the following subsection.

2A. Structure of the linearized Hamiltonian. We recall the main properties of the linearized Hamiltonian
close to Q, which is the heart of both construction of the approximate profile and the derivation of the
coercivity properties serving for the high Sobolev energy estimates. Let us start by recalling the following
result from [Biernat 2015], which gives the asymptotic behavior of the harmonic map Q:

Lemma 2.1 (development of the harmonic map Q). Let d > 7. There exists a unique solution Q to (2-3)
which admits the following asymptotic behavior. For any k € N'™*:
(1) (asymptotic behavior of Q)
k

y + Zciy2i+1 4+ O(y2k+3) asy — O,
y) = i=1 (2-4)

T dg 1+0 1 0 1
E - y—y + ? + W asy — +00,
where y is defined in (1-8), 7 = ~/d? —8d + 8 and ag = ao(d) > 0.
(ii) (degeneracy)

k
y+Zc{y2i+1+O(y2k+3) as y — 0,
AQ >0, AQ(y)= i=1 (2-5)

aopy 1 1
yY y Y

Proof. The proof of (2-4) is done through the introduction of the variables x =log y and v(x) =2Q(y)—7n
and consists of the phase portrait analysis of the autonomous equation

v”(x) + (d —2)v'(x) + (d —2) sin(v(x)) = 0.
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All details of the proof can be found in [Biernat 2015, pages 184—185]. The proof of (2-5) directly follows

from the expansion (2-4). O
The linearized operator . displays a remarkable structure given by the following lemma:

Lemma 2.2 (factorization of ). Let d > 7 and define the first-order operators

174 w
dw = —0 —w=—-AQ0d -— > 2-6
1 V 1
w= 6T e = e, (T AQu), 27
w= gm0 b S = 0,04 AQw) (2-7)
where
1+ 0(y?) asy — 0,
.= Alog(AQ) = 1 1 2
V(y) 0g(AQ) —y+0(—2)+0(_~) asy — +oo. ()
y Y
We have
f:ﬂ*ﬂ, j:d%*, (2—9)

where % stands for the conjugate Hamiltonian.

Remark 2.3. The adjoint operator «7* is defined with respect to the Lebesgue measure

+o0 +o0
/0 (uw)ywy?Vdy = /0 u(*w)y?1dy.

Remark 2.4. We have

Z(Aw) = A(.i”w)—{—Z.,?fw—/;—fw. (2-10)
Since £ (AQ) = 0, one can express the definition of Z through the potential V' as
Zy)=VZ+AV +(d-2)V. (2-11)
Let Z be defined by B
j:—ayy—?aﬁyz—z. (2-12)
Then, a direct computation yields
ZO) =WV +1)2+(d-2)(V+1)—AV. (2-13)

From (2-6) and (2-7), we see that the kernels of .« and 7™ are explicit:
w =0 ifand only if w € Span(AQ),

1
*w =0 ifandonlyif w e Span(—).
yd—lAQ

Hence, the elements of the kernel of .# are given by

Zw =0 ifandonlyif w e Span(AQ,T), (2-14)
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where I" can be found from the Wronskian relation

I'AQ —T(AQ) = (2-15)
that is,
y dg
o) =000 [ s
1 E971(AQ(5))?
which admits the asymptotic behavior
—dyd_l +0(y) as 'y — 0,
T(y) = . . (2-16)
+0 +o00.
agy(d —2—2y)yd=27v (yd‘y) R

From (2-14), we may invert .£ as follows:
7= " F(OAQ() dx + AQ() / S fOr@xdldx. @)
0 0

The factorization of .# allows us to compute .#~! in an elementary two-step process that will help us to
avoid tracking the cancellation in the formula (2-17) induced by the Wronskian relation when estimating
the growth of .#~! f. In particular, we have the following:

Lemma 2.5 (inversion of .%). Let f be a C*® radially symmetric function and w = £~ f be given by
(2-17). Then

Y dw(x)
Lw=f dJw= X)AQ(x)x?™ Vadx, w=-A / dx. 2-18
f dlAQ/f()Q() o[ 255 (218)
Proof. From the relation (2-15), we compute
AN !
yd—lAQ ’
Applying <7 to (2-17) and using the cancellation &/ (AQ) = 0, we obtain
dw = YY) 1AQ / F()AQ(x)x4 "V dx.
From the definition (2-6) of <7, we write
Y o
—_AQ / —wdx 0

2B. Admissible functions. We define a class of admissible functions which display a suitable behavior
both at the origin and infinity.

Definition 2.6 (admissible function). Fix y > 0, we say that a smooth function f € C*°(R4+,R) is
admissible of degree (p1, p2) € Nx Z if:
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(i) f admits a Taylor expansion to all orders around the origin,

p
f) =Y ay*tt 1o,
k=p\

(i) f and its derivatives admit the bounds, for y > 1,
forallk €N, |05 f(y)| < y2P27 7k,

Remark 2.7. By (2-5), AQ is admissible of degree (0, 0).
Note that . naturally acts on the class of admissible functions in the following way:

Lemma 2.8 (action of . and .#~! on admissible functions). Let f be an admissible function of degree
(p1. p2) € NXZ. Then:

(1) Af is admissible of degree (p1, p2).

(ii) Zf is admissible of degree (max{0, p1 — 1}, p» — 1).
(iii) 2~ f is admissible of degree (p1 + 1, p» + 1).
Proof. (1)—(i1) This is simply a consequence of Definition 2.6.

(iii) We aim to prove that if f is admissible of degree (p1, p»), then w = £~ ! f is admissible of degree
(p1+1, pp +1). To do so, we use Lemma 2.5 to estimate

e for y < 1,

1 ¢ d—1 L (Y opiti+4d 2p142
JZ{w:dT/\Q fAQX dx =0 y_d o X dx :O(y ),

:_AQ/ —dx_ (y/yx2p1+ldx):O(yz(p1+1)+1),
0

o fory >1,
1 y
dwW = (’)( p / x2p2—2y+d—1 dx) — O(y2p2+1—1’)’
y 0
1 y
w = O(—/ x2p2+1) — (f)(yZ(pz-H)—Y).
Y Jo

From the last formula in (2-18) and (2-8), we estimate

AQ

w—w = O(y>P2tD-r=1)

Using Zw = f, we get

[9ywl

w
%w=0( g'+u0=mﬁW“F“%

By taking radial derivatives of Zw = f, we obtain by induction

okw| < y2P2t DYk keN, y>1. 0
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The following lemma is a consequence of Lemma 2.8:

Lemma 2.9 (generators of the kernel of %Y. Consider the sequence of profiles

Ty = (—)*27*AQ, keN. (2-19)
Then:
(1) Ty is admissible of degree (k, k) for k € N,

(ii) ATy — 2k — )Ty is admissible of degree (k,k — 1) for k € N*,
Proof. (i) We note from (2-5) that AQ is admissible of degree (0,0). By induction and part (iii) of
Lemma 2.8, the conclusion then follows.
(ii) We proceed by induction. For k = 1, we explicitly compute 77 = —% ! AQ by using Lemma 2.5
and the expansion (2-5) to get

forallmeN, 0}'Ti(y) = e1my> VML O™ as y — +oo.
By induction, one can easily check that 3§’ A f = A3}’ f +md} f for m € N*. Hence,

NV[ATI = Q2=y)T1] = AT —2—y—m)dfT1 =0y "™) asy— +oo.

Since 77 and AT; are admissible of degree (1, 1), we deduce that ATy — (2 — )T} is admissible of
degree (1, 0).

We now assume the claim for k > 1, namely that ATy — (2k — y) Ty, is admissible of degree (k,k —1).
Let us prove that ATy 41— (2(k +1) — y) Tk 41 is admissible of degree (k + 1, k). We use formula (2-10)
and definition (2-19) to write

AZ
L ATep1— Ck+2=Y)Tk+1) = ALTp 1 — Ck —y) LT 1 — 7Tk+1

AZ

From part (i), we know that Ty 4 is admissible of degree (k + 1,k + 1). From (2-11) and (2-8), one can
check that (AZ/y?)T admits the asymptotic

AZ
FTk—H = 0%t asy o,

and
(A2 2(k+1)—j—y—3 2(k—1)+j—y
8y ?Tk-i-l =O(y )<<y as y — +00.
Together with the induction hypothesis, we deduce that the right-hand side of (2-20) is admissible of
degree (k, k — 1). The conclusion then follows by using part (iii) of Lemma 2.8. O

We end this subsection by introducing a simple notion of homogeneous admissible function.
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Definition 2.10 (homogeneous admissible function). Let L >> 1 be an integer and m = (my, ..., my) € NE.
We say that a function f (b, y) with b = (by, ..., br) is homogeneous of degree (p1, p2, p3) € NxZ xN
if it is a finite linear combination of monomials

L
Foo TT o3
k=1
with f (y) admissible of degree (p1, p»2) in the sense of Definition 2.6 and

L
(my,...,mp) € NL, kak = ps.
k=1
We set
deg(f) := (p1, p2, P3)-

2C. Slowly modulated blowup profile. We use the explicit structure of the linearized operator .Z to
construct an approximate blowup profile. In particular, we claim the following:

Proposition 2.11 (construction of the approximate profile). Let d >7 and L >> 1 be an integer. Let M >0
be a large enough universal constant. Then there exists a small enough universal constant b* (M, L) > 0
such that the following holds true. Consider a C' map

b= (b1.....br): [s0,51] — (=b*,b*)L,
with a priori bounds in [sg, s1],

0<by <b*, lbe| SbX, 2<k<L. (2-21)
Then there exist homogeneous profiles

S1 =0, S =8Sk(b,y), 2<k<L+2,

such that L Li2
Qb)) =0+ Y_ bk Tk () + Y_ Sk(b.y) = Q(¥) + Op(s) () (2-22)
k=1 k=2

generates an approximate solution to the renormalized flow (2-2)

W=Dy 0, +biagy+ LD

0sQp —0yy Op — sin(2Qp) = Wp +Mod(?), (2-23)

with the following properties:

(i) (modulation equation)

L L+2

aS;
Mod(z)=Z[(bk)s+<2k—y>b1bk—bk+1][Tk+ 3 ﬁ} (2-24)
k=1 Jj=k+1

where we use the convention b; =0 for j > L + 1.
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(ii) (estimate on the profiles) The profiles (Sk)2<k<1.+2 are homogeneous with

deg(Sy) = (k,k—1,k) for2<k <L +2,

8i=0 for2 <k <m<L.
by,

(iii) (estimate on the error Wy) For all 0 <m < L, we have:

* (global weight bound)

2
htmtly, 12 O WE _ amtar20-8)-Crn )
/)75231 - el /yngl 1 + y4Gitm+1) ~ by ’ (2-25)

where By, h, § are defined in (1-20) and (1-18).

e (improved local bound)
Forall M > 1, / | MmN 12 < MCp2LTS, (2-26)
y<2M

Proof. We aim to construct the profiles (Sx)2<k <142 such that Wy (y) defined from (2-23) has the least
possible growth as y — +o00. The key to this construction is the fact that the structure of the linearized
operator . defined in (1-22) is completely explicit in the radial sector thanks to the explicit formulas of
the elements of the kernel. This procedure will lead to the leading-order modulation equation

(bk)s = —(2k —y)bibg + bxyy for1 <k <L, (2-27)

which actually cancels the worst growth of Sy as y — +o0.
e Expansion of Wy. From (2-23) and (2-3), we write
d-1 d-1

0sQp—0yy Op — dyQp +b1AQp + 272 sin(205)
=b1AQ + 0,05 —0y,0p — @-1 0,0y, + C _2 D cos(20)0p + b1 AOy,
+ @-1 [sin(20Q +20;) —sin(20Q) — 2 ¢c0s(20) O]

2y2
= A1 + As.

Using the expression (2-22) of ®; and the definition (2-19) of T} (note that Ty = —Tj_; with the
convention Top = AQ), we write

L L+2
A1 =b1AQ + Y [(b)s Tk + bk LT + bibg ATe] + Y [05Sk + 2 Sk + b1 ASk]
k=1 k=2

L L+2
= > 10)sTr — b1 Te + bibe ATe] + D [3sSk + -2 Sk + b1AS]
k=1 k=2
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L
=Y [(b)s — bkt1 + 2k —y)b1by] Tk

L
+ ) [ LSkg1 + 05 Sk + b1be[ATe — 2k — y) Tie] + b1 ASk]
k=1

+ [ LSp42+0sSp41 +b1ASL 1]+ [05SL42 +b1ASL 2]

We now write
L

aS 8S aS
03k = ) (bj)smz = D (bj)s + Q2f = p)biby —bjal " Z[(zj —P)babj —byl 5
j=1 I=t J=
Hence,
L+1
A1 =Mod(7) + Z [ZSk+1+ Ex] + EL+2,
k=1
where fork =1,..., L,
k—1 35,
Eje = bibe[ATi— 2k =)Ti) + biASk = 3 [ = y)bibj —bj 41l (2-28)
j=1 !
andfork=L+1,L+2,
L S,
Ej =biASk —;[(21 )ik = bl (2-29)

For the expansion of the nonlinear term A, let us set

f(x) =sin(2x)

and use a Taylor expansion to write (see page 1740 in [Rapha&l and Schweyer 2014b] for a similar
computation)

d— L+2 ) _ d— L+2
4y =t D[Zfi!(Q)@;,JrRz]—( 1)[ZP1+R1+R2}

2
where

L+2 () L+2

S S T3
j= 1 =i =i k=
L+2 @) ) .L+2 )

R=Y 0O T T s @31
j=2 ’ [J1=J,|J2=L+3 k=1 k=2
®L+3

Re= o5 f (1=t 2 f (0 4 10p) dr, (2-32)
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with J = (i1,...,iL, jo...., jr4+2) € N2LH1 and

L+2 L+2

|J|1—sz+ij, |J|z—Zkzk+Zk/k (2-33)
k=1

In conclusion, we have

L+1

Uy = Z[fskﬂ—i"Ek—F
k=1

(d-1)
2y2

(d-1)
Pevr |+ EL42+ — 5= (Ri + Ra). (2-34)
e Construction of Si. From the expression of Wy, given in (2-34), we construct iteratively the sequences

of profiles (Sk)1<k<r+2 through the scheme

S1=0,
! » (2-35)
Sy =—%""F,, 2<k<L+2,
where g1
Fk:Ek_1+(2_ )Pk for2 <k <L +2.
y2
We claim by induction on k that Fj, is homogeneous with
deg(Fp)=(k—1,k—2,k) for2<k<L+2, (2-36)
and
oF}
— =0 for2<k<m<L+2. (2-37)
8bm

From item (iii) of Lemma 2.8 and (2-36), we deduce that Sj is homogeneous with

deg(Sy) = (k. k—1,k) for2<k <L +2,
and from (2-37), we get
aS
Pk —0 for2<k<m<L+2,
abm
which is the conclusion of item (ii).
Let us now give the proof of (2-36) and (2-37). We proceed by induction.
Case k = 2: We compute explicitly from (2-28) and (2-30),
(d—-1)
2y2
which directly follows (2-37). From Lemma 2.9, we know that 77 and AT} — (2 — y)T; are admissible
of degrees (1, 1) and (1, 0) respectively. Using (2-4), one can check the bound

8m(f“)(Q))
y y2

Since T; is admissible of degree (1, 1), we have

h=FE+

Py = 192[AT1 —Q-NT+ %Tﬁ],

for all m, j € N?, <y VT a5y — 400 (2-38)

for all m € N, |8;”(T12)| <YM asy — o0,
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By the Leibniz rule and the fact that 2y —2 > 0, we get

()
for all m, j € N?, ay (f—Z(Q)le) <y v @r=2) < ymyem

y

We also have the expansion near the origin,

() k .
S 2(Q)T12:Zciy21+1+0(y2k+3), k1.
Y i=2
Hence, (f"(Q)/y?) T12 is admissible of degree (2, 0), which concludes the proof of (2-36) for k = 2.

