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THE MUSKAT PROBLEM IN TWO DIMENSIONS:
EQUIVALENCE OF FORMULATIONS, WELL-POSEDNESS,
AND REGULARITY RESULTS

BOGDAN-VASILE MATIOC

We consider the Muskat problem describing the motion of two unbounded immiscible fluid layers with
equal viscosities in vertical or horizontal two-dimensional geometries. We first prove that the mathematical
model can be formulated as an evolution problem for the sharp interface separating the two fluids, which
turns out to be, in a suitable functional-analytic setting, quasilinear and of parabolic type. Based upon
these properties, we then establish the local well-posedness of the problem for arbitrary large initial data
and show that the solutions become instantly real-analytic in time and space. Our method allows us to
choose the initial data in the class H®, s € (%, 2), when neglecting surface tension, respectively in H?,
s € (2, 3), when surface-tension effects are included. Besides, we provide new criteria for the global
existence of solutions.
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1. Introduction and the main results

The Muskat problem [1934] is a classical model describing the motion of two immiscible fluids in a
porous medium or a Hele-Shaw cell. We consider here the particular case when the fluids have equal
viscosities and we assume that the flows are two-dimensional. Furthermore, we consider an unbounded
geometry corresponding to fluid layers that occupy the entire space, the fluid motion being localized and
the fluid system close to the rest state far away from the origin. We further assume that the fluids are
separated by a sharp interface which flattens out at infinity, evolves in time, and is unknown. We consider
two different scenarios for this unconfined Muskat problem:
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(a) In the absence of surface-tension effects at the free boundary, the Hele-Shaw cell is vertical and the
fluid located below is more dense.

(b) In the presence of surface-tension effects, the Hele-Shaw cell is either vertical or horizontal and we
make no restrictions on the densities of the fluids.

One big advantage of considering this setting is that the equations of motion can be very elegantly
formulated as a single evolution equation for the interface between the fluids. Indeed, parametrizing
this interface as the graph [y=f (¢, x)], the Muskat problem is equivalent in this setting to an evolution
problem for the unknown function f, see Section 2, and it can be written as

J@,x)=ft,x—y)
Y2+ (f(t,x) = f(t, x —y))?

k
0 (1.0) = S PV /R () (1 x = y) dy

ok y /
+ —PV ,x—y)d
2w /[Ry2+(f(l,x)_f(t,x—y))z(K(f)) . x=y)dy (1-1)
A,Ok y(f/(tsx)_f/(tsx_y))
= P~ fax oy el rel

£, ) = fo.
For brevity we write f” for the spatial derivative 9, f. We let k denote the permeability of the homogeneous
porous medium, u is the viscosity coefficient of the fluids, o is the surface-tension coefficient at the free
boundary, and

Ap = g(p— — p+4),
where g is the Earth’s gravity and p is the density of the fluid which occupies the domain 24 (¢) defined by

Q_(1):=[y<f@t,x)] and Q) :=[y>f( x)]

Furthermore, « ( f(¢)) is the curvature of the graph [y=f (¢, x)] and PV denotes the principal value which,
depending on the regularity of the functions under the integral, is taken at zero and/or at infinity. Our
analysis covers the following scenarios

(@)0o=0,A,>0 and (b)o >0, A, eR,

meaning that (a) corresponds to the stable case when the denser fluid is located below.

Due to its physical relevance [Bear 1972], the Muskat problem has been widely studied in the last
decades in several geometries and physical settings and with various methods. When neglecting surface-
tension effects the well-posedness of the Muskat problem is in strong relationship with the Rayleigh—Taylor
condition, being implied by the latter. The Rayleigh—Taylor condition, which appears first in [Saffman
and Taylor 1958], is a sign restriction on the jump of the pressure gradient in normal direction at the free
boundary. For fluids with equal viscosities moving in a vertical geometry, it reduces to the simple relation

Ay, >0;

see, e.g., [Cérdoba and Gancedo 2010; Escher et al. 2018] and also (2-1a)—(2-1b). The first local existence
result was established in [Yi 1996] by using Newton’s iteration method; the analysis in [Ambrose 2004;
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Berselli et al. 2014; Cheng et al. 2016; Gémez-Serrano and Granero-Belinchén 2014; Constantin et al.
2017; Cérdoba et al. 2011; 2013; 2014; Cérdoba and Gancedo 2007; 2010] is based on energy estimates
and the energy method; the authors of [Siegel et al. 2004] use methods from complex analysis and a version
of the Cauchy—Kowalewski theorem; a fixed-point argument is employed in [Bazaliy and Vasylyeva 2014]
for nonregular initial data, and the approach in [Escher and Matioc 2011; Escher et al. 2012; 2018] relies
on the formulation of the problem as a nonlinear and nonlocal parabolic equation together with an abstract
well-posedness result from [Da Prato and Grisvard 1979] based on continuous maximal regularity. Other
papers study the qualitative aspects of solutions to the Muskat problem for fluids with equal viscosities,
such as global existence of strong and weak solutions [Constantin et al. 2013; 2017; Granero-Belinchdén
2014], existence of initial data for which solutions turn over [Castro et al. 2011; 2012; 2013], and the
absence of squirt or splash singularities [Cérdoba and Gancedo 2010; Gancedo and Strain 2014].

Compared to the zero-surface-tension case, the Muskat problem with surface tension is less well-studied.
When allowing for surface tension, the Rayleigh—Taylor condition is no longer needed and the problem is
well-posed for general initial data. While some of the references require quite high regularity from the
initial data, see [Ambrose 2014; Friedman and Tao 2003; Hong et al. 1997; Tofts 2017], optimal results
are established in bounded or periodic geometries under the observation that the Muskat problem with
surface tension can be formulated as a quasilinear parabolic evolution problem; see [Escher et al. 2018;
Priiss and Simonett 2016a].

The stability properties of equilibria which are, depending on the physical scenario, horizontal lines
[Cheng et al. 2016; Ehrnstrom et al. 2013; Escher et al. 2012; Escher and Matioc 2011], finger-shaped
[Ehrnstrom et al. 2013; Escher et al. 2012; Escher and Matioc 2011], circular [Friedman and Tao 2003], or
a union of disjoint circles/spheres [Priiss and Simonett 2016b] have been also addressed in the references
just mentioned.

In this paper we first rigorously prove in Section 2 that the Muskat problem in the classical formulation
(2-1) and the system (1-1) are equivalent for a certain class of solutions. Thereafter, the analysis of (1-1)
starts from the obvious observation that the right-hand side of the first equation of (1-1) is linear with
respect to the highest-order spatial derivative of f; that is, this particular Muskat problem has a quasilinear
structure (also when neglecting surface tension). This property is not obvious in the particular geometry
considered in [Escher et al. 2018; Yi 1996] (when o = 0). In a suitable functional-analytic setting we then
prove that (1-1) is additionally parabolic for general initial data. The parabolic character was established
previously for bounded geometries [Escher et al. 2012; 2018; Escher and Matioc 2011; Priiss and Simonett
2016a; 2016b] (in the absence of surface-tension effects only when the Rayleigh—Taylor condition holds),
but for (1-1) only for small initial data; see [Constantin et al. 2013; Cérdoba and Gancedo 2007]. These
two aspects, that is, the quasilinearity and the parabolicity, enable us to use abstract results for quasilinear
parabolic problems due to H. Amann [1993, Section 12] to prove, by similar strategies, the well-posedness
of the Muskat problem with and without surface tension.

It is worth emphasizing that for this particular Muskat problem the local well-posedness is established,
in the zero-surface-tension case, only for initial data that are twice-weakly differentiable and which belong
to WI%([R) for some p € (1, oo]; see [Constantin et al. 2017]. Our first main result, i.e., Theorem 1.1,
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extends the local well-posedness to general initial data in H*(R) with s € (%, 2). For the unconfined
Muskat problem with surface tension, the well-posedness is considered only in [Ambrose 2014; Tofts
2017] and in both papers the authors require that fy € H*(X), with X € {R, T} and s > 6. In our well-
posedness result, i.e., Theorem 1.2, the curvature of the initial data may be even unbounded as we allow for
general initial data fy € H*(R) with s € (2, 3). Additionally, we also obtain new criteria for the existence
of global solutions to the Muskat problem with and without surface tension and, as a consequence of
the parabolic character of the equations, we show that the fluid interfaces become instantly real-analytic.

Our strategy is the following: we formulate, in a suitable functional-analytic setting, (1-1) as a
quasilinear evolution problem of the form'

f=®(NIfl, >0, f0)=fo,

and then we study the properties of the operator ®,. We differentiate between the case o = 0, studied in
Sections 3-5, when we simply write ®, =: ®, and the case o > 0, as in the first case @ ( f) is a nonlocal
operator of order 1 and in the second case @, (/) has order 3 (for f appropriately chosen). At the core of
our estimates lies the following deep result from harmonic analysis: given a Lipschitz function a : R — R,
the singular integral operator

hi> |:xi—>PV/ hx = y) exp(ia(x)_a(x_y))dy] (1-2)
R y y

belongs to L£(L,(R)) and its norm is bounded by C(1 + ||a’|«0), see [Murai 1986], with C denoting a
universal constant independent of a. Relying on (1-2), we study the mapping properties of ®, and show,

for suitable f, that @, (f) is the generator of a strongly continuous and real-analytic semigroup. The
main results of this paper, that is, Theorems 1.1-1.3, are then obtained by employing abstract results
presented in [Amann 1993, Section 12], and which we briefly recall at the end of this section. The line of
approach is close to the one we followed in [Escher et al. 2018]; however, the functional-analytic setting
and the methods used to establish the needed estimates are substantially different. We expect that our
method extends to the general case when _ # uy and we believe to obtain, for periodic flows, a similar
stability behavior of the — flat and finger shaped — equilibria, as in [Escher and Matioc 2011].

Our first main result is the following well-posedness theorem for the Muskat problem without surface-
tension effects.

Theorem 1.1 (well-posedness: no surface tension). Let o =0 and A, > 0. The problem (1-1) possesses
foreach fy € H*(R), s € (%, 2), a unique maximal classical solution

f= (1 fo) € CUO, T (fo)), H (R) NC((O, T4 (fo)), HX(R)NC' (0, T1-(fo)), H' (R)),
with T+ (fo) € (0, oo], and [(¢, fo) — f(t; fo)]l defines a semiflow on H*(R). Additionally, if
sup Nf@Ollgs <oo forall T >0,
[0, T4 (fo))NIO,T]

then T, ( fo) = oo.

IWe write f to denote the derivative df/dz.
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The quasilinear character of the problem is enhanced by the presence of surface tension. For this
reason we may consider, when o > 0, initial data with unbounded curvature. We show in Theorem 1.3,
however, that the curvature becomes instantly real-analytic and bounded.

Theorem 1.2 (well-posedness: with surface tension). Let o > 0 and A, € R. The problem (1-1) possesses
for each fy € H'(R), s € (2,3), a unique maximal classical solution

fi= (1 fo) € CUO, T (fo)), H (R) NC((O, T4 (fo)), H(R) NC' (0, T1(f0)), L2(R)),
with T+ (fo) € (0, ool, and [(¢, fo) — f(t; fo)l defines a semiflow on H*(R). Additionally, if

sup | fOllgs <oo forall T >0,
[0,74(fo))N[0,T]
then T, (fo) = oo.

These results reflect the fact that the Muskat problem without surface tension is a first-order evolution
problem, while the Muskat problem with surface tension is of third order. The solutions obtained in
Theorems 1.1 and 1.2 become instantly real-analytic.

Theorem 1.3. Let s € (3,2) if o =0and A, > 0, and let s € (2,3) if o > 0. Given fy € H*(R), let
f = f(-; fo) denote the unique maximal solution to (1-1) found in Theorems 1.1 and 1.2, respectively.
Then

[(t,x) = f(£,2)]: (0, T:(fo)) x R >R

is a real-analytic function. In particular, f(t, -) is real-analytic for each t € (0, T ( fo)). Moreover, given
k €N, it holds that

f € C0, T (fo), HX(R)),
where C® denotes real-analyticity.

As a direct consequence of Theorems 1.1 and 1.3 and of [Constantin et al. 2013, Theorem 3.1], see
also [Constantin et al. 2016, Remark 6.2], we obtain a global existence result for solutions to the Muskat
problem without surface tension that correspond to initial data of medium size in H*(R), s € (% 2). In
the following F denotes the Fourier transform.

Corollary 1.4. There exists a constant co > % such that for all fy € H*(R), s € (% 2), with

Il folll 1=/R|S||ffo($)|d§ < co,

the solution found in Theorem 1.1 exists globally.

Proof. The claim follows from the inequality

1
Ifil = /R ENIFF )] dE < ||f||H.va - de < Cllflme

+1§12) !
fors € (3,2) and f € H*(R). 0
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An abstract setting for quasilinear parabolic evolution equations. In Theorem 1.5 we collect abstract
results from [Amann 1993, Section 12] for a general class of abstract quasilinear parabolic evolution
equations, which we use in an essential way in our analysis.

Given Banach spaces [Eg, E; with dense embedding E; < [Eq, we define H(E;, Eg) as the subset of
L(Ey, Ep) consisting of negative generators of strongly continuous analytic semigroups. More precisely,
A € H(Ey, Eg) if —A, considered as an unbounded operator in Ey with domain [E;, generates a strongly
continuous and analytic semigroup in L([p).

Theorem 1.5. Let [k, Ey be Banach spaces with dense embedding |ty — g and let by := kg, E1]g for
0 < 0 < 1 be endowed with the || - ||g-norm. Let further 0 < B < o < 1 and assume that

—~® e C'7(0p, H(E, Ep)), (1-3)

where Og denotes an open subset of kg and C 1= stands for local Lipschitz continuity. The following

assertions hold for the quasilinear evolution problem

f=®NIf], t>0, f(O)=fo. (QP)

Existence: given fo € Oy := Og Ny, the problem (QP) possesses a maximal solution

=3 fo) € €U0, T (fo)), Ou) NCO, T4 (fo)), E1) N CH((O, T4 (f0)). Eo) NC* P ([0, T, Ep)
forall T € (0, Ty (fo)), with Ty (fo) € (0, o0l.
Uniqueness: if T € (0, 0], n € (0, — Bl, and f € C((0, T), E;) N C((0, T), Eo) satisfies
feC™(0,T],Ep) forallT € (0,T)
and solves (QP), then T < T..(fo) and f = f on [0, T).

