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We provide the existence of classical solutions to stationary mean-field game systems in the whole
space RV, with coercive potential and aggregating local coupling, under general conditions on the
Hamiltonian. The only structural assumption we make is on the growth at infinity of the coupling term in
terms of the growth of the Hamiltonian. This result is obtained using a variational approach based on the
analysis of the nonconvex energy associated to the system. Finally, we show that in the vanishing viscosity
limit, mass concentrates around the flattest minima of the potential. We also describe the asymptotic shape
of the rescaled solutions in the vanishing viscosity limit, in particular proving the existence of ground
states, i.e., classical solutions to mean-field game systems in the whole space without potential, and with
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1. Introduction

We consider a class of ergodic mean-field games systems set on the whole space RV with unbounded
decreasing coupling: our problem is, given ¢ > 0 and M > 0, to find a constant A € R for which there
exists a pair (u,m) € C2(RN) x WLP(RN), for any p > 1, solving

—eAu+ HNVu)+ A= f(m)+ V(x),

—eAm —div(imVH(Vu)) =0 on RY, (1-1)

Javm =M.

The aim of this work is two-fold. Firstly, for any fixed ¢ > 0, we prove the existence of classical ground
states of (1-1). Secondly, we study their behavior in the vanishing viscosity limit & — 0.
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The Hamiltonian H : RY — R is strictly convex, H € C2(R¥ \ {0}) and it has superlinear growth:
we assume that there exist Cz; > 0, K > 0 and y > 1 such that, for all p € RY,

Cul|pl¥ —K < H(p) <Cglpl”.
VH(p)-p—H(p)>K '|p|" =K and |VH(p)|<K|p|"™".

The coupling term f : [0, 4+00) — R is a locally Lipschitz continuous function such that there exist
Cy > 0and K > 0 for which

(1-2)

—Crm® — K < f(m) < —Crm* + K, (1-3)
with )
14 14

0 — = 1-4

<a< NG —1) N (1-4)

where y’ = % is the conjugate exponent of y.

Finally, we assume that the potential V is a locally Holder continuous function, and that there exist
b > 0 and a constant Cyy > 0 such that

Cy ! (max{|x| — Cy. 0h)? < V(x) < Cy (1 +|x])P. (1-5)

Note that the requirement of V' to be nonnegative is not crucial; we just need it to be bounded from below.

Mean-field games (MFQG) is a recent theory that models the behavior of a very large number of
indistinguishable rational agents, aiming at minimizing a common cost. The theory was introduced in the
seminal works by Lasry and Lions [2006a; 2006b; 2007] and by Huang, Malhamé and Caines [Huang
et al. 2006], and has been rapidly growing during the last decade due to its mathematical challenges
and several potential applications (from economics and finance, to engineering and models of social
systems). In the ergodic MFG setting, the dynamics of a typical agent is given by the controlled stochastic
differential equation

dXs = —vsds +v2edBs, s>0,

where v; is the control and By is a Brownian motion, with initial state given by a random variable Xj.
The cost (of long-time average form) is given by

1 T
im0+ V) + S s

where the Lagrangian L is the Legendre transform of H, see (2-1), and m(x) denotes the density of
population of small agents at a position x € RY. A typical agent minimizes his own cost, and the
density of its corresponding distribution law £(X;) converges, as s — 00, to a stationary density u,
which is independent of the initial distribution £(Xp). In an equilibrium regime, p coincides with the
population density m. This equilibrium is encoded from the PDE viewpoint in (1-1): a solution u of the
Hamilton—Jacobi—Bellman (HJB) equation gives an optimal control for the typical agent in feedback form
VH(Vu(-)), and the Kolmogorov equation provides the density m of the agents playing in an optimal way.

The two key points of our setting are the following: Firstly, the cost is monotonically decreasing with
respect to the population distribution m2; namely, agents are attracted toward congested areas. A large part
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of the MFG literature focuses on the study of systems with competition, namely when the coupling in the
cost is monotonically increasing. This assumption is essential if one seeks for uniqueness of equilibria,
and it is in general crucial in many existence and regularity arguments; see, e.g., [Gomes et al. 2016]. On
the other hand, models with aggregation like (1-1) have been considered in few cases, see [Cesaroni and
Cirant 2017; Cirant 2016; 2017; Cirant and Tonon 2018; Gomes et al. 2018].

Secondly, the state of a typical agent here is the whole euclidean space RY. Usually, the analysis of
(1-1) is carried out in the periodic setting, in order to avoid boundary issues and the noncompactness of RV,
Few investigations are available in the truly nonperiodic setting: see [Porretta 2017] for time-dependent
problems, [Arapostathis et al. 2017] for the case of bounded controls, [Gomes and Pimentel 2016] for
some regularity results and [Bardi and Priuli 2014] for the linear-quadratic framework. We observe that the
noncompact setting is even more delicate for stationary (ergodic) problems like (1-1): a stable long-time
regime of a typical player is ensured if the Brownian motion is compensated by the optimal velocity vy.
In other words, if a force that drives players to bounded states is missing, dissipation eventually leads
their distribution to vanish on the whole RY. This phenomenon is impossible if the state space is compact.
The main issue here is that the behavior of the optimal velocity vs(-) = VH(Vu(-)) is a priori unknown,
and depends in an implicit way on V' and the distribution m itself. Note that V() represents the spatial
preference of a single agent; if it grows as |x| — oo, it discourages agents from being far away from
the origin. At the PDE level, this will compensate the lack of compactness of RY. Let us mention that
even without the coupling term f(m®), the ergodic control problem in unbounded domains has received
considerable attention; see, e.g., [Barles and Meireles 2016; Ichihara 2011; 2015].

In our analysis, we exploit the variational nature of the system (1-1), which has been pointed out
already in the first papers on MFG, see [Lasry and Lions 2007], and the more recent work [Mészaros and
Silva 2018]. Indeed, solutions to (1-1) can be put in correspondence with critical points of the energy

Jan ML(=2) +V(x)m + F(m)dx if (m,w) € K¢, pm,

E(m,w) = 1-6
(m, w) +00 otherwise, (1-6)
where F(m) =f(;n f(n)dn form > 0and F(m) =0 for m <0 and
SUP,erN (—% — H(p)) if m > 0,
L(-2):=10 ifm=0,w=0, (1-7)

+o00 otherwise.
Note that mL(—nj) reads as the Legendre transform of m H(-). The constraint set is defined as
Kem :={(m,w) e L'"RM)NLIRV)x L' (R"):
& Jan m(=Ap)dx = [y w-Vedx forall g € C(§’°(RN), Jeymdx =M, m=>0 a.e.}, (1-8)

with
N
g= |7 V=N
Y, y' > N.
Under assumption (1-3) on the coupling term, the energy £ is not convex. Condition (1-4) is

necessary for the problem ez(M) := ming, yyek, ,, €M, w) to be well-posed. Indeed, consider any
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’
(mo, wo) € K¢, p such that mg has compact support. An easy computation shows that if o > yﬁ then
E@ Nmo(e™'), 0_(N+1)w0(o_1 ) = —00

as 0 — 0, so & is not bounded from below on KCg 37 We show that (1-4) is indeed sufficient for e, (M) to be
finite, and allows us to look for ground states of (1-1). This will be accomplished by a study of the Sobolev
regularity of the Kolmogorov equation; see in particular Section 2B. Note that the critical case ¢ = VN/ is
more delicate, and requires additional analysis. We also mention that another critical exponent is intrinsic
in (1-1): if ¢ > NVT/)/” one has to expect nonexistence of solutions; see [Cirant 2016]. We refer to our case
as the subcritical case, in analogy with the L2-subcritical regime in nonlinear Schrodinger equations with
prescribed mass; see [Cirant 2016, Remark 2.9] for additional comments. The analogy can be made precise
in the purely quadratic framework, that is when H(p) = %| p|?. Indeed, as observed in [Lasry and Lions
2006a; 2006b], the so-called Hopf—Cole transformation permits us to reduce the number of unknowns

in the system. Setting v2(x) :=m(x) =ce™ ¢ , with ¢ a normalizing constant, v is a solution to
—282Av+ (V(x) = M)v = — f(v?)v,

with [pn v2(x) dx = M. Then the energy reads £(v) = [on €2|VV[> + 1V(x)v? + 1 F(v?) dx.

In our approach, to construct solutions to (1-1), we look for minimizers (m, w) € kg ps of the energy
(1-6). These minimizers can be obtained by classical direct methods, by using in particular estimates
and compactness in some L? space for elements (m, w) in K, 5 with bounded action, i.e., which satisfy
fRN mL(—%) dx < C, obtained in Section 2B. Then, the existence of a solution (u., A.) of the HIB
equation in (1-1) is obtained by considering another functional with linearized coupling (around the
minimizer) and the associated dual functional in the sense of Fenchel and Rockafellar, as in [Briani and
Cardaliaguet 2018]. One has to take care of the interplay between u and m as |x| — co. To handle
the lack of a priori regularity on the function m, we first regularize the problem, by applying standard
regularizing convolution kernels on the coupling (see Section 3). We construct minimizers (my, wy) of
the regularized energy and associated solutions (uy, my) of the regularized version of (1-1). Then, in
order to come back to the initial problem, we provide some new a priori uniform L° bounds on my,
which in turn imply a priori uniform bounds on |Vuy| and (local) Holder regularity of m, that is uniform
in k. This key a priori bound is provided by Theorem 4.1.

Note that we will consider classical solutions to this system (with a slight abuse of terminology), that is,
(u,m) € C2(RN) x WL-P(RN) for all p > 1. The existence result, proved in Section 4, is the following.

Theorem 1.1. Under the assumptions (1-2), (1-3), (1-4) and (1-5), for every € > O there exists a classical
solution (ug, mg, Ag) € C2(RN)x W LP(RN)XR, forall p > 1, to (1-1). Moreover, (mg, —mgV H(Vuyg))
is a minimizer in the set K¢ pr of the energy (1-6).

We observe (see Remarks 3.5 and 4.2) that Theorem 1.1 holds under more general conditions on H
and f, that is, if there exist Cy, Cy > 0 and K > 0 such that

Ca'lpl! =K <H(p) <Cu(lpl"+1), —Cm*—K<fm)<C/'m*+K, (19

where o satisfies (1-4).
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In the second part of the work, in Section 5, we analyze the behavior of the triple (1, Ag, m,) coming
from a minimizer of £ as ¢ — 0, under the assumptions (1-2), (1-3). From the viewpoint of the model,
this amounts to removing the Brownian noise from the agents’ dynamics. Heuristically, if the diffusion
becomes negligible, one should observe aggregation of players (induced by the decreasing monotonicity
of coupling in the cost) towards minima of the potential V, which are the preferred sites. Moreover,
in the case V has a finite number of minima and polynomial behavior (that is, when (1-13) holds) we
specialize the result showing that the limit procedure selects the more stable minima of V, implying, e.g.,
full convergence in the case that there exists a unique flattest minimum.

In order to bring as much information as possible to the limit, we consider an appropriate rescaling of
m, u, namely

’ 7 4

_ _Ny" v _ Nay'—=D—y’ y
me(-) =¢ev—eNm(ev =N - +xg), Ug(-)=e Y=oV (u(e”=oN - +xg)—u(xe))  (1-10)

for all & > 0. The rescaling is designed so that (i, 712¢) solves an MFG system where the nonlinearities
have the same behavior of the original ones; i.e., H, ~ |p|¥ as p — o0, but the coefficient in front of the
Laplacian is equal to 1 for all &; see (5-19). Moreover, the pair 1, 7, is associated to a minimizer of a
rescaled energy &; see (5-23). It turns out that in this rescaling process, the potential V' becomes

NO(]// y/
VS() = gv/—aN V(gy’—aN .)’

and vanishes (locally) as ¢ — 0. Therefore, as one passes to the limit, the potential cannot compensate
anymore for the lack of compactness of R¥, and the convergence of . in L1 (R") has to be proven by
other methods. Heuristically, the aggregating force should be strong enough to overcome the dissipation
effect, but the clustering point can be hard to predict by lack of spatial preference. This is why we also
have to translate in (1-10) by x,. We will select x, to be the minimum of u,: heuristically, since u, is
the value function, this is the point where most of the players should be located. In order to recover
compactness for the sequence 7., we implement some ideas of the celebrated concentration-compactness
method [Lions 1984]. This principle states intuitively that if loss of compactness occurs, 11, splits in (at
least) two parts which are going infinitely far away from each other; that is,

Mg ~ XBR(0)Ms + XRN\B, g (0) e (1-11)

with R — 00, [ xBj(0)Ms ~a and [ XRN\Bog(0)e ~ M —a for some a € (0, M) (a third possibility
might happen, but it is easily ruled out here by local estimates). This induces a splitting in the energy &;
that is,

inf &z inf &+ inf & (1-12)

Jfm=M Jm=a Jm=M-—a

One then exploits a special feature of &, which is called subadditivity:

inf & < inf &+ inf &,
[m=M [m=a [m=M-a

which makes (1-12) impossible. While subadditivity is easy to prove for & (see Lemma 5.5), the splitting
(1-12) requires technical work, in particular due to the presence of the term mL(—%) in &, which
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becomes increasingly singular as m approaches zero (a simple cut-off as in (1-11) is not useful). The
property (1-12) is proven in Theorem 5.6. It relies on the Brezis—Lieb lemma and a perturbation argument.
The L' convergence of 171, enables us to obtain the full convergence of (iig, 7,) to a limit MFG system.
By a uniform control of the decay of m, as |x| — oo, which comes from a Lyapunov function built
upon i, energy arguments and the crucial L°° estimate of Theorem 4.1, we are also able to keep track
of x.. In terms of the nonrescaled density m,., X, is the point around which most of the mass is located.

The second main result of this work is stated in the following two theorems. The first one is about the
concentration of myg.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exist sequences ¢ — 0 and x¢ such that for
all n > 0 there exist R and ¢ for which, for all € < gy,

mgdx > M —n.
[x—x8|§R8V//(V/aN)

Moreover, x; — x, where V(x) =0, i.e., X is a minimum of V.
If, in addition, V has the form

n

V) =h@) [[lx=—x%.  C;'<h(x)<Cy onRY, (1-13)
j=1
for some x;j € RN, and bj >0 (with Z;‘l=1 bj :b), then xg — x;,withi € {j =1,...,n:b; =maxy by }.