Case k — k + 1: Estimate (2-37) holds by direct inspection. Let us now assume that S; is homogeneous
of degree (k,k — 1, k) and prove that S is homogeneous of degree (k + 1, k, k + 1). In particular, the
claim immediately follows from part (iii) of Lemma 2.8 once we show that Fy; is homogeneous with

P
deg(Fk+1)=deg(Ek+ ;jl) = (k. k—1,k +1). (2-39)

From part (ii) of Lemma 2.9 and the a priori assumption (2-21), we see that b1bi (AT — 2k — y)Ty)
is homogeneous of degree (k,k — 1,k + 1). From part (i) of Lemma 2.8 and the induction hypothesis,
b1 A Sy is also homogeneous of degree (k,k — 1,k + 1). By definition, b1(3Sy/db1) is homogeneous
and has the same degree as Si. Thus,

. by dSk
((2J —y)b1 — b_l) (b1 %)

is homogeneous of degree (k,k — 1,k 4+ 1). From definitions (2-28) and (2-29), we derive
deg(Er)=(k,k—1,k+1), k=>1.

It remains to control the term Py ;/y?. From the definition (2-30), we see that Py 1/y? is a linear
combination of monomials of the form

; L L+2
f90) i i ;
My(y)=—=— T[] biTu T[] Si-
Y m=1 m=2

with
J =001, iL, j2,- s JL+2), [J1=Jj, |[Jl2=k+1, 2<j<k+1.
Recall from part (i) of Lemma 2.9 the bound
foralln e N, [05Tm| < PRV a5y > o0,
and from the induction hypothesis and the a priori bound (2-21),

foralln €N, [05Sm| < pry2m=D=y=n a5y > too.
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Together with the bound (2-38), we obtain the following bound at infinity:

T2 21T la—y—=|Thy—2-2%L%2 k+1_ 2(k—1)—
|M]|§b|1 ‘Zy\ l2—y=IJ 1y Yo Jm §b1+ y( )=y

The control of 9” M follows by the Leibniz rule and the above estimates. One can also check that
M is of order yzlJ 2+1711—1 hear the origin. This concludes the proof of (2-39) as well as part (ii) of
Proposition 2.11.

e Estimate on Wj. From (2-34) and (2-35), the expression of Wy is now reduced to

d—1)
Up =Ep42+ ( )2 (R1+ Ro),

where E7 45, R and R, are given by (2-29), (2-31) and (2-32).

We start by estimating the Ej 4, term defined by (2-29). Since S7 4, is homogeneous of degree
(L+2,L+1,L+?2),s0are AS; 4, and b1(0S142/0b1). It follows that E7 4, is homogeneous of
degree (L 42, L+ 1, L +3). Using part (ii) of Lemma 2.8 and the relation d —2y — 4 = 46, see (1-18),
we estimate forall 0 <m < L

h+m+1 2 2L+6 2(L+1)—y—2(h+m+1)2..d—1
/’ L g, 2 < b2 ./ RUADy20mE D 2 -t g,
y<2B; y=<2B;

< b%L+6/ y4(L—m+8)—1 dy

y<2B;
< b(2L+6)—2(L—m+8)(1+77) < b2m+4+2(1—8)—CLn
~ Y1 ~ “1 )

where n =n(L), 0 <n K 1.
We now turn to the control of the term R;/ y2, which is a linear combination of terms of the form,
see (2-31),

; L L+2
- YD i B o
My ==——=T]birtir [] Si".
Y n=1 n=2
with
J=0(1,....iL. j2. .- jL+2), [J1=Jj, |Jl2=L+3, 2<j<L+2.

Using the admissibility of 7}, and the homogeneity of S,, we get the bounds
|M_]| < b{‘+3y2|J|2+j_1 < b{‘+3y2L+6 as y — 0,

and
M| < by Ry Rmv =27 agy s oo,

where we used the facts that j > 2 and 2 — jy < 0, and similarly for higher derivatives by the Leibniz
rule. Thus, we obtain the round estimate for all 0 <m < L,

y=<2B; 2

2
2|J1 2|J h—jy—y—2—2(h+m+1)|2,d—1
Sbl 2/ |y||2/)’V (A+m )|y dy
y Y=<2B

< b%m+4+2(1—8)—CLn'
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The term R/ y? is estimated exactly as the term R;/y? using the definition (2-32). Similarly, the control
of [,<>p, |Wp |12/ (1 4 y*®tm+1) s obtained along the exact same lines as above. This concludes
the proof of (2-25). The local estimate (2-26) directly follows from the homogeneity of S; and the
admissibility of 7. O

We now proceed to a simple localization of the profile 0y to avoid the growth of tails in the region
y > 2B1 > Bg. More precisely, we claim the following:

Proposition 2.12 (estimates on the localized profile). Under the assumptions of Proposition 2.11, we
assume in addition the a priori bound

|(b1)s| < b1 (2-40)
Consider the localized profile
L L+2
b)) =0 + Y _ beTi+ > Sk with Ty = x5, Te. Sk = 1B, Sk. (2-41)
k=1 k=2

where By and y g, are defined as in (1-20) and (1-21). Then

d—1) d—1)

3y 0p +b1AQp + ( 25 sin(20p) = U, + x3, Mod(t), (2-42)

9sQp —yy Op —

where \Al}b satisfies the bounds:

(1) (large Sobolev bound) Forall0 <m < L —1,

- %gh-i-m\j 2 gh-ﬁ-mql 2 {i} 2 N
/|$h+m+1qu|2+ | ol” ] b| / W | < p2mH2H20-D=Cun

1+ y2 1+ y4 1 + y4Gtm+1) ~
(2-43)
and
LML, 2 4 | LA LG, |2 | LML Gy)2 W |2 < p2LA2+20-5)(1+7)
b 14 y2 14 y* 1 4 y4G+L+1) ~ 7 ’
(2-44)
where h and § are defined by (1-18).
(i1) (very local bound) For all M < %Bl and0<m <L,
y<2M
(iii) (refined local bound near By) For all0 <m < L,
|fh+m+qu |2 + |‘Ijb|2 < b2m+4+2(1—5)—CL77 (2-46)
y<2By ’ y<2B, 1 + y4titm+1 ~ 71 .
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Proof. By a direct computation, we have

(d—1)

dy Qb —i—blAQb + (d2y D sm(ZQb)
(d-1)

as Qb - ayy Qb -

d—1
. [asz 05— T80, 4 5180, + LY sin(ng)]

d_
+®b|:aSXBl - (ayyXBl +
( )

1
3y)(31) +b1AXBI} —20y xB,0yOp +b1(1 — xB,)AQ

[sin(205) —sin(2Q) — x5, (sin(2Q}p) — sin(20))].
According to (2-23) and (2-42), we write

Uy = xp, Wy + Uy,
where

By = b1 = 1500 + S D Lin(205) ~sin(20) ~ 5, (sin(20p) ~sin(20))]
N —— e’ y

0
\Pb

G2
vy

—1
ay)(Bl) + b1A)(Bli| —28y)(31 8y®b .

d
+ O |:8SXBI - (8)’J’X31 +

l’I‘/}()3)
The contribution of the term yp, W}, to the bounds (2-43), (2-44), (2-45) and (2-46) follows in exactly
the same way as in the proof of (2-25) and (2-26). We are therefore left to estimate the term @b- All the
terms in the expression of \le are localized in By < y < 2B, except for the first one whose support is a

subset of {y > B1}. Hence, the estimates (2-45) and (2-46) directly follow from (2-26) and (2-25).
Let us now find the contribution of @b to the bounds (2-43) and (2-44). We estimate

n

d 1
foralln e N, ‘dy—n(l —xB)AQ| < lezBﬁ
hence, using the relation d — 2y — 4h = 44, see (1-18), and the definition (1-20) of Bj, we estimate for
al0<m <L,

d—1
h+m+151) 2 2 y 2m+24+2(1-8)(1+n)+2mn
/l.Z vyl ’Sbl/ 4(h+m+1)+2y <h )

y=B1 Y
For the nonlinear term \/I\/l()z), we note from the admissibility of 7} and the homogeneity of Sy that the
Ti-terms dominate for y > B in ®p. Thus, for y > By,
L
foralln €N, [970,] 5> by 71,2 p,. (2-47)
k=1
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Using (2-47) and noting that @1(72) is localized in B; < y < 2Bj, we obtain the round bound

L
|3§’,{I\’22)| < Z b]fyZ(k_l)_y_nlBlinZBl
k=1

L
b ~(k—1)
n
5 yy-|-n Zbl 1315)’5231'
k=1

We then estimate for 0 <m < L,
d—1

L
htm+13,2) < 12 —2(k—=1)n Y
/|-=2” 7 < by I;bl /BlsyszBl yAGFmE1)+2y dy

L
< b%m+2+2(1—8)(1+n) Z bgzm—2k+2)n'
k=1
To control \fll(f), we first note from the definition (1-21) and the assumption (2-40) that

(b1)s ¥y
9 < pa
105 xB,| < by B

Using (2-47), we estimate for 0 <m < L,

131§y§231 < b11315y5231'

d—1

L

h+m+1303)| <« 272k Y

/Lf LTS Zblbl /Bl<y<231 y4htm+1)+2y—dk+2 dy
k=1 =r=

L
< bfm+2+2(1—8)(1+n) Z b§2m—2k)n.
k=1
Gathering all the bounds yields

L
A~ 2m+2+2(1-8)(1+ 2m—2k 2m+2+42(1-8)(1+n)+2n(m—L
/|$h+m+1qu|2§b1m (1-8)(1+n) Zbg m—2k)n Sblm (1-8)(1+n)+2n(m )'
k=1
The control of
|/ LM |2 A7 . |0 |2
14 y2 1+y4 7 | 4 y4Gtm+1)

is obtained along the exact same lines as above. This concludes the proof of (2-43) and (2-44), as well as
Proposition 2.12. O

2D. Study of the dynamical system for b = (b1,...,br). The construction of the Q} profile formally
leads to the finite-dimensional dynamical system for b = (by, ..., by,) by setting to zero the inhomogeneous
Mod(¢) term given in (2-24):

(bx)s + 2k —y)b1bg —bgy1 =0, 1<k=<L, bp4+1=0. (2-48)
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Unlike the critical case (d = 2) treated in [Raphaél and Schweyer 2014b], there is no further logarithmic
correction to be taken into account in the system (2-48). In particular, the system (2-48) admits explicit
solutions and the linearized operator near these solutions is explicit.

Lemma 2.13 (solution to the system (2-48)). Let
1y <t<KL, LeN

and consider the sequence

14
==,
! 20—y
{—k 2-49
Ck+1=_%cka 1<k<i-1, ( )
A
Ck41 =0, k>{.
Then the explicit choice
i) =% s>0. 1<k<L, (2-50)
s

is a solution to (2-48).

The proof of Lemma 2.13 directly follows from an explicit computation which is left to the reader. We
claim that the linearized flow of (2-48) near the solution (2-50) is explicit and displays £ — 1 unstable
directions. Note that the stability is considered in the sense that

supsk|bk(s)| <Cr, 1<k<L.
N
In particular, we have the following result which was proved in [Merle, Rapha&l and Rodnianski 2015]:

Lemma 2.14 (linearization of (2-48) around (2-50)). Let
Uy (s)

br(s) =bp(s)+ ——. 1=k={, (2-51)
N
and note that U = Uy, ..., Up). Then, for 1 <k <l—1,
(bic)s + 2k = y)brbje = biet1 = g s Uie)s — (Aetl)e + (U], (2-52)
1
(be)s + 2L =y)brbe = <7 IsUe)s — (A + O (), (2-53)
where
a1 = ye=1) —2=y)
1,1 22—y 1,
(—i
ai,i=y2(Z l), 2<i<{,
Ag = (ai,j)1<i,j<t Wwith R
aji+1=1, 1<i<{-1,
ai =—Q2i—y)ei, 2<i <,
aj,j =0 otherwise.
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Moreover, Ay is diagonalizable:

123/ 3y Ly
U—y 22—y T 22Uy

Ag=P;'D¢Py, Dy =diag]— (2-54)

Proof. Since we have an analogous system to the one in [Merle, Rapha&l and Rodnianski 2015] and the
proof is essentially the same as written there, we kindly refer the reader to Lemma 3.7 in that paper for
all details of the proof. O

3. Proof of Theorem 1.1 assuming technical results

This section is devoted to the proof of Theorem 1.1. We proceed in three subsections:

* In the first subsection, we give an equivalent formulation of the linearization of the problem in the
setting (1-30).

* In the second subsection, we prepare the initial data and define the shrinking set Sx (see Definition 3.2)
such that the solution trapped in this set satisfies the conclusion of Theorem 1.1.

e In the third subsection, we give all arguments of the proof of the existence of solutions trapped in
Sk (Proposition 3.5) assuming an important technical result (Proposition 3.6) whose proof is left to
the next section. Then we conclude the proof of Theorem 1.1.

