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MAXIMAL GAIN OF REGULARITY IN VELOCITY AVERAGING LEMMAS

DIOGO ARSENIO AND NADER MASMOUDI

We investigate new settings of velocity averaging lemmas in kinetic theory where a maximal gain of
half a derivative is obtained. Specifically, we show that if the densities f and g in the transport equation
v-Vy f = g belong to L;LZ/, where 2n/(n+ 1) <r <2 and n > 1 is the dimension, then the velocity
averages belong to H, :

We further explore the setting where the densities belong to L and show, by completing the work
initiated by Pierre-Emmanuel Jabin and Luis Vega on the subject, that velocity averages almost belong
to W"/ @(=1)4/3 i this case, in any dimension n > 2, which strongly indicates that velocity averages
should almost belong to Wl/ 2.2n/( 1) henever the densities belong to LZ"/ (1) L2

These results and their proofs bear a strong resemblance to the famous and notoriously difficult
problems of boundedness of Bochner—Riesz multipliers and Fourier restriction operators, and to smoothing
conjectures for Schrodinger and wave equations, which suggests interesting links between kinetic theory,
dispersive equations and harmonic analysis.
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1. Introduction and main results

Velocity averaging lemmas are a category of regularity results concerning the kinetic transport equation

(8t+v‘vx)f([a)€,v):g(Z»X,U), (1_1)
where (z, x, v) € [0, 00) x R" x R”, or its stationary counterpart
v'vxf(x’v):g(xav)v (1_2)

where (x,v) € R" x R", withn > 1.
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Variants of the above equations are also relevant. Indeed, different spatial and velocity domains, as
well as nonlinear velocity fields (consider the relativistic case), are sometimes studied. Nevertheless,
for the sake of simplicity, we will focus exclusively on the Euclidean stationary setting (1-2), which,
we believe, captures the essential features of kinetic transport (at least as far as velocity averaging is
concerned). We refer the interested reader to Appendix C, where we establish an equivalence of velocity
averaging lemmas for velocities in R” and in S”~. In particular, this provides a rather general method
to adapt the results contained in the present work to settings where velocities belong to a manifold of
codimension 1, which includes the nonstationary transport equation (1-1).

The classical velocity averaging lemma was established first in [Golse et al. 1988]. It asserts that if
f.ge L)Zc’v satisfy the transport relation (1-2), then the velocity averages of f enjoy the regularization

/ f(x,v)e)dv e Hx%
Rl’l

for any given ¢ € LZ°(R") (that is, any measurable function bounded almost everywhere with compact
support). Note that such regularity results had already been suggested in weaker forms in [Agoshkov
1984; Golse et al. 1985].

An extension of this fundamental result to the Lﬁ,v setting, with 1 < p < oo, was also obtained in
[Golse et al. 1988] and later substantially improved in [Bézard 1994; DeVore and Petrova 2001; DiPerna
et al. 1991]. Generally speaking, such generalizations are deduced by interpolating the preceding Li’v
case with the degenerate L ;c,v and L%, cases. In this setting, it is established that, for any ¢ € LZ°(R"),

[ S(x,v)p(v)dve WP
R7

whenever f, g € L%, with s = l—% if p<2andforany 0 <s < % if p>2.
1
p
[Lions 1995] through a straightforward dimensional analysis. As for the case p > 2, it was also argued in
that paper that the regularity of velocity averages cannot be improved beyond the value s = %, but this

optimality argument remains incomplete, for it requires the use of a larger class of velocity weights ¢(v)

When p < 2, the optimality of the regularity index s = 1 — — in the preceding result was shown in

with unbounded support. In fact, it turns out that, in general, the value s = % is not optimal in the

range 2 < p < 00, for it is possible to largely improve this regularity index beyond the value s = % in
dimension n = 1, as stated in the following one-dimensional theorem.

Theorem 1.1. In dimensionn = 1,let f, g € sz,v, with 2 < p < 00, be such that (1-2) holds true.
Then,

| s vewdoewyr
R
forall0 <s<1-— % and any ¢ € L°(R).

This result clearly follows from the more general Theorem 4.3, by setting p = r therein, which is
established later on in Section 4.
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The question of the optimality of the value s = %, when p > 2, in higher dimensions n > 2 was
finally definitely settled in [DeVore and Petrova 2001, Theorem 1.3], where a remarkable construction
of a convoluted counterexample shows the necessity of the constraint s < % whenever p > 2 and n > 2.
Note however that it remained so far unknown whether the endpoint value s = % is admissible or not. It
turns out that, as a byproduct of our methods, we are able to settle this question here by showing that the
endpoint value s = % is indeed admissible when p > 2 (see Theorem 3.6).

On the whole, the maximal gain of regularity, when n > 2, clearly happens for the value p = 2, where
half a derivative is gained by averaging in velocity.

It is to be emphasized that the refined interpolation methods used in [DeVore and Petrova 2001] yield
more precise results. Indeed, it is established therein that, for each 1 < p < oo, the velocity averages
actually belong to the Besov space By, ,(R") with s = min{%, 1— %}, which is smaller than W*5:? (R")
for values 1 < p < 2, and that this is optimal. Nevertheless, for the sake of simplicity, we will only focus
here on standard Sobolev spaces and we will omit the more precise formulations of velocity averaging
lemmas in Besov spaces, which can be easily deduced from our proofs if needed (we refer to the proof of
Proposition 3.2 in Section 3 for some more details on this matter).

Numerous generalizations of velocity averaging lemmas are available. For instance, several settings
where f and g belong to distinct spaces (possibly with different homogeneity) of different kinds (Besov,
Sobolev, etc.) with mixed integrability and regularity in space and velocity have been considered in
[Arsénio and Masmoudi 2014; Bézard 1994; DiPerna et al. 1991; Jabin and Vega 2004; Westdickenberg
2002]. Naturally, the ensuing gain of regularity on the velocity averages depends then on the different
parameters used to characterize these function spaces. In these more general settings, the phenomena of
dispersion (as discovered in [Castella and Perthame 1996]) and hypoellipticity (as discovered in [Bouchut
2002]; see also [Arsénio and Saint-Raymond 2011]) in kinetic transport equations come into play and,
loosely speaking, interact with the regularization due to velocity averaging to produce new interesting
results. We refer to [Arsénio and Masmoudi 2014; Westdickenberg 2002] and [Arsénio and Masmoudi
2014; Arsénio and Saint-Raymond 2011; Jabin and Vega 2004] for such results combining velocity
averaging with the dispersive and hypoelliptic effects, respectively. Note that none of these phenomena is
fully distinct from the others.

It was argued in [Arsénio and Masmoudi 2014; Westdickenberg 2002] that the influence of dispersion on
velocity averaging produces a gain of integrability which can be interpreted, through Sobolev embeddings,
as a regularity gain which is sometimes larger than half a derivative and even possibly close or equal
to a whole derivative (note that the gain of regularity can never be larger than a whole derivative, for the
transport operator is a differential operator of order 1). Furthermore, the hypoelliptic phenomenon may
also produce a regularity gain close or equal to a whole derivative on the velocity average, see [Arsénio and
Masmoudi 2014; Jabin and Vega 2004], but this requires assuming some regularity on f and g a priori.

In this article, we will exclusively focus on the gain of regularity due to velocity averaging, possibly
combined with dispersion (without interpreting the gain of regularity through Sobolev embeddings as
was done in [Arsénio and Masmoudi 2014; Westdickenberg 2002], though), and will mostly ignore
the aforementioned effects produced by hypoellipticity that were analyzed in [Arsénio and Masmoudi
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2014; Jabin and Vega 2004]. To this end, we will only consider settings where f* and g belong to mixed
Lebesgue spaces and no a priori regularity is assumed. In this case, it is largely agreed that the gain
of regularity cannot exceed half a derivative in dimension n > 2 (but there is no proof of this general
assertion, yet).

Thus, so far, the maximal gain of half a derivative is only known to be attained when f and g both
belong to L?c,v' In the present work, we explore new settings of velocity averaging lemmas where a
maximal gain of half a derivative is obtained. Our first main result shows that it is possible to gain exactly
half a derivative even if f and g do not belong to L)zc’v.

Theorem 1.2. In any dimensionn > 1,let f, g € LQLI’)/, with ’12% < r <2, be such that (1-2) holds true.
Then,

/ f(x,v)e)dv e Hx%
RI’[
forany ¢ € L°(R™).

This result clearly follows from the more general Theorem 3.6 by setting a = 2 therein, which is
established later on in Section 3. It is based on a T T *-argument combined with the dispersion due to
kinetic transport studied in Section 2 and velocity averaging.

Such a result had already been hinted at in [Jabin and Vega 2003; 2004], where it was established that,
in two dimensions only (n = 2), velocity averages of J belong to Hj, forany 0 <s < L provided f
and g belong to L3 LY, see [Jabin and Vega 2004, Theorem 1.3].

In fact, in [Jabin and Vega 2003; 2004], the authors further identified another case which could
potentially lead to a gain of almost half a derivative on the velocity averages, More precisely, they showed
that, in two dimension45 only (n = 2), velocity averages of f belong to W,f- >3 forany 0 < s < 1, provided
f and g belong to L3 L2 and under the peculiar assumption that g(x, v) ¢(v) is an even function in v;
see [Jabin and Vega 2004, Theorem 1.2]. The latter assumption is rather unnatural and it remained unclear
whether this evenness condition could be removed or not.

By building upon the work from [Jabin and Vega 2004], combining our methods with the remarkable
proof of Theorem 1.2 therein, we are able to bring a definitive answer to this two-dimensional problem,
which is precisely the content of the following result.

4
Theorem 1.3. In dimensionn =2, let f,g € L} L% be such that (1-2) holds true.
Then,

4
>3

/ F(x,v) p(v) dv € Wy
RZ

forall0 <s < % and any ¢ € LL(R?).

This result clearly follows from the more general Theorem 5.4, by setting r = % therein, which
is proved later on in Section 5. Its proof follons from the analysis of the boundedness of some adjoint
transport operator on the dual space Li = (L3)" and uses crucially the trivial fact that the exponent 4
is an even integer to control the square of this adjoint transport operator in L2 rather than the operator
itself in Li. This fact, among other characteristics of the proof, is strikingly reminiscent of the proofs of
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boundedness of Bochner—Riesz multipliers and Fourier restriction operators in two dimensions. We refer
to [Grafakos 2009] for more on these subjects from harmonic analysis.
In higher dimensions, we extend the preceding result into the following theorem.

4
Theorem 1.4. In any dimension n > 3, let f, g € L3 L2 be such that (1-2) holds true.
Then,

f f(x,v)p)dv e W;%
Rn

forall0 <s < ﬁ and any ¢ € L (R").

This result clearly follows from the more general Theorem 6.8 by setting r = % therein, which is
proved later on in Section 6.

Observe that, employing rather general interpolation methods, it is possible to deduce a large variety
of velocity averaging results, similar to those asserted in the above theorems, combining spaces for f
and g with distinct integrabilities. We refer to [Arsénio and Masmoudi 2014] (see in particular the very
general Theorem 4.7 therein) for such interpolation techniques.

It is likely that Theorem 1.4 may be largely improved. Indeed, note that a formal interpolation would
yield

2n_ 4 1 2n n__ 4
(LAL2, Ly L2)_w  =L3iL2 and (LL, W2 ) _n = W03, (1-3)

2(n—1) 2(n—1)
whence formally extrapolating the above regularity result has us believe that, for any ¢ € L2°(R"),

2n

fRn £, v) p(v) dv e Wy T (1-4)

forall 0 <s < %, whenever f, g € L)’Zz% L% (see [Arsénio 2015] for a survey of velocity averaging
lemmas and more on such conjectures; see also Figure 2 and the related comments following the proof of
Theorem 6.8, below). In other words, Theorem 1.4 would follow from a formal interpolation of (1-4)
with the degenerate L! case.

However, we do not know how to prove this estimate. ..

Finally, we would like to emphasize that, in this work, we investigate velocity averaging for its own
sake, as a functional analytic study. Indeed, the search for maximal regularity in velocity averaging
lemmas has already proved a challenging and interesting endeavor requiring diverse and original methods
(extending beyond the classical settings of velocity averaging), producing interesting new results and
leading to exciting research perspectives.

However, it should not be overlooked that velocity averaging lemmas also enjoy concrete applications
to a wide variety of fundamental problems from kinetic theory. Such applications include, for instance,
the existence of renormalized solutions to the Boltzmann equation [DiPerna and Lions 1989] and the con-
vergence of such solutions to Leray solutions of the Navier—Stokes equations in a viscous incompressible
hydrodynamic regime [Golse and Saint-Raymond 2004].

The investigation of sharp versions of averaging lemmas, such as the ones presented in this work,
may lead to fundamental applications, as well. Indeed, we believe that such results may be very useful
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in establishing optimal regularity estimates in nonlinear conservation laws, through the study of their
corresponding kinetic formulations. In particular, averaging lemmas with mixed integrability in x and v
may be crucial in such attempts, for kinetic formulations are often based on densities which display
distinct integrability or regularity properties in each variable.

We refer to [Lions et al. 1994a] (see Theorem 4 therein; see also [Lions et al. 1994b, Proposition 7] in
the context of isentropic gas dynamics) for an early application of velocity averaging lemmas to kinetic
formulations of scalar conservation laws, showing the existence of a regularizing phenomena as a truly
nonlinear effect in hyperbolic equations. Nevertheless, the smoothness properties obtained through such
applications have so far fallen short of the expected optimal regularity. In fact, other methods have already
succeeded in establishing better results, see [Golse and Perthame 2013], which are sharp. However, one
should keep in mind that the versions of velocity averaging lemmas used in these works were not sharp in
the first place (for the kinetic formulation under consideration). In fact, it is likely that sharp versions of
velocity averaging lemmas would yield sharp regularity properties in conservation laws, when kinetic
formulations are available, which would largely expand the possibilities of reaching optimal regularity
results in nonlinear conservation laws.

However, such research would require significant efforts and we will therefore not delve any further
into this realm of applications, leaving it for subsequent works.

