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BOUNDARY BEHAVIOR OF SOLUTIONS TO
THE PARABOLIC p-LAPLACE EQUATION

BENNY AVELIN, TuoMO KuUuSI AND KAJ NYSTROM

We establish boundary estimates for nonnegative solutions to the p-parabolic equation in the degenerate
range p > 2. Our main results include new parabolic intrinsic Harnack chains in cylindrical NTA domains
together with sharp boundary decay estimates. If the underlying domain is C ! -regular, we establish a
relatively complete theory of the boundary behavior, including boundary Harnack principles and Holder
continuity of the ratios of two solutions, as well as fine properties of associated boundary measures. There
is an intrinsic waiting-time phenomenon present which plays a fundamental role throughout the paper. In
particular, conditions on these waiting times rule out well-known examples of explicit solutions violating
the boundary Harnack principle.

1. Introduction and results

This paper is devoted to a study of the boundary behavior of nonnegative solutions to the p-parabolic
equation, in the degenerate range p > 2. We restrict the analysis to space-time cylinders Q7 = Q x (0, T),
T > 0, where 2 C R” is a bounded domain, i.e., an open and connected set. Given p, 1 < p < oo, fixed,
recall that the p-parabolic equation is

Ot — Apu := dsu—V - (|Vu|P~2Vu) = 0. (1-1)

In the special case p = 2, the p-parabolic equation coincides with the heat equation, and in this case
we refer to [Kemper 1972; Salsa 1981], and also [Fabes et al. 1984; 1986; 1999; Fabes and Safonov 1997;
Garofalo 1984; Nystrom 1997] concerning the boundary behavior of nonnegative solutions. Key results
established in these works, in the context of Lipschitz-cylinders 27, include Carleson-type estimates,
the relation between the associated parabolic measure and the Green’s function, the backward-in-time
Harnack inequality, boundary Harnack principles (local and global) and Holder continuity up to the
boundary of quotients of nonnegative solutions vanishing on the lateral boundary.

On the contrary for p # 2, 1 < p < oo, much less is known concerning these problems and we refer
the reader to [Avelin 2016; Avelin et al. 2016; Kuusi et al. 2014] for accounts of the current literature.
For a relatively complete picture in the case of nonlinear parabolic operators with linear growth, we refer
to [Nystrom et al. 2015]. However, it is also important to mention that there is interesting and related
recent literature devoted to the asymptotic and pointwise behavior of solutions to nonlinear diffusion

MSC2010: primary 35K20; secondary 35K65, 35B65.
Keywords: p-parabolic equation, degenerate, intrinsic geometry, waiting time phenomenon, intrinsic Harnack chains, boundary
Harnack principle, p-stability.
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equations on bounded domains; see [Stan and Vazquez 2013], and also [Bonforte and Vizquez 2015] for
the porous medium-type equations.

Considering nonnegative solutions to the p-parabolic equation, for p in the degenerate range p > 2, it
is a priori not clear to what extent and in what sense the above-mentioned results can hold. Indeed, on
the one hand we have to account for the lack of homogeneity of the p-parabolic equation, and on the
other hand we have to account for the fact that in the degenerate regime the phenomenon of finite speed
propagation is present. As a matter of fact, simple examples show that in this case there are, compared to
the case p = 2, much more delicate waiting-time phenomena to take into account.

To discuss the aspects of the waiting time phenomena further, we here first briefly describe some
by now classical results in the case p = 2; see [Fabes et al. 1986; Salsa 1981]. Assume that € is,
say, a Lipschitz domain, that xo € 9Q and let A+ := (a,(xo), o & r?), where a,(xg) is an interior
point of © with distance to the boundary comparable to r. Assume also that # and v are nonnegative
caloric functions in 7, i.e., functions satisfying (1-1) with p = 2 in Q7, vanishing continuously on
(02 N By (x0)) x (tg — r% tg + r?), where B, (x¢) C R" is the standard Euclidean ball of radius r and

centered at xo € R”. Then
_qu(4-) < u(x,1) < Cu(A+)’
v(A1) T v(x,t) v(A-)

1-2)

for a universal constant ¢, whenever (x,7) € (2 N B, /5(x0)) X (to — (r/ 2)2,to + (r/2)?). However, in
general an estimate like (1-2) dramatically fails in the case p # 2. To see this, recall the following two
classical solutions, see, e.g., [Avelin et al. 2016], in the case when 2 := R*1 x {xn 1 xp >0}

u(x,t)=cp(T — t)_l/(p_z)xf/(p_z), v(x,1) = xp. (1-3)

In view of the examples in (1-3) it is not clear under what conditions the boundary Harnack principle
in (1-2) could hold. Let us make a few observations. When defining « as in (1-3), we see that the larger
we take T, the longer the solution u exists and the smaller its pointwise values become at a fixed time
t < T. If we wish to show an estimate as in (1-2), we need to be able to rule out examples like # in (1-3);
see also some other examples in [Avelin et al. 2016]. We do this by simply requiring, for (x,7) € Qr
fixed, that

T —t> Cou(x,1)*> Pd(x,dQ)? (1-4)
for a large enough constant Cy. It is easily seen that the solution u in (1-3) does not satisfy (1-4) at any
point (x,7) € Q7 if we require Co > ¢? 2.

In this context, and for the p-parabolic equation, it is here natural to make a link to the by-now classical
method of intrinsic scaling due to [DiBenedetto 1993]. The intrinsic scalings define the canonical
geometry in which weak solutions to the p-parabolic equation become homogenized in a sense to be made
precise. Indeed, in this geometry we consider, instead of the standard parabolic cylinders, intrinsically
time-scaled cylinders of the type

Q7 (x,1) 1= Br(x) x (6,1 +277PrP),

A= ).
Qﬁ"_(x,t) =B, (X)X (t —A*"PrP 1), u(x, 1)
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These kinds of intrinsic cylinders appear naturally in the context of Harnack inequalities, oscillation
reduction estimates, and decay estimates, and define the correct geometry in our setting.

The main goal of this paper is to study to what extent the theory developed in [Fabes et al. 1986; Salsa
1981] generalizes to the case p > 2, under suitable intrinsic conditions. We have already seen that it rules
out the pathological examples like u# in (1-3). In fact, we prove that (1-4) is a sufficient condition for
developing a rather general theory concerning the boundary behavior of nonnegative solutions to the
p-parabolic equation. For instance, (1-4) allows us to prove a counterpart of (1-2) valid for 2 < p < o0;
see Theorem 9.4 below.

1A. Summary of results. We will now give an informal summary of our results. The precise statements
can be found in the body of the paper.

Harnack chains. Fundamental tools in the study of the boundary behavior of nonnegative solutions are the
Harnack inequality and Harnack chains. Harnack chains allow one to relate the value of nonnegative solu-
tions at different space-time points in the domain. For p = 2 the Harnack inequality is homogeneous and,
roughly, to control the values of the solution in a ball of size r requires a waiting time comparable to 2. For
p > 2 we have to use an intrinsic version of the Harnack inequality [DiBenedetto 1993; DiBenedetto et al.
2012]. In particular, the intrinsic Harnack inequality states, see Theorem 3.1, that if we have a nonnegative

solution u to the p-parabolic equation in Q7, with (x,?) € Q7, and Qﬁix’t)/ T (x,1) C Qr, then

T
u(x,t) <Cy, inf uly,t+ rP,
( ) hyeBr(x) (y |:u(x,t)i| )

provided that ¢ + [c;,/u(x, t)]?~2rP < T. The intrinsic waiting time required in this Harnack inequality is

consistent with the condition stated in (1-4). In Section 3 we develop a sequence of Harnack chain estimates
and the goal of that section is twofold. First, we want to establish estimates applicable in cylindrical NTA
domains; see Definition 2.1. Second, we want to establish a p-stable counterpart of the sharp Harnack
chain estimate proved by Salsa [1981, Theorem C], which in the case p = 2 can be written as

—_ |2 _
u(y,s) <u(x,t) exp[C('X | + =3 + 1)i| (1-5)
t—s k

where k =min{1, s, d(x,dQ)% d(y, 9Q)2}, s <t,and (x, 1), (v, s) € Q7. To do this we develop Harnack
chains based on the weak Harnack inequality proved in [Kuusi 2008], see Theorem 3.2 below, valid for
supersolutions to the p-parabolic equation. As truncations of our solutions are supersolutions to (1-1),
we are able to control the waiting times more precisely by adjusting the levels at which the solutions are
truncated. This is in sharp contrast to the Harnack chains developed in [Avelin 2016; Avelin et al. 2016]
for which there is very little control over the waiting time. Our approach to Harnack chains has at least
three advantages. First, it allows us to construct Harnack chains starting from the measure u(x, ty) dx at
the initial time #y. Second, it allows us to develop a flexible Carleson estimate, see Section 4, generalizing
the one in [Avelin et al. 2016] and which, in addition, remains valid in the context of time-independent
NTA cylinders. We note that although the Carleson estimate proved in [Avelin 2016] is valid in the setting
of time-independent NTA cylinders, a difference compared to the results in this paper is that the Carleson
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estimate proved there is not p-stable as p — 2. Third, we develop a version of (1-5) which is p-stable in
the sense that we recover (1-5) as p — 2. To establish this Gaussian-type behavior for p > 2 is technically
rather involved.

Estimates of associated boundary measures. In the study of the boundary behavior of quasilinear equations
of p-Laplace type, certain Riesz measures supported on the boundary and associated to nonnegative
solutions vanishing on a portion of the boundary are important; see [Lewis and Nystrom 2007; 2010].
These measures are nonlinear generalizations of the harmonic measure relevant in the study of the Laplace
equation and the Green’s function. Corresponding measures can also be associated to solutions to the
p-parabolic equation. Indeed, let u# be a nonnegative solution in 27, assume that u is continuous on
the closure of 7, and that u vanishes on 9,27 N O with some open set Q. Extending u to be zero
in Q \ Qr, it is straightforward to see that u is a continuous weak subsolution to (1-1) in Q. Using this,
one can conclude that there exists a unique locally finite positive Borel measure u, supported on S7 N Q,
such that

/u8,¢>dxdl—/ |Vu|p_2Vu-V¢dxdt=/ odu (1-6)
o o o

whenever ¢ € C°(Q). In Section 5 we establish, in cylindrical NTA domains, both upper and lower
bounds for the measure j in terms of u. If  is smooth, then dju = |Vu|?~! dH"~! d¢. Based on this,
the lower bound established on w can be interpreted as a nondegeneracy estimate, close to the boundary,
of the solution. Our proof of the lower bound for the measure p is a modification of the elliptic proof; see
for example [Avelin and Nystrom 2013; Kilpeldinen and Zhong 2003]. However, our proof is genuinely
nonlinear, it applies to much more general operators of p-parabolic type, and the result seems to be new
already in the case p = 2.

A “complete theory” in C'!-domains. We establish a “complete theory” concerning the boundary
behavior of nonnegative solutions in Q7 in the case when Q is a C!*!-domain. As comprehensive
literature is missing, we in Sections 8 and 9 develop both a local, as well as a global, theory of boundary
behavior in C1-!-cylinders. In the global setting we are able, as in [Fabes et al. 1986] with corresponding
estimates in the case p = 2, to give a rather complete picture. For nonnegative solutions vanishing on the
lateral boundary, our results include a global boundary Harnack principle and Holder continuity of ratios.
On the other hand, in the local setting we prove a new intrinsic local boundary Harnack principle. In
the context of C!>!-cylinders we are also able to show that the boundary measure in (1-6) is mutually
absolutely continuous with respect to the surface measure in a suitably chosen intrinsic geometry. The
results in Sections 8 and 9 are obtained by combining Harnack chains and Carleson estimates with explicit
barrier constructions from Section 6 and decay estimates from Section 7.

2. Notation and preliminaries

Points in R”*! are denoted by x = (x1,...,Xxp,t). Given a set £ C R", let E, 0E, diam E, E€, E°,

denote the closure, boundary, diameter, complement and interior of E, respectively. Let - denote the

1/2

standard inner product on R”, let |x| = (x-x)'/“ be the Euclidean norm of x, and let dx be the Lebesgue
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n-measure on R”. Given x e R? and r > 0, let B,(x) ={y e R" : |x — y| <r}. Given E, F C R", let
d(E, F) be the Euclidean distance from E to F. When E = {y}, we write d(y, F). For simplicity, we
define “sup” to be the essential supremum and “inf” to be the essential infimum. If O C R” is open
and 1 < ¢ < oo, then by W14(0) we denote the space of equivalence classes of functions f with
distributional gradient V ' = (fx,...., fx,) and both f and V f are ¢-th power integrable on O. Let

I/ lwiacoy =1/ zacoy + 11V flliLacoy

be the norm in W 14(0), where || - |l La(0) denotes the usual Lebesgue g-norm in O. We define C;°(0)
to be the set of infinitely differentiable functions with compact support in O and we let Wo1 “4(0) denote
the closure of C$°(0) in the norm | - [ 1.4(g). We define Wkl)c’q(O) in the standard way. By V- we
denote the divergence operator. Given t; < t, we denote by L9(t;,t,, W 14(0)) the space of functions
such that for almost every ¢, #; <t < t,, the function x — u(x, ) belongs to W 1-4(0) and

15 1/q
lull Lagr, 0. 1.a(0) = (/ /O(Iu(x,t)lq + |Vu(x,t)|q) dx dz) < 00.
151

The spaces L9(t1,t;, Wol’q(O)) and Lﬁm(tl 1, W];éq(O)) are defined analogously. Finally, for 7 C R,
we define C(/; L9(0)) as the space of functions such that # — |lu(z, - )||La(0) is continuous whenever

t € I. We define Cioc(I; L (0)) analogously.

loc

2A. Weak solutions. Let 2 C R" be a bounded domain, i.e., a connected open set. For #; < t,, we let
Q¢ 1, =2 x(t1,12). Given p, 1 < p < oo, we say that u is a weak solution to

dru—Apu=0 2-1)

(1,12, W27 ()) and

inQy ,ifuell oo

loc

/ (—u dsp + |VulP"2Vu-Vp)dx dr =0 2-2)
1.1

whenever ¢ € C5°(24,,1,). If u is a weak solution to (2-1) in the above sense, then we will often refer
to u as being p-parabolic in Q;, s,. For p € (2, 00) we have by the parabolic regularity theorem, see
[DiBenedetto 1993], that any p-parabolic function u has a locally Holder continuous representative. In
particular, in the following we will assume that p € (2, c0) and any solution u is continuous. If (2-2)
holds with “="replaced by “>" (“<”) for all ¢ € C5°(2¢,,1,), ¢ = 0, then we will refer to u as a weak
supersolution (subsolution).

2B. Geometry. We here state the geometrical notions used throughout the paper.

Definition 2.1. A bounded domain €2 is called nontangentially accessible (NTA) if there exist M > 2
and rg such that the following are fulfilled:

(1) Corkscrew condition: for any w € 02, 0 < r < ry, there exists a point a,(w) € 2 such that

M~ <la,(w)—w|<r, da,(w),dQ)>M!r.
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(2) R™\ Q satisfies (1).

(3) Uniform condition: if w € 022, 0 <r < rg, and wq, w, € B, (w) N 2, then there exists a rectifiable
curve y : [0, 1] = Q with y(0) = wq, y(1) = w,, such that

(@ H'(y) < M|w; —wy|,
(b) min{H'(y([0,2])), H' (y ([, 1]))} < M d(y(¢), dS2) for all £ € [0, 1].

We choose this definition as it very useful when we explicitly construct the parabolic Harnack chains
in Section 3; see specifically Theorem 3.5. The values M and r will be called the NTA constants of €2.
For more on the notion of NTA domains we refer to [Jerison and Kenig 1982].

Definition 2.2. Let 2 C R” be a bounded domain. We say that 2 satisfies the ball condition with
radius ro > 0 if for each point y € 9 there exist points x* € Q and x~ € Q¢ such that B,,(x") C @,
By (x7) C QS 0By, (xT)NIQ = {y} = 3By, (x~) NI, and such that the points x* (), x~(»), y are
collinear for each y € 9€2.

Remark 2.3. It is easy to see that a domain satisfying the ball condition with radius rg > 0 is an NTA
domain with a constant M and ry. In particular, we may canonically choose

I"X+

Ar\Xg) .= X T

since the direction given by (x* — x¢)/|x* — x¢| is unique. The exterior corkscrew point is defined
analogously.

Remark 2.4. Let  C R” be a bounded domain. Then 2 is a C'>! domain if and only if it satisfies the
ball condition. For a proof of this fact, see for example [Aikawa et al. 2007, Lemma 2.2].

2C. The continuous Dirichlet problem. Assuming that €2 is a bounded NTA domain one can prove, see
[Bjorn et al. 2015; Kilpeldinen and Lindqvist 1996], that all points on the parabolic boundary

0,7 =STU(S_2X{O}), St =902 %[0, T1],

of the cylinder Q7 are regular for the Dirichlet problem for (2-1). In particular, for any f € C(3,Q271),
there exists a unique Perron solution u = ujs,zT € C(Q7) to the Dirichlet problem d,u — A pu=01in Qr
and u = f on 0,Qr.

3. Harnack chains

In this section we prove a sequence of results concerning intrinsic Harnack chains. Forward-in-time
chains describe the diffusion with an appropriate waiting time. On the other hand, backward-in-time
chains say that if the solution has existed for a long enough time, the future values will control the values
from the past as well. Throughout the section we let 2 C R” be a bounded domain and given 7" > 0 we
let Q7 = Q2 x(0,7).
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3A. Local Harnack inequalities. We here collect two estimates from the literature. The following
theorem can be found in [DiBenedetto 1993; DiBenedetto et al. 2008; 2012].

Theorem 3.1. Let u be a nonnegative p-parabolic function in Qr, let (xg,ty) € Q7 and assume that
u(xg, tg) > 0. There exist positive constants cy, and Cy, depending only on p, n, such that if B4, (xg) C 2
and

(to —0(4r)? 10 + 0(4r)P) C (0, T,
where 0 = (cp/u(xg,19))? 2, then

u(xg.t9) < Cp inf u(-,t9+0r?).
By (x0)

The constants ¢y, and Cy, are stable as p — 2 and deteriorate as p — oo in the sense that cp(p), Cp(p) — 00
as p — oo.

The next theorem is instead valid for nonnegative weak supersolutions. See [Kuusi 2008] for the proof.

Theorem 3.2. Let u be a nonnegative weak supersolution in By, (xo) X (0, T). There exist constants
Ci =Ci(p,n), i =1,2, such that

1/ Cir? 1/(p-2)
][ u(x,zl)dxf—( 1 ) + Cyinfu
By (x0) 2\T -1, 0

for almost every 0 <ty < T, where Q := By, (xo) X (t1 + T1/2,t1 + T1), and

2—p
T, =min{T—t1,C1r1’(][ u(x,tl)dx) }
By (x0)

In particular, if Ty < T —tq, then

][ u(x,t1)dx <2C,infu.
Br (xo) 0

3B. Forward Harnack chains. We begin by describing a simple Harnack chain for weak supersolutions.

Lemma 3.3 (weak forward Harnack chains). Let Q C R" be a domain and let T > 0. Let x, y be two
points in Q and assume that there exist a sequence of balls { By, (Xj)}j.;o such that xo = x, x; =y,
B4y (xj) CQforall j =0,...,kand xj11 € By(xj), j =0,...,k—1. Assume that u is a continuous
nonnegative weak supersolution in Q with

A= ][ u(x,t9)dx > 0.
By (xo)
There exist constants ¢; = ¢i(p,n) > 1, i € {1, 2}, such that if
k
lo+ A PrP <T, v :=¢ Zc_’é(p_z),
j=0
then

][ u(x,to)dxfééchl inf  wu(z, to+ tx A2 PrP).
B, (x) z€B2, ()

Furthermore, the constants ¢;, i € {1,2}, are stable as p — 2t In particular, when p = 2, we have
7 =c1(k + 1) withcy = ¢1(n).
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Proof. Using Theorem 3.2 we first get

A _
— < inf  u(z.ty), t:=ty+ CiA*PrP, 3-1
20 = zen) (z.t1), 4 0 1 (3-D

Define then
uj =min(u, Aj), Aj:= (2C,) /A, tig1:=1t + ClAjz._prp

for j ={1,...,k—1}. Assume inductively that for #;,.; < T we have
By (xi) C Byr(xi—1)

and
ui(z,t;) = A; for z € By(x;)

hold fori € {0, ..., j}. For j =1 this is certainly the case as we see from (3-1). Since u; is a nonnegative
weak supersolution, Theorem 3.2 gives us

A
A 1:—15 inf  wui(z,tjyq),
It 2C2 Z€B2r(x]') ]( I+ )
and hence also
uj+1(z.tj+1) = Aj1 forz € Br(xj41).
This proves the induction step. By the construction,

inf wui(z,ty) =A
et k(z. 1) k

holds. Thus, applying Theorem 3.2 one more time we get

inf  u(z,7) > (2C,) " K+DA,

z€Bs (¥)
with i | )
[i= fo + Cl Z(ZCz)J(p_z)AZ_pVP.
j=0
Setting ¢; = C; and ¢, = 2C, completes the proof of the lemma. O

For p-parabolic functions we have the following pointwise version of Lemma 3.3.

Proposition 3.4. Let Q C R” be a domain and let T > 0. Let x, y be two points in Q2 and assume
that there exists a sequence of balls {Bg4, (xj-)}j.;o such that xo = x, x =y, Byy(x;) C Q for all
J=0,....k,and xj 1 € By(xj), j =0,...,k—1. Assume that u is a nonnegative p-parabolic function
in QT and assume that u(x,ty) > 0. There exist constants ¢ = c(p,n) and ¢; = c1(p,n, k) > 1 such
that if

p—2
to— [ —2 @) > 0. 1o+ c1(Kyux.10)>Pr? < T,
u(x,ty)

then

u(x.to) <c® inf u(z 1o+ ci(k)u(x.10)> PrP).
z€B,(¥)
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Furthermore, ¢y satisfies the estimate
ik < ¢y <&k + ek FDP=2),
with ¢1 = ¢1(p,n) and ¢1(p,n) — ¢1(n) as p — 2.
Proof. After applying Theorem 3.1 once, the result follows from Lemma 3.3. O

We next focus on cylindrical NTA domains. The first theorem, Theorem 3.5, holds for weak supersolu-
tions and shows how to bound the values of a solution at points close to the boundary using pointwise
interior values. A remarkable fact of the proof is that the waiting time is explicitly defined and, as p — 2,
it gives a supersolution version of [Salsa 1981, Theorem C], as alluded to in the Introduction; see (1-5).
The proof uses heavily the assumptions on NTA domains and iterations of Lemma 3.3.

Theorem 3.5. Let Q@ C R" be an NTA domain with constants M and rg, let xo € 02, T > 0 and
0 <r <rg. Let x, y be two points in Q@ N B, (xq) such that

0:=d(x,0Q)<r and d(y,BQ)zﬁ.

Assume that u is a nonnegative continuous weak supersolution in Qr, and assume that

A= ][ u(z,ty)dz > 0. (3-2)
BQ/4(X)
Let § € (0, 1]. Then there exist positive constants ¢; = ¢;(M, p,n), i € {1,2,3}, such thatif ty+ 1t < T,
where
—c3/8 2—p
7:=6P71 (c2_1/8 (i) A) r?,
0

then

18’ /8
][ u(z, tg)dz < cl/ (—) inf  u(z, to+ 7).
Bg/a(x) o 2€Br/16(»)

Furthermore, the constants c;, i € {1,2, 3}, are stable as p — 2.

Proof. We split the proof into three steps.

Step 1: parametrization of the curve connecting x and y. According to the uniform condition (3) in
Definition 2.1, we can find a rectifiable curve y connecting x and y such that y(0) = x, (1) = y, and

(@ H'(y) < M|w; —wy|,
(b) min{H' (y([0,2])). H' (y([z. 1]))} < M d(y (1), d) for all € [0, 1].

We call a ball B C Q admissible if 4B C 2 and is thus eligible for the Harnack inequality. Our goal
in this step is to construct a sequence of admissible balls covering the curve y. In the following we
may, without loss of generality, assume that H!(y ([0, 1])) > 27%r. We define 7,7, € (0, 1) such that
H'(y([0,7])) =27°r and H'(y([f2,1])) = 27°r. The technical part will be in the interval (0,7;). To
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continue we choose k as the integer which satisfies 2757 € (0/16, 0/8]. We define sequence of real
numbers {s; } through

H'(y((0,5;) =27 H' (y (0, 41])) :=27¥°Hr, 59 =0

Then, for any s € s, 5;41), (a) and (b) imply
—k+j=5,
d(y(s),0) >
and
H'(y(Isy.s741) = 27473
Thus, defining
0j i=N"127kHi=5, N eN, N>2'M,

we see that the piece y([s;, s;+1]) can be covered with N admissible balls of the type B = By, (yi,j)
such that y; j € y([sj,sj4+1]) fori € {l,.... N}, y;i j—1 € B/ and y([sj.sj+1]) C U; B"/. Finally, we
observe that the middle piece of the curve y ([f;, ]), due to the definitions of 7;, 7, together with (b) can
be covered with M N admissible balls of size r/ N. Moreover we can cover the end piece y ([f2, 1]) with
N admissible balls of size ¥/ N since y ([f2, 1]) C B,/16(y) C Q2. At this point, we consider N € N to be
a free parameter such that N > 2° M.

Step 2: iteration via Harnack estimates. Let now A be as in (3-2). Theorem 3.2 implies that if

to + C1A2_pQOP <T,
then

1
inf  u(z,t1)> —A, f:=1ty+CA>Po?.
2€ By (x0) (z,11) 2C, 1 0 1 Qo

Let
Ay =0A, o0€(0,2C)7 1.

Defining thus u; := min(u, A1), we obtain by Lemma 3.3 (see also its proof) that there exist constants
¢1 = ¢1(p,n) and ¢, = ¢,(p, n), such that if

N—-1
ni=t+vA Pl < T wyi=6 Y PP elaN.aNeg P, (3-3)
Jj=0
then
inf (z. 1) inf u(zl)>A1 A
n u(z,fp) = y12) Z =7 = A2,
2€Bp, (¥(s2)) z€B3g, (7(52) N
Define
Ajq :=52_(J+1)NA1, uj ==min(u, Aj), jeN,

letl€:=k+M—|—1,andlet
t tj+ AT ! if jef{l,... .k},
i+1 = _ ~
/ G+ NN /NP etk + 1, k),
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Iterating Lemma 3.3 it follows by induction that

Uy tp ) Z Mgy G-4)

Step 3: waiting time. Let us now analyze the waiting time ¢; , ., which we want to show to be precisely

k+1°
to + T by a suitable choice of A;. We have

tp =0 +CA* PQ0+rN[ZA2 Pol + Z AP ”]

j=1 j=k+1
k .
=10+ CI A Pol + NPy AT PrP [2—"1’ > (@relPmIN)g (3-5)
j=0

+ eI Z( S )’] (3-6)
=1y + TAz_pVP.

We can write the sum in (3—5) as

~(p—2)(k+1)N _y—k+1)p

2—kp Z(zp ~(p— 2)N)j P2
j=0

20PN
while the sum in (3-6) can be estimated similarly to 7, see (3-3):
M
—(p—2)kN —(p—2)Nj —(p—2)kN ~(p—2)(k+M)N
Cgp ) Z(Cgp ) )je(Mcép ) ,Mcép )( ) ].
j=0
Hence, recalling the definitions of 7y and 7, we get after some straightforward estimation that
(p—2)caN
1g,02 P NP (f) < T <2502 P NI-PEP~IN (Z

0 0
for new constants ¢z, ¢4 depending only on p,n, M. We now choose N = ¢/ and let ¢ be a degree

(p—2)e4N
) (-7

of freedom. First note that choosing o7 = (2C,)™, then choosing ¢3 = éc4 and ¢, = [&3]C, for a large

(p=2)2s/5 (P=2)e3/s
5) <P 5( ) . (3-8)
0 0

enough ¢ = ¢(p,n, M) we have
- —2~1—p=(p—2)c/8
|

Second we see that choosing 0, = cs_l/ 5 for large enough c¢5 = ¢5(p, n, M) the following holds:

5 (p—2)cq4c/s 218 (p—2)c3/8
& 2”11’() > c{P” )/() . (39)
o Q

With (3-8) and (3-9) and (3-7) at hand we see that there is a choice of o € [0,, 1] such that
_ep—1 (p=2)/8( 7T
T = (Sp C2 (E

feg =lo+ T A*>"PrP =ty + 7. This together with (3-4) finishes the proof by
taking suitably large c; in the statement. O

’

)(P—2)C3/5

and thus we have proved #;
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For p-parabolic functions we have the following pointwise version of Theorem 3.5.

Theorem 3.6. Let Q C R” be an NTA domain with constants M and rg, let xo €02, T >0and 0 <r < ry.
Let x, y be two points in Q N B, (x¢) such that

0:=d(x,0Q) <r and d(y,BQ)zﬁ.

Assume that u is a nonnegative p-parabolic function in Qr, and assume that u(x, ty) is positive. Let
8 € (0, 1]. Then there exist constants c; = c;(M, p,n), i €{1,2, 3}, such that if

to— (cn/u(x,19))?"2(80)? >0, to+7<T,

—c3/6 2—p
s (c;”‘*(i) u(x, lo)) ”,
Q

187" e/
u(x,to) fcl/ - inf  u(z, tg+1).
Q z€B/16(»)

Furthermore, the constants c;, i € {1,2,3}, are stable as p — 2+,

with

then

Proof. Applying Theorem 3.1 once, we see that the theorem follows from Theorem 3.5. O

3C. Backward Harnack chains. The philosophy of the forward Harnack chains in Section 3B is that
the data at the starting point will start to diffuse according to the intrinsic Harnack inequality. The finite
speed of diffusion forces the waiting time to blow up if we wish to spread our information in an infinite
chain. In the backward Harnack chains that we develop in this section the philosophy is reversed. Instead
of looking to the future we look to the past. This means that if the value of the solution at a point (y, s)
is, say, 1, then we ask the question: how large can the values in the past be without violating the fact that
the solution is 1 at (y, 5).
We start with the weak version of the backward Harnack chains, valid for weak supersolutions.

Theorem 3.7. Let Q@ C R" be an NTA domain with constants M and rg, let xo € 02, T > 0, and
0 <r <rg. Let x, y be two points in Q@ N B, (xg) such that

0:=d(x,0Q)<r and d(y,0Q)> g
Assume that u is a nonnegative continuous weak supersolution in Q, and assume that u(y, s) is positive.
Let § € (0, 1]. Then there exist positive constants C; = Cij(p,n) and ¢; = ¢i(p,n, M), i € {4,5}, such
that if s € (tr, T) and
tels—t,s—8P" 1],
with
T := Cy[Csu(y, ) Pr?

then

1/8( 7 es/8
f u(z,0)dz < ¢}/ (—) u(y, s). (3-10)
BQ/4(X) Q

Furthermore, the constants c;, C;, i € {4, 5}, are stable as p — 2.
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Remark 3.8. If we assume that u € C([0, T'); L*>(2)) then we can replace s € (tr, T) with s € [t, T).
That is, the chain can be taken all the way to the initial time, i.e., t = 0.

Proof. After scaling, we may assume that #(y, s) = 1. Assume now the contrary to (3-10), i.e.,

r cs5/8
][ u(z,t)dz>H(—) (3-11)
BQ/4(X) Q

for constants c¢s, H to be fixed. Then Theorem 3.5 implies that with

N ~ —c3/8 2—p
7:= SP_I(CZ_I/S(K) f u(z,t) dz) r?
Y By a(x)

18(7 e3/8
][ u(z,t)dz < cl/ (—) inf  wu(z,t+7) (3-12)
By a(x) [ z€B,/16(¥)

we get

with constants ¢; = ¢;(p,n, M), i € {1,2,3}, and e (0, 8]. Now we have an upper bound for T by
means of (3-11) as follows:

< —c3/8 cs/8\2—p g
T<§r! (62_1/5 (E) H(f) ) PP = SP—1(62—1/5H)2—p,,p <§r-1g,
(o o
provided that
c3

Hz )" 8= gmintl CYOT0, - esi= —mn e (3-13)
,Cq

Therefore we have

t+17=<s.

Observe that both C4 and Cj5 are still to be fixed. Thus we need to carry the information from the time
t + 7 up to 5. To this end, connecting (3-11) and (3-12) with the choices in (3-13) leads to

HeTP < inf o u(zi+7). (3-14)
z€By/16(¥)

Truncate u as
4 = min(4Cy, u),
and take

}l/(p——l)

H:= ci/‘s, ¢4 := max{4C,cy, Cscz}l/mi“{l’c4 (3-15)

where C, is as in Theorem 3.2. Then # is a continuous weak supersolution, and we have by (3-13) and
(3-15) and (3-14) that

][ fi(z,t +7)dz =4C,, Fe (o, L].
B: (7) 16
Applying thus the forward-in-time weak Harnack estimate in Theorem 3.2 gives

4C, <2C, inf  di(z,t + T+ CL(4Cy) > PFP),
z€B27 (y)
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provided that
+T4+Ci(4C)*PiP < T.

Choosing C4 = 1672 C; and Cs = 4C,, we can always find 7 < r/16 such that

[+7T+Ci(4Cy) > PiP =35,

and hence
2< inf #(z,s).
z€Bs7 (y)
This gives a contradiction since we assumed that #(y, s) = 1, and thus the proof is complete. O

The following theorem is the corresponding result for weak solutions, where we use pointwise
information in the past instead of information in mean. The main difference this imposes on the assumptions
in Theorem 3.7 is that we have to require the solution to have lived for a certain amount of time, which is
precisely the price we have to pay if we wish to control pointwise values in the past.

Theorem 3.9. Let 2 C R” be an NTA domain with constants M and rg, let xo € 02, T > 0, and
0 <r <rg. Let x, y be two points in 2 N B, (xq) such that

0:=d(x,0Q)<r and d(y,asz)z%.

Assume that u is a nonnegative p-parabolic function in Qr, and assume that u(y, s) is positive. Let
8 € (0, 1]. Then there exist positive constants C; = C;(p,n) and ¢; = cj(p,n, M), i € {4, 5}, such that if

s < T and
01/8 r c5/8 2—p
max{(4—(—) u(y,s)) (SQ)p,s—r} <t<s—§P1g, (3-16)
Ch \Q
with
7 1= CyCsu(y, ) ?r?,
then

cs5/8
u(x,t) < ci/a (1) u(y,s).
o

Furthermore, the constants c;, C;, i € {4, 5}, are stable as p — 2+,

Proof. To prove the lemma we follow the same outline as the proof of Theorem 3.7, but instead of
assuming (3-11) we assume the contrary assumption

r cs/8
u(x,t) > H(—)
o

for some constants c¢s, H to be fixed. Applying Theorem 3.6 instead of Theorem 3.5 we get

18( 1 es/8
u(x,t)fcl/ - inf  u(z,t+1).
Q z€By/16(¥)

Note that it is the usage of Theorem 3.6 which requires (3-16). The proof now follows repeating the
remaining part of the proof of Theorem 3.7 essentially verbatim. O
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4. Carleson estimate

In this section we prove, using the improved Harnack chain estimate in Theorem 3.9, a flexible Carleson
estimate valid in cylindrical NTA domains. Versions of the Carleson estimate were originally proved,
for equations of p-parabolic type, in [Avelin et al. 2016] in Lipschitz cylinders, and in [Avelin 2016] in
certain time-dependent space-time domains. We begin with a standard oscillation decay lemma valid for
weak subsolutions; see for example [DiBenedetto 1993].

Lemma 4.1. Let Q C R" be an NTA domain with constants M and ro. Let u be a nonnegative, continuous
weak subsolution in Qr. Let (xg, %) € ST, 0 <r <ry,

0} (x0.10) = (By(x0) N Q) x (to = >~ 7r7. 10) C Q7.
and assume that u vanishes continuously on St N Q&(xo, to) and that

sup  u <A.
07 (x0,t0)

Then there is a constant 6 depending only on p,n, M such that Q%Z (x0,%0) C Qi‘ (x0, o) and

sup u=<
A/2
572 (x0.10)

N>

In particular, we have
sup u<27x
Qi;ik(xo,to)
forany j € N.

The following theorem is usually referred to as a Carleson estimate. We want to point out that, compared
to [Avelin et al. 2016], not only does it hold for cylindrical NTA domains, but also the formulation is more
flexible for applications. In particular, we are able to adjust the waiting time, the height of the cylinder,
and the distance to the initial boundary. All these parameters influence the constant in the inequality and
a Gaussian-type behavior is proved to be present.

Theorem 4.2. Let Q@ C R” be an NTA domain with constants M and rg. Let u be a nonnegative, weak
solution in Q. Let (x,t) € St and 0 < r < ry. Assume that u(a,(x),t) > 0 and let

v = SHCoutar (). 0P P17,

where C4 and Cs, both depending on p, n, are as in Theorem 3.9. Assume that t > (5{’_1 —|—5§_1 —+—28§7—1)r
for0 <81 <83 <1, §, €(0, 1), and that for a given A > 0, the function (u — A)+ vanishes continuously on
St N B, (x)x(l—(5{’_1 +5§_1 +5§’_1)I, Z—Sf’_l ©) from Q. Then there exist constants ¢; = c¢; (M, p,n),
i €{6,7}, such that
ce c7/81
supu < (—) u(ar(x),t) + A,
0 83

where Q := B,(x) X (t — (8{’_2 + 85_1)'[, t— Sf_lr). Furthermore, the constants c;, i € {6,7}, are
stable as p — 2.
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Remark 4.3. Note that in the case p = 2, Theorem 4.2 for A = 0 is equivalent to the estimate above by
linearity. However, for p > 2 this result extends the ones in [Avelin 2016; Avelin et al. 2016] if A > 0.

Proof. By scaling the function ¥ we can assume that u(a,(x),?) = 1, and replacing A with its scaled
version. Consider the boxes

0y = (RN B (x)x (1= 7" +627 162 et —vP7 o), v e {8, 83),

and define also
0% (x.1):=(QN B (x)) x (1 —0*PrP 1), 6>0.

Observe that with the choice of 7, we have by Theorem 3.9, for any (v, s) € Qv with d(y,0R) < r and
v € {81,683}, that

1/v ¥ ol
u(y, S) =< Cg (m) 4-1)

holds with cg, c¢9 depending only on p,n, M (apply Theorem 3.9 with the choice § := v min{l, C4/2} in
order to guarantee the conditions in (3-16)).

We proceed by induction via a contradiction assumption. Assume that Py = (x¢, ) € Q, where Q is
as in the statement, is such that u(Py) > H + A for some large H to be fixed. Assume then that we find
inductively points Pj = (xj, ;) € ng, where Sj =683 ift; < zo—éé’_lr/z and 3,- =4 ift; > 10—831”—11/2
forany j € N. Set rj :=d(x;, dS2) and let xj’. € 092 be such that rj = |x; —xJ’. |. Assume inductively that

u(P)>2H+% and t—@ +827 48P e <ty <t <5+ QT H) TP (rjoy Jo)P (4-2)

hold for all j € {1,...,k}, where 0 =0 (p,n, M) € (0,1) is as in Lemma 4.1. We then want to show
that for large enough H this continues to hold for j = k + 1 as well.
To show the induction step, observe that (4-1) and the induction (4-2) imply

) s co/d; s
2JH+)\ < u(Pj) < c;/gj (L) = rj < (ZJHCS 1/4; )—5,-/69_
rj

e 405/6969 - 69/[1751]_. ce c7/81
"\ poPlog2rrst -\ 63 ’

we have after simple manipulations that

Fixing

i 5 p-1 —jbjple
}”.p<o’p53—‘[2_j5jp/6983p10g2So_p83 T D—Jojp/cy

J - 4 C9 4 Y2 p27d%ple’

-1
(zk-HH)Z—P (r_k)p < (r_k)p < 85_1
el B < .

(4-3)

In particular,

o 4
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k k+1 . .
Hence we set K; := kaH (x,’(,tk) and K, := ka /UH (xllc’tk)’ and we deduce, by the induction

assumption and the estimate in the previous display, that K, C Q7. Now, if

sup(u —A)4 < 2k+lp
K>

then, using that (z — 1)+ is a weak subsolution, Lemma 4.1 would imply

supu§2kH+)L,
K,

which is a contradiction since Py € K. Thus there is Py 41 € K5 such that
u(Prgy) > 281" H + 1.
By the definition of K, and Py, we must have
te1 <tk < tggr + QTP (1 o).

Therefore we are left to show that #xy1 > 7 — (8p 1y 51’ 1y SP _1)‘6 in order to prove the induction step.
To this end, let now kK < k + 1 be the largest integer such that lo—1p = 5p T / 2. We may without

loss of generality assume that k <k + 1, since otherwise letr1 =t — (5p ' 5p + SP 1)‘17 because

to>1— (51’ 'y 8” 1)‘17 Now (4-3) and (4-2), together with the fact that 5 = 83 for j > k, give

lo—ltg+1 = (to—1;) + (IA—lk+1)

5” 'z
+Z(t,—t,+1)
]—k
p—l 14
<3 - 3" +(2k+1H)2 p( ) Z (2]+1H)2 p( )

Jj= =k+1
p—1 p—1 p=l 1k
< 532 v + & ¢ 8 [Zz 15%P/C9] Z y—Jd3p/co <5§’—1r_ (4-4)

j=k+1

Therefore, since 1y > 1 — (8{7_1 + Sf_l)r, we have

—1 —1 —1
t—tpp1=t—lo+to—tr < +877 +67 ),

which was to be proven. Hence we have concluded the proof of the induction step. As a consequence, we
have constructed a sequence of points P; = (xj,t) € le such that d(x;,d2) — 0 and u(P;) — oo as
j — oo. This violates the assumed continuity of («# — A) in the neighborhood of S7 N Qg |» giving the
contradiction. Hence,

supu < H+ A,
o

completing the proof of the theorem. O
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5. Estimating the boundary-type Riesz measure

In this section we establish, in NTA cylinders, upper and lower bounds for the measure p defined in (1-6).

5A. Upper estimate on p. We will first provide an upper bound on the measure. The proof relies on the
Carleson estimate in Theorem 4.2 and the following standard Caccioppoli-type estimate; see [DiBenedetto
1993].

Lemma 5.1. Let u be a nonnegative weak subsolution in Qr, and ¢ € C§°(2x (¢1, T)) with ¢ = 0. Then

123 12} 12
[ / |Vu|p¢pdxdt§C(/ / up|V¢|dedl—|-/ / u2(¢>t)+¢)p_1dxdl)
t JIQ H JQ t JQ

for C = C(p,n).

Theorem 5.2. Let Q@ C R” be an NTA domain with constants M and ry. Let 0 < r < rg and let u be a
weak nonnegative solution in Q. Fix a point xo € 02 and define

C _
T= 1—;[C5u(ar(x0),z0)]2 Pr?,
where C4 and Cs, both depending on p,n, are as in Theorem 3.9. Let 0 < § < § <1 and assume that
to > 58Pt and that u vanishes continuously on St N (B, (x) X (tg — 48P~ ¢, ty — 6771 T)) Sfrom Q.
Then there is a constant C = C(p,n) and cg = cg(p,n, M) such that

cg/8
Q) §C(%6) u(ar (xo). to).

rh

where | is the measure from (1-6),
Q := Bya(x0) x (tg — 287" 7,10 — 871 1),
and c is from Theorem 4.2. Furthermore, the constants C, cg, are stable as p — 2.

Proof. After scaling, we may assume that u(a,(xg), ) = 1. Let
O = B,(xo) x (tg — 387" 7,10 — 6771 7),

and observe, by our assumptions, that Theorem 4.2 implies

c6 C7/8
supu < (T) =:A. (5-1)
) )

As in the construction of the measure u in (1-6), we see that extending u to the entire cylinder Q as zero,
we obtain a weak subsolution in Q. Take a cut-off function ¢ € C°°(Q) vanishing on 9, Q such that
0<¢p =<1, ¢islonQ,and

4

[6r-17]

Vol < and ()4 <
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Then by (1-6), the definition of ¢ and Holder’s inequality we get
[Loraus [ vulr Vel axar s [ u@ogr ! axa
) 0 0
< %/A |Vu|?~ 1P~ dx dr + /A u(gs) 1P dx dr
Q Q

4. A (p—D)/p
< ;IQI””(/@ |Vu|P¢dedz) +/Qu(¢,)+¢p_1dxdt.

Now using Lemma 5.1 and (5-1) we see that

|Q|1 (p—1)/p
(o) <!’ ( [ 719917 + 901197 x dr) + [ a0 axa
(0] 0
|Q|1/p AP A2 (p—1)/p ~ A
('Q'( sp—lf)) telels o
S C _ |Q| Ap—l'
§p—1yp

After scaling back, this can be rewritten in the homogeneous form
— ]
(0,) Ce (p—1c7/
MO o< u(ar (xo). ).
r )
completing the proof with cg = (p — 1)c7. d
5B. Lower estimate on 1. We next prove the lower bound for the measure u.

Theorem 5.3. Let Q C R" be an NTA domain with constants M and 1y, and let u be a weak nonnegative
solution in Q. Fix a point (xo, 1) € 02 X (0, T'], and define A, = (a,;2(xo), 1) for 0 <r < rq. There
exist C, g, 11, all depending only on p,n, M, such that if

(to — tou(A;,)>PrP 1y + (to + rl)u(Ar_)z_prp) c(0,7),
and if u vanishes continuously on St N (Br (x) x (to, to + (zo + tl)u(Ar_)z_prp))from Qr, then

M(Q)

where | is the measure from (1-6) and
0 := Br(xo) x (to + tou(A;)>7Pr? 1o + (to + rl)u(A,_)z_prp).
Furthermore, the constants C, 1, 11, are stable as p — 2t

To prove Theorem 5.3 we first consider the model problem in Lemma 5.4, and we prove that the
measure associated to this model problem is bounded from below by a constant. Returning to Theorem 5.3,
we then apply the intrinsic Harnack inequality to obtain a lower bound on the function such that by the
comparison principle the solution v in Lemma 5.4 is below our solution . The result then follows by the
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fact that the corresponding measures are ordered according to Lemma 5.5, a fact easily realized if the
domain is smooth, as in this case the measure is just the modulus of the gradient to the power p — 1.

Lemma 5.4. Let Q C R” be an NTA domain with constants M and ro = 2. There exist constants C, Tyy,
both depending on p,n, M, such that if v is a continuous solution to the problem
vi—Apv =0 in (2N B,(0)) x (0, Typ),
v=0 on 3(2 N By(0)) x [0, Ty),
U= XByjan (@ (0) on (0N B(0)) x {0},
then
#o(Ba(0) x (0, To)) = 4.

Furthermore, the constants C, Tas are stable as p — 2t

Proof. To begin with, extend v as zero to the rest of Q = B,(0) x (0, Tp), i.e., set v=01in (B,(0) \ ) x
(0, Ty), and let 11, be the associated measure as in (1-6). Let then / be the solution to the problem

{ht—APh =0 in Q,
h=w on d,0.

We observe that the supremum of 4 and v, which is 1, is attained at the bottom of the cylinder. Let us now
recall the decay estimate in Lemma 4.1, which implies that for Qi‘ (0, 10) == (RN B, (0))x (tg—A>"PrP  ty)
we have
sup v<27/ (5-2)
027 (0.t0)

for j € N provided that #y € [1, Tp] and 7o > 1. On the other hand, Lemma 3.3 gives us

1= ][ h(x,0)dx <C inf u(z,7),
B(4M)—1(a1(0)) z€

(ZM)_] (0)

with t and C depending on p,n, M. We then apply Theorem 3.2 in order to get

~ A T

1<Cinfh, Q:= BI/M(O)X(T()»TO), (5-3)
0

by properly choosing T by means of ¢ and C to be larger than 2. We then choose large enough j* € N

so that
~2C M
Then, sliding ¢y along (1, 7] in (5-2), we obtain by combining (5-2) and (5-3) that there is r{ =r{(p,n, M)

such that

5

2—J

. 1 ~ Ty
f(h—v)> — =:¢, = B, (0 —.To ),
-0z 2 =e 0i= B, 0)x (.70)

where €e = €(p,n, M).
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Let us now define ¢ = min{/ — v, €}, which is vanishing on 9, Q and is € on Q. Then from the weak
formulation of /2 and v we get

/ (h—v)s ¢ + (|VR|P2Vh —|Vu|P72Vv) - Ve dx df = / & dity.
on{r<t} on{r<t}

For the time term, we integrate to obtain

h—v
/ (h—v)td)dxdt:[ 8,(/ min(s, €) ds) dx dt > l/ % (x, 1) dx.
on{r<t} on{r<t) 0 2 /B, (0)

We also have the elementary inequality
(IVAP=2Vh = |Vu[P2V0) -V = %|V¢|”,

since p > 2. Hence by combining the last three displays we arrive at

sup / 2 (x,1)dx —|—/ IVo|? dx dt < Ceuy(Q).
B, (0) 0

0<t<Ty

Using the parabolic Sobolev inequality [DiBenedetto 1993, Corollary 1.3.1] we obtain

€?|0| 5/ ¢P dx dt
)

SC( sup f ¢p(x,t)dx—|—/ |V¢|pdxdt)
0<t<Ty J B2(0) o

EC(GP_Z sup / ¢2(x,t)dx+/ |V¢|pdxdt).
0<t<Ty B>(0) [0}

1 <C puy(Q)

with a constant C = C(p, n, M) through the dependencies of €, ry, Tj. O

Hence we see that

The next lemma provides a comparison estimate for the measures. If two solutions are ordered, then
the corresponding measures will be ordered as well.

Lemma 5.5. Let Q C R" be a domain. Let u and v be weak solutions in (2 N B, (0)) x (0, T') such that
u > v = 0 and both vanish continuously on the lateral boundary (02 N B, (0)) x (0, T'). Then

My = by in By (0)x (0, 7T)
in the sense of measures.

Proof. To show this, consider the test function ¢ = min(1, (u — v — €)4/€)yr, where i is nonnegative
and belongs to C5°(Q) with Q = B, (0) x (0, T'). Obviously ¢ is supported in (2 N B,(0)) x (0, T),
because both u and v vanish continuously on the lateral boundary (32 N B, (0)) x (0, T'). Since both u
and v are weak solutions, we have, by extending them both by zero in (B, (0) \ ) x (0, T'), that

/(u—v)tqﬁdxdt—i-/ (|Vu|P~2Vu — |Vv|P~2Vv) - Ve dx df = 0. (5-4)
0 0
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Let us first treat the time term. Integrating by parts we get

/Q(u—v),(pdxdt:/gat(/o ) min(l,(S_Te)Jr)ds)l//dxdt
=_/ (/u_vmin(l, (S_E)+)ds)8,wdxdz
o\Jo €

—>—/ (u—v) 0,y dx dt (5-5)
0

as € — 0. To treat the elliptic term, we begin by noting that

(U—v—e)y
=)

V¢ =V min(l, + éwV(u —V)XU. (5-6)

where U :={u—v > €} N (2N B,(0)) x (0, T). The second term in (5-6) will give rise to a positive
term in (5-4); hence we discard it and obtain the inequality

/(|Vu|p_2Vu—|Vv|p_2Vv)-qudxdl
0
z/ (|Vu|P_2Vu—|Vv|p_2Vv)-V¢min(l,w) dx dr
(0] €
_>/ (|Vu|?~2Vu — |Vu|P72Vv) - Vi dx dr (5-7)
0

as € — 0 by dominated convergence. Combining the convergence in (5-5) and (5-7) with (5-4) we arrive
at the inequality

—/ (u—v) ;¢ dx dt + / (\Vu|?~2Vu — |Vu|P72Vv) - Vi dx dr <0 (5-8)

o o

after sending € — 0. Since the nonnegative function ¥ € C5°(Q) is arbitrary, (5-8) finishes the proof

after recalling the definitions of , and s . O
We now have all the technical tools to complete the proof of Theorem 5.3.

Proof of Theorem 5.3. Let u be as in Theorem 5.3 with A, := (a,/2(x0).%). Applying the Harnack

estimate in Theorem 3.6 yields for a constant C = C(p,n, M)

~ C
u(4,)=C inf u(y,to + tou(A)>"Pr?), 19:= ——,
" Y€B:/8m)(ar/2(xo0)) Fhto 0 " 0 Qem)»

since
to —tou(A4,)> Pr? > 0.

Consider the scaled solution

e
i(x,t) = %u(xo + %x,to + ou(A;)*PrP +k2_p(%)pt), A= u(~r ),
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so that
inf u(y,0) =1,
YE€B1/(an)(a1(0)) (r.0)
and €2 is mapped to Q and (x9,t0 + rou(Ar_)2_1’ r?) to (0,0). The comparison principle shows that the
function v defined in Lemma 5.4 satisfies v < in (R N B,(0)) x (0, Ty) provided that

r

to + Tou(A,; )2 PrP 4 )\27P (2

p
) Ty <T.
Thus we choose 71 := cr=237r Ty in the statement. Applying Lemmas 5.4 and 5.5

12 (B2(0) x (0, To)) > 1tv(B2(0) x (0, Ty)) = é

Scaling back to u gives us the result. O

6. Construction of barriers

In this section we construct the barriers that will serve as the starting point for the estimates of the decay
rate of the solutions. The upper barrier in Lemma 6.4 is based on the function constructed in [DiBenedetto
et al. 1991, Theorem 4.1]. However the subsolution constructed in Lemma 6.1 seems to be new and
allows us to obtain p-stable estimates from below on the decay rate.

Lemma 6.1. Let T = (n?~ ! p)~! and for a € (0, 1), let

ap

(p—1/p
_ 1,2}
n(p—2)

00 = min{

Then the function h,

’

p—2 rPlr=D_ (p—1/(p—2)
h(x,l)zg(lxl,t)—g(go,t), g(r’t):[l_pp/(p—l) tl/(p_l) :|+
is a classical subsolution in (Bg,(0) \ B1(0)) x (0, T) satisfying the boundary conditions
h=0 on 0By, (0) x (0, 7)),
h=0 on (Bgy(0)\ B1(0)) x {0}, 6-1)
h=1-—g(0g,t) ondB(0)x(0,T).

Furthermore, x — h(x,t) is a radially decreasing function satisfying

inf |Vh(x,T)| > nexp(—z)(l —a)"'P,
p

1=|x|<00

and h(x,t) = hp(x,t) tends to

as p — 2.



24 BENNY AVELIN, TUOMO KUUSI AND KAJ NYSTROM

Remark 6.2. Note that the function in Lemma 6.1 is not continuous up to the boundary at the corner
dB1(0) x {0}. However, the limsup as we approach a point on this piece from the inside of D :=
(Bgy(0)\ B1(0)) x (0, T) is 1 for h. This implies, see [Kilpeldinen and Lindqvist 1996, Lemma 4.4], that
if we have a weak supersolution u in D, staying above the boundary conditions in (6-1) in liminf sense,

and staying above 1 on the corner d B;(0) x {0} again in the liminf sense, then u will be above / in D.

Proof. Let h and ¢ be as stated. By construction, the boundary conditions for / are in force. To verify
that / is a classical subsolution in (B, (0) \ B;1(0)) x (0, T'), we first compute

1 |x| 1/(p—1)
[——g<|x|,z>] |

X
Ve(x].0) =——
pt

x|
_ 1x
Ve (lx[,0)1? 2Vg(IXI,’):_EYgUXI,t),

—p/(p—l)w

- _[n (r—2)/(p=1) _
Apg(lx|,t) = |:ptg(|x|’t) p tp/(p—1)

]g(|x|,z)1/<1’—1>,
T it

" Y1)

drg(r,t)=1p g(r.t

Observing that d,/(x, 1) < d;g(|x|, ), it is enough to verify g, — Apg > 0 in (By,(0) \ B1(0)) x (0, T)
for g > 0. Assuming g > 0, we see, since g(|x[,?) <1 for |x| > 1, that

- -1 (r-1)
(he = 8p)x.1) [ pypp WP P01 om0 a0 pio-n XY
g(lxl.nl/ = = /(o= PR 12/(p=D)

1 1 1/(p—1)
=—|n—\— .
iG]

Since 0 <t < T = (n?~1p)~! we have iy — Aph <0 for |x| > 1 and 7 € (0, T'). Note also that our
choices of parameters are stable as p — 2. Next, by yet another explicit calculation we obtain

1 1/(p—1) ) 1
inf |Vh(x,T)| = (ﬁg(QO,T)) = ng(0o. T)"/ PV,

1=|x|<e@o

To complete the proof we need to estimate g(0g, 7°) from below. To do this we note that

’

- n(p—2) _
g(Q(),T)l/(p D _ [1_—(Q0p/(p 1)_1)

1/(p—2)
: ]

and we consider two cases. First, if 0o = 2®~/? _ then ap > n(p —2) and

g=pz2 o, _n

P

2(00, T)VP™D = (1 —5)?/5,
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Furthermore, for € [0, 1) we have

b/n b i nk A i nk—l - i nk
(1 - n) = eXp(—— —) = CXP(— —) — exp(_ — )
©  _k
> e><p(—b —b /; %) =eP(1-p)P. (6-2)

Since ap > n(p —2) implies s < a < 1, we can apply (6-2) to get
4 p p pply g
g(00. TV P™D = exp(=b)(1 )" = exp(~b) (1 - a)”.
Second, if g < 2P~V/P then ap < n(p —2) and using (6-2) we get
g(eo.T) = (1=a)P~ /™D = (1) = exp(~b)(1 ~a)*.
Collecting the results of the two cases completes the proof of the lemma. O

Remark 6.3. Note that we could, as in [Stan and Vazquez 2013], instead of the function in Lemma 6.1
use the Barenblatt fundamental solution together with the barriers from [Bidaut-Véron 2009] to establish
a version of Lemma 6.1. However, this would result in a construction which is not p-stable.

In the next lemma we construct a certain supersolution to be used in the subsequent arguments.

Lemma 6.4. Let T, H > 0 be given degrees of freedom. Let

k €(0,kol, ko:= min{—p_ : , Tl/(p_l)H(p_z)/(p_l)}.
n

There exists a classical supersolution h in

N={(x,t):1<|x|<1+k, 0<t<T}

such that ~
h>0 indB;(0)x(0,T],
h=H on(B14£(0)\ B1(0)) x {0},
h>H ondB;r(0)x[0,T],
and such that I )
h(x.T) < %()(m —1 (6-3)

whenever x € By (0)\ B1(0).

Proof. This type of construction was originally carried out in [DiBenedetto et al. 1991, Theorem 4.1] and
we here include a proof for completeness. Let

v(x,t) = exp(% _ |x|k— 1)’

and let
h(x,t)=H(1—v(x,1)), H=Hexp(2).
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accordingly. Then

~ ~

_ i ~ i
9 h(x,1) = ——=v(x,t) and Vi(x,1) = —v(x,1).
T kx|

Observe also that Hv > H for all (x,t) € N and that I satisfies the boundary conditions. We now show
that / is a classical supersolution in N. Indeed, by a straightforward calculation we see that

- . H o~ —1
fie— Aph = —=v+ PP~ ((p— k=P — k1P~
r ||
> H (—1+ THP k)P + THP 2K =P ((p — 1)ky ' —n)) = 0
=7? 0 p o —M)=
whenever (x,t) € N. Finally, since
- H ~
sup  |VA(x,T)|<— and h(x,T)=0 forallx e dB;(0),
1<|x|<1+k k
we obtain the upper bound for fz(x, T) as well. O

7. Decay estimates and a change of variables

In this section we prove a lower bound (Lemma 7.2) and an upper bound (Lemma 7.4) on the decay of
solutions. The following lemma, which is a change of variables, will be used in the proof of our decay
estimates. The proof of the lemma follows from [Kuusi 2008, Lemma 3.5].

Lemma 7.1. Let u = u(x,t) be p-parabolic in Q x (Ty, T1). Let C > 0 be given and let

fo=z (exp(C(p—21)—1), g(p) = (C(p—2)n+ 1)1/~

(r—2)
for p > 2, and
S =1, g =exp(Cn)
for p=2. Let w(x,t) = g(f (1)) u(x, f(r)). Then w(x, 1) is a (weak) solution to the equation,
in 2 x (tg, 1), where f(7;) =T;, i €{0,1}.
7A. A lower bound on the decay. Using the classical subsolution constructed in Lemma 6.1 and the
change of variable outlined in Lemma 7.1 we here prove the following lemma, which describes the

optimal decay rate from below after a certain intrinsic waiting time. This lemma will be crucial when
proving global C!-!-estimates, see Section 8, and when proving the local C!:!-estimates, see Section 9.

Lemma 7.2. Let 0 < ¢ <r/4 and let g € L*(B,(xo)) be a nonnegative function satisfying

][ gdx>1>0.
By (x0)



BOUNDARY BEHAVIOR OF SOLUTIONS TO THE PARABOLIC p-LAPLACE EQUATION 27

Assume that h € C ([to, 00); L* (B, (x0))) is a weak nonnegative solution solving the Cauchy problem

{/Qt —Aph =0 in By(xo) x (f9, 50).
h=g on By (xo) x {fo}-

Then there exist constants ¢; = ci(o/r,n, p), i € {1,2}, such that

~1P=2 4(x, 8B, (x0))
r

\2—pyp

N A t—1t
E —(cl(p —2) 1)
€1
whenever (x,t) € By(xg) x (tg + caA>~PrP 00). Furthermore, the constants c;, i € {1,2}, are stable as
p—2T.

Proof. After scaling we may assume that xo =0, to =0, r =1, and A = 1. Let

1
0o :=min{ P +1,2

5n(p—2)

Applying Lemma 3.3 we find a time t* = t*(n, p, 0/r) and a constant ¢* = c¢*(n, p, o/ r) such that

}(P—l)/P

h(x,t*) > ci* for all x € By /,,(0).

Set h(x,t) = c*h(x /0o, t* +t[c*]?7%/oF) and let w(x, 1) = g(f()) h(x, f (7)), where g and [ are
defined as in Lemma 7.1. Then w(x, 7) is a nonnegative weak solution to the equation

d:w=Ap,w+Cuw

in By, (0) x (0,00) and w(x,0) > 1 for all x € B;(0). In particular, w is a weak supersolution in
By, (0) x (0,00). Now, Theorem 3.2, [Kuusi 2008, Corollary 3.6], Lemma 7.1, and [Kuusi 2008,
Proposition 3.1] imply that we have, for a new constant ¢ = ¢(n, p) > 1,

w(x,t)zé, (x,7) € B1(0) x (0, 00), (7-1)

provided we choose C large enough in the definitions of f and g in Lemma 7.1. Consider 7 > 0 arbitrary,
let /1 be the classical subsolution of Lemma 6.1 and let 7" be as in Lemma 6.1. Then, simply using the
intrinsic scaling, the comparison principle, and (7-1) we see that

w(x,7) > %h(x, P (1 —1)) (7-2)

whenever (x, 7) € (B, (0) \ B1(0)) x (z,% 4+ ¢?~2T). Since 7 > 0 is arbitrary we get from (7-2) and
Lemma 6.1 that there is a ¢ = c¢(n, p) such that

w(x,7) > %d(x, 8By (0)).  (x.7) € Byy(0) x (€772, c0). (7-3)

To complete the proof, it suffices to rephrase (7-3) in terms of h (x,1). O
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7B. An upper bound on the decay. Working with solutions vanishing on the entire lateral boundary, we
will make use of the following decay estimates.

Lemma 7.3. Let u € C([0,T); L*(R)) N L?(0,T; Wol’p(Q)) be a nonnegative weak subsolution in
Q x (0, T). Then there exists a constant ¢ = c¢(n, p, |2|) such that

plo
(f u(x,O)dx) , o=n(p—2)+p.
Q

.N<
sgpu( 1) < lo

The constant c is stable as p — 2.

Proof. See [Kuusi and Parviainen 2009, Lemma 3.24] and use the L 1 -contractivity (test with the function
min(1, #/€)) and the comparison principle. O

In the following lemma we describe the optimal decay of the supremum of a solution vanishing on the
entire lateral boundary; it follows from an iterative rescaling and comparison together with the decay
estimate in Lemma 7.3.

Lemma 7.4. Let u € C([0,T); L*>(2)) N L?(0, oo; Wol’p(Q)) be a nonnegative weak subsolution in
Q x (0, 00). Then there exist constants c; = c¢;(p,n, |R2|), i € {1, 2}, such that the following holds. Let

A :=][ u(x,0)dx.
Q
Then

AP2 —1/(p—2) _
supu(-,t)fcl((p—Z) t+1) A
Q C1

whenever t > caA2~P. The constants c;, i € {1,2}, are stable as p — 2.

Proof. Let w = w(x, t) solve the Dirichlet problem

w;—Apw =0 in Q2 x(0,00), (7-4)
w=20 on 92 x [0, 00)
and assume that
][ w(x,0)dx < 1. (7-5)
Q
Applying Lemma 7.3 to w we see that
¢
LN <
sgpw( 1) < oy

for some ¢ = ¢(n, p, |2|), and for all ¢ > 0. In particular, there exists t* = t*(n, p, |$2|) > 0 such that

supw(-,1*) < 3. (7-6)
Q

To prove the lemma we will now use (7-6) in an iterative argument. In particular, consider the function

wy(x, 1) 1= A u(x, A Pr).



