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ELLIPTIC SYSTEMS IN THE UPPER HALF-SPACE AND
QUANTITATIVE CHARACTERIZATIONS OF VMO

JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

We prove that for any homogeneous, second-order, constant complex coefficient elliptic system L in R”,
the Dirichlet problem in R’} with boundary data in BMO(R"™ 1) is well-posed in the class of functions u
for which the Littlewood—Paley measure associated with #, namely

dpy (x', 1) == |Vu(x',t)|* t dx' dt,

is a Carleson measure in R’ .

In the process we establish a Fatou-type theorem guaranteeing the existence of the pointwise nontan-
gential boundary trace for smooth null-solutions u of such systems satisfying the said Carleson measure
condition. In concert, these results imply that the space BMO(R” 1) can be characterized as the collection
of nontangential pointwise traces of smooth null-solutions u to the elliptic system L with the property
that j4,, is a Carleson measure in R’ .

We also establish a regularity result for the BMO-Dirichlet problem in the upper half-space, to
the effect that the nontangential pointwise trace on the boundary of R, of any given smooth null-
solutions u of L in R’ satisfying the above Carleson measure condition actually belongs to Sarason’s
space VMO(R" 1) if and only if 11,,(T(Q))/|Q| — 0 as |Q| — 0, uniformly with respect to the location
of the cube Q C R"~! (where T(Q) is the Carleson box associated with Q, and | Q| denotes the Euclidean
volume of Q).

Moreover, we are able to establish the well-posedness of the Dirichlet problem in R” for a system L as
above in the case when the boundary data are prescribed in Morrey—Campanato spaces in R”~!. In such
a scenario, the solution u is required to satisfy a vanishing Carleson measure condition of fractional order.

By relying on these well-posedness and regularity results we succeed in producing characterizations
of the space VMO as the closure in BMO of classes of smooth functions contained in BMO within which
uniform continuity may be suitably quantified (such as the class of smooth functions satisfying a Holder
or Lipschitz condition). This improves on Sarason’s classical result describing VMO as the closure in
BMO of the space of uniformly continuous functions with bounded mean oscillations. In turn, this allows
us to show that any Calder6n—Zygmund operator T satisfying 7 (1) = 0 extends as a linear and bounded
mapping from VMO (modulo constants) into itself. In turn, this is used to describe algebras of singular
integral operators on VMO, and to characterize the membership to VMO via the action of various classes
of singular integral operators.
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1. Introduction and statement of main theorems

In his ground-breaking article, C. Fefferman [1971] writes “The main idea in proving [that the dual of
the Hardy space H! is the John—Nirenberg space BMO] is to study the Poisson integral of a function in
BMO.” Implicit in this quote is the fact that the Poisson kernel is associated with the Laplace operator,
and one of the primary aims of the present paper is to advance this line of work by considering more
general systems of partial differential operators than the Laplacian. For example, the key PDE result
announced in [Fefferman 1971] states that

a measurable function f with [p,—1 | f(x)|(1 + [x')™" dx’ < +o00
belongs to the space BMO(R”™!) if and only if its Poisson integral (1-1)

u :RY — R, with respect to the Laplace operator in R", satisfies
SUP v/ en—1 SUP;5o{r' ™" f|x,_y,|<r Jo I(Vu)(y', )2t dt dx'} < +00,

and one of the main goals here is to develop machinery that permits us to replace the Laplacian in (1-1)
with much more general second-order elliptic systems with complex coefficients. In order to be more
specific, we proceed to elaborate on the actual setting adopted in this paper.

Let M € N and consider a second-order, homogeneous, M x M system, with constant complex
coefficients, written (with the usual convention of summation over repeated indices in place) as

Lu := (3 (a®P d5up))1<a<m. (1-2)

when acting on a 42 vector-valued function u = (u B)1<p<m defined in an open subset of R". Assume
that L is strongly elliptic in the sense that there exists «, € (0, o0) such that

Rela% &, &Tiang] = Ko €121 for every & = (&/)1<r<n € R" and n = () 1<ap €CM. (13)

Examples include scalar operators, such as the Laplacian A = Z;'l=1 8]2 or, more generally, operators of
the form div AV with A = (a,s)1<r,s<n an n x n matrix with complex entries satisfying the ellipticity

condition

inf Relars&,&] >0 (1-4)
Eesn—l

(where S”~1 denotes the unit sphere in R"), as well as complex versions of the Lamé system of elasticity

Lu = pAu+ A+ p)Vdive, u= @y, ... u,) €€ (1-5)
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Above, the constants A, € C (typically called Lamé moduli) are assumed to satisfy
Repu >0 and Re(Pu+A1)>0, (1-6)

a condition equivalent to the demand that the Lamé system (1-5) satisfies the Legendre-Hadamard
ellipticity condition (1-3). While the Lamé system is symmetric, we stress that the results in this paper
require no symmetry for the systems involved.

Returning to the general framework, with every system L as in (1-2)—(1-3) one may associate a Poisson
kernel, PL, which is a CM*M _yalued function defined in R”~1 described in detail in Theorem 2.3. This
Poisson kernel played a pivotal role in the treatment of the L?-Dirichlet boundary value problem for L in
the upper half-space in [Martell et al. 2016].

To state our main results, some notation is needed. For a function ¢ : R"~1 — C set

i (x") :=t""p(x'/t) forevery x’ € R"~! and every ¢ > 0. (1-7)

In particular, P (x") = t17" PL(x'/t) for every x’ € R"~! and ¢ > 0. We agree to identify the boundary
of the upper half-space

R% :={x =", xn) eR"=R"'xR:x, >0} (1-8)

with the horizontal hyperplane R”~! via (x’,0) = x’ for any x” € R”~L. The origin in R"~! is denoted
by 0'. Having fixed some background parameter x > 0, at each point x’ € dR”. we define the conical
nontangential approach region with vertex at x’ as

Le(x'):={y = (.0) e R : X = y'| <«t}. (1-9)

Whenever meaningful, the nontangential pointwise trace of a continuous vector-valued function u defined
in R’} is given by
ula ) (x') = lim u for x’ € IR". = R 1. 1-10
()= lim ) (1-10
For each positive integer k denote by £ the k-dimensional Lebesgue measure in Rk, A Borel
measure u in R’} is said to be a Carleson measure in R’} provided

1 4
ey = s [ aunin <o (-1
QcCRr—1 0 Qo

where the supremum runs over all cubes Q in R"*~!. Here and elsewhere in the paper, by a cube Q in
R”~1 we shall understand a cube with sides parallel to the coordinate axes, and its side-length will be
denoted by £(Q). Also, the "~ measure of Q is denoted by |Q| and if A > 0 then AQ denotes the
cube concentric with Q whose side-length is A£(Q). Call a Borel measure x in R, a vanishing Carleson
measure whenever u is a Carleson measure to begin with and, in addition,

. 1 4o ,
lim ( sup @/0 0 du(x ,t)) =0. (1-12)

r=0t \gcrr-1,4(0)<r
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Next, the Littlewood-Paley measure associated with a continuously differentiable function u in RY is
|Vu(x',t)|> t dx’ dt, and we set

1 U 3
lull«x := sup (—/ / |Vu(x’,t)|2tdx/dt) ) (1-13)
QCR?—1 |Q| 0 [0}

In particular, for a continuously differentiable function u in R’} we have
[ullsx <00 <= |Vu(x’,1)|*tdx’dt is a Carleson measure in R . (1-14)

We next introduce BMO(R”~!, CM), the John—Nirenberg space of vector-valued functions of bounded
mean oscillations in R” ™1, as the collection of CM -valued functions f = ( Ja)1<a<m With components
in L} (R"!) satisfying

loc

|/ lsmo@r—tcary = sup ][ Lf() = fol dx' < os. (1-15)
QcRrr—1JQ

Above, for every cube Q in R”~! and every function / € LllOC (R"~1,CM) we have abbreviated
1

hQ:=][ h(x/)dx/:—/ h(x")dx' e CM, (1-16)
0 10| Jo

where the last integration is performed componentwise. To lighten notation, when M = 1 we simply
write BMO(R" 1) in place of BMO(R"~!, C). Clearly, for every f € L1 (R"~,CM) we have

loc
1/ lemo@a—1,cay = L.f + C llgmoga—1,cmy  forall C e €Y,
I/ lemo@n—1.cmy = 172 f lpmo@n-1.cpy  forall z/ € R*™1, (1-17)
I/ llemo@n—1,cm) = [162 f lemo@n—1,c0y ~ forall A € (0, 00),

where 7, is the operator of translation by z’, i.e., (t,/ )(x') := f(x’ 4 2’) for every x’ € R"~!, and §,
is the operator of dilation by A, i.e., (83 f)(x) := f(Ax') for every x’ € R"~1.

We wish to note here that || - ||gyon—1,cM) is only a seminorm, since for every function f €
Ll (R"~1,CM) we have

I fllsmo@n—1,c0y =0 <= f is constant Z" Lae. inR"! (in CM). (1-18)

Occasionally, we find it useful to mod out its null-space, in order to render the resulting quotient space
Banach. Specifically, for two CM -valued Lebesgue-measurable functions f, g defined in R*~! we say
that f ~ g provided f — g is constant 2" !-a.e. in R" L. This is an equivalence relation and we let

[f]:={g:R" ' > CM : g measurable and f ~ g} (1-19)

denote the equivalence class of any given C* -valued Lebesgue-measurable function f defined in R" .
If for each f € BMO(R"~!,CM) we now set

I Wit ey 2= 1/ Ivogn—1,cm)- (1-20)



THE BMO-DIRICHLET PROBLEM AND QUANTITATIVE CHARACTERIZATIONS OF VMO 609

then ||[-]|] becomes a genuine norm on the quotient space

BMO(R"—1,CM)
BMO(R" ™', CM) := {[f]: f e BMO(R"~!,CM)}. (1-21)
In fact, when equipped with the norm (1-20), the space (1-21) is complete (hence Banach).

Moving on, the Sarason space of CM -valued functions of vanishing mean oscillations in R"~! is
defined by

VMO(R" ™!, cM) := {f e BMOR"™ L, cM): lim ( sup ][ |f(x’)—fQ|dx/) =o}.
r—>0t \gcrr-1,0Q)<r /O
(1-22)

The space VMO(R"~!, CM) turns out to be a closed subspace of BMO(R"~!,CM). In fact, if we let
UC(R"~1,CM) denote the space of CM -valued uniformly continuous functions in R”~1, then

UCR" ', cM)n ( ) rr@'.cM )) Cc UCR"™!,cM)nBMO(R" !, cM)
1=p=co C VMO(R"™!,cM). (1-23)
To justify the first inclusion, consider f € UC(R"~1,CM)n LP(R*~!,CM) for some p € [1, 00]. Then
there exists o € (0, co) with the property that | f(x’) — f(»’)| < 1 whenever x’, y’ € R"~! are such that

|x” — y'| < rg~/n — 1. Suppose now that some arbitrary cube Q in R*~! has been fixed. If £(Q) > ro,
with the help of Holder’s inequality we estimate

2 n— 2 n—
£ 1= rolazt <2 |10z < I vy 2 Iogmremy o
0 ~Jo R
whereas if £(Q) < ro we make use of the uniform continuity of f to estimate
1= telar=t= f f 10— sonnavar <t (1-25)

In turn, from (1-24)—(1-25) we then conclude that f belongs to BMO(R" !, CM), which establishes the
first inclusion in (1-23). The second inclusion in (1-23) is clear from (1-22).

As regards the second inclusion in (1-23), a well-known result of Sarason [1975, Theorem 1, p. 392]
implies that, in fact,

a given function f € BMO(R"~!,CM) belongs to VMO(R"~1, CM)
if and only if there is a sequence { f;};jen C UC(R"™L,CM) nBMO(R"~1, CM) (1-26)
with limj o0 || /= fjllsmo@®n—1,cm) = 0.
We shall refer to this simply by saying that Sarason’s VMO space is the closure of UC NBMO in the
space BMO. In relation to (1-23) we wish to note that continuity without uniformity will not preserve
the inclusion in (1-23). For example, there exist functions in €°°(R) N L°°(R) which do not belong to
VMO(R). To see this, consider the mutually disjoint intervals /; :=[j, j +2/j] foreach j €N, j > 3.
Now let f : R — R be a function with the property that, for each j € N, j > 3, the graph of f'|;; is the
line segment joining the point (j, —1) with (j +2//, 1) and otherwise the graph of f is made up of curves
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joining these line segments smoothly within the strip R x [—2, 2]. By design, f € €°°(R) N L*°(R). In
particular, / € BMO(R). However, for each j €N, j > 3, we have f;, =0 and

][I_|f—f1j|d$1=][1_|f|d$1=%- (1-27)

Since |I;| =2/j — 0 as j — oo, from (1-27) and (1-22) it is then clear that /' ¢ VMO(R).
Another characterization of VMO(R”_I, cM ) due to Sarason [1975, Theorem 1, p. 392] is as follows:

a given function / € BMO(R" ™!, CM) belongs to the space VMO(R" ™1, CM)

. - (1-28)
if and only if limgn—15,/ o |72 f — f [lsmo@®n—1,c1) = 0.

We are now ready to state our first main result. This concerns the well-posedness of the BMO-Dirichlet
problem in the upper half-space for systems L as in (1-2)—(1-3). The existence of a unique solution
is established in the class of functions u satisfying a Carleson measure condition, expressed in terms
of the finiteness of (1-13). The formulation of our theorem emphasizes the fact that this contains as a
“subproblem” the VMO-Dirichlet problem for L in R’ (in which scenario u satisfies a vanishing Carleson
measure condition).

Theorem 1.1. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3). Then
the BMO-Dirichlet boundary value problem for L in R”_, namely

u € ¢ R,CM),

Lu=0inR",

|Vu(x',t)|?> t dx’ dt is a Carleson measure in R7.
”lgﬁ%"i = fae inR"1,  feBMOR" L CM),

(1-29)

has a unique solution. Moreover, this unique solution satisfies the following additional properties:

(i) With PL denoting the Poisson kernel for L in R from Theorem 2.3, one has the Poisson integral
representation formula

u(x',t) = (PE+ f)(x') forall (x',1) e R (1-30)

(ii) There exists a constant C = C(n, L) € (1, 00) with the property that the solution u of the Dirichlet
problem (1-29) satisfies the two-sided estimate

C_IHf”BMO(R”—l,CM) < fluflex = C”f”BMO([R”—l,CM)' (1-31)

That is, the size of the solution is comparable to the size of the boundary datum.

(iii) For each & > 0 the function u(-, €) belongs to BMO(R"~1, CM) and there exists a constant C =
C(n, L) € (0, 00) independent of u with the property that the following uniform BMO estimate holds:

Sug”u('78)“BMO(R”—1,CM) < Cllullsx. (1-32)
&>
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Moreover,

|Vu(x',t)|? t dx’ dt is a vanishing
Carleson measure in Rﬁ_.

lim [[u(-,&) = fllgmomr-1,cm) =0 < { (1-33)
e—>0t

That is, u satisfies a vanishing Carleson measure condition in R if and only if u converges to its
boundary datum vertically in BMO(R" ™1, CM),

@iv) The following regularity results hold:

_ Vu(x',t)|?t dx’ dt is a vanishing
MO(R" ™!, cM | ’ 1-34
J € VMO( ) = { Carleson measure in R} (1-34)
= lim  ||t;u —ull«« =0, (1-35)
R 5z—0
where (t;u)(x) := u(x + z) for each x,z € R'}..
As a consequence, the VMO-Dirichlet boundary value problem for L in R"., i.e.,
u e ¢X(RL,CM),
Lu=0inR", 136
|Vu(x’,1)|*t dx' dt is a vanishing Carleson measure in R, , (1-36)
ulpt, = fae inR*™', f e VMOR"!,CM),
+
is well-posed. Moreover, its unique solution is given by (1-30), satisfies (1-31)—(1-32), and
lim ||u( °y 8) - f”BMO(Rn_l,CM) =0. (1-37)
e—>0Tt

It is reassuring to remark that replacing the boundary datum f by f 4+ C where C € CM in (1-29)
changes the solution u into u + C (given that convolution with the Poisson kernel reproduces constants
from CM ; see (2-36). As such, the BMO-Dirichlet problem for L in R} is also well-posed, if uniqueness
of the solution is now understood modulo constants from CM,

As regards the right-pointing implication in (1-34), for suitable dense subspaces of VMO we are able
to precisely quantify the rate at which the Carleson measure |Vu(x’,1)|? t dx’ dt vanishes in R’ . For
example, with €7 (R"~!, CM) denoting the homogeneous Hélder space of order 5 € (0, 1) of CM -valued
functions defined in R”~1, it follows from (3-9) in Proposition 3.1, see also (2-19), that

if fe?™(R",CM) withne (0,1) and u is as in (1-30), then

¢ 1/2 (1-38)
suchRn—1’e(Q)Sr(fo(Q)fQ |Vu(x', 1) ¢t dx’dt) 2 _ O(r"yasr— 0T,

where the multiplicative constant implicit in the big-O condition above depends only on n, L, 5, and
Il £l n(gn—1,cary- The relevance of this result stems from the fact that, for each 1 € (0, 1), the collection
of functions from BMO(R"~!, C™) which also belong to ¢ (R"~!, CM) makes up a dense subspace
of VMO(R"~!,CM). The latter density result constitutes one of the main results in this paper, and is
formally stated in Theorem 1.5, along with a number of variants and generalizations. Let us also point
out here that the decay rate in (1-38) is in agreement with the format of the well-posedness result proved
later in Theorem 1.21, in view of (1-164) and (1-160).
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The proof of Theorem 1.1 relies on a quantitative Fatou-type theorem, which includes a Poisson integral
representation formula along with a characterization of BMO in terms of the traces of solutions to elliptic
systems. This is stated next as Theorem 1.2. Among other things, this theorem shows that the conditions
stipulated in the first three lines of (1-29) imply that the pointwise nontangential limit considered in the
fourth line of (1-29) is always meaningful, and that the boundary datum should necessarily be selected
from the space BMO. It also highlights the fact that it is natural to seek a solution of the BMO-Dirichlet
problem by taking the convolution of the boundary datum with the Poisson kernel of L in the upper
half-space. Finally, Theorem 1.2 is the key ingredient in the proof of uniqueness for the BMO-Dirichlet
boundary value problem formulated in (1-29).

Theorem 1.2. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R’ from Theorem 2.3. Then there exists a constant
C = C(L,n) € (1, 00) with the property that

u € ¢OR,CM) u|“'t'n exists a.e. in R"1, lies in BMO(R" !, CM),
Lu=0inRY ¢ = {u(x, z) = (P}« (ulfpn D) forall (x',1) € R, (1-39)
and || < o0 and €= |ull o < ||u|3R1 Ismogen—1.cay < Cllulles.

In fact, the following characterization of BMO(R" 1, CM), adapted to the system L, holds:
BMO(R""!,cM) = {u|aRn ue€PRY,CM), Lu=0inR™, ||uss < oo} (1-40)

Moreover,
LMO([RE ):={u € ¢ [R" ,(DM) Lu=0in R’i» [[u]| % < 00} (1-41)

is a linear space on which || - ||« is a seminorm with null-space CM. the quotient space LMO(R, )/ cM
becomes complete (hence Banach) when equipped with || - || «x«, and the nontangential pointwise trace
operator acting on equivalence classes in the context

LMO(R™)/CM 5 [u] > [|3R,,]GBW)([R”_1,CM) (1-42)

is a well-defined linear isomorphism between Banach spaces, where [u] in (1-42) denotes the equivalence
class of u in LMO(R', )/CM and [u? BR” | is interpreted as in (1-19).

There is a counterpart of the Fatou-type result stated as Theorem 1.2 emphasizing the space VMO in
place of BMO. Specifically, we prove the following theorem.

Theorem 1.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R" " from Theorem 2.3. Then for any function

u € (R, CM) satisfying Lu = 0 in R and |[u |/« < 00 (1-43)
one has
|Vu(x',t)|? t dx’ dt is a vanishing

n.t. n—1 ~M ~
Carleson measure in R’ = u|aR1 € VMO(R™, C7). (1-44)
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Furthermore, the following characterization of the space VMO(R" ™Y, CM)), adapted to the system L,
holds:

VMO(R" !, cM) = {mgﬁi u € LMO(R™, CM) and |Vu(x',1)|* t dx' dt
is a vanishing Carleson measure in [R'J’r} (1-45)

The analogue of Fefferman’s theorem, characterizing BMO as in (1-1), in the case of elliptic systems
with complex coefficients is the topic of the first item of our next theorem. The second item may be
viewed as a characterization of VMO in the spirit of Fefferman’s original result.

Theorem 1.4. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Assume f R*—1 M
is a Lebesgue-measurable function such that

’
/ irAColN dx' < oo. (1-46)
Rr—1 1 + |X’|n

Let u be the Poisson integral of f with respect to the system L, i.e.,u : R} — CM js given by u(x’,t) :=
(PtL * f)(x') for each (x',t) € R, Then the following are true:

(1) f belongs to the space BMO(R" ™1 CM) if and only if ||u|x+ < o0o.

(2) f belongs to the space VMO(R™ ™1 CM)) if and only if |Vu(x',t)|?t dx’ dt is a vanishing Carleson
measure in R'} .

In our next result we shall revisit the issue of describing VMO as the closure within BMO of a subspace
of functions whose pointwise oscillations vanish as the scale decreases to zero. One such description
is contained in (1-26). However, for a variety of purposes (such as the proof of the result recorded in
Theorem 1.13 below), the fact that the condition of uniform continuity is of a purely qualitative nature
renders the space UC difficult to work with. As such, it is very desirable to replace it, in the context of
Sarason’s density result recorded in (1-26), by smaller subspaces within which uniform continuity may
be suitably quantified. This issue is addressed in Theorem 1.5 below. As a preamble, we introduce some
notation. Pick a modulus of continuity, i.e., a function

T : [0, 00) — [0, oo] nondecreasing and such that limg_,+ Y(s) =0. (1-47)
Given m € N, consider the space

¢T(R™) = {f :R™ — C: there exists C € (0,00) such that
|f(@)— f(b)| <CY(la—b]) foralla,b e R™} (1-48)

and define || f || gm) to be the smallest constant C intervening above. In the sequel, the space of cM.
valued functions with components in Y (R™) will be denoted by €T (R, CM). Clearly, T (R™) C
UC(R™) and, in fact,

uc®R™ = | J ¢T®™. (1-49)

T modulus of
continuity
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To see the left-to-right inclusion in (1-49), observe that if f € UC(R™) is arbitrary and we define
Yr(s) :==supt| f(x) — f(¥)]:x,y € R", |[x — y| < s} for each s € [0, 00), then T is a modulus of
continuity and | f(a) — f(b)| < Y¢(la —b]) for all a,b € R™; hence f € €Y7 (R™), as wanted.

Examples of interest are obtained by taking 1 € (0, 1] and defining Y7 (s) := s" for every s > 0. Then
the space % 17 (R™) becomes precisely € (R™), the space of functions satisfying a homogeneous Holder
condition of order 1 in R™ in the case when 7 € (0, 1), and becomes Lip(R"), the space of Lipschitz
functions in R™, in the case when 1 = 1.

Here is the theorem advertised earlier, which may be regarded as a quantitative description of VMO,
improving on Sarason’s classical result (1-26).

Theorem 1.5. Consider the function Vi : [0, 00) — [0, 00) given at each s > 0 by

o<
Yi(s) := min{1, s} + max{0,Ins} = > Fs=l,

. (1-50)
1+Ins if s>1.

Then for every modulus of continuity Y with the property that Yy < CY on [0, 00) for some finite constant
C > 0, the following density result holds for each n € N:

for every function f € VMO(R") there exists a sequence

1-51
{fitjen C €T (R") N € (R") NBMO(R") such that I £ — fillsmo@n) = 0 as j — oc. (1-5h
In short, € (R") N € (R") N BMO(R") is dense in VMO(R"). In fact,
the smaller space, consisting of | € €Y (R") N €™ (R") N BMO(R") such that (152)

3% f € €Y (R™) N L®(R") for every o € Ng with || > 1, is also dense in VMO(R").

The proof of Theorem 1.5 (stated with n — 1 in place of n) relies on the fact that, given any f €
BMO(R"™1,CM), we have, as seen from (1-30) and (1-33)—(1-34),

Pls f— finBMOR" L, CM)ast - 0" < feVMOR',CM) (1-53)

for some (or any) M x M elliptic system L with constant complex coefficients as in (1-2)—(1-3).
A posteriori, once the density result in Theorem 1.5 has been established, we can considerably enlarge
the class of approximations to the identity for which a result as in (1-53) holds, as described below.

Theorem 1.6. Suppose ¢ : R" — CM*M phas the property that there exist C € (0, 00) and ¢ € (0, 1] such
that

lp(xX)| < C(1+ |x|)™""% forevery x € R" \ {0}, (1-54)
and

|A]°

Clh
lp(x +h) —p(x)] < e forall x e R"\ {0}, h e R", |h| < |x|/2. (1-55)

In addition, assume

/ e(x)dx = Ipyxm (1-56)
R}’I
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(where Ipgxpr is the M x M identity matrix). Then
for each f € VMO(R",CM), it holds that ¢; x f — f in BMOR",CM) ast — 0T, (1-57)

where, in the present context, ¢;(x) =1t "@(x/t) for each x € R" and each t > 0.
As a consequence, given ¢ € €V (R", CM*M) sych that (1-56) holds and such that there exists
C € (0, 00) for which

P +1(Ve)(x)| < C(L+|x)T"! forevery x € R”, (1-58)
one has the following real-variable characterization of the membership to VMO:
for every function f € BMO(R", CM) there holds
@i % f — finBMOR",CM)ast - 07 < f € VMO(R", CM).

Several density results, of independent interest, are obtained by specializing Theorem 1.5 to moduli

(1-59)

of continuity of the form Y5 (s) := s” for s > 0, with € (0, 1], simply by observing that there exists
some finite constant Cy, > 0 with the property that Yz < C, Y, on [0, 00). To state these, recall that the
inhomogeneous Holder space of order n € (0, 1) in R” is defined as

EN(R") ;= ¢"(R™) N L2 (R™). (1-60)
Corollary 1.7. For eachn € (0, 1),
the space consisting of f € €"(R") N ¢ (R") NBMO(R") such that

1-61
0% f € €1 (R") for every a € Njj with |a| > 1 is dense in VMO(R"). (1-61)
Consequently, for each n € (0, 1),
£"(R") N € (R") NBMO(R") is a dense subspace of VMO(R™). (1-62)

In particular, for each n € (0, 1) the space €™ (R") NBMO(R") is dense in VMO(R™). Moreover,

the space consisting of functions f € Lip(R™) N €°°(R"*) N BMO(R") such that (1-63)
0% f € Lip(R") N L°(R") for every a € N§ with |a| > 1 is dense in VMO(R").

In particular,
Lip(R") N ¢*°(R") N BMO(R") is a dense subspace of VMO(R"). (1-64)

An interesting feature of Theorem 1.5 is that even though the conclusions are of a purely real-variable
nature, its proof makes essential use of the PDE-rooted results established earlier (such as the well-
posedness of the BMO-Dirichlet problem for, say, the Laplacian in R’} ). See Section 5 for details.
Theorem 1.5 should be contrasted with the following negative result.

Theorem 1.8. The space UC(R") N L°°(R") is not dense in VMO(R").
An example of an unbounded function belonging to VMO(R") is

Inln(1/|x|) if |x|<1/e,

for all x € R”. 1-65
0 iflx]>1/e OO (1-65)

f(x):=
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In the context of the main density result presented in Theorem 1.5, the function Yy defined in (1-50)
exhibits an optimal behavior both at small and large scales, which cannot be improved, in the following
precise sense: if Y is a modulus of continuity with the property that

either Y(s)/s =o(1) as s = 0T, or Y(s) = O(1) as s — 00, (1-66)
then
¢ T (R") NBMO(R") is not dense in VMO(R"). (1-67)

Indeed, (1-67) is clear when the first eventuality in (1-66) materializes since the space & r (R™) reduces to
just constants in this case. Also, in the scenario when the second possibility in (1-66) takes place, €'Y (R")
becomes a subspace of UC(R")N L°°(R"), in which case the desired conclusion follows from Theorem 1.8.

Among other things, the density result stated in Corollary 1.7 permits us to quantify the proximity of a
Littlewood—Paley-type measure to the class of vanishing Carleson measures in the upper half-space. This
result, of a purely real variable nature, is formally stated in the theorem below.

Theorem 1.9. Let ¢ € €1 (R™) be a function with the property that there exists C € (0, 00) such that

C C
W(XNSW and |(V1ﬂ)(x)|§W for every xeR", aswellas/RHW(x)dx=0.

(1-68)
For each x € R" and t > 0 set Y¥;(x) :=t" "y (x/t). Then for each function f € BMO(R")
dx dt
pr (e, 0) = (W % )1 — (1-69)
is a Carleson measure in [F\RT'I satisfying
1 Y@ dx dt
lim { sup — / (W = £) ()2 2580 < C dist(£, VMO®R™)2,  (1-70)
r—>0t{ gocrr 101 Jo  Jo t
LUQ)=r
where dist( f, VMO(R")) := inf{]| f — gllsmom») : § € VMO(R")}.
As a corollary,
if ¥ € €Y (R") is a function satisfying the conditions in (1-68) and f € VMO(R™), (171)

it follows that py(x,t), defined as in (1-69), is a vanishing Carleson measure in [Rii“.
Theorem 1.9 allows us to establish the result stated below, which may be regarded as a quantified
version of the equivalence (1-34) in Theorem 1.1.
Theorem 1.10. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3). Then
there exists a constant C = C(n, L) € (0, 00) with the property that for any given f € BMO(R"~1,CM)
the unique solution u of the BMO-Dirichlet boundary value problem (1-29) for L in R, with boundary
datum f satisfies

Q)
lim { sup f ][ IVu(x’,t)|?t dx’ dt} < C dist(f, VMO(R""!,CM))2,  (1-72)
r—0t QCR—1,¢(Q)<r J0 0

where dlst(ﬁ VMO(Rn_l, CM)) = inngBMO(Rn_l,CM) ”f — g”BMO(R”_l,CM)‘
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Moving on, if in analogy with (1-21) we also define
VMO(R") := {[f] : f € VMO(R")}, (1-73)

thﬂﬁO(R”) becomes a closed subspace of the Banach space (BMO(R™), ||[ -] ||1§_1\7[6(R"))' In particular,
(VMO®@®R™), IIL- 1l 1§1\71'()(R")) is itself a Banach space. Likewise, for each n € (0, 1) let us introduce the
quotient space!

CT R/~ = A{[f]: [ €€"(R")} (1-74)

and equip it with the norm

”[f]”(lg?n([@n)/w = ||f||<537l(Rﬂ) forall [f] € %n(Rn)/'\«- (1-75)

Then (€"(R")/~., II[-]lln (), _) becomes a Banach space.
Regarding \71\70([}%”) as a Banach space in the fashion described above, Corollary 1.7 readily implies
the following density result.

Corollary 1.11. For each i € (0, 1) the set (¢"(R")/~) N BMO(R") is dense in VMO(R™).

The quantitative characterizations of the Sarason space provided in Theorem 1.5, Corollary 1.7, and
Corollary 1.11 have important consequences as far as the mapping properties of Calderén—Zygmund
operators on VMO are concerned. To elaborate on this aspect, we first recall the definition of the latter
class of operators.

Definition 1.12. Given n € N, for each y € (0, 1] denote by SCZ(n, y) the collection of all linear and
continuous mappings 7 : . (R") — .#/(R") which extend to a bounded operator on L?(R") and have
the property that there exist C’, C” € (0, co) such that the Schwartz kernel K(-,-) of T satisfies

K e Ll (R" x R"\ diag) (1-76)
and, for every x, y € R” with x # y, and each z € R” with |x —z| < %|x -yl

/ |x —z|”

"

|K(x, )| < x— " and |K(x,y)—K(z,y)|=C m (1-77)
Simply call T a semi-Calderén—Zygmund operator in R” if T € |, <y<15CZ(n, y).

Also, for each y € (0, 1] introduce CZ(n,y) := {T € SCZ(n,y) : TT € SCZ(n,y)} (where T :

7 (R") — .7/ (R") is the transpose of T, with Schwartz kernel K (x, y) := K(y, x)), and refer to the

operators in U0<y <1CZ(n, y) as being Calder6n—Zygmund operators in R".

Fix a semi-Calderén—Zygmund operator 7 in R”. A classical result in harmonic analysis (see, e.g., the
proof of [Stein 1993, Theorem 3, p. 114], which readily adapts to the present setting) is the fact that 7' T
maps the Hardy space H! boundedly into the space of absolutely integrable functions; i.e.,

TT:HY(R") —> LY(R") (1-78)

LObserve that since we are presently dealing with continuous functions, f ~ g means that f — g is everywhere equal to a
constant.
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is a well-defined, linear, and bounded operator. In particular, this allows us to define 7°(1) as a functional
in BMO(R") = (H '(R™))* acting on any i € H!(R") according to

(T (1), h) ::/ T hds™. (1-79)

n

In particular, with the notion of H 1_atom as in (3-37),

T(1) =0in BMO(R") < TTad%" =0 for each H'-atom a. (1-80)
Rn

Via interpolation and duality we have

if T is a semi-Calder6n—Zygmund operator then 7 is bounded
on LP?(R") for each p € (2,00); as a consequence, if 7' is a (1-81)
Calder6n—Zygmund operator then 7 is bounded on L?(R") for p € (1, 00).