2. The transport operator and dispersive estimates

Let f(x,v), g(x,v) € S(RY xR}) (S denotes the Schwartz space of rapidly decaying functions) be a
solution of the transport equation (1-2). Then, introducing some cutoff function p € S(R) such that
p(0) = 1 and recalling the Fourier inversion formula

o(r) = - f &7 p(s) ds = / ¢~ j(s) ds,
27'[ R R
where

ﬁ(r)er_irsp(s) ds,

~ _ L irs
5 = o /R /73 p(s) ds,
one can show that
S(x,v) =A; f(x,v) +1Bg(x,v), (2-1)
with

Ay f(x.v) = /R G —stv,v) p(s) ds,

B,g(x,v)=/Rg(x—stv,v)%(s)ds,

where 7(s) = (1 — p(s))/(is) and ¢ € R is an interpolation parameter. We refer the reader to [Arsénio
and Masmoudi 2014, Section 3] for full details on the derivation of this decomposition formula.
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Further considering the Fourier transform in the space variable only,

o0 = Fefoo = [ e e dr

it holds that
]'-xAtf(ﬂ,U):P(”IU)}—xf(nav)’ (2 2)
FxBrg(n,v) =t(tn-v) Fxg(n.v).
Notice that 7 is smooth near the origin, for p(0) = 1, and that
1 o L= s
(s) = — / pisr 120 4 Lsz0y — / (o) do. (2-3)
27 JR ir - —c0

In particular, T is bounded pointwise and, if p is compactly supported, so is 7. Observe, however, that it
is not possible to isolate the origin from the support of 7.

Generally speaking, the estimates established in this work clearly apply to both operators A; and B;.
Nevertheless, for the sake of simplicity, we only formulate our results in terms of the operator A;. The
corresponding results for B; are easily deduced by replacing p by 7.

In this section, we study the dispersive properties of the operators 4, and By, which will serve in the
proof of Theorem 3.6 below. To this end, we will use the following basic dispersive estimate established
in [Castella and Perthame 1996]:

1
I/ (x—tv,v)llpppr = ﬁ”]{(x’v)”L;L{,’ forall 1 <r =< p =oo. (2-4)
t"orrop

Our first dispersive estimate on A; below is an elementary application of (2-4) to the operator 4;. We
will not make any direct use of this simple result later on. It does, however, provide some insight into the
dispersive properties of A; and, therefore, we list it here for completeness.

Proposition 2.1. For any given 1 <r < p < 00, the operator A; satisfies the estimate

1
1"G—)

i0)
G

lAeflLery = Iy e
x Loy xLy

L1
forallt # 0.

Proof. This result is a simple extension of the standard dispersive estimate (2-4). Indeed, we have

1A fllporr < /R 1/ (v =50, 0) | o 0 |7(5)] ds < /R 1/ 0l el ds. O

Next, combining the dispersion of the free transport flow (2-4) with a 7' T *-argument yields the
following proposition.

Proposition 2.2. Let2 <a<o00,2<g=<oocand1 <r < p <00 be such that
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Then, the operator A; satisfies the estimate

C
14 fllLa, < e 1Al o A Ly e
t|a

forallt # 0, where C > 0 only depends on q.

Proof. First of all, notice that the case ¢ = oo, so that a = p = r, is obvious, with a constant C = 1. We
may therefore assume, without any loss of generality, that g < oo.
Thus, we estimate, using the dispersion (2-4),

2 _ 2
140 f 13, = WAL f Pl a2

f(x—=stv,v)p(s) f(x —otv,v)p(o)ds do
R

Rx

X,V

= / I/ (x,v) f(x = (0 = $)tv, V)l pas2 [p(s) p(0) | ds do
RxR '

S/ I/l pe 1S (x = (o =s)tv.v)lpopr |6(s) p(o)| ds do
RXR
1

<—5 /13 0r
o] bt ),

Hence, by virtue of the Hardy-Littlewood—Sobolev inequality,

5 10(s)plo)ds do.
xR |g—s|4

I4:flLe, = —IollLa I Ly pe.

1
|t]
where C > 0 only depends on g. O

The preceding proposition only accepts parameters in the range 2 < a < oco. The next proposition
handles the range 1 < a < 2. It is obtained by interpolating the estimate from the preceding proposition
with the degenerate L! case. Figure 1 represents the range of validity of the parameters % and % for both
Propositions 2.2 and 2.3. More precisely, the shaded region therein delimited by the points (0, 0), (%, 0),
(";:11 , %) and (%, %) is handled by Proposition 2.2, whereas the shaded region bounded by the points
(3.%). (&L, 221) and (1, 1) concerns Proposition 2.3.

Proposition 2.3. Let 1 <a<2,d <g<ooand1 <r < p < oo be such that

2

-1—l and n(l—l)z
r rop

2
.

_1
a p

Then, the operator A; satisfies the estimate

14 fllze, = — 1Al e ISl Ly e

1
|t]a

forallt # 0, where C > 0 only depends on q and a.
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Figure 1. Range of validity of the parameters % and % in Propositions 2.2 and 2.3.

Proof. This result will follow from the interpolation of the case a = 2 from Proposition 2.2 and the trivial
estimate

lAe SNz, < WAl Sl (2-5)

Thus, without any loss of generality, we assume that | < a <2 and we define 0 <0 <1, 2 < gy <00
and 1 <r; < p; oo by

2 1 1
9=;=?+7, p1=9r/, 7'1=9p/, ql=9q,
ot e 1 18 8 1 _1-6 . 6 1 _1-6 8
—=——+L, —=——t—, —=——t—, —=—"4 =,
a 1 2" p 1 P’ q 00 q1’ r 1 8
and
1:L+l and n(l—i):i
P11 N ry pi q1
In particular, notice that, since q% < 1, necessarily 1 <r; < p; < 0o. On Figure 1, the point (%, %) lies
somewhere on the half open segment [(%, %), (”2';1 , %))
It follows then from Proposition 2.2 that
c .
1Aeflz, < — 1Bl a 1 g o (2-6)

]
where C > 0 only depends on ¢;.

Now, standard results from complex interpolation theory of Lebesgue spaces, see [Bergh and Lofstrom
1976, Section 5.1], establish that

(LY, L2 =L%,. (LY, LPLPY)g=LLLY and (L' L%)g =LY

X,0°
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Therefore, interpolating estimates (2-5) and (2-6) (these estimates remain valid for complex-valued
functions), which are multilinear in p and f (use the multilinear complex interpolation theorem [Bergh
and Lofstrom 1976, Theorem 4.4.1]), we arrive at

I4:flee, = —IollLa L Ly e

1
|t]a
where C > 0 only depends on ¢ and a. |

Note that the adjoint operator of A, satisfies A7 = A—;. Combining Propositions 2.2 and 2.3 with a
duality argument yields the following result.

Proposition 2.4. Let 1 <a < oo, max{2,a} <g <ooand 1 <r < p < o0 be such that

2=l—i-l and n(l—l>=z.
a p r rop
Then, the operator A; satisfies the estimate
c
lAe fllpppr = I ol a1 fllLg
t|a

for all t # 0, where C > 0 only depends on q and a.

Proof. This result easily follows from a duality argument. Indeed, by Proposition 2.2 (if 1 <a <2) or
Proposition 2.3 (if 2 < a < c0), we have

/ Ar f(x. v)g(x,v) dx dv
R xR"

/ f(x,v)A_;g(x,v)dx dv
R xR"

<1/ lze, | Aegl g,

C
<Ifllce, —1

o U2l Lo llgllypr v

where C > 0 only depends on ¢ and a. Then, taking the supremum over all g € L)IC’/LZ/ easily concludes
the proof of the proposition. O

3. Dispersion and velocity averaging

We proceed now to combining the dispersive estimates from the previous section with the classical
regularizing effects due to velocity averaging. This will eventually lead to our first main result Theorem 3.6.

To this end, we consider, for any ¢ # 0 and ¢(v) € L2°(R"), the velocity averaging operator 7; defined,
for all f(x,v) € S(R" xR"), by

T/ = [ Acfte0) o) do

In particular, for all g(x) € S(R"), one has, by duality,

[ T: f(x)g(x)dx =/ S(x,0)TFg(x,v)dxdv,
Rn Rann
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where the adjoint operator 77" is defined by

T g(x,v) = A—(g(x) p(v)) = /Rg(X+Stv)/3(S) ds ¢(v).

We will also consider the operators 7; and 7* defined with B; instead of A4;.

For clarity, throughout this section, we will always consider the same given velocity weight ¢(v) €
L2°(R™) and we will assume that its support is contained inside a closed ball of radius R > 0 centered at
the origin.

We begin by applying the classical Hilbertian methods of velocity averaging from [Golse et al. 1988] to
the operator 77 and its adjoint 7, The resulting estimates are recorded in the following proposition. For
the sake of completeness and convenience of the reader, we provide a complete justification of these results.

Proposition 3.1. The operator T; and its adjoint T;* satisfy the estimates

n—1

1 R 2
||(1—Ax)4T,f||L%SC(upnm Iolg += ol ||¢||Lgo) 170z .
3 t12 .
n—1
1. R 7z
10 =803 778z, = C ol lolg += ol ellose gl
X, ‘3

for all t # 0, where C > 0 only depends on the dimension.

Proof. We deal with the estimate on the adjoint operator 77* first. Thus, it is readily seen, by Plancherel’s
theorem and using the Fourier representation (2-2) of A4, that

1 .
177 gl2 , = 7 llo(=tn-v)gme)llz = llellzelglyz el z- (3-1)
X, v (27.[) 2 n.v 2 v
Furthermore, using again Plancherel’s theorem, we find that
1 1 1 A
I(=A0*T gl 2 =——|InZp(=tn-v)EMe®)| 2
X,V (27T) 2 n.v
1 s vonon nn
= m p(—l—-v)g(n)<p(—-——+(v—v-—— :
(2m)2 l Il Il Inl Il Il /) Iz,
where we have rescaled the variable v by a factor || in the direction % only.
Then, writing v/ = (va, ..., vy) and recalling that the support of ¢ is contained in a closed ball of
radius R > 0 centered at the origin, we deduce that
1
A0 T gl < lp(—to)lgwi=rylizz gl 2 lelzee
1S"2| 1 Rt (3-2)
= (55 S 1oz hell ol
"= |t]=

Finally, combining estimates (3-1) and (3-2) establishes the estimate on 7",
The estimate on 7 is then easily deduced from the estimate on 7,* by a duality argument. O



344 DIOGO ARSENIO AND NADER MASMOUDI

Interpolating the preceding result with the degenerate L' case yields the following proposition.
Proposition 3.2. For any given 1 < a < 2, the operator Ty and its adjoint T;* satisfy the estimates

1|2

n—1 2s
s - _ R 2
I(1= A>T fliga < CUlAlL ellLee) ™2 (||P||L°°||¢||Lg + |—1||/0||L2||‘P||L8°) I/ lLe. -

n—1
R 2

2s
I(1=A)2T gllLe, = CUAlL ||<ﬂ||Lg,)1_2s(II/)IILOo lell,2 + ||p||Lz||<0||Lg°) lgllLe

1
t|2
forallt #0, wheres =1— % and C > 0 only depends on a and the dimension.

Proof. We deal with the estimate on 77} first.

It was established in [DeVore and Petrova 2001, Theorem 3.2] that the real interpolation space

N

(Ll, H%)ZS,Q, where s = 1 — % with 1 < a < 2, is precisely the Besov space Ba,a,

which is continuously
embedded into the classical fractional Sobolev space W5-4; that is,
1
1 2 ,
(Lx’ Hx2)2s,a C W; a'
N

a,a’
as in [DeVore and Petrova 2001]. However, for the sake of simplicity, we choose not to do so and stick to

Note that it would be possible to formulate a better result by using below the smaller Besov space B,

Sobolev spaces. We refer to [DeVore and Petrova 2001] for more details on this.
Next, it is well known from the real interpolation theory of Lebesgue spaces, see [Bergh and Lofstrom
1976, Theorem 5.2.1], that
(Ll L)zc,v)Zs,a =L"

X,0° X,v°

Therefore, the first part of this result easily follows from the real interpolation of the classical estimate
on 7; from Proposition 3.1 with the case p =1 of the simple estimate

ITe flliy = Mol liel e 1/ e s
valid for any 1 < p < co.
There only remains to establish the estimate on the adjoint operator 7% To this end, note that 7*
commutes with the differentiation in x so that the estimate on 77" from Proposition 3.1 can be recast as

n—1
2

1
e ol L2 ||‘/’||L‘5°) (1 —Ax)"*gllL2,
2

177802, < C(||,0||L°<> ol 2 +

where C > 0 only depends on the dimension.
We wish now to complex interpolate the preceding estimate with the elementary control

177 gl , <Al lelps gy = CllalL el gl

where /! denotes the local Hardy space; see [Runst and Sickel 1996, Section 2.1.2] for a definition.
To this end, we use the results from complex interpolation theory, see [Bergh and Lofstrom 1976,
Theorem 5.1.1; Runst and Sickel 1996, Section 2.5.2],

1
(Ll L)zc,v)[2s] = L?c,v and (h)lc’ HX 2)[25] = Wx_s’a’

X,0°
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to deduce that

n—1
R 2

2s
1T glLe, <CUAlIL el > (IlpllLoo lell 2 + lollz2 ||<0||Ls°> (1 —Ax)"2glLa-

t|2
Finally, we easily conclude the proof of the proposition by using again that 7;* commutes with the

differentiation in x and replacing g by (1 — Ax)2 g in the above estimate. d
Combining now the preceding proposition with a duality argument yields the following result.

Proposition 3.3. For any given 2 < a < oo, the operator T and its adjoint T;* satisfy the estimates

n—1
2

2s
[(1=2x)2T; fllLe = CUIAllL ||‘P||L,5)1_2s(||P||L°°||‘P||Lg+ P ||/0“L2||‘P”L$o> [FAFZ
2
n—1
2

2s
s - _ R
11— AT gllre , < CUAlL lellrse)! 2s(llpllLoo lell .2 + ol ||§0||L8°) lgllLe

]2
forallt # 0, where s = ‘1—1 and C > 0 only depends on a and the dimension.