Secondly, we describe the asymptotic profile of (i., m.) as € — 0. Note that as a byproduct we obtain
the existence of solutions to MFG systems without potential.

Theorem 1.3. Up o subsequences, (iig, mg) converges in C (RV)x Cioc RN)YNLP(RN), forall p > 1,

loc
to a solution (u,m) of

—Au+ Cg|Vul’ + 1 = —-Crm?*,

—Am — Cygy div(m|Vu|”~2Vu) =0, (1-14)
fRN m=M.
The function u is globally Lipschitz continuous on RN, and there exist c1, ¢z > 0 such that 0 < m(x) <
cre x|,

Finally, if w = —Cgym|Viu|' =2V, then

Eo(m, b) = min{Eo(m, w) : (m, w) € Ky pr. m(1+ |y|?) € LYRN)}, (1-15)

where

|w|yl 1 a+1
—— —— dy. 1-16
o B L y (1-16)

So(m,w):/ &3
RN

We finally observe that by analogous methods, one can prove existence of solutions to more general
potential-free MFG systems; see Remark 5.9.
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Notation. We will denote a classical solution to the system (1-1) by a triple
(u,m,A\) € C2RY)x WHP(RY)x R forall p > 1.
For any given p > 1, we will denote by p’ = % the conjugate exponent of p, and set

«_ Np . . _ :
=— ifp<N and p =400 ifp>=N.
N-p

For all R > 0, x € RN, we define Br(x) :={y € R : |x — y| < R}. We will set wy := | B1(0)].
Finally, C, Cy, K, K1, ... denote (positive) constants we need not specify.
2. Some preliminary regularity results

Let L be the Legendre transform of H, i.e.,

L(g)=H*(g)= sup [p-q—H(p)l. q<R™ @2-1)
pERN

The assumptions on H guarantee the following; see, e.g., [Cirant 2014, Proposition 2.1].
Proposition 2.1. There exist Cr, Cy, C» > 0 depending on Cy and on y such that for all p,q € RN,
(i) L € C*(RN \{0}) and it is strictly convex,
(i)) 0= CLlg]"" = L(g) = CL(ql” + 1),
(ii)) VL(q)-q —L(q) = C1lq|”" =€,
(iv) Cigl"" ™ = C7t < [VL@)| = €7 (g7 ™" + 1),
W) Colpl" ' =Cy < [VH(p)I = CH(pl" ™+ D).
We will use the following (standard) result on Holder functions vanishing at infinity.

Lemma 2.2. Suppose that m > 0, ||m||co.(~)(RN) < ¢y, for some 0, cy, > 0, and fRN mdx < oco. Then,

/ mdx <n
Ix|>R

max m(x) < Cr]é‘JrLN, (2-2)
|x|=R

m(x) — 0 as |x| — co. Moreover, if

for some n, R > 0, then

where C > 0 depends only on cy,, N.

Proof. By contradiction, suppose that there exists § > 0 and a sequence |x,| — oo such that m(x,) > §
for all n. We may also assume that |x, 1| > |x,| + 1 for all n. By the Holder regularity assumption,

m(x) > m(x) —cplx —xp|® > 18,
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1
provided that x € B,(x,), and rf < %. Choose r = min {1, (287]1) 71, so that By (x,) N Br(xm) = @
for all n # m. Then,

/RdexEZ/ mdsz%8|Br(0)|=+oo,

neN r(xn) nenN

which is impossible.
As for the second part, let M := max|y>g m(x) = m(X), |X| > R (note that such a maximum is
achieved as a consequence of the first part of the lemma). As before,

m(x) > m(x)—cplx —)E|0 > %M

1
for all x € B,(x), where r = (%) 7. Therefore,

N
M\©
v> [ mdr= i = s )
|x|>R 2cp
and (2-2) follows. O
We recall the following well-known result, proved in [Brézis and Lieb 1983, Theorem 1].

Theorem 2.3. Let f, — f a.e. in RN and assume | f; I »@®ny < C forall n and for some p € [1, +00).
Then

A L A A N o A T
From classical elliptic regularity, we have the following result.

Proposition 2.4. Let p > 1 and m € L?(RN) be such that

'/ mApdx
RN

for some K > 0. Then, m € WP (RN and there exists C > 0 depending only on p, such that

< K|Voll @y, forallgeCeeRN),

|Vl oy < CK.

Proof. Fix any R > 1. Let ¢y € C§°(B2(0)), ¢(Rx) := ¥ (x) (s0, ¢ € C§°(B2g(0))) and v(x) := m(Rx)
on RY. Then,

/ v AY dx
B>(0)

1
7

/ mAgdy §KR2_N(/ |V(p|p/ dy)p
B>r(0) B>r(0)
1

B»(0)

Hence, by [Agmon 1959, Theorem 6.1], v € W -7 (B;(0)) and there exists a constant C, depending
on p (but not on R), such that

_ R2-N

_N
< KR 7 ¥ llwr.0 8y0))-

_N
IVollLr g < I0lwie, o) < CKR'™? + [v]lLe (8, (0))-
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Therefore,

b . !
|Vm|Pdy] =Rv» IVv|?dx) <C|K+R» |v|? dx
Br(0) B1(0) B>(0)

= C(K + R M|m| Lo (B (0))-

1

X

Letting R — oo, we get that |[Vm| € L?(R") and the desired estimate. O

2A. The Hamilton-Jacobi-Bellman equation on the whole space. In this section we provide some
a priori regularity estimates and existence results for Hamilton—Jacobi—Bellman equations in whole spaces
of ergodic type. In particular we will consider families of Hamilton—Jacobi—Bellman equations

— Aty + Hy(Viig) + An = Fo(x) — fu(x) onRY, (2-3)

where F, — f, is locally Holder continuous, A, € R are equibounded in n, that is, |[A,| < A, and
frn € L2®RN), with || fulloo < ¢y for some ¢y > 0 independent of n. Moreover H, is for every n a
Hamiltonian which satisfies (1-2), with constants y and Cg independent of #; finally, there exists Cg >0
and b > 0 independent of n such that

Cy'(max{|x| — Cr,0})? < Fu(x) < Cp(1 +|x|)? forall n and all x € RY. (2-4)

Note that, differently from assumption (1-5) for the potential V, the function F}, can also be bounded, if
b=0.

Theorem 2.5. Let u, € C2(RN) be a sequence of classical solutions of the HIB equations (2-3). Then
there exists a constant K > 0 depending on Cgy,Cp,cr,y, N, A such that

Vin ()] < K(1+ |x]) 7. 2-5)

where b > 0 is the growth of Fy, appearing in (2-4) and y is the growth of Hy, appearing in (1-2).

Proof. Without loss of generality we may consider H,(p) = Cg|p|¥ for all n and p. Indeed, every v,
solves

—Aup + Cg|Vun|” + An = Fu(x) — fu(x) + Cx|Vun|” — Hy(Vu,) on RY,

and since |Cg|Vu,|¥ — Hy,(Vuy)| < Cqg by (1-2), we can redefine f; to include Cg |Vuy, | — H,(Vuy),
which then satisfies the bound || f4|lcoc < ¢ + Cq.
We first claim that if v € C?(B»(0)) satisfies

‘—Av + CH|VU|V| <k on B,(0)
for some k > 0, then we have for any r € [1, o],
IVl L8, 0y < C. (2-6)

where C depends only on k,Cg,y, N,r. If r € [1,00), this is proven in [Lasry and Lions 1989,
Theorem A.1]; see also [Cirant 2015, Theorem 19]. The case r = oo follows by classical elliptic
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regularity, since if 7 in (2-6) is large enough, then —Av is bounded in L4 (B 3 (0)) for some ¢ > N, and
the statement follows by Sobolev embeddings.

In view of these considerations, the gradient bound (2-5) easily follows if b = 0. For the case b > 0,
fix xo € RY, and let § = (1 + |xo|)_%. Let

vp(y) = 812'%14,,()60 +38y) on RV
Then, v, solves
—Avy + Cg|Vuu|” =87 (Fu(xo +8y) — fu(x0 4+ 8y) — An).

Since § <1,

Cr(3+|xo))? +cr + 2

87 | Fu(x0 +8y) — fa(xo +8y) — An| < 0 ra)? =G
for all y € B,(0) by (2-4) and the bound on f,.
Therefore, by the first claim,
IVUallLoo(B, o)) < C
for all n. In particular, choosing y = 0,
[Vitn (x0)| = 6777 [V, (0)] = (1 + [xo]) 7,
and the desired estimate follows. O

Moreover, we prove the following a priori estimates on bounded-from-below solutions to (2-3).

Theorem 2.6. Let u,, € C2(RY) be a family of uniformly bounded-from-below classical solutions to
(2-3), that is, for which there exists C > 0 such that u,, > —C for every n.
If b = 0in (2-4), we moreover assume that there exists § > 0 and R > 0 independent of n such that

Fo(x)— fu(x)—A, >6>0 forall |x|> R. 2-7)
Then there exists C > 0 such that
I,t,,()c)2C|x|1+§—C_1 foralln e N, x e RY, (2-8)
where b > 0 is the growth power appearing in (2-4) and y is the growth power appearing in (1-2).

Proof. The proof is based on the same argument as in [Barles and Meireles 2016, Proposition 3.4], we
sketch it briefly for completeness. Since u, is bounded from below we can assume u; > 0, up to addition
of constant C (without changing the equation).
We assume by contradiction that (2-8) does not hold. Then there exist sequences x; and up, such that
|x;| > 2R, |x;| = +o00, and
Up, (x1)

b
xg)
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Leta; = %|xl| and we define the function

1
vl(x) = m”nz(xl + apx).
a; v

By Theorem 2.5, we get |Vuy,, (x)| < K(1 + |x|)§. Therefore, v, |Vv!| are uniformly bounded.

I

Moreover, v* is a solution to

)

b_4q b
—ay Avl + Hy,(a) Vvl) + An, = Fn, (1 +a1x) — fn,(x; +a;x).

In particular, recalling (1-2), we get that v’ is a supersolution to
b_1-p _
—a; Avl + CH|Vvl|y >aq b(—)\n, + Fp,(xp +a;x) — fo,(x; +a;x)).
Note that, for every [ sufficiently large, by (2-4) and by (2-7) (in the case b = 0) the right-hand side
above satisfies

arl (=, + Fu, (X1 +a1x) — fu,(x; +azx)) > 0

for x such that |x| < 1.

. . _ b_1-b
Moreover, passing eventually to a subsequence, we get vl > locally uniformly in 7 and a

I — 0.

So v is a supersolution to Cgx|Vv|¥ > § > 0 in B(0, 1) with homogeneous boundary conditions (since
v > 0). By comparison, recalling the explicit formula of the solution to the eikonal equation |V f|¥ = C
in B(0, 1) with homogeneous boundary conditions, we conclude that v(x) > C ¥ (1 —|x|) for all x such
that |x| < 1. Moreover, by uniform convergence, we get that, eventually enlarging C and taking /
sufficiently large, v’ (x) > C %(1 —|x]) for all x with |x| < 1; in particular v!(0) > C v, Recalling the
definition of v/, we get that v/ (0) — 0, which yields a contradiction. O

Define
An = sup{A € R : (2-3) has a solution u, € CZ(R™)}.

Theorem 2.7. Assume that for every n the function F,, — f, is bounded from below uniformly in n:

() An < oo for every n, and there exists, for every n, a solution u, € C2(RY) to (2-3) with A, = An.
Moreover
Ay 1= sup{A € R : (2-3) has a subsolution u, € CZ(RN)}.
(ii) If Fy, satisfies (2-4), with b > 0, then, for every n, the solution u, to (2-3) with A,, = )_\n is unique up
to addition of constants and satisfies (2-8).

(iii) If F, = 0, and there exists § > 0 independent of n such that

limsup fy(x)+ A, <—8 <0, (2-9)

|x|—>+00

then for every n there exists a solution to (2-3) with A, = An which satisfies (2-8) with b = 0.
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Proof. (i) The proof of this result can be obtained by a straightforward adaptation of the proof of Theo-
rem 2.1 in [Barles and Meireles 2016], using the a priori estimates on the gradient given in Theorem 2.5.
Observe that actually in that paper a stronger assumption on the regularity of F;, — f; is required, in
particular local Lipschitz continuity. This assumption is used to derive a priori estimates on the gradient
of solutions by using the so-called Bernstein method, see Appendix A in [Barles and Meireles 2016],
which depends also on the L% norm of V(F, — f,). In our case we can weaken this assumption to just
Holder continuity (so still ensuring classical elliptic regularity) since we are using a priori estimates on
the gradient given in Theorem 2.5, which depends only on the L°° norm of F;, — f,, and are obtained in
[Lasry and Lions 1989] by the so-called integral Bernstein method.

(i) For the proof we refer to [Ichihara 2011]; see also [Barles and Meireles 2016; Cirant 2014]. In
particular in [Ichihara 2011], it is proved that u, is bounded from below. By looking at the proof, it
is easy to check that, due to the uniformity in n of the norms of coefficients, the bound can be taken
independent of n, and by Theorem 2.6 we get the estimate on the growth.

(iii) By adapting the argument in [Barles and Meireles 2016, Theorem 2.6], we get that there exists a
bounded-from-below solution to (2-3) with A, = /_\n, with bound uniform in n. Then using Theorem 2.6,
we get the estimate on the growth. We give a brief sketch of the proof of the existence of a bounded-
from-below solution. For every R > 0, we consider the ergodic problem

—AuR + H,(Vul) + AR =~ |x| <R,

2-10
u,If(x)—>+oo, |x| — R. ( )

Using the result in [Barles et al. 2010], we get that for every R > 0 there exists a unique )L,If and a unique
up to addition of constant solution u,lf e C%(BR).

First of all we claim that limg AR = A,,. It is easy to check that if R’ > R, then AR’ < AR and moreover
that AR > An. So, the sequence AR is converging as R — 400 to some A% > An. Additionally, by the
same argument as in Theorem 2.5, we get that for every compact K C R¥, there exists a constant C > 0
such that |Vu,lf| < C in K for every R sufficiently large and for all n. Without loss of generality we can
assume that u ,If(O) =0 for every R. So, using the gradient bound, and elliptic regularity, we conclude that
u,lf is bounded in C?(K) by some constant independent of R. Hence, by the Ascoli—Arzela theorem, and
via a diagonalization procedure, we get that u ,If converges locally in RY, with u,, € C2(R"). Moreover,
Up is a solution to (2-3), with A = A;. Recalling the characterization of A, and the fact that Ay > dn, WE
conclude that 1* = 4,,.

