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A UNIFIED FLOW APPROACH TO
SMOOTH, EVEN L ,-MINKOWSKI PROBLEMS

PAUL BRYAN, MOHAMMAD N. IVAKI AND JULIAN SCHEUER

We study long-time existence and asymptotic behavior for a class of anisotropic, expanding curvature
flows. For this we adapt new curvature estimates, which were developed by Guan, Ren and Wang to treat
some stationary prescribed curvature problems. As an application we give a unified flow approach to the
existence of smooth, even L ,-Minkowski problems in R"*! for p > —n — 1.

1. Introduction

Consider a smooth, closed, strictly convex hypersurface M, in Euclidean space R"*!, n > 2, given
by a smooth embedding Fy : M — R"*!. Suppose the origin is in the interior of the region enclosed
by My. We study the long-time behavior of a family of hypersurfaces {M;} given by smooth maps
F: M x[0,T) — R"*! satisfying the initial value problem

(F(x,1)-v(x,1))*7?
K(x,1)

Here (-, ¢) and v(-,¢) are the Gauss curvature and the outer unit normal vector of M; = F(M,t) and
@ is a positive, smooth function on S”. Furthermore, 7 is the maximal time for which the solution exists.

For p =2, ¢ =1, flow (1-1) was studied in [Schniirer 2006] in R3 and in [Gerhardt 2014] in higher
dimensions. Both works rely on the reflection principle of [Chow and Gulliver 1996; McCoy 2003].
Their result is as follows: the volume-normalized flow evolves any M|, in the C*°-topology to an origin-
centered sphere. For p > 2, ¢ = 1, it follows from [Chow and Gulliver 1996, Theorem 3.1], see also
[Tsai 2005, Example 1], that (1-1) evolves My, after rescaling to fixed volume, in the C'-topology to

A F(x,1) = p(v(x,1)) v(x,1),  F(-,0) = Fo(-). (1-1)

an origin-centered sphere. We refer the reader to [Ivaki 2016] regarding a rather comprehensive list of
previous works on this curvature flow. In particular, in eithercase g Zlorp =1, —-n—1 < p <2, we
are not aware of any result in the literature on the asymptotic behavior of the flow. The following theorem
was proved in [Ivaki 2016] regarding the case p = —n — 1, ¢ = 1; in this case the flow belongs to a
family of centroaffine normal flows introduced in [Stancu 2012].

Let us write B for the unit ball of R**! and put

- (V(B) T
K"_(V(Kt)) K

MSC2010: primary 53C44; secondary 35K55, 52A05, 53A15, 58J35.
Keywords: curvature flow, anisotropic flow, Minkowski problem.
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where K; denotes the convex body enclosed by M; and V(-) is the (n+1)-dimensional Lebesgue
measure.

Theorem [Ivaki 2016]. Letn >2, p=—n—1, ¢ =1 and suppose K has its Santalé point at the origin;
ie.,

—d =0.
o g2 47

Then there exists a unique solution { M;} of flow (1-1) such that M; converges in C® to an origin-centered
ellipsoid.

Here /g, is the support function of Kg. A closed, convex hypersurface M can be described in terms
of its support function sk, : S" — R defined by

hi,(u) =supfu-x:x € My}.

If My is smooth and strictly convex, then hg, (1) = u - Fy v~ (w)).
From the evolution equation of F(-,¢) it follows that

h(-,t):=hg,(-):S"x[0,T) >R
evolves by
eh(u, 1) = () (h*~P Sp) (u, 1), (1-2)
where Sy, (u,t) = 1/K(v~"1(u,t),1). A homothetic self-similar solution of this flow satisfies

h'=P det(V2h +1d h) = é (1-3)

for some positive constant ¢. Here V is the covariant derivative on S”. Note that S, = det(V2h +Id h).
We list the main results of the paper extending the previous-mentioned results.

Theorem 1. Let —n — 1 < p < 0o and ¢ be a positive, smooth function on S" that is even, i.e., p(u) =
@(—u). Suppose K is origin-symmetric. There exists a unique origin-symmetric solution { My} of (1-1)
such that {]\2 ¢} converges for a subsequence of times in C! to a smooth, origin-symmetric, strictly convex
solution of (1-3). Also, when p <n+ 1 the convergence is in C*, and if p > 1 the convergence holds for
the full sequence.

If -n—1 < p < —n, we can extend the result of the previous theorem by dropping the assumption that
@ 1is even.

Theorem 2. Let —n — 1 < p < —n and K satisfy

u
| =0.
/gn g, i 7 =0

There exists a unique solution {M;} of flow (1-1) such that {]\2 ¢} converges for a subsequence of times in
C*®® to a positive, smooth, strictly convex solution of (1-3).

Given any convex body Ky, there exists a vector v such that Ko + v has the origin in its interior and it
satisfies the assumption of the second theorem.
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For ¢ = 1 we prove the following theorem.

Theorem 3. Let 1 # p > —n—1, ¢ =1 and K satisfy
u

sn hK() (u)l—p

Then there exists a unique solution { M} of (1-1) such that {1\2 :} converges in C to the unit sphere. In
addition, for 1 # p <n + 1 the convergence holds in C°.

do(u)=0.

For p # n + 1, self-similar solutions to (1-1) are solutions of the L ,-Minkowski problem (1-4), and
for p =n + 1, a self-similar solution to (1-1) is a solution to the normalized L, 1-Minkowski problem
(1-5); we shall introduce them now.

The Minkowski problem deals with existence, uniqueness, regularity, and stability of closed convex hy-
persurfaces whose Gauss curvature (as a function of the outer normals) is preassigned. Major contributions
to this problem were made by Minkowski [1897; 1903], Aleksandrov [1938; 1939; 1942], Fenchel and
Jessen [1938], Lewy [1938a; 1938b], Nirenberg [1953], Calabi [1958], Pogorelov [1952; 1971], Cheng
and Yau [1976], Caffarelli, Nirenberg, and Spruck [Caffarelli et al. 1984], and others. A generalization of
the Minkowski problem known as the L ,-Minkowski problem was introduced in [Lutwak 1993], where
forany 1 < p # n+ 1 and a preassigned even Borel measure on S” whose support does not lie in a
great sphere of §”" the existence and uniqueness of the solution were proved. This generalization for
1 < p # n+ 1 was further studied in [Lutwak and Oliker 1995], where they obtained the C**¢ regularity
of the solution. Solutions to many cases of these generalized problems followed later in [Ai et al. 2001;
Andrews 2000; 2002; 2003; Boroczky et al. 2013; Chen 2006; Chou and Wang 2006; Dou and Zhu 2012;
Gage 1993; Gage and Li 1994; Guan and Lin 2000; Huang and Lu 2013; Jiang 2010; Jiang et al. 2011; Lu
and Wang 2013; Lutwak et al. 2004; Stancu 1996; 2002; 2003; Umanskiy 2003; Zhu 2014; 2015a; 2015b].

For p # n 4+ 1, in the smooth category, the L,-Minkowski problem asks, given a smooth, positive
function ¢ : S” — R, if there exists a smooth, closed, strictly convex hypersurface My C R”*! such that

RPx) 1
Kx)  ox)

where x € My, h denotes the support function, K the Gauss curvature and v the Gauss map My — S

(1-4)

The even L,-Minkowski problem requires, in addition, that ¢ is an even function. The case p = 11is
the original Minkowski problem.

The special case of p = n + 1 is troubling since (1-4) might not have a solution. To remedy this,
Lutwak, Yang and Zhang [Lutwak et al. 2004] introduced a normalized formulation of the L, -
Minkowski problem and they proved the existence and uniqueness of the solution for any prescribed even
Borel measure on §” whose support is not contained in a great sphere of §”. In the smooth category,
the normalized L, -Minkowski problem asks for the existence of a smooth, closed, strictly convex
hypersurface My C R"*! that solves

1 _ V(Ko)
W (E))K(x) — p(x)’

(1-5)
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where K is the convex body with the boundary M. In the rest of the paper, the L ,-Minkowski problem
refers to either (1-4) or (1-5), and we avoid the word “normalized”.

The existence and regularity of solutions to the L,-Minkowski problem are rather comprehensively
discussed in [Chou and Wang 2006] for p > —n — 1. Our study on (1-1) provides an alternative variational
treatment (based on curvature flow) of the even Lj,-Minkowski problem. For p = 1, Chou and Wang
[2000] treated the classical L{-Minkowski problem in the smooth category by a logarithmic Gauss
curvature flow. For n =1 and 1 # p > —3, the existence of solutions to the L,-Minkowski problems
follows from Andrews’ results [1998] on the asymptotic behavior of a family of contracting and expanding
flows of curves. Also, in higher dimensions, the existence of solutions to the L ,-Minkowski problems
follows from [Andrews 2000] when —n — 1 < p < —n + 1 (a short proof of this is also given in [Ivaki
2015]) or when ¢ is even (i.e., (1) = ¢(—u)) and —n + 1 < p < 1. See also [Andrews 1999; Andrews
et al. 2016; Guan and Ni 2017; Urbas 1998; 1999].

Using our results for the flows above, it is now a simple matter to give a new, unified proof of the
smooth, even L ,-Minkowski problem for all ranges of p > —n —1.

Corollary 4. Let —n — 1 < p < 0o and ¢ be a positive, smooth function on S" that is even, i.e.,
o(u) = p(—u). Then for p # n + 1 there exists an origin-symmetric, smooth, strictly convex body such
that (1-4) is satisfied. For p = n + 1, there exists an origin-symmetric, smooth, strictly convex body such
that (1-5) is satisfied.

Proof. By the first part of Theorem 1 (only the convergence for a subsequence of times is needed), there
exists a smooth, strictly convex body K with the volume of the unit ball and a constant ¢ > 0 such that

h ch?

K ¢
Hence ¢ /S" h? /o do = (n+ 1)V(B"). Thus there is a solution to

h'=P (v(x)) B ((n + l)V(B)) 1
Kex)  \Jsuh?/pdo ) p(v(x))’

Now let us define

(fgn h? /¢ dO')n-l-}—P

n+1,
L\ ov) P7
(n+1DV(B)  \iT
, p=n+1.
V(K) [gn "1 /@ do
Therefore, AK solves the smooth, even L ,-Minkowski problem. O

Let us close this section with a brief outline of this paper. The main difficulty in proving convergence
of the normalized solutions is in obtaining long-time existence. The issue arises from the time-dependent
anisotropic factor (the support function). We believe in such generality, (1-1) serves as the first example
where a time-dependent anisotropic factor is allowed. To prove long-time existence, we first obtain bounds
on the Gauss curvature in Section 3.1. Using the well-known standard technique of [Tso 1985] we obtain
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upper bounds. We obtain lower bounds by applying the same technique to the evolution of the polar body
as in [Ivaki 2015]. Controlling the principal curvatures requires estimates of higher derivatives of the
speed, which is generally quite difficult due to the nonlinearity of the flow. In Section 3.2 we obtain
these crucial estimates by adapting the remarkable C? estimates of Guan, Ren and Wang [Guan et al.
2015, (4.2)] for the prescribed curvature problem. Long-time existence then follows readily by standard
arguments. Once it is proved that solutions to the flow exist until they expand to infinity uniformly in all
directions, the method of [Ivaki 2016, Section 8] applies and yields convergence of the volume-normalized
solutions in C'! to self-similar solutions provided p # 1. Further work is required to establish convergence
of normalized solutions if p = 1, and to prove convergence in C for p <n + 1. This is accomplished
in Section 4; see also Remark 10.

2. Basic evolution equations

Let g = {gij} and W = {w;;} denote, in order, the induced metric and the second fundamental form
of M. At every point in the hypersurface M choose a local orthonormal frame {ey, ..., e,}.
We use the standard notation
w! = g™ wip, W] =™ g wirwem, W =g gMlwipw; = wijw?.
Here, {g'/} is the inverse matrix of {g; i)
We use semicolons to denote covariant derivatives. The following geometric formulas are well-known:

k k
v;i:wi ek’ h;i :wj (Fek),
kl l l
Viij = & wijer —wiwriv,  hyj = wij —hw;wg; + F-Vwg;.
Note that above we considered the support function as a function on the boundary of the hypersurface;

that is, at the point x € M we have
h(x) = F(x)-v(x).

For convenience, let ¥ (x) = h2~?(x)@(v(x)). The following evolution can be deduced in a standard
manner; see for example [Gerhardt 2006].

Lemma 5. The following evolution equations hold:

3;1} = —V(ﬂ),
K

ot =-(2), - (o
i

Kkl ikl , Vo klrs
= ‘/”ﬁwij;kl +‘/fﬁwkrw;wi] —(n+ Dz wi + v =& "Wkt Wrsim
2y 1 . 1 . 1 .
- ngm’c;i’c;m + Eg]klc;kw;i + Egjklﬂ;le;i - Egjkw;ik,

Kl K v
Och =y hij + whﬁwfw,j —(1=1) = F- VY.
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3. Long-time existence

3.1. Lower and upper bounds on Gauss curvature. The proofs of the following two lemmas are similar
to the proofs of [Ivaki 2015, Lemmas 4.1, 4.2]. For completeness, we give the proofs here. In this section
we use V to denote covariant derivatives on the sphere with respect to the standard metric.

The matrix of the radii of the curvature of a smooth, closed, strictly convex hypersurface is denoted by
v = [v;;] and the entries of t are considered as functions on the unit sphere. They can be expressed in terms
of the support function as t;; := ﬁizjh + gijh, where [g;;] is the standard metric on S". Additionally, we
recall that S, = det(r;;]/ det[g;;].

Lemma 6. Let {M;} be a solution of (1-1) on [0,11). If c2 < hg, <c1 on|0,t1], then K < c4 on [0, #1].
Here c4 depends on Ky, c1,¢2, p, ¢ and ty.

Proof. We apply the maximum principle to the following auxiliary function defined on the unit sphere:
vSn 0:h

0= = .
2Cl—h 2C1—h
At any minimum of ® we have
_ _( VvS _
ozvi@:vi(zcl_"h and V3,0 >0.

Therefore, we get _ .
Vi(¥Sn) _ YSnVih

2ei—h  (2¢;—h)?

and
N - —YSutij +2c1¥Sngij
C1 —h
Differentiating ® with respect to time yields
\/fSij = B wZSz B
90 = 3 PR (VHWS) + &S + g (L Q= ph™! Qe =),

where S,l;j is the derivative of S, with respect to the entry v;;. By applying inequality (3-1) to the
preceding identity we deduce
30> 0%*(1—n+2c1H) —cO®?, (3-2)
where
H=2S,'S 3.
Therefore, we arrive at

1 —1
(H*~P /K¢ ! !
T (tu) = (et + - = = - U
2e1—h min 2219 o 4,y min #2210 (¢ )
1

uesn 2¢1—h uesn

Lemma 7. Let {M,} be a solution of (1-1)on[0,11]. If ¢c; <hg, <cz on[0,t], then K> 1/(a+bl_nnﬁ)
on (0,t1], where a and b depend only on cy,cy, p,¢. In particular, K > ¢35 on [0, ] for a positive
number c3 that depends on Ky, c1, ca, p, ¢ and is independent of t;.
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Proof. Suppose K is the polar body!of K, with respect to the origin. We furnish quantities associated
with polar bodies with *. The polar bodies evolve by
0™ = —y* Syl W) = hgr (),

where
n+l1+p

o (2 V2 h*u+Vh*
w N hxn+1 ¢ /h*z_}_lﬁh*lz ’

see Lemma 11 for the proof. In addition, we have ¢; = 1/c; <h* < 1/c; = ¢/,. We will show that the

function
VS,
o=
1
remains bounded. At any maximal point of ®,
_ _ w*S*—l —»
0:V,®:V,(m and VU®SO

Hence, we obtain B B
Vip*Sxh  y*Sy'Vih*

= , 3-3
h*—ci/z (h*—c’1/2)2 3-3)
and consequently,
- _ ) RS — (/v Sy T g
VfJ(W*S: 1)+gijW*S: ! = . Uh* —16’//2 . : (3-4)
1
Differentiating ® with respect to time yields
VESET? i o2 ! 1 Sy 2
_ n *ij * Q*— =k Qk— n *
On the other hand, in view of
_ _ *S*—l ﬁh* _
0% =y 3t 190 = 19 syl = Lo IV e < o,
h*—c}/2
where for the second equation we used (3-3), we have
S*—l )
n—al‘w* S C(nv pP,C1,C2, 90)® .
h* —c1/2

Employing this last inequality and inequality (3-4) we infer that, at any point where the maximum of ®
is reached, we have

/
9,0 < 02 (c’ _ %H*) (3-5)

IThe polar body of a convex body K with the origin of R” ! in its interior is the convex body defined by K* = {x € R"*1 :
x-y=<1forall y e K}.
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1 1

w* ~n 1 c// ~un

(h*— ) FrO\eZan)
y/ cp—¢y/

Therefore, we can rewrite the inequality (3-5) as

Moreover, we have

* o/ -
’H*>n(h c1/2)
- w*S;lk—l

S

9,0 < ©%(c —'@n)
for positive constants ¢ and ¢’ depending only on p, 1, ¢2, . Hence,
® <c+c1TmH (3-6)
for some positive constants depending only on p, ¢y, ¢, ¢. This follows from the claim below.

Claim. Suppose [ is a positive smooth function of t on [0, t1] that satisfies

d
TS Sctaftafl—aftr, (3-7)

where c3, p are positive. There exist constant ¢, ¢’ > 0 independent of the solution and depending only on
Co.C1.Ca,C3, p, such that f < ¢+ 't~/ @+ op (0, t1].

Proof of claim. Note that there exists xo > 0 such that cg + ¢;x + c2x2 — ¢3x2T2 < —¢3/2x* TP for
x > xgo. If f(0) < x¢, then f may increase forward in time, but when f reaches xq, then f must start
decreasing (since the right-hand side of (3-7) becomes negative). Thus we may assume, without loss of
generality, that f(0) > xo. Therefore, f > x¢ on a maximal time interval [0, Zy). On [0, 7y) we can solve

d €3 o4p
dt = 2f

1
p+1Y pHl

< 2
f_(c3 > ) .

to obtain

Attgwehave co+c1f 4+ cr f2—c3 1P = —(c3/2) f2FP and f = xg; therefore the right-hand side
of (3-7) is still negative. So f < f(¢y) on [tg, ?1]. In conclusion,

1
1\ p+T 1
f Smax{(qp; ) , Xo = f(lo)} Sc-l—c/t_“lrv,

where ¢, ¢’ do not depend on solutions. O
The inequality (3-6) implies that

SFl<d + b1 (3-8)

for some ¢’ and b’ depending only on p, ¢y, ¢2, 9. Now we can use the argument given in [Ivaki and

Stancu 2013, Lemma 2.3] to obtain the desired lower bound: For every u € S”, there exists a unique

u* € S" such that
(Sph" )W) (SEh* ) (™) = 1;
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see [Hug 1996]. In view of this identity and (3-8) we conclude that on (0, ;] we have
1

K> ———
a+ bt n+T

for some a and b depending only on p, ¢y, ¢3, ¢. The lower bound for K on [0, §] for a small enough
8 > 0 follows from the short-time existence of the flow. The lower bound for K on [§, ;] follows from

the inequality IC > 1/(a + bS_n’i}rl). |

3.2. Upper and lower bounds on principal curvatures. To obtain upper and lower bounds on the princi-
pal curvatures, denoted by {x;}7_,,
[Guan et al. 2015, (4.2)] for a prescribed curvature problem.

we will consider the auxiliary function used by Guan, Ren and Wang

Lemma 8. Let {M;} be a solution of (1-1) on [0,#;). If ¢; < hg, < cy 0n[0,11], then c5 < k; < c¢ on
[0, t1], where c5 and cg depend on Ky, c1,¢a, p, ¢ and ty.

Proof. In view of Lemmas 6 and 7, it suffices to show that || W || remains bounded on [0, #1]. Consider the
auxiliary function
® = 1log(|W|?*) —alogh.

Assume without loss of generality that ¢; > 1, for otherwise we replace /& by 2/ /¢y, which does not effect
the evolution equation of ®. Using the parabolic maximum principle we show that for some « large
enough O(-,?) is always negative on [0, #1]. If the conclusion of the theorem is false, we may choose
(x9, t9) with zy > 0 and such that O(xg,79) =0, O(x,%y) <0, and O(x,t) < 0 for ¢ < ty. Then,

. ’Ckl
0<6- lﬁﬁ(@;kl

2\J

v ICkl j ; 2w ICkl ] ICkl (w )
T wl wl + +1

W Kz e ez 1 Y S ke = )"’fcnwnz

yw' jcklirs ¢IPKK. 2 . 1
]( klzg wrsp 2#)+(Egjp1/f;ilc;p__gjp1/f;ip)

l

W2 K3 K W2
kl kl
oy o 1/f K
+m—-1)—+-—(F-Vy)— —h.ph—«o > Wi W
(n=D)pne + o (F- V) = oo hchy — ey = fer Wy -
Pick normal coordinates around x¢ such that in (x, zy) it holds that
gij =8ij.  wij = wiiij.
At (xg, o) we may write
Kkl’rswkl;iwrs;i = Ickk’”wkk;iwll ;i _]Ckk ”wk[ .o
due to the relation
K K
. %K Ay kg
KA wiepwpssjwt = Zw”( < g TP > ﬁ ’%";i); G2

i PF#q
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see for example [Gerhardt 2006, Lemma 2.1.14]. We obtain after multiplication by K that

Vi 2 2T ) 20 2
OS_”WHZIC Zwll,l_”WHZIC prq,l+||W||4K ijjw]],l
! P#q J

14 2 (’C;i)2
+1/f’C”w”_(n+l)1//KZ”W”2 ”anzwii KPPA9 i Wi —K PP 9T w2 2 %

ayk W

+Z(zw/c —Kii) — +(—)—+—<Fvw) — K hychy—ay KM w],

IIWII2

At (x¢, 29) we have

Wii Wik hi
0=0., = _ a2, 3-10
©=2 W Y G-10)

i

We may assume at xq that wq; = max{w;; : 1 <i < n}. Therefore,

C(Z
O(x9.70) =0 = ﬁfwn <cf. (3-11)
On the other hand, since ¥ is bounded above and below in view of the hypotheses of the lemma, we
obtain
ey aCy
Vi < Cowi; = 29, K; < —(/Cz) +— e wh
(K ;i)2 2

58WT+C(8’ K09§07t1)wwiiv (3_12)

where ¢4 (depending on #1) is from Lemma 6, and
Viii 2 —C — Cwii — Cwli + Y wizedy ¥ (k) (3-13)

k

Using (3-10) in (3-13) we obtain

K K
“TWE > wiiii < —||W||2 an'(c + Cw;; + Cw?; —Z wii;kdulﬂ(ak))
i .

Z w;i(C + Cw;; + Cw”) - Zh kv (k)

||W||2
||W||2 Zw”(C+Cw,, +Cw}) - Zwﬁ(ai-F)de(a,-)
|W||2 Zw”<C+Cwu>——Zwu<a F)dy(9;). (3-14)

For the last inequality, we used that K is bounded above and ¥ is bounded below (so the constant C
depends on Ky, ¢, t1).
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Combining (3-10), (3-12) and (3-14) implies

w ii 2 w ii 2 va ii 2 ii, 2
J

) D#q

(l’l + I)WICZ |W||2 ||W||2 Xl:wll ICPP qupp;lwqq;l _]CPP qupq;] —(2—8) IC

T ﬁ S wi (€ + Cugy 2% 2 wisls- F)y @0+ (1~ Jedds

IC ..
+O‘7;(35-F)d1:1p(83)+—2w”(3 F)d,y(0; )__chll 20 F)? —ayKlw?

w ..
< TAE Z wy(C + Cw?) —nk Z w}; 4+ K w || W?
/

K . ICll a F2
+0llﬁ(n7—lcuw” %) Z(as F)dFW(as))

_WZ(A1+BI+C1+D1 Ez)—%—w Z (3-15)

||W||2’
where C depends on ¢, Ky, ¢, t1, and

2— Wi
A= E KPP iy gsis
= TR T 2 prittac

2K .

J#i

b o
Bi:—ijjICJ]”’w2~.-, C; =
IWi? < o ||W||2

1 ii 2 2
D= e Bt (Z i)
J

The terms B; and C; deserve some explanation. C; comes from the second term in (3-15), which is
given by

11 KPPy K99 2
||W||22 Zq qu— ||W||2 Z PqP ||W||2 Z quI’

which is exactly C; due to the Codazzi equation.

The third line of (3-15) arises from (3-9). Since the second term in the bracket of (3-9) is negative and
the hypersurface is convex, we can proceed in the same way as we derived C; and just throw away all
indices i which are neither p nor ¢g. This gives term B;. The first term in the big bracket goes into A4;.

In Corollary 14 of the Appendix we will present an adaption of the method developed in [Guan et al.
2015] to deal with the curvature derivative terms A;, B;, C;, D;, E;. There we prove that we obtain the
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following alternative: there exist positive numbers 65, . . ., 8, which only depend on the dimension and
bounds on the Gauss curvature, such that either

w;; > 6wy forall2<i <n
or
Ai+Bi+Ci+D; —E; >0 foralll <i <n.

By taking « large in (3-11), in the first case we get a contradiction to the bound on the Gauss curvature.
In the second case, using also ICiiwizi =K ; wi;, (3-15) yields

||W||2 (Z w(C + Cwfy) — nICZwU) —(@— DKy Zw”

rav (=05 = 3 D@ D4 Y0 Pdev @)
i l

Consequently we obtain
- C(e, Ko, 9, tl)wfl
B w2
where we discarded —(« — 1)Ky Z#l w;i; < 0 and used the bounds on /4, ¥ and K to bound wy; in

terms of wi’l.
Now take o such that (¢ — 1)Ky > C(s, Ky, ¢, 1) + 1. Therefore, in view of (3-11)

Cle. Ko, 9. 1w}
< ( 0,9¢ 1) 11 _(a_ 1)]6}#11)11 +C(K0’(patl)a

—(a—=1DEyYywi + C(Ko, @, 11)a,

B Wi
2
= C(e. Ko, 9, tl)(||W||2 1)wll —wi1 + C(Ko, ¢, 11)a
r
<———=+C(Kop, 0, t1)a. 316
NG (Ko.¢.11) (3-16)
Taking o large enough yields a contradiction. O

Proposition 9. The solution to (1-1) satisfies lim; . max hg, = oo.

Proof. First, let p > n + 1. In this case, by comparing with suitable outer balls, the flow exists on [0, 00).
For p > n + 1, consider an origin-centered ball B, such that Ko 2 B;. Then K; 2 B, (), where

r(t) = ((minhg,)? "' +1(p—n— l)minw)ﬁ

and B, ;) expands to infinity as ¢ approaches co. For p =n+1, K; 2 B,(;) with r(1) = e! Min® min hk,
and B, (;) expands to infinity as ¢ approaches oo.

Second, if p <n 4+ 1, then the flow exists only on a finite-time interval. If max hg, < oo, then by
Lemmas 6, 7 and 8, the evolution equation (1-1) is uniformly parabolic on [0, T"). Thus, the result of
[Krylov and Safonov 1980] and standard parabolic theory allow us to extend the solution smoothly past
time T, contradicting its maximality. O
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4. Convergence of normalized solutions

4.1. Convergencein C1,1# p > —n —1. By the proof of [Ivaki 2016, Corollary 7.5], there exist r, R
such that

0<r<hg <R<o0. 4-1)

Therefore, a subsequence of {E 1 + converges in the Hausdorff distance to a limiting shape Koo with the
origin in its interior. The argument of [Ivaki 2016, Section 8.1] implies

1—

where fz & is the positive continuous curvature function of Koo and ¢ is some positive constant. By [Chou
and Wang 2006, Proposition 1.2], Koo is smooth and strictly convex. The C'! convergence follows, which
is purely geometric and does not depend on the evolution equation, from [Andrews 1997, Lemma 13].

Remark 10. Section 4.1 completes the discussion on the existence of solutions to the smooth, even
L ,-Minkowski problems in R"*1 for 1 # p > —n — 1. The next section discusses the C* convergence
when 1 # p <n+ 1, and also when p = 1 and solutions are origin-symmetric. We mention that in the
latter case, by the proof of [Ivaki 2016, Corollary 7.5], the estimate (4-1) still holds.

4.2. Convergence in C°°. By [Ivaki 2016, Lemma 9.2], there is a uniform upper bound on the Gauss
curvature of the normalized solution when p < n + 1. In the following, we first obtain a uniform lower
bound on the Gauss curvature of the normalized solution K ‘-

Let h: S" %[0, T) — R"*! be a solution of (1-2). Then for each A > 0, / defined by

Ji ST X [0, /A 0y — RiH,
- 1 14+n—p
R, 1) = AT h(u, AT ),

is also a solution of evolution equation (1-2) but with the initial data kﬁh(- ,0).
For each fixed time ¢ € [0, T'), define / a solution of (1-2) as follows:

_1_ 1+n—p
. 7) = (;(Ift)))nﬂh (”’t * (VV%) - ’)'

Note that (-, 0) is the support function of (V(B)/ V(K t))ﬁ K;; therefore,

r f/;(u,O) <R.

Write K, for the convex body associated with h(-, 7) and let B, denote the ball of radius ¢ centered
at the origin. Since B encloses K, the comparison principle implies that B, g will enclose K for
7 €10, 8], where § depends only on p, R, . By the first statement of Lemma 7 applied to 4, there is a
uniform lower bound (depending only on r, R, p, ¢) on the Gauss curvature of K 3
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On the other hand, the volume of K 5 is bounded above by V(B;g); therefore,

V(B) ) V(K¢)
< Cy .= < 1
V(B2R) V(K. v \(+n—p) /4D g)
H‘(V(K,)) 2

for all ¢ € [0, T'). Consequently,

_1_ I+n—p
V(B n+1 V(B ESE 1 §
V(K V(B) (1+n—l>)/(n+l)§) V(Ky) 2 2
2

+(3%h

=

has Gauss curvature bounded below for all ¢ € [0, T').

Now we show that for every 7 € [(V(B)/ V(Kop)) Naw g, T), we can find 7 € [0, T') such that
14+n—p
- V(B) \ "1 §
r=t+ —.
V(K;) 2

14+n— ~ - .
Define f(t) =t + (V(B)/V(K;)) ae % —ton[0,T). Then f is continuous, and

f(IM=T—-1t>0, p<n+l,

f(00) = o0, p=n+1,

f(0) =0, p<n+1.
The claim follows.

Next we obtain uniform lower and upper bounds on the principal curvatures of the normalized solution.
~ 1
Consider the convex bodies K; := (V(B)/V(K;))"+T K, where

[ (VK
(1) .—/0 (V(B)) ds

Let us furnish all geometric quantities associated with K. by a tilde. The evolution equation of he is
given by

Jn 90};2_1)5:3 do -
(n+ )V(B)

arilr = §0;12_p§n -

Since (/, sn (ph~2_1’ S 2do)/((n+ 1)V(B)) is uniformly bounded above, applying the maximum principle
to® = % log(|| W||2) —alog h, and arguing as in the proof of Lemma 8, we see that || W” has a uniform
upper bound. This in turn, in view of our lower and upper bounds on the Gauss curvature of K., implies
that we have uniform lower and upper bounds on the principal curvatures of K. Higher-order regularity
estimates and convergence in C* for a subsequence of {12,} follow from [Krylov and Safonov 1980],
standard parabolic theory and the Arzela-Ascoli theorem. The convergence for the full sequence when
p = 1 follows from the uniqueness of the self-similar solutions to (1-3); see [Lutwak 1993; Chou and
Wang 2006]. Moreover, note that when ¢ = 1 and —n — 1 < p < 1, by the result of [Brendle et al. 2017],
the limit is the unit sphere.
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Appendix

Evolution of polar bodies. Let K be a smooth, strictly convex body with the origin in its interior.
Suppose 90K, the boundary of K, is parametrized by the radial function r = r(u) : S” — R. The
metric [g;;], unit normal v, support function /, and the second fundamental form [w;;] of 0K can be
written in terms of r and its partial derivatives as follows:

(@) gij =rgij +VirV;r.

®) v=>u—-Vr)/Vr2+|Vr|>

© h=r?/Vr2+|Vr|2.

(d) wij = (—rv?jr + Zvirvjr + rzg,-j)/\/ 24+ | Vr |2

Since 1/r is the support function of K*, see, e.g., [Schneider 2014, p. 57], we can calculate the entries
of [v}]:

J

 _ o2 1, 1. —r?fjr+2§,~r§jr+r2g,~j
tij = Vijy T8 = -3 '

Thus, using (d) we get

of = —VZ + |Wr”2w--
ij r3 -
Lemma 11. As K; evolve by (1-2), their polars K} evolve as follows:

nt+l+p

8,1 — ( W*u+ Vi )(h*2+|w*|2) :
! - /h*2+|vh*|2 h*”—HS,;k ’

Proof. To obtain the evolution equation of / K} We first need to parametrize M; over the unit sphere

R*(-o0) = hgo ().

F=ru(,0),0)u(-,t):S"— R,
where r(u(-,1),t) is the radial function of M} in the direction u( -, ¢). Note that

h*=P V2 +||Vr|?

K r ’

8tr =@
and
= det w;; | det g;j det gjj _ 1 - !

- ) - ’ - = ’ h *
det g;; Sk dett;."j detgij  r2n=2(r24||Vr|?) Vh*2 4+ | Vh*|2

Now we calculate

RN B o Y [
0™ =0~ =—— pE p(v)

_ _p2-pY P2 4+ || Vr|? detgyj
3

det Wij

e(v)
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pV r?+ ||V” |2 det g;;j det gjj dettll

dett det g;; det w;;

_ _( r+ Wrnz)”“ 2202 4 [ Vr]?) p(v)

r3 (h*2+||§h*||2)277[] Sy’

p(v)

Replacing r by 1/A* and taking into account (b) finishes the proof. O

Estimates for curvature derivatives. For convenience we present some of the main ideas regarding how
one can prove the alternative in Lemma 8 about balancing the curvature derivatives. This method was
used in [Guan et al. 2015] for a similar stationary prescribed curvature equation. Recall that

2— Wi
o fCPP-aq
2 Wpp;iWqgq;i,

e i G)* - W 2
) o
R L xcd T2 ,
B; = ||W||2 ZwJJ’C Wijsi» G = ||W||22 1] A
J

1 ii 2 ?
D= e B~ (Z i)
J

Note that the term A; looks slightly different from the term A; in [Guan et al. 2015, p. 1309], where
the K is not present in the denominator. We have to define A4; in the way we did, because due to the
inverse nature of the curvature flow equation we obtain an extra good derivative term. This allows us to

i=

choose the constant in A; as 2 — ¢, whereas a large constant was required in [Guan et al. 2015] (denoted
by K there). Fortunately the proofs of Lemmas 4.2 and 4.3 in that paper also work for sufficiently small «.
The remaining terms B;, C;, D;, E; are all identical to those in [Guan et al. 2015].

In the following o denotes the k-th elementary symmetric function of principal curvatures. We begin
by recalling the following special case (kK = n) of inequality (2.4) from [Guan et al. 2015, Lemma 2.2],
which can be deduced easily by differentiating

1

o- ()"
o]

twice, using the concavity of G and applying the Schwarz inequality. For any § > 0, 1 <i <n and
1 </ <n we have

LK) 1=8\K(©@):)> _ K ppaq
> |1 L2 J 3 W
(n— 1)5) K~ * n—1 o} o 9 Wpp:iWqgq:i

1
KPP piwgg:i + (1 - +
n—I
In particular, by taking § = 1/(2 — ¢), we have

2
) o

2—e)——

1—¢ ]IC((G;);;‘)2 B ’Cfflpp’qupp;iwqq;i

(n—=1)(2—¢)

— KPP W piiWggsi = [1 + >
of i

provided (2 —¢) > 1,ie., 0 <e < 1.
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Lemma 12. For eachi # 1, if ~/3k; < k1, we have
Ai+Bi+Ci+D;—E; > 0.

Proof. Note that from (A-1) with / = 1, it follows that 4; > 0 since o*lp P49 — (. The proof that
B; + C; + D; — E; > 0 can literally be taken from [Guan et al. 2015, Lemma 4.2], starting with (4.10) of
that paper. O

In the following proof we will write 6, = K for better comparability with [Guan et al. 2015,
Lemma 4.3]. Also denote by oy (« | i) the k-th elementary symmetric polynomial in the variables
Kiye o Kim1,Kit1,--.,kn and o (x| 1j) accordingly.

Lemma 13. For A = 1,...,n — 1 suppose there exists some § < 1 such that k) /k1 = 8. There exists a
sufficiently small positive constant §' depending on 8, & and the bounds for K such that if )11 /kqy <&,
we have

Ai+Bi+Ci+Di—E;i >0 fori=1,...,A.

Proof. This corresponds to [Guan et al. 2015, Lemma 4.3]. We highlight the main estimates in this proof.
First of all, from [Guan et al. 2015, (4.16), (4.17)] one can extract the following estimate:

IWII*(Bi + Ci + Di = E)) 2 | WI* Y (0n—1(c | j) = 2001k | i )w]; — wiion wiy;
J#i
= WP oni (e | Dwiy —wion whiy. (A-2)
j#i
since 0,,—1(k |ij) = 0.
Now we show the right-hand side of (A-2) is dominated by |W||*4;. From (A-1) we get for all
I<A<nandforall 1 <i <n:

(2—8)w;;

Wi
A; = 2 o PPy, w
= W (O o8 v
o Wi ( 1—¢ )Un((ff)h);i)2 Wi On Y pgOrl 1 Wppiiwgg:i
— w2 (n—1)(2—e) o} w2 o

_ WjiOp 1—¢ 1-e o
= ||W||20}% |:(1+(n (2= ))Z(UA waal) +( 1)(2 )ZG 0y Waasi Whhi

+Z(of“o){’b o o*fa’ )waa;iwbb;i:|- (A-3)
a#b

For sufficiently small 8’ and A = 1 the simple estimates [Guan et al. 2015, (4.19), (4.20)] give

|W1*4; _w 0 wlll Cew,,Zwaal (A-4)
a#1



276 PAUL BRYAN, MOHAMMAD N. IVAKI AND JULIAN SCHEUER

Combining this with (A-2) for i =1 yields,

) C
IWI*(A4;1 +B1+Ci+ D1 —E) 2 Y op_i (k| wd, — w_161 > why
J#1

On Ce 2
= Z - Wjjs1
jAa it

. 2 A5
2(5/11)11 wll) i (A

which is nonnegative for §’ sufficiently small. Hence the lemma is true in the case A = 1.
For A > 1 the series of elementary estimates [Guan et al. 2015, (4.22)-(4.27)] gives

4 wllCE 2
[W|" A; zw”Gn Zwaat Zwaa;i’

a<i a>\

after adapting € if necessary and choosing §’ sufficiently small again. Combining this last inequality with
(A-2) for 1 <i <A yields

. C
IWI*(Ai + Bi+ Ci+ Di —Ei) = Y _on_1(k| jHw};,; — w--€52 Z W}
i .

JF#i
>Z(on e )= ) »
j>A
2
>Z(w115/ o )w,-j;,-, (A-6)
which is nonnegative for small §’ for the same reason as in (A-5). O
Corollary 14. There exist positive numbers 85, . . ., 8y, depending only on the dimension, on € and on the
bounds for the Gauss curvature, such that either
ki >8iky forall2<i <n (A-7)
or
Ai+Bi+Ci+D;—E; >0 foralll <i <n. (A-8)

Proof. Choosing A =1 and § = 1 in Lemma 13 yields the existence of §" with the following property: if
ko /K1 <&, then
A1+ B1+Ci+ D1 —E; >0.
Note that k; < k, for i > 2. Choose §, = min{8’, 1/+/3}. Therefore, in view of Lemma 12, k»/k1 < 8,
implies
Ai+Bi+Ci+D;—E; >0 foralli >2.
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We now apply induction, assuming we have constructed 85, ...,d;. We may assume k; > d;«; for
2<i =< j;otherwise A; + B; + C; + D; — E; > 0 is already true for 2 <i <n. Choose § =4J; and A = j
in Lemma 13 to geta §’ so thatif k1 <&'ky, then A; + B; + C; + D; — E; > 0 holds for 1 <i < j. Now
in view of Lemma 12, taking ;41 = min{¢’, 1/+/3} gives Aj + Bi+Ci+D; —E; > 0for j <i <n. O
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THE MUSKAT PROBLEM IN TWO DIMENSIONS:
EQUIVALENCE OF FORMULATIONS, WELL-POSEDNESS,
AND REGULARITY RESULTS

BOGDAN-VASILE MATIOC

We consider the Muskat problem describing the motion of two unbounded immiscible fluid layers with
equal viscosities in vertical or horizontal two-dimensional geometries. We first prove that the mathematical
model can be formulated as an evolution problem for the sharp interface separating the two fluids, which
turns out to be, in a suitable functional-analytic setting, quasilinear and of parabolic type. Based upon
these properties, we then establish the local well-posedness of the problem for arbitrary large initial data
and show that the solutions become instantly real-analytic in time and space. Our method allows us to
choose the initial data in the class HY, s € (%, 2), when neglecting surface tension, respectively in H?,
s € (2, 3), when surface-tension effects are included. Besides, we provide new criteria for the global
existence of solutions.
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1. Introduction and the main results

The Muskat problem [1934] is a classical model describing the motion of two immiscible fluids in a
porous medium or a Hele-Shaw cell. We consider here the particular case when the fluids have equal
viscosities and we assume that the flows are two-dimensional. Furthermore, we consider an unbounded
geometry corresponding to fluid layers that occupy the entire space, the fluid motion being localized and
the fluid system close to the rest state far away from the origin. We further assume that the fluids are
separated by a sharp interface which flattens out at infinity, evolves in time, and is unknown. We consider
two different scenarios for this unconfined Muskat problem:

MSC2010: 35R37, 35K59, 35K93, 35Q35, 42B20.
Keywords: Muskat problem, surface tension, singular integral.
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(a) In the absence of surface-tension effects at the free boundary, the Hele-Shaw cell is vertical and the
fluid located below is more dense.

(b) In the presence of surface-tension effects, the Hele-Shaw cell is either vertical or horizontal and we
make no restrictions on the densities of the fluids.

One big advantage of considering this setting is that the equations of motion can be very elegantly
formulated as a single evolution equation for the interface between the fluids. Indeed, parametrizing
this interface as the graph [y=f (¢, x)], the Muskat problem is equivalent in this setting to an evolution
problem for the unknown function f, see Section 2, and it can be written as

_ ok ’ f(f,x)—f(f,x—Y) ’

10 = PV [ T T () k=) dy

ok y /

PV x—y)d
T o /[Ry2+(f(l,x)—f(l,x—)’))Z(K(f)) (hxmndy (1-1)
A,k y(f'(t,x) = f'(t,x —y))

+EPV/Ry2+(f(t,x)—f(t,x—y))2dy fort >0, xeR,

£, )= fo.

For brevity we write f” for the spatial derivative d, f. We let k denote the permeability of the homogeneous
porous medium, w is the viscosity coefficient of the fluids, o is the surface-tension coefficient at the free
boundary, and

Ap = g(p— —p4),

where g is the Earth’s gravity and p+ is the density of the fluid which occupies the domain €24 (¢) defined by
Q_(0):=[y<f@x)] and Q. ():=[y>f{ x)]

Furthermore, « ( f(¢)) is the curvature of the graph [y=f (¢, x)] and PV denotes the principal value which,
depending on the regularity of the functions under the integral, is taken at zero and/or at infinity. Our
analysis covers the following scenarios

(@o0=0,A,>0 and (b)o >0, A, eR,

meaning that (a) corresponds to the stable case when the denser fluid is located below.

Due to its physical relevance [Bear 1972], the Muskat problem has been widely studied in the last
decades in several geometries and physical settings and with various methods. When neglecting surface-
tension effects the well-posedness of the Muskat problem is in strong relationship with the Rayleigh—Taylor
condition, being implied by the latter. The Rayleigh—Taylor condition, which appears first in [Saffman
and Taylor 1958], is a sign restriction on the jump of the pressure gradient in normal direction at the free
boundary. For fluids with equal viscosities moving in a vertical geometry, it reduces to the simple relation

A, >0

see, e.g., [Cordoba and Gancedo 2010; Escher et al. 2018] and also (2-1a)—(2-1b). The first local existence
result was established in [Yi 1996] by using Newton’s iteration method; the analysis in [Ambrose 2004;
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Berselli et al. 2014; Cheng et al. 2016; Gémez-Serrano and Granero-Belinchén 2014; Constantin et al.
2017; Cérdoba et al. 2011; 2013; 2014; Cérdoba and Gancedo 2007; 2010] is based on energy estimates
and the energy method; the authors of [Siegel et al. 2004] use methods from complex analysis and a version
of the Cauchy—Kowalewski theorem; a fixed-point argument is employed in [Bazaliy and Vasylyeva 2014]
for nonregular initial data, and the approach in [Escher and Matioc 2011; Escher et al. 2012; 2018] relies
on the formulation of the problem as a nonlinear and nonlocal parabolic equation together with an abstract
well-posedness result from [Da Prato and Grisvard 1979] based on continuous maximal regularity. Other
papers study the qualitative aspects of solutions to the Muskat problem for fluids with equal viscosities,
such as global existence of strong and weak solutions [Constantin et al. 2013; 2017; Granero-Belinchén
2014], existence of initial data for which solutions turn over [Castro et al. 2011; 2012; 2013], and the
absence of squirt or splash singularities [Cérdoba and Gancedo 2010; Gancedo and Strain 2014].

Compared to the zero-surface-tension case, the Muskat problem with surface tension is less well-studied.
When allowing for surface tension, the Rayleigh—Taylor condition is no longer needed and the problem is
well-posed for general initial data. While some of the references require quite high regularity from the
initial data, see [Ambrose 2014; Friedman and Tao 2003; Hong et al. 1997; Tofts 2017], optimal results
are established in bounded or periodic geometries under the observation that the Muskat problem with
surface tension can be formulated as a quasilinear parabolic evolution problem; see [Escher et al. 2018;
Priiss and Simonett 2016a].

The stability properties of equilibria which are, depending on the physical scenario, horizontal lines
[Cheng et al. 2016; Ehrnstrom et al. 2013; Escher et al. 2012; Escher and Matioc 2011], finger-shaped
[Ehrnstrom et al. 2013; Escher et al. 2012; Escher and Matioc 2011], circular [Friedman and Tao 2003], or
a union of disjoint circles/spheres [Priiss and Simonett 2016b] have been also addressed in the references
just mentioned.

In this paper we first rigorously prove in Section 2 that the Muskat problem in the classical formulation
(2-1) and the system (1-1) are equivalent for a certain class of solutions. Thereafter, the analysis of (1-1)
starts from the obvious observation that the right-hand side of the first equation of (1-1) is linear with
respect to the highest-order spatial derivative of f; that is, this particular Muskat problem has a quasilinear
structure (also when neglecting surface tension). This property is not obvious in the particular geometry
considered in [Escher et al. 2018; Yi 1996] (when o = 0). In a suitable functional-analytic setting we then
prove that (1-1) is additionally parabolic for general initial data. The parabolic character was established
previously for bounded geometries [Escher et al. 2012; 2018; Escher and Matioc 2011; Priiss and Simonett
2016a; 2016b] (in the absence of surface-tension effects only when the Rayleigh—Taylor condition holds),
but for (1-1) only for small initial data; see [Constantin et al. 2013; Cérdoba and Gancedo 2007]. These
two aspects, that is, the quasilinearity and the parabolicity, enable us to use abstract results for quasilinear
parabolic problems due to H. Amann [1993, Section 12] to prove, by similar strategies, the well-posedness
of the Muskat problem with and without surface tension.

It is worth emphasizing that for this particular Muskat problem the local well-posedness is established,
in the zero-surface-tension case, only for initial data that are twice-weakly differentiable and which belong
to WPZ(R) for some p € (1, oo]; see [Constantin et al. 2017]. Our first main result, i.e., Theorem 1.1,
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%, 2). For the unconfined

Muskat problem with surface tension, the well-posedness is considered only in [Ambrose 2014; Tofts
2017] and in both papers the authors require that fy € H*(X), with X € {R, T} and s > 6. In our well-
posedness result, i.e., Theorem 1.2, the curvature of the initial data may be even unbounded as we allow for
general initial data fy € H*(R) with s € (2, 3). Additionally, we also obtain new criteria for the existence
of global solutions to the Muskat problem with and without surface tension and, as a consequence of

extends the local well-posedness to general initial data in H*(R) with s € (

the parabolic character of the equations, we show that the fluid interfaces become instantly real-analytic.
Our strategy is the following: we formulate, in a suitable functional-analytic setting, (1-1) as a
quasilinear evolution problem of the form'

f=o(NHIf], t>0, fO)=fo,

and then we study the properties of the operator ®,. We differentiate between the case o = 0, studied in
Sections 3-5, when we simply write &, =: ®, and the case o > 0, as in the first case @ ( f) is a nonlocal
operator of order 1 and in the second case @, (f) has order 3 (for f appropriately chosen). At the core of
our estimates lies the following deep result from harmonic analysis: given a Lipschitz functiona : R — R,
the singular integral operator

hi— |:x s PV/ hx —y) exp<,~w> dy:| (1-2)
R y y

belongs to £(L,(R)) and its norm is bounded by C(1 + ||a’|| ), see [Murai 1986], with C denoting a
universal constant independent of a. Relying on (1-2), we study the mapping properties of ®, and show,
for suitable f, that @, (f) is the generator of a strongly continuous and real-analytic semigroup. The
main results of this paper, that is, Theorems 1.1-1.3, are then obtained by employing abstract results
presented in [Amann 1993, Section 12], and which we briefly recall at the end of this section. The line of
approach is close to the one we followed in [Escher et al. 2018]; however, the functional-analytic setting
and the methods used to establish the needed estimates are substantially different. We expect that our
method extends to the general case when p_ # w4 and we believe to obtain, for periodic flows, a similar
stability behavior of the — flat and finger shaped — equilibria, as in [Escher and Matioc 2011].

Our first main result is the following well-posedness theorem for the Muskat problem without surface-
tension effects.

Theorem 1.1 (well-posedness: no surface tension). Let o =0 and A, > 0. The problem (1-1) possesses
foreach fy € H(R), s € (%, 2), a unique maximal classical solution

f=rfC3 fo) € €U0, T (fo)), H (R) NC((O, T4 (fo)), H*(R) NC' (0, T1(fo)), H' (R)),
with T+ (fo) € (0, o0], and [(t, fo) — f(t; fo)] defines a semiflow on H*(R). Additionally, if
sup Nf@lgs <oo foral T >0,
[0, T4 (f0))NIO,T]

then T4 ( fo) = oo.

Iwe write f to denote the derivative df/dt.
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The quasilinear character of the problem is enhanced by the presence of surface tension. For this
reason we may consider, when o > 0, initial data with unbounded curvature. We show in Theorem 1.3,
however, that the curvature becomes instantly real-analytic and bounded.

Theorem 1.2 (well-posedness: with surface tension). Let o > 0 and A, € R. The problem (1-1) possesses
foreach fy € H*(R), s € (2, 3), a unique maximal classical solution

f= (3 fo) € €U0, T (fo)), H (R) NC((O, T4 (fo)), H>(R) NC' (0, T4(f0)), L2(R)),
with T+ (fo) € (0, ool, and [(¢t, fo) — f(t; fo)l defines a semiflow on H*(R). Additionally, if

sup | f@llgs <oo forall T >0,
(0,74 (fo))N[0,T]
then T, (fo) = oc.

These results reflect the fact that the Muskat problem without surface tension is a first-order evolution
problem, while the Muskat problem with surface tension is of third order. The solutions obtained in
Theorems 1.1 and 1.2 become instantly real-analytic.

Theorem 1.3. Let s € (3,2) if o =0and A, > 0, and let s € (2,3) if o > 0. Given fy € H*(R), let
f = f(-; fo) denote the unique maximal solution to (1-1) found in Theorems 1.1 and 1.2, respectively.
Then

[(tvx) = f(t9x)] : (07 T+(f0)) xR—R

is a real-analytic function. In particular, f (¢, -) is real-analytic for each t € (0, T (fy)). Moreover, given
k e N, it holds that

f €0, TL(fo)), H*R)),

where C® denotes real-analyticity.

As a direct consequence of Theorems 1.1 and 1.3 and of [Constantin et al. 2013, Theorem 3.1], see
also [Constantin et al. 2016, Remark 6.2], we obtain a global existence result for solutions to the Muskat
problem without surface tension that correspond to initial data of medium size in H*(R), s € (%, 2). In
the following F denotes the Fourier transform.

Corollary 1.4. There exists a constant co > % such that for all fy € H*(R), s € (% 2), with

Il folll :=/Rléllffo(é)ldé < co,

the solution found in Theorem 1.1 exists globally.

Proof. The claim follows from the inequality

1
([wall Z/RISIIff(é)Idé < IIfIIH-f/RWdS = Cllfllas

fors € (3,2) and f € H*(R). 0O
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An abstract setting for quasilinear parabolic evolution equations. In Theorem 1.5 we collect abstract
results from [Amann 1993, Section 12] for a general class of abstract quasilinear parabolic evolution
equations, which we use in an essential way in our analysis.

Given Banach spaces [Eg, E; with dense embedding E; — [Eq, we define H(E;, Eg) as the subset of
L(Ey, Ep) consisting of negative generators of strongly continuous analytic semigroups. More precisely,
A € H(Ey, Ep) if —A, considered as an unbounded operator in Ey with domain [E;, generates a strongly
continuous and analytic semigroup in L(Ey).

Theorem 1.5. Let g, | be Banach spaces with dense embedding | — [Fo and let Ey := [Fq, E1]g for
0 < 0 < 1 be endowed with the || - ||g-norm. Let further 0 < B < a < 1 and assume that

~® e C'7(0p, H(E, Fp)), (1-3)

where Og denotes an open subset of kg and C 1= stands for local Lipschitz continuity. The following
assertions hold for the quasilinear evolution problem

f=®OIf], >0, fO)= fo (QP)

Existence: given fo € Oy := Og N Ly, the problem (QP) possesses a maximal solution

f= (1 fo) € €U0, T (fo), Ox) NC(O, Ty (o). E1) NCH(O, Ty (f0)). Eo) NC*F([0, T1, Ep)
forall T € (0, Ty (fy)), with T (fo) € (0, 00].
Uniqueness: if T € (0, 00], n€ (0, — B, and f € C((0, T), E}) NC'((0, T), Eo) satisfies
feC™(0,T),Ep) forallT € (0,T)
and solves (QP), then T < T.(fo) and f = f on [0, T).

Criterion for global existence: if f : [0, T1N[0, T+ (fo)) = Oy is uniformly continuous for all T > 0,
then
T (fo) =00 or Ti(fp) <oo and dist(f(t),00y) — 0 fort — T+(fo).

Continuous dependence of initial data: the mapping [(¢t, fo) — f(t; fo)] defines a semiflow on Oy and,
if ® € C¥(Og, L(Ey, ko)), then

[z, fo) = f(&; fo)] :{(z, fo): fo € O, 1 € (0, T1(f0))} = Ea
is a real-analytic map too.

As usual, [ -, - Jo denotes the complex interpolation functor. We choose for our particular problem
E, e {H*(R):0<s <3}, i =1,2, and in this context we rely on the well-known interpolation property
[H*(R), H' (R)]y = HI"FI(®R), 60, 1), —00 <50 <51 < 00; (1-4)

see, e.g., [Triebel 1978, Remark 2, Section 2.4.2].
The proof of Theorem 1.5 uses to a large extent the linear theory developed in [Amann 1995, Chapter II].
The main ideas of the proof of Theorem 1.5 can be found in [Amann 1986; 1988]. The uniqueness claim
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in Theorem 1.5 is slightly stronger compared to the result in [Amann 1993, Section 12] and it turns out
to be quite useful when establishing the uniqueness in Theorems 1.1-1.2. For this reason we present in
Appendix B the proof of Theorem 1.5.

In order to use Theorem 1.5 in the study of the Muskat problem (1-1), we have to write this evolution
problem in the form (QP) and to establish then the property (1-3). With respect to this goal, we use the
estimate provided in (1-2) and many techniques of nonlinear analysis.

2. The equations of motion and the equivalent formulation

We present the equations governing the dynamic of the fluids system and we prove, for a certain class of
solutions, that the latter are equivalent to the system (1-1). The Muskat problem was originally proposed
as a model for the encroachment of water into an oil sand, and therefore it is natural to assume that
both fluids are incompressible, of Newtonian type, and immiscible. Since for flows in porous media the
conservation of momentum equation can be replaced by Darcy’s law, see, e.g., [Bear 1972], the equations
governing the dynamic of the fluids are

{div ve() =0 in Q(1),
vi(f) = —(k/w)(Vp+L() + (0, p£g)) in Q4(7)

for ¢ > 0, where, using the subscript =+ for the fluid located at €24.(¢), we denote by vy (¢) := (vl_L (1), vi (1))

(2-1a)

the velocity vector and p4 (¢) the pressure of the fluid £. These equations are supplemented by the natural
boundary conditions at the free surface

{P+(l)—P—(t)=UK(f(l)) on [y=f(, x)],
(@) [v(@®) = (v (1) [v(D)) on[y=f(, x)],

where v(7) is the unit normal at [y=f (¢, x)] pointing into €, (¢) and (- | - ) is the inner product on R

(2-1b)

Furthermore, the far-field boundary conditions

{f(t,x)—>0 for |x| — oo,

(2-1¢)
ve(t,x,y) — 0 for|(x,y)| — o0

state that the fluid motion is localized, the fluids being close to the rest state far away from the origin.
The motion of the interface [y=f (¢, x)] is coupled to that of the fluids through the kinematic boundary
condition

Wf@® = we@® | (=f'@®, D) only=f(t )] (2-1d)

Finally, the interface at time ¢ = 0 is assumed to be known,

£O) = fo (2-Te)

The equations (2-1) are known as the Muskat problem and they determine completely the dynamic of
the system. We now show that the Muskat problem (2-1) is equivalent to the system (1-1) presented in
the Introduction. The proof uses classical results on Cauchy-type integrals defined on regular curves; see,
e.g., [Lu 1993]. More precisely, we establish the following equivalence result.
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Proposition 2.1 (equivalence of the two formulations). Let o > 0 and T € (0, oo]. The following are
equivalent:

(i) The Muskat problem (2-1) for*
fe Cl((O, T), L,(R)NC(0,T), L,(R)), f@) e HS(R) forallt € (0,7),
vi(t) € C(Qx () NCHQL®), p+(t) € C'(Qe()NCHQx() forallt €(0,T).
(ii) The evolution problem (1-1) for
fe C‘((O, T), L,(R)NC([0, T), L,(R)), f@) e H5(IR) forallt € (0, T).

Proof. We first establish the implication (i) = (ii). Assuming that we are given a solution to (2-1) as in (i),
we have to show that the first equation of (1-1) holds for each ¢ € (0, T'). Therefore, we fix t € (0, T)
and we do not write in the arguments that follow the dependence of the physical variables of time ¢
explicitly. In the following, 1 is the characteristic function of the set E. Introducing the global velocity
field v := (v!, v?) := v_1[y < (o) + V4 1[y> ()} Stokes’ theorem together with (2-1a) and (2-1b) yields
that the vorticity, which for two-dimensional flows corresponds to the scalar function  := d,v% — E)yv1 ,
is supported on the free boundary, that is,

(w, @) = / o(x)p(x, f(x))dx forall g€ CSO(RZ),
R
where .
= ﬁ[ak(f) — A, f1.

We next prove that the velocity is defined by the Biot—Savart law, that is, v = ¥ in R\ [y=f (x)], where

. L/ (—O0 = f@s).x—5)

2 Jg (x —$)*+(y — f(5))?
To this end we compute the limits v_(x, f(x)) and v4(x, f(x)) of v at (x, f(x)) when we approach this
point from below the interface [y = f (x)] or from above, respectively. Using the well-known Plemelj
formula, see, e.g., [Lu 1993], due to the fact that f € H 4(R) and after changing variables, we find the
expressions

@(s)ds in R*\ [y=f(x)]. (2-2)

(=(fx) = fx=s),5) _ 11, f/))a(x)

3 sox—s)dsF5——5—
RS+ ()= fx—5)) 2 1+ f(x)
where the principal value needs to be taken only at 0. In view of Lemma A.2 and of f € H>(R), the

restrictions v4 of v to Q4 satisfy vy € C (€4) N CY(Q4) and moreover 74 vanish at infinity. Next, we
define the pressures py € Cl(QL)NC*HQ) by the formula

B (x, f(x)) = % PV . xeR. (2-3)

X y —
p+(x,y) i=ct — % / vy (s, xd)ds — % / 03 (x,5)ds — prgy, (x,y) € Qq, (2-4)
0 +d

2The regularity f(¢) € HS(IR), t € (0, T), is not optimal; that is, the two formulations are still equivalent if f(¢) € H" (R),
t € (0, T), for r < 5 suitably chosen. In fact, if © = 0, we may take r = 3. However, as stated in Theorem 1.3, f(t) € H*°(R)
forall t € (0, T), and there is no reason for seeking the optimal range for r.
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where d is a positive constant satisfying d > || f || and c+ € R. For a proper choice of the constants c, it
is not difficult to see that the pair (P, U+) satisfies (2-1a)—(2-1c). Let V4 := vy — 0y, V= (V!, V?) =
V_ljy< o1+ Valps rooy € C(R?), and

y
Yi(x,y) = /
f@)

X
Vi(x,s)ds — /O (Vals, fDI(=f'(s), D)ds  for (x,y) € Qu,
be the stream function associated to V.. Recalling (2-1a)-(2-1c), we deduce that the function ¢ :=
V_1y< 1+ ¥41jy- ) satisfies Ay =0 in D’ (R?). Hence, 1 is the real part of a holomorphic function
u:C— C. Since u’ is also holomorphic and u’ = 9,y —id, ¥ = —(V?2, V1) is bounded and vanishes for
[(x, y)| = oo it follows that u#” = 0; hence V = 0. This proves that vy = v.
We now infer from (2-1d) and (2-3) that the dynamic of the free boundary separating the fluids is

described by the evolution equation
f(ta-x)_f(tv-x_s)
s2+ (f(t, x) = f(t,x =)

S /
T PV/R TG0 — fax sy T AT b

for > 0 and x € R. This equation can be further simplified by using the formula

182 (f () = f(x=1/8))* 14+ (f () — f (x+8))*/8°
14+82(f ()= f(x+1/8)* 1+(f (x) — f(x —8))*/8*

k
0 (1,3) = 3 f 1.0 PY /R ok (f)— A, f1(E % — 5)ds

/ 9 (In(s®+(f(x)— f(x—5))D)) ds =In
S<l|x|<1/8 ds
for § € (0, 1) and x € R. Letting § — 0, we get

0= %PV/ %(ln(sz—l- (f@x) = f(x—5)P)ds
R
t,x)— f(t,x—s)f'(t,x —
f . s _ds +PV (f(2 xX)— flt,x—s)f't,x Zs)ds,
RS*+(f(t,x)— f(t,x—s5)) R s+ (f@,x)— f@t,x—s))
and now the principal value needs to be taken in the first integral at zero and at infinity. Using this identity,

we have shown that the mapping [t — f(¢)] satisfies the evolution problem (1-1).
The implication (ii) = (i) is now obvious. O

3. The Muskat problem without surface tension: mapping properties

In Sections 3 and 4 we consider the stable case (a) mentioned on page 282. In this regime, after rescaling
time, we may rewrite (1-1) in the abstract form

f=®NIfl, >0, £0)= fo, (3-1)

where ®(f) is the linear operator formally defined by

y(h'(x) —h'(x —y))
o} h =PV dy.
(HRICO /Ry2+<f<x)—f<x—y))2 !

(3-2)
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We show in the next two sections that the mapping & satisfies all the assumptions of Theorem 1.5 if we
make the following choices: Eg := H'(R), E; := HX(R), E, = H*(R) with s € (%, 2), and Og := H*(R)
with § € (%, s). The first goal is to prove that

® e C'"(H'(R), L(H*(R), H' (R))) (3-3)

for each s € (2, 2). Because the property (3-3) holds for all s € (3, 2), the parameter § will appear only
in the proof of Theorem 1.1, which we present at the end of Section 4.
For the sake of brevity we set

S f=fx)—f(x—y) forx,yeR,

and therewith
Speih'/y y
Lt (Bpe,y1 £/3)?

Boundedness of some multilinear singular integral operators. We first consider some multilinear oper-

Q(f)[n](x) =PV/R

ators which are related to ®.> The estimates in Lemmas 3.1 and 3.4 enable us in particular to establish
the regularity property (3-3). Lemma 3.1 is reconsidered later on, see Lemma 5.3, in a particular context
when showing that @ is in fact real-analytic.

Lemma 3.1. Givenn,me N, r € (%, 2), ai,...,an+1, b1, ..., by € H (R), and a function c € Ly(R)
we define

H;nzl (Srx1bi/y) Spx,y1C dy
P+ Grepai /)21 Y

Am,n(al’ sy an—i—])[bl, ceey bmv C](X) = PV/
r ]
Then:

(1) There exists a constant C, depending only on r, n, m, and max;=1, _n+1 llaill ur, such that
lAmn(at, ..., ans )1, ..., b, clll2 < Clicll2 1_[ 15| arr (3-4)
i=1
forallby,...,by, € H (R) and c € Ly(R).
(i) Amn € C((H R, L1 (H (R)™ x L2 (R), Ly(R))).

Remark 3.2. We note that

O (f)[h] = Aoo(f)IR'] (3-5)
forall f € H'(R), s € (3,2), and h € H*(R), and
Aoo(O)[c](x) = PV/ LESICO N PV/ €Y 4y = Hew),
R Y R y

where H denotes the Hilbert transform [Stein 1993].

3 As usual, the empty product is set to be equal to 1.
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Remark 3.3. In the proof of Lemma 3.1 we split the operator A, , :== An..(ai, ..., ay+1) into two
operators

Apn=A4A,,,—Ap .

m,n

If we keep by, ..., b, fixed, then A,lmn is a multiplication-type operator

’

LT O b
AL b1 by, c](x) ::c(x)PV/_ nglzl([,y] /y)
R Y [TiZ [1+ By, y1ai /¥)?]

while Aﬁm is the singular integral operator
Ap b1, o by C(x) = PV/ K (x,y)c(x —y)dy,
R

with the kernel K defined by

K(r.y) = 1 [T/, Bpe,1bi /y)

YT T+ Bpeyiai /)2

forx eR, y#0.

Our proof shows that both operators Afn’n, 1 <i <2, satisfy (3-4). While the boundedness of A,lnvn
follows by direct computation, the boundedness of Aﬁw follows from the estimate on the norm of operator
defined in (1-2) and an argument due to Calderoén as it appears in the proof of [Meyer and Coifman 1997,
Theorem 9.7.11]. In fact, the arguments in the proof of Lemma 3.1 show that given Lipschitz functions

ai, ..., an+m : R — R, the singular integral operator

H?:l(a[x,y]ai/y) y
[T 1+ e yiai /)2

Bum(ai, ..., anim)h](x) = PV/ h(x —y)
R Y

belongs to L(L»(R)) and || B, (a1, - . ., @ngm) lco@y < C [17—; lla}lloo, where C is a constant depend-
ing only on n, m and max;—p+1,....n+m ||al,||oo
It is worth pointing out that By o = By,1(0) =7 H.

Proof of Lemma 3.1. The multilinear operator A ,ln’n is bounded provided that the mapping

1 " (Six.v1bi
|:)C — PV/ _ nEIZI( [x,y] /y) a’y]
R Y [[2 11+ Gpeaai /)%

belongs to L~ (R). To establish this boundedness property we note that

/ I Gunbi/y) /‘/51 [T Gubi/y) 1 [T (=8,—1bi/y)
s<iyl</s ¥ [T 114+ Gpey1ai /¥)?] s YT 4+ Grepai/y)?1 ¥ T 114G, —yai /)]

1/8
::/ I(x,y)dy
s
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for § € (0, 1) and x € R, where

1 1
I ’ = X 1 - 8}(— b
) yl_["+1[1+(5[x>]az/y)2]<n([ A%/3) H( ity )>

—(]_[(—a[ - ]b~/y)) nnﬂ[l + B2 /)1 = [T 11+ Bpeyiai /)]
~ - T 1+ Braygar /)20 + Gpe—yjai /)21

We further have

1 m m
5 (H(s[x,y]bl-/w - H(—a[x,_y]bi/y))
i=1 i=1

_ llﬁ[ bi(x) —bi(x—y) 11ﬂ[ bi(x +y) —bi(x)

y il y y i1 y
m i—1 m
_ Z bi(x +y)—2b; EX) +bi(x —y) |:1_[(8[x,y]bj/y)] |: l_[ (—5[x,y]bj/y)i|,
=l Y j=1 =it

and similarly

1 n+1 n+l
y(]‘[[1+<a[x _wai/ Y 1=[ [+ yai/y) ])

i=1 i=1

n+1 -i— n+1
Z[]‘[ 1+<8[x,_y]aj/y>2]}[ I [1+<6[x,y]aj/y>2]}

j=i+1
i (x+y)—a;(x—y) a;(x+y)—2a;(x)+a;(x—y)
> )
y y

Let us now observe that

2mEl] 4 4 1 o TR
[1+4(n+ )mzaxl_l,.,.,nﬂ ”al”OOJI_[”bi”oo forxeR, y>1.  (3-6)
y

i=1

11 (x, y)| <

Furthermore, since r — 5 e (1, 2), we find, by taking advantage of H"(R) — BC"~ 172(R), that

|f(x+y)_irf(£+f(x_y)l54[f/]r—3/2§C||f||Hr forall f € H'(R), xR, y>0; (3-7)

see [Lunardi 1995, Relation (0.2.2)]. Here [ - ],_3,> denotes the usual Holder seminorm. Using (3-7), it
follows that

m m n+1
|1(x,y)|ECy"S/Z[Z(ub,-nHr I ||b;-||oo> (1‘[||b/||oo)2||a ||oo||a,||Hr] (3-8)
i=1

J=lj#i
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for x e R, y € (0, 1). Combining (3-6) and (3-8) yields

sup/0 11Ge )l dy < [T 16illar.

xeR i=1

where C depends only on r, n, m, and max;—;,.._,+1 |lail|g-. The latter estimate shows that (3-4) is

.....

satisfied when A,, , is replaced by A,ln’n.
To deal with A2, we define the functions F : R"*"+! — Rand A : R — R*™t"+! by

m,n’
T2 vi
[T a +u)

where b; € H"(R) satisfy ||b]|oc <1, 1 <i <m. The function F is smooth and A is Lipschitz continuous
with a Lipschitz constant L := v/m + (n + 1) max;—i n+1 lla; 12, > ||A"|lo. We further observe that

1 ) A
K(x,y) = _F<ﬂ>’
y y

F(ul,...,unH,vl,...,vm)= and A2=(Cll,...,an+1,b1,...,bm),

with [8,,,jA/y| < L. Let F be a smooth function on R"+"*! which is 4 L-periodic in each variable and
which matches F on [—L, L]"*"*!. Expanding F by its Fourier series

F= Y a2,

pezn+m+l
the associated sequence (a ), is rapidly decreasing. Furthermore, we can write the kernel K as

Kx,y)= Z apK,(x,y), xeR, y#0,

pezn+m+l

with

1
Kp(x,y) = —exp(i—’—>>, xeR, y#£0, pezvmt!,
y
The kernels K ,, p € 2"t 1, define operators in £(L2(R)) of the type (1-2) and with norms bounded by

T
C(l + EIPIIIA’IIOO> <CU+Iph, pez**,

with a universal constant C independent of p. Hence, the associated series is absolutely convergent in
L(L,(R)), meaning that the operator Afn’n(al, ey any)lby, - .., by, -] belongs to L(L,(R)) and

2
A, (a1, ..., an b1, ... by, cll2 < C(n,m, max lalloo) licll2
i )

for all ¢ € L»(R) and for all b; € H" (R) that satisfy ||b!||o < 1. The desired estimate (3-4) follows now
by using the linearity of Afn’n in each argument. The claim (i) is now obvious.
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Concerning (ii), we note that

Am,n(&]a ~"’&l’l+1)[blv ...,bm,C]—Am’n(a], ---’an-i-l)[b]a ---abmvc]
n+1
= ZAm—i-Z,n-‘rl(&l» "-5Zli’ai’ ...,an+1)[a[+&[,a[ _glivblv ---sbm7c]’

i=1
and the desired assertion follows now from (i). Il
We consider once more the operators A,, , defined in Lemma 3.5 in the case when m > 1, but defined
on a different Hilbert-space product where a weaker regularity of b, is balanced by a higher regularity of

the variable c. The estimates in Lemma 3.4 are slightly related to the ones announced in [Calderon et al.
1978, Theorem 4] and, except for that reference, we did not find similar results.

Lemma3d4. LetneN, 1<meN, re(3,2), re(3-r1),anday, ..., a,+1 € H (R) be given. Then:

(1) There exists a constant C, depending only on r and t, such that

m—1
lAmn(ar, ..., ans)b1, .., by, clll2 < Clicl ar [bm |l gr-1 1_[ 115 1l oo

i=1

forall by, ..., b, € H (R) and all c € H'(R). In particular, Apn(ai, ..., ans1) extends to a
bounded operator

Apn(ai, ..., anp1) € L1 (H(R)™ ' x HH(R) x H*(R), L2(R)).
(i) Amn € C'((H" R, Ly (H'(R)™ ! x H'™'(R) x H*(R), L>(R))).

Proof. The claim (ii) is again a direct consequence of (i), so that we are left to prove the first claim. To
this end we write

Am,n(al,---,an+1)[b1,---,bm,C](X)=/K(x,y)dy,
R

where
1175 Breyibi/y)  Speyibm Six.yiC
A0+ Gueai/»?1 Yy Y

Using Minkowski’s integral inequality, we compute

2 1/2 1/2
([/K(m)dy dx) s/(/|1<(x,y>|2dx) dy,
R|JR R R

and exploiting the fact H"~'(R) — BC 3/2(R), we get

Kx,y):=

forx eR, y#0.

m—1
C
/R|K(x,y)|2dx = ||bm||i,r1(1_[ ||b;||§o)fR|c—ryc|2dx
i=1

m—1
C )
T ||bm||3,,1(1_[ ||b;||§o) /R | Fe@)Ple™ — 1 dé.
i=1
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Since
eV — 112 < CLA+EPD Y 1oy () + L=, ¥, € €R,

it follows that

m—1
_ 1
/R K (x, y)I* dx < Clicl e bl ( 112 ||§o) [y2<’+’> M)+ e 1[|y|>1](y)],
i=1

and we conclude that

m—1

12
/(/ |K<x,y>|2dx> dy = Cllelln lbwll - T 15}l
R R

i=1
The claim (i) follows at once. U
Mapping properties. We now use Lemmas 3.1 and 3.4 to prove that the mapping & defined by (3-2)

is well-defined and locally Lipschitz continuous as an operator from H*(R) into the Banach space
L(H*(R), H'(R)) for each s € (3, 2).

Lemma 3.5. Given s € (3, 2), it holds that
® e C'"(H*(R), L(H*(R), H'(R))).

Proof. We first prove that ®(f) € L(H*(R), H'(R)) for each f € H*(R). Remark 3.2 and Lemma 3.1
(with r = ) yield that ®(f) € L(H%(R), L»(R)). In order to establish that & (f)[h] € H'(R), we let
{te}eer denote the Co-group of right translations on L, (R), that is, 7. f (x) := f(x —¢&) for f € Ly(R)
and x, ¢ € R. Given ¢ € (0, 1), it holds that

e (PN = (IR _ (Ao ol 1A' = Ao o (AT _ Aoo(ze fHlTeh'] = Ao o (S)IA']

& & &

h' —h wf—f
=A0,0(Tsf)|:T:| — A (T f, f)|:77€f+f7 - ,h:|

and the convergences

whh L nH'®).

e—0

Tof —5>f in H*(R),

e—>0

f—f
)

— —f inHT'®),
together with Lemma 3.1 (with 7 = s) and Lemma 3.4 (with r =5, 7 € (3 —s, 1)) imply that ®(f)[A] €
HY(R) and

(@AD" = Aoo(NHIR"]T=2A2:1(f, OIS £ 1] (3-9)

This proves that ®(f) € L(H 2(R), H'(R)). Finally, the local Lipschitz continuity of ® follows from the
local Lipschitz continuity properties established in Lemmas 3.1 and 3.4. O
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4. The Muskat problem without surface tension: the generator property

We now fix f € H*(R), s € (%, 2). The goal of this section is to prove that ®(f), regarded as an
unbounded operator in H'(R) with definition domain H?(R), is the generator of a strongly continuous
and analytic semigroup in £L(H'(R)), that is,

—®(f) e H(H*(R), H'(R)).

In order to establish this property we first approximate locally the operator ®(f), in a sense to be made
precise in Theorem 4.2, by Fourier multipliers and carry then the desired generator property, which we
establish for the Fourier multipliers, back to the original operator, see Theorem 4.4. A similar approach
was followed in [Escher 1994; Escher et al. 2018; Escher and Simonett 1995; 1997] in the context of
spaces of continuous functions. The situation here is different as we consider Sobolev spaces on the line.
The method though can be adapted to this setting after exploiting the structure of the operator @ ( f),
especially the fact that the functions f and f’ both vanish at infinity. As a result of this decay property
we can use localization families with a finite number of elements, and this fact enables us to introduce
for each localization family an equivalent norm on the Sobolev spaces H*(R), k € N, which is suitable
for the further analysis, see Lemma 4.1. We start by choosing for each ¢ € (0, 1), a finite e-localization
family, that is, a family

{rrf :—=N+1<j<N}CC®®R,][0,1]),
with N = N (¢) € N sufficiently large, such that

* supp 7} is an interval of length less or equal to & for all | j| < N — 1; 4-1)
* supp 7y C (—00, —xy]U[xy, 00) and xy = &7, (4-2)
« suppr; Nsupprr; =@ if [|j — 1| =2, max{|j|, [} <N —1Jor [l <N —=2,j=N};  (4-3)
Yo nn @) =1; (4-4)

1) ® oo < Ce™ forallk eN, —N+1<j <N. (4-5)

Such e-localization families can be easily constructed. Additionally, we choose for each ¢ € (0, 1) a
second family

{Xj :=N+1<j<N}CC*R,I0,1])

with the properties

. xf =1 on supp7;; (4-6)
e supp Xf is an interval of length less or equal to 3¢ for |j| < N — 1; 4-7)
e supp xy C [|x] > xy —¢l. (4-8)

Each e-localization family {njs : —N+1<j < N} defines a norm on H*(R), k € N, which is equivalent
to the standard H*-norm.
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Lemma 4.1. Given ¢ € (0, 1), let {Jrf :=N+1<j<N}CC*®(R,]I0, 1]) be a family with the properties
(4-1)—(4-5). Then, for each k € N, the mapping
N

[hr—> > ||nJ-€h||Hk:|:Hk(R)—>[O, 00)

j=—N+1
defines a norm on H*(R) which is equivalent to the standard H*-norm.
Proof. The proof is a simple exercise. (|

We now consider the mapping
[z~ ®(zf)]:[0,1] = L(H*(R), H'(R)).

