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Let M be an open Riemann surface and n > 3 be an integer. We prove that on any closed discrete subset
of M one can prescribe the values of a conformal minimal immersion M — R". Our result also ensures
jet-interpolation of given finite order, and hence, in particular, one may in addition prescribe the values of
the generalized Gauss map. Furthermore, the interpolating immersions can be chosen to be complete,
proper into R” if the prescription of values is proper, and injective if n > 5 and the prescription of values
is injective. We may also prescribe the flux map of the examples.

We also show analogous results for a large family of directed holomorphic immersions M — C”,
including null curves.

1. Introduction and main results

The theory of interpolation by holomorphic functions is a central topic in complex analysis which began
in the 19th century with the celebrated Weierstrass interpolation theorem [1876]: on a closed discrete
subset of a domain D C C, one can prescribe the values of a holomorphic function D — C. Much later,
Florack [1948] extended the Weierstrass theorem to arbitrary open Riemann surfaces. In this paper we
prove an analogue of this classical result for conformal minimal surfaces in Euclidean spaces.

Theorem 1.1 (Weierstrass interpolation theorem for conformal minimal surfaces). Let A be a closed
discrete subset of an open Riemann surface M, and let n > 3 be an integer. Every map A — R" extends to
a conformal minimal immersion M — R".

Let M be an open Riemann surface and n > 3 be an integer. By the identity principle it is not possible
to prescribe values of a conformal minimal immersion M — R" on a subset that is not closed and discrete;
hence the assumptions on A in Theorem 1.1 are necessary.

Recall that a conformal immersion X = (X1, ..., X;) : M — R" is minimal if, and only if, X is a
harmonic map. If this is the case then, denoting by 8 the C-linear part of the exterior differential d = 9 + 8
on M (here 3 denotes the C-antilinear part of d), the 1-form 0X = (30X, ..., dX,) with values in C" is
holomorphic, has no zeros, and satisfies Z;‘:] (0X j)2 = 0 everywhere on M. Therefore, 0 X determines
the Kodaira-type holomorphic map

Gx:M—CP"', M>pr Gx(p)=[3X1(p):---:3X.(p)],
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which takes values in the complex hyperquadric
OQnoa={lz1: 2,1 €CP" i zf+ - +2z; =0} CcCP"!

and is known as the generalized Gauss map of X . Conversely, every holomorphic map M — Q,,_, C CP" !
is the generalized Gauss map of a conformal minimal immersion M — R"; see [Alarcén, Forstneri¢
and Loépez 2017]. The real part 3(dX) is an exact 1-form on M; the flux map (or simply, the flux) of
X is the group homomorphism Fluxy : H(M; Z) — R" of the first homology group of M with integer
coefficients, given by

Fluxx(y) = / J(0X) = —i/ 0X, yeH (M;2),
¥ ¥
where J denotes the imaginary part and i = +/—1.
Conversely, every holomorphic 1-form ® = (¢4, ..., ¢,) with values in C”, vanishing nowhere on M,
satisfying the nullity condition
n
Z((bj)2 =0 everywhere on M, (1-1)
j=1

and whose real part %(®P) is exact on M, determines a conformal minimal immersion X : M — R" with
0X = ® by the classical Weierstrass formula

X(p)=x0+2/pm(q>), peM, (1-2)

Po
for any fixed base point pg € M and initial condition X (pg) = xg € R". (We refer to [Osserman 1986]
for a standard reference on minimal surface theory.) This representation formula has greatly influenced
the study of minimal surfaces in R" by providing powerful tools coming from complex analysis in one
and several variables. In particular, Runge and Mergelyan theorems for open Riemann surfaces (see
[Bishop 1958; Runge 1885; Mergelyan 1951]) and, more recently, the modern Oka theory (we refer
to the monograph [Forstneri¢ 2017] and to the surveys [Larusson 2010; Forstneri¢ and Larusson 2011;
Forstneri¢ 2013; Kutzschebauch 2014]) have been exploited in order to develop a uniform approximation
theory for conformal minimal surfaces in Euclidean spaces which is analogous to the one of holomorphic
functions in one complex variable and has found plenty of applications; see [Alarcén and Lépez 2012;
2014; 2015; Alarcon and Forstneri¢ 2014; Drinovec Drnovsek and Forstneri¢ 2016; Alarcon, Forstneric¢
and Lopez 2016a; 2016b; Forstneri¢ and Larusson 2016]. In this paper we extend some of the methods
invented for developing this approximation theory in order to provide also interpolation on closed discrete
subsets of the underlying complex structure.

Theorem 1.1 is a consequence of the following much more general result ensuring not only interpolation
but also jet-interpolation of given finite order, approximation on holomorphically convex compact subsets,
control on the flux, and global properties such as completeness and, under natural assumptions, properness
and injectivity. If A is a compact domain in an open Riemann surface, by a conformal minimal immersion
A — R" of class €"(A), me Z, =10, 1, 2, ...}, we mean an immersion A — R" of class ¥ (A) whose
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restriction to the interior A = A\ bA is a conformal minimal immersion; we use the same notation if A is
a union of pairwise-disjoint such domains.

Theorem 1.2 (Runge approximation with jet-interpolation for conformal minimal surfaces). Let M be
an open Riemann surface, A C M be a closed discrete subset, and K C M be a smoothly bounded
compact domain such that M \ K has no relatively compact connected components. For each p € A let
Q, C M be a compact neighborhood of p in M, assume that 2, N Q, = & forall p # q € A, and set
Q= UpeA Q. Also let X : KUQ — R" (n > 3) be a conformal minimal immersion of class FHUKURQ)
andletp : Hi(M; Z) — R" be a group homomorphism satisfying

Fluxx(y) =p(y) forall closed curves y C K.

Then, given k € Z,, X may be approximated uniformly on K by complete conformal minimal immersions
X : M — R" enjoying the following properties:

() X and X have a contact of order k at every point in A.
D Fluxi =»p.
(D) Ifthe map X |5 : A — R" is proper then we can choose X: M — R" to be proper.

(AV) If n > 5 and the map X|p : A — R" is injective, then we can choose X:M — R" tobe injective.

Condition (I) in the above theorem is equivalent to X A = X|a and, if £ > 0, the holomorphic 1-form
8(}~( — X), assuming values in C" has a zero of multiplicity (at least) k at all points in A; in other
words, the maps X and X have the same k-jet at every point in A (see Section 2B). This is reminiscent
of the generalization of the Weierstrass interpolation theorem provided by [Behnke and Stein 1949]
and asserting that on an open Riemann surface one may prescribe values to arbitrary finite order for a
holomorphic function at the points in a given closed discrete subset; see [Napier and Ramachandran 2011,
Theorem 2.15.1]. In particular, choosing k = 1 in Theorem 1.2 we obtain that on a closed discrete subset
of an open Riemann surface M, one can prescribe the values of a conformal minimal immersion M — R"
(n > 3) and of its generalized Gauss map M — Q,_» C cpr! (see Corollary 7.1). The case A = & in
Theorem 1.2 (that is, when one does not take care of the interpolation) was recently proved by Alarcén,
Forstneri¢, and Lopez [2016a, Theorem 1.2].

Note that the assumptions on X | in assertions (III) and (IV) in Theorem 1.2 are necessary. We also
point out that if A is infinite then there are injective maps A — R" which do not extend to a topological
embedding M — R”"; hence, in general, one cannot choose the conformal minimal immersion X in (IV)
to be an embedding (i.e., a homeomorphism onto X (M) endowed with the subspace topology inherited
from R"). On the other hand, since proper injective immersions M — R”" are embeddings, we can choose
X in Theorem 1.2 to be a proper conformal minimal embedding provided that n > 5 and X[ : A — R"
is both proper and injective.

Let us now say a word about our methods of proof. Given a holomorphic 1-form 6 on M with no zeros
(such a 6 exists by the Oka—Grauert principle, see [Grauert 1957; 1958; Forstneri¢ 2017, Theorem 5.3.1]),
any holomorphic 1-form ® = (¢1, ..., ¢,) on M with values in C" and satisfying the nullity condition



564 ANTONIO ALARCON AND ILDEFONSO CASTRO-INFANTES

(1-1) can be written in the form ® = f6 where f : M — C" is a holomorphic function taking values in
the null quadric (also called the complex light cone)

Ai={z=(21,....20) €C" 121+ +2,=0}. (1-3)
Therefore, in order to prove Theorem 1.1 one needs to find a holomorphic map
fiM—2A\{0}cC"

such that 31( f6) is an exact real 1-form on M and

2/p§}1(f9):3(p) forall p € A,
P

0
where pg € M \ A is a fixed base point and 3 : A — R" is the given map. Then the formula (1-2) with
xo =0 and ® = f6 provides a conformal minimal immersion satisfying the conclusion of the theorem.
The key in this approach is that the punctured null quadric

Ry = 2AN\ {0} (1-4)

is a complex homogeneous manifold and hence an Oka manifold [ Alarcon and Forstneri¢ 2014, Exam-
ple 4.4]; thus, there are many holomorphic maps M — 2, (see Section 2C for more information).

The proof of Theorem 1.2 is much more involved and elaborate. It requires, in addition to the above,
a subtle use of the Runge—Mergelyan theorem with jet-interpolation for holomorphic maps from open
Riemann surfaces into Oka manifolds (see Theorem 2.6) to achieve condition (I). Additionally, it requires
a conceptually new intrinsic-extrinsic version of the technique from [Jorge and Xavier 1980] to ensure
completeness of the interpolating immersions (see Lemma 5.5 and Section 6B), and, in order to guarantee
assertion (IIT), we must extend the recently developed methods in [Alarcén and Lépez 2012; Alarcén and
Forstneri¢ 2014; Alarcon, Forstneri¢ and Lépez 2016a] for constructing proper minimal surfaces in R”
with arbitrary complex structure (see Lemma 5.6 and Section 6C). Moreover, in order to prove (IV) we
adapt the transversality approach by Abraham [1963] in Theorem 5.3; see [Alarcén and Forstneri¢ 2014;
Alarcén, Drinovec Drnovsek, Forstneri¢ and Lopez 2015; Alarcén, Forstneri¢ and Lopez 2016a] for its
implementation in minimal surface theory.

The above-described method for constructing conformal minimal surfaces in R”, based on Oka theory,
was introduced in [Alarcén and Forstneri¢ 2014] and it also works in the more general framework of
directed holomorphic immersions of open Riemann surfaces into complex Euclidean spaces. Directed
immersions have been the focus of interest in a number of classical geometries such as symplectic, contact,
Lagrangian, totally real, etc.; we refer for instance to the monograph [Gromov 1986], to [Eliashberg and
Mishachev 2002, Chapter 19], and to the introduction of [Alarcén and Forstneri¢ 2014] for motivation on
this subject. Given a (topologically) closed conical complex subvariety & of C" (n > 3), a holomorphic
immersion F' : M — C" of an open Riemann surface M into C”" is said to be directed by &, or an
G-immersion, if its complex derivative F’ with respect to any local holomorphic coordinate on M
assumes values in

S, :=6\{0}
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see [Alarcon and Forstneri¢ 2014, Definition 2.1]. If A is a compact domain in an open Riemann surface,
or a union of pairwise-disjoint such domains, by an G-immersion A — C" of class &/ (A) (m € Z)
we mean an immersion A — C”" of class €™ (A) whose restriction to the interior, /i, is a (holomorphic)
G-immersion. Among others, general existence, approximation, and desingularization results were proved
in [Alarcén and Forstneri¢ 2014] for certain families of directed holomorphic immersions, including null
curves, i.e., holomorphic curves in C" which are directed by the null quadric 2% C C”; see (1-3). It is well
known that the real and imaginary parts of a null curve M — C”" are conformal minimal immersions
M — R" whose flux map vanishes everywhere on H{(M; Z); conversely, every conformal minimal
immersion M — R" is locally, on every simply connected domain of M, the real part of a null curve
M — C"; see [Osserman 1986, Chapter 4].

The second main theorem of this paper is an analogue of Theorem 1.2 for a wide family of directed
holomorphic curves in C" which includes null curves. Given integers 1 < j <n we denote by ; : C" — C
the coordinate projection 7;(z1, ..., 2,) = Z;.

Theorem 1.3 (Runge approximation with jet-interpolation for directed holomorphic curves). Let G be
an irreducible closed conical complex subvariety of C" (n > 3) which is contained in no hyperplane and
such that S, = G\ {0} is smooth and an Oka manifold. Let M, A, K, and Q2 be as in Theorem 1.2 and let
F: KUQ — C" be an S-immersion of class /' (K U Q). Then, given k € N, F may be approximated
uniformly on K by &-immersions F: M — C" such that F — F has a zero of multiplicity (at least) k at
every point in A. Moreover, if the map F|p : A — C" is injective, then we can choose F: M — C" to be
injective.
Furthermore:

M If 6N {z1 = 1} is an Oka manifold and 7w, : & — C admits a local holomorphic section h near
¢ =0 € C with h(0) # 0, then we may choose F to be complete.

(D If &N {z; = 1} is an Oka manifold and 7; : & — C admits a local holomorphic section h; near
¢ =0eCwithh;j(0) #0 forall j €{l,...,n}, and if the map F| : A — C" is proper, then we
may choose F: M — C" to be proper.

In particular, if we are given G, M, and A as in Theorem 1.3 then every map A — C" extends to an
G-immersion M — C". When the subset A C M is empty, the above theorem except for assertion (I) is
implied by [Alarcén and Forstneri¢ 2014, Theorems 7.2 and 8.1]. It is perhaps worth mentioning in this
respect that, if & is as in assertion (I) and F|5 : A — C” is not proper, Theorem 1.3 provides complete
G-immersions M — C" which are not proper maps; these seem to be the first known examples of such
apart from the case when & is the null quadric. Let us emphasize that the particular geometry of 2l allows
for the construction of complete null holomorphic curves in C" and minimal surfaces in R* with a number
of different asymptotic behaviors (other than proper in space); see [Alarcén and Lépez 2013a; Alarcén
and Forstneri¢ 2015; Alarcon, Drinovec Drnovsek, Forstneri¢ and Lépez 2015; > 2019; Alarcén and
Castro-Infantes 2018].