Proof. These estimates follow straightforwardly from Proposition 3.2 through a duality argument.
Indeed, by Proposition 3.2, noticing that both 7 and 7;* commute with differentiation in x, it holds that

[ - 204 T s dx

/ Fv) (1= Ay 2T g(x, v) dx dv
R x[R"

<N ee MO =202 T ¢l e,

n—1 2s
~ _ R 2
<CUpler il 2S(||,0||L°° lell,2 + e lollz2 ||§0||L8°) Ifllze , llgl e

t|2

where C > 0 only depends on a and the dimension. Then, taking the supremum over all g € Lfc/ easily
concludes the proof of the first estimate on 7.
Similarly, using Proposition 3.2 again, it holds that

[ a-a0irrg o s drds
R xR”"

B ‘[R g(0) (1= Ax)3 Ty f(x) dx

< llgllzal(X— Ax)%thHLgy

n—1

2s
- _ R 2
<C(lIplr lpllpee)' = (IIpllLoo lellz + —lellz2 ||<0||Ls°) lgllze 1/ 1 e -

]2
where C > 0 only depends on ¢ and the dimension. Finally, taking the supremum over all f € Lg‘c/,v
easily concludes the proof of the proposition. O
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From now on, in this section, we assume that the cutoff function p(r) may be decomposed as a product
p(r) = p1(r)p2(r), so that 5(s) = py *p(s). Naturally, we will denote by A%, Tti and T,i*, wherei =1, 2,
the respective operators A;, T; and T,* where we replace the cutoff p by p;. It is then readily seen that

A= AJA? = AZA}, T, =T} A? =T}A), T)=A%T =41 (3-3)

As shown below, this useful trick allows us to combine the previous regularity results from this section
with the dispersive estimates from Section 2 to obtain new estimates on the operators 7; and 77

Proposition 3.4. Let 1 <a < oo, max{2,a} <q <ocoand 1 <r < p < 0o be such that
2=l—i-l and n(l—l>=—.
p r rp

Then, the operator T/ satisfies the estimate

11— Ax)jTt*g”Lch{} =

~ ~ 11=2 2
I 161l ar 1021 ;7 (o2l oo + o2l 2)* gl La
tla

for all t # 0 such that |t| < 1, where s = min{l — é, %} and C > 0 only depends on ¢, a, ¢ and the
dimension.

Proof. We treat the case 1 <a <2 first, sothatg >2and s =1 — % Writing T)F = Al_t th* and then

successively employing Propositions 2.4 and 3.2, we find, noticing Al_, commutes with differentiation
in x, that

(1= AT gl prr
= AL, = A0 T gl poyr

Cc . s
< — A1l 10— A2 T gl e,
|t]4 ,
n—1 N
C » N _ R 2
- | |i||101||Lq’(”/02||L1 lelzy)! ZS(HPZHLOO lell .2 + E lo2llz2 ||¢||Lg°) lgllLe,
t|4 t2

where C > 0 only depends on ¢, a and the dimension. Since |¢| < 1, this concludes the proof of the
proposition when a < 2.

The case a > 2 is handled similarly. One now has that ¢ > a and s = ‘1—1 Therefore, applying successively
Propositions 2.4 and 3.3, we find that

11— Ax)th*gHL);ng
= ”Al—t(l - Ax)jth*gHLﬁLZ

Cc . s
: | |l 101 ”Lc/ [(1—-Ax)2 th*g”Lﬁ‘c_v
tla

n—1
2

=

2s
c . - _
||1||,01||Lq/(||pz||u||</J||Ls<>)1 2s(||,02||L°° lell 2 + P IIszILzllcﬁlngo) lgllLe.
1|4 2
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where C > 0 only depend on ¢, a and the dimension. Since |¢| < 1, this concludes the proof of the
proposition. 0

Combining the previous result with a duality argument yields estimates on the operator 7;, which are
contained in the following proposition.

Proposition 3.5. Let 1 <a < oo, max{2,d'} <g <ooand 1 <r < p < 0o be such that

2141 gy w(1-1y22
a p r roop q
Then, the operator Ty satisfies the estimate
0= AT flzg = -l 122 g Uo2liee o2l 1S gy G4
t|a

for all t # 0 such that |t| < 1, where s = min{l -1 é} and C > 0 only depends on q, a, ¢ and the

a
dimension.

Proof. This estimate follows straightforwardly from Proposition 3.4 through a duality argument.
Indeed, using Proposition 3.4, we find, since 7,* commutes with differentiation in x, that

‘ [ a=805T g dn =‘ [ =803t gt dx o
Rn RnXRn

< W lrop N = A2 T gl o

<

- Lys

~ ~ 11=2 2
" 121l Lo 1P21 L1 Ul p2llzoe + o2l L2) 1/ Iz gl o
q

where C > 0 only depends on ¢, a, ¢ and the dimension. Finally, taking the supremum over all g € Lg‘c/
easily concludes the proof of the proposition.

Note that, in order to deduce this result, we could just as well have applied here a combination of
Propositions 2.2 and 2.3 with Propositions 3.3 and 3.2, respectively. O

We proceed now to the main theorem of this section. It contains Theorem 1.2 presented in the
Introduction as special case (corresponding to the case a = 2 below) and provides a considerable extension
of the classical velocity averaging lemma in Ligu (corresponding to the case a = p = r = 2 below).
Indeed, observe that the case a = 2 therein yields a maximal gain of regularity of half a derivative on
velocity averages for a variety of parameters, which was previously known to occur only in the classical
Lfc’v setting.

Theorem 3.6. In any dimensionn > 1,let 1 <a < oo, max{2,d'} <g <ooand 1 <r < p <00 be such

that
g=l—i-l and n(l—l>=g.
a p r rop q

Then, for any f, g € L".(R"; LY (R™)) such that (1-2) holds true, one has

/I;n f(x,v)p()dve W;’H(R”)
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%, é} Furthermore, one has the estimate

forany ¢ € L°(R"), where s = min {1 —

a0t [ roa

LSO g + gl
where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

la-a0 [ roa

=
L%

(3-5)

(1—Ax)%/ Ai fodv
Rn

+zH(1 —Axﬁ/ Bige dv
L()IC n

L%
We wish now to apply Proposition 3.5 to the preceding estimate. To this end, according to (3-3), we
take the decompositions

o) = prpa(r) and v = L — )
where
1 1
n=— am=—
(1+r2)8 (1+r2)8

p2(r) = (1473 (), 1a(r) = (1+12)22(r)

for some fixed é <B< % In view of the technical Lemma B.1 from Appendix B, it then holds that
,51,%1 ELq/, ,52,%26L1 and pz,‘EzELooﬂLz.

All constants involving norms of the cutoff functions p1, p», 71 and 7, in the right-hand side of (3-4) are
therefore finite.
Thus, applying Proposition 3.5 to estimate (3-5), we conclude, for any 0 < ¢ < 1, that

H(l ~80 [ sody

1 1—(L+s
<O W g + 07 gl ).
L% ta
where C > 0 only depends on constant parameters. |

4. The one-dimensional case

In the previous section, by combining kinetic dispersion with velocity averaging, we have established, in
Theorem 3.6, a whole new range of regularity results on the solutions of the kinetic transport equation (1-2).
The results from Theorem 3.6 are valid in any dimension 7 > 1. In one dimension (n = 1), it turns out that
it is possible to obtain more results for a wide range of parameters which are not covered by Theorem 3.6.
This is due to the fact that, in one dimension, spatial frequencies are always parallel to velocities.

In the present section, we explore this one-dimensional setting, which provides a good test case
for velocity averaging lemmas in mixed Lebesgue spaces and allows one to get familiar with the
decompositions used in this work in a much simpler setting. It does not, however, set a road map
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for the remaining more involved sections concerning higher dimensions, for it heavily relies on the
elementary structure of the transport equation in one dimension.
We use the same notation as in the previous sections.

Proposition 4.1. In dimensionn = 1,letl < p<oo, 1 <r<oo, 0<s< % and p € S(R) be such that
P has its support contained inside a ball of radius ro > 0 centered at the origin.
Then, the operator T/ satisfies the estimate

(1= A3 T gllpppy < |[|s(0||/0||L°°)1_r(||,0”L1+”( AYE )7 lgl e

forall t # 0 such that |t| < 1, where C > 0 only depends on p, s and ¢.
Proof. First, it is readily seen, for any 1 <r < p < oo, that
177 gl ery <IT7glprpe < 1Al el gl e (4-1)

When the restriction r < p is not satisfied, the above estimate fails and we need a more convoluted
estimate to handle this case. To this end, we write that

T} g (x.v)] = ] / g(x + 51) 3(s) dsp(v)| =

‘— g(x+r)p( )dw(v)

< [lpllzee|— < 2ro|pllLoe M g (x)]e(v)],

1
/ gx+r)dre(v)
{IrI=ltv]ro}

where M g denotes the Hardy—Littlewood maximal function of g defined by
1
Mg(x) = sup lg(x=y)ldy.
8>0 {lyl=8}

Recall that the Hardy-Littlewood maximal operator g —> M g is bounded over L? (R) forany 1 < p < oo,
and maps L' (R) into the standard weak-L! space L1"*°(R); see [Grafakos 2008, Theorem 2.1.6]. It
therefore easily follows from the previous estimate that

| Tt*gIIL;»ooLZ = Crollplizee llelly llgl Lt
and

177 gllLzry = Crollplicee ol lIgll e (4-2)

forany 1 < p <ooand 1 <r < oo, where C > 0 only depends on p.
Next, we further compute, exploiting the one-dimensional structure of the operators, for any 0 <« < 1,

(—A) 3T/ g(x,v) =/(—Ax)cztg(X+Slv),5(S) ds ¢(v)

/ (—A5)% (g(x + 510)) (s) ds 9 (v)

" oo

/R g(x +510) (— ) 7(s) ds p(v).

IR
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whence, for any 1 < p < oo,

I (— Ax)th*g”Ll’ 1<||( Ax) Tt*g“L rre _W”(_ )7/5||L1

Lol el
oje? L} slee
which, when combined with (4-1), yields

11— 203 T gl oy EC(||5||L1||¢IIL5+ I(=2)% 5l

)nguLn, (43)

|1 ol

where C > 0 only depends on p and «.
We wish now to interpolate the bound (4-2), where we set ¥ = oo, with (4-3). To this end, recalling
that 7, commutes with differentiation in x, we first recast (4-3) as

1=2)% Al s

177 ellgzy = (10l + 5 )ngnW . (44)

Ill"‘ fofe?

and then we use the standard results from complex interpolation theory, see [Bergh and Lofstréom 1976,
Sections 5.1 and 6.4], valid for any 1 < p, 7 < oo,

\Q

(LELP. LELY )= LELY and  (LE W)y = 7,

to deduce from the interpolation of (4-2) and (4-4) that

1
r
’ ‘L%) I

where C > 0 only depends on p and «. O

~ _1 1 o .
1T gl pry < ClrollpllireelellLe)’ (”p”Ll lellpy + 5 1=2)2 Pl L

v |e]* |v]®

Note that it would be possible to improve the gain of regularity in the preceding proposition by assuming
that the support of the velocity weight ¢(v) does not contain the origin. However, this is a rather unnatural
setting which we prefer to avoid here.

Combining the previous result with a duality argument yields estimates on the operator 7%, which are
contained in the following proposition.

Proposition 4.2. In dimensionn =1,let1 < p<oo, l <r <00, 0<s<1— % and p € S(R) be such
that p has its support contained inside a ball of radius ro > 0 centered at the origin.
Then, the operator Ty satisfies the estimate

1= A2 T f e < ( ollAllLoe)7 (1Al + 11— A)T/3||L1)1_7||f”LpL' (4-5)

Tel
for all t # 0 such that |t| < 1, where C > 0 only depends on p, s and ¢.

Proof. This estimate follows straightforwardly from Proposition 4.1 through a duality argument.
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Indeed, using Proposition 4.1, we find, since T t* commutes with differentiation in x, that

‘ /R (1= Ax)3 Ty F(x)g(x) dx

= ‘/ Fev)(1 = Ax) 2T g(x, v) dx dv
RxR

= ”f”LﬁL{) (11— Ax)iTt*g||L§’L£/
C
e
7]

where C > 0 only depends on p, s and ¢. Finally, taking the supremum over all g € Lfé/ easily concludes

- 1. sl _1
(rollAllzeo) ™ (1Al L1 + I1(=A) 2 i)'~ 1/ Moz gl e

the proof of the proposition. O
We proceed now to the main theorem of this section.

Theorem 4.3. In dimensionn = 1,let1 < p<ocoand1 <r < 0.
Then, for any f,g € LE(R; L (R)) such that (1-2) holds true, one has

[ s vewasewer@

R

forany ¢ € L¥(R) andany 0 <s <1— % Furthermore, one has the estimate

(=80t [ fodv| < COSugas+ ez
Lx

where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2) for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

‘(I—Axﬁ/wadv

We wish now to apply Proposition 4.2 to the preceding estimate. To this end, note that p and all of its

=
LY

(4-6)

(1—Ax)5f Afod| +1 (1—Ax)%/ Bige dv
R 4 R

L LY
derivatives clearly are bounded pointwise and integrable. In order to apply that result, we also further
need to ask that p be compactly supported, which is always possible.

Next, in view of (2-3), notice that T also is bounded pointwise, integrable and compactly supported.
Therefore, there only remains to check that (—A)%% is integrable for any 0 < « < 1. This, in fact, easily
follows from a direct application of the technical Lemma B.2 from Appendix B to
1—p(r)

ir
All constants involving norms of the cutoff functions p and t in the right-hand side of (4-5) are therefore

FI=A) 2% =|r|®

finite.
Thus, applying Proposition 4.2 to estimate (4-6), we conclude, for any 0 < ¢ < 1, that

s 1 -
(1—Ax)2/ fodv| = C(—s||f||L§§L;; +1! S||g||L§LZ)’
R LY !

where C > 0 only depends on constant parameters. O
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5. The two-dimensional case

Our study of the one-dimensional case in the previous section showed that it is possible to largely improve
the classical velocity averaging results in that setting. In particular, we showed therein that the gain of
regularity of velocity averages is, in some cases, substantially improved beyond the value %

While such a general improvement is not achievable in higher dimensions (n > 2), in view of the
counterexamples from [DeVore and Petrova 2001, Theorem 1.3] discussed in our Introduction, it is
nevertheless possible, as shown below, to obtain new cases displaying a gain of regularity of velocity
averages of almost half a derivative.

In two dimensions (n = 2), this was already strongly suggested in [Jabin and Vega 2004, Theorem 1.2].
Here, we build upon the work from that paper to obtain refined two-dimensional velocity averaging results
displaying an almost maximal gain of regularity of half a derivative. In the next section, we will generalize
these methods to higher dimensions (# > 3), without achieving a gain of half a derivative, though.

We define now, in any dimension n > 1, the velocity averaging operator on the sphere

Stf(x)=/;n_1 A,f(x,v)clv=/§n_1 /Rf(x—stv, v) p(s) ds dv,

and its adjoint operator

57 (.0 = A=l v) = [ gl +s10)50) ds,
so that

/ Sy f(x)g(x)dx :/ S(x,v)S]g(x,v)dx dv.
Rn RrxSn—1

We will also consider the operators S; and S;* defined with B; instead of A4;. These operators correspond
to the kinetic transport equation (1-2) with velocities restricted to the sphere v € S*~! and are introduced
here for mere convenience and simplicity of analysis later on.