BOUNDARY BEHAVIOR OF SOLUTIONS TO THE PARABOLIC p-LAPLACE EQUATION 29

Then w; is a solution to (7-4) satisfying (7-5). Hence we have by (7-6) that
wi(x,1*) < 1.
which after scaling back becomes
u(x,A* Pr*)<27'A  whenever x € Q.
Next, consider the function
wa(x, 1) 1= Q7IA) T tu(x, A2P* + (271A) TP,

which again satisfies (7-4) and (7-5). Applying (7-6) to the function w, we deduce, by elementary
manipulations, that

supu(-, (A27P + (27 1A)>"P)*) <272A.
Q

Proceeding inductively we deduce that
supu(-,tj) < 277A,
Q
where
j—1
tjo=r"ATP Y oKD jeqi Ly
k=0

To complete the argument consider ¢ € (¢1, 00) and let j be the largest j such that #; <¢. Then, by the
comparison principle and by construction,

sup u(-,t) < 277 A

X€EQ
and
<t <tjqq.
Since
, P2 _ 1) _ —1/(p—2)
27 = (—( )AP—zzj + 1) ,
Z*

and 2772 — 1 > log(2)(p — 2), by retracing the argument we derive the conclusion of the lemma.
Furthermore, the constants ¢;, i € {1,2}, are stable as p — 2. In particular, we see that

((p —2)c; M, p, |QDAP T2+ 1)_1/(p_2) — exp(—cy 1 (n,2,]1Q)1). O

8. Global estimates in C 1:1-domains

In this section we combine the optimal decay estimate established in Lemma 8.1 together with the barrier
function in Lemma 6.4 to obtain the sharp decay estimate from above. Note that taking the initial data to
be 4-co allows us to see that this is sharp with respect to the so-called “friendly giant”; see for example
[Kuusi et al. 2016].
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Lemma 8.1. Let Q@ C R” be a bounded C ' -domain satisfying the ball condition with radius rq. Let
u € C([0,00); L*(22)) N LP(0, oo; Wol’p(Q)) be a nonnegative p-parabolic function in Q x (0, 00). Let

A :=][ u(x,0)dx.
Q
Then there exists C; = Cj(diam Q2 /rg, n, p), i € {1,2}, such that
u(x,1) < CyA((p—2)Cr AP~ + 1)V P2 (x, 0Q)

whenever t > Czl_\z_l’. Furthermore, the constants C;, i € {1, 2}, are stable as p — 2t

Proof. By scaling we can without loss of generality assume that A = 1. Let Xy € 2 be an arbitrary
point. Assume, for simplicity, that A, (X0) = 0, where A3 (X0) is the exterior corkscrew point as in
Remark 2.3. Consider an arbitrary number 7 such that f > ¢, (where ¢ is from Lemma 7.4). Then, using
Lemma 7.4 we see that

H(X,f)fq(p
¢

. /@-p .
t+l) =:Au(t), xe€Q, t>1t. (8-1)

Construct the function / in Lemma 6.4 with the choices T = Alz,_p and H = A, then ko from Lemma 6.4
simplifies to

ko = min{liiz_p)/(p_l)l_\lgp_z)/(p_l), r=1 } = min{l, p-l }
n n

Consider now the function / defined as

A ~ t—1

h(x,1) = h(ﬁ —P) (8-2)
The function / is a supersolution in

N = (B(141/koyro \ Bro) x (.7 + A7 Prf).

Thus, the comparison principle, Definition 2.2, (8-1) and (8-2) imply that

Next, using the upper estimate (6-3) from Lemma 6.4 we see that

u(x,t) < };(x,l) in N NQeo.
X

— 1) (8-3)
o
for a constant C = C(n, p). As X¢ € 0L2 is arbitrary, we see, using (8-3) and (8-1), that

u(x.i+ AP < cAu(

u(x,f+ A5 Prl) < Cd(x,09)

for a new constant C = C(diam Q/rg, n, p). Furthermore, as 7 > ¢, is arbitrary, we see that if ¢ >
Au(cz)z_pré’ + ¢y := C,, then

u(x,1) < Ci((p—2)C;t + )7V (x, 99)

for a constant Cy = Cy(diam Q/rg, n, p) > 1. O
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The next lemma provides the corresponding lower bound.

Lemma 8.2. Let 2 C R” be a bounded connected C - -domain satisfying the ball condition with radius ry.
Let u € C([0, 00); L?()) be a nonnegative p-parabolic function in  x (0, 00). Suppose that there is a
ball B4y, (x1) C R, 11 €(0,19), such that

A::][ u(x,0)dx > 0.
Bl‘l (X])
Then there exist C; = Ci((diam Q) /rg, r1/ro, 1, p), i € {3,4}, such that
A i}
u(x.0) = —((p —2)C3 AP+ 1)V P2 (x, Q)
3

whenever x € Q and t > C4/_\2_1’. Furthermore, the constants C;, i € {3, 4}, are stable as p — 2t

Proof. After scaling and translating we may assume that A = 1, x; = 0 and o = 1. Note that with these
assumptions we have

][ u(x.0)dy = 1. (8-4)
By, (0)

Define now the set
Q={xeQ:dx, Q) >8.

Since €2 is connected and satisfies the ball condition with radius 1, we also obtain that Q° is connected
for § (O, %] and thus any two points in Q? can be connected by a Harnack chain of balls of size §/4 and
with length depending only on n, p, diam 2, and §. By using Lemma 3.3 and (8-4) we then find positive
constants ¢* and t*, both depending only on n, p, diam 2, and r{, such that

1

c*

inf %) =

ek

Lemma 7.2 then proves the result whenever x € Q1. Next, let y € Q\ Q! and let y* € 9Q be such that
d(y,0Q) = |y — y*|. Since d(y,d2) < 1 and since the direction is unique (see Remark 2.3) we have
that y = as4(y,90)(y*). With this at hand we can consider the point a5 (y*) (which is collinear with

v, y*) satisfying
1

][ u(x,t*)dx > —.
Bi/4(azx(y*)) ¢

Applying Lemma 7.2 we see that

u(x.1) = ——(cr(p—=2[e*1P 2t =) + 1) Dd(x, 0B, (4 (™))

c*cy
whenever x € By(ax(y*)), t > t*. Applying this for x = y completes the proof. O

Remark 8.3. Note that our tools are too rough to obtain the lower bound in Lemma 8.2 independent of
the distribution of the initial data. To remedy this, we assume that the initial data is positive in a region
away from the boundary.
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In the next theorem we combine the results of Lemmas 8.1 and 8.2 to obtain an elliptic-type global
Harnack estimate.

Theorem 8.4. Let Q@ C R” be a bounded C''-domain satisfying the ball condition with radius ro. Let
u € C([0,00); L*(22)) N LP(0, oo; Wol’p(Q)) be a nonnegative p-parabolic function in Q x (0, 00). Let
A= ][ u(x,0)dx.

Q
Assume that
suppu(-,0) C Q= {x e Q:d(x,0Q) > 6}.
Then there are constants ¢; = ¢;((diam 2)/rg, §/rg, 1, p), i € {1,2}, such that

1 u(x,t +€eA>7P) -

c
! u(x,r) =
whenever € € [0,1], x € Q and t > 021_\2_1’. Furthermore, the constants c;, i € {1,2}, are stable as
p—2T.
Proof. In the following we will use the constants C;, i € {1,...,4}, introduced in Lemmas 8.1 and 8.2. Let

to = max{C,, C4}A%>~P and consider ¢ > t; and € € (0, 1). Then, using Lemmas 8.1 and 8.2 we see that

u(x,t+eA>?) ((p—2)C1‘1(z[\1"2+e)+1)_1/(1’_2)
u(x.t)y O\ (p—2)CatAr 24 1 ’

u(x,t+eA?7P) 1 ((p_z)c3(,[\p—2+e)+1)—1/(17—2)
u(x,t) T C1Cs (p—Z)Cl_lzi\P—2 +1 .

Theorem 8.5 follows from this by elementary manipulations. We omit further details. O

In the next theorem we use Lemmas 8.1 and 8.2 together with C 1* estimates for weak solutions
to obtain a global boundary Harnack principle as well as Holder continuity of ratios of solutions. The
intrinsic time interval ensures that the estimate is p-stable.

Theorem 8.5. Let Q@ C R” be a bounded C'-domain satisfying the ball condition with radius ro. Let
u,veC([0,00); L2())NLP(0, o0; Wol’p(Q)) be nonnegative p-parabolic functions in Q2 x (0, 00). Let

Ay = ][ u(x,0)dx, A, = f v(x,0)dx.
Q Q
Assume that the initial data is distributed as follows:
suppu(-,0), suppv(-,0) C Q= {x e Q:d(x, ) > §}.
Then there exists C1 = C((diam Q)/rg.8/ro.n, p) such that if C1 < T— < Ty satisfy

T_min{A,, Ay}* P < Ty max{Ay,, Ay}* 7P, (8-5)
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the following holds. There exist C; = C;((diam Q)/ro,8/ro, T—, Ty, n, p), i €{2,3}, such that

_ A
oyt 0 o A (8-6)
b V(x,1) Ay

whenever

(x,1)e D:=Qx (T- min{A,, Ay}> "7, Ty max{A,, /_\v}z_p).
Furthermore, there exists an exponent ¢ = o(n, p) € (0, 1) such that

ule, ) _u@8)| _

[\
Ay, @=p)/p|p _ |1/ P\° 8.7

v

whenever (x,1),(y,s) € D. The constants C;, i € {1,2,3}, and o are stable as p — 2.

Proof. In the following we will let Cy, C,, C3 and Cy4 be the constants in Lemmas 8.1 and 8.2. We begin
by proving (8-6). Indeed, using Lemmas 8.1 and 8.2 we see that

Ay 1 ((p—2)C1_11_\5_2t+ 1)1/(1’—2) _ulx,0) 8)
Ay C (p—2)Cs A2 +1 T ou(x,t)’

and
u(x,t) _ c c ( (p—2)C3AY 21 4+1 )1/(1’—2) 39
V(1) (p—2)C7 ALt +1

whenever ¢ > max{C,, C4} min{A,, A,}*>~?. In particular we see that if 7_ > max{C,, C4}, and if
T_, Ty satisfy (8-5), then (8-6) holds with a constant C, depending only on (diam Q)/rg, 8/r9, T—, T+,

n, p.
To proceed, consider the rescaled p-parabolic functions

JAZTP AT
ﬁ(x,t):%, 5(x,l):%.
u v

Using Lemma 7.4 for w € {u, v} we get for ¢ > ¢, that

sup w(x,t) <ci((p —2)cl_lt + 1)_1/(1’_2) =c1,
xeQ

where c¢q, ¢, are as in Lemma 7.4. Thus we can apply [Lieberman 1993, Theorem 0.1] to conclude that
there exist C and o, depending on 2, p and #n, such that, for w € {i, v},

IVw(x,t) — Vw(Z,0)| < C(|x = %| + |t —1]V/P)°
whenever (x, 1), (X,7) € Q x (¢3, 00). In particular, arguing as in [Kuusi et al. 2014, (3.31), p. 2717], we
have, for w € {u, v},

w(x,1) w(X,7)
d(x,0Q) d(%,0Q)

<C(lx —%|+ |t —1|V/P)° (8-10)
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whenever (x, 1), (X,7) € Q x (3, 00). Scaling back to the original u, v, (8-10) becomes, with w € {u, v},

w(x,1) w(X, 1) - oL 7 (p—2 -
_ A C(lx — AWP=2)/p|; _71/pyo 8-11
e = e < Rl =1+ A 2IPle—71'7) 1)

whenever (x,1), (X,7) € Q x (czl_\{f,_z, 00). Next, using the identity
u(x,t) u(y,s)

v(x,2)  v(y,s)

_d(x,09) ( u(x,t) u(y,s)) u(y,s)d(x,BQ)( v(y,s) v(x,1)
T ou(xt) (d(x,asz)_d(y,asz) 0 v \d(r Q) d(x,09)

), (8-12)

assuming that s, € (T_ min{A,, Ay}2>~?, Ty max{A,, Ay}*~P) and that T_ > ¢, (where ¢, is from
Lemma 7.4), we can apply Lemmas 8.1 and 8.2 together with (8-6) and (8-11) in the identity (8-12) to
obtain (8-7). This completes the proof of Theorem 8.5. ([

Remark 8.6. Considering the estimates (8-8) and (8-9) in the proof of Theorem 8.5, we see that the
nonlinearities dominate for large values of ¢. In particular, there exists a p-unstable constant C =
C((diam £2/rg), 8/rg, n, p) such that

et < tim Y000 <o
t—o00 v(x,1)
whenever x € Q. Note that C is independent of the initial data. This does not happen when p = 2 and
the effect is purely nonlinear.

Remark 8.7. Note that to prove Theorem 8.5 we rely on estimates established in Lemmas 8.1 and 8.2,
instead of relying on the comparison principle, the Carleson estimate and the Harnack inequality, as in
[Fabes et al. 1986, Theorem 2.1]. This is why our estimates from below depend on the distribution of the
initial data. Furthermore, this falls fairly short of the result in [Fabes et al. 1986], but nonetheless we
provide a p-stable version of the phenomena involved in our case.

9. Local estimates in C 1:1-domains

In this section the main focus is to develop an intrinsic version of the boundary Harnack principle (1-2);
see Section 9B. To do this, we first prove an upper and a lower decay rate estimate in the next section.

9A. Upper and lower bound on the decay. We begin with the upper bound, which follows by combining
the barrier function from Lemma 6.4 together with the Carleson estimate Theorem 4.2. In the following,
M will denote the NTA constant of the C'>! domain Q; see Remark 2.3.

Lemma 9.1. Let u be a nonnegative solution in Qr, where Q is a C! domain satisfying the ball
condition with radius ro. Let xo € 02 and 0 <r <rgy. Let 0 < § < § < 1. Assume that u(a,(xg),t9) >0
for a fixed tg € (0, T) and let

C —
7= Tg[Csu(ar(xo),fo)]2 re,
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where Cy4 and Cs, both depending on p,n, are as in Theorem 3.9 and with ty > 56717, Assume
furthermore that u vanishes continuously on St N (Br (x0) X (tg — 48P 11, 19— 6771 t)) Then there exist
constants c; = ¢i(M, p,n), i € {8,9}, such that

(cs )09/5 d(x, 992)
r

supu < u(ar(xo),1),

0

)

where Q := (B (xg) N Q) X (to — 28717 1y — §P~11). Furthermore, the constants c;, i € {8,9}, are
stable as p — 2.

Proof. Without loss of generality, we may after scaling assume that u(a,(xg), fo) = 1 and r = 4. Applying
Lemma 6.4 and Theorem 4.2, with

/(p—1) c7/8
[p=1 +(Cs 2 p\ C6
k= ,8 —C ,1 s H:=|—= ,
mm{ n (165 ) 5

with constants as in Theorem 4.2 we get

u(x,t) < H

whenever (x,7) € (B4(x9) N Q) X (g — 3§P~ 17 1 — 571 7). The comparison function, indexed by its
initial time s and center point yy, is
hy(),so(xs t) = E(x —Jo, t _SO)

with 7 = §7~ !¢, where / is from Lemma 6.4. Let y € 022 N By(xg) and consider yy = a,(»), an outer
corkscrew point as in Remark 2.3. Then, by the comparison principle

U(x,1) < hyy.s0(x. 1), (9-1)
in
(N[B1+k(yo) \ B1(yo)]) x (59,50 +T)

whenever
(s0.50 + T) C (tg — 387 1,19 — 8P~ 7).

From Lemma 6.4 and (9-1) we have the estimate

H exp(2)
u(r.) < === (o —x| = 1)
whenever
(x.1) € (@ N[Br4x (7o) \ Bi (o)) x (tg — 287", 19 = 877" 0),
and yo € 02 N B (xg). From this the result follows by scaling back. O

The following lemma establishes a local lower bound on the decay, by combining the barrier from
Lemma 6.1 and the Harnack estimates in Theorem 3.6.
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Lemma 9.2. Let u be a nonnegative solution in Qr, where Q is a C! domain satisfying the ball
condition with radius rq. Let xo € 0 and let 0 < r < ro be fixed. Let A~ = (a,(xg), 1), 60— =u(A7)>~P
and ty € (0, T'). There exist constants c; = ¢;(M, p,n), i €{3,4}, such that if

O_r? <ty and to+2c46_r? <T,

then
1 d(x,0)

C3 r

u(A™) <u(x,t)
for x € By (x9) N Q and ty + c40—-1rP <t < ty+ 2c460_rP. Furthermore, the constants c;, i € {3,4}, are
stable as p — 2.

Proof. Set A— := u(A™) and consider the scaled solution

1
v(y,s) = }L—u(xo +ry,to +sA2TPrP),

Set also Q := {y i xo+ryeQ}sothat 0 e d<2. For the new function v we have the following situation:
defining Ay = ((ar (x0) — x0)/1 0),
v(dy) =1, d(47.0Q) =1,

and v is a solution in €2 x (-1, T), where T := (T —t9)AP=2r~P. Since 0 < r < ry/4 we know that Q
satisfies the ball condition with radius 4. To continue, consider the set

D={yeQ :d(y, B;(0)NdQ) =d(y, Q) =1}

Note that D C B,(0) N € and that sup{d(a1(yo),y):y € D} <2 forany yg € QN B;(0). We obtain
from the Harnack chain estimate in Theorem 3.6 (applied with § = min{c}(lz_l’ )P 1} where ¢}, is from
Theorem 3.6) that there is a 7; > 0 depending only on #, p, M such that

- 1
>
v(x, 7)) > z

whenever x € {y :d(y,D) < %} provided T > 7. Using Lemma 7.2 (applied with r =1, o = %,
g=v(-,71), xo =y € D, ty = 17) for all points y € D, we get

1 oo i o N
v(y,t)im(clclz P(p=2)(t—1) +erea(p -2+ 1) P4y, &) (9-2)

whenever (y,t) € (§~2 N B1(0)) x (75, T), with T, = 7; + czﬁf’_z provided T>%. Going back to Q2 and
u gives us the result provided 7' > 27;. O
Combining Lemmas 9.1 and 9.2 we obtain the joint estimate.

Theorem 9.3. Let u be a nonnegative solution in Qr, where Q is a C'! domain satisfying the ball
condition with radius rg. Let xo € 022, tg € (0, T), and let 0 <r < rg be fixed. Let A~ = (ay(xg), tp)
and 0_ = u(A™)*>=P. There exist constants c; = c¢;(M, p,n), i € {5, 6}, such that if

9_l’p<lo and Z0+2C49_VP<T,
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then for AT = (a,(x0).to + 2c40—rP) and 4 = cglu(A"')z_p (where c4 is from Lemma 9.2), we have
504 <6_.
Furthermore, if u vanishes continuously on

St 0 (B (x0) X (to + [2¢40— — 50411, 19 + [2¢46— — 04]rP)),
then

u(A™)

qu([) <u(x,1) < cs

Cs

d(x, %)
r

for x € By (xo) N2 and tg + [2c40— —204rP <t <to—+[2c40— — O4]rP. Furthermore, the constants c;,
i €{5,6}, are stable as p — 2.

Proof. Rescale u as in the proof of Lemma 9.2; let also 7, be as in the proof of Lemma 9.2. Thus
L d(x, 09) < v(x.1)
c3
holds for (x,#)(Br(xg) N Q) X (T2,27;). Define 74+ = 27, and consider A+ = (a1(0), t4+). Then using
(9-2) we get
2-p 1 ~2-p - —1-]"
v(44)F < 5(0101 (p=2)(t—1) +ciea(p—2)+1)

1
 (Grey)?P

IIEZ.

16} P(p—2) +crca(p—2) + 1]

We will now apply Lemma 9.1 with (r = 1, §?~ ! = min{(16/(5€'2C4))C5p_2, 1} and § = 8, with C4, Cs
from Lemma 9.1). Doing this we see that

v(x,1) < &3d(x, 0Q)v(A4)

whenever (x,7) € (B1(0) N Q) x (t4 —v(A4+)> P, 14 —v(A+)*"P/2). Going back to  and u gives us
the result. O

9B. Local boundary Harnack estimate. We are now ready to state and prove our local boundary Harnack
principle; consult Figure 1 for a schematic of the geometry.

Theorem 9.4. Let u, v be two nonnegative solutions in Qr, where Q is a C "' -domain satisfying the ball
condition with radius ry. Let xo € 092, to € (0, T), and let 0 < r < ry be fixed. Let A— = (a,(xg), ty)
and assume that u(A-) = v(A—-). Let the constants c;, i € {4,5, 6} be as in Lemmas 9.2 and 9.3. Let
0_ = u(A_)>"P, and assume

O_r? <ty and ty+2cs0_r? <T.
Set
Ay = (ar(x0). 10 +2¢40-rP), Oy =cg'u(Ay)*?.
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A_;_,* b
t I
Af~_+ Oy ur?
|
///; 1 .
] 0+,vrp
Ot ur?
|
|
|
|
|
|
1
|
| 2c460_r?
|
A_e-

Figure 1. The boxes [::J and [22] denote the regions where the right- and left-hand sides
of Theorem 9.4 hold respectively.

Assume that v(A+) > u(A+). Then there exists a time t} , depending on v, satisfying
15 € (to+ (2cab— — 04 W)r? 1o+ 2c46_rP),
L= (ar(xo).1}). 03, =cg v(4})*?
such that the following holds. If both u and v vanish continuously on

St N (Br(x0) X (to + [2¢46— — 504 4] 10 + [2¢46— — 04 4]r7)).

then
iu(A_) - u(x,t) <C2”(A+)
civ(Ay) T v(x,r) T Su(A-)

whenever (x,t) belongs to the set

(By(x9) N Q) x (l() + [2c46- — (Q—T—,v + 94_,”)]7"”, to +[2¢cs6— — 9+,u]rp).

Remark 9.5. It should be noted that we cannot control the time ¢} except which interval it lies in; it is a
purely intrinsic parameter. Furthermore note that Theorem 9.4 is equivalent to the boundary Harnack
principle (1-2) when p = 2.

Proof. Let ¢;, i €{3,...,6}, be as in Lemmas 9.2 and 9.3. By the assumptions, we know that 6 , >
Or 0= 06_1 v(A4+)?7P. We then obtain by Theorem 9.3, for x € B, (x¢) NS and ty+(2¢40——201 ,)rP <
t <to+ (2c40—— 04 4,)r?, that

1d(x,99)

Cs r

d(x, %)
—U
.

u(A-) <u(x,t) <cs (A4). (9-3)
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Using Lemma 9.2 for x € B, (x9) N Q2 and ty + c40—r? <t <ty + 2c40—rP we get that

1d(x,0Q)
C3 r

v(A-) < v(x,t). 9-4)
Now let 74 =g + 2¢46—r” and let £ be a time to be fixed such that 74 — 64 ,r? <} <t. First note
that if 7§ = 74 we have for 6} | = 06_1 (v(ar(xg), tl))2_P,

15 =03 7P =ty — 04 ¥,
furthermore, if 1} =14 — 0 r? then

17 =05 1P <ty —04ur?.
Thus by continuity there is a largest £} such that

th =05 P =14 =04 ur?.

With 7} at hand we now apply Lemma 9.1 (with the same &, § as in the proof of Theorem 9.3) combining
it with (9-4) to get

LA0ID, 4y <0 )

Cs r

for x € By (x0) N2 and #o + (2¢40— — (04,4 + 01 )r? <t <to+ (2¢46—— 6 ,)rP. Combining (9-3)
and (9-5) we have completed the proof. O

9C. Boundary measures in C1+1-domains. We conclude the section by describing the fine properties
of the boundary measure defined in (1-6). The theorem below says that the induced measure is mutually
absolutely continuous with respect to the surface measure of S7.

Theorem 9.6. Under the hypotheses of Theorem 9.3,

’Z . ’l‘
0 < fimint (e D) _ oo Hu(Qelx 1)

+o0,
where Qo(x,t) := By(x) x (t — 0% t), whenever (x,t) € V,
V.= (882 N Br(XO)) X (lo + (26’49_ - 29_‘_)},.17’ to + (26‘40_ - 9+)Vp).

In particular, |, is mutually absolutely continuous with respect to the surface measure of St on V.

Proof. By Theorem 9.3 we have

A:I:
hed(x,9R) < (1) < hrd(x,9Q),  hy 1= e LA
r

(9-6)
whenever (x,t) € Q, with

0 :=(2N B,(xg)) x (Z() + (2¢460— —20)rP 19 + (2c46— — 9+)r1’)
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and 04 as in Theorem 9.3. We now pick a point (y,s) € St N d, Q. Choose ¢ small enough so that
Uo(y.s) N (L2 x R) is contained in O, where

Up(1.5) := Bo(y) X (s — T0 s + T0%),

Fi=A2P max{8C4C52_p, 2(19 + 11)} and Cy4, Cs and tg, 71 are as in Theorems 5.2 and 5.3. After a
simple covering argument using (9-6), and Theorems 5.2 and 5.3, we find a constant C = C(p,n, M, A1)

such that
< /’LH(UQ/Z(yv S)) <

1
C — Qn+1 =C.

Taking a possibly larger C, and a smaller o, this actually implies

1 _ 1a(Q(r.5) _

C — Qn+1 ¢

uniformly for small enough g. This proves the statement. O

Remark 9.7. Note that in the same region V' as in Theorem 9.6 we have that the measure is doubling.
Moreover note that Lemma 9.2 implies a Hopf-type result on this boundary cylinder V'; thus together
with the fact that solutions are C 1** up to the boundary, we get that the logarithm of the normal derivative
on the boundary is Holder continuous. Now arguing as in [Avelin et al. 2011, (1.7)—(1.10)] we get, for
(x0,1) € V given, and € € (0, 1), that

. /Lu(QeQ(XOaIO)) n+1
1 —
020 tu(0p(X0.10))

In particular, the measure p, is asymptotically optimal doubling.
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ON ASYMPTOTIC DYNAMICS FOR L? CRITICAL
GENERALIZED KDV EQUATIONS WITH
A SATURATED PERTURBATION

YANG LAN

We consider the L? critical gKdV equation with a saturated perturbation: d,u+ (uxx +u’ —yulu|? 1), =0,
where ¢ > 5 and 0 < y < 1. For any initial data ug € H, the corresponding solution is always global
and bounded in H . This equation has a family of solutions, and our goal is to classify the dynamics near
solitons. Together with a suitable decay assumption, there are only three possibilities: (i) the solution
converges asymptotically to a solitary wave whose H ! norm is of size y ~2/@=1 as y — 0; (ii) the solution
is always in a small neighborhood of the modulated family of solitary waves, but blows down at +o00;
(iii) the solution leaves any small neighborhood of the modulated family of the solitary waves.

This extends the classification of the rigidity dynamics near the ground state for the unperturbed L? crit-
ical gKdV (corresponding to y = 0) by Martel, Merle and Raphaél. However, the blow-down behavior (ii)
is completely new, and the dynamics of the saturated equation cannot be viewed as a perturbation of
the L2 critical dynamics of the unperturbed equation. This is the first example of classification of the
dynamics near the ground state for a saturated equation in this context. The cases of L? critical NLS and
L? supercritical gKdV, where similar classification results are expected, are completely open.
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1. Introduction

1A. Setting of the problem. Let us consider the following Cauchy problem:

A+ (Uxx +u® —yulul9=1, =0, (t,x)€[0,T) xR,
u(0,x) =up(x) € H'(R),

withg >5and 0 <y < 1.

(gKdV,)
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The equation has two conservation laws, i.e., the mass and the energy:
M) = [ (e = Mo
E@@) =+ [ux? =L [u@ys+ L= [ju@yet = &
2 6 q+1

We can see that the solution of (gKdV,) is always global in time and bounded in H L First of all,
(gKdV,) is locally well-posed in H ! due to [Kato 1983; Kenig, Ponce and Vega 1993]; i.e., for any
ug € H', there exists a unique strong solution in C ([0, T'), H') with either T = +oc or T < +oc and
lim; 7 ||ux(¢)|| 2 = +o0. Since y > 0, g > 5, the mass and energy conservation laws ensure that, for
allt €[0,7),

_ 4
lux @172 S [Eol +y ™75 Mo < +oc,
so T = 400 and u(t) is always bounded in H !,

This equation does not have a standard scaling rule, but has the following pseudoscaling rule: for all
Ao >0, if u(z, x) is a solution to (ngVJ,), then

_1
Uz (1, %) = Ao 2u(Ag>t, A5 x) (1-1)
is a solution to
v+ (vxx + 07 =Ag™y|v|97 N =0, (1,x) €[0,A5°T) xR,

1
v(0,x) = Ay 2uo(Ay'x) € HY(R),
with
m=3(q—5)>0. (1-2)

The pseudoscaling rule (1-1) leaves the L2 norm of the initial data invariant.
There is a special class of solutions. We first introduce the ground state Q,, for 0 < w < 0™ K 1,
which is the unique radial nonnegative solution with exponential decay to the ODE!

Q= Qu + Q5 —wQu|Qwl?™ ! =0.
Then for all 19 > 0, 7o € R, xo € R with A;™y < w*, the following is a solution to (gKdV,):
1
u(t, x) = Ay Qa=my (Ao (x —x0) — Ag°>(t —10)).
A solution of this type is called a solitary wave solution.

1B. On the critical problem with saturated perturbation. The saturated perturbation was first introduced
for the nonlinear Schrodinger (NLS)

idsu+ Au+g(uPHu=0, (t,x)el0, T)x[R{d. (NLS)

I'The existence of such Q, was proved in [Berestycki and Lions 1983, Section 6], but in this paper we will give an alternative
proof for the existence.
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In many applications, the leading-order approximation of the nonlinearity, g(s), is the power nonlin-
earity; i.e., g(s) = £s. For example, g(s) = s leads to the focusing cubic NLS equation, which appears
in many contexts.

But such approximation may lead to nonphysical predictions. For example, from [Fibich 2015; Merle
and Raphaél 2005; Merle, Raphaél and Szeftel 2010; Sulem and Sulem 1999], for NLS with critical or
supercritical focusing nonlinearities (i.e., g(s) = s with ad > 2), blow up may occur. However, this
contradicts the experiments in the optical settings [Josserand and Rica 1997], which shows that there is
no “singularity” and the solution always remains bounded.

One way to correct this model is to replace the power nonlinearities by saturated nonlinearities. A
typical example? is g(s) = s — ys®tS, with § > 0, y > 0. Similar to (gKdV,), in this case any
H! solution to (NLS) is global in time and bounded in H 1

On the other hand, the saturated perturbation is also related to the problem of continuation after blow up
time. These kinds of problems arising in physics are poorly understood even at a formal level. One
approach is to consider the solution u.(¢) to the following critical NLS with saturated perturbation:

i0iu + Au + |u|3u—e|u|qu =0, (t,x)e[0,T)xR?,
u(0,x) = up(x) € H'(RY),

where
4 4

—<q<-—:

P
Suppose the solution u(¢) to the unperturbed NLS (i.e., ¢ = 0) with initial data u¢, blows up in finite
time 7" < 4o00. Then, it is easy to see that for all € > 0, the solution u.(¢) exists globally in time, and for
allt <T

lim ug(t) =u(t) in H'.
e—0

Now, we may consider the limit
lim ug(¢), t>T,
e—0

to see whether the limiting function exists and in what sense it satisfies the critical NLS. Such a construction
for blow-up solutions using the Virial identity was given by Merle [1992a]. An alternative way to construct
the approximate solution u.(¢) can also be found in [Merle 1989; 1992b; Merle, Raphaél and Szeftel
2013], but this only holds for very special cases. General constructions of this type are mostly open. In
all cases, the asymptotic behavior of the approximate solution u.(¢) is crucial in the analysis.

Therefore, the asymptotic dynamics of dispersive equations with a saturated perturbation becomes a
natural question.

1C. Results for L? critical gKdV equations. Let us recall some results for the following L? critical
gKdV equations:
O+ (Uxx +u2)x =0, (t,x)€[0,T)xR,

u(0,x) = ug(x) € H'(R). (gKdV)

2See [Glasner and Allen-Flowers 2016; Marzuola, Raynor and Simpson 2010] for other kinds of saturated perturbations.
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This equation is L2 critical since, for all A > 0,
=303, 31
Uy, x) =A"2u(A7"t, A" "x)

is still a solution to (gKdV) and |juy||z2 = |Ju]| 2.
There is a special class of solutions, i.e., the solitary waves, which is given by

1 x—xo—kgz(z‘—to)
with
_ 3 % Vi 5 __
Q(x)—(m)’ 0"-0+0°=0.

The function Q is called the ground state.

From variational arguments [Weinstein 1982], we know that if |[ug| ;2 < || Q||;2, then the solution
to (gKdV) is global in time and bounded in H!, while for |Jug||;2 > || Q|l.2, blow up may occur. The
blow up dynamics for solutions with slightly supercritical mass

1012 < lluoll2 <1IQll2 + e 1-3)

has been developed in a series papers [Martel and Merle 2002a; 2002b; 2002¢; Merle 2001]. In particular,
they prove the existence of blow up solutions with negative energy, and give a specific description of the
blow up dynamics and the formation of singularities.

Martel, Merle and Raphaél [2014; 2015a; 2015b] give an exclusive study of the asymptotic dynamics
near the ground state Q.

More precisely, consider the initial data set

.AaO:%uoEHl

uo = Q +¢o, |leoll g1 <060,/ y108%<1},
y>0

and the L? tube around the solitary wave family

inf
A0>0, x0€ER

7;*={MOEH1

<a*?.
L2

1 X — X0
uo_)ul)/zQ( Ao )

Theorem 1.1. For 0 < og < o* < 1 and ug € Ay, let u(t) be the corresponding solution to (gKdV),
and 0 < T < 400 be the maximal lifetime. Then one of the following scenarios occurs:

Then we have:

Blow up: The solution u(t) blows up in finite time 0 < T < 400 with
£(uo) +0(1)

T_1 s E(u()) > 0.

[u@) g1 =
In addition, forallt < T, we have u(t) € Ty*.

Soliton: The solution is global, and for allt < T = 400, we have u(t) € Ty*. In addition, there exist a
constant Aoo > 0 and a C' function x (t) such that
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1
Aot hoo - +x(1)) = Q in HL, ast — 400,
t
|Aoo — 1| S 8(a0), x(¢) ~ -5~ ast— +oo.
A'OO
Exit: For some finite time 0 < t* < T, we have u(t*) & Tg*.

Moreover, the blow-up and exit scenarios are stable by small perturbation in Agy,.

Martel, Merle, Nakanishi and Raphaél [2016] proved that the initial data in Ay, which corresponds to
the soliton regime is a codimension-one threshold submanifold between blow up and exit.

Theorem 1.2. Let
Ai‘oz{soeHl ‘||80||H1<0(0, / y108%<1, (20, 0) =0;¢.
y>0
Then there exist g > 0, Bo > 0,and a C 1 function A,
Azy = (—Bo. Bo).

such that for all yg € Aé‘o and a € [—Bo, Po], the solution of (gKdV) corresponding to ug = (1+a)Q + yo
satisfies

e the soliton regime if a = A(Yo);

e the blow-up regime if a > A(yp);

e the exit regime if a < A(yo).

In particular, let
_1
Q = {ug € H' | there exists Ao, xo such that ug = A, > Q(Ag ' (x — x0))}.

Then there exists a small neighborhood O of Q in H' N L?( yj_od y) and a codimension-one C' submani-
fold M of O such that Q C M and for all ug € O the corresponding solution of (gKdV) is in the soliton
regime if and only if ug € M.

1D. Statement of the main result. The aim of this paper is to classify the dynamics of (gKdV, ) near
the ground state Q for (gKdV), when y is small enough. The main idea is that the defocusing term
yu|u|?9~! has weaker nonlinear effect than the focusing term u°. So, we may expect that (gKdV,) has
similar separation behavior as (gKdV), when y is small.

More precisely, we fix a small universal constant ®* > 0 (to ensure the existence of the ground
state Q4 ), and then introduce the following L? tube around Qy:

) 1 X —Xo

A0>0,A6”1’I)l/f<w*, Xo€R o~ A(I)TQAJ’")/ (TO)

E*,y:%uoeHl

<a® } .

L2

Then we have:

Theorem 1.3 (dynamics in Agy,). For all g > 5, there exists a constant 0 < a*(q) < 1 such that if
0<y<Kap L a* <a*(q), then for all ug € Ay, the corresponding solution u(t) to (gKdV,) has one
and only one of the following behaviors:
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Soliton: For all t € [0, +00), we have u(t) € Ty*, . Moreover, there exist a constant Ao € (0, +00) and
a C! function x(t) such that

1
Adou(t, Aoo = +x(1)) = Qpzmy, in Hl(l)C ast — +o00, (1-4)
t
x(t) ~ iR ast — +oo. (1-5)
[e.e]

Blow down: For all t € [0, +00), we have u(t) € Ty, y. Moreover, there exist two C! functions A(t) and
x(t) such that

AZOut @) - +x(0) = O in Hl, ast — +o0; (1-6)
A(z)~tﬁ, x(l)wt% ast — 400, 1-7)

Exit: There exists 0 <1 < 400 such that u(t;) ¢ Ta*,y-

There exist solutions associated to each regime. Moreover, the soliton and exit regimes are stable under

small perturbation in Agy,.

Comments. (1) Classification of the flow near the ground state. Theorem 1.3 gives a detailed description
of the flow near the ground state Q) of (gKdV, ). This kind of problem has attracted considerable
attention, especially for dispersive equations. See for example, [Nakanishi and Schlag 2011; 2012a;
2012b] for Klein—Gordon and mass-supercritical nonlinear Schrédinger equations; [Fibich, Merle and
Raphaél 2006; Merle and Raphaél 2003; 2004; 2005; 2005; 2006; Raphaél 2005; Merle, Raphaél and
Szeftel 2013] for mass-critical nonlinear Schrodinger equations; [Martel, Merle and Raphagl 2014; 2015a]
for L? critical gKdV equations; [Kenig and Merle 2006; Duyckaerts and Merle 2009] for energy-critical
nonlinear Schrodinger equations; [Kenig and Merle 2008; Duyckaerts and Merle 2008; Krieger, Nakanishi
and Schlag 2013; 2014] for energy-critical wave equations; and [Collot, Merle and Raphaél 2017] for
energy-critical nonlinear heat equations. Note that the fact that the blow-down regime near the ground
state is a codimension-one threshold submanifold of initial data in 44, could be proved much as in
[Martel, Merle, Nakanishi and Raphaél 2016].

(2) Asymprotic stability of solitons for (gKdV,,). Since the soliton regime is open, Theorem 1.3 also
implies the asymptotic stability of the soliton Q, for (gKdV,,) under some suitable decay assumption.
Recall that from [Martel and Merle 2001], the soliton Q for the unperturbed critical gKdV equation is
not stable in H .

(3) Blow-down behaviors. Theorem 1.3 shows that a saturated perturbation may lead to some chaotic
behaviors (i.e., the blow-down behaviors), which does not seem to appear in the unperturbed case.
Examples of solutions with a blow-down behavior were also found in [Donninger and Krieger 2013] for
energy-critical wave equations. While for mass-critical NLS, the blow-down behavior can be obtained as
the pseudoconformal transformation of the log-log regime.® However, Theorem 1.3 is the first time that
this type of blow-down behavior is obtained in the context of a saturated perturbation. Furthermore, in

3See [Merle, Raphaél and Szeftel 2013, (1.16)], for example.
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Theorem 1.3, the blow-down regime is a codimension-one threshold between two stable ones, which is in
contrast with the mass-critical nonlinear Schrédinger case, where the blow-down regime is stable.

Now we consider the case when y — 0. As we mentioned before, the defocusing term yu|u|?~! has
weaker nonlinear effect than the focusing term u°>. So the results in Theorem 1.3 are expected to be a
perturbation of the one in Theorem 1.1.

More precisely, we have:

Theorem 1.4. Let us fix a nonlinearity ¢ > 5, and choose 0 < a9 K o* < a*(q) as in Theorem 1.3. For
all ug € Ay, let u(t) be the corresponding solution of (gKdV), and u,(t) be the corresponding solution
of (gKdV,). Then we have:

(1) If u(t) is in the blow-up regime defined in Theorem 1.1, then there exists 0 < y(ug, g, ™, q) < ag
such that if 0 <y < y(uo, o, ™, q), then u,(t) is in the soliton regime defined in Theorem 1.3.
Moreover, there exist constants d; = d; (ug,q) >0, i = 1,2, such that

d1yTT <Aoo < day T, (1-8)

where Ao is the constant defined in (1-4).

(2) If u(t) is in the exit regime defined in Theorem 1.1, then there exists 0 < y(ug, ag, @™, q) < g such
that if 0 <y < y(uo, 0. a™, q), then uy (t) is in the exit regime defined in Theorem 1.3.

Remark 1.5. We can see from Theorem 1.4 that (gKdV, ) is a perturbation of (gKdV) as y — 0: the
soliton regime of (gKdV,,) “converges” to the blow-up regime of (gKdV), and the exit regime “converges”
to the exit regime of (gKdV).

Remark 1.6. Theorem 1.4 is the first result of this type for nonlinear dispersive equations. One may
also expect similar results for the critical NLS or the slightly supercritical gKdV cases. But they are still
completely open.

Indeed, for critical NLS, Malkin [1993] predicted a similar asymptotic behavior for the solution to the
saturated problem of critical NLS in the log-log region. However, due to the different structures of NLS
and gKdV, it seems hard to apply the strategy in this paper to the NLS case.

While for the slightly supercritical gKdV case, the stable self-similar blow-up dynamics is well-studied
in [Lan 2016]. But, due to the fact that the self-similar profile constructed in [Koch 2015, Theorem 3]
is not in the energy space H !, we have to choose a suitable cut-off as an approximation of this profile.
As a consequence, this generates some error terms that are hard to control, which makes it impossible
to consider the saturated problem in this case. However, Strunk [2014] proved the local well-posedness
result for supercritical gKdV in a space that contains the self-similar profile, which provides an alternative
option for the saturated problems.

1E. Notation. For 0 <w <w™* < 1, we let Q,, be the unique nonnegative radial solution with exponential
decay to the ODE

Q! —Qu+ 0> —0Qy| Q77! =0. (1-9)
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For simplicity, we define Q = Qp. Recall that we have

3 S
Q) = (cosh2(2x)) '

We also introduce the linearized operator at Q,:

Lof=—f"+f-50%f +qu|Qu|""" f.
Similarly, we define L = Ly.

Next, we introduce the scaling operator
Af =3f +51"
Then, for a given small constant a*, we denote by §(a™) a generic small constant with
lim §(a™) =0.
a*—0

Finally, we denote the L? scalar product by

(f.9)= [ fwetax
1F. Outline of the proof.

1F1. Decomposition of the flow. We are searching for solutions of the form

1 —x(t
u(t, x) ~ WQb(t),w(t) (XT);)())

y ds 1 As P
Am’oode A3 A T A
which lead to the modified self-similar equation

bAQb,a) + (QZ,,U - Qb,a) + QZ,w _wa,w|Qb,a)|q_1)/ =0.

Formal computations show that » and @ must satisfy the condition
bs +2b% + cows = 0,

where co = co(g) > 0 is a universal constant.

Combining all the above, we get the formal finite-dimensional system

ds 1 As Xs 1
e A3 A a7
4
bs +2b% + cows = 0, a)=/\—m.
By standard computations, it is easy to see that (1-11) has the following behavior. Let
b(0) mcoy
0

T 22(0) | (m+2)Amt2(0)

(1-10)

(1-11)
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‘We have:

(1) If Ly > 0, then
1 2
m+2 N Lo \m+z
b(t) =0, A(t)— (ﬂ) . ox(t) ~ (M) P
(m+2)Lo myco

as t — 400, which corresponds to the soliton regime.

(2) If Lo =0, then
b(t) >0, A(t)—> 400, x(t)—> 400

as t — +o0, which corresponds to the blow-down regime.

(3) If Ly <0, then
b(t) > —oo, A(t) > 400
as t — o0, which corresponds to the exit regime.

1F2. Modulation theory. Our first step is to find a solution to (1-10). But for our analysis, it is enough

to consider a suitable approximation:*

0b.0(¥) = Qu(») +bx(1b1P y) P ().

As long as the solution remains in T+ 5, we can introduce the geometrical decomposition

[Qb(t),0(r) T €1)] (x —x() )

u(t) 20

1
ORE

with w(t) = y/A(¢)™ and the error term satisfies some orthogonality conditions. Then the equations of
the parameters are roughly speaking of the form

T +b= s + 0(”8||H1<1,c)’
dJ
bs +2b% + coms = —= + O(el1).

with

515 Vellgy + [l

y>0
Therefore, a L! control on the right is needed, otherwise J; will perturb the formal system (1-11).

1F3. Monotonicity formula. Our next step is to derive a control for ||&|| H Similar to [Martel, Merle
and Raphaél 2014, Proposition 3.1], we introduce the nonlinear functional

Fo [ 408 =520, ¥ + 4021050l V)

4See Section 2A for more details.
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for some well-chosen weight functions (v, ¢), which decay exponentially to the left and grow polynomially
on the right. We will see from the choice of the orthogonality condition that the leading quadratic term of
F is coercive:
2
Fz el

Most importantly, we have the monotonicity formula

d ( F ) el _ w7+
ds \ A2J A27 12/
for j =0, 1. This formula is crucial in all three cases.

1F4. Rigidity. The selection of the dynamics depends on:

(1) For all ¢, '

(2) For some 1 < T = 400,

S e, +b2(0) +02(0).

b(t}) + — o w(t1)>> ||8(t)||H1 +D07(1) + 0> (1).
(3) For some 1 < T = 400,
G - —— —— o) > el +070) + ).

‘We will see that in the first case we have for all ¢,

|b()] ~ () > ||8(t)||§,]1 ,
and in the second case we have
(t) > [b(O)] > eI,

for t > 3 > t{ as long as u(¢) remains in 7g* ,. While in the third case, we have
—=b(1) > (1) > [|e(@)lI 7,

for ¢ >t as long as u(¢) remains in 7o+ 5. Then reintegrating the modulation equations, we will see that
these three cases correspond to the blow-down, soliton and exit regimes respectively.

Moreover, the condition on b(#{) and w(¢;) which determines the soliton and exit regimes is an open
condition to the initial data due to the continuity of the flow. On the other hand, it is easy to construct
solutions, which belongs to the soliton and exit regimes respectively. Since, the initial data set Agy, is
connected, we can see that there exist solutions corresponding to the blow-down regime.

1FS. Proof of Theorem 1.4. The proof of Theorem 1.4 is based on the fact that the separation condition
for (gKdV,) is close to the separation condition for (gKdV) when y — 0. Then Theorem 1.4 follows
immediately from a modified H! perturbation theory.”

5See [Killip, Kwon, Shao, and Visan 2012, Theorem 3.1] for the standard L2 perturbation theory.
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2. Nonlinear profile and decomposition of the flow

We will introduce the nonlinear profile and the geometrical decomposition similar to the one in [Martel,
Merle and Raphaél 2014], which turns out to lead to the desired rigidity dynamics.

2A. Structure of the linearized operator L. Denote by ) the set of smooth functions f such that for
all k € N there exist rp > 0, Ci > 0 with

|95 S ()] < Gl + |y e P, 2-1)
Let us first recall some results about the linearized operator L.

Lemma 2.1 (properties of L [Martel and Merle 2001; Martel, Merle and Raphaél 2014; Weinstein 1985]).
The self-adjoint operator L (recall that we use the notation L = L, which was introduced in Section 1E)
in L? has the following properties:

(1) Eigenfunction: LQ3 = —-803, LQ’ =0, ker L = {aQ’|a € R}.
(2) Scaling: L(AQ) = -20Q.

(3) For any function f € L? orthogonal to Q', there exists a unique g € H? such that Lg = f with
(g, Q') = 0. Moreover, if f is even, then g is even, and if f is odd, then g is odd.

4) If f € L? suchthat Lf €Y, then f € Y.

(5) Coercivity: Forall f € HY, if (f. 03) = (f. Q") =0, then (Lf. f) > (f, f). Moreover, there exists
ko > 0 such that for all f € H',

(LS, ) = «oll f Iz — %[(ﬁ 0)? + (£ AQ)* + (£ yAQ)?].

Proposition 2.2 (nonlocalized profiles [Martel, Merle and Raphaél 2014, Proposition 2.2]). There exists
a unique function P with P’ € Y such that

wry=no. im Po)=3 [0 IPGISeE pryo @
2

r.0=([e). @aor=o 3

Now for the ground state Q, and the linearized operator L, we have the following properties:
Lemma 2.3. For 0 < w < 0™ < 1, we have:
(1) Null space: ker Ly, ={aQ,, | a € R}.
(2) Pseudoscaling rule: Ly(AQy) = —2Q4 + %(q —5wod.

(3) For any function f € L? orthogonal to Q,,, there exists a unique g € H? such that L,g = f with
(g.9.,,) =0. Moreover, if f is even, then g is even, and if f is odd, then g is odd.

(4) If f € L?> suchthat Ly, f € Y, then f € Y.
(5) Let Zyy = Q4 /0w. Then Zy € Y, and Ly Zy = — Q| Q|97 L
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(6) Coercivity: There exists a kg > 0 such that for all f € H

(Lo fo )= k0l f 131 — K—IO[(ﬁ Q0)> + (f.AQw)* + (/. yAQw)?].

Proof. Part (1) follows from the same arguments as the proof of [Weinstein 1985, Proposition 2.8; 1986,
Proposition 3.2]. Part (2) follows from direct computation. Part (3) is a direct corollary of (1), while
for (4), from standard elliptic theory, we know that f is smooth and bounded. So we have Lf € ), and
from Lemma 2.1, we have f € ).

Now we turn to the proof of (5). Differentiating (1-9), we obtain LyZy = —Qu|Qw |9~ Since
Qo | Qa,|‘1_1 € ), if we can show that Z,, € L2 then we have Z,, € ). To do this, we introduce the map

F:HZ?xRw L2, (u,0) —u" +u—u’+ouul??,

where H? and L2 are the Banach spaces consisting of all H? and L? functions, respectively, which are
even. Since H?(R) is continuously embedded into L>°(R), the map F is well-defined.

We claim that there exists a small ®* > 0 such that if 0 < w < @*, then there exists a unique u(w) € H?2
such that F(u(w),w) = 0. Since we have F(Q,0) = 0, from implicit function theory, it only remains
to show that the Fréchet derivative with respect to u, i.e., dF/du|(g o) € L(H, 2,L2), is invertible and
continuous. But it is easy to see that

oF

- — L,
I |(0.0)

which is invertible and continuous due to part (3) of Lemma 2.1. Hence, we obtain the existence of
such u(w). Moreover, since F' is continuously differentiable with respect to both u# and w, we have u(w) is
continuously differentiable with respect to . In particular, we have du/dw € H2. But from the uniqueness
of u(w), we must have u(w) = Q. As a consequence, we have Z,, = 0Q,,/dw = du/dw € HZ, which
concludes the proof of (5).

Finally, (6) follows immediately from a perturbation argument for part (5) of Lemma 2.1. More
precisely, since Q,, is C 1 with respect to w, we have, for all f € H 1

(Lo f )= (LS )+ 0@ f 71,

and

(f.Q0)* + (£ AQw) + (L yAQw)? = (£. Q)* + (. AQ)? + (/. yAQ)? + O()|| f I -

Together with part (5) of Lemma 2.1, we conclude the proof of part (6) of Lemma 2.3, which finishes the
proof of Lemma 2.3. O

Proposition 2.4. For 0 < w < o™ <K 1, there exists a smooth function P, with Pé) € Y, such that

(LoPo) =0, tim_Pu() =3 [ Qo (24

1 2
(Pa),Q;)):Ov (Pw,Qw):R(/ Q) + F(w), (2-5)



DYNAMICS FOR CRITICAL GENERALIZED KDV EQUATIONS 55

where F is a C' function with F(0) = 0. Moreover there exist constants Co, Cy, .. ., independent of w,
such that
oP, _y
Pol+| 20| = Coe™F forall y >0, 2-6)
0P,
[PoM]+ 15 =) = Co forally eR, 27
9K Py(3)] < Cre™  forallk €Ny, y €R. (2-8)

Proof. The proof of Proposition 2.4 is almost parallel to Proposition 2.2. We look for a solution of
the form P, = ﬁw f JrOOAQQ, The function y = f *°AQ,, is bounded and decays exponentially as
y — +4o00. Then, P, solves (2-4) if and only if Pw solves

- +o00 /
(Lwa)/=AQw+(Lw/ AQa)) =R;,,
y
where

400 400
Ry = (AQa))/_SQi/ AQw+qw|Qw|q_1/ AQy.
y

y

Note that R, € Y. Since (AQy, Qp) = 0 and L, Q,, = 0, we have (Ry, Q,) = —(R ,Qw) = 0.
Then from Lemma 2.3, there exists a unique Pw € ), orthogonal to Q, such that La,Pw = Ry. Then
P, =P, — fy+°°AQw satisfies (2-4) with (P, Q))) = 0 and limy, o Py (y) = 5 ! [ Qw. Moreover,
we have

/Pa,Qw— /(Lwa)AQw+0(a)) /Agw/ AQu + O(w)

1 > 1 >
= 5(/AQ¢,,) + O(w) = g(/ Q) + O(w).
Let
| 2
F(w) = (P,, Qw)—ﬁ(/ Q) .
Then F(0) =
Next we claim that d P,, /dw € Y. Let us differentiate the equation L, P, =Ry, to get
P, IRy
Lw(a—;’) = %—zoz 095 Po+4(q — 1) 0Z0 00| Q0|93 Py + q1Q0|? " Po. 2-9)

Since Z,, € Y, it is easy to check that dR,,/dw € ). So Lemma 2.3 implies 8ﬁw/8a) e.
Now it only remains to prove (2-6)—(2-8). But from [Berestycki and Lions 1983, Section 6], there exist
constants My, M1, ..., independent of w, such that forall k e N, y € R,
k 21yl
|3 Qo) = Mye 3.
Together with (2-9) and the construction of P,, we obtain (2-6)—(2-8). It is easy to see that (2-6)—(2-8)
also imply F € CL. O
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Now, we proceed to a simple localization of the profile to avoid the nontrivial tail on the left. Let y be
a smooth function with0 < y <1, ¥/ >0, y(y) =1if y > —1,and y(y) =0if y < —2. We fix

B =

EN[W)

) (2-10)
and define the localized profile

160 = x(6IPY). Qo) = Qo +bxs(y) Pu(y). (2-11)
Lemma 2.5 (localized profiles). For |b| < b* < 1, 0 < w < w* K 1, we have:

(1) Estimates on Qp: Forall y € R, k € N,

106,00 S e 4 blAa.0 (BB y) + e ), (2-12)

—_ v
195 Qb0 S e P lple™= + b P 1, _y(1bIP ). (2-13)
where 1] denotes the characteristic function of the interval I.
(2) Equation of Qp - Let
_lpb,w = bAQb,a) + (QZ’Q) - Qb,a) + Qliw _wa,w|Qb,w|q_l),' (2'14)
Then, forall y € R,

W, = b*((10Q] P2)y + AP,) — %bz(l —1b) Po
_l
+O0(IbI" P 1y (1P y) + b2 (@ + Be™ ). (2-15)

Moreover, we have
_ vl
19y Wh0 N S 161" 2P 115 _1y(101P ) + 5% > (2-16)
(3) Mass and energy properties of Qp -

[t (f @] r)

|E(Qp,0)| S |+ . (2-18)

<|b*P, (2-17)

Proof. The proof of (1) follows immediately from the definition of Qy ,, and Proposition 2.4. For (2), let
us expand Qp ,, = Qu + byp Py in the expression of Wy, ,,; using the fact that

Q) —Qu+ Q) —wQy|Qw?T =0, (LyPo) =AQu,
we have

~Up o =b(1 = xp)AQu + b(X}) Po + 31} Phy 42X} Py — X3y P + 5X)y Qw Por — q x| Qo' Pyy)
+b7((10Q x5 P2)y + Pulxs + x5 YP,,)
+53(10Q5, 13 Pa)y +b* (5Qu x5 Pa)y + 0% (13 Pa)y
_w((Qw + D) Pw)|Qw + by Pol T — Qu| Qo™ _qbXwa|Qa)|q_l)

We keep track of all terms up to b2 Then (2-15) and (2-16) follow from the construction of the profile O bw-

y°
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/ 2P2 < |b| /3
Then (2-17) follows from

/Qg,w=/Qi+2b/XwaQw+b2f x;iP2.

While for (2-18), since E(Qy) = O(w), we have
|E(Qb,0)| < bl + |E(Qw)| < 0] + w. [

Finally, for (3), we have

2B. Geometrical decomposition and modulation estimates. In this paper we consider H ! solutions to
(gKdV,)) a priori in the modulates tube 7y~ ;, of functions near the soliton manifold. More precisely:

Lemma 2.6. Assume that there exist (A1(t), x1(t)) € ((y/w*)V/™, +00) x R and €1 (t) such that for all
1 €[0,19), the solution u(t) to (gKdV,,) satisfies

1 —x1(7)
10 = Qo+l ) 19
with, forallt € [0, 1),
w1(2) + len@) 2 <k K1, (2-20)
where y
wi(t) = )Lrln(l)

Then we have:

(1) There exist continuous functions (A(t), x(t),b(t)) € (0, +00) x R? such that for all t € [0, to),

e(t.y) = A2 (Ou(t. A1)y +x(1) — Qb(e).w(r) (2-21)
satisfies the orthogonality conditions
(1), Qu(r)) = (6(t), AQu(r)) = (¢(t), YA Qu(r)) =0, (2-22)
where
w(t) = )Lm(l)
Moreover, )
o0+ ez + 1501+ [1- 512 < 800 23)
(1)
leO)Ir < 8([le1(0)]| g1)- (2-24)

(2) The parameters and error term depend continuously on the initial data. Consider a family of
solutions uy (t), withug n € Agy, and g, — g in H' asn— +oc. Let (A (t), by (t), xn (), e (t)) be the
corresponding geometrical parameters and error terms of u,(t). Suppose the geometrical decompositions
of un(t) and u(t) hold on [0, Ty] for some Ty > 0. Then for all t € [0, Ty], we have

(A (). b (0). Xn (1) £0 (1) B2 (A(1). b (1), x (1), £(1) (2-25)

asn — +oo.
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Proof. Lemma 2.6 is a standard consequence of the implicit function theorem. We leave the proof for
Appendix A. O

Remark 2.7. Similar arguments have also been used in [Martel and Merle 2002a, Lemma 1; 2002c,
Lemma 1; Martel, Merle and Raphaél 2014, Lemma 2.5; Merle 2001, Lemma 2] etc.

Remark 2.8. The smallness of w(t) ensures that Q,,(;) and Qp(s),w () are both well-defined.

2C. Modulation equation. In the framework of Lemma 2.6, we introduce the rescaled variables (s, y)

_x—x(1) [t 1
TR Sl 220

Then, we have the following properties:

Proposition 2.9. Assume for all t € [0, tg),
31y|
o)+ el + [ e dy < 227)

for some small universal constant k > 0. Then the functions (A(s), x(s), b(s)) are all C' and the following
hold:

(1) Equation of ¢: Forall s € [0, s9),

es—(Lye)y +bAe = (% + b) (AQp,» + Ae) + (% - 1)(Qb,w +€)y

aQb,a) aQb,a)
—bs— = —os— =+ Vo = (Rp(e))y — (RNL(9)y.  (2-28)
where
Wpo =—bA0p0w—(0} =0+ 03 0—00b.0lQpwl?™"), (2-29)
Ry(2) =5(03 ,—Qa)e—q0(| Qb0 T —|Qu|?™ Ve, (2-30)

Rni(e) = (6+0p.0) =50} ,6=03
_w[(8+ Qb,w)|‘9+ Qb,w |q_1_q8| Qb,a)lq_l_Qb,a)l Qb,w |q—1]' (2'31)

(2) Estimate induced by the conservation laws: For s € [0, s¢),

1
2
)

(2-32)

1 1
lellz2 < 16]% + w2 + ‘/u%—f 0?
m+2

||8y||i2 1 _lyl leyll)2
< o+ |b|+ [ ee 0 |+ y——""—+]|Ep|. (2-33)

2 ~ a2 Am+2
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(3) H' modulation equation: For all s € [0, s0),

1

As
Zyb
A+'+

1
2
byl + || < (@ + |b|>[( [ eze—'lyo) + |b|} + / 2e %, (2:35)

(4) L control on the right: Assume uniformly L' control on the right; that is, for all t € [0, tg),

Y

< (/ eze—lo)2 + |b|(w + |b]). (2-34)

AL

A

[ ko1, 2-36)
y>0
Then the quantities J1 and J» below are well-defined. Moreover, we have:

(a) Law of A: Let
y

4
1Y (y) = AQ’ J (S) = (E(S),,O )v (2'37)
1 (f Q)2 /;oo 1 1

where Q is the ground state for (gKdV). Then we have

swrmf([ec ) s o
< (w+ b)) /se o) +b| —i—/se 0, (2-38)

16 ((AP, Q) 1 )
AQ+P—— —-8p1, J = . 02), 2-39

where P was introduced in Proposition 2.2. Then we have

~+b —2((]1)5 + ETJl)

(b) Law of b: Let

p2 =

1A
bs + 2b% + wsG'(0) + b((JZ)s + ETSJZ)

< / £2¢7 10 + (w + )b, (2-40)

where G € C? with G(0) =0, G'(0) = co > 0, for some universal constant cq.

(c) Law of b/A?: Let

p=4p1+p2€l, J(s)=(e(s),p). (2-41)
Then we have
d (b b 1A wsG'(w) 1 5 vl 5
%(A—z)'f‘k—z(.]s'i‘iy.])-i‘k—z Sﬁ(/s e 10 +(a)+|b|)b . (2-42)

Remark 2.10. The proof of Proposition 2.9 follows almost the same procedure as [Martel, Merle and
Raphaél 2014, Lemma 2.7]. It is important that there is no a priori assumption on the upper bound of A(¢).

This fact ensures that Proposition 2.9 can be used in all three regimes.®

Proof. (1) Equation (2-28) follows by direct computation from the equation of u(¢).

5We will see in Section 4 that we can’t expect any (finite) upper bound on the scaling parameter A(¢) in both the blow-down
and exit cases.
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(2) We write down the mass conservation law

/Q}%,w—/QZ‘F/EZ—FZ(S, Qb@):/u%—/QZ. (2-43)

From (2-17) and the orthogonality condition (2-22), we have

/825 |b|+w+|b|1_ﬂII8IIL2+‘/M%-/QZ

Then (2-32) follows from 8 = %.
Similarly, we use the energy conservation law and (2-18) to obtain

202E0 = 2£(05.0)-2 [ #(Qslt [ -5 [1Qharter*~05,)

2w
422 / [10p0-+el7*1—0pol7+]
qg+1

— 014+ [ &2 el(@0= 0wy + (05— 05 +0(Cb.01 .0l =20l Qul" )]
-3 [(Q0t9°- 05,603 ]
2
+ 2 [ 10pw+el =1 0p 0|7 ~(g+ 10 0] Qp.0l7 ).
q+1

We estimate all terms in the above identity. By the definition of Qy 4, we have

' / e[(Qb 0 — Qu)yy + (05— O3) + (b0 Qb 0™ = Q| Q)]

1
2
< |b|( / eze—'lyo') +ipl 2 [ el
—2|b|—B<y=<0
vl
< |b|+/8ze_ly().

For the nonlinear term, we use the Gagliardo—Nirenberg inequality to estimate

5/5291+/86+|b|/82

2 _ 4 2
5/8 e 10 4] + el 42 lley 122,

|
§w(|b|+/826_1y0 —i—/ |6‘|q+1)

[1@b+0 - 05, ~ 603,

and

@ / [10b0+£9 105019 = (¢ + 1)eQp 0] 05 ol”™]

5 vl % q+3 5
Slbl+ [ e el e 17
m+2
I
5|b|+/e eIyl

Collecting all the estimates above, we obtain (2-33).
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(3) Let us differentiate the orthogonality conditions

(1), AQu(r)) = (e(t), YA Qu(r)) = 0.