Then, we consider xX € B such that
R

uB(xR) = min uk

lx|<R
Recalling that u,lf is a solution to (2-10), we get by computing the equation at x,f and by recalling that
H,(0) <0, that
A+ S () = Hu(0) + A58 + f () 2 0.
Using condition (2-9), and recalling that )t,lf — A, We get that there exists a compact set K (independent
of R and of n) and Ry > 0 such that for all R > Ry we have x,f e K.
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Recalling that u,lf (0) = 0 and |Vullf| < C in K with C independent of n, R, we conclude that
u,If(x Rr) > —C for some constant C independent of n, R. But, this implies, since u,’f(x) > u,lf(x,lf) for
every R, that passing to the limit u, (x) > —C, with C independent of n. O

2B. A priori estimates for the Kolmogorov equation. In this section we provide general a priori estimates
for pairs (m, w) € (LY RYN)NWH4(RN)) x L1 (RV) such that Jav m(x) =M and —eAm +divw =0,
where

! />N
q=§V’ v =N @-11)

N ’
=y V<N

Lemma 2.8. Let f < NN—_qqforq < N,and B < +o0 forq > N. We define 1 <r < f as follows:

1 1 ( l)l
roy y'/)B

Then, there exists a constant C, depending only on N and B, such that

1 w
m - <C ; m|—
il = (5 [ ]

1
CrL w v i
=¢ (81” /[RN mL(_E) dx M) ||m”ZB(R’V)’ (2-13)

where Cp, = Cr(Cy, y) is the constant appearing in Proposition 2.1.

% 4

/ ) 1
dx + M) ||m||ZB(RN)

We now assume that
/

Y
1<fB<l1+4+—. 2-14
B + N (2-14)

Then, there exists § > O such that

Il iy < € o p ([
g¥’ RN |m

v 1 w
Ly r(14+8)8-1 w i
LA@EN) S dx) =CCL_M /RN mL( m) dx, (2-15)

where the constant C depends only on y, N, and B.

Proof. Since m € W14(R"), by Sobolev embedding and interpolation, we get that m € LA (RV). Using
—eAm +divw = 0, we get for all ¢ € Cé’o([R{N),

8/ Vm-Vgodx=[ w-Vedx.
RN RN

Using the Holder inequality, recalling (2-12), we obtain

1 1
- w-Vodx| < -
& JrN RN &€

1 / w

<|\— m|—

ey JpgN M

4

14 v 1
O I A s
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Therefore, we get that for all ¢ € C§° (RN),

1 Y
/ Vm-Vodx 5( // m‘E
RN 24 RN m

We apply then Proposition 2.4 and we obtain that m € W 1" (RY) and that there exists a constant C,

1 wl”
y -
RN m

From this inequality, using Proposition 2.1 and recalling that by interpolation, since [|m|[1gyy = M,

1
V7

@) 11 o190

depending only on r, such that

4

1
y/
@) 1 216

VmlLr@ny < C(e

1
Il vy < 7, M

we conclude the desired inequality (2-13).
Now we fix 1 such that

lz(l_L)LH_ N _ N T
n r NJN+1 N+1 N+1r
Note that, by a simple computation using (2-12), we get
11 N Y
E_E:N—HW( - _N)

therefore, by (2-14), we conclude that n > 8. By the Gagliardo—Nirenberg inequality, and recalling that
lm|l1 = M, we get

_N_ 1
lmllLn@ny < CIVmI| Ly gy M TFT. (2-17)

Since 7 > B, by interpolation we get that there exists # > 1 such that ||m||? ||m||Ln(RN)M9 1

Actuall
ctually l_(l_l)(N_i_ ) i
0\ B I+ N(1=-5H) (=)

So, we substitute in (2-17) and (2-16) and we get, elevating both terms to y’ %,

gy N+1 NE1_ w Y
Il gy =€ G 1>(/ m‘_
RN m

LB[RN) —

7

' P
dx) ”m”Zﬂ(RN)‘ (2-18)

LBRN) —

Now, since 8 > 1, by (2-14), we get

NAL Yy By B [
SIS L (A .
Oy ~ v T NG-D) 'B+,B—1 N+ B1>0
Therefore we deduce (2-15) from (2-18) with
1 /
5=ﬂ—[)’ +1—ﬂ] (2-19)

This concludes the proof. O
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Corollary 2.9. For every r < q, there exists C > 0 depending on N, y' and r such that

C /
lmllwr@ny = 7 (CL /RN mL (—%) dx +¢¥ M). (2-20)
Moreover, if y' > N (so ¢ > N), then m € C%? (RN and
C w ’
[mlcoemny < o (CL /[RN mL(—E) dx +¢¥ M) (2-21)

Proof. For ¢ > N (equivalently ' > N), we fix r < ¢ and we choose  which satisfies (2-12) for such r.
By the Sobolev embedding theorem, W 1> RN is continuously embedded in LB (RM). So, there exists
C depending on N and r such that ||m||psgny < Cllm||y1.-gny. Using inequality (2-13), we get

C w
7 mi—
eV \Jry |m
C w
7 m)—
24 RN

m

y/
Il sy < dx + & M).

If we substitute again in (2-13) we get

v
”m”WI.r(RN) < dx +8y M)

In particular for ¢ > N, we can choose r > N and by the Sobolev embedding theorem we get that there
exists =1 — g and a constant C > 0 depending on N and r such that

C w
m .0 < — m|—
mllosqany = 5 [

C /
= /(CL/ mL(—E) dx + & M).
24 RN m

For ¢ < N, we fix r < ¢, and choose the corresponding § in (2-12), which satisfies f < N%y’ Hence

y/
dx + ¢ M)

we conclude again using inequality (2-13). O

3. Regularization procedure and existence of approximate solutions for ¢ > 0

3A. The regularized problem. We consider the approximation of the system (1-1)
—eAu+ H(Vu) + A = fr[m](x) + V(x),
—eAm —div(imV H(Vu)) =0, 3-1)
Jav mdx =M,

where

Al = fons w00 = [ e[ memo-ndz) a6

and yy, for kK > 0, is a sequence of standard symmetric mollifiers approximating the unit as k — oo.
We observe that fi[m](x) is the L2-gradient of a C! potential Fj : L1(RY) — R, defined as

Felm] = /R Fomx ) d, (3-3)
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where F(m) = f(;n f(n)dn form > 0 and F(m) = 0 for m < 0. Note that using Jensen’s inequality and
(1-3), we get that for all m € L1(R") such that m > 0, and Jan m(x)dx =M,

C C

_f / m T (x)dx — KM < Fy[m] < ——f/ mx (N dx + KM, (3-4)
a+1 Jgn o+1 Jgy

In order to construct solutions to the system, we follow a variational approach and we associate to

(3-1) an energy, as already described in the Introduction. We define the energy

Jan mL(=2) 4+ V(x)mdx + Fi[m] if (m,w) € Ke,p.

. (3-5)
+00 otherwise,

8k(m,w)::{

where K¢ ps is defined in (1-8) and L is defined in (1-7). We recall that the exponent g appearing in the
definition of ICg ps is
y— %% )/: <N,
v, y' > N.
Therefore, g < y’. Observe that, if g < N,
«_ 9N N
N—q N-=y"

q

and that ¢* > 1+ % > 1 +a by (1-4). If ¢ = y' > N, then we let ¢* = +o0.
3B. A priori estimates and energy bounds. In this section, we provide bounds from below for the
energy &, ensuring in particular that the minimum problem is well-defined.

Lemma 3.1. Let (m,w) € K¢ pr. Then

‘aN

Ex(m,w) > —K —Cg~ v=an, (3-6)

where C, K > 0 are constants depending only on N, M, Cr,y, o, M.

In particular there exists finite

ek (M) = inf Er(m, w).

(m,w)€eke, pmr

Proof. Recalling that IV > 0, using estimate (3-4) and applying (2-15) with « = 8 — 1, we get

C
Sk(m,w)Z/ mL(—ﬂ) dx — —7 / m*tldx — KM
RN RN

m o+1
o 1—(148)(1+ (1+a)(1+5) 1 (1+a)
> Ce¥’ M 1—0+8)( "‘)IlmllLafi _a_H||m||La+°§ —KM

v 1 I+3
> 85— ) " _kMm
z—Cés ((8+1)(¢x+1)) :

where C is a constant depending only on N, M, Cr,, y, @ and

5:1[V——a]. (-7)
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Therefore, substituting in the energy, we get

"'—aN) _ van N Y—aN
gk(m’w)z_cwg % ( g )V —

y—aN |
aN y(ax+1)
which gives the desired inequality. O
We get also a priori bounds on minimizers and minimizing sequences.
Proposition 3.2. Let (m,w) € K¢ pm be such that eg ((M) > & (m, w) —n for some positive 1. Then

y/

w _ ¥/'Na
/ m|Z| dx < Ce v N + K, (3-8)
RN m
_ ¥/'Na
ImlI3ads gy < Ce7=Ne + K (3-9)

for some C, K positive constants which depend only on o, N, V, Cp, n.

Proof. First of all we observe that there exists C > 0 depending on M, Cr,, Cy such that
eko(M) < C. (3-10)

Letm = ce"x‘, where ¢ is chosen to have f[R" mdx = M, and w = ¢Vm, so that (m, w) € Kz pr. By
assumption (1-5), we get [, mV(x) dx < C for some constant C > 0, by (3-4) we get F[m] < KM
and by the properties of L in Proposition 2.1 we have

,J//
/ mL(—f) dx < (8 ,+CL)M.
R? m Cy

So, in conclusion e (M) < & (m,w) < C as required.
Note that if (m, w) € K¢ pr, and eg(M) > E(m, w) — n for some positive 7, then, by (3-4), by the fact
that V' > 0, and by the properties of L in Proposition 2.1, we get

4

Y C
C+rzzeg(M)+n28k(m,w)z/ m‘E — L et lgy —KM. (3-1D)
RN m o +1

We apply (2-15) with o = § — 1, and we obtain

Y’ C

C—l—n—i—KMz[ m‘ﬂ — L et gy
RN m o +1
. 1+oa+8) € 1+
> Ce? M AHDAH) g (RDAHD Ly 4D,
a+1

Recall that § + 1 = % which can be computed using (2-19), so

Y y'Na

§ y' —Na’

Note that if we choose A sufficiently large (depending on §, M, Cr, Cp ), we get

Ce?' MI=0+9+a) (=75 g)145 _ %(g—ys/A) >C+n+KM,
o
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from which we conclude that ||m||21;;°? <e75 A, and so estimate (3-9) holds. Estimate (3-8) comes
from (3-9) and (3-11). O

3C. Existence of a solution. We are now in the position to show existence of minimizers of the energy &
in the class K¢ ps for every e, M > 0.

Proposition 3.3. For every e > 0 and M > 0, there exists a minimizer (my, wx) € K¢ pm of Ek, that is,

Ex(mp, w) = inf Er(m, w).
(m,w)eke m

Moreover, for every minimizer (my, wx) € K¢ pm of Ek, there holds
b
m(1+|x)b e LYRN),  wp(1+|x])¥ € LYRY), (3-12)

and there exist constants C > 0 and K, independent of ¢ and k, such that

w
mp
RN

v _ vaN
—| dx +/ mpV(x)dx + ||mk||]‘f3:1(RN) <Cg 7-Ne + K, (3-13)
mi RN

Proof. Let (my, wy) € K¢ p be a minimizing sequence, that is, & (my, wy,) — ek (M). This implies
that, choosing n sufficiently large, & (my, wy,) < es(M) + 1. From this and (3-4) we get

C
/an(—ﬂ)der/ V()mn dx < E(mp, wp) + —2— | m@dx + KM
RN my RN 0(+1 RN
C
<ep (M) +1+—L- / m2tl 4 KM. (3-14)
’ O[+1 RN

By Proposition 3.2, we get
_vaN_
720 || Lot +/ mi™V \wp|” dx < Ce™vV=aN + K.
RN

We conclude also that
'aN
/ V(x)myu(x)dx < Ce v—=an +K
RN

for some C, K > 0. These estimates will imply (3-13), after passing to the limit, using Fatou’s lemma.
Moreover, by Corollary 2.9, we have that there exists C, > 0 depending on ¢ such that for all r < ¢,

||mn||W1J‘ RN E Cg.
(RN)

Moreover, due to Sobolev embeddings, we get ||my || s g~y < C¢ for all s < g*. In addition, by applying
the Holder inequality, we get that there exists C > 0 such that
oa+1

vaty’ L , Y +a e W
/[;;gN |wy| Y+ dx < C(/RN mé Y wn Y dx) ”mn”I(Jaat-ll)((g;?).

By these estimates and Sobolev compact embeddings, we get that eventually extracting a subsequence
via a diagonalization procedure, m, — mj weakly in W17 (RY) for all r < ¢ and strongly in L*(K) for
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/C¥+ 4
all 1 <s < ¢* and for every compact K C RY, and w,, — wy weakly in L ] (RN). By using the fact
that fn V(x)my,(x)dx < Cg and (1-5), we get that for all R > 1,

Qzﬁgmﬂnwnwz/

|x|>R

my(x)V(x)dx > CRb/ my(x)dx.
|x|>R

So for every ¢ > 0 fixed and all > 0, there exists R > 0 for which fl X|>R my(x) dx < n: up to extracting
a subsequence we get that m, — my in LY(R"), and so Jgn mg(x) dx = M. By the boundedness of
my in LS(RN) for all 1 <s < ¢*, we then have m,, — my, strongly in L*T1(R¥). Finally, observe that

from (3-13), using (1-5), we conclude that my (1 + |x|?) € LY(RN). Moreover, we get

’ 1

Y / 12
/ |wk|dx5f |wk|(1+|x|)3dxs(/ 'wy’i'_ldx)y (/ mk<1+|x|>bdx),
RN RN RNmk RN

b
and so wi (1 + |x|)¥ € LY(RV).
Therefore the convergence is sufficiently strong to ensure that (my, wi) € K¢ pr. We conclude that

(my, wy) is a minimum of the energy, by the lower semicontinuity with respect to weak convergence of
the functional [y mL(—%)+ V(x)m dx and by using the fact that Fy[m,] — Fi[mg], since m, — my,
strongly in L*t1(RN). O

Using the minimizers we constructed in Proposition 3.3, we prove existence of a classical solution
to (3-1).