Most of the technical parts in the proofs of Theorems 1.2 and 1.3 will be furnished by a general result
concerning periods of holomorphic 1-forms with values in a closed conical complex subvariety of C”
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(see Theorem 4.4 for a precise statement). With this at hand, the proofs of Theorems 1.2 and 1.3 are
very similar; this is why, with brevity of exposition in mind, we shall spell out in detail the proof of
Theorem 1.3 (which is, in some sense, more general) but only briefly sketch the one of Theorem 1.2.

This paper is, to the best of our knowledge, the first contribution to the theory of interpolation by
conformal minimal surfaces and directed holomorphic curves in a Euclidean space.

Organization of the paper. In Section 2 we state some notation and the preliminaries which are needed
throughout the paper; we also show an observation which is crucial to ensure the jet-interpolation conditions
in Theorems 1.2 and 1.3 (see Lemma 2.2). Section 3 is devoted to the proof of several preliminary results
on the existence of period-dominating sprays of maps into conical complex subvarieties S, of C"; we use
them in Section 4 to prove the noncritical case of a Mergelyan theorem with jet-interpolation and control
on the periods for holomorphic maps into such a &, being Oka (see Lemma 4.2), and the main technical
result of the paper (Theorem 4.4). In Section 5 we prove a general position theorem, a completeness
lemma, and a properness lemma for G-immersions, which enable us to complete the proof of Theorem 1.3
in Section 6. Finally, Section 7 is devoted to explaining how the methods in the proof of Theorem 1.3 can
be adapted to prove Theorem 1.2.

2. Preliminaries

We definei=+/—1, Zy ={0, 1,2, ...}, and Ry =[0, +00). Given an integer n ¢ N = {1, 2,3, ...} and
K € {R, C}, we denote by |- |, dist(-, -), and length( - ) the Euclidean norm, distance, and length in K",
respectively. If K is a compact topological space and f : K — [K" is a continuous map, we denote by

I fllo.x :=max{| f(p)|: p € K}
the maximum norm of f on K. Likewise, given x = (x, ..., x,) in K" we define
|xloo :=max{[xi], ..., [xx]} and || flleo,x :=max{|f(p)le: p € K}.

If K is a subset of a Riemann surface M, then for any » € Z, we shall denote by || f || x the standard
%" norm of a function f : K — K" of class 4" (K), where the derivatives are measured with respect to a
Riemannian metric on M (the precise choice of the metric will not be important).

Given a smooth connected surface S (possibly with nonempty boundary) and a smooth immersion
X : S — K", we denote by disty : S x § — R; the Riemannian distance induced on S by the Euclidean
metric of K" via X i.e.,

disty (p, q) := inf{length(X (y)) : ¥ C S an arc connecting p and ¢}, p,q € S.
Likewise, if K C S is a relatively compact subset we define
disty(p, K) :=inf{distx(p,q) :q € K}, pe€S.

An immersed open surface X : § — K" (n > 3) is said to be complete if the image by X of any proper
path y : [0, 1) — S has infinite Euclidean length; equivalently, if the Riemannian metric on S induced by
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disty is complete in the classical sense. On the other hand, X : § — K" is said to be proper if the image
by X of every proper path y : [0, 1) — § is a divergent path in K".

2A. Riemann surfaces and spaces of maps. Throughout the paper every Riemann surface will be con-
sidered connected if the contrary is not indicated.

Let M be an open Riemann surface. Given a subset A C M we denote by O(A) the space of functions
A — C which are holomorphic on an unspecified open neighborhood of A in M. If A is a smoothly
bounded compact domain, or a union of pairwise-disjoint such domains, and r € Z, we denote by </" (A)
the space of ¢ functions A — C which are holomorphic on the interior A = A\ bA; for simplicity
we write o7 (A) for «7°(A). Likewise, we define the spaces O(A, Z) and &/" (A, Z) of maps A — Z
to any complex manifold Z. Thus, if & is a closed conical complex subvariety of C" (n > 3), by an
G-immersion A — C" of class «7” (A) we simply mean an immersion of class 7" (A) whose restriction
to A is an G-immersion. In the same way, a conformal minimal immersion A — R" of class " (A) will
be nothing but an immersion of class ¢” (A) whose restriction to A is a conformal minimal immersion.

By a compact bordered Riemann surface we mean a compact Riemann surface M with nonempty
boundary bM consisting of finitely many pairwise-disjoint smooth Jordan curves. The interior M=M\bM
of M is called a bordered Riemann surface. It is well known that every compact bordered Riemann
surface M is diffeomorphic to a smoothly bounded compact domain in an open Riemann surface M. The
spaces /" (M) and «/" (M, Z), for an integer r € Z and a complex manifold Z, are defined as above.

A compact subset K in an open Riemann surface M is said to be Runge (also called holomorphically
convex or 0(M)-convex) if every continuous function K — C, holomorphic in the interior K, may
be approximated uniformly on K by holomorphic functions on M; by the Runge—Mergelyan theorem
[Runge 1885; Mergelyan 1951; Bishop 1958] this is equivalent to M \ K having no relatively compact
connected components in M. The following particular kind of Runge subsets will play a crucial role in
our argumentation.

Definition 2.1. A nonempty compact subset S of an open Riemann surface M is called admissible if
it is Runge in M and of the form S = K UT", where K is the union of finitely many pairwise-disjoint
smoothly bounded compact domains in M and I' := S\ K is a finite union of pairwise-disjoint smooth
Jordan arcs and closed Jordan curves meeting K only in their endpoints (or not at all) and such that their
intersections with the boundary bK of K are transverse.

If C and C’ are oriented arcs in M, and the initial point of C’ is the final one of C, we denote by C x C’
the product of C and C’, i.e., the oriented arc C U C’ C M with initial point the initial point of C and
final point the final point of C".

Every open connected Riemann surface M contains a 1-dimensional embedded CW-complex C C M
such that there is a strong deformation retraction p, : M — M (¢t € [0, 1]); i.e., po = Idys, p/|c =1d|c for
all t € [0, 1], and p; (M) = C. It follows that the complement M \ C has no relatively compact connected
components in M and hence C is Runge. Such a CW-complex C C M represents the topology of M
and can be obtained, for instance, as the Morse complex of a Morse strongly subharmonic exhaustion
function on M. Recall that the first homology group satisfies H;(M; Z) = Z' for some [ € Z U {oo}. It
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is not difficult to see that, if M is finitely connected (for instance, if it is a bordered Riemann surface),
i.e., if | € Z, then, given a point pg € M there is a CW-complex C C M as above which is a bouquet of
[ circles with base point pg; i.e., {po} is the only O-cell of C, and C has [ 1-cells Cy, ..., C; which are
closed Jordan curves on M that only meet at py.

2B. Jets. Let M and A be smooth manifolds without boundary, xo € M be a point, and f, g : M — N
be smooth maps. The maps f and g have, by definition, a contact of order k € Z . at the point x if their
Taylor series at this point coincide up to the order k. An equivalence class of maps M — N which have a
contact of order k at the point x is called a k-jet; see, e.g., [Michor 1980, §1] for a basic reference. Recall
that the Taylor series at xo of a smooth map f : M — A does not depend on the choice of coordinate
charts on M and N centered at xg and f (xg) respectively. Therefore, fixing such a pair of coordinates,
we can identify the k-jet of f at xo, which is usually denoted by j)’fo( f), with the set of derivatives of f

)7
X0

Analogously, if M and N are complex manifolds then we consider the complex (holomorphic) derivatives

at xo of order up to and including k; under this identification of jets we have

3 f

* 9y2
x 0X

) )
o () = f(xo), j;0<f>=(f<xo>,—af ) 130<f>=<f<xo>,—f
Xy, ox

with respect to some local holomorphic coordinates. It is clear that the definition of the k-jet of a map at
a point is local and hence it can be made for germs of maps at the point. Moreover, if a pair of maps have
the same k-jet at a point then, obviously, they also have the same k’-jet at the point for all k" € Z, k' <k.

In particular, if €2 is a neighborhood of a point p in an open Riemann surface M and f, g: Q2 — C"
are holomorphic functions, then they have a contact of order k € Z, or the same k-jet, at the point p if,
and only if, f — g has a zero of multiplicity (at least) k + 1 at p; if this is the case then for any distance
functiond : M x M — R, on M (not necessarily conformal) we have

If —gl(g@) = 0(d(g, p)*™) asq— p. (2-1)

If f,g: Q2 — R" are harmonic maps (as, for instance, conformal minimal immersions), then we
say that they have a contact of order k € Z,, or the same k-jet, at the point p if, assuming that €2 is
simply connected, there are harmonic conjugates f of f and g of g such that the holomorphic functions
f+4if,g+ig:Q — C" have a contact of order k at p; this is equivalent to f(p) = g(p) and, if k > 0,
the holomorphic 1-form d(f — g) has a zero of multiplicity (at least) k at p. Again, if such a pair of
maps f and g have the same k-jet at the point p € €2 then (2-1) formally holds.

The following observation will be crucial in order to ensure the jet-interpolation in the main results of
this paper.

Lemma 2.2. Let V be a holomorphic vector field in C" (n € N), vanishing at 0 € C", and let ¢; denote
the flow of V for small values of time s € C. Given an open Riemann surface M, a point p € M, and
holomorphic functions f : M — C" and h : M — C such that h has a zero of multiplicity k + 1 at p for
some k € 7., then the holomorphic map

g @) = bng(f (@),
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which is defined on a neighborhood of p in M, has a contact of order k with f at the point p; that is, [
and f have the same k-jet at p.

Proof. The flow ¢, of the vector field V at a point z € C" may be expressed as
$s(2) =2+ sV (@) + O(ls);

see, e.g., [Abraham, Marsden and Ratiu 1988, §4.1]. Since & has a zero of multiplicity k + 1 at p, the
conclusion of the lemma follows. O

We shall use the following notation in several places throughout the paper.

Notation 2.3. Let n > 3 be an integer and & be a (topologically) closed conical complex subvariety
of C"; by conical we mean that t& = & forall t € C, = C\ {0}. We also assume that & is contained
in no hyperplane of C”, and G, := & \ {0} is smooth and connected (hence irreducible). We also fix a
large integer N > n and holomorphic vector fields Vi, ..., Vi on C" which are tangential to G along G,
vanish at 0 € G, and satisfy

span{V1(2), ..., Vv(2)} =T,& forall z € G,. (2-2)
(Such vector fields exist by Cartan’s theorem A [1953].)
Let d)sj denote the flow of the vector field V; (2-3)

for j =1,..., N and small values of the time s € C.

Remark 2.4. Throughout the paper we shall say that a holomorphic function has a zero of multiplicity k €
N at a point to mean that the function has a zero of multiplicity at least k at the point. When the multiplicity
of the zero is exactly k, it will be explicitly mentioned. We will follow the same pattern when claiming
that two functions have the same k-jet or a contact of order k at a point.

2C. Oka manifolds. We recall the notion of Oka manifold and state some of the properties of such
manifolds which will be exploited in our argumentation. A comprehensive treatment of Oka theory can be
found in [Forstneri¢ 2017]; for a briefer introduction to the topic we refer to [Larusson 2010; Forstneri¢
and Lérusson 2011; Forstneri¢ 2013; Kutzschebauch 2014].

Definition 2.5. A complex manifold Z is said to be an Oka manifold if every holomorphic map from a
neighborhood of a compact convex set K € CV (N € N) to Z can be approximated uniformly on K by
entire maps CV — Z.

The central result of Oka theory is that maps M — Z from a Stein manifold (as, for instance, an
open Riemann surface) to an Oka manifold satisfy all forms of the Oka principle; see [Forstneri¢ 2006].
In this paper we shall use as a fundamental tool the following version of the Mergelyan theorem with
Jjet-interpolation which trivially follows from [Forstneri¢ 2017, Theorems 3.8.1 and 5.4.4]; see also
[Forstneri¢ 2004, Theorem 3.2; Hormander and Wermer 1968, Theorem 4.1].
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Theorem 2.6. Let Z be an Oka manifold, let M be an open Riemann surface, and let S = K UTI" C M be
an admissible subset in the sense of Definition 2.1. Given a finite subset A C K and an integerk € 7+,
every continuous map f : S — Z which is holomorphic on K can be approximated uniformly on S by
holomorphic maps M — Z having the same k-jet as f at all points in A.

As we emphasized in the Introduction, the punctured null quadric 2(, C C", see (1-3) and (1-4), directing
minimal surfaces in R"” and null curves in C" is an Oka manifold for all n > 3; see [Alarcon and Forstneric¢
2014, Example 4.4 Forstneri¢ 2017, Example 5.6.2]. Furthermore, for each j € {1, ..., n} the complex
manifold 2N {z; = 1} is an embedded copy of the complex (n—2)-sphere

CS"?={w=wy,...,w,_) €C" il 4w =1}

Observe that CS"~2 is homogeneous relative to the complex Lie group SO(n — 1, C), and hence it is an
Oka manifold; see [Grauert 1957; Forstneri¢ 2017, Proposition 5.6.1]. For a more detailed discussion,
see [Forstneri¢ 2017, Example 6.15.7; Alarcon and Forstneri¢ 2014, Example 7.8]. Moreover, choosing
ke{l,...,n}, k# j,themap h = (hy,...,h,): C— A given by

i
hi(¢)=¢, h =y1-¢2, h =——— foralll#j,k, ¢€C,
is a local holomorphic section near ¢ =0 € C of the coordinate projection ; : A — C, 7;(z1, ..., 2,) =2j,
which satisfies /2 (0) # 0. Thus, the null quadric 2 C C" meets the requirements in Theorem 1.3, including
the ones in assertions (I) and (II), for all n > 3.