Note that

d
%(8’ AQ(!)) = (8S7 AQC{)) + ws(ea AZa))»

where Z,, = 0Q,/dw € Y. So we have

‘(ﬁ n b) _ (6, Lw(AQw)) ‘(ﬁ _ 1) _ (6. Lo(YAQw)")
IAQwll?, A 1A Qull?,
<

A
%
);—s—l'+|b|) x (w+|b|+ (/sze_lyol) )
For the nonlinear term, we use Sobolev embedding and the a priori smallness (2-27),

As
Z4b
A+‘+

Ryl 9yl 9yl
+|bs|+|a)s|+/82€_‘y0 +/85e—15 +/ le|9e™ 10 .

vl _ 3l
lee™ ¥ |20 < [lee™ 3@ |20

_ 3l
< / (0y8% + &%)e a2

<1,
to estimate
/55e—913' +/ lel7e= " < (e 5 3o + e 50 ||§;2)/82e—'1yo'. (2-44)
Here we use the basic fact that ¢ > 5.
For wy, we have
wy = —mw— =mwb—mw| —+>). (2-45)
A A
The above estimates imply
2 ;
X vl
Ts—i-b‘-i— ! §(w+|b|)|b|+|bs|+(/eze_lyo) (2-46)
and
A & Lo(AQyp) x &, Lo(YAQw)
'(_s+b)_( w( zw))+‘(_s_1)_( w(y zw))
A [AQwll} > A IAQwll7»

=

=)

(2-47)

< (a)+|b|)|:([82e_|ly0)2 + |b|i| +/82e_1 .
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Next, let us differentiate the relation (g, Q) = 0 to obtain

=(&,Qu)s = (Es»Qw)+(8 Ws aQa)a))
=a)s( %) (e, Lo(Q))—b(Az, Q)

+(540) (0 pa 00 Ao 1+ (2

)[(Qba, 0u)+(#'. Q)]

Qba)

~bul(Put Qo)+ (B 1y Qo) -n (20252

)+(wbw,gw)+<Rb<a)+RNL(e) Q,). (248)
Substituting the facts

(Poxb. Qo) + (BY X Qw) = (Pw. Qw) + O(b') ~ 1,

LoQy =0, (QurAQu) = (Qur Q) = (6. AQu) =0,
[yl [yl

(Rp(e) + R (6). Q)| < (@ + |b|)(/ sze_i) +/82e—1

and (2-15), (2-16), (2-44), (2-45) into (2-48), we obtain

(o (o)) (ool 2 5) sm]e o

(2-49)
Combining (2-45), (2-46) and (2-49), we get (2-34) and (2-35).

As
Z4b
A+'+

(4) First, we claim the sharp equation

16b [(AP, 0)

bs +2b* + ;G (0) —
+2b% + G’ (w) oy Linolz,

(6. L(AQ)) +206e. PO
- O(bz(a) b)) + / sze_lol) (2-50)
holds. To prove this, we take the scalar product of (2-28) with Q,,. We keep track of all terms up to b2

First, from (2-15), we have

(Wpo. Q) = —b*((10P202), + APy, Qu) + O(b%(|b] + w))
= —b2((10P2Q%), + AP, Q) + O(b*(]b| + w))
=—2b%|01Z, + O(b*(|b] + w)). (2-51)

where for the last step we use the computation
(AP, Q) =—(P.AQ) = —(P.(LP)) = (P.(P"~ P +50%P)))
— (P, PIII_PI) + 10/ QSQ/PZ,
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and from Proposition 2.2, we obtain
(10P2Q%), + AP, Q) =5 lim P? =30l
Next, from Proposition 2.4, we have
(522 Qu) = bu(Ctn + 8323 P @) = b P 00) + O™
= 16b51QII7 1 + F(@)bs + 0(b"), (2-52)
where F is the C! function introduced in Proposition 2.4. From Lemma 2.3, we have

(Zor Q) = =3 (LoZu: A0 + 0@) = 5 [ (100)Ql Q0" + 0(0)

q+1
= = [1eu 0@ >0,

Then from (2-35), we have

3 Qw ~
(wsaQﬂ,Qw) —a)slm + O(|bws]) =a)sG’(a))+0(b2(w+|b|)+/ 2 "10), (2-53)
dw 2 dw

with G () = 3(||Qu 2, = I1Q112,). It is easy to check G(0) =0, G € C?, and

~ ~1
G'(0) = (Zwr Qo)lw=0 = 4(qq+1)/'Q'q+l>0

Next, from Proposition 2.4 we have
1

y 2
(0} o + v, Q)| (/eze—'w') 12, Qu)l + (Pl Qo)+,

which together with (2-34) implies

‘()iy )(wa+8y,Qw)

For the small linear term, we have

<b*(w+ |b]) + / o, (2-54)

1

[ Roter2l, =200 [ o3 0le + bl + |b|)0(/ Sze_lyo)z

R4

=20b/ PQ3Q’s+|b|(w+|b|)0(/ 826_1)2. (2-55)

Since the nonlinear term can be estimated with the help of (2-44), we then have

2b2+a)sé’(a)) 3 16
1+ H) (1+ H(w)(f 0)?

N

|:( Qba),Qa))( +b)+20b(8 PQ Q):|

= 0(p @b+ [ e

o‘i
N—
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where

16
H(w)=—5F(w).
(/ 0)°

< (@ +|b|)[(/8 e ll()l) +|b|j|+/£2e_1yo|_

[(AQp.ws Qo) —B(AP, Q)| S 5™ + [b(AP, Q) = b(APw, Qu)| < |bl(@ + |]).

From (2-47) we have

A (e, L(AQY))
sy p) =¥
‘( +) 1AQ12,

A

Moreover, we have

We then conclude that

bS+

2% + G’ (w) 16b [(AP, 0)

a ,L(AQ) 2O,P3/]
[+ Hw  (+H)(J 07| [ag|z, HAe)+20e Perey

- 0(b2(w+|b|)+[82e—'lyo'). (2-56)

Finally, since H € C 1 H(©0) =0, itis enough to check that the function

B 10} é/(x)
Glw) = /0 1+ H(x)

satisfies G € C2, G(0) =0, G’(0) = co > 0. Then, (2-56) implies (2-50) immediately.
Now, we turn to the proof of (2-38), (2-40) and (2-42). For all f € Y, independent of s, (s, f Y . ) is
well-defined due to (2-36). Moreover, we have

d y As y As y
%(8’/_00 f) — (6. Lo /) + (T—i-b)(AQb,w,/_oof) +T(As,/_oof)
Xs aQb,a) 8Qb,a) Y
_(7_1)(Qb,w+87f)_(bs b + ws o ’/—oof)

y
+ (Lpb,w,/_ f) + (Rp(e) + RnL(8), ).

Using (2-34), (2-35), (2-44) and Proposition 2.4, we have
d Y As
L))o L)+ (3
1A Y ~b
27l /oof)”(('b'*‘”)[(/ ") D

+ O0((|b] + w)|b]) + 0( yo) (2-57)
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Proof of (2-38). We apply (2-57) to f = AQ, using the facts
y 2 y
LAQ =20, (AQ,/_ AQ) = %(/ Q) , (Q’,/_ AQ) =0,

16(e, Q)

e (o) ool 2%) o] o)

Then (2-38) follows immediately from the orthogonality condition (2-22).

to obtain

2(J1)s =

Proof of (2-40). We apply (2-57) to f = p’,. Then from Lemma 2.1 and Proposition 2.2, we have

16 [ (AP, 1 32 Y
(AQ. pa) = 2( Q)AQ+P—5/Q,AQ)— (AQ,/ AQ)

(J 0)" \IAQ| .- (/ 0)° oo
6 Alolz, 1 ( )2
= [(AP, Q)+ (AQ, P)] + - AQ| =0,

(S o) fo? (o /

and
AP

0. 0= (Irgiaor+P.0) 5. 0)

Next, from

L(P") = (LP) +200'Q3P
=AQ +200'03P

and the orthogonality condition (g, A Q) = 0, we have

16 (AP, Q) ' /D /
L)y =——(e, L A P'|) =8, L
(e, Lpy) (fQ)z(g [||AQ||L2( Q) + (e, Lp})
__16 [(AP,Q)

(/ 0)*LIIAQIIZ,

Substituting all the above estimates into (2-57) with f* = p), we obtain

16 [(AP,Q)
(fQ)2 IAQI7 -

(e, L(AQ)') +20(s, PO Q)}#—O(w)(/ yo')z.

(e, L(AQY) + 20(e, PO Q)] e,

+0((|b|+a))[(/82e—'lyo)2 +|b|] +/ Ze_llol). (2-58)

Then (2-40) follows from (2-50) and (2-58).

(JZ)S =
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Proof of (2-42). From (2-38) and (2-42),

d(b\_bA2? 2 (%
ds\\2) )2 A2\ A

b As b As s _
ey ] 200 B -2 o ([ i)

b 1 As wsG'(w) 5 ol 2
= Az[‘]s ETJ] e +0(A2([ee 0 +(w+1b)b* ),

which is exactly (2-42).
Finally, it is easy to check that lim| |y oo p(y) = 0, which implies p € V. O

3. Monotonicity formula

We will introduce the monotonicity tools developed in [Martel and Merle 2002c; Martel, Merle and
Raphaél 2014]. This is the key technical argument of the analysis for solutions near the soliton.

3A. Pointwise monotonicity. Let (¢;);=1,2, ¥ € C°°(R) be such that

124 for y < —1,
gi(y)=q1+y for —1<y<i, ¢'(y)>0 forall y e R, (3-1)
y! for y > 2,
2y —1
vy =1° ory=— ¥'(y) =0 forall y € R. (3-2)
1 for y > —3,
Let B > 100 be a large universal constant to be chosen later. We then define the weight function
v =v(2). w0 =9(2) (3-3)
B ’ B
and the weighted Sobolev norm of ¢
Ni(s) =/(8§(s,y)1/f3(y)+82(s,y)<pi,3(y)) dy, i=12, (3-4)
Niaols) = [ 2630 50 dy. i =1.2 (3-5)

Then we have the following monotonicity:

Proposition 3.1 (monotonicity formula). There exist universal constants ;1 > 0, B = B(gq) > 100 and
0 <« < 1 such that the following holds. Let u(t) be a solution of (gKdV,,) satisfying (2-20) on [0, fo],
and hence the geometrical decomposition (2-21) holds on [0, to]. Let so = s(tg), and assume the following
a priori bounds hold for all s € [0, sg]:

(H1) Scaling-invariant bound:

() +1b(s)[ + Na(s) + lle(s) 2 + () lley ()72 < & (3-6)
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(H2) Bound related to H' scaling:
@(s) +[b(s)| + Na(s) _
K

A2(s) - ©-7)
(H3) L2%-weighted bound on the right:
1
10,2
e (s,y)dy <501+ ——— ). (3-8)
[ mar=sofi+5a5)
We define the Lyapounov functionals for (i, j) € {1,2}? as
Fij = f (eiwg + (14 7.)*0i.8 — 3VB[(Qp0 +6)°— 05, — 603 ]
2w _
# 2 10h e = 105l ~ 4+ DoChal Orol T WE ). ()
with’
Jij = (1 —J)~4U=D=2 _q (3-10)
Then the following estimates hold on [0, so]:
(1) Scaling-invariant Lyapounov control: fori =1, 2,
dF;
d;’l +M/(8§+82)<pl{,3 <p b*(0* + b?). (3-11)
(2) H!'-scaling Lyapounov control: fori = 1,2,
%(/\2)4_)&_2/(8))—’_8 )wi,B sB T (3—12)
(3) Coercivity and pointwise bounds: there hold for all (i, j) € {1,2}?,
Ni S Fij SN, (-13)
1
|Jil + 1T, 1 S N7 (3-14)

Remark 3.2. The proof of Proposition 3.1 is almost the same as that of [Martel, Merle and Raphaél 2014,
Proposition 3.1]. The only difference here is the additional terms involving w.

Remark 3.3. Similar to Proposition 2.9, we do not assume any a priori control on the upper bound of
A(s) so that the monotonicity formula can be used in all three cases.

Remark 3.4. As mentioned in [Martel, Merle and Raphaél 2014, Proposition 3.1], the weight function ¥
decays faster than ¢; on the left. As a result, A and F; ; do not control f 85 <plf p (see Remark 3.5 of
that paper for more details).

TRecall that J; was defined in (2-37).
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Proof of Proposition 3.1. The proofs of (3-13) and (3-14) are exactly the same as [Martel, Merle and
Raphaél 2014, Proposition 3.1]. We only need to prove (3-11) and (3-12). To do this, we compute directly

to obtain that, for all (i, j) € {1,2}2,

o Fii
220 1)(/\2(;’1‘1)) =f+ 2t it fat fs
N

where

A
fi=2 [ (ex= 52 e -(meds o010V B0

A
f2 = 2/ (SS_TSAS)SLTI.:J.(pLB’

(3-15)

A A
1= 2 [ Ae-(mey)y + (1410608 VB BN+ (s [ 01?26 -D .

fa=—2 / U3 (Qp.o)s[ Ay o—560% , +q0e] 0p ol771],

2a)s

Is =

anba,+e|q“—|wa|q+1 G+ 1)e0p.0|0p.oli™ V.

Ab,w(g) = (Qb,a)+8)5_Qb,w_w(Qb,w+8)|Qb,w+3|q 1+wa,w|Qb,w|q L

Our goal is to show that for some 1o > 0,
d
G =m0 [ +e)g) 5+ 3, 0p) + CH0P +52),

fk

=10

The following properties will be used several times in this paper:®

/((s +%)¢) p+2,¥p) + Ch*(@> +b*) fork =2,3.4,5.

0" DD+ o] D+ 1" O+ [y D)+ 1y ()| S ¢f S giforall y € R,

W) + W )) S @)~ forall y e (—o0, 1],

2
Mioe SN2 joc SN SN2, /8 ©1,B8dy SN2 jocs

1 8
/ y282(5) < (1 + T)N;,loc(s)'
y>0 A9 (s)

Control of f1. First, we rewrite f1 using the equation of ¢ in the form

A
g5 — TsAs = (—&yy +&—Apu(e)y
aQb 17}

8Qb,a)

A X
(5 40)A000+ (5 -1) Qs+ =525

8See [Martel, Merle and Raphaél 2014, Section 3] for more details.

Yy 0
8w+b’w

(3-16)

(3-17)

(3-18)
(3-19)

(3-20)

(3-21)

(3-22)
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where —Wp, ,, = bAQp o, + (0}, — Opw + Op , —©Q0b | Ob.w|?™")y. This yields
fi=fir+ fig+ fiz+ fia+ fis,

with
fig= 2/(—8yy +e—Apow(©)y(—(¥YBEY)y + 601 B — VB A (e)),

A
fi2 =25 +0) [ AQvau(-(Umer)y + o015~V dnale)

fi3= 2();—s - 1) /(Qb,a) + &)y (—=(¥Bey)y +€0i, B — VB Apw(E)),

8 w a w
fa==2f (bs b |, 220, )(—(wgey)y+e¢i,3—wBAb,w(s)>,

fis = 2/ Vb0 (=(VBEY)y + £0i,B — VB Ap,w(€).
For the term f7,1, we integrate by parts to obtain a more manageable formula:
fia=2[ Cony t o= Boa@y ey +5 - Bpa@)Vn
42 gy 6= Bpa@)y(Vpey + elon — V).

We compute these terms separately. First, we have
2 [ ey 4 = BpaE)y (5ry + 2= B o)V

—— [ Whens + e Bpo(@)

—— [ Waler + o= Do @ — ey +02) = [ Wp(oeyy +02

— _|:/ Yp(es, +26) + &2 (Yp — wg’)] —/ Vg ([—eyy + 8= Ap u(e)]* — (—&yy +2)?).

Next, we integrate by parts to obtain

- / (Dpo(©)y (@5 — VB)e
- _% /(‘Pi,B —8) (b0 +9)° — 0p, =660} ] —6£[(Qp +2)° = Op ,])

=2 [ (un = V8)(Q5)s Qo0+~ 05, — 5604,

2w

Ta [ @1n =08 (1@ + £l = 105,07+ = @ + DEQp0| Q]

—(q+ 1)8[(Qb,a> + 5)|Qb,w + 8|q_1 - Qb,a)|Qb,a)|q_1])

420 / @15 —VB)(O.0)y[(Qbe + )| 0o+ 7" — 0p o Opwl?™ —gel 0p.0l4™'].
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and

2/ (_5yy =+ ‘9)y (_W}/_!;Ey +e(¢i,B —VB))

= —2[/ Ve, + /Ei (3918 —3V5—3VE)+ / e*(3(¢ —VB) — 3 (9B - 1ﬁ)&:)"')].
Finally, by direct expansion, we have
[ @oensvpes =5 [ Vs (@00 (@oa +8)* = 0 1+ (b +))
=40 [ Vs Q) [1Qba + 7™ = 1050l + 5,1 Qp o +e117").

Collecting all the estimates above, we have

f1’1=1+11,

where

1= [13¥pel, + Gvip + V5~ VS + (o s — 0l p)e)
~2[[§(@ba +9° = 05, ~ 6605, —el(@b +)° = 0 11t} 5 — V)
+2[ @+ 6 = 05, ~ 5603 ) Qb)s (Vi — i)
10 [ Ves (20w (@ +00* = 05,1+ £(Qp0 +)°)

- / Vo ([tyy & — Ap o (@ — (—eyy +)°)

=h+ 1L+ 13+ 14+ 15,
and

11 =20 / [IQb,w+e|q+1—|Qb,w|q+1—(q+1)eQb,w|Qb,w|q—1
qg+1
_8[(Qb,w +é)] Qb,w +8|q_1 - Qb,wl Qb,a) |q—1]] ((pz{,B - WI,;)

_Zw/[(Qb,a) +8)|0pw+el? " = 0p.wl0bwl? ' —q2| 0w 1(OQbw)y(VE—9¢iB)

—26160/ V5ey ((Qh,0)y[10b0+el9 —10p.0 7 T+ey| Q0 +el?™).

For I, k =1,2,3, 4, we can use the same strategy as in [Martel, Merle and Rapha&l 2014, Proposi-
tion 3.1] to obtain

Z Iy < —u /(8yyw3 —i—sygo, B + &2 @ B)—I—Cb4 (3-23)
k=1

for some universal constant p1 > 0.
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The idea is to split the integral into three parts. We denote by /,~, 1. and I, the integration on
y < —5, ly| < % and y > %, respectively, for k = 1,2,3, 4.

On the region y < —g, using the weighted Sobolev bound introduced in [Merle 2001, Lemma 6;
Martel, Merle and Raphaél 2014, Proposition 3.1],

,(@]'p)?
Vil < 1 ([ G0+ [ 25 <o00 [+ utn 020
B

we have

5415415 S €460, 860605 + 100l [ € 46005

< a(x)/(e§ +6%) ¢ g
Hence we have 4
Yo <—p / L€ Vh + e3¢ g +e%0] ) (3-25)
k=1 y<—3z

for some wp > 0.
For the region |y| < g, we have

Zlk =-z (3e§+82—5Q482+20yQ’Q382)+0(/
ly

B
|J’\<7

(|b] + w)e? —I—s)

|<
We then introduce the following coercivity lemma:

Lemma 3.5 [Martel, Merle and Raphaél 2014, Lemma 3.4]. There exist Bg > 100, w3 > 0 such that, for
all e € H' and B > By, we have

[yl

(38 + 62 —50%24+20y0'03%?) > us3 ez—i-ez—l e2e” 2.
yi<% yi<g B

The above lemma implies immediately that
DI =—w /| e+ s+ ) (3-26)
— YiI<%

while for the region y > %, we have Y5 = ¥z’ = 0. We also have

lel oo (= 2 S N6l ¢y ) SN2 < 8(6).

Hence, we have

4
315 £ 12sali(rn ) + iy ) @+

which implies

4
S 17 < - / (+e2 +e2) gl 5. (3-27)
»>5

Combining (3-25)—(3-27), we obtain (3-23).
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Now we turn to the estimate of /5. We have

[15] < f Vp(leyy| +lel + le® + wlel)(e* + wlel? +10p,pel)

<t [ @ cun( [ Guetvy+ [ e [1P0y). a2
Combining (3-24) and the hypothesis (H1), we have

[ 0305 1000y, [ P =t [, 200 (329

/ 00 < 2 [ / & < 5(6) / & +)g) 5+ ( / eiwg)%) L (330
and

2 2 212 1.4 2q—8 2112 1.4 -3 -5
" f P9y < 0?2 / £P975 < w22 W) d [ lel?3 ey 195

2
<60 [ 3605+ ( / ei(wgﬁ) ,

where we use the fact that w||ey |7, < k for the last inequality.
From ((¢')2 )” < ¢} and (H1), we have

(/ 85%)5) =( / eeyy (V)2 + 5 / (v} ),,)
< /gZ/giyw;g + (/ 82‘/’,{,3)2

<8(x) f (35 V5 +&°¢] p)- (3-31)
Substituting (3-29)—(3-31) into (3-28), we have
1Is| < 2L < (/ e, Vp + /(82 + 85)%{,3). (3-32)
Now, we turn to the estimate of /7. We write /I in the form
IH=I1~+1",
B B

where /1= and /1~ correspond to the integration on y < —% and y > —7 respectively.
For 1<, using the fact that ¥, ~ (¢] p)* for y < —2 we have

I 5‘”(/ L (BT 4100 1" ) g p+ /
y<—%

-£ y<_,

+w/ Valey (1197 +10p.wl? el + ey el + ey | Qb0 177 )
y<—

10}, |(1el7 +&2)¢: B)

s

- - M1
< cua [ o sl +1et)+ [V Hey D) + 45 [ Dol
y=—=
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We use (H1)-(H3) and the Gagliardo—Nirenberg inequality to estimate these terms separately. First, we

have
o f 7] < 020 p)F 2 / 6773
2 2, 2\ s 3t
w( / . / (e +ey)<o,-,3)(||sy||L§ el
o
< (wnsynzz)( f 82) / &+ )¢l p < 500) / &+ )¢l 5.
and

o [Iett4] 5 < 0] )}

< w( f 82)4 ( / (& +8§)w{,3) 13 eyl 3 < 860) / & 1)l .

From ¥’ < (¢})? and (3-31), we also have

2 —1 2 1.9 -5 2 1
o / Uy el < ol (W) 3o ]9 / ()}

< @lley |7 75 ( [ +e§>(wg)%) [

2
S 8(k) / (& + )¢ g+ ( / £ (wg)i)
< 8(K)(/ siylﬂ]'g + /(82 + 85)%{,3),

o / Vley1el97" S ol E2Wp) | 2o ley (W) # 12211 €194 2
< (wueyan)nsn'"“( G +e§)<wg>%) ( / ei%ﬁ)z
< 8(0) f (& +e2)gl 5+ ( / si(wg)é)z

=< 1000/(8 +8y)(plB+C(M'1)(/8 (wB) )

H1 2 2 2
5%([8”1%34—/(8 —I—sy)go{’B).

|II<|5%(/8§yw]/3+/(82+8§)(p;,3). (3-33)

and

In conclusion, we have
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For 117, we know that ¥/ = 0 for y > —g. Using Sobolev embedding, we have
||8||ioo(y>_g) S ||8||L2(y>_§)||8y||L2(y>_g) <N <L
Thus, we have
1715 0( [ @45+ [@abein) 50860 [ €+ o5 (334

Combining (3-23), (3-32), (3-33) and (3-34), we have

fir = [+l 5 +Cb* (3-35)

for some universal constant g > 0.
Now, let us deal with f; ». It is easy to see that

fia=1+ 11,
where

- Ag

P =27 +0) [ AQna(~(Wmes)y + 600~ V8l(@ar +27 = 03,
~ A,s _ —_
T =2w (T + b) / AQpo¥B(Qbw+8)Qbo +el" " = 05001, D

The term / can be estimated by the same argument as in [Martel, Merle and Raphaél 2014, Propos-
tion 3.1]. Thus, we have

17| < 5%00 /(82 +67)¢) g+ Cbh* (@ +b?).

We mention here that the modulation estimate (2-34) in this paper is slightly different from [Martel,
Merle and Raphaél 2014, (2.29)]; i.e., there is an additional term “w|b|” on the right-hand side of (2-34).
This additional term results in the appearance of the term “w?h?” on the right-hand side of the above

As
= 1b|(B
ol

Using (2-34) and the strategy for f1,1, we have

inequality.
While for 77 , we have

=

17| S w

1
/\/’i,zloc+/|8|qw3)‘

11| < % /(82 +&2)¢] g+ Ch*(@” +b?).

A similar argument can be applied to f; x, k = 3,4,5. Together with (3-35), we conclude the proof
of (3-16).
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Control of f>. For f>, we integrate by parts, using (3-22) to get

A
12 =23y 2018 ery +6= sy + (5 +5) A0k

X 905, 90Qs,
+ (TS - 1)(Qb,a) + &)y — by abw — Ws 3a)w + VY0 |

We integrate by parts, estimating all terms like we did for fj. Together with

1
[T, S 11l S NG < 8(k),
we have

| 2] S 8() / (> + &) ¢ g +b* (> +b7). (3-36)
Control of f3. Recall that
)LS 2 . As
f3= 27 Ae(—(YBey)y + (L + Ji,j)ewi.B — VB Abo(8)) + (Ti,j)s | vi,Be” —2(j — 1)7}3‘,1'-

Integrating by parts,’ we have
fs=1+11,
where
S | ,
=% [1e-2G - 0ywa-yv33
1 )'S . /
=33 [1e=20G - 0ws - y¥3l(Qsa + 9 - 05, ~ 6205,
As
+22 [ UaAQ Qo+ - 0F,, - 5501,

A ) A
+ @ [ Pon =204 3 [y =20 -DF 0+ [ 2o

and
~ 2w A q+3 . _
1= 2220 [ (L5 -20-0)p5 -5 [X[10nar+el1=10b0l"* =4+ 16 b0l 0ol

A ] ] ;
207 [ VBAQH[(Cb.0+0) Qb el = b0l b0l ~gel 0bal ']

Similarly, we can use the same strategy as in [Martel, Merle and Raphaél 2014, Proposition 3.1] to
estimate /, which leads to

17| < 5(/()/(82 +))¢] g +b* (> + D). (3-37)

9See [Martel, Merle and Raphaél 2014, Proposition 3.1, Step 5] and [Lan 2016, (5.22)] for more details.
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More precisely, we can rewrite / as
= % f[z(z—j)wB —yVhlel
s /[2(2 VB = yVpI % [(Qpo+e)°— 05, —6£03 ]
- ZTS / VBAQL[(Qpw+8)° — 03,5603,
il @ne-2-0a+30%] [Gon- e pe

As p
+ ll[(x-,,-)s —QU =D+ + @-)7] [ 3452

= fl + fz,
where

~ 1 As ’
i= {(Ji,j)s —@G =D+ + ~7i,j)7] [ veine

We also denote by I7, IA]: and IAk>, k = 1,2, the integration over y < —g, ly| < % and y > %
respectively.
For integration over |y| < £ the estimate is straightforward, we have

|fr|+|f;|ss<x) | (e3¢ 5.
y<

While for y < —B , using (2-34), we have

151+ 1151 < (bl + lloc)/ LB +1yIe g+ ¢i.B) () + &%) +|yl¢] ge?
<8

s@laiio| [ dviat [, biviae]
y<—7% y<—*

1 99

00 5\ 100

< (161 + lloc)|:/8§(pl{,3+(/ ByIOOeBS) ([ BeBez) }
y<—7 y<—7%

2
< (|p| + lloc) X (/ Si(pz{,B +'A/zll(<))(é) < 8(K)/(8§ +82)<P,{,B + Cb*.
Now, for y > g, we first have

igi,g—y¢; g =0
for all y > B. Hence

1771 < (b] + ,k,c)/(e L2l < S(K)[(e +e)gl .

Next, for f2> , we know from (2-38) that

A =D +2i
T (1= Jy)AU-DF2i+1

A
(T j)s (Jl)s—ﬁ(l—fl) < 1]+ N joc-
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Together with (3-7), (3-8) and (3-21), we have

1 8
|12 |<(|b|+N10c)( A190)/\/’1'791%

8
9

8
< |bI(1+ S(K)Ibl_f)/\/gloc + Nijoc(1 + 8(K) N; k,C)N loc
<800 [ €& +)9] 5 + D0+ 82).
Combining the above estimates, we obtain (3-37).
Finally, for 11, from the fact
q+3
VB + ’(q— —2(j — 1))1#3 y¥p| <B ¥} B
we have
N A
15 0|2] [ QT+ 17+ .
Using |As/A| < 8(k) and the strategy for f1,1, we have
1711586 [ 2+ Dol
In conclusion, we have
AIS800 [ € +)0] 5 + 5207 1),
Control of f4. From (2-5) and (3-12), we have
Qb 1) <
1(Qb,0)s| < + |os | = (o + [b])(|b] + 1100) §(x).

Using the Sobolev bounds (3-24) and the strategy for fj 1, we have

| fa] < 5(K)(/(a)|8|q + e + 82)%{,3) < 8(k) (/ e, Vp + /(82 + 85)(01{,3).

Control of f5. From (2-34) we know that

< 8(k).

|ws| = ma

)t

Thus, by the Sobolev bounds (3-24) and the strategy for fi,;, we have

|f51 5 8() / @[l + %) i p < 5(K)( / Vbt / (&2 +8§>¢5,B)-

77

(3-38)

(3-39)

(3-40)

Combining (3-36), (3-38), (3-39) and (3-40), we conclude the proof of (3-17), and hence the proof of

Proposition 3.1.

O
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3B. Dynamical control of the tail on the right. In order to close the bootstrap bound (H3), we need the
dynamical control of the L? tail on the right introduced in [Martel, Merle and Raphaél 2014]. More
precisely, we choose a smooth function

for y <0, ,

0
¢10(y) = {ylo §010 > 0.

for y > 1,
Then we have:
Lemma 3.6 (dynamical control of the tail on the right [Martel, Merle and Raphaél 2014]). Under the
assumption of Proposition 3.1, it holds that
1 d( 2 2

W%(A /</’108 <B N1,oc +b°. (3-41)

Proof. The proof of Lemma 3.6 is exactly the same as [Martel, Merle and Raphaél 2014, Lemma 3.7].
More precisely, from (3-22), we have

1d A A
275 P106* = /¢108|:TSA8 + (—eyy +e—Apo(e)y + (Ts + b)AQb,w
X aQb, aQb,
+ (Ts - 1)(Qb,w +¢)y —bs 8bw — Wy aa)w + Y0 |
where

Ab,a)(s) = (Qb,a) + 8)5 - le),a) _a)(Qb,a) + 5)|Qb,a) + 8|q_1 + wa,w|Qb,a)|q_1-

"

We integrate the linear term by parts using the fact that y ¢, = 10¢1o for y > 1, and ¢} < ¢}, for y

large, to obtain
®10€ ﬁAg-F(—g +) :_lﬁ y(/)/ 82_2 82(/)/ _l 82(/)/ +l gz(p///

A 3 1
_STS/(/)1082_5/8§‘pio_§/82§0/10+c~/\/‘1,10c-

Next, from (2-15), (2-34), and (2-35), it is easy to obtain

Xs aQb,a) aQb,a)
‘/%08[( +b)AQba) (7_1)(Qb,w+8)y_bs b — Wg o +qu,w

While for the nonlinear term, we integrate by parts to remove all derivatives on ¢ to obtain

_ vl
‘ / o106[D 0 ()]y| < f o102 3 (lellLooiyooy) + / Sl + / 690! < 8(6) / 0%,

where we use the fact that |Qp o, | + |0} | < e /2 for y > 0 and

S b2 +Nl,loc~

lellLoo(y>0) SNt K 1.

Hence, we have
d A
— [ @062 +10=2 / 010&% < b% 4+ N 1ocs
ds A

which, together with Gronwall’s inequality, implies (3-41) immediately. O
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4. Rigidity of the dynamics in Ay, and proof of Theorem 1.3

We will classify the behavior of any solution with initial data in A, , which directly implies Theorem 1.3.
To begin, we define

t* =sup{0 <t < +oo |forall /' €[0,], u(t') € Ty} 4-1)

Assume 0 < y < ap < * < 1; then the condition on the initial data, i.e., ug € Ag,, implies * > 0.
Next, by Lemma 2.6, u(¢) admits the following geometrical decomposition on [0, 7 *]:

x—x(t)
A) )

1
u(t, x) = M/—z(ﬂ[Qb(t),w(t) + 8(1)](

The condition ug € Agy,, implies
@(0) + [leO)[| g1 + @(0) ey ()| + [6(0)] + [1 = A(0)] < (exo), (4-2)

/ y1%%(0)dy <2. (4-3)
y>0
Using Holder’s inequality, we have
N2(0) < 8(ao). (4-4)
Then let us fix a 0 < k¥ < 1 as in Propositions 2.9 and 3.1, and define
t** =sup{0 <t <t* | (H1), (H2) and (H3) hold for all ¢’ € [0, ¢]}. (4-5)

Note that from (4-2)—(4-4), we have t** > 0. Let s* = 5(¢*) and s** = s(t**).

4A. Consequence of the monotonicity formula. We derive some crucial estimates from the monotonicity
formula introduced in Section 3.
Lemma 4.1. We have the following:

(1) Almost monotonicity of the localized Sobolev norm: There exists a universal constant Ko > 1 such

that, fori = 1,2 and 0 <51 < s5 < s*,

Ni(s2)+ / / (5. )+, )¢, 5 () dyds < Ko[Ni(s)+ sup [b@)P+ sup 03(s)]. (4-6)

S€[s1,52] S€[s1,52]

Ni(s2)
A2(s2)

+ / ™ [(/ (s§+82)(s)<ﬂ§,3)+b2(s)(|b(s)|+w(s))]ds

26)
- Ni(s1) b2(s1) + w?(s1) = b%(s2) + @?(s2)
—K°(A2<s1)+[ 26 A2 D @7

(2) Control of b and w: For all 0 < 51 < 55 < s*%,

o(s2) + / “b2(s)ds SMs) + o)+ sup (S, 4-8)

s€[s1,52]
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(3) Control of b/A?: Let ¢c1 = (m/(m + 2))G’(0) > 0, where G is the C? function introduced in (2-40).
Then there exists a universal constant K1 > 1 such that, for all 0 < s1 < sp < s**

b(s2) + cro(sz) b(Sl) + c1w(s1) <K (Nl(sl) . b2(S1) +a)2(s1) n bz(sz) +a)2(S2)). (4-9)

A2(s2) A2(s1) A2(s1) A2(s1) A2(s2)

(4) Refined control of A: Let Ao(s) = A(s)(1 — J1(s))% Then there exists a universal constant K» > 1
such that, for all s € [0, s**],

(AO)S
Ao

Proof. Proof of (4-6) and (4-8). From (2-50), we have

1 b| < KalAG + (Ib] + @)W + [B])]. (4-10)

d
%G(a)) + b2 < _bs + CNl,loc-

Integrating from s to 55, we have
52 52 §2

G+ [ 55 [ Mt G)+ b6 -b60I < [ N+ GG+ swp (b
N S1 S1 SE[s1,52]

Since G(w) ~ w, we obtain (4-8).
Next, from the monotonicity formulas (3-11) and (3-13) we obtain

Ni(52) + / / (2(5.7) +£2(5. ) @l p () dy ds
l 5/\fi(s1)+[ sup b2(s)+ sup a)z(s)]/ b%. (4-11)

5€[s1,52] 5€[s1,52]
Combining (4-8) and (4-11), we obtain (4-6).
Proof of (4-7). First, from (2-50) and (2-35), we have

2/S2 I /32 [_|b|bs —wsG'(w)|b] + CNT joc + 5(K)|b|3]
Ky N

a2 - A2

52 52 A oc bz 52 b3
=373 +0(/ b 0 )+8( )/ BL (4-12)
S1 S1

Recall that @ = y/A™. Then from (2-34) we have
/SZwbz_ SZAwa+/S2wb As+b
P EE L AW
1 52 w 52 a)b2 52 N] loc
< — | b+34 — 40 ’
<ova ) o) [ 55 o( ) 55)

52 2 2
L[ b 80 / wb”

- m+2 Jg,
N 0(/ Nl,loc b%(s1) + @*(s1)  b?(s2) + w?(s2)
51 A2 A2(s1) A2(s2)

1 1

1b]b|

). (4-13)
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From (2-50) and (2-35), we have

52 w 52 w m 2 ,
-/;1 )L_z(_bS)E/;I )L_2|:(2+F))b +wsG ((1))+C(H1)N1,10C:|

m 52 wh? 2 wswG'(w)
= (2+—) —2+/ T aim
10/ Js, 4 51 (v/o) /m

2 Mjoe | b2 (s1)+02(s1) | b?(s2)+w?(s2)
ro( [ e iy ) 4
From (2-34) and (2-35) again, we have
/SZ wswG'(@)| _ [M(w(s2)) — M(w(s1)] < w?(s1) C02(S2), 4-15)
si (y/w)?/m y2/m A2(s1)  A%(s2)

where a, ) )
M(a))=/ xw G (x) dx ~ w*tm
0

Therefore, combining (4-13)—(4-15), we have

52 bz 2+ 1 52 b2
[ = (s row) [55
S1 S1
2 M1,10c |:b2(51) +w3(s1) | b%(s2) + wz(sz)D
+ 0 / — 4 + . (4-16
( Y A2s1) 32(s) #10
Taking x > 0 small enough, from (4-12) and (4-16) we have

/sz b*(w + b)) </s2 N1,10c+|:b2(51)+w2(51)+52(S2)+w2(52)i|
s A2 Ts A2 A2(s1) A2(s2) '

Now, integrating the monotonicity formula (3-12), we have

NiGs2) [ , % p2(5) (@(s) + b))
wm*fsl A2()[(/ CRaROl B)} AZ( )+ ”/ 2e O

which implies (4-7) immediately.

(4-17)

1 1

Proof of (4-9). The proof of (4-9) is based on 1ntegrat1ng the equation of /A2, i.e., (2-42). More precisely,
from (2-34), (2-42) and the fact that |J| < N, (recall that J given by (2-41) is a well-localized L?
scalar product), we have

b o) wsG'(w) g
( /,\2 ) + ez e

1 loc

b b ws G’
=z) Tt T
As b 1
2 ‘ O(Az(/se 10+(a)+|b|)b))
b 2, 2

|J|+0 )LZ g“e” 10 + (w +|b))b

< O(pwl,m o |b|)b2>).
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We integrate this estimate in time using (4-7) to get

b §2 52 G/ b2 2 b2 2
b +/ s 2(60)61 < -/\[21(51) N (S1)2+60 (1) | (S2)2+60 (s2) (4-18)
A 51 A A%(s1) A%(s1) A%(s2)
Note that [e/ —1] <2|J| < ffc Together with (4-7), we have
b 52 b |2 b 52
|:A2 Jj| = A_Z H: leloc]
o . (4-19)
_Lb|® Lo Ni(s1) N b2(s1) + w*(s1) N b?(s2) + w*(s2)
A%, A2(s1) A2(s1) A2(s2) '
Next, from (2-35), (4-7) and |J| < Nllfc, we have
/Sz 2sG'@) syl / (0 + )b + Ni e
51 A2 ~ s A2
< Ni(s1) | b%(s1) + w?(s1) | b%(52) + w?(s2) (4-20)
A2(s1) A2(s1) A2(s2)

Finally, recall w = y/A™, so we have

/SZ wsG'(®) [ w;G'(w)  T(w)|?
s A2y em a2

1
where

Y(w) =

Z ,( )
xmG'(x)dx.
a)2/m 0

Recall that G is the C? function introduced in (2-40). We then have ¥ € C? and ¢; = ¥/(0) =
(m/(m +2))G’(0) > 0. Hence, we have

2 0;G'(w) _ ciw]” w?(s1) | 0*(s2)
[ 25 =5% . O(AZ(sl) +A2<s2>)‘ @20

Combining (4-18)—(4-21), we conclude the proof of (4-9).
Proof of (4-10). From (3-14), we have

1

A
——1 <|.11|</\/2 < 8(k);
Ao
thus we obtain from (2-38)
(AO)S )Ls J1
1—-J1)—+b-2(J - b
e 1—J1 (I=J)—+ (J1)s =7

s/ 5 4 (b + )N+ b,

This concludes the proof of (4-10), and hence the proof of Lemma 4.1. O
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4B. Rigidity dynamics in Ay,. In this part, we will give a specific classification for the asymptotic
behavior of solution with initial data in Ayg,.
We first introduce the separation time #;":

xJO it |5(0)+c10(0)] = C* (N1 (0)+57(0)+w?(0)),

“lsupto <t <* [forall £ € [0.1], |p(t)+e10(t)| = C* NG )+ () +0? @)} else, )

where!?
C* =100(K; + KoK>) > 0. (4-23)

Then we have:

Proposition 4.2 (rigidity dynamics). There exist universal constants 0 <y < g K a* < land C* > 1
such that the following hold. Let ug € Aa, and u(t) be the corresponding solution to (gKdV,,). Then we
have:

(1) The following trichotomy holds:

Blow down: If t{ =t* thent{ =t* =T = +o0, with
|b(t)| + Na(t) >0 ast — +o0, (4-24)
M) ~ T, x() ~ 14T ast — +o0. (4-25)
Exit: If tf < t* with
b(t}) +cro(1) = —C* N1 (1) + 02 (t]) + 0> (1)),

then t* < T = +oo0. In particular,

A0>0,Ag”i‘l;f<w*,xoeu% ui) =7 1/2 *o y(x)t—oxo) L2 = (+-20)
Movreover, we have
b(t*) < —C(a*) <0, A(*)> g((“:)) > 1. (4-27)
Soliton: If t{ < t* with
b(t) + cro(t]) = C*N1 (1)) + b* (1) + 0> (1)),
then t* = T = +00. Moreover, we have
Na(t)+ |b()] >0 ast — +oo, (4-28)
A(t) =Ao(1+0(1)), x(t)= (1 +o(l)) ast— oo, (4-29)

OO

for some A € (0, +00).

(2) All of the three scenarios introduced in (1) are known to occur. Moreover, the initial data sets which
lead to the soliton and exit cases are open in Ay, (under the topology of H InL2(yl Vi 0 dy)).

10Recall that Ko, K1, K2 and ¢ were introduced in Lemma 4.1.
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Remark 4.3. It is easy to see Proposition 4.2 implies Theorem 1.3 immediately.

Remark 4.4. The constant C* chosen here is not sharp. We can replace it by some slightly different
ones.

Proof of Proposition 4.2. The basic idea of the proof is to show that the assumptions (H1)—(H3) introduced
in Proposition 3.1 hold for all ¢ € [0,¢) (i.e., as long as the solution is close to the soliton manifold).
And then together with the estimates obtained in Lemma 4.1, we can show that the error term & does not
perturb the ODE system, and hence the parameters (b, A, x) have the same asymptotic behavior as the
formal system (1-11), which concludes the proof of Theorem 1.3.

In the blow-down and exit cases, this is done by improving the estimates in (H1)—(H3) on [0, £ **]
(recall that ¢** is the largest time ¢ such that (H1)—(H3) hold on [0, ¢]), and then a standard bootstrap
argument shows that 1** = ¢*, i.e., (H1)—(H3) hold on [0, #*), while in the soliton case it seems hard to
improve all the estimates on [0, **]. But, fortunately, we can use a similar bootstrap argument to show
that some modified assumptions (H1)’, (H2)’, (H3)’ hold on [0, *], which is also enough to obtain the

asymptotic behavior of the parameters.

I. The blow-down case. Assume that ;" = ¢*;i.e., for all # € [0, %],

b(1) + c1o(t)] < C*(N1(1) + b>(1) + 0*(1)). (4-30)
Step 1: Closing the bootstrap. We claim that 1** = t*; i.e., the bootstrap assumptions (H1), (H2) and
(H3) hold on [0, £*].
Indeed, we claim that for all s € [0, s**),
w(s) +[b(s)| + lle(s) L2 + N2 (s) < S(wo), (4-31)
A(s) = 2, (4-32)
/ v (s)dy <5. (4-33)
y>0

Then choosing o*, ag, y such that 0 < y < a9 K o™ < k, we can see that (4-31)—(4-33) imply ** =¢*
immediately.
First, from (4-30) we have, for all s € [0, s**),

b(s) < 4C*Ni(s) —|b(s)], (4-34)
1b(s)] S N1(s) + w(s), (4-35)
w(s) SNi(s) + |b(s)]. (4-36)

Then we apply (4-34) and (4-36) to (4-10) to obtain

(AO)S
0
> —5C*N7 +|b| =8(k)|b| = —MN.

> b N\ —Clo+ BN + b))
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Integrating this from s; to s, for some 0 <57 < 55 <s** and using (4-6), we have
A(s2) = T5A(s1). (4-37)

In particular, we know from (4-2) that for all s € [0, s**)

A(s) = 5A(0) > 2. (4-38)
By our choice of y, we have
4
W) = 7y <27 5 8(e0) (4-39)

Next, from (4-4), (4-6) and (4-35), we have for all s € [0, s**)

Na(s) SN2(0)+ sup N3 (s)+ sup w’(s"),

s’€[0,s] s’€[0,s]
which together with (4-35) implies
|b(s)| +Na(s) < (o)

for all s € [0, s**). Then from (2-32) and the condition on the initial data, we obtain

le(s)l|z2 < 8(xo)- (4-40)
From (2-33) and the condition on the initial data, we have
ley ()17, < 8(a0) + lley () 11757
/\z(s) ~ 0 )Lm+2(s)
Since |l&y(0)[|z2 < 8(aeg), A(0) ~ 1, from a standard bootstrap argument we have
2
&y (s
lley ()72 < 8(0).
A2 (s)
Thus, we have
ey (T
0()lley ()7 S ¥y == S 8(e0). (4-41)
AT (s)
Finally, let us integrate (3-41) from O to s, using (4-3), (4-6), (4-8), (4-37) and (4-38) to obtain

AIO 0 K /\10 !
/fploez(S) dy < ATES;/QDN?E‘Z(O) dy+C/0 AT(&))(MJOC(S’)+1?2(S/)) ds’'

N
<3+4+C / (M1oc(s") + b2 (s")) ds’ <3 +8(k) < 5.
0

We therefore conclude the proof of (4-31)—(4-33), and obtain ** =¢*. Since 0 < o9 <K ¥, the estimate
(4-31) implies t** =t* =T = 4o0.
Step 2: Proof of (4-24) and (4-25). We first claim that A(¢) — 400 as t — +o00. Let

+o0 1
S = —d 0, .
/0 0 7 € (0, +00]
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From (2-35), (4-6), (4-8) and (4-36) we have
+o00 S S
[ torddr = [ lolds 5 [ Nai(s) + 26D ds < +x.
0 0 0

+o00 )/2 S 5 S .
/0 A3+2m () dt =/0 w(s) dSS/O (N2,10c(s) + b7 (5)) ds < 4o0.

This leads to A(t) — 400 as t — +o00, or equivalently lim;— 4o @(2) = 0.
Next, we claim that S = +o00. Otherwise, b(s), w(s) € L1 ([0, S)). Applying this to (4-10), we obtain

(A'O)S
Ao

e L(]0,9)).

But since A¢(s) — +00 as s — S, we have

S—6
0 (AO)S I /
/(; TO(S )dS

_ Ao(S — o)
_‘IOg( 70(0) )’*m

as 8o — 0, which leads to a contradiction.
Now we can prove (4-24) and (4-25). To do this, we claim that, for all s € [0, +00),

N
A (s)Na(s) —1—/ A (s (e2(s") + si (")Ngy pds’ <1 (4-42)
0
From (3-11) we have
Li()V"Jf )< —i | (€ +ed)gh p+ O(b* + w?b?) — s (4-43)
A ds 2,1) =—H & 8y §02,B w m 1 2,1- -

From (2-34), (3-13), (3-21) and (4-38), we have

1 1 8
< (|b|+N12,10c)[(1+W9(S))N29,10c+/8§¢3]

5b2+5(,<)/(82+e§)<p§,3.

As
7-7:2,1

Substituting this into (4-43) and integrating from O to s, using (4-35) and (4-36), we have,
N2+ [ AN a5 5 [ 46046 ds 80 [ A d
<y /O "3 ds () /0 MM () ds’
<y fo B2y ds'+5(0) /0 T M) ds'

Together with (4-8), we obtain (4-42).
Since A(s) - +o0 as s — +00, we have

No(s) SAT"(s) >0 ass— +oo. (4-44)
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Now, using (4-10), (4-30) and (4-35), we have

‘_ (Ao)s (Ao)s
Ao Ao

1
SN +b%+w? + (Jb] + ©)(NF + |b]) SN + (K)o,

+clw‘5‘ +b'+|b+61w|

Multiplying the above inequality by A{' and integrating from O to s, we obtain

N N S
—C/ Ao N + %clys 5/ (Ao)sAl 1 < C/ Ao N1 +2c1ys.
0 0 0
From (4-42) and |1 —A/A¢| < é(k), we obtain

A" (s) ~s ass — 400.

We then have

N
+3 a+1
t(s)=/ /\3(s/)ds/~smm =595 ass— 400,
0

which implies

At) ~ tﬁzrl ast — +o0.

Next, from (4-30) and (4-35), we have
b(t) >0 ast— +oo.

Finally, integrating (2-34), we obtain

x(t) ~ tg%r? ast — 400,
which concludes the proof of (4-24) and (4-25).
II. The exit case. Assume ¢; < ¢* with

b(1f) + crot) < =C* N1 (1) + b2 (1) + 0> (1)) (4-45)

Step 1: Closing the bootstrap. First of all, following the same procedure as in the blow-down case, we
have, for all s € [0, s7],

w(s) + |b(s)| + lle(s) 2 4+ @(s) ey () T2 + N2(s) < 8(wo), (4-46)
A(s) = 2, (4-47)
/ 192 (s) dy < 5. (4-48)

y>0

In particular, we have ¢;" < ** <t* Now, we claim t** =¢* < T = 4o0.

To prove this, we use a standard bootstrap argument by improving (H1), (H2) and (H3) on [¢]", t**].
Let
_ b)) + cro(ty)

E*
A2(t])

< 0.
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It is easy to see that [£*| < 6(cg). Now we observe from (4-9) that, for all s € [s7,s**),

pr_ R PPO 020 _bs) Ferwls) L b2s) + o)
A2(s) A2(s) 2 A2(s)
which implies
—b(s) 2 w(s) >0, (4-49)
o(s) _ b(s) _
3*—C 5~ 0. 4-50
22() = 2206) ~ 3 (4-50)
‘We then observe from (4-10) and (4-49) that
(AO)s =
_N oC»
o 1,1
which after integration, yields the almost monotonicity:
forall sT <s1 <s2 <s™, A(s2) > )L(sl) % (4-51)

So we obtain for all s € [s], s*%),

w(s)
A2(s)
Together with (4-7) and (4-50), we have, for all s € [s], s**),

|b(s)| + Na(s)
A2(s)

which improves (H2) if we choose o9 < . Next, using the same strategy as in the blow-down case, we

w(s) + ISYSEICTVE

< (o),

have, for all s € [s],s**),
[owsrar=<1

Then, (H3) is improved. It now only remains to improve (H1). Since for all ¢ € [t,¢*) we have
u(t) € Ta+,y, following the argument in Lemma 2.6, for all ¢ € [0,7*) we have |b(7)| < 6(a™). By (2-32),
(4-6), and (4-49), we have, for all s € [s], s*%),

@(s) + [[e(s) 2 + Na(s) < (™).
Now, following from the same argument as for (4-41), we have

w(s)lley () < 8(o).

Then (H1) is improved, due to our choice of the universal constant, i.e., «* < k.

In conclusion, we have proved ** = t*.

Step 2: Proof of (4-26) and (4-27). We first claim that the exit case occurs in finite time * < +o00.
Dividing (4-10) by A2, and using (4-49) to estimate on [1]", 1*),

E* Nl loc
3

Nl loc
A2

<(Ao): < —3*+C
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Integrating from ;" to ¢, we get

E* -t oc oc
| (t t) C/ Nll N11

A2

< Ao(t) —Ao(t]) <3|L* |(z—t1)+C2/

From (4-51), we have

Nl loc

E3
1

/ AN e S AGS) / Nioe < 8GOA().

Thus, for all ¢ € [t], %),
(1@ = 1) + Ao () < A1) < 43|t —15) + Ao (1))

Next, from (4-49), we have for all ¢ € [t],1%),

*
—H00JE* (€710 — 1) + Ao < b(e) < — e — 1) + Aol
If t* = T = +o00, then the above estimate leads to b(t) — —oo as t — +o00, which contradicts the fact
that |b(¢)| < 8(a™) forall ¢ € [t],t*). Thus, we have t* < T = +o0.

Finally, since 0 < * < 400, by the definition of #*, we must have —b(t*) > C(a™) > 0. While from

(4-49), we have
b)) . C@”)

A2(t*) > = 1,
2306 % )
which concludes the proof of (4-26) and (4-27).
III. The soliton case. Assume ¢]" < ¢* with
b(t}) + cro(t}) = C*N1(t]) + > (1)) + 0 (t])) > 0. (4-52)

Step I: Estimates on the rescaled solution. Similar to the exit case, we have, for all s € [0, s7],

w(s) +[b(s)| + [le(s)] 2 + w(S)||8y (T2 +Na(s) < 8(ao), (4-53)
OES (4-54)
/ y0e2(s)dy < 5. (4-55)

y>0

But here we can’t directly prove that ** = ¢* as we did in the exit case. The main difficulty is that we
lack some control on the upper bound of A(#{"), which makes it hard to improve the bootstrap assumptions
(H2) and (H3). However, we will see that the bootstrap assumptions (H2) and (H3) are related to the
scaling symmetry of the problem. If we use the pseudoscaling rule (1-1) on [¢]", *) to rescale A(#]") to I,
then we can get the desired result. Roughly speaking, on [¢{", #*], the bootstrap assumptions (H2) and
(H3) should be replaced by some other suitable assumptions (H2)" and (H3)'.
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More precisely, we introduce the following change of coordinates. For all 1 € [t]", ¢*), let
t—tf _x—x@) vy t_*_t*—tl*
B YT ey VT oameyy U T By

(7, %) = A2u(W3A) T+ 15, A E + x(tF)).

=1

=

Then, from the pseudoscaling rule (1-1), #(z, X) is a solution to the Cauchy problem
07t + (izz +u° —yulu|?Hz =0, (7,%)€[0,*) xR,
1(0,%) = Qp(r),0(n(¥) +e(t], %) € H' (R).

Moreover, for all 7 € [0, 1*) we define

~ ~ _ A k?’ * * ~ =
BE.y) = Q2T+ iy A = (j(t),f)” L e = s
3(+%\ 7 *\ *
b)Y = bR +10), w1 = 2 (“);Z%) x0)
1
Then, from (2-21), it is easy to check that
I 1 [ x—x()
u(t,x) = —ZI/Z(Z_) [Q;;(,-),a—,(;) +8(t)](—/_\(l_) ),

with
(€(5), Qai)) = (6(5), AQsi)) = (6(5), YAQ4;)) =0

where (5, y) are the scaling-invariant variables

[P X%
=) ret T e

We then introduce the weighted Sobolev norms

Ki®) = [ B6.508() + 26 9)6.8() d7.
Kiws) = [ 26,501 551 5.

where ¢; p and Y p are the weight functions introduced in Section 3.

(4-56)

(4-57)

(4-58)

(4-59)

(4-60)

(4-61)

From now on, for all 7 € [0,7*), we let 1 = A3(¢)7 + ¢ In this setting, we have 5(7) = s(t) — s7}.

Since the pseudoscaling rule (1-1) is L2 invariant, we have

u(t) € Tary <= u(t) € Tax,y,
which yields
1* =sup{0 <7 < +oo|forall ' €[0,7], u(t') € T+ 7}

Next, let ¥ > 0 be the universal constant introduced in Proposition 2.9, Proposition 3.1 and Lemma 4.1.

We then define the following bootstrap assumptions for the rescaled solution (7, X). For all 5 € [0, 5(7)):
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(H1)" Scaling-invariant bound:
&) +16G)| + N2 + [EG) L2 + 0@ E5 G172 <. (4-62)
(H2)" Bound related to H! scaling:

0G®) + b+ N2() _

~ 4-63
A2(5) (+69)
(H3)" L? weighted bound on the right:
1
S1022(c 5y T 5
82(5,7)dy <50(1+ = . (4-64)
fy_>0y ($,y)dy ( 110(5))
We define ** as

** =sup{0 <7 <1*| (H1), (H2) and (H3)' hold for all t' € [0,7]}. (4-65)

Our goal here is to prove that ¢
§* =5@%*), 5 =5(@**). Since

** — [* = 400, which gives us the desired asymptotic behaviors.!! Let

M0)=1, X(0)=0, bO0)=b(t]), @0)=w(]), &0.5)=e(].7). 7Sy, (4-66)

we know from (4-53)—(4-55), that s** > 0.
On the other hand, on [0, 5**), all conditions of Propositions 2.9 and 3.1 and Lemmas 3.6 and 4.1 are
satisfied for i(z, ). Repeating the same procedure, we have:

Lemma 4.5 (estimates for the rescaled solution). For all § € [0,5**) or equivalently s € [s,s] +5**),
all estimates of Propositions 2.9 and 3.1 and Lemmas 3.6 and 4.1 hold with

t, x,u,y, A1), b(t), x(t), w(t),e(t),s,y)
replaced by
(fv )?’ I’_l’ J79 X(lT)i 5(t_)’ ')E(t_)’ CZ)(t_)’ é(f)’ E’ .)_})
Remark 4.6. For simplicity, we skip the statement of these similar estimates for u. We also refer to the
equation number of the corresponding inequality for u(¢), when we need to use these estimates for (7).

Step 2: Closing the bootstrap. In this part, we will close the bootstrap argument to show that ** =
t* = 4o00. This is done through the following steps:

(1) We prove that for 7 large enough, we have &(7) > |b(7)|, which coincides with the formal ODE
system (1-11) in the soliton region, where we have w(t) converges to a positive constant, while b(z)
converges to 0 as  — +o0. Indeed, if |5(7)| = &(7) holds for all 7 € [0, 7**], we will obtain finite time
blow-up if 5(0) > 0 or exit behavior if 5(0) < 0. Both of them lead to a contradiction.

Hgince A(ll* ) = 1, we know that (H1) is equivalent to (H1)" and (H2) is weaker than (H2)’, while (H3) is stronger than (H3)'.
It is hard to determine whether 1** = A3 (1) 7** + ¢} holds.
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(2) The hardest part of the analysis is to prove that the scaling parameter A is bounded from both above

and below for all 7 € [0, 7**]. This is done by proving that!?

! ci( 2 e >0
(AZ)S y(AZ)

(3) The estimates of the rest of the terms can be done by arguments similar to those in the blow-down
and exit regions.

Now we turn to the proof of 7** = * = +o00. We first define

_{o it [6(0)] < 1g5¢1(0),
" |sup{0 <7 <7* |forallt’ €[0,7], |b(t")| > ﬁcla')(t’)} else.

iy

Our first observation is that 7 < 7*. Otherwise, since £} = t* > t** > 0, we have, for all 7 € [0, 1**),
b(f) #0.

If b(0) > 0, we claim that 7** = ty =t* = +o0. To prove this, we need to improve (H1)’, (H2)" and
(H3)' on [0, #**]. Indeed, from the definition of 7', we have

0 <o) S b() (4-67)

for all ¢ € [0, 7**). Applying this to (4-10), we have

05 < b+ O(Na.100) + 8()|b].

Integrating this from 0 to 7 using (4-6) and the fact that A(0) = 1, we obtain the almost monotonicity
forall 0 <51 <5, <5**, A(5) < QA1) < 3. (4-68)
On the other hand, we learn from (4-9), (4-52) and (4-66), that for all 5 € [0, 5**)
Do e b2 (5) + &% (5) - b(5) + c10(5) _ ot LK b2 (5) + @2 (5)

4 _ — 4 , 4-69
100 TR T 22G) 100 G o
where ~
. b(0)+c10(0 . ,
0< ™= % =b(t]) +cro(t]) < 8(ao).
Together with (4-67), we have for all 5 € [0, 5*%*)
bG) @G) _ 5
_ ~ 0" <), =—— S LF < 8(ap). 4-70
20 < 8(o) 26G) (o) (4-70)
Then from (4-68), (4-6) and (4-7), we have for all § € [0, §**)
T S0, a0 +6() + 50 S T+ o) = Ao @71)
5

128ee (4-88) and (4-90) for details.



DYNAMICS FOR CRITICAL GENERALIZED KDV EQUATIONS 93
Then, from (2-32), (4-53) and fact

(0, %) = Qp(er)wer)(X) +e(tf, X),

we know that

166) 12 < 8(eo) + ‘ / 72(0) - f 02|
< 8(@o) + et L2 + BUH|? + 02 (1F) < (o). 4-72)

Now, from (2-33) and (4-71), we have

R Ol & @I
SOIOI: = T S a0+ (7 ) +|

<
M
D1I

@(0))]%
where E (ii(0)) is the energy of the Cauchy problem (4-58), i.e.,

EaO) = [ #0)-¢ [ a0+ [loe.
Since
10, %) = A2 () u(t A(tHE + x (1)),
from the energy conservation law of (gKdV, ) and the condition on the initial data, we have

. E(u1(0))

20y | =BG = 1y Eol £ 8(@o)
1

§\w

|7 E(i1(0)] =

Thus, for all 5 € [0, 5**), we have
@ E5E7> < 3eo) + @E)E G722
From (4-53) and (4-66), we have
@(0)85(0) 75 = w(s7) lley (DT> < (o).
Then a standard bootstrap argument leads to

d($)E5()7> < 8(eo) (4-73)

for all § € [0, §*%).
Finally, integrating (3-41), using (4-6) and (4-68) we obtain

[ @654 y<w()/¢1o<y>e( 7 dy+ = m(s)[ O e +57)

[s+ Ci10) /O (Tt +52)] PR

110(5) ’

1
= 4-74
< Tog, (4-74)
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Combining (4-70)—(4-74), we conclude that 7** = 7*. Since all H! solutions of (4-58) are global in time,
we must have 1** = * = +00, provided that ag < a*. Now we substitute (4-70) into (4-10) to obtain

Z* Nl loc Nl IOC
—-C —(Ao); <3(*+C
3 lz ( O)t + )k
Integrating in time, we have for all ¢ € [0, +00)
N l loc

0<A0(t)</\(0)——+C/ .

From (4-68) and (4-6) we have

P 5 §
/ N_l,loc :/ Z(T)/\—/l’loc(f)df 5/ N1joe(t)dT <8(k),
0 A2 0 0

which implies that the solution blows up in finite time. This is a contradiction.

Now we consider the other case 5(0) < 0. We claim again that Ly =t** =1* = +o0. It is also done
by improving the three bootstrap assumptions. First, we know from (4-9), (4-52) and (4-66) that (4-69)
still holds in this case. And the definition of ;' implies

B b(3) a0

0<{*S——" v —2, (4-75)
A2(3)  A%(3)
Then we apply the fact that 0 < @ < —b to (4-10) to obtain
Xo)s _ _
ok~ 15— O(Waue0)
Ao
Integrating in time we have
forall 0 <§; <5 <5, A(2) = A (1) > 2, (4-76)
which yields for all 5 € [0, §**
o(s) _ _
_ <y < 8(xo). 4-77)
20 ¥ < 8(xo)
From (4-75), (4-6) and (4-7), we get
= N2(B)+ |G
M26) +166) + 22PN s, @78)
A2(3)
Using the same argument as we did for (4-72)—(4-74), we have
IE®)Iz2 < 8(c0), @) E5 ()72 < S(o), /901052(5) dy <17. (4-79)

Combining (4-77)—(4-79), we conclude that t** = * = +o00. But from (4-75), we have

b~ @@) = g (0% > 0. (4-80)
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On the other hand, from (4-8), we have

5** _
[ b2(s") ds' < 1.
0

The above two estimates imply

+o0 1
= / - dt < 400,
0 A3(7)

which leads to )_L(t_,,) — 400 as n — +oo for some sequence ¢, — +00 or equivalently limy,—, 4 oo @ (f) =0.
This contradicts (4-80).
In conclusion, we have proved that 7 < t* with

b(73)] < 15¢16(E5).

Let 55 = 5(;). Repeating the same procedure as before, we have for all § € [0, 53]

@)+ 1bG)| + 1EG) L2 + @5 G)IT> +N2(3) < 8(a). (4-81)
@(3) + |bG)| + N2(5)
2G) < 8(o). (4-82)
=10=2 /5y 75 B
/)7>0y g (S)dy§7(l+ilo(§))' (4-83)

In particular, we have £ < ** < ¢*. Similarly, we need to improve the three bootstrap assumptions on
£, 1**) to obtain ** =1* = +o0.
[£;,1*%) to obtain ** =1* = +

First, it is easy to see that (4-69) holds on [55, 5**). So the definition of 55 yields'?

Q'* < C]CZ)(E;) < 2'*

= 4-84
200 — A2(5%) —20 "’ (4-84)
which implies
- 2 - 2
0* \m+2 1 0* \m+z
) <)
10\ 1y 12(32) 10\ c17
Next, we let
_ % _ 101
C1 = 10001 <Cy, Cz— 1006‘1 > (1.