As a consequence of Lemma 3.5, this mapping continuously transforms the operator ®(f), for which we
want to establish the generator property, into the operator ®(0) = —71(—83)1/ 2 Indeed, since the Hilbert
transform is a Fourier multiplier with symbol [§ — —i sign(§)], we obtain together with Remark 3.2 that

F@O[h)(E) = —n F(HI)(E) = im sign(§) F(h')(§) = =7 |€|(Fh) (&) = —w F(=37)'*h) ()
for £ € R. The parameter t will allow us to use a continuity argument when showing that the resolvent
set of ®(f) contains a positive real number; see the proof Theorem 4.4.

Our next goal is to prove that the operator ® (7 f) can be locally approximated for each T € [0, 1] by
Fourier multipliers, as stated below. The estimate (4-9) with j = N uses to a large extent the fact that f
and f’ vanish at infinity.

Theorem 4.2. Let f € H*(R), s € (% 2), and u > 0 be given.
Then, there exist € € (0, 1), a finite e-localization family {njs :—N+1<j < N} satisfying (4-1)-(4-5),
a constant K = K (¢), and for each j € {—N + 1, ..., N} and t € [0, 1] there exist operators
Aj. € LIH(R), H'(R)
such that

I} @ NHIA] = Aj ol hlll gy < plim bl g2 + K2 o204 (4-9)

forall je {—=N+1,...,N},t €0, 1],and h € H*(R). The operators A . are defined by

1 1 .
Aj .= PV/— dy} O — s (D2 s N=1, (4-10)
! [ R Y 1+ 720 1 f/9)? 1+ (zf"(x£))>

where x; is a point belonging to supp nja, and

Ay, =—m(=3H"2 (4-11)

Proof. Let {JTJ‘fE :—N+1 < j < N} be an ¢-localization family satisfying the properties (4-1)-(4-5) and
{ ng :—N+1 < j < N} be an associated family satisfying (4-6)—(4-8), with ¢ € (0, 1) which will be fixed
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below. We first infer from Lemma A.1 that for each t € [0, 1] the function

1 1
a.(x) = PV/ - dy,
R Y L4+ 72(81x,y1 f/¥)?

belongs to BC*(R) N Cy(R), with o := %s — %. We now write

x €eR,

. 1 2
Aj.=Al —A2

j, T
where
Aj L i=ajede, AL =B (—0D)2,
and . .
. lil<N_1, — . ljlsN-1,
o = {ar(x]) |]| = ,Bj,r — 1+(Tf’(xf))2 4-12)
O’ J= N, T, J = N.

Let now & € H?(R) be arbitrary. In the following we shall denote by C constants which are independent
of & (and, of course, of h € H*(R), T € [0, 1], and j € {—N +1, ..., N}), while the constants that we
denote by K may depend only upon &.

Step I: We first infer from Lemma 3.5 that
I70; @(cf)[h] — A [ hlll gy < llf D(Tf)IA] = A; [ hlll2 + (1 (x] @ (2 f)[A] — A; [ k1) [|2

< (L 1) o) Ao, 0 (A T2 + 1A <[] hlll2

+ 20 Ao &, THLE M2+ 17 Ao o (RO = A [ 1) ]l

Using Lemma 3.4 (With r=sand 7 = ZT — %s) and Lemma 3.1 (with r = s), it follows that

l7f @ ()] — Ay el Al < Kl a2 + 175 Aoo(TNIR" = Aj o [GERY 1. (4-13)
We are left to estimate the L,-norm of the highest-order term Jrjg Apo(tfH)IA"T—A j’,[(njgh)/ ], and for
this we need several steps.
Step 2: With the notation introduced in Remark 3.3 we have

Aot )" 1 =ach" — By 1 (xf)[h"],
and therewith

7Aoo ()" = Aj [T h) 112
< Ixfach” — AL [Geeh) 2 + 178 Bo.a (e /IR = A2 [ 2. (4-14)
By virtue of Lemma A.1, in particular of the estimate (A-1), and of ng =1 on supp njg , we get for

jl<N-1
lwfach” = A [Gfh) |l = llarfh” — ar () (7 f 1) |12

< @ —ac ) GER) 2+ K 1Al 0

= l(ar — ar ) XEER) 2+ Kl

= @z — ar GOV ool GTERY 12+ K 1]

< Lplmthlle + K IR, (4-15)
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provided that ¢ is sufficiently small. We have used here (and also later on without explicit mentioning)
the fact that | supp x j*?| < 3e. Since Azlv, . = 0, we obtain from (A-2) for ¢ sufficiently small that

Imgach” = Ay [Ggh) 2 = Imgach” 2 < llacxgllsoll Grih) Il + K 2]l g
< sullmihllge + KAl g1 (4-16)
Step 3: We are left with the term ||7Tst(),1(‘L’f)[h//] —Air[(nfh)/]ﬂz, and we consider first the case
|jl < N —1 (see Step 4 for j = N). Observing that n(—a§)1/2 = By,1(0) o dy, it follows that
w8 Bo 1 (t)R'1— A} [(wfh)'] = Ti[h] — T[h],
where

Ti[h] := 7} Bo,1 (t)[h"] - Bo1(0)[7; h"],

I+ (2f/(x5)?

Dlh] = Bo 1 (0)[(7r})"h +2(z}) 1]

L+ (0f'(xD)?
Since by Remark 3.3
IT2[R]ll2 = KlIAll g1, (4-17)

we are left to estimate 77[/], which is further decomposed as

Ti[h] = Ti1[h] — Tr2[R],
with

1 1 } (xj i) (x = y) iy,

1[h]1(x) /R|:1_|_.E2(5[x’y]f/y)2 L+ (zf'(x}))? y
S y1 7T /Y
1+ 7281 £/)2

Integrating by parts, we obtain the relation

Tialh] = Boa (e W'l = Bia(nf, tf)h'] =222 Boa(wf, fo o f, Tf)LS K]
+ 27233,2(7[]?’ fv fv tf? Tf)[h/],

Ti2[h](x) ::PV/R h'(x —y)dy.

and Remark 3.3 leads us to
ITi2[h]ll2 < KAl g1 (4-18)

In order to deal with the term 77,[k] we let F; € C(R) denote the Lipschitz function that satisfies
Fj=f onsuppx;, Fi=f'(x{) onR\supp x;, (4-19)
and we observe that

Bt ])id = 1)/ Wb10 (6] id - 1)/3) OGN =)
[+ 221y /702 + (f ()7 v g

Ty [h](x) := rzPVf
R
2

= W(Tm[h] — T[] (%),
J
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where
Tinlh] = x; Bo,1 (f (x])idg — f, f'(x))idg + f, T)[7; h"],
(8,1 (f" (xD)idr — )/ ¥ 181, 1 (f ' (x)idr + )/ 1B, y1 X7 /)
1+ 2@y /)

Integrating by parts as in the case of Ty;[1], it follows from Remark 3.3 that

Tialh1(x) == PV /R (e (x — y) dy.

IT1i2[hlll2 = KAl g1 (4-20)
On the other hand, (4-19), Remark 3.3 and the Holder continuity of f” yield

1T Rl = X B2 (f ' (x))idr — f, f'(x])idr + £, Tl R 112
= llxf B (f'(x)ide — Fy, f'(Hidp + Fy, Tt h "Il
< ClIf' ) = Flllsollmfh" 12
=CILf &) = fllLaisupp ) 177 A" 12
< sulmfhllge + KA . (4-21)
The desired estimate (4-9) follows for |j| < N — 1 from (4-13)—(4-15) and (4-17), (4-18), (4-20), and
(4-21).

Step 4: We are left with the term ||y, Bo,1 (7 f)[h"] — A%/,,[(ﬂfvh)/]ﬂz, which we decompose as

(x Bo.1 (Tf)IW"1 =AY [(rih) D (x)
B (x —y) 1 / (erh)”(x - y)

— 7t (x)PV/ y—PV
N R Y 1+t2(5[x,y]f/y)2

=: Ty [h](x) + Ta[h](x) — T3[h](x),
where
Tilh] == —t*Bo(f, f, tf)lmgh”],

Sy Ty 1
Llh](x) = PV/ h'(x — y)— dy,
R y o 1+12@pf/y)?

T3[h] := Bo,1(O)[(wy) " h +2(z3) h'].

For the difference 7>[h] — T3[h] we find, as in the previous step (see (4-17) and (4-18)), that
I T2[h] = T3[hlll2 < KAl g0 - (4-22)

When dealing with T1[/], we introduce the function Fy € WolO (R) by the formula

S, |x| >xn —¢,
Fy(x):=yx+xy—e XN —E—X
mf(xN—8)+mf(—xN+g), x| < xy —&.
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The relation (4-2) implies || Fy |loo + || Fj lloo = O for & — 0. Moreover, it holds that

XEmeh ) (x—y) Gy f/)?
__2p / NN y _ _
Ti[h](x) 7PV i y [+ 2@t /) T11[h](x) — Tia[h](x),

where
Byt f/9)* Greyi X /)

14+ 12(8x, 1 f/)? Y
Tialh] ==t x5 Boa (f, fo tf) i1,

Recalling that supp 7y, C supp xx C [Ix| > xy —&] and that f = Fy on supp x, it follows by Remark 3.3
that

I Tialhlll2 = IT2 x5 Ba.1 (Fn, Fy, tf)wgh 1l < |1 Bai(Fn, Fx, tf)lnsh"lla < CIE 2w h” |12
< 3ullmfhll g2 + KAl (4-23)

Tkl (x) := 72 PV /R (TS (x = y)

for small €. As Ty1[h] can be estimated in the same manner as the term 771,[/] in the previous step, we
obtain together with (4-22) and (4-23) that

7wy Bo, 1 (TR = A, [ m) T2 < Sullmfhll gz 4 K | (4-24)
if € is sufficiently small. The claim (4-9) follows for j = N from (4-13)—(4-14), (4-16), and (4-24). U

The operators A; ; found in Theorem 4.2 are generators of strongly continuous analytic semigroups in
L(H'(R)) and they satisfy resolvent estimates which are uniform with respect to xf eRand 7 €0, 1];
see Proposition 4.3 below. To be more precise, in Proposition 4.3 and in the proof of Theorem 4.4, the
Sobolev spaces H k(R), k {1, 2}, consist of complex-valued functions and A\; ; are the natural extensions
(complexifications) of the operators introduced in Theorem 4.2.

Proposition 4.3. Let f € H*(R), s € (2, 2), be fixed. Given xo € Rand t € [0, 1], let

Ay =00y — Br (=D,

where
T
ar €{0,a;(xg)} and PB; e {n, W},
with a; denoting the function defined in Lemma A. 1. Then, there exists a constant ko > 1 such that
A —A, ., €lsom(H*(R), H'(R)), (4-25)
koll(A — Axy DIAIll g1 = [AL- Al g1+ 1Al g2 (4-26)

forallxoeR, T €[0,1], A€ CwithRer > 1, and h € H*(R).

Proof. The constants a,, B; defined above satisfy, in view of (A-3),

s | §4<||f||go+ 2||f/||oo[f3/]s—3/2> and B, € [# :| (4-27)

1+max|f’|2’ﬂ

2
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Furthermore, the operator A, ; is a Fourier multiplier with symbol

m(§) =B €| +ia, &€
Given Re A > 1, it is easy to see that the operator R(A, A, ;) defined by

1

Fh, heH'®),
A—mgy

FRGA, Ay o)[h]) =

belongs to L(H I(R), H*(R)) and that it is the inverse of A — A xo,z- Moreover, for each ReA > 1 and
h € H*(R), we have

I(L = Ay DA, = /R (L + [EPIF (= Ay DIRD*(E) dE = fR (L+ EPDL —m (&) | Fh*(£) dE

> min{1, B2} f (1+ &1 FhI*(€) dE = min{1, B7}|11]|3,.. (4-28)
R

Appealing to the inequality
|A2 _ (Re 1)? N (Im 1)
A—m (&) Rer+pB N>+ ImA—ar£)?2  (Red+ B |62+ ImA —a§)?
2(Im A — €)% + 20282

<1+ <1+2[1+<“f)2]<3[1+<“f)2]
B (Re A+ B:1&))2 4+ (Im A — €)% ~ Bz) 1~ B
for L € C with Re A > 1, the estimate (4-26) follows from the relations (4-27) and (4-28). O

We now establish the desired generation result.

Theorem 4.4. Let f € H*(R), s € (% 2), be given. Then
—®(f) e H(H*R), H'(R)). (4-29)

Proof. Let kg > 1 be the constant determined in Proposition 4.3. Setting pu := %Ko, we deduce from
Theorem 4.2 that there exists a constant ¢ € (0, 1), an ¢-localization family {njs :—N+1<j<N}
that satisfies (4-1)-(4-5), a constant K = K (¢), and for each —N 4+ 1 < j < N and 1 € [0, 1] operators
A; . € LIHX(R), H' (R)) such that

I @ (@ )11 = A el Bl < 5l Rl + K Vol -2 (4-30)
Ko

foral -N+1<j <N, t€el0,1],and & € H2(R). In view of Proposition 4.3, it holds that
kol o = Aj Dkl g = A - Il + Il 4-31)

foral -N+1<j<N, t€[0,1], reCwithReA>1,and h € Hz([R). The relations (4-30)—(4-31)
lead us to
kolle? (= @@ NIt = koll = Aj Rl gt — kollrf D(ef)R] = Aj o[kl

> 0] Al g1+ Sl Al gz — oK ] 2o
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forall -=N+1<j <N, t €[0,1], A € C with ReA > I, and » € H*(R). Summing up over
je{—=N+1,..., N}, we infer from Lemma 4.1 that there exists a constant C > 1 with the property that

Cllrll gar-2os + CIlA = @@ f DA g1 = 1AL Al g1+ 112l g2

forall T € [0, 1], A € C with ReA > 1, and h € H3(R). Using (1-4) together with Young’s inequality, we
may find constants ¥ > 1 and @ > 0 such that

K| =@ f D]l gr = [A]- 17l g + 11kl g2 (4-32)
for all 7 € [0, 1], A € C with Re A > w, and h € H*(R). Furthermore, combining the property
(@—=@(Tf)]e=o =0 — ®(0) =0 +7(—0})"/* € Isom(H*R), H' (R))
with (4-32), the method of continuity, see, e.g., [Gilbarg and Trudinger 1998, Theorem 5.2], yields that
o —®(f) € som(H*(R), H' (R)). (4-33)

The relations (4-32) (with T = 1), (4-33), and [Lunardi 1995, Corollary 2.1.3] lead us to the desired claim
(4-29). O

We are now in a position to prove the well-posedness result Theorem 1.1.

Proof of Theorem 1.1. Let s € (%, 2) and s € (%, s) be given. Combining Lemma 3.5 and Theorem 4.4
yields
~® e C'(H R, HH*R), H' (R)).

Settingw :=s—1and B:=5—1,wehave 0 < 8 <o < 1 and (1-4) yields
H'R)=[H'®), *®)] and H'®) =[H'(R), H*R®)l.
It follows now from Theorem 1.5 that (1-1), or equivalently (3-1), possesses a maximally defined solution
fi= 101 fo) € CUO, T (fo)). HER) N C(O, T (fo)), H(R) N CH(O, T (fo)). H' (R))

with

feC™5(0,T], H (R)) forall T < T,(fy).

Concerning uniqueness, we now show that any classical solution
fecqo, D), H*@®)Nc(o, T), >@®)NC'(©0,T), H'R)), T e (0,00l

satisfies

fecC"(0,T], H(R)) forall T € (0, T), (4-34)

where n := (s —5)/s € (0, s —5). This proves then the uniqueness claim of Theorem 1.1. We pick thus
T € (0, T) arbitrarily. Then it follows directly from Lemma 3.1(i) that

sup [13; f1l2 < C;
0,T]
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hence f eBC!((0, T, L»(R)). Since f e C([0, T], H°(R)), we conclude form (1-4), the previous bound,
and the mean value theorem, that

1F @) = F)llgs <1 5@ = FOI1F @) = FolS <Cle—sl", 1,5 €[0,T],

which proves (4-34).
Assume now that 7 ( fy) < oo and

sup [[f (Dl zs < oo.
(0.7 (fo))

Arguing as above, we find that

1£ @) — £ gonn < Clt —s|S™2 15 €0, Ty (fo)).

The criterion for global existence in Theorem 1.5 applied for o := (s +5 —2)/2 and 8 := 5 — 1 implies
that the solution can be continued on an interval [0, t) with T > T, (fy). Moreover, it holds that

fect 920, T], H (R)) forall T € (0, 7).

The uniqueness claim in Theorem 1.5 leads us to a contradiction. Hence our assumption was false and
T (fo) = oo. O

5. Instantaneous real-analyticity

We now improve the regularity of the solutions found in Theorems 1.1 and 1.2. To this end we first show
that the mapping @ defined by (3-2) is actually real-analytic; see Proposition 5.1. As [ f +— ®(f)] is not
a Nemytskij-type operator, we cannot use classical results for such operators, as presented, e.g., in [Runst
and Sickel 1996]. Instead, we directly estimate the rest of the associated Taylor series. We conclude the
section with the proof of Theorem 1.3, which is obtained, via Proposition 5.1, from the real-analyticity
property of the semiflow as stated in Theorem 1.5, applied in the context of a nonlinear evolution problem
related to (1-1).

Proposition 5.1. Given s € (3, 2), it holds that
® e CO(H*(R), L(H*(R), H' (R))). (5-1)

Proof. Let ¢ : R — R be the map defined by ¢ (x) := (1 +x2)~!, x € R. Then, given fy € H*(R), it

holds that
Stx,y1.0

Yy

‘S[x,y]h/ 2
fD(fo)[h](x):PV/R y ¢>( )dy, h e H*(R).

Given n € N, we let

Steth’ (1 Swy) fi S
3OS fis - fullh](x) = PV/ =l (]‘[ e >¢<">( [’”fo)dy
R Y \i_; ¥ y

n

= Z a]]:An-i-k,n(fO""?fO)[va"'vav fl"'-sfn’h/](x)

k=0, n+ke2N k times
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for fi € H'(R), 1 <i <n, h € H*(R), and x € R, where ag,n € N,0 < k < n, are defined in
Lemma 5.2. Arguing as in the proof of Lemma 3.5, it follows from Lemmas 3.1 and 3.4 that 0" ®( fy) €
sym(H (R), L(H*(R), H(R))); that is, 0" ®( fy) is a bounded n-linear and symmetric operator.
Moreover, given fy, f € H*(R), n e N*, and h € H Z(R), Fubini’s theorem combined with Lebesgue’s
dominated convergence theorem and the continuity of the mapping

! n+1
[r s pvf M(M) ¢(n+1)(W) dy] -0, 1] — H'(R),
R

y y
yield that
ko k[h
oo+ pinice) - Y LEGUTI)
k=0 ’
=PV/ Sy’ <5[x’y]f)n+1fl (1- T)”¢(n+l)<8[x,y](f0+Tf)) Jt dy
R Y y o n! y
_ /] (1I-=o)" PV/ 5[x,y]h/ (a[x,y]f)n+l¢(n+1)(S[x,y](fo+Tf)) dy dr,
o n! R Y y y
and
= ok kTh
H<1>(fo+f)[h]—z—(f(£,[f] 4]
k=0 . H]
’ n+1
< max oy [ M(M) PTG fe/ndy| L (52)
n! tef0,1] R Y y H!

where f; := fo+tf, 0 <t < 1. In order to estimate the right-hand side of (5-2) we note that

St vl (8 T
Hpv / %(%) S 1 fo/ ) dy
R

H!
n+1

< YAt Avsrian (fea o Fllfes oo fofooos £ 0

k=0,n+k+1€2N k times n+1 times

n+1
= 2 g A e fOl e foo foon £
k=0, n+k+1e2N
n+1
+ Z |ak+ |HAn+k+1 }’l-‘rl(ff"-'5f'L')[f‘L"---7f‘[9f’-"7f’h/,]||2
N, e, e’
k=0, n+k+1e2N
n+1
ko D> g Ankrinnt Feo oo fOUfen oo feo oo £o 11
e
k=0, n+k+1€2N
n+1

_2(n+2) Z |aZ+l|HAn+k+3,n+2(fT’"'7f‘1f)[f‘[s"'vftvz‘;"v‘év fr/’h/]Hz (5'3)

k=0,n+k+1€2N

k times n+1 times

k times n+1 times

k—1times n+1 times

k+1times n+1 times
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Combining the results of Lemmas 5.2-5.4, we conclude that there exists an integer p > 0 and a positive
constant C (depending only on | fy|| gs) such that for all f € H*(R) with || f||gs <1 and all n > 3 we

have
n

“q><fo+f>—2

k=0

Fo(fo)lf1F

1 +1
- <" | £IE

L(H>(R),H'(R))

The claim follows. U
The following technical results are used in the proof of Proposition 5.1.
Lemma 5.2. Let ¢ : R — R be defined by ¢ (x) := (1 +x3)7L x e R. Givenn €N, it holds that
n
¢(")(x) = m gaZXk’

where the coefficients a; € R satisfy |a;| < 4" (n+2)! forall 0 <k <n. Moreover, a; =0 if n+k & 2N.
Proof. The claim for n € {0, 1, 2, 3} is obvious. Assume that the claim holds for some integer n > 3.
Since

n n
(L2 290D 00 = (14a%) 3 Tkafx" ™! =200+ 1x 3 aa",
k=1 k=0

the coefficient aZ+1, 0 <k <n+1, of x* satisfies
IaZLlI <nlal|+2(n+ Dla}| <4+ Dlal| <4 (n+3)!,
lap ™ < (n—Dlaj_ |+ 20 + Dla)_,| =0,

and forn — 1 > k > 2 we have

"1 < et Dl |+ K = Dlag_ | +201+ Dl | < 4™ (1 +3)!,

while
@t < 20al| +2(n + Dlag| <4 +3)1,
it < jal] < 4" (n+3)!.
The conclusion is now obvious. 0

In the next lemma we estimate the first two terms that appear on the right-hand side of (5-3).
Lemma 5.3. Let n, k € Nsatisfyn >3 and 0 <k <n+1,andlet s € (% 2). Given f, f; € H*(R), it
holds that

| Antistmir s eoos FOfes oo Foo Fovos o W pamy < €0 max{L I £ I3 A IS (5-4)
D

k times n+ 1 times

with a constant C > 1 independent of n, k, f, and f;.

Proof. Much as in the proof of Lemma 3.1 we write

An+k+l,n+l(ff9"'vff)[f‘[7"'vffvf""7f9']:M_S’
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where M is the multiplication operator

M[h](x) := h(x) PV/

l (8[x,y]f>n+1 (rx.y fo/»)"
RY

y (14 GBpe,y1 fo/¥)21H2

and S is the singular integral operator

Six,y]f)”“ Gy fe/VE h(x—y)
Slh =PV d
) /R< y [+ Gt fo/ )22y

for h € Ly(R). Arguing as in proof of Lemma 3.1, it follows that

1M £eomy < nC" max{L, || fllas LI (5-5)

with a constant C > 1 independent of n, k, f, and f;.

In order to deal with the operator S we consider the functions F : R> — R and A : R — R? defined by

F(x1, x2) :W’ = (A1, A2) = ([, fo).

The function F is smooth, A is Lipschitz continuous, and we set
— A, 1<j=<2.

Since S is the singular integral operator with kernel

o l O y1A
K(x,y):=—-F , xeR, y#0,
y y

and [8( yjA;/y| < a;j for 1 < j <2, itis natural to introduce a smooth periodic function F on R2 which
is 4a;-periodic in the variable x;, 1 < j <2, and which matches F' on ]_[ —aj, aj]. More precisely,
we choose ¢ € C°(R, [0, 1]) with ¢ =1 on [|x] < 1] and ¢ =0 on [|x]| > 2] and we define F to be the
periodic extension of

2
[(xl,m = Fa,x) [ ] w(;i)] Q- R,
j=1 /

where Q := ]_[J2: 1[=2a;, 2a;]. We now expand F by its Fourier series

F(xl,xz)_ Zapexp( Zp] ]>

pez?
where

2
) 2aj ) 1 ~ . PjXj 2
Tj.:?, oy = 42a1a2fQF(x1,x2)exp(—z E d(x1,x), pez-,

and observe that
5[x,y] A

1~
K(x,y)=— (
y y

): Zapr(x,y), xeR, y#0,

pez?
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with

2
(l. Sie1(Xj=1(Pi/ TA))
y
The kernels K, define operators in £(L2(R)) of type (1-2) and the norms of these operators can be

1
Kp(x,y)::;exp ), xeR, y#0, pEZZ.

estimated from above by
2 »;
J A7
C (l + ‘ E TA y
j=

1/

) <C(+|pl), peZ’

[e.¢]
Since Y- .2 (1+[p) ™" < 0o we get

IS c,my =€ Z letp| (14 [pl) < C sup [(1+ [ pl ey

[7612 pEZZ

We estimate next the quantity sup pez? (1+1p|H e pl. To this end we write

where

2a; 2ay k
X1 _: X X2\ _;
I 32/ x’f+1<ﬂ(—>€ Paflidgy,, I ::f e z‘ﬂ( ‘)e 20l .
—2a; ai —2a, (1 4+x3)"2" \ a2

Since ¢ =0 in [|x| > 2] and n > 3, integration by parts leads us, in the case when p; # 0, to

T 4 p2ag 4 2nn4an+2
11| < (—1) f (x?*‘w(ﬂ» dx) < C———, (5-6)
|p1l “2ay a P
and similarly, since xp < 1+ x%, we find for p, # 0 that
4 5
n* max{ay, a3}
b < C—————=. (5-7)
D
The estimates
|h] <C2'a{™?, || <Cas, (5-8)
are valid for all p € Z2. Combining (5-6)—(5-8), we arrive at
sup (1+ |p|4)|o¢p| <c2'n* max{l, ag}a?ﬂ,
pEeZ?
which leads us to
IS 1 2zamy < C2n* max{1, || FIM 12" < n*C max{1, || fo 53 A I
This inequality together with (5-5) proves the desired claim. U

In the next lemma we estimate the last two terms on the right-hand side of (5-3) in the proof of
Proposition 5.1.
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Lemma 54. Letn, k € Nsatisfyn > 1and 0 <k <n+ 1. Let further [ € {0, 1} and s € (% 2). Given
f, fr € H*(R), it holds that

/ n n+1 _
||An+k+l+21,n+l+l(ft’ ) f‘r)[ftv ) fﬂ’&"’ f’ f-[, ]”ﬂ(Hl(R),Lz(R)) SC ”f‘L'HHS”f”Hs ) (5 9)
k— 142l times n+1 times

with a constant C > 1 independent of n, k, f, and f;.
Proof. The proof is similar to that of Lemma 3.4. O

We are now in a position to prove Theorem 1.3 when o = 0, where we use a parameter trick which
appears, in other forms, also in [Angenent 1990; Escher and Simonett 1996; Priiss et al. 2015]. We
present a new idea which uses only the abstract result Theorem 1.5 in the context of an evolution problem
related to (1-1), and not explicitly the maximal regularity property as in the above-mentioned papers.
The proof when o > 0 is almost identical and is also discussed below, but it relies on some properties
established in Section 6.

Proof of Theorem 1.3. Assume first that 0 = 0. We then pick fy € H*(R), s € (%, 2), and we let
f =710 fo): 10, T (fo)) = H®(R) denote the unique maximal solution to (1-1), whose existence is
guaranteed by Theorem 1.1. We further choose A, A, € (0, o0) and we define

fun@x)y=fQut,x+x1), xeR, 0<t<Ty:=T:(fp)/r1.
Classical arguments show that
fia € €0, Ty), H*®)NC((O, T1), HAR)NC((0, Ty), H' (R)).
We next introduce the function u := (uy, us, u3) : [0, T) = R? x H*(R), where
(ui, u2)(t) == (A1, A2),  uz(®) := fo n, (1), 0=<t<Ty,
and we note that u solves the quasilinear evolution problem
u=Vlul, >0, u@) =@, 2, fo), (5-10)
with W : (0, 00)? x H*(R) — L(R?> x H*(R), R*> x H'(R)) denoting the operator defined by
W((v1, v2, v3)[(u1, u2, u3)] := (0, 0, vy P (v3)[u3] + v20xu3). (5-11)
Proposition 5.1 immediately yields
W e C?((0, 00)* x H'(R), LR* x H*(R), R* x H'(R))) forall s € (3,2).

Given v := (v, v, v3) € (0, 00)? x H*(R), the operator W (v) can be represented as a matrix

— 0 0 . @2 2 2 1
W) = <0 Ul¢(v3)+vzax> :R? x HA(R) — R? x H'(R),
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and we infer from [Amann 1995, Corollary I.1.6.3] that —W (v) € H(R? x H*(R), R*> x H'(R)) if and
only if

—(W1®(v3) +v28y) € H(H*(R), H'(R)). (5-12)
We note that v, is a first-order Fourier multiplier and its symbol is purely imaginary. Therefore, obvious
modifications of the arguments presented in the proofs of Theorem 4.2 and Proposition 4.3 enable us

to conclude that the property (5-12) is satisfied for each (vy, vz, v3) € (O, 00)2 x H*(R) and s € (%, 2).
Setting Fo := R? x H!(R) and F; := R? x H*(R), it holds that

[Fo, Fi1lo = R* x H'™(R), 6 €(0, 1),

and we may now apply Theorem 1.5 in the context of the quasilinear parabolic problem (5-10) to conclude
(much as in the proof of Theorem 1.1), for each ug = (A1, A2, fo) € (0, 00)? x H*(R), s € (%, 2), the
existence of a unique maximal solution

u:=u(-;up) € C([0, Ty (up)), (0, 00)* x H*(R)) NC((0, Ty (o)), F1) N C'((0, Ty (up)), Fo).
Additionally, the set
Q= {(h1, A2, fo. 1) 11 € (0, Ty (A1, A2. f0)))}
is open in (0, 00)? x H*(R) x (0, 00) and
(1, A2, fo, ) > u(t; (b1, A, fo))]: Q — R x HY(R)

is a real-analytic map.
So, if we fix fy € H*(R), then we may conclude that

Ty (fo)

—— =T4((1, 22, f0)) for all (A1, A7) € (0, 00)*.
1

As we want to prove that f = f(-; fo) is real-analytic in (0, T4 (fo)) x R, it suffices to establish the
real-analyticity property in a small ball around (#y, xo) for each xg € R and ¢y € (0, T+ (fp)). Let thus
(t0, x0) € (0, T+-(fo)) x R be arbitrary. For (A1, 12) € B((1, 1), &) C (O, 00)2, with & chosen suitably
small, we have that
to < T4.((A1, A2, fo)) forall (A1, A2) € B((1, 1), &),
and therewith
B((L, 1), &) x { fo} x {to} C €2.

Moreover, since u3( - ; ug) = fi,.1, the restriction

[(A1, 22) = fo ., (00)]: B((1, 1), &) —> H*(R) (5-13)

is a real-analytic map. Since [h — h(xg —t9)] : H*(R) — R is a linear operator, the composition

[(A1, A2) = f(Aito, xo —to + Aato)] : B((1,1),6) - R (5-14)
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is real-analytic too. Furthermore, for § > 0 small, the mapping ¢ : B((tp, x0), §) — B((1, 1), &) with

o(t,x):= <ti’ )L(H‘IO) (5-15)
0

Iy

is well-defined and real-analytic, and therefore the composition of the functions defined by (5-14) and
(5-15), that is, the mapping

[(r, x) = f(z, x)]: B((10, x0), 8) — R,

is also real-analytic. This proves the first claim.

Finally, the property f € C“((0, T+ (fo)), H k(R)) for arbitrary k € N, is an immediate consequence of
(5-13).

The arguments presented above carry over to the case when o > 0 (with the obvious modifications). If
o > 0, the operator v,0, appearing in (5-12) can be regarded as being a lower-order perturbation and
therefore the generator property of W (v) follows in this case directly from the corresponding property of
the original operator; see Theorem 6.3. O

6. The Muskat problem with surface tension and gravity effects

We now consider surface-tension forces acting at the interface between the fluids; that is, we take o > 0.
The motion of the fluids may also be influenced by gravity, but we make no restrictions on A ,, which is
now an arbitrary real number. If we model flows in a vertical Hele-Shaw cell, this means in particular
that the lower fluid may be less dense than the fluid above. Since A, can be zero, (1-1) is also a model
for fluid motions in a horizontal Hele-Shaw cell as for these flows the effects due to gravity are usually
neglected, that is, g = 0. Again, we rescale the time appropriately and rewrite (1-1) as the system

. ft,x)— ft,x—y)
o f(t,x)= f'(t,x) PV/R V24 (f(t,x)— f(t,x —y))>

(ke () (t, x —y)dy

y ’
+PVfR V2H(f(t,x) = f(t, x —y))? W) x=y)dy (6-1)
y(f'(t, x)— f'(t,x —y))
+®PV/Ry2+(f(t,x)—f(t,x—y))2 fort >0, x e R,
f(O, ) = fOs
with
®:= % eR.
o
Since
f/// f/f//Z

k() = (1+f,2)3/2 - (1_|_f/2)5/2,

we observe that the first equation of (6-1) is again quasilinear, but now this property is due to the fact that

(«(f))' is an affine function in the variable f”.
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To be more precise we set

, Spe f ( B " )
o, = PV — _
(PG = 700 /[R Y2+ Gy HPNA+ /2372 (L + f2)/2 (e=ndy

Y h" ' f"n
: PV/R 2+ G f)? ((1 R i f’2)5/2) (x=y)dy

Syl
+ 0 PV/ % dy, (6-2)
R Y+ Gy f)
and we recast the problem (6-1) in the compact form
f=@ NI >0, fO)= fo. (6-3)

We emphasize that there are also other ways to write (6-1) as a quasilinear problem. For example the
terms containing only f®), 0 <[ <2, can be viewed as a nonlinear function [ f — F(f)] which would
appear as an additive term to the right-hand side of (6-3), with &, ( f)[#] modified accordingly. However,
the formulation (6-2)—(6-3) appears to us as being optimal as it allows us to consider the largest set of
initial data among all formulations. To be more precise, the operator introduced by (6-2) satisfies, with
the notation in Lemma 3.1 and Remark 3.3, the relation

o (f)lN]

h/// / //h//
— B, f)[ i

(L+ 232 (1 + f12)52

and we now claim, based on the results in Section 5, that

X f/f//h//
-3
(1+f/2)3/2 (1_|_f/2)5/2

}—i—Bo,l(f)[ ]+®Ao,o(f)[h’],

®, € C(H*(R), L(H?(R), L2(R))). (6-4)

Indeed, arguing as in Section 5, it follows that

[f > |:h > PV/ %h(- —y)dy || € CY(H*(R), L(L2(R))),
R Y+ G f)

y w 2
h PV| ———h(-—y)d CY(H“(R), L(L2(R))), 6-5
[f+—>[ > /qu(g[_’y]f)z (=dy|| e COH R). LLa(R) (6-5)

y(&r. yh) ]
h PV| ———2 -
[fH[ ~ /Ry2+<8[.,y]f)2 Y

Moreover, classical arguments, see, e.g., [Runst and Sickel 1996, Theorem 5.5.3/4], yield that

e C*(H*(R), L(H?(R), L2(R))).

h/// / //h//
|:f > [h = AR 3(1];?2)5/2}} e C*(H*(R), L(H?(R), L2(R))). (6-6)

The relations (6-5)—(6-6) immediately imply (6-4).
In the following, we prove that @, ( f) is, for each f € H?(R), the generator of a strongly continuous

and analytic semigroup in £(L,(R)), that is,

—®,(f) e H(H>(R), Lr(R)).
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To this end we write

q)a = CDO',I + CDO',Z’ (6'7)
where
h . , h/// h/// 6 8
Qo1 ()R] = f'Bi1(f, f)[m]-i-f?o,l(f)[m], (6-8)
, f/f//h// f/f//h// ,
Gy 2 ()A]:==3f Bi1(/f, f)[m] - 3Bo,1(f)[m] +OAgo(NHIR]  (6-9)

for f € H*(R), h € H3(R). Since ®,2(f) € LIHY3R), L,(R)) and [Lo(R), H3(R)1s/0 = H3(R),
we can view @, »(f) as being a lower-order perturbation, see [Lunardi 1995, Proposition 2.4.1], and we
only need to establish the generator property for the leading-order term @, (). Much as in Section 4,
we consider a continuous mapping

[t~ @1 ()]: 10,11 > L(HR), Ly (R)),
which transforms the operator ®, ;(f) into the operator
@4,1(0) = Bo,1(0) 0 87 = —m(8)**,
where (8;‘)3/ 4 is the Fourier multiplier with symbol [§ — |& I*]. We now establish the following result.

Theorem 6.1. Let f € H*(R) and j > 0 be given.
Then, there exist € € (0, 1), a finite e-localization family {njs :—N+1<j < N} satisfying (4-1)—-(4-5),
a constant K = K (¢), and for each j € {—N + 1, ..., N} and t € [0, 1] there exist operators
Ajr € LH R), Lo(R)
such that
17} @61 (Tf)h] = A o[ hllla < pllf Al gs + KAl g2 (6-10)
forall j e {—=N +1,..., N}, t €[0, 1], and h € H*(R). The operators A . are defined by

g

o 4\3/4 . _ .
where x; is a point belonging to supp nja, and
Ay, = —1(8H34, (6-12)

Proof. Let {nja :—N+1 < j < N} be an ¢-localization family satisfying the properties (4-1)—(4-5) and
{x f :—N+1 < j < N} be an associated family satisfying (4-6)—(4-8), with ¢ € (0, 1) which will be fixed
below.

To deal with both terms of ®, 1(tf), see (6-8), at once, we consider the operator

, h///
K, (zf)lh] = f, . Bi1(fa.r Tf)[m],
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where, for a € {0, 1}, we set
fa,r ={-a)tf +aidg.

For a = 0 we recover the first term in the definition of ®, 1(zf)[A], while for a = 1 the expression
matches the second one.

In the following, h € H3(R) is arbitrary. Again, constants which are independent of ¢ (and, of course,
of he H3(R), t €[0,1], a €{0,1},and j € {(—~N + 1, ..., N}) are denoted by C, while the constants
that we denote by K may depend only upon &. We further let

()

— 413/4 . _
Al = (1 n TZf/Z(XE))Sﬂ (9) for |j| <N —1,

and
AY = —ma?(@7)*
We analyze the cases j = N and |j| < N — 1 separately.

The case |j| < N — 1. For |j| < N — 1 we write

i Ko (t)Ih] = A] [/ h] := Ti[h] + To[h] + T3[Al, (6-13)
where
"
Tilh] == 7] Ko (t)lh] = £, (x]) Br1(fazs Tf)[m]
mih" :| ac(X7)
(L+2f'2)32 (1+T2f’2( x;))3/2

= fa/,‘[(-x;)B],l (fa,r, Tf)|: B]’1 (fa,r’ Tf)[]'[;hw],

(X))
(L+72f2(x) 2

T3[h] == Bi1(fae, THIR 1= AL [/ h].

We consider first the term 77[A]. The identity ng JT; =1 on supp nf and integration by parts lead us to
the relation

é‘h///
Ti[h] = st(fa,r_fa,r(xf))Bl,l (fa,es Tf)[m}
7[8/]’1” a‘f f//h//
(1+ 2f/2)3/2 -3t (1+T2f/2)5/2]

+A=x)fo D= fo ) BiL1(fars T f)[

7.[8 a rh// .€h//
+(fa )= 1o f){Bl 1(xf »Tf)[m] 2By 1 (faes X » Tf)[m]}

Yy & / & JT]‘?f/h,,
-27 (fa,r(xj)_fa,r)B3,2(fa,taXj»f’ tf,tf) m

1o

+202(f) D= f1 D Baa(faeo X[ - fo fo 1] Tf)[m]
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f/ f//h//

T["gf/f//h”

+3r2f¢§,f{7ff31,1(fa,r,ff)[ (422 f 052

]_Bl,l(fa,r» Tf)|:

) . fa/,rh// T[jS/h//
+fu,r{31,1(77j,Tf)[m}i-&,l(fa,nff)[m]}
, . i , . f/h//
—2f, B (7} s fare, Tf)[m]—%zfa,f&,z(ﬂj s Jaos fi TS Tf)[m]

/ . h//
+2r2fa,TB4’2(jTj 9 fa,fa f’ f’ tfv rf)[m]

Using Remark 3.3, the interpolation property (1-4), Young’s inequality, and the Holder continuity of f, _,
it follows that

I3[R < CUXE (fhe = fr e G NoolE A" o 4 IR o] + K 1Al 2
< ulmfhll s + KAl g2 (6-14)
provided that ¢ is sufficiently small.
Furthermore, we have
£ ()

r[h] = (I+ 2272 (x5)32

Bii(fae, THIQU () = 7R,
where

DM+ 2+ A+ 2 A+ f2()) + (L + 72 f2(x))*]
Q= (I 22 f23 21+ 22 f 232 1 (L4 22 f ()] :

and therewith

IT2hll2 < Cllxt (fh = o r G locllf A" N2 < Sl s + K 1] g2 (6-15)

if ¢ is sufficiently small.
Finally, arguing as in Step 3 of the proof of Theorem 4.4, we deduce that for ¢ sufficiently small we
have

I T3[Rz < Suelloe] hll s + K 1 g2 (6-16)

Gathering (6-13)—(6-16), we have established the desired estimate (6-10) for |j| < N — 1.

The case j = N. For j = N we write

iy Ko ()R] =AY [ yh] =: Si[h]+ Saolh] + Ss[h] + Salh], (6-17)
where
. n[svh///
Silh] ==y Ka(tf)h] —aBi1(fa.z Tf)[m],

e L

T "
Salh] = aBi(far. rf)[(lﬂ’;w] —aByy(fax TR,



316 BOGDAN-VASILE MATIOC

S3lh]:=aBi 1 (far, T)lmyh" ] = a?Bo1 (O) [y h"],
Sulh] == a*Bo 1 (O) [ h""] — AY, [ h].

Much as for Ti[h], we derive the identity

. ) nji/h”/
Silhl=t(=a)xy f Bii(fae: T) (42222

JTR‘]/]’[N 5 j_[]a\‘/f/f//h//
(1+t2f’2)3/2_ T (1+T2f/2)5/2j|

/ £ T[Ii’fl;,fh// & jtl(i,h//
—t(l—a)f {31,1()(1\/’ Tf)[m] —2B21(Jar X rf)[m} }
7Tlgi/f/h// i|

_ 9301 / € T[X/h//
2t°(1 Cl)f B4,2(fa,raXN7f7 f tf’ ff)

(1+12f/2)3/2
f/f//h// T[X’f/f'//h//
(1+r2f/2)5/2] ~Bnan ] )[<1+r2f/2>5/2“

fé’rh// ﬂi}lh//
(e IRy Pty |

4

(1 +‘L’2f’2)3/2

—t(1=a) f'(1=xy) B1,1(fa,r, Tf)[
+2773(1_a)f/33,2(fa,ra X]i‘]’ f7 Tf’ Tf)|:

+372 [;J{nval,l(fa,n Tf)|:
+f¢;’,{31,1(7ffz, Tf)[

_Zfé,fBZ,l(T[]i/, fa,rs Tf)|:

/h//
:|_2T2f¢;,fB3,2(n]&;l’fa,‘[’ f7 Tf’ Tf)|: f i|

(1 +T2f/2)3/2

/ i h//
+2772fa,rB452(jTN’ fa,rv 5o fef, Tf)[m]

Recalling that f’ vanishes at infinity, we obtain by virtue of Remark 3.3, the interpolation property (1-4),
and Young’s inequality that

IS1LATll2 < Juelle] hll s + K 1A 2 (6-18)

provided that ¢ is sufficiently small. Furthermore, Remark 3.3 implies that for ¢ sufficiently small

e 1,1

T
I1S2[A1ll> = a|| Bi1(far rf)[(Hrzf,z)m[ A+
< Cllagh" ll2llxf 1= A4+ 2 Uloo < Jullmf hll g + K (12 2. (6-19)

Since a(l — a) =0, we compute that

Salhl = —a*Boa(f. f. o) n"],
and the arguments presented in Step 4 of the proof of Theorem 4.2 yield

1S3Lh1ll2 < Sallrf hll s + KAl g2 (6-20)
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for ¢ sufficiently small. Finally,
I1Salh1ll2 = a®|| Bo 1 (OBGi) h” +3(Gg)"h + ()" hlll2 < K ||kl g2, (6-21)
and combining (6-17)—(6-21) we obtain the estimate (6-10) for j = N. Il

The Fourier multipliers defined by (6-11)—(6-12) are generators of strongly continuous analytic semi-
groups in £L(L,(R)) and they satisfy resolvent estimates which are uniform with respect to xj"? € R and
T € [0, 1]. More precisely, we have the following result.

Proposition 6.2. Let f € H*(R) be fixed. Given xo € R and t € [0, 1], let

T

Aoe = =22 2 (g2 (@),
Then, there exists a constant ko > 1 such that
A —Ay.r €Isom(H?(R), Ly(R)), (6-22)
koll(A — Axy D[ATll2 = [A] - lAll2 + 121l 3 (6-23)
forallxgeR, 1€[0,1], A €eCwithRer>1,and h € H3(R).
Proof. The proof is similar to that of Proposition 4.3 and therefore we omit it. O

We now conclude with the following general result.

Theorem 6.3. Let f € H*(R) be given. Then
— @y (f) € H(H(R), L2(R)).

Proof. As mentioned in the discussion preceding Theorem 6.1, we only need to prove the claim for the
leading-order term @, 1(f). Let ko > 1 be the constant determined in Proposition 6.2 and let u := %Ko.
By virtue of Theorem 6.1 there exist constants ¢ € (0, 1) and K = K (¢) > 0, an e-localization family
{Jrf :—N 41 < j < N} that satisfies (4-1)—(4-5), and for each —N +1 < j < N and t € [0, 1] operators
A; . € LIH?*(R), L2(R)) such that

1
7] @1 (T)A] = Aj o [7f h]ll2 < 2—/q)||n;h||,,3 + K ||kl g2 (6-24)

foral -N+1<j <N, t€l0,1],and h € H3([R§). Furthermore, Proposition 6.2 implies
kol — A Dl s kil = AL - el + Nl 2l g (6-25)

forall -N+1<j <N, t€[0,1], reCwithReA>1,and h € H3(R). Combining (6-24)—(6-25), we
find

kol (A — @1 (TfDIAl2 = koll (L — Aj ) hlllz — kollf o1 ()R] — Aj e[ ]Il

> ] - Al + iRl s — oK 1] 2
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forall -=N+1<j <N, t€[0,1], » € C with ReA > I, and » € H*(R). Summing up over
je{—=N+1,..., N}, we infer from Lemma 4.1 that there exists a constant C > 1 with the property that

Clhllg2 + Cll A = @ f)[h]ll2 = [A] - 1Rl + 1Al g

forall T € [0, 1], A € C withReA > 1, and h € H*(R). Using (1-4) and Young’s inequality, it follows
that there exist constants k > 1 and @ > 0 with the property that

KA = Do 1 (TfNIAIll2 = [A] - 12ll2 + 2]l 3 (6-26)

forall € [0, 1], » € C with Re A > w, h € H3(R). Since (v — Do 1(Tf))]r=0 € Isom(H3(R), L>(R)),
the method of continuity together with (6-26) yields that

w—Ds1(f) € Isom(H*(R), Ly (R)). (6-27)

The claim follows from (6-26) (with T = 1), (6-27), and [Lunardi 1995, Proposition 2.4.1 and Corol-
lary 2.1.3]. O

We are now in a position to prove the well-posedness for the Muskat problem with surface tension.

Proof of Theorem 1.2. Lets € (2,3), s=2, | >a:= %s > fB:= % > (. Combining (6-4) and Theorem 6.3,
it follows that
—®, € C*(H*(R), H(H*(R), Ly(R))).
Since
H*(R) =[Ly(R), H*(®)]g and H*(R) = [La(R), H(R)],,

we now infer from Theorem 1.5 that (1-1), or equivalently (6-3), possesses a maximally defined solution
fi=f(5 fo) € €O, To(f0)), HY (R) N C((0, To-(fo)), H(R) N C (0, T1(fo)). La(R))

with
feCH 230, T], HXR)) forall T < Ty (fo).

Concerning the uniqueness of solutions, we next show that any classical solution
fecqo, D, H*®)NCO, D), H*®)NC' (0, 7)), LyR), T €(0,0c0],

to (6-3) satisfies
fecC™(0,T], H*(R)) forall T € (0, T), (6-28)

where 1 := (s —2)/(s + 1). To this end, we recall that
o (NHLf1= f'Bii(fs HIE(NT+ Boa(HLk()T+OAno(ILf'] for f e H(R).  (6-29)
Let T € (0, f) be fixed. Lemma 3.1(i) implies that

sup [|Ao.o(HIF 2 < C. (6-30)
[0,T]
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We now consider the highest-order terms in (6-29). Arguing as in Lemma 3.5, it follows from
Remark 3.3 that By 1 (f)[k(f)], Bi.1(f, f)lk(f)] e H'(R) for all f € H*(R), with
(Bo 1 (N (D = Bo 1 (NI (fNT=2Ba2(f', fo o Dl (O],
(B11(f, Ol (O = Bra(f, HIG(fNT+ Bia(f, Hlec(H1=2Bs2(f, £, f, f, Hlk(H].
Furthermore, given ¢ € (0, T] and ¢ € H'(R), integration by parts together with f € C([0, T, H* (R))

leads us to

‘ /R FOB(f@), FO)K(FE)) pdx

= /R F'OBL(f@), FO)Nk(fF()]pdx|+ /R FOBLIF®), FO)K(FEN]Ig dx| < Cllgl g,
so that
sup 1 (Bii(f PHlk(HY g1 < C, (6-31)
and similarly
sup 1(Bo,1 (N (HD |1 < C. (6-32)

We now estimate the term f'By 1(f’, f)[k(f)] with f € H3(R) in the H~'(R)-norm. To this end, we
rely on the formula

Bia(f', Dlk(N=Ti(f) = To(f) = T3(f),

where
Cr(Hx=y)—k(Hx+y) )= fx—y) 1
T; = dy,
1)) /0 y y L4 (8,91 f/9)? Y
Cr(Hx+y) fre+y)=2f )+ f(x—y) 1
T = dy,
2(£)x) fo y y T+ G 702
Cr(Hx+y) flx) = flx+y) 1
T =
(D /0 y y [+ Oy /3 PI + Gree /)]
fa+)—fx—y) fx+y)=2fx)+ f(x—y)
X ) ) dy.

We estimate the terms f T ( f ), 1 <i <3, separately. Given ¢ € (0, T] and ¢ € H'(R), we compute

/R FOTI(f(1)gdx

< Cligla fOO/ |K(f(t))(x—y);/c(f(t))(ery)l |f’(I,X)—)]]”(t, x—y)| dxdy
o Jr

> 1 ~ . 172 . _ 1/2
< Clollso fO ?< fR IK(f(t))(x—y)—K(f(t))(x+y)|2dx) ( /R If/(t,x)—f/(t,x—y)lzdx> dy

* 1 - ‘ 1/2 . ‘ 1/2
= Cll¢llso /O ?(/R |f<x<f<z)))|2(s>|e'25y—1|2d&) (fR |f<f’<r))|2<s)|e'yf—1|2ds) dy,
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and since

e — 11> < CA+ 161Dy 10.1(») + 1=11()],
€2 — 112 < C(L+ EP) 22 P10, (0) + 1y =11()],

it follows that

y>0, £ eR,

fR FOTI(f@))pdx| < Cligllolic (FE) g2l f )l g /O Y o) +y s () dy
<Cllglly (6-33)

To bound the curvature term in the H*~2(R)-norm we have use the inequality

(P sz < CIHA+ £l gessnll fllas forall f e H (R).

x 1 i 12
scngouoof —2</ IK(f(t))(x+y)I2dx)
0oy R

B 5 1/2
X(/ |f/(t’)“ry)_2f/(f’x)+f'(f,x—y)|2dx> dy
R

Similarly we have

/R FOT(f(1)gdx

o 1 . ) ' 1/2
< Cllolls /0 ?( /R |f<f/<z))|2(s>|elyf—2+eWdé) dy

o0
< Cligl / V3 00 4y e () dy
0
<Clolg (6-34)
by virtue of
e —24+e 2 <A+ 1ED I Vo) + 1>y, y>0, EeR

Lastly, since H*~!'(R) < BC*~¥/2(R) for s # % (the estimate (6-35) holds though also for s = %) and
H*(R) < BC'(R), the inequality

eV =24+ Y2 <CA+ ED [y 0 () + =], y>0, §€R,

leads us to

oo ymin{l,x—S/Z} - ) ) 1/2
< Cliglo fo T( /R |f(f(z))|2<s)|e’>’5—2+e—‘y5|2ds) dy

fR FOT(f(0)pdx

(0.¢]
< Cllle [ 9™ (00 4300 dy
0
=Cllelq- (6-35)
Gathering (6-33)—(6-35), we conclude that

sup || f'Bia(fs PHle(Hllg-1 <C, (6-36)

0,7]
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and similarly we obtain

sup [l ' Bs2(f', £, fo fo DIic(OWg—1 +I1B2a(F £ f Hle(Dllg-1] < C. (6-37)

0.,7]

Combining (6-30)—(6-32), (6-36), and (6-37), it follows that f e BC'((0, T], H\(R)). Recalling that
n=(s—2)/(s+1), (1-4) together with the mean value theorem yields

17 @) = F 2 < IF@ = FONLNFO = F©l" < Cle=sl", 1,5 €[0,T],

which proves (6-28) and the uniqueness claim in Theorem 1.2.
Finally, let us assume that 7'y (fp) < oo and that

sup [[f(Dlgs < oo.
(0.7 (f0))

Arguing as above, we find that

If() = F)goap < Clt —s|S™/ @S0t 5 €0, T (fo)).

The criterion for global existence in Theorem 1.5 applied for « := %(s +2)and 8 := % implies that the
solution can be continued on an interval [0, t) with T > T (fy) and that

fect=2/%10, T], H*(R)) forall T € (0, 7).

The uniqueness claim in Theorem 1.5 leads us to a contradiction. Hence our assumption was false and
T+ (fo) = oo. O

Appendix A: Some technical results

The following lemma is used in the proof of Theorem 4.2.

Lemma A.l. Given f € H*(R), s € (3,2), and t € [0, 1], let a; : R — R be defined by

ay (x) = PV/ Y dy, xeR.

R Y2+ T2 f)?
Let further o := %s — % € (0, 1). Then, a; € BC*(R) N Cy(R),

sup |lac|lpce < o0, (A-1)
tel0,1]

and, given gy > 0, there exists n > 0 such that

sup sup |az(x)| < &o. (A-2)
ref0,1] |x|=n
Proof. It holds that
Vo fx+y)=2f0)+ fx—y) fx+y)— flx—y)
2 y M(x, y)

ar(x) = 7% lim dy, xeR,

§—0 5 y
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with
M(x, y) i=[y* + 22 G- )Y + T2 Gy )]
Letting
_ _ _ _ 4
I(x’y)::rzf(ery) 2f()+ fx—y) fx+y)—fFlx—y) y (£ 3) € R x (0, 00),

y? y M(x, y)’
it follows that

1 1
11 (x, )| < 8(”f||<2>o;1[1,oo)(y) + ”f,”oo[f/]s—3/2wl(0,1)()’))a (x,y) eRx(0,00). (A-3)

The latter estimate was obtained by using the fact that f € BC*~/2(R), s — % € (1, 2), together with
(3-7). Hence,

o0
ar(x)zf I(x,y)dy, xEeR,
0

and sup, (9.1 lla: llc < 00. To estimate the Holder seminorm of a,, we compute for x, x" € R that

Iar(X)—ar(x/)IS/ I (x,y)—1(x", y)|dy <Ti + T, + T3, (A-4)

0

where

T — f"" |fx+y)=2f )+ =W x+y)— fa—D]—[f &+ = fF& =] y* dy
Y y? y Mx,y)

e [ )2 0 I ) 22 )
0

y? . , .
X|f(x +y)—f& =y
y IT(x, y)
_TfEEN 2D+ = +y) = f =) [TT(x, y) =TT, y)
s '_./0 y2 y 4

dy,

dy.

Using the mean value theorem, we have

I[fx+y)—fFx=—]—=[f&"+y)— f(x'—Y)
y

1
I §2f G4 Qr—Dy) — /(4 2t —Dy) d
0
<2[f ls—3plx—x'IF2 y >0,

and, much as above, we find that
IT1] < CIl f 13 1x = %1 (A-5)

To deal with the second term we appeal to the formula
1
fa+y)=2f(x0)+ fx—=y) =y[f/(x+y)—f'(x—y)]+y/ fla+my) = flx+ydr
0
1

—y/ flx—1y)— fl(x —y)dt forx,yeR,
0
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and we get
ILf(x+y)=2f()+ == [f " +y) =2f )+ f(x" = )]
12
ILf'xc+y) = ==& +y) = &=l
y
1
<2[f"a (;1[1,00)(y)|x —x'PP* 42

< Thu+Top + Ty,

where
Ty :=

1

yl—a

Lo(y)lx —x/la),

1 1
Ty = ;/0 L' x4y = e+ = Lf' & +1y) = /(& + )| dT

1 1
<2[f'] (;1[1,00)(y)|x — X'+ Ji-a Lo,n(»lx —X/la),

1 1
Ty i /0 LG —oy) — f/x = ] = LF' & — ) — (= 1| d

1 1
<2[f'T2a (;1[1,00)(y)|x — X'+ Ji-a Lo,n(lx —X/la),

and therewith

Tl < ClLf s (3 — 51 + x = x/*). (A-6)
Finally, since /
e, ) ;f“x D a1+ 1L P Tl — X'
we infer from (A-3) that
T3] < CILF s (L4 1L 1) (= X1 4 [x = x'1P9). (A-7)

The relation (A-1) is a simple consequence of (A-4)—(A-7) and of sup (g 17 @z |l < 00.
To prove that a, vanishes at infinity, let g > 0 be arbitrary. We write

M [ee]
a,(x):/ I(x,y)a'y—i—f I(x,y)dy, x€eR,
0 M

for some M > 1 with

2
% _
Mz~
Recalling (A-3), it follows that for all x € R we have

°° * 1 4115 _ €o
1 s dy <8 2 —dy = &S] < —,
/M [ (x, ldy < ”f”oofM B =Tn =3

0]
5

Let B8 € (0, 1) be chosen such that % + B < s. Since f € Cy(R), there exists n > M with

(S _ % _ 5)80M3/2+ﬂ*s

32([f T3l f1 100 P +1)

1/8
|f(Y)|§|: ] forall |y|>n— M.
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Using this inequality, it follows that for all |x| > n we have

M M _ — )8
s (MG — fa =)
ar (0] < /0 1, ) dy+Leo < Lo+ 8LF Loaal 157 /0 o dy < s

hence a; € Cyo(R) and (A-2) holds true. O
The next result is used in Proposition 2.1.
Lemma A.2. Given f € H>(R) and & € H*(R), set

b, )= [ SO SO po e iR [y=f (0L (A-8)

27 Jp (x =)+ (y — f(5))?
Let further Q_ 1= [y < f(x)], Q4 :=[y>f(x)], and v+ :=V|q,. Then, v+ € C(Q)NCYRQ) and

v+(x,y) =0 for |(x,y)|— oo. (A-9)

Proof. It is easy to see that 9+ € C'(Q4). Plemelj’s formula further shows that 7+ € C(Q+) and
(=(f(x) = f(x=1s)),5) o0 —5)ds 1 (1L f'(x)o(x)
g2+ (f(0) — fx—5))? RS

or equivalently, with the notation in Remark 3.3,

14 1 o _
ETJC,Q - EBI,I(fa Dlo]+ EBOl(f)[w]

B (x, f(@) = 5PV

Villy=fn) = E

Recalling that f € H3(R) and @ € H*(R), the arguments in the proof of Lemma 3.5 show that
B11(f, f)lw] and By 1(f)[w] belong to H'(R); thus

v+(x, f(x)) > 0 for |x| — oo. (A-10)
Furthermore, since f and o vanish at infinity, we find, much as in the proof of (A-2), that

sup |v4|+ sup |[v_]| >0 forn— oo (A-11)
[y=nl] [y=—n]

and that, for arbitrary 0 < a < b,

sup |U4| + sup [v_| > 0 forn — oo. (A-12)
[a<y<bINl|x|>n] [-b<y<—alN[lx|=n]

Finally, arguing along the lines of the proof of Privalov’s theorem, see [Lu 1993, Theorem 3.1.1]
(the lengthy details, which for w € WOIO(IR{) are simpler than in that book, are left to the interested
reader), it follows that there exists a constant C, which depends only on f and @, such that for each
z=(x,y) e R?\ [y=f@)] with y € [—| flloo — 1, || flloo + 1] the following inequalities hold:

|54.(2) = by, fFONI < Cly = fF@I'? ity > f(x),
5-(2) = b-(x, FONI < Cly = fF@I'? ify < f(x).
The relation (A-9) is an obvious consequence of (A-10)—(A-13). Il

(A-13)
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Appendix B: The proof of Theorem 1.5

This section is dedicated to the proof of Theorem 1.5. In the following [y and E; denote complex Banach
spaces4 and we assume that the embedding E; < [Eg is dense. In view of [Amann 1995, Theorem 1.1.2.2],
we may represent the set H(E;, Eo) of negative analytic generators as

H(E, Eo) = | H(E1, Eo, k, ),

k>1
w>0

where, given ¥ > 1 and w > 0, the class H(E;, Eg, k, w) consists of the operators A € L(E;, Eg) having

the properties

e w+ A elIsom(E;, Ep), and

- (A +A)xllo
< <k forall 0 #x € E; and all Re A > w.
|- {lxllo =+ [1x 1y

Given A € H(E;, Eo, k, ) and r € (0, k1), it follows from [Amann 1995, Theorem I.1.3.1(i)] that

A+ B e H(E, Eo,x/(1 —kr), w) forall || Bz, k) <7 (B-1)

This property shows in particular that 7 (E;, Eg) is an open subset of L(E;, Eg).

The proof of Theorem 1.5 uses to a large extent the powerful theory of parabolic evolution oper-
ators developed in [Amann 1995]. The following result is a direct consequence of Theorem I1.5.1.1,
Lemma I1.5.1.3 and Lemma I1.5.1.4 in that paper.

Proposition B.1. Let T >0, p € (0,1), L >0, k > 1, and w > 0 be given constants. Moreover, let
ACCP([0, T], H(Ey, Eo)) be a family satisfying
A(t) — A
e [Aly0,71:= sup IA® = AT <L forall A € A, and
1#sel0,7] |t —s1?

o A(t) € H(Ey, Eg, k, w) forall A e Aandt €0, T].

Then, given A € A, there exists a unique parabolic evolution operator’ Up for A possessing E| as a
regularity subspace. Moreover, the following hold:

(i) There exists a constant C > 0 such that

N0, ) 2@y + & =) NUat, )l eEoe) < C (B-2)
forall (t,s) € A} :={(t,s) €0, TP:0<s<t<T}, jel{0, 1},andall A € A

(i1) Let Ap :={(z, s) € [0, TP:0<s<t< T}and 0 < B <a < 1. Then, given x € k,, it holds that
Ua(-, -)x € C(Ar, Ey). Moreover, Up € C(A%., L(Eg, Ey)), and there exists a constant C > 0 such
that

(t =) PNUa@, )l ey e < C (B-3)

forall (t,s) € A} and all A € A.

4The proof of Theorem 1.5 in the context of real Banach spaces is identical.
SIn the sense of [Amann 1995, Section II].
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(1ii) Given 0 < B <1 and 0 < o < 1, there exists a constant C > 0 such that
t =) (Ua — Up)(t, )l 2Eap) < C nax 1A(T) =Bl £, k) (B-4)

forall (t,s) € A} and all A, B € A
Let now A4 be a family as in Proposition B.1. Given A € A and x € [, we consider the linear problem
u+ANu=0, te@,T], u)=x. (B-5)

Using the fundamental properties of the parabolic evolution operator Up associated to A, it follows from
[Amann 1995, Remark 11.2.1.2] that (B-5) has a unique classical solution u# :=u( -; x, A), that is,

w:=u(-;x,A)eC'((0, T1,Ep) N C((0, T1, E1) N C([0, T1, Eo)
and u satisfies the equation of (B-5) pointwise. This solution is given by the expression
u(t) =Un,0x, tel0,T]

If x € E, for some « € (0, 1), we may use the relations (B-2)—(B-4) to derive additional regularity
properties for the solution, as stated below.

Proposition B.2. Let A be a family as in Proposition B.1. The following hold true:
(i) Let 0 < B <a < 1 and x € Ey. Then u € C*~2([0, T1, Eg) and there exists C > 0 such that
lu(®) —u)llp < €@ = )* P |xla (B-6)
forall (t,s) € Ar, x e Ey,and A € A.
(i) Let 0 < B < a < 1. Then, there exists C > O such that

lues x, A) —u(t; x, B)[|g < Cr*7F max, IAT) =Bl £, 1% |« (B-7)

forallt €[0,T], x ey, and A, B € A

Proof. The claim (i) follows from [Amann 1995, Theorem I1.5.3.1], while (ii) is a consequence of
Theorem 11.5.2.1 of the same book. O

By means of a contraction argument we now obtain as a preliminary result the following (uniform)
local existence theorem, which stays at the basis of Theorem 1.5.

Proposition B.3. Let the assumptions of Theorem 1.5 be satisfied and let f € O = OgNEy. Then, there
exist constants § = 8(f) > 0 and r = r(f) > 0 with the property that for all fo € Oy with || fo — flla« <r
the problem

f=0Olf], >0, f0)= fo, (QP)

possesses a classical solution

f e C([0, 8], 0,) N C((0, 8], E}) N CL((0, 81, Eg) N C*#([0, 5], Eg).
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Moreover, if h is a further solution to (QP) with
h e C((0,8],E))NC'((0, 8], E)) N C"([0, 8], Op)  for some n € (0, a — B,
then f =h.

Proof. Existence: We first note that O, is an open subset of E,; see, e.g., [Amann 1995, Section 1.2.11].
Since by assumption —® € Cl_((’)ﬁ, H(E;, Eo)), it follows from (B-1) there exist constant R > 0, L > 0,
x > 1, and w > 0 such that

1P(f) — D@ llcE ey < LIf—glp forall f, g €Bg,(f, R) C Op, (B-8)
—®(f) € H(Ey, Eo, k, @) forall f €Bg,(f, R). (B-9)

Let p € (0, « — B) be fixed. If r > 0 is sufficiently small, it holds that
B, (f.r) C B, (f, R)N O (B-10)

Given § > 0, r > 0 such that (B-10) holds (r and & will be fixed later on) and fj € B[Ea ( f , 1), we define
the set

M:={f € C([0,8].Be,(f, R): f(0) = foand || f(1) — f(s)llg < |t —s|” forall 7,5 € [0, §]}.

Since M is a closed subset of C([0, 8], Eg), it is also a (nonempty) complete metric space. Given f € M,
we define

Ap(t) :=—@(f(1), tel0,8]
As a direct consequence of (B-8) and of the definition of M), it follows that
1AL () = A ()l 2@k < LIF@ — f()g <Llt—sIP, t,5€[0,38],

and (B-9) yields that A ¢ (¢) € H(Ey, Eo, k, w) for all f € M and all 7 € [0, §]. Proposition B.1 ensures the
existence of a parabolic evolution operator Ua, for Ay. Given f € M, it is natural to consider the linear
evolution problem

g+Ar)g=0, 1€(0,8], g0 = fo, (B-11)
which has, in view of Proposition B.2, a unique classical solution
g:=T(f):=Ua,(-,0)fo e C* ([0, 8], Ep) N C([0, 8], Eo).

The existence part of Proposition B.1 reduces to proving that I" : M — M is a strict contraction for suitable
r and §. Clearly I'(f)(0) = fo. Moreover, (B-6) yields

ITH@O =T < Cle=s*P N folla <CE* P flla+r)lt—s|” <[t —s|” forallz,se[0,8],

provided that
C* PP fllg+r) < 1. (B-12)
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The latter estimate (with s = 0) yields

ITCH@ = Fllg < ITHO =T (OOMg+ 1 fo— fllg <8° +rllie,—E; ll2Ea s < R forall €10, 8],

if we additionally require that
8 +rllig, ks ll £k Eg) < R. (B-13)

We now assume that r and § are chosen such that (B-12)—(B-13) hold true. It then follows that I" : Ml — M
is a well-defined map. Furthermore, given f, h € M, the estimate (B-7) together with (B-8) yields

ICCH@ =T )@ p = 1Ua,(#,0) fo—Un,(#,0) follg
< Ct*F max |As(t) — Ap(Oll 2, 0l folla
7€(0,¢]
< C8*PL(| flla +7r) max || f(&) —h(®)lp
1€[0.6]
1
< 2 max If (@) —h@)p forallzel0,d],
provided that
C8“PLUfla+1) < 5. (B-14)
Hence, if r and § are chosen such that also (B-14) is satisfied, then I" is a strict contraction and Banach’s
fixed-point theorem ensures that I has a fixed point. This proves the existence part.
Uniqueness: Let f be a solution to (QP) as found above and let & # f be a further classical solution
such that h € C"([0, 6], Eg) for some 1 € (0, @ — B]. The real number
to :=max{t € [0, 8] : flj0,,) = hlj0.11}

satisfies 0 <ty < § and f = h on [0, fp]. Since f(ty) € O, thereexist R>0, L >0, k >1,and w > 0

such that _
[P @) — PW)llcE k) < Lllu—vlpg forallu, veBg,(f(), R) C Op,

—®(u) € H(Ey, Eo, i, @) forall u € By, (f (1), R).

Given &g € (19, &1, the set

: = . Ih(t) —h(s)llg
Mo :=1h € C([0, so—10], B, (f (), R)) :h(0) = f(10), BT < Iforall 7 #s €0, 8o — 1]
is a (nonempty) complete metric space. Letting A () := —® (h(z)) for h € My and ¢ € [0, §p — 19], we

may argue as in the existence part of this proof to conclude that the linear problem
u+Apu=0, 1€(0,38—1n], hr0O)=f()

has a unique classical solution I'g(h) € C*=P([0, 8¢ — to], Eg) N C([0, 6o — 10], Ey). Furthermore,
[o: My — Mg is a %-contraction provided that & is sufficiently close to fy; hence I'g has a unique
fixed point. But, if 6y — f is sufficiently small, then it can be easily seen that f(- + ))|0,5,—s] and
h(- 1) l0.s,—1,] both belong to My and these functions are therefore fixed points of I'g. This implies f =h
on [0, &o] for some §y > 1o, in contradiction with the definition of #y. This proves the uniqueness claim. [
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We are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. Let fy € O, be given. According to Proposition B.3 (with f := fy), there exists
8 > 0 and a classical solution

f €C([0,8],0,) NC((0, 81, E) N C'((0, 81, Eg) N C*7 ([0, 8], Ep)

to (QP). This solution can be continued as follows. Applying Proposition B.3 (with f := f(8)), we find
r > 0 and §; > O such that

h=3®Mh)[h], (0,81, hO)=Ff (B-15)

has a classical solution 7 € C([0, 8], Oy) N C((0, 8;1, E}) NC((0, 8,1, Eg) N C*£ ({0, 8,1, Eg) for each
f1 € Oy with || f1 — f(t) |l < 7. Let £y € (0, §) be such that

to+8>8 and | f(to))— flla <7

Hence it is possible to choose f] := f(fy) as an initial value in (B-15). Since f(- +1) :[0,8 — 9] = Oq
and & : [0, § — tg] — O, are both classical solutions to

h=®h)[h], te0,8—1] hO0)=f(),

by Proposition B.3 they must coincide. Consequently, the function F : [0, fp 4+ 61] = O, defined by

f(@), t €[0, 4],
h(t —1ty), teld,to+61]

is a classical solution to (QP) which extends f. The maximal solution f = f(-; fo) : I (fo) = Oy in
Theorem 1.5 is defined by setting

F(t):= {

I(fy) := U{[O, 8] : (QP) has a classical solution f5 on [0, §] with f5 € CO‘_’S([O, 4], [Eﬁ)},
f@):= fs(t) fortel0,d].

The construction above shows that f is well-defined and that 7 ( fy) = [0, T+ (fo)) with T, ( fo) < oco. This
proves the existence claim in Theorem 1.5. The uniqueness assertion is an immediate consequence of
Proposition B.3.

We now prove the criterion for global existence. Hence, let us assume that the unique classical maximal
solution f = f(-; fo) : [0, T+ (fo)) = O to (QP) is uniformly continuous when restricted to each interval
[0, T1N[O, T+(fo)), with T > O arbitrary. We further assume that t := 7 ( fy) < 00; otherwise we are
done. Then, since f is uniformly continuous on [0, 7), it is straightforward to see that the limit

f(r) = }i/n}f(t)

exists in Og. If dist( £ (¢), d0,) # 0 for t — 7, it must hold that f (1) € Oy. Proceeding as above, we
may extend in view of Proposition B.3 this maximal solution to an interval [0, T 4 §;) for some §; > 0,
which is a contradiction and we are done.
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Finally, the semiflow property of the solution map [(¢, fo) — f(¢; fo)] stated at the end of Theorem 1.5
is proven in detail in [Amann 1988, Theorem 8.1]. Furthermore, if ® is additionally smooth, then
proceeding as in Theorem 11.3 of the same paper one may show that the semiflow map is also smooth. For
real-analytic @, the real-analyticity of [(¢, fo) — f(¢; fo)] follows by estimating the Fréchet derivatives
of the flow map, which is a rather tedious and lengthy procedure which we refrain from presenting
here. O
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MAXIMAL GAIN OF REGULARITY IN VELOCITY AVERAGING LEMMAS

DIOGO ARSENIO AND NADER MASMOUDI

We investigate new settings of velocity averaging lemmas in kinetic theory where a maximal gain of
half a derivative is obtained. Specifically, we show that if the densities f and g in the transport equation
v-Vy f = g belong to L;LZ/, where 2n/(n+ 1) <r <2 and n > 1 is the dimension, then the velocity
averages belong to H, :

We further explore the setting where the densities belong to L and show, by completing the work
initiated by Pierre-Emmanuel Jabin and Luis Vega on the subject, that velocity averages almost belong
to W"/ @(=1)4/3 i this case, in any dimension n > 2, which strongly indicates that velocity averages
should almost belong to Wl/ 2.2n/( 1) henever the densities belong to LZ"/ (1) L2

These results and their proofs bear a strong resemblance to the famous and notoriously difficult
problems of boundedness of Bochner—Riesz multipliers and Fourier restriction operators, and to smoothing
conjectures for Schrodinger and wave equations, which suggests interesting links between kinetic theory,
dispersive equations and harmonic analysis.
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1. Introduction and main results

Velocity averaging lemmas are a category of regularity results concerning the kinetic transport equation

(8t+v‘vx)f([a)€,v):g(Z»X,U), (1_1)
where (z, x, v) € [0, 00) x R" x R”, or its stationary counterpart
v'vxf(x’v):g(xav)v (1_2)

where (x,v) € R" x R", withn > 1.

We would like to thank Pierre-Emmanuel Jabin for sharing his insight on the subject with us. Masmoudi was partially supported
by NSF grant no. DMS-1716466.
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Keywords: velocity averaging lemmas, kinetic theory, kinetic transport equation.

333


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2019.12-2
http://dx.doi.org/10.2140/apde.2019.12.333
http://msp.org

334 DIOGO ARSENIO AND NADER MASMOUDI

Variants of the above equations are also relevant. Indeed, different spatial and velocity domains, as
well as nonlinear velocity fields (consider the relativistic case), are sometimes studied. Nevertheless,
for the sake of simplicity, we will focus exclusively on the Euclidean stationary setting (1-2), which,
we believe, captures the essential features of kinetic transport (at least as far as velocity averaging is
concerned). We refer the interested reader to Appendix C, where we establish an equivalence of velocity
averaging lemmas for velocities in R” and in S”~. In particular, this provides a rather general method
to adapt the results contained in the present work to settings where velocities belong to a manifold of
codimension 1, which includes the nonstationary transport equation (1-1).

The classical velocity averaging lemma was established first in [Golse et al. 1988]. It asserts that if
f.ge L)Zc’v satisfy the transport relation (1-2), then the velocity averages of f enjoy the regularization

/ f(x,v)e)dv e Hx%
Rl’l

for any given ¢ € LZ°(R") (that is, any measurable function bounded almost everywhere with compact
support). Note that such regularity results had already been suggested in weaker forms in [Agoshkov
1984; Golse et al. 1985].

An extension of this fundamental result to the Lﬁ,v setting, with 1 < p < oo, was also obtained in
[Golse et al. 1988] and later substantially improved in [Bézard 1994; DeVore and Petrova 2001; DiPerna
et al. 1991]. Generally speaking, such generalizations are deduced by interpolating the preceding Li’v
case with the degenerate L ;c,v and L%, cases. In this setting, it is established that, for any ¢ € LZ°(R"),

[ S(x,v)p(v)dve WP
R7

whenever f, g € L%, with s = l—% if p<2andforany 0 <s < % if p>2.
1
p
[Lions 1995] through a straightforward dimensional analysis. As for the case p > 2, it was also argued in
that paper that the regularity of velocity averages cannot be improved beyond the value s = %, but this

optimality argument remains incomplete, for it requires the use of a larger class of velocity weights ¢(v)

When p < 2, the optimality of the regularity index s = 1 — — in the preceding result was shown in

with unbounded support. In fact, it turns out that, in general, the value s = % is not optimal in the

range 2 < p < 00, for it is possible to largely improve this regularity index beyond the value s = % in
dimension n = 1, as stated in the following one-dimensional theorem.

Theorem 1.1. In dimensionn = 1,let f, g € sz,v, with 2 < p < 00, be such that (1-2) holds true.
Then,

| s vewdoewyr
R
forall0 <s<1-— % and any ¢ € L°(R).

This result clearly follows from the more general Theorem 4.3, by setting p = r therein, which is
established later on in Section 4.



MAXIMAL GAIN OF REGULARITY IN VELOCITY AVERAGING LEMMAS 335

The question of the optimality of the value s = %, when p > 2, in higher dimensions n > 2 was
finally definitely settled in [DeVore and Petrova 2001, Theorem 1.3], where a remarkable construction
of a convoluted counterexample shows the necessity of the constraint s < % whenever p > 2 and n > 2.
Note however that it remained so far unknown whether the endpoint value s = % is admissible or not. It
turns out that, as a byproduct of our methods, we are able to settle this question here by showing that the
endpoint value s = % is indeed admissible when p > 2 (see Theorem 3.6).

On the whole, the maximal gain of regularity, when n > 2, clearly happens for the value p = 2, where
half a derivative is gained by averaging in velocity.