Criterion for global existence: if f : [0, T]N[0, TL(fy)) — Oy is uniformly continuous for all T > 0,
then
Ti(fo) =00 or Ty(fy) <oo and dist(f(t), d0y,) — 0 fort — T+ (fp).

Continuous dependence of initial data: the mapping [(t, fo) — f(t; fo)] defines a semiflow on O, and,
if ® € C¥(Og, L(Ey, Ey)), then

[, fo) = f(: fo)]:{(, fo): fo € Ou,t € (0, T1(f0))} — Eou

is a real-analytic map too.
As usual, [ -, - Jo denotes the complex interpolation functor. We choose for our particular problem
E e {H*(R):0<s <3}, i =1, 2, and in this context we rely on the well-known interpolation property
[H(R), H' (R)]g = H! "™ 1([R), 6 € (0,1), —00 <59 <51 < 00; (1-4)

see, e.g., [Triebel 1978, Remark 2, Section 2.4.2].
The proof of Theorem 1.5 uses to a large extent the linear theory developed in [Amann 1995, Chapter II].
The main ideas of the proof of Theorem 1.5 can be found in [Amann 1986; 1988]. The uniqueness claim
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in Theorem 1.5 is slightly stronger compared to the result in [Amann 1993, Section 12] and it turns out
to be quite useful when establishing the uniqueness in Theorems 1.1-1.2. For this reason we present in
Appendix B the proof of Theorem 1.5.

In order to use Theorem 1.5 in the study of the Muskat problem (1-1), we have to write this evolution
problem in the form (QP) and to establish then the property (1-3). With respect to this goal, we use the
estimate provided in (1-2) and many techniques of nonlinear analysis.

2. The equations of motion and the equivalent formulation

We present the equations governing the dynamic of the fluids system and we prove, for a certain class of
solutions, that the latter are equivalent to the system (1-1). The Muskat problem was originally proposed
as a model for the encroachment of water into an oil sand, and therefore it is natural to assume that
both fluids are incompressible, of Newtonian type, and immiscible. Since for flows in porous media the
conservation of momentum equation can be replaced by Darcy’s law, see, e.g., [Bear 1972], the equations
governing the dynamic of the fluids are

{div v(t) =0 in Q4 (1),
V(1) = —(k/w)(Vp+ (@) + (0, p£g)) in Q4(7)

for ¢ > 0, where, using the subscript =+ for the fluid located at Q21 (¢), we denote by v4(¢) := (vf_L (1), vi (1))
the velocity vector and p4 (¢) the pressure of the fluid . These equations are supplemented by the natural

(2-1a)

boundary conditions at the free surface

{p+(t) —p-(M)=0k(f())  on[y=f(,x)],
(ve@) [ v(@®) =(v_() | v(?)) on[y=f(t,x)],

where v(¢) is the unit normal at [y=f (¢, x)] pointing into €2, (¢) and (- | -} is the inner product on R2

(2-1b)

Furthermore, the far-field boundary conditions

:f(t,x)—>0 for |x| — oo,

(2-1¢)
ve(t,x,y)— 0 for|(x,y)| — o0

state that the fluid motion is localized, the fluids being close to the rest state far away from the origin.
The motion of the interface [y=f (¢, x)] is coupled to that of the fluids through the kinematic boundary
condition

Wf (@) =we(@® | (=f'(®, D) only=f(t )] (2-1d)

Finally, the interface at time ¢t = 0 is assumed to be known,

f ) = fo. (2-1e)

The equations (2-1) are known as the Muskat problem and they determine completely the dynamic of
the system. We now show that the Muskat problem (2-1) is equivalent to the system (1-1) presented in
the Introduction. The proof uses classical results on Cauchy-type integrals defined on regular curves; see,
e.g., [Lu 1993]. More precisely, we establish the following equivalence result.
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Proposition 2.1 (equivalence of the two formulations). Let 0 > 0 and T € (0, oo]. The following are
equivalent:

(i) The Muskat problem (2-1) for*
fe Cl((O, T), L,(R)NC([0, T), L(R)), f@) e HS(R) forallt € (0,T),
vi(t) € C(Q:(N)NCH Q). p+(t) € C'(Q:()NCHQx() forallt € (0,T).
(i1) The evolution problem (1-1) for
fe C‘((O, T),L,(R)NC(O0,T), L,(R)), f@) e HS(R) forallt € (0,T).

Proof. We first establish the implication (i) = (ii). Assuming that we are given a solution to (2-1) as in (i),
we have to show that the first equation of (1-1) holds for each ¢ € (0, T'). Therefore, we fix t € (0, T)
and we do not write in the arguments that follow the dependence of the physical variables of time ¢
explicitly. In the following, 1 is the characteristic function of the set E. Introducing the global velocity
field v := (v', v?) := v_1{y< r) + 41y s £x)), Stokes’ theorem together with (2-1a) and (2-1b) yields
that the vorticity, which for two-dimensional flows corresponds to the scalar function w := d,v* — 8yvl,
is supported on the free boundary, that is,

(@, @) =/d)(x)g0(x,f(x))dx for all ¢ € C°(R?),
R
where .
&= lok(f) = A, fT.

We next prove that the velocity is defined by the Biot—Savart law, that is, v = ¥ in R?\ [y =f (x)], where

i) im g [ S G0 ds iR =) 2)

To this end we compute the limits v_(x, f(x)) and v4(x, f(x)) of ¥ at (x, f(x)) when we approach this
point from below the interface [y=f (x)] or from above, respectively. Using the well-known Plemelj
formula, see, e.g., [Lu 1993], due to the fact that f € H*(R) and after changing variables, we find the
expressions

(=(fx) = fx=s),5) _ 1 (1, f'(x0)ax)

3 2w(x—s)ds:F——2
RS+ ()= flx—s) 2 14 f%(x)
where the principal value needs to be taken only at 0. In view of Lemma A.2 and of f € H>(R), the

restrictions U4 of ¥ to Q4 satisfy 9+ € C(Q+) N C'(Q4) and moreover U4 vanish at infinity. Next, we
define the pressures py € Cl(QL)NC* Q) by the formula

i r, f()) = 5= PV

, xeR, (23

- [ wo Y. —
Bar,y) = ca— ;/ 5L (s, +d) ds — ;/ P2 s)ds—pegy, (6y) €Qu,  (2-4)
0 +d

2The regularity f(t) € H(R), t € (0, T), is not optimal; that is, the two formulations are still equivalent if f(t) € H" (R),
t € (0, T), for r < 5 suitably chosen. In fact, if c = 0, we may take r = 3. However, as stated in Theorem 1.3, f (1) € H*(R)
for all # € (0, T'), and there is no reason for seeking the optimal range for r.
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where d is a positive constant satisfying d > || f||oc and c+ € R. For a proper choice of the constants c, it
is not difficult to see that the pair (p, 0+) satisfies (2-1a)—(2-1c). Let Vi := vy — by, V= (V! V?):=
V-1 < poo1+ Vilys po1 € CR?), and

y

Vil y) = /

[ viwods- fo (Vie(s, FDI(—f/(s), D) s for (x, y) € e,

be the stream function associated to V. Recalling (2-1a)—(2-1c), we deduce that the function i :=
Y_1y< r1+ Y1y s g satisfies Ay =0 in D’ (R?). Hence, 1 is the real part of a holomorphic function
u:C — C. Since u’ is also holomorphic and u’ = 8,y —id, ¢ = —(V?2, V1) is bounded and vanishes for
|(x, y)| = oo it follows that u’ = 0; hence V = 0. This proves that vy = 0.

We now infer from (2-1d) and (2-3) that the dynamic of the free boundary separating the fluids is
described by the evolution equation

ko, J@6,x)—f@t, x—s)
3ff(f’x)—mf(t’x)w/@ ST+ (f(t ) = f(t,x—5))

k s ,
2 PVfR GG fa sy DT AT

for > 0 and x € R. This equation can be further simplified by using the formula

1+82(f(x) = fF(x—1/8)? 1+ (f (x)— f(x+8))?/8>
1+82(f ()= fF(x+1/8)2 14+(f (x) — f (x—8))2/82

[ok(f)—Apf1(t,x —s)ds

+

[ (- fa=s)) ds =t
S<|x|<1/8 ds
for 6 € (0, 1) and x € R. Letting 6 — 0, we get

0= %PV/R;—s(ln(s2+(f(x)—f(x—s))2)) ds
_ / s (f@,x)— f,x—s5)f'(t1,x—5)

R RS Sy et I e Sy Tp ey TR

and now the principal value needs to be taken in the first integral at zero and at infinity. Using this identity,

we have shown that the mapping [t — f(¢)] satisfies the evolution problem (1-1).
The implication (ii) = (i) is now obvious. O

3. The Muskat problem without surface tension: mapping properties

In Sections 3 and 4 we consider the stable case (a) mentioned on page 282. In this regime, after rescaling
time, we may rewrite (1-1) in the abstract form

f=®NIfl, >0, f0) = fo, (3-1)

where @ (f) is the linear operator formally defined by

y(h'(x) —h'(x — y))
b h =PV .
(D) /Ry2+<f(x)—f(x—y>>2 Y

(3-2)
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We show in the next two sections that the mapping & satisfies all the assumptions of Theorem 1.5 if we
make the following choices: Eq := H'(R), E; := H*(R), E, = H*(R) with s € (3, 2), and O := H’(R)
with § € (3, s). The first goal is to prove that

® e C'"(H'(R), L(H*(R), H (R))) (3-3)

for each s € (3, 2). Because the property (3-3) holds for all 5 € (3, 2), the parameter 5 will appear only
in the proof of Theorem 1.1, which we present at the end of Section 4.
For the sake of brevity we set

Sy f = f(x)— f(x—y) forx,yeR,

and therewith

Sre vl

eyl /Y _dy
1+ @y f/y)

Boundedness of some multilinear singular integral operators. We first consider some multilinear oper-

S(f)[h1(x) = PV /R

ators which are related to ®.> The estimates in Lemmas 3.1 and 3.4 enable us in particular to establish
the regularity property (3-3). Lemma 3.1 is reconsidered later on, see Lemma 5.3, in a particular context
when showing that @ is in fact real-analytic.

Lemma 3.1. Givenn,me N, r € (% 2), ai,...,ap+1, b1, ..., by € H (R), and a function c € Lr(R)
we define

[TZ1 GBre,nbi/y) LRI
L+ Gpeyai /)XY

Am,n(ala ey an+1)[blv teey bm’ C](.X) = PV/
k1
Then:

(i) There exists a constant C, depending only on r, n, m, and max,—1 . n+1 |la;|| gr, such that

.....

lAm.n(ar, ..., ans)b1, ..., b, clll2 < Clicll2 1_[ 6i |l v (3-4)
i=1
forallby, ..., b, € H (R) and c € Ly(R).
(i) Amn € C7((H"(R)"™, L1 (H (R)™ x Ly(R), Ly(R))).

Remark 3.2. We note that

O ()[h] = Ag,o(HIA'] (3-5)
forall f € H'(R), s € (3,2), and h € H*(R), and
Ag,0(0)[c](x) =PV f dei€ gy _py / XY gy rHe),
R Y R y

where H denotes the Hilbert transform [Stein 1993].

3 As usual, the empty product is set to be equal to 1.
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Remark 3.3. In the proof of Lemma 3.1 we split the operator A, , :== An.n(ai, ..., ay+1) into two
operators

A=Ay, — Apy 1.
If we keep by, ..., b, fixed, then A}n’n is a multiplication-type operator

Al by, b, c](x) == c(x) pvf 1 nJ]:llizl(a[x,)’]bi/y)
’ r Y T2 11+ Gpeyai/y)?]

while A2 | is the singular integral operator

Ap b, o by C](x) = PV/ K(x,y)e(x —y)dy,
R

with the kernel K defined by

12 e y1bi
K, y) = L im1Guenbi/y)

forx eR, y#O0.
YT + Bpeoyyai /)2

Our proof shows that both operators Ain’n, 1 <i <2, satisfy (3-4). While the boundedness of A}nﬂ
follows by direct computation, the boundedness of A,%m follows from the estimate on the norm of operator
defined in (1-2) and an argument due to Calderdn as it appears in the proof of [Meyer and Coifman 1997,
Theorem 9.7.11]. In fact, the arguments in the proof of Lemma 3.1 show that given Lipschitz functions

ai, ..., anp+m : R — R, the singular integral operator

hx—y)  TlimGrpai/y) S
Yo T+ Greyiai /)]

Bn,m(als cees an+m)[h](x) = PV\/R

belongs to £(L>(R)) and || By (@i, - .., ansm)ll 2@y < C [1i—; lla!lloo, where C is a constant depend-
ing only on 7, m and maX;—11....a4m 1G]]l co-
It is worth pointing out that By g = By,1(0) = 7 H.