Proposition 3.4. There exists a classical solution (uy, my, Ay ) to (3-1) that satisfies for some constant
Ck e > 0 the inequalities

b _ b
IVur ()] < Cree(1+1x]7), we(x) = Cod (14 x'F7) = Cpp. (3-15)
Additionally there exist C, K > 0 not depending on ¢, k such that
y'aN

'aN
_K—Cs v=aN <), <Cg 7-aN + K. (3-16)

Proof. Let (my, wy) be a minimizer of & . Define the space of test functions

VY (x)| |AY (x)]

A=Ap, =V € C2RN): lim sup ——— < o0, limsup—b <00y . (3-17)
Ix|—o0  |x|¥ x|>oo |
Note that we also have, for all ¥ € A,
: ¥ (x)]
lim sup b < 00

|x|—=>00 |x|?
We claim that
—8/ mp Ay dx:/ w Vi dx forall y € A. (3-18)
RN RN
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Indeed, consider a radial smooth cutoff function y(x) which is identically equal to 1 in B;(0) and
identically zero in RV \ B»(0). Set yg(x) := x(%); we have |Vyg| < CR™! and |[Ayg| < CR™2 on
R for some positive constant C.

Since the equality eAmy = div wy holds in the weak sense on RY, we may multiply it by y gy with
¥ € A and integrate by parts to obtain

e /B mk(URAY + 2V -V r + YA R) dx = / wi- RVY +YVeR)dx.  (3-19)
2R

Bagr

Note that for some positive C,

/ |ka1p|dx§C/ |wk|(1—|—|x|)%dx<oo, / mk|Aw|dx§C/ mk(1+|x|)bdx<oo
RN RN RN RN
by the integrability properties (3-12). Moreover,

b
(1+]xpr*!

[ mdvliselar=c [ om SR

R<|x|<2R R<|x|<2R R

b
§C1/ me(1+|x))» Ydx >0 as R— oo,
R<|x|<2R

because % — 1 < b. Reasoning in a similar way, we also have that fRSl)CISZR mEVy - Vygr and
fR§|x|§2R wy - ¥V xRr converge to zero as R — oo. Equality (3-18) then follows by passing to the
limit in (3-19).

Therefore, recalling the integrability properties of my, wy obtained in Proposition 3.3, the problem of
minimizing & on K¢ ps is equivalent to minimizing & on K, where

"(@+1)
K:={(w,m)e(L' AWLYRNYx L Ve (RN : (w, m) satisfies (3-12), (3-18), m > 0, Javm =M}

for some r < g. As in [Briani and Cardaliaguet 2018, Proposition 3.1], the convexity of L implies that
(mp, wy) is also a minimizer of the following convex functional on K:

~ w
J(m,w) = / mL (——) + (V(x) + fr[mg])mdx.
RN m
We now aim to prove that
sup{AM —eAY+H(VY)+A < V(x)+ fr[mg] on RY for some v e A} = ( mi)n J(m,w). (3-20)
w,m)eEX
We proceed as in [Cardaliaguet and Graber 2015, Theorem 3.5]: Setting

Lm,w, A, ¢) = f(m,w)—i—/ emAY +wVy —Amdx + AM,
RN

we have

min J(m,w)= min sup  L(m,w, A, ),
(m,w)eK (m,w) (A, y)eRxA
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where the minimum in the right-hand side has to be taken over pairs
‘@+1)
(m,w) € (L' W YRN)x L5 5a (RV)

for some r < g, satisfying (3-12). Note that L(-,-, A, V) is convex, and L(m, w, -, -) is linear. Moreover,
since L(-,-, A, ) is weak-* lower semicontinuous, we can use the min-max theorem, see [Borwein and
Vanderwerff 2010, Theorem 2.3.7], to get
min sup  L(m,w,A, )
(m,w) (A, y)eRxA
= sup min L(m,w, A, V)
(A ¥)eRxA (mw)

= sup min / mL(—E) + (V(x) + felmeDm +emAy +wVy —Amdx +AM
A, ¥)erxA (mw) JrNV m

= sup / min mL(—E) + (V(x) + frlme)m +emAy + wVy —Amdx + AM,
(A, ¥)ERxAJRN (m,w)eRXRN m
where the interchange of the min and the integration is possible by standard results in convex optimiza-
tion. By computation, min,, ,)egpxgy ML(—2) + (V(x) + felmg))m +emAy +wVy — Am is zero
whenever eAY — H(Vy) — A + (V(x) + fr[my]) is positive, and it is —oo otherwise. Therefore, we
have proven (3-20).
By Theorem 2.7(i)—(ii), there exists u; € C2(R"N) such that

—eAug + H(Vug) + A = V(x) + felmg] on RV, (3-21)
which satisfies
Vur ()] < Cre(1+ 37, ug(x) = Crelx|7 1 =€)
for some Cy . > 0.
Moreover,

el Aug (0)| < |H(Vug ()| + 2| + V(x) = filme] < Cre(1 +1x)® on RY,
so uy € A. Thus, the supremum in the left-hand side of (3-20) is achieved by Ay, and it holds true that
MM = Tl w0) = Emiwe) + [ Sl dx = Flong] 6-2)
R

This gives in particular (3-16), using Lemma 3.1, estimates (3-10) and recalling Proposition 3.2 and
assumptions (1-3), (3-2) and (3-4).
We now use (3-22), (3-21) and (3-18) with ¥ = uy to get

0= /RN (L (—::—i) + V(x) —mf — /\k)mk dx
=/ (L(—%) —sAuy +H(Vuk))mk dx
RN mg

=/ (L(—ﬂ)+H(Vuk)+Vuk-ﬂ)mkdx,
RN mg my
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which implies

Bk _ —VH(Vug) onthe set {my > 0}.
m

Hence, the Kolmogorov equation e Amy, +div(my V H(Vuy)) = 0 holds in the weak sense, and by elliptic
regularity we conclude that (ug, my, Ay) is a classical solution to (1-1). O

Remark 3.5. Note that if we assume that the local term f satisfies (1-9) instead of (1-3), then the same
argument as above applies. In particular there exists a classical solution (ug, my, Ax) to (3-1) such that

b _ b
Vur(0)] < Cre(1+[x]7), ug(x) = Ct(1+ |x['77) = Cpe.

m® T dx my(x)V(x)dx < CS_VK/—?IIV + K
RN K e B .

We finally prove that every my, is bounded from above in R¥ (this is not obvious from Proposition 3.4
unless ¥’ > N). Note that the following result does not provide uniform bounds with respect to k. These
will be produced in Theorem 4.1 using a much more involved argument.

Proposition 3.6. Let (uy,my, Ay) be as in Proposition 3.4. Then, my, is bounded in L™ (RV).

Proof. Let ¢(x) = up(x)?, for p > 1 to be chosen later. Using the fact that uy, is a classical solution to
the HJB equation, we get

—eAp+VHNVuyp)- Vo

- Vi |?
= puf 1(—Auk —(p-1)

Uk

+ VHVuy) - Vuk)

|Vug|?
Uk

= pul™! (—Auk + H(Vup) — (p—1) — H(Vug) + VH(Vuy) - wk)

|Vug|?

= pul™! (—(p 1) — H(Vug) + VH(Vug) - Vug — A+ filmg] + V). (3-23)

Observe that by (1-2), (1-5), (3-15) and the fact that fi[m] is bounded on R, there exist large R and C
such that

|Vug|?
Gx)=—(p— I)T — H(Vup) + VH(Vug) - Vug — A + filmg] + V(x)
Vuy |2
> K Vel — (0~ ) K i + v
k

1 [Vug |>Y —1y,b

z(p—1)|Vuk|y( — —C+Cy ' |x|”>1 forall|x|> R.
K(p—1) Uk v

Hence, again by (3-15), for all |x| > R

—eAp+ VH(Vuy)- Ve = c|x|1+5) =D,
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In view of [Metafune et al 2005, Proposition 2.6], we have |)c|(1+ )~ Dim & € LY(RN). Recall now that
[VH(Vup)| <C(1+|x]|) ¥ by (3-15). Therefore, by choosing p large enough, |V H (Vuy)|*my € L1 (RV)
for some s > N. We conclude the boundedness of my in L°° by [Metafune et al. 2005, Theorem 3.5]. O

4. Existence of a solution to the MFG system for ¢ > 0

Our aim is to pass to the limit k — oo for solutions to (3-1).

4A. A priori L™ bounds. We need first a priori L°° bounds on m, that are independent with respect
to k. These will be achieved by a blow-up argument, as proposed in [Cirant 2016] for systems set on
the flat torus T¥. Here, the unbounded space RY and the presence of the unbounded term V' make the
argument much more involved than the one in that paper. To control the points x; € RY where my (xy)
possibly explodes, some delicate estimates on the decay (in L) of its renormalization will be produced.

We provide a more general result, that will be used also in the rescaled framework (Section 5). Let
Tk, Sk, I be bounded sequences of positive real numbers.

Theorem 4.1. Let (uy, Ay, my) be a classical solution to the mean-field game system

—Au + r}c’H(rk_IVu) + Ak = grlm] + sk V(e x),
—Am —div(m rk VH(r]:1Vu)) =0,
Jav mdx =M,

where g : LY(RY) — LY(RY) are such that for all m € L*(RN) N LY (RN) and for all k,

kbl ooy < K2y + 1) (4-1)

for some K > 0. Suppose also that for all k, uy is bounded from below and my, is bounded from above
on RN, Then, there exists a constant C independent of k such that

[miLee < C.
Proof. We argue by contradiction, so we assume that
supmy = Ly — +o00.
RN
We divide the proof into several steps.

Step 1: rescaling of the solutions. Let
- —1
U =L ﬂ, ﬂ=o¢y—>0.
4

So, observe that 1y — 0 as k — 0. Since u is bounded from below, up to adding a suitable constant we

can assume that mingny u; = 0. We define the rescaling
2—1/
V

v (x) = "ug (e x) + 1,
ng(x) = L Uy (g x).
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Note that 0 < ng(x) < 1. Moreover, due to (1-4),
aN(y—1) -1
/ ng(x)dx =ML, 7 — 0,
[RN

and min vy = 1. We define

Y

1 1
Y—1 — T—y -1 - I-y
Hi(q) = py " ri Hrg ' 7 @), so VHi(q) = pry  VH(r 'y " q).

Recalling (1-2) we have that for all g € RN,
Culql” — K < Hi(q) < Cu(lg|” + 1),
|VHi(9)| < Crlg|"™"
VHi(q)-q—Hi(q) = K~ '|g|" = K.

Moreover, we define
Y

G (x) = )" grelmp] (e x).

Recalling that 0 < my < Ly, by (4-1) we get that for all x and for all k,

Y
8e(X)| <] " K(LE +1) <2K,

where we used the fact that py = L;'B with 8 = ayT_l. Finally, we let

x 55 1

A =py Ak = Tatk

k
and we observe that
Akl < C.
Finally, let
v
Vie(x) = " sV (gt x).

By assumption (1-5), we get

Y
sy Cyt(max{|tg x| — Cy, 0P < Ve(x) < Cy (1 + oy |x[?),
where

yEr+b
Gk::/’L]);l skt,f—>0 as k — oo.

In particular we also have the following bound from below for V}:

-1
CV b -1
Vo) = —poelxl? forall |x| = 2Cy (epu) ™.

An easy computation shows that by rescaling we have that (v, ng, ik) is a solution to

—Avg + Hy (Vo) + g = g () + Vi (x),
—Anyp —div(inig VHi (Vug)) =0.

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)

47

(4-8)
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Step 2: a priori bounds on the rescaled solution to the Hamilton—Jacobi equation. We observe that by
Theorem 2.5 and (4-6), there exists C > 0, independent of k, such that

1y
[Vop(x)| < C(1+0 |x|7) on RN (4-9)
We recall that we assumed vy (X)) = minvg = 1. Since vy, is a classical solution to (4-8), at a minimum
point X we have, by (4-3), (4-4), (4-5) and (4-7),
orlkl? < C.

Therefore, by using this estimate and (4-9), since |vg (0)| < |vg(£x)| + Xk | supjy <z, | [Vur (v)| we
obtain . i 1
kO] < 1+ C(+07 |3 7) < Ci(1 +0,. ")

and then again by (4-9),
_1 1
ve(x)|=C(+o b 4o x| on RN, (4-10)
k k

Let x be a smooth function  : [0, +00) — [0, +-00) such that xy = 0in (0, 3) U (3, +00), x(1)>0

and |x'|. |x”| < 1. We fix ¥ € RY such that |X| > 4Cy (tx ux)~", and we set
1
weo) = o] 1814 2( 15,
|X|

where k¥ > 0 has to be chosen. We have that w(x) < vy (x) for all x such that |x| > %|i| or x| < %|)E|.
Moreover, for x such that %|fc| <|x| < %lil we have |x| > 2Cy (uxtx)~ L, so using the estimates (4-3),
(4-4), (4-5) and (4-7),
3 ~ ¥ieibo1 ~1b CI71 ~1b
—Aw + Hp(Vw) + A — gr (x) = Vi (x) <kNol |77 + Cuk?or|X|” + C — 2—bc7k|x| .