3A. Linearization of the problem. Let L >> 1 be an integer and s¢ > 1. We introduce the renormalized

variables
= s=so+ /t i (3-1)
P T ey '
and the decomposition
~ ~ r
M(r’ t) = U)(y, S) = (Qb(s) + Q)(yv S) = (Qb(t) + Q)(m7 t)v (3'2)

where Q p 1s constructed in Proposition 2.12 and the modulation parameters
A1) >0, b@)=(b1(2).....bL(1))

are determined from the L + 1 orthogonality conditions

(q. 2% Oy) =0, 0<k=<L, (3-3)
where @, is a fixed direction depending on some large constant M defined by
L
Op =Y cmL*(mAQ). (3-4)
k=0

with

(1) Yo i 27 (xmAQ). T

, 1<k<L. 3-5
(AQ. AQ) 5>

coom =1, Cie,M
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Here, ®jy is built to ensure the nondegeneracy

(@1, AQ) = (xmAQ, AQ) = M2 (3-6)
and the cancellation
k—1
(P Te) = Y cim (L7 (s AQ). i) + et (~DF (xar AQ. AQ) = 0. (3-7)
ji=0
In particular, we have
(LT, D) = (D (xm AQ, AQ)S; k. 0<ik<L. (3-8)

From (2-2), we see that g satisfies the equation

A ~ —
0sq — 5 Aq+.Zq = —Uy —Mod + H(q) ~N(q) = F, (3-9)
where
— A ~
Mod = —(Ts—i-bl)AQb—XBl Mod, (3-10)
‘H is the linear part given by
(d-1) =~
H(g) = )2 [cos(2Q) —cos(205p)]g. (3-11)
and N is the purely nonlinear term
d-1,. = L~ ~
N(g) = 272 [sin(20p + 2¢q) —sin(2Qp) — 2¢ cos(2Qp)]. (3-12)
We also need to write (3-9) in the original variables. To do so, consider the rescaled linearized operator
d—1 Z
L=ty -y 20 (3-13)
r r
and the renormalized function
1 As
v(r,t) =¢q(y,s), d;v= Tm(asq - TAQ)A'
Then from (3-9), v satisfies
1
0;v +$,\v=ﬁ}], Fu(r,t) =F(y,s). (3-14)
Note that
1
jk - ﬁg

3B. Preparation of the initial data. We now describe the set of initial data ug of the problem (1-4),
as well as the initial data for (b, A) leading to the blowup scenario of Theorem 1.1. Assume that
up € H®(R?) satisfies

luo — Qllgs <1 for % <s<k. (3-15)
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By continuity of the flow and a standard argument, the smallness assumption (3-15) is propagated on a
small time interval [0, #1). Thus, the decomposition (3-2),

u(r, f)—(Qb(t)-l-CI)(M) ) A@) >0, b=(b1.....br), (3-16)

can be uniquely defined on the interval ¢ € [0, ¢;].
The existence of the decomposition (3-16) is a standard consequence of the implicit function theorem
and the explicit relations

=(AQ.T1,....TL).
A=1,b=0

9~
(Qb(t)))t» (Qb(t)))b s M(Qb(t))l

which implies the nondegeneracy of the Jacobian

= [{(xmAQ, AQ)|ET! £0.
A=1,b=0

d
'<3( )(Qb(z))A Z ©M>

1<j<L,0<i<L

In fact, the decomposition (3-16) exists as long as t < T and g remains small in the energy topology. We
now set up the bootstrap for the control of the parameters (b, 1) and the radiation ¢g. We will measure the
regularity of the map through the following coercive norms of g:

& |.2%q)? = C(M) Z |gmq|2 forh+1<k <k (3-17)
2k = q Ty <k <k

Our construction is built on a careful choice of the initial data for the modulation parameter b and the
radiation ¢ at time s = s¢. In particular, we will choose it in the following way:

Definition 3.1 (choice of the initial data). Take 1 and § as in (1-20) and (1-18). Let consider the variable
V= P4, (3-18)
where U = (U, ...,Up) is introduced in the linearization (2-51), namely
U = skbk —cg, with ¢ given by (2-49),

and Py refers to the diagonalization (2-54) of Ay.
Let so > 1. We assume

e (smallness of the initial perturbation for the by -unstable modes)

g(l—&)
56 Vi(so)| <1 for2 <k <{, (3-19)

* (smallness of the initial perturbation for the by -stable modes)

5€Q2k—y)

. .
sg VG0l <1 IbeGso)l <sg 27 forb+ 1<k <L, (3-20)
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¢ (smallness of the data)

k _212#
> Enlso) <597 (3-21)
k=h+2

e (normalization) up to a fixed rescaling, we may always assume
A(so) = 1. (3-22)

In particular, the initial data described in Definition 3.1 belongs to the following set which shrinks to
zero as § — +00:

Definition 3.2 (definition of the shrinking set). Take 1 and ¢ as in (1-20) and (1-18). For all K > 1 and
s > 1, we define Sk (s) as the set of all (b1(s),...,br(s),q(s)) such that

Vie(s)] < 1057209 for l <k <{,
by (s)] < s7% forl+1<k<L,

Ei(s) < KS_(2L+2(1_8)(1+77)),

K s~z (4m=d) forhi+2<m<L+h,
sT2m=h=D=20=0)+Kn  for ¢ +h+1<m<k—1.

Remark 3.3. From (2-51), the bounds given in Definition 3.2 imply that for  small enough,

by (s) ~ ‘;—1 bk (5)] < [b1(s) ¥

Eam(s) <

Hence, the choice of the initial data (b(sg), ¢(so)) belongs in Sk (sg) if s¢ is large enough.

Remark 3.4. The introduction of the high Sobolev norm &3 is reflected in the relation

A
= +b

L
bt D 1(be)s + 2k —y)bibe = i1 S C(M) v/ + Lot (3-23)

k=1

which is computed thanks to the L + 1 orthogonality conditions (3-3) (see Lemmas 4.2 and 4.3 below).
3C. Existence of solutions trapped in Sk (s) and conclusion of Theorem 1.1. We claim the following
proposition:

Proposition 3.5 (existence of solutions trapped in Sx (s)). There exists K; > 1 such that for K > K1,
there exists so,1(K) such that for all so > so,1, there exists initial data for the unstable modes

-11-8) —-Z2@1-8),p_
Va(50)s - Ve(s0)) € [=59 2 usg 2 170

such that the corresponding solution (b(s), q(s)) is in S (s) for all s > sy.

Let us briefly give the proof of Proposition 3.5. Let us consider K > 1 and so > 1 and (b(s0), ¢(s0))
as in Definition 3.1. We introduce the exit time

s« = 8x(b(50),q(s0)) = sup{s > s¢ such that (b(s), q(s)) € Sk (s)},
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and assume that for any choice of

—201-8) —-2@1-8),4—

(Va50).. Velso)) € [=s5 25 2T
the exit time satisfies s« < 400 and look for a contradiction. By the definition of Sk (s«), at least one of
the inequalities in that definition is an equality. Owing the following proposition, this can happen only
for the components (V5 (sx), - . ., Ve(sx)). Precisely, we have the following result which is the heart of

9’

our analysis:

Proposition 3.6 (control of (b(s), g(s)) in Sg(s) by Va(s),...,Ve(s))). There exists Ko > 1 such that for
each K > K, there exists so,2(K) > 1 such that for all so > so,2(k), the following holds: Given the initial
data at s = sq as in Definition 3.1, if (b(s),q(s)) € Sk (s) forall s € [so, $1], with (b(s1),q(s1)) € 0SK (51)
for some s1 > sg, then:

(1) (reduction to a finite-dimensional problem)

{—1
K K
(Vz(sl),---’Ve(Sl))ea[_ 7(1-5)" ;’(1—8):| '
S1 51

(i) (transverse crossing)

> 0.

s=s1

4
d n(1—
e (§ 1s3¢ 5>vl~(s>|2)
=2

Let us assume Proposition 3.6 and continue the proof of Proposition 3.5. From part (i) of Proposition 3.6,

-1
K K

k *

we see that

and the mapping

T [-1,1 > (-1, 117,
2(1-5)

56 W20, Vels0)) b e (Va(s0), Vi),

is well-defined. Applying the transverse-crossing property given in part (ii) of Proposition 3.6, we see
that (b(s), q(s)) leaves Sk (s) at s = sg; hence, s« = so. This is a contradiction since Y is the identity
map on the boundary sphere and it cannot be a continuous retraction of the unit ball. This concludes the

proof of Proposition 3.5, assuming that Proposition 3.6 holds.
e Conclusion of Theorem 1.1 assuming Proposition 3.6. From Proposition 3.5, we know that there exists
initial data (b(sg), ¢ (so)) such that
(b(s),q(s)) € Sk(s) foralls > sg.
From (4-57), (4-58), we have
“dhe = AT 1+ o(1)],
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which yields
1— 24—y
—ATT T A = c(uo)(1 +o(1)).

We easily conclude that A vanishes in finite time 7 = T (1) < +o00 with the following behavior near the
blowup time:

A(t) = c(uo)(1 + o())(T —1)7,

which is the conclusion of item (i) of Theorem 1.1.
For the control of the Sobolev norms, we observe from (B-3) and Definition 3.2 that

forall A+2<m <Kk, /|8§mq|2§@‘”‘2m—>0 as s — +00.
From the relation d = 4A + 46 + 2y, we deduce that
forallae[%+3,2k], /|V"q|2—>0 as s — 400,

which yields (ii) of Theorem 1.1.

4. Reduction of the problem to a finite-dimensional one

We now prove Proposition 3.6, which is the heart of our analysis. We proceed in three separate subsections:

e In the first subsection, we derive the laws for the parameters (b, A) thanks to the orthogonality
condition (3-3) and the coercivity of the powers of .Z.

e In the second subsection, we prove the main monotonicity tools for the control of the infinite-
dimensional part of the solution. In particular, we derive a suitable Lyapunov functional for the &>k
energy, as well as the monotonicity formula for the lower Sobolev energy.

* In the third subsection, we conclude the proof of Proposition 3.6 thanks to the identities obtained in
the first two parts.

4A. Modulation equations. We derive here the modulation equations for (b, 1). The derivation is mainly
based on the orthogonality (3-3) and the coercivity of the powers of .Z. Let us start with elementary
estimates relating to the fixed direction ®py.

Lemma 4.1 (estimate for ®p7). Given ®ys as defined in (3-4), we have
x| SM?K foralll <k <L,
/ |Op|* S M4 f | ZDpr|? < M4,
Proof. Arguing by induction, we assume that

leim| SMY, 1<j<k.
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Using the fact that %/ T; is admissible of degree (max{0,i — j},i — j), we estimate from the definition
(3-5),

k
1 . .
lck+1,m| < a2y ZMZJ/ XM AQ L7 (Ti 1)
j=0

k d—1
1 . y o
5 i § MZJ/ N yy y2(k+l 7) ydyst(k+l).
M j=0 y=

Using the estimate for ¢ ps yields

L
[ 1002 % [ 1a0P + Yol [ 127 G rQ)P 5 1927+,
j=1
and
L .
|$(I)M|2§ |C‘M|2 |$J+1(XMAQ)|2§Md_2y. O
s
j=0
From the orthogonality conditions (3-3) and (3-9), we claim the following:

Lemma 4.2 (modulation equations). Take %, § and n as defined in (1-18) and (1-20). For K > 1, we
assume that there is so(K) > 1 such that (b(s), q(s)) € Sk (s) for s € [so, s1] for some s1 > so. Then, the
following hold for s € [so, 51]:

L-1
A _
D 1(Bk)s + 2k = y)bibye =i | + by + 5| S by T, (4-1)
k=1
and
N -
|(bL)s + 2L —y)b1br| < M_js" 4 pLAIHA=8) () 4-2)

Proof. We start with the law for by,. Let

L
D(t) = + D 1(bi)s + 2k — y)bibi — b,

A
bt
k=1

where we recall that b, =0if k > L + 1.
Now, we take the inner product of (3-9) with #L®,y and use the orthogonality (3-3) to write

(Mod(t), ZEp) = —(LETp, Opy) — (25T g, Dpy) —<—%Aq —L(q) +N(q),$Ld>M>. (4-3)

From the definition (3-4), we see that @, is localized in y < 2M. From (3-10) and (2-24), we compute
by using the identity (3-8),

(Mod(r), 2L ®pr) = (—1)E(AQ, @) [(br)s + 2L —y)b1br] + O(ME by D(1)).
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The error term is estimated by using (2-26) with m = L —% — 1 and Lemma 4.1:

1 1
et ou = ([ 12 BR) ([ jeul) <M piriahoe,
y=<2M y=2M
For the linear term, we apply Lemma A.5 with k = k—1:

pL+1,2 pL+1,12
&(q) 2 / 2l [l
y4(1+y4(h 1)) 1+y4h

Hence, the Cauchy—Schwarz inequality yields

L+1, < pf2h |«$L+1‘1|2 2 < 2h+4—y
(£ M) <M [Pm| MY Epk.

ST

The remaining terms are easily estimated by using the following bound coming from Lemma A.5 and
Lemma A .4:

|2q? |9yq| 9’
> 2 )
(goZK(q) ~ / y4(1 + y4(k_2)) ~ / y4(1 + y4(k—2)+2) +/ y6(1 + y4(k—2)+2) . (4 4)

This implies

(-500+ 2@+ M@ 220 )| < MED(VEc+ DO,

Putting all the above estimates into (4-3) and using (3-6) together with the relation (1-18), we arrive at

Vé _
|(b1)s + 2L —y)b1br| < M_js" 4 pLHIFA=DA+D) L 4rCp pp). 4-5)

For the modulation equations for by with 1 < k < L — 1, we take the inner product of (3-9) with
ok ®)s and use the orthogonality (3-3) to write for 1 <k <L —1,

——— ~ A{
@mﬂalik®M):‘%iﬁwb®M)—«"qu_ﬁ@)+A“@~zk®M>
Proceeding as for by, we end up with
|(br)s + 2k — p)brb —bieyy| < by I 4y € (Vi + D(1)). (4-6)

Similarly, we have by taking the inner product of (3-9) with ®,,,

A

RRIE pEFIHA=DU+M 4 ArCh (/& + D(1)). (4-7)

From (4-5), (4-6) and (4-7), we obtain the round bound
D(t) < MC@_l_bfﬂi'l'l'(l—s)(l'f"l)'

The conclusion then follows by substituting this bound into (4-5), (4-6) and (4-7). O
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From the bound for &k given in Definition 3.2 and the modulation equation (4-2), we only have the
pointwise bound

-8
(bL)s + (2L — y)byby | < bETADAFD),
which is not good enough to close the expected one
|(bL)s + QL —y)bibr| < bEFL,

We claim that the main linear term can be removed up to an oscillation in time leading to the improved
modulation equation for by, as follows:

Lemma 4.3 (improved modulation equation for by,). Under the assumption of Lemma 4.2, the following
bound holds for all s € [sg, $1]:

o)+ 2L+ ]

(<Lq. xB,AQ) }
(AQ. xB,AO)

1 —§)—
S B28 [C(M) /82k+bf4+1+(1 )] CLTI]‘ (4_8)
0

Proof. We commute (3-9) with 2 and take the inner product with y B, AQ to get

d [(£*q. xB,AQ) L d !
(AQ’XBOAQ>{%|:W]_($ q’XBOAQ)%[m}}

= (4, NOA (o)) — (214, 1 AQ) + (£ Ag. 15,00)
— (2L Ty 8, AQ) — (£EMod(1). 1B, AQ) + (L5 (L() —N'(9)). xB,AQ).  (4-9)
We recall from (2-5) that
B~ < (AQ. xB,AQ)| < BS . (4-10)

Let us estimate the second term in the left-hand side of (4-9). We use Cauchy—Schwarz and Lemma A.5
to estimate

1
|£Lq)* \? d_yt2h+2
|<$Lq,XBOAQ>|sB§h+2||XB0AQ||Lz( / Tyy#ie) <80 Véu. (@11)

We write

1 (LEq. xByAQ)| (b1)s )
A
(AQ’XBOAQ):HS (AQ, xB,AQ)? | by /zaosyszB(,' 0l

d
S—y+2h+2
By \/gszd—Zy < Véx
Bzd—4y 0 ~ g2’
0 0

(720 15,00) 45|

< bt

where we used the relation (1-18).
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For the first three terms in the right-hand side of (4-9), we use Cauchy—Schwarz, Lemma A.5 and the

fact that Z(AQ) = 0 to find that
1 1
z 125> \?
1 4+ p4tay A 2) (/ )
(LOSYSzBO( g JIAe 1 4 y4hta

d d
4—y+2h+2 4—y+2h
<bBy " Ve <SBg TTT Véuw,

1 1
5 |$L+lq|2 5 i—y+2h
(25 g, xByAQ)| S (/(1 +y4h)|XBoAQ|2) ( W) < By Véak

(b1)s
by

(£ q, AQds (xBo))|

and

A
TS(XLACJ, XBoAQ)

: LY R
5191(/(1+y4(L+h)+2)|$L(XBoAQ)|2) (/ H_y,fy(—LJrhm)

d
4—y+2h
<Bg "V

The error term is estimated by using (2-46):

1 ~ 1
~ 2 |Wp |2 2
(Lt Wy, B, AQ)| S ( [ (1+ y“(“”“))wL(xBOAQ)lz) ( [ W)
< B()%—y+2h+2b{d+2+(1—5)—CL77.