Proof of Lemma 3.1. The multilinear operator A ,ﬁm is bounded provided that the mapping

[x PV / 1 ngi:1<s[x,y]bi/y> dy}
RY [T 1+ Breynai/y)?]

belongs to Lo (R). To establish this boundedness property we note that

/ 1 T Greyibi/y) J :fl/sl [T Gubi/y) 1 TTL (=81,-n1bi /)
s<lyl<1/8Y H?:11[1+(8[x,)*]ai/y)2] 3 yn?:1l[1+(8[x,y]ai/y)2] yl—[?ill[l—i_(g[%—y]ai/y)z]

1/8
=:/ I(x,y)dy
)
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for § € (0, 1) and x € R, where
P — (H(s[x Jbify) — H(—a[x,_y]b,-/w)
l_[ [1+ (O, y]al/y) i=1

<r1(5[]b/yngﬁl1+%&x—ﬂaMy)]—IV+H1+(5x”aMy)y
’ H”H—l 1+ (8[)( y]al/y)z] 1+ (8[)( _y]al/y) ]

‘We further have

(H(a[x wbi/y) — ]‘[( 8px.,—y1bi /y))

i=1

_llﬂ[b(x) bi(x —y) 1ﬁbi(x+y>—b,-(x>
Y y Y y
m i—1 m
B Z bi(x +y)—2b; gx) +bi(x—y) [H(5[x,y]bj/y)] |: 1_[ (—8[x,y]bj/y)],
o1 Y =1 =it

and similarly

1 n+1 n+1
5 (]‘[[1+<6[x,_y]a,-/y>2]—1‘[[1+(8[x,y]a,-/y)2]>

i=1 i=1

n+lp-i—1 n+1
= Z[]‘[[H(a[x,_y]a,-/y)ﬁ][ ] [1+<8[x,y]aj/y>2]]
i=1tj=1 j=i+1
Xmu+w—mwanu+w—mmm+mu—w
y y?
Let us now observe that
2mtl] 44 1 . A2 ] =
1,y = RO DIt W T forx e y2 1 (6

Y i=1
Furthermore, since r — 5 e (1, 2), we find, by taking advantage of H" (R) < BC"~ 1/ 2([Ri) that

'f(””_if(ﬁi”(x_”' M Nap <Clf g forall fe H'R), xR, y>0; (3-7)

see [Lunardi 1995, Relation (0.2.2)]. Here [ - ],_3,2 denotes the usual Holder seminorm. Using (3-7), it
follows that

m m n+1
|1<x,y>|sCyr—S/Z[Z(nbinm [ ||b;-||oo) (]‘[nb/nw)Zua ||oo||al||Hr] (3-8)
i=1

=1
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for x e R, y € (0, 1). Combining (3-6) and (3-8) yields

o m
supf 11, »ldy < C T Ibillar

xeR JO i=1

where C depends only on r, n, m, and max;—1,.._,+1 ||laillg-. The latter estimate shows that (3-4) is

.....

satisfied when A,, , is replaced by A}, .
To deal with A2, . we define the functions F : R"*"*+! — Rand A : R — R*"+! by

m,n’

[T~ v
[T5 A +ud
where b; € H"(R) satisfy ||b||oc <1, 1 <i <m. The function F is smooth and A is Lipschitz continuous
with a Lipschitz constant L := Vm+ (n+1) max;=1 n+1 ||alf||2 > ||A’|lco. We further observe that

1 ) A
K(x,y) = —F(ﬂ),
y y

F(up,...,upt1,01,...,0p) = and A:=(ai,...,an+1,b1,...,bn),

with |8, y)A/y| < L. Let F be a smooth function on R"™*! which is 4L -periodic in each variable and
which matches F on [—L, L]"*"*+!, Expanding F by its Fourier series

F= 3 apelmrnih),

pEZ’H'”H'l

the associated sequence (c ), is rapidly decreasing. Furthermore, we can write the kernel K as

K@x,y)= Y opKy(x,y), xeR, y#0,

pezn+m+l
with
7T (P | A)

, eR, 0, pezvtmtl,
L y ) x y#0, p

1
Ky(x,y):=— exp(i
y
The kernels K, p € Z7"+m+1 " define operators in £(L,(R)) of the type (1-2) and with norms bounded by

T
C(l + EIPIIIA/IIOO) <C(+|ph, pez**,

with a universal constant C independent of p. Hence, the associated series is absolutely convergent in

L(L,(R)), meaning that the operator Aﬁm(al, cesue)by, ..., by, - ] belongs to L(L2(R)) and
IAZ, @1, ... ans)Ib1, .. b, clll2 < C(n, m, max g lloo)llcll2

for all ¢ € L,(R) and for all b; € H" (R) that satisfy ||bl’. lloo < 1. The desired estimate (3-4) follows now
by using the linearity of A,%w in each argument. The claim (i) is now obvious.
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Concerning (ii), we note that

Am,)’l(&]v "-9&71+1)[b15 "'7bmvc] _Am,n(al’ "'9an+1)[b17 "'7bmac]
n+1
=ZAm+2,n+1(C~ll, ...,le’,ai, ---5an+1)[ai +Zli’ai _aivbh ...,bm,C],
i=1

and the desired assertion follows now from (i). O

We consider once more the operators A,, , defined in Lemma 3.5 in the case when m > 1, but defined
on a different Hilbert-space product where a weaker regularity of b,, is balanced by a higher regularity of
the variable c. The estimates in Lemma 3.4 are slightly related to the ones announced in [Calderon et al.
1978, Theorem 4] and, except for that reference, we did not find similar results.

Lemma34. LetneN, 1<meN, re (%2) TE (%—r, 1),anda1,...,an+1 € H"(R) be given. Then:

(i) There exists a constant C, depending only on r and t, such that

m—1
IAmn(ar, ..., ans b1, ..., b, cllla < Cllcaz b |l gr— l_[ 115 1o
i=1
forall by,...,b, € H (R) and all c € HYR). In particular, Ay p(ai, ..., anpy1) extends to a

bounded operator
Amn(@i, ... ans1) € Ly (H"(R)™ ' x HH(R) x H*(R), L2(R)).

(i) Apn € C'((H )", L1 (H(R)" ' x H™H(R) x H'(R), L2(R))).

Proof. The claim (ii) is again a direct consequence of (i), so that we are left to prove the first claim. To
this end we write

Am,n(al,...,an+1>[b1,...,bm,c]oc):/ K (x, y)dy,
R

where
H;n:_ll (Orx,310i/y)  O1x,y1bm Spx,y1C

T4 0+ Geyiai /)21 Y y

Using Minkowski’s integral inequality, we compute

2 1/2 1/2
</ dx) 5/(/|K<x,y>|2dx) dy,
R R R

and exploiting the fact H"~!(R) — BC ~3/2(R), we get

K(x,y):=

forx eR, y#0.

/K(x,y)dy
R

m—1
C
/R K (x, y)[Pdx < = ||bm||i,,l<1_[ ||b;||§,o) fR lc —7yc? dx
i=1

m—1
i=1
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Since
e — 112 < CLA+ED Y 1) + 1y=n(D], ¥, £ €R,

it follows that

m—1
_ 1
/R |K (x, )P dx < Clicllze b3 ( I1 ||b;||io> [ywm ey + =T 1[y21]()’)],
i=1

and we conclude that

12 m—1
f(/ K, y)|2dx> dy < Cliclla lbwll g T 15]o-
R R

i=1

The claim (1) follows at once. O

Mapping properties. We now use Lemmas 3.1 and 3.4 to prove that the mapping @ defined by (3-2)
is well-defined and locally Lipschitz continuous as an operator from H°®(R) into the Banach space
L(H*(R), H'(R)) for each s € (3, 2).

Lemma 3.5. Given s € (3, 2), it holds that
® e C'"(H'(R), LIH*(R), H' (R))).

Proof. We first prove that ®(f) € L(H*(R), H'(R)) for each f € H*(R). Remark 3.2 and Lemma 3.1
(with r = ) yield that ®(f) € L(H*(R), L»(R)). In order to establish that ®(f)[h] € H'(R), we let
{tc}eer denote the Cy-group of right translations on L;(R), that is, 7, f(x) := f(x —¢) for f € Lr(R)
and x, ¢ € R. Given ¢ € (0, 1), it holds that

e (P(NIAD = (NI _ (Ao oL/ IA']) = Ao o (AT _ Aoo(ze flTeh'] = Ao o (SIA']

& & &

h' — 1 wf—f
=A0,0(T€f)|:T:|_A2,I(Tsfv f)[fef'i‘fa »h:|

&

and the convergences

h—h
wf — [ in H'(R), fe — K mH'®,

e—0

—> —f nHT®),

f—f
e
together with Lemma 3.1 (with 7 = s) and Lemma 3.4 (with r =s, 7 € (3 —s, 1)) imply that ®(f)[h] €

3
H'(R) and
(PN = Ao o(NHIR"T=2A21(F, HLS A1 (3-9)

This proves that ®(f) € L(H 2(R), H'(R)). Finally, the local Lipschitz continuity of & follows from the
local Lipschitz continuity properties established in Lemmas 3.1 and 3.4. ]
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4. The Muskat problem without surface tension: the generator property

We now fix f € H*(R), s € (%, 2). The goal of this section is to prove that ®( f), regarded as an
unbounded operator in H'(R) with definition domain H?(R), is the generator of a strongly continuous
and analytic semigroup in L(H I(R)), that is,

—®(f) e H(H*(R), H'(R)).

In order to establish this property we first approximate locally the operator ®(f), in a sense to be made
precise in Theorem 4.2, by Fourier multipliers and carry then the desired generator property, which we
establish for the Fourier multipliers, back to the original operator, see Theorem 4.4. A similar approach
was followed in [Escher 1994; Escher et al. 2018; Escher and Simonett 1995; 1997] in the context of
spaces of continuous functions. The situation here is different as we consider Sobolev spaces on the line.
The method though can be adapted to this setting after exploiting the structure of the operator ®(f),
especially the fact that the functions f and f’ both vanish at infinity. As a result of this decay property
we can use localization families with a finite number of elements, and this fact enables us to introduce
for each localization family an equivalent norm on the Sobolev spaces H¥(R), k € N, which is suitable
for the further analysis, see Lemma 4.1. We start by choosing for each ¢ € (0, 1), a finite e-localization
family, that is, a family

{mj:=N+1<j<N}CC®R,IO0,1]),
with N = N (¢) € N sufficiently large, such that

e supp nf is an interval of length less or equal to ¢ for all |j| <N —1; 4-1)
e supp Ty C (=00, —xy]U[xy, 00) and xy > & '; (4-2)
 suppwr; Nsuppr; =@ if [|j — 1| = 2, max{[j[, [} <N —1]or [l <N-2,j=N];  (43)
« Y vn @) =1 (4-4)
« [))Plloe < Ce™  forallk eN, =N +1<j<N. (4-5)

Such e-localization families can be easily constructed. Additionally, we choose for each ¢ € (0, 1) a
second family

{X{ :=N+1<j<N}CC*R,I0,1])

with the properties

. Xf =1 on supp7;; (4-6)
* supp Xf is an interval of length less or equal to 3¢ for |j| < N —1; 4-7)
o supp xy C [|x| > xy —e]. (4-8)

Each e-localization family {Jr;2 :—N+1<j < N} defines anorm on H k(R), k e N, which is equivalent
to the standard H*-norm.
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Lemma 4.1. Given ¢ € (0, 1), let {71;3 t=N+1<j<N}CC*®(R, |0, 1]) be a family with the properties
(4-1)—(4-5). Then, for each k € N, the mapping
N

[h|—> > ||n;h||Hk]:H’<(R)—>[o, o0)

j=—N+1
defines a norm on H*(R) which is equivalent to the standard H*-norm.
Proof. The proof is a simple exercise. (I

We now consider the mapping
[t ®(zf)]: [0, 11 - LH*(R), H (R)).

As a consequence of Lemma 3.5, this mapping continuously transforms the operator ® ( /), for which we
want to establish the generator property, into the operator ®(0) = —71(—8)%)1/ 2, Indeed, since the Hilbert
transform is a Fourier multiplier with symbol [§ — —i sign(§)], we obtain together with Remark 3.2 that

F@O)[AD(E) = —n F(H)(E) = in sign(©)F (1)) = —n|§|(Fh)(E) = —n F (=3 *h) ()
for £ € R. The parameter T will allow us to use a continuity argument when showing that the resolvent
set of ®(f) contains a positive real number; see the proof Theorem 4.4.

Our next goal is to prove that the operator ® (7 f) can be locally approximated for each t € [0, 1] by
Fourier multipliers, as stated below. The estimate (4-9) with j = N uses to a large extent the fact that f
and f’ vanish at infinity.

Theorem 4.2. Let f € H*(R), s € (%, 2), and u > 0 be given.
Then, there exist € € (0, 1), a finite e-localization family {njg :—N 41 < j < N} satisfying (4-1)-(4-5),
a constant K = K (¢), and for each j e {—N + 1, ..., N} and t € [0, 1] there exist operators
Aj. € LH*R), H' (R))
such that

If (IR = Aj okl < el hllgz + K 1Al gas-2os (4-9)

forall j e {—N +1,...,N},t €0, 1],and h € H*(R). The operators A; . are defined by

1 1 b4
A, pv/_ dy]a Ty, |jl=N=1,  (@10)
” [ Ry L+T2@ nf/»? 1 1+ @)

where xJ‘? is a point belonging to supp JT;, and
Ay, = —m(—0%)"2 (4-11)

Proof. Let {JT;3 :—N +1 < j < N} be an e-localization family satisfying the properties (4-1)—(4-5) and
{ ng :—N+1 < j < N} be an associated family satisfying (4-6)—(4-8), with ¢ € (0, 1) which will be fixed
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below. We first infer from Lemma A.1 that for each T € [0, 1] the function

1 1
a(x)::PVf— dy, xeR,
! ¥ L+ 2@y f/)?

belongs to BC*(R) N Co(R), with « : s — 3 We now write
Ajr=A —A

T
where
Al =t A2 = (—0D)!2,
and x .
. [i|<N_1. — . ljI=N-1,
Oj ¢ = {ar(xj) |]| - ,Bj,r = 1+(Tf/(x]6))2 (4_12)
0’ ] - N’ T, J - N

Let now h € H?(R) be arbitrary. In the following we shall denote by C constants which are independent
of ¢ (and, of course, of 1 € Hz([RR), tel0,1],and j € {—N +1,..., N}), while the constants that we
denote by K may depend only upon .