Note that there exist ¥ > 0 small and C, > 0 large, depending only Cy and Cg and not on |X|, k, such
that the right-hand side of the last expression is negative if

or|x|? = C,

(this also implies that #; px | X| > 4Cy, as required). The test function w is then a subsolution of the HIB
equation in (4-8); therefore by comparison we get

1
w (%) = kx (o |77,
By the arbitrariness of X we conclude that, for some C > 0,
AL b
vk (x) > Coyl |x|v for all oy |x|” > Ca. (4-11)

Step 3: estimates on the (approximate) maxima of ny. We now fix 0 < § < 1 and x; such that
ng(xx) = 1—38. Two possibilities may arise: either limg o |xg|? = +00 up to some subsequence, or there
exists C > 0 such that o |x|? < C. We rule out the second possibility by contradiction. Suppose indeed
that there exists C > 0 such that o |xx |? < C. By (4-9), |Vvg| < C on B (xy) for some C > 0. Therefore,
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using the fact that ny solves the second equatlon in (4-8), the elliptic estimates in Proposition 2.4, (4-3),
the interpolation inequality ||n], < [|n || 7 ||n|| X and the fact that 0 <nj <1, we get forall g > 1,

Inkllwias, () < C(+ ||VHk(VUk)||L°°(Bz(xk)))||”k||g1(32(xk)) <Cq4 (4-12)

for some C; > 0 depending on g. This implies, choosing g > N, that for all 6 € (0, 1) there exists Cy
depending on ¢ (but not on k) such that [|ng ||co.6(p, (x)) < Co- Recalling that ng (xx) =1 —8 we can
fix r < 1 such that ng(x) > 5 1 for all x € B, (xg). It is sufficient to choose r = Ce_é (% — 5) Therefore
we have, by (4-2),

aNy—1)

0<%a)NrN5/ nk(x)de/ ng(x)dx =ML, 7 — 0.
By (x1) RN
This gives a contradiction. Then we deduce that, up to a subsequence,
lilgnUk|xk|b = +00. (4-13)

Step 4: construction of a Lyapunov function. Let ¢ (x) = vi (x)?, for p > 1 to be chosen later. Using the
fact that vy, is a classical solution to (4-8), arguing as in (3-23), we get

| 2

_ Vv
—A¢+VHk(Vvk)-V¢=pv,f 1(—Avk—(p—l)| vk +VHk(Vvk)-Vvk)

|V |2

— P! (—(p—l) Hy (Vo) +V Hy (Vo) Vig—ig + (x>+vk<x)).

We set

2 ~
v kl — H, (Vv) + VH,(Vvr) - Vo — A + gr(x) + Vi (x). (4-14)

Gr(x)=—(p—=1)

Using the previous computation and the fact that ny is a solution to (4-8), we get, by integrating by parts,
that

0= [ me (A9 (0) + VHL(Voe() - V9) dx = p [ mex)Gio) 7 () .
Therefore from this, for every A > 0 we get
/ ()G9 () dx = - [ ne ()G ()$ 7 (x) dx. (415)
{p(x)=A7} {p(x)<AP}

Observe that by (4-3), (4-4), (4-5) and (4-7) we get that for all ¢ i |x| > 2Cy,

_ |V |2 =L
Gr(x) > K ' Vug|" = (p— ) —— — K = Ag + & (x) + Vi (x)
1 Vo |27
z(p—l)IVvkly( _ Vol )—c+cvok|x|b. (+16)
K(p—-1) Vi
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We first claim that by (4-9) and (4-11),
1 Vg |2—y
K(p—1) Uk
eventually enlarging C; in (4-11). Indeed,

>0 ifaklxlb >y,

Loy
Vor@)P7 _ 4o XY Ca
vk (x) —p—1

— (4-17)
[0y |x[7]]x]
whenever oy |x|? is large enough. This implies that for all o%|x|? > C», by (4-16) we have G (x) > —C.
On the other hand, again by the gradient bounds in (4-9) we have that |[Vvg(x)| < C(1 4+ C3) on the set
ok|x|? < C,, so (4-16) and min vy, = 1 again guarantee that Gy (x) > —C3. In conclusion, there exists
C > 0 such that

Gr(x)>—C forall x € RY.

Therefore, going back to (4-15), recalling (4-2), we obtain that

p=1
d(x)\ 7
ng(x)Gr (x)| —— dx <C ng(x)dx <C ni(x)dx
{(p(x)=A7} AP {(p(x)=A?} RN
—N+75-5
= CMy, -0 (4-18)

as k — oo.

Note that by (4-16) and (4-17), if x is such that G (x) < 0, then necessarily oy |x|? < C for some
C > 0. Hence, by (4-10), we get that vi(x) < C3(1 + Jk_%). Therefore if we choose A = Ay = Kak_%
for a sufficiently large K > 0, we get that G (x) > 0 in the set {x : ¢p(x) > AP}.

Step 5: integral estimates on nj. Arguing as in the end of Step 4, we may choose K big enough so that
Gr(x) > 1inthe set {x : ¢ (x) > Allg}, where Ay = Kok_%. If k is sufficiently large, by (4-11) and (4-13)
it follows that for some C > 0,

1
ve(x) > Cof x|V in By(x). and  Bi(x) € fr:g(x) > AL

Therefore, we may conclude that

r=1 % 1+2 p—1
o, |X 14
f nk(x)Gk(x)(@) " dx > c(%) [ ny (x) dx
{p(x0)=AL} Aj b B1(xk)

Ok
1
= Cy bl [ e dx, (4-19)
By (xx)
which together with (4-18) gives
1
[ mwdx =] i (4-20)
B (xx)

for all k large.
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Reasoning as in Step 3, see in particular (4-12), by Proposition 2.4, (4-3), (4-9) and (4-20), we get that
forallg > 1,

1
Inkcllwra (s, n ) = CA+IVH(VV Lo i) 1711 (8, ()

1 b, 1., L b 1=p
S Co[l + (o x| 10 [xk|7) @ <1,
1
whenever p is such that y — 1 + ITTP <0 and k is large (recall that we are supposing o’ |xk|§ — 4-00).

Therefore, we may conclude as in Step 3: choosing ¢ > N, for some 6 € (0, 1) there exists Cy such that
||”k||C0-9(Bl/2(xk)) < Cy. Since ny(xz) = 1—4, we can fix r < 1 such that ng (x) > % for all x € By (xg).
Finally, by (4-2)

aN(y—1)

0<%a)NrN 5/ nk(x)dx§/ ng(x)dx =ML, """ —0.
By (xx) RV

That gives a contradiction and rules out the possibility that oy |xx |b — +o00. Therefore, Ly — +o00 is
impossible. [

4B. Existence of a solution to the MF G system. Using the a priori bounds we obtained, we can pass to
the limit in £ in the MFG system (3-1) to get a solution to (1-1) for every ¢ > 0.

Proof of Theorem 1.1. First, by Proposition 3.4, the existence for all k of a classical solution (ug, my, Ax)
to (3-1) follows. By (3-16), up to passing to a subsequence we have that Ay — A..

Note that by Propositions 3.4 and 3.6, u; and my, are bounded by below and above respectively, so
due to Theorem 4.1 (with g[m] = fi[m] and rp = s =t = 1 for all k), we get that there exists Cg > 0
independent of k (but eventually degendent on & > 0) such that |[mg || Lcogn) < Ce. Using Theorem 2.5,
this implies |Vug (x)| < Ce(1 + |x|7) for some C, independent of k. We can normalize uj (0) = 0 and
using the Ascoli—Arzela theorem we can extract by a diagonalization procedure a sequence u; such
that 1y — u, locally uniformly in RY. Moreover, by using the estimates and the equation we have that
actually 1y — u, locally uniformly in C''. Note that, denoting by x; a minimum point of u; on RY, we
have by the HIB equation that

H(0) + Ag — frlmp)(xx) = V(xp).

Coercivity (1-5) of V' and uniform boundedness of A and fy[my] guarantee that x; remains bounded,
in particular thathu k¢ = —C on R by gradient bounds. Theorem 2.6 then applies, and in particular
ug(x) > C|x|'™» —C~! for all k. This implies, passing to the limit, that

Ug(x) > C|x|1+§ —C7' onRV. (4-21)

By the elliptic estimates in Proposition 2.4, we get that my — m, locally uniformly in C%¢ for all
o € (0,1) and weakly in WP (Bpg) for every p > 1 and R > 0. Therefore we get that 1, is a solution in
the viscosity sense of the Hamilton—Jacobi equation, by stability with respect to uniform convergence,
and m, is a weak solution to the Fokker—Planck equation, by strong convergence of Vuj — Vu,. Finally
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this implies, again by using the regularity of the HIB equation, that u; — u, locally uniformly in C2.
Therefore, u., m, solve in classical sense the system (1-1).

Now we show that [px m¢(x)dx = M. We have that my — m, locally uniformly in C 0. for every
a € (0, 1). Moreover, due to (3-13) and to (1-5), we get that for all R > 1,

CaZ/RN mk(x)V(x)de/

|x|>R

mi(x)V(x)dx > CR? / mp(x) dx.

|x|>R
This implies f| x|<r™ «(x)dx > M —CyR™? and then by uniform convergence we get that for every
e >0, and n > 0, there exists R > 0 such that

/ meg(x)dx > M —n.
Ix|<R

From this we can conclude that my — m, in L' (RN), that is, Jrn me(x) dx = M. By the boundedness
of my, in L, it also follows that mj — m, in L*T1(RY).

Finally, we get that if w, = —m;V H(Vu,), then (mg, w) € K¢ pr, due to the second equation in
(1-1). Moreover, we have that if mj — m strongly in L*T1(RV), then, due to the Lebesgue dominated
convergence theorem and (3-4), F (my % yx) — F(m) strongly in L (R™). This implies that the energy &
I'-converges to the energy £, from which we conclude that (m,, w,) is a minimizer of £ in the set ICg p7. O

Remark 4.2. Note that by the very same arguments, recalling Remark 3.5, we have the existence of
solutions also in the more general case that condition (1-9) is satisfied.

We conclude proving some estimates on the solution (u., m., A;) given in Theorem 1.1 that will be
useful in the following.

Corollary 4.3. Let (ug, mg, Ag) be as in Theorem 1.1. There exist constants C,C1,Cz, K, K1, K2 >0
independent of ¢ such that

'aN
/ me|Vug|¥ dx +/ m2t 1 dx +/ me(x)V(x)dx < Ce vaN + K, (4-22)
RN RN RN
_ vaN _ v'aN
—K1—C1e vV—aN <), < Ky —Cpe v'—aN (4-23)

Proof. We observe that, by the arguments in the proof of Theorem 1.1, my — m, and |Vuy| — |Vug|
almost everywhere, and using the fact that V' (x) > 0, we have that by Fatou’s lemma

/ mg(x)|Vu£|ydx§1iminf/ my (x)|Vug |’ dx,
RN k RN
/ me(x)V(x)dx fliminf/ my(x)V(x)dx,
RN k JrN
/ mg‘“dxfliminf/ mytldx.
RN k RN

So inequality (3-13) gives immediately (4-22).
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Now we prove (4-23). Note that the estimate from below is a direct consequence of (3-16). So, it

remains to show that
_ y'aN
Ae < Cy—Cre V—aN

Recalling that formula (3-22) holds and [ f(m)m — F(m) <2KM by (1-3), it is sufficient to show that

'aN
inf  E(m,w) < —Cas v=aN + Cs, (4-24)

(m,w)€eKe, pmr

where C, is a constant depending only on N, M, Cy,,y,«a, V. We construct a pair (m,w) € kg pr as
follows. First of all we consider a smooth function ¢ : [0, +00) — R which solves the ordinary differential
equation

{¢ (r) ==p(r)(1+ o)), (+)

#(0) = 1.
Then, it is easy to check that 0 < ¢ (r) < %e". We define m(x) = A¢(t|x|), where A, T are constants to
be fixed, and w(x) = eVm(x).
First of all we impose

A A
M= [ meax=Ty [ o@hay=e
RN T RN T

recalling that ¢ is exponentially decreasing. So A = M " C, where C ™! = Jav @(y]) dy.
Observe also that

/RN ma+l(x) dx = MOC+1,ElXNCol+1/RN ¢a+1(|y|)dy — Ma+1TaNCa+1Ca, (4_25)

where Coq = [n ¢ (|y]) dy.
We check, recalling the growth condition (1-5), that the following holds:

1
[ meveax=c [ v()odshar=cig. (4-26)
RN RN T T
where K is a constant depending on N, ¢, Cp.
Moreover, we compute, recalling that ¢ solves the ODE (x),
o % y/
MoccoeTN(xm Maca.L-Nocm

We consider the energy at (m, w)

jw|”" =

8‘[1’1’[(1 +

4 ’ ’ 1
=g’ v m? (1 + o‘), (4-27)

E(m,w) = AN mL(—%) + F(m)+mV(x)dx.

Observe that by (1-3),

C
F(m) < — L et 4 Km.
a+1
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Using Proposition 2.1, computation (4-27) and (4-25), we get

C
/ mL(—E)—i—F(m)dXS/ mL(—E) dx——f m*tldx+KM
RN m RN m a+1 JpN

vy’ C
ECL/ m|w|/ dx-l—(CL—i—K)M——f m*tldx
RN mY 0[+1 RN

1

RN Maca.L-Na

= CLs”/t”/(M—i—
1 RN

C
m“+1dx)+(CL+K)M—Tf mt!
%

o Cf gy/.[)//—NOl
=Cre’ 1Y M+(CL+K)M— — atly
e’ ¥ M+(CL+K) (a+1 ece )/RNm X

/ ’ C
=(MCL+MCCy)e” t¥ —a—_LM“+1C“+1Car“N+(CL+K)M.

v . . .
Lo™57—Na | where a is sufficiently large, in such a way that

‘We choose now t such that T = 2

w y/'Na
7

/ mL(——) dx + F(m)dx < —Ceg v-Na +C,
RN m

where C is a constant depending on «, Cr,, M. Substituting this in the energy and recalling (4-26), we
get the desired inequality. O

5. Concentration phenomena

In the second part of this work, we are interested in the asymptotic analysis of solutions to (1-1) when
e —0.

5A. The rescaled problem. We consider the rescaling

/7 ’

(y) 1= £7 =N m(e 7N y),

- Na(y/'—=D—y’ v
u(y):=¢e v-oN u(er-eNy), (5-1)
~ Nay’
Ai=gvV—aN ),
We introduce the rescaled potential
NC(V/ y/
Ve(y) = ev=aN V(e =aN y). (5-2)
Note that by (1-5), we get
-1 Nay’ v/ b Nay’ v/ b
Cy ev=oN (max{|e? =N y| = Cy,0})” < Ve(y) < Cyev=oN (1 4 ev"—aN | y[)”, (5-3)
The rescaled coupling term is given by
- 1/Vay/ - /NV/ /)’/
Je(m(y)) = V=N f(e v—aNm(ev'—N y)). (5-4)

Note that, using (1-3), we obtain

Nay’

Nay’
—Cym® — Kev—eN < fu(m) < —Cym® + Kev'—an . (5-5)
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Then we get that
liII(l) fe(m) = —=Cym®  uniformly in [0, +00). (5-6)
E—>

Moreover, we define F¢(m) = f(;" fe(n)dn if m > 0 and F,(m) = 0 otherwise, and we get

Cf Nay’ Cf Nay’

- 1m°‘+1 — KeV—aNm < Fy(m) < _a—+1ma+1 + Kev—aNm. (5-7)
We define also the rescaled Hamiltonian
He(p) = e7-a8 H(e™ ¥ p). (5-8)
By (1-2),
Nay’
Culpl” —ev=N K < H¢(p) < Cu|p|". (5.9)
IVH:(p)| < K|pI"™".

