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THE BMO-DIRICHLET PROBLEM FOR
ELLIPTIC SYSTEMS IN THE UPPER HALF-SPACE AND
QUANTITATIVE CHARACTERIZATIONS OF VMO

JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

We prove that for any homogeneous, second-order, constant complex coefficient elliptic system L in R”,
the Dirichlet problem in R’} with boundary data in BMO(R"™ 1) is well-posed in the class of functions u
for which the Littlewood—Paley measure associated with u, namely

dp (X', 1) == |Vu(x’, t)|* t dx’ dt,

is a Carleson measure in R’ .

In the process we establish a Fatou-type theorem guaranteeing the existence of the pointwise nontan-
gential boundary trace for smooth null-solutions u of such systems satisfying the said Carleson measure
condition. In concert, these results imply that the space BMO(R”~1) can be characterized as the collection
of nontangential pointwise traces of smooth null-solutions u to the elliptic system L with the property
that j,, is a Carleson measure in R’} .

We also establish a regularity result for the BMO-Dirichlet problem in the upper half-space, to
the effect that the nontangential pointwise trace on the boundary of R’ of any given smooth null-
solutions u of L in R’ satisfying the above Carleson measure condition actually belongs to Sarason’s
space VMO(R" 1) if and only if 11, (T(Q))/|Q| — 0 as | Q| — 0, uniformly with respect to the location
of the cube Q C R"~! (where T'(Q) is the Carleson box associated with Q, and | Q| denotes the Euclidean
volume of Q).

Moreover, we are able to establish the well-posedness of the Dirichlet problem in R”} for a system L as
above in the case when the boundary data are prescribed in Morrey—Campanato spaces in R”~!. In such
a scenario, the solution u is required to satisfy a vanishing Carleson measure condition of fractional order.

By relying on these well-posedness and regularity results we succeed in producing characterizations
of the space VMO as the closure in BMO of classes of smooth functions contained in BMO within which
uniform continuity may be suitably quantified (such as the class of smooth functions satisfying a Holder
or Lipschitz condition). This improves on Sarason’s classical result describing VMO as the closure in
BMO of the space of uniformly continuous functions with bounded mean oscillations. In turn, this allows
us to show that any Calderén—Zygmund operator T satisfying 7' (1) = 0 extends as a linear and bounded
mapping from VMO (modulo constants) into itself. In turn, this is used to describe algebras of singular
integral operators on VMO, and to characterize the membership to VMO via the action of various classes
of singular integral operators.

MSC2010: primary 35B65, 35C15, 35J47, 35J57, 35J67, 42B37; secondary 35E99, 42B20, 42B30, 42B35.

Keywords: BMO Dirichlet problem, VMO Dirichlet problem, Carleson measure, vanishing Carleson measure, second-order
elliptic system, Poisson kernel, Lamé system, nontangential pointwise trace, Fatou-type theorem, Hardy space, Holder space,
Morrey—Campanato space, square function, quantitative characterization of VMO, dense subspaces of VMO, boundedness of
Calderén—Zygmund operators on VMO.
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1. Introduction and statement of main theorems

In his ground-breaking article, C. Fefferman [1971] writes “The main idea in proving [that the dual of
the Hardy space H! is the John—Nirenberg space BMO] is to study the Poisson integral of a function in
BMO.” Implicit in this quote is the fact that the Poisson kernel is associated with the Laplace operator,
and one of the primary aims of the present paper is to advance this line of work by considering more
general systems of partial differential operators than the Laplacian. For example, the key PDE result
announced in [Fefferman 1971] states that

a measurable function f with [p,—1 | f(x")[(1 +[x[)7" dx’ < +o0
belongs to the space BMO(R” 1) if and only if its Poisson integral (1-1)

u: R — R, with respect to the Laplace operator in R”, satisfies
SUP/emn—1 SUP,so{r' ™" flx’—y’|<r Jo IVw)(y' )Pt dt dx'} < +o0,

and one of the main goals here is to develop machinery that permits us to replace the Laplacian in (1-1)
with much more general second-order elliptic systems with complex coefficients. In order to be more
specific, we proceed to elaborate on the actual setting adopted in this paper.

Let M € N and consider a second-order, homogeneous, M x M system, with constant complex
coefficients, written (with the usual convention of summation over repeated indices in place) as

Lu:= (8r(aﬁ‘fasuﬂ))15a§M, (1-2)

when acting on a 42 vector-valued function u = (u B)1<p<m defined in an open subset of R". Assume
that L is strongly elliptic in the sense that there exists «, € (0, o0) such that

Re[a® &, £s7ianp] = Kol€)?|N|> for every £ = (§r)1<r<n € R" and § = (1j¢)1<a<m € CM.  (1-3)

Examples include scalar operators, such as the Laplacian A = 27=1 812. or, more generally, operators of

the form div AV with A = (ars)1<r,s<n an n x n matrix with complex entries satisfying the ellipticity

condition
inf Relars&6]>0 (1-4)
Eesn—l

(where S~ denotes the unit sphere in R"), as well as complex versions of the Lamé system of elasticity

Lu:=pAu+ A+ p)Vdive, u=y,...,u,) €% (1-5)
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Above, the constants A, u € C (typically called Lamé moduli) are assumed to satisfy
Repu >0 and Re(Ru+A)>0, (1-6)

a condition equivalent to the demand that the Lamé system (1-5) satisfies the Legendre-Hadamard
ellipticity condition (1-3). While the Lamé system is symmetric, we stress that the results in this paper
require no symmetry for the systems involved.

Returning to the general framework, with every system L as in (1-2)—(1-3) one may associate a Poisson
kernel, PL, which is a CM*M _yalued function defined in R"~! described in detail in Theorem 2.3. This
Poisson kernel played a pivotal role in the treatment of the L#-Dirichlet boundary value problem for L in
the upper half-space in [Martell et al. 2016].

To state our main results, some notation is needed. For a function ¢ : R"~1 — C set

i (x") :=1"p(x'/t) for every x’ € R"! and every 1 > 0. (1-7)

In particular, P (x") = t'7" PL(x'/t) for every x’ € R"~! and ¢ > 0. We agree to identify the boundary
of the upper half-space

R” :={x = (x/,xn) eR" =R"" ' xR:x, >0} (1-8)

with the horizontal hyperplane R”~! via (x’,0) = x’ for any x” € R"~L. The origin in R”~! is denoted
by 0. Having fixed some background parameter k > 0, at each point x” € dR", we define the conical
nontangential approach region with vertex at x’ as

Le(x):={y =(0.0) e Ry : [x' = y'| <k} (1-9)
Whenever meaningful, the nontangential pointwise trace of a continuous vector-valued function u defined
in R’} is given by

ulfien ) (x") := lim u for x' € OR". = R" 1. 1-10

Clis) )= lm ) | (1-10)

For each positive integer k denote by £ the k-dimensional Lebesgue measure in R¥. A Borel
measure u in R’} is said to be a Carleson measure in R’} provided

£€(0)
||M||C(R'jr) = Qi&}j_l @/0 0 du(x’,t) < oo, (1-11)
where the supremum runs over all cubes Q in R”~!. Here and elsewhere in the paper, by a cube Q in
R"~! we shall understand a cube with sides parallel to the coordinate axes, and its side-length will be
denoted by £(Q). Also, the "~ measure of Q is denoted by |Q| and if A > 0 then AQ denotes the
cube concentric with Q whose side-length is A£(Q). Call a Borel measure p in R’} a vanishing Carleson
measure whenever u is a Carleson measure to begin with and, in addition,

_ 1 49 )
lim ( sup @/0 0 du(x ,t)) =0. (1-12)

r=0" \gcri-1,4(0)<r
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Next, the Littlewood-Paley measure associated with a continuously differentiable function u in R” is
|Vu(x’,1)|> t dx’ dt, and we set

1 U 3
lu|l«x := sup (—/ / |Vu(x’,t)|2tdx’dt) ) (1-13)
ocrn—1 \|1Q Jo Jo

In particular, for a continuously differentiable function u in R we have
[uflsex <00 <= |Vu(x',1)[*t dx’dt is a Carleson measure in R, . (1-14)

We next introduce BMO(R”~!, CM), the John—Nirenberg space of vector-valued functions of bounded
mean oscillations in R” ™1, as the collection of CM -valued functions f = ( Ja)1<a<m With components
in L} (R"™1) satisfying

loc

1/ lssor—tcany = sup f Lf() = fol dx’ < oo. (1-15)
QC[R”_I [0}

Above, for every cube Q in R”~! and every function / € LlloC (R*~1,CM) we have abbreviated

ho :=][ h(x/)dx’:if h(x")dx' e CM, (1-16)
0 101 Jo

where the last integration is performed componentwise. To lighten notation, when M = 1 we simply
write BMO(R”1) in place of BMO(R" ™!, C). Clearly, for every f € L1 (R"~!,CM) we have

loc
||f||BM0(Rn—1,a:M) =|f+ C”BMO(R”_l,CM) forall C € CM,
”f”BMO(R”fl,CM) = ”‘[Z,f”BMO(Rnfl,CM) for all Z/ € Rn_l, (1-17)
I/ lemo@n—1,c0y = 162 f lBMo@®n—1,cM) for all A € (0, 00),

where 7,/ is the operator of translation by z/, i.e., (to £)(x") := f(x’ + z’) for every x’ € R*~1, and §;,
is the operator of dilation by A, i.e., (83 f)(x’) := f(Ax’) for every x’ € R" 1.

We wish to note here that || - [|gpon—1,cM) is only a seminorm, since for every function f €
Ll (R"™1,CM) we have

I fllmo@n—1,cy =0 <= f is constant " lae in R (inCM). (1-18)

Occasionally, we find it useful to mod out its null-space, in order to render the resulting quotient space
Banach. Specifically, for two CM -valued Lebesgue-measurable functions £, g defined in R”~! we say
that f ~ g provided f — g is constant 2" !-a.e. in R" L. This is an equivalence relation and we let

[f]:={g:R" ' > CM : g measurable and f ~ g} (1-19)

denote the equivalence class of any given CM -valued Lebesgue-measurable function f defined in R” 1,
If for each f € BMO(R"!,CM) we now set

1L Mgt ey 2= 1/ Imogan—1,cy- (1-20)
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then ||[-]|l becomes a genuine norm on the quotient space

BMO(R"—1,CM)
BMOR" L, CM):={[f]: f e BMOR""!,CM)}. (1-21)

In fact, when equipped with the norm (1-20), the space (1-21) is complete (hence Banach).
Moving on, the Sarason space of CM -valued functions of vanishing mean oscillations in R*~! is
defined by

VMOR"™!, CM) .= { f e BMOR" L, cM): lim ( sup ][ | f(x))— fQ|dx’) :o}.
r—>0t \gcrr—1,4(Q)<r / Q
(1-22)

The space VMO(R"~!, CM) turns out to be a closed subspace of BMO(R"~!,CM). In fact, if we let
UC(R"!,CM) denote the space of CM -valued uniformly continuous functions in R”~1, then

UCR" L, cMyn ( U rr@—t.cM )) C UC(R"!,CcM)nBMO(R""!,CM)
1=p=eo C VMO(R"™!, M), (1-23)
To justify the first inclusion, consider f € UC(R*~!,CM) N LP(R"~!,CM) for some p € [1, 00]. Then
there exists g € (0, oo) with the property that | f(x”) — f(»’)| < 1 whenever x’, ' € R*~! are such that

|x" —y’| < ro~/n — 1. Suppose now that some arbitrary cube Q in R”~! has been fixed. If £(Q) > ro,
with the help of Holder’s inequality we estimate

2 n— 2 n—
][ f = foldem! <2][ \fldem! < I /1l 7 @n—1,c0) - I/ 2@ ‘,CM)’ (1-24)
0 = Jo T TN
whereas if £(Q) < ro we make use of the uniform continuity of f to estimate
{17 = selaz=t < f f 170) - ponnava <1 (1-25)

In turn, from (1-24)—(1-25) we then conclude that f belongs to BMO(R" !, CM), which establishes the
first inclusion in (1-23). The second inclusion in (1-23) is clear from (1-22).

As regards the second inclusion in (1-23), a well-known result of Sarason [1975, Theorem 1, p. 392]
implies that, in fact,

a given function f € BMO(R"~!,CM) belongs to VMO(R" 1, CM)
if and only if there is a sequence { f;};en C UC(R" ™}, CM)NBMO(R"~!,CM) (1-26)
with lim; o0 || /' = fjllBMo@r—1,cm) = 0.
We shall refer to this simply by saying that Sarason’s VMO space is the closure of UC NBMO in the
space BMO. In relation to (1-23) we wish to note that continuity without uniformity will not preserve
the inclusion in (1-23). For example, there exist functions in ¥°°(R) N L°°(R) which do not belong to
VMO(R). To see this, consider the mutually disjoint intervals /; :=[j, j +2/j] foreach j € N, j > 3.
Now let f : R — R be a function with the property that, for each j € N, j > 3, the graph of f'|;; is the
line segment joining the point (j, —1) with (j +2/j, 1) and otherwise the graph of f is made up of curves
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joining these line segments smoothly within the strip R x [—2, 2]. By design, f € ¥°°(R) N L°°(R). In
particular, /' € BMO(R). However, for each j € N, j >3, we have f;, =0 and

} 1f=sylaz' = \r1az =4 (127

Since |Ij| =2/j — 0 as j — oo, from (1-27) and (1-22) it is then clear that f ¢ VMO(R).
Another characterization of VMO(R”~!, CM) due to Sarason [1975, Theorem 1, p- 392] is as follows:

a given function f € BMO(R"~!,CM) belongs to the space VMO(R"~!, CM)

. e (1-28)
if and Only if llmRnflaz/_ﬂ)/ ||Tz’f - f||BMO(R”71,CM) =0.

We are now ready to state our first main result. This concerns the well-posedness of the BMO-Dirichlet
problem in the upper half-space for systems L as in (1-2)—(1-3). The existence of a unique solution
is established in the class of functions u satisfying a Carleson measure condition, expressed in terms
of the finiteness of (1-13). The formulation of our theorem emphasizes the fact that this contains as a
“subproblem” the VMO-Dirichlet problem for L in R’ (in which scenario u satisfies a vanishing Carleson
measure condition).

Theorem 1.1. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3). Then
the BMO-Dirichlet boundary value problem for L in R"_, namely

u € ¢ (R, CM),

Lu=0inR",

|Vu(x',t)|? t dx’ dt is a Carleson measure in R%,
u g-ﬂg,i = fae inR"!,  feBMOR"! CM),

(1-29)

has a unique solution. Moreover, this unique solution satisfies the following additional properties:

(i) With PL denoting the Poisson kernel for L in R from Theorem 2.3, one has the Poisson integral
representation formula

u(x',t) = (P f)(x') forall (x',1) e R". (1-30)

(ii) There exists a constant C = C(n, L) € (1, 00) with the property that the solution u of the Dirichlet
problem (1-29) satisfies the two-sided estimate

CH fllsmogn—1,0m) = lullsx < C LS Ipmogn—1,01)- (1-31)

That is, the size of the solution is comparable to the size of the boundary datum.

(iii) For each & > 0 the function u( -, €) belongs to BMO(R"~!, CM) and there exists a constant C =
C(n, L) € (0, 00) independent of u with the property that the following uniform BMO estimate holds:

Sug““('vg)”BMO([R"—l,CM) < Cllufls (1-32)
e>
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Moreover,

|Vu(x’,t)|? t dx' dt is a vanishing
Carleson measure in R’j_.

lim ”u(',s)—f”BMo(RnflscM) =0 — { (1-33)
e—>0~t

That is, u satisfies a vanishing Carleson measure condition in R’ if and only if u converges to its
boundary datum vertically in BMO(R"~1, CM),

(iv) The following regularity results hold:

_ Vu(x’,t)|?>t dx’ dt is a vanishing
VM Rn 1 M | P 1-34
fe O ) = { Carleson measure in R’ (1-34)
= lim  ||t;u —ul+«« =0, (1-35)
Rf 5z—0
where (t;u)(x) := u(x + z) for each x,z € R'}..
As a consequence, the VMO-Dirichlet boundary value problem for L in R"_, i.e.,
u e ¢PR,CM),
Lu=0inRY, 136
|Vu(x’,t)|? t dx’ dt is a vanishing Carleson measure in R™, (1-36)
ulft, = fae inR"',  feVMOR" !, CM),
+
is well-posed. Moreover, its unique solution is given by (1-30), satisfies (1-31)—(1-32), and
lim [[u(-,&)— fllgmomr—1,cm) = 0. (1-37)
e—>07t

It is reassuring to remark that replacing the boundary datum f by f + C where C € CM in (1-29)
changes the solution u into u + C (given that convolution with the Poisson kernel reproduces constants
from CM ; see (2-36). As such, the BMO-Dirichlet problem for L in R” is also well-posed, if uniqueness
of the solution is now understood modulo constants from CM.

As regards the right-pointing implication in (1-34), for suitable dense subspaces of VMO we are able
to precisely quantify the rate at which the Carleson measure |Vu(x’,¢)|? t dx’ dt vanishes in R’ . For
example, with 7 (R"~!, CM) denoting the homogeneous Holder space of order 7 € (0, 1) of CM -valued
functions defined in R” 1, it follows from (3-9) in Proposition 3.1, see also (2-19), that

if fe?"®!,CM) withne (0,1) and u is as in (1-30), then
SUPQ crr—1, 4(0)<r (f(f(Q)fQ |Vu(x',t)|?t dx’ dt)l/2 =0@(") asr —07T,
where the multiplicative constant implicit in the big-O condition above depends only on n, L, 1, and
Ilf ”W(RH—I,CM)' The relevance of this result stems from the fact that, for each n € (0, 1), the collection

of functions from BMO(R”~!, C™) which also belong to ¢ (R"~!, CM) makes up a dense subspace
of VMO(R"~!,CM). The latter density result constitutes one of the main results in this paper, and is

(1-38)

formally stated in Theorem 1.5, along with a number of variants and generalizations. Let us also point
out here that the decay rate in (1-38) is in agreement with the format of the well-posedness result proved
later in Theorem 1.21, in view of (1-164) and (1-160).
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The proof of Theorem 1.1 relies on a quantitative Fatou-type theorem, which includes a Poisson integral
representation formula along with a characterization of BMO in terms of the traces of solutions to elliptic
systems. This is stated next as Theorem 1.2. Among other things, this theorem shows that the conditions
stipulated in the first three lines of (1-29) imply that the pointwise nontangential limit considered in the
fourth line of (1-29) is always meaningful, and that the boundary datum should necessarily be selected
from the space BMO. It also highlights the fact that it is natural to seek a solution of the BMO-Dirichlet
problem by taking the convolution of the boundary datum with the Poisson kernel of L in the upper
half-space. Finally, Theorem 1.2 is the key ingredient in the proof of uniqueness for the BMO-Dirichlet
boundary value problem formulated in (1-29).

Theorem 1.2. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Then there exists a constant
C = C(L,n) € (1, 00) with the property that

U € €°(R" ,CM), u|g[§,_TF exists a.e. in R"™1, lies in BMO(R" 1, CM),
Lu=0inR" = Ju(x.t)=(PLx*(u Sﬁﬁ))(x') forall (x',1) e R, (1-39)
and [uflux < 00 and €~ ullex = il Dmssoger iy < Cllle

In fact, the following characterization of BMO(R" 1, CM), adapted to the system L, holds:
BMO(R" ™!, cM) = {u|gh§~,i U e PR, CM), Lu=0in R, ||ullss < 00}. (1-40)

Moreover,
LMO([R{’F) ={u e ¢ (R, ,CM) Lu=0inR", ||ull++ < o0} (1-41)

is a linear space on which || - ||« is a seminorm with null-space CM, the quotient space LMO(R’_"_)/CM
becomes complete (hence Banach) when equipped with || - || ««, and the nontangential pointwise trace
operator acting on equivalence classes in the context

LMO(R™)/CM 3 [u] > [u|g'[§‘{,|r ] € BMO(R"~!,CM) (1-42)
is a well-defined linear isomorphism between Banach spaces, where [u] in (1-42) denotes the equivalence
class of u in LMO(IR’j_)/CM and [u 3'”%',1 | is interpreted as in (1-19).

+

There is a counterpart of the Fatou-type result stated as Theorem 1.2 emphasizing the space VMO in
place of BMO. Specifically, we prove the following theorem.

Theorem 1.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Then for any function

u € €2 (R, CM) satisfying Lu = 0 in RY and |[u]lsx < 00 (1-43)
one has
|Vu(x',t)|? t dx' dt is a vanishing

n.t. n—1 ~M
Carleson measure in R} = u|3Ri € VMOR™ ", €. (1-44)
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Furthermore, the following characterization of the space VMO(R" ', CM), adapted to the system L,
holds:

VMO(R" ™!, cM) = {“|3ﬁ5’i cu € LMO(R™, CM) and |Vu(x',1)|?t dx’ dt
is a vanishing Carleson measure in R'jr} (1-45)

The analogue of Fefferman’s theorem, characterizing BMO as in (1-1), in the case of elliptic systems
with complex coefficients is the topic of the first item of our next theorem. The second item may be
viewed as a characterization of VMO in the spirit of Fefferman’s original result.

Theorem 1.4. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R% from Theorem 2.3. Assume f Rl M
is a Lebesgue-measurable function such that

/
/ HVACOI NI (1-46)
Rr—1 1 + |X/|n

Let u be the Poisson integral of f with respect to the system L, i.e.,u : R} — CM js given by u(x’,t) 1=
(PtL * [)(x') for each (x',t) € R.. Then the following are true:

(1) f belongs to the space BMO(R" 1 CM) if and only if ||[u|x« < 00.

(2) f belongs to the space VMO(R"~1: CM)) if and only if |Vu(x',1)|? t dx’ dt is a vanishing Carleson
measure in R’ .

In our next result we shall revisit the issue of describing VMO as the closure within BMO of a subspace
of functions whose pointwise oscillations vanish as the scale decreases to zero. One such description
is contained in (1-26). However, for a variety of purposes (such as the proof of the result recorded in
Theorem 1.13 below), the fact that the condition of uniform continuity is of a purely qualitative nature
renders the space UC difficult to work with. As such, it is very desirable to replace it, in the context of
Sarason’s density result recorded in (1-26), by smaller subspaces within which uniform continuity may
be suitably quantified. This issue is addressed in Theorem 1.5 below. As a preamble, we introduce some
notation. Pick a modulus of continuity, i.e., a function

T : [0, 00) — [0, co] nondecreasing and such that limg_, o+ Y(s) = 0. (1-47)
Given m € N, consider the space

%T(Rm) = {f :R™ — C: there exists C € (0,00) such that
| f(a)— f(b)| <CY(la—Db|) foralla,b e R™} (1-48)

and define || f || gm) to be the smallest constant C intervening above. In the sequel, the space of cM.
valued functions with components in €Y (R™) will be denoted by ¢ (R, CM). Clearly, €T (R™) C
UC(R™) and, in fact,

UCc®R™ = ) «T®™. (1-49)

Y modulus of
continuity
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To see the left-to-right inclusion in (1-49), observe that if f € UC(R™) is arbitrary and we define
Yr(s) :=sup{| f(x)— f(¥)|:x,y € R™, |x — y| < s} for each s € [0, 00), then Y is a modulus of
continuity and | f(a) — f(b)| < Y¢(la —b|) for all a,b € R™; hence f € &7 (R™), as wanted.

Examples of interest are obtained by taking n € (0, 1] and defining Y7 (s) := s” for every s > 0. Then
the space % 17 (R™) becomes precisely ¢ (R™), the space of functions satisfying a homogeneous Holder
condition of order 7 in R™ in the case when 7 € (0, 1), and becomes Lip(R™), the space of Lipschitz
functions in R™, in the case when 1 = 1.

Here is the theorem advertised earlier, which may be regarded as a quantitative description of VMO,
improving on Sarason’s classical result (1-26).

Theorem 1.5. Consider the function Y3 : [0, 00) — [0, 00) given at each s > 0 by

ifs<1,

Yi(s) := min{l, 0,Ins} =
#(s) ;= min{1, s} + max{0, In s} I+lns if s> 1.

(1-50)

Then for every modulus of continuity Y with the property that Yy < CY on [0, 00) for some finite constant
C > 0, the following density result holds for each n € N:

for every function f € VMO(R") there exists a sequence

1-51
{fi}jeN C%T(R")H%W(R”)HBMO(R") such that || f — fjllsmown) — 0 as j — oo. ( )
In short, €T (R") N € (R") N BMO(R") is dense in VMO(R"). In fact,
the smaller space, consisting of f € €Y (R") N € (R") N BMO(R") such that (152)

3% f € €T (R") N L®(R") for every a € Ng with |a| > 1, is also dense in VMO(R").

The proof of Theorem 1.5 (stated with n — 1 in place of n) relies on the fact that, given any f €
BMO(R* 1, CM), we have, as seen from (1-30) and (1-33)—(1-34),

Plsf— finBMOR" L, CM)ast - 0" < feVMOR"!,CM) (1-53)

for some (or any) M x M elliptic system L with constant complex coefficients as in (1-2)-(1-3).
A posteriori, once the density result in Theorem 1.5 has been established, we can considerably enlarge
the class of approximations to the identity for which a result as in (1-53) holds, as described below.

Theorem 1.6. Suppose ¢ : R* — CM>*M phas the property that there exist C € (0, 00) and € € (0, 1] such
that
lp()| = C(L+[x)7""F  forevery x € R" \ {0}, (1-54)

and
|72

lo(x + h) —p(x)] < forall x e R*\ {0}, h € R", || < |x|/2. (1-55)

|x|n+s

In addition, assume

[ e(x)dx = Ipyxm (1-56)
Rn
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(where Ipygxpg is the M x M identity matrix). Then
for each f € VMO(R", CM), it holds that ¢; x f — f in BMOR",CM) ast — 0t (1-57)

where, in the present context, p;(x) .=t "@(x/t) for each x € R" and each t > 0.
As a consequence, given ¢ € €V (R", CM*M) sych that (1-56) holds and such that there exists
C € (0, o0) for which

(O +1(Ve) ()| < CA+[xDT"71 for every x € R", (1-58)
one has the following real-variable characterization of the membership to VMO:
for every function f € BMO(R", CDM) there holds
@i % f— [ inBMOR",CM)ast — 07 < f e VMOR",CM).

Several density results, of independent interest, are obtained by specializing Theorem 1.5 to moduli

(1-59)

of continuity of the form Y5 (s) := s” for s > 0, with n € (0, 1], simply by observing that there exists
some finite constant C, > 0 with the property that Y3 < C, Y, on [0, co). To state these, recall that the
inhomogeneous Holder space of order n € (0, 1) in R” is defined as

¢"(R") := ¢"(R") N L= (R"). (1-60)
Corollary 1.7. For each n € (0, 1),
the space consisting of f € €"(R") N ¢ (R") NBMO(R") such that

1-61
% f € €"(R") for every a € Nij with |a| > 1 is dense in VMO(R"). (1-61)
Consequently, for each n € (0, 1),
£1(R") N ¢ (R") NBMO(R") is a dense subspace of VMO(R™). (1-62)

In particular, for each 1 € (0, 1) the space €"(R") N BMO(R") is dense in VMO(R"). Moreover,

the space consisting of functions f € Lip(R") N €*°(R") N BMO(R") such that (1-63)
0% f € Lip(R") N L (R") for every o € N§ with |a| > 1 is dense in VMO(R").

In particular,
Lip(R") N ¢*°(R") N BMO(R") is a dense subspace of VMO(R"). (1-64)

An interesting feature of Theorem 1.5 is that even though the conclusions are of a purely real-variable
nature, its proof makes essential use of the PDE-rooted results established earlier (such as the well-
posedness of the BMO-Dirichlet problem for, say, the Laplacian in R} ). See Section 5 for details.
Theorem 1.5 should be contrasted with the following negative result.

Theorem 1.8. The space UC(R") N L°°(R") is not dense in VMO(R").
An example of an unbounded function belonging to VMO(R") is

Inln(1/]x]) if |x] <1/e,

for all x € R". 1-65
0 x| >1/e O (1-65)

f(x):=
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In the context of the main density result presented in Theorem 1.5, the function Y3 defined in (1-50)
exhibits an optimal behavior both at small and large scales, which cannot be improved, in the following
precise sense: if Y is a modulus of continuity with the property that

either Y(s)/s =o(1) as s — 0T, or Y(s) = O(1) as s — oo, (1-66)
then
¢ T (R") NBMO(R") is not dense in VMO(R"). (1-67)

Indeed, (1-67) is clear when the first eventuality in (1-66) materializes since the space ¢ T (R™) reduces to
just constants in this case. Also, in the scenario when the second possibility in (1-66) takes place, ¥ (R")
becomes a subspace of UC(R")N L°°(R"), in which case the desired conclusion follows from Theorem 1.8.

Among other things, the density result stated in Corollary 1.7 permits us to quantify the proximity of a
Littlewood—Paley-type measure to the class of vanishing Carleson measures in the upper half-space. This
result, of a purely real variable nature, is formally stated in the theorem below.

Theorem 1.9. Let ¢ € €1 (R"?) be a function with the property that there exists C € (0, 00) such that

C C
X)) <— and \Y% xX)|<——  forevery xeR", aswellas/ x)dx=0.
(1-68)
For each x € R" and t > 0 set Y;(x) :=t" "y (x/t). Then for each function f € BMO(R")
dx dt
r (1) = (% )1 — (1-69)
is a Carleson measure in IRT'I satisfying
1 (49 dx dt
lim { sup —/ |(Ys *f)(x)|2x— < C dist( £, VMO(R"))?, (1-70)
r—o+{ gcrr 1O Jo  Jo t
“=r
where dist( f, VMO(R")) := inf{|| f — g|lsmom) : £ € VMO(R")}.
As a corollary,
if ¥ € €Y (R") is a function satisfying the conditions in (1-68) and f € VMO(R"), (1-71)

it follows that pr(x,t), defined as in (1-69), is a vanishing Carleson measure in [RQT'I.
Theorem 1.9 allows us to establish the result stated below, which may be regarded as a quantified
version of the equivalence (1-34) in Theorem 1.1.
Theorem 1.10. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3). Then
there exists a constant C = C(n, L) € (0, 00) with the property that for any given f € BMO(R"~1,CM)
the unique solution u of the BMO-Dirichlet boundary value problem (1-29) for L in R} with boundary
datum f satisfies

€«Q)
lim{ sup / ][ IVu(x’,0)|>t dx’ dt} < C dist(f, VMO(R""L,CM))2,  (1-72)
r=>0tlgcrn-1,¢(0)<rJo  JQ

where dlSt(f: VMO(Rn_l, CM)) = inngBMO(Rn_l,CM) ||f — g||BMO(Rn—1’(DM).
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Moving on, if in analogy with (1-21) we also define
VMO(R") := {[f]: / € VMO(R™?}, (1-73)

then VWO([R{”) becomes a closed subspace of the Banach space (BMO(R"), [ -]l 5575 (Rn))' In particular,
(VMO(R"), [
quotient space

']||§1\7I6(Rn)) is itself a Banach space. Likewise, for each n € (0, 1) let us introduce the
C"(R")/~ = {[f]: [ € €"(R")} (1-74)

and equip it with the norm

”[f]”(é?n([ggn)/w = ||f||<55n(Rn) for all [f] € €™ (R")/~. (1-75)

Then (¢"(R")/ ~, I[-1llngny, ) becomes a Banach space.
Regarding VW)(R”) as a Banach space in the fashion described above, Corollary 1.7 readily implies
the following density result.

Corollary 1.11. For each n € (0, 1) the set (¢"(R")/~) N BMO(R") is dense in VMO(R").

The quantitative characterizations of the Sarason space provided in Theorem 1.5, Corollary 1.7, and
Corollary 1.11 have important consequences as far as the mapping properties of Calderén—Zygmund
operators on VMO are concerned. To elaborate on this aspect, we first recall the definition of the latter
class of operators.

Definition 1.12. Given n € N, for each y € (0, 1] denote by SCZ(n, y) the collection of all linear and
continuous mappings 7 : . (R") — .#’(R") which extend to a bounded operator on L?(R") and have
the property that there exist C’, C” € (0, 00) such that the Schwartz kernel K(-,-) of T satisfies

K e L (R" x R" \ diag) (1-76)

and, for every x, y € R" with x # y, and each z € R” with |x —z| < %|x -y,

' |x —z|
K(x,y)| < .
|K(x, y)l T

S P and |K(x,y)—K(z,y)|<C"

(1-77)

Simply call T a semi-Calderén—Zygmund operator in R” if 7' € | J, <y<15CZ(n,y).

Also, for each y € (0, 1] introduce CZ(n,y) := {T € SCZ(n,y) : T" € SCZ(n,y)} (where TT :
Z(R") — .7/ (R") is the transpose of T, with Schwartz kernel K " (x, y) := K(y, x)), and refer to the
operators in | J, <y<1CZ(n, ) as being Calderon—Zygmund operators in R”,

Fix a semi-Calder6n—Zygmund operator 7" in R”. A classical result in harmonic analysis (see, e.g., the
proof of [Stein 1993, Theorem 3, p. 114], which readily adapts to the present setting) is the fact that 7T
maps the Hardy space H! boundedly into the space of absolutely integrable functions; i.e.,

TT:HY (R") — LY (R") (1-78)

LObserve that since we are presently dealing with continuous functions, f ~ g means that f — g is everywhere equal to a
constant.
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is a well-defined, linear, and bounded operator. In particular, this allows us to define 7°(1) as a functional
in BMO(R") = (H ! (R"))* acting on any i € H!(R") according to

n

(T(1),h) = / T hds™. (1-79)
In particular, with the notion of H I atom as in (3-37),

T(1) =0in BMO(R") < TTads™ =0 for each H'-atom a. (1-80)
Rn

Via interpolation and duality we have

if T is a semi-Calderén—Zygmund operator then 7 is bounded
on L?(R™") for each p € (2, 00); as a consequence, if 7 is a (1-81)
Calder6n—Zygmund operator then T is bounded on L (R") for p € (1, 00).

In this vein, we wish to remark that (recall that a function ® : R" \ {0} — C is said to be positive
homogeneous of degree m provided ®(Ax) = A" O (x) for each x € R” \ {0} and each A € (0, c0))

a principal-value convolution-type operator Tg : . (R") — .7/ (R"), given by
To f(x) :=1lim,_, o+ fyeR,,\B(x’a)@(x —y)f(y)dy for f € .#(R") and x € R",
with a kernel © € €1 (R" \ {0}) which is positive homogenous of degree —n and
such that [¢,—1 ©(w) dw =0, is a Calder6n-Zygmund operator in R” (in the sense
of Definition 1.12 with y = 1, C" = ||®||co(gn—1), and C" = |[VO|| oo (sn-1))
which satisfies Tg(1) = (Te) " (1) = 0 in BMO(R"). Moreover, if we define
@)(x) := O(—x) for each x € R" \ {0}, then the transpose of Tg acting on L?(R")
with 1 < p < oo is the operator T acting on L? (R™) where, I/p+1/p =1.

(1-82)

This is a consequence of the fact that such an operator 7g is a multiplier (see, e.g., [Mitrea 2013,
Theorem 4.96, pp. 172-173]), i.e., it satisfies 7{@\(/) = me¢ for each ¢ € .7(R"), where “hat” stands
for the Fourier transform. The symbol mg is the Fourier transform of the tempered distribution P.V. ©,
defined as, see [loc. cit., (4.4.2), p. 136],

(P.V.O, @) := lim O(x)p(x)dx forall ¢ € .7(R"); (1-83)
e—=>01 JxeRn, |x|>e
1.€.,

me =PV.0® in.7 (R"). (1-84)

From [loc. cit., Theorem 4.71, p. 142] it is known that

mo(®) =~ [ 0 logli £-0) do
—w‘ —i—i%sgn(é-w)) dw foreach £ € R"\ {0}, (1-85)

=—/;n_] @(w)(ln ;

€]
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where the last equality uses the vanishing-moment property of ®; see [loc. cit., (4.5.15), p. 143]. From
this representation it is then apparent (reasoning as in [loc. cit, Step 11, pp. 349-350]) that

the restriction of mg to R” \ {0} is a function having the same order of differentiability
as 0, is positive homogeneous of degree zero bounded, satisfies mg = mg and (1-86)
Jgn—1 me(w) do =0, as well as mg(§) = me(—§) for each § € R"” \ {0}.

Let us also note that, starting with (1-85) and making use of [loc. cit, Proposition 13.46, p. 439] it is not
difficult to see that

for each p € (1,00] there exists Cy,p € [0,00) such that [|me||Loo@n) < Cn,pllOll Lo (sn—1y. (1-87)

In turn, via Parseval’s formula these properties imply that Tg extends to a linear and bounded operator
on L?(R") which satisfies
To f =mef foreach f e L?(R"). (1-88)

In addition, for each f, g € L?(R"), we have
[ (To f)(x)g(x)dx = (27T)_"f T(a/\f(é)é(—é)dg=(2ﬂ)_”/ me(§) f (£)§(—£) d&
R7 Rn Rn
— Qn) / F(6)Tag(—6) dé = / F)(T59)(x) dx., (1-89)
Rn Rn

from which we ultimately conclude that the transpose of Tg is Tg. Moreover, for each given H L_atom a,
the fact that Tg a belongs to LI(R”), see (1-78), implies that 7{(;1 is a continuous function satisfying
Jan Toa d" = T/@\a(()) = limg_,g me(§)a(§) = 0 since mg is bounded, a is continuous (given that
a € L'(R")), and a(0) = Jgn @ dZ™ = 0 thanks to the vanishing-moment property of the atom. In light
of (1-80), this shows that Tg(1) = 0. Finally, in a similar fashion, (Tg) T (1) = 0.

Natural examples of operators of the sort discussed in (1-82) are offered by the Riesz transforms in R".
These are defined as the family (R;)1<;<n Where, for each j € {1,...,n} and each f € L?(R") with
1 < p < oo, we set

(R} f)(x) = lim / Kj(r—y)f(0)dy. xR,
e—~>01 Jyern\B(x,e)

(1-90)
F'(n+1)/2) =z

Kj(z):= 2 D/2 |

for each z € R™ \ {0}.

These are singular integral operators of convolution type involving odd kernels. A prominent example of
a singular integral operator of convolution type involving an even kernel (with vanishing integral on the
unit sphere) is offered by the Beurling (or Beurling—Ahlfors) transform in the complex plane
| f(©) 2
zZ— &

This has the basic property that
Sz f)=09,f foreach Schwartz function f € .7 (C), (1-92)
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where 05 := %(8x —(1/i)dy)and 9, := %(8 x+(1/1i)0,) are, respectively, the Cauchy—Riemann operator
and its complex conjugate.

To state the result pertaining to the boundedness of semi-Calderén—Zygmund operators on the space of
functions of vanishing mean oscillations advertised earlier, recall that the quotient space VWO([R”) was
defined in (1-73).

Theorem 1.13. Consider a semi-Calderon—Zygmund operator T in R" satisfying T (1) = 0. Extend T to
a linear and bounded operator T from BﬁO(R”) into itself by setting (with (-, -) denoting the BMO-H'!
duality pairing; see item (iv) of Proposition 7.6)

T : BMO(R") — BMO(R"),

~ — (1-93)
(TIfl.g):=(f1.T g) forall[f]eBMO(R"), forallge H"(R").
Then VWO(IR”) is an invariant subspace of T. In particular, its restriction to WO([R{”),
T lvmo : VMO(R™) — VMO(R"),
lvmo (R") — (R™) (1-94)

(Tlvmo)lf1:=TIf] foreach[f] € VMO(R"),

is a well-defined, linear and bounded operator. Moreover, f|VMO is compatible with the action of T on
Lebesgue spaces in the sense that for each p € [2, o0) one has

(Tlvmo)lf1=I[Tf] forall f € VMO(R") N L?(R"). (1-95)

Example 1. In view of (1-82), Theorem 1.13 applies directly to the Riesz transforms in R”, as well as
the Beurling transform in C. More generally, given any principal-value convolution-type operator Tg as
in (1-82), its realization as a linear and bounded mapping from the space BVO([R”) into itself, via the
transposition formula

Te : BMO(R") — BMO(R"),

~ __ 1-96
(Tolf].g):=([f].Tgg) forall [f] € BMO(R"), for all g € HY(R"), (1-56)

where (-, -) stands for the BMO-H ! duality pairing, and O(x) := O(—x) for each x € R" \ {0}, induces
a well-defined, linear and bounded operator

Tolvmo : VMO(R") — VMO(R™). (1-97)

Example 2. Recall that, for a given Lipschitz function A:R— C, the Calderén commutator of order m € Ny
is the principal-value singular integral operator C,, on the real line whose kernel is given by
_ (A —A)™

Kn(x.y)i= = Siar Xy eR v #y. (1-98)

It is then a basic fact that each C,, is a Calder6n—Zygmund operator (e.g., Cp is, up to normalization,
the Hilbert transform on the real line). In particular, they all extend to well-defined and bounded linear
operators from L°°(R) into BMO(R). Retaining the same notation for the said extensions, a well-known
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trick (based on integration by parts) then yields the following remarkable recursive identity, see [Meyer
1990, (2.14), p. 266],
Cn(1) = Cp—1(A") foreach m € N. (1-99)

In relation to the above family of operators, for each m € N let us consider the principal-value singular
integral operator T, on the real line associated with the modified kernel

km(x,y) := Km(x,y) — Km—1(x, y)A'(y)

_ (A(x) - A"

(x— {Ax)— A —(x =AM}, x.yeR x#y. (1-100)

Since, generally speaking, the function A’ is only essentially bounded, the operator T, is only semi-
Calderén—Zygmund (as opposed to Cy, which is a genuine Calder6n—Zygmund operator). This being said,
in contrast with (1-99) we presently have Ty, (1) = Cp, (1) — C;;;—1(A’) = 0. Granted these, Theorem 1.13
applies and gives that

T, the modified Calderén commutator of order m € N on the
real line, associated with the kernel k,, defined in (1-100), (1-101)
induces a bounded operator from the space \WO(IR) into itself.

Example 3. Consider the principal-value Cauchy singular integral operator C on a curve 3 C C which
is the graph of a Lipschitz function A : R — R. Thatis, X :={z = x +iA(x) : x € R} and C acts on a
function f : ¥ — C according to

Cf(z):= lim 1 A

e—>0+ 2mi teX\B(z,¢) é—_Z

dt, zex. (1-102)

Making the bi-Lipschitz change of variables R > x > x +iA(x) € ¥ and identifying f with the function
g(x):= f(x +iA(x)) for x € R, this becomes (after adjusting the truncation; see [Hofmann et al. 2015,
Lemma B.1] in this regard) the principal-value singular integral operator on the real line

L 1 (1+iA(y)g(y)
Tg(x):= lim — ; ;
e—>0t 27i yeR\(x—e,x+g) Y —X +i(A(y) — A(x))

While the above integral kernel is, generally speaking, lacking smoothness in the y-variable, T is

x eR. (1-103)

nonetheless a semi-Calder6n—Zygmund operator on R, and we claim that 7 (1) = 0. To justify this claim,
pick an arbitrary H !-atom a on the real line and observe that if

b:X — Cis defined as b(x +iA(x)) := l—i—ai(—z/)(x) for x € R, (1-104)
then [x b(z)dz = [pad#' =0 and
/ TTads' = —/ (Ch)(2)dz = —/ (A1 +C)b)(z)dz = 0. (1-105)
R = =

The last equality above relies on Cauchy’s vanishing formula, see [Mitrea et al. 2017], applied to the
function defined in the domain € C C lying above the graph X by u(z) :=1/(27i) [ b({) (¢ —z)~1d¢ for
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each z € Q, which has an integrable nontangential maximal function on ¥ = 92 and whose nontangential
boundary trace is precisely (%I + C)b at a.e. point on X = 0<2. In view of (1-80), we conclude from
(1-105) that, indeed, T'(1) = 0.

With the knowledge that 7" is a semi-Calderén—Zygmund operator on R satisfying 7(1) = 0, we can
apply Theorem 1.13, which gives that

the principal-value Cauchy singular integral operator, defined on the real line as in (1-103), (1-106)

induces a well-defined, linear and bounded operator from the space WO([R) into itself. i
This result may be further generalized to higher dimensions by considering the principal-value Cauchy—
Clifford singular integral operator on a Lipschitz surface as in [Mitrea 1994].

Example 4. Having fixed n € N, recall the principal-value harmonic double-layer C, defined on a surface
¥ € R™*! which is the graph of a Lipschitz function 4 : R” — R. Specifically,

T ={X =(x,A(x)) e R"t! . x e R"},

and X maps a function f : ¥ — C into

Kf(X):= lim - ()Y —X)

o Jyesipire X =Y do(Y), XeZX, (1-107)

where v and o, the unit normal and surface measure to 3, are given by

v(x, A(x)) = %, do(x, A(x)) = \/1 + |[VA(X)[2dx, xeR". (1-108)

Much as in the case of the Cauchy operator considered earlier, make the bi-Lipschitz change of variables
R” 3 x > (x, A(x)) € X and identify f with the function g(x) := f(x, A(x)) for x € R™. This permits us
to identify the harmonic double-layer X with the principal-value singular integral operator in R” given by

Te(x):= lim L A(x) = A(Y) = (x =y, VA(y))
oot On Jyern\Bxe) (X — YIP + (A(x) — 4())?) D/

g(y)dy, xeR™. (1-109)

We remark that the integral kernel above does not, generally speaking, possess any smoothness in the
y-variable. Nonetheless, 7" is bounded on L?(R"), see [Meyer 1990, Théoreme 11, p. 320]; hence T is a
semi-Calderén—Zygmund operator on R”. We claim that 7'(1) = 0. To see that this is the case, pick an
arbitrary H '-atom a in R” and note that if

a(x)
V1+|VA(x)]?

then f): bdo = fR” ad" = 0. Also, if we denote by KT the transpose of X on LZ(E), then

b: X — Cis defined as b(x, A(x)) := for x € R", (1-110)

/ TTads" =/ Kdeo:/(—%I +KT)bdo =0. (1-111)
R” z by
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The last equality above relies on the version of the divergence formula established in [Mitrea et al. 2017],
currently used for the vector field defined in the domain 2 € R”*! lying above the surface ¥ by

ﬁ(X) = %HL%Z)(Y) do(Y) forall X € Q, (1-112)
which is smooth and divergence-free in €2, has an integrable nontangential maximal function, and whose
nontangential boundary trace 13|3';2' satisfies v - (13|3';2') = (—%I + ICT)b at o-a.e. point on X = 9%;
see [Mitrea et al. 2017] for more details. Having proved (1-111) we then conclude from (1-80) that
T(1) =0, as wanted. Given that T is a semi-Calder6n—Zygmund operator in R” satisfying T(1) = 0,
from Theorem 1.13 we may then conclude that

the principal-value harmonic double-layer operator, defined in R” as in (1-109), induces a

— 1-113
well-defined, linear and bounded operator from the space VMO(R") into itself. ( )

To close, we mention that similar results are valid for the pull-back from a Lipschitz graph to the Euclidean
space of any double-layer potential operator associated with a homogeneous second-order elliptic system.

Moving on, we note that the argument which proves Theorem 1.13 is indicative of a more general
principle at play here, to the effect that, regardless of its actual format,

any linear operator which is bounded both on BMO and on a (1-114)
(homogeneous) Holder space is also bounded on VMO. i

In relation to (1-114), it is also worth pointing out that the class of operators which are simultaneously
bounded on BMO as well as on some common (homogeneous) Holder space is considerably larger than
the class of the semi-Calderén—Zygmund operators considered in Theorem 1.13 since, as opposed to the
latter, the former is stable under composition, and hence, in particular, constitutes an algebra. This being
said, by additionally hypothesizing a suitable cancellation condition for the transpose, one can identify a
(maximal) subfamily of Calderén—Zygmund operators which do make up an algebra. To facilitate stating
such a result, for any given Banach space X’ we agree to denote by Z(X) the Banach algebra of linear and
bounded operators from X into itself (with respect to the ordinary addition and composition of operators,
and ordinary operator norm).

Theorem 1.14. Fix n € N arbitrary. Then the family M(’;gz consisting of all operators T|VMO as in (1-94),
where T is a Calderén—Zygmund operator in R" satisfying T(1) = T (1) = 0, is a subalgebra of
Z(VMO(R™)).

The family of principal-value convolution-type operators Tg associated as in (1-82) with kernels ©®
which are actually of class €°° in R” \ {0} also gives rise to an algebra of linear and bounded operators
on VMO(R"), of the sort described in our next theorem.

Theorem 1.15. Fix n € N arbitrary. Associate with each complex-valued function

O € €°(R" \ {0}), positive homogenous of degree —n, and with

the cancellation property [¢n—1 O(w)dw =0 (1-115)
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the principal-value convolution-type singular integral operator Tg defined as in (1-82), and denote by T@
its realization as a linear and bounded mapping from the space BWO(R” ) into itself as in (1-96). Then,
with I denoting the identity operator, the following properties hold:

(a) The set
55 = {cI + Telvmo : VMO(R") — VMO(R") : ¢ € C and © as in (1-115)} (1-116)

is a commutative unital subalgebra of %(WO([R{” ). In /555 the following composition law holds: if
¢ € C and the functions Oy, ...,QpN, 01, ..., O, O are as in (1-115) and satisfy

N
Zm@;_ mg, =c+mg inR"\{0}, (1-117)
j=1
then N
> (Tey; lvmo)(To, lvmo) = ¢ + Tolvmo  in B(VMO(R™)). (1-118)
ji=1

(b) With the bar denoting the closure in Z(VMO(R™)),

7 i = Span{ R} [vmo}1<j <n: (1-119)
that is, /g coincides with the smallest closed subalgebra of B(VMO(R")) containing the Riesz
transforms, ﬁj lvmo € Z(VMO(R")) with 1 < j <n.

(c) Whenever the function © is as in (1-115) and

ceC\{-mg(¢): £ eR"\{0}}, (1-120)
it follows that cI + T@|VM0 has an inverse in o/gg. More specifically, whenever © is as in (1-115)
and c is as in (1-120), the operator cI + To € %(BW)(R”)) has an inverse in BW)(R”) of the form
col +Te, € %(BﬁO(R”)) for some co € C and Og as in (1-115), with the property that col + Te,|vmo
is the inverse of cI + T@|VMO in 9.

(d) Suppose © is as in (1-115) and c is as in (1-120). Then for each f € BMO(R") one has

feVMOWR") <« (clI+To)lf] < VMO(R). (1-121)

More generally, let N € N be a given integer and assume ©1, ..., ®y is a family of functions, each of
which as in (1-115). Also, fix

(c1o-ven) €CV\{(=mg, (ED1<j<v : § €R"\{0}}. (1-122)

Then for each given function f € BMO(R") one has
feVMOR") << (¢jI+Te,)f]€ VMO(R") foreach j €{l,...,N}. (1-123)

(e) Items (a), (c), and the first part of (d), have natural versions in the case when the functions involved
are vector-valued and the kernels of the singular integral operators are matrix-valued. The specifics of
this more general setting are as follows. Given a finite-dimensional complex vector space ¥, consider
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¥ -valued functions whose scalar components (with respect to some fixed basis of V') are from VW)([R?”)
(or BWO(IR”), depending on the context). Also, consider principal-value convolution-type operators Tg
defined as in (1-82), associated with kernels © as in (1-115) taking values in Hom(¥, ). In particular,
Te may be viewed as a matrix of ordinary scalar, principal-value, convolution-type operators, and
extending each individual entry in this matrix as in (1-96) then yields a linear and bounded operator Te
from BMO(R™) ® ¥ into itself which leaves the subspace VMO(R") ® ¥ invariant.

The version of item (a) in this setting is that if one now defines /gg as in (1-116), but with the
intervening singular integral operators as just described above and with cI now replaced by ¢ €
Hom(7, ) arbitrary, then </gg becomes a (typically noncommutative) subalgebra of %’(VWO([R{") RY).
Finally, in the case of item (c) and the first part of item (d), condition (1-120) is now replaced by

¢ +mg(§) is invertible in Hom(7, V") for each § € R™ \ {0}. (1-124)

Theorem 1.15, whose proof is presented in Section 7, has many consequences of independent interest,
which we shall now explore. We begin by stating a version of the first claim in item (d) of Theorem 1.15
for kernels taking values in a finite-dimensional algebra (again, proved in Section 7).

Corollary 1.16. Let A = (A, +, ©, 1) be a finite-dimensional (complex) unital associative algebra. Fix
n € N arbitrary and associate with each A-valued function

O : R* \ {0} — A which is of class €°°, positive homogenous of

degree —n, and with the cancellation property fS"—l O(w)dw =0; (1-125)

consider the principal-value convolution-type operator Tg acting on A-valued Schwartz functions [ €
SRR A according to To f(x) :==1im_ 0+ [, cpm Bx.e)@(x —¥) © f(y) dy for x e R".

Denote by Tg the realization of the operator Tg as a linear and bounded mapping from the space
BVO([R”) ® A into itself, obtained by extending each scalar component of Tg to BVO(IR”) as in (1-96).

Also, fix some
¢ € A such that ¢ +mg(§) is invertible in A from the right for each § € R" \ {0}. (1-126)
Then, with I denoting the identity operator, for each f € BMO(R") ® A one has
fEVMORM®A <= (cI+To)[f]€ VMO(R") ® A. (1-127)

Historically, the Riesz transforms have been successfully employed in characterizing the regularity of
functions in the Euclidean space. For example, it is well known, see, e.g., [Garcia-Cuerva and Rubio de
Francia 1985, (4.11), p. 284], that the Hardy space H !(R") may be described as

H'R") ={f e L'R"):R; f € L'R") for 1 < j <n}. (1-128)

Also, if for each j € {1,...,n} we denote by R ;7 the extension of the j-th Riesz transform, originally
acting on L2?(R"™) as in (1-90), to a bounded operator on BW)([R{”) defined as in (1-96), then the following
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characterization of the space BWO(R”) may be deduced from [Fefferman 1971, Theorem 2, p. 587]:

BMO(R") = { [g0] + D Rilgj]: 0. 81. ... 8n € L (R){. (1-129)

J=1
In a similar vein, a characterization of the space VMO(R) as (where H is the Hilbert transform on the

real line)
VMO(R) = {u+ Hv :u,v € L*°(R) NUC(R)} (1-130)

was given by Sarason [1975, Theorem 1, p. 392]. Let us also mention that regularity results of a geometric
flavor involving the Riesz transforms were established in [Mitrea et al. 2016b]. Here is a result along
this line of work, providing characterizations of the Sarason space VMO in terms of Riesz and Beurling
transforms in the complex plane.

Corollary 1.17. Work in the two-dimensional setting R? = C and consider the complex Riesz transform

Ref(z):= lim i/ 228 r0)d2*(¢). zec. (1-131)

e—>0+ 27 LeC\B(z,s) lz—-¢|3

Denote by Re the extension of the complex Riesz transform, originally considered as in (1-131) on L?(C),
see (1-82), to a linear and bounded operator on BWO(C), see (1-96). Analogously, denote by S the

extension of the Beurling transform defined as in (1-91) on L*(C) to a linear and bounded operator on
BVO((C). Finally, fix an arbitrary number ¢ € C such that |c| # 1.
Then for each given function f € BMO(C) the following conditions are equivalent:

(1) f belongs to the Sarason space VMO(C).
(i) (cI + ﬁ@)[f] belongs to VMO(C).
(iii) (cI + S)[f] belongs to VMO(C).
The key ingredient in the proof of Corollary 1.17, presented in Section 7, is Theorem 1.13. In turn, the
equivalence of (i)—(iv) in Corollary 1.17 may be generalized to higher dimensions using Clifford algebras
as a substitute for the field of complex numbers. Specifically, given any n € N, denote by (Cl,, +, ©)

the (complex) Clifford algebra generated by n anticommuting imaginary units, denoted by (e;)1<;<n.
Hence,

ejOej =—1 and ej Oex =—er Oe; whenever 1 <j #k <n. (1-132)

The Euclidean ambient R” embeds canonically into Cf,, by identifying (e;)1<;<, with the standard
orthonormal basis in R”, i.e.,
n
R"5x=(X1,....%2) =X:= Y xjej €Cly. (1-133)
j=1
Under this embedding, (1-132) implies that

xOx =—|x[?> foreach x € R" < Cl,. (1-134)
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More information on this topic may be found in [Mitrea 1994]. Here is the higher-dimensional version of
the portion of Corollary 1.17 dealing with the complex Riesz transform.

Corollary 1.18. Consider the Clifford—Riesz transform acting on Cly-valued functions f defined in R"
according to

, F((n+1)/2)/ xX—y
R x):= lim —————— — 0 dy, xeR", 1-135

and denote by Ecg its extension to a bounded operator on BW)(R") ® Cly,. Also, consider

¢ € Cly, such that ¢ + iw is invertible in Cly, from the

1-136
right for each vector w € S*~1 C R" < Cl,. ( )

Then for each given function f € BMO(R") ® C{,, one has
feVMOR" ®Cl, <= (cI + Ry)[f] € VMO(R") ® Cl,. (1-137)

As discussed in Section 7, the above result is readily implied by Corollary 1.16. We single out another
immediate consequence of Theorem 1.15 formulated in terms of scalar-valued functions.

Corollary 1.19. Foreach j €{1,...,n} denote by Ej the extension of the j -th Riesz transform, originally
acting on L*(R™) as in (1-90), to a bounded operator on BWO([R”) defined as in (1-96). Then for each
complex-valued function f € BMO(R") and each (c1,...,cp) € C*\iS"~! one has

f eVMOR") <= (c;jI+ R;)[f]€ VMOR") foreach j €{l,...,n}. (1-138)

In particular, corresponding to the special case when ¢y = - -+ = ¢, =0, for each complex-valued function
f € BMO(R") one has®

f eVMO(R") <<= R;[f]€ VMO(R") foreach j €{l,...,n}. (1-139)

Finally, we note that it is also possible to extend the characterizations of the membership to VMO given
in the two-dimensional setting in Corollary 1.17 to higher dimensions and differential forms by introducing
suitable higher-dimensional versions of the Beurling and Riesz transforms acting on differential forms.
To describe them, we need a some standard notation from differential geometry; see, e.g., [Mitrea et al.
2016a, §2.1]. For each £ € {0, 1,...,n} let A* denote the space of differential forms of degree £ in ",
and set A := Pj_, A* for the space of differential forms of arbitrary mixed degrees in R”. The exterior
derivative operator d and its formal adjoint § in R” are defined, respectively, as

df ==Y dx;n@;f). 8f == dx;v(d;f) forall f D' R")®A., (1-140)
=1 j=1

where A, V stand for the exterior and interior product on A, and where the partial derivatives are applied
to the individual components of the differential form f. For each 6 € C\ {0} consider then the §-Beurling

2Martell would like to express his gratitude to L. Escauriaza for some conversations pertaining to the one-dimensional case of
(1-139).
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transform in R” defined (on the frequency side) as
Sg:=(0ds—0"18d)A™ SR QA — .7 (R") Q A. (1-141)

In the particular case when 6 = 1, this operator appears in [Iwaniec and Martin 2001, (12.71), p. 326].
It is reasonable to think of Sy above as some kind of generalization of the classical Beurling transform
defined in the complex plane in (1-91) due to the following: If for each 6 € C\ {0} we also introduce the
first-order differential operators

Dy:=i(0d—6716), (1-142)

then (Dg)? = d§ +8d = —A, so each Dg may be regarded as a square root of the negative Laplacian.
Hence, each Dy is a Dirac-type operator, much like the Cauchy—Riemann operator d; and its complex
conjugate d, in the complex plane. Moreover, a simple computation (which makes use of the facts that
d? =0, §> =0, and A = —d§ — 8d) shows that

S¢, Dy, =i Djg,.9, foreach 0,0, € C\ {0}, (1-143)

which may be viewed as an extension of the classical intertwining properties recorded in (1-92).
An alternative representation of Sg as an operator on L2 (R")® A, which is visible from (1-140)—(1-141)
(upon recalling that the j-th Riesz transform on L?(R") is the multiplier with symbol —i&; /|£]), is

Sgf =—O0RA(RV f)+0"'RV(RAf), feL*(R")®A, (1-144)

with the understanding that, in analogy to (1-140),

n n
RAf:=)"dxjA(R;jf)., Rv f:==> dxjv(R;f) forall fe L*R")®A, (1-145)
j=1 =1
where the Riesz transforms R; act on the individual components of the differential form f. In particular,

if for each f € BW)([R{") ® A we also define (with similar conventions as above)
n n

RALf1:=) " dx; A(R[f]). Rv[f]:==)_dx; v (R;[f)]. (1-146)

j=1 j=1

then Theorem 1.13 permits us to extend the #-Beurling transform, originally considered as in (1-144),

to a linear and bounded operator S, g from BW)([R”) ® A into itself given by
Solfl:=—=0RARV[f)+60'RV(RA[f]), [f]€BMO(R")QA. (1-147)

In this vein, let us also introduce the 6-Riesz transforms (once again, on the frequency side) as
Ry = =1i6 —i07 ——— forall 8 € C\ {0}, (1-148)
= — — \ {0}

and note that they induce linear and bounded mappings on L2(R") ® A according to

Rof =—i(ORAF+O0'RVf), felL*(R")®A. (1-149)
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Thanks to Theorem 1.13, the #-Riesz transforms above may further be extended to linear and bounded
operators Ry on BWO([RR”) ® A according to

Ro[f1=—i(ORA[f1+0"'RV[f]). [f]<BMOR")QA. (1-150)

In relation to the #-Beurling transforms in (1-147) and the 6-Riesz transforms in (1-150), we have the
following result, akin to the characterization of the membership to VMO in the two-dimensional case
given in Corollary 1.17:

Corollary 1.20. For each j, k € {1,...,n} introduce

—nx;xi + 8 |x|?
O (x) i= —K kx| forall x € R"\ {0}, (1-151)
|x|n+2

and note that
®Jk E%W(Rn\{o})’ ®k] = Yk, fsnfl ®jk(a)) dw =0’ and

. . . on (1-152)
® i is even and positive homogeneous of degree —n in R" \ {0}.

In particular, these permit introducing the principal-value singular integral operators of convolution type
Te,, associated with the © i ’s as in (1-82). Then for each 6 € C\ {0} the operator Sg is symmetric
on L*>(R") ® A and for each f € L>(R") ® A one has (with Te;, acting on the differential form f
componentwise)

9 n —1 n
ng:—w Z de/\(dxk\/(T@jkf))+w Z de\/(dxk/\(T@jkf))
n—1 k=1 n—1 k=1
9 n g1 n
- — dx; A(dx; —_— dx; v (dx; 1-153
n; xJ/\(vaf)—i-n;va(xJ/\f), ( )

while for each | f] € BMO(R") ® A one has (with similar conventions as above)

- 0 i - -1 7 -
Solf1=——— > dxj Adxe v (Tey )+ — : > dxj v (dxg A(To; [f])
=1 k=1 =1 k=1
n -1 n
—gdeJ'/\(de'V[f])-f-eTde]'\/(dxj'/\[f]). (1-154)
j=1 j=1

Moreover, for each given differential form f € BMO(R") ® A the following three conditions are
equivalent:

(1) f belongs to the space VMO(R") ® A.
(i) (cI + §9)[f] € VMO(R") ® A for some (or every) 0 € C \ {0} and c e C\ {6, —071}.
(iii) (¢l + Eg)[f] € VMO(R") ® A for some (or every) 8 € C\ {0} and ¢ € C\ {£1}.

This paper is part of a larger program aimed at treating Dirichlet boundary value problems for M x M
systems with constant complex coefficients as in (1-2)—(1-3) in the upper half-space R’ with boundary
datum in various function spaces on R”~!. The space BMO, presently considered, lies at the crossroads



630 JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

of several fundamental scales of function spaces in analysis. For one thing, BMO(R"~!, C™) may be
regarded as a natural (rightmost) end-point of the Lebesgue scale L?(R"~!, CM) with p € (1, o). The
Dirichlet boundary value problem for elliptic systems L as in (1-2)—(1-3) in the upper half-space with
data from the latter scale of spaces has been recently treated in [Martell et al. 2016], where the size of the
solution u : R’} — CM is measured using the nontangential maximal operator defined as

Nu)(x) := (Neu)(x) := sup{|u(y)| : y € Te(x")} forall x’ € R*1. (1-155)
In this endeavor, the crux of the matter is the pointwise inequality, see (2-40),

(Nu)(x") < C(M f)(x') at each point x" € R"~Vif u(x’,¢) := (PL * f)(x") for

1-156
every (x',7) € R". and for some function f € L'(R"~1, 1/(1 + |x'|") dx" )M ( )

where M is the Hardy—Littlewood maximal operator on R”~1; see (2-4).

In fact, estimate (1-156) permitted the treatment in [Martell et al. 2016] of a much larger variety of
function lattice spaces. Indeed, one of the main results established in that paper is that the boundedness
of the Hardy-Littlewood maximal operator on a Kothe function space X and on its Kéthe dual X’ (both
considered in R”~1) is actually equivalent to the well-posedness of the X-Dirichlet and X’-Dirichlet
problems in R’ in the class of all second-order, homogeneous, elliptic systems, with constant complex
coefficients. As a consequence, in [Martell et al. 2016] the Dirichlet problem for such systems was shown
to be well-posed for boundary data in Lebesgue spaces, variable-exponent Lebesgue spaces, Lorentz
spaces, and Zygmund spaces, as well as their weighted versions with weights in the Muckenhoupt class.

This being said, the John—Nirenberg space BMO(R"”™!) is not a lattice space (in the sense that a
nonnegative measurable function with a pointwise majorant in BMO does not necessarily belong to
BMO), so a fresh look at the corresponding Dirichlet problem is warranted. In particular, the nature of
the space of solutions (which should be suitably tailored to the specific space of boundary data) now
involves a Carleson measure condition in place of the nontangential maximal operator (1-155) which has
been extensively used in [Martell et al. 2016].

Another point of view places the John—Nirenberg space BMO(R” ™1, CM) as a (leftmost) endpoint
for the scale of homogeneous Holder spaces ¢ (R"~1, CM) with € (0, 1) (for pertinent definitions
and basic properties regarding this scale see the discussion in the first part of Section 2). Bearing this
in mind, it is possible to formulate (a significant portion of) Theorem 1.1 in a manner that reflects the
aforementioned feature of BMO. To elaborate on this idea, given 1 € [0, 1) and p € [1, 00), for every
feLl (R"1,CM) define

=

1192 = sup aQ)—"(][Q |f(x/)—fQ|pdx/) , (1-157)

QCR"_I

and introduce the Morrey—Campanato space (which may be regarded as a fractional BMO space, L?-based,
of order n) by setting

ETPRLCM) = (f € L R".CM) 1| £ {7 < oo} (1-158)
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By the John—Nirenberg inequality it follows that, corresponding to the end-point case n = 0, we have
0P (R, cM)y = BMOR" !, CM), (1-159)

and it is clear from definitions that, in the regime 1 > 0, the vanishing mean oscillation condition (1-22)
holds (this time, at a precisely quantified rate of decay) for every function f € &m?(R"~1,CM). Going
further, for every u € €1 (R, CM) set

1

(n.p) ¢(Q) z »
lulls%?” := sup (Z(Q)_”(][ (/ |Vu(x/,t)|2tdt) dx/) ) (1-160)
o \Jo

QCR"_I

The finiteness demand ||u||i’1’P ) < 00 may be viewed, compare with (1-14), as a fractional Carleson
measure condition (L?-based, of order 7). In particular, it implies that the measure du(x’,t) :=
|Vu(x’,t)|? t dt dx’ satisfies the vanishing condition (1-12), with a precisely quantified rate of decay.
Here is the statement of the theorem advertised earlier which deals with the larger, more inclusive
context considered above and which complements the end-point case 7 = 0 corresponding to the portion

of Theorem 1.1 pertaining to the well-posedness of the BMO-Dirichlet boundary value problem.