Then, we learn from (4-69) that, for all 5 € [55,5**),

99 7o _ BG) +C20G) 1 66) 0(52(5) +a‘)2(§))

1000 = 22(3) 100 A2 (5) A2(5)
- E(E)j-(,:zcb(i)_c_lf?)(i_) +8(K)('5(§)jrC_2a3(§) +‘fb(5_) )
22(5) 100 12(5) A2(5) 22(5)

13Recall that ¢q = G’ (0) > 0, where G is the C 2 function introduced in (2-40).
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which implies!'#

49, b))+ Cado(5) 1 @o(5)
22 _ - 4-86
500 = A3(5) 200 A2(s) (4-86)
where )
e
wo(5) = 181(5).
Substituting (4-10) into (4-86), using (4-7) and the fact that!®
b(s) + Cza)o(s)
A3(5)
we have
497 _ 101( (A0)s N Cza_)o(i)) 1 (b(s)+C2wo(S))_C_10_)0(5)
500 ~ 100\ 33 22(3) 100 22 (3) 200 A2(5)
N 101K, N1(3) 5(/{)()1}(5) + Coao(3)| | @o(5) )
100 22(5) A3(5) A2(5)
_ 1ot ( (Xo)s n Cza')o(i)) 1 (b(S) + Czwo(S)) _c1 wo(s)
=100 A3 A2(5) 100 A2(5) 300 A2(3)
101Ko K> (N1(0) + b2(0) + &2(0)) b(5) 4+ Cado(5)| | @o(5)
+ = +68(k) =—— =5
100 22(0) A2(5) A3 ()
_lol ( (X0)s Czcﬁo(i)) n 51KoK2 (N1(0) + b%(0) + 652(0))
= 100 23 22(5) 50 22(0)
(4-87)
From (4-52) and (4-66), we have
A - 12 2
= b(O)_+ c10(0) > 100(K; + KoK» )(NI(O) +b%(0) + @ (0))
22(0) A2(0)
So (4-87) implies that for all § € [55,5**),
1 1 — 1 1+% 9 %
() er(m) = o
0/s 0
Similar to (4-86), we have
517 _ bG)+Cido() | c1 @0B) . |bE) + Cado(5)
00T e 200mm )' 26) @5

14Here we use the fact that |1 — (A/X0)| S [T 1] S 8(k).
15This is a direct consequence of (4-86).
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which leads to

Slpe . 99 (_(/_\0)5 +C1650(§)) L (15<5)+clcao(s)) L €1 B0G)

500 =100\ 23 22(5) 100 12(5) 200 12(3)
99K, N1 (5) b(3) + C200(3) | | |@o(5)
100 22(5) —0 A2(3) &

0 0 0

and

S5lgw o 101( (Ko)s+C1cDo(§)) 1 (b(s)+clw0(s))+ c1 @o(5)

500 =100\ 33 22(5) 100 2(5) 200 Az(s)
101K, Ny (5) 5 )('b(s)JrCza')o(E) wo(3) )
100 12() A2(3) A23)1)

Using the same strategy as (4-87), and discussing the sign of (b(5) + C1@¢(3))/A2 0(5), we have

e NE

Then we need following basic lemma:

Lemma 4.7. Let F: [0, x9) — (0, +00) be a C! function. Let v > 0, L > 0 be two positive constants.
Then we have:
(1) If for all x € [0, x9)
Fx+F'"™>1L,
then for all x € [0, xo),
F(x) > min(F(0), LT#v).
(2) If forall x € [0, xg)
Fe+F'™ <L,
then for all x € [0, xo),
F(x) < max(F(0), LT#).

It is easy to prove Lemma 4.7 by standard ODE theory. Now we apply Lemma 4.7 to (4-88) and (4-90)
on [53,5**), using (4-85) to obtain

- 2 - 2
7* \ni2 1 7% \mT2
B 5(E)
10T\ ¢1y A2(s) ~ 9 \ay
for all § € [53,5**). This also implies that, for all § € [55,5**),
5G) ~ 7 (@) < 8@0), 2O P < b(a). (4-92)

A2(5)
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From (4-86) and (4-89), we have

bG) + Cado(5) _ 495 bE) +CranG) _ 5,

a2Gs) 507 A2(5) ’
together with (4-92), we have
E(E) 7 = 2w
= | S <o), bS] Sy (LT) 2 < 8(ao). (4-93)
A2(5)

Again, from the mass conservation law (2-32), the energy conservation law (2-33) and the almost
monotonicity (4-6), (4-7), we have for all § € [55,5*%)

N2 (5)
A2(3)

1EG) 22 + ()85 G)IT> + N2 (5) + < 8(ao). (4-94)

Finally, we learn from (4-91) that, for all 55 <§; < 3§, <§*%,

o) =(36) = () =

Then for all 5 € [§5,5**), we integrate (3-41) from 55 to § to obtain

o B ilO(g*) o .
[oon26 a5 =52 [onmees. nas+

Xlo oX
< ﬁ X 7(1 +
A10(3)

1
< 28(1 + iT(S_)) +38(k) < 30(1 +

C
/_\10(5)

s - - -
/: AIO(Nl,loc + bz)
52

_ +4C/ N1oe + b?
Am@)) [ W8

= . 4-95
) s

Combining (4-92)—(4-95), we have improved (H1)’, (H2)" and (H3)’; hence t** = t* = +o00. This
also implies t* = +o0.

Step 3: Proof of (4-28) and (4-29). Now it is sufficient to prove
b))+ N2(f) =0, A7) = Aoo € (0, +00)

as  — +oo. First of all, from (4-91), we know that

+o00 1
E**=§*=/ _ dt = 4o00.
o Av)

Then we claim that bgb € L!((0, +00)). Indeed, from (2-50), we have

_Ll

|bbs + @5G’ (&)b| 552+/52e 0 e L1((0, +00)).
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+15)D - 0(152 +/§2e—1%).
The above two estimates imply

+oo +00 _
/0 |bsb(s")| ds’ =/0 %|(b2)§| < 400.

From (2-34), we have

>Jl|h>,"

056G’ (@)b = madG' (@)b? + 0(@‘5(

Together with
+oo _
/ b2(5) d5§ < +o0,
0

we conclude that l;(t_ ) — 0 as 1 — 4o00. Next, we use (2-50) again to obtain

Lyl

|bs + @5G'(&)] < b + / g2e” 10 e L1((0, +00)).
Thus, we have

400
[ |(b + G(@))s(s")| ds’ < +o0.
0

We then know that b(7) 4+ G(@(f)) has a limit as  — +o0. Since lim;_, , ., b(f) = 0, we obtain that
G(@(1)) has a limit as  — +00. On the other hand, we have G’(0) > 0, @(7) < 1, so there exists a
constant wso > 0 such that

_lim @(F) = Goo ~ 2 ()72,
t—>+00
or equivalently
} 17\ 2
Im A() =Aoo~ | —=
f—>l+oo © o ( 0+ )
Let . .
= b({) + cia)(ll) 0.
kz(tl)
Recall that s ~
- 14 VES * * /7 /\(A (tik)["ktik)
=——, {T=b( 1), Alt)= :
Y Am(l‘f) (1)+Clw(1) ( ) /\([ik)
‘We obtain .
lim A(r) = A cuy " (4-96)
t—>H-|{loo T 0+ ' i

Next, the inequality (4-6) implies the existence of a sequence §, such that

K16 5 @60+ E6a)php >0 asn—+oo,
where limy,_, 4 0 §, = +00. Using the monotonicity (4-11), we have

Ni(5) =0 as§— +oo.
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Together with (3-21) and (4-91), we obtain

Na(f) =0 asf— +oo,
which implies
Na(t) -0 ast— +oo.

Finally, from (2-34), we have

A2(t)x(t) ~1 ast— +oo,
which after integration implies

(1) ! t— +
x()~— as 0.
A%

We then conclude the proof of (4-28) and (4-29), and hence the proof of the first part of Proposition 4.2.

IV. Nonemptiness and stability. Now we give the proof of the second part of Proposition 4.2.

First, we show that the soliton and exit regimes are stable under small perturbation in Ag,,. From (2-25),
we know that the parameters depend continuously on the initial data, which implies that the exit and soliton
cases are both open in Ay, since the separation condition is an open condition of initial data in Agy,.

Indeed, for all ug € Ay, if the corresponding solution u(z) to (gKdV,, ) belongs to the soliton regime,
we let tl* be the separation time introduced in Proposition 4.2. For all 119 € Ay, close enough to uo,
we let () be the corresponding solution to (gKdV,,), and 15(1), x(1), i(t), £(t) be the corresponding
geometrical parameters and error term. Then from local theory, we have SUP;e[0,r4] lu@)—u@®)| g <1,
which together with (2-25), leads to

btf) +c10(t]) > s C*(N1(t]) + b2 () + @ (t])).

So 1 (¢) must belong to the soliton regime. This implies the openness of soliton regime. The openness
of the exit regime follows from the same argument.

Next, we claim that there exists initial data in Ay, such that the corresponding solution to (gKdV,,)
belongs to the soliton and exit regimes respectively. First, it is easy to check that the traveling wave solution

u(t,x) = Qy(x—1)

belongs to the soliton regime. On the other hand, from (2-43), we can see, in both the soliton and
blow-down cases, we have

luoll2 = 121 L2

Hence, for initial data ug € Ag, with!® [lug|lz2 < ||Q |12, the corresponding solution must belong to
the exit regime.

Finally, since the sets of initial data which lead to the soliton and exit regimes are both open and
nonempty in Ay, together with the fact that Ag, is connected, we conclude that there exists ug € Ag,
such that the corresponding solution to (gKdV,,) belongs to the blow-down regime. O

168ince we assume that Y < ag, such ug exists in Agy,.



DYNAMICS FOR CRITICAL GENERALIZED KDV EQUATIONS 101

5. Proof of Theorem 1.4

In this part we will use the local Cauchy theory of generalized KdV equations developed in [Kenig, Ponce
and Vega 1993] to prove Theorem 1.4.

5A. H! perturbation theory. First of all, let us introduce the following:
Lemma 5.1 [Kenig, Ponce and Vega 1993]. The following linear estimates hold:

(1) Forallug e HY,

%W(l‘)uo

e + W ol 310Gy < lluollz2, 5-1)
x ot

| DS DI W@l o pr iy < 1D uoll2 (5-2)

where q > 5 is the power of the defocusing nonlinear term of (gKdV,,), and

493 1 2
WS =e"™f s=5-15
1 2 8 3 6
o = " -, = — — s
7710 5¢g-1" " 10 5(g-1)
1 2 1 1_3 4

» 5q=D 100 r 10 5q-1)

(2) For all well-localized g, we have

a /t / / /
sup||—— | Wt —1)g(-.1")dt Slglprzay (5-3)
rerl ox Jo gy~ B
H 82 /t
== | W—t)g(-.t)adr Slglpirzay: (5-4)
ax2 0 L‘)’COL%(I) LxLi(I)
t
Wt —1tg(-,t")dt < llgll,s/4,10/9, s (5-5)
H/o LYLIOD) L L)
t
HngDtﬂq/ W(t_t/)g("t/)dt/ s ”g”Ll)/Lr’(I)’ (5'6)
0 LYL(D) v
gl s-vrs sz S 1DE DY gl gy, (5-7)
where
lio1,1
p p ror

Proof. See Theorem 3.5, Corollary 3.8, Lemma 3.14, Lemma 3.15 and Corollary 3.16 in [Kenig, Ponce
and Vega 1993] for the proofs of (1) and (2). O
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Now we define the norms
) = [wlps gy 1) = lwelepzgye 1@ =105 DM wlLppr ).
(1) = max [} (w) + 117 (w)] + nj (w).
Ar(h)y = lhllpy 2oy + Wxlipsraproro gy + hxllpy 2y + Vsl s proro gy + sl o g gy

for all interval 1 C R.
Then we have the following:

Proposition 5.2 (modified long-time H ! perturbation theory). Let I be an interval containing 0 and i
be an H' solution to

01t + (Oxxti +0° —yulii|? ™y =ex, (t,x) €l xR, (5-8)
1(0,x) =tig e H'.

Suppose we have

sup @)l g1 + Q7 (@) < M
te

for some M > 0 independent of y. Let ug € H' be such that

lnto—iollzrs +llell 21y + w3/ 10 gy + lewll g 2oy + lewnll s 0oy + el gy <

for some small 0 < & < go(M). Then the solution of (gKdV,,) with initial data ug satisfies
su1;>||u—ft||H1 +Qr(u—u) <C(M)e. (5-9)
te

Remark 5.3. The perturbation theory still holds true if we replace H! by H*, with s > %— 2/(g—1)>0.

Proof of Proposition 5.2. Without loss of generality, we assume that / = [0, Tp] for some Tp > 0.
We first claim the following:

Lemma 5.4 (short-time perturbation theory). Under the same notation as Proposition 5.2, if we assume
in addition that Qy (1) < &g for some small 0 < g9 = £1(M) < 1, then there exists a constant Co(M)
which depends only on M such that if 0 < & <egg = e1(M), then

sup ||[u —i| g1 + 2r(u—u) < Co(M)e. (5-10)
tel

We leave the proof of Lemma 5.4 for Appendix B.
Now we turn to the proof of Proposition 5.2. Let eg = £1(2M) > 0 as in Lemma 5.4. We then choose
0=ty <t; <--- <ty = Tp (recall that we assume [ = [0, Tp]) such that forall j =1,..., N,

Q[tj_l,tj](a) =< &op.

From a standard argument, we know that N = N(M,g9) = N(M) > 0. We use Lemma 5.4 on each
interval [¢; _1, ;] to obtain

[sup | (@) —a @) | gy + L,y ,0,1@) < Co(M) max(e, [[u(tj—1) —u(tj—1) | g1)-
teltj—1,t;
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Arguing by induction, using ||u(0) —u(0)| g1 <e, we have forall j =1,..., N,
sup  |lu(@) —u @)l g1 + L,y ,010) < CJ, M)e.
t€[tj—1,t5]
Summarizing these estimates, we have

N
SuI;IIu—ftllHlJrQI(ﬁ)SZ sup  [Ju(®) —u @)l g1 + Lz 1,100
te

j=1 tG[l‘j_l,tj]
N

<> C(j. M)e=C(M)e,
j=1

which concludes the proof of Proposition 5.2. O

5B. End of the proof of Theorem 1.4. Now for 0 <y < ap K a® < 1, we choose a ug € Ay, /2 C Ag,
such that the corresponding solution u(¢) to (gKdV) belongs to the blow-up regime with blow-up time
T < +o0. Let uy(¢) be the corresponding solution to (gKdV,,). From [Martel, Merle and Rapha&l 2014,
Section 4.4], we know that there exists a 0 < T}* < T' < +00, geometrical parameters (A(¢), b(t), x(t))
and an error term &(¢) such that the following geometrical decomposition holds on [0, 77*]:

1 x—x(t)
1.0 = 1 si7310m0 + )57 G-11)
with
(6, 0) = (e, AQ) = (e, yAQ) = 0. (5-12)
Moreover, we have for all ¢ € [0, Tl*]
N (@) + ez + 1b(O)] + |1 = A ()] < 8(o), (5-13)
/ y102(t. y) dy <5, (5-14)
y>0
b(T}") = 2C* N1 (Ty), (5-15)

where C* is the universal constant'’ introduced in Section 4B. One may easily check that C* defined by

(4-23) is independent of y.
Next, we claim that there exists a constant C(u¢,q) > 1 which depends only on u¢ and ¢ such that

?UP | @)l 1 + Lo, 71 () + A[0,T;*](“|“|q_l) < C(uo,q) < +o0. (5-16)
tel0, T

Indeed, from [Kenig, Ponce and Vega 1993, Corollary 2.11] (taking s = 1), we have
77[10’7"1*](“) + 77[10,T1*](ux) + U[ZO’TI*](“) + 77[20,T1*](”x) < C(uo,q) < +oo.

17The constant C* chosen here might be different from the one in [Martel, Merle and Rapha¢l 2014, (4.23)]. But we can
always replace C* (both constants in this paper and in [Martel, Merle and Raphaél 2014]) by some larger universal constant.
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Then, from Duhamel’s principle, we have

u(t) = W(t)uo + /O t(W(z — 1)) dt'.

Together with (5-2), (5-6) and the Gagliardo—Nirenberg inequality introduced in [Bahouri, Chemin and
Danchin 2011, Theorem 2.44], we have

4
|

Mo 7700 S Tttt e+ ol S Nl ol o o + oo

4 K} 1—s K} K}
< lullf s poll Dl 5 ol DX e 2 + ol
4 1—s K 1— 1—s s
< Ml ol 5o el 10 ™ (el 2% o e e 20 + ol
1 1 2 2 5
< (77[0,7’1*](”) + n[O,Tl*](MX) + n[O,Tl*](u) + n[O,Tl*](“x)) + [luoll g1,

where
1 1 2 1 3 4

70 10 5@-1) ro 10 5q-1)
This implies Q[O,Tl*](“) < C(ug,q) < +oo.
Next, using the arguments in [Kenig, Ponce and Vega 1993, Section 6], we obtain

A[(),T;“](M|M|q_1) < (o, @))? = C(uo. q),

which yields (5-16).
Then we apply Proposition 5.2 to u() and u, (¢), with e = yu|u|?~. Note that from (5-16), we have

1
Apo,ry1(e) <yCuo.q) < y? Keo(C(uo.q)).

provided that 0 < y < y(ug, o, @™, g) < 1. Then Proposition 5.2 implies that, for all ¢ € [0, T}"], we
have

e (6) —uy ()| g1 S 2. (5-17)

Combining with (5-11)—(5-14), we know that 1, (t) € Ty, for all ¢ € [0, T}*]. This allows us to apply
Lemma 2.6 to uy(t) on [0, T}*]; i.e., there exist geometrical parameters (by, (¢), Ay (), x,(¢)) and an error
term &, (), such that

1 X —xy (1)
uy(t,x) = W[Qby(t),wy(t) + EV(Z)](T();))’
with
14
(1) = -
AT

Moreover, the orthogonality conditions (2-22) hold.
Now, from Lemma 2.6 and (5-17) we obtain that, for all ¢ € [0, Tl*],

A(0)
Ay (1)

‘1— ‘+ 1By (1) = ()] + [ty ()= X (0)] + lley () — O L1 < ). (5-18)
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Together with (5-13)—(5-15), we have the following:
(1) Forall ¢ € [0, T}"], (4-53)—(4-55) hold for u, (¢).
(2) Atthe time t = T,
by(T7) + 100y (Tf) = C* (N1 (T) + B2(T]) + w2(T)),
where

Ny () = [ (e)2V5 +¢201.5.

By the argument in Section 4, we know that u, () belongs to the soliton regime introduced in
Theorem 1.3. Moreover, we also obtain (1-8) from (4-96). This concludes the proof of the first part of
Theorem 1.4.

The second part of Theorem 1.4 follows from exactly the same procedure. Thus, we complete the
proof of Theorem 1.4.

Appendix A. Proof of the geometrical decomposition

VYe Wi~ll give the proof of Lemma 2.6. We first introduce the following notation: for all suitable,
A, X.b,0,v)
Fi(L%,5,0,v) = (6,65 5 5.5.0)" (A-1)
(A, %,5,0,v) = (AQ3. 65 5 j.5.0): (A-2)
(A-3)
where
&35 5,500 = A2y +5) = 0 ;).

We mention here that we don’t assume

At (i,)?, 5, @,v)=(1,0,0,0, Q), we have

(aﬂ oF, 0F,

LR 5) — (A0. 0).(0". 0).(P. Q).

OF, OF, 0F,\ ,

(K’ ) 5) — ((AQ.AQ). (0. AQ). (P. AQ)).
OFy OF; OF3\ :

(ﬁ’ e} 5) — ((AQ. YAQ). (Q', YAQ). (P. yAD)).

Since

(AQ.0)=(Q".0)=(0".A0) = (AQ.yAQ) =0,
(P.Q)#0. (AQ,AQ)#0. (Q".yAQ)#0,
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it is easy to see that the above Jacobian is not degenerate. Hence, from implicit function theory, we have:

there exist unique continuous maps
(Ao, %0.b0) : (@,v) > (1=8,1+8) x (=8,8) x (=8,8), §>0,
such that for all ® < 1, ||[v— Q| g1 < 1, it holds that
Fj(Ao(@, v), Fo(@, ), bo(@,v),@,v) =0, j=1,2,3.
The uniqueness also implies that, for all ® < 1, we have
Lo(@. Q) = L.

Next we fix a time 7 € [0, 7o) as in Lemma 2.6. For a solution u(#) to (gKdV,,) with

1
u(t,x) = 11/2( )[Qw1(1)+81(t)](#;)(1‘))’

and
Y

AT ()

wi(t) = <1,

we let 1
v(t,-) = )Llf(t)u(t,/\l(t) c+x1(1)) = Qo 1) (+) +e1(z, ).

Then we have |[v(t,-) — Q() |z K 1.
We claim that there exists a A(¢) > 0 such that

MOk s v 0) =20, s <

This is easily verified by implicit function theory. We let

M v) = A—Al(z)io(klm, v).

Then we have
MA1(t), Qu () =0,
oM X
e =1 +mw1(t)—(a)1(t) Quwi (1)) > 0,
£ 1A0)=(A1),Q0, 1))

which implies (A-7) immediately.
Applying (A-4)—(A-7) to v(t), we have

Fj (Ro((@), v(1)), (), v(1)), bo((1), v(1)), (1), v(1)) =0, j =1,2,3,

A1) ho(@(t), v(t)) = A1),

where

w(t) = Am(z)

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)
(A-9)
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Now, we let

MO =4(0), b)) =bo(@®),v(), x(1)=x1() + I (D)Fo(w(), v(1)), (A-10)

et y) = At A1) - +x(0) = Qbey.w)- (A-11)

o= T

We claim that this (A(¢), x(¢), b(¢)) satisfies the orthogonality conditions (2-22). Indeed, from (A-7)—
(A-9), we have

0= F1(o(w(t), (1)), Fo(w (), v(1)), bo(w (1), v(1)), w(t), v(t))
= (Qw(t)(')’ ié(w(l), v(f))v(t,io(w(t)» v(t)) - +Xo(w(2), v(f)))—Qb(t),w(t)(-))

_ (Qw(,)m, O o(@(0). v
(£ A1 (o (@(1). V(D)) - +Fo(@(0), v(t))]+x1<t>>—Qb(t),w(m-))

= (Quy (), AZ(Out, A1) - +x(1) = Qby.0() ()
= (Qu(r), £(1)).

The other two orthogonality conditions can be verified similarly.
Finally, since the maps

(Ao, %0,b0) : (@,v) > (1=8,148) x (=8,8) x (=8, )

are continuous, the remaining part of Lemma 2.6 follows immediately.

Appendix B. Proof of Lemma 5.4

We give the proof of the modified short-time perturbation theory, i.e., Lemma 5.4.
First, we let v(z, x) = u(t, x) —u(t, x), S(t) = Q[o,(v). We claim the following estimate holds true
forallt € I:

S Sme+SOSO*+ SO + Q@) + Q@) h). (B-1)
Since S(0) =0 and 27 (1) < g9, we know that Lemma 5.4 follows from a standard bootstrap argument.

Now it only remains to prove (B-1).
First, by Duhamel’s principle, we have

t

v(t) = W(t)(iio — uo) + /0 (Wt —1")dx[i° — ya|it|?™" — (i +v)° + y (@ +v)|ii +v]? " —e]) dt’

=vr(t)+uon(2).

For the linear part vy, from Lemma 5.1, we have

Qro,q(ve) + sup |lvrllgr < [ldo —uollgr <& (B-2)
t’€[0,¢]
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Now, for the nonlinear part vy, we use Lemma 5.1 to estimate

1 i)t i TMlY
o1 ON) S llexll g/ 105 o,y + 10+ i) =it 374 109 g0,
o+l i) — [l Vil s/e 109 g )

By Holder’s inequality, we have

0+ )40+ i) = 773 100 o
< I +@)* —ii*)iix ”Lf/“L}O/g + (v + ﬁ)4UX||L§/4L}°/9
< (||ﬁ||z)sth10 + ||v”2;5th10)||v”L§thlo”ﬁx”L?COL% + ||U||2§L}o(||vx||L§0L$ + ||72x||L§°L%)
SSOESO*+ SO +Qr@* + @,

and

~g—1 Sy ~g—1s
|||U +M| (U+“)x |M| Mx||L§(/4L;O/9([OJ])
SN +al"" =1l il 74 oo + [0+ 814 el 374 1079
~nqg—2 q—2 ]
< (”u”L)SC(q—l)/élL?(q—l)/Z + vl 5(q—1)/4L5(q—1)/2)||v||L)SC(‘1_1)/4L?(‘/_1)/2”ux”L)OCOL%
+ ||U||L5(q 1)/4L5(q—l)/2(||vx”L§°L% + ||ﬁx||L§OL%)
o By ~ Q B Q B ~
SUDSDIaILS, + 1D DI VL DIDE DI vl gy il o 2
ag nB ~
D8 DE I (ol o2 + il ge2)
SSOESO*+ SO+ Q@) +Qr@)h,

where we used (5-7) for the last two inequalities. The above two estimates imply

M. N) S SOESO* + SO+ Qr@)* + Q)7 +e. (B-3)
Similarly, we have
n[lo,t](ax UN) 5 ”exx ”L)SCML}O/Q([O,I]) + ” ((U + 12)5 - ﬁs)xx ||L§/4L;0/9([0,t])

=+ ” ((U + ﬁ)lv +u |q_1 - ﬁlﬁ |q_l)xx ||L)SC/4L:0/9([O,I])'
By Holder’s inequality again, we have
(v +)° =) xx ”Li/“L,‘O/Q([o,t])
< v+ 7’7)4Uxx ||L§(/4L;0/9 + [|(v + ﬁ)?’(vx + 2ux)vx ||Li/4L:0/9

< (”ﬁ”ii”o + ||v||z§cL;0)”vxx||LgoL% + ”v”sz;O||vx||L§°L?(”Ux”L§L}0 + ”ax”L;SCL}O)
SSOSO*+ SO+ @ + @,
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and
(@ + @) + |7 =] xxll 574 105 1g 17

S o+ 719 el s 1079 + [0+ 71920 + 2ol 5 1o
< (|l q_l_ _ + v q—l_ _ v 2
(I ”Li(q D/4p 5172 [ ”Li(q W“Lf(; )l xx”LgOLt
q—

+ v ||L5(q—1)/4L5(q—1)/2 [vx ||L;°L%(||Ux + 2uix ||L§C(q*1)/4Lf(q*1>/2)
X t
SSOEO*+ SO + i@t + Q@
Collecting these estimates, we have
Mo, Bxvw) SSOESO* + SO+ @* + Q@) +e. (B-4)
Next, using a similar strategy, we have
77[20,;] (vw) < llellzr 22,y +II (@ +u)>—i° Izt 220, Hl(w+w) v+ it Izt 22(10,17)
S e+(Jlu ||2§CL;0+||U ||2§CL;0)||U ”L)SCL,]O
-1 ~n1q—1
+(|Jv ||i§c(q—1)/4L?(q—1)/2 +||u ”(ll,i(q_l)MLf(q_”/z) v ”L)SCL,'O
SSOESO+SOTT +Qr @) +Qr (@) )+, (B-5)
and
U[zo,;](axUN) < llex ”L}cL?([O,t]) + (v +i)° — i) ”L}CL%([()J])

+ (v +@)|v+ @97 — |9, IZ122(10.07)

Se+(+n)* —at)iy Izt 2o, + (v + i) vy Izt z2(0,1)

~g—1 1= 1a—1\s ~1g—1
+ (v + @l =i )iy ||L}CL%([0J]) + |l|v 4 ]9 vx”L,‘CL%([O,t])
SSOSO*+SOIT !+ Q@) + Q@) ) + e (B-6)

Finally, we need to estimate 77[30 t](v ~). From Lemma 5.1, we have

Moy (VN < llexll o 17 o,y + 1@+ =2l 1 (0.

+ (@ + Do+ a1 =@l el Ly o

Se+ @+t —aitellpr o+ 1@+ D) vxll o
~g— ~1a—1y5 ~1g—1
+ (o + a7t — [a)? 1)ux||L£fL;/+|||v+ulq Vall o g

By similar technique to that used for (B-6), we have

I+ @) =iyl pr o+ 10 +0) x|

LY L2’y
4 ~4 . _ 4
S +u)* —u ||L§/4L§/2 %]l 7o 7o + 1| (v +132) ||L§/4L§/2||Ux||L§0Lj0

< lvxllgzo o (S(O* + Q10,0 D) + it 20 170 S (S (1) + Qo 11 (1)),
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and
R e I U N I [ [C Y
< llvxllroro (SO + Qo)) + |liix 70 70 SISO + Qo ()72,

where
1 1 2 1 3 4

po 10 5G=D o 10 5g-1)
By the Gagliardo—Nirenberg inequality introduced in [Bahouri, Chemin and Danchin 2011, Theorem 2.44],
we have

loxllzzopr0 < 1D vl 5 Yoo 1D vl -
< (ol s o lloxlys o) = vl 27 2 vl oo, 2% S SCO).
Similarly, we have
]l 70 ro < S210,17 ();
hence
Mo (V) S SOSO* + ST +Qr)* + Q@7 +e. (B-7)

Combining (B-2)-(B-7), we conclude the proof of (B-1), and hence the proof of Lemma 5.4.
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ON THE STABILITY OF TYPE II BLOWUP FOR THE 1-COROTATIONAL
ENERGY-SUPERCRITICAL HARMONIC HEAT FLOW

TEJ-EDDINE GHOUL, SLIM IBRAHIM AND VAN TIEN NGUYEN

We consider the energy-supercritical harmonic heat flow from R? into the d-sphere S¢ with d > 7.
Under an additional assumption of 1-corotational symmetry, the problem reduces to the one-dimensional
semilinear heat equation
(d—-1)
2r2

0ru —

(d—1)
r

du = 0%u + sin(u).

We construct for this equation a family of C*° solutions which blow up in finite time via concentration of

the universal profile
r
1)~ - |
0~ 0(55)

where Q is the stationary solution of the equation and the speed is given by the quantized rates
¢
A@) ~cy(T—1)7, LeN* 20>y=y(d)e(l,2].

The construction relies on two arguments: the reduction of the problem to a finite-dimensional one thanks to
a robust universal energy method and modulation techniques developed by Merle, Raphaél and Rodnianski
(Camb. J. Math. 3:4 (2015), 439-617) for the energy supercritical nonlinear Schrodinger equation and
by Rapha¢l and Schweyer (Anal. PDE 7:8 (2014), 1713-1805) for the energy critical harmonic heat flow.
Then we proceed by contradiction to solve the finite-dimensional problem and conclude using the Brouwer
fixed-point theorem. Moreover, our constructed solutions are in fact ({—1)-codimension stable under pertur-
bations of the initial data. As a consequence, the case £ = 1 corresponds to a stable type II blowup regime.
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manifold M C R”, with second fundamental form Y, then ® solves

0;0— AP =T(P)(VD, VD), (A1)
Pt =0) = Dy.
We assume that the target manifold is the d-sphere sS4 c R4*1. Then, (1-1) becomes
90— AD = |VO|2D,
d(t =0) = Po.

We will study the problem (1-2) under an additional assumption of 1-corotational symmetry, namely that
a solution of (1-2) takes the form

cos(u(|xl,1)) )
D(x,t) = . . (1-3)
0= (st o
Under this ansatz, the problem (1-2) reduces to the one-dimensional semilinear heat equation
d—1 d—1) .
§8tu = 0%u + ( )8ru _( 53 ) sin(2u), (1-4)
u(t =0) = uy,

where u(t) : r € Ry — u(r,t) € [0, w]. The set of solutions to (1-4) is invariant by the scaling symmetry

t
uy(r,t) = u(%, A_Z) for all A > 0.

The energy associated to (1-4) is given by

+o0 _
S[u](t):/O (|8ru|2+Qsin2(u))rd_ldr, (1-5)

which satisfies
E[uy] = 1472€(u).

The criticality of the problem is reflected by the fact that the energy (1-5) is left invariant by the scaling
property when d = 2; hence, the case d > 3 corresponds to the energy-supercritical case.

The problem (1-4) is locally well-posed for data which are close in L° to a uniformly continuous
map, see [Koch and Lamm 2012], or in BMO, see [Wang 2011]. Actually, Eells and Sampson [1964]
introduced the harmonic map heat flow as a process to deform any smooth map ®¢ into a harmonic
map via (1-2). They also proved that the solution exists globally if the sectional curvature of the target
manifold is negative. There exist other assumptions for the global existence; for example, assuming the
image of the initial data u¢ is contained in a ball of radius 7/(24/k), where k is an upper bound on
the sectional curvature of the target manifold M; see [Jost 1981; Lin and Wang 2008]. Without these
assumptions, the solution u(r, t) may develop singularities in some finite time; see, for example, [Coron
and Ghidaglia 1989; Chen and Ding 1990] for d > 3, and [Chang, Ding and Ye 1992] for d = 2. In this
case, we say that u(r, ) blows up in a finite time 7" < 400 in the sense that

lim || V()| o0 = +o0.
t—T
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Here we call T the blowup time of u(x, 7). The blowup has been divided by Struwe [1996] into two types:
u blows up with type Tif lim s;lp(T — t)% |Vu(t)||poo < 400,
t—
u blows up with type ILif lim s;lp(T - t)% [Vu(t)||Loe = +o00.
t—

Struwe [1988] showed that the type I singularities are asymptotically self-similar; that is, their profile
is given by a smooth shrinking function

u(r,1) = ¢(\/%) forall 7 € [0, T),

where ¢ solves the equation

¢+ (u + X)dﬂ _d-d sin(2¢)) = 0. (1-6)
y 2 2y?
Thus, the study of type I blowup reduces to the study of nonconstant solutions of (1-6).

When 3 < d < 6, by using a shooting method, Fan [1999] proved that there exists an infinite sequence
of globally regular solutions ¢, of (1-6) which are called “shrinkers” (corresponding to the existence
of type I blowup solutions of (1-4)), where the integer index n denotes the number of intersections of
the function ¢, with 7. More detailed quantitative properties of such solutions were studied in [Biernat
and Bizon 2011], where the authors conjectured that ¢; is linear stable and provided numerical evidence
supporting that ¢p; corresponds to a generic profile of type I blowup. Very recently, Biernat, Donninger and
Schorkhuber [2016] proved the existence of a stable self-similar blowup solution for d = 3. Since (1-2)
is not time-reversible, there exists another family of self-similar solutions called “expanders”, which were
introduced in [Germain and Rupflin 2011]. These expanders have been recently proved to be nonlinearly
stable in [Germain, Ghoul and Miura 2017]. To our knowledge, the question on the existence of type II
blowup solutions for (1-4) remains open for 3 < d < 6.

When d > 7, Bizon and Wasserman [2015] proved that (1-4) has no self-similar shrinking solutions.
According to [Struwe 1988], this result implies that in dimensions d > 7, all singularities for (1-4) must
be of type II (see also [Biernat 2015] for a recent analysis of such singularities). Recently, Biernat and
Seki [2016], via the matched asymptotic method developed in [Herrero and Veldzquez 1994], constructed
for (1-4) a countable family of type II blowup solutions, each characterized by a different blowup rate:

A ~(T—1)7 ast—T, (1-7)
where £ € N* such that 2¢ > y and y = y(d) is given by
y(d)=3(d—-2-7)e(1,2] ford>7, (1-8)

where = +/d2 —8d + 8. The blowup rate (1-7) is in fact driven by the asymptotic behavior of a

stationary solution of (1-4), say @, which is the unique (up to scaling) solution of the equation

d-1 d-1
r 2r2

0" + 0'- sin(2Q0) =0.  0(0)=0, 0'(0)=1. (1-9)
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and admits the behavior for r large

1
Q(”)=g—j—3+(’)(r2+y) for some ap = aop(d) > 0, (1-10)

(see the Appendix in [Biernat 2015] for a proof of the existence of Q). Note that the case 2¢ = y only
happens in dimension d = 7. In this case, Biernat [2015] used the method of [Herrero and Veldzquez
1994] and formally derived the blowup rate

(-0
[log(T —1)]

He also provided numerical evidence supporting that the case £ = 1 in (1-7) or (1-11) corresponds to a

A(t) ast —T. (1-11)

generic blowup solution.

In the energy-critical case, i.e., d = 2, van den Berg, Hulshof and King [2003], through a formal
analysis based on the matched asymptotic technique of [Herrero and Veldzquez 1994], predicted that
there are type Il blowup solutions to (1-4) of the form

u(r. ) ~ Q(%)),

where
o(r) =2tan_1(r) (1-12)
is the unique (up to scaling) solution of (1-9), and the blowup speed is governed by the quantized rates:
T —1)t
At) ~ ( ) for £ € N*,

[log(T —1t)| 7=
This result was later confirmed by Raphaél and Schweyer [2014b]. Note that the case £ = 1 was treated
in [Raphaél and Schweyer 2013] and corresponds to a stable blowup. In particular, in those papers, they
adapted the strategy developed in [Raphaél and Rodnianski 2012; Merle, Raphaél and Rodnianski 2011]
for the study of wave and Schrodinger maps to construct for (1-4) type II blowup solutions. Their method
relies on a two-step procedure:

¢ Construction of a suitable approximate blowup profile through iterated resolutions of elliptic equations.
The tail computation allows us to formally derive the blowup speed. As a matter of fact, the asymptotic
behavior at infinity of the stationary solution (1-12) is an essential algebraic fact for their analysis,
which in fact drives the derivation of the blowup law and the possibility of a blowup solution with
Q profile.

¢ Implementation of a robust universal energy method to control the solution in the blowup regime
through the derivation of suitable “Lyapunov” functionals involving critical Sobolev norms adapted to
the linearized flow near the ground state, which relies on neither spectral estimates nor the maximum
principle and may be easily applied to various settings.

In this work, by considering d > 7, we ask whether we can carry out the analysis of [Rapha&l and
Schweyer 2014b] for the energy-critical case d = 2 to the construction of blowup solutions for (1-4) in
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the case d > 7. It happens that the asymptotic behavior (1-10) is perfectly suitable to replace the explicit
profile (1-12) for an implementation of the strategy of [Rapha&l and Schweyer 2014b]. The following
theorem is the main result of this paper.

Theorem 1.1 (existence of type II blowup solutions to (1-4) with prescribed behavior). Let d > 7 and y
be defined as in (1-8), we fix an integer

LeN*  suchthat 20>y,

and an arbitrary Sobolev exponent
seN, s=5{) > +o0 asl— +oo.

Then there exists a smooth corotational radially symmetric initial data ug such that the corresponding
solution to (1-4) is of the form

u(r, 1) = Q(ﬁ) +q($,t), (1-13)
where
M) = co)(T —1)7 (14057 (1)), c(ug) >0, (1-14)
and
Jim [[V7q(0)]2 =0 forallo (4 +3,5]. (1-15)

Moreover, the case £ = 1 corresponds to a stable blowup regime.

Remark 1.2. Since y =2 ford =7 and y € (1, 2) for d > 8, the condition 2¢ > y means that £ > 2 for
d =7 and £ > 1 for d > 8. Note that the condition 2¢ > y allows us to avoid the presence of logarithmic
corrections in the construction of the approximate profile. In other words, the case 2¢ = y (equivalent to
£ =1 and d = 7) would involve an additional logarithmic gain related to the growth of the approximate
profile at infinity, which turns out to be essential for the derivation of the speed (1-11). Although our
analysis could be naturally extended to this case ({ = 1 and d = 7) with some complicated computations,
we hope to treat this case in a separate work.

Remark 1.3. The quantization of the blowup rate (1-14) is the same as the one obtained in [Biernat and
Seki 2016]. Note that in that paper, they only claim the existence result of a type II blowup solution with
the rate (1-14) and say nothing about the dynamical description of the solution. On the contrary, our
result shows that the constructed solution blows up in finite time by concentration of a stationary state in
the supercritical regime. Moreover, our constructed solution is in fact ({—1)-codimension stable in the
sense that we will precise shortly.

Remark 1.4. Fix £ € N* such that 2¢ > y, an integer L > £ and s ~ L > 1. Then our initial data is of
the form

uo = Qp(0) + €0, (1-16)

where Qj is a deformation of the ground state Q and b = (b1, ..., br) corresponds to possible unstable
directions of the flow in the H® topology in a suitable neighborhood of Q. We will show that for
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alleg e HO N H® (for some 0 = o(d) > %) small enough, for all (b1(0), by+1(0),...,b(0)) small
enough, there exists a choice of unstable directions (b2(0), ..., bg(0)) such that the solution of (1-4) with
the data (1-16) satisfies the conclusion of Theorem 1.1. This implies that our constructed solution is
(£—1)-codimension stable. In other words, the case £ = 1 corresponds to a stable type II blowup regime,
which is in agreement with numerical evidence given in [Biernat 2015].

Remark 1.5. The harmonic heat flow shares many features with the semilinear heat equation
du=Au+ulP'u inRY (1-17)
Two important critical exponents appear when considering the dynamics of (1-17):

d+2 +00 for d <10,
ps=——= and pjL = 4
d-2 1+ ford > 11
d—4-2+d—1
correspond to the cases d = 2 and d = 7 in the study of (1-4) respectively.
When 1 < p < ps, Giga and Kohn [1987] and Giga, Matsui and Sasayama [2004] showed that all

blowup solutions are of type 1. Here the type I blowup means that

lim sup(T — 1) 77 u(t) || Lo < +00;
t—>T

otherwise we say the blowup solution is of type II.

When p = pg, Filippas, Herrero and Veldzquez [2000] formally constructed for (1-17) type II blowup
solutions in dimensions 3 < d < 6; however, they could not do the same in dimensions d > 7. This
formal result is partly confirmed by Schweyer [2012] in dimension d = 4. Interestingly, Collot, Merle
and Raphaél [2017] showed that type II blowup is ruled out in dimension d > 7 near the solitary wave.

When ps < p < pjL, Matano and Merle [2004], see also [Mizoguchi 2004], proved that only type I
blowup occurs in the radial setting.

When p > pjr, Herrero and Veldzquez [1994] formally derived the existence of type II blowup
solutions with the quantized rates

u(t) oo ~ (T — )T D@, (eN, 20> a.

The formal result was clarified in [Matano and Merle 2009; Mizoguchi 2007; Collot 2017]. The collection
of these works yields a complete classification of the type II blowup scenario for the radially symmetric
energy-supercritical case.

In comparison to the case of the semilinear heat equation (1-17), it might be possible to prove that all
blowup solutions to (1-4) are of type I in dimensions 3 < d < 6. However, due to the lack of monotonicity
of the nonlinear term, the analysis of the harmonic heat flow (1-4) is much more difficult than the case of
the semilinear heat equation (1-17) treated in [Matano and Merle 2004].

Let us briefly explain the main steps of the proof of Theorem 1.1, which follows the method of
[Raphaél and Schweyer 2014b] treated for the critical case d = 2. This kind of method has been
successfully applied for various nonlinear evolution equations, in particular in the dispersive setting
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for the nonlinear Schrodinger equation both in the mass-critical [Merle and Raphael 2005a; 2005b;
2004; 2003] and mass-supercritical [Merle, Raphaél and Rodnianski 2015] cases, the mass-critical
gKdV equation [Martel, Merle and Rapha€&l 2015a; 2015b; 2014], the energy-critical [Duyckaerts, Kenig
and Merle 2013; Hillairet and Rapha&l 2012] and energy-supercritical [Collot 2018] wave equation,
the two-dimensional critical geometric equations, the wave maps [Raphaél and Rodnianski 2012], the
Schrodinger maps [Merle, Raphaél and Rodnianski 2013] and the harmonic heat flow [Rapha¢l and
Schweyer 2013; 2014b], the semilinear heat equation (1-17) in the energy-critical [Schweyer 2012]
and energy-supercritical [Collot 2017] cases, and the two-dimensional Keller—Segel model [Raphaél
and Schweyer 2014a; Ghoul and Masmoudi 2016]. In all these works, the method relies on two
arguments:

¢ Reduction of an infinite-dimensional problem to a finite-dimensional one, through the derivation of
suitable Lyapunov functionals and the robust energy method as mentioned in the two-step procedure
above.

¢ The control of the finite-dimensional problem thanks to a topological argument based on index theory.

Note that this kind of topological argument has proved to be successful also for the construction of
type I blowup solutions for the semilinear heat equation (1-17) in [Bricmont and Kupiainen 1994;
Merle and Zaag 1997; Nguyen and Zaag 2017] (see also [Nguyen and Zaag 2016] for the case of
logarithmic perturbations, [Bressan 1990; 1992; Ghoul, Nguyen and Zaag 2017] for the exponential
source and [Nouaili and Zaag 2015] for the complex-valued case), the Ginzburg—Landau equation in
[Masmoudi and Zaag 2008] (see also [Zaag 1998] for an earlier work), a nonvariational parabolic
system in [Ghoul, Nguyen and Zaag 2018] and the semilinear wave equation in [Cdte and Zaag
2013].
For the reader’s convenience and for a better explanation, we first introduce notation used throughout
this paper.
Notation. For each d > 7, we define
h=[3(5-7)]eN.
§=12—y)-h Se(1),
where | x| € Z stands for the integer part of x, which is defined by | x| < x < |x] + 1. Note that § # 0.
Indeed, if § = 0, then there is m € N such that 2y = d —4m € N. This only happens when y =2 or y = %

because y € (1,2]. The case y =2 gives d =7 and m = % & N. The case y = % gives d = % ZN.
Given a large integer L > 1, we set

(1-18)

k=L+h+1. (1-19)
Given b1 > 0 and A > 0, we define
1

Bo=—— Bi=B,"", 0<p«l, (1-20)
Vb, 0

and

fur) = fG) withy ==
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Let y € C§°([0, +00)) be a positive nonincreasing cutoff function with supp(y) C [0,2] and y =1
on [0, 1]. For all M > 0, we define

Y
=x| =) 1-21
am(y) x( M) (1-21)
We also introduce the differential operator
Af =ydyf
and the Schrodinger operator
d—1 VA
L =—0yy— ( ; )ay + F with Z(y) = (d — 1) cos(2Q(»)). (1-22)

Strategy of the proof. We now summary the main ideas of the proof of Theorem 1.1, which follows the
route map in [Raphaél and Schweyer 2014b; Merle, Raphaél and Rodnianski 2015]:

(i) Renormalized flow and iterated resonances. Following the scaling invariance of (1-4), let us make the

change of variables

r ds 1

w(y,s):u(r,l), ZMa Ezkz—(t)’

which leads to the renormalized flow

d—1 d—1 A
( ; )8yw—b1Aw—(2y2)sin(2w), b1=—7s. (1-23)

dyw = 8§w +

Assuming that the leading part of the solution w(y, s) is given by the ground state profile Q admitting
the asymptotic behavior (1-10), the remaining part is governed by the Schrodinger operator . defined by
(1-22). The linear operator .¢ admits the factorization (see Lemma 2.2 below)

L=, Af = —AQay(i), A =

AD Iy (yITTAQ ), (1-24)

yd -1 AQ
which directly implies
Z(AQ) =0,

where from a direct computation,
AQ ~ ;—?/ as y — 400, with y defined in (1-8).
More generally, we can compute the kernel of the powers of . through the iterative scheme
LTer1=-Tk, To=A0, (1-25)
which displays a nontrivial tail at infinity (see Lemma 2.9 below),

Ti(y) ~ cgy® 7 for y > 1. (126)
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(i1) Tail dynamics. Following the approach in [Rapha&l and Schweyer 2014b], we look for a slowly
modulated approximate solution to (1-23) of the form

w(y,s) = Opis)(¥),

where
L L+2
b=(bi,....br), Quiy(») =0+ Y _biTi(»)+ ) Si(y) (1-27)
i=1 i=2

with a priori bounds
bi~ by, |Si ()] b2V,

so that S; is in some sense homogeneous of degree i in b, and behaves better than 7; at infinity. The
construction of S; with the above a priori bounds is possible for a specific choice of the universal dynamical
system which drives the modes (b;)1<;<z.. This is so-called the tail computation. Let us illustrate the
procedure of the tail computation. We plug the decomposition (1-27) into (1-23) and choose the law for
(bi)1<i<r which cancels the leading-order terms at infinity:

¢ At the order O(b1): We cannot adjust the law of b; for the first term! and obtain from (1-23),
b1 (LT +AQ) =0.
e At the order O(b2, b>): We obtain
(b1)sTy+bIAT1 + b2 To + £S3 = b NLi(T1, Q),
where NL; (77, Q) corresponds to nonlinear interaction terms. Note from (1-26) and (1-25), we have

ATy ~Q2—-y)T7 fory>1, LT, =-Ti,
and thus,
(b1)sT1 +bTATL + b2 LTy ~ [(b1)s + (2—y)bi —ba] T

Hence the leading-order growth for y large is canceled by the choice

(b1)s + (2= y)b? —by = 0.
We then solve for
Z8Sy = —b3(AT; — (2—y)T1) + b3 NL{(T1, Q).

and check the improved decay
[S20) < b%yz_” for y > 1.

e At the order (’)(bllc +th bi+1): We obtain an elliptic equation of the form

br)sTy +b1bp ATy + bp 1. LT 41 + L Sk+1 = bIIH_l NLy(Ty,..., Ty, Q).

LIf (b1)s = —c1b1, then —A5 /A ~ by ~ ¢~€15; hence after an integration in time, |log A| < 1 and there is no blowup.
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From (1-26) and (1-25), we have
(br)sTie + D10k ATy + b1 LTie41 ~ [(br)s + 2k — y)b1bg — by 411 Tk,

which leads to the choice
(br)s + 2k —y)b1bx —br41 =0

for the cancellation of the leading-order growth at infinity. We then solve for the remaining Sy 41-term
and check that [Sg11(y)| < b]f +1y2k=¥ for y large. We refer to Proposition 2.11 for all the details of
the tail computation.

(ii1) The universal system of ODEs. The above procedure leads to the following universal system of ODEs
after L iterations:

(Ok)s + @k —y)bibg —bg1 =0, 1<k <L, bp+1 =0,
As ds 1 (1-28)
- = b13 . T Yo
A dt  A?

Unlike the critical case treated in [Raphaél and Schweyer 2014b], there is no further logarithmic correction

to take into account. The set of solutions to (1-28) (see Lemma 2.13 below) is explicitly given by

Ck
bé(s)=—, 1<k<L,
k(s) Sk — —=
_ ¢ L eN* 20>
Cl—ze_a B Vs
RIGON
2‘€ ’J/ k’
c;j=0, j>L+1,

(1-29)

Ck+1 = 1<k<t{-1, £>2

A(s) ~ 577

In the original time variable ¢, this implies that A(¢) goes to zero in finite time 7 with the asymptotic
¢
A@t) ~(T —1t)v.

Moreover, the linearized flow of (1-28) near the solution (1-29) is explicit and displays £ — 1 unstable
directions (see Lemma 2.14 below). This implies that the case £ = 1 corresponds to a stable type II
blowup regime.

(iv) Decomposition of the flow and modulation equations. Let the approximate solution O be given by
(1-27), which by construction generates an approximate solution to the renormalized flow (1-23),

(d—

Wy = 8,05 — A0y + 5205 + L in(204) = Mod(1) + 0(B2E+2),

where the modulation equation term is roughly of the form
L

Mod(t) = Y "[(bi)s + (2i —y)bibi — bi11]T;

i=1
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We localize Qp in the zone y < Bj to avoid the irrelevant growing tails for y > 1/+/b;. We then take
initial data of the form
uo(y) = Qp(0)(¥) +qo(y).

where gg is small in some suitable sense and »(0) is chosen to be close to the exact solution (1-29). By a
standard modulation argument, we introduce the decomposition of the flow

) = 0(5.5) = st + D0+5) = ot +0) 37751 (1-30)

where L + 1 modulation parameters (b(¢), A(¢)) are chosen in order to manufacture the orthogonality
conditions .
(. ' ®m) =0, 0<i<L, (1-31)

where ®js, see (3-4), is some fixed direction depending on some large constant M, generating an
approximation of the kernel of the powers of .. This orthogonal decomposition (1-30), which follows
from the implicit function theorem, allows us to compute the modulation equations governing the
parameters (b(t), A(¢)) (see Lemmas 4.2 and 4.3 below),

L
+ 3 1(bi)s + (i = p)bib; —bit1] < llglhoc + by TN, (1-32)
i=1

S
—4+b
)L+1

where ||¢|/1oc measures a spatially localized norm of the radiation ¢ and v (8, n) > 0.

(v) Control of Sobolev norms. According to (1-32), we need to show that local norms of ¢ are under
control and do not perturb the dynamical system (1-28). This is achieved via high-order mixed energy
estimates which provide controls of the Sobolev norms adapted to the linear flow and based on the powers
of the linear operator .. In particular, we have the following coercivity of the high energy under the
orthogonality conditions (1-31) (see Lemma A.5):

2
_ k2 2K 12 4|
o) = [ 12%P 2 [ Iv¥aP+ [ g

where K is given by (1-19). Here the factorization (1-24) will help to simplify the proof. As in [Raphaél
and Rodnianski 2012; Raphaél and Schweyer 2014b; Merle, Raphaél and Rodnianski 2015], the control
of & is done through the use of the linearized equation in the original variables (r, t); i.e., we work with
v in (1-30) and not g. The energy estimate is of the form (see Proposition 4.4)

i% Sk } - bfL+1+2v(8,n)
ds | \4k—d ) 4k—d ’

where the right-hand side is controlled by the size of the error Wy in the construction of the approximate

(8, 1) >0, (1-33)

profile Qp above. An integration of (1-33) in time by using initial smallness assumptions, b1 ~ b{ and

A(s) ~ Z/ (2t=v) yields the estimate

/|V2k |2 / |‘1|2 < & ()<b2L+2v(8 )
+ 4k ~

which is good enough to control the local norms of ¢ and close the modulation equations (1-32).
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Note that we also need to control lower energies &, for # +2 <m < k— 1 because the control of
the high energy &>k alone is not enough to control a nonlinear term appearing in the linearized equation
around Qp. In particular, we exhibit a Lyapunov functional with the dynamical estimate

—h)—1+20/(8,
d Eom B b%(m )—1+2v'(8,n)
ds | p4m—d | ~ )4m—d ’

Then, an integration in time yields

v'(8,1) > 0.

2y (m—d)

<)%
Em($) < {bz(m—h—1)+2v’(8,n)
1

fori+2<m<{+h,
forhai4+l+1<m<k-1,

which is enough to control the nonlinear term. Let us remark that the condition m > # 4 2 ensures
4m —d > 0 so that &, is always controlled. By the coercivity of &»,,, this means that we are only able
to control the Sobolev norms || V2% ¢ ||1%2 for 0 > f + 2, resulting in the asymptotic (1-15).

The above scheme designs a bootstrap regime (see Definition 3.2 for a precise definition) which traps
the blowup solution with speed (1-14). According to Lemmas 2.13 and 2.14, such a regime displays £ — 1
unstable modes (b3, . .., by) which we can control through a topological argument based on the Brouwer
fixed-point theorem (see the proof of Proposition 3.5), and the proof of Theorem 1.1 follows.

The paper is organized as follows. In Section 2, we give the construction of the approximate solution
Qp of (1-4) and derive estimates on the generated error term Wy (Proposition 2.11), as well as its
localization (Proposition 2.12). We also give in this section some elementary facts on the study of the
system (1-28) (Lemmas 2.13 and 2.14). Section 3 is devoted to the proof of Theorem 1.1, assuming a
main technical result (Proposition 3.6). In particular, we give the proof of the existence of the solution
trapped in some shrinking set to zero (Proposition 3.5) such that the constructed solution satisfies the
conclusion of Theorem 1.1. Readers not interested in technical details may stop there. In Section 4, we
give the proof of Proposition 3.6 which gives the reduction of the problem to a finite-dimensional one,
and this is the heart of our analysis.

2. Construction of an approximate profile

This section is devoted to the construction of a suitable approximate solution to (1-4) by using the same
approach developed in [Raphaél and Rodnianski 2012]. Similar approaches can also be found in [Raphaél
and Schweyer 2013; 2014a; Hillairet and Raphaél 2012; Schweyer 2012; Merle, Raphaél and Rodnianski
2015]. The key to this construction is the fact that the linearized operator .# around Q is completely
explicit in the radial setting thanks to the explicit formulas of the kernel elements.

Following the scaling invariance of (1-4), we introduce the change of variables

r ds 1

= t = —, —_— =, 2-1
w(y.s) = u(r.1). O @S0 @1
which leads to the renormalized flow
d—1 A d—1
dsw =8§w—|— ( )Byw—i——sAw— ( ) sin(2w), (2-2)

A 2y2
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where Ay = dA/ds. Noticing that in the setting (2-1) we have

dru(r,t) = dyw(y,s)

1
A1)
and since we deal with the finite-time blowup of the problem (1-4), we naturally impose the condition

At) >0 ast—>T

for some T € (0, +00). Hence, d,u(r,t) blows up in finite time 7.
Let us assume that the leading part of the solution of (2-2) is given by the harmonic map Q, which is a
unique solution (up to scaling) of the equation

(d—1) (d-1)
2y2

0"+ o' - sin(20) =0, Q(0)=0, Q'(0)=1. (2-3)
We aim to construct an approximate solution of (2-2) close to Q. The natural way is to linearize (2-2)
around Q, which generates the Schrodinger operator defined by (1-22). Let us now recall the main

properties of . in the following subsection.

2A. Structure of the linearized Hamiltonian. We recall the main properties of the linearized Hamiltonian
close to Q, which is the heart of both construction of the approximate profile and the derivation of the
coercivity properties serving for the high Sobolev energy estimates. Let us start by recalling the following
result from [Biernat 2015], which gives the asymptotic behavior of the harmonic map Q:

Lemma 2.1 (development of the harmonic map Q). Let d > 7. There exists a unique solution Q to (2-3)
which admits the following asymptotic behavior. For any k € N'*:

(i) (asymptotic behavior of Q)

k
y—l—ZciyZiH—l-(’)(yzkH) asy — 0,
y) = i=1 (2-4)

sl ol L) vof +
- —— — — asy — +0oo,
2y y? yY '
where y is defined in (1-8), y = ~/d? —8d + 8 and ag = ag(d) > 0.
(ii) (degeneracy)

k
y+zcl(y2i+1+o(y2k+3) as y — 0,
AQ >0, AQ(y)= i=1 (2-5)

1 1
M|:1+(9(—2)+O(—~)i| asy — +00.
vy y yY

Proof. The proof of (2-4) is done through the introduction of the variables x =log y and v(x) =2Q(y)—m
and consists of the phase portrait analysis of the autonomous equation

v”(x) + (d —2)v"(x) + (d —2) sin(v(x)) = 0.
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All details of the proof can be found in [Biernat 2015, pages 184—185]. The proof of (2-5) directly follows

from the expansion (2-4). O
The linearized operator . displays a remarkable structure given by the following lemma:

Lemma 2.2 (factorization of .£). Let d > 7 and define the first-order operators

%4 w
dWw = —0 —w=-AQ00 -— > 2-6
w yw + . w 0 y(AQ) (2-6)
S = dl -0, (v w) + Tu= %%(yd‘lAQw)’ 27
yd= y y4~tAQ
where
1+0(y?) asy — 0,
= Alog(AQ) = 1 1 2-
VO) = Alog(AQ) =1 +O(_2) w(_N) a5 y — oo, )
y yY
We have
S =¥, L= (2-9)

where Z stands for the conjugate Hamiltonian.

Remark 2.3. The adjoint operator «/* is defined with respect to the Lebesgue measure

+o00 +o0
/0 (Fu)wy?Vdy = /0 u(*w)y?ldy.

Remark 2.4. We have

ZL(Aw) =A(.$w)—|—2.$w—[;—zzw. (2-10)
Since £ (AQ) = 0, one can express the definition of Z through the potential V' as
Z(y)=VZ+ AV +(d—-2)V. (2-11)
Let Z be defined by 5
j:—ayy—%ay+%. (2-12)
Then, a direct computation yields
Zy) =W +1)24+(d-2)(V+1)—AV. (2-13)

From (2-6) and (2-7), we see that the kernels of .« and .«7* are explicit:
gw =0 ifandonlyif w e Span(AQ),

1
/*w =0 if and only if weSpan(—).
yd—lAQ

Hence, the elements of the kernel of . are given by

Zw =0 ifandonlyif w e Span(AQ,T), (2-14)
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where I'" can be found from the Wronskian relation

1
I'AQ —T(AQ) = 71 (2-15)
yd-
that is,
y dg
o) =200 [ i
1 E971(AQ(5))?
which admits the asymptotic behavior
1
— 4+ 0(y) as y — 0,
dyd—l
Ly = 1 1 (2-16)
o| — .
aor(d—2—2p)yd 27 (y""’) e

From (2-14), we may invert . as follows:
77 =1 T FOAQ()N dx + AQ(y) | S fOrmxtldy. @)
0 0

The factorization of . allows us to compute .2~ ! in an elementary two-step process that will help us to
avoid tracking the cancellation in the formula (2-17) induced by the Wronskian relation when estimating
the growth of .21 f. In particular, we have the following:

Lemma 2.5 (inversion of .%). Let f be a C*® radially symmetric function and w = £~ f be given by
(2-17). Then

ZLw=f Jw= m/oy f(x)AQ(x)xa’_1 dx, w=-AQ /Oy jg(()t)) dx. (2-18)
Proof. From the relation (2-15), we compute
P
yd—lAQ ’
Applying <7 to (2-17) and using the cancellation &/ (AQ) = 0, we obtain
1 Y d-1
dw = m/(; FO)AQ(x)x dx.
From the definition (2-6) of <7, we write
w=—-AQ0 /y 7w dx. O
o AQ

2B. Admissible functions. We define a class of admissible functions which display a suitable behavior
both at the origin and infinity.

Definition 2.6 (admissible function). Fix y > 0, we say that a smooth function f € C*°(R4+, R) is
admissible of degree (p1, p2) € Nx Z if:
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(i) f admits a Taylor expansion to all orders around the origin,

V4
f) =Y ay*tt o),
k=p\

(ii) f and its derivatives admit the bounds, for y > 1,
forall k €N, 0% f(y)| < y2P27 kK,
Remark 2.7. By (2-5), AQ is admissible of degree (0, 0).

Note that . naturally acts on the class of admissible functions in the following way:

Lemma 2.8 (action of . and .#~! on admissible functions). Let f be an admissible function of degree
(p1. p2) €N Z. Then:

(1) Af is admissible of degree (p1, p2).

(i) Z f is admissible of degree (max{0, py — 1}, p» — 1).
(i) 2~ f is admissible of degree (p1 + 1, p2 + 1).
Proof. (1)—(ii) This is simply a consequence of Definition 2.6.

(iii) We aim to prove that if f is admissible of degree (p1, p2), then w = £~ ! f is admissible of degree
(p1+1, pp+1). To do so, we use Lemma 2.5 to estimate

o for y <1,
dw = / fAQXd ldX = (9( ! /y x2p1+1+d d)C) — O(y2p1+2)
d IAQ yd o
= —AQ/ _dx . (y /yx2pl+1 dx) — O(yZ(PH-l)—I—I)’
0
e fory > 1,
dw = O Y x2172—2)/+d—1 dx) = O(y2172+1—y)
1 y
w=0— x2p2+1) — O(yZ(Pz-H)—V).
Y Jo

From the last formula in (2-18) and (2-8), we estimate

- dy A
Byw=—8yAQ/(; A—gdx—dw=— Y Qw—,sz%w=(’)(y2(p2+1)_”_1).

AQ
Using Zw = f, we get

d

By taking radial derivatives of Zw = f, we obtain by induction

ok w| < y2 2t D=k peN, y> 1. O
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The following lemma is a consequence of Lemma 2.8:

Lemma 2.9 (generators of the kernel of k). Consider the sequence of profiles

Ty = () 27*AQ, keN. (2-19)
Then:
(1) Ty is admissible of degree (k, k) for k € N.

(ii) ATy — (2k — y) Ty is admissible of degree (k,k — 1) for k € N*,
Proof. (i) We note from (2-5) that AQ is admissible of degree (0,0). By induction and part (iii) of
Lemma 2.8, the conclusion then follows.
(ii) We proceed by induction. For k = 1, we explicitly compute 77 = — 2! AQ by using Lemma 2.5
and the expansion (2-5) to get

forallmeN, 9}'Ti(y) = e1Lmy> VM L O™ as y — +oo.
By induction, one can easily check that 0§’ A = A f +mdy' f form € N*. Hence,

AT —Q2—y)T1] = Ay T1 —(2—y—m)dyT1 =O(y~ ") asy— +oo.

Since Ty and AT are admissible of degree (1, 1), we deduce that AT} — (2 — )T} is admissible of
degree (1,0).