3. Paths in closed conical complex subvarieties of C"

We now use Notation 2.3; in particular, & C C" (n > 3) denotes a closed conical complex subvariety
which is contained in no hyperplane of C" and such that G, = & \ {0} is smooth and connected. We need
the following:

Definition 3.1. Let Q be a topological space and n > 3 be an integer. A continuous map f : Q — C" is
said to be flat if f(Q) C Czo = {¢zo: ¢ € C} for some zg € C", and nonflat otherwise. The map f is said
to be nowhere flat it f|4 : A — C" is nonflat for all open subsets & # A C Q.

It is easily seen that a continuous map f : [0, 1] - &, C C”" is nonflat if, and only if,
span{Tr»n& : 1t € [0, 1]} =C".

3A. Paths on I :=[0, 1]. We prove a couple of technical results for paths [0, 1] — &, which pave the
way to the construction of period-dominating sprays of holomorphic maps of an open Riemann surface
into &, (see Lemma 3.4 in the next subsection).

Lemma 3.2. Let f : I — S, and ¥ : I — C, be continuous maps. Let & # I' C I be a closed subinterval
and assume that f is nowhere flat on I'. There exist continuous functions hy, ..., hy : I — C, with
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support on 1, and a neighborhood U of 0 € CV such that the period map P : U — C" given by

1
P) =/0 ¢4}1h1(1) 0:-: O¢g\,hN(;)(f(t))ﬂ(t) dt, ¢=(,....¢n) €U,

see (2-3), is well-defined and has maximal rank equal to n at { = 0.

Proof. We choose continuous functions A1, ..., hy : I — C, with support on I’, which will be specified
later. Then we define for a small neighborhood U of 0 € CV a map
®:UxI—6
given by
DL 1) =0 O Pnyy (SO, E=(1..... N €U, tEL
Note that ®(0, r) = f(¢) for all ¢ € I; recall that each V; vanishes at O for all j € {1, ..., N}. Thus, since

f () C G, is compact, we may assume that U is small enough so that ® is well-defined and takes values
in &,. Furthermore, ® is holomorphic in the variable ¢ and its derivative with respect to ; is

D, 1)
9g;

(See (2-2) and (2-3).) Thus, the period map P : U — C”" in the statement of the lemma can be written as

=h;O)V;(f()), Jj=1,...,N. 3-1)
=0

1
P(&) =/ @, )P (@)dt, ¢eU.
0
Observe that P is holomorphic and, in view of (3-1),

P (&)
8§j

Since f is nowhere flat on I’ (see Definition 3.1), (2-2) guarantees the existence of distinct points
f1,...,ty € I’ such that

1
:fo hiOVi(f@)(@0)dt, j=1,...,N. (3-2)

=0

span{Vi(f(t1)), ..., Vn(f(ty))} =C". (3-3)

Now we specify the values of the function /; in I’ (j = 1,..., N); recall that supp(h;) C I'. We
choose ; with support in a small neighborhood [z; — €, tj + €] of ¢; in I’, for some € > 0, and such that

1 tj+€
f hj(t)dl‘:/ hi(t)dt = 1.
0 1j—e€

Then, for small € > 0, we have

1
/0hj(t)Vj(f(t))ﬁ(t)dt’“Vj(f(tj))ﬁ(tj), Jj=1....N.

Since ¥ (t) # 0, (3-3) ensures that the vectors on the right side of the above display span C", and hence
the same is true for the vectors on the left side provided that € > 0 is chosen sufficiently small. This
concludes the proof in view of (3-2). O
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Lemma 3.3. Let O : I — C, be a continuous map. Given points ugy, u € S, and x € C", and a domain 2
in C" containing 0 and x, there exists a continuous function g : I — &, which is nowhere flat on a
neighborhood of 0 in I and such that:

(D g(0) =up and g(1) = u.
D) [y &) (1) dt € Q forall s € 1.
WD [ g()9 () dr = x.

Proof. Set Iy := [O, %] and choose any continuous nowhere-flat map go : Iyp — S, such that
S
20(0) = uy, / go()v(t)dt e Q foralls e . (3-4)
0

Such a map can be constructed as follows. For any 0 < § < % let fs: Ip — [§, 1] be the continuous map
given by f5(s) =1—((1 —38)/8)s for s € [0, 8] and fs(s) =6 for s € [8, %] Choose any continuous
nowhere-flat map g : lp — S, with g9(0) = ug. Then go := f580 : lo — S, satisfies the requirements
for any § > O sufficiently small.

Leta#£1'C Iy be a closed subinterval. Thus, Lemma 3.2 applied to go provides continuous functions
hi, ..., hy:1— C,with support on I’, and a neighborhood U of the origin in C¥, such that the period map

1/2
UsemP@O= | fhnw o odhnn@OI0d =@ e,

has maximal rank equal to n at ¢ = 0. (See (2-3).) Set

DL 1) =Ly 0O BLny (&) €S, LU, tel,
and observe that ® (0, 1) = go(t) € &, for all ¢ € Iy. Then, up to shrinking U if necessary, we have:

(a) ®(U x Iy) C S, and P(U) contains a ball in C" with radius € > 0 centered at

1/2
PO= [ a0 dres:
0
see (3-4).
(b) ®(¢, 1) =go(r) forall (¢,1) € U x {0, 1}; recall that 7;(0) = h;(3) =0forall j=1,...,N.
(c) fos O, 1)0(t)dt € Qforall ¢ € U and s € Iy; see (3-4).
To conclude the proof we adapt the argument in [Alarcén and Forstneri¢ 2014, Lemma 7.3]. Since the
convex hull of & is C", see [Alarcén and Forstneri¢ 2014, Lemma 3.1], we may construct a polygonal path
I C Q2 connecting P(0) and x; to be more precise, I' = U;"Zl I'; where each I'; is a segment of the form

I =w;+[0, 1]z; for some w; € C" and z; € S, the initial point w of I'y is P(0), the final point w,, +z,, of
I, 18 x, and the initial point w; of I'; agrees with the final one w; _1+z;_1 of I';_j forall j =2, ..., m. Set

I = l+g 1+L ji=1 m
T2 2am 2 2m |
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and observe that U;;l I = [% 1]. For any number 0 < A < 1/(4m), set

P S A S MY P S
P2 am T2 T om R

Without loss of generality we may assume that m € N is large enough so that

b;j(A) :=/ P(@)dt 20 forall0 <A < L, j=1,...,m; (3-5)

h 4m
recall that ¢ has no zeros. Fix a number 0 < A < 1/(4m) and set b; := b;(A). Pick a constant
k > max{|uol, lu1l, |z1/b1l, - - -, |Zm/bm|}. Also choose numbers 0 < T < p < A, which will be specified

later, and consider a continuous map gj : [% 1] — B, satisfying the following conditions:

() g1(3) = 20(3) and g1 (1) = uy.

(e) g1(t) =zj/bj forallt € Ijk.

() 1g1(1)| <« forall t € [, 1].

(g2) lg1@®)| <t forallte Ijr \Ij“.
If T > 0 is chosen sufficiently small, and if u is close enough to A, then (e), (f), (g), and (3-5) ensure that:

(h) The image of the map [%, 1] 55+ PO)+ f ]“/2 g1(t) V¥ (¢) dt is close enough to I in the Hausdorff
distance so that it lies in 2.

@) |73(0) + f11/2 gi®)v(@)dt — x| < €, where € > 0 is the number appearing in (a).

For ¢ € U, let g° : I — &, denote the function given by g% (1) = ®(¢, t) fort € [0, %] and g% (1) =g1(1)
fort e [% 1]. Properties (a) and (i) guarantee the existence of ¢y € U such that

1/2 1
/ g V(1) dt =x — / g1 (1) dt,
0 1/2
and so fol g% ()9 (t) dt =x. Thus g := g* meets (III). By (3-4), (b), and (d), we have that g is continuous
and satisfies (I), whereas (c) and (h) ensure (II). Il
3B. Paths on open Riemann surfaces. Let us now state and prove the main result of this section; recall

that we are using Notation 2.3.

Lemma 3.4. Let M be an open Riemann surface and let 6 be a holomorphic 1-form vanishing nowhere

on M. Let pg € M be a point, Cy, ..., C; (I € N) be a family of oriented Jordan arcs or closed curves
in M that only meet at pg (i.e., C; N C; = {po} for alli # j € {1,...,1}) and such that C := Uf:] Ci
is Runge in M. Also let f : C — &, be a continuous map and assume that for each i € {1,...,1}

there exists a subarc C, i C C; such that f is nowhere flat on C i. Then there exist continuous functions
hit1,...,hin:C — C,withsupporton C;, i =1, ...,1, and a neighborhood U of 0 € (CN)Z such that
the period map U — (C")} whose i-th component U — C" is given by

1 N 1 N
Usir /C Peinam ® Py O Pl OO Pl (PO
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see (2-2) and (2-3), where
=" the@, =L ec,
are holomorphic coordinates, is well-defined and has maximal rank equal to nl at { = 0.
Proof. Consider the period map P = (Py, ..., P;) : €(C,C") — (C")! whose i-th component is defined
by
‘K(C,C”)BgHPi(g)zf go, i=1,...,1 (3-6)

Ci
Foreachi=1,...,[,lety; : I =[0, 1] — C; be a smooth parametrization of C; such that y; (0) = po. If
C; is closed then we choose y; with y; (1) = po; further, up to changing the orientation of C; if necessary,
we assume that the parametrization y; is compatible with the orientation of C;. Thus,

1
’Pi(g)=/o gi@) 0y (@), yi()dt, ge€(C,C"). (3-7)

Let o # I; C I be a closed interval such that y;(I;) C 51‘- Lemma 3.2 applied to I;, f o y;, and
O(y;(-), yi(-)) provides continuous functions /L h’)\, : I — C, supported on /;, and a neighborhood U;
of 0 € CV such that the period map P; : U; — C" given, for any ¢’ = (;f, e, g“fw) e U;, by

1
Pig") = /0 Ol ° 0O 11 o S HONBGA (D). (1)) dt, (3-8)

see (2-2) and (2-3), is well-defined and has maximal rank equal to n at ¢/ = 0. Let U be a ball centered at
the origin of (CM)! and contained in U; x - - - x Uj. Foreach i € {1,...,1}and j=1,..., N, we define
hij:C— Cbyh; j(yi(t) = hj. (¢t) forall r € I, and h; j(p) =0 for all p € C\ C;. Recall that hj. 0)=0
and so h; ; is continuous and 4; ;j(pg) = 0. Define ® : U x C — & by
o 1 .« .. N .« .. 1 .« . N
PEP) =P 0 ° O P O Pelha ) © O el iy (P

and, up to shrinking U if necessary, assume that ®(U x C) C G,.
Let P: U — (C") be the period map whose i-th component U — C", i =1,...,1, is given by

Uste [0 0=RE). c=@h e

see (3-8) and recall that 4; ; vanishes everywhere on C \ C;. It follows that P has maximal rank equal
tonl at £ =0. O

4. Jet-interpolation with approximation

We begin this section with some preparations.

Definition 4.1. Let M be an open Riemann surface. An admissible subset S = K UT" C M (see
Definition 2.1) will be called simple if K # &, every component of I' meets K, I" does not contain closed
Jordan curves, and every closed Jordan curve in S meets only one component of K. Further, S will be
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Figure 1. A very simple admissible set.

called very simple if it is simple, K has at most one nonsimply connected component K, which will be
called the kernel component of K, and every component of I" has at least one endpoint in K; in this case
we denote by Sp the component of S containing K and call it the kernel component of S.

A connected admissible subset $ = K UT" in an open Riemann surface M is very simple if, and
only if, K has m € N components Ky, ..., K,,—1, where K; is simply connected for every i > 0, and
I=T"Ur"U (/" ) where I consists of components of I with both endpoints in Ko, ' consists
of components of I" with an endpoint in Ko and the other one in M \ K, and y; is a component of I"
connecting Ko and K; foralli =1, ..., m — 1. Observe that, in this case, Ko UT" is a strong deformation
retract of S. In general, a very simple admissible subset S C M is of the form S = (K UT) U K’ where
K UT is a connected very simple admissible subset and K’ C M \ (K UT") is a (possibly empty) union of
finitely many pairwise-disjoint smoothly bounded compact disks. (See Figure 1.)

If S=KUTI C M is admissible, we denote by < (S) the space of continuous functions S — C which
are of class o/ (K). Likewise, we define the space ./ (S, Z) for maps to any complex manifold Z.

In the remainder of this section we use Notation 2.3.

Lemma 4.2. Let M be an open Riemann surface and 6 be a holomorphic 1-form vanishing nowhere on M.
Let S = KUT" C M be a very simple admissible subset and L C M be a smoothly bounded compact domain
such that S C L and the kernel component Sy of S is a strong deformation retract of L (see Definition 4.1).
Denote by l' € 7, the dimension of the first homology group Hi(S; Z) = H\(Sy; Z) = H\(L; 7). Let
Ko, ..., Ky, m € Z, denote the components of K contained in Sy, where Ky is the kernel component
of K.

Letm' € Z,, m">m, and let py, ..., p, be distinct points in S such that p; € I%,- foralli=0,...,m
and p; € I%o foralli=m+1,...,m’,andlet C;, i =1, ..., m/, be pairwise-disjoint oriented Jordan
arcs in S with initial point po and final point p;. Setl :=1"+m’ Alsolet C;, i =m' +1,...,1, be
smooth Jordan curves in S determining a homology basis of S and such that C; N\ C; = {po} for all
i#jef(l,....lyand C:=\J'_, Ci is Runge in M. (See Figure 2.)
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So

Figure 2. The sets in Lemma 4.2

Givenk e Nandamap f : S — &, C C" of class </ (S) which is nonflat on Ky (see Definition 3.1),
the following hold:
(i) There exist functions h; 1, ..., hiy : L —C, i=1,...,1, of class /(L) and a neighborhood U of
0 € (CN) such that:

/

(i.1) h; j has a zero of multiplicity k at p, forall j=1,...,Nandr=1,...,m’
(i.2) Denoting by ® :U x S — & the map

f— 1 DR N DY 1 LR N
Cr& P =01 O Pl © O el O Pl (P

see (2-2) and (2-3), where ¢ = (¢!, ..., {l) e (CYY and = ({f, e ;;;,) e CN, are holomorphic
coordinates, the period map U — (C")! whose i-th component U — C" is given by

Us¢+— Dr(g,-)0
Ci
has maximal rank equal to nl at { = 0.