Step 1: We first infer from Lemma 3.5 that
I7; @Al = Ajlmfhlll g < 7] @(TfHIA] = A o[ hlll2 + (7] D (T f)[h] = A [ A ll2
=+ II(JTf) lloo) 1 A0,0(T /)[R Il2 + IIAj,r[ﬂfh]Hz
2| An 1 (T f. THLL F 2+ 17 Ao (TR — A e [(rEh) -

Using Lemma 3.4 (with r = s and t =  — Js) and Lemma 3.1 (with r = s), it follows that

I7E D (e fIA] = Aj o[t Al < KAl 2o + 175 Ago @O = Ajl@ih) 1. (4-13)
We are left to estimate the L,-norm of the highest-order term njs Aoo(tHI"T—A;; [(JTJ.S h)'], and for
this we need several steps.
Step 2: With the notation introduced in Remark 3.3 we have

Ao o(tf)h"1=ah" — By 1(xf)[h"],
and therewith

I Ao (T )R] = Ay [ h) 1l
<lmfach” —Aj [G; )Ml + 17 Boa (IR 1= A [ h) 1]l2.  (4-14)
By virtue of Lemma A.1, in particular of the estimate (A-1), and of st =1 on supp njs , we get for

jI<N-1
lmfarh” —Aj [GERY [l = llacmf B — az () (f ) |12

< (@ — ar ) GER) o + K 1]
= ll(@r — ar )X iR 2 + K 1Al
= ll(@r — ac ) X o llGTERY 2+ K 1A
< Ll hll e + KAl (4-15)
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provided that ¢ is sufficiently small. We have used here (and also later on without explicit mentioning)
the fact that | supp Xf| < 3e¢. Since A}er =0, we obtain from (A-2) for ¢ sufficiently small that

Imyach” — Ay [ih) |2 = lImyach |2 < llaxi ool righ) Il 4+ KAl g1
< sullTihlle + K (1Rl . (4-16)

Step 3: We are left with the term ||nfBo,1(rf)[h”] —A%’T[(njsh)/]llg, and we consider first the case
|jl < N —1 (see Step 4 for j = N). Observing that 71(—8)%)1/2 = By,1(0) o dy, it follows that

7f Boa (t))IW"1— A} [/ h)] = Ti[h] — Talh],

where
T1[h] :=m; Boa(tf)[h"] — WBO,I(O)W]' h7],
Tz[h] = mBo,l(O)[(ﬂj) h +2(7Tj) h ]
Since by Remark 3.3
IT2[h1ll2 < KAl 1, (4-17)

we are left to estimate 77[4], which is further decomposed as

T\[h] = Ti1[h] — Ti2[R],
with

I 1 ] (xj 7 ") (x =) iy,

11[Alx) /R[l + 2@y f/9)? 1T+ (f (x))? Y
8[)6,)’]71]'8/)}
14 72(8x, 91 f/¥)?

Integrating by parts, we obtain the relation

Tialh] = Boa (e)LG)) W1 = Bia(ef, tf)h'] =222 Baa (], fo of, Tf)Lf K]
+20°Bya(nif, f, foof IR,

h'(x —y)dy.

Tia[h](x) :== PV/R

and Remark 3.3 leads us to
IT12[R]ll2 < K2l g (4-18)

In order to deal with the term T7[2] we let F; € C(R) denote the Lipschitz function that satisfies
Fj=f onsuppyi,  F/=f'(xj) onR\suppyx/, (4-19)

and we observe that

1 Cid = /3 W80y (G + /) G fR DG =)

[+ 22 Bpe /9PN + (2 ()7 y '

Tilh](x) := r2PV/
R

2

= W(Tm[h] — T[] (x),
J
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where
Tinlhl = x; Bo1 (f' (x)idg — f, f'(D)idr + f, 7)) A",
[0, 1 (f" (x))idr — f)/¥181x, 1 (f (xD)idr + )/ y1Bpx,y1 X7 /)
L+ 721 f/9)?

Integrating by parts as in the case of T7,[4], it follows from Remark 3.3 that

Tii2[h](x) := PV'/R

1 T1i2[h]ll2 < KAl g
On the other hand, (4-19), Remark 3.3 and the Holder continuity of f’ yield

1Tkl = Nl X Baa (f' (x)idg — f, f/(x])idr + f, Tl A 112
= 11x¢ Bo (f'(xDidg — Fy, f'(xD)idg + Fy, T h" ]2
<CIf'(x)) = Filloollmi B |l2
= CIf ) = 'l eocsupp x5 172" 12

< Sullmfhll g2+ KAl

(7 h")(x — y)dy.

(4-20)

(4-21)

The desired estimate (4-9) follows for |j| < N — 1 from (4-13)—(4-15) and (4-17), (4-18), (4-20), and

(4-21).

Step 4: We are left with the term ||y, Bo,1 (7 f)[h"] — A%,YT[(nf\,h)’] l2, which we decompose as

(5 Boa (xR = AR (G ) D (x)

— ¢ PV
Ty (x) /I; y 14+ 1201, f/)?

=: Ti[h](x) + To[h](x) — T3[h](x),

y

where
Tilh] := —t*Bo1(f, f, tf)lmih'],

8[x ]ﬂg 1
Tr[h](x) :=PV | h"(x — S 4.
2[A](x) A;{ (=) 14+ 2@y f/)? Y

T3[h] := Bo,1(0)[(7w)"h +2(7y)h'].

For the difference T;[h] — T3[h] we find, as in the previous step (see (4-17) and (4-18)), that
IT2(h] — T3[h1ll2 < KAl g1
When dealing with T;[4], we introduce the function Fy € W;O([R) by the formula
f (), x| = xn —¢,
Fy(x)={x+xy—c¢ N—E—X

Z(Tf( N— )+mf(—XN+8), x| < xy —e.

(s 1 €Y (x —
R (x —y) dy_PV/ ()" (x —y) dy
R

(4-22)
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The relation (4-2) implies || Fx |loo + || Fjy loo = O for & — 0. Moreover, it holds that

Xaahx—=y) Gy f/y)?
—_2p / NN y —. _ ’
Ti[h](x) = —1°PV . . (E 2 [ T11[h](x) — Ti2[h](x)

where
(8[x,y]f/y)2(5[x,y]X1€v/Y)

1+ 72(81c.01f/9)?
Tialh] =2 x5 Boi (f, f. Tf)ih"].

Recalling that supp 75, C supp x5 C [|x| > xy —e] and that f = Fy on supp x ., it follows by Remark 3.3
that

I Tialhllla = 725 Bot (Fy, Fx, t)Ih Mo < 1Boi(Fy, Fy, T 1o < CILE 12 I 5h 12
< Lullxhll g2 + K 1Al (4-23)

Tkl (x) = 72 PV /R (TS (x — y) dy,

for small . As Ty1[h] can be estimated in the same manner as the term 77,[%] in the previous step, we
obtain together with (4-22) and (4-23) that

7§y Bo,1 (T)[R"]— A [(rgh) 12 < %MIIJTthIHz + KA g (4-24)
if ¢ is sufficiently small. The claim (4-9) follows for j = N from (4-13)—(4-14), (4-16), and (4-24). O

The operators A; ; found in Theorem 4.2 are generators of strongly continuous analytic semigroups in
L(H'(R)) and they satisfy resolvent estimates which are uniform with respect to xj*? eRand 7 €0, 1];
see Proposition 4.3 below. To be more precise, in Proposition 4.3 and in the proof of Theorem 4.4, the
Sobolev spaces H K(R), k e {1, 2}, consist of complex-valued functions and A; ; are the natural extensions
(complexifications) of the operators introduced in Theorem 4.2.

Proposition 4.3. Let f € H*(R), s € (2, 2), be fixed. Given xo € R and t € [0, 1], let
Axo,‘t =0y — :3‘[(_8;%)1/27
where

T
a; €{0,a.:(x0)} and pB; € {”’ m}

with a, denoting the function defined in Lemma A.l. Then, there exists a constant ko > 1 such that

A=Ay, . € Isom(HX(R), H'(R)), (4-25)
koll(A = Axy DAl g = (A 12Nl g1 + (1] 2 (4-26)

forallxo eR, 1 €[0,1], A €eCwithRer>1,and h € HQ(R).

Proof. The constants a, B, defined above satisfy, in view of (A-3),

2 ! x /S_
1711 3/2) and ﬁre[#w,n]. (427)

2

ot | s4<||f||§o+
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Furthermore, the operator A, ; is a Fourier multiplier with symbol

my(§) =Pl +ias, §&€R.

Given Re A > 1, it is easy to see that the operator R(A, A, ;) defined by

1
A—m;

FRM, Ay )[h]) = Fh, heH R,

belongs to L(H I(R), H*(R)) and that it is the inverse of A — A xo.r- Moreover, for each ReA > 1 and
h € H*(R), we have

[ = Ay, )11l = /R (1 +1EDIF (= Ay DA () dE = /R (1 +1EDIA —me (&)*|FhI* (&) d&

> min{1, B2} / (1+ &% FhI*(€) dE = min{1, B7}|12][3,. (4-28)
R

Appealing to the inequality
A2 B (Re 1)? N (Im 1)?
A=m (€)1  Rer+B|EN* +ImA —a:8)?  (Rer+B:|E)? + (ImA —ar§)?
2(Im A — €)% + 20282

<1+ <1+2[1+<“’)2}<3[1+<“’)2}
T ReA+BlEDPF(ImA - 8)? T B:/) 1~ Br
for A € C with Re A > 1, the estimate (4-26) follows from the relations (4-27) and (4-28). ([l

We now establish the desired generation result.

Theorem 4.4. Let f € H°(R), s € (%, 2), be given. Then
—~®(f) e HH*R), H' (R)). (4-29)

Proof. Let kg > 1 be the constant determined in Proposition 4.3. Setting u := %Ko, we deduce from
Theorem 4.2 that there exists a constant ¢ € (0, 1), an e-localization family {nf :—N+1<j <N}
that satisfies (4-1)—(4-5), a constant K = K (¢), and for each —N +1 < j < N and 7 € [0, 1] operators
A; . € L(HX(R), H'(R)) such that

7} @@ )] = Aj el L < 5Nl hll g + K 1Al 2o (4-30)

5|
Ko
foral -N+1<j <N, tel0,1],and & € H2(R). In view of Proposition 4.3, it holds that
koll = Akl = (1] bl + bl 2 (4-31)

forall -N+1<j<N,t€[0,1], e CwithReA>1,and h € H?(R). The relations (4-30)—(4-31)
lead us to
kollwy (A — PNl g1 = koll(k — Aj )l hlll g — kollwf P(xf)lh] — A <[] hlll g

> ] Rl g1+ Sl Al gz — oK (1 2oy
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forall -N+1<j <N, te€[0,1], A € C withReAr > 1, and h € HZ(IR). Summing up over
je{—=N+1,..., N}, we infer from Lemma 4.1 that there exists a constant C > 1 with the property that

Cllhll gai—2os + CIlA = @ f DAl g1 = A - Al g1+ 12l 2

forall T € [0, 1], A € C with Re A > 1, and & € H?(R). Using (1-4) together with Young’s inequality, we
may find constants k > 1 and @ > 0 such that

k| =P f N gt = AL - 12l g+ 1) g2 (4-32)
for all 7 € [0, 1], A € C with Re A > w, and h € H*(R). Furthermore, combining the property
(@ = ®(f))lr=0 =0 — P(0) = w+7(—3})"/* € Isom(H*(R), H' (R))
with (4-32), the method of continuity, see, e.g., [Gilbarg and Trudinger 1998, Theorem 5.2], yields that
w—®(f) € Isom(H*(R), H'(R)). (4-33)

The relations (4-32) (with T = 1), (4-33), and [Lunardi 1995, Corollary 2.1.3] lead us to the desired claim
(4-29). O

We are now in a position to prove the well-posedness result Theorem 1.1.
Proof of Theorem 1.1. Let s € (%, 2) and s € (%, s) be given. Combining Lemma 3.5 and Theorem 4.4
yields
~® e C'T(H R, HH*R), H'R))).
Setting o :=s5 — 1 and B :=5— 1, we have 0 < f <« < 1 and (1-4) yields
H'®R) =[H'R), H*®)]s and H*R)=[H'®R), H*(R)la.

It follows now from Theorem 1.5 that (1-1), or equivalently (3-1), possesses a maximally defined solution

f=f (5 fo) € CUO, Ty (fo)), H (R) NC((O, Ty (fo)), H*R) N C' (0, Ty (fo)), H' (R))
with
feC™((0,T], H (R)) forall T < T+(fp)-
Concerning uniqueness, we now show that any classical solution
fecqo, D, H®)NCO0, D), H*®)NC' (O, 7)), H'®), T (0,00l

satisfies
fec™((0,T], H(R)) forall T € (0, T), (4-34)

where n := (s —s5)/s € (0, s —5). This proves then the uniqueness claim of Theorem 1.1. We pick thus
T € (0, f) arbitrarily. Then it follows directly from Lemma 3.1(i) that

sup [13; f1l2 < C;
0,T]
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hence f eBC! ((0, T, L2(R)). Since f e C([0, T], H*(R)), we conclude form (1-4), the previous bound,
and the mean value theorem, that

IF @) = F) s < 15 @) = F& Iy "1 F @) = FoIS <Cle—sl", 1,5 €0, T],
which proves (4-34).

Assume now that 7 ( fy) < oo and

sup || f(D)llms < oo,
(0.7 (fo))

Arguing as above, we find that

I £(t) = f($) g < Clt —s|S™2 15 €0, Ty (fo)).

The criterion for global existence in Theorem 1.5 applied for « := (s +5 —2)/2 and § := 5 — 1 implies
that the solution can be continued on an interval [0, t) with T > T4 (fp). Moreover, it holds that

fec 920, T], H(R)) forall T € (0, 7).

The uniqueness claim in Theorem 1.5 leads us to a contradiction. Hence our assumption was false and
T (fo) = oo. O

5. Instantaneous real-analyticity

We now improve the regularity of the solutions found in Theorems 1.1 and 1.2. To this end we first show
that the mapping @ defined by (3-2) is actually real-analytic; see Proposition 5.1. As [ f — ®(f)] is not
a Nemytskij-type operator, we cannot use classical results for such operators, as presented, e.g., in [Runst
and Sickel 1996]. Instead, we directly estimate the rest of the associated Taylor series. We conclude the
section with the proof of Theorem 1.3, which is obtained, via Proposition 5.1, from the real-analyticity
property of the semiflow as stated in Theorem 1.5, applied in the context of a nonlinear evolution problem
related to (1-1).