Theorem 1.21. Let L be an M x M elliptic constant complex coefficient system as in (1-2)—(1-3), and fix
n € (0, 1) along with p,q € [1, 00). Then the Morrey—Campanato—Dirichlet boundary value problem for

L in R, formulated as
u € ¢ R, CM),
Lu=0inR",
el < oo, (1-161)
u|‘(.;'[FfE'{,F =f aeinR", feg&mP(R"1 CM),
has a unique solution. The solution u of (1-161) is given by (1-30) and there exists a constant C =
C(n,L,n, p,q) € (1,00) with the property that

CTHLI < Jul| %2 < C | £ 1P, (1-162)
Moreover, u belongs to €" (R, CM) = ¢"(R", CM) and, with C € (1, 50) as above,
CTSIE? < Wl ngay cany < CLAIEP. (1-163)
As a consequence of Theorem 1.21 and its proof, see also (2-2), we obtain that, in fact,
TP (R, CM) = (R, CM) (1-164)

as vector spaces, with equivalent norms (the left-to-right inclusion is understood in the sense that if
f e &P (R, CM) then there exists some g € €7(R*~!,CM) such that f = g a.e. in R*~!). This
offers a new proof (of a PDE flavor) of an old embedding result of N. Meyers [1964]. An inspection
of the proof of Theorem 1.21 also reveals that there is a Fatou-type result naturally accompanying the
well-posedness result for the boundary value problem (1-161).
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We shall now succinctly comment on the literature dealing with Dirichlet boundary value problems
for elliptic operators in the upper half-space. As already noted, the nature of these problems strongly
depends on the choice of the function space from which the boundary datum f is selected, the specific
way in which the size of the solution u is measured, and the very manner in which its boundary trace
is considered. To illustrate these distinctions, recall first that there is a vast body of work targeting the
case when the solution u is sought in various Sobolev spaces in R” , the boundary datum f belongs to
suitable Besov spaces on R”~1, and the boundary trace of u is considered in the sense of Sobolev space
theory. Classical references in this regard include [Agmon et al. 1959; 1964, Lions and Magenes 1972;
Maz’ya and Shaposhnikova 1985; Taylor 2011a; 2011b; 2011c].

The scenario in which the size of u is measured in terms of the nontangential maximal operator
(1-155) and when the trace of u on the boundary of R’} is taken in a nontangential pointwise sense, see
(1-10), was treated in [Martell et al. 2016] for the general class of M x M systems L with constant
complex coefficients as in (1-2)—(1-3). This extends classical work carried out in the particular case when
L = A, where A is the Laplacian in R”, treated in a number of monographs, including [Axler et al. 2001;
Garcia-Cuerva and Rubio de Francia 1985; Stein 1970; 1993; Stein and Weiss 1971]. The corresponding
higher-order regularity Dirichlet problem in a similar framework was recently considered in [Martell et al.
2014]. See also [Martell et al. 2017] for related work, emphasizing semigroup techniques.

There is also a significant amount of work focused on the classical Dirichlet problem for the Laplacian
in the upper half-space with a continuous boundary datum f. In such a case, one seeks a harmonic function
u e g RL)N <50(@) satisfying ulaRﬁ_ = f. A remarkable feature, noted in [Helms 1969, p. 42 and
p. 158], is that even in the case when the boundary datum f is a bounded continuous function in R”~1,
the solution u of this classical Dirichlet problem is not unique. To ensure uniqueness in such a setting
one typically specifies the behavior of u(x’, ) as t — co. A case in point is [Siegel and Talvila 1996],
where uniqueness is established in the class of harmonic functions u € ¥*°(R’, ) N %0 (@) satisfying
u(x) = o(|x|sec? ) as |x| — oo (where 8 := arccos(x,/|x|) and y € R is arbitrary), by proving a
Phragmén-Lindelof principle under the latter growth condition. This builds on the work of [Siegel 1988;
Wolf 1941; Yoshida 1996], and others. The works just cited crucially rely on positivity and other various
highly specialized properties of the Laplace operator, so the techniques employed there do not adapt to
the considerably more general class of elliptic systems considered in the present paper.

In relation to the context just described above, it is instructive to make the following observations. First,
the collection of uniformly continuous functions belonging to BMO(R" !, CM) is a dense subspace of
VMO(R"~!,CM); see (1-26). Second, in the last part of Theorem 1.1 we have succeeded in proving the
well-posedness of the VMO-Dirichlet problem in the class of null-solutions u of a given elliptic system L
as in (1-2)—(1-3) which satisfy a vanishing Carleson measure condition. This is a natural condition from
the point of view of harmonic analysis which replaces the demand that the solution extends continuously
on @_, required in the formulation of the classical Dirichlet problem with continuous data.

Apparently, the closest results in the literature to some of the work carried out in this paper are those
of E. Fabes, R. Johnson, and U. Neri [Fabes et al. 1976]. Indeed, in their paper they dealt with the BMO-
Dirichlet problem for the Laplacian in the upper half-space in the class of harmonic functions satisfying



THE BMO-DIRICHLET PROBLEM AND QUANTITATIVE CHARACTERIZATIONS OF VMO 633

a Carleson measure condition (this being said, we would like to point out that there are certain gaps in
some of the key steps of the treatment in that paper, such as the proof of Lemma 1.3 on pp. 161-162,3
and the proof of estimate (1.5) on page 163%). The portion of Theorem 1.1 dealing with (1-29) is a
significant generalization of their work, which is thereby extended to a much larger class of systems.
Similar attributes are shared by our Theorem 1.21 in relation to the work in [Fabes et al. 1976] dealing
with harmonic functions in the upper half-space with traces in Morrey—Campanato spaces. Generalizations
of these results appear in [Duong et al. 2014] for the Schrodinger operator of the form —A 4+ V with V
being a nonnegative potential belonging to some reverse Holder class (hence 0 < V' < oo a.e.).

We also wish to mention here the work of B. Dahlberg and C. Kenig [1987, Theorem 4.18, p. 463],
who have treated the BMO-Dirichlet problem for the Laplacian in bounded Lipschitz domains via layer
potentials, building on the earlier work of E. Fabes and U. Neri [1980] who employed harmonic measure
techniques. For related work see also [Dindos et al. 2011].

The techniques employed in [Dahlberg and Kenig 1987; Duong et al. 2014; Dindos et al. 2011; Fabes
et al. 1976; Fabes and Neri 1980] are largely restricted to scalar equations (as they make essential use
of positivity and/or maximum principles). Also, the fact that in [Dahlberg and Kenig 1987; Dindos et al.
2011; Fabes and Neri 1980] the underlying domain is bounded makes the task of proving uniqueness
considerably more manageable. In addition, the consideration of PDEs for which the well-posedness of
the L2-Dirichlet problem is known in arbitrary Lipschitz subdomains allows these authors to successfully
employ a variety of localization arguments. By way of contrast, most of these key features cease to be
effective in the geometric/analytic context considered in this paper. In proving the solvability of the BMO-
Dirichlet boundary value problem for an elliptic system L in R” as formulated in (1-29), our approach
makes essential use of the existence and properties of the Poisson kernel associated with L from the work
of [Agmon et al. 1959; 1964]. Uniqueness is derived with the help of the Fatou-type result recorded in
Theorem 1.2. A considerable amount of effort then goes into establishing the latter theorem, with square-
function estimates (see Proposition 3.2), elements of tent-space theory (see Lemma 4.10), interior estimates
(see Theorem 2.4), and certain estimates near the boundary from [Maz’ya et al. 2010] for null-solutions
of L vanishing on the boundary (see Proposition 2.5), among the tools playing a key role in this regard.

We conclude with a brief overview of the contents of the sections of this paper. Useful background
material and auxiliary results are collected in Section 2. The proofs of the existence statements in
Theorem 1.1, both for the BMO-Dirichlet problem and the VMO-Dirichlet problem, are carried out in
Section 3. Next, Section 4 is reserved for establishing a Fatou result for smooth null-solutions of L
satisfying a Carleson measure condition, as well as uniqueness in the BMO-Dirichlet problem, in the
upper half-space. Finally, the proofs of Theorems 1.1-1.6, as well as Theorems 1.8—1.10, are given in
Section 5, the proof of Theorem 1.21 is contained in Section 6, while the proofs of Theorems 1.13-1.15
and Corollaries 1.16—-1.20 are presented in Section 7.

3The second equality in the first formula displayed on page 162 is questionable, given that this involves the global gradient
in R"*1 which includes the transversal variable ¢.

“#Here the authors rely on the implication 3(iii) = 2 from [Fefferman and Stein 1972, pp. 147-148] which is only established
under the additional membership to L2 (R").
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2. Background material and preliminary results

In this section we collect a number of preliminary results that are useful in the sequel. Throughout, we let
N stand for the collection of all positive integers, and set Ng := N U {0}. In this way ng stands for the set
of multi-indices & = (a1, ..., o) withj € Ng for 1 < j <k. Also, fix n € N with n > 2. For an arbitrary
multi-index & = (a1, ..., &) € Nj we use the standard notation 9% := %) -+ 95" and we occasionally
abbreviate dx; by simply d; for j € {1,...,n}. The length of the multi-index « = (a1, ..., ay) is defined
as |o| := a1 + -+ 4+ ap. We agree to let {e; }1<;<n stand for the standard orthonormal basis in R".
Occasionally, we canonically identify e; with a multi-index in Ng (of length 1). Given an arbitrary set
E € R*~! we denote by 1g the characteristic function of E.

Generally speaking, given a metric space (X, d), corresponding to each subset £ of X (of cardinality
at least 2) and number n > 0, we associate the homogeneous Holder space or order 1, denoted by
€ (E,CM), as the collection of functions w : E — CM satisfying

lw(x) —w(y)l
lwll. My = Sup ————— < 00. 2-1)
¢ (E,CM) ryeX d(x, y)n
x#y

Whenever E C F C X (with E having cardinality at least 2) we then have

¢"(E,CM) = %" (E,CM) isometrically, and (2-2)
¢ (F,CM) s w > w|g € €"(E,CM) continuously.
Also,
¢"(E,CM) cUC(E,CM), (2-3)

where the latter denotes the space of CM-valued functions which are uniformly continuous on the
set E. Finally, we agree to drop the dependence on the range when M = 1, and denote by Lip(E) the
homogeneous Holder space on E of order n = 1.

Moving on, we denote by M the Hardy—Littlewood maximal operator on R”~! which acts on vector-
valued functions with components in L}OC(R”_I) according to

(MF)(x):= sup ][ | f()|dy’ forall x’ € R"™1, (2-4)
03x'J0Q

where the supremum runs over all cubes Q in R”~! containing x’.
We will often work with the weighted Lebesgue space of the form

d / /
LI(IR"_1 —X) = {f : R"1 — C Lebesgue-measurable :/ 1FDL dx' < ooy, (2-5)

’ 1 + |X/|a Rr—1 1 =+ |X/|a
where a € (0, 00), and we shall denote by L1 (R"~!, dx’/(1+4]x’|))M the space of CM -valued functions

with components in (2-5). Clearly,

dx' \M
LI(R”_I,ﬁ) c LL (R"™1.CM) foralla> 0. (2-6)
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Next, we record several useful properties of mean oscillations (recall the piece of notation introduced
in (1-16)). First we note that if Q and Q are cubes in R”~! with the property that Q' € Q, then for any
feLl (R*=1,CM) and any p €[, c0) we have

loc
NP e(Q))”Fl( N ) _
(f 1ro0=rerrar) =2(355) " (f, 170 rear ex)

(f If(y’)—foI”dy’)
o

- U7 : /
_[1+(£(Q,)) }(][Qlf(y)—fglpdy) . 2-8)
Also,

%(][Q |f(y’)—fQ|P dy/)” ch(g\/l(][Q |f(y/)_c|p dy/)” < (][Q If(y')—fglp dy’) . (229

Second, we recall the John—Nirenberg inequality asserting that there exist two-dimensional constants

N =
N =

and

-
N =

N =

C1.C, € (0, 00) with the following significance. Consider an arbitrary cube Q C R"~! along with a
function f € L'(Q) with the property that

No(f):= sup f O~ forldy' < oo, (2-10)
0 Q’

/CQ

where the above supremum involves cubes Q' C R"~! contained in Q. Then there holds, see, e.g., [Stein
1993, Corollary 2, p. 154],

)
2" € Q1) fol > 23) = Cre” Fet0 0] forall 4> 0. (2-11)

Third, as a corollary of the John—Nirenberg inequality, we obtain that for every p € (0, co) there exists a
constant Cp,, , € (0, 00) with the property that for every cube Q C R"~! and every function f € L!(Q, cM)

we have
( f 1760 sor dy/)
0

To proceed, for each p € [1,00), r € (0,00), and f € Ll (R*1, CM) define the LP-based mean

loc

1

]

<Cpp sup ][ O = forldy. (2-12)
Q'co JO'

oscillations of f at a given scale r € (0, 00) as
1
p
oscp(fir) = sup (][ | f(x") = fol? dx/) € [0, oq]. (2-13)
QcRrr=1 £(Q)<r \YQ

Some of the main properties of this function are summarized next.

Lemma 2.1. For each f € L} (R"~1,CM) the following properties hold:

loc

(a) Fix p € [1,00). Then, as a function of r, the quantity osc,( f;r) is nondecreasing in r.
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(b) Forevery p,q € [1, 00) there exists a constant C = C(p, q,n) € (1, 00), independent of f, with the
property that

C_loscp(f; r) <oscy(fir) <Coscp(f:;r) foreveryr e (0,00). (2-14)

(c) The function f belongs to BMO(R"™Y, CM) if and only if oscy(f:r) as a function in r is bounded
on (0, 00) for some, or any, p € [1,00). Moreover, for each p € [1,00) there exists a constant C =
C(n, p) € (1,00), independent of f, with the property that

C_1||f||BMO(R"—1,CM) <sup oscp(f;r) = lim oscp(f;r) < C”f”BMO([R"—l,CM)' (2-15)
r>0 r—>00

(d) The function f belongs to VMO(R" ™Y, CM) if and only if for some, or any exponent p € [1, 00) one
has

li r) = li ; ) 2-1
r_l)r(1)1+oscp(f,r) 0 and rg]gooscp(f,r)<oo (2-16)

(e) For everyn€[0,1) and p € [1, 00) we have, recall (1-157),
oscp (f3r) < FISP) forall r € (0, 00). 2-17)

() If f belongs to €T (R"=1,CM) for some modulus of continuity Y, recall (1-47)—(1-48), then for each
p €1, 00) one has

0s¢p (17) < I f ligx nmrcmn Y (¥ r)  forall r € (0, 00). (2-18)

In particular, for each p € [1,00) and n € (0, 1) there exists C € (0, 00) such that for every function
f e (R, CM) one has

0scp(f:7) < Cr'|| fllgngn—1,cary forallr € (0,00). (2-19)

Proof. The claim made in part (a) follows directly from (2-13). The claim in part (b) is a direct consequence
of Holder’s inequality and John—Nirenberg’s inequality; see (2-12). The latter also implies the claims
made in part (c). The claim in part (d) is a consequence of (a)—(c) and (1-22). Estimate (2-17) is immediate
from (2-13) and (1-157). Finally, if f € €T (R"~1,CM) then for each p € [1, 00) and each cube Q

in R?~! Holder’s inequality gives
<(f, £, 1r6)= rorayar)
0J0

(][Q |f<x')—fQ|de’)
< | £l @n—1,c0) Y (V1 £(Q)). (2-20)

Then (2-18) follows from (2-20) given that Y is nondecreasing. O

N =
N =

Next, we discuss the manner in which global integrability properties of a given function are related to
the behavior at infinity of its mean oscillation function.
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Lemma 2.2. Fix ¢ > 0 arbitrary. Then there exists a constant Cy, ¢ € (0, 00) such that for each function
felLl (R"=1,CM) and each cube Q C R"~1, with center x’Q € R"™L, there holds

loc

SO~ fol ., _ Cue °°( - d,)ﬂ
/Rn—l [£(0) + g —y' 1+ fz(Q)sfl ]ﬁglf@) froldY' )3

< — ;AL . 2-21
< [ oo 5 -21)
As a consequence, for each [ € LIIOC(R”_l, CM) one has
o0 o dA o dx’ M
/1 OSC](f, A) m <0 == f el (Rn y m) (2-22)

and there exists a constant Cy, ¢ € (0, 00) with the property that

/ —|f(x ) dx' < Cn,a/ osci(f;A) cll_j—g + Cn,s][ | f (D] dx’, (2-23)
R 1 Qo

o 1 [x/ [T

where Q¢ := (—% %)n_l is the cube centered at the origin 0' of R"~! with side-length 1.

In particular, we have

dx’ M
BMO(Rn_I, CM) C Ll (Rn—l’ TTI’!—I%—&‘) fol" all € > 0, (2'24)
and for each p € [1, 00), recall (1-158),
dx’ M
PR CM) ! (Rn—l’ W) forall e >0, forallne]|0,e), (2-25)
X
while in view of (2-19) and (2-22) we obtain
M
w1 oMy ot (e, 94X line( 2-26
( ) )C ’1+|x/|n_1+8 fora 776( 58)' ( - )

Proof. Given f € L1 (R*~1,CM) and a cube Q C R*~! with center x’Q € R"~1, breaking up the domain

loc
of integration allows us to estimate

SO~ fol
‘/Rn_l [E(Q) + |X/Q —y/l]n—l—i-s y

S0 =Tl

k+10\2kQ |X/Q — y/|”_1+8

SE(Q)‘”+1‘8/Q SO~ foldy' + Z/z
k=0

<t f 10~ foldy' + 20V o) Yoo f 1700~ folay'. @)

k=0



638 JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA AND MARIUS MITREA

Next, for each k € Ny we have

f;k+1Q|f(y,)_fQ|dy/§f2k+ | = for+rpl dy +Z|fzxg fai+igl

Jj=0
= O gl dy' 421 3 Lo D= Fargldy's @-28)
2k+10 =0 2/+1Q

hence,

oo

Sooef L 00 foldy

k
k=0 2

IA

Sk f 00— fegldy + 2 lzz—ke{z][ SO~ farergldy’
k=0 2k+1Q

on— 1

Zz_ka][ﬁl lfO") - f2k+1Q|dy—|— — Z —Js][ " O = faisipldy’

on— 1 0
- ( ) Z a7ke ][ | f(Y) = farvrgldy, (2-29)

where the first equality has been obtained by interchanging the sums in k and j. Collectively, (2-27) and

(2-29) permit us to conclude that

n—1 o0

|f(y/)_fQ| dv' 4n—1+e(1 2 )K —¢ 2—ks N fornldy
/R”—l [E(Q)_Hx/Q_y/”n—H—s y = +1_2_8 Q) kX:(:) ]ikQ|f(Y) fa Q| Y.

(2-30)
To proceed, observe that (2-7) yields

][2kQ If(y/)—fsz| dy/§2”]£Q | f ()= fagldy" foreach k € Ng and each A € [2k 2k+11 (2-31)

This, in turn, implies that for each k € Ny we have

2k+l

—ke / ’ 2" d\
2k fszIf(y)—fszIdy =15 fzk (][A |f() = fAQ|dy)Al+8 (2-32)

Availing ourselves of this estimate in (2-30) then establishes the first inequality in (2-21) for the choice

1+ on 1 P
Che:=2"4"""T811 . . 2-33
e ( +1—2—8) 1-2¢ (239
The second inequality in (2-21) is a direct consequence of this and (2-13). Going further, (2-22)—(2-23)
follow from the second inequality in (2-21) with Q := (—%, %)n_l. In turn, (2-23) together with part (c)
in Lemma 2.1 give (2-24), while (2-23) together with part (e) in Lemma 2.1 give (2-25). O
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Poisson kernels for elliptic operators in a half-space have a long history; see, e.g., [Agmon et al. 1959;
1964; Solonnikov 1964; 1966]. Here we record the following useful existence and uniqueness result. In
its statement (as well as elsewhere in the paper), we make the convention that the convolution between
two functions, which are matrix-valued and vector-valued, respectively, takes into account the algebraic
multiplication between a matrix and a vector in a natural fashion.

Theorem 2.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Then there exists a matrix-valued function PL = (P ,9)1<<x g<m :R"™ 1 CM*M (cqlled the Poisson
kernel for L in R’} ) satisfying the following properties:

(1) There exists C € (0, 00) such that

L./ / n—1
|P (X )l < W fOI" each x' e R . (2-34)
(2) The function PL is Lebesgue-measurable and
/ PE(x"ydx' = Ingxem. (2-35)
Rr—1
where Ipgxpp is the M x M identity matrix. In particular, for every constant vector C =(Cq)1<a<M € cM
one has
/ Z (Po{k)t(x, —y)Cgdy' =Cq forall (x',1) e R (2-36)
Rn—1
1<B<M
3) If one sets
KE(x' t):= PE() =t PL(x'/t) foreachx' e R" ' andt > 0, (2-37)

then the function K¥ = (K /3)1<°‘ B<M satisfies (in the sense of distributions)
LK% =0inRY foreach pefl,....M}, (2-38)

where KL =(K 5)1<a<M is the B-th column in K*.

Moreover, PL is unique in the class of CM*M _yalyed functions defined in R" 1 and satisfying (1)—(3)
above, and has the following additional properties:

(4) One has PL € #®(®R" 1) and KL € ¢* (ﬁ’i \ B(0, &)) for every € > 0. Consequently, (2-38) holds
in a pointwise sense.

(5) There holds KX (Ax) = AV KL (x) forall x € R% and A > 0. In particular, for each multi-index
a € N there exists Cy € (0, 00) with the property that

1(0*KE) ()] < Co Ix'71 for all x € R\ {0} (2-39)
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(6) For each k > 0 there exists a finite constant C,c > 0 with the property that for each x' € R" 1,

M
sup  |(PL* ) < Ce Mf(X)) forall fe L’ (R"—l, ﬁ dx’) . (2-40)

|x'—y’| <kt

(7) Fix an arbitrary k > 0 and a function

_ 1 M
f:(fﬂ)lfﬂfMeLl(Rn l,mdx/) . (2-41)

Then the function u(x’,t) := (PF x f)(x") for each (x',t) € R” is meaningfully defined via an absolutely
convergent integral, satisfies

uee®RL,CM), Lu=0inR", (2-42)
and, at every Lebesgue point x; € R of f,
ulht )(xg) = lim PE s« (X)) = f(x}). 2-43
(u]3n ) () (x’,t)—)(x(’),O)( ¢ * )x) = f(xp) (2-43)
|x"—xq| <kt

(8) The function PL satisfies the semigroup property
Ph«PL="PL ,  foreveryt; 1 >0. (2-44)

Concerning Theorem 2.3, we note that the existence part follows from the classical work of S. Agmon,
A.Douglis, and L. Nirenberg [Agmon et al. 1964]. The uniqueness property was recently proved in
[Martell et al. 2016], where (2-40), (2-42), (2-43), as well as the semigroup property (2-44), were also
established.

Next, we record the following versatile version of interior estimates for higher-order elliptic systems.
A proof may be found in [Mitrea 2013, Theorem 11.9, p. 364].

Theorem 2.4. Assume the system L is as in (1-2)—(1-3). Then for each null-solution u of L in a ball
B(x, R) (where x € R" and R > 0), p € (0,00), A € (0,1), £ € Ny, and r € (0, R), one has

N=

C
sup |V5u(z)| < 7(f lu|? dfn) ’ (2-45)
r x,r

z€B(x,Ar) B(x,r)
where C = C(L, p,£,A,n) > 0 is a finite constant.
To proceed we need to introduce some additional terminology. Let

Wb}i’z(R’i) = {w Lebesgue-measurable in R : w, Vw € Lz([R’f|r N B(x,r))
forall x e R}, forallr € (0,00)}. (2-46)

In the sequel, the space of CM -valued functions with components in Wbld’2 (R} ) will be denoted by
bej’z([RR” ,CM). Also, (whenever meaningful) the Sobolev trace Tr is defined as

(Trw)(x') := lim wde", x eR"L (2-47)
r=>0% JB((x,0),n)NR
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The following result can be found in [Maz’ya et al. 2010, Corollary 2.4], and it is a consequence of the
a priori regularity estimates obtained in [Agmon et al. 1964] and Sobolev embeddings.

Proposition 2.5. Let L be an M x M elliptic system as in (1-2)—(1-3) and consider a vector-valued
Sfunction w € th’z (R™, CM) such that

Lw=0 n [R'i,

2-48
Trw=0 2" 'ae onR"1!, (2-48)
Then w € € (R™, CM), and for each z € @_ and p > 0 one has

sup  [Vw|=Cp™' sup  wl, (2-49)

RiﬂB(z,p) RlﬂB(z,Zp)
where C € (0, 00) is a constant independent of the scale p, the point z, and the function w.

We will also need an L?-Fatou-type result obtained in [Martell et al. 2016, Corollary 6.3]. To state it,
the reader is invited to recall the nontangential maximal operator from (1-155).

Corollary 2.6. Assume L is an elliptic M x M system as in (1-2)—(1-3). Then for each p € [1, 00),
u € ¢ (R, CM),
Lu=0in Rﬁ, BN
Nu e LP(R" 1)

ul2t, exists a.e. in R"~1, belongs to L? (R"~1,CM),

O3 (2-50)

andu(x',t) = (P} * (ulpn N(X') forall (X', 1) € R,
+

where PL is the Poisson kernel for L in R% from Theorem 2.3.

Our last auxiliary result, of a purely real-variable nature, can be found in [Martell et al. 2016,
Lemma 3.3].

Lemma 2.7. Fix M € N and let P = (Pyg)1<a,p<M : Rl — CMXM pe g Lebesgue-measurable
function satisfying, for some c¢ € (0, 00),

C _
|P(x")| < RENEE0E for each x' e R* 1. (2-51)

Recall that P;(x") = t'™"P(x'/t) for each x' € R*~! and t € (0, 00).
Then, for eacht € (0, 00) fixed, the operator
1 n—1 1 / M 1 n—1 1 / M
L([R ,mdx) Sfi> Prx fel ([RR ,mdx) (2-52)
is well-defined, linear and bounded, with operator norm controlled by C(t + 1). Moreover, for every
k > 0 there exists a finite constant C, > 0 with the property that for each x' € R"~1,

M
sup  |(Prx £)()| < Ce M f(x") forall felLt (R"—l, ﬁ dx’) . (2-53)

|x"—y’|<kt
Finally, given any function

1

M
— M
,mdx/) c Ll (®R"1,cM), (2-54)

F=(fs)1<pent eLl(R"—l
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at every Lebesgue point x|, € R"= of f there holds

i (Pox () = ( [ e dx/) b, 2-55)
(X/, l)—>(x6,0) Rr—1
|’ —xq <kt
and the function
RL > (X', 1) > (Prx f)(x') € CM is locally integrable in RY . (2-56)

3. Proof of the existence statements in Theorem 1.1

This section is devoted to proving Proposition 3.1, dealing with the issue of existence for the BMO-
Dirichlet boundary value problem (1-29), the upper estimate in (1-31), and the issue of existence for the
VMO-Dirichlet boundary value problem (1-36).

In this regard, we find it useful to adopt a more general point of view, by going beyond the class BMO
through the consideration of convolutions of the Poisson kernel with functions f from the weighted
Lebesgue space LY (R"~1, dx’/(1 + |x’|*))M; recall the inclusion in (2-24). The aforementioned convo-
lutions are then shown to satisfy a variety of Carleson-measure-like conditions, which only require, recall
(2-13),

*° dA
/1 oscl(f;k)/\—2<oo. (3-1)

Note that this permits the oscillations oscy ( f; A) of the given function f to grow with the scale A. In
particular, this allows us to simultaneously treat several scales of spaces of interest, including Holder
spaces €"T(R"*~1,CM) with € (0, 1), the Morrey—Campanato space &2 (R*~!,CM) with n € (0, 1)
and p € [1, 00), as well as the John—Nirenberg space BMO(R"~1, CM).
An example of a function f € €"(R"~!, CM) with 5y € (0, 1) which does not belong to BMO(R"~!, CM)
is offered by
F(x"):=x"|" forall x' e R*™L. (3-2)

Indeed, || f [l gn(gn-1,cmy < 1 and since 8 f = A" f, it follows from the last line in (1-17) that necessarily
I/ lsmon—1,cMy = oco. Incidentally, for f as in (3-2), we have osc1(f;4) = O(A") as A — oo; hence
(3-1) holds in this case.

Here is the formal statement of the result just advertised above.

Proposition 3.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and let P be the Poisson kernel for L in R from Theorem 2.3. Select f € LY R dx'/(1+|x'|")M
and set

u(x', 1) = (PE* f)(x') forall (x',1) e R (3-3)
Then u is meaningfully defined via an absolutely convergent integral and satisfies
uee®®RL,CM), Lu=0inR", and u|ghg1 = fae inR"L (3-4)

In addition, u enjoys the following properties:
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(a) For each integer £ > 1 there exists a constant C € (0, 00) with the property that the following pointwise
estimate holds for every (x',1) € R, :

Vil << [ any 22 35
(Vi ol = 1 ose1(f1 A1) sy (3-5)
In particular, there exists C € (0, 00) such that
, C [ _ dA , .
[(Vu)(x', )| < " 1 osc1(f; At) Fel forall (x",t) e R} (3-6)

(b) There exists a constant C € (0, 00) such that for every cube Q in R"~! the following “cube-by-cube”
Carleson measure estimates hold:

L) 1
(/ ][ |(Vu)(x', 1)|? t dx’ dt)
* dA / /
§C/1 (]{1 | fO»)— fAQ|dy)—+C SuEQ.é/|f(y)_fQ/|dy (3-7)

and

110%)) 3
(/ ][ |(Vu)(x', 1)|* t dx’ dt)

(c) There exists C € (0, 00) such that the following local Carleson measure estimate holds for every scale
r € (0, 00):

<c / osci(f M(Q)) . (3-8)

14(9))
sup (/ ][ |(Vu)(x',1)* t dx’ dt) <C/ osci(f; r/\) . (3-9)

QCR*1,£(Q)<r
(d) Whenever f satisfies
0 dA
/ osc1(fiA) — < o0, (3-10)
1 A2

the global weighted Carleson measure estimate

4(9))
Qéﬁg_l{(/l osc1(f:AL(Q)) dk) (/ ][ |(Vu)(x',1)|* t dx’ dt) }SC (3-1D)

holds for some C € (0, 00) independent of f.

(e) There exists a constant C € (0, 00) such that the following global Carleson measure estimate holds:

Q) 3
] = sup (/ ][I(Vu)(x D*tdx’' dt) < C| fllsmo@n—1,cMm)- (3-12)

chRn—l

In particular, thanks to (2-24), estimate (3-12) holds for every f € BMO(R"~!,CM).
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(f) Whenever f satisfies

o0
/ oscy(f: /\) — <00 and lim osci(f:;r)=0, (3-13)
1 r—>0t

the following vanishing Carleson measure condition holds:

(o)) ;
lim % sup (/ ][ [(Vu)(x', 1)|* t dx’ dt) } =0. (3-14)
r—0+ QCR—1,¢(Q)<r

In particular, in the case when f € VMO(R" ™1, CM) to begin with, u has the additional property that
|Vu(x',1)|? t dx’ dt is a vanishing Carleson measure in RY . (3-15)

Ultimately, the proof of Proposition 3.1 relies on square-function estimates. For now, assuming a
suitable L2 bound (implicit in (3-19) below) we may establish some versatile Carleson measure estimates
(of local and global nature), as well as vanishing Carleson measure properties for integral operators
(modeled upon the gradient of the convolution with the Poisson kernel) acting on function spaces larger
than the standard BMO. This is made precise in the following proposition.

Proposition 3.2. Let 6 : R} x R — CM*M e g matrix-valued Lebesgue-measurable function, with
the property that there exist ¢ € (0, 00) and C € (0, o0) such that

Ctt

10(x",1:y")| < o=y p-iTe forall (X', 1) €R™, forall y) e R"!, (3-16)
and the following cancellation condition holds:
[ 1 O’ t:y)dy =0e CM*M  forall (x',1) e R™. (3-17)
R

In relation to the kernel 6, one may then consider the integral operator ® acting on arbitrary functions
fe LY R dx'/(1 4 |x'|""Y)WM according to (the absolutely convergent integral)

O, 1) := [Rnl Ox",1;y")y fO)dy'  forall (x',1) e RY. (3-18)

Then, under the assumption that the operator

is bounded, (3-19)

©: L2(R" 1(13M)—>L2(R’jr,dx d’)

the following properties hold:

(a) There exists a constant C € (0, 00) such that for every f € LY(R"™,dx’/(1 + |x'|""1TeWM and
every cube Q in R*~! the following “cube-by-cube” Carleson measure estimates hold:

(/Z(Qf ©N . d’)

- / dA
SC/I (]ﬁQIf(y)—fAQIdy)kHerC sup ][ | f() = forldy'  (3-20)

/C4Q
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and

‘o) dx'd o dA
(f f ©NH 0P ’) ¢ [T matrinuen i (321)

(b) There exists C € (0, 00) such that for every function f € LY (R* 1, dx'/(1 + |x'|" 1 *eN)M the
following local Carleson measure estimate holds for every scale r € (0, 00):

(o) dx’ di\? 00
sup (f f ©F) 2 & ) <c [ ose1(f:
QCR"—1 £(Q)<r \JO (] t 1

(¢) There exists C € (0, 00) such that for any given function f € LloC (R, CM) with the property that

(3-22)

o0 dA
/1 osci1(f;A) Tite <0 (3-23)

(which necessarily places f into the space LY (R, dx’/(1 + |x'[*~1TeNWM by (2-23)) the following
global weighted Carleson measure estimate holds:

‘o dx' di
s ([T eatranon i) (f f 1eneop < )}<c (-24)

(d) There exists a constant C € (0, 00) such that for every f € BMO(R"~!,CM) the following global
Carleson measure estimate holds:

@) dx'd
sup (/ ][I(G)f)( s z) < Cl Mmoot . (3.25)

QCR”fl

(e) Whenever f € L1 (R"™1,CM) is such that

loc

*° dA
/ osci(fid) —— <00 and hm osci(f:;r)=0, (3-26)
1 A1+

r—0+t

then f € LY(R" 1, dx'/(1 + |x'|" " Y*)WM and the following vanishing Carleson measure condition

holds:
lim{ sup (/ ][ ©f G neEE dt) }:0. (3-27)
r—0+ OCR—1 ¢(Q)<r

In particular, (3-27) holds for every function f € VMO(R"*~1,CM),

Proof. Start by fixing an arbitrary cube Q in R”~! and denote by x/Q its center. Given a function
fe LR dx'/(1 4+ |x'|"1+€))M use (3-17) in order to write

tQ) dx' dt 2 dx'dt
aQ I N2 2 -
([ f renw.or = ) - ([ rew - sonern ) <1+ (329

where “0)
I =( f ][ O((f = fo) Lag)('. 2 4% ‘”) (3-29)
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and 1
(%) dx' dt\2
= ([, 10 — ot o L) (3-30)
To estimate I, invoke (3-19), (2-8) with p = 2, and (2-12) to estimate
1
1 dx' dt\?2
[<——— O((f - fo)l ik
5|Q|1/2(/Ri| (f ~ o) L) > 5 )
1 1
/ 2 / 2 / 2 / 2
SC(][ 76"~ fol dy) SC(][ 1£6)— fiol dy)
40 40
<C sup ][ FG) = forldy, (3:31)
o'cao o

where C € (0, o0) is independent of f and Q. To proceed, observe that there exists a purely dimensional
constant ¢, € (0, 00) (e.g., the choice ¢, := 3/(6 + 2+/n — 1) will do) with the property that

Ix" =y = cn(0(Q) + |x/Q —y'|) foreachx’ € 0,y eR"1\4Q. (3-32)
Based on this, (3-18), and (3-16), we may then estimate
| f() = fol
OW(f — 1pn— X't <Ct8/ dy’

for every point x’ € Q and every number ¢ > 0,

for some C € (0, 00) depending only on 7 and the constant appearing in (3-16). In turn, from (3-33) and
(2-21) we conclude that

WO/ § N2 gi\2 [o° ) N\ dA
usc(/o (@) 7) | (]ﬁgu(y)—fwmy)m
o0 , N\ dA
=c[7(f, 1107 helay') i (334

At this stage, (3-28), (3-31), and (3-34) combine to give (3-20). In turn, (3-21) readily follows from
(3-20) and part (a) in Lemma 2.1, which allows us to estimate

5 di
oscl(f;lf(Q))m

o0 dA
<G [ oser(i20@ (3-35)

osc1(f:4£(Q)) <e(4™¢—5¢)7! A

In concert with part (a) in Lemma 2.1, estimate (3-21) immediately gives (3-22). Estimate (3-21) also
implies the global weighted Carleson measure estimate formulated in (3-24). From (3-22) and part (c) in
Lemma 2.1, the global Carleson measure estimate stated in (3-25) follows.

Going further, assume the function f € L1 (R"~1, CM) satisfies the properties listed in (3-26). Then

loc

f e LYR" 1, dx'/(1 + |x'|""1¢)M by (2-22). Also, thanks to (3-26) and part (a) in Lemma 2.1,
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Lebesgue’s dominated convergence theorem applies and yields

im [ oser(fira) -2 =0 (3-36)
im osci(f;rd) —— =0. B}
r—0+ J1 1 A1+

Together with (3-22), this ultimately proves the vanishing Carleson measure condition stated in (3-27).
Finally, that any function f € VMO(R"~!, CM) actually satisfies the properties listed in (3-26) is clear
from (1-22), (2-13), and part (c) in Lemma 2.1. This completes the proof of Proposition 3.2. O

Next the goal is to identify a class of integral kernels 6 satisfying (3-16)—(3-17) with the property that
the operator ® associated with 6 as in (3-18) enjoys the L?-boundedness condition formulated in (3-19).
We adopt a broader point of view by considering a larger variety of spaces, which turns out to be useful later.
To set the stage, let us recall the definition of the Hardy space H ' (R"~!) using (1, oo)-atoms. Specifically,
a Lebesgue-measurable function a : R*~! — C is said to be a (1, co)-atom provided there exists a cube
Q C R"~! such that the following localization, normalization, and cancellation properties hold:

suppa € Q. lalzun <1017 [ at)ay =0, (337

The space H(R"1) is then defined as the collection of all Lebesgue-measurable functions f defined
in R?~! such that

o0
f= Z)Ljaj ae.in R"1, (3-38)
j=1

with the a;’s being (1, co)-atoms, and where the sequence {A;};en C C satisfies Z;‘;l |Aj| < oo. The
norm in H!'(R"~1) is defined as

o0
1L | 1 oy == inf > A1, (3-39)

Jj=1

where the infimum runs over all the atomic decompositions of f as in (3-38). In particular, the series
in (3-38) converges in H'(R"1). Let us also write H(R"~1, CM) for the collection of all CM -valued
functions f = (fy)1<a<m With components in A '(R”~1). In such a scenario, we set

M
1 et @o=r,eary = D | ol nny.- (3-40)

a=1

Here are the square-function estimates alluded to earlier. For more background and relevant references
the reader is referred to the recent exposition in [Hofmann et al. 2017].

Proposition 3.3. Let 6 and ® be as in (3-16)—(3-18) with e = 1 and M = 1. In addition, assume 0 is of
class € in the variable y' € R"™ and suppose there exists some C € (0, 00) with the property that

Ct
IV 0(x', 1;y")] < 1% forall (x',t) e R™, forall y' e R"™!. (3-41)
X

_y/, t)|n+1
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Fix a background parameter k > 0 and, with the nontangential cone Ty (x') as in (1-9) for each x' € R*~1,
define the square function operator Sg by setting

Sonwy= ([ @6 0P L) porans cmt (-42)

Then the following are well-defined, linear, and bounded operators:

©: L2 ®") - Lz(m, dx;d’ ) (3-43)

Se: LP(R"™ Y — LPR"™Y) forall p e (1,0), (3-44)
Se: L'(R"™1) — LV°R"™, (3-45)

Se: HY(R" 1) —» LY(®"™). (3-46)

Proof. We are going to use [Christ 1990, Theorem 20, p. 69]; see also [Christ and Journé 1987]. First
observe that (3-16) with ¢ = 1 presently implies

t
O(x",t:y)| <C —+—— forall X',y e R"1, forallz > 0. 3-47
10(x", ;)] < =y y (3-47)
Second, if x’, y’, z/ € R*™! and ¢ > 0 are such that |y’ —z’| < (t + |x’ — y’|)/2, the mean value theorem
and (3-41) imply (here and elsewhere, [a, b] denotes the line segment with end-points a, b € R*~1)
0(x" 159" ) —0(x",t;2")| < |y =2'| sup |VyO(x', t;w)]

w’ely’,z']

t
<Cly'=Z| sup
w’€ly’,z’] (Z + |x/_w/|)n+1

ly' —z2'|t
(+ =y T

(3-48)

This proves that the family of kernels {6(x’, ; y")}¢(0,00) i @ standard family in R”~! as in [Christ 1990,
Definition 19, p. 69]. Third, (3-17) implies that ®1(x’,7) = 0 for every (x',7) € R’ . We can therefore
apply [loc. cit., Theorem 20, p. 69] to conclude that the operator in (3-43) is well-defined, linear and
bounded. In particular, the boundedness of the operator in (3-43) implies that there exists a constant
C € (0, o0) such that for every function f € L?(R"~!) there holds

"dt
156 £ a1y = Cou /R N0 P LS <c P ea)

Proving the boundedness of the operator in (3-45) comes down to establishing the weak-type-(1, 1)
estimate for Sg. In a first stage, we claim that there exists some constant C € (0, co) with the property
that for any cube Q in R*~! and any function / satisfying

he LYR"™Y), supph € Q, and / h(y")dy' =0 (3-50)
Rn—l
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we have

1(Soh) ()| < CllhllL1 g l)l,&

|n

for every x’ € R""1\ 20,

649

(3-51)

where x/Q is the center of the cube Q. To justify the claim, given x’, z’ € R*~! with x’ # z’ we first use

(3-41) combined with natural changes of variables to write

/ ¥, 00/.1:2)
K(x/)

2 !
SC/ t dy'dt
ly'—x| <t |() =2/, )Pt gn

2 dy’ dt
n

B C/°°/ r dy’dt
0 Jiy<e |/t + (X —2'), )2 +D) ¢

= C/oo/ t_zn dyldt
o Jiy<e |V + (x'—2)/t, 1)|2(n+1) P
o)

t_2n

<Cx'—z’_2”//
=TT b 0T = e =2 e

—211 dv' dt
<C|x' =27 sup / / ydt
[v/|=1 |y’ |<k Iy -|—v’/t|2(n+1) +1 t

Next, fix v/ € R"~! with [v/| = 1. If t < 1/(2k) and |y’| < k we have

!/

,+v 1
Y t

Y L
* 2t

1T = <’+v/
T Y

+ 1y’ <

and therefore |y’ + v'/t| > 1/(2t). Thus,

—2n dv' dt ﬁ
y / / /
<C tdy' dt <C.
/ /y e Y AV /EPOFD 41t 0 Jyl<« g

Also, it is immediate that

/ / r2n dy' dt <C/°°/ 2 dy'dr _
dee Y A0 /ERPOD 1 T ) i< ¢

2

Combining (3-52), (3-54), and (3-55) we may conclude that

"dt C
V /0 ,,t 2 y < f / /.
(/K(xf)| 602 S—op 7S

(3-52)

(3-53)

(3-54)

(3-55)

(3-56)

At this point we return to the proof of (3-51). Fix x’ € R*~1\ 20 and consider % as in (3-50). Making
use of the last property of / recorded in (3-50), the fundamental theorem of calculus, Minkowski’s
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inequality, and (3-56) we may compute

dy' di'\2
Somu)= ([ emonp )

2 / %
([ ([ o0 s-e0nsxpineiar ) 255
T (x)) Rr—1 n

' dy’ dt 2
= V20 t:xp +5 (2 —xp))|? ) h(z)H||z' —xp| dz' ds
/0 An—l (/I—‘K(x’) | z Y 0 ( 0o | tn | ( || Q|

1
1

<C h(z')||z' —xp|dz'd

B /()/le/—(x’Q+s(z/—x’Q))|”| (@l —xgld="ds

£(0)
<C|hlp -1y —————
L'(R )lx/_x/Q|n

(3-57)

For the last inequality in (3-57) we used the observation that for every s € (0, 1) and every z’ € Q one
has (keeping in mind that x’ € R”~1\ 20 and x’Q +s5( —x’Q) €0)
¥ —xp| < X' = (xp +5 (2 —xp)| + 5(Vn—1£(Q))
< X' —=(xp 45 —xp)+vVn—1[x"—(xp +5 (2" —xp))|
=1+ vVn—Dx" = (xg +5 (' —xp))I. (3-58)

This finishes the proof of (3-51).
Let us momentarily digress to show that

0uo) ., / LQ) el NS ok n
_ ) g < — =7 _dx'<2 27 = 4", 3-59
/Rn—l\g W =" _,(2:;) weigurg (L2FQ)/D" T I;) 522

We are now ready to show that Sg maps L!(R"~!) continuously into L**°(R"~!). Following
[Garcia-Cuerva and Rubio de Francia 1985, p. 140], given a function f € L'(R"™1) and fixed A > 0, let
{Q;}; C R"! be the nonoverlapping cubes of the Calderén-Zygmund decomposition of | f | at height A.
That is, the Q;’s are the maximal dyadic cubes for which |Q;|™! fQ_/ [ f(y")|dy’ > A. Set

o0
2 =Jo; (3-60)
j=1
and observe that we have the following properties:
L") < AT f L gn-1)s (3-61)
A <][ | f()dy <2"7'A forall j €N, (3-62)

J

| f(x) <A for £" lae x' e R\ Q. (3-63)
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Finally, split f = g + b, where, see [loc. cit., p. 198],
o0 o0
g:=flg-ng, + Y fo,1g;. b= b, withb;:=(f— fo,)1g, foreach j eN. (3-64)
Jj=1 j=1
In particular, (3-60)—(3-64) imply, see [loc. cit., p. 198], that for some constant C € (0, co) independent
of f and A we have
1812 -1y < 2" A F Lt . (3-65)
Making use of (3-64), (3-61), (3-65), (3-49)—(3-51), (3-59) (used with Q; in place of Q), and bearing
in mind that for each j € N we have suppb; C Q; and [gu—1 bj(y’) dy’ = 0, we may then estimate
AL e R (Se f)(x) > A))

<AL"Hx e R (Seg)(x)) > A/2) + AL (X e R"L: (Seb)(x)) > A/2})

4 B e} o0
<3 [ e +azrt(U2e)) 23 [ seby@ldx
Rn—1 =1 j=1 Rn—l\sz

o0
E(QJ) ’
<SS eGP dx £ Clf @ +C S 1l n_I/ RIS N
A Jgrn—1 . L1 (rR"—1) J; JULT(R—1) R1-1\20; |x/_x/Qj|n

<Cllf @1y +C Y 1B lIL1 gy

L

! o0
sC||f||L1(Rn1)+C(Z/ If(y/)ldy/)

j=1"97
< Clfllpr@—1y- (3-66)

This proves that the operator in (3-45) is well-defined, linear and bounded. The latter and Marcinkiewicz’s
interpolation theorem imply the boundedness of the operator in (3-44) when 1 < p <2. We may handle
the full range 1 < p < oo by invoking [Hofmann et al. 2017, Theorem 1.1, p. 6], applied with 2" := [R7_1|r
equipped with the standard Euclidean distance and Lebesgue measure, E :=R""!x{0}, m=n, d =n—1,
v=1, a=1, 0:= %" and the integral operator with kernel 1 =10(x’, ¢; y’). The fact that (3-43)
holds implies that [loc. cit., (1.25), p. 6] is satisfied. As such, [loc. cit., Theorem 1.1, p. 6] guarantees the
validity of [loc. cit., (1.34), p. 7], which, in our current notation, implies that the operator in (3-44) is
bounded for every p € (1, o).

Next we consider Sg in the context of (3-46). In this regard, we shall first show that there exists some
constant C € (0, co) such that for every (1, co)-atom a one has

ISe alli -1y < C. (3-67)

To justify (3-67) fix an arbitrary function a satisfying the conditions listed in (3-37). On the one hand,
based on Holder’s inequality, (3-49) and the first two properties in (3-37) we may write

1 1
/2Q [(Se a)(x")|dx" = C|Q|7 |Se allL2@-1) = CIQ|? llallp2@n-1) = C (3-68)
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for some finite constant C > 0 independent of a. On the other hand, (3-37) allows us to make use of
(3-51) (with a in place of /), which we combine with the second property in (3-37) and (3-59) to obtain

E /
/ (Se @)(x)| dx’ < Clallp1n-1 / IR
R”_I\ZQ

<C, 3-69
R”_I\ZQ |X/—X/Q|n B ( )

with C € (0, co) independent of the atom a. Combining (3-68) and (3-69) then proves that (3-67) holds.

Here is the end-game in the proof of the fact that Sg maps H'(R"~!) boundedly into L (R"~1).
Let f € H'(R"™1) be arbitrary and consider an atomic decomposition f = Z;’;l Aj aj convergent
in H!(R"~1), where the a;’s are (1, 00)-atoms, which is quasioptimal in the sense that Z]oi1 [Aj] ~
I/ | &1 a1y, where the proportionality constants do not depend on f. In particular, this forces f =
Z;’;l Aj ajin LY(R"~1) and the weak-type-(1, 1) estimate for Sg then implies Sg f = Z;‘;l Aj Se aj
in L1>°(R"~1). Then the sequence of partial sums associated with the latter series has a subsequence
which converges a.e. to Sg f. In turn, this allows us to conclude that

[(So (XN = 14j[I(Seaj)(x)| forae x' e R*!. (3-70)
j=1

In concert, (3-70) and (3-67) then imply

[e.¢] o0
ISe.flz1@n-1y < D 1Al 1Sea; L1 @n-1y < C Y 1A;] < Cll f L1 o1, (3-71)
j=1 ji=1
as desired, for some constant C € (0, co) independent of f. O

We now have all the ingredients to proceed with the proof of Proposition 3.1.

Proof of Proposition 3.1. Fix an arbitrary f € LY(R"™!,dx’/(1 + |x'|"))™ and define u as in (3-3).
Part (7) in Theorem 2.3 then ensures that this function satisfies all properties listed in (3-4).

As in (2-37), write KL (x’,1) = PF(x’) for each (x',1) € R . To proceed, fix an arbitrary point
(x’,t) € R’ and denote by Q. the cube in R"~1 centered at x’ with side-length . Making use of
(2-36) we obtain

/ Ve[PtL (x'=y")]dy' =0 forallx’ e R"™ !, forallz >0, forall £ N. (3-72)
Rr—1
Based on this, for each £ € N we may then write

V= [ VIR =)

Rr—

= [ VIR =00 - fo

= /Rn_l (VKB =y OO~ fo,,,1dY (3-73)
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Combining (3-73), (2-39), and (2-21) (with ¢ = £), we may now estimate

/ o0
Gy foN—rfou,l ., C iy
vueoisc [ FEEE ey = [Tt 6
from which the claims in part (a) of the statement follow.
Moving on, fix an arbitrary j € {1,...,n} and, for each «, B € {1,..., M}, set
efﬁ (' t;y") =10, KL s(x'—y',1) forallx',y" e R, forall s >0. (3-75)
In this regard, first observe that (2-39) in Theorem 2.3 implies
|9’5(x Y =110, K (' =y 0] < Ct|(x' =y, )| (3-76)
and
Vybl5 (1) <t V2K (x =y, 0] < Ce|(x" =y, )| ™ (3-77)

Hence, (3-16) (with ¢ = 1) and (3-41) hold for 90{ 5 Moreover,

/Rn_l eo{ﬂ(x/,z;y’)dy/sz_ LKL (' =y dy =1 / KL ndy=0  (3-78)

since 0 fRn (P ﬂ)t(y/) dy’ = 0 by (3-72). Writing ®i P for the operator associated with the kernel Go{ 8
(in place of ) as in (3-18), .it follows from (3-76), (3-77), (3-78), and Proposition 3.3 that each matrix
integral operator ®/ := (@é ,3)1§ot,ﬂ < satisfies all hypotheses in Proposition 3.2, including (3-19). In
addition,

1 } Q)
([ muesopeasar) =(/ f vt e df)
‘o dx'dt 3
kL. "2

n

%) . 'di\2
> (] Q|<®ff)(x’,z)|2M). (3-79)

£ t
Jj=1

Granted this, all remaining conclusions in parts (b)—(f) of the statement become direct consequences of
Proposition 3.2. O
4. A Fatou result and uniqueness in the BMO-Dirichlet problem

The main result in this section is the following Poisson representation formula and Fatou theorem.

Proposition 4.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Assume that

uee®®RL,CM), Lu=0inR%, and |ullw < oo. (4-1)
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Then there exists a unique function f € LY(R"™Y, 1/(1 + |x'|") dx")M such that
u(x'. 1) = (PEx f)(x") forall (x'.t) e R", (4-2)

where PL is the Poisson kernel for L in R’ from Theorem 2.3.
In fact, ulys, exists at a.e. point in R"~1, belongs to BMO(R"~!,CM), and f = ulfn . Moreover,
+
there exists a constant C = C(n, L) € (1, 00) such that

C_l”f”BMO([R”*I,CM) < fluflex < C”f”BMO(R”*I,CM)' (4-3)

Also, as a corollary of Proposition 4.1 we have the following result which, in view of (1-14), implies the
uniqueness statements for the BMO-Dirichlet problem and the VMO-Dirichlet problem from Theorem 1.1.

Proposition 4.2. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Assume that

u e ¢®RL,CM), Lu=0inR}, |u]s < o0,

. . o - 4-4
U |g‘[§'1 exists and vanishes at a.e. point in R" L. @4

Then necessarily u =0 in RY..

The proof of Proposition 4.1 occupies the bulk of this section. To set the stage, we first prove some
auxiliary lemmas. The first such lemma contains Bloch-like estimates for smooth null-solutions of L
satisfying a Carleson measure condition in the upper half-space. To place things in perspective, recall
that a holomorphic function u in the upper half-plane is said to satisfy a Bloch estimate provided

sup  (y|u'(x +iy)|) < oco. (4-5)
x€R, y>0

Lemma 4.3. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3).
Then for every multi-index o € N with || > 1 there exists a finite constant C = C(n, L, ) > 0 with the
property that for every function u € € (R, CM) satisfying Lu = 0 in R and |[ul|s«x < oo one has
sup {1 (%) (' )]} < Clla o (4-6)
(x’,t)e[Rf’i_
In particular, there exists a finite constant C = C(n, L) > 0 with the property that for every function
u € €°(R",CM) such that Lu = 0 in R% and |[ul|«x < oo one has

sup ¢ [Vu(x',1)] < Clluflx. 4-7)
(x’,t)e[R’fi'_
Proof. Given a multi-index o € Njj with || > 1, select j € {1,...,n} and B € N such that @ = 8 +¢;.

Fix x = (x’,¢) € R’ and write R, for the cube in R" centered at x with side-length ¢. Also, let O
be the cube in R"~! centered at x” with side-length ¢. Since the function 9 ju is a null-solution of the
system L, we may invoke Theorem 2.4 (with d;u in place of v and p = 2) in order to conclude

1
p Cc \2
198 (3,u)(x, 1)| < _\f?l (][ |0jul*ds ) . (4-8)
t R,
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Hence,

1 3t 1
2 2 2
t""ll(a“u)(x/,t)|§Ct(][ |Vu|2d.$”) §C(/2][ |Vu(y',s)|2sdy/ds) <C|lullsx, (4-9)
Ry % Qx’

proving (4-6). Estimate (4-7) is a particular case of (4-6). O
We continue by discussing two purely real-variable results. To state the first one, recall the function
i : [0, 00) — [0, 00) from (1-50). In relation to this, we make two observations. First,

for each ¢ € (0, 00) there exists C¢ € (1, 00) such that

4-10
CS_IT#(S) < Yu(s/e) < CcYa(s) for every s € [0, 00). ( )
Second, since for every 7 € (0, 1] there exists a constant C = Cy, € (0, oo) with the property that
Yu(s) < Cs" forall s >0, 4-11)
we have, see (1-48),
¢ (R, CM) c LipR""L,cM)n ( ) ¢"®~.cM )). (4-12)

0<n<l1

This is going to be relevant later on, in the proof of Lemma 4.6. For now, here is the first real-variable
result advertised above.

Lemma 4.4. Recall Yy from (1-50) and let u € €Y (R™, CM) be such that

Cy:= sup t|Vu(x',1)| < oc. (4-13)
(x’,t)eR’_’i_

Then, for every (x',t) and (y',t) in R one has

/ / |X/—y/|
lu(x’,t) —u(y’,t)| <2C, Vi . . (4-14)

Proof. The proof follows the argument in [Fabes et al. 1976]. Fix (x', ) and (y’, ) in R’ . Based on the
mean value theorem and (4-13) we may estimate

o
w0 —uG 0l < sup [VuE Dl —y'| < ¢ 22 (415)
gelx’,y'] t
Suppose now that |x” — y’| >t and set r := |x’ — y’|. Applying the fundamental theorem of calculus,
(4-15), and (4-13) we obtain

(. ) —u (' Ol < ux ) —u(x', )+ ' ) —u (' )|+ u(y' 1) —u @y’ 1)

r r
5/ |8nu(x’,k)|dk+Cu+/ 9, (y, 1) dA
t t

<C "1 |X/—y/|
=Cu+2C [ -dd=2C(1+In——]. (4-16)
t

With this in hand, (4-14) follows from (4-16) (which is valid for |x’ — y’| > ) and (4-15) used for
|x' —y'| <t. O
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The second real-variable result mentioned earlier reads as follows.
Lemma 4.5. Let Yi be the function defined in (1-50). Then for every a > 0 one has
% gn—l d 1 +1In(1 ifa<1
o= [ e st RO e @17)
o (a+s)" s (1+Ina)/a ifa>1.
In particular, ¥(a) <3 (1 +log™ 1/a), where log™ s := max{lns, 0} for every s € (0, 00).

Proof. If a > 1, we use that s”~2 Yy(s) is increasing and elementary calculus to obtain

VYa)<a™" /0

a

141
"2 Yy (s) ds + / 0 s
S

a

—1-1 §=00 1+1
<a A" 2 Y@y a+a " + [—ns] <3 tna (4-18)
s s—a a
On the other hand, if @ < 1 then
a Sn—l ds 1 Sn—l ds 0o Sn—l ds
\Il(a)f/ s—+/ s—+/ (I4+1Ins) —
o a" s a " N 1 s s
=l+lnl+2§3(l+lnl). (4-19)
n a a
Collectively, (4-18)—(4-19) prove the lemma. O

Having dealt with Lemmas 4.4—4.5, in our next two lemmas we study the boundary behavior of the
vertical shifts of a smooth null-solution of L which satisfies a Carleson measure condition in the upper
half-space.

Lemma 4.6. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Suppose u € € (R, cM)
satisfies Lu = 0 in R, and |[u]|s«x < oo. For each & > 0, define ue(x',t) := u(x',t + ¢) for every
(x',1) € R and fo(x') :=u(x', ) for every x' € R""\ Then there exists a constant C € (0, 00) such
that for every ¢ > 0 the following properties are valid:

(a) The function ug belongs to €°(R™:, CM) and Lu, =0 in R7.

(b) One has ||ugl|s«x < C||ullx«. In fact, for every multi-index a € N there exists a constant Cy € (0, 00),

independent of u and ¢, with the property that ||0%ug ||« < Cae™1%!]J1t]|sx.

(c) For every multi-index a € N with |a| > 1 there exists a constant Cy € (0, 00), independent of u, with
the property that |8 us| oo ) < Ca g1 0t [ e

(d) The function f belongs to €°°(R"~1, CMYn¢ T (R, CM), where Yy is as in (1-50). In particular,
fe e Lip(R"™1,cM)n ( () ¢"®~.cM )); (4-20)
0<n<l1
hence also f; € UC(R"™!,CM) and

M
fee LY[R"1, ) (4-21)
I+ |x/|"
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Moreover,
for every o' € NE~V with || > 1 one has 3% f, € L°(R"™!, cM)yne (R, cM). (4-22)

(e) The function ve(x',t) := (P * f,)(x") is well-defined for all (x', t) € R via an absolutely convergent
integral and

Ve €O, CM), Lv,=0in RY . v8|‘a‘h%',jr = f, everywhere in R" ™!, (4-23)
(f) For every (y'.t) € R, one has
ey, ) = oY) +1[Voe(y', )] < Cllullax (¢/) (1 +log™ (e/1)). (4-24)

Proof. The claim in part (a) is clear from definitions. To prove the estimate in part (b), fix a cube
Q C R"L, Consider first the case £(Q) > ¢, in which scenario a change of variables yields

) 1 U+
@f IVu(x',t + &)t dx’ dt < 0l |Vu(x',0)|? t dx' dt
0 [0) & (¢

1 24(Q)
52”_1—/ / |Vu(x',t)|?t dx’ dt
1201 Jo 20
< 2" flull3. (4-25)

In the case £(Q) < ¢, use Lemma 4.3 to conclude that

! /K(Q)/ |Vu(x',t + )|t dx’ dt < C? |u|? ! /Z(Q)/ L avar
—_— ux , & X = u — X
101 Jo Jo 101 Jo  Jo (t+e)?

2y -2 (@ c2
sl [ i Sz, @2

for some C € (0, 0o) independent of u and &. Combining (4-25) and (4-26) and taking the supremum
over all cubes Q then proves the first estimate in part (b) for some C € (0, oo) independent of u and e.

To justify the second estimate in part (b), it suffices to consider the case when the multi-index o € N
has length |a| > 1. Assume that this is the case and pick an arbitrary cube Q C R”~!, Making use of
(4-6) and bearing in mind that || > 1 we may then estimate

| o) AP R () o .
@/0 [Q}V[(B ug)(x' . 0|t dx"dt = |Q|[o /Q\V[(a w)(x', t4e)]|* 1 dx’ dt

2 «o)
< Ca“u”** / / 1 dx/ dt
— 1ol Joo Jo (r+e)2leltt

(o.¢]
1
2 2 2 .
scocllull**/0 (o dt < Cyllu|Z, e, (4-27)

from which the desired conclusion readily follows.
Consider next the claim in part (c). Given a multi-index a € N with |a| > 1 we may invoke Lemma 4.3,
keeping in mind the conclusions in part (a), in order to conclude that there exists a constant Cy, € (0, 00),
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independent of u, such that

sup  |(0%ue)(x' )< sup [(t48) (0% (X 1+e)]] sup (t4e) ¥ <Cy fu a7 (4-28)
(x’,t)eR’_’i_ (x%1)eR (x@t)eR1

We now turn to proving the claims in part (d). First, since fz(y') = u(y’, ) for every y’ € R*~! we
have f, € ¢°(R"~!,CM). Second, by using (4-14) (with = &), (4-7), and (4-10), for each x’, y’ € R"~!
we may estimate

| /

-

)= o] < C ||u||**r#( ) < CoLowe Toll¥ =], (429)

This places f; in ¢ (R"~1, CM). With this in hand, the conclusions in (4-20) follow with the help of
(4-12). As a Holder function, f; also belongs to L1 (R"~1, 1/(1+|x|") dx’)M, see (2-26), proving (4-21).

Next, fix a multi-index o’ € N§~! of length |@/| > 1. Then @0y, e ¥°[R",CM) is a null-
solution of L in R and 3 f, = (8("‘/’0)@!8)|3Rrjr . Now the claim in (4-22) is a consequence of parts (c)
and (b), bearing in mind that ||3©@" D u, |+« < oo (hence, the same type of argument that placed f; in
¢ (R, CM) now ensures the membership of 8% £, to the latter space).

Moving on, the claim made in part (e) is a consequence of the current part (d) together with part (7) in
Theorem 2.3 and the fact that since f, € €>°(R"*~!,CM), all points in R”~! are Lebesgue points for f;.

Finally, consider the claim in part (f). Fix (y’.¢) € R’.. Then the properties of the Poisson kernel
recalled in Theorem 2.3, together with Lemmas 4.3, 4.4, and 4.5 permit us to estimate, bearing in mind

that fe = u(-,e),

00 0= SO0 = [ PRI =)= 1

1 t)Z’]
<C v; dz’
< ”””**fw_l T #( : ) :

o0 n—1
scnun**/ ’ T(—) dr
o (1+r) r

d
< Clllen (/0) [~ o ) &

= Clullsx (1/6) W(t/e) < C ullsx (/) (1 +log™ (¢/1)). (4-30)

This suits our current purposes.
Consider next the task of estimating Vv,. Using the properties of the Poisson kernel, Theorem 2.3
(recall (2-37) and (2-39)) and Lemmas 4.3, 4.4, 4.5, we write

IVoe(x'. )| = |[V(PE = (fe(+) = fo(xN)(X)|
< [ VKA =y D00 = Sy

1 lx" — ']
<C Y dy’
< ”“”**/Rn—l (=) #( : )y
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[oe) Sn—l ds
<C T M) =
< Cllullorce /0 (s+1t/e)" #s) s

= Cllullxx e W(t/e) < Cllullss ™" (1 +log™(e/1)). 4-31)
Collectively, (4-30) and (4-31) prove (4-24). O

We are now ready to prove that each vertical shift of a smooth null-solution of L which satisfies a
Carleson measure condition in the upper half-space has a Poisson integral representation formula.

Lemma 4.7. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R% from Theorem 2.3. Letu € ¢ (R, CcM)
satisfy Lu = 0 in R and |[u||«x < oc. For each given & > 0, define ug(x',t) := u(x',t + ¢) for every
(x',1) e RY.

Then for every & > 0 one has ug € € (R, CM), the restriction u,| oR'L belongs to the space L' (R~ 1,
1/(1 + |x'|") dx"YM, and the following Poisson integral representation formula holds:

us (', 1) = (PP % (uslomn ) (') forall (x',1) € R, (4-32)

Proof. For each ¢ > 0 set f; :=u, |3Rn and note that by part (d) in Lemma 4.6 we have that f; belongs to
LR 1/(1+ |x'|M)dx" )M ﬂ%oo(lR” 1,CM). Next, for each & > 0 define ve(x', 1) := (PL * fo)(x')
for every (x’, 1) € R”.. The goal is to show that w := v; —ue = 0 in R”,. A key ingredient in this regard
is Proposition 2.5.