Furthermore, there is a neighborhood V of g € <7 (S, &) such that the map V 5 g +— ®, can be chosen
to depend holomorphically on g.

(ii) If &, is an Oka manifold, then f may be approximated uniformly on S by maps f : L — &, of
class </ (L) such that:

(ii.1) (f — f)6 is exact on S, equivalently, [ (f — )0 =0 forallr =m'+1,...,1.

(ii.2) fcr(f_ O=0 forallr=1,...,m.

(ii.3) f — f has a zero of multiplicity k at p, forallr =1, ..., m'"

(ii.4) No component function of f vanishes everywhere on M.
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Notice that conditions (ii.1) and (ii.2) in the above lemma may be written as a single one in the form

(f—f)o=0 forallr=1,...,1.
c

However, we write them separately with the aim of emphasizing that they are useful for different purposes;
indeed, (ii.1) concerns the period problem, whereas (ii.2) deals with the problem of interpolation.

Proof. Choose k e N and let f : S — &, be a map of class 27 (S) which is nonflat on Ky. Consider the
periodmap P=(Py, ..., P):¢(C,C") — (C™")! whose i-th component P; : € (C, C*) — C" is defined by

%(C,C“)agHP,-(g)zf go, i=1,...,1 4-1)

Since S is very simple and f is holomorphic and nonflat on I%o, each C;, i =1,...,1, contains a

subarc 51' C I%o \ {po} such that f is nowhere flat on 5,-; ifi e {m+1,...,m'} then we may choose

C; C C \ {po, pi}. Thus, Lemma 3.4 applied to the map f|c : C — &,, the base point pg, and the

curves Cy, ..., C; furnishes functions g; 1, ..., g .y : C — C, with support on (’Z-, i=1,...,/,and a

neighborhood U of 0 € (CV)! such that the period map P : U — (C")! whose i-th component P; : U — C"
is given by

chan(p)

. l— 1 LR N ... 1 . e N
Pi(f) = /C ¢§1'g1,1(p) ° o¢§,'vg1,zv(p) © O¢§,’g1.1(p) orof (f(p)) 0,

see (2-2) and (2-3), is well-defined and has maximal rank equal to n/ at { = 0. Since C C M is
Runge, Theorem 2.6 enables us to approximate each g; ; by functions h; ; € O(M) C /(L) C </(S)
satisfying condition (i.1); recall that every function g;; vanishes on a neighborhood of p, for all
r = 1,...,m". Furthermore, if the approximation of g; ; by h; ; is close enough then the period
map defined in (i.2) also has maximal rank at { = 0. Finally, by varying f locally (keeping the
functions h; ; fixed) we obtain a holomorphic family of maps f > & with the desired properties. This
proves (i).

Let us now prove assertion (ii), so assume that &, is an Oka manifold. Up to adding to S a smoothly
bounded compact disk D C M \ S and extending f to D as a function of class < (S) all of whose
components are different from the constant 0 on D, we may assume that no component function of f
vanishes everywhere on S. Consider the map @ : U x § — & given in (i.2) and, up to shrinking U if
necessary, assume that ® (U x §) € G,.. Note that the functions ; ; are defined on L but f only on S.
By (i), the period map Q : U — (C")! with i-th component

Qi(§)=/c<I>(§,~)9=73i(<1>(§,-)), e,

see (4-1), has maximal rank equal to n/ at ¢ = 0. It follows that the image by Q of any open neighborhood
of 0 € U c (CV)! contains an open ball in (C™) centered at Q(0) = P(f); see (4-1). Since § C M is
Runge and &, is Oka, Theorem 2.6 allows us to approximate f by holomorphic maps f :M — S, such
that

f — f has a zero of multiplicity k at p, forallr =1, ..., m'" 4-2)
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Deﬁne@:UxL—>6by
D¢ p) =0, ooph ool ool (f(p)) (4-3)
’ ¢ihi1(p) Syhin(p) ¢ihi(p) ¢k N (p)

and, up to shrinking U once again if necessary, assume that ®(U x L) C &,. Consider now the period
map 0:U — (C") whose i-th component U — C" is given by

Ustcr | ®@,)0, i=1,...,1
C;
Thus, for any open ball 0 € W C U, if the approximation of f by f is close enough, the range of @(W)
also contains P(f). Therefore, there is ¢y € W C U close to 0 € (CV)! such that

fi=®,):L—> 6, (4-4)

lies in o7 (L) and satisfies (ii.1) and (ii.2); recall that Sy is a strong deformation retract of L and so the
curves C;, i =m’+ 1, ..., 1, determine a basis of H,(L; Z). To finish the proof, Lemma 2.2, (i.1), (4-3),
and (4-4) guarantee that f — f has a zero of multiplicity (at least) k at p, forall r =1, ..., m". This and
(4-2) ensure (ii.3). Finally, if the approximation of f by f on S is close enough, since no component
function of f vanishes everywhere on S, no component function of f vanishes everywhere on M, which
proves (ii.4) and concludes the proof.

O

We now show the following technical result which will considerably simplify the subsequent proofs.

Proposition 4.3. Let n > 3 be an integer and S be an irreducible closed conical complex subvariety of
C" which is not contained in any hyperplane. Let M = MUDbM be a compact bordered Riemann surface,
6 be a holomorphic 1-form vanishing nowhere on M, and A C M be a finite subset. Choose py € M \ A
and, for each p € A, let C,, C M be a smooth Jordan arc with initial point pg and final point p such that
C,NCy={po})forall p#q € A.

Let f: M — &, be amap of class o/ (M) which is flat (see Definition 3.1) and k € N be an integer.
Then f may be approximated uniformly on M by nonflat maps f: M — &, of class o/ (M) satisfying the
following properties:

@) (f— £)0 is exact on M.

(ii) ffp(f—f)G =0 forall p € A.
(iii) f — f has a zero of multiplicity k at all points p € A.
Proof. Without loss of generality we assume that A # &, write A = {py, ..., pr}, and set C; := C,,
i=1,...,I" Choose Cy1, ..., C; closed Jordan loops in M forming a basis of H(M, Z) = 77" such
that C;NCj ={po} foralli, je{l,...,1l}, i#j,and C:= U]Z-:1 C; is a Runge subset of M existence of
such loops is ensured by basic topological arguments. Consider smooth parametrizations y; : [0, 1] — C;
of the respective curves verifying y;(0) = po and y;(1) = p; for j =1,...,I’, and y;(0) = y;(1) = po
for j=0'+1,...,1.
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Since f is flat there exists zg € G, such that f(M) C C,zg. Observe that Czg is a proper complex
subvariety of G. We consider the period map P = (Py1,...,P) : /(M) — (C™)! defined by

1
ﬂ(M)BgHPj(g):/Cg@:/O 8Oy (0), yi())de, j=1,....1L (4-5)

Note that a map g € «#(M) meets (i) and (ii) if, and only if, P(g) = P(f). So, to finish the proof it
suffices to approximate f uniformly on M by nonflat maps f e (M) satisfying the latter condition and
also (iii).

Choose a holomorphic vector field V on C" which is tangential to & along &, vanishes at 0, and is not
everywhere tangential to C,zg along f(M). Let ¢4 (z) denote the flow of V for small values of time s € C.
Choose a nonconstant function i1 : M — C of class o/ (M) such that i1 (pg) = 0. Denote by U the space
of all functions /& : M — C of class /(M) having a zero of multiplicity k € N at all points p € A. The
following map is well-defined and holomorphic on a small open neighborhood U* of the zero function
in O:

U* 3 b P(@nyon(H (f())) € (€.

Each component P;, j=1,...,1, of this map at the point &7 = 0 equals

Pji(po(f)) =P;(f)

(recall that V vanishes at 0 € C"). Since U is infinite-dimensional, there is a function & € U arbitrarily
close to the function O (in particular, we may take & € U*) and nonconstant on M, such that

P(@ni(-n- (f D)) =Pf).

Set f(p) =P, (pn(p)(f(P)), p € M. Assume that |||, » is sufficiently small so that f is well-defined
and of class &/ (M), f approximates f on M, and f(p) € &, for all p € M. By the discussion below
equation (4-5), f satisfies (i) and (ii). On the other hand, since 4 has a zero of multiplicity k at every
point of A and /1 is not constant, we infer that 4/ also has a zero of multiplicity (at least) k at all points
of A. Thus, Lemma 2.2 ensures that f — f satisfies (iii). Finally, since h{(pg) = 0 and V vanishes at
0, we have f (po) = f(po) € Cyzp, whereas since hh; is nonconstant on M and V is not everywhere
tangential to C,zo along f (M), there is a point ¢ € M such that f (g) ¢ Cyzo. This proves that f is
nonflat, which concludes the proof. U

The following is the main technical result of this paper.

Theorem 4.4. Let n > 3 be an integer and & be an irreducible closed conical complex subvariety of C"
which is not contained in any hyperplane and such that S, = & \ {0} is smooth and an Oka manifold.
Let M be an open Riemann surface, 8 be a holomorphic 1-form vanishing nowhere on M, K C M be a
smoothly bounded Runge compact domain, and A C M be a closed discrete subset. Choose pg € K\ A
and, for each p € A, let C,, C M be an oriented Jordan arc with initial point py and final point p such
that C,NCy ={po} forallg # p € A and C, CK forall p e ANK. Also, for each p € A, let 2, C M be
a compact neighborhood of p in M such that 2, N (Q,UC,) =3 forall q # p € A. Set Q2 := UPGA Q).
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Let f: KUQ — &, be amap of class o/ (K UQ), let q: H(M; Z) — C" be a group homomorphism,
and let 3 : A — C" be a map, such that:

(a) fy f60 =q(y) for all closed curves y C K.
(b) fc,, f0=23(p) forall p e ANK.

Then, for any integer k € N, f may be approximated uniformly on K by holomorphic maps f : M — G,
satisfying the following conditions:

(A) fy 6 = q(y) for all closed curves y C M.

(B) f — f has a zero of multiplicity k at p for all p € A; equivalently, f and f have the same (k—1)-jet
at every point p € A.

©) J¢, f6=3(p) forall p € A.
(D) No component function of f vanishes everywhere on M.

Proof. Up to slightly enlarging K if necessary, we may assume without loss of generality that A NbK = &.
Further, up to shrinking the sets €2,, we may also assume that, for each p € A, either 2, C K or
2, N K = <. Finally, by Proposition 4.3 we may assume that f : £ — &, is nonflat.

Set My := K and let {M;};en be a sequence of smoothly bounded Runge compact domains in M such
that

Mo@Ml@Mz@'“@UMj=M.
jeN

Assume also that the Euler characteristic x (Mj\]\°4j_] ) of Mj\Mj_] is either O or —1, and that ANOM; =&
for all j € N. Such a sequence can be constructed by basic topological arguments; see, e.g., [Alarcén
and Lopez 2013b, Lemma 4.2]. Since A is closed and discrete, M; is compact, and ANbM; = & for
all jeZ,, weknow Aj:=ANM; =AN M ; 1s either empty or finite. Without loss of generality we
assume that Ag # and A;\ Aj_1 =AN (Mj \M;_y) # @ forall j €N, and hence A is infinite.

Set fo := f|k and, for each p € Ag # I, choose an oriented Jordan arc C? C M, with initial point p
and final point pg, such that

CPNC?={po} forall p+#q e Ao. (4-6)

Such curves trivially exist.

To prove the theorem we shall inductively construct a sequence of maps f; : M; — &, C C" and
a family of oriented Jordan arcs C? C Mj, p e N \Aj_1 #2, j €N, with initial point p and final
point po, satisfying the following properties:

;) I1fj — fi-1llo.m;_, < ¢€; for a certain constant €; > 0 which will be specified later.
(iiy) [, fj0 = q(y) for all closed curves y C M;.

(iii;) f cr Ji@ =a(CpxCP) — 3(p) for all p € A;. (Recall that * denotes the product of oriented arcs;
see Section 2A.)

(ivj) fj — f has a zero of multiplicity k at p for all p € A;.
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o

L
< D

Figure 3. The set K C M, the arcs C), and the domains €2, in Theorem 4.4.

(vj) CPNCY={po} forall p#q € A;.

(vij) No component function of f; vanishes everywhere on M;.

(See Figure 3.) Assume for a moment that we have already constructed such sequence. Then choosing
the sequence {¢;};en decreasing to zero fast enough, (i;) ensures that there is a limit holomorphic map

fi=1lim f;: M — &,
J—> 00

which is as close as desired to f uniformly on K, whereas properties (ii;), (iii;), (iv;), (v;), and (vi;)
guarantee (A), (B), (C), and (D). This would conclude the proof.

The basis of the induction is given by the nonflat map fy = f|x and the already fixed oriented arcs
C?, p € Ag. Condition (ip) is vacuous, (iip) = (a), (iiip) is implied by (a) and (b), (ivy) is trivial, and
(vo) = (4-6). For the inductive step, we assume that we already have a map f;_; : M;_; — &, and arcs
CP C 1\71,-_1, p € Aj_y, satisfying properties (iij_1)—(v;_1) for some j € N, and let us construct a map f;
and arcs CP for pe Aj\ Aj_1=AN (Mj \ M;_1), enjoying conditions (i;)—(vi;). We distinguish cases
depending on the Euler characteristic x (M; \ M i—1).

Case I: the noncritical case. Assume that x (M \ M i—1) = 0. In this case M;_ is a strong deformation
retract of M;. Recall that A;\ A;_; is a nonempty finite set. Choose, for each p € A;\ Aj_1, an oriented
Jordan arc C? ¢ M ; with initial point p and final point py, so that condition (v;) holds; such arcs trivially
exist. Up to shrinking €2, if necessary, we assume without loss of generality that 2, C M i\ M;_ for all
peEM\NAj_1and Q,NCI = forallqg € Aj\Aj_1, g # p.