Proposition 5.1. Given s € (3, 2), it holds that
® e C*(H*(R), L(H*(R), H'(R))). (5-1)

Proof. Let ¢ : R — R be the map defined by ¢ (x) := (1 +x2)~, x € R. Then, given fy € H*(R), it
holds that

@ (fo)[h](x) =PV / ‘S“’y”h ¢<‘S“;]f 0) dy, he H*(R).
R

Given n € N, we let

Se (1 Sl fi S
0"®(f)l fi - full)(x) = PV/R [’y” (]‘[ [’y”f)as(")( [’;]f")dy

i=1
n

= Z a]rclAn-i-k,n(va""fO)[va”'va’ fl""vfn’h/](x)

k=0, n-+ke2N ¢ times



THE MUSKAT PROBLEM IN TWO DIMENSIONS 305

for f; e H(R), 1 <i <n, h € HZ([R), and x € R, where a;/,n € N,0 < k < n, are defined in
Lemma 5.2. Arguing as in the proof of Lemma 3.5, it follows from Lemmas 3.1 and 3.4 that 3" ®( fy) €
sym(HS([RR) L(H*(R), H'(R))); that is, 0" ®( fy) is a bounded n-linear and symmetric operator.
Moreover, given fy, f € H*(R), neN* andh € H 2(R), Fubini’s theorem combined with Lebesgue’s
dominated convergence theorem and the continuity of the mapping

, n+1
[T R PV/ 5. y1h (5[.,y]f) ¢(n+1)<w> dyj| 10,11 > H'(R),
R

y y
yield that
ot NI - akq’(fO)L{ FiR10)
k=0 ) pV/ ey’ (S[x y]f>"+1/ u¢(n+l)(8[x y](fo+rf)> rdy
y
La- nn ‘/5Uﬂh(5uﬂf)ﬁ-¢ﬁﬂ(&xﬂgb+tﬂ) dydr,
y y

and

° ko kih
HCI>(fo+f)[h]—Z—(f(2,[f] ]

k=0

8 ) h/ 5 Vf n+1
PV / %(%) oG 1 fe/y) dy
R

, (52
H!

where f; := fo+tf, 0 <t < 1. In order to estimate the right-hand side of (5-2) we note that

Sl (8. f n+1
HPV/ S (—[ - ) 6O 1 fe/y)dy
R Y y H

n+1

S Z |ak+ |||Al’l+k+1n+l(f1'7"'vff)[ff’""f‘[’fv""f’h/]”Hl

k=0,n+k+1€2N

k times n+1 times
n+1
< Y g Ak oo SO fo fooens R
k:O’"+k+11€2N k times n+1 times
n+

+ Y 1 Ankr i (Fev s fO frn s Joowo foo foee s S0
k=0, n+k+1€2N
n+1
+k Z |Clk+ |HAn+k+1 n+1(fr,---,fr)[fr»---,fraf»---,fsff/sh/]nz

N e |’
k=0, n+k+1€2N
n+1
=242 > @y M Ansessns2 oo SO foo fonn £ FL R, (53)
——— ——

k=0,n+k+1e2N

k times n+1 times

k—1times n+1 times

k41 times n-+1 times
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Combining the results of Lemmas 5.2-5.4, we conclude that there exists an integer p > 0 and a positive
constant C (depending only on || fo| zs) such that for all f € H*(R) with || f|lgs <1 and all n > 3 we
have

n

ch(fo+f>—2

k=0

o (fo)lf1*

1 +1
- <"l £

LH*R),H'(R))

The claim follows. O
The following technical results are used in the proof of Proposition 5.1.

Lemma 5.2. Let ¢ : R — R be defined by ¢ (x) := (1 +x2)~1 x e R. Givenn €N, it holds that
1 n
(n) - § : n. .k
P = =

where the coefficients a; € R satisfy |aj/| < 4" (n+2)! forall 0 < k <n. Moreover, aj =0if n+k ¢ 2N.

Proof. The claim for n € {0, 1, 2, 3} is obvious. Assume that the claim holds for some integer n > 3.
Since n 0
(22" 20D () = (1 0%) 3 ket ™! =200+ D ) apxt,
k=1 k=0

the coefficient aZH, 0 <k <n+1, of x* satisfies
la Tl < nlal|+2(n+ Dlal| <4+ Dla}| <4 (n+3)!,
gt < (n = Dlap_ | +2(n+ Dla)_,| =0,

and forn — 1 > k > 2 we have

i = K+ Dlagy |+ Kk = Dl |+ 20+ Dlag_ | <4 (n43)1,

while
@] < 20al] +2(n + Dlal| < 4" (n+3)!,
Ia('f“l <laj| < 4" (4 3)1.
The conclusion is now obvious. -

In the next lemma we estimate the first two terms that appear on the right-hand side of (5-3).
Lemma 5.3. Letn,k € Nsatisfyn >3 and 0 <k <n+ 1, andlet s € (%, 2). Given f, f; € H'(R), it
holds that

1
||An+k+1,n+l(fr» AR ] f‘[)[fl” L] f‘L” fa MR fv ]||£(L2(R)) E Cnn4 max{l’ ”f'f”z}fy}”f”r;-[t ’ (5_4)
—— S ——
k times n+ 1 times

with a constant C > 1 independent of n, k, f, and f.

Proof. Much as in the proof of Lemma 3.1 we write

An+k+l,n+l(fra""ff)[f‘rs""f‘[’f""’f"]:M_Ss
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where M is the multiplication operator

S[X,y]f)n—H (S[X,y]fr/y)k

1
M[h =hx)PV | —
) ) fm( y (14 (B y1 S /¥)?1+2

and S is the singular integral operator

<alx,yjf>"“ Gupfe/v  hx=y)
y [+ Greyr fe/V)1H2
for h € L2(R). Arguing as in proof of Lemma 3.1, it follows that

IM | £ezamy < nC" max{1L, || follms I £ 1I7% (5-5)

with a constant C > 1 independent of n, k, f, and f;.

S[h](x) := PV/

R

In order to deal with the operator S we consider the functions F : R — R and A : R — R? defined by

n+1 _k
X1 X

F(xy,x) = ———,
(x1, x2) (32

A= (A1, Ay) = (f, fr).

The function F is smooth, A is Lipschitz continuous, and we set
aj = Aflloe, 1<) <2
Since S is the singular integral operator with kernel

S, 1A
y
and [8[ y)A;/y| < a;j for 1 < j <2, it is natural to introduce a smooth periodic function F on R which

1
K(x,y):z—F( ) xeR, y#0,
y

is 4aj-periodic in the variable x;, 1 < j <2, and which matches F on H?Zl[—aj, a;j]. More precisely,
we choose ¢ € C°(R, [0, 1]) with ¢ =1 on [|x]| < 1] and ¢ =0 on [|x| > 2] and we define F to be the
periodic extension of

2
[(xl,xz) > F(x1,x) 1‘[40(;3)} Q- R,
j=I

]

where Q := ]_[]2: 1[=2a;, 2a;]. We now expand F by its Fourier series

2
= . PjXj
F(x1,xp) = o,expli —— ],
(x1, x2) E p P( E T )
peZ? j=1
where
2aj

1 o~ N PiXj 2
T, = —, = ——— | F(x1,x2)exp|— ) d(x1, x2), eZ°,
J - op 42a1a2/Q (x1, x2) P( le:1 T, (x1,x2), p

and observe that

1 ~(8c A
K(x,y)=—F<ﬂ)=Z“pr(x,y), xeR, y#0,

y y ez
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with

2
l.‘s[x,y] (Zj:l(pj/Tj)Aj)
y
The kernels K, define operators in £(L2(R)) of type (1-2) and the norms of these operators can be

C<l+

Since Y~ ,cz2(1+|pP*) ™! < 0o we get

1
K,,(x,y)::;exp( ) xeR, y#£0, pe7’

estimated from above by
2 »;
J A’
DA

j=t "

) <C(+|pl), peZ*

o0

IS ca@n < C Y lapl(1+1pl) < C sup [(1+ [p[*)lar,l.

pez? pez?

We estimate next the quantity sup,cz2(1 + | 1M pl. To this end we write

where

2a 2as k
X1 . X X2 .
I ::f x{’“go(—)e /T gy L ::/ —22 2<p(—>e iP2x2/To e
“2ay ai —2a (1+x9)" " \az

Since ¢ = 0in [|x| > 2] and n > 3, integration by parts leads us, in the case when p; # 0, to

T, 4 r2aq 4) mpu4 n+2
e (—1> / (x'f“go(ﬂ)) dx <cZ (5-6)
Ipil) J-24 a 2
and similarly, since x, <1+ x22, we find for p, # O that
4 5
n* max{ay, a;y}
L) < c—— 222 (5-7)
P>
The estimates
|| < C2"a{™?,  |b| < Cay, (5-8)
are valid for all p € 72. Combining (5-6)—(5-8), we arrive at
sup (1 + |p|4)|ozp| < C2"n* max{1, aé}ai’“,
peZ?
which leads us to
IS 1 2oy < C2'n* max{1, || FZI £/ 12" < n* C max{1, || £ 153 £ I
This inequality together with (5-5) proves the desired claim. U

In the next lemma we estimate the last two terms on the right-hand side of (5-3) in the proof of
Proposition 5.1.
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Lemma 54. Letn,k € Nsatisfyn >1and 0 <k <n+ 1. Let furtherl € {0, 1} and s € (%, 2). Given
f, fr € H*(R), it holds that

l n n+1
“An+k+1+21,n+l+l(frs ---,f‘[)[&"sf‘[ 3 f, ---7fs f-,;, ']HE(HI(R),Lz(R))SC ”f‘[”HV”f”Hr 5 (5'9)

k— 142l times n+1 times

with a constant C > 1 independent of n, k, f, and f-.
Proof. The proof is similar to that of Lemma 3.4. ]

We are now in a position to prove Theorem 1.3 when o = 0, where we use a parameter trick which
appears, in other forms, also in [Angenent 1990; Escher and Simonett 1996; Priiss et al. 2015]. We
present a new idea which uses only the abstract result Theorem 1.5 in the context of an evolution problem
related to (1-1), and not explicitly the maximal regularity property as in the above-mentioned papers.
The proof when o > 0 is almost identical and is also discussed below, but it relies on some properties
established in Section 6.

Proof of Theorem 1.3. Assume first that o = 0. We then pick fy € H*(R), s € (3,2), and we let
f=fC; fo): 10, T+-(fo)) — H®(R) denote the unique maximal solution to (1-1), whose existence is
guaranteed by Theorem 1.1. We further choose A1, A, € (0, 00) and we define

Suatx)=fat,x+2xt), xeR, 0<t<Ty :=T(fo)/A1.
Classical arguments show that
fraa € CU0, T), H*(R)NC((0, Ty), HXR)NC' (0, Ty), H' (R)).
We next introduce the function u := (uy, us, u3) : [0, Ty) — R2 x H*(R), where
(i, u2)(t) == (A1, 22),  u3(t) == fa 2,0, 0=t<Ty,
and we note that u solves the quasilinear evolution problem
u=Wlul, >0, u@) =@, 2, fo), (5-10)
with W : (0, 00)? x H*(R) — L(R? x H*(R), R? x H'(R)) denoting the operator defined by
W ((vr, v2, v3)[(ur, uz, u3)] := (0, 0, v1P(v3)[u3] + V20xu3). (5-11)
Proposition 5.1 immediately yields
W e C?((0, 00)* x H'(R), LR* x H*(R),R* x H'(R))) foralls € (3,2).
Given v := (v, v2, 13) € (0, 00)> x H*(R), the operator W (v) can be represented as a matrix

0 0

— . @2 2 2 1
V(v) = <0 v1<I>(v3)+v28x) R x H°(R) = R* x H (R),
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and we infer from [Amann 1995, Corollary I.1.6.3] that —W (v) € H(R? x H*(R), R*> x H!(R)) if and
only if
—(1P(v3) + 120,) € H(H*(R), H' (R)). (5-12)

We note that v, 0, is a first-order Fourier multiplier and its symbol is purely imaginary. Therefore, obvious

modifications of the arguments presented in the proofs of Theorem 4.2 and Proposition 4.3 enable us

to conclude that the property (5-12) is satisfied for each (vy, vz, v3) € (0, 00)2 x H*(R) and s € (%, 2).

Setting Fp := R? x H'(R) and F; := R? x H*(R), it holds that
[Fo. F1ly =R* x H'*(R), 6 € (0, D),

and we may now apply Theorem 1.5 in the context of the quasilinear parabolic problem (5-10) to conclude
(much as in the proof of Theorem 1.1), for each ug = (A1, A2, fo) € (0,00)? x H*(R), s € (%, 2), the
existence of a unique maximal solution

u:=u(-;up) € C([0, Ty (uo)). (0, 00)* x H*(R)) N C((0, Ty (u0)). F1) N C' (0, T (u)), Fo).
Additionally, the set
Q:={(M1. A2, fo. 1) 11 € (0, T (M1, A2, fo))}
is open in (0, 00)? x H*(R) x (0, co) and
(A1, A2, fo, ) > u(t; (M, Aa, fo))] - Q — R x HY (R)

is a real-analytic map.
So, if we fix fy € H*(R), then we may conclude that

T+ (fo)

—— =T4((1, 22, f0)) for all (A1, A2) € (0, 00)*.
1

As we want to prove that f = f(-; fp) is real-analytic in (0, T+ (fp)) x R, it suffices to establish the
real-analyticity property in a small ball around (#y, xg) for each xo € R and #y € (0, T+ (fo)). Let thus
(t0, x0) € (0, T+-(fo)) x R be arbitrary. For (11, A2) € B((1,1),¢) C (O, 00)?, with & chosen suitably
small, we have that

o < T4 ((A1, A2, fo)) forall (A1, 22) € B((1, 1), &),
and therewith

B((1, D), &) x{fo} x {to} C 2.
Moreover, since u3(-; ug) = fi,.»,, the restriction
(A1, 22) = fo0, ()] : B((1, 1), &) - H*(R) (5-13)
is a real-analytic map. Since [k +— h(xo —t9)] : H*(R) — R is a linear operator, the composition

[(A1, A2) = f(Aito, xo —to + Aatp)] : B((1,1),6) > R (5-14)
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is real-analytic too. Furthermore, for § > 0 small, the mapping ¢ : B((ty, xo), §) — B((1, 1), &) with

t x—xo—i-to) (5-15)

o, x) = (%,

Io

is well-defined and real-analytic, and therefore the composition of the functions defined by (5-14) and
(5-15), that is, the mapping

[(r, x) = f(z, x)]: B((%0, x0), 8) = R,

is also real-analytic. This proves the first claim.

Finally, the property f € C“((0, T+(fo)), H K(R)) for arbitrary k € N, is an immediate consequence of
(5-13).