In this vein, we wish to remark that (recall that a function ® : R” \ {0} — C is said to be positive
homogeneous of degree m provided ®(Ax) = A" O(x) for each x € R” \ {0} and each A € (0, c0))

a principal-value convolution-type operator Tg : .7 (R") — .7/ (R"), given by
To f(x) :=lim,_, o+ fyeR,,\B(x’8)®(x —y)f(y)dy for f € .#(R") and x € R",
with a kernel ® € €1 (R" \ {0}) which is positive homogenous of degree —n and
such that f gn—1 O(w)dw = 0, is a Calderén—Zygmund operator in R” (in the sense
of Definition 1.12 with y = 1, C" = [|®|| o (gn—1), and C” = ||[VO|| oo (sn-1))
which satisfies To (1) = (Te) ' (1) = 0 in BMO(R"). Moreover, if we define
O(x) := O(—x) for each x € R" \ {0}, then the transpose of Tg acting on L7 (R")
with 1 < p < oo is the operator T acting on LP (R") where, 1/p+1/p' = 1.

(1-82)

This is a consequence of the fact that such an operator 7g is a multiplier (see, e.g., [Mitrea 2013,
Theorem 4.96, pp. 172-173]), i.e., it satisfies 7{@\(,0 = me¢ for each ¢ € /(R"), where “hat” stands
for the Fourier transform. The symbol mg is the Fourier transform of the tempered distribution P.V. ®,
defined as, see [loc. cit., (4.4.2), p. 136],

(P.V.©®,¢):= lim O(x)p(x)dx forall ¢ €.7(R"); (1-83)
e=>0T JxeRn,|x|>¢
ie.,

me=PV.0® in.7 (R"). (1-84)

From [loc. cit., Theorem 4.71, p. 142] it is known that

mo® =~ [ 0 logli£-0) do
—-a)'+i%sgn($~a))) dw for each £ € R™ \ {0}, (1-85)

=_f5n—1 @(a))(ln ;

i3
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where the last equality uses the vanishing-moment property of ®; see [loc. cit., (4.5.15), p. 143]. From
this representation it is then apparent (reasoning as in [loc. cit, Step II, pp. 349-350]) that

the restriction of mg to R” \ {0} is a function having the same order of differentiability
as 0, is positive homogeneous of degree zero bounded, satisfies mg = mg and (1-86)
[gn—1 me(w) dw =0, as well as mg(§) = me(—§) for each § € R" \ {0}.

Let us also note that, starting with (1-85) and making use of [loc. cit, Proposition 13.46, p. 439] it is not
difficult to see that

for each p € (1,00] there exists Cy, p € [0,00) such that [|me| L@y < Cu,pll®lLr(sn-1y. (1-87)

In turn, via Parseval’s formula these properties imply that T extends to a linear and bounded operator
on L?(R") which satisfies
To f =mef foreach f e L?>(R"). (1-88)

In addition, for each f, g € L?(R"), we have
/ (Tef)(x)g(x)dx=(27f)_"/ @(S)ﬁ(—é)d$=(2ﬂ)_"/ me(§) f (£)g(—£) d&
R7 R” R7
= @m)™ f 76 Tog(~6) dt = / F(0)(T0)(x) dx. (1-89)
R~ R7

from which we ultimately conclude that the transpose of Tg is Tg. Moreover, for each given H Latom a,
the fact that Tga belongs to L1 (R"), see (1-78), implies that T@/\a is a continuous function satisfying
Jan Toa d" = T/@\a(O) = limg_,g me(§)a(§) = 0 since mg is bounded, a is continuous (given that
a € L'(R")), and a(0) = Jn @ d™ = 0 thanks to the vanishing-moment property of the atom. In light
of (1-80), this shows that Tg(1) = 0. Finally, in a similar fashion, (Tg) " (1) = 0.

Natural examples of operators of the sort discussed in (1-82) are offered by the Riesz transforms in R”.
These are defined as the family (R;)1<;<n Where, for each j € {1,...,n} and each f € L?(R") with
1 < p < oo, we set

(R )00 i= tim_ [ Ki(x—y) f(0)dy, xeR",
e—>0t JyeRrn\ B(x,e)
(1-90)
F((n+1)/2) =z

K;(z):= 2 FD/2 |

for each z € R" \ {0}.

These are singular integral operators of convolution type involving odd kernels. A prominent example of
a singular integral operator of convolution type involving an even kernel (with vanishing integral on the
unit sphere) is offered by the Beurling (or Beurling—Ahlfors) transform in the complex plane

(S/)(z) =~ lim - /&)

T eC — )2
e—>0t T |ZEZ|>8 (z—=9)

ds%(), zeC. (1-91)

This has the basic property that
Sz f)=0,f for each Schwartz function f € .7(C), (1-92)
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where 03 := %(8 x—(1/i)0y)and 0, := %(Bx +(1/1i)0,y) are, respectively, the Cauchy—Riemann operator
and its complex conjugate.

To state the result pertaining to the boundedness of semi-Calder6n—Zygmund operators on the space of
functions of vanishing mean oscillations advertised earlier, recall that the quotient space VWO([R”) was
defined in (1-73).

Theorem 1.13. Consider a semi-Calderon—Zygmund operator T in R" satisfying T (1) = 0. Extend T to
a linear and bounded operator T' from BMO(R™) into itself by setting (with { -, - ) denoting the BMO-H !
duality pairing; see item (iv) of Proposition 7.6)

T : BMO(R") — BMO(R"),

~ x, (1-93)
(TIf.g):=(fL.T"g) forall|[f]€BMO(R"), forallg e H (R").
Then VﬁO(R”) is an invariant subspace of T. In particular, its restriction to VWO([R"),
T lymo : VMO(R™) — VMO(R™),
lvmo (R") — (R™) (1-94)

(Tlvmo)lf1:=TIf] for each [f] € VMO(R"),

is a well-defined, linear and bounded operator. Moreover, T|VM0 is compatible with the action of T on
Lebesgue spaces in the sense that for each p € [2, 00) one has

(Tlvmo)[f1=I[Tf] forall f € VMO(R"™) N LP(R™). (1-95)

Example 1. In view of (1-82), Theorem 1.13 applies directly to the Riesz transforms in R”, as well as
the Beurling transform in C. More generally, given any principal-value convolution-type operator Tg as
in (1-82), its realization as a linear and bounded mapping from the space BW(R”) into itself, via the
transposition formula

Te : BMO(R") — BMO(R"),

~ _ (1-96)
(Tolf].g):=([f).Tgg) forall [f]€BMO(R"), forall ge HY R,

where (-, -) stands for the BMO-H ! duality pairing, and ®(x) := ©(—x) for each x € R\ {0}, induces
a well-defined, linear and bounded operator

Tolvmo : VMO(R™) — VMO(R™). (1-97)

Example 2. Recall that, for a given Lipschitz function A:R— C, the Calderén commutator of order m € Ny
is the principal-value singular integral operator C,, on the real line whose kernel is given by

(A(x)—AQ)™
Km(x,y) = (x — yym+1 )

x,y R, x #y. (1-98)

It is then a basic fact that each Cy, is a Calder6n—Zygmund operator (e.g., Co is, up to normalization,
the Hilbert transform on the real line). In particular, they all extend to well-defined and bounded linear
operators from L°°(R) into BMO(R). Retaining the same notation for the said extensions, a well-known
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trick (based on integration by parts) then yields the following remarkable recursive identity, see [Meyer
1990, (2.14), p. 266],
Cn(1) = Cp_1(A") foreach m € N. (1-99)

In relation to the above family of operators, for each m € N let us consider the principal-value singular
integral operator 7, on the real line associated with the modified kernel

km(x,y) = Km(x,y) — Km—1(x, y)A'(y)

_ m—1
=(A(g_;‘)(,ﬁ)l (A = AP = =NAO). xyeR x#£y.  (1-100

Since, generally speaking, the function A’ is only essentially bounded, the operator T, is only semi-
Calder6n—Zygmund (as opposed to C,,;, which is a genuine Calderén—Zygmund operator). This being said,
in contrast with (1-99) we presently have 7y, (1) = Cp, (1) — Cy—1(A’) = 0. Granted these, Theorem 1.13
applies and gives that

Ty, the modified Calder6n commutator of order m € N on the
real line, associated with the kernel k,, defined in (1-100), (1-101)
induces a bounded operator from the space WO([R{) into itself.
Example 3. Consider the principal-value Cauchy singular integral operator C on a curve ¥ € C which

is the graph of a Lipschitz function A : R — R. Thatis, ¥ :={z = x +iA(x) : x € R} and C acts on a
function f : ¥ — C according to

Cf(z):= lim L ALY

e—>0+ 2mi teX\B(z,e) é'—Z

dt, zeX. (1-102)

Making the bi-Lipschitz change of variables R > x + x +iA(x) € ¥ and identifying f with the function
g(x):= f(x +iA(x)) for x € R, this becomes (after adjusting the truncation; see [Hofmann et al. 2015,
Lemma B.1] in this regard) the principal-value singular integral operator on the real line

L 1 (A+iA(y)g(y)
Tg(x):= lim — , )
g—0+ 27i yeR\(x—e,x+¢) Y —X +1 (A(y) — A(x))

While the above integral kernel is, generally speaking, lacking smoothness in the y-variable, T is

x eR. (1-103)

nonetheless a semi-Calder6n—Zygmund operator on R, and we claim that 7'(1) = 0. To justify this claim,
pick an arbitrary H !'-atom a on the real line and observe that if

a(x)

b:%¥ — Cisdefined as b(x +iA(x)) := 1+—A’() for x e R, (1-104)
iA'(x
then (5 b(z)dz = [pad#' =0 and
[ TTadey' = —/ (Ch)(z)dz = —/ (A1 +C)b)(z)dz=0. (1-105)
R by b

The last equality above relies on Cauchy’s vanishing formula, see [Mitrea et al. 2017], applied to the
function defined in the domain Q C C lying above the graph X by u(z) :=1/(2ni) [+ b(£)(¢ —2)7 1 d¢ for
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each z € Q, which has an integrable nontangential maximal function on ¥ = 92 and whose nontangential
boundary trace is precisely (%I + C)b at a.e. point on X = d2. In view of (1-80), we conclude from
(1-105) that, indeed, 7' (1) = 0.

With the knowledge that 7" is a semi-Calderén—Zygmund operator on R satisfying 7'(1) = 0, we can
apply Theorem 1.13, which gives that

the principal-value Cauchy singular integral operator, defined on the real line as in (1-103), (1-106)
induces a well-defined, linear and bounded operator from the space \WO([R{) into itself. )

This result may be further generalized to higher dimensions by considering the principal-value Cauchy—
Clifford singular integral operator on a Lipschitz surface as in [Mitrea 1994].

Example 4. Having fixed n € N, recall the principal-value harmonic double-layer /C, defined on a surface
¥ C R**! which is the graph of a Lipschitz function A : R* — R. Specifically,

Yi={X =(x,Ax)) e R"T!: x e R"},
and K maps a function f : ¥ — C into

Kf(X):= lim - (w(¥),Y —X)

Jim, - /YeZ:\B(X,s) X —y e do(Y), XeZX, (1-107)

where v and o, the unit normal and surface measure to X, are given by

(VA(x),—1) / n
v(x, A(x)) = m, do(x,A(x)) = +/1+|VAX)|2dx, xeR". (1-108)

Much as in the case of the Cauchy operator considered earlier, make the bi-Lipschitz change of variables
R" > x — (x, A(x)) € X and identify f with the function g(x) := f(x, A(x)) for x € R". This permits us
to identify the harmonic double-layer K with the principal-value singular integral operator in R” given by

Ax) = A(y) — {(x =y, VA(Y))
eRM\B(x,6) (|x = y]2 + (A(x) — A(y))?)(n+1)/2
We remark that the integral kernel above does not, generally speaking, possess any smoothness in the

y-variable. Nonetheless, 7" is bounded on L?(R"), see [Meyer 1990, Théoreme 11, p. 320]; hence T is a
semi-Calderén—Zygmund operator on R”. We claim that 7'(1) = 0. To see that this is the case, pick an

g dy, xeR". (1-109)

Tg(x):= lim i/
y

e—0T Wp

arbitrary H'-atom a in R” and note that if

a(x)
V1+|VA(x)[?

then [xbdo = [p, ad?™ = 0. Also, if we denote by KT the transpose of K on LZ(X), then

b: X — Cis defined as b(x, A(x)) := for x € R", (1-110)

/ TTad.z":/ ICdea:/(—%l +KT)bdo =0. (1-111)
R? by z
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The last equality above relies on the version of the divergence formula established in [Mitrea et al. 2017],
currently used for the vector field defined in the domain € R"*! lying above the surface ¥ by

o 1 X-Y
which is smooth and divergence-free in €2, has an integrable nontangential maximal function, and whose
nontangential boundary trace F gstz satisfies v - (F gstz) = (—%I + ICT)b at og-a.e. point on X = 0%2;
see [Mitrea et al. 2017] for more details. Having proved (1-111) we then conclude from (1-80) that
T(1) =0, as wanted. Given that T is a semi-Calderén—Zygmund operator in R” satisfying 7(1) = 0,
from Theorem 1.13 we may then conclude that

the principal-value harmonic double-layer operator, defined in R” as in (1-109), induces a

— 1-113
well-defined, linear and bounded operator from the space VMO(R") into itself. ( )

To close, we mention that similar results are valid for the pull-back from a Lipschitz graph to the Euclidean
space of any double-layer potential operator associated with a homogeneous second-order elliptic system.

Moving on, we note that the argument which proves Theorem 1.13 is indicative of a more general
principle at play here, to the effect that, regardless of its actual format,

any linear operator which is bounded both on BMO and on a (1-114)
(homogeneous) Holder space is also bounded on VMO. )

In relation to (1-114), it is also worth pointing out that the class of operators which are simultaneously
bounded on BMO as well as on some common (homogeneous) Holder space is considerably larger than
the class of the semi-Calderén—Zygmund operators considered in Theorem 1.13 since, as opposed to the
latter, the former is stable under composition, and hence, in particular, constitutes an algebra. This being
said, by additionally hypothesizing a suitable cancellation condition for the transpose, one can identify a
(maximal) subfamily of Calderén—Zygmund operators which do make up an algebra. To facilitate stating
such a result, for any given Banach space X’ we agree to denote by Z(X) the Banach algebra of linear and
bounded operators from X into itself (with respect to the ordinary addition and composition of operators,
and ordinary operator norm).

Theorem 1.14. Fix n € N arbitrary. Then the family mfégz consisting of all operators T|VMO as in (1-94),
where T is a Calderén—Zygmund operator in R" satisfying T(1) = T T (1) = 0, is a subalgebra of
Z(VMO(R™)).

The family of principal-value convolution-type operators Tg associated as in (1-82) with kernels ®
which are actually of class ¥°°° in R" \ {0} also gives rise to an algebra of linear and bounded operators
on VMO(R"), of the sort described in our next theorem.

Theorem 1.15. Fix n € N arbitrary. Associate with each complex-valued function

® € € (R \ {0}), positive homogenous of degree —n, and with

the cancellation property [¢,—1 O(w)dw =0 (1-115)
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the principal-value convolution-type singular integral operator Tg defined as in (1-82), and denote by T@
its realization as a linear and bounded mapping from the space BWO([R{") into itself as in (1-96). Then,
with I denoting the identity operator, the following properties hold:

(a) The set
g5 = {cI + Telvmo : VMO(R") — VMO(R") : ¢ € C and © as in (1-115)} (1-116)

is a commutative unital subalgebra of %(WO(R”)). In </ the following composition law holds: if
¢ € C and the functions ®1,...,0QyN, 01, ..., O, O are as in (1-115) and satisfy

N
D Mg mg, =c+mg inR"\{0}, (1-117)
j=1
then N
Y (Te;lvmo)(Te, Ivmo) = cI + Telvmo  in Z(VMO(R™)). (1-118)

j=1
(b) With the bar denoting the closure in Z(VMO(R™)),

7 55 = Span{ R} [vmo}1 < <n: (1-119)
that is, <f Sio coincides with the smallest closed subalgebra of %’(VWO(IR”)) containing the Riesz
transforms, ﬁj lvmo € Z(VMO(R™)) with 1 < j <n.

(c) Whenever the function ® is as in (1-115) and

ceC\{-mg(¢): £ eR"\{0}}, (1-120)
it follows that cI + T®|VMO has an inverse in </gi5. More specifically, whenever © is as in (1-115)
and c is as in (1-120), the operator cI + To € %’(BWO(R”)) has an inverse in BWO(IR”) of the form
col + T@O € %’(BW)([R”)) for some cy € C and ®¢ as in (1-115), with the property that col + T@O |vmo
is the inverse of cI + T@ lvmo in 555,

(d) Suppose © is as in (1-115) and c is as in (1-120). Then for each f € BMO(R") one has

feVMOR") <« (cI+To)[f] € VMO(R"). (1-121)

More generally, let N € N be a given integer and assume ©1, . .., Oy is a family of functions, each of
which as in (1-115). Also, fix

(c1.-.oen) € CV\ {(=mg, (E)1<j=n 1§ €R"\{0}}. (1-122)

Then for each given function f € BMO(R") one has
feVMOR") << (¢;I+Te,)f]€ VMOR") foreach j €{l,....N}. (1-123)

(e) Items (a), (c), and the first part of (d), have natural versions in the case when the functions involved
are vector-valued and the kernels of the singular integral operators are matrix-valued. The specifics of

this more general setting are as follows. Given a finite-dimensional complex vector space ¥, consider
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¥ -valued functions whose scalar components (with respect to some fixed basis of V') are from \WO(R”)
(or BVO(R”), depending on the context). Also, consider principal-value convolution-type operators Tg
defined as in (1-82), associated with kernels © as in (1-115) taking values in Hom(¥, ¥). In particular,
Te may be viewed as a matrix of ordinary scalar, principal-value, convolution-type operators, and
extending each individual entry in this matrix as in (1-96) then yields a linear and bounded operator Te
from BMO(R™) ® ¥ into itself which leaves the subspace VMO(R") ® ¥ invariant.

The version of item (a) in this setting is that if one now defines /g as in (1-116), but with the
intervening singular integral operators as just described above and with cI now replaced by ¢ €
Hom(¥, ¥) arbitrary, then «/Gg becomes a (typically noncommutative) subalgebra of Z(VMO(R") Q7).
Finally, in the case of item (c) and the first part of item (d), condition (1-120) is now replaced by

¢ +mg(§) is invertible in Hom(¥, ¥) for each & € R" \ {0}. (1-124)

Theorem 1.15, whose proof is presented in Section 7, has many consequences of independent interest,
which we shall now explore. We begin by stating a version of the first claim in item (d) of Theorem 1.15
for kernels taking values in a finite-dimensional algebra (again, proved in Section 7).

Corollary 1.16. Let A = (A, +, ©, 1) be a finite-dimensional (complex) unital associative algebra. Fix
n € N arbitrary and associate with each A-valued function

O :R"\ {0} — A which is of class €°°, positive homogenous of

1-12
degree —n, and with the cancellation property |, gn—-1 O(w)dw =0; ( >)

consider the principal-value convolution-type operator Tg acting on A-valued Schwartz functions f €
SRR A according 1o To f(x) :=lim, o+ [, cpm p(x.e)@(x —¥) © f(y) dy for x € R™.

Denote by Tg the realization of the operator Tg as a linear and bounded mapping from the space
BMO(R") ® A into itself, obtained by extending each scalar component of Tg to BMO(R™) as in (1-96).
Also, fix some

¢ € A such that ¢ + mg(§) is invertible in A from the right for each & € R" \ {0}. (1-126)
Then, with I denoting the identity operator, for each f € BMO(R") ® A one has
feVMORY®A <<= (cI+To)f] € VMO(R") ® A. (1-127)

Historically, the Riesz transforms have been successfully employed in characterizing the regularity of
functions in the Euclidean space. For example, it is well known, see, e.g., [Garcia-Cuerva and Rubio de
Francia 1985, (4.11), p. 284], that the Hardy space H !(R”) may be described as

H'R"YY={feL'R"):R; f e L'R") for 1 < j <n}. (1-128)

Also, if for each j € {1,...,n} we denote by R ; the extension of the j-th Riesz transform, originally
acting on L2(R") as in (1-90), to a bounded operator on BW)([R”) defined as in (1-96), then the following
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characterization of the space BﬁO(R”) may be deduced from [Fefferman 1971, Theorem 2, p. 587]:

n

BMO(R") = { [g0] + Z‘ Rilgi]:g0.81.....8n € LX(R™)}. (1-129)
Jj=1

In a similar vein, a characterization of the space VMO(R) as (where H is the Hilbert transform on the

real line)

VMO(R) = {u + Hv :u,v € L*(R) NUC(R)} (1-130)

was given by Sarason [1975, Theorem 1, p. 392]. Let us also mention that regularity results of a geometric
flavor involving the Riesz transforms were established in [Mitrea et al. 2016b]. Here is a result along
this line of work, providing characterizations of the Sarason space VMO in terms of Riesz and Beurling
transforms in the complex plane.

Corollary 1.17. Work in the two-dimensional setting R? = C and consider the complex Riesz transform

Rc f(z) ;== lim i/ z=¢

0+ 27 JrcorBies 17 g|3f(€)dif2(§), zeC. (1-131)
£— c z.e _

Denote by Re the extension of the complex Riesz transform, originally considered as in (1-131) on L?(C),
see (1-82), to a linear and bounded operator on Bm(@), see (1-96). Analogously, denote by S the

extension of the Beurling transform defined as in (1-91) on L*(C) to a linear and bounded operator on
BMO(C). Finally, fix an arbitrary number ¢ € C such that |c| # 1.
Then for each given function f € BMO(C) the following conditions are equivalent:

(1) f belongs to the Sarason space VMO(C).
(ii) (cI + Re)[f] belongs to VMO(C).
(iii) (cI + S)[f] belongs to VMO(C).
The key ingredient in the proof of Corollary 1.17, presented in Section 7, is Theorem 1.13. In turn, the
equivalence of (i)—(iv) in Corollary 1.17 may be generalized to higher dimensions using Clifford algebras
as a substitute for the field of complex numbers. Specifically, given any n € N, denote by (Cl,, +, ®)

the (complex) Clifford algebra generated by n anticommuting imaginary units, denoted by (e;)1<;<n-
Hence,

ejOej =—1 and ej Oer =—er Oe; whenever 1 < j #k <n. (1-132)

The Euclidean ambient R” embeds canonically into Cl, by identifying (e;)1<;<n With the standard
orthonormal basis in R”, i.e.,
n
R"5X=(x1.....X0) =X:= ) _Xxjej €Cly. (1-133)
j=1
Under this embedding, (1-132) implies that

x O x =—|x|*> foreach x € R" < Cl,. (1-134)
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More information on this topic may be found in [Mitrea 1994]. Here is the higher-dimensional version of
the portion of Corollary 1.17 dealing with the complex Riesz transform.

Corollary 1.18. Consider the Clifford—Riesz transform acting on Cly-valued functions f defined in R"
according to

Reef(x) := lim 2+ D/2) —

e+ /4 7Y 6 f(»)dy, xeR", 1-135
e—>0t gn+1)/2 LeR"\B(x,s) |x_y|n+l f(y) Y ( )

and denote by ﬁcg its extension to a bounded operator on BW)(R”) ® Cly. Also, consider

¢ € Cly, such that ¢ + iw is invertible in Cly, from the

1-136
right for each vector v € S*~! C R" < Cl,,. ( )

Then for each given function f € BMO(R") ® Cl,, one has
feVMOR" ®Cl, <= (cI+ Ry)[f]<€ VMOR")® Cly. (1-137)

As discussed in Section 7, the above result is readily implied by Corollary 1.16. We single out another
immediate consequence of Theorem 1.15 formulated in terms of scalar-valued functions.

Corollary 1.19. Foreach j €{l1,..., n} denote by R j the extension of the j-th Riesz transform, originally
acting on L*(R™) as in (1-90), to a bounded operator on BW)(R”) defined as in (1-96). Then for each
complex-valued function f € BMO(R") and each (c1, . ..,cn) € C* \iS"~! one has

f eVMOR") <<= (¢;jI+ Rj)[f] € VMOR") foreach j €{l,...,n}. (1-138)

In particular, corresponding to the special case when c1 = ---=cp =0, for each complex-valued function
f € BMO(R") one has?

f eVMO(R") = R;[f]€ VMOR") foreach j €{l,...,n}. (1-139)

Finally, we note that it is also possible to extend the characterizations of the membership to VMO given
in the two-dimensional setting in Corollary 1.17 to higher dimensions and differential forms by introducing
suitable higher-dimensional versions of the Beurling and Riesz transforms acting on differential forms.
To describe them, we need a some standard notation from differential geometry; see, e.g., [Mitrea et al.
20164, §2.1]. Foreach £ € {0, 1,...,n} let AY denote the space of differential forms of degree £ in R”,
and set A := Pj_, A* for the space of differential forms of arbitrary mixed degrees in R”. The exterior
derivative operator d and its formal adjoint § in R” are defined, respectively, as

df =Y dxjn@;f). 8f === dx;v(d;f) forall feD'R")®A, (1-140)
j=1 j=1

where A, V stand for the exterior and interior product on A, and where the partial derivatives are applied

to the individual components of the differential form f. For each 6 € C\ {0} consider then the f-Beurling

2Martell would like to express his gratitude to L. Escauriaza for some conversations pertaining to the one-dimensional case of
(1-139).
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transform in R” defined (on the frequency side) as
Se:=(0ds§—0"18d)A™: SRR A - ' (R") @ A. (1-141)

In the particular case when 6 = 1, this operator appears in [Iwaniec and Martin 2001, (12.71), p. 326].
It is reasonable to think of Sy above as some kind of generalization of the classical Beurling transform
defined in the complex plane in (1-91) due to the following: If for each 8 € C\ {0} we also introduce the
first-order differential operators

Dg:=i(0d—67'6), (1-142)

then (Dg)? = d§ +8d = —A, so each Dg may be regarded as a square root of the negative Laplacian.
Hence, each Dy is a Dirac-type operator, much like the Cauchy—Riemann operator d; and its complex
conjugate d; in the complex plane. Moreover, a simple computation (which makes use of the facts that
d? =0, §2 =0, and A = —d§ —8d) shows that

Sg,Dg, =i Djg,.9, foreach 01,0, € C\ {0}, (1-143)

which may be viewed as an extension of the classical intertwining properties recorded in (1-92).
An alternative representation of Sy as an operator on L?(R")® A, which is visible from (1-140)—(1-141)
(upon recalling that the j-th Riesz transform on L?(R") is the multiplier with symbol —i&; /|£), is

Sof =—0RA(RV [)+0'RV(RA ), [feL*R")QA, (1-144)

with the understanding that, in analogy to (1-140),

n

RAf:=) dxjA(Rjf). RV f:==> dxjv(R;f) forall fe L*(R")®A, (1-145)
ji=1 Jj=1

where the Riesz transforms R; act on the individual components of the differential form f. In particular,
if for each f € BMO(R") ® A we also define (with similar conventions as above)

n n
RALf1:=) dxy AR, RV[fli==)dx; v (R;[f). (1-146)
j=1 ji=1
then Theorem 1.13 permits us to extend the #-Beurling transform, originally considered as in (1-144),
to a linear and bounded operator Sy from BMO(R") ® A into itself given by
Solfl:=—=0 RARV[fD)+60'RV(RA[f]), [f]€BMOR")QA. (1-147)

In this vein, let us also introduce the 6-Riesz transforms (once again, on the frequency side) as

D0 . d . h—1 )
Ry := =i —— —i07 —— forall 8 € C\ {0}, 1-148
Vet va S v (1149

and note that they induce linear and bounded mappings on LZ(R") ® A according to

Rof =—i(ORAF+O'RV ), felL*(R")®A. (1-149)
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Thanks to Theorem 1.13, the #-Riesz transforms above may further be extended to linear and bounded
operators Ry on BW)(R”) ® A according to

Ro[f1=—i(ORA[f1+60"'RV[f]). [f]€BMOR")®A. (1-150)

In relation to the #-Beurling transforms in (1-147) and the 6-Riesz transforms in (1-150), we have the
following result, akin to the characterization of the membership to VMO in the two-dimensional case
given in Corollary 1.17:

Corollary 1.20. For each j, k € {1,...,n} introduce

—nx;ixg + 8k |x|?
Ok (x) := f|)’:|n+zf"| | for all x € R™\ {0}, (1-151)

and note that
Ok € PR \{0}), Ok =0k, [ Ojr(w)dw =0, and (1-152)
O is even and positive homogeneous of degree —n in R" \ {0}.

In particular, these permit introducing the principal-value singular integral operators of convolution type
Te;, associated with the © i ’s as in (1-82). Then for each 6 € C\ {0} the operator Sy is symmetric
on L>(R") ® A and for each f € L*>(R*) ® A one has (with Te;, acting on the differential form f
componentwise)

o

Wp—1

-1

dx; Vv (dxg A (T, f))

n
> dxj A(dxe v (Tej, f)) + 1
T jk=1

Jk=1

Sof =—

Wp

0 n 0_1 n
- > dxj A (dx; v+ — Y dxjv(dxjAf). (1-153)

J=1 Jj=1

while for each | f] € BMO(R") ® A one has (with similar conventions as above)

~ 0 " ~ -1 L ~
Solf1=—— > dxj Adxe v (Tey [fD) +— ) > dxj v (dxi A(To;, [f])
" k=1 " k=1

0 < 071 &
_Z dxi . z . . ) B}
. Z xj A dxy v If]) + = de, V(dx; ALf]). (1-154)
Jj=1 Jj=1

Moreover, for each given differential form f € BMO(R") ® A the following three conditions are
equivalent:

(1) f belongs to the space VMO(R") ® A.

(i) (cI + Sp)[f] € VMO(R™) ® A for some (or every) 8 € C\ {0} and ¢ € C\ {0, —0~1}.
(iii) (cI + Rp)[f] € VMO(R") ® A for some (or every) 6 € C\ {0} and ¢ € C\ {£1}.

This paper is part of a larger program aimed at treating Dirichlet boundary value problems for M x M

systems with constant complex coefficients as in (1-2)—(1-3) in the upper half-space R’ with boundary
datum in various function spaces on R?~!. The space BMO, presently considered, lies at the crossroads
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of several fundamental scales of function spaces in analysis. For one thing, BMO(R”‘l, cM ) may be
regarded as a natural (rightmost) end-point of the Lebesgue scale L?(R"~1, CM) with p € (1, c0). The
Dirichlet boundary value problem for elliptic systems L as in (1-2)—(1-3) in the upper half-space with
data from the latter scale of spaces has been recently treated in [Martell et al. 2016], where the size of the
solution u : R, — CM is measured using the nontangential maximal operator defined as

WNu)(x") := Neu)(x") := sup{|u(y)| : y € Te(x")} forall x’ € R" L. (1-155)
In this endeavor, the crux of the matter is the pointwise inequality, see (2-40),

(Nu)(x") < C(M f)(x") at each point x’ € R~V if u(x’,¢) := (PF * f)(x’) for

1-156
every (x',7) € R". and for some function f € LY(®R"~', 1/(1 + [x'|") dx")M ( )

where M is the Hardy—Littlewood maximal operator on R”~1; see (2-4).

In fact, estimate (1-156) permitted the treatment in [Martell et al. 2016] of a much larger variety of
function lattice spaces. Indeed, one of the main results established in that paper is that the boundedness
of the Hardy-Littlewood maximal operator on a Kithe function space X and on its Kéthe dual X’ (both
considered in R”~1) is actually equivalent to the well-posedness of the X-Dirichlet and X’-Dirichlet
problems in R’} in the class of all second-order, homogeneous, elliptic systems, with constant complex
coefficients. As a consequence, in [Martell et al. 2016] the Dirichlet problem for such systems was shown
to be well-posed for boundary data in Lebesgue spaces, variable-exponent Lebesgue spaces, Lorentz
spaces, and Zygmund spaces, as well as their weighted versions with weights in the Muckenhoupt class.

This being said, the John—Nirenberg space BMO(R"™!) is not a lattice space (in the sense that a
nonnegative measurable function with a pointwise majorant in BMO does not necessarily belong to
BMO), so a fresh look at the corresponding Dirichlet problem is warranted. In particular, the nature of
the space of solutions (which should be suitably tailored to the specific space of boundary data) now
involves a Carleson measure condition in place of the nontangential maximal operator (1-155) which has
been extensively used in [Martell et al. 2016].

Another point of view places the John—Nirenberg space BMO(R” ™!, CM) as a (leftmost) endpoint
for the scale of homogeneous Holder spaces ¢ (R"~1, CM) with 5 € (0, 1) (for pertinent definitions
and basic properties regarding this scale see the discussion in the first part of Section 2). Bearing this
in mind, it is possible to formulate (a significant portion of) Theorem 1.1 in a manner that reflects the
aforementioned feature of BMO. To elaborate on this idea, given n € [0, 1) and p € [1, o0), for every
felLl (R""1,CM) define

loc

N =

1192 = sup E(Q)"’(][Q |f(x/)—fQ|pdxl) , (1-157)

QCRr—1

and introduce the Morrey—Campanato space (which may be regarded as a fractional BMO space, L?-based,
of order n) by setting

TR CM) = (f e LL®"LCM) | £11P) < o0} (1-158)
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By the John—Nirenberg inequality it follows that, corresponding to the end-point case n = 0, we have
%P (R, cM) = BMOR" !, cM), (1-159)

and it is clear from definitions that, in the regime 1 > 0, the vanishing mean oscillation condition (1-22)
holds (this time, at a precisely quantified rate of decay) for every function f € &™?(R"~!,CM). Going
further, for every u € €1 (R, CM) set

1

(.0} «Q) 5 >
lullsk? == sup E(Q)_"(][ (/ |Vu(x’,t)|2tdt) dx/) ) (1-160)
o\Jo

QcRrr—1

The finiteness demand ||u||§2:p ) < 00 may be viewed, compare with (1-14), as a fractional Carleson
measure condition (L?-based, of order n). In particular, it implies that the measure du(x’,t) :=
|Vu(x',t)|? t dt dx’ satisfies the vanishing condition (1-12), with a precisely quantified rate of decay.
Here is the statement of the theorem advertised earlier which deals with the larger, more inclusive
context considered above and which complements the end-point case 1 = 0 corresponding to the portion

of Theorem 1.1 pertaining to the well-posedness of the BMO-Dirichlet boundary value problem.