This reduction to the sphere is possible here because the regularization phenomenon in the transport equa-
tion (1-2) comes from averaging in velocity directions rather than integration along velocity magnitudes. In
fact, any bound established on S; and S} will yield a corresponding bound on 7; and T, respectively, as
shown below in Proposition 5.3 (we also refer the reader to Appendix C for a discussion of the equivalence
of velocity averaging lemmas with velocities in the full Euclidean space R” and on the sphere S"1).

Note that this is not true in general. For instance, in the two-dimensional time-dependent setting
(1-1) with velocities restricted to the sphere S! and f, g € Li,v,
Perthame 2001] that only a quarter of a derivative could be gained on the velocity average of f, whereas

it was identified in [Bournaveas and

half a derivative is gained when velocities range in an open subset of R? (which corresponds to a three-
dimensional setting (¢, x) € R!T2 with velocities restricted to a manifold of dimension 2, much like the
stationary case x € R? with v € S?).

For completeness, we begin our analysis of the operators S; and S;* by establishing their smoothing
effect in L2 employing the classical Hilbertian methods of velocity averaging from [Golse et al. 1988]. This
result is valid in any dimension # > 2 and will also be used in the next section on higher-dimensional results.
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Proposition 5.1. In any dimension n > 2, the operator S; and its adjoint S} satisfy the estimates, for

1
< < =
any 0 <s < 3,

N 1
[(1=Ax)2S: fll2 < C<||P||L°° + —(

]

p(r)
Irf2=

+1 |r|sp(r)HLoo)) 11z,
L2
p(r)

el HIrlSp(r)HLoo)) lgllz
L2

r|2

s 1
10 -A03Skgl,z < c<||p||Loo + W( |

forallt # 0, where C > 0 only depends on the dimension.

Proof. This proof is almost identical to the general case of Proposition 3.1. Nevertheless, for later appli-
cations of this result, it is important to carefully keep track of the dependence of the constants on ¢ and p.

We deal with the estimate on the adjoint operator S/ first. Thus, it is readily seen, by Plancherel’s
theorem, that

1 R
1S7gll 2 =—==llp(=tn-v)gMl 2 =lplrelgl2. (5-1)
X,V (27T)2 n.v X

Furthermore, using again Plancherel’s theorem, we find that

s 1 A
I(=2x)2T7¢gly2 = )} [l o(=tn- )&M) 12 |
n—3 1
1 |§n—2|% _ [tn] r 2\ 52 I
= B e [ enp (1= () ) T ) e
QM2 |2 —len] Wl L3
2 n—3 1
1 1S"2|2 len] 2\"3 2
e evar [ e (1—(L)) ar| gm) .
@2n)z i —lenl| |r|27 ] L2
with the convention that |S°| = 2 when n = 2.
Hence, if n > 3, we easily deduce that
1
5 S"7212 || p(r)
=203 Tl < ——— |22 gl
X, H 275 | 12

In the two-dimensional case, the bound on the cutoff p is only slightly more involved. We estimate, in
this case, for any N > 0, that

N 2 2 N 2 2
p(r) 1 dr < 2 p(r) n p(r) n p(=r) 1 dr
_N||r|z—S P2 B rEs N 3= 3-s r\2\2
|| (1-(%)7) r1275 |2 /5 \|Ir| || (1-(%)°)
2 2
2 2
<2 p(lr) + 22N sup p(lr)
V[ y<irl=n]| |27




354 DIOGO ARSENIO AND NADER MASMOUDI

It therefore follows that, in any dimension n > 2,

p(r)

Rk

s C
I(=Ax)287¢glz, < —(

xv = |l|s

+1 Irlsmr)HLw) lgl.z- (5-2)
12

Finally, combining estimates (5-1) and (5-2) establishes the estimate on S}".

The estimate on S is then easily deduced from the estimate on S/ by a duality argument. |

At this stage, we need to further introduce a classical Littlewood—Paley decomposition, which will
be used in our proofs. To this end, let ¥ (1), ¥ (n) € CX°(R") be compactly supported smooth cutoff
functions, whose supports satisfy

supp Yo C {|n| <1} and suppy C {% <Inl =<2},
and such that

Vo(n) + Z w(zik) =1 forall neR".
k=0

For any tempered distribution f(x) € S'(R"), we define the dyadic blocks Ag f(x), A,k f(x) € S(R"),
for each k € Z, by

Bof =F oFS and dpf =7 u (5 ) 7S
so that 0o
f=08cf+) Auf inSRY. (5-3)
k=0
As in Section 3, from now on, we assume that the cutoff function p(r) may be decomposed as a
product p(r) = p1(r)p2(r), so that p(s) = p1 * p2(s). We recall from (3-3) that

A =AMA% = 424}, S, =585}4% =524, SF=4%,8* =4, 5% (5-4)

where A%, S? and Si*, with i = 1,2, denote the respective operators A, S; and S;* with the cutoff p
replaced by p;.

As shown in the results below, a key idea here is to use this trick to gain integration in one dimension
along v through the straightforward estimate

1S} g(x, v)[*> = |AL, S g (x,v)[?
<l [ 157e0r +st0. 0P 5] ds 55

< lotllLr 121 ||L°°/ |S7*g(x + stv,v)|* ds,

[—rir1]
where supp p; C [—ry, 1], for some ry > 0, and thus obtain new estimates on the adjoint operator S}
The next proposition contains an estimate which is central to the present two-dimensional setting. It
strongly relies on the clever and elegant proof of Theorem 1.2 from [Jabin and Vega 2004], which it
crucially improves by exploiting the structure of the operator A, through the use of (5-5).
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Proposition 5.2. In dimensionn =2,let2 < p <4, 0 <s <s59 < % and py, p2 € S(R) be such that p,
and py have their supports contained inside balls of radii r1,ry > 0, respectively, centered at the origin.
Then, the operator S} satisfies the estimate

1(1-80% 57 gl g2

p2(r)

rf2 %0

C s 102 ! 1
= — 11l La 11l Lo (riAr2) * (1471 412)2
2

+||(1+|V|S°)pz(V)||L°o+||ﬁz||Ll) lgllze
L2
forall t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

Proof. First, notice that, for any 2 < p < oo,

1.
IS7gllzerz < 1SFglpare = @m)2 Al lighe. (5-6)

As for the regularity estimate, we employ the bound (5-5) and the standard Littlewood—Paley dyadic
frequency decomposition previously introduced, to deduce, writing gx = A,« g for convenience, for any
k >0, that

157 2elty 2= / |S,*gk(x,vz)|2(/ |S,gk<x,v1)|2dvl)dxdv2
R2xS!

<11l 151 s f ( [ |S?*gk(x+s2zv2,vz)|2ds2)
R2xS! [=r1,71]
x([ |S,*gk(x,v1)|2dv1)dxdv2
gl

151l Il [ | ISP xtr.va)P

R*xS
(/ / IS/ gk (x+52102,v1) |2 dvy dsz)dxdvz
[ rlarl]
<Ualali~ [, 157 e
(/ / |S gk(x+sltv1+sztv2,v1)|2dv1 dsq dsz) dx dv,
[~r1,r11?

~ 12 s 2 2 2
<7130 1711 157 €l2, | sup T(x.a).
T xeR
vyeS!t

where
I = [ [ 18P e s +sarv )P du dsy dsa.
[~r1,r1]? JS!

Further using Proposition 5.1, we deduce that, for all # > 0 and any given 0 < s < %,

p2(r)

C
S < ~ 12 ~ 12
1578413 1= aegess W 1l | 22

2
+H|r|spz(r)Hioo) i 2 sup I(x.v2). (5-7)
L2 ¥ xemr?
V€ 5
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We claim now that
sup 1(x,v;)

xeRi
vest _Clk+1)
- |t|2k2s

p2(r)

Irlz™

2
+||(1+|r|s)pz(r)||ioo+||/32||21)IIglligo, (5-8)

(V1+V2)(1+V1+V2)2<
L2

where C > 0 only depends on fixed parameters. In order to establish (5-8), we employ the change of
variables (s1, $3) > z = §11v1 + 522V, whenever v; and v, form a basis, which holds almost everywhere.
It is readily seen that the Jacobian determinant of this transformation is given by #2 sin 6, where 6 € [0, 7]
is the angle between v and v, defined by cos 6 = vy -v,. Thus, noticing that |z| = |s1ftvy +s2tv5| < 2r1]¢],
we infer

I(x,vz):/ / |S2* gr (x+51tv1 452105, 01) > dvy dsy dsy
[=r1,r1]2 ISt

1
2% 2

< _— .

_/szgl |77 8k (2,001 5 Lz <ar o] 1z-vf 1<r ] singy 47 AV

00
- ﬁZO/RZxS,-

where we have used the notation

2
Li<r lr]singy 42 dv1,  (5-9)

| o500 i) 5| o

= () =)

for any v € S', and have decomposed the domain of integration v; € S! into

o0
S'\{sinf=0} = _J Si.
i=0
with

1 . 1
Si:{vlegl:ﬁ<|sm0|§§}.

Recall now that p, is supported inside a ball of radius r, > 0 centered at the origin. Therefore, we find
that, in the last integrand above,

(r1 +r2)lt

|(z—|—stv1)~v§‘| < |Z-vj‘| + |stvy ~v§‘| <(r{+rp)lt|sinfd < 5

and

|z + stvy] = (2r1 +r2)l2].

Hence, considering a smooth cutoff function x € C2°(R) such that 1g <1y < x(s) < 1yj5<2}, setting for
convenience ro = 2(rq + r2)|t|, and defining, for each given x € R%, v, € S' and i € N,

j |z vy Nz vy
- s o E) (1),

ro
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we deduce from (5-9) that, using Proposition 5.1,

(0, ]
I(x,vy) < /
i=ZO RZXS,'

2

1
/ K;kvz(z—i-stvl)pz(s) ds Py ———dzdvy

2i+1
< SZ*Klk , Zd d
= E A;gzxgl | X vz(Z U1)| zdvy

12 '
20 <py2k2s Qi+
) + Z 12 Az s; |S2*K;cli)2(zv v1)|2dZdU1
2i>r02k2S X
2 o Sit1
= Z 2 —— 187 Kx v2|| —i— Z |S,|||/02||L1 ”Kx v2||
2i <py2k2s e
¢ /02(”) i
= |Z|2S( 1_g +||(1+|r|s)p2(}’)||ioo Z t_2||(1_AZ) ZK;CkUZH 2,
|r|2 L2 2i <pg2k2s r2
+C Y Dl el
2i>pg2k2s
c ( ) ’ 2i
p2(r o
R ( mr=] P "'s”’z”)”iw) Y Sla-a)EREI2,
L2 2i5r02k2s

+ lelﬁzllil ||g||i§o,

where C > 0 is an independent constant.
Next, a direct application of the technical Lemma A.1 from Appendix A to the preceding estimate yields

|t|25<

(k+1)("1 +r2)?log(2+r1+12)
|t|2s2k2s
2
p2(r)
1—s

2

r

2
r VO o
+||(1+|r|S)p2(r)||ioo) Y s I8l +C o 12 g e

2i 5r02k2s

p2(r)

rfz

('x’ 2) =

L2

ri+ra
+{[(1+]r] )pz(V)IILoo) IIgIILoo+C| 2k2s 152113 IIgIILoo,

L2
which establishes our claim (5-8).
Finally, combining estimates (5-7) and (5-8), we arrive at

1
Ck+1z . 1
IS gk||L4Lz = W”’OIHD o1 llLee(r1 +72)2 (1 4711 +12)
p2(r) .
X( = 1A+ 17152 ()17 00 + ||pzlli1) gl llgllrge.
r{2 L2

where C > 0 is an independent constant.
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In order to conclude, we write |g(x)| = fooo 1{|¢(x)|zs} ds to deduce from the preceding estimate,
assuming g is nonnegative, that

o0
157 elsrz = [ 15T Ao lgcozaliass ds

1
Ck+D)F _ 1 1 N n
< —— Mol i 1Al oo (ri +r2)3 (1 + 11 +12)2
|t|22ks
p2(r) ~ 0 1
X i +||(1+|r|s)pz(r)||Loo+||pz||L1/ {lg(x)| = 53|+ ds
71275 2 0
1
Ck+Ds _ 1 1 1 1
< ——5—pl{ i 1Pl foc(r1 +12) 3 (1 411 +12)2
|t|22ks
p2(r) ~
X 1 + A+ 12 L + o201 ) Igll 4.1
|r|2—s L2 X

where Li’l denotes a standard Lorentz space; see [Bergh and Lofstrom 1976, Section 1.3] or [Grafakos
2008, Section 1.4] for definitions and properties of Lorentz spaces. When, g is signed, we arrive at the
same estimate simply by decomposing g = g™ — g~ into its positive and negative parts, treating each
contribution separately, and then noticing that

etz + gl =€ [ Hgt @Iz sl + el = ] as
<C [ (tle* @Iz i + il = 3)) s

o0 1
=C [ ltlee = 3] ds = Cllgl 0

Moreover, by allowing an arbitrarily small loss of regularity, that is, by replacing 0 < s < % by a slightly
smaller value, it is possible to replace the Lorentz space Li’l by the standard Lebesgue space Li in the
right-hand side of the above estimate.

Therefore, on the whole, for any 0 < s < 59 < %, we have established the estimate

C " " 1 1
IS7gkllpars < Al 1A Lo (ry +72) 8 (1411 +72)
112

x(
L2

where C > 0 only depends on constant parameters, which, when combined with the easy bound (5-6)
for low frequencies, yields

p2(r)

e

A+ PP p2(r) L + ”/52”L1) lgllza

s c ... 4ok 1 1
11— Ax)2Sfgllaz2 < Fllmllil 111 F o0 (r1 +12)% (1 + 11 +12)2
t|2

|

p2(r)

rf3=0

+ 1A+ 1r*)p2(r)ll Lo + IIﬁzllLl) lgllps. (5-10)
L2
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Finally, recalling from complex interpolation theory, see [Bergh and Lofstrom 1976, Section 5.1], that,
for any 2 < p < 4,
(LXL3 LYyLY)p_ay=LELY and (L3, L), a1=LE.
p p
we conclude the proof of the proposition by interpolating the estimate (5-10) with the classical estimate
on S/ from Proposition 5.1. O

Next, we utilize the previous result on the adjoint operator S/ to deduce corresponding estimates on
T; and T/

Proposition 5.3. In dimensionn =2,let 3 <r <2,2<p <4, 0<s5 <359 < 5 and p1, p2 € S(R) be
such that py and p, have their supports contained inside balls of radii ry, r, > 0, respectively, centered at
the origin.