The arguments presented above carry over to the case when o > 0 (with the obvious modifications). If
o > 0, the operator v,d, appearing in (5-12) can be regarded as being a lower-order perturbation and
therefore the generator property of W (v) follows in this case directly from the corresponding property of
the original operator; see Theorem 6.3. ]

6. The Muskat problem with surface tension and gravity effects

We now consider surface-tension forces acting at the interface between the fluids; that is, we take o > 0.
The motion of the fluids may also be influenced by gravity, but we make no restrictions on A ,, which is
now an arbitrary real number. If we model flows in a vertical Hele-Shaw cell, this means in particular
that the lower fluid may be less dense than the fluid above. Since A, can be zero, (1-1) is also a model
for fluid motions in a horizontal Hele-Shaw cell as for these flows the effects due to gravity are usually
neglected, that is, g = 0. Again, we rescale the time appropriately and rewrite (1-1) as the system

8 f(t,x) = f'(t, %) pv/ Ft,x) = ft,x—y)

W VL) — fax— ) K x=y)dy

y /
+PV/R Y24 (f(t,x) = f(t,x —y))? (D x =) dy (6-1)
y(f'(t,x) = fi(t, x —y))
+®PV/Ry2+(f(t,x)—f(t,x—y))2dy fort >0, x € R,
£, )= fo,
with
® = % R
o
Since
f/// f/f//Z

(K(f)) = (1+f/2)3/2 - (1+f/2)5/2’

we observe that the first equation of (6-1) is again quasilinear, but now this property is due to the fact that
(«(f))' is an affine function in the variable f”.
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To be more precise we set

O, (f)IhI(x) == f/(x) PV f

8[x,y]f ( NG f/f//h//
R Y2+ Oy f)?

(+ /293270 +f/2)5/2)(x —ydy

+ PV/ y h/// 3 3 f/f//h// (x 3 y) dy
R Y2+ B )2\ 4+ )32~ (14 f2)3/2

Sy’
+ @PV/ % dy, (6-2)
R Y+ Oy f)
and we recast the problem (6-1) in the compact form
f=2(NIfL >0, FO) = fo. (6-3)

We emphasize that there are also other ways to write (6-1) as a quasilinear problem. For example the
terms containing only £, 0 <[ <2, can be viewed as a nonlinear function [ f — F(f)] which would
appear as an additive term to the right-hand side of (6-3), with ®, ( f)[#] modified accordingly. However,
the formulation (6-2)—(6-3) appears to us as being optimal as it allows us to consider the largest set of
initial data among all formulations. To be more precise, the operator introduced by (6-2) satisfies, with
the notation in Lemma 3.1 and Remark 3.3, the relation

o (f)I1]

. n R
=f"B1.1(f, f)|:(1+f,2)3/2_ (1+f/2)5/2

and we now claim, based on the results in Section 5, that

X f/f//h//
(1+f/2)3/2_ (1+f/2)5/2

]+Bo,1( f)[ :|+®A0,0(f)[h/],

®, € C*(H*(R), LIH(R), L2(R))). (6-4)

Indeed, arguing as in Section 5, it follows that

[ S [h v [ ey ay| e cour @, cam).
%Y+ G f) _

y w 2
h PV| ———h(-—y)d C?(H”(R), L(L>(R))), 6-5
[f»[ > szHS["y]f)z (=y)dy| | € COUH®), LL2R)) (6-5)

)’(8[~,y]h/)
h pVv| —/——2- -~
[f ~ [ ~ fuw2+(3[~,y1f)2

Moreover, classical arguments, see, e.g., [Runst and Sickel 1996, Theorem 5.5.3/4], yield that

e C*(H*(R), L(H*(R), Ly(R))).

h/// / //h//
[f > [h = A5 R —3(1i§/2)5/2]] e C*(H*(R), L(H?(R), L2(R))). (6-6)

The relations (6-5)—(6-6) immediately imply (6-4).
In the following, we prove that @, ( f) is, for each f € H?(R), the generator of a strongly continuous

and analytic semigroup in £(L,(R)), that is,

@, (f) e H(H>(R), Lr(R)).
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To this end we write

CD(T = CD(T,I + CD(I,Z’ (6'7)
where
, " h///
@51 ()R] := f Bi1(/, f)[m}+30,1(f)|:m:|» (6-8)
, f/f//h// f/f//h// ,
Qo 2()R]:==3f Bi1(f, f)[m] - 330,1(f)|:m} +OAo0(HIL]T  (6-9)

for f € H*(R), h € H}(R). Since ®,2(f) € LIHY*(R), Lo(R)) and [L2(R), H*(R)]sj9 = HY(R),
we can view $4 2(f) as being a lower-order perturbation, see [Lunardi 1995, Proposition 2.4.1], and we
only need to establish the generator property for the leading-order term @, (f). Much as in Section 4,
we consider a continuous mapping

[t~ @61 (1)]: [0, 11— LH(R), Lr(R)),
which transforms the operator @, | (f) into the operator
®4,1(0) = Bo,1(0) 0 8 = —m (37)**,
where (3)%/4 is the Fourier multiplier with symbol [& > |£]3]. We now establish the following result.

Theorem 6.1. Let f € H?*(R) and i > 0 be given.
Then, there exist € € (0, 1), a finite e-localization family {njs : =N+ 1< j < N} satisfying (4-1)-(4-5),
a constant K = K (¢), and for each j e {—N + 1, ..., N} and t € [0, 1] there exist operators
Ajr € LI R), Lo(R)
such that
lE @1 (T )R] — Aj o[ hlla < el hll s + K1 g2 (6-10)

forall j e {—=N +1,..., N}, T €0, 1], and h € H*(R). The operators Aj . are defined by

v

Aj.i=— I jIsN—1, 6-11
], T (1 +‘E2f/2(xf))3/2( x) |.]| f— ( )

where xf is a point belonging to supp JTJ.S, and
Ay, = —m(dH34, (6-12)

Proof. Let {J'r]‘f3 :—N+1 < j < N} be an ¢-localization family satisfying the properties (4-1)—(4-5) and
{ Xf :—N+1 < j < N} be an associated family satisfying (4-6)—(4-8), with & € (0, 1) which will be fixed
below.

To deal with both terms of @, 1(tf), see (6-8), at once, we consider the operator

, h///
Ko(zf)lh] = f, . Bi.1(fa.r, Tf)[m}
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where, for a € {0, 1}, we set
far =0 —a)rtf +aidg.

For a = 0 we recover the first term in the definition of ®, (zf)[A], while for a = 1 the expression
matches the second one.

In the following, i € H?(R) is arbitrary. Again, constants which are independent of & (and, of course,
of h e H3(R), t €[0, 1], a € {0, 1}, and je{—N+1,..., N}) are denoted by C, while the constants
that we denote by K may depend only upon &. We further let

. Fie @) ,
i =TT +r2f’2(x8))5/2( 9y) for [jl =N —1,
and
A = —ma* (09"

We analyze the cases j = N and |j| < N — 1 separately.

The case |j| < N — 1. For |j| < N — 1 we write
78 Ko (T )R] — AL [nfh] := T[]+ Tolh] + T3[ ), (6-13)

where

gh///
Tilh] == 7; Ko (t)lh] = £, . (x7) Bra(faz, Tf)[w]

. / & n]‘?hm a,f(x]? ) € ///
Tz[h] = fa’r(xj)Blyl(fa)T’tf) (1+T2f/2)3/2 - (1+‘[2f/2(x/€))3/2 1 l(fll 'L”Tf) h

. é,.[(x;) SN a &
Ts(h] := (1+12f/2(x;))3/231 1 OISR = A [7£R).

We consider first the term 77[/]. The identity ng nf =1 on supp njg and integration by parts lead us to
the relation

ah///
= Xf(fa/,r_fci,r(xf))Bl,l(fa,r,Tf)[m]
n,e/h// Sf‘ f//h//
(1_|_ 2f/2)3/2 —3r (1_{_.[2f/2)5/21|

+A=x) (fo ()= faf)Bu(far,ff)[

& £/ 4
a,tT

7] nih”
+(fa, () fu){Bll(Xj, f)[m} 232,1(fa,r,Xf,Tf)|:W:|}

—222(f) ()= fr VB3 (fures x5 foTfoTf) L/h”
a,t\%j a,t , a, Tt Ajo > ’ (1+T2f/2)3/2

?h//

212 D)= f1 D Baa(faes X[ fo frTfoTf) [W]
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f/f//h//

n_.Sf/f//h//

]—Bl,mfa,f,rf)[m

+3T2fé’r{n]§31,l(fa,r’ Tf)|:

/ & L;,Th// n(?/h”
+fa,f{Bl,1(7Tj 7Tf)|:m}+Bl,l(fa,‘[7rf)|:(1+_[j2f/2)3/2}}

"

/h//
e | 2 o Baale] Sue 1250 Gt |

/
_2fa"[B2,l(jT](?’ fa,ra Tf)[ (1+f2f/2)3/2

/ ) h//
+2t2fa,tB4’2(7Tj , fa,‘rv fv f? Tf’ Tf)[m}

Using Remark 3.3, the interpolation property (1-4), Young’s inequality, and the Holder continuity of f
it follows that

T2

1Tyt 2 < CUIXE (fhe — foe CEMMoo e R 12 A+ 7R lloo] + K 1] 12
< Ll ks + KAl (6-14)

provided that ¢ is sufficiently small.
Furthermore, we have

T [ L (xF)

TZ[h] = (1 n .L—Zf/Z(xf)):;/Z

Bl,l(fa,r, 'L'f)[Q(f/(x;?) _ f/)Tl."fh///],

where

. (f' )+ Ol + 22+ A+ (A + fzf’z(xjg)) ++ fzf’z(x;?))z]
Q = (1 + .L.2f/2)3/2[(1 + .E2f12)3/2 + (1 + rzf’z(xf))3/2]

9

and therewith

ITal]ll2 < Cllx (fyr = o e G ool B 12 < Jaellmf Bl g + K |[2]| 22 (6-15)

if ¢ is sufficiently small.
Finally, arguing as in Step 3 of the proof of Theorem 4.4, we deduce that for ¢ sufficiently small we
have

IT3[ATll2 < Jaellef Rl s + K 1A g2 (6-16)

Gathering (6-13)—(6-16), we have established the desired estimate (6-10) for |j| < N — 1.

The case j = N. For j = N we write

myKa(T)lh] =AY L[yl =: Si[h]+ Sa2[h] + S3[h] + Salhl, (6-17)
where
Si[h] == 7wy Ko (xf)lh] —aBi1(fa,r, ff)[Lhm],
’ ’ (1 + rzf/2)3/2

e L

Ty
Solhl:=aBi1(fae, Tf)

e oo AT
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S3lh] :=aBi 1 (far, TH)gh" ] —a® Bo1(0)[wih"],
Sulh] == a*Bo 1 (O) [y i1 — A, [ h].

Much as for Ty [h], we derive the identity
jT]é\‘]h///
(1_*_.[2]0/2)3/2
n}gv/h// ) n[i}f/f//h//
(1+12£72)3/2 -t (1+72£2)5/2

/ € jrjevfci,th// 3 ijVh”
—t(-a)f {Bl,uxN, Tf)[m]_z&’l(f”’“ X ff)[m“
n;/f/h// :|

(1+T2f’2)3/2
wyh”
(1+f2f/2)3/2]

Silhl=t(1=a)xy f'B1,1(fa,z, Tf)[

—t(l=a) f' (A= xy) Bi1(fa,z, Tf)[

+20°(1—a) f' B3 2(fares X [ T, Tf)[

—20°(1=a) f'Bao(fares x> 1 1o Tf, Tf)[

, . f/f//h// JTE f/f//h//
+3T2fa,r {nNBl,l(fa,rv Tf)[m} —Bi1(far, Tf) [W} }
, . fé’fh// n_]gv/h//
+fa,r{Bl,1(7TN, Tf)[m]‘i‘&,l(fa,n Tf)[m]}
, . 1 , . f/h//
—2f4 B2y, faz, TS) [m} —2T2fa,fB3,2(7TN, fao TS, Tf)[m]

, . h//
+22%f;  Baa(ny, fars [ fo TS, Tf)[m]

Recalling that f’ vanishes at infinity, we obtain by virtue of Remark 3.3, the interpolation property (1-4),
and Young’s inequality that

IS1LAll2 < Jellze] hll s + K 1A 2 (6-18)

provided that ¢ is sufficiently small. Furthermore, Remark 3.3 implies that for ¢ sufficiently small

e L

_ Tyh 2 £1243)2
1S2[A1ll2 = a||Bii(fa,x, Tf)[m[l — I+ f)7] )
< Cllagh” 2l xy [ = A+ 2Pl < Jullmf bl s + KA 2. (6-19)

Since a(1 —a) =0, we compute that
S3lh] = —a*Ba(f. f. o)l W],
and the arguments presented in Step 4 of the proof of Theorem 4.2 yield

I1S3LATll2 < Jellze] hll s + K 1Al 2 (6-20)



THE MUSKAT PROBLEM IN TWO DIMENSIONS 317

for ¢ sufficiently small. Finally,
1S41ll2 = a®[| Bo 1 (OB() h" +3(i) B + (i) "hlll2 < K ||kl 2, (6-21)
and combining (6-17)—(6-21) we obtain the estimate (6-10) for j = N. [l

The Fourier multipliers defined by (6-11)—(6-12) are generators of strongly continuous analytic semi-
groups in £(L,(R)) and they satisfy resolvent estimates which are uniform with respect to xf € R and
T € [0, 1]. More precisely, we have the following result.

Proposition 6.2. Let f € H*(R) be fixed. Given xo € R and t € [0, 1], let

g

Aot = T 2 ()2 COR
Then, there exists a constant ko > 1 such that
A —Ay.r € Isom(H?(R), Ly(R)), (6-22)
koll (A — Ay, DMll2 = [A] - 12ll2 + 7] 3 (6-23)
forallxg eR, 1€[0,1], A€eCwithRer>1,and h € H3(R).
Proof. The proof is similar to that of Proposition 4.3 and therefore we omit it. ([

We now conclude with the following general result.

Theorem 6.3. Let f € H*(R) be given. Then
—®,(f) € H(H?(R), Lr(R)).