It is to be emphasized that the refined interpolation methods used in [DeVore and Petrova 2001] yield
more precise results. Indeed, it is established therein that, for each 1 < p < oo, the velocity averages
actually belong to the Besov space By, ,(R") with s = min{%, 1— %}, which is smaller than W*5:? (R")
for values 1 < p < 2, and that this is optimal. Nevertheless, for the sake of simplicity, we will only focus
here on standard Sobolev spaces and we will omit the more precise formulations of velocity averaging
lemmas in Besov spaces, which can be easily deduced from our proofs if needed (we refer to the proof of
Proposition 3.2 in Section 3 for some more details on this matter).

Numerous generalizations of velocity averaging lemmas are available. For instance, several settings
where f and g belong to distinct spaces (possibly with different homogeneity) of different kinds (Besov,
Sobolev, etc.) with mixed integrability and regularity in space and velocity have been considered in
[Arsénio and Masmoudi 2014; Bézard 1994; DiPerna et al. 1991; Jabin and Vega 2004; Westdickenberg
2002]. Naturally, the ensuing gain of regularity on the velocity averages depends then on the different
parameters used to characterize these function spaces. In these more general settings, the phenomena of
dispersion (as discovered in [Castella and Perthame 1996]) and hypoellipticity (as discovered in [Bouchut
2002]; see also [Arsénio and Saint-Raymond 2011]) in kinetic transport equations come into play and,
loosely speaking, interact with the regularization due to velocity averaging to produce new interesting
results. We refer to [Arsénio and Masmoudi 2014; Westdickenberg 2002] and [Arsénio and Masmoudi
2014; Arsénio and Saint-Raymond 2011; Jabin and Vega 2004] for such results combining velocity
averaging with the dispersive and hypoelliptic effects, respectively. Note that none of these phenomena is
fully distinct from the others.

It was argued in [Arsénio and Masmoudi 2014; Westdickenberg 2002] that the influence of dispersion on
velocity averaging produces a gain of integrability which can be interpreted, through Sobolev embeddings,
as a regularity gain which is sometimes larger than half a derivative and even possibly close or equal
to a whole derivative (note that the gain of regularity can never be larger than a whole derivative, for the
transport operator is a differential operator of order 1). Furthermore, the hypoelliptic phenomenon may
also produce a regularity gain close or equal to a whole derivative on the velocity average, see [Arsénio and
Masmoudi 2014; Jabin and Vega 2004], but this requires assuming some regularity on f and g a priori.

In this article, we will exclusively focus on the gain of regularity due to velocity averaging, possibly
combined with dispersion (without interpreting the gain of regularity through Sobolev embeddings as
was done in [Arsénio and Masmoudi 2014; Westdickenberg 2002], though), and will mostly ignore
the aforementioned effects produced by hypoellipticity that were analyzed in [Arsénio and Masmoudi
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2014; Jabin and Vega 2004]. To this end, we will only consider settings where f* and g belong to mixed
Lebesgue spaces and no a priori regularity is assumed. In this case, it is largely agreed that the gain
of regularity cannot exceed half a derivative in dimension n > 2 (but there is no proof of this general
assertion, yet).

Thus, so far, the maximal gain of half a derivative is only known to be attained when f and g both
belong to L?c,v' In the present work, we explore new settings of velocity averaging lemmas where a
maximal gain of half a derivative is obtained. Our first main result shows that it is possible to gain exactly
half a derivative even if f and g do not belong to L)zc’v.

Theorem 1.2. In any dimensionn > 1,let f, g € LQLI’)/, with ’12% < r <2, be such that (1-2) holds true.
Then,

/ f(x,v)e)dv e Hx%
RI’[
forany ¢ € L°(R™).

This result clearly follows from the more general Theorem 3.6 by setting a = 2 therein, which is
established later on in Section 3. It is based on a T T *-argument combined with the dispersion due to
kinetic transport studied in Section 2 and velocity averaging.

Such a result had already been hinted at in [Jabin and Vega 2003; 2004], where it was established that,
in two dimensions only (n = 2), velocity averages of J belong to Hj, forany 0 <s < L provided f
and g belong to L3 LY, see [Jabin and Vega 2004, Theorem 1.3].

In fact, in [Jabin and Vega 2003; 2004], the authors further identified another case which could
potentially lead to a gain of almost half a derivative on the velocity averages, More precisely, they showed
that, in two dimension45 only (n = 2), velocity averages of f belong to W,f- >3 forany 0 < s < 1, provided
f and g belong to L3 L2 and under the peculiar assumption that g(x, v) ¢(v) is an even function in v;
see [Jabin and Vega 2004, Theorem 1.2]. The latter assumption is rather unnatural and it remained unclear
whether this evenness condition could be removed or not.

By building upon the work from [Jabin and Vega 2004], combining our methods with the remarkable
proof of Theorem 1.2 therein, we are able to bring a definitive answer to this two-dimensional problem,
which is precisely the content of the following result.

4
Theorem 1.3. In dimensionn =2, let f,g € L} L% be such that (1-2) holds true.
Then,

4
>3

/ F(x,v) p(v) dv € Wy
RZ

forall0 <s < % and any ¢ € LL(R?).

This result clearly follows from the more general Theorem 5.4, by setting r = % therein, which
is proved later on in Section 5. Its proof follons from the analysis of the boundedness of some adjoint
transport operator on the dual space Li = (L3)" and uses crucially the trivial fact that the exponent 4
is an even integer to control the square of this adjoint transport operator in L2 rather than the operator
itself in Li. This fact, among other characteristics of the proof, is strikingly reminiscent of the proofs of
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boundedness of Bochner—Riesz multipliers and Fourier restriction operators in two dimensions. We refer
to [Grafakos 2009] for more on these subjects from harmonic analysis.
In higher dimensions, we extend the preceding result into the following theorem.

4
Theorem 1.4. In any dimension n > 3, let f, g € L3 L2 be such that (1-2) holds true.
Then,

f f(x,v)p)dv e W;%
Rn

forall0 <s < ﬁ and any ¢ € L (R").

This result clearly follows from the more general Theorem 6.8 by setting r = % therein, which is
proved later on in Section 6.

Observe that, employing rather general interpolation methods, it is possible to deduce a large variety
of velocity averaging results, similar to those asserted in the above theorems, combining spaces for f
and g with distinct integrabilities. We refer to [Arsénio and Masmoudi 2014] (see in particular the very
general Theorem 4.7 therein) for such interpolation techniques.

It is likely that Theorem 1.4 may be largely improved. Indeed, note that a formal interpolation would
yield

2n_ 4 1 2n n__ 4
(LAL2, Ly L2)_w  =L3iL2 and (LL, W2 ) _n = W03, (1-3)

2(n—1) 2(n—1)
whence formally extrapolating the above regularity result has us believe that, for any ¢ € L2°(R"),

2n

fRn £, v) p(v) dv e Wy T (1-4)

forall 0 <s < %, whenever f, g € L)’Zz% L% (see [Arsénio 2015] for a survey of velocity averaging
lemmas and more on such conjectures; see also Figure 2 and the related comments following the proof of
Theorem 6.8, below). In other words, Theorem 1.4 would follow from a formal interpolation of (1-4)
with the degenerate L! case.

However, we do not know how to prove this estimate. ..

Finally, we would like to emphasize that, in this work, we investigate velocity averaging for its own
sake, as a functional analytic study. Indeed, the search for maximal regularity in velocity averaging
lemmas has already proved a challenging and interesting endeavor requiring diverse and original methods
(extending beyond the classical settings of velocity averaging), producing interesting new results and
leading to exciting research perspectives.

However, it should not be overlooked that velocity averaging lemmas also enjoy concrete applications
to a wide variety of fundamental problems from kinetic theory. Such applications include, for instance,
the existence of renormalized solutions to the Boltzmann equation [DiPerna and Lions 1989] and the con-
vergence of such solutions to Leray solutions of the Navier—Stokes equations in a viscous incompressible
hydrodynamic regime [Golse and Saint-Raymond 2004].

The investigation of sharp versions of averaging lemmas, such as the ones presented in this work,
may lead to fundamental applications, as well. Indeed, we believe that such results may be very useful
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in establishing optimal regularity estimates in nonlinear conservation laws, through the study of their
corresponding kinetic formulations. In particular, averaging lemmas with mixed integrability in x and v
may be crucial in such attempts, for kinetic formulations are often based on densities which display
distinct integrability or regularity properties in each variable.

We refer to [Lions et al. 1994a] (see Theorem 4 therein; see also [Lions et al. 1994b, Proposition 7] in
the context of isentropic gas dynamics) for an early application of velocity averaging lemmas to kinetic
formulations of scalar conservation laws, showing the existence of a regularizing phenomena as a truly
nonlinear effect in hyperbolic equations. Nevertheless, the smoothness properties obtained through such
applications have so far fallen short of the expected optimal regularity. In fact, other methods have already
succeeded in establishing better results, see [Golse and Perthame 2013], which are sharp. However, one
should keep in mind that the versions of velocity averaging lemmas used in these works were not sharp in
the first place (for the kinetic formulation under consideration). In fact, it is likely that sharp versions of
velocity averaging lemmas would yield sharp regularity properties in conservation laws, when kinetic
formulations are available, which would largely expand the possibilities of reaching optimal regularity
results in nonlinear conservation laws.

However, such research would require significant efforts and we will therefore not delve any further
into this realm of applications, leaving it for subsequent works.

2. The transport operator and dispersive estimates

Let f(x,v), g(x,v) € S(RY xR}) (S denotes the Schwartz space of rapidly decaying functions) be a
solution of the transport equation (1-2). Then, introducing some cutoff function p € S(R) such that
p(0) = 1 and recalling the Fourier inversion formula

o(r) = - f &7 p(s) ds = / ¢~ j(s) ds,
27'[ R R
where

ﬁ(r)er_irsp(s) ds,

~ _ L irs
5 = o /R /73 p(s) ds,
one can show that
S(x,v) =A; f(x,v) +1Bg(x,v), (2-1)
with

Ay f(x.v) = /R G —stv,v) p(s) ds,

B,g(x,v)=/Rg(x—stv,v)%(s)ds,

where 7(s) = (1 — p(s))/(is) and ¢ € R is an interpolation parameter. We refer the reader to [Arsénio
and Masmoudi 2014, Section 3] for full details on the derivation of this decomposition formula.
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Further considering the Fourier transform in the space variable only,

o0 = Fefoo = [ e e dr

it holds that
]'-xAtf(ﬂ,U):P(”IU)}—xf(nav)’ (2 2)
FxBrg(n,v) =t(tn-v) Fxg(n.v).
Notice that 7 is smooth near the origin, for p(0) = 1, and that
1 o L= s
(s) = — / pisr 120 4 Lsz0y — / (o) do. (2-3)
27 JR ir - —c0

In particular, T is bounded pointwise and, if p is compactly supported, so is 7. Observe, however, that it
is not possible to isolate the origin from the support of 7.

Generally speaking, the estimates established in this work clearly apply to both operators A; and B;.
Nevertheless, for the sake of simplicity, we only formulate our results in terms of the operator A;. The
corresponding results for B; are easily deduced by replacing p by 7.

In this section, we study the dispersive properties of the operators 4, and By, which will serve in the
proof of Theorem 3.6 below. To this end, we will use the following basic dispersive estimate established
in [Castella and Perthame 1996]:

1
I/ (x—tv,v)llpppr = ﬁ”]{(x’v)”L;L{,’ forall 1 <r =< p =oo. (2-4)
t"orrop

Our first dispersive estimate on A; below is an elementary application of (2-4) to the operator 4;. We
will not make any direct use of this simple result later on. It does, however, provide some insight into the
dispersive properties of A; and, therefore, we list it here for completeness.

Proposition 2.1. For any given 1 <r < p < 00, the operator A; satisfies the estimate

1
1"G—)

i0)
G

lAeflLery = Iy e
x Loy xLy

L1
forallt # 0.

Proof. This result is a simple extension of the standard dispersive estimate (2-4). Indeed, we have

1A fllporr < /R 1/ (v =50, 0) | o 0 |7(5)] ds < /R 1/ 0l el ds. O

Next, combining the dispersion of the free transport flow (2-4) with a 7' T *-argument yields the
following proposition.

Proposition 2.2. Let2 <a<o00,2<g=<oocand1 <r < p <00 be such that
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Then, the operator A; satisfies the estimate

C
14 fllLa, < e 1Al o A Ly e
t|a

forallt # 0, where C > 0 only depends on q.

Proof. First of all, notice that the case ¢ = oo, so that a = p = r, is obvious, with a constant C = 1. We
may therefore assume, without any loss of generality, that g < oo.
Thus, we estimate, using the dispersion (2-4),

2 _ 2
140 f 13, = WAL f Pl a2

f(x—=stv,v)p(s) f(x —otv,v)p(o)ds do
R

Rx

X,V

= / I/ (x,v) f(x = (0 = $)tv, V)l pas2 [p(s) p(0) | ds do
RxR '

S/ I/l pe 1S (x = (o =s)tv.v)lpopr |6(s) p(o)| ds do
RXR
1

<—5 /13 0r
o] bt ),

Hence, by virtue of the Hardy-Littlewood—Sobolev inequality,

5 10(s)plo)ds do.
xR |g—s|4

I4:flLe, = —IollLa I Ly pe.

1
|t]
where C > 0 only depends on g. O

The preceding proposition only accepts parameters in the range 2 < a < oco. The next proposition
handles the range 1 < a < 2. It is obtained by interpolating the estimate from the preceding proposition
with the degenerate L! case. Figure 1 represents the range of validity of the parameters % and % for both
Propositions 2.2 and 2.3. More precisely, the shaded region therein delimited by the points (0, 0), (%, 0),
(";:11 , %) and (%, %) is handled by Proposition 2.2, whereas the shaded region bounded by the points
(3.%). (&L, 221) and (1, 1) concerns Proposition 2.3.

Proposition 2.3. Let 1 <a<2,d <g<ooand1 <r < p < oo be such that

2

-1—l and n(l—l)z
r rop

2
.

_1
a p

Then, the operator A; satisfies the estimate

14 fllze, = — 1Al e ISl Ly e

1
|t]a

forallt # 0, where C > 0 only depends on q and a.
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Figure 1. Range of validity of the parameters % and % in Propositions 2.2 and 2.3.

Proof. This result will follow from the interpolation of the case a = 2 from Proposition 2.2 and the trivial
estimate

lAe SNz, < WAl Sl (2-5)

Thus, without any loss of generality, we assume that | < a <2 and we define 0 <0 <1, 2 < gy <00
and 1 <r; < p; oo by

2 1 1
9=;=?+7, p1=9r/, 7'1=9p/, ql=9q,
ot e 1 18 8 1 _1-6 . 6 1 _1-6 8
—=——+L, —=——t—, —=——t—, —=—"4 =,
a 1 2" p 1 P’ q 00 q1’ r 1 8
and
1:L+l and n(l—i):i
P11 N ry pi q1
In particular, notice that, since q% < 1, necessarily 1 <r; < p; < 0o. On Figure 1, the point (%, %) lies
somewhere on the half open segment [(%, %), (”2';1 , %))
It follows then from Proposition 2.2 that
c .
1Aeflz, < — 1Bl a 1 g o (2-6)

]
where C > 0 only depends on ¢;.

Now, standard results from complex interpolation theory of Lebesgue spaces, see [Bergh and Lofstrom
1976, Section 5.1], establish that

(LY, L2 =L%,. (LY, LPLPY)g=LLLY and (L' L%)g =LY

X,0°
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Therefore, interpolating estimates (2-5) and (2-6) (these estimates remain valid for complex-valued
functions), which are multilinear in p and f (use the multilinear complex interpolation theorem [Bergh
and Lofstrom 1976, Theorem 4.4.1]), we arrive at

I4:flee, = —IollLa L Ly e

1
|t]a
where C > 0 only depends on ¢ and a. |

Note that the adjoint operator of A, satisfies A7 = A—;. Combining Propositions 2.2 and 2.3 with a
duality argument yields the following result.

Proposition 2.4. Let 1 <a < oo, max{2,a} <g <ooand 1 <r < p < o0 be such that

2=l—i-l and n(l—l>=z.
a p r rop
Then, the operator A; satisfies the estimate
c
lAe fllpppr = I ol a1 fllLg
t|a

for all t # 0, where C > 0 only depends on q and a.

Proof. This result easily follows from a duality argument. Indeed, by Proposition 2.2 (if 1 <a <2) or
Proposition 2.3 (if 2 < a < c0), we have

/ Ar f(x. v)g(x,v) dx dv
R xR"

/ f(x,v)A_;g(x,v)dx dv
R xR"

<1/ lze, | Aegl g,

C
<Ifllce, —1

o U2l Lo llgllypr v

where C > 0 only depends on ¢ and a. Then, taking the supremum over all g € L)IC’/LZ/ easily concludes
the proof of the proposition. O

3. Dispersion and velocity averaging

We proceed now to combining the dispersive estimates from the previous section with the classical
regularizing effects due to velocity averaging. This will eventually lead to our first main result Theorem 3.6.

To this end, we consider, for any ¢ # 0 and ¢(v) € L2°(R"), the velocity averaging operator 7; defined,
for all f(x,v) € S(R" xR"), by

T/ = [ Acfte0) o) do

In particular, for all g(x) € S(R"), one has, by duality,

[ T: f(x)g(x)dx =/ S(x,0)TFg(x,v)dxdv,
Rn Rann
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where the adjoint operator 77" is defined by

T g(x,v) = A—(g(x) p(v)) = /Rg(X+Stv)/3(S) ds ¢(v).

We will also consider the operators 7; and 7* defined with B; instead of A4;.

For clarity, throughout this section, we will always consider the same given velocity weight ¢(v) €
L2°(R™) and we will assume that its support is contained inside a closed ball of radius R > 0 centered at
the origin.

We begin by applying the classical Hilbertian methods of velocity averaging from [Golse et al. 1988] to
the operator 77 and its adjoint 7, The resulting estimates are recorded in the following proposition. For
the sake of completeness and convenience of the reader, we provide a complete justification of these results.

Proposition 3.1. The operator T; and its adjoint T;* satisfy the estimates

n—1

1 R 2
||(1—Ax)4T,f||L%SC(upnm Iolg += ol ||¢||Lgo) 170z .
3 t12 .
n—1
1. R 7z
10 =803 778z, = C ol lolg += ol ellose gl
X, ‘3

for all t # 0, where C > 0 only depends on the dimension.

Proof. We deal with the estimate on the adjoint operator 77* first. Thus, it is readily seen, by Plancherel’s
theorem and using the Fourier representation (2-2) of A4, that

1 .
177 gl2 , = 7 llo(=tn-v)gme)llz = llellzelglyz el z- (3-1)
X, v (27.[) 2 n.v 2 v
Furthermore, using again Plancherel’s theorem, we find that
1 1 1 A
I(=A0*T gl 2 =——|InZp(=tn-v)EMe®)| 2
X,V (27T) 2 n.v
1 s vonon nn
= m p(—l—-v)g(n)<p(—-——+(v—v-—— :
(2m)2 l Il Il Inl Il Il /) Iz,
where we have rescaled the variable v by a factor || in the direction % only.
Then, writing v/ = (va, ..., vy) and recalling that the support of ¢ is contained in a closed ball of
radius R > 0 centered at the origin, we deduce that
1
A0 T gl < lp(—to)lgwi=rylizz gl 2 lelzee
1S"2| 1 Rt (3-2)
= (55 S 1oz hell ol
"= |t]=

Finally, combining estimates (3-1) and (3-2) establishes the estimate on 7",
The estimate on 7 is then easily deduced from the estimate on 7,* by a duality argument. O
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Interpolating the preceding result with the degenerate L' case yields the following proposition.
Proposition 3.2. For any given 1 < a < 2, the operator Ty and its adjoint T;* satisfy the estimates

1|2

n—1 2s
s - _ R 2
I(1= A>T fliga < CUlAlL ellLee) ™2 (||P||L°°||¢||Lg + |—1||/0||L2||‘P||L8°) I/ lLe. -

n—1
R 2

2s
I(1=A)2T gllLe, = CUAlL ||<ﬂ||Lg,)1_2s(II/)IILOo lell,2 + ||p||Lz||<0||Lg°) lgllLe

1
t|2
forallt #0, wheres =1— % and C > 0 only depends on a and the dimension.

Proof. We deal with the estimate on 77} first.

It was established in [DeVore and Petrova 2001, Theorem 3.2] that the real interpolation space

N

(Ll, H%)ZS,Q, where s = 1 — % with 1 < a < 2, is precisely the Besov space Ba,a,

which is continuously
embedded into the classical fractional Sobolev space W5-4; that is,
1
1 2 ,
(Lx’ Hx2)2s,a C W; a'
N

a,a’
as in [DeVore and Petrova 2001]. However, for the sake of simplicity, we choose not to do so and stick to

Note that it would be possible to formulate a better result by using below the smaller Besov space B,

Sobolev spaces. We refer to [DeVore and Petrova 2001] for more details on this.
Next, it is well known from the real interpolation theory of Lebesgue spaces, see [Bergh and Lofstrom
1976, Theorem 5.2.1], that
(Ll L)zc,v)Zs,a =L"

X,0° X,v°

Therefore, the first part of this result easily follows from the real interpolation of the classical estimate
on 7; from Proposition 3.1 with the case p =1 of the simple estimate

ITe flliy = Mol liel e 1/ e s
valid for any 1 < p < co.
There only remains to establish the estimate on the adjoint operator 7% To this end, note that 7*
commutes with the differentiation in x so that the estimate on 77" from Proposition 3.1 can be recast as

n—1
2

1
e ol L2 ||‘/’||L‘5°) (1 —Ax)"*gllL2,
2

177802, < C(||,0||L°<> ol 2 +

where C > 0 only depends on the dimension.
We wish now to complex interpolate the preceding estimate with the elementary control

177 gl , <Al lelps gy = CllalL el gl

where /! denotes the local Hardy space; see [Runst and Sickel 1996, Section 2.1.2] for a definition.
To this end, we use the results from complex interpolation theory, see [Bergh and Lofstrom 1976,
Theorem 5.1.1; Runst and Sickel 1996, Section 2.5.2],

1
(Ll L)zc,v)[2s] = L?c,v and (h)lc’ HX 2)[25] = Wx_s’a’

X,0°
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to deduce that

n—1
R 2

2s
1T glLe, <CUAlIL el > (IlpllLoo lell 2 + lollz2 ||<0||Ls°> (1 —Ax)"2glLa-

t|2
Finally, we easily conclude the proof of the proposition by using again that 7;* commutes with the

differentiation in x and replacing g by (1 — Ax)2 g in the above estimate. d
Combining now the preceding proposition with a duality argument yields the following result.

Proposition 3.3. For any given 2 < a < oo, the operator T and its adjoint T;* satisfy the estimates

n—1
2

2s
[(1=2x)2T; fllLe = CUIAllL ||‘P||L,5)1_2s(||P||L°°||‘P||Lg+ P ||/0“L2||‘P”L$o> [FAFZ
2
n—1
2

2s
s - _ R
11— AT gllre , < CUAlL lellrse)! 2s(llpllLoo lell .2 + ol ||§0||L8°) lgllLe

]2
forallt # 0, where s = ‘1—1 and C > 0 only depends on a and the dimension.

Proof. These estimates follow straightforwardly from Proposition 3.2 through a duality argument.
Indeed, by Proposition 3.2, noticing that both 7 and 7;* commute with differentiation in x, it holds that

[ - 204 T s dx

/ Fv) (1= Ay 2T g(x, v) dx dv
R x[R"

<N ee MO =202 T ¢l e,

n—1 2s
~ _ R 2
<CUpler il 2S(||,0||L°° lell,2 + e lollz2 ||§0||L8°) Ifllze , llgl e

t|2

where C > 0 only depends on a and the dimension. Then, taking the supremum over all g € Lfc/ easily
concludes the proof of the first estimate on 7.
Similarly, using Proposition 3.2 again, it holds that

[ a-a0irrg o s drds
R xR”"

B ‘[R g(0) (1= Ax)3 Ty f(x) dx

< llgllzal(X— Ax)%thHLgy

n—1

2s
- _ R 2
<C(lIplr lpllpee)' = (IIpllLoo lellz + —lellz2 ||<0||Ls°) lgllze 1/ 1 e -

]2
where C > 0 only depends on ¢ and the dimension. Finally, taking the supremum over all f € Lg‘c/,v
easily concludes the proof of the proposition. O
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From now on, in this section, we assume that the cutoff function p(r) may be decomposed as a product
p(r) = p1(r)p2(r), so that 5(s) = py *p(s). Naturally, we will denote by A%, Tti and T,i*, wherei =1, 2,
the respective operators A;, T; and T,* where we replace the cutoff p by p;. It is then readily seen that

A= AJA? = AZA}, T, =T} A? =T}A), T)=A%T =41 (3-3)

As shown below, this useful trick allows us to combine the previous regularity results from this section
with the dispersive estimates from Section 2 to obtain new estimates on the operators 7; and 77

Proposition 3.4. Let 1 <a < oo, max{2,a} <q <ocoand 1 <r < p < 0o be such that
2=l—i-l and n(l—l>=—.
p r rp

Then, the operator T/ satisfies the estimate

11— Ax)jTt*g”Lch{} =

~ ~ 11=2 2
I 161l ar 1021 ;7 (o2l oo + o2l 2)* gl La
tla

for all t # 0 such that |t| < 1, where s = min{l — é, %} and C > 0 only depends on ¢, a, ¢ and the
dimension.

Proof. We treat the case 1 <a <2 first, sothatg >2and s =1 — % Writing T)F = Al_t th* and then

successively employing Propositions 2.4 and 3.2, we find, noticing Al_, commutes with differentiation
in x, that

(1= AT gl prr
= AL, = A0 T gl poyr

Cc . s
< — A1l 10— A2 T gl e,
|t]4 ,
n—1 N
C » N _ R 2
- | |i||101||Lq’(”/02||L1 lelzy)! ZS(HPZHLOO lell .2 + E lo2llz2 ||¢||Lg°) lgllLe,
t|4 t2

where C > 0 only depends on ¢, a and the dimension. Since |¢| < 1, this concludes the proof of the
proposition when a < 2.

The case a > 2 is handled similarly. One now has that ¢ > a and s = ‘1—1 Therefore, applying successively
Propositions 2.4 and 3.3, we find that

11— Ax)th*gHL);ng
= ”Al—t(l - Ax)jth*gHLﬁLZ

Cc . s
: | |l 101 ”Lc/ [(1—-Ax)2 th*g”Lﬁ‘c_v
tla

n—1
2

=

2s
c . - _
||1||,01||Lq/(||pz||u||</J||Ls<>)1 2s(||,02||L°° lell 2 + P IIszILzllcﬁlngo) lgllLe.
1|4 2
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where C > 0 only depend on ¢, a and the dimension. Since |¢| < 1, this concludes the proof of the
proposition. 0

Combining the previous result with a duality argument yields estimates on the operator 7;, which are
contained in the following proposition.

Proposition 3.5. Let 1 <a < oo, max{2,d'} <g <ooand 1 <r < p < 0o be such that

2141 gy w(1-1y22
a p r roop q
Then, the operator Ty satisfies the estimate
0= AT flzg = -l 122 g Uo2liee o2l 1S gy G4
t|a

for all t # 0 such that |t| < 1, where s = min{l -1 é} and C > 0 only depends on q, a, ¢ and the

a
dimension.

Proof. This estimate follows straightforwardly from Proposition 3.4 through a duality argument.
Indeed, using Proposition 3.4, we find, since 7,* commutes with differentiation in x, that

‘ [ a=805T g dn =‘ [ =803t gt dx o
Rn RnXRn

< W lrop N = A2 T gl o

<

- Lys

~ ~ 11=2 2
" 121l Lo 1P21 L1 Ul p2llzoe + o2l L2) 1/ Iz gl o
q

where C > 0 only depends on ¢, a, ¢ and the dimension. Finally, taking the supremum over all g € Lg‘c/
easily concludes the proof of the proposition.

Note that, in order to deduce this result, we could just as well have applied here a combination of
Propositions 2.2 and 2.3 with Propositions 3.3 and 3.2, respectively. O

We proceed now to the main theorem of this section. It contains Theorem 1.2 presented in the
Introduction as special case (corresponding to the case a = 2 below) and provides a considerable extension
of the classical velocity averaging lemma in Ligu (corresponding to the case a = p = r = 2 below).
Indeed, observe that the case a = 2 therein yields a maximal gain of regularity of half a derivative on
velocity averages for a variety of parameters, which was previously known to occur only in the classical
Lfc’v setting.

Theorem 3.6. In any dimensionn > 1,let 1 <a < oo, max{2,d'} <g <ooand 1 <r < p <00 be such

that
g=l—i-l and n(l—l>=g.
a p r rop q

Then, for any f, g € L".(R"; LY (R™)) such that (1-2) holds true, one has

/I;n f(x,v)p()dve W;’H(R”)
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%, é} Furthermore, one has the estimate

forany ¢ € L°(R"), where s = min {1 —

a0t [ roa

LSO g + gl
where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

la-a0 [ roa

=
L%

(3-5)

(1—Ax)%/ Ai fodv
Rn

+zH(1 —Axﬁ/ Bige dv
L()IC n

L%
We wish now to apply Proposition 3.5 to the preceding estimate. To this end, according to (3-3), we
take the decompositions

o) = prpa(r) and v = L — )
where
1 1
n=— am=—
(1+r2)8 (1+r2)8

p2(r) = (1473 (), 1a(r) = (1+12)22(r)

for some fixed é <B< % In view of the technical Lemma B.1 from Appendix B, it then holds that
,51,%1 ELq/, ,52,%26L1 and pz,‘EzELooﬂLz.

All constants involving norms of the cutoff functions p1, p», 71 and 7, in the right-hand side of (3-4) are
therefore finite.
Thus, applying Proposition 3.5 to estimate (3-5), we conclude, for any 0 < ¢ < 1, that

H(l ~80 [ sody

1 1—(L+s
<O W g + 07 gl ).
L% ta
where C > 0 only depends on constant parameters. |

4. The one-dimensional case

In the previous section, by combining kinetic dispersion with velocity averaging, we have established, in
Theorem 3.6, a whole new range of regularity results on the solutions of the kinetic transport equation (1-2).
The results from Theorem 3.6 are valid in any dimension 7 > 1. In one dimension (n = 1), it turns out that
it is possible to obtain more results for a wide range of parameters which are not covered by Theorem 3.6.
This is due to the fact that, in one dimension, spatial frequencies are always parallel to velocities.

In the present section, we explore this one-dimensional setting, which provides a good test case
for velocity averaging lemmas in mixed Lebesgue spaces and allows one to get familiar with the
decompositions used in this work in a much simpler setting. It does not, however, set a road map



MAXIMAL GAIN OF REGULARITY IN VELOCITY AVERAGING LEMMAS 349

for the remaining more involved sections concerning higher dimensions, for it heavily relies on the
elementary structure of the transport equation in one dimension.
We use the same notation as in the previous sections.

Proposition 4.1. In dimensionn = 1,letl < p<oo, 1 <r<oo, 0<s< % and p € S(R) be such that
P has its support contained inside a ball of radius ro > 0 centered at the origin.
Then, the operator T/ satisfies the estimate

(1= A3 T gllpppy < |[|s(0||/0||L°°)1_r(||,0”L1+”( AYE )7 lgl e

forall t # 0 such that |t| < 1, where C > 0 only depends on p, s and ¢.
Proof. First, it is readily seen, for any 1 <r < p < oo, that
177 gl ery <IT7glprpe < 1Al el gl e (4-1)

When the restriction r < p is not satisfied, the above estimate fails and we need a more convoluted
estimate to handle this case. To this end, we write that

T} g (x.v)] = ] / g(x + 51) 3(s) dsp(v)| =

‘— g(x+r)p( )dw(v)

< [lpllzee|— < 2ro|pllLoe M g (x)]e(v)],

1
/ gx+r)dre(v)
{IrI=ltv]ro}

where M g denotes the Hardy—Littlewood maximal function of g defined by
1
Mg(x) = sup lg(x=y)ldy.
8>0 {lyl=8}

Recall that the Hardy-Littlewood maximal operator g —> M g is bounded over L? (R) forany 1 < p < oo,
and maps L' (R) into the standard weak-L! space L1"*°(R); see [Grafakos 2008, Theorem 2.1.6]. It
therefore easily follows from the previous estimate that

| Tt*gIIL;»ooLZ = Crollplizee llelly llgl Lt
and

177 gllLzry = Crollplicee ol lIgll e (4-2)

forany 1 < p <ooand 1 <r < oo, where C > 0 only depends on p.
Next, we further compute, exploiting the one-dimensional structure of the operators, for any 0 <« < 1,

(—A) 3T/ g(x,v) =/(—Ax)cztg(X+Slv),5(S) ds ¢(v)

/ (—A5)% (g(x + 510)) (s) ds 9 (v)

" oo

/R g(x +510) (— ) 7(s) ds p(v).

IR
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whence, for any 1 < p < oo,

I (— Ax)th*g”Ll’ 1<||( Ax) Tt*g“L rre _W”(_ )7/5||L1

Lol el
oje? L} slee
which, when combined with (4-1), yields

11— 203 T gl oy EC(||5||L1||¢IIL5+ I(=2)% 5l

)nguLn, (43)

|1 ol

where C > 0 only depends on p and «.
We wish now to interpolate the bound (4-2), where we set ¥ = oo, with (4-3). To this end, recalling
that 7, commutes with differentiation in x, we first recast (4-3) as

1=2)% Al s

177 ellgzy = (10l + 5 )ngnW . (44)

Ill"‘ fofe?

and then we use the standard results from complex interpolation theory, see [Bergh and Lofstréom 1976,
Sections 5.1 and 6.4], valid for any 1 < p, 7 < oo,

\Q

(LELP. LELY )= LELY and  (LE W)y = 7,

to deduce from the interpolation of (4-2) and (4-4) that

1
r
’ ‘L%) I

where C > 0 only depends on p and «. O

~ _1 1 o .
1T gl pry < ClrollpllireelellLe)’ (”p”Ll lellpy + 5 1=2)2 Pl L

v |e]* |v]®

Note that it would be possible to improve the gain of regularity in the preceding proposition by assuming
that the support of the velocity weight ¢(v) does not contain the origin. However, this is a rather unnatural
setting which we prefer to avoid here.

Combining the previous result with a duality argument yields estimates on the operator 7%, which are
contained in the following proposition.

Proposition 4.2. In dimensionn =1,let1 < p<oo, l <r <00, 0<s<1— % and p € S(R) be such
that p has its support contained inside a ball of radius ro > 0 centered at the origin.
Then, the operator Ty satisfies the estimate

1= A2 T f e < ( ollAllLoe)7 (1Al + 11— A)T/3||L1)1_7||f”LpL' (4-5)

Tel
for all t # 0 such that |t| < 1, where C > 0 only depends on p, s and ¢.

Proof. This estimate follows straightforwardly from Proposition 4.1 through a duality argument.
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Indeed, using Proposition 4.1, we find, since T t* commutes with differentiation in x, that

‘ /R (1= Ax)3 Ty F(x)g(x) dx

= ‘/ Fev)(1 = Ax) 2T g(x, v) dx dv
RxR

= ”f”LﬁL{) (11— Ax)iTt*g||L§’L£/
C
e
7]

where C > 0 only depends on p, s and ¢. Finally, taking the supremum over all g € Lfé/ easily concludes

- 1. sl _1
(rollAllzeo) ™ (1Al L1 + I1(=A) 2 i)'~ 1/ Moz gl e

the proof of the proposition. O
We proceed now to the main theorem of this section.

Theorem 4.3. In dimensionn = 1,let1 < p<ocoand1 <r < 0.
Then, for any f,g € LE(R; L (R)) such that (1-2) holds true, one has

[ s vewasewer@

R

forany ¢ € L¥(R) andany 0 <s <1— % Furthermore, one has the estimate

(=80t [ fodv| < COSugas+ ez
Lx

where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2) for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

‘(I—Axﬁ/wadv

We wish now to apply Proposition 4.2 to the preceding estimate. To this end, note that p and all of its

=
LY

(4-6)

(1—Ax)5f Afod| +1 (1—Ax)%/ Bige dv
R 4 R

L LY
derivatives clearly are bounded pointwise and integrable. In order to apply that result, we also further
need to ask that p be compactly supported, which is always possible.

Next, in view of (2-3), notice that T also is bounded pointwise, integrable and compactly supported.
Therefore, there only remains to check that (—A)%% is integrable for any 0 < « < 1. This, in fact, easily
follows from a direct application of the technical Lemma B.2 from Appendix B to
1—p(r)

ir
All constants involving norms of the cutoff functions p and t in the right-hand side of (4-5) are therefore

FI=A) 2% =|r|®

finite.
Thus, applying Proposition 4.2 to estimate (4-6), we conclude, for any 0 < ¢ < 1, that

s 1 -
(1—Ax)2/ fodv| = C(—s||f||L§§L;; +1! S||g||L§LZ)’
R LY !

where C > 0 only depends on constant parameters. O
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5. The two-dimensional case

Our study of the one-dimensional case in the previous section showed that it is possible to largely improve
the classical velocity averaging results in that setting. In particular, we showed therein that the gain of
regularity of velocity averages is, in some cases, substantially improved beyond the value %

While such a general improvement is not achievable in higher dimensions (n > 2), in view of the
counterexamples from [DeVore and Petrova 2001, Theorem 1.3] discussed in our Introduction, it is
nevertheless possible, as shown below, to obtain new cases displaying a gain of regularity of velocity
averages of almost half a derivative.

In two dimensions (n = 2), this was already strongly suggested in [Jabin and Vega 2004, Theorem 1.2].
Here, we build upon the work from that paper to obtain refined two-dimensional velocity averaging results
displaying an almost maximal gain of regularity of half a derivative. In the next section, we will generalize
these methods to higher dimensions (# > 3), without achieving a gain of half a derivative, though.

We define now, in any dimension n > 1, the velocity averaging operator on the sphere

Stf(x)=/;n_1 A,f(x,v)clv=/§n_1 /Rf(x—stv, v) p(s) ds dv,

and its adjoint operator

57 (.0 = A=l v) = [ gl +s10)50) ds,
so that

/ Sy f(x)g(x)dx :/ S(x,v)S]g(x,v)dx dv.
Rn RrxSn—1

We will also consider the operators S; and S;* defined with B; instead of A4;. These operators correspond
to the kinetic transport equation (1-2) with velocities restricted to the sphere v € S*~! and are introduced
here for mere convenience and simplicity of analysis later on.

This reduction to the sphere is possible here because the regularization phenomenon in the transport equa-
tion (1-2) comes from averaging in velocity directions rather than integration along velocity magnitudes. In
fact, any bound established on S; and S} will yield a corresponding bound on 7; and T, respectively, as
shown below in Proposition 5.3 (we also refer the reader to Appendix C for a discussion of the equivalence
of velocity averaging lemmas with velocities in the full Euclidean space R” and on the sphere S"1).

Note that this is not true in general. For instance, in the two-dimensional time-dependent setting
(1-1) with velocities restricted to the sphere S! and f, g € Li,v,
Perthame 2001] that only a quarter of a derivative could be gained on the velocity average of f, whereas

it was identified in [Bournaveas and

half a derivative is gained when velocities range in an open subset of R? (which corresponds to a three-
dimensional setting (¢, x) € R!T2 with velocities restricted to a manifold of dimension 2, much like the
stationary case x € R? with v € S?).

For completeness, we begin our analysis of the operators S; and S;* by establishing their smoothing
effect in L2 employing the classical Hilbertian methods of velocity averaging from [Golse et al. 1988]. This
result is valid in any dimension # > 2 and will also be used in the next section on higher-dimensional results.
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Proposition 5.1. In any dimension n > 2, the operator S; and its adjoint S} satisfy the estimates, for

1
< < =
any 0 <s < 3,

N 1
[(1=Ax)2S: fll2 < C<||P||L°° + —(

]

p(r)
Irf2=

+1 |r|sp(r)HLoo)) 11z,
L2
p(r)

el HIrlSp(r)HLoo)) lgllz
L2

r|2

s 1
10 -A03Skgl,z < c<||p||Loo + W( |

forallt # 0, where C > 0 only depends on the dimension.

Proof. This proof is almost identical to the general case of Proposition 3.1. Nevertheless, for later appli-
cations of this result, it is important to carefully keep track of the dependence of the constants on ¢ and p.

We deal with the estimate on the adjoint operator S/ first. Thus, it is readily seen, by Plancherel’s
theorem, that

1 R
1S7gll 2 =—==llp(=tn-v)gMl 2 =lplrelgl2. (5-1)
X,V (27T)2 n.v X

Furthermore, using again Plancherel’s theorem, we find that

s 1 A
I(=2x)2T7¢gly2 = )} [l o(=tn- )&M) 12 |
n—3 1
1 |§n—2|% _ [tn] r 2\ 52 I
= B e [ enp (1= () ) T ) e
QM2 |2 —len] Wl L3
2 n—3 1
1 1S"2|2 len] 2\"3 2
e evar [ e (1—(L)) ar| gm) .
@2n)z i —lenl| |r|27 ] L2
with the convention that |S°| = 2 when n = 2.
Hence, if n > 3, we easily deduce that
1
5 S"7212 || p(r)
=203 Tl < ——— |22 gl
X, H 275 | 12

In the two-dimensional case, the bound on the cutoff p is only slightly more involved. We estimate, in
this case, for any N > 0, that

N 2 2 N 2 2
p(r) 1 dr < 2 p(r) n p(r) n p(=r) 1 dr
_N||r|z—S P2 B rEs N 3= 3-s r\2\2
|| (1-(%)7) r1275 |2 /5 \|Ir| || (1-(%)°)
2 2
2 2
<2 p(lr) + 22N sup p(lr)
V[ y<irl=n]| |27
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It therefore follows that, in any dimension n > 2,

p(r)

Rk

s C
I(=Ax)287¢glz, < —(

xv = |l|s

+1 Irlsmr)HLw) lgl.z- (5-2)
12

Finally, combining estimates (5-1) and (5-2) establishes the estimate on S}".

The estimate on S is then easily deduced from the estimate on S/ by a duality argument. |

At this stage, we need to further introduce a classical Littlewood—Paley decomposition, which will
be used in our proofs. To this end, let ¥ (1), ¥ (n) € CX°(R") be compactly supported smooth cutoff
functions, whose supports satisfy

supp Yo C {|n| <1} and suppy C {% <Inl =<2},
and such that

Vo(n) + Z w(zik) =1 forall neR".
k=0

For any tempered distribution f(x) € S'(R"), we define the dyadic blocks Ag f(x), A,k f(x) € S(R"),
for each k € Z, by

Bof =F oFS and dpf =7 u (5 ) 7S
so that 0o
f=08cf+) Auf inSRY. (5-3)
k=0
As in Section 3, from now on, we assume that the cutoff function p(r) may be decomposed as a
product p(r) = p1(r)p2(r), so that p(s) = p1 * p2(s). We recall from (3-3) that

A =AMA% = 424}, S, =585}4% =524, SF=4%,8* =4, 5% (5-4)

where A%, S? and Si*, with i = 1,2, denote the respective operators A, S; and S;* with the cutoff p
replaced by p;.

As shown in the results below, a key idea here is to use this trick to gain integration in one dimension
along v through the straightforward estimate

1S} g(x, v)[*> = |AL, S g (x,v)[?
<l [ 157e0r +st0. 0P 5] ds 55

< lotllLr 121 ||L°°/ |S7*g(x + stv,v)|* ds,

[—rir1]
where supp p; C [—ry, 1], for some ry > 0, and thus obtain new estimates on the adjoint operator S}
The next proposition contains an estimate which is central to the present two-dimensional setting. It
strongly relies on the clever and elegant proof of Theorem 1.2 from [Jabin and Vega 2004], which it
crucially improves by exploiting the structure of the operator A, through the use of (5-5).
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Proposition 5.2. In dimensionn =2,let2 < p <4, 0 <s <s59 < % and py, p2 € S(R) be such that p,
and py have their supports contained inside balls of radii r1,ry > 0, respectively, centered at the origin.
Then, the operator S} satisfies the estimate

1(1-80% 57 gl g2

p2(r)

rf2 %0

C s 102 ! 1
= — 11l La 11l Lo (riAr2) * (1471 412)2
2

+||(1+|V|S°)pz(V)||L°o+||ﬁz||Ll) lgllze
L2
forall t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

Proof. First, notice that, for any 2 < p < oo,

1.
IS7gllzerz < 1SFglpare = @m)2 Al lighe. (5-6)

As for the regularity estimate, we employ the bound (5-5) and the standard Littlewood—Paley dyadic
frequency decomposition previously introduced, to deduce, writing gx = A,« g for convenience, for any
k >0, that

157 2elty 2= / |S,*gk(x,vz)|2(/ |S,gk<x,v1)|2dvl)dxdv2
R2xS!

<11l 151 s f ( [ |S?*gk(x+s2zv2,vz)|2ds2)
R2xS! [=r1,71]
x([ |S,*gk(x,v1)|2dv1)dxdv2
gl

151l Il [ | ISP xtr.va)P

R*xS
(/ / IS/ gk (x+52102,v1) |2 dvy dsz)dxdvz
[ rlarl]
<Ualali~ [, 157 e
(/ / |S gk(x+sltv1+sztv2,v1)|2dv1 dsq dsz) dx dv,
[~r1,r11?

~ 12 s 2 2 2
<7130 1711 157 €l2, | sup T(x.a).
T xeR
vyeS!t

where
I = [ [ 18P e s +sarv )P du dsy dsa.
[~r1,r1]? JS!

Further using Proposition 5.1, we deduce that, for all # > 0 and any given 0 < s < %,

p2(r)

C
S < ~ 12 ~ 12
1578413 1= aegess W 1l | 22

2
+H|r|spz(r)Hioo) i 2 sup I(x.v2). (5-7)
L2 ¥ xemr?
V€ 5




356 DIOGO ARSENIO AND NADER MASMOUDI
We claim now that
sup 1(x,v;)

xeRi
vest _Clk+1)
- |t|2k2s

p2(r)

Irlz™

2
+||(1+|r|s)pz(r)||ioo+||/32||21)IIglligo, (5-8)

(V1+V2)(1+V1+V2)2<
L2

where C > 0 only depends on fixed parameters. In order to establish (5-8), we employ the change of
variables (s1, $3) > z = §11v1 + 522V, whenever v; and v, form a basis, which holds almost everywhere.
It is readily seen that the Jacobian determinant of this transformation is given by #2 sin 6, where 6 € [0, 7]
is the angle between v and v, defined by cos 6 = vy -v,. Thus, noticing that |z| = |s1ftvy +s2tv5| < 2r1]¢],
we infer

I(x,vz):/ / |S2* gr (x+51tv1 452105, 01) > dvy dsy dsy
[=r1,r1]2 ISt

1
2% 2

< _— .

_/szgl |77 8k (2,001 5 Lz <ar o] 1z-vf 1<r ] singy 47 AV

00
- ﬁZO/RZxS,-

where we have used the notation

2
Li<r lr]singy 42 dv1,  (5-9)

| o500 i) 5| o

= () =)

for any v € S', and have decomposed the domain of integration v; € S! into

o0
S'\{sinf=0} = _J Si.
i=0
with

1 . 1
Si:{vlegl:ﬁ<|sm0|§§}.

Recall now that p, is supported inside a ball of radius r, > 0 centered at the origin. Therefore, we find
that, in the last integrand above,

(r1 +r2)lt

|(z—|—stv1)~v§‘| < |Z-vj‘| + |stvy ~v§‘| <(r{+rp)lt|sinfd < 5

and

|z + stvy] = (2r1 +r2)l2].

Hence, considering a smooth cutoff function x € C2°(R) such that 1g <1y < x(s) < 1yj5<2}, setting for
convenience ro = 2(rq + r2)|t|, and defining, for each given x € R%, v, € S' and i € N,

j |z vy Nz vy
- s o E) (1),

ro
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we deduce from (5-9) that, using Proposition 5.1,

(0, ]
I(x,vy) < /
i=ZO RZXS,'

2

1
/ K;kvz(z—i-stvl)pz(s) ds Py ———dzdvy

2i+1
< SZ*Klk , Zd d
= E A;gzxgl | X vz(Z U1)| zdvy

12 '
20 <py2k2s Qi+
) + Z 12 Az s; |S2*K;cli)2(zv v1)|2dZdU1
2i>r02k2S X
2 o Sit1
= Z 2 —— 187 Kx v2|| —i— Z |S,|||/02||L1 ”Kx v2||
2i <py2k2s e
¢ /02(”) i
= |Z|2S( 1_g +||(1+|r|s)p2(}’)||ioo Z t_2||(1_AZ) ZK;CkUZH 2,
|r|2 L2 2i <pg2k2s r2
+C Y Dl el
2i>pg2k2s
c ( ) ’ 2i
p2(r o
R ( mr=] P "'s”’z”)”iw) Y Sla-a)EREI2,
L2 2i5r02k2s

+ lelﬁzllil ||g||i§o,

where C > 0 is an independent constant.
Next, a direct application of the technical Lemma A.1 from Appendix A to the preceding estimate yields

|t|25<

(k+1)("1 +r2)?log(2+r1+12)
|t|2s2k2s
2
p2(r)
1—s

2

r

2
r VO o
+||(1+|r|S)p2(r)||ioo) Y s I8l +C o 12 g e

2i 5r02k2s

p2(r)

rfz

('x’ 2) =

L2

ri+ra
+{[(1+]r] )pz(V)IILoo) IIgIILoo+C| 2k2s 152113 IIgIILoo,

L2
which establishes our claim (5-8).
Finally, combining estimates (5-7) and (5-8), we arrive at

1
Ck+1z . 1
IS gk||L4Lz = W”’OIHD o1 llLee(r1 +72)2 (1 4711 +12)
p2(r) .
X( = 1A+ 17152 ()17 00 + ||pzlli1) gl llgllrge.
r{2 L2

where C > 0 is an independent constant.
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In order to conclude, we write |g(x)| = fooo 1{|¢(x)|zs} ds to deduce from the preceding estimate,
assuming g is nonnegative, that

o0
157 elsrz = [ 15T Ao lgcozaliass ds

1
Ck+D)F _ 1 1 N n
< —— Mol i 1Al oo (ri +r2)3 (1 + 11 +12)2
|t|22ks
p2(r) ~ 0 1
X i +||(1+|r|s)pz(r)||Loo+||pz||L1/ {lg(x)| = 53|+ ds
71275 2 0
1
Ck+Ds _ 1 1 1 1
< ——5—pl{ i 1Pl foc(r1 +12) 3 (1 411 +12)2
|t|22ks
p2(r) ~
X 1 + A+ 12 L + o201 ) Igll 4.1
|r|2—s L2 X

where Li’l denotes a standard Lorentz space; see [Bergh and Lofstrom 1976, Section 1.3] or [Grafakos
2008, Section 1.4] for definitions and properties of Lorentz spaces. When, g is signed, we arrive at the
same estimate simply by decomposing g = g™ — g~ into its positive and negative parts, treating each
contribution separately, and then noticing that

etz + gl =€ [ Hgt @Iz sl + el = ] as
<C [ (tle* @Iz i + il = 3)) s

o0 1
=C [ ltlee = 3] ds = Cllgl 0

Moreover, by allowing an arbitrarily small loss of regularity, that is, by replacing 0 < s < % by a slightly
smaller value, it is possible to replace the Lorentz space Li’l by the standard Lebesgue space Li in the
right-hand side of the above estimate.

Therefore, on the whole, for any 0 < s < 59 < %, we have established the estimate

C " " 1 1
IS7gkllpars < Al 1A Lo (ry +72) 8 (1411 +72)
112

x(
L2

where C > 0 only depends on constant parameters, which, when combined with the easy bound (5-6)
for low frequencies, yields

p2(r)

e

A+ PP p2(r) L + ”/52”L1) lgllza

s c ... 4ok 1 1
11— Ax)2Sfgllaz2 < Fllmllil 111 F o0 (r1 +12)% (1 + 11 +12)2
t|2

|

p2(r)

rf3=0

+ 1A+ 1r*)p2(r)ll Lo + IIﬁzllLl) lgllps. (5-10)
L2
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Finally, recalling from complex interpolation theory, see [Bergh and Lofstrom 1976, Section 5.1], that,
for any 2 < p < 4,
(LXL3 LYyLY)p_ay=LELY and (L3, L), a1=LE.
p p
we conclude the proof of the proposition by interpolating the estimate (5-10) with the classical estimate
on S/ from Proposition 5.1. O

Next, we utilize the previous result on the adjoint operator S/ to deduce corresponding estimates on
T; and T/

Proposition 5.3. In dimensionn =2,let 3 <r <2,2<p <4, 0<s5 <359 < 5 and p1, p2 € S(R) be
such that py and p, have their supports contained inside balls of radii ry, r, > 0, respectively, centered at
the origin.

Then, the operators Ty and T;* satisfy the estimates

S, C Lo % . 3 1 1

1A= 22T fllry, = —llelliLe R2NA1I L1 1811 Foo (r +1r2)* (1 411 +72)2
2

X(

PR C 1. 4 1« (4 1 1

11 =Ax)2T gl o2 = —cll@llee R2Ip1l 71 A1 Loo (r1 +12) 2 (1 411 +12)2
tz

X
L2

for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

p2(r)

l—S

r|=

(5-11)

I+ [r[*)p2(r)ll Lo + ||/52||L1) I/l 2
L2

and

p2(r)

rfz 0

1A+ *)p2(r) Lo + IIﬁzllLl) lellzy

Proof. It is readily seen that
~ v
et = [ 2l s 6) ds o) = o) (v ).
Therefore, for any 2 < p < oo, we compute in polar coordinates, recalling that the support of the velocity
weight ¢ € LSO(IRZ) is contained inside a closed ball of radius R > 0 centered at the origin,

1
s s 2 2
||(1_AX)2T[*g(‘x’ v)||L§(R2,L12)(R2)) = “ (AZ|(1_AX)2Tt*g(X,v)‘ dv)

LY
1
00 i i )
= ”/ r[ lo(rv)(1—Ax)2 Sk g(x.v)|" dvdr
0 sl L§/2
‘ 3 2 3
§||<P||Loo(/0 r /§1|(1—Ax)25;",g(x,v)‘ dv p/zdr)
Lx

1
2

R
< llgllzes (/0 r0 = 8202 S8 (g a6y dr) '
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Then, combining Proposition 5.2 with the above estimate, we find
S R S 2 %
102087 ell gz < lolle ([ 10 - 80085512, )
C ro L 1 1
< —llellLee R2[[p1ll 71 1ot | oo (r1 +12)* (1 + 11 +12) 2
tz

|

where C > 0 is an independent constant, which establishes the estimate on 7"

/02(V)
BE

1A+ [r[*)p2(r)ll Lo + ”/52||L1) lgllze.
L2

The estimate on 7 is then easily deduced from the estimate on 7,* by a duality argument. O

We proceed now to the main theorem of this section. Note that an equivalent version of this result with
spherical averages and an identical regularity gain can be readily obtained by applying the methods from
Appendix C.

Theorem 5.4. In dimension n = 2, let % <r<2
Then, for any f, g € L".(R*; L2(R?)) such that (1-2) holds true, one has

|, e oreyave wer @)
forany ¢ € LS"(Rz) andany 0 <s < % Furthermore, one has the estimate

=CUS Ny +gly22)-
L

H(l —Ax)ifRz fpdv

where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

take the decompositions

=
Lk

(5-12)

( —AX)E/RZ fodv

a —Ax)i/ A¢ fo dv
R2

+t” (1- Axﬁ/ Bigpdv
L R2 L.

We wish now to apply Proposition 5.3 to the preceding estimate. To this end, according to (5-4), we

1—p(r)
Lr
1
p2(r) € CCR), a(r) = (1+rH)ic(r).

Clearly, all constants involving norms of the cutoff functions p; and p; in the right-hand side of (5-11)

p(r) = p1(r)p2(r) and t(r) = =11 (),

where
p1(r) € CPMR), 1(r) =

are finite and we may therefore straightforwardly apply Proposition 5.3 to control the first term in the
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right-hand side of (5-12). However, the same is not so obviously true concerning the cutoff functions
71 and 1. The application of Proposition 5.3 to the second term in the right-hand side of (5-12) will
therefore require some substantial technical work, which we present now.

To this end, we employ a homogeneous Littlewood—Paley frequency decomposition, see (5-3), of 7;
and 1, to write

T= (Z Ay 11)(2 Azkfz) = Z(Azj rl)r3j ‘JFZ(AijZ)T‘{,

J€Z kez jez j€z
where

. ~ ; . ) .
r;:ZAsz:]—' 1|:1/fo(2j+1)}*r2, f‘{:ZAzkn:}- 1[1#0(5)]*11‘

kez kez
k<j k<j

In view of the linearity of the operator 7; with respect to the cutoffs p or t, we only need to verify the
finiteness of the constants in (5-11) with A,; 7 and r3j playing the roles of p; and p;, respectively, and
then with A,; 75 and r‘{ instead of p; and p,, respectively. It is to be emphasized here that the ensuing
bounds on the cutoffs will then depend on j € Z. In order to guarantee the boundedness of 73, we will
therefore need to make sure that our method eventually yields constants that are summable in j € Z.

We evaluate now the norms involved in the right-hand side of (5-11) where we replace p; by A, 14
(or A,j77) and p, by r3j (or ‘[‘{ ). The bounds on A,; 7, and r‘{ are handled in a strictly similar manner
and so we omit the corresponding details.

First, note that a direct application of Lemma B.3 from Appendix B together with the fact that 7; and
T, are smooth so that their Fourier transforms decay faster than any inverse power at infinity, shows that

— C
|A21‘ T (r)| = 1—1{21'—15|r|52f+1}’
P21+ |r)N
(5-13)
17 ()| < ————— 1y, <2i+1
ST Ry E
for any arbitrarily large N > 0.
Furthermore, in view of Lemma B.4, it holds that each r_{ satisfies
i C
|73 ()] < ;
I+|r|2
for some uniform C > 0 independent of j € Z, whence, for any 0 < 59 < %
r3j (r) ) .
—— e L*R) and (1+|r]*)7](r) € L°(R), (5-14)
|r[27%0

uniformly in j € Z.
Therefore, using the bounds (5-13) and (5-14) to evaluate the terms involving p; = A,; 71 and p; = r3j
in the right-hand side of (5-11), we compute that the corresponding norm of the operator in (5-11) is no
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larger than a multiple of

1

I 1 2 i

22 2 1 i . 2%
( -N) ——— | a2 so————
1+2/ 27(142/N) (1+2/)N=2

3
4
Thus, we conclude, according to Proposition 5.3, that the operators in the right-hand side of (5-12) are

bounded.
It follows that, for any 0 <7 < 1,

which is summable over j € Z, provided N >

=20t [ roan

1 1
< c(t—lnfnm% e ||g||L;L%),
2

where C > 0 only depends on constant parameters. O

Lk

6. The higher-dimensional case

We move on now to the higher-dimensional case. More precisely, in the present section, we generalize the
methods leading to Theorem 5.4 to establish an analog result valid in any dimension. Unfortunately, the
ensuing result does not reach a maximal gain of regularity of half a derivative on the velocity averages,
but only a gain of ﬁ derivatives, where n > 3 is the dimension. This drawback mainly stems from
the fact that we work in the Lfc setting, because our methods exploit the trivial fact that the exponent 4 is
an even integer in order to control the square of some transport operator in Lfc rather than the operator
itself in L%.

We begin with a few technical results. Loosely speaking, a key idea behind Proposition 5.2 consisted
in noticing that S g(x, v) is regular along the direction v and then using some duality argument in Li to
gain an integration variable in another nondegenerate direction. In higher dimensions, in order to carry
out a similar strategy, we need to gain integration variables in # — 1 nondegenerate directions. The next
few lemmas will allow us to achieve such a dimensional build up of integration variables.

The following lemma generalizes estimate (5-8) from the proof of Proposition 5.2 and corresponds to
a situation where we have already managed to build up the integration dimension all the way up to n
(notice the n-dimensional integration in S in the estimate below).

Lemma 6.1. In any dimensionn > 2, let 0 < s < % r1 > 0 and py € S(R) be such that py has its support
contained inside a ball of radius r, > 0 centered at the origin.

Then, denoting S = (s1,...,5y) € R", it holds that, for any k € N,

n
sup [ / / Stz*Azkg(x-l—Zsjtvj,vl)
xeR" : [—ri.r ]t Jsn—1 sn—1 i=1

v, €S

C(k+1)
<~ 7
|l|2k25

2
dvy---dv,_1dS

p2(r)
2

(ri+r)" YA+ + Vz)z(

HIA+ 1712 7o + ||ﬁz||il) lglF e
L2
forall t # 0 such that |t| < 1, where C > 0 is independent of k, rq, ry and p;.
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Proof. We assume that {v,, ..., v,} is alinearly independent set of vectors, which holds almost everywhere,
and denote its span by H. Further let #; € R” be a unit vector orthogonal to H. The specific choice
of unit vector is irrelevant, any such vector will do. Note that det(u1, v,, ..., v;) # 0. Moreover, since
v1 — (v - up)uq belongs to H and recalling that the determinant is linear with respect to each of its
column vectors, it holds that

det(vq,...,vy) = vy -updet(uy, va,...,Uy).

We wish now to perform the change of variable z = z(S) = Z}’:lsj-tvj in R", whose Jacobian
determinant is given by

0z
‘ﬁ =t"det(vq,...,vp). (6-1)

However, this operation becomes singular as v approaches H, that is, as vq -u1 becomes small. Therefore,
in order to deal with this degeneracy, we consider the following partition in v; of $"1:

o0
"\ {vy-uy =0y = Si,
i=0

with

_ 1 1
Si:{vl esS” 1:2i+1|v1-u1|§§}.

Then, defining ro = n(r; + ry)|¢| and writing g5 = A,« g, for convenience, one has the following
straightforward estimate on (i, ok2s Si:

n
/ S,z*gk(x+2sj-tvj,v1)
U

Jj=1

2
dvi= Y ISillAal7a gl

21 >ro 2k2s

20 >y 2k2s Si
<_ - -
< I} el (62)

where C > 0 only depends on the dimension.
Now, on each domain S;, with 2 < r02k 25 the Jacobian determinant (6-1) remains bounded away
from zero. More precisely, for every vy € S, it holds that

n
S,z*gk(x + Zs,-tvj,vl)

Jj=1

2
|t" det(uy,va, ..., vn)] dsS

[=r1,m1]"
1

~orun ] Joqer

< i+l 2% 2
<2 A ISP g 4z dz
|z|5nr1|t|,|z~u1|5T}

|1S7* gk (x +2,v1)|? dz

2
:21+1/ rpltl ‘/ gk(x+Z+SlU1)l52(s)dS dz, (6-3)
{|Z|Snr1|t|,|z.ul|§7} R
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where we have used that, for each S € [—r, r]",

n
z| = ZSjtvj

j=1

it
20

<nr{|t| and |z-uy|= =|sytvy-uq| <

n
(Z Sjtvj) “Uq
j=1

Next, further notice that, whenever |z| < nri|t|, |z-uy| < ri|t|/2%, |s| < rp and v; € S;, it holds that

(r1 +r2)lt]
oo

|z +stvy| < (nry+r)|t] and |(z + stvy)-u;p| <

It therefore follows from (6-3) that

n 2
|t" det(uq,va, ..., V)| S,z*gk(x—l—ZSjtvj,vl) dsS
[=r1,m1]" j=1
2
< i+l o
= /{|z|<nr1|t| |z.u1|s”2',-"}‘/wgk(x+Z+Swl)l{'”s“’l'S’O’“Z“f”l)'ul'fz?}m(s)ds az
szi“[ S2KEE (2 02 dz. (6-4)

where

K;];I(Z) ng(x+z)x(w>((2i |Z'“1|)’

ro

and y € C2°(R) is a smooth cutoff function such that 15<1y < x(s) < 1g5<2)-
Further integrating (6-4) in v € S; and then applying Proposition 5.1, we find that

|t" det(uq, vy, ... vn)|/ / S,z*gk(x—l—Zthv,,vl)
[=r1,m]"

J=

ds dv1

zl+1/§n I/Rn SZ*K;’;,l(z,vl)|2dzdv1
p2(r)
1

2i
<C
25\ | fry2—s
L2

where C > 0 only depends on the dimension. Moreover, a direct application of Lemma A.1 from

+ 11+ Irls)pz(r)llioo) (1 —A)73 K, (Z)Ili%,

Appendix A on paradifferential calculus yields

I(1=2) 73K, @117 <

I’l

[

for every i, k € N such that 2i < o , where C > 0 is independent of i, k and ry, whence

n 2
|t”det(u1,v2,...,vn)|// Stz*gk(x+ZSjtvj,v1)
i J[=r1,r1]" j=1

P
C 0
- |[|2s2k2s

where C > 0 is independent of i, k, ro and p5.

2k2s

ds dv1

p2(r)

|27

+ (1 + Irls)pz(r)llioo) gz, (6-5)
L2
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On the whole, combining (6-2), which is valid when 20 > r02k2S, with (6-5), which is valid when
21 < 102k we arrive at

n 2
/[ ] L 1 S,Z*gk(x+ZSjtvj,v1)
—r1,r1 n n—

j=1

dv1 ds

= / / S,Z*gk(x+ZSJUJ’v1) dvi dS
21<r 2k25 [ rl,rl] j= 1
n 2
+/ / Stz*gk(x+zsjvj’vl) dvldS
[_rlﬂrl]n U2i>r02k2s Si j=1
C ,02(1") 2
= + 1A+ 7 1) p2(r) | 00
|det(u1,v2,...,vn)||t|2s( |r|%—s 2 L
r n
P rrererd D A PR {2
2 <pg2k2s
- C(k + 1) (r1 +r2)"log(2+r1 + 1)
|det(u1, v, ..., v,)||t|252k2s
p2(r) n=l
X T + 1A+ 1) p2() oo |1 7oe + =5z 182171 gl T - (6-6)
[r|27* L2 ]2

Note that, when n = 2, the proof is then finished for |det(u, v;)| = 1. Therefore, when n > 3, there
only remains to show that

1
sup / / dvy -+ -dv,_1 < o0, (6-7)
veSn—1 sn—1 sn—1 |det(1/l1 , U2, ..., vn)| "

which will clearly conclude the proof of the lemma upon integrating (6-6) in velocities (v, ..., vy;—1)
and combining the resulting estimate with (6-7).
In fact, the control (6-7) easily follows from a careful use of integration in spherical coordinates.

Indeed, for each 2 < j <n — 1 and any choice of orthonormal vectors {u G Ls s Uy}, one has that (the
unit vector u; is characterized here by the fact that it is orthogonal to the set {vs,...,vj,u SN P Un})

1
dvy - dvj
/gn—l /gn—l |det(u1,va, ..., V5, Ujp1,... Ul

1
:/ (/ / -~dvj_1)duj
si— IJ—{“J-H ’’’’’ up \Jsn—1 gn—1 |det(u1,v2,.. S Vj—1,Uj, ... u,,)|

/ / peeesin/ T2 041 dbjy - dby
=C sup / / yeeedvi_y.
= i
u; €1 gn—1 sn—1 |det(uy,va, ..., vj_1,uUj,... un)|
uj-u;=0

foralli=j+1,..., n
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Note that the unit vector u; above is also characterized by the fact that it is orthogonal to the set

{v2,...,vj_1,uj,...,uy}. Hence, we deduce, for every 2 < j <n—1, that
1
Sup DY d’vz.-.dvj
Uj 41 seonslin €S gn—1 sn—1 |det(uq, v, ..., Vi, Uj415. .-, un)|
ui-up=0if i#k
1
<C sup [ dvy---dvj_y.
U ooty €511 S ST xS |det(u1,va, ..., vj—1,Uj, ..., Uy)|
ui-up=0ifi#k

Applying now the preceding estimate 7 — 2 times to reduce iteratively the number of integrations over
spheres, we find that

1
Sup / . 0/\ dv2 A dvn—l
oyesn—1 Jsn—1 sn—1 |det(uq,va,...,0,)|

1
<C sup / dvy -+ dvj_4
Uy ooy €S ST xS |det(uy,va, ..., vj—1,Uj, ..., Uy)|
ui-up=0ifi#k
1
<C sup )
.. uyesn—t |det@y, uz, . up)|
uj-up=0if i#k
where the unit vector u; is orthogonal to {u>, ..., u,}, which implies
|det(uey, ua, ..., uy)| =1,
and thus establishes (6-7). O
For convenience, we introduce now, for any integer N > 2, setting S = (s5,...,5N—1) € RN-2 and
V =(v1,...,vny—1) € (S"1)N~1 the following nonlinear operator:
N—-1 2
INg:/ / |S;"g(x,vN)|2(/ / S;‘g(x—}—ZSjlvj,vl) dVdS)vadx.
n gn—l [_rl’rl]N—Z (gn—l)N—l j=2

4
. - . LALy o :
Recall that, employing (5-5), it is possible to extract a one-dimensional integration from S/ g(x, vy)

and S} g(x + Z}vz_zl sjtvj, vl) along vy and vy, respectively. Therefore, it is possible, at least formally,
to gain an /NV-dimensional spatial integration in the above integrand by exploiting the integration along

In particular, when N = 2, we have I,g = || S/ g||

the variables s;. Thus, loosely speaking, the number NV represents the expected gain of spatial dimension
on the domain of integration in /.

Prior to delving any further into our proofs, we take some time now to explain the general strategy
behind the dimensional build up which will eventually allow us to apply Lemma 6.1 and establish the
boundedness of S¥ : L* — W* L2 for any 0 < s < 3=T)- in Proposition 6.6, below.

More precisely, the aforementioned boundedness of S/ will be shown to follow from four properties
of the nonlinear operator I :
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e For N =2,

Ioh = ||SThl 7415 (6-8)

This property is a direct interpretation of the definition of 7,.

e For N =n and any 0 < s < %, assuming for simplicity that 4(x) has frequencies localized inside an

annulus of inner and outer radii comparable to 2k, with k € N,
C
Inh = S5 I WAl e (6-9)

where C > 0 is independent of k. This estimate displays a gain of regularity, is a consequence of
Lemma 6.1 and is established in Lemma 6.2, below.

e Forany N > 2,
(N <1187l 4 2 Tan—2h. (6-10)

which is a simple consequence of the Cauchy—Schwarz inequality (in x) followed by a careful change of
variable. This estimate is established in Lemma 6.3, below.

e Forany N > 2,
(Iym?* < CIIS** 4 Tan-1h. (6-11)

where C > 0 is an independent constant, which is a direct consequence of an application of (5-5) followed
by a careful use of the Cauchy—Schwarz inequality with a change of variable. This estimate is established
in Lemma 6.4, below.

The rule of the game of dimensional build up will then consist in employing estimates (6-10) and (6-11)
to go from (6-8) to (6-9). In other words, by exploiting the mappings N — 2N —2and N — 2N —1,
for integers N > 2, we want to go from 2 to the dimension n. The fact that such a dimensional build up
is actually possible is explained by the simple yet tricky Lemma 6.5, below.

Eventually, the appropriate combination of these estimates (and the handling of more technical
difficulties) will give rise to the main result of this section, namely Theorem 6.8.

We proceed now with the actual preliminary results leading to Theorem 6.8.

For the sake of simplicity of notation, from now on, the variable S will denote the vector whose
components are any number of integration variables s; € [—ry, ], whereas the variable V' will denote
the vector whose components are any number of integration variables v; € S"~1. At each step of our
proofs, the exact meaning of S and V' will be easily deduced from a careful inspection of the integrands
and domains of integration.

Applying the preceding lemma combined with Proposition 5.1 to the above nonlinear operator I,
when N = n is the dimension, yields the following result.

Lemma 6.2. In any dimensionn > 2, let 0 < s < % and py, p2 € S(R) be such that py and p, have their
supports contained inside balls of radii r1,ry > 0, respectively, centered at the origin.
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Then, it holds that, for any k € N,

Ck+1) . . _
InAzkgEWHmHil ||/01||§,00(7’1+”2)n 1(1+’”1+”2)2 \
p2(r) -
X ( W= + 1L+ [7[F) p2(r) | oo + ||/02||L1) ||g||iz ||g||,i§o
ri2 L2 x

for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

Proof. In view of the simple estimate (5-5), it holds that

LA < 17112, ||f>1||ioof/ / 1S2* Ay g (x + $nt v, v0)| dsn
rr Jsn=1 Jior )

n—1
X (/ /
[_rl’rl]n—l (Sn—l)n—l

S,Z*Azkg(x—l- sjtvj,vl)
<Iali Il [ [ 157 dset )P

j=1
n
X S2*A kg(x—i- s-tv',vl)

~ 12 ~ 12 2 2
= 1Az 161 lzoo ST A2l

j=1
X sup / /
xER" [=ri,r] J(Sn—hn—1

v, €S

2

dv dS) dvy, dx

2

dv dS) dv, dx

2
dvds.

n
S,Z*Azkg(x + Z sjtvj, vl)

j=1

Therefore, applying Proposition 5.1 and Lemma 6.1 to the preceding estimate yields

Ch+1l) . ., .
Infyrg = — s 1Ay 1701510 F 0 (rt +12)" (1 4+ 11 4 12)? )
p2(r) .
X( s A+ 1) p2(r)ll Lo + ||,02||L1) legl7s llglfee. O
r 2 Lz x

The next result explains how to increase the expected dimension of the domain of integration in the
nonlinear operator Iy from N to 2N —2.

Lemma 6.3. In any dimension n > 2, it holds that, for any integer N > 2,
(Ing)* = ISFelty 2 Tan-ag.

Proof. First, by the Cauchy—Schwarz inequality, we find

N—-1 2
[Ng:/ ([ |St*g(X,vN)|2dUN)(/ / St*g(x+2sj'tvj,v1) dVdS)dx
R7 sn—1 [—r,r IN=2 J(sn—1)N—1 >
N—-1 2
<Isfeltys| [ / S*g(x—l— s-tv~,v) avas|
L2 Jgrn | J;z o 13
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whence

(Ing)* <|ISfgl? /(/ [
AL Jon i Sy

X(/ /
[—r1,r IN72 J(sn—1H)N—1

Then, exploiting the integration in x to transfer the term 2]25;,3 sjtv;j in the above integrand, we deduce
that

2N-3

St*g(x + Z sjtvj, va—z)

j=N

N-1
S,*g(x + Z sjtvj, vl)
j=2

2
dv dS)

2

dv dS) dx.

(neP <IS7eltyys [ [ 1St oan-aP

o
[_rl ’rl]ZN—4 (§n—l)2N—3

The next result explains how to increase the expected dimension of the domain of integration in the

2N-3

St*g(x+ Z Sjtvj,vl)

2
dVdS) deN—de- O
j=2

nonlinear operator Iy from N to 2N — 1.
Lemma 6.4. In any dimension n > 2, let p; € S(R) be such that py has its support contained inside a

ball of radius r1 > 0 centered at the origin.
Then, it holds that, for any integer N > 2,

(Ing)* = 41ptlL 1511 Toe 1 1IS*gll 74 Tan—1g.

Proof. First, in view of the simple estimate (5-5), one has

Ing <1311 151 e / / / 152 g (x +swtvn.vn) > dsy
R JSn=1 J[—ry,r1]

N-1 2
X S*g(x+ s-tv-,vl) dVdS)vadx

N [ / 152 g (x, o)
R Snfl N
S;"g(x—i—ZsJ-tvj,vl)

ST
[=r,r N1 J(sn—1)N~-1 -

=l oo [ [ 1S3 eom)P+SP e —onP)

N
X S*g(x—l— s-tv~,v)
(/[O,rl]/[—r1,r1]]\’_2/(‘S”_')N_1 ‘ ZJ s

j=2

2
dVdS) doy dx

2
dvds dsN) dvoydx.




370 DIOGO ARSENIO AND NADER MASMOUDI

Hence, by the Cauchy—Schwarz inequality, we find

(Ung)> =417 15170 157l 7a

/[OJI] /[_rl J1IN—2 /(S”_I)N_1

~ 12 ~ 12 2 4
=472 151130 ISP 2l

X
An /gn—l (/[‘O’rl]/[_rhrl]N—z [g;z—l)N—l =N
N
X S*g(x-l— S‘lv-,vl)
(AO,rl]/[—rlsrl]NZ /(S"I)Nl ! jgz 7

Finally, exploiting the integration in x to transfer first the term sy vy and then the term Zfﬁ;,il Sjtvj
in the above integrand, we deduce that

2
dV dS dsy

2
X

N
S,"‘g(x + Zsj-tvj, v1)
j=2

2
Lx,vN

2N-2

S,*g(x + Z Sjtvj, va—l)

2
dV ds dsN)

2
dv dS dsN) duy dx.

(Ing)* = 41ptlL i l1A1 1L oort1S7 78l e

2N-2 2
X S*g(x+ Sjtvj,va_l) dVdS)
/R" /§”_‘(—/[—r1,r1]"’_2/(S"—I)N—2 ' j=;+1
N 2
St 1), dV dS)dvyn_ d
= 41|51 1171 1511 F o1 ||St2*g||2§ ,
<[ ISt el
RS 2N-2 2
X S*g(x—i— s-tv-,vl) dVdS)dUZN_ldx. O
(/[‘—rl,rl]ZN—S /;gn—l)ZN—z ! J; e

The following result is a simple technical lemma which, at first, may seem somewhat unrelated but
will prove very useful later on for building up dimensions in the proof of Proposition 6.6.

Lemma 6.5. Let the mappings Ao, A1 : N\ {0, 1} = N\ {0, 1} be defined by
A()k =2k—2 and Alk =2k —1.
Then, for any integer n > 3, there exists L € N and agy,ay, ...,ar € {0, 1} such that

n=AgyAg, - Nay 2.

and
L
n—2= Z ak2k.
k=0

Moreover, the above decomposition is unique provided ay = 1.
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Proof. We introduce first the auxiliary mappings KO, AN — N defined by
Aok =2k and Ak =2k + 1.
In particular, for any k € N, it holds that
(Aok) +2= Aok +2) and (A1k)+2=A;(k +2).

Next, let L € N and ag,ay,...,ar € {0, 1} be the parameters appearing in the dyadic decomposition

L
n—2= Zakzk.
k=0

Note that, assuming ay, = 1, the above choice of parameters is unique. Then, we have

of the positive integer n — 2:

L1 L-2
n—2= Aao ( Z ak+12k) = AaoAa1 (Z ak+22k) == AaoAa1 T AaLO.
It finally follows that
n :2+Kaoxa] "'KaLO
= Aag(2 4 Agy - Ng; 0)
= AagAay 2+ Agy - Nay 0) == AgyAg, -~ Mgy 2. O

Notice that, using the language of Lemma 6.5, it is possible to unify Lemmas 6.3 and 6.4 in the
following estimate, for any N > 2:

~ ~ 4(1—
(Ine)* < @At 161 17ern)® IS78l5 2 15778134 Ta,ve. (6-12)
where a € {0, 1}.
Now, appropriately combining Lemmas 6.2, 6.3 and 6.4, with the help of Lemma 6.5, we arrive at our
main estimate on the operator S/, which is recorded in the next proposition and generalizes Proposition 5.2
to higher dimensions.