Then, the operators Ty and T;* satisfy the estimates

S, C Lo % . 3 1 1

1A= 22T fllry, = —llelliLe R2NA1I L1 1811 Foo (r +1r2)* (1 411 +72)2
2

X(

PR C 1. 4 1« (4 1 1

11 =Ax)2T gl o2 = —cll@llee R2Ip1l 71 A1 Loo (r1 +12) 2 (1 411 +12)2
tz

X
L2

for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

p2(r)

l—S

r|=

(5-11)

I+ [r[*)p2(r)ll Lo + ||/52||L1) I/l 2
L2

and

p2(r)

rfz 0

1A+ *)p2(r) Lo + IIﬁzllLl) lellzy

Proof. It is readily seen that
~ v
et = [ 2l s 6) ds o) = o) (v ).
Therefore, for any 2 < p < oo, we compute in polar coordinates, recalling that the support of the velocity
weight ¢ € LSO(IRZ) is contained inside a closed ball of radius R > 0 centered at the origin,

1
s s 2 2
||(1_AX)2T[*g(‘x’ v)||L§(R2,L12)(R2)) = “ (AZ|(1_AX)2Tt*g(X,v)‘ dv)

LY
1
00 i i )
= ”/ r[ lo(rv)(1—Ax)2 Sk g(x.v)|" dvdr
0 sl L§/2
‘ 3 2 3
§||<P||Loo(/0 r /§1|(1—Ax)25;",g(x,v)‘ dv p/zdr)
Lx

1
2

R
< llgllzes (/0 r0 = 8202 S8 (g a6y dr) '



360 DIOGO ARSENIO AND NADER MASMOUDI

Then, combining Proposition 5.2 with the above estimate, we find
S R S 2 %
102087 ell gz < lolle ([ 10 - 80085512, )
C ro L 1 1
< —llellLee R2[[p1ll 71 1ot | oo (r1 +12)* (1 + 11 +12) 2
tz

|

where C > 0 is an independent constant, which establishes the estimate on 7"

/02(V)
BE

1A+ [r[*)p2(r)ll Lo + ”/52||L1) lgllze.
L2

The estimate on 7 is then easily deduced from the estimate on 7,* by a duality argument. O

We proceed now to the main theorem of this section. Note that an equivalent version of this result with
spherical averages and an identical regularity gain can be readily obtained by applying the methods from
Appendix C.

Theorem 5.4. In dimension n = 2, let % <r<2
Then, for any f, g € L".(R*; L2(R?)) such that (1-2) holds true, one has

|, e oreyave wer @)
forany ¢ € LS"(Rz) andany 0 <s < % Furthermore, one has the estimate

=CUS Ny +gly22)-
L

H(l —Ax)ifRz fpdv

where C > 0 only depends on ¢ and constant parameters.

Proof. We consider first the refined interpolation formula (2-1), which is valid for solutions of the
transport equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and
then averaging in v yields

take the decompositions

=
Lk

(5-12)

( —AX)E/RZ fodv

a —Ax)i/ A¢ fo dv
R2

+t” (1- Axﬁ/ Bigpdv
L R2 L.

We wish now to apply Proposition 5.3 to the preceding estimate. To this end, according to (5-4), we

1—p(r)
Lr
1
p2(r) € CCR), a(r) = (1+rH)ic(r).

Clearly, all constants involving norms of the cutoff functions p; and p; in the right-hand side of (5-11)

p(r) = p1(r)p2(r) and t(r) = =11 (),

where
p1(r) € CPMR), 1(r) =

are finite and we may therefore straightforwardly apply Proposition 5.3 to control the first term in the



MAXIMAL GAIN OF REGULARITY IN VELOCITY AVERAGING LEMMAS 361

right-hand side of (5-12). However, the same is not so obviously true concerning the cutoff functions
71 and 1. The application of Proposition 5.3 to the second term in the right-hand side of (5-12) will
therefore require some substantial technical work, which we present now.

To this end, we employ a homogeneous Littlewood—Paley frequency decomposition, see (5-3), of 7;
and 1, to write

T= (Z Ay 11)(2 Azkfz) = Z(Azj rl)r3j ‘JFZ(AijZ)T‘{,

J€Z kez jez j€z
where

. ~ ; . ) .
r;:ZAsz:]—' 1|:1/fo(2j+1)}*r2, f‘{:ZAzkn:}- 1[1#0(5)]*11‘

kez kez
k<j k<j

In view of the linearity of the operator 7; with respect to the cutoffs p or t, we only need to verify the
finiteness of the constants in (5-11) with A,; 7 and r3j playing the roles of p; and p;, respectively, and
then with A,; 75 and r‘{ instead of p; and p,, respectively. It is to be emphasized here that the ensuing
bounds on the cutoffs will then depend on j € Z. In order to guarantee the boundedness of 73, we will
therefore need to make sure that our method eventually yields constants that are summable in j € Z.

We evaluate now the norms involved in the right-hand side of (5-11) where we replace p; by A, 14
(or A,j77) and p, by r3j (or ‘[‘{ ). The bounds on A,; 7, and r‘{ are handled in a strictly similar manner
and so we omit the corresponding details.

First, note that a direct application of Lemma B.3 from Appendix B together with the fact that 7; and
T, are smooth so that their Fourier transforms decay faster than any inverse power at infinity, shows that

— C
|A21‘ T (r)| = 1—1{21'—15|r|52f+1}’
P21+ |r)N
(5-13)
17 ()| < ————— 1y, <2i+1
ST Ry E
for any arbitrarily large N > 0.
Furthermore, in view of Lemma B.4, it holds that each r_{ satisfies
i C
|73 ()] < ;
I+|r|2
for some uniform C > 0 independent of j € Z, whence, for any 0 < 59 < %
r3j (r) ) .
—— e L*R) and (1+|r]*)7](r) € L°(R), (5-14)
|r[27%0

uniformly in j € Z.
Therefore, using the bounds (5-13) and (5-14) to evaluate the terms involving p; = A,; 71 and p; = r3j
in the right-hand side of (5-11), we compute that the corresponding norm of the operator in (5-11) is no
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larger than a multiple of

1

I 1 2 i

22 2 1 i . 2%
( -N) ——— | a2 so————
1+2/ 27(142/N) (1+2/)N=2

3
4
Thus, we conclude, according to Proposition 5.3, that the operators in the right-hand side of (5-12) are

bounded.
It follows that, for any 0 <7 < 1,

which is summable over j € Z, provided N >

=20t [ roan

1 1
< c(t—lnfnm% e ||g||L;L%),
2

where C > 0 only depends on constant parameters. O

Lk

6. The higher-dimensional case

We move on now to the higher-dimensional case. More precisely, in the present section, we generalize the
methods leading to Theorem 5.4 to establish an analog result valid in any dimension. Unfortunately, the
ensuing result does not reach a maximal gain of regularity of half a derivative on the velocity averages,
but only a gain of ﬁ derivatives, where n > 3 is the dimension. This drawback mainly stems from
the fact that we work in the Lfc setting, because our methods exploit the trivial fact that the exponent 4 is
an even integer in order to control the square of some transport operator in Lfc rather than the operator
itself in L%.

We begin with a few technical results. Loosely speaking, a key idea behind Proposition 5.2 consisted
in noticing that S g(x, v) is regular along the direction v and then using some duality argument in Li to
gain an integration variable in another nondegenerate direction. In higher dimensions, in order to carry
out a similar strategy, we need to gain integration variables in # — 1 nondegenerate directions. The next
few lemmas will allow us to achieve such a dimensional build up of integration variables.

The following lemma generalizes estimate (5-8) from the proof of Proposition 5.2 and corresponds to
a situation where we have already managed to build up the integration dimension all the way up to n
(notice the n-dimensional integration in S in the estimate below).

Lemma 6.1. In any dimensionn > 2, let 0 < s < % r1 > 0 and py € S(R) be such that py has its support
contained inside a ball of radius r, > 0 centered at the origin.

Then, denoting S = (s1,...,5y) € R", it holds that, for any k € N,

n
sup [ / / Stz*Azkg(x-l—Zsjtvj,vl)
xeR" : [—ri.r ]t Jsn—1 sn—1 i=1

v, €S

C(k+1)
<~ 7
|l|2k25

2
dvy---dv,_1dS

p2(r)
2

(ri+r)" YA+ + Vz)z(

HIA+ 1712 7o + ||ﬁz||il) lglF e
L2
forall t # 0 such that |t| < 1, where C > 0 is independent of k, rq, ry and p;.
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Proof. We assume that {v,, ..., v,} is alinearly independent set of vectors, which holds almost everywhere,
and denote its span by H. Further let #; € R” be a unit vector orthogonal to H. The specific choice
of unit vector is irrelevant, any such vector will do. Note that det(u1, v,, ..., v;) # 0. Moreover, since
v1 — (v - up)uq belongs to H and recalling that the determinant is linear with respect to each of its
column vectors, it holds that

det(vq,...,vy) = vy -updet(uy, va,...,Uy).

We wish now to perform the change of variable z = z(S) = Z}’:lsj-tvj in R", whose Jacobian
determinant is given by

0z
‘ﬁ =t"det(vq,...,vp). (6-1)

However, this operation becomes singular as v approaches H, that is, as vq -u1 becomes small. Therefore,
in order to deal with this degeneracy, we consider the following partition in v; of $"1:

o0
"\ {vy-uy =0y = Si,
i=0

with

_ 1 1
Si:{vl esS” 1:2i+1|v1-u1|§§}.

Then, defining ro = n(r; + ry)|¢| and writing g5 = A,« g, for convenience, one has the following
straightforward estimate on (i, ok2s Si:

n
/ S,z*gk(x+2sj-tvj,v1)
U

Jj=1

2
dvi= Y ISillAal7a gl

21 >ro 2k2s

20 >y 2k2s Si
<_ - -
< I} el (62)

where C > 0 only depends on the dimension.
Now, on each domain S;, with 2 < r02k 25 the Jacobian determinant (6-1) remains bounded away
from zero. More precisely, for every vy € S, it holds that

n
S,z*gk(x + Zs,-tvj,vl)

Jj=1

2
|t" det(uy,va, ..., vn)] dsS

[=r1,m1]"
1

~orun ] Joqer

< i+l 2% 2
<2 A ISP g 4z dz
|z|5nr1|t|,|z~u1|5T}

|1S7* gk (x +2,v1)|? dz

2
:21+1/ rpltl ‘/ gk(x+Z+SlU1)l52(s)dS dz, (6-3)
{|Z|Snr1|t|,|z.ul|§7} R
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where we have used that, for each S € [—r, r]",

n
z| = ZSjtvj

j=1

it
20

<nr{|t| and |z-uy|= =|sytvy-uq| <

n
(Z Sjtvj) “Uq
j=1

Next, further notice that, whenever |z| < nri|t|, |z-uy| < ri|t|/2%, |s| < rp and v; € S;, it holds that

(r1 +r2)lt]
oo

|z +stvy| < (nry+r)|t] and |(z + stvy)-u;p| <

It therefore follows from (6-3) that

n 2
|t" det(uq,va, ..., V)| S,z*gk(x—l—ZSjtvj,vl) dsS
[=r1,m1]" j=1
2
< i+l o
= /{|z|<nr1|t| |z.u1|s”2',-"}‘/wgk(x+Z+Swl)l{'”s“’l'S’O’“Z“f”l)'ul'fz?}m(s)ds az
szi“[ S2KEE (2 02 dz. (6-4)

where

K;];I(Z) ng(x+z)x(w>((2i |Z'“1|)’

ro

and y € C2°(R) is a smooth cutoff function such that 15<1y < x(s) < 1g5<2)-
Further integrating (6-4) in v € S; and then applying Proposition 5.1, we find that

|t" det(uq, vy, ... vn)|/ / S,z*gk(x—l—Zthv,,vl)
[=r1,m]"

J=

ds dv1

zl+1/§n I/Rn SZ*K;’;,l(z,vl)|2dzdv1
p2(r)
1

2i
<C
25\ | fry2—s
L2

where C > 0 only depends on the dimension. Moreover, a direct application of Lemma A.1 from

+ 11+ Irls)pz(r)llioo) (1 —A)73 K, (Z)Ili%,

Appendix A on paradifferential calculus yields

I(1=2) 73K, @117 <

I’l

[

for every i, k € N such that 2i < o , where C > 0 is independent of i, k and ry, whence

n 2
|t”det(u1,v2,...,vn)|// Stz*gk(x+ZSjtvj,v1)
i J[=r1,r1]" j=1

P
C 0
- |[|2s2k2s

where C > 0 is independent of i, k, ro and p5.

2k2s

ds dv1

p2(r)

|27

+ (1 + Irls)pz(r)llioo) gz, (6-5)
L2
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On the whole, combining (6-2), which is valid when 20 > r02k2S, with (6-5), which is valid when
21 < 102k we arrive at

n 2
/[ ] L 1 S,Z*gk(x+ZSjtvj,v1)
—r1,r1 n n—

j=1

dv1 ds

= / / S,Z*gk(x+ZSJUJ’v1) dvi dS
21<r 2k25 [ rl,rl] j= 1
n 2
+/ / Stz*gk(x+zsjvj’vl) dvldS
[_rlﬂrl]n U2i>r02k2s Si j=1
C ,02(1") 2
= + 1A+ 7 1) p2(r) | 00
|det(u1,v2,...,vn)||t|2s( |r|%—s 2 L
r n
P rrererd D A PR {2
2 <pg2k2s
- C(k + 1) (r1 +r2)"log(2+r1 + 1)
|det(u1, v, ..., v,)||t|252k2s
p2(r) n=l
X T + 1A+ 1) p2() oo |1 7oe + =5z 182171 gl T - (6-6)
[r|27* L2 ]2

Note that, when n = 2, the proof is then finished for |det(u, v;)| = 1. Therefore, when n > 3, there
only remains to show that

1
sup / / dvy -+ -dv,_1 < o0, (6-7)
veSn—1 sn—1 sn—1 |det(1/l1 , U2, ..., vn)| "

which will clearly conclude the proof of the lemma upon integrating (6-6) in velocities (v, ..., vy;—1)
and combining the resulting estimate with (6-7).
In fact, the control (6-7) easily follows from a careful use of integration in spherical coordinates.