Notice first that w, € € (R™:,CM) and Lw, = 0 in R’ by parts (a) and (e) in Lemma 4.6. Next, we
propose to show that Tr wg = 0, where Tr is as introduced in (2-47). Since by part (a) in Lemma 4.6 we
have Tru, = f, it remains to prove Trv, = f; in R"~L. To this end, given x’ € R"~!, we use part (f)
in Lemma 4.6, the fact that f.(x’) = u(x’, ¢), Lemma 4.3 and Lemma 4.4 (recall that Yy is defined in
(1-50)) to write

Ve dL" — fs(x/)

ﬁ((x’,O),r)ﬂR’j_

< f e (' 1) — £l dy' di
B((x’,0),r)NR"

< f e Oy 1) — fol)|dy' di + f 1207 = fol) dy' di
B((x’,0) r)ﬂlR’}‘_ B((x’,0) r)ﬂR’_’i_

< C s f (t/6) (1 +log™ (e/ 1)) dy' di
B((x’,0),r)NR"
+Cllullas f Yo' — y'|/) dy' di
B((x’,0) r)ﬁR'_'i_
< Cllullsx g (1+1logt(e/r)) + Clulsx Yu(r/e) >0 asr—0F. (4-33)

Thus we conclude that Trvg(x’) = fz(x’) for every x’ € R"~! as desired.
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Next we claim that w, € Wbld’2 (R™, CM); recall the latter space from (2-46). By parts (a) and (c) in
Lemma 4.6 we have that u, € Wb;’z(R” ,CM). For v,, fix R > 0 arbitrary and rely on (4-24) to estimate

R 3 R 3
oetizaonne < ([ [ ween-gepaxar) +([Cf iaeoparar)
0 J|x'|<R 0 J|x'|<R

n 1
< Cllullsx (R/e) (1 +1log* (¢/R) RZ + R2| fellL2(B,_, 0/, R)) < O©»

(4-34)
since f; € C®(R"~1,CM). Above and elsewhere in the paper we make the convention that
Bn—1(x', R) denotes the ball in R"~! centered at x’ € R"~! and of radius R. (4-35)
As regards Vv, we use (4-24) to write
R 3
n=1 _
||Vva||L2(B(0,R)nR1) <CR 7 |ullsxe! (/0 (1+1log*(e/1))? df)
et € R %
=CR 2 |ullsse ! (/ (1+1In(e/1))* dt —i—/ dt)
0 £
n—1 1 %
<CR 7 ||u|+« g} (8 / (1 —|—ln(1/s))2 ds + R)
0
< CR"Z |Julsx e (e + R)Z < 00 (4-36)

From (4-34) and (4-36) we conclude that v, and, therefore w,, belongs to th’z (R ,cM ).
Having established these, we may apply Proposition 2.5 and obtain that for every z € IRT’_’|r and p >0

sup  |Vwg|
R%.NB(z,p)
<Cp~' sup  |we|=Cp7' sup  |ug—vyl
R’-li- NB(z,2p) R’-li- NB(z,2p)
<Cp~! sup ue(y'. 1) — fo (¥ + Cp ! sup le(¥'. 1) — fe )] (4-37)
(v',)ER] NB(z,2p) (»',1)eRT. NB(z,2p)

Let (y'.¢) € R N B(z,2p) and note that Lemma 4.3 implies
us (v, ) = fe (V) = [u(y' 1 + &) —u(y'. e)|

t+e
5/ 91y’ )] dA
&

t+e 1
&€

t+ e
= C||u]|xx In P (4-38)

Proceeding as in (4-30), Lemma 4.5 implies that for every ¢ > ¢ we have

ey, 1) = fs(V) = Cllullsx (¢/8) ¥(t/2) < Cllullxx (1 +In(t/e)). (4-39)
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Returning with (4-38), (4-39) and (4-24) back to (4-37) we obtain that for every z € S[R{’i_ and every p > ¢

_ t+e¢ _ _
sup |Vwe|scnu||**(p Usup In o sup (1/6) (1-Hlog™ (e/0)+p~" sup (1+1n(r/e)))
R NB(z,p) 0<t<2p & o<t<e e<t<2p

_1. 2p+e  _ _

< Clulea (57 1225575 14020/ ) (4-40)
Since the last expression converges to 0 as p — oo we obtain that Vw, = 0 in R’} . As we have already
shown that w, € €°°(R"™, CM) this forces w, to be constant in R’ . In concert with the fact that Tr we =0
this ultimately implies we = 0 in R as desired. O

Moving on, in Lemmas 4.8—4.12 below we develop essential tools for the proof of Proposition 4.13,
where we prove a partial converse to part (e) in Proposition 3.1. Concretely, there we show that if f €
LYR" 1, 1/(1 4+ |x'|") dx’)™ has the property that the Littlewood—Paley measure |Vu(x’,¢)|? ¢ dx’ dt
associated with the function u defined as in (3-3) is a Carleson measure in R’} then necessarily f belongs
to BMO(R"~!,CM),

We begin by introducing some notation. Specifically, consider

HIR"Y:=lgel® (R"1): gds" 1 =0}, (4-41)

comp Ri—1

where Lg’(?mp(R”_l) stands for the space of essentially bounded functions with compact support in R*~1,

In particular, since any g € H !} (R"™!) is a scalar multiple of a (1, co)-atom, recall (3-37), it follows that
H}(R"') is a dense subspace of H'(R"™ ). (4-42)

In the lemma below we prove a pointwise decay estimate for the vertical maximal operator acting on
functions from H 0} ([R{”_l). Recall the definition from (1-7).

Lemma 4.8. Let ¢ = (Pop)1<a,p<M : R"~1 — CM*M pbe g matrix-valued function with differentiable
entries satisfying the property that there exists C € (0, 00) such that

c _
lp(xX)| + Vo (x")| < T for every x' e "1, (4-43)

Pick a function g = (ga)1<a<M With components in H al (R*=1Y. Then there exists a constant C ¢ €(0,00),
depending on g, such that

sup | (¢ * g)(x")| < for every x' e R L. (4-44)

_ &
>0 L+ x|
Proof. Take R = R, > 1 sufficiently large so that, recall (4-35), supp g C B,—1(0’, R) =: B. In the case
when x” € 2B, for each t > 0 we have
[(pr % ) (XN < Nlgll oo mn—1y Ide | L1 wn—1) = gl Loo@n—1) 11l L1 RA—1y

- 81l oo n—1y |1l L1 @n—1y(1 + (2R)")
- 1+ |x/|7 '

(4-45)
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Corresponding to x” ¢ 2B, first we use that g has vanishing integral and its support condition to write
G D@ = [ 8 =)=l

< f 16 (¢ =) = 1) [0 . (4-46)
B

Next, we estimate the integrand in the right-hand side. By recalling (1-7), an application of the mean
value theorem combined with (4-43) for each x’ ¢ 2B, y’ € B, and t > 0, allows us to write

1Yl
e (x" =y ) = () <! == sup [V ((x' =8 y)/1)
I gefo,1]
1
=Cly| sup ———0 (4-47)
pefo.1] X' =0 y'|"
Moreover, whenever x” ¢ 2B and y’ € B, for each 6 € [0, 1] we have
<X =0y [+ < Ix =0y |+ R<Ix"=0)|+ 35X, (4-48)

which implies |x" — 6 y'| > %|x/ | > %(1 + |x’]). The latter, when used in (4-47) in combination with
(4-46), implies

C”g”L‘(R”—')

Ty foral x' € R"'\ (2B), forall 1 > 0. (4-49)
X

(¢ x g)(x")| < R

Now the desired conclusion follows from (4-45) and (4-49) by taking
Cg = max{|[gllLoo@r—1) [#llL1 1) (1 + 2R)"). CRIIgII L1 n—1) }- (4-50)
The proof of the lemma is therefore complete. O

Our next preparatory lemma is needed in the proof of Proposition 4.13.

Lemma 4.9. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in [Ri'j_ from Theorem 2.3, as well as K L defined in
(2-37). Write

O(x") ;= (0, KE) (X', 1) forevery x’ e R* 1, (4-51)
and, whenever 0 < a < b < 00, also set
/ b . dt , ne1
\pa,b(x ) =4 (q)t * CI)t)(x ) T fOl’ all x" e R . (4—52)
a

Then, whenever 0 < a < b < oo, there holds

W, 5(x") = Bop(x) — PL (X)) = @ag (X)) + PE(x') forall x' e R"L. (4-53)
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Proof. Since VK L s homogeneous of order —n (recall item (5) in Theorem 2.3), for every (x',7) € [R{f’i_
we may write

O, (x) =17 /1) = 7T, KE) (X /1, 1) = 1 (0, KT (X' 1) = 13, KL (X, 1). (4-54)
Consequently, in view of definition (2-37), in the current notation we have
@, (x") =13, [PF(x")] forall (x',1) € R". (4-55)

Fix h € 65° (R*~1,CM). Observe that

b
d
Wapsi@) =4 [ [ [ o=y e hehday o @se

since the triple integral is absolutely convergent in view of the assumptions made on 4 and (2-39). Set
u(x’,t) := (PF x h)(x') for each (x',¢) € R’ and in light of (4-55) further write (4-56) in the form

b
(W, p xh)(x)) =4/ / / KL =2 =y )0, K- 1) h(y')dzZ' dy' t dt

a JR—1 Jrn—1
b

a JR—1 JRn—1
b

=4 / [ KL 1) dgu(x’ =2, 1) d2" t dt. (4-57)
a JR1—1

Next, for every (x, 1) € R", define v(x’, ) := (d,u)(x’, ). By part (7) in Theorem 2.3 we have that
u e R",CM)and Lu =0in R’ . In turn, these imply v € (R’ ,CM)and Lv =0in R .

Moving on, for each s > 0 set vs(x',7) := v(x',7 + s) for every (x',7) € R,. Then we have
vs € € (R",CM) and Lvy =0 in R”.. Now recall (1-155). For k € (0, 00) arbitrary, if x’ € R s
fixed, Theorem 2.4 allows us to estimate

lus (', D) = [@n) (V' 1 +5)]|
C C
<— lu| d2" < — Nu(x’) forall (y',1) € T (x)), (4-58)
S JB((y',t+s5)ks/ v 1+k2) S

where for the last inequality we have used that B((y’,¢ + s),ks/~1+«?%) C T (x). Hence, (4-58)
combined with (2-40) yields

WNug)(x)) < % WNu)(x') < % (Mh)(x") forall x' e R*1. (4-59)

Upon recalling that i € €5° (R"~1,CM) and that the Hardy—Littlewood maximal operator is bounded
on L?(R"1) for p € (1, 00), from (4-59) we may infer that Nvs; € L? (R"*~1) for every p € (1,00). In
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view of all these, we may apply Corollary 2.6 to vs and obtain that for each s € (0, co)

PtL ZHvs(x'=2',0)dZ’
1

() = (P (ol D) = [

= KL H)vs(x' —2',0)dz’

Rr—1
:i/ KL 1) () (' — 2o 5)dz' forall (x'1) € R (4-60)
Rn—1
Thus, for every (x’, 1) € R and every s > 0 we have
@2u) (X', t +5) = Qs (X, 1) = / KL 1) (0pu)(x' =2, 5)dz’. (4-61)
Rr—1
Applying (4-61) with s = ¢, substituting the resulting equality into (4-57), and making use of (4-55) we
obtain
b t=b
(U, pxh)(x')=4 /‘; (Ozu)(x',2t) t dt = 4[5 (Onu)(x",21) — Fu(x’, 20)],_,
= [®y % h(x") — PL « h(x")]\ZL. (4-62)
This readily yields
(Vap ¥ (') = (@ ¥ M) (') = (Pygy ) (x') = (P2a * W) (x) + (P1q  h)(x") (4-63)

for every x’ € R”~1, Note that (4-63) holds for every & € Co° (R, CM) and therefore (4-53) holds for
a.e. x’ € R"~1, In addition, by Theorem 2.3 and the fact that 0 < a < b < oo, we see that both sides of
(4-53) are continuous functions in R” L. Consequently, the desired equality holds everywhere. The proof
of the lemma is complete. O

Given a Lebesgue-measurable function F : R — C, for every x’ € R"~! introduce the Lusin area

function 1

dy’ dt\2
(AF)(x') = PO/ P2 (4-64)

T (x') t"
and the Carleson operator
«Q) v’ di\2
(CF)(x') := sup / ][IF(y’,r)lzy— . (4-65)
0sx'\Jo 0 !

In relation to these operators we recall a result from [Coifman et al. 1985, Theorem 1, p. 313].

Lemma 4.10. There exists some constant C € (0, 00), which depends only on n and k, with the property
that for any Lebesgue-measurable functions F, G : R’} — C there holds

dx’ dt
/ IF( 1) G 1)) 2
R" t

gc/ﬁ CF(x") AG(x")dx'. (4-66)
Rr—1

Strictly speaking, the statement in [Coifman et al. 1985] contains as assumptions the additional
requirements CF € L®°(R"~ 1) and AG e L' (R"~1). However, these extra assumptions may be eliminated
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a posteriori via a suitable limiting argument. Specifically, for each N € N introduce
Dy :={(x1) eR :|(x",t)] <N, t >1/N} (4-67)

and for a generic function f : R} — C define fy : R’} — C by setting fy(x) := f(x) if x € Dy
and | f(x)| = N and fy(x):=0if either x € R" \ Dy or | f(x)| > N for each x € R} . Then, given
F,.G : IR’_’i_ — C arbitrary Lebesgue-measurable functions, for each N € N the functions Fy, Gy
are Lebesgue-measurable and bounded. It is also immediate from definitions that CFy € L®(R"™!)
and AGy € Lcomp([R"_l) c LY(R"™1). Based on [Coifman et al. 1985, Theorem 1, p. 313] and the
monotonicity of the operators C and A (with respect to the absolute value of the function to which they
are applied) we may write

dx’dt

[ 1Ex G0 Gl

SC/ CFN(X/) AGN(X,) dx’
R+ Rn—1

<C / CF(x") AG(x") dx'. (4-68)
Rn—1

Now (4-66) follows by taking the limit as N — oo of the inequality resulting from (4-68) and applying
Lebesgue’s monotone convergence theorem.
For further reference we also prove the following companion to Lemma 4.10.

Lemma 4.11. There exists some constant C € (0, 00) (depending only on n and k) such that for any two
Lebesgue-measurable functions F, G : R’y — C one has

/ F&/.0) G &
Rn

<C / AF(x")AG(x") dx'. (4-69)
+

Proof. The idea is to estimate the expression

1::/ (/ FO 0 GOy 1) 2 dt)dx’ 4-70)
RP—L \JT (x")

in two ways. On the one hand, using Fubini’s theorem we may write

dy’ dt
1= [ rotoneo ol [ neotn )2
+
dt
= Con [ IFO0NIGO 01, @71)
RY
On the other hand, based on Cauchy—Schwarz’ inequality we may estimate
1
dy' dt dy'dt\?
r< [ (L reor® ) (] 1600p 22
Rr—1 \JT (x) " Tie(x") "
= AF(x"AG(x") dx'. (4-72)

Rn—1
Now, (4-69) follows from (4-71) and (4-72). O
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To state the final preparatory lemma required in the proof of Proposition 4.13, one more piece of
notation is needed. In the sequel, AT denotes the transpose of a given matrix A.

Lemma 4.12. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R from Theorem 2.3, as well as K L oasin
(2-37). Recall ® from (4-51) and for each x' € R" 1 set ®(x') := & (—x'). Furthermore fix k € (0, 00)
arbitrary and, given a function f = (fg)1<g<m : R"~1 — CM with Lebesgue-measurable entries, define
for each x' € R*~1

dy’'d
(Sa,f)(x/):=(/r( @ NP Y t)

_ 5 dy' dt) ) )
(( [ » Z (@ 0)ap * ) L @-73)

Then Sg is a bounded operator from HI(R”_I, CM) into LY(R"™1).

Proof. For each o, B € {1,..., M}, write g (x', 1;y) :=1t 8nK§a(y’ —x',t) for every x’,y’ € R*~!
and ¢ > 0, and denote by ®,g the integral operator as in (3-18) corresponding to 6,4 in place of 6.
Notice that (3-76), (3-77) and (3-78) (with j = n and the roles of « and B reversed) allow us to apply
Proposition 3.3 and write

1S3/ L1y < Y. IS0usf8llL1@n-1)

1<a,B<M
<C > Wfplaig—1y = CIf g @n1,cm- (4-74)
1<B<M
The desired conclusion now follows from (4-74). O

We have seen in Proposition 3.1 part (e) that if f € BMO(R"~!,CM) then the Littlewood—Paley
measure |Vu(x’, t)|?t dx’ dt associated with the function u defined as in (3-3) is a Carleson measure
in R} ; see (1-11). In the proposition below we shall establish the converse implication along with the
estimate which naturally accompanies this statement. In the proof, Lemmas 4.8—4.12, as well as the
fundamental duality result from [Fefferman and Stein 1972] asserting that

(HY(R"!,cM))* = BMOR" !, CM) (4-75)
are going to play a key role.

Proposition 4.13. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3)
and consider PL, the associated Poisson kernel for L in R’ from Theorem 2.3, together with K L as in
(2-37). Recall ® from (4-51). Let f € LY\(R"™1,1/(1 + |x'|*) dx")M and consider the measure in R7
defined by

dx' dt

dp('.1) = (@0 )P

(4-76)
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Then whenever | is a Carleson measure, that is,

“o) dx'dt
Iileey = s [ f @+ NP D <o @77)

QCR"_I

one necessarily has f € BMO(R"™1,CM) and

”f”éMO rRr—1.cM = C “l’LHC(IR" ) (4'78)
( ,CM) +
for some constant C € (0, 00) independent of f.

Proof. Fix a function f as in the hypotheses of the proposition and suppose p satisfies (4-77). Let
g € HY(R"™1), see (4-41), and for some arbitrary g € {1, ..., M} define

h = (g 8auy)1<a<m € [HX®R" M c HY(R"1, CM), (4-79)

where 844, denotes the standard Kronecker symbol.
Next, recall the expression of the classical harmonic Poisson kernel (that is, the Poisson kernel
associated with the Laplacian A)

2 1

PA(X) =
() wn—1 (1 —|—|x’|2)”/2

for all x’ € R*71, (4-80)

where wy,—1 stands for the area of the unit sphere in R”. Then the definition of ®, (2-39) in Theorem 2.3,
and (4-80) imply

|®,(x")] < CPA(x") forall x' € R"™!, forall 7 € (0, 00). (4-81)

Also, by the semigroup property, (see, e.g., [Stein 1970, (vi), p. 62], or part (8) in Theorem 2.3), for every
g€ (0,1) and every ¢ € (s,¢~ 1) we have

PP x PR = Pj <C. P2, (4-82)

Combining (4-81) and (4-82), for each ¢ € (0, 1) we may write

8_1
dt
// / / 1@ — 3 — )@, () FO ] d= dy' d' &
& Rn—l Rn—l Rn—l t

g1 .
fcf / / f PAG —y' — 2 PAE) | fO) g d2 dy' dx' &
£ rr—1 Jrn—1 JRn—1
=C /R / PR = ONN18 (DAY dx!

fcg(/ (1+|x/|”)|g(x’)|dx’) ([ de’) < 00, (4-83)
Rr—1 Rr—1 1 + |y,|n

where for the last inequality we have used the fact that 1 + |y’| < (1 + |x/|) (1 + |x" — y']) for every
x’,y" € R"™1, while the finiteness of the rightmost term in (4-83) follows from our assumptions on f
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and g. Thus, recalling the definition of W, ,—1 from (4-52) we have that

/Rnl«"ps,e—l * f)(x,)’h(x/))dx,

- /fm /R /R (@' ¥ =) &, () F(). b)) d2' dy' dx’ L

is an absolutely convergent integral. Here and elsewhere we use the notation
M
=Y Aady A=a)i<asm. A =AY 1za<m €CY.

To continue, we introduce the (matrix-valued) functions
D(x'):= ' (—x),
U, 1 () =W (=)
PE() = (PE)T (=),

defined for every x’ € R”~1. Then, for every & > 0, we may write

/R R VACS2 (W, o1 * M) (x)) dx’

=[G N0

=/ /Rnl(CD,*CD,*f)(x)h(x)dx —‘

d
:/ Anl(¢f*f)(x)(q”*h’(x)> t

:/ /R . (F(x',1), H(X',1)) dx ,ﬂ

5/ (F(x',t), H(x',1))|dx’ ﬂ
R t

+

(4-84)

(4-85)

(4-86)

(4-87)

where F(x’,1):= (®;% f)(x") and H(x', 1) := (&, xh)(x") forevery (x', 1) € R”.. Denote by (Fg)1<a<m
and (Hy)1<a<m the scalar components of F' and H, respectively. Note that (4-65), the definition of F,

and (4-77) imply
1
€ Foll oo gn—1y < ”M”‘?(Ri) <oo forallaef{l,...,M}.
Also, (4-79), (4-64), and Lemma 4.12 permit us to write
[AHg L1 @n-1y < [Sgh] L1 @e—1)

< Clli|l g1 gn—1,c0m)
=Clglgiwn—1y forallaefl,...,M}.

(4-88)

(4-89)
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Consequently, Lemma 4.10, (4-88), and (4-89) allow us to estimate

J

M
|(F(x’,z),H(x’,z)>|dx’ﬂ < Z/ | Fo(x', 1) Ha(x’,z)|dx’ﬂ
’-14- ! a=1 Rl}i— !

M
<C a; /R ~ CFq (x") AHy(x") dx'

M
<C Y CFullLoo@n-1y lAHa L1 gn-1)
a=1
1
= CllalZg gl @y (4-90)
At this point we make the claim that
lim (f(x)), (U, -1 * hy(x"))dx" = / (f(x),h(x"))dx'. (4-91)
e—>01 JRn—1 ’ Rr—1

The idea is to show that Lebesgue’s dominated convergence theorem applies in our setting. With this goal
in mind, first observe that by part (5) in Theorem 2.3, for every multi-index « € N’g_l, we have

10%D(x")| = [0%0, KL (x', 1)| < Cy|(x’, )|l (4-92)

hence ® satisfies the hypotheses of Lemma 4.8. Moreover, by parts (1) and (5) in Theorem 2.3 we also
have that PL satisfies the hypotheses of Lemma 4.8. Hence, Lemma 4.8 and (4-79) give

sup | (@, * h)(x")] + sup |(PL % h)(x")| < —h, for every x’ € R" L. (4-93)
t>0 t>0 1+ |)C |n
In light of (4-53), the latter yields
~ Cy,
sup (W, ,—1 % h)(x')] < —~—— forevery x’ € R"" L. 4-94
0<821 I( g,e1 )X < 1+ x| y ( )

From this and the fact that f € LY(R*~!, 1/(1 + |x’|") dx’)™ we arrive at the conclusion that

sup [{f2 W, o1 * h)| € L'"®R™Y). (4-95)

0<e<l1

Next, we focus on the pointwise convergence of the functions under the integral in the left-hand side of
(4-91). First, by (2-34), (2-55) in Lemma 2.7, and (2-35) in Theorem 2.3 we obtain

hm+(ﬁsL *h)(x') = (/ PE(y) dy’) h(x") =h(x") forae. x' e R"" L (4-96)
s—0 Rr—1

Second, using a suitable change of variables, the properties of %, and Lebesgue’s dominated convergence
theorem we have

lim (P *h)(x") = lim / PL(GYh(x' =sy")dy' = 0. (4-97)
§—>00 Jpn—1

§—>00
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Third, by (3-72) for every ¢t > 0 we have
/ 0, K)(x",t)dx' =0 forallt >0, (4-98)
Rn—1

which when specialized to t = 1 yields

T T
/R . d(x)dx' = ( /R L 0(=x) dx/) = ( /R G dx/) =0. (4-99)

This, (4-92), and Lemma 2.7 applied to ® then give that
lim (P * h)(x") = ([ d(y") dy/) h(x)=0 forae. x' eR"!, (4-100)
s—0+t rn—1

Fourth, a suitable change of variables, the properties of /, and Lebesgue’s dominated convergence theorem
also yield

lim (&g * h)(x) = lim / d(y') h(x'—sy")dy' = 0. (4-101)
§—>00 §—>00 Jpn—1
In concert, (4-96), (4-97), (4-100), (4-101), and (4-53) imply the pointwise convergence
lim+ (@8’8—1 xh)(x") = h(x’) forae. x' eR" L (4-102)
e—0

Having dispensed of (4-95) and (4-102), we may apply Lebesgue’s dominated convergence theorem to
write

lim (£(), (T o1 % h) (X)) dx' = / ( f(x’),sgr(r)l+(®g,s_l *h)(x')) dx’

e—>0t+ Jrn—1 Rr—1
_ / () h(x)) d, (4-103)
Rr—1

finishing the proof of the claim in (4-91).
From the definition of 4, (4-91), (4-87), and (4-90) we may conclude that

1
‘ /R  fao6) g x| = Cllal g Il ey (4-104)

Qo

In particular, if we define the functional A T2 H!(R"!) — C by setting

Ajﬁo(g) = / faogdZ™ 1 forevery g € HY(R"™), (4-105)
Rn—l
then (4-104) implies Aj,ﬁo e (HY(R"™1))*; here we also used (4-42). Recalling (4-75), it follows that

1
there exists by, € BMO(R" ') such that || by, IemMo@n—1y < C ”/Jz”é(Rn )
+

(4-106)
and A;fo(g) = Jan—1bay & d.#"~! for every function g € H}!(R"™1).

Thus,
/nl (bap — fao)gdL" 1 =0 forallge HI(R"™). (4-107)
Hence, if we set vy, := bay — fug. then (4-107) implies that

Vg, IS constant almost everywhere in R" -1 (4-108)
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Indeed, if the latter were not true, one could find two bounded Lebesgue-measurable sets E * E” in
R™~1 such that 0 < | E¥| < 00 and vy, (x') <a < b < vg,(y’) forall x’ € E~, y’ € E*. Then

lg+ 1g- 1 -1
= ——— belongs to H, (R"™") (4-109)
|[E+| |E-] ¢

and, when used in (4-107), forces

o:/ Vapg dL" ' >b—a>0. (4-110)
Rr—1

This contradiction proves (4-108). In summary, we have shown that by, — fu, is constant almost
everywhere in R"~ L. Upon recalling the first line in (4-106), it follows that f,, € BMO(R"~!) with

1
I faro lnon—1) = Cllillégan - (4-111)

Since ag € {1,..., M} is arbitrary, we may further conclude that f € BMO(R"~!,CM) and satisfies
(4-78), as wanted. O

In turn, Proposition 4.13 is one of the main ingredients in the proof of the fact that the boundary traces
of vertical shifts of a smooth null-solution of L satisfying a Carleson measure condition in the upper
half-space belong to BMO, uniformly with respect to the shift.

Lemma 4.14. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Suppose u € € (R, CcM)
satisfies Lu = 0 in R7, and ||u|xx < oc. For each e >0, set ug(x’,t) :=u(x’, t +¢) for every (x',t) € R,
and fg = u8|3R1. Then for each & > 0 we have f, € BMO(R"™1,CM) and

| fellemo@n—1,cmy < C 1] (4-112)
for some C € (0, 00) independent of .

Proof. We are going to apply Proposition 4.13 to f;. Note first that by part (d) in Lemma 4.6 we have
fee LYR™1 1/ + |x'|") dx"YM Nn€>®(R"~!,CM). Hence we may define j¢ as in (4-76) associated
with f;, where we recall that ®(x") = 9, KL (x', 1) for every x’ € R* ! and KL (x',t) =1 PL(x' /1)
for every x” € R, . Also, Lemma 4.7 and (4-55) imply

tdue(x', 1) =1 3, (PF * fo)(x') = (®f % fo)(x') forall (x',1) € R (4-113)

Thus part (b) in Lemma 4.6 yields

t(Q) dx' dt
licley = sup o /|<1>t*f8(x>|2

CcRn—1
€Q)
= Ssup —/ / |0:us(x,1)|* t dx' dt
ocrn—1 1@l Jo  Jo
< lluell3s < CllulZs < oo. (4-114)
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Consequently, we may invoke Proposition 4.13 to conclude that f, € BMO(R"~!,C*) and

1
I fellsvon1,cm) < Clkeldr ) < Clullex, (4-115)
as wanted. O

The aim in Lemma 4.15 below is to show that derivatives of the kernel function KL are multiples
of molecules in the sense of Hardy space theory. To make this precise, let us recall the definition of
L?(R"~1)-molecules for the Hardy space H!(R"”~1). Specifically, given ¢ > 0 and a ball B C R*~L, a
function m € L1 (R"™1) is said to be an (L?(R"~!), &)-molecule relative to B provided

/ m(x")ydx' =0 (4-116)
Rn—l
and

||m||L2(B) < |B|_%, ||m||L2(2k B\2k—1B) = |2k Bl_%Z_ks for all k € N. 4-117)

Lemma 4.15. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Then there exists a constant
C € (0, 00) such that for any fixed t > 0, the components of CtVKL(-,t) are (L2(R"*™1), 1)-molecules
relative to B,—1(0',t). In particular,

sup [t VKL (- )|l 1 @1y < 00 (4-118)
t>0

Consequently, if f € BMO(R"™!,CM) and the sequence { fi}kenn C€ BMO(R"™Y,CM) is such that
[ fi] = [f] in the weak-* topology on BMO(R"~L, CM) as k — o, i.e.,

lim fkgd.f”_lz/ fgd ™' forallg e HY(R"™!,CM), (4-119)
Rn—1

k—o0 Jgn—1

then for every (x',t) € R, fixed one has

lim t VKL =y 1) O dy' = /R A2 SICESEDFICOTE (4-120)

k—o0 Rn—1

Proof. Fix t > 0, set B; := B,_1(0/, ), and write m(x’) = t VKL (x', 1) for every x’ € R"~1. We have
already shown in (3-78) that

/ m(x")dx" = 0. 4-121)
Rn—l

Also, by part (5) in Theorem 2.3 we have

t? 12
[m(x")|? dx’ < C/ —_dx' < C/ —dx’
/I;’t |x/| <t (t+ |x/|)2n |x’|<t 12n

=Ct'"™ <CF|B;| ", (4-122)
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and, for every k > 1,

12 12
/ |m(x')|2dx/§C/ —/ZdX/SC/ ﬁdx/
2k B,\2k—1 B, 2k—1 ¢ <|x’|<2k ¢ (¢ + |x'])=" 2k B, (2 1)%"
=272k k )l < c227% 2k B, (4-123)

for some constant Cy € (0, o) independent of k, x’, and 7. All these give that Co_lm is an (L2(R"1), 1)-
molecule relative to B; and (4-118) follows from the molecular characterization of H 1(IR”_I); see
[Alvarado and Mitrea 2015].

In addition, for each x’ € R"~! fixed, the function Co Um(x'—-)isan (L?(R"~1), 1)-molecule relative
to B,_1(x’,t) and therefore belongs to H1(R"~1). Hence, (4-120) follows from the definition of the
weak-* convergence. O

We now have all the ingredients to prove Proposition 4.1:

Proof of Proposition 4.1. Under the notation of Lemma 4.14, from (4-112) we know that the sequence
{[ fs]}o<s<1 is bounded in the Banach space BMO(R"~!, CM). By eventually passing to a subsequence,
Alaoglu’s theorem guarantees that there is no loss of generality in assuming that {[ fz]}o<¢<1 converges
weakly in BMO(R"~L, CM) to some [g] € BMO(R" !, CM), where g € BMO(R" 1, CM), satisfying

el gvgo@n—1,00y < €l (4-124)

for some finite constant C > 0 which does not depend on u. Applying Lemma 4.15, for every (x', 1) € R’
fixed we may conclude with the help of (4-75) that

im VI 0] = tim [ (KOG 50 0

= /R (VKR =y 0g(y) dy’
= VI(P * ). (4-125)
On the other hand, by Lemma 4.7 we have
Vu(x',t +e) = Vue(x', 1) = V(PE * fo)(x)] forall (x',1) e R:.. (4-126)
Together, (4-125) and (4-126) give (keeping in mind part (a) in Lemma 4.6)
Vu(x',t) = 82%1+ Vu(x',t +&) = V[(PL  g)(x")] forall (x',1) e R". (4-127)
Consequently, there exists C € CM with the property that
u(x',1) = (PL+g)(x') +C forall (x',1) e R™. (4-128)
Then f := g + C e BMO(R"~!,CM) satisfies, thanks to (4-124) and (1-20),

I/ Ismo@n—1,c0) = llg lBmo@n—1,ca) = 8]l gzo@n—1,cary = € 1l (4-129)
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where C > 0 is a finite constant which does not depend on u. Moreover, (2-24) ensures that f €
LY R 1/(1 + |x')") dx’)™, while formula (4-128) becomes, in light of (2-36), precisely (4-2).
Granted this, the first conclusion in Proposition 3.1 implies that f is the only function in L!(R"~1,
1/(1+|x |”) dx")™ for which the representation formula (4-2) holds, ”|gi]%'n exists at a.e. point in R?~1,
and f =u|}! aR" To conclude the proof of Proposition 4.1 it remains to observe that (4-3) is a consequence
of (4-129), (4- 2) and (3-12). O

5. Proofs of Theorems 1.1-1.6 and 1.8-1.10

We begin by presenting the proof of the Fatou-type result stated in Theorem 1.2. The main ingredients
involved are Propositions 3.1, 4.1, and 4.2.

Proof of Theorem 1.2. The implication in (1-39) is seen directly from Proposition 4.1, which also
guarantees the right-to-left inclusion in (1-40). The left-to-right inclusion in (1-40) is a consequence of
Proposition 3.1. Going further, it is clear from definitions that LMO(R, ) is a linear space on which | ||«
is a seminorm with null-space CM. The linear mapping in (1-42) is bounded (by the estimate in (1-39)),
injective (by Proposition 4.2), and surjective (by Proposition 3.1). Moreover, another reference to the
estimate in (1-39) shows that the inverse of the mapping (1-42) is also bounded. Given that BMO([R ) is
complete, it follows that the quotient space LMO(R'} )/ CM is also complete when equipped with ||- || sx.

Anticipating the proof of Theorem 1.3, below we isolate a key result to the effect that any smooth
null-solution of L satisfying a vanishing Carleson measure condition in the upper half-space converges
vertically to its nontangential boundary trace in BMO.

Lemma 5.1. Let L be an M x M elliptic system with constant complex coefficients as in (1-2)—(1-3) and
consider PL, the associated Poisson kernel for L in R from Theorem 2.3. Suppose u € € (R, CcM)
satisfies Lu = 0 in R} and |[u|«x < 0o and use Theorem 1.2 to write

f= u|gi§-n+ e BMOR" 1, CM). (5-1)

For each number & > 0, define ug(x',t) :=u(x', t +¢) for every (x', t) € R%_and consider f; := u8|aRn €
BMO(R"~!,CM) (see Lemma 4.14 ). Then

|Vu(x',t)|? t dx’ dt is a vanishing

li — n— =0. 5-2
Carleson measure in [RE'_L = 8_1>I(I)1+ I.7¢ f”BMO(R LeM) (5-2)

Proof. By Theorem 1.2 we have u(x’, 1) = (P * £)(x’) for every (x’,1) € R’ . Also, Lemma 4.7 implies
ug(x', 1) = (PL x fe)(x') for every (x',1) € R% and each ¢ > 0. To proceed for every (x,1) € R set

ve(x' 1) i= (PF* (fo — D, 1)

= (PEx )X, )= (PF * fo) (X' 1)
=ug(x', 1) —u(x',1). (5-3)
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Given that for each parameter ¢ > 0 the function v satisfies the hypotheses of Theorem 1.2 and almost
everywhere ve[}, = fo — f € BMO(R" 1), it follows that
+

I fe = f IBmomn—1,cm) = Cllve[lsx = Cllue — u |4 (5-4)
for every ¢ > 0. Hence, to complete the proof of (5-2) it suffices to show that

=0T

To this end, for each r > 0 we introduce

¢Q) 3
1| sxe,r := sup (/(; ][Q |Vu(x', 1)|* ¢ dx’dl) ) (5-6)

QcCRrR*—1 L(Q)=r
Note that

e llse,r < otllsn,s < llullexif 7 <, (5-7)

and the fact that |Vu(x’,¢)|?>t dx’ dt is a vanishing Carleson measure in R, recall (1-12), may be
rephrased as
][4 =0 asr—0F. (5-8)

We now make the claim that there exists a constant C = C(n, L) € (0, co) such that
lu —ug|lsx < C(||u||**’4 max{r,e} T |1+« min{e/r, 1}) for all r, e € (0, 00). (5-9)
Assume the claim for now and based on (5-9), for every 0 < r < co, we may write

0 <limsup ||u — ug||sx

e—>0T
< C1imSUp x4 marirey + C [l lim sup[min{e/ . 13]
e—>0t e—>0T
= Cllullsx,4r (5-10)

Recalling now (5-8), we may further take the limit as » — 0% in the resulting inequality in (5-10) and
conclude that

lim sup || — ug||«x = O.
e—>0t

This proves (5-5) as wanted.
To finish the proof of the lemma we are left with showing the claim. To do so, we first note that in
light of the notation in (5-6), the reasoning in (4-9) (corresponding to || = 1) yields

3t 1
1 > 2
tVu(x', t)| §C( /2/ |Vu(y’,s)|2sdy'ds)
|Q.x/| % Qx/
< Cllufsex,2¢ (5-11)

for each (x’,1) € R™, where O, denotes the cube in R”~! centered at x” with side-length ¢.
Next, fix a cube Q C R"~! and numbers r, ¢ € (0, 00) and proceed by analyzing the following possible
three cases.
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Case 1: £(Q) < e. Under this assumption, recalling also (5-11) and (5-7), we obtain

() z
(/ ][ |Vu8(x',t)—Vu(x/,t)|ztdx’dt)
0 0

UQ)+e 3 17¢)) 1
5([ ][ IVu(th)lztdx/dz) +(/ ][ IVu(x/,t)lztdx/dt)
€ o 0 19)

2¢
< ([ |Vu(x/,z)|2zdx’dz) + (104 ]| s e
e JO

26 ||u|2 2
EC(/ %’”dr) Tl e
&

=<C ||u||**,48 =C ||u||**,4max{r,s} (5'12)

for some constant C = C(n, L) € (0, co) independent of u, ¢, and r.

Case 2: ¢ < £(Q) < r. Note that in this case r = max{r, ¢} and using again (5-11) and (5-7) we have

¢Q) 3 UQ)+e 3
(/ ][|Vu8(x’,t)—Vu(x/,t)lztdx/dt) 5(/ |Vu(x/,t)|ztdx/dt) + [0t |
0 0 € )

2(Q) 3
5( / ][ |Vu(x’,r>|2zdx/dz) it i)
0 0

= C”””**Amax{r,s} (5-13)

for some constant C = C(n, L) € (0, o0) independent of u, ¢, and r.
Case 3: £(Q) > max{r, ¢}. In this case, set  := max{r, ¢} and write

) 3
( / |Vug(x', 1) — Vu(x', 1)|* ¢ dx'dt)
o Jo

10l
< (é /()n/Q |Vug(x',1) —Vu(x',t)|2tdx/dt)2

)
+ (—/ |Vug(x', 1) — Vu(x', z)|2zdx/dz)
|Q| n [0}

=1 +1I. (5-14)

To analyze I, let ko be the nonnegative integer such that
2oy < £(Q) <2ty

Also, consider {Q; }en, the collection of subcubes of Q with pairwise disjoint interiors, satisfying

£(Q;)=2"%¢(Q) foreach j eN and | JQ;=0.

jenN
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Then £(Q;) € (n,2n] for every j € N. Bearing this in mind and using the fact that ¢ < n, we may then
estimate

+& % L
S R Ny g,
2 3
2( ;|/ ! |Vu(x’,t)|ztdx’dt)

1 20(0;) ;
— |Vu(x',1)|*t dx’ dt)
(o),

(|Q| 3 1l 600, )|2QJ|)

JEN

A

| /\

| /\

<2

”u”** ,4max{r,s}- (5-15)

Up to this point our treatment involved estimating u, and u separately, without exploiting any potential
cancellations generated by the fact that we are dealing with their difference. However, in the task of
estimating /1, having the difference u, —u plays a crucial role, as seen next. Given (x’, ) € R7 , from
Lemma 4.3 we conclude that

IV2u(x’,1)| < C||u+5 2. (5-16)

In light of this, the mean value theorem implies that for some 6 € (0, 1) there holds
|Vue(x', 1) = Vu(x',t)| = [Vu(x',t + &) = Vu(x', t)| < e |VZu(x',t + 0 ¢)|
< Cellusx (t + 60 8)72
< Cellullx 172, (5-17)
Having established (5-17), we may turn to estimating I/ as follows:

) 3
1= (— [ et —Vu(x’,znzzdx/dz)
101 Jy o

uo 3 )
< Celufes (/ - dt) < Céllullax ™
n

= Ce |[u]|sx (max{r, e})"! = C|lu|x+ min{e/r, 1}. (5-18)

In concert, (5-14), (5-15), and (5-18), allow us to conclude that, under the current assumption £(Q) >
max{r, ¢}, we have

14¢9)) 2
(/ ][ |Vug(x', 1) = Vu(x', 1)|* ¢ dx/dt) < C (|1l sx,4 max{r.e} + 1l s+ min{e/r, 1}). (5-19)
0 o

Combining (5-12), (5-13), and (5-19), we obtain that the estimate in (5-19) actually holds for arbitrary
cubes Q in R~ In turn, the latter yields (5-9) after taking the supremum over all cubes Q in R*~L,
With this, the proof of the lemma is completed. O
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Having proved the convergence result in Lemma 5.1, we are now prepared to present the proof of
Theorem 1.3.

Proof of Theorem 1.3. We start by noticing that since u satisfies the conditions in (1-43), the conclusions
in (1-39) hold. Hence if we set f := u S'ﬂ%'n , we have that f exists almost everywhere in R”~! and
belongs to BMO(R" !, CM). To proceed inJrshowing that £ € VMO(R"~1,CM), for each & > 0 define
ug(x’, 1) :==u(x’,t +¢) forevery (x’,1) e R%, and f,(x’) :=u(x’, ¢) for every x’ € R"~1. Then from
Lemma 4.14 and part (d) in Lemma 4.6 we obtain f; € BMO(R"~!, CM)N¢>®®R*~!,CM). In addition,
for every ¢ > 0, based on Lemma 4.3 we obtain

sup |V fi(X)] = sup |Veu(x',e)| < Ce uss < 0. (5-20)

x’eRn—1 x’ern—1

Fix r € (0, 00) and let Q C R"*~! be a cube in R% with £(Q) < r. Then using (5-20) we may estimate

f 1f&) — foldx' < f I = ) = (f — fo)oldx' + ][ )~ (f)oldd (521
0 o 0
<|Ife = fllpmo@n—1.cmy + sup |Vi fe(x')| v/n—1£(Q) (5-22)

x’eRn—1
<|lfe — f lsmo@n—1,cM) + Cre™" [Juf sx. (5-23)
Hence,
sup ][ |f(x") = foldx" < || fe— f lmom—1,cry + Cre™" Julx. (5-24)
QcR" 1, {(Q)=r YO

Letting  — O first, then sending € — 07 in (5-24) and recalling that since |Vu(x’,1)|? t dx’ dt is a
vanishing Carleson measure in R} implication (5-2) holds, we conclude that

lim sup ][ | f(x") = foldx" =0. (5-25)
r=>0% gcre=1u(Q)<r /O
Hence, f € VMO(R" 1, (EM), as wanted.
To complete the proof, it remains to establish (1-45). However, the right-to-left inclusion follows from
(1-44), while the opposite inclusion is a consequence of Proposition 3.1. O

We continue by presenting the proof of Theorem 1.4.

Proof of Theorem 1.4. Consider first the equivalence in item (1) of Theorem 1.4. The fact that f €
BMO(R”~!; CM) implies ||u||+x < oo is part (e) of Proposition 3.1 and (2-24), whereas the converse
follows from Proposition 4.1. Regarding the equivalence in item (2) of Theorem 1.4, to see that f €
VMO(R"~!; CM) implies |Vu(x’,)|? ¢ dx’ dt is a vanishing Carleson measure in R’ we use what we
just proved in item (1), bearing in mind (1-22), combined with part (f) of Proposition 3.1. The converse
follows from (1-44). O

Having dealt with the Fatou-type results from Theorems 1.2 and 1.3, we turn our attention to the proof
of Theorem 1.1.
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Proof of Theorem 1.1. The fact that the function u defined in (1-30) solves the BMO-Dirichlet boundary
value problem (1-29) follows from Proposition 3.1. By Proposition 4.2, this is the only solution of (1-29).
Next, the double estimate in (1-31) is a direct consequence of (1-30) and (4-3). The uniform BMO
estimate in (1-32) is seen straight from Lemma 4.14.

Moving on, the left-pointing implication in (1-33) follows from Lemma 5.1. For the opposite implication,
invoke part (d) in Lemma 4.6 together with (1-32) to conclude that f is the limit in BMO(R"~!, CM) of
the sequence {u(-,&)}e>0 C UC(R*~1,CM)NBMO(R"~!,CM). This places f in VMO(R"~!, CM);
see (1-26). Having established this, part (f) in Proposition 3.1 gives that [Vu(x’, t)|? t dx’ dt is a vanishing
Carleson measure in [R{’j_. Going further, the equivalence in (1-34) is seen from (1-44) and the last part in
Proposition 3.1.

As regards the equivalence in (1-35), let us first observe that, as is apparent from its definition in (1-13),
the seminorm || - ||« is invariant to horizontal translations. That is, for every u € € (R”, CM) we have

7z oyutllws = |u]l4x for every z/ e R" 1. (5-26)
Given f € VMO(R"~!,CM), the right-pointing implication in (1-34) ensures that
|Vu(x',1)|* t dx’ dt is a vanishing Carleson measure in R”,. (5-27)
For each z = (Z/,5) € IR’_’|r we may write, thanks to (5-26) and the estimate in (1-39),
lTzu —ullsx < llTzu — Tz o)t 5 + 77,001 — U4
= [l7(0,5)% — llxx + | T(zr 0)14 — lx
< Cllu(-,s) = fllsmowr—1,cmy + Clltzr f = f llsmo@n—1,cM) (5-28)

for some constant C = C(n, L) € (0, o0). In light of (5-27), the left-pointing implication in (1-33), and
(1-28), we then conclude from (5-28) that

lim  |;u —ull++« =0, (5-29)

[R’fF 5z—0

as wanted. Conversely, suppose now that (5-29) holds. Specializing this to the case when z := (0, &)
with ¢ > 0 then yields, on account of the estimate in (1-39),

[u(-,e) = fllsmo@n—1,cMm) < Cllto,e) —tflsx =0 ase— 0F. (5-30)

Hence, [[u(-,¢) — fllgmomn—1,cmy —> 0 as ¢ — 0" which, by virtue of (1-33)—(1-34), implies that

f € VMO(R"™!, CM). This finishes the proofs of the equivalences in part (iv) of the statement.
Finally, all claims about the VMO-Dirichlet boundary value problem (1-36) are direct consequences of

what we have proved up to this point. O

Going further, we present the proof of the quantitative characterization of VMO from Theorem 1.5.

Proof of Theorem 1.5. We shall establish all claims stated with n — 1 in place of n. Fix a modulus of
continuity Y satisfying Y4 < CY on [0, co) for some finite constant C > 0. This implies that

R ceT (R, (5-31)
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Consider next an arbitrary function ' € VMO(R"™!) and define u € ¢ (R%) by setting u(x', 1) :=
(P,A * f)(x') for (x’,¢) € R%.. Then from item (d) in Lemma 4.6, Theorem 1.1 part (iii), and (1-37)
we conclude that the sequence of functions { f;}¢~0 defined for every ¢ > 0 by f; :=u(-,&) in R*~!
satisfies, for each ¢ > 0,

feeeT®HNE® R NBMO[R"™!) and

’ T 1 1 1 (5-32)
0 f e (R"HNLPM"") forevery o’ € Ng~" with || > 1,
as well as
I f = fellsmo@m—1) =0 ase—0F. (5-33)
This establishes (1-51), as well as the stronger claim made in (1-52). O

Going further, we provide the proof of Theorem 1.6.

Proof of Theorem 1.6. First note that condition (1-55) implies that ¢ is continuous on R” \ {0}. As such,
@ is a Lebesgue-measurable function R” which, in turn, ensures that condition (1-56) is meaningful.
To proceed, observe that if f € L1(R", dx/(1+ |x|"*¢))™ then for each x € R" we have

SO Ayt
o (T D" (T [x—yDre

/)]
ar (1 + [y Fe

/ If(y)||¢(x—y)|dy§C/
R7 R

<C(1+|x)"*e dy < 0. (5-34)

In light of (2-24) (used here with n+ 1 in place of n), this implies that for every 7 > 0 the convolution ¢; * f
is well-defined via an absolutely convergent integral whenever the function f belongs to BMO(R”, CM).
In particular, this is the case whenever f € VMO(R”, CM).

Next, fix £ > 0 and define

T: f:=q¢;x f forevery f € BMO(R", CM). (5-35)
We first claim that there exists some constant C € (0, co) independent of ¢ such that
I f emon cary < CILf lemogn ey forall £ € BMOR",CM). (5-36)

To prove this claim, fix f € BMO(R", C*) and an arbitrary cube Q in R” with center x@; then we have
the decomposition

f=0—fo)lio+ (f — fo)lgmag + fo. where A :=2/n. (5-37)
Thus, using (1-56) we have
(T: [)(x) = T¢[(f = fo)laol(x) + Tt [(f — fo)lpm\(a@)l(x) + fo forall x e R", (5-38)

and if we set
co :=Til(f — fo)lemao)l(xo) + fo e CM (5-39)
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it follows that
fQ (T £)() — col dx
< ][Q T(f — fo)ap))] dx + ][Q ITf — fo)lamaol(0) — Ti[(f — fo)lgnol(ro)| dx

=1 +1I. (5-40)

Since f € BMO(R", CM) we have (f — fo)lyo € LY(R*,CM). On the other hand, assumption (1-54)
implies that T} is bounded in L' (R”, CM) uniformly in ¢. In concert with (2-8), this permits us to estimate

1

= @“Tt[(f_fQ)IAQ]||Ll(Rn’CM)
Cc
= @”(f = fo)iollLiwe cmy < C|l f lsmown cm) (5-41)

for some C € (0, co) independent of f, Q, and ¢. To treat I/, first we derive a pointwise estimate. For
each x € Q we have

ITCF  fo)lamaol®) - Ti(f — fo)lamaol(o)|
i ol o (22 4y, s
<o [ o salle(S7) o242 ) s

Next, pick some arbitrary x € Q and y € R" \ AQ; then consider z := (xg — y)/t € R" \ {0} and
h:=(x—xg)/t € R". Since in view of the choice of A in (5-37) we have

< YU Q) _ 2| 543
2t 4t 2
it follows from (1-55) that
x—y xo—y\| _ ~ Clhl*
'¢( =)o )‘—|¢<z+h> oo = s
- cel(Q)er" - CL(Q)et" (5-44)

Ty —xol"te T (U(Q) + |y —xgnteE
Combining (5-42)—(5-44) with (2-21) (used here with n + 1 in place of n) and part (c) in Lemma 2.1, it
follows that

‘Tt[(f_fQ)lR”\lQ](x)_Tt[(f—fQ)an\AQ](xQ)‘ <CUOQ)* | f(y)—fol

o (LQ)+y—xg "
o0 dA
<c /1 ose1 (3 10(0) 71z

=C| fllsmon,crry forall x e Q, (5-45)

dy

where C € (0, 00) is independent of f, Q and ¢. From (5-45) and (5-40) we obtain

I < C| fllsmo@r,cM) (5-46)
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for some C € (0, 0o) independent of f, Q, and ¢. In concert, (5-40), (5-41), and (5-46) yield
fQ (T2 £)() —col dx = CILf lmogan oo, (5-47)

with cg € CM asin (5-39). In view of (2-9), this ultimately implies the claim in (5-36).
The second claim we make is that there exists some constant C € (0, oo) with the property that for
every t > 0 and every 1 € (0, &) there holds

IT:8 — gllLoo@n,cry < Ct"l|gllgngn cmy Torall g€ ¢T(R", CM). (5-48)

To prove this claim, fix ¢ > 0, 5 € (0,¢), g € €"(R",CM), and, for x € R" arbitrary, estimate

(T =g = [ 1ete=3) = g(olgr] dy

Bk
< 0l ey [y )l dy

= lnllg”cgn(Rn’@M) /;Qn |Z|77 (1 + |Z|)—n—s dz
S Cfn“g”%”n(ancM) (5_49)

for some constant C = C(e, n,n, ¢) € (0, 00) independent of ¢ and g. The first inequality in (5-49) relies
on (1-56), for the third one we have used (1-54) and the change of variables z = y /¢, while the last one
is a consequence of having 7 € (0, €).

Here is the argument involved in the endgame of the proof of Theorem 1.6. Fix € (0, €) and given
f € VMO(R", CM) pick g € €"(R", CM) N BMO(R", CM). Then for each ¢ > 0, we use (5-36) and
(5-48) to estimate

ITe f = fllsmown,cmy = |1 Te (f — &) lemo@wr ,cmy + 171 — gllsmown ,cmy + 118 — S lBmown o)
< Clg — fllsmomn,cmy + 21Tt g — &l Loomn o)

<Clig - fllemomr,crmy + Ct gl gngn crr)- (5-50)
Thus,
lim Slip 1Tt f = f lsmo@n.cmy = Clig — fllsmo@r,cM)- (5-51)
t—0

Now (1-57) follows from (5-51) in light of the density result recorded in (1-62).

To prove the very last claim in the statement of Theorem 1.6, let ¢ € €1 (R", CM*M) be 3 function
satisfying (1-58). Then for each x € R”\ {0} and h € R” with |A| < |x|/2 the mean value theorem permits
us to estimate

lp(x +h) —@(x)[ <|h| sup | (Vo) (&)

E€[x,x+h
C|h|
|x|n+1'

<Clh| sup (14[gh™" "<
Eelx,x+h]

(5-52)
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Hence, both (1-54) and (1-55) hold with ¢ = 1 in this case, so the left-pointing implication in (1-59) is a
consequence of (1-57).

As regards the right-pointing implication in (1-59), let us first observe that from (1-56) and (1-58) we
have

[ 0jo)((x—y)/t)dy =0 forall x e R", forall j €{l,...,n}. (5-53)
Rn

Next, given a function f € BMO(R”, CM), fix x € R” and ¢ > 0 arbitrary and denote by Q x,t the cube
in R" centered at x and of side-length 7. As usual, abbreviate fp,, := fo’l f(y)dy. On account of
(5-53), (1-58), (2-21) (used here with ¢ = 1 and n in place of n — 1), and (2-15) (used with p =1 and n
in place of n — 1), for each j € {1,...,n} we may then estimate

/ (8,@( )f(y) dy‘

[ ) )( )[f(y) fgx,]dy‘

1) (e % f)(x)| =177

|f(y)—fQ | B
=C 2T dy =Ct ] 5-54
- /;Qn [t + |x—y|]”+1 Y= ”f”BMO(R ,CM) ( )

for some constant C € (0, o) independent of f, x, . In concert with (5-36), this proves that
¢ * f € BMOR", CM)NLip(R",CM) foreachr > 0. (5-55)

With this in hand, the right-pointing implication in (1-59) readily follows (compare with (1-64)), finishing
the proof of Theorem 1.6. O

The proof of the negative result stated in Theorem 1.8 is discussed next.

Proof of Theorem 1.8. From [Bourdaud 2002, Proposition 9, p. 1208] we know that there exists f €
¢ *°(R") such that
9% f € BMO(R") for all @ € N, (5-56)
and
inf{[| f — gllemo(rn) : g € L (R")} > 0. (5-57)

In concert with [loc. cit., Lemme 6, p. 1211], property (5-56) (used for multi-indices o € N with |a| = 1)
gives f € UC(R"). By once again using (5-56) (with |e| = 0), this proves that f € UC(R") NBMO(R");
hence f € VMO(R"). On the other hand, (5-57) implies that f does not belong to the closure of
L% (R"™) in BMO(R"); hence also f does not belong to the closure of UC(R"™) N L°°(R") in BMO(R").
Ultimately, this proves that the space UC(R") N L°°(R") is not dense in VMO(R"). O

The penultimate proof in this section is that of Theorem 1.9.

Proof of Theorem 1.9. That for each f € BMO(R") the measure 1y associated with f* as in (1-69)
satisfies Carleson’s condition

£{(09) ,d
Il = sup |Q|[ W x )

‘<c 1/ 3o (5-58)
QCRn
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for some constant C € (0, co) which depends only on the dimension » and the constant in (1-68), is fairly
standard. Specifically, having fixed an arbitrary cube Q C R", take the decomposition f = fo+ foo + f20,

where fo := (f — f20)120 and foo := (f — f20)1gm\20. On account of the cancellation property of ¥,
we may write ¥y * f = ¥y * fo + ¥ * foo. Then, on the one hand,

dx dt dx dt

t

°Qo)
2 2
ol e ) |Q|/ W o))

= C|Q| 1||f0||L2(R’1) = C”fHBMO(R”)’ (5-59)

thanks to the square-function estimate (3-43) in Proposition 3.3 (used with n replaced by n + 1 and the
kernel 6(x,t;y) := ¥ (x — y) for each x, y € R”, t > 0), and (2-15). On the other hand, for each x € Q
s @l [ o

and ¢ € (0,£(Q)) we may estimate
o(“72) - ol
[R”\ZQ

§Ct[ If(y)—fzgl1 dnyt/ If(y)—fz+Ql| dy
re\20 [f +|x—y|]" ri\20 |Xo —y|"

/)~ frol i
<€ [, T g o = Ty o 60

by virtue of (2-21) in Lemma 2.2 (used with n replaced by n 4+ 1 and ¢ = 1). Combining (5-59) with
(5-60) then readily yields (5-58).

Let us next observe that if g € €"(R") for some 7 € (0, 1) then for each x € R” and ¢ > 0 we may
estimate, on account of (1-68),

(Ve x g)(x)| = '/R V() (gx —y)—g(x)) dy'

< g llnam /R Iyl dy

]

o (Lt |yt dy = Ct"||gllon(gny- (5-61)

= Ctn”g”gfn(Rn)

Assume now that some function f € BMO(R") has been fixed. Pick n € (0,1) and choose g €
£"(R") N BMO(R") arbitrary. Then, making use of (5-58) and (5-61), for each cube Q C R” we may
bound

dx dt

£(0) )
o / e # 1))

, dx dt 2 (U9 , dx dt
" |Q| I(z/ft*g)(x)l

<C|f- gllBMo(Rn) +CUOM N2 - (5-62)

£(0)
|Q|/ e (f — )P
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In turn, (5-62) allows us to conclude that

dx dt
t

) ,
lim{ sup @/0 s D)

r=>0t{ gcRr
UQ)=r

< Cllf - glEmomn): (5-63)

which, after taking the infimum over all g € €7 (R") N BMO(R") and bearing in mind the density result
in (1-62), yields (1-70). d

We conclude this section by giving the proof of Theorem 1.10.

Proof of Theorem 1.10. Fix f € BMO(R", CM) and let u be the unique solution u of the BMO-Dirichlet
boundary value problem (1-29) for L in R”} with boundary datum f. By (1-30) in Theorem 1.1, we have
(with pL denoting the Poisson kernel for L in [F\R’_’|r from Theorem 2.3)

w0 = (P = [ KA =y 000 for (L0 eRY. (564
R

where KL is as in (2-37). Consider now

()= W ¥n) = (0, KE) (2. 1))1<j<n foreachz/ e R"™L. (5-65)
Then, from item (4) and (2-39) in Theorem 2.3 we deduce that v; € ¢ (R, CM*M)) for each
j €{l,...,n} and there exists some constant C € (0, co) such that
|y (z)] < _ ¢ and |Vy(2)] < < for each z/ € R"~! (5-66)
T A+ (Lt '
We also claim that
/ Yi(z)dz' =0e CM*M  foreach j € {l,...,n}. (5-67)
Rr—1
To see why (5-67) is true, note that based on (5-65) and (2-37) we have
vi(z') = 8J'PL(Z/) forall z/ € R" ! and each j € {1,...,n—1}, (5-68)
while
Un(z) =1 =n)PE()—2 -VPE() forall 2/ e R™ L (5-69)

Now (5-67) follows from (5-68)—(5-69) and (2-35) via integration by parts.
Next, for each x’ € R"~1 and r > 0 set ¥, (x’) := ¢!~ (x’/t). Then from item (5) in Theorem 2.3 it
follows that VKL is homogeneous of order —n; thus

Ve (x) = "N (VKE) X/, 1) = t(VKE)(x', 1) for each (x/,1) e R%TL. (5-70)

Combining (5-64) and (5-70) yields

t(Vu)(x', 1) :/

Rﬂ -

VKD =y 0 f() dy' = (% ) () (5-71)
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for each x’ € R"~! and each ¢ > 0. Consequently,

dx"dt
(W % )X ;

In light of (5-66)—(5-67) we see that Theorem 1.9 applies componentwise in the current setting (with n

replaced by n — 1) and yields a constant C for which (1-70) holds. The latter becomes (1-72) by invoking

(5-72) and finishes the proof of the theorem. O

=t|(Vu)(x',1)|* dx' dt. (5-72)

6. Proof of the well-posedness of the Morrey—Campanato—Dirichlet problem

This section is devoted to presenting the proof of Theorem 1.21. Throughout fix p, g € [1, o0). We divide
the proof into several steps, the starting point being the following claim:

Step 1: There exists a constant C = C(n, L, n) € (0,00) such that if f € &P (R"1,CM) then the
function u given at every point (x',t) € R’ by u(x’,t) := (P * £)(x') is well-defined (via an absolutely

convergent integral) and satisfies u € €°(R",CM), Lu=0in R, u 3&',, = f a.e. in R"™\, as well as
+
sup 11|V (< D] = CL £ (6-1)
(x’,t)e[R{’_’i_

The fact that u is well-defined and is a smooth null-solution of L in the upper half-space whose
nontangential trace matches f a.e. in R*~1 follows from (2-25) with ¢ = 1 and item (7) in Theorem 2.3.
To proceed, fix an arbitrary point (x",¢) € R’ and, making use of (3-6) and (2-17), estimate

C [ dir C (
’ . 7.p)
(Vo= T [ oser(ria0 55 = 10187, (©2)
from which (6-1) readily follows.
Step 2: For every function u € €' (R™, CM) there holds
%P < @72 sup [TV o)) (6-3)

(x/,t)e[R’_’i_
This is readily seen from (1-160).
Step 3: There exists a constant C = C(n, L,n,q) € (0, 00) with the property that for every function
u € €°(R",CM) satisfying Lu =0 in RY there holds

sup  [t177|(Vu) (', )] < C ]| K2, (6-4)
(x’,t)e[Ri’_f_

For each fixed point (x',7) € R’ use Theorem 2.4 and repeated applications of Holder’s inequality in
order to estimate (recall that Q4 is the cube in R*~1 centered at x” and of side-length 1)

(Vu)(x', 1) < C f (V) )| dy' ds

Qx’.tx(%’%)

- Cfo’,t (f(é’%t) |(Vu)(y/’ s)| ds) dy/
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(Vi) (v 5) 2 ds) i dy’)"

[A

a
—
S
P
~

59

<cr3 ( ][Q ( f() (Vu)(v', 5)[%s als)g dy/)‘l’
ser(f, ([

-1 1 f(%Qx/,;) / 2 % ’ (11
<cr (3—/ (/ (V) (v, 5)] sds) dy)
}fo’,t %Qx/.t 0

<" u) 9, (6-5)

(V) ()P ds)z dy’)q

where the last inequality is a consequence of (1-160). With this in hand, (6-4) follows.
Step 4: For every function u € €' (R™, CM) one has

) Zu )l < (1 + %) sup  [t1T(Vu) (X, 0)]]. (6-6)
x,ye[R’fi_ |x - y|71 n (x/,t)e[R{’_"_
x#y
In fact, the opposite inequality holds for smooth null-solutions of L in the upper half-space. Specifically,
there exists a constant C = C(n, L, 1) € (0, 00) with the property that for every function u € € (R™, CM)

satisfying Lu = 0 in Ry there holds

sp [TVl <€ sup DO 67
(x}1)eR’ x,yER |x _y|77
x#y
To justify (6-6), abbreviate
Cuyi= sup [77(Vu)(x,0)]. (6-8)

Pick two arbitrary distinct points x = (x",7) € R, y = (y’,s) € R", and set r := |x — y| > 0. Then

rMu(x) —u(y)| < I+ 11+ 111, (6-9)

where
Ii=r"Mux't)—ulx',t +r),

I :=r"Mu(x' t +r)—u(y',s +71)|, (6-10)
I :=r""u(y',s+r)—u(y',s)|.

Then by the fundamental theorem of calculus and the assumption on u,
r
[ @6
0

r r
< Cygr™" [ (4677 dE < Cyuyr™ / 11 g
0 0

= Cu,pr "0~ 1" = Cup /1. (6-11)

I=r""u(x',t)—ulx',t+r)=r""
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Moreover, /1] may be estimated in a similar manner (with the same bound Cy /), while
I =r"Tu t+r)—u@®y, s+r)]

= ]"_n

1
/ j—e[u(e(x/,t +r)+1=0)(,s+7))] d@‘
0

=r 7

1
/ x' =y t=5)- (VO t +r)+ 1 =0)(',s +71)) d@‘
0

1
<Cuyr "x—y] / [dist(O(x",t +r)+ (1 —=0)(y',s +71), 8[R{’_1,_)]’7_1 do
0

1
= Cu,nr_"r/ [(1—0)s+ 61 +r]""1d0 < Couyr ™" r r"™' = Cyyy. (6-12)
0

Now (6-6) follows from (6-9)—(6-12).

Consider next (6-7). Recall (2-1). Fix a point x = (x/,1) € R’ and write Ry for the cube in R"
centered at x with side-length 7 /2. Using that the function u(-) —u(x) is a null-solution of the system L,
we may apply Theorem 2.4 (with £ =1 and p = 1) to write

(Vi)' 1)] < c][ (y) —u()| dy

< Clluluy oo f. 1x= 1" dy
enwLemn I
fcnu”?jn(RLCM) t". (6-13)
This readily implies (6-7).

Step 5: There exists a constant C = C(n, 1) € (0, 00) such that for every continuous function f :R"~1 —
CM one has

1£1mP <C sup /O = fONI (6-14)
T o yern—t X =Y .
x'#y’
In particular, the inclusion
TR CMy — PR, CM) s continuous. (6-15)

This is a direct consequence of (1-157).

Step 6: Given f € &P (R*1,CM)), the function u defined as in (1-30) solves the Dirichlet boundary
value problem (1-161) and obeys the estimates in (1-162). Moreover, u € €" ([R?’ ,CM) and (1-163) holds
as well.

Fix an arbitrary function f € &7?(R"~!,CM). From Step 1 we know that u given as in (1-30) is
well-defined, u € ¥ (R” ,cM ), Lu=0inR", f = ”lgh%"; a.e. in R", and satisfies (6-1). To proceed,
observe that when used in concert, (6-1) and (6-3) imply that

lu| %D < | £ 0P, (6-16)
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Hence, ||u ||,(k'f;q) < 00. On the other hand, combining the results proved in Steps 3 and 4 establishes the
membership of u to €7(R%, CM) = €"(R", CM), see (2-2), along with the estimate

el cary < C lull 5. (6-17)

Thanks to (6-16)—(6-17) and (2-2), we therefore have u € €"(R" ,CM) and

1S g1, vty = lalfign llgngan—1 cary
= llulore llgngn—1 e
< ||”||z’n(@,@M) = ”u”(gn(Rﬁ_’CM)
< Clul%? < c| 1. (6-18)
Using (6-14) and recycling part of the above estimate then yields
1A 17 < CULf Nlgnggn—t eary < Cllul| 59 (6-19)
At this stage, all desired properties of u have been established.