Proof. As mentioned in the discussion preceding Theorem 6.1, we only need to prove the claim for the
leading-order term @, 1 (f). Let ko > 1 be the constant determined in Proposition 6.2 and let u := %Ko.
By virtue of Theorem 6.1 there exist constants ¢ € (0, 1) and K = K (¢) > 0, an e-localization family
{njs : —N 41 < j < N} that satisfies (4-1)-(4-5), and for each —N +1 < j < N and 7 € [0, 1] operators
A;j . € L(H?*(R), L(R)) such that

1
I @ 1 (011 = ALl < 5 el + K Wl (6-24)

foral -N+1<j<N,te[0,1],andh e H 3(R). Furthermore, Proposition 6.2 implies
koll = Aj [kl = 1Al - I hll + I Al s (6-25)

forall -N+1<j<N, te€[0,1], reCwithRerA>1,and h € H3(R). Combining (6-24)—(6-25), we
find

ko] (A — o1 (TRl = koll (A — Aj )7} hlll2 — kollm] @o 1 (TRl = Aj [ Al

> i - hlla 4 SRl s — koK ]2
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forall -N+1<j <N, te€[0,1], A € C withReAr > 1, and h € H3(IR). Summing up over
je{—=N+1,..., N}, we infer from Lemma 4.1 that there exists a constant C > 1 with the property that

Cllall g2+ Cll A = @ (zfND[AIl2 = A - [[All2 + 4]l g3

forall r € [0, 1], » € C withRe A > 1, and h € H>(R). Using (1-4) and Young’s inequality, it follows
that there exist constants x > 1 and w > 0 with the property that

Kl (h = P 1 (TfDIATN2 = [A]- 12 ll2 + (|2l 3 (6-26)

forall T € [0, 1], A € C with ReA > w, h € H*(R). Since (w — ®y.1 (Tf))|=0 € Isom(H?*(R), L2(R)),
the method of continuity together with (6-26) yields that

w—Ds1(f) € Isom(H*(R), Ly(R)). (6-27)

The claim follows from (6-26) (with T = 1), (6-27), and [Lunardi 1995, Proposition 2.4.1 and Corol-
lary 2.1.3]. [l

We are now in a position to prove the well-posedness for the Muskat problem with surface tension.

Proof of Theorem 1.2. Let s € (2,3), §=2, 1 > o := 15 > f:= 3 > 0. Combining (6-4) and Theorem 6.3,
it follows that
—®, € C*(H*(R), H(H*(R), Ly(R))).

Since
H*(R) = [Ly(R), H*(R)]z and H*(R) =[L2(R), H*[R)],

we now infer from Theorem 1.5 that (1-1), or equivalently (6-3), possesses a maximally defined solution
fi= 15 fo) € CUO, T (fo)), HE (R) N C (O, Th(fo)), H>R) NCH((O, Ti(fo)), La(R))

with
fect 230, T], HX(R)) forall T < Ty (fo).

Concerning the uniqueness of solutions, we next show that any classical solution
fecqo. T), H®)NC0. D). H*®)NC'(0, 1)), LyR), T € (0,00l

to (6-3) satisfies
fec"(0,T], H*®R)) forall T € (0, T), (6-28)

where 1 := (s —2)/(s + 1). To this end, we recall that
Do (HLF1= £ Bri(f. O+ Boa(HIk () 1+ OAoo(HIf] for f e H(R).  (6-29)
Let T € (0, T) be fixed. Lemma 3.1(i) implies that

sup [[Ao.o(HIF 1l < C. (6-30)
[0,T]
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We now consider the highest-order terms in (6-29). Arguing as in Lemma 3.5, it follows from
Remark 3.3 that By 1 (f)[k ()], Bi.1(f, k()] e H'(R) for all f € H*(R), with
(Bo,1 (N (HD = Boa(H(fNT=2B2n(f', £, f. Hlr(H],
Bi1(f, DO = Bra(fs HIN T+ Bialfs Hlc(HOI=2B32(f', £, £, f Hl(H].
Furthermore, given ¢ € (0, T] and ¢ € H'(R), integration by parts together with f € C([0, T, H* (R))

leads us to

l /R F OB, FE)K(F ) pdx

= /R F OB1(f@), fFEO)(fE)]pdx|+ fR FOBL(f@), FO)K(f )] dx| < Cllglla,
so that
sup I/ Bia(f, Hik(H g1 < C, (6-31)
and similarly
sup I(Bo1 (e (HD |z < C. (6-32)

We now estimate the term f'By 1(f’, f)[k(f)] with f € H3(R) in the H~'(R)-norm. To this end, we
rely on the formula

Bii(f', Nik(H1=Ti(f) = Ta(f) = T5(f),

where
Cur(fHx=y) =k (Hx+y) f'(x)— f'(x—y) 1
T = dy,
= ) ) T+ Gy f/02
Cur(Hx+Y) f[x+y) =2 )+ f(x—y) 1
T = dy,
= | y T G /37
Cur(Hx+y) f1x) = f(x+y) 1
T =
= [ ) [T+ Gyt /71 + o1 /97
S+ —f—y) f&x+y)=2fx)+ f(x—y)
X dy.
y y
We estimate the terms f "Ti( f ), 1 <i <3, separately. Givent € (0, T] and ¢ € H L(R), we compute
‘ fR S OTI(f@)pdx
<Clol /‘7 e (f O =)= (FOVAN )= f x|y
N *Jo Jr y y

* 1 . . 172 . 3 1/2
< Cloll /0 F( /R IK(f(t))(x—y)—K(f(t))(x+y)|2dx) ( /R |f/<z,x>—f’(r,x—y)|2dx> dy

* 1 . , 1/2 . ‘ 1/2
— Cllgloe /O ?< fR |f<x<f<r)>>|2(§>|e’2$y—1|2ds) ( fR |f<f’<r)>|2(s>|ely€—1|2ds) dy,
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and since
e — 112 < CA+1EP) [y o) + 1=nO)],

‘ _ _ y>0, §eR,
e — 112 < CA+ EP 22 0.1 (3) + 1y =111,

it follows that
(00)
V FOTI(f@)edx| < Clglloslic (f ) gs—2 1 f Ol [ Y oy () +y  pen() dy
R 0
=Cllellyr- (6-33)
To bound the curvature term in the H*~2(R)-norm we have use the inequality
Ik (Al < CIA+ D7 llgessell flme forall f € H(R).

Similarly we have

B B © 1 B 1/2
| FonGanea < clol —2( / IK(f(t))(x+y)I2dX>
R 0oy R "
x(f |f’<z,x+y>—2f’(r,x>+f’(t,x—y>|2dx) dy
R
© 1 . ) ) 1/2
< Clol [ —2( / |f(f/(z)>|2<s>|e'yf—2+e—'>'5|2ds) dy
0oy R
< Cllgla /0 ¥ o0 +y e () dy
< Cllgll (6-34)
by virtue of

€78 — 24 P2 <+ 1EP T T M0y () + =], ¥y >0, £eR.

Lastly, since H*~!(R) < BC*™/?(R) for s # 3 (the estimate (6-35) holds though also for s = 3) and
H*(R) — BC'(R), the inequality

eV —2+e Y52 < CL+ D[y 0 + 1=y, ¥y >0, £ R,

leads us to
o] ymin{l,x73/2} 5 ) ] 1/2
< Cligle f T( f FFO)PE)]e —2+e—'yf|2ds> dy
0 R

o0
< Cligl f 0SS/ Y )y e () dy
0

= Cllell g (6-35)

‘ fR FOT(f(0)pdx

Gathering (6-33)—(6-35), we conclude that

sup 17 Bia(f, PHlk(Hg-r <C, (6-36)
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and similarly we obtain

sup[I f'Bs2(f', £, f. fo Dlc(OWg—1 + 1Boa(F £. fo Hle(Dllg-1] < C. (6-37)

0.1]

Combining (6-30)—(6-32), (6-36), and (6-37), it follows that f e BCL((0, T], H '(R)). Recalling that
n=1(s—2)/(s+1), (1-4) together with the mean value theorem yields

LF @ = FO e < 1F @ = FONLNFO = F&)lg" <Cle—sl", 1.5 €[0,T],

which proves (6-28) and the uniqueness claim in Theorem 1.2.
Finally, let us assume that 7'y (fp) < oo and that

sup || f(®)llgs < oo.
[0, T+ (fo))
Arguing as above, we find that
£ @) = F &) en < Cle = s[C7EFD 1,5 €0, Te(fo))-

The criterion for global existence in Theorem 1.5 applied for « := %(s +2) and B := % implies that the
solution can be continued on an interval [0, T) with T > T (fp) and that

feck 2510, T], H*(R)) forall T € (0, 7).

The uniqueness claim in Theorem 1.5 leads us to a contradiction. Hence our assumption was false and
T (fo) = oo. U
Appendix A: Some technical results

The following lemma is used in the proof of Theorem 4.2.
Lemma A.l. Given f € H*(R), s € (%, 2), and Tt € [0, 1], let a; : R — R be defined by

y
a;(x) :=PV/ dy, xeR.
! R Y2+ 2B, 01/)?

Let further a := %s - % € (0, 1). Then, a; € BC*(R) N Cy(R),

sup |lac|lce < oo, (A-1)
t€l0,1]

and, given gy > 0, there exists n > 0 such that

sup sup |a;(x)| < &o. (A-2)
t€[0,1] |x|=n

Proof. Tt holds that

ac () = 7 1im/1/8 FEAD 2@+ fa =) fat )~ fa—y)
T =0 Js y2 y H(x’y)

dy, xeR,
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with
M(x, y) = [y 4+ 7°Gpe,—y1 )1 + T2 Gy ).
Letting
_ _ _ _ 4
I(x,y) = Tzf(x+y) 2f)+fx—y) fx+y)—flx—y) vy (x. y) € R x (0, 00).

y? y M(x, y)’
it follows that

1 1
I (x, y)| < S(IIfII&Fln,oo)(y) + ||f/||oo[f/]s—3/zm1<o,1)(y)), (x,y) € Rx (0,00). (A-3)

The latter estimate was obtained by using the fact that f € BC’ -V 2([Ri), s — % € (1, 2), together with
(3-7). Hence,

a,(x):/ I(x,y)dy, xeR,
0

and Sup.¢po.1) llar o < 00. To estimate the Holder seminorm of a,, we compute for x, x” € R that

|af<x>—ar<x’>|sf (. y) =1 p)ldy <Ti + T+ T, (A-4)

0

where

Ty m /°° 0+ =2/ @+ [N 4N = [N = f& =l 3t
U y? y Mx,y)

T /OO ILfx+y)=2f)+ == [f &'+ =2f D)+ &' =]
" 2
’ ’ DOyl
y I(x, y)
T e /OO |f &+ ) =2f D+ =G +y) = fO&" =) [TTx, y) -, y) J
3 .= 2 4 y'
0 y y y
Using the mean value theorem, we have

ILf e+ = fa=I-[f&"+»)— &=
y

El

1
52/ If (x+Qt—1)y)— f' '+t —1y)|dt
0
<20 f ls—3plx =Xy >0,

and, much as above, we find that
T < CIlLf s lx — "1 (A-5)

To deal with the second term we appeal to the formula
1
f(X+y)—2f(X)+f(x—y)=y[f’(x+y)—f/(x—y)]+y/ flatmy) = flx+y)dr
0

1
—yf ffx—ty)— f'(x—y)dt forx,y€eR,
0
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and we get

_2 . _ / _2 4 /I

ILf G 4+y) =2F00) + fx — )] yz[f(x +9) =2f)+ f&x =l < Toy 4 Top + T
where
T — LG+ === +y) = &=l
a - y
1 1
<2[f "l (;l[l,o@(y)lx — x| + 2y1_a Lon()lx —X’I"‘),

1 1
Top = 5 / L x+my) = D=L +my) = f &+ ]| de
0
1

y]—a

1
<2[f "l (;1[1,00)(y)|x — x>+ 1o,H(Mx — X/|a>,

1 1
e = ;/o L' =ty) = [ =] = Lf' & —ty) = /(" = p)]|de

1
<2[f'T2a (;l[l,oo)(y)lx — X' + =L ()l — x/la),

and therewith
IT2] < CIlf I3 (Jx — x| + |x — x']*). (A-6)

Finally, since

e, y) ;4“(’“ N A a1 7 B b — 51,

we infer from (A-3) that
T3] < CILF IS (L4 F 1) (x — X1 4 |x — x/[*%). (A-7)

The relation (A-1) is a simple consequence of (A-4)—~(A-7) and of sup (o 17 laz [leo < 0.
To prove that a, vanishes at infinity, let &g > 0 be arbitrary. We write

M 00
af<x)=/ I(x,y)dy—{—/ I(e.y)dy, xeR,
0 M

for some M > 1 with )
4 f 15
M?2
Recalling (A-3), it follows that for all x € R we have

&
<2
2

* > 1 411135 o
1 s dy <8 2 —dy = OO<_‘
/M 7Gxyl dy < ||f||oo/M Sdy="pn2 <

Let 8 € (0, 1) be chosen such that % + B <. Since f € Cy(R), there exists n > M with
(S _ % _ IB)SOM3/2+/3—S
32(Lf Ls—32ll £ 1oa” + 1)

1/p
If(y)ls[ ] forall |y| >n— M.
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Using this inequality, it follows that for all |x| > n we have

M M _ —_ )8
L MG — fG =)
an ()] < fo LG, )l dy + Yoo < oo+ 8LF L spall 1157 /0 i dy < a0

hence a; € Co(R) and (A-2) holds true. U
The next result is used in Proposition 2.1.
Lemma A.2. Given f € H>(R) and & € H*(R), set

B(x )-_L/ (—(r— f(s), x—s)
,Y) = 27T R(x_s)2+(y_f(s))2

Let further Q_ :=[y < f(x)], Q4 :=[y>f(x)], and v+ := ¥|q,. Then, 1+ € C(Qs) N C'(Q1) and

a(s)ds inR*\ [y=f(x)]. (A-8)

v+ (x,y) =0 for |(x,y)| — oo. (A-9)