Proposition 6.6. In any dimensionn > 3,let2 < p <4, 0 <5 < s < % and py, p2 € S(R) be such
that py and py have their supports contained inside balls of radii r{, r, > 0, respectively, centered at the
origin.

Then, the operator S} satisfies the estimate

Qntp=4s C S 2n—3 1
11— A) F500" S gl g2 < ——— 131121 131 | oo (rt -+ r2)F0=0 (14 g 4 ) 50D

|[| 4n—1)
“

forall t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

p2(r)

rl>

e (s 7 ) p2(r) Lo + ||,52||L1) ligllzy
L
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Proof. First, notice that, for any 2 < p < oo,

1,4~
1S7 gl ez <1SF €l 2re <I1S" 2 1AL lgllze. (6-13)

As for the regularity estimate, we employ the standard Littlewood—Paley dyadic frequency decomposi-
tion previously introduced to estimate g = A,« g for any k > 0.
To this end, we first decompose the dimension # > 3 according to Lemma 6.5,

n=AgyAa, - Nay 2.

ar

where L € N and ag,ay,...,ar € {0, 1}, and then apply successively estimate (6-12) to deduce that

2L—l

0 o 1—ap)2k 2L L2
S(4”/’1”L1 15113 cort) =2 ||} gk||(L4LaZL) ||St2*gk||aL (IAaLng)2
Ttap2t? l—ar— 2L—'+ 1—ap )2l
< @171 151l Zoor) ™ 1287 4ar 27 gx g ||(L4La%L v (e

2L=14q; 2L 2
ST grl i T Ungy_ Ay 280)

~ 12 ~ 12 L L o ZL= (1—a-)2j
< @ 2 N1 ert) s =02 |57 gy 2707

P
x || S7 gll’o’

1
(IAaoAal---Aangk)4
n—2 — 1 _ 1
= @A 1A e T STk 2 " P ISP 2kllT (ngi)
Hence, it follows that
1
187 exlysys < @UAIE 1611 eorn) ™ I1S7* gk l]3” (Ingi)
n—2 n—2 1
< @I 111 er) T ISP il 157 gkl 2 (Tngi)

Next, further applying Proposition 5.1 and Lemma 6.2 to the preceding bound yields

1
Ctk+1)=z _ ol nol 2n—3 1
IS7 gk|L4L2§W”'01”L1 1P1ll oo (r1 412) 4 (1 +r1+12)2

(I

where C > 0 is an independent constant.

n—1

n—1
p2(r) -
+||(1+|V|S)P2(")||L°°+”102”L1) IIgIILz llgllLoo,

r|2

L2

The remainder of the demonstration follows the arguments from the end of the proof of Proposition 5.2,
which we adapt to the present setting for completeness and convenience of the reader.
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Thus, in order to conclude, we write |g(x)| = fooo 1{¢(x)|zs} ds to deduce from the preceding estimate,
assuming g is nonnegative, that

o0
157kl p2 < /0 157 A Ltg oy s 2 ds

1

C(k + 1)3@—D

N |z|ﬁ2kz(n"—1)

|

C(k + 1)Fa—D

- |t|ﬁ2k2(nn—1)s

I . 2n—3 1
21171 15111 7 oo (ry + 1r2) 500 (1 4 1y + 1) 20D

/02(V)
HEa

+ 1A +[r*)p2(r) Lo + IIﬁzllLl) fo [{lg ()] = 5[+ ds

L2

~ % ~ % 2n—3 1
1811171 15111 Zoo (r1 4 12) 3= (1 4 1y + 1) 26=D

|

where Li’l denotes a standard Lorentz space; see [Bergh and Lofstrom 1976, Section 1.3] or [Grafakos
2008, Section 1.4] for definitions and properties of Lorentz spaces. When, g is signed, we arrive at the
same estimate simply by decomposing g = g™ — g~ into its positive and negative parts, treating each
contribution separately, and then noticing that

p2(r)
rfz=

1A+ P)p2(r) e + ||,52||L1) lgllpat,
L2

lgFllpan + g™l pan < C/O {1t ()] zs}\% + [{lg~ () zs}ﬁ ds
SC/O (Itlg* o)l = 53] + [t1g~ (0l = s3])* ds

o0 1
=c [ ezt ds = Clel .

Moreover, by allowing an arbitrarily small loss of regularity, that is, by replacing 0 < s < % by a slightly
smaller value, it is possible to replace the Lorentz space Li’l by the standard Lebesgue space Li in the
right-hand side of the above estimate.

Therefore, on the whole, for any 0 < s <59 < %, we have established the estimate

N | 203 1
16171 161110 (r 4 r2) =D (1 4 1y + 72) 2D

X
OL2

where C > 0 only depends on constant parameters, which, when combined with the easy bound (6-13)

ISfgrllpars <

n

|t|4(nn—1)2k2(n

1)
p2(r)

|2

A+ PP p2(r) L + ”:52”L1) lgliza

for low frequencies, yields

n

s c b sk 203 1
(11— Ax)“("_“St*g”L;gL% = W—nnllm 171 19111 fo0 (11 +72) 2=D (1 + 1y + 1) 2=D
a

|

p2(r)

rf2 %0

+ 1A+ 1r*)p2(r)ll Lo + ||/52||L1) lgllps. (6-14)
L2
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Finally, since S} commutes with differentiation in x and recalling from complex interpolation theory,
see [Bergh and Lofstrom 1976, Sections 5.1 and 6.4], that, for any 2 < p < 4,

4 2n+p—4

(L)ZCL%vL;‘cL%)[Z_ﬂ L L2 and (W —s,2 W SZ(n DR )[2 4] =S =D ,p’

we conclude the proof of the proposition by interpolating the estimate (6-14) with the classical estimate
on S/ from Proposition 5.1. O

Next, we utilize the previous result on the adjoint operator S/ to deduce corresponding estimates on
Ty and T
Proposition 6.7. In any dimension n > 3, let % <r<2,2<p=<4,0=<s<sy< % and p1, p € S(R)
be such that py and py have their supports contained inside balls of radii ry, ry > 0, respectively, centered

at the origin.
Then, the operators Ty and T} satisfy the estimates

Qn+r'—4)s
[(1=Ax) 27"@=D Ty [l

< e ||‘/’||L°°R4(” e ||p1||L1 IIplllLoo(r1+rz)4<n 1>(1+r1+r2)2m D
p2(r) B
X T + A+ 1) p2(r)llLee + o2l )N Sl pr 2
|P]2750 | 12 (6-15)

and
QCn+p—4)s %
[(1—-Ayx) 22@=D T, g||LPL2

<

" 2n—3 1
||<P||L°°R 1 15112 lllplllioo(rl + r2) 2= (1 4 1y + 1) 267D

( p2(>

r|3-
for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

1A+ [r*)p2(r) Lo + ”/52||L1) lgllzy

L2

Proof. Tt is readily seen that

1) = [ ge+510)56) ds o(0) =g (5. 1)

Therefore, for any 2 < p < oo, we compute in polar coordinates, recalling that the support of the velocity
weight ¢ € LZ°(R") is contained inside a closed ball of radius R > 0 centered at the origin,

Q@ntp=Hs
(1= Ax) 220D T g (x, V)l Lo . 12 )

Q2n+p—4)s
N H (/[R{n 11— AX)WP_I)Tt*g(xv U)|2 dv)

LP

n 1

|¢(Vv)(1— ) Tpor1y S Lg(x,v)|*dvdr

LY/
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R )
< ol ( / e dr)
0 L)PC/Z

R
_ @n+p—2a)s
< ||(p||Loo (/(; r” 1”(1 —Ax) 2p(n=1) S;’ktg(x’v)”iﬁ(Rn;L%(grzfl)) d}") :

QCn+p—4)s
/gn_l (1= Ay) 200D S¥g(x,v)[? dv

=

Then, combining Proposition 6.6 with the above estimate, we find

Q@Qn+p—4)s %
[(1—Ay) 22@e=D"T, g”Lf@L%

R
_ Qn+p—4)s 2
5||¢||Loo( / I = M) 2SS gl dr)
0

C n2n—3) % - % 2n—3 1
= ———[@llLee RAE=D 1l 11 1511l foo (ry 4 r2) 30=D (1 4 1y + 1) 20=D

~ |t]F@-D
X (

where C > 0 is an independent constant, which establishes the estimate on 7"
The estimate on 77} is then easily deduced from the estimate on 7,* by a duality argument, which

p2(r)

r|3=0

A+ P p2(r) Lo + ”/52“L1) lglze.

L2

completes the proof of the proposition. O
We proceed now to the main theorem of this section.

Theorem 6.8. In any dimension n > 3, let % <r=<2
Then, for any f, g € L.(R"; L2(R")) such that (1-2) holds true, one has

/I;n f(x,v)pv)dve W (R")

forany ¢ € L2 (R") and any

0ss<5(3-7)+ 4(nn—1)(;_1_2)'

Furthermore, one has the estimate
](1 a0t [ e
Ri’l

where C > 0 only depends on ¢ and constant parameters.

= C(”f”LQCL% + ”g”L;L%)’
Lr

X

Proof. This demonstration follows the same ideas as the proof of Theorem 5.4. Nevertheless, for the sake
of clarity and convenience of the reader, we provide a complete justification of this result.

We consider first the refined interpolation formula (2-1), which is valid for solutions of the transport
equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and then
averaging in v yields

=
Lk

(6-16)
L%

la-a0 [ roa

(1—Ax>%/ Aifo dv +zH(1—Ax)5/ Bigp dv
Rn L";( Rn
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We wish now to apply Proposition 6.7 to the preceding estimate. To this end, according to (5-4), we
take the decompositions

o) = prpar) and v = L =)
where
P11 €CE®). T1() = ——.
(14r2)4

p2(r) € CPM), 1(r) = (1 +rH)az(r).

Clearly, all constants involving norms of the cutoff functions p; and p, in the right-hand side of (5-11)
are finite and we may therefore straightforwardly apply Proposition 6.7 to control the first term in the
right-hand side of (6-16). However, the same is not so obviously true concerning the cutoff functions
71 and 1. The application of Proposition 6.7 to the second term in the right-hand side of (6-16) will
therefore require some substantial technical work, which we present now.

To this end, we employ a homogeneous Littlewood—Paley frequency decomposition, see (5-3), of 7;
and 1, to write that

T= (Z A,j rl) (Z Azk‘[z) = Z(Azj rl)t_{ + Z(Azj TZ)E{’

Jez kez J€Z je€z
where

: _ r : _ r
‘E; = ZAZk'L'z:]: 1|:w0(2j+1):| * Ty, -[i — ZAszI =F 1[1#0(5)]*1’1.

kez kez
k<j k<j

In view of the linearity of the operator 7; with respect to the cutoffs p or 7, we only need to verify the
finiteness of the constants in (6-15) with A,;7; and ‘L'3j playing the roles of p; and p,, respectively, and
then with A,; 7, and ‘C‘{ instead of p; and p,, respectively. It is to be emphasized here that the ensuing
bounds on the cutoffs will then depend on j € Z. In order to guarantee the boundedness of 73, we will
therefore need to make sure that our method eventually yields constants that are summable in j € Z.

We evaluate now the norms involved in the right-hand side of (6-15) where we replace p; by A, 1y
(or A,j72) and p, by r3j (or r‘{ ). The bounds on A,; 7, and r‘{ are handled in a strictly similar manner
and so we omit the corresponding details.

First, note that a direct application of Lemma B.3 from Appendix B together with the fact that t; and
7, are smooth so that their Fourier transforms decay faster than any inverse power at infinity, shows that

C

Ayn(r) € ————
r|2(1+ [N

Loi-t<irisaitys
(6-17)

Q= Nl{|r|52j+1},

Ir]2 (1)
for any arbitrarily large N > 0.
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A

=
>?
I
I
I
_o
—_
S
S|+
—_
=
~—

4(n-1) \b\(%’ 4(”7,1_1))

Theorem 6.8 |
+interpolation A
with (1,0) A

0 1 ntl 3 1
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Figure 2. Range of validity of the parameters % and s in Theorem 6.8 extended by
interpolation with the degenerate L! case.

Furthermore, in view of Lemma B.4, it holds that each r3j satisfies
J
T3 (r)] =

142

for some uniform C > 0 independent of j € Z, whence, for any 0 < 5¢ < %,

()

e

e L*(R) and (1+[r[*)e](r) € L®(R), (6-18)

uniformly in j € Z.

Therefore, using the bounds (6-17) and (6-18) to evaluate the terms involving p; = A,; 77 and p = ‘L':{

in the right-hand side of (6-15), we compute that the corresponding norm of the operator in (6-15) is no
larger than a multiple of

2% 2 1 I ons S 2/'%
( ’N) ( ; ) 2J4<n—1)(1+21)m <C —,

which is summable over j € Z, provided N > %.

Thus, we conclude, according to Proposition 6.7, that the operators in the right-hand side of (6-16) are
bounded.
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It follows that, for any 0 <t < 1,

1 n
‘ = C( Sz 07500 ||g||L;L%),
L’)’( 14 n—

where C > 0 only depends on constant parameters. O

(1-A0)2 | fedv
Rl’l

As already mentioned at the end of our Introduction, it is possible that Theorem 6.8 may be largely
improved. In fact, the formal interpolation result (1-3) seems to indicate that Theorem 6.8 should hold for
all parameters 2% <r <2and 1 <s < 5. The range of parameters defined by <r <2and

n+1 —
0=s< ;(3_i)+4(nn—1)(4 2)

would then be recovered by interpolation with the degenerate L! case.
Indeed, Figure 2 represents the range of validity of the parameters % and s in Theorem 6.8 extended

by interpolation with the degenerate L' case. More precisely, Theorem 6.8 handles the region bounded
by the points (1 0) (i , 0) (i 4(n” 1)) and (1 1) which yields the shaded region in Figure 2 when
1nterpolated with the trivial L! case corresponding to the point (1, 0). Observe that the points (”J;l , %)
( Ry e 1)) and (1, 0) are all supported by the same line. It seems therefore natural to conjecture that
a similar result should hold for all parameters encompassed by the area delimited by the points ( O),
(1,0), (Z£1, 1) and (1. 1); see [Arsénio 2015] for more on such conjectures. This situation strongly
resembles the corresponding existing conjectures for the boundedness of Bochner—Riesz multipliers and

Fourier restriction operators.

Appendix A. Some paradifferential calculus

In this appendix, we record for reference a useful technical lemma. The proof of this lemma is based on
classical methods from paradifferential calculus and paraproduct decompositions.

Lemma A.1. Let x; € S(R" ') and x> € S(R). For eachi € N and L > 0, we define

hi(x) = Xl(xz))(z(zzn),

where x' = (x1,...,Xn—1) € R"™L Further consider fixed parameters s > 0 and 0 < A < 1.
Then, for all g € L*°(R"), it holds that

n

C
100 = 2 o = 5 2

for every i,k € N such that 2! < L2 where C > 0 is independent of i, k and L.

Proof. We first write a standard paraproduct decomposition (see (5-3) for the definition of dyadic blocks
and the Littlewood—Paley decomposition):
k-3 k+2
(A g)ht = Azkg(th + Y Ayih ) +Ang Y Ayhf+ Z AygAyihE.
j=0 j=k-2 j=k+3
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It is then easy to see that in the right-hand side above
(1) the first term has frequencies localized inside an annulus of inner radius 2k=2 and outer radius 92572,
(2) the second term has frequencies localized inside a ball of radius 5-2Kt1,

(3) each summand in the third term has frequencies localized inside an annulus of inner radius 2772 and
outer radius 9-2/ 72,

Accordingly, we estimate that

= A)—%«Azk )l

k+2 00
1

||g||L°° Ihf Nz + CligllLe 1A hE 2+ C lglzoe Al

st 2]S
j=k—2 Jj=k+3

n k+2

CL2
<——llgliLee + Cliglize Y NAgihf 2 (A-1)

2722ks k2

There only remains to control the terms || A,; hiL |2 above. To this end, noticing that

= Yo cmientimi=2y + gy < Yo <<y = Y cpi<oy T 1 <<

where ' = (1.....n,—1) € R""1, and using Plancherel’s theorem, we obtain
L? n M
AyihF| 2 = :
lawitle: = v (7 Juonie(3) |,
L2
< -
= omiz I11¢r2i- 2<|n|<L21+1}X1(77)HL2 X2(21) n
: Nn
T e FACaYye, vy (%)
(27_[)52 L {L2/ 2=y |<L27+1} 21 L,,n
Lz
Y H (=LY
2
LZ(L2])2 R L2]
C—2l {I<ina)=2}X2\ 57 I L%n.

Hence, recalling that both x; and ), decay faster than any inverse power at infinity, we find, for any
given large Ny, Ny > 0,

L% L32(N2=3)i
i . n—1 +Cl .
23(L2/)yNi—"7 23(L27)N272
L5 oi N -5t oi Na—3
C . -
= ;((sz) +(sz) )
%

2
L 1 1

<C—- 4 ’
23 (2(N1—"El)(1—l)k 2(Nz—5)(1—x)k)

1Ay hf 2 <C

1
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so that, choosing N and N, such that

n—1 1 S
P —— _ >
Ni====N=527
we get
L L>
[Azihi N2 = C—F—, (A-2)
27 2ks
where C > 0 is independent of i, k and L.
On the whole, incorporating (A-2) into (A-1) yields
s CL?
1= A) "2 (A )h )2 = ———llgllres O
232ks

Appendix B. Boundedness of Fourier transforms in L?, with 1 < p <2

For reference, we show here a few handy criteria for establishing the boundedness in Lebesgue spaces L2,
with 1 < p < 2, of Fourier transforms of given functions.

Lemma B.1. Let f(x) € C*(R"), for some given a € N, be such that

C
sup |x|"10Y f(x)| < ————  forall x e R", (B-1)
pen (1+ xD*
ly|<a

for some A > 0.
Then, the Fourier transform [ belongs to L? (R") for any 1 < p < 2 satisfying

a>n(%—%) and A>n(1—%). (B-2)

In particular, for any given 1 < p <2 and any B > #, the Fourier transform of (1 + |x|2)_% belongs
to LP(R").

Proof. Let ¥o(x), ¥ (x) € C(R™) be compactly supported smooth cutoft functions, whose supports
satisfy

supp Vo C {|x] <1} and suppy C {% <|x| = 2},
and such that

o0
X — n
Vo(x) + ZW(z—]) =1 forall x e R".
j=0
We define g(n). hj(n) € S(R"), for each j € N, by the inverse Fourier transforms

20 = ol /() and k0= (35 ) 70,
so that o
S)y=gm+Y_ hi(n) inS'®"). (B-3)

j=0
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Then, for any 1 < p < 2 satisfying (B-2), so that (2 pa) /(2— p) > n, and by Holder’s inequality, we have

[ g()|? dn = / (+ [n)P® g ()7 dn
Rl’l Rl’l

(I +[nf)Pe

p 1—
5 |
([ a+ |n|>2“|g(n)|2dn) ( L dn)
(/R” /I‘Rn (1 + |n|)2—p

<c( [ asmiempa).

SIS]

and, similarly,

[ wsiran= [ a2 ol dn

(1427 [n)Pe

p 1—
. ) 1
< (1+2’|n|)2°‘|h'(n)|2dn) ( — dn)
(/[R” / /[RE” (1+27|n))2-»

< cain(i-3) ( /R (1 2Ty P dn)z,

where C > 0 only depends on p, o and the dimension.

(NS

Next, since "
(1420 < C(l +oie Y |m-|“),
i=1
it follows from Plancherel’s theorem that
lg@ e < CIA+nD* ez <C D 10%Wo () SN2 <C Y gx<130% ()2 < 0.

yeN” yeN”
ly|<a ly|<a

and, further using (B-1),

in(L—1 j
2G|y )lle < CIA+27 1) h; ()l 2

<c Yy o 8§(w(§)f(x>)

yeN”"
ly|<a

<C Y 2 1pim gy 01300 () | 12
J/GN”
ly|<a

=C Z ”1{2!’*15|x|52!‘+1}|x||y|3§f(x)HLz <C

yeN”"
ly|Za

L2

n

2
14272

Hence, for any large N € N, since A — n(l — %) > 0,

o 5in(1-1)

N
mm| ey
‘g(n)+; ’(U)HLH_ ];) 1+2n =%

sup
NeN
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Therefore, according to (B-3), we deduce that the tempered distribution f coincides with the weak limit
of functions uniformly bounded in L2, which implies that f € L? for any 1 < p < 2 satisfying (B-2). O

Lemma B.2. Let f(x) € C*(R" \ {0}), for some given o € N, be such that
. |x]|”

sup |x|V19% £ ()] =

yenn * (14 [x[)*+e

ly|<c

forall x € R"\ {0}, (B-4)

for some A > 0 and 0 > —A.
Then, the Fourier transform f belongs to L* (R") for any 1 < p < 2 satisfying

a>n(%—%) and k>n(1—%)>—o. (B-5)

n(B+8)
In particular, for any given 1 < p<2 and any B >#> —8, the Fourier transform of |x|" (14|x|?)™" 2

belongs to LP (R").

Proof. Let ¢ (x) € C2°(R") be a compactly supported smooth cutoff function whose support satisfies

suppy C {3 < x| <2},
and such that

Zw(%) =1 forall x € R"\ {0}.

Jj€Ez

We define /1 (n) € S(R"), for each j € Z, by the inverse Fourier transforms

~ X
e =v(37) 7.
so that
Sm=) hitm) SR (B-6)
jez
Then, for any 1 < p < 2 satisfying (B-5), so that (2p«)/(2 — p) > n, and by Holder’s inequality, we
have

hi()|? d =/ 14+ 27 )P by () |P ———— d
[ s dn = [ a2y o s

D 1—
. 2 1
< (1+2’|nl)2°‘|h-(n)|2dn) ( —zwdn)
(/. ’ Jo (1+27 )5

D

< co-in(1-%) ( /R 1+ 2 Iy )P dn)z,

[N

where C > 0 only depends on p, o and the dimension.
Next, since

n
(1+27 ) EC(1+2jaZ|ni|°‘),

i=1
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it follows from Plancherel’s theorem and (B-4) that
. l_l .
MG iy ()l < C I+ 27 () Ry ()] 2

<c ) 2l 8§(w(§)f(x>)

yeN”"
<C Y PV 1pm <oy XS] 12

L2
ly|<a

]/GN”
ly|<a
Y lay 2j(%+0)
<C ) [T szarey XML/ (O] 2 = C o —7o
yeN”"
ly|<a

Hence, for any large N € N, since A —n(1 — %) >0and o +n(l— %) >0,

N i (n(1=5)+0)
hj(n)
j=Z—N '

=C — < 0.

(A +
L ez 1 +2/(+0)

sup
Ne

Therefore, according to (B-6), we deduce that the tempered distribution f coincides with the weak limit
of functions uniformly bounded in L2, which implies that /" € L? for any 1 < p < 2 satisfying (B-5). O

Lemma B.3. Ler f(x) € C'(R\ {0}) be such that
C
| S Ixf (o)l = e for all x € R" \ {0},

for some 0 < A < 1.

Then, the Fourier transform f belongs to L' 4+ L™ and satisfies

O

o for almost every n € R",
-

for some independent constant C > 0.

Proof. Consider a cutoff x € C2°(R) such that 1g <1} < x(x) < 1{xj<2;. Then, on the one hand,
the function y(x) f(x) clearly is integrable so that its Fourier transform is bounded pointwise almost

everywhere. On the other hand, the function (1 — x)(x) f(x) clearly verifies the hypotheses of Lemma B.1

so that its Fourier transform always coincides with an integrable function. This establishes that f €
L'+ L

Next, for any ¢ > 0, we have the estimate

= ‘ [ rwas

/ e_i""x(z)f(x) dx
R 4

=

—inx X
+‘/Re n (I—X)(?)f(x)dx
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< /GOl dx / e—""X(u—x)(f)f(x)) dx
(x|<21} nl|/r t

1 C 1 C 1 1
SC/ —kdx+— —)de—i—— defC(ll_k+_)L).
{Ix|<2¢3 |x] tn| Jie<ix|<2y |x] nl Jyx|zey x4 |t

Therefore, optimizing the preceding estimate in ¢ > 0, which amounts to setting ¢ = |1ﬂ above, yields

A C
£ ()] S O
Lemma B.4. Let f € L°°(R) be such that

SO = T

for some 0 < a < 1, and consider the convolution

fr(x) = /R RY(R(x — ) f() dy

forall x € R,

for any R > 0, where x € S(R).
Then, the convolution fg also satisfies

| fR()] =

for some constant C > 0 independent of R.

T+ X forall x e R,
X

Proof. Note first that
/Rl =[xz llf llzee.

Therefore, we only have to consider values |x| > 1, say. Furthermore, by possibly replacing x and f by
|x| and | f], respectively, we may assume that y and f are both nonnegative.
Then, for any N > 1, we estimate that

fr(x) = [{M} RY(R(x— ) f () dy + [{ RY(R(x— )/ () dy

lyl<3t}
C CR
< RY(R(x = 1)) dy + / 70 dy
/{|y|z'§'} 1+ |yl {y1<isl}y 14 RN|x — p|¥
C / CR 1
< RY(R(x = ) dy + ——a—— f L
L[] iyl T4+ RN XN Jgyi<igty T+ [
CR 1—«a
|x| 7%,

< +
1+|x|® 14 RN|x|N

Further noticing that

R 1 1
SUp —————~ Smax{ sup R, sup _—} <—,
R>0 1+ RN|X|N 0<R5|)IT\ R>ﬁ RN 1|X|N |X|

we deduce

C

x|

Sr(x) =
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Appendix C. Velocities restricted to a manifold of codimension 1

In this final independent appendix section, we explore the connection between averaging lemmas for the
stationary transport equation (1-2) for velocities in the Euclidean space v € R” and averaging lemmas
for the same equation for velocities lying in an appropriate manifold of codimension 1 in R”. Here, for
simplicity, we only consider the case v € S”~!. However, the elementary methods developed here can be
used to establish similar connections with settings in other manifolds of codimension 1. In particular, this
approach includes the time dependent case (1-1) where (¢, x) € R**1 and v € R” and, thus, allows us to
translate the main results contained in this work to several other interesting and relevant situations.

Proposition C.1. Letn >2, s >0and 1 < p,q,r < 0o be such that

p<r s+n(l—l)51 and l+s+(l—1)51, (C-1)
pr q por

and suppose that, for any ¢ € L2°(R"), there exists C > 0 such that one has the estimate

forany f,g € LE(R"; LY(R™)) such that (1-2) holds true.
Then, for some other constant C > 0, one has the estimate

/ fdv
gn—1

forany f,g € LE(R"; L1(S™™")) such that (1-2) holds true.

fodv

=CSMeery +llglrzre) (C-2)

R7 W

<CU S Nzzeg + gl Lere) (C3)

Wi

It is possible to show, though a dimensional analysis, that the restrictions (C-1) are in fact necessary in
order that (C-2) may hold; see [Arsénio 2015, Section 4] for details.

Proof. We employ a strategy similar to the one used in [Arsénio and Saint-Raymond 2011, Appendix C]

to go from the stationary case to a time-dependent setting. To this end, for any f, g € LE(R"; L{(S"™1))

such that (1-2) holds true, we introduce an artificial radial dimension by defining, for all (x, v) € R” x R”,
v

Focor= £ (x5 )xtol) and g0 = ol (. 2 ) o

vl

for some given nonnegative cutoff function x € L°(R).
Assuming that ¢(v) = 1 on the support of x(|v|), it is then readily seen that

. o0
fo dv=/ X(r)r”_ldr/ £ dv,
R” 0 sn—1

and
n

~ 1
||f||Lg(|Rgn) =|r a X(”)HL?([o,oo))||f||Lg(§n—1),

~ n—1
||g||L‘U1(Rn) =|r a +1X(V)||L‘,1([o,oo))||g||Lg(§n—1)-
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Further observe that (1-2) also holds with f and g in place of f and g, respectively. Therefore, by
plugging f and g into (C-2), we deduce the validity of estimate (C-3). O

A converse to the preceding proposition is also available.

Proposition C.2. Letn >2, s >0and 1 < p,q,r < oo be such that

p=r, s—i—n(l—l)fl and l-|—s-|—(l—l)§1, (C-4)
pr q pr
and suppose that there exists C > 0 such that one has the estimate
fdv|  =C([fllgprs +lglzrre) (C-5)
Sn—l W)}” 7

forany f,g € LE(R™; LL(S"1)) such that (1-2) holds true.
Then, for any ¢ € L2°(R"), there exists C > 0 such that one has the estimate

forany f,g € LE(R™; LLR") if p <q, or f,g € LLR"; L2(R")) if p < q, such that (1-2) holds true.

=CU S liggrs +glzey) #p=a

fodv
Rl’l

W (C-6)

fodv

g =CUflgare +lgllpare) ifp=q
n W/\:Y.r

Proof. We first assume that p < ¢. For any f, g € LZ(R"; L(R")) such that (1-2) holds true, we define,
for all (x,v) € R" x S""!, A > 0 and ¢ € LX(R"),

flx.v) = fOx,Av)p(hv) and g (x.v) = g(hx, Av) p(Av).
It is then readily seen that

— AT
L

ﬂdv
gn—1

ﬂ dv
gn—1

9’

L

/ f(x, Av) p(Av) dv
gn—1

=)\ £(x, Av) o(Av) dv

gn—1

8. r 78T
Wi Wy

and

||fA||L§(Rn;L%(§”—1)) =1 7| f(x, Av) ‘P()\U)||L§(Rn;Lg(§n—l)),

33 ||L§(RH;L3(§n—1)) =1 7| g(x,Av) ‘P()LU)||L§(Rn;Lg(§n—1))-
Further observe that (1-2) also holds with f; and g, in place of f and g, respectively. Therefore, by
plugging f and g into (C-5), we deduce that

AG ‘ / S ) Gy do| 425G .
gn—1 L; W;J

<C(II f(x,Av) PAV) [l Lo @n;La(sn—1y) + 18 (X, Av) <P()\U)||L§(Rn;Lg(gn—l)))-

‘/ f(x,Av) p(Av) dv
gn—1
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Next, recalling that ¢ is compactly supported within some large ball B(0, R), say, noticing that

n—1

— 1 1 /
Aa 5T (G=7) € Li ([0, R]), by (C-4), and then integrating the preceding estimate in A over [0, R], we

find
R

H / fve@)d| < [ !

R wsr Jo

/ f(x, Av) p(Av) dv dA
gn—1 r

e
Ko (3-1)

< C/ AT f(x, Av) @A) || o 1.9 (g1 dA
. .

R 1—s—n(Ll_1
+C [ G g ) G o1y
R q
<c ( RO — dk)
1

q

R
- c( /0 12Ge 20) @OV . g ooty dk)

< C(If e L@y + 1gle @ La@my))-
which concludes the proof of (C-6), when p <gq.
The case p > ¢ is obtained similarly. O
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ON THE EXISTENCE AND STABILITY OF BLOWUP FOR
WAVE MAPS INTO A NEGATIVELY CURVED TARGET

ROLAND DONNINGER AND IRFAN GLOGIC

We consider wave maps on (1+d )-dimensional Minkowski space. For each dimension d > 8 we construct
a negatively curved, d -dimensional target manifold that allows for the existence of a self-similar wave
map which provides a stable blowup mechanism for the corresponding Cauchy problem.

1. Introduction

We consider the Cauchy problem for a wave map from the Minkowski spacetime (R4, n) into a warped
product manifold N¢ = R x, S~1 with metric 4; see, e.g., [0’Neill 1983; Tachikawa 1985] for a
definition. The metric 4 has the form

h=du®+ gu)?®do>, (1-1)

where (1, 0) € RT x S~ is the natural polar coordinate system on N9, d6? is the standard metric on
S4-1 and
g€ C®R), gisodd, g'(0)=1, g>0on(0,00). (1-2)

Furthermore, we endow the Minkowski space with standard spherical coordinates (¢, r, ) € RxR™ x s4-1,
The metric 1 thereby becomes
n=—di® +dr* + 2 dw?, (1-3)

In this setting, a map U : (R4, n) — (N9, h) can be written as
Ut,r,w) = (u(t,r,w), 0(t, r,w)).
We restrict our attention to the special subclass of so-called 1-equivariant or corotational maps where
u(t,r,w)=u(,r) and 6(,r,w)=w.

Under this ansatz the wave maps equation for U reduces to the single semilinear radial wave equation
d—1 d—1
(8? S ar) u(t.r) + —= gt r)g (u(t.r) = 0: (1-4)

see, e.g., [Shatah and Tahvildar-Zadeh 1994].
It is not hard to see that the Cauchy problem for (1-4) is locally well-posed for sufficiently smooth data

and even the low-regularity theory is well understood [Shatah and Tahvildar-Zadeh 1994]. Consequently,

MSC2010: primary 35L71, S8E20, 58J45; secondary 35B35, 35B44.
Keywords: corotational wave maps, self-similar solutions, similarity coordinates, stable blowup.
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the interesting questions concern the global Cauchy problem and in particular, the formation of singularities
in finite time. There is by now a sizable literature on blowup for wave maps which we cannot review
here in its entirety. Let it suffice to say that the energy-critical case d = 2 attracted particular attention;
see, e.g., [Bizon et al. 2001; Struwe 2003; Krieger et al. 2008; Rodnianski and Sterbenz 2010; Raphaél
and Rodnianski 2012; Sterbenz and Tataru 2010a; 2010b; Krieger and Schlag 2012; Cdte et al. 2015a;
2015b; Coéte 2015; Gao and Krieger 2015; Lawrie and Oh 2016] for recent contributions. In supercritical
dimensions d > 3 the existence of self-similar solutions is typical [Shatah 1988; Turok and Spergel 1990;
Cazenave et al. 1998; Bizon 2000; Bizon and Biernat 2015] and stability results for blowup were obtained
in [Bizon et al. 2000; Donninger 2011; Donninger et al. 2012; Bizoni and Biernat 2015; Biernat et al.
2017; Chatzikaleas et al. 2017]. For nonexistence of type II blowup see [Dodson and Lawrie 2015]. Note,
however, that there exists nonself-similar blowup in sufficiently high dimensions [Ghoul et al. 2018].

According to a heuristic principle, one typically has finite-time blowup if the curvature of the target is
positive. For negatively curved targets, on the other hand, one expects global well-posedness. A notable
exception to that rule is provided by the construction of a self-similar solution for a negatively curved
target for d = 7 in [Cazenave et al. 1998], which indicates that the situation is more subtle. Here we
show that the example from that paper is not a peculiarity. We construct suitable target manifolds for
any dimension d > 8 that allow for the existence of an explicit self-similar solution. Moreover, we claim
that the corresponding self-similar blowup is nonlinearly asymptotically stable under small perturbations
of the initial data. In the case d = 9 we prove this claim rigorously. This provides the first example of
stable blowup for wave maps into a negatively curved target.

1A. Self-similar solutions. In order to look for self-similar solutions, we first observe that (1-4) has the
natural scaling symmetry

u(t,r)l—)ul(t,r):zu(i,i), A >0, (1-5)
A A
in the sense that if u solves (1-4) then u solves it, too. Consequently, it is natural to look for solutions
of the form u(¢, r) = ¢(r/t). Taking into account the time-translation and reflection symmetries of (1-4),
we arrive at the slightly more general ansatz
r

ut.r)=¢). p=5—/: (1-6)
where the free parameter 7' > 0 is the blowup time. By plugging the ansatz (1-6) into (1-4) we obtain the
ordinary differential equation

(d —1Dg(¢(p)g'(@(p) _
p> a
By recasting (1-7) into an integral equation and then using a fixed-point argument, one can show that any

d—1
(1= 2" (p) + (7 —2p)¢’(p) - 0. (1-7)

solution to (1-7) that vanishes together with its first derivative at p = 0 is identically zero near p = 0.
Therefore, any nontrivial smooth solution ¢ to (1-7) for which ¢(0) = 0 must have ¢’(0) # 0, and since

9 r _¢'(0)
8_r¢(T—t) reo T—1

(1-8)
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such a ¢ gives rise to a smooth solution of (1-4) which suffers a gradient blowup at the origin in finite time.
Furthermore, due to finite speed of propagation, this type of singularity arises from smooth, compactly
supported initial data. In the following, we restrict ourselves to the study of the solution in the backward
lightcone of the singularity,

Cr:={(t,r):tel0,T), re[0,T—t]}. (1-9)
Note that in terms of the coordinate p, Ct corresponds to the interval [0, 1]. Consequently, we look for
solutions of (1-7) that belong to C°°[0, 1].
2. Existence of blowup for a negatively curved target manifold

We construct for every d > 8 a negatively curved d-dimensional Riemannian manifold (N4, h) which
allows for a wave map U : (R1?, ) — (N<, h) that starts off smooth and blows up in finite time. We do
this by a suitable choice of the function g that defines the metric on N d by means of (1-1). To begin
with, we restrict ourselves to small # and set

g(u):=u\/1+7u2—(23d—170)u4. (2-1)

Clearly, g is odd and smooth locally around the origin. Furthermore, g(u) > 0 for small ¥ > 0 and
g'(0) = 1; see (1-2). In addition, for d > 8, the metric (1-1) makes the manifold N¢ negatively curved
locally around u = 0; see Proposition 2.1. Next, (1-4) takes the form

d—
2 _ 92
(8, — 07 —
and the corresponding ordinary differential equation (1-7) becomes

(d —Dig(p) +14¢(p)* —3(23d —170)¢(0)°] _
02

18r) w(tr) 4+ (d —D)u(t,r) + 14u(t, rr)j —3(23d — 170)u(t, r)°] _o. @2

d—1
(1= 20 (0) + (% = 20) ) - 0. @

As already discussed, any nonzero function ¢ € C°°[0, 1] that solves (2-3) and vanishes at p = 0 yields a
classical solution to (2-2) that blows up in finite time. In fact, (2-3) has an explicit formal solution

ap

= —, 2-4
where
_ /4 1,24 _Tdd-1)
““Neay T E@
and

E(d) = v (46d* —291d — 49)(d — 1) + 7(d — 1).

Furthermore, if d > 8 then E(d) is positive and b > 1, which makes ¢¢ a smooth and increasing function
on [0, 1]. Now we have the following result.
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Proposition 2.1. For each d > 8 there exists an ¢ > 0 and a function g : R — R satisfying (1-2) such
that g(u) = u~/1+Tu2 — (23d — 170)u* for |u| < ¢po(1) + & and the manifold N4 with metric given
by (1-1) has all sectional curvatures negative.

The proof is somewhat lengthy but elementary and therefore postponed to Appendix A.

We define
r

T—t
Note that |[po(p)| < ¢o(1) for all p € [0, 1] and thus,

uT(t,r)::d)o( ) (t,r) €Cr. (2-5)

UT(t,r,0):= @ (t,r),»)
is a wave map from Cz C R4 to (N4, h). By finite speed of propagation we obtain the following result.

Theorem 2.2. For every d > 8 there exists a d-dimensional, negatively curved Riemannian manifold
N such that the Cauchy problem for wave maps from Minkowski space RY4 jnto N2 admits a solution
which develops from smooth Cauchy data of compact support and forms a singularity in finite time.

Remark 2.3. Our focus in this work was on functions g which lead to polynomial-type nonlinearities gg’
in (1-4). Since

d
E(g(u)z) =2g(u)g' (),

this is equivalent to g2 being an even polynomial. The lowest-degree even polynomial g2 which, through
the metric (1-1), yields negative curvature (locally around the pole u = 0) on the target manifold N d g
of the form

gu)? = u? 4+ cru* + cou® (2-6)

for an appropriate choice of ¢, ¢; € R. Furthermore, the function g given by (2-6) gives rise to a (formal)
solution to (1-7) of the form (2-4). This solution in turn yields a bona fide self-similar blowup in the
corresponding wave maps equation only if it is smooth on [0, 1] and the corresponding function u”
from (2-5) stays inside the negatively curved neighborhood of the pole u = 0 whose metric is given
by (2-6). The construction of such solutions, by a proper choice of coefficients c; and ¢, in (2-6), is in
fact possible only for d > 8. There is, of course, some freedom in the choice of ¢y and c3, and the one
we made in (2-1) was led by the objective of “minimizing” their dependence on d by allowing them to

depend at most linearly on it.

In order to determine the role of the solution u” for generic evolutions, it is necessary to investigate its
stability under perturbations. In fact, we claim that for any d > 8, the self-similar solution (2-5) exhibits
stable blowup; i.e., there is an open set of radial initial data that give rise to solutions which approach u”
in Ct as t — T~. The rest of the paper is devoted to the proof of this stability property. We emphasize
that the fact that the solutions we constructed are explicit is crucial for our approach to their stability
analysis (see the proof of Proposition 3.7). Due to certain technical difficulties (see Remark 3.17) we
restrict ourselves to the lowest odd dimension d = 9.
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3. Stability of blowup

From now on we fix d = 9. In view of (1-4) and (2-1), we consider the Cauchy problem
8 Slu(t, )+ 14u(t,r)® —111u(t, r)?
(a%—az—;a,)u(t,rwr lu(t.r) UL ( )]=o, (t,r) eCr,

r? (3-1)
u(0,r) =uo(r), dou(0,r)=uy(r), relo,T].

The restriction to the backward lightcone Cr is possible and natural by finite speed of propagation.
Furthermore, to ensure regularity of the solution at the origin » = 0, we impose the boundary condition

u(,0)=0 fortel0,T). (3-2)
The blowup solution (2-4) now becomes

3p
V2(155 —74p2)

Note that by construction, the wave map evolution for the target manifold N° is given by (3-1), provided

where p = _r (3-3)

u (1,) = gop) = -

that |u(z,r)| < ¢o(1) + &1 for some small &1 > 0. We are only interested in the evolution in the backward
lightcone of the point of blowup and therefore study (3-1) with no a priori restriction on the size of u.
A posteriori we show that the solutions we construct stay below ¢g(1) + &1.

Note further that (3-1) can be viewed as a nonlinear wave equation with polynomial nonlinearity.
Indeed, the boundary condition (3-2) allows for a change of variable u (¢, 7) = rv(z, r) which leads to an
eleven-dimensional radial wave equation in v,

(a? — 92— 170 8r)v(t, r) = —8[14v(t, r)> —111r%v(, r)°]. (3-4)

In fact, this is the point of view we adopt here. In particular, the nonlinear term in (3-1) becomes smooth
and therefore admits a uniform Lipschitz estimate needed for a contraction mapping argument; see
Lemma 3.12. We also remark that (3-4), in spite of its defocusing character (at least for small values
of v), admits an explicit self-similar blowup solution. This is in stark contrast to the cubic defocusing
wave equation

10
(a% — 92— —a,)v(z, r)=—v(t,r)?
r

for which no self-similar solutions exist. The self-similar blowup in (3-4) can therefore be understood
as a consequence of the presence of the focusing quintic term which dominates the dynamics for large
initial data.

3A. Main result. We start by intuitively describing the main result. We fix Tp > 0 and prescribe initial
data u[0] that are close to u70[0] on a ball of radius slightly larger than Tj. Here and throughout the paper
we use the abbreviation u[t] := (u(t,-), d;u(t,-)). Then we prove the existence of a particular T near
Ty for which the solution 1 converges to ! inside the backward lightcone C7 in a norm adapted to the
blowup behavior of u”. For the precise statement of the main result we use Definitions 3.4 and 3.5.
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Theorem 3.1. Fix To > 0. There exist constants M, §, & > 0 such that for any radial initial data u[0]
satisfying
)
1
117 oD =11 D) ooy st = 37 (3-5)

the following statements hold:

(i) The blowup time at the origin T := T,[o] belongs to the interval [Ty — 8, Ty + 8].

(i) The solution u : Ct — R to (3-1) satisfies

(T =072 R 7 e |- D =" D e < 8T =105, (3-6)
(T —z)_§+l H' 7Y@, |- ) = dul (1, |- D)”H’(B%l_t) <8(T —r1)® (3-7)

for integers 0 < k <6 and 0 <[ < 5. Furthermore,

lu(t, ) —ul (t, )| Looo.7—r) < 8(T —1)°. (3-8)

Remark 3.2. The normalizing factor on the left-hand side of (3-6) and (3-7) appears naturally as it
reflects the behavior of the self-similar solution u” in the respective Sobolev norm; i.e.,

It Dl sap = |70 (77 )L = TR 0D s
HE®BYL)

and
/ ||
(7))

Remark 3.3. Since ¢ is monotonically increasing on [0, 1], we have

”l : |_1 deur(t, |- DHHI(BITI—r) =(T _t)_z =(T _t)%_l”(p(/)q ’ D“FII(B{I)‘

HIBY_)

™ (1. )| Looo,7—1) = max [lgo(p)]| = po(1). (3-9)
0€[0,1]
Therefore, given &1 > 0, it follows from (3-8) and (3-9) that § can be chosen small enough so that

e (@, )zooo,7—1) < Nult,-) =u” (¢, )|Looo,7—1) + 47 (1) | Lo 0.7y < €1 + do(1).

Hence, for ¢t < T the solution u(z, r) stays inside a neighborhood of u = 0 where the metric is given
by (2-1); i.e., the portion of the target manifold that participates in the dynamics of the blowup solution is
described by the metric (2-1).

3B. Outline of the proof. We use the method developed in the series of papers [Donninger 2011; 2014;
2017; Donninger and Schorkhuber 2012; 2014; 2016; 2017; Costin et al. 2017]. First, we introduce the
rescaled variables

(T —t)2

vi(t,r) = —! u(t,r), va(t,r):= dru(t,r). (3-10)
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Division by r is justified by the boundary condition (3-2) and the presence of the prefactors involving
T —t has to do with the change of variables we subsequently introduce. That is, we introduce similarity
coordinates (t, p) defined by

T:=—log(T —t)+1logT, p:= e (3-11)
and set
vj(r,p):=v;(T(1—e77), Te " p) (3-12)
for j = 1,2. As a consequence, (3-4) can be written as an abstract evolution equation,
0:¥(t) = Lo¥(r)+ M(¥(7)), (3-13)

where W(7) = (¥1(x,-), ¥a(t,-)), Lo is the spatial part of the radial wave operator in the new coordinates,
and M (W (7)) consists of the remaining nonlinear terms. The benefit of passing to the new variables (3-11)
and (3-12) is that the backward lightcone C7 is transformed into a cylinder

C:={(r,p): 71 €[0,00), p €0, 1]},

the rescaled self-similar blowup solution u” becomes a t-independent function Wy (this justifies the
presence of ¢-dependent prefactors in (3-10)), and the problem of stability of blowup transforms into the
problem of asymptotic stability of a static solution. We subsequently follow the standard approach for
studying the stability of steady-state solutions and plug the ansatz W(t) = W5 + ®(7) into (3-13). This
leads to an evolution equation in ®,

0:P(t) = Lo®(7) + L' ®(1) + N (P(1)), (3-14)

where L’ is the Fréchet derivative of M at W, and N (®(7)) is the nonlinear remainder. We then proceed
by studying (3-14) as an ordinary differential equation in a Hilbert space with the norm

lee)l? = 11, u2) |1 := flua (|- |)||%{6(B11) + [Ju2(] - |)||%.15(Bll)- (3-15)

However, passing to new variables also comes with a price. Namely, the radial wave operator L is not
self-adjoint. Nonetheless, we establish well-posedness of the linearized problem (that is, (3-14) with N re-
moved) by using methods from semigroup theory. In particular, we use a norm equivalent to (3-15) and the
Lumer—Phillips theorem to show that L generates a semigroup (So(7))r>0 With a negative growth bound.
This in particular allows for locating the spectrum of L. Furthermore, L’ is compactso L := Lo+ L’ gen-
erates a strongly continuous semigroup (S (7))r>0 and well-posedness of the linearized problem follows.

The stability of the solution u” follows from a decay estimate on the semigroup S (). To obtain such
an estimate we exploit the relation between the growth bound of a semigroup and the location of the
spectrum of its generator. We therefore study o (L) which, thanks to the compactness of L', amounts
to studying the eigenvalue problem (A — L)u = 0. We subsequently show that o (L) is contained in
the left half-plane except for the point A = 1. However, this unstable eigenvalue corresponds to an
apparent instability and we later use it to fix the blowup time. We therefore proceed by defining a spectral
projection P onto the unstable space and study the semigroup S (7) restricted to rg(1 — P). Furthermore,
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we establish a uniform bound on the resolvent Ry (1) and invoke the Gearhart—Priiss theorem to obtain a
negative growth bound on (1 — P)S (7).
Appealing to Duhamel’s principle, we rewrite (3-14) in the integral form

d(t)=S@U®W,T)+ / S (t — s)N (®(s)) ds, (3-16)
0

where U (v, T') represents the rescaled initial data. We remark that the parameter 7 does not appear in
the equation itself but in the initial data only. To obtain a decaying solution to (3-16) we suppress the
unstable part of S (r) by introducing a correction term

oo

C(®,UwT):=P (U(v, T) —i—/ e N (®(s)) ds)
0

into (3-16). That is, we consider the modified equation
T
P(0)=S(@) (U@, T)—C(®,U(.T))) +/ S (t—s)N(P(s)) ds. (3-17)
0

We subsequently prove that for a fixed Ty and small enough initial data v, every T close to Ty yields
a unique solution to (3-17) that decays to zero at the linear decay rate. In other words, we prove the
existence of a solution curve to (3-17) parametrized by 7T inside a small neighborhood of T}, provided v
is small enough.

Finally, we use the very presence of the unstable eigenvalue A = 1 to prove the existence of a particular
T near Ty for which C(®, U (v, T')) = 0 and hence obtain a decaying solution to (3-16) which, when
translated back to the original coordinates, implies the main result.

3C. Notation. We denote by B‘I’; the d-dimensional open ball of radius R centered at the origin. For
brevity we let BY := B‘f. We write 2-component vector quantities in boldface, e.g., u = (u1,u2). By
B(H) we denote the space of bounded operators on the Hilbert space #. We denote by o (L) and o, (L)
the spectrum and the point spectrum, respectively, of a linear operator L. Also, we denote by p(L) the
resolvent set C\ o (L) and use the convention Ry (1) := (A— L)~!, A € p(L), for the resolvent operator.
We use the symbol < with the standard meaning: a < b if there exists a positive constant ¢, independent
of a, b, such that a < cb. Also, a >~ b means that both ¢ < b and b < g hold.

3D. Similarity coordinates and cylinder formulation. After introducing the similarity coordinates
7:=—log(T —t)+1logT, p:= L,

T —1t
and the rescaled variables

vi(t,r) =

T—1t (T —1)
r

2
M(t7r)7 UZ(tar) ::fatu(l"rl
Vi(t.p) =vj(T(1—e" "), Tpe™ "), j=12,

we obtain from (3-1) the first-order system

[arwl]z[ —p oY1 — Y1 + V2 }_[ 0 } (3-18)
0:a] 291+ (10/0) py1 — pdpia — 29| | 8(14Y7 — 111p%y7)
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for (z, p) € C. Furthermore, the initial data become

[wl(o,m]:; [MO(T,O)]:l [ uTo (0, Tp) } . 1[F(Tp)] a19)
¥200.p)] ~ p [ Tur(Tp)| ~ p | Tou(0.Tp)| " p [TG(Tp)]’

where T is a fixed parameter and
F :=ug —uTO(O,-), G:=u;— BouTo(O,-).
In addition, we have the regularity conditions

apwl (T, P)|p=0 = apwz(n P)|p=0 =0

for 7 > 0. Note further that we are studying the dynamics around u7° for a fixed Ty and thus, it is natural
to split the initial data as in (3-19). The parameter T is assumed to be close to Ty and will be fixed later.
As a consequence, the proximity of the initial data to #70[0] is measured by v := (F, G).

3E. Perturbations of the blowup solution. For convenience, we set

Wl (Tv 10)] )

W(r)(p) := [WZ(T, 0)

In the rescaled variables the blowup solution u” becomes r-independent, i.e.,

[ (T —0)/ryu’ (t.1) ] [(l/p)sbo(p)
(T =0)?/r)du” (2. r) $o(p)

= :| = Wres(7)(0)-

We proceed by studying the dynamics of (3-18) around W;.s. Our aim is to prove the asymptotic stability
of Wy, which in turn translates into the appropriate notion of stability of u”. We therefore follow the
standard method and plug the ansatz ¥ = W, + ® into (3-18), where ®(7)(p) := (¢1(7, p), p2(z, p)).
This leads to an evolution equation for the perturbation @,

3:D(1) = LO(7) + N(D(7)),

(3-20)
®0)=UW,T),
where L and N are spatial operators and U (v, T') are the initial data. More precisely, L:=Lo+L'
where
= [ —pu’ (p) —u1(p) + uz(p) ]
Lou(p) := , (3-21)
O8OV = (o) + (10/ p) (p) — piiy (o) — 22(p)
i 0
L'u(p) := ] , (3-22)
= Wio, dotpnun )
[ 0
N(u = 3-23
W= v, ul(p))] (29
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for a 2-component function u(p) = (u1(p), u2(p)), where

8

N(p,u1(p)) = —F[n (9o(p) + pu1(p)) —n(o(p)) —n'(go(p))pu1(p)].

(3-24)
W(o. o(p)) = —%n’@o(p)) for n(x) = 14x> — 1115,
Also, we write the initial data as
(1/p)po((T/ To)p) [(1/ P)Po (p)}

) =U®,T)(p) = — ; V(,T)(p), 3-25
O =0 D) {(TZ/T(%)%((T/To)p)} St I R

where

C[WFTH][F
V. T)) = [(T/;»G(Tp)} Vs [G] :

3F. Strong lightcone solutions and blowup time at the origin. To proceed, we need the notion of a
solution to the problem (3-20). In Section 3G we introduce the space

H:=HS

a

JB) x H3 (@)

and prove that the closure of the operator L, defined on a suitable domain, generates a strongly continuous
semigroup S (7) on H. Consequently, we formulate the problem (3-20) as an abstract integral equation
via Duhamel’s formula,

T
() =SEHUW,T)+ / S(t—5)N(D(s)) ds. (3-26)
0
This in particular establishes the well-posedness of the problem (3-20) in H. We are now in the position
to introduce the following definitions.

Definition 3.4. We say that u : C7 — R is a solution to (3-1) if the corresponding @ : [0, co) — H belongs
to C([0, 00); H) and satisfies (3-26) for all t > 0.

Definition 3.5. For the radial initial data (1o, u1) we define 7 (1o, u1) as the set of all T > 0 such that
there exists a solution u : C7 — R to (3-1). We call

Tuo,uy) = sup(T (uo, u1) U {0}) (3-27)
the blowup time at the origin.

3G. Functional setting. We consider radial Sobolev functions # : [E{%}Q1 — C, i.e., u(§) = u(|§]) for
£ € BY' and some u : [0, R) — C. We furthermore define

e H™(BY) ifandonlyif @ e H™BL):=w™*@BY).
With the norm

”””HrZ’Q(B}J) = Hﬁ”[-jm(B}i}),
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Hr':d(B}zl) becomes a Banach space. In the rest of this paper we do not distinguish between u and .
Now we define the Hilbert space

Hi= Hog(B') x H3y(B'),

rad

with the induced norm
2 _ 2._ 2 2
Jall? = NP 1= Tty orr, + 0215 10y

3H. Well-posedness of the linearized equation. To establish well-posedness of the problem (3-20) we
start by defining the domain of the free operator L; see (3-21). We follow [Donninger and Schorkhuber
2017] and let

D(Lo) :={u e C®0,1)2NH:w; € C30,1], w/(0) =0, wy € C2[0,1]},
where
1d\* 4 ")
wj () = Dy () = (——) ) =3 enp™ )
p dp n=0
for certain positive constants ¢, p € [0, 1], and j = 1, 2. Since COO(BT”) is dense in H™(B!1),
Conl0. 117 = {u € C®[0. 117 : u®*V(0) = 0. k =0, 1.2....} c D(Lo)

is dense in #, which in turn implies that Lo is densely defined on ‘H. Furthermore, we have the following
result.

Proposition 3.6. The operator Lo : D(Lo) C 1 — H is closable and its closure Lo : D(Lo) C H — H
generates a strongly continuous one-parameter semigroup (So(t))r>0 of bounded operators on H
satisfying the growth estimate

[So(x)|| < Me™" (3-28)

for all T > 0 and some M > 0. Furthermore, the operator L := Lo+ L' :D(L) CH—H, D(L)=D(Ly),
is the generator of a strongly continuous semigroup (S (t))r>0 on H and L' : H — H is compact.

Proof. The proof essentially follows the one of Proposition 3.1 in [Chatzikaleas et al. 2017] ford =9. O

31. The spectrum of the free operator. By exploiting the relation between the growth bound of a semi-
group and the spectral bound of its generator, we can locate the spectrum of the operator L. Namely,
according to [Engel and Nagel 2000, p. 55, Theorem 1.10] the estimate (3-28) implies

0(Lo) CS{AeC:ReA <—1}. (3-29)

3J. The spectrum of the full linear operator. To understand the properties of the semigroup S () we
investigate the spectrum of the full linear operator L. First of all, we remark that A = 1 is an eigenvalue
of L (see Section 3K), which is an artifact of the freedom of choice of the parameter T'; see, e.g., [Costin
et al. 2017] for a discussion on this. What is more, A = 1 is the only spectral point of L with a nonnegative
real part. To prove this we first focus on the point spectrum.
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Proposition 3.7. We have
op(L) S {A€C:ReA <0} U{l1}. (3-30)

Proof. We argue by contradiction and assume there exists a A € 0,(L) \ {1} with Re A > 0. This means
that there exists a u = (41, u2) € D(L)\ {0} such that u € ker(A — L). The spectral equation (A—L)u =0
implies that the first component u; satisfies the equation

(1= p2)ul(p) + (1’70—2@ +2>p)u’1(p>—(x DO+ 1) V() =0 (33D)

for p € (0, 1), where

/ 2_
V(p) := =W(p,$o(p)) = o (ﬁg 2 _548227_/)74;:30)

Since u € ‘H, we know 1| must be an element of Hrgd(B”). From the smoothness of the coefficients
in (3-31) we have an a priori regularity u1 € C°°(0, 1). In fact, we claim that u; € C°°[0, 1]. To show
this, we use the Frobenius method. Namely, both p = 0 and p = 1 are regular singularities of (3-31) and
Frobenius’ theory gives a series form of solutions locally around singular points.

The Frobenius indices at p = 0 are s; = 0 and s, = —9. Therefore, two independent solutions of (3-31)
have the form

o0 o
up(p) =Y aip' and ui(p) = Clog(p)ui(p)+p° Y bip'
i=0 i=0

for some constant C € C and ag = bg = 1. Since u%(p) is analytic at p = 0 and u%(p) does not belong to
Hrgd(B“), we conclude that u; is a multiple of u{ and therefore, u; € C*°[0, 1).

The Frobenius indices at p = 1 are s; = 0 and s, = 4 — A, and we distinguish different cases. If
4 — )\ ¢ 7 then the two linearly independent solutions are

uj(p) = ai(1=p)" and ui(p)=(1-p)** Y bi(1-p)y
i=0 i=0

with ag = by = 1. Since ui(p) is analytic at p = 1 and u% does not belong to Hrgd([B”), we conclude
that u; € C*°[0, 1]. If 4 — A € Ny, then the fundamental solutions around p = 1 are of the form

o o0
uj(e)=(1=p)**Y ai(1—p)' and ui(p) =) bi(1—p)' +Clog(l—p)u}(p).
i=0 i=0
with ag = by = 1. Since ui (p) is analytic at p = 1 and u% does not belong to Hrgd(B“) unless C =0,
we again conclude that u; € C*°[0, 1]. Finally, if 4 — A is a negative integer, the linearly independent
solutions around p = 1 are

ui(p) =Y ai(1—p)' and ui(p)=(1=p)** > bi(1—p) +Clog(l—p)ui(p),
i=0 i=0
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with @p = bg = 1. Once again, since u{(p) is analytic at p = 1 and u% is not a member of HS,(B'!), we
infer that u; € C°°[0, 1].

To obtain the desired contradiction, it remains to prove that (3-31) does not have a solution in C *°[0, 1]
for ReA > 0 and A # 1. This claim is called the mode stability of the solution u”. A general approach
to proving mode stability of explicit self-similar blowup solutions to nonlinear wave equations of the
type (1-4) was developed in [Costin et al. 2016; 2017]. We argue here along the lines of [Costin et al.
2017]. Also, for the rest of the proof, we follow the terminology of that paper. Namely, we call A € C an
eigenvalue if it yields a C°°[0, 1] solution to the equation in question. Also, if an eigenvalue A satisfies
Re A > 0 we say it is unstable; otherwise we call it stable. Our aim is therefore to prove that, apart from
A =1, there are no unstable eigenvalues of the problem (3-31).

First of all, we make the substitution v(p) = pu1(p). This leads to the equation

8 .
(1—p*)"(p) + (; —2(A+ l)p) v'(p) —A(A + Dv(p) — V(p)v(p) =0, (3-32)

where
10(15799,04 —5084p% — 19220)

0p%(155 —74p2%)2

V(p) =

Now we formulate the corresponding supersymmetric problem,

8 ~
(1-=p2)0"(p) + (; —2(A + l)p) 7'(p) = (A +2)(A = D (p) = V(p)d(p) = 0, (3-33)
where
B 18(3737p* 4 5735p2 — 24025) ]

V(p) := :
) 02(155 — 7402)2

see [Costin et al. 2017, Section 3.2] for the derivation. We claim that, apart from A = 1, (3-32) and (3-33)
have the same set of unstable eigenvalues. This is proved by a straightforward adaptation of the proof of
Proposition 3.1 in [Costin et al. 2017].

To establish the nonexistence of unstable eigenvalues of the supersymmetric problem (3-33) we follow
the proof of Theorem 4.1 in [Costin et al. 2017]. We start by introducing the change of variables

x=p2 5(p) = ey (x)
’ V155 —T74x '

Equation (3-33) transforms into Heun’s equation in its canonical form,

(3-34)

reys (B A3 74
Y 2x T x—1 74x—155

TAL(A + 3)x — (15542 4 7751 + 1656)

)y’(x)+ 4x(x — 1)(T4x — 155) y(x) =0 (3-33)

Note that (3-34) preserves the analyticity of solutions at 0 and 1, and consequently, (3-33) and (3-35)
have the same set of eigenvalues. The Frobenius indices of (3-35) at x = 0 are s1 = 0 and s, = —1—21, o)
its normalized analytic solution at x = 0 is given by the power series

> an(M)x", ao(h) =1. (3-36)
n=0
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The strategy is to study the asymptotic behavior of the coefficients a,(A) as n — oo. More precisely, we
prove that if A € H! then lim;, 00 @nt1(1)/an(A) = 1. Since x = 1 is the only singular point of (3-35)
on the unit circle, it follows that the solution given by the series (3-36) is not analytic at x = 1.

First, we obtain the recurrence relation for coefficients {a,(A)}nen,. By inserting (3-36) into (3-35)
we get

3102n + 15)(n + 2)an+2(A)
= [155A(A + 4n + 9) + 2(458n2 + 23570 + 2727)]an+1(A) — 74(A +2n + 3) (A + 2n)a, (1),

where a_1 (A1) = 0 and ao(L) = 1, or, written differently,

an+2(A) = An(A) an+1(A) + Ba (1) an (1), (3-37)
where
A1) = 1551 (A + 4n + 9) 4 2(458n2 + 2357n 4 2727)
e 3102n + 15)(n +2)
and
—37(A+2n+3)(A+2n)
Bn(A) =
1552n 4+ 15)(n 4+ 2)
We now let )
dn+1
)= —"——-7 3-38
and thereby transform (3-37) into
B, (A
1 () = A (1) + 22, (3-39)
rn(A)
with the initial condition
ai(d)
ro(d) = =A_1(A) = g A2+ A+ 22
0(1)
Analogous to Lemma 4.2 in [Costin et al. 2017] we have that, given A € H, either
lim r,(A) =1 (3-40)
n—>oo
or
. _ 74
nll)rr;o rn(A) = {35. (3-41)

Our aim is to prove that (3-40) holds throughout H. We do that by approximately solving (3-39) for
A € H. Namely, we define an approximate solution (also called a quasisolution)

A2 N A +2n+12
4n?2 +28n+27 n+7 2n+23

to (3-39); see [Costin et al. 2016, Section 4.1] for a discussion on how to obtain such an expression.
Subsequently, we let

Fn(A) =

'n (A)
Fa(A)

IHere, as in [Costin et al. 2017], H denotes the closed complex right half-plane.

Sn(A) = 1 (3-42)



BLOWUP FOR WAVE MAPS INTO A NEGATIVELY CURVED TARGET 403

and from (3-39) we get the recurrence relation

)
Sn1 = en— CW (3-43)
for §,, where
Antn + B, B
= anntBn_d = (3-44)
"'nn+1 "'nn+1
Now, for all A € H and n > 7 we have the bounds
87 M) <3 eV < 5. 1G] < 3. (3-45)

The last two inequalities above are proved in the same way as the corresponding ones in Lemma 4.4 in
[Costin et al. 2017]. However, the proof of the first one needs to be slightly adjusted and we provide it
in the appendix; see Proposition B.1. Next, by a simple inductive argument we conclude from (3-43)
and (3-45) that

82(A)| < % foralln >7and A € H. (3-46)

Since for any fixed A € H we have limy, o0 7 (1) = 1, (3-46) and (3-42) exclude the case (3-41). Hence,
(3-40) holds throughout H and we conclude that there are no unstable eigenvalues of the supersymmetric
problem (3-33), thus arriving at a contradiction and thereby completing the proof of the proposition. [

Remark 3.8. Apart from A = 1 the point spectrum of the operator L is completely contained in the
open left half-plane. It is natural to try to locate the eigenvalues that are closest to the imaginary axis, as
their location is typically related to the rate of convergence to the blowup solution u”. Our numerical
calculations indicate that —0.98 4= 3.761 is the approximate location of the pair of (complex conjugate)
stable eigenvalues with the largest real parts. It is interesting to contrast this with the analogous spectral
problems for equivariant wave maps into the sphere and Yang—Mills fields, where all eigenvalues appear
to be real; see [Bizon and Biernat 2015].

Corollary 3.9. We have
o(L)yC{AeC:ReA <0}U{l}.

Proof. Assume there exists a A € 6(L) \ {1} with Re A > 0. From (3-29) we see that A is contained in the
resolvent set of L. Therefore, we have the identity
A—L =[1—L'Rr,(})](A— Ly). (3-47)

This implies that 1 € 0(L" Ry, (1)) and since L' Ry (1) is compact, it follows that 1 € o, (L' R, (1)).
Thus, there exists a nontrivial f € H such that [1 —L'Ry (1)] f = 0. Consequently, u := R ,(1) f #0
satisfies (A — L)u = 0 and thus, A € 0,,(L), but this is in conflict with Proposition 3.7. O

3K. The eigenspace of the isolated eigenvalue. In this section, we prove that the (geometric) eigenspace
of the isolated eigenvalue A = 1 for the full linear operator L is spanned by

_|&a]_ $o(p) ] _
s [gZ(P)} |:p¢(/)/(P)+2¢6(p)' (3-48)
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Namely, we are looking for all u = (11, u3) € D(L) \ {0} which belong to ker(1 — L). A straightforward
calculation shows that the spectral equation (1— L)u = 0 is equivalent to the system of ordinary differential
equations

uz(p) = pu'y(p) +2u1(p),
(1—p*)u{(p) + (10/p—6p)u’y (p) — (6 + (8/p*)n" ($o(p))) u1(p) =0

for p € (0, 1). One can easily verify that a fundamental system of the second equation is given by the

(3-49)

functions ¢ (p) and p~° A(p), where A(p) is analytic and nonvanishing at p = 0. We can therefore write
the general solution to the second equation as

A
n(p) = i) + 20

The condition # € D(L) requires u; to lie in the Sobolev space Hrgd([B“). Since ¢, € C*°[0, 1], this
requirement yields C» = 0 which, according to the first equation in (3-49), gives u = C; g. In conclusion,

ker(1—L) = (g), (3-50)

as initially claimed.

3L. Time evolution of the linearized problem. To get around the spurious instability on the linear level,
we use the fact that A = 1 is isolated to introduce a (nonorthogonal) spectral projection P and study the
subspace semigroup S (7)(1 — P). From Corollary 3.9 we then infer that the spectrum of its generator
is contained in the left half-plane. This does not necessarily imply the desired decay on S (7)(1 — P).
We nonetheless establish such a decay by first proving uniform boundedness of the resolvent of L in a
half-plane that strictly contains H and then using the Gearhart—Priiss theorem. For this purpose, we define

Qer:={A€C:ReA>—-1+¢,|A| >R}
fore, R > 0.
Proposition 3.10. Let ¢ > 0. Then there exists a constant Rg > 0 such that the resolvent Ry exists on
Q¢ R, and satisfies
2

IR <2
forall A € Q¢ R,.
Proof. Fix ¢ > 0 and take A € Q, g for an arbitrary R > 2. Then A € p(L¢) and the identity (3-47) holds.
The proof proceeds as follows. For large enough R, we show that the operator 1 — L' Ry, (A) is invertible
in Qg gand Rp,(A) and [l —L'R LO(/\)]_1 are uniformly norm bounded there. Via (3-47) this implies

the desired bound on Ry (1).
First of all, semigroup theory yields the estimate

1
[RL, (M| < m; (3-51)
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see [Engel and Nagel 2000, p. 55, Theorem 1.10]. Next, by a Neumann series argument, the operator
1—L'Ry,(A) is invertible if || L’ R ,(A)|| < 1. To prove smallness of L’ Ry, (A), we recall the definition
of L', (3-22),

0
W(p)ui(p)

Letu = Ry ,(A) f or, equivalently, (A — Lo)u = f. The latter equation implies

L'u(p) := |: ] , W (p) = —%n’(qﬁo(p)) for n(x) = 14x> — 111x°.

(A + Duip) = u2(p) — pui(p) + f1(p).

Now we use Lemma 4.1 from [Donninger and Schorkhuber 2017] and ||W(k)|| L(,1) < 1 for all
k €{0,1,...,5} to obtain

A+ UL RLyM) £ = 1A+ UL ul = W (2 = (uh + [l g5, iy
< luzllgs @iy + 1)Ul gs @y + 1L fllgs @y
S luzllgs @iy + 1wl gs @y + 1 Allgs @y

1
< < — 11 <
W+ 1715 (ggg + ) IS A1,

where we used (3-51). In other words,

< 1 < 1
A+1] = [A[—1~ R—1

IL'RL, (M) <
and by choosing R sufficiently large, we can achieve || L' R, ()| < % As aconsequence, [I—L'Ry,(A)] ™!
exists for A € Q, g, and we obtain the bound

IRL (M) = | RL, (M1 — L' R, ()] ™|
< IRLoMIIIT = L' R, ()]
o0
2
<[ RL,M)] ZO IL'RL,M)|" < <. O
n=

We now show the existence of a projection P which decomposes the Hilbert space H into a stable
and an unstable subspace and furthermore prove that data from the stable subspace lead to solutions that
decay exponentially in time. We also remark that it is crucial to ensure that rank P = 1, i.e., that g is the
only unstable direction in H.

Proposition 3.11. There exists a projection operator
PeB(H), P:H—(g),
which commutes with the semigroup (S (t))c>0. In addition, we have

S(7)Pf =" Pf (3-52)
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and there are constants C, & > 0 such that
[A=P)S () fl <Ce™*T(1=P)f (3-53)
forall f e Handt > 0.

Proof. By Proposition 3.7, the eigenvalue A = 1 of the operator L is isolated. We therefore introduce the
spectral projection

1
P :H—>H, P::—,/RL(/L)d;L,
2wi J,

where y is a positively oriented circle around A = 1. The radius of the circle is chosen small enough so
that y is completely contained inside the resolvent set of L and such that the interior of y contains no
spectral points of L other than A = 1. The projection P commutes with the operator L and therefore with
the semigroup S (t). Moreover, the Hilbert space H is decomposed as H = M & N, where M :=rg P
and NV :=rg(1 — P) = ker P. Also, the spaces M and N reduce the operator L, which is therefore
decomposed into L » and L »r. The spectra of these operators are given by

o(Ly) =0(L)\{1}, o(Lnp) = {1} (3-54)

We refer the reader to [Kato 1980, Chapter 111, Section 6.4] for these standard results.

To proceed with the proof we show that rank P := dimrg P < 400. We argue by contradiction and
assume that rank P = +o00. This means that A = 1 belongs to the essential spectrum of L; see [Kato
1980, p. 239, Theorem 5.28]. But according to Proposition 3.6 the operator Lo = L — L’ is a compact
perturbation of L, and due to the stability of the essential spectrum under compact perturbations we
conclude that A = 1 is a spectral point of Ly. However, this is in conflict with (3-29), and therefore
rank P < 4o0.

Now we prove that (g) = rg P. From the definition of the projection P we have Pg = g. Therefore
(g) Crg P and it remains to prove the reverse inclusion. From the fact that the operator 1 — L ¢ acts on
the finite-dimensional Hilbert space M = rg P and (3-54) we infer that A = 0 is the only spectral point
of 1 — L »q. Hence, 1 — L 5, is nilpotent; i.e., there exists a k € N such that

(1—Ly)*u=0

for all u € rg P and we assume k to be minimal. Due to (3-50) the claim follows immediately for k = 1.
We therefore assume that k > 2. This implies the existence of a nontrivial function # € rg P € D(L) such
that (1 — L p¢)u is nonzero and belongs to ker(1 — L o) C ker(1 — L) = (g). Therefore (1 — L)u = ag
for some o € C\ {0}. For convenience and without loss of generality, we set « = —1. By a straightforward
computation we see that the first component of u satisfies the differential equation

(1= o) () + (% ~6p)ui(o) - 6+ %n/(¢0(P))) ur(p) = G(p) (3-55)

for p € (0, 1), where
G(p) :=2pg(p) + 5¢5(p), p €0, 1].
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To find a general solution to (3-55) we first observe that

a1(p) :=g1(p) = go(p), pe(0,1),

is a particular solution to the homogeneous equation

0 8
(1—p*)uf{(p) + (? - 60) ui(p) — (6 + ?n’(tbo(p))) ui(p) =0;
see (3-48) and (3-49). Note that the Wronskian for the equation above is

(1-p%)?
W(p) = ———.
p10
Therefore, another linearly independent solution is

1— 1
uz(m—ul(p)/( o
0

for all p € (0, 1). Note that near p = 0 we have the expansion
| [
fa(p) = —5 Y _ajp’, ao#0,
Pz
j=0
as already indicated in Section 3K. Furthermore, we have

i2(p) = (1=p)* ) bj(1=p)’. bo#0.

Jj=0
near p = 1. Now, by the variation-of-constants formula we see that the general solution to (3-55) can be
written as

1(y)G(y)y1° 1o )/" i2(y)G(y)y'°

u1(p) = c1t1(p) + c2ii2(p) + ti2(p )/ =y %) dy

for some constants ¢1, ¢ € C and for all p € (0, 1). The fact that uy € H, ([H%“) implies ¢c; = 0 as i

rad
has a ninth-order pole at p = 0. Therefore

o G 10 o G 10
(o) = crin(p)+ia(p) [T dy i) [T OGNy as6)
The last term in (3-56) is smooth on [0, 1]. To analyze the second term, we set
F
2)i=iatp) [
where
Fly) = AOIGOT 10(2y¢0(y)¢ () +565(»))
VT3 (1+)? '

By a direct calculation we get F”/(1) # 0 and thus, the expansion of Z(p) near p = 1 contains a term of
the form (1 — p)* log(1 — p). Consequently, Z(* ¢ L2(1, 1), which is a contradiction to u; € HS,(B!!).

rad
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Finally we prove (3-52) and (3-53). Note that (3-52) follows from the fact that A = 1 is an eigenvalue
of the operator L with eigenfunction g and rg P = (g). Next, from Corollary 3.9 and Proposition 3.10
we deduce the existence of constants D, & > 0 such that

IRL(AM)(1—P)| =D

for all complex A with Re A > —e. Thus, (3-53) follows from the Gearhart—Priiss theorem; see [Engel
and Nagel 2000, p. 302, Theorem 1.11]. O

3M. Estimates for the nonlinearity. In the next section we employ a fixed-point argument to prove
the existence of decaying solutions to (3-26) for small initial data. To accomplish that, we need a
Lipschitz-type estimate for the nonlinear operator /V; see (3-23). We first define

Bs :={ueH: |lu]l = (w1, u2)ll go @11)xm3 @) < -
Lemma 3.12. Let 6§ > 0. For u, v € By, we have
IN @) =N @) < (lull +[[vl)]z—wv]. (3-57)
Remark 3.13. From this lemma we infer the estimate
IN(@)—N@)| <5|u—v]. (3-58)

Therefore, the implied Lipschitz constant in (3-58) can be made as small as needed by adjusting the size
of §.

Proof. Based on (3-23) and (3-3), the difference N(p,u) — N(p, v) can be written as
4 . .
N(p.u) = N(p.v) = Y nj(ph)/* —v/*h), (3-59)
ji=1

where n; € C*°[0, 1]. For 6 > 0, we have u, v € Bg, and due to the bilinear estimate

Il f1/21l o

rad

®11) < ||f1 ”Hr?ld(Bll)||f2||Hr2d(B11)’

we have
IN@ =N = [NC.u1) = NGl gs g

< INC u) =NC vl ge @iy
4
i+1 41
< P e el ™ =0 e o
—

S (urllg,@y + 1villgg @)l —villgg, @)

< (flall +llvlD e — v 0
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3N. The abstract nonlinear Cauchy problem. In this section we treat the existence and uniqueness of
solutions to (3-20) for small initial data. According to Definition 3.4 we study the integral equation

dD)=S@UW,T)+ /T S(t—5)N(D(s)) ds (3-60)
0

for T > 0 and v € H small. In order to employ a fixed-point argument, we introduce the necessary
definitions. First, we define a Banach space

X 1= (@ € C([0.00). H) : [ @l 1= sup,o | D(2)]] < 00}, (3-61)
where ¢ is sufficiently small and fixed. We denote by X the closed ball in X’ with radius §; that is,
Xy ={DPeXx:|PD||x <5} (3-62)

Finally, we define the correction term

C(@,u)::P(u—l—/
0

K@ u)(t):=S()(u—-C(d,u)) + [OT S(t—5)N(D(s))ds.

o0

e N (D(s)) ds),

and set

The correction term serves the purpose of suppressing the exponential growth of the semigroup S (t) on
the unstable space. We have the following result.

Theorem 3.14. There exist constants &, C > 0 such that for every u € H which satisfies ||u|| <§8/C, there
exists a unique ®, € X such that
d, = K(Oy,u). (3-63)

In addition, the solution ®y, is unique in the whole space X and the solution map u — ®y, is Lipschitz
continuous.