The last term in the right-hand side of (4-9) is estimated in the same way:

(LE(L(g) —N@). (8, AQ)| < [ L)L (18,A0)] + / V@)L (15, AQ))

L(q)|? 3 B I
<([15%) (Jarrsnstannor)
1 1
V(@) 2
+( 1+y4k) (/(1+y4k)|zL<xBOAQ)|2
f,B()%_l_y—'-ﬂl@+b1B§BO%_1_y+2h\/zk

d
4—y+2h
<B; V6w

For the remaining term, we recall that Z(AQ) =0, LT, =0for 1 <k <L—1,and £ T = (—-1)LAQ,
from which

LY (Texp) =25 (T (01— xpy)), 1<k<L-1.
From (3-10), (2-24) and the fact that yg,(1 — xB,) = 0, we write

[(£EMod(t), xB, AQ)—(=1)E(AQ, 1B, AQ)(bL)s+(2L—y)bibL]|

L L+2 I~
S, A ~
sZ|(bk)s+(2k—y)b1bL—bk+1|< > —abi,fL(XBOAQ)H"‘ 01 |[(A8y. 2 (15, AD))1.
k=1 j=k+1
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Recalling that Ty, is admissible of degree (k, k) and S} is homogeneous of degree (k,k — 1, k), we derive
the round bounds for y ~ By:

L+2 g L+2 e
s shyr, 3 (2] S pp ey gy
Jj=k+1 k j=k+1

Thus, from Lemma 4.2, we derive the bound

L L+2 3
A ~ S
S 01 (ABs, 25 (8 AN+ ) (bi)s + (2k = y)bibr = b | < > ﬁ,zLuBOAQ)}‘
k=1 j=k+1 K
2L—y ., d—1
S (CM) e+ b HHIDAED), e @
Bo<y<2By VY 4

s (C(M) /gzk _|_ bfz‘l‘l"‘(l—(g)(l‘l'r]))bl Bod—2]/‘

The equation (4-8) follows by gathering all the above estimates into (4-9), dividing both sides of (4-9)
by (—1)E(AQ, XBo,AQ) and using the relation (1-18). O
4B. Monotonicity. We derive in this subsection the main monotonicity formula for &y forA+1 <k <k.
We claim the following which is the heart of this paper:

Proposition 4.4 (Lyapounov monotonicity for the high Sobolev norm). We have

d | &« n(1=8) by 62k L+(1=8)(1+n) /72— , p2L+2(1=8)(1+n)
E%)ﬁ"k—_d[l—i_O(bl )] EW W—Fbl 52k+b1 s (4—12)

andforhi+2<m <k-—1,

) by —h—14+(1-8)-Cn /o — | ;2(m—h—1)+2(1-6)—C
E{ )L‘""n_ld [+ O(bl)]} = Vam—d+2 by’ "V Em+ 7" ) . 4-13)

Proof. The proof uses some ideas developed in [Rapha&l and Schweyer 2014b; Merle, Raphaél and

Rodnianski 2015]. Because the proof of (4-13) follows exactly the same lines as for (4-12), we only deal
with the proof of (4-12). Let us start the proof of (4-12).

Step 1: suitable derivatives and energy identity. For k € N, we define the suitable derivatives of ¢ and v
as follows:
Gk =254, qorr1 =L vk =Lfv. vakgr = AL, (4-14)

where ¢ = g(y, s) and v = v(r, t) satisfy (3-9) and (3-14) respectively, the linearized operator . and .%},
are defined by (1-22) and (3-13), & and &/™* are the first-order operators defined by (2-6) and (2-7), and

1% , 1 _ 1%
JZ7)Lf:_arf+_)tf’ JZﬁf:ﬁar(”d 1f)+—/lf,
r r r

with V' = A log AQ admitting the asymptotic behaviors as in (2-8).
With the notation (4-14), we note that

* *
Dk+1=DQox, Gok+2 =Y Qok+1> V2k+1 = TAV2k, VUok42 = Iy Vo1
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Recall from Lemma 2.2, we have the factorization

L=d*d, L=dd* LH=didy, L=y,

where
~ d—1 Z
~ d—1 Z
Py = 0y — 3y + r—j (4-16)
with Z expressed in terms of V' as in (2-13).
We commute (3-14) with X}f‘l and use the notation (4-14) to derive
1
0rvak—2 + Lyvak—2 = [0, L v +.25 ()L2 ]:A) (4-17)
Now commuting this equation with <7 yields
9 > _ 9V k—1 1 1
1V2k—1 + LA V2k—1 = Vak—2 + [0, L5 v+ ) Ly 27 ) (4-18)
Since . = (1/1%).%, we then have
k k
"E’ﬂ/\ V= kaoiﬂ q,
hence,
1
[ 12502 = s [ 1250P
Using the definition (4-16) of %) and an integration by parts, we write
1d 1 2 1d ~
EE(AW ngk) Zdtflgl |~ = _/f,lvzk—lvzk—l
3 (Z,
/-Z/wzk 10:V2k—1 + = 3 / t—) V3,
r2
~ (AZ), A (AZ);
= /XAUZK—latUZK—l + by W %k 1~ Ts + by W %k 1

Using the definition (2-7) of .«7* and an integration by parts together with the definition (2-13) of Z, we

b1(AV), o7 B by AV 7
Tvzk—l ) V2k—1 —m ——q2k—1¥ {2k—1

write

b AV(2V+d)—A2V )
= 4k—d+2 2y2 92k—1

by [AZ 5 _/bl(AZ)A 2

T yak—d+2 | p29k-1 = 22 V2k-1-
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From (4-17), we write

LD s = [ (PO [P
a1 N2y U2k-1V2k=2 a1 2, 2k—1V2k—2 G2y U2k—20rV2k—1

+/ bi(AV),

A2r

_ _ 1
V2k—1 [—vazk—l + [3t,iﬂ,{( o +«$;lf l(ﬁ]ﬁ)}-

Gathering all the above identities and using (4-18) yields the energy identity

1d 1 b1(AV),
EE{ (W—_dgzk)+2/Tl)2k—lvzk—2

> A (AZ);, bi(AV), >
_ 2_(4s 2
—_/|$/U)2k—l| _(T‘i‘bl) WUZK_l—/Tvzk—zfxvzk—l

d (bi(AV), bi(AV), - i 1
+/E(T)U2k—102k—2+/TU2k—l [0¢, 25 1]U+f)lf ! ﬁ]’—k

~ bi(AV 0:V; _ 1
+/(fAUZK—1+%U2k—2)|: trAU2k—2+$ZfA[ats$)lf Mo+ 25 l(k—zf,x)] (4-19)

We now estimate all terms in (4-19). The proof uses the coercivity estimate given in Lemma A.5. In
particular, we shall apply Lemma A.5 with kK = k— 1 to get the estimate

k—1 k—2
o > |612k—1|2+ ) |92m|? Yy [92m+11> (4-20)
2k & 32 A y4(1 4 yk=1-m)) A Y6(1 4 y4k—2-m))’

m= m=

Step 2: control of the lower-order quadratic terms. Let us start with the second term in the left-hand side
of (4-19). From (2-8) and (2-13), we have the round bound

- 2
IAZD)[+AV(V)I =

1Jyry4 for all y € [0, +00). (4-21)

Making a change of variables and using the Cauchy—Schwarz inequality together with (4-20), we estimate

/ b1(AV), ’ ’
2, Vak-1V2k-2

b1 /AV
24k—d y q2k—142k—2
1 1
- b lg2k—11%\? |gok—2]? 2_ b P
~ ) 4k—d 32 144 ) ~ jak=ad

Using (4-21), (4-1) and (4-20), we estimate
As (AZ); , As 1 AZ
(5 em) [ G| =|(5 0 ) s [ 7 e
pLA1+01=8)(1+1n)
! /

2 2
k-1 - b
y2 "~ p4k—d+2

<
~ 24k—d+2

&2k
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For the third term in the right-hand side of (4-19), we write

1 [~ bi(AV), \
< Z/|$szk—1|2+4/()\T U%k—z

1 ~ ) 4b% |AV |2
=Z/|$Av2k—1| +A4k_d+2 32 P2

<1 7 2 Ch}
=3 |-Z5 v2k—1] +m<§2k-

V2k—2-L)V2k—1

/ b1(AV), ~
A2r

A direct computation yields the round bound

d (b1(AV),
dt A2

Thus, we use (4-21), the Cauchy—Schwarz inequality and (4-20) to estimate

bUAV)LY
dt T2y )Uk-1V2k-2

b2
1 AV +]A%V)).

/ [AV| 4 |A2V|

1 1
< b D1\ T \?
~ ) 4k—d+2 y2 1+ y4

b
~ N 4k—d+2

E2k.

Similarly, we have

b1(AV d0; V.
‘/(favzk 1+1()L—r)k 2k—2) trlvzk 2

[lfxvzk 12 + Tacdrs

U a. CB
= Z |$)LUZK—1| + méa%

y

and

/ b1(AV),
A2r

vak—1[0r, Z5 v 2,

S S S 0 U
=3 |-L)vak—1]" + m 2k + )tz(l—l— 2) | [0¢, £

We claim the bound

~ b1 (AV _
+ '/(fxvzk—l + Mvzk—z)ﬁﬁ[at,ff o

|19;. 5 w|? b3
)&2(1+ 2) \/\l'dl[at’ 1]U|2§+(§2k,

whose proof is left to Appendix C.

Ch? / IAV2

153

2 q2k2

1]U|2).

(4-22)
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The collection of all the above estimates to (4-19) yields

1d | & 1 7, Chy
i st ool ==} [1B0ac + i o

bi(AV), 1
+/ A,Zl" U2k—1 ZA Azf/'{
bi(AV (1
i ()

~ (1
+ / Ly vok—1.93, L 1( /\zﬂ) (4-23)

Step 3: further use of dissipation. We aim to estimate all terms in the right-hand side of (4-23). From
(4-21), (4-20) and the Cauchy—Schwarz inequality, we write

bl(AV)A by AV K1
‘/ 227 "%)t /\2‘7:)L m/ y — 1 L

. b q2k . |A=sfk—1f|2
~ ) 4k—d+2 T y
< |$k 1f|2

bl AV Kk—1
Jak—dv2 | 12 LT

_ b / Aks \2 /W.zk LFI2\?
~ \4k—d+2 1+ y4 1+y

b | L F 1]—'|2
/\4k d+2 T 12 +y2

For the last term in (4-23), let us introduce the function

Similarly, we have

bi(AV), k1 1
’/ ATUZK—ZWAXA )sz/l

_ (2Yq. (B, AQ) ~

§L = (4-24)
(AQ. 1By AQ)
and the decomposition
F=E+Fo+Fi, Fo=-U—Mod—dskr, Fi=H(g)—N(). (4-25)

where \ib is as referred to in (2-42), and m, H(q) and N (q) are as defined in (3-10) (3-11) and (3-12)
respectively. Actually, we introduced the decomposition (4-25) and &7, to take advantage of the improved
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bound obtained in Lemma 4.3. We now write
A
AU2k—17) A )Lz A

e
1 K ook C K 2% « 3
Sm/.ﬁf q< (aséL)er(/w ql) (/w .7-"0|)

1 2, 2 ¢ k—1 1 |2

+§/|$)Lv2k—1| +m/|df Fi

1 k k 1 ~ 2
:m/‘f qZ (3s§L)+§/|i’xU2k—1|

C _
+ /\4k_—d+2(v G| LEFoll 2 + Il 24y ||1242)

/%*QZk—lfk(ast)+/%*f]2k—1$k}'o+/.27(]2k—1%.$k_1]:1)

Injecting all these bounds into (4-23) yields

d| éx 1 ~ 2 Cbi 1 k, ook
o W——d[1+0(b1)]} §—§/|$,{v2k—l| +A4k—d+2@@2k+k4k—d+2/g q-ZL"(0s8L)

L /ldfk IJ—_'|2 /|$k 1f|2
)L‘“‘ d+2 1+ y2 1+ y4

C -
+ s (VE L Folla + | 2 Fi|E). (4-26)

1
2

Step 4: estimates for ‘ib term. Recall from (2-44) that we already have the following estimate for Elb:

~ 1 i~ 1
|ﬂ$k—1wb|2)2 ( |.ZK 11I'blz)2 < pLHIHA=5)(1+7)
_— ~ 1 *

4-27
1+ y? 1+ y* *27

15T 2 + (

Step 5: estimates for Mod term. We claim the following:

— 1 —
£ 1Mod|?\2 o L*Mod|? NZD _
(/ | Y | ) + (/ | Y | ) b(l 5)(1+7])( +blL+1+(1 8)(14‘71))’ (4-28)

1+ y4 1+y2 M?28
1
—_— 2 & _ _
(/ |$kMod|2) <b ( Mjsk + 57070 /gy 4 pETIFA 5)(1+77)), (4-29)

where
Mod = Mod + 95&;..