Indeed, for each 2 < j <n — 1 and any choice of orthonormal vectors {u G Ls s Uy}, one has that (the
unit vector u; is characterized here by the fact that it is orthogonal to the set {vs,...,vj,u SN P Un})

1
dvy - dvj
/gn—l /gn—l |det(u1,va, ..., V5, Ujp1,... Ul

1
:/ (/ / -~dvj_1)duj
si— IJ—{“J-H ’’’’’ up \Jsn—1 gn—1 |det(u1,v2,.. S Vj—1,Uj, ... u,,)|

/ / peeesin/ T2 041 dbjy - dby
=C sup / / yeeedvi_y.
= i
u; €1 gn—1 sn—1 |det(uy,va, ..., vj_1,uUj,... un)|
uj-u;=0

foralli=j+1,..., n
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Note that the unit vector u; above is also characterized by the fact that it is orthogonal to the set

{v2,...,vj_1,uj,...,uy}. Hence, we deduce, for every 2 < j <n—1, that
1
Sup DY d’vz.-.dvj
Uj 41 seonslin €S gn—1 sn—1 |det(uq, v, ..., Vi, Uj415. .-, un)|
ui-up=0if i#k
1
<C sup [ dvy---dvj_y.
U ooty €511 S ST xS |det(u1,va, ..., vj—1,Uj, ..., Uy)|
ui-up=0ifi#k

Applying now the preceding estimate 7 — 2 times to reduce iteratively the number of integrations over
spheres, we find that

1
Sup / . 0/\ dv2 A dvn—l
oyesn—1 Jsn—1 sn—1 |det(uq,va,...,0,)|

1
<C sup / dvy -+ dvj_4
Uy ooy €S ST xS |det(uy,va, ..., vj—1,Uj, ..., Uy)|
ui-up=0ifi#k
1
<C sup )
.. uyesn—t |det@y, uz, . up)|
uj-up=0if i#k
where the unit vector u; is orthogonal to {u>, ..., u,}, which implies
|det(uey, ua, ..., uy)| =1,
and thus establishes (6-7). O
For convenience, we introduce now, for any integer N > 2, setting S = (s5,...,5N—1) € RN-2 and
V =(v1,...,vny—1) € (S"1)N~1 the following nonlinear operator:
N—-1 2
INg:/ / |S;"g(x,vN)|2(/ / S;‘g(x—}—ZSjlvj,vl) dVdS)vadx.
n gn—l [_rl’rl]N—Z (gn—l)N—l j=2

4
. - . LALy o :
Recall that, employing (5-5), it is possible to extract a one-dimensional integration from S/ g(x, vy)

and S} g(x + Z}vz_zl sjtvj, vl) along vy and vy, respectively. Therefore, it is possible, at least formally,
to gain an /NV-dimensional spatial integration in the above integrand by exploiting the integration along

In particular, when N = 2, we have I,g = || S/ g||

the variables s;. Thus, loosely speaking, the number NV represents the expected gain of spatial dimension
on the domain of integration in /.

Prior to delving any further into our proofs, we take some time now to explain the general strategy
behind the dimensional build up which will eventually allow us to apply Lemma 6.1 and establish the
boundedness of S¥ : L* — W* L2 for any 0 < s < 3=T)- in Proposition 6.6, below.

More precisely, the aforementioned boundedness of S/ will be shown to follow from four properties
of the nonlinear operator I :
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e For N =2,

Ioh = ||SThl 7415 (6-8)

This property is a direct interpretation of the definition of 7,.

e For N =n and any 0 < s < %, assuming for simplicity that 4(x) has frequencies localized inside an

annulus of inner and outer radii comparable to 2k, with k € N,
C
Inh = S5 I WAl e (6-9)

where C > 0 is independent of k. This estimate displays a gain of regularity, is a consequence of
Lemma 6.1 and is established in Lemma 6.2, below.

e Forany N > 2,
(N <1187l 4 2 Tan—2h. (6-10)

which is a simple consequence of the Cauchy—Schwarz inequality (in x) followed by a careful change of
variable. This estimate is established in Lemma 6.3, below.

e Forany N > 2,
(Iym?* < CIIS** 4 Tan-1h. (6-11)

where C > 0 is an independent constant, which is a direct consequence of an application of (5-5) followed
by a careful use of the Cauchy—Schwarz inequality with a change of variable. This estimate is established
in Lemma 6.4, below.

The rule of the game of dimensional build up will then consist in employing estimates (6-10) and (6-11)
to go from (6-8) to (6-9). In other words, by exploiting the mappings N — 2N —2and N — 2N —1,
for integers N > 2, we want to go from 2 to the dimension n. The fact that such a dimensional build up
is actually possible is explained by the simple yet tricky Lemma 6.5, below.

Eventually, the appropriate combination of these estimates (and the handling of more technical
difficulties) will give rise to the main result of this section, namely Theorem 6.8.

We proceed now with the actual preliminary results leading to Theorem 6.8.

For the sake of simplicity of notation, from now on, the variable S will denote the vector whose
components are any number of integration variables s; € [—ry, ], whereas the variable V' will denote
the vector whose components are any number of integration variables v; € S"~1. At each step of our
proofs, the exact meaning of S and V' will be easily deduced from a careful inspection of the integrands
and domains of integration.

Applying the preceding lemma combined with Proposition 5.1 to the above nonlinear operator I,
when N = n is the dimension, yields the following result.

Lemma 6.2. In any dimensionn > 2, let 0 < s < % and py, p2 € S(R) be such that py and p, have their
supports contained inside balls of radii r1,ry > 0, respectively, centered at the origin.
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Then, it holds that, for any k € N,

Ck+1) . . _
InAzkgEWHmHil ||/01||§,00(7’1+”2)n 1(1+’”1+”2)2 \
p2(r) -
X ( W= + 1L+ [7[F) p2(r) | oo + ||/02||L1) ||g||iz ||g||,i§o
ri2 L2 x

for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

Proof. In view of the simple estimate (5-5), it holds that

LA < 17112, ||f>1||ioof/ / 1S2* Ay g (x + $nt v, v0)| dsn
rr Jsn=1 Jior )

n—1
X (/ /
[_rl’rl]n—l (Sn—l)n—l

S,Z*Azkg(x—l- sjtvj,vl)
<Iali Il [ [ 157 dset )P

j=1
n
X S2*A kg(x—i- s-tv',vl)

~ 12 ~ 12 2 2
= 1Az 161 lzoo ST A2l

j=1
X sup / /
xER" [=ri,r] J(Sn—hn—1

v, €S

2

dv dS) dvy, dx

2

dv dS) dv, dx

2
dvds.

n
S,Z*Azkg(x + Z sjtvj, vl)

j=1

Therefore, applying Proposition 5.1 and Lemma 6.1 to the preceding estimate yields

Ch+1l) . ., .
Infyrg = — s 1Ay 1701510 F 0 (rt +12)" (1 4+ 11 4 12)? )
p2(r) .
X( s A+ 1) p2(r)ll Lo + ||,02||L1) legl7s llglfee. O
r 2 Lz x

The next result explains how to increase the expected dimension of the domain of integration in the
nonlinear operator Iy from N to 2N —2.

Lemma 6.3. In any dimension n > 2, it holds that, for any integer N > 2,
(Ing)* = ISFelty 2 Tan-ag.

Proof. First, by the Cauchy—Schwarz inequality, we find

N—-1 2
[Ng:/ ([ |St*g(X,vN)|2dUN)(/ / St*g(x+2sj'tvj,v1) dVdS)dx
R7 sn—1 [—r,r IN=2 J(sn—1)N—1 >
N—-1 2
<Isfeltys| [ / S*g(x—l— s-tv~,v) avas|
L2 Jgrn | J;z o 13
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whence

(Ing)* <|ISfgl? /(/ [
AL Jon i Sy

X(/ /
[—r1,r IN72 J(sn—1H)N—1

Then, exploiting the integration in x to transfer the term 2]25;,3 sjtv;j in the above integrand, we deduce
that

2N-3

St*g(x + Z sjtvj, va—z)

j=N

N-1
S,*g(x + Z sjtvj, vl)
j=2

2
dv dS)

2

dv dS) dx.

(neP <IS7eltyys [ [ 1St oan-aP

o
[_rl ’rl]ZN—4 (§n—l)2N—3

The next result explains how to increase the expected dimension of the domain of integration in the

2N-3

St*g(x+ Z Sjtvj,vl)

2
dVdS) deN—de- O
j=2

nonlinear operator Iy from N to 2N — 1.
Lemma 6.4. In any dimension n > 2, let p; € S(R) be such that py has its support contained inside a

ball of radius r1 > 0 centered at the origin.
Then, it holds that, for any integer N > 2,

(Ing)* = 41ptlL 1511 Toe 1 1IS*gll 74 Tan—1g.

Proof. First, in view of the simple estimate (5-5), one has

Ing <1311 151 e / / / 152 g (x +swtvn.vn) > dsy
R JSn=1 J[—ry,r1]

N-1 2
X S*g(x+ s-tv-,vl) dVdS)vadx

N [ / 152 g (x, o)
R Snfl N
S;"g(x—i—ZsJ-tvj,vl)

ST
[=r,r N1 J(sn—1)N~-1 -

=l oo [ [ 1S3 eom)P+SP e —onP)

N
X S*g(x—l— s-tv~,v)
(/[O,rl]/[—r1,r1]]\’_2/(‘S”_')N_1 ‘ ZJ s

j=2

2
dVdS) doy dx

2
dvds dsN) dvoydx.
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Hence, by the Cauchy—Schwarz inequality, we find

(Ung)> =417 15170 157l 7a

/[OJI] /[_rl J1IN—2 /(S”_I)N_1

~ 12 ~ 12 2 4
=472 151130 ISP 2l

X
An /gn—l (/[‘O’rl]/[_rhrl]N—z [g;z—l)N—l =N
N
X S*g(x-l— S‘lv-,vl)
(AO,rl]/[—rlsrl]NZ /(S"I)Nl ! jgz 7

Finally, exploiting the integration in x to transfer first the term sy vy and then the term Zfﬁ;,il Sjtvj
in the above integrand, we deduce that

2
dV dS dsy

2
X

N
S,"‘g(x + Zsj-tvj, v1)
j=2

2
Lx,vN

2N-2

S,*g(x + Z Sjtvj, va—l)

2
dV ds dsN)

2
dv dS dsN) duy dx.

(Ing)* = 41ptlL i l1A1 1L oort1S7 78l e

2N-2 2
X S*g(x+ Sjtvj,va_l) dVdS)
/R" /§”_‘(—/[—r1,r1]"’_2/(S"—I)N—2 ' j=;+1
N 2
St 1), dV dS)dvyn_ d
= 41|51 1171 1511 F o1 ||St2*g||2§ ,
<[ ISt el
RS 2N-2 2
X S*g(x—i— s-tv-,vl) dVdS)dUZN_ldx. O
(/[‘—rl,rl]ZN—S /;gn—l)ZN—z ! J; e

The following result is a simple technical lemma which, at first, may seem somewhat unrelated but
will prove very useful later on for building up dimensions in the proof of Proposition 6.6.

Lemma 6.5. Let the mappings Ao, A1 : N\ {0, 1} = N\ {0, 1} be defined by
A()k =2k—2 and Alk =2k —1.
Then, for any integer n > 3, there exists L € N and agy,ay, ...,ar € {0, 1} such that

n=AgyAg, - Nay 2.

and
L
n—2= Z ak2k.
k=0

Moreover, the above decomposition is unique provided ay = 1.
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Proof. We introduce first the auxiliary mappings KO, AN — N defined by
Aok =2k and Ak =2k + 1.
In particular, for any k € N, it holds that
(Aok) +2= Aok +2) and (A1k)+2=A;(k +2).

Next, let L € N and ag,ay,...,ar € {0, 1} be the parameters appearing in the dyadic decomposition

L
n—2= Zakzk.
k=0

Note that, assuming ay, = 1, the above choice of parameters is unique. Then, we have

of the positive integer n — 2:

L1 L-2
n—2= Aao ( Z ak+12k) = AaoAa1 (Z ak+22k) == AaoAa1 T AaLO.
It finally follows that
n :2+Kaoxa] "'KaLO
= Aag(2 4 Agy - Ng; 0)
= AagAay 2+ Agy - Nay 0) == AgyAg, -~ Mgy 2. O

Notice that, using the language of Lemma 6.5, it is possible to unify Lemmas 6.3 and 6.4 in the
following estimate, for any N > 2:

~ ~ 4(1—
(Ine)* < @At 161 17ern)® IS78l5 2 15778134 Ta,ve. (6-12)
where a € {0, 1}.
Now, appropriately combining Lemmas 6.2, 6.3 and 6.4, with the help of Lemma 6.5, we arrive at our
main estimate on the operator S/, which is recorded in the next proposition and generalizes Proposition 5.2
to higher dimensions.

Proposition 6.6. In any dimensionn > 3,let2 < p <4, 0 <5 < s < % and py, p2 € S(R) be such
that py and py have their supports contained inside balls of radii r{, r, > 0, respectively, centered at the
origin.