So, we get

sli_l;% H¢(p) = Ho(p) :=Cg|p|’ uniformly in RN (5-10)

Moreover, if we assume that V H, is locally bounded in C %71 (RN), then
Cy -2 .
VHy(p) - VHo(p) = —|p|" “p locally uniformly.
14

We can define L, as in (1-7), with H, in place of H and we obtain that condition (5-9) gives that there
exists Cz, > 0 such that

’ ’ _Nay’_
Crlgl” < Le(q) < CLlq|” +ev=eNCy, (5-11)
which in turns gives that
Le(g) — Lo(g) = Cr|q|”"  uniformly in RV, (5-12)

The rescalings (5-13) lead to the rescaled system

—Aiig + Ho(Viig) + he = fo(ite) + Ve(y).
fRN ’/’718 == M.

Existence of a triple (tig, Mg, A ¢) solving the previous system is an immediate consequence of Theorem 1.1.
We first start by stating some a priori estimates.

Lemma 5.1. There exist C, C1, Co > 0 independent of ¢ such that the following hold:
—C1 < ke <—Ca, (5-14)

/ me|Vite|” dy +/ e (1) Ve(y) dy + llite |l farts gy < C. (5-15)
RN RN
7] oo @ny < C. (5-16)
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Proof. Estimates (4-23), (4-22) give (5-14), (5-15) by rescaling.N i) N
oy — oy )4

We apply Theorem 4.1 with g[m](x) = fe(m(x)), rp =¢& Y—oN | sp =¢ev'—oN and { = gV —aN,

which are all bounded sequences, and we obtain (5-16). O

’

Using the a priori bounds on the solutions to (5-13), we want to pass to the limit ¢ — 0. The problem
is that these estimates are not sufficient to ensure that there is no loss of mass, namely that the limit of
i still has L! norm equal to M. Therefore, we need to translate the reference system at a point around
which the mass of 11, remains positive. This will be done as follows.

Let y, € RV be such that

Ue(ye) = mintig(y), (5-17)
RN

note that this point exists due to (4-21).
We will define
Ue(y) = tle(y + ye) —tle(ye),

_ ~ (5-18)
me(y) = me(y + ye).
Note that (., mg, )18) is a classical solution to
—Aug + Hs(vas) + ia = fs(”hs) + Va(y + ys)a
—Amg —div(im:VH,(Vu,)) =0, (5-19)

fRN ’/hé‘ = M,
and in addition ¢ (0) = 0 = mingn .
5B. A preliminary convergence result. In this section, we provide some preliminary convergence results,

where we are not preventing possible loss of mass in the limit. First of all we need some a priori estimates
on the solutions to (5-19).

Proposition 5.2. Ler (i, mg, A ¢) be as in (5-18). Then there exists a constant C > 0 independent of &
such that the following hold:

(Na+b)y’ b (Na+b)y’ b
g V=Na |y | <C and 0=Ve(y+ye) <C(e V=N |y|” 4 1), (5-20)
b _ b _
\Vite(y)| < C(A+|y))? and iie(y) > Cly|'Ty —C71, (5-21)

/ me(y)dy = C  forall R > 1. (5-22)
Br(0)
Finally, if we = —m¢V Hg(Vuyg), then (mg, We) is a minimizer in the set Ky p of the energy

Ealm. w) = / ng(—n%) +Va(y + ye)m + Fo(m) dy. (5-23)
RN

where Lg and F, are defined in Section 5A.

Proof. Since u, is a classical solution, we can compute the equation in y = 0, obtaining

He(0) + Xe > fe(1(0)) + V(ye).
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Using the a priori estimates (5-14), (5-16), (5-9) and the assumptions (5-5), (5-3), this implies

(Na+b)y’ b
g V=N |yg|” < C,

and then, again by assumption (5-3), that (5-20) holds.

Using estimates (5-14), (5-16), and (5-20), we conclude by Theorem 2.5 that estimate (5-21) holds.

Again by the equation computed at y = 0, recalling that H;(0) — 0 and V; > 0 and estimate (5-14), we
deduce that — f;(m¢(0)) > —C, > 0. So, by assumption (5-5), we get that there exists C > 0 independent
of &, such that m.(0) > C > 0. Using the estimates (5-21) and (5-16), by Proposition 2.4, we get that
there exists a positive constant depending on p such that ||712¢ |l y1.»(p,(0)) < Cp for all p > 1. This, by
Sobolev embeddings, gives that |71 || co.e(p,(0)) < Ce for every a € (0, 1) and for some positive constant
depending on «. We choose now Ry € (0, 1] such that m, > %C in Bg,(0), using the C* estimate and
the fact that m.(0) > C > 0. This implies immediately that || Br,(0) me(y)dy > %C |Bry| > 0. This
gives the estimate (5-22), for all radii bigger than Rj.

Finally that (7., w¢) is a minimizer of (5-23) in £Cq ps follows from Theorem 1.1, by rescaling. [

We get the first convergence result.

Proposition 5.3. Let (iig, m,, ig) be the classical solution to (5-19) constructed above. Up to subse-
quences, we get that A — A, and

Ug —>u, me—>m, Vig—Vu, VH,(Vig)— VHy(Vi) (5-24)
locally uniformly, where it > 0 = ii(0), and (i1, M, A) is a classical solution to

—Aii + Ho(Vii) + A = —Cpin® + g(x),

5-25
—Am —divimV Ho(Vu)) =0 ( )
for a continuous function g such that 0 < g(x) < C on RN for some C > 0.
Moreover, there exist a € (0, M|, C, K, k > 0 such that fRN mdx = a, and
a(x)>Clx|-C, |Via|<K onRY, / i (x) dx < +o0. (5-26)
RN

Proof. First of all observe that, since V' is a locally Holder continuous function, (5-20) implies that, up to
a subsequence, Vz(x + y¢) — g(x) locally uniformly as ¢ — 0, where g is a continuous function such
that 0 < g(x) < C for some C > 0.

Using the a priori estimate (5-21), and recalling that u, is a classical solution to (5-19), by classical
elliptic regularity theory we obtain that i, is locally bounded in C 1% in every compact set, uniformly
with respect to €. So, up to extracting a subsequence via a diagonalization procedure, we get that

fie —> i, Viig— Vii, VHs(Viig)— VHo(Vii)

locally uniformly, and de = A. Using the estimates (5-21) and (5-16), by Proposition 2.4, and by Sobolev
embeddings, for every compact set K C RY, we have that [mellco.e(ky < Ck o for every @ € (0, 1) and
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for some positive constant depending on @ and K. So, up to extracting a subsequence via a diagonalization
procedure, we get that m, — m locally uniformly.

So, we can pass to the limit in (5-19) and obtain that (i7, 72, 1) is a solution to (5-25), which is classical
by elliptic regularity theory.

Using (5-22) and locally uniform convergence, we get that there exists a € (0, M] such that |; gy Mdy=a.

Observe that u is a solution to

— Al + Ho(Vii) + A = —Cpm® + g(x).

By Theorem 2.5, we get that there exists a constant K depending on sup g and —A such that |Vi| < K.
Moreover, by construction u > 0.

Since 77 is Holder continuous and such that [y m dx =a € (0, M], by Lemma 2.2, we get that /7 — 0
as |x| — +o0. Therefore, we get that liminf||_, 4 oo (=% (x) + g(x) — A — Hy(0)) = —1 > 0. So, by
Theorem 2.6, recalling that by construction u(0) = 0 < u(y), we get that u satisfies

ux)>Clx|-C (5-27)
for some C > 0.

To conclude, consider the function ®(x) = e¥"(¥) We claim that we can choose k > 0 such that there
exist R > 0 and § > 0 with

—AP+VHy)(Vu)-Vo>§d, |x|>R. (5-28)
Indeed, since u solves the first equation in (5-25), we get
—A® + VHy(Vit)- V& > k(—A — «|Vit|? — %) .

Using (5-27) and m — 0 as |x| — 400, we obtain the claim. Reasoning as in [Ichihara 2015, Proposi-
tion 4.3], or [Metafune et al. 2005, Proposition 2.6], we get that fRN e dx < +o00, which concludes
the estimate (5-26). O

Remark 5.4. With estimates (5-26) in force, the pointwise bounds stated in [Metafune et al. 2005,
Theorem 6.1] hold; namely there exist positive constants ¢y, ¢z, such that

m(x) <cre” 2 on RV,

5C. Concentration-compactness. In this section we show that actually there is no loss of mass when
passing to the limit as in Proposition 5.3. In order to do so, we apply a kind of concentration-compactness
argument.

First of all we show that the functional &, (m, w) enjoys the following subadditivity property. Let us set

és(M)= min & (m,w).
(m,w)elny

Recalling (3-6), (4-24), and the rescaling (5-1), for every M > 0 there exist C1 (M), Co(M), K1, K2 >0
depending on M (and on the other constants of the problem) but not on ¢ such that there holds

Nay’ Nay’
—C1 (M) — K1&7-Na < 3,(M) < —Co(M) — Koe7'—Na (5-29)
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Lemma 5.5. Forall a € (0, M), there exist eg = €o(a) and a constant C = C(a, M) > 0, depending only
on a, M and the data (not on ¢), such that C(M,M)=0=C(0,M), C(a,M) >0 for0 <a <M and

es(M)<eéeg(a)+eées(M —a)—C(a,M) forall e <c¢y. (5-30)

Proof. We assume that a > %M (otherwise it suffices to replace a with M — a).
Let ¢ > 1 and B > 0. For all admissible pairs (m, w) € Kp we have, recalling (5-7),

es(cB) <&(cm,cw) = / cmLg (—E) 4+ Fe(em) + cVe(x + ye)ymdx
RN m

=c&(m,w)+ / Fe(em)—cFg(m) dx
RN

c(c*—=1)Cyr

chb‘(m’w)_ a+1

Nay’
/ m®*t! dx + 2KcBev-Ne (5-31)
RN
Let now (my, w,) be a minimizing sequence of & in Kp such that E(m,, wy) < é.(B) + %Cz(B),
where C>(B) is the constant appearing in (5-29), which depends on B and on the data of the problem.
Recalling that V; > 0 and L, > 0, and using estimate (5-7), we get

~ 1 Cr at1 Nay’
ee(M) + ;C2(B) = Ee(mp, wp) > Fe(mp)dx > —— m dx — KBgv'—Ne,
RN o+ 1 R”
Using (5-29), we get, for all ¢ sufficiently small,
Cr
a+1

Nay’
/N my Tl dx = 3Co(B) - Kev-aN > 1Cy(B) > 0.
R

So, this estimate in particular holds for a minimizer of &. Therefore in (5-31) we get, taking (m, w) to
be a minimizer of £ (which exists by Proposition 5.2),

Nay’
Z:(cB) < céo(B) —c(c® — 1)ACo(B) + 2KcBev—Na | (5-32)

Using (5-32) with B =a and ¢ = & we get

M MT(M\* C Nay'
ée(M)<—ég(a)——[(—) —1] 2(a)+2KMew—%a.
a a a 2

Ifa = %M , this permits us to conclude, choosing ¢ sufficiently small (depending on a). If a > %M , we
use (5-32) with B=M —a and ¢ = M“ 7 ( Ma—a)

Cr(M — Nay'
) ] 2( a)+2K(M—a)8V’—1)\/’Dt

Cr(M — Nay’ Nay’
) ] . a)+2KMgV’—11\/’“ <&(M—a)+2KMe¥'Na,

M —

@ 0(a) < (M —a)— [(

<ég(M—a)—|:(
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So putting together the last two inequalities we get

2(M) < 2ua) - —[(—)

]Cz(a) Noy'
2
ee(a) - %[(%)“ - 1] C2(a) + 2KM8V]’V—O[71)\,’;

+2KMegv'—Na

=ec(a) + M=

a
M (M\* C Nay'_
<&(a)+ (M —a)— _[(_) ] 20) |y enge
a a
~ - MM\ Ca(a
<a@+ao-a- | (3 -1]2
a a
for ¢ sufficiently small (depending on a). O
Theorem 5.6. Let (mg, W) be the minimizer of &g as in Proposition 5.2. Let u, m as in Proposition 5.3,
so that mg — m, we — w = —mV Ho(Vu) locally uniformly, and m satisfies the exponential decay
(5-26). Then,
/ mdx =M. (5-33)
RN

Proof. Assume by contradiction that [pn m dx = a, with 0 <a < M. We fix g9(a) as in Lemma 5.5, and
we consider from now on € < gg(a). Let ¢ > 0 be such that m < ce x| (such ¢ exists by Remark 5.4).
For R sufficiently large (to be chosen later), we define

—R x| <R,

ce
= 5-34
VR(Y) {c’e""', |x| > R. ( )
So in particular m(x) < vgr(x) for |x| > R.
We observe that as R — 400
/ vr(X)dx = coye RRN —i—/ e ¥ldx <Ce™RRN 0. (5-35)
R RN\Bg

Since my — m and VH;(Viu,) — V Hy(Vu) locally uniformly, there exists &g = g9(R) such that for

all ¢ < gy,
e —m| + |V He(Viig) — VHo(Vii)| < ¢e™ R, |x| <R. (5-36)

We observe that for all € < g,
e —m+2vg > vr(x) forall x € RY. (5-37)

Indeed, if |x| > R, then m, —m 4+ 2vg > m, + VR > VR, since m < vg. On the other hand, if |x| < R,

then by (5-36) 1 — i +2vg > —ce R 4+ 2¢e R = Ge R = vg. From (5-37) we deduce that
/g — 1| < g —m + 2vR. (5-38)

Moreover, since m; — m a.e. by Theorem 2.3, recalling that fR NMmedx =M, fR" m = a and using
(5-35) and (5-38), we have

/(rhg—nﬁ+2vR)dx=M—a+2/ VRdx > M —a as R — +o0, (5-39)
RN RN
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and
lim m2tldx =f m* T dx + lim e —m|* ! dx
e—0 RN RN £—>0 RN
5/ m* T dx + lim/ (g —m +2vR)* T dx. (5-40)
RN e—>0 JpN
We claim that
Ee(mg, We) = Eg(m, W) + E¢ (e —m + 2R, We — W + 2VVR) + 0¢(1) +or(1), (5-41)

where 0¢(1) is an error such that limg;_.g 0.(1) = 0.
We consider the function (m, w) +— ng(—n%). This is a convex function in (m, w). We compute
Vu (mLe(—2)) = —=VLg(—2), so in particular by (5-11) we get

)

Moreover, O (mLg(—%)) = Le(—2) + 2. VLg(—2), therefore, again by (5-11) we get

()

7 ’
wl? 1 Na(y'—1) Y-l

1 New/—D _1|w _q New'-»
CLl—| —Cilev—an < <cil—=|  +cleven (5-42)
m

14
14 NaG/—1)

Na(y'—1
_CL_18 y'—aN E

v’ )
- e e (5-43)

Cy <!