Set
K::Mjlu( U sz,,), F::<
PEN\Aj -

and, up to slightly modifying the arcs C”, p € Aj\ Aj_1, assume that § := KUT C ]\°4j is an admissible
subset of M (see Definition 2.1). Notice that § is connected and a strong deformation retract of M;;

U CP)\I%,

pEAj\Aj_l
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moreover, as admissible set, S is very simple and the kernel component of K is M;_; (see Definition 4.1).
Thus, Lemma 3.3 furnishes a map ¢ : § — G, of class &7 (S) such that:

(I o= fj—1onM;_,.
(IM) ¢ = f on UpeAj\AF1 Q).
(I1D) fcp 98 =q(C,xCP)—3(p) forall pe Aj\ Aj_.

Now, given €; > 0, Lemma 4.2(ii) applied to S, M;, the arcs C?, p € A;, the integer k € N, and the
map ¢, provides a map f; : M; — S, of class o7/ (M;) satisfying the following conditions:

AV) 1 fi — ello,s < ;.

(V) (fj —¢)0 is exacton S.

(VD) fcp(fj —@)0 =0forall p € Aj.
(VI) f;j — ¢ has a zero of multiplicity k at p for all p € A;.
(VII) No component function of f; vanishes everywhere on M;.
We claim the map f; satisfies properties (i;)—(iv;); recall that (v;) is already guaranteed. Indeed, (i;)

follows from (I) and (IV); (ii;) from (ii;_y), (I), (V), and the fact that M;_, is a strong deformation retract
of Mj; (iii;) from (iii;_y), (I), (IID), and (VD); (iv;) from (iv;_1), (I), (D), and (VII); and (vi;) = (VIID).
Case 2: the critical case. Assume that x (M \ M i—1) = —1. Now, the change of topology is described by
attaching to M;_; a smooth arc « in Mj \ Mj_l satisfying M;_ only at its endpoints. Thus, M;_; U« is
a strong deformation retract of M;. Further, we may choose o suchthata NA =@ and S :=M;_ U is
an admissible subset of M, which is very simple (see Definition 4.1). Since both endpoints of « lie in
bM;_, there is a closed curve B C S which contains « as a subarc and is not in the homology of M;_;.
Now, Lemma 3.3 furnishes a map ¢ : § — &, of class .7 (S) such that ¢ = f;_; on M;_; and

/ 0 =q(B).
B

Choose a smoothly bounded compact domain L C M ; such that § C L,Sisa strong deformation retract
of L,and LN(A;j\ Aj_1) = . Given ¢; > 0, Lemma 4.2(ii) applied to S, L, the arcs C?, p € Aj_;,
the integer k € N, and the map ¢, provides a map f : L — &, of class &/ (L) satisfying the following
conditions:

@ 1f =¢los < 3¢.
(i) (f — )6 is exact on S.
(iil) [.,(f —@)@=0forall peA,_i.
@iv) f — ¢ has a zero of multiplicity k at p forall p € A;_;.

Since the Euler characteristic satisfies y (M \ i) = 0, this reduces the construction to the noncritical case.
This finishes the inductive process and concludes the proof of the theorem. O
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To finish this section we prove a Runge—Mergelyan-type theorem with jet-interpolation for holomorphic
maps into Oka subvarieties of C" in which a component function is preserved provided that it holomor-
phically extends to the whole source Riemann surface. This will be an important tool to ensure conditions
(IIT) and (IV) in Theorem 1.2 and (I) and (II) in Theorem 1.3.

Lemma 4.5. Let n > 3 be an integer and S be an irreducible closed conical complex subvariety of C"
which is not contained in any hyperplane. Assume that S, = & \ {0} is smooth and an Oka manifold, and
that © N{z; = 1} is also an Oka manifold and the coordinate projection wy : & — C onto the z)-axis
admits a local holomorphic section h near z; = 0 with h(0) # 0. Let M be an open Riemann surface of
finite topology, 6 be a holomorphic 1-form vanishing nowhere on M, S = K UT" C M be a connected
very simple admissible Runge subset (see Definition 4.1) which is a strong deformation retract of M.
Let A C K be a finite subset where K is the kernel component of S. Choose pg € Ko \ A and, for
each p € A, let C, C Ko be an oriented Jordan arc with initial point py and final point p such that
C,NCy={po} forallq #p € A.

Let f = (f1,..., fn) : S — 6, be a continuous map, holomorphic on K, such that f| extends to a
holomorphic map M — C which does not vanish everywhere on M. Assume also that f|x : K — G, is
nonflat. Then, for any integer k € 7., f may be approximated in the €°(S)-topology by holomorphic
maps f = (f1, fa, ..., fa) : M — &, such that:

@) fl = f1 everywhere on M.

(i) f — f has a zero of multiplicity k at p for all p € A.
(iii) fc,,(f_ )6 =0 forall p € A.
@iv) fy(f— )0 =0 forall closed curves y C S.

Proof. We adapt the ideas in [Alarc6n and Forstneri¢ 2014, proof of Theorem 7.7]. Set & :=&N{z; = 1}.
By dilations we see that & \ {z; = 0} is biholomorphic to &’ x C, (and hence is Oka), and the projection
7y : & — Cis atrivial fiber bundle with Oka fiber &’ except over 0 € C. Write (f, f) =(f1, f2,---5 fu);
that is, f = (f, ..., fu) : S = C"1. Since f; is holomorphic and nonconstant on M, its zero set
fl_l(O) = {a1, a2, ...} is a closed discrete subset of M. The pullback f|'m : E = f*& — M of the
projection 771 : & — C is a trivial holomorphic fiber bundle with fiber & over M \ fl_l (0), but it may be
singular over the points a; € fl_l(O). The map f: S — C" ! satisfies f(x) € nl_l(fl (x)) forall x € S,
SO f corresponds to a section of E — M over the set S.

Now we need to approximate f uniformly by a section £ — M solving the problem of periods and
interpolation. (Except for the period and interpolation conditions, a solution is provided by the Oka
principle for sections of ramified holomorphic maps with Oka fibers; see [Forstneri¢ 2003; 2017, §6.14].
We begin by choosing a local holomorphic solution on a small neighborhood of any point a; € M\ § so
that f (aj) # 0, and we add these neighborhoods to the domain of holomorphicity of f Then we need to
approximate a holomorphic solution f on a smoothly bounded compact set K C M by a holomorphic
one on a larger domain L C M assuming that K is a strong deformation retract of L and L \ K does not
contain any point ;. This can be done by applying the Oka principle for maps to the Oka fiber G’ of
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7w : G — C over C,. In the critical case we add a smooth Jordan arc « to the domain K C M disjoint
from the points a; and such that K U « is a strong deformation retract of the next domain. Next, we
extend f smoothly over « so that the integral | o f 0 takes the correct value by applying an analogous
result of Lemma 3.3 but keeping the first coordinate fixed; this reduces the proof to the noncritical case
and concludes the proof of the lemma. O

5. General position, completeness, and properness results

In this section we prove several results that pave the way to the proof of Theorem 1.3 in Section 6. Thus,
all the results in this section concern directed holomorphic immersions of open Riemann surfaces into C";
we point out that the methods of proof easily adapt to give analogous results for conformal minimal
immersions into R” (see Section 7).

We begin with the following:

Definition 5.1. Let G be a closed conical complex subvariety of C" (n > 3), M be an open Riemann
surface, and S = K UI" C M be an admissible subset (see Definition 2.1). By a generalized &-immersion
S — C" we mean a map F : S — C" of class 4! (S) whose restriction to K is an G-immersion of
class <7 (S) and the derivative F’(z) with respect to any local real parameter ¢ on I" belongs to G.,.

We now prove a Mergelyan-type theorem for generalized G-immersions which follows from Lemmas 4.2
and 4.5; it will be very useful in the subsequent results.

Proposition 5.2. Let G C C" be as in Theorem 4.4. Let M be a compact bordered Riemann surface and
let S=KUT C M bea very simple admissible Runge compact subset such that the kernel component Sy
of S (see Definition 4.1) is a strong deformation retract of M. Let A C K bea finite subset and assume that
AN K’ consists of at most a single point for each component K' of K, K' # Ko, where Ky is the kernel
component of K. Given an integer k €N, every generalized G-immersion F = (F1, ..., F,):S— C" which
is nonflat on Ko may be approximated in the € (S)-topology by G-immersions F= (Fl, cee, fn) ‘M —C"
such that F — F has a zero of multiplicity k € N at all points p € A and F has no constant component
Jfunction.

Furthermore, if & N{z; = 1} is an Oka manifold, the coordinate projection w; : & — C onto the
z1-axis admits a local holomorphic section h near z; = 0 with h(0) 20, A C I%o, and F extends to a
nonconstant holomorphic function M — C, then F may be chosen with Fi = F\.

We point out that an analogous result of the above proposition remains true for arbitrary admissible
subsets; we shall not prove the most general statement for simplicity of exposition. Anyway, Proposition 5.2
will suffice for the aim of this paper.

Proof. Let 0 be a holomorphic 1-form vanishing nowhere on M. Set f =dF /6 : S — &, and observe
that f is nonflat on K, and of class «(S), and that f6 is exact on S. Fix a point py € Ko\ A. If S is
not connected then S \ Sy consists of finitely many pairwise-disjoint, smoothly bounded compact disks
Ki,...,K,. Foreachi € {1, ..., m} choose a smooth Jordan arc y; C M with an endpoint in (bKo) \ T,
the other endpoint in b K;, and otherwise disjoint from S. Choose these arcs so that §":= SU (UZ": | y,') is an
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admissible subset of M. It follows that S’ is connected, very simple, and a strong deformation retract of M.
By Lemma 3.3 we may extend f toamap f':S — &, of class 7 (§’) such that F(pg) —|—f;) fO=F(p)
for all p € §. From now on we remove the primes and assume without loss of generality that S is
connected.

For each p € A choose a smooth Jordan arc C, C S joining pg with p such that C, N C, = {po} for
all p # g € A. By Lemma 4.2(ii) applied to the set S C M, the map f, the integer k — 1 > 0, and the
arcs Cp, p € A, we may approximate f uniformly on § by a holomorphic map f: M — &, such that:

(a) f 6 is exact; recall that f0 is exact on (S and hence on) Sy and that Sy is a strong deformation retract
of M.

(b) F(po) + ¢, f6 = F(po) + [, f6 = F(p) forall p € A.
(¢c) f — f has a zero of multiplicity k — 1 at all points p € A.

(d) No component function of f vanishes everywhere on M.

Then, property (a) ensures that the map F: M — C" defined by

p
Fiy=rFo+ [ o, pem.
Po
is a well-defined G-immersion and is as close as desired to F in the €’ (S)-topology. Moreover, properties
(b) and (c) guarantee that F — F has a zero of multiplicity k at all points of A, whereas (d) ensures that
F has no constant component function. This concludes the first part of the proof.

The second part of the lemma is proved in an analogous way but using Lemma 4.5 instead of
Lemma 4.2(ii). Moreover, in order to reduce the proof to the case when S is connected, we need to extend
f toamap f’ on S’ as above such that the first component of f’ equals d F;/6; this is accomplished by a
suitable analogue of Lemma 3.3, we leave the obvious details to the interested reader. 0

5A. A general position theorem. We prove a desingularization result with jet-interpolation for directed
immersions of class <! on a compact bordered Riemann surface. We use Notation 2.3.

Theorem 5.3. Let M be a compact bordered Riemann surface and A C M bea finite set. Let F : M — C"
(n > 3) be an G-immersion of class </ Y(M) such that F|, is injective. Then, given k € N, F may be
approximated uniformly on M by a &G-embedding F:M—C" of class </ (M) such that F—F hasa
zero of multiplicity k at p for all p € A.

Proof. Proposition 4.3 allows us to assume without loss of generality that F : M — C”" is nonflat. We
assume that M is a smoothly bounded compact domain in an open Riemann surface R. We associate to
F the difference map

SF-MxM—C", 6§F(x,y)=F(y)—Fx).

Obviously, F is injective if and only if (§F)~1(0) = Dy = {(x, x) : x € M}.
Since F is an immersion and F|, : A — C" is injective, there is an open neighborhood U C M x M
of Dy U (A x A) such that § F # 0 everywhere on U \ Dy;. To prove the theorem it suffices to find
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arbitrarily close to F' another G-immersion F: M — C" of class o 1(M) such that F — F has a zero
of multiplicity & at all points of A whose difference map SF |mMxm\v 1s transverse to the origin. Indeed,
since dim¢ M x M = 2 < n, this will imply that §F does not assume the value 0 on M x M \ U, so
F(y) # F(x) when (x,y) € M x M \ U. On the other hand, if (x, y) € U \ Dy then F(y) # F(x)
provided that Fis sufficiently close to F.

To construct such an G-immersion we will use the standard transversality argument by Abraham
[1963]. We need to find a neighborhood V € CV of the origin in a complex Euclidean space and a map
H:V x M — C" of class &' (V x M) such that:

(@ H(,-)=F.
(b) H — F has a zero of multiplicity k at p for all p € A.
(c) The difference map §H : V x M x M — C", defined by

SH(¢,x,y)=H(, y)-H({. x), eV, x,yeM,
is a submersive family of maps in the sense that the partial differential
deSH(E, X, Vo : ToCY =CY — "
is surjective for any (x, y) e M x M\ U.

By openness of the latter condition and compactness of M x M \ U it follows that the partial differential
d.8H is surjective for all ¢ in a neighborhood V' C V of the origin in CV. Hence, the map §H :
M x M\ U — C" is transverse to any submanifold of C", in particular, to the origin {0} C C". The
standard argument then shows that for a generic member H (¢, -) : M — C" of this family, the difference
map §H (¢, -) is also transverse to 0 € C* on M x M \ U. Choosing such a ¢ sufficiently close to 0 we
then obtain the desired G-embedding F:=H «,-).

To construct a map H as above we fix a nowhere-vanishing holomorphic 1-form 6 on R and write
dF = f0, where f : M — &, is a map of class &7 (M). We begin with the following.