Step 7: Assume that u € €°(R", CM)N¢" (R%, CM) for some n € (0, 1) satisfies Lu =0 in R Then

nmr oM . nmpr—1 oM 1 fpn—1 % 5 )
ue CNRL.CM). ulpgy € C"®RILCM) C L ([R T dx) (6-20)
and

u(x’,1) = (PE x (g ) () forall (x',1) € RY. (6-21)

To justify this, observe that the two memberships listed in (6-20) are direct consequences of (2-2),
while the inclusion in (6-20) was proved earlier; see (2-26).
For each fixed & > 0 consider now the function

ug(+):=u(- +ee,) inRY, (6-22)
which satisfies

ug € ¢°(R",CM), Luz=0in R’ and
e € 0N M) with el o cory < Il o (€29
These and (6-7) yield
sup [(Vue)(x)| = C(L. 0. &)l[ullgnger cnry- (6-24)
XER+

In light of (6-23) (which implies that u, is bounded on bounded subsets of lRTﬁ_ ), (6-24) allows us to
conclude that
ug € W2 (R, CM). (6-25)

Going further, set f;(x’) := u(x’, &) for each x’ € R"~!. Then, on the one hand,

| fe(x) = feOV) = [u(x".e) —u(y',e)| < IIMIIgn(Ri,CM)IX/—y/I" forall X', y" e R"™'. (6-26)
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On the other hand, for all x’, y" € R*~! we have (with V' denoting the gradient in the first n — 1 variables
in R*~1)
| fe() = O = lu(x" &) —u(y' o) < X" = y'| sup [(Vu)(Z' e)|

Z/e[x/,y/]
==V sup [(Vug)(Ze/2)]
Z/e[x/,y/]
< I = | C(L, ./l cory: (6-27)

where the last inequality uses (6-24) (written for u,/, and for x = (z’,&/2)). A logarithmically con-
vex combination of (6-26)—(6-27) then proves that for every 6 € [, 1] there exists a finite constant
C(6, L,e,u) > 0 such that

| fo(x") = fe ()| <C(O, L,s,u)|x’ —y'|9 for all x’, y' e R*™L, (6-28)
Hence,
fee () ¢°@®@.cM). (6-29)
n<6<1

Combining (6-29), (6-15), and Step 6 then shows that the function

we(x',1) 1= (PE * fo)(x") forall (x',1) e R (6-30)
satisfies
we € PG, CM), Lw,=0inRY., wee [ ¢°@®%.CM). (6-31)
n<6<1

In addition, from (6-28)—(6-30), Step 5, and Step 1, we see that w, has the property that for each 6 € [n, 1)
there exists a finite constant C (6, L, &, u) > 0 such that

[dist(x, 8R’_1F)]1_0|(Vw8)(x)| <C(f,L,e,u) forall x e RY. (6-32)

In particular, choosing 6 € (max{n, 5}, 1), the latter property allows us to estimate for every R > 0

/ |(Vwe)(x)|?dx < C(H, L, &,u) [dist(x, IR™)]>O~D dx
B(0,R)NR" B(0,R)NR".

=C(0,L,e, R,u) < +o0. (6-33)

In concert with the last property in (6-31) (which goes to show that w, is bounded on bounded subsets
of [R7_D, this permits us to conclude that

we € W (R, CM), (6-34)

From (6-23), (6-25), (6-30), (6-31), and (6-34), we then conclude that the function v, := u, — w, belongs
to °° (R, CM) and satisfies

ve € Wi 2R, CM)yng"®",CM), Lv,=0inR, Vel = 0. (6-35)
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Moreover, the Holder property gives the growth estimate
lve(x)] < C(1+ |x|") forall x € R, (6-36)

where C := max{||vg||<g-n(Rrer’CM), |ve(0)[} € (0, 00).
The estimates near the boundary from Proposition 2.5 then imply (by sending p — oo) that v, = 0.
This ultimately translates into saying that for each ¢ > 0 we have

u(x',t +e) = (PEx* fo)(x') forall (x',1) e R%. (6-37)
Let us also note that for each & > 0,
sup | f(0)—u(y 0= sup |u(y.&)=u(y 0| <& ullynm ey (6-38)
y’e[R{”—l y’eR”_l +
Hence, f; — u| oR™ AS € = 0™, uniformly in R”~!, Since PtL is absolutely integrable in R"~!, formula
(6-21) then readily follows by passing to limit s — 0T in (6-37).
Step 8: Assume that

uee®®L.CM), Lu=0inR%, [u%? < oo, ulfy =0. (6-39)
Then necessarily u =0 in RY..
This is a consequence of Steps 3, 4, and 7.

Step 9: The end-game in the proof of Theorem 1.21.
Existence for the Dirichlet boundary value problem (1-161) follows from Step 6. Uniqueness of the
Dirichlet boundary value problem (1-161) is seen from Step 8.

7. Calderén-Zygmund operators on VMO

The main goal of this section is to develop the machinery which eventually permits us to prove
Theorem 1.13.

We begin by recalling, see, e.g., [Stein 1993, Theorem 1, p. 91], that for each ¢ € (0, c0), the Hardy
space H9(R™) consists of tempered distributions g in R” with the property that their radial maximal
function, defined as (Myaq g)(X) :=sup,~q |(P; * g)(x)| for each x € R” (where @ is a fixed background
Schwartz function in R” with [, ®d.2" # 0 and ®,(x) := 17" ®(x /1) for each > 0 and x € R"),
satisfies

gl @ny := [ Mirad & lLa mn) < +00. (7-1)

It is then well known that
HY(R") = LI(R") ifl<gq < oo. (7-2)

Another classical result in harmonic analysis, see, e.g., [Stein 1993, Theorem 2, p. 107] or [Garcia-Cuerva
and Rubio de Francia 1985, Theorem 4.10, p. 283], is the fact that distributions belonging to H?(R")
with ¢ € (0, 1] admit atomic decompositions. To elaborate on this aspect, having fixed r € [1, oo}, call a
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Lebesgue-measurable function a : R” — C a (g, r)-atom provided there exists a cube Q C R” such that
the following localization, normalization, and cancellation properties hold:

suppa € 0, ||a||L’(R”)§|Q|%_%, and /x“a(X)dx:O (7-3)

for every multi-index o € Nij with |o| <n(1/g —1). Then, given g € (0, 1] and r € [1, oo] with ¢ <r, any
g € H?(R") may be written as g = ZjeN Ajaj in H4(R") for a numerical sequence {A;};en satisfying
(ZjeN [Aj |‘1)1/q ~ ||gllga @) and with each a; a (g, r)-atom. In particular, this implies that if for each
g €(0,1] and r € [1, 0] with ¢ < r we let HL" (R") stand for the vector space consisting of all finite
linear combinations of (g, r)-atoms, then

HE(R") = {f € Liymp(®") : / X f(x)dx = 0if |a| < n(é - 1)},
Rn
HIT(R") c HY(R") densely, and H; (R")< HI"(R")if0<s <gq.

(7-4)

It turns out that if a given distribution g € H?(R") with 0 < ¢ < 1 additionally belongs to a Lebesgue
space, or another Hardy space, then one may perform an atomic decomposition which converges to g
simultaneously in all the said spaces. This is made precise in the lemma below.

Lemma 7.1. Suppose 0 < p <oo, 0<q <1, re(l,00)withr > p,and 0 <s <min{p, q} are given.
Then for any g € H4(R") N HP(R") one can find a sequence {gn}nen C H' (R™) which converges
to g both in H4(R") and in H? (R").

Proof. Following the suggestion in [Pipher and Verchota 1992, p. 948] (where the treatment in the case
p =2 and g = 1 is outlined), we revisit the technology used to perform atomic decompositions of
distributions in H4(R") presented in [Torchinsky 1986, pp. 345-348], from which we borrow notation
and results; see also the proof of [Garcia-Cuerva and Rubio de Francia 1985, Theorem 4.6, pp. 278-282].
The starting point is the consideration of a function ¥ as in [Torchinsky 1986, Lemma 1.7, p. 345].
Among other things,

¥ € CORM), / Xy (x)dx =0 if o] < n(% - 1) and v is radial. (7-5)
Rn

The latter condition implies that I/AI the Fourier transform of i, normalized as in [Mitrea 2013], is also
radial. Hence, there exists a real-valued function ¥ defined on [0, c0) such that ¥/ (x) = ¥ (|x|) for each
x € R™ Note that ¥ necessarily satisfies

U € €°([0,00)), ¥(0)=0, and  has rapid decay at infinity. (7-6)
For each t > 0 define ¥ (x) := "y (x/t) for every x € R".
Fix now an arbitrary distribution g € H?(R"). From [Torchinsky 1986, Proposition 1.9, p. 346] and
the formula at the bottom of page 347 in that paper we know that there exists
a partition {7}y }; r of R’f’l consisting of pairwise disjoint

7-7
measurable sets which depend only on g 1)
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such that, if P2 is the Poisson kernel for the Laplacian in R**1 (see (4-80) with n replaced by n + 1)
and P,A (x):=1""P2(x/t) for each x € R" and ¢ > 0, then the following properties hold:

(a) For each j, k, the function
Gu)= [ PR ) dydr, xR, 7-8)
is a multiple of an (s, r)-atom.
(b) Moreover, each a; i is also a multiple of an (g, r)-atom, and if we write
ajr = Ajxd;jy for some A;; € C and a; a genuine (g, r)-atom, (7-9)

then there exists a constant C > 0, independent of g, with the property that

1

(Z Mj,qu)q <Cliglage@- (7-10)

J.k

(c) One has
g=)Y ajr in HY(R"). (7-11)
ik
If we now set
gN ‘= Z ajr foreach N €N, (7-12)
j+k<N

then each g belongs to H;*" (R") C Hg[;r (R™), and (7-11) implies

n

lim gy =g in HY(R"). (7-13)
N—o0

Next, if 0 < p <1 and g € HZ(R") N H?(R"), then running the same argument as in (7-7)—(7-13)
(in which we now view g as a distribution in H?(R")) leads to the conclusion that the sequence
{gn}Nen C H; (R™) constructed earlier in (7-12) also satisfies

lim gy =g in H?(R"). (7-14)
N—o0

The lemma is therefore established in the case when p € (0, 1].
Henceforth, consider the case when 1 < p < o0, i.e., assume g € HZ(R") N L?(R"); see (7-2). The
goal is to show that, with gn as in (7-12), we also have

lim gy =g in LP(R"). (7-15)
N—o0

This requires some preparation. Since the radial maximal function of g is pointwise dominated by a
multiple of the Hardy—Littlewood maximal function of g, see, e.g., [Stein 1993, (16), p. 57], it follows that
Mg g € LP(R*)N L9 (R™). Given that in the current case ¢ < 1 < p, this forces Mg g € L1 (R™); hence
g € H(R™). With this in hand, the same reasoning that has led to (7-13) now gives limy 00 gN = &
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in H!(R"). This further implies limy o0 gn = g in L1 (R"); hence also (by eventually restricting the
index N to a subsequence of N)

lim gy(x) =g(x) forae.xeR" (7-16)
N—>oo
Consequently, if we set
Dy:= | Tjx foreach N N, (7-17)
J+k<N

then for each M, N € N with N < M we have
e —gn@ = [ RO dydr xR (7-18)
Dy \Dn

Hence, if p’ is such that 1/p+1/p’ = 1, for each function # € L? (R") and M, N € N such that N < M
we may write

| e —gm@hd= [ ot ey dyar. @19

M \DN

Next, define
G(y,1) =1 3,;(PPxg)(y). F(y.0):= W xh)(y),
and Gy (y,t):=1p,(».t)-G(y.1)

for each (y,?) € R’f’l and N € N. With the Lusin area function A defined as in (4-64) (with n replaced
by n + 1), from (7-19), Lemma 4.11 (used with n replaced by n + 1), and Holder’s inequality we see that

(7-20)

'/ (&M —gN)(X)h(x) dx| = ClAF | Lo @y AGM — GN) | Lo ®r).- (7-21)
R}’l
We claim that there exists a finite constant C > 0, independent of 4, such that

IAF [ » @ny < C Rl Lr @y (7-22)
and that
A(G—-Gpy)—0 in LP(R")as N — oc. (7-23)

Granted these, we may then conclude from (7-21) that

| (au—gn)()h(x) dx

lgpm—gnlLr@n) = sup
hELﬁ/(RH)’ ||h||Lp’(Rn)Sl

< CI|AGM—GnN)llLr @)
<C ||A(GM—G)||L11(Rn)+C ||A(GN—G)||Lp(Rn) —0 asM,N —o0; (7-24)

thus, {gn }Nen is Cauchy in L? (R™). The latter combined with (7-16) yields (7-15).
Turning our attention to (7-22) we first observe that

”AF”LD/(RH) = C“S®h”LP’(Rﬂ)7 (7-25)
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where Sg@ is as in (3-42) (with n replaced by n 4 1) corresponding to

(Oh)(y,1) 1= /R Yi(y —2)h(z)dz forall (y,1) e R (7-26)

Since the kernel 6(y,t;z) := ¥(y — z) of the operator ® satisfies (with ¢ = 1 and n replaced

by n 4+ 1) (3-16), (3-17), and (3-41), the hypotheses of Proposition 3.3 are satisfied, and (3-44) gives that

|Sehll; » ®n =C 71l » gy The estimate claimed in (7-22) now follows from this and (7-25).
Finally, consider the claim made in (7-23). For starters, observe that

0<AGy < AG inR", foreach N € N. (7-27)
Also,
IAG ||Lr @) = ISegllLr @) (7-28)

where now the operator ® is taken to be
(©Og)(y,1) = / t3:(PA(y—2))g(z)dz forall (y.1) e R (7-29)
Rn

Since its kernel 0(y,t;z) := t(?,(PtA (y — z)) once again satisfies (with ¢ = 1 and n replaced by n + 1)
(3-16), (3-17), and (3-41), Proposition 3.3 applies and (3-44) guarantees that ||Seg||r»®r) < ClIg|lLr @®n)-
Together with (7-28), this shows that

AG € LP(R"). (7-30)
In particular, there exists a Lebesgue-measurable set £ C R” satisfying
L"(E)=0 and (AG)(x) < +oo foreach x e R\ E. (7-31)

For each fixed x € R" \ E, we have

1
dy dt\?2
AG -G = 1., DGy, 1) , 7-32
UG-G = ([ 1y, 0:0160.0F T ) (1-32)
and the fact that (AG)(x) < 400 implies that
dy dt
0= 11y, 612161 < 22T, ST ) (7-33)

Since, clearly, an—‘rl\ Dn |G| converges pointwise to zero as N — oo, Lebesgue’s dominated convergence
theorem applies and gives that (A(G—Gy))(x) — 0 as N — oo. With this in hand, one more application of
Lebesgue’s dominated convergence theorem (bearing in mind (7-30), (7-27), and the fact that #"(E) = 0)
proves (7-23). This completes the proof of Lemma 7.1. O

Having disposed of Lemma 7.1, we now proceed to show that the BMO-H'! duality pairing is compatible
with integral pairing for dual Lebesgue spaces, as made precise in the next lemma. As a preamble, we
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recall the specific nature of the duality pairing (-, - ) between BW)([R?”) and H!(R"). Concretely, [Stein
1993, Theorem 1, p. 142] gives that for each r € (1, 00]

([f].8) = fgd<" forall f € BMO(R"), forall g € Hﬁl[;r (R™), (7-34)
Rn

which further implies that whenever f € BMO(R"), g € H'(R"), and {gn}nen C Hﬁln’r([R{”) is such
that limy 00 g§ = g in H(R"), then

lim fegn d<" exists and equals ([ f], g). (7-35)

N—oo Jpn
As a consequence, whenever f € BMO(R"), and g € H'(R") may be written as g = ZjeN/\jaj in
H(R") for a numerical sequence {A;};en satisfying ZjeN |Aj| < oo and with each a; a (1,r)-atom,
we may write

=Y % [ faazn (7-36)
j=1 ¥

Lemma 7.2. Consider f € BMO(R")N L? (R™) and g € HY(R*) N LP(R™), where p, p’ € (1, 00) are
suchthat 1/p +1/p’ = 1. Then, with (- ,-) denoting the BMO-H'! duality bracket, one has

([f].g) = . fgd<". (7-37)

Proof. Having picked r € [p, 00), Lemma 7.1 guarantees the existence of a sequence {gn}nen
Hﬁl];’(ugn) such that limy 0 g8 = g both in H1(R”) and in L? (R"). Then, thanks to (7-35) and the
LP-LP duality, we have

(1f1g) = jim [ fondz' = [ feaz", (7-38)
N—o0 Jpn R~
which establishes (7-37). O
Recall from [Garcia-Cuerva and Rubio de Francia 1985, Theorem 5.30, p. 307] that
. 1
(HI(R")* = €"(R")/~, % <q<l1, n= n(— - 1) € (0,1). (7-39)
n q

The manner in which the Holder—Hardy duality is understood in (7-39) is similar to (7-34)—(7-35).
Specifically, with (-,-) denoting the said Holder—Hardy duality bracket, ¢, n as in (7-39), and with
r € (1, oo] fixed, we have

(f].g) = / feds" forall f € €"(R"), forall ge HI"(R"). (7-40)
Rn

This further implies that whenever f € €"(R"), g € H4(R"), and {gn}nen C Hgn’r (R™) is such that
limy o0 gn = g in H4(R"), then

lim fen dZ" exists and equals ([ f], g). (7-41)

N—oo Jpn
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In particular, whenever f € ¢"(R"), and g € H?(R") may be written as g = ZjeN Ajaj in H1(R")
for a numerical sequence {A;};en satisfying ) jen |47 < oo and with each a; a (g, r)-atom, we have

([f],g)=ZA,-/ fa; d£". (7-42)
j=1 ¥

In a parallel fashion to Lemma 7.2 we have the following compatibility result.
Lemma 7.3. Suppose f € €"(R")NLP (R") and g € H1(R") N L? (R™), where p, p’ € (1, o) are such
that 1/p+1/p' =1, whileq € (n/(n +1),1) and n =n(1/qg — 1) € (0, 1). Then, with (-,-) denoting
the €"/.-HY duality bracket, there holds

(o) = [ fedz. (743

Proof. Choose some r € [p, o0). From Lemma 7.1 we then know that there exists a sequence {gn }Nen €
Hglir (I]'\t”) such that limy o gy = g both in H4(R") and in L?(R"). By virtue of (7-41) and the
LP-LP duality we may then write
(o= fim [ fovaz = [ feaz", (7-44)
N—o0 R~ R”?

which proves (7-43). O

There is another compatibility result, discussed in the next lemma, which is going to be relevant for us
shortly.
Lemma 7.4. Suppose f € €"(R") NBMO(R") and g € H1(R") N H'(R") where g € (n/(n + 1), 1)
and 1 € (0, 1) are related via n = n(1/q — 1). Then, with (-,-) and (- ,-) denoting, respectively, the
%"/ -H? and BMO-H duality brackets, there holds

(f1.e)=([11.8) (7-45)

Proof. Fix some r € (1,00) and once again invoke Lemma 7.1 to produce a sequence {gn}nen C
HZLT(R") such that limy oo gy = g both in H!(R") and in H4(R"). Then

([f].¢) = lim fen dz" =([f].8). (7-46)
N—o0 R~
where the first equality is provided by (7-41) and the second equality is given by (7-35). O

Finally, we record a compatibility result for the Holder—Hardy duality bracket considered for two
choices of the parameters involved in the definitions of these spaces.
Lemma 7.5. Assume f € €™ (R")N€"(R") and g € H9' (R") N H2(R"), where q; € (n/(n+1), 1)
and n; € (0,1) are related via nj =n(1/q; —1) for j =1,2. Then, if for each j = 1,2 one denotes by
(+,+)j the €M | .-HY duality bracket, there holds

(f1.&)1=(f].8)2- (7-47)
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Proof. Pick some r € (1, co) and introduce g := min{q1, g2}. By once more invoking Lemma 7.1, we can
find a sequence {gn}yen € HL"(R") such that limy oo gn = g both in H7!(R") and in H?2(R").
Bearing in mind that each gy belongs to both HZ!"" (R") and HI>" (R"), see (7-4), we may write

Uflgn = Jim [ fend2" = (11002 (7-48)

where both equalities are implied by (7-40). O

In the proposition below we elaborate on a standard duality procedure according to which one associates
a certain bounded mapping on BMO with any given Calderén—Zygmund operator which annihilates
constants; see, e.g., [Meyer 1990, Corollaire, p. 239; Stein 1993, p. 156; Fefferman and Stein 1972,
Corollary 2, p. 151]. The goal is to prove that the mappings induced by such a Calderén—Zygmund
operator on a variety of spaces (Lebesgue, Hardy, BMO, Holder) are all compatible with one another,
and to provide norm estimates in cases of interest. To state this result in precise terms, recall that the
class SCZ(n, y) was introduced in Definition 1.12.

Proposition 7.6. Fixn € N, y € (0,1], and let T € SCZ(n, y) satisfy T(1) = 0. Then the following
statements are true.

(i) For each p € [2,00) the operator T, originally considered on LP (R™) N L2(R™), extends uniquely to
a linear and bounded mapping
T:LP(R")— LP(R"). (7-49)

Moreover, the operators defined as above for any two arbitrary choices of p in [2, 00) act in a compatible
fashion with one another.

(ii) For each p’ € (1,2] the operator T'T, originally considered on LP "(R") N L2(R™), extends uniquely
to a linear and bounded mapping

TT.LP (R") — L?' (R"). (7-50)

Moreover, the operators defined as above for any two arbitrary choices of p’ in (1, 2] act in a compatible
fashion with one another, and whenever p € [2,00) and p' € (1,2] are such that 1/p +1/p’ =1, the
transpose of (7-49) is precisely (7-50).

(iii) The operator (7-50) further extends uniquely to a well-defined, linear and bounded mapping in the

context of Hardy spaces. Specifically, whenever n/(n + y) < q < 1, there exists a unique linear and
bounded operator

TT:HIR") - HIR"Y), (7-51)

which acts in a compatible fashion with (7-50). Moreover, the operators in (7-51), considered for two
arbitrary choices of q, are compatible with one another. Also, for each p € [2, 00) there exist 6 € (0, 1)
and ¢ € (0, 00) depending only onn,y, q, p such that, with C" as in (1-77),

1T Ml acae@ny < TN GG o @y €7+ 1T Lawe @)’ (7-52)



THE BMO-DIRICHLET PROBLEM AND QUANTITATIVE CHARACTERIZATIONS OF VMO 699
(iv) The operator
T : BMO(R") - BMO(R"), (7-53)
defined by setting (with (-, denoting the BMO-H ' duality pairing)
(T1f1.8):=([f1.Tg) forall[f] € BMOR"). forall g € H'(R"), (7-54)
is well-defined, linear, bounded, and compatible with (7-49) in the sense that for each p € [2, 00) one has
T[f1=I[Tf] forall f € BMO(R")N L?(R"). (7-55)
Moreover, for each p € [2,00) there exist 0 € (0, 1) and ¢ € (0, 00) depending only on n,y, p such that,
with C" as in (1-77),
V7l gmmsmy < TS0 @y €+ 1T oo @ny)®. (7-56)
(v) Given any n € (0, y), the operator
T:6"R")/~ — E"(R")/~, (7-57)
defined by setting, withq :=n/(n+n) € (n/(n+y), 1) and (-,-) denoting the €" | .- H? duality pairing,
(T1f).8):=(/1.TTg) forall [f]1€€"®R")/~. forall g € HI(R"), (7-58)

is well-defined, linear, bounded, and compatible with (7-49) and (7-53), in the sense that for each
p €[2,00) one has
T[f1=[Tf] forall f € €"(R")NLP[R"), (7-59)

TLf1=TLf] fordll fe€"(R") NBMO(RY). (7-60)

In addition, the operators in (7-57), considered for two arbitrary choices of 1, are also compatible with
one another.

Of course, if actually T € CZ(n, y) then we may take p, p’ € (1, 00) arbitrary (retaining condition
1/p+1/p’ =1 in the second part of item (ii) though) throughout the statement of Proposition 7.6.

Proof of Proposition 7.6. Working with T which, by design, is a bounded operator on L2(R") and
whose kernel KT e L1 (R" x R" \ diag) has the property that there exist C%, C x € (0,00) such that, for

loc
every x, y € R” with x # y and each z € R” with |x —z| < %|x—y|,

/

C |x —z|¥
T K T T //
|K " (x, y)] < Xy and |K (y.x)—K (y.2)[=C Kiy —ypv’

(7-61)
and relying on the Calderén—Zygmund lemma in the usual fashion, it follows that 7T induces a well-
defined linear and bounded mapping

TT: LY (R") - LLV®°(RM). (7-62)

Hence, via Marcinkiewicz’s interpolation theorem, we conclude that 7' : L2(R") — L?(R") has a
unique extension to a linear and bounded operator from LP/([R{”) into itself for each p’ € (1,2]. From
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[Rudin 1987, Theorem 1.17, p.15] it follows that

given p1, p2 € (1,00) and f € LP1(R") N LP2(R"), there exists a
sequence {s; }jen of simple functions in R” which converges (7-63)
to f simultaneously in LP!(R") and in LP2(R").

In turn, this readily implies that the operators in (7-50), considered for any two arbitrary choices of p’ in
(1, 2], act in a compatible fashion with one another. Consider next p € [2,00) such that 1/p 4+ 1/p’ = 1.
Since for each f € LP(R")N L?*(R") and g € L? (R") N L2(R") we may estimate

[ angazr|=|[ raTdazn| <1l T el )
= Cllfllzr@mllgly o @ny- (7-64)
and since, generally speaking,
if h e L*(R") then ||A]|L»@n) = sup hg d<™|, (7-65)
geL? ®RMNL2 R/ R”

gl 7 gy <1

we conclude that there exists C € (0,00) such that ||7f|z» @)y < C| fllL»@®n) for every function
f € LP(R™) N L%(R"). By density it follows that T, originally considered on L? (R") N L?(R"), extends
uniquely to a linear and bounded mapping as in (7-49). By once again appealing to (7-63) we see that the
operators in (7-49), considered for any two arbitrary choices of p in [2, 00), act in a compatible fashion
with one another. Finally, granted the continuity properties established above, the identity

/ (Tfgds™ = / f(TTgyde™, felLP®R)NLARY), ge L” R")NLAR"), (7-66)
R" R"
further extends by density to
/ (Tegds" = / F(TTg)de" forall feLPR"), forall g e L? (R"), (7-67)
Rn Rn

where T is as in (7-49) and T7 is as in (7-50). This finishes the proofs of the claims in items (i)—(ii).

Consider next the claims made in item (iii). Throughout, fix an exponent p’ € (1,2], set p :=
p'/(p'—1) €[2,0), take r € (p’, 00), and pick g € (n/(n + y), 1] arbitrary. Since these choices give
(n+y)/n—1/p" > 1/q—1/p’, it is possible to select

6 €(0,1)such that (n+y)/n—1/p" > (1/q—1/p")/0. (7-68)
We first claim that

for each (¢, r)-atom a in R” we have T "a € HY(R") and (7-69)
1T T allga@n < C =Tl 54 o @my(CE + 1T lawr @)’

where ¢ € (0, 00) depends only on n,y,q, p, and where Cg is as in (7-61). To see that this is the
case, fix some (g, r)-atom a as in (7-3) and observe that, since a € Lp/([R{”), the function m := T Ta is
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meaningfully defined, see (7-50), and satisfies, thanks to (7-50),
grully

1 _ 1
Il oy < 1T T o @y lallL ooy < 1T Loy Q17 74 (7-70)

In addition, the vanishing-moment condition of the atom, in concert with the second estimate for the
kernel KT of T'T in (7-61) and the size estimate for the atom, yield the decay property

|m(x )|_%|Q|l_; for each x € R" \ (20Q), (7-71)

where ¢, € (0, 00) is a purely dimensional constant and C I,é is as in (7-61). Let us also observe that since
any (g, r)-atom is a multiple of some (1, r)-atom, we have that a € H!(R"). Granted this, from (1-78)
and the fact that 7(1) = 0 we conclude that, see (1-79),

me LY(R") and m(x)dx = 0. (7-72)
Rﬂ

In turn, from the estimates recorded in (7-70)—(7-71) one may readily check that if we now introduce
b:=0/q—1/p)/60 € (1/q—1/p’,o0) we have

1-6 b9 1\6
“m”LP/(RH)‘“ ' _xQ|n m”Lp/(Rn\zg) C||T||@(Lp(Rn))(C ) (7-73)
0
Il |- =X 1" m L ) < €T sy, (7-74)

where ¢ € (0, 00) depends only on 1, y, ¢, p, and where C{ is as in (7-61). In the language of [Garcfa-
Cuerva and Rubio de Francia 1985, Definition 7.13, p. 328], (7-72)—(7-74) amount to saying that m is
a (¢, p’, b)-molecule centered at xo. Having established this, we may invoke [loc. cit., Theorem 7.16,
p. 330] to conclude that m € H4(R") and ||m||ga@n) < c||T|| g(Lp(Rn))(C['(' + ||T||@(Lp(sz)))9. This
proves (7-69).

We next claim that

for each given g € L? (R") N H4(R™"), the function 7' g, originally regarded in L? (R") by
considering the operator T'T as in (7-50), actually belongs to H4(R") and satisfies the (7-75)
estimate ||TTg||Hq(Rn) < C|lgllga@®) with C of the same format as in (7-69).

With this goal in mind, from (7-12)—(7-14) and items (a)—(c) in the proof of Lemma 7.1 we conclude that
there exist a constant ¢ = ¢y, p,4,r € (0, 00), along with (g, r)-atoms {a; }jen and numbers {A; };en, such
that

1
q
(Z |/\j|q) <cligllaamny- (7-76)
jeN
and if
N
&N = Z)\jaj foreach N e N (7-77)
j=1
then
lim gy = g both in HY(R") and in L? (R"). (7-78)
N—o0
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Note that whenever N, M € N are such that N < M, we may rely on (7-69) to conclude that

M 1
q
TT¢n. T gy € HY(R") and ||TTgN—TTgM||Hq(Rn)sc( > ww). (7-79)
j=N+1

Given that {A;};en € €9, this proves that the sequence {TTgn}nen is Cauchy in HZ(R"). Since the
latter is a quasi-Banach space, it follows that there exists some 4 € H?(R") such that imy o0 7' gn =h
in H9(R"). On the other hand, from (7-78) and (7-50) we conclude that limy e T 'gy = T " g in
L?' (R™). Hence, necessarily, T ' g = h as distributions in R”. This goes to show that T T g € H4(R"),
and we may also estimate

IT7 gl zra@ny = I1h]l ora@ny = Jim 177 gn || e @y

<C11msup(Z|)t |‘1) _C(Z A |‘1) < Cllgllge@n), (7-80)
j=1

N—o00

where the constant C has the same format as in (7-69). Above, the second equality uses the fact that
|1l 4 () is a g-norm which defines the topology on H 4 (R"), the subsequent inequality is a consequence
of (7-77), (7-69), and the subadditivity of || -
finishes the proof of (7-75).

Moving on, consider now an arbitrary g € H9(R"). Since L? (R") N H4(R") is dense in H?(R"),
there exists a sequence {g; }jen C LP (R")N HY9(R") such that lim; o gj = g in H4(R"). From (7-75)
it follows that {77 g;};en is Cauchy in H9(R"). Define 7" g to be the limit of {7 T g;};en in H(R™).
By interlacing sequences, it may shown that the limit defining 7' T g does not depend on the actual choice
of the sequence {g;};en. In turn, this implies that 77 : H4(R") — H4(R") is well-defined, linear, and
compatible with the action of 7T on L?’ (R"). To see that the operator just defined is also bounded, if g
and {g;},en are as before, write

||?_1q(Rn ) while the last inequality comes from (7-76). This

1T gl o any = jim 17" gjllga@m < C hnl)sup I8 lere ®ny = ClIg Nl Ha®n). (7-81)
J o0
where the constant C has the same format as in (7-69). In (7-81), we have used the definition of 7T on
H4(R"), the fact that lim; .o g; = g in H9(R"), the estimate in (7-75), and the fact that || - || gra (gn) is
a g-norm which defines the topology on H?(R") (in the first and last equalities in (7-81)).

In summary, for each ¢ € (n/(n+7y), 1], we have succeeded in producing a linear and bounded operator
TT: HY(R") — HI(R") which acts in a compatible fashion with 7T in (7-50) and which satisfies
the estimate in (7-52). It remains to show that these newly produced operators are also compatible
with one another as ¢ varies through (n/(n + y), 1]. To this end, fix ¢1,92 € (n/(n + y), 1] and
consider some arbitrary g € H71 (R") N H92(R"). Also, fix p’ € (1,2], choose r € (1, 00) with r > p’,
and set s := min{qi,g2}. Then Lemma 7.1 ensures that there exists some sequence {gn}nen C
Hgl’lr (R™) C L' (R™) which converges to g both in H4! (R") and in H92(R"). Then, with 7 T considered
in the sense of (7-50), the sequence {T " gy }nen converges both in H9!(R") and in H92(R"). In
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light of the manner in which the extension to Hardy spaces has been defined earlier, this shows that
the operator 7T : H9' (R") — H9'(R") acting on g, viewed in H9! (R"), agrees with the operator
TT:H®2(R") — H92(R") acting on g now viewed as a distribution in H92(R"). This concludes the
justification of the claims made in item (iii).

Going further, the well-definedness, linearity, and boundedness of TT in (7-51), together with Feffer-
man’s basic duality result (H!(R"))* = BWO(R”), ensure that 7 defined as in (7-54) is a well-defined,
linear and bounded operator in the context of (7-53). To prove the compatibility condition described in
(7-55), fix some p € [2, 0o) along with an arbitrary function / € BMO(R")N L?(R"). Then, if p’ € (1,2]
is such that 1/p + 1/p’ = 1, for each function g € H!(R") N L? (R") we may compute

(TLf).g) = (Lf1. T g) = f F(TTg)de" = / (Tf)gd". (7-82)
Rn Rn

Above, the first equality is simply (7-54), the second equality is implied by the fact that 7T g € H'(R*)N
Lp/([R”) (see (7-50), (7-51)) and Lemma 7.2, while the last equality is seen from the fact that the
adjoint of (7-49) is (7-50). Let us now select a representative & € BMO(R") of the equivalence class
T[f] € BWO([R{”), and specialize (7-82) to the case when g is a (1, r)-atom for some r € (1, c0). On
account of (7-34), this yields

had<" = [ (Tf)adz™ foreach (1,r)-atom a. (7-83)
R R

It is not difficult to see that, generally speaking,

ifge(n/(n+1),1]and r,r’' €[1,00] are such that 1/r +1/r' =1and g <r,
then a function ¢ € L{O/C(R”) satisfying [p, ¢ a d<£™ = 0 for (7-84)
each (g, r)-atom a is necessarily constant in R”.

This may be seen by considering scalar multiples of (¢, r)-atoms of the form
a=1p(x,r)/<" (B(x, R)) —1p(0,1)/£" (B(0, 1)), (7-85)

with x € R” and R > 0 arbitrary, then letting R — 0™ and invoking Lebesgue’s differentiation theorem.
In concert, (7-83) and (7-84) then prove that 4 and T/ differ by a constant. Hence, T[] = [h] = [Tf],
finishing the proof of (7-55). Finally, the estimate recorded in (7-56) is obtained by noting that (7-54)
and the quantitative aspect of the BMO-H'! duality yield

1Ty svo@ny < CnlT T laqa @) (7-86)

and then combining this with (7-52) (used here with ¢ = 1).

Moving on, from the well-definedness, linearity, and boundedness of 7T in (7-51), together with
the duality result recorded in (7-39) we conclude that T defined in (7-58) is a well-defined, linear and
bounded operator in the context of (7-57). Next, the compatibility condition (7-59) is proved much like
(7-55), this time making use of Lemma 7.3 instead of Lemma 7.2.
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Consider next the compatibility condition in (7-60). With this in mind, select an arbitrary function
f € €"(R") N BMO(R"). Then for each g € H'(R") N H9(R") we have

T1f1.0)=f1T e = (/1T &) =(T[/] 2). (7-87)

Here, the first equality is based on (7-58), the second equality takes into account the fact that 7T g €
HY(R") N HY(R"), see (7-51), and uses Lemma 7.4, whereas the last equality is implied by (7-51) and
(7-54). Pick a representative h of T[f] € BMO(R") along with a representative h of T[ fle€"(R")/~.
If we now fix r € (1, 00) and specialize the equality of the most extreme sides of (7-87) to the case when
g is an arbitrary (g, r)-atom we arrive at the conclusion that

ha ds™ = had<™ for each (¢, r)-atom a. (7-88)
R" R
On account of this and (7-84) we may then conclude that the functions h and  differ by a constant, which
ultimately goes to show that (7-60) holds.

At this stage, it remains to prove that the operators in (7-57) considered for two arbitrary choices of the
smoothness parameter are compatible with one another. To this end, pick arbitrary f € €™ (R")NE"2 (R")
and g € HY'(R")N H?(R"), where g; € (n/(n+1),1) and n; € (0, 1) are related via n; =n(1/q; —1)
for j = 1,2. For each j = 1,2, we agree to denote the €™ /.-H% duality bracket by (-, -);. Then

TIf. o)1= f1L.T 1= (f1. T )2 = (T[f]. 2)2. (7-89)

where the first and last equalities are based on (7-58), while the middle equality is a consequence of
Lemma 7.5. Specializing the coincidence of the most extreme terms in (7-89) to the case when g is a
(¢, r)-atom for some r € (1, 00) and ¢ := min{qy, ¢} then yields, on account of (7-40),

hiad<" = hya d <"  for each (g, r)-atom a, (7-90)

Rn Rl’l
where h; € €7 (R") is a representative of T[f] € €™ (R")/~ for j = 1,2. At this point we invoke
(7-84) to conclude that /1y — k5 is constant in R”, from which the very last claim in Proposition 7.6 follows.
The proof of Proposition 7.6 is therefore complete. O

Having dealt with Proposition 7.6 we are now ready to present the proof of Theorem 1.13.

Proof of Theorem 1.13. Fix n € N along with y € (0, 1] and suppose T € SCZ(n, y). Pick n € (0,y)
arbitrary. By Proposition 7.6, the operator 7' extends to a bounded linear mapping T from BW)([RR”)
into itself and to a bounded linear mapping T from £ (R™)/~ into itself. In addition, these extensions
are compatible in the sense of (7-60). From these we deduce that T maps the linear subspace X :=
(€"(R")/~)N BMO(R") of BMO(R") into X. Since 7 is continuous on BMO(R"), it follows that T
maps the closure of X in BWO([R?") linearly and boundedly into itself. Corollary 1.11 tells us that the said
closure is simply VMO(R"), so we ultimately conclude that 7 maps VMO(R") linearly and boundedly
into itself. Keeping in mind that the action of T in this setting is compatible with that of the original
operator T, see (7-55), the desired conclusion follows. O
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Theorem 1.13 is the main ingredient in the proof of Theorem 1.14, discussed next.

Proof of Theorem 1.14. According to [Meyer 1990, §9], see also [Meyer 1985, Theorem 5, p. 231],

a9y = |J {TeCzZn.y):T1)=TT(1) =0} (7-91)
o<y<l1

is the largest subalgebra of Z(LZ%(R")) consisting of Calderén-Zygmund operators in R”. Since MCOZ is
invariant under transposition, we conclude from Proposition 7.6 and Theorem 1.13 that “Q{(':O‘Z is indeed a
subalgebra of B(VMO(R")). O

Next, we present the proof of Theorem 1.15 which, once again, makes essential use of Theorem 1.13.

Proof of Theorem 1.15. Proposition 7.6 ensures that each principal-value convolution-type operator
Te associated as in (1-82) with a function ® as in (1-115) induces a well-defined linear and bounded
mapping Te on BMO(R"). From Theorem 1.13 we also know that Tg|ymo, the restriction of Tg to
VMO(R"), is a well-defined linear and bounded operator from the space VMO(R") into itself. Hence,
A5 defined in (1-116) is a subset of B(VMO(R™)). Proving that «/gg is actually a commutative
subalgebra of B(VMO(R™)) requires some preparations.

Regarding the relationship between a kernel ® as in (1-115) and its associated symbol mg as in (1-84),
two features are particularly significant for us here. First, from (1-86) we know that

if ® is as in (1-115), then mg given by (1-84) is positive

7-92
homogeneous of degree zero and of class ¥°° in R” \ {0}. ( )

Second, from [Stein 1970, Theorem 6, p. 75], or [Grafakos 2004, Proposition 2.4.7 on p. 128, and
Proposition 4.2.3 on p. 267], it follows that

given any function m € ¢°°(R" \ {0}) which is positive homogeneous of degree zero,
there exist some unique function ® as in (1-115) and some unique number ¢ € C (7-93)
such that m = ¢ + mg (actually c= [gn1m(w)dow e (E).

Consider next two functions ®1, ®; as in (1-115) and associate with them mg,, mg, as in (1-84).
Since then their product mg, me, belongs to ¥°°(R" \ {0}), thanks to (7-92), and is positive homogeneous
of degree zero (given that both mg, and mg, are), we may invoke (7-93) to conclude that

there exists a function ® as in (1-115) with the property that

me,me, = ¢ +me in R" \ {0}, where ¢ := [g,—1 mg, (w)me,(v) do. (7-94)

If ]-"E__lm denotes the inverse Fourier transform (taking functions in the variable £ into functions in the
variable x), then for each f € L?(R") we may write

(Te, 0 Te,) f(x) = Fi [me, (E)me, ) f ()]
= Fil e +me@) f©)]=cf(x) + (T f)(x), xeR". (7-95)
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Hence, Tg, 0 Te, = cI + T as operators from the space L?(R™) into itself. Also,

(To, 0 To,) f(x) = Fi A [me, (E)me, () £ (£)]
= 7L Ime,(©me, (6) f(©)) = (Te, 0 Te,) f(x).  x € R™: (7-96)
thus Tg, o Te, = Te, o T, on L2(R"). In turn, given that H ! (R™) N L?(R") is dense in L2(R"), see

(7-4), and since Tg,, Te,, Te map H L(R™) into itself boundedly and in a compatible fashion with their
action on L2(R"), see Proposition 7.6, we may conclude that

Te,°oTe, =Te, o Te, and Te, o Te, = cI + Te on H'(R"),

. (7-97)
whenever ¢, © are related to ®1, ©;, as in (7-94).

Going further, fix ®1, @2, © as in (1-115). With (-, -) denoting the BMO-H ! duality bracket, from
Proposition 7.6 and (1-82) it follows that Tg, , Te,. Te induce linear and bounded operators Tg,, Te,, To

from BMO(R") into itself according to
(T@j [71.2) = ([f]. T(:)jg) for all f € BMO(R"), forall g € H(R"), forall j € {I,2}, (7-98)
and (To[f].g) = ([f]. Tgg) forall f € BMO(R"), forall g € HY(RM),

where @j (x) := ©j(—x) for j € {1,2}, and @(x) := O(—x) for each x € R" \ {0}. Retaining the
symbol I for the identity operator on BW)([R”), we claim that these extensions satisfy
f@l o T@z = T@z o T®1 and T@l o T@z =cl + T@ on BWO(R")

7-99
provided mg mg, =c+mg in R" \ {0} for some ¢ € C. ( )

Indeed, for each f € BMO(R") and g € H!(R") based on (7-98) and (7-97) (applied to 1,0, in place
of ®1, ®,) we may write

(T, To,f1.8) = (/). T5,Ts,8) = (/. Ts, Ts,8) = (To,To,[f]. ). (7-100)
which, in view of the fact that BW)([RR”) is the dual of H!(R"), establishes the first formula in (7-99).
As regards the second formula in (7-99), for each f € BMO(R") and g € H(R") using (7-98) and
(7-97) (applied to @1, @2 in place of ®;, ®,) we may compute

(To,Toul/1.8) = (/1. T5, T, 8) = ([f). T, T, 8)

(/1. (! +Tg)g) = (! +To)[f].8)- (7-101)

The third equality above is provided by the second formula in (7-97), written for 01, 05, ® in place

of ®1, ©,, ® (whose validity is ensured by the assumptions we make on ¢ € C and ® in (7-99)). By
once again relying on the fact that BMO(R") is the dual of H!(R"), the second formula in (7-99)
follows from (7-101). Having established (7-99), we may now conclude (with the help of Theorem 1.13)
that /g5 defined as in (1-116) is a commutative unital subalgebra of the algebra of all linear and
bounded operators from the space VWO(R”) into itself. Also, the fact that if ¢ € C and the functions
O1,...,0y,0],...,0%, 0 are as in (1-115) and satisfy (1-117) then (1-118) holds is established in a
similar fashion to the second formula in (7-99).
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Consider next the claim made in item (b). For starters, the right-to-left inclusion in (1-119) is
clear from definitions. As regards the opposite inclusion in (1-119), it suffices to show that /g5 C
span{§j|VMo}15j5n. Since (1-117) holds with ¢ = —1, ® =0, and ®; = ®; = K, defined in (1-90),

for each j € {1,...,n}, we conclude from (1-117) that
n
> (Rjlvmo)* =1 in BZ(VMO(R")). (7-102)
j=1

In particular, this proves that the identity operator I belongs to the subalgebra spanned by {ﬁ ilvMot1<j<n
in %(VWD(R”)). Keeping this in mind, formula (1-119) is established as soon as we show that

To € span{R; |ymo}1<<n for each O as in (1-115). (7-103)
To this end, fix an arbitrary ® as in (1-115). To perform a spherical decomposition of ®|g»—1, we bring

in some notation and recall some basic results. Specifically, define the integers

n—z+€) _ (n—é—f;3

and, for each £ € N, let {W;;}1<;<n, be an orthonormal basis for the space of spherical harmonics of

Ho:=1, Hy:=n, and Hg:=< ) ife>2, (7-104)

degree £ on the (n—1)-dimensional sphere S”~! in R”. In particular,
Hi<({+1)-(+2)---n+L—=2)-n+L—1)<Cr "' forl=>2 (7-105)
and, if A gn—1 denotes the Laplace—Beltrami operator on S n=1 then for each £ e Ny and 1 <i < H, 05

Agn-1Wig = —L(n+L—-2)¥;; onS" 1,

¢ (7-106)
Wig(x/|x]) = Pig(x)/|x| for every x € R" \ {0},
for some homogeneous harmonic polynomial P;; of degree £ in R”. Also,
{Wi¢}eeno, 1<i<H, is an orthonormal basis for L2(S™ 1, (7-107)
hence,
[WigllL2¢sn-1y =1 foreach £ € Ng and 1 <i < Hj. (7-108)

More details on these matters may be found in, e.g., [Stein and Weiss 1971, pp. 137-152; Stein 1993,
pp- 68-75]. For further reference let us note here that, having fixed

an even integer d € N with d > [(n +1)/2], (7-109)

Sobolev’s embedding theorem then gives that for each £ € Ng and 1 <i < H, we have (with [ standing
for the identity operator on S”*~!)

d
1% llp1(sn-1) < Call (I = Agn—1) 2 W]l 12(gn-1) < Cul?, (7-110)
where the last inequality is a consequence of (7-106)—(7-108) and, generally speaking,
||\p||(6/1(Sn—l) = ||\Ij||Loo(Sn—l) + ||Vtan\lj||Loo(Sn—l) for all ¥ e(gl(sn—l)’ (7-111)

with Vi, denoting the tangential gradient to S”~ 1.,
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At this stage, observe that ©|g.—1 € L2(S"~!); hence we may expand

o H[
Olgn-1 =Y Y AWy in L2(S"7Y), (7-112)
{=0i=1
where
Aig = / O(w)¥;¢(w)dw foreachleNgand1<i < Hj. (7-113)
Sn—1

In relation to (7-113) we claim that A;, decays faster than any power of ¢; i.e.,

for each m € N there exists Cy, € (0, 00) such that

7-114
[Aig] < Cru(1 +£)7™ foreach £ e Ng and 1 <i < Hy. ( )
Indeed, if £ =0, this is immediate from (7-113). In the case when £ € N, foreachm eNandi €{l,..., Hy}
we may estimate
[Aie[~l(n +€—2)]"| = ‘/ @)t + £~ )" Wig(w) dw'
Sn—

— [ A @ly @) dw‘

f ||A’§ln_1 (®|Sn—1)||L2(Sn—1) = Cm < +OO, (7—115)

thanks to (7-113), the first formula in (7-106), repeated integrations by parts, the Cauchy—Schwarz
inequality, and (7-108) (bearing in mind that the finiteness of C,, above is implied by the smoothness
of ®). Now (7-114) readily follows from (7-115).

To proceed, we recall a basic formula and make some notational conventions. Concretely, it is well
known, see, e.g., [Stein 1970, Theorem 5, p. 73], that, in general,

if Py is a harmonic homogeneous polynomial of degree k € N in R” then

P (x) o okon Tk/2) Pe(§) ., (7-116)
Ao O = M e FeR

Also, for each multi-index o = (1, ...,a,) € Ng we abbreviate
R*:=R{'o---oR¥ in B(L*R")),
R*:=R{'0---0 R% in 2(BMO(R")), (7-117)
(Rlvmo)® := (Rilymo)*' 0+ 0 (Rulymo)™  in B(VMO(R")),
and then use these abbreviations to define, for each given polynomial P(x) = Z| al<M Cax® in R",

P(R):= ) caR*, PR):= ) caR* and P(Rlvmo):= Y ca(Rlvmo)®. (7-118)
le|<M le| <M la|<M
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For further reference, let us also observe that if A € %(BWO(IR{”)) is an operator leaving the space

VVO(R”) invariant then A|\71\7[6(R") € %(VWO(R”)) and

| Al (7-119)

oen) | acmowy) = 1Al z@om):

Returning to the mainstream discussion, we claim that, with the polynomials P;; as in (7-106) and the
Aig’s as in (7-113), we have

n re/2 ~ ~ —
w2 Z Z ’\"r((g:_—/))/z)P"‘(R) — Te in Z(BMO(R")) as N — oo. (7-120)

Once this is established, we may conclude with the help of (7-117)—(7-119) that the claim in (7-103)
holds. This finishes the proof of (1-119), modulo the justification of (7-120).
To facilitate the proof of (7-120), for each N € N introduce

N Hy

Op(x) = ZZ T ’fn(fz ZZ |x|” (x ) for all x € R" \ {0}. (7-121)

{=0i= {=0i=

Note that (7-113) implies A;9 = 0, given the vanishing-moment of ® and the fact that W;¢|gn—1 is a
constant (as seen from the second line in (7-106), noting that the polynomial P;¢ has degree zero). Then
for each N € N the function ®y is as in (1-115). Bearing this in mind, we may rely on (1-84), (7-121),
(7-116), and the fact that each P;; is a homogeneous harmonic polynomial of degree £ in R” to write

N Hp

mey (€) = (P.V.ON)(§) = ZZ(:) ;Aié ]—"(P.V | ’fn(j;?)@)
n N Hy F(E/z) i_— )
= ;};klz T+ )/2)P (—IE) for all £ € R" \ {0}, (7-122)

for each N e N. In turn, from (1-88) and (7-122) we see that for each N € N and each f € L?(R") we
have

— NP AL re/2 —
T@Nf:m®f2ﬂ2 Zgolzzl),lg WPIK(R)]{ (7—123)
Thus, for each N € N,
N A r(¢/2) , o
Toy =72 ZZM Titmyp R in BL2E), (7-124)

which, with the help of Proposition 7.6, eventually permits us to conclude that

N Hy

r/2 ~ _
Toy=m2 Z Z i F((£(+/ )/2) P;¢(R) in Z(BMO(R")) for each N € N. (7-125)
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In view of (7-125) and (7-120), the ultimate goal then becomes proving
Toy — To in Z(BMO(R")) as N — oo. (7-126)

With this aim in mind, recall from (7-56) (used with p = 2) that there exists € € (0, 1) such that for
each N € N we have
”T® - T@N ||<@(§ﬁ6(Rn))
= ”T@—@N ”,%(lgﬁ(/)(R”))
E C”l ” T@—@N ”12_(1042([@}1)) “v® - V®N ||zw(Sn—l) + Cn || T®—®N ”,%(Lz(R”))’ (7_127)

where the last inequality uses the current format of the constant C” from (7-56) given in (1-82). Next,
from (1-88) and (1-87) (used with p = 2) we deduce that, for each N € N,

1To—on | 2@2@)) < Cnlme-ey llLe®n) < Call©® —=ON [L2(sn-1y- (7-128)

Since (7-121) and (7-112) imply
N Hyp
Onlsn-1 =Y > AieWig — Olgu—r in L2(S" ") as N — oo, (7-129)
{=0i=1

it follows that [|© — Oy || 2(gn-1) — 0 as N — oo. Granted this, (7-126) becomes a consequence of
(7-127) and (7-128) as soon as we establish that

sup [VON || poo(sn—1) < +00. (7-130)
NeN

To justify (7-130), fix N € N arbitrary and observe that since ® y is positive homogeneous of degree —n,
Euler’s formula implies
x-(VON)(x) = —nOpy(x) forall x € R"\ {0}. (7-131)
Consequently,
Vian(On [sn-1)(x) = (VON) (x) = (x - (VON) (x))x
= (VON)(X) +nOpy(x)x foreach x € §"7 !, (7-132)

which, in light of (7-111), further implies

||V®N||L°°(S"—l) Sn”@]\[”%l(‘gn—l). (7-133)
On the other hand, from (7-121) we know that ®y = Zé\]:() Zflz’élkm\lﬁg on S™~!; hence for each
m € N there exists Cp, € (0, c0) such that

IVONIlLoo(sn—1) =nlONllig1(sn-1)
N Hy N
<n > > el iglgrsn-1y < CmCn Y (1407041, (7-134)
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where the last inequality is based on (7-114), (7-110), and (7-105). Choosing m large enough (depending
on n and d) so that the partial sums above converge, we ultimately see that

o0
sup [[VO || peo(sn-1) < CnCm » (14074 < o0, (7-135)
NEeN =0
which establishes (7-130). This finishes the proof of (1-119).
To deal with item (c), assume next that ® is as in (1-115) and ¢ is as in (1-120). Then
m(§) = (c +mg(€)~" foreach & € R"\ {0} (7-136)

is a well-defined function, which belongs to €’°°(R" \ {0}) and is positive homogeneous of degree zero. As
such, (7-93) guarantees the existence of a function ®¢ as in (1-115) with the property that m = co +m B0’
where ¢ := fS"*l m(w) dw € C. We claim that

mgme = (1—=cco) + M_&0—co® (7-137)

This is seen by expanding M_(8,—co® = —CMg, — CoMg, then replacing mg, by (¢ + m(:))_1 —¢o
throughout. After some simple algebra, (7-137) follows. By virtue of the second formula in (7-99), the
identity in (7-137) implies

T@OT@() =(1—cco)l + T

—c®p—co®
= (1—cco)l —cTg —coTg on BMO(R"). (7-138)
The above formula may be recast as
(cI +Te)o(col +To,) =1 onBMO(R"). (7-139)
In a similar manner we also obtain
(col +Tey)o(cl +Te)=1 onBMO(R"). (7-140)

From (7-139)—(7-140) we conclude that ¢/ + T@ is invertible as an operator on BWO(IR”), whose inverse
is col + T@O € %’(BWO([R{")). Since both operators map VWO(IR”) into itself (see Theorem 1.13), it
follows that col + T@glVMO € /g is the inverse of ¢ + T@|VM0. This concludes the treatment of
item (c).

Moving on, the first claim made in item (d), pertaining to the equivalence stated in (1-121), is seen
directly from item (c) (which yields the left-pointing implication), and Theorem 1.13 (which gives the
right-pointing implication). Consider next the second claim made in item (d). To set the stage, pick

N € N and assume ®1,...,®y are as in (1-115), while ¢1, ..., cy are as in (1-122). If we set
N
() := Z lcj +mg (§)]* for each £ € R" \ {0}, (7-141)
j=1

then the present assumptions ensure that Q is a real-valued function which is well-defined, of class €°,
positive homogeneous of degree zero, and never zero in R” \ {0}. As such, if foreach j € {I,..., N} we
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now introduce

¢j+mg (§) ¢ +mg (§)
() ()

where the second equality is a consequence of one of the formulas in (1-86), then each m; is a complex-

valued function which is well-defined, of class ¥°°°, and positive homogeneous of degree zero in R” \ {0}.

According to (7-93), these properties guarantee the existence of numbers c]’- € C and functions ®]’. as in
(1-115) such that

mj(§):= for each £ € R" \ {0}, (7-142)

mj =c;+mg, inR"\{0} foreach j € {I,..., N}, (7-143)
J
Since, by design, Z/N=1mj &)(c; + mg, (&§)) = 1 for each £ € R™ \ {0}, we then conclude that
N
> () +mg ) (e + mg () =1 foreach§ € R"\ {0} (7-144)
J
j=1
or, equivalently, N
> mg, mg, =c+mg i R™ \ {0}, (7-145)
=1
where
N N
ci= (1 -> c]’-c]-) €C and O:=-) ([0, +¢;0}}isasin (I-115). (7-146)
ji=1 j=1
Similarly to (7-99), from (7-145)—(7-146) we conclude that
N N N
Y Te, To, =cl +To = (1 -> c}cj-)l =Y {cjTe, +c;Toy (7-147)
j=1 ji=1 j=1

which, in turn, implies

N
D (€I +Tey)(c;1+To;) =1 in Z(BMO(R")). (7-148)
j=1
With this in hand, we may turn to the proof of the equivalence recorded in (1-123) in earnest. The
right-pointing implication is clear from Theorem 1.13. As regards the left-pointing implication, assume
f € BMO(R") is such that there exist g1, ..., gn € VMO(R") with the property that

[g;]1 = (c;1 +Te,)[f] in BMO(R") for each j € {1,..., N}. (7-149)
Then (7-148) permits us to express [ /] € BMO(R") as
N - _ N _ .
[£1=D"(c}I +Tor) ;1 +To,)[f1 =D (cjI + Ter,)lg;] € VMO(R"). (7-150)
Jj=1 j=1

where the membership above is provided by Theorem 1.13. Ultimately, from (7-150) we conclude that
f € VMO(R"), finishing the proof of (1-123).
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Finally, the proofs of the claims in item (e) closely parallel those in the scalar case, with minor natural
adjustments of a purely algebraic nature (designed to accommodate the present matrix-formalism). [

In turn, Theorem 1.15 may be specialized as to yield Corollaries 1.16—1.20 as indicated below.

Proof of Corollary 1.16. The strategy is to devise a suitable dictionary between the algebra formalism,
currently used, and the matrix formalism described in item (e) of Theorem 1.15, which is going to yield
(1-127) at once. To get started, fix a linear basis {eq,...,en} in A, regarded as a vector space. Then we
have a linear isomorphism
N
A9a=2ajej >a’ = (aj)lsjENGCN (7-151)
j=1

identifying algebra elements a € A with their vector realizations a” € CV. We shall also need to identify
each algebra element a € A with a certain matrix a™ € CV*N_ To define this matrix realization, consider
the family of complex numbers A, with 1 <£,k, j < N, such that

N
ej Qe =) Agjeq foreach jkefl,... N}, (7-152)
{=1
then set
N N
aM = (Z )Lgkjaj) eCNVN foralla = Zajej €A. (7-153)
j=1 1<l,k<N j=1

In relation to these realizations of algebra elements, the following identity holds:

aOb=c < aMp¥ =Y foralla,b,cec A. (7-154)

‘We next claim that
if a € A is invertible in A from the right then the matrix ™ is invertible in CV>*V. (7-155)

To see this, fix a € A which has an inverse a}l € A from the right, and pick some arbitrary (z1,...,zx)€CV.
Setc:= Zévzlaeg € A and consider b := a;l O c € A. According to (7-154), the fact thata © b = ¢
then translates into aM bV = ¢V = (z1,...,zn). Since the latter is an arbitrary vector in cN , this proves

that, as a linear map from CV into itself, the matrix aM

is surjective, and hence ultimately, invertible.
Consider next an A-valued kernel ® as in (1-125). Then ® = Z/N=1 ©®;e; with each scalar component
©®; as in (1-115) and, by definition and (7-152),
N N N
Tolf1= ) To,lfilej@ex =) Aw;Te;lfle forevery f =) frex € BMOR")® A.
Jk=1 J.k4=1 k=1
(7-156)

If we also associate with the A-valued kernel ® the matrix-valued kernel ®M as in (7-153), we may
rewrite (7-156) simply as

(Tolf1)Y =Tou[f]Y forall f € BMO(R") ® A. (7-157)
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Since (7-154) also gives
co[fDY =cM[f]V forallce A, forall f e BMO(R")® A, (7-158)
from (7-157)—(7-158) we finally conclude that
(eI +T)fDY = (M +Tem)[f]Y forallc e A, forall f € BMO(R")® A. (7-159)

It remains to observe that, since (¢ + m@(é))M =cM 4 mgu (§) for each § € R" \ {0}, from (7-155)
we have that

if ¢ is as in (1-126) then for each £ € R" \ {0}

7-1
the matrix ¢c™ + m g (§) is invertible in CN*N, (7-160)

Then (7-159)—(7-160) ensure that item (e) of Theorem 1.15 applies (with ¥ := CV), which proves
(1-127). O

Proof of Corollary 1.17. The complex Riesz transform defined in (1-131) as well as the Beurling transform
(1-91) are principal-value convolution operators of the sort discussed in (1-82). Specifically,

Re=Te, with®;(z):=—— forzeC\ {0}, (7-161)
27|z |3
. 1 (2)?
S =Te, withO(z):=—-—5=— for z € C\ {0}. (7-162)
Tz w|z|*
Their associated symbols are given by, see (7-116),
me, (§) = (P-V.01)(€) = —i/[¢] for § € C\ {0},
me, (£) = (PV.0)(§) = (B)?/|g]> =§/¢ for & € C\ {0}, (7-163)
Upon observing that for j € {1,2} we have
ceCwith|c|#1 = ce@\{—m@i(é):éetﬁ\{O}}, (7-164)

the first part of item (d) in Theorem 1.15 applies and gives that (i) < (ii) as well as (i) < (iii). This
finishes the proof of Corollary 1.17. O

Proof of Corollary 1.18. The Clifford—Riesz transform defined in (1-135) is a principal-value convolution
operator of form Ry = Tg, where the kernel is the Clifford-algebra-valued function, see the convention
in (1-133),

'n+1)/2) x
pm+D/2 x|+

O:R"\{0} - Cl, givenby O(x):= for x € R" \ {0}. (7-165)

Thanks to (7-116), its associated symbol may be explicitly identified as

me(£) = (P.V.O) () = —i&/|E| for & € R"\ {0} (7-166)
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In particular, if ¢ € Cl, is such that ¢ + i is invertible in Cf,, from the right for each vector w € §"~1 C
R" < C¢,,, then

¢ +mg(£) is invertible in C¢, from the right for each & € R™ \ {0}. (7-167)

Granted this, Corollary 1.16 applies with A := Cf, and gives the equivalence in (1-137). O

Proof of Corollary 1.19. The equivalence stated in (1-138) is an immediate consequence of (1-123) (used
with N =n and ©; := K, defined in (1-90), for 1 < j <n) upon noting that condition (1-122) presently
reads (c1,...,cp) € C"\iS" 1, d

Proof of Corollary 1.20. To recast the operator Sg in the manner described in (1-153), fix some arbitrary
differential form f € LZ(R”) ® A and, starting with (1-144)—(1-145), write (bearing in mind that the
j-th Riesz transform on L?(R") is the multiplier with symbol —i §; /|€])

S/g\f(g) =—0 Z dx; A (dxk \Y (ﬁf(é))) +671 Z dx;j v (dxk A (E]ﬁf(g))) (7-168)
J.k=1

= BE BE

Granted (1-151)—(1-152), we may consider the principal-value distribution P.V. ® ;. associated with ©
as in (1-83). Upon recalling, see [Mitrea 2013, Proposition 4.70, p. 141], that for each pair of indices
j.k e{l,...,n} we have (with F used as an alternative notation for the Fourier transform hat in R”, and
with § denoting the standard Dirac distribution in R")

953 1 1
|Jg|§ =7 (wn_1 (P.V.8®jk) + 3k 5)(5), (7-169)
for each j,k € {1,...,n} we may express
S F© = (5 v+ 1 08) o f )© = F( Ty 1 )@ 170
|§| Wp—1 n Wpn—1 n

In turn, from (7-168) and (7-170) we readily conclude that (1-153) holds.

Next, Proposition 7.6 ensures that Sy, originally considered as in (1-153), further extends to a well-
defined linear and bounded operator from the space H!(R") ® A into itself. Keeping this in mind, for
each [f] € BMO(R") ® A and each g € H}(R") ® A we may write

0 " 9—1 n
([11:808) == 3 (/1. dxentdx;v(Tg, gDl — > ([ dxiv(dx;n(Tg , )
" k=1 =l k=1
0 " 9—1 n
— 3 (1) dxj A V) D {[f].dx; V(dxj Ag)
Jj=1 j=1
6 < - -1 B
= Z(dxjA(dxkv(T@jk[f])),g)+w ) > (dxjv(dxn(To,, [f1).8)
" k=1 n=l k=1

-1 n

0 — 6
—— D MA@ VI g+ 3 {dxvidx;Alf]).g) (T-171)
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The first equality above uses 9 ik = O = Oy;, see (1-152), while the second equality is based on the
transposition formula (1-96) and the fact that the interior and exterior product of forms are dual to one
another. On the other hand, since for each [f] € BMO(R") ® A and g € H!(R") ® A we have

n

RAUL0) = (3 dsy A By(f)g) = YR 111 dxy ve)
i

j=1
=—> ([fl.dx; v R;g) =—([f].RVg). (7-172)
j=1
and, similarly,
(RV[fl.8)=—(f1.RAg). (7-173)
from (1-147) and (7-172)—(7-173) we conclude that
(Solf1.2) = ([f]. Seg) forall[f]e BMO(R")® A, forall g H'(R")® A. (7-174)

At this stage, by comparing (7-171) with (7-174) and keeping in mind the BMO-H ! duality, we conclude
that (1-154) holds.

Let us now turn our attention to the equivalences in the last part of the statement of the corollary.
As a preamble, for each w = (w1, ..., w,) € S"1, identified with the differential form of degree one
w1 dx) + -+ wy, dx, in R”, introduce the operators P, Q, acting on an arbitrary differential form
u € A according to

Pou:=won(wvu), Qupu:=wV(wAu). (7-175)

In the same vein, for each § € C\ {0} and @ € S"~! let us also set
Qopu:= BwAu+0"'ovu forallueA. (7-176)

Then, with I denoting the identity operator on A, for each w € S”~! and § € C\ {0} we have, see [Mitrea
et al. 2016a, Lemma 2.2, p. 54],

Pa)Qco=Qa)Pcu=O, Pa)‘f‘Qw:I’

’ ’ (7-177)
Pa) = Pw, Qw = Qa), and Qg’wﬂg’w =1.
In this notation, it follows from (1-140)—(1-141) that
So: L2(RM)® A — L*(R™) ® A acts on each f € L>(R") ® A -178)
according to Sg f(x) = ]-"E__l)x((—QPé-”g +671 Q¢/ie) f(§)) forae. x e R”.
Hence, Sy is a multiplier operator with symbol given by
m(§) == —0Pg/ g + 6! Qg/je) € Hom(A, A) for & e R" \ {0}. (7-179)
We now claim that
. _ _1 .
if 0 e C\ {0} and c € C\ {0,—607"} then cI + m(§) is (7-180)

invertible in Hom(A, A) for each & € R" \ {0}.
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To see this, assume 6 and ¢ are as above and fix some & € R” \ {0} arbitrary. Then, based on (7-177) it
is easy to see that ¢/ +m(§) € Hom(A, A) and ¢/ + 9_1P§/|§| —00Q¢/| € Hom(A, A) commute and
their composition is (¢ —6)(c + 6~1)1. Hence, (7-180) follows. Granted this, we may then conclude
from item (e) of Theorem 1.15 (applied with ¥ := A) that the equivalence (i) < (ii) in the last part of
Corollary 1.20 holds.

Likewise, it is visible from (1-149) that

Ro: L>(R")® A — L*>(R") ® A acts on each f € L2(R") ® A

according to Ry f(x) = —]-'E__I)X(QQ, zg—/|zg—|f(§)) for a.e. x € R"; (7-181)
hence Ry is a multiplier operator with symbol given by
m(§) := —Q¢, g/je) € Hom(A, A) for £ e R" \ {0}. (7-182)
Since, thanks to the last formula in (7-177), for each vector £ € R" \ {0} we may write
(cI — Q0,66 (c] + Q. ¢/1¢) = (> — DI,
we conclude that
if 6 e C\ {0} and ¢ € C\ {1} then ¢/ +m(§) (7-183)

is invertible in Hom(A, A) for each £ € R" \ {0}.
As such, item (e) of Theorem 1.15 (once again applied with ¥ := A) proves the equivalence (i) <> (iii) in
the last part of Corollary 1.20. O
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CONVERGENCE OF THE KAHLER-RICCI ITERATION

TAMAS DARVAS AND YANIR A. RUBINSTEIN

The Ricci iteration is a discrete analogue of the Ricci flow. According to Perelman, the Ricci flow
converges to a Kéhler—Finstein metric whenever one exists, and it has been conjectured that the Ricci
iteration should behave similarly. This article confirms this conjecture. As a special case, this gives a new
method of uniformization of the Riemann sphere.