Theorem 1.21. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3), and fix
n € (0, 1) along with p,q € [1, 00). Then the Morrey—Campanato—Dirichlet boundary value problem for
L in R", formulated as

u e ¢®(R,CM),
Lu=0in [R'j_,
52 < oo,

u|3ﬁ%’jr =f aeinR", fe&mPRI CM),

(1-161)

has a unique solution. The solution u of (1-161) is given by (1-30) and there exists a constant C =
C(n,L,n, p,q) € (1, 00) with the property that

CTHLIEP < [u %2 < C LA 18P (1-162)
Moreover, u belongs to €" (R, CM) = €"(R", CM) and, with C € (1, 50) as above,
CTUSIE? < Wl gn cary < CILFIEP. (1-163)
As a consequence of Theorem 1.21 and its proof, see also (2-2), we obtain that, in fact,
PR CM) = g (R CM) (1-164)

as vector spaces, with equivalent norms (the left-to-right inclusion is understood in the sense that if
f € &P (R, CM) then there exists some g € €7(R"~!,CM) such that f = g a.e. in R*™!). This
offers a new proof (of a PDE flavor) of an old embedding result of N. Meyers [1964]. An inspection
of the proof of Theorem 1.21 also reveals that there is a Fatou-type result naturally accompanying the
well-posedness result for the boundary value problem (1-161).
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We shall now succinctly comment on the literature dealing with Dirichlet boundary value problems
for elliptic operators in the upper half-space. As already noted, the nature of these problems strongly
depends on the choice of the function space from which the boundary datum f is selected, the specific
way in which the size of the solution u is measured, and the very manner in which its boundary trace
is considered. To illustrate these distinctions, recall first that there is a vast body of work targeting the
case when the solution u is sought in various Sobolev spaces in R’} , the boundary datum f belongs to
suitable Besov spaces on R”~!, and the boundary trace of u is considered in the sense of Sobolev space
theory. Classical references in this regard include [Agmon et al. 1959; 1964, Lions and Magenes 1972;
Maz’ya and Shaposhnikova 1985; Taylor 2011a; 2011b; 2011c].

The scenario in which the size of u is measured in terms of the nontangential maximal operator
(1-155) and when the trace of u on the boundary of R’} is taken in a nontangential pointwise sense, see
(1-10), was treated in [Martell et al. 2016] for the general class of M x M systems L with constant
complex coefficients as in (1-2)—(1-3). This extends classical work carried out in the particular case when
L = A, where A is the Laplacian in R”, treated in a number of monographs, including [Axler et al. 2001;
Garcia-Cuerva and Rubio de Francia 1985; Stein 1970; 1993; Stein and Weiss 1971]. The corresponding
higher-order regularity Dirichlet problem in a similar framework was recently considered in [Martell et al.
2014]. See also [Martell et al. 2017] for related work, emphasizing semigroup techniques.

There is also a significant amount of work focused on the classical Dirichlet problem for the Laplacian
in the upper half-space with a continuous boundary datum f. In such a case, one seeks a harmonic function
u e g RN %9 (IRT’_D satisfying u|3R1 = f. A remarkable feature, noted in [Helms 1969, p. 42 and
p. 158], is that even in the case when the boundary datum f is a bounded continuous function in R”~1,
the solution u of this classical Dirichlet problem is not unique. To ensure uniqueness in such a setting
one typically specifies the behavior of u(x’, 1) as t — 0o. A case in point is [Siegel and Talvila 1996],
where uniqueness is established in the class of harmonic functions u € ¥*° (R, ) N % (IRT’_D satisfying
u(x) = o(|x|sec? 8) as |x| — oo (where 6 := arccos(x,/|x|) and y € R is arbitrary), by proving a
Phragmén—Lindelof principle under the latter growth condition. This builds on the work of [Siegel 1988;
Wolf 1941; Yoshida 1996], and others. The works just cited crucially rely on positivity and other various
highly specialized properties of the Laplace operator, so the techniques employed there do not adapt to
the considerably more general class of elliptic systems considered in the present paper.

In relation to the context just described above, it is instructive to make the following observations. First,
the collection of uniformly continuous functions belonging to BMO(R"~!, CM) is a dense subspace of
VMO(R"~1,CM); see (1-26). Second, in the last part of Theorem 1.1 we have succeeded in proving the
well-posedness of the VMO-Dirichlet problem in the class of null-solutions u of a given elliptic system L
as in (1-2)—(1-3) which satisfy a vanishing Carleson measure condition. This is a natural condition from
the point of view of harmonic analysis which replaces the demand that the solution extends continuously
on @_, required in the formulation of the classical Dirichlet problem with continuous data.

Apparently, the closest results in the literature to some of the work carried out in this paper are those
of E. Fabes, R. Johnson, and U. Neri [Fabes et al. 1976]. Indeed, in their paper they dealt with the BMO-
Dirichlet problem for the Laplacian in the upper half-space in the class of harmonic functions satisfying
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a Carleson measure condition (this being said, we would like to point out that there are certain gaps in
some of the key steps of the treatment in that paper, such as the proof of Lemma 1.3 on pp. 161-162,3
and the proof of estimate (1.5) on page 163%). The portion of Theorem 1.1 dealing with (1-29) is a
significant generalization of their work, which is thereby extended to a much larger class of systems.
Similar attributes are shared by our Theorem 1.21 in relation to the work in [Fabes et al. 1976] dealing
with harmonic functions in the upper half-space with traces in Morrey—Campanato spaces. Generalizations
of these results appear in [Duong et al. 2014] for the Schrodinger operator of the form —A + V with V
being a nonnegative potential belonging to some reverse Holder class (hence 0 < V' < oo a.e.).

We also wish to mention here the work of B. Dahlberg and C. Kenig [1987, Theorem 4.18, p. 463],
who have treated the BMO-Dirichlet problem for the Laplacian in bounded Lipschitz domains via layer
potentials, building on the earlier work of E. Fabes and U. Neri [1980] who employed harmonic measure
techniques. For related work see also [Dindos et al. 2011].

The techniques employed in [Dahlberg and Kenig 1987; Duong et al. 2014; Dindos et al. 2011; Fabes
et al. 1976; Fabes and Neri 1980] are largely restricted to scalar equations (as they make essential use
of positivity and/or maximum principles). Also, the fact that in [Dahlberg and Kenig 1987; Dindos et al.
2011; Fabes and Neri 1980] the underlying domain is bounded makes the task of proving uniqueness
considerably more manageable. In addition, the consideration of PDEs for which the well-posedness of
the L2-Dirichlet problem is known in arbitrary Lipschitz subdomains allows these authors to successfully
employ a variety of localization arguments. By way of contrast, most of these key features cease to be
effective in the geometric/analytic context considered in this paper. In proving the solvability of the BMO-
Dirichlet boundary value problem for an elliptic system L in R as formulated in (1-29), our approach
makes essential use of the existence and properties of the Poisson kernel associated with L from the work
of [Agmon et al. 1959; 1964]. Uniqueness is derived with the help of the Fatou-type result recorded in
Theorem 1.2. A considerable amount of effort then goes into establishing the latter theorem, with square-
function estimates (see Proposition 3.2), elements of tent-space theory (see Lemma 4.10), interior estimates
(see Theorem 2.4), and certain estimates near the boundary from [Maz’ya et al. 2010] for null-solutions
of L vanishing on the boundary (see Proposition 2.5), among the tools playing a key role in this regard.

We conclude with a brief overview of the contents of the sections of this paper. Useful background
material and auxiliary results are collected in Section 2. The proofs of the existence statements in
Theorem 1.1, both for the BMO-Dirichlet problem and the VMO-Dirichlet problem, are carried out in
Section 3. Next, Section 4 is reserved for establishing a Fatou result for smooth null-solutions of L
satisfying a Carleson measure condition, as well as uniqueness in the BMO-Dirichlet problem, in the
upper half-space. Finally, the proofs of Theorems 1.1-1.6, as well as Theorems 1.8—1.10, are given in
Section 5, the proof of Theorem 1.21 is contained in Section 6, while the proofs of Theorems 1.13-1.15
and Corollaries 1.16—1.20 are presented in Section 7.

3The second equality in the first formula displayed on page 162 is questionable, given that this involves the global gradient
in R"*1 which includes the transversal variable ¢.

“4Here the authors rely on the implication 3(iii) = 2 from [Fefferman and Stein 1972, pp. 147-148] which is only established
under the additional membership to L2 (R").
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2. Background material and preliminary results

In this section we collect a number of preliminary results that are useful in the sequel. Throughout, we let
N stand for the collection of all positive integers, and set Ng := N U {0}. In this way ng stands for the set
of multi-indices & = (a1, ..., ag) witho; € Ng for 1 < j <k. Also, fix n € N with n > 2. For an arbitrary
multi-index & = (@1, ..., a,) € Nj we use the standard notation 9% := %) -+ 95" and we occasionally
abbreviate dy; by simply d; for j € {1,...,n}. The length of the multi-index o« = (a1, ..., ;) is defined
as |o| := a1 + -+ 4+ an. We agree to let {e;}1<;<n stand for the standard orthonormal basis in R”.
Occasionally, we canonically identify e; with a multi-index in Ng (of length 1). Given an arbitrary set
E C R"! we denote by 1 the characteristic function of E.

Generally speaking, given a metric space (X, d), corresponding to each subset £ of X (of cardinality
at least 2) and number 1 > 0, we associate the homogeneous Holder space or order 1, denoted by
¢"(E,CM), as the collection of functions w : E — CM satisfying

[wx) —w(y)|

lwll = sup (2-1)
¢N(E,CM) ryeX d(x, y)n
x#y

Whenever £ C F C X (with E having cardinality at least 2) we then have
¢T(E,CM) = 4" (E,CM) isometrically, and (2-2)

¢N(F,CM) s w > w|g € €"(E,CM) continuously.

Also,

¢"(E,CM) cUC(E, CM), (2-3)

where the latter denotes the space of CM -valued functions which are uniformly continuous on the
set E. Finally, we agree to drop the dependence on the range when M = 1, and denote by Lip(F) the
homogeneous Holder space on E of order n = 1.

Moving on, we denote by M the Hardy—Littlewood maximal operator on R"~! which acts on vector-

1
loc

valued functions with components in L} (R”~1) according to

MHKX):= Sup ][Q | f()|dy’ forall x’ e R"™1, (2-4)
>x’
where the supremum runs over all cubes Q in R*~! containing x’.
We will often work with the weighted Lebesgue space of the form

RACS]

dx’ , (2-5
n—1 1+|X/|a T = ( )

d /
LY(R"!, e = f :R""! - C Lebesgue-measurable :
1+ |x'|@ R

where a € (0, c0), and we shall denote by L1 (R"~1, dx’/(1+|x’|%))M the space of CM -valued functions
with components in (2-5). Clearly,

dx' \M
LI(R”‘l,ﬁ) c LL.(®R",CcM) foralla> 0. (2-6)
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Next, we record several useful properties of mean oscillations (recall the piece of notation introduced
in (1-16)). First we note that if Q and Q’ are cubes in R”~! with the property that Q' C Q, then for any
feLl (R*=1,CM) and any p € [1, c0) we have

loc
: : “ 7 , :
(f 1ron=rerar) <2(355) " (f, 170-relrav) ex)

NPT aQ))"F‘]( N ) _
(f rren=rerar) =[1+(555) " [(f ron-rerar)’. s
Also,

L vor-rer ) < e (o 15or-arar) < (f 100 serar). s

Second, we recall the John—Nirenberg inequality asserting that there exist two-dimensional constants

N =
N|=

and

ST
N =

S
N =

C1,C, € (0, 00) with the following significance. Consider an arbitrary cube Q C R*~! along with a
function f € L1(Q) with the property that

No(f):= sup f /O = forl dy' < oo, (2-10)
o o’

'cQ
where the above supremum involves cubes Q' C R"~! contained in Q. Then there holds, see, e.g., [Stein

1993, Corollary 2, p. 154],

Co
2"y € 010~ fol > M) = Cre” T o) foraiaz0. @11

Third, as a corollary of the John—Nirenberg inequality, we obtain that for every p € (0, oo) there exists a
constant Cy , € (0, 00) with the property that for every cube Q C R"~! and every function f € L!(Q, cM)
we have

(f |f(y')—fQ|de/)” <Cop s 1700 forldy' @12)
0o Q’'co Jo’

To proceed, for each p € [1,00), r € (0,0), and f € Lll()c([R{”_l, CM) define the L?-based mean
oscillations of f at a given scale r € (0, c0) as

oscy(fir) = sup (][Q | f(x")— fol? dx’)p € [0, o<]. (2-13)

QCR*=1 £(Q)=<r

Some of the main properties of this function are summarized next.

Lemma 2.1. For each f € L} (R"™1, CM) the following properties hold:

loc

(a) Fix p € [1,00). Then, as a function of r, the quantity osc,(f;r) is nondecreasing in r.
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(b) Forevery p,q € [1,00) there exists a constant C = C(p,q,n) € (1, 00), independent of f, with the
property that

C_loscp(f; r) <oscy(fir) <Coscp(f;r) foreveryr e (0,00). (2-14)

(¢) The function f belongs to BMO(R"~Y, CM) if and only if oscy(f;r) as a function in r is bounded
on (0, 00) for some, or any, p € [1,00). Moreover, for each p € [1,00) there exists a constant C =
C(n, p) € (1,00), independent of f, with the property that

C_IHf”BMO([R”—l,CM) <sup oscp(f;r) = lim oscp(f;r) < C| f|gmomn—1,cM)- (2-15)
r>0 r—00

(d) The function f belongs to VMO(R" ™Y, CM) if and only if for some, or any exponent p € [1, 00) one
has

rE)r(r)lJr oscy(f;r)=0 and rlggo oscy(f;r) < oo. (2-16)
(e) Foreveryne|0,1)and p €[1,00) we have, recall (1-157),
oscy(f17) < | FIISP forall v € (0, 00). 2-17)

(f) If f belongs to €T (R"~1,CM) for some modulus of continuity Y, recall (1-47)~(1-48), then for each
p €1, 00) one has

0scp (f:7) < |1 fllgx @n—1,c0m)Y(Vnr) forallr € (0,00). (2-18)

In particular, for each p € [1,00) and n € (0, 1) there exists C € (0, 00) such that for every function
f e " (R, CM) one has

0scp(f37) < Cr|| fllgngn—1,cary forallr € (0,00). (2-19)

Proof. The claim made in part (a) follows directly from (2-13). The claim in part (b) is a direct consequence
of Holder’s inequality and John—Nirenberg’s inequality; see (2-12). The latter also implies the claims
made in part (c). The claim in part (d) is a consequence of (a)—(c) and (1-22). Estimate (2-17) is immediate
from (2-13) and (1-157). Finally, if f € €T (R"1,CM) then for each p € [I, c0) and each cube Q
in R"~! Holder’s inequality gives

(][Q |f(x) = fol? dx’)’l’ < (][Q][Q If(X’)—f(y’)|de’dx')

< 1 f g @n—1,c0) Y (/1 £(Q)). (2-20)

N|=

Then (2-18) follows from (2-20) given that Y is nondecreasing. O

Next, we discuss the manner in which global integrability properties of a given function are related to
the behavior at infinity of its mean oscillation function.
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Lemma 2.2. Fix ¢ > 0 arbitrary. Then there exists a constant Cy, ¢ € (0, 00) such that for each function

feLl (R"=1,CM) and each cube Q C R"~1, with center x/Q € R"™L, there holds

loc

|f(y/)_fQ| v’ Cn,s 00( N d ,) di
/Rn_l [Z(Q)+|x’Q—y’|]”_1+€ y SK(Q)S/I ]€LQ|f(y) froldy it

Cn.e o0 ) dA
< /1 ose1 (£ A0 5 -

As a consequence, for each f € LlloC (R*=1.CM) one has

o0 ‘ da ) . dx’ M
/1 OSC1(f’A)W<OO = fEL (Rn ’ 1+|x/|n—1+e)

and there exists a constant Cy, ¢ € (0, 00) with the property that

/ o0
/ M dx/ f Cn,s/ OSC](f;/\) % + Cnsgf |f(x/)| dx’,
R 1 Alre Qo

ot 14 /|1

where Q¢ := (—%, %)n_l is the cube centered at the origin 0' of R"~! with side-length 1.

In particular, we have

dx’

M
s W) fOl" all € > 0,

BMO(R"~!,cM) c L! ([R{”_l

and for each p € [1, 00), recall (1-158),

dx’

M
T o p-1e | /|n—1+s) foralle >0, forallne]|0,¢),
X

g)n’p(Rn_l, CM) C Ll (Rn—l

while in view of (2-19) and (2-22) we obtain

dx’

M
y m) for all ne (O, 8).

an(Rn—l’ CM) C Ll (Rn—l

loc

(2-21)

(2-22)

(2-23)

(2-24)

(2-25)

(2-26)

Proof. Given f € L1 (R*~1,CM) and a cube Q C R*~! with center x/Q € R"~1, breaking up the domain

of integration allows us to estimate

/) — fol o
/R"—l [£(Q) + |xp — y/II"~1F¢ Y

SO~ Jol

k+10\2kQ |XIQ — y’|”‘1+5

EK(Q)_"H_s/Q | fO") = foldy' + 2/2
k=0

<) ][Q [FO") = foldy' +227DF20(0)7 § a7k ][zkw [FON) = foldy'. (227)

k=0
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Next, for each k € Ny we have

k
Feng00=folay'= | 176" fgl 'Y o=l

k
n_ / n—1 NG ) , i
< ]£k+1Q|f(y) Jar+1g]dy'+2 ;)][ZJ-HQV(” foitigldy’s (2-28)

hence,

= —ke n_ ’
22 Fosy 1100 = Fold

00 ~ X
= 2_k€][ |f(y/)_f2k+1 Idy’+2”_1 2"“% ][ |f(y,)_f2j+1 | dy’
kgo 2k+10 0 k2=;) ;) 2+ 0
— on—1 o
=27 - dy' 2‘j8][ = fritigldy’
ST f, 00 gl T L2 L0 fioldy

=1 2KE Y= for ! 2-2
( + 1_2_3)];:0 ]ngQIf(y) fak+1gldy’, (2-29)

where the first equality has been obtained by interchanging the sums in k£ and j. Collectively, (2-27) and
(2-29) permit us to conclude that

SO~ fol pe i ) e o
.- [€0) + I — v/ AN ]ikQ'f@) faroldy'

(2-30)
To proceed, observe that (2-7) yields

][2kQ | f ()= farol dy’§2”]£Q | f(y")—fagldy" foreach k € Ng and each A € [2K 2k+11. (2-31)

This, in turn, implies that for each k € Ny we have

2k+1

—KE& / / 2n8
2k 0D~ sl = 7 |

1 —2_8 2k

/ / dA’
(f, 1100 o) i @3

Availing ourselves of this estimate in (2-30) then establishes the first inequality in (2-21) for the choice

-1
Cn e = 2}1 4n—l+8 1 + 2n . € . (2_33)
’ 1-27¢) 1-27¢

The second inequality in (2-21) is a direct consequence of this and (2-13). Going further, (2-22)—(2-23)
follow from the second inequality in (2-21) with Q := (—%, %)n_l. In turn, (2-23) together with part (c)

in Lemma 2.1 give (2-24), while (2-23) together with part (e) in Lemma 2.1 give (2-25). o
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Poisson kernels for elliptic operators in a half-space have a long history; see, e.g., [Agmon et al. 1959;
1964; Solonnikov 1964; 1966]. Here we record the following useful existence and uniqueness result. In
its statement (as well as elsewhere in the paper), we make the convention that the convolution between
two functions, which are matrix-valued and vector-valued, respectively, takes into account the algebraic
multiplication between a matrix and a vector in a natural fashion.

Theorem 2.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Then there exists a matrix-valued function PL = (Pang)lga,ﬂgM c R CMXM (cqlled the Poisson
kernel for L in R} ) satisfying the following properties:

(1) There exists C € (0, 00) such that

C
L,/ / n—1
|P ()C )| < W fOl" each x' e R . (2—34)
(2) The function PL is Lebesgue-measurable and
[ PL(xydx' = Ipxm, (2-35)
Rr—1
where Ipgxpp is the M XM identity matrix. In particular, for every constant vector C =(Cq)1<a<M ecM
one has
/ Y (Pl (' —y)Cpdy' =Co forall (x',1) € R (2-36)
Rr—1
1<B<M
(3) If one sets
KE(x' t):= PE()y =t PL(x' /1) foreach x' e R"' andt > 0, (2-37)

then the function Kt = (K éﬁ)lsa, B<M satisfies (in the sense of distributions)

LK% =0in R} foreach fe{l,....M}, (2-38)
where K_fg = (Koﬁg)lsaSM is the B-th column in K~.

Moreover, PL is unique in the class of CM>*M _yalued functions defined in R"~' and satisfying (1)-(3)
above, and has the following additional properties:

(4) One has PL € € (R"™!) and Kt € ¢°(R" \ B(0, ¢)) for every & > 0. Consequently, (2-38) holds
in a pointwise sense.

(5) There holds KX (Ax) = A" KL (x) forall x € R% and A > 0. In particular, for each multi-index
a € N there exists Cy € (0, 00) with the property that

1KLY ()] < Co Ix'71 for all x € R\ {0} (2-39)
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(6) For each k > 0 there exists a finite constant C, > 0 with the property that for each x' € R" 71,
M
1
sup  |[(PE* /)() < Ce Mf(X)) forall felL! (Rn—l, _ dx/) . (2-40)
|x/—y’| <kt L+ x|

(7) Fix an arbitrary k > 0 and a function

_ 1 M
S =UBli<p<m GLl(R" 1,mdx’) . (2-41)

Then the functionu(x’,t) := (P * f)(x") for each (x',t) € R” is meaningfully defined via an absolutely
convergent integral, satisfies

ue e RL,CM), Lu=0inR", (2-42)
and, at every Lebesgue point x, € R"=1 of f,

ulBb ) (x)) = lim PL x) = f(x}). 2-43
( |3R+)( 0) (x/,t)—>(x(3,o)( . x f)(x) = f(xp) (2-43)
|x"—xq| <kt

(8) The function PL satisfies the semigroup property
L L _ pL
Py x P =P ., foreveryty, t >0. (2-44)

Concerning Theorem 2.3, we note that the existence part follows from the classical work of S. Agmon,
A.Douglis, and L. Nirenberg [Agmon et al. 1964]. The uniqueness property was recently proved in
[Martell et al. 2016], where (2-40), (2-42), (2-43), as well as the semigroup property (2-44), were also
established.

Next, we record the following versatile version of interior estimates for higher-order elliptic systems.
A proof may be found in [Mitrea 2013, Theorem 11.9, p. 364].

Theorem 2.4. Assume the system L is as in (1-2)—(1-3). Then for each null-solution u of L in a ball
B(x, R) (where x e R" and R > 0), p € (0,00), A € (0,1), £ € Ng, and r € (0, R), one has

N|=

sup |V‘u(z)|s%(f lulpdf”) , (2-45)
r x,r

z€B(x,Ar) B(x,r)
where C = C(L, p,£,A,n) > 0 is a finite constant.
To proceed we need to introduce some additional terminology. Let

Wbt’z(l]%’_’,_) = {w Lebesgue-measurable in R, : w, Vw € L2([R§’_’,_ N B(x,r))
forall x e R’} , forall r € (0,00)}. (2-46)

In the sequel, the space of CM -valued functions with components in ng’z([R{’j_) will be denoted by
th’z (R™,CM). Also, (whenever meaningful) the Sobolev trace Tr is defined as

(Trw)(x’) ;= lim wds", x' eR'L (2-47)
r—0% JB((x,0),)NRY.
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The following result can be found in [Maz’ya et al. 2010, Corollary 2.4], and it is a consequence of the
a priori regularity estimates obtained in [Agmon et al. 1964] and Sobolev embeddings.

Proposition 2.5. Let L be an M x M elliptic system as in (1-2)—(1-3) and consider a vector-valued
Sfunction w € Wbld’z([R{” ,CM)) such that

Lw=0 in Ri’

2-48
Trw=0 2" lae onR'1!, (2-48)
Then w € € (R™, CM), and for each z € [RTi and p > 0 one has

sup  [Vw[<Cp™' sup  Jul, (2-49)

[R{’_i_ﬂB(z,p) RiﬂB(z,2p)
where C € (0, 00) is a constant independent of the scale p, the point z, and the function w.

We will also need an L?-Fatou-type result obtained in [Martell et al. 2016, Corollary 6.3]. To state it,
the reader is invited to recall the nontangential maximal operator from (1-155).

Corollary 2.6. Assume L is an elliptic M x M system as in (1-2)—(1-3). Then for each p € [1, 00),
u € ¢X(R,CM),
Lu=0in Rf‘F,

Nu e LP(R"1)

ulst, exists a.e. in R, belongs to LP (R"~!,CM),
+

andu(x',t) = (PF * (u |I5i§"i N (x') forall (x',t) € R,

(2-50)

where PL is the Poisson kernel for L in R from Theorem 2.3.

Our last auxiliary result, of a purely real-variable nature, can be found in [Martell et al. 2016,
Lemma 3.3].

Lemma 2.7. Fix M € N and let P = (Pyg)1<a,8<M : R*~1 — CM>*M pe g Lebesgue-measurable
function satisfying, for some ¢ € (0, 00),

C _
|P(x")| < TENEIETE for each x’ e R"™ 1, (2-51)

Recall that P;(x") = t'""P(x'/t) for each x’ € R""! and t € (0, 00).

Then, for eacht € (0, o0) fixed, the operator
1 n—1 1 / M 1 n—1 1 l M
L([RR ,mdx) Sf>Prxfel ([R{ ,mdx) (2-52)
is well-defined, linear and bounded, with operator norm controlled by C(t 4+ 1). Moreover, for every
k > 0 there exists a finite constant C,c > 0 with the property that for each x' € R" ™1,

1 M
sup  |(Pr* YO < Ce MF(X') forall f e Lt (R”_l, — dx’) . (2-53)
|x'—y’| <kt 1+ |x |n
Finally, given any function
1 M 1 1 ~M
_ 1 n—I1 / n—
f= (fB)lsﬂsM €L (R »mdx) C L, (R"5,C™), (2-54)
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at every Lebesgue point x;, € R"= of f there holds

im (s @) =( [ Pdran) peap), (2-55)
(x/s t)—)(X(/),O) Rn—l
|x"—x(| <kt
and the function
RY > (X', 6y (Prx f)(x)) e cM s locally integrable in R’} . (2-56)

3. Proof of the existence statements in Theorem 1.1

This section is devoted to proving Proposition 3.1, dealing with the issue of existence for the BMO-
Dirichlet boundary value problem (1-29), the upper estimate in (1-31), and the issue of existence for the
VMO-Dirichlet boundary value problem (1-36).

In this regard, we find it useful to adopt a more general point of view, by going beyond the class BMO
through the consideration of convolutions of the Poisson kernel with functions f from the weighted
Lebesgue space L' (R"~1, dx’/(1 + |x’|"))M; recall the inclusion in (2-24). The aforementioned convo-
Iutions are then shown to satisfy a variety of Carleson-measure-like conditions, which only require, recall

(2-13),
o0 dA
/1 oscl(f;/\)ﬁ < Q. (3-1)

Note that this permits the oscillations oscy (f; A) of the given function f to grow with the scale A. In
particular, this allows us to simultaneously treat several scales of spaces of interest, including Holder
spaces €"T(R*~1,CM) with n € (0, 1), the Morrey—Campanato space &2 (R*~1,CM) with n € (0, 1)
and p € [1, 00), as well as the John—Nirenberg space BMO(R"~!, CM).
An example of a function f € €"(R"~!, CM) with n € (0, 1) which does not belong to BMO(R"~!, CM)
is offered by
f(x"):=x"|" forall x' e R*L, (3-2)

Indeed, || f||n (®n—1,cmy = 1 and since 8y f = A" £, it follows from the last line in (1-17) that necessarily
I/ IBMO®n—1,c0M) = o0. Incidentally, for f as in (3-2), we have oscy(f;A) = O(A7) as A — oo; hence
(3-1) holds in this case.

Here is the formal statement of the result just advertised above.

Proposition 3.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and let PL be the Poisson kernel for L in R from Theorem 2.3. Select f € LYR* 1 dx'/(1+|x'|")M
and set

u(x', 1) = (PE* f)(x') forall (x',1) e R (3-3)
Then u is meaningfully defined via an absolutely convergent integral and satisfies
uee®®,CM), Lu=0in R, and ”lgﬁ%’i = fae inR"L. (3-4)

In addition, u enjoys the following properties:
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(a) For each integer £ > 1 there exists a constant C € (0, 00) with the property that the following pointwise
estimate holds for every (x',t) € R :

v o< [ an 3-5
[(Viu)(x', 1) =x/ osci(f; Z)AH-K (3-5)
In particular, there exists C € (0, 00) such that
! C o dA’ / n
|((Vu)(x', )| < n oscy(f;At) 2 forall (x",1) e R],.. (3-6)
1

(b) There exists a constant C € (0, 00) such that for every cube Q in R*~! the following “cube-by-cube”
Carleson measure estimates hold:

170%)) 3
(/ ][ |(Vu)(x',1)|* ¢t dx/dz)
o Jo

> dx
SC/I (][A 70D = fxgldy)—+CQ§25Qf IfG) = forldy' (3-7)

and
L(Q)
( / ][ (V) ) dx’ dt) e / oser (£ 1(0) 52 (3-8)

(¢) There exists C € (0, 00) such that the following local Carleson measure estimate holds for every scale
r € (0, 00):

Q) 2 00 dA
sup (/ ][ |(Vu)(x', 1)|* ¢t dx’dt) < C/ osc1(f5rd) - (3-9)
ocri—1,¢Q)<r \Jo Jo 1 A
(d) Whenever f satisfies
o0
/ osci(f; )L) — < 00, (3-10)
1

the global weighted Carleson measure estimate

(o) ‘
Qéﬁg-l{(/l osc1(f:AL(0)) ‘M) (/ ][ |(Vu)(x', 1)|? t dx’ dt) }gc (3-11)

holds for some C € (0, 00) independent of f.

(e) There exists a constant C € (0, 00) such that the following global Carleson measure estimate holds:

1709)) 3
T (/ ][ (V) (. 1)1 d dt) <Clf ot oy (-12)

ch'\ynfl

In particular, thanks to (2-24), estimate (3-12) holds for every f € BMO(R"~!,CM).
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(f) Whenever f satisfies

o0 dA i
/ osc1(f;4) =5 <oo and  lim osci(fir) =0, (3-13)
1 A r—0t

the following vanishing Carleson measure condition holds:

17(%)) 3
lim { sup (/ ][ |(Vu)(x/,t)|21dx’dt) } =0. (3-14)
r—0+ QCR—1 ¢(Q)<r \JO 10)

In particular, in the case when f € VMO(R"™Y,CM)) 10 begin with, u has the additional property that
|Vu(x',1)|? t dx’ dt is a vanishing Carleson measure in RY. (3-15)

Ultimately, the proof of Proposition 3.1 relies on square-function estimates. For now, assuming a
suitable L2 bound (implicit in (3-19) below) we may establish some versatile Carleson measure estimates
(of local and global nature), as well as vanishing Carleson measure properties for integral operators
(modeled upon the gradient of the convolution with the Poisson kernel) acting on function spaces larger
than the standard BMO. This is made precise in the following proposition.

Proposition 3.2. Let 0 : R x R"~1 — CM*M pe g matrix-valued Lebesgue-measurable function, with
the property that there exist ¢ € (0, 00) and C € (0, o0) such that

Ctt

[P / / -1
0(x',t;y")| < T forall (x',t) e R, forall y e R*"™", (3-16)
and the following cancellation condition holds:
/ 0, 1:y)dy =0 CM*M  forall (x',1) e R™.. (3-17)
RrRn—1

In relation to the kernel 0, one may then consider the integral operator © acting on arbitrary functions
f e LYR, dx'/(1 + |x' "1 TeNWM qccording to (the absolutely convergent integral)

Of ', 1) := / O(x",t;y") O dy'  forall (x',1) € RY. (3-18)
Rn—1
Then, under the assumption that the operator
dx’' dt\M
O:L2®R"! cM) - Lz(m, al ) is bounded, (3-19)

the following properties hold:

(a) There exists a constant C € (0, 00) such that for every f € LY(R*™1,dx'/(1 + |x'|* 1 TeWM and
every cube Q in R*~! the following “cube-by-cube” Carleson measure estimates hold:

) dx’ dt\?
/ 2
() f renw.nr =)

> dA
= C/ (][ |f(y/)_f/\Q|dy,)—A1+s +C sup ][ £ = forldy' (3-20)
1 AQ 0 0’

'c4Q
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tQ ,dx'd o d
([ renene ’) ¢ [T matrann i (321

(b) There exists C € (0,00) such that for every function f € LY (R*™1, dx'/(1 + |x'|" "1 TeNWM the
following local Carleson measure estimate holds for every scale r € (0, 00):

Q) ’ 1 00
Sup (/ f |(®f)(x/,t)|2 dx dt)z S C/ OSCl(f’rA) Cf_A (3_22)
0 0 t 1 A1t+e

QCR"1 £(Q)=<r

and

(¢) There exists C € (0, 00) such that for any given function f € LIIOC(R”_l, CM) with the property that

o0 dA
/1 osci(f;A) Tite < o0 (3-23)

(which necessarily places f into the space LY(R"™1, dx’/(1 + |x'|*~1Fe)M by (2-23)) the following
global weighted Carleson measure estimate holds:

‘o dx' dt
2 < -
s ([T eatranon i) ([ F vene.on )} . G2

(d) There exists a constant C € (0, 00) such that for every f € BMO(R"~!, CM) the following global
Carleson measure estimate holds:

o) dx' dt
sup ([ ][I(@)f)(x’,t)lz
QcRr*—1\JO o

(e) Whenever f € LIOC(R”_I, CM) is such that

2
) < C1f lwogant o). (3:25)

o0 dA
/1 oscl(f;)t)m <o and rgr(r)l+ osci(f:r)=0, (3-26)

then f e LYR" 1, dx'/(1 + |x'|" Y )WM and the following vanishing Carleson measure condition

holds: .
(9] dx' dt\2
lim { sup (/ ][ (OF)(x',1)]? Y ) } =0. (3-27)
r=0tLgcrr—1,0(Q)<r \JO JO t

In particular, (3-27) holds for every function f € VMO(R"~1,CM).