The proof coincides with the one of Theorem 3.7 in [Chatzikaleas et al. 2017].
We now study the initial data U (v, T'), see (3-25), and prove its continuity in 7 near Ty. For that
reason we define
HR = Hr?ld X Hrzd(B}il ’
with the induced norm
2 _ 2 2
lwliye = lwill-Diigsguy + w20 Dligsguy-
Lemma 3.15. Fix Ty > 0. Let | - |~ Yv € HTotS for § positive and sufficiently small. Then the map
T—U®W,T):[To—6,To+d8]—>H

is continuous. Furthermore, forall T € [Ty — 68, To + 6],

117 04 <8 = U@ T <6
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Proof. We prove the result for Ty = 1 only, as the general case is treated similarly. Assume |-|~1v € p1+s
for § positive but less than 1 5T = % We first introduce some auxiliary facts. Namely, by scaling we see
that for f € H )andTe[l—Sl—i—S]

AT Dl e @ty T 1/A-Dll o @1

Furthermore, from the density of C

rad 1+8

i+3)

ou0, 1+ 8] in HE (B1} +s) we conclude that given ¢ > 0, there exists
ad; € CX[0,1+8] such that |||-| "Ly (]-]) = 1(]- DHH%(BHs) < €. Also, the functions (1/Tp)¢o(Tp)
and v(Tp) are smooth on [0, 1] for T € [1 —§, 1 + §]. Therefore,

Bim 17179007 )= 00T - D) | gogarny + 19107 D =01 (T - Dllmony =0. (364

Using these facts, we prove the continuity of the first component of the map 7' — U (v, T). Namely,
given ¢ > 0, there exists a v1 € C32,[0, 1 4 4] such that for 7, T €[1—8,1+ 8] we have

U@ D] =10 @ Dl go@n)
= 1-17" (T D+ 117 0T -D=1-1""9o(T -D=1- 1" 01 (1T - D gogry
ST @olT D =o(T - gogny + 11T 17" 01T -D=51(T =D gogary
+[510T -D=51(T D] gory + 1T 17 5(T D= 01T -D|| o)
ST @l D =90(T -] oy + 117 01D =510 D goayy,,
+ 50T -D=51(T D] go@ny
< 1T - 170 (T - D) = ¢o(T -D) | goggrry + 3107 -D =51(T - D oy + &

This together with (3-64) implies that [U (v, T)]; is continuous. The second component is treated

analogously. Now, given ||| -|~!v|/;;14s <8 and T € [1 —§, 1 + §], we have
U@, Dlillgs@ny = |1-17 (T -D=1-1" oD +1- [T 01(T D go@r)
-1
SIT =1+ villgsr ) <6

We obtain a similar estimate for the second component and finally deduce that
U, T)| < 6. O

As already mentioned, the unstable eigenvalue A = 1 is present due to the freedom of choice of the
parameter 7, and is therefore not considered a “real” instability of the linear problem. The following
theorem is the precise version of this statement. Namely, for a given Ty and small enough initial data v,
there exists a Ty close to To that makes the correction term C(®y y,T,). U (v, Tp)) vanish. This in turn
allows for proving the existence and uniqueness of an exponentially decaying solution to (3-60).

Theorem 3.16. Fix To > 0. Then there exist §, M > 0 such that for any v that satisfies

-1
-1 llyro+s = =

M
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there exists a T € [Ty — 68, To + 8] and a function ® € X5 which satisfies
T
() =S UW, T)+ / S(t—5)N(D(s))ds (3-65)
0

for all t > 0. Moreover, ® is the unique solution of this equation in C ([0, 00), H).

Proof. Let Ty > 0 be fixed. We first prove that for any 7" in a small neighborhood of T and small enough
initial data v there exists a unique solution to (3-63) for u = U (v, T'). From Lemma 3.15 we deduce
the existence of sufficiently small § and sufficiently large M > 0 so that for every T € [Ty — 6, To + 6],
I 17 v ll,70+s < 8/M implies |U (v, T)l|lx < 8/C for a large enough C > 0. Via Theorem 3.14 this
yields the unique solution to (3-63) for every T in the designated range. It remains to show that for
small enough v, there exists a particular Ty, € [To — &, To + 8] that makes the correction term vanish, i.e.,
C(®yw.1,)- U(v,Ty)) = 0. Since C has values in rg P = (g), the latter is equivalent to the existence
ofa Ty € [To — 6, To + &] such that

(C(@u,r,). U, Ty)). g}, =0. (3-66)
By definition, we have

_ 50

) { (1/p)$o((T/ To)p) }
T Ty

(T%/T5)$o((T/ To)p)

T=To
and this yields the expansion

lgl? 8
(C(@v@,r,) U®.T)).g), = TO(T —To)+ O(T —Tp)*>) + O MTO + 0(82TY).
A simple fixed-point argument now proves (3-66); see [Donninger and Schorkhuber 2017, Theorem 4.15]
for full details. O
Proof of Theorem 3.1. Fix Ty > 0 and assume the radial initial data u[0] satisfy
)
L1 ., To e
H| | (M[O] u [0]) |}H6(B}~})+5)XH5(B;B+5) = M02
with §, My > 0 to be chosen later. We set v := u[0] —u0[0]; see Section 3E. Then we have
- _ )
1 olgroes = 117 Qul0] = u™[0D) |y < 5
0

Now, upon choosing § > 0 sufficiently small and My > 0 sufficiently large, Theorem 3.16 yields a
T e[To—68/My, To+ 6/ My] C [1 —6,1+ 5] such that there exists a unique solution ® = (@1, ¢2) € X
to (3-65) with ||®(7)|| < (§/Mp)e 2% for all T > 0 and some & > 0. Therefore, by construction,

T r T r
t,r)= t, log ——,
ey =)+ o (1o )

solves the original wave maps (3-1). Moreover,

. T r T r
deu(t,r) =0;u” (t,r)+ T =12 902(10gT—_ta T—t)'
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Therefore,

(T=0F 3117 @ - D= @) e = (T-0F %

(e 77|
T—t ’ T—t Hk(B%},t)

1 T [ <|®(1 T
— 0 P < 0g ——
pr{os T—t HE@®I) g T—t )|y
)
< T—t 2¢
<3 T
for all ¢ € [0, T') and any integer 0 < k < 6. Furthermore,
AT
(T =072 |- [T @eue. |- D =00 (.| D)| oy
_u T .
= (T 1)~ <P2(10g - T'—')‘ |
— —t HI(B'ITI—t)
T T )
z‘(pz(log ||)H < @(log ) < —(T—-10)*
T—t H!B!) T—t o My
forall/ =0,1,...,5. Finally, by Sobolev embedding we infer
() —u" @ Hlzeo,r—0) < T =117 @@ 1D =u" 1D Lo o7
S@ =011 @ - D=u" @D e
8
< —(T—1)°
and this finishes the proof by setting M := MOZ. O

Remark 3.17. Based on [Donninger and Schoérkhuber 2017; Chatzikaleas et al. 2017], the analogue of
Theorem 3.1 in any odd dimension d > 11 follows from the mode stability of the solution u”. However,
a nontrivial adjustment of the method of the proof of Proposition 3.7 is required in order to establish the
analogous result for all higher odd d simultaneously. This will be addressed in a forthcoming publication.

Appendix A: Proof of Proposition 2.1

A straightforward computation shows that all sectional curvatures of the manifold N 4 are given by either

—g"w) (i) 1—g'(u)?
g(u) g(u)?

We first show that the two expressions above are negative provided d > 8 and u € I := [0, ¢po(1)]. For
convenience we let d = e + 8. We now have
g"(u)  6(23e + 14)*u® —63(23e + 14)u* —2(115¢ + 21)u? + 21
gu) [(23e + 14)u* — Tu? —1]2 '
Denote the numerator in the above expression by N(e,u). To show that the first quantity in (A-1) is
negative it suffices to prove that N(e, u) > 0 for (e, u) € [0, 00) x I. To that end, it is enough to show

(i)

(A-1)

(A-2)
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that for any fixed e > 0 the following inequalities hold:

(i) N(e,0)>0, (ii)) N(e,¢o(1))>0 and (iii) BiN(e, u) <0 foruel. (A-3)
We start by proving the third claim above. Note that it is enough to show that
(i) 92N(e,0) <0, and (ii) 92 N(e,u) <0 foruel. (A-4)
To establish (A-4) we need the following:
02 N(e,u) = 4[45(23¢ + 14)%u* — 189(23¢ + 14)u? — 115¢ —21], (A-5)
3 N(e,u) =72(23e + 14)u[10(23e + 14)u? —21], (A-6)
92 N(e,u) = 4320u(23e + 14)%, (A-7)

Equation (A-5) gives 85 N(e,0) = —4(115e + 21) and the first claim in (A-4) follows. From (A-7) we
see that 33 N (e, u) is convex for u € I. Therefore, since 33 N(e,0) = 0 it is enough to show that

33 N(e, po(1)) <0 (A-8)

for the second claim in (A-4) to hold. To establish this inequality, we first use definition (2-4) to compute

o) 2
¢0(1) - (\/(e+7)(46€2+445€+567)_7(€+7)) .

Now, according to (A-6), it is enough to prove that 10(23e + 14)¢o(1)> —21 < 0 for (A-8) to hold. This
inequality is equivalent to 441e? — 925¢ + 1316 > 0, which clearly holds for all e > 0. This concludes
the proof of the third claim in (A-3). Since the first claim in (A-3) is obviously true, it is left to prove that
N(e, ¢o(1)) > 0. To that end we first compute

2(P(e)y/0(e) —R(e))
[VO(e)=T(e+7]

P(e) =7(69¢> + 1831e? + 11500e + 17094),

0(e) = (e + 7)(46e? + 445¢ + 567),

R(e) = 20723e* 4 433338¢3 + 3077307¢2 + 8566502¢ + 7537866.

N(e, ¢o(1)) =

(A-9)

where

The denominator in (A-9) is positive if and only of Q(e)?> —49(e + 7)® > 0. This is equivalent to
2(e + 8)(e + 7)(23e + 14) > 0, which is manifestly true for e > 0. The numerator in (A-9) is positive if
and only if P(e)?Q(e) — R(e)? > 0, which is equivalent to 2(23e + 14)2S(e) > 0, where

S(e) = 10143¢” +289189¢% + 2979735¢° + 12402439¢* + 11046366¢>
—30567884¢2 + 15651132¢ + 22614480.

The positivity of S(e) is easily shown; for example we have
12402439¢* + 22614480 > 305678842
The positivity of N (e, ¢o(1)) follows.
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Now we turn to proving that the second expression in (A-1) is negative for d > 8 and u € /. Since
g"(u)/g(u) is positive for u € I and g(u) > 0 for small positive values of u, we conclude that both g”
and g are positive on (0, ¢g(1)]. Consequently

¢'u)—1=g'(u)—g'(0) = /0 ¢"(0)di >0 forue (0, po(D)].

Hence g’(1)? — 1 > 0 and therefore
1—g'(w?
g(u)?

for u € (0, ¢po(1)]. Additionally, by direct computation we see that

=8O 5,
g(0)
Finally, for each d > 8 we infer the existence of ¢ > 0 for which both expressions in (A-1) are negative
provided |u| < ¢o(1) + &. For |u| > ¢o(1) + &, the function g(u) can be easily modified so that it
satisfies (1-2) and both expressions in (A-1) remain negative.

<0

Appendix B: Estimate for §7
Proposition B.1. For §; defined in (3-42) and A € H we have
187()] < 3. (B-1)

Proof. Following the proof of Lemma 4.3 in [Costin et al. 2017] we show that r7 and (;77)_1 are analytic
in H. This implies that §7 is also analytic there. Furthermore, being a rational function, §7 is evidently
polynomially bounded in H. Therefore, according to the Phragmén—Lindelof principle,? it suffices to
prove that (B-1) holds on the imaginary line, i.e.,

67(is)|> <3 forseR. (B-2)

Note that the function s — |§7(is)|? is even. It is therefore enough to prove (B-2) for nonnegative s only.
We show that for ¢t > 0,
4¢
5 .
7 (z 1 )

The first estimate above proves (B-2) for s € [0, 4), while the second one covers the complementary

2
<& and [87((+4)i)> <3 (B-3)

interval [4, 0c0). We prove both estimates in (B-3) in the same way and therefore illustrate the proof of
the second one only. Note that

01(1)

0a(t)’

187((c +4i)* =

2We use the sectorial formulation of this principle; see, for example, [Titchmarsh 1939, p. 177].
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where Q;(t) € Z[t], deg Q; = 32 and Q5 has all positive coefficients. Therefore, |§7((t + 4)i)|? < % is
equivalent to O, —9Q; > 0 and a direct calculation shows that the polynomial Q> — 90 has manifestly
positive coefficients. O
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FRACTURE WITH HEALING: A FIRST STEP
TOWARDS A NEW VIEW OF CAVITATION

GILLES FRANCFORT, ALESSANDRO GIACOMINI AND OSCAR LOPEZ-PAMIES

Recent experimental evidence on rubber has revealed that the internal cracks that arise out of the process,
often referred to as cavitation, can actually heal.

We demonstrate that crack healing can be incorporated into the variational framework for quasistatic
brittle fracture evolution that has been developed in the last twenty years. This will be achieved for
two-dimensional linearized elasticity in a topological setting, that is, when the putative cracks are closed
sets with a preset maximum number of connected components.

Other important features of cavitation in rubber, such as near incompressibility and the evolution of the
fracture toughness as a function of the cumulative history of fracture and healing, have yet to be addressed
even in the proposed topological setting.

1. Introduction

A simplistic model for cavitation. Ever since the 1930s, ample experimental evidence points to the
specificity of the initiation and propagation of fracture in rubber, or more generally in soft organic solids;
see, e.g., [Busse 1938; Gent and Lindley 1959; Gent and Park 1984]. While metals, ceramics, and, more
generally, crystalline and glassy solids show well-defined crack patterns when subject to extreme loading
processes, fracture in rubber tends to initiate through the growth of microscopic defects arising in regions
under sufficiently high hydrostatic stress. Because of its fluidic elder counterpart, the phenomenon has
become known as cavitation.

It was initially thought that cavitation could be explained on pure elastic ground. In the mechanical
universe, the most notorious proponents of elastic cavitation were undoubtedly A. N. Gent and P. B. Lindley
[1959]. In their footsteps, J. M. Ball [1982] pioneered the first mathematical translation of that idea. There
he posited that hyperelasticity can, in and of itself, create cavities through solutions of the type x/|x| that
are good Sobolev functions, provided that the growth at infinity of the elastic energy be subcritical, that
is, less than the spatial dimension. In a more classical framework an equivalent viewpoint posits incipient
point defects that balloon up to cavities. This insight generated a slew of mathematical studies that did
show promise.

However, the spectacle of cavitation as a purely elastic phenomenon is in our opinion unrealistic. On
pure theoretical grounds, it strikes us as somewhat peculiar that an innate sense of self would raise material
awareness of its energetic elastic health under very large stretches, a prerequisite for any cogent statement
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of its growth. On more practical grounds, it was recently shown in [Lefevre et al. 2015] that, in the classical
poker-chip experiments of Gent and Lindley, as well as for a different experiment that uses a rubber
reinforced by filler particles [Poulain et al. 2017],! a mere accounting of the elastic properties of the solids,
while leading to a superficially adequate qualitative agreement with a number of experimental observations,
fails to provide a complete qualitative and, most importantly quantitative, rendering of the evolution.

Our guiding principle is therefore that elasticity alone cannot account for the full complexity of the
phenomenon of cavitation in rubber. From a macroscopic point of view, one should at the least introduce
new internal surfaces within the solid to adequately describe the actual microscopic mechanisms behind
fracture, be it the spatial rearrangement of the underlying macromolecules, or the breakage of chemical
bonds. Such a viewpoint would seem to promote a fracture-type model in the vein of those adopted
for brittle solids, albeit in the context of finite elasticity, see, e.g., [Dal Maso et al. 2005], and with the
additional accounting of near or full incompressibility.>

Incompressibility notwithstanding, a refined fracture model was recently advocated in various mathe-
matical works of D. Henao and C. Mora-Corral [Henao and Mora-Corral 2010; Mora-Corral 2014]. There,
a surface energy proportional to the perimeter of the cavities in the deformed configuration is considered,
in the spirit of surface tension. It is then added to the elastic energy and subsequently viewed, at least in
[Mora-Corral 2014], as a conservative contribution. Adopting for a moment a common terminology in
the mechanics community,? the only source of dissipation is born out of the irreversible creation of a
countable number of point discontinuities that will grow into cavities.

The idea of endowing created surfaces with an energy is original and potentially fruitful. This refined
viewpoint— or even a classical fracture viewpoint for that matter — may provide a good fit for some of
the poker-chip experiments. But both will most likely become exercises in alt-reality when it comes to
the filler particle experiments. Recent such experiments, carried out at high spatiotemporal resolution in
[Poulain et al. 2017], showed that some of the created cavities actually vanish during the loading process,
while others migrate away from the particles. Traditional or revamped theories of fracture do not sustain
disappearance or migration and, while arguably predicting the final location of the cavities, completely
fail in their depiction of the path that would lead to the final migrated state.

The full picture of the filler particle experiment is actually more intricate. The experiments in [Poulain
et al. 2017] have also shown that the regions of the rubber that experience healing appear to acquire
different fracture properties from those of the original rubber, thereby hinting at an evolution of the
underlying molecular rearrangement and/or chemical bonding due to the healing process.

A full account of such observations is not our purpose at this point. It would certainly involve a healing
process, together with a hardening or softening process in the fracture toughness, if such a notion makes

I'We refer to that experiment as the filler-particle experiment.

2The addition of an incompressibility constraint is a huge mathematical hurdle from the standpoint of the variational theory
of (brittle) fracture and the reader should be alerted to the absence of any mathematically significant result that encompasses both
incompressibility and fracture.

3While a prevailing one, the postulate that fracture, or cavitation, should be described in terms of entropy production due to
some kind of dissipation is just that, see, a contrario, [II’iushin 1961], and our casting of the cavitation model in those terms is
mere abidance by the majority view.
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sense. Further, near or full incompressibility would certainly be a major partner, although its role has yet
to be scripted.

Rather we propose in this contribution to focus solely on healing. The above quoted experiment
notwithstanding, there is ample independent evidence that healing does take place in soft organic solids;
see, e.g., [Madsen et al. 2016; Blaiszik et al. 2010; Cordier et al. 2008]. Now of course, as far as rubber
is concerned, healing and near incompressibility should not be viewed as independent agents. We will
woefully ignore their relationship in the following study. Mathematical impotence, rather than spite,
motivates our choice.

So, as an admittedly childish first step, we propose to incorporate healing in A. A. Griffith’s theory of
fracture [1921], suitably re-engineered through a variational lens [Francfort and Marigo 1998; Bourdin et al.
2008], for two-dimensional linear elasticity. At first glance such a task would seem simple enough, at least
from a modeling standpoint and provided that one is willing to view the healing process as rate-independent,
which is most likely not so.* The naive recipe would be to dissipate some amount of surface energy for
crack repair. In other words one would pay, say ¢; X length of I" \ K, ¢; > 0, for changing the crack K
to a different crack I" and would also pay ¢, x length of K\ I', ¢, > 0, for repairing some of K with I".

Such petulance must be tempered with the recognition that doing so would result in a model for which
healing would never take place because a healed part of the crack would increase the elastic energy
while dissipating some surface energy through healing. Thus the healing process, if rate-independent
and proportional to the length of the healed part must actually decrease the dissipated energy. A formal
account will be given at the onset of Section 2.

For now, just think of a preset connected crack path I" in a domain §2 and of a connected crack I"({)
of length £ starting from a set point — say the origin— along I" (which should also contain the origin).
Denote by W(Y) the potential energy associated to the elastic equilibrium of £2\ I"(£) — the uncracked part
of the domain — under the current loading at time . Then we impose fealty of the dual fracture/healing
process to that of Griffith’s fracture [1921].

It is thus assumed that the energy dissipated through any putative advancement of the crack is pro-
portional to the add-crack length with c; as fracture toughness; similarly that gained through healing is
proportional to the subtract-crack length with ¢, as healing toughness. Of course c; > ¢; so that there
indeed be a net dissipation.

To determine £(¢), a two-pronged formulation is espoused:

e First, a stability criterion a la Griffith is imposed: the energy release rate must satisfy

ow
9) <—W(€(f)) = c1.

e Then the crack cannot extend unless the second inequality is an equality, while it cannot shrink
unless the first one is an equality.

4Rearranging the molecular structure of the rubber and/or forming new chemical bonds are in all likelihood viscosity-
driven processes that will shatter rate independence while potentially still variationally tractable; see the recent approach of
viscoplasticity using energy-dissipation-balance solutions [Mielke et al. 2018]. As for the problem at hand, the precise nature of
viscosity is very unclear as of yet.
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Further, because irreversibility is de facto abandoned, there is no impediment to surface energy contributing
to internal energy as well. In the above cartoon picture of the evolution, this amounts to adding a term
like cf, ¢ > 0, to the elastic energy W(¥).

Sections 2—4 investigate the setting of antiplane shear linear elasticity, which is undoubtedly the
simplest available framework for fracture evolution. The resulting model is presented in Section 2 in
its variational reformulation. Section 3 is devoted to the proof of a stability result which is essential in
the success of the limit process when passing from a time-incremental to a time-continuous formulation.
Section 4 establishes the existence result for an evolution where both cracking and healing are allowed.
In Section 5 we generalize the results of Section 4 to the setting of planar elasticity (plane strain or plane
stress) in the footsteps of similar work on the fracture only case [Chambolle 2003].

From a mathematical standpoint, the first existence results for the variational theory of fracture were
obtained in [Dal Maso and Toader 2002] in the antiplane shear case under the topological restriction
that the cracks should have no more than m connected components, m being a preset connectivity
threshold. This restriction was subsequently alleviated in [Francfort and Larsen 2003]. The present study
unfortunately forces us to return to the topological setting of [Dal Maso and Toader 2002], mainly because
we do not know how to prove energy conservation in the fully “variational” framework, that is, with no
restriction on the topology of the cracks (see in particular Remark 1.5 below).

There is by now a vast literature on various aspects of the variational theory of fracture. We
trust that the potential readership for this work is well versed in the main tenet of that theory and
consequently refrain from any detailed explanation of the expounded formulation. We refer new-
comers to [Bourdin et al. 2008] for an exposition of that theory and in particular to Section 2 of
that work, where the link between the variational theory and the above two-pronged formulation is
unraveled.

At the close of this introduction, we see it fit to put forth the following disclaimer: the model that
is advocated below is not meant to be viewed as the final adjudication of cavitation. In view of recent
experimental evidence, we merely assert that fracture and healing are essential partners in the cavitation
process. We then proceed to incorporate healing into the variational theory of fracture in the mathematically
simplest possible manner. Doing so at this time does not preclude subsequent refinements or modifications
of the model. The paper [Kumar et al. 2018] presents a much more intricate phase field model that strives
to account for both incompressibility and hardening on top of healing.

But it would be presumptuous on our part to pretend that we know how to address the mathematical
hurdles that would accompany a rigorous analysis of more complex cavitation models such as that offered
in [Kumar et al. 2018]. So, from a mathematical standpoint, the analysis below is the sum total of what
lies within our reach for now.

Notation. Given x € R, r > 0 and v € R%, we denote by Q, (x,r) C R? the square of center x with one
side orthogonal to v and length ». When v is vertical, we will write simply Q(x,r). B(x,r) will denote
the disk of center x and radius .

Given two sets A, B C R2, we denote their symmetric difference by AA B, while A € B will mean
A C B.
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In all that follows M2, and M2

sym skew
respectively, while £3(M2 ) stands for the space of symmetric endomorphisms of M

denote the families of symmetric and antisymmetric 2 X 2-matrices,
2

sym sym*

For any mapping u : R? — R? e(u) denotes the symmetrized gradient of u, that is, e(u) :=
3 (Vu+vuT).

Also, for any open set A, we define £7(A) := {u € L}, (4;R?) 1 e(u) € L*(4; M)}

Finally, we use standard notation for Sobolev spaces and for Hausdorff measures, specifically denoting
by || || the L?-norm and by || |00 the L>°-norm. Also, for a Banach space X', we denote by AC([0, T']; X)
the space of X -valued absolutely continuous functions.

Mathematical preliminaries: Hausdorff convergence of compact sets. In the sequel, Hausdorff conver-
gence will play an essential role. For the reader’s convenience, we recall a few properties that will be
used throughout.

The family K(RY) of closed sets in R"V can be endowed with the Hausdorff metric dz defined by

dp (Ky, K3) := max{sup,¢ g, dist(x, K3), sup,cg, dist(y, K1)},

with the conventions dist(x, &) = +o00 and sup, = 0, so that dg (&, K) =0if K = and dg (2, K) =
+o0if K # @.
The Hausdorff metric has good compactness properties; see [Ambrosio and Tilli 2004, Theorem 4.4.15].

Proposition 1.1 (compactness). Let (Kj)nen be a sequence of compact sets contained in a fixed compact
set of RN Then there exists a compact set K € RN such that up to a subsequence

K,, — K in the Hausdorff metric.

We will repeatedly make use of the following property due to Gotab; for the proof we refer the reader
to [Falconer 1986, Theorem 3.18; Ambrosio and Tilli 2004, Theorem 4.4.17].

Theorem 1.2 (Gotab). Let (Kj)nen be a sequence of compact connected sets in RN such that
K, — K in the Hausdorff metric.
Then K is connected and for every open set A € RN
HY(K N A) <liminf #' (K, N A).
n—>00

Remark 1.3. The lower semicontinuity of Golab’s theorem still holds when K has a uniformly bounded
number of connected components.

Lemma 1.4. Let (K,)nen and (Hy)nen be two sequences of compact sets in RY, each with a uniformly
bounded number of connected components. Assume that

K, — K and H, — H inthe Hausdorff metric.
Then, for any open set A € RY,

HI(K\ H)N A) < lim inf HU((K, \ Hy) N A). (1-1)
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Proof. Let V. C RN be an open neighborhood of H. For n large enough we have H, C V, so that by
Gotab’s theorem
H'(K\ V)N A) <liminf H' (K, \ V)N A)
n

<liminf H'((K, \ Hy) N A).
n
Since V is arbitrary, the conclusion follows. O

Remark 1.5. The topological setting for the cracks adopted in the paper, i.e., cracks which are closed
and with a preset number of connected components, is motivated precisely by Lemma 1.4. A larger
class of admissible cracks, as that adopted in [Dal Maso et al. 2005] where cracks are just rectifiable,
requires suitable convergences of variational type, under which inequality (1-1) is known to fail. But that
inequality is in particular an essential ingredient in the proof of the energy inequality (4-19) below to the
extent that it establishes that (4-16) holds true.

A simple example for which inequality (1-1) is violated under the variational convergences of [Dal Maso
et al. 2005] is the following: Let K be a segment of unit length, and let Hj, be the dotted segment of
length % obtained from K by dividing it into 2” equal parts and retaining only every other subsegment. It
is easily proved that H, — & in the variational sense, see [Dal Maso et al. 2005, Section 4.1], so that
choosing K, = K,

HY(K\H)=H"(K)=1, while #'(K,\H,)=1.

2. Setting of the problem

The reference configuration is an open bounded set £2 C R? with Lipschitz boundary.

Admissible cracks. Let m € N with m > 1 be given. The class of admissible cracks is given by
IC£ (2):={K C £2: K is compact, with at most m connected components and ! (K) < +o00}. (2-1)

Admissible configurations. Let 0p§2 C 052 be open in the relative topology. The class of admissible
boundary displacements g is given by the space H!(£2) N L>®°(£2). We say that the pair («, K) is an
admissible configuration of our system for g if

K € KL (2)
and

ue H'(2\K) withu=gondp\K.

We will write (#, K) € A(g). Note that the pair (Vu, u) can be thought of as an element of L2(£2;R?)
since K has null Lebesgue measure.
The following compactness result will be used several times.

Lemma 2.1. Let g,, g € H'(£2) be such that

gn — g strongly in H' ().
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Assume that (u,, Ky) € A(g,) with
(Vi i) — (P, u) weakly in L*(2; R?),
K, —> K in the Hausdorff metric.
Then (u, K) € A(g), and ® = Vu on 2\ K.
Proof. Let ¢ € C° (82 \ K). Then, for n large,

¢ € CP(2\ Ky).

We can thus write, fori =1, 2,

/ ®;p dx = lim diunp dx = —lim Up 0j dx :—/ udjpdx.
2\K n JR\K, n J\K, 2\K

We deduce that u € H!(£2\ K) with Vu = ®. Let us check that (1, K) € A(g). Lest the result be trivial,
it is not restrictive to assume that
opR2\ K # 2.

Since dp §2 is open in the relative topology, for every xog € dp$§2 \ K we can find an open neighborhood
U C R? of xq such that dist(U, K) > 0 and U N £2 has a Lipschitz boundary in U given by dp2 N U.
Since K, NU = @ for n large, we infer that u, € H'(2 N U) with

up —u weakly in H' (2 NU),
sou=gondp2NU. O

Remark 2.2. The choice of H!(£2)N L (£2) as the class of admissible displacements allows one to work
in H!(£2\ K) when dealing with the variational constructions of Section 4. Without an L°-bound, the
arguments can be adapted provided that we choose the displacements in L!2(£2\ K), a Deny—Lions-type
space [1954]. Such will not be the case in Section 5 below (see Remark 5.5).

Energies. We associate to an admissible configuration (¢, K) the elastic energy
[Vu||?> = / |Vul|? dx.
2
Here Vu is viewed as an element of L2(£2; R?).

Assume that the system goes from the configuration (u#, K) to the configuration (v, I"). Then

I' \ K is the add-crack,
K\ I' is the healed zone.

We assume the energy dissipated through such a process is
Hp(T\K)=caHp(K\T),

with ¢y, ¢y > 0.
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In the expression above and throughout the rest of the paper HID stands for H! | ous p&- This is so
because no energy should be dissipated for the part of the crack that lies on the free boundary 92 \ dp £2.
Summing up, the passage from (u, K) to (v, I') involves a change in energy of the form

VoI = IVul®} + e Hp (P K) = eaHp (K\ D)}
Notice that the expression can be rewritten in the form

EW,T) =&, K) + (c1 =) Hp (I \ K),

where
EW,T):=||Vv|? + caH Y (D). (2-2)
Indeed,
Hp(K\T)=Hp(K)=Hp(KNT)=Hp(K) = (Hp(I) =Hp (I \ K))
so that

crHp(I\ K) = eaHp(K\T) = c2(Hp(IN) = Hp(K) + (e1 =) Hp (I \ K).
In view of this new expression, we will assume that
¢y > ¢y > 0. (2-3)
See Remark 2.4 below for the case ¢; = ¢5.
Quasistatic evolutions. Let T > 0 and
g € AC(0.TE H'(2)). llg()leo = C. 1 €[0.T],

be a given time-dependent boundary displacement.
Given t — K(¢) € IC,{,([?) we set, fort < T,

Diss(¢) := (c1 —¢3) Sup{2?=0 H})(K(SH_]) \NK(s:):0=15¢9 <81 <+ <Spy1 = Z}.

Definition 2.3 (quasistatic evolution). We say that {¢ — (u(¢), K(¢)) € A(g(¢)) :t €[0, T']} is a quasistatic
evolution provided that for every ¢ € [0, T'] the following items hold true:

(a) (global stability) For every (v, I") € A(g(?))
E(1), K(1)) <EW. T) + (c1 —c2) Hp (I \ K (1)), (2-4)
where £ is defined in (2-2).

(b) (energy balance) We have

E@u(t), K(t)) + Diss(t) = £u(0), K(0)) + 2/7Q Vu(r)-Vg(r)dx dr.
0
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Remark 2.4. In the spirit of our introductory remarks, we could modify the definition of £ in (2-2)
through addition of a term of the form CHID(F ) with ¢ > 0, that is, a stored surface energy term. The
analysis performed in the rest of the paper and Theorems 4.1, 5.4 would remain unchanged in this enlarged
setting.

If, in lieu of (2-3), ¢; = ¢3, the quasistatic evolution is conservative and consists in a time-parametrized
set of independent minimization problems: the term (c¢; — ¢3) ’H}) (I" \ K(¢)) disappears in the global
stability statement, while Diss(¢) disappears in the energy balance statement of Definition 2.3. The
existence proofs leading to Theorems 4.1, 5.4 become straightforward.

3. Stability of the global minimality property

A crucial step in the proof of the existence of a quasistatic evolution concerns the stability of the global
minimality property (2-4) under Hausdorff convergence for the cracks. The proof is based on a topological
version of the jump transfer construction in [Francfort and Larsen 2003]. Similar ideas have been put
forth in [Acanfora and Ponsiglione 2006] in the case of the fracture problem for a flexural linear plate.

Theorem 3.1 (stability of the global minimality property). Let c¢,c’ be fixed positive constants. Let
gn, g € HY(2) be such that

gn— g strongly in H' ().
Assume that (up, K,) € A(gn) satisfy the following global stability condition: for every (v, ") € A(gn),
IVin |> + e Hp (Kn) < | V0l + e Hp (D) + ¢ Hp (I \ Kn)
and assume further that
K, — K  in the Hausdorff metric,
Vu, — Vu weakly in L*(£2; R?)
for some (u, K) € A(g). Then (u, K) is a globally stable configuration, that is, for every (v,I") € A(g),
IVul® + cHp (K) < |VoI? + e Hp (D) + ¢ Hp (I \ K).
In order to prove Theorem 3.1, we need two geometric results concerning the blow-up behavior of sets
in the family }C{F (R?) of compact connected sets in R? with finite length.
Theorem 3.2. Let K € Ile (R?). The following items hold true:
(@) K is countably H'-rectifiable with
o0
K=KoU | va(In).
n=1

where I, C R is an open interval, y, : I, — R? are Lipschitz curves and H'(Ko) = 0. Further,
there exists N C K with H'(N) = 0 such that, for every x ¢ N, K admits an approximate tangent
line Iy at x with normal v.
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(b) Take x € K\ N. Then forr — 0"

K—x
Ky, :=

s

— Iy locally in the Hausdorff metric. (3-1)
r

(c) There exists Ny € K with N € Ny and H'(N1) = 0 such that the following property holds. Take
x € K\ Ni. Then, for every € > 0, there exists ro > 0 such that for every r < r the rectangles

Rf,:=0,,(x.r)N{y eR*: (y —x) vy >er},
R.,:=0v . (x.r)N{ye R*: (y —x)-vx < —er}
belong to different connected components of Q. (x,r)\ K.

Proof. The rectifiability property of point (a) is proved in [Falconer 1986, Lemma 3.13]. From the general
theory of rectifiable sets, we know that K admits an approximate tangent line /, at H!-a.e. x € K; see
[Ambrosio et al. 2000, Theorem 2.83].

Now for point (b). Up to an isometry, we may assume x = 0 and that the approximate tangent line / is
horizontal. Then, by the very definition of an approximate tangent line,

1K, = H'|] locally weakly* in My (R?) (3-2)

as r — 0T, where K, := %K.
We claim that, for every R > 0,

K,NQO(,R)—1NQ(0,R) inthe Hausdorff metric. (3-3)

Indeed, given any sequence r, — 0, the compactness of Hausdorff convergence and a diagonal argument
imply the existence of a subsequence (75, )pen such that for every m e N, m > 1,

Ky, N 0(0,m) — K" in the Hausdorff metric.
It is readily checked that, for every m > 1,
Ky Kyt and KJ'NQ(0,m) = Kyt 0 Q(0,m). (3-4)

Set Ko := U=y K§'. We claim that
Koy =1. (3-5)

First, Ko € /. Indeed, assume by contradiction that £ € K¢\ / with B, () N/ = & for some > 0. Using
the measure convergence (3-2), we obtain that

H' (K, N By(&) —0. (3-6)

But K ruy, is connected by arcs, see [Falconer 1986, Lemma 3.12], so that, taking &,, € Krn,, such that
&y, — &, we have &, is connected to 0 through an arc contained in K Py, SO for / large enough,

Hl(Krnh N EU/Z(S”h)) = %’7'
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va(x»r)

Figure 1. Hlustration of item (c) in Theorem 3.2; the thick curve is y;; ([—3. 3]).

Thus
lim inf #'(Ky,, N By(§)) = liminf H' (Ky,, 0 By/a(En)) = 37,

h—o00

in contradiction with (3-6).

Conversely, / € Kj. Indeed, assume by contradiction that £ € / \ K. Then there exists 7 > 0 such
that K, N By(§) =& for h large, against (3-2).

In view of (3-4) and (3-5) we deduce that for ¢ — 0 and for every R > 0

K,NQ(,R)— 1N Q(0,R) in the Hausdorff metric,

that is, (3-3). This means that the local convergence of (3-1) holds true, and point (b) is proved.

Let us come to point (c). See Figure 1.

Notice that we can reparametrize each Lipschitz curve y;, by arc length. As a consequence, we may
assume that for a.e. € I,

Vn is differentiable at 7 with |y, (z)| = 1. (3-7)

From point (a), we deduce that there exists N; € K with H!(N{)=0, N € Ny, and such that if x € K\ Ny,
then x = y,(¢y) for some n, with 7, satisfying (3-7). It is not restrictive to assume that x = 0 with a
horizontal tangent line /, and that 7y = 0. By differentiability, for r — 07,

Y (8) := %yn (rs) = y,(0)s locally uniformly in s € R. (3-8)

In view of (3-1), y,,(0) is horizontal, and we can assume that y, (0) = (1, 0).
Let ¢ > 0. Because of (3-8) and since

vi(=3) = (=3.0) and ¥ (3) = (5.0).
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we infer that, for 7 small enough, the (connected) arc y;; ([—3. 3]) satisfies

v ([—3.3]) S {(x1.x2) e R* 1 |x2]| < &}
and that Q(0,1) \ y,, ([—% %]) is disconnected. We deduce that the open rectangles
R} :=0(0, 1) N{(x1,x2) €R?: xp > ¢},
R, := 00, ) N{(x1,x2) € R* 1 xp < —&}

belong to different connected components of Q(0, 1)\ (%K ) The conclusion of point (c) now follows by
rescaling. O

The following result shows that the topological property of point (c) of Theorem 3.2 is essentially
stable under Hausdorff convergence. We will need this property for our topological version of the jump
transfer.

Proposition 3.3. Let (K,)nen be a sequence in IC{ (R?) and K € IC{ (R?) be such that
K, — K in the Hausdorff metric.

Let N; € K with H!'(Ny) = 0 be as in Theorem 3.2. For every x & Ny and € > 0 we can find ro > 0 and
vx € R? with |vx| = 1 such that for every r < rq there exists ny € N and (I%n)neN a sequence in IC{([Rz)
with

Kn C Kn, Kn\KnC Qu (x,7), H' (Kn\Ky)<3er

such that for n > nq the rectangles
szr:=va(x,r)ﬂ{ye[RZ:(y—x)-vx>8r}, (3-9)
Ry ,:= Qv (x,r)N{y eR*: (y—x)-vx < —er} (3-10)

belong to different connected components of Qy (x,r) \ K.

Proof. In view of Theorem 3.2, for every x & Ny points (b) and (c) hold true.
Let us fix x ¢ Ny and ¢ > 0, and let g > 0 and vy, € R? be associated to x according to point (c) of
Theorem 3.2. Up to a rototranslation, we may assume

x=0, vx=10(0,1), Ix={x=(x1,x2):x, =0}
Notice that, in view of item (b) in Theorem 3.2, we may also assume that
K\ 0(0,r) # 2.

Since K, — K in the Hausdorff metric, from the corresponding property of K we deduce that there
exists ng > 0 such that for every n > ny

K,NO(0,r) C{(x1.x3) € R?: |x5] <er} (3-11)
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J’_
Rs,r

&r Qv (x.7)

Figure 2. Construction of f(\n in Proposition 3.3.

and
Kn\ 0(0.1r0) # 2. (3-12)
Let z, € K, \ 0(0, ro).
Since K, is connected by arcs, given x € K, N Q(0,r), we can find an arc contained in K, with

extremes x and z,. In view of (3-11), (3-12), this arc has to intersect either S, or .S ,+ , Where S ,i are the

vertical segments
S,jE ={xr} x[—er,er].

Modulo reparametrization, we thus infer that there exists (at least) one arc )/;: , :[0,1] = R? or one
Ve 210, 1] — R? with image contained in K, N Q(0, r) such that
o =x and yg (D) €S}

Let us consider the intervals contained in [—r, r] given by

L= |J m0.1) ad 5= ) w010,
x€K,NQ(0,r) x€K,NQ(0,r)

obtained by projecting the curves constructed above onto the horizontal axis.
We claim that we can find o € J,ff, such that

;s —a; | — 0. (3-13)
If this is the case, since by definition there exists
Vi = (. By) € Kn 1 0(0.7),
we then define I?n to be (see Figure 2)

Kn:KnU[y,I,y,j_]y
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where [y, , y;7] is the segment joining y,, and y;". In view of (3-11), we have

limsup H'([y,, y,]) <2re.

n—oQ
Finally, since

Vo (0. 1) ULy v 107 Y (10,1 € K,

we deduce that K, n € IC{ (R?) satisfy the conclusion of the theorem.
Let us prove claim (3-13). If the relation is not satisfied, we get for n large

ian,;fr—supJ,Zr >n>0.

Since K, — K in the Hausdorff metric, we would infer that the projection of K N 0(0,r) onto the
horizontal axis is composed of two distinct intervals contained in [—r, r], against the fact that K disconnects

Q(O, r). O

Remark 3.4. Let 2 C R? be open, bounded and with a Lipschitz boundary. Assume that the sets K, K
of Proposition 3.3 are such that K, K € . Notice that, for H!-a.e. x € K N 32, the tangent lines to K
and 042 at the point x coincide, so that the topological blow-up properties of Theorem 3.2 at the point x
hold simultaneously for K and d§2. Consequently, the proof of Proposition 3.3 shows that K, can be
chosen such that in addition 13,, C Q.

We can now prove Theorem 3.1.

Proof of Theorem 3.1. The global stability we need to prove can be rewritten in the form
IVull? + e Hp(K\T) < [V0]]> + (e + ) Hp (5 \ K)

for every (v, I') € A(g) (see the computations in Section 2).
We divide the proof into two steps.

Step 1: Let us assume that K € IC{ (£2). Thanks to [Dal Maso and Toader 2002, Lemma 3.6], there exists
Hy € K/ (2) with K, € H,,

H! (H,\ K;) >0 and H, — K in the Hausdorff metric. (3-14)

We need to introduce the connected sets Hj, because it might be the case that, although K is connected,
the K, are not since they are only restricted to be elements of IC,£ (2).

Let V C R? be open with I € V. Let then U C V be open with UcVand 'NK cCU. Let also
e > 0 be fixed. See Figure 3.

Note that, for H!-a.e. x € I' N K, the tangent lines to I" and K at the point x coincide. We can thus
find N € I' N K with H!(N) = 0 and such that for x € (I" N K) \ N the conclusions of point (c) in
Theorem 3.2 hold true with respect to both K and I" simultaneously.

For x € (I' N K)\ N, let ro(x) > 0 and v, € R? be given by Proposition 3.3. We may assume in
addition that

Oy, (x,rp(x))CU
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Figure 3. Setting the geometry for the proof of Theorem 3.1.

and also, thanks to, e.g., [Ambrosio et al. 2000, Theorem 2.83(i)], that, for every r < ro(x),
(1—e)r <HY(Qv . (x.r)N(KNT))<(1+e)r. (3-15)

By the Vitali-Besicovitch lemma, see, e.g., Theorem 2.19 of the above-quoted work, we can find a finite

number of disjoint such squares {Q; (x; ;) }j=1,...m Withx; € KNI, vj 1= vy, rj <ro(x;), such that

Hl((KﬂF)\ U 2y, (x,-,r,-)) <e. (3-16)
j=1

It is no restriction to assume that either Qy; (x;,7;) € §2 or x; € 32, with 982 N Oy, (x;, r;) given by
the graph of a Lipschitz function with respect to a reference frame with v; as vertical direction.

We modify H, in each square according to Proposition 3.3 and Remark 3.4 and find H, € IC{ (2)
with H, C ﬁn, such that for n large

m
Hy = H, outside | ] 0 (xj. 7).

j=1

and

m
H(Hy \ Hy) <38 1. (3-17)
i=1

Moreover, we can assume that the rectangles RjE associated to Qy; (x],rj) according to (3-9) and
(3-10) belong to different connected components Ai of Qy; (xj,7)\ H,. Let us denote by

vim € H'(Qu; (xj, 7)) (3-18)
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Figure 4. The sets I}, defined in (3-19).

the extension of v LR}*L obtained through a reflection across the line /x; & ervj: notice that the Sobolev
regularity of v}*L is ensured because, by construction,

'nQy;(xj,rg) C{xeR?: |(x —xj)-vj| <er}.

Let us set
m m
I, = (F\ U Oy, (x5, rj)) U U r;, (3-19a)
j=1 j=1
with
r, .= (H,, N Oy, (x5, rj)) U (BQ,,]. (xj, 1)) Ny —xj)-vj| <erj}N .Q) (3-19b)
See Figure 4.

Notice that I € IC{ (£2). Moreover thanks to (3-15)—(3-17),
Hp (I \ Kn) < Hpp (I \ Hy) +H' (Hy \ Hy) +H' (Hy \ Ky

SH},(F\ U ij(xj,rj)) +7e > rj+H (Hy\ Kn)

Jj=1 Jj=1

S’HID(F\K)+s+78118H1(F)+H1(HH\K,,), (3-20)

and, since [, C V,
Hp (Kn\ ) = Hp(Kn \ V).

Let us define v, as follows:

(a) vy = v outside U;';l Oy, (xj.15);

v in AT, N .
b) vy:i=4 7 | 7" in each cube Q,, (x;,7;) € £2, where the functions v;- were defined in (3-18);
v; else
J
v inAT , . ) .
©) vy:=4 7 7" in each boundary cube Q, (x;j, r;) (that is, those with x; € 0£2).
g  otherwise /
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Remark that, by construction, (v, I},) € A(g). Moreover,

m m
IVuall? < ||Vv||2+22/ |Vv|2dx+2/ Vel dx
j=1 j=1

vj (xj,rj)ﬂ.Q vj (xjarj)mg
2
<[V ~|—2/

|Vv|2dx+[ |Vgl|? dx. (3-21)
ung ung

Let us compare (uy, K,) to (v,—g + gn, Iy) € A(gn). Since

[Vun|l* + cHY (Kn \ Tn) < |Va—Vg + Vau|? + (c + YHL (T \ Kn)
= [ Vou|? + (c + Y Hp (I \ Kn) + en,
where

lenl < IVUr|IVEgn — Vgl +1IVen— ngZ — 0,
we infer in view of (3-20)—(3-21) that

||Vun||2+ch(Kn\I7)§||Vv||2+2f |Vv|2dx+/ |Vg|*dx +ep
Uuns2 Uung

1
1—¢

+ (c+c')[7—[1D(F\K)+8+7e HI(D) +7—[1(H,,\K,,)]

Passing to the limit, we obtain, thanks to Gotab’s theorem and to (3-14),
IVull® + cHp (K\ V) < [Vo|> + (¢ + Y Hp (I \ K)
7
+(c +c’)|:£ n —gyl(r)] + z/ Vol dx +/ Vg dx.
l—¢ Ung une
Since V, U and ¢ are arbitrary, we conclude that
IVull? + cHp(K\T) < [Vol* + (¢ + YHp (I \ K),

so that the minimality condition follows.

Step 2: Let us consider the general case K € IC,{Z (2). If K',...KP? with p < m are the connected
components of K, thanks to [Dal Maso and Toader 2002, Lemma 3.6] we can find H, € IC,{, (.{_2) with
exactly p connected components Hnl, ..., HP such that K, € H,,

H,{ — K7 in the Hausdorff metric (3-22)
and

H'(H, \ K,) — 0.

Since the K/ are compact and disjoint, and

P
ronk=Junk/,
j=1
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we can operate on each I" N K/ as in Step 1 using the approximation (3-22) and localizing on disjoint
neighborhoods U;j of I' N K J. The modifications of I" and v which take place on the family of squares
contained in U; are independent from those taking place in the squares contained in U; with i # j, so we
can glue them together to get an approximating configuration (v, — g + gn, I,) € A(gn) and deduce as
in Step 1 the global minimality of (u, K). O

4. Existence of a quasistatic evolution

In this section we derive the main result of the paper.

Theorem 4.1 (existence of a quasistatic evolution). Let 2 € R? be open, bounded, with Lipschitz bound-
ary, and let dp 2 C 02 be open in the relative topology. Assume (2-3) and let g € AC([0, T]; H'(R2)) be
such that

sup;eo, 11118 (@) lloo < +o00. 4-1)

Let finally (ug, Ko) € A(g(0)) be a globally stable configuration, i.e., satisfying property (2-4).
Then there exists a quasistatic evolution {t — (u(t), K(¢)) : t € [0, T} in the sense of Definition 2.3
such that (u(0), K(0)) = (ug, Ko).

Remark 4.2. The existence of at least one globally stable initial configuration (19, Ko) € A(g(0)) is
straightforward. It is enough to minimize £(v, I") over A(g(0)) following, e.g., an argument identical to
that expounded in the proof of Lemma 4.3 below.

As usual, the existence of a quasistatic evolution is obtained by time discretization, establishing the
existence of a discrete-in-time evolution through the direct method of the calculus of variations, and then
studying its limit as the time-step discretization parameter vanishes.

Let § > 0 be given, and let

_ 8 8 -
0=ty <ty <<ty =T

be a subdivision of the time interval [0, 7] with

i=0,...,Ng
We set

gli=g()) and (@ud, KY) := (uo. Ko).
The following lemma deals with the existence of incremental configurations.

Lemma 4.3 (incremental configurations). Assume (2-3) and (4-1). Then fori =1, ..., Ng there exists
!, K?%) € A(g?) with |t ]|oo < %1l (. K3) = (uo. Ko), such that

!, K?) € Argmin{E(v, ) + (c1 —ca) HL (T \ KS_ ) : (v, ") € A(gd)}.

Proof. We proceed by induction, assuming that (u? K?—l) has been constructed, and showing the

i—1
: 8 ]
existence of (u3, K7).
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Set
Flw, )=, ) + (1 —ca) HL(M\ K2_,).

and let {(vy,, I')}nen be a minimizing sequence for ]_-;S on .A(g?), that is,

1

I% .= inf -
n

P i=infy g0y ) < F(on o) < 17 +

By truncation, it is not restrictive to assume
lvalloo < 1187 lloc-
Comparing with the admissible configuration (g;s, ) we get
En, Tn) + (c1 —e2) iy (T \ K2_,) < [Vl |2,
As a consequence, up to a subsequence we may assume

(Vup,vy) = (®,v) weakly in LZ(.Q; [RR3),

I, —TI in the Hausdorff metric.

Thanks to Gotab’s theorem, we infer I" € IC}” (£2), and, by Lemma 2.1, we deduce that (v, I") € A(gl‘?),
with ® = Vv on £ \ I'. In particular

Vu, — Vv weakly in L2(£2; R?).
Moreover, in view of Lemma 1.4

Hp(I) <liminf Hp(F) and M (I \ K]_,) <liminf Hp (5 \ K7 ),

so that
cu,I)y=1;.
The thesis follows by setting (uf, K;S) =, I). O
Fortlfs §Z<tf+1, i=0,...,Ns, we set
u‘s(l) = uf, g‘s(t) = gf and K‘S(Z) = Kl‘.s. (4-2)
We denote by 7%(¢) the index such that llfg(s o =1< tl.55 041"

The properties below follow directly from the construction of the incremental configurations.

Lemma 4.4. For everyt € [0, T] the following items hold true:

(@ ((0), K%(0)) = (uo, Ko).
(b) The pair (u®(t), K%(1)) € A(g%(1)) satisfies the global stability condition (2-4).

(c) Setting
i3 (1)
Diss’ (1) := (c1 —¢2) D Hp(KI\ KI_,), (4-3)
j=1
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we have the energy inequality

EWl(t), K3 (1)) + Diss® (1) < E(ug, Ko) + 2/7 Vil () - Vé(r)dx dr +e(§),
0 JR

where e(8) — 0 as § — 0.
Proof. Point (a) follows since (1%(0), K%(0)) = (uf), Kg) = (uo, Ko).
On to point (b). By construction, for everyi = 1,..., Ns and (v, ") € A(gf),
E@f, K]) + (1 =) Hp(KI\ K] ) < €. D) + (1 =) Hp (D \ KL )).
Since
HL(M\ K2 ) <HL (I \ KD + 1L (K2 \ K?
p(T'\K; ) =Hp(I'\K;})+Hp(K;\ K;_,),
we deduce

Ews, K¥) <EW, )+ (c; —e) HY (I \ KP),

from which the global stability condition (2-4) follows.
Let us come to point (c). In view of Lemma 4.3 we may write, foreveryi =1, ..., Ny,

Wl K8 + (e —c) HL(KI\ K )

<EW_ +g)—g) . K ))

(4-4)

t$ t$
<&@ KP )+ 2/5 /9 Vul(1)-Vg(r)dxde+ (1} — Zf—l)/s IVE(@)I* dx.
i 51

Iterating this estimate we obtain for every ¢ € [0, T']

i5@)

if
E@’ (1), KO(t) + (1 —c2) Y Hp(KI\KI_|) < £(uo. Ko) + 2/0 /9 Vul(r)-Ve(r)dx dt +e(8),

j=1
with e(6) — 0 as § — 0, which is precisely (4-4).

In order to pass to the continuous-in-time evolution, we need the following bounds.

|

Lemma 4.5 (a priori bounds). Let {t — (u®(¢), K®(¢)) :t €[0, T} be the discrete-in-time evolution given

by (4-2). There exists C > 0 independent of § such that, for every t € [0, T,

IVl ()] + lub (0) oo + HYL (K3 (1)) + 22 (1) < C,

where
i)

2= Hp(KIAKS ).
j=1

Proof. Since by construction and global minimality

IV ()| < VP @)l and  [[ub(O)lloo < 1% () llco.

(4-5)

(4-6)

(4-7)
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we deduce from (4-4) that
i3 (1)
Hp (K (0) + Y Hp(KI\KS_)) < (4-8)
j=1
for some C; > 0. Since H}) (B\ A)— ’H})(A \ B) = H}) (B)— HID(A),
() I
S OHRKINKS )= HR(K_ \KD) =Hp (K (1) = H (Ko).
j=1

j=1

we also obtain from (4-8) that
i% (1)
Y Hp(K)_\K) =G (4-9)
j=1

for some C, > 0. The conclusion follows gathering (4-7)—(4-9). O

A crucial step in the § \( 0-analysis is the following

Proposition 4.6 (compactness of the cracks). There exist a sequence &, — 0 and a map {t — K(t) €
KL($2) 1t €[0, T} such that, if
Kn(t):= K% (1), t€l0,T],

then, for every t € [0, T'], any limit point H of (K, (¢))nen in the Hausdorff metric is such that
HEL(HAK(t)) = 0.
Proof. Let §,, — 0 be such that
Zni=2% >z pointwise on [0, T'],

where z° is given in (4-6) and z : [0, T] — R is a suitable increasing function. The existence of (8)nen
is a consequence of the bound (4-5) and of Helly’s theorem.

Let D € [0, T'] be a countable and dense set containing 0 and the discontinuity points of the function z.
Up to a further subsequence (that we will not relabel), we may assume, in view of the compactness of the
Hausdorff metric and of the bound (4-5), that for every ¢ € D there exists K(t) € IC,{, (£2) such that

K, (t) > K(¢t) in the Hausdorff metric.
Let now s ¢ D, and let H be a limit point of the sequence (K, (s))nen, that is,
Ky, (s) = H in the Hausdorff metric
for a suitable subsequence (nj )i en. By the definition of z,, forevery t < s and ¢t € D,
Hp (Kny () AKpy (1)) = 2y, (5) = 2y, (2).
Sending k — 400 and using Lemma 1.4 we obtain

HL(HAK(2)) < z(s) — z(2).



438 GILLES FRANCFORT, ALESSANDRO GIACOMINI AND OSCAR LOPEZ-PAMIES

Let now #; ' s with #; € D and such that
K(ty) — K (s) in the Hausdorff metric.
Recalling that s is a continuity point for z, we infer (using again Lemma 1.4) that
HY(HAK(5)) = 0. (4-10)

Since () ey is arbitrary, we deduce that any limit point K (s) of the family {K(¢) :t € D} fort — s~
satisfies (4-10). The proof now follows by choosing K(s) as one of these limit points. O

Remark 4.7. Let H, K € K1 (£2) be such that
HI(KAH) = 0. (4-11)
Then:
(1) K and H differ by at most m points on £2 U dp $2.
(i) If (v, H) € A(g), then also (v, K) € A(g).

Indeed let Hj; be a connected component of A which contains a point x not in K. Since Hj is
connected by arcs, (4-11) implies that H; reduces to the point x, which proves point (i).

As far as point (ii) is concerned, we know that (Vv, v) can be interpreted as an element of L2(£2; R?).
Let us first check that v € W12(£2 \ K) with gradient on £ \ K given by Vv. We can proceed locally
near every point x € 2\ K:

(@) If x ¢ H, since u € W12(2\ H) we deduce u € W1-2(B(x,r)) for some r > 0 small enough, with
gradient given by V.

(b) If x € H, then, according to point (i), the connected component H; of H that contains x reduces to
the point x. From u € W12(£2\ H) we then deduce that for some » > 0 small enough

ue WhA(B(x,r)\ Hj) = W (B(x.r)\ {x}) = W"(B(x.7r)).
with gradient given by V.

Concerning the boundary condition, since # = g on dp§2 \ H in the sense of traces, (4-11) then entails
that the equality also holds true on dp $2 \ K. We thus conclude that (u, K) € A(g).

We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. Let 8, — 0 and {¢t — K(¢) : t € [0, T']} be given by Proposition 4.6. Set
(un(t), Kn(1)) := W (t), K (t)) and Dissp(¢) := Diss® (7).
Up to a further subsequence, the a priori bounds of Lemma 4.5, imply that
Diss, — D pointwise on [0, T'] (4-12)

for some increasing function D : [0, T] — [0, +00).



FRACTURE WITH HEALING: A FIRST STEP TOWARDS A NEW VIEW OF CAVITATION 439
For every t € [0, T] take u(t) € H'(£2 \ K(t)) to be a minimizer of

min [ Vl|%.
(. K ()€A(g (1)

By strict convexity, Vu(t) is uniquely determined by K(¢) and g(¢), while u(¢) is well-defined up to a
constant on the connected components of £2 \ K(z) which do not touch dp £2.
We now prove that

{t > (u(),K(t)):t€l[0,T]}

is a quasistatic evolution for the boundary displacement g such that (u#(0), K(0)) = (ug, K¢) according
to Definition 2.3.

Step 1: global stability. Let us check that, for every ¢ € [0, T'], the pair (u(¢), K(¢)) satisfies the global
stability condition (2-4), which reads

IVu@)II? + exHp (K1) < Vol + eHp (I) + (1 —e2) Hp (I \ K(1)). (4-13)

In view of the bound (4-5), by Lemma 2.1 and by the compactness of the Hausdorff convergence, we
may assume that, up to a subsequence,

K,(t) > H e IC,’,; (£2)  in the Hausdorff metric,
(Vun(t), un(t)) = (Vu,u) weakly in L?(£2; R?)

for some (u, H) € A(g(t)).
From item (b) in Lemma 4.4 and Theorem 3.1 we infer that (1, H) satisfies the global stability condition

IVull® + e (H) < IV0)|> + exHp (5) + (e1 —2) Hp (I \ H) (4-14)
for every (v, I') € A(g(?)). Note that, by Proposition 4.6,
HY(HAK(t)) = 0.
Then Remark 4.7 implies that (u, K(¢)) € A(g(?)), so that the minimality property (4-14) becomes
IVull? + exHp (K@) < VU] + caHp (5) + (¢1 —¢2) Hp (I \ K(1))
for every (v, I') € A(g(¢)). Comparing with the admissible configuration (u(¢), K(¢)) yields
IVl < IVu@)]?,

so that, by the very definition of u(¢), we get Vu(¢t) = Vu and conclude that (4-13) is satisfied.
From the arguments above, passing to subsequences is not necessary and we infer that

Vun(t) = Vu(t) weakly in L?(£2;R?) (4-15)
for every ¢ € [0, T].
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Step 2: energy balance. Let us first prove that, for every ¢ € [0, T],
Diss(7) < D(¢). (4-16)

Indeed, for every 0 =59 <51 <:++ < Sgy1 =1,

k

(c1—¢2) Y Hp(Kn(sht1) \ Kn(sp)) < Dissn(0). (4-17)
h=0

According to Proposition 4.6, up to a further subsequence, we have

Ky, (sj) — H(s;j) in the Hausdorff metric,
with
HI,(H(sj)AK(s;)) = 0. (4-18)

Then, with the help of Lemma 1.4 and of (4-18) we pass to the limit in (4-17) and obtain, in view of
(4-12),
k
(c1—c2) > My (K(sna1) \ K(s1) < D),
h=0
from which (4-16) easily follows.

Thanks to (4-15),(4-16) and to Golab’s theorem, we can pass to the limit in the discrete energy inequality
(4-4) and obtain

E(u(t), K(t)) + Diss(t) < E(ug, Ko) + 2/t/9 Vu(r)-Vg(r)dxdr. (4-19)
0

The opposite inequality in (4-19) holds true, thanks to a by now standard Riemann sum argument; see
[Dal Maso et al. 2005, Section 4.4]. In a nutshell, the argument consists in choosing a specific sequence
of partitions {s' };—o,... k(n) With k(n) /" co of the interval [0, ] such that the Riemann sums

k(n)—1

S n .
Z /n A)Vu(si+l)-g(s)dxds
i=0 i

14

converge to

/:/Q Vu(s)-g(s)dxds.

Then one writes the minimality condition for (u(s}'), K(s}')) € A(g(s}')) established in Step 1, tested
against (u(s;’, ) —g(si ) + g(s7'), K(si', ) € A(g(s]")) and adds all resulting contributions for i =
0,...,k(n)—1; see [Dal Maso et al. 2005, Section 4.4] for the details.

The energy balance

E(u(t), K(t)) + Diss(t) = E(ug, Ko) + 2/1/9 Vu(r)-Vg(r)dxdz
0

follows. We conclude that ¢ — (u(¢), K(¢)) is a quasistatic evolution. O
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Remark 4.8 (improved convergences). The proof of Theorem 4.1 shows that, for every ¢ € [0, T'],
Vun(t) = Vu(t) strongly in L?(£2;R?), (4-20)
Hp (Kn(1)) > Hp (K(1)). (4-21)
Diss, (t) — Diss(¢).

Indeed from the arguments of Step 2 and (4-4) we have

t
E(ug, Ko) + 2/0/9Vu(r)-Vg'(t)dxdt
= E(u(t), K(t)) + Diss(z)

< lirr%inf[é'(un(t), Ky () + Diss, (¢)] < limsup[€(un(2), Kn(2)) + Diss,(2)]
<lim sup|:€(u0, Ko) + /t/ Vuu(t)-Veg(r)dxdr + 6(5,1)]
n 0J2

= E(ug, Ko) + Z/I[ Vu(r)-Vg(r)dxdr,
from which 0
lign[é'(un (¢), Ky (1)) + Diss,(1)] = E(u(t), K(t)) + Diss(¢).
We thus deduce that
lirlln E(un(t), Kn(t)) =Ew(), K(t)) and li’?1 Dissy () = Diss(),
and the first convergence gives immediately (4-20) and (4-21).

Remark 4.9 (the connected case). In the connected case, loss of Hausdorff convergence only takes place
at healing times, i.e., when K(¢) reduces to a point (or is the empty set) on £2 U dp §2. Indeed, assume
the existence of two different subsequences Ky, (¢), K5, (1), with

Ky, (t) = H; in the Hausdorff metric,
K3, (1) — Hy  in the Hausdorff metric,

with H; # H,. Since, in view of Proposition 4.6,
HYL(HAK()) = Hp (H AK(t)) = 0,

it must be that 1}, (Hy AH,) = 0.

According to point (i) in Remark 4.7, those two sets, which are connected, must then reduce to at most
a single point on §£2 U dp 2. Since K(¢) is also connected, it in turn reduces to at most a single point on
2Udps2.

Finally, taking into account Remark 4.8, at such a time,

HY(Kn(t)) — 0

because Hb(K (t)) = 0. So, if Hausdorff convergence does not take place at time #, the approximating
cracks are actually vanishing in length.
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The argument fails if 72 > 1. In that case, using similar arguments, we can merely assert the existence
of a subsequence of K, (¢) such that one of its connected component heals in the limit, which is not
much....

5. The case of two-dimensional elasticity

In this section, we show how to modify the previous arguments in the case of linearized two-dimensional
elasticity.

Admissible configurations. Let the reference configuration be an open bounded set £2 C R? with Lipschitz
boundary, while we consider H!(£2; R?) as the class of admissible boundary displacements.

Given dp §2 C 02 open in the relative topology, we say that the pair (1, K) is an admissible configuration
for the boundary displacement g € H'(£2; R?) if

KeKl(2) and ue22(2\K), withu=gondpR\K,

where m > 1 is a fixed number, and IC,},; (£2) is given in (2-1). We will write (1, K) € A(g). The pair
(1, e(u)) can be thought of as an element of L2 (£2;R?) x L2(£2;M2, ) since K has null Lebesgue

loc sym
measure.

Remark 5.1. Let (1, K) € A(g), and let H € K}, (§2) be such that H1 (KAH)=0. Then (u, H) € A(g).
The proof follows precisely that in Remark 4.7: indeed the local arguments can be reproduced because,
in view of Korn’s inequality, elements of .22(£2 \ K) are locally in H'.

The following compactness result plays the role of Lemma 2.1 in our context.
Lemma 5.2. Let g,, g € H'(2; R?) be such that
gn— g strongly in H'(£2; [R{Z).
Assume that (up,, Ky) € A(gn) with

e(uy) —~ &  weakly in L*(2; M2

sym/>

K, — K in the Hausdorff metric.
Then there exists (u, K) € A(g) such that ® = e(u) on 2 \ K.
Proof. Let A be a connected component of £2 \ K, and let B € A be a disk. Consider
Z:={veLPR\K): [v-rdx=0forall r € R},
where R is the set of infinitesimally rigid motions, i.e.,

R:={Mx+b:MecM2,.,. beR?}.

skew?

Define i, to be the L?(B)-orthogonal projection of u, onto %Z; clearly e(ii,) = e(uy).
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Since K, Hausdorff-converges to K, any open Lipschitz connected subdomain G compactly embedded
in A and containing B is also included, for n large enough, in £2 \ K,. Thus, according to Korn’s
inequality, 71, € H'(G;[R?) and there exists Cg,B > 0 such that

linllL2om2) = Co.Bllen)lL2@emz,) = C
for some C depending on G, B; hence, up to a subsequence,
fln —ug weakly in H'(G:;R?),
with
e(ug) = . (5-1)
But ug also belongs to %Z. In view of (5-1), it is thus uniquely defined so that the whole sequence i,

converges to ug weakly in H'(G;R?), and hence strongly in L?(G;R?). Then taking G to be an

increasing sequence of Lipschitz connected open sets with union A, we immediately conclude that

ug = u independent of G with u € leoc(A; R?) and e(u) = ®. Since A4 is an arbitrary connected

component of 2\ K, we infer that u € £2(£2 \ K).
The proof that u = g on dp &2 \ K is identical to that in Lemma 2.1 upon renewed use of Korn’s
inequality. O

Quasistatic evolutions. Let the Hooke’s law be given by an element C € L°°(£2; L; (Mfym)) such that

ai|M|*> <C(x)M - M <a,|M|*> forevery M € M2 (5-2)

sym?*

with aq,a, > 0. Here - denotes the standard Frobenius matrix inner product.
We associate to an admissible configuration (1, K) the elastic energy

Qe(w) = 1 fg () (x) - () (x) d.

As in Section 2, let 7 > 0 and g € AC([0, T']; H'(£2; R?)) be a given time-dependent boundary displace-
ment, and let
c1>cy>0 (5-3)

be two given constants. In analogy with the scalar case (see Definition 2.3), we define a quasistatic
evolution in the case of linearized elasticity as follows.

Definition 5.3 (quasistatic evolution). We say that {¢t — (u(¢), K(¢)) € A(g(¢)) :t €[0, T']} is a quasistatic
evolution provided that for every ¢ € [0, T'] the following items hold true:

(a) (global stability) For every (v, I") € A(g(?))
Eu(r), K1) <EW.T)+ (c1 —e2) Hp (I \ K(1)).
where, for (u, K) € A(g),

Eu, K) = 9(e(u)) + caHp (K).
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(b) (energy balance) We have

E(u(t), K(t)) + Diss(t) = £u(0), K(0)) + /O /9 Ce(u(r)) - e(g(2)) dx dr,

where

Diss(t) := (¢c1 — c2) sup{Y_j—o H p (K(si41) \ K(5:)) : 0 =50 < 81 <--- <Spp1 =1}.
Existence of quasistatic evolutions. The main result of the section is the following.

Theorem 5.4 (existence of a quasistatic evolution for two-dimensional elasticity). Let 2 € R? be an open,
bounded Lipschitz domain and dp 2 € 382 be open in the relative topology. Let g AC([0, T]; H' (£2; R?))
and assume (5-2) and (5-3) hold true. Let finally (ug, Ko) € A(g(0)) be a globally stable configuration;
i.e., satisfying property (2-4).

Then, there exists a quasistatic evolution {t — (u(t), K(t)) : t € [0, T} in the sense of Definition 5.3
such that (u(0), K(0)) = (ug, Ko).

Proof. We proceed as in Section 4 by constructing incremental configurations (u?, Klfs ) € A(g;s). We
consider
!, K?) € Argmin{E(v, I') + (¢} —c) HL (T \ K2 ) : (v, ") € A(gd)}. (5-4)

The variational problems are well-posed thanks to Lemma 5.2 and to Gotab’s theorem.
Interpolating in time, we obtain the discrete-in-time evolution

{t > @), K@)t €0, T]}

such that, defining Diss? as in (4-3),

i
@ (1), K*(1)) + Diss® (1) < E(ug. Ko) + / / Ce(®(1))-e(g(x)) dx dt + e(8),
0 JR2
with e(6) — 0 as § — 0. In view of (5-2), this inequality yields the uniform bound
le@® )]l +Hp (K1) +2°(1) < C,

where z¢ is defined as in (4-6).

Thanks to Lemma 5.2, the proof is now completely analogous to that of Theorem 4.1, provided that
we adapt Theorem 3.1 to our context.

Specifically, it suffices to prove the following. Let ¢, ¢’ > 0, and let g,, g € H'(£2; R?) be such that

gn— g strongly in H!(£2; R?).
Assume that (u,, K,) € A(gy,) satisfy the following global stability condition: for every (v, I") € A(gn),
Qe(un)) + cHp(Kn) < Qe(v)) + ¢ Hp(I') + ' Hp(I'\ Kn)

and assume further that
K,— K in the Hausdorff metric,

e(uy) — e(u) weakly in L?(£2; M?

sym
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for some (u, K) € A(g). Then (u, K) is a globally stable configuration, that is that, for every (v, I') € A(g),
Qe(u)) + cHp(K) < Qe(v) + cHL () + HYL (I \ K). (5-5)

Notice that, in view of [Chambolle 2003, Theorem 1], there exists v, € H!(£2 \T; R?) with v, = g on

dp §2 and such that
e(vm) — e(v) strongly in L?(§2; M2

sym/*
As a consequence, it is sufficient to establish (5-5) in the case (v, I") € A(g) with
ve H' (2 \TI;R?). (5-6)

This is a great simplification, since we can employ the same construction as that in the proof of Theorem 3.1
working on each component.

Specifically, if v := (v!, v?), we fix U, V, ¢ as in Step 1 of the proof of Theorem 3.1, and construct the
associated Iy, v,ll, v,% (approximations of the scalar functions v!, v?). The crucial estimate (3-21) now
reads as follows (we can estimate in the squares the symmetrized gradient by the full gradient thanks
to (5-6)):

Qevn)) = Qe +20: Y [

j=1 QVj (strj)n§

SQ(e(v))+2a2/ |Vv|2dx+f _|Vg|*dx,
Uuns Uung

m
|Vv|2dx+a22/ |Vg|?dx
j=1 ij (xj,rj)ﬂ.Q

where a, is the coercivity constant in (5-2). Comparing (u,, K;) with (v, — g + gn, I'n) € A(gn) and
using the previous inequality we deduce that

Qe(u)) + cHL(K\ V) < Q(e(v)) + (c + YHL (I \ K)

7
+(c+c’)|:8+—8Hl(F)}+2a2/ IVvlzderazf _|Vgl*dx,
l—¢ Ung2 uns

so that the global stability follows since V, U and ¢ are arbitrary. O

Remark 5.5. Notice that even if an L°°-bound for the boundary displacement g is assumed, the functional
framework for the displacement u;.s in the incremental problems (5-4) cannot reduce to H'(2\ K f) since
truncation fails in the case of energies that depend on the symmetrized gradient.
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GENERAL CLARK MODEL FOR FINITE-RANK PERTURBATIONS

CONSTANZE LIAW AND SERGEI TREIL

All unitary (contractive) perturbations of a given unitary operator U by finite-rank-d operators with fixed
range can be parametrized by d x d unitary (contractive) matrices I'; this generalizes unitary rank-one
(d = 1) perturbations, where the Aleksandrov—Clark family of unitary perturbations is parametrized by
the scalars on the unit circle T C C.

For a strict contraction I' the resulting perturbed operator 7T is (under the natural assumption about
star cyclicity of the range) a completely nonunitary contraction, so it admits the functional model.

We investigate the Clark operator, i.e., a unitary operator that intertwines 7t (written in the spectral
representation of the nonperturbed operator U') and its model. We make no assumptions on the spectral
type of the unitary operator U ; an absolutely continuous spectrum may be present.

We first find a universal representation of the adjoint Clark operator in the coordinate-free Nikolski—
Vasyunin functional model; the word “universal” means that it is valid in any transcription of the model.
This representation can be considered to be a special version of the vector-valued Cauchy integral operator.

Combining the theory of singular integral operators with the theory of functional models, we derive
from this abstract representation a concrete formula for the adjoint of the Clark operator in the Sz.-Nagy—
Foiag transcription. As in the scalar case, the adjoint Clark operator is given by a sum of two terms: one is
given by the boundary values of the vector-valued Cauchy transform (postmultiplied by a matrix-valued
function) and the second one is just the multiplication operator by a matrix-valued function.

Finally, we present formulas for the direct Clark operator in the Sz.-Nagy—Foiag transcription.
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0. Introduction

The contractive (or unitary) perturbations U + K of a unitary operator U on a Hilbert space H by
operators K of finite rank d with fixed range are parametrized by the d x d contractive (resp. unitary)
matrices I". Namely, if Ran K C R, where R C H, dimR =4, is fixed, and B : C? — 9 is a fixed unitary
operator (which we call the coordinate operator), then K is represented as K = B(I' — I.«) B*U, where
I" is a contraction (resp. a unitary operator) on CH. Therefore, all such perturbations with Ran K C R
are represented as Tt = U + B(I' — Ic«) B*U, where I runs over all d x d contractive (resp. unitary)
matrices.

Recall that T being a contraction (contractive) means that || 7| < 1.

Focusing on the nontrivial part of the perturbation, we can assume that Ran B = i is a star-cyclic
subspace for U, i.e., H = span{U*R, (U*)¥9R : k € Z,.}. Below we will show that star-cyclicity together
with the assumption that I" is a pure contraction ensures that the operator 7T is what is called a completely
nonunitary contraction, meaning that 7T does not have a nontrivial unitary part. Model theory informs us
that such Tt is unitarily equivalent to its functional model Mg, 6 = O, that is, the compression of the
shift operator on the model space Ky with the characteristic function 6 = 6r of Tr.

In this paper we investigate the so-called Clark operator, i.e., a unitary operator & that intertwines the
contraction 7T (in the spectral representation of the unperturbed operator U ) with its model: Mg ® = ®TT,
0 = Or. The case of rank-one perturbations (d = 1) was treated by D. Clark [1972] when 6 is inner, and
later by D. Sarason [1994] under the assumption that 6 is an extreme point of the unit ball of H*°. For
finite-rank perturbations with inner characteristic matrix-valued functions 6, V. Kapustin and A. Poltoratski
[2006] studied boundary convergence of functions in the model space Ky. The setting of inner characteristic
functions corresponds to the operators U that have purely singular spectrum (no a.c. component); see,
e.g., [Douglas and Liaw 2013].

In [Liaw and Treil 2016] we completely described the general case of rank-one perturbations (when the
measure can have absolutely continuous part, or equivalently, the characteristic function is not necessarily
inner).

In the present paper we extend the results from [Liaw and Treil 2016] to finite-rank perturbations
with general matrix-valued characteristic functions. We first find a universal representation of the adjoint
Clark operator, which features a special case of a matrix-valued Cauchy integral operator. By “universal”
we mean that our formula is valid in any transcription of the functional model. This representation is a
pretty straightforward, albeit more algebraically involved, generalization of the corresponding result from
[Liaw and Treil 2016]; it might look like “abstract nonsense”, since it is proved under the assumption
that we pick a model operator that “agrees” with the Clark model (more precisely that the corresponding
coordinate/parametrizing operators agree).

However, by careful investigation of the construction of the functional model, using the coordinate-free
Nikolski—Vasyunin model we were able to present a formula giving the parametrizing operators for the
model that agree with given coordinate operators for a general contraction 7'; see Lemma 3.2. Moreover,
for the Sz.-Nagy-Foias transcription of the model we get explicit formulas for the parametrizing operators
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in terms of the characteristic function; see Lemma 3.3. Similar formulas can be obtained for other
transcriptions of the model.

We also compute the characteristic function of the perturbed operator 7T ; the formula involves the
Cauchy integral of the matrix-valued measure.

For the Sz.-Nagy-Foias transcription of the model we give a more concrete representation of the adjoint
Clark operator in terms of the vector-valued Cauchy transform; see Theorem 8.1. This representation
looks more natural when one considers spectral representations of the nonperturbed operator U defined
with the help of matrix-valued measures; see Theorem 8.7.

0A. Plan of the paper. In Section 1 we set the stage by introducing finite-rank perturbations and studying
some of their basic properties. In particular, we discuss the concept of a star-cyclic subspace and find a
measure-theoretic characterization for it.

The main result of Section 2 is the universal representation formula for the adjoint Clark operator; see
Theorem 2.4. In this section we also introduce the notion of agreement of the coordinate/parametrizing
operators and make some preliminary observations about such an agreement.

Section 3 is devoted to the detailed investigation of the agreement of the coordinate/parametrizing
operators. Careful analysis of the construction of the model from the coordinate-free point of view of
Nikolski—Vasyunin allows us to get for a general contraction T-formulas for the parametrizing operators
for the model that agree with the coordinate operators; see Lemma 3.2. Explicit formulas (in terms of the
characteristic function) are presented for the case of Sz.-Nagy-Foias transcription; see Lemma 3.3.