1. Introduction

Let (M, g1) be a compact Riemannian manifold. A Ricci iteration is a sequence of metrics {g;}ien on M
satisfying
Ricgiy1=gi, ieN, Q)

where Ric g;1; denotes the Ricci curvature of g; ;. One may think of (1) as a dynamical system on
the space of Riemannian metrics on M. Part of the interest in the Ricci iteration is that, clearly, Einstein
metrics are fixed points, and so (1) aims to provide a natural theoretical and numerical approach to
uniformization in the challenging case of positive Ricci curvature (different Ricci iterations can be defined
in the context of nonpositive curvature, but these are typically easier to understand and will not be
discussed here). In essence, the Ricci iteration aims to reduce the Einstein equation to a sequence of
prescribed Ricci curvature equations and can be thought of as a discretization of the Ricci flow. Going back
to [Rubinstein 2007; 2008c], it has been studied since by a number of authors [Berman 2013; Berman et al.
2016a; Cheltsov et al. 2010; Cheltsov and Shramov 2011a; 2011b; Cheltsov and Wilson 2013; Gued; et al.
2013; Jeffres et al. 2016; Keller 2009; Pulemotov and Rubinstein 2016]; see also the survey [Rubinstein
2014, §6.5]. One of the motivations for considering (1) and not simply repeatedly applying the Ricci
tensor (as in [Nadel 1995], see also [Rubinstein 2008a, Remark 4.63]) is the gain of derivatives inherent
in (1) as well as monotonicity of certain functionals. Both of these properties will feature below.

Of particular interest has been the study of the Ricci iteration on Kéhler manifolds (for the non-Kéhler
case results are scarce, see [Pulemotov and Rubinstein 2016]). When (M, J, g1) is Kéhler, the Calabi—Yau
theorem [Yau 1978] guarantees the existence and uniqueness of the sequence {g;};en if and only if M is
Fano (i.e., has positive first Chern class c¢; (M, J)) and the Kéhler class associated to g1 is ¢; (M, J). Under
a rather restrictive technical assumption, one of us showed that g; converges smoothly to a Kihler—Einstein
metric [Rubinstein 2008c, Theorem 3.3] and made the following general conjecture (see Conjecture 3.2
of the same work):

MSC2010: primary 32Q20; secondary 14J45, 32W20.
Keywords: Ricci iteration, Kdhler—Einstein metrics, Fano manifolds.
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Conjecture 1.1. Let (M,J, g1) be a compact Kdihler manifold admitting a Kdhler—FEinstein metric.
Suppose the Kihler class associated to g1 is c1(M,]). Then the Ricci iteration (1) converges in the sense
of Cheeger—Gromov to a Kdhler—Einstein metric.

Roughly speaking, (M, g;) converges in the sense of Cheeger—Gromov to a Kihler—Einstein metric
if there exist smooth diffeomorphisms f; : M — M such that fk* g converges smoothly to a Kédhler—
Einstein metric. As we will see, our methods will actually produce biholomorphisms fj. For more on
Cheeger—Gromov convergence we refer to [Petersen 2016, Chapter 10].

The best result so far on this conjecture is due to Berman et al. [2016a], who replaced the technical
assumption of [Rubinstein 2008c, Theorem 3.3] concerning Tian’s a-invariant by the weaker assumption
of the Mabuchi energy being proper (both of these assumptions imply a Kdhler—Einstein metric exists).
Therefore, by a classical result of Tian [1997], Conjecture 1.1 holds if M admits no holomorphic vector
fields. However, the properness assumption is still too restrictive and fails in general. For example,
Conjecture 1.1 is still open even for M = S?2, the two-sphere. Furthermore, as recent counterexamples
show [Darvas and Rubinstein 2017], certain key theorems in Kéhler geometry that one might naively
expect to generalize in a straightforward manner from the case of no automorphisms require new tools
and ideas when automorphisms are present.

The main result of the present article is the resolution of Conjecture 1.1, and in fact with a stronger
convergence:

Theorem 1.2. Let (M,], g1) be a compact Kiihler manifold admitting a Kdhler—Einstein metric. Suppose
the Kdhler class associated to g1 is c1(M,J) and let {g;}ien be given by (1). Then there exist holomorphic
diffeomorphisms hy, such that h;; g1 converges smoothly to a Kahler—Einstein metric.

A key ingredient in establishing this result is our use of a Finsler metric structure on the space of Kihler
metrics introduced previously by one of us [Darvas 2015]. In this infinite-dimensional geometry, the
automorphisms of X act by isometries. We establish the boundedness of the Ricci iteration with respect
to this Finsler metric, up to automorphisms of X. This is then shown to imply the key a priori estimates
with respect to the stronger C* norms. In fact, we also show a rather stronger result: discretizations of
the K&hler—Ricci flow for any time step converge. This is new even for the case of no automorphisms
considered in [Rubinstein 2008c; Berman et al. 2016a] and resolves a more general conjecture than
Conjecture 1.1; see Theorem 1.6 below.

Uniformization of the two-sphere. As a very special case we obtain the following new method of
uniformization. Fix a conformal class of volume V on S2. As we know, in this class there is a constant
curvature metric, the round one. More precisely, let w. denote the round form of the constant-c¢ Ricci
curvature metric on M = (S2,7), given locally by

V=1 dzAdz

e (14 |z%)?

Here V = [, g2 @c =c1([M])/c =2/c. Consequently, c = % in the case where we restrict the Euclidean

metric of R3 to the unit sphere.
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Let w be any metric on S? with / g2@ =V =2/c. Introduce uo = 0, and we solve iteratively to find
u; € C®(S?) satisfying

. _ 2
Apui = Ry —2e"-1  and / etig = =, ?2)
S2 C
so that the scalar curvature of w; := e“/w satisfies R, = 2e"—17%i or equivalently, Ricw; = w;_.

(In two dimensions, Ricw = %Rwa), where R, is the scalar curvature. If w; = e¢w0, then the scalar
curvatures of these two metrics satisfy

Awyd — Ruy + Ru,e? = 0.

We note that the conformal factor is often written ¢2? elsewhere, but this is compensated for here by the
fact that R, = 2K, where K, is the Gauss curvature.)

Corollary 1.3. We fix ¢ > 0 and let w be any Kdihler form on S?* with [y @ =2/c. We introduce {u;} C
C>®(8?) by repeatedly solving the Poisson equation (2). Then, there exist Mébius transformations h;
such that h} (e"! w) converges smoothly to the round metric w.

Discretization of the Ricci flow. One of the original motivations for introducing the Ricci iteration, going
back to [Rubinstein 2007; 2008c], is its relation to the Ricci flow. Hamilton’s Ricci flow on a Kihler
manifold of definite or zero first Chern class is defined as {w(7)};er, satisfying the evolution equation

dw(t)
ot
w(0) = w,
where 2 is a Kihler class satisfying uQ2 = ¢;(M,J) for p € {—1,0, 1} and [w] = 2 [Hamilton 1982].
The following dynamical system is seen to be a discrete version of this flow [Rubinstein 2008c,

= —Ricw() + pw(), teRyi,

Definition 3.1], obtained by a backward Euler discretization with time step 7.

Definition 1.4. Let 2 be a Kihler class satisfying u2 = ¢ (M,J) for u € {—1,0, 1}. Given a Kéhler
form w with [w] = Q and a number 7 > 0, define the time-7 Ricci iteration to be the sequence of forms
{wg: k>0 satisfying the equations
Wz — Of—
Tkt TBEDT . Ricwg, + pwp., keN,
T
Wy = w.

Let us assume that & = 1 from now on; for the cases u € {—1, 0} see [Rubinstein 2008c, Theorem 3.3].
Observe that in the case when 7 = 1, the time-t Ricci iteration is precisely the Ricci iteration from (1).
Indeed, Conjecture 1.1 is in fact a special case of the following conjecture concerning the time-t Ricci
iteration for any 7 > 0 [Rubinstein 2008c, Conjecture 3.2].

Conjecture 1.5. Let (M,]J) be a compact Kihler manifold admitting a Kéihler—Einstein metric. Let Q2 be
a Kiihler class such that Q = ¢1(M,J). Then for any w with [w] = Q and for any t > 0, the time-t Ricci
iteration exists for all k € N and converges in the sense of Cheeger—-Gromov to a Kdihler—Einstein metric.
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The case when t > 1 is treated in [Rubinstein 2008c, Theorem 3.3]. However, it is the case 7 < 1
that is the most interesting and challenging. The case t = 1 is perhaps the most interesting due to the
simple geometrical interpretation (1), while the cases T < 1 are interesting due to the connection to the
Kéhler-Ricci flow. In this regime one may expect the Ricci iteration to converge to the Ricci flow in a
certain scaling limit as T — 0. The cases T < 1 are challenging since the a priori estimates are considerably
harder then. While in the regime t > 1, one has a uniform positive Ricci lower bound along the iteration;
this is no longer true when v < 1. Thus, there is no a priori control on the diameter or the Poincaré
and Sobolev constants. We work around these difficulties by analyzing the Ricci iteration in the metric
geometry of the space of Kihler potentials [Darvas 2015].

In this article, we confirm the more general Conjecture 1.5, and treat the iteration for all time steps ©
by proving the following result, of which Theorem 1.2 is a special case.

Theorem 1.6. Let (M, ], g1) be a compact Kihler manifold admitting a Kéihler—Einstein metric. Suppose
the Kdhler class associated to gy is c1(M,])) and let {wy}ren be the time-t Ricci iteration given by
Definition 1.4. Then there exist holomorphic diffeomorphisms hy, such that h,’:wkt converges smoothly to
a Kdhler—Einstein form.

2. Energy functionals

Let (M, w) denote a connected compact closed Kihler manifold. The space of smooth strictly w-
plurisubharmonic functions (K#hler potentials)

He 1= {p € C®(M) : wy =0+ v—13d¢ > 0} (3)
can be identified with H x R, where
H={wy:9 e C®(M), w, >0} 4)

is the space of all Kdhler metrics (or forms) representing the fixed cohomology class [w].
From now on let  be a Kihler form on M, cohomologous to ¢y (M, J). The Aubin—-Mabuchi functional
was introduced by Mabuchi [1986, Theorem 2.3],

y—1 . .
AM(p) := | Z/Mgowj Aoy, (5)
Jj=0

where V := [, M a)z =/ M a)g is the total volume of the Kéhler class. Integration by parts gives the useful
estimates

1 n < _ l _ n
7 /M(u —v)w, < AM(u) — AM(v) < 7 /M(u v)wy . (6)

The subspace
Ho := AM™1(0) N H, (7

is isomorphic to H (4), the space of Kihler metrics.
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Let f, € C*°(M) denote the unique function (called the Ricci potential of w,) satisfying
= 1
V=100 fo, = Ricwy —wy, —[ ef“’wa)z =1.
Vim
The Ding and Mabuchi functionals are given by [Ding 1988; Mabuchi 1986]

D(p) :=— AM(p) —log % /M efooum,
n (8)

1 3 1 1
E(p)i=— [ 1 ¢ _w"—AM — R "
(9) V/X 08— () + V/M pwg + V/M Joo

Notice that these functionals are invariant under addition of constants to ¢; hence they descend to H.
Additionally, the critical points of these functionals are exactly the Kdhler—Einstein metrics.
For ¢ € H,, with [}, efo=¢u" =V, Jensen’s inequality for the convex weight r — ¢ log 7 yields

Ent(efo %", o) = 1 log w—ga)” = 1 % log % efo 0" >0. (9)
TTe V Ix efo—opn ¥ V Ix efo—epn efo—opn -

Thus,
I
Ep) -~ / oo™ = Ent(e/o ", o) — AM(p) = — AM(p) = D(y).
M

Moreover, if

D) = E@) =, [ o

then equality holds in (9). As a result, wg = efo—bpn = efowo wg; 1.€., wy is Kihler-Einstein. This
together with the fact that Kéhler—Einstein metrics minimize both D and E allows us to conclude the
following result; see also [Rubinstein 2008b, (24)].

Proposition 2.1. For ¢ € H,,

Diwg) = Elwg)~; /M oo,

with equality if and only if Ric wy = wy.

3. The metric completion

All of the functionals introduced in the previous section can be extended to the potential space &
introduced by Guedj and Zeriahi [2007], which can be identified with a natural metric completion of A
[Darvas 2015]. The resulting metric theory provides essential tools for proving our main result concerning
convergence of the Ricci iteration. We briefly recall this machinery, referring to [Darvas and Rubinstein
2017, §4-5] for more details.

Let

PSH(M,w) = {p € L' (M, »") : ¢ is upper semicontinuous and wy = 0}.
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Following [Guedj and Zeriahi 2007, Definition 1.1] we define the subset of full mass potentials
EM,w) = {go € PSH(M,w): lim (w + V=139 max{g, j})" = o}.
J7=0 Ho=j}

For each ¢ € £(M, w), define wg :=1limj o0 1{p> j3(0+ V=103 max{g, j})". By definition, 1> j3(x)
is equal to 1 if ¢(x) > j and zero otherwise, and the measure (o + ~/—1 30 max{¢p, j})" is defined
by [Bedford and Taylor 1982] since max{¢p, j} is bounded. Consequently, ¢ € £(M, w) if and only if
[x @ = [y ", justifying the name of £(M, ).

Next, define a further subset, the space of finite 1-energy potentials

&= {(p €E(M,w): / ooy, < oo}.

Consider the following weak Finsler metric on #,, [Darvas 2015]:

6o =V [ lelog. € Ty = 00, (10
We denote by d; the associated pseudometric and recall the result alluded to above, characterizing the
dq-metric completion of H,, [Darvas 2015, Theorems 2 and 3.5]:

Theorem 3.1. (H, d1) is a metric space whose completion can be identified with (€1, dy), where
dy(ug,uy) := lim dy(uo(k),u;(k))
k—o00

for any smooth decreasing sequences {u;(k)}ren C He converging pointwise to u; € €1, i =0, 1.

Also, by [Darvas 2015, Theorem 3], we have the following qualitative estimates for the d-metric in
terms of analytic quantities:

1
—dl(u,v)f/ |u—v|a);’+/ lu—v|wy < Cdy(u,v), u,veé, (11)
¢ M M

where C > 1 only depends on w.

A crucial fact is that the formulas defining the energy functionals discussed in Section 2 actually make
sense on the metric completion £;, and then coincide with the greatest lower semicontinuous extension
of the said functionals restricted to #,, [Darvas and Rubinstein 2017, Lemma 5.2, Propositions 5.19
and 5.21]:

Lemma 3.2. (i) AM, D : H, — R each admit a unique dq-continuous extension to £ and these
extensions still satisfy (5) and (8) respectively.

(ii) E : He — R admits a dy-lower semicontinuous extension to £y and the greatest such extension still
satisfies (8).

Proposition 2.1 was generalized by Berman [2013, Theorem 1.1] to the context of the metric completion
(for a proof using the Ricci iteration see [Darvas 2017, Proposition 4.42]):

Theorem 3.3. Proposition 2.1 holds more generally for all ¢ € &;.
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Let G := Auty(M ) denote the connected component of the complex Lie group of automorphisms
(biholomorphisms) of M. The automorphism group acts on ‘H by pullback:

fni=f"n feG neH. (12)

Given the one-to-one correspondence between H and Hg, recall (7), the group G also acts on Hy. The
precise action is described in the next lemma [Darvas and Rubinstein 2017, Lemma 5.8].

Lemma 3.4. For ¢ € Ho and [ € G let f.¢ € Hg be the unique potential such that f*wy = wy.,. Then,
Jo=/0+gof (13)

Complementing the above, G acts on Hg by dq-isometries [Darvas and Rubinstein 2017, Lemma 5.9],
which allows us to introduce a natural (pseudo-)metric on the space Hq/G':

di,c(Gu,Gv) = ing di(u,g.v), u,veH. (14)
ge

4. Metric convergence of the iteration

We consider the t-step Ricci iteration equation

Oy p1yr — Per
T

=Wy Ric Oy 4 1yr

for = € (0, 1]. When t = 1, the iteration simply becomes Ric wy,  , = @y, . As explained in [Rubinstein
2008c, (33)], on the level of scalars the iteration can be written in the following manner:

1'Z(k-i-l)‘t = efw_%TIfkr_(l—%)W/f(kJrl)rwn’ k € N, (15)

with the natural normalization
l/ efw—%lﬁ/cr—(l—%)w(k-ﬂ)ra)n =1. (16)
Vim

Since 7 € (0, 1], note that (15)-(16) has a unique solution ¥(x 4 1); € He, according to [Aubin 1984; Yau
1978].

In our particular case, there will be special emphasis on working in the geodesically complete potential
space Hg, and we introduce accordingly

Ve i= Viee — AM (k) € Ho. (17)

First we generalize an inequality of [Rubinstein 2008c] (in the case v = 1) that provides a comparison
of the Ding and Mabuchi energies along the t-iteration:

Proposition 4.1. Suppose t € (0, 1] and (M, w) is a Fano manifold and V1 € Hy. Then the following
estimate holds along the iteration:

1 1 1
E(ww(kﬂ)r) - /M foo" < ;D(a)v,kr) + (l — ;)D(a)w(k_,_l),) forallk e N, (18)
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In the argument below (and thereafter) we will suppress the parameter t from superscripts whenever
this will cause no confusion.

Proof. Using (8) and (15),

v
e / Jow" = /lgefwk+l 1'/',k+1—AM(Wk+1)+ / Vi+10y,

=7 /M(;¢k+(l—;)wk+1)a)$k+l—AM(Wk+1)+V/M Wk+1w1r/lflc+l

1
= /M(Wkﬂ —Vioy, | —AM(Yiq1).

Using this identity, to finish the proof, we notice that it is enough to prove the following two inequalities
(and later add them up):

1 1
[ = v00f,, —AMO) =~ AMOp0 - (1 - ;) AM@ir),  (19)

1 1 1 1
0<——1log —/ efo=Vrkn) (1= = log —/ efo=Vrr14yn ) (20)
T |4 M T |4 M

Notice that, after rearranging terms, (19) is seen to be equivalent to

1
5 | =00}, =AM~ AMO).

Thus, (19) follows from (6). To address (20) we prove the following more general claim.

Claim 4.2. Fort € (0, 1] and g, h € C*®(X) the following estimate holds:

1 1—1
(l/ efw—gwn) (i/ efw—hwn) Si/ eSo—18—(1=Dhyn. 1)
V JIm V Im V Im

By our choice of normalization (16), this inequality implies (20).

As (21) is seen to be invariant under adding constants to g and /, we can assume that

1
—/ efomhyn = 1.
Vim

In particular, we only have to argue that

1
(7 /M =& th y forh n) / (=€) o fohgyn,

This follows from Jensen’s inequality, as the function f(¢) = t7 is convex for ¢ > 0. O

Next we show that in the case a Kihler—FEinstein metric exists, the iteration {w]’c }x di-converges up to
pullbacks:
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Proposition 4.3. Let t € (0, 1]. Suppose a Kéihler—Einstein metric exists in H, and let {¥¢ }xen be the
solutions of (15). Then there exist gy € G such that gk.w,/cr dq-converges to a Kihler—Einstein potential.

Proof. Proposition 4.1 combined with Proposition 2.1 gives

1 1 1
D(ka+1)§E(w‘/fk+l)_7/.M fa)CUn S;D(w‘/fk)—i_(l_;)D(a)l/fk-i-l)’ k e N. (22)

As aresult, {D(wy, )}; is a decreasing sequence (this is proved in [Rubinstein 2008c, Proposition 4.2(ii)]
for T = 1). We fix a Kihler-Einstein potential

Yke € Ho.

Existence of such a potential implies that both D and E are bounded below [Bando and Mabuchi 1987;
Ding and Tian 1992]. Therefore, the (monotone) sequence { D(wy, )}; converges. Additionally, by (22),

{E(wy,) — 3 [y Jow™}; converges and
1
A= ll;nE(wwl)—vf fa)a)n =11mD(w1/,l)€|R
M l

Next we focus on the potentials wl/ € Ho. By [Darvas and Rubinstein 2017, Theorem 2.4], E is
G-invariant and

E(Y)) = C1dy,6(0,y)) — Ca,
and so d1,6(0, ;) < C’. By definition, see (14), there exists g; € G such that

|
dy (Ve 1-¥)) < d1 6 (GYke, GY)) + 7= C'+1. (23)

Remark 4.4. In fact, there exists g; which achieve the equality dy (VkE, g;-¥;) = d1,6(G¥kE, GY;) by
[Darvas and Rubinstein 2017, Proposition 6.8] but we do not have to know that for our proof here.

Setting o
v i =4gj. />

by the G-invariance of E, we obtain that £(v;) is bounded. On the other hand, a combination of (11)
and (23) gives that AM(v;) = 0 and | M vla){,‘l are bounded as well. Comparing with (4), we see that
Ent(e/00", wy,) is bounded too.

By (11), d;-boundedness of potentials implies L'-boundedness, which in turn implies boundedness of
the supremum. As a result, we can apply the compactness result of [Berman et al. 2016a] (see [Darvas
and Rubinstein 2017, Theorem 5.6] for a convenient formulation for our context) to conclude that {v;}; is
dq-precompact.

Next we claim that dy (Ygg, v;) — 0. If this is not the case, then by possibly choosing a subsequence,
we can assume that dy (Ykg, v;) > & > 0. By possibly choosing another subsequence, we can assume that
dq(vy,u) — 0 for some u € £;. Lemma 3.2 gives that

b= D) = Ew)— /M Foc",

and in particular u is a Kéhler—Einstein potential by Theorem 3.3.
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By the Bando—Mabuchi uniqueness theorem [1987] u = h.ykg for some s € G. Combining this with
(23), we conclude that

1 _
dy(vg,, YxE) — o < d1,6(Gvy, Gyxe) < dy(h vy, Yxe) = di (v, hyke) = dy (vg, u).

By choice, the right-hand side converges to zero, and the lim inf of left-hand side is bounded below by
¢ > 0, giving a contradiction. This implies that d; (vg, Ykg) — 0, concluding the proof. d

5. A priori estimates and smooth convergence

In this section we prove our main result by strengthening Proposition 4.3.

Theorem 5.1. Let T € (0, 1]. Suppose a Kdihler—Einstein metric exists in H, and let {Yj.; }ren be the
solutions of (15). Then there exist gy € G such that gk.lﬂ]/” converges smoothly to a Kdhler—Einstein
potential. In particular, gzww,ﬂ converges smoothly to a Kdhler—Einstein metric.

Proof. By Proposition 4.3 there exists g € G and a Kéhler—Einstein potential ¥gxg € #Ho such that
dy (gk.w,’c, YxE) — 0. We show below that in fact gx. 1/, —co VK.
Focusing on the t-step Ricci iteration recursion, we can write

1 1
—1 * D kD %
(gx+108K) Ricwg, g1 =g Ricwy, =g (;ww,; + (1 - ;)ww,’m)
1 1
= Ogey; T\ =2 )Pu

1 1
= ;wgkﬂlf,/( + (1 - ;)w(g;_}_1°gk)-gk+1-1/f/’(+1' (24)

Set ,
Pk = gk-Vy € Ho,

Ji :=8; ogk-1€G.
With this notation, (24) becomes

. 1 1
Ricws gy = ;w(/’k + (1 - ;)wfk+l~(ﬂk+l' (25)

Without loss of generality we assume that w (the reference form) is Kdhler—Einstein. Using (25) we
can write

(1 1 _ . /T a3
V-1 aa(;‘Pk—l + (1 - ;)fk-‘/’k) = Ricwy, o, —Rico = v-I1 aalog(a)n/a)?k.(pk).
This implies
1 1
“k—1t (1 - ;) Jie-vr +1og(wy , /0") = Bj €R.

Since log is a concave function, by Jensen’s inequality,

1 n n n 1 n —
V/M log(wp , /0")w 510%7/M Of, g =0-
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By the triangle inequality, for k sufficiently large,

di(0, 0x—1) < di(Ykg,0) + 1.

Using (11) we conclude that f v Ph—10" < C. These last two estimates combine to give

b= (1=0) [, e = [ oo+ [ st romor <c.

Since fi.¢r € PSH(M, w), it is well known that [y, f.¢x@" and supys fi.@k are comparable. As a
result,

1
b (1 s s =
) M

hence we can write
_(1=1) £ op—1 _1,
w?k.wk — eBJ (1 r)fls-‘pk T‘Pkfla)” < €C ,_—(Pkflwn' (26)
Moreover, by Zeriahi’s version of the Skoda integrability theorem [Zeriahi 2001] (see [Darvas and
Rubinstein 2017, Theorem 5.7] for a formulation that fits our context most), there exists C > 0 such that,

say,

/ eTTOk=1 N <C, keN.
M
Combining this estimate with (26), we get that

”wj’zk.(ok/wn”L%M’wn) <C.

Now Kolodziej’s estimate [2005], see also [Btocki 2005], allows us to conclude that the oscillation
satisfies osc f.¢r < C for some uniform C. Note that for any u € H,, it follows from (6) that

. 1 n 1 n
infu <— | uw, <0=<— | uw” <supu,
|4 |4
so u changes signs on M. Thus, since fx.¢x € Ho, the oscillation bound implies the uniform bound

| fx-®kllLoo(ary < C. (27)

Consequently, (11) yields
d1 (0. fi.pk) = di(f 0. 9) < C.
Thus,
di(f':0.0) < dy(f 0. 00) +di (91, 0) < C".

From Lemma 5.2, proved below, it follows that { fk_1 }x is contained in a bounded set of G. In particular,
all derivatives up to order m of fk_1 are bounded by some C,,, independent of k. So, to finish the proof,
it suffices to estimate derivatives of

hk == [fi-@k
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(since that will imply the same estimates on fk_1 g = @ ). From (25) it follows that

) ) 1 1
Ric Opye = Ric Ofy 1.0k 41 = (l - ;)wfk-i-l-wk—i-l = (1 - ;)whk-u'

Using this, Lemma 5.3 implies try,, o < C, and using the fact that a);l’k /" < C by (26) we thus obtain
tre wp,, < C' 80 |Agphg| < C”, as in [Rubinstein 2008c, p. 1540]. Given the Laplacian bound, the C2:*
and higher-order estimates then follow the same way as in [Rubinstein 2008c, Theorem 3.3] (or by
applying [Btocki 2012, Theorem 5.1] directly to (26), followed by bootstrapping).

By the Arzela—Ascoli compactness theorem, {¢;}i is C k -precompact. From (11) it follows that
Ck-convergence implies d;-convergence. Consequently, any C k—convergent subsequence of {@g }x
d;-converges to Ykg. As a result, {¢x }x C¥-converges to Vg, finishing the proof. O

We note that in our arguments above the estimates depend on a positive lower bound to ¢ > 0. If this
could be avoided, then one could hope that these estimates also hold in a scaled limit, as the iteration is
expected to converge to the Kihler—Ricci flow.

Lemma 5.2. Let (X, w) be a Fano Kiihler-Einstein manifold. Let C > 0 and suppose that d1(g.0,0) < C
for some g € G. Then g is contained in a geodesic ball B C G centered at 1d with radius R := R(C) > 0.

This result is implicit in the arguments of [Darvas and Rubinstein 2017, Proposition 6.8]; see also
[Berman et al. 2016b, Lemma 2.7; Darvas and Rubinstein 2017, Claim 7.11].

Proof. By [Darvas and Rubinstein 2017, Propositions 6.2 and 6.9] there exists £ € Isomg (X, w) and a
Hamiltonian vector field X € isom(X, ) such that g = k exp;4 JX, where expyy is the exponential map
of the Lie group G (recall that J is the complex structure of X). It is clear from the definition of the action
of G on the level of potentials that k1.0 = 0. Thus we can write

C >d(g.0,0) =d;(kexpy(JX).0,0) = d; (expuy(JX).0, k71.0)=d, (expy(JX).0,0).

As shown in [Darvas and Rubinstein 2017, Section 7.1], the curve [0, 00) 3 t — expy4(tJX).0 € Hp is a
d1-geodesic ray, and hence || X || is bounded. Since Isomg (X, w) is compact, we obtain that g =k expyy J X
is contained in a geodesic ball B C G centered at Id with radius R := R(C) > 0. O

For the sake of completeness we recall a version of the Chern—Lu inequality, going back to [Lu 1968],
that gives the Laplacian estimate based on a C° estimate, elaborated in [Rubinstein 2008c, pp. 1539
1540]; see also [Jeffres et al. 2016, Lemma 7.2]. Since it is stated there in the context of incomplete edge
metrics, we state here the simpler smooth version, which follows by setting D = & in [Jeffres et al. 2016,
Lemma 7.2] or [Rubinstein 2014, Corollary 7.8(i)]. Recall that osc f := sup f —inf f.

Lemma 5.3. Let ¢ € C*(M) N Hy. Suppose that Ricw, > —Ciow — Cyw,. Then for some C =
CM,w,Cy,Cy,0sc@) >0,

try, < C. (28)
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Proof. Let f: (M, wy) — (M, w) be the identity map. Then consider the Chern-Lu inequality, see, e.g.,
[Rubinstein 2014, Proposition 7.1],

18/ > Aw, 1og [3f 1> = (Ric wp)* ® 0(3/.0 /) — wy" ® 0" ® R (31, 91.01.91), (29)
whose meaning (and proof) in local coordinates we now explain. Write
wy = v—lgi]r(z)dzi AdzZl, o= v—lhij(w)dwi Adw,

where we choose rwo holomorphic coordinate charts (z1, ..., z;) and (w1, ..., wy), respectively, centered
at the same point zg = f(z9) € M such that the first is normal for w,, while the second is normal for .

Write f:z=(z',....20) ~ f(z) =(f'(2),..., f"(2)). Then,

o P
af = fijdzl|z®ﬁ ,
Wt

and the norm of df induced from considering f as the map f : (M, wy) — (M, w) is then |0f 1?2 =
g @h;p(f) f () f{(2). Thus, at z,

32(gilhj;;f,-jflk)
9zP9zP

Aplof|> =" gP
pP.q
_ gr il _ J 7k cd Fe _Gr sl J 7k il;, ] 7k
=Y &P i o] S TG = he 8 gt g 7 S+ &y S SR
V4

= -0} ®w}) ® Ry(0/.0/.91.0f) + Ricwy)* ® w(3f.9f) + gP‘?g”hj,; l.j,f,’;. (30)
Here R,, denotes the curvature tensor of 1 (of type (0,4)), while o* denotes the metric g=! on 71:0* M/
(i.e., of type (2, 0)), and similarly (Ric w)* denotes the (2, 0)-type tensor obtained from Ric w,, by raising
indices using g. The proof of (29) now follows from (30), the identity uA,, logu = Ag,u — u|dlogu|?,
and the Cauchy—Schwarz inequality; see [Rubinstein 2014, p. 102].
We claim that (29) implies
Aww (log ey, © — (C,+2C34+ 1)) =—-Ci—(Co+2C3+ Dn+ try, @, 31
where C3 depends on the curvature of w. Indeed, the assumption on Ric w, implies
(Ricwy)* ®w(3/.0/) = g" " R;5hy;
= —Clgilgkjgijhki - ngilgkjhijhki
> —Cy try, ® — Cy(try,, a))2.

Similarly, we also have

oy @0y, ® RUOL£0£.01) = 5T RY

> —C3g" g (hi5hy + hyjhy ;) = —2C5 (e, ),
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where (3 is an upper bound for the bisectional curvature of w. Finally, the claim follows since try,, @ =
e, (0p — V—=103¢) =n— Ap,®.

Using the inequality now in (31) (at the point where the maximum of log try,, @ — (C2 +2C3 + 1)@ is
attained), the maximum principle thus gives an estimate on try,, @, depending of course also on osc ¢. [J
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CONCENTRATION OF GROUND STATES IN
STATIONARY MEAN-FIELD GAMES SYSTEMS

ANNALISA CESARONI AND MARCO CIRANT

We provide the existence of classical solutions to stationary mean-field game systems in the whole
space RV, with coercive potential and aggregating local coupling, under general conditions on the
Hamiltonian. The only structural assumption we make is on the growth at infinity of the coupling term in
terms of the growth of the Hamiltonian. This result is obtained using a variational approach based on the
analysis of the nonconvex energy associated to the system. Finally, we show that in the vanishing viscosity
limit, mass concentrates around the flattest minima of the potential. We also describe the asymptotic shape
of the rescaled solutions in the vanishing viscosity limit, in particular proving the existence of ground
states, i.e., classical solutions to mean-field game systems in the whole space without potential, and with

aggregating coupling.
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1. Introduction

We consider a class of ergodic mean-field games systems set on the whole space RV with unbounded
decreasing coupling: our problem is, given ¢ > 0 and M > 0, to find a constant A € R for which there
exists a pair (u,m) € C2(RN) x WLP(RN), for any p > 1, solving

—eAu+ HNVu)+ A= f(m)+ V(x),

—eAm —div(imVH(Vu)) =0 on RY, (1-1)

Javm =M.

The aim of this work is two-fold. Firstly, for any fixed ¢ > 0, we prove the existence of classical ground
states of (1-1). Secondly, we study their behavior in the vanishing viscosity limit & — 0.

MSC2010: primary 35J50; secondary 49N70, 35J47, 91A13, 35B25.
Keywords: ergodic mean-field games, semiclassical limit, concentration-compactness method, mass concentration, elliptic
systems, variational methods.
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The Hamiltonian H : RY — R is strictly convex, H € C2(R¥ \ {0}) and it has superlinear growth:
we assume that there exist Cz; > 0, K > 0 and y > 1 such that, for all p € RY,

Cul|pl¥ —K < H(p) <Cglpl”.
VH(p)-p—H(p)>K '|p|" =K and |VH(p)|<K|p|"™".

The coupling term f : [0, 4+00) — R is a locally Lipschitz continuous function such that there exist
Cy > 0and K > 0 for which

(1-2)

—Crm® — K < f(m) < —Crm* + K, (1-3)
with )
14 14

0 — = 1-4

<a< NG —1) N (1-4)

where y’ = % is the conjugate exponent of y.

Finally, we assume that the potential V is a locally Holder continuous function, and that there exist
b > 0 and a constant Cyy > 0 such that

Cy ! (max{|x| — Cy. 0h)? < V(x) < Cy (1 +|x])P. (1-5)

Note that the requirement of V' to be nonnegative is not crucial; we just need it to be bounded from below.

Mean-field games (MFQG) is a recent theory that models the behavior of a very large number of
indistinguishable rational agents, aiming at minimizing a common cost. The theory was introduced in the
seminal works by Lasry and Lions [2006a; 2006b; 2007] and by Huang, Malhamé and Caines [Huang
et al. 2006], and has been rapidly growing during the last decade due to its mathematical challenges
and several potential applications (from economics and finance, to engineering and models of social
systems). In the ergodic MFG setting, the dynamics of a typical agent is given by the controlled stochastic
differential equation

dXs = —vsds +v2edBs, s>0,

where v; is the control and By is a Brownian motion, with initial state given by a random variable Xj.
The cost (of long-time average form) is given by

1 T
im0+ V) + S s

where the Lagrangian L is the Legendre transform of H, see (2-1), and m(x) denotes the density of
population of small agents at a position x € RY. A typical agent minimizes his own cost, and the
density of its corresponding distribution law £(X;) converges, as s — 00, to a stationary density u,
which is independent of the initial distribution £(Xp). In an equilibrium regime, p coincides with the
population density m. This equilibrium is encoded from the PDE viewpoint in (1-1): a solution u of the
Hamilton—Jacobi—Bellman (HJB) equation gives an optimal control for the typical agent in feedback form
VH(Vu(-)), and the Kolmogorov equation provides the density m of the agents playing in an optimal way.

The two key points of our setting are the following: Firstly, the cost is monotonically decreasing with
respect to the population distribution m2; namely, agents are attracted toward congested areas. A large part
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of the MFG literature focuses on the study of systems with competition, namely when the coupling in the
cost is monotonically increasing. This assumption is essential if one seeks for uniqueness of equilibria,
and it is in general crucial in many existence and regularity arguments; see, e.g., [Gomes et al. 2016]. On
the other hand, models with aggregation like (1-1) have been considered in few cases, see [Cesaroni and
Cirant 2017; Cirant 2016; 2017; Cirant and Tonon 2018; Gomes et al. 2018].

Secondly, the state of a typical agent here is the whole euclidean space RY. Usually, the analysis of
(1-1) is carried out in the periodic setting, in order to avoid boundary issues and the noncompactness of RV,
Few investigations are available in the truly nonperiodic setting: see [Porretta 2017] for time-dependent
problems, [Arapostathis et al. 2017] for the case of bounded controls, [Gomes and Pimentel 2016] for
some regularity results and [Bardi and Priuli 2014] for the linear-quadratic framework. We observe that the
noncompact setting is even more delicate for stationary (ergodic) problems like (1-1): a stable long-time
regime of a typical player is ensured if the Brownian motion is compensated by the optimal velocity vy.
In other words, if a force that drives players to bounded states is missing, dissipation eventually leads
their distribution to vanish on the whole RY. This phenomenon is impossible if the state space is compact.
The main issue here is that the behavior of the optimal velocity vs(-) = VH(Vu(-)) is a priori unknown,
and depends in an implicit way on V' and the distribution m itself. Note that V() represents the spatial
preference of a single agent; if it grows as |x| — oo, it discourages agents from being far away from
the origin. At the PDE level, this will compensate the lack of compactness of RY. Let us mention that
even without the coupling term f(m®), the ergodic control problem in unbounded domains has received
considerable attention; see, e.g., [Barles and Meireles 2016; Ichihara 2011; 2015].

In our analysis, we exploit the variational nature of the system (1-1), which has been pointed out
already in the first papers on MFG, see [Lasry and Lions 2007], and the more recent work [Mészaros and
Silva 2018]. Indeed, solutions to (1-1) can be put in correspondence with critical points of the energy

Jan ML(=2) +V(x)m + F(m)dx if (m,w) € K¢, pm,

E(m,w) = 1-6
(m, w) +00 otherwise, (1-6)
where F(m) =f(;n f(n)dn form > 0and F(m) =0 for m <0 and
SUP,erN (—% — H(p)) if m > 0,
L(-2):=10 ifm=0,w=0, (1-7)

+o00 otherwise.
Note that mL(—nj) reads as the Legendre transform of m H(-). The constraint set is defined as
Kem :={(m,w) e L'"RM)NLIRV)x L' (R"):
& Jan m(=Ap)dx = [y w-Vedx forall g € C(§’°(RN), Jeymdx =M, m=>0 a.e.}, (1-8)

with
N
g= |7 V=N
Y, y' > N.
Under assumption (1-3) on the coupling term, the energy £ is not convex. Condition (1-4) is

necessary for the problem ez(M) := ming, yyek, ,, €M, w) to be well-posed. Indeed, consider any
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’
(mo, wo) € K¢, p such that mg has compact support. An easy computation shows that if o > yﬁ then
E@ Nmo(e™'), 0_(N+1)w0(o_1 ) = —00

as 0 — 0, so & is not bounded from below on KCg 37 We show that (1-4) is indeed sufficient for e, (M) to be
finite, and allows us to look for ground states of (1-1). This will be accomplished by a study of the Sobolev
regularity of the Kolmogorov equation; see in particular Section 2B. Note that the critical case ¢ = VN/ is
more delicate, and requires additional analysis. We also mention that another critical exponent is intrinsic
in (1-1): if ¢ > NVT/)/” one has to expect nonexistence of solutions; see [Cirant 2016]. We refer to our case
as the subcritical case, in analogy with the L2-subcritical regime in nonlinear Schrodinger equations with
prescribed mass; see [Cirant 2016, Remark 2.9] for additional comments. The analogy can be made precise
in the purely quadratic framework, that is when H(p) = %| p|?. Indeed, as observed in [Lasry and Lions
2006a; 2006b], the so-called Hopf—Cole transformation permits us to reduce the number of unknowns

in the system. Setting v2(x) :=m(x) =ce™ ¢ , with ¢ a normalizing constant, v is a solution to
—282Av+ (V(x) = M)v = — f(v?)v,

with [pn v2(x) dx = M. Then the energy reads £(v) = [on €2|VV[> + 1V(x)v? + 1 F(v?) dx.

In our approach, to construct solutions to (1-1), we look for minimizers (m, w) € kg ps of the energy
(1-6). These minimizers can be obtained by classical direct methods, by using in particular estimates
and compactness in some L? space for elements (m, w) in K, 5 with bounded action, i.e., which satisfy
fRN mL(—%) dx < C, obtained in Section 2B. Then, the existence of a solution (u., A.) of the HIB
equation in (1-1) is obtained by considering another functional with linearized coupling (around the
minimizer) and the associated dual functional in the sense of Fenchel and Rockafellar, as in [Briani and
Cardaliaguet 2018]. One has to take care of the interplay between u and m as |x| — co. To handle
the lack of a priori regularity on the function m, we first regularize the problem, by applying standard
regularizing convolution kernels on the coupling (see Section 3). We construct minimizers (my, wy) of
the regularized energy and associated solutions (uy, my) of the regularized version of (1-1). Then, in
order to come back to the initial problem, we provide some new a priori uniform L° bounds on my,
which in turn imply a priori uniform bounds on |Vuy| and (local) Holder regularity of m, that is uniform
in k. This key a priori bound is provided by Theorem 4.1.

Note that we will consider classical solutions to this system (with a slight abuse of terminology), that is,
(u,m) € C2(RN) x WL-P(RN) for all p > 1. The existence result, proved in Section 4, is the following.

Theorem 1.1. Under the assumptions (1-2), (1-3), (1-4) and (1-5), for every € > O there exists a classical
solution (ug, mg, Ag) € C2(RN)x W LP(RN)XR, forall p > 1, to (1-1). Moreover, (mg, —mgV H(Vuyg))
is a minimizer in the set K¢ pr of the energy (1-6).

We observe (see Remarks 3.5 and 4.2) that Theorem 1.1 holds under more general conditions on H
and f, that is, if there exist Cy, Cy > 0 and K > 0 such that

Ca'lpl! =K <H(p) <Cu(lpl"+1), —Cm*—K<fm)<C/'m*+K, (19

where o satisfies (1-4).
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In the second part of the work, in Section 5, we analyze the behavior of the triple (1, Ag, m,) coming
from a minimizer of £ as ¢ — 0, under the assumptions (1-2), (1-3). From the viewpoint of the model,
this amounts to removing the Brownian noise from the agents’ dynamics. Heuristically, if the diffusion
becomes negligible, one should observe aggregation of players (induced by the decreasing monotonicity
of coupling in the cost) towards minima of the potential V, which are the preferred sites. Moreover,
in the case V has a finite number of minima and polynomial behavior (that is, when (1-13) holds) we
specialize the result showing that the limit procedure selects the more stable minima of V, implying, e.g.,
full convergence in the case that there exists a unique flattest minimum.

In order to bring as much information as possible to the limit, we consider an appropriate rescaling of
m, u, namely

’ 7 4

_ _Ny" v _ Nay'—=D—y’ y
me(-) =¢ev—eNm(ev =N - +xg), Ug(-)=e Y=oV (u(e”=oN - +xg)—u(xe))  (1-10)

for all & > 0. The rescaling is designed so that (i, 712¢) solves an MFG system where the nonlinearities
have the same behavior of the original ones; i.e., H, ~ |p|¥ as p — o0, but the coefficient in front of the
Laplacian is equal to 1 for all &; see (5-19). Moreover, the pair 1, 7, is associated to a minimizer of a
rescaled energy &; see (5-23). It turns out that in this rescaling process, the potential V' becomes

NO(]// y/
VS() = gv/—aN V(gy’—aN .)’

and vanishes (locally) as ¢ — 0. Therefore, as one passes to the limit, the potential cannot compensate
anymore for the lack of compactness of R¥, and the convergence of . in L1 (R") has to be proven by
other methods. Heuristically, the aggregating force should be strong enough to overcome the dissipation
effect, but the clustering point can be hard to predict by lack of spatial preference. This is why we also
have to translate in (1-10) by x,. We will select x, to be the minimum of u,: heuristically, since u, is
the value function, this is the point where most of the players should be located. In order to recover
compactness for the sequence 7., we implement some ideas of the celebrated concentration-compactness
method [Lions 1984]. This principle states intuitively that if loss of compactness occurs, 11, splits in (at
least) two parts which are going infinitely far away from each other; that is,

Mg ~ XBR(0)Ms + XRN\B, g (0) e (1-11)

with R — 00, [ xBj(0)Ms ~a and [ XRN\Bog(0)e ~ M —a for some a € (0, M) (a third possibility
might happen, but it is easily ruled out here by local estimates). This induces a splitting in the energy &;
that is,

inf &z inf &+ inf & (1-12)

Jfm=M Jm=a Jm=M-—a

One then exploits a special feature of &, which is called subadditivity:

inf & < inf &+ inf &,
[m=M [m=a [m=M-a

which makes (1-12) impossible. While subadditivity is easy to prove for & (see Lemma 5.5), the splitting
(1-12) requires technical work, in particular due to the presence of the term mL(—%) in &, which
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becomes increasingly singular as m approaches zero (a simple cut-off as in (1-11) is not useful). The
property (1-12) is proven in Theorem 5.6. It relies on the Brezis—Lieb lemma and a perturbation argument.
The L' convergence of 171, enables us to obtain the full convergence of (iig, 7,) to a limit MFG system.
By a uniform control of the decay of m, as |x| — oo, which comes from a Lyapunov function built
upon i, energy arguments and the crucial L°° estimate of Theorem 4.1, we are also able to keep track
of x.. In terms of the nonrescaled density m,., X, is the point around which most of the mass is located.

The second main result of this work is stated in the following two theorems. The first one is about the
concentration of myg.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exist sequences ¢ — 0 and x¢ such that for
all n > 0 there exist R and ¢ for which, for all € < gy,

mgdx > M —n.
[x—x8|§R8V//(V/aN)

Moreover, x; — x, where V(x) =0, i.e., X is a minimum of V.
If, in addition, V has the form

n

V) =h@) [[lx=—x%.  C;'<h(x)<Cy onRY, (1-13)
j=1
for some x;j € RN, and bj >0 (with Z;‘l=1 bj :b), then xg — x;,withi € {j =1,...,n:b; =maxy by }.

Secondly, we describe the asymptotic profile of (i., m.) as € — 0. Note that as a byproduct we obtain
the existence of solutions to MFG systems without potential.

Theorem 1.3. Up o subsequences, (iig, mg) converges in C (RV)x Cioc RN)YNLP(RN), forall p > 1,

loc
to a solution (u,m) of

—Au+ Cg|Vul’ + 1 = —-Crm?*,

—Am — Cygy div(m|Vu|”~2Vu) =0, (1-14)
fRN m=M.
The function u is globally Lipschitz continuous on RN, and there exist c1, ¢z > 0 such that 0 < m(x) <
cre x|,

Finally, if w = —Cgym|Viu|' =2V, then

Eo(m, b) = min{Eo(m, w) : (m, w) € Ky pr. m(1+ |y|?) € LYRN)}, (1-15)

where

|w|yl 1 a+1
—— —— dy. 1-16
o B L y (1-16)

So(m,w):/ &3
RN

We finally observe that by analogous methods, one can prove existence of solutions to more general
potential-free MFG systems; see Remark 5.9.
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Notation. We will denote a classical solution to the system (1-1) by a triple
(u,m,A\) € C2RY)x WHP(RY)x R forall p > 1.
For any given p > 1, we will denote by p’ = % the conjugate exponent of p, and set

«_ Np . . _ :
=— ifp<N and p =400 ifp>=N.
N-p

For all R > 0, x € RN, we define Br(x) :={y € R : |x — y| < R}. We will set wy := | B1(0)].
Finally, C, Cy, K, K1, ... denote (positive) constants we need not specify.
2. Some preliminary regularity results

Let L be the Legendre transform of H, i.e.,

L(g)=H*(g)= sup [p-q—H(p)l. q<R™ @2-1)
pERN

The assumptions on H guarantee the following; see, e.g., [Cirant 2014, Proposition 2.1].
Proposition 2.1. There exist Cr, Cy, C» > 0 depending on Cy and on y such that for all p,q € RN,
(i) L € C*(RN \{0}) and it is strictly convex,
(i)) 0= CLlg]"" = L(g) = CL(ql” + 1),
(ii)) VL(q)-q —L(q) = C1lq|”" =€,
(iv) Cigl"" ™ = C7t < [VL@)| = €7 (g7 ™" + 1),
W) Colpl" ' =Cy < [VH(p)I = CH(pl" ™+ D).
We will use the following (standard) result on Holder functions vanishing at infinity.

Lemma 2.2. Suppose that m > 0, ||m||co.(~)(RN) < ¢y, for some 0, cy, > 0, and fRN mdx < oco. Then,

/ mdx <n
Ix|>R

max m(x) < Cr]é‘JrLN, (2-2)
|x|=R

m(x) — 0 as |x| — co. Moreover, if

for some n, R > 0, then

where C > 0 depends only on cy,, N.

Proof. By contradiction, suppose that there exists § > 0 and a sequence |x,| — oo such that m(x,) > §
for all n. We may also assume that |x, 1| > |x,| + 1 for all n. By the Holder regularity assumption,

m(x) > m(x) —cplx —xp|® > 18,
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1
provided that x € B,(x,), and rf < %. Choose r = min {1, (287]1) 71, so that By (x,) N Br(xm) = @
for all n # m. Then,

/RdexEZ/ mdsz%8|Br(0)|=+oo,

neN r(xn) nenN

which is impossible.
As for the second part, let M := max|y>g m(x) = m(X), |X| > R (note that such a maximum is
achieved as a consequence of the first part of the lemma). As before,

m(x) > m(x)—cplx —)E|0 > %M

1
for all x € B,(x), where r = (%) 7. Therefore,

N
M\©
v> [ mdr= i = s )
|x|>R 2cp
and (2-2) follows. O
We recall the following well-known result, proved in [Brézis and Lieb 1983, Theorem 1].

Theorem 2.3. Let f, — f a.e. in RN and assume | f; I »@®ny < C forall n and for some p € [1, +00).
Then

A L A A N o A T
From classical elliptic regularity, we have the following result.

Proposition 2.4. Let p > 1 and m € L?(RN) be such that

'/ mApdx
RN

for some K > 0. Then, m € WP (RN and there exists C > 0 depending only on p, such that

< K|Voll @y, forallgeCeeRN),

|Vl oy < CK.

Proof. Fix any R > 1. Let ¢y € C§°(B2(0)), ¢(Rx) := ¥ (x) (s0, ¢ € C§°(B2g(0))) and v(x) := m(Rx)
on RY. Then,

/ v AY dx
B>(0)

1
7

/ mAgdy §KR2_N(/ |V(p|p/ dy)p
B>r(0) B>r(0)
1

B»(0)

Hence, by [Agmon 1959, Theorem 6.1], v € W -7 (B;(0)) and there exists a constant C, depending
on p (but not on R), such that

_ R2-N

_N
< KR 7 ¥ llwr.0 8y0))-

_N
IVollLr g < I0lwie, o) < CKR'™? + [v]lLe (8, (0))-
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Therefore,

b . !
|Vm|Pdy] =Rv» IVv|?dx) <C|K+R» |v|? dx
Br(0) B1(0) B>(0)

= C(K + R M|m| Lo (B (0))-

1

X

Letting R — oo, we get that |[Vm| € L?(R") and the desired estimate. O

2A. The Hamilton-Jacobi-Bellman equation on the whole space. In this section we provide some
a priori regularity estimates and existence results for Hamilton—Jacobi—Bellman equations in whole spaces
of ergodic type. In particular we will consider families of Hamilton—Jacobi—Bellman equations

— Aty + Hy(Viig) + An = Fo(x) — fu(x) onRY, (2-3)

where F, — f, is locally Holder continuous, A, € R are equibounded in n, that is, |[A,| < A, and
frn € L2®RN), with || fulloo < ¢y for some ¢y > 0 independent of n. Moreover H, is for every n a
Hamiltonian which satisfies (1-2), with constants y and Cg independent of #; finally, there exists Cg >0
and b > 0 independent of n such that

Cy'(max{|x| — Cr,0})? < Fu(x) < Cp(1 +|x|)? forall n and all x € RY. (2-4)

Note that, differently from assumption (1-5) for the potential V, the function F}, can also be bounded, if
b=0.

Theorem 2.5. Let u, € C2(RN) be a sequence of classical solutions of the HIB equations (2-3). Then
there exists a constant K > 0 depending on Cgy,Cp,cr,y, N, A such that

Vin ()] < K(1+ |x]) 7. 2-5)

where b > 0 is the growth of Fy, appearing in (2-4) and y is the growth of Hy, appearing in (1-2).

Proof. Without loss of generality we may consider H,(p) = Cg|p|¥ for all n and p. Indeed, every v,
solves

—Aup + Cg|Vun|” + An = Fu(x) — fu(x) + Cx|Vun|” — Hy(Vu,) on RY,

and since |Cg|Vu,|¥ — Hy,(Vuy)| < Cqg by (1-2), we can redefine f; to include Cg |Vuy, | — H,(Vuy),
which then satisfies the bound || f4|lcoc < ¢ + Cq.
We first claim that if v € C?(B»(0)) satisfies

‘—Av + CH|VU|V| <k on B,(0)
for some k > 0, then we have for any r € [1, o],
IVl L8, 0y < C. (2-6)

where C depends only on k,Cg,y, N,r. If r € [1,00), this is proven in [Lasry and Lions 1989,
Theorem A.1]; see also [Cirant 2015, Theorem 19]. The case r = oo follows by classical elliptic
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regularity, since if 7 in (2-6) is large enough, then —Av is bounded in L4 (B 3 (0)) for some ¢ > N, and
the statement follows by Sobolev embeddings.

In view of these considerations, the gradient bound (2-5) easily follows if b = 0. For the case b > 0,
fix xo € RY, and let § = (1 + |xo|)_%. Let

vp(y) = 812'%14,,()60 +38y) on RV
Then, v, solves
—Avy + Cg|Vuu|” =87 (Fu(xo +8y) — fu(x0 4+ 8y) — An).

Since § <1,

Cr(3+|xo))? +cr + 2

87 | Fu(x0 +8y) — fa(xo +8y) — An| < 0 ra)? =G
for all y € B,(0) by (2-4) and the bound on f,.
Therefore, by the first claim,
IVUallLoo(B, o)) < C
for all n. In particular, choosing y = 0,
[Vitn (x0)| = 6777 [V, (0)] = (1 + [xo]) 7,
and the desired estimate follows. O

Moreover, we prove the following a priori estimates on bounded-from-below solutions to (2-3).

Theorem 2.6. Let u,, € C2(RY) be a family of uniformly bounded-from-below classical solutions to
(2-3), that is, for which there exists C > 0 such that u,, > —C for every n.
If b = 0in (2-4), we moreover assume that there exists § > 0 and R > 0 independent of n such that

Fo(x)— fu(x)—A, >6>0 forall |x|> R. 2-7)
Then there exists C > 0 such that
I,t,,()c)2C|x|1+§—C_1 foralln e N, x e RY, (2-8)
where b > 0 is the growth power appearing in (2-4) and y is the growth power appearing in (1-2).

Proof. The proof is based on the same argument as in [Barles and Meireles 2016, Proposition 3.4], we
sketch it briefly for completeness. Since u, is bounded from below we can assume u; > 0, up to addition
of constant C (without changing the equation).
We assume by contradiction that (2-8) does not hold. Then there exist sequences x; and up, such that
|x;| > 2R, |x;| = +o00, and
Up, (x1)

b
xg)
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Leta; = %|xl| and we define the function

1
vl(x) = m”nz(xl + apx).
a; v

By Theorem 2.5, we get |Vuy,, (x)| < K(1 + |x|)§. Therefore, v, |Vv!| are uniformly bounded.

I

Moreover, v* is a solution to

)

b_4q b
—ay Avl + Hy,(a) Vvl) + An, = Fn, (1 +a1x) — fn,(x; +a;x).

In particular, recalling (1-2), we get that v’ is a supersolution to
b_1-p _
—a; Avl + CH|Vvl|y >aq b(—)\n, + Fp,(xp +a;x) — fo,(x; +a;x)).
Note that, for every [ sufficiently large, by (2-4) and by (2-7) (in the case b = 0) the right-hand side
above satisfies

arl (=, + Fu, (X1 +a1x) — fu,(x; +azx)) > 0

for x such that |x| < 1.

. . _ b_1-b
Moreover, passing eventually to a subsequence, we get vl > locally uniformly in 7 and a

I — 0.

So v is a supersolution to Cgx|Vv|¥ > § > 0 in B(0, 1) with homogeneous boundary conditions (since
v > 0). By comparison, recalling the explicit formula of the solution to the eikonal equation |V f|¥ = C
in B(0, 1) with homogeneous boundary conditions, we conclude that v(x) > C ¥ (1 —|x|) for all x such
that |x| < 1. Moreover, by uniform convergence, we get that, eventually enlarging C and taking /
sufficiently large, v’ (x) > C %(1 —|x]) for all x with |x| < 1; in particular v!(0) > C v, Recalling the
definition of v/, we get that v/ (0) — 0, which yields a contradiction. O

Define
An = sup{A € R : (2-3) has a solution u, € CZ(R™)}.

Theorem 2.7. Assume that for every n the function F,, — f, is bounded from below uniformly in n:

() An < oo for every n, and there exists, for every n, a solution u, € C2(RY) to (2-3) with A, = An.
Moreover
Ay 1= sup{A € R : (2-3) has a subsolution u, € CZ(RN)}.
(ii) If Fy, satisfies (2-4), with b > 0, then, for every n, the solution u, to (2-3) with A,, = )_\n is unique up
to addition of constants and satisfies (2-8).

(iii) If F, = 0, and there exists § > 0 independent of n such that

limsup fy(x)+ A, <—8 <0, (2-9)

|x|—>+00

then for every n there exists a solution to (2-3) with A, = An which satisfies (2-8) with b = 0.
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Proof. (i) The proof of this result can be obtained by a straightforward adaptation of the proof of Theo-
rem 2.1 in [Barles and Meireles 2016], using the a priori estimates on the gradient given in Theorem 2.5.
Observe that actually in that paper a stronger assumption on the regularity of F;, — f; is required, in
particular local Lipschitz continuity. This assumption is used to derive a priori estimates on the gradient
of solutions by using the so-called Bernstein method, see Appendix A in [Barles and Meireles 2016],
which depends also on the L% norm of V(F, — f,). In our case we can weaken this assumption to just
Holder continuity (so still ensuring classical elliptic regularity) since we are using a priori estimates on
the gradient given in Theorem 2.5, which depends only on the L°° norm of F;, — f,, and are obtained in
[Lasry and Lions 1989] by the so-called integral Bernstein method.

(i) For the proof we refer to [Ichihara 2011]; see also [Barles and Meireles 2016; Cirant 2014]. In
particular in [Ichihara 2011], it is proved that u, is bounded from below. By looking at the proof, it
is easy to check that, due to the uniformity in n of the norms of coefficients, the bound can be taken
independent of n, and by Theorem 2.6 we get the estimate on the growth.

(iii) By adapting the argument in [Barles and Meireles 2016, Theorem 2.6], we get that there exists a
bounded-from-below solution to (2-3) with A, = /_\n, with bound uniform in n. Then using Theorem 2.6,
we get the estimate on the growth. We give a brief sketch of the proof of the existence of a bounded-
from-below solution. For every R > 0, we consider the ergodic problem

—AuR + H,(Vul) + AR =~ |x| <R,

2-10
u,If(x)—>+oo, |x| — R. ( )

Using the result in [Barles et al. 2010], we get that for every R > 0 there exists a unique )L,If and a unique
up to addition of constant solution u,lf e C%(BR).

First of all we claim that limg AR = A,,. It is easy to check that if R’ > R, then AR’ < AR and moreover
that AR > An. So, the sequence AR is converging as R — 400 to some A% > An. Additionally, by the
same argument as in Theorem 2.5, we get that for every compact K C R¥, there exists a constant C > 0
such that |Vu,lf| < C in K for every R sufficiently large and for all n. Without loss of generality we can
assume that u ,If(O) =0 for every R. So, using the gradient bound, and elliptic regularity, we conclude that
u,lf is bounded in C?(K) by some constant independent of R. Hence, by the Ascoli—Arzela theorem, and
via a diagonalization procedure, we get that u ,If converges locally in RY, with u,, € C2(R"). Moreover,
Up is a solution to (2-3), with A = A;. Recalling the characterization of A, and the fact that Ay > dn, WE
conclude that 1* = 4,,.

Then, we consider xX € B such that
R

uB(xR) = min uk

lx|<R
Recalling that u,lf is a solution to (2-10), we get by computing the equation at x,f and by recalling that
H,(0) <0, that
A+ S () = Hu(0) + A58 + f () 2 0.
Using condition (2-9), and recalling that )t,lf — A, We get that there exists a compact set K (independent
of R and of n) and Ry > 0 such that for all R > Ry we have x,f e K.
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Recalling that u,lf (0) = 0 and |Vullf| < C in K with C independent of n, R, we conclude that
u,If(x Rr) > —C for some constant C independent of n, R. But, this implies, since u,’f(x) > u,lf(x,lf) for
every R, that passing to the limit u, (x) > —C, with C independent of n. O

2B. A priori estimates for the Kolmogorov equation. In this section we provide general a priori estimates
for pairs (m, w) € (LY RYN)NWH4(RN)) x L1 (RV) such that Jav m(x) =M and —eAm +divw =0,
where

! />N
q=§V’ v =N @-11)

N ’
=y V<N

Lemma 2.8. Let f < NN—_qqforq < N,and B < +o0 forq > N. We define 1 <r < f as follows:

1 1 ( l)l
roy y'/)B

Then, there exists a constant C, depending only on N and B, such that

1 w
m - <C ; m|—
il = (5 [ ]

1
CrL w v i
=¢ (81” /[RN mL(_E) dx M) ||m”ZB(R’V)’ (2-13)

where Cp, = Cr(Cy, y) is the constant appearing in Proposition 2.1.

% 4

/ ) 1
dx + M) ||m||ZB(RN)

We now assume that
/

Y
1<fB<l1+4+—. 2-14
B + N (2-14)

Then, there exists § > O such that

Il iy < € o p ([
g¥’ RN |m

v 1 w
Ly r(14+8)8-1 w i
LA@EN) S dx) =CCL_M /RN mL( m) dx, (2-15)

where the constant C depends only on y, N, and B.

Proof. Since m € W14(R"), by Sobolev embedding and interpolation, we get that m € LA (RV). Using
—eAm +divw = 0, we get for all ¢ € Cé’o([R{N),

8/ Vm-Vgodx=[ w-Vedx.
RN RN

Using the Holder inequality, recalling (2-12), we obtain

1 1
- w-Vodx| < -
& JrN RN &€

1 / w

<|\— m|—

ey JpgN M

4

14 v 1
O I A s
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Therefore, we get that for all ¢ € C§° (RN),

1 Y
/ Vm-Vodx 5( // m‘E
RN 24 RN m

We apply then Proposition 2.4 and we obtain that m € W 1" (RY) and that there exists a constant C,

1 wl”
y -
RN m

From this inequality, using Proposition 2.1 and recalling that by interpolation, since [|m|[1gyy = M,

1
V7

@) 11 o190

depending only on r, such that

4

1
y/
@) 1 216

VmlLr@ny < C(e

1
Il vy < 7, M

we conclude the desired inequality (2-13).
Now we fix 1 such that

lz(l_L)LH_ N _ N T
n r NJN+1 N+1 N+1r
Note that, by a simple computation using (2-12), we get
11 N Y
E_E:N—HW( - _N)

therefore, by (2-14), we conclude that n > 8. By the Gagliardo—Nirenberg inequality, and recalling that
lm|l1 = M, we get

_N_ 1
lmllLn@ny < CIVmI| Ly gy M TFT. (2-17)

Since 7 > B, by interpolation we get that there exists # > 1 such that ||m||? ||m||Ln(RN)M9 1

Actuall
ctually l_(l_l)(N_i_ ) i
0\ B I+ N(1=-5H) (=)

So, we substitute in (2-17) and (2-16) and we get, elevating both terms to y’ %,

gy N+1 NE1_ w Y
Il gy =€ G 1>(/ m‘_
RN m

LB[RN) —

7

' P
dx) ”m”Zﬂ(RN)‘ (2-18)

LBRN) —

Now, since 8 > 1, by (2-14), we get

NAL Yy By B [
SIS L (A .
Oy ~ v T NG-D) 'B+,B—1 N+ B1>0
Therefore we deduce (2-15) from (2-18) with
1 /
5=ﬂ—[)’ +1—ﬂ] (2-19)

This concludes the proof. O
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Corollary 2.9. For every r < q, there exists C > 0 depending on N, y' and r such that

C /
lmllwr@ny = 7 (CL /RN mL (—%) dx +¢¥ M). (2-20)
Moreover, if y' > N (so ¢ > N), then m € C%? (RN and
C w ’
[mlcoemny < o (CL /[RN mL(—E) dx +¢¥ M) (2-21)

Proof. For ¢ > N (equivalently ' > N), we fix r < ¢ and we choose  which satisfies (2-12) for such r.
By the Sobolev embedding theorem, W 1> RN is continuously embedded in LB (RM). So, there exists
C depending on N and r such that ||m||psgny < Cllm||y1.-gny. Using inequality (2-13), we get

C w
7 mi—
eV \Jry |m
C w
7 m)—
24 RN

m

y/
Il sy < dx + & M).

If we substitute again in (2-13) we get

v
”m”WI.r(RN) < dx +8y M)

In particular for ¢ > N, we can choose r > N and by the Sobolev embedding theorem we get that there
exists =1 — g and a constant C > 0 depending on N and r such that

C w
m .0 < — m|—
mllosqany = 5 [

C /
= /(CL/ mL(—E) dx + & M).
24 RN m

For ¢ < N, we fix r < ¢, and choose the corresponding § in (2-12), which satisfies f < N%y’ Hence

y/
dx + ¢ M)

we conclude again using inequality (2-13). O

3. Regularization procedure and existence of approximate solutions for ¢ > 0

3A. The regularized problem. We consider the approximation of the system (1-1)
—eAu+ H(Vu) + A = fr[m](x) + V(x),
—eAm —div(imV H(Vu)) =0, 3-1)
Jav mdx =M,

where

Al = fons w00 = [ e[ memo-ndz) a6

and yy, for kK > 0, is a sequence of standard symmetric mollifiers approximating the unit as k — oo.
We observe that fi[m](x) is the L2-gradient of a C! potential Fj : L1(RY) — R, defined as

Felm] = /R Fomx ) d, (3-3)
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where F(m) = f(;n f(n)dn form > 0 and F(m) = 0 for m < 0. Note that using Jensen’s inequality and
(1-3), we get that for all m € L1(R") such that m > 0, and Jan m(x)dx =M,

C C

_f / m T (x)dx — KM < Fy[m] < ——f/ mx (N dx + KM, (3-4)
a+1 Jgn o+1 Jgy

In order to construct solutions to the system, we follow a variational approach and we associate to

(3-1) an energy, as already described in the Introduction. We define the energy

Jan mL(=2) 4+ V(x)mdx + Fi[m] if (m,w) € Ke,p.

. (3-5)
+00 otherwise,

8k(m,w)::{

where K¢ ps is defined in (1-8) and L is defined in (1-7). We recall that the exponent g appearing in the
definition of ICg ps is
y— %% )/: <N,
v, y' > N.
Therefore, g < y’. Observe that, if g < N,
«_ 9N N
N—q N-=y"

q

and that ¢* > 1+ % > 1 +a by (1-4). If ¢ = y' > N, then we let ¢* = +o0.
3B. A priori estimates and energy bounds. In this section, we provide bounds from below for the
energy &, ensuring in particular that the minimum problem is well-defined.

Lemma 3.1. Let (m,w) € K¢ pr. Then

‘aN

Ex(m,w) > —K —Cg~ v=an, (3-6)

where C, K > 0 are constants depending only on N, M, Cr,y, o, M.