Proof. Start by fixing an arbitrary cube Q in R”~! and denote by x’Q its center. Given a function
f e LYR* 1 dx' /(1 +|x'|"1&)M yse (3-17) in order to write

(/Z(Q][ ©NHE. % d[) (/Z(Q][ O(f — fo)) (¥,

where e
dx’d
I =(/ ][|®((f fo) L) (. )2 & ’) (3-29)

1
2
) <I+41I, (3-28)
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and ]
L) , dx' dt\2
m=( {10~ s a0 L (3-30)
To estimate 7, invoke (3-19), (2-8) with p = 2, and (2-12) to estimate
1
1 , L dx'dt\2
I (/R+ O ~ fo) i) P & )
1
2 2
< c(f O~ fol? dy’) <c (][ 0N~ faol dy’)
40 40
<C sup ][ FO) — forldy', (3-31)
Q’'c4Q JO’

where C € (0, o0) is independent of f and Q. To proceed, observe that there exists a purely dimensional
constant ¢, € (0, 00) (e.g., the choice ¢, :=3/(6 + 2+/n — 1) will do) with the property that

Ix" =] > cn(U(Q) + |le —y'|) foreachx’ € 0, y' e R" "1\ 40. (3-32)
Based on this, (3-18), and (3-16), we may then estimate
/)= fol
O((f — 1gn— X't SCIS/ dy’
O = fo) )" Dl = € [ o= s .

for every point x’ € Q and every number ¢ > 0,

for some C € (0, oo0) depending only on n and the constant appearing in (3-16). In turn, from (3-33) and
(2-21) we conclude that

6O/ ;1 N2 gs\2 [o° ) N\ dA
n=e([ag) )L (L ro0-nela)se

* , N
=c[7(f, 1107 helay') {75 334

At this stage, (3-28), (3-31), and (3-34) combine to give (3-20). In turn, (3-21) readily follows from
(3-20) and part (a) in Lemma 2.1, which allows us to estimate

5

dA
osc1(f;44(Q)) e =57°)7! [1 osc1(f: AUQ)) g

o0 dA
<G [ osa(fiAU@)5 T (339)

In concert with part (a) in Lemma 2.1, estimate (3-21) immediately gives (3-22). Estimate (3-21) also
implies the global weighted Carleson measure estimate formulated in (3-24). From (3-22) and part (c¢) in
Lemma 2.1, the global Carleson measure estimate stated in (3-25) follows.

Going further, assume the function f € L} (R"~!, CM) satisfies the properties listed in (3-26). Then

loc

fe LY®R1 dx'/(1 + |x'|""1T8)M by (2-22). Also, thanks to (3-26) and part (a) in Lemma 2.1,
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Lebesgue’s dominated convergence theorem applies and yields

li - (f;rd) da 0 (3-36)
im osci1(f;rAd) —— =0. .
r—0+ 1 1 A’l+8

Together with (3-22), this ultimately proves the vanishing Carleson measure condition stated in (3-27).
Finally, that any function f € VMO(R"~!, CM) actually satisfies the properties listed in (3-26) is clear

from (1-22), (2-13), and part (c) in Lemma 2.1. This completes the proof of Proposition 3.2. o

Next the goal is to identify a class of integral kernels 6 satisfying (3-16)—(3-17) with the property that
the operator ® associated with 6 as in (3-18) enjoys the L2-boundedness condition formulated in (3-19).
We adopt a broader point of view by considering a larger variety of spaces, which turns out to be useful later.
To set the stage, let us recall the definition of the Hardy space H ! (R”~1) using (1, oo)-atoms. Specifically,
a Lebesgue-measurable function a : R*~! — C is said to be a (1, co)-atom provided there exists a cube
QO C R"7! such that the following localization, normalization, and cancellation properties hold:

suppa € 0., el <1017 [ atay'=0. (337

The space H'(R"~1) is then defined as the collection of all Lebesgue-measurable functions f defined
in R”~1 such that

o
f= Z)tjaj ae. in R* 1, (3-38)
j=1

with the a;’s being (1, co)-atoms, and where the sequence {A;};en C C satisfies Zfil |Aj| < oo. The
norm in H ' (R"1) is defined as

o0
1f |1 oty == inf Y A1, (3-39)

Jj=1

where the infimum runs over all the atomic decompositions of f as in (3-38). In particular, the series
in (3-38) converges in H!'(R"~1). Let us also write H!(R"~1, CM) for the collection of all CM -valued
functions f = (fo)1<a<m With components in H1(R"~1). In such a scenario, we set

M
L et o=t ery = D | ol nny.- (3-40)

a=1

Here are the square-function estimates alluded to earlier. For more background and relevant references
the reader is referred to the recent exposition in [Hofmann et al. 2017].

Proposition 3.3. Let 6 and ® be as in (3-16)—(3-18) with e = 1 and M = 1. In addition, assume 6 is of
class €' in the variable y' € R"~! and suppose there exists some C € (0, o0) with the property that

Ct
IV 0(x',t;y")| < IS

W forall (x',t) e R, forall y' e R"™ !, (3-41)
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Fix a background parameter k > 0 and, with the nontangential cone Tc(x") as in (1-9) for each x' € R*~1,
define the square function operator Sg by setting

dy’ dt
tn

(Se f)(x) = (/F o (O, 1)|? )2 forall x' e R" 1, (3-42)

Then the following are well-defined, linear, and bounded operators:

®: L2R") - L2(R{;, dx;dt), (3-43)

Se: LP(R"™Y — LP2(R"™Y) forall p e (1,00), (3-44)
Se: L'(R"™ ") — LV®@®R", (3-45)

Se: HY(R"™ Y - LYR" ). (3-46)

Proof. We are going to use [Christ 1990, Theorem 20, p. 69]; see also [Christ and Journé 1987]. First
observe that (3-16) with ¢ = 1 presently implies

t
0(x',t;y")| <C ————— forallx’,y e R""!, forallt>0. 3-47
(x5 y)] < (T =y y (3-47)
Second, if x’, y/, z/ € R"~! and ¢ > 0 are such that |y’ —z’| < (t +|x’ — y’|)/2, the mean value theorem
and (3-41) imply (here and elsewhere, [a, b] denotes the line segment with end-points a, b € R"~1)
0(x" 159y —0(xX",t;2")| < |y =2'| sup |VyO(x',t;w)]

w’ely’,z’]

t
<Cly'=Z'| sup
wely’,z] (t+[x" —w/[)r+1

|y —zZ'|t
S =y

(3-48)

This proves that the family of kernels {6(x", #; ") };¢(0,00) is @ standard family in R~ as in [Christ 1990,
Definition 19, p. 69]. Third, (3-17) implies that ©1(x’,7) = 0 for every (x’,7) € R’, . We can therefore
apply [loc. cit., Theorem 20, p. 69] to conclude that the operator in (3-43) is well-defined, linear and
bounded. In particular, the boundedness of the operator in (3-43) implies that there exists a constant
C € (0, 00) such that for every function f € L?(R"~!) there holds

dy'dt
4

16 sy = Cua [ 1N 0P L <[ IpeiPar. 69
+

Proving the boundedness of the operator in (3-45) comes down to establishing the weak-type-(1, 1)
estimate for Sg. In a first stage, we claim that there exists some constant C € (0, co) with the property
that for any cube Q in R”~! and any function & satisfying

he LY(R"™Y), supph < Q, and / h(y")dy' =0 (3-50)
Rn—l
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we have

Q)

[(Seh)(x")| < CllhllL1 @1y AT for every x’ e R""1\ 20, (3-51)
Yo

| n

where x’Q is the center of the cube Q. To justify the claim, given x’, z’ € R*~! with x’ # z’ we first use
(3-41) combined with natural changes of variables to write

[ V,007.1:2")]
Fx(x/)
12 dy’ dt

<c /
et [ — 2 HP@FD

2ydt

ZC// 2 dy’ dt
0 Jiy<e |/t + (x"—2'), ) 2 +D g

= C/oo/ 2 dy' dt
0 Jiyl<k |V 4+ (' =2)/t, DPOFTD
o0

—2n l
EC|)C/_Z/|—2n/ / 4 dy dt
0 Jiyl<e [0+ (x' = 2)/(t]x = 2']), D]ROFD

12" dy'dt
<Clx'=Z'|"" sup // ST yar (3-52)
wi=1Jo Jiyr<e [y +0//tPerD 41 g

Next, fix v/ € R~ with |v/| = 1. If t < 1/(2«) and |y’| < k we have

_1 |V , v , , v 1
T =—< — < — |+ = 3-53
=t M sl I D e i et Bl (3-53)
and therefore |y’ + v/t| > 1/(2t). Thus,
1 1
2% t2n dy' dt 2%
/ / o J sc/ [ tdy' dt <C. (3-54)
o Jiyl<e [y HV/POTD 1 1 o Jiyl<«
Also, it is immediate that
12 dy' dt o0 dy' dt
/ / o Y= <c / / ) (3-55)
e 1Y+ /1POD 1o s Jlyrl<e t
Combining (3-52), (3-54), and (3-55) we may conclude that
1
dy’ dt\2 C
o N2 e /
(w0 SN < i 2 (3-56

At this point we return to the proof of (3-51). Fix x’ € R"~1\ 20 and consider 4 as in (3-50). Making
use of the last property of & recorded in (3-50), the fundamental theorem of calculus, Minkowski’s
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inequality, and (3-56) we may compute

Some)= ([ 1emoop

2 / 1
dy’dt\ 2
([ ([, o000 smpineiar ) 25
T (x') Rn—1 n
dy’ dt
// ([ V200, t;x0 +5 (2 —xQ))l2 Y ) |h(z)]|2" = xp|dz"ds
RP=1 \JT (x")

1
C h / /_ ! d /d
= /O/Qb«—(x' 5@ MM eldzdy

< C |1 - 1)#. (3-57)

| n

dy’ dt)

For the last inequality in (3-57) we used the observation that for every s € (0, 1) and every z’ € Q one
has (keeping in mind that x’ € R”~1\ 20 and x’Q +s(z/ — x’Q) €0)

X' —xp| < X' = (xp +5 (2" —xp)| + 5(Vn —1£(Q))
< ' —(xg +5 " —xp)|+ \/ﬁpc’—(x’g +5(z' = xp))|
=1+ Vn—Dx' = (xg +5 (' —xp))l. (3-58)

This finishes the proof of (3-51).
Let us momentarily digress to show that

Z(Q) ’ . / E(Q) / 2n—1 - —k n
_ ) gy < — < _ix'<2 k=4 (359
/Rn—l\Q =" _,g stk (L2FQ)/2m ™ = kz::O 22

We are now ready to show that Sg maps L!(R"!) continuously into L1**°(R"~!). Following
[Garcia-Cuerva and Rubio de Francia 1985, p. 140], given a function f € L'(R"™1) and fixed A > 0, let
{Q;}; C R""! be the nonoverlapping cubes of the Calderén-Zygmund decomposition of | /| at height A.
That is, the Q;’s are the maximal dyadic cubes for which |Q |~} fQ,- | f(¥)] dy > A. Set

=0 (3-60)

and observe that we have the following properties:
L") =27 S L@ (3-61)
A <][ | fO)|dy’ <2" 4 forall j e N, (3-62)

J

| f(x) <A for £" lae x' e R\ Q. (3-63)
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Finally, split ' = g + b, where, see [loc. cit., p. 198],
o0 o0
g:=flg-ng, + Y fo,1g;. b= by withb;:=(f— fp,)1g, foreach j eN. (3-64)
j=1 j=1

In particular, (3-60)—(3-64) imply, see [loc. cit., p. 198], that for some constant C € (0, co) independent
of f and A we have

gl 21y < 2" AN S Lt o1y (3-65)

Making use of (3-64), (3-61), (3-65), (3-49)—(3-51), (3-59) (used with Q; in place of Q), and bearing
in mind that for each j € N we have suppb; C Q; and [p.—1 bj(y’) dy’ = 0, we may then estimate

AL (X e R (Se ) (X)) > D)
<AL"I(X e R (Seg)(x)) > A/2)) + A2 (X e R"L: (Seb)(x)) > A/2Y)
4 N2 l n—1 = . . . l I
<3 ) |(Seg)(x)*dx"+ 1.2 (}U 2Q,) - 2]; /n_l\ZQj [(Sebj)(x")| dx

i—1

- €(Q))
< g2 dx" +Cll fllpign—1 +C Y |1bjli n_lf — =y
A S L1(Rr—1) ]2 J LY (Rr—1) R1-1\20; |x/_x/Qj|n
o0
<CIflzr@m-1y+C Y 1bjll @)
=1
/ o0
scnfnu(wl)w(zf If(y’)ldy’)
=1 Qj
< C|flLr @1y (3-66)

This proves that the operator in (3-45) is well-defined, linear and bounded. The latter and Marcinkiewicz’s
interpolation theorem imply the boundedness of the operator in (3-44) when 1 < p <2. We may handle
the full range 1 < p < oo by invoking [Hofmann et al. 2017, Theorem 1.1, p. 6], applied with 2" := @
equipped with the standard Euclidean distance and Lebesgue measure, E :=R"~!x{0}, m=n, d =n—1,
v=1, a =1, 0:=.2""! and the integral operator with kernel =10 (x’, t; y'). The fact that (3-43)
holds implies that [loc. cit., (1.25), p. 6] is satisfied. As such, [loc. cit., Theorem 1.1, p. 6] guarantees the
validity of [loc. cit., (1.34), p. 7], which, in our current notation, implies that the operator in (3-44) is
bounded for every p € (1, 00).

Next we consider Sg in the context of (3-46). In this regard, we shall first show that there exists some
constant C € (0, oo) such that for every (1, co)-atom a one has

ISo allz1en1) < C. (3-67)

To justify (3-67) fix an arbitrary function a satisfying the conditions listed in (3-37). On the one hand,
based on Holder’s inequality, (3-49) and the first two properties in (3-37) we may write

1 1
/2Q [(Se a)(x")|dx" = C|Q|2 [|Se all L2@n—1) < C1Q]7 llallL2@n-1) < C (3-68)
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for some finite constant C > 0 independent of a. On the other hand, (3-37) allows us to make use of
(3-51) (with a in place of /), which we combine with the second property in (3-37) and (3-59) to obtain

12
MO e 6o
1171\2Q |)C —xQ|

/ (So @)Y dx’ < Cllallanry /
n71\2Q R

with C € (0, co) independent of the atom a. Combining (3-68) and (3-69) then proves that (3-67) holds.

Here is the end-game in the proof of the fact that Sg maps H!(R"~!) boundedly into L1 (R"*~1).
Let f € H'(R"™!) be arbitrary and consider an atomic decomposition f = Z;’;l Aj aj convergent
in H!(R"™1), where the a;’s are (1, 00)-atoms, which is quasioptimal in the sense that Zj’il |Aj| ~
| /Il z71 (mn—1)> Where the proportionality constants do not depend on f. In particular, this forces f =
Zjo-il Aj ajin LY(R"~1) and the weak-type-(1, 1) estimate for Sg then implies Sg f = Z]Oil Aj Seaj
in L1*°(R"~1). Then the sequence of partial sums associated with the latter series has a subsequence
which converges a.e. to Sg f. In turn, this allows us to conclude that

1Se. N =D 141I(Sea) ()| forae x' e R, (3-70)
=1

In concert, (3-70) and (3-67) then imply

o0 o0
ISe.flzi@-1y < D> 1A 1Sea; L1 @n-1y < C Y 1] < CILf Lzt o1, (3-71)
j=1 j=1
as desired, for some constant C € (0, co) independent of f. |

We now have all the ingredients to proceed with the proof of Proposition 3.1.

Proof of Proposition 3.1. Fix an arbitrary f € LY(R"™1,dx’/(1 4+ |x’|"))M and define u as in (3-3).
Part (7) in Theorem 2.3 then ensures that this function satisfies all properties listed in (3-4).

As in (2-37), write KL(x",1) = PL(x’) for each (x',1) € R” . To proceed, fix an arbitrary point
(x',1) € R and denote by Qy/ the cube in R"~! centered at x’ with side-length ¢. Making use of
(2-36) we obtain

/ VZ[PtL (x'=y")]dy' =0 forallx’ e R"™!, forallz >0, forall £ N. (3-72)
Rn—1
Based on this, for each £ € N we may then write

V= [ VIR =L )

= [ VPR MO fo,, 1

- /R VKD -0l - fo,, 14y 373
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Combining (3-73), (2-39), and (2-21) (with ¢ = £), we may now estimate
, —
(Vo) (', 1)| < C/ 70~ Jeu.]

Rr—1 |(x/ _ y/’ t)|n—1+£

C [°° di
= [ eatin T G

from which the claims in part (a) of the statement follow.
Moving on, fix an arbitrary j € {1,...,n} and, foreach o, 8 € {1,..., M}, set

Qéﬂ (x',15y"):=10; Ko%ﬂ (x'=y',t) forallx’,y e IR:’L_I, for all r > 0. (3-75)
In this regard, first observe that (2-39) in Theorem 2.3 implies
Iej,g(x By =119 K (x' =y )] < Ce|(x" =y, 1) (3-76)

and
Yy 8 (0 <t V2K (6 =y )] < Cr (= ' ) "~ (3-77)

Hence, (3-16) (with ¢ = 1) and (3-41) hold for 9('){ ' Moreover,

fRn_l Qéﬂ(x’,t;y/)dy/sz_l L=y ndy =t9; / KL/ ndy =0 (378

since ; [gn—1 (P, ﬁ) +(y")dy’ =0 by (3-72). Writing @é 8 for the operator associated with the kernel 90{ 8
(in place of ) as in (3-18), .1t follows from (3-76), (3-77), (3-78), and Proposition 3.3 that each matrix
integral operator ®/ := (@(]x /3)1505, p<m satisfies all hypotheses in Proposition 3.2, including (3-19). In
addition,

‘o 2 )
(/ ][ |Vu(x',0)]*t dx’ dt) = (/ ][ V(P + £)(x')2 dx’ dt)

n

£(Q)
= (/ ][v(a KL (0% ) >|2d’””)

n

£(0Q)
. (/ f 1@ e R dt). (3-79)

Jj=

Granted this, all remaining conclusions in parts (b)—(f) of the statement become direct consequences of
Proposition 3.2. O
4. A Fatou result and uniqueness in the BMO-Dirichlet problem

The main result in this section is the following Poisson representation formula and Fatou theorem.

Proposition 4.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Assume that

uee®®R,CM), Lu=0inR%, and |ullsw < oo. (4-1)
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Then there exists a unique function f € LY(R"™1, 1/(1 + |x'|"*) dx")M such that
u(x’.t) = (PE* f)(x)) forall (x',t) e R, (4-2)

where PL is the Poisson kernel for L in R’ from Theorem 2.3.
In fact, ”lgh%'" exists at a.e. point in R"~1, belongs to BMO(R"~!,CM), and f = ”|gh§" . Moreover,
+ +
there exists a constant C = C(n, L) € (1, 00) such that

C_IHf”BMO([F\E”*l,CM) < fluflex = C”f”BMO([R”*‘,CM)‘ (4-3)

Also, as a corollary of Proposition 4.1 we have the following result which, in view of (1-14), implies the
uniqueness statements for the BMO-Dirichlet problem and the VMO-Dirichlet problem from Theorem 1.1.

Proposition 4.2. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Assume that

u e ¢ R:,CM), Lu=0inRY, |lullsx < o0,

. . .. — 4-4
ulfn exists and vanishes at a.e. point in R" 1 (“4-4)
+

Then necessarily u =0 in R’ .

The proof of Proposition 4.1 occupies the bulk of this section. To set the stage, we first prove some
auxiliary lemmas. The first such lemma contains Bloch-like estimates for smooth null-solutions of L
satisfying a Carleson measure condition in the upper half-space. To place things in perspective, recall
that a holomorphic function u in the upper half-plane is said to satisfy a Bloch estimate provided

sup  (y|u'(x +iy)|) < oo. (4-5)
xX€ER, y>0

Lemma 4.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Then for every multi-index o € Nij with || > 1 there exists a finite constant C = C(n, L, ) > 0 with the
property that for every function u € €*°(R™., CM) satisfying Lu = 0 in R and ||u|«x« < oo one has
sup {11! [(3*) (' D)} < Cllufl o (4-6)
(x’,t)eRﬁ_
In particular, there exists a finite constant C = C(n, L) > 0 with the property that for every function
u € ¢° (R, CM) such that Lu = 0 in R and |[u|s«x < oo one has

sup 1 |Vu(x',1)| < C|lulsx. 4-7)
(x’,t)e[R’_’i_
Proof. Given a multi-index o € Njj with || > 1, select j € {I,...,n} and B € N{ such that @ = 8 + ;.

Fix x = (x,t) € R%. and write Ry for the cube in R" centered at x with side-length 7. Also, let Q
be the cube in R”~! centered at x” with side-length . Since the function 9 ;u is a null-solution of the
system L, we may invoke Theorem 2.4 (with d;u in place of ¥ and p = 2) in order to conclude

1
p C 2\2
|8B(3ju)(x )] < V{}I (][ |8ju|2 ds ) ) (4-8)
t R,
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Hence,

1 3t
2 2 2
z'“'|(a“u)(x/,z)|50z(][ |Vu|2d,,§f”) gc(ﬁz][ |Vu(y/,s)|2sdy/ds) <Cllu|sx, (4-9)
Rx 2 Qx’

proving (4-6). Estimate (4-7) is a particular case of (4-6). O

We continue by discussing two purely real-variable results. To state the first one, recall the function
i : [0, 00) — [0, 00) from (1-50). In relation to this, we make two observations. First,

for each ¢ € (0, 00) there exists C¢ € (1, 00) such that

4-10
Ce_lT#(s) < Yi(s/e) < CcYu(s) for every s € [0, 00). ( )
Second, since for every n € (0, 1] there exists a constant C = Cy, € (0, co) with the property that
Yu(s) < Cs" forall s >0, (4-11)
we have, see (1-48),
¢HR"L,cM) cLip®R"" L, cM)n ( () ¢"®~.cM )). (4-12)

0<n<l

This is going to be relevant later on, in the proof of Lemma 4.6. For now, here is the first real-variable
result advertised above.

Lemma 4.4. Recall Yy from (1-50) and let u € €' (R™, CM) be such that

Cy:= sup t|Vu(x',1)| < oco. (4-13)
(x’,t)elR’j_

Then, for every (x',t) and (y',t) in R", one has

r
|u<x’,z)—u(y',t>|szcur#('x = '). (4-14)

Proof. The proof follows the argument in [Fabes et al. 1976]. Fix (x', ) and (y’, ) in R’ . Based on the
mean value theorem and (4-13) we may estimate

X =yl

X =)

lu(x'.0)—u(y’ o)l < sup [Vu(€ 1)||x"—y'| <Cy
Eelx’,y']

Suppose now that |[x" — y’| > ¢ and set r := |x’ — y’|. Applying the fundamental theorem of calculus,
(4-15), and (4-13) we obtain

u(x".) —u(y' O < [uGx ) —u(x', )+ ) —u (' )|+ u (' r) —u @y’ 1)l

r r
5[ |8nu(x/,)t)|d/\+Cu+/ [0,u(y’, A)|dA
t t

(4-15)

<:C' r 1 |x/__yq
< Cy+2Cy Xd)LSZCu I+In— : (4-16)
t

With this in hand, (4-14) follows from (4-16) (which is valid for |x" — y’| > t) and (4-15) used for
|x" —y'| <t. O
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The second real-variable result mentioned earlier reads as follows.
Lemma 4.5. Let Y3 be the function defined in (1-50). Then for every a > 0 one has
o [ i a0 oSl
In particular, ¥(a) <3 (1 +log™ 1/a), where log™ s := max{lns, 0} for every s € (0, 00).
Proof. If a > 1, we use that s”~2 Yy(s) is increasing and elementary calculus to obtain

a o0 1 1
Ya)<a ™" / "2 Yy(s) ds +/ +2ns ds
0 a S

—1-1 §=00 141
<a"ad"*Yya)a+a '+ |:—ns:| 3 ki 2 (4-18)
S s—a a
On the other hand, if a < 1 then
a sn—l ds 1 Sn—l ds 00 Gn— 1
\I!(a)S/ s——I—/ s——I—/ (1+lns)—
o a” s a ST s 1
1 1 1
= +In=+2=3(1+In-). (4-19)
n a a
Collectively, (4-18)—(4-19) prove the lemma. O

Having dealt with Lemmas 4.4—4.5, in our next two lemmas we study the boundary behavior of the
vertical shifts of a smooth null-solution of L which satisfies a Carleson measure condition in the upper
half-space.

Lemma 4.6. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R" " from Theorem 2.3. Suppose u € ¢*° (R’ cM)
satisfies Lu = 0 in R and ||u]|xx < oo. For each & > 0, define ue(x',t) := u(x',t + €) for every
(x'.1) e R" and fo(x') :=u(x',¢) for every x' € R""\. Then there exists a constant C € (0, 00) such
that for every ¢ > 0 the following properties are valid:

(a) The function ug belongs to €*°(R™,CM) and Lu, =0 in R7.

(b) One has ||ugllsx < C||ullx«. In fact, for every multi-index a € N there exists a constant Cy € (0, 00),

independent of u and e, with the property that ||0%ug||sx < Ce&™ %[t ]| s

(c) For every multi-index o € Ny with |ot| > 1 there exists a constant Cy € (0, 00), independent of u, with
the property that | 8us| Lo ) < Ca g1 |3 .

(d) The function f belongs to € (R"~1, CM)n¢ (R, CM), where Yy is as in (1-50). In particular,

fe eLip®"L,CM)n ( () ¢"®".cM )); (4-20)
0o<n<l1

hence also f. € UC(IR”_I, CM) and

M
fee L'[R"1, LN (4-21)
1+ |x/|"
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Moreover,
for every o' € NE~V with || > 1 one has 3% f, € L*R"™!, cM)yng (R, cM). (4-22)
(€) The function vg(x', 1) := (PtL * fe)(x') is well-defined for all (X', t) € R, via an absolutely convergent
integral and
Ve €EPRE,CM), Lv,=0in RY, vd%ﬁi = f, everywhere in R" !, (4-23)
(f) Forevery (y'.t) € RY, one has

0e(y', 1) = feW) +1 Ve (v, )] < C llullsx (t/€) (1 4 log™ (¢/1)). (4-24)

Proof. The claim in part (a) is clear from definitions. To prove the estimate in part (b), fix a cube
O C R"1, Consider first the case £(Q) > &, in which scenario a change of variables yields

L(Q)+e

(Q)
|Q|/ |Vu(x',t +¢)|?tdx' dt < — |Vu(x', 6)|>t dx’ dt
0

101 Je
24(Q)
52”‘1—/ / |Vu(x',1))*t dx’ dt
1201 Jo 20
< 2" lullz.. (4-25)

In the case £(Q) < ¢, use Lemma 4.3 to conclude that

! /E(Q) |Vu(x',t +¢)|>t dx’ dt < C? ||u|2 ! /K(Q)/ L v
— ux , & X =< u —_— X
101 Jo Jo 101 Jo Jo (t4e)?

2 2 2 Ho C2 2
SCulte® [ rars S @2

for some C € (0, co) independent of u and &. Combining (4-25) and (4-26) and taking the supremum
over all cubes Q then proves the first estimate in part (b) for some C € (0, 00) independent of u and e.

To justify the second estimate in part (b), it suffices to consider the case when the multi-index @ € N}
has length |a| > 1. Assume that this is the case and pick an arbitrary cube Q C R"~!. Making use of
(4-6) and bearing in mind that || > 1 we may then estimate

) o)
é/(; /Q|V[(aa“€)(xl,l)]|zldx/dl=“E/ ‘V[(aau)(x/,l+8)]‘21dx/dt

2 K(Q)

1%
1
2 - 2 2| _
fCa“u”**/O (l+8)2|a|+1 dZSC(xHuH**g , (4-27)

from which the desired conclusion readily follows.
Consider next the claim in part (c). Given a multi-index o € Nj with |« > 1 we may invoke Lemma 4.3,
keeping in mind the conclusions in part (a), in order to conclude that there exists a constant Cy € (0, 00),
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independent of u, such that

sup  |(@%u) (X, 0)|< sup [(146)|(0%u)(x 1 4e)|] sup (14&) T <CylluflaneT.  (4-28)
(x’,t)e[R’i (x’,t)eR’fF (x’,t)eRi

We now turn to proving the claims in part (d). First, since f:(y') = u(y’, ) for every y’ ¢ R"~! we
have f, € €°(R"~1,CM). Second, by using (4-14) (with t = ¢), (4-7), and (4-10), for each x’, y’ e R*~!
we may estimate

| /

x' =y
£

)= /o) < cuuu**n( ) < Cozave To(lx' = V'], (4-29)

This places f; in ¢ %(R"~1,CM). With this in hand, the conclusions in (4-20) follow with the help of
(4-12). As a Holder function, fg also belongs to L1 (R, 1/(14|x'|") dx")™, see (2-26), proving (4-21).

Next, fix a multi-index o’ € NJ~! of length |&/| > 1. Then 3@ 0y, € ¢, CM) is a null-
solution of L in R"} and 3 fy = (8("‘ O)Ms)|aR" Now the claim in (4-22) is a consequence of parts (c)
and (b), bearing in mind that ||9©@" D, || < 00 (hence the same type of argument that placed f; in
¢ (R"~1,CM) now ensures the membership of 9% £, to the latter space).

Moving on, the claim made in part (e) is a consequence of the current part (d) together with part (7) in
Theorem 2.3 and the fact that since f, € ¥ (R"~1,CM), all points in R"~! are Lebesgue points for f;.

Finally, consider the claim in part (f). Fix (y’,¢) € R’.. Then the properties of the Poisson kernel
recalled in Theorem 2.3, together with Lemmas 4.3, 4.4, and 4.5 permit us to estimate, bearing in mind
that fe = u(-,¢),

e (Y, 1) = fs ()] < /Rn_l PR 0 —12)) = ()] d2’

1 /
< Cllullss /Rn_l TEREnT T#(tlz I) dz’
[ele] rn—l dr
fcllu”** [) (l—I-—r)nT(_) ;
ds
< Clllen (/0) [~ o ) &
= Cllullsx (1/8) W(t/€) < C|lullwx (t/€) (1 +log* (e/1)). (4-30)

This suits our current purposes.
Consider next the task of estimating Vv,. Using the properties of the Poisson kernel, Theorem 2.3
(recall (2-37) and (2-39)) and Lemmas 4.3, 4.4, 4.5, we write

IVue(x', )] = |[V(PE = (fo(-) = o)) ()|
= [ VKL llAO) - A6l

1 lx" — '
<C Y dy’
< ”””**/Rnl =y #( : ) y
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loe] g1 ds
<Cluleee™ [ S M0

= Clullss e W(t /) < Clluflax ™" (1 +1og™ (e/1)). (4-31)
Collectively, (4-30) and (4-31) prove (4-24). O

We are now ready to prove that each vertical shift of a smooth null-solution of L which satisfies a
Carleson measure condition in the upper half-space has a Poisson integral representation formula.

Lemma 4.7. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in RY from Theorem 2.3. Let u € ¢ (R}, cM)
satisfy Lu = 0 in R, and ||u«« < oc. For each given & > 0, define ug(x',t) := u(x’, t + ¢) for every
(x",1) e RY.

Then for every £ > 0 one has ug € € (R", CM), the restriction u |3Rr}r belongs to the space L' (R"™!,
1/(1 + |x'|") dx"YM, and the following Poisson integral representation formula holds:

us(x', 1) = (PL % (ug| arn ) (x')  forall (x',1) € RY. (4-32)

Proof. Foreach e > 0set f; :=u s|8[RE”+ and note that by part (d) in Lemma 4.6 we have that f; belongs to
LY R, 1/ +x')dx)YM n g (R"1, CM). Next, for each & > 0 define vs(x', ) := (PL * fe)(x')
for every (x’, 1) € R.. The goal is to show that w := v, —u, = 0 in R”,. A key ingredient in this regard
is Proposition 2.5.