The characteristic function O of the perturbed operator 7T is the topic of Sections 4 and 5. Theorem 4.2
gives a formula for O in terms of a Cauchy integral of a matrix-valued measure. In Section 5 we show
that, similarly to the rank-one case, the characteristic functions fr and 6y are related via a special linear
fractional transformation. Relations between defect functions Ay and Ar are also described.

Section 6 contains a brief heuristic overview of what subtle techniques are to come in Sections 7 and 8.

In Section 7 we present results about regularizations of the Cauchy transform, and about uniform
boundedness of such generalizations, which we need to get the representation formulas in Section 8.

In Section 8 we give a formula for the adjoint Clark operator in the Sz.-Nagy—Foias transcription
of the model. As in the scalar case, the adjoint Clark operator is given by the sum of two terms: one
is in essence a vector-valued Cauchy transform (postmultiplied by a matrix-valued function), and the
second one is just a multiplication operator by a matrix-valued function; see Theorem 8.1. In the case of
inner characteristic functions (purely singular spectral measure of U) the second term disappears, and
the adjoint Clark operator is given by what can be considered a matrix-valued analogue of the scalar
normalized Cauchy transform; see Section SE.

Section 9 is devoted to a description of the Clark operator ®; see Theorem 9.2.

1. Preliminaries

Consider the family of rank-d perturbations U + K of a unitary operator U on a separable Hilbert space H.
If we fix a subspace R C H, dim R = d, such that Ran K C fR, then all unitary perturbations of U + K
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of U can be parametrized as
T =U+(X—1Ix)PrU, (1-1)

where X runs over all possible unitary operators in fR.

It is more convenient to factorize the representation of X through the fixed space ® := cd by picking
an isometric operator B : ©® — H, Ran B = fR. Then any X in (1-1) can be represented as X = BTB*,
where I' : ©® — © (i.e., I is a d x d matrix). The perturbed operator T = Tt can be rewritten as

T=U+ B —15)B*U. (1-2)

If we decompose the space H treated as the domain as H = U*9R @ (U*9R)L, and the same space
treated as the target space as H = 9 @ 93, then the operator T can be represented with respect to this

decomposition as
BTB*U 0
T=( 5 Tl), (1-3)
where block 77 is unitary.

From the above decomposition we can immediately see that if I" is a contraction then T is a contraction
(and if T" is unitary then 7' is unitary).

In this formula we slightly abuse notation, since formally the operator BT'B*U is defined on the
whole space H. However, this operator clearly annihilates (U*9%)L, and its range belongs to R, so we
can restrict its domain and target space to U *$R and fR respectively. So when such operators appear in
the block decomposition we will assume that its domain and target space are restricted.

In this paper we assume that the isometry B is fixed and that all the perturbations are parametrized by
the d x d matrix T

1A. Spectral representation of U. By the spectral theorem the operator U is unitarily equivalent to the
multiplication Mg by the independent variable & in the von Neumann direct integral

@
e[ E© . (14
i

where u is a finite Borel measure on T (without loss of generality we can assume that u is a probability
measure, u(T) = 1).

Let us recall the construction of the direct integral; we present not the most general one, but one that is
sufficient for our purposes. Let £ be a separable Hilbert space with an orthonormal basis {e; }5> ;, and
let N : T — N U {oo} be a measurable function (the so-called dimension function). Define

E(§) =span{e, € E:1<n < N(§)}.

Then the direct integral A is the subspace of the E-valued space L?(u; E) = L?(T, j1; E) consisting of
the functions f such that f(§) € E(§) for u-a.e. &.

Note, that the dimension function N and the spectral type [t] of u (i.e., the collection of all measures
that are mutually absolutely continuous with () are spectral invariants of U, meaning that they define the
operator U up to unitary equivalence.
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So, without loss of generality, we assume that U is the multiplication Mg by the independent variable &
in the direct integral (1-4).

An important particular case is the case when U is star-cyclic, meaning that there exists a vector 7 € H
such that span{U"h :n € Z} = H. In this case N(£) = 1, and the operator U is unitarily equivalent to
the multiplication operator Mg in the scalar space L?(pn) = L2(T, p).

In the representation of U in the direct integral it is convenient to give a “matrix” representation of
the isometry B. Namely, for k = 1,2,...,d define functions by € H C L?(u; E) by by := Bey; here
{ek}gzl is the standard orthonormal basis in C.

In this notation the operator B, if we follow the standard rules of the linear algebra, is the multiplication
by a row B of vector-valued functions,

B(§) = (b1(8). b2(8). - ... bq (§)).

If we represent by (£) in the standard basis in E that we used to construct the direct integral (1-4), then B
is just the multiplication by the matrix-valued function of size (dim E) x d.

1B. Star-cyclic subspaces and completely nonunitary contractions.

Definition 1.1. As was previously mentioned, a subspace R is said to be star-cyclic for an operator T
on H if

H = 5pani{T*R, (T*F Rk e 2.

For a perturbation (not necessarily unitary) 7 = 7T of the unitary operator U given by (1-2) the
subspace

£ =pan{U*R, (U**R:k e 2.} = span{U*R : k e 2} (1-5)

is a reducing subspace for both U and Tt (i.e., £ and £ L are invariant for both U and TT).

Since Tr|g1 = U|¢1, the perturbation does not influence the action of 7T on £ . 5o nothing interesting
for perturbation theory happens on £1; all action happens on £. Therefore, we can restrict our attention
to Tt |e, i.e., assume without loss of generality that YR = Ran B is a star-cyclic subspace for U.

We note the following result.

Lemma 1.2. Let 'R = Ran B be a star-cyclic subspace for U and let T be unitary. Then ‘R is also a
star-cyclic subspace for all perturbed unitary operators Ur = T given by (1-2).

We postpone for a moment a proof of this well-known fact.

Definition 1.3. A contraction 7" in a Hilbert space H is called completely nonunitary (c.n.u. for short) if
there is no nonzero reducing subspace on which 7" acts unitarily.

Recall that a contraction is called strict if || Tx|| < ||x|| for all x # 0.

Lemma 1.4. If R = Ran B is a star-cyclic subspace for U and U is a strict contraction, then T defined
by (1-2) is a c.n.u. contraction.
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Proof. Since T is a strict contraction, we get that BT' B*U |y=x is also a strict contraction. Therefore
(1-3) implies
ITx| = x| <= xlU™'R,
IT*x|| = x| < xl1%R.
Moreover, we can see from (1-3) that if x L U !9 then Tx = Uf and if x L QR then T*x = U !x.

Consider a reducing subspace G for T such that T'|g is unitary. Then the above observations imply
G LR and G L U7, and that for any x € G

T"x =U"x aswellas (T*)"x=U"x.

Since G is a reducing subspace for T it follows that UXx € G for all integers k. But this implies that
U"x L R, or equivalently x L. U"R for all n € Z. But i is a star-cyclic subspace for U, so we get a
contradiction. |

Proof of Lemma 1.2. Assume now that for unitary I, the subspace Ran B is not a star-cyclic subspace for
Ur = Tr (but is a star-cyclic subspace for U). Consider the perturbation 7Ty,

To=U+B(0—15)B*U.
We will show that
To=Ur+B(0—15)B*Ur. (1-6)

By Lemma 1.4 the operator 7y is a c.n.u. contraction.

But, as we discussed in the beginning of this subsection, if Ran B is not star-cyclic for U, then for £
defined by (1-5) the subspace £+ is a reducing subspace for Tt (with any I') on which 7T acts unitarily.

Since by (1-6) the operator Ty is a perturbation of form (1-2) of the unitary operator 7T, we conclude
that the operator 7p has a nontrivial unitary part, and arrive at a contradiction.

To prove (1-6) we notice that

To=U—-BB*U =Ur - BTB*U. (1-7)
Direct computations show that
UrU*B=UU*B+B(I —-19)B*UU*B =B + B(I —19) = BT.

Taking the adjoint of this identity we get B*U U = I'* B*, and so 'B*U = B*Ur. Substituting B*Ur
instead of TB*U in (1-7) we get (1-6). O

1C. Characterization of star-cyclic subspaces. Recall that for an isometry B : D — H, where H is the
direct integral (1-4), we denoted by by € H the “columns” of B,

by = Bey,

where e, es, ..., ey is the standard basis in cq.
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Lemma 1.5. Let U be the multiplication Mg by the independent variable § in the direct integral H given
by (1-4), and let B : C2 — H be as above. The space Ran B = span{by, : 1 <k < d} is star-cyclic for U
if and only if span{bi(§):1 <k <d} = E(§) for p-a.e. &.
Proof. First assume that Ran B is not a star-cyclic subspace for U. Then there exists f € H C L?(u; E),
f # 0 p-a.e., such that

U'f Lby forallleZandk=1,...,d,

or, equivalently

/(f(é),bk(g))Egldu(g):O forall/ €eZandk=1,...,d.
T
But that means forall k =1,2,...,d we have

(f(6).0k(E)E =0 p-ae.,

so on some set of positive p-measure (where f(§) # 0) we have
span{bi(§):1 <k <d} G E(§). (1-8)

Vice versa, assume that (1-8) holds on some Borel subset A C T with (A4) > 0. Forn =1,2,...,00
define sets A, := {§ € A : dim E(§) = n}. Then u(A,) > 0 for some n. Fix this n and denote the
corresponding space E (), £ € Ay, by E,.

We know that Span{b; (§) : 1 <k <d} & E, on Ay, so there exists e € E, such that

e ¢ spanihy(§):1 <k <d}

on a set of positive measure in A,.
Trivially, if / € span{U¥ Ran B : k € Z} then

f&) espantbi(§): 1 <k <d} p-ae.,
and therefore f =14, e is not in span{U* Ran B : k € Z}. O

1D. The case of star-cyclic U. If U is star-cyclic (i.e., it has a one-dimensional star-cyclic subspace/vector),
U is unitarily equivalent to the multiplication operator M¢ in the scalar space L?(1); of course the scalar
space L2(y) is a particular case of the direct integral, where all spaces E(£) are one-dimensional.

Lemma 1.5 says that Ran B is star-cyclic for U if and only if there is no measurable set A, u(A) > 0,
on which all the functions by vanish. If we consider the case when U is star-cyclic, i.e., when it has a
star-cyclic vector, we can ask the question:

Does a star-cyclic operator U have a star-cyclic vector that belongs to a prescribed (finite-dimensional)
star-cyclic subspace?

The following lemma answers “yes” to that question. Moreover, it implies that if Ran B is star-cyclic
for U = Mg on the scalar-valued space L2(1), then almost all vectors b € Ran B are star-cyclic for U.
As the result is measure-theoretic in nature, we formulate it in a general context.
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Lemma 1.6. Consider a o-finite scalar-valued measure t on a measure space X. Let by, by, ..., by €
L?(t) be such that

d
D bkl #£0 t-ae.
k=1
Then for almost all (with respect to the Lebesgue measure) a = (1,2, ...,05) € C? we have

d
Z apbr #0 t-a.e.on X.
k=1

Remark. The above lemma also holds for almost all o € R¥.

Proof of Lemma 1.6. Consider first the case 7(X) < oco.

We proceed by induction in d. Clearly, if |b1| # 0 7-a.e. on X, then ab; # 0 t-a.e. on X for all
a € C\ {0}.

Now assume the statement of the lemma for d = n for some n € N. Deleting a set of t-measure 0, we
can assume that Zz:i |bi| # 0 on X.

Lety:= {x €EX Y p_qlbr(x)|> 0}. By the induction assumption, for almost all @’ = (a1, &2, . .., @)

b(a'.x) = orbr(x) #0 on Y.
k=1

Fix o' = (a1, @2, ..., ay) such that b(a’, x) # 0 on ). We will show that for any such fixed o’

n+1
r(%xeX:Zakbk(x)=O})>0 (1-9)

k=1
only for countably many values of o, 1.
To show this, define for B = a1 € C the set

Xg:={xeX:b(@ x)+ Bbyy1(x) =0}

Let B € C\ {0}, B # B. We claim that the sets Xg and Xﬁ are disjoint.
Indeed, the assumption that ZZ:I |br| > 0 implies by 41 # 0 on X'\ Y, so Ajg, XB € Y. Moreover,

solving for b, 41 we get that if B # 0, then
Xp ={x €Y :buy1(x) = —b(',x)/B},

and similarly for X’ 5 Since b(a’, x) # 0 on Y, we get

b(a',x)/B #b(e',x)/B forall x €,

so if B # 0, then Xg and X 5 are disjoint as preimages of disjoint sets (points).

If $ =0, then Xy = X'\ Y, so the sets Xﬁ and Xy are disjoint.

The set X' has finite measure, and X’ is the union of disjoint sets Xg, B € C. So, only countably many
sets Xg can satisfy 7(Xg) > 0. We have proved the lemma for 7 (X)) < oo.
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The rest can be obtained by Tonelli’s theorem. Namely, define

n+1

A= {(x,oz) xeX, a e Y by (x) = o}
k=1
and let F =1 4. From Tonelli’s theorem we can see that
[IA(x,a) dm(a)dz(x) >0 (1-10)

if and only if for the set of & € C"*! of positive Lebesgue measure

n+1

r({x eX: Zakbk(x) :0}) > 0.
k=1

It follows from (1-9) that for almost all o’ = (a1, 2, ..., 0,) € C"

/1A(X,Ot/,an+1) dm(an+1) dr(x) =0,

s0, by Tonelli, the integral in (1-10) equals O. O

2. Abstract formula for the adjoint Clark operator

We now introduce necessary known facts about functional models and then give a general abstract formula
for the adjoint Clark operator. To do this we need a new notion of coordinate/parametrizing operators
for the model and their agreement: the abstract representation formula (Theorem 2.4) holds under the
assumption that the coordinate operators C and C agree with the Clark model.

Later in Section 3 we construct the coordinate operators that agree with the Clark model, and in
Section 4 we compute the characteristic function, so the abstract Theorem 2.4 will give us concrete, albeit
complicated, formulas.

2A. Functional models.

Definition 2.1. Recall that for a contraction 7 its defect operators Dt and D7+ are defined as
Dr:=(I-T*T)"2 Dr«:=1-TT*"2
The defect spaces D1 and D= are defined as
D7 :=closRan Dy, D7+ :=closRan Dpx.

The characteristic function is an (explicitly computed from the contraction 7") operator-valued function
0 € H®(® — D), where ® and © are Hilbert spaces of appropriate dimensions,

dim® =dim®D7, dimD, =dimD7=*.

Using the characteristic function 6 one can then construct the so-called model space Kg, which
is a subspace of a weighted L? space L2(T, W; D4 & D) = L?>(W; D4« ® D) with an operator-valued
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weight W. The model operator Mg : KCg — Kg is then defined as the compression of the multiplication M,
by the independent variable z,

Mo f =P ,M;f, [ €Kyp:

here M, f(z) = zf(z).
Let us remind the reader that the norm in the weighted space L2(T, W; H) with an operator weight W
is given by

1 egwian = [ (W), £ dmo):
in the case dim H = oo there are some technical details, but in the finite-dimensional case considered in
this paper everything is pretty straightforward.

The best-known example of a model is the Sz.-Nagy—Foiag (transcription of a) model [Sz.-Nagy et al.
2010]. The Sz.-Nagy-Foias model space Ky is a subspace of a nonweighted space L2(D 4 & D) (here

W = 1), given by
_( H*®x) 0\ ;2
Ko = (Clos AL2(@)) © (A) H*®).

0f
Af

In the literature, the case when the vector-valued characteristic function 6 is inner (i.e., its boundary

where

A(z) = (Ip — 0*(z)0(z))"/? and (i) H?*(D) = {( ):f € Hz(sa)}.

values are isometries for a.e. z € T) is often considered. Then A(z) = 0 on T, so in that case the second
component of Cg collapses completely and the Sz.-Nagy—-Foias model space reduces to the familiar space

Ko = H*(D4) © 6H*(D).

Also, in the literature, see [Sz.-Nagy et al. 2010], the characteristic function is defined up to multiplica-
tion by constant umtary factors from the right and from the left. Namely, two functions § € H (D — D*)
and 0 € H °°(’D — CD*) are equivalent if there exist unitary operators U : ©® — D and Ui 1Dy — ’D*
such that § = U,.0U*

It is a well-known fact, see [Sz.-Nagy et al. 2010], that two c.n.u. contractions are unitarily equivalent if
and only if their characteristic functions are equivalent as described above. So, usually in the literature the
characteristic function is understood as the corresponding equivalence class, or an arbitrary representative
in this class. However, in this paper, to get correct formulas it is essential to track which representative is
chosen.

2B. Coordinate operators, parametrizing operators, and their agreement. Let T : H — H be a con-
traction, and let ©, ®, be Hilbert spaces, dim® = dim D7, dim®, = dim®r=. Unitary operators
V:Or - 9 and Vi : D7+ — D4 will be called coordinate operators for the corresponding defect
spaces; the reason for that name is that often spaces ® and D, are spaces with a fixed orthonormal basis
(and one can introduce coordinates there), so the operators introduce coordinates on the defect spaces.
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The inverse operators V* : ® — ©7 and V) : ©, — D7« will be called parametrizing operators. For
a contraction 7' we will use the symbols V and Vi for the coordinate operators, but for its model Mg the
parametrizing operators will be used, and we reserve letters C and Cy for these operators.

Let T be a c.n.u. contraction with characteristic function 8 € H*°(® — D), and let Mg : Ky — Ky
be its model. Let also V : ®7 — © and Vi : D7+ — D, be coordinate operators for the defect spaces
of T,and C : ® — D, and Cy : Dy — D M be the parametrizing operators for the defect spaces of
My (this simply means that all four operators are unitary).

We say that the operators V', Vi agree with operators C, Cy if there exists a unitary operator ®: Ky — H
intertwining 7" and My,

TO=>dMy,
and such that
C*= Vd>|gM9, C;= V*CD|@M;. (2-1)

The above identities simply mean that the diagrams below are commutative:

V*

Dy 4 D 2. * Dy
X %* c& /
:DMQ :DMZ

In this paper, when convenient, we always extend an operator between subspaces to the operator

between the whole spaces, by extending it by 0 on the orthogonal complement of the domain; slightly
abusing notation we will use the same symbol for both operators. Thus a unitary operator between
subspaces E and F can be treated as a partial isometry with initial space E and final space F, and vice
versa. With this convention (2-1) can be rewritten as

2C. Clark operator. Consider a contraction 7' given by (1-2) with I" being a strict contraction. We also
assume that Ran B is a star-cyclic subspace for U, so T is a c.n.u. contraction; see Lemma 1.4.

We assume that U is given in its spectral representation, so U is the multiplication operator Mg in the
direct integral H.

A Clark operator @ : g9 — H is a unitary operator, intertwining this special contraction 7" and its
model Mg, ®Mg = T ®, or equivalently

DT = Myd*. (2-2)

We name it so after D. Clark, who in [Clark 1972] described it for rank-one perturbations of unitary
operators with purely singular spectrum.

We want to describe the operator ® (more precisely, its adjoint ®*) in our situation. In our case,
dim D7 = dim D7+ = d, and it will be convenient for us to consider models with ® = D, = C¥.
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As discussed above, it can be easily seen from the representation (1-3) that the operators U*B : © =
C? - ©r and B : ® = C? — D7+ are unitary operators canonically (for our setup) identifying ©
with the corresponding defect spaces, i.e., the canonical parametrizing operators for these spaces. The
corresponding coordinate operators are given by V = B*U, V. = B*.

We say that parametrizing operators C : ® — Dy, Cx : D - D M agree with the Clark model if
the above coordinate operators V = B*U, V, = B* agree with the parametrizing operators C, Cy in the
sense of Section 2B. In other words, they agree if there exists a Clark operator ® such that the following

o BU o _¢d B Dy
(2-3)
d* C C. o*
QMQ @Mz

Note, that in this diagram one can travel in both directions: to change the direction, one just needs to

diagram commutes:

take the adjoint of the corresponding operator.

Slightly abusing notation, we use C to also denote the extension of C to the model space Iy by the
zero operator, and similarly for C.

Note that agreement of C and C, with the Clark model can be rewritten as

O*(B*U)*=C, O*B =C,. (2-4)
And by taking restrictions (where necessary) we find
MpC =CxI' and MyCy =CT™. (2-5)

We express the action of the model operator and its adjoint in an auxiliary result. The result holds in
any transcription of the model. We will need the following simple fact.

Lemma 2.2. For a contraction T
TOr COr+, T*Dr+ CDr.
Proof. Since Dr is a strict contraction on D7 we get
ITx|=lxl <= xl19r,
and similarly, since T* is a strict contraction on D7,
IT*x]l = [Ix]] <= xLDr=. (2-6)

Thus the operator T is an isometry on D=, so the polarization identity implies 7*Tx = x for all x € CD%.
Together with (2-6) this implies T(’D%) C ©#.., which is equivalent to the inclusion T*D 7+ C Dr.
Replacing T by T* we get TD 7 C Dr+. O
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Lemma 2.3. Let T be as defined in (1-2) with I" being a strict contraction. Assume also that Ran B is
star-cyclic (so T is completely nonunitary; see Lemma 1.4).

Let 6 € H®(® — D,), ® = Dy = C4, be the characteristic function of T, and let My : Ky — Kg
be a model operator. Let C : D — Dpq, and Cyx : D — D M be the parametrizing unitary operators that
agree with the Clark model.

Then

Mo =M; +(CxT —M;C)C* and Mpy= M:;+ (CT*—M:Cx)C;.
Proof. Since the operator Mg acts on Kg © D4, as the multiplication operator M, we can trivially write
Mg =M:(I - Py,,,) + Mg Po,,,
Recalling that C : ® — Iy is an isometry with range D q,, we can see that Py, = CC* so
MZ(I—P@Mg)zMZ(I—CC*). 2-7)
Using the identity Pyp,,, = CC * and the first equation of (2-5) we get
Mo Py, = MyCC* = CI'C*,

which together with (2-7) gives us the desired formula for My.
To get the formula for M} we represent it as

o 7 *
My = Mz(I — P@Mz) + /\/teP;gM2 .
Using the identities
Po, . =CC, MgPy, . = CT"CY

(the first holds because © M is the range of the isometry C, and the second one follows from the second
equation in (2-5)), we get the desired formula. O

2D. Representation theorem. For a (general) model operator Mg, 6 € H*° (D — D), the parametrizing
operators C : ® — Dy, Cx 1 Dse — D M give rise to (uniquely defined) operator-valued functions C
and Cx on T, where C(§) : D > D P Dy, Cik(§) : Dy > D P Dy, £ €T, such that for almost all £ € T

(Ce)(()=C(é)e forall e € ®, (2-8)
(Cxex)(E) = Cy(E)es forall ey € Dy; (2-9)

here Ce, Cyex are elements of Ky, i.e., functions with values in D @ D, and (Ce)(§), (Cxex)(§) are
the values of these functions at § € T.

If we fix orthonormal bases in ® and ©, then the k-th column of the matrix of C(§) is defined as
(Cxep)(§), where ¢y, is the k-th vector in the orthonormal basis in ©, and similarly for Ci.

If Mg is a model for a contraction T = Tt with I being a strict contraction on © = C¢, we can see from
(1-3) that dim ®7 = dim D7+ = d, so we can always pick a characteristic function 8 € H*° (D — D)
(ie., with D, =D = C?).



462 CONSTANZE LIAW AND SERGEI TREIL

The following formula for the adjoint ®* of the Clark operator ® generalizes the “universal” represen-
tation theorem [Liaw and Treil 2016, Theorem 3.1] to higher-rank perturbations.

Theorem 2.4 (representation theorem). Let T be as defined in (1-2) with I" being a strict contraction
and U = Mg inH C L?(u; E). Let 8 = 07 be a characteristic function of T, and let KCg and Mg be the
corresponding model space and model operator.

Let C: D — Dpy and Cy : D — D M be the parametrizing unitary operators' that agree with Clark
model, i.e., such that (2-4) is satisfied for some Clark operator ®. And let C(z) and C«(z) be given by
(2-8) and (2-9), respectively.

Then the action of the adjoint Clark operator ®* is given by

h h
(®*hb)(2) = h&)C*@)B*b+(C*@)—ZC())/u—@l——gﬁl?(@b@)du@) (2-10)

for any b € Ran B and for all h € C1(T); here

b1(§)*
b *

5= |

ba(§)*

and B*b = fT B*(&)b(&) du(§), as explained more thoroughly in the proof below.

Remark. The above theorem looks like abstract nonsense because right now it is not clear how to find
the parametrizing operators C and C, that agree with the Clark model. However, Theorem 4.2 below
gives an explicit formula for the characteristic function 6 (one of the representative in the equivalence
class), and Lemma 3.3 gives explicit formulas for C and Cx in the Sz.-Nagy—Foias transcription that
agree with the Clark model for our 6.

When d = 1 this formula agrees with the special case of the representation formula derived in [Liaw
and Treil 2016]. While some of the ideas of the following proof were originally developed there, the
current extension to rank-d perturbations requires several new ideas and a more abstract way of thinking.

Proof of Theorem 2.4. Recall that U = Mg, so T = Mg + B(I' — Ica) B* M. The intertwining relation
®*T = Myd* then can be rewritten as

®* Mg + ®*B(T' — Ica) B*U = ®*T = My®* = [M; + (C+«T — M,C)C *]0*; 2-11)

here we used Lemma 2.3 to express the model operator in the right-hand side of (2-11).
By the commutation relations in (2-4), the term ®* BT' B*U on the left-hand side of (2-11) cancels
with the term C,I'C *®* on the right-hand side of (2-11). Then (2-11) can be rewritten as

CD*ME = M,d* + dD*BICdB*U —M,CC*®*
= M, ®* + (Cx — M,C)B* M 2-12)
the last identity holds because, by (2-4), we have ®*B = Cx and C*®* = B*U = B* M.

INote that here we set D« = D, which is possible because the dimensions of the defect spaces are equal.
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Right-multiplying (2-12) by M¢ and using (2-12) we get
®*MZ = M;®* Mg + (C« — M C)B*M;
= MZ®* + M,(Cx — M;C)B*M; + (Cx — MZC)B*Mg.
Right-multiplying the above equation by Mg and using (2-12) again we get the identity
QML = M} * + Xn: MEH (€= M C)B* M, (2-13)
k=1

with n = 3. Right-multiplying by M and applying (2-12) we get by induction that (2-13) holds for all
n > 0. (The case n = 0 trivially reads as ®* = ®*, and (2-12) is precisely the case n = 1.)

We now apply (2-13) to some b € Ran B. By commutative diagram (2-3) we get ®*b = C.B*b, i.e.,
(®*b)(z) = C«(z) B*b. Using this identity we get

(@*MI'b)(z) = 2"(®*b)(2) + Y 2K (Cu(z) = 2C(2) B* M H1b
k=1 n
= ZnC*(Z)(B*b)(Z) + (C*(Z) —ZC(Z)) Z Zk_lB*Mg_k+1b. (2_14)
k=1

To continue, we recall that B : C¢ — L2(u; E) acts as multiplication by the matrix B(§) = (b1 (€), b (§),
....bg(§)), so its adjoint B* : 1 C L?(u; E) — C¢ is given by

B = [ B @@ forfen
where the integral can be expanded as

Jrb1(®)* f(§) du(§)

[ @@ e = | 2OTOWE

[ ba(®)* (&) du(®)

Using the sum of geometric progression formula we evaluate the sum in (2-14) to

S A B M = 3 A [ b6 du)
k=1 k= N

1

- Z KL=k H 1 B* ()b (&) dpu ()
T k=1
B g_-n _gn

; B*(£)b(§) duu(§). (2-15)

T1—2

Thus, we have proved (2-10) for monomials 4(§) = £”, n > 0. And by the linearity of ®*, the
representation (2-10) holds for (analytic) polynomials /4 in §.



464 CONSTANZE LIAW AND SERGEI TREIL

The argument leading to the determination of the action of ®* on polynomials / in & is similar. But
we found that the devil is in the details and therefore decided to include much of the argument.

First observe that the intertwining relation (2-2) is equivalent to Mp®* = ®*T* Recalling T* =
U*+U*B(I'* — Ica) B* and the resolution of the adjoint model operator Mgy (see second statement of
Lemma 2.3), we obtain

M:;®* 4+ (CT* —ZCy)CJ D™ = Mpd* = *T* = d*U* - O*U*B(I'* — Ioa) B™.

The terms involving I'* on the left-hand side and the right-hand side cancel by the commutation
relations in (2-4) (actually by their adjoints). Now, rearrangement and another application of the adjoints
of the commutation relations in (2-4) yields

@*Mé =Q*U* = M;d* + ®*U*Bla B* —ZC,C; D" = M;P* + (C — M;Cy)B*

= M;®* + M>(M,C —Cx)B*. (2-16)
In analogy to the above, we right-multiply (2-16) by M £ and apply (2-16) twice to obtain
2
O*MZ = MZO* + ) ME(M.C —Co)B*MZ™F.
k=1

Inductively, we conclude

n
O*ME = MIPT— ) Mk, —MZC)B*Mé’_k,
k=1
which differs in the exponents and in the sign from its counterpart expression in (2-13).
Through an application of this identity to » and by the commutative diagram (2-3), we see

n
(@*M'b)(2) = 2" (9*D)(2) — > K (Cu(2) —zC(z))B*Mg—kb
k=1 n
= 2"Cu(2)(B*b)(2) — (Cu(2) —2C(2)) D sz*Mg—kb.
k=1
As in (2-15), but here with the geometric progression
n S\ >\n
~ @ = ©"-e"
P 1-&z
we can see (2-10) for monomials é”, n € N. And by the linearity of ®*, we obtain the same formula
(2-10) for functions 4 that are polynomials in E.

We have proved (2-10) for trigonometric polynomials f. The theorem now follows by a standard
approximation argument, developed in [Liaw and Treil 2009]. The application of this argument to the
current situation is a slight extension of the one used in [Liaw and Treil 2016]. Fix f € C1(T) and
let { pr} be a sequence of trigonometric polynomials with uniform-on-T approximations py = f and
P = f' In particular, we have |p; | is bounded (with bound independent of k) and py — f as well as
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pib — fbin L?(u; E). Since ®* is a unitary operator, it is bounded and therefore we have convergence
on the left-hand side ®* ppb — ®* fb in Ky.

To investigate convergence on the right-hand side, first recall that the model space is a subspace of the
weighted space L2(W: D, & D).

So convergence of the first term on the right-hand side happens, since pr =2 f and the operator norm
|C«B*|| =1 implies pyCx(z)B*b = pCxB*b — fC«B*b = fC«(z)B*b in Ky.

Lastly, to see convergence of the second term on the right-hand side, consider auxiliary functions
fk = f — px- Wehave fy = 0and f = 0. Let I¢ ; C T denote the shortest arc connecting £ and z.
Then by the intermediate value theorem

| /&) = fe@] = f{llool Ig,z| forall§,zeT.

By virtue of the geometric estimate |/¢ ;| < Z|§ — z|, we obtain

k) — fi(2)
1-&z
And since B* is bounded as a partial isometry, we conclude the componentwise uniform convergence

/ Pk (&) — pi(2)

1-£2
By Lemma 3.4 below, the functions W1/2C and WY/ 2, are bounded, and so is the function wl/2¢c 1,
C1(z) := C«(z) — zC(z). That means the multiplication operator f +> Cy f is a bounded operator from

L?*(®) to L2(W; D4 & ®) (recall that in our case ® = D and we use D, here only for consistency
with the general model notation).

< E||fk,||oo—>0 as k — oo.

B*©)b(E) du®) = / MB “©)b(E) du(E). zeT.

The uniform convergence implies the convergence in L?(®), so the boundedness of the multiplication
by C; implies the convergence in norm in the second term in the right-hand side of (2-10) (in the norm of
LZ(W§©* ®D)). O

3. Model and agreement of operators

We want to explain how to get operators C and Cj that agree with each other.

To do that we need to understand in more detail how the model is constructed, and what operator gives
the unitary equivalence of the function and its model.

Everything starts with the notion of unitary dilation. Recall that for a contraction 7 in a Hilbert
space H its unitary dilation is a unitary operator U on a bigger space H, H C H, such that for alln >0

T" = Pgu"|y. (3-1)
Taking the adjoint of this identity we immediately get
(TH" = PguU™"|g. (3-2)

A dilation is called minimal if it is impossible to replace U by its restriction to a reducing subspace and
still have the identities (3-1) and (3-2).
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The structure of minimal unitary dilations is well known.

Theorem 3.1 [Nikolski and Vasyunin 1998, Theorem 1.4; Nikolski 2002b, Theorem 1.1.16]. Let U :
H — H be a minimal unitary dilation of a contraction T. Then H can be decomposed as H =G+ D H @G,
and with respect to this decomposition U can be represented as

£x 0 0
U=\ or~vy T 0], (3-3)
—VT*V} VDr &

where £ : G — G and Ex : G« — G are pure isometries, V' is a partial isometry with initial space O
and final space ker E* and V. is a partial isometry with initial space D+ and final space ker E.

Moreover, any minimal unitary dilation of T can be obtained this way. Namely if we pick auxiliary
Hilbert spaces G and G and isometries € and Ey there with dimker £* =dim © 7, dimker £} =dim D7
and then pick arbitrary partial isometries V and Vi with initial and final spaces as above, then (3-3) will
give us a minimal unitary dilation of T.

The construction of the model then goes as follows. We take auxiliary Hilbert spaces © and D,
dim® = dim®7, dim®, = dim D74, and construct operators £ and &« such that ker£* = D,
ker £f = .. We can do that by putting G = {2(D) = £?>(Z+; D), and defining

5()(0,)61,)62,...)=(0,)C0,X1,)C2,...), xkei),

and similarly for .
Picking arbitrary partial isometries V' and Vi with initial and final spaces as in (3-3), we get a minimal
unitary dilation U of T given by (3-3).

Remark. Above, we were speaking a bit informally, identifying x € © with the sequence (x,0,0,0,...) €
02(D), and x4 € D4 with (x4,0,0,0,...) € £2(D).
To be absolutely formal, we need to define canonical embeddings e : ® — G = (2(D), ex : Dy —
Gy = £2(D4) with
e(x) :=(x,0,0,0,...), xe®?, (3-4)
e (Xx) := (x%,0,0,0,...), X €Dy (3-5)

Then, picking arbitrary unitary operators V : D7 — D, Vi : D7+ — D, we rewrite (3-3) to define the
corresponding unitary dilation as

& 0 0
U=\ DrvV¥er T 0f. (3-6)
—eVT*Vrel eVDr &

The reason for being so formal is that if dim ®7 = dim ® 7= it is often convenient to put ® = D, but
we definitely want to be able to distinguish between the cases when © is identified with ker £ and when
it is identified with ker Es.
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We then define functional embeddings 7 : L*>(D) — H and 74 : L2(D4) — H by

n(szek)=Zuke(ek), er €D,

kez kez
n*(z Zkek) = Zuk+1e*(ek), ex € Ds.
kez kez

We refer the reader to [Nikolski and Vasyunin 1998, Section 1.6] or to [Nikolski 2002b, Section 1.2] for
the details. Note that there © and D, were abstract spaces, dim D = dim ker £* and dim ©, = dimker £,
and the unitary operators v : © — ker£*, v : ©4 — ker &} used in the formulas there are just the
canonical embeddings e and e in our case.
Note that 7 and 7, are isometries.
Note also that for k > 0
L{ke(e) =cke, ee®,

U_ke*(e*)zgfe*, 8*69*,
SO

T(H?*(®)) =G, n(H2(®+)) = G+.
The characteristic function is then defined as follows. We consider the operator § = n}m : L?(D) —

L?(®y). It is easy to check that M,60 = 0 M, so 0 is multiplication by a function § € L®(D — D).
It is not hard to check that @ is a contraction, so ||f||co < 1. Since

T(H*(®)) =G L Gy = nx(H2(D4)),

we can conclude that § € H® (D — D).
The characteristic function 6 = 07 can be explicitly computed, see [Nikolski 2002b, Theorem 1.2.10],

07 (z) = Va(—T 4+ zD7p«(Iyy —zT*) ' D7)V*|p, zeD. (3-7)

Note that the particular representation of 8 depends on the coordinate operators V' and V. identifying
defect spaces ®7 and D7+ with the abstract spaces © and D.

To construct a model (more precisely its particular transcription), we need to construct a unitary map W
between the space ‘H of the minimal unitary dilation ¢/ and its spectral representation.

Namely, we represent I/ as a multiplication operator in some subspace K = Ky of L2(Dx @ D) or its
weighted version.

We need to construct a unitary operator ¥ : H — K intertwining ¢/ and M, on K, i.e., such that

VY =M,V. (3-8)

Note that if T is a completely nonunitary contraction, then (L2 (D)) + m«(L?(D4)) is dense in A.

So, for W to be unitary it is necessary and sufficient that W* acts isometrically on 7 (L%(®)) and on
7« (L?(®+)), and that for all f € L%(D), g € L?*(Dx)

(W f, W ng)e = (nf. @) = (0 . 8) 12(0,); (3-9)
the last equality here is just the definition of 6.
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Of course, we need W* to be onto, but that can be easily accomplished by restricting the target space K
to Ran W*,
Summing up, we have

3A. Paviov transcription. Probably the easiest way to construct the model is to take K to be the weighted
space L2 (D4 @D, W), where the weight W is picked to make the simplest operator ¥'* an isometry,

_( Is, 0(2)
W(z)—(e(z)* 1@)‘ (3-10)

and is given by

Now the operator W* is defined on 77(L2(®D)) and on 74 (L%(D4)) as

\P*(Zuke(ek)) = sz (e(l) , e €9,

kez kez

(3-11)
\D*(Zuke*(ek)) =y ! (e(;‘) . ep €Dy,
kez kez
or equivalently
* 0
Vi (nf) = (f) feLl*®),

U* (4 f) = (g) . feLl?*®y).

The incoming and outgoing spaces G« = W*Gy, G = W*G are given by

Gy 1= clos,g{(g) : f e HE(Q*)s, G:= clos%{(?) [ € HZ(D)},
and the model space K = Ky is defined as
Ko =Ko (G+®09).

3B. Sz.-Nagy-Foias transcription. This transcription appears when one tries to make the operator ¥*
act into a nonweighted space L2(D+ ® D). We make the action of the operator W* on 74 (L% (D)) as

simple as possible,
lIJ*(ZZ/{ke*(ek)) =) 1 (eg) . er €Dy (3-12)

kez kez

this is exactly as in (3-11). The action of W* on 7(L?(®)) is defined as

W*(Zuke(ek)) = sz (Zeei) , ex €D, (3-13)

kez kez
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where A(z) = (I —6(2)*6(z))'/2. Then (3-12) and (3-13) can clearly be rewritten as

U*(nf) = (2’;) . felL?*®), (3-14)
U (s f) = ({;) feL*(Dy). (3-15)

Note, that 6 in the top entries in (3-13) and (3-14) is necessary to get (3-9); after (3-12), equivalently
(3-15), is chosen, one does not have any choice here. The term A in the bottom entries of (3-13) and (3-14)
is there to make W* act isometrically on 77(L?(®)). There is some freedom here; one can left-multiply
A by any operator-valued function ¢ such that ¢(z) acts isometrically on Ran A(z). However, picking
just A is the canonical choice for the Sz.-Nagy-Foias transcription, and we will follow it.

The incoming and outgoing spaces are given by

_ (H2(®) (7
g*._( 0 ) g._(A)HZ(Q).

The model space is given by

_ [ L*®) [ H2(®.) 0
Ko := (Clos A Lz(g)) S (G ®G) = (CIOS N (@)) o ( A) H2(D). (3-16)

Remark. While the orthogonal projection from

L*(Ds) L?(Ds)
(Clos ALZ(CD)) 0 (Clos ALZ(’D)) O G

is rather simple, the one from

L* (D) L% (D)
(clos ALZ(’D)) o (clos AL?*(D) ©¢
involves the range of a Toeplitz operator.

3C. De Branges—Rovnyak transcription. This transcription looks very complicated, but its advantage
is that both coordinates are analytic functions. To describe this transcription, we use the auxiliary
weight W = W(z) as in the Pavlov transcription; see (3-10). The model space is the subspace of
L2(®4 D, W), where for a self-adjoint operator A the symbol A1 denotes its Moore—Penrose
(pseudo)inverse, i.e., A7 = 0 on Ker A and A7 is the left inverse of A on (Ker A)~L.

The operator U* : H — L2(D, & D, WI1) is defined by

W nf) = W (ji) - (Qf) . fel’®)

Uy f) =W (5) = (Q*ff) . feL?®y).
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The incoming and outgoing spaces are

I 0
Gy 1= (9) H?*(®4), G:= (1) H?(9D),

and the model space is defined as

‘o= {(g) ([ €H?(Dy), g € HA(D), g— 67 f € AL*(D);

see [Nikolski and Vasyunin 1998, Section 3.7] for the details (there is a typo in that paper; in the definition
of Kg on p. 251 it should be f € H?(E.), g € H*(E)).

3D. Parametrizing operators for the model, agreeing with coordinate operators. The parametrizing
operators that agree with the coordinate operators V' and Vi are described in the following lemma, which
holds for any transcription of the model.

Let T be a c.n.u. contraction, and let V : O — ® and Vi : O 7+ — D, be coordinate operators for the
defect spaces of 7. Let 0 = 01 = Or,y,y, € H*° (D — D) be the characteristic function of 7', defined
by (3-7), and let Mg be the corresponding model operator (in any transcription).

Recall that W is a unitary operator intertwining the minimal unitary dilation & of T" and the multi-
plication operator M; in the corresponding function space; see (3-8). The operator ¥ determines the
transcription of the model, so for any particular transcription it is known.

Define

e:=Vre, é,:=V"e,, (3-17)

where the embeddings e and e, are defined by (3-4), (3-5).

Lemma 3.2. Under the above assumptions the parametrizing operators Cy : Dy — D M and C : 0 —
D, given by
Ciex = (DM2|@MZ)_1P;C6MZE*(e*), ex € Dy, (3-18)

Ce=(Dmylon,)  PcoMzé(e), e€®, (3-19)
agree with the coordinate operators V and V.

Remark. It follows from (3-20) below that Px, M;éx(ex) €Ran D Mg S well as Px, Mze(e) eRan Dy,
so everything in (3-18), (3-19) is well defined.

Proof of Lemma 3.2. Right- and left-multiplying (3-6) by W and W* respectively, we get

~%

Ey 0 0
YUY = DM;C*EI Mg 0], (3-20)
—eC*MyCyey éC* Dy, &
where £ = W*EW, £, = WEW, C* = VW, CF = VoV, é = U¥e, é, = U¥e,.
The operators ¢ and €, are the canonical embeddings of ® and D into G and G, that agree with the
canonical embeddings e and e.. The operators C and Cj are the parametrizing operators for the defect
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spaces of the model operator Mg that agree with the coordinate operators V' and Vi for the defect spaces
of the operator 7.

In any particular transcription of the model, the operator W*{ W is known (it is just the multiplication
by z in an appropriate function space), so we get from the decomposition (3-20)

DysCaét = Py Mzg,. Dy, Cé* = Pi,Mzlg,.

Right- and left-multiplying the first identity by e« and (D MG 1D, )~ ! respectively, we get (3-18). Simi-
6
larly, to get (3-19) we just right- and left-multiply the second identity by e and (D4, |9 Mg )y~ L |

Applying the above Lemma 3.2 to a particular transcription of the model, we can get more concrete
formulas for C, Cy just in terms of the characteristic function 8. For example, the following lemma gives
formulas for C and Cy in the Sz.-Nagy—Foiag transcription.

Lemma 3.3. Let T be a c.n.u. contraction, and let Mg be its model in the Sz.-Nagy—Foias transcription,
with the characteristic function 0 = 0r,y,y,, 0 € H®(D — D).
Then the maps Cy : Dy — ”}DM; and C : D — Dy, given by

Crex = (I__AQ(EZ))QZ*(((S))(I —0(0)0*(0)) V2,  ex €Dy, (3-21)
Ce= (2_1(29_(12)&2‘;)(0)))(1 —0*(0)0(0))" Y2, ec®, (3-22)

agree with the coordinate operators V and V.

Proof. To prove (3-21) we will use (3-18). It follows from (3-12) that

=)

so by (3-18)
C*e* = (I —M9M3)|5Z5P}C9 (e(;k) , ex € @* (3‘23)
0
It is not hard to show that 69(0)*
ex\ (I— 0
) (280
One also can compute
_ o ([ _ (1-0000)" f
(I — MgMy) (g) = ( _AB(0)* f(0), g € K. (3-25)
Combining the above identities we get
N e I1—-66(0)*
(I = MgM3) P, (0) - ( A0 ) (ex — 0(0)0* (0)ex). (3-26)

As we discussed above just after (3-19), P, (e(;") € Ran DMZ’ so in (3-26) we can replace (I — ./\/lg./\/l;)
by its restriction onto © M-
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Applying (I — MgMp)lo,, x to (3-26) (with (I — MgM3) replaced by its restriction onto D4, ) and

using (3-25) we get
_ * 2 ex\ (I1—-060(0)* B o2

(= Mayin, g PP, () = (T gt ) (. = 608" O) e

Applying (I — M9M2)|@M* to the above identity, and using again (3-25), we get by induction that
4
_ * ex\ (1—06(0)* B N

o= 20Mp)ln, )P, (5) = (Calio ) oo, 008" Ores @20
for any monomial ¢, ¢(x) = x", n > 0 (the case n = 0 is just the identity (3-24)).

Linearity implies that (3-27) holds for any polynomial ¢. Using standard approximation reasoning
we get that ¢ in (3-27) can be any measurable function. In particular, we can take ¢(x) = x~1/2 which
together with (3-23) gives us (3-21).

To prove (3-22) we proceed similarly. Equation (3-13) implies

e(e) = (Z) e,

so by (3-19)
Ce = (I - MiMy)lo,, )V P, M (

0
A

P, M (Z) e=M; (9 _AQ(O)) e,

Mg Prcy M: (Z) o= Pr, (9 —Ae(o)) e—_p., (95)0)) )

Combining this with (3-24), we get
(0 06(0)* —
Mo Preg Mz (A) €= ( A§(0)*

)
()1
|

) e, e€d. (3-28)

One can see that

SO

6(0)e.

Using the fact that

we arrive at

MpMg Picy, M ( e= (9 9(0)) 0(0)*6(0)e,

(I = MM@) Prcy M: (Z) e = M: (9 -’ (O)) (I - 000 (0))e.

Using the same reasoning as in the above proof of (3-21) we get

SO

(I — MgMp)|o ) Prcy Mz (Z) e=Ms; (9 —AG(O)) o(I —6(0)*0(0))e, (3-29)

first with ¢ being a polynomial, and then any measurable function.
Using (3-29) with ¢(x) = x~1/2 and taking (3-28) into account, we get (3-22). O
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3E. An auxiliary lemma. We already used, and we will also need later, the following simple lemma.

Lemma 3.4. Let M = My be model operator on a model space Kg C L>(W; D4 ® D), and let
C:Di—>Dpy, Cx 10— @M; be bounded operators.
If C and Cy are the operator-valued functions defined by

C(z)e = Ce(z), zeTl,ee®,
C*(Z)e* - C*e*(Z), S —I]—, €x € @*,

then the functions WY2C and WY2C* are bounded,
IW2C|Lee = [CIl. [WY2CullLoe = | Cal.

Proof. It is well known and is not hard to show that if T is a contraction and ¥/ is its unitary dilation, then
the subspaces U" D7, n € Z (where recall D7 is the defect space of 7') are mutually orthogonal, and
similarly for subspaces U" D1+, n € Z.

Therefore, the subspaces z"® ., n € Z, are mutually orthogonal in LZ(W; D, & D), and the same
holds for the subspaces z" D+, n € Z.

The subspaces z"® C L?(T;®) are mutually orthogonal, and since

CE Y "fm)y=) "Cla, fn)eD,

nez nez

we conclude that the operator f + Cf is a bounded operator acting from L2(D) to LZ2(W; D, & D),
and its norm is exactly ||C||.

But that means the multiplication operator f — W1/2 f between the nonweighted spaces L2(®) and
L2(®D. @ D) is bounded with the same norm, which immediately implies |W/2C |z = ||C].

The proof for Cy follows similarly. O

4. Characteristic function

We now derive formulas for the (matrix-valued) characteristic function 0r; see Theorem 4.2 below.

4A. An inverse of a perturbation. We begin with an auxiliary result.

Lemma 4.1. Let D be an operator in an auxiliary Hilbert space R and let B,C : R — H. Then
I, — CDB* is invertible if and only if Iss — DB*C is invertible, and if and only if Iss — B*CD is
invertible.
Moreover, in this case
(I,—CDB*)" ' =1, + C(Iy — DB*C) ' DB*
=I;,+ CD(Iy— B*CD)" ! B*. (4-1)
We will apply this lemma for D : C¢ — C%, so in this case the inversion of Iy — CDB is reduced to
inverting a d x d matrix.
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This lemma can be obtained from the Woodbury inversion formula [1950], although formally in
[Woodbury 1950] only the matrix case was treated.

Proof of Lemma 4.1. First let us note that it is sufficient to prove the lemma with D = Iy, because D can
be incorporated either into C or into B*,

One could guess the formula by writing the power series expansion of I, — CDB¥*, and we can get
the result for the case when the series converges. This method can be made rigorous for finite-rank
perturbations by considering the family (I3, —ACDB*)™!, A € C, and using analytic continuation.

However, the simplest way to prove the formula is just by performing multiplication,

(I —CB*)(Iy+C(Ix—B*C)"1B*) = I,—CB*+C(Ix—B*C) 'B*~CB*C(Ix—B*C) ! B*
= I+ C(—Ix(Ix—B*C)+Ix—B*C)(Ix—B*C) ' B*
=1y.

Thus, when Iz — B*C is invertible, the operator Iy, +C(Iy—B*C)~! B* is the right inverse of I,y—CB*.
To prove that it is also a left inverse we even do not need to perform the multiplication: we can just take
the adjoint of the above identity and then interchange B and C.

So, the invertibility of Isy — B*C implies the invertibility of Iy — CB* and the formula for the inverse.

To prove the “if and only if” statement we just need to change the roles of H and R and express, using
the just proved formula, the inverse of Ix — B*C in terms of (I3, — CB*)~1. |

4B. Computation of the characteristic function. We turn to computing the characteristic function of
T=U+B(I—1ca)B*U, ||T'| <1, where U is the multiplication operator M in L*(u: E).
We will use formula (3-7) with V = B*U, Vs = B*, D =D, = C4.
Let us first calculate for |z]| < 1,
(I —2T*) " = [l — 2U*) (I — 2(Iyy — zU*) " 'U* B(T* — Ica) B*)] ™
= [Iy— z(Iyy—zU*) WU*B(T* — Ica) B*| " (I — 2U*) !
= X)) Iy —zU*"L.
To compute the inverse X(z) we use Lemma 4.1 with z(I3 —zU*)"'U*B instead of C, T'* — I 4
instead of D and B instead of B. Together with the first identity in (4-1) we get

X(z)=Iy+z(Iy—zU*YWW*B(Ica —zDB*(Iy,—zU*)"'U*B) ' DB*, (4-2)

where D =T'* — Iq.
Now, let us express zB*(Iy—zU*)"'U*B as a Cauchy integral of some matrix-valued measure.
Recall that U is a multiplication by the independent variable & in H C L?(u; E) and that by, b, ..., bg € H

denote the “columns” of B (i.e., by = Bey, where ey, e5,...,e, is the standard basis in C4), and
B(&) = (b1(§),b2(8),...,b (§)) is the matrix with columns by (§). Then
_ £
by (Ica —zU*) " U by = /T 1 bj ()" bi (§) du(8),
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SO

B*(Iy—zU")"'U*B = /T % M(®) du(®) = CLIMu(E) = Fi (), 43)

where M is the matrix-valued function M(§) = B(§)* B(£), or equivalently M; ;(§) = b; (§)* by (§),
1<j,k<d.
Using (4-3) and denoting D :=I'* — I -« we get from the above calculations that

Iy —zT*) ' =Ty —zU" V4 z(Iy —zU*)'U*B(Ica — DF1(z)) ' DB* (I, —zU*)" L.

Applying formula (3-7), with V = B*U, Vi = B., © = D, = C%, we see that the characteristic
function is an analytic function 6 = 67 whose values are bounded linear operators acting on ©, defined
by the formula

0r(z) = B*(=T +zD7+(Iyy —zT*)"'D7)U*Blo, zeD. (4-4)
We can see from (1-3) that the defect operators D7 and D7+ are given by
Dr =U*BDrB*U, Dr+«=BDr+B*.

We can also see from (1-3) that the term —7 in (4-4) contributes —I" to the matrix 07 . The rest can be
obtained from the above representation formula for (Iy —zT*)~!. Thus, recalling the definition (4-3) of
C1Mu we get, defining Fy(z) := (CtMu)(z), that

0r(z) = =T + Dr+[F1(2) + Fi(2)(In — (T* = L) F1(2)) " (I* — In) F1(2)] Dr
= T + Dr+Fi(z)(Io — (T* = I)Fi(2)) "' Dr.

In the above computation to compute X(z) we can use the second formula in (4-1). We get instead of
(4-2) an alternative representation

X(z)=Iy+z(Iy—zU*)'U*BD (1o —zB*(Iy —zU*)_lU*BD)_lB*.
Repeating the same computations as above we get another formula for 67,
0r(z) = T + Dr=(Io — Fi(z)(T* — Io)) "' Fi(2)Dr.
To summarize we have proved two representations of the characteristic operator-valued function.

Theorem 4.2. Let T = Tt be the operator given in (1-3), with I" being a strict contraction. Then the
characteristic function O = 0. € H®(®D — Dy), with coordinate operators V. = B*U, Vi = B*
(and with ® = D, = C%), is given by
-1
Or(z) = =T + Dr«F1(z)(Ip — (I'* = I9)Fi(z))  Dr
-1
=—T + Dr«(Ip — F1(z)(I* = Ip))  Fi(z)Dr.

where F1(z) is the matrix-valued function given by (4-3).
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In these formulas, the inverse is taken of a d x d matrix-valued function, which is much simpler than
computing the inverse in (4-4).

4C. Characteristic function and the Cauchy integrals of matrix-valued measures. For a (possibly
complex-valued) measure 7 on T and z ¢ T, define the Cauchy-type transforms C, C; and C»,

_ [ du® oo [ Ezdr® oo [ Ltz
Cf(z).—/Tl_gz, Cit(z) = R CZT()'_/wrl—gsz(s)'

Performing the Cauchy transforms componentwise we can define them for matrix-valued measures as

well.

Thus F; from the above Theorem 4.2 is given by F; = C1[M u], where M(§) = B*(§) B(§). We would
like to give the representation of O in terms of function F» := Co[Mpu].

Slightly abusing notation we will write 0r instead of ..

Corollary 4.3. For 0 := 0, we have
0o(z) = Fi(2)(I + F1(2)) "' = (I + F1(2)) " Fi(2) (4-5)
= (F2@) - D(F@)+ D' = (F@) + D) (F(2) - 1). (4-6)

Proof. The identity (4-5) is a direct application of Theorem 4.2. The identity (4-6) follows immediately
from the trivial relation

Fa(z) = /T M dp+2F1(2) = I +2F, (2);

the equality [ M du = Iy = Ia is just a restatement of the fact that the functions by, by, ..., by form
an orthonormal basis in . O

5. Relations between characteristic functions 6

5A. Characteristic functions and linear fractional transformations. When d = 1, it is known that the
characteristic functions are related by a linear fractional transformation

see [Liaw and Treil 2016, equation (2.9)].
It turns out that a similar formula holds for finite-rank perturbations.

Theorem 5.1. Let T be the operator given in (1-3), with T" being a strict contraction. Then the character-
istic functions Or := O and 8y = 0r, are related via linear fractional transformation,

Or = Dt (00— T)(In —T*69) ' Dr = Dr+(Ip —6pT*) ' (6 — ) D",

Remark. At first sight, this formula looks like a formula in [Nikolski and Vasyunin 1998, p. 234].
However, their result expresses the characteristic function in terms of a linear fractional transformation
in T, whereas, here we have a linear fractional transformation in T
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Theorem 5.2. Under assumptions of the above Theorem 5.1
6o = Dr+(I +6rT*) " (0r + T)DF' = DR (Or + T)(I +T*6r) "' Dr.
To prove Theorem 5.1 we start with the following simpler statement.
Proposition 5.3. The matrix-valued characteristic functions 0t and 6y are related via
Or = —T + Dr«6y(I9 —T*69) "' Dr = —T + Dr«(Ip — 6pT*) ™16y Dr-.
Proof. Solving (4-5) for F; we get
F1(2) = 6p(2)[I — 6p(2)] .
Substituting this expression into the formula for the characteristic function from Theorem 4.2, we see that
Or = —T + Dr«6g[Ip — o] ' {In — (T* — I)60[1o — 6] '} ' Dr. (5-1)
We manipulate the term inside the curly brackets
In— (I —In)by[Io — 0]~ = (Io — 0 — (I — I0)00) [0 — o] '

= (Io —T*6p)[Io — 6] ",
so that
{Io — (T"* — 15)0)[I — 00) '} " = [Io — 60) (I — T*6) .

Substituting this back into (5-1), we get the first equation in the proposition.
The second equation is obtained similarly. O
Lemma 5.4. For ||I'|| < 1 we have for all @ € R
g« =T'DEf, (5-2)
DYT* =T*Df., (5-3)
where, recall Dr = (I —T*T)Y/2, Dp« := (I —TT*)'/2 are the defect operators.

Proof. Let us prove (5-2). It is trivially true for &« = 2, and by induction we get that it is true for ¢ = 2n,
n € N. Since | T'|| < 1, the spectrum of Dr lies in the interval [a, 1], a = (1 — ||T[|*)"/2 > 0.
Approximating ¢(x) = x% uniformly on [a, 1] by polynomials of x? we get (5-2).
Applying (5-2) to I'* we get (5-3). O

Proof of Theorem 5.1. From (5-2) we get DpII'Dy! = D2T, so
Or = —I + Dr+60y(Ip —T*6p) " Dy
= Dr+[-DpiT + 6y(1o —T*6p)~ '] Dr
= Dri [T + DE.60(Io — T*69) "1 Dr
= Dp[-T(Ip —T*0p) + (I —TT*)6p)(In —T*6p) ' Dr
= Dt [T + 6p](Io — T*69) "' Dr,

which is exactly the first identity.



478 CONSTANZE LIAW AND SERGEI TREIL
The second identity is obtained similarly, using the formula Dlii Dy l=T Dy 2 and taking the factor
(I —T*6y)~! out of brackets on the left. O

Proof of Theorem 5.2. Right-multiplying the first identity in Theorem 5.1 by D LI —T*6p) we get
Or Df' —6r D3 'T*6y = D56y — DpiT.

Using identities DI?,Z I'=rIDp U and Dr Ir* = F*DI?}, see Lemma 5.4, we rewrite the above equality
as

Or D! + TDR! = 0rT* DRl6y 4+ Drlby.
Right-multiplying both sides by Dr=(6rT* + I)~! we get the first equality in the theorem.

The second one is proved similarly. O

5B. The defect functions At and relations between them. Recall that every strict contraction I" yields a
characteristic matrix-valued function 6 through association with the c.n.u. contraction Ur. The definition
of the Sz.-Nagy—-Foias model space, see, e.g., formula (3-16), reveals immediately that the defect functions
Ar = —06f 0r)!/2 are central objects in model theory. We express the defect function A in terms of
Ap (and T and 6y).

Theorem 5.5. The defect functions of Or and 6y are related by
A% = Dr(I —63T) ' A3(I —T*6p) ' Dr.
Proof. By Theorem 5.1
Or = Dpi (60— T)(Io —T*69)~' Dr.

so Of0r = A* BA, where

A=(I—-T*6p)Dr, B =0 —T*)Dr2(6y—T).
Then Ar = I —6070r = A*XA, where
X=(A"TAT'-B=U-0;T)Dr*(I —T*0p) — (6 —T*)Dp2(6p—T)

= D2 — 05D — DR2T*0y + O T DR T* 0y — 05 D269 + T* D126y + 05 Dp2T — T* DR2T.

It follows from Lemma 5.4 that DI = I'* D17 and that I'* D? = D2T, so in the above identity
we have cancellation of nonsymmetric terms,

—0¢TD? — DT "6y + T* D126y + 05 D21 = 0.

Therefore
X = D32 4 05T DT *6y — 0 D26 — T* DT?T

= D%+ 05 DpTT*0) — 65 Dp260g — DR2T*T
= Dp?(I —T*T) + 05 DF2(T*T — Dy = I — 05 6y = Ag.

Thus we get Ay = A*AgA, which is exactly the conclusion of the theorem. O
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SC. Multiplicity of the absolutely continuous spectrum. 1t is well known that the Sz.-Nagy—Foias model
space reduces to the familiar one-story setting with Kg = H?(D4) © 0H?*(D) when 6 is inner. Indeed, for
inner 6 the nontangential boundary values of the defect A(§) = (I —6*(£)6(£))'/2 = 0 for Lebesgue a.c.
& €T. So, the second component of the Sz.-Nagy—Foias model space collapses completely.

Here we provide a finer result that reveals the matrix-valued weight function and the multiplicity of
U’s absolutely continuous part.

Before we formulate the statement, we recall some terminology. First, we Lebesgue decompose the
(scalar) measure dp = dftac + ditsing. The absolutely continuous part of U is unitarily equivalent to the
multiplication by the independent variable & on the von Neumann direct integral H,. = fﬁ E)dua(§).
Note that the dimension of E(§) is the multiplicity function of the spectrum.

Let w denote the density of the absolutely continuous part of u, i.e., di,c(§) = w(§) dm(€). Then
the matrix-valued function & — B*(&) B(§)w(§) is the absolutely continuous part of the matrix-valued
measure B* B/L.

Theorem 5.6. The defect function Ay of 0y and the absolutely continuous part B* Bw of the matrix-
valued measure B* By are related by

(I — 65 ) B*(E)BEwE) U —00(§)) = (Ao(§))? (5-4)
for Lebesgue a.e. £ € T.
The function I — 0y is invertible a.e. on T, so the multiplicity of the absolutely continuous part of | is
given by
dim £ (§) = rank(I — 05 (§)00(§)) = rank Ag(§), (5-5)
of course, with respect to Lebesgue a.e. £ € T.
Combining (5-5) with Theorem 5.5 we obtain:
Corollary 5.7. For Lebesgue a.e. £ € T we have dim E(§) = rank Ar(§) for all strict contractions T.

Another immediate consequence is the following:

Corollary 5.8. The operator U has no absolutely continuous part on a Borel set B C T if and only if
6o (&) (or, equivalently, Ot (§) for all strict contractions T') is unitary for Lebesgue a.e. £ € B.

This corollary is closely related to the main result of [Douglas and Liaw 2013, Theorem 3.1]. Interest-
ingly, it appears that their proof of that result cannot be refined to yield our current result (Theorem 5.6).

Corollary 5.9. In particular, we confirm that the following are equivalent:
(1) U is purely singular.

(ii) Or (&) is inner for one (equivalently any) strict contraction T.

(iii)) Ar = 0 for one (equivalently any) strict contraction T.

(iv) The second story of the Sz.-Nagy—Foias model space collapses (and we are dealing with the model
space Ko = H 2((E‘i) 6 0r H2(C?) for one (equivalently any) strict contraction I').
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Proof of Theorem 5.6. Take I' = 0. Solving (4-6) for F, we see
Fa(z) = [I 4 60(2)][I — 6o(2)] .

Let P(B* Bu) denote the Poisson extension of the matrix-valued measure B* By to the unit disc D.
Since F» = C, B* Bui, we can see that P(B*Bu) = Re F, on D, so

P(B*Bu) = Re F, = Re[(I + 6p)(I — )7 '].
Standard computations yield

P(B*Bu) =Re[(I + 60)(I —60) ' = 5[(I + 60)(I —6p) " + (I —63) " (I + 6;)]
= LI = 05) 7 U = 03I + B) + (I + 65)(T — 60)](I — 6p) ™"
=3 —65)"" I — 05 60)(I — o) ™" = (I — 65) " Re[I — 65 60](I — 6p) "
= (I —6¢)""[I — 65 60](1 — 6p)~"

on D. Note that for any characteristic function 6 and z € D the matrix 6(z) is a strict contraction, so in
our case I — 6 is invertible on D, and all computations are justified.
We can rewrite the above identity as

(I —60)*P(B*Bp)(I —6) = I — 65 0o,

and taking the nontangential boundary values we get (5-4). Here we used the Fatou lemma, see, e.g.,
[Nikolski 2002a, Theorem 3.11.7], which says that for a complex measure 7 the nontangential boundary
values of its Poisson extension Pt coincide a.e. with the density of the absolutely continuous part of t;
applying this lemma entrywise we get what we need in the left-hand side.

To see that the boundary values of I — 6y are invertible a.e. on T we notice that z > det(I — 0y(z)) is
a bounded analytic function on D, so its boundary values are nonzero a.e. on T. O

6. What is wrong with the universal representation formula and what to do about it?

There are several things that are not completely satisfactory with the universal representation formula
given by Theorem 2.4.

First of all, it is defined only on functions of form hb, where h € C 1 is a scalar function and » € Ran B.
Of course, one can then define it on a dense set, for example on the dense set of linear combinations
f = Y4 hi, b, where by are columns of the matrix B, by = Bey, and hy € C1(T). But the use
of functions b (or by ) in the representation is a bit bothersome, especially taking into account that the
representation f =) hiby is not always unique. So, it would be a good idea to get rid of the function b.

The second thing is that while the representation formula looks like a singular integral operator (Cauchy
transform), it is not represented as a classical singular integral operator, so it is not especially clear if the
(well-developed) theory of such operators applies in our case. So, we would like to represent the operator
in more classical way.
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Defining C1(z) := C«(z) — zC(z) and using the formal Cauchy-type expression

X 1
(TP ")) = / ——= B*(&) f(E)du(®),
T1-—2§
we can, performing formal algebraic manipulations, rewrite (2-10) as

(D*hb)(z) = C1(2)(TB *hb)(z) + h(z)[Cx(2) B*b — C1(z)(T B 1b)(2)], zeT. (6-1)

So, is it possible to turn these formal manipulations into meaningful mathematics? And the answer is
“yes™: the formula (6-1) gives the representation of ®* if one interprets 78 T f as the boundary values
of the Cauchy transform C[B* fu1](z), z ¢ T; see the definition in the next section.

In the next section (Section 7) we present necessary facts about the (vector-valued) Cauchy transform
and its regularization that will allow us to interpret and justify the formal expression (6-1). We will
complete this justification in Section 8; see (8-12). This representation is a universal one, meaning that it
works in any transcription of the model, but still involves the function b € Ran B.

The function b is kind of eliminated in Proposition 8.4 below, and as it is usually happens in the theory
of singular integral operators, the operator ®* splits into the singular integral part (weighted boundary
values of the Cauchy transform) and the multiplication part. The function b becomes hidden in the
multiplication part, and at first glance it is not clear why this part is well-defined.

Thus the representation given by Proposition 8.4 is still not completely satisfactory (the price one pays
for the universality), but it is a step towards obtaining a nice representation for a fixed transcription of a
model. Thus we were able to obtain a precise and unambiguous representation of ®* in the Sz.-Nagy—Foias
transcription; see Theorem 8.1 which is the main result of Section 8.

7. Singular integral operators

7A. Cauchy-type integrals. For a finite (signed or even complex-valued) measure v on T, its Cauchy
transform Cv is defined as

Cv(z)zC[u](z):/Tldv(i, zeC\T.

It is a classical fact that Cv(z) has nontangential boundary values a.e. on T as z — zg € T from the
inside and from the outside of the disc . So, given a finite positive Borel measure i one can define
operators Tﬁ from L!(u; E) to the space of measurable functions on T as the nontangential boundary
values from inside and outside of the unit disc D,

(T /)0 = nt- lim CLAE), (T2 f)(z0) = nt- Jim CL/l().
zeD z¢D

One can also define the regularized operators T}, r € (0, 00) \ {1}, and the restriction of C[ fu] to the
circle of radius r,

T f(2) =Clful(r2).
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Everything can be extended to the case of vector- and matrix-valued measures; there are some technical
details that should be taken care of in the infinite-dimensional case, but in our case everything is finite-
dimensional (dim £ < d < 00), so the generalization is pretty straightforward.

So, given a (finite, positive) scalar measure x and a matrix-valued function B* (with entries in L2 (1))
and vector-valued function f € L?(u; E) we can define Tf*“ f and TrB*M f as the nontangential
boundary values and the restriction to the circle of radius r respectively of the Cauchy transform
C[B* fu](z). Modulo slight abuse of notation this notation agrees with the accepted notation for the
scalar case.

In what follows the function B* will be the function B* from Theorem 2.4.

7B. Uniform boundedness of the boundary Cauchy operator and its regularization. For a finite Borel
measure v on T and n € Z define

St od(k)zk, n>o0,

Pv(z) = .
nv(2) kinv(k)zk, n<0;

here ¥ (k) is the Fourier coefficient of v, D(k) = [} & —k qu(§).

Recall that C1(z) := C«(z) —zC(z), where Cy« and C are from Theorem 2.4.

Recall that if W is a matrix-valued weight (i.e., a function whose values W (§) are positive semidefinite
operators on a finite-dimensional space H ), then the norm in the weighted space L2(W; H) is defined as

1A 2w = /T(W(S)f(é), S dm(§).

We are working with the model space Ky which is a subspace of a weighted space L2(W; D & D)
(the weight could be trivial, W = I, as in the case of Sz.-Nagy—Foias model).

Define C 1:= wl/zc 1. The function C 1* C 1 1s a matrix-valued weight, whose values are operators on
D4 B D, so we can define the weighted space Lz(éf‘él) = L2(61*(~?1 ;D4 & 9). Note that

1A 2@ = IC f 220,00 = IC1 f L2020, @0)-
Lemma 7.1. The operators P,f;*” ‘HCL*(u;E) > Lz(él*él;@* @ D) defined by
Pt = Py(B* fu), net
are bounded uniformly in n with norm at most 2; i.e.,

IC1 Pu(B* 1t )l 20,0y < 20 L2 s )

Proof. The columns by, of B arein H C L?(j; E), so B* fue L' (u; ®), and therefore the operators P,,B*”“
are bounded operators # — L2(D). It follows from Lemma 3.4 that ||C||eo < 2, so the operators
f— Ci PnB T f are bounded operators H — L?(D, @ D) (notice that we do not claim the uniform-in-n
bound here). Therefore, it is sufficient to check the uniform boundedness on a dense set.
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Take f = hb, where b € Ran B and h € C 1(T) is scalar-valued. Then for n € Z we have by Theorem 2.4
£ "h(E ) —Z"h(z2)

h h(z
O*f — 2O E f) = Cu(z )/MB bdu(E) —"Cy (z)/ B*bdu®)

e [
o )[T—l_gz B*hb du(®).

Expressing (1 — (£2)")/(1 — £z) as a sum of geometric series we get that for f = hb, h € C'(T),

- C1P,—1(B* >1
q)*f_znqyk(g:nf): 1R 1(*f/”“)v n=1,
By linearity the above identity holds for a dense set of linear combinations f = Y ; by, hy € C1(T).
The operators ®* : H — Ky C L2(W ;D4 @ D) are bounded (unitary) operators, so the desired estimate

holds on the above dense set. O

For a measure v on T let T, v be the restriction of the Cauchy transform of v to the circle of radius r # 1,

_ [ v®
Trv(z)_/Tl_réZ, zeT.

Define operators TrB*“ on L?(ju; E) as

T2 f =T (B* fu).
The lemma below is an immediate corollary of the above Lemma 7.1.

Lemma 7.2. The operators TrB*”“ “HCL*(u; E) > Lz(él* C1:0+® D) are bounded uniformly in r
with norm at most 2; i.e.,

ICITE ™ fll 2@, 00) < 20122 (u:E)-

Proof. The result follows immediately from Lemma 7.1, since the operators T,B " can be represented as
averages of operators PnB H

7B _ | e (" —r"+1)P,F*“,* 0<r<l,
" Z?:l(r_n—i_l_r_n)P—Bnu/, r > 1 I:l

Using uniform boundedness of the operators Ci T,B " (Lemma 7.2) and existence of nontangential
* ~ *
boundary values Tf " f we can get the convergence of operators Cy T,B " in the weak operator topology.

Proposition 7.3. The operators C; TB*” :H C L?(u; E) — L>(W; D4 & D) are bounded and

C1T M wot- lim C1TB B,

r—1t

Proof. We want to show that for any f € H C L?(u; E)

B* . *
CiTy M f =w—r£r{1$ CTE rf
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where the limit is in the weak topology of L2(W:;®. @ D). This is equivalent to

C1TB Hf=w- hm C1TB ",

r—1F

with the limit being in the weak topology of L?(D4 & D).
Let us prove this identity for Ci Tf " f. Assume that for some f € L2(u; E)

CiTE " f £ w- 1im G 1By
r—>1-
Then for some & € L?(D4 © D)

~ * ~ B* _
(CITE " fih) 120,00 = (CiTY D) 2@,.@0) asT— 17, (7-1)

so there exists a sequence r; ' 1 such that
. ~ mB*u ~ mB*u .
kll)ﬂgo(cl T, "fh)e@,e0) 7 (C1TL " fih)1200,00):

note that taking a subsequence we can assume without loss of generality that the limit in the left-hand
side exists.

Taking a subsequence again, we can assume without loss of generality that Ci Trf*u f — g in the
weak topology, and (7-1) implies g # ClTB s

The existence of nontangential boundary values and the definition of T T implies Ci Tr Ly
C1T “f a.e.on . But as [Liaw and Treil 2009, Lemma 3.3] asserts, if fn — fae.and f, - g in
the weak topology of L2, then f = g, so we arrive at a contradiction.

Note, that in [Liaw and Treil 2009, Lemma 3.3] everything was stated for scalar functions, but applying
this scalar lemma componentwise we immediately get the same result for L?(u; E) with values in a
separable Hilbert space. O

8. Adjoint Clark operator in Sz.-Nagy-Foiag transcription

The main result of this section is Theorem 8.1 below, giving a formula for the adjoint Clark operator ®*.
Denote by F the Cauchy transform of the matrix-valued measure B* B,

F(z) = C[B* Bul(2) = /T 1_#253*@)3(5)@@), zeD, 8-1)

and let us use the same symbol for its nontangential boundary values, which exist a.e. on T. Using the
operator Tf " introduced in the previous section, we give the following formula for ®*.

Theorem 8.1. The adjoint Clark operator in Sz.-Nagy—Foias transcription reduces to

(0 (I +6rT) DR P g
® f_(\Ifz)f+( Aleil(I‘*F—I) )T+ fo feH, (8-2)
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with W, (z) = W (2) R(2), where
Ua(2) = Ar D! (T + (I =T*)F(2))
= ArDE (I —T*6p(2))F(z) ae onT, (8-3)
and R is a measurable right inverse for the matrix-valued function B.
Remark. When d = 1, this result reduces to [Liaw and Treil 2016, equation (4.5)].

Remark 8.2. As one should expect, the matrix-valued function W, does not depend on the choice of the
right inverse R. To prove this, it is sufficient to show that ker B(z) C ker 0, (z) a.e., which follows from
the proposition below.

Proposition 8.3. For 0, defined above in (8-16) and w being the density of Lo we have
o (§)* Wa(§) = F()* M)’ F(§) = BE)*BEWE)  prac-ace., (8-4)

and so

W)W (E) =wE) I gE) Hac-ae. (8-5)

Proof. Since W, = @2R, (8-5) follows immediately from (8-4).
To prove (8-4), consider first the case, I' = 0. In this case U= Ao F, so

W3y = F*A2F = (I —6F) ' A2(1 —6p) !
= B*Bw by (5-4). (8-6)
Consider now the case of general I'. We get
W30y = F*(I —0fT) D ALDE (I —T*6g) F
= F*A;F by Theorem 5.5
= B*Bw by (8-6). |

8A. A preliminary formula. We start proving Theorem 8.1 by first proving this preliminary result,
which holds for any transcription of the model. Below, the matrix-valued functions Cy and C are from
Theorem 2.4, and Cy(z) := Cx(z) —zC(2).

Proposition 8.4. The adjoint Clark operator is represented for f € H C L?>(u; E) by
(@ )(2) = CLETE ™" )+ Vi) (). zeT. (8-7)
where the matrix-functions V4, U4 (z) : E(z) — C24 = D, @ D are defined via the identities
V4 (2)b(z) := Cx(2)B*b — C4 (z)(TiB*’“Lb)(Z), b € Ran B; (8-8)
here two choices of sign (the same sign for all terms) give two different representation formulas.

Remark. When d = 1 and » = 1 this alternative representation formula reduces to a formula that occurs
in the proof of [Liaw and Treil 2016, Theorem 4.7].
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Remark. It is clear that relations (8-8) with b = by, k =1,2,...,d, completely define the matrix-valued
function W. However, it is not immediately clear that such a function W exists; the existence of W will be
shown in the proof.

Recalling the definition (8-1) of the function F, we can see that W(z)br(z) can be given as the
(nontangential) boundary values of the vector-valued function

Cy(2)e —C1(2)F(2)er, ze€D, (8-9)
where eg, es, ..., e  is the standard orthonormal basis in c4.

Proof of Proposition 8.4. Let us first show the result for functions of the form f =hb € L?(u; E), where
b € Ran B and h is a scalar function. We want to show that

(®*hb)(z) = C; (z)(Tf*“hb)(z) + h(z)wbi(z), zeT, (8-10)
where
YiE(2) i= Cu(2)B*b — C1 (2)(TL "b)(2).

First note that (2-10) implies that for » € Ran B
®*b(z) = C«(z)B*b.

Observe that for (scalar) & € C! we have uniform-on-z convergence, z € T, as r — 1T

[*P s erome = [ one wme. (8-11)
Multiplying both sides by Cj (z) we get in the left-hand side C; (z)(7 B hb)(z)—h(z)Cq (Z)(TrB*“ b)(z2),
and in the right-hand side the part with the integral in the representation (2-10).

Recall that the model space Ky is a subspace of a weighted space L?>(W,D, & ®). Uniform
convergence in (8-11) implies the convergence in L?(D4 & D), and by Lemma 3.4 the multiplications by
C. and C; are bounded operators from L2(®) to L?>(W ;D @ D). Thus (because % is bounded)

hC«B*b + CiTE *hb—hC TE *b — ®*hb

as 7 — 17T in the norm of LZ(W ;D & D). By Proposition 7.3, C; 7B ¢, Tf*“ in weak operator
topology as r — 1T, so

®*hb = C1TL "hb + hCsB*b —hCi TE b, (8-12)

which immediately implies (8-10). Thus, (8-10) is proved for 4 € C 1(T).