Then, the operator S} satisfies the estimate

Qntp=4s C S 2n—3 1
11— A) F500" S gl g2 < ——— 131121 131 | oo (rt -+ r2)F0=0 (14 g 4 ) 50D

|[| 4n—1)
“

forall t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

p2(r)

rl>

e (s 7 ) p2(r) Lo + ||,52||L1) ligllzy
L
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Proof. First, notice that, for any 2 < p < oo,

1,4~
1S7 gl ez <1SF €l 2re <I1S" 2 1AL lgllze. (6-13)

As for the regularity estimate, we employ the standard Littlewood—Paley dyadic frequency decomposi-
tion previously introduced to estimate g = A,« g for any k > 0.
To this end, we first decompose the dimension # > 3 according to Lemma 6.5,

n=AgyAa, - Nay 2.

ar

where L € N and ag,ay,...,ar € {0, 1}, and then apply successively estimate (6-12) to deduce that

2L—l

0 o 1—ap)2k 2L L2
S(4”/’1”L1 15113 cort) =2 ||} gk||(L4LaZL) ||St2*gk||aL (IAaLng)2
Ttap2t? l—ar— 2L—'+ 1—ap )2l
< @171 151l Zoor) ™ 1287 4ar 27 gx g ||(L4La%L v (e

2L=14q; 2L 2
ST grl i T Ungy_ Ay 280)

~ 12 ~ 12 L L o ZL= (1—a-)2j
< @ 2 N1 ert) s =02 |57 gy 2707

P
x || S7 gll’o’

1
(IAaoAal---Aangk)4
n—2 — 1 _ 1
= @A 1A e T STk 2 " P ISP 2kllT (ngi)
Hence, it follows that
1
187 exlysys < @UAIE 1611 eorn) ™ I1S7* gk l]3” (Ingi)
n—2 n—2 1
< @I 111 er) T ISP il 157 gkl 2 (Tngi)

Next, further applying Proposition 5.1 and Lemma 6.2 to the preceding bound yields

1
Ctk+1)=z _ ol nol 2n—3 1
IS7 gk|L4L2§W”'01”L1 1P1ll oo (r1 412) 4 (1 +r1+12)2

(I

where C > 0 is an independent constant.

n—1

n—1
p2(r) -
+||(1+|V|S)P2(")||L°°+”102”L1) IIgIILz llgllLoo,

r|2

L2

The remainder of the demonstration follows the arguments from the end of the proof of Proposition 5.2,
which we adapt to the present setting for completeness and convenience of the reader.
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Thus, in order to conclude, we write |g(x)| = fooo 1{¢(x)|zs} ds to deduce from the preceding estimate,
assuming g is nonnegative, that

o0
157kl p2 < /0 157 A Ltg oy s 2 ds

1

C(k + 1)3@—D

N |z|ﬁ2kz(n"—1)

|

C(k + 1)Fa—D

- |t|ﬁ2k2(nn—1)s

I . 2n—3 1
21171 15111 7 oo (ry + 1r2) 500 (1 4 1y + 1) 20D

/02(V)
HEa

+ 1A +[r*)p2(r) Lo + IIﬁzllLl) fo [{lg ()] = 5[+ ds

L2

~ % ~ % 2n—3 1
1811171 15111 Zoo (r1 4 12) 3= (1 4 1y + 1) 26=D

|

where Li’l denotes a standard Lorentz space; see [Bergh and Lofstrom 1976, Section 1.3] or [Grafakos
2008, Section 1.4] for definitions and properties of Lorentz spaces. When, g is signed, we arrive at the
same estimate simply by decomposing g = g™ — g~ into its positive and negative parts, treating each
contribution separately, and then noticing that

p2(r)
rfz=

1A+ P)p2(r) e + ||,52||L1) lgllpat,
L2

lgFllpan + g™l pan < C/O {1t ()] zs}\% + [{lg~ () zs}ﬁ ds
SC/O (Itlg* o)l = 53] + [t1g~ (0l = s3])* ds

o0 1
=c [ ezt ds = Clel .

Moreover, by allowing an arbitrarily small loss of regularity, that is, by replacing 0 < s < % by a slightly
smaller value, it is possible to replace the Lorentz space Li’l by the standard Lebesgue space Li in the
right-hand side of the above estimate.

Therefore, on the whole, for any 0 < s <59 < %, we have established the estimate

N | 203 1
16171 161110 (r 4 r2) =D (1 4 1y + 72) 2D

X
OL2

where C > 0 only depends on constant parameters, which, when combined with the easy bound (6-13)

ISfgrllpars <

n

|t|4(nn—1)2k2(n

1)
p2(r)

|2

A+ PP p2(r) L + ”:52”L1) lgliza

for low frequencies, yields

n

s c b sk 203 1
(11— Ax)“("_“St*g”L;gL% = W—nnllm 171 19111 fo0 (11 +72) 2=D (1 + 1y + 1) 2=D
a

|

p2(r)

rf2 %0

+ 1A+ 1r*)p2(r)ll Lo + ||/52||L1) lgllps. (6-14)
L2
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Finally, since S} commutes with differentiation in x and recalling from complex interpolation theory,
see [Bergh and Lofstrom 1976, Sections 5.1 and 6.4], that, for any 2 < p < 4,

4 2n+p—4

(L)ZCL%vL;‘cL%)[Z_ﬂ L L2 and (W —s,2 W SZ(n DR )[2 4] =S =D ,p’

we conclude the proof of the proposition by interpolating the estimate (6-14) with the classical estimate
on S/ from Proposition 5.1. O

Next, we utilize the previous result on the adjoint operator S/ to deduce corresponding estimates on
Ty and T
Proposition 6.7. In any dimension n > 3, let % <r<2,2<p=<4,0=<s<sy< % and p1, p € S(R)
be such that py and py have their supports contained inside balls of radii ry, ry > 0, respectively, centered

at the origin.
Then, the operators Ty and T} satisfy the estimates

Qn+r'—4)s
[(1=Ax) 27"@=D Ty [l

< e ||‘/’||L°°R4(” e ||p1||L1 IIplllLoo(r1+rz)4<n 1>(1+r1+r2)2m D
p2(r) B
X T + A+ 1) p2(r)llLee + o2l )N Sl pr 2
|P]2750 | 12 (6-15)

and
QCn+p—4)s %
[(1—-Ayx) 22@=D T, g||LPL2

<

" 2n—3 1
||<P||L°°R 1 15112 lllplllioo(rl + r2) 2= (1 4 1y + 1) 267D

( p2(>

r|3-
for all t # 0 such that |t| < 1, where C > 0 only depends on fixed parameters.

1A+ [r*)p2(r) Lo + ”/52||L1) lgllzy

L2

Proof. Tt is readily seen that

1) = [ ge+510)56) ds o(0) =g (5. 1)

Therefore, for any 2 < p < oo, we compute in polar coordinates, recalling that the support of the velocity
weight ¢ € LZ°(R") is contained inside a closed ball of radius R > 0 centered at the origin,

Q@ntp=Hs
(1= Ax) 220D T g (x, V)l Lo . 12 )

Q2n+p—4)s
N H (/[R{n 11— AX)WP_I)Tt*g(xv U)|2 dv)

LP

n 1

|¢(Vv)(1— ) Tpor1y S Lg(x,v)|*dvdr

LY/
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R )
< ol ( / e dr)
0 L)PC/Z

R
_ @n+p—2a)s
< ||(p||Loo (/(; r” 1”(1 —Ax) 2p(n=1) S;’ktg(x’v)”iﬁ(Rn;L%(grzfl)) d}") :

QCn+p—4)s
/gn_l (1= Ay) 200D S¥g(x,v)[? dv

=

Then, combining Proposition 6.6 with the above estimate, we find

Q@Qn+p—4)s %
[(1—Ay) 22@e=D"T, g”Lf@L%

R
_ Qn+p—4)s 2
5||¢||Loo( / I = M) 2SS gl dr)
0

C n2n—3) % - % 2n—3 1
= ———[@llLee RAE=D 1l 11 1511l foo (ry 4 r2) 30=D (1 4 1y + 1) 20=D

~ |t]F@-D
X (

where C > 0 is an independent constant, which establishes the estimate on 7"
The estimate on 77} is then easily deduced from the estimate on 7,* by a duality argument, which

p2(r)

r|3=0

A+ P p2(r) Lo + ”/52“L1) lglze.

L2

completes the proof of the proposition. O
We proceed now to the main theorem of this section.

Theorem 6.8. In any dimension n > 3, let % <r=<2
Then, for any f, g € L.(R"; L2(R")) such that (1-2) holds true, one has

/I;n f(x,v)pv)dve W (R")

forany ¢ € L2 (R") and any

0ss<5(3-7)+ 4(nn—1)(;_1_2)'

Furthermore, one has the estimate
](1 a0t [ e
Ri’l

where C > 0 only depends on ¢ and constant parameters.

= C(”f”LQCL% + ”g”L;L%)’
Lr

X

Proof. This demonstration follows the same ideas as the proof of Theorem 5.4. Nevertheless, for the sake
of clarity and convenience of the reader, we provide a complete justification of this result.

We consider first the refined interpolation formula (2-1), which is valid for solutions of the transport
equation (1-2), for some given cutoff p € S(R). Clearly, further differentiating (2-1) in x and then
averaging in v yields

=
Lk

(6-16)
L%

la-a0 [ roa

(1—Ax>%/ Aifo dv +zH(1—Ax)5/ Bigp dv
Rn L";( Rn
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We wish now to apply Proposition 6.7 to the preceding estimate. To this end, according to (5-4), we
take the decompositions

o) = prpar) and v = L =)
where
P11 €CE®). T1() = ——.
(14r2)4

p2(r) € CPM), 1(r) = (1 +rH)az(r).

Clearly, all constants involving norms of the cutoff functions p; and p, in the right-hand side of (5-11)
are finite and we may therefore straightforwardly apply Proposition 6.7 to control the first term in the
right-hand side of (6-16). However, the same is not so obviously true concerning the cutoff functions
71 and 1. The application of Proposition 6.7 to the second term in the right-hand side of (6-16) will
therefore require some substantial technical work, which we present now.

To this end, we employ a homogeneous Littlewood—Paley frequency decomposition, see (5-3), of 7;
and 1, to write that

T= (Z A,j rl) (Z Azk‘[z) = Z(Azj rl)t_{ + Z(Azj TZ)E{’

Jez kez J€Z je€z
where

: _ r : _ r
‘E; = ZAZk'L'z:]: 1|:w0(2j+1):| * Ty, -[i — ZAszI =F 1[1#0(5)]*1’1.

kez kez
k<j k<j

In view of the linearity of the operator 7; with respect to the cutoffs p or 7, we only need to verify the
finiteness of the constants in (6-15) with A,;7; and ‘L'3j playing the roles of p; and p,, respectively, and
then with A,; 7, and ‘C‘{ instead of p; and p,, respectively. It is to be emphasized here that the ensuing
bounds on the cutoffs will then depend on j € Z. In order to guarantee the boundedness of 73, we will
therefore need to make sure that our method eventually yields constants that are summable in j € Z.

We evaluate now the norms involved in the right-hand side of (6-15) where we replace p; by A, 1y
(or A,j72) and p, by r3j (or r‘{ ). The bounds on A,; 7, and r‘{ are handled in a strictly similar manner
and so we omit the corresponding details.

First, note that a direct application of Lemma B.3 from Appendix B together with the fact that t; and
7, are smooth so that their Fourier transforms decay faster than any inverse power at infinity, shows that

C

Ayn(r) € ————
r|2(1+ [N

Loi-t<irisaitys
(6-17)

Q= Nl{|r|52j+1},

Ir]2 (1)
for any arbitrarily large N > 0.
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A

=
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I
I
I
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S
S|+
—_
=
~—

4(n-1) \b\(%’ 4(”7,1_1))

Theorem 6.8 |
+interpolation A
with (1,0) A

0 1 ntl 3 1

2 2n 4

Figure 2. Range of validity of the parameters % and s in Theorem 6.8 extended by
interpolation with the degenerate L! case.

Furthermore, in view of Lemma B.4, it holds that each r3j satisfies
J
T3 (r)] =

142

for some uniform C > 0 independent of j € Z, whence, for any 0 < 5¢ < %,

()

e

e L*(R) and (1+[r[*)e](r) € L®(R), (6-18)

uniformly in j € Z.

Therefore, using the bounds (6-17) and (6-18) to evaluate the terms involving p; = A,; 77 and p = ‘L':{

in the right-hand side of (6-15), we compute that the corresponding norm of the operator in (6-15) is no
larger than a multiple of

2% 2 1 I ons S 2/'%
( ’N) ( ; ) 2J4<n—1)(1+21)m <C —,

which is summable over j € Z, provided N > %.

Thus, we conclude, according to Proposition 6.7, that the operators in the right-hand side of (6-16) are
bounded.
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It follows that, for any 0 <t < 1,

1 n
‘ = C( Sz 07500 ||g||L;L%),
L’)’( 14 n—

where C > 0 only depends on constant parameters. O

(1-A0)2 | fedv
Rl’l

As already mentioned at the end of our Introduction, it is possible that Theorem 6.8 may be largely
improved. In fact, the formal interpolation result (1-3) seems to indicate that Theorem 6.8 should hold for
all parameters 2% <r <2and 1 <s < 5. The range of parameters defined by <r <2and

n+1 —
0=s< ;(3_i)+4(nn—1)(4 2)

would then be recovered by interpolation with the degenerate L! case.
Indeed, Figure 2 represents the range of validity of the parameters % and s in Theorem 6.8 extended

by interpolation with the degenerate L' case. More precisely, Theorem 6.8 handles the region bounded
by the points (1 0) (i , 0) (i 4(n” 1)) and (1 1) which yields the shaded region in Figure 2 when
1nterpolated with the trivial L! case corresponding to the point (1, 0). Observe that the points (”J;l , %)
( Ry e 1)) and (1, 0) are all supported by the same line. It seems therefore natural to conjecture that
a similar result should hold for all parameters encompassed by the area delimited by the points ( O),
(1,0), (Z£1, 1) and (1. 1); see [Arsénio 2015] for more on such conjectures. This situation strongly
resembles the corresponding existing conjectures for the boundedness of Bochner—Riesz multipliers and

Fourier restriction operators.

Appendix A. Some paradifferential calculus

In this appendix, we record for reference a useful technical lemma. The proof of this lemma is based on
classical methods from paradifferential calculus and paraproduct decompositions.

Lemma A.1. Let x; € S(R" ') and x> € S(R). For eachi € N and L > 0, we define

hi(x) = Xl(xz))(z(zzn),

where x' = (x1,...,Xn—1) € R"™L Further consider fixed parameters s > 0 and 0 < A < 1.
Then, for all g € L*°(R"), it holds that

n

C
100 = 2 o = 5 2

for every i,k € N such that 2! < L2 where C > 0 is independent of i, k and L.

Proof. We first write a standard paraproduct decomposition (see (5-3) for the definition of dyadic blocks
and the Littlewood—Paley decomposition):
k-3 k+2
(A g)ht = Azkg(th + Y Ayih ) +Ang Y Ayhf+ Z AygAyihE.
j=0 j=k-2 j=k+3
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It is then easy to see that in the right-hand side above
(1) the first term has frequencies localized inside an annulus of inner radius 2k=2 and outer radius 92572,
(2) the second term has frequencies localized inside a ball of radius 5-2Kt1,

(3) each summand in the third term has frequencies localized inside an annulus of inner radius 2772 and
outer radius 9-2/ 72,

Accordingly, we estimate that

= A)—%«Azk )l

k+2 00
1

||g||L°° Ihf Nz + CligllLe 1A hE 2+ C lglzoe Al

st 2]S
j=k—2 Jj=k+3

n k+2

CL2
<——llgliLee + Cliglize Y NAgihf 2 (A-1)

2722ks k2

There only remains to control the terms || A,; hiL |2 above. To this end, noticing that

= Yo cmientimi=2y + gy < Yo <<y = Y cpi<oy T 1 <<

where ' = (1.....n,—1) € R""1, and using Plancherel’s theorem, we obtain
L? n M
AyihF| 2 = :
lawitle: = v (7 Juonie(3) |,
L2
< -
= omiz I11¢r2i- 2<|n|<L21+1}X1(77)HL2 X2(21) n
: Nn
T e FACaYye, vy (%)
(27_[)52 L {L2/ 2=y |<L27+1} 21 L,,n
Lz
Y H (=LY
2
LZ(L2])2 R L2]
C—2l {I<ina)=2}X2\ 57 I L%n.