Let us prove (4-28). We only deal with the first term since the second term is estimated similarly. We
recall from (3-10) the definition of Mod:

L
_— A ~ ~ 0S;
Mod = —(—; +b1)AQb + E [(bi)s + 2i —y)b1b; —bi—i-l]( i+ 8b] ){B,)

i=1 j=i+1
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where Q p 1s defined as in (2-41) and we know from Lemma 2.9 that 7; is admissible of degree (i,7) and
from Proposition 2.11 that S; is homogeneous of degree (j, j — 1, j).
Since |bj| < b] and ZAQ = 0, we use Lemma 2.8 to estimate

AN s
1+ y4
ATAT SR [ AS P

L
< b2
”;’ 1+ y4 1+ y*

L L+1 _
< szz vy n Z b2 y4ldy 4 p2L+a M
~ £ 1 <2B, 1+y4(k D+2y y<aB, 14 y4k—itD+2y 1 y<2B, 1+ y4+2y

< b3,

i=2

where we used the algebra 4(k— L) +2y —d +1=5—-4§ > 1.
Using the cancellation KT =0for 1 <i <L and the admissibility of 7;, we estimate

L k—1 (2 L
Z/ |.¥ (XBLTI)| < Z/ Y2y +d—1 g gbf(l“”(””).
=1 1+y i=1 B1<y<2B;

Using the homogeneity of S;, we estimate for 1 <i < L,

L+2 95 2 L+2 2(i—i) ( ) p
k-1 J J—i 4(j—1-k)—2y , d—1 2
E E b J 4 dy <by.
[ 1 +y (X b ob; ) - ! /B <y<2B y y Ve
j=i+1 j=i+1 1=2y=281

provided that n < § —
The collection of the above bounds together with (4-1) and (4-2) yields

(/ £ 11V10d|2) < p0- 5)(1+n)(V +bL+1+(1—3)(1+n))'

14 y* M2 !

The same estimate holds for ( S/ |4z%.,2”k_11\7l-o\d|2 J(1+ y2)) 1/2 by following the same lines as above. This
concludes the proof of (4-28).
We now prove (4-29). Let us write

— As . L -
Mod = —(7 +b1)AQb + izzl[(bi)s + 2i —y)b1bi —bi 11T;
L L+2 98
+ l;[(bi)s + (2i —y)b1bi —bit1]xB, j;l a—b;
d <$Lq XBOAQ>}:|~ (ZLQ’XBOAQ> =~
br)s 2i b1b — = =Y I\T — = = 9,7
+[( L)s + (2 —y)brbr + s{ (AQ. 18,A0) (AQ. 18,A0)
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Proceeding as in the proof of (4-28) yields the estimate

L-1 L L+2 95 2
[12002+ Y [12TP+ 30 Y [124(am 5,0 )| <03
i=1 i=1j=i+1
and
/ 25T |2 < b0, (4-30)
From (4-10) and (4-11), we have the bound
2Yq, xB, A _ (1
‘—<(AQq - OAQQ>> < By o =574 Vo (431)
» ABo
We also have
d—1 d
K 2 32 Yy Y < 52520851+
[ 12 @uam ooP <8} [ oy D S -

The collection of the above bounds together with Lemmas 4.2 and 4.3 yields

1
(/ lzkmﬁ)z < bl( v é2k +bL+1+(1_8)(1+’7))

M?28 1

Jrbl—(l—S) /_gzkblbgl—tg)(l-i-n)
& _ _
§b1(\/M228k L p10D Sy pLHIFa 8)(1+n))’

which is the conclusion of (4-29).
Injecting the estimates (4-27), (4-28) and (4-29) into (4-26), we arrive at

1d| &x 1 > 2 b Exk (1-8) L+(1-8)(1+n)
3 d7 Mk—_d[l‘f‘o(bl)]} S—§/|$szk—1| t akdi2\ 325 + b} &k + by P/ Eax
1 1
4 b1/ /|~Q7‘i”k_1]:1|2 . /|-$k_1]:1|2 2
A4k—d+2 1+ y2 14+ y4
1 _ 1
- mnmf‘( LRz + pYTErEe; / gL (BsEL). (4-32)
Step 6: estimates for the linear small term H(g). We claim
AL HQP | LT HQP
o X 2+/| + < bl 4-33
/1 @l — e < b 433

We only deal with the estimate for the first term because the last two terms are estimated similarly. Let us
rewrite from (3-11) the definition of H(g),

H(qg) = g with & = (dy_2 D [cos(2Q) —cos(20 +26,)],
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where
L+ 2

i=1

From the asymptotic behavior of Q given in (2-4), the admissibility of 7; and the homogeneity of S;, we
deduce that ® is a regular function both at the origin and at infinity. We then apply the Leibniz rule (C-2)
with k = k—1 and ¢ = ® to write
k—1
LG = ) [q2m+1Pok—1,2m+1 + G2m Pok—1,2m],

m=0

where ®ji_1,; with 0 <i < 2Kk — 1 are defined by the recurrence relation given in Lemma C.1. In
particular, we have the estimate

by

14 yr - l)’“1+y1+k forallk>1, 0<i <k.

|<Dkz|

Hence, we estimate from (4-20),

k-1
/lﬂfk_lH(Q)lzﬁ Z[/ |CI2m+1q>2k—1,2m+1|2+/|Qqu>2k—1,2m|2:|
m=0

k—1

<2 Z |g2m+11? n |q2m|?

~~1 1+ y2+2(2k—1—2m—1) 1+ y2+2(2k—1—2m)

=0
-1

[g2m+11? lg2m|* 5
Shi Z [/ |+ y2Hatei—m) T |+ ydtatei—m) < biéak.

m=0

This concludes the proof of (4-33).

Step 7: estimates for the nonlinear term N (g). This is the most delicate point in the proof of (4-12). We
claim the following:

[ 102 x@p g3 De, (434

|=52>7‘=3”k_1/\f(4)|2 |-=5fk_1/\/(61)|2 < p2LA2420-5)(14n) 4-35)
1+y2 1+ y4 ! ’ )

provided that  and 1/L are small enough. We only deal with the proof of (4-34) since the same proof
holds for (4-35).

Control for y < 1. Let us rewrite from (3-12) the definition of N'(¢):

2 _ 1) 1 -
N(g) = T ¢ withd= [ / (1 —7)sin(2Qp +219) d‘L’j|.
y y 0
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From (B-2) and the admissibility of 7;, we write

2 /K 2 k-1 s )
— = —(Z ciT; (y) +rq(y)) =3 ay¥ 47, fory <1, (4-36)
v oo\&Z Z
where
Gl S G 187 S Y5 Iy, 0<j<2k—1, y<L.
Let t € [0, 1] and
ve = Qp + 19.

We obtain from Proposition 2.11 and the expansion (B-2),

k—1
i=0
with
&S 18R SR Iy, 0<j<2k—1, y<l1.

Together with the Taylor expansion of sin(x) at x = 0, we write

D(q) =Y iy +7y. (4-37)

with
GIS 1 18Rl Sy K, 0<j<2k—1, y<I.

From (4-36) and (4-37), we have the expansion of N near the origin,

k—1
N((]) ZC y21+1+7’q,
i=0
with
G <G 18R Sy T Iy Ko, 0<j<2k—1, y<lL.

From the definitions of <7 and .«7*, see (2-6) and (2-7), one can check that for y < 1,

Ke18 | < X ali &y Iy d K
EZ2n7EDY 2 T Z e <y T Iny Ko
i=0

Note from the asymptotic behavior (2-8) of V' that <7 (y) = O(y?) for y < 1, which implies

k—1 k—1
2 (D) £ Xl 5 e
i=0 i=0

We then conclude

— 2L+1+2(1-6)(1
/ 1|"Q{$k IN(q)|ZS£>22k/ 1y|1ny|2kdy5é322ksbl +142( )( +Tl).
y< y<
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Control for y > 1. Let us rewrite the definition of N'(¢):

q

1
N@) =2Z%, Z-= ; Y =—(d-— 1)/ (1-1) sin(2Qb +21q)dr. (4-38)
0

Note from the definitions of .7 and <™ that

2k+1 81’ fl
k
forallkeN, |bQ{$ flszW,
i=0
from which and the Leibniz rule, we write
2k—1 k 2
|03 N (@)1
,dgk_l_/\/’ 2 S / y
[ D W == =
=0
ZKX:IXk:/ |az ZZ| |3k l.l//.|2
== y>1 4k 2k—2

N
X
...

M»

’ / 9 Z |29, Z 29k y 2
4k—2k—2 '
m=0 y

»
Il
<)
Il
<)

We aim to use the pointwise estimate (B-5) to prove that for 0 <k <2k—1, 0<i <k and0<m <i,

I ZRIBmZ R L sassaen
Aim = / . - <b? , (4-39)

which concludes the proof of (4-34).
To prove (4-39), we distinguish three cases:

Case I: k =0. Since 0 <m <i <k, we have k =i =m = 0. Although this is the simplest case, it gives us
a basic idea to handle the other cases. From (4-38), it is obvious that || is uniformly bounded. We write

lal*1v1* 44 lq* lq*
AO,O,O = / TG4 dy S T AbLa_ T dy + T dy
y>1 y4k+2 1<y<Bo y4k+3—d y>Bo y4k+3—d

Using (B-5), Definition 3.2, by ~ % and the fact that d = 4% + 2y + 46, see (1-18), we estimate

/ lql* dy < y@2|q)? y@72|q)? / pAEs—as-2y g
1<y<By yHH3=d | 2akn || o 152@E | oo gy
40+6—45—2y

< 52k52(£+h+2)3
< Kb%L+2(1—8)(1+n)b%(ﬁ—l—1)+2(1—8)—Knb1—2£—3+28+y

< Kb%L+2(1—8)(1+n)b;+y—Kn SbfLHH(I_S)(Hn)-
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For the integral on the domain y > By, let us write

/ el el y'2qP? [ dy
> Bo y4k+3—d ~ | y2@k=2(-1) Loo(y>1) y2(2L+2h+1) Loo(y=1)Jy=Bo pas+2y—1
—45—-2y

2
< E2(k—0)S2(t+1+1) By
< b%(k—é—h—1)+2(1—8)—Knb%13+2(1—5)—K77b%S—i—y—l

< b%L+2(1—8)(1+n)b;+y—(K+2(1—8))n < b%L—H—i—Z(l—S)(I—H})‘

This concludes the proof of (4-39) when k =i =m = 0.

Case II: k£ > 1 and k = i. We first use the Leibniz rule to write

l 2
I 12 | yQ|
foralll eN, [3,Z]" < E 2+21 7 (4-40)

from which,
m K—m 2
Jaql? 1044
Akkm < Z Z />1 k=2~ 2l+2y ~ldy.
]: 1=0

We claim that for all (j,/)eN?and 1 < j +1 <2k—1,

|3 ‘1|2|3 Q|2 2L+1+2(1-8)(1+n)+ Y52
Bj,l,O = /};Zl my dy 5 bl s (4-41)

which immediately follows from (4-39) for the case when k =i.
To prove (4-41), we proceed as for the case k = 0 by splitting the integral in two parts as follows:

Bji10
_ (y4=2105q 1) (v~ 2|Lq1%) V42 g (y42(05q 1) (v~ 209> dy
- . y4k=2/-21+4h+6 y > Bo yak—2j =2l +4h yas+2y—1
H (y42(05q %) (v~ 2(9%,g1%) 25y =4 H (4218 q 2 (y4~ 2(0%,q1%) p28+7-1
4k 2j—2l+4h+6 Loo(y=1) y4k 2j—2l+4h Loo(y=1) 1
” (y47210341%) (7 2[99 1) b28+y—4+H 9219592 (42| q1?) oty
211 2j+2J,—21 Loo(y=1) 1 y213 2j+2J4—21 Lo(y=1) 1

. 28+y—4 28+y—1
= Bj1.0,7,,.7,01 +Bj1,0,75,7.01 :

where J,(n = 1,2, 3, 4) satisfy
J1+Jr=2k+2h+3, Js3+J4=2k+25A.

We now estimate Bj ;o 7,,7,-
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e If [ is even, we take
Jy = {l+2 if | <2k—4,
l if | =2k—-2.
This gives
2h+4<J,<2k—2, 2n+4+5<J;=2k+2h+3—-J, <2k-1.

Using (B-5), we have the estimate

d28 2
B Iql

d 2|a q|2
,1,0,J1,02 < yzjl

y2.]2 —21

S En+1vVERLEL+2-

L>(y=1)

L>(y=1)

e If [ is odd, we simply take J» =/ + 1, which gives

2h+4<Jy<2k—2, 2h+5<J3<2k-1.
Hence,
B

jylyoyjlaJZ S éajl‘l_l V £12£J2+2'

Recall from Definition 3.2 that for all even integers m in the range 24 + 4 < m < 2K,
(2m—d)

o < b26 4 for2A+4<m <2h+ 2L, (4-42)
m— pm—2h=2+2(1-8)-Kn ¢
1 or2h+24+2 <m <2k.

e If J1 +1>2A+2¢+2and Jo > 2k + 24 + 2, then

T+ T2—4h—2+4(1-86) 2K _ j2L+2+4(1—8)—Kn_
Bj1.0.0,,0, < bj < b

o If J1+1<2A+2L, then J, =2k+2h+3—J1 >2k—20+4 > 2A+2£+2 because K >> £. This implies

@2J1+2—d)+J2+1-2(h+1)+2(1-8)—K7
Bj 10,017 Nb” v 2 < pPLH2HAA=5)Kn,

Hence, we obtain

b2L+2+4(1 §)—Kn

Bji0,0:,0, 5 for J1 + Jo = 2k + 2k + 3.