To get (8-12), and so (8-10) for general 4 such that hb € L?(u; E) (recall that b € Ran B), we use the
standard approximation argument: the operators ®*, C; Tf*”“ :H — L2(W; D4 ® D) are bounded, and
therefore for a fixed b € Ran B the operators hb — hl//bi (which are defined initially on a submanifold
of H consisting of functions of the form /b, h € C'(T)) are bounded (as a difference of two bounded
operators). Approximating in L?(u; E) the function hb by functions &,b, h, € C'(T) we get (8-12) and
(8-10) for general h.
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Let us now prove the existence of W. Consider the (bounded) linear operator ®* — C; T8 "I We know
that for f = hb € L?(u; E) with b € Ran B and scalar &

(@ —CiTE " "ynb = hy

so on functions f = hb the operators ®* — C; Tf*” intertwine the multiplication operators Mg and M.
Since linear combinations of functions /by are dense in H, we conclude that the operators ®* —C Tf*”“
intertwine Mg and M on all H, and so these operators are the multiplications by some matrix func-
tions V.

Using (8-12) with 4 = 1 we can see that

Wib=®*h—C,TE " b = C.B*h—C, T2 ",
so W4 are defined exactly as stated in the proposition. O

8B. Some calculations. Let us start with writing more-detailed formulas for the matrix functions Ci
and C; from Proposition 8.4.

Lemma 8.5. We have

(I +6r(0)T*) = (T - Or(2) \ ~—1,
C*(z)—( Ap()T* )Dri, cl(z)_(O)Dri(l—r)+(Ar(Z))Drl(r 1.

Proof. The formula for Cy«(z) is just (3-21) and the identity O (0) = —I'. Similarly, equation (3-22) gives
us
7' Or(2) + 1)\ -1
cer (700" )ee

Substituting these expressions into C1(z) = C«(z) —zC(z) and applying the commutation relations from
Lemma 5.4 we see
-1 * =1 _ -1 _pp-1
C1(2) = (DF* +6rT *Dr_*1 GpDr_l I'Dp )
ArT*Dgl — ArDg
_ (D;,l +6r D' T* —6r D! — D;,}r)
ArDp'T* — Ap D!
_ Dil(I-T)+6r D (T*—1)
ArDEN(T* =)

_ (5)0;&(1 D)+ (zl;)DITl(F* -,

and the second statement in the lemma is verified. O

Recall that F(z), z € D, is the matrix-valued Cauchy transform of the measure B* Bu, see (8-1), and
that for z € T the symbol F(z) denotes the nontangential boundary values of F. We need the following
simple relations between F and 6.
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Lemma 8.6. Forall z € D and a.e. on T
F(z) = (I —6h(2)"";
note that for all z € D the matrix 0y(z) is a strict contraction, so I — 0y(z) is invertible.
Proof. Recall that the function F; was defined by Fi(z) = C1[B*Bu](z). Since F(z) = I + Fi(z), we

get from (4-5) that
bo(z) = Fi(z)I + F1(2))"' = (F(2) =D F(z)".

Solving for F we get the conclusion of the lemma. O

8C. Proof of Theorem 8.1. Let us first prove the second identity in (8-3). Using the identity F =
(I —6)~! we compute

*+(I—-T"F=T*I—-6p)+1-T*)F=(—-T"6y)F,
which is exactly what we need.

We now prove that ¥ from Proposition 8.4 is given by W = (q?2 ), with W5 defined above in Theorem 8.1.

Since R(z)by(z) = ey, it is sufficient to show that ¥ = (‘192) and that

Wy (2)br(z) = ApDITl(I‘* +(I -T*F(2)ex, k=1,2,....d. (8-13)
Using the formulas for Cx and C; provided in Lemma 8.5 we get from (8-9)

(I +6rT*)D5! —[DE(I —T) + 6r DFH(T* — I)]F)ek.

W()be(2) = Cx(@ex — C1(2) F(2)ex = ( ArT DAl Ap DI~ ) F

Note that it is clear from the representation (8-7) that the top entry of W should disappear, i.e., that
(I +6rT*)Dy! = [Dpi(I —T) + 0 DFY(T* — I)]F. (8-14)

Indeed, by the definition of Ky in the Sz.-Nagy—Foias transcription the top entry of ®* f belongs to
H?(D4). One can see from Lemma 8.5, for example, that the top entry of C; belongs to the matrix-
valued H ®°, so the top entry of C; Tf*u f is also in H?(D.). Therefore the top entry of ¥ must be in
H?(D,) for all f. But that is impossible, because f can be any function in L?(u; E).

For a reader that is not comfortable with such “soft” reasoning, we present a “hard” computational
proof of (8-14). This computation also helps to assure the reader that the previous computations were
correct.

To do the computation, consider the term in the square brackets in the right-hand side of (8-14). Using
the commutation relations from Lemma 5.4 in the second equality, we get

DI —T)+6r D' (T* — 1) = Dyl + 0D5'T* — 0D — DRIT
= Dl 4+ 0T* D5t — 0Dy —TDf!
= +6rT*)DpH{I — Dr«(I +6rT*)~ 1 (r + ) D'}
= (I +6rT*)DEHI — 6y}
the last equality holds by Theorem 5.2.
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By Lemma 8.6 we have I — 6y = F~!, so we have for the term in the square brackets
[DEY(I —T) +6r D' (T* = )] = (I + 0rT*) DRl F7Y,

which proves (8-14).
To deal with the bottom entry of W we use the commutation relations from Lemma 5.4,

ArT*Di! — ArDF'(T* —I)F = ArDE'T* — ApDE'T*F + ArDR' F
= ApDp'(T* + (I -T*)F),

which gives the desired formula (8-13) for W,.
Finally, let us deal with the second term in the right-hand side of (8-2). We know from Proposition 8.4
that the term in front of T_f " f is given by C1. From Lemma 8.5 we get

c - Drl(I—-T)+ 6 DEN(T* —1)
L Ar D (T* —1) '

But the top entry of C; here is the expression in brackets in the right-hand side of (8-14), so it is equal to
I+ QFF*)DFJF_I. Therefore

Cr = (I +6rT*)DplF1
U Arppirr-1) )

which is exactly what we have in (8-2). O

8D. Representation of ®* using matrix-valued measures. The above Theorem 8.1 is more transparent
if we represent the direct integral 7 as the weighted L? space with a matrix-valued measure.
Namely, consider the weighted space L2(B* Bj),

11225+ 5,0y =/T(B($)*B($)f($),f(§))@d dﬂ(s)=A|lB(é)f(é)||éd du (&)

(of course one needs to take the quotient space over the set of functions with norm 0).
Then for all scalar functions ¢; we have

d
> prek
k=1

recall that e, e, . . ., e is the standard basis in C¥ and by (&) = B(§)ey.. Then the map U,

L2(B*Bp)

d
> oibi

k=1

’

L2

d d
u (Z @kek) = Z orbr, or, equivalently, U f = Bf,
k=1 k=1

defines a unitary operator from L?(B* Bu) to H.
The inverse operator U* is given by U™ f(§) = R(§) (&), where, recall, R is a measurable pointwise
right inverse of B, B(§)R(§) = Ig) p-ae.
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We define ® :=1/*®, so ®* = ®*1/, and denote by Tf*BM f the nontangential boundary values of
the Cauchy integral C[B* Bfu](z), z € D. Substituting / = Bg into (8-2) we can restate Theorem 8.1
as follows.

Theorem 8.7. The adjoint Clark operator o* : L?(B*Bu) — Kg in the Sz.-Nagy—Foias transcription is

~ 0 I+6rT*D-IF~1\ _p*p
e = (\iz)“ (( Arl;‘l()l“*r— I )T+ “e. g Li(EBu), 1)
T

given by

where the matrix-valued function T, (2) is defined as
Uy (z) = Ar D (T* + (I = T*)F(2)). (8-16)

8E. A generalization of the normalized Cauchy transform. Consider the case when the unitary operator
U has purely singular spectrum. By virtue of Corollary 5.9, the second component of the Sz.-Nagy—Foias
model space collapses, i.e., Kg. = H 2(Cd )6 6rH 2((Ed) for all strict contractions I

The representation formula (8-2) then reduces to a generalization of the well-studied normalized
Cauchy transform.

Corollary 8.8. If 0 = 0y is inner, then
(@* f)(z) =T -0 TE " )2) = (F) " TE " f)z)
forzeD, felL?(u; E).

The first equation was also obtained in [Kapustin and Poltoratski 2006, Theorem 1].
Here we used I' = 0 only for simplicity. With the linear fractional relation in Theorem 5.2, it is not
hard to write the result in terms of Or for any strict contraction I.

Proof. Theorem 8.1 for inner € and I' = 0 immediately reduces to the first statement.
The equality of the second expression follows immediately from Lemma 8.6. O
9. The Clark operator

Let f € HC L?(u; E) and let

O f=h= (Zl) € Kg. (9-1)
2

From the representation (8-15) we get, subtracting from the second component the first component
multiplied by an appropriate matrix-valued function, that

Wy f =hy = ApDp' (T* =) FDr=(I +6rT*) " hy.

Right-multiplying this identity by W, and using Proposition 8.3 and formulas for W5, U, from Theorem 8.1,
we get an expression for the density of the absolutely continuous part of p,.. Namely, we find that
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a.e. (with respect to Lebesgue measure on T)
wf = R*F*(I-0;T) Dy ' Arha R* F*(I -0 T) D' A2 DR (T* = 1) FDp+ (I +-6rT*) "1 hy
= R*F*(I—6;T)Dy ' Arhy—R*F*AF(I1-T*0y) ' (T*~1)FDr«(I +6rT*) ' hy. (9-2)
In the case I' = 0 the above equation simplifies:
wf = R*F*A¢hy + R*F*A§Fhy
= R*FA¢hy +wBhy; (9-3)

in the second equality we used (8-4).

The above formulas (9-2), (9-3) determine the absolutely continuous part of f.

The singular part of f* was in essence computed in [Kapustin and Poltoratski 2006]. Formally it was
computed there only for inner functions 8, but using the ideas and results from that paper it is easy to get
the general case from our Theorem 8.1.

For the convenience of the reader, we give a self-contained presentation.

Lemma9.1. Let f € L2(T, u: C?). Then pus-a.e. the nontangential boundary values of C|[ fu](z)/C[u](z),
z € D, exist and equal f(§), £ €T.

This lemma was proved in [Kapustin and Poltoratski 2006] even for the more general case of f €
L2(u: E), where E is a separable Hilbert space. Note that our case E = C¢ follows trivially by applying
the corresponding scalar result (£ = C) proved in [Poltoratskii 1993] to entries of the vector f.

Applying the above lemma to the representation giving by the first coordinate of (8-2) from Theorem 8.1,
we get that for f and & related by (9-1) we have

1
B*f = ——FDpr«(I+6rT*) " 'hy psae.
Clul
Left-multiplying this identity by R* we get
1
Oh=f= mR*FDp*(I +60rT*) hy  psae. (9-4)
n

Summarizing, we get the following theorem, describing the direct Clark operator .

Theorem 9.2. If ®* f = h as in (9-1), so f = ®h, then the absolutely continuous part of f is given by
(9-2) and the singular part of f is given by (9-4).
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ON THE MAXIMAL RANK PROBLEM FOR
THE COMPLEX HOMOGENEOUS MONGE-AMPERE EQUATION

JULIUS ROSS AND DAVID WITT NYSTROM

We give examples of regular boundary data for the Dirichlet problem for the complex homogeneous
Monge—Ampere equation over the unit disc, whose solution is completely degenerate on a nonempty open
set and thus fails to have maximal rank.

1. Introduction

Let (X, w) be a compact Kidhler manifold of dimension n and B be a Riemann surface with boundary 0 B.
Suppose (¢ ):cap is a smooth family of Kéhler potentials on X; so each ¢; is a smooth function on X,
varying smoothly in 7, that satisfies

w+dd°¢; > 0.

Then let ® be the solution to the Dirichlet problem for the complex homogeneous Monge—Ampere
equation (HMAE) with this boundary data, so ® is a function on X x B that satisfies

O(-,1)=¢,(-) fortedB,
Tyw~+dd° P >0, ¢))
(myw+dd ®)" T =0,
where x : X x B — X is the projection. From standard pluripotential theory we know there exists a

unique weak solution & to this equation. The maximal rank problem in this setting asks whether the
current

Tyw+dd P

has maximal rank in the fibre directions, that is, whether the current w + dd“® (-, t) on X is strictly
positive for each T € B. Said another way, this asks if the rank of 73w + dd® is precisely n at every
point in X x B, which is the maximum possible since (7jw + dd°®)"t! = 0. Similarly one has the
constant-rank problem in which one asks if the rank of myw 4 dd® is the same at every point. The
purpose of this note is to answer this question negatively, giving an explicit example in which the rank
fails to be maximal.

MSC2010: 32W20, 58]32.
Keywords: 32W?20, 35J60, 31C10, 35J70.
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Theorem 1.1. Let B = D C C be the closed unit disc and (X, ) = (P, wgs), where wgs denotes the
Fubini-Study form. Then there exists a smooth family of Kéhler potentials (¢;)rcap on P! such that the
solution ® to the HMAE (1) is completely degenerate on some nonempty open subset S C P! x D, i.e.,

JT[;,IG)FS +dd“®|s =0.

A more precise version of this statement is provided in Theorem 2.1. The motivation and ideas build on
previous work of the authors [Ross and Witt Nystrom 2015a; 2015b; 2015¢] in which we understand the
solution to the HMAE of a certain kind through a free boundary problem in the plane called the Hele-Shaw
flow. But rather than expecting the reader to be an expert in this topic we have chosen to give a direct
proof, which can be found in Section 2, that is both self-contained and rather simple. Then in Section 3
we explain the motivation behind our construction, as well as give a second (but essentially equivalent)
proof that relies on more machinery. We then end with some questions and possible extensions.

Of course in the above theorem, nu’;la)Fs + dd°® is not identically zero, and so does not have constant
rank. In fact we can say more, and it is possible to arrange so that there is a nonempty open set in P! x D
on which n[;l wrs +dd°d is regular (i.e., smooth and of maximal rank). It is worth commenting from the
outset that we do not expect the solution we have here to be everywhere smooth, but it should be possible
to describe precisely where it is regular and where it is degenerate. All of this will be discussed in more
detail in Section 3.

1A. Comparison with other work. It is known that convex solutions to elliptic partial differential equa-
tions have a constant-rank property. Early works of this include [Caffarelli and Friedman 1985; Singer,
Wong, Yau, and Yau 1985]. These have since been built upon by many others, and it is now known that
the constant-rank property holds for a wide class of elliptic equations; see, for instance, [Korevaar and
Lewis 1987; Bian and Guan 2009; 2010; Caffarelli, Guan and Ma 2007; Székelyhidi and Weinkove 2016].
In this paper we are interested in the complex degenerate situation, about which much less has been
written. The most famous result along these lines, and in the positive direction, is that of Lempert [1981]
who proved that on a convex domain in C" the solution to the complex HMAE with prescribed singularity
at an interior point (the pluricomplex Green function) is smooth and of maximal rank. The maximal rank
problem for other partial differential equations in the complex case has also been taken up by Guan, Li
and Zhang [2009] and by Li [2009].

The closest previous work to that of this paper is probably that of Guan and Phong [2012], who studied
the problem of finding uniform lower bounds for the eigenvalues of the solution to the (nondegenerate)
Monge—Ampere equation in the limit as the equation becomes degenerate. Moreover, they asked whether
solutions to the complex HMAE have maximal rank [Guan and Phong 2012, discussion after Theorem 4].
The idea of maximal rank for the complex HMAE also appears in the ideas of Chen and Tian [2008]
through the concept of an almost-regular solution to the HMAE, which fails to have maximal rank only
on a set which is small in a precise sense. The kinds of envelopes that we use in our proof also can be
defined more generally, and even in higher dimensions, which is the topic of previous work of the authors
[Ross and Witt Nystrém 2017b], in which we prove a constant-rank theorem, Theorem 6.2 of that paper,
that we call “optimal regularity”.
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Questions concerning the regularity of the solution to the Dirichlet problem for the kind of complex
HMAE we consider here go back at least as far as [Semmes 1992; Donaldson 2002], and this HMAE has
been the focus of much interest due to it being the geodesic equation in the space of Kéhler metrics. By
[Chen 2000] with complements by Blocki [2012] we know such a solution always has bounded Laplacian
(so in particular is C'** for any « < 1). In fact in our case, since we are working on P!, the results of
[Btocki 2012] imply that & is C'!. (We observe that we do not actually need to know this regularity for
the direct proof of our main theorem). Donaldson [2002] gives examples of boundary data for which the
solution is not regular, but the nature of the irregularity there is left unknown (for instance Donaldson’s
example may have maximal rank but fail to be everywhere smooth).

2. Main theorem

2A. Notation. We let D, be the open disc of radius r in the complex plane about the origin, D = D,
and D* =D\ {0}. Throughout we consider the standard cover of P! by two charts equal to the complex
plane with coordinates z and w = 1/z. We shall denote these two charts by C, and C,, respectively. We
use the convention d¢ = #(5 — d) so dd€log |z|> = 89, and normalise the Fubini—Study form wgs so
Jp1 @rs = 1. Thus wps = dd°log(1 + |z|?) locally on C..

2B. Statement of the main theorem. The following is a precise version of our main theorem. By an arc
in C we mean the image y of a smooth map [0, 1] — C that does not intersect itself. From now on B =D
is the closed unit disc and (X, ) = (P!, wps).

Theorem 2.1. Suppose that ¢ € C®(P') satisfies:
(1) wgs +dd°¢ > 0.
(2) On C,, C P! it holds that
¢(w) = —In(1 + |wl’)
with equality precisely on an arc in C,,.

Then setting
¢:(2) :=p(rz) fort €D,

the solution ® to the HMAE (1) does not have maximal rank. In fact there is a nonempty open subset
S C P! x D such that
7‘[;,10)1:5 +dd‘®|s =0.

2C. Envelopes. For the proof we need some background concerning envelopes of subharmonic functions.
Fix a potential ¢ € C*°(P!) so wgs +dd ¢ > 0. For a topological space X let

USC(X) = {¢ : X — RU {—o00} such that ¥ is upper semicontinuous}.
Definition 2.2. For ¢ € (0, 1] set

;= sup{y € USC(P") : ¢ < ¢ and wgs +dd ¢ > 0 and v,_o(y) > 1}.
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Here v,—¢ denotes the Lelong number at the point z =0, so v,—o({/) > ¢ means ¥ (z) <tIn 1zI24+ 0(1)
near z = 0. As the upper-semicontinuous regularisation of i, is itself a candidate for the envelope
defining ,, we see that v, is itself upper-semicontinuous.

Definition 2.3. For ¢ € (0, 1] set

Q=) i={zeP 91 (x) <)} (2)

Clearly if t < ¢’ then ¥ < ¥, and so ©; C Q,. Now, unless one assumes some additional symmetry
of ¢, it is generally quite hard to describe the sets €2;. However, as the next lemma shows, it is possible,
under a suitable hypothesis, to describe the largest one 2 by looking at the level set on which ¢ takes its
minimum value.

Lemma 2.4. Let ¢ € C®(P) be such that wgs + dd¢ > 0 and ¢ (w) > —In(l + |w|?) on C,, with
equality precisely on some nonempty subset y C C,, containing w = 0. Then

B 2|2
= ln<1 T |z|2)

Qi) =P\ y.

Proof. Observe first that the only upper-semicontinuous v : P! — R U {—o0} with wgs +ddy > 0 and
v,—o(¥) > 1 is, up to an additive constant, equal to

. 2|2
’(z) = ln(1 n |Z|2> on C,.

To see this observe first that we certainly cannot have v,—¢(y) > 1 since we have normalised so f pt WFs = 1.

and

Thus we may assume v,—oy = 1. Then observe that ¢ is wgs-harmonic on C, \ {0}, and that the difference
Y — ¢ is bounded near 0. Thus ¢ — ¢ extends to a bounded subharmonic function on all of C,, and hence
is constant by the Liouville property. Thus the envelope 1| from Definition 2.2 must be

Y1 =¢+C,
where C is the largest constant one can choose so that ¥; < ¢. Now on C,, we have
Yi(w) = —In(1 +|w*) +C
and so as y is nontrivial our hypothesis forces C = 0. Thus
Q= {(~In(l+wP) <)} =P"\y. O

2D. Weak solutions to the HMAE. We now discuss the weak solution to two versions of the Dirichlet
problem for the complex HMAE, first over the disc and second over the punctured disc; this follows the
discussion in [Ross and Witt Nystrom 2015b]. Again we let ¢ € C*®°(P!) be such that wgs + dd ¢ > 0.
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Definition 2.5. Let

@ :=sup{y € USC(P! x D) : Tpiwrs +dd“y >0 and ¥ (z, T) < ¢(zz) for (z,7) € P! x 3D}.
and
b= sup{w e USC(P' x D) : npiwrs +dd Y >0
and ¥ (z,7) < ¢(z) for (z,7) € P! x 9D and V(z=0,7=0)(¥) > 1}. 3)
The function & is the weak solution to the complex HMAE with boundary data ¢ (7z) for T € 9D, that is,
the solution to (1). Similarly ® is the weak solution to the Dirichlet problem with boundary data ¢ (z), but
with the additional requirement of having a prescribed singularity at the point p := (0, 0) C C,xD C P! xD.
That is, ® is upper-semicontinuous, 7, wrs + dd‘® > 0 and (7 wFs + dd‘®)? =0 away from p and
CTD(z, 7) = ¢ (z) for T € D). Moreover it is not hard to show that o is locally bounded away from p and

~

v, ® = 1. These two quantities carry the same information, as given by:

Proposition 2.6. We have that
@z, 1)+ In|t)P+In(1 +1z/>) = D(rz, 1) +In(1 +|tz>) for (z,7) € P' x D*.

Proof. 1t is easily seen from the definition that ®(z, t) +In|t I>+In(1+1z|>) —In(1+|tz|?) is a candidate
for the envelope defining d(rz, 1), giving one inequality and the other inequality is proved similarly. [J

2E. Proof of Theorem 2.1. Without loss of generality we assume the arc y goes through the point w = 0.

By Lemma 2.4
¥1(2) —ln< i )
: 1+ [z

Q =P\ y.

and

Looking at the other coordinate patch C,, we have that y is a curve passing through infinity, and so C; \ y
is an open, simply connected proper subset of C,. Hence by the Riemann mapping theorem there is a
biholomorphism
f:D—>C,\y with f(0)=0.
For r € D* set
A= fDp) CcC, cP.

Clearly each A; is a proper subset of C, containing the origin, whose complement has nonempty interior.

Proposition 2.7. We have
d(z, 1) = ¥1(2) forallt € D* and z € P\ A;.
Proof. By abuse of notation we write v/ also for the pullback of y; to P! x I. Then
5(z, ) >Yi(z) for(z,7)eP! xD 4)

since Y is a candidate for the envelope (3) defining P.
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We next claim that

EIVJ(f(r),t) =Y 1(f(r)) forall Tt € D. (5

To see this, observe that T — EIVJ( f(7), 7) is f*wps-subharmonic and has Lelong number 1 at 7 = 0.
On the other hand | (f (7)) is f*wgs-harmonic except at T = 0 where it has Lelong number 1. But
CTD( f(z), 7) tends to Y1 (f (7)) as |t| tends to 1, and hence from the maximum principle along with (4),
we get (5).

Now fix some 7 € D* and set

¢ (2) == &3(z, 7).

Then the above says that ¢, = ¥; on dA;. On the other hand by (4) we have ¢, > V| everywhere.
Moreover ¢, is wrs-subharmonic on A¢, whereas v is bounded and wgs-harmonic on AY. Thus by the
maximum principle we deduce ¢, = 1 on A¢ as required. O

Proof of Theorem 2.1. Set
S:={(z, 1) eP' xD* : 1z € (A9)°},

which is nonempty and open in P! x D*. Then by Proposition 2.6 and then Proposition 2.7 if (z, 7) € S

~ |4+ |r2f? ) ( 1+ 7z )
® =& In{ ————— | = In\ = .0 )
(2,7) = B(rz, 1) + “(|r|2<1 wzp) TN e

we have

Thus on S we have

apiwgs +dd‘® = tprwgs +dd Y (tz) =0
as v is wps-harmonic away from z = 0. O

2F. A specific example. We now construct a specific potential ¢ that satisfies the hypotheses of Theorem 2.1.
Fix y to be the interval [—1, 1] C R C C,. Our goal is to find a ¢ € C>®(P") such that wgs +dd ¢ > 0
and ¢ > —In(1 + |w|?) with equality precisely on y.

To do so, let « : R — R be a nonnegative smooth nondecreasing convex function with «(¢) = 0 for
t<1landa(t) >0forr > 1. Let

u(w) = a(wl?) + Im(w)?.

Thus u is a smooth strictly subharmonic function on C,, that vanishes precisely on y. Then ex—In(1+|w|?)
for some small constant € > 0 is essentially the function that we want; we simply need to adjust it to have
the correct behaviour far away from y.

To do so we shall use a regularised version of the maximum function, which can be explicitly
given as follows: Let | - [cg be a smooth convex function on R so that |f|.e = || for |f| > 1. Set
MmaXpeg(a, b) := %(|a — blreg +a + b) and for § > 0 put

maax(a, b) := s max(8 'a, s~ 'b). (6)
reg
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Then maxs( -, - ) is smooth, and satisfies

a ifa>b+3,
max(a, b) = .
8 b ifb>a+5.

Returning to the construction of ¢, fix a sufficiently large constant C and a sufficiently small positive

constant € so that
eu>In(1+|w?>)—C+1 onDs,

eu<ln(l+|w®>)—C—1 onDy\Ds.

Then for 0 < § < 1 set
vi= 1’1’1§1X(6Lt, In(1+ |w|2) —0O).

So v is smooth, nonnegative, strictly subharmonic, equal to In(1 + |lw|?) — C on D4 \ D3 and vanishes
precisely on y. We then put

¢ :=v—In(1+|w?

and extend ¢ to take the constant value C in Cy, \ D4. So ¢ extends to a smooth function over P! with
the desired properties.

3. Discussion

3A. Context. Fix a ¢ € C®(P') such that wps +dd ¢ > 0. Then associated to ¢ we have two construc-
tions:

(1) The solution ® to the complex HMAE on P! x D with boundary data given by ¢, = ¢ for all T € D)
and the requirement of having Lelong number 1 at the point (z, 7) = (0,0) € C, x D c P! x D.

(2) The envelopes i, for ¢ € (0, 1] and the associated sets 2, (¢) = {¥; < ¢}.

In previous work we showed that these sets of data are intimately connected. First, ® and Y, are Legendre
dual to each other [Ross and Witt Nystrom 2015b, Theorem 2.7] in that

w@rﬂﬁg$&xrwl—wmnm (7)
and
&aw=gmww+a—ﬂmm%. (8)

Second, the collection of sets €2;(¢) that are biholomorphic to a disc describes the harmonic discs of P.
That is, if 7 is such that €2;(¢) is a proper simply connected subset of C, and f : D — €2; is a Riemann map
with f(0) = 0 then the restriction of ® to the graph {(f (1), 7) € P! x D} is wps-harmonic. Furthermore
it is shown in [Ross and Witt Nystrom 2015b, Theorem 3.1] these are (essentially) the only harmonic
discs that occur.

We can say more. For t € D™ set

¢ (2) == B(z, 7).



500 JULIUS ROSS AND DAVID WITT NYSTROM

If ® is regular then each ¢, will be a smooth Kéhler potential, but in general this will not be the case.
Nevertheless, by [Btocki 2012] we know ¢, is C"! and since 75 WFS +dd°® > 0, we know wps +dd ¢,
is semipositive. We can then define the associated sets €2;(¢;) in exactly the same way as before.

Proposition 3.1. Suppose t is such that 2;(¢) C C, is proper and simply connected and let f; : D — Q,(¢)
be a Riemann map with f(0) = 0. Then for each t € D> we have

ft(lDlrl) = Qt(¢r)-

We shall give a proof of this fact below, but assuming it for now we can give an alternative proof that,
under the hypotheses of Theorem 2.1, for each 7 € D* the current wgs + dd°®(-, 1) is degenerate on
some nonempty open subset of P!, First Lemma 2.4 gives

Qi(p) =P"\ v,

which is a simply connected proper subset of C,. We then take our Riemann map f : D — ©;(¢) and
consider the image
Ar = f([Dm) = Ql(¢r) for T € D*.

As observed before, A; is a proper subset of C, whose complement has nonempty interior.

On the other hand, it is a general fact that for each ¢ the set €2;(¢,) has measure ¢ with respect to
the current wgs + dd ¢, . (If ¢, is smooth and wgs + dd ¢, is strictly positive, this is a standard piece
of potential theory and is discussed in [Ross and Witt Nystrom 2015b, Proposition 1.1]; when ¢, is
merely C? and ¢ < 1 then this is proved in [Ross and Witt Nystrom 2017a, Theorem 1.2] and the case
t = 1 follows from this by continuity as Qi (¢.) = J,_; Q:(¢.); finally when ¢, is merely C L1 this is
given in [Berman and Demailly 2012, Remark 1.19, Corollary 2.5].)

Therefore

/ (wps +dd ¢;) = / (wps +dd ¢.) = 1.
Ar Ql(¢r)

But our normalisation is that fpl (wps +dd¢;) = fpl wrs = 1 as well, and so the current wgs + dd¢,
gives zero measure to the complement of A;, which is precisely what we were aiming to prove.

Proof of Proposition 3.1. Fix o € D* and set r := |o|. Our aim is to show

Ji(Dy) = €2/(¢s).

Consider the S'-action on P! x D given by ¢'? - (z, T) = (z, €/ 1), and observe that the boundary data
used to define ® from (3) is S'-invariant, which implies ® is S'-invariant as well. Thus we may as well
assume that o is real, so ¢, = ¢, .

For a function F on P! x D and D C D we write F|p for the restriction of F to P! x D. Then
EIV>|@r is the solution to the Dirichlet problem for the HMAE with boundary data (¢;):csp, = ¢» and the
requirement that 5'@ has Lelong number 1 at the point (0,0) € C, x D, C P! x D,.

Letting s := — In|7|? consider the function on P! x D* given by

H, )= LG, o)
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(when |t| =1 and thus s = 0, we take the right derivative). As @ is C!'! on P! x DX, the function H is
well-defined and Lipschitz. Clearly this is compatible with restriction; i.e.,

9 ~ _
Hlpy (2. 7) = 5-®lg, (z. ¢ 512y,

Now, as discussed above, and proved in [Ross and Witt Nystrom 2015b, Theorem 3.1], the graph
{(f(r),7): T € D} of f is a harmonic disc for ®. What is also proved is that H takes the constant
value ¢t — 1 along this disc so

H(f(t),t)=r—1 forteDX.

Now H is also S'-invariant and so this in particular implies
H(fre?), r)y=H(fre?), reé®y=1r—1 forall 6 €0, 27].

In other words, the function H (-, r) takes the value t — 1 on the boundary of f(D,). On the other hand,
we prove in [Ross and Witt Nystrom 2015b, Proposition 2.9] that the function H (-, r) describes the
set £2;(¢,), in that

H(z,r)+1=sup{s:z ¢ Q2 (¢r)}

(we remark that the proof of that proposition does not require any regularity or strict positivity assumptions
on the potential ¢,). Thus €2;(¢,) is the interior component of the curve 6 — f (re'?) (that is, the
component containing z = 0), which gives ;(¢,) = f(D,) as desired. U

3B. Extensions and questions. Under the hypotheses of Theorem 2.1 we have shown that the current
wrs +dd“® (-, 7) fails to be strictly positive on any interior fibre (that is, for any v with 0 < |7] < 1).
Furthermore we have no reason to expect our solution to be smooth everywhere. Thus the following two
questions are natural:

Question 3.2. Does there exist a smooth family of potentials (¢;);cyp for which the solution to the
complex HMAE (1) is everywhere smooth but not of maximal rank?

Question 3.3. Does there exist a smooth family of potentials (¢;);c3p for which the solution to the
complex HMAE (1) such that w +dd“®( -, ) is a K&hler form for some t with 0 < |t| < 1 but not for
others.

We are not currently able to answer these questions. However, we believe that the degenerate solutions
we describe in this paper are actually regular in the interior of the complement of the degenerate set S
(that is, they are smooth there and of maximal rank). In fact from our previous work in [Ross and Witt
Nystrom 2015b] we can understand the set on which our solution is regular in terms of the collection of
sets €2;(¢) that are simply connected. Now, our specific potential ¢ (Section 2F) was constructed to have
curvature equal to wrs far away from the arc y =[—1, 1] Cc C,, C P!, from which one can see that €, (@)
is a disc for sufficiently small ¢. This gives an open set of P! x D for which the solution ® is regular.
Furthermore, by construction, 2 (¢) is simply connected. We think it likely that 2;(¢) is actually simply
connected for all #, which would give rather precise information about the set on which our solution is
regular, but it does not seem easy to prove that this is the case.
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We furthermore believe that the fibrewise Laplacian of such a solution is uniformly bounded from
below on the complement of S, and so has a discontinuity on the boundary 9§ where it jumps to zero. A
somewhat bold conjecture would be that any solution to the HMAE is regular away from the set where it
fails to have maximal rank, and is smooth away from the boundary of this set.
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A viscosity approach is introduced for the Dirichlet problem associated to complex Hessian-type equations
on domains in C". The arguments are modeled on the theory of viscosity solutions for real Hessian-type
equations developed by Trudinger (1990). As a consequence we solve the Dirichlet problem for the
Hessian quotient and special Lagrangian equations. We also establish basic regularity results for the
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1. Introduction

Partial differential equations play a pivotal role in modern complex geometric analysis. Their applications
typically involve a geometric problem which can be reduced to the solvability of an associated equation.
This solvability can be deduced by various methods, yet most of the basic approaches exploit a priori
estimates for suitably defined weak solutions. Thus although geometers work in the smooth category, the
associated weak theory plays an important role.

One of the most successful such theories is the pluripotential theory associated to the complex Monge—
Ampere equation developed by Bedford and Taylor [1976; 1982], Kotodziej [1998], Gued) and Zeriahi
[2005] and many others. Roughly speaking, pluripotential theory allows one to define (iddu)* as a
measure-valued positive closed differential form (i.e., a closed positive current) for any locally bounded
plurisubharmonic function, which in turn allows one to deal with nonsmooth weak solutions of Monge—
Ampere equations. Unfortunately the pluripotential approach is applicable only for a limited class of
nonlinear operators, such as the m-Hessian equations — see [Dinew and Kotodziej 2014; Lu 2013].

Dinew was supported by the NCN grant 2013/08/A/ST1/00312. Do was funded by the Vietnam National Foundation for Science
and Technology Development (NAFOSTED) under grant number 101.02-2017.306. T6 was supported by the CFM foundation.
MSC2010: primary 35J70; secondary 32U15.
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Some of the most important examples of nonlinear operators for which pluripotential tools do not
seem to apply directly are the complex Hessian quotient operators. These are not only interesting for
themselves but also appear in interesting geometrical problems. One such example is the Donaldson
equation, which we describe below.

Given a compact Kéhler manifold (X, o) equipped with another Kidhler form yx, one seeks a Kidhler
form x cohomologous to x such that

b=cx", (1)

with the constant ¢ dependent only on the cohomology classes of x and w.

oA X"

Donaldson [1999] introduced this equation in order to study the properness of the Mabuchi functional.
Its parabolic version, known as the J-flow, was introduced independently by Donaldson [1999] and Chen
[2000] and investigated afterwards by Song and Weinkove [Weinkove 2004; 2006; Song and Weinkove
2008]. It is known that (1) is not always solvable. It was shown in [Song and Weinkove 2008] that a
necessary and sufficient condition for the solvability of (1) is that there exists a metric x’ in [x], the
Kéhler class of y, satisfying

(nex' —(n=Do)Ax"2>0 2)

in the sense of (n—1, n—1)-forms. A conjecture of Lejmi and Székelyhidi [2015] predicts that the solvabil-
ity is linked to positivity of certain integrals which can be viewed as geometric stability conditions. It was
also proved that, in general, these positivity conditions are equivalent to the existence of C-subsolutions
introduced by Székelyhidi [2018]. They are also equivalent to the existence of parabolic C-subsolutions
for the corresponding flows; see [Phong and T 2017]. It would be helpful to study the boundary case
when we only have nonnegativity conditions; see [Fang et al. 2014] for Donaldson equation on surfaces.
It is expected that in this boundary case the equation admits suitably defined singular solutions which are
smooth except on some analytic set. This has been confirmed in complex dimension two in [Fang et al.
2014] but the proof cannot be generalized to higher dimensions. In fact a major part of the problem is to
develop the associated theory of weak solutions for the given Hessian quotient equation. An essential
problem in applying some version of pluripotential theory for this equation is that one has to define the
quotient of two measure-valued operators.

In order to circumvent this difficulty one can look for a possibly different theory of weak solutions.
One such approach, known as the viscosity method, was invented long ago in the real setting [Crandall
et al. 1992], but was only recently introduced for complex Monge—Ampere equations by Eyssidieux,
Guedj and Zeriahi [Eyssidieux et al. 2011], Wang [2012] and Harvey and Lawson [2009].

In the current note we initiate the viscosity theory for general complex nonlinear elliptic PDEs. As the
manifold case is much harder we focus only on the local theory; i.e., we deal with functions defined over
domains in C". Precisely, let 2 C C" be a bounded domain. We consider the equation

Flul:= f(A(Hu)) =¥ (x, u), 3)
where A(Hu) denotes the vector of the eigenvalues of the complex Hessian Hu of the real-valued

function u# and ¥ : 2 x R — Ry is a given nonnegative function which is weakly increasing in the second
variable. We wish to point out that nonlinear PDEs appear also in geometric problems which are defined
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over domains in C" — see for example [Collins et al. 2017], where a Dirichlet problem for the special
Lagrangian-type equation is studied. These are the equations defined for a given function 4 by

n
Flu] .= Z arctan A; = h(z),
i=1

with A; denoting the eigenvalues of the Hessian of u at z. In the real case, the special Lagrangian equations
were introduced by Harvey and Lawson [1982] in the study of calibrated geometries. More precisely the
graphs of gradients of the solutions correspond to calibrated minimal submanifolds. We show in Section 6
that our method can be applied to solve the Dirichlet problem for the special degenerate Lagrangian-type
equation.

In our investigations we heavily rely on the corresponding real theory developed by Trudinger [1990].
It is worth pointing out that the real theory of Hessian and Hessian quotient equations is much better
understood thanks to the fundamental results of [Trudinger 1995] and [Chou and Wang 2001]. Some of
our results can be seen as complex analogues of the real results that can be found there. In particular we
have focused on various comparison principles in Section 3. Our first major result can be summarized as
follows (we refer to the next section for the definitions of the objects involved):

Theorem 1 (comparison principle). Let I be the ellipticity cone associated to (3). Assume that the
operator Flu] = f(L(Hu)) in (3) satisfies

fec’D), f>0 onT, f=0 ondl,

fA+w)y=f(A) forallreTl, uely.
Assume moreover that either

I’la n
ga—{ixizgmizv(f) inT and il () >0

for some positive increasing function v, or
f is concave and homogeneous.
Then any bounded subsolution u and supersolution v in Q2 to (3) satisfy

sgp(u —v) < n;gx{(u —v)*, 0}.

We use later on this seemingly technical result to study existence, uniqueness and regularity of the
associated Dirichlet problems. One of our main results is the solvability and sharp regularity for viscosity
solutions to the Dirichlet problem for a very general class of operators including Hessian quotient-type
equations.

Theorem 2. The Dirichlet problem

Flw]= f(A(Hw)) = ¥ (z, w(z)),

w=¢ onadf2
admits a continuous solution for any bounded I"-pseudoconvex domain 2. Under natural growth assump-
tions on r, the solution is Holder continuous for any Holder continuous boundary data ¢.
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Another interesting topic is the comparison between viscosity and pluripotential theory whenever the
latter can be reasonably defined. A guiding principle for us is the basic observation made by Eyssidieux,
Guedj and Zeriahi [Eyssidieux et al. 2011] that plurisubharmonic functions correspond to viscosity
subsolutions to the complex Monge—Ampere equation. We prove several analogous results for general
complex nonlinear operators. It has to be stressed that the notion of a supersolution, which does not
appear in pluripotential theory, is a very subtle one for nonlinear elliptic PDEs, and several alternative
definitions are possible. We in particular compare these and introduce a notion of supersolution that
unifies the previously known approaches.

A large part of the note is devoted to complex Hessian quotient equations in domains in C". One of
our goals in this case was to initiate the construction of the undeveloped pluripotential theory associated
to such equations. We rely on connections with the corresponding viscosity theory. Our findings yield in
particular that the natural domain of definition of these operators is strictly smaller than what standard
pluripotential theory would predict. We prove the following theorem:

Theorem 3. Assume that 0 < v € C%(Q) and u € PSH(Q) N L5 (2) is a viscosity subsolution of

(ddu)" .
m = W(Z) in Q.
Then

(ddu)" =y (ddu)"™ Ao
and
wdu) = (}) " vot
in the pluripotential sense.

We guess that this observation, rather obvious in the case of smooth functions, will play an important
role in the resolution of the issue caused by the division of measures.

The note is organized as follows: in the next section we collect the basic notions from linear algebra,
viscosity and pluripotential theory. Then we investigate the various notions of supersolutions in [Eyssidieux
etal. 2011; Lu 2013] and compare them with the complex analogue of Trudinger’s supersolutions. Section 3
is devoted to the proof of a very general comparison principle. Then in Section 4 we restrict our attention
to operators depending on the eigenvalues of the complex Hessian matrix of the unknown function. We
show existence and uniqueness of viscosity solutions under fairly mild conditions. One subsection is
devoted to the regularity of these weak solutions. Using classical methods due to Walsh [1968], see also
[Bedford and Taylor 1976], we show the optimal Holder regularity for sufficiently regular data. Section 5
is devoted to comparisons between viscosity and pluripotential subsolutions and supersolutions. Finally
in Section 6 we solve the Dirichlet problem for the Lagrangian phase operator.

2. Preliminaries

In this section we collect the notation and the basic results and definitions that will be used throughout
the note.
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2.1. Linear algebra toolkit. We begin by introducing the notion of an admissible cone that will be used
throughout the note:

Definition 4. A cone I' in R” with vertex at the origin is called admissible if:
(1) T is open and convex, I # R".

(2) T is symmetric; i.e., if x = (xq, ..., x,) € I" then for any permutation of indices i = (i1, ..., i,), the
vector (x;,, ..., x;,) also belongs to I'.

B3 I,cl',wherel, :={xeR"|x; >0,iel,...,n}.

From the very definition it follows that I, is an admissible cone. Other examples involve the ['y cones
that we describe below:
Consider the m-th elementary symmetric polynomial defined by

Um(x) = E ‘xj]'ij o 'ij.
I<ji<-<jm=n

We shall use also the normalized version

n 71
Sn) = (1) om:
Definition 5. For any m = 1, ... n, the positive cone [, of vectors x = (x1, ..., x,) € R" is defined by
Ih={xeR"|o1(x)>0,...,0,x) >0} 4)

It is obvious that these cones are open and symmetric with respect to a permutation of the x;’s. It is a
nontrivial but classical fact that I, is also convex.
Exploiting the symmetry of I, it is possible to discuss I"-positivity for Hermitian matrices:

Definition 6. A Hermitian n x n matrix A is called I"-positive (respectively, I"-semipositive) if the vector
of eigenvalues A(A) := (A1 (A), ..., A,(A)) belongs to I' (respectively, to the Euclidean closure T of IN).
The definition is independent of the ordering of the eigenvalues.

Finally one can define, following [Li 2004], the notion of I"-admissible and I"-subharmonic functions
through the following definitions:

Definition 7. A C? function u defined on a domain © C C is called I'-admissible if for any z € Q the
complex Hessian Hu(z) := [82/(8Zj 3Zk)]7,k=1 is I"-positive.

In particular, if I' is an admissible cone, then I' C I'y, see [Caffarelli et al. 1985], and hence we have
the following corollary:

Corollary 8. Any I"-admissible function is subharmonic.

Definition 9. An upper semicontinuous function v defined on a domain €2 C C”" is called I"-subharmonic
if near any z € Q2 it can be written as a decreasing limit of local I"-admissible functions.

We refer to [Harvey and Lawson 2009] for a detailed discussion and potential-theoretic properties of
general I"-subharmonic functions.
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2.2. Viscosity sub- and supersolutions. Let Q2 be a bounded domain in C". Consider the equation
Flul:=F(x,u, Du, Hu) =0 on £, &)

where Du = (d;,u, ..., 9;,u), Hu = (uj,;) is the Hessian matrix of # and F is continuous on £ x R x
C" x H". The operator F is called degenerate elliptic at a point (z, s, p, M) if

F(z,s,p,M+N)> F(z,s,p,M) forall N >0, N eH", 6)

where " is the set of Hermitian matrices of size n x n. We remark that in our case F(z, s, p, M) is not
necessarily degenerate elliptic everywhere on 2 x R x C" x ‘H". Motivated by [Trudinger 1990], we pose
the following definition:

Definition 10. A function u € L>°(2) is a viscosity subsolution of (5) if it is upper semicontinuous in €2
and for any z € 2, and any C? smooth function ¢ defined in some neighborhood of zo and satisfying
u <gq, u(zo) = q(z0), the inequality

Flgl(z0) =0 (7

holds. We also say that F[u] > 0 in the viscosity sense and ¢ is an upper (differential) test for u at zg.

A function v € L*°(R2) is a viscosity supersolution of (5) if it is lower semicontinuous and there are no
points zg € 2 and C 2 smooth functions defined locally around zg such that v > ¢ in 2, v(z9) = ¢q(zo) and

inf F(20,4(20), Dg(z0), N+ Hq(z0) > 0. (8)

We also say that F[u] <0 in the viscosity sense and ¢ is a lower (differential) test for u at zg.

For fixed (z, s, p) € 2 x R x C", the set of all Hermitian matrices M such that F' is degenerate elliptic
at (z, s, p, M) is called the ellipticity set A(z, s, p) for the data (z, s, p). Note that the ellipticity set has
the property that

Az, s, p)+ T, C Az, s, p),

but it may not be a cone. Throughout the note we shall however focus on the situation when the ellipticity
set is a cone which is moreover constant for all the possible data sets. We then define the ellipticity cone
associated to the operator F which is modeled on the notion of a subequation coined by Harvey and
Lawson [2009]:

Definition 11. An operator F(z, s, p, M) has an ellipticity cone I' if for any M in the ellipticity set the
vector A(M) of the eigenvalues of M belongs to the closure T of I'. Furthermore I" is the minimal cone
with such properties.

Throughout the note we consider only the situation when I' is an admissible cone in the sense of
Definition 4. We shall make also the following additional assumption (compare with the condition (2) in
Section 4.1):

forall A € 9T, forall (z, s, p) € QxR xC", F(z,s,p, 1) <0. 9
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This condition arises naturally whenever one seeks solutions to
F(z,u(z), Du(z), Hu(z)) =0

with pointwise Hessian eigenvalues in I" (recall that F increases in the I'},-directions).

It is evident that in Definition 10 the notion of a supersolution is different and substantially more difficult
than the notion of a subsolution. The reason for this is that there is no analogue for the role of the positive
cone I, from the case of subsolutions in the supersolutions’ case. As an illustration we recall that while
any plurisubharmonic function is a subsolution for F(u) := det(H (1)) = 0, see [Eyssidieux et al. 2011],
it is far from true that all supersolutions can be written as the negative of a plurisubharmonic function.

Below we also give another notion of a supersolution that was coined in [Eyssidieux et al. 2011] for the
Monge—-Ampere equation; see also [Lu 2013] for the case of the m-Hessian operator. It can be generalized
for all operators admitting an elliptic admissible cone:

Definition 12. A lower semicontinuous function « is said to be a supersolution for the operator F'(z, s, p, M)
with the associated ellipticity cone I' if and only if for any zop € €2 and every lower differential test g at zo
for which A(Hg(z9)) € T one has

F(z,4(z0), Dq(z0), Hq(z0)) < 0.

Note that in the definition we limit the differential tests only to those for which A(Hg(zo)) € T.
The next proposition shows that under the assumption (9) the definition above coincides with the one
from Definition 10.

Proposition 13. Suppose that the operator F(z, s, p, M) satisfies (9). Then a lower semicontinuous
function u defined on a domain Q2 is a supersolution for F(z, s, p, M) = 0 in the sense of Definition 12 if
and only if it is a supersolution in the sense of Definition 10.

Proof. Suppose first that u is a supersolution in the sense of Definition 12. Fix any zg in 2 and ¢ a lower
differential test for u at zg. If A(Hg(zp)) € I then

F(z,q(z0), Dq(z0), Hq(z0)) <0;

hence taking N = 0 in Definition 10 we see that the condition is fulfilled. If A(H¢g(zp)) fails to be in "
then there is a positive definite matrix N and a positive number ¢ such that A(Hq(z9) +¢N) € oI'. But this
implies that F(z, g (z0), Dq(z0), Hq(z0) +tN) <0, which fulfills the condition in Definition 10 again.

Suppose now that u is a supersolution in the sense of Definition 10. Again choose zp in 2 and g a
lower differential test for u at zg. We can assume that A(Hg(z¢)) is in T, for otherwise such a differential
test cannot be applied in Definition 12. But then by ellipticity

F(z,q(z0), Dq(z0), Hq(20)) < F(z,4(z0), Dq(z0), Hq(zo) + N) forall N >0, N € H".,

The infimum over N for the right-hand side is nonpositive by definition, which implies

F(z,9(z0), Dq(z0), Hq(z0)) <0,

which was to be proved. O
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2.3. Aleksandrov-Bakelman—Pucci maximum principle. We now recall a variant of the Aleksandrov—
Bakelman—Pucci (ABP) maximum principle following [Jensen 1988]. We first recall the following
definition; see [Jensen 1988]:

Definition 14. Let 2 be a bounded domain in R” centered at the origin and u € C (). We define
Es ={x € Q| for some p € B(0,6), u(z) <u(x)+ p.(z—x) for all z € Q}.
Then we have the following lemma due to Jensen [1988], which will be used in the proof of Lemma 21.
Recall that a function u is said to be semiconvex if u 4 k|z|? is convex for a sufficiently large constant k.

Lemma 15. Let u € C(Q) be semiconvex for some constant k > 0. If u has an interior maximum and
SUpq U — Supyq U = dod > 0, where d = diam(S2), then there is a constant C = C(n, k) > 0 such that

|Es| > C8" forall § € (0, &). (10)
Proof. As in [Jensen 1988], by regularization, we can reduce to the case when u € C%(£2). Now, suppose
that # has an interior maximum at xo and

SUpg U — SUpyq U U(Xp) —Supyq U
o0 = d - d ’

where d = diam(2).

We now prove that for § < g we have B(0, §) C Du(Ejs). Indeed, for any p € B(0, §), consider the
hyperplane £,(x) =h+(p, x), where h = supyeg(u(y) —{(p, y)). Then we have u(x) < £,(x) on 2 and
u(xy) =£,(x1) for some x; € Q. If we can prove that x| € 2, then Du(x;) = p, so B(0, §) C Du(Ej).
Suppose by contradiction that x; € 9€2, then

supu = u(xop)
Q
<{p(x1) +(p, xo —x1)

=u(xy)+{p, xo—x1) <supu—+38d < supu + §od = supu,
IQ aQ Q

and hence we get a contradiction.

Next, as we have proved that B(0, §) C Du(E;s), by comparing volumes we infer that
c(n)8" < / |det(D?u)|. (11)
Es

Since u is semiconvex with the constant k > 0 and D?u < 0 in Ej, we have |det(D?u)| < k™ It follows
that |Es| > c(n)k~"6" O

2.4. T-subharmonic functions. We have defined I"-subharmonic functions as limits of admissible ones.
Below we present the alternative viscosity and pluripotential points of view:

Let  C C" be a bounded domain. Define w = dd€|z|?, where d :=i(d + 9) and d° := %(5 —9) so
that dd® = ~-99. Let I' C R" be an admissible cone as in Definition 4. We first recall the definition of
k-subharmonic function:
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Definition 16. We call a function u € C?(S2) k-subharmonic if for any z € 2, the Hessian matrix (u; ]r)
has eigenvalues forming a vector in the closure of the cone I'y.

Following the ideas of Bedford and Taylor [1982], Btocki [2005] introduced the pluripotential definition
of the k-subharmonic function.

Definition 17. Let u be subharmonic function on a domain 2 C C". Then u is called k-subharmonic
(k-sh for short) if for any collection of C 2 smooth k-sh functions v, ..., vk_i, the inequality

ddunddvi A+ Add“v_y A" F >0
holds in the weak sense of currents.
For a general cone I', we have the following definition in the spirit of viscosity theory:

Definition 18. An upper semicontinuous function u is called I"-subharmonic (respectively, strictly I"-
subharmonic) if for any z € €2, and any upper test function g of u at z, we have

MHq(z)) eT (respectively, A(Hq(z)) € I).

By definition, if « is a I"-subharmonic function, it is a I"-subsolution in the sense of [Székelyhidi 2018].
In particular, when I' =Ty for k =1, ..., n, we have u is a viscosity subsolution of the equation

Sk(A(Hu)) =0,

where
(ddu)k A"k
SO-(Hu)) = =

Then it follows from [Eyssidieux et al. 2011; Lu 2013] that u is a k-subharmonic function on €2; hence u
is a subharmonic function if K = 1 and a plurisubharmonic function if k = n.

We also have the following definition generalizing the pseudoconvex domains; see also [Li 2004] for a
similar definition for smooth domains:

Definition 19. Let ©2 be a bounded domain in C". We say that Q is a I'-pseudoconvex domain if there is
a constant Cq > 0 depending only on € so that —d(z) + Cqd?(z) is I'-subharmonic on 32, where

d(z) :=dist(z, 092).
We recall the following lemma, which was proved in [Li 2004, Theorem 3.1].

Lemma 20. Let Q be bounded domain in C* with C* smooth boundary. Let p € C*(Q) be a defining
function of Q so that \(Hp) € T on dS2. Then there exists a defining function p € C*(Q) for Q such that
AMHp)eT on Q.

Finally we wish to recall the survey article [Zeriahi 2013] where the reader may find a thorough
discussion of the viscosity theory associated to complex Monge—Ampere-type equations.
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3. Comparison principles

Comparison principles are basic tools in pluripotential theory — we refer to [Kotodziej 1998; Guedj and
Zeriahi 2017] for a thorough discussion of these inequalities. In viscosity theory one compares sub- and
supersolutions to the same equation. It is a crucial observation, see [Eyssidieux et al. 2011], that even
though supersolutions may fail to have nice pluripotential properties, a version of the comparison principle
holds for the complex Monge—Ampere equation. In this section we discuss under what assumptions such
comparison principles hold for general operators.

3.1. A preliminary comparison principle. Let Q2 be a bounded domain in C". In this subsection we
prove a comparison principle for viscosity solutions of the equation

Flu]l:=F(x,u, Du, Hu) =0. (12)

It is well known that mere ellipticity is insufficient to guarantee a comparison-type result. Hence we add
some natural structural conditions for (12).
First of all we assume that F is decreasing in the s-variable, namely

forallr >0, F(z,s,p,M)—F(z,s+r, p,M)=>0. (13)

99

This is a natural assumption in the theory, see [Zeriahi 2013], as it yields an inequality in the “right
direction for the maximum principle.
Next we assume a particular continuity property with respect to the z- and p-variables:

|F(z1,8, p1, M) — F(z2, s, p2, M)| < a;(1z1 — 221) + (| p1 — p2)) (14)

forall z1,z22 € 2, 0 €R, p1, po € C", M € H". Here a; and «, are certain moduli of continuity, i.e.,
increasing functions defined for nonnegative reals which tend to zero as the parameter decreases to zero.
We can now state the following general comparison principle for (12).

Lemma 21. Suppose u € L>®(Q) (respectively, v € L>®(Q)) satisfies Fu] > § (respectively, F[v] <0)

in § in the viscosity sense for some § > 0. Then

sup(u — v) < max{(u —v)*, 0}, (15)
Q o

with * denoting the standard upper semicontinuous regularization.

Proof. The idea comes from [Trudinger 1990]. We use Jensen’s approximation [1988] for u, v, which is
defined by

Co, , ) C
U (z) = sup{u(z')——olz —z|2}, Ve (2) = mf{v(z’)+—°|z’—z|2}, (16)

7€ £ 77eQ &
where ¢ > 0 and Cy = max{oscg u, oscg v} with osc(u) = supug — infg u. Then the supremum and

infimum in (16) are achieved at points z*, z, € Q with |z — z*|, |z — z«| < & provided that z € Q, =
{z € @ | dist(z, 0Q2) > &}. It follows from [Caffarelli and Cabré 1995] (see also [Wang 2012] for an
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adaptation in the complex case) that u® (respectively, v,) is Lipschitz and semiconvex (respectively,
semiconcave) in 2., with

2C 2C
|Duf|, |1Dv;| < =2,  Hu®,—Hv, > ——1d, (17)
& &

whenever these derivatives are well-defined.
Exploiting the definition of viscosity subsolution one can show that u® satisfies

F(z*,u®(2), Du®(z), Hu®(2)) = § (18)
in the viscosity sense for all z € .. Indeed, let ¢ be an upper test of u® at zg. Then the function
4(2):=q(z+z0—2p) + é|ZO —z5
is an upper test for u at z;j. Therefore we get (18) as u is a viscosity subsolution. This also implies that
F(z*,u®(2), Du®(z), N + Hu®(2)) > & (19)

in the viscosity sense for any fixed matrix N > 0. Since any locally semiconvex (semiconcave) function
is twice differentiable almost everywhere by Aleksandrov’s theorem, we infer that for almost all z € €,
F is degenerate elliptic at (z*, u®(z), Du®(z), Hu®(z)) and

F(z*,u®(2), Du®(z), N+ Hu®(2)) = & (20)

for all N € H" such that N > 0.

We assume by contradiction that supg (u — v) = u(z9) — v(z9) = a > 0 for some zo € Q2. For any ¢
sufficiently small, the function w, := u® — v, has a positive maximum on €2, at some point z, € €2, such
that z, — 70 as ¢ — 0. So we can choose &y > 0 such that for any ¢ < gy, we know w, := u® — v, has
a positive maximum on €2, at some point z, € 2 with d(z., 92) > 9. Applying the ABP maximum
principle (Lemma 15), for the function w, on €, and for any A > 0 sufficiently small, there exists a
set E) C ¢, containing z, with |Ey| > c)A", where c is c(n)e?", such that |[Dw,| < A and Hw, < 0
almost everywhere in E,. Since w.(z.) > 0, we can choose A small enough such that w, > 0 in E;.
The condition (13) and the fact that F' is degenerate elliptic at (z*, u®(z), Du®(z), Hu®(z)) for almost all
z € E, imply that

F(z*,u®(2), Du®(z), N + Hu®(2)) < F (2", ve(2), Du®(2), N + Hv*(2)). (21)
Using (14) and the fact that |D(u® — v.)| < A, we get
F(z%,v:(2), Du®(2), N + Hv®(2)) < F(2*, v:(2), Dv*(2), N + Hv*(2)) + oty (1).
Combining with (14), (20), (21) and |z* — z,| < & for almost all 7 € E;,

F (24, 0:(2), Dve(2), N + Hve(2)) = 8 — . (e) — ap(R). (22)
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By taking A, and then ¢ sufficiently small and using the fact that v, is twice differentiable almost
everywhere on €2, we can find at a fixed point z; € E, a lower test g of v at z; such that

F(20.q(20). Dq(z0). N + Hq(z0)) = 56 (23)
for all N > 0. This contradicts the definition of viscosity supersolution. Therefore we get (15). (|

Remark. By assuming more properties of F, it is possible to obtain § = 0 in the previous result. This is
the case for the Monge—Ampere equation. Otherwise we need to adjust the function u to achieve a strict
inequality in order to use Lemma 21.

3.2. Comparison principle for Hessian-type equations. We now consider the Hessian-type equation of
the form

Flul =¥ (z, u), (24)

where ¥ € C%(Q x R) and F[u] = f(A(Hu)) such that

s ¥ (-,s) is weakly increasing, (25)
fec D), f>0 onT, f=0 onal, (26)
fA+p) > f() foralliel, perl,. 27

First, in order to use Lemma 21, we extend f continuously on R" by taking f (1) =0 forall A € R*"\T.

For a §-independent comparison principle, we need more assumptions on F. Similarly to [Trudinger
1990], we can assume that the operator Flu] = f(A(Hu)) satisfies

n 8f n ' .
Ea_xik’:;mizv(f) inT, Zlélsglﬁ(z,-)>0 (28)

for some positive increasing function v.

This condition is satisfied for example in the case of the complex Hessian equations Fu]:= oy (AL (Hu)),
ke{l,... n}

We also study a new condition, namely

f is concave and homogeneous; 29)
ie., f(tA) =tf(A) for all t € RT.

Theorem 22. Let u, v € L*®(RQ) be a viscosity subsolution and a viscosity supersolution of (24) in Q.
Assume that either f satisfies either (28) or (29). Then

sup(u — v) < max{(u —v)*, 0}. (30)
Q Q2

Proof. Assume first that f satisfies (28). Then following [Trudinger 1990], we set for any ¢ € (1, 2),

u;(z) =tu(z) —C(t —1),
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where C = supg, u. Therefore we have u,(z) < u(z) on 2 for all # € (1, 2). Then for any zp € €2 and
an upper test function ¢, (z) of u, at zo, we have ¢(z) 1= t"'q;(z) — C(t~' = 1) is also an upper test
for u at zg. Set A = A[g](zo); then A[g,](z0) = tA and g (z0) > ¢;(z0). We also recall that the function
s — f(sA) is increasing on R, by (28), and f(X) > ¥ (z, u(zo)) since g is an upper test for u at zo. It
follows that at z,

Flg:] = f (Mg = f (D)

> fO)+ =1 ki fit*h)

> (20,4 (20) + (= 1) Y A fi(#*2)

> (20,41 (20)) + 3 (t = D(inf ¥z, infu))
for 1 <t* < t, sufficiently close to 1. Therefore we have for some § > 0

Flul = ¥ (z,u;) +9
in the viscosity sense in €2. Thus the inequality (30) follows from Lemma 21.

Next, consider the second case when f is concave and homogeneous. Suppose, without loss of
generality, that 0 € Q2. We set
ur(2) = u(@) + |z = R).

where R = diam(R2). Then for any ¢, € C?(2) such that g, > u, near zo and g, (z0) = u(20), we have
q =q: —1(|z]> = R) > ¢, and q is also an upper test for u at zo. Therefore, we have at z,

AMHg)+ 11
Flg:] = 2"f<+) > FOCH) + F(T1) = ¥ (20, 4¢) +8. a1
Therefore Flu.] > ¥ + § in the viscosity sense. Applying Lemma 21 we get (30). O

By definition, we have the following properties of sub- and supersolutions. Their proofs follow in a
straightforward way from [Crandall et al. 1992, Proposition 4.3].

Lemma 23. (a) Let {u;} be viscosity subsolutions of (24) in Q which are uniformly bounded from above.
Then (limsupg, u;)* is also a viscosity subsolution of (24) in Q.

(b) Let {v;} be viscosity supersolutions of (24) in 2, which are uniformly bounded from below. Then
(liminfg v}j)4 is also a viscosity supersolution of (24) in 2.

Now using Perron’s method, see for instance [Crandall et al. 1992], we obtain the next result:

Lemma 24. Suppose u, u € L*°(2) are a subsolution and a supersolution of (24) on Q. Suppose that
uy(z) = u*(z) on the boundary of Q2. Then the function

u :=sup{v € L= (Q) NUSC(R) | v is a subsolution of (24), u <v < u}

satisfies u € C%Q) and
Flul=vx,u) inQ

is the viscosity sense.
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Proof. 1t is straightforward that u* is a viscosity subsolution of (24). We next prove that u, is a
supersolution of (24). Assume by contradiction that u, is not a supersolution of (24). Then there exists a
point zg € 2 and a lower differential test g for u, at zo such that

Flq1(z0) > ¥ (20, q(20))- (32)

Set G(z) = q(z) +b —alz — z0|?, where b = éar2 with a, r > 0 small enough so that F[g] > ¥ (x, g) for
all |z —zo| <r. Since u, > ¢ for |z —zo| <r, we get u* > u, > g for %r < |z—2zo| < r. Then the function
max{u*(z),q(2)} iflz—zol =1,
w(z) = .
u*(z) otherwise
is a viscosity subsolution of (24). By choosing a sequence z, — zg so that u(z,) — u.(z0), we have
q(zn) = u4(zo) + b. Therefore, for n sufficiently large, we have w(z,) > u(z,) and this contradicts

the definition of u. Thus we have u, is also a supersolution. Then it follows from Theorem 22 and
Uy (z) = u*(z) for z € 9Q that u* < u, on Q; hence u = u, = u*. O

4. Dirichlet problems

4.1. Viscosity solutions in T-pseudoconvex domains. Let Q C C" be a C? bounded domain. In this
section, we study the Dirichlet problem

Flul= f(A(Hu)) =Y (x,u) on£2,
(33)
u=g on 0€2,
where ¢ € C°(3) and ¥ € C°(Q x R) such that ¥ > 0 and
s+ Y(-,s) is weakly increasing.
Let I' C R” be an admissible cone. We assume further that f € C O(T") satisfies:
(1) fisconcave and f(A+u) > f(A) forall A e, puel},.
(2) supyr f=0,and f >0inT.
(3) f is homogeneous on I'.
We remark that the conditions (2) and (3) imply that for any A € I' we have
lim f(tA) = +o0. (34)
=00

We now can solve (33) in the viscosity sense:
Theorem 25. Let Q be a C? bounded T -pseudoconvex domain in C". Then the Dirichlet problem
fAul) =¥ (x,u) in <2, u=¢ onais2

admits a unique admissible solution u € C 0(Q).

In particular, we have an L*° bound for u which only depends on |||~ and |y (x, C)|| L~ and 2,
where C is a constant depending on Q2.
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Proof. By Lemma 20, there is a defining function p € C*(Q) for Q such that A(Hp) € T on Q. The
C?-smoothness of the boundary implies the existence of a harmonic function 4 on § for arbitrary given
continuous boundary data ¢. Set

u=(Aip+h)+Ap,
where A; > 0 is chosen so that A;p + & is admissible and A, will be chosen later.

By the concavity of f and (34), for A, sufficiently large we get

FOul) = 3 fQAA1p +h]) + 1 £ (2A2A[p])
> max ¥ (x, h) > ¥ (x, u).
Q

Therefore u is a subsolution of (33).

Since & is harmonic, for each z € Q2 there is a Hermitian matrix N > 0 such that A(N + H (h)(z)) € oI
But then f(A(N + H(h)(z))) = 0. Therefore, v := h is a supersolution of (33).

Finally, the existence of solution follows from Perron’s method. We set
u := sup{w is subsolution of (33) on 2, u < w < v}.

As in the argument from Lemma 24 we have u* (respectively, u,) is a subsolution (respectively, super-
solution) of (33). It follows from the comparison principle (Theorem 22) that

u*(2) — uy(z) <limsup(u* —uy) " (w).
w— 0

Since u and v are continuous and ¥ = v = ¢ on 92 we infer that u* < u, on Q and u™ = u, on 9.
Therefore u = u* = u, is a viscosity solution of (33). The uniqueness follows from the comparison
principle (Theorem 22). 0

As a corollary of Theorem 25, we solve the following Dirichlet problem for Hessian quotient equations:

{Sk,z()»(Hu)) = (Sk/Se)(M(Hu)) = ¢ (x,u) on L2, (35)

Uu=gq on d€2,
where 2 C C" is a smooth bounded I';-pseudoconvex domain, 1 < ¢ < k <n, and
(ddu)* A "k

a)l’l

Sk(A(Hu)) =

Note that the operator S,:/ Z(kfl) is concave and homogeneous; see [Spruck 2005].

Corollary 26. The Dirichlet problem (35) admits a unique viscosity solution u € C*(Q) for any continuous
data .

We also remark that a viscosity subsolution is always a I"-subharmonic function.

Lemma 27. Any viscosity subsolution of the equation f(A(Hu)) = ¥ (z, u) is a I'-subharmonic function.
In particular, if u is a viscosity subsolution of the equation

Ske(M(Hu)) =¥ (z, u), (36)
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then u is k-subharmonic.

Proof. Let zp e Qand g € CIZOC({ZO}) such that u — ¢ attains its maximum at zo and u(zg) = ¢ (zp). By

definition we have
f((Hq)(z0)) > 0.

Observe that for any semipositive Hermitian matrix N, the function

q(2) :=q(2) +(N(z—2z0), 2 —20)

is also an upper test function for u at zg. By the definition of viscosity subsolutions we have

f (A (Hq)(z0)) > 0. (37)

Suppose that A(Hg)(zg) ¢ T. Then we can find N > 0 such that A(H§)(zo) € T, so f(A(HG)(z0)) =0
by the condition (3) above, and this contradicts (37). Hence we always have A[g](z9) > 0, and so u is
I"-subharmonic. 0

4.2. Holder continuity of Hessian-type equations. In this subsection, we study the Holder continuity of
the viscosity solution obtained in Section 4.1 to the Dirichlet problem

{F[u] = fO(Hu) =y (x,u) ong,

38
u=gq OnaQ, ( )

where f, ¢ and i satisfy the conditions spelled out in the previous subsection. We prove the following
result:

Theorem 28. Let Q2 be a strictly I'-pseudoconvex domain. Let u be the viscosity solution of (38). Suppose
that ¢ € C**(3) for some o € (0, 1). If additionally v (z, s) satisfies

(D) |¥(z, )| < Mi(s) for some L. function My,

loc

) W (z,8) =¥ (w, s)| < Ma(s)|z —w|* for some Ly, function M,
then u € C*(Q).

Remark. Classical examples, see [Bedford and Taylor 1976], show that the claimed regularity cannot be
improved. Conditions (1) and (2) can be regarded as weak growth conditions and seem to be optimal. If
¥ does not depend on the second variable then these conditions mean that ¢ is globally bounded and
contained in C%.

Proof. The proof relies on the classical idea of Walsh [1968]. A similar argument was used by Bedford and
Taylor [1976], who dealt with the complex Monge—Ampere operator. We shall apply a small adjustment
in the construction of the local barriers which is due to Charabati [2016].

Suppose for definiteness that 0 € 2. Assume without loss of generality that the I"'-subharmonic function
p = —dist(z, dQ) + Cq dist(z, IQ)? satisfies F(p) > 2 (multiply p by a constant if necessary and exploit
the homogeneity of F). Recall that p vanishes on 3Q2. As 3Q € C? we know that p € C? near the
boundary. Then it is easy to find a continuation of p in the interior of €2 (still denoted by p), so that p is
I"-subharmonic and satisfies F(p) > 1.
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Fix & € 0. There is a uniform C >> 1 (dependent on €2, but independent of &) such that the function

8:(2):=Cp(z) — |z —&

is [-sh. In particular g <0 in Q.
By definition there is a constant C such that for any z € 02

9(2) = p(&) - Clz — &>
Consider the function hg(z) := —C (—g:(2))*. Then

H(he(2)) = Ca(l — a)(—g¢(2))* *H (g (2), (39)

where A(H (g¢(z))) € T'; thus hg is I'-subharmonic.
Observe that

he(z) < —Clz — £ < 9(z) — 9(§).

Thus h¢(2) + ¢(&) are local boundary barriers constructed following the method of [Charabati 2016] (in
[Bedford and Taylor 1976], where the Monge—Ampere case was considered, hg was simply chosen as
—(x,)“ in a suitable coordinate system, but this is not possible in the general case).

At this stage we recall that u is bounded a priori by Theorem 25. Hence we know that for some uniform
constant A one has F[u] < A in the viscosity sense.

From the gathered information, one can produce a global barrier for u in a standard way; see [Bedford
and Taylor 1976]. Indeed, consider the function h(z) := supg{ahe (z) + ¢(§)} for a large but uniform
constant a. Using the balayage procedure it is easy to show that F(h(z)) > A in the viscosity sense once
a is taken large enough. Thus 4 majorizes u by the comparison principle and so is a global barrier for u
matching the boundary data given by ¢. By construction  is globally a-H6lder continuous.

Note on the other hand that « is subharmonic as I' C I'y; thus the harmonic extension u, of ¢ in
majorizes u from above. Recall that u,, is «-Holder continuous by classical elliptic regularity.

Coupling the information for both the lower and the upper barrier one obtains

forallz € Q, forall £ €3, |u(z) —u(€)| < K|z —E&|%. (40)

Denote by K the quantity K» diamz(Q) max{1l, f(1)}+ K, where 1 =(1,...,1) € R" is the vector
of the eigenvalues of the identity matrix, while K, := c f()~! and finally C is the a-Lipschitz constant
of . Consider for a small vector t € C" the function

v(2) = u(z 4 1) + Ko|t|%z> — Ky |T|*

defined over Q; :={z € Q|z+71 € Q}.
It is easy to see by using the barriers that if 7+ 7 € 92 or z € 92 then

V@) <u@+K|t|*+ K, diam? QlT|* — Ki|T]* <u(2).

We now claim that v(z) < u(z) in 2;. By the previous inequality this holds on d(£2;). Suppose the
claim is false and consider the open subdomain U of 2; defined by U; = {z € Q; | v(2) > u(2)}.
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We will now prove that v is a subsolution to F[u] = f(A(Hu)) = ¥(z,u(z)) in U. To this end pick a
point z¢ and an upper differential test ¢ for v at zo. Observe then that §(z) := q(z) — Ka|7|%|z]|* — K1|T|*
is then an upper difterential test for u(z + - ) at the point zo. Hence

Flg(zo)] = f(A(H(z0)) + K2|7|"1)
> f(AM(Hq(z20))) + Ka|z|” f(1)
> Y (zo+ 7, uzo+ 1)) + K| t|* f (1),
where we have used the concavity and homogeneity of f in the first inequality and the fact that g is an

upper differential test for u(t 4 -) for the second one.
Next

Yo+ T, u(zo+ D)+ Kaltl“fF ) = ¥ (z0+ 7. uzo+ 1) + Kolt]*|z0l* — KilT]%) + Kol T]* £ (1)
=Y (20 + 1, v(20)) + K[| f(1)
> Y (zo+ 7, u(20)) + Ka2|t|* (1),

where we have exploited twice the monotonicity of ¥ with respect to the second variable (and the fact
that zo € Uo).
Exploiting now the Holder continuity of ¢ with respect to the first variable we obtain

Y(zo+ 7, u(zo+ 1)) + Kalt|* f(1) = ¥ (20 + 7, u(z0)) + Ka|t|” £ (1) = ¥ (20, u(20))-

This proves that F[g(zo)] > ¥ (20, 4(20)) and hence F[v(z)] > ¥ (z, v(z)) in the viscosity sense.

Thus over U,, we know v is subsolution and « is a solution, which implies by comparison principle
that v < u there, a contradiction unless the set U, is empty.

We have thus proven that

forall z € Q;, u(z+71)+Kalt|*z)? = Ki|7]% < u(2),

which implies the claimed «-Holder continuity. U

5. Viscosity vs. pluripotential solutions

Let © be a bounded smooth strictly pseudoconvex domain in C". Let 0 < ¥ € C (2 x R) be a continuous
function nondecreasing in the last variable. In this section, we study the relations between viscosity
concepts with respect to the inverse ox-equations

(ddu)"

WZW(Z,M) in Q (41)

and pluripotential concepts with respect to the equation
ddu)" =¥ (z, u)(ddu)" * ro* in Q. (42)

For the regular case, the following result was shown in [Guan and Sun 2015]:



A VISCOSITY APPROACH TO THE DIRICHLET PROBLEM 523

Theorem 29 (Guan-Sun). Let 0 < h € C®(Q) and ¢ € C®(dR). Then, there exists a smooth strictly
plurisubharmonic function u in Q such that

(ddu)"

(dd"u)”——k/\a)k:h(Z) in 2, u=¢ nodf2. (43)

Note that the function # in Theorem 29 is a viscosity solution of (41) in the case when ¥ (z, u) = h(z).
Using Theorem 29, we obtain:

Proposition 30. If u € C(Q) NPSH(RQ) is a viscosity solution of (41) then there exists a sequence
of smooth plurisubharmonic functions u; in 2 such that u; is decreasing to u and the function
(ddcuj)”/((ddcuj)"*k A &) converges uniformly to ¥ (z, u) as j — oo. In particular, u is a solution of
(42) in the pluripotential sense.

Proof. Let 9; € C*(0Q2) and 0 < ¥; € C> () be sequences of smooth functions such that ®; \ ¢ and
Vi /' ¥ (z,u) as j — oo. Then, by Theorem 29, for any j = 1,2, ..., there exists a smooth strictly
plurisubharmonic function u; in Q such that
(ddu;)"
(ddu;)"=* A wk

=v;(z) in L, uj=¢; indQ. (44)

By the comparison principle, we have

Let C > supg, |z|?. By the homogeneity and the concavity of Si{f_k, we have

(dd (u; +¢lz|*)" - (dd u;)" 4k
(dde(u; + |z Ak T (ddCuj)* Aok '

Then, by the comparison principle, for any € > 0, there exists N > 0 such that
uj+e(z*—C) <u
for any j > N. Hence, u; is decreasing to u as j — 00. O

Observe that a continuous solution of (42) in the pluripotential sense may not be a viscosity solution of
(41). For example, if a continuous plurisubharmonic function u : €2 — R depends only on n—k — 1 variables
then u is a solution of (42) in the pluripotential sense but u is not a viscosity solution of (41). Moreover,
by Theorem 34, we know that a viscosity solution of (41) has to satisfy (ddu)* > aw* for some a > 0.
The following question is natural:

Question 31. If u € PSH(Q) N C(Q) satisfies (42) in the pluripotential sense and
(ddu)* > ao (45)

for some a > 0, does u satisfy (41) in the viscosity sense?
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At the end of this section, we will give the answer to a special case of this question. Now, we
consider the relation between viscosity subsolutions of (41) and pluripotential subsolutions of (42).
Recall that according to the definition in Section 2.1 for any n x n complex matrix A and k € {1, ..., n},
Sk (A) denotes the coefficient with respect to "% of the polynomial (Z)_1 det(A +1t1d,).

Next we prove the following technical result:

Lemma 32. Assume that A, B are n x n complex matrices and k € {1, ..., n}. Then
Sc(AA*)Si(BB*) > |S (AB*)[.