Lemma 5.4. For any point (p, q) € M x M\ (D U(A X A)) there is a deformation family H=HP?9 (¢, -)
satisfying conditions (a) and (b) above, with { € C", such that the differential d;H (¢, p, q)|;=0: C" — C"
is an isomorphism.

For the proof we adapt the arguments in [Alarcén and Forstneri¢ 2014, Lemma 6.1] in order to guarantee
also the jet-interpolation, i.e., condition (b) of the map H.

Proof. Pick (p,q) € M x M \ (D U (A x A)). We distinguish cases.

Case I: assume that {p, q} N A # &. Assume that p € A and hence g ¢ A; otherwise we reason in a
symmetric way. Write A = {p = py, ..., pr}. Pick a point pg € M \ (A U{g}) and choose closed loops
CiCM\A, j=1,...,1" forming a basis of H,(M,Z) = 7", and smooth Jordan arcs C ; joining po
with p;, j =1, ..., such that setting [ :={"+[", we have that C; N C; = {po} forany i, j € {1, ..., [}
and that C := Ujl: 1 Cj is a Runge set in M. Also choose another smooth Jordan arc C, joining pg with g
and verifying C N C, = {po}. Finally let y; : [0, 1] = C;, j=1,...,l,and y : [0, 1] — C, be smooth
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parametrizations of the respective curves verifying y;(0) = y;(1) = po for j =1, ...,1", y;(0) = po and
yi(l)=p;for j=1"+1,...,1,and y(0) = pp and y (1) =gq.
Since F is nonflat, there exist tangential fields Vi, ..., V, on &, vanishing at 0, and points x, ..., x, €

Cy \ {Po, g} such that, setting z; = f(x;) € G, the vectors Vi(z1), ..., V,(z,) span C". Let t; € (0, 1)
be such that y (t;) = x; and qu be the flow of the vector field V; for small values of ¢t € C in the sense
of Notation 2.3. Consider for any i =1, ..., n a smooth function /; : CUC, — Ry C C vanishing on
C U {q}; its values on the relative interior of C, will be specified later. As in the proof of Lemma 4.2, set
¢ =1(,...,&) € C" and consider the map

V(X)) =l 0 0Pt (f()) €6, xeCUC,,

which is holomorphic in ¢ € C". Note that ¥ (0, -) = f : M — &, (hence ¥ (¢, - ) does not vanish for ¢
in a small neighborhood of the origin) and ¥ (¢, x) = f(x) for all x € C U {q}. It follows that
Y (g, x)
g

We choose h; with support on a small compact neighborhood of #; € (0, 1) in such a way that

=hx)Vi(f(x), i=1,...,n.
=0

1
/0 hily @)Vi(f (y )0y (1), y (1)) dt = Vi(zi) 0(y (1), y (t)). (5-1

Assuming that the neighborhoods are sufficiently small, the approximation in (5-1) is close enough so
that, since the vectors on the right side above form a basis of C”, the ones in the left side also do.
Fix a number € > 0. Theorem 2.6 furnishes holomorphic functions g; : M — C such that

gi has a zero of multiplicity k — 1 at all points of A (5-2)
and

sup |gi —hil<e, i=1,...,n.
cuc,

Following the arguments in the proof of Lemma 4.2, we define holomorphic maps

V(g x,2)= ¢;1g1(X) o °¢?ngn(X)(Z) €6,
Vil x)=W(,x, f(x)) € Gy,

where x € M, 7z € G, and ¢ belongs to a sufficiently small neighborhood of the origin in C". Observe that
W,(0,-) = f. In view of (5-1), if € > 0 is small enough then we have that the vectors

9 1 1
E‘ /0‘I/f(é“,V(t))Q(J/(t),)?(t))dt=fO iy@)Vi(f(y®)No(y (), y () dt, (5-3)
lé‘:O

i=1,...,n, are close enough to V;(z;)0(y(¢;), y (t;)) so that they also form a basis of C".

To finish the proof it remains to perturb W, in order to solve the period problem and ensure the
jet-interpolation at the points of A. From the Taylor expansion of the flow of a vector field it follows that

Wl x)=f)+ Y 68 Vi(f () + 0.

i=1
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Since |g;| < € on C (recall that 4; = 0 on C), the integral of W over the curves Cy, ..., C; can be
estimated by

S’"IO€|§|’ jzlv""l// (5'4)

‘/ (W, -)—f)e‘ _ ‘/ W, )6
Cj Cj

(recall that fCi fo= ij dF =0forall j =1,...,!" since these curves are closed),

VC (‘I’f(é“,-)—f)G‘Z‘F(Po)—<F(pj)—/ ‘IJf(C,')Q) <noelgl, j=U"+1,....1, (55)

Gj

for some constant g > 0 and sufficiently small ¢ € C". Furthermore, (5-2) guarantees that
W (¢, ) — f has a zero of multiplicity k — 1 at all points of A (5-6)

for ¢ in a small neighborhood of the origin (see Lemma 2.2).

Now, Lemma 4.2(i) furnishes holomorphic maps ® (¢, x, z) and ® (¢, x) = ®(Z, x, f(x)) with the
parameter ¢ in a small neighborhood of 0 € C¥ for some large N eNand x € M suchthat ®(0, x, 7)) =z € S
for all x € M and

ch(O’ ) = CD‘Iff(O,')(O’ ) = f? (5'7)

and the differential of the associated period map ¢ — P(® f(g:, -)) € C'", see (4-1), at the point =0
has maximal rank equal to /n. The same is true if we allow that f vary locally near the given initial map.
Thus, replacing f by W, (¢, -) and considering the map

CVxC"x M3, ¢,x) > O, x, U (¢, x) €6,

defined for x € M and (¢, ¢) in some sufficiently small neighborhood of 0 € cV x C", the implicit function
theorem provides a holomorphic map g: = p(¢) near ¢ =0 e C" with p(0) =0 € C" such that the map
defined by ®(p(¢), x, W ¢ (£, x)) satisfies:

1) P(P(p(g), -, ¥r(&,-))=P(P(O,-,¥r(0,-)) =PWs(,-))=Pf).
(ii) ®(p(¢), -, Yr(¢,-)) —Wy(g, ) has a zero of multiplicity k — 1 at all points of A.

Condition (ii) together with (5-6) ensure that
D(p(&), -, Vr(&,-))— f has a zero of multiplicity k — 1 at all points of A (5-8)

for all ¢ in a small neighborhood of 0 € C". Obviously the map p = (p1, ..., p,) also depends on f. It
follows that the integral

Hp (g, x) = F(po)+/ P(p(g), -, V&, -))0 (5-9)

Po

is independent of the choice of the arc from pg to x € M. Moreover,

Hp(0,-)=F, (5-10)
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see (5-7), and Hp(¢, -) is an G-immersion of class &/ Y(M) for every ¢ € C" sufficiently close to zero
such that
Hp(,-)=F onA; (5-11)

see (i). In addition, from (5-4) and (5-5) we have

()] < mel¢]

for some 1 > 0. If we call \7J the vector fields and g; the functions involved in the construction of the
map O (see Lemma 4.2), the above estimate gives

(D)3 Wy (60) =Wy 60| = |32 1 ©OF 0T (W €0 + 0 )| < maele ]

for some 12 > 0 and all x € M and all ¢ near the origin in C". Clearly, applying this estimate to the
arc Cy, we have

< n3€(¢]|

1 1
/O<I>(p(§),)/(t),‘I’f(C,V(t)))G(V(l),)?(t))—/o Ve, y@)O(y @),y (1)

for some 13 > 0. Finally, choosing € > 0 small enough, the derivatives

d
a¢;

1
/ D), y@), Ve, y®) Oy (), y() eC", i=1,...,n,

=070

are so close to the vectors (5-3) that they also form a basis of C". From the definition of Hp, (5-9), and

(5-11), we have

BHF(Q" P Q) = HF(é" Q) - HF(é‘v p)
= HrC )~ F(p) |
= F(po) — F(p) +/0 P(p(6), ¥y (), Wr (&, y())NO(y (), y (1),

and hence the partial differential

il

is an isomorphism. This, (5-10), (ii), and (5-11) show that H satisfies the conclusion of the lemma.

SH(, p,q):C"—C"
£=0

Case 2: assume that {p, g} N A = @. In this case setting A’ := A U {p} reduces the proof to Case 1. This
proves the lemma. U

The family Hr depending on F' given in (5-9) is holomorphically dependent also on F' on a neighbor-
hood of a given initial S-immersion Fy. In particular, if F(&,-): M — C" is a family of holomorphic
G-immersions depending holomorphically on & € C such that F (&, - ) — F has a zero of multiplicity & at all
points p € A for any &, then Hr,.)(¢, -) depends holomorphically on (¢, §). This allows us to compose
any finite number of such deformation families by an inductive process. For the case of two families
suppose that H = Hp (¢, -) and G = G (&, -) are deformation families with Hr(0,-) =Gr(0,-)=F
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and such that Hr(¢,-) — F and G (&, -) — F have a zero of multiplicity £ € N at all points of A for all
¢ and & respectively. Then, we define the composed deformation family by

(H#G)r(£,6,x) :=Ghp,H)(E,x), xeM.

Obviously, we have (H#G)r(0,&,-)=GFr(,-)and (H#G)Fr(£,0,-)=Hp(Z, ), and H#G — F has
a zero of multiplicity k at p for all p € A. The operation # is associative but not commutative.

To finish the proof of Theorem 5.3, Lemma 5.4 gives a finite open covering {U;};", of the compact
set M x M \ U and deformation families Hi = H"(;i, ) : M — C", with H'(0,-) = F, where {i =
(;li, cees {é[_) € @; C C" for positive integers n; € N and i = 1,...,m. It follows that the difference
map §H'(¢%, p, q) is submersive at ¢! = 0 for all p, ¢ € U;. By taking ¢ = (¢!, ..., ¢™) € CV, with
N =", n;, and setting

H(, x):=H"#H*#---#H™(C", ..., ™ x),

we obtain a deformation family such that H(0, -) = F, H(q,-) — F has a zero of multiplicity k at p
forall p € A, and §H is submersive everywhere on M x M \ U for all ¢ € CV sufficiently close to the
origin. (|

5B. A completeness lemma. We develop an intrinsic-extrinsic version of the arguments from [Jorge and
Xavier 1980] in order to prove the following

Lemma 5.5. Let G C C" (n > 3) be as in Lemma 4.5. Let M be a compact bordered Riemann surface
and K C M be a smoothly bounded compact domain which is Runge and a strong deformation retract
of M. Also let A C K be a finite subset and pg € K \ A be a point. Then, given an integer k € N and
a positive number T > 0, every G-immersion F : K — C" of class </' (K) may be approximated in the
€1 (K)-topology by G-immersions F:M—C" of class o/ (M) satisfying the following conditions:

(D F — F has a zero of multiplicity k at all points p € A.
L) distz(po, bM) > 7.

Proof. Without loss of generality we assume that M is a smoothly bounded compact domain in an open
Riemann surface M. By Proposition 5.2 we may assume that F is holomorphic on M and that its first
component has no critical points on M. Fix a holomorphic 1-form 6 vanishing nowhere on M and set
dF = f0, where f = (f1,..., fn) : M — G, is a holomorphic map.

Since K is a strong deformation retract of M, we know M\ K consists of a finite family of pairwise-
disjoint open annuli. Thus, there exists a finite family of pairwise-disjoint, smoothly bounded, compact
disks L1, ..., Ly in M \ K satisfying the following property: if « C M \ U;"zl L; is a arc connecting po
with bM then

/|f19| > T. (5-12)
o
Recall that f; # 0. (Such disks can be found as pieces of labyrinths of Jorge—Xavier-type [1980] on the

annuli forming M \ K; see [Alarcén, Ferndndez and Loépez 2013, proof of Lemma 4.1] for a detailed
explanation). Set L := Jj_, L;.
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For each j =1, ..., m, choose a Jordan arc y; C M with an endpoint in K, the other endpoint in L;,
and otherwise disjoint from K U L, such that y; Ny; = @ foralli # j € {1, ..., m} and the set

S:=KULUT,

where I := U}"zl ¥j» 1s an admissible subset of M. It follows that § is a connected very simple admissible
subset of M with kernel component K (see Definition 4.1) such that K is a deformation retract of §
(hence of M). Take a map h = (hy, ..., h,) : S — G, of class &7 (S) satisfying the following conditions:
(@ h1= fils.
(d) hlk = flk.
© ‘ fa h@} > 7 for all arcs o C S with initial point po and final point in L.
Existence of such a map is clear; we may for instance choose & close to 0 € C" on each component
of L and such that | f h9| is very large for every component y; of I'. Also choose for each p € A a
smooth Jordan arc C), C K with initial point po and final one p, and assume that C,, N Cy = {po} for all
p #q € A. Then, Lemma 4.5 provides a holomorphic map f = (fi, f», ..., fu) : M — &, such that:
(i) f approximates A on S.
>i1) fl = f] everywhere on M.
(iii) f — h has a zero of multiplicity k — 1 at p for all p € A.
(iv) fcp(f —h)0 =0forall peA.
(v) fy(f — h)# =0 for all closed curves y C S.

Since f0 = dF is exact, properties (b) and (v) and the fact that K is a strong deformation retract of M
guarantee that f 0 is exact on M as well. Therefore, the map F= (F 1, Fz, R Fn) : M — C" defined by

- P
F(p) = F(po) + f0, peM,
Po

is well-defined and an G-immersion of class ' (M). We claim that if the approximation in (i) is close
enough then F satisfies the conclusion of the lemma. Indeed, properties (i) and (b) guarantee that F
approximates F as close as desired in the ¢ (K )-topology. On the other hand, (iii), (iv), and (b) ensure
that F — F has a zero of multiplicity k at all points of A, which proves (I). Finally, in order to check
condition (II), let « C M be an arc with initial point py and final one in bM. Assume first that « N L # &
and let @ C « be a subarc with initial point pg and final point ¢ for some ¢ € L. Then we have

7~ |
[f<]f
Po Po

~ ~ < (i) (5-12)
length(F(a))=/|f9lz/|f19I=/|f19| 2

length(F(a)) > length(F(@)) > |F(q) — F(po)| = ©r

Assume that, on the contrary, « N L = &. In this case,

This proves (II) and completes the proof. O
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5C. A properness lemma. Recall that given a vector x = (xq, ..., x,) in R" or C" we define |x|, =
max{|xi|, ..., |x,|}; see Section 2 for notation.