Similarly, one can prove that

Bj1o.ss0, SDIETIRAATOTKT for gy Ty = 2k + 2R,

Therefore,

leo~b2L+2+4(l §)— Knb28+y 4, ;2L—1+4(1-8)— Knb28+y 1

+ b7

< p2LA1+20=-)+m+—D—(K+2-28)n - b2L+1+2(1—8)(1+n)+—(V;”

for n < (y —1)/(2(K + 2 —26)). This concludes the proof of (4-41) as well as (4-39) when k = i.
CaseIIl: £ > 1 and k —i > 1. Let us write from (4-39) and (4-40),

m i—m 219l 12 19k—i.12
3q1%10%q1 |85 |

Afemi S / . (4-43)
m,i ;}l: >1 y4k 2j—21+2 y—2(k i)

(=}
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At this stage, we need to make precise the decay of |9%,y| to archive the bound (4-39). To do so, let us
recall that 7; is admissible of degree (i,7) (see Lemma 2.9) and S; is homogeneous of degree (i,i —1,1)
(see Proposition 2.11). Together with (2-4), we estimate

2L+2 bl 21 b @L+2)n
T T 2 e o=en £ 7

forall j > 1, |8/Qb|<

Let 7 € [0, 1] and v = O} + t¢. We use the Faa di Bruno formula to write

forall n € N, |a’;w|25/ D (ot sin (v, 2 ]_[IB’ Op + yq|>™ de

m*=n i=1
—C(L)ﬂ N\

< ¥ T1(Sar +1aR) - w=Ym.

m*=ni=1

For 1 <y < By, we use (B-5) to estimate

i 12 4k—2i—2 aiyq 2 4k—2i—d C(K)n+i+ by €O
i _ —2i— —2i— - n+i+y
0yql” = yai| = 5o 2k = by = Syt
from which, we have
i proEm | ORIy KD
n
P s Y. 1‘[( TSy yzyw) S AT forall 1 <y < Bo. (4-44)

m*=ni=1

For y > By, we use again (B-5) to write forall 1 <n <2k—1,

2h+24+1 b C(L)7y "y aiq 2\ m; n b—C(L)n m;
no2 4h+4l+2-2i y 1 2
YIS Z 1_[ ( TETE y2hF20F 1= ) 1_[ (y2y+21 +|8 q )
m*=n i=1 i=2h+2L+1
2h+24+1 ¢ 5
—C(L)n+y+i | —Kn+i+y, 20+2(1— —8)\m;
< Z 1—[ (b (L)n+y z+b1 n+i ybl ( )y4€+4(1 8))m,
m*=n i=1 " _ i _ i .
« 1—[ (bl C(L)17+y-i—z_i_b1 Kn+y+l)m,

i=2h+24+1

5bl—c(L,K)n+n+yZ?=1m,-(blyz)(ze+2(1—8))zfijf”+lml- for all y > By.

(4-45)
Injecting (4-44) and (4-45) into (4-43), we arrive at

R 33412194 q/? |8)q121%,q[?
‘ —C |9yq1°19yq o 4171959
Akim < by ZZ(/I 4k—2j—21+2+2y +b; /y>BO yak—2j-21+2-2a )’

j=01=0 \/1=y=Bo Y

wherea =k —i + 2¢+2(1— 8))Zl~2§rze+lmi. Arguing as for the proof of (4-41), we end up with

‘ —8)(1—n)+ =D B
Ak,me_C”(b2L+l+y+2(1 §)A—m)+* +bfL+1+2(1 §)(A=m)+7 )SbfL+1+z(1—8)(1 n)
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for n small enough. This finishes the proof of (4-39) as well as (4-34). Since the proof of (4-35) follows
exactly the same lines as the proof of (4-34), we omit it.

Inserting (4-33), (4-34) and (4-35) into (4-32) and recalling from Definition 3.2 that
o < Kb%L—}-z(l—&)(H—n)

we arrive at
1d { &2k

241 ek [1+ O(bl)]}

bi &k Lra-$)a+n 2L4+2(1-8)(1+1) ! K ook
R /\4k—d+2(M28 +by Véautb +)L4k_—d+2/f gL (3sEL).  (4-46)

Step 8: time oscillations. In this step, we want to find the contribution of the last term in (4-46) to the
estimate (4-12). Let us write

1 K ok _d 1 K ok 1 ke |2
A4k_d+2/f qZ (8SSL)—%{A4k_d+2|:/$ qZ EL_§/|$ ELl
+—A4k—d+2 T[/f qg §L+§/|$ EL|
o LK(05q — 0561) LN (4-47)
) 4k—d+2 s sSL L-

From (4-30) and (4-31), we have

/ |2} 12 < b2 gy (4-48)

<(/ If"qlz)é( / Lsfksuzf

< @bl—(l—&@bgl—&(l—i—n) _ b?(l_s)@@zk-

This implies
‘ / L9

Since dt /ds = A2, we then write

d 1 1 d [ &« _
g{m[/ -iﬂkqiﬂk&—zf|«$k&|2“ = E(le—d o4 8)))- (4-49)

Noting from (4-1) that |Ag/A| < b1, this gives

s
B[ 2oz [12%0]

For the last term in (4-47), we use (3-9) and the decomposition (4-25) to write

<Sbib" D gy (4-50)

/ S¥(yq — 0561 LEL

As T, N
_ [_ / 2Rq 2N 42 / Aq.EZKSL} + / ZX[W ~Mod + H(g) T N@IL 5., o)
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Using (4-31), the admissibility of 77, and the fact that ok T; =0if i <k, we estimate

L AO) |2
Jrear <[ Gt | [1 0= omr

< bfz(l_a)g’zk/ yz(zL—y—z(k+1))yd—1 dy
y>B

< b1—2(1—8)(g)2kb§4—28)(1+n) < b%b%n(l—é)gzk’

from which we obtain

’ / L4q M| < bib] 0 k.

Similarly, we have the estimate
—2(1=8 —y— — -4
/(1 +y4k)|$2kEL|2 < bl 2(1 )éDZK/ y4ky2(2L y 4k)yd ldy < b%’l(l )£2k;
y=Bi
hence, using (4-4) and (4-1), we get

1
As

1
9v,ql? \2 2 _
2 [ngz*e sbl( / %) ( / <1+y4k)|.$2k&|2) <bib1 1Dy,

From (4-48), (4-27) and (4-29), we have

1 1

3 . 2
< (/ IkaLIZ) (/ | (P, +M0d)|2)
< blb;’(l_S)(D@Zk + b1blL+(1_8)(1+n) v é2k.

In the same manner, we have the estimate

/(1 n y4)|$k+1&|2 < b1—2(1—8)(§2k/ ; y4y2(2L—y—2(k+1))yd—1 dy < bf"(l_s)@ﬂzk,
y=bi

‘ / LX(Ty +Mod) 25,

from which, together with (4-33) and (4-35), we get the bound

) ( 21 (2(q) +N(q))|2)5 (/(1 +y4)|,,gﬂk“&|2)é

1+ y*4
5 blb?(l_g)gzk + blbf+(1_8)(l+n) @

Collecting these final bounds into (4-51) yields

V L (M) + N(9) 2L

' / LX(B5q — 05E1). €L | S b1bT T g + by pETATIATD S (4-52)

Substituting (4-47), (4-49), (4-50) and (4-52) into (4-46) concludes the proof of (4-12) as well as
Proposition 4.4. O



166 TEJ-EDDINE GHOUL, SLIM IBRAHIM AND VAN TIEN NGUYEN

4C. Conclusion of Proposition 3.6. We give the proof of Proposition 3.6 in this subsection in order to
complete the proof of Theorem 1.1. Note that this section corresponds to Section 6.1 of [Merle, Raphaé¢l
and Rodnianski 2015]. Here we follow exactly the same lines as in that paper and no new ideas are
needed. We divide the proof into two parts:

Part 1: reduction to a finite-dimensional problem. Assume that for a given K > 0 large and an initial
time 5o > 1 large, we have (b(s),q(s)) € Sk (s) for all s € [sg, s1] for some 51 > s¢9. By using (4-1),
(4-8), (4-12) and (4-13), we derive new bounds on Vi(s), bi(s) for £ + 1 < k < L and &4 for
1 <m < L + 1, which are better than those defining Sk (s) (see Definition 3.2). It then remains to control
(Va(s), ..., Ve(s)). This means that the problem is reduced to the control of a finite-dimensional function
Va(s),...,Ve(s)), and then we get the conclusion (i) of Proposition 3.6.

Part 2: transverse crossing. We aim to prove that if (V1 (s), ...,V (s)) touches
{—1
A K K
asK(s):za(— 7 7 )
s2(1=6) s2(1-9)

at s = 51, it actually leaves Sk (s) at s = 51 for 51 > 50, provided that s is large enough. We then get
the conclusion (ii) of Proposition 3.6.

Part 1: reduction to a finite-dimensional problem. We give the proof of item (i) of Proposition 3.6 in this
part. Given K > 0, so > 1 and the initial data at s = s¢ as in Definition 3.1, we assume for all s € [s¢, 51],
(b(s),q(s)) € Sk (s) for some s1 > s9. We claim that for all s € [sg, 51],

Vi(s)] <5207, (4-53)

b (s)| < s~ UFn(1=6) forl +1<k <L, (4-54)
leJ(ngi:Vd) forh+2<m<{L+h

Som < 4% == (4-55)
1s72n=h=D=20=0)+Kn  for {4 h+1<m <k—1,

En < %KS—(2L+2(1—8)(1+71))’ (4-56)

Once these estimates are proved, it immediately follows from Definition 3.2 of Sk that if (b(s1), g(s1)) €
dSk (s1), then (Va, ..., Vy))(s1) must be in dSk (s1), which concludes the proof of Proposition 3.6(i).

Before going to the proof of (4-53)—(4-56), let us compute explicitly the scaling parameter A. To do so,
let us note from (2-51) and the a priori bound on U{; given in Definition 3.2

cr U 14 1
b =—4—= (@] .
1(s) s + s (2€—y)s+ (s1+”’)

Using (4-1) yields

Ao b o] (4-57)
A (20—y)s slten J°

from which we write

£ {02 7T A S ey
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We now integrate by using the initial data value A(sg) = 1 to get

/\(S)=(—) [14+0O@™M)] forso > 1. (4-58)
S
This implies
14
s 8 2 _
ST S (4-59)

Improved control of &k: We aim to use (4-12) to derive the improved bound (4-56). To do so, we inject
the bound of &k given in Definition 3.2 into the monotonicity formula (4-12) and integrate in time by
using A(sg) = 1: For all s € [sg, 51),

K s —QL+1+2(1-8)(1+n))
4k—d
&k (s) < CA(s) [@@zk(so) + (W + VK + 1) /SO A(z)¥k—=d T}

Using (4-59), we estimate

—(2L+14+2(1-86€)(1+
A’(S)4k—d ST ( ( )(1+n)) < S_[(zélek:yd) s T6(24Kk:yd)_(2L+1+2(1_8)(1+n)) dt
A(r)‘“‘_d ~
S0 K

0
< —@L+2(1-8)(1+1),

Here we used the fact that the integral is divergent because

L(4k—d 2yL
g—[ZL—i— 1+2(1=-81+n)] = L+(9L_>+oo(1) > —1.
20—y 20—y

Using again (4-59) and the initial bound (3-21), we estimate

£(4k—d)
50—y _ 10L¢

A(S)4k—déazk(s()) < (‘2_0 S 20—y < s—(2L+2(1—5)(1+7]))

for L large enough. Therefore, we obtain
K _ B K _ B
&u(s) < C (W + VK + l)s @L+2(1-8)(1+m) < 5 @L+2(1-8)(1+1))

for K = K(M) large enough. This concludes the proof of (4-56).

Improved control of &,,: We can improve the control of &,, by using the monotonicity formula (4-13).
We distinguish two cases:

Case 1: i+ 2 <m < {4+ k. From the bound of &, given in Definition 3.2 and b1 (s) ~ % we integrate
(4-13) in time s by using A(s¢) = 1 to find that

L d
@@2m(S)SCA(S)4m_d[é~azm(So)+\/K / T dx
S0

k(t)4m_d

K T—(2m—2h—1+2(1—8)—Cn)
+ dt |.
»/;o A(‘L—)4m_d i|
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Using the initial bound (3-21) and (4-59), we estimate

CA()*™ 4 Gy (s0) < 57 707 (4= D)

for s¢ large.
Using (4-59) and the identity
¢ d y 14 14
—2m—=)-(m-A+1-6—-Cn)=—=—-1+C — —h—-6—=
2£—y(m 2) (m—h+ m=—p -1 ”+2z—y(m 2
yé
<—1—-——4Cp<-—1,
= 22_)/4— n<

we estimate

o
)L(S)4m—d/s T
S

0

(2m—%)—(m—h+1—8—Cn)

/\(7:)4”’_‘1

N

drss—zfymm—d)/ 3ty @m—%)—(n—h+1-6-Cn) 4

50

¢ § ¢
<y Gm—a) [* 4T o am—a)
~ lte ™
S0

Similarly, thanks to the identity

{
T(4m—d)—(2m—2h—l+2(1—8)—C77)
-y
2y6
— y—1+Cnt+ L em-2h—25—y)<—1- > Lcp<-i,
20—y 20—y

we obtain

s —(2m—2h—142(1-5)—Cn)
A(S)4m_d/ T dt s S_ﬁ(“.m_d).
S

0 A(z)4m—d

Therefore, we deduce that
—@m—d) _ K am—a)
Eam(s) <C(1+VK)s 2= < 20—y

for K large, which yields the improved bound (4-55) fora+2 <m < { + h.

Case 2: £ +h + 1 <m <k—1. Proceeding as in the previous case, we arrive at

s p—[2m=2h-1+20-8)~(C+5 )] }
T

Erm(s) < CA(s)*m—4 |:5)2m (s0) + / A(z)4m—d

0
From the identity
L K K y
——(@4m—d)—(2m—-2h—142(1-86)— | C+— =—y—I14+(C+— ——(2m—-2h—-26—
2ﬁ_y(m ) (m +2(1-4) ( +2)n) Y +( +2)n+2£_y(m ¥)
2y(1-6) K
—14+— — -1 4-60
z+2£_y+C+2n>, (4-60)
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together with (4-59), we estimate

—[2m—2h—142(1-8)—(C+ £ )n]

St
A(s)4m—d / dt
N

0 A(T)4m_d

N
ss—“;‘?_‘yd)/ LS5 -em—2h—14201-8)—(C+5)n] 4.
50
< g~[2m—t—D+20-8)—(C+5)n] < 1 ~[2m—A-D)+2(1-8)-Kn]
~ — 4 .

Using (4-60), (4-59) and the initial bound (3-21), we derive
CA(s)* 4 &m(s0) < =7 < g~ On—t—D+20-8)—(C+5)n] - 1 g~l2m—h—1)+2(1-8)~Kn]

This concludes the proof of (4-55).