We now assume the claim for k > 1, namely that ATy, — (2k —y) T} is admissible of degree (k,k —1).
Let us prove that ATy 41 —(2(k + 1) —y) Tk 41 is admissible of degree (k + 1, k). We use formula (2-10)
and definition (2-19) to write

AZ
LAT41— Ck+2=y)Tk41) = ALT 11— Ck —y) LT 41— ?Tk—l—l

AZ
= ATk — (2k — )/)Tk — y—sz+1. (2—20)

From part (i), we know that Ty 4 is admissible of degree (k + 1,k + 1). From (2-11) and (2-8), one can
check that (AZ/y?)T admits the asymptotic

AZ
7Tk+1 =0y asy >0,

and
i(AZ 2(k+1)—j—y—3 2(k—1)+j—y
ay 7Tk+1 :O(y )<<y asy—>+OO.
Together with the induction hypothesis, we deduce that the right-hand side of (2-20) is admissible of
degree (k, k — 1). The conclusion then follows by using part (iii) of Lemma 2.8. O

We end this subsection by introducing a simple notion of homogeneous admissible function.
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Definition 2.10 (homogeneous admissible function). Let L >> 1 be an integer and m = (m1, ..., mp) e NL,
We say that a function f(b, y) with b = (by, ..., br) is homogeneous of degree (p1, p2, p3) € NxZxN
if it is a finite linear combination of monomials

L
Foy [T ee™
k=1

with f (y) admissible of degree (p1, p2) in the sense of Definition 2.6 and

L
(mi,...,mp) € NL, kak = p3.
k=1
We set
deg(f) := (p1, p2, P3)-

2C. Slowly modulated blowup profile. We use the explicit structure of the linearized operator .Z to
construct an approximate blowup profile. In particular, we claim the following:

Proposition 2.11 (construction of the approximate profile). Let d >7 and L > 1 be an integer. Let M >0
be a large enough universal constant. Then there exists a small enough universal constant b*(M, L) > 0
such that the following holds true. Consider a C' map

b= (b1,....br): [s0,51] — (=b*,b*)L,
with a priori bounds in [sg, 1],

0<by <b*,  |bg|Sb¥, 2<k<L. (2-21)
Then there exist homogeneous profiles

S1 =0, S =8rb,y), 2<k<L+2,

such that I Lo
Qb)) = Q)+ Y bk T (W) + Y Sk(b, y) = Q(») + Op() () (2-22)
k=1 k=2

generates an approximate solution to the renormalized flow (2-2)

@-1 dy0p +b1AQy + (dz;zl) sin(2Qp) = ¥, + Mod (1), (2-23)

8s Qb - ayy Qb -

with the following properties:
(i) (modulation equation)

L L+2

aS;
Mod(r)=Z[(bk)s+(2k—y>b1bk—bk+1][n+ ) ﬁ} 2:24)
k=1 Jj=k+1

where we use the convention b; =0 for j > L + 1.
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(ii) (estimate on the profiles) The profiles (Sk)2<k<1+2 are homogeneous with

deg(Sg) = (k. k—1,k) for2<k<L+2,

8&:0 for2 <k <m<L.
0bm

(iii) (estimate on the error W) For all 0 <m < L, we have:

¢ (global weight bound)

2
itmtly, |2 O WE L amtar20-8)-Crn ]
/y§231 o Tl"+ /ygzlic1 1 4 y4Gtm+1) ~ by ) (2-25)

where B1, h, § are defined in (1-20) and (1-18).

o (improved local bound)
Forall M > 1, / |y, 12 < MO LTS, (2-26)
y<2M

Proof. We aim to construct the profiles (Sk)2<k <742 such that Wy (y) defined from (2-23) has the least
possible growth as y — +o00. The key to this construction is the fact that the structure of the linearized
operator . defined in (1-22) is completely explicit in the radial sector thanks to the explicit formulas of
the elements of the kernel. This procedure will lead to the leading-order modulation equation

(bi)s = —(2k —y)biby +bpyq forl <k <L, (2-27)

which actually cancels the worst growth of Sy as y — 4o0.
¢ Expansion of V. From (2-23) and (2-3), we write
(d—1) (d-1)

9sQp—0yy Op — dyQp +Db1AQp + 22 sin(2Qp)
d—1 d—1
=b1AQ + 050y — 0y, 0p — ( )8y®y + ( )2 ) cos(20)0p + b1 AOy,
(d-1)

+ 2)}—2[Sin(2Q +20p) —sin(2Q) —2co0s(20)0p]
= A1+ A,

Using the expression (2-22) of ®; and the definition (2-19) of Ty (note that Ty = —Ty_; with the
convention Ty = AQ), we write

L L+2
A1 =b1AQ + Y [(bi)sTi + bk LTy + bibg ATl + Y [05Sk + 2 Sk + b1 ASk]
k=1 k=2

L L+2
= D [00)sTr —bi1 Tk +bibe ATe] + D [35 Sk + -2 Sk +b1ASt]
k=1 k=2
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L
=Y [(br)s — b1 + 2k — y)b1bi] Tk

L
+ D [ LSkt + 05 Sk + bibe[ATi — 2k —y) Tl + by ASy]
k=1

+ [LSL42+0sSL4+1 +Db1ASL41] + [05SL+2 + D1 ASL42].
Wenowwrite
aS
ask—z(b )s —ZKb )s +(2j = y)bib; — /+1] Z[(zj—y)blb byl
J

J

Hence,
L+1
Ay =Mod(t) + Y [ZSkt1+ Ex] + ELga.
k=1
where fork =1,..., L,
= 3Si
E = Dib[ AT = @k =y)Te + biASe = 3 (2] =y)biby =bjalg = (228)
j=1 J
andfork =L+ 1,L +2,
Ep =biAS —Z[(z —y)b1b; — ]aS" (2-29)
k= D010k J —V)b1 J+1 ab,

j=1
For the expansion of the nonlinear term A5, let us set
f(x) = sin(2x)

and use a Taylor expansion to write (see page 1740 in [Raphaél and Schweyer 2014b] for a similar
computation)

d-D[E2 D) d-n[E
Ay = e [; o ®b+R} T [;PH—RI—FRZ],

where

L+2 f(])(Q) L+2

=Y Y e ]_[ b’AT’A ]_[ S/k. (2-30)
j=2

[J1=j,|J2=i k=1

L+2 /() L+2
Ri=)Y / .fQ) Yoo ]_[ bk Tk ]_[ S{k, (2-31)
= 1 =iz k=1
L+3

Ry = / (1—0) L2 rI+3 (0 4 10,) dr, (2-32)

(L+2)'
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with J = (i1,....ir, j2..... jr42) € N?LF1 and
L+2 L+2

|J|1—sz+21k, |J|2—Zkzk+2kjk (2-33)
k=1

In conclusion, we have

L+1

Wy = Z |:.,2”Sk+1 + Ey +
k=1

(d-1)
2y2

(d-1)
2y2

Pk+1] +Epqo+ (R1+ R»). (2-34)

¢ Construction of Si. From the expression of Wj, given in (2-34), we construct iteratively the sequences
of profiles (Sk)1<k<r+2 through the scheme

S1=0,
! » (2-35)
Sr=—%""F, 2<k<L+2,
where J
Fk=Ek_1—|-(2 )Pk for2 <k <L+42.
y?
We claim by induction on k that Fj is homogeneous with
deg(Fr)=(k—1,k—2,k) for2<k <L +2, (2-36)
and
oFy
— =0 for2<k<m<L+2. (2-37)
0bm,

From item (iii) of Lemma 2.8 and (2-36), we deduce that Sj is homogeneous with

deg(Sy) =(k,k—1,k) for2<k <L +2,
and from (2-37), we get
oSy,
— =0 for2<k<m<L+2,
0by,

which is the conclusion of item (ii).
Let us now give the proof of (2-36) and (2-37). We proceed by induction.

Case k = 2: We compute explicitly from (2-28) and (2-30),
(d—-1) (d—-1)f"(Q) 72
2y2 2y2 Ly
which directly follows (2-37). From Lemma 2.9, we know that 77 and AT} — (2 —y)T; are admissible
of degrees (1, 1) and (1, 0) respectively. Using (2-4), one can check the bound

)
(f’y(Q))‘ YT a0y s oo (2-38)

Since T7 is admissible of degree (1, 1), we have

Fy— Ei + P2=b%[AT1—<2—y)T1+

forall m, j € Nz,

for all m € N, |8;1(T12)| <y a5y — oo,
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By the Leibniz rule and the fact that 2y —2 > 0, we get

()
(40 o

We also have the expansion near the origin,

for all m, j € N?, —y—m—(2y=2) SyrYm,

)]
f (Q) chy2l+1 + O(y2k+3) k > 1.
y?

i=2

Hence, (f"(Q)/ yz)Tl2 is admissible of degree (2, 0), which concludes the proof of (2-36) for k = 2.

Case k — k + 1: Estimate (2-37) holds by direct inspection. Let us now assume that S; is homogeneous
of degree (k,k —1, k) and prove that Sx_; is homogeneous of degree (k + 1, k, k + 1). In particular, the
claim immediately follows from part (iii) of Lemma 2.8 once we show that Fy ;1 is homogeneous with

P
deg(Fk+1)—deg(E + "“) = (e k—1,k+1). (2-39)
y

From part (ii) of Lemma 2.9 and the a priori assumption (2-21), we see that by by (AT, — 2k — y)Ty,)
is homogeneous of degree (k,k — 1,k + 1). From part (i) of Lemma 2.8 and the induction hypothesis,
b1 A Sk is also homogeneous of degree (k,k — 1,k + 1). By definition, b1 (dSk/db1) is homogeneous
and has the same degree as Si. Thus,

bs YA
2] —y)b b
((J y)b1 — b )( 1%1)
is homogeneous of degree (k,k — 1,k + 1). From definitions (2-28) and (2-29), we derive

deg(Ex) = (k. k—1,k+1), k>1.

It remains to control the term Py ;/y?. From the definition (2-30), we see that P ,/y? is a linear
combination of monomials of the form

M6 )_f’y(Q) Hb ri T i
with
J=C(01,....iL, j2,- - JL+2), Jhi=j, J=k+1, 2=<j<k+]1.
Recall from part (i) of Lemma 2.9 the bound
foralln €N, [05Tm| < PERTYT a5y — o0,
and from the induction hypothesis and the a priori bound (2-21),

foralln e N, [0)Sm| < pry2m=D=y=n a5y > 4oo.



1-COROTATIONAL ENERGY SUPERCRITICAL HARMONIC HEAT FLOW 135

Together with the bound (2-38), we obtain the following bound at infinity:

T2 2|Jl—y—|Thy—2-2%t12 k+1.2(k—1)—
|MJ|§b|1 |2y| la—y—|J 1y Y5 Jm §b1+ y( =3

The control of 35 M follows by the Leibniz rule and the above estimates. One can also check that

My is of order y2l/l2+l/hi—1

near the origin. This concludes the proof of (2-39) as well as part (ii) of
Proposition 2.11.

¢ Estimate on Wp. From (2-34) and (2-35), the expression of Wj is now reduced to

(d-1)

Uy = Ep4o + 2

(R1+ R»),

where E7 45, Ry and R; are given by (2-29), (2-31) and (2-32).

We start by estimating the E7 1, term defined by (2-29). Since Sy, is homogeneous of degree
(L+2,L+1,L+?2),s0are ASy 4+, and b1(0S4+2/0b1). Tt follows that E 4, is homogeneous of
degree (L +2, L + 1, L 4 3). Using part (ii) of Lemma 2.8 and the relation d —2y —4h = 46, see (1-18),
we estimate forall0 <m < L

h+m-+1 2 2L+6 2(L+1)—y—2h+m+1)2..d—1
/ g, 2 < b / PRUADy20mED 2 -1 g,
y<2B; y<2B

S b%L+6/ y4(L—m+8)—1 dy

y=<2B
< b(2L+6)—2(L—m+5)(1+T]) < b2m+4+2(1—5)—CL7]
~ 1 ~ 1 ’

where n =n(L), 0 <n <K 1.
We now turn to the control of the term R;/ y2, which is a linear combination of terms of the form,
see (2-31),

i L L+2
~ Y iy i n
My ==——=>T]brtin [T Si".
Y =1 n=2
with
J=(1,...,iL, j2,- -+, JL+2)s [Jh=Jj, [J2=L+3, 2<j<L+2.

Using the admissibility of 7}, and the homogeneity of S,, we get the bounds
\My| < b{“+3y2”|2+j_1 < b{“+3y2L+6 as y — 0,
and

IMjy| < bllﬂzyzmz_”_z_” as y — 400,

where we used the facts that j > 2 and 2 — jy < 0, and similarly for higher derivatives by the Leibniz
rule. Thus, we obtain the round estimate forall 0 <m < L,

RI\|? _ a7 iy—y—2— _
/ . $h+m+l(ﬁ)) 5b1| |2/ . |y2\J|2 Jjy—y—2 2(h+m+1)|2yd ldy
y=<2D, y=<2D,

< bfm+4+2(1_8)_cm.



136 TEJ-EDDINE GHOUL, SLIM IBRAHIM AND VAN TIEN NGUYEN

The term R/ y? is estimated exactly as the term Ry/y? using the definition (2-32). Similarly, the control
of [,<2p, |Wp|2/(1 + y*tm+D) s obtained along the exact same lines as above. This concludes
the proof of (2-25). The local estimate (2-26) directly follows from the homogeneity of S; and the
admissibility of 7. O

We now proceed to a simple localization of the profile 0} to avoid the growth of tails in the region
y > 2B1 > By. More precisely, we claim the following:

Proposition 2.12 (estimates on the localized profile). Under the assumptions of Proposition 2.11, we
assume in addition the a priori bound

|(b1)s| < b7 (2-40)
Consider the localized profile
L+2
Qbs)(y) = 0(y) + Z biTi+ Y Se with Te = x8, Te. Sk = 18, Sk (2-41)
k=1 k=2

where By and y g, are defined as in (1-20) and (1-21). Then

(d-1)

~ ~ 1 ~ ~
8,0 — Byy Op ) in2p) = Ty + 15, Mod(1).  (2-42)

~ ~ d—
abe+blAQb+( 2

where (I?b satisfies the bounds:

(i) (large Sobolev bound) Forall0 <m < L —1,

/|gh+m+1(fjb|z+/ | LM |2 /|$h+mq’b|2 / |Wp |2 <b2m+2+2(1 $)~Crn.

1+ y2 14 y4 1 + y4Gtm+1) ~

(2-43)
and

LML, 2 4 |42f‘$’P’+L‘I’b|2 |fh+L‘I'b|2 A pRLATH2A=8) 1),

1492 1+ y4 1 4 y4G+L+1) ~
(2-44)

where h and § are defined by (1-18).
(i1) (very local bound) For all M < %Bl and0<m<1L,
<2

(iii) (refined local bound near Bg) Forall0 <m < L,

52
htm+1E, (2 [Wpl 2m+4+2(1-8)—Cprn
K% Ty 2 + / <) . (2-46)
/<230 | | <28, 1 + yAltmt) V71
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Proof. By a direct computation, we have

d—1) d—1

2 in20,)

d—1 d—1
( )3y Op +b1AQp + (2y2 ) Sin(2Qb)]

~ ~ ~ ~
0s0p —0yy Op — 0y 0p +b1AQp +

= XB [8s Op— 8yy Op—

d—1
+ Oy [3s)(31 - (ayyXBl + TayXBl) +b1AXBl] —20y xB,9yOp +b1(1—xp,)AQ

(d-1)
2y2

[sin(205) —sin(2Q) — x5, (sin(2Qp) —sin(2Q))].
According to (2-23) and (2-42), we write
Ty = x5, ¥p + Ty,

where

(d—1)
2y2

Uy = b1(1— 28,)A0 + [sin(205) —sin(20) — x, (sin(2Qp) — sin(2Q))]

G
Yy

e
¥y

d—1
+ Op |:8SX31 - (8yyXBl + TayXBl) +b1AXBl:| —20y xB, 0y Oy .

e
Yy

The contribution of the term y;, W}, to the bounds (2-43), (2-44), (2-45) and (2-46) follows in exactly
the same way as in the proof of (2-25) and (2-26). We are therefore left to estimate the term ‘/I\’b- All the
terms in the expression of \le are localized in By < y < 2By, except for the first one whose support is a
subset of {y > Bj}. Hence, the estimates (2-45) and (2-46) directly follow from (2-26) and (2-25).

Let us now find the contribution of l’I\Jb to the bounds (2-43) and (2-44). We estimate

n

dym

1
foralln e N, ‘ (1—-yxB,)AQ Swlyzgl;
hence, using the relation d — 2y — 4h = 44, see (1-18), and the definition (1-20) of B;, we estimate for
allo<m<L,
d—1

htm+13 (112 < 72 y < 3,2m+2+2(1=8)(1+n)+2mny
/Liﬂ vy "< b /y>Bl y4(h+m+1)+2y <h ’

For the nonlinear term @1(72), we note from the admissibility of T; and the homogeneity of Sy that the
Ty -terms dominate for y > Bj in ®p. Thus, for y > By,
L
foralln €N, 020 <> bfy* 71,5 (2-47)
k=1
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Using (2-47) and noting that @l(jz) is localized in By < y < 2B;, we obtain the round bound

L
|8; (I\]22)| § Z blfyz(k_l)_y_n lBl 5y52B1
k=1

L
b —(k—1)
n

k=1

‘We then estimate for 0 <m < L,
d—1

L
htm+132)) < 12 —2(k—1)n Y
/ £ Y, I hi kX—:l by /BlsyszBl y4titm+1)+2y dy

L
< b%m+2+2(1—8)(1+n) Z b§2m—2k+2)n.
k=1
To control @1(73), we first note from the definition (1-21) and the assumption (2-40) that

(b1)s y
0 < .
| SXB1| ~ bl Bl

Using (2-47), we estimate for 0 <m < L,

1B, <y<2B, < b1l <y<2B,-

d—1

L

h+m+1303)| <« 272k y

/l"% Y |~kX:b1b1 /Bl<y<231 y4htm+1)+2y—d4k+2 dy
=1 -7 =

L
< bfm+2+2(1—8)(1+7]) Z b§2m—2k)n'
k=1
Gathering all the bounds yields

L
/ |$h+m+1®b|2 < b%m+2+2(1—8)(1+77) Z bgzm—zk)n < b%m+2+2(1—8)(1+77)+2n(m—L)‘
k=1

The control of

|M$h+m{i}b|2 |$h+mﬁ}b|2 4 |{I}b|2
1+ y2 ) 1+ y4 , an 1+ y4(h+m+1)
is obtained along the exact same lines as above. This concludes the proof of (2-43) and (2-44), as well as
Proposition 2.12. O

2D. Study of the dynamical system for b = (b1,...,br). The construction of the Q profile formally
leads to the finite-dimensional dynamical system for b = (b1, . .., by,) by setting to zero the inhomogeneous
Mod(?) term given in (2-24):

(br)s + Rk —y)b1by —bg+1 =0, 1<k <L, bpy1=0. (2-48)
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Unlike the critical case (d = 2) treated in [Raphaél and Schweyer 2014b], there is no further logarithmic
correction to be taken into account in the system (2-48). In particular, the system (2-48) admits explicit
solutions and the linearized operator near these solutions is explicit.

Lemma 2.13 (solution to the system (2-48)). Let
¥ <t L, leN¥

and consider the sequence

14
==,
! 20—y
t—k 2-49
Ck+1=—y2(£ )Ck, 1<k<{-1, ( )
=7
C'k+1=0, kzg
Then the explicit choice
bis)="% s>0. 1<k<L, (2-50)
s

is a solution to (2-48).

The proof of Lemma 2.13 directly follows from an explicit computation which is left to the reader. We
claim that the linearized flow of (2-48) near the solution (2-50) is explicit and displays £ — 1 unstable
directions. Note that the stability is considered in the sense that

sup s€|br(s)| < Cp. 1<k <L.
S

In particular, we have the following result which was proved in [Merle, Raphaél and Rodnianski 2015]:

Lemma 2.14 (linearization of (2-48) around (2-50)). Let

bk(s):b,i(s)—i-uk](j), 1<k<d, (2-51)
s
and note that U = Uy, ... ,Up). Then, for 1 <k <{-—1,
1
(br)s + 2k —y)b1bg — brq1 = AT+1[~T(Z/flc)s — (Agh)i + O(UP)), (2-52)
1
(be)s + (2L —y)b1by = F[S(Ue)s — (AgU)e + O(U ), (2-53)
where
= yé-1) -2-y)a
20—y '
0—i
ai,i=y2(€ l), 2<i<{,
Ay = (ai,j)lgi,jsg with -V
aii+1 =1, 1<i<{-1,
aii =—Q2i—yci, 2<i<dt,
aj,j =0 otherwise.
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Moreover, Ay is diagonalizable:

2y 3y Ly

1 . 2-54
22—y 22—y 2~y ( )

Ag=P;'D¢Py, Dy =diag]—

Proof. Since we have an analogous system to the one in [Merle, Rapha&l and Rodnianski 2015] and the
proof is essentially the same as written there, we kindly refer the reader to Lemma 3.7 in that paper for
all details of the proof. O

3. Proof of Theorem 1.1 assuming technical results

This section is devoted to the proof of Theorem 1.1. We proceed in three subsections:

« In the first subsection, we give an equivalent formulation of the linearization of the problem in the
setting (1-30).

¢ In the second subsection, we prepare the initial data and define the shrinking set Sx (see Definition 3.2)
such that the solution trapped in this set satisfies the conclusion of Theorem 1.1.

¢ In the third subsection, we give all arguments of the proof of the existence of solutions trapped in
Sk (Proposition 3.5) assuming an important technical result (Proposition 3.6) whose proof is left to
the next section. Then we conclude the proof of Theorem 1.1.

3A. Linearization of the problem. Let L > 1 be an integer and s¢ > 1. We introduce the renormalized

variables
r 4 ' dr 3-1)
= T §=S ) -
Y70 )
and the decomposition
~ ~ r
M(I’, [) = U)(y, S) = (Qb(s) + q)(y’ S) = (Qb(t) + q) (mv t)’ (3'2)
where Q p is constructed in Proposition 2.12 and the modulation parameters
A1) >0, b(@)=(b1(2).....bL(1))
are determined from the L + 1 orthogonality conditions
(9. 2*®y) =0, 0<k=<L, (3-3)
where @,y is a fixed direction depending on some large constant M defined by
L
Oy =Y cm L (xuAQ). (3-4)

k=0
with
k— .
_ (ke o cim w2 (n AQ). Te)

, 1<k<L. 3-5
(mAQ. AQ) )

coom =1, Ck,M



1-COROTATIONAL ENERGY SUPERCRITICAL HARMONIC HEAT FLOW 141

Here, ©4 is built to ensure the nondegeneracy

(®a1.AQ) = (xMAQ.AQ) 2 M7 (3-6)
and the cancellation
k—1
(Ou. Ti) =D cjm (L (mAQ). Te) + cimt (=DF (xm AQ. AQ) = 0. (3-7
j=0
In particular, we have
(L T, Du) = (D (xmAQ, AQ)Si i, 0<ik<L. (3-8)

From (2-2), we see that ¢ satisfies the equation

A ~ —
asq—qu +.2q = -V, —Mod + H(q) —N(q) = F, (3-9)
where
— A ~
MOd=—(TS +b1)AQb_XBl Mod, (3-10)
‘H is the linear part given by
(d-1) ~
Hig) = 12 [cos(2Q) —cos(205)]g. (3-11)
and N is the purely nonlinear term
d=1 . = RS ~
Ng) = 272 [sin(2Qp +2¢) —sin(2Qp) —2¢ cos(2Qp)].- (3-12)
We also need to write (3-9) in the original variables. To do so, consider the rescaled linearized operator
d—1 V4
2= 8y )ar+r—§L (3-13)
and the renormalized function
v(r,t) =q(y,s), 0drv= 20 (Bsq - TAq)A-
Then from (3-9), v satisfies
1
v+ Lv = A—z}], Fp(r,t) =F(y,s). (3-14)
Note that
1

3B. Preparation of the initial data. We now describe the set of initial data ug of the problem (1-4),
as well as the initial data for (b, 1) leading to the blowup scenario of Theorem 1.1. Assume that
up € H®(R?) satisfies

luo—Qllgs <1 for 4 <5<k (3-15)
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By continuity of the flow and a standard argument, the smallness assumption (3-15) is propagated on a
small time interval [0, ¢1). Thus, the decomposition (3-2),

u(r, f)—(Qb(z)'i'C])(A() ), A()>0, b=(by,...,bL), (3-16)

can be uniquely defined on the interval ¢ € [0, #1].
The existence of the decomposition (3-16) is a standard consequence of the implicit function theorem
and the explicit relations

=(AQ.T1,....TL),
A=1,b=0

9 -
(Qb(z))x, (Qb(z)),x, e M(Qb(t)))&

which implies the nondegeneracy of the Jacobian

=(xmAQ, AQ)|FT1 0.

(Qb(t)))t £ <I>M>
A=1,b=0

0
Ka(k bj)

In fact, the decomposition (3-16) exists as long as ¢t < T and ¢ remains small in the energy topology. We

1<j<L,0<i<L

now set up the bootstrap for the control of the parameters (b, A) and the radiation ¢. We will measure the
regularity of the map through the following coercive norms of g:

& |.2* |2>C(M)Z ﬁ forh+1<k <k (3-17)
2k = q 4(k m) =Kk =R

Our construction is built on a careful choice of the initial data for the modulation parameter » and the
radiation ¢ at time s = s¢. In particular, we will choose it in the following way:

Definition 3.1 (choice of the initial data). Take 1 and § as in (1-20) and (1-18). Let consider the variable
V= P, (3-18)
where U = (Ui, ...,Up) is introduced in the linearization (2-51), namely
Uy = skbk —c, with ¢ given by (2-49),

and Py refers to the diagonalization (2-54) of Ay.
Let 5o > 1. We assume

¢ (smallness of the initial perturbation for the by -unstable modes)

7(1-5)
Iso Vi(so)| <1 for2<k <{, (3-19)
¢ (smallness of the initial perturbation for the by -stable modes)

_ 50Qk—y)

n1—
g Vi)l <1 [br(so)l <sg 27 forl+1<k<L, (3-20)
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¢ (smallness of the data)
K 1oLe

D Glso) <577

k=h+2

¢ (normalization) up to a fixed rescaling, we may always assume

A(s0) = 1.

143

(3-21)

(3-22)

In particular, the initial data described in Definition 3.1 belongs to the following set which shrinks to

Zero as § — +00:

Definition 3.2 (definition of the shrinking set). Take n and § as in (1-20) and (1-18). For all K > 1 and

s > 1, we define Sk (s) as the set of all (b1(s),...,br(s),q(s)) such that
Vi (5)] < 1057209 forl1 <k <¢,
|bi(s)] <57k ford+1<k<1L,

E(s) < KS_(2L+2(1_8)(1+")),

K s~ 20y (4m=d) forh+2<m<AL+h,
sT2m—h=D)=2(=8)+Kn forp 4+ h+1<m<k—1.

Remark 3.3. From (2-51), the bounds given in Definition 3.2 imply that for 7 small enough,

b (s) ~ ‘;—1 b (5)] S b1 () [F.

Eam(s) <

Hence, the choice of the initial data (b(sg), g(so)) belongs in Sk (so) if s¢ is large enough.

Remark 3.4. The introduction of the high Sobolev norm &5 is reflected in the relation

L
+ ) " 1(bi)s + 2k —y)bibg — 1] S C(M) /& + Lot
k=1

As
—+b
A+1

(3-23)

which is computed thanks to the L + 1 orthogonality conditions (3-3) (see Lemmas 4.2 and 4.3 below).

3C. Existence of solutions trapped in Sk (s) and conclusion of Theorem 1.1. We claim the following

proposition:

Proposition 3.5 (existence of solutions trapped in Sk (s)). There exists K1 > 1 such that for K > K,

there exists so,1(K) such that for all so > so,1, there exists initial data for the unstable modes

-21-8) -Z231-8),y_
(V2(50), .- Ve(s0)) € [=sg >+ usg 2 IF!

such that the corresponding solution (b(s), q(s)) is in S (s) for all s > sy.

Let us briefly give the proof of Proposition 3.5. Let us consider K > 1 and s¢ > 1 and (b(s0), ¢(s0))

as in Definition 3.1. We introduce the exit time

s« = Sx(b(50),q(s0)) = sup{s > s¢ such that (b(s),q(s)) € Sk (s)},
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and assume that for any choice of

-11-8) -Z2(1-8),p—
(Va(50). ... Ve(so) €[=s9 > o5 1

’

the exit time satisfies sx« < 400 and look for a contradiction. By the definition of Sk (s« ), at least one of
the inequalities in that definition is an equality. Owing the following proposition, this can happen only
for the components (Va2 (sx), ..., Ve(sx)). Precisely, we have the following result which is the heart of
our analysis:

Proposition 3.6 (control of (b(s), ¢(s)) in Sg (s) by (Va(s),...,Ve(s))). There exists Ko > 1 such that for
each K > K, there exists so,2(K) > 1 such that for all so > so,2(k), the following holds: Given the initial
data at s = s¢ as in Definition 3.1, if (b(s),q(s)) € Sg(s) forall s € [so, s1], with (b(s1),q(s1)) € 0Sk (s1)
for some s1 > S¢, then:

(i) (reduction to a finite-dimensional problem)

{—1
K K
(VZ(Sl),---,VZ(Sl))Ga[_ 7025 2(1_8)}
S1 S1
(ii) (transverse crossing)
£
d n1—
a(Dsz“ ‘”vi(snz) > 0.
i=2 S=51

Let us assume Proposition 3.6 and continue the proof of Proposition 3.5. From part (i) of Proposition 3.6,

{—1
K K
S0-9 Fa= |

*

we see that

V2 (5%), ..., Ve(s%)) € 8|:—

and the mapping

T:[-1, 1) > (-1, 117,
2(1-8)

*

K
is well-defined. Applying the transverse-crossing property given in part (ii) of Proposition 3.6, we see
that (b(s), q(s)) leaves Sk (s) at s = so; hence, s« = sg. This is a contradiction since Y is the identity
map on the boundary sphere and it cannot be a continuous retraction of the unit ball. This concludes the

2(1-8)
s (V2(50), - -, Ve(s0)) =

(VZ(S*)v s VZ(S*))’

proof of Proposition 3.5, assuming that Proposition 3.6 holds.
¢ Conclusion of Theorem 1.1 assuming Proposition 3.6. From Proposition 3.5, we know that there exists
initial data (b(s¢), ¢(so)) such that
(b(s),q(s)) € Sk(s) forall s > s¢.
From (4-57), (4-58), we have
My = o)A T 1 +o(D)],
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which yields
1— 20—y
—AT T A =c(uo)(1 +o(1)).

We easily conclude that A vanishes in finite time 7 = T (1) < 400 with the following behavior near the
blowup time:

A(t) = c(uo)(1 + o())(T —1)7,

which is the conclusion of item (i) of Theorem 1.1.
For the control of the Sobolev norms, we observe from (B-3) and Definition 3.2 that

forallh+2 <m <Kk, /|8§mq|2§£2m—>0 as s — +00.
From the relation d = 4h + 4§ + 2y, we deduce that
d o2
forallo€[7+3,2k], /|V gl —0 ass— +oo,

which yields (ii) of Theorem 1.1.

4. Reduction of the problem to a finite-dimensional one
We now prove Proposition 3.6, which is the heart of our analysis. We proceed in three separate subsections:

e In the first subsection, we derive the laws for the parameters (b, A) thanks to the orthogonality
condition (3-3) and the coercivity of the powers of .Z.

¢ In the second subsection, we prove the main monotonicity tools for the control of the infinite-
dimensional part of the solution. In particular, we derive a suitable Lyapunov functional for the &5k
energy, as well as the monotonicity formula for the lower Sobolev energy.

¢ In the third subsection, we conclude the proof of Proposition 3.6 thanks to the identities obtained in
the first two parts.

4A. Modulation equations. We derive here the modulation equations for (b, A). The derivation is mainly
based on the orthogonality (3-3) and the coercivity of the powers of .. Let us start with elementary
estimates relating to the fixed direction ®py.

Lemma 4.1 (estimate for ®p7). Given ®pr as defined in (3-4), we have
x| SM?* foralll <k <L,
[ 1o s w2 [ zoy < mir,
Proof. Arguing by induction, we assume that

Ml SM¥, 1<j<k.
|J, | J
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Using the fact that .2/ T; is admissible of degree (max{0,i — j},i — j), we estimate from the definition
(3-5),

Ckr1,m] S =

k

1 . .
S M2 / ALY Ty
Jj=0

k d—1
1 . y .
5 MZJ/ s 2(k+1—])—yd s M2(k+1)
v oMY | T y

Using the estimate for ¢ p yields

L
/ |‘1>M|2 < / |)(MAQ|2 + Z |Cj,M|2/ |.#/ (XMAQ)|2 < Md—Zy—4’
j=1
and
L .
[120u2 < Y il [127 G nQ) < M2, O
Jj=0
From the orthogonality conditions (3-3) and (3-9), we claim the following:

Lemma 4.2 (modulation equations). Take %, § and n as defined in (1-18) and (1-20). For K > 1, we
assume that there is so(K) > 1 such that (b(s), q(s)) € Sk (s) for s € [so, s1] for some s1 > s9. Then, the
following hold for s € [so, s1]:

L—1
A _
D 1B)s + 2k =)bibi = b | + b1 + 5 < pEAIHA=Ha+m, (4-1)
k=1
and
N 7 _
|(b1)s + 2L —y)b1br| < M_j; 4 pLAIHA=D) ) 4-2)

Proof. We start with the law for by, . Let

L
+ Y 1(bi)s + 2k = y)b1bg — byt .
k=1

A
by + =2

D(t) = A

where we recall that by =0if k > L + 1.
Now, we take the inner product of (3-9) with #L®,y and use the orthogonality (3-3) to write

(Mo (1), 2 ag) = — (2T, Dg) — (21, Byg) —<—%Aq ~L(g) +N<q>,fL<1>M>. 43)

From the definition (3-4), we see that ®p; is localized in y <2M. From (3-10) and (2-24), we compute
by using the identity (3-8),

(Mod(r), 2L ®pr) = (—1)E(AQ, @) [(br)s + 2L —y)br1b] + O(ME by D(1)).
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The error term is estimated by using (2-26) with m = L —# — 1 and Lemma 4.1:

1 1
et ou = ([ 12 GR) ([ euP) s MOt pieaon,
y=<2M y=<2M
For the linear term, we apply Lemma A.5 with k = k—1:

|$L+1q|2 >/~ |$L+1q|2
y4(1 + y4(h—1)) ~ 1+ y4h ’
Hence, the Cauchy—Schwarz inequality yields

&ulq) 2 /

1

pL+1,2\3 1
|<$L+1q,<bM>|5M2h(/ b ) (/|<I>M|2) < MR

1+y4h

The remaining terms are easily estimated by using the following bound coming from Lemma A.5 and
Lemma A.4:

|Zq|? |9yq|? ¢
> 2 )
&2k(q) ~/ y4(1 +y4(k—2)) ~ / y4(1 +y4(k—2)+2) +/ y6(1 +y4(k—2)+2)- 4-4)

This implies

‘<—&Aq +L(q) +N(q),$L<DM> S MEbi (& + D).

A

Putting all the above estimates into (4-3) and using (3-6) together with the relation (1-18), we arrive at

A 2k

M?28 + bf+1+(1—8)(1+77) + Mcle(t). (4-5)

|(bL)s + (2L —y)b1b| <

For the modulation equations for by with 1 < k < L — 1, we take the inner product of (3-9) with
ok @,/ and use the orthogonality (3-3) to write for 1 <k <L —1,

(Mod(1), 2 dpr) = (2% T, dyg) —<—%Aq _£(g) +N(q),.fk<1>M>.

Proceeding as for by, we end up with
|(br)s + @k =i = b | < by T Ly Chy (Vo + D). @46

Similarly, we have by taking the inner product of (3-9) with ®,,

As

RLIE pEFIHA=DA+M 4 ArCh (/& + D(1)). (4-7)

From (4-5), (4-6) and (4-7), we obtain the round bound
D(t) < MC@+b1L+1+(1—5)(1+n).

The conclusion then follows by substituting this bound into (4-5), (4-6) and (4-7). O
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From the bound for & given in Definition 3.2 and the modulation equation (4-2), we only have the
pointwise bound

—6
(bL)s + L — y)byby | < bEFADAFD,
which is not good enough to close the expected one
|(br)s + 2L —y)b1br| < bEHL

We claim that the main linear term can be removed up to an oscillation in time leading to the improved
modulation equation for by, as follows:

Lemma 4.3 (improved modulation equation for by,). Under the assumption of Lemma 4.2, the following
bound holds for all s € [sg, s1]:

Lq. xsoA
‘(bL)s + Q2L —y)b1by, + dis{ <'(’qu’XXBBoAQQ>> }

1 _§)—
S 3 [CON VEnc+ by TN @)
0

Proof. We commute (3-9) with L and take the inner product with y g, AQ to get

TACTRTHY) af L)
om0 G o) |- a1 i gy
= (29 AQA () — (214, x Q) + (21 Ng. 15,00)

—(LE Ty, By AQ) — (LEMod(1), (B, AQ) + (LE(L(q) =N (@), xB,AQ).  (4-9)
We recall from (2-5) that
BT < |(AQ. x8,AQ)| S BT, (4-10)

Let us estimate the second term in the left-hand side of (4-9). We use Cauchy—Schwarz and Lemma A.5
to estimate

1
l2Eq1? \? 4 _ytoh+2
(2%q, 1B, AQ)| S By 2| 1o AQ L2 ( / Ty i) S8 V6. (4-11)
We write
0 ds (AQ9 XB()AQ) ~ (AQ’ XBO/\Q)2 bl Bp<y<2Bg
4—y+2h+2
< B; " «/(gaszd—Zy < Véx
~ “1 p2d—4y 0 ~ g
0 0

where we used the relation (1-18).
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For the first three terms in the right-hand side of (4-9), we use Cauchy—Schwarz, Lemma A.5 and the

fact that Z(AQ) = 0 to find that
1 1
2 1Lt Y
1 4+ p4itay A 2) (/ )
(/BOEJ)SZBO( g iAol 14 ydhta

(bl)s
4y +2h+2 4 —y+2h
<bhiB; " Ve < Bg T

by
pL+1,02\3 4y ion
(2" q. xB,AO) |<( [ (1+y4h)|XBoAQ|2) ([ '+—fh') By T Ve

(2Eq, AQs(xBy))| <

and

A
_s<$LAq, XB()AQ>

<p 1 4 y4L+m)+2y pL A 2% |0yq/ :
7 <h /( + NZ* (1B AQ) /1+Jf4(—L+h)+2

d
4 —y+2h
<B; T/

The error term is estimated by using (2-46):

1 ~ 1
~ 2 Wy |2 2
(L5 Ty, 1By AQ) S ( / ( +y4<L+h+l>>|zL<XBOAQ)|2) ( / W—Lmn)

d
4 —y+2h+2 —6)—
5 BOZ 4 b{4+2+(1 §) CLI')‘

The last term in the right-hand side of (4-9) is estimated in the same way:

(LE (L)~ N@). (8, AQ)| < / 1£@) 2 (15,A0)| + / N@)L (15, AQ))

L(g)]? 3 2
<([5%) (fa +y4k—4)|$L(xBOAQ>|2)
N@)P '
([ ﬁ’y)lk) (fa+r*rztamnor)
5B()%—l—y—}—zh@+b1333§—1—y+2h\/zk

d
4 _y42h
<sBg T V6w

For the remaining term, we recall that Z(AQ) =0, LLT, =0for 1 <k <L—1,and LTy = (—1)LAQ,
from which

L (Texp) = -2 (01— xp,)), 1<k<L-—1.
From (3-10), (2-24) and the fact that yg,(1 — xB,) = 0, we write
[(ZEMod(1). x5, AQ)—(~1)E(AQ, 1B, AQ)(bL)s+(2L—y)b1bL]|

<LZ+2 05; g1 AQ)>'+
b, - B

j=k+1

L

A ~

< D |(b)s+(2k=y)bibr—b 1] Ts+b1 [(ABp, 2" (xByAD))-
k=1
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Recalling that T}, is admissible of degree (k, k) and Sy is homogeneous of degree (k, k — 1, k), we derive
the round bounds for y ~ Bp:

L+2 o0 L+2 _
|A©,| S b1y*7, Z f < Z b{_ky2(f—1)—y < by y2ky
j=k+1 k j=k+1

Thus, from Lemma 4.2, we derive the bound

L L+2 .3
A ~ aS;
B b1 [ABs 2 AN + Y Kb+ k=it —bial|| Y 5 #Hn,h0))
k=1 j=k+1 K
2L—y .,d—1
< (COM) Y+ by T, e Eat
Bo<y<2By YTV

<(C(M)+/&x + bf“+(1‘8"””’)b135"2V.

The equation (4-8) follows by gathering all the above estimates into (4-9), dividing both sides of (4-9)
by (1)L (AQ, XBo,AQ) and using the relation (1-18). d

4B. Monotonicity. We derive in this subsection the main monotonicity formula for &y forza+1 <k <k.
We claim the following which is the heart of this paper:

Proposition 4.4 (Lyapounov monotonicity for the high Sobolev norm). We have

d ng n(1-4) b] gzk L+(1-8)(1+n) 2L+2(1-8)(1+41)
E{w—d[ OB N = Jacaws | g2 0 Vb L @12)
andforh+2<m<k-—1,
& b
j[{/\42md[l+0(bl)]} _W—ld—i_z[bm h-1+(1=5)=C [ | j20m—h—)+20-8)=Cy (4 13,

Proof. The proof uses some ideas developed in [Raphaél and Schweyer 2014b; Merle, Raphaél and
Rodnianski 2015]. Because the proof of (4-13) follows exactly the same lines as for (4-12), we only deal
with the proof of (4-12). Let us start the proof of (4-12).

Step 1: suitable derivatives and energy identity. For k € N, we define the suitable derivatives of ¢ and v
as follows:
Gk =254, Grr1 =LY vk =L, vk = AL, (4-14)

where ¢ = g(y, s) and v = v(r, t) satisfy (3-9) and (3-14) respectively, the linearized operator .# and .%;
are defined by (1-22) and (3-13), &/ and &/™ are the first-order operators defined by (2-6) and (2-7), and

S =0+ f =T ) 4

with V = A log AQ admitting the asymptotic behaviors as in (2-8).
With the notation (4-14), we note that

Gok+1 = DGok.  Gok+2 =9 Gak+1. Vak+1 = DV2k. Vokt2 = Dy Vak+1.



1-COROTATIONAL ENERGY SUPERCRITICAL HARMONIC HEAT FLOW 151

Recall from Lemma 2.2, we have the factorization

L=d*d, L=dd* L=didy, D=y,

where
~ d—1 Z
£ =-0 d —, (4-15)
Yy y y 32
- d—1 Z
Dy =0 o + =2, (4-16)
r
with Z expressed in terms of V' as in (2-13).
We commute (3-14) with f/{(_l and use the notation (4-14) to derive
_ k—1 k—1( 1
0tvak—2 + L vok—2 = [0, L v+ 25 A—Z}—A . 4-17)
Now commuting this equation with 7, yields
~ Va - (1
0rv2k—1 + Lpv2k—1 = vok—2 + [0, L5 o + @), Zf 1(12}1) (4-18)
Since .25, = (1/1?%).%, we then have
ko Lok
"%X V= ATkg q.
hence,
1
[ 12508 = s [ 1250P
Using the definition (4-16) of .,i’a and an integration by parts, we write
1d 1 oI? = 1d ~
0:(Z3)
/fxvzk 10:V2k—1 + 5 3 / t— V31
2
~ (A Z )a A (A V4 A
= /fkvzk_latvzk_l +b] /\2 3 U%k 1 TS b] ﬁvgk 1

Using the definition (2-7) of .&* and an integration by parts together with the definition (2-13) of Z, we

write
bi(AV); by AV
/ l(A’zr) Uzk—l,QfA*Uzk—l :Aftl(——d-i—z/ ) —{2k— IJZ{ da2k—1

b AVQV +d)— AV ,
= y4k—d 12 2y2 92k—1

by fAZ 5 _/bl(AZ)A >

= Jak—d+2 2y2q2k—1 = W”zk—r
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From (4-17), we write

T LS Y (G123 NI .12 S

bi(AV _ (1
+/ %vzk—l[—ﬂffvzk—l + [3t,-$;|f Mo —I-i”,{( I(A—z.ﬂ)].
Gathering all the above identities and using (4-18) yields the energy identity
1d 1 bi(AV)y
EE{ (/\‘“‘ dgzk)+2[T02k—1U2k—2
- A (AZ), bi1(AV);, N
2 s 2
_/|fAUZk—1| —(T+bl)/mvzk_1—/ Tvzk—ziﬂxvqu
d (b1(AV b1 (AV 1
(P v [P e [ 2t o 2 (3573 |
bi(AV 0:V; _ i 1
+/($,xv2k 1+% zk—z)[ trkv2k—2+ﬂk[at,$)‘f Mot 2f l(kzﬂ)]- (4-19)

We now estimate all terms in (4-19). The proof uses the coercivity estimate given in Lemma A.5. In
particular, we shall apply Lemma A.5 with k = k— 1 to get the estimate

k-1
£2k>/ |612k—1|2+ Z/ |g2m|? Z/ |g2m+11> (4-20)
=~ )’2 = 4(1+y4(k 1— m)) 6(1+y4(k—2—m))

Step 2: control of the lower-order quadratic terms. Let us start with the second term in the left-hand side
of (4-19). From (2-8) and (2-13), we have the round bound

2

IAZ()|+ AV < for all y € [0, +00). (4-21)

Y
14 y4
Making a change of variables and using the Cauchy—Schwarz inequality together with (4-20), we estimate

bi(AV), _| & AV
Tvzk—lvzk—z = )V"k——d TQZK—IQZK—Z

1 1
b _11*\2 _5|2\2 b
< b |g2k—1] |g2k—2] L
24k—d )2 I+ 4 24k—d

Using (4-21), (4-1) and (4-20), we estimate
As (AZ); , As 1 AZ
‘(7 +b1) T2, U2kl K +b1 Ak—d 12 / )2 92k—1
pLA1+1=8)(1+n)
! /

2 2
-1 - D
y2 "~ pdk—d+2

~ \4k—d+2 Ek-
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For the third term in the right-hand side of (4-19), we write

1 [ 5 bi(AV)L )

=< Z/|$szk—1|2+4/(T U%k—z
1 ~ ) 4b? AV?

=2 |-Z)vak—1]" + Jak—d+2 32 ‘]2k 2
1 ~ Ch?

=< 1 / |- v2k-1 |2 + A4k——a}+2£2k'

Vok—2-L) V2k—1

/ b1(AV), ~
A2r

A direct computation yields the round bound

d (b1(AV),
dt A2

Thus, we use (4-21), the Cauchy—Schwarz inequality and (4-20) to estimate

b1 (AV), AV |+ |A%V|
dt 22, JV2k-1V2k—2 S /\4k d+2 |g2k—192k—2|

b2
1 S (AV]+|A%V)).

y
1 1
< b (/ qzk—l)2 (/ D32 )2
~ ) 4k—d+2 y2 1+ y4
_bh
~ ) ak—d+2 2K

Similarly, we have

bi(AV 0;V.
'/(fxvzk 1+ 1(/,\2 )i 2k—2) trxvzk 2

2, Ch? |AV|2

_1 ~ 2 Cb?
=7 |-Lyvak—1]" + mgzk

and

/ b1(AV),
A2r

b1(AV _
‘/(f/wzk 1+(1—)szk 2)@7)&[3;,3,1 o

|[9;. .25 1]v|2 B
_4 |g).v2k 1| +C A4k d+2 A,z(l—i- 2) |'!Z{). tv |

We claim the bound

V2k—1[07, f

[0 ,,Zk Ny |2 B b2
;2(14_ 2) /|£7,1[8t,$;'f 1]v|2§_—lé"2k, (4-22)

whose proof is left to Appendix C.
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The collection of all the above estimates to (4-19) yields

1d| &éx 1 Ch?
A d[1+0(b1>]} < [ 1B+ s

b1 (AV),, (1
+/1/\Tvzk—l~gx I(AZ}—)L)

bi(AV -
[t )

~ _ 1
+ / v LY 1( pﬂ) (4-23)

Step 3: further use of dissipation. We aim to estimate all terms in the right-hand side of (4-23). From
(4-21), (4-20) and the Cauchy—Schwarz inequality, we write

b1 (AV), e by AV -
[ et (7)< i | s

1 _ 1
. b a1 \2 ([ 1L FIP\?
~ A 4k—d+2 y2 14 y4

1
bl |$k—l}—|2 >
S Tacaiz Vv ‘5)2"(/ 1+y* )

Similarly, we have

‘/ bl(AV)/l

by
)L4k d+2

1 1
. h Grn \2 [ [ |7 L% 1F 122
~ )\ 4k—d+2 14 y4 1+ 2

1
by | L5122
5mv<§2k(/—z :

l+y

AV K1
y —Gok—2 A L F

k—1( 1
Vok-27025 | 777

For the last term in (4-23), let us introduce the function

(Lq. xB,AQ) ~

£ = (4-24)
and the decomposition
F =056+ Fo+F1, Fo=—U—Mod—dsé, Fi=H(q)—N(q), (4-25)

where \le is as referred to in (2-42), and Mgd, H(q) and N (q) are as defined in (3-10) (3-11) and (3-12)
respectively. Actually, we introduced the decomposition (4-25) and £, to take advantage of the improved
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bound obtained in Lemma 4.3. We now write
/ Dvak1 L ( Azﬂ)

1 kK ook C K 2% « 3
Sm/iﬂ q< (aséL)+m(/|$ qI) (/|.$ ]-"o|)
1 2. 2 ¢ k—1 1 |2
+§/|fxv2k—1| +A4k_—d+2/|£%$ Fi

— 1 Kk, ook 1 ~ 5
= ,\4k——d+2/‘$ q9Z (3s$L)+§/|$Av2k—1|

f F*qou—1.2%(9561) + / A * o125 Fo + / jqzk—lﬂgk_l]:l)

+ (VéulL*Foll 2 + | 2P F|12,).

A4k—d+2
Injecting all these bounds into (4-23) yields

d &> K 1 ~ Cb2 1
o )k‘“%d[l +(’)(b1)]} E-g/|$Av2k—1|2+W&k-ﬁ-m/afkqfk(as&)

bl \/(g)_ |M$k_1]:|2 % |$k—1f|2 %
T Jak—dta VoK 1+ 2 + 1+ y

C _
+m(\/@mzk||$k}_0”m+”%$k 1]'_1”%2)- (4-26)

1
2

Step 4: estimates for @b term. Recall from (2-44) that we already have the following estimate for ‘:I}b:

o LG, 2 LY, |2 -
||fk‘1’b||L2+(/| n b| ) (/| — b| ) < pLAIFA-DA+D), 427)
y? v

Step 5: estimates for Mod term. We claim the following:

— 51 ey L
|- Z*"1Mod|? 2 |7 £ 1Mod|? P < p=en) (VEXK |G Lr1+(1-8)(1+n) )

1
— N\ o
(/ Ikoodlz) sbl(«/Mz 10D [y 1O 5)(1+n)) (4-29)

where
Mod = Mod + d;£7..

Let us prove (4-28). We only deal with the first term since the second term is estimated similarly. We
recall from (3-10) the definition of Mod:

. A . & -
Mod=—(7+b1)AQb+Z[(bz~)s+<2i—y)blb,-—bm](n- > 5 XBI),

i=1 Jj=i+1
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where Q p 1s defined as in (2-41) and we know from Lemma 2.9 that 7; is admissible of degree (i,7) and
from Proposition 2.11 that S; is homogeneous of degree (/, j — L, j).
Since |bj| < b{ and ZAQ = 0, we use Lemma 2.8 to estimate

/wk 'AQyI2

14 y4

<Z /|$k lAT|2 l§/|$k 1AS|2
14 y4 1+ y4

i=1

L+1 _ _
< szz yildy 4 Z b21 y4tdy 4 p2L+e yildy
~i=1 1 y<2B, 1+y4(k i)+2y y<2B, 1+y4(k—i+1)+2y 1 y<2B, 1+y4h+2y
< bt

where we used the algebra 4(K— L) +2y—d +1=5—4§ > 1.
Using the cancellation LKT =0for 1 <i <L and the admissibility of 7;, we estimate

L Kk—
Z/ | (g, TP < Z/ A2y +d=1 gy, < 208 (14n),
1+ y4 Bl<y<231
Using the homogeneity of S;, we estimate for 1 <i < L,
L+2 9S L+2 2 .
> [l )| < T 00, et
j=i+1 vt j=i+1 B1<y=<2B

provided that n < % —
The collection of the above bounds together with (4-1) and (4-2) yields

|24 "Mod|* Mod|? ) 2 < p=B)1+) Vé K | pL+1+(1=8)(1+n)
1+ y* 72 .

The same estimate holds for ( [l Zk_ll\fadlz /(14 yz))l/ 2 by following the same lines as above. This
concludes the proof of (4-28).
We now prove (4-29). Let us write
. A SO _ -
Nfod = —(7 n bl)AQb + S Ub0)s + Qi = p)bibi — by,

i=1

L L+2 8S
+ 2 [i)s + @i =p)bibi =bialxs Y o
i=1 j=i+1 ¢
. d (qu’XB()AQ)}}" <$Lq’XBoAQ> il
br)s 2i —y)b1b ————" = |\T; — = = 9,7
+[( L)+ @1 = y)br ”ds{ (AQ. 15,A0) (AQ. 1p,AQ) 't
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Proceeding as in the proof of (4-28) yields the estimate

L L+2 95
/|f"AQb|2+Z/|z"TZ|2+Z > f'zk(m ’) < bt
i=1 i=1j=i+1 db
and
/ LT 12 < b%(1—5)(1+77). (4-30)

From (4-10) and (4-11), we have the bound

(Lq, x8,AQ) 2(1-5) (1—8)
= 4 ABoCR | o p20-8) Jo o T g, (4-31)
‘ (AQ XBOAQ>
We also have
d—1 d
k 2 212 YAV 2,2(1-8)(1+)
[ 12 0uxs TP <87 [ o D S -

The collection of the above bounds together with Lemmas 4.2 and 4.3 yields

1
(/ Iﬁkm|2)2 <h (_ngk +blL+1+(1—5)(1+r/))
M

268
+b§1_8)(1+’7)b‘f(C(M)@erf“ﬂl_s)(l“))

&k
bl(sza 1A= e eI+ 3)(1+n))

which is the conclusion of (4-29).
Injecting the estimates (4-27), (4-28) and (4-29) into (4-26), we arrive at

1d &k b Erk _ _
341 14'3 d[1+(9(b1)]} <——/|fxvzk 12 +A4k_1d+2 (Mzzs +b;7(1 8)63k+b1L+(1 8)(1+7n) /_éozk)
L DA [ L RPNE (O LEIRPY
A4k—d+2 1+ y2 14 y4
1 _ 1
+ A4k——d+2”%$k lr ||1242 + 2k—d+2 / fkqfk(asSL)- (4-32)
Step 6: estimates for the linear small term H(g). We claim
oep 6 q
- | LU ()? L H(g)I?
/|d$k 1H(q)|2+/ 1+y2 + 1+ y4 §b%£’2k. (4-33)

We only deal with the estimate for the first term because the last two terms are estimated similarly. Let us
rewrite from (3-11) the definition of H(g),

H(g) = Pq with d = [cos(20) —cos(20 + 20p)].

(d—-1)
)2
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where
L+2

L
Op=>_biTi+ > Sib.y).
i=1 i=2

From the asymptotic behavior of Q given in (2-4), the admissibility of 7; and the homogeneity of S;, we
deduce that @ is a regular function both at the origin and at infinity. We then apply the Leibniz rule (C-2)
with k = k—1 and ¢ = ® to write

k—1

LG = [f2m+1Pok-1.2m+1 + G2am Pok—1,2m].

m=0
where ®pk—1,; with 0 <i < 2k — 1 are defined by the recurrence relation given in Lemma C.1. In
particular, we have the estimate
by < by

1+yy+(k—i) S Ty forallk >1, 0<i <k.

|Dr,i| <

Hence, we estimate from (4-20),

k—1
/|£7«$k_1%(‘1)|2 < [[ |q2m+1Pok—1.2m+1]* +/ |q2mq)2k—1,2m|2:|
—0

|g2m+11? n |q2m|?
| + y2+2@k—1-2m—1) | + y2+20@k—1-2m)

|g2m-+11> n |g2m |? < b2e
| + y2+ak—T-m) |+ ya+ak—t=m) | ~ 7192

This concludes the proof of (4-33).

Step 7: estimates for the nonlinear term N (g). This is the most delicate point in the proof of (4-12). We
claim the following:

[ 1o 2@ bt 0D, (439

[ |7 L% TN (9)]2 / | L5 IN(q) 2 < p2LA2+20-8)(1+n) (4-35)
1+)2 L+ys T ’

provided that n and 1/L are small enough. We only deal with the proof of (4-34) since the same proof
holds for (4-35).

Control for y < 1. Let us rewrite from (3-12) the definition of A/ (g):

1
N(g) = i<I> with & = [—(d —b / (1—1)sin(20} + 219) dri|.
y y 0
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From (B-2) and the admissibility of 7;, we write

2 k 2 k—1
q 1 Y y
—=—(ZCiTi()’)+rq()’)) =Y &ay¥ i, fory<t,
Y Y i=0 i=0
where
G S Gk (R Sy ny[Kew, 0<j<2k—1, y<I.

Let T €0, 1] and
Vg = Qb +14q.

We obtain from Proposition 2.11 and the expansion (B-2),

k—1
ve= Y &Gyt 47y,
i=0
with
61 <1, 18R S yPE Iy}, 0<j<2k—1, y<l.

Together with the Taylor expansion of sin(x) at x = 0, we write

k—1
D(q) =Y _Gy* + 7y,
i=0

with
G <1 1Rl S y* I Iy K, 0<j<2k—1, y<1.

From (4-36) and (4-37), we have the expansion of N near the origin,

k—1
N(g) =) &yt +7,
i=0
with
G G 1057l SYTE Iy, 0<j<2k—1. y<l.

From the definitions of <7 and .&7*, see (2-6) and (2-7), one can check that for y < 1,

12 2k—1 lyﬁq 2k—1 yzk_%_i|lny|k ¢ .
E27 ’"q|5ZW552k wiy 27 [ In y["é2k.

Note from the asymptotic behavior (2-8) of V that o (y) = O(y?) for y < 1, which implies
k—1 . k—1
'wzk—l (Z ayz’“)‘ S lEy? S yPe.
i=0 =0
We then conclude

/ 1o NP 5 /
y<

r<

1y| 1ny|2k dy < (g;22k < b%L+1+2(1—8)(1+1’}).

159

(4-36)

(4-37)
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Control for y > 1. Let us rewrite the definition of AV/(g):

1
N@) =2Z%y, Z-= % v =—(d— 1)/ 1-1) sin(ZQb +2tq)d. (4-38)
0

Note from the definitions of < and <™ that

. 2k+1 |3if|
y
forallk eN, |a2kfl< > SR
i=0

from which and the Leibniz rule, we write

2k—1 k 2
_ |05 N ()]

k—1 2 y
/y>1|ﬂf N(q)| SZLIW

k=0
2k—1 k i 721219k—i ;2
Ny BzEH
~ - y4k—2k—2
k=0i=0"Y=
2k—1 k i i— —i
5 ! 9 Z 21057 Z P |k g 2
k=0 i=0m=0"YZ

We aim to use the pointwise estimate (B-5) to prove that for 0 <k <2k—1, 0<i <k and0<m <i,

|amZ|2|ai—mZ|2|ak—iw|2 I s
Ak,i,m — />1 y y);k_zk_z y S b% +142(1 )(1+Tl)’ (4_39)
y=

which concludes the proof of (4-34).
To prove (4-39), we distinguish three cases:

CaseI: k =0. Since 0 <m <i <k, we have k =i =m = 0. Although this is the simplest case, it gives us
a basic idea to handle the other cases. From (4-38), it is obvious that || is uniformly bounded. We write

g1 VP g lq|* lq|*
Ao,0,0 =/ ~—akr2 Y dy < —ea—g 4y + =g 4y
o1 yikT2 | <y<p, yHF3—d o By yHkH3=d

Using (B-5), Definition 3.2, by ~ % and the fact that d = 4% + 2y + 46, see (1-18), we estimate

[ lq* dy < H y?2|q|? y@2|q)? [ pHFs—a8-2y g
1<y<Bo Y374 0 T p2C@RTD ooy || 2@ | oo o1y J1<y<Bo
40+6—45—2y

< G2ké2(t+h+2) By
< Kb%L—l—z(l—S)(l+n)b%(é+1)+2(1—8)—Knb1—2£—3+28+y

< Kb%L+2(1—8)(1+r])b%+y—Kn Sb%L+1+2(1—8)(1+17).
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For the integral on the domain y > By, let us write

[ LW‘ P yi2lqP [
v>Bo y4k+3—d ~ yz(zk—ze—l) Loo(y>1) y2(2€+2h+1) Loo(y=1)Jdy=Bo y—45+27—1
—45-2y

2-4
< S (k—0)S2(0+1+1) By
< b%(k—e—h—l)—i-z(l—8)—K77b%€+2(1—8)—K7]b%8+y—1

2L+2(1-8)(1+n) ; 1+y—(K+2(1-6)) 2L+1+2(1-68)(1+n)
5 bl n bl 14 n 5 bl n .
This concludes the proof of (4-39) when k =i =m = 0.
Case II: k > 1 and k = i. We first use the Leibniz rule to write

l 2
1334]
forall/ eN, [3,Z]* < § 2+y21 TE (4-40)

from which,
m k—m 2 2
334 10)q]
VEDD 2 [ Sy
]: 1=0
We claim that for all (j,/) € N2 and 1 < j+1<2k-1,

B

._/ |05 61| |8 q|2 < p2LH120-8) 4+ 51
7,0,0 -—

=1 yk=2i= —21+2 dy < b ’ (4-41)

which immediately follows from (4-39) for the case when k =i.
To prove (4-41), we proceed as for the case k = 0 by splitting the integral in two parts as follows:

Bj10
B (210012 (4 2[99 1) 7-45-2y (472103 (¥ 2(0hq2)  dy
= Jicy<n, k2] =21 +4h+6 Y y+ = Bo k=22l +4H yas+2y—1
_ 0P Iaya P 421059 1) b25+y_4+‘ (4218} (4299 ?) 2841
~ y4k 2j—2l+4h+6 Loo(y=1) 1 y4k 2j—2l+4h Loo(y=1) 1
(210012 (4 2[0,q 1) (4 2[0)q ) (y97210},q[2
H y q17)(y q b25+y_4+H y q17)(y q1%) 28471
y2J1=2j+2J2-21 Lo(y=1) 1 y2J3=2j+2J4=21 Loo(y=1) 1
28+y—4 28+y—1
00.00,0201 A+ Bjr0ssnb T

where J,(n = 1,2, 3, 4) satisty
Ji+Jo=2k+2a+3, J3+J4=2k+25.

We now estimate Bj ;0 7,7,
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e If [ is even, we take
{1—1—2 if | <2k —4,
Jr =

[ if | =2k—2.
This gives
2h+4<J,<2k—2, 2n+4+5<Jy=2k+2A+3—-J, <2k-1.

Using (B-5), we have the estimate

d 2|a q|2
y2J1

d 2|a (]|2

Bj10,01,0, < y272=21

SEL+1VERLER+2.

L>(y=1)

L>(y=1)

e If / is odd, we simply take J, = [ 4 1, which gives
2h+4<Jy,<2k—2, 2h+5<J;<2k-1.

BjalsoaJlajz S @@J1+1 \Y, £J2£J2+2'

Recall from Definition 3.2 that for all even integers m in the range 24 + 4 <m < 2K,
(2m—d)

14
24—y
£ < by for2h+4<m <2h+ 24, (4-42)

— (pr 200K poh 4202 <m < 2K
« If Jy + 1> 2k +20+2 and J, > 2h + 2 + 2, then
Ji+Jr—4h—2+4(1-8)—2Kn < b2L+2+4(1 8)—Kn

Hence,

Bj10,0:1,0, < b}
o If J1+1<2Aa+24,then J, =2k+2A+3—J; >2k—20+4>2h+2{+2 because K > £. This implies

26 J14+2—d)+J2+1-2(h+1)+2(1-56)—Kn 2L+24+4(1-8)— K7/
Bjro,0,,0, <b; 7 < by

Hence, we obtain

Bito.g,.0, SHILTATAA=0=Knpor 4 gy = 2k 428+ 3.

Similarly, one can prove that

2L=1H4A=8)=Kn o 134 Ty = 2K + 2A.

Bj 10,7504 S b}
Therefore,

+b2L 1+4(1—8)— Knb28+y 1

< p2LA1H201=-8) 1+ +(y—D—~(K +2-28)n _ b2L+1+2(1—8)(1+n)+‘V—§”
S0 L

2L4+2+4(1-8)—Kn;28+y—4
Bj 1,0 < bl bl

s

for n < (y —1)/(2(K + 2 —26)). This concludes the proof of (4-41) as well as (4-39) when k =i.
Case III: £k > 1 and k —i > 1. Let us write from (4-39) and (4-40),

m
Akm 52

Jj=01=0

i—m

/ 185,q1218,q1% 195~y |?