Lemma 5.6. Let n > 3 be an integer and S be an irreducible closed conical complex subvariety of C"
which is not contained in any hyperplane. Assume that S, = G \ {0} is smooth and an Oka manifold, and
that S N {z; = 1} is an Oka manifold and the coordinate projection w; : & — C onto the zj-axis admits
a local holomorphic section h; near z; = 0 with h;(0) #0 forall j =1,...,n. Let M be a compact
bordered Riemann surface and K C M be a smoothly bounded compact domain which is Runge and a
strong deformation retract of M. Also let A C K bea finite subset, F : K — C" be an S-immersion of
class " (K), let T > p > 0 be numbers, and assume that

|F(p)loo > p forall pebK. (5-13)
Then, given an integer k € N, F may be approximated in the €' (K)-topology by G-immersions
F:M—C" of class o' (M) satisfying the following conditions:
D F — F has a zero of multiplicity k at all points p € A.
(D) |F(p)los > p forall pe M\ K.
(D) |F(p)los > T forall p € bM.

Proof. Without loss of generality we assume that M is a smoothly bounded compact domain in an
open Riemann surface M. By Proposition 5.2 we may assume that F = (F1, ..., Fy,) is holomorphic
on M. Since K is a strong deformation retract of M, we have that M \ K consists of finitely many
pairwise-disjoint compact annuli. For simplicity of exposition we assume that A := M \ K is connected
(and hence a single annulus); the same proof applies in general by working separately on each connected
component of M \ K. We denote by « the boundary component of .4 contained in »K and by S the one
contained in bM; both @ and g are smooth Jordan curves.

From inequality (5-13) there exist an integer [ > 3, subsets Iy, ..., I, of Z; (where Z;,={0, 1, ...,[—1}
denotes the additive cyclic group of integers modulus /), and a family of compact connected subarcs
{aj : j € Z;} of bK, satisfying the following properties:

(al) UjeZ/ o =a.

(a2) a; and «j41 have a common endpoint p; and are otherwise disjoint.
(a3) U;’lea =Z;and ;NI =@ foralla #be{l,...,n}.

(a4) If j € I, then |F,(p)| > pforall pea;, a=1,...,n.

(Possibly I, = @ for some a € {1, ..., n}.)
Consider for each j € Z; a smooth embedded arc y; C A with the following properties:

e yj joins o C bK with B C bM and intersects them transversely.
s yiNa = {pj}.
 ¥; N B consists of a single point, namely, g;.

e The arcs y;, j € Z;, are pairwise disjoint.
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Consider the admissible set

S::KU(ij)CM

J€Z;
and fix a point xg € K \ A. Let z=(z1, ..., z,) be the coordinates on C" and recall that 7, : C" — Cis
the a-th coordinate projection 7,(z) =z, foralla =1, ..., n. Let 8 be a holomorphic 1-form vanishing

nowhere on M, and let f S — G, be amap of class &/ (S) such that f =dF /6 on K and the map
G:S—C" given by

- j2
G(p)=F(Po)+/ 10,

which is well-defined since K is a deformation retract of S, satisfies the following conditions:

(b1) G=FonKandona neighborhood of p; for all j € Z,.
(b2) If j € I, then |7,(G(z))| > p forallz€ y; Uy, a=1,...,n.
(b3) If j € I, then |7,(G(gj_1))| > T and |7, (G(g)))| > T, a=1,...,n.

Existence of such an f is guaranteed by (a4). Theorem 4.4 provides amap g : M — S, of class &/ (M)
such that g0 is exact on M, and the G-immersion G = (G4, ..., G,) : M — C" of class V(M) given
by G(p) = F(xo) + f;; g0 enjoys the following properties:

(c1) G approximates G in the /(K )-topology.

(c2) G — G has a zero of multiplicity k at all points of A.

(c3) If j € I, then |G,(p)| > pforall pey;, 1Ua;Uyj, a=1,...,n.

(c4) If j € I, then |G,(p)| > T for p € {qj_1,q;}, a=1,...,n.

Property (c3) follows from (a4) and (b2), whereas (c4) follows from (b3), provided that the approximation
of f by g is close enough.

For each j € Z, let B; C B denote the subarc of 8 with endpoints ¢;_; and g; which does not contain
qi forany i € Z;\ {j — 1, j}. It is clear that

Usi=8 (5-14)
J€Z
Also denote by D; C A the closed disk bounded by the arcs y;_1, @}, ¥;j, and B;; see Figure 4. It follows
that

A= by (5-15)
J€Z;
Call Hy := G = (Ho.1, ..., Ho,) and Ip := &. We shall construct a sequence of G-immersions

Hy=(Hp1,....Hppp) M —>C" b=1,...,n,of class V(M) satisfying the following requirements
forallbe{l,...,n}:

(d1p) Hj approximates Hj_; in the %"'-topology on M\ (U, D).
(d2,) Hp — Hp—1 has a zero of multiplicity k at all points of A.
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Figure 4. The annulus A.

(d3,) If j € P, I; then |Hy(p)|oo > p for all p € D;.

(d4) If j € Uf’zl I; then |Hp(p)loo > T for all p € B;.

(d5p) If j € I, then |Hp 4(p)| > pforall pe y; 1Ua;Uy;, a=1,...,n.
(d6p) If j € I, then |Hp o(p)| > T for pe{gj_1,q;}, a=1,...,n.

We claim that the G-immersion F := H, : M — C" satisfies the conclusion of the lemma. Indeed,
F approximates F in the ¥ (K )-topology by properties (bl), (c1) and (d1,)—(d1,); condition (I) is
guaranteed by (d2), (c2), and (b1); condition (II) by (d3,,), (a3), and (5-15); and condition (III) by (d4,,),

(a3), and (5-14). So, to conclude the proof it suffices to construct the sequence Hy, ..., H, satisfying
the above properties. We proceed by induction. Assume that we already have Hy, ..., Hy_ for some
be{l,...,n} with the desired properties and let us construct Hj. Notice that (d5¢) = (c3) and (d6¢) = (c4)

formally hold. By the continuity of H,_; and conditions (d5;—;) and (d6,—1), for each j € I, there exists
a closed disk 2; C D; \ (yj—1 Ua; Uy;) such that the following hold:

(i) €j N B, is a compact connected Jordan arc.
(i1) [Hp—15(p)| > p forall p € Y; := D; \ ;.
(iii) |Hb—1,b(P)| > t for all p < ,Bj \Qj.

Next, for each j € I, choose a smooth embedded arc A; C Y \ (yj—1 Uy;) with an endpoint in «; and the
other one in €2; and otherwise disjoint from bY; (see Figure 4). Moreover, choose each A; so that the set

J€ JED

is admissible. Notice that Sp, is connected and very simple in the sense of Definition 4.1.
Seth=(hy,...,h,)=dHp_/6 and let h= (ﬁl, R fzn) 1 Sp — G, be a map of class <7 (Sp) such that:

(iv) h="hon M\ (Ujel,, DJ)



INTERPOLATION BY CONFORMAL MINIMAL SURFACES AND DIRECTED HOLOMORPHIC CURVES 595

(V) ﬁb = hb on Sb.
(vi) The map H:S,—C" given by

~ P .
H(p) = Hp_1(xo) +/ ho, peSp,

X0

satisfies | H(p)|oo > 7 for all p € Ujer, -

To construct such a map h we may for instance choose h=honM\ U en, ?j and suitably define it
on Uj c1, Aj- Now, Lemina 4.5 furnishes a map ¢ : M — G, of class o7 (M) such that ¢6 is exact on M
(take into account that h0 = h6 = d Hp_; on K and that K is a deformation retract of M) and the map
Hy : M — C" given by

p
Hy,(p) = Hp_1(x0) +f $0, peM,
X0

is an G-immersion of class <! (M) enjoying the following properties:

(vii) Hj is as close as desired to H in the I_topology on M \ (U el DJ)

(viii) Hp,p = Hp—1p (take into account (v)).

(ix) Hp — H has a zero of multiplicity k at all points of A.

Since H = Hy,_j on M\ (U, s, D) D AU(U; ez, ¥j-1Ue;Uy;), we have (d1,) = (vii), (d2) = (ix), and,
if the approximation in (vii) is close enough, (d5;) and (d6,) follow from (d5,—;) and (d6,—1), respectively.

Pick j € U?:l Iy and p € D;. If j ¢ I, then (d3,_;) and (vii) ensure that | H,(p)|oc > p. On the other
hand, if j € I, then (ii) and (viii) ensure that |H,(p)| > |Hp »(p)| > p provided that p € Y;, whereas
(vi) and (vii) guarantee that |H,(p)| > © > p provided that p € ;. This proves (d3;).

Finally, choose j € Ule I; and p € B;. As above, if j ¢ I}, then (d4,_1) and (vii) give that | Hy(p)|eo > T.
Likewise, if j € I, then (iii) and (viii) ensure that |H,(p)| > |Hp »(p)| > T provided that p € B; \ 2;,
whereas (vi) and (vii) imply that |H,(p)| > © provided that p € B; N €2;. This proves (d4;) and concludes
the proof of the lemma. O

6. Proof of Theorem 1.3

As in the proof of Theorem 4.4 we can assume that A NbK = & and also that for each p € A we have
either 2, C K or Q,NK=02.

Set M := K and let {M;};cn be an exhaustion of M by smoothly bounded Runge compact domains
in M such that:

e My M @"'@UjeNMj:M-

o X(Mj\ M;_y) € {—1,0} forall j €N.

e bM;NA = for all j € N and so, up to shrinking the sets €2, if necessary, we may assume that

Q, C]\jlj or 2, NM; = forall p € A.
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The existence of such a sequence is guaranteed as in the proof of Theorem 4.4. The set A; := ANM; =
AN Mj, J € Z4, is empty or finite; without loss of generality we may assume that Ay # & and
Aj\ Aj_1 # @ for all j € N, and hence A is infinite. Observe that A;_; C A; for all j € N. Fix a
sequence {€;};en \ 0 which will be specified later, set

F02=F|M02M0—>Cn

and, by Proposition 4.3 and Theorem 5.3, assume without loss of generality that Fy is nonflat and, if F|x
is injective, an embedding.

6A. Proof of the first part of the theorem. For the first part of the theorem we shall construct a sequence
{F}}jen of nonflat G-immersions F; : M; — C" of class &/ "M ;) satisfying:

;) 1Fj— Fj—1llim,_, <€
(iij) F; — F has a zero of multiplicity k € N at every point p € A;.

(iiij) If F| is injective then Fj is an embedding.

We proceed by induction. The basis is given by the G-immersion Fy, which clearly satisfies (iig)
and (iiig); condition (ig) is vacuous. For the inductive step assume that we have an G-immersion
Fi_1:Mj_y — C" of class %1(Mj_1) satisfying (i;_1), (i1j—1), and (iii;_;) for some j € N, and let us
furnish F; : M; — C" enjoying the corresponding properties. We distinguish two different cases depending
on the Euler characteristic of M; \ M i1

Noncritical case: assume that x (M; '\ M i—1) = 0. It follows that M;_; is a strong deformation retract
of M;, and then Proposition 5.2 applied to the data

S=M,_1u( U <@ ) So=M;j_, A=A, Kk,
pEAj\Aj,l
and the generalized G-immersion S — C”" agreeing with F;_; on M;_; and with F on | PEANA Qp,
provides an G-immersion Fj : M; — C" of class &/ ! (M;) that satisfies (i;) and (ii;). Finally, if F [A 1S
injective then Theorem 5.3 enables us to choose F; being an embedding; this ensures (iii; ).

Critical case: assume that x (M, \]\;I i—1) = —1. We then have that the change of topology is described by
attaching to M;_; a smooth arc « in Mj \A;Ij,l satisfying M;_, only at its endpoints. Thus, M; U« is
a strong deformation retract of M;. Further, we may choose « such thata NA =@;and S :=M; U«
is an admissible subset of M, which is clearly very simple (see Definition 4.1). We use Lemma 3.3 to
extend Fj_j to S as a generalized G-immersion. By Proposition 5.2, we may approximate F;_; in the
¢\ (M i—1 Ua)-topology by nonflat G-immersions on a small compact tubular neighborhood M J/ € M; of
M;_1 Ua having a contact of order k with F' at all points of A;. Since x (M; \ M Jf) =0, this reduces the
proof to the previous case and hence concludes the recursive construction of the sequence {F}};en.
Finally, if the number €; > 0 is chosen sufficiently small at each step in the recursive construction,
properties (i;), (ii;), and (iii;) ensure that the sequence {F}};en converges uniformly on compacta in M to
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an G-immersion
F:= lim Fi:M—C",
Jj—>00
which is as close as desired to F uniformly on K, is injective if F|, is injective, and is such that F—F
has a zero of multiplicity k at all points of A.

6B. Proof of assertion (I). Suppose that the assumptions in assertion (I) hold. Fix a point pg € K\ A.
We shall now construct a sequence of G-immersions F; : M; — C" of class .o/ "M ), j €N, satisfying
conditions (i;)—(iii;) above and also:

(iv;) distg,(po, bM;) > j forall j € N.