Hence, recalling that both x; and ), decay faster than any inverse power at infinity, we find, for any
given large Ny, Ny > 0,

L% L32(N2=3)i
i . n—1 +Cl .
23(L2/)yNi—"7 23(L27)N272
L5 oi N -5t oi Na—3
C . -
= ;((sz) +(sz) )
%

2
L 1 1

<C—- 4 ’
23 (2(N1—"El)(1—l)k 2(Nz—5)(1—x)k)

1Ay hf 2 <C

1
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so that, choosing N and N, such that

n—1 1 S
P —— _ >
Ni====N=527
we get
L L>
[Azihi N2 = C—F—, (A-2)
27 2ks
where C > 0 is independent of i, k and L.
On the whole, incorporating (A-2) into (A-1) yields
s CL?
1= A) "2 (A )h )2 = ———llgllres O
232ks

Appendix B. Boundedness of Fourier transforms in L?, with 1 < p <2

For reference, we show here a few handy criteria for establishing the boundedness in Lebesgue spaces L2,
with 1 < p < 2, of Fourier transforms of given functions.

Lemma B.1. Let f(x) € C*(R"), for some given a € N, be such that

C
sup |x|"10Y f(x)| < ————  forall x e R", (B-1)
pen (1+ xD*
ly|<a

for some A > 0.
Then, the Fourier transform [ belongs to L? (R") for any 1 < p < 2 satisfying

a>n(%—%) and A>n(1—%). (B-2)

In particular, for any given 1 < p <2 and any B > #, the Fourier transform of (1 + |x|2)_% belongs
to LP(R").

Proof. Let ¥o(x), ¥ (x) € C(R™) be compactly supported smooth cutoft functions, whose supports
satisfy

supp Vo C {|x] <1} and suppy C {% <|x| = 2},
and such that

o0
X — n
Vo(x) + ZW(z—]) =1 forall x e R".
j=0
We define g(n). hj(n) € S(R"), for each j € N, by the inverse Fourier transforms

20 = ol /() and k0= (35 ) 70,
so that o
S)y=gm+Y_ hi(n) inS'®"). (B-3)

j=0
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Then, for any 1 < p < 2 satisfying (B-2), so that (2 pa) /(2— p) > n, and by Holder’s inequality, we have

[ g()|? dn = / (+ [n)P® g ()7 dn
Rl’l Rl’l

(I +[nf)Pe

p 1—
5 |
([ a+ |n|>2“|g(n)|2dn) ( L dn)
(/R” /I‘Rn (1 + |n|)2—p

<c( [ asmiempa).

SIS]

and, similarly,

[ wsiran= [ a2 ol dn

(1427 [n)Pe

p 1—
. ) 1
< (1+2’|n|)2°‘|h'(n)|2dn) ( — dn)
(/[R” / /[RE” (1+27|n))2-»

< cain(i-3) ( /R (1 2Ty P dn)z,

where C > 0 only depends on p, o and the dimension.

(NS

Next, since "
(1420 < C(l +oie Y |m-|“),
i=1
it follows from Plancherel’s theorem that
lg@ e < CIA+nD* ez <C D 10%Wo () SN2 <C Y gx<130% ()2 < 0.

yeN” yeN”
ly|<a ly|<a

and, further using (B-1),

in(L—1 j
2G|y )lle < CIA+27 1) h; ()l 2

<c Yy o 8§(w(§)f(x>)

yeN”"
ly|<a

<C Y 2 1pim gy 01300 () | 12
J/GN”
ly|<a

=C Z ”1{2!’*15|x|52!‘+1}|x||y|3§f(x)HLz <C

yeN”"
ly|Za

L2

n

2
14272

Hence, for any large N € N, since A — n(l — %) > 0,

o 5in(1-1)

N
mm| ey
‘g(n)+; ’(U)HLH_ ];) 1+2n =%

sup
NeN
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Therefore, according to (B-3), we deduce that the tempered distribution f coincides with the weak limit
of functions uniformly bounded in L2, which implies that f € L? for any 1 < p < 2 satisfying (B-2). O

Lemma B.2. Let f(x) € C*(R" \ {0}), for some given o € N, be such that
. |x]|”

sup |x|V19% £ ()] =

yenn * (14 [x[)*+e

ly|<c

forall x € R"\ {0}, (B-4)

for some A > 0 and 0 > —A.
Then, the Fourier transform f belongs to L* (R") for any 1 < p < 2 satisfying

a>n(%—%) and k>n(1—%)>—o. (B-5)

n(B+8)
In particular, for any given 1 < p<2 and any B >#> —8, the Fourier transform of |x|" (14|x|?)™" 2

belongs to LP (R").

Proof. Let ¢ (x) € C2°(R") be a compactly supported smooth cutoff function whose support satisfies

suppy C {3 < x| <2},
and such that

Zw(%) =1 forall x € R"\ {0}.

Jj€Ez

We define /1 (n) € S(R"), for each j € Z, by the inverse Fourier transforms

~ X
e =v(37) 7.
so that
Sm=) hitm) SR (B-6)
jez
Then, for any 1 < p < 2 satisfying (B-5), so that (2p«)/(2 — p) > n, and by Holder’s inequality, we
have

hi()|? d =/ 14+ 27 )P by () |P ———— d
[ s dn = [ a2y o s

D 1—
. 2 1
< (1+2’|nl)2°‘|h-(n)|2dn) ( —zwdn)
(/. ’ Jo (1+27 )5

D

< co-in(1-%) ( /R 1+ 2 Iy )P dn)z,

[N

where C > 0 only depends on p, o and the dimension.
Next, since

n
(1+27 ) EC(1+2jaZ|ni|°‘),

i=1
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it follows from Plancherel’s theorem and (B-4) that
. l_l .
MG iy ()l < C I+ 27 () Ry ()] 2

<c ) 2l 8§(w(§)f(x>)

yeN”"
<C Y PV 1pm <oy XS] 12

L2
ly|<a

]/GN”
ly|<a
Y lay 2j(%+0)
<C ) [T szarey XML/ (O] 2 = C o —7o
yeN”"
ly|<a

Hence, for any large N € N, since A —n(1 — %) >0and o +n(l— %) >0,

N i (n(1=5)+0)
hj(n)
j=Z—N '

=C — < 0.

(A +
L ez 1 +2/(+0)

sup
Ne

Therefore, according to (B-6), we deduce that the tempered distribution f coincides with the weak limit
of functions uniformly bounded in L2, which implies that /" € L? for any 1 < p < 2 satisfying (B-5). O

Lemma B.3. Ler f(x) € C'(R\ {0}) be such that
C
| S Ixf (o)l = e for all x € R" \ {0},

for some 0 < A < 1.

Then, the Fourier transform f belongs to L' 4+ L™ and satisfies

O

o for almost every n € R",
-

for some independent constant C > 0.

Proof. Consider a cutoff x € C2°(R) such that 1g <1} < x(x) < 1{xj<2;. Then, on the one hand,
the function y(x) f(x) clearly is integrable so that its Fourier transform is bounded pointwise almost

everywhere. On the other hand, the function (1 — x)(x) f(x) clearly verifies the hypotheses of Lemma B.1

so that its Fourier transform always coincides with an integrable function. This establishes that f €
L'+ L

Next, for any ¢ > 0, we have the estimate

= ‘ [ rwas

/ e_i""x(z)f(x) dx
R 4

=

—inx X
+‘/Re n (I—X)(?)f(x)dx
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< /GOl dx / e—""X(u—x)(f)f(x)) dx
(x|<21} nl|/r t

1 C 1 C 1 1
SC/ —kdx+— —)de—i—— defC(ll_k+_)L).
{Ix|<2¢3 |x] tn| Jie<ix|<2y |x] nl Jyx|zey x4 |t

Therefore, optimizing the preceding estimate in ¢ > 0, which amounts to setting ¢ = |1ﬂ above, yields

A C
£ ()] S O
Lemma B.4. Let f € L°°(R) be such that

SO = T

for some 0 < a < 1, and consider the convolution

fr(x) = /R RY(R(x — ) f() dy

forall x € R,

for any R > 0, where x € S(R).
Then, the convolution fg also satisfies

| fR()] =

for some constant C > 0 independent of R.

T+ X forall x e R,
X

Proof. Note first that
/Rl =[xz llf llzee.

Therefore, we only have to consider values |x| > 1, say. Furthermore, by possibly replacing x and f by
|x| and | f], respectively, we may assume that y and f are both nonnegative.
Then, for any N > 1, we estimate that

fr(x) = [{M} RY(R(x— ) f () dy + [{ RY(R(x— )/ () dy

lyl<3t}
C CR
< RY(R(x = 1)) dy + / 70 dy
/{|y|z'§'} 1+ |yl {y1<isl}y 14 RN|x — p|¥
C / CR 1
< RY(R(x = ) dy + ——a—— f L
L[] iyl T4+ RN XN Jgyi<igty T+ [
CR 1—«a
|x| 7%,

< +
1+|x|® 14 RN|x|N

Further noticing that

R 1 1
SUp —————~ Smax{ sup R, sup _—} <—,
R>0 1+ RN|X|N 0<R5|)IT\ R>ﬁ RN 1|X|N |X|

we deduce

C

x|

Sr(x) =
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Appendix C. Velocities restricted to a manifold of codimension 1

In this final independent appendix section, we explore the connection between averaging lemmas for the
stationary transport equation (1-2) for velocities in the Euclidean space v € R” and averaging lemmas
for the same equation for velocities lying in an appropriate manifold of codimension 1 in R”. Here, for
simplicity, we only consider the case v € S”~!. However, the elementary methods developed here can be
used to establish similar connections with settings in other manifolds of codimension 1. In particular, this
approach includes the time dependent case (1-1) where (¢, x) € R**1 and v € R” and, thus, allows us to
translate the main results contained in this work to several other interesting and relevant situations.

Proposition C.1. Letn >2, s >0and 1 < p,q,r < 0o be such that

p<r s+n(l—l)51 and l+s+(l—1)51, (C-1)
pr q por

and suppose that, for any ¢ € L2°(R"), there exists C > 0 such that one has the estimate

forany f,g € LE(R"; LY(R™)) such that (1-2) holds true.
Then, for some other constant C > 0, one has the estimate

/ fdv
gn—1

forany f,g € LE(R"; L1(S™™")) such that (1-2) holds true.

fodv

=CSMeery +llglrzre) (C-2)

R7 W

<CU S Nzzeg + gl Lere) (C3)

Wi

It is possible to show, though a dimensional analysis, that the restrictions (C-1) are in fact necessary in
order that (C-2) may hold; see [Arsénio 2015, Section 4] for details.

Proof. We employ a strategy similar to the one used in [Arsénio and Saint-Raymond 2011, Appendix C]

to go from the stationary case to a time-dependent setting. To this end, for any f, g € LE(R"; L{(S"™1))

such that (1-2) holds true, we introduce an artificial radial dimension by defining, for all (x, v) € R” x R”,
v

Focor= £ (x5 )xtol) and g0 = ol (. 2 ) o

vl

for some given nonnegative cutoff function x € L°(R).
Assuming that ¢(v) = 1 on the support of x(|v|), it is then readily seen that

. o0
fo dv=/ X(r)r”_ldr/ £ dv,
R” 0 sn—1

and
n

~ 1
||f||Lg(|Rgn) =|r a X(”)HL?([o,oo))||f||Lg(§n—1),

~ n—1
||g||L‘U1(Rn) =|r a +1X(V)||L‘,1([o,oo))||g||Lg(§n—1)-
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Further observe that (1-2) also holds with f and g in place of f and g, respectively. Therefore, by
plugging f and g into (C-2), we deduce the validity of estimate (C-3). O

A converse to the preceding proposition is also available.

Proposition C.2. Letn >2, s >0and 1 < p,q,r < oo be such that

p=r, s—i—n(l—l)fl and l-|—s-|—(l—l)§1, (C-4)
pr q pr
and suppose that there exists C > 0 such that one has the estimate
fdv|  =C([fllgprs +lglzrre) (C-5)
Sn—l W)}” 7

forany f,g € LE(R™; LL(S"1)) such that (1-2) holds true.
Then, for any ¢ € L2°(R"), there exists C > 0 such that one has the estimate

forany f,g € LE(R™; LLR") if p <q, or f,g € LLR"; L2(R")) if p < q, such that (1-2) holds true.

=CU S liggrs +glzey) #p=a

fodv
Rl’l

W (C-6)

fodv

g =CUflgare +lgllpare) ifp=q
n W/\:Y.r

Proof. We first assume that p < ¢. For any f, g € LZ(R"; L(R")) such that (1-2) holds true, we define,
for all (x,v) € R" x S""!, A > 0 and ¢ € LX(R"),

flx.v) = fOx,Av)p(hv) and g (x.v) = g(hx, Av) p(Av).
It is then readily seen that

— AT
L

ﬂdv
gn—1

ﬂ dv
gn—1

9’

L

/ f(x, Av) p(Av) dv
gn—1

=)\ £(x, Av) o(Av) dv

gn—1

8. r 78T
Wi Wy

and

||fA||L§(Rn;L%(§”—1)) =1 7| f(x, Av) ‘P()\U)||L§(Rn;Lg(§n—l)),

33 ||L§(RH;L3(§n—1)) =1 7| g(x,Av) ‘P()LU)||L§(Rn;Lg(§n—1))-
Further observe that (1-2) also holds with f; and g, in place of f and g, respectively. Therefore, by
plugging f and g into (C-5), we deduce that

AG ‘ / S ) Gy do| 425G .
gn—1 L; W;J

<C(II f(x,Av) PAV) [l Lo @n;La(sn—1y) + 18 (X, Av) <P()\U)||L§(Rn;Lg(gn—l)))-

‘/ f(x,Av) p(Av) dv
gn—1
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Next, recalling that ¢ is compactly supported within some large ball B(0, R), say, noticing that

n—1

— 1 1 /
Aa 5T (G=7) € Li ([0, R]), by (C-4), and then integrating the preceding estimate in A over [0, R], we

find
R

H / fve@)d| < [ !

R wsr Jo

/ f(x, Av) p(Av) dv dA
gn—1 r

e
Ko (3-1)

< C/ AT f(x, Av) @A) || o 1.9 (g1 dA
. .

R 1—s—n(Ll_1
+C [ G g ) G o1y
R q
<c ( RO — dk)
1

q

R
- c( /0 12Ge 20) @OV . g ooty dk)

< C(If e L@y + 1gle @ La@my))-
which concludes the proof of (C-6), when p <gq.
The case p > ¢ is obtained similarly. O
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