Proof. It is easy to see that v+ € C'(Q4). Plemelj’s formula further shows that i € C (1) and
(=(f(x) = fx—1)),5) o(x —s) ds 11, f/(x)a(x)
R 32+ (f() — fx—5)? T2 2w

or equivalently, with the notation in Remark 3.3,

11, o 1 i _
in’z - ZBI,I(f, Dol + EBO,I(f)[CU]-

Ba(r, f(0)) = 5 PV

Utlly=f)) =

Recalling that f € H3(R) and ® € H*(R), the arguments in the proof of Lemma 3.5 show that
Bi1.1(f, f)l®@] and By 1(f)[@] belong to H'(R); thus

v+ (x, f(x)) > 0 for |x| = oo. (A-10)
Furthermore, since f and o vanish at infinity, we find, much as in the proof of (A-2), that

sup |v4|+ sup |v_| >0 forn— oo (A-11)
[y=n] [y<-n]

and that, for arbitrary 0 < a < b,

sup U4 ]+ sup [v_| = 0 forn— oo. (A-12)
la<y=<b]N[|x|=n] [-b=<y=—alN[lx|=n]

Finally, arguing along the lines of the proof of Privalov’s theorem, see [Lu 1993, Theorem 3.1.1]
(the lengthy details, which for @ € WL (R) are simpler than in that book, are left to the interested
reader), it follows that there exists a constant C, which depends only on f and ®, such that for each
z=(x,y) e R\ [y=f@)] withy € [ flloo — L, | flloc + 1] the following inequalities hold:

104:(2) = (v, fODI = Cly = fFIV? ity > f(0),
5-(2) = 0-(x, fDI = Cly— fI'? if y < f(x).
The relation (A-9) is an obvious consequence of (A-10)—-(A-13). [l

(A-13)
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Appendix B: The proof of Theorem 1.5

This section is dedicated to the proof of Theorem 1.5. In the following [ and E; denote complex Banach
spaces4 and we assume that the embedding E; < [Eg is dense. In view of [Amann 1995, Theorem 1.1.2.2],
we may represent the set H(E;, Eo) of negative analytic generators as

H(E, Eo) = | H(E1, Eo, , ),

k>1
w>0

where, given « > 1 and w > 0, the class H(Ey, Eg, k, w) consists of the operators A € L(E;, Ep) having

the properties

e w4+ A e Isom(Ey, Ey), and

At A
i NAFANo a0 x € Ey and all Red > o,
AL lx o+ llx 1

Given A € H(E;, Eo, k, ) and r € (0, k1), it follows from [Amann 1995, Theorem I.1.3.1(i)] that

A+ B e H(E, By, /(1 —«r),w) forall | Bz k) <. (B-1)

This property shows in particular that 7 (E;, Eg) is an open subset of L(E;, Ep).

The proof of Theorem 1.5 uses to a large extent the powerful theory of parabolic evolution oper-
ators developed in [Amann 1995]. The following result is a direct consequence of Theorem II.5.1.1,
Lemma I1.5.1.3 and Lemma I1.5.1.4 in that paper.

Proposition B.1. Let T >0, p € (0,1), L >0, k > 1, and w > 0 be given constants. Moreover, let
AC CP([0, T1, H(E1, Eo)) be a family satisfying
A(t) — A
e [Aly0,77:= sup M <L forall A € A, and
1#£sefo,r] |t —s]P

e A(t) € H(Ey, o, k, w) forall A e Aandt €10, T].

Then, given A € A, there exists a unique parabolic evolution operator’ Ux for A possessing E as a
regularity subspace. Moreover, the following hold:

(1) There exists a constant C > 0 such that

IO, ) @) + @ =) NUAE )|l 2@y <C (B-2)
forall (t,s) € A} :={(t,s) €[0, TP:0<s<t< T}, je€{0, 1},andall A € A.

(i1) Let Ap :={(t,s) € [0, TP?:0<s<rt< T}and 0 < B <a < 1. Then, given x € [k, it holds that
Ua(-, -)x € C(Ar, Ey). Moreover, Up € C(A%., L(Eg, Ey)), and there exists a constant C > 0 such
that

(t = )" PNUa, )|l 2k < C (B-3)

forall (t,s) € A} and all A € A.

“The proof of Theorem 1.5 in the context of real Banach spaces is identical.
SIn the sense of [Amann 1995, Section II].
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(i) Given0 < B <1 and 0 < a < 1, there exists a constant C > 0 such that
t =) (Ua — Up)(t, )l 2Eabs) < C max IA(T) — Bl k) (B-4)

forall (t,s) € A} and all A, B € A

Let now A be a family as in Proposition B.1. Given A € A and x € Eg, we consider the linear problem
u+AQu=0, te©,T], u)=x. (B-5)

Using the fundamental properties of the parabolic evolution operator Up associated to A, it follows from
[Amann 1995, Remark 11.2.1.2] that (B-5) has a unique classical solution u :=u( - ; x, A), that is,

w:=u(-;x,A)eC'((0, T],Ep) N C((0, T1, E1) N C([0, T1, Eo)
and u satisfies the equation of (B-5) pointwise. This solution is given by the expression
u(t) =Ua(,0x, te[0,T]

If x € E, for some « € (0, 1), we may use the relations (B-2)—(B-4) to derive additional regularity
properties for the solution, as stated below.

Proposition B.2. Let A be a family as in Proposition B.1. The following hold true:
(1) LetO<B<a<landx € k. Thenu € c*=B(o, 11, Eg) and there exists C > 0 such that
lu() —u()g < Ct —)*Pllx|le (B-6)
forall (t,s) € Ar, x ey, and A € A.

(1) Let 0 < B < a < 1. Then, there exists C > 0 such that

Jut: 2, A) =t 2, Bl < Co* max JAGD) ~ BOlLece, o I (B-7)

forallt € [0, T], x e ky,and A, B € A.

Proof. The claim (i) follows from [Amann 1995, Theorem I1.5.3.1], while (ii) is a consequence of
Theorem I1.5.2.1 of the same book. U

By means of a contraction argument we now obtain as a preliminary result the following (uniform)
local existence theorem, which stays at the basis of Theorem 1.5.

Proposition B.3. Let the assumptions of Theorem 1.5 be satisfied and let f € Oy = OgNEy. Then, there
exist constants § = 8(f) > 0 and r = r(f) > 0 with the property that for all fo € Oy with || fo — flla <r

the problem
f=®NOIfl, >0, £0) = fo, (QP)

possesses a classical solution

f€C(0,8],0,)NC(0, 8], E))NC'((0, 81, Eg) N C*7F ([0, 81, Ep).



THE MUSKAT PROBLEM IN TWO DIMENSIONS 327

Moreover, if h is a further solution to (QP) with
h e C((0,8],E1)NC'((0, 8], Eo) N C"([0, 81, Op)  for some 1 € (0, & — B,
then f = h.

Proof. Existence: We first note that O, is an open subset of [, ; see, e.g., [Amann 1995, Section 1.2.11].
Since by assumption —® € Cl_(O/g, H(Eq, Ep)), it follows from (B-1) there exist constant R > 0, L > 0,
k > 1, and w > 0 such that

1®(f) — Pl < LIS —gllp forall f, g €Bg,(f. R) C O, (B-8)
—®(f) e H(E,, Eo, k, ) forall feBg,(f, R). (B-9)

Let p € (0, « — B) be fixed. If r > 0 is sufficiently small, it holds that
B, (f.r) CBe,(f. R)NO,. (B-10)

Given § > 0, r > 0 such that (B-10) holds (r and § will be fixed later on) and f; € B[Eoz ( f , 1), we define
the set

M:={f € C([0, 8], Be,(f. R) : £(0) = foand | f(t) — f(s)llg < |t —s|” for all 7, s € [0, 8]}

Since M is a closed subset of C([0, 8], Eg), it is also a (nonempty) complete metric space. Given f € M,
we define

Ap(t) :=—@(f(1), te€[0,8].
As a direct consequence of (B-8) and of the definition of M, it follows that
IAF (1) = Ar ) lle@ b < LI @) = f$)llg < LIt =51, 1,5 €[0,3],

and (B-9) yields that A ¢(¢) € H(Ey, Eo, k, w) for all f € M and all 7 € [0, §]. Proposition B.1 ensures the
existence of a parabolic evolution operator Up, for Ag. Given f € M, it is natural to consider the linear
evolution problem

§+Ar)g=0, 1€(0,3], g0 = fo, (B-11)
which has, in view of Proposition B.2, a unique classical solution
g:=T(f):=Ua,(-,0)fo € C*7F(0, 8], Eg) N C([0, 8], En).

The existence part of Proposition B.1 reduces to proving that I" : Ml — M is a strict contraction for suitable
r and §. Clearly I'(f)(0) = fy. Moreover, (B-6) yields

ITH@O =T )Ng < Cle=s“Pll folla < CE* P flla+r)t—s|” <]t —s|” forallz,s €0, 8],

provided that
C&* PP flle+r) < 1. (B-12)
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The latter estimate (with s = 0) yields

ITCH® = Fllg < ITH@O =T Olg+ 1 fo— flig < 8° +rllie, 5 |l 2,50 < R forall 1 €0, 8],
if we additionally require that

8 +rllig, k5l £k Ep) < R. (B-13)

We now assume that r and § are chosen such that (B-12)—(B-13) hold true. It then follows that I" : M — M
is a well-defined map. Furthermore, given f, & € M, the estimate (B-7) together with (B-8) yields
I @) =T )@ lp=IUa, (2, 0) fo—Un,(t,0) follg

<Cre P max IA () — Ap(O) 2k 80 | folle

T€[0,1
< C* PLAI flla+7) max || f(6) —h(0)]g
1€[0,5]
1
<5 Jmax | f(#)—h@)llg forallte[0,3d],
provided that
C8PLUSf Nl +1) < 5. (B-14)
Hence, if » and § are chosen such that also (B-14) is satisfied, then I" is a strict contraction and Banach’s
fixed-point theorem ensures that I" has a fixed point. This proves the existence part.
Uniqueness: Let f be a solution to (QP) as found above and let 4 # f be a further classical solution
such that 4 € C"([0, 8], Eg) for some n € (0, « — B]. The real number
to := max{t € [0, 8] : flj0.1 = hlio..1}

satisfies 0 <1y < 6 and f = h on [0, ty]. Since f(ty) € Oy, thereexist R >0, L >0, k > 1,and w > 0

such that _
[P @) — Pl k) < Lllu—vlpg forallu, veBg,(f(h), R) C Op,

—®(u) e H(Ey, Ep, k,w) forallu e B[Eﬁ (f (o), R).

Given &g € (ty, 6], the set

: = - Ih(2) —h(s)lp
Mo :={h € C([0, do—1o], Be, (f (f0), R)) :h(0) = f (1), BT < lforall 7 #s € [0, 3o — 1o]
is a (nonempty) complete metric space. Letting Ay, () := —® (h(z)) for h € Mg and 7 € [0, §p — #p], we

may argue as in the existence part of this proof to conclude that the linear problem
u+Apu=0, 1e€(0,8—1nl, hr0O)=f({)

has a unique classical solution I'g(h) € Cc*=B([0, 8¢ — to], Eg) N C([0, 6o — 10, Ey). Furthermore,
g : My — My is a %—contraction provided that &g is sufficiently close to #y; hence I'g has a unique
fixed point. But, if 8o — 7 is sufficiently small, then it can be easily seen that f(- + 1)[0,5,—1,] and
h( - +1)l10,s8,—1,] both belong to My and these functions are therefore fixed points of I'g. This implies f =/
on [0, §o] for some §y > fg, in contradiction with the definition of #y. This proves the uniqueness claim. [
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We are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. Let fy € O, be given. According to Proposition B.3 (with f := f;), there exists
8 > 0 and a classical solution

f€C([0,8],0,) NC(0, 81, E) N C((0, 81, Eg) N C*7P ([0, 81, Ep)

to (QP). This solution can be continued as follows. Applying Proposition B.3 (with f := f(8)), we find
r > 0 and §; > O such that

h=®Mm[h], te€(,8]1 hO) =Ffi (B-15)

has a classical solution & € C([0, 811, Oy) N C((0, 8;1, E;) N CL((0, 8,1, Ey) N C*# ({0, 81, Eg) for each
J1 € Oy with || f1 — f(to) |l <r. Let ty € (0, §) be such that

to+8>8 and | f(to)— flla <7

Hence it is possible to choose f| := f () as an initial value in (B-15). Since f(- +1) : [0, — 9] = Oq
and & : [0, § — ty] — O, are both classical solutions to

h=®WIhl, 10,810l h0)=f(),
by Proposition B.3 they must coincide. Consequently, the function F : [0, fp 4+ 61] — O, defined by

S, t €10, 48],
h(t—ty), tels, to+61]

is a classical solution to (QP) which extends f. The maximal solution f = f(-; fo) : I (fo) = Oy in
Theorem 1.5 is defined by setting

F@t):= !

I(fo) = U{[O, 8] : (QP) has a classical solution fs on [0, §] with fs € C“*ﬁ([O, 8], [E,g)},
f@):= fs(t) forte]l0,5].

The construction above shows that f is well-defined and that 1 ( fy) = [0, T+ (fo)) with T (fp) < oo. This
proves the existence claim in Theorem 1.5. The uniqueness assertion is an immediate consequence of
Proposition B.3.

We now prove the criterion for global existence. Hence, let us assume that the unique classical maximal
solution f = f(-; fo): 10, T (fo)) = O, to (QP) is uniformly continuous when restricted to each interval
[0, TIN[O0, T+ (fo)), with T > 0 arbitrary. We further assume that 7 := 7 (fo) < co; otherwise we are
done. Then, since f is uniformly continuous on [0, 7), it is straightforward to see that the limit

f():= lli/rrrlf(t)

exists in Og. If dist(f(¢), d04) # 0 for t — T, it must hold that f(t) € O,. Proceeding as above, we
may extend in view of Proposition B.3 this maximal solution to an interval [0, T 4-§;) for some §; > 0,
which is a contradiction and we are done.
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Finally, the semiflow property of the solution map [(¢, fo) — f(¢; fo)] stated at the end of Theorem 1.5
is proven in detail in [Amann 1988, Theorem 8.1]. Furthermore, if ® is additionally smooth, then
proceeding as in Theorem 11.3 of the same paper one may show that the semiflow map is also smooth. For
real-analytic @, the real-analyticity of [(z, fo) — f(¢; fo)] follows by estimating the Fréchet derivatives
of the flow map, which is a rather tedious and lengthy procedure which we refrain from presenting
here. ]
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