Notice first that w, € ¥°(R",CM) and Lw, = 0 in R’ by parts (a) and (e) in Lemma 4.6. Next, we
propose to show that Tr w; = 0, where Tr is as introduced in (2-47). Since by part (a) in Lemma 4.6 we
have Tru, = f, it remains to prove Trv, = f; in R*~L. To this end, given x’ € R"~!, we use part (f)
in Lemma 4.6, the fact that fo(x’) = u(x’, ¢), Lemma 4.3 and Lemma 4.4 (recall that Y is defined in
(1-50)) to write

Ve dL" — fa(x/)

fl‘?((x’,o),r)ﬂ[R’fi_

<

f (1) — fol)| dy di
B((x/,O),r)ﬂR’_’i_

<

ey, 1) = fe (V) dy’ dt +][ | fe(V) = fe(XN)I dy" dt

f]‘.'?((x/,o),r)ﬂR’f‘_ B((x/,O),r)ﬂR’fF

< Cllullus f (t/6) (1 +log™ (e/ 1)) dy' dt
B((,0),/)NR.
4+ Cllull ][ T’ — y'|/e) dy' di
B((x/,O),r)ﬂR’fi_

< C ||ut]] 5% g (14+1og% (/1)) + Cllu||sx Ye(r/e) >0 asr—0T. (4-33)

Thus we conclude that Trvg(x') = f:(x’) for every x’ € R"~! as desired.
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Next we claim that w, € sz’z([Ri” ,CM): recall the latter space from (2-46). By parts (a) and (c) in
Lemma 4.6 we have that u, € th’z (R™,CM). For vg, fix R > 0 arbitrary and rely on (4-24) to estimate

R % R %
oelizaonne < ([ [ - genpaxar) (O] iaeoparar)
0 J|x’|<R 0 J|x’/|<R

n 1
< Clull«x (R/e) (1 +1log™ (e/R)) RZ + R2|| fell 2B, (0.R)) < O©

4-34
since f, € C®(R*~1,CM). Above and elsewhere in the paper we make the convention that ( )
Bu—1(x', R) denotes the ball in R" ! centered at x’ € R” ! and of radius R. (4-35)
As regards Vv,, we use (4-24) to write 1
IVvell 280, Rynr) = CR'Z Jufure™" (/OR(l +log™ (e/1))* dl)z
= CR"Z ||ufsxe! (/8(1 +1In(e/t))? dt + /R dz)
L 0 1 6 3
<CR"Z |ullsxe! (g /0 (1+1In(1/5))*ds + R)
<CR"Z ll0]] 45 €71 (e + R)% < 00. (4-36)

From (4-34) and (4-36) we conclude that v, and, therefore w,, belongs to Wbld’z([R” ,CM),
Having established these, we may apply Proposition 2.5 and obtain that for every z € IRT’:L and p >0

sup |V
R%.NB(z,p)
<Cp™' sup |wel=Cp ' sup |ug—vgl
R’fi_ NB(z,2p) R’j_ NB(z,2p)
<Cp~! sup lue(y'. 1) — fo(y))| + Cp™! sup lve(y 1) — fe (V)] (4-37)
(y’,t)e[Rﬁ_ﬂB(z,2p) (y’,t)ER’fi_ﬂB(z,Zp)

Let (y', 1) € R N B(z,2p) and note that Lemma 4.3 implies
|u8(y/’[) _f&‘(y/)| = |M(y,3t +8) —”(y,’8)|

t+e
s/ (. 1)) dA
&

t+e 1
< C||u||**/ A
&

r+¢

Proceeding as in (4-30), Lemma 4.5 implies that for every ¢ > ¢ we have

[ve(y', 1) = eV = Cllullsx (¢/2) ¥(t/€) < Clullx (1 +In(t/e)). (4-39)
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Returning with (4-38), (4-39) and (4-24) back to (4-37) we obtain that for every z € B[Riﬁ_ and every p > ¢
-1 +e + -1
sup  |Vwe| <Clullsx[p”" sup In———+p~ " sup (¢/e)(14+log™ (¢/2))+p " sup (1+In(t/¢))
R NB(z,p) 0<t<2p & o<t<e e<t<2p

2p+¢
e

scnuu**(p—lln

Since the last expression converges to 0 as p — oo we obtain that Vw, = 0 in R, . As we have already
shown that w, € € (R"™ , CM) this forces w; to be constant in R’ . In concert with the fact that Tr we =0
this ultimately implies we = 0 in R’} as desired. |

+p ' p7 (1 —I—ln(2,0/8))). (4-40)

Moving on, in Lemmas 4.8—4.12 below we develop essential tools for the proof of Proposition 4.13,
where we prove a partial converse to part (e) in Proposition 3.1. Concretely, there we show that if f €
LYR" 1, 1/(1 + |x|"*) dx’)™ has the property that the Littlewood—Paley measure |Vu(x’, ¢)|? ¢t dx’ dt
associated with the function u defined as in (3-3) is a Carleson measure in R’} then necessarily f belongs
to BMO(R"~1,CM).

We begin by introducing some notation. Specifically, consider

Hy(R"™1) = geLzmp(R”‘l):An_lgdzn‘l=0 , (4-41)

where ngmp(R"_l) stands for the space of essentially bounded functions with compact support in R” 1,

In particular, since any g € H!(R"™!) is a scalar multiple of a (1, 0o)-atom, recall (3-37), it follows that

H!(R" ') is a dense subspace of H!(R"™!). (4-42)

In the lemma below we prove a pointwise decay estimate for the vertical maximal operator acting on
functions from H}!(R"~1). Recall the definition from (1-7).

Lemma 4.8. Let ¢ = (Pop)1<a,p<M : R*~1 — CM*M e g matrix-valued function with differentiable
entries satisfying the property that there exists C € (0, 00) such that

C _
lp(x")+ [V (x| < T for every x' e R, (4-43)

Pick a function g = (g4)1<a<M With components in H!(R"™1). Then there exists a constant Cg € (0, 00),
depending on g, such that

C
su * .XT/ <—g
sup |91 * ) ()| < 7

T for every x' € R"™ 1. (4-44)
X

Proof. Take R = Rg > 1 sufficiently large so that, recall (4-35), supp g C B,—1(0’, R) =: B. In the case
when x’ € 2B, for each r > 0 we have

[(pr % @)X < Nl gllpoomn—1y bl L1 @n-1) = 1€l Loo@n—1) 1PNl L1 g1y

- &Il oo n—1y 1l L1 -1y (1 + (2R)™)
- 1+ |x/|" '

(4-45)
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Corresponding to x” ¢ 2B, first we use that g has vanishing integral and its support condition to write
(@ % ) (x))] < /Rn_l |60 (x" = ") — e (X)) 1g ()]

< / 1B — ') — e (N g )] . (4-46)
B

Next, we estimate the integrand in the right-hand side. By recalling (1-7), an application of the mean
value theorem combined with (4-43) for each x’ ¢ 2B, y’ € B, and t > 0, allows us to write

—n 1Yl
e (x" =)= (X <t = sup |Vp((x'—0y")/1)]
I 6eo,1]
1
<Cly'| sup ———. (4-47)
gefo,1] |X — 0 y'|"
Moreover, whenever x’ ¢ 2B and y’ € B, for each 6 € [0, 1] we have
<X =0y |+0y <X =0y |+R<|x"—0y|+ 5], (4-48)

which implies |x’ — 6 y'| > %|x/ | > %(1 + |x’|). The latter, when used in (4-47) in combination with
(4-46), implies

Cligllzr @1

T for all x’ € R"~1\ (2B), forall r > 0. (4-49)
X

[(¢r x &)(x")| = R
Now the desired conclusion follows from (4-45) and (4-49) by taking
Cg := max{[| gl poo@n—1) |PllL1®n—1y(1 + 2R)"), CR||glI L1 (Rr—1)}- (4-50)
The proof of the lemma is therefore complete. O
Our next preparatory lemma is needed in the proof of Proposition 4.13.

Lemma 4.9. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R’jr from Theorem 2.3, as well as K L defined in
(2-37). Write

O(x') 1= (0, KE)(x', 1) forevery x' e R"™!, (4-51)
and, whenever 0 < a < b < 00, also set
b dt
W, p(x) =4 / (P; x D) (x') — forall x' e R"1, (4-52)
a

Then, whenever 0 < a < b < oo, there holds

W, 5(x) = Bop(x') — PL (X)) — Do (x') + PE,(x) forall x' e R*L. (4-53)
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Proof. Since VKL is homogeneous of order —n (recall item (5) in Theorem 2.3), for every (x’,7) € R%
we may write

O, (x) =" O /1) = 1O, K (X )1, 1) =t (3, KLY (X 1) = 10, KE (X, 1). (4-54)
Consequently, in view of definition (2-37), in the current notation we have
@, (x) = 13, [PE(x)] forall (x',1) e R™. (4-55)

Fix h € 65° (R"~1,CM). Observe that

b d
Wapri)=4 [ [ [ e - oy e day S @so

since the triple integral is absolutely convergent in view of the assumptions made on A and (2-39). Set
u(x’,t) := (PF + h)(x') for each (x',¢) € R’ and in light of (4-55) further write (4-56) in the form

b
(W pxh)(x)=4 / / / wKE(x' =2 =y 1) 0, KE (' ) h(y') dZ' dy' t dt
a Rr—1 Jrn—1
b
=4 / / / 0nKE( 1) 8 KE (=2 =y ) h(Y) dy' dz 1 d
a JR—1 Jrn—1
b
= 4/ / KL 1) dgu(x’ =2 1) dZ' t dt. (4-57)
a Rn—l

Next, for every (x’,1) € R", define v(x’,1) := (d,u)(x’, ). By part (7) in Theorem 2.3 we have that
ue¢®R",CM)and Lu =0in R’} . In turn, these imply v € *°(R’| ,CM)and Lv=0in R%.

Moving on, for each s > 0 set vs(x’, 1) := v(x',t + s5) for every (x',7) € R.. Then we have
vy € €°(R",CM) and Lvy =0 in R”.. Now recall (1-155). For k € (0, 00) arbitrary, if x” € R is
fixed, Theorem 2.4 allows us to estimate

lus(V', )] = @) (Y.t +9)]
C C
< — lu| d£" < — Nu(x') forall (y',1) € Te(x'), (4-58)
S JB((y',t+s5),k5//1+K2) s

where for the last inequality we have used that B((y’,t + 5),ks/+/1+«2) C T (x’). Hence, (4-58)
combined with (2-40) yields

(Nvs)(x) < % WNu)(x') < % (Mh)(x") forall x' € R" 1. (4-59)

Upon recalling that & € C5000([R§”_1, CM) and that the Hardy—Littlewood maximal operator is bounded
on L?(R™*1) for p € (1, o0), from (4-59) we may infer that N'vg € L?(R*~1) for every p € (1,00). In
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view of all these, we may apply Corollary 2.6 to vs and obtain that for each s € (0, co)

0 0) = (PE o sl D) = [ PHE sl =2 0y a2

= KL t)vs(x' =2, 0)dZ’

Rr—1
= / KL t) Qpu)(x' =2, s)dz’ forall (x',1) € RY. (4-60)
Rr—1
Thus, for every (x', 1) € R’} and every s > 0 we have
(2u) (X', t +5) = Dpvs (X', 1) = / KL 1) Bpu)(x'—2',s)dz . (4-61)
Rr—1
Applying (4-61) with s = ¢, substituting the resulting equality into (4-57), and making use of (4-55) we
obtain
b t=b
(Wap M) (') = 4 / (O, 20) 1 dt = 4[5t @m) (', 20) = qu(x'. 20)],
= [y % h(x") — PL s h(x")]!Z2. (4-62)
This readily yields
(Yap % M) (x) = (P2p * W) (x') = (Pay % D)(x) = (@20 % D) (x) + (Py % 1) (x") (4-63)

for every x’ € R"~1. Note that (4-63) holds for every & € Co° (R*~1, CM) and therefore (4-53) holds for
a.e. x’ € R"~1. In addition, by Theorem 2.3 and the fact that 0 < a < b < oo, we see that both sides of
(4-53) are continuous functions in R”~!. Consequently, the desired equality holds everywhere. The proof
of the lemma is complete. O

Given a Lebesgue-measurable function F : R" — C, for every x’ € R"~! introduce the Lusin area

function 1
dy’dt\2
(AF)(x') = P02 25 (4-64)
T (x') 1"
and the Carleson operator
Q) dv' di\2
(CF)(x) := sup / ][IF(y’,t)Py— . (4-63)
03x’'\Jo 0 t

In relation to these operators we recall a result from [Coifman et al. 1985, Theorem 1, p. 313].

Lemma 4.10. There exists some constant C € (0, 00), which depends only on n and k, with the property
that for any Lebesgue-measurable functions F, G : R’} — C there holds

/ |F(x’,t)G(x’,t)|dxtdt§C f CF(x') AG(x') dx'. (4-66)
R =1

Strictly speaking, the statement in [Coifman et al. 1985] contains as assumptions the additional
requirements CF € L®°(R"~!) and AG € L' (R"~1). However, these extra assumptions may be eliminated
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a posteriori via a suitable limiting argument. Specifically, for each N € N introduce
Dy :={(x1) eRY :|(x",t)] <N, t >1/N} (4-67)

and for a generic function f : R} — C define fy : R} — C by setting fy(x) := f(x) if x € Dy
and | f(x)] < N and fn(x):= 0 if either x € R" \ Dy or | f(x)| > N for each x € R”,. Then, given
F,.G: [R{’j_ — C arbitrary Lebesgue-measurable functions, for each N € N the functions Fy, Gy
are Lebesgue-measurable and bounded. It is also immediate from definitions that CFy € L®(R"™1)
and AGy € Lcomp(R”_l) C LY(R"™1). Based on [Coifman et al. 1985, Theorem 1, p. 313] and the
monotonicity of the operators C and A (with respect to the absolute value of the function to which they
are applied) we may write

dx'dt

[ v Gy o)

< C/ CFy(x") AGN (x) dx’
R+ Rr—1

<C CF(x") AG(x") dx'. (4-68)
Rr—1

Now (4-66) follows by taking the limit as N — oo of the inequality resulting from (4-68) and applying
Lebesgue’s monotone convergence theorem.
For further reference we also prove the following companion to Lemma 4.10.

Lemma 4.11. There exists some constant C € (0, 00) (depending only on n and k) such that for any two

Lebesgue-measurable functions F, G : R, — C one has

/ |F(x',t) G(x' t)| < C/ AF(x"AG(x") dx'. (4-69)
]

Proof. The idea is to estimate the expression

1::/ (/ IFO/ 1) GO 1)) y i )dx (4-70)
Rn—1 FK(x’

in two ways. On the one hand, using Fubini’s theorem we may write

dy'dt
= [ rotonee ol [ aneotna) 2
+
dt
= Cen [ IO/ 0116001 @7)
R%L
On the other hand, based on Cauchy—Schwarz’ inequality we may estimate
dy dt dy dt
<[ () Fotor )(/ GG 0P )dx’
R=1 \JT(x) L (x7)
= AF(x")AG(x") dx’. 4-72)

Rr—1
Now, (4-69) follows from (4-71) and (4-72). O
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To state the final preparatory lemma required in the proof of Proposition 4.13, one more piece of
notation is needed. In the sequel, AT denotes the transpose of a given matrix A.

Lemma 4.12. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R from Theorem 2.3, as well as K L as in
(2-37). Recall ® from (4-51) and for each x' € R" ! set ®(x') := & (—x'). Furthermore fix k € (0, 00)
arbitrary and, given a function f = (fg)1<p<m : R"~1 — CM with Lebesgue-measurable entries, define
for each x' € R"~1

(Sa,f)(X’):=( /F 1@ OO

dy’d
((/( Z|(<<I>,)aﬂ*fﬂ)(y)|2 Y t)) . *73)

1<a<M

dy’ dt)

Then S is a bounded operator from HYR" 1, CM) into LY (R 1).

Proof. For each o, B € {1,..., M}, write O (x', 1;y") :=1 0y Kﬂa(y’—x’,t) for every x’,y’ € R"~1
and ¢ > 0, and denote by ®,g the integral operator as in (3-18) corresponding to 6, in place of 6.
Notice that (3-76), (3-77) and (3-78) (with j = n and the roles of « and B reversed) allow us to apply
Proposition 3.3 and write

1S3/ I1@-1y < Y. 1S0us f8ll1@n-1)

1<a,B=M
<C Y I fgllai@—1y =Clf i @n—1,cmy. (4-74)
1<f<M
The desired conclusion now follows from (4-74). O

We have seen in Proposition 3.1 part (e) that if f/ € BMO(R"~!, CM) then the Littlewood—Paley
measure |Vu(x’,t)|?t dx’ dt associated with the function u defined as in (3-3) is a Carleson measure
in R} ; see (1-11). In the proposition below we shall establish the converse implication along with the
estimate which naturally accompanies this statement. In the proof, Lemmas 4.8-4.12, as well as the
fundamental duality result from [Fefferman and Stein 1972] asserting that

(H'@®"1,cM))* = BMOR" 1, CM) (4-75)
are going to play a key role.

Proposition 4.13. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R’ from Theorem 2.3, together with K L as in
(2-37). Recall ® from (4-51). Let f € LY(R"™1,1/(1 + |x'|"*) dx")M and consider the measure in R7
defined by

dx'd t

dp(x' 1) :=[(®r x £)(x))|? (4-76)
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Then whenever | is a Carleson measure, that is,

t(Q) dx' dt
ey = s [ @ P S <o, @77)
QCR”_I 0 [0} t

one necessarily has f € BMO(R"™1,CM) and

||f||]23MO(IR”_1,CM) <C ||/"L||C(R’jr) (4_78)
for some constant C € (0, 00) independent of f.

Proof. Fix a function f as in the hypotheses of the proposition and suppose u satisfies (4-77). Let
ge Ha1 (R"=1), see (4-41), and for some arbitrary oo € {1, ..., M} define

h = (g 8acy)1<a<m € [HIR"DHIM c HI®R"™1,CM), (4-79)

where 844, denotes the standard Kronecker symbol.
Next, recall the expression of the classical harmonic Poisson kernel (that is, the Poisson kernel
associated with the Laplacian A)
2 1
wp—1 (1 +|x/|2)n/2

PAX):= for all x’ € R*71, (4-80)

where wy,—1 stands for the area of the unit sphere in R”. Then the definition of ®, (2-39) in Theorem 2.3,
and (4-80) imply

|®,(x")| < CPA(x") forall x' € R"™!, forall 7 € (0, 00). (4-81)

Also, by the semigroup property, (see, e.g., [Stein 1970, (vi), p. 62], or part (8) in Theorem 2.3), for every
£€(0,1) and every t € (g, 1) we have

PAx P2 =P <Co P2, (4-82)

Combining (4-81) and (4-82), for each ¢ € (0, 1) we may write
e dt
[ e =y = le@ironlhe s dx
e Rnfl Rnfl Rnfl t

8_1
EC/ / / / PAG —y' ) PAC) £ g () dz' dy' dx' &
€ re—1 JRrr—1 JRn—1 :
<G [ P10 dy

<o [ avwmienar) ([ 000 ) <o, 483

where for the last inequality we have used the fact that 1 + |y’| < (1 + |x|) (1 + |x” — y'|) for every
x’, y" € R"™1, while the finiteness of the rightmost term in (4-83) follows from our assumptions on f
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and g. Thus, recalling the definition of W, .—1 from (4-52) we have that

[ e N G)

e ! d
_ / /R - [R - fR @i =y =) @) FO B 2 dy dx S a-sd)

is an absolutely convergent integral. Here and elsewhere we use the notation
M
=Y Aty A=@a)ize=m. A =AY 1za=m €CY. (4-85)

To continue, we introduce the (matrix-valued) functions
D(x') = DT (—x),
U1 (x) =9, (=) (4-86)
PE() = (PE)T (=),

defined for every x’ € R?~1. Then, for every & > 0, we may write

‘ / (FO). (Bt 5 h))) dx’ =/ (W * HE), )
Rr—1 R—

=/ /Rnl(CD,*CD,*f)(x)h(x)dx —‘

-/ Anl(ét*f><x><¢,*h)(x) a

=/ /Ran(x 1), H(x',1)) dx—‘

5/ |(F(x/,t),H(x/,t))|dx/dT, (4-87)
Ry

where F(x/,1):=(®;* f)(x’) and H(x', 1):= (®,xh)(x') forevery (x', 1) € R”_. Denote by (Fo)1<a<Mm
and (Hy)1<a<m the scalar components of F' and H, respectively. Note that (4-65), the definition of F,
and (4-77) imply

1

IC Fall oo gn—1) < ||u||g(R1) <oo foralla e{l,...,M}. (4-88)
Also, (4-79), (4-64), and Lemma 4.12 permit us to write

[AH || L1 @1y = [1SghllLr @)

< C|hll g1 gn—1,cm)
=C||g||H1(Rn—1) forallae{l,...,M}. (4-89)
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Consequently, Lemma 4.10, (4-88), and (4-89) allow us to estimate

J

M
dt dt
HF(x',t), H(x',t))|dx' — < E / |Fo(x', 1) Hy(x', 1) dx’ —
! a=1 Ri !

n
+

M
<C)y CFy(x") AHy(x") dx'
a=1

Rn—1
M
<C Y lICFullLeon1y IAHalL1 @1
a=1
1
=C 2 n—1y. 4-90
1412 & a1 r (4-90)
At this point we make the claim that
tim [ (G @ @) = [ () ' (4-91)
e—0t Rr—1 ’ Rn—1

The idea is to show that Lebesgue’s dominated convergence theorem applies in our setting. With this goal
in mind, first observe that by part (5) in Theorem 2.3, for every multi-index « € Ng_l, we have

10%D(x")| = 090, KL (x', 1)| < Co|(x', )|l (4-92)

hence & satisfies the hypotheses of Lemma 4.8. Moreover, by parts (1) and (5) in Theorem 2.3 we also
have that PL satisfies the hypotheses of Lemma 4.8. Hence, Lemma 4.8 and (4-79) give

sup |(®; * h)(x")] + sup |(PL % h)(x")| < —h/ for every x’ € R" L. (4-93)
>0 >0 L+ [x/|"
In light of (4-53), the latter yields
- Cy
sup |(W, -1 xh)(x")| < ——— forevery x’ € R""1. 4-94
0<821 I( g6 1 )(x)| = 1+ x| y ( )

From this and the fact that f € LY(R*~!, 1/(1 + [x’|") dx’)™ we arrive at the conclusion that

sup |(f, U, g1 1) € LY(R"Y). (4-95)

O<e<l1

Next, we focus on the pointwise convergence of the functions under the integral in the left-hand side of
(4-91). First, by (2-34), (2-55) in Lemma 2.7, and (2-35) in Theorem 2.3 we obtain

lim+(ﬁsL *h)(x') = (/ PE(Y) dy') h(x') = h(x") forae. x' e R"!. (4-96)
s—>0 Rr—1

Second, using a suitable change of variables, the properties of /, and Lebesgue’s dominated convergence
theorem we have

lim (PL % h)(x") = lim / PLGYh(x' =sy")dy' = 0. (4-97)
5§—>00 §—>00 Jrn—1
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Third, by (3-72) for every ¢ > 0 we have
/ (0, K)(x',t)dx' =0 forallt >0, (4-98)
Rr—1

which when specialized to t = 1 yields
_ T T
/ d(x")dx' = (/ d(—x") dx') = (/ d(x) dx’) =0. (4-99)
Rr—1 Rr—1 Rn—1
This, (4-92), and Lemma 2.7 applied to ® then give that

lim (®g xh)(x") = (/ d(y") dy’) h(x) =0 forae x' e R" 1. (4-100)
s—0t Rr—1

Fourth, a suitable change of variables, the properties of /2, and Lebesgue’s dominated convergence theorem

also yield
lim (&, % h)(x") = lim / d(')h(x'—sy")dy' = 0. (4-101)
§—>00 §—>00 Rn—]
In concert, (4-96), (4-97), (4-100), (4-101), and (4-53) imply the pointwise convergence
lim (U, .—1 xh)(x') = h(x") forae. x’ € R"7!, (4-102)
e—>0"t ’
Having dispensed of (4-95) and (4-102), we may apply Lebesgue’s dominated convergence theorem to
write
lim (£(x"), (T 1 % h) (X)) dx' = / (£(x), lim (P o1 % h)(xX)) dx’
e—0+ Jpn—1 ’ Rr—1 e—0t ’
= [ e by ax (4-103)
Rr—1

finishing the proof of the claim in (4-91).
From the definition of 4, (4-91), (4-87), and (4-90) we may conclude that

1
\ [ ) £ | = Cllilag s oy (4-104)

In particular, if we define the functional Ajﬁo : HY(R"™1) — C by setting

Ajﬁo(g) = / faogd2™ 1 forevery g € HI(R"™), (4-105)
Rr—1
then (4-104) implies Ajﬁo € (H'(R"1))*; here we also used (4-42). Recalling (4-75), it follows that

1
there exists by, € BMO(R"™!) such that ||by, lBmo®n—1) < C ||M||£(Rn )
+

(4-106)
and Ajﬁo (8) = Jfan—1 bay g 2"~ for every function g € H} (R"™1).

Thus,
/ (bay = fao)g d¢" ' =0 forallge H)(R" ). (4-107)
R~
Hence, if we set vy, 1= boy — foy, then (4-107) implies that

Vg, 1S constant almost everywhere in R"1. (4-108)
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Indeed, if the latter were not true, one could find two bounded Lebesgue-measurable sets £ T E” in
R"~! such that 0 < |E¥| < 00 and vg, (X') <a < b < vg,(y’) forall x’ € E~, y’ € E*. Then

1 15—
gi= 1§++| - Ilf_l belongs to H!(R"!) (4-109)

and, when used in (4-107), forces

0=/ Vo€ dL" ' >b—a>0. (4-110)
Rn—1

This contradiction proves (4-108). In summary, we have shown that by, — fy, is constant almost
everywhere in R"~1. Upon recalling the first line in (4-106), it follows that f,, € BMO(R"~!) with

1
Il fao lBMO@RA—1) = C”M”é(ﬂ%’i)‘ “4-111)
Since ag € {1,..., M} is arbitrary, we may further conclude that f € BMO(R"~!, C™) and satisfies
(4-78), as wanted. 0

In turn, Proposition 4.13 is one of the main ingredients in the proof of the fact that the boundary traces
of vertical shifts of a smooth null-solution of L satisfying a Carleson measure condition in the upper
half-space belong to BMO, uniformly with respect to the shift.

Lemma 4.14. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Suppose u € € (R, cM)
satisfies Lu = 0 in RY, and ||u ||« < 0. For each e >0, set ug(x',t) :=u(x’, t 4¢) for every (x', 1) € R,
and fe = u8|3Rrer. Then for each & > 0 we have f, € BMO(R"™,CM) and

Il fellpmora—1,ca1) < C llue| 5 (4-112)
for some C € (0, 00) independent of e.

Proof. We are going to apply Proposition 4.13 to f.. Note first that by part (d) in Lemma 4.6 we have
foe LYR™ 1,1/ +|x'|") dx")YM ng>°(R*~1,CM). Hence we may define y¢ as in (4-76) associated
with f;, where we recall that ®(x") = 9, KL (x', 1) for every x’ € R* ! and KL (x', 1) =t PL(x"/1)
for every x’ € R, . Also, Lemma 4.7 and (4-55) imply

tue(x', 1) =13, (PF * fo)(x') = (& % fo)(x) forall (x',7) € R (4-113)
Thus part (b) in Lemma 4.6 yields

dx’dt
t

) -
el = sup oo [ 100k fito))
QCRrn—1 101 Jo 0

)
= sup —/ /|8,u5(x/,t)|2tdx/dt
QCRr—1 |Q| 0 [0}

< lluell?s = Cllul3, <oc. (4-114)
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Consequently, we may invoke Proposition 4.13 to conclude that f; € BMO(R"~!, CM) and

1
| felemo@n—1,cmy < C ||Ms||§(R1) < Cllu 5, (4-115)
as wanted. O

The aim in Lemma 4.15 below is to show that derivatives of the kernel function K= are multiples
of molecules in the sense of Hardy space theory. To make this precise, let us recall the definition of
L?(R"1)-molecules for the Hardy space H!(R"~1). Specifically, given ¢ > 0 and a ball B C R*~1, a
function m € L' (R"™1) is said to be an (L?(R"~!), &)-molecule relative to B provided

/ m(x")dx' =0 (4-116)
Rr—1

and
Imll 2y <1BI72,  Imllp2r prak—1 gy < 126 BI7227%¢ forall k € N. (4-117)

Lemma 4.15. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R’ from Theorem 2.3. Then there exists a constant
C € (0, 00) such that for any fixed t > 0, the components of CtVKE(-,t) are (L2(R"™1), 1)-molecules
relative to B,—1(0', t). In particular,

sup [t VKL (- )| g1 @1y < 0. (4-118)
t>0

Consequently, if f € BMO(R"™!,CM) and the sequence { fi}keny C BMO(R"™1, CM) is such that
[ fi] = [f] in the weak-* topology on BMO(R"~1,CM) as k — o0, i.e.,

lim frgds™" ! =/ fgd™ ' forallg e HY(R"™!,CM), (4-119)
Rn—l

k—o0 Rr—1

then for every (x’,t) € R? fixed one has

lim tVKEG =y 1) fi ) dy' = /R

k—o0 Rr—1

1 tVKEX =y 1) f() dy'. (4-120)

Proof. Fix t > 0, set B; := B,_1(0/, ), and write m(x") = t VKL (x', 1) for every x’ € R"~1. We have
already shown in (3-78) that

/ m(x")dx' = 0. (4-121)
Rr—1

Also, by part (5) in Theorem 2.3 we have

1? 1?
|m(x')|2dx'§C/ —dx/SC/ ——dx’
/l;t |x’|<t (t + |x'[)2" |x/|<t 12n

=Ct'"™" <C¢|B:| ", (4-122)
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and, for every k > 1,

t? 12
/ |I’}’I(X/)|2 dX,EC —ldeIEC/ ﬁdxl
2k B\2k—1 B, 2k=1 ¢ <|x|<2k s (4 ]x/[)" 2k B, (2% 1)2"
=272k k )l < c227% |2k B, | (4-123)

for some constant Cg € (0, 0o) independent of k, x’, and ¢. All these give that Cy~ Umis an (L2(R*™1), 1)-
molecule relative to B; and (4-118) follows from the molecular characterization of H'(R"~!); see
[Alvarado and Mitrea 2015].

In addition, for each x’ € R"~! fixed, the function Cy Um(x’—-)isan (L?(R"~1), 1)-molecule relative
to B,—1(x’,t) and therefore belongs to H(R"~!). Hence, (4-120) follows from the definition of the
weak-* convergence. O

We now have all the ingredients to prove Proposition 4.1:

Proof of Proposition 4.1. Under the notation of Lemma 4.14, from (4-112) we know that the sequence
{[f¢]}o<e<1 is bounded in the Banach space BMO(R"~1, CM), By eventually passing to a subsequence,
Alaoglu’s theorem guarantees that there is no loss of generality in assuming that {[ f¢]}o<e<1 converges
weakly in BMO(R"~!,CM) to some [g] € BMO(R"~!,CM), where g €« BMO(R"~!,CM), satisfying

el gvgo@n—1,.c0y =< C Il (4-124)

for some finite constant C > 0 which does not depend on u. Applying Lemma 4.15, for every (x',¢) € R%
fixed we may conclude with the help of (4-75) that

lim V[(P/* fo)(x)] = lim (VK =y 0) fe(9) dy’
e—07T e—01 JRrn—1

= [ TKHG =y 026 dy
= VI(Pf * g)(x)]. (4-125)
On the other hand, by Lemma 4.7 we have
Vu(x',t +6) = Vue(x', 1) = V[(PE * fo)(x')] forall (x,1) € R . (4-126)
Together, (4-125) and (4-126) give (keeping in mind part (a) in Lemma 4.6)
Vu(x',t) = egrg+ Vu(x',t +¢) = V[(PF xg)(x)] forall (x,1) e R". (4-127)
Consequently, there exists C € CM with the property that
u(x',t) = (PExg)(x') +C forall (x',1) e R (4-128)
Then f := g+ C € BMO(R"~!,CM) satisfies, thanks to (4-124) and (1-20),

I/ Ismomn—1,e01) = lIglBmome—1,c0r) = 1[e] | g0 @n—1,cary = C llutllx, (4-129)
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where C > 0 is a finite constant which does not depend on u. Moreover, (2-24) ensures that f €
LYR™ 1 1/(1 + |x'|") dx)™, while formula (4-128) becomes, in light of (2-36), precisely (4-2).
Granted this, the first conclusion in Proposition 3.1 implies that f is the only function in L!(R"™!,
1/(1 + |x|") dx")M for which the representation formula (4-2) holds, u |3'[é'n exists at a.e. point in R*~1,
and f =u gﬁ'n . To conclude the proof of Proposition 4.1 it remains to observe that (4-3) is a consequence
of (4-129), (4-2), and (3-12). |

5. Proofs of Theorems 1.1-1.6 and 1.8-1.10

We begin by presenting the proof of the Fatou-type result stated in Theorem 1.2. The main ingredients
involved are Propositions 3.1, 4.1, and 4.2.

Proof of Theorem 1.2. The implication in (1-39) is seen directly from Proposition 4.1, which also
guarantees the right-to-left inclusion in (1-40). The left-to-right inclusion in (1-40) is a consequence of
Proposition 3.1. Going further, it is clear from definitions that LMO(R?, ) is a linear space on which || - ||«
is a seminorm with null-space CM_ The linear mapping in (1-42) is bounded (by the estimate in (1-39)),
injective (by Proposition 4.2), and surjective (by Proposition 3.1). Moreover, another reference to the
estimate in (1-39) shows that the inverse of the mapping (1-42) is also bounded. Given that BWO(IR{‘F) is
complete, it follows that the quotient space LMO(R} )/ CM is also complete when equipped with ||+ || x. O

Anticipating the proof of Theorem 1.3, below we isolate a key result to the effect that any smooth
null-solution of L satisfying a vanishing Carleson measure condition in the upper half-space converges
vertically to its nontangential boundary trace in BMO.