Control of the stable modes, by’s. We now close the control of the stable modes (by41,...,b1); in
particular, we prove (4-54). We first treat the case when k = L. Let

~ (qu’XBoAQ>
br =b - & =,
L=PLY TR0, 180A0)

Then from (4-31) and (4-56),
b —br| < b7 U0 Ve < by 1D,

and hence from the improved modulation equation (4-8),

N - - 1 - -
|(br)s + 2L —y)b1br| < b1|br —br| + W[C(M)\/cfzk + blL+(1 D < blL+1+n(1 8)
0

da b <
ds AZL—)/ ~ )LZL—)/

This implies
pL+1+n(1-0)
1

Integrating this identity in time from s and recalling that A(sg) = 1 yields

S by (.L.)L+l+7](l—8)
ALY d’)

BL(s) < CAs)2L (EL(so> + /

0

Using (4-31), b1(s) ~ L the initial bounds (3-20) and (3-21) together with (4-59), we estimate

S

L2L—y)

— 5¢Q2L—y) 5L¢
2y S0\ ¢ -5 1-8) ~30=y —L—n(1-§
A(s) ybL(SO)S(?) (s, 20—y +Sg( )Soz 7V <s n(1-8)
and
s p rL+1+n(1—8) eL—yy S e@L—y)
A(S)ZL_V/ 1(0) Y- T <s 20y / v 2ty ~Lm1mn(=8) go < omL-n(1-8)
S0 A(‘L') 14 S0
Therefore,

br(s) S |br(s)| + |br(s) —br(s)| S s7EM1=0)
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which concludes the proof of (4-54) for k = L. Now we will propagate this improvement that we found
for the bound of by, to all by forall £ +1 <k < L — 1. To do so we do a descending induction where the
initialization is for k = L. Assume the bound

k+n(1-6
|bi| < by FTID
for k + 1 and let’s prove it for k. Indeed, from (4-1) and the induction bound, we have

A —_—
‘(bk)s — (2k — V)stk <hEF by ] blf+1+’7(1 5).

df be ||
ds | \2k—vy

which implies
bk+ 1+n(1-4)
1

~ )LZk—y

Integrating this identity in time as for the case k = L, we end up with

K bl (T)k+1+n(1—8)

bi(s) < CAs)2 (bk o+ [

0 A(r)2k=y
where we used the initial bound (3-20), (4-59) and k > £ + 1. This concludes the proof of (4-54).
Control of the stable mode V1. We recall from (2-51) and (3-18) that

dr) < s~hk—n(=8)

Uy

bk:b£+s_k’ l<k<{, V=PU,

where P, diagonalizes the matrix Ay with spectrum (2-54). From (2-52), and (4-1), we estimate for
1<k<i-1,

s Ui)s — (Al < 1 Br)s + 2k = P)bibg = b | + U < s7HHE U,
From (2-53), (4-1) and the improved bound (4-54), we have
[s@e)s = (Adh)el < s (1(bi)s + 2k =y)brbe —besa| + [bea ) + U7 < 577070 .
Using the diagonalization (2-54), we obtain
sVs = DV 4+ O(s71079)), (4-61)
Using (2-54) again yields the control of the stable mode Vy:
(sV1)s] S 577079

Thus from the initial bound (3-20),

1-n(1-6)
— S0 - -8
sV (s)] < (—S ) seMV1(s0) +1 <5507,

which yields (4-53) for sg > so(n) large enough.
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Part 2: transverse crossing. We give the proof of item (ii) of Proposition 3.6 in this part. We compute
from (4-61) and (2-54) at the exit time § = 51

: ¢
%(Z |s§(1—3)vk(s)|2) - (SW(I_S)_I Z[g(l—S)Vif(S)+st(Vk)sD
S=81 k=2 s=s

k=2
T R N A P of -
=zl o))

[ 1
> — e, K)D LR )|2+0( T 5))}

L k=2

N —

S=51

1 1

1

where we used item (i) of Proposition 3.6 in the last step. This completes the proof of Proposition 3.6.

Appendix A: Coercivity of the adapted norms

We give in this section the coercivity estimates for the operator .# as well as the iterates of . under
some suitable orthogonality condition. We first recall the standard Hardy-type inequalities for the class of
radially symmetric functions,

Drag ={f €C (R?) with radial symmetry?}.

For simplicity, we write
+o0 d—1
[r=]" rowita

and
Dk — A" if k =2m,
9, A™ ifk =2m 1.
We have the following:
Lemma A.1 (Hardy-type inequalities). Let d > 7 and f € Draq. Then:

(i) (Hardy near the origin)

1 2 )2 1 2
|9y f1° _ (d—2-2i) f ,
/(; y2i =z 4 y2+zl _C(d)f (1) i=0,1,2.

(ii) (Hardy away from the origin for the noncritical exponent) Let a > 0, o # %(d —2). Then

TRy fIP_ (d—Qa+2)\ [T [
/1 y2e Z( 2 )/1 y2tae - Cld)f* ).
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(iii) (Hardy away from the origin for the critical exponent) Let o = %(d —2). Then

+o00 |8 f|2 1 +o00 f2
/1 yy2°‘ = 1/1 y2H22(1 + log y)2 @,

(iv) (general weighted Hardy) For any i >0, k > 2 an integer and 1 < j <k —1,

|D/ f]? <. |Dkf|2+ f?
1 4 yut2k=)) ~H o yu 1+ yr+2k’

Proof. The proof can be found in [Merle, Rapha&l and Rodnianski 2015, Lemma B.1]. O
From the Hardy-type inequalities, we derive the following coercivity of ./ *:

Lemma A.2 (weight coercivity of «7*). Let o > 0. There exists ¢ > 0 such that for all | € Dyyq,

| f1? |9y f1? f? .
[t =el | it [ marm) im0t @

Proof. We proceed in two steps:

Step 1: subcoercive estimate for &7*. We first prove the following subcoercive bound for «7*: for
i=0,1,2and a > 0,

| f1? f? 0,/
/yzi(1_|_y2a) Z/y2i+2(1+y2a) +/ y2i(1+y2a)_f ( ) /1+ 2i+2a+4" (A—2)

From the definition (2-7) of .&7* and the asymptotic of V' given in (2-8), we use an integration by parts to

estimate near the origin

[ iy R
y<1 y2i(1 +y2(x) ~ y<1 y21 y
9 2 a 2 2
Z/ | y;jl +d/ 2(1J—:-1) d / 21+2 ([ {i—z)
y<1 Y y<1 y<1)
>/ |yf|2+(2+21)d/ +df (1)+0(/ f—z)
~ 21+2 2i—2
y=1 y<1)

>/ (|3yf|2+ fz )_/ Y2£2,
~ v<1 y21 y21+2 y<1

Away from the origin, we use (2-8) to estimate

o* f|? 1 d—1—y > 2
L
y>1Y ’(l +y a) y>1 y21+2a y y>1 y2z+2a+
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We make the change of variable g = y¢~177 f and use the Hardy inequality given in part (ii) of
Lemma A.1 to write

6N el g dy— ()
o1 y2iT2a+2d=1-y) y= o1 y2it2et2(d=1-7) YR o1 y2it2at2d=1-y)+2 y—=8

> f—2 _ f2(1)
~ =1 y2i+2a+2 :

Gathering the above bounds together with the trivial bound from (2-8),

0, [ _ | f? n f?
o1 y2it2e ¥ [ e T [ Yait2a+2

yields the subcoercivity (A-2).

Step 2: coercivity of .«7*. We now argue by contradiction to show the coercivity of .&7*. Assume that
(A-1) does not hold. Up to a renormalization, we consider the sequence f; € Dyg With
2 9 2 o* 2
/ 5 Jn +/ O/l _ 1 ana /—L Ml 1 (A-3)
y 1+2(1 + yZa) y21 (1 + yza) y21(1 + y2¢x) n
This implies by (A-2),

2
2 /
In (1)+/W21. (A-4)

From (A-3), the sequence f, is bounded in Hlf)c.
there exists foo € Hl(l)C such that up to a subsequence,
Jo = foo in Hig,
and from the local compactness of one-dimensional Sobolev embeddings
Jo= foo i Lie,  fa(1) = foo(l).
This implies by (A-3) and (A-4),

fa() + S -SSR S - S (A-5)
o0 1+ p2it2ara ~ 0 A0 V221 4 y2a) ¥ -

which means that fo, 7# 0. On the other hand, from (A-3) and the lower semicontinuity of norms for the

Hence, from a standard diagonal extraction argument,

weak topology, we have

d*foo = O.
Hence, 5
= ——— for some 0.
fOO yd_lAQ IB #

Since AQ ~ y near the origin, we have

fe o et dy
<1 y2i+2 ~ <1 y2d+2i+2 Y= y<1 yd+2i+3 - ’

which contradicts the a priori regularity of foo given in (A-5). O
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We also need the following subcoercivity of 7.

Lemma A.3 (weight coercivity of «). Let p > 0andi =0, 1,2 such that |2p +2i —(d —2—2y)| #0,
where y € (1,2] is defined by (1-8). We have

| f? 19y f 7 f? f?
/ y2i(1 +y2p) Z / y2i(1y+ y2p) +/ y2i+2(1 +y2p) o |:f2(1) +/ 1+y2i+2p+4:|' (A_6)

Assume in addition that

(fPy)=0 if2i+2p>d—2y—2,

where @y is defined in (3-4). Then we have

|527f|2 |8yf|2 f2
/yZi(1+y2p) Z[y21(1+y2p) +/y2i+2(1+y2P)' (A-7)

Proof. The proof is very similar to the proof of Lemma A.2. We proceed into two steps. The first step is

to derive the subcoercive estimate (A-6). In the second step, we use a compactness argument to show the
coercivity of ./ under a suitable condition.

Step 1: subcoercive estimate for 7. From the definition (2-6) of & and the asymptotic of V' given in
(2-8), we estimate near the origin
f

E2i
B s 3 o
/y51 y2i(1+ y2P) ~/>1 y2i yf+= y +O(lyf1)
9, /1 R R N
Z/ySl 2 +/ <1 y2t? /y <1 )’2i+1 /ySl y22
|8 f|2 f2
< [y< +d-2 1)/ 21+2 _fz(l)_/ysl y2i—2

|ayf|2 / 2o, / -
> — + — — 1)— .
/ysl il B SR UR B

Away from the origin, we estimate from (2-8)

| f1? 1 Y\ 12
2i 2 2 2i+2 Iyf+=1) - 2i+2p+4-
y>1 Y2 (14 y2P) 7 Jysq y2H2P y y>1 y2tep

We make the change of variable g = y¥ f. From the assumption |2i +2p —(d —2—2y)| # 0, we use

2

the Hardy inequality given in part (ii) of Lemma A.1 to write

|8y(yyf)|2 _ |ayg|2 > g2 _ 2(1) > f2 _fZ(l)
b1 y2i+2p+2y - y>1 y2i+2p+2y ~ y>1 y2i+2p+2+2)/ g ~ b1 y2i+2p+2 :

Note also that we have the trivial bound from (2-8),

/ | f? +[ f? >/ |9y f?
b1 y21+2p b1 y2l+2p+2 ~ y>1 y21+2p'

The collection of the above bounds yields the subcoercivity (A-6).
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Step 2: coercivity of 7. Arguing as the proof of (A-1), we end up with the existence of foo 7 0 such that

/%
- <1 d & fx=0.

Hence, from the definition (2-6) of <7, we have

foo = BAQ for some S # 0.

If 2i +2p > d — 2y — 2, we use the orthogonality condition to deduce that

0= (foo.Pm) = B(AQ, xm AQ).

Thus, 8 =0. If 2i +2p <d —2y —2, we use the fact that AQ ~ 1/yY as y — 400 to estimate

A 2 d—ld e o _
/ |2i_Qi_|2y 2)’2/ yd=1-27-2i=2p zdyR/ vy ldy = +00,
y=1 VI T2+ y2P) 7 Jyxg y=1

which contradicts with the regularity of foo. |

From the coercivities of &7 and .&7*, we claim the following coercivity for .Z:

Lemma A.4 (weighted coercivity of . under a suitable orthogonality condition). Letk € N, i =0, 1,2,
and M = M(k) large enough. Then there exists cprx > 0 such that for all f € Dyyq satisfying the
orthogonality

(f,Pm)=0 if2i+2k>d—-2y—4,

where ®py is defined by (3-4) and h is given in (1-18), we have

/ 2 /( |0yy f12 L |0y f1? /12
y2i (1 + y2k) = M.k Y214 y2k) T 201 4 p2k+2) T 2i+2(] 4 y2k+2)

|2 f? EZis |f?
/yZi(l +y2k) ZCI"I’k/(yZi—FZ(l +y2k) +/ y2i(1 +y2k+4))' (A-9)

Proof. We proceed in two steps:

) : (A-8)

and

Step 1: subcoercivity of .. We apply Lemma A.2 to </ f with o = k and note that

0, (s F) = o/ (9, ) + ay(%)f,

to write
B0 S L A G B 1G5 |
/YZi(1+y2k)Z/y2i+2(1+y2")+/y2"(1+y2") (A-10)
> [ f 2 |0y (< )2

"'/yzi(1+y2k+2) /yZi(1+y2k)

A (YT _/ f1?
2/)’21.(14‘)’2]“_2)—i_/‘yz’.(l—i—yzk) y2i+2(] 4 y2k)’ (A-11)
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Applying Lemma A.3 to f with p =k + 1 and noting that the condition |2(k 4+ 1) +2i —(d —2—2y)| #0
is always satisfied (if not, we have d = 4 +2/(k + 1 4+1)2 +2 ¢ N), we have

o FI2 9. £12 2 2
/ 2i | f|2k+2 Z/ 2i | yf|2k+2 +/ 2i+2 ! 2k+2 _[f2(1)+/ £C+2i+6j|'
yH (1 + y2T2) y2 (1L + y#T2) yHT2(1 4 y2T2) I+y
We apply again Lemma A.3 to dy, f with p = k to estimate
(0 2 ad 2 9y f? 9y f?
SO [ oS P [ B IP [ ey [P ]
y21 (1+ yzk) y21 1+ yzk) y21+2(1 4 yzk) 1+ y2k+21+4

Injecting these bounds into (A-11) yields the subcoercive estimate for .,

/ |2 f1? >/ |9yy f1? +/ |9y f? +/ f?
y2i(1 + yzk) ~ y2i(1 + yzk) y2i(1 + y2k+2) y2i+2(1 + y2k+2)
2 2
- |:f2(1)+ |fy(1)|2+[ 1+y|J2(Jl;|+2i+4 +/ 1+y£c+2i+6]' (A-12)

Step 2: coercivity of .£. We argue by contradiction. Assume that (A-8) does not hold. Up to a
renormalization, there exists a sequence of functions f,, € Dyag such that

[ E [ 3y ul? . 1By fal? o 1N
y2i(1 + yzk) —n’ y2i(l + yzk) y2i(1 + y2k+2) y2i+2(1 4 y2k+2) ’
This implies by (A-12),

2 2 |9y fu|? 12
fn 1)+ |ayfn(1)| +/ m + y2(1 +y;k+2i+6) > 1. (A-14)

From (A-13), the sequence f, is bounded in Hlf,c.
there exists foo € HI%)C such that up to a subsequence,

fo— foo in HZ.,
and from the local compactness of one-dimensional Sobolev embeddings

o= foo in Hp.,

Hence, from a standard diagonal extraction argument,

and

(1) = foo(1), 3y fn(1) = 9y foo(1).
This implies by (A-13) and (A-14),

2+ 1oy footP 4 [ LSl fo 2
0o v Joo 1 + y2k+2i+4 y2(1 + y2k+2i+6) ~

which means that fo, # 0. On the other hand, from (A-13) and the lower semicontinuity of norms for the
weak topology, we deduce that f~ is a nontrivial function in the kernel of ., namely that

Dg/ﬂfoo:(),
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which implies
Joo = ul' + BAQ,
where ¢ and B two real numbers.
From (A-13) and the lower semicontinuity, we have

/ 12 < too
Y2F2(] 4 y2k+2)

Recall from (2-16) that " ~ 1/ yd ~1as y — 0. This yields the estimate

I? dy
2it2 2hF2) ~ 2itatrd—1 . TO%
y<1t YHTE(L+y272) y<r y
hence, u = 0.
From (2-5), we have AQ ~ 1/yY as y — 4o00. If 2i + 2k <d —2y — 4, we have

/ |AQ|2yd—1 dy >/ yd—1—2i—2k—4—2y dy >/ y—l dy = +o0;
y21 Y2F2(1 4 y2kt2) ™[5y T Jyz1 ’
hence, 8 = 0. If 2i + 2k > d — 2y — 4, we use the orthogonality condition to deduce

0= (foo, Pmr) = B(AQ, xm AQ),

which yields § = 0; hence fo, = 0. The contradiction then follows and the coercivity (A-8) is proved.
The estimate (A-9) simply follows from (A-8) and (A-10). O

We are now in a position to prove the coercivity of £ under a suitable orthogonality condition. We
claim the following:

Lemma A.5 (coercivity of the iterate of .#). Let k € N and M = M (k) large enough. Then there exists
cmk > 0 such that for all f € Draq satisfying the orthogonality condition

(f,.£"0y)=0, 0<m<k—h,

where h is defined as in (1-18), we have

Speaa(f) = / Piaatic
k—1

| (LR IP " f1? | (L™ )I?
ZCM,k§/ yz +n12=()/y4(1+y4(k—m))+z y6(1_+_y4(k—m—1))}' (A-15)

m=0

Proof. We argue by induction on k. For k = 0, we apply Lemma A.2 to & f with i =0 and o = 0, then
Lemma A.3 to f withi =1 and p = 0 to write

| f1? | f1? f?
o= [1zrpz [F5E L [FIE L [ 10
y y y
Note that we had to use the orthogonality condition { f, ®ps) when # = 0. In fact, the case # = 0 only

happens when d = 7. In this case, the condition 2 > d — 2y — 2 is fulfilled when applying Lemma A.2
withi =1and p =0.
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We now assume the claim for k£ > 0 and prove it for k 4+ 1. We have the orthogonality condition
(L") =0, 0<m<k+1—h.