=1 yk=2i- —21+2 y—z(k i) (4-43)
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At this stage, we need to make precise the decay of |07 /| to archive the bound (4-39). To do so, let us
recall that 7; is admissible of degree (i,7) (see Lemma 2.9) and S; is homogeneous of degree (i,i —1,i)
(see Proposition 2.11). Together with (2-4), we estimate

2L+2 bl 21 b—(2L+2)n

: s <1

forall j > 1, |3y Opl < yrFi IZ yr+i — 7 ly=<2Bi} S yy+ioo
=1

Let T €0, 1] and v, = Qb + tq. We use the Faa di Bruno formula to write

forall n € N, |a;¢|2§/ Z |yt sm(v,)|2]_[|a’ Op + 9,q)*™ dr

m*=n i=1
—C(L)ﬂ 5 i
< (% +ar) e =Fim.
m*=ni=1 i=1
For 1 <y < By, we use (B-5) to estimate
2 y#k2i2 8§,q 2 4k—2i—d C(K)n+i+ bl_C(K)n
—2i— —2i— - nriry
8yq1> = —ri=i| = Bo 2k = by S ayFer
y y
from which, we have
5 —C(L)n bl—C(K)TY m; bl—C(K,L)n
059" < Z l_[( 2y+2i y2y+2i ) < y2y+2n forall 1 <y < Bo. (4-44)

m*=ni=1

For y > By, we use again (B-5) to write forall 1 <n <2k—1,

, 2h+24+1 b—C(L)r/ hdliaai a;q 2\ m; n bl—C(L)n . m;

n —21 1

0y ¥1° < Z l—[ ( 2 T y2hF2l+1—i ) l_[ (y21/+2i +19y,4] )
m*=n i=1 ]

i=2h+24+1
2h+244+1

—C(L)n+y+i | 1 —Kn+i+y;284+2(1-6 - :
< Z l—[ (bl (L)n+y ’—|—b1 n+i Vbl ( )y4e+4(1 8))ml
m*=n i=1 n
% 1_[ (bl—C(L)n+y+z+b K77+J/+l)ml
i=2h+24+1

< bl_C(LaK)fH‘n'i‘VZ?:l m; (bly2)(2€+2(1—5))2?i-;_2£+1 mi  for all y > Bo.

(4-45)
Injecting (4-44) and (4-45) into (4-43), we arrive at

A <b_cnil§(/ %4104 +bw/ 1854121, g1 )
k,i,m ~ 1 0 ,
1o Jisy<po yH —2l+2+2y > By Y2/ 214220

wherea =k —i + (2¢ +2(1 — 8))22h+2e+1ml-. Arguing as for the proof of (4-41), we end up with

(V _ _ =1
A im <b —cn(b2L+1+y+2(1 &) (1—n)+ +bfL+1+2(1 & (1—n)+135 )5bfL+1+2(1—8)(1—n)
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for n small enough. This finishes the proof of (4-39) as well as (4-34). Since the proof of (4-35) follows
exactly the same lines as the proof of (4-34), we omit it.

Inserting (4-33), (4-34) and (4-35) into (4-32) and recalling from Definition 3.2 that

Sop < beL+2(1—8)(1+11)’

we arrive at

1d| ¢
1 {le"d [l +O(b1)]}

2dt
by EK | L+1-8)(1+7) 2L+2(1—8)(147) 1 K.k
~ A4k—d+2(M28 +0; Véx+b +m/$ qL"(0sEL).  (4-46)

Step 8: time oscillations. In this step, we want to find the contribution of the last term in (4-46) to the

estimate (4-12). Let us write

K ook d K ook ke |2
A4k— d+2\/$ q< (8 éL) {/\4k d+2|:/$ <z SL /lg $L| :|}
4k —d +2 Ag
+ N4k—d+2 ) [/gkqiﬂk& /|$k§ |2}
1 k k
—m[«f (0sq — 056L)L"6L. (4-47)
From (4-30) and (4-31), we have

/ |2} 2 < b2 gy (4-48)

(i) ()

< /@(azk bl_(l_s) /gzkbgl—g)(l'i‘ﬂ) — b;l(l—g)gzk.

This implies
‘ / Lq L <

Since dt/ds = A%, we then write

d 1 1 d{( ¢ _
%% Jak—d+2 [/ 2425, E/ |gkgL|2}} - E(Msl_(d opi! 8))) (4-49)

Noting from (4-1) that |Ag/A| < b1, this gives

As
7[/ fkqﬁksLJr%/ |zksL|2]

For the last term in (4-47), we use (3-9) and the decomposition (4-25) to write

< b b7 0 gy, (4-50)

/ S¥(Byq — 0561 LEL

As T, N
_ [_ / Pq 2 g+ 2 / Aq.zzka]+ / X[ ~Mod + H(g) TN @I 5., o)
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Using (4-31), the admissibility of 77, and the fact that kT =0if i <k, we estimate

L AO) |2
Jresar <[ Ggt g | [17 0= momr

—2(1—§ oy _
<b] 231 )éQZk/ y2@L=y=20+1) =1 g,
y=B,

< b1—2(1—8)(§2kb§4—23)(1+7]) < b%b%n(l_s)gzk,
from which we obtain

‘ [ 24q M| < bib ] .

Similarly, we have the estimate

/(1 + y4k)|32k§L|2 < b1—2(1—5)é22k/ ) y4ky2(2L—y—4k)yd—1 dy < bfn(l—é’)&k;
y=b1

hence, using (4-4) and (4-1), we get
A
[ naze

1 1
3,12 \} 5 _
- Sbl( / %) ( / (1+y4k)|zz‘<&|2) < b1 Dy,

From (4-48), (4-27) and (4-29), we have
1 1
<([129aul) ([ 12@ + o0P)

In the same manner, we have the estimate

/(1 +y4)|gk+1&|2 < b1—2(1—5)@@2k/ ; y4y2(2L—y—2(k+1))yd—1 dy < b%n(l—t?)@@zk’
y=bj

‘ / ZLX(Wy, + Mod).£5e,

from which, together with (4-33) and (4-35), we get the bound

1

1

LR () + N @) :

< ( / - / (14 y*)| 2 g, P2
1+y

< b1b717(1_8)(502k + b1bf'+(l_8)(l+n) vV &k

Collecting these final bounds into (4-51) yields

\ / LN M) + N (@) LK e

' / LX(B5q —05EL).2%EL| S b1bT VT gy + by pETATIATD S0 (4-52)

Substituting (4-47), (4-49), (4-50) and (4-52) into (4-46) concludes the proof of (4-12) as well as
Proposition 4.4. O
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4C. Conclusion of Proposition 3.6. We give the proof of Proposition 3.6 in this subsection in order to
complete the proof of Theorem 1.1. Note that this section corresponds to Section 6.1 of [Merle, Raphaél
and Rodnianski 2015]. Here we follow exactly the same lines as in that paper and no new ideas are
needed. We divide the proof into two parts:

Part 1: reduction to a finite-dimensional problem. Assume that for a given K > 0 large and an initial
time 5o > 1 large, we have (b(s),q(s)) € Sk (s) for all s € [sg, s1] for some 51 > s¢. By using (4-1),
(4-8), (4-12) and (4-13), we derive new bounds on Vi(s), bi(s) for £ + 1 < k < L and &4 for
1 <m < L + 1, which are better than those defining Sk (s) (see Definition 3.2). It then remains to control
(Va(s),...,Ve(s)). This means that the problem is reduced to the control of a finite-dimensional function
(V2(s), ..., Ve(s)), and then we get the conclusion (i) of Proposition 3.6.

Part 2: transverse crossing. We aim to prove that if (V1 (s), ..., V(s)) touches
{—1
A K K
Sk (s) := 8(— 7 T )
s2(1=6) s2(1—9)

at s = s1, it actually leaves aS x (s) at s = 51 for s1 > 59, provided that sq is large enough. We then get
the conclusion (ii) of Proposition 3.6.

Part 1: reduction to a finite-dimensional problem. We give the proof of item (i) of Proposition 3.6 in this
part. Given K > 0, so > 1 and the initial data at s = s¢ as in Definition 3.1, we assume for all s € [s¢, 51],
(b(s),q(s)) € Sk (s) for some 51 > s9. We claim that for all s € [sg, 51],

Vi(s)] < 572079, (4-53)

by (s)] S s~ KAn(1=8) for{+1<k<L, (4-54)
le_Z(ézn*;d) fori+2<m<{+h

Y - ’ (4-55)
1=2m=h=D=20=8)+Kn for f 4 h41<m<k—1,

Ep < %KS—(2L+2(1—8)(1+71))’ (4-56)

Once these estimates are proved, it immediately follows from Definition 3.2 of Sk that if (b(s1), ¢(s1)) €
Sk (s1), then (V,,...,V,))(s1) must be in Sk (s1), which concludes the proof of Proposition 3.6(i).

Before going to the proof of (4-53)—(4-56), let us compute explicitly the scaling parameter A. To do so,
let us note from (2-51) and the a priori bound on {; given in Definition 3.2

c1 U 1 1
hh$)=—+—=——"—+0—= ).
1(s) s + s (2L—y)s + (SH“’")

Using (4-1) yields

A ¢ of - 4-57
_7_(2€—y)s+ slten ) “4-57

from which we write |
d _t
Tlog(s T ANY < -
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We now integrate by using the initial data value A(sg) = 1 to get

S0 ﬁ —c
Als) =|— [14+O(@™M)] forso > 1. (4-58)
s
This implies
s_zee_" < s < s_ﬁ (4-59)
0 ~oAs) Y0

Improved control of &k: We aim to use (4-12) to derive the improved bound (4-56). To do so, we inject
the bound of & given in Definition 3.2 into the monotonicity formula (4-12) and integrate in time by
using A(so) = 1: For all s € [sg, 51),

X § ¢=@L+1+20-5)(1+n)
4k—d
&k (s) < CA(s) [&k(ﬂ)) + (W + VK + 1) [SO A(x)¥k—d T}

Using (4-59), we estimate

—Q2L+1+2(1-6)(1+
A(S)4k—d/s T ( ( )(1+n)) de s S_e(zétg_—yd)/s TZ(zétek_—;i)_(2L+1+2(1_5)(1+n)) dr
S0 /\(T)4k_d N

< s—@L+20-8)(1+m)

Here we used the fact that the integral is divergent because

L4k —d 2yL
(—) —R2L+14+2(1=8)(1+n]= Bt 4+ OL5+400(1) > —1.
20—y 20—y
Using again (4-59) and the initial bound (3-21), we estimate

£(4k—d)

20—y _10L¢
/\(S)4k_d(g)2k(S()) < (STO So 20—y < S—(2L+2(1—5)(1+77))
for L large enough. Therefore, we obtain
K _ _ K _ _
Sls) < C(W VR4 l)s aL20-Da4m < X -arr20-nan

for K = K(M) large enough. This concludes the proof of (4-56).

Improved control of &y, We can improve the control of &3, by using the monotonicity formula (4-13).
We distinguish two cases:

Case 1: 1 +2 <m < {4+ h. From the bound of &, given in Definition 3.2 and b (s) ~ % we integrate
(4-13) in time s by using A(sgp) = 1 to find that

T—ﬁ(Zm—%)—(m—h+l—8—Cn)

Eam(s) < CA(S)4m_d |:me (s0) + \/E/.s )L(‘L’)4m_d dt

s .L,—(2m—2h—1+2(1—5)—Cn)
+ dt|.
/so A(r)4m=d ]
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Using the initial bound (3-21) and (4-59), we estimate

CA()*™ 9 bapn(s) S s~ 707 (4m=D)

for s¢ large.
Using (4-59) and the identity

£ d y y y
—2m—=)—-(m—-Ah+1-6—-CnN)=—=-—-14+Cn+ —\|m—-Ht—-6—=
26—)/( 2) ( m 2 7 2@—)/( 2)

Y6
<—-1—-——+C —1,
- 20—y m=

we estimate

s =i (2m—4)—(m—h+1-6—Cn) s
/\(S)4m_d/ Tt 2 dt ss_ZZZ—y("'m_d)/ Tﬁ(Zm—%)—(m—h-}—l—S—Cn) dt
s k(f)“m_d 50
—f(4m—d)/s dv _ ot (m-ad)
5 s 2¢—vy - 5 s 20—y X

1
S0T+8

Similarly, thanks to the identity

14
—Zg_y(4m—d)—(2m—2h—1+2(1—5)—C77)
4 2y8
=—y-—1 ——2m—-2h-25—y)<—-1——— -1
14 +C77+26_y(m h—=25—y) < 26_y+Cr)< .

we obtain

—(2m—2h— —-§)—C

1oy s p—(@m—2h—1+42(1-5) n)d < i (4m—ad)

(S) 4m—d TS '
% A7)

Therefore, we deduce that
—sA—(4m—d) K —5A—(4m—d)
(gzm(S) < C(l + K)S 2t~y < 5.5' 2t~y

for K large, which yields the improved bound (4-55) for A +2 <m < { + h.

Case 2: £ + A+ 1 <m < k—1. Proceeding as in the previous case, we arrive at

s p—l2m—2h—-1420-8)—(C+5)n]
d‘[:|

Eam(s) < CA(s)4m— [52m(s0) +/ A(z)4m—d

From the identity

¢ K K
T(4m—d)—(2m—2h—1+2(1—5)—(c+5)n) - —y—1+(c+3)n+L(2m—2h—25—y)
-y

20—y
2y(1-6 K
> —1+—Z§Z_y)+(C+3)n Sl (@60)
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together with (4-59), we estimate

dt

s —[2m—2h—1+201-8)—(C+ 5 )n]
A(S)4m_d [
s A(T)4m—d

N

e / 5L am—2h—1420-6)—~(C+ K] 4,
S0

< g~[2m=r—D+201-86)~(C+5)n] o 1 ~[2m—h-1)+2(1-8)~Kn]

~ J— 4 .

Using (4-60), (4-59) and the initial bound (3-21), we derive

CA(s)* =4 &y (50) gs—agﬁ_yd) < g~ [2m—h—D+2(1-8)~(C+5)n] < %S—[Z(m—h—1)+2(l—8)—Kn].

This concludes the proof of (4-55).

Control of the stable modes, by ’s. We now close the control of the stable modes (byy1,...,br); in
particular, we prove (4-54). We first treat the case when k = L. Let

_ (2Lq. 15,AQ)
by =b - £ =,
L=OL Y TR0, 180A0)

Then from (4-31) and (4-56),
b — b <6707V Ve < by 1Y,

and hence from the improved modulation equation (4-8),

- ~ ~ 1 — -
[(br)s + QL —y)b1br| < b1lbr —br| + W[C(M)\/ 2k + bf~+(1 8)] < blL+1+n(1 8)
0

This implies
bL+1+7](1_8)
1

4 b <
ds | A2L—v (||~  A2L-vy

Integrating this identity in time from so and recalling that A(s¢) = 1 yields

s by (,L,)L—i-l-i-n(l—(?) g
A(r)2L—y

BL(s) < CAs)2L (EL (s0) + /

0

Using (4-31), b1 (s) ~ L the initial bounds (3-20) and (3-21) together with (4-59), we estimate

N

LQ2L—y)

e so\ 2=y _5teL=y) o\ _sLe o
)L(S)ZL ybL(SO)S(?O (S() 20—y +S(’)}(1 8)50 2¢ V)ss L—n(1-6)

and

s L+147(1-8) s -
A(s)?EY b10) dr <s— G52 | JSEP L1008 g < (—Ln(1-8)
A(r)2L—y ~ ~

§ s

0 0

Therefore,
br(s) < |br(s)| + |br(s) —br(s)| < s~Ln1=9)
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which concludes the proof of (4-54) for k = L. Now we will propagate this improvement that we found
for the bound of by, to all by forall £ +1 <k < L — 1. To do so we do a descending induction where the
initialization is for k = L. Assume the bound

k+n(1—5
|bi| < by 1D
for k + 1 and let’s prove it for k. Indeed, from (4-1) and the induction bound, we have

A’ p—
’U%)s—(Zk—wOjfbk,5bf+1+_wk+l|§bf+1+nu 5.

df he ||
ds | (2k—v || ™ A2k—y

which implies
plH1+n(1-5)
1

Integrating this identity in time as for the case k = L, we end up with
K bl(‘r)k+1+n(1_8)
o Moy
where we used the initial bound (3-20), (4-59) and k > £ + 1. This concludes the proof of (4-54).
Control of the stable mode V. We recall from (2-51) and (3-18) that

bus) 5 €264 (buo + | i) 570D,
S

Uy

bk:bz-i-—k, 1<k<t, V=PlU,
S

where P, diagonalizes the matrix A, with spectrum (2-54). From (2-52), and (4-1), we estimate for
1<k<tl-1,

|5 @)s = (Al < 557 (Br)s + @k = y)bibge = biega | + U <57+ u?.
From (2-53), (4-1) and the improved bound (4-54), we have
ls@Ue)s — (Ah)el < 5“4 (1(bk)s + 2k = y)brbe = by | + by ]) + U1 S 577070 .
Using the diagonalization (2-54), we obtain
sVs = DyV + O(s 71179, (4-61)
Using (2-54) again yields the control of the stable mode V;:
[(sV1)s| £ 571070,
Thus from the initial bound (3-20),

1-n(1-6)
570Dy, (5)] < (S?O) Sg(l_")Vl (s0) + 15 s(,’““”,

which yields (4-53) for sg > s9(n) large enough.
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Part 2: transverse crossing. We give the proof of item (ii) of Proposition 3.6 in this part. We compute
from (4-61) and (2-54) at the exit time § = 51

¢
(Z |s30- S)Vk(S)IZ) = (S"(l_‘g)_1 Z[g(l—S)V,f(s)Jrst(Vk)sD
=51 k=2 §=51

{
_ (na-s- ky !
__(%nl 1[2;;[2k 41 (1 §) |V2(s)+0 Ty

N —
Q.l&

s=s1

r l
1 2(1-8) 1
> —|c(d.?) E |s{ Vk(sl)|2+0( n(l_g))j|
ST k=2 st
> 1 | d,0)+0 : >0
ol s1 _C 5 Slg(l_(g) ’

where we used item (i) of Proposition 3.6 in the last step. This completes the proof of Proposition 3.6.

Appendix A: Coercivity of the adapted norms

We give in this section the coercivity estimates for the operator .# as well as the iterates of . under
some suitable orthogonality condition. We first recall the standard Hardy-type inequalities for the class of
radially symmetric functions,

Draa ={f €C° (R?) with radial symmetry}.

For simplicity, we write
+o00 d—1
[r=]" rowitay

and
Dk — A" if k =2m,
o, A™ ifk=2m+1.
We have the following:
Lemma A.1 (Hardy-type inequalities). Let d > 7 and f € Dyaq. Then:

(i) (Hardy near the origin)

1 2 +\2 1 2
0y, f12 _ (@d—2-207 [* f .
| = S - C@ . =012

(ii) (Hardy away from the origin for the noncritical exponent) Let o > 0, o # %(d —2). Then

+00|a f|2 d—(2 +2) 2 r4o00 f2
[ ([ L
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(i) (Hardy away from the origin for the critical exponent) Let o = %(d —2). Then

ooy fIP 1 [t f?
/; ;205 = Z/l y2+2a(1 +10gy)2 _C(d)fz(l)-

(iv) (general weighted Hardy) For any i > 0, k > 2 an integer and 1 < j <k —1,

|D/ f |2 IDkfI2 12
1+ yu+2(k i) S 1+ yu« 1+ yu+2k

Proof. The proof can be found in [Merle, Raphaél and Rodnianski 2015, Lemma B.1]. O
From the Hardy-type inequalities, we derive the following coercivity of .&7*:

Lemma A.2 (weight coercivity of «7*). Let o > 0. There exists cq > 0 such that for all f € Diyq,

l* |2 19y f? 12 o
/yZi(1+y2a) Eca(/ y2i(1+y2"‘)+/y2i+2(1+y2°‘))’ 1=012. (A-1)

Proof. We proceed in two steps:

Step 1: subcoercive estimate for «7*. We first prove the following subcoercive bound for «*: for
i=0,1,2and ¢ >0,

o™ 12 f? |9y /]
/yzi(l+y2a)z/.y2i+2(1+y2(x)+/y21(1+y2a)_f O /1+ 2itzata (A2

From the definition (2-7) of .&* and the asymptotic of V' given in (2-8), we use an integration by parts to

estimate near the origin

[t )
y<l1 y2i(1 +y2a) ~ y<l1 y21 y
19y f1? / 3y (f?) 2/ f? (/ 12 )
2 — +d : +d — + O —_
/J:51 y21 <1 y21+1 <1 y21+2 y<1 y21—2
|8 f|2 12
y=<1 y<1)

<1
>/ (|3yf|2+ fz )_/ ey
~ y<1 y21 y21+2 y<1

Away from the origin, we use (2-8) to estimate

* 12 1 2 2
[l e[ (o S [
y>1 y2’(1 +y2a) y>1 y21+2a y y>1 y21+2a+4
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We make the change of variable ¢ = y¢~1=7 f and use the Hardy inequality given in part (ii) of
Lemma A.1 to write

|8y(yd_1_yf)|2 d _ |ayg|2 d > g2 d _ 2(1)
o1 y2it2at2d=1-) y= o1 y2it2at2d=1-) Y= o1 yRit2et2@-1-y)+2 y—=8&

> f—z_f2(1)
~ o1 y2i+2e+2 :

Gathering the above bounds together with the trivial bound from (2-8),

0 SP _[SP f?
y>1 y2i+2(x ~ Y1 y2i+20t y>1 y2i+2(x+2

yields the subcoercivity (A-2).

Step 2: coercivity of «7*. We now argue by contradiction to show the coercivity of &7*. Assume that
(A-1) does not hold. Up to a renormalization, we consider the sequence f; € Dyg With
2 9 2 g* 2
/ 2i+2fn 20 +[ 2i| yfnlza =1 and / 2|i fnlza < (A-3)
yHT2(+ y2) y2 (14 y2%) y2H (1 +y2®) —n
This implies by (A-2),
2 I
n
Jn (D) +/ T4 y2it2atd 2L (A-4)
From (A-3), the sequence f; is bounded in Hkl)c. Hence, from a standard diagonal extraction argument,

there exists foo € H!

loc Such that up to a subsequence,

Jn = foo in Hl(l)c,
and from the local compactness of one-dimensional Sobolev embeddings
Jo= foo i Lie. fu(1) = foo(D).
This implies by (A-3) and (A-4),
2 2

B+ [zt we [ s s (A
which means that foo # 0. On the other hand, from (A-3) and the lower semicontinuity of norms for the
weak topology, we have

JZ{*foo = O.
Hence, P
foo = ———— for some  # 0.
o0 yd—lAQ

Since AQ ~ y near the origin, we have

fo o f T [ A
<1 y2i+2 ~ <1 y2d+2i+2 y= b<1 yd+2i+3 - ’

which contradicts the a priori regularity of fo, given in (A-5). O
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We also need the following subcoercivity of .

Lemma A.3 (weight coercivity of «7). Let p > 0andi =0, 1,2 such that |2p +2i —(d —2—2y)| #0,
where y € (1,2] is defined by (1-8). We have

| fI? |9y £ 7 12 f?
/yZi(1+y2p) 2/y2"(1y—|—y21’)+/y2i+2(1+y21’)_[f2(1)+/H)12’TI’JF“]' (A-6)

Assume in addition that

(fPy)=0 if2i+2p>d—2y—2,

where @y is defined in (3-4). Then we have

| f|? 19y f1? f?
/ y2i(1+ y2p) 2/ y2i(1+ y2p) +/ y2+2(1 + y2p) (A7)

Proof. The proof is very similar to the proof of Lemma A.2. We proceed into two steps. The first step is

to derive the subcoercive estimate (A-6). In the second step, we use a compactness argument to show the
coercivity of .7 under a suitable condition.

Step 1: subcoercive estimate for /. From the definition (2-6) of & and the asymptotic of V' given in

(2-8), we estimate near the origin
f 2

| f? >/ 1
V2 (14 y2p) ~ —7 =0y f+=+0
/ysl YA+ y2P) ™ Jysy y¥ v/ 450D
> |8)’f|2 + f2 B ay(fZ) B f2
=~ y<l1 y2i 1y2i+2 y<1 y2i+1 <1 y2i_2
|9y f|2 , P
Z/y< +(d - 2—1)[ —21+2—f(1)—/SIF

z/ysl |8;£|2+fy 2,+z—f (1)— /<1

Away from the origin, we estimate from (2-8)

s L P f 2
=1 y2i(1 + y2p) ™ 1 y21+2p y =1 y2i+2p+4'

We make the change of variable g = y” f. From the assumption |2i +2p —(d —2—2y)| # 0, we use
the Hardy inequality given in part (ii) of Lemma A.1 to write

/ 10,07 P :/ _1oyel” >/ ___& —g2(1)>/ L
y>1 y21+2p+2y y>1 y21+2p+2y ~ y>1 y21+2p+2+2y ~ y>1 y21+2p+2 '

Note also that we have the trivial bound from (2-8),

| f|? n VA 19y f1?
=1 y2it2p =1 222 > | y2it2ps

The collection of the above bounds yields the subcoercivity (A-6).
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Step 2: coercivity of «7. Arguing as the proof of (A-1), we end up with the existence of fo 7 0 such that

13
—_= <1 d o =0.
/ V2i+2(1 4 y2p) an oo

Hence, from the definition (2-6) of <7, we have

foo = BAQ for some B # 0.

If 2i +2p > d — 2y — 2, we use the orthogonality condition to deduce that

0= (foo, ®m) = B(AQ, xmMAQ).

Thus, B =0. If 2i +2p <d —2y —2, we use the fact that AQ ~ 1/yY as y — 400 to estimate

A 2 d—ld ,
/ lzglz y 2)’ Z/ yd=1-2r=2i=2p=2 4, Z/ yVdy = +o0,
y=1 Y21+ y2P) 7 Jy>q y>1

which contradicts with the regularity of foo. O

From the coercivities of &7 and .&7*, we claim the following coercivity for .#:

Lemma A.4 (weighted coercivity of . under a suitable orthogonality condition). Letk € N, i =0, 1,2,
and M = M(k) large enough. Then there exists cprx > 0 such that for all f € Dyaq satisfying the
orthogonality

(f,Pm)=0 if2i+2k>d—-2y—4,

where Oy is defined by (3-4) and h is given in (1-18), we have

/ P /( 0y f 2 18y /12 /P
y2i(1 4 yzk) = M.k y2i(1 4 yzk) y2i(1 4 y2k+2) y2i+2(1 4 y2k+2)

£ f? | f? ils
/yzi(l +y2k) ZCM’k/(y2i+2(1 +y2k) +/ yzi(l +y2k+4))' (A-9)

Proof. We proceed in two steps:

) ; (A-8)

and

Step 1: subcoercivity of .#. We apply Lemma A.2 to &/ f with « = k and note that

V
By (e f) = o/ (By f) + By (;) y
to write
L2/ o/ /12 10, (7 /)12
/YZi(lerz")z[yz"“(lﬂz")+/y2"(1+y2") (A-10)

| f? |9y (« )I?
~ / y2i(1 +y2k+2) +/ y2i(1 _|_y2k)

| [ | (D f)]? _/ | £]2
Z/J’zi(l‘f’yzk—i_z)—i_/yzi(l—l—ka) y2i+2(] 4 y2k)’ (A-11)
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Applying Lemma A.3 to f with p =k + 1 and noting that the condition |2(k + 1) +2i —(d —2—2y)| #0
is always satisfied (if not, we have d = 4 +2/(k + 1 +i)2 + 2 ¢ N), we have

| f1? |0y f1? f? f?
/yZi(l 1 y2k+2) R / y2i(1 iy2k+2) +/ Y2it2(] 4 p2k+2) [f2(1)+/ m]

We apply again Lemma A.3 to d, f with p = k to estimate

/ |7 3y )P >/ |0yy f 7 +/ 0, /1> 9 f(1)|2+/ 0y /1

y2i(14 y2k)y ~ ] y2i(1 + y2k) y2i+2(1 4 y2k) '’ 1 4 y2k+2i+4 |

Injecting these bounds into (A-11) yields the subcoercive estimate for .%Z,
/ -2 f1? >/ |9yy f1? +[ |9y f? +/ f?

y2i(1 4 y2k) ~ | y2i(1 4 y2k) y2i(1 + y2k+2) y2i+2(] 4 y2k+2)

—| A +1AHOP + N + I - (A-12)
Y 1 4 y2k+2i+4 1 4 y2k+2i+6 |’

Step 2: coercivity of .£. We argue by contradiction. Assume that (A-8) does not hold. Up to a

renormalization, there exists a sequence of functions f,, € Dp,q such that

2 2 2 2
/ ZhE 1 / 3y Jal +/ 13y /| +/ L/l — 1. (A-13)

yzi(l + yzk) - y2i(1 + yzk) y2i(1 + y2k+2) y2i+2(1 + y2k+2)
This implies by (A-12),
2 2 |9y fnl? Ia
Jo (D) + 18y fa (V)] +/ 1 + y2k+2i+4 + y2(1 + y2k+2i+6) R 1L (A-14)

From (A-13), the sequence f, is bounded in ngc. Hence, from a standard diagonal extraction argument,

there exists foo € H?

1oc such that up to a subsequence,

fa— foo in HZ.
and from the local compactness of one-dimensional Sobolev embeddings
fu— foo in Hyy,

and

Jn(1) = foo(1), 0y fn(1) = 9y foo(1).
This implies by (A-13) and (A-14),

20+ 0y fruOP 4 [ Sl fo 2y
o0 yJoo 1 + y2k+2i+4 y2(1 + y2k+2i+6) ~ 7

which means that foo # 0. On the other hand, from (A-13) and the lower semicontinuity of norms for the
weak topology, we deduce that f is a nontrivial function in the kernel of ., namely that

ffoo:(),
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which implies
Joo =ul'+ BAQ,
where u and f two real numbers.
From (A-13) and the lower semicontinuity, we have

/ - f°2° < +00.
y2i+2(1 4 y2k+2)

Recall from (2-16) that I' ~ 1/y94~1 as y — 0. This yields the estimate

I? dy
2i+2 2hF2) ~ 2itatd—1 . 1%
y<t YHTE(A4 ) 7 <y
hence, u = 0.
From (2-5), we have AQ ~ 1/y? as y — +o0. If 2i + 2k <d —2y — 4, we have

2.d—1
/ |{\Q| Y :’y Z/ yd—l—2i—2k—4—2y dy > f y—l dy = +00;
y=1 Y21+ y2K+2) 7 Jysy y=1
hence, 8 = 0. If 2i 4+ 2k > d — 2y — 4, we use the orthogonality condition to deduce
0= (foo, Pum) = B(AQ. xmM AQ),

which yields 8 = 0; hence fo = 0. The contradiction then follows and the coercivity (A-8) is proved.
The estimate (A-9) simply follows from (A-8) and (A-10). O

We are now in a position to prove the coercivity of K under a suitable orthogonality condition. We
claim the following:

Lemma A.5 (coercivity of the iterate of ). Let k € N and M = M (k) large enough. Then there exists
cmk > 0 such that for all f € Dyyq satisfying the orthogonality condition

(f,.L"Py) =0, 0<m=<k—h,

where h is defined as in (1-18), we have

Sneaa(f) = [ Paatic
k—1

(LN 2" f1? [ (L™ )P
ECM,k{[ y2 +mz=0/ y4(1_|_y4(k—m))+z y6(1_|_y4(k—m—1))}' (A-15)

m=0

Proof. We argue by induction on k. For k = 0, we apply Lemma A.2 to & f withi =0 and o = 0, then
Lemma A.3 to f withi =1 and p = 0 to write
| f1? | f1? f?
a0 = [1zsrz [F50 2 LR [ 1
y y y
Note that we had to use the orthogonality condition { f, ®5s) when # = 0. In fact, the case # = 0 only

happens when d = 7. In this case, the condition 2 > d — 2y — 2 is fulfilled when applying Lemma A.2
withi =1 and p =0.
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We now assume the claim for k£ > 0 and prove it for k + 1. We have the orthogonality condition
(f,.£"dy) =0, 0<m<k+1—h.

Let g = £ f, then we have
(g, LM Ppy) =0, 0<m=<k—nh.

By induction hypothesis, we write

/ |$k+2f|2 — / |$k+1g|2
k—1

k
- / | (Z5)1” | 3 / lemel? Z |/ (2™ g)|?
= yz — 4(1+y4(k m)) 6(1+y4(k m— 1))
k+1 k

|£™ f |2 | (L™ )2

m=1

B Lef(.z"“fn2
_/ y?

Note that we have the orthogonality condition { f, ®ps) = 0 when k >/ — 1. The case k < A — 2 implies
d vy
444k <4+ 4 2—5—8 —8<d-2y—4.
Hence, we use the coercivity bound (A-9) to derive

12 f1? | f|? f?
/ y4(1 + y*k) S / yO(l1 + y*k) +/ yA(1 + yrktdy”

which concludes the proof of Lemma A.S. O

Appendix B: Interpolation bounds

We derive in this section interpolation bounds on ¢ which are the consequence of the coercivity property
given in Lemma A.5. We have the following:

Lemma B.1 (interpolation bounds). (i) Weighted bounds for q;: for 1 <m <K,

2k—1
s
/l‘I2m| + Z[ 2(l+y4m —2i— 2) C(M)£2m (B_l)
(i1) Development near the origin:
k
g=> ciTiei+rg. (B-2)

i=1
with bounds

lci| S v/ 62k,

19 rgl S V5 () KV, 0<j<2k—1, y<1.
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(iii) Bounds near the origin for q; and o' yq: fory < L
lg2i ] +10%g1 <y~ 22 ny |V for0<i <k—1,
i _d .
lg2i—1]+185 gl Sy 2 Iy KV éx forl<i<k.
(iv) Weighted bounds for 9 yq: for1 <m <K,

gl <
Z 1+y4m 2i ~ “2m:

Moreover, let (i, j) e N X N* with2 <i + j <2k. Then

/ |8 q)? Evm fori+j=2m, 1<m<Kk,
1+y2j S Vmea/gZ(m—{—l) fori+j=2m+1, 1<m<k-1.

(v) Pointwise bound far away: Let (i, j) e Nx Nwith 1 <i + j <2k—1. We have for y > 1,

I gl> 1 (Em fori+j+1=2m, 1<m<Kk,
yi V42 | Vm/Eamrr)y fori+j=2m, 1<m<k-—1.

Proof. (i) The estimate (B-1) directly follows from Lemma A.5.

(ii) For 1 <m <Kk, we claim that g>k—25, admits the Taylor expansion at the origin

m
q2k—2m = Z CiomTm—i + r2m,
i=1
with the bounds

|Ci,m| 5 \/gz ’
100 ram| < Y25 [ In()|" &k, 0<j<2m—1, y<1,

The expansion (B-2) then follows from (B-6) with m = k.

179

(B-3)

(B-4)

(B-5)

(B-6)

We proceed by induction in m for the proof of (B-6). For m = 1, we write from the definition (2-7)

of o™,
dq

1 y
1Y) = Gake1 () = —/ o AOxd Vx4 —
2 yd=1pQ Jo 2 yAd—TAQ

Note from (B-1) that [ |gak—1]?/y? < &2k and from (2-5) that AQ ~ y as y — 0; we deduce that d1 =

Using the Cauchy—Schwarz inequality, we derive the pointwise estimate

1 1
1 y B 3/ Y B oy
|r1(y)|§y—d(/ g2k |?>x4 1dx) (/ x2x4 1a’x) <y 2t /&, y<l.
0 0

We remark that there exists a € (% 1) such that

gak—1(a)]* < |g2k—1]* < Exx.
1
y<
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‘We then define
ra(y) = —AQ / T dx,

and obtain from the pointwise estimate of ry,

_d Ydx _ _a
) Sy [ TR el v <1
a

By construction and the definition (2-6) of <, we have
Ay =r1=qok—1. Lr2 =9 Qo1 =Gk = LG2k—2.

Recall that Span(.¥) = {AQ, '}, where " admits the singular behavior (2-16). From (B-1), we have
f |gak—2|?/y* < &k < +00. This implies that there exists ¢, € R such that

qok—2 = c2AQ + 2.
Moreover, there exists a € (%, 1) such that

|g2k—2(a)|* < / |g2k—2* < 2k,
ly|=1
which implies
_d
2|l S Vé,  lgak—2| Sy T2 In(y)|Véw, vy <L
Since «/r, = rq, we then write from the definition (2-6) of <7,

ra _d
Iayrz|5|r1|+';‘5y 22 In(y)|Véa, y<l.

This concludes the proof of (B-6) for m = 1.
We now assume that (B-6) holds for m > 1 and prove it for m + 1. The term r5,, is built as follows:

rom—1 = = IAQ/ ram—aAOX®Vdx, rym = AQ/ rzm L dx, ae(3.1).
We now use the induction hypothesis to estimate
m /Oy 1’2mAQx‘]l_l dx
< yid@ /Oy 25| In(x)|" dx
4 [ I d
Sy S ()" V.

[rom+1] =

Here we used the identity

y
Im=/ [In(x)]"dx < y|In(»)|", m=>1, y<]l.
0
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Indeed, we have I; = foy In(x)dx = yIn(y) —y < y|In(y)| for y < 1. Assuming the claim for m > 1,
we use an integration by parts to estimate for m + 1

y
It = /0 [In(0)]" (¢ In(x) — x)' dx

= [ = y (I = m(In — Im—1) < y|In(y)"*1.
Using an integration by parts yields

[ I, _ I
a X N m+ 1 ’

Hence, we have the estimate

) +1
|ram+2| = ' Q/ =

y m
< y2m—‘zl+2‘/g2k/ Ma’
a x
_d
Sy ()" k.

By construction, we have

DTom+2 = ram+1, Lrm+2 =Tom.

From the induction hypothesis and the definition (2-19) of Ty, we write

m m
Lgo2m+1) = Gok—2m = Y _ cimTm—i +r2am =Y _ cimLTm1-i +Lram+2.
i=1 i=1

The singularity (2-16) of I" at the origin and the bound fy <1 192k—2(m+1) |2/y* < & allows us to deduce
q2k—2(m+1) = Zci,me—l—l—i + com+2AQ + ram+2.
i=1

From (B-1), we see that there exists a € (1, 1) such that

|g2k—20m+1) (@) < / 1 |g2k—20m+1)|* S G2k
y<

Together with the induction hypothesis |c; ;| S +/&2k and the pointwise estimate on 72,42, we get the

bound |cam+2| < v/ Eak-
A brute force computation using the definitions of &/ and &* and the asymptotic behavior (2-8) ensure
that for any function f,

0 f = ZP,,fl, 1P j| S (B-7)
i=0
and we estimate

ramial <3 el < Va Z !
i=0

This concludes the proof of (B-6) as well as (B-2).

_j_d
2m+2—i—5 |1n(y)|m+1

_d_;
<y () 6

yIi
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(iii) The proof of (iii) directly follows from (B-6).
(iv) We have from (B-7),

and thus, using (B-1) and the pointwise bounds given in part (iii) yields

Lal? = , & 9,q|?
Z/1+y4m21"’2m+2/ |8Q|+Z/ 4m21
2m—1 i
Séozm+<o@2k/< yliny<dy + Z Z/ lylzi —7 < 2m;
i=0 j=0

which concludes the proof of (B-3).
The estimate (B-4) simply follows from (B-3). Indeed, if i + j = 2m with 1 <m <K, we have

10%q/? 19q1?
= —.ngm.
1+y21 1+y4m 2i
Ifi+j=2m+1with1l <m <k-—1, we write
3q]? > _ gl )2 al>  \:
1+y2j=/1+y4m —2it2 ~ /1+y4m 2i /1+y4m 21+4)

< VEmA E2imr1)-

(v) Leti,j>0with1 <i+ j <2k—1. Then 2 <i + j + 1 < 2k and we conclude from (B-4) that for

y=1,
ag}_q2< / ax (8 q)z 2l < 1 /+oo |3 q|2+/~+M|a§C+lq|2
v/ ~ y x2J ’\‘yd—2 v 27 +2 ) x2J
1 Erm fori+j+1=2m, 1<m <Kk,
d 2 «/éazm1/g2(m+1 forl+j+1—2m+1 1<m<k—1 O

Appendix C: Proof of (4-22)
We give here the proof of (4-22). Before going to the proof, we need the following Leibniz rule for zk.

Lemma C.1 (Leibniz rule for .#%). Let ¢ be a smooth function and k € N, we have

k+1
LF N pf) = Z fom$ak+2,2m + Z fam+1$2k+2,2m+1 (C-D
o L (pf) = Z fam+1$2k+1,2m+1 + Z fam$ak+1,2m (C-2)

m=0 m=0
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where for k = 0,

$r0=—0yp, ¢1,1=29,

d—1+42V
$20=—03¢— #3%’, $2,1 =20y¢, ¢22=29,

and for k > 1,
G2k +1,0 = —0yPak,0s
Gok1,2i = —0ydok2i — P2k 2i—1, 1 =i =<k,
d—142V '
D2k +1,2i+1 = P2k ,2i + #¢2k,2i+1 —0ydokiv1, 0=<i=<k-—1,
Dok +1,2k+1 = P2k ,2k = P,
d—14+2V
$2k42,0 = OyPok 1,0 + #¢2k+1,0,
d—14+2V )
B2k +2,2i = P2k+1,2i—1 + 0yPok+1,2i + #¢2k+1,2i, 1<i <k,

Gok42,2i41 = —P2k+1,2i T 0yPoky10i41. 0=i =<k,
D2k +2,2k+2 = P2k +1,2k+1 = @-

Proof. We use the relations

A Bf) = [ —0ypf. T (@f) =™ [ +0y0f.
%f+ﬂ*f=d_ly+2vf
to compute

d(pf) = frp + f(=dy9),

d—1 V
LGF) = A BF) = fob+ F120,0) + f(—a§¢ _dzirw, )

which is the conclusions of (C-1) and (C-2) for k = 0.
Assume that (C-1) and (C-2) hold for k € N; let us compute for k — k + 1. Using (C-1), we write
k+1 k
d—1+2V
S LKD) = A fombokr2,2m] + [—%* + #}f2m+1¢2k+2,2m+1
m=0 m=0

k+1

= > {fomr192k+2.2m + fom(=0y$okt2,.2m)}

m=0

k
+ Y { Samt2(=P2k12,2m+1) + fam+1(=0yP2k+2,2m+1)

m=0 (d—l+2V

+ fom+1 ¢2k+2,2m+1)}
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k
=Y fom+i (¢2k+2,2m —dyPakt2.2m+1 +
m=0
k

Z Jam(=0yak+2.0m — P2k+2,2m+1) + fok+3P2k+2,2k+2 + f(=0yPak+2,0).

d—1+2V
D2k +2,2m+1

which yields the recurrence relation for ¢px 43, ; with 0 < j <2k + 3.
Similarly, we write Z¥T2(¢pf) = o * [/ ¥ 1(¢f)] and use the formula (C-2) with k + 1 to obtain
the recurrence relation for ¢ 44 ; with 0 < j <2k + 4. O

Let us now give the proof of (4-22). By induction and the definition (3-13), we have
k—2 k—2

0:Z
K—1 . m K—2—m t£&) k—2—m
b0, 2 0= Y 20, LV = Y 2! ( ) )
m=0 m=0
Noting that
0:Z)  bi1AZ
r2 24y

we make a change of variables to obtain

b? 1
k—=17,,12 _
[,\2(1+ 2)”8“"% Jol”= 2 4k— d+2/1+y2

b2
A4k d+2 Z[]+y

For m = 0, we use (4-21) and (4-20) to estimate

[ (A2
1+y2 y2

Form =1,...,k—2, we apply (C-1) with
_AZ (d—1)Acos(20)

k

—2
Z gm A_ng—z—m
y? !

AZ ko
(y—zf ’"‘1)

|‘12k 4l
< | 224 < e

2

2

2

2 y?
and note from (2-4) that
! < ! keN* 0<i <2k
|¢kl| l—|—y27+2+(2k 1)~1+y4+(2k l)’ € ) _l_ )
which yields
2 2m 2
2 ~ 10+(4 —21)
I+y »? =) (14 ytottm=20) =
Thus,

1 a 2 b%
m“ 6 X Ml? < ,\4k—d+2®@k
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Similarly, we use (C-2) to get the estimate
2

_ b
/W[a,,g{ )2 < Wldﬂ(fzk.

This concludes the proof of (4-22).
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ON PROPAGATION OF HIGHER SPACE REGULARITY FOR NONLINEAR
VLASOV EQUATIONS

DANIEL HAN-KWAN

This work is concerned with the broad question of propagation of regularity for smooth solutions to
nonlinear Vlasov equations. For a class of equations (that includes Vlasov—Poisson and relativistic
Vlasov—Maxwell systems), we prove that higher regularity in space is propagated, locally in time, into
higher regularity for the moments in velocity of the solution. This in turn can be translated into some
anisotropic Sobolev higher regularity for the solution itself, which can be interpreted as a kind of weak
propagation of space regularity. To this end, we adapt the methods introduced by D. Han-Kwan and
F. Rousset (Ann. Sci. Ecole Norm. Sup. 49:6 (2016) 1445-1495) in the context of the quasineutral limit
of the Vlasov—Poisson system.
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1. Introduction

This paper is concerned with the broad question of propagation of regularity for smooth solutions to
Vlasov equations of the general form

At f +a@)-Vy f+ F(t,x,v)-Vy f =0, (1-1)

set in the phase space T x R (with T? = R4 / 7% endowed with normalized Lebesgue measure), where
F: Rt xT9 xR? — R? is a force field satisfying V- F =0 and a : R4 — R? is an advection field
satisfying suitable assumptions, a(v) = v being the main example to be considered. The (scalar) function
f (¢, x,v) may be understood as the distribution function of a family of particles, which can be, depending

MSC2010: 35Q83.
Keywords: kinetic transport equations, kinetic averaging lemmas.
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on the physical context, e.g., electrons, ions in plasma physics, or stars in galactic dynamics. The choice
of the periodic torus T4 is made for simplicity.

The two precise examples of equations we specifically have in mind are the Vlasov equations arising
from a coupling with Poisson or Maxwell equations, in which case the resulting coupled system is called
the Vlasov—Poisson or the relativistic Vlasov—Maxwell system (we will discuss as well several other
models).

e The Viasov—Poisson system — either the repulsive or the attractive version, the sign of the interaction
here does not matter here —is given by

0 f+v- Vi fEE-Vy [ =0,
E(t,x)=—Vx¢(t,x),

—quﬁ:/Rdfdv—/WXRdfdvdx,
Sli=0 = Jo.

(1-2)

In the repulsive version (that is, with the sign + in the Vlasov equation), this system describes the
dynamics of charged particles in a nonrelativistic plasma, with a self-induced electric field.

In the attractive version (that is, with the sign — in the Vlasov equation), it describes the dynamics of
stars or planets with gravitational interaction.

e The relativistic Viasov—Maxwell system, in dimension d = 3, is given by

atf+i)'va+F'va:0,

b= F(tx,v):= E(t,x) + 10 x B, x),

NI ‘
Lo, B+vixE=0, VX-E=/ fdv—/ fdvdx, (1-3)
c R3 T3xR3

C
f|l=0:f0’ (EvB)|t=0:(E0vBO)’

—%8,E+VXXB=1/ bfdv, Vi-B=0,
R3

in which the parameter c is the speed of light. There are also related versions of (1-3) in lower dimensions.
This system describes the dynamics of charged particles in a relativistic plasma, with a self-induced
electromagnetic field. We recall that the (repulsive) Vlasov—Poisson system can be derived from (1-3) in
the nonrelativistic regime, that is to say, in the limit ¢ — oo, as studied in [Asano and Ukai 1986; Degond
1986; Schaeffer 1986].

In this paper, we will consider weighted Sobolev norms and associated weighted Sobolev spaces (based
on L?), defined, for k e N, r e R, as

1

2
I/ g := ( Z /1rd /Rd(l + [v|?)" |a‘;8/3f|2 dv dx) , (1-4)

loe|+1B=k
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where for o = (a1,...,04),8 = (B1,...,Bn) €{1,...,d}", we write

laf=n, |Bl=n,
and

Py

v

0%:=0

x xal"'axan, =4 .- 0

vgy " Vg

As usual the notation H* will stand for the standard Sobolev spaces, without weight.
It will be also useful to introduce the weighted W k.00 space, whose norm is defined, for k € N, r € R, by

1S llygeme == 3 1+ 025 8208 £l gs,. (1-5)
l|+[Bl<k

For the Vlasov—Poisson or Vlasov—Maxwell couplings, given an initial condition fy satisfying
f 0 € /H;l

for n, r > 0 large enough (and with a smooth enough initial force F(0)), it is standard that there exists a
unique local solution f(¢) € C(0, T'; H?). Under fairly general assumptions on the advection field a and
the force F, the same result can also be shown for (1-1), as we will soon see.
Let us now present the precise problem we tackle in this work. Assuming some higher space regularity
such as
I fo e (or 32 fo e HY for p>n+1), (1-6)

the question we ask is the following: is there also propagation of any higher regularity for the solution f'(¢)?
A first remark to be made is that there is no hope of proving that this sole additional assumption implies
that the solution f(7) also satisfies "1 f'(r) € H2, even for small values of 7. Indeed, regularity in x
and v is intricately intertwined for solutions of the Vlasov equation, as can be seen from the representation
of the solution using the method of characteristics.
Fors,t>0and (x,v) € T9 xR9, we define as usual the characteristic curves (X(s,t,x,v), V(s,t,x,0))
as the solutions to the system of ODEs
da
ds

%V(s, t,x,v) = F(s, X(s,t, x,v), V(s,t,x,0)), Vit t,x,v)=v.

X(s,t,x,v)=a(V(s,t,x,v)), X(t,t,x,v) =x,
(1-7)

The existence and uniqueness of such curves are consequences of the Cauchy—Lipschitz theorem (assuming
we deal with smooth forces). The method of characteristics asserts that one can represent the solution
of (1-1) as

f(t, x,v) = fo(X(0,2,x,v), V(0,¢, x,v)). (1-8)

Therefore we see (except maybe in trivial cases such as F' = 0) that derivatives in x of f(¢) involve
derivatives in x and in v of fj, so that regularity in x only of fy cannot in general be propagated for f(¢).
However, given some smooth test function v (v) (the case ¥ = 1 is already interesting), we can also
wonder about the higher regularity of the moment m., (¢, x) := fRd f(t, x,v)¥(v) dv. Such moments,
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which can be interpreted as hydrodynamic quantities, are important objects in kinetic theory. We have the
representation formula

my (t,x) = /Rd Jo(X(0,2,x,v), V(0,¢,x,v)) ¥(v) dv.

We note that for ¢ small enough, the map v+ V (s, ¢, x, v) is a diffeomorphism for all s € [0, ¢]. Indeed for
s =t this map is the identity and integrating with respect to s the equation satisfied by V (s, ¢, x, v), we
note that for # small enough and s € [0, 7], the map v — V(s, ¢, x, v) is a small perturbation of the identity,
hence our claim that it is a diffeomorphism. In particular the map v — V/(0, ¢, x, v) is a diffeomorphism
and we denote by V=1 (¢, x, v) its inverse. Using this diffeomorphism as a change of variables (in v) we
get, for ¢ small enough,

My (t, x) = /Rd Jo(X(0,¢,x, Ve, x,v),v) y (V7(t, x, v)) [det Dy V(0, 1, x,v)| ! dv.

Thanks to this formula, at least formally, the Leibniz rule ensures that derivatives in x of the moment 72,
only involve derivatives in x of fy. Recalling the extra higher regularity (1-6), it seems maybe natural
to expect that the moment m,, belongs to the Sobolev space H "+1in x. In the case where F is a fixed
external force, assumed to be very smooth, say C°° with respect to all variables, since ¢ is fixed, the fact
that m.; (¢, - ) belongs to H)’c’Jrl follows indeed from the Leibniz formula, using the fact the characteristic
curves (X, V) inherit the C°° regularity of F.

However, this argument seems to break down in the case where F' depends on the solution f'(¢) itself,
as the regularity of F is then tightly linked to that of f. Let us discuss for instance the Poisson case —
the Maxwell case is actually worse in the sense that in the Vlasov—Poisson coupling, F gains, loosely
speaking, one derivative in x compared to f. As already mentioned, the local Cauchy theory yields
f(t) e C(0, T;H"), and we have F € C(0, T; H**1). Note then that when applying 7 + 1 derivatives in
X on m.,, one needs to apply n + 1 derivatives in x on |det D, V(0, 7, x, v)|~1, which amounts to applying
in total n 4 2 derivatives to V(0, ¢, x, v). However, by (1-7), we observe that (X, V') inherits the same
order of regularity as F, and therefore it does not seem licit to take as many as n + 2 derivatives.

The goal of this work is to show that despite this apparent shortcoming, it is indeed possible to show
for a fairly wide class of nonlinear Vlasov equations (including the Vlasov—Poisson and Vlasov—Maxwell
system) a result of propagation of regularity in x for the moments, assuming higher-order space regularity
for the initial condition. This in turn can be translated into some anisotropic Sobolev higher regularity for
the solution itself, which can be interpreted as a kind of weak propagation of space regularity.

It turns out that the lagrangian approach, that is to say, the approach that we have just underlined,
based on representation formulas using characteristics, is not adapted to answer this question. Instead we
shall rely on an eulerian approach, which is based to a larger extent on the PDE itself, inspired by the
recent work of the author in collaboration with F. Rousset on the quasineutral limit of the Vlasov—Poisson
system [Han-Kwan and Rousset 2016; > 2019]. The quasineutral limit is a singular limit which loosely
consists in a penalization of the laplacian in the Poisson equation. The small parameter is the scaled
Debye length, which appears to be very small in several usual plasma settings. The limit leads to singular
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Vlasov equations, which display a loss of regularity of the force field compared to that of the distribution
function. As a consequence, these equations are in general ill-posed in the sense of Hadamard; see [Bardos
and Nouri 2012; Han-Kwan and Nguyen 2016]. This problem might therefore look quite different from
the one considered here; the similarity comes from the fact that the justification of the quasineutral limit
ultimately loosely comes down to the proof of a uniform! propagation of one order of higher regularity
for moments of solutions of the Vlasov—Poisson equation. Note though that the analysis of [Han-Kwan
and Rousset 2016; > 2019] requires the introduction of pointwise Penrose stability conditions, and also
relies on pseudodifferential tools, which will not be the case in this paper. As a matter of fact, the singular
Vlasov equations which can be formally derived in the quasineutral limit will not enter the class of Vlasov
equations we will deal with in this work, precisely because of the aforementioned loss of derivative.

The methodology of [Han-Kwan and Rousset 2016] was also used in the context of large time estimates
for data close to stable equilibria for the Vlasov—Maxwell system in the nonrelativistic regime, in a recent
work in collaboration with T. Nguyen and F. Rousset [Han-Kwan et al. 2017].

As a matter of fact, the approach can be considered as semilagrangian, in the sense that at some point
we still rely on characteristics as in the lagrangian approach but at the level of the PDEs that arise after
applying derivatives on the Vlasov equation, whereas in the lagrangian approach, derivatives are taken
after using the representation of the solution by characteristics.

2. Main results

2A. The abstract framework. Let us now describe precisely the class of Vlasov equations we deal with.
We consider in this work the abstract equation

90 f+a@) -Vyf+F-Vyf =0, (2-1)

with the following structural assumptions. Among all these assumptions, we highlight that the force
depends on the distribution function itself, but only through some of its moments in velocity.

o Assumptions on the advection field. The map a : R? — R is a one-to-one C'* function such that

la()| < C(1 + |v]) forallveR?, (2-2)
|0%allpe < Cy forall |a| # 0, (2-3)

and its inverse ¢! (defined on a([R{d)) satisfies, for some A > 0,
10% Y (w)| < Co(1 4 |a~ () for all w € a(RY), for all . (2-4)

o Assumptions on the force field. The vector field F is divergence-free in v (i.e., satisfies V,, - F = 0) and
we have the following decomposition for some £ € N*:

2
F(t.x.v) =) Aj(v) F/(t,x). (2-5)
j=1

1'With respect to the scaled Debye length.



194 DANIEL HAN-KWAN

We assume that for all j € {1,..., £}, A; is a C* scalar function satisfying
054 poe < Cq forall a. (2-6)
Furthermore, there exist C* functions 1 (v), ..., ¥, (v) with at most polynomial growth, i.e., there is

ro > 0 such that
1¥i ()l k.00 < Cig forallk €N (2-7)
—ro

such that, defining
my, (¢, x) = /d S, x,0) ¥i(v) dv
R

forall j =1,..., £, the vector field F/ is uniquely determined by these moments and the initial conditions,
through a map

((my,)i=1,..r (F7(0))j=1,..¢) = F’, (2-8)

and for all large enough n > 14 d, and all # > 0, we have

. . e .
1F/ 20,0 < T (r, Iy 2000y I, 2 mzy D 1 <0>||H;g), (2-9)
j=1
. . Z .
1Fi ooty < T (z, s Nroeostizys - gy Nooosarzys S IS (0)||H;), (2-10)
j=1

where F,Sj ), I‘,gj ) are polynomial functions that are nonincreasing with respect to each of their arguments
(the others being fixed nonnegative numbers).

Finally, the force field satisfies the following stability property. Let f and g be two solutions
of (2-1), and denote by F[f] and F[g] their associated force fields. Assume that the initial conditions
(F/ (0))j=1,...,¢ are the same. Then, we have forall j =1,...,¢,

IE7L/ 1= FIlgl L2 0.0 m)

< F,S”'*(t, [ (f —@)Vi(v) dv @-11)

),---,“/(f—g)vfr(v)dv

L2(0,r;HY L2(0,t;H)’2))

where F,gj Hisa polynomial function that is nonincreasing with respect to each of its arguments and such
that T (0,-) = 0.

We shall explain later why both Vlasov—Poisson and relativistic Vlasov—Maxwell systems enter the
abstract framework.

2B. Statement of the main results. The regularity and integrability indices that will be useful to handle
such equations will depend on the dimension ¢, the maximal growth of the moments that intervene in the
definition of F, which is rg, and the parameter of growth of the inverse of @, which is A; let us set

N :=3d+4, R:=max(3d+2(1+A)(1+d)+ro). (2-12)

We use in the following statement the notation | - | for the floor function.
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The main result proved in this paper is the following theorem.

Theorem 2.1. Letn > N and r > R. Let n’ > n be an integer such that n > L%n/J + 1. Assume that
fo € H" and F7(0) € H)’C’/ forall j €{1,...,L}. Assume furthermore that the initial data fy satisfies the
following higher anisotropic regularity:

|1,
ai(” LZ”H")a‘;a{ffoeHS forallle|+|Bl=n"—n—k, forallk €{l,....2|in'| —n}. (2-13)

Then there is T > 0 such that the following holds. There exists a unique solution (f(t), F(t)) with initial
data ( fo, F(0)) to (2-1) such that f(t) € C(0,T; H")
Moreover, for all test functions ¥ € L*°(0, T’ W_ro ), we have

[ rvav

where Ay, is a polynomial function and

L2(0,T;HY)

2|_1n’J—n

—||fo||Hn+Z||Ff<0>||Hn/+ ) D D [ ar T A

k=1 |a|+|Bl=n"—n—k

Thanks to (2-9), we immediately deduce from (2-14) that the force field satisfies as well the higher
regularity
Fl e L*(0.T; H").

Another consequence concerns the flow (X, V) = (X(¢,0, x,v), V(z,0, x,v)) as defined in (1-7), for
which we also obtain a higher regularity property.

Corollary 2.2. For some T’ < T, we have
W (X —x—1v,V—v)e L®0, T LLLL) forallly|<n'.

Remark 2.3. Some remarks about Theorem 2.1 are in order:

e In the case where n = 2m — 1 and n’ = n + 1 = 2m, the assumption (2-13) is simply given by
3"t fo € H? and we obtain the L2 H't! smoothness of the moments: in other words this gives an
answer to the question raised in the beginning of the Introduction. Note though that the regularity result
we prove is not pointwise in 7.

 Observe that it is required that the higher regularity index 7’ is not too large compared to n (i.e.,
n> L%n’ J + 1); such a restriction is somehow reminiscent of a similar one appearing in the celebrated
result of Bony [1981, Théoréme 6.1] concerning the propagation of Sobolev microlocal regularity at
characteristic points for general nonlinear PDEs. We remark however that the class of PDEs considered
in this work does not enter the framework of [Bony 1981], in particular because of the “nonlocality” in
velocity. We refer to Section 10 for some remarks and (counter-)examples in this direction.

¢ As a matter of fact, our result can be somehow interpreted as a kinetic (and nonlocal) analogue of
Bony’s aforementioned theorem.
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o If it is ensured that the solution ( f(¢), F(t)) to (2-1) is global, (e.g., for the Vlasov—Poisson system
in dimension d < 3, see [Lions and Perthame 1991; Pfaffelmoser 1992; Schaeffer 1991; Batt and Rein
1991; Horst 1993]), we do not know if the higher propagation of regularity for the moments is global.

¢ Let us mention that in a somewhat different direction, a vector field method was devised in [Smulevici
2016] (see also [Fajman et al. 2017]) in order to prove time decay of moments for Vlasov equations set in
unbounded spaces.

In the case where the force is one derivative smoother than the distribution function f itself (that is to
say, when estimates (2-9) hold with n — 1 instead of 7 in the right-hand side), the statement of Theorem 2.1
may be strengthened, insofar as one may ask only for derivatives in x in the regularity assumption (2-13).
We refer to such a case as the transport/elliptic case, which includes in particular the Vlasov—Poisson
system; see Theorem 9.1 in Section 9.

As already mentioned in the Introduction, the higher regularity for moments as obtained in Theorem 2.1
actually yields regularity for the solution itself (see [Gérard 1990] for a microlocal version of this fact,
in the context of averaging lemmas) in anisotropic Sobolev spaces (as defined in [Hormander 1976,
Chapter II, Section 2.5]), which we first introduce.

Definition 2.4. Let m, n € R. The anisotropic Sobolev space Hy.y is defined as
HM =g e S'(T9xRY): (14 k)2 (1+ |nf*)2 g(k.n) € L2(29 xRY)},
where g stands for the Fourier transform? of g. We also define
HY' = U HP.
PER

Corollary 2.5. Consider the same assumptions and notation as in Theorem 2.1. We have
S(.x,0) € L2(0,T; HYy ™),

Corollary 2.5 is a direct consequence of some estimates obtained in the proof of Theorem 2.1; we will
provide a proof of this fact in Section 7. It is actually possible to give an estimate of a value of p <0
such that f € L2(0, T; Hy ).

2C. Overview of the proof. We discuss in this section the ingredients, inspired by [Han-Kwan and
Rousset 2016], leading to the higher propagation of regularity for the moments (the local well-posedness
theory is fairly standard; see Section 3). We shall discuss here the case n =2k — 1 and n’ = n + 1 = 2k.
To ease readability, we assume here that the dimension is d = 1 (in higher dimensions, the algebra is
more involved but the basic principle is the same).

Taking derivatives. Since we intend to propagate regularity in space, the first step consists in understanding
how to appropriately apply derivatives in x to the Vlasov equation (2-1).

2Where g(k,n) = 1/(2n)4 Jrd xpa &(x, v)e Xk e=ivn gy gy, although the convention that is chosen for the writing of
the Fourier transform does not matter here.
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We note that applying the operator 0% does not seem relevant, as it does not commute well with the
operator F'd,: as a result it is not possible to obtain a closed equation bearing on 0% f* without appealing
to a,‘iax f for y #£ 0, and therefore such an approach would require a control of derivatives in v which we
do not have at initial time (this is of course reminiscent of the mixing in x and v that we have evoked in
the Introduction).

The idea is to look for more appropriate differential operators, with nonconstant coefficients, satisfying
the following three key properties:

e At initial time, they involve only derivatives in x.

¢ They enjoy good commutation properties with the transport operator, so that it is eventually possible
to obtain closed systems involving these differential operators alone.

¢ They allow a good control of the Sobolev norm of the moments.

It turns out that second-order differential operators in x and v, with coefficients depending on the solution
itself, will be appropriate. More precisely, we consider the operator

L =02+ ¢(t, x)dxdy + ¥ (£, x)02,

whose coefficients ¢ and ¥ will depend on the force field F. Setting 7 := 9; + a(v)dx + F9, as the
transport operator, we ask that the coefficients ¢, ¥ solve a semilinear system of the form

To=20xF+Gi(p, ¥, 0x v F),
T‘/’ = G2(¢, 1/” ax,vF)’
@li=0=0, Ylr=0=0,

where G, G, are polynomial functions of degree greater than or equal to 2; this corresponds to zero-order
coupling terms. Note in particular that by definition, L = a§ at time ¢ = 0. The semilinear system is
precisely chosen in order to cancel bad terms in the commutation between L and 7, so that for any
function g,

LT(g) =TL(g)+ (LF)0vg+ (La)dxg + (dya)pLg.
Applying this identity to the solution f of the Vlasov equation (1-1), this yields
TL(f)=—(LF)dyf —(La)dx f = (dva)pLf.