Lemma 5.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Suppose u € € (R, cM)

satisfies Lu = 0 in R} and |[u|«x < 0o and use Theorem 1.2 to write
= ulit, e BMOR"™!,cM). 5-1
S “|3R+ ( ) (5-1)
For each number & > 0, define ug(x',t) :=u(x', t +¢) for every (x', t) € R%_and consider f; := Ma|3[|q<1 €
BMO(R" ™1, CM) (see Lemma 4.14). Then

|Vu(x',t)|? t dx’ dt is a vanishing

li — n— =0. -2
Carleson measure in [R{’}r = g_lfél+ ¢ f”BMO(R LEM) (5-2)

Proof. By Theorem 1.2 we have u(x’,¢) = (P * f)(x') for every (x',1) € R” . Also, Lemma 4.7 implies
ue(x’,t) = (PE * fe)(x') for every (x',1) € R’ and each & > 0. To proceed, for every (x’,7) € R’} set

ve (', 1) i= (PF* (fo = [N 1)

= (PE* /)X 0) = (PEx fo)(x', 1)
=u(x', 1) —u(x',1). (5-3)
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Given that for each parameter € > 0 the function v, satisfies the hypotheses of Theorem 1.2 and almost
everywhere ve[je, = fe— f € BMO(R”1), it follows that
+
Ife = fllpmon—1,cM) < Cllvellxx = Cllue —u]lxx (5-4)
for every ¢ > 0. Hence, to complete the proof of (5-2) it suffices to show that

e—>07F

To this end, for each r > 0 we introduce

£(0) 2
ol sese.r := sup (/0 ][Q |Vu(x', 1))* ¢t dx/dt) ) (5-6)

QCR"=1 £(Q)=<r
Note that

s, r < [t]lsne,s < [ullsx  if r <s, (5-7)

and the fact that |Vu(x’,¢)|?>t dx’ dt is a vanishing Carleson measure in R”, recall (1-12), may be
rephrased as
[tt][sx,r — O asr—07. (5-8)

We now make the claim that there exists a constant C = C(n, L) € (0, co) such that
= ttell e < C (1ull s mastreey + ullw minfe/r 13) forall ree (0.00).  (5-9)
Assume the claim for now and based on (5-9), for every 0 < r < co, we may write

0 <limsup ||u — ug||sx

=01
< C 1imSup [lew,4 masire) + C s lim sup[min{e/r. 1}
e—>0t e—>0t

Recalling now (5-8), we may further take the limit as » — 0% in the resulting inequality in (5-10) and
conclude that

limsup || u — ug||«+ = O.
e—>0t

This proves (5-5) as wanted.
To finish the proof of the lemma we are left with showing the claim. To do so, we first note that in
light of the notation in (5-6), the reasoning in (4-9) (corresponding to || = 1) yields

3t 1

1 3 2

Z|Vu(x',t)|§C(|Q | [Z/Q |Vu(y',s)|2sdy’ds)
x/ 5 x/

< Cllullsex,2¢ (5-11)

for each (x’,1) € R%, where Q- denotes the cube in R?~! centered at x” with side-length ¢.
Next, fix a cube Q C R"*~! and numbers r, & € (0, o0) and proceed by analyzing the following possible
three cases.
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Case 1: £(Q) < &. Under this assumption, recalling also (5-11) and (5-7), we obtain

17(%)) 1
(/ ][ |Vu8(x/,z)—Vu(x’,t)|2tdx’dt)
o Jo
Q)+ 3 17(9)) 3
([ f wueopiava) +([f wueopiaya)
& (9] 0 0
2¢ %
5([ ][ IVu(th)lztdx/dt) + [l sx,e
e JO

2 Jull} :
o[ Ftar) Sl
&

<C ||u||**,46‘ = C”““**Amax{r,s} (5'12)

for some constant C = C(n, L) € (0, oo) independent of u, ¢, and r.

Case 2: ¢ < £(Q) < r. Note that in this case r = max{r, ¢} and using again (5-11) and (5-7) we have

¢Q) 3 (Q)+e 3
(/ ][ |Vu€(x/,t)—Vu(x’,t)|2tdx’dt) < (/ |Vu(x’,t)|21‘dx/dt) + v | s,
0 0 € o

20(Q) A 3
s( / ][Q Va0 dx dr) S
0

= C”””**Amax{r,s} (5-13)

for some constant C = C(n, L) € (0, o0) independent of u, ¢, and r.

Case 3: £(Q) > max{r, ¢}. In this case, set n := max{r, ¢} and write

) 3
( / |Vug(x', 1) — Vu(x', z)|2zdx/dz)
o Jo

10
< (lla/"[ |Vu8(x/,t)—Vu(x/,t)|2ta’x/dt)z
0Jo

1 () 1
+ (—/ [ |Vus(x/,t)—Vu(x/,t)lztdx/dt)
|Q| n o

=141l (5-14)
To analyze I, let k¢ be the nonnegative integer such that
2kop < £(Q) < 2Rty
Also, consider {Q; }jen, the collection of subcubes of Q with pairwise disjoint interiors, satisfying

0Q;)) = Z_kOK(Q) for each j e N and U Q=0
JEN
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Then £(Q;) € (n,2n] for every j € N. Bearing this in mind and using the fact that ¢ < 1, we may then

= (g [, weorsacar) (g [ e o avar)
’ )
2(%/ ' |V“(X/,I)|2tdx/dt)
26(Q;) 1
01 |Vu(x',1)|? t dx’ dz)
(@l

(| o1 I 2o, |2Q,|)

JEN

estimate

A

| /\

=

IA

(5-15)

Up to this point our treatment involved estimating u, and u separately, without exploiting any potential
cancellations generated by the fact that we are dealing with their difference. However, in the task of
estimating /1, having the difference u, — u plays a crucial role, as seen next. Given (x’,7) € R? , from
Lemma 4.3 we conclude that

IV2u(x, 1)) < Cllullsxt 2. (5-16)
In light of this, the mean value theorem implies that for some 6 € (0, 1) there holds
|Vue(x', 1) = Vu(x', 1) = [Vu(x',t + &) = Vu(x', 1) < |V>u(x',t + 0 ¢)|
< Celullsx (t +0)2
< Cellullsxt™2. (5-17)
Having established (5-17), we may turn to estimating /7 as follows:

LU 5
I = (—/ IVug(x’,t)—Vu(x’,t)lztdx/df)
10] Jy 0

£(0) 3 2 )
< Celuflus (/ - dr) < Cellullaxn
n

= Cé ||u||sx (max{r,e}) ™! = C|lu| +x min{e/r, 1}. (5-18)

In concert, (5-14), (5-15), and (5-18), allow us to conclude that, under the current assumption £(Q) >
max{r, £}, we have

£(Q) 2
(f vt =vue o v 1) = C(Illent st + s minte/ . 13). (519

Combining (5-12), (5-13), and (5-19), we obtain that the estimate in (5-19) actually holds for arbitrary
cubes Q in R~ In turn, the latter yields (5-9) after taking the supremum over all cubes Q in R"~1,
With this, the proof of the lemma is completed. O
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Having proved the convergence result in Lemma 5.1, we are now prepared to present the proof of
Theorem 1.3.

Proof of Theorem 1.3. We start by noticing that since u satisfies the conditions in (1-43), the conclusions
in (1-39) hold. Hence if we set f := u|gh§n , we have that f exists almost everywhere in R”~! and
belongs to BMO(R"~!, CM). To proceed in+showing that £ € VMO(R"~!,CM), for each & > 0 define
ug(x’,t) :=u(x’,t +¢) for every (x’,t) € R%, and f,(x’) := u(x’, ) for every x’ € R*~1. Then from
Lemma 4.14 and part (d) in Lemma 4.6 we obtain f; € BMO(R"~!,CM) N ¢ (R"*~!,CM). In addition,
for every € > 0, based on Lemma 4.3 we obtain

sup  [Va fe(x)]| = sup [Vyu(x',e)| < C5_1”u”** < 00. (5-20)

x’erRn—1 x/eRn—1

Fix r € (0,00) and let Q C R"~! be a cube in R% with £(Q) < r. Then using (5-20) we may estimate

][ () — foldx' < f |(f—fs)(x’>—<f—fs)g|dx’+][ () = (foldx! (521
0 0 0
<1fo— fllmogrtomn + sup [Va ol Vi —1£(Q) (5-22)

x’€eRr—1
<l /e = f llsmown—1,cMm) + Cre™" ||ullss. (5-23)
Hence,
sup ][ |f(x") = foldx" < |l fe— fllamo@n-1,cmy + Cre™ " [[uls. (5-24)
QCR"—1 ¢(Q)<r YO

Letting r — OV first, then sending ¢ — 07 in (5-24) and recalling that since |Vu(x’,¢)|?t dx’ dt is a
vanishing Carleson measure in R’ implication (5-2) holds, we conclude that

lim sup ][ | f(x") = foldx" =0. (5-25)
r>0T gcrr—1 uQ)=r JQ
Hence, f € VMO(R"~!,CM), as wanted.
To complete the proof, it remains to establish (1-45). However, the right-to-left inclusion follows from
(1-44), while the opposite inclusion is a consequence of Proposition 3.1. O

We continue by presenting the proof of Theorem 1.4.

Proof of Theorem 1.4. Consider first the equivalence in item (1) of Theorem 1.4. The fact that f €
BMO(R"~1: CM) implies ||u||+x < 0o is part (e) of Proposition 3.1 and (2-24), whereas the converse
follows from Proposition 4.1. Regarding the equivalence in item (2) of Theorem 1.4, to see that f €
VMO(R"~1; €M) implies |Vu(x’,1)|? t dx’ dt is a vanishing Carleson measure in R% we use what we
just proved in item (1), bearing in mind (1-22), combined with part (f) of Proposition 3.1. The converse
follows from (1-44). O

Having dealt with the Fatou-type results from Theorems 1.2 and 1.3, we turn our attention to the proof
of Theorem 1.1.
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Proof of Theorem 1.1. The fact that the function u defined in (1-30) solves the BMO-Dirichlet boundary
value problem (1-29) follows from Proposition 3.1. By Proposition 4.2, this is the only solution of (1-29).
Next, the double estimate in (1-31) is a direct consequence of (1-30) and (4-3). The uniform BMO
estimate in (1-32) is seen straight from Lemma 4.14.

Moving on, the left-pointing implication in (1-33) follows from Lemma 5.1. For the opposite implication,
invoke part (d) in Lemma 4.6 together with (1-32) to conclude that f is the limit in BMO(R" ™!, CM) of
the sequence {u(-, €)}e>0 C UC(R*™1,CM) N BMO(R"~!,CM). This places f in VMO(R"~!, CM);
see (1-26). Having established this, part (f) in Proposition 3.1 gives that |Vu(x’, )|? t dx’ dt is a vanishing
Carleson measure in R’} . Going further, the equivalence in (1-34) is seen from (1-44) and the last part in
Proposition 3.1.

As regards the equivalence in (1-35), let us first observe that, as is apparent from its definition in (1-13),
the seminorm || - ||« is invariant to horizontal translations. That is, for every u € ¢! (R”, CM) we have

Iz 0yutll s = |ul|sx  for every z/ € R" 1. (5-26)
Given f € VMO(R"~!,CM), the right-pointing implication in (1-34) ensures that
|Vu(x',1)|*t dx’ dt is a vanishing Carleson measure in R”}.. (5-27)
For each z = (Z/,5) € [R{’i we may write, thanks to (5-26) and the estimate in (1-39),
lTzu — s < llTzu — Tz o)t lsx + [Tz 0) 1 — Ul 4
= [|7(0,5)% — U|lxx + [|T(z7,0) 1 — U] 5%
=< Cllu(-,s) = fllsmomr—1,cmy + Clltzr f = f llsmown—1,cM) (5-28)

for some constant C = C(n, L) € (0, 00). In light of (5-27), the left-pointing implication in (1-33), and
(1-28), we then conclude from (5-28) that

lim  ||7zu —uljxx =0, (5-29)

R’}‘_ 3z—0

as wanted. Conversely, suppose now that (5-29) holds. Specializing this to the case when z := (0/, &)
with & > 0 then yields, on account of the estimate in (1-39),

lu(-,e)— f”BMo(Rn—l,CM) <Cllt gu —ullsx« >0 ase— ot. (5-30)

Hence, |[u(-,¢) — flpmowr—1,cm) — 0 as & — 0T which, by virtue of (1-33)—(1-34), implies that

f € VMO(R"™!,CM). This finishes the proofs of the equivalences in part (iv) of the statement.
Finally, all claims about the VMO-Dirichlet boundary value problem (1-36) are direct consequences of

what we have proved up to this point. O

Going further, we present the proof of the quantitative characterization of VMO from Theorem 1.5.

Proof of Theorem 1.5. We shall establish all claims stated with n — 1 in place of n. Fix a modulus of
continuity Y satisfying Y3 < CY on [0, co) for some finite constant C > 0. This implies that

R ceT . (5-31)
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Consider next an arbitrary function ' € VMO(R"™!) and define u € ¢ (R%) by setting u(x’, ) :=
(P2 x f)(x') for (x',1) € R” . Then from item (d) in Lemma 4.6, Theorem 1.1 part (iii), and (1-37)
we conclude that the sequence of functions { f;}s~¢ defined for every € > 0 by f; := u(-,¢) in R"*~!
satisfies, for each ¢ > 0,

fo e €T (R NE*® R NBMO(R" ') and

/ (5-32)
3 f e TR N L®R"!) for every o’ € NI ™! with || > 1,
as well as
“f - f8”BMO(|R"_1) —0 ase— 0+. (5—33)
This establishes (1-51), as well as the stronger claim made in (1-52). O

Going further, we provide the proof of Theorem 1.6.

Proof of Theorem 1.6. First note that condition (1-55) implies that ¢ is continuous on R” \ {0}. As such,
@ is a Lebesgue-measurable function R” which, in turn, ensures that condition (1-56) is meaningful.
To proceed, observe that if f € LY(R", dx/(1+ |x|**#))M then for each x € R" we have

/)] (1+][yp"*e
—Wldy<C .
/[RE” |f(y)||<p(x y)l y = re (1 +|y|)n+e (1+ |x_y|)n+s
<CL+ e /R % dy < co. (5-34)

In light of (2-24) (used here with n+ 1 in place of n), this implies that for every ¢ > 0 the convolution ¢; * f
is well-defined via an absolutely convergent integral whenever the function f belongs to BMO(R”, CM).
In particular, this is the case whenever f € VMO(R",CM).

Next, fix £ > 0 and define

T, f:=q; % f forevery f € BMO(R", CM). (5-35)
We first claim that there exists some constant C € (0, o) independent of ¢ such that
I7: £ llssogen ey < C1l f lmon,cay  forall f € BMO®R",CM). (5-36)

To prove this claim, fix f € BMO(R”, CM) and an arbitrary cube Q in R” with center Xg; then we have
the decomposition

f=(—fo)lwo+ (f = fo)lgmuo + fo. where A:=2./n. (5-37)
Thus, using (1-56) we have
(T f)(x) = T [(f = fo)laol(x) + T [(f — fo)lpm\(h0)l(x) + fo forall x € R", (5-38)

and if we set
co = Ty{(f — fo)lrmo)l(x0) + fo e CMY (5-39)
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it follows that
][Q (T2 £)(x) —col dx
< ][Q T — fo)iol ()| dx + fQ T = fo)lamaol(0) = Tyl(f — fo)lamaol(xo)| dx
=:1+1I. (5-40)

Since f € BMO(R”,CM) we have (f — fo)lo € LY(R",CM). On the other hand, assumption (1-54)
implies that T} is bounded in L' (R", C) uniformly in ¢. In concert with (2-8), this permits us to estimate

1

~ 1ol
C
< @H(f — fo)LiollLr @ cmy = Cll f llsmown cM) (5-41)

I IT[(f = fo)laolllLr e o)y

for some C € (0, co) independent of f, O, and ¢. To treat /1, first we derive a pointwise estimate. For
each x € Q we have

T — follgmaol @) — Tel(f — fo)lamaol(xro)|
5z—"[ If(y)—fgl‘w(—x_y) —qo(—xQ _y)'dy. (5-42)
RT\AQ t 1

Next, pick some arbitrary x € Q and y € R” \ AQ; then consider z := (xp — y)/t € R" \ {0} and
h:=(x—xg)/t € R" Since in view of the choice of A in (5-37) we have

|h| < Vib(©Q) _ AUQ) < H, (5-43)
21 41 2
it follows from (1-55) that
x=y\_ (x0—Yy\|_ B Clh|®
()= o(4) =tete g = S
CUQ)t" CL(Q)t" (5.44)

Ty —xol"tE T (U(Q) + [y —xo)n e
Combining (5-42)—(5-44) with (2-21) (used here with n + 1 in place of n) and part (c) in Lemma 2.1, it
follows that

}Tt[(f_fQ)an\)LQ](X)—Tt[(f_fQ)an\AQ](XQ)| <CL(0)® /IR” (Z(Qlfify):){g:)nﬂ

o0 dA
<c /1 0se1 (1 AU0) 54

<C|lflpmo@ncmy forallxe @,  (5-45)

where C € (0, 00) is independent of f, Q and ¢. From (5-45) and (5-40) we obtain

I < C| fllsmown,cM) (5-46)
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for some C € (0, co) independent of f, Q, and ¢. In concert, (5-40), (5-41), and (5-46) yield
][Q (T2 /(@) = ol dx = C Il f lviogen vy (5-47)

with cg € CM asin (5-39). In view of (2-9), this ultimately implies the claim in (5-36).
The second claim we make is that there exists some constant C € (0, oo) with the property that for
every ¢ > 0 and every 7 € (0, &) there holds

”Ttg — g”LOO(R",CM) < Clan”‘{.”(R”,CM) for all g € %H(Rn, (DM) (5-48)

To prove this claim, fix > 0, € (0,¢), g € €"(R",CM), and, for x € R" arbitrary, estimate

T =) = [ lglr==gllgn)] dy

Ik
< M1l [y o)l dy

< Mgl ey [ I (417
= Ctn||g||~7;?n(Rn,CM) (5-49)

for some constant C = C(e, 1, 1, ¢) € (0, 00) independent of ¢ and g. The first inequality in (5-49) relies
on (1-56), for the third one we have used (1-54) and the change of variables z = y /¢, while the last one
is a consequence of having 1 € (0, &).

Here is the argument involved in the endgame of the proof of Theorem 1.6. Fix n € (0, ¢) and given
f € VMO(R", CM) pick g € €"(R", CM) N BMO(R", CM). Then for each ¢ > 0, we use (5-36) and
(5-48) to estimate

ITe f — flemown,cmy = Tt (f — &) lemomwr,cmy + 17t — & llsmown ,cmy + 118 — f lBMmo@n o)
< Clig = fllsmomn,cmy + 2[Tt g — &l Loo mn o)

<Clig - fllpmomr,crry + Ct"lIgllgn(n o) (5-50)
Thus,
lim SlJer 1Tt f = fllsmown,cmy = Cllg — fllsmown,cm)- (5-51)
t—0

Now (1-57) follows from (5-51) in light of the density result recorded in (1-62).

To prove the very last claim in the statement of Theorem 1.6, let ¢ € 1 (R", CM*M) be a function
satisfying (1-58). Then for each x € R \ {0} and /& € R" with |h| < |x|/2 the mean value theorem permits
us to estimate

lp(x +h)—e(x)| <|h] sup [(Ve)()]
Eelx,x+h]

. Ch
<Clh| sup (1+[g)™ =< .
gelx.x+h] x|+

(5-52)
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Hence, both (1-54) and (1-55) hold with ¢ = 1 in this case, so the left-pointing implication in (1-59) is a
consequence of (1-57).

As regards the right-pointing implication in (1-59), let us first observe that from (1-56) and (1-58) we
have

/ ;@) ((x—y)/t)dy =0 forall x e R", forall j €{l,...,n}. (5-33)
Rn

Next, given a function f € BMO(R”,CM), fix x € R” and ¢ > 0 arbitrary and denote by Q. ; the cube
in R" centered at x and of side-length . As usual, abbreviate fp, , 1= fo,t f(y)dy. On account of
(5-53), (1-58), (2-21) (used here with ¢ = 1 and 7 in place of n — 1), and (2-15) (used with p =1 and n
in place of n — 1), for each j € {1,...,n} we may then estimate

[am(*72)rma)

Rn

[oo(*)rm-sold

<c [ I by < et fpwogen o (5-54)

n [t x—ylrtt o T

for some constant C € (0, co) independent of f, x,¢. In concert with (5-36), this proves that

10 (@ % ) =177

— t—n—l

¢ * f € BMOR",CM) N Lip(R",CM) for each ¢ > 0. (5-55)

With this in hand, the right-pointing implication in (1-59) readily follows (compare with (1-64)), finishing
the proof of Theorem 1.6. O

The proof of the negative result stated in Theorem 1.8 is discussed next.

Proof of Theorem 1.8. From [Bourdaud 2002, Proposition 9, p. 1208] we know that there exists f €
¢ *°(R") such that
% f e BMO(R") for all @ € N, (5-56)
and
inf{|| /' — gllemo(m) : & € L™ (R")} > 0. (5-57)
In concert with [loc. cit., Lemme 6, p. 1211], property (5-56) (used for multi-indices o € N§ with |« = 1)
gives f € UC(R"). By once again using (5-56) (with |a| = 0), this proves that f € UC(R") NBMO(R");
hence f € VMO(R"). On the other hand, (5-57) implies that f does not belong to the closure of
L°°(R"™) in BMO(R"); hence also f does not belong to the closure of UC(R") N L°°(R") in BMO(R").
Ultimately, this proves that the space UC(R") N L°°(R") is not dense in VMO(R"). |

The penultimate proof in this section is that of Theorem 1.9.

Proof of Theorem 1.9. That for each f € BMO(R") the measure s associated with f* as in (1-69)
satisfies Carleson’s condition

dx dt
t

1 (U9
I lleyrry = sup 50 /0 Ql(wt*f)(x)l2 < Cll f igpmoqn) (5-58)

OCRn
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for some constant C € (0, oo) which depends only on the dimension » and the constant in (1-68), is fairly
standard. Specifically, having fixed an arbitrary cube Q C R", take the decomposition f = fo+ foo+ f20,

where fo:= (f — f20)120 and foo := (f — f20)1p\20. On account of the cancellation property of v,
we may write ¥y x f = ¥ % fo + ¥ * foo. Then, on the one hand,

dx dt
t

dx dt

1 1409 . i
il e R S < e e
<clol” 1||f0||L2(Rn)_C|| f||BMO(Rn), (5-59)

thanks to the square-function estimate (3-43) in Proposition 3.3 (used with n replaced by n 4+ 1 and the
kernel 6(x,t;y) := Y (x — y) for each x, y € R", ¢ > 0), and (2-15). On the other hand, for each x € Q
and ¢ € (0,£(Q)) we may estimate

Gex o0l < [

o(72) 1700 ot

<c / If(y)—szJlrl dy§th |f(J’)_f2+Ql|d
re\20 [t + |x —y|]" ri\20 |[Xo —y|"

/) — faol cr _
< cz/Rn 0+ e - 4 = gy I v, (5-60)

by virtue of (2-21) in Lemma 2.2 (used with n replaced by n + 1 and ¢ = 1). Combining (5-59) with
(5-60) then readily yields (5-58).
Let us next observe that if g € €"(R") for some 7 € (0, 1) then for each x € R* and ¢ > 0 we may

estimate, on account of (1-68),
Wex 0w =| [ 000 -

< lellingery [, e IyP" dy

|y["

o (3 it @ = € g ln . (5-61)

= Ctn”g”%’n([@n)

Assume now that some function f € BMO(R") has been fixed. Pick n € (0,1) and choose g €
%" (R") N BMO(R") arbitrary. Then, making use of (5-58) and (5-61), for each cube Q C R” we may
bound

dxdt

£(0Q)
2
|Q|[ e+ )]

2 49 dx dt

< _ 2
=10] I(Wz*(f gNM" —

<C|f- g||BMO(Rn) +CUO* Mg N2 - (5-62)

dx dt

£(0)
2
|Q|f e % )]
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In turn, (5-62) allows us to conclude that

dx dt

)
im | sop — / e * )P <CIf — g Proan. (5-63)
r—>0+{ ocrr 1Ol Jo  Jo ! t BMO(R")

L(Q)<r

which, after taking the infimum over all g € €7 (R") N BMO(R”) and bearing in mind the density result
in (1-62), yields (1-70). O

We conclude this section by giving the proof of Theorem 1.10.

Proof of Theorem 1.10. Fix f € BMO(R”, CM) and let u be the unique solution u of the BMO-Dirichlet
boundary value problem (1-29) for L in R’} with boundary datum f. By (1-30) in Theorem 1.1, we have
(with PL denoting the Poisson kernel for L in R’ from Theorem 2.3)

w0 = (PEx ) = [ K=y 0f00d for (R (569
+

where KL is as in (2-37). Consider now

V(') =W, ¥n) = (0, KE) (', 1)1<j<n foreach z/ e R" L. (5-65)
Then, from item (4) and (2-39) in Theorem 2.3 we deduce that y; € ¢ (R, CM*M)) for each
j €{l,...,n} and there exists some constant C € (0, c0) such that
|y (z)| < ¢ and |Vy(Z)] < ¢ for each z’ € R"~! (5-66)
-+ (Lt '

We also claim that

Vi (z')dz' =0e CM*M  foreach j € {l,...,n}. (5-67)
Rnfl

To see why (5-67) is true, note that based on (5-65) and (2-37) we have
vi(z')=19; PL(Z) forallz’ e R" 'andeach j €{l,...,n—1}, (5-68)
while

Un(zZ) =1 =n)PE()—2 - VPE() forall 2/ e R" L. (5-69)

Now (5-67) follows from (5-68)—(5-69) and (2-35) via integration by parts.
Next, for each x’ € R”~! and ¢ > 0 set ¥;(x’) := ¢ '™y (x’/t). Then from item (5) in Theorem 2.3 it
follows that VKL is homogeneous of order —n; thus

Y (x) = t"TNVKE) X/, 1) = t(VKE)(x', 1) foreach (x/,1) e R%L. (5-70)

Combining (5-64) and (5-70) yields

(Vi = [ KD =0 £y = (e ) (5-71)
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for each x’ € R"~! and each ¢ > 0. Consequently,

dx'dt

Yo * )P = 1|(Vu)(x", )[> dx’ dr. (5-72)

In light of (5-66)—(5-67) we see that Theorem 1.9 applies componentwise in the current setting (with n

replaced by n — 1) and yields a constant C for which (1-70) holds. The latter becomes (1-72) by invoking
(5-72) and finishes the proof of the theorem. O

6. Proof of the well-posedness of the Morrey—Campanato—Dirichlet problem

This section is devoted to presenting the proof of Theorem 1.21. Throughout fix p, g € [1, 00). We divide
the proof into several steps, the starting point being the following claim:

Step 1: There exists a constant C = C(n, L, n) € (0,00) such that if f € &TP(R" ™1, CM) then the
unction u given at every point (x',t) € R by u(x’,t) := (PF x f)(x' is well-defined (via an absolutely
+
convergent integral) and satisfies u € €*°(R™,CM), Lu=0in R%, BR” = fae inR" aswell as
sup [/ (Vi )] < €L £ (6-1)
(x’,t)eRf‘,_

The fact that u is well-defined and is a smooth null-solution of L in the upper half-space whose
nontangential trace matches f a.e. in R*~1 follows from (2-25) with ¢ = 1 and item (7) in Theorem 2.3.
To proceed, fix an arbitrary point (x",¢) € R’ and, making use of (3-6) and (2-17), estimate

C [e.°]
Vu)(x. 1) < — At @.2), 6-2
.ol = [ oser(rian 55 = 18 ©2)
from which (6-1) readily follows.
Step 2: For every function u € € (R™, CM) there holds
_1 _
Il < @2 sup [V o)) (6-3)

(x’,t)e[R{’j_
This is readily seen from (1-160).

Step 3: There exists a constant C = C(n, L,n,q) € (0,00) with the property that for every function
u € €°(R",CM) satisfying Lu = 0 in R there holds

sup  [t"7|(Vu) (L 1)[] < C Jlu )| %9 (6-4)
(x’,t)eRf‘i_

For each fixed point (x’,7) € R} use Theorem 2.4 and repeated applications of Holder’s inequality in
order to estimate (recall that Q- ; is the cube in R*~1 centered at x” and of side-length t)

(Vu)(x', )| < C ][ (V) (v 5)| dy ds
Qx’,tx(%’%
= C][QX/', (][ [(Vu)(y', )| ds) dy’

2’2
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< C(][Qx/_, (][(532, |(Vu)(y', 5] ds) dy)
s (][Qx,gt (][(3’3;) [(Vu)(y',5)%s ds)2 dy/)"
<Ct~ 2

ccr(f, ([ wmororsa) o)

< Ct_l (3;
|§Qx’,t

< Co" M| 0,

e(%Qx’,t) % é
/ ( / (Vi) (. 5) s ds) dy’)
%Qx’,t 0

(6-5)
where the last inequality is a consequence of (1-160). With this in hand, (6-4) follows.
Step 4: For every function u € € (R™, CM) one has

— 2
wp HOZHO (. 2)
x,y€eR’ lx —y|"

n) P [t (V) (x" )]
X#y

n
(x/,t)e[R{+

(6-6)
In fact, the opposite inequality holds for smooth null-solutions of L in the upper half-space. Specifically,
there exists a constant C = C(n, L, 1) € (0, 00) with the property that for every function u € €*°(R",CM)
satisfying Lu = 0 in RY there holds

sup  [t177|(Vu)(x',1)|]] < C  sup |u(x)—u(y)|. (6-7)
(x1)ER x,yERT |x—y|fl
x#y
To justify (6-6), abbreviate
[t (Vi) (1)) (6-8)
(x}1)eRr}
Pick two arbitrary distinct points x = (x’,1) e R", y = ()’,s) € R", and set r := |x — y| > 0. Then

rTMu(x)—u(y)| <1+ 11 +111,
where

(6-9)
Ii=r"Mux',t)—u(x',t +7r))|,
I :=r Mu(xX' t +r)—u(y',s +r)|, (6-10)
HI :=r"Tu(y s +r)—u@y,s)|.

Then by the fundamental theorem of calculus and the assumption on u,

I=r""u(x',t)—ux',t+r)=r""

!

/ Buu) (. 1 +s>ds‘
0

r r

< ™" / (-6 dE < Cypr ™ / 11 g

0 0

= (]u’nr_”n_lr’7 = Cun/n.

(6-11)
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Moreover, /1] may be estimated in a similar manner (with the same bound C, ;/n), while
H=r""ux,t+r)—u(y',s+r)|

=pr 7

1
/ j—e[u(e(x/,t +r)+(1=0)(',s+r))] d@'
0

=70

1
/ x' =y t=5)- (VO t +r)+ 1 =0)(',s +71)) dQ‘
0

1
<Cyqr Tx—y| / [dist(@(x", ¢ +7)+ (1 =0)(y',s +7),0R")]""1 db
0

1
<Cynr "r / [(1=0)s+0t+7r)""1d0 < Cypr " rr" 1 =Cyyp. (6-12)
0

Now (6-6) follows from (6-9)—(6-12).

Consider next (6-7). Recall (2-1). Fix a point x = (x/,1) € R and write Ry for the cube in R”
centered at x with side-length 7 /2. Using that the function u(-) —u(x) is a null-solution of the system L,
we may apply Theorem 2.4 (with £ = 1 and p = 1) to write

(Vi)' 1)] < € ][R u(y) —u(x)| dy

< Clluluguy oo f. 1= 17 dy
e T
=< C”u”fn([pgf_li_’@M) 1" (6-13)
This readily implies (6-7).

Step 5: There exists a constant C = C(n, n) € (0, 00) such that for every continuous function f R~ —
CM one has

S = fOOI

IFISP <€ sup Ty (6-14)
x’,y’eR”_l Yy
x'#y’
In particular, the inclusion
TR, CM)y — PR, CM) s continuous. (6-15)

This is a direct consequence of (1-157).

Step 6: Given f € &P (R, CM), the function u defined as in (1-30) solves the Dirichlet boundary
value problem (1-161) and obeys the estimates in (1-162). Moreover, u € €" ([R71 ,CM) and (1-163) holds
as well.