In particular there exists finite

ek (M) = inf Er(m, w).

(m,w)€eke, pmr

Proof. Recalling that IV > 0, using estimate (3-4) and applying (2-15) with « = 8 — 1, we get

C
Sk(m,w)Z/ mL(—ﬂ) dx — —7 / m*tldx — KM
RN RN

m o+1
o 1—(148)(1+ (1+a)(1+5) 1 (1+a)
> Ce¥’ M 1—0+8)( "‘)IlmllLafi _a_H||m||La+°§ —KM

v 1 I+3
> 85— ) " _kMm
z—Cés ((8+1)(¢x+1)) :

where C is a constant depending only on N, M, Cr,, y, @ and

5:1[V——a]. (-7)
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Therefore, substituting in the energy, we get

"'—aN) _ van N Y—aN
gk(m’w)z_cwg % ( g )V —

y—aN |
aN y(ax+1)
which gives the desired inequality. O
We get also a priori bounds on minimizers and minimizing sequences.
Proposition 3.2. Let (m,w) € K¢ pm be such that eg ((M) > & (m, w) —n for some positive 1. Then

y/

w _ ¥/'Na
/ m|Z| dx < Ce v N + K, (3-8)
RN m
_ ¥/'Na
ImlI3ads gy < Ce7=Ne + K (3-9)

for some C, K positive constants which depend only on o, N, V, Cp, n.

Proof. First of all we observe that there exists C > 0 depending on M, Cr,, Cy such that
eko(M) < C. (3-10)

Letm = ce"x‘, where ¢ is chosen to have f[R" mdx = M, and w = ¢Vm, so that (m, w) € Kz pr. By
assumption (1-5), we get [, mV(x) dx < C for some constant C > 0, by (3-4) we get F[m] < KM
and by the properties of L in Proposition 2.1 we have

,J//
/ mL(—f) dx < (8 ,+CL)M.
R? m Cy

So, in conclusion e (M) < & (m,w) < C as required.
Note that if (m, w) € K¢ pr, and eg(M) > E(m, w) — n for some positive 7, then, by (3-4), by the fact
that V' > 0, and by the properties of L in Proposition 2.1, we get

4

Y C
C+rzzeg(M)+n28k(m,w)z/ m‘E — L et lgy —KM. (3-1D)
RN m o +1

We apply (2-15) with o = § — 1, and we obtain

Y’ C

C—l—n—i—KMz[ m‘ﬂ — L et gy
RN m o +1
. 1+oa+8) € 1+
> Ce? M AHDAH) g (RDAHD Ly 4D,
a+1

Recall that § + 1 = % which can be computed using (2-19), so

Y y'Na

§ y' —Na’

Note that if we choose A sufficiently large (depending on §, M, Cr, Cp ), we get

Ce?' MI=0+9+a) (=75 g)145 _ %(g—ys/A) >C+n+KM,
o
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from which we conclude that ||m||21;;°? <e75 A, and so estimate (3-9) holds. Estimate (3-8) comes
from (3-9) and (3-11). O

3C. Existence of a solution. We are now in the position to show existence of minimizers of the energy &
in the class K¢ ps for every e, M > 0.

Proposition 3.3. For every e > 0 and M > 0, there exists a minimizer (my, wx) € K¢ pm of Ek, that is,

Ex(mp, w) = inf Er(m, w).
(m,w)eke m

Moreover, for every minimizer (my, wx) € K¢ pm of Ek, there holds
b
m(1+|x)b e LYRN),  wp(1+|x])¥ € LYRY), (3-12)

and there exist constants C > 0 and K, independent of ¢ and k, such that

w
mp
RN

v _ vaN
—| dx +/ mpV(x)dx + ||mk||]‘f3:1(RN) <Cg 7-Ne + K, (3-13)
mi RN

Proof. Let (my, wy) € K¢ p be a minimizing sequence, that is, & (my, wy,) — ek (M). This implies
that, choosing n sufficiently large, & (my, wy,) < es(M) + 1. From this and (3-4) we get

C
/an(—ﬂ)der/ V()mn dx < E(mp, wp) + —2— | m@dx + KM
RN my RN 0(+1 RN
C
<ep (M) +1+—L- / m2tl 4 KM. (3-14)
’ O[+1 RN

By Proposition 3.2, we get
_vaN_
720 || Lot +/ mi™V \wp|” dx < Ce™vV=aN + K.
RN

We conclude also that
'aN
/ V(x)myu(x)dx < Ce v—=an +K
RN

for some C, K > 0. These estimates will imply (3-13), after passing to the limit, using Fatou’s lemma.
Moreover, by Corollary 2.9, we have that there exists C, > 0 depending on ¢ such that for all r < ¢,

||mn||W1J‘ RN E Cg.
(RN)

Moreover, due to Sobolev embeddings, we get ||my || s g~y < C¢ for all s < g*. In addition, by applying
the Holder inequality, we get that there exists C > 0 such that
oa+1

vaty’ L , Y +a e W
/[;;gN |wy| Y+ dx < C(/RN mé Y wn Y dx) ”mn”I(Jaat-ll)((g;?).

By these estimates and Sobolev compact embeddings, we get that eventually extracting a subsequence
via a diagonalization procedure, m, — mj weakly in W17 (RY) for all r < ¢ and strongly in L*(K) for
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/C¥+ 4
all 1 <s < ¢* and for every compact K C RY, and w,, — wy weakly in L ] (RN). By using the fact
that fn V(x)my,(x)dx < Cg and (1-5), we get that for all R > 1,

Qzﬁgmﬂnwnwz/

|x|>R

my(x)V(x)dx > CRb/ my(x)dx.
|x|>R

So for every ¢ > 0 fixed and all > 0, there exists R > 0 for which fl X|>R my(x) dx < n: up to extracting
a subsequence we get that m, — my in LY(R"), and so Jgn mg(x) dx = M. By the boundedness of
my in LS(RN) for all 1 <s < ¢*, we then have m,, — my, strongly in L*T1(R¥). Finally, observe that

from (3-13), using (1-5), we conclude that my (1 + |x|?) € LY(RN). Moreover, we get

’ 1

Y / 12
/ |wk|dx5f |wk|(1+|x|)3dxs(/ 'wy’i'_ldx)y (/ mk<1+|x|>bdx),
RN RN RNmk RN

b
and so wi (1 + |x|)¥ € LY(RV).
Therefore the convergence is sufficiently strong to ensure that (my, wi) € K¢ pr. We conclude that

(my, wy) is a minimum of the energy, by the lower semicontinuity with respect to weak convergence of
the functional [y mL(—%)+ V(x)m dx and by using the fact that Fy[m,] — Fi[mg], since m, — my,
strongly in L*t1(RN). O

Using the minimizers we constructed in Proposition 3.3, we prove existence of a classical solution
to (3-1).

Proposition 3.4. There exists a classical solution (uy, my, Ay ) to (3-1) that satisfies for some constant
Ck e > 0 the inequalities

b _ b
IVur ()] < Cree(1+1x]7), we(x) = Cod (14 x'F7) = Cpp. (3-15)
Additionally there exist C, K > 0 not depending on ¢, k such that
y'aN

'aN
_K—Cs v=aN <), <Cg 7-aN + K. (3-16)

Proof. Let (my, wy) be a minimizer of & . Define the space of test functions

VY (x)| |AY (x)]

A=Ap, =V € C2RN): lim sup ——— < o0, limsup—b <00y . (3-17)
Ix|—o0  |x|¥ x|>oo |
Note that we also have, for all ¥ € A,
: ¥ (x)]
lim sup b < 00

|x|—=>00 |x|?
We claim that
—8/ mp Ay dx:/ w Vi dx forall y € A. (3-18)
RN RN
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Indeed, consider a radial smooth cutoff function y(x) which is identically equal to 1 in B;(0) and
identically zero in RV \ B»(0). Set yg(x) := x(%); we have |Vyg| < CR™! and |[Ayg| < CR™2 on
R for some positive constant C.

Since the equality eAmy = div wy holds in the weak sense on RY, we may multiply it by y gy with
¥ € A and integrate by parts to obtain

e /B mk(URAY + 2V -V r + YA R) dx = / wi- RVY +YVeR)dx.  (3-19)
2R

Bagr

Note that for some positive C,

/ |ka1p|dx§C/ |wk|(1—|—|x|)%dx<oo, / mk|Aw|dx§C/ mk(1+|x|)bdx<oo
RN RN RN RN
by the integrability properties (3-12). Moreover,

b
(1+]xpr*!

[ mdvliselar=c [ om SR

R<|x|<2R R<|x|<2R R

b
§C1/ me(1+|x))» Ydx >0 as R— oo,
R<|x|<2R

because % — 1 < b. Reasoning in a similar way, we also have that fRSl)CISZR mEVy - Vygr and
fR§|x|§2R wy - ¥V xRr converge to zero as R — oo. Equality (3-18) then follows by passing to the
limit in (3-19).

Therefore, recalling the integrability properties of my, wy obtained in Proposition 3.3, the problem of
minimizing & on K¢ ps is equivalent to minimizing & on K, where

"(@+1)
K:={(w,m)e(L' AWLYRNYx L Ve (RN : (w, m) satisfies (3-12), (3-18), m > 0, Javm =M}

for some r < g. As in [Briani and Cardaliaguet 2018, Proposition 3.1], the convexity of L implies that
(mp, wy) is also a minimizer of the following convex functional on K:

~ w
J(m,w) = / mL (——) + (V(x) + fr[mg])mdx.
RN m
We now aim to prove that
sup{AM —eAY+H(VY)+A < V(x)+ fr[mg] on RY for some v e A} = ( mi)n J(m,w). (3-20)
w,m)eEX
We proceed as in [Cardaliaguet and Graber 2015, Theorem 3.5]: Setting

Lm,w, A, ¢) = f(m,w)—i—/ emAY +wVy —Amdx + AM,
RN

we have

min J(m,w)= min sup  L(m,w, A, ),
(m,w)eK (m,w) (A, y)eRxA
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where the minimum in the right-hand side has to be taken over pairs
‘@+1)
(m,w) € (L' W YRN)x L5 5a (RV)

for some r < g, satisfying (3-12). Note that L(-,-, A, V) is convex, and L(m, w, -, -) is linear. Moreover,
since L(-,-, A, ) is weak-* lower semicontinuous, we can use the min-max theorem, see [Borwein and
Vanderwerff 2010, Theorem 2.3.7], to get
min sup  L(m,w,A, )
(m,w) (A, y)eRxA
= sup min L(m,w, A, V)
(A ¥)eRxA (mw)

= sup min / mL(—E) + (V(x) + felmeDm +emAy +wVy —Amdx +AM
A, ¥)erxA (mw) JrNV m

= sup / min mL(—E) + (V(x) + frlme)m +emAy + wVy —Amdx + AM,
(A, ¥)ERxAJRN (m,w)eRXRN m
where the interchange of the min and the integration is possible by standard results in convex optimiza-
tion. By computation, min,, ,)egpxgy ML(—2) + (V(x) + felmg))m +emAy +wVy — Am is zero
whenever eAY — H(Vy) — A + (V(x) + fr[my]) is positive, and it is —oo otherwise. Therefore, we
have proven (3-20).
By Theorem 2.7(i)—(ii), there exists u; € C2(R"N) such that

—eAug + H(Vug) + A = V(x) + felmg] on RV, (3-21)
which satisfies
Vur ()] < Cre(1+ 37, ug(x) = Crelx|7 1 =€)
for some Cy . > 0.
Moreover,

el Aug (0)| < |H(Vug ()| + 2| + V(x) = filme] < Cre(1 +1x)® on RY,
so uy € A. Thus, the supremum in the left-hand side of (3-20) is achieved by Ay, and it holds true that
MM = Tl w0) = Emiwe) + [ Sl dx = Flong] 6-2)
R

This gives in particular (3-16), using Lemma 3.1, estimates (3-10) and recalling Proposition 3.2 and
assumptions (1-3), (3-2) and (3-4).
We now use (3-22), (3-21) and (3-18) with ¥ = uy to get

0= /RN (L (—::—i) + V(x) —mf — /\k)mk dx
=/ (L(—%) —sAuy +H(Vuk))mk dx
RN mg

=/ (L(—ﬂ)+H(Vuk)+Vuk-ﬂ)mkdx,
RN mg my
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which implies

Bk _ —VH(Vug) onthe set {my > 0}.
m

Hence, the Kolmogorov equation e Amy, +div(my V H(Vuy)) = 0 holds in the weak sense, and by elliptic
regularity we conclude that (ug, my, Ay) is a classical solution to (1-1). O

Remark 3.5. Note that if we assume that the local term f satisfies (1-9) instead of (1-3), then the same
argument as above applies. In particular there exists a classical solution (ug, my, Ax) to (3-1) such that

b _ b
Vur(0)] < Cre(1+[x]7), ug(x) = Ct(1+ |x['77) = Cpe.

m® T dx my(x)V(x)dx < CS_VK/—?IIV + K
RN K e B .

We finally prove that every my, is bounded from above in R¥ (this is not obvious from Proposition 3.4
unless ¥’ > N). Note that the following result does not provide uniform bounds with respect to k. These
will be produced in Theorem 4.1 using a much more involved argument.

Proposition 3.6. Let (uy,my, Ay) be as in Proposition 3.4. Then, my, is bounded in L™ (RV).

Proof. Let ¢(x) = up(x)?, for p > 1 to be chosen later. Using the fact that uy, is a classical solution to
the HJB equation, we get

—eAp+VHNVuyp)- Vo

- Vi |?
= puf 1(—Auk —(p-1)

Uk

+ VHVuy) - Vuk)

|Vug|?
Uk

= pul™! (—Auk + H(Vup) — (p—1) — H(Vug) + VH(Vuy) - wk)

|Vug|?

= pul™! (—(p 1) — H(Vug) + VH(Vug) - Vug — A+ filmg] + V). (3-23)

Observe that by (1-2), (1-5), (3-15) and the fact that fi[m] is bounded on R, there exist large R and C
such that

|Vug|?
Gx)=—(p— I)T — H(Vup) + VH(Vug) - Vug — A + filmg] + V(x)
Vuy |2
> K Vel — (0~ ) K i + v
k

1 [Vug |>Y —1y,b

z(p—1)|Vuk|y( — —C+Cy ' |x|”>1 forall|x|> R.
K(p—1) Uk v

Hence, again by (3-15), for all |x| > R

—eAp+ VH(Vuy)- Ve = c|x|1+5) =D,
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In view of [Metafune et al 2005, Proposition 2.6], we have |)c|(1+ )~ Dim & € LY(RN). Recall now that
[VH(Vup)| <C(1+|x]|) ¥ by (3-15). Therefore, by choosing p large enough, |V H (Vuy)|*my € L1 (RV)
for some s > N. We conclude the boundedness of my in L°° by [Metafune et al. 2005, Theorem 3.5]. O

4. Existence of a solution to the MFG system for ¢ > 0

Our aim is to pass to the limit k — oo for solutions to (3-1).

4A. A priori L™ bounds. We need first a priori L°° bounds on m, that are independent with respect
to k. These will be achieved by a blow-up argument, as proposed in [Cirant 2016] for systems set on
the flat torus T¥. Here, the unbounded space RY and the presence of the unbounded term V' make the
argument much more involved than the one in that paper. To control the points x; € RY where my (xy)
possibly explodes, some delicate estimates on the decay (in L) of its renormalization will be produced.

We provide a more general result, that will be used also in the rescaled framework (Section 5). Let
Tk, Sk, I be bounded sequences of positive real numbers.

Theorem 4.1. Let (uy, Ay, my) be a classical solution to the mean-field game system

—Au + r}c’H(rk_IVu) + Ak = grlm] + sk V(e x),
—Am —div(m rk VH(r]:1Vu)) =0,
Jav mdx =M,

where g : LY(RY) — LY(RY) are such that for all m € L*(RN) N LY (RN) and for all k,

kbl ooy < K2y + 1) (4-1)

for some K > 0. Suppose also that for all k, uy is bounded from below and my, is bounded from above
on RN, Then, there exists a constant C independent of k such that

[miLee < C.
Proof. We argue by contradiction, so we assume that
supmy = Ly — +o00.
RN
We divide the proof into several steps.

Step 1: rescaling of the solutions. Let
- —1
U =L ﬂ, ﬂ=o¢y—>0.
4

So, observe that 1y — 0 as k — 0. Since u is bounded from below, up to adding a suitable constant we

can assume that mingny u; = 0. We define the rescaling
2—1/
V

v (x) = "ug (e x) + 1,
ng(x) = L Uy (g x).
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Note that 0 < ng(x) < 1. Moreover, due to (1-4),
aN(y—1) -1
/ ng(x)dx =ML, 7 — 0,
[RN

and min vy = 1. We define

Y

1 1
Y—1 — T—y -1 - I-y
Hi(q) = py " ri Hrg ' 7 @), so VHi(q) = pry  VH(r 'y " q).

Recalling (1-2) we have that for all g € RN,
Culql” — K < Hi(q) < Cu(lg|” + 1),
|VHi(9)| < Crlg|"™"
VHi(q)-q—Hi(q) = K~ '|g|" = K.

Moreover, we define
Y

G (x) = )" grelmp] (e x).

Recalling that 0 < my < Ly, by (4-1) we get that for all x and for all k,

Y
8e(X)| <] " K(LE +1) <2K,

where we used the fact that py = L;'B with 8 = ayT_l. Finally, we let

x 55 1

A =py Ak = Tatk

k
and we observe that
Akl < C.
Finally, let
v
Vie(x) = " sV (gt x).

By assumption (1-5), we get

Y
sy Cyt(max{|tg x| — Cy, 0P < Ve(x) < Cy (1 + oy |x[?),
where

yEr+b
Gk::/’L]);l skt,f—>0 as k — oo.

In particular we also have the following bound from below for V}:

-1
CV b -1
Vo) = —poelxl? forall |x| = 2Cy (epu) ™.

An easy computation shows that by rescaling we have that (v, ng, ik) is a solution to

—Avg + Hy (Vo) + g = g () + Vi (x),
—Anyp —div(inig VHi (Vug)) =0.

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)

47

(4-8)
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Step 2: a priori bounds on the rescaled solution to the Hamilton—Jacobi equation. We observe that by
Theorem 2.5 and (4-6), there exists C > 0, independent of k, such that

1y
[Vop(x)| < C(1+0 |x|7) on RN (4-9)
We recall that we assumed vy (X)) = minvg = 1. Since vy, is a classical solution to (4-8), at a minimum
point X we have, by (4-3), (4-4), (4-5) and (4-7),
orlkl? < C.

Therefore, by using this estimate and (4-9), since |vg (0)| < |vg(£x)| + Xk | supjy <z, | [Vur (v)| we
obtain . i 1
kO] < 1+ C(+07 |3 7) < Ci(1 +0,. ")

and then again by (4-9),
_1 1
ve(x)|=C(+o b 4o x| on RN, (4-10)
k k

Let x be a smooth function  : [0, +00) — [0, +-00) such that xy = 0in (0, 3) U (3, +00), x(1)>0

and |x'|. |x”| < 1. We fix ¥ € RY such that |X| > 4Cy (tx ux)~", and we set
1
weo) = o] 1814 2( 15,
|X|

where k¥ > 0 has to be chosen. We have that w(x) < vy (x) for all x such that |x| > %|i| or x| < %|)E|.
Moreover, for x such that %|fc| <|x| < %lil we have |x| > 2Cy (uxtx)~ L, so using the estimates (4-3),
(4-4), (4-5) and (4-7),
3 ~ ¥ieibo1 ~1b CI71 ~1b
—Aw + Hp(Vw) + A — gr (x) = Vi (x) <kNol |77 + Cuk?or|X|” + C — 2—bc7k|x| .

Note that there exist ¥ > 0 small and C, > 0 large, depending only Cy and Cg and not on |X|, k, such
that the right-hand side of the last expression is negative if

or|x|? = C,

(this also implies that #; px | X| > 4Cy, as required). The test function w is then a subsolution of the HIB
equation in (4-8); therefore by comparison we get

1
w (%) = kx (o |77,
By the arbitrariness of X we conclude that, for some C > 0,
AL b
vk (x) > Coyl |x|v for all oy |x|” > Ca. (4-11)

Step 3: estimates on the (approximate) maxima of ny. We now fix 0 < § < 1 and x; such that
ng(xx) = 1—38. Two possibilities may arise: either limg o |xg|? = +00 up to some subsequence, or there
exists C > 0 such that o |x|? < C. We rule out the second possibility by contradiction. Suppose indeed
that there exists C > 0 such that o |xx |? < C. By (4-9), |Vvg| < C on B (xy) for some C > 0. Therefore,
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using the fact that ny solves the second equatlon in (4-8), the elliptic estimates in Proposition 2.4, (4-3),
the interpolation inequality ||n], < [|n || 7 ||n|| X and the fact that 0 <nj <1, we get forall g > 1,

Inkllwias, () < C(+ ||VHk(VUk)||L°°(Bz(xk)))||”k||g1(32(xk)) <Cq4 (4-12)

for some C; > 0 depending on g. This implies, choosing g > N, that for all 6 € (0, 1) there exists Cy
depending on ¢ (but not on k) such that [|ng ||co.6(p, (x)) < Co- Recalling that ng (xx) =1 —8 we can
fix r < 1 such that ng(x) > 5 1 for all x € B, (xg). It is sufficient to choose r = Ce_é (% — 5) Therefore
we have, by (4-2),

aNy—1)

0<%a)NrN5/ nk(x)de/ ng(x)dx =ML, 7 — 0.
By (x1) RN
This gives a contradiction. Then we deduce that, up to a subsequence,
lilgnUk|xk|b = +00. (4-13)

Step 4: construction of a Lyapunov function. Let ¢ (x) = vi (x)?, for p > 1 to be chosen later. Using the
fact that vy, is a classical solution to (4-8), arguing as in (3-23), we get

| 2

_ Vv
—A¢+VHk(Vvk)-V¢=pv,f 1(—Avk—(p—l)| vk +VHk(Vvk)-Vvk)

|V |2

— P! (—(p—l) Hy (Vo) +V Hy (Vo) Vig—ig + (x>+vk<x)).

We set

2 ~
v kl — H, (Vv) + VH,(Vvr) - Vo — A + gr(x) + Vi (x). (4-14)

Gr(x)=—(p—=1)

Using the previous computation and the fact that ny is a solution to (4-8), we get, by integrating by parts,
that

0= [ me (A9 (0) + VHL(Voe() - V9) dx = p [ mex)Gio) 7 () .
Therefore from this, for every A > 0 we get
/ ()G9 () dx = - [ ne ()G ()$ 7 (x) dx. (415)
{p(x)=A7} {p(x)<AP}

Observe that by (4-3), (4-4), (4-5) and (4-7) we get that for all ¢ i |x| > 2Cy,

_ |V |2 =L
Gr(x) > K ' Vug|" = (p— ) —— — K = Ag + & (x) + Vi (x)
1 Vo |27
z(p—l)IVvkly( _ Vol )—c+cvok|x|b. (+16)
K(p—-1) Vi
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We first claim that by (4-9) and (4-11),
1 Vg |2—y
K(p—1) Uk
eventually enlarging C; in (4-11). Indeed,

>0 ifaklxlb >y,

Loy
Vor@)P7 _ 4o XY Ca
vk (x) —p—1

— (4-17)
[0y |x[7]]x]
whenever oy |x|? is large enough. This implies that for all o%|x|? > C», by (4-16) we have G (x) > —C.
On the other hand, again by the gradient bounds in (4-9) we have that |[Vvg(x)| < C(1 4+ C3) on the set
ok|x|? < C,, so (4-16) and min vy, = 1 again guarantee that Gy (x) > —C3. In conclusion, there exists
C > 0 such that

Gr(x)>—C forall x € RY.

Therefore, going back to (4-15), recalling (4-2), we obtain that

p=1
d(x)\ 7
ng(x)Gr (x)| —— dx <C ng(x)dx <C ni(x)dx
{(p(x)=A7} AP {(p(x)=A?} RN
—N+75-5
= CMy, -0 (4-18)

as k — oo.

Note that by (4-16) and (4-17), if x is such that G (x) < 0, then necessarily oy |x|? < C for some
C > 0. Hence, by (4-10), we get that vi(x) < C3(1 + Jk_%). Therefore if we choose A = Ay = Kak_%
for a sufficiently large K > 0, we get that G (x) > 0 in the set {x : ¢p(x) > AP}.

Step 5: integral estimates on nj. Arguing as in the end of Step 4, we may choose K big enough so that
Gr(x) > 1inthe set {x : ¢ (x) > Allg}, where Ay = Kok_%. If k is sufficiently large, by (4-11) and (4-13)
it follows that for some C > 0,

1
ve(x) > Cof x|V in By(x). and  Bi(x) € fr:g(x) > AL

Therefore, we may conclude that

r=1 % 1+2 p—1
o, |X 14
f nk(x)Gk(x)(@) " dx > c(%) [ ny (x) dx
{p(x0)=AL} Aj b B1(xk)

Ok
1
= Cy bl [ e dx, (4-19)
By (xx)
which together with (4-18) gives
1
[ mwdx =] i (4-20)
B (xx)

for all k large.
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Reasoning as in Step 3, see in particular (4-12), by Proposition 2.4, (4-3), (4-9) and (4-20), we get that
forallg > 1,

1
Inkcllwra (s, n ) = CA+IVH(VV Lo i) 1711 (8, ()

1 b, 1., L b 1=p
S Co[l + (o x| 10 [xk|7) @ <1,
1
whenever p is such that y — 1 + ITTP <0 and k is large (recall that we are supposing o’ |xk|§ — 4-00).

Therefore, we may conclude as in Step 3: choosing ¢ > N, for some 6 € (0, 1) there exists Cy such that
||”k||C0-9(Bl/2(xk)) < Cy. Since ny(xz) = 1—4, we can fix r < 1 such that ng (x) > % for all x € By (xg).
Finally, by (4-2)

aN(y—1)

0<%a)NrN 5/ nk(x)dx§/ ng(x)dx =ML, """ —0.
By (xx) RV

That gives a contradiction and rules out the possibility that oy |xx |b — +o00. Therefore, Ly — +o00 is
impossible. [

4B. Existence of a solution to the MF G system. Using the a priori bounds we obtained, we can pass to
the limit in £ in the MFG system (3-1) to get a solution to (1-1) for every ¢ > 0.

Proof of Theorem 1.1. First, by Proposition 3.4, the existence for all k of a classical solution (ug, my, Ax)
to (3-1) follows. By (3-16), up to passing to a subsequence we have that Ay — A..

Note that by Propositions 3.4 and 3.6, u; and my, are bounded by below and above respectively, so
due to Theorem 4.1 (with g[m] = fi[m] and rp = s =t = 1 for all k), we get that there exists Cg > 0
independent of k (but eventually degendent on & > 0) such that |[mg || Lcogn) < Ce. Using Theorem 2.5,
this implies |Vug (x)| < Ce(1 + |x|7) for some C, independent of k. We can normalize uj (0) = 0 and
using the Ascoli—Arzela theorem we can extract by a diagonalization procedure a sequence u; such
that 1y — u, locally uniformly in RY. Moreover, by using the estimates and the equation we have that
actually 1y — u, locally uniformly in C''. Note that, denoting by x; a minimum point of u; on RY, we
have by the HIB equation that

H(0) + Ag — frlmp)(xx) = V(xp).

Coercivity (1-5) of V' and uniform boundedness of A and fy[my] guarantee that x; remains bounded,
in particular thathu k¢ = —C on R by gradient bounds. Theorem 2.6 then applies, and in particular
ug(x) > C|x|'™» —C~! for all k. This implies, passing to the limit, that

Ug(x) > C|x|1+§ —C7' onRV. (4-21)

By the elliptic estimates in Proposition 2.4, we get that my — m, locally uniformly in C%¢ for all
o € (0,1) and weakly in WP (Bpg) for every p > 1 and R > 0. Therefore we get that 1, is a solution in
the viscosity sense of the Hamilton—Jacobi equation, by stability with respect to uniform convergence,
and m, is a weak solution to the Fokker—Planck equation, by strong convergence of Vuj — Vu,. Finally
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this implies, again by using the regularity of the HIB equation, that u; — u, locally uniformly in C2.
Therefore, u., m, solve in classical sense the system (1-1).

Now we show that [px m¢(x)dx = M. We have that my — m, locally uniformly in C 0. for every
a € (0, 1). Moreover, due to (3-13) and to (1-5), we get that for all R > 1,

CaZ/RN mk(x)V(x)de/

|x|>R

mi(x)V(x)dx > CR? / mp(x) dx.

|x|>R
This implies f| x|<r™ «(x)dx > M —CyR™? and then by uniform convergence we get that for every
e >0, and n > 0, there exists R > 0 such that

/ meg(x)dx > M —n.
Ix|<R

From this we can conclude that my — m, in L' (RN), that is, Jrn me(x) dx = M. By the boundedness
of my, in L, it also follows that mj — m, in L*T1(RY).

Finally, we get that if w, = —m;V H(Vu,), then (mg, w) € K¢ pr, due to the second equation in
(1-1). Moreover, we have that if mj — m strongly in L*T1(RV), then, due to the Lebesgue dominated
convergence theorem and (3-4), F (my % yx) — F(m) strongly in L (R™). This implies that the energy &
I'-converges to the energy £, from which we conclude that (m,, w,) is a minimizer of £ in the set ICg p7. O

Remark 4.2. Note that by the very same arguments, recalling Remark 3.5, we have the existence of
solutions also in the more general case that condition (1-9) is satisfied.

We conclude proving some estimates on the solution (u., m., A;) given in Theorem 1.1 that will be
useful in the following.

Corollary 4.3. Let (ug, mg, Ag) be as in Theorem 1.1. There exist constants C,C1,Cz, K, K1, K2 >0
independent of ¢ such that

'aN
/ me|Vug|¥ dx +/ m2t 1 dx +/ me(x)V(x)dx < Ce vaN + K, (4-22)
RN RN RN
_ vaN _ v'aN
—K1—C1e vV—aN <), < Ky —Cpe v'—aN (4-23)

Proof. We observe that, by the arguments in the proof of Theorem 1.1, my — m, and |Vuy| — |Vug|
almost everywhere, and using the fact that V' (x) > 0, we have that by Fatou’s lemma

/ mg(x)|Vu£|ydx§1iminf/ my (x)|Vug |’ dx,
RN k RN
/ me(x)V(x)dx fliminf/ my(x)V(x)dx,
RN k JrN
/ mg‘“dxfliminf/ mytldx.
RN k RN

So inequality (3-13) gives immediately (4-22).
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Now we prove (4-23). Note that the estimate from below is a direct consequence of (3-16). So, it

remains to show that
_ y'aN
Ae < Cy—Cre V—aN

Recalling that formula (3-22) holds and [ f(m)m — F(m) <2KM by (1-3), it is sufficient to show that

'aN
inf  E(m,w) < —Cas v=aN + Cs, (4-24)

(m,w)€eKe, pmr

where C, is a constant depending only on N, M, Cy,,y,«a, V. We construct a pair (m,w) € kg pr as
follows. First of all we consider a smooth function ¢ : [0, +00) — R which solves the ordinary differential
equation

{¢ (r) ==p(r)(1+ o)), (+)

#(0) = 1.
Then, it is easy to check that 0 < ¢ (r) < %e". We define m(x) = A¢(t|x|), where A, T are constants to
be fixed, and w(x) = eVm(x).
First of all we impose

A A
M= [ meax=Ty [ o@hay=e
RN T RN T

recalling that ¢ is exponentially decreasing. So A = M " C, where C ™! = Jav @(y]) dy.
Observe also that

/RN ma+l(x) dx = MOC+1,ElXNCol+1/RN ¢a+1(|y|)dy — Ma+1TaNCa+1Ca, (4_25)

where Coq = [n ¢ (|y]) dy.
We check, recalling the growth condition (1-5), that the following holds:

1
[ meveax=c [ v()odshar=cig. (4-26)
RN RN T T
where K is a constant depending on N, ¢, Cp.
Moreover, we compute, recalling that ¢ solves the ODE (x),
o % y/
MoccoeTN(xm Maca.L-Nocm

We consider the energy at (m, w)

jw|”" =

8‘[1’1’[(1 +

4 ’ ’ 1
=g’ v m? (1 + o‘), (4-27)

E(m,w) = AN mL(—%) + F(m)+mV(x)dx.

Observe that by (1-3),

C
F(m) < — L et 4 Km.
a+1
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Using Proposition 2.1, computation (4-27) and (4-25), we get

C
/ mL(—E)—i—F(m)dXS/ mL(—E) dx——f m*tldx+KM
RN m RN m a+1 JpN

vy’ C
ECL/ m|w|/ dx-l—(CL—i—K)M——f m*tldx
RN mY 0[+1 RN

1

RN Maca.L-Na

= CLs”/t”/(M—i—
1 RN

C
m“+1dx)+(CL+K)M—Tf mt!
%

o Cf gy/.[)//—NOl
=Cre’ 1Y M+(CL+K)M— — atly
e’ ¥ M+(CL+K) (a+1 ece )/RNm X

/ ’ C
=(MCL+MCCy)e” t¥ —a—_LM“+1C“+1Car“N+(CL+K)M.

v . . .
Lo™57—Na | where a is sufficiently large, in such a way that

‘We choose now t such that T = 2

w y/'Na
7

/ mL(——) dx + F(m)dx < —Ceg v-Na +C,
RN m

where C is a constant depending on «, Cr,, M. Substituting this in the energy and recalling (4-26), we
get the desired inequality. O

5. Concentration phenomena

In the second part of this work, we are interested in the asymptotic analysis of solutions to (1-1) when
e —0.

5A. The rescaled problem. We consider the rescaling

/7 ’

(y) 1= £7 =N m(e 7N y),

- Na(y/'—=D—y’ v
u(y):=¢e v-oN u(er-eNy), (5-1)
~ Nay’
Ai=gvV—aN ),
We introduce the rescaled potential
NC(V/ y/
Ve(y) = ev=aN V(e =aN y). (5-2)
Note that by (1-5), we get
-1 Nay’ v/ b Nay’ v/ b
Cy ev=oN (max{|e? =N y| = Cy,0})” < Ve(y) < Cyev=oN (1 4 ev"—aN | y[)”, (5-3)
The rescaled coupling term is given by
- 1/Vay/ - /NV/ /)’/
Je(m(y)) = V=N f(e v—aNm(ev'—N y)). (5-4)

Note that, using (1-3), we obtain

Nay’

Nay’
—Cym® — Kev—eN < fu(m) < —Cym® + Kev'—an . (5-5)
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Then we get that
liII(l) fe(m) = —=Cym®  uniformly in [0, +00). (5-6)
E—>

Moreover, we define F¢(m) = f(;" fe(n)dn if m > 0 and F,(m) = 0 otherwise, and we get

Cf Nay’ Cf Nay’

- 1m°‘+1 — KeV—aNm < Fy(m) < _a—+1ma+1 + Kev—aNm. (5-7)
We define also the rescaled Hamiltonian
He(p) = e7-a8 H(e™ ¥ p). (5-8)
By (1-2),
Nay’
Culpl” —ev=N K < H¢(p) < Cu|p|". (5.9)
IVH:(p)| < K|pI"™".

So, we get

sli_l;% H¢(p) = Ho(p) :=Cg|p|’ uniformly in RN (5-10)

Moreover, if we assume that V H, is locally bounded in C %71 (RN), then
Cy -2 .
VHy(p) - VHo(p) = —|p|" “p locally uniformly.
14

We can define L, as in (1-7), with H, in place of H and we obtain that condition (5-9) gives that there
exists Cz, > 0 such that

’ ’ _Nay’_
Crlgl” < Le(q) < CLlq|” +ev=eNCy, (5-11)
which in turns gives that
Le(g) — Lo(g) = Cr|q|”"  uniformly in RV, (5-12)

The rescalings (5-13) lead to the rescaled system

—Aiig + Ho(Viig) + he = fo(ite) + Ve(y).
fRN ’/’718 == M.

Existence of a triple (tig, Mg, A ¢) solving the previous system is an immediate consequence of Theorem 1.1.
We first start by stating some a priori estimates.

Lemma 5.1. There exist C, C1, Co > 0 independent of ¢ such that the following hold:
—C1 < ke <—Ca, (5-14)

/ me|Vite|” dy +/ e (1) Ve(y) dy + llite |l farts gy < C. (5-15)
RN RN
7] oo @ny < C. (5-16)
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Proof. Estimates (4-23), (4-22) give (5-14), (5-15) by rescaling.N i) N
oy — oy )4

We apply Theorem 4.1 with g[m](x) = fe(m(x)), rp =¢& Y—oN | sp =¢ev'—oN and { = gV —aN,

which are all bounded sequences, and we obtain (5-16). O

’

Using the a priori bounds on the solutions to (5-13), we want to pass to the limit ¢ — 0. The problem
is that these estimates are not sufficient to ensure that there is no loss of mass, namely that the limit of
i still has L! norm equal to M. Therefore, we need to translate the reference system at a point around
which the mass of 11, remains positive. This will be done as follows.

Let y, € RV be such that

Ue(ye) = mintig(y), (5-17)
RN

note that this point exists due to (4-21).
We will define
Ue(y) = tle(y + ye) —tle(ye),

_ ~ (5-18)
me(y) = me(y + ye).
Note that (., mg, )18) is a classical solution to
—Aug + Hs(vas) + ia = fs(”hs) + Va(y + ys)a
—Amg —div(im:VH,(Vu,)) =0, (5-19)

fRN ’/hé‘ = M,
and in addition ¢ (0) = 0 = mingn .
5B. A preliminary convergence result. In this section, we provide some preliminary convergence results,

where we are not preventing possible loss of mass in the limit. First of all we need some a priori estimates
on the solutions to (5-19).

Proposition 5.2. Ler (i, mg, A ¢) be as in (5-18). Then there exists a constant C > 0 independent of &
such that the following hold:

(Na+b)y’ b (Na+b)y’ b
g V=Na |y | <C and 0=Ve(y+ye) <C(e V=N |y|” 4 1), (5-20)
b _ b _
\Vite(y)| < C(A+|y))? and iie(y) > Cly|'Ty —C71, (5-21)

/ me(y)dy = C  forall R > 1. (5-22)
Br(0)
Finally, if we = —m¢V Hg(Vuyg), then (mg, We) is a minimizer in the set Ky p of the energy

Ealm. w) = / ng(—n%) +Va(y + ye)m + Fo(m) dy. (5-23)
RN

where Lg and F, are defined in Section 5A.

Proof. Since u, is a classical solution, we can compute the equation in y = 0, obtaining

He(0) + Xe > fe(1(0)) + V(ye).
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Using the a priori estimates (5-14), (5-16), (5-9) and the assumptions (5-5), (5-3), this implies

(Na+b)y’ b
g V=N |yg|” < C,

and then, again by assumption (5-3), that (5-20) holds.

Using estimates (5-14), (5-16), and (5-20), we conclude by Theorem 2.5 that estimate (5-21) holds.

Again by the equation computed at y = 0, recalling that H;(0) — 0 and V; > 0 and estimate (5-14), we
deduce that — f;(m¢(0)) > —C, > 0. So, by assumption (5-5), we get that there exists C > 0 independent
of &, such that m.(0) > C > 0. Using the estimates (5-21) and (5-16), by Proposition 2.4, we get that
there exists a positive constant depending on p such that ||712¢ |l y1.»(p,(0)) < Cp for all p > 1. This, by
Sobolev embeddings, gives that |71 || co.e(p,(0)) < Ce for every a € (0, 1) and for some positive constant
depending on «. We choose now Ry € (0, 1] such that m, > %C in Bg,(0), using the C* estimate and
the fact that m.(0) > C > 0. This implies immediately that || Br,(0) me(y)dy > %C |Bry| > 0. This
gives the estimate (5-22), for all radii bigger than Rj.

Finally that (7., w¢) is a minimizer of (5-23) in £Cq ps follows from Theorem 1.1, by rescaling. [

We get the first convergence result.

Proposition 5.3. Let (iig, m,, ig) be the classical solution to (5-19) constructed above. Up to subse-
quences, we get that A — A, and

Ug —>u, me—>m, Vig—Vu, VH,(Vig)— VHy(Vi) (5-24)
locally uniformly, where it > 0 = ii(0), and (i1, M, A) is a classical solution to

—Aii + Ho(Vii) + A = —Cpin® + g(x),

5-25
—Am —divimV Ho(Vu)) =0 ( )
for a continuous function g such that 0 < g(x) < C on RN for some C > 0.
Moreover, there exist a € (0, M|, C, K, k > 0 such that fRN mdx = a, and
a(x)>Clx|-C, |Via|<K onRY, / i (x) dx < +o0. (5-26)
RN

Proof. First of all observe that, since V' is a locally Holder continuous function, (5-20) implies that, up to
a subsequence, Vz(x + y¢) — g(x) locally uniformly as ¢ — 0, where g is a continuous function such
that 0 < g(x) < C for some C > 0.

Using the a priori estimate (5-21), and recalling that u, is a classical solution to (5-19), by classical
elliptic regularity theory we obtain that i, is locally bounded in C 1% in every compact set, uniformly
with respect to €. So, up to extracting a subsequence via a diagonalization procedure, we get that

fie —> i, Viig— Vii, VHs(Viig)— VHo(Vii)

locally uniformly, and de = A. Using the estimates (5-21) and (5-16), by Proposition 2.4, and by Sobolev
embeddings, for every compact set K C RY, we have that [mellco.e(ky < Ck o for every @ € (0, 1) and
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for some positive constant depending on @ and K. So, up to extracting a subsequence via a diagonalization
procedure, we get that m, — m locally uniformly.

So, we can pass to the limit in (5-19) and obtain that (i7, 72, 1) is a solution to (5-25), which is classical
by elliptic regularity theory.

Using (5-22) and locally uniform convergence, we get that there exists a € (0, M] such that |; gy Mdy=a.

Observe that u is a solution to

— Al + Ho(Vii) + A = —Cpm® + g(x).

By Theorem 2.5, we get that there exists a constant K depending on sup g and —A such that |Vi| < K.
Moreover, by construction u > 0.

Since 77 is Holder continuous and such that [y m dx =a € (0, M], by Lemma 2.2, we get that /7 — 0
as |x| — +o0. Therefore, we get that liminf||_, 4 oo (=% (x) + g(x) — A — Hy(0)) = —1 > 0. So, by
Theorem 2.6, recalling that by construction u(0) = 0 < u(y), we get that u satisfies

ux)>Clx|-C (5-27)
for some C > 0.

To conclude, consider the function ®(x) = e¥"(¥) We claim that we can choose k > 0 such that there
exist R > 0 and § > 0 with

—AP+VHy)(Vu)-Vo>§d, |x|>R. (5-28)
Indeed, since u solves the first equation in (5-25), we get
—A® + VHy(Vit)- V& > k(—A — «|Vit|? — %) .

Using (5-27) and m — 0 as |x| — 400, we obtain the claim. Reasoning as in [Ichihara 2015, Proposi-
tion 4.3], or [Metafune et al. 2005, Proposition 2.6], we get that fRN e dx < +o00, which concludes
the estimate (5-26). O

Remark 5.4. With estimates (5-26) in force, the pointwise bounds stated in [Metafune et al. 2005,
Theorem 6.1] hold; namely there exist positive constants ¢y, ¢z, such that

m(x) <cre” 2 on RV,

5C. Concentration-compactness. In this section we show that actually there is no loss of mass when
passing to the limit as in Proposition 5.3. In order to do so, we apply a kind of concentration-compactness
argument.

First of all we show that the functional &, (m, w) enjoys the following subadditivity property. Let us set

és(M)= min & (m,w).
(m,w)elny

Recalling (3-6), (4-24), and the rescaling (5-1), for every M > 0 there exist C1 (M), Co(M), K1, K2 >0
depending on M (and on the other constants of the problem) but not on ¢ such that there holds

Nay’ Nay’
—C1 (M) — K1&7-Na < 3,(M) < —Co(M) — Koe7'—Na (5-29)



772 ANNALISA CESARONI AND MARCO CIRANT

Lemma 5.5. Forall a € (0, M), there exist eg = €o(a) and a constant C = C(a, M) > 0, depending only
on a, M and the data (not on ¢), such that C(M,M)=0=C(0,M), C(a,M) >0 for0 <a <M and

es(M)<eéeg(a)+eées(M —a)—C(a,M) forall e <c¢y. (5-30)

Proof. We assume that a > %M (otherwise it suffices to replace a with M — a).
Let ¢ > 1 and B > 0. For all admissible pairs (m, w) € Kp we have, recalling (5-7),

es(cB) <&(cm,cw) = / cmLg (—E) 4+ Fe(em) + cVe(x + ye)ymdx
RN m

=c&(m,w)+ / Fe(em)—cFg(m) dx
RN

c(c*—=1)Cyr

chb‘(m’w)_ a+1

Nay’
/ m®*t! dx + 2KcBev-Ne (5-31)
RN
Let now (my, w,) be a minimizing sequence of & in Kp such that E(m,, wy) < é.(B) + %Cz(B),
where C>(B) is the constant appearing in (5-29), which depends on B and on the data of the problem.
Recalling that V; > 0 and L, > 0, and using estimate (5-7), we get

~ 1 Cr at1 Nay’
ee(M) + ;C2(B) = Ee(mp, wp) > Fe(mp)dx > —— m dx — KBgv'—Ne,
RN o+ 1 R”
Using (5-29), we get, for all ¢ sufficiently small,
Cr
a+1

Nay’
/N my Tl dx = 3Co(B) - Kev-aN > 1Cy(B) > 0.
R

So, this estimate in particular holds for a minimizer of &. Therefore in (5-31) we get, taking (m, w) to
be a minimizer of £ (which exists by Proposition 5.2),

Nay’
Z:(cB) < céo(B) —c(c® — 1)ACo(B) + 2KcBev—Na | (5-32)

Using (5-32) with B =a and ¢ = & we get

M MT(M\* C Nay'
ée(M)<—ég(a)——[(—) —1] 2(a)+2KMew—%a.
a a a 2

Ifa = %M , this permits us to conclude, choosing ¢ sufficiently small (depending on a). If a > %M , we
use (5-32) with B=M —a and ¢ = M“ 7 ( Ma—a)

Cr(M — Nay'
) ] 2( a)+2K(M—a)8V’—1)\/’Dt

Cr(M — Nay’ Nay’
) ] . a)+2KMgV’—11\/’“ <&(M—a)+2KMe¥'Na,

M —

@ 0(a) < (M —a)— [(

<ég(M—a)—|:(
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So putting together the last two inequalities we get

2(M) < 2ua) - —[(—)

]Cz(a) Noy'
2
ee(a) - %[(%)“ - 1] C2(a) + 2KM8V]’V—O[71)\,’;

+2KMegv'—Na

=ec(a) + M=

a
M (M\* C Nay'_
<&(a)+ (M —a)— _[(_) ] 20) |y enge
a a
~ - MM\ Ca(a
<a@+ao-a- | (3 -1]2
a a
for ¢ sufficiently small (depending on a). O
Theorem 5.6. Let (mg, W) be the minimizer of &g as in Proposition 5.2. Let u, m as in Proposition 5.3,
so that mg — m, we — w = —mV Ho(Vu) locally uniformly, and m satisfies the exponential decay
(5-26). Then,
/ mdx =M. (5-33)
RN

Proof. Assume by contradiction that [pn m dx = a, with 0 <a < M. We fix g9(a) as in Lemma 5.5, and
we consider from now on € < gg(a). Let ¢ > 0 be such that m < ce x| (such ¢ exists by Remark 5.4).
For R sufficiently large (to be chosen later), we define

—R x| <R,

ce
= 5-34
VR(Y) {c’e""', |x| > R. ( )
So in particular m(x) < vgr(x) for |x| > R.
We observe that as R — 400
/ vr(X)dx = coye RRN —i—/ e ¥ldx <Ce™RRN 0. (5-35)
R RN\Bg

Since my — m and VH;(Viu,) — V Hy(Vu) locally uniformly, there exists &g = g9(R) such that for

all ¢ < gy,
e —m| + |V He(Viig) — VHo(Vii)| < ¢e™ R, |x| <R. (5-36)

We observe that for all € < g,
e —m+2vg > vr(x) forall x € RY. (5-37)

Indeed, if |x| > R, then m, —m 4+ 2vg > m, + VR > VR, since m < vg. On the other hand, if |x| < R,

then by (5-36) 1 — i +2vg > —ce R 4+ 2¢e R = Ge R = vg. From (5-37) we deduce that
/g — 1| < g —m + 2vR. (5-38)

Moreover, since m; — m a.e. by Theorem 2.3, recalling that fR NMmedx =M, fR" m = a and using
(5-35) and (5-38), we have

/(rhg—nﬁ+2vR)dx=M—a+2/ VRdx > M —a as R — +o0, (5-39)
RN RN
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and
lim m2tldx =f m* T dx + lim e —m|* ! dx
e—0 RN RN £—>0 RN
5/ m* T dx + lim/ (g —m +2vR)* T dx. (5-40)
RN e—>0 JpN
We claim that
Ee(mg, We) = Eg(m, W) + E¢ (e —m + 2R, We — W + 2VVR) + 0¢(1) +or(1), (5-41)

where 0¢(1) is an error such that limg;_.g 0.(1) = 0.
We consider the function (m, w) +— ng(—n%). This is a convex function in (m, w). We compute
Vu (mLe(—2)) = —=VLg(—2), so in particular by (5-11) we get

)

Moreover, O (mLg(—%)) = Le(—2) + 2. VLg(—2), therefore, again by (5-11) we get

()

7 ’
wl? 1 Na(y'—1) Y-l

1 New/—D _1|w _q New'-»
CLl—| —Cilev—an < <cil—=|  +cleven (5-42)
m

14
14 NaG/—1)

Na(y'—1
_CL_18 y'—aN E

v’ )
- e e (5-43)

Cy <!

Note that
/ Ve(y + ye)me dx
RN
= [ Vet yaidxs [ Vi v -+ 2oy dx =2 [ V4 yveds.
RV RN RN
Recalling the estimate (5-20) and the definition of vg, we have

2/ Ve(y + ye)vrdx < CROHN R,
RN

Hence we obtain

/ Ve(y + ye)me dx
RN
> /N Ve(y 4 ye)m dx + /N Ve(y + ye) (g — 1t 4+ 2vg) dx — CRPTN =R (5.44)
R R

By (5-40) and (5-7) we get

C Nay’
/ Fe(mg)dx > — A [ n'ig‘ﬂ dx—KMeV’—:N
RN o+1 Jgy

C C
> / n'1“+1dx——f/ (e — 1 + 20R)* T dx + 05(1)
O[+1 RN a-i—l RN

> [ Fo(m) dx + / Folg — 1+ 2vg) dx + 0s(1). (5-45)
RN RN
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Finally, we estimate the kinetic terms in the energy. Splitting

RN me Br me RN\Bg me

we proceed by estimating separately the two terms.

Estimates in RV \ Bg. First of all, note that by (5-26), (5-9) and (5-11), we get that Ly(—2) =
L.(VHy(Vi)) < C for come constant C > 0, just depending on the data. Moreover, recalling that

m < e Xl we get that, eventually enlarging C,

/ n‘aLs(—i) dx < c/ e~ dx < CRN R (5-46)
RN\Bg m |x|>R

_w

L), we get

By the convexity of the function (m, w) — mL(
/ el (—%) dx
RN\ Bgr mg
We — W + 2VupR

D — 10 + 2V
+/ Om ((n‘ag—n'a—i-ZvR)Lg(—wf W vR))(n'i—ZUR)dx (5-47)
RN\ Br meg—m + 2VR

Ve —w + 2V
+/ Vu |:(n_’le —m+ ZVR)LS(_ D w_+ R )] (W0 —2VvR)dx. (5-48)
RN\Bg me—m +2VR
We recall that |w| = m|V Ho(Vu)| < Cm by (5-26) and |Vvg| < Cvg by definition. Moreover, by
(5-21) and (5-9),
- _ _ _ b _ b
|e| = e|V He (Vite)| < Crng[(1+ |x]) 7] ™! < Cume(1 4 |x])Y.

Using the triangle inequality we get the following, where the constant C can change from line to line:
_ Ml VH(ViEe)| | mIVHo(VD] | Cvg

we —w + 2Vvg

_ b _
- Cmg(1+ |x])7 Cm Cvp SC(1+|X|)%

= — - - - - - (5-49)
mg—m~+ 2VR meg—m—+2vg  mg—m—+2vR

on RN \ Br(0), where we used respectively the fact that m, —m + 2vg > me, m < vg, and that
mg—m—+2VR > VR.

Now, using (5-43) and (5-49), we can estimate (5-47), and by (5-42) and (5-49) we can estimate (5-48).
Indeed, we get

De — 1 + 2V
/ 8m((n_18—n_1+2vR)Lg(—w_e Wt "R))‘ma—zmdxgc/ (1+ |x])Pvr(x) dx
RN \Bg me—m~+2VR RN\ B

and

Ve—w-+2V
/ vw[(ﬁas—mzmu(—w)]'(|w|+2|wR|>dxsc/ (1) S vr(x) d,
RN\Bg me—m—+2VR RN\Bg
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because w < Cri on RY. Therefore, we may conclude, possibly enlarging C, that

/ nagL(—&)dx
RN\Bg Mg
Do — 0 + 2V
z/ (mg—nﬁ+2vR)L8(—w_8 W ”R)dx—cf (1 + [x)Pvr(x) dx
RN \Bg mg—m—+2vR RN\ Bg

Ve — W + 2V
>/ (n_ig—n_1+2vR)Lg(—ws W VR) dx — CRN*TP,—R
RN\Bgr

mg—m—+2vR

Finally, putting together (5-46) and (5-50), we have, choosing C sufficiently large,

/ nagLs(—&) dx 3/ nﬁLs(—i) dx
RN\Bg me RN\Bgr m

De—i4+2V
+ / (nﬁe—nﬁ+2vR)L8(—w) dx—CRN+beR,
RN\BRr

_w
m

/ MSL(—&) dx Z/ nﬁLg(—i) dx+/ 3m(ﬁ1La(—£))(n7ls—n_1) dx
Bpr ar Bpr m Br m

Estimates in Br. Again by the convexity of the function (m, w) mL( ) we get

_ w _ _
+/BR Vo [””LS(‘%)]'(“““” o

We now estimate (5-52). We recall that

‘ﬁ‘ < |VHo(ViD)| < K
m

(5-50)

(5-51)

(5-52)

and also |VH,(Viu,)| < K for all ¢ < gg(R). Then, using these facts and (5-42) and (5-43) and recalling

(5-36), we get

b

and

O (naLe(—f)) ' e — i) dx = / |3y (07 Lo (V Ho(ViD))) s — | dx < CeRRN
m BRr

/ |V [ Le(V Ho(Va)]| (IV He(Vue)| l1is — | + |V He(Viig) — V Ho(Vit) i) dx < Ce R RV,
Br

This implies that for all € < g¢(R)

/ n_igL(—&) dx Z[ n‘ng(—ﬁ) dx —Ce RRN,
Bpr me Bgr m

Now we observe that by (5-11),

De — i +2V De — i + 2V
(naa—m+2uR)L8(—wf W ”R)dxgcf [ws WtiViR
Br

me—m+ 2VR

Bgr

(5-53)

.y/
+1i|(n‘18—rh+2vR)dx.
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By (5-38) we get that m, —m + 2vg < |m, —m| 4+ 2vg < Ce R, eventually enlarging C. Moreover,
reasoning as in (5-49), we get

w_g — w_—{— 2Vvgr < |V H,(Viig)|— |m€_—m| 4 |VH8(_Vu8)_— VHQ(Vu)|n_1 <C.
me—m ~+ 2VR me—m + 2VR me—m +2VR
where we used that Vvg = 0 for |x| < R, that |V H.(Viu,)| < K, that by (5-38)
lme —m| <1,
and that by (5-37) and (5-36)
|VH8(V7/_‘8) - VHO(Vﬂ)l <C.
So, we conclude that
Ve —w + 2V
(e — 171 + 2vR)L8(— WeZ W+ ”R) dx < Ce RRV. (5-54)
BR mg —m + 2UR

Putting together (5-53) and (5-54) we get, choosing C sufficiently large, for all ¢ < go9(R),

/ n‘ang(—ﬁ) dx 3/ n‘aLg(—ﬁ) dx
Bpr me Br m

De — 1 + 2V
+ (ﬁ15—n71—|—2vR)La(—w_8 W vR)dx—CRNe_R. (5-55)
Bgr

me—m~+ 2VR
Therefore, summing up (5-55), (5-51), (5-44) and (5-45), we conclude for all & < g9(R),
Ee(Mg, We) > E (111, W) + Ep (g — 1 + 2R, We — W + 2VVR) + 05(1) —CRPTN =R (5.56)

Let now
M —a

- M—a+2 [pvvRrdx’

CR

We have cg — 1 as R — +oo and cg < 1. In particular, (cg(rg—m~+2vR), crR(We—w+2VVR)) € Kpr—g.
By the same computation as in (5-31), we get

cRgg(n_/lg—n_’l +2VR, u_)g—ﬁ)-i-ZVvR)

= EucR U=+ 20R). cR(De =T+ 2VvR) + [ crFuing =1+ 2vp)~ Fo(crng =1+ 2v0)) dx
R

> Ee(cR(Me—m~+2vR), cR(We—w+2VVR))

cg—1 - +1 Nay!
+cRr Cf/ (me—m—+2vR)*" dx—2K M—a+2/ vRdx |ev'—Na  (5-57)
Ol+1 RN RN

Observe that by (5-15) there exists C independent of ¢ such that

0= [ =+ 200" dx < (sl + il + [20las)F < C.
R
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Therefore, (5-57) reads (recalling that cg < 1 and enlarging the constants C, K)

cREe(Mg —m + 2R, We — W + 2V VR)

c%—1 _Nay'
> Ee(cr(me —m +2VR), crR(We — W + 2VVR)) + CR R+1 C —KMSV/—I)\/’C(
o
- C%—l Nay’
>e.(M —a)+cpr C—KMegv—Nea,
a+1

Using this inequality, and using the fact that £, (m, we) = €. (M) and that E.(m, w) > é.(a), we obtain
from (5-56)

c% —1 Nay’
R KMe7V—Na 4 0.(1)— CRPHN =R,
a—+1

Moreover by (5-29) we get that there exists K = K(M —a) > 0 such that

+CCR

Ee(fie — 1 + 2VR, e — W + 2VVR) > —K;

therefore the previous inequality gives

o

~1
8.(M) > é.(a) + 6.(M —a) — (1 — cp) K + ccRCRJr =+ 0s(1) = CRVFN R, (5-58)
(07

By Lemma 5.5, we get
es(M) < ég(a) +ee(M —a)—C(a, M),

where C(a, M) > 0 fora < M and C(M, M) = 0. This implies in particular that

o

C
0>—C(a,M)>—(1—cr)K +Ccr R+ -+ oe(1) — CRVHN R,
o

Recalling that ck — 1 as R — 400, this gives a contradiction, choosing R sufficiently large and
e <ego(R). O

An immediate corollary of the previous theorem is the following convergence result.

Corollary 5.7. Let (u., m,, )18) and (u,m, )_\) be as in Proposition 5.3. Then,
me—m in LY(RY) and L*THRY). (5-59)

Finally for all n > 0, there exist R > 0 and &g such that for all ¢ < g9,
/ medx > M —n. (5-60)
B(0,R)

Proof. By Proposition 5.3 we get that m, — m almost everywhere, and by Theorem 5.6, fR Nmg=M =
fRN m. This implies the convergence in L' (R"). Indeed, by Fatou’s lemma

2M Sliminf/ nﬁg+1ﬁ—|n7ls—rh|dx§2M—limsup/ |me —m| dx.
RN &

& RN
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Moreover, recalling (5-16), we get

it — |7 s gy < e = iitll L1 vy (17 Loo vy + e | oo nvy) — O

Finally observe that for all R, by Remark 5.4,

/ nﬁsdyz/ nady—/ |n‘18—n_1|dsz—CRN_1e_R—/ /g — | dy.
BRr(0) Br(0) Br(0) RN

So, using the L! convergence we conclude the desired estimate. O

5D. Existence of ground states. In this subsection we aim at proving that as & goes to zero, (iig, /Mg, )18)
converges to a solution of the limiting MFG system (1-14), without potential terms. In particular, we will
prove Theorem 1.3.

We first need a I'-convergence-type result, proved in the following lemma.

Lemma 5.8. Let (mg, wg), (m, w) € K1,y be such that mg — m in L1 N L*+! (RN and wy — w weakly
in L1(RN) for some g > 1. Then

liminf & (mg, we) > Eo(m, w), (5-61)
&

where &y is defined in (1-16).
Let (m, w) € KC1,pm be such that m(1 + ly|?) € LY(RN). Then

lim & (m (- — ye), w(- —ye)) = Eolm, w). (5-62)

Proof. We recall that L,(¢) — Cr.|¢|”" uniformly in RY by (5-11) and F,(m) — —a—}rlm“"'l uniformly
in [0, +00) by (5-7). Moreover we observe that the energy & is lower semicontinuous with respect to
weak L9 convergence of w and strong L*T1 N L! convergence of m. Since V > 0, we get

liminf E(me, we) > lim inf/
& &

w
mng (__8) + Fe(me) dx
RN m

&

/7 ’ C
zliminf/ CLm;_y |we|” - m‘j“dx
e JpN oa+1

4 ’ C
Z/ Crm' ™7 | i MCES N = Eo(m, w).
RN oa—+1

Now we observe that for all m such that m(1 + |y|?) € LY(RY), using (5-3), we get

Nay’
lim [ w4 0Ve(s 3 dy <timCye P [ e yPmprdy =0 -63)
e—>0 JpN € RN
Therefore, recalling again the uniform convergence of L,(q) — Cr|g|" and Fs(m) — —ﬁm““, we

conclude (noting that if we translate m, w of y, the energy £ remains the same)

lim E(m (- — ye), w(- — ye)) = Eo(m, w) + lim[ m(y + ye)Ve(y + ye) dy < Eo(m,w). O
€ e—>0 JrN
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Proof of Theorem 1.3. We first show that (i, 72) obtained in Proposition 5.3 are associated to minimizers
of an appropriate energy, without potential term, so that (1-15) holds.

Note that (m,w) € K1 p, where w = —mV Ho(Vu), due to Proposition 5.3 and Theorem 5.6 and
m(1+]y|?) e L1 (RY) by the exponential decay (5-26). Moreover iz — i in L' N L%+ by Corollary 5.7
and

We = —meVH(Vig) > w =—-mVHy(Vu)

"(@+1)
locally uniformly (by Proposition 5.3) and weakly in L 5 ta by the same argument as in the proof of

Proposition 3.3.
Let now (m, w) € Ky, pr be such that m(1+ |y|?) € LY(RY). Using the minimality of (177¢, W), (5-61)
and (5-62), we conclude that

Eo(m, w) > li;n Eem(- —ye), w(- —ye)) = lign Ee(Mg, We) > Eo(m, ).

This implies (1-15).

To obtain the first part of the theorem, that is, the existence of a solution to (1-14), we need to prove
that the function g appearing in Proposition 5.3 is actually zero on RY. To do that, we derive a better
estimate on the term V;(y + y,); in particular we show that Vs (y 4+ ys) — 0 locally uniformly in R,

By the minimality of (¢, W) and (2, w), (5-11), (5-7) and (5-63) we get

Ee(Me, we) < E(M(- + ye), W(- + ye))
Nay’ Nay’
<& (m, w) +/N m(y + ye)Ve(y + ye) dy +C8”/*1)\/’°‘ < &Eo(meg, We) +C18’”LK’“~
R

Again using (5-7) and (5-11) we get

_ _ Nay’ _ IZ)S _ Nay’ Nay’
Eo(mg, we) + Crev/—Ne 5/ MmeLe|—— | + Fe(mg)dy + Ce?V—aN M + Cev'—Ne,
RN m

&

So, putting together the last two inequalities, we conclude that
B Nay’
/ MeVe(y + ye)dy < Cev'—Ne, (5-64)
RN
Recalling (5-2), this implies that for all R > 0, we get

C;! (max{e7~oN |y,| — e7-aN R — Cy,0})° / e dy < C.
B(0,R)

Using (5-60), we conclude that there exists C > 0 such that

7

7N |ye| < C. (5-65)
In turn this gives, recalling again (5-2), that
e T NN R b
0<Ve(y +ye) = Cyev =N (1 +ev=aN |y[ +ev=aN |y|)” < Cev=aN (14| y[)”,

which implies that V¢(y 4+ y,) — 0 locally uniformly. O
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Remark 5.9. If H and f satisfy the growth conditions (1-2) and (1-3), arguing as before one has that
there exists a classical solution to the potential-free version of (1-1),

—Au+ HVu)+ A = f(m),
—Am —div(VH(Vu)m) = 0, (5-66)
flRN m=M.

In addition, (m,—V H(Vu)m) is a minimizer of
(mw)|—>/ mL(—E) + F(m)dx
RN m

among (m,w) € Ky, pm, m(1 + ly|?) € LY(RN). This can be done as follows: Start with a sequence
(ug,mg, Ag) solving
—Aug + H(Vug) +Ag = f(ms) +8|x|°,
—Amg —div(VH(Vug)mg) =0, (5-67)
fRN ms =M,

with § = §, — 0. Such a sequence exists by Theorem 1.1. The problem of passing to the limit in (5-67)
to obtain (5-60) is the same as passing to the limit in (5-13), and it is even simpler: in (5-13), one has
to be careful as the Hamiltonian H, and the coupling f; vary as ¢ — 0 (still, they converge uniformly),
while in (5-67) they are fixed, and only the potential is vanishing. We observe that b > 0 could be chosen
arbitrarily; the perturbation & |x|? always disappears in the limit. Still, the limit 7, u somehow retains
a memory of b in terms of energy properties: m minimizes an energy among competitors satisfying
m(1+[y[’) € L'(RV).

Remark 5.10. We stress that uniqueness of solutions for (1-14) does not hold in general; for example, a
triple (1, m, A) solving the system may be translated in space to obtain a full family of solutions. On the
other hand, a more subtle issue is the uniqueness of m in the second equation (with Vu fixed); that is, if
(u,mq,A) and (u, m3, A) are solutions, then m1 = my. This property is intimately related to the ergodic
behavior of the optimal trajectory dXs; = —V Ho(Vu(Xy)) ds + ~/2¢ dBy; see, for example, [Cirant
2014]. It is well known that uniqueness for the Kolmogorov equation is guaranteed by the existence of a
so-called Lyapunov function; in our cases, it can be checked that u itself (or increasing functions of u, as
in (5-28)) acts as a Lyapunov function, so uniqueness of m and ergodicity hold for (1-14) and (1-1).

SE. Concentration of mass. The last problem we address is the localization of the point y,, to conclude
the proof of Theorem 1.2. Rewriting (5-60) in view of (5-1) and (5-18), we get that for all > 0 there
exist R, g¢ such that for all & < g¢,

/ y e mdxzM-—n, (5-68)
B(gv'—aN y.,ev'—aN R)

where m is the classical solution to (1-1) given in Theorem 1.1, and

’ ’ 4

Ny 4 Y
ne(y) =ev'=eNm(ey'-aN y 4 ev'=aN yg).
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/7

v - . L .
By (5-65), we know that, up to subsequences, ¢’ —aN y, — X. Our aim is to locate this point, which
is the point where mass concentrates. We need a preliminary lemma stating the existence of suitable
competitors that will be used in the sequel.