Note that
/ Ve(y + ye)me dx
RN
= [ Vet yaidxs [ Vi v -+ 2oy dx =2 [ V4 yveds.
RV RN RN
Recalling the estimate (5-20) and the definition of vg, we have

2/ Ve(y + ye)vrdx < CROHN R,
RN

Hence we obtain

/ Ve(y + ye)me dx
RN
> /N Ve(y 4 ye)m dx + /N Ve(y + ye) (g — 1t 4+ 2vg) dx — CRPTN =R (5.44)
R R

By (5-40) and (5-7) we get

C Nay’
/ Fe(mg)dx > — A [ n'ig‘ﬂ dx—KMeV’—:N
RN o+1 Jgy

C C
> / n'1“+1dx——f/ (e — 1 + 20R)* T dx + 05(1)
O[+1 RN a-i—l RN

> [ Fo(m) dx + / Folg — 1+ 2vg) dx + 0s(1). (5-45)
RN RN
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Finally, we estimate the kinetic terms in the energy. Splitting

RN me Br me RN\Bg me

we proceed by estimating separately the two terms.

Estimates in RV \ Bg. First of all, note that by (5-26), (5-9) and (5-11), we get that Ly(—2) =
L.(VHy(Vi)) < C for come constant C > 0, just depending on the data. Moreover, recalling that

m < e Xl we get that, eventually enlarging C,

/ n‘aLs(—i) dx < c/ e~ dx < CRN R (5-46)
RN\Bg m |x|>R

_w

L), we get

By the convexity of the function (m, w) — mL(
/ el (—%) dx
RN\ Bgr mg
We — W + 2VupR

D — 10 + 2V
+/ Om ((n‘ag—n'a—i-ZvR)Lg(—wf W vR))(n'i—ZUR)dx (5-47)
RN\ Br meg—m + 2VR

Ve —w + 2V
+/ Vu |:(n_’le —m+ ZVR)LS(_ D w_+ R )] (W0 —2VvR)dx. (5-48)
RN\Bg me—m +2VR
We recall that |w| = m|V Ho(Vu)| < Cm by (5-26) and |Vvg| < Cvg by definition. Moreover, by
(5-21) and (5-9),
- _ _ _ b _ b
|e| = e|V He (Vite)| < Crng[(1+ |x]) 7] ™! < Cume(1 4 |x])Y.

Using the triangle inequality we get the following, where the constant C can change from line to line:
_ Ml VH(ViEe)| | mIVHo(VD] | Cvg

we —w + 2Vvg

_ b _
- Cmg(1+ |x])7 Cm Cvp SC(1+|X|)%

= — - - - - - (5-49)
mg—m~+ 2VR meg—m—+2vg  mg—m—+2vR

on RN \ Br(0), where we used respectively the fact that m, —m + 2vg > me, m < vg, and that
mg—m—+2VR > VR.

Now, using (5-43) and (5-49), we can estimate (5-47), and by (5-42) and (5-49) we can estimate (5-48).
Indeed, we get

De — 1 + 2V
/ 8m((n_18—n_1+2vR)Lg(—w_e Wt "R))‘ma—zmdxgc/ (1+ |x])Pvr(x) dx
RN \Bg me—m~+2VR RN\ B

and

Ve—w-+2V
/ vw[(ﬁas—mzmu(—w)]'(|w|+2|wR|>dxsc/ (1) S vr(x) d,
RN\Bg me—m—+2VR RN\Bg
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because w < Cri on RY. Therefore, we may conclude, possibly enlarging C, that

/ nagL(—&)dx
RN\Bg Mg
Do — 0 + 2V
z/ (mg—nﬁ+2vR)L8(—w_8 W ”R)dx—cf (1 + [x)Pvr(x) dx
RN \Bg mg—m—+2vR RN\ Bg

Ve — W + 2V
>/ (n_ig—n_1+2vR)Lg(—ws W VR) dx — CRN*TP,—R
RN\Bgr

mg—m—+2vR

Finally, putting together (5-46) and (5-50), we have, choosing C sufficiently large,

/ nagLs(—&) dx 3/ nﬁLs(—i) dx
RN\Bg me RN\Bgr m

De—i4+2V
+ / (nﬁe—nﬁ+2vR)L8(—w) dx—CRN+beR,
RN\BRr

_w
m

/ MSL(—&) dx Z/ nﬁLg(—i) dx+/ 3m(ﬁ1La(—£))(n7ls—n_1) dx
Bpr ar Bpr m Br m

Estimates in Br. Again by the convexity of the function (m, w) mL( ) we get

_ w _ _
+/BR Vo [””LS(‘%)]'(“““” o

We now estimate (5-52). We recall that

‘ﬁ‘ < |VHo(ViD)| < K
m

(5-50)

(5-51)

(5-52)

and also |VH,(Viu,)| < K for all ¢ < gg(R). Then, using these facts and (5-42) and (5-43) and recalling

(5-36), we get

b

and

O (naLe(—f)) ' e — i) dx = / |3y (07 Lo (V Ho(ViD))) s — | dx < CeRRN
m BRr

/ |V [ Le(V Ho(Va)]| (IV He(Vue)| l1is — | + |V He(Viig) — V Ho(Vit) i) dx < Ce R RV,
Br

This implies that for all € < g¢(R)

/ n_igL(—&) dx Z[ n‘ng(—ﬁ) dx —Ce RRN,
Bpr me Bgr m

Now we observe that by (5-11),

De — i +2V De — i + 2V
(naa—m+2uR)L8(—wf W ”R)dxgcf [ws WtiViR
Br

me—m+ 2VR

Bgr

(5-53)

.y/
+1i|(n‘18—rh+2vR)dx.
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By (5-38) we get that m, —m + 2vg < |m, —m| 4+ 2vg < Ce R, eventually enlarging C. Moreover,
reasoning as in (5-49), we get

w_g — w_—{— 2Vvgr < |V H,(Viig)|— |m€_—m| 4 |VH8(_Vu8)_— VHQ(Vu)|n_1 <C.
me—m ~+ 2VR me—m + 2VR me—m +2VR
where we used that Vvg = 0 for |x| < R, that |V H.(Viu,)| < K, that by (5-38)
lme —m| <1,
and that by (5-37) and (5-36)
|VH8(V7/_‘8) - VHO(Vﬂ)l <C.
So, we conclude that
Ve —w + 2V
(e — 171 + 2vR)L8(— WeZ W+ ”R) dx < Ce RRV. (5-54)
BR mg —m + 2UR

Putting together (5-53) and (5-54) we get, choosing C sufficiently large, for all ¢ < go9(R),

/ n‘ang(—ﬁ) dx 3/ n‘aLg(—ﬁ) dx
Bpr me Br m

De — 1 + 2V
+ (ﬁ15—n71—|—2vR)La(—w_8 W vR)dx—CRNe_R. (5-55)
Bgr

me—m~+ 2VR
Therefore, summing up (5-55), (5-51), (5-44) and (5-45), we conclude for all & < g9(R),
Ee(Mg, We) > E (111, W) + Ep (g — 1 + 2R, We — W + 2VVR) + 05(1) —CRPTN =R (5.56)

Let now
M —a

- M—a+2 [pvvRrdx’

CR

We have cg — 1 as R — +oo and cg < 1. In particular, (cg(rg—m~+2vR), crR(We—w+2VVR)) € Kpr—g.
By the same computation as in (5-31), we get

cRgg(n_/lg—n_’l +2VR, u_)g—ﬁ)-i-ZVvR)

= EucR U=+ 20R). cR(De =T+ 2VvR) + [ crFuing =1+ 2vp)~ Fo(crng =1+ 2v0)) dx
R

> Ee(cR(Me—m~+2vR), cR(We—w+2VVR))

cg—1 - +1 Nay!
+cRr Cf/ (me—m—+2vR)*" dx—2K M—a+2/ vRdx |ev'—Na  (5-57)
Ol+1 RN RN

Observe that by (5-15) there exists C independent of ¢ such that

0= [ =+ 200" dx < (sl + il + [20las)F < C.
R
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Therefore, (5-57) reads (recalling that cg < 1 and enlarging the constants C, K)

cREe(Mg —m + 2R, We — W + 2V VR)

c%—1 _Nay'
> Ee(cr(me —m +2VR), crR(We — W + 2VVR)) + CR R+1 C —KMSV/—I)\/’C(
o
- C%—l Nay’
>e.(M —a)+cpr C—KMegv—Nea,
a+1

Using this inequality, and using the fact that £, (m, we) = €. (M) and that E.(m, w) > é.(a), we obtain
from (5-56)

c% —1 Nay’
R KMe7V—Na 4 0.(1)— CRPHN =R,
a—+1

Moreover by (5-29) we get that there exists K = K(M —a) > 0 such that

+CCR

Ee(fie — 1 + 2VR, e — W + 2VVR) > —K;

therefore the previous inequality gives

o

~1
8.(M) > é.(a) + 6.(M —a) — (1 — cp) K + ccRCRJr =+ 0s(1) = CRVFN R, (5-58)
(07

By Lemma 5.5, we get
es(M) < ég(a) +ee(M —a)—C(a, M),

where C(a, M) > 0 fora < M and C(M, M) = 0. This implies in particular that

o

C
0>—C(a,M)>—(1—cr)K +Ccr R+ -+ oe(1) — CRVHN R,
o

Recalling that ck — 1 as R — 400, this gives a contradiction, choosing R sufficiently large and
e <ego(R). O

An immediate corollary of the previous theorem is the following convergence result.

Corollary 5.7. Let (u., m,, )18) and (u,m, )_\) be as in Proposition 5.3. Then,
me—m in LY(RY) and L*THRY). (5-59)

Finally for all n > 0, there exist R > 0 and &g such that for all ¢ < g9,
/ medx > M —n. (5-60)
B(0,R)

Proof. By Proposition 5.3 we get that m, — m almost everywhere, and by Theorem 5.6, fR Nmg=M =
fRN m. This implies the convergence in L' (R"). Indeed, by Fatou’s lemma

2M Sliminf/ nﬁg+1ﬁ—|n7ls—rh|dx§2M—limsup/ |me —m| dx.
RN &

& RN
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Moreover, recalling (5-16), we get

it — |7 s gy < e = iitll L1 vy (17 Loo vy + e | oo nvy) — O

Finally observe that for all R, by Remark 5.4,

/ nﬁsdyz/ nady—/ |n‘18—n_1|dsz—CRN_1e_R—/ /g — | dy.
BRr(0) Br(0) Br(0) RN

So, using the L! convergence we conclude the desired estimate. O

5D. Existence of ground states. In this subsection we aim at proving that as & goes to zero, (iig, /Mg, )18)
converges to a solution of the limiting MFG system (1-14), without potential terms. In particular, we will
prove Theorem 1.3.

We first need a I'-convergence-type result, proved in the following lemma.

Lemma 5.8. Let (mg, wg), (m, w) € K1,y be such that mg — m in L1 N L*+! (RN and wy — w weakly
in L1(RN) for some g > 1. Then

liminf & (mg, we) > Eo(m, w), (5-61)
&

where &y is defined in (1-16).
Let (m, w) € KC1,pm be such that m(1 + ly|?) € LY(RN). Then

lim & (m (- — ye), w(- —ye)) = Eolm, w). (5-62)

Proof. We recall that L,(¢) — Cr.|¢|”" uniformly in RY by (5-11) and F,(m) — —a—}rlm“"'l uniformly
in [0, +00) by (5-7). Moreover we observe that the energy & is lower semicontinuous with respect to
weak L9 convergence of w and strong L*T1 N L! convergence of m. Since V > 0, we get

liminf E(me, we) > lim inf/
& &

w
mng (__8) + Fe(me) dx
RN m

&

/7 ’ C
zliminf/ CLm;_y |we|” - m‘j“dx
e JpN oa+1

4 ’ C
Z/ Crm' ™7 | i MCES N = Eo(m, w).
RN oa—+1

Now we observe that for all m such that m(1 + |y|?) € LY(RY), using (5-3), we get

Nay’
lim [ w4 0Ve(s 3 dy <timCye P [ e yPmprdy =0 -63)
e—>0 JpN € RN
Therefore, recalling again the uniform convergence of L,(q) — Cr|g|" and Fs(m) — —ﬁm““, we

conclude (noting that if we translate m, w of y, the energy £ remains the same)

lim E(m (- — ye), w(- — ye)) = Eo(m, w) + lim[ m(y + ye)Ve(y + ye) dy < Eo(m,w). O
€ e—>0 JrN
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Proof of Theorem 1.3. We first show that (i, 72) obtained in Proposition 5.3 are associated to minimizers
of an appropriate energy, without potential term, so that (1-15) holds.

Note that (m,w) € K1 p, where w = —mV Ho(Vu), due to Proposition 5.3 and Theorem 5.6 and
m(1+]y|?) e L1 (RY) by the exponential decay (5-26). Moreover iz — i in L' N L%+ by Corollary 5.7
and

We = —meVH(Vig) > w =—-mVHy(Vu)

"(@+1)
locally uniformly (by Proposition 5.3) and weakly in L 5 ta by the same argument as in the proof of

Proposition 3.3.
Let now (m, w) € Ky, pr be such that m(1+ |y|?) € LY(RY). Using the minimality of (177¢, W), (5-61)
and (5-62), we conclude that

Eo(m, w) > li;n Eem(- —ye), w(- —ye)) = lign Ee(Mg, We) > Eo(m, ).

This implies (1-15).