Fix an arbitrary function f € &2 (R*~1,CM). From Step 1 we know that u given as in (1-30) is
well-defined, u € ¥*°(R” ,CM), Lu=0inR", = u|3§;1 a.e. in R”, and satisfies (6-1). To proceed,
observe that when used in concert, (6-1) and (6-3) imply that

| %D < | £ 0P). (6-16)
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Hence, ||u ||Sff,:q) < 00. On the other hand, combining the results proved in Steps 3 and 4 establishes the
membership of u to €7 (R, CM) = €"(R", CM), see (2-2), along with the estimate
el cary < C lull 5. (6-17)
Thanks to (6-16)—(6-17) and (2-2), we therefore have u € €™ (W ,CM) and
||f||<,,én(Rn—l,q:M) = ||”|3[§f3r ||(g'n(R"—‘,CM)
= ||“|3[Rf’|r ||cg'n(Rn—l ,CM)
< 1l oory = Nl gy oy
< Clul%? < ). (6-18)
Using (6-14) and recycling part of the above estimate then yields
|FUS P < CULF llgngan— ooy < C el 52, (6-19)
At this stage, all desired properties of u have been established.
Step 7: Assume that u € €°(R".,CM)n&n RY, CM) for some n € (0, 1) satisfies Lu = 0 in R Then

L . 1 M
M -1 ~M 1 —1 /
u E%U(Rn ,C ), M|3R1 E%H(Rn ,C ) CcL (Rn ,mdx ) (6—20)
and
u(x’,1) = (PE « (ulage ) () forall (x',1) € R (6-21)

To justify this, observe that the two memberships listed in (6-20) are direct consequences of (2-2),
while the inclusion in (6-20) was proved earlier; see (2-26).
For each fixed ¢ > 0 consider now the function

ug(+) :=u(- +ee,) inRY, (6-22)
which satisfies

ug € R, CM), Luz;=0in R and
ue € "R, CM)  with tsllegn @ ey = Mtllgngr cory. @29
These and (6-7) yield
sup |(Vue)(x)| = C(L, 7778)||u||<({)”(R1,CM)' (6-24)
XGR+

In light of (6-23) (which implies that u, is bounded on bounded subsets of @ ), (6-24) allows us to
conclude that
ug € Woi? (R, CM). (6-25)

Going further, set f3(x’) := u(x’, €) for each x’ € R"~1. Then, on the one hand,

| fe(x) = fe O = u(x", &) —u(y',e)| < ||u||<55n(R1,CM)|x/_y/|n forall x', y" € R"™1. (6-26)
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On the other hand, for all x’, y’ € R"~! we have (with V’ denoting the gradient in the first 7 — 1 variables
in R*~1)
| fe(xX) = fe D = lu(x'.e) —u(y", &) < |x'—=y'| sup [(V'u)(z' e)|

Z/e[x/’y/]
==Y sup (Vg2 e/2)]
z/e[x/,y/]
< I = | C(L, 0,8/ 2) [l g, oo (6-27)

where the last inequality uses (6-24) (written for u,/, and for x = (z’,&/2)). A logarithmically con-
vex combination of (6-26)—(6-27) then proves that for every 6 € [, 1] there exists a finite constant
C(0, L,e,u) > 0 such that

| fe(x")— fe ()| < C(O,L,e,u)|x’ —y’|0 for all x’, y' e R* L. (6-28)
Hence,
fee () ¢°@®@.cM). (6-29)
n<6<1

Combining (6-29), (6-15), and Step 6 then shows that the function

we(x',1) := (PE % fo)(x') forall (x',1) € R (6-30)
satisfies
we € PR, CM), Lw,=0inR%, wee [ ¢°®L.CM). (6-31)
n<6<1

In addition, from (6-28)—(6-30), Step 5, and Step 1, we see that w, has the property that for each 6 € [n, 1)
there exists a finite constant C (6, L, &, u) > 0 such that

[dist(x, IR™)]' 0| (Vwe) (x)| < C (8, L,e,u) forall x € R™. (6-32)

In particular, choosing 6 € (max{r], %}, 1), the latter property allows us to estimate for every R > 0

/ |(Vwe)(x)|2 dx < C(6, L, &,u) [dist(x, IR")]>OD dx
B(0,R)NR", B(0,R)NR",

=C(0,L,e,R,u) < +oc. (6-33)

In concert with the last property in (6-31) (which goes to show that w, is bounded on bounded subsets
of @), this permits us to conclude that

we € W ? (R, CM), (6-34)

From (6-23), (6-25), (6-30), (6-31), and (6-34), we then conclude that the function v, := u, — w, belongs
to €°°(R", CM) and satisfies

ve € WP (R, CMy g™ (R, CM),  Lv, =0in R%, Vel = 0. (6-35)
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Moreover, the Holder property gives the growth estimate
[ve(x)] < C(1+|x|") forall x € R, (6-36)

where C := max{||v8||(g~n(Ri,CM), [ve(0)|} € (0, 00).
The estimates near the boundary from Proposition 2.5 then imply (by sending p — oo) that v, = 0.
This ultimately translates into saying that for each ¢ > 0 we have

u(x'.t +¢) = (PEx fo)(x") forall (x',1) € R7. (6-37)
Let us also note that for each ¢ > 0,
sup | () —u(y 0= sup (&) —u(y,0)| <&l pnm crrye  (6-38)
y’eR”_l y’eR"—l +
Hence, f; — “|8R1 as ¢ — 0T, uniformly in R"~1. Since PtL is absolutely integrable in R”~1, formula
(6-21) then readily follows by passing to limit ¢ — 0T in (6-37).
Step 8: Assume that

ued®®R, M), Lu=0inR%, |u]%? <o, ulfin = 0. (6-39)

Then necessarily u =0 in RY..
This is a consequence of Steps 3, 4, and 7.

Step 9: The end-game in the proof of Theorem 1.21.
Existence for the Dirichlet boundary value problem (1-161) follows from Step 6. Uniqueness of the
Dirichlet boundary value problem (1-161) is seen from Step 8.

7. Calderén-Zygmund operators on VMO

The main goal of this section is to develop the machinery which eventually permits us to prove
Theorem 1.13.

We begin by recalling, see, e.g., [Stein 1993, Theorem 1, p. 91], that for each ¢ € (0, o0), the Hardy
space H?(R™) consists of tempered distributions g in R” with the property that their radial maximal
function, defined as (Myaq g)(X) :=sup,~q |(P; * g)(x)| for each x € R” (where @ is a fixed background
Schwartz function in R” with [, ®d.£" # 0 and ®;(x) := 7" ®(x/t) for each r > 0 and x € R"),
satisfies

gl e mny = [ Mrad &l L ®n) < +00. (7-1)
It is then well known that

HIR") = LYR") if 1 <q < oco. (7-2)

Another classical result in harmonic analysis, see, e.g., [Stein 1993, Theorem 2, p. 107] or [Garcia-Cuerva
and Rubio de Francia 1985, Theorem 4.10, p. 283], is the fact that distributions belonging to H?(R")
with ¢ € (0, 1] admit atomic decompositions. To elaborate on this aspect, having fixed r € [1, oo}, call a
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Lebesgue-measurable function a : R* — C a (g, r)-atom provided there exists a cube Q C R” such that
the following localization, normalization, and cancellation properties hold:

suppa € 0, llallr@ny <1077, and / ¥ a(x) dx = 0 (7-3)
RIZ

for every multi-index o € Njj with || <n(1/g —1). Then, given g € (0, 1] and r € [1, oo] with ¢ < r, any
g € H4(R") may be written as g = ZjeN Ajaj in H9(R") for a numerical sequence {A; };en satisfying
(ZjeN |Aj |‘1)1/q ~ || gll e ) and with each a; a (g, r)-atom. In particular, this implies that if for each
g €(0,1] and r € [1, o] with ¢ < r we let HL" (R") stand for the vector space consisting of all finite
linear combinations of (¢, r)-atoms, then

HE @) =) f € Loy ®): [ 5 f)dx=0itfal <n(} - 1)} ,

HIT(R") Cc HY(R") densely, and H; (R")<C HI"(R")if0<s<gq.

(7-4)

It turns out that if a given distribution g € HZ(R") with 0 < ¢ < 1 additionally belongs to a Lebesgue
space, or another Hardy space, then one may perform an atomic decomposition which converges to g
simultaneously in all the said spaces. This is made precise in the lemma below.

Lemma 7.1. Suppose 0 < p <oo, 0<g <1, re(l,00)withr > p,and 0 <s <min{p, q} are given.
Then for any g € H1(R") N HP (R") one can find a sequence {gn}Nen C HﬁSI’lr (R™) which converges
to g both in H4(R") and in H? (R").

Proof. Following the suggestion in [Pipher and Verchota 1992, p. 948] (where the treatment in the case
p = 2 and g = 1 is outlined), we revisit the technology used to perform atomic decompositions of
distributions in H?(R") presented in [Torchinsky 1986, pp. 345-348], from which we borrow notation
and results; see also the proof of [Garcia-Cuerva and Rubio de Francia 1985, Theorem 4.6, pp. 278-282].
The starting point is the consideration of a function v as in [Torchinsky 1986, Lemma 1.7, p. 345].
Among other things,

¥ € 6°(RY), / Xy (x)dx =0 if o] < n(% - 1) and V¥ is radial. (7-5)
Rﬂ

The latter condition implies that 1@, the Fourier transform of v, normalized as in [Mitrea 2013], is also
radial. Hence, there exists a real-valued function ¥ defined on [0, co) such that U(x) = ¥ (|x|) for each
x € R™. Note that ¥ necessarily satisfies

U € €°([0,00)), ¥(0)=0, and  has rapid decay at infinity. (7-6)

For each ¢ > 0 define ¥;(x) :=t "¢ (x/t) for every x € R
Fix now an arbitrary distribution g € H?(R"). From [Torchinsky 1986, Proposition 1.9, p. 346] and

the formula at the bottom of page 347 in that paper we know that there exists
a partition {7}  }; x of [R{'jr"'l consisting of pairwise disjoint

7-7
measurable sets which depend only on g 77
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such that, if P2 is the Poisson kernel for the Laplacian in R"*! (see (4-80) with n replaced by n + 1)
and P,A (x) :=1""P2(x/t) for each x € R" and ¢ > 0, then the following properties hold:

(a) For each j, k, the function
wu)= [ PR O D dydr xR (7-8)
is a multiple of an (s, r)-atom.
(b) Moreover, each a; i is also a multiple of an (g, )-atom, and if we write
ajr =Ajxdjy forsome A € Cand d;x a genuine (g, r)-atom, (7-9)

then there exists a constant C > 0, independent of g, with the property that

1

(Z M,—,qu)q < Cllglma@n- (7-10)

j.k

(c) One has
g=) ajr in HIR"). (7-11)
J.k
If we now set
gni= Y  aj; foreach N €N, (7-12)
Jj+k<N

then each gy belongs to H;" (R") C Hgn’r (R™), and (7-11) implies
lim gy =g in HY(R"). (7-13)
N —o0

Next, if 0 < p <1 and g € HZ(R") N H?(R"), then running the same argument as in (7-7)—(7-13)
(in which we now view g as a distribution in H?(R")) leads to the conclusion that the sequence
{gn}nen C HS" (R™) constructed earlier in (7-12) also satisfies

lim gy =g in H?(R"). (7-14)
N—o0

The lemma is therefore established in the case when p € (0, 1].
Henceforth, consider the case when 1 < p < o0, i.e., assume g € HZ(R") N L? (R"); see (7-2). The
goal is to show that, with gy as in (7-12), we also have

lim gy =g in LP(R"). (7-15)
N—o0

This requires some preparation. Since the radial maximal function of g is pointwise dominated by a
multiple of the Hardy-Littlewood maximal function of g, see, e.g., [Stein 1993, (16), p. 57], it follows that
M;aq g € LP(R")N LY (R™). Given that in the current case ¢ < 1 < p, this forces Mg g € L' (R"); hence
g € H'(R"). With this in hand, the same reasoning that has led to (7-13) now gives limy 00 gn = &
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in H!(R™). This further implies limy o0 gy = g in L!(R™); hence also (by eventually restricting the
index N to a subsequence of N)

lim gy(x)=g(x) forae.xeR" (7-16)
N —o0
Consequently, if we set
Dy:= | Tjx foreach N eN, (7-17)
Jj+k<N

then for each M, N € N with N < M we have
gm(x) —gn(x) = / 9 (P )0 Y:(y —x)dydt, xeR" (7-18)
Dy \Dy

Hence, if p’ is such that 1/p+1/p’ = 1, for each function i+ € L? (R") and M, N € N such that N < M
we may write

| e —em@hdr= [ apfeerdyar. @19

Dy \Dn

Next, define
G(y,t):=13,(PL*)(»), F(y.1):= W *h)(y).
and Gy(y.1):=1p,(y.1)-G(y,1)

for each (y,¢) € [R'jr+1 and N € N. With the Lusin area function .4 defined as in (4-64) (with n replaced
by n 4+ 1), from (7-19), Lemma 4.11 (used with n replaced by n 4 1), and Holder’s inequality we see that

(7-20)

‘/ (8m —gN)(X)h(x) dx| < C|AF || Lo gy | AGM —GN) llLr @) (7-21)
Rn
We claim that there exists a finite constant C > 0, independent of %, such that

IAF L p gny = C AL @y (7-22)
and that
A(G—-Gy)—0 in LP(R")as N — oo. (7-23)

Granted these, we may then conclude from (7-21) that

- (gm—gnN)(x)h(x)dx

lgpr—gnllLr@n) = sup
heL?" ®), 1Al pr @n\<1

<Cl|AGM—GnN)IlLr@r)
<Cl|AGMu—=G)|Lr@)+CI|AGN=G)|Lr@)—0 as M,N —o0; (7-24)

thus, {gn } Nen is Cauchy in L?(R"). The latter combined with (7-16) yields (7-15).
Turning our attention to (7-22) we first observe that

||AF||LP/(R,1) = C||S@h||Lp/(Rn), (7-25)
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where Sg@ is as in (3-42) (with n replaced by n + 1) corresponding to

(Oh)(,1) 1= /R Yi(y —2)h(z)dz forall (y,1) e R (7-26)

Since the kernel 6(y,t;z) := ¥;(y — z) of the operator ® satisfies (with ¢ = 1 and n replaced

by n 4+ 1) (3-16), (3-17), and (3-41), the hypotheses of Proposition 3.3 are satisfied, and (3-44) gives that

I1SehllLr @ny < CllhllLp @ny- The estimate claimed in (7-22) now follows from this and (7-25).
Finally, consider the claim made in (7-23). For starters, observe that

0<AGy < AG inR", foreach N € N. (7-27)
Also,
IAG|Lr@®ry = [ISegllLr@my (7-28)

where now the operator ® is taken to be
®g)(y,t):= / t8t(PtA(y —2z))g(z)dz forall (y,t) € [RTLI. (7-29)
Rﬂ

Since its kernel 0(y,t;z) := tat(P,A (y — z)) once again satisfies (with ¢ = 1 and n replaced by n + 1)
(3-16), (3-17), and (3-41), Proposition 3.3 applies and (3-44) guarantees that | Seg||1»®) < ClIgllLr @®n)-
Together with (7-28), this shows that

AG € LP(R"). (7-30)
In particular, there exists a Lebesgue-measurable set £ € R” satisfying
ZL"(E)=0 and (AG)(x) < +oo foreach x e R"\ E. (7-31)

For each fixed x € R" \ E, we have

dy dz)i

— 2
UG-G = ([ 1y, 0:01600F T (132
and the fact that (AG)(x) < +oco implies that
dy dt
0= Ipin, p, 612161 < 22T, S ). (7-33)

Since, clearly, 1n+1 \Dn |G| converges pointwise to zero as N — oo, Lebesgue’s dominated convergence
theorem applies and gives that (A(G—Gx))(x) — 0 as N — co. With this in hand, one more application of
Lebesgue’s dominated convergence theorem (bearing in mind (7-30), (7-27), and the fact that #"(E) = 0)
proves (7-23). This completes the proof of Lemma 7.1. O

Having disposed of Lemma 7.1, we now proceed to show that the BMO-H'! duality pairing is compatible
with integral pairing for dual Lebesgue spaces, as made precise in the next lemma. As a preamble, we
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recall the specific nature of the duality pairing (-, - ) between BW)(R”) and H'!(R"). Concretely, [Stein
1993, Theorem 1, p. 142] gives that for each r € (1, o0]

([f]. &)= / fegd™ forall f € BMO(R"), forall g € Hf}I;r(R”), (7-34)
Rn

which further implies that whenever f € BMO(R"), g € H!(R"), and {gn}nen C Hﬁlr;r (R™) is such
that limy 00 g§ = g in H(R"), then
lim fen dZ" exists and equals ([ ], g). (7-35)
N—oo Jrn
As a consequence, whenever f € BMO(R"), and g € H!(R") may be written as g = ) jenAjaj in
H'(R") for a numerical sequence {A;};en satisfying ZjeN |Aj| < oo and with each a; a (1, r)-atom,
we may write
o0
1A1e) =D [ fajaz". (7-36
‘ Rn
Jj=1
Lemma 7.2. Consider f € BMO(R") N L? (R") and g € H'(R") N LP(R™), where p, p’ € (1, 00) are
such that 1/ p + 1/ p’ = 1. Then, with (-, ) denoting the BMO-H ! duality bracket, one has

([f].g) = . fgdL”. (7-37)

Proof. Having picked r € [p,00), Lemma 7.1 guarantees the existence of a sequence {gn}nen &
Hﬁlr;r ([RE”) such that limy oo gv = g both in H!(R") and in L? (R"). Then, thanks to (7-35) and the
LP-LP duality, we have

(1f1e) = fim [ fowdz' = [ feaz", (7-38)
N—o0 Jpn R”
which establishes (7-37). o
Recall from [Garcia-Cuerva and Rubio de Francia 1985, Theorem 5.30, p. 307] that
. 1
(HURY) = €"®")/~ Lo <q<l 1= n(— - 1) €(0,1). (7-39)
n q

The manner in which the Hoélder—Hardy duality is understood in (7-39) is similar to (7-34)—(7-35).
Specifically, with (-,-) denoting the said Holder-Hardy duality bracket, ¢, n as in (7-39), and with
r € (1, oo] fixed, we have

(fle)= | fegdg™ foral fe€"(R"), forall g e HL (R"). (7-40)
RH

This further implies that whenever f € €"(R"), g € HZ(R"), and {gn}nen € Hfffr;r([R{”) is such that
limy o0 gn = g in H4(R"), then

lim fen d <" exists and equals ([ ], g). (7-41)

N—oo Jrn
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In particular, whenever f € ¢"(R"), and g € H?(R") may be written as g = ZjeN Aja; in H4(R")
for a numerical sequence {A;};en satisfying ) jen 1A |9 < oo and with each a; a (g, r)-atom, we have

([f],g)=ZAj/ fa;jd<". (7-42)
j=1 'R

In a parallel fashion to Lemma 7.2 we have the following compatibility result.

Lemma 7.3. Suppose f € €"(R")NL? (R") and g € H1(R") N L? (R™), where p, p’ € (1, 00) are such
that 1/p+1/p" =1, whileq € (n/(n+1),1) and n =n(1/q — 1) € (0, 1). Then, with (-,-) denoting
the €"/-HY duality bracket, there holds

(o) = [ fedz. (743

Proof. Choose some r € [p, o0). From Lemma 7.1 we then know that there exists a sequence {gn }Nen
Hfffr;r([RE”) such that limy_, gy = g both in H9(R") and in L?(R"). By virtue of (7-41) and the
LP-L? duality we may then write

(1= jim [ fowdz'= [ feaz, (744
—>00 Rn Rn

which proves (7-43). O

There is another compatibility result, discussed in the next lemma, which is going to be relevant for us
shortly.
Lemma 7.4. Suppose f € €"(R") NBMO(R") and g € H1(R") N H'(R") where g € (n/(n + 1), 1)
and 1 € (0, 1) are related via n = n(1/q — 1). Then, with (-,-) and (-, -) denoting, respectively, the
%" /.-H9 and BMO-H " duality brackets, there holds

(f1.8) =(Sf1].8) (7-45)

Proof. Fix some r € (1,00) and once again invoke Lemma 7.1 to produce a sequence {gny }nen &
ng;r(R”) such that limy .o gn = g both in H'(R") and in H4(R"). Then

(1) = Jim [ fondz" =1 (7-46)
N—oo Jpn
where the first equality is provided by (7-41) and the second equality is given by (7-35). O

Finally, we record a compatibility result for the Holder—Hardy duality bracket considered for two
choices of the parameters involved in the definitions of these spaces.
Lemma 7.5. Assume f € €M (R")N€"(R") and g € HI' (R") N H92(R"), where qgi€m/(n+1),1)
and n; € (0, 1) are related via nj =n(1/q; —1) for j = 1,2. Then, if for each j = 1,2 one denotes by
(+,-)j the €M | .-HY duality bracket, there holds

(/1.1 =(f].8)2. (7-47)
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Proof. Pick some r € (1, co) and introduce ¢ := min{q1, g»}. By once more invoking Lemma 7.1, we can
find a sequence {gn}nen C HgI;r(IR”) such that limy .00 gy = g both in H91(R") and in H%2(R").
Bearing in mind that each gy belongs to both Hgn‘ "(R™) and ngf’r([R”), see (7-4), we may write

Ulgn = Jim_ [ fend2" = (/1.0 (7-48

where both equalities are implied by (7-40). O

In the proposition below we elaborate on a standard duality procedure according to which one associates
a certain bounded mapping on BMO with any given Calderén—Zygmund operator which annihilates
constants; see, e.g., [Meyer 1990, Corollaire, p. 239; Stein 1993, p. 156; Fefferman and Stein 1972,
Corollary 2, p. 151]. The goal is to prove that the mappings induced by such a Calderén—Zygmund
operator on a variety of spaces (Lebesgue, Hardy, BMO, Holder) are all compatible with one another,
and to provide norm estimates in cases of interest. To state this result in precise terms, recall that the
class SCZ(n, y) was introduced in Definition 1.12.

Proposition 7.6. Fixn € N, y € (0,1], and let T € SCZ(n, y) satisfy T(1) = 0. Then the following
statements are true.

(i) For each p € [2,00) the operator T, originally considered on LP (R™) N L?(R™), extends uniquely to
a linear and bounded mapping
T :LP(R") — LP(R"). (7-49)

Moreover, the operators defined as above for any two arbitrary choices of p in [2, 00) act in a compatible
fashion with one another.

(ii) For each p’ € (1,2] the operator T, originally considered on L? /([R{”) N L2(R™), extends uniquely
to a linear and bounded mapping

TT.LP'(R") — L' (R"). (7-50)

Moreover, the operators defined as above for any two arbitrary choices of p' in (1,2] act in a compatible
fashion with one another, and whenever p € [2,00) and p’ € (1,2] are such that 1/p + 1/p’ = 1, the
transpose of (7-49) is precisely (7-50).
(iii) The operator (7-50) further extends uniquely to a well-defined, linear and bounded mapping in the
context of Hardy spaces. Specifically, whenever n/(n + y) < g < 1, there exists a unique linear and
bounded operator

TT:HYR") — HIR"), (7-51)

which acts in a compatible fashion with (7-50). Moreover, the operators in (7-51), considered for two
arbitrary choices of q, are compatible with one another. Also, for each p € [2, 00) there exist 6 € (0, 1)
and ¢ € (0, 00) depending only on n,y, q, p such that, with C" as in (1-77),

1T M lae@ny < lT N8 @y (€7 + 1T lawe @)’ (7-52)
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(iv) The operator o -
T : BMO(R") — BMO(R"), (7-53)
defined by setting (with (-, - ) denoting the BMO-H ! duality pairing)
(T1f1.8):=([f1.Tg) forall[f]€BMOR"). forall g€ H'(R"), (7-54)
is well-defined, linear, bounded, and compatible with (7-49) in the sense that for each p € [2, 00) one has
TIf1=I[Tf] forall f € BMO(R") N L?(R"). (7-55)
Moreover, for each p € [2,00) there exist 0 € (0, 1) and ¢ € (0, 00) depending only on n, y, p such that,
with C" as in (1-77),
I s svroeny < T 15 @y (€7 + 1T laqwr @)’ (7-56)
(v) Given any n € (0, y), the operator
T:6"R")/~ — €"(R")/~, (7-57)
defined by setting, with q :==n/(n+n) € (n/(n+v),1) and (-, ) denoting the €" | .-H4 duality pairing,

T1f1.9):=(f1.T g forall[f]€€"(R")/~, forallge HIR"), (7-58)

is well-defined, linear, bounded, and compatible with (7-49) and (7-53), in the sense that for each
p € [2,00) one has
T[f1=I[Tf] forall f €€"(R")NL?[R"), (7-59)

Tf1=T[f] forall f €€"(R") NBMO(R"). (7-60)

In addition, the operators in (7-57), considered for two arbitrary choices of 1, are also compatible with
one another.

Of course, if actually 7 € CZ(n, y) then we may take p, p’ € (1, 00) arbitrary (retaining condition
1/p+1/p’ =1 in the second part of item (ii) though) throughout the statement of Proposition 7.6.

Proof of Proposition 7.6. Working with TT which, by design, is a bounded operator on L?(R") and
whose kernel KT € LIIOC(R” x R™ \ diag) has the property that there exist Cy,, Cg € (0, co) such that, for
every x, y € R"” with x # y and each z € R” with |x —z| < %|x -y,

!/

C
KT (x,y)| < —%— and [KT(y,x)—K"(y.2)| <C¥
|x — y[”

|x —z|¥
|x —y[+y’

(7-61)
and relying on the Calderén—Zygmund lemma in the usual fashion, it follows that 7" induces a well-
defined linear and bounded mapping

TT: LY R") — LV (R"). (7-62)

Hence, via Marcinkiewicz’s interpolation theorem, we conclude that TT:L%2R") — L2(R") has a
unique extension to a linear and bounded operator from L?'(R") into itself for each p’ € (1,2]. From
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[Rudin 1987, Theorem 1.17, p.15] it follows that

given p1, p2 € (1,00) and f € LP1(R*) N LP2(R"), there exists a
sequence {s; }jen of simple functions in R” which converges (7-63)
to f simultaneously in L?1(R") and in LP2(R").

In turn, this readily implies that the operators in (7-50), considered for any two arbitrary choices of p’ in
(1, 2], act in a compatible fashion with one another. Consider next p € [2,00) such that 1/p +1/p’ = 1.
Since for each f € LP?(R*)N L?(R") and g € L? (R") N L2(R") we may estimate

' | @ngaz|= ‘ [ @7 0a 2| <1 )T el
=Clfer@mligler @my: (7-64)
and since, generally speaking,
if h € L*(R") then ||hl gy = sup hg d<™"|, (7-65)
geL? ®RM)NL2(R") I/ R"
lgll, 7 ny <1

we conclude that there exists C € (0,00) such that | Tf||L»wr) < C|| fllLr@n) for every function
f € LP(R") N L?(R™). By density it follows that T, originally considered on L?(R") N L2?(R"), extends
uniquely to a linear and bounded mapping as in (7-49). By once again appealing to (7-63) we see that the
operators in (7-49), considered for any two arbitrary choices of p in [2, 00), act in a compatible fashion
with one another. Finally, granted the continuity properties established above, the identity

/ (Tfgds™ = / f(TTg)de™, felLPR")NLARY), ge LP R")NLAR"), (7-66)
R R
further extends by density to
(Tfgd<L" = / f(TTg)de™ forall f e LP(R"), forall g € L? (R"), (7-67)
Rﬂ R)’l

where T is as in (7-49) and TTisasin (7-50). This finishes the proofs of the claims in items (i)—(ii).

Consider next the claims made in item (iii). Throughout, fix an exponent p’ € (1,2], set p :=
p'/(p'—=1)€[2,0), take r € (p’, 00), and pick g € (n/(n + y), 1] arbitrary. Since these choices give
(n+y)/n—1/p" >1/q—1/p’, it is possible to select

6 €(0,1)suchthat (n+y)/n—1/p' > 1/q—1/p")/6. (7-68)
We first claim that

for each (¢, r)-atom a in R” we have T 'a € H(R") and (7-69)
1T Tallga@ny < C = cI T f p@ny (Cx + 1T lawr @)’

where ¢ € (0, 00) depends only on n,y,q, p, and where C I/é is as in (7-61). To see that this is the
case, fix some (g, r)-atom a as in (7-3) and observe that, since a € LI’/([R{"), the function m := T Ta is
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meaningfully defined, see (7-50), and satisfies, thanks to (7-50),
11
o gy < NT Tl @y lal o gy < IT sy Q1774 (7-70)
In addition, the vanishing-moment condition of the atom, in concert with the second estimate for the
kernel KT of T'T in (7-61) and the size estimate for the atom, yield the decay property

Im(x)| < %IQIF; for each x e R" \ (20). (7-71)

where ¢, € (0, 00) is a purely dimensional constant and C is as in (7-61). Let us also observe that since
any (g, r)-atom is a multiple of some (1, r)-atom, we have that a € H'(R"). Granted this, from (1-78)
and the fact that 7(1) = 0 we conclude that, see (1-79),

me LY (R") and / m(x)dx = 0. (7-72)

In turn, from the estimates recorded in (7-70)—(7-71) one may readily check that if we now introduce
b:=(/q—1/p")/0 €(1/q—1/p’, o0) we have

1-6 760
||m||Lp/(Rn)H| - —xg] mHLp "RP\2Q) = C”T”,g(Lp(Rn))(C ) (7-73)
lmll} (Rn)Hl : _lenbmHLp’(zg) <c|Tllzwr @) (7-74)

where ¢ € (0, 00) depends only on 7, y, ¢, p, and where C{ is as in (7-61). In the language of [Garcia-
Cuerva and Rubio de Francia 1985, Definition 7.13, p. 328], (7-72)—(7-74) amount to saying that m is
a (¢, p’, b)-molecule centered at xo. Having established this, we may invoke [loc. cit., Theorem 7.16,
p. 330] to conclude that m € H4(R") and ||[m||gany < c||T | ,A(L,,(Rn))(c;g + 1T | s(zr@ny)?. This
proves (7-69).

We next claim that

for each given g € L?' (R") N H4(R"), the function 7 g, originally regarded in LP'(R™) by
considering the operator 7| as in (7-50), actually belongs to H9(R") and satisfies the (7-75)
estimate ||7 7 g||ga@r) < Cllg|lra(wn) with C of the same format as in (7-69).

With this goal in mind, from (7-12)—(7-14) and items (a)—(c) in the proof of Lemma 7.1 we conclude that
there exist a constant ¢ = ¢, p 4.r € (0, 00), along with (g, r)-atoms {a; };en and numbers {7, };en, such

that 1

q
(Z lljlq) <cllglma@mn, (7-76)
jeN
and if
N
gy =Y Aja; foreach N €N (7-77)
j=1
then
lim gy = g both in H(R") and in L? (R"). (7-78)
N—o0



702 JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

Note that whenever N, M € N are such that N < M, we may rely on (7-69) to conclude that

M 1
q
TTgn. T gy € HY(R") and ||TTgN—TTgM||Hq<Rn)sc( > ijl”)- (7-79)
j=N+1

Given that {A; };en € £9, this proves that the sequence {TTgn}nen is Cauchy in H9(R"). Since the
latter is a quasi-Banach space, it follows that there exists some 4 € H9(R") such that limy .00 T ' gy =h
in H4(R"). On the other hand, from (7-78) and (7-50) we conclude that limy o TTgN = TTg in
LP'(R"). Hence, necessarily, T T g = h as distributions in R”. This goes to show that 7' g € H4(R"),
and we may also estimate

1T gllgawny = |hlga@ny = lim [T gn |l ga@n
N—o0
1

N 2 oo é
<crimsup( L 11) =C(Z ) < Clelney. 50
=1 =1

N—o0

where the constant C has the same format as in (7-69). Above, the second equality uses the fact that
|1l 7 (rr) is a g-norm which defines the topology on H¥9(R"), the subsequent inequality is a consequence
of (7-77), (7-69), and the subadditivity of || - ||1qqq(R,,), while the last inequality comes from (7-76). This
finishes the proof of (7-75).

Moving on, consider now an arbitrary g € H4(R"). Since L?' (R") N H4(R") is dense in H4(R"),
there exists a sequence {g; }jen C LP (R")N HY9(R™) such that lim; 00 gj = g in H4(R™). From (7-75)
it follows that {7' T g;};en is Cauchy in H9(R"). Define T " g to be the limit of {7 T g;};en in HY(R").
By interlacing sequences, it may shown that the limit defining 7' " g does not depend on the actual choice
of the sequence {g;};en. In turn, this implies that 7T : H4(R") — H4(R") is well-defined, linear, and
compatible with the action of 7T on L? /([R”). To see that the operator just defined is also bounded, if g
and {g;};en are as before, write

IT " gllra@n = lim T g;llgaqn < C limsup |Ig; | o) = Cligllmsm. (7-81)
j—o0 j—>00
where the constant C has the same format as in (7-69). In (7-81), we have used the definition of 7T on
HI(R"), the fact that lim; o g; = g in H4(R"), the estimate in (7-75), and the fact that || - || gro n) is
a g-norm which defines the topology on H 9 (R") (in the first and last equalities in (7-81)).

In summary, for each ¢ € (n/(n+7y), 1], we have succeeded in producing a linear and bounded operator
TT: H1(R") — HY(R") which acts in a compatible fashion with 7 in (7-50) and which satisfies
the estimate in (7-52). It remains to show that these newly produced operators are also compatible
with one another as ¢ varies through (n/(n + y),1]. To this end, fix ¢q1,92> € (n/(n + y), 1] and
consider some arbitrary g € H91(R") N H92(R"). Also, fix p’ € (1,2], choose r € (1, 00) with r > p’,
and set s := min{g1,¢2}. Then Lemma 7.1 ensures that there exists some sequence {gn}nen C
Hgl;r (R™) C L?'(R™) which converges to g both in H9! (R") and in H92(R"). Then, with 7 T considered
in the sense of (7-50), the sequence {7 ' gy }nen converges both in H9'(R") and in H92(R"). In
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light of the manner in which the extension to Hardy spaces has been defined earlier, this shows that
the operator 77 : H9' (R") — H91'(R") acting on g, viewed in H9! (R"), agrees with the operator
TT: H%(R") — H92(R") acting on g now viewed as a distribution in H92(R"). This concludes the
justification of the claims made in item (iii).

Going further, the well-definedness, linearity, and boundedness of T'T in (7-51), together with Feffer-
man’s basic duality result (H1(R"))* = BWO([R”), ensure that 7' defined as in (7-54) is a well-defined,
linear and bounded operator in the context of (7-53). To prove the compatibility condition described in
(7-55), fix some p € [2, co) along with an arbitrary function f € BMO(R")N L?(R"). Then, if p’ € (1, 2]
is such that 1/p 4+ 1/p’ = 1, for each function g € H(R") N L?'(R") we may compute

(FLf).g) = (/1. T g) = / F(TTg)de" = / (Tf)g d". (7-82)
Rn Rn

Above, the first equality is simply (7-54), the second equality is implied by the fact that 7T g € H'(R")N
Lp/([R{") (see (7-50), (7-51)) and Lemma 7.2, while the last equality is seen from the fact that the
adjoint of (7-49) is (7-50). Let us now select a representative 7 € BMO(R") of the equivalence class
f[f] € BMO(R"), and specialize (7-82) to the case when g is a (1, r)-atom for some r € (1, 50). On
account of (7-34), this yields

hads"™ = | (Tf)ad<"™ foreach (1,r)-atom a. (7-83)
R R

It is not difficult to see that, generally speaking,

ifge(m/(n+1),1]and r,r’ € [l,00] are such that 1/r + 1/r' =1and g <r,
then a function ¢ € LI’O/C (R") satisfying o ¢ a d£" = 0 for (7-84)
each (g, r)-atom a is necessarily constant in R”.

This may be seen by considering scalar multiples of (g, r)-atoms of the form
a=1p(x,r)/ZL" (B(x,R)) —1p(0,1y/Z" (B(0.1)), (7-85)

with x € R” and R > 0 arbitrary, then letting R — 0% and invoking Lebesgue’s differentiation theorem.
In concert, (7-83) and (7-84) then prove that & and Tf differ by a constant. Hence, T f]1=[h]=[Tf],
finishing the proof of (7-55). Finally, the estimate recorded in (7-56) is obtained by noting that (7-54)
and the quantitative aspect of the BMO-H'! duality yield

[ T”(@(%(Rn» <l T ||33(H1(R”))’ (7-86)

and then combining this with (7-52) (used here with g = 1).