Lemma 5.11. For all € < g, there exists (g, We) € K1,p that minimizes
w
(m,w) — / mLg (——) + Fe(m) dy (5-69)
RN m

among (m, w) €Ky p, m(14|y |b) e LY(RN). Moreover, for some positive constants c1, ¢ independent
of e,
me(y) < cre~ 2Pl on RN, (5-70)

Proof. The existence of (1, W) is stated in Remark 5.9, together with a solution (i, 1, )ALS) to the
associated MFG system, as the optimality conditions; see (5-71) below. To obtain the uniform exponential
decay, we can argue by Lyapunov functions as in Proposition 5.3; here, we have to be careful, since the
argument in Proposition 5.3 mainly requires

fo(fe) = e — He(0) > =135 > 0

A

outside some fixed ball B, (0). This claim can be proved as follows: First, —A, is bounded away from
zero for ¢ small. Indeed,

" R W A L
AeM = /N msLS(_ Aa) + fe(me)mg dy < Eg(me, We) +0g(1) < —C.
R

Mg

The inequality follows by the minimality of (#71¢, W) and (i1, w,), and (rescaled) (4-24).
We now prove that 171, decays as |x| — oo uniformly in ¢. Note that W, = —V H(Viig)me, where
(ﬁg,n%s,;\s) solves
_Aﬁs + HS(Vﬁ&‘) +A= fs(ma),
—Amg —div(VH(Viig)mg) =0, (5-71)
Jan e =M.

We derive local estimates for . and 71,. We shift the x-variable so that #,(0) = 0 = mingn . for all ¢.
Choose p > N such that

/ /

a<y—<y—.
p N

If one considers the HIB equation solved by 1., recalling (5-5) and (5-9), Theorem 2.5 gives the existence
of C > 0 such that

N ~ 1
”VMSHLOO(BZR(xo)) = K(”msuzoo(gm(x())) +1)7.

Note that C > 0 does not depend on ¢ and xg. Turning to the Kolmogorov equation, again by (5-9) and
Proposition 2.4,

A A —1
e llwr.rBrxoy = CUVEENL o8y pxeyy T DIMelLr(Bar(x0)-
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By the previous L estimate on Vi, and interpolation of the L? norm of m between L' and L>™ we get

. . XA R 1 . 1—1
el e < COltel oo cran + DI o Vel e ey

Recall that ||77¢]| 11 (B, (xo)) < M ; then, since p > N, by Sobolev embeddings we obtain that for some
B >0,

1

A n . o 1=1
“mSHCO’B(BR(X())) S C(”mé‘“Lyoo(RN) + l)llmSHLoop(RN) (5'72)

First, since C does not depend on xo, this yields ||#71¢ ]| ;..o gv) < C, by the choice of p < %,. Secondly,
plugging this estimate back into (5-72), we conclude

el co.sny < C.

Then, using these estimates, we get that up to subsequences, )ALS > A 0 ¢ — 1i locally uniformly in C'!,
and i, — m locally uniformly, where (i1, 771, i) is a solution to (5-25) with g = 0. Arguing exactly as
in Proposition 5.3, we get that u, m satisfy the estimates (5-26) (eventually modifying the constants).
Moreover,

/ mdx =a € (0, M].
RN

Observe now that Lemma 5.5 and Theorem 5.6 hold also for the energy (5-69), since it coincides with the
energy & without the potential term [ n Vem dx. Therefore we can apply Theorem 5.6 to 771 to conclude
that actually fR ~ mdx = M. So, by Corollary 5.7, we obtain that for all n > 0, there exist R > 0 and &g
such that for all ¢ < g,

/ megdx > M —n. (5-73)
B(0,R)
By (5-72) and (5-73), using Lemma 2.2, we get
fele) = S
outside a ball B,(0). Since H;(0) — 0, the claim
JeUite) = de — He(0) = —3Ae >0 (5-74)

outside a ball B,(0) follows. As previously mentioned, we may now proceed and conclude as in
Proposition 5.3; basically, (5-74) implies that x — ekte() aets as a Lyapunov function for 71, for some

c eklxI=ki gy < eKiey, < C
RN RN

for all & small, which easily implies the pointwise exponential decay (5-70) of 71, by the Holder regularity
of i, itself. O

small k > 0, giving

For general potentials, the point where mass concentrates is a minimum for V.

4

Proposition 5.12. Up to subsequences, evV'—eN y, — X, where V(x) = 0, i.e., X is a minimum of V.
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Proof. Fix a generic z € RN and observe that (15 (- +2), We( - +2)) is still a minimizer of / mLs(—%) +
F¢(m). By the minimality of (., w.) and of (r1.(- + z), We(- + z)), we get

_ w _ _
/ msLa(—__s) + Fe(mg) dy +/ me(y)Ve(y + ye) dy
RN Mg RN
= Eg(Mg, We) < E(Me(- +2), We(- +2))
_ w _ n
S/ meLg (___8) + Fe(mg) +/ me(y +2z2)Ve(y + ye) dy.
RN me RN

In particular this gives
[ eVt dy < [ ey + Vel 30 dy
RN RN

=f me(V)Ve(y + ye—z)dy forall z € RY. (5-75)
RN

Recalling the rescaling of V; and of m, in (5-1), this is equivalent to

/ m(x)V(x)dx < / me(y)V(e T an y+ £V aN Ve — eV ~aN z)dy forallz e RN, (5-76)
RN RN

where m is the classical solution to (1-1) given in Theorem 1.1 such that

7 ’ 4

_ Ny V4 Y
e (y) = 7= m(s7=aN y + £V ).

’

By (5-65), we get that up to passing to a subsequence, eV’ZaN yg — X for some ¥ € RV. Then by
(5-68), we get

lim i(I)lf/ m(x)V(x)dx > limi(r)lf/ V' V' mx)V(x)dx > M —n)V(x). (5-77)
>0 JpN e—>

B(e7'—aN y, ev'—aN R)

We fix z such that V(Z) = 0 and we choose in (5-76) z = y, —¢& 7N 7. We have, by the Lebesgue
convergence theorem and (5-70),

lim sup/ n%e(y)V(sy’ZaN y +Z)dy <limsup Cl/ e_c2|Y|V(gy/ZaN y+2)dy=0. (5-78)
RN RN

£—>0 e—0

By (5-77), (5-78) and (5-76), we conclude V(x) = 0. O

If we assume that the potential V' has a finite number of minima and polynomial behavior, that is, it
y .
satisfies assumption (1-13), then we get that at the limit ¢ »’—«~ y, selects at the limit the more stable
minima of V, as we will show in the next proposition.

Proposition 5.13. Assume that V satisfies assumption (1-13). Then, up to subsequences, there holds

/7
gv'—aNy. —x; ase—0,

wherei € {j =1,...,n:b; = maxy by }.
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/

V4
Proof. By Proposition 5.12, we know that up to subsequences, ¢'—a¥ y, — x, forsome: =1,...n. It
remains to prove that b, = max; b;. Assume by contradiction that it is not true, and then b, < max; b;.
We compute for j € 1,...n, recalling the uniform exponential decay of i, given in (5-70),

. S A
/ me(y +ye—e 7 _“ij)Ve(y + ye)dy
Rn

. __v
N / me()Ve(y +¢& v=aNx;)dy
Rl’l
'Na b.-y’ ’
< Oy [ (e e 1 [T 1e7 ey —xi+ 1% dy
" i#)
Y/(Na+h)) v/ (Natb;)
sce e [l [Ty —x+x P dy<ce . 5.79)
R i)
Note in particular that we can choose in the previous inequality b; = max; b;.
v
We get from (5-75) applied to z = y, —& ¥~V x;, where j is such that b; = max; b;, and from
(5-79) the following improvement of (5-64):

(N ot +max bi )y

. ) (Notmaxb;)y”
/ meVe(y + ye) dy < / me(y +ye—e vV=oNx;)Ve(y +yg)dy <Ce v —Ne (5-80)
B(0,R) RN

for all R > 0. We choose R > 0 sufficiently large such that |, B(0.R) e dy > %M . Recalling the rescaling
of V, (5-80) implies

maxb y/

Cgv—Na Na > 1MC min 81” “Va —i—sV’ “Na xi|%7. 5-81
v yeB(OR)l_[l y Ve — j| ( )

7 ’

Note that for ¢ sufficiently small |8V/ZN°‘ y+ £7~Na Ye—xj|>6>0foralli #¢andall y € B(0, R).
So, by (5-81) we get that there exists C > 0 for which

3/ % mdxbj y/
min _|eV—Ney 4 gv/—Nay, — xt| t < Cegv'—Na
Y€B(0,R)
and then
Y b Y b (maxb; —b)y’
[Je —e V-Nax,|”* = min |y+y.—¢g V-Naeyx]|?* <Ce »-Ne (5-82)
yeB(0,R)

for some y, € B(ye, R). Let z; = o — ye € B(0, R). Up to subsequences we can assume that z, — Z €
B(0, R).
We use now (5-80), recalling assumption (1-13), and we get

maxbjy

ng—NDé >C / me(y)l_[ |8V—Nay—|—gV—No¢y€ xj|bj dy
B(0,R)

b ’

_by _ . v
ZCIN/_N(X/ Mme(Y)|y —ze+Je—¢ ”/_N"‘XL|b‘ dy.
B(0,R)
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In particular this implies

y/

lim ie(V)|y —ze + Je—& V—Nax,|Pedy =0. (5-83)
e—0 B(0,R)

Recalling that m, — m locally uniformly, see (5-24), that y, — & V- Na x, — 0 by (5-82), and that
Zg — Z, we get

- o __v - _
lim e(y)|y — ze + e —&” VN x| dy =/ m(y)ly — [P dy > 0.
€0 JB(0.R) :
This gives a contradiction with (5-83). O

As a consequence of the previous results, we can conclude with the following.

Proof of Theorem 1.2. Setting x, = SV’ZWN Ve, it suffices to recall (5-68) and Propositions 5.12, 5.13. [
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GENERALIZED CRYSTALLINE EVOLUTIONS AS
LIMITS OF FLOWS WITH SMOOTH ANISOTROPIES

ANTONIN CHAMBOLLE, MASSIMILIANO MORINI,
MATTEO NOVAGA AND MARCELLO PONSIGLIONE

We prove existence and uniqueness of weak solutions to anisotropic and crystalline mean curvature flows,
obtained as a limit of the viscosity solutions to flows with smooth anisotropies.

1. Introduction

In this note we deal with anisotropic, and possibly crystalline, mean curvature flows, that is, flows of sets
t — E(t) governed by the law

V.t ==y 00wk, ) +gx. 1), (1-1)
where

e V(x,t) stands for the outer normal velocity of the boundary 0 E (¢) at x,

o ¢ is a given norm on R" representing the surface tension,

. Kf @ is the anisotropic mean curvature of d E(t) associated with the anisotropy ¢,

e Y is a norm evaluated at the outer unit normal vZ® to 3 E(¢), and g is a forcing term.

The factor i plays the role of a mobility.

We refer to [Chambolle et al. 2017a] for the motivations to study this flow, which originate in
problems from phase transitions and materials science; see for instance [Taylor 1978; Gurtin 1993]. Its
mathematical well-posedness is established in the smooth setting, that is, when ¢, ¥, g and the initial
set are sufficiently smooth and ¢ satisfies suitable ellipticity conditions. However, it is also well known
that in dimensions N > 3 singularities may form in finite time even in the smooth case and for regular
initial sets. When this occurs, the strong formulation of (1-1) ceases to be meaningful and thus needs to
be replaced by weaker notions of global-in-time solution.

Among the different weak approaches that have been proposed in the literature for the classical mean
curvature flow (and for several other “regular” flows) here we recall the so-called level-set formulation
[Osher and Sethian 1988; Evans and Spruck 1991; 1992a; Chen et al. 1991; Giga 2006] and the flat flow
formulation, proposed by Almgren, Taylor and Wang [Almgren et al. 1993] and based on the minimizing
movements variational scheme (referred to as the ATW scheme).

MSC2010: 53C44, 49M25, 35D40.
Keywords: geometric evolution equations, crystalline mean curvature flow, level-set formulation, nonlocal curvature flows,
nonlocal geometric flows, minimizing movements, viscosity solutions.

789


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2019.12-3
http://dx.doi.org/10.2140/apde.2019.12.789
http://msp.org

790 ANTONIN CHAMBOLLE, MASSIMILIANO MORINI, MATTEO NOVAGA AND MARCELLO PONSIGLIONE

However, when the anisotropy ¢ in (1-1) is nondifferentiable or crystalline, the lack of smoothness of
the involved differential operators makes it much harder to pursue the aforementioned approaches. In fact,
in the crystalline case the problem of finding a suitable weak formulation of (1-1) in dimension N > 3
leading to a unique global-in-time solution for general initial sets has remained open until the very recent
works [Chambolle et al. 2017a; 2017b; Giga and Pozar 2016; 2018].

We refer also to [Giga et al. 1998; Caselles and Chambolle 2006; Bellettini et al. 2006] for previous
results holding for special classes of initial data, and to [Giga et al. 2014] for a well-posedness result
dealing with a very specific anisotropy. The two-dimensional case is somewhat easier and has been
essentially settled in [Giga and Giga 2001] (when g is constant) by developing a crystalline version of the
viscosity approach for the level-set equation; see also [Taylor 1978; Almgren and Taylor 1995; Angenent
and Gurtin 1989; Giga and Giga 1998; Giga and Gurtin 1996] for relevant former work. We also mention
the recent papers [Chambolle and Novaga 2015; Mercier et al. 2016], where short time existence and
uniqueness of strong solutions for initial “regular” sets (in a suitable sense) is shown.

Let us now briefly describe the most recent progress on the problem. In [Chambolle et al. 2017b],
the first global-in-time existence and uniqueness result for the level-set flow associated to (1-1), valid
in all dimensions, for arbitrary (possibly unbounded) initial sets, and for general (including crystalline)
anisotropies ¢ was established, but under the particular choice ¢ = ¢ (and g = 0). The main contribution
of that work is the observation that the variant of the ATW scheme proposed in [Chambolle 2004; Caselles
and Chambolle 2006] converges to solutions that satisfy a new stronger distributional formulation of
the problem in terms of distance functions. Such a formulation is only reminiscent of, but not quite the
same as, the distance formulation studied in [Soner 1993], see also [Barles et al. 1993; Ambrosio and
Soner 1996; Caselles and Chambolle 2006; Ambrosio 2000], and because of its distributional character
it enables the use of parabolic PDE’s arguments in order to establish a comparison result yielding
uniqueness.

In [Chambolle et al. 2017a], we first observe that the methods of [Chambolle et al. 2017b] can be
pushed to treat bounded spatially Lipschitz continuous forcing terms g and more general mobilities v,
which are “regular” with respect to the anisotropy ¢. More precisely, a norm i is said to be ¢-regular if
the associated y-Wulff shape WV satisfies a uniform inner ¢-Wulff shape condition at all points of its
boundary. Such a condition implies that the ¢-curvature ks of dWV is bounded above and it enables us
to show that a distributional formulation in the spirit of [Chambolle et al. 2017b] still holds true. Next,
owing to the simple observation that the ¢-regular mobilities are dense, we succeed in extending the
notion of solution to general mobilities by an approximation procedure. More precisely, by establishing
delicate stability estimates on the ATW scheme, we show that if v is any norm and v, — v, with ¥,
a ¢-regular mobility for every n, then the corresponding distributional level-set solutions u¥”, with the
given initial datum «° admit a unique limit #¥ (independent of the choice of the approximating v,,),
which we may therefore regard as the unique solution to the level-set flow with mobility i and initial
datum u°. As a byproduct of this analysis, we also settle the problem of the uniqueness (up to fattening)
of flat flows for general mobilities. Once again, our results hold in all dimensions, for arbitrary (possibly
unbounded) initial sets and general, possibly crystalline, anisotropies ¢.



GENERALIZED CRYSTALLINE EVOLUTIONS AS LIMITS OF FLOWS WITH SMOOTH ANISOTROPIES 791

By completely different methods, in [Giga and PoZar 2016], and more recently in [Giga and Pozar
2018], the authors succeed in extending the viscosity approach of [Giga and Giga 2001] to the case N =3
and to the general case N > 3, respectively. In fact, as in [Giga and Giga 2001], they are able to deal with
very general equations of the form

V=rf0F —kp),

with f continuous and nondecreasing with respect to the second variable, but without spatial dependence,
establishing existence and uniqueness for the corresponding level-set formulation. Important achievements
in their work are the definition of a crystalline curvature for sets with appropriate regularity, a comparison
result for such a curvature, and an approximation result showing that any compact set is arbitrarily
close to sets with well-defined curvature. They can also deduce stability results, [Giga and Pozar 2016,
Theorem 8.9; 2018, Theorem 1.5], which ensure in particular that the viscosity solution of the nonsmooth
problem can be built as the limit of a sequence of classical viscosity solutions of the problem with smooth
regularized anisotropies. As our approach in the current paper is based on the same idea, a by-product is
that when both are defined, their evolutions and ours coincide (Remarks 3.8 and 3.9). On the other hand,
their method currently works only for purely crystalline anisotropies ¢, bounded initial sets, and constant
forcing terms.

As said, we propose here an approach different from our previous work [Chambolle et al. 2017a]:
Following [Giga and Pozar 2016; 2018], we derive existence, uniqueness and some properties of anisotropic
and crystalline flows directly from the corresponding properties of smooth (i.e., with smooth anisotropies)
flows, appropriately defined as viscosity solutions of a geometric PDE. This leads to a more direct and
easier proof of the well-posedness of (1-1) for general mobilities and anisotropies, relying on purely
viscosity methods. On the other hand, our new estimates are too weak to provide information about the
uniqueness of flat flows, shown in [Chambolle et al. 2017a].

Let us describe the new approach in more detail. The starting point is the observation that when the
anisotropy is smooth, the distributional formulation of [Chambolle et al. 2017a; 2017b] is equivalent to
the classical viscosity formulation; see Section 2B. Next, in Section 2C we show that if ¢,, — ¢, with ¢,
smooth, and if ¥, = ¥, with ¥, ¢,,-regular “uniformly” with respect to n (see the statement of Theorem 2.8
below for the precise meaning), then the corresponding viscosity (and thus distributional) level-set
solutions u, converge locally uniformly to the unique distributional level-set flow with anisotropy ¢ and
(¢-regular) mobility v. This leads to a new proof of the existence of distributional level-set solutions for
¢-regular mobilities, without using the ATW scheme as in [Chambolle et al. 2017a].

In Sections 3A and 3B we establish the crucial stability estimates of the flow with respect to changing
¢-regular mobilities. This is achieved once again by exploiting the viscosity formulation in order to prove
first the estimates in the case of smooth anisotropies and to conclude by approximation.

Finally, in Section 3C we prove the main existence and uniqueness result for the level-set formulation
of (1-1), in the case of general anisotropies and mobilities. In this last step we proceed essentially as in
[Chambolle et al. 2017a]: we approximate any mobility ¢ by a sequence ¢-regular mobilities ¥, and
show, by means of the stability estimates of the previous sections, that the corresponding solutions admit
a unique limit.
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2. Distributional mean curvature flows

Given a norm n on R (a convex, even, one-homogeneous real-valued function with 7(v) > 0 if v % 0),
we define a polar norm 1° by 1°(§) :=sup,,,<; v - § and an associated anisotropic perimeter P, as

P,(E) ::sup{/ divedx : ¢ e CHRY; RY), n°(¢) < 1}.
E
As is well known, (n°)° = n so that when the set E is smooth enough one has
PE) = [ nFyant
dE

which is the perimeter of E weighted by the surface tension n(v).
We will make repeated use of the identities

an(w)={&:n°¢E)<land & -v=>n(v)}
={&:n°@E)=1land & -v=n(v)} (2-1)

(and the symmetric statement for n°) for v # 0, where dn(v) denotes the subdifferential of n at v.
Moreover, dn(0) = {£ : n°(&) < 1}, while 9n°(0) = {£ : n(§) < 1}. For R > 0 we define

Wh(x,R):={y:n°(y —x) < R}.

Such a set is called the Wulff shape (of radius R and center x) associated with the norm n and represents
the unique (up to translations) solution of the anisotropic isoperimetric problem

min{P,(E) : |[E| = |W"(0, R)|};

see for instance [Fonseca and Miiller 1991].
We denote by dist’( -, E) the distance from E induced by the norm 5; that is, for any x € RV,

dist”(x, E) := inf n(x — y) (2-2)
yeE

if E # @ and dist” (x, @) :=+00. Moreover, we denote by d} the signed distance from E induced by 7, i.e.,
dj(x) :=dist"(x, E) — dist" (x, E€).

so that dist?(x, E) = dz- (x)T and dist" (x, E€) = a’Z- (x)~, where we adopt the standard notation t* :=¢V0
and ¢~ := (—1)™. Note that by (2-1) we have n(Vdg )= n°(Vdg) =1lae. in RY \JE.
Finally we recall that a sequence of closed sets E, in R converges to a closed set E in the Kuratowski
sense if the following conditions are satisfied:
(i) if x, € E,, any limit point of {x,} belongs to E,
(ii) any x € E is the limit of a sequence {x,}, with x,, € E,,,

and we write
E, 5 E.
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Since E, &> E if and only if (for any norm n) dist”(-, E,) — dist"(-, E) locally uniformly in R™, by the
Ascoli—-Arzela theorem any sequence of closed sets admits a converging subsequence in the Kuratowski
sense.

2A. The weak formulation of the crystalline flow. In this section we recall the weak formulation of the
crystalline mean curvature flow introduced in [Chambolle et al. 2017a; 2017b].

In what follows, we will consider forcing terms g : RV x [0, +00) — R satisfying the following two
hypotheses:

(H1) g € L¥R" x (0, +00)).

(H2) There exists L > 0 such that g( -, ¢) is L-Lipschitz continuous with respect to the metric ¥° for a.e.
t > 0. Here v is the norm representing the mobility in (1-1).

Remark 2.1. Assumption (H1) can be in fact weakened and replaced by
(H1") for every T > 0, we have g € L*(RN x (0, T)).

Indeed under the weaker assumption (H1"), all the arguments and the estimates presented throughout
the paper continue to work in any time interval (0, T'), with some of the constants involved possibly
depending on 7. In the same way, if one restricts our study to the evolution of sets with compact boundary,
then one could assume that g is only locally bounded in space. We assume (H1) instead of (H1") only to
simplify the presentation.

Let ¢, ¥ be two (possibly crystalline) norms representing the anisotropy and the mobility in (1-1),
respectively. We recall the following distributional formulation of (1-1).

Definition 2.2 [Chambolle et al. 2017a]. Let E° ¢ R" be a closed set. Let E be a closed set in
RN x [0, +00) and for each ¢ > 0 define E(t) := {x € R : (x,t) € E}. We say that E is a superflow of
(1-1) with initial datum E? if:

(a) (initial condition) E(0) € E°.
(b) (left continuity) E(s) KLy E@) ass ' tforall r > 0.
(c) (extinction time) If E(¢z) = @ fort > 0, then E(s) = & for all s > 1.
(d) (differential inequality) Set T* :=inf{r > 0: E(s) = @ for s > t}, and
d(x, 1) :=dist¥ (x, E(t)) forall (x,1) € RYN x (0, T*)\ E.
Then there exists M > 0 such that the inequality
od>divz+g—Md (2-3)

holds in the distributional sense in RY x (0, T*) \ E for a suitable z € L*(RY x (0, T*)) such that
z € 3¢(Vd) ae., div z is a Radon measure in RY x (0, T*) \ E, and

(divz)t € L°{(x,1) e RN x (0, T*): d(x,t) > 8}) forevery s € (0, 1).
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We say that A, an open set in RY x [0, +00), is a subflow of (1-1) with initial datum EVif A¢isa
superflow of (1-1) with g replaced by —g and with initial datum (E%)e.

Finally, we say that E, a closed set in RV x [0, 400), is a solution of (1-1) with initial datum E© if it
is a superflow and if E is a subflow, both with initial datum E°.

It is shown in [Chambolle et al. 2017a] (see also [Chambolle et al. 2017b] for a simpler equation),
using quite standard parabolic comparison arguments, that such evolutions satisfy a comparison principle:

Theorem 2.3 [Chambolle et al. 2017a, Theorem 2.7]. Let E be a superflow with initial datum E° and F be
a subflow with initial datum FO in the sense of Definition 2.2. Assume that dist?” (E?, RV \ F) =: A > 0.
Then,

dist/ (E@t), RN\ F(t)) > Ae ™" forallt >0,

where M > 0 is as in (2-3) for both E and F.

We now recall the corresponding notion of sub- and supersolution to the level-set flow associated with
(1-1); see again [Chambolle et al. 2017a].

Definition 2.4 (level-set subsolutions and supersolutions). Let u° be a uniformly continuous function
on RY. We will say that a lower semicontinuous function u : RN %[0, +00) — Ris a level-set supersolution
corresponding to (1-1), with initial datum u® if u(-,0) > u® and if for a.e. A € R, the closed sublevel set
{(x, 1) :u(x,t) <X} is a superflow of (1-1) in the sense of Definition 2.2, with initial datum {uy < A}.

We will say that an upper-semicontinuous function u : RV x [0, +00) — R is a level-set subsolution
corresponding to (1-1), with initial datum u, if —u is a superlevel-set flow in the previous sense, with
initial datum —ug and with g replaced by —g.

Finally, we will say that a continuous function u : R¥ x [0, +00) — R is a solution to the level-set
flow corresponding to (1-1) if it is both a level-set subsolution and supersolution.

As shown in [Chambolle et al. 2017a], Theorem 2.3 easily yields that almost all closed sublevels of a
solution of the level-set flows are solutions of (1-1) in the sense of Definition 2.2. Moreover, the following
comparison principle between level-set subsolutions and supersolutions holds true.

Theorem 2.5 [Chambolle et al. 2017a, Theorem 2.8]. Let u®, v° be uniformly continuous functions on RN
and let u, v be respectively a level-set subsolution with initial datum u° and a level-set supersolution with
initial datum v°, in the sense of Definition 2.4. If u® <00 thenu <v.

For smooth anisotropies, solutions to the level-set flow and (minus the characteristic function of)
solutions of the geometric flow in the sense of Definition 2.2 are in fact viscosity solutions of the
(degenerate) parabolic equation (2-4) below. This classical fact will be shown and exploited to some
extent to nonsmooth anisotropies in the next two sections.

2B. Viscosity solutions. We show here that in the smooth cases, the notion of solution in Definition 2.2
coincides with the definition of standard viscosity solutions for geometric motions, as for instance
in [Barles and Souganidis 1998]. This property will be helpful to establish estimates using standard
approaches for viscosity solutions.



GENERALIZED CRYSTALLINE EVOLUTIONS AS LIMITS OF FLOWS WITH SMOOTH ANISOTROPIES 795

Lemma 2.6. Assume that ¢, ¥, y° € C>(RN \ {0}), and that g is continuous. Let E be a superflow in the
sense of Definition 2.2. Then, — x g is a viscosity supersolution of

ur =Y (Vu)(divVe(Vu) + g) (2-4)

in RN x (0, T*], where T* is the possible extinction time of E.
Conversely, a viscosity supersolution — y g of (2-4) defines a superflow in the sense of Definition 2.2.

Proof. A similar statement (in a simpler context) is proved in [Chambolle et al. 2017b, Appendix], while
it is proved in [Chambolle et al. 2017a] that a superflow defines a viscosity supersolution. We therefore
here focus on the converse: Given an evolving set E(¢) such that — x is a viscosity supersolution of (2-4),
we show that E(¢) is a superflow in the sense of Definition 2.2, with the constant M in (2-3) equal to the
Lipschitz constant L of g( -, t) appearing in the assumption (H2).

Step 1: left continuity and extinction time. Let T* € [0, +00] be the (first) extinction time of E,
and assume without loss of generality 7* > 0. Let d(x,1t) := dist”” (x, E(t)). We fix § > 0 and we
set A = (RN x[0,T7*)\ E and A°> = AN{d > 8}. Let (x,t) with d(x,t) = R > § > 0. Then
W¥(x,R—¢)NE(t) =@ for any ¢ > 0 (small). There exists a constant C (depending on ¢, 1) such
that, letting

W(s) =RV \ WV (x, R—s— (% + IIgIIOO)s),

—XWw(s) 1S a viscosity subsolution of (2-6) for s < R2/(2(C + R||glleo)) and € < R/4. By standard
comparison results [Barles et al. 1993], it follows that E(t + s) C W(s) for such times s, so that
dx,t4+s)>R—¢e—(C/R+|gll)s. Hence, letting ¢ — 0, we find that

d(x, i 45)>d(x, 1) — (% + ||g||oo)s if (x, 1) € A°, (2-5)

In particular, it follows that d;d is bounded from below in such sets and hence is a measure. By (2-5) and
the fact that E is closed we deduce that the left continuity (b) of Definition 2.2 holds for E(¢). Moreover,
the same argument shows that if > 7™ then d(x, t) = 400, showing also point (c).

Step 2: the distance function is a viscosity supersolution. We now show that the function d(x, ) is a
viscosity supersolution of
u = ¥ (Vu)(D*¢(Vu) : D*u+g — Lu). (2-6)

In fact, this is essentially classical [Soner 1993]; however the proof in this reference needs to be adapted
to deal with the forcing term. An elementary proof is as follows: Let n be a smooth test function and
assume (X, 7) is a contact point, where 1(x, ) =d(x, t) and n < d. If the common value of n, d at (x, t)
is zero then it is also a contact point of 1 — g and 7, so that

(%, 1) = Y (Vn(E, D) (D’ (Vn(x, 1)) : D*n(X, 1) +¢(X,7) — Ln(%, 1)) 2-7)

obviously holds, by definition (recalling (2-4) and that n(x, ) = 0). Hence we consider the case where
R=d(x,t) > 0. Let y € dE(¢) such that R = y°(x — y). We let

Ny, 0)=ny+x-y,0-R<dly+x—-y,0)—R=<d(y,1)
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since d is 1-Lipschitz in the ¥° norm. In particular, in a neighborhood of (y, 7) we have n'(y, ) <
1 — xE@ (»). On the other hand, '(3,7) =0=4d(y,1) =1 — xg (). Hence, by (2-4)

Om(x, 1) =0 (3, 1) = ¥ (V' (3, D)(D*¢(Vn' (3, 0)) : D>/ (3, 1) + 8 (3, 1))
Since g(3,7) > g(%,7) — Ln(%, 7), (2-7) follows.

Step 3: differential inequality. A classical remark is that @2, as an infimum of the uniformly semiconcave
functions ¥°(- — y)?, y € E(t), is semiconcave; hence in A° one has D?d < C/81 in the sense of
measures for some constant C depending only on v°. In particular, div V¢ (Vd) = D?¢(Vd): D*d <C/$
in A% in the sense of measures.

We proceed as in [Chambolle et al. 2017b]: For n > 1, let d,,(x, ¢) := ming(d(x, t —s) + ns?), which
is semiconcave and converges to d as n — 0o. Moreover, one can easily check that d,(-,t) — d(-, 1)
locally uniformly if 7 is a continuity point of d. Let B C A® be an open ball (where in particular d is
bounded from above and it is bounded from below by &) and observe that d,, is still a supersolution
of (2-6), provided g(x, t) is replaced with g(x, t) — w, for some w, — 0 as n — +o0. Since d,,, which
is semiconcave, has a second-order jet a.e. in B, (2-6) holds for d,, a.e. in B. Reasoning as in [Chambolle
et al. 2017b, Appendix], we deduce that

0:dy > ¥ (Vdy)(divz, + g — w, — Ld,) (2-8)

in the distributional sense (or as measures) in B, where z, := V¢ (Vd,). It remains to send n — oo:
Clearly, d,;d, — 9,d in the distributional sense. Consider (x, t) a point where Vd(x, t) and Vd,(x, t)
exist for all n. First, if d(x, t — s) 4+ ns? attains the minimum at s,,, one has for any p € 0Td(x,t—s,)
(the spatial supergradient of the semiconcave function d( -, t —s,)) that

dy(x+h,t) Sd(x—l—h,t—sn)—i-nsi
Sd,t =5+ ph+ S s =dy(e, 0+ poh+ SR,

showing that p € 3%d,(x,t) = {Vd,(x,t)}. We deduce that d(-,t — s,) is differentiable at x, with
gradient Vd, (x, t), and in particular that ¥ (Vd,(x,t)) = 1.

Assume now that in addition d is continuous at z. Then d,, (-, t) — d (-, t) uniformly in BN (RN x {¢}),
and using the (uniform) semiconcavity of these functions, one also deduces that Vd, (x, t) — Vd(x, t)
a.e.; hence, z,,(x,t) = Vo (Vd,(x, t)) converges to z(x, t) = Vo (Vd(x, t)) a.e. Hence we may send n
to oo in (2-8) to find that

od>divz+g—Ld

in the distributional sense in B, with z = V¢ (Vd) a.e.
This shows the lemma. O

2C. The level-set formulation. Let u° be a bounded, uniformly continuous function on R". Then, it
is well known [Chen et al. 1991] that if ¢ € C*>(RY \ {0}) and v, g are continuous, then there exists a
unique viscosity solution # of (2-4) with initial datum u«°. Moreover, for all A € R, we know — X{u<i)
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is a viscosity supersolution and — xy, <) is a viscosity subsolution of the same equation. If in addition
W, Yo e C2(RN \ {0}), it follows from Lemma 2.6 that E, (¢) := {u( -, t) < A} is a superflow in the sense
of Definition 2.2, while A, () := {u(-,t) < A} is a subflow.!

In what follows we will say that a given norm 5 is smooth and elliptic if both n and n° belong to
C2RN\ {0}).

We now consider sequences ¢,, ¥, of smooth and elliptic anisotropies/mobilities converging to
¢,v. We also consider g,(x,t) a smooth forcing term, which converges to g(x,t) weakly-* in
L® (RN x[0, +00)). We assume also that g, is uniformly spatially Lipschitz continuous and we denote
by L, M the (uniform) Lipschitz constants of g, with respect to ¥, and ¢,, respectively. Given u,, the
corresponding unique viscosity solution of (2-4) (with v,,, ¢,,, g, instead of v, ¢, g) with initial datum u°,
we want to study the possible limits of u,,. If the limiting anisotropies and forcing term are still smooth
enough, it is well known that the limiting « is the unique viscosity solution of the corresponding limit
problem. If not, we will show that the limit is still unique. We recall, see [Chambolle et al. 2017a], the
following:

Definition 2.7. We will say that a norm v is ¢-regular if the associated Wulff shape WY (0, 1) satisfies a
uniform interior ¢-Wulff shape condition, that is, if there exists &g > 0 with the following property: for
every x € AWV (0, 1) there exists y € WY (0, 1) such that W¢’(y, g0) S WY(0,1)and x € 8W¢’(y, £0).

Notice that it is equivalent to saying that WY (0, 1) is the sum of a convex set and W?(0, &), or
equivalently that ¥ (v) = ¥o(v) 4+ g9 ¢ (v) for some convex function .
We now show the following result.

Theorem 2.8. Let (V,)n, (¢n)n and (g,)n be as above, and, in addition, assume that the mobilities
(Yrn)n are uniformly ¢,-regular, meaning that ey > 0 in Definition 2.7 does not depend on n. Let u,

Oa anisorrOpy (wn)na
mobility (¢,), and forcing term (g,)n. Then, the u, converge locally uniformly to the unique level-set

be the level-set solutions to (1-1) in the sense of Definition 2.4, with initial datum u

solution u to (1-1) in the sense of Definition 2.4, with initial datum u®, anisotropy ¥, mobility ¢ and
forcing term g.
Proof. A first observation is that the functions u, remain uniformly continuous in space and time on

RN x [0, T for all T > 0, with a modulus depending only on the modulus of continuity w of u° and the
Lipschitz constant M. Indeed, by Proposition 3.4 below it follows that for any A < A’

dlSt(p:({un( ) t) = )"}7 {un( ) t) = )"/}) = Ae—ﬂMtv

where A :=w ') — 1) > dist‘i’o({u0 <Al {u®>1'}) >0, and B > 0 depends (for large n) only on ¢
and ¥; see (3-16). Therefore, u, (-, t) is uniformly continuous with modulus of continuity with respect
to the norm ¢2 given by w(e#M? .). As for the equicontinuity in time, we set w7 (s) := w(efMTs) and we
start by observing that for any x e RY, ¢ >0, t € (0, T], and n € N we have

W (x, 07" (8)) Sy tun(y, 1) > un(x, 1) — &}.

n the case of “fattening”, also {u < A} is a superflow, and the interior of {# < A} a subflow.
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Therefore, by standard comparison results we have u,, (x, ') > u,(x,t) — e provided that 0 < ¢’ — ¢ < t,
where 7 is the extinction time for W% (x, wr ! (¢)) under the evolution (1-1). Analogously, one shows that
up(x,t") <u,(x,t)+eif 0 <t’' —t < 7. Since 7 is bounded away from zero by a quantity independent
of n (depending only on ¢, sup,, ||gx»llco and, for n large, on ¢ and v); see for instance [Chambolle et al.
2017a, Remark 4.6]. This establishes the equicontinuity in time.

Hence, up to a subsequence (not relabeled), we may assume that u, converges locally uniformly to
some u. In view of Theorem 2.5, it is enough to show that « is a solution in the sense of Definition 2.4, that
is, that for a.e. A € R the set E; := {u < A} is a superflow in the sense of Definition 2.2 and A, := {u < A}
a subflow.

We prove the assertion for E,. We first notice that since u, — u locally uniformly, the Kuratowski
limit superior of the sets E,, := {u,, < A} as n — oo is contained in Ej.

By Lemma 2.6, the sets E,, are superflows in the sense of Definition 2.2. We consider d, (x, t) :=
dist?» (x, E,(t))and d(x, 1) := dist”’ (x, E) (1)), the corresponding distance functions, which are finite up
to some time 7,, T* € (0, +-o0] respectively, where T* is defined according with Definition 2.2. Notice
that 7* is increasing with respect to A, and that if A is a continuity point, then we have 7," — T, as n — oo.

Recalling (2-5), one can deduce that for s > 0 small,

dy(t+s)—d,(t) - C
s - dy(®)
where the constant C does not depend on 7, as it is essentially the maximal speed, without forcing, of
the Wulff shape W¥n := W¥»(0, 1), which is bounded by (maxg ¥,,) x (maxywv. kg,). The curvature kg,
of WV is in [0, (N — 1)/&], thanks to the assumption that ¥, := ¥, — 0@, is convex, which yields
that W¥» = WV 4 goW? . We deduce 9,d, > —C/d, — ||g s, Which yields that there is an increasing
function ® : Ry — R such that

— lIglleo-

Od,(t+s)) >0, (1)) — |lglleos forallz,s > 0. (2-9)

Actually © is explicitly given by

Od)=d - Llog(l + %d>
& lloo C
for d > 0. Notice that, for small d > 0, we have O (d) ~ ||g|lsod?/(2C), while ®(d) ~ d for large d.

It follows from (2-9) (see for instance details in the proof of [Chambolle et al. 2017b, Proposition 4.4],
which is an adaptation of Helly’s selection theorem) that one can find an at most countable set N C (0, T%)
such that forallt ¢ N, d,, (-, 1) — d(-, t) locally uniformly. If B € (RY x (0, T*))\E;,, one has BNE, =@
for n large enough and

0rdy > div z, + gn — Ld,

in the distributional sense in B, thanks to (2-3) and Lemma 2.6. Here, z,, = V¢,(Vd,). Notice that the
2z, are (for n large) well-defined and bounded in L®(R" x (0, T)) for any T < T*. In the limit, we find
that (2-3) holds for d, with z the weak-* (local in time) limit of (z,), (or rather, in fact, a subsequence). It
remains to show that z € d¢(Vd) a.e. in B. An important observation is that, using again the ¢, -regularity
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of i, one can show that div V¢,(Vd,) < (N —1)/(eod,); hence it is bounded in {d, > §}. In particular,
in the limit, (div 2) T x(g=s5y € LC(RY x (0, T*)).

To show z € d¢(Vd) a.e. in B, we establish that z - Vd > ¢(Vd) a.e. in B. The proof here is
as in [Chambolle et al. 2017b]. There exists § such that for all n large enough, d, > § in B; hence
divz, < (N —1)/(g9d). Let n € C°(B; R;); then

/¢(Vd)n dx dt sliminf/ ¢, (Vd,)ndx dt:liminf/(zn-Vdn)n dx dt.
B n B n B

On the other hand,
/ (zn - Vdy)ndx dt = / (zn - Vd)ndx dt + / (zn - V(d, —d))ndx dt, (2-10)
B B B

and lim,, [ (z, - Vd)ndx dt = [,(z- Vd)ndx dt since z, * z.
It remains to prove that the second addend in the right hand side of (2-10) tends to zero as n — +o00. Set

my(t) = min (d,(x,t)—d(x,t)), M,(t)= max (d,(x,t)—d(x,1)).

x:(x,t)eB x:(x,t)eB

Then M, (t) — m,(t) — 0 for all t ¢ N. One has
[ G Vs = dpmarai = [ o9~ d=miondrr
B B

=—/(dn—d—mn)ndivzndxdt—/(dn—d—mn)zn-Vndxdt.
B B

The last integral goes to zero as n — oo. Since (d, —d —m,,(t))n > 0 we have

N—-1
8()8

—/(a’n—d—mn)ndivz,,dxdtz— /(dn—d—mn)ndxdtm&
B B

Using instead d,, —d — M,,, we show the reverse inequality, and we deduce

/¢(Vd)ndxdt§/(z~Vd)ndxdt,
B B

which concludes the proof. (]

3. Existence by approximation

3A. A useful estimate: comparison with different forcing terms. We prove in this section and the
following a series of comparison results, which will then be combined together to deduce a global
comparison result for flows with possibly different mobilities. In this section, we shall assume that the
surface tensions ¢, ¥ are smooth and elliptic, so that we can work in the classical viscosity setting. In the
limit, our main estimate will also hold for crystalline flows in the sense of Definition 2.2.

We start by recalling standard comparison results for flows with constant velocities; however, we pay
special attention to the particular metrics in which our velocities are expressed. We first consider the
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equation
up =Y (Vu)g(x, 1). (3-D

The following is a slight variant of the well-known result [Barles 2013, Theorem 8.1]:

Lemma 3.1. Consider u® : RN — R, bounded and A-Lipschitz continuous with respect to a norm 1,
smooth and elliptic, and let B > 0 be such that

v =< pn°. (3-2)

Assume g is bounded, continuous and M -Lipschitz in space in the norm n. Let u(x,t) be a viscosity
solution of (3-1) with initial datum uo. Then for all t > 0, the function u(-,t) is AePM!-Lipschitz
continuous in the norm 1.

Proof. We start by observing that by classical results the solution u is uniformly continuous locally in
time; see for instance [Giga et al. 1991]. The rest of the proof is an adaptation of the argument in [Barles
2013, proof of Theorem 8.1]. Let § > 0 be given, and let C be a smooth function such that
C'—BMC > BMSs >0, (3-3)
with C(0) = A. Set
o:= sup u(x,t)—u(y,t)—C@)nx—y).
x,yeRN

tel0,T]

We claim that o = 0. Using this claim, we have
uCe, ) —u(y, 1) < (APM 4+ 5P — D)n(x - y)

for all x, y, ¢t <T, and sending § — 0 we conclude the proof of the lemma.
We are left to prove the claim that o = 0. Arguing by contradiction, assume that o > 0. Consider a
maximum point (X, y, ¢, 5) in R2N x [0, T')? for the function

=5 P+ Dy
2a 2 ’

where a, b > 0 are small parameters (notice that ¢(x, y, 0, 0) < 0). For b small enough, ¢(x, y,,5) >

o, y, s, 1) =u(x,t) —u(y,s) —CE)nx—y) —

0/2 > 0, and then by standard arguments (using in particular that |x|, |y| < c¢/ Vb, and that for fixed b,
both 7 and 5 converge, up to a subsequence, to the same positive value as a — 0, see for instance [Barles
2013, Lemma 5.2]) we may assume 0 < ¢, s < T, so that

C(nGE —5)+ ’%s < Y(CHVNGE — ) +bDg(F. D).
I%S > Y(CEHVE - 5) — bP)g(5. 5).

Evaluating the difference and recalling (3-3) we obtain

BM(C(@)+6n(E — ) <Y (C(O)Vn(x —y) +bX)g(x, 1) — Y (CHVn(x — ) —by)g([, 5).
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For fixed b > 0, we can then let @ — 0 and denote by 7 € (0, T'] the common limit (along a subsequence)
of  and § as a — 0, and by X and ¥ the limits (along a subsequence) of X and y, respectively. Thus,
using (3-2), we obtain

M(C(#)+8)n(X—73)
< %l/f(C(f)Vn(i—i)—i-bi)g(i, 1) — %WC(f)Vn(i—&)—bi)g(&, t)
=< %(W(C(f)vn()E — ) +bX) =Y (C(OVN(E =) ~b3))g(F, D) +1°(CO)Vn(E —F) +bx) M1(X 7).

We deduce

Y(C(E)Vn(X — ) +bx) — Y (C(E)Vn(X —3) —by)
BMn(x —y)

and sending » — 0 (and observing that (X — y) 4 0 as o > 0 and u is uniformly continuous), we find

C(®)+8 =n°(C(HVn(E —3) +bF) +

& lloos

that if 7 is a limit point of 7, then C(f) 4+ & < C(f), which gives a contradiction. Hence one must have
o=0. O

In the next lemma we show that if E® ¢ FO are initial sets and —xz, —xr are viscosity solutions
of (3-1), starting from — x zo and — x yo, respectively, then dist”(d E(t), d F (1)) > dist"(JE?, d FO)e AM!,
A splitting strategy will then extend this result to the solutions of (2-4).

Lemma 3.2. Let n be a smooth and elliptic norm satisfying (3-2). Let g1, g2 be two admissible forcing
terms satisfying assumptions (H1), (H2) of Section 2A, and both M -Lipschitz in the n norm. Assume

g —g1<c<+oo inRY x[0,+00). (3-4)

Let E° C FO be two closed sets with dist’(E?, RN \ F*) := A > 0. Assume that — XE(@) IS a viscosity super-
solution of u; = ¥ (Vu)gi(x, t) starting from — x go, and — X () is a subsolution of v; = ¥ (Vv)ga(x, t)
starting from — xpo. Then at any time t > 0,

1— e—ﬁMt

dist"(E(1), RN \ F(1)) > Ae P! — - (3-5)

Proof. With Lemma 3.1 at hand, this is a straightforward application of standard comparison principles.
We consider first ug(x) := —AV 2A A dg (x)) and vg(x) := —2AV (A A d;(x)), so that vo + A < uy.
These functions are both 1-Lipschitz in the norm 7. We then consider the viscosity solutions u of
u, = ¥ (Vu)gi(x, t) starting from ug, and v of v, = ¥ (Vv)gr(x, t), starting from vyg. By standard
comparison results, E(t) € {u(t) <0} and F(t) D {v(t) <0} forall > 0.

Thanks to Lemma 3.1, u(-, 1), v(-,t) are eﬂM’—Lipschitz. Let now

ePMt _
L) = Lt A —c—— .
w(-,)=v(-,t)+ c i

Then at t = 0, we have w( -, 0) = vg+ A < ug. We show that w is a subsolution of u, = ¥ (Vu)g(x, t),
so that w < u. Indeed, if ¢ is a smooth test function and (X, 7) is a point of maximum of w — ¢, then
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it is a point of maximum of v — (¢ — A +¢f (ePM! —1)/M) so that, using (3-4) and the fact that v is a
subsolution, we get

dp(%, ) + cBePM <y (Vo(E, 1))ga (¥, T) < Y (Vo(¥, D))g1(E. F) + ey (Vo (%, ).

Since X is a contact point of the smooth function ¢( -, ) and the ePMt -Lipschitz function w( -, ) (in the
1 norm), we have 7°(Vo) < M’ at (x,1). By (3-2), c¥ (Vo (x, 1)) < cBePM!, whence

0o <Y (Vp)g

and this shows that w is a subsolution of this equation, and hence that w < u. Therefore, for all x, ¢,

vix, 1) <u(x,t)— A+c(ePM — 1)/M. Thus, fort > 0and x, y € RV, recalling that v is eﬂMt_—Lipschitz,
1 — e AM!

v(y7 t)fu(_x’l‘)—eﬁMt(AeﬂMt_c M

—n(x —y))-

It follows that if dist”(y, E(1)) < Ae PM! —c(1 — e PM) /M, then v(y, t) <0, and hence y € F(t),
which shows the lemma. ]

3B. Comparison for different mobilities. In this section we provide the crucial stability estimates with
respect to varying mobilities, not necessarily smooth and elliptic.

3B1. A comparison result with a constant forcing term. In this subsection we shall assume that ¢, ¥{, ¥
are smooth and elliptic, and that

(1=8)y2(&) <Y (§) < (1 +8)ya (&) forall £ e RY, (3-6)
for some (small) § > 0. We first show the following:

Lemma 3.3. There exists a constant cy > 0 depending only on N such that the following holds: Let
A > 0, and let E be a superflow for the equation V. = —r1(v)ky and F be a subflow for the equation
V=—=vYn(v)(ky —cod/A), with dist?” (E(0), RV \ F(0)) = A. Then for all t until extinction of E or F¢,
we have dist?” (E(t), RN \ F(1)) > A.

Proof. We first assume that 0 E(¢), d F(t) are bounded for all .

We shall use the fact that u(x, t) = —xg(x, t) is a viscosity supersolution of
o = Y1 (Vu) div Vo (Vu), (3-7)
while v(x, t) = —xr(x, t) is a viscosity subsolution of (see Lemma 2.6)
v = wz(Vv)(diV Ve (Vo) — co%). (3-8)

A first remark is that since the equations are translationally invariant, we also have

W(x,t)= inf u(x+z1)
¢°(2)<A/4
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is a supersolution of (3-7), and similarly,

V(x,t)= sup v(x+z,1)
¢°(2)<A/4

is a subsolution of (3-8). Note that u’ = —xg and v’ = — xr, with the tubes E’, F’ defined by
E'(t)=E@)+W?(0, A),
RY\F'(1) = RV \ F(t)) + W?(0, 1A)

until their respective extinction times. We denote by ¢* the minimum extinction time of these sets. In
particular,

dist?” (E'(0), RV \ F'(0)) = A.
Using [Chambolle et al. 2017a, Lemma 2.6], there is a time #y such that for ¢ < ¢,
dist?” (E'(t), RV \ F'(1)) > 1A.
Let ¢ > 0, and consider a point (X, 7, ¥, 5) (depending on &) which attains

o 2 2
X — r—s & &
¢°(x—y) +( ) . 4 '
2 2¢e fo—t fo—sS

M, = min l(1 +u'(x, 1) —v'(y, )+
x,yeRN &
0<s, 1<ty

(3-9)

Observe that for every fixed x € E'(0), y € F'(0) and s =t = 0, this quantity is less than
o _ 2
Pra—yT . e
2 to
and in particular, M, < A2/8 +2¢/tg. If ¢ is small enough, one must have 1 +u'(x,1) —v'(y,5) =0,
that is, X € E’(f) and y ¢ F'(5); hence
¢°(x — 3) = dist? (E'(7), RV \ F'(5)).
If both 7, § > 0, then from [Crandall et al. 1992, Theorem 3.2] (with € = 1 in their notation), there
exist (N + 1) x (N + 1) symmetric matrices

> X ¢ > Y 7
X = , Y= 3-10
<§T §o) <77T 770) ( )

E—t__ & o= = ~ TM__ _
< - (to_t_)z,Vqﬁ (y x),X)EP g(x,t),

such that

o , (3-11)
(s_t + V(-5 17) e P2+ (5.5
e (p—97% ' e 7

and such that -
—-X 0 5
—(1+ AN < 0 7 <A+A°, (3-12)
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where in (3-11) we used the standard notation for the (closed) parabolic second-order sub/superjets, see
[Crandall et al. 1992], and

D*¢°(X — ) 0 —D*¢°(x - 3) 0
A 0 1/e —2¢/(ty—1)° 0 —1/e
| -D¥ex - 0 D*¢°(X — ) 0
0 —1/¢ 0 1/e —2¢/(ty —5)°

In particular, for all &€ € RV, letting £ = (£, 0, £, 0) € R2V*+2 from (3-12) and (3-10) we get

—eTxE+£TvE <ETAE+ETA%E =0,
which gives the inequality

X>7V. (3-13)

Recall that u’/¢ is a supersolution and v’ /e is a subsolution. Thanks to (3-11), letting p = V¢°(y — X)
and a = (5§ — 1) /&, one has

> Y1(p)D*¢(p) : X,

(to—1)2 ~
)
at e S (D) Y — ),
yielding
£ i 2 . ) 5 ‘
O< =+ G5p < Va(p) (DH(P) Y —cox )~ (MD*b(p): X, (-14)

Now, we observe that as E'(f) = E(f) + W?(0, A /4) and (necessarily) X € dE'(f), we find that (p, X)
is also a subjet of — x4 (v a4y for some x” € E(t) with ¢°(X —x) = A /4. In particular, it follows that
D?¢p(p): X <4(N —1)/A. In the same way, D>¢(p) : Y > —4(N — 1)/A and using (3-13), we obtain

~4 L < D)y = DPo(p x <4 ML (315)
Thanks to (3-6) and (3-15),
—V1(P)D*B(p): X < =Ya(p)D*$(p) : X +8y2(p)| D*) (p) : X
< —Ua(PD*H(p) : X +4N — D 9a(p),
so that (3-14) and (3-13) yield
0 < 92(p) (D26 (p) Y —co’s ) =41 (P)D*B(p) : X
=) (D% () : (¥ = X) =o'y ) + (W1 (p) — V(P Db (p) : X
<2 (D26 (p): (¥ = X) — (o — 4N = 1)) <0

as soon as ¢y > 4(N — 1), yielding a contradiction.
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We deduce that at least one of 7 or § is zero; without loss of generality let us assume § = 0. For any
t < ty, thanks to (3-9) (choosing s = t), if € is small enough one has
o o - t?
T dist? (E'(t), RN \ F'(1))* + P Ldist?” (E'(f), RV \ F'(0))* + — -+
to—t 2e  tp—1t b

&

’

from which we see, in particular, that f — 0 as ¢ — 0. Hence, in the limit ¢ — 0, using also that E is
closed, see [Chambolle et al. 2017a, Remark 2.3] for more details, we deduce

Ldist?” (E'(t), RV \ F'(1))* > liminf 1 dist?” (E' (), RV \ F'(0))*
t—0
> § dist?”’ (E'(0), RY \ F'(0)* = § A%,
which shows the thesis of the lemma, until # = #( (thanks to the continuity property (b)). Starting again
from fy, we have proven the lemma for bounded sets (or sets with bounded boundary).

If 9 E(0) or d F(0) is unbounded, we proceed as follows: We first consider, for ¢ > 0, the sets
E§ = E(0)+ W?(0, ¢),
F§ =RV \ (RY\ F(0)) + W?(0,¢)),

which satisfy dist®” (E§, RV \ F¢) > A —2e.

Then, for R > 0, we consider the initial sets ES’R = E§ N Bg and FS’R = FEN(Br+ W?(0, A)). The
result holds for the evolutions starting from these two sets, with the distance A — 2¢. Hence in the limit
R — o0, it must hold for the (viscosity) evolutions starting from E; and F;; (which are unique for almost
all ).

By standard comparison results for discontinuous viscosity solutions [Barles 1994; Barles and Sougani-
dis 1998; Barles et al. 1993], it then follows that the superflow E (which is also a viscosity superflow)
is contained in the evolution starting from E{, while F' contains the evolution starting from F (the
e-regularization has been introduced to avoid issues due to the possible nonuniqueness of viscosity

solutions).
We deduce that dist?” (E(t), RN\ F(t)) > A —2¢ for all ¢, until extinction. Since this is true for any
¢ > 0, the lemma is proven. (I

3B2. Comparison with a nonconstant forcing term. In this section we prove the crucial stability estimate
for motions corresponding to different but close mobilities. We start with the following:

Proposition 3.4. Assume that ¢, 1, Yy are smooth and elliptic, that \ry, V¥ satisfy (3-6), and that B > 0
is such that

Vo () < Bp(E) forall§ € RY. (3-16)

Let Eg C Fy be a closed and an open set, respectively, such that dist?” (Egy, RN \ Fy) =: A >0, and let
E, F be a closed and an open “tube” in RN x [0, 00), respectively, with E(0) = Eg, F(0) = Fy, such
that — x g is a supersolution of

ur =Y1(Vu)(divVe (Vu) + g), (3-17)
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and — x r is a subsolution of

up = Yo (Vu)(div Vo (Vu) + g). (3-18)
Then,
dist? (E(r), RN \ F(1)) > Ae PM" — 5%(1 — e PMIy (3-19)

as long as this quantity is larger than A /2, where c is as in Lemma 3.3 and M is the Lipschitz constant
of g with respect to ¢°.

Proof. In order to obtain the estimate, we combine the results of Lemmas 3.3 and 3.2 (with n = ¢°),
together with a splitting result which follows from [Barles and Souganidis 1991]; see Example 1 of that
paper, as well as [Barles 2006].

As before, we may need to slightly perturb the initial sets, considering rather ES = Eq + W?(0, s) and
F =RN\ (RN \ Fy+ W?(0, 5)) for a small s (which eventually will go to 0).

Given s > 0 small, we start with building, for ¢ > 0 given, the motions u°(x, t), v®(x, t) defined as

follows: We let u®(x, 0) = — x5 and define recursively u® for j > 0 as a viscosity solution of
291 (Vu?) div Vo (Vvo), 2je <t <2je+e,
u = 2(j+De
! 291 (Vu®) g(x,8)ds, 2je+e<t<2(j+1s.
2je

(In the case of nonuniqueness, we select for instance the smallest (super)solution, corresponding to
the largest set E°(1) = {u®= — 1}.) Similarly, we let v*(x, 0) = —xrs and let v*(x, f) be the largest
(sub)solution of
21//2(Vv8)<div V¢(Vv€)—2co%>, 2je <t <2je+e,
vf = 2(j+1)e 5 . _
21//2(Vv8)<f2j8 g(x,s)ds+ 2C0K), 2jet+e<t<2(j+ e,
where cg is as in Lemma 3.3. Thanks to [Barles and Souganidis 1991; Barles 2006], as ¢ — 0 these func-
tions converge to the viscosity solutions of (3-17) and (3-18), respectively, starting from —x gz and — x £¢,
provided these solutions are uniquely defined, which is known to be true for almost all € (in fact all but a
countable set of values), in which case it is also known that they are (negative of) characteristic functions.
We now show that we can estimate the distance between the corresponding geometric evolutions, using
Lemmas 3.3 and 3.2.
Let 6 be as in (3-6). A first observation is that, for j >0, if we consider on the interval [2je+¢€, 2(j+1)¢]
the smallest solution u*(x, t) of

2(j+1)e

ﬁf=2W2(Vﬁ8)<J[ g(x,S)dS—fsllgIIoo), ut(-,2je+e)=u’(-,2je+e),
2je

then, since for any p € RN,

2(j+1)e 2(j+De

v1(p) g g(x,s)ds = Ya(p) g g(x,8)ds —8y2(p)lglloo,
JE€ e
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one has u®(x,t) < u®(x,t) for 2je +e <t < 2(j + 1)¢, and thus E®(¢) C {u®(-,t) = —1}. Hence,
Lemma 3.2 yields that for 2je +¢ <t <2(j + 1)e,

dist?” (E*(1), RV \ F* (1)) > dist?” ({a° (-, 1) = =1}, RV \ F¥(1)})

> (dist?" (B°Qje +6), BY \ F (e +6)) — ) 2M02500 4 €

for c = —8(2cp/A + || glloo)- Note that here we use the fact that the mobility 2y, satisfies 2y < 28¢;
see (3-16).
On the other hand, Lemma 3.3 yields that for all j >0 and 2je <t <2je+e¢,

dist?” (E¢ (1), RV \ F&(1)) > dist? (E*(2je), RV \ F¢(2j¢))

as long as dist?" (E¢(2j¢), RN \ F¢(2j¢)) > A/2.
In particular, setting d; = dist?” (E¢(2j¢), RN \ F?(2j¢)), one obtains by induction that

c —-28M c c —2BM(j+1 c

dier= (8= ) G = (do= 5 )M

as long as d; > A /2. In the limit, we find that, letting E*(t) ={u(-,t) =—1}and F*(t) ={v(-,1) =—1}
and recalling that dist”" (Ej, RV \ F$) > A —2s,

5260/ A+ lgloo

dist? (E*(£), RN \ F*(£)) > (A — 2s)e PM! — =

(1 —e PM)

as long as this quantity is larger than A /2.
By comparison, it is clear that £ C E* and F* C F; hence (letting eventually s — 0), we deduce that
(3-19) holds as long as the right-hand side is larger than A /2. U

We are now ready to state and prove the main result of the section.

Theorem 3.5. Let yr1, Y, and ¢ satisfy (3-6) and (3-16). Assume also that yr1, Yy are ¢p-regular in the
sense of Definition 2.7. Let the forcing term g(x,t) be continuous, bounded, and spatially M -Lipschitz
continuous with respect to the distance ¢°, and denote by E a superflow for V.= —yr1(v) (kg + g) and
by F a subflow for V.= —r(v)(kp + g), both in the sense of Definition 2.2. Finally, assume that
dist?” (E(0), R¥ \ F(0)) > A > 0. Then for all t,

5260/ A+ l1glloo

dist?” (E(t), RV \ F()) > Ae PM" _ m

(1 — e MPy (3-20)

as long as this quantity is larger than A /2.

Proof. Consider smooth, elliptic approximations of y; (i = 1, 2), ¢, denoted by /"', ¢", such that (3-6)—
(3-16) hold also for v}, ¢" (with slightly larger constants § and 8 that, with a small abuse of notation,
will not be relabeled) and with /" — e¢" convex (i = 1, 2), that is, ¥ are uniformly ¢"-regular (see the
statement of Theorem 2.8).

Consider as before, for s > 0 small, the initial sets E := Eg+ W?" (0, 5) and Fj := RN \ [(RN \ F) +
W' (0,5)]. As in Theorem 2.8 we can build subflows A! and superflows B: for the evolution V =
— Y (V) (kg + g), both starting from EJ, such that A;, C B;, and a subflow A’ and superflow B’ for the
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evolution V = —y} (v) (kg +g), both starting from F{j, such that A;; C B;’. Thanks to Lemma 2.6, —x BS
is a viscosity supersolution and — 45 is a viscosity subsolution, so that we can apply Proposition 3.4 and
estimate their (¢")°-distance according to (3-19).

Again thanks to Theorem 2.8, R \ A% converges in the Kuratowski sense as n — 0o to the complement
of a subflow, which contains E thanks to Theorem 2.3, and analogously B/ converges to a superflow
contained in F. We deduce (3-20), letting s — O. O

3C. Existence and uniqueness by approximation. We recall that the existence theory for level-set flows
(in the sense of Definition 2.4) that we have so far works only for ¢-regular mobilities. The goal of this
section is to extend the existence theory to general mobilities. To this aim, we consider the following
notion of solution via approximation:

Definition 3.6 (Ievel-set flows via approximation). Let iy be a mobility, g an admissible forcing term
and u° a uniformly continuous function on R".

We will say that a continuous function u¥ : RN x [0, 400) — R is a solution via approximation to
the level-set flow corresponding to (1-1), with initial datum u®, if u¥(-,0) = u® and if there exists a
sequence {v,} of ¢-regular mobilities such that ¥, — ¥ and, denoting by u¥» the unique solution to
(1-1) (in the sense of Definition 2.4) with mobility 1, and initial datum u®, we have u¥» — u? locally
uniformly in RN x [0, +00).

The next theorem is the main result of this section: it shows that for any mobility v, a solution via
approximation u" in the sense of the previous definition always exists; such a solution is also unique
in that it is independent of the choice of the approximating sequence of ¢-regular mobilities {i,}. In
particular, in the case of a ¢-regular mobility, the notion of solution via approximation is consistent with
that of Definition 2.4.

Theorem 3.7. Let v, g, and u® be as in Definition 3.6. Then, there exists a unique solution uV in the

sense of Definition 3.6 with initial datum u®.

Proof. We have to prove that for any sequence {y,} of ¢-regular mobilities such that i, — 1, the

0

corresponding solutions #¥" to (1-1) with initial datum u° converge to some function u locally uniformly

in RN x [0, +00). We split the proof of the theorem into two steps.

Step 1. Let B be as in (3-16). Let Ty > 0 be defined by e=2#MTo = %, where as usual M is the spatial
Lipschitz constant of the forcing term g with respect to the distance induced by ¢°. We claim that for
every ¢ > 0 there exists n € N such that

¥ — u¥ || poo@n xo.p < & forall n,m > . (3-21)
To this aim, we observe that since v, — ¥, for n large enough
Yn(§) <2B¢(§) forall & € RY, (3-22)
and there exists §; — 0 such that

(1= 8;)Ym < ¥m < (148, forallm,n> j. (3-23)
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Set E;b” () :={u¥ (-, 1) <A}, Fk‘p” (t) := {u¥" (-, t) < A} and recall that E;p” is a superflow, while F;””
is a subflow in the sense of Definition 2.2.
Let w be a modulus of continuity for u® with respect to ¢° and recall that for any A € R

dist?” (£} (0), RY \ F,(0)) = dist?”” ({u® < 1}, (u® = 2+ ¢}) = 071 (o).

By (3-22), (3-23) and Theorem 3.5, for all n, m > j we have

s 2co/o (&) +1glloo
J M

as long as the right-hand side is larger than w~!(g)/2, that is, for all # € [0, Tp], provided j is large enough.
(t) for all ¢ € [0, Tp], which yields

dist?” (E/" (1), RN \ FJ1, (1) = 0™ (e)e 2PM" — (1— e 28M1)

Ate

In particular, for n, m large enough E f "(t) C F;fl e

un (-0 <u’(-,t)+¢e forallsel0, Tyl

By switching the roles of n and m we deduce (3-21).

Step 2. First arguing as in the proof of Theorem 2.8 and using (3-22) we see that w (e?#M! .) is a spatial
modulus of continuity for u¥»(-,t) for all n. Observe that from (3-21) it follows that for n, m large
enough we have

E/" (Ty) € E}},(To),

which in turn implies

dist”" (£} (Tp). RV \ F}’; (To)) = ™' (M T0g).

Yo (To) = dist?” (B}, (To), RN \ B

A2

We can now argue as in Step 1 to conclude that, for n, m large enough,
" — u" || oo v sy 21y < 2€-

Therefore, by an easy iteration argument we can show that, for every given T > 0, the sequence {uV"} is
a Cauchy sequence in L®RN x [0, TY). O

We conclude by recalling the following remarks, referring to [Chambolle et al. 2017a] for the details.

Remark 3.8 (stability). As a byproduct of the previous theorem, and a standard diagonalization argument,
we have the following stability property for solutions to (1-1): Let {1, },en be a sequence of mobilities
and ¢, a sequence of anisotropies such that v, — v and ¢, — ¢ as n — +o0. Then u¥" converge to u?
locally uniformly in RY x [0, +00) as & — 0 (where u?" is the solution to (1-1) with v replaced by v,
and ¢ replaced by ¢,,).

Remark 3.9 (comparison with the Giga—PozZar solution). When ¢ is purely crystalline and g = ¢ for some
¢ € R, the unique level-set solution in the sense of Definition 3.6 coincides with the viscosity solution
constructed in [Giga and Pozar 2016; 2018].

We also recall that when g is constant, (1-1) admits a phase-field approximation by means of the
anisotropic Allen—Cahn equation; see [Chambolle et al. 2017a, Remark 6.2] for the details.



810 ANTONIN CHAMBOLLE, MASSIMILIANO MORINI, MATTEO NOVAGA AND MARCELLO PONSIGLIONE

In the next theorem we recall the main properties of the level-set solutions introduced in Definition 3.6.

0

In the statement of the theorem, we will say that a uniformly continuous initial function u" is well-prepared

at A € R if the following two conditions hold:

(a) If H c RY is a closed set such that dist(H, {ug > A}) > 0, then there exists A’ < A such that
H C{ug <M}

(b) If A C RY is an open set such that dist({ug < A}, R¥ \ A) > 0, then there exists A’ > A such that
{M() < )u/} C A.