Proof. Denote by ay, ..., a, and by, ..., by, respectively, the row vectors of A and B. Then

siann = (1) X detClap. ag)pger.
gJ=k

s =((})” Z det(bp. by)pges.

seany = ((} )) Z det((ap. bg)) p.ges-

We will show that, for any J = {p1, ..., px} with 1 <p<---<pg=<n,

det((“p» aq))p,qe] : det(<bp, bq))p,qe] = |det(<ap, bq))p,qe]lz- (46)

Indeed, if either {a,,...,ap,} or {b,,..., by} are linearly dependent then both sides of (46) are

equal to 0. Otherwise, exploiting the Gram—Schmidt process, we can assume that {a,,, ..., a,} and

{bp,, ..., by} are orthogonal systems (observe that the quantities in question do not change during the or-

thogonalization process). Next normalizing the vectors a P and b i j=1,...,n,tounit length, both sides

change by the same factor. Hence it suffices to prove the statement for two collections of orthonormal bases.
Under this assumption we have

((aw aq))p,qe] = ((bp» bq))p,qej = Idy. 47)

Let M = ({(ap, by)) p,qes- Then M M* is a semipositive Hermitian matrix, and
k

k k k
EUTSED D) NUMTRIED 3 () BTSN E anp P =k

I=1 j=1 j=1 I=1

Therefore, |det(M)| = +/det(M M*) < 1; hence we obtain (46). Finally, using (46) and the Cauchy—
Schwarz inequality, we infer that

Si(AA")SL(BB*) = |St(ABY)%,

as required. 0

For any n x n Hermitian matrix A = (aj 7), we define

n .
1 _
WA = E a.;—dzi Ndzyg
' jén ]
joe=1
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and

k/\ n—k
B(A,k)::{BeH’i Mﬂ},

wn

where k=1,2...,n.

Theorem 33. Let u € PSH(Q2) N LY. (2) and 0 < g € C(2). Then the following are equivalent:
(1) (dduw)*/((ddu)"~* A *) = gk (z) in the viscosity sense.
(i) Forall B € Bdd,n —k),

(ddw)* A" > gf (@)
in the viscosity sense.

(iii) For any open set U € 2, there are smooth plurisubharmonic functions u, and functions 0 < g° €
C®(U) such that u, are decreasing to u and g¢ converge uniformly to g as € \( 0, and

(dduc) Nwa, A+ Awa,_, /\a)’;;k > g’ (48)

pointwise in U for any B € BAd, n —k) and Ay, ..., Ax_1 € B(B%, k).

(iv) For any open set U € 2, there are smooth strictly plurisubharmonic functions u, and functions
0 < g% € C*®°(U) such that the sequence u, is decreasing to u and the sequence g° converges uniformly to
gase\0,and

(dd€u,)" o
et = &) (49)

pointwise in U for any B € B(1d, n — k).

Proof. (iv) = (i) is obvious. It remains to show (i) = (ii) = (iii) = (iv).

(i) = (ii): Assume that ¢ € C? is an upper test for u at zo € Q. Then g is strictly plurisubharmonic in a
neighborhood of zg and
c n
(dd°q) > gk
(ddcq)n—k A wk

at zo.
By using Lemma 32 for \/Hq and (/Hq) ™' B, we have

(dd°q)" " Aok (dd°Dt Nojp"  (ddeq)" A of (ddg)F Al

(ddcq)" " " (ddeq)"

(a)’l’;k N )2
>[5 —
> o
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for any B € H'| (observe that

(ddq)* A "7k kA wk

'y
Su_k(CC*) = W and S, x(y/HgC*) = —F——
for C = (V/Hq)"'B).
Then, for any B € B(Id, n — k) we have

(dd°g)f now;* = gho”
at zo. Hence

(ddu)* A w'lg;k > gk
in the viscosity sense.

(ii) = (iii): Assume that g € C? touches u from above at 7o € 2. Then, for any B € Bd, n — k),

n

(dd‘g)* nor" = gho
at zo. By the same arguments as in [Lu 2013], we have

k n

(dd°@) Nwa, A+ ANoa,_ | Ao, > gw
forany B € B(Id,n — k), Ay,..., Ay—1 € B(BZ, k). Hence
@ddu) Awa, A+ Aog_ Aol > go” (50)
in the viscosity sense for any B € B(Id,n — k), A1, ..., Ap—1 € B(B?, k).
Let g; be a sequence of smooth functions in €2 such that g; / g as j — oo. Then
ddUY Nwa, A+ Aoa_ Aols" > g (51)
in the viscosity sense for any j € N, B € B(Id,n — k) and Ay,..., A1 € B(B2, k). By the same

arguments as in [Eyssidieux et al. 2011, the proof of Proposition 1.5], u satisfies (51) in the sense of
positive Radon measures. Using convolution to regularize u# and setting u, = u * p., we see that u, is
smooth strictly plurisubharmonic and

(ddug) Nwa, A+ Awa,_, /\a)gzk > (gj)e0"
pointwise in 2,. Choosing g° := (g[1/¢])s» We obtain (48).
(iii) = (iv): At zg € ¢, choosing

_ Hu,(z0)
T (Sp_k(Hug(z0)))V/ =k

and

ddu, (z0))* A5\ 1k
( ¢(20)) B2 ) Hu, (20).

a)l’l

A1:A2="‘:Ak—1=(
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we get

&

8

IA

(dd%(m))k A wg;k>‘/"

((ddfu ¢(z0)" 1 )”k
Sn—k (Hug(z0))

(ddCu,(z0))" o' 1k
e (ddcug)=* Ak
(ddCu)" )”k

(ddug )"k A wk

pointwise in 2.. Then
(ddus)"

k
0
@deuy nak =8

As a consequence, our result implies that a viscosity subsolution is a pluripotential subsolution.

Theorem 34. Assume that ¥ (z, s) = ¥ (z) with ¥ € C%(Q) and u € PSH(Q)N L
subsolution of (41). Then

oo (82) is a viscosity

(ddu)" > ¥ (ddu)"* A o* (52)
and

dauf = (1) vt (53

in the pluripotential sense. If u is continuous then the conclusion still holds in the case where \r depends
on both variables.

Proof. By Theorem 33, for any open set U &€ €2, there are strictly plurisubharmonic functions u, € C*°(U)
and functions 0 < h® € C*°(U) such that u, is decreasing to u and 4 converges uniformly to v as & \ 0,
and

(ddCug)"
> Bt 54
(ddCu )"k Ak — 54

pointwise in U. Choosing B = 1d,, and letting ¢ — 0, we obtain (52).

It also follows from Theorem 33 that we can choose u, and h¢ so that
(ddus)* Aei* > hfo" (55)

pointwise in U for any B € B(Id, n — k). Fix zo € U and 0 < ¢ < 1. We can choose complex coordinates
so that Hu,(z9) = diag(A1, ..., Ay), where 0 < A; <--- < A,. Choosing

B=(")""" giag0 0 .1,....1
_<k> 1ag(0, ..., 1 D),

we get
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Then 1
(dd u,)* > (’;) e o

pointwise in U. Letting ¢ — 0, we obtain (53). g

Remark. Note that for strictly positive 1, (53) implies that the natural space of functions to consider
for the Hessian quotient problem (41) is not the space of bounded plurisubharmonic functions but a
considerably smaller one.

By assuming some additional conditions, we can also prove that a pluripotential subsolution is a
viscosity one.

Proposition 35. Assume that V(z, s) = ¥ (z) > 0 with ¢ € C%(Q) and u is a local bounded plurisubhar-
monic function in 2 satisfying
(dd‘w)* = Yo
in the pluripotential sense. Then
(ddu)"

>V

(ddu)"—* A wk
in the viscosity sense.

Proof. By the assumption, for any A € H".,
(ddu)* ATF > ok Aot (56)

in the pluripotential sense. By [Lu 2013], (56) also holds in the viscosity sense. If A = B? for some
B € B(1d, n — k) then, by using Lemma 32, we have
—k 2
of A > (_w'; /\wk) " =o".
a)n
Then
ddw)* Aot > Yo
in the viscosity sense, for any B € B(Id, n — k). Applying Theorem 33, we obtain
(dd(,‘u)ﬂ
ek 2V
ddu)"* Aw
in the viscosity sense. U
We now discuss the notion of a supersolution. By the same argument as in [Guedj et al. 2017], relying
on the idea from [Berman 2013], we obtain the following relation between viscosity supersolutions of
(41) and pluripotential supersolutions of (42):
Proposition 36. Ler u € PSH(Q) N C(Q) be a viscosity supersolution of (41). Then there exists an

increasing sequence of strictly plurisubharmonic functions u; € C ®(Q) such that u ; converges in capacity
tou as j — oo, and

(ddCu;)"
@deu,yFnak = V&



A VISCOSITY APPROACH TO THE DIRICHLET PROBLEM 529

pointwise in Q. In particular,
(ddu)" < ¥ (z, u)(ddu)"—* A o
in the pluripotential sense.
If there exists a > 0 such that (ddu)* > awk then u ; can be chosen such that

(dd“u;)"
(dduj)"*F ANk ~

pointwise in Q for some b > 0.
For the definition of convergence in capacity, we refer to [Guedj and Zeriahi 2017].

Proof. Define ¢ = ul3q and g(z) = ¥ (z, u(z)). Then, for any j > 1, there exists a unique viscosity
solution v; of
(ddv))" /(ddv))' ™ Aok) = /W g(z) inQ, 57
V=9 in 0€2.
Applying the comparison principle to the equation

(ddc’v)n

— =)
@y Tner = 8@

we get u > v; and vj 1 > vj forany j > 1.
Note that, by Proposition 30,

(ddv))" =&/ "7 g (2)(dd )" Aot

in the pluripotential sense. For any 7 € PSH(2) such that —1 </ < 0, we have

g / (dd°h)" < / (ddC (u + h))"
{vj<u—2¢}

{vj<u+teh—e}

= / (ddcvj)n
{vj <u+eh—e}

< f eV g(2)(dd v)" Tk A o
{vj<u—e}

<e / g ddv)"* Aot
{vi<u—e}
<Ce™ ",
where C > 0 is independent of j. The last inequality holds by the Chern-Levine—Nirenberg inequalities;
see [Guedj and Zeriahi 2017]. This implies that v; converges to u in capacity.
If there exists a > 0 such that (dd“u)* > aw* then, by Proposition 35,

(ddu)" -
— a
ddeu)yn—k Ak —
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in the viscosity sense. Choosing M >> 1 such that e supg, g < a, we get

(ddv;)"

< gel Wi—wTM
(ddvj)* Ak ~
Applying the comparison principle to the equation
(ddv)" _ aej(v—u),

(ddev)"—k A ok
we get v; +M/j > u for any j > 1. Then

(dd®v))"

(ddv)y* Ak e/ g(2) 2 e Mg (2)

for any j > 1. Hence, by Theorem 34,

-1 -1
(ddcvj)k > <n) e Mg(z) > (n) e Mming
k k o
for any j > 1.
Now, by Proposition 30, for any j we can choose a strictly plurisubharmonic function u; € C *(Q)
such that

1 1
VT SUISY T o
and
Cc,, \n )
_i < (dd u]) —e‘/(vj_u)g(Z) < 0
27 7 (ddCuj)"k A ok -
It is easy to see that u; satisfies the required properties. (]

The next result gives the answer to a special case of Question 31:

Theorem 37. Let u € PSH(Q2) N C(2) such that

(ddu)"
- < , 58
Gaa T SV (58)
in the viscosity sense and
(ddu)" > W (z, u)(ddu)" " A oF (59)

in the pluripotential sense. If there exists a > 0 such that (dd°u)* > aw then u is a viscosity solution of
the equation
dduw)"
(ddcu)r=* A ok

=Y (z,u). (60)

Proof. It remains to show that u is a viscosity subsolution of (60) in any smooth strictly pseudoconvex
domain U € Q.



A VISCOSITY APPROACH TO THE DIRICHLET PROBLEM 531

Let V be a smooth strictly pseudoconvex domain such that U € V € Q2. By Proposition 36, there
exists an increasing sequence of strictly plurisubharmonic functions u; € C*(V) such that u ; converges
in capacity to u as j — oo, and

(dd“u;)"
= @deuytaat VW

pointwise in V, where b > 0. By Theorem 34, we have (dd‘u j)k > (Z)flba)k. Then, there exists C > 0
such that

ddu;)" * Ao > ddu;)" > Co".
( i) > w(z,u)( D)=
Define

(dd“u;)"
(dduj)" =% ANk

fi@) =

Then fj(z) < ¥ (z,u) for any z € V, and ( — fj)(dd"’uj)”*" Aok > Cy — fj)o" converges weakly
to 0. Hence f; converges in Lebesgue measure to v in V as j — oo.
Now, by Theorem 33, we have

ddup) Awa, A+ Aoa_, Al > () Fe"
pointwise in V for any B € B(Id,n — k) and Ay, ..., Ay_1 € B(Bz, k). Letting j — oo, we get
(ddu) Awa, A+ Awa, | A a)’;;k >y /kn
in the sense of Radon measures. It follows from [Lu 2013] that
(dd“u) Awr};k > g1k
in the viscosity sense. Using Theorem 33, we get that u is a viscosity subsolution of (60) in U. (|

6. Dirichlet problem for the Lagrangian phase operator

In this section, we prove the existence of a unique viscosity solution to the Dirichlet problem for the
Lagrangian phase operator. The existence and uniqueness of the smooth version was obtained recently by
Collins, Picard and Wu [Collins et al. 2017]. Let 2 C C” be a bounded domain. Consider the Dirichlet
problem

Flu]:=)Y""_,arctani; = h(z) on £, LA)
u=gq on 012,
where Ay, ..., A, are the eigenvalues of the complex Hessian Hu. We can also write Flu] = f(A(Hu)).

We assume that ¢ € C'@Q) and h: Q2 — [(n — 2)% +34, n%) is continuous for some § > 0.

The Lagrangian phase operator F in (LA) arises in geometry and mathematical physics. We refer to
[Collins et al. 2015; 2017; Harvey and Lawson 1982; Jacob and Yau 2017; Yuan 2006; Wang and Yuan
2013; 2014] for the details.
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Since h > (n — 2)Z, this case is called the supercritical phase following [Yuan 2006; Jacob and Yau
2017; Collins et al. 2015; 2017]. Recall first the following properties; see [ Yuan 2006; Wang and Yuan
2014, Collins et al. 2017].

Lemma 38. Suppose L1 > Ay > --- > A, satisfy ) ; arctan A; > (n — 2)7% + 8 for some § > 0. Then we
have:
(D) M =Xxy > > A1 > 0and |Ay| < Xyt
(2) >, 4 =0and i, > —C($).
(3) YA < —tan(8) when A, < 0.
(4) Foranyo € ((n -2)Z, n%), the set I'? .= {k e R" | > ;arctan A; > a} is a convex set and 0I'° is a
smooth convex hypersurface.

It follows from Lemma 38 that the function f can be defined on a cone I'" satisfying I’y CT" C I';. We
also remark that if 2 > (n—1) 7%, then F'is concave, while F has concave level sets if (1 —2)Fh < (n—1)7,
but in general F' may not be concave; see [Collins et al. 2017]. Therefore we cannot apply Theorem 22
directly. Fortunately, we still have a comparison principle for the Lagrangian operator using Lemma 21.
Lemma 39. Let u, v € L®(Q) be a viscosity subsolution and a viscosity supersolution of the equation
Flul= f(AM(Hu)) = h on Q2. Then

sup(u — v) < max{(u —v)*, 0}. (61)
Q Q2

Proof. We first define ¢ > 0 by maxg h =n7 —e. Now forany 0 < 7 < %8, set u; =u+ t|z|>. Let ¢; be

any upper test for u, at any point zg € Q; then ¢ = g, — t|z|? is also an upper test for u at zg. By the
definition we have
Flql(zo) = ) _ arctan %;(z0) = h(2o).
i=1

where A(zp) = A(Hq(z0)). We also have

Flg:1(z0) = Y _ arctan(A; (z0) + 7). (62)
i=1

Next, if F[q](z0) > n5 — 5, then F[q](z0) > h(z0) + §: hence

Flg:z0) = h(zo) + 3. (63)

Conversely, if F[g](zo) <n% —3, this implies that arctan(, (z0)) < 7 —5,. Combining with Lemma 38(2),

we get —C(5) < 1, (z0) < C(¢). Using the mean value theorem, there exists An € (An(20), An(z0) + 7)
such that

1
arctan(A, (zg) + ) —arctan A, (zg) = ) t>C(5,¢e1)>0.
n

It follows that
Flg:1(z0) > Flql(z0) + C(8, &, T) > h(z0) + C(3, &, T). (64)
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Combing with (63) yields
Flg:1(z0) > h(z0) + C,

where C > 0 depends only on §, &, 7. We thus infer that u, satisfies F[u;] > h(z) 4 C in the viscosity
sense. Therefore applying Lemma 21 to u, and v, then letting T — 0, we obtain the desired inequality. [J

Theorem 40. Suppose Q2 is a bounded C? domain. Let u be a bounded upper semicontinuous function on
Q satisfying Flu] > h(z) in Q in the viscosity sense and u = ¢ on dS2. Then the Dirichlet equation (LA)
admits a unique viscosity solution u € C°(Q).

Proof. It suffices to find a viscosity supersolution u for the equation F[u] = h(z) satisfying i = ¢ on 92.
The C2-boundary implies the existence of a harmonic function ¢ on § for arbitrary given continuous
boundary data ¢. Since ) ; A; (H¢) =0, it follows from Lemma 38 that we have F[¢] < (n—2) % +8 <h;
hence ¢ is a supersolution for (LA). The rest of the proof is similar to the one of Theorem 25, by using
Lemma 39. 0
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RESOLVENT ESTIMATES FOR SPACETIMES
BOUNDED BY KILLING HORIZONS

ORAN GANNOT

We show that the resolvent grows at most exponentially with frequency for the wave equation on a class of
stationary spacetimes which are bounded by nondegenerate Killing horizons, without any assumptions on
the trapped set. Correspondingly, there exists an exponentially small resonance-free region, and solutions
of the Cauchy problem exhibit logarithmic energy decay.

1. Introduction

1A. Statement of results. Let (M, g) be a connected (n+1)-dimensional Lorentzian manifold of signa-
ture (1, n) with connected boundary d M, satisfying the following assumptions:

(1) oM is a Killing horizon generated by a complete Killing vector field T, whose surface gravity is a
positive constant k¥ > 0 (see Section 2C for details).

(2) M is stationary in the sense that there is a compact spacelike hypersurface X with boundary such
that each integral curve of T intersects X exactly once.

(3) T is timelike in M°.

Consider a formally self-adjoint (with respect to the volume density) operator L € Diff?>(M) commuting
with T, such that L —[1, € Diff! (M). Thus we can write

L=|:|g—|-W+V,

where W is a smooth vector field and V € C°°(M). In addition, assume that W is tangent to d M.
Identify M = R; x X under the flow of T. Since T commutes with L, the composition

P(w) = ' Le ! (1-1)

descends to a differential operator on X depending on w € C. Fredholm properties of P (w) were first
examined in a robust fashion by Vasy [2013] using methods of microlocal analysis, and subsequently by
Warnick [2015] via physical space arguments; see also [Gannot 2018].
Here we summarize a simple version of these results, which applies in any strip of fixed width near the
real axis. For k € N, let
XK ={ue H*'(X): P(O)u € H* (X)), (1-2)
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equipped with the graph norm. Since P (w)— P (0) € Diff! (X), the operator P (w) is bounded X* — H*(X)
for each w € C.

Proposition 1.1 [Vasy 2013; Warnick 2015]. The operator P(w) : X* — HX(X) is Fredholm of index 0
in the half-plane {Imw > —K(k + %)} and is invertible for Im w > O sufficiently large.

The inverse P (o)~ : H*(X) — X* forms a meromorphic family of operators in {Imw > —K(k + %) }
called the resolvent family, which is independent of & in a suitable sense [Vasy 2013, Remark 2.9]. Its
complex poles in {Ima) > —K(k + %)} are known as resonances, and correspond to nontrivial mode
solutions v = e~'“'y of the equation Ogv =0, where u € C*°(M) satisfies Tu = 0. Thus mode solutions
with Im w > 0 grow exponentially in time, whereas those with Im w < 0 exhibit exponential decay.

Given wyp, Cy > 0, define the region
Q= {|{Imw| < e Rl N (1p] > w).
These parameters are fixed in the next theorem, which is the main result of this paper.

Theorem 1. There exist wgy, Co > 0 such that P(w) has no resonances in Q2. Furthermore, there exists
C > 0 such that if w € 2, then

[P ()" fll st < SR £ i (1-3)
for each k e Nand f € H*(X).

Theorem 1 is also true when d M consists of several Killing horizons generated by 7', each of which has
a positive, constant surface gravity. In particular, Theorem 1 applies to any stationary perturbation of the
Schwarzschild—de Sitter spacetime (which is bounded by two nondegenerate Killing horizons [Vasy 2013,
Section 6]) that preserves the timelike nature of 7', and for which the horizons remain nondegenerate Killing
horizons. Other examples are even asymptotically hyperbolic spaces in the sense of [Guillarmou 2005].

1B. Energy decay. Theorem 1 can be used to prove logarithmic decay to constants for solutions of the
Cauchy problem

Uev=0, vwlx=v9, Tvlx=nvs. (1-4)
Given initial data (vo, v;) € H*T1(X) x H*(X), the equation (1-4) admits a unique solution
veC'Ry; H (X)) ne' Ry; HY(X)).

If N denotes the future-pointing unit normal to the level sets of t and Q[v] is the stress-energy tensor
(see Section 4C) associated to v, define the energy

Elvl(s) = { }Q[v](N,N)de-
t=s

Here d Sy is the induced volume density on X = {t = 0}, which is isometric to each time slice {t = s}.
Since N is timelike, it is well known that E[v](s) is positive definite in dv. One consequence of the
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positivity of « is the energy-boundedness statement
El@) = CEM](0); (1-5)

see for instance [Warnick 2015, Corollary 3.9]. One can also define an energy &[v] controlling all
derivatives up to order k, with £[v] = £;[v], which is similarly uniformly bounded. This can be improved
to a logarithmic energy-decay statement uniformly up to the horizon, with a loss of derivatives.

Corollary 1.2. Given k € N, there exists C > 0 such that

5k[v]<r>1/2<Lu(vo UL ||k e
=~ 10g(2+t) 9 Xfx H

for each v € CO([R{+; H*(X)) N CI(R+; H*(X)) solving the Cauchy problem (1-4) with initial data
(vo, v1) € XK x HF1(X).

We can also improve Corollary 1.2 by showing that v decays logarithmically to a constant as follows.
Given (vo, v;) € X¥ x H**1(X), define the constant

Voo = vol(aX)1/ (A™2v; — 247 Wu — divg (A W)vg) A d Sx.
X

Here A > 0 is the lapse function and W is the shift vector as described in Section 2D.

Corollary 1.3. Given k € N, there exists C > 0 such that

lv(#) — vooll gr+1 + [0 () | g < 10g(2—+t)”(v0’ VD) || ok x et

for each v € CO(R+; HM1(X)N Cl(R+; H*(X)) solving the Cauchy problem (1-4) with initial data
(vo, v1) € X* x H1(X).

By Sobolev embedding, Corollary 1.3 can be used to deduce pointwise decay estimates as well.

1C. Relationship with previous work. The analogue of Theorem 1 was first established for compactly
supported perturbations of the Euclidean Laplacian in the landmark paper [Burq 1998]. There have
been subsequent improvements and simplifications in the asymptotically Euclidean setting [Burq 2002;
Vodev 2000; Datchev 2014], while Rodnianski and Tao [2015] considered asymptotically conic spaces.
In a different direction, Holzegel and Smulevici [2013] established logarithmic energy decay on slowly
rotating Kerr—AdS spacetimes, which contain a Killing horizon of the type described here in addition to a
conformally timelike boundary. However, their approach made heavy use of the symmetries of Kerr—AdS,
and is not adaptable to our setting.

Most relevant to the setting considered here are [Moschidis 2016; Cardoso and Vodev 2002]. The
former reference shows logarithmic energy decay on Lorentzian spacetimes which may contain Killing
horizons, but importantly also contain at least one asymptotically flat end. There, the mechanism of decay
is radiation into the asymptotically flat region. In contrast, asymptotically flat ends are not considered
in the present paper, but we do allow spacetimes which contain Killing horizons as their only boundary
components. We therefore stress that the results of [Moschidis 2016] are disjoint from those of this paper.
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Meanwhile, [Cardoso and Vodev 2002] applies to a wide class of Riemannian metrics, including those
with hyperbolic ends. There is a close connection between asymptotically hyperbolic manifolds and
black holes spacetimes, first exploited in the study of resonances by Sa Barreto and Zworski [1997]. This
relationship has attracted a great deal of interest, especially following the paper [Vasy 2013]; for a survey
of recent developments, see [Zworski 2017].

Common to the works described above is the use of Carleman estimates in the interior of the geometry,
which is then combined with some other (typically more complicated) analysis near infinity. Although the
proof of Theorem 1 adopts techniques from [Burq 1998; Moschidis 2016; Rodnianski and Tao 2015], one
novelty (and simplifying feature) is that the Carleman estimate employed here is valid up to and including
the horizon. In particular, this avoids the use of separation of variables and special function methods [Burq
1998; Holzegel and Smulevici 2013; Vodev 2000], Mourre-type estimates [Burq 2002], and spherical
energies [Cardoso and Vodev 2002; Datchev 2014; Moschidis 2016; Rodnianski and Tao 2015].

2. Preliminaries
2A. Semiclassical rescaling. 1t is conceptually convenient to rescale the operator by
P(z) =h*P(h~'2). (2-1)
Thus @ = h~'z, and uniform bounds on P (z) for £z in a compact set [a, b] C (0, 00) give high-frequency
bounds for P(w) as |w| — oco. Theorem 1 is easily seen to be equivalent to the following.

Theorem 1'. Given [a, b] C (0, 00), there exist C, Cy > 0 such that
el gt < eI P@ull e (2-2)

foreachu € X* and +7 € [a, b] +ie €/ [—1,1].

The norms in (2-2) are semiclassically rescaled Sobolev norms. For detailed expositions on semiclassical
analysis, the reader is referred to [Zworski 2012] and [Dyatlov and Zworski 2018, Appendix E].

2B. Stationarity. A tensor on M will be called stationary if it is annihilated by the Lie derivative L.
The definition of stationarity can be extended to 7*M by observing that T lifts to a vector field on 7*M
via the identification

T"M =T*ReT*X.

Any covector w € T.*M at a point ¢ = (7, x) can be decomposed as @ = § + 7 df, where § € T X and
tdt € T;R. Thus a function F' € C*°(T*M) is stationary if it depends only on & € 7' X and t € R, which
we sometimes denote by F(x, &, ). Furthermore, if T = 7¢ is fixed, then F induces a function F(-, 79)
on T*X. This is compatible with the Poisson bracket in the sense that for stationary Fy, F>» € C*°(T*M),
there is the equality

{F1, F2}(x, &, 70) ={F1(-, 1), F2(-, 10)}(x, §). (2-3)

On the left is the Poisson bracket on 7*M, and on the right the Poisson bracket on 7*X.
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In particular, this discussion applies to the dual metric function G € C*(T*M), whose value at
w € T'M is given by
Gx, m) =g, (@, w) =g ()wamp.
The semiclassical principal symbol p = o5, (P (z)) is given by p(x,&;2) = —G(x, & — zdt).
Lemma 2.1. The quadratic form (x, £) — G(x, &) is negative definite on T*X°.

Proof. The condition T = 0 implies that & = & 4+ 0d? is orthogonal to 7°. But 7" is timelike on M°,
whence the result follows. O

If tp € R is fixed and K C X° is compact, then by Lemma 2.1 there exist ¢, R > 0 such that if
G(x,&) > R, then
G(x,§+1dt) = cG(x, §)

for each & € T¢ X°, where the constants ¢, R are locally uniform in 7. In particular, given a compact
interval / C R, the set
{E€TEX°: G(E+tdt)=0 for some t € I}

is a compact subset of 7*X°. This also implies that if Q is a stationary quadratic form on 7*M, then
there exists C > 0 such that

|Q0(x,§+1dt)| <C(1+|G(x,E+Tdr)])
foreach& e Tg X° and 7 € I.
2C. Killing horizons and surface gravity. Recall the hypotheses on (M, g) described in Section 1A and set
uw=g(,T).

The key property of (M, g) is that dM is a Killing horizon generated by 7. By definition, this means
that 0 M is a null hypersurface which agrees with a connected component of the set {u =0, T # 0}. Of
course in this case T is nowhere-vanishing. Since orthogonal null vectors are collinear, there is a smooth
function « : IM — R, called the surface gravity, such that

Ve = —=2kT 2-4)

on d M. The nondegeneracy assumption means that ¥ > 0, and for simplicity it is assumed that « is in
fact constant along d M.

2D. Properties of the metric. Let N denote the future-pointing unit normal to the level sets of ¢, and
define the lapse function A > 0 by A=2 = g¢~!(dt, dt). The shift vector is given by the formula

W=T—-AN,

which by construction is tangent to the level sets of . Let k denote the induced (positive definite) metric
on X. If (x%) are local coordinates on X, then

g = (A — kW' W/)dt* — 2k;;W'dx/ dt — k;; dx' dx/ .
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Inverting this form of the metric gives
g =ATI@ - W ) — kY 9 9. (2-5)
Note that k(W, W) = A% — u, and hence W # 0 near d M.
Now use the condition that 0 M is a Killing horizon generated by 7. The covariant form of (2-4) reads

dip =26 Wik (2-6)

By assumption « > 0, so W is a nonzero inward-pointing normal to X along dX whose length with
respect to k is A.

Introduce geodesic normal coordinates (r, y4) on X near X, so r is the distance to dX (uppercase
indices will always range over A =2, ..., n). By construction, 9, is an inward-pointing unit normal
along dX, so

W'=A, W4=0 (2-7)

along the boundary. Also by construction, the components of the induced metric in (r, y4)-coordinates
satisfy X" =1 and k"4 = 0.

Lemma 2.2. The function r satisfies g~'(dr, dr) = =2k A™'r +r2C®(M).
Proof. First observe that kyg WAW5 e r2C°°(M) by (2-7), and since k(W, W) = A% — pu,
A — = (W) +kapWAWE,

Now u and r are both boundary-defining functions, so = fr for some f € C*°(M), and hence du = f dr
on 3X. But on the boundary (du) = 2k A% from (2-6), while (W, dr) = W' = A from (2-7). Thus

w= fr=2kAr +r’C®(M).
Plugging this back into the equation for k(W, W) yields
(W2 = A% — 2k Ar + r2C®(M),
and therefore g~ (dr, dr) = —k'" + A=2(W")? = =2k A~ 'r +r2C>® (M) as desired. Il

Observe that the surface gravity depends on the choice of null generator 7. Consider the rescaled

vector field
~ T
T=—,
2K

which changes the time coordinate by the transformation ¢ = 2«t. If P (®) is now defined as in (1-1) but

P(w) = ﬁ(ﬂ).
2K

It suffices to prove Theorem 1 for P (w) then, since rescaling the frequency only changes the constants

wyp, Cop, C. Dropping the hat notation, it will henceforth be assumed that k¥ = %

with ¢ replacing 7, then
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Next, consider a conformal change g = fg, where f > 0 is stationary. The operator L can then be
written as

L=f"0;+m—Df2Vaf +WHV. (2-8)

Thus we can write L = f 'L, where L has the same form as L but with g replacing g, provided that the
vector field Vz f is tangent to d M. But this follows from the stationarity of f, since

g(T,Vef)=0

and 7 is normal to M. Thus it suffices to prove Theorem 1 with L replacing L. Observe that 9 M remains
a Killing horizon generated by 7' with respect to g, and the surface gravity is unchanged.
By making a conformal change and dropping the tilde notation, it will also be assumed that

¢ 'dr,dr)=—r. (2-9)
If (7, p, n4) are dual variables to (¢, r, y*), define a stationary quadratic form G € C*°(T*M) by
Go=—rp>—2pt —kj"nans. (2-10)

Here kg is the restriction of k to d M, which is then extended to a neighborhood of d M by requiring that
Ly, ko = 0. In the next section, the difference G — G will be analyzed.

2E. Negligible tensors. We now define a class of tensors which will arise as errors throughout the proof
of Theorem 1'.

Definition 2.3. (1) A stationary 1-tensor F* d, is said to be negligible if its components in a coordinate
system (¢, r, yA) satisfy

FlerC®(M), F er’C®WM), F*ercC®M).

(2) A stationary 2-tensor H*? dp is said to be negligible if its components in a coordinate system
(t,r, yA) satisfy

H'" e C®(M), H'"er’Cc®M), H*Pecrc>®M),
H'A eC®(M), H"erC®WM), H™erc>®mMm).

Observe that negligibility is invariant under those coordinate changes which leave (¢, r) invariant.
Denote by N and N; all C*°(T*M) functions of the forms F*w, and H *f oy, wpg, respectively.

Recall the definition of Gg in (2-10). The notion of negligibility is motivated by the fact that
G=Gy+NMN,.
This follows directly from (2-5), (2-7), and (2-9). We will also repeatedly reference the auxiliary functions

Y=0p)+12, Z=rp*+k"Bnans. (2-11)
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It follows immediately from the Cauchy—Schwarz inequality 2ab < 8a® + b?/8 that there exists C > 0
satisfying
2
25c<|Go|+T7). (2-12)
The next two lemmas also follow from judicious applications of the Cauchy—Schwarz inequality and the
trivial observation that (rp)* = r(rp?) is small relative to rp? for small values of r.

Lemma 2.4. Let F € Ny. Then, for each y > 0 there exists C,, such that
r Uzl Fl < Cyti +y 2.
Furthermore, p N7 C N3 and N7 - N1 C rNo.
Lemma 2.5. Let H € N>. Then, for each y > 0 there exist Cy,, r,, > 0 such that
|H| < CyY +yk*Pnang, |HI<Cyt*+yZ

forre[0,r,].

Now combine Lemma 2.5 with the bound (2-12) and the relation G = Gy + N>. Thus there exists
R > 0 and C > 0 such that )

Z§C<|G|+TT> (2-13)

for r € [0, R].

The next goal is to compute the Poisson brackets {G, r} and {G, {G, r}}. To begin, observe that

{Go,r}==2(rp+1), {Go,{Go,r}} =2(rp* +21p). (2-14)
In order to replace G with G we also need to consider the Poisson brackets of functions in Nj and N>.

Lemma 2.6. The Poisson bracket satisfies {N>, r} C N1 and {N>, N1} C Ny, as well as {Gy, N1} C N>
and {{Gy, r}, N2} C Na. Therefore,

(G.r)==20p+D)+Ni, (G, (G, r})=2(p*+2tp) + N>. (2-15)
Furthermore, {G, {G, r}} = —2rp* + N> whenever {G, r} = 0.

Proof. The first part is a direct calculation, while (2-15) follows from the first part and (2-14). The last
statement follows from the inclusion p N7 C N>. O

3. Carleman estimates in the interior

3A. Statement of result. We now prove a Carleman estimate valid in the interior X°, but with uniform
control over the exponential weight near 0.X.

Recall that r denotes the distance on X to the boundary with respect to the induced metric. Although
this function is only well-defined in a small neighborhood of 9 X, for notational convenience we will
assume that [0, 3] is contained in the range of r (otherwise it is just a matter of replacing 3 with 3¢ for an
appropriate & > 0).
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Proposition 3.1. Given [a, b] C (0, 00), there exists r1 € (0, 1) and @1, ¢ € C*°(X) such that

e on {r < 1} the functions ¢y, @2 are equal and depend only on r,

e ¢(r) <0is constant on {r <ri} fori =1,2,
with the following property: given a compact set K C X° there exists C > 0 such that
1" 4 e/ Myul oy < Ch™2 (" + e/ P(Dull 2x,)
for eachu € C°(K°) and £z € [a, b].

It clearly suffices to prove Proposition 3.1 for the operator L = [, since the lower-order terms can be
absorbed as errors. In order to prove Theorem 1’, an additional estimate is needed near the boundary; this
is achieved in Section 4 below.

3B. The conjugated operator. Given ¢ € C*°(X), define the conjugated operator
P,(2) = e?/hp(z)e /",

Let py(z) denote its semiclassical principal symbol. Define L?(X) with respect to the density A - d Sy,
where recall d Sy is the induced volume density on X, and A > 0 is the lapse function as in Section 2C.
Defining Re P, (z) and Im P, (z) with respect to this inner product, integrate by parts to find

| P (w)u ||%2(X) = (Py(@) Py(w)*u, u)2(x) +i([Re Py(w), Im Py(0)]u, u)12x, (3-D
for u € C2°(X°). The idea is to find ¢ which satisfies Hormander’s hypoellipticity condition
{Re py,Im p,} >0 (3-2)

on the characteristic set {p, = 0}.
In order to apply the results of Section 2E without introducing additional notation, it is convenient to
work with the dual metric function G directly. Define

Gy(x,m)=G(x,w +idy),

so since we are assuming that 7 is real, ReG,(x, w) = G(x,w) — G(x,dy), and ImG,(x, w) =
(Hge)(x, ). We will then construct ¢ (viewed as a stationary function on M) such that

ReG,, Im G} (x, w) = (Hzp)(x, @) + (Hi9) (x,dp) > 0 (3-3)

on {Gy, =0} N{a < £t < b}. This will imply the original hypoellipticity condition from the discussion
surrounding (2-3) and the identifications

Po(x,8;2) = —Gy(x,§ —zdt), z=-t.

Note that the dual variable 7 is now playing the role of a rescaled time frequency.
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3C. Constructing the phase in a compact set. To avoid any undue topological restrictions, we will
actually construct two weights ¢1, ¢, in the interior which agree outside a large compact set. This appears
already in [Burq 1998], but we will follow the closely related presentation in [Moschidis 2016; Rodnianski
and Tao 2015].

Lemma 3.2. There exist positive functions Y, ¥y € C*°(X) with the following properties:

(1) Y1, Yo have finitely many nondegenerate critical points, all of which are contained in {r > 2}.

(2) Y > Yy on {dyry =0}, and Yy > Y on {dyr, = 0}.
(3) The functions 1, Yo are equal and depend only on r in {r < 2}. Furthermore 9,vr| and 0,r, are
negative in this region.

Proof. Let ¢ € C*°({r = 2}) solve the boundary value problem
At =1, Clp=y =1

Here Ay is the nonpositive Laplacian with respect to the induced metric k. Since A ¢ > 0, none of the
critical points of ¢ in {r > 2} are local maxima. In addition, since ¢ clearly achieves its maximum at each
point of {r = 2}, its outward-pointing normal derivative is strictly positive by Hopf’s lemma [Gilbarg and
Trudinger 1983, Lemma 3.4]. By construction, the outward-pointing unit normal is —d,; hence ¢’ < 0
near {r = 2} (for the remainder of the proof, prime will denote differentiation with respect to r).

The first step is to replace ¢ by a Morse function. We may for instance embed {r > 2} into a compact
manifold X, without boundary, and approximate an arbitrary smooth extension of ¢ to Xo by a Morse
function in the C*°(X() topology. Restricting to {r > 2} and again calling this replacement ¢, we still
have that ¢ has no local maximum in {r > 2} and ¢’ < 0 near {r = 2}. In particular, all critical points of ¢
are nondegenerate and lie in a compact subset of {r > 2}.

Now fix any function ¢ = ¢ (r) € C*°({r < 3}) such that ¢’ < 0 everywhere, and ¢ > ¢ on their common
domain of definition {2 < r < 3}. Choose a cutoff H = H(r) € C*°(X; [0, 1]) such that

H=1 forr<2+y, supp H C {r <2+2y},

and H' <0. Set Yy = H + (1 — H)¢, and compute ] = H'({ —¢) + H' + (1 — H)¢'. If y > 0 is
sufficiently small, then v/ < 0 in a neighborhood of supp H, since the sum of the last two terms is strictly
positive on supp H. On the other hand, outside of such a neighborhood the only critical points of i, are
those of ¢.

Let py, ..., p, enumerate the necessarily finite number of critical points of v, and choose y > 0 such
that the closed geodesic balls B(p1, ), ..., B(p,, y) are mutually disjoint and B(p;, y) C {r > 2} for
each j. Since p; is not a local maximum, for each j there is a point ¢; € B(p;, r) such that

Yi(q;) > ¥1(pj).

Now choose a diffeomorphism g : X — X which is the identity outside the union of the B(g;, r) and
exchanges p; with g;. Then, set ¥, = ¥/; og. By construction the only critical points of ¥, are gy, ..., gn,
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and furthermore

Ya(pj) > vi(pj), ¥i(g)) > ¥a(q;)

for each j. Since outside of {r > 2} the functions ¥; = ¥» depend on r only, the proof is complete,
adding an appropriate constant if necessary to ensure that both functions are positive. U

Let By C {r > 2} be a closed neighborhood of {dr; = 0} such that ¥, > yr; on By, and likewise for B,
exchanging the roles of ¥r; and yr,. Also, let U; C B; be additional neighborhoods of {dy;; = 0}. Now
define

(pi = eXP(O“ﬁi)» l = 17 2’ (3_4)

where o > 0 is a parameter. The following lemma is a standard computation which is included for the
sake of completeness.

Lemma 3.3. Given ¢ > 0 and 1y > 0, there exists oy > O such that if « > «y, then
{ReGy,,ImGy,} >0
on ({Gy, =0}N{r > efN{lt| <oH \ T M fori=1,2.
Proof. The subscript i = 1, 2 will be suppressed. Use the definition (3-4) to compute
Hop =ae®V Hgy, Hzp =a*e™V (Hgy)? +ae® HE .

Assume that G,(x, ) = 0. It follows from ImG,(x, ) = 0 that (Hg¢)(x, w) = 0, and hence
(Hg¥)(x, @) = 0. Therefore by (3-3),

{G —G(x,dp), Hoe)(x, w) = ae®V (HEY)(x, @) + o>V (HEY) (x, d¥) + oV |G (x, dyr) .

Next, use the condition (Re G)(x, ) =0, which implies G (x, @) = a2V G (x, dyr). By the discussion
following Lemma 2.1, there exists C > 0 such that

|(HEY) (x, )| < C(1+ |G (x, @)])
on {r > e} N{|t| < 10}. Thus on the set {G, =0} N {r > e} N{|7| < 10},
le®™V (HE W) (x, @)| + |@? >V (HE W) (x, dY)| < CaPe®™V.

On the other hand, as soon as d # 0 the third term a*e3*¥|G (x, dy/)|? is positive by Lemma 2.1, and
dominates the previous two terms for large o > 0. Since d{ # 0 away from B, the proof is complete. [

3D. Constructing the phase outside of a compact set. The most delicate part of the argument is the
construction of the phase outside of a compact set. Since g~!(dr, dr) = —r and ¢ is a function only of r
in this region,

Gy =G +r (@) +i¢ Hgr.
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Now compute the Poisson bracket

{Re Gy, Im G} = {G +r(¢")?, ¢ Hor}

= ¢'Hgr +¢"(Hgr)> = (¢")° +2r(¢)*¢") 8, Hor.
Assume that ¢’ < 0, in which case Im G, = 0 is equivalent to Hgr = 0. The goal is then to arrange
negativity of the term
Her — (¢ +2r¢'¢") 0, Hr (3-5)
on the set {Re G, = 0}. Recall the definition of Z from (2-11).
Lemma 3.4. There exists C > 0 and R > 0 such that Z < C(r(¢')>+1%/r) on {Re G,=0}N{0<r <R}.
Proof. Apply (2-13), using that Re G, = 0 implies G = —r(¢)>. (|
Putting everything together, it is now easy compute Hér on {G, = 0} near the boundary.

Lemma 3.5. For each § > O there exists Rs > 0 such that

\HGr+2L <8(r@)?+ )

on{G,=0}N{0 <r < Rs}.
Proof. From the expression (2-15) for Hér and Lemma 2.5, find C,, > 0 and r, > 0 such that
|HEr +2rp?| < Cylt)* +yZ (3-6)

for r € (0, r,). Now multiply Hgr by p, and use that p i C N>. Therefore by Lemma 2.5, there exist
C, > 0andr), > 0 such that
12rp* +2tp| < C) |t)* + v Z (3-7)

for r € (0, rj’/). On the other hand, from Hgr = 0, deduce that —7p = T2/r +r M. By Lemma 2.4,
there exists C ;,/ > 0 such that

2
|27:p+2%‘ <ClltP+yZ. (3-8)
Combine (3-6), (3-7), and (3-8) via the triangle inequality with Lemma 3.4 to find that
‘HG +—‘<3VC<F(¢ )+ >+(C +C, 4+ Cr?

for r € (0, min{r,, ry, R}); here C > 0 and R > 0O are provided by Lemma 3.4. Finally, choose y
sufficiently small depending on § and a corresponding Rs > O such that the conclusion of the lemma
holds for r € (0, Rs). Il

Next, observe that —0, Hgr = 2r + r2C%°(M). Given a > 0, it follows from (3-5) and Lemma 3.5 that
there exists R; > 0 such that

3a?
() Re Gy Im Gy} < =S +3r(¢)? + 3%y (3-9)

on {G, =0}N{0 <r < Ri}N{|t| > a}, provided that ¢" > 0.
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Shrinking R; if necessary, it may be assumed that ¢ = ; as in Lemma 3.2 satisfies ¢/ < 0 on
[0, Ry + 1]. Recalling that ¢; = exp(a;), choose o > 0 satisfying the conclusion of Lemma 3.3 with
& = Ry. By further increasing «, (but keeping a > 0 fixed), it may also be assumed that ¢ = ¢; satisfies

@'(r)
r

3/ (RDR)? > a?, ¢'(r)>— for r € [Ry, Ry +1]. (3-10)

Although ¢ is already defined on all of X, the following lemma allows one to redefine ¢ on {r < R; + 1}
in such a way that its derivative is controlled; this new extension will still be denoted by ¢. The idea
comes from [Burq 1998, Section 3.1.2], but of course the form of the operator there is quite different.

Lemma 3.6. There exists an extension of ¢ = @; from {r > R + 1} to {r < Ry + 1} such that
{ReGy,ImG,} >0

on {G, =0}N{0 <r < Ri}N{|t| = a}. Furthermore, there exists ri € (0, Ry) such that ¢'(r) <0 is

constant forr € [0, r{].

Proof. Motivated by (3-9), consider the differential equation

a? 2 211/ ’
—T+3rk +3r‘kk’ =0, k(R))=¢ (R)) <0.

This is a Bernoulli equation whose solution is given by

k(ry=—r"" (§0/(R1)R1)2+261210g L>>1/2
3 R, '

The solution is certainly meaningful for » € [Ry, R;], where we define Ry by

2
1 3 R
Ro= Ry exp(z — E(fﬂ/(Rl)zl) )

Note that we indeed have Ry < R; by the assumption (3-10). The value Ry was chosen such that
k'(Rp) = 0, and it is easy to see that k’(r) > 0 for r € (Ro, R{]. In addition, k(Rg) < 0. Let & = 0(r) be
defined on [0, R; + 1] by
¢'(r), relRy, Ri+1],
0(r)={k(r), relRo, Ri],
k(Ry), re]0, Ryl.

The function 6 is strictly negative, and the piecewise continuous function 6’ satisfies
2
—"7 +3r0%+3r%00' <0
for r € (0, R + 1]. Indeed, by the construction of k and Ry, the inequality holds for r € (0, R;), and it is
also true for r € (R, Ry + 1] by (3-10). Rearranging,
a’ 0

6’ > - — 3-11
~3r30 r ( )

forr € (0, Ry +1].
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We now proceed to mollify 6 in such a way that the hypotheses of the lemma hold. Let n.(r) =
(1/e)n(r/e) denote a standard mollifier, where n € C2°((—1, 1)) has integral one. In addition, choose a
cutoff H = H(r) € C*°(X; [0, 1]) such that

H=1 forr<R+3,  H=0 forr> R +31,

and H' < 0. Now define
0. = (1 — H)0 +n, x (HO).

Clearly 6, is smooth, and 8, — 6 uniformly for r € [0, R; + 1]. Furthermore, there exists gy > 0 such
that if ¢ € (0, &p), then the following properties are satisfied:

e 0:(r) <0and 0/(r) >0 forr €[0, Ry +1].

« 0:(r)=¢'(r) forr € [Ri + 3, R + 1],

e There exists r; € (0, Rg] such that 0. (r) = k(Rg) for r € [0, r{].

Since 6 is continuous and piecewise smooth,

0,=(—H)0' —HO+n.+(HO+HY). (3-12)
Therefore by (3-11),

0 > —H'0+ 1, % (HO) + (1 — H) LA DY W G
&€= e 3r30  r e 3r30  r

for r € (0, Ry + 1]. The right-hand side converges uniformly to a2/(3r39) —6/r forr € [r], Ry + 1] since
the latter function is continuous there. Since 6, — 0 uniformly for r € [ry, R; + 1] as well, there exists
€ € (0, &) such that

3612 2 2 ’
— S 307 +3r°6,60, <0
r

for r € [r1, Ry + 1]. This inequality is also true for r € (0, ry), since 6, = k(Rp) on that interval. Now
extend ¢ from {r > R| + 1} to {r < Ry + 1} by the formula

r

<p(r>=<a(R1+1>+/ 8, (s) ds.
Ri+1

This completes the proof according to (3-9) by observing that the ¢ just constructed satisfies ¢” () > 0. [

As a remark, if T # 0, then the hypoellipticity condition also holds along {r = 0}, simply because
Im G, # 0 in that case. However, since (x, §) — G(x, &) is not elliptic along {r = 0}, the hypoellipticity
condition alone, stated here in the semiclassical setting, is not sufficient to prove a Carleman estimate;
see [Hormander 1963, Section 8.4].

Now that the phases ¢;, ¢, have been constructed globally, we are ready to finish the proof of
Proposition 3.1. Here we come back to the operator P,(z) on X. Fix a norm |- | on the fibers of 7*X
(for instance using the induced metric k) and let (§) = (1 + |& |%)1/2,
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Proof of Proposition 3.1. Recall that we are given [a, b] C (0, co) and a compact set K C X°. Without
loss, we may assume that K = {r > ¢} for some ¢ > 0. Let B;, U; be as in the discussion preceding
Lemma 3.3. In particular,

{Re py,, Im py.} >0

on ({py =0}N{r = /2 \ T X. Let x; € C°(B;) be such that x; = 1 near U;. If ¢ = ¢;, then
|pel” + x>+ h{Re py, Im py} = h(M|p,|* + M x> +{Re p,, Im p,,})

for any M > 0, provided that 4 > 0 is sufficiently small. On the other hand, the set {Re p, =0}N{r > ¢/2}
is compact by Lemma 2.1, uniformly for +z € [a, b]. Therefore,

(&) (M| pyl* + M+ {Re py, Im p,}) > 0

near T*X N{r > ¢/2} for M > 0 sufficiently large. By (3-1) and the semiclassical Garding inequality
applied to %/ "y,

hlle? a3 ) < Clle?” " P@ullay, + Clle? M ull 7z, (3-13)
for u e C°(K°) and i =1, 2. Since ¢; > ¢, on B, and ¢, > ¢; on By, there is y > 0 such that

I < oV (g1l L gonl iy

on B;. Now add (3-13) for i =1, 2 to absorb the integral over B; U B; into the left-hand side. O

4. Degenerate Carleman estimates near the boundary

4A. Statement of result. We now complement Proposition 3.1 with a result valid up to the boundary.
Recall that the phases ¢, ¢, are equal on {r < 1}. Since we are working near d X, we will thus drop the
subscript and simply write .

Proposition 4.1. Given [a, b] C (0, 00) there exists ro > 0 and C > 0 such that
le?/"ull < C(R™ 211/ P(2ull 2 + O Ml 2ax)) (1)
foru e C({r <ro}) and £z € [a, b].

The Sobolev space appearing on the left-hand side of (4-1) is modeled on the space of vector fields Vj, (X)
which are tangent to the boundary; see [Melrose 1993]. Thus u € Hb1 (X)if u € L*(X) and Ku € L*(X)
for any K € V(X). If u € H} (X) and suppu C {r < 1}, we can set

= [+ 20 8 + AP @ -0t S
D, X

Of course away from 90X this is equivalent to the full th norm. Observe that it is enough to prove
Proposition 4.1 for the operator L = [,, since the estimate (4-1) is stable under perturbations B €
hDiff}l (X) provided that the vector field part of B is tangent to 0 X. The latter condition is satisfied by
the hypothesis that W is tangent to 9 M made in the Introduction.
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Proposition 4.1 is proved through integration by parts. A convenient way of carrying out this procedure
is by constructing an appropriate multiplier for the wave operator and applying the divergence theorem.
This approach to Carleman estimates for certain geometric operators is partly inspired by [Alexakis and
Shao 2015; Ionescu and Klainerman 2009].

4B. The divergence theorem. We will use the divergence theorem in the time-differentiated form

i (K, N)de-i-/ g(K, T)dSax=/(dng K)AdSy, (4-2)
dr Jx aX X

valid for any vector field K, see [Warnick 2015, Lemma 3.1] for instance, where recall X = {t = 0}. Thus
the first term on the left-hand side of (4-2) is short-hand for

4 g(K, N)dSx evaluated at s = 0.

ds Jy=s)

Here dSjx is the volume density on d X induced by k (the latter is Riemannian, and hence the induced
volume density is well-defined).

4C. Stress-energy tensor. Given v € C*°(M), let Q = Q[v] denote the usual stress-energy tensor asso-
ciated to v with components

Qup = Re(0,v - 350) — Lg7 1 (dv, dD)gup.

This tensor has the property that (V# Qqp)S* =Re(Uv - Sv) for any vector field S. Given such a vector
field and a function w, define the modified vector field J = J[v] with components

J* = 058P + Jw - 3% (Jv]) — 3(3%w)|vl*.
The relevant choices in this context are
S=Ver, w=Ai+10,r, (4-3)

where A = A(r) is an undetermined function to be chosen in Lemma 4.4 below. Also, introduce the
tensor [T with components
et = —vePr — g,

The divergence of J satisfies
Re([,u - (ST +wb)) = divg J + I(dv, dv) + 5(Ogw)|v/?, (4-4)
which is verified by a direct calculation.

4D. The conjugated operator. Near d M, consider the conjugated operator Lo = e®[ze™®, where
® = & (). Then, Lg has the expression

Lo =0, —20'S 4+ (@) — ") g~ (dr, dr) — ®'Ogr
=, —2d'S + V).
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Now g~ !(dr, dr) = —r by assumption, and consequently the potential term V| satisfies
Vo =r(®" — (¥)?) — &'0,r-.
Set Vi = Vy — 2®'w, multiply Lev by S+ wo, and take the real part to find that
Re(Lov - (Sv+wv)) =Re(yv - (Sv+wv)) — 20'|Sv|> +Re Viv- S+ Vowl|v|?. (4-5)
It is also convenient to write Re(Vjv - Sv) as a divergence,
Re(Viv- S1) = 3 divg(Vi[v[*S) — 2(S(V1) + ViTgr)|v|>.

In view of this expression, define the vector field K = J + %Vl [v|2S. For future use, also define the
modified potential V by

V=%(DgU))—f—Vow—%S(V])—%Vlljgr—kcb/wz‘ (4-6)

On one hand, integrating the divergence of K yields boundary integrals; the following special case of this
will suffice.

Lemma 4.2. Let v € C*(M) be given by v = =¥y where u is stationary and z € R. Then,

2
/(ding)AdSX=—|%|f > dSsx.
X X

Proof. Apply the divergence theorem (4-2). Since z € R, the vector field K is stationary, and hence there is
no contribution from the time derivative. As for the integral over d M, observe that T is null and § = —T
on the horizon. Since Tv = —i(z/h)v, it follows that g(T, K) = —|Tv|> = —|z/h|*|u|? on dM. O

Note that the boundary contribution from Lemma 4.2 has an unfavorable sign, which will account for
the boundary term in Proposition 4.1. On the other hand, the divergence of K can also be expressed in
terms of (4-5).

Lemma 4.3. If &' < 0, then the divergence of K satisfies
Q2| Lev|* > divg K + T(dv, db) — &'|Sv]* + V|v|?, (4-7)
where V is given by (4-6).
Proof. Combine (4-5) with (4-4), and then use the Cauchy—Schwarz inequality to find
Re(Lov- (57 +w0)) < 29D~ |Lov|” — @'(ISv* +w’[v]?),
recalling that @ < 0. O

4E. Pseudoconvexity. To examine positivity properties of IT(dv, dv) — ®'|Sv|?, we establish a certain
pseudoconvexity condition. A criterion of this type first appeared in work of Alinhac [1984] on unique
continuation, and was also employed in [lonescu and Klainerman 2009; Alexakis and Shao 2015]. Recall
that the Poisson bracket is related to the Hessian via the formula

(GG, fHx, @) =4wawpVP f, (4-8)
valid for any f € C*°(M).
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Lemma 4.4. There exists M, ¢, Ry > 0, and a function » = \(r) such that

M{G, 1) —{G.{G.r}} = 4AG = c((rp)* + > + k" Py ap) 4-9)
forr € [0, Ryl
Proof. Throughout, assume that M > 1. Let r < (4M)~', and define the function A by

A=1-(1-8rM,

where § > 0 will be chosen sufficiently small. Observe that % <A< % uniformly in M > 1 forr < (4M )_1.
Denote the left-hand side of (4-9) by 4&, and the corresponding quantity by 4& if G is replaced with Gy.
Dividing through by 4,

o= M((rp)> +2rpt + %) — L(rp? +2p7) — 1.Gy. (4-10)
Use the expression for AGq and the lower bound A > }1 on {r < (4M)~!'} to find that
£ = M8((rp)* +2rpt) + MT> + 1k§Pnans.

Therefore & > c(MY + kABnanp) if § > 0 is sufficiently small, where recall ¥ = (rp)? + .
Now consider the error £ — & incurred by replacing G with G¢. Replacing M{G, r}> with M{G, r}?
produces an error
2M{Gy, rH{G — Go, r} + M{G — Gy, r}>.

Using Cauchy—Schwarz on the first term to absorb a small multiple of M{Gy, r}? into & (in other words,
changing the constant ¢ > 0 in the lower bound for &) above) leaves an overall error of the form

MWN7-Np) C (r M)N5.

The factor of r M is harmless since rM < }T; thus the right-hand side is certainly in A, uniformly in
M > 1. Using that X is uniformly bounded in M > 1 on {r < (4M)~"}, the remaining errors A(G — Go)
and

{G —Go,{G = Go, r}} +{G — Go, {Go, r}} +{Go, {G — Go, r}}

are also in NV, by Lemma 2.6, uniformly in M > 1. Now apply the first bound in Lemma 2.5, choosing
y > 0 sufficiently small but independent of M so that yk48n,np can be absorbed by ck4Zn,np on the
right-hand side for r € [0, r,, ]. This leaves a large multiple of Y, which is then absorbed by MY on the
right-hand side by taking M sufficiently large. It then suffices to take Ry = min{(4M)~!, ry ). O

Fix M > 0 such that Lemma 4.4 is valid. This fixes the function X, and therefore the function w in
(4-3). Lemma 4.3 will be applied with the weight ® = ¢,/ h, viewed as a stationary function on M. In
particular, ® = —C/h on {r < r;} for some constant C > 0 (recall the statement of Proposition 3.1).

Before proceeding, consider the potential term V from Lemma 4.3. Instead of analyzing its sign, we
more simply note that for F/ = —C/h one has

V="rfo+h ' fith?2p, 4-11)
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where fy, f1 € C®°(M) and f, € rC*°(M). The small coefficient of f> means V can be treated as an error.
To be precise, we have the following positivity result for the bulk terms.

Lemma 4.5. Given a > 0, there exists c, ro > 0 such that if |z| > a, then
(dv, dv) — ®'|Sv)*> + V|v]> > c(h 2 |ul® + |r ,u)? + k™8 d4u dpit) (4-12)
on {r <ro} for each v € C*®(M) of the form v = e~"¥'/ "y, where u is stationary.

Proof. Since ®' = —C/ h, an inequality of the form (4-12) is true for sufficiently small 4z > 0 if the term
V|v|? is dropped from the left-hand side; this follows from Lemma 4.4 and (4-8). On the other hand, for
a potential V satisfying (4-11), there is clearly ry > 0 such that V |v|> can be absorbed by ch~2|v|? for

r € [0, ro] and h > O sufficiently small. O
The proof of Proposition 4.1 is now immediate:
Proof of Proposition 4.1. Given [a, b] C (0, 00), apply Lemmas 4.2, 4.3, and 4.5 to functions of the form
v=e""/Ne?/My where £z € [a, b] and suppu C {r < ry). d
5. Proof of Theorem 1

We prove the equivalent Theorem 1’. Assume that [a, b] C (0, 0o) has been fixed. Choose a cutoff
function x € C*°(X) such that

supp x C {r < ro}, x =1 near {r <rg/2},

where rg is provided by Lemma 4.5. Then, apply Proposition 4.1 to xu and Proposition 3.1 to (1 — x)u,
where u € C*°(X). Since the commutator [P(z), x] is supported away from 9 X, the error terms can be
absorbed even though the left-hand side is only estimated in the H, bl’ » horm. Bounding e?V/h 4 22/ from
below on the left and from above on the right yields

leell 3, < €M AP @ul L2 + lull 2o x)) (5-1)

for u € C*°(X) and £z € [a, b].

Next, we remove the boundary term on the right-hand side of (5-1). In order to estimate the boundary
term, we use that L is formally self-adjoint and that WV is tangent to d M. Apply the divergence theorem
(4-2) to the vector field vVyv —vV,v + |v]? - W with v = e~¥/"y Since L is formally self-adjoint, we
obtain Green’s formula

(hz)f |M|2dSax=—Imf P(z)u-ii AdSy.
X X

There is no boundary contribution coming from W since we assumed g (7, W) vanishes on d M. Applying
Cauchy—Schwarz to the right-hand side implies

-1 2
e Mull 2ox) < Ceh™ M P@ull 2 +ellull 2
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for some C, and every +z € [a, b]. Therefore the boundary term on the right-hand side of (5-1) can be
absorbed into the left-hand side by taking e sufficiently small, at the expense of increasing the constant in
the exponent ¢€/”. We then have

el gy, < €M IP@ull 2.
The final step is to apply a bound of the form
ull e < Ch™ AP @l g+ Nl 2) (5-2)

for u € C*°(X) and +z € [a, b]. The most conceptual way of understanding this estimate is in terms of
the semiclassical trapping present in the interior of M. For an appropriate pseudodifferential complex
absorbing operator Q € W, °°(X°) with compact support in X°, the nontrapping framework of [Vasy
2013, Section 2.8] shows that P(z) —i Q satisfies the nontrapping bound

lull g < Ch™M (P (@) =i Q)ul

for z € [a, b]. Here Q is chosen to be elliptic (with the correct choice of sign) on the trapped set. In this
case Q can be chosen to have compact microsupport in X°, and hence Q : C~*°(X) — C*(X), and in
particular

[ Qullgr = Cllull 2.

This clearly implies (5-2) for z € [a, b], with a similar argument when —z € [a, b].
This completes the proof of Theorem 1’ in the case when u € C*°(X) and %z € [a, b]. By perturbation,
this extends to a region £z € [a, b] + ie C/h[—1,1]. Simply write

P(z) — P(Rez) =Imz- B(2),

where B(z) € Diff} (X) is bounded H; ™' (X) — HF(X) uniformly for z € [a, b] (although B(z) is not
holomorphic in z). Thus the difference can be absorbed into the left-hand side if [Imz| < e~ €1/ for
Ci > 0 sufficiently large. Finally, C*°(X) is dense in X*, see [Dyatlov and Zworski 2018, Lemma E.47],
50 (2-2) is valid for u € X* as well, thus completing the proof of Theorem 1.

6. Logarithmic energy decay

6A. A semigroup formulation. In this section we outline how Corollary 1.2 can be deduced from the
resolvent estimate (1-3) via semigroup theory. The starting point is that the Cauchy problem (1-4) is
associated with a C° semigroup U () = e~/ on HE = H1(X) x HK(X) satisfying

IU ()13 9x < Ce™ (6-1)

for some C, v > 0 [Warnick 2015, Corollary 3.14]. Recalling the lapse function A = g_1 (dt, dt)_]/ 2
write

Og=Lo+Lid+A28},
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where L is identified with a differential operator on X of order j. Thus L, = P(0) and L| =i 9, P (0).
More explicitly,
Ly =—2A72W —divg(A*W),

where W is the shift vector from Section 2D. The infinitesimal generator is then given by

. 0 1
—iB= (_A2L2 —A2L1) . (6-2)

Indeed, applying U (¢) to initial data in C2°(X°) shows that —i B is given by (6-2) in the sense of
distributions. Now the resolvent set of B is nonempty, and indeed o (B) C {Im w < v} by (6-1). Therefore
the domain D(B) of B is characterized as those distributions (vg, v;) € H* such that

v € H*"'(X), Lyvo+Livi € H*(X).
Since L, = P(0) and L; € Diff' (X), this shows that the domain of B is
D(B) = X% x H*"'(X),
where X* is defined by (1-2). It is also easy to see that the graph norm on D(B) satisfies

1B(vo, vi) g + | (vo, v1)llgge < Cll (o, Vi) ll vk i1

hence the two norms on D(B) are equivalent by the open mapping theorem. Furthermore, the spectrum
of B in {Ima) > —K (k + %)} coincides with poles of P(w)~', and the resolvent estimate (1-3) translates
into the bound [|(B — ) ™|l < eCIRe®l for w € Q.

6B. Logarithmic stabilization of semigroups. The goal now is to apply a theorem on the logarithmic
stabilization of certain bounded semigroups:

Theorem 2 [Burq 1998, Theorem 3, Batty and Duyckaerts 2008, Theorem 1.5]. Let U(t) = e "B be a
bounded C° semigroup on a Hilbert space H. If 6 (B) "R = @ and ||(B — ) ' |y—yu < €1l for w € R,
then there exists C > 0 such that
U @)vlly < ¢ (B —ivll
v _ —iv
= log(2+1) "

for each v € D(B).

A priori the semigroup U (¢) from Section 6A is not uniformly bounded in time on #*, since the

energy & [v](¢) does not control the L? norm of v(¢). Instead, observe that span{(1,0)} C #* is invariant
under U (¢), which therefore descends to a semigroup U (t) on the quotient space

HE = ’Hk/ span{(1, 0)}.

If 77 : H* — 7{¥ is the natural projection, then, the infinitesimal generator of U (t) is simply the operator B
induced by B on w(D(B)). It follows from (1-5) and the Poincaré inequality that U (¢) is a bounded C°
semigroup.
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Since span{(0, 1)} is finite-dimensional, the spectrum of B is contained in the spectrum of B, and

furthermore the bound

I(B =) zoq < e
also holds for w € €2. The final step is to show a(g) NR=2. If w € R\O0, this follows from the fact that
P (w)~! has no nonzero real poles [Warnick 2015, Lemma A.1].

Finally, consider the spectrum at w = 0. If wy is a pole of (B — w)~! acting on H* with Im ey >
—K(k + %) then its Laurent coefficients all map into C*°(X) x C*°(X) [Vasy 2013, Section 2.6]. Thus
ker B C X% x H**1(X) is in one-to-one correspondence with smooth stationary solutions of Lev =0.
If Ugv = 0 for v smooth and stationary, then (4-2) applied to the vector field vV,v +vV,v shows that
g '(dv,dd) = 0 on X. Again using that v is stationary, Lemma 2.1 implies dv = 0, and hence v is
constant. Thus ker B = span{(1, 0)}, s0 0 ¢ o (B).

The hypotheses of Theorem 2 are therefore satisfied by U (t), which yields the bound

1T () o7 (o, 1)l < (B — i) (vo, vi) [l3 (6-3)

log(2+1)

for each (vg, v1) € X* x H**1(X). This establishes Corollary 1.2, since the norm on the left-hand side of
(6-3) is equivalent to & [v](t)"/ 2 where v solves the Cauchy problem (1-4) with initial data (vg, vy).

6C. Decay to a constant. To prove Corollary 1.3, consider the Laurent expansion of (B — w)~! about
w = 0. The range of the corresponding residue ITj consists of all generalized eigenvectors, and contains
span{(1, 0)}.

If the algebraic multiplicity of @ = 0 was greater than 1, then there would exist a solution of [yv =0
of the form

v(t,x) =u(x)+t,

where u € C°°(M) is stationary. This is compatible with energy boundedness, but not with the logarithmic
energy decay established above. Thus w = 0 is a simple pole with algebraic multiplicity 1.
By standard spectral theory, I1 is the projection onto span{(1, 0)} along range(B), so

o= (-, ¥)(1,0)

for some v € (ker B)’, which we identify with (#{*)’/ range(B*) = ker(B*). Furthermore, v is uniquely
determined by requiring that ((1, 0), /) = 1. Here the duality between H* and

#HY = H (X)) x HH(X)

is induced by the L*(X) inner product described in Section 3B, where H ¥(X) is the Sobolev space of
supported distributions in the sense of [Hormander 1985, Appendix B.2].

The domain of B* consists of all w € H *~1(X) x H¥(X) for which there exists v € H *~1(X) x
H~*(X) satisfying (w, Bu) = (v, u) for every u € D(B) = X* x H**1(X). Thus

D(B*) = H*1(X) x x7*,
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where we define
X *={ue H*X): P(O)e H* (X))

. 0 —L,A?
* __
= _(1 L1A2>’

Now we compute the kernel of B* which again by abstract spectral theory is one-dimensional. Let
Y1 =vol(3X)"'A~2 e L*(X), viewed as an element of H* (X) via the L*>(X) inner product, and then set

The action of B* is given by

using that L; is skew-adjoint.

Yo =—vol(dX) 'L (1) e H*1(X)

in the sense of supported distributions. If we set ¢ = (¥, 1), then B*yy = 0. Furthermore,

vol(dX) (1, ¥o) = (L1(1), 1) = —f dng(A_ZW) AdSx
X

=—/ A72g(W, T)dS3X=/ dSyx = vol(3X),
X X

since g(W, T) = —g(AN, T) = —A? on 3X. Thus ¥ € ker B* has the appropriate normalization.
Finally, let E = range(/ — I1p), which is thus invariant under U (¢), and U (¢)|g = U (¢) (I —I1p). Since

#* = E + span{(1, 0)},

with + denoting a topological direct sum, it follows that E is isomorphic to the quotient #* as a Banach
space. Given (vg, v1) € D(B), define the constant vo, = (vg, ¥o) + (v1, ¥1). Then

1U (1) (0 = Voor 1) 13 = 1U (1) (00, v1) — (Voo Ol < CIT (1) 0.7 (vo, v1) 173

which completes the proof of Corollary 1.3.

Acknowledgments

This work was supported by the NSF grant DMS-1502632. The author would like to thank Georgios
Moschidis for carefully explaining parts of his paper [Moschidis 2016], and Daniel Tataru for a discussion
on Carleman estimates.

References
[Alexakis and Shao 2015] S. Alexakis and A. Shao, “Global uniqueness theorems for linear and nonlinear waves”, J. Funct.
Anal. 269:11 (2015), 3458-3499. MR Zbl

[Alinhac 1984] S. Alinhac, “Unicité du probleme de Cauchy pour des opérateurs du second ordre a symboles réels”, Ann. Inst.
Fourier (Grenoble) 34:2 (1984), 89—109. MR Zbl

[Batty and Duyckaerts 2008] C.J. K. Batty and T. Duyckaerts, “Non-uniform stability for bounded semi-groups on Banach
spaces”, J. Evol. Equ. 8:4 (2008), 765-780. MR Zbl

[Burq 1998] N. Burq, “Décroissance de 1’énergie locale de 1’équation des ondes pour le probleme extérieur et absence de
résonance au voisinage du réel”, Acta Math. 180:1 (1998), 1-29. MR Zbl


http://dx.doi.org/10.1016/j.jfa.2015.08.012
http://msp.org/idx/mr/3406859
http://msp.org/idx/zbl/1329.35007
http://dx.doi.org/10.5802/aif.966
http://msp.org/idx/mr/746497
http://msp.org/idx/zbl/0507.35001
http://dx.doi.org/10.1007/s00028-008-0424-1
http://dx.doi.org/10.1007/s00028-008-0424-1
http://msp.org/idx/mr/2460938
http://msp.org/idx/zbl/1185.47043
http://dx.doi.org/10.1007/BF02392877
http://dx.doi.org/10.1007/BF02392877
http://msp.org/idx/mr/1618254
http://msp.org/idx/zbl/0918.35081

560 ORAN GANNOT

[Burq 2002] N. Burq, “Lower bounds for shape resonances widths of long range Schrodinger operators”, Amer. J. Math. 124:4
(2002), 677-735. MR Zbl

[Cardoso and Vodev 2002] F. Cardoso and G. Vodev, “Uniform estimates of the resolvent of the Laplace—Beltrami operator on
infinite volume Riemannian manifolds, II”, Ann. Henri Poincaré 3:4 (2002), 673-691. MR Zbl

[Datchev 2014] K. Datchev, “Quantitative limiting absorption principle in the semiclassical limit”’, Geom. Funct. Anal. 24:3
(2014), 740-747. MR Zbl

[Dyatlov and Zworski 2018] S. Dyatlov and M. Zworski, “Mathematical theory of scattering resonances”, preprint, 2018,
available at http:/math.mit.edu/~dyatlov/res/res-20180406.pdf.

[Gannot 2018] O. Gannot, “The null-geodesic flow near horizons”, Trans. Amer. Math. Soc. (online publication 2018).

[Gilbarg and Trudinger 1983] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, 2nd ed.,
Grundlehren der Math. Wissenschaften 224, Springer, 1983. MR Zbl

[Guillarmou 2005] C. Guillarmou, “Meromorphic properties of the resolvent on asymptotically hyperbolic manifolds”, Duke
Math. J. 129:1 (2005), 1-37. MR Zbl

[Holzegel and Smulevici 2013] G. Holzegel and J. Smulevici, “Decay properties of Klein—Gordon fields on Kerr-AdS space-
times”, Comm. Pure Appl. Math. 66:11 (2013), 1751-1802. MR Zbl

[Hormander 1963] L. Hormander, Linear partial differential operators, Grundlehren der Math. Wissenschaften 116, Springer,
1963. MR Zbl

[Hormander 1985] L. Hormander, The analysis of linear partial differential operators, 1ll: Pseudo-differential operators,
Grundlehren der Math. Wissenschaften 274, Springer, 1985. MR Zbl

[Ionescu and Klainerman 2009] A. D. Ionescu and S. Klainerman, “On the uniqueness of smooth, stationary black holes in
vacuum”, Invent. Math. 175:1 (2009), 35-102. MR Zbl

[Melrose 1993] R. B. Melrose, The Atiyah—Patodi-Singer index theorem, Research Notes in Math. 4, A. K. Peters, Wellesley,
MA, 1993. MR Zbl

[Moschidis 2016] G. Moschidis, “Logarithmic local energy decay for scalar waves on a general class of asymptotically flat
spacetimes”, Ann. PDE 2:1 (2016), art. id. 5. MR

[Rodnianski and Tao 2015] I. Rodnianski and T. Tao, “Effective limiting absorption principles, and applications”, Comm. Math.
Phys. 333:1 (2015), 1-95. MR Zbl

[Sa Barreto and Zworski 1997] A. Sd Barreto and M. Zworski, “Distribution of resonances for spherical black holes”, Math. Res.
Lett. 4:1 (1997), 103-121. MR Zbl

[Vasy 2013] A. Vasy, “Microlocal analysis of asymptotically hyperbolic and Kerr—de Sitter spaces”, Invent. Math. 194:2 (2013),
381-513. MR Zbl

[Vodev 2000] G. Vodev, “Exponential bounds of the resolvent for a class of noncompactly supported perturbations of the
Laplacian”, Math. Res. Lett. 7:3 (2000), 287-298. MR Zbl

[Warnick 2015] C. M. Warnick, “On quasinormal modes of asymptotically anti-de Sitter black holes”, Comm. Math. Phys. 333:2
(2015), 959-1035. MR Zbl

[Zworski 2012] M. Zworski, Semiclassical analysis, Graduate Studies in Math. 138, Amer. Math. Soc., Providence, RI, 2012.
MR Zbl

[Zworski 2017] M. Zworski, “Mathematical study of scattering resonances”, Bull. Math. Sci. 7:1 (2017), 1-85. MR Zbl

Received 20 Feb 2018. Revised 27 Apr 2018. Accepted 30 May 2018.

ORAN GANNOT: gannot@northwestern.edu
Department of Mathematics, Northwestern University, Evanston, IL, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1353/ajm.2002.0020
http://msp.org/idx/mr/1914456
http://msp.org/idx/zbl/1013.35019
http://dx.doi.org/10.1007/s00023-002-8631-8
http://dx.doi.org/10.1007/s00023-002-8631-8
http://msp.org/idx/mr/1933365
http://msp.org/idx/zbl/1021.58016
http://dx.doi.org/10.1007/s00039-014-0273-8
http://msp.org/idx/mr/3213828
http://msp.org/idx/zbl/1303.35005
http://math.mit.edu/~dyatlov/res/res_20180406.pdf
http://dx.doi.org/10.1090/tran/7592
http://dx.doi.org/10.1007/978-3-642-61798-0
http://msp.org/idx/mr/737190
http://msp.org/idx/zbl/0562.35001
http://dx.doi.org/10.1215/S0012-7094-04-12911-2
http://msp.org/idx/mr/2153454
http://msp.org/idx/zbl/1099.58011
http://dx.doi.org/10.1002/cpa.21470
http://dx.doi.org/10.1002/cpa.21470
http://msp.org/idx/mr/3103910
http://msp.org/idx/zbl/1277.83023
http://dx.doi.org/10.1007/978-3-662-30724-3
http://msp.org/idx/mr/0161012
http://msp.org/idx/zbl/0108.09301
http://msp.org/idx/mr/781536
http://msp.org/idx/zbl/0601.35001
http://dx.doi.org/10.1007/s00222-008-0146-6
http://dx.doi.org/10.1007/s00222-008-0146-6
http://msp.org/idx/mr/2461426
http://msp.org/idx/zbl/1182.83005
http://msp.org/idx/mr/1348401
http://msp.org/idx/zbl/0796.58050
http://dx.doi.org/10.1007/s40818-016-0010-8
http://dx.doi.org/10.1007/s40818-016-0010-8
http://msp.org/idx/mr/3491573
http://dx.doi.org/10.1007/s00220-014-2177-8
http://msp.org/idx/mr/3294943
http://msp.org/idx/zbl/1310.35204
http://dx.doi.org/10.4310/MRL.1997.v4.n1.a10
http://msp.org/idx/mr/1432814
http://msp.org/idx/zbl/0883.35120
http://dx.doi.org/10.1007/s00222-012-0446-8
http://msp.org/idx/mr/3117526
http://msp.org/idx/zbl/1315.35015
http://dx.doi.org/10.4310/MRL.2000.v7.n3.a4
http://dx.doi.org/10.4310/MRL.2000.v7.n3.a4
http://msp.org/idx/mr/1764323
http://msp.org/idx/zbl/0960.35021
http://dx.doi.org/10.1007/s00220-014-2171-1
http://msp.org/idx/mr/3296168
http://msp.org/idx/zbl/1308.83107
http://dx.doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
http://dx.doi.org/10.1007/s13373-017-0099-4
http://msp.org/idx/mr/3625851
http://msp.org/idx/zbl/1368.35230
mailto:gannot@northwestern.edu
http://msp.org