Observe that Fy = F|y, satisfies (ivp) since it is an immersion and pg € K. For the inductive step
assume that we already have Fj_ satisfying (i;)—(iv;) for some j € N and, reasoning as above, construct
an G-immersion Fj’ : M; — C" satisfying (i;), (ii;), and (iii;). Let M J’ cM ; be a smoothly bounded
compact domain which is Runge and a strong deformation retract of M; and contains M;_{ U A; in its
relative interior. Then, Lemma 5.5 applied to the data

M=M;, K=M, A=A;, k t=j and F=Fly,

gives an G-immersion Fj : M; — C" of class </ M ;) satisfying (ii;), (iv;), and also (i;) provided that
the approximation of Fj’ by Fj on M ]’ is close enough; Theorem 5.3 enables us to assume that F; also
satisfies (iii;). This closes the induction and concludes the construction of the sequence {F}};cn with the
desired properties.

As above, if the number €; > 0 is chosen sufficiently small at each step in the recursive construction,
properties (ij)—(iii;) ensure that the sequence {Fj};cn converges uniformly on compacta in M to an
S-immersion F := lim;_, o F; : M — C" which is as close as desired to F' uniformly on K, is injective
if F is injective, and is such that F — F has a zero of multiplicity £ at all points of A. In addition,
property (iv;) ensures that

lim distz(po, bM;) = +00
J—>00

whenever the number €; > 0 is chosen small enough at each step in the recursive process. This implies
that F is complete and concludes the proof of assertion (I).

6C. Proof of assertion (II). Suppose the assumptions in assertion (II) hold. Observe that F|, : A — C"
is a proper map if, and only if, (F|5)~!(C) is finite for any compact set C C C", or, equivalently, if either
the closed discrete set A is finite or for some (and hence for any) ordering A = {p1, p2, p3, ...} of A, the
sequence {F(p1), F(p2), F(p3), ...} is divergent in C". Since we are assuming that A is infinite, there
is jo € N such that

F(p)#0 forall pe A\ Aj,. (6-1)

In a first step we construct for each j € {0, ..., jo} an G-immersion Fj : M; — C" of class &/ (M f)
satisfying conditions (i;)—(iii;) above; we reason as in Section 6A. Now, up to a small deformation of M,
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if necessary, we may assume without loss of generality that Fj, does not vanish anywhere on bMj,, and
hence there exists pj, > 0 such that

| Fjy(P)loo > pj, >0 forall p e bM;,. (6-2)
Set
pj i=min{|F(p)lec: p € Aj\ Aj_1} forall j > jo+1. (6-3)

Recall that Aj \ Aj_1 # & for all j € N. In view of (6-1) and (6-2) we have p; > 0 for all j > jo.
Moreover, since F |, is propet,
lim pj = +o00. (6-4)
j—+00
In a second step, we shall construct a sequence of G-immersions Fj : M; — C" of class &/ "M i), for
J = Jjo+ 1, enjoying conditions (i;)—(iii;) and also:

(V;-1) |Fj(p)loo > 3 min{p; 1, pj} for all p € M;\ M;_;.
(vji.2) |Fj(p)loc > pj forall p € bM;.

We proceed in an inductive way. The basis of the induction is accomplished by Fj ; recall that it
satisfies (ij,)—(iii; ), whereas property (vj,.1) is vacuous and property (v;,.2) follows from (6-2). For
the inductive step, assume that we already have F;_; : M;_; — C" for some j > jo + I satisfying
(ij—1)—(iij_1), (vj—1.1), and (v;_1.2) and let us construct an G-immersion F; : M; — C" of class sz’l(Mj)
with the corresponding requirements.

By (6-3) and up to a shrinking of the set €2, if necessary, we may assume that

|F(q)los > 3p; for all points ¢ in Q/ := U Q, # 2. (6-5)
pEAj\A]-,l

Next, choose a smooth Jordan arc C,, for each p € A; \ A;_; with the initial point in bM;_;, the final
point in €2, and otherwise disjoint from M; | U Q/, and such that

S = Mj_1UQjU< U c,,)

pGAj\A_]'_|

is a very simple admissible subset of M;; in particular C, NC, = @ if p # q. If x (M, \Mj_]) =—1
we then also choose another smooth Jordan arc o C M ; with its two endpoints in bM;_; and otherwise
disjoint from §’ such that §'Uc is admissible and a strong deformation retract of M;. If x (M;\ M;_1) =0
we set o ;= . In any case, the set

S:=S5UacC M,

is admissible in M and a strong deformation retract of M;. Set

C:=ozU< U c),

PEA\Aj-
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and observe that § = (M;_; U Q/)UC. Consider a generalized G-immersion I:“; : S — C" of class &1 (S)
such that:

(A1) Fjly,_, = Fj1.
(A2) Fjlgi = Flqi.
(A.3) |I"f:j(q)|OO > %min{,oj_l, pj}forallg € C.

To ensure (A.3) we use Lemma 3.3; take into account (v;_;.2) and (6-5). Thus, (v;_1.2), (6-5), and (A.3)
guarantee that:

(A.4) |I?’j(p)|oo > %min{pj_l, pj}>0forall p e S\Mj_l =(bM;_)U Q/lucC.
Since S ¢ M i 1s Runge and a strong deformation retract of M;, Proposition 5.2 applied to the data
M=M;, S, A=A;, k and F=F
gives a nonflat G-immersion I/T\J : M; — C" of class &/ M ;1) such that:
(B.1) Fl is as close as desired to F] in the €' (S)-topology.
(B.2) E — E has a zero of multiplicity k € N at every point p € A;.

If the approximation in (B.1) is close enough then, in view of (A.4), there exists a small compact
neighborhood N of § in M i, being a smoothly bounded compact domain and a strong deformation retract
of M;, and such that:

(B.3) |I‘/7\j(p)|Oo > %min{pj,l, pj}>0 forall p e N\Mj,l.
Notice that A N (M; \ N) = @ and hence we may apply Lemma 5.6 to the data
M=M;, K=N, A=A;, F=F, p=1imin{p_1,p)), t=0p; k
obtaining an G-immersion F; : M; — C" of class </! (M;) such that:
(C.1) Fj is as close as desired to E in the ¢! (V)-topology.
(C2) F; — 1/7; has a zero of multiplicity k at every point p € A; C N.
(C.3) |Fi(p)loo > %min{pj_l, pj} forall p € M; \]\Of.
(C.4) |Fi(p)leo > pj forall p e bM;.

We claim that, if the approximations in (B.1) and (C.1) are close enough, the G-immersion F; : M; — C"
satisfies properties (i;)—(iii;), (v;.1), and (v;.2). Indeed, (A.1) ensures (i;); properties (A.2), (B.2), and
(C.2) guarantee (ii;); condition (v;.1) follows from (A.4), (B.3), and (C.3); and condition (v;.2) is implied
by (C.4). Finally, if F|, is injective then, by Theorem 5.3, we may assume without loss of generality
that F; is an embedding. This closes the inductive step and concludes the recursive construction of the
sequence {F}};> j,+1 meeting the desired requirements.

As above, choosing the number ¢; > 0 (j € N) small enough at each step in the construction,

properties (i;)—(iii;) ensure that the sequence {Fj};cn converges uniformly on compact subsets of M to an
G-immersion F :=lim;_, o, F; : M — C" which is as close as desired to F uniformly on K, is injective



600 ANTONIO ALARCON AND ILDEFONSO CASTRO-INFANTES

if F|4 is injective, and is such that F — F has a zero of multiplicity k at all points of A. Furthermore,
properties (v;.1) and (6-4) imply that Fisa proper map. Indeed, take a number R > 0 and a sequence
{q@m}men that diverges on M, and let us check that there is mg € N such that If (gm) o > R for all m > my,.

Indeed, set
€= Z € < +oo
izl
and observe that, by properties (i;),
IF —Fjllim <e forall jeZ,. (6-6)

On the other hand, in view of (6-4) there is an integer j; > jo + 1 such that
pj—1>2(R+¢) forall j > j. (6-7)

Now, since the sequence {p,}men diverges on M and {M;};en is an exhaustion of M, there is mo € N
such that
pm € M\ M;,  for all m > my.

Thus, for any m > my there is an integer j,, > ji such that g,, € M;, \M in—1, and so

~ ~ W 1, 66) | 6-7)
|F(gm)loe = 1 Fj, (Gm)loo — 1Fj, (gm) — F(gm)ls — > s min{pj, _1,p;,}—¢ > R.

This proves that F:M—>C'isa proper map and concludes the proof of Theorem 1.3.

7. Sketch of the proof of Theorem 1.2 and the proof of Theorem 1.1

We briefly explain how the arguments in Sections 5 and 6 which enabled us to prove Theorem 1.3 may be
adapted in order to guarantee Theorem 1.2; we shall leave the obvious details of the proof to the interested
reader. Afterward, we will use Theorem 1.2 to prove Theorem 1.1.

First of all recall that, as pointed out in Section 2C, for any integer n > 3 the punctured null quadric
A, C C", see (1-3) and (1-4), directing minimal surfaces in R” is an Oka manifold and satisfies the
assumptions in assertions (I) and (II) in Theorem 1.3. Thus, Theorem 4.4 and Lemma 4.5 hold for & =%2{.

The first step in the proof of Theorem 1.2 consists of providing an analogue of Proposition 5.2
for generalized conformal minimal immersions in the sense of [Alarcén, Forstneri¢ and Lopez 2016a,
Definition 5.2]. In particular we need to show that if we are given M, S, and A as in Proposition 5.2 then,
for any integer k € Z., every generalized conformal minimal immersion X : § — R" (n > 3) may be
approximated in the ¢! (S)-topology by conformal minimal immersions X : M — R" of class ¢! (M)
such that X and X have a contact of order k at every point in A and the flux map Fluxy equals Fluxy
everywhere in the first homology group H;(M; Z). To do that we reason as in the proof of Proposition 5.2
but working with the map f :=09X/0 : S — 2. Since f6 does not need to be exact (only its real part
does) we replace conditions (a) and (b) in the proof of the proposition by the following ones:

e (f— f)0 is exacton S.
* X(po)+2[c N(fO) =X (po) +2[., N(fO) =X (p) forall p € A.
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It can then be easily seen that the conformal minimal immersion X : M — R" of class ¢ (M) given by

X=X +2[ w0 pen.
p
is well-defined and enjoys the desired properties.

In a second step and following the same spirit, we need to furnish a general position theorem, a
completeness lemma, and a properness lemma for conformal minimal immersions of class %' on a
compact bordered Riemann surface, which are analogues of Theorem 5.3, Lemma 5.5, and Lemma 5.6,
respectively. In this case the general position of conformal minimal surfaces is embedded in R" for
all integers n > 5; to adapt the proof of Theorem 5.3 to the minimal surfaces framework we combine
the argument in [Alarcén, Forstneri¢ and Lépez 2016a, proof of Theorem 1.1] with the new ideas in
Section SA which allow us to ensure the interpolation condition. Likewise, the analogues of Lemmas 5.5
and 5.6 for conformal minimal surfaces can be proved by adapting the proofs of the cited lemmas in
Sections 5B and 5C, respectively; the required modifications follow the pattern described in the previous
paragraph: at each step in the proofs we ensure that the real part of the 1-forms is exact and that the periods
of the imaginary part agree with the flux map of the initial conformal minimal immersion. Furthermore,
obviously, we are allowed to use only the real part in order to ensure the increasing of the intrinsic
diameter of the surface to achieve completeness, see Lemma 5.5 (II), and the increasing of the | - |oo-norm
near the boundary to guarantee properness, see Lemma 5.6 (II) and (III). For the former we just replace
condition (c) in the proof of Lemma 5.5 (which determines an extrinsic bound) by the following one:

o |2 fa N(hO)| > 1 for all arcs @ C § with initial point pg and final point in L.

For the latter, the adaptation is done straightforwardly since all the bounds are of the same nature, namely,
extrinsic.

Finally, granted the analogues for conformal minimal surfaces in R" of Proposition 5.2, Theorem 5.3,
Lemma 5.5, and Lemma 5.6, the proof of Theorem 1.2 follows word for word, up to trivial modifications
similar to the ones discussed in the previous paragraphs, the one of Theorem 1.3 in Section 6. It is perhaps
worth pointing out that in the noncritical case in the recursive construction (see Section 6A) we now
have to extend a conformal minimal immersion of class ¢! (M i_1) to a generalized conformal minimal
immersion on the admissible set S = M;_; Ua C M ; whose flux map equals p for every closed curve
in S (here p : H(M; Z) — R" denotes the group homomorphism given in the statement of Theorem 1.2,
whereas M;_1, a, and M; are as in Section 6A); this can be easily done as in [Alarcén, Forstneri¢ and
Lopez 2016a, proof of Theorem 1.2]. This concludes the sketch of the proof of Theorem 1.2; as we
announced at the very beginning of this section, we leave the details to the interested reader.

To finish the paper we show how Theorem 1.2 can be used in order to prove the following extension to
Theorem 1.1 in the Introduction.

Corollary 7.1. Let M be an open Riemann surface and A C M be a closed discrete subset. Consider
also an integer n > 3 and maps 3 : A — R" and

G:A— Quo={lz1: :2,]€CP" iz +- - +z, =0} cCP" .
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Then there is a conformal minimal immersion X:M— R satisfying X |A = 3 and whose generalized
Gauss map Gy : M — CP" ! equals G on A.

Proof. For each p € A let 2, be a smoothly bounded, simply connected compact neighborhood of p
in M, and assume that 2, N 2, = & whenever p #¢q € A. Set Q := UpeA @, and let X : Q@ — R" be
any conformal minimal immersion of class %' (2) such that X|, = 3 and the generalized Gauss map
satisfies Gx|x = G. (Such an X always exists; we may for instance choose X|q, to be a suitable planar
disk for each p € A). Also fix a smoothly bounded simply connected compact domain K C M \ A, up
to shrinking the sets €2, if necessary, assume that K C M \ 2, and extend X to QU K — R”" such that
X|k : K — R" is any conformal minimal immersion of class ¢!(K U ). Applying Theorem 1.2 to
these data, any group homomorphism H;(M; Z) — R", and the integer k = 1, we obtain a conformal
minimal immersion X : M — R" which has a contact of order 1 with X |q at every point in A. Thus,
§|A = X|a = 3 and the generalized Gauss map satisfies G |x = [Bi]lA =[0X])Ia=Gxla=G. U
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