This formula will play a key role in the analysis. The main term (in terms of regularity issues) is —8,26 Fo, f,
since the others involve either more regular quantities (we recall indeed that F' and a are assumed to be
smooth with respect to v), or the quantity L f, which paves the way for a closed system involving only
compositions of L applied to f. As a consequence, the operators obtained as compositions of L appear
to be relevant for applying higher-order derivatives in X, since by construction:

¢ They require only a control of space regularity at initial time.
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¢ Denoting by L the composition of k operators L, one can obtain that L f satisfies an equation of
the form

T(Lif) = AL ) — % F) 3y f + G((3% /) a)<2k—1): (2-15)

where A, G are bounded linear operators. We note that this equation involves derivatives in v of the
solution, but only of order 2k — 1 = n, which we control thanks to the local well-posedness theory. This
can therefore be seen as a closed equation for Ly f.

¢ One can show that for any smooth test function ,

/(ka) Y(t,x,v)dv = / (ai" vz, x,v) dv+ “controlled terms”.
R R

In the controlled terms, the overload of derivatives in v falling on f is transferred to ¥ by an integration-
by-parts argument.

All in all, this eventually shows that the Lj are indeed well-suited to study the regularity of moments.
This step is fully developed in Section 4. There are two separate difficulties in order to complete this task:
obtaining the right algebra as discussed here, and proving Sobolev estimates for all the involved objects.

(In the case where n’ > n + 1, we need to set up an induction argument, and this leads the study of
successive systems of coupled kinetic transport equations, which build on the general equation (2-15).)

Propagation of regularity on moments. We then turn to the study of moments of the solutions to (2-15).
This step is partly inspired from (and thus related to) the treatment of linear Landau damping in [Mouhot
and Villani 2011].

We first use the method of characteristics to invert the operator 7 — A4. It is convenient at this stage to use
changes of variables in velocity (introduced and studied in Section 5) in order to straighten characteristics
and eventually, roughly speaking, come down from 7 to the free transport operator d; + a(v) - V. To this
end, it turns out to be efficient to introduce the change of variables v > ® where ® solves the Burgers’
equation

0P+ a(®)-Vi®=F(-,P), ®|;—0 =0,

where we can prove that ® remains close to v in small time (in terms of Sobolev norms). The problem
comes down to the understanding of the contribution of the term —(8)2€k F) 0y f, and eventually roughly
reduces to the study of an equation of the type

t
Hi(t,x) = / /(atz)(s, x—({—s)a) U(t,s,x,v)dvds + “controlled terms”,
o JR

where we know only that H, is controlled in L2(0, T; L)ZC) and U is smooth, and we seek a bound of H;
in L2(0, T; L2) (such an estimate corresponds to a control on the moments of Ly f). The integral in
time is due to the use of Duhamel’s formula, and the integral in v to the fact that we study moments in v.
We observe that the operator in the right-hand side seems to feature a loss of derivative in x. However,
we use a smoothing effect to overcome this apparent loss, which was proved in [Han-Kwan and Rousset
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2016]. The outcome is the estimate

where || - || stands for a high-order weighted Sobolev norm (in x and v) which we will make precise later.

/t/ (Vi Hy))(s,x—(—s)a()) U(t,s,x,v)dvds
0 JRY

SIHzll 200,02y sup UG, s, )]
L2(0,t;L%) 0<t,s<T

As noted in [Han-Kwan and Rousset 2016], this is reminiscent of (but different from) classical kinetic
averaging lemmas, as it loosely speaking involves the gain of one full derivative; we refer to Section 6 for
a thorough discussion.

2D. Content of the end of the paper. The paper is then organised as follows: the proofs of Corollaries 2.2
and 2.5 are provided at the end of Section 7. In Section 8, we check the general assumptions for the
Vlasov—Poisson and relativistic Vlasov—Maxwell equations, and discuss some extensions as well. As
already mentioned, Section 9 is devoted to the particular case of the transport/elliptic case, for which
Theorem 2.1 can be improved. We end the paper with the study of two examples that we cook up in order
to discuss the regularity assumptions of Theorem 2.1.

We will prove Theorem 2.1 when 7 is odd, of the form n = 2m — 1, and the higher regularity index n’
is even of the form n’ = 2(m + p). The other cases follow by the same arguments. The requirement on 7
and n’ is m > p + 2. The assumption (2-13) in this case is given by

g2m=p+h)geqh e 10 forall |a| + |B| =2p—k, forallk =0,...,2p. (2-16)

3. Local well-posedness

We prove in this section a basic local Sobolev well-posedness result for (2-1). We start by recalling useful
product estimates in weighted Sobolev spaces, taken from [Han-Kwan and Rousset 2016].

Lemma 3.1. Let s be a nonnegative integer. Consider a smooth nonnegative function x = x(v) that
satisfies 0% x| < Cy x for every multi-index o such that |a| < s:

e Consider two functions | = f(x,v), g = g(x,v); then we have for k > %S,
Ixfe Nz, < 1D poolxglerg, + gl ecelxf g, - (3-1)
e Consider a function E = E(x) and a function F(x,v); then we have for any sy > d,
IXEF | ms, S 1ENgsollxFllas, + 1 ElaslxFlas,- (3-2)

e Consider a vector field E = E(x), a function A(v), and a function f = f(x, v); then we have for any
so > 1 +d and for any multi-indices o, B such that |a| + |f] = s > 1,

119535, AV E ) - Vol fll 2, S I Allwgoo W E N ool xS g, + 1 ENeg xS ez ,)- (3-3)
e Consider two functions f = f(x,v), g = g(x, v); then we have for multi-indices o, § with |o| +|8| < s,

1% % ugllie < |5 /] e (3-4)

Ixgllas, +1xglrse,

o0
LX.U
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Proposition 3.2. Letn > d + 1 andr > rog + %d. Assume that fo € H" and F7(0) € H?. Then there
exists T > 0 such that there is a unique solution ( f(t), F(t)) with initial data ( fo, F(0)) to (2-1) such
that f(t) € C(0, T;H") and F/(t) € L*(0, T; H").

Proof of Proposition 3.2. The existence part follows from a standard iterative construction. We define

recursively a sequence of distribution functions ( f(x))xen, denoting by F) the force field associated to
f(k) and the initial condition (F 7(0)). Let us define

14
Ro:= [ follwg + Y IF Ol e
j=1
We set f() := fo and assume that fx) is already constructed (with associated force field F(x)), and is
such that for some T} > 0, we have f) € C(0, Ty; H}), and

I /oy llLo= 0,7 ;72 = 2Ro. (3-5)
We define f(x4 1) as the unique solution on [0, 7 ) to the equation
Ot fike+1) +aW) - Vi fe1) + Fioy - Vo Sk+1) =0, S+ 1)le=0 = Jo, (3-6)

obtained by the method of characteristics.
Applying the operator 9% 85 to (3-6) for || + |B| < n yields

(3 +a() - Vy + Fy- V) (0%08 fi1)) +10%98, a(v) - Vi + Fy - Vol fe 1) = 0.

We then take the L2 scalar product with (1 + |v|?)” aga{,’f(km and sum for all |@| + || < n. By
using (2-3), we have

Z /\[8§8§,a(v)-vx]ﬁk+1) 0298 fues 1| (1 +v|?)" dvdx < ||f(k+1)||72¢;-
loe|+|Bl<n

Thanks to (2-6) and estimate (3-3) in Lemma 3.1 with s = n, x(v) = (1 + |v|2)%’ and 5o = n (recall that
n>d 4+ 1), we have for all j € {1,...,¢},

| x[9% 08, Aj(U)F(jk)(x)'Vv]f(k—H)Hng S IIF(]k)llH,'gllﬂkH)llH:?-

Therefore by Cauchy—Schwarz, we get

> / 19%0%, Fatoy - Vol S 1) 0208 S 1| (1 + 01) dvdx S 1V FJ e | fiern 13-
la|+|Bl=n

Recalling that V,, - F = 0, we deduce that for all ¢ € (0, Ty),
d o
T 1w+ Ol < (1 +y ||ng)||H;;) 1 fe+1) (@) [l
j=1
so that

t
0

V4
ol = Lol ex0| € [ (14 0 17y 0)le) s | 7
j=1
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We set

My, (k) (1, X) = /Rd St x,v) ¥i(v) dv,

and by Cauchy-Schwarz and (2-7), we get, for r’ > %d such that r > ro + r/, which is possible thanks to
the assumption r > rg + %d , that

22
lmy, 0o lL200mm = D ‘(/d % S Vi dv) 1
la|<n! R L2(0,¢;LY)
1
. , |1ﬂ,‘|2dv 2
< 19 S P+ o]yt dv)(/ vl dv__
|a|25n (/Rd x /(0 re (14 [v[2)0+" [l 120401
1
i dU 2
< 9 fio P+ o]y dv)(f —)
|}§:n (/Rd x /() re (1+ 102" )| 1200101y

S oLz o,y

Therefore, by (2-9), denoting by C > 0 a generic constant that does not depend on ¢ or k, we obtain

e+ @ I3 .

< ol exp| Co-+ CVE Y I Nz

Jj=1

_ Y L
< ol exp| Ct+CVE ST (t, (Vi ol ossny iz, e S I F (0>||Hg)]
- j=1 j=1

_ Vi L
< ol exp| Ct+ Ve ST (z, Vilfwle oy, S IF (0>||H;g)].
- j=1 j=1

We now observe that if we choose 7" > 0 small enough so that

l
Ry exp|:CT +CNVT Y TUNT, 2VT Ry, Ro)} < 2Ry, (3-8)
j=1
and 7y > T, then,
I fk+1) Ol Loo(o,T:27) = 2Ro. (3-9)

Therefore, by induction, we obtain that for all k¥ € N, we have f) € C(0,T;H}), and

| foy o= 0, 1577) = 2Ro. (3-10)

For k € N\ {0}, we set hig := fx+1) — fk), which satisfies the equation

dthi +a() - Vxhg + F[fi]- Vohi + (F[ fuol = Flfe=)) - Vo fi = 0. (3-11)
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By weighted L? estimates, proceeding as before, we get
d
E”hk([)”ig

¢ ¢
< (1 +) ||Fj[f(k)]||H;’) 1 @150 + 1 fao ez D IF Lol = F/ U=l g2 1k @) -

Jj=1 Jj=1

Let ¢ € (0, T'). Integrating in time, applying Cauchy—Schwarz and using the stability property (2-11) and
the uniform estimates (3-10) for (f(x)), we obtain

7k ”LOO(O,t;H‘,’)

t Z . Z t . .
< /0 (1 + 3 [f(k)]uH,g) Vi)l ds + 3 /0 VF/Lfaol— F/ L fe—n)l 2 ds
j=1 j=1

) ¢
S VW TF ol ez, mo) il oo om0y + O 1 F L) = F7 [f(k—l)]lle(oJ;Lgc)]

Jj=1

S VI il oo o0y + VD F,Ef)#(t, (ftH/(f(k) — Jtk—1))¥i(v) dv

i=1

.....

- r
SV il s oy V1 2 TWH (0 Vil gy ||L°°(0,t;H9))]'

i=1

We can thus pick a small enough time 7’ > 0, independently of k such that for all kK € N\ {0},

ISty = Jaoll Lo o, 749y = 310ty = Sik=1) | Looo,775249)-

We can therefore pass to the limit in (3-6) and find that the limit ( f, F[f]) satisfies (in the sense of
distributions)

O f +a)-Vxf + F[f]- Vo f =0, (3-12)

with the initial conditions ( fo, F/(0)). We deduce from (3-12) that f € C°(0,7';H") and 9, f €
L%(0,T; H’r':}). Also, thanks to (2-10), we deduce F/ € L>®(0, T"; H?). That the equation is satisfied
in a classical way follows from the smoothness of ( f, F[f)]). Uniqueness is also a consequence of the
contraction estimate. O

The main matter is now to obtain the higher regularity statement for the moments. To this end, we will
focus only on the task of obtaining a priori estimates for smooth solutions of (2-1); setting

14

2p
M= folbgmr + D N3 PHOE follyo + Y IF7 Ol goonsm.  (3-13)
k=0 |a|+|B|=2p—k j=1
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we look for some time 7y > 0 depending only on M such that given a smooth test function { €
L>(0, Ty; w2m+p )’oo), the following estimate holds:

—ro

H/fl//(v) dv < CyA(Ty, M), (3-14)

L2(0,To; H ")

where A is a polynomial function which is nondecreasing with respect to each of its arguments, once the
others are fixed nonnegative numbers. In what follows, the function A may change from line to line but
will always refer to such a function.

Once a priori estimates such as (3-14) as are obtained, we apply them to the sequence of solutions
built in the iteration scheme proving the existence of solutions in the proof of Proposition 3.2. Passing to
the limit yields the higher regularity for the moments of the solution f'(¢).

4. Differential operators

In this section, we introduce and study the second-order differential operators (with coefficients depending
on ¢ and x) that we use in order to apply derivatives in x on the Vlasov equation (2-1).

The basic operators are defined in (4-3) and the definition of the coefficients is provided in Lemma 4.1.
By definition these operators involve only derivatives in x at initial time. The key algebraic result
reflecting the good commutation properties of these operators with the transport operator is stated in
Lemma 4.2.

The composition of these operators is then studied:

¢ In Lemma 4.4, it is shown that they are indeed well suited to study the regularity of moments, as
after integration in v, they act like derivations in x only (plus remainders that we can control). The
proof is quite technical as one needs to be careful of the limited available smoothness on the coefficients
of the differential operators. Note that in the statement, one does assume some (limited) higher-order
smoothness for the moments: this is in prevision of a forthcoming induction argument.

e In Lemmas 4.5 and 4.6, the equations satisfied by the functions obtained after composition of these
operators is established. This is where the key algebraic Lemma 4.2 appears to be crucial. Whereas the
formal computation is straightforward, here again, the proof appears to be quite technical in order to
justify that remainders are indeed well controlled. One also needs to be careful in order to get some
Sobolev regularity for the coefficients involved in the equations.

¢ As the systems of equations in Lemmas 4.5 and 4.6 are not closed, this invites one to study the system
satisfied by a larger set of appropriate functions; this is the purpose of Lemmas 4.7 and 4.8 (whose proof
is similar to that of Lemmas 4.5 and 4.6).

4A. Second-order operators. As in the Introduction, we set 7 := d; +a(v) -V + F -V, as the transport
operator to ease readability.

Lemma 4.1. Let n > d + 1. Assume that (F7) € L*(0, T'; H?) with norm bounded by A(T', M). There
is T € (0, T') such that there exists a unique smooth solution ((p]lc’]l, W}i’jl)i,j,k,le{l,...,d} on [0, T] of the
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system

k l — Z avk/a(U)k l)pk/l + Z avk’a(v)k wll:ljc/ - Z 8U,/a(v)m (p]l(’/jl/(p]lz lm
k' k'\l',m o
+8k.j O Fr + 8 0, Fr 4+ ) oy Oy Fl,
Y ! (4-1)
z,
ka,J[ = - Z v,/a(v)m (pk’l’wkl + on ] 8xk Fy + Z wk/lavk Fy + Z Wk 1 av,/ Iy,
k/l/

i,j i,j
‘pk,j[|t=0 = W;J;I::o =0,

where § denotes the Kronecker function and a(v)y, and Fy, stand for the k-th coordinates of a(v) and F.
Moreover we have the following estimates:

sup sup ||(¢li’§, w;;’,jl.)”W,\P,boo SAT, M) forallp<n—1-— %d,

[0,T] i,j.k,! 4-2)
sup sup ||(g0kl w )||Hn71 SA(T, M) forallf>%d.
[0,T] i,j,k,l -

We will not reproduce the proof of Lemma 4.1, since it follows, mutatis mutandis, that of Lemma 4.2 of
[Han-Kwan and Rousset 2016]: System (4-1) is solved as a semilinear system of coupled kinetic transport
equations. Note that we use the assumptions (2-3) on a and (2-6) on A4 to control the contribution of the
additional linear and semilinear terms that appear compared to Lemma 4.2 of [Han-Kwan and Rousset
2016].

We introduce now the second-order operators

Lij=02 o+ Y (0] 0x0u + 57 02, ,,) foralli,je{l.....d}. (4-3)
1<k,/=<d

We observe that by uniqueness of the solution of (4-1) and a symmetry argument, L; ; = L; ;.
One of the interests of the operators L; j comes from the following lemma.

Lemma 4.2. For all smooth functions f, we have the formula
LiijT(f)=TLi;(f)+ ( JF+ Z(p,’c x; O, F + w;cl 33/ v/F) Vo f

+Z¢” 02, 0, a@) Vi f + Y 0y,aWm @) Lim S (4-4)

k,l,m

Remark 4.3. Formula (4-4) can also be written in a more synthetic form:

LigT(f)=TLij(f)+ (LijF)- Vo f + (Lija)- Vo f + Y da@m @) Licm -
k,l.m
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Proof of Lemma 4.2. We have by direct computations
ai,.x,. (Tf) = T(E)ii’x]_ )+ 3ii,x,- F-Vyf +0x, F-Vydy, [ + 0y, F-Vyy, f.
0 0 00, (T f) = T(@) Dy 0, f) = T (00 0y f
+ ‘P]lc:jl (avza(v) : anxkf + 8xk F- vvavlf + av; r- Vvaxkf + 8xk avlF : vvf),
Ve 00 o) (TH) =T 03, 0, ) =T WD 0 f
+ U7 (9,a(V) - Ve, [+ By a(v) - Vicdy, [ + 05, ,a(v) - Vo f

Vi, V1

Dy F -V, f + 3y, F-Vydu, [+ 02, F-Vy f).

Vi,
We can rewrite

6] 80,a(v) - Vids, /= 0 D 80,a(0)m Dy Oy f
m

i\ j k, k,

=) Y Iy a®)m (Lk,mf =Y (P B Oy + V) a%,{,,,,,,>f),
m kLl

which gives

Li,jT(f) :TLi,j (f)+8xixj F'va

+Z((p]l€”j[ aXk 8'Ul F'va+¢]l;’]1 8%/(,1)] F'va+1//]l€”6 a%k,vla(v)'vxf)
k,l

+ Z av/a(v)m(p]l;,JlLk,mf
k,l.m

+Z e Oy S |:_T(plic,,§ +Z 8”k’a(v)k wi’/,.l +Z avk’a(v)k wll’/i’
k.l k' k'

TN [
- Z av,/a(v)mfﬂllc/j’lwk,]m‘{“sk,j Ox; F1+6k,i an Fl‘i‘Z%’(,}]z av,/ Fli|
k’,l’,m 14

5 Y T Y
+Z Dorvi f[_Twllc,jl_ Z 0uy, aWm @ Vi T4 O Fi
k,l k’\l'\m .. -
+D U B Ft Y ) 8v,,Fl]
k’ r
We therefore deduce (4-4), because (¢,i’§, w,i’]l.) solves (4-1). O

4B. Composition of the second-order operators. Relying on Lemma 4.2, we shall use the L; ; operators
in order to apply derivatives to the solution f of the Vlasov equation (2-1).
Setfor I,J €{l,...,d}*,

LY =Ly gy Li - 4-5)

Let us also introduce the following useful notation. Given I = (iy,...,i;) and J = (jy,..., jx), we set

a(I’J)::(ilajla---aik7jk)v (4'6)
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o I,J

xil ale b 8xl~k axjk . (4'7)

Note that by construction,
1,J _ 1,J
L) = 320D,

In what follows, f will systematically stand for the solution of (2-1), starting from fq satisfying the
assumptions of Theorem 2.1.

4C. Moments in v. We study in this section the moments in v of the L1/ f. Until the end of the section,
the times 7" > 0 will be such that the solution to (2-1) satisfies

||f||Loo(0,T;7.[%m—1) < 2Ry,

thanks to Proposition 3.2.

Lemmadd. o Letk =0,...,pand I,J € {1,...,d}" % Assume that the force field satisfies FI €

L?(0,T; H,%(m+k)_1) with norm bounded by A(T, M). Assume that foralln =2m, ...,2(m + k) —1,

forall g € L®(0, T: W72 such that ||g||, o (0.2 tn—2moe < AT, M), and all || = n,
sL PV —=rg

we have

AT M). (4-8)
L2(0.T;L3)

L/‘(azf)w(ux»v)dv
IRd

Lety € L°°(0, T: Wil'r+02+2k,°°) satisfy ||W||LOO(O,T;Wii;i(-)2+2k.oo) <A(T, M). We have

/ LY £y, x,v)dv =/ D) £y (e, x,v) dv+ Ry gy, (4-9)
R4 R4
where Ry j y is a remainder satisfying the estimate

IR0 L20,7:22) < AT, M). (4-10)

o Letk=0,...,p—landI,J€{l,..., d}’""‘k. Assume the force field satisfies F/e L?(0,T; H)%(m—’_k))
with norm bounded by A(T, M'). Assume that for alln =2m, ...,2(m + k), for all |«| = n, and for all
e lL>®0,T; Wil;gz—i_n_zm’oo) such that ||<p||Loo(0 Tyt 2tn—2m.c0) < A(T, M), we have

£ —ro

< A(T, M). 4-11)
L2(0,T;L3)

‘Agﬁﬂwmxwm

Let y € L®(0, T Wii;l;3+2k,°°) satisfy ||1/f||L°°(O,T;Wi’;S3+2k’°°) S AT, M). Let 0 = 0y, or 0y, for
somei €{l,...,d}. We have

/ ALY fy(t, x,v) dv =/ 2 EDof w(t, x, v)dv+Ry gy (4-12)
R4 R4
where Ry j y is a remainder satisfying the estimate

”mla«’,W”LZ(O,T;L)ZC) =SAT.M). (4-13)
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This result will allow us to set up an induction argument: indeed, with the assumption (4-8) (resp. (4-11))
that corresponds to regularity of the moments up to order 2(m + k) — 1 (resp. 2(m + k)), this will imply
that controlling the moments of the (L’>/ f) gives information on the regularity of the moments up to
order 2(m + k) (resp. 2(m + k) + 1).

Proof of Lemma 4.4. Let us focus only on the first item (the proof of the second one is completely similar).
Let ¢ € L0, T; Wf;nger’oo). The beginning of the proof closely follows that of Lemma 4.3 of
[Han-Kwan and Rousset 2016]. At first, we can expand fr j = L7 f in a more tractable form. Let us

set for readability

Then, by induction, we obtain

2(m+k)—2
frg=02dD 3 Pk (U) PEL ,0U) - P (3°U) 850° f
s=0 e, kg,....ks
2(m+k)—2
=D N N REgok (4-14)
s=0 e,a,k(),...,k‘y

where the sum is taken on indices such that

lel=1, |a|=2m+k)—1-—s,
(4-15)
k0+k1+"'+ks§ﬂ’l+k, k()Zl, k1+2k2+-~-+sks=s,

and for all 0 < p <, we have Ps]f 2,«(X) is a polynomial of degree smaller than k, (we denote by kU
the vector made of all the partial derivatives of length k of all components of U). We can set

2(m+k)—2

m””‘”:/ﬂw‘“"”) > X Rt

s=0 e, kg,....ks
so that we have to estimate [pq wRI;?e’;&’ks dv. All the following estimates are uniform in time for
t €0, T'] and we shall dismiss the time parameter to ease readability.
We begin by estimating the terms for which s > 2k + 1. Note that for all these terms the total number
of derivatives applied to f is at most 2m — 1.

e Whens <2(m+k)— %d — 2, we can use estimate (4-2) in Lemma 4.1 to obtain

1Pk ,(U) PEL ,(3U)--- PEs (3°U)| g0, < AT, M),

s.e,a §,e,a X, v —
and hence using that

sup |(1+ w320y (-, v)| < A(T, M),
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we obtain by Cauchy—Schwarz that since r > rg + r’ for some r’ > %d , we have

_1 —p! 1 /
S I+ ) 7200 Dy o [[(1 4+ [0]2) 20+ 980 £ - |

dv z
< A(T, M)(/Rd W) IS l32m—1
< A(T, M).

e Let us now consider s >2(m+k)—2— %d . We start with the case where in the sequence (kq, ..., k),
the largest index / such that k; # 0 and k, = O for every p > [ is such that / > %s. In this case, since
lk; < s has to hold, we necessarily have k; = 1. Moreover, for the indices p < [ such that k, # 0,
we must have p < pk, < %s. Thus, we can use estimate (4-2) in Lemma 4.1 to bound [|0?U ||z,
provided %s <2(m+k)— %d —2. Since s < 2(m + k) — 2, this is satisfied thanks to the assumption that
2m > 2 + d. We thus obtain

/R’g‘}’a’ks dv| < A(T, M)H/wa’U 9¢0% f dv
L3 L3
Next, we can use the fact that
_1 1
fwa’U L AT, M)+ 0727 3 U 21+ [P 270% 950% £ 2], 2

1
S AT, M)|U || zm—2 sup [|(1+ [v[*)2" 850 £ 2.
X
By the Sobolev embedding in x, we have
1
sup [|(1+ [v|*)2" 850% £l 2 < 11/ llg2m—1
X

assoonas2m—1>1+|a|+ %d =14+2m+k)—1—s+ %d, which is equivalent to s > 1 + 2k + %d.
Since we are in the case where s > 2(m+k)—2— %d , the condition is matched, thanks to the assumption
2m > 3 + d. Consequently, by using estimate (4-2) in Lemma 4.1, we obtain again that

H / R ™ dv

Finally, it remains to handle the case where k; = 0 for every / > %s. As above, we necessarily have
%s <2(m+k)— %d — 2 and hence by using again estimate (4-2) in Lemma 4.1, we find

< A(T, M).
L3

13'U |l pee, < AT M), 1< 1s.

We deduce

E A(T, M)”f”HZm—l 5 A(T, M)
2 ¥

X

It remains to treat the cases corresponding to s < 2k; that is to say, ’;?s’;(;g ks contains the maximal

number of derivatives applied to f. This means that |o| = 2m —1,...,2(m + k) — 1 so that at least
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2m derivatives of f are involved. We define for readability the associated coefficient

[:=y PR (U) Pk, 0U)--- P (9°U),

s,e,a s,e,a

and we have to study the L2 norm of [ T' 940 f dv.
First, assume that || < 2(m + k) — 2 (which corresponds to s > 1). We note that for all s’ =
0,...,2(m+k)—1—|a|, we have by Lemma 4.1 that

105U | 0o < AT, M) forall k <2(m+k)—2—1d -5

Since s’ <2(m + k) — 1 — |a|, we have 2(m—|—k)—2—%d—s’ > |a|—%d— 1>d+2+|a|+1-2m
because 2m > %d + 4. Therefore

“aS/U”dej2+|lX|+172m,oo <AT, M),
Tl d42+lal+1-2m.00 < AT, M).
a8

We can thus use the assumption (4-8) to obtain the bound
H/ L 350% f dv - < AT, M). (4-16)

Assume finally that |o| = 2(m +k)—1 (which corresponds to s = 0); that is to say, 2(m + k) derivatives

of f are involved. We can write, by integration by parts in v (relying on the fast decay of f and its
derivatives at infinity)

/ Faf;a“fdv:—/ 8$F8“fdv.
R4 R4
We have

1051l ya+1426.00 < A(T, M),
a8

and we can use again (4-8) to obtain

/agraafdv

< A(T, M).
2

X

In summary, we have proved
1R1,0,9 2 = AT, M). O
4D. The equation satisfied by LT-7 f. Using the algebraic identities of Lemma 4.2, we obtain:

Lemma 4.5. Forallk =0,. .., p, the following holds. Assume that (F7) € L*(0, T H,?(erk)_l) with
norm bounded by A(T, M). Forall I,J €{1,...,d}"*k we have

m+k
. . 1,J g
T N+ SDEV = Y Y > VKLapLtT O+ R,
r=m—k K,Le{l,...d} |a|+|B|=m+k—r 4-17)

where

1,J . .
* VK Lapdre coefficients satisfying

1,J

17K L gl ooy S AT M), @18
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* Ry j is a remainder satisfying
IR1.g | oo 0,700y S AT M) forall 7 <r — ld.

A version of this lemma was proved in [Han-Kwan and Rousset 2016] in the case k = 0.
Lemma 4.5 will be useful in the induction argument to treat the case of even integers. For odd integers,
we have the following result.

Lemma 4.6. Forallk =0, ..., p—1, the following holds. Assume that (F7) € L2(0, T: H2™ VO vih
norm bounded by A(T, M ). Forall I,J €{1,..., d}m+k, andi =1,...,d,we have
T 0, ) + 0, 88D F -V f =

m+k

2 2 > Ve pa g LXE 0208 f + Ryyry, (4-19)

r=m—k—1 K,Le{l,...,d}" |a|+|B|l=m+k+1—r

T 8y, ) + 0,00 D F. v, f =
m+k
> 2. > yprtd LEL OB [+ Ry 1y, (420)
r=m—k—1 K,Le{l,...d}" |a|+|Bl=m+k+1—r
where

xil,J vil,J . .
* Yk Lop VK.Lap@re coefficients satisfying

xi,I,J vi, I,J
1Yk Lap VK Lapll 20, w200y S AT M), 4-21)

* Ry, 1,7, Ry, 1,7 are remainders satisfying
~ 1
HinJJ”LOO(o,T;H‘F’) + ||Rv,~,I,J ||L°°(O,T;’H9) SAT, M) foralli <r— Ed'

4E. The equation satisfied by L1/ 3;‘85 f. Lemma 4.5 invites us to search for a closed equation on
L7 8%8’3]’ forke{0,...,p}, re{m—k,...,m+k}, I,Je€{l,....d} andall ||+ |8|=m+k—r
(and similarly for Lemma 4.6). This is the purpose of the next two lemmas.

Lemmad4.7. Letk =0,...,p. Letr =m—k,...,m+ k. Assume that (F7) € L*(0, T Hf(m’Lk)_l)
with norm bounded by A(T, M). Forall I,J €{1,...,d} andall |a|+ |B| =m +k —r, we have
T 0500 )+ 0%k D F- vy f =

r
I.Ja, 7 K,L q0’qf’
Z Z Z VK,L,O;/,ﬂ’ LEL 9298 4+ Rrjap (4-22)

r'=m—k K,Le{l,..d}" |&'|+|B'|=m+k—r’
where

I’J’aa . . .
* VYK.Lap 9r¢ coefficients satisfying

xi,1,J v;,I,J <
1Yk Lo V& LoapllL200,7m8 3200y S AT M), (4-23)
* Rj j.a,p is aremainder satisfying

”RI,J,Ol,ﬂ”Loo(O’T;H(r)) SAT, M) forallt <r— %d,
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Lemmads8. Letk =0,..., p—1. Letr =m—k—1,...,m-+k. Assume that (F7) € L2(0, T; H2"+0)
with norm bounded by A(T, M'). Forall I,J €{1,...,d} ,and all |x|+|B| =m +k + 1 —r, we have
T %08 1)+ 0%0P gD Fuv, 1

r

1,7, K,L qa’ o8
= X > > Yk, Lofxﬂﬂ’ LELO L f+ Ry jap. (424

r'=m—k—1 K Le{l,..d} |o/|+|B|=m+k+1—r
where

yII( JLa /ﬂ pr are coefficients satisfying

171 J 1,1 J
II)/; La,p Vllé La ﬁ”LZ(o,T;W;{jZW) S AT, M), (4-25)

* Ry j.a,p is aremainder satisfying
IRr, 08l Looo, 700y S AT M) forall 7 <r — 1d.
We observe that as wanted, Lemmas 4.7 and 4.8 provide closed systems of equations.
To conclude this section, we shall give the proofs of Lemmas 4.5 and 4.7 (the proofs of the remaining

Lemmas 4.6 and 4.8 being very similar).

4F. Proofs of Lemmas 4.5 and 4.7.

Proof of Lemma 4.5. Let7 <r — —d Since r > d, we can assume, without loss of generality, that
F> %d . We can write, by an inductlon argument relying on Lemma 4.2, that

T f) = Fry,

with the source term Fy j given by Fr j = — Z?:l F;, where
m+k—1

Fy = E : Li,j, - lm+k CsJm+k—

(( Xiptde—et1 Ximak—e41 ).VULim+k7€+25jm+kf€+2“'Lierk,jerkf)s (4-26)

m+k—1
F2 = Z Lil,j] T Lierkfeyjerku

Im4k—e+1sJm+k—e+1
X ) ) F
(|: Pr,1 axtm+k—e+1 a”!m+k—e+1
k.l

+w1m+k — e 1> Tmthe— —t+152 F
Viptk—e+1"Yim+k—e+1

’ VULiqukuJrZ,jerkuJrZ Tt Lim+kajm+k f)’ (4-27)
m+k—1

F3 = § : Li,j, - lm+k CsJm+k—

w’m+k—€+hjm+k—€+l 92 a
Zkl k.l Viptk—e+1"Yim+k—e+1

'vxLim+k—z+2,jm+k—e+2 T Lim+kajm+k f)’ (4-28)
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m+k—1
Fy = § Li,j "'Lim+k—z,jm+k—e
e_

=1
Im4k—e+1>Jm+k—e+1 ) ) ) )
X § : v a (V) Prr 1 Livow Lipyik—esasimi—etz " Limyscojman - (4-29)
k' l'm’

We shall focus on the contribution of F;. We have to estimate terms of the form
Fig=L""*"G,, G =9E-V,L"", (4-30)

where we use the notation L" for the composition of 7 operators of type L; ; (the exact combination of
the operators involved in the composition does not matter here). Note that as in (4-14), we can write L"
in the form
2n—2
L"=0%+>" > Pk _(U)PE,OU)-- Pk (9°U) 050%, (4-31)
s=0 e, kg,....ks

where for all 0 < p <s, we have Psk, 2,2 (X) is a polynomial of degree smaller than k,, the multi-index o,

has length 27 and the sum is taken on indices such that
le|l=1, |a|=2n—1—s, ko+ki+---+ks<n, ko=>1, ki+2ky+---+sks=s5. (4-32)

Let us first establish a general estimate, adapted from [Han-Kwan and Rousset 2016]. We set for any
function G(x, v),

LG (xv)= Y Jppk(G). (4-33)
s,B,Ke€E
where K = (ko, ..., ks) and
Jps.p.k (G)(x.v) = PRyU) PELOU) - P (0°U) 086, (4-34)

where for all 0 <r <, we have PSk’ﬁ (X) is a polynomial of degree smaller than k, and the sum is taken
over indices belonging to the set £ defined by

|ﬁ|=p—s, k0+k1+---+k35%p, k1+2k2+-'-+sks=s, 0<s=<p-2. (4-35)

Lemma 4.9. For2(m+k)—1=>p>1,2m>d +3, 7 > %d and s, p, K satisfying (4-35), we have
the estimate
19p@llye < AT M (IG e+ > 10U 8Gllye)- (4-36)
122(m+k)—3d—2
[+]a|<p,|a|>2
Proof of Lemma 4.9. For the terms in the sum such that s < 2(m + k) — %d — 2, we can use estimate (4-2)
in Lemma 4.1 to obtain

1p.s.6.5 (G)llg0 = AT, M)|G |32

When s > 2(m + k) — %d — 2, we first consider the terms for which in the sequence (k1,..., k) the
largest index / for which k; # 0 is such that / <2(m + k) — %d — 2. Then again thanks to estimate (4-2)
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in Lemma 4.1, we obtain

1p.s.6.5 (Gllg0 = AT, M)|G -
When ! > 2(m+k)— %d —2, we first observe that we necessarily have k; = 1. Indeed if k; > 2, because
of (4-35), we must have [ < %s. This is possible only if 2(m + k) — %d —2< %p —2= %(2(171 +k)—3),
which corresponds to m + k < %d + 1, and hence this is impossible. Consequently k; = 1. Moreover, we
note that for the other indices / for which kl~ = 0, because of (4-35), we must have /k; < s —[k;, so that

[<s—I<s—2m+k)+id+2=<1d-1,

and we observe that %d —1<2m— %d — 2. Consequently, by another use of estimate (4-2) in Lemma 4.1,
we obtain

1pspx (@l <ATM) > 3V Gl

[=2(m+k)—Ld—2
I+|x|<p,|a|=2

The fact that || > 2 comes from (4-35). O

We shall now estimate F 4. Looking at the expansion of Lmtk—t given by (4-31), we have to estimate
terms of the form J,(Gy) with p <2(m + k —{). Using (4-31), we decompose Gy as
Gy=0F -VyL" ' f =9 F-Vy(Hy 4 + Hy_) = Gy 4 + Gy,

where:

e In Hy,, we gather all terms of the form (4-34), with G = f, such that 2k + 1 + || > 2£. These
terms may contribute to terms with at least 2m derivatives of f.

¢ On the other hand in Hy _, the terms that arise correspond to 2k + 1 + || < 2, which involve at
most 2m — 1 derivatives of f.

We first focus on the contribution of Gy _; we define
Fyg_:=L"tG,

Let us start with the case £ > %(m + k). We can use the decomposition (4-31), which means that we have
to estimate terms of the form J,(Gy _) with p <2(m+k —{) <2(m+k)—1, and apply Lemma 4.9 to get

Figp_ )
10~ 220,720

=< A(T,M)(llGe,—||L2(0,T;H'g<m+k—a) + > [ERY 3“Ge,—||Lz(0,T;Hg))- (4-37)

1=2(m+k)—3d—2
[+ <2(m+k—£), oa|>2

We observe that in the right-hand side of (4-37), we have [ <2(m +k —£) —2 < m + k —2; consequently,
since 2m—1>d —1,wehave [ <2(m+k)— %d —2, and hence we can estimate |3’ U ||z by using
estimate (4-2) in Lemma 4.1. This yields

11 e ~lz20,mim0) = AT MG~ oo o 1 g20m+4-0y, €2 L(m +k).
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Then we use estimate (3-2) in Lemma 3.1 with s = 2(m + k — £) and so = d + 1, and the definition of
Gy, to estimate [|Gg,— ||, 2on+r—o. Since d +2 <2m—1and 2(m +k —{£) +2 < 2(m + k) —1 (because

> %(m + k) > 2), we obtain
1,6~ N L20,7:20) = A(T,M)(SI;P IF/ 2.7 mra+1) Vo He Nl oo o 1 20m 402y

+sup [ F/ || 20,1 mr2om+i—0+2) [ Vo He || o o T.Hg<m+k—e)))
j 9 b r

<A(T,M) sup | F/ 200, 7 Fr2m+i0-1y || Vo He — ”LOO(O,T;H%('"H‘*@))’ (4-38)
J "

By using the regularity assumption on F/, this yields
11 e~lL20, 7m0y = AT M)IVo Hy | oo o, 7 p20m -0,

To estimate the above right-hand side, we need to estimate 0% , Hy — with |y| < 2(m + k —£) + 1.
Recalling the definition of Hy _, by taking derivatives using the expression (4-31), we see that we have to
estimate terms under the form J,(f) with p < 2m — 1. Using Lemma 4.9 one more time, we thus obtain

1Fre-laormm S AT M (1 Iooraenn+ 20 10U flleporam)-

I=2(m+k)—1d—2
I+|a|<2m—1, |a|=2

To estimate the right-hand side, we argue as follows. Let r’ > %d be such that 7 + ' < r. Since |o| > 2
and |a|—24/ <2m —3, we can use estimate (3-4) in Lemma 3.1 (taking x(v) = (1 + |v|2)%’/) to obtain

LN
1 U +10)27 9 fll 2, S 1T 132m-s 1(1 + 01%)" 92 fllzoo + U l[Loell fllyam-1.  (4-39)
By using again estimate (4-2) in Lemma 4.1 and the Sobolev embedding, we finally obtain
|Fre—llp2o oty < AT M S oo rapzn-ty < AT M), €= Som+k).  (4-40)

It remains to handle the case £ < %(m + k). Note that necessarily, for these cases to be meaningful,
we must have 2k + 1 < 2£. Assume first £ > 2. We obtain again (4-37). We first need to estimate
92 F - VUH£9_||L2(0 T 2mtk=0)). We thus have to study

18892 F - V,0" Hy _ 220, 7:29):

with |B|+|y| <2(m+k —£). Since £ > 2, we have |f|+2 <2(m+k—1). If |B|+2 <2(m+k)—1—1d,
then we get, by the Sobolev embedding, the bound

16792 F - V3 Hy Il 2o 7m0y = 500 18802 F 20,750y 1900” He Il 2o 7o)
J

< sup [ F7 120 7. gr2om+o—1y 1S I 20, 7902m=1y
j

< AT, M),
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recalling the definition of Hy _. If | 8| > 2(m+k)—3—1d, then |y| <2(m+k—£)—2(m+k)+3+1d
and thus the term V, 0¥ H; _ involves at most %d + 2 derivatives. Since 2m — 1 > %d + 2, we have

19892 F - v, 9" Hy _ ||L2(0,T;H9) < Sl;p 19892 F/ I L200,7:02) I He,— ||L2(0’T;Wfd/2+2,oo)

= SI;P IF/ ||L2(o,T;H)%("’+""1 ”f”LZ(O,T;H%’”_l)
<AT, M).
We also have to estimate terms in (4-37) of the form
18'U 8897 F 97 Vy Hy |50,

with [ > 2(m +k)—%d—2 and / +|B|+|y| < 2(m+k—£). Note that this implies || <2(m+k—€)—] <
%d +2-2< %d since we have £ > 1. In particular this yields || +2 <2m—1— %d since 2m > 3+ %d,
and thus by using the Sobolev embedding and (2-9), we obtain

10'U 0P9* F 0" Vy Hy,— 13,0 < sup L7 || grzm—1 19U 0" Vy He |0
J
S (1S lygm=r + sup | F/ (0| gam-1)[|0'U 0"y He |0
J
< AT, M)||p'U 0"V He | 5,0-

Consequently, it remains to estimate |3/ U 0" VyHy |0 for I = 2(m + k) — %d —2and / + |y| <
2(m+k —{). By using again (4-31) and the definition of Hrg’_, we can expand 0¥V, Hy _ as terms of the
form J,(f), with p <2(£—k)+|y|—1. Since we have 2({ —k) +|y|—1=1 +%d <2(m +k)—%d—2,
we can use estimate (4-2) in Lemma 4.1 again to estimate all the terms in the expression of J,(f)
involving U and its derivatives in L°°. This yields

18'0 8 Vo Hy,—llyyo < AT.M) Y 19U 87 fllyg0.
¥y

with |7| < |y| + 2(€ — k) — 1. Consequently, arguing as for (4-39), we obtain
[RY 0" Vo Hy, 30 < AT M) (U llzooll £ llyzm—1 + 11+ 0" f g, U l132m=1),

where we recall r’ > %d and we conclude finally by invoking estimate (4-2) in Lemma 4.1 and the
Sobolev embedding that

1 Fre~lp2, 0y < AT M), 20 = 5(m+k). (4-41)
For the case £ = 1 to be meaningful, £ must be equal to 0. We set aside the term 8§(I’J)F -V f, which

appears in the formula (4-17), and we thus have to study the term

Lilsjl “.Lim—lajm—l(az -nF'vvf)_a‘)xc(I’J)F'va-

Xim sXjy
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We argue exactly as before to obtain a bound in L2(0, T'; ”H,g) by A(T, M) (note indeed that at most
2m — 1 derivatives of f and F are involved). Gathering all pieces together, we have thus proven that

1F 1=l 20, 7i300) < AT M). (4-42)

Let us now treat the contribution of G ., which will give rise to terms involving 2m up to 2(m + k)
derivatives of f. Let j € {0,...,2k}. Let us describe the form of the terms involving derivatives of
order 2m + j of f. We note that 2m + j —1>2m —1>m+ p—1>m+ k — 1. This means that such
terms are necessarily of the form

0 0 k Kk m—+j—k m—+j—k .
(3% 95 Livjy - Lig,ji 0% 95 L o5 ) (4-43)

Imj—k>Jm+j—k

with
m+j—k m+j—k
S olek|+ 1Bk =2k, > IBFI#0.
k=0 k=0

In order to have exactly 2m + j derivatives of f, this expression can be rewritten as LX-L 0% 85 f, where
|K|=|L|=m+4 j—k and |a| + |B| = 2k — Jj, |B| = 1. Indeed if derivatives fall on a coefficient of
one of the L;, j, , then there are less than 2m + j derivatives of f.

We denote by yII(ila 8 the coefficient associated to such terms. Note that for |y| < 2k — j — 1,
we have 0502 F! € L%(0,T; Hfmﬂ_z). Since we have 2m > %d + 4, we can bound this term in
L%(0,T; W,fl+2’°°) by the Sobolev embedding. Likewise, for |y| <2k —j—1,since 2m+ j—1— %d >
d + 2 we have 9% ,U € L®(0, T} W;’,jz""’). All in all, we deduce

1,J,1
”)/K,L,Ot,ﬂ”LZ(O,T;W;{;’_Z"X’) < A(T, M)

It remains to treat the other terms that all involve at most 2m — 1 derivatives on f. If k > 1, we set aside the
term 8§(1’J)F -V, f in (4-17), which corresponds to the case £ = 1 treated above (relevant when k& = 0).
The other terms can be considered as remainders that are uniformly bounded in L2(0, T’; ’Hg), since
at most 2m — 1 derivatives are involved on f and at most 2(m + k) — 1 derivatives are involved on F;
these terms can be treated exactly as we treated the remainders in Gy _.
The treatment of Fy, F3, F, gives rise to similar terms and we omit it. O

Proof of Lemma 4.7. The proof is similar to the previous one. We shall only explain why the terms
involving at least 2m derivatives of f are indeed of the form appearing in (4-22).

Letk =0,...,p—1,andr =m+ j for j = -k —1,...,k. We look for the terms involving
2m + [ derivatives of f for/ = 0,...,k + 1 + j. Among the operators in L1/ there are exactly
2m+Il—(m+k+1—r)=2m+ j+1—k—1 derivatives to be applied on f. Sincem > p >k + 1,
we have 2m + j +1—k —1 > m + j. This means that these derivatives must be of the form L%-L 9 8‘3,
with |K| =|L|=m+/—-k—1and |y|+|8| = j —[ + k + 1 (up to commutations between the
differential operators as in (4-43), which is treated as in the previous proof). In the end, the terms
involving 2m + [ derivatives of f are thus necessarily of the form L&-L 9% 8% f, with

|K|=|Ll=m+I1—k—1, |y|+[8]|=2k+2-1,

as appearing in (4-22). O
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Remark 4.10. An inspection of the proof reveals that the uniform regularity of the coefficients in (4-18),
(4-21), (4-23), (4-25) can be improved to L2(0, T’; prv )forall p<2m—2— %d.

5. Burgers’ equation and the semilagrangian approach

In this section, we explain the procedure to straighten the transport operator 7, which allows, loosely
speaking, to come down to the operator d; + a(v) - V. This relies on several changes of variables in
velocity that we introduce now.

Let ®(z, x, v) satisfy the Burgers’ equation

{8t®+a(<l>)-VXCI>= F(t,x, D), 51)
®(0, x,v) =v.
The interest in introducing the vector field ® comes from the following algebraic identity.
Lemma 5.1. Given a smooth function g satisfying T g = R, the function
G(t,x,v):=g(t,x,®(t, x,v))
solves the equation
0:G +a(d(t, x,v))- VG = R(t, x, D(¢, x, v)). (5-2)

Proof of Lemma 5.1. We compute
0:G = (0:2)(t, x,P(t,x,0))+3;,P- (Vy2) (¢, x, (¢, x,v)),
a(®)-VxG = a(®)- (Vxg)(t,x, ®(1,x,v)) +[a(P) - Vi ®]- (Vo @) (1. x, (1, x, V).
Since 7g = R, we have

(0:8)(t, x, ®(t, x,v)) + a(®) - (Vxg)(t, x, (7, x,v))
=—F(,x,®) - (Vyg)(t,x,d(t, x,v)) + R(t, x, D(¢, x,v)).

From (5-1), we deduce (5-2) as claimed. O

In other words, the change of variables in velocity v — (¢, x, v) allows us to straighten the vector
field 7.
We now provide a lemma concerning the existence, uniqueness and regularity of solutions of (5-1).

Lemma 5.2. Assume that for all j = 1,...,{, we have Fi e L?(0,T; H?) with norm bounded by

AT, M). There is T € (0, T'] such that the following holds. There exists a unique solution ®(t, x, v) €
Cc%0,T; Wf °) of (5-1) and we have the following estimates:

sup sup Z 0% 4 (P — gz, + sup ||CI)—U||Wkoo SANT, M), (5-3)
0.71 Y 41<n [o,
sup sup »  [|9% ,(a(®) —a(v))ll 2 + sup [la(P) —a()|lyroe AT, M) (5-4)
[0.71 Y y1<n ' [0,T] '

forallk <n— %d.



218 DANIEL HAN-KWAN

We shall not provide the proof of Lemma 5.2 as it follows closely the proof of Lemma 4.6 in [Han-
Kwan and Rousset 2016]. Here the source is semilinear, whereas there it is linear; however, the proof is
essentially the same (see also [Han-Kwan et al. 2017] for a similar issue).

We now introduce the characteristics associated to ®, defined as the solution to

{atX(t,s,x, v) = a(®)(t, X(t, 5, x.,v), v), 5.5)

X(s,s,x,v) =X,

and study the deviation of X from the (modified) free transport flow.3

Lemma 5.3. Assume that for all j = 1,...,£, we have FJ e L°°(0,T'; H?) with norm bounded by
A(T', M). There is T € (0, T'] such that the following holds. For every 0 < s,t < T, we can write

X(t,5,x,0) = x + (1 —5)(a(v) + X(1, 5, x, V), (5-6)
with X that satisfies the estimate

sup  sup Z ||8‘)¥C,v)z(t,s,x,v)||L)zc + sup ||X(Z,S,X,U)||W\£\:boo SANT, M) (5-7)

t,SG[O,T] v |OC|SI1 t,SG[O,T]

forallk <n— %d. Moreover, the map x +— x + (t — $)X(t, s, x, v) is a diffeomorphism, and there exists
W(t, s, x,v) such that the identity

X(t,s,x,¥(t,8,x,0)=x4(t —s)a(v)

holds. Finally, we have the estimate

sup [sup 32 102, (900.5,5,0) = 0z + 18 v0) vl | SATM) 59

t,SE[O,T] v |a|§n

1
forallk <n—3d.

Again, we will not reproduce the proof of Lemma 5.3 as it follows closely that of Lemma 5.1 in
[Han-Kwan and Rousset 2016].

In what follows, the procedure will consist in applying derivatives on (2-1) using multiple combinations
of the operators L’/ that were introduced and studied in the previous section. This yields systems of
Vlasov equations with sources, such as (4-22) in Lemma 4.7. It is on these equations that we will apply
the change of variables v — (¢, x, v) in order to straighten the transport operator 7. We then integrate
along characteristics, which is why the X(¢, s, x, v) are useful, and average in velocity to obtain equations
bearing on moments. In these equations, it will be crucial to apply various changes of variables based on
the X and W introduced in Lemma 5.3.

This is what we refer to as the semilagrangian approach.

3Note that the X introduced here is not the same as the X previously defined in (1-7).
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6. Averaging operators

Fori € {1,...,d} and a smooth function U(¢, s, x, v), we define the following integral operator K g)
acting on scalar functions H (z, x):

K (H) (1, x) = /0/.; (0 H)(5, X = (¢ =5)a@)) U(t, 5, x, v) dv ds. 1)

The integral operator K can be seen as a modified version of the operator K(')

KD (H)(1,x) = / / (0, H) (5. x — (t —5)v) U(1. 5. X, v) dv ds
0 JR3
that was studied in [Han-Kwan and Rousset 2016].

6A. The smoothing estimate. We note that the operators K g) and KS) seem to feature a loss of derivative
in x. It was nevertheless proved in [Han-Kwan and Rousset 2016, Proposition 5.1 and Remark 5.1]
that for the operators K(i), this loss is only apparent, provided that U is sufficiently smooth in x, v and
decaying in v: this is the content of the following theorem.

Theorem 6.1 [Han-Kwan and Rousset 2016]. Letk > 1 +d and o > ld Forall H € L*(0,T;L2),
and foralli € {1,...,d}, we have

”K(l)(H)“LZ(() T;L2%) < sup . U, s, )”Hk ||H||L2(0 T;L2) (6-2)
<s,t=<

Based on this result, we deduce the following smoothing estimate?* for the operators K (i).

Proposition 6.2. Let k > 1 +d and 0 > ld Forall H € L*(0,T; L), and for alli € {1,...,d}, we
have

1K Dl 20,702y S 591U g 1H 20723, (6-3)

<s,t<T
withry =0 + (1 +A)(d + k).

Proof of Proposition 6.2. To ease readability we set dx = dx; and we forget about the subscript i. We
come down from the modified to the straight operator by using the change of variable w := a(v). We get

Ky(H)(t,x) = /ot/(Rd)(E)xH)(s, x—(—s)w)U(t,s,x,a” (w))|det Da(a™ (w))|"! dw ds

= Ku(H)(t,X),
with
U, s, x,w) = U(t,s,x,a " (w))|det Da(a™ " (w))|™! 1a(ray-

Letk >1+4+d and 0 > %d. By Theorem 6.1, we get

||KU(H)||L2([0,T];L§) = ||KU(H)||L2([0,T];L)ZC) S sup . UG, s, )”7-4; ”H”LZ([O,T];Li)
0=<s,t=<

4 A close version of this result is also stated in [Han-Kwan et al. 2017] for the special case a(v) = 9.
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By the assumption on @, we have

10%a™ ()| < (1+]a™" (w)]) Tl

In particular, we deduce
[det Da(a™ )™ 5 (1+|a™! (w))*H.

As a consequence, we have, by the Faa di Bruno formula, and using the reverse change of variable
v =a"'(w) and (2-3), that

. < .
UG, s, )”Hl(} < UG,s, )||H§+(d+k)(1+k)’

and hence the claimed estimate. O

6B. Intermission: a comparison to averaging lemmas. We end this section with a comparison of the
smoothing estimate we have just shown, in the simple case where a(v) = v, which corresponds to
Theorem 6.1, with kinetic averaging lemmas. Averaging lemmas were introduced in [Golse et al. 1985;
1988; Agoshkov 1984] and now generically stand for various smoothing effects in average for kinetic
transport-type equations.> They proved over the years to be fundamental in several contexts of kinetic
theory, as they provide compactness and regularity. There exist many versions of these, involving several
different assumptions on the functional spaces, on the number of derivatives in v or in x in the source etc.;
see, e.g., [DiPerna et al. 1991; Perthame and Souganidis 1998; Golse and Saint-Raymond 2002; Bouchut
2002; Jabin and Vega 2004; Jabin 2009; Arsénio and Saint-Raymond 2011; Arsénio and Masmoudi 2014]
for more recent advances. The closest (to Theorem 6.1) analogue of averaging lemmas is arguably the
following result.

Theorem 6.3 [Perthame and Souganidis 1998]. Let 1 < p <oo. Let f,g = (gj)j=1,...d € Lf’x’v satisfy

the transport equation

d
0rf+v-Vif= ZB.Xjal‘;gj’ (6-4)
j=1

where k is an arbitrary multi-index. Let ¢(v) be a C° compactly supported function and set
pott.x) = [ Fx0) gy dv

.11
Then we have, forall o € [0, mln(;, 7)),
1— o _o
TKIF1 I3ES
1Pellze, < Capagl Flly NI (6-5)

Let us focus especially on the case p =2, |k| = 0, in which case (6-5) actually also holds for & = %
Theorem 6.1 can also be understood as a kind of averaging lemma for the moments in v of the kinetic

3 Actually this can be embedded in a more general framework; see in particular [Gérard 1990; Gérard and Golse 1992; Gérard
et al. 1996].
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equation (6-4), in the special case where the source has the form

d
> 0y, Hj(1.x) 95145 (¢, x. v), (6-6)
ji=1

where U/ is smooth in x and v, and the initial condition is f|,—¢ = 0. Let ¢(¢, x, v) be a smooth and
decaying test function. Then by the method of characteristics,

f(t,x,v)= / Zax]HJ(s x—(t—s)v) 8kZ/lJ(s x—({t—s)v,v)ds,

and thus
‘ d d |
pott:6) = [ [ 3 b Hy 55— =0) 85245 5=y, 0) 0, 0) ds = 30K ).
Jj=1 j=1

setting Uj (s, 7, x,v) = a’;uj (s,x —(t—s)v,v) (¢, x,v). The regularity assumption of Theorem 6.1 can
be written as
sup | Uj(t.5.-) 6 < 00
0<s,t<T

fork>1+d, 0 > %d , and the consequence is

HwhmﬂJNSwTZMMH)Mthmw) (6-7)
0=<s,t=<

This estimate is not a consequence of Theorem 6.3. Indeed, note that it does not involve the L2 norm of
the solution f: somehow, this can be roughly seen as a version of Theorem 6.3 allowing @ = 1, whereas

Theorem 6.3 only allows o < 5, at the expense of asking for the structure assumption (6-6) on the source g

J— 2 bl
and of considering a norm for the source that is more demanding than the L? norm of estimate (6-5).
Observe also that Theorem 6.1 does not require the test function in v to be decaying at infinity, as long

as for all j, we have U; in (6-6) is itself decaying sufficiently fast at infinity.

7. Proofs of Theorem 2.1 and Corollaries 2.2 and 2.5

We finally set up an induction argument, which relies on the machinery developed in the previous sections,
and will ultimately lead to the proof of Theorem 2.1. We summarize the procedure below:

By induction, we assume smoothness on the moments until order n’ — 1. We can first apply Lemma 4.1
to obtain the same smoothness for the coefficients of the operators L; ;.

e We apply Lemma 4.7 or 4.8 in order to get the system of equations satisfied by (L sLagg Bf f), which
is of the abstract form

T(S) + 2§ = B,

where 2l is a matrix whose coefficients we control and B is the rest we need to control. Loosely speaking,
B consists either of remainders we can control thanks to the induction assumption, and terms of the form
—az(K’L)F -Vyffor K, Le{l,...,d }m+k , whose contribution is the main matter.
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e We then invert the operator 7 4 2l in order to solve the equation. At this stage, after integration in
velocity (remember that we are interested in the regularity of moments), we use the changes of variables
introduced in Lemmas 5.1, 5.2 and 5.3.

¢ What is rather straightforward then is the study of the contribution of the initial data and of the remainder
terms in B. As already said, the contribution of the terms —Bz(K’L)F -V, f is more serious and involves
the study of integrals of the form

t
// (Bxiag"c(K’L)F)(s,x—(t—s)a(v))U(t,s,x,v)dvds,
0 JR4

which seem to feature a loss of derivative in x. We recognize the integral operators introduced and studied
in Section 6. This is where the smoothing estimate of Proposition 6.2 proves to be crucial.

7A. End of the proof of Theorem 2.1. For n > 2m — 1, let P(n) be the following statement:

There is T > 0 such that for all test functions

Y (t,x,v) € L®(0, T; Wd 2 +n=2m.00)

o
setting for all |«| = n,

My (1, x) = /Rd 0 f(t,x,v) Y (t,x,v)dv,

there exists A for which
Z ”mW,a”Lz(o,T;Li) SAT,M). (7-1)
||=n

By Proposition 3.2, it is clear that P(2m — 1) is verified.

Letn € {2m,...,2(m + p)}. Let us assume that n is even, of the form 2(m + k). We shall not
proceed with the case where n is odd, as it follows by completely similar arguments. Assume that
P(@2m),...,P(n—1) are satisfied and let T" > 0 be a time on which the estimates (7-1) (for 2m, ..., n—1)
are satisfied. We shall prove that P(n) is also verified. Once this is done, we deduce by induction that
P(2m),...,P(2(m+ p)) are satisfied; we then deduce the required estimates (3-14).

Thanks to the property P(n — 1) applied to the (¥j)j=1.....r, and (2-9), we first have

)2

Y NF N o g pg2omtio—ry < AT, M), (7-2)
j=1

We can therefore apply Lemma 4.1 and obtain a possible smaller time, still denoted by 7', and operators

.....

uniform regularity
Lj b
10i2 V)i g ket | oo o, 19204102y = AT M).

Let us consider the vector (the precise ordering does not matter)

= LELYB L) comimaky, KLethdyr . ol |Bl=mtk—r- (7-3)
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By Lemma 4.7, it follows that § satisfies the system

T(F) + AT = B+ A, (7-4)

where 20(¢, x, v) is a matrix with coefficients in L2(0, T’; Wx”{v+2’°°

), satisfying
||91||Lz(O’T;ngz.oo) SAT. M). (7-5)

(The term 2(F encodes the contribution of the leading-order terms in the triple sum of the right-hand side
of (4-22).) On the other hand, %R is a remainder satisfying the estimate

”9{”1,2(0,7*;7.‘9) < A(T» M) (7'6)

forall 7 <r— %d and B is defined as follows: all its components are equal to 0 except those corresponding
to the components associated to some K, L € {1,...,d}" 1k in which case it is equal to

—9 KD .y, f

The next step consists in using the change of variables v — ®(¢, x, v), where ® solves (5-1), in order
to straighten the vector field 7; see Lemma 5.1. To this end, we use Lemma 5.2 (reduce again 7" > 0
if necessary) and use the notation o ® to denote the composition in v with ®. Setting F = F o O, we
obtain

0 +a(®)- V) F+ Ao ®)F=BodP+Rod. (7-7)

Let A(s, ¢, x, v) be the operator, whose existence is ensured by the Cauchy—Lipschitz theorem, as the
solution of the following linear ODE

s A(s, 1, x,v) = A(s, x, D(s, x,v)) A(s, ¢, x,v), A, t,x,v)=1d.
Thanks to (7-5), we also have
”A( 1 ')||Lw(0,T;Wﬁj2'“) + “85‘-/4( -, 1 .)”LZ(O,T;WXd’jZ’OO) 5 A(T, M) (7'8)

By the method of characteristics we get

F(t,x,v) =A(,0,x,v) F(0,X(0,2,x,v),v)

t t
+/A(l,s,x,v)BoCD(s,X(s,t,x,v),v)ds—l—/ Al(t,s,x,v)Rod(s,X(s,t,x,v),v)ds. (7-9)
0 0

Suppose ¥ (¢, x,v) € L=°(0, T} Wiij(')zﬁk’oo). Then we multiply the representation formula (7-9) by
v, x, d(t, x,v))|det D, (¢, x, v)| and integrate in v to obtain

/ F(t,x,v) ¥, x, O, x,v))|det Dy ®(t, x,v) | dv=Io+ I1 + I, (7-10)
R4
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with

Io=/ A(z,0,x,v) F(0,X(0,¢,x,v),v) Y o ®|det D, d(¢, x, v)| dv,

R4
t

11:// A(t, s, x,v) (Ro @) (s, X(s,1,x,v),v) ¥ o ®|det D, D(z, x, v)| dv ds, (7-11)
0 Jrd

t
I, = / / A(t,5,x,0) (Bo @) (s, X(s.1,x,v),v) ¥ o ®|det D, (1, x, v)| dv ds.
0 JRA
By the change of variables v — ®(¢, x, v), we have

/]—'(t,x,v)w(t,x,CI>(t,x,v))|detDvCI>(t,x,v)|dv=/ S, x,v)¥(t, x,v)dv.
R4 R4

Let us first study this term. Since P(2m), ..., P(2(m+k)—1) are satisfied, we can apply Lemma 4.4 (the
assumption (4-8) is indeed verified), which yields, see (4-9) and (4-10), that forall I, J € {1,...,d }m"'k,

/Rd LB £yt x,v)dv = /Rd 9L £y (2, x,v) dv + Ry gy,
where 2Ry 5 y is a remainder satisfying the estimate
1R1,0,9 I L20,7:02) = AT, M).
Consequently, recalling the definition of § in (7-3), if we are able to obtain the bound
Ioll 200, 7:r2) + M1l 200, 7:02) + 12l 20,7, 02) = AT, M),
then we deduce the bound

/Rd 32D fyr dy < A(T, M);

1,J

that is, we obtain the sought bound (7-1) at rank 7.

L2(0,T;L3)

7A1. Study of Iy. Let us begin by treating the contribution of the initial data, which corresponds to the
term I. First by using estimate (5-3) in Lemma 5.2, the L°° bound for A in (7-8), and the estimate

_1
11+ [v[*) 7270y || oo, < L, (7-12)

x,v

we have for all x € Td,

'/ A(t,0, x,v) F(0,X(0,¢,x,v),v)(1 + |v|2)%r0|detDvd>(z,x, v)| dv
IRd

= A(T, M)/ |F(0,X(0, ¢, x,v), v)|(1 + |v|2)%r0 dv.

Therefore, we get that

1
1ol 20,722 = AT, M)“/Rd IF(0.X(0. 2., v). v)l| 2 (1 + [v]?)270 dv

L2(0,T)
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By using the change of variable y = X(0, 7, x, v) + ta(v) = x —tX(0, ¢, x, v) and Lemma 5.3, we obtain
||f(07 X(O’ I, U)’ U)HL)ZC = A(T’ M)”]:(O’ T ta(v)v v)“L)zc = A(T’ M)“]:(O’ ] U)”L)ZC

and hence, we deduce that since » > rg + %d , for some r’ > %d , it holds that

dv 2
oll 2o pz2) < A(T. M)( [, m) IFO) 0.