To obtain the first part of the theorem, that is, the existence of a solution to (1-14), we need to prove
that the function g appearing in Proposition 5.3 is actually zero on RY. To do that, we derive a better
estimate on the term V;(y + y,); in particular we show that Vs (y 4+ ys) — 0 locally uniformly in R,

By the minimality of (¢, W) and (2, w), (5-11), (5-7) and (5-63) we get

Ee(Me, we) < E(M(- + ye), W(- + ye))
Nay’ Nay’
<& (m, w) +/N m(y + ye)Ve(y + ye) dy +C8”/*1)\/’°‘ < &Eo(meg, We) +C18’”LK’“~
R

Again using (5-7) and (5-11) we get

_ _ Nay’ _ IZ)S _ Nay’ Nay’
Eo(mg, we) + Crev/—Ne 5/ MmeLe|—— | + Fe(mg)dy + Ce?V—aN M + Cev'—Ne,
RN m

&

So, putting together the last two inequalities, we conclude that
B Nay’
/ MeVe(y + ye)dy < Cev'—Ne, (5-64)
RN
Recalling (5-2), this implies that for all R > 0, we get

C;! (max{e7~oN |y,| — e7-aN R — Cy,0})° / e dy < C.
B(0,R)

Using (5-60), we conclude that there exists C > 0 such that

7

7N |ye| < C. (5-65)
In turn this gives, recalling again (5-2), that
e T NN R b
0<Ve(y +ye) = Cyev =N (1 +ev=aN |y[ +ev=aN |y|)” < Cev=aN (14| y[)”,

which implies that V¢(y 4+ y,) — 0 locally uniformly. O
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Remark 5.9. If H and f satisfy the growth conditions (1-2) and (1-3), arguing as before one has that
there exists a classical solution to the potential-free version of (1-1),

—Au+ HVu)+ A = f(m),
—Am —div(VH(Vu)m) = 0, (5-66)
flRN m=M.

In addition, (m,—V H(Vu)m) is a minimizer of
(mw)|—>/ mL(—E) + F(m)dx
RN m

among (m,w) € Ky, pm, m(1 + ly|?) € LY(RN). This can be done as follows: Start with a sequence
(ug,mg, Ag) solving
—Aug + H(Vug) +Ag = f(ms) +8|x|°,
—Amg —div(VH(Vug)mg) =0, (5-67)
fRN ms =M,

with § = §, — 0. Such a sequence exists by Theorem 1.1. The problem of passing to the limit in (5-67)
to obtain (5-60) is the same as passing to the limit in (5-13), and it is even simpler: in (5-13), one has
to be careful as the Hamiltonian H, and the coupling f; vary as ¢ — 0 (still, they converge uniformly),
while in (5-67) they are fixed, and only the potential is vanishing. We observe that b > 0 could be chosen
arbitrarily; the perturbation & |x|? always disappears in the limit. Still, the limit 7, u somehow retains
a memory of b in terms of energy properties: m minimizes an energy among competitors satisfying
m(1+[y[’) € L'(RV).

Remark 5.10. We stress that uniqueness of solutions for (1-14) does not hold in general; for example, a
triple (1, m, A) solving the system may be translated in space to obtain a full family of solutions. On the
other hand, a more subtle issue is the uniqueness of m in the second equation (with Vu fixed); that is, if
(u,mq,A) and (u, m3, A) are solutions, then m1 = my. This property is intimately related to the ergodic
behavior of the optimal trajectory dXs; = —V Ho(Vu(Xy)) ds + ~/2¢ dBy; see, for example, [Cirant
2014]. It is well known that uniqueness for the Kolmogorov equation is guaranteed by the existence of a
so-called Lyapunov function; in our cases, it can be checked that u itself (or increasing functions of u, as
in (5-28)) acts as a Lyapunov function, so uniqueness of m and ergodicity hold for (1-14) and (1-1).

SE. Concentration of mass. The last problem we address is the localization of the point y,, to conclude
the proof of Theorem 1.2. Rewriting (5-60) in view of (5-1) and (5-18), we get that for all > 0 there
exist R, g¢ such that for all & < g¢,

/ y e mdxzM-—n, (5-68)
B(gv'—aN y.,ev'—aN R)

where m is the classical solution to (1-1) given in Theorem 1.1, and

’ ’ 4

Ny 4 Y
ne(y) =ev'=eNm(ey'-aN y 4 ev'=aN yg).
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/7

v - . L .
By (5-65), we know that, up to subsequences, ¢’ —aN y, — X. Our aim is to locate this point, which
is the point where mass concentrates. We need a preliminary lemma stating the existence of suitable
competitors that will be used in the sequel.

Lemma 5.11. For all € < g, there exists (g, We) € K1,p that minimizes
w
(m,w) — / mLg (——) + Fe(m) dy (5-69)
RN m

among (m, w) €Ky p, m(14|y |b) e LY(RN). Moreover, for some positive constants c1, ¢ independent
of e,
me(y) < cre~ 2Pl on RN, (5-70)

Proof. The existence of (1, W) is stated in Remark 5.9, together with a solution (i, 1, )ALS) to the
associated MFG system, as the optimality conditions; see (5-71) below. To obtain the uniform exponential
decay, we can argue by Lyapunov functions as in Proposition 5.3; here, we have to be careful, since the
argument in Proposition 5.3 mainly requires

fo(fe) = e — He(0) > =135 > 0

A

outside some fixed ball B, (0). This claim can be proved as follows: First, —A, is bounded away from
zero for ¢ small. Indeed,

" R W A L
AeM = /N msLS(_ Aa) + fe(me)mg dy < Eg(me, We) +0g(1) < —C.
R

Mg

The inequality follows by the minimality of (#71¢, W) and (i1, w,), and (rescaled) (4-24).
We now prove that 171, decays as |x| — oo uniformly in ¢. Note that W, = —V H(Viig)me, where
(ﬁg,n%s,;\s) solves
_Aﬁs + HS(Vﬁ&‘) +A= fs(ma),
—Amg —div(VH(Viig)mg) =0, (5-71)
Jan e =M.

We derive local estimates for . and 71,. We shift the x-variable so that #,(0) = 0 = mingn . for all ¢.
Choose p > N such that

/ /

a<y—<y—.
p N

If one considers the HIB equation solved by 1., recalling (5-5) and (5-9), Theorem 2.5 gives the existence
of C > 0 such that

N ~ 1
”VMSHLOO(BZR(xo)) = K(”msuzoo(gm(x())) +1)7.

Note that C > 0 does not depend on ¢ and xg. Turning to the Kolmogorov equation, again by (5-9) and
Proposition 2.4,

A A —1
e llwr.rBrxoy = CUVEENL o8y pxeyy T DIMelLr(Bar(x0)-
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By the previous L estimate on Vi, and interpolation of the L? norm of m between L' and L>™ we get

. . XA R 1 . 1—1
el e < COltel oo cran + DI o Vel e ey

Recall that ||77¢]| 11 (B, (xo)) < M ; then, since p > N, by Sobolev embeddings we obtain that for some
B >0,

1

A n . o 1=1
“mSHCO’B(BR(X())) S C(”mé‘“Lyoo(RN) + l)llmSHLoop(RN) (5'72)

First, since C does not depend on xo, this yields ||#71¢ ]| ;..o gv) < C, by the choice of p < %,. Secondly,
plugging this estimate back into (5-72), we conclude

el co.sny < C.

Then, using these estimates, we get that up to subsequences, )ALS > A 0 ¢ — 1i locally uniformly in C'!,
and i, — m locally uniformly, where (i1, 771, i) is a solution to (5-25) with g = 0. Arguing exactly as
in Proposition 5.3, we get that u, m satisfy the estimates (5-26) (eventually modifying the constants).
Moreover,

/ mdx =a € (0, M].
RN

Observe now that Lemma 5.5 and Theorem 5.6 hold also for the energy (5-69), since it coincides with the
energy & without the potential term [ n Vem dx. Therefore we can apply Theorem 5.6 to 771 to conclude
that actually fR ~ mdx = M. So, by Corollary 5.7, we obtain that for all n > 0, there exist R > 0 and &g
such that for all ¢ < g,

/ megdx > M —n. (5-73)
B(0,R)
By (5-72) and (5-73), using Lemma 2.2, we get
fele) = S
outside a ball B,(0). Since H;(0) — 0, the claim
JeUite) = de — He(0) = —3Ae >0 (5-74)

outside a ball B,(0) follows. As previously mentioned, we may now proceed and conclude as in
Proposition 5.3; basically, (5-74) implies that x — ekte() aets as a Lyapunov function for 71, for some

c eklxI=ki gy < eKiey, < C
RN RN

for all & small, which easily implies the pointwise exponential decay (5-70) of 71, by the Holder regularity
of i, itself. O

small k > 0, giving

For general potentials, the point where mass concentrates is a minimum for V.

4

Proposition 5.12. Up to subsequences, evV'—eN y, — X, where V(x) = 0, i.e., X is a minimum of V.
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Proof. Fix a generic z € RN and observe that (15 (- +2), We( - +2)) is still a minimizer of / mLs(—%) +
F¢(m). By the minimality of (., w.) and of (r1.(- + z), We(- + z)), we get

_ w _ _
/ msLa(—__s) + Fe(mg) dy +/ me(y)Ve(y + ye) dy
RN Mg RN
= Eg(Mg, We) < E(Me(- +2), We(- +2))
_ w _ n
S/ meLg (___8) + Fe(mg) +/ me(y +2z2)Ve(y + ye) dy.
RN me RN

In particular this gives
[ eVt dy < [ ey + Vel 30 dy
RN RN

=f me(V)Ve(y + ye—z)dy forall z € RY. (5-75)
RN

Recalling the rescaling of V; and of m, in (5-1), this is equivalent to

/ m(x)V(x)dx < / me(y)V(e T an y+ £V aN Ve — eV ~aN z)dy forallz e RN, (5-76)
RN RN

where m is the classical solution to (1-1) given in Theorem 1.1 such that

7 ’ 4

_ Ny V4 Y
e (y) = 7= m(s7=aN y + £V ).

’

By (5-65), we get that up to passing to a subsequence, eV’ZaN yg — X for some ¥ € RV. Then by
(5-68), we get

lim i(I)lf/ m(x)V(x)dx > limi(r)lf/ V' V' mx)V(x)dx > M —n)V(x). (5-77)
>0 JpN e—>

B(e7'—aN y, ev'—aN R)

We fix z such that V(Z) = 0 and we choose in (5-76) z = y, —¢& 7N 7. We have, by the Lebesgue
convergence theorem and (5-70),

lim sup/ n%e(y)V(sy’ZaN y +Z)dy <limsup Cl/ e_c2|Y|V(gy/ZaN y+2)dy=0. (5-78)
RN RN

£—>0 e—0

By (5-77), (5-78) and (5-76), we conclude V(x) = 0. O

If we assume that the potential V' has a finite number of minima and polynomial behavior, that is, it
y .
satisfies assumption (1-13), then we get that at the limit ¢ »’—«~ y, selects at the limit the more stable
minima of V, as we will show in the next proposition.

Proposition 5.13. Assume that V satisfies assumption (1-13). Then, up to subsequences, there holds

/7
gv'—aNy. —x; ase—0,

wherei € {j =1,...,n:b; = maxy by }.
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/

V4
Proof. By Proposition 5.12, we know that up to subsequences, ¢'—a¥ y, — x, forsome: =1,...n. It
remains to prove that b, = max; b;. Assume by contradiction that it is not true, and then b, < max; b;.
We compute for j € 1,...n, recalling the uniform exponential decay of i, given in (5-70),

. S A
/ me(y +ye—e 7 _“ij)Ve(y + ye)dy
Rn

. __v
N / me()Ve(y +¢& v=aNx;)dy
Rl’l
'Na b.-y’ ’
< Oy [ (e e 1 [T 1e7 ey —xi+ 1% dy
" i#)
Y/(Na+h)) v/ (Natb;)
sce e [l [Ty —x+x P dy<ce . 5.79)
R i)
Note in particular that we can choose in the previous inequality b; = max; b;.
v
We get from (5-75) applied to z = y, —& ¥~V x;, where j is such that b; = max; b;, and from
(5-79) the following improvement of (5-64):

(N ot +max bi )y

. ) (Notmaxb;)y”
/ meVe(y + ye) dy < / me(y +ye—e vV=oNx;)Ve(y +yg)dy <Ce v —Ne (5-80)
B(0,R) RN

for all R > 0. We choose R > 0 sufficiently large such that |, B(0.R) e dy > %M . Recalling the rescaling
of V, (5-80) implies

maxb y/

Cgv—Na Na > 1MC min 81” “Va —i—sV’ “Na xi|%7. 5-81
v yeB(OR)l_[l y Ve — j| ( )

7 ’

Note that for ¢ sufficiently small |8V/ZN°‘ y+ £7~Na Ye—xj|>6>0foralli #¢andall y € B(0, R).
So, by (5-81) we get that there exists C > 0 for which

3/ % mdxbj y/
min _|eV—Ney 4 gv/—Nay, — xt| t < Cegv'—Na
Y€B(0,R)
and then
Y b Y b (maxb; —b)y’
[Je —e V-Nax,|”* = min |y+y.—¢g V-Naeyx]|?* <Ce »-Ne (5-82)
yeB(0,R)

for some y, € B(ye, R). Let z; = o — ye € B(0, R). Up to subsequences we can assume that z, — Z €
B(0, R).
We use now (5-80), recalling assumption (1-13), and we get

maxbjy

ng—NDé >C / me(y)l_[ |8V—Nay—|—gV—No¢y€ xj|bj dy
B(0,R)

b ’

_by _ . v
ZCIN/_N(X/ Mme(Y)|y —ze+Je—¢ ”/_N"‘XL|b‘ dy.
B(0,R)
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In particular this implies

y/

lim ie(V)|y —ze + Je—& V—Nax,|Pedy =0. (5-83)
e—0 B(0,R)

Recalling that m, — m locally uniformly, see (5-24), that y, — & V- Na x, — 0 by (5-82), and that
Zg — Z, we get

- o __v - _
lim e(y)|y — ze + e —&” VN x| dy =/ m(y)ly — [P dy > 0.
€0 JB(0.R) :
This gives a contradiction with (5-83). O

As a consequence of the previous results, we can conclude with the following.

Proof of Theorem 1.2. Setting x, = SV’ZWN Ve, it suffices to recall (5-68) and Propositions 5.12, 5.13. [
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