Moving on, from the well-definedness, linearity, and boundedness of 7T in (7-51), together with
the duality result recorded in (7-39) we conclude that T defined in (7-58) is a well-defined, linear and
bounded operator in the context of (7-57). Next, the compatibility condition (7-59) is proved much like
(7-55), this time making use of Lemma 7.3 instead of Lemma 7.2.



704 JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

Consider next the compatibility condition in (7-60). With this in mind, select an arbitrary function
f € €"(R") N BMO(R"). Then for each g € H!(R") N HY(R") we have

T1/1e)=1f1LT e = (/1.7 e) =(T(/].2). (7-87)

Here, the first equality is based on (7-58), the second equality takes into account the fact that 7' g €
HY(R") N HY(R"), see (7-51), and uses Lemma 7.4, whereas the last equality is 1mphed by (7-51) and
(7-54). Pick a representative h of T[ fle BMO([R{”) along with a representative h of T[ fle€"(R")/~.
If we now fix r € (1, 00) and specialize the equality of the most extreme sides of (7-87) to the case when
g is an arbitrary (g, r)-atom we arrive at the conclusion that

ha dg™ = had<" for each (¢, r)-atom a. (7-88)
R R?
On account of this and (7-84) we may then conclude that the functions h and h differ by a constant, which
ultimately goes to show that (7-60) holds.

At this stage, it remains to prove that the operators in (7-57) considered for two arbitrary choices of the
smoothness parameter are compatible with one another. To this end, pick arbitrary f € €™ (R")N€"2 (R")
and g € HY'(R")N H92(R"), where g; € (n/(n+1),1) and n; € (0, 1) are related via n; =n(1/q; —1)
for j = 1,2. For each j = 1,2, we agree to denote the ¢ /.-H% duality bracket by (-, -);. Then

T O1=1.T 9O1={f1.T &2 = (T[f]. 22 (7-89)

where the first and last equalities are based on (7-58), while the middle equality is a consequence of
Lemma 7.5. Specializing the coincidence of the most extreme terms in (7-89) to the case when g is a
(g, r)-atom for some r € (1, 00) and ¢ := min{q1, g2} then yields, on account of (7-40),

hiad" = hyad<" for each (g, r)-atom a, (7-90)

R" R"
where h; € €7 (R") is a representative of ’f[f] € € (R")/~ for j = 1,2. At this point we invoke
(7-84) to conclude that 11 — k5 is constant in R”, from which the very last claim in Proposition 7.6 follows.
The proof of Proposition 7.6 is therefore complete. O

Having dealt with Proposition 7.6 we are now ready to present the proof of Theorem 1.13.

Proof of Theorem 1.13. Fix n € N along with y € (0, 1] and suppose T € SCZ(n, y). Pick n € (0, y)
arbitrary. By Proposition 7.6, the operator 7' extends to a bounded linear mapping T from BWO([R{”)
into itself and to a bounded linear mapping T from €7 (R™)/~ into itself. In addition, these extensions
are compatible in the sense of (7-60). From these we deduce that T maps the linear subspace X :=
(E"(R")/~) N BMO(R") of BMO(R") into X. Since T is continuous on BMO(R"), it follows that T
maps the closure of X in BMO(R") linearly and boundedly into itself. Corollary 1.11 tells us that the said
closure is simply VMO(R"), so we ultimately conclude that 7 maps VMO(R") linearly and boundedly
into itself. Keeping in mind that the action of T in this setting is compatible with that of the original
operator T, see (7-55), the desired conclusion follows. O
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Theorem 1.13 is the main ingredient in the proof of Theorem 1.14, discussed next.
Proof of Theorem 1.14. According to [Meyer 1990, §9], see also [Meyer 1985, Theorem 5, p. 231],

gy = |J (TeCZiny): TO)=TT(1)=0} (7-91)
0<y<l1

is the largest subalgebra of Z(LZ?(R")) consisting of Calderén—-Zygmund operators in R”. Since QQ{COZ is
invariant under transposition, we conclude from Proposition 7.6 and Theorem 1.13 that dé’z is indeed a
subalgebra of Z(VMO(R™)). |

Next, we present the proof of Theorem 1.15 which, once again, makes essential use of Theorem 1.13.

Proof of Theorem 1.15. Proposition 7.6 ensures that each principal-value convolution-type operator
Te associated as in (1-82) with a function ® as in (1-115) induces a well-defined linear and bounded
mapping Te on BW)([R{”). From Theorem 1.13 we also know that T@|VMO, the restriction of Tg to
VMO(R"), is a well-defined linear and bounded operator from the space VMO(R") into itself. Hence,
g defined in (1-116) is a subset of .@(WO([R{”)). Proving that </g5g is actually a commutative
subalgebra of %’(VWO([RR”)) requires some preparations.
Regarding the relationship between a kernel ® as in (1-115) and its associated symbol m g as in (1-84),
two features are particularly significant for us here. First, from (1-86) we know that
if ® is as in (1-115), then mg given by (1-84) is positive (7-92)
homogeneous of degree zero and of class ¢°° in R" \ {0}.
Second, from [Stein 1970, Theorem 6, p. 75], or [Grafakos 2004, Proposition 2.4.7 on p. 128, and
Proposition 4.2.3 on p. 267], it follows that

given any function m € €°°(R” \ {0}) which is positive homogeneous of degree zero,
there exist some unique function ® as in (1-115) and some unique number ¢ € C (7-93)
such that m = ¢ + meg (actually c=[gn1m(w)dw e C).

Consider next two functions ®1, ®, as in (1-115) and associate with them mg,, mg, as in (1-84).
Since then their product mg, me, belongs to ¥°°(R" \ {0}), thanks to (7-92), and is positive homogeneous
of degree zero (given that both mg, and meg, are), we may invoke (7-93) to conclude that

there exists a function ® as in (1-115) with the property that

me,me, = c +me in R" \ {0}, where ¢ := [¢,—1 me, (w0)me,(w) do. (7-94)

If ‘FE_—1> .. denotes the inverse Fourier transform (taking functions in the variable £ into functions in the
variable x), then for each /' € L?(R") we may write

(To, 0 To,) f(x) = Fi s [me, (E)me, (§) f (£)]
= Fil lc+me@) f®]=cf(x)+ (To f)(x). xeR" (7-95)
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Hence, Tg, o Te, = cI + Tp as operators from the space L?(R™) into itself. Also,

(To, o To,) f(x) = Fi s [me, (E)me, (§) f (£)]
= Fil Ime,()me, () f (6)] = (Te, 0 Te,) f(x). x €R™; (7-96)

thus Te, o Te, = Te, © T, on L2(R"). In turn, given that H ' (R") N L?(R") is dense in L?(R"), see
(7-4), and since Tg,, To,, Te map H L(R™) into itself boundedly and in a compatible fashion with their
action on L2(R™), see Proposition 7.6, we may conclude that

To,oTe, = Te, o Te, and T, o Te, = cI + Tg on H'(R"),

. (7-97)
whenever ¢, ® are related to ®1, ®, as in (7-94).

Going further, fix ®1, ®,, ® as in (1-115). With (-, -) denoting the BMO-H'! duality bracket, from
Proposition 7.6 and (1-82) it follows that T, , Te,. Te induce linear and bounded operators T@1 , T@z, T@
from BMO(R") into itself according to

(T@j [f1.g)=([f], T(:)jg) for all f € BMO(R"), for all g € H'(R"), forall j € {1,2},

~ (7-98)
and (Te[f]. g) = ([f]. Tgg) forall f € BMO(R"), forall g € HY(RM),

where @j (x) := ©j(=x) for j € {1,2}, and O(x) := O(—x) for each x € R" \ {0}. Retaining the
symbol I for the identity operator on BW)(IR”), we claim that these extensions satisfy
T@l o f@z = f@z o T@l and f@l o f@z =cl + T@ on BW)(R”)

7-99
provided mg mg, =c+mg in R" \ {0} for some ¢ € C. ( )

Indeed, for each f € BMO(R") and g € H ! (R") based on (7-98) and (7-97) (applied to 01,0, in place
of ®1, ®3) we may write

(To, Tes[f1.8) = (1f). T5,T5,8) = {[/1. T3, T5,8) = (Ten To, /1. 8). (7-100)

which, in view of the fact that BWO(R”) is the dual of H(R"), establishes the first formula in (7-99).
As regards the second formula in (7-99), for each f € BMO(R") and g € H!(R") using (7-98) and
(7-97) (applied to (:31, (:32 in place of ®;, ®,) we may compute

(To, To.lf1.8) = (/). T5,T5, &) = (1. T5, T5,8)
=([f].(cI +Tg)g) = ((cI +T®)[f],g)- (7-101)

The third equality above is provided by the second formula in (7-97), written for 01, 0,, O in place
of ®1, ®,, ® (whose validity is ensured by the assumptions we make on ¢ € C and ® in (7-99)). By
once again relying on the fact that BMO(R") is the dual of H!(R"), the second formula in (7-99)
follows from (7-101). Having established (7-99), we may now conclude (with the help of Theorem 1.13)
that /g defined as in (1-116) is a commutative unital subalgebra of the algebra of all linear and
bounded operators from the space VWD(R”) into itself. Also, the fact that if ¢ € C and the functions
O1,...,0y,0],...,0,0 are as in (1-115) and satisfy (1-117) then (1-118) holds is established in a
similar fashion to the second formula in (7-99).
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Consider next the claim made in item (b). For starters, the right-to-left inclusion in (1-119) is
clear from definitions. As regards the opposite inclusion in (1-119), it suffices to show that /g5 C
span{§j|VMo}1§j5n. Since (1-117) holds with ¢ = —1, ® =0, and ®; = ®; = K, defined in (1-90),

for each j € {1,...,n}, we conclude from (1-117) that
n
> (Rjlvmo)* =—I in Z(VMO(R")). (7-102)
j=1

In particular, this proves that the identity operator I belongs to the subalgebra spanned by {ﬁ ilvmo}1<j<n
in 2(VMO(R")). Keeping this in mind, formula (1-119) is established as soon as we show that

To € span{R, |ymo}1<j<n for each O as in (1-115). (7-103)
To this end, fix an arbitrary ® as in (1-115). To perform a spherical decomposition of ®|gx—1, we bring
in some notation and recall some basic results. Specifically, define the integers
n—l+£) _ (n+€—3
14 =2
and, for each £ € Ny, let {W;/}1<;<p, be an orthonormal basis for the space of spherical harmonics of
degree ¢ on the (n—1)-dimensional sphere S”~! in R”. In particular,

Ho:=1, Hy:=n, and Hgl=( ) ife>2, (7-104)

H<{+1)-+2)---n+L-2)-(n+L—-1) < C, "1 fore>2 (7-105)
and, if A gn—1 denotes the Laplace—Beltrami operator on S n=1 then for each £ € Ng and 1 <i < Hy,

Agn—1Vig=—L(n+L£—-2)¥;; on st

¢ (7-106)
Wig(x/[x]) = Pig(x)/|x] for every x € R" \ {0},
for some homogeneous harmonic polynomial P;, of degree £ in R". Also,
Wi} eeNy, 1<i<H, 18 an orthonormal basis for L2(S" 1y, (7-107)
hence,
”\IJM”LZ(Sn—l) =1foreachfeNgand 1 <i < Hy. (7-108)

More details on these matters may be found in, e.g., [Stein and Weiss 1971, pp. 137-152; Stein 1993,
pp. 68-75]. For further reference let us note here that, having fixed

an even integer d € N with d > [(n + 1)/2], (7-109)

Sobolev’s embedding theorem then gives that for each £ € Ng and 1 <i < Hy we have (with [ standing
for the identity operator on S?~1)

d
1iellgr(sn-1y < Call(I = Agn—1) 2 Wil p2(sn-1) < Cul ?, (7-110)
where the last inequality is a consequence of (7-106)—(7-108) and, generally speaking,
IW g1 (sn—1) = ¥l Loo(sn-1) + | Vin ¥l poo(sn—1y forall W e €1 (S"™1), (7-111)

with Vi, denoting the tangential gradient to S n=1
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At this stage, observe that ©|g,—1 € L2(S"~!); hence we may expand

o0 Hg
Olgn-1=Y_ Y AigWip in L3S, (7-112)
{=0i=1
where
Aig 1= / O()V;¢(w)dw foreachfeNpand 1 <i < Hj. (7-113)
Sn—1

In relation to (7-113) we claim that A;; decays faster than any power of ¢; i.e.,

for each m € N there exists Cp, € (0, 00) such that

7-114
[Aie] < Crp(1 +£)7™ foreach £ e Ng and 1 <i < Hy. ( )
Indeed, if £ =0, this is immediate from (7-113). In the case when £ € N, foreachm e Nandi € {1, ..., Hy}
we may estimate
[Aie[—l(n +£—2)]"| = ‘/ 1 O(w)[~l(n +£-2)]" V(o) dw‘
Sn—

=| [ @l @@ do

< ||Ar§ln_1 (®|Sn—l)||L2(Sn—l) =:Cy < +00, (7-115)

thanks to (7-113), the first formula in (7-106), repeated integrations by parts, the Cauchy—Schwarz
inequality, and (7-108) (bearing in mind that the finiteness of C,, above is implied by the smoothness
of ®). Now (7-114) readily follows from (7-115).

To proceed, we recall a basic formula and make some notational conventions. Concretely, it is well
known, see, e.g., [Stein 1970, Theorem 5, p. 73], that, in general,

if P is a harmonic homogeneous polynomial of degree k € N in R” then

P (x) o akon TR/ Pe®) ., (7-116)
Aoy e ) = et S T EeR L

Also, for each multi-index & = (1, ...,a5) € No we abbreviate
R*:=R'0---0R™ in B(L*[R")),
R*:=R{'o---0R% in Z(BMO(R")), (7-117)
(Rlvmo)® == (Rilvmo)™ o-+-0 (Rulvmo)™  in Z(VMO(R™)),
and then use these abbreviations to define, for each given polynomial P(x) = Zlals M Cax® in R,

P(R):= )  caR*, P(R):= ) caR* and P(Rlvmo):= ) ca(Rlvmo)*. (7-118)
lee| <M loe|<M lee|<M
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For further reference, let us also observe that if A € %(BWO([R{”)) is an operator leaving the space
VMO(R") invariant then A| € Z(VMO(R")) and

VMO(R™)
||A|\7M6(R”)”<%(\7M(/)(R”)) = ||A||4@(§M6(Rn))- (7-119)

Returning to the mainstream discussion, we claim that, with the polynomials P;, as in (7-106) and the
Ai¢’s as in (7-113), we have

N Hy

¢ - . _
ZZ ,er(;(+/2))/2) Piy(R) — Te in Z(BMO(R")) as N — oo. (7-120)

Once this is established, we may conclude with the help of (7-117)—(7-119) that the claim in (7-103)
holds. This finishes the proof of (1-119), modulo the justification of (7-120).
To facilitate the proof of (7-120), for each N € N introduce

N Hy

Pig(x) n
O =33 i fnf@ szn ( ) for all x € R\ {0}. (7-121)

{=0i=1

Note that (7-113) implies A;9 = 0, given the vanishing-moment of ® and the fact that Wi¢|gn—1 is a
constant (as seen from the second line in (7-106), noting that the polynomial P;¢ has degree zero). Then
for each N € N the function ®y is as in (1-115). Bearing this in mind, we may rely on (1-84), (7-121),
(7-116), and the fact that each P;; is a homogeneous harmonic polynomial of degree £ in R” to write

PV Oy - ¢(x)
mey (§) = (P.V.Oy)(§) = ;_0 .E_l Aig }‘(P.V | ’|n+£)(g)
ZN o TE/2) ; \
E it T(+n )/2)P ( IE) for all £ € R" \ {0}, (7-122)

for each N e N. In turn, from (1-88) and (7-122) we see that for each N € N and each f € L?(R") we
have

N Hp
b T/ o ]
Toyf=mef=r Em:lm S+ my B (7-123)
Thus, for each N € N,
N Hp
_ re/2 . 2om
Toy =7 Z(:);%z S myz R in BLAER). (7-124)

~ n re/2 ~ —
Toy =72 Z Z)L,g 1_‘((2(_'_—/))/2) P;y(R) in Z(BMO(R™")) for each N € N. (7-125)
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In view of (7-125) and (7-120), the ultimate goal then becomes proving
Toy — To in Z(BMO(R™)) as N — oc. (7-126)

With this aim in mind, recall from (7-56) (used with p = 2) that there exists 6 € (0, 1) such that for
each N € N we have
”T@ - T@N ||(%(]%(Rn))
= ||T®—®N ”gg(%(Rn»
< CallTo—on | 57 2@y IVO = VON ] so(sn1y + Cull To—on lar2@ny.  (7-127)

where the last inequality uses the current format of the constant C” from (7-56) given in (1-82). Next,
from (1-88) and (1-87) (used with p = 2) we deduce that, for each N € N,

ITo—on lz@2@)) < Cnllme—-ey L@y = Call® = ON [L2(sn-1y- (7-128)

Since (7-121) and (7-112) imply
N Hy
Onlsn-1 =Y > AigWig = Olgn—r in L2(S" 1) as N — oo, (7-129)
{=0i=1
it follows that [|® — Oy ||2(gn-1y — 0 as N — oco. Granted this, (7-126) becomes a consequence of
(7-127) and (7-128) as soon as we establish that

sup “VG)N”LOO(S"—I) < 4+00. (7-130)
NeN

To justify (7-130), fix N € N arbitrary and observe that since ® y is positive homogeneous of degree —n,
Euler’s formula implies
x-(VOpN)(x) = —nO®p(x) forall x € R"\ {0}. (7-131)
Consequently,
Vian(On [sn-1)(x) = (VON) (x) = (x - (VON) (x))x
= (VON)(x) +nOp(x)x foreach x € S"7 !, (7-132)

which, in light of (7-111), further implies

[VON | Loo(sn—1y < nlON 41 (sn—1). (7-133)
On the other hand, from (7-121) we know that Oy = Zévzo Zflz“l)&m%g on S”~1; hence for each
m € N there exists Cy, € (0, 00) such that

[VONI Loo(sn—1y < nl|ON |41 (sn-1)
N Hp N
=130 2 WidllWiclgrso—ny = GG Yo+ 07! (7-134)
{=0i=1 £=0
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where the last inequality is based on (7-114), (7-110), and (7-105). Choosing m large enough (depending
on n and d) so that the partial sums above converge, we ultimately see that

o0
sup [|[VON | oo (sn-1) < CnCm Y _(1 + 074 < oo, (7-135)
NeN

£=0

which establishes (7-130). This finishes the proof of (1-119).
To deal with item (c), assume next that ® is as in (1-115) and c¢ is as in (1-120). Then
m(§) ;= (c + mg(§))~" for each & € R"\ {0} (7-136)

is a well-defined function, which belongs to °°(R" \ {0}) and is positive homogeneous of degree zero. As
such, (7-93) guarantees the existence of a function ®¢ as in (1-115) with the property that m = co + me s
where ¢o 1= [¢n—1 m(w) dw € C. We claim that

mgmeg, = (I—CC0)+m_C@O_CO@. (7-137)

This is seen by expanding M_5,—co® = —CMg, — Comg, then replacing mg, by (c + m(:))_1 —co
throughout. After some simple algebra, (7-137) follows. By virtue of the second formula in (7-99), the
identity in (7-137) implies

T@ OT@0 =(1—cco)l + T

—c®0—co®
= (1—cco) —cTg, —coTg on BMO(R"). (7-138)
The above formula may be recast as
(cI +Te)o(col +To,) =1 on BMO(R"). (7-139)
In a similar manner we also obtain
(col +Te,)o(cl +Te)=1 onBMO(R"). (7-140)

From (7-139)-(7-140) we conclude that ¢ + T@ is invertible as an operator on BVO(R”), whose inverse
is col + T@O € %(BW)([R”)). Since both operators map WO([R{") into itself (see Theorem 1.13), it
follows that col + T@O lvMo € /g5 is the inverse of ¢ + T@|VMO. This concludes the treatment of
item (c).

Moving on, the first claim made in item (d), pertaining to the equivalence stated in (1-121), is seen
directly from item (c) (which yields the left-pointing implication), and Theorem 1.13 (which gives the
right-pointing implication). Consider next the second claim made in item (d). To set the stage, pick

N € N and assume ®1,...,Oy are as in (1-115), while c1, ..., cn are as in (1-122). If we set
N
0):=)_lcj +mg () for each & € R"\ {0}, (7-141)
j=1

then the present assumptions ensure that Q is a real-valued function which is well-defined, of class €,
positive homogeneous of degree zero, and never zero in R” \ {0}. As such, if foreach j € {1,..., N} we
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now introduce
& +mg, ) +mg ©
o) 0¥

where the second equality is a consequence of one of the formulas in (1-86), then each m; is a complex-

mj(§) = for each £ € R" \ {0}, (7-142)

valued function which is well-defined, of class ¥’°°, and positive homogeneous of degree zero in R” \ {0}.
According to (7-93), these properties guarantee the existence of numbers c]’. € C and functions @} as in
(1-115) such that

mj =c;+mg inR"\{0}foreach j € {l,...,N}. (7-143)
J
Since, by design, Z;\;lmj &)(c; + mg, (§)) = 1 for each £ € R" \ {0}, we then conclude that
N
Z(cj’- +mg, (§))(c; +méj (§)) =1 foreach & e R"\ {0} (7-144)
J
j=1
or, equivalently, N
~ ~ — ~ 1 n -
> mg mg, =c+mg inR"\{0}, (7-145)
j=1
where
N N
c:= (1 - Z cj’-cJ') €eC and O:=-— Z{c]’-®j +¢j®;}is as in (1-115). (7-146)
ji=1 ji=1

Similarly to (7-99), from (7-145)—(7-146) we conclude that

N N N
> To, To, =cl +To = (1 -2 c//'ci)] = {cjTe, +¢;jTe . (7-147)
J=1 j=1 j=1
which, in turn, implies
N ~
S ()1 + Tor)(ej1 +To,) =1 in ZBMO®R")). (7-148)
j=1

With this in hand, we may turn to the proof of the equivalence recorded in (1-123) in earnest. The
right-pointing implication is clear from Theorem 1.13. As regards the left-pointing implication, assume
f € BMO(R") is such that there exist g1, ..., gy € VMO(R") with the property that

[gj]=(c;1 +Te,)[f] in BMO(R") for each j € {l,..., N}. (7-149)
Then (7-148) permits us to express [ /] € BMO(R") as
N ~ ~ N 3 -
[f1=" ()1 + Tey)(c;I +To,)[f1= Y (c}1 +Tey,)lg;] € VMO(R™), (7-150)
Jj=1 j=1

where the membership above is provided by Theorem 1.13. Ultimately, from (7-150) we conclude that
f € VMO(R"), finishing the proof of (1-123).
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Finally, the proofs of the claims in item (e) closely parallel those in the scalar case, with minor natural
adjustments of a purely algebraic nature (designed to accommodate the present matrix-formalism). O

In turn, Theorem 1.15 may be specialized as to yield Corollaries 1.16-1.20 as indicated below.

Proof of Corollary 1.16. The strategy is to devise a suitable dictionary between the algebra formalism,
currently used, and the matrix formalism described in item (e) of Theorem 1.15, which is going to yield
(1-127) at once. To get started, fix a linear basis {eq, ..., ey} in A, regarded as a vector space. Then we
have a linear isomorphism
N
Asa=) ajej>a” = (aj)1<j<n €CV (7-151)
=1

identifying algebra elements a € A with their vector realizations a” € CV. We shall also need to identify
each algebra element a € A with a certain matrix a™ € CV*N_ To define this matrix realization, consider
the family of complex numbers A, with 1 <£,k, j < N, such that

N
ej Qe =Y Agjey foreach j.ke{l,... N}, (7-152)
£=1
then set
N N
aM .= (Z /\gkjaj) e CVN foralla = Zajej €A. (7-153)
=1 1<tk<N j=1

In relation to these realizations of algebra elements, the following identity holds:

aOb=c < aMp¥ =V foralla,b,cec A. (7-154)
We next claim that

M

if a € A is invertible in A from the right then the matrix ™ is invertible in CV*V. (7-155)

To see this, fix a € A which has an inverse a;l € A from the right, and pick some arbitrary (z1,...,zx)€CV.
Set ¢ := Zé\;lzeeg € A and consider b := a;l ® ¢ € A. According to (7-154), the factthata © b = ¢
then translates into a™ bV = ¢V = (z1,...,zn). Since the latter is an arbitrary vector in cN , this proves
that, as a linear map from CV into itself, the matrix a™
Consider next an A-valued kernel © as in (1-125). Then ©® = ZJN:1® je; with each scalar component

®; as in (1-115) and, by definition and (7-152),

is surjective, and hence ultimately, invertible.

N N N

Tolf1= Y Te,lfilej©ex= > Aw;To;lfiler forevery f =" frer € BMOR") ® A.
Jk=1 k=1 k=1

(7-156)

If we also associate with the A-valued kernel ® the matrix-valued kernel ®M as in (7-153), we may
rewrite (7-156) simply as

(Tolf))Y =Tgu[f]Y forall f e BMO(R")® A. (7-157)
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Since (7-154) also gives
co[f])Y =cM[f]Y forallce A, forall f € BMOR")® 4, (7-158)
from (7-157)—(7-158) we finally conclude that
((cI +Te) DY = (M +Tom)[f]V forallc € A, forall f e BMO(R")® A. (7-159)

It remains to observe that, since (¢ + m@(é))M =cM 4 mgwm (§) for each § € R" \ {0}, from (7-155)
we have that

if ¢ is as in (1-126) then for each £ € R" \ {0}

7-160
the matrix ¢ + mga (£) is invertible in CN*N, ( )

Then (7-159)—(7-160) ensure that item (e) of Theorem 1.15 applies (with ¥ := cN ), which proves
(1-127). O

Proof of Corollary 1.17. The complex Riesz transform defined in (1-131) as well as the Beurling transform
(1-91) are principal-value convolution operators of the sort discussed in (1-82). Specifically,

Re=Te, with®y(z):= 2nTZ|3 for z € C\ {0}, (7-161)
: 1 (2)?
§=Te, with®y(z):=——75=- for z € C\ {0}. (7-162)
Tz w|z|4
Their associated symbols are given by, see (7-116),
me, (§) = (P.V.01)(§) = —i¢/|¢] for £ € C\ {0},
me,(£) = (PN.02)(§) = ()%/|[> =&/& for§ €T\ {0} (7-163)
Upon observing that for j € {1,2} we have
ceCwith|c|#1 = ceC\{—m@/(&‘):SeC\{O}}, (7-164)

the first part of item (d) in Theorem 1.15 applies and gives that (i) < (ii) as well as (i) < (iii). This
finishes the proof of Corollary 1.17. O

Proof of Corollary 1.18. The Clifford—Riesz transform defined in (1-135) is a principal-value convolution
operator of form Rz = Tg, where the kernel is the Clifford-algebra-valued function, see the convention
in (1-133),

T((n+1)/2) x

O 1R\ {0} — Clu - given by O(x) 1= — G

for x € R™\ {0}. (7-165)

Thanks to (7-116), its associated symbol may be explicitly identified as

me(£) = (P.V.O)(§) = —i&/|E| for & € R"\ {0}. (7-166)
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In particular, if ¢ € Cf,, is such that ¢ + i w is invertible in Cf,, from the right for each vector v € S*~! C
R" < Cl,, then

¢ +mg(§) is invertible in C¢, from the right for each &£ € R" \ {0}. (7-167)

Granted this, Corollary 1.16 applies with A := Cf, and gives the equivalence in (1-137). O

Proof of Corollary 1.19. The equivalence stated in (1-138) is an immediate consequence of (1-123) (used
with N =n and ©; := K}, defined in (1-90), for 1 < j < n) upon noting that condition (1-122) presently
reads (c1,...,cp) € C*\iS" 1, O

Proof of Corollary 1.20. To recast the operator Sy in the manner described in (1-153), fix some arbitrary
differential form f € L?(R") ® A and, starting with (1-144)—(1-145), write (bearing in mind that the
j-th Riesz transform on L2(R") is the multiplier with symbol —i §; /|€|)

SofE)=—0 > dxjA (a’xk v (%f(s))) +071 Y dxyv (dxk A (%f(g))). (7-168)
Jk=1 Jk=1

Granted (1-151)—(1-152), we may consider the principal-value distribution P.V. ®;; associated with ® ;;
as in (1-83). Upon recalling, see [Mitrea 2013, Proposition 4.70, p. 141], that for each pair of indices

j.ke{l,...,n} we have (with F used as an alternative notation for the Fourier transform hat in R”, and
with § denoting the standard Dirac distribution in R”)
ik 1 1
Sor = }"<ﬁ(P.V. Ojk) + bk 5) ©), (7-169)
for each j,k € {1,...,n} we may express
E& 2. 1 (1 1
5 f(E)=F PNV.Oj)+ =08 )« f)E)=F|—To, f + =Sk f (). (7-170)
|$ | n—1 n Wp—1 n

In turn, from (7-168) and (7-170) we readily conclude that (1-153) holds.

Next, Proposition 7.6 ensures that Sy, originally considered as in (1-153), further extends to a well-
defined linear and bounded operator from the space H(R") ® A into itself. Keeping this in mind, for
each [f] € BMO(R") ® A and each g € H!(R") ® A we may write

n -1 n
(/). S08) == — DAL dxien(dx; v(Tg )+ ) D /L dxev(dx; ATy, 8)))
" k=1 nl k=1
0 < g1 =
— 3 () dx AoV )+ {[f].dxj v(dxj Ag)
Jj=1 j=1
0 ~ -1 & -
== 2 dxintdxy Teu D) ght o ) (dxjv(dxin(Te, (/D). g)
" k=1 n=l k=1

_1 n

0 « 0
= D (A VD gl =D dx; v(dxiALfD.g). (T-171)
j=1

j=1
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The first equality above uses ©;x = O = Oy, see (1-152), while the second equality is based on the
transposition formula (1-96) and the fact that the interior and exterior product of forms are dual to one
another. On the other hand, since for each [ f] € BW(R”) ®A and g € H'(R") ® A we have

n

(RAlfl.g) = <Z dx) Aﬁjm,g> = S (R)1f1. dxy v g)
=1

ji=1
=— ([fl.dx; v Rjg) =—([f1. RV g), (7-172)
Jj=1
and, similarly,
(RV[fl.8)=—(f1.RAg), (7-173)
from (1-147) and (7-172)—(7-173) we conclude that
(Sl f1.g) = ([f]. Spg) forall[f] € BMO(R")® A, forall g e H' (R")® A. (7-174)

At this stage, by comparing (7-171) with (7-174) and keeping in mind the BMO-H'! duality, we conclude
that (1-154) holds.

Let us now turn our attention to the equivalences in the last part of the statement of the corollary.
As a preamble, for each w = (w1, ..., w,) € S"~1, identified with the differential form of degree one
w1 dx1 + -+ + wy dx, in R”, introduce the operators Py, Q, acting on an arbitrary differential form
u € A according to

Pyou:=wn(wvu), Qupu:=wV(wAu). (7-175)

In the same vein, for each # € C\ {0} and w € S”~! let us also set
Qopu:= BwAu+601ovu forallueA. (7-176)

Then, with I denoting the identity operator on A, for each @ € S”~! and § € C\ {0} we have, see [Mitrea
et al. 2016a, Lemma 2.2, p. 54],

Pwa:QwaZO, Pw+Qw:I»

2 2 (7-177)
Py =Py, Q,,=0» and g,Q,=1.
In this notation, it follows from (1-140)—(1-141) that
Sg: L2(R") ® A — L*(R") ® A acts on each f € L>(R") ® A 3-178)
according to Sg f(x) = ]-'5__1>x((—9Pzg—/|g| + 9_1Q5/|5|)f(é)) for a.e. x € R".
Hence, Sy is a multiplier operator with symbol given by
m() := —0Pg/je| + 0" Qg/je) € Hom(A, A) for & € R\ {0}. (7-179)
We now claim that
. _ _1 .
if 0 e C\{0} andc € C\ {6, —07 "} then cI + m(§) is (7-180)

invertible in Hom(A, A) for each & € R" \ {0}.
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To see this, assume 6 and ¢ are as above and fix some & € R” \ {0} arbitrary. Then, based on (7-177) it
is easy to see that ¢/ +m (&) € Hom(A, A) and ¢/ 4 67! Pg /e —0Q¢/g € Hom(A, A) commute and
their composition is (¢ — 8)(c + 6~ 1)1. Hence, (7-180) follows. Granted this, we may then conclude
from item (e) of Theorem 1.15 (applied with ¥ := A) that the equivalence (i) <> (ii) in the last part of
Corollary 1.20 holds.

Likewise, it is visible from (1-149) that

Ry : L>(R")® A — L*>(R") ® A acts on each f € L>(R") ® A

according to Ry f(x) = —Fs__l)x(Qg,mafA(f)) for a.e. x € R"; (7-181)
hence Ry is a multiplier operator with symbol given by
m(€) := —Qp,¢/|¢| € Hom(A, A) for £ e R" \ {0}. (7-182)
Since, thanks to the last formula in (7-177), for each vector £ € R” \ {0} we may write
(cI —0p.¢/6))(c] + Q)1 = (2= DI,
we conclude that
if 0 e C\ {0} and ¢ € C\ {£1} then cI + m(§) (7-183)

is invertible in Hom(A, A) for each £ € R" \ {0}.

As such, item (e) of Theorem 1.15 (once again applied with ¥ := A) proves the equivalence (i) <> (iii) in
the last part of Corollary 1.20. O
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