Let g = .Z f, then we have
(g, 2" Py)=0, 0<m<k—nh.

By induction hypothesis, we write

/|$k+2f|2:/|$k+lg|2
k—1

k
- / | (L) Z / A { > |/ (L™ g)[?
~ 2 4 4(k— 6 4(k—m—1
y =) yH(1 4 yhem)) L y6(] 4 yalkmm=L))

k

W(fk“fnz o L™ f 2 |7 (L™ f)]2
/ Z/ 4(1+y4(k+1—m)) Z y6(1_|_y4(k—m))'

m=1

Note that we have the orthogonality condition { f, ®ps) = 0 when k > A — 1. The case k < A — 2 implies
d
dtrdk<d+4(E-L _§)—8<d—2y-a.
4 2
Hence, we use the coercivity bound (A-9) to derive

e LOTSNY S -
/y4(1+y4k)Z/y6(1+y4")+/y4(1+y4"+4)’

which concludes the proof of Lemma A.5. O

Appendix B: Interpolation bounds

We derive in this section interpolation bounds on ¢ which are the consequence of the coercivity property
given in Lemma A.5. We have the following:

Lemma B.1 (interpolation bounds). (i) Weighted bounds for q;: for 1 <m <K,

2k—1
|Qt
[ 1a2n+ > / T < COéan. (B-1)
(i) Development near the origin:
k
g=> ciTiei+rg. (B-2)

i=1
with bounds

lci| < V&,

19 rg] < Y25 )V, 0<j <2k—1, y<l.
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(iii) Bounds near the origin for q; and 9’ yq: fory <
lgai| + 0% ) < y =5+ lnyl"vé’zk for0<i<k-1,
i _d .
lq2i—1] + 103 gl Sy 2 Iy K& for1<i <k
(iv) Weighted bounds for 9’ yq: for 1 <m <K,

9,q1? <
Z 1+y4m 2i ~ 92m:

Moreover, let (i, j) € Nx N* with2 <i + j <2k. Then

/ 10041> _ (&om fori+j=2m, 1<m=<Kk,
1+ y2/ s VémN Eam+1)y fori+j=2m+1, 1<m<k-1.

(v) Pointwise bound far away: Let (i, j) e NxNwith 1 <i 4 j <2k—1. We have for y > 1,

B4 _ 1 (Em fori+j+1l=2m l=mz=k
i V472 | /Em [/ Eom+1) fori+j=2m, 1<m<k-—1.

Proof. (i) The estimate (B-1) directly follows from Lemma A.5.

(i1) For 1 <m <Kk, we claim that gok—25,, admits the Taylor expansion at the origin

m
qd2k—2m = Z Ci,m Tn—i +712m,
i=1
with the bounds

92 r2m| < V25 ()" VEm. 0<j<2m—1, y<l,

The expansion (B-2) then follows from (B-6) with m = k.
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(B-3)

(B-4)

(B-5)

(B-6)

We proceed by induction in m for the proof of (B-6). For m = 1, we write from the definition (2-7)

of o™,
dq

1 y
() = goke1 () = —/ g hO X dx 4 —
1 2k=1 yd—lAQ 0 2 yd_lAQ

Note from (B-1) that [ |gak—1]?/y? < &2k and from (2-5) that AQ ~ y as y — 0; we deduce that d; = 0.

Using the Cauchy—Schwarz inequality, we derive the pointwise estimate

1 1
1 y 2 y 2 d
()l = _yd (/ |Q2k|2xd_1 dx) (/ x2xd=1 dx) <y 2t /&, vy <l
0 0

We remark that there exists a € (%, 1) such that

lg2k—1(a)|* < |gok—1]* < &
1
y<
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We then define
r

y
r2(y) = —AQ / s

and obtain from the pointwise estimate of ry,

_d Ydx _ _a
R N o B L N )
a

By construction and the definition (2-6) of </, we have
ATy =711 =qok—1. Lr2 =" qak—1 = qak = LG2k—2.

Recall that Span(.¥) = {AQ, I'}, where I" admits the singular behavior (2-16). From (B-1), we have
f |g2k—2|?/y* < &x < +o00. This implies that there exists ¢ € R such that

qok—2 = c2AQ + 3.

Moreover, there exists a € (%, 1) such that

|g2k—2(a)|? S/I | |gak—2|* < &,
yI<1

which implies
_d
2l S Véak  gak—2| Sy T2 In(y)|Véw, vy <1

Since «7r, = ri, we then write from the definition (2-6) of &7,

r _d
|ayr2|s|r1|+‘; <y 2OV v <.

This concludes the proof of (B-6) for m = 1.
We now assume that (B-6) holds for m > 1 and prove it for m + 1. The term r,,, is built as follows:

2m—1

AQ

dx, ac (l 1).

-1 = —1 /y — AQX 1 dx = —AQ /y
2m—1 "2m—2 P 2m s
yd 1“Q 0 a 2

We now use the induction hypothesis to estimate

il = | s | ramAoxdta
r = r X X
2m+1 VT80 Jo 2m
1 Y 2m+i m
= = &2k X 2 |In(x)|" dx
y 0

y
< 2% Jan / 1) dx
0

_d
S y2m 2+1| ln(y)lm /(g)zk-
Here we used the identity

y
Im=/ In(x)]" dx < y|In(y)|"", m=>1, y<l.
0
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Indeed, we have /; = foy In(x)dx = yIn(y) —y < y|In(y)| for y < 1. Assuming the claim for m > 1,
we use an integration by parts to estimate for m + 1

y
Insr = /0 [InGO)]™ (¢ In(x) — x) dx

= [ =y = m Iy — Im—1) < y|In(y)["*.
Using an integration by parts yields

[, [In)}"+! ~ (@] *+1

X m+1

Hence, we have the estimate

, 2| m
lr2m+2| = ‘AQ/ fam i1 x'S)’zm_gH@/ [InCo)] d
a X
_d
<YE R In(y)| " V ak

By construction, we have

DTom+2 =Tom+1,  Lram+2 = Fam.

From the induction hypothesis and the definition (2-19) of Ty, we write

m m
LGak-2m+1) = G2k—2m = Y _ CimTm—i +72m =Y _ cimLTmi1-i + Lram+2.
i=1 i=1

The singularity (2-16) of I" at the origin and the bound fy <1 1@2k—2(m+1) |2/y% < &y allows us to deduce

m
d2k—2(m+1) = Z CimTm+1—i + C2m+2A0 + ram+2.
i=1

From (B-1), we see that there exists a € (3. 1) such that
|g2k—20m+1)(@)* S / 1 |gak—20m+1)|* S G2k
y<

Together with the induction hypothesis |c; | < +/&2k and the pointwise estimate on r2,, 42, we get the
bound |cam+2| < v/ Eak-

A brute force computation using the definitions of ./ and «7* and the asymptotic behavior (2-8) ensure
that for any function f,

3 f = ZP,,,f,, 1P j| S (B-7)

i=0
and we estimate

J -4
2m—+2—i 2|ln(y)|m+1

|3’r2m+2|<2|r2m+2 il <\/_Zy
y/
i=0

This concludes the proof of (B-6) as well as (B-2).

_d_;
<32 ()"

y/
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(iii) The proof of (iii) directly follows from (B-6).
(iv) We have from (B-7),

q|<z|

jOy

and thus, using (B-1) and the pointwise bounds given in part (iii) yields

q|2 2m—1 2m—1 q|2
2
Z/HW o TR
2m—1 i |q
so@zmwzk/ yinyKdy+ > Z/ T S G,
<1 i=0 j=0 >1)

which concludes the proof of (B-3).
The estimate (B-4) simply follows from (B-3). Indeed, if i + j = 2m with 1 <m <K, we have

Wal2 [ 10haP
1_|_y2j_ 1+y4m —2i

~ é[)2m~

Ifi+j=2m+1with1 <m <Kk-—1, we write
> 1P il 2 gl \
1+y2j - 1+y4m 2042 ™~ 1+y4m —2i 1+y4m 2i+4
S VEamA E2(m+1)-

(v) Leti,j >0with1 <i+ j <2k—1. Then2 <i + j + 1 < 2k and we conclude from (B-4) that for

y=1,
ag}_?Z< / ax (a q)z ol < 1 /+oo |a q|2+/+oo |a§c—HQ|2
yJ ~ v x2J ’”yd—z x2j+2 v x2J
1 Erm fori+j+1=2m, 1 <m<Kk,
y4=2 | /Eom Vém+ry fori+j+1=2m+1, 1<m<k-1. O

Appendix C: Proof of (4-22)
We give here the proof of (4-22). Before going to the proof, we need the following Leibniz rule for zk.

Lemma C.1 (Leibniz rule for .#%). Let ¢ be a smooth function and k € N, we have

k+1
LG =D ombrktz,om + Z fam+1$2k+2,2m+1 (C-1)
m=0 m=0

k k
LG =) fmtrdrksromir+ Y frm$oki1om: (C-2)
m=0 m=0
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where for k = 0,

1,0 =-0yp, ¢11=29,

d—1+2V
¢2,o=—8§¢—fay¢, $2.1 =20y¢. ¢22 =9,

and fork > 1,
$2k+1,0 = —0y P2k 0.
Gok+1,2i = —0yPok2i — P2k 2i—1, 1 =i =<k,
d—14+2V )
Dok +1,2i+1 = P2k 2i + #¢2k,2i+1 —0yPokiv1, 0=<i=<k-—1,
G2k +1,2k+1 = P2k,2k = P,
d—14+2V
$2k+2,0 = 0y P2k 41,0 + #¢2k+1,0,
d—1+2V .
D2k +2,2i = P2k +1,2i—1 T 0yPok41,2i + #¢2k+1,2i7 1 <i <k,

Gok42,2i4+1 = —P2k+1,2i T 0yPokt1,2i41. 0=i =<k,
Dok 42.2k4+2 = P2k +1,2k+1 = .

Proof. We use the relations

S (@) = ¢ [ =0yf, TN@f) = ¢ [ +0y0f,
St f = d—1y+2Vf
to compute
S (Bf) = /19 + [(=0y9).
L($f) =TS (9f) = f¢+ [120,0) + f (—a§¢ - ‘H+2V8y¢),

which is the conclusions of (C-1) and (C-2) for k = 0.

183

Assume that (C-1) and (C-2) hold for k € N;; let us compute for k — k + 1. Using (C-1), we write

Kt o koo d-142v
LD =Y A fambrkr2om)+ Y | = + ——— | fam+1P2k42.2m 41
m=0 m=0 Y
k+1
=Y A am+102k12.2m + fom(—0y$ak+2.2m)}
m=0
k
+ Y 3 fomra(—ak42.2mr1) + Som+1(=0y B2k 12.2m+1)

m=0

d—14+2V
+ fom+1 (f¢2k+2,2m+1)§
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d—1+2V

Jam+1 (¢2k+2 2m = 0yPok 42 0m+1 + ¢2k+2,2m+1)

2m( 0y P2k +2,2m — DP2k+2,2m+1) + Jak+3P2k+2,2k+2 + [ (=0yP2642,0)s

which yields the recurrence relation for ¢px 43, ; with 0 < j <2k + 3.
Similarly, we write Z5T2(¢f) = o* [ ¥ 1 (¢ )] and use the formula (C-2) with k + 1 to obtain
the recurrence relation for ¢ 44 ; with 0 < j <2k + 4. O

Let us now give the proof of (4-22). By induction and the definition (3-13), we have
k—2 k—2

0:Z
K—1 . m k—2—m t£&A k—2—m
B 2f =Y 2 (0. L)L) = Y 2 ( et )
m=0 m=0
Noting that
0:Z)  biAZ
r2 24y

we make a change of variables to obtain

1 P gk—l 2 b% 1
12(14_),2)” I} Jv] T p4k—d+2 1+ y2

b2
A4k A 4k—d+2 Z/1+y

For m = 0, we use (4-21) and (4-20) to estimate

/ 1 A_ng—zq
1+ y2 ]\ y?

Form=1,...,k—2, we apply (C-1) with
_AZ  (d—1)Acos(20)

k—2

AZ
Z gm (_zgk—Z—mq)

y

y

2

2

2 2
< |92k—4] <

y? y?
and note from (2-4) that
! < ! keN* 0<i<2k

P S 1 y2r+2+@k=i) ~ ]y ya+@k=i)’ €N, Uzt =2k,

which yields
2 2m
/ 1 (Azgk2m) <Z/ G < S
2 ~ 10+(4m—2 :
I+y 2 =) (14 ylottam=20) ™~

Thus,

b2
2 1
\/)&2(1‘1‘ 2)|[ tvg ]U| §A4k—d+2é()2k'
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Similarly, we use (C-2) to get the estimate

_ b?
/W[a,,g{ M| < Mk_—ldﬂ(fzk.

This concludes the proof of (4-22).
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