By using the fact that at f = 0 we have ®(0, x,v) = v and L&D |,_ = 8§(K’L), we end up with
m+k .
IFO) 30 = I5O) ;0 < AM) > Yo 1103 9%0% folle.

j=m—k |a|+|Bl=m+k—j
and hence we finally obtain

||IO||L2(0,T;L§) = A(T» M)

7A2. Study of I,. We treat the other remainder term /; in a similar fashion. Indeed, using again
estimate (5-3) in Lemma 5.2, (7-8) and (7-12), we first get

11l z20,7:12)

t
SA(T,M)H [ 1986 XG0 00, 006Xt 00 0 .1+ o) 20 dods
0 JR4 *

LZ(O,T).

Thanks to the change of variable x — X(s, ¢, x, v) and to the estimates of Lemma 5.3, it follows that

t
1
11 ||L2(0,T;L)%) = A(T, M)H/o [Rd |R(s, -, D(s, -, v))”Li(l + [v[?)2" dv ds

L2(0,T)
t
<A@ an)| [ 160 @10l s

< AT, M) T |80 ®ll 1200 70,

L2(0,T)

by choosing 7 > rg + %d , which is possible since r > rg + d. Using again the change of variables
v O(¢, x,v), Lemma 5.2 and the estimate (7-6), we thus obtain

||Il ”LZ(O,T;L)%) = A(T7 M)

7A3. Study of I,. The main matter thus concerns the contribution of the term [, which features an
apparent loss of derivative in x. This is however not the case, thanks to Proposition 6.2. Let K, L €
{1,...,dyY"tk Writing BZ(K’L) = axagg’ with || = |a(K, L)| — 1, we are led to study terms of the
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form (here F. ij stands for the i-th coordinate of F/)

Z/ / (0x 8“ FJ)(S X(s,t,x,0) ¥, X(s,t,x,v), D(s, X(s, £, x,v),v))
xAIJ (l s, , X(s,t,x,v), P(s, X(s,1,x,v), v)) Aj (D(s, X(s,1,x,0),v))
X Oy, f(s,X(s, t,x,v), d(s, X(s,1, x,v), v))|det Dy ®(t, x,v)| dv ds,

where ||.AK L||Loo(0 T 20y = AT, M).

We use the change of variables v = W(s, 7, x, w) to rewrite this expression as Zf=1 Ky, (8%/ Fij ),
with
Uj(s,t,x,v) = Aj (D(s. x — (t — ) a(v), ¥(s.1, x,v)))
X A;’JL(Z, s, x—(—s)aw),d(s,x —(t —s)a), ¥(s,1,x, v)))
X W(Z, x—(t—=5)a),d(s,x —(t—s)a(v), ¥(s,t,x, v)))
X 0y, f(s, x—({—s)al),P(s,x—(t—s)a(), Y(s,t,x, v)))

X |det Dy ®(t, x, Y(s,t, x,v))||det Dy W(s, 1, x, V)|, (7-13)
where we recall the operators K were introduced in Section 6. In order to apply Proposition 6.2, we have
to estimate, s, ¢ being fixed, U; in Hffd, with 7' > %d +2(14+A)(1+d) and r > r’ +rg, which is possible
since r > R as defined in (2-12). First, by (2-3), (2-6), (7-8), (5-3) in Lemma 5.2 and estimate (5-8) in

Lemma 5.3, we can uniformly bound in L all terms involving 4;, ®, W and their derivatives (since

only at most 2 + d derivatives can be involved). For ¥, we use
11+ [v]2)72708% oo, <1 forall o] <d + 2.

x,v

We are therefore led to estimate integrals of the form

I =

/ lg(x — (@ —5)a), P(s,x — (t —s)v, ¥(s,1, x, v)))|2(1 + |v|2)’°+r/ dv dx]|,
Td xRd

where g = 0% f, |a| < d + 3. To this end, we can use the change of variables v — w = ¥(s, ¢, x, v) and
rely on estimate (5-7) in Lemma 5.3 to obtain the bound

I < AT, M) / 1g(X (s, 1, x, w), D(s, X(s, 2, x, w), w)|>(1 + [w|>)" " dx dw.
Td xR4

Next, arguing as for /;, we can use successively the change of variable x — y = X(s,¢, x, w) with
the estimates of Lemma 5.3, and the change of variable w — u = ®(s, y, w) with estimate (5-3) in
Lemma 5.2, to finally obtain

1= AT, Mgl = AT M)/ 1
since 2m—1>d + 3 and r > R. As a result we obtain the bound

sup [|Uj |, 2+a = A(T, M)”f”r)z._[Zm—l =AN(T, M). (7-14)
st r’ r
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We can therefore apply Proposition 6.2 to get the bound
I1Ky; ; (Fij)”LZ(O,T;L§) < SSUIP 1Uj ||Hf,+d ||F,-j ”LZ(O,T;H)%‘WF")*I)
< AT, M) W 2g. ., gaomsio-,
<ANT, M), (7-15)
thanks to estimate (7-2). We deduce
1120l 20,7;22) = AT, M)

and gathering all pieces together, we therefore obtain (7-1) at rank n, and the induction argument is
complete. Theorem 2.1 follows.

7B. Proof of Corollary 2.2. In order to prove the higher-order regularity for the characteristics, we
proceed as in [Han-Kwan and Rousset 2016, Lemma 5.1].
By Theorem 2.1 and the assumption (2-9), we have forall j =1,...,¢,

F/ e L*0,T; H")
and thus by Sobolev embedding, we deduce that for k < n’ — %d ,
Fie L2(0,T; Wk (7-16)

We set
=Y, W)=X—-tv—x,V —v).

Let us first prove that Z € L*°(0,T’; Wf, °) for k <n' — %d . Note that by the definition of (X, V'), we
know Z satisfies the equation

(/ Y +v)ds, / ZA (W+v)FJ(Y+x+tv)ds)
By (2-6) and (7-16), we obtain by induction (on the number of applied derivatives) that for t < T,
sp  sup 1%, Z e, < / M1+ sup  sup 9%, Zlps,) d.
| <n’—Ld [0.] lo|<n’—Ld [0,5]

where A is a nonnegative function belonging to L2(0, T'), with norm bounded by A(7T, M). We deduce
our claim thanks to the Gronwall inequality, which yields
sup  sup 0%, Z e, < VIA(T, M), (7-17)
lo|<n'—3d [0.]
We deduce in particular from this estimate that for 77 € (0, 7] small enough, for all v € R4, the map
X+ X(T',0,x,v)is a C! diffeomorphism.
Next, let us turn to the L° L L2 estimate. We set

N(#) = sup sup ”a?c,vZ”LgoL)Zc-

lae|<n’ [0,¢]
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By an application of the Faa di Bruno formula, we obtain
L ¢ )
< J
NOSY [ 5 T
Jj=1 kisk2,BissBicy 4k,
with

j 1 B
Tyttt oy = NS A 0 VS DI FT) 0 X ()] 051, (X V)] -+ 1858 (X V) | o 2

and where the sum is taken only on indices such that ky + k, =: k <|a| <n’, B1+ -+ Bx = |o| with
for every j, |Bj| = 1 and [B1] = |B2| =--- =Bkl

Let us observe that in the sum, if k1 + k, = k > 2, we necessarily have |B;_;| <n’ — %d. Indeed,
otherwise, we would have |81 +---+ |Bx| = 2n’ — d and thus n’ > 2n’ — d, which means n’ < d. This
is impossible by assumption on n’. Next:

o Ifky <n' — %d and k1 + ko, = k > 2, we obtain thanks to the above observation and (7-17) that for
i=1,....k—1,
105, (X V)liLge, S 14T +108,(2)l e, S AT, M). (7-18)

Moreover, using (2-6), (7-16) we get

k—1
[To%.x.v)

i=1

< A(T. M)|| D*2 F7 || peo, (1 + N (s)).

k ks
< [D* Ajllge, D" F | g,

R X V)l ez

XU

J
ks ko BBy 1,

If k = 1, the above estimate is clearly also valid.
e Ifky>n'— %d, we observe that for every i, we have |B;| < |Bx| <n'—(k—1) < %d. In particular

|Bil <n' — %d by assumption on n’ and we have that (7-18) holds for alli =1, ..., k. This yields

T ks ot sy S NP5 AP 0 Vi 12 [(D2 Iy 0 X | o p2 ACT. M)
S IDE, AL (D2 FT)y o X || oo 2 A(T. M)
S AT M)|(DEFT)| 2.
To get the last estimate, we restrict to 77 < T small enough so that we can use the change of variable
y = X(¢,0, x,v) when computing the L2 norm of (D,’g?v Fi)oX.
By combining the above estimates, we obtain that for ¢ < 7",

t
N(@) S VINT, M) + / A(T, M) sup || F/ (s)| N (5) ds.
0 J

By using again (7-16) and the Gronwall inequality, we thus obtain that for 1 < T,
N(1) SVINT. M),

which concludes the proof of Corollary 2.2.
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7C. Proof of Corollary 2.5. The idea, as in [Gérard 1990, Proposition 5.2], consists in applying Theorem 2.1
with the test function

Yp(v) =e "¢ W)f:;)oo,

where 7 € R has to be seen as the Fourier variable in velocity. A close inspection of the proofs reveals
that the conclusion of Theorem 2.1 can be refined into

forallne[Rd, H/fwndv

, = A(TO’ M’ ||w77||W”/=00)’ (7'19)
L2(0,To;HY) v

where A is a polynomial function. Moreover, ||1/f,,||W,,/,oo < A’(|n|), where A’ is also a polynomial
function (of degree n’). Since
1

(2m)24

[ romdv=7.s.x.
we deduce from (7-19) that for some p > 0 taken large enough,
n 1.7 _1
|/ e+ kP2 (U 13722 Lo 112 @ xmayy < 0

which means that 1 € L2(0, Tp; H)'::’v_p).

8. Application to classical models from physics

The goal of this section is to briefly explain why both Vlasov—Poisson and relativistic Vlasov—Maxwell
systems enter the abstract framework, and thus why Theorem 2.1 (and its corollaries) apply to these
classical models.

8A. Viasov-Poisson. The Cauchy problem for the Vlasov—Poisson system (1-2) was studied (among
many other references)

« for (global) weak solutions in [Arsen’ev 1975],

e for local strong solutions in [Ukai and Okabe 1978], and for global strong solutions in [Bardos and
Degond 1985; Lions and Perthame 1991; Pfaffelmoser 1992; Schaeffer 1991; Glassey 1996; Batt
and Rein 1991; Horst 1993].

Let us check the following structural assumptions for (1-2).

e Assumptions on the advection field. In this model, a(v) = v, so that all required assumptions on a are
straightforward properties. One can take A = 0 in (2-4).

o Assumptions on the force field. For the force field F, we can write { = 1, Ay = 1 and F! = —V,¢,
where ¢ is computed thanks to the moment of order 0 of f only; that is, ¥ = 1 (thus o = 0) and

My, = fdv.
R4
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The assumption (2-9) follows straightforwardly from the Poisson equation, as for all » € N, it holds that
forall >0, [|[F'@)llgy < lmy, O gp-1.

We however do not need the smoothing effect due to the Poisson equation. It follows directly that both
estimates (2-9) and (2-10) hold. The stability estimate (2-11) holds because of the same estimate, by
linearity of the Poisson equation. It turns out that using the smoothing estimate, we can obtain a stronger
version of Theorem 2.1: we embed this situation in what we refer to as transport/elliptic systems, and
refer to Theorem 9.1 in Section 9.

Note also that the Vlasov—Poisson system with dynamics constrained on geodesics introduced in the
context of stellar dynamics in [Diacu et al. 2016] enters the abstract framework as well (and in this model
there is no smoothing of the force field).

8B. Relativistic Vlasov—Maxwell. The Cauchy problem for the relativistic Vlasov—Maxwell system (1-3)
was studied (among many other references)
o for (global) weak solutions in [DiPerna and Lions 1989],

e for (local) strong solutions in [Wollman 1984; 1987; Degond 1986; Asano 1986; Glassey and Strauss
1986; 1987; Glassey 1996; Schaeffer 2004; Bouchut et al. 2003; Klainerman and Staffilani 2002;
Pallard 2015; Luk and Strain 2016].

Let us check the following structural assumptions for (1-3).

o Assumptions on the advection field. In this model, a(v) = 0, and one can check by a straightforward
induction that
05 0]l Lse < Co  forall ar.

We have a(R?) = B(0, ¢) and the explicit formula

forall w € B(0,¢), a '(w)=

It follows that one can take A = 2 in (2-4).
o Assumptions on the force field. For the force field F, we observe that we can take £ = 4 and write
Ay=1, F'=E, (8-1)
and setting B = (By, B;, B3) in an orthonormal basis (ey, e3, e3),
A, =10y, F?= Bye;— Bseq,
A3 =1y, F?= Bje; — Bjes, (8-2)
A4 =13, F*=Bies— Bey.

The electromagnetic field (£, B) is computed only from initial data (£, Bo) and the moments of order 0
and 1, which correspond to ¥; = 1, ¥, = v (so that ro = 0) and

My, = fdv, my, :/ fodv.
R4 R4
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The assumption (2-9) follows from classical energy estimates for Maxwell equations: we have for all
neNandallz >0,

2
3
ICE. B L2012y < Cut2 D myll2 o, mzy + 1CEL BYO) L2(0,0 112y
i=1
see, e.g., [Han-Kwan et al. 2017, Lemma 3.2]. The estimate (2-10) is proved similarly. The stability
estimate (2-11) holds because of the same energy estimate, by linearity of the Maxwell equations.

8C. Remarks. Some remarks about possible generalizations of the abstract framework are in order:

e It is possible to add a smooth force, of C k regularity with k large enough, and still adapt the results
of Theorem 2.1, without significantly modifying the analysis. This allows one for instance to consider
Vlasov—Poisson systems with a smooth external magnetic field.

¢ The so-called relativistic gravitational Vlasov—Poisson system (which may be relevant for galactic
dynamics) enters the abstract framework as well, by a combination of the estimates of Section 8A and 8B
(see, e.g., [Glassey and Schaeffer 1985; Hadzi¢ and Rein 2007; Kiessling and Tahvildar-Zadeh 2008;
Lemou et al. 2008] for some references about this system).

¢ The divergence-free (in v) condition for F' is not an absolute requirement for the analysis. It may be
dropped, but would sometimes necessitate introducing more complicated formulas. In particular, it is
likely that fluid/kinetic systems for sprays such as Vlasov—Stokes or Vlasov—Navier—Stokes in dimension
d = 2 enter this framework (or a slightly modified version of it) as well. We refer, e.g., to [Jabin 2000;
Boudin et al. 2009; 2015; Desvillettes 2010] for some references about these equations. See also [Baranger
and Desvillettes 2006; Moussa and Sueur 2013] for other fluid/kinetic systems.

¢ Note that the so-called nonrelativistic Vlasov—Maxwell system (that is system (1-3) with v replacing
all occurrences of v) does not enter the abstract framework. Indeed the assumption (2-6) is not satisfied.
However, we claim that (2-6) is crucial only for having a good local well-posedness theory in ! spaces.
This means that without (2-6), we can still obtain a result similar to that of Theorem 2.1, except that we
have to assume the existence of a solution of (2-1) with the required regularity. For the nonrelativistic
Vlasov—Maxwell system, such solutions do exist, following [Asano 1986], which requires the introduction
of Sobolev spaces with loss of integrability in velocity.

9. The case of transport/elliptic-type Vlasov equations

9A. An improvement of Theorem 2.1. Let us assume in this section that the following strengthened
version of (2-9) is satisfied:
£

”Fj ||L2(0,t;H;g) = 1"’5]) (t, ”ml//l ”Lz(O,t;Hg_l)’ ) ||m1ﬂr ”LZ(O,I;H)’C’_I)’ Z ”FJ (O)HH)'C’) (9'1)

j=1

In other words, the force is smoothed out and gains one derivative compared to the distribution function.
We refer to such a situation as the transport/elliptic-type case. This includes in particular the Vlasov—
Poisson system. We then have the following version of Theorem 2.1. This is an improved version in the
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sense that the higher regularity we ask for is only regularity in x and not at all in v (compare (9-2) below
to (2-13) in Theorem 2.1).

Theorem 9.1. Letn > N and r > R. Let n’ > n be an integer such that n > |_%n/ | +d + 1. Assume that
fo € " and F7(0) € H)’C’/ forall j € {l,...,L}. Assume furthermore that the initial data f satisfies the
following higher space regularity:

% foeHY forall|la|=n' (9-2)
Then there is T > 0 such that the following holds. There exists a unique solution ( f(t), F(t)) with initial
data ( fo. F(0)) to (2-1) such that f(t) € C(0,T;H}).
Moreover, for all test functions W € L°°(0, T'; Wfr’go), we have
/ f¥dveL*0,T; H"). (9-3)
As in Corollary 2.5, we may deduce as well under the assumptions of Theorem 9.1 that
f e L0, T: HY ™). (9-4)

Proof of Theorem 9.1. The beginning of the proof is the same as for Theorem 2.1 (of which we keep the
notations). Let us set in this context

2p V4
M= follbgmr+ Y Y 185 follg + D IF/ Ol onsn. 9-5)
k=0 |a|=2m+k j=1

We proceed with the same induction argument, treating all terms similarly except for® the treatment of
the term [y, for which the following is an improvement of Section 7. The idea will be to use integration
by parts in v to trade derivatives in v against derivatives in x, allowing us to obtain estimates depending
on (9-5) (compared to (3-13) for Theorem 2.1).
First note using the smoothing estimate (9-1) that we improve (7-2) to
4

Y NF o o gr2ontioy < AT, M). (9-6)

j=1
We can use this improved estimate with Remark 4.10 to deduce that the coefficients of 2, as appearing
in (7-4), satisfy the improved form of (7-5)

120 220, 7:wpi00) S AT, M) forall p<2m—3d—1. 9-7)
Therefore we deduce the improved form of (7-8):

IAC. 2. ) pooo.smwpeey S AT M) forall p<2m—3d—1. (9-8)

6We also remark that in order to treat the term I >, we do not absolutely need to use Proposition 6.2; we can indeed rely on
the smoothing estimate (9-6) on the force instead and argue as we did for /;. This observation will be useful later in order to
treat other Vlasov models.
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The treatment of [ then leads to the study of terms of the general form
J= /Rd(agaff)(o,X(o,z,x,v), v)m(t, x. v) dv.
where, for j =m—k,...,m+k, we have |a|+ |B| =m +k + j, |a| > 2/, and
”m”LOO(O’T;Hfr/—rO) = A(T’ M)

forall N <2m — %d —1andall r’' > %d . If | B] = 0, there is nothing special to do, as only derivatives in
x are involved, so let us assume that |8]| > 1. We write 8’3 = 8’3 dy. We have

= fR ) 3,[(9%0% 7)(0,X(0, 7, x, v), V)] m(r. x, v) dv
/ (8202 (8,X(0, 1, x,v) - Vx F)(0,X(0, 1, x, v), v) m(t, x, v) dv,
and thus by integration by parts in v, we get
J = / [(9205 7)(0. X(0, 7, x,v), v)] dpm(t, x, v) dv
/ (0295)(8,X(0, 1, x, v) - V. F)(0,X(0, 1, x,v), v) m(t, x, v) dv.

We therefore observe that this procedure allows us to trade derivatives in v for derivatives in x.
Assume now that one can write, for some / € {1,...,|B|},

J=Y > / [(3% 38 F)(0,X(0, 1, x, v), v)] My g (2, x,v) dv + Ry,
B/l |o/|<lal+IBI~1
where

171e o s, = AT M) (9-9)

—r/—ro
for all Ny <2m — %d —1—|B|+1 and all ' > %d, and R; is a remainder satisfying
”Rl”LZ(O,T;L?Y) = A(T7 M)

Let us show that this property holds as well for at rank / — 1. Following the same integration-by-parts
argument as above, we may write
J-R=J1+ 2+ J3,

where

Ji = Z / (80‘ F)(0,X(0, ¢, x,v),v)mgo(t, x,v) dv,

lo’| <lee|+|Bl—1

-y > > / [(8% 88" F)(0,X(0, 2, x, v), v)] B, My (2, X, V) dv,
B/I<l B'=(B")) lo’|<lecl+IBI~1

-y > > / (8% 98" (3, X (0,1, x, ) - V< F)(0, X(0, 7, X, v), v)

1B'I=l B'=(B".J) ||| +|Bl-1 X Mg g (L, x,v) dv.
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The terms J; and J, have good forms already. For J3, by using the Leibniz rule, we observe that we
need to study terms of the form

.7=/ % ,X(0,¢,x,v) 371972 F(0,X(0,1, x,v), v) mg g (t, X, v) dv,
rRd ’

with 2| < || =1—1, 1 <|m| =le/| + 1, and [y| = |/ + |B" = Im| = In2| + 2.
Assume first that 11| + |n2| < 2m — 1. If |n1| + |n2] < 2m — 1 —d, then by the Sobolev embedding
we have the bound

1
11+ [v]?) 2" (@2 972 F)(0, X(0, 7, x,v), V) Lge, = Il follyzm—1 < A(M).

xX,v —

Since 0 < |y| < 2(m + k), we use (9-6) and Lemma 5.2 to get
||8)/X”L°°(O,T;L%°L§) = A(T» M)

(This is where the elliptic estimate (9-1) is crucially used.) Furthermore, since 2m — %d —1-2p>d,
we have the bound

”ma/,ﬂ/ ||Loo(0’T;W3~rC;O_r0) < A(T, M)

for r’ > %d such that » > r’ + ro + d. Therefore such terms satisfy the bound
”‘THLZ(O,T;L,%,U) = A(T, M)’

and thus can be put into the remainder R; ;. If |n{| + |n2| = 2m — 1 —4d, then |y| <2k +d + 1. Since
2m—d—1> %d, we can use [0 X|| oo (0,1;150,) = A(T, M) and again, arguing as in the treatment of
I in the proof of Theorem 2.1, such terms are remainders.

Otherwise |n1| + |n2| = 2m. Then we have |y| < 2k and thus 2(m + k) — |y| > 2m. We set in this
case My, p, ‘= BJJQJ,X mgy g In order to show that Bz,vX mgy, g has the required regularity, we are led to
study terms of the form

x,vYx,v

T =188 ,0% X% gl oo 0,y lal 161 = Ni.

for all Ny <2m — %d —1—|B|+1—1andall r' > %d. Assume first that |a| < 2m — %d; then we have
la| + |y| <2(m+k)— %d and we use estimate (5-7) in Lemma 5.2 to get ||3?c,va¥c,vx||L°°(0,T;L§°,v) <
A(T, M), and apply (9-9) to obtain the bound

102 ymarpllpooo.ra0 , ) < AT M).
—r'—=rog

Otherwise, |a| > 2m — %d. Since we have 2(m + k) — |y| = Nj_; forall Nj_; <2m—2—|B|+1, we
can use estimate (5-7) in Lemma 5.2 to get

Z 10%,09%, v Xl Loo 0,70 12) = AT, M).
la|<N;—1
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Since |b| = Nj_1 —|a| = Nj_; —2m + %d, we have N —|b| > 2m+1— %d > d. As aresult, by (9-9)
and the Sobolev embedding we get

”a?c,vmot’,ﬁ’”Loo(O’T;WO.O/o ) < A(T, M)
—r —rO

In all cases, we have obtained
J < A(T, M).

Therefore the corresponding terms of J3 can be written in the form

/Rd (071972 F)(0,X(0, ¢, x,v), v) my, .y, (, x,v) dv,
with

Ni—1 = A(T’ M)

||mn1,n2||Loo(0’T;fH ) —

_r/_ro

forall Nj_y <2m—1—|B|+(/—1)and r' > %d.
We conclude by induction that we can write at rank / = 0

J = Z ./d[(a()xc/}—)(o,X(O,l‘,x,U),v)]ma,’o(l"x,v) dU+R,

lo/|<m+k+j R
with

||I’I’la/“3/ ”L°°(05T?7"§ruro) < A(T, M)

forall N <2m—1—|B| and r’ > %d, and ||R||Lz(0 7:02) = A(T, M) is a remainder.
We then note that 2m — 2 — 2k > d, so that

”ma’,ﬁ’”Lw(o,T;wf;i"’_,o) = AMT. M).

Arguing as in the previous treatment of /q in the proof of Theorem 2.1, we finally conclude that
m+k
||10||L2(0,T;L)2C) =NT. M) Z Z ||8()xcf0||7.[9- (9-10)
j=m—k |a|l=m+k—j
This allows us to conclude the proof. O

As already noted in the proof of Theorem 9.1, we actually do not need to use Proposition 6.2 to treat
the term [, in view of Theorem 9.1; we can indeed rely on the smoothing estimate (9-1) on the force
instead. Furthermore, one can obtain L° estimates instead of the L? theory that we have developed.
This observation implies the following fact: replacing (9-1) by the slightly weaker estimate (in the sense
that it is implied by (9-1))

L
||Fj ||L2(0,t;H}’) = F;gj) (t» ||m1/,l ||L0<>(o,t;H;g—l)’ s ||m1/fr ||Loo(o,;;Hg—1)a Z ||Fj (O)HH;’)s (9-11)

ji=1
together with an associated stability estimate replacing (2-11) with L% norms instead of L? for the

moments on the right-hand side, Theorem 9.1 still holds. It suffices to estimate all terms (that is to say, the
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moments, Io, I1, I5,...)in L*°(0,T; L)zc) instead of L2(0, T; L)zc) as previously done. This remark is
useful in particular to treat the so-called Vlasov—Darwin model from plasma physics, which we introduce
in the following section.

9B. Vlasov—-Darwin. The Vlasov—Darwin system is another model that allows one to describe the
dynamics of charged particles in a plasma, which lies between Vlasov—Poisson and relativistic Vlasov
Maxwell systems. Like Vlasov—Poisson, it can be derived from the Vlasov—Maxwell system in the
nonrelativistic regime, that is to say, in the limit ¢ — co. The difference is that the Vlasov—Darwin system
happens to be a higher-order approximation than the Vlasov—Poisson, see [Bauer and Kunze 2005]; in
particular it retains self-induced magnetic effects that have disappeared completely in the Vlasov—Poisson
dynamics. It is given by

8;]'+6-fo+(E-i—%ﬁxB)-va:o,

E= —qus—%atA, B=V,xA.

—ngb:/ fdv—/ fdvdx,

R3 T3xR3

—AxA=l|]3’/ 0 fdv, Vi -A=0,
C RrR3

(9-12)

where ¢ > 0 is the speed of light and P denotes the Leray projection. The Cauchy problem for the
Vlasov—Darwin system (1-3) was studied (among many other references)

o for (global) weak solutions in [Pallard 2006],
e for strong solutions in [Pallard 2006; Seehafer 2008; Sospedra-Alfonso et al. 2012].

To embed this system into the abstract framework, we need to make the additional assumption that
all initial conditions fj that are considered are a.e. nonnegative. By a standard property of the Vlasov
equation, any associated solution f(¢) is also a.e. nonnegative.

» Assumptions on the advection field. In this model a(v) = 0, which is already treated for the relativistic
Vlasov—Maxwell case.

o Assumptions on the force field. We have the decomposition (8-1)—(8-2) as well. Let us set

E=Ep+Er, EL=Vxo, ET=—%atA
and introduce
N T®D
vi=1, Y=, Y3=—F—=oo=—=, VY3=Id—my,

V1+v|2/c?

(so that ry = 0) and

my, = [ Yi f dv,
R4
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where my,, and m.,, are symmetric matrices. Since £y, and E7 derive from potentials solving a Poisson
equation, we have

2
forallt >0, [[(EL, BYOllaz S 17y, ()l o

i=1
and thus

2
||(EL, B)||L°°(0,t;H§’) S Z ||mwi (I)HLoo(o,t;Hg*l)-

i=1
For E7, this is a little more subtle; this is where we need that f(z) > 0 a.e. As in [Pallard 2006,
Lemma 2.10], we obtain that E7 satisfies the inhomogeneous elliptic equation

1 1
—AET—i—meET :—E(mWEL—mwsz—Vx:m%). (9-13)

We fix the time ¢ > 0, which is a parameter here (we take the L9° norm in the end). Let n > d. By
[Pallard 2006, Lemma 2.10], which relies on the fact that m.;, is actually a semidefinite symmetric matrix,
it follows that (9-13) has a unique solution E7 in H;, with the bound

VE7 g1 < Iy, ELll s+ Iy, % Bl + 19 s my [l
<y, Erllpz + lmy, x Bllz + lmy, Il

Slmy lan | ELllar + 1my, | o l| Bllas + lmy, || e
2

< (1 + Y llmy, (r)an)(nmwnH,g + g, | ez + s | a)-

i=1

Then assume by induction that we have a bound of the form
forallk =1,..., N, ||ET||H)/§ STelmy lan, ... llmyllan) (9-14)

for N <n, where 'y is a polynomial function. Assume first that N <n— %d . Let || = N. We note that
0% ET satisfies

1 1
—Aa‘;ET + Emw 8‘;ET = —Eaﬁ(meL — My, X B—-V, :m¢3) —[Bz,mw]ET.
We have by standard tame Sobolev estimates
|0% gy EL =gy x B =V :my )| o
2
< (l + ) llmy, (t)IIH;g)(IlmeIHg + [y, + Imys gz (9-15)
i=1

Since N <n — %d , we can use the Sobolev embedding to obtain

0% my JET | gor S lmy Iy nvco | ETll v

Slimy anTelimy, o, .. llmy, lEn).
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We apply again the H; estimate of [Pallard 2006, Lemma 2.10] to obtain a bound of the form
IET | g+t S Tasilimy, lazs - imy, lla2)-
We deduce by induction that for all N <n — %d ,

IET | gyv+1 S Tvsilimy, lag, - imy, la2)-

In particular, since n > d, we deduce

IETlLee S Tlmy, lan. ..., Imy,llan). (9-16)
Now assume we have (9-14) for some N < n. We have the tame Sobolev estimate
0% myJETl g1 < Imy la(1ET | gy + 1 ETllLge)
S lmy e v (lmy, Ens - iy, a2,
by (9-14) at rank N and (9-16). Thus using the H; estimate of [Pallard 2006, Lemma 2.10], we
obtain (9-14) at rank N + 1. By induction, we conclude that
IET | oo 0.7 mrnt1y S Dt Umy Lo, 7512y - - - 1Myl oo 0,75 1))

which is an estimate of the requested form (9-11). A stability estimate of the same form also holds
because of similar considerations.

10. On the regularity assumptions of Theorem 2.1
The goal of this short last section is to discuss the type of regularity assumptions which could be
conceivable for proving propagation of higher regularity.
Example 1. Consider the free transport equation

0 f +vdyf =0, (10-1)

set in R x R to simplify the discussion. Let ¢(v) be a C*° function, with compact support in [—%, %] and

such that fR @ dv = 0. Let g be the piecewise continuous function defined by g(x) = 1 for x € [—1, 1]
and 0 elsewhere. Observe that in the sense of distributions, we have g’(x) = 8x—_1 — 8x=—_1, where §
stands for the Dirac measure. We consider the initial condition

fli=o = g(x) p(v) € L .
and the solution to (10-1) can be written as

Sf(t.x,v) = g(x —1v) p(v).

It follows by explicit computations that p(r, x) := [ f dv satisfies

@pmx>=¢(f§i)—¢(x;1)

1 1 —1
Blfc,o(l,x) = tk—_l(fp(k_l)(%) —(p(k_l)(xT)) for all k € N*.
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‘We have for ¢t < 4,

1 x+ 1\ x—1\[
x ) (k—1) k=D 2~
1% = 2(—1) (‘ ¢ ( t ) L2 * H(p ( t ) Li)’

since ¢ is compactly supported in [—%, %], and thus
192072 = == le“ I,

2

We deduce that for any T > 0, we have p & L2(0, T; H2). However, p(0,x) =0 € H)’C‘ for all k e N.
This example shows that regularity of moments at initial time may not be propagated, and more precise
information such as (2-13) is somehow required to obtain higher regularity for moments.

Example 2. Consider the equation

0t f+vix f+F(t,x)dyf =0 (10-2)
on T x R, with

F(t,x) = /Rl//(v)f(l,x,v) dv,

where ¥ € Cc°°([Rid ) with compact support in [—% %] It is clear that (10-2) enters the abstract framework

of this work.
We consider the initial condition

1 (2
flimo = f+ 12,

where fo(z) is a smooth nonnegative function, with support in T x [—%, %] and fo(l) is a smooth nonnegative
function, with support in T x [1, 2].

Consider f(l) the solution of (10-2) associated to the initial condition j;)(l), and assume that it is
defined on an interval [0, T'] for T > 0 small enough. Now define ) as the solution on [0, '] of the
linear Kinetic transport equation

8,f+v8xf+(/ w(v)fmdv)avf:o,
R

with initial condition f>.
Because of the form of the force F, notably because y is localised in [—1, 1], we observe that up to
reducing T > 0, the solution f on [0, T'] of (10-2) can be written as

S=r0+r®,
since T > 0 can be chosen small enough so that the support in velocity of f @ (1) is disjoint from that

of ¥, and thus
[ v r@oa=o.
Now let &k € N and assume that there is (xq,vg) € T x (1,2) such that f|;—¢(xg, vg) is not zero and

is locally H k around this point. Because of the assumptions on the supports, this is equivalent to
asking that fo(z) (x0,vo) is not zero and is locally H k around this point. However, we can choose
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(independently of f0(2)) fo(l) so that [ ¥ (v) f (M gy is not H*, in such a way that /@ () (and thus
f (1)) is not locally H* around points of the form (X (0, ¢, xg, vg), V(0, ¢, X9, vg)), where (X, V') denotes
the characteristics associated to F, as defined in (1-7).

This example shows that local regularity may not be propagated (along characteristics), contrary to
what happens for the class of PDEs considered in [Bony 1981]. This is due to the “nonlocality” in velocity.
Therefore a global regularity assumption is required in order to obtain propagation of higher regularity.

This example can (also) be slightly modified, in order to prove that a local version of (2-13) cannot
either be propagated into higher local regularity of moments; see the next (and last) example.

Example 3. Consider the equation
f+vixf+F(t,x+1)dy /=0 (10-3)

on T X R (here we identify T with [0, 1) with periodic boundary conditions). Let us consider as in the
previous example

F(t,x):/l;QW(v) f(t, x,v)dv.

‘We consider the initial condition
1 2
flimo = 10+ 12,

where fo(l) is a nonnegative function, with compact support in [0, %] x R, and fo(z) is a nonnegative

function, with compact support in [% %] x R.

Observe that because of the shift in the argument of the force, by looking at the supports in x, the
solution £ associated to the initial condition fo(z) is equal to fo(z) (t,x—tv,v)on [0, T] for T >0
small enough. Moreover, we have

Now define () as the solution on [0, 7] of the linear kinetic transport equation
9 f+vdyf+ ([ w(v)fo(z)(xﬁ—%—tv,v)dv) dyf =0,
R

with initial condition £,>).
We observe that up to reducing 7" > 0, the solution f on [0, 7] of (10-2) can be written as

f= f(l) + f(2).

Indeed, by looking at the supports in x, we can impose 7" > 0 small enough so that

(/ y) fO(t,x + §.0) dv) 3, @ =0,
R

(fovor s dyas)ans <o
R

Now let k € N and assume that there is xq € (O, %) such that [, f'|;=0(x0,v) dv # 0 and f|;—¢ is locally

H)’f around this point. This is equivalent to asking that [ fo(l)(xo, v) dv # 0 and fo(l) is locally H)]f
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around this point. This corresponds to a local analogue of (2-13). However, we can choose (independently
of fo(l)) 0(2) so that fR Y (v) fo(z) (x — tv,v) dv is not locally H, in such a way that the moments in
velocity of ™M (¢) (and thus of f(¢)) are not locally H)lf around points of the form X (0, ¢, xq, vg), for
some vy € R.
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ON A BOUNDARY VALUE PROBLEM FOR
CONICALLY DEFORMED THIN ELASTIC SHEETS

HEINER OLBERMANN

We consider a thin elastic sheet in the shape of a disk that is clamped at its boundary such that the
displacement and the deformation gradient coincide with a conical deformation with no stretching there.
These are the boundary conditions of a so-called “d-cone”. We define the free elastic energy as a variation
of the von Karmén energy, which penalizes bending energy in L? with p € (2, %) (instead of, as usual,
p = 2). We prove ansatz-free upper and lower bounds for the elastic energy that scale like 72/(P~1),
where £ is the thickness of the sheet.

1. Introduction

Strong deformations of thin elastic sheets under the influence of some external force have been a topic of
considerable interest in the physics and engineering community over the last decades. These “postbuckling”
phenomena are relevant on many length scales, e.g., for structural failure, for the design of protective
structures, or in atomic-force microscopy of virus capsids and bacteria. In the physics literature, one
finds numerous contributions that discuss the focusing of elastic energy in ridges and conical vertices;
see [Cerda et al. 1999; Venkataramani 2004; Lobkovsky and Witten 1997]. The overview article [Witten
2007] contains a comprehensive review of the activities in that area of physics. However, quoting the
seminal work [Lobkovsky et al. 1995], the “understanding of the strongly buckled state remains primitive”,
and this fact has not changed fundamentally since the publication of that article more than 20 years ago.

In the mathematical literature on thin elastic sheets, there have been two major topics: On the one hand,
there are the derivations of lower-dimensional models starting from three-dimensional finite elasticity
[Ciarlet 1997; Le Dret and Raoult 1995; Friesecke et al. 2002; 2006]. On the other hand, there has been
quite some effort to investigate the qualitative properties of plate models by determining the scaling
behavior of the free elastic energy with respect to the small parameters in the model (such as the thickness
of the sheet). Such scaling laws have been derived, e.g., in [Bella and Kohn 2014; Ben Belgacem et al.
2002; Bourne et al. 2017; Kohn and Nguyen 2013]. Building on the results from [Venkataramani 2004], it
has been proved in [Conti and Maggi 2008] that the free energy per unit thickness of the so-called “single
fold” scales like #°/3, where / is the thickness of the sheet. This is also the conjectured scaling behavior
for the confinement problem, which consists in determining the minimum of elastic energy necessary to
fit a thin elastic sheet into a container whose size is smaller than the diameter of the sheet. The energy
focusing in conical vertices has been investigated in [Brandman et al. 2013; Miiller and Olbermann 2014],
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where the following has been proved: Consider a thin elastic sheet in the shape of a disc, and fix it at
the boundary and at the center such that it agrees with a (nonflat) conical configuration there. Then the
elastic energy scales like #21og(1/ /). On a technical level, [Conti and Maggi 2008; Brandman et al.
2013; Miiller and Olbermann 2014] consider an energy functional of the form

Ih(y)=/9IDyTDy—Id2xz|2+h2|D2y|2dx, (1)

where Q C R? is the undeformed sheet, y : @ — R3 is the deformation, and Id,x is the 2-by-2 identity
matrix. The first term is the (nonconvex) membrane energy, and the second is the bending energy. If one
manages to derive scaling laws for this two-dimensional model, then as a consequence, it is often the
case that analogous results for three-dimensional elasticity are not difficult to derive as a corollary by the
results from [Friesecke et al. 2002]; see for example [Conti and Maggi 2008; Brandman et al. 2013]. Of
course, the character of the variational problem heavily depends on the chosen boundary conditions.

While the mentioned articles have contributed a lot to the mathematical understanding of folds and
vertices in thin sheets, they do not consider situations where the constraints prevent the sheet from adopting
an isometric immersion with respect to the reference metric as its configuration, but do not prevent it
from adopting a short map as its configuration. (We recall that a map y : @ — R3 is short if every path
¥ C 2 is mapped to a shorter path y(y) C R3.) Such a situation is characteristic of postbuckling, and in
particular, the confinement problem.

The reason why short maps are problematic can be found in the famous Nash—Kuiper theorem [Nash
1954; Kuiper 1955a; 1955b]: if one is given a short map yo € C 1 (Q; R3) and & > 0, then there exists an iso-
metric immersion y € C1(Q2; R3) with ||y —yo||co < &. This is relevant in the present context, since the dif-
ference between the induced metric and the flat reference metric is the leading-order term in the energy (1).
Thus, if short maps are permissible, then there exists a vast amount of configurations with vanishing or very
small membrane energy. One needs a principle that is capable of showing that all these maps are associated
with a large amount of bending energy. As has recently been shown in [Lewicka and Pakzad 2017], this
problem is not only encountered when dealing with the geometrically fully nonlinear plate model (1). It is
also present in the von Kdrmédn model, which we are going to treat here. In fact, the proof in [Lewicka and
Pakzad 2017] is based on a suitable adaptation of the Nash—Kuiper argument to the von Karman model.

Possibly the simplest example of a variational problem where isometric immersions are prohibited by
the boundary conditions, but short maps are not, is given by a modification of the “conically constrained”
sheets from [Brandman et al. 2013; Miiller and Olbermann 2014]. The modification consists in considering
clamped boundary conditions (for displacements and deformation gradients), and dropping the constraint
on the deformation at the center of the sheet. This completely changes the character of the problem, and
the method of proof from [Brandman et al. 2013; Miiller and Olbermann 2014] breaks down.

This is the variational problem we will consider here, and we will prove an energy scaling law for it; see
Theorem 2.1 below. There is one caveat: we penalize the bending energy in L? with p € (2, %), see (6),
instead of, as would be dictated by a heuristic derivation of the von Kdrmédn model from three-dimensional
elasticity, p = 2. For a discussion of this modification, see Remark 2.2.
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Our method of proof builds on the observations we made in [Olbermann 2016; 2017], where we proved
scaling laws for an elastic sheet with a single disclination. The guiding principle is that the (linearized)
Gauss curvature is controlled by both the membrane and the bending energy, in different function spaces.
The boundary conditions can be used to show that the Gauss curvature is bounded from below in a certain
space “in between” in the sense of interpolation. In the recent paper [Olbermann 2018], we showed that
for the setting of [Olbermann 2016; 2017], it is not necessary to use interpolation, and lower bounds for
the bending energy can be obtained by using the control over the membrane energy alone. The present
setting with a flat reference metric however defines an interpolation-type problem for the Gauss curvature,
and we hope that this approach can also yield results for similar variational problems.

This paper is structured as follows: In Section 2, we state our main result, Theorem 2.1. In Section 3,
we collect some facts from the literature, concerning the Brouwer degree, Sobolev and Triebel-Lizorkin
spaces, and interpolation theory. The proof of Theorem 2.1 is contained in Section 4.

Notation. We write B; = {x € R? : |x| < 1} and S! = 8B;. When dealing with functions on S, we will
identify S with the one-dimensional torus R/(27Z). For x = (x1, x2) € R?, we write £ = x/|x| and
xt = (—x2, x1). In Section 2 below, we introduce a function § € W2:?(S1) that can be considered as
fixed for the rest of the paper. The symbol “C” is used as follows: A statement such as “f < Cg” is
shorthand for “there exists a constant C > 0 that only depends on 8 such that f < Cg”. The value of C
may change within the same line. For f < Cg, we also write f < g. The symmetrized gradient of a
function u : U — R? with U € R? is denoted by sym Du = 3(Du + DuT).

2. Setting and statement of the main theorem

Let B € W2P(S1) with

/ (B2(t) — p*(t))dt =0 and / |8+ B”|dt > 0. )
S1 Sl
Using the identification of S! = {x € R? : |x| = 1} with the torus R/(27Z), we define
24 t
yo=-50 =1 [ po-proe. ®
0
and we define ug : R? — R? by
up(x) % 1= x|y (). up(x) &= |x|{(). @)
Furthermore, we set
vp(x) = |x[B(X). ®)

Note that the deformation defined by ug, vg is an isometric immersion in the von Karman sense; i.e.,
sym Dug + %Dvﬂ ® Dvg =0,
but Dzvlg ¢ LP? for p > 2. The set of allowed configurations is given by

Ag.pi=1(u,v) € WL2(B))x W2P(By):v = vg, Dv = Dvg and u = ug on sty
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The energy is given by a sum of membrane and bending energy,
2
Ip,p(u,v) = Hsym Du + %Dv ® DvHLZ(B.) +h2||D2v||ip(Bl). ©6)

In the statement of our main theorem, the dual exponent p’ is defined as usual by 1/p 4+ 1/p’ = 1. We
are going to prove:

Theorem 2.1. Let p € (2, %) Then there exists a constant C = C(B, p) > 0 such that

C'h?’ < inf Iy ,(y) <Ch?”.
YEAp

Remark 2.2. (i) The arguments of the energy functional (u,v) : By — R3 can be thought of as the
displacements of a deformation x > x +&2u(x)+&v(x)es, where ¢ is another small parameter (with 7 < ¢).
The membrane energy geometrically corresponds to the deviation of the induced metric tensor from the flat
Euclidean metric: the induced metric is given by (Idaxs +&2Du+ee3 @ Dv)T (Idyxz +£2Du+se3 @ D),
and the membrane term sym Du + %Dv ® Duv is the leading-order term of the difference to the flat
reference metric. We say that det D2v is the “linearized Gauss curvature” since we have that the Gauss
curvature is given by K = g2 det D?v + o(g?). Rigorously, the von K4drman energy, (6) with p = 2,
has only been justified as a limit of three-dimensional finite elasticity for small deformations [Ciarlet
1980; Friesecke et al. 2006]. Nevertheless, it has a long and successful history of describing phenomena
including moderate deformations.

(i) The conditions on the boundary values in (2) are the von Kdrmén version of the requirement that the
associated conical deformation defined by ug, vg has no membrane energy and is not contained in a plane.

(iii) The restriction to the range p € (2, %) is due to our method of proof, which is an application of the
Gagliardo—Nirenberg inequality to the linearized Gauss curvature det D?v. This interpolation inequality
is only valid for that range. The standard von Kdrman model is linear in the material response, and
hence it penalizes the bending energy in L. In this case, one expects an energy scaling law of the form
Ip o~ h?log(1/ h), as is the case when the center of the sheet is fixed; see [Brandman et al. 2013; Miiller
and Olbermann 2014]. In order to obtain lower bounds for this case, one would have to show “additional
regularity”, in the sense that one would need to control higher L? norms of D?v by the L? norm. One
might hope that such estimates are possible, e.g., for minimizers of the functional. However, we do not
know if this is possible.

(iv) We do not know if our method of proof can be adapted to prove an analogous result for the
geometrically fully nonlinear plate model that is given by the energy I, h,p " W?2P(By;R?) = R,

Thp) = [ 1DYT Dy~ zeal? ax + 121D 5,
1

The reason is that it seems much more complicated to obtain a good test function in W -2 for > ;i det D?y;
(which is the appropriate linearization of Gauss curvature in that setting) that would yield a lower bound
for this quantity in the Sobolev space W~LP" In the von Kdrman case, we can simply use the identity

(div ¥)| py(x) det D?v(x) = div(w (Dv(x)) coszv(x))
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and compute a lower bound for this quantity by Gauss’ theorem, using the boundary values of Dv.
In the case of y € W2P(B;;R3), we cannot argue similarly component by component: only the sum
> ;i det D?y; is controlled by the energy. The task is to find a test function that (a) allows us to use Gauss’
theorem and the boundary values to obtain a lower bound of order 1, and (b) is controlled in W -7 by
the bending energy. We have not found a way to do so.

3. Preliminaries

The Brouwer degree. At the heart of our proof of the lower bound for the energy is an interpolation
estimate for the linearized Gauss curvature. This quantity can be thought of as a pull-back of the volume
form on R? under the map Dv : By — R2 This is where the Brouwer degree becomes relevant, since
integrals over the linearized Gauss curvature “downstairs” (on Bjp) can be expressed as integrals “upstairs”
(on R?) over the Brouwer degree of Dv.

For a bounded set U C R”, f € C®(U;R") and y € R*\ f(dU), the Brouwer degree deg( f. U, y)
may be defined as follows: Let A, r denote the connected component of R” \ f(dU) that contains y,

and let p be a smooth n-form on R" with support in 4, ¢ such that fR" n = 1. Then we set

deg(f.U. y) = fU fru,

where f# denotes the pull-back under f. By approximation with smooth functions, deg( . U, y) may be
defined for every f € CO(U;R") and y e R"\ f(oU). If f € WL*(U;R") and p is an n-form with
regularity W 1:*, it follows straightforwardly from the definition that

| aeetrvou= [ riu.
R7 U
If 4 = ¢ dz, where dz is the canonical volume form on R”, this can be written as
| ol des 0.0z = /U o(f(x)) det Df (x) dx. )
Rl’l
If f € CY(U;R"), U has Lipschitz boundary and p is a smooth (n—1)-form on R”, then we have

/R dea(£U. ) du = /U ) = [3 S ®)

It can be shown that y — deg( f, U, y) is constant on the connected components of R” \ f(dU). Finally,
we are going to use the fact that deg( f, U, y) only depends on f |yr7. Thus for every continuous function
f:0U - RN, and y & £(3U), we may define

deg?(f, U, y) = deg(f, U, ),

where f is any continuous extension of f to U. For more details (in particular for the proofs of the
statements made here), see [Fonseca and Gangbo 1995].
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Function spaces. Our main estimate for the Gauss curvature is a version of the Gagliardo—Nirenberg
inequality for the spaces W ™" with m € N and p € (1, 00). To define these spaces, let 2 C R” be a
bounded open set. For u € L1(2) with compact support in 2, we set

1/p
lullwm.r oy = (/ |Dmu|pdx) .
Wy () o

This defines a norm on the space Wm’p () which is defined as the set of those u € L!(Q) that are
Compactly supported in € and satisfy ||u||Wm gy < 00. The dual space of Wy (2) is denoted by
W—m-P'(Q), where p’ satisfies 1/p + 1/p’ = 1. The norm on W ~"-P'(Q) is given by

LSl —m. () = sup{{ f. @) 1 0 € Wg"P(Q), llgllym-r gy < 1}

Additionally, we define the space W™-?(R") as the completion of C>°(R") under the norm

1/p
T —— ( /R ” IDmu|pdx) ,

The Gagliardo—Nirenberg inequality that we want to prove is an interpolation inequality for the spaces
Ww—m-P'(Q). In fact, the interpolation can be carried out in the spaces W™? (with m > 0 and the
understanding W% = LP). These will be derived by appealing to results from the literature, where
one finds a well-developed interpolation theory for the Triebel-Lizorkin spaces F, ,, which contains the
appropriate interpolation between Lebesgue and Sobolev spaces as a special case.

Let D’(R") denote the space of temperate distributions on R”, and let F : D'(R") — D’(R") denote
the Fourier transform. We briefly recall the Littlewood—Paley decomposition of temperate distributions:
Let no € C°(R") be such that 0 < ng < 1, no(x) =1 for |x| < 1, no(x) = 0 for |x| > 2. Set
17(x) = 0277 x) = o (27 1) for j > 1.

Definition 3.1 [Triebel 1983, Chapter 2.3.1]. For —oo < s < 00, 0 < p,q < 00, let

Fp R ={f € D'®"): | fllEg @n = 112 F'0j F fll1allr@ny < o0}

The following special cases of the Triebel-Lizorkin spaces will be relevant for us (see [Triebel 1983,
Sections 2.2.2 and 2.3.5]):
LP(R") = Fy,(R"),

©)
whkr(®R") = FF,(R")  fork e N.

Apart from their interpolation properties, the following embedding theorem will play a role in our proof:

Theorem 3.2 [Triebel 1983, Theorem 2.7.1]. Suppose —o0 < 51 < 59 < 00, 0 < pg < p1 < o0 and
0 < qo,q1 < 00 such that

n
S]—— =S80— —.
P1 Po

Then we have the continuous embedding

Fp.qo®") C Fpp g, (RY).
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Real interpolation. We recall some basic facts concerning the real interpolation method. Let Xo, X1
be Banach spaces such that there exists a topological vector space Z with continuous embeddings
X0, X1 C Z. In such a situation, let # > 0 and x € X¢ + X1. We define

K(t, x) :=inf{||xollx, + ¢ [l x1]x, : X0 € Xo. x1 € X1, X0 + x1 = x}.
Let0 <6 <1and p > 1. The real interpolation space (Xo, X1)g,, is defined as

(X(),Xl)g,p = {x € Xo+ X1 ZCDg’p(x) < OO},

where

7K@, x)|? — if p < o0,
%Aﬂ=(£| ( nt) p

SUP;=o 1=K (1, x)| else.

The interpolation space (Xo, X1)g,, is a normed space with the norm ®¢ ,(x). For every p < oo, we
have the continuous embedding

(X0.X1)g,p C (X0, X1)g,00- (10)

For a proof, see, e.g., Chapter 1.3 of [Triebel 1978]. Concerning real interpolation of Triebel-Lizorkin
spaces, we have the following theorem:

Theorem 3.3 [Triebel 1978, Theorem 1 in Chapter 2.4.2]. Let —oo < s¢, 51 <00, 1 < po, p1,90,q1 < 0,

0<8<1and
s=(1—0)so+0s;, +=120,0
V4 Po P1

Then we have

(Flf(())aqo (Rn)’ FIfll,CII (Rn))e’p = Fl;g’p(Rn)‘

4. Proof of Theorem 2.1

A sketch of the proof of Theorem 2.1 goes as follows: As usual, the upper bound is provided by a conical
construction that is smoothed on a ball around the origin with the appropriate length scale; see Lemma 4.1.
At the heart of the lower bound, we have an interpolation inequality for the linearized Gauss curvature
det D2v. The Gagliardo—Nirenberg inequality [Nirenberg 1959] yields

I det D>v]lyy -1 5,y S |l detD2v||;,—£‘2,2(Bl)|| detD2v||gp/2(Bl) (formally), (11)
with o € [%, 1] determined by

2 1 ( 2 2) +1
——l=—-2)« —a,
P r/2

ie.,
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In (11), the left-hand side can be bounded from below using the boundary conditions and an argument
involving the mapping degree. Namely, for an appropriately chosen test function ¢ € C>° (R?), we have

/ @ o Dv(x) det D?v dx =/ ¢(z)deg(Dv, By,z)dz = O(1).
B R2

For the details see Lemma 4.2.
The exponents in (11) are chosen such that the terms on the right-hand side can be estimated by the

energy,
| det D2v||p—2.2 < Hsym Du + %Dv ® DvHL2 < Ip,p(u, )2,

~

_ (12)
| det D2v||p o2 SIID*vZ 5 Sh 2 1p p(u,v).

With these estimates, we obtain the desired lower bound.

Basically, all that remains is to prove the aforementioned lemmas, and justify (11). We could not find
a proof of the Gagliardo—Nirenberg inequality for “negative orders of differentiation” in the literature.
We believe that it holds true, and that a proof could be given using the machinery from [Triebel 1978].
However, in our case a shorter route exists, using the fact that v : By — R has a natural extension
to R? with vanishing membrane energy on R? \ B, and existing results on interpolation of Sobolev and
Triebel-Lizorkin spaces on R”; see again [Triebel 1978].

Now we start with the proof.

Lemma 4.1. We have
inf [ ply) < Ch[/.
YEAB. p h, ( )

Proof. Recall the definition of u g, vg from (3)—(5). Let n € C*°([0, 00)) with n(¢) =0 for < %, nit)y=1

fort > 1. We set
| x|

vg.n(x) = Tl(hp//z)vﬂ (x).

Now we have
0 if |x| > h?'/2,

|sym Dug(x) + 5 Dvg j(x) ® Dvg j(x)| = { O(1) else.

Furthermore, we have

/ |D21)ﬂ,h|p:/ dx
B, B\\B, />

This implies

B (%) + B(X)

p
- + / 02?12y 4y < He-PP'/2,
X B

np'/2

2/p ,
|D2vg |7 dx) <hP.
O

2
Ih,p(”ﬂ’vﬂ,h):/B }symDu,g(x)—l—%Dvﬂ,h(x)@)Dvﬂ,h(x)‘ dx—i—hz(/B
1

1
Lemma 4.2. Assume that B € WP (S1) with

/ B2(1)— BP(1)di =0 and / 1B+ B"|dt £0,
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and let vg be defined by (5). Then there exists pg € C° (R?) such that supp v N Dvg (SY =@ and

/ vp(2) dega(Dvlg, St z)dz > o.
R2

Proof. Step 1: reduction to the smooth case. We claim that we may assume 8 € C*°(S!). Indeed, for
every £ > 0 we may choose 8 € C*(S!; R?) such that

18— Bllwar <¢ and /|/§+B”|dt 40,

Additionally, we may choose ,g such that

[ @ =Fa =0
S1
We have
Duvg =B®)% +B'(®)F, Dy =P®)%+ B @)
By the continuous embedding W27 — C1 we have that || Dvg — Dvﬂ |co¢s1y and hence we can also
make || deg (Dvg, S°, Ly — deg (Dv 5-S ", )| L1(r2) arbitrarily small by a suitable choice of e. If we

manage to show deg (Dv ;) 7& 0 in L1 (R?), then we have also proved the claim of the lemma.
Hence, from now on we prove the claim of the lemma for 8 € C®(S1).

Step 2: taking the derivative of “deg”. For t € S!, let e; = (cost,sint). Let y : S! — R? be defined by

(1) = B(t)es + B (t)eit.

It is enough to show that dega(D vg, St )= deg8 (y, S, ) is nonzero in L1 (R?). By (8), we have for
any smooth one-form w = wj dx; + @, dx, on R2,

/dega(y,Sl,-)da)zf yYiw.
R2 St

If we show that the right-hand side is nonzero for some choice of w, we are done. Let f : R2 — R?2 be
defined by
x> Y YO= ) (BO+B 0)er (13)
tey—1(x) tey—1(x)
Then we have

(F*o)(1) = (@1 (y (1)), 020y (1)) - f(y(0)) dr,

and we see that it suffices to show that f* # 0 on a set of positive 7! measure to prove the claim of the
lemma.

Step 3: proof of the lemma by contradiction. We assume that f = 0 #!-almost everywhere and show
that this leads to a contradiction. Since y’(¢) = (B(t) + B”(t))e;-, we have that y'(t) = 0 if and only if
B(t)+B"(t) =0. Let U be an open interval such that ' 20 on U and y : U — y(U) is a diffeomorphism.



254 HEINER OLBERMANN

Our aim is now to show that up to H! null sets, we have
Y y(UD\U =U +m.
where we are using the identification of S! with R/(27Z).

Since f = 0 #!-almost everywhere on y(U) and by the explicit form (13) of f, there exists E; C S!
with H!(E) = 0 such that

y(U\E) S y(S'\U). (14)
Next let
Er:={teSt:y/(t) =0}, A:=yp(E).
By Sard’s lemma, we have H!(A) = 0. Furthermore, let

Ey:=y ' (y(U\ED\A)\U,
and let £4 C E3 be the set of points that are not of density 1, i.e.,

L(x— NE
H((x 8,2x+e) 3)<1 .
&

E4:={x € E3:liminf

£—>0
It is a well-known fact from measure theory that #!(E4) = 0. Let Es := y~!(y(E4)) N U. Then also
HY(Es5) =0.

Now let p € U \ (E1 U E5). Then y(p) € AU y(E4), and by (14), we have
y(p) € y(ST\NU)\ (AU y(Es)).

Hence there exists p’ € E3\ E4 with y(p’) = y(p). We may choose a sequence p;, k € N, with p; € E3,
y(py) # v(p'), and p;, — p’. Since y|y is a diffeomorphism, we may set

e =71y (v(pR))
and obtain a sequence pr — p in U, with y(pg) # y(p). Now we have for every k,

y(p)—v(p) _ v(p)—v(p)

ly(p) =y y(pp) =yl
Passing to a suitable subsequence and taking the limit k — oo in that equation, we obtain that the vectors
y'(p) and y’(p’) are parallel. Since

Y'(0) = (B)+B"(1)e;
and p # p’, we must have e, = —e,, and hence (using the identification of S 1 with R/ (27 7))
p=p+tm

Summarizing, we have shown that for 7{!-almost every p € U, we have p + 7 € y~1(y(U)) \ U. We
also may conclude that for every p’ € E3 \ Ey, it holds that p’ + 7 € U. Hence, as desired, we have

y Yy(U)\U =U +n uptoH! null sets.
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Since for every x € S!\ E; there exists a neighborhood U of x with the properties we have assumed
above, we obtain that for H!-almost every € S\ E», we have y(¢) = y(t + 7). Hence,

Bt)er + B'(1)e; = =Bt +m)es — B'(t + ey,

which implies
Bt +n)=—-B@t), Bt+n)=—-p(t) forH'-ae.teS'\ E>. (15)

We claim that we even have
B(t +m)=—pB() forteSt. (16)

Indeed, let € S1. Ift € S! \ E>, then the claim follows from (15). If ¢ is in the interior of E5, then let
T € 0E5 such that (¢, T) C E,. Then we have that also (t + 7, T + 7)) C E, and (T + ) = —B(T),
B/ (T + ) = —B/(T). The values of B(¢), B(t + ) are then determined by the initial values of 8, 8’ at
the points 7, T + 7 and by the ODE S + 8” = 0. By the linearity and translation invariance of this initial
value problem, we obtain (¢ + 7) = —f(¢) as desired. This proves the claim (16).

By (16), we have [ B(t)dt = 0. By the Poincaré—Wirtinger inequality, we have that

/ (B2~ B2)di <0,
sl

with equality only if f is of the form B(¢) = C sin(¢ + «) for some C, « € R. Equality must hold true by
assumption, which yields

B+pB"=0 onS!,
in contradiction to our assumptions. This proves the lemma. O
Lemma 4.3. Let p € (2, %), and

2 1 1—-6 0

f=1-——", =" +_
3p—4 q p/(p=2) 2

Then we have

WP (R?) c (LP/ P~ (R?), W22(R?))g,4.

Proof. By (9), we have L?/(P=2(R2) = F(p—2)2(®?) and W>2(R?) = F7,(R?). By Theorem 3.3,

we obtain
(LP/(p_z) ([Rz), WZ’Z(RZ))G,IJ = qu,g (Rz)

Finally, by Theorem 3.2, we have
WP (R?) = F),(R?) C F28(R?).

Note that the assumption 57 < s¢ in Theorem 3.2 is fulfilled by 1 > 26, which in turn is a consequence of
8
VS (2, §) O
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In the next lemma, we use the following notation: for (u,v) € Ag,p,weletv: R2 — R be defined by

_fu(x) ifxe By, _fv(x) ifx e By,

u(x) = ug(x) if x € R?\ By, o) = vg(x) if x € R\ By,
where ug, vg are as defined in (3)—(5).

Lemma 4.4. Let (u,v) € Ag, ,. Then
I detD217||W—z,z(R2) < H sym Du + %Dv ® DUHL2(B1)'
Proof. We write down the Hessian determinant of v in its very weak form,
det D*3 = (,10,2),12 — 3(V3) 22 — 3(03),11— = —3 curl curl D ® D7.

Here, we have introduced curl(w;, wz) = w2 —w2,1. (In the formula above, curl is first applied in each
row of the matrix Dv ® Dwv, and then on the components of the resulting column vector.) Since we have
curl curl(DwT + Dw) = 0 for every w € W12(B;; R?), we obtain

det D29 = —curl curl(sym Du + %DE ® Df)).
We note that
symDii + D3 ® D =0 on R*\ By.
Hence for every ¢ € W2:2(R?), we obtain by two integrations by parts, and the Cauchy—Schwarz
inequality,
/RZ det D?9 ¢ dx = —/Rz(symDﬁ + D% ® D©) : cof D?¢ dx

< HsymDu—l—%Dv@Dv”Lz(Bl)||(p||Wz,z(Rz). O

Proof of Theorem 2.1. The upper bound has been proved in Lemma 4.1. It remains to prove the lower
bound.

For any (u,v) € Ag , we have Dv|g1 = Dvg|g1, and hence deg(Dv, By, -) = dega(Dv, St )=
dega(Dvﬂ, S1,.). By Lemma 4.2, we may choose ¢ € C2°(R?) such that ¢ o Dv € Wol’p(Bl) C
WP (R?) and

0<Cp) = [ | 9)deg(Dv, Br. )z
=/ det D?v(x)@(Dv(x)) dx
B

= / det D25 (x)@(D(x)) dx,
R2

where we have used the notation introduced above Lemma 4.4, and the fact that det D24 = 0 on R?\ B;.
By Lemma 4.3, ¥ := ¢ o Dv € (LP/(P=2(R?), W22(R?))y,,. Hence by (10), there exist functions
Vo : Rt — LP/(P=2(R2) and y; : RT — W22(R2) such that Yo (¢) + 1 (t) = ¥ for all t € RT and

Vo o2 @ey + 1 Il Ollw22@2y S 1V lwr@e)-
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Rearranging, we have for every ¢ > 0 that

1ol rro-2@2y < P11V llw.o g2y
IO llw22@2y < O Y o @2)-

Now we fix the argument,
|l det D?5|p—.2

" || det D25\ ps2

and write Yo = Yo(t), Y1 = ¥1(¢). Hence we may estimate

cB) = /R i det D25 (x)@(D9(x)) dx

< 1 det D*5 o2 1Yol Lorio- + || det D25 |22 Y1 2.2

< || det D?5]|5, 5| det D70 157 [ ll w1

S L2720, p) 0 (072 )

< 1}5731)—9)/2}129—3’ (17)
where we have used Lemma 4.4 and the facts

| det D%v| < |D?v|?, det D23 =0 on R?\ By
to obtain the fourth line from the third. This implies
Inp2 p(6—46)/(3=6) _ j,p/(p—1) _ hp’,

which proves the theorem. U
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