Here dist( -, - ) denotes the distance function with respect to a given norm. Clearly, the properties stated
in (a) and (b) above do not depend on the choice of such a norm.

Remark 3.10. Note that the above assumption of well-preparedness is automatically satisfied if the set
{ug < A} is bounded.

Theorem 3.11 (properties of the level-set flow). Let u¥ be a solution in the sense of Definition 3.6, with
initial datum u®. The following properties hold true:

(i) (nonfattening of level sets) There exists a countable set N C R such that for all t € [0, +00), L € N,
{0 u? (e, ) <) =Int({(r, ) su? (x, 1) < AD),
(e, cu? (e, 1) <Ay ={(x, ) tu’ (x, 1) < A).

(3-24)

(i) (distributional formulation when V is ¢-regular) If  is ¢-regular, then u¥ coincides with the
distributional solution in the sense of Definition 2.4.

(iii) (comparison) Assume that u® < v° and denote the corresponding level-set flows by u¥ and vV,
respectively. Then u¥ < vV.

(iv) (geometricity) Let f : R — R be increasing and uniformly continuous. Then u¥ is a solution with
initial datum u® if and only if f ou" is a solution with initial datum f o u°.

(v) (independence of the initial level-set function) Assume that u® and v° are well-prepared at A. If
(W0 <Ay =" <A}, then {uV (-, t) <A}={v¥ (-, 1) <A} forallt > 0. Analogously, if {u® <1} ={v" <1},
then {(uV (-, 1) <A} ={vY(-,1) <A} forallt > 0.

For the proof we refer to [Chambolle et al. 2017a, Theorem 5.9].
We conclude with a remark about conditions that prevent the occurrence of fattening.

Remark 3.12 (star-shaped sets, convex sets and graphs). It is well-known [Soner 1993, Section 9] that
for the motion without forcing, strictly star-shaped sets do not develop fattening so that, in particular,
their evolution is unique. The proof of this fact, given for instance in [Soner 1993] for the mean curvature
flow, works also for solutions in the sense of Definition 2.2 when the mobility i is ¢-regular, and in
turn, by approximation, also for the generalized motion associated to level-set solutions in the sense of
Definition 3.6, when v is general. Uniqueness also holds for motions with a time-dependent forcing g (¢)
[Bellettini et al. 2009, Theorem 5] as long as the set remains strictly star-shaped. This remark obviously
applies to initial convex sets, which, in addition, remain convex for all times, as was shown in [Bellettini
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et al. 2006; 2009; Caselles and Chambolle 2006] with a spatially constant forcing term.? The case of
unbounded initial convex sets was not considered in these references but can be easily addressed by
approximation (and uniqueness still holds with the same proof).

In the same way, if the initial set Eg = {xy < vO(xq, ..., xy—_1)} is the subgraph of a uniformly
continuous function v, and the forcing term does not depend on xy, then one can show that fattening
does not develop and E(t) is still the subgraph of a uniformly continuous function for all # > 0, as in the
classical case [Ecker and Huisken 1989; Evans and Spruck 1992b]; see also [Giga and Giga 1998] for the
two-dimensional crystalline case.

Acknowledgements

Chambolle was partially supported by the ANR projects ANR-12-BS01-0014-01 “GEOMETRYA” and
ANR-12-BS01-0008-01 “HJnet” at the beginning of this project. Part of this work was done while he
was then in residence at the Isaac Newton Institute for Mathematical Sciences, Cambridge, supported by
EPSRC grant no. EP/K032208/1, and partially supported by a grant of the Simons Foundation. Novaga
was partially supported by the GNAMPA and by the University of Pisa via grant PRA 2017 “Problemi di
ottimizzazione e di evoluzione in ambito variazionale”. Morini and Ponsiglione were partially supported
by the GNAMPA 2016 grant “Variational methods for nonlocal geometric flows”. The authors thank
the referees for their careful reading of our manuscript and their numerous constructive remarks and
observations.

References

[Almgren and Taylor 1995] F. Almgren and J. E. Taylor, “Flat flow is motion by crystalline curvature for curves with crystalline
energies”, J. Differential Geom. 42:1 (1995), 1-22. MR Zbl

[Almgren et al. 1993] F. Almgren, J. E. Taylor, and L. Wang, “Curvature-driven flows: a variational approach”, SIAM J. Control
Optim. 31:2 (1993), 387-438. MR Zbl

[Ambrosio 2000] L. Ambrosio, “Geometric evolution problems, distance function and viscosity solutions”, pp. 5-93 in Calculus
of variations and partial differential equations (Pisa, 1996), edited by G. Buttazzo et al., Springer, 2000. MR Zbl

[Ambrosio and Soner 1996] L. Ambrosio and H. M. Soner, “Level set approach to mean curvature flow in arbitrary codimension”,
J. Differential Geom. 43:4 (1996), 693-737. MR Zbl

[Angenent and Gurtin 1989] S. Angenent and M. E. Gurtin, “Multiphase thermomechanics with interfacial structure, II: Evolution
of an isothermal interface”, Arch. Rational Mech. Anal. 108:4 (1989), 323-391. MR Zbl

[Barles 1994] G. Barles, Solutions de viscosité des équations de Hamilton—Jacobi, Mathématiques & Applications 17, Springer,
1994. MR Zbl

[Barles 2006] G. Barles, “A new stability result for viscosity solutions of nonlinear parabolic equations with weak convergence
in time”, C. R. Math. Acad. Sci. Paris 343:3 (2006), 173-178. MR Zbl

[Barles 2013] G. Barles, “An introduction to the theory of viscosity solutions for first-order Hamilton—Jacobi equations and
applications”, pp. 49-109 in Hamilton—Jacobi equations: approximations, numerical analysis and applications (Cetraro, 2011),
edited by P. Loreti and N. A. Tchou, Lecture Notes in Math. 2074, Springer, 2013. MR Zbl

[Barles and Souganidis 1991] G. Barles and P. E. Souganidis, “Convergence of approximation schemes for fully nonlinear
second order equations”, Asymptotic Anal. 4:3 (1991), 271-283. MR Zbl

2Convexity is preserved also with a spatially convex forcing term but uniqueness is not known in this case.


http://dx.doi.org/10.4310/jdg/1214457030
http://dx.doi.org/10.4310/jdg/1214457030
http://msp.org/idx/mr/1350693
http://msp.org/idx/zbl/0867.58020
http://dx.doi.org/10.1137/0331020
http://msp.org/idx/mr/1205983
http://msp.org/idx/zbl/0783.35002
http://dx.doi.org/10.1007/978-3-642-57186-2_2
http://msp.org/idx/mr/1757696
http://msp.org/idx/zbl/0956.35002
http://dx.doi.org/10.4310/jdg/1214458529
http://msp.org/idx/mr/1412682
http://msp.org/idx/zbl/0868.35046
http://dx.doi.org/10.1007/BF01041068
http://dx.doi.org/10.1007/BF01041068
http://msp.org/idx/mr/1013461
http://msp.org/idx/zbl/0723.73017
http://msp.org/idx/mr/1613876
http://msp.org/idx/zbl/0819.35002
http://dx.doi.org/10.1016/j.crma.2006.06.022
http://dx.doi.org/10.1016/j.crma.2006.06.022
http://msp.org/idx/mr/2246335
http://msp.org/idx/zbl/1102.35014
http://dx.doi.org/10.1007/978-3-642-36433-4_2
http://dx.doi.org/10.1007/978-3-642-36433-4_2
http://msp.org/idx/mr/3135340
http://msp.org/idx/zbl/1269.49043
http://dx.doi.org/10.3233/ASY-1991-4305
http://dx.doi.org/10.3233/ASY-1991-4305
http://msp.org/idx/mr/1115933
http://msp.org/idx/zbl/0729.65077

812 ANTONIN CHAMBOLLE, MASSIMILIANO MORINI, MATTEO NOVAGA AND MARCELLO PONSIGLIONE

[Barles and Souganidis 1998] G. Barles and P. E. Souganidis, “A new approach to front propagation problems: theory and
applications”, Arch. Rational Mech. Anal. 141:3 (1998), 237-296. MR Zbl

[Barles et al. 1993] G. Barles, H. M. Soner, and P. E. Souganidis, “Front propagation and phase field theory”, SIAM J. Control
Optim. 31:2 (1993), 439-469. MR Zbl

[Bellettini et al. 2006] G. Bellettini, V. Caselles, A. Chambolle, and M. Novaga, “Crystalline mean curvature flow of convex
sets”, Arch. Ration. Mech. Anal. 179:1 (2006), 109-152. MR Zbl

[Bellettini et al. 2009] G. Bellettini, V. Caselles, A. Chambolle, and M. Novaga, “The volume preserving crystalline mean
curvature flow of convex sets in RN, J. Math. Pures Appl. (9) 92:5 (2009), 499-527. MR Zbl

[Caselles and Chambolle 2006] V. Caselles and A. Chambolle, “Anisotropic curvature-driven flow of convex sets”, Nonlinear
Anal. 65:8 (2006), 1547-1577. MR Zbl

[Chambolle 2004] A. Chambolle, “An algorithm for mean curvature motion”, Interfaces Free Bound. 6:2 (2004), 195-218. MR
Zbl

[Chambolle and Novaga 2015] A. Chambolle and M. Novaga, “Existence and uniqueness for planar anisotropic and crystalline
curvature flow”, pp. 87-113 in Variational methods for evolving objects (Sapporo, 2012), edited by L. Ambrosio et al., Adv.
Stud. Pure Math. 67, Math. Soc. Japan, Tokyo, 2015. MR Zbl

[Chambolle et al. 2017a] A. Chambolle, M. Morini, M. Novaga, and M. Ponsiglione, “Existence and uniqueness for anisotropic
and crystalline mean curvature flows”, preprint, 2017. arXiv

[Chambolle et al. 2017b] A. Chambolle, M. Morini, and M. Ponsiglione, “Existence and uniqueness for a crystalline mean
curvature flow”, Comm. Pure Appl. Math. 70:6 (2017), 1084-1114. MR Zbl

[Chen et al. 1991] Y. G. Chen, Y. Giga, and S. Goto, “Uniqueness and existence of viscosity solutions of generalized mean
curvature flow equations”, J. Differential Geom. 33:3 (1991), 749-786. MR Zbl

[Crandall et al. 1992] M. G. Crandall, H. Ishii, and P.-L. Lions, “User’s guide to viscosity solutions of second order partial
differential equations”, Bull. Amer. Math. Soc. (N.S.) 27:1 (1992), 1-67. MR Zbl

[Ecker and Huisken 1989] K. Ecker and G. Huisken, “Mean curvature evolution of entire graphs”, Ann. of Math. (2) 130:3
(1989), 453-471. MR Zbl

[Evans and Spruck 1991] L. C. Evans and J. Spruck, “Motion of level sets by mean curvature, I, J. Differential Geom. 33:3
(1991), 635-681. MR Zbl

[Evans and Spruck 1992a] L. C. Evans and J. Spruck, “Motion of level sets by mean curvature, II”, Trans. Amer. Math. Soc.
330:1 (1992), 321-332. MR Zbl

[Evans and Spruck 1992b] L. C. Evans and J. Spruck, “Motion of level sets by mean curvature, 111", J. Geom. Anal. 2:2 (1992),
121-150. MR Zbl

[Fonseca and Miiller 1991] 1. Fonseca and S. Miiller, “A uniqueness proof for the Wulff theorem”, Proc. Roy. Soc. Edinburgh
Sect. A 119:1-2 (1991), 125-136. MR Zbl

[Giga 2006] Y. Giga, Surface evolution equations: a level set approach, Monographs in Mathematics 99, Birkhiuser, Basel,
2006. MR Zbl

[Giga and Giga 1998] M.-H. Giga and Y. Giga, “Evolving graphs by singular weighted curvature”, Arch. Rational Mech. Anal.
141:2 (1998), 117-198. MR Zbl

[Giga and Giga 2001] M.-H. Giga and Y. Giga, “Generalized motion by nonlocal curvature in the plane”, Arch. Ration. Mech.
Anal. 159:4 (2001), 295-333. MR Zbl

[Giga and Gurtin 1996] Y. Giga and M. E. Gurtin, “A comparison theorem for crystalline evolution in the plane”, Quart. Appl.
Math. 54:4 (1996), 727-737. MR Zbl

[Giga and Pozar 2016] Y. Giga and N. PoZar, “A level set crystalline mean curvature flow of surfaces”, Adv. Differential
Equations 21:7-8 (2016), 631-698. MR Zbl

[Giga and PoZdr 2018] Y. Giga and N. PoZdr, “Approximation of general facets by regular facets with respect to anisotropic total
variation energies and its application to the crystalline mean curvature flow”, Comm. Pure Appl. Math. 71:7 (2018), 1461-1491.
Zbl


http://dx.doi.org/10.1007/s002050050077
http://dx.doi.org/10.1007/s002050050077
http://msp.org/idx/mr/1617291
http://msp.org/idx/zbl/0904.35034
http://dx.doi.org/10.1137/0331021
http://msp.org/idx/mr/1205984
http://msp.org/idx/zbl/0785.35049
http://dx.doi.org/10.1007/s00205-005-0387-0
http://dx.doi.org/10.1007/s00205-005-0387-0
http://msp.org/idx/mr/2208291
http://msp.org/idx/zbl/1148.53049
http://dx.doi.org/10.1016/j.matpur.2009.05.016
http://dx.doi.org/10.1016/j.matpur.2009.05.016
http://msp.org/idx/mr/2558422
http://msp.org/idx/zbl/1178.53066
http://dx.doi.org/10.1016/j.na.2005.10.029
http://msp.org/idx/mr/2248685
http://msp.org/idx/zbl/1107.35069
http://dx.doi.org/10.4171/IFB/97
http://msp.org/idx/mr/2079603
http://msp.org/idx/zbl/1061.35147
http://msp.org/idx/mr/3587448
http://msp.org/idx/zbl/1362.53073
http://msp.org/idx/arx/1702.03094
http://dx.doi.org/10.1002/cpa.21668
http://dx.doi.org/10.1002/cpa.21668
http://msp.org/idx/mr/3639320
http://msp.org/idx/zbl/1366.53047
http://dx.doi.org/10.4310/jdg/1214446564
http://dx.doi.org/10.4310/jdg/1214446564
http://msp.org/idx/mr/1100211
http://msp.org/idx/zbl/0696.35087
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://msp.org/idx/mr/1118699
http://msp.org/idx/zbl/0755.35015
http://dx.doi.org/10.2307/1971452
http://msp.org/idx/mr/1025164
http://msp.org/idx/zbl/0696.53036
http://dx.doi.org/10.4310/jdg/1214446559
http://msp.org/idx/mr/1100206
http://msp.org/idx/zbl/0726.53029
http://dx.doi.org/10.2307/2154167
http://msp.org/idx/mr/1068927
http://msp.org/idx/zbl/0776.53005
http://dx.doi.org/10.1007/BF02921385
http://msp.org/idx/mr/1151756
http://msp.org/idx/zbl/0768.53003
http://dx.doi.org/10.1017/S0308210500028365
http://msp.org/idx/mr/1130601
http://msp.org/idx/zbl/0752.49019
http://msp.org/idx/mr/2238463
http://msp.org/idx/zbl/1096.53039
http://dx.doi.org/10.1007/s002050050075
http://msp.org/idx/mr/1615520
http://msp.org/idx/zbl/0896.35069
http://dx.doi.org/10.1007/s002050100154
http://msp.org/idx/mr/1860050
http://msp.org/idx/zbl/1004.35075
http://dx.doi.org/10.1090/qam/1417236
http://msp.org/idx/mr/1417236
http://msp.org/idx/zbl/0862.35047
http://projecteuclid.org/euclid.ade/1462298654
http://msp.org/idx/mr/3493931
http://msp.org/idx/zbl/1375.35264
http://dx.doi.org/10.1002/cpa.21752
http://dx.doi.org/10.1002/cpa.21752
http://msp.org/idx/zbl/06903718

GENERALIZED CRYSTALLINE EVOLUTIONS AS LIMITS OF FLOWS WITH SMOOTH ANISOTROPIES 813

[Gigaetal. 1991] Y. Giga, S. Goto, H. Ishii, and M.-H. Sato, “Comparison principle and convexity preserving properties for
singular degenerate parabolic equations on unbounded domains”, Indiana Univ. Math. J. 40:2 (1991), 443-470. MR Zbl

[Giga et al. 1998] Y. Giga, M. E. Gurtin, and J. Matias, “On the dynamics of crystalline motions”, Japan J. Indust. Appl. Math.
15:1 (1998), 7-50. MR Zbl

[Giga et al. 2014] M.-H. Giga, Y. Giga, and N. PoZdr, “Periodic total variation flow of non-divergence type in R"”, J. Math.
Pures Appl. (9) 102:1 (2014), 203-233. MR Zbl

[Gurtin 1993] M. E. Gurtin, Thermomechanics of evolving phase boundaries in the plane, Clarendon, New York, 1993. MR Zbl

[Mercier et al. 2016] G. Mercier, M. Novaga, and P. Pozzi, “Anisotropic curvature flow of immersed curves”, preprint, 2016. To
appear in Comm. Anal. Geom. arXiv

[Osher and Sethian 1988] S. Osher and J. A. Sethian, “Fronts propagating with curvature-dependent speed: algorithms based on
Hamilton—Jacobi formulations”, J. Comput. Phys. 79:1 (1988), 12-49. MR Zbl

[Soner 1993] H. M. Soner, “Motion of a set by the curvature of its boundary”, J. Differential Equations 101:2 (1993), 313-372.
MR Zbl

[Taylor 1978] J. E. Taylor, “Crystalline variational problems”, Bull. Amer. Math. Soc. 84:4 (1978), 568-588. MR Zbl
Received 10 Nov 2017. Revised 4 May 2018. Accepted 29 Jun 2018.

ANTONIN CHAMBOLLE: antonin.chambolle@cmap.polytechnique.fr
CMAP, Ecole Polytechnique, CNRS, Universé Paris-Saclay, Palaiseau, France

MASSIMILIANO MORINI: massimiliano.morini@unipr.it
Dipartimento di Matematica, Universita degli Studi di Parma, Parma, Italy

MATTEO NOVAGA: matteo.novaga@unipi.it
Dipartimento di Matematica, Universita di Pisa, Pisa, Italy

MARCELLO PONSIGLIONE: ponsigli@mat.uniromal.it
Dipartimento di Matematica, Sapienza Universita di Roma, Roma, Italy

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1512/iumj.1991.40.40023
http://dx.doi.org/10.1512/iumj.1991.40.40023
http://msp.org/idx/mr/1119185
http://msp.org/idx/zbl/0836.35009
http://dx.doi.org/10.1007/BF03167395
http://msp.org/idx/mr/1610305
http://msp.org/idx/zbl/1306.74038
http://dx.doi.org/10.1016/j.matpur.2013.11.007
http://msp.org/idx/mr/3212254
http://msp.org/idx/zbl/1319.35103
http://msp.org/idx/mr/1402243
http://msp.org/idx/zbl/0787.73004
http://msp.org/idx/arx/1605.07860
http://dx.doi.org/10.1016/0021-9991(88)90002-2
http://dx.doi.org/10.1016/0021-9991(88)90002-2
http://msp.org/idx/mr/965860
http://msp.org/idx/zbl/0659.65132
http://dx.doi.org/10.1006/jdeq.1993.1015
http://msp.org/idx/mr/1204331
http://msp.org/idx/zbl/0769.35070
http://dx.doi.org/10.1090/S0002-9904-1978-14499-1
http://msp.org/idx/mr/0493671
http://msp.org/idx/zbl/0392.49022
mailto:antonin.chambolle@cmap.polytechnique.fr
mailto:massimiliano.morini@unipr.it
mailto:matteo.novaga@unipi.it
mailto:ponsigli@mat.uniroma1.it
http://msp.org




ANALYSIS AND PDE
Vol. 12, No. 3, 2019

dx.doi.org/10.2140/apde.2019.12.815

GLOBAL WEAK SOLUTIONS OF THE TEICHMULLER
HARMONIC MAP FLOW INTO GENERAL TARGETS

MELANIE RUPFLIN AND PETER M. TOPPING

We analyse finite-time singularities of the Teichmiiller harmonic map flow — a natural gradient flow
of the harmonic map energy — and find a canonical way of flowing beyond them in order to construct
global solutions in full generality. Moreover, we prove a no-loss-of-topology result at finite time, which
completes the proof that this flow decomposes an arbitrary map into a collection of branched minimal
immersions connected by curves.

1. Introduction

The Teichmiiller harmonic map flow is a gradient flow of the harmonic map energy that evolves a given
map ug: M — N from a closed oriented surface M of arbitrary genus y > 0 into a closed target manifold N
of arbitrary dimension, and simultaneously evolves the domain metric on M within the class of constant
curvature metrics. It tries to evolve ug to a branched minimal immersion — a critical point of the energy
functional in this situation — but in general there is no such immersion homotopic to u(, so something
more complicated must occur.

The development of the theory so far has suggested that the flow should instead decompose u into a
collection of branched minimal immersions from lower-genus surfaces. This paper provides the remaining
part of the jigsaw in order to prove this in full generality, by analysing the finite-time singularities that may
occur, finding a canonical way of flowing beyond them, and analysing their fine structure in order to prove
that no topology is lost except by the creation of additional branched minimal immersions and connecting
curves. The resulting global generalised solution will have at most finitely many singular times, together,
possibly, with singular behaviour at infinite time that was analysed in [Rupflin and Topping 2016; Rupflin
et al. 2013; Huxol et al. 2016].

Consider the harmonic map energy

1
By =y [ auldv,
M

acting on a sufficiently regular map u : M — (N, gn), and a metric g in the space M, of constant (Gauss-)
curvature —1, 0 or 1 (depending on the genus) metrics on M with fixed unit area in the case that the
curvature is 0. Critical points are weakly conformal harmonic maps u : (M, g) — (N, gn), which are then
Topping was supported by EPSRC grant number EP/K00865X/1 .
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branched minimal immersions [Gulliver et al. 1973] (allowing constant maps in addition). The gradient
flow, introduced in [Rupflin and Topping 2016], can be written with respect to a fixed parameter n > 0 as

ou g

Tl g (u); Yl 17 Re(Py (P (u, 8))), (1-1)

where 7, (1) =trg (Vydu) denotes the tension field of u, P, represents the Lz-orthogonal projection from the
space of quadratic differentials on (M, g) onto the space H(M, g) of holomorphic quadratic differentials,
and ®(u, g) is the Hopf differential. The flow decreases the energy E(t) := E(u(t), g(¢)) according to

dE

- =" /M[ngwn2 + (4n) [Re(Py (@ (u, )]

= —[|d,ull3, — Fna,gniz

= —lltg )17 — 551071 Po (P (u, g)|7., (1-2)

where we use that || P, (P (u, g))||i2 = 2||Re(Pg (P (u, 8)) ||%2. We refer to [Rupflin and Topping 2016]
for further details.

When the genus y of M is zero, there are no nonvanishing holomorphic quadratic differentials, so g
remains fixed, and we recover the harmonic map flow [Eells and Sampson 1964], which has been studied
in detail for two-dimensional domains; see [Struwe 1985; Topping 2004, Theorem 1.6] and the references
therein. In the case that y = 1, this flow can be shown to be equivalent to a flow of Ding, Li and Liu
[Ding et al. 2006], as pointed out in [Rupflin and Topping 2016], and analysed in [Ding et al. 2006; Huxol
et al. 2016].

1.1. Construction of a global flow. In both cases y =0 and y = 1, one obtains global weak solutions
starting with any initial map uo € H'(M, N) and any initial metric go € M, [Struwe 1985; Ding et al.
2006]. For y > 2 it was shown in [Rupflin 2014] that a weak solution exists on a time interval [0, T') for
some T € (0, oo], and if T < oo then the domain must degenerate in the sense that the injectivity radius
of (M, g) must approach zero as ¢ 1 7. In all these cases the flow will be smooth away from finitely
many times and, as time increases to a singular time, the map u splits off one or more (but finitely many)
nonconstant harmonic 2-spheres, which will then automatically be branched minimal spheres (see, e.g.,
[Eells and Lemaire 1978, (10.6)] for this latter fact) as bubbling occurs. At each such singular time t, the
continuation of this weak solution is constructed by taking a (unique) limit (u(t), g(z)) € H WM, N)x M.
as t 1 t and continuing the flow past the singular time by restarting with (u(t), g(t)) as new initial data.
This process gives a unique flow within the class of weak solutions with nonincreasing energy. It was
shown in [Ding and Tian 1995; Topping 2004, Theorem 1.6] that for the harmonic map flow, and in
particular for the case y = 0 above, we have no loss of energy and precise control on the bubble scales
at these singular times. A very similar argument establishes the same properties for all genera y, and
the case y > 2 even follows directly from Proposition 3.3 below, which we need for other reasons. The
upshot of this singularity analysis is that the flow map before a singular time can be reconstructed from
the flow map after the singular time together with the branched minimal spheres representing the bubbles.
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Whenever a global weak solution of (1-1) exists, i.e., when T = oo for y > 2, and in all cases for y =0, 1,
it was shown in [Rupflin and Topping 2016; Rupflin et al. 2013; Huxol et al. 2016], see also [Ding et al.
2006; Struwe 1985], that either the flow subconverges to a branched minimal immersion, or it subconverges
to a collection of branched minimal immersions. This collection may consist partly of bubbles, and it
may include a limit branched minimal immersion parametrised over the original domain, but in general,
for y > 2, the domain can split into a collection of lower-genus closed surfaces, and the map converges to
a branched minimal immersion on some or all of these lower-genus surfaces. The way the domain surface
can split into lower-genus surfaces is described by the classical Deligne-Mumford-type description of how
hyperbolic surfaces can degenerate; see, e.g., [Rupflin and Topping 2018a, Theorem A.4]. In particular,
when the domain splits, the length of the shortest closed geodesic in the domain will shrink to zero and
so-called collar regions around such shrinking geodesics, described by the collar lemma of Keen and
Randol [Randol 1979], see, e.g., [Rupflin and Topping 2018a, Lemma A.1], will degenerate. In all cases,
if one is careful to capture all bubbles, including those disappearing down any degenerating collars, it was
shown in [Huxol et al. 2016] that all energy in the limit is accounted for by branched minimal immersions
from closed surfaces. The upshot of this asymptotic analysis is that when a global weak solution exists,
for a domain of arbitrary genus, the map u(¢) can be reconstructed from the branched minimal immersions
we find, connected together with curves. (See [Huxol et al. 2016] for precise statements.)

The theory above leaves open the possibility of the flow stopping in finite time in the case y > 2 if it
happens that the injectivity radius of the domain converges to zero, i.e., we have collar degeneration as
above but in finite time. We showed in [Rupflin and Topping 2018b] that the flow exists and is smooth
for all time in the case that the target (N, gn) has nonpositive sectional curvature, mirroring the seminal
work [Eells and Sampson 1964] (although the asymptotic behaviour is more elaborate in our situation,
with infinite time singularities reflecting the more complicated structure of the space of critical points).
However, in the case of general targets, the theory above has the major omission that the existence time T
for y > 2 could be finite, and by such time we cannot expect the flow to have decomposed u(t) into
branched minimal immersions. The existence of solutions of variants of Teichmiiller harmonic map flow
that degenerate in finite time is proved in [Robertson and Rupflin 2018].

In this paper we show how the flow can be continued in a canonical fashion when this domain
degeneration occurs, with the continuation being a finite collection of new flows. By repeating this process
a finite number of times, we arrive at a global solution that is smooth except at finitely many singular times.
Moreover, our analysis of the collar degeneration singularity allows us to account for all “lost topology”
at the singular time in terms of branched minimal spheres, some of which may be conventional bubbles,
together with connecting curves, despite the tension field diverging to infinity in general. Combined with
the earlier work described above, a consequence is that the flow realises the following:

Any smooth map uy : M — (N, gn) is decomposed by the flow (1-1) into a finite collection
of branched minimal immersions v; : ¥; — (N, gn) from closed Riemann surfaces {¥;} of
total genus no more than y. The original M can be reconstructed from the surfaces {¥;} by
removing a finite collection of pairs of tiny discs in | |; ; and gluing in cylinders. The map ug



818 MELANIE RUPFLIN AND PETER M. TOPPING

is homotopic to the corresponding combination of the {v;} together with connecting curves on
the glued-in cylinders.

For other situations in which maps are decomposed into collections of minimal objects, see [Meeks
et al. 1982; Hass and Scott 1988], for example.

In order to make a continuation of the flow, we require the following basic description of the convergence
of the flow as we approach a finite-time singularity. This can be applied to a weak solution (including
bubbling) by restricting to a short time interval just prior to a time when the injectivity radius drops to
zero, thus avoiding the bubbling and allowing us to consider a smooth flow for simplicity. A far more
refined description will be required later in order to ensure that the continuation after the singularity
properly reflects the flow just before.

Theorem 1.1. Let M be any closed oriented surface of genus y > 2 and let (N, gn) be any smooth closed
Riemannian manifold. Let (u, g) be a smooth solution of (1-1) defined on a time interval [0, T') with
T < oo that is maximal in the sense that

lim inf inj, ) (M) =0. (1-3)

Then the following properties hold:
(1) The “pinching set” F C M defined by

F = {p eM: lirtl%iTnf inj,(p) = 0} (1-4)

is nonempty and closed, and its complement U := M \ F is nonempty and supports a complete hyperbolic
metric h with finite volume and cusp ends, so that (U, h) is conformally equivalent to a finite disjoint
union of closed Riemann surfaces M; with finitely many punctures and genus strictly less than that of M,
and so that

g(t) — h smoothly locallyon U ast 1 T.

(2) The “bubble” set

S:= {p € U : there exists € > 0 such that limsupE (u(t), g(¢), V) > ¢
“r for all neighbourhoods V.C M of p}  (1-5)

is a finite set, and there exists a smoothmap u :U\ S — N, with u € HY(U, h, N), such that
u) - u astt T

smoothly locally in U \ S and weakly locally in H' on U. Moreover, it extends to a collection of maps
u; € H'(M;, N).

The convergence of the metric g(¢) here should be contrasted with the convergence of a sequence g(t,),
with ¢, 1 T, that could be deduced from the differential geometric form of Deligne—Mumford compactness;
see, e.g., [Rupflin and Topping 2018a, Theorem A.4]. Our convergence is uniform in time, and does not
require modification by diffeomorphisms.
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This theorem already tells us enough to be able to define the continuation of the flow beyond time 7'
We simply take each closed Riemann surface M;, equip it with a conformal metric g; in the corresponding
space M, of metrics of constant curvature, and restart the flow on each M; separately with u; as the
initial map. The choice of g; is uniquely determined when the genus of M; is at least 1, but on the sphere
it is initially defined only up to pull-back by M&bius maps. In this case, we must find a way of making
a canonical choice of g; in order to obtain a canonical choice of continuation. We do this by returning
to the limit metric &, which induces a smooth conformal complete hyperbolic metric of finite area on
the sphere with punctures, and choose the metric g; to be the limit g, of the rescaled Ricci flow on
the sphere that starts with the metric %, as given by the following theorem which follows immediately
from a combination of [Topping 2012, Theorem 1.2] (see also the simplifications arising from [Topping
and Yin 2017]) and [Hamilton 1988; Chow 1991] (see also [Giesen and Topping 2011]). Note that by
Gauss—Bonnet, the volume of the metric 2 must be 27 (n — 2), where n is the number of punctures.

Theorem 1.2. Suppose {p1, ..., pn} C S? is a finite set of points and h is a complete conformal hyperbolic
metric on S*\ {p1, ..., pn). Then there exists a unique smooth Ricci flow g(t) on S% t € (0, T),
T = 3—1(11 —2), i.e., a smooth complete solution of dg/dt = —2K g with curvature uniformly bounded

below and such that g(t) — h smoothly locally on S*\ {p1, ..., pa} ast } 0. (Here K is the Gauss
curvature.) Moreover, there exists a smooth conformal metric g« on S* of constant Gauss curvature 1
such that g(t)/2(T —t)) = goo smoothly ast 1 T.

Theorem 1.1, with the aid of Theorem 1.2, thus establishes that our flow can be continued canonically
beyond the singular time 7 as a finite collection of flows. The construction does not require us to stop
prior to the singular time 7 and perform surgery. Instead, we flow right to the singular time, and the
surgery we do consists of nothing more than adding points to fill in punctures in the domain (the analogue
of adding an arbitrary cap in a traditional surgery argument).

1.2. No loss of information at finite-time collar degenerations. At this stage we have however not yet
established a very strong connection between the flow prior to a collar degeneration singularity and the
flows after the singularity. We need to relate the topology of M to the topology of the surfaces M;, and to
relate the topology of the map u(¢) prior to the singularity to the flow maps afterwards, and most of this
paper will be devoted to achieving this. The former issue is dealt with by the following:

Proposition 1.3. In the setting of Theorem 1.1, the injectivity radius converges uniformly to a continuous

limit: P
.. inj, (x) forxel,
inj, ) (r) = {0 (1-6)
0 forx e F=M\U
as t 1 T. Moreover, the set F' from (1-4) consists of k € {1, ...,3(y — 1)} components {F;}, and the total

number of punctures in Theorem 1.1 is 2k.

Furthermore, there exist 8o € (0, arsinh(1)) and tg € [0, T) such that for every t € [tg, T) there are
exactly k simple closed geodesics oj(t) C (M, g(t)) with length £;(t) = L) (0;(t)) < 280 and the lengths
of these geodesics decay according to

6(t) <C(T —t)(E(t)—E(T) =0 ast 1T (1-7)
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for some C = C(n, y). In addition, for every 5 € (0, §g] and t € [tog, T) the set 5-thin(M, g(t)) consists
of the union of the (possibly empty) disjoint cylindrical “subcollar” regions C; = C;(t, 8) around o;(t)
which are isometric to

(—Xj. X;) x 8" equipped with the metric p; (s)(ds” +d6*) (1-8)

where

2
Xj =Xj(t,5) =
¢

b4 (Sinh(ﬁj ()/2)
arccos| ——————

e ) if 28> ;(t),  while X; =0 if 28 <£;(t) (1-9)

and
£;(1)
27 cos(€(1)s/(2m))’

p; () = pe;n)(s) =

and for all t sufficiently large (depending in particular on §) we have F; C C;(t, §).

The subcollars C; are subsets of collar neighbourhoods of the collapsing simple closed geodesics
described by the collar lemma; see, e.g., [Rupflin and Topping 2018a, Lemma A.1]. If §(¢) | O sufficiently
slowly so that 8§t) (T —t)(E(t)— E(T)) — 0ast 1 T, then Xj(t,8(t)) >ocast P T.

This proposition gives us a topological description of how M can be reconstructed from the M;. We
remove 2k small discs from the M; at the punctures described in Theorem 1.1, and glue in cylinders
corresponding to the k collar regions from the proposition. (We see that there will be 2k punctures.)

The proposition also demonstrates what we must establish in order to relate the flow map before the
singularity to the flow maps after the singularity. The continuation of the flow is given in terms of the
smooth local limit # on ¢/ \ S from Theorem 1.1. Therefore we can potentially lose parts of the map at
the points S and parts of the map “at infinity” in /. As we shall see in part (1) of Theorem 1.4, the loss
of energy at points in S is entirely accounted for in terms of bubbles, i.e., maps w; : S> — N that are
harmonic and nonconstant and are thus themselves branched minimal spheres.

On the other hand, we have to be concerned about parts of the map that are lost at infinity in /.
By Proposition 1.3, we must specifically be concerned with the restriction of the flow map u(¢) to the
collar regions C;. If we view these collar regions conformally as the cylinder (1-8) with the flat metric
g0 =ds*+d6?, then any fixed-length portion of an end of these cylinders will have injectivity radius inj ()
bounded below by a positive number, uniformly as ¢ 1 7, and thus by Proposition 1.3, it will remain in a
compact subset of &/ and the map there will be captured in the limit . However, this says nothing about
what happens away from the ends of the cylinders, and we have to be concerned because the map there
need not become harmonic since the tension field is a priori unbounded in L2 Nevertheless, part (3) of
Theorem 1.4 will show that near enough the centre of these cylinders — essentially on the [7 —¢]!/?-thin
part of (M, g(t)) — we will be able to describe the map as a collection of bubbles connected together by
curves.

This leaves the worry that a little outside this thin region (for example where the injectivity radius is
of the order of [T —¢]'/>~¢) we might accumulate “unstructured” energy that is lost down the collars in
the limit, and does not represent any branched minimal immersion or curve, but instead represents some



GLOBAL WEAK SOLUTIONS OF THE TEICHMULLER HARMONIC MAP FLOW INTO GENERAL TARGETS 821

arbitrary map. Again, this is ruled out in the following Theorem 1.4, part (2), where we show that all lost
energy lives not just on the [T —¢]'/?-thin part but even on the [T —¢]-thin part.

Theorem 1.4. In the setting of Theorem 1.1, we can extract a finite collection of branched minimal
spheres at the singular time in order to obtain no loss of energy/topology in the following sense. There

exists a sequence t, 1 T such that

[T @) D1 2201001, + | Pe (@ s )t L2001,y ] - (T — t)/* — 0, (1-10)
and so that:

(1) At each x € S, finitely many bubbles, i.e., nonconstant harmonic maps S* — (N, gn), develop as
t, A T. All of these bubbles develop at scales of order o((T —t,)"/?) and they account for all of the energy
that is lost near x € S, as is made precise in part (2) of Proposition 3.3. In particular, if oy, . . ., Wy, is the
complete list of bubbles developing at points in S then
Eick := limlimE (u(¢), g(t), 5-thick(U, h))
810 11T

m m

= E(i, h,U)+ Y E(@) =Y E@, M)+ Y E(w). (1-11)
=1 i =1
(2) All the energy
Ethin := E(T) — Ethick,

E(T) :=limyy7 E(t), lost down the collars concentrates on the [T —t]-thin part in the sense that

Epin = }lTnTl E(u(), g(0), [T —1]-thin(M, g(1))). (1-12)

In fact, we have the more refined information that

Eqin = lim lirtr%iTnfE(u(t), g(0), [K(T —t)(E(t) — E(T))]-thin(M, g(1))). (1-13)

(3) The restriction of the maps u(t,) to the (T — t,)'/>-thin part of the degenerating subcollars Cj from
Proposition 1.3 has tension || te, (u(1,)) || 2 — 0 as n — oo with respect to gy = ds® +d6? and hence can
be assumed to converge to a full bubble branch as explained in Proposition 1.5 below.

In the following proposition from [Huxol et al. 2016], we write a, < b, for sequences a, and b, if
a, < b, for each n and b,, — a,, — o0 as n — o0.

Proposition 1.5 [Huxol et al. 2016, Theorem 1.9 and Definition 1.10]. For any sequence of maps
Uy : [—5(\,,, )?n] xSl —> N, )?n — 00, for which the tension with respect to the flat metric go = ds*+do?
satisfies ||tg,(un)llL2 — O, there exists a subsequence that converges to a full bubble branch in the
following sense:

There exist a finite number of sequences s, (form € {0, ..., m}, m € N) with

X, =t sl < s =X,
such that:
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(1) The connecting cylinders (s,T_1 +A, 850 —=A) xS 1. A large, are mapped near curves in the sense that

lim lim sup sup osc(uy,; {s} x Sl) =0 (1-14)
A=00 n—o00 se(sm ™ Ha,sm—2)

foreachm € {1, ..., m}.

(2) Foreachm € {1, ..., m — 1} (if nonempty) the translated maps u)) (s, 0) :=u,(s +s,"', 9) converge

weakly in H' locally on (—o0, 00) x S' to a harmonic map o™ and strongly in Hll)c((—oo, 00) x S
away from a finite number of points at which bubbles can be extracted in a way that each bubble is counted
no more than once, and so that in this convergence of ul; to a bubble branch there is no loss of energy on
compact subsets of (—oo, 00) x S\, Since (—o0, 00) x S! is conformally equivalent to the sphere with
two points removed, w™ extends to a harmonic map from S This map can then be considered as a bubble
(in particular a branched minimal immersion) if it is nonconstant. If it is constant, then there must be a
nonzero number of bubbles developing within. (See Theorem 1.5 of [Huxol et al. 2016] for details.)

Remark 1.6. Proposition 3.3 will give a more general version of part (1) of Theorem 1.4, establishing the
no-loss-of-energy property and control on the bubble scales also at finite-time singularities as considered
in [Rupflin 2014] at which the metrics do not degenerate. As mentioned earlier, the analogue of this
result when the underlying surface is M = S can already be found in [Topping 2004, Theorem 1.6] since
(1-1) is then just the harmonic map flow. That theorem also elaborates on the sense in which the finite
collection of bubbles develop, and the strategy of its proof broadly carries over to our situation here.

The key point of Theorem 1.4 is that the degenerating collars, and indeed the whole surface, can be
divided up into two regions: First, the cylinders making up [T —¢]-thin(M, g(¢)) (and even those making
up [T —t]'/?-thin) are sufficiently collapsed that when we rescale, the evolving map u can be seen to have
very small tension and can thus be represented in terms of branched minimal spheres. Second, on the
remaining [7 —t]-thick part, the limiting energy is fully accounted for by the energy of the limits u; and
the energy of the bubbles. This latter assertion is not a priori so clear since one might have a part of the
flow map drifting down the collar, always living in a region such as where the injectivity radius is of the
order of, e.g., [T —t,]'/3. Such a part of the map would have no reason to look harmonic in any way, and
might carry some nontrivial topology. This “unstructured” energy could in principle drift down the collar
not because energy was flowing around the domain, but because the injectivity radius itself is evolving.

The key to ruling out this latter bad behaviour is the following theorem, which gives a more precise
description of the convergence of the metric than the one given in Theorem 1.1 and which asserts
essentially that by time ¢ € [0, T), the metric g(¢) has settled down to its limit /2 on the [T —¢]-thick part.
As we shall see, this represents an instance of a more general theory from [Rupflin and Topping 2018a]
describing the convergence of a general “horizontal curve” of hyperbolic metrics.

Theorem 1.7. In the setting of Theorem 1.1, there exists K < oo depending on n and the genus of M
(and determined in Lemma 2.2) such that the following holds true:
The “pinching set” F C M defined in (1-4) can be characterised as

F=[\{peM:injy(p) <dxn)) (1-15)

t<T
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forany K > K, where 8 (t):= K(T —t)(E(t)—E(T)) {0ast 1 T and E(T) :=limyy7 E(2). Equivalently,
we have
U:=M\F= U [0k (2)]-thick(M, g(1)). (1-16)

t<T
In addition to the claims on U, h and the convergence g(t) — h made in Theorem 1.1, for any K > K,
to€[0,T)andt € [ty, T), we have that for every | € N

5y 12
(1) — hll ¢t (154 (1) -thick (M, g (10)). 2 (t0)) T 18 (B) — Rl et (5 (a0)1-thickea,my,ny < CK ™ 1/2[@] , (1-17)

where we abbreviate §(t) = 61(t) and where C depends only on I, the genus of M and n. Furthermore,
for K > 0 sufficiently large (depending on n, the genus of M and an upper bound E for the initial energy)
and for all tg € [0, T) — or for arbitrary K > 0 and ty € [0, T') sufficiently large — we have

sup [1g(t) — hllct (1K (7 1)) thick(M. g (10)).g (10)) + Sup 18 (1) = hll etk (7 —10))-thick @, k). )
telty,T) €lw,T)
o (El) = E(T)'”
= K12

— 0 (1-18)

as to 1t T, where C depends on I, the genus of M and n.

Remark 1.8. Although we do not require it here, one should be able to improve the smooth local
convergence u(t) — u of Theorem 1.1 to quantitative control on the size of u(¢) — u over, say, the
[T —1]'/2-thick part of (M, g(t)), away from S, with respect to an appropriate weighted norm.

In summary we obtain that the flow (1-1) decomposes any smooth map uy : M — N into a collection
of branched minimal immersions v; : ¥; — N through global solutions that are smooth away from finitely
many times as follows: As discussed earlier, at each singqlar time f,, for which inj (0) (M) -»0ast 1y, all
of the lost energy is accounted for in terms of bubbles wj, : S> — (N, gn), which we add to the collection
of minimal immersions v; (adding that same number of copies of S2 to the collection of domains ¥;). At
singular times for which inj, (M) — 0, the results discussed above apply and we add both the bubbles
developing at the singular points S C U/ and those that are disappearing down one of the degenerating
collars to the set of minimal immersions v; (again adding the corresponding number of $2’s to the
collection of the ¥;’s) and continue the flow on the closed lower-genus surfaces M; as described above.

If the genus of any of the closed surfaces M; is 0 or 1, then its continuation will be a weak solution that
flows forever afterwards according to the theory of the harmonic map flow [Struwe 1985] or the theory
in [Ding et al. 2006]. If the genus of any of the surfaces M; is larger than 1, then the subsequent flow
might develop a further finite-time singularity at which a collar degenerates, in which case we repeat the
process above to continue the flow further still. Each time we restart the flow after a singularity caused
by the degeneration of one or more collars, the genus of the surfaces underlying the continued flows
will decrease, so repeating the process finitely many times gives us a global weak solution as desired.
As the energy is conformally invariant, the resulting global solution has nonincreasing energy and the
total number of singular times t,, is a priori bounded in terms of the genus, the initial energy and the
target (N, gn)-
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We can relate the domain(s) and map(s) before a singular time #,, to the flow(s) after the singular time
as explained above and can thus reconstruct the initial map and the initial domain in terms of the map(s)
and domain(s) at any time ¢ € (t,,, t,,+1) and the collection of all of the bubbles v; obtained at the singular
times t; < --- < t,, as well as connecting curves on cylinders.

We can then apply the asymptotic analysis as discussed above, principally from [Huxol et al. 2016], to
each of the obtained global flows, eventually adding also the bubbles developing at infinite time as well
as the limiting maps uj?O M j?’o — N obtained at infinite time, which are branched minimal immersions
defined on surfaces of total genus no more than y, to the collection of the (X%;, v;). This gives the
decomposition of the initial map into branched minimal immersions v; : ¥; — N described earlier on.

This paper is organised as follows. In Section 2 we carry out the analysis of the metric component
of the flow, proving part (1) of Theorem 1.1 as well as Theorem 1.7 and Proposition 1.3. The resulting
control on the evolution of the metric then allows us to analyse the map component in the subsequent
Section 3. In Section 3.2 we focus on the properties of the map on the nondegenerate part of the surface,
stating and proving Proposition 3.3, which yields both part (2) of Theorem 1.1 as well as part (1) of
Theorem 1.4. Parts (2) and (3) of Theorem 1.4 are then proven in Section 3.3 where we analyse the map
component on the degenerating part of the surface.

2. Analysis of the metric component

In this section we analyse the metric component of the flow, proving first part (1) of Theorem 1.1, then
Theorem 1.7, and finally Proposition 1.3. This analysis is based on the theory of general horizontal curves
we developed in [Rupflin and Topping 2018a], henceforth abbreviated [RT2018a], some of which we
recall here.

A horizontal curve of metrics on a smooth closed oriented surface M of genus at least 2 is a smooth
one-parameter family g(¢) of hyperbolic metrics on M for ¢t within some interval / C R so that for each
t € I, there exists a holomorphic quadratic differential W (#) such that 9;,g = Re(W¥). This makes g(¥)
move orthogonally to modifications by diffeomorphisms, as described in [RT2018a].

An important property of horizontal curves is that we can bound the C’ norm of their velocity, [ € N,
in terms of a much weaker norm of d,g and the injectivity radius. In fact, [RT2018a, Lemma 2.6] gives
that for any x € M and / e N

1/2

10: 8 (D) 1 (5(1y) (X)) = Clinjgy (17110, L2 (0, g1y (2-1)

with C depending only on the genus of M and [, where [2|c1 () (x) 1= Zizo |V§Q|g(x), with V, the
Levi-Civita connection, or its extension.

We furthermore recall that for every point x € M the map 7 > inj,,(x) is locally Lipschitz on the
interval I over which g is defined, see [RT2018a, Lemma 2.1], and that

172

d.. .
E[ang(t)(x)] = KOllatg(t)“Lz(M,g(t)) (2-2)

holds true for a constant Ky < oo that depends only on the genus of M, see [RT2018a, Lemma 2.2].
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These estimates play an important role in the proof of the following convergence result for finite-length
horizontal curves, proven in [RT2018a], which we will use to analyse the metric component of the flow.
In order to state this result, we introduce some more notation: If g(¢) is defined for ¢ in some interval
[0, T), then we let

T
L(s) 22/ 19: 8Nl 2w, g 1)) dt € [0, 2]

denote the length of the restriction of g to the interval [s, 7). Given a tensor €2 defined in a neighbourhood
of some K C M, we write

1€2llct (k) = sup |2]ci(g)- (2-3)
K

Theorem 2.1 [RT2018a, Theorem 1.2]. Let M be a closed oriented surface of genus y > 2, and suppose
g(t) is a smooth horizontal curve in M_y for t € [0, T), with finite length £(0) < oo. Then there
exist a nonempty open subset U C M, whose complement has k € {0, ..., 3(y — 1)} components, and a
complete hyperbolic metric h on U for which (U, h) is of finite volume and is conformally a finite disjoint
union of closed Riemann surfaces (of genus strictly less than that of M if U is not the whole of M) with
2k punctures, such that

gt)y—>h

smoothly locally on U. Moreover, defining T : M — [0, c0) by

inj,(x) onlU,
0 on F=M\U,
we have inj, . — T uniformly on M as t 1 T, and indeed that

I(x)= {

Ilinj g ]"* =% co < KoL(t) >0 ast 4T, (2-4)

where Ky is chosen as in (2-2) and depends only on y. Furthermore, for anyl € N and § > 0, if we take
to € [0, T) sufficiently large so that

(2K0£(t0))2 < 8, where Ky is the constant obtained in (2-2), (2-5)
then §-thick(M, g(s)) C U for every s € [ty, T), and we have for every t € [ty, T)
18 (®) — hllct (s-thick(es, by, my + 18(F) — Rl ¢t (s-thick(M, g(5)). g (s)) = cs~V2L), (2-6)

where C depends only onl and y .

We first apply this result to prove the properties of the metric component claimed in our basic
convergence result, i.e., part (1) of Theorem 1.1 To this end we first note that for any smooth solution (u, g)
of (1-1) defined on [0, T'), T < oo, the metric component is by definition a smooth horizontal curve.
Furthermore, its length is finite as

T 2 T
L(1)? = (fl 10: 8l L2(m, 200 df) <(T - ’)/t ”atg(t)”%,Z(M,g(t)) dt
<n* (T —t)(E(t) — E(T)), (2-7)
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by (1-2), where we abbreviate E(7) := E(u(t), g(t)) and E(T) := limg47 E(s). In particular, defining
K :=5K3n* (2-8)
to depend only on 1 and y, and defining
8k (1) := K(T —0)(E(t) — E(T)), (2-9)
which we will be considering for K > K and r € [0, T), we have
(KoL) < 385(1) (2-10)

for all ¢ € [0, T'). We may thus analyse the metric component g of any solution of (1-1) with the above
Theorem 2.1.

In the setting of Theorem 1.1, the assumption (1-3) that the metric component degenerates as ¢
approaches T combined with the uniform convergence of the injectivity radius furthermore guarantees
that the pinching set F' must be nonempty.

Part (1) of Theorem 1.1 concerning the local convergence of g(¢) to a limit 4 and the properties of
h, U and F is thus a direct consequence of Theorem 2.1 and the fact that £(0) < oo.

To prove the refined properties of the metric component stated in Theorem 1.7 and Proposition 1.3 we
shall use the following lemma, where K will be chosen as in (2-8) above.

Lemma 2.2. Let (u, g) be a smooth solution of (1-1) on [0, T), T < 00, on a surface M of genus y > 2.
Then there exists a constant K depending only on 1 and y so that the following holds true. If we define
3k (t) as in (2-9) then for every ty € [0, T') the assumption (2-5) of Theorem 2.1 is satisfied for to and any
8 > 0 with 6 > 8 (to) and thus estimate (2-6) holds true for any to € [0, T), s,t € [ty, T), and any § > 0
with § > 8z (t9). Furthermore:

(1) Forevery K > K the pinching set F defined in (1-4) can be characterised by (1-15).

(2) The metrics (g(t))iefs,, 1) are uniformly equivalent and their injectivity radii are of comparable size at
points x € §g(to)-thick(M, g(19)) in the sense that for every s, t € [to, T)

g(s)(x) <Ci-g)(x) and C;' h(x) <g®)(x) < Cy-h(x) (2-11)
and
inj, () (x) < Ca - injy ) (x), (2-12)

where C| > 1 depends only on the genus of M, while Cy > 1 is a universal constant.

(3) Forevery K > K, every x € 8k (to)-thick(M, g(ty)), every s, t € [ty, T) and every | € N we have
18:8 (1) ¢ g5 (¥) = C8k (10) ™ 2113, 8 ()| 2,501 (2-13)

where C depends only on | and the genus of M.

Proof of Lemma 2.2. We first remark that the claims are trivially true if éx (fo) = 0 and hence g|,.7) is
constant in time, so we may assume without loss of generality that 5 (¢9) > 0.
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Define K as in (2-8). Then (2-10) implies
(2K L(t))* < 285 (1) < 8 (to), (2-14)

and so (2-5) is satisfied for § > 8 (#9) as claimed in the lemma.
To prove part (1) of the lemma we combine (2-4) with (2-10) to obtain that inj () (p)<(K oL(1)% <8 g®)
for every p € F and every t € [0, T') and thus that

Fc () 8k()-thin(M, g(r)) forany K > K.
tel0,7)
As the reverse inclusion is trivially satisfied this establishes the characterisation (1-15) of the pinching set
for each K > K.

The proofs of parts (2) and (3) of the lemma are now based on estimates on the velocity and the
injectivity radius that were derived in [RT2018a] for general horizontal curves under the same hypothesis
that (2-5) holds true: Lemma 3.2 and Remark 3.5 of [RT2018a] establish that (2-11) and (2-12) hold true
for arbitrary horizontal curves, times s, t € [fg, T) and points x € §-thick(M, g(#y)) provided 7y and § are
such that (2-5) is satisfied. Combined with (2-14) this immediately yields part (2) of the lemma. Finally,
(2-13), and hence part (3) of the lemma, follows immediately from [RT2018a, Lemma 3.2], with § there
equal to 8 (fp) here, because the hypotheses of that lemma are implied by (2-14). (Il

Parts (2) and (3) of Lemma 2.2 will be used in the next section for the fine analysis of the map
component, but before that we complete the proofs of Theorem 1.7 and Proposition 1.3.

Proof of Theorem 1.7. We let K be the constant obtained in Lemma 2.2, i.e., given by (2-8), and set as
usual 8x (t) = K(T —t)(E(t) — E(T)). For this choice of K the characterisation (1-15) of the pinching
set F' has already been proven in Lemma 2.2 and from this lemma we furthermore know that (2-5) holds
true for any 7o and any § > 8z (7o) and thus in particular for § = §x (tp), K > K. Hence (1-17) follows
from the corresponding estimate (2-6) of Theorem 2.1 and the bound (2-7) on L(¢).

It remains to prove (1-18). For this we observe that for K > 0 sufficiently large and for all ty € [0, T)) —
or for arbitrary K > 0 and 7y € [0, T') sufficiently large — we can be sure that K(E(ty) — E(T)) < K and
hence by (2-10) that (2-5) is satisfied for #yp and § = K (T — to). This allows us to apply estimate (2-6) of
Theorem 2.1 also for such values of §, which then gives

L(10) (E(to) — E(T))"/?

su t)y—h —10)]-thi <C < — 0 (2-15
IE[IOPT) ”g( ) ||C1([K(T to)]-thick(M, g (10)),g(t)) = KI/Z(T _ t0)1/2 = K1/2 ( )

as ty 1 T, using (2-7), as well as

(E(to) — E(T)'/?

sup 1g(#) — hllct k(7 —t)}-thick @,y ny < C P — 0, (2-16)
te(ty,T)
where C depends only on [/, n and the genus of M. (Il

Proof of Proposition 1.3. The uniform convergence of the injectivity radius follows from Theorem 2.1 as
(g(®))te0.1)» T < 00, is a horizontal curve of finite length.
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We furthermore recall that standard results from the theory of hyperbolic surfaces give that for any
8 < arsinh(1) the §-thin part of a hyperbolic surface is given by the union of disjoint subcollar regions
around the simple closed geodesics of length £ < 25 as described in the proposition; refer to the appendix
of [Rupflin and Topping 2018b] for further details.

For K > K\, with K as in (2-2), we define closed sets

Fi (1) := {p :inj, (p) < (KL(1))*}

for t € [0, T'). It follows from the slightly stronger result [RT2018a, Lemma 3.1] that the sets Fk (¢) are
nested, becoming only smaller as ¢ increases, and that the pinching set F' can be written as

F= () Fx@). (2-17)
t€[0,T)
It is useful for us to appeal to this fact for some K > Ky, and we choose K = 2Kj.

Thus for # sufficiently large, chosen in particular so that (2KoL(t9))? < arsinh(1), the pinching set F
has the same number k € {1, ...,3(y — 1)} of connected components as the sets Fog,(?), t € [t9, T),
with the connected components of F>k,(f) being disjoint closed subcollars around geodesics o; () of
length ¢; (1) < 22K L(1))% < C(T —t)(E(t) — E(T)) whose interior is as described in the proposition.
In particular given any § € (0, arsinh(1)) and ¢ € [ty, T) sufficiently large (depending in particular on §),
we know that the connected components F; of the pinching set are contained in the corresponding
subcollar C; (¢, §), as claimed in the proposition.

It thus remains to show that there exists a number &y € (0, arsinh(1)) such that any simple closed
geodesic in (M, g(1)), t € [to, T), that does not coincide with one of the o; () must have length at least 26.
To this end we observe that the characterisation (2-17), this time with K = K, gives

Q := (2K L(ty))>-thick(M, g(t)) C M \ Fk,(to) CU

and since €2 is closed, it is a compact subset of M and hence also of /. Therefore over 2 the injectivity
radius inj g(t)( -), t € [ty, T), is bounded uniformly from below by some constant §y € (0, arsinh(1))
thanks to (1-6). Consequently, any simple closed geodesic in (M, g(¢)) that enters €2 must have length at
least 24.

The only alternative is that the simple closed geodesic in (M, g(t)) is fully contained in one of the
k cylinders C; (to, (2K L(t))?), in which case it must be homotopic to o0;j(t) (up to change of orientation)
and hence coincide with o; (). O

3. Analysis of the map component

The challenges of analysing the map component are of a different nature depending on whether we
consider a region where the metric has already settled down or a region in a collar that will ultimately
degenerate. Roughly speaking, on the nondegenerate part of the surface we control the metric but cannot
hope to bound the tension, while on the degenerating part of the surface the metric is not controlled but the
tension tends to zero when computed with respect to the flat metric in collar coordinates along a sequence
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of times #, 1 T as considered in Theorem 1.4. We will analyse the map component separately on these
two different regions, with the analysis on the nondegenerate part, and hence the proofs of part (2) of
Theorem 1.1 and of part (1) of Theorem 1.4, carried out in Section 3.2. Parts (2) and (3) of Theorem 1.4,
which concern the part of the map that is lost on degenerating collars, are then proven in Section 3.3. In
both of these sections we use a local energy estimate that is derived in Section 3.1.

3.1. Local energy estimates. The goal of this section is to prove the following lemma on the evolution
of cut-off energies

1
E,(t) = §f¢2|du(t)|§(t) dvg( (3-1)

for functions ¢ € C*°(M, [0, 1]).

Lemma 3.1 (Local energy estimate). Let (u, g) be a smooth solution of (1-1) on a closed surface of
genus at least 2, and for an interval [0, T), T < 00, and let ¢ € C*(M, [0, 1]) be such that there exists
to€[0,T) and K > K for K the constant obtained in Lemma 2.2, so that

supp(¢) C dk (1o)-thick(M, g(10)), (3-2)

where as usual 5g (t) .= K(T —t)(E(t) — E(T)).
Then the limit lim;y7 E,(t) exists and (assuming the flow is not constant in time on [ty, T)) for any
to <t <s <T wehave

|E,(t) — Ey(s)| < E(t) — E(s) + Cl[8x (t0) "> + |d@l Lo v g1y ) (s — )/2(E(t) — E(s))'/?
< E(t)— E(T)+ C[8k (t0) "> + ldo |l Lo m.guon J(T — V2(E(t) — E(T)'?,  (3-3)

where C depends only on the coupling constant n, the genus of M and an upper bound E( for the initial
energy.

A first step in the proof of Lemma 3.1 is to show the following analogue of well-known local energy
estimates for harmonic map flow as found, e.g., in [Topping 2004, Section 2].

Lemma 3.2. Let (u, g) be a (smooth) solution of (1-1) on [0, T) and let ¢ € C*(M, [0, 1]) be any given
JSunction. Then the evolution of the cut-off energy E,(t) defined in (3-1) is controlled by

d
Byt / 0?1t ()| dv,

1/2
<2V2E(u, 8)"?||dgl L~ ( / A, dvg) + 10,81l L= (supp(e).) B (3-4)

Proof. The equation of the map component can be described by
du — Agu = Ag(u)(du, du) = g Au)(dy,u, d,u) L T,N (3-5)

if we view (N, gn) as a submanifold of Euclidean space using Nash’s embedding theorem and denote by
A the second fundamental form of N < RX. We multiply this equation with ¢? 3, and integrate over
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(M, g) to obtain

o:f<p2|a,u|2dvg+f(a, du, du)g9*dvg + duldu, d(p*)) g dv,.

We now recall that 9, g is given as the real part of a quadratic differential and thus has zero trace, which
implies (d/dt)dv, = 0. As ¢ is independent of time while d;u = 7, (), we thus obtain

%Ew/soﬂrg(unzdvg
<37 820/|d”|§<z+8)¢2dvg+2/qoldgol‘|rg(u)| - \du| dv,
1/2
< 118 g | L suppie.) B + 214l 1.0 E (u, )1/ (f g"2|rg(u)|2dvg> / (3-6)
as claimed. -

Based on this lemma, as well as the control on the metric on the 5 (fp)-thick part of the domain
obtained in Lemma 2.2, we can now prove our main energy estimate.

Proof of Lemma 3.1. Given K > K, with K asin Lemma 2.2, we set as usual 8x (t):=K (T —t)(E (t)—E(T))
and consider a cut-off function ¢ as in the lemma for which (3-2) is satisfied for some #.

This assumption on the support of ¢ allows us to bound any C’ norm of 3;g on supp(¢) using estimate
(2-13) of Lemma 2.2, which implies in particular that

18:8 ()| Lo (supp g1y < CL8k (t)1 ™2 119:8(1) | 12(as.g(ryy  for any € [to, T) (3-7)

holds true with a constant C that depends only on the genus.
Furthermore, the equivalence (2-11) of the metrics on § g (fy)-thick(M, g(#p)), and thus in particular on
supp(¢), obtained in the same lemma, allows us to bound

ldollLem,gyy <V CilldellLem,gay)) fort € ltyg, T).

The local energy estimate (3-4) of Lemma 3.2 thus reduces to

) -
‘EErﬂ‘ <ll7g(u) ||%2(M.g) + Clldoll Lo (g1 1T (1) ||L2(M,g) +Cok (o) 1/2” atg“Lz(M’g)
dE B dE)?
5(_E) + C - [lldoll L= .g10)) + Ok (t0) 1/2]<_E> oo

for t € [ty, T'), where the constant C now depends not only on the genus but also on the coupling constant
and an upper bound Ey on E(0) > E(¢) and where we used the evolution equation (1-2) of the total
energy in the second step.

Integrating (3-8) over [z, s] C [to, T) yields the claim of Lemma 3.1. O

Lemma 3.1 will allow us to determine both the part of the degenerating collars where energy can be
lost as well as the scale at which energy concentrates around points in the singular set S C &/. This will
then allow us to capture two collections of bubbles, one developing at the bubble points S, but also an
additional collection of bubbles that are disappearing down the collars. By further analysing what can
happen between these bubbles, this will allow us to prove Theorem 1.4.
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This bubbling analysis will be carried out along a sequence of times ¢, for which (1-10) holds. The
existence of such ¢, 1 T follows by a standard argument: Integrating (1-2) in time implies that

T T
fo lze@)]3,dt and /0 | Po (D)3, dt

are bounded in terms of an upper bound Ej for the initial energy, and (for the second integral) the coupling
constant 1. Here we suppress the dependence of ® on « and g, of the L> measure on g, and of u and g
on t. These bounds imply that whenever a smooth function f : [0, T) — [0, co) has infinite integral,
there exists a sequence of times #, 1 7" such that

iz @) 172 + 1 Po (@) 1721(t0) < f(t).

In particular, we may always choose some sequence ¢, 1 T so that (1-10) holds true for ¢, (and thus also
for any subsequence that we take later).

3.2. Analysis of the map component on the nondegenerate part of the surface. On compact subsets of
U we can control the metric component using Lemma 2.2 and may thus think of the evolution equation (1-1)
for the map component as a solution of a flow that is akin to the classical harmonic map flow albeit with
a (well-controlled) time-dependent metric. This will allow us to adapt well-known techniques from the
theory of the harmonic map flow, in particular from [Struwe 1985; Topping 2004], to analyse the solution
on this part of the domain in detail: We prove that as ¢ 1 T, energy concentrates only at finitely many
points S away from which the maps converge in C', for each [ € N, and that, along a subsequence of
times ¢, 1 T as in (1-10), we can extract a finite number of bubbles at each point in S which account
for all the energy that is lost near these point. This last part is equivalent to proving that no energy is
lost on so-called neck-regions around the bubbles (not to be confused with collar regions around the
degenerating geodesics). This fine analysis of the map component on the thick part of the surface applies
not only in the case of a finite time degeneration as considered in the present paper but (as a by-product
of the following proposition) also gives refined information at singular times as considered in [Rupflin
2014], across which the metric remains controlled.

Proposition 3.3 (cf. [Topping 2004]). Let (u, g) be any smooth solution of (1-1) fort € [0, T) on a
surface of genus at least 2. Let F be the (possibly empty) set given by (1-4) and let S be defined as in
(1-5). Then S is a finite set and.:

(1) u(t) converges smoothly locally on M \ (F U S) and weakly locally in H' on M\ F ast 1 T, to a
limit that we denote by u(T).

(2) We have no loss of energy at points in S, and the scales of bubbles developing at the points of S, along
a subsequence of times t, 1 T as in (1-10), are small compared with (T — t,)'/?. Indeed, if w1, ..., ww
are the bubbles developing at x € S then for every v > 0

lrlﬁ)l %1 E(u(t), g(), By(x,r)) = lr%l }%1 E(u(t), g(t), Bgr)(x,r))

=lim E(u(t), g(t), Byy(x, (T —1)'/%)) =Y " E(w). (3-9)
=1
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In particular, if wy, ..., wy is the complete list of bubbles developing at points in S and if Q2 €U is
chosen large enough so that S is contained in the interior of Q2 then

"
lim E (u(t), g(t), 2) = E(ii, h, Q) + Y _ E(ey). (3-10)
T =

In the setting of Theorem 1.1, i.e., in the case that inj,, (M) — O as 7 1 T, part (1) of the proposition
yields the convergence of the maps u(¢) on U/ and on U/ \ § claimed in part (2) of Theorem 1.1. As the
resulting limiting maps can be extended across the punctures to H' maps from M; (since their energy
is bounded) and as the properties of the metric component claimed in part (1) of Theorem 1.1 have
already been proven in Section 2, this then completes the proof of Theorem 1.1, modulo the proof of
Proposition 3.3.

The second part of Proposition 3.3 implies part (1) of Theorem 1.4: the first part of (1-11) follows
from (3-10) since 8-thick(, k) is compact for every § > 0, while the second part of (1-11) is due to the
conformal invariance of the energy.

For the proof of Proposition 3.3 we shall use the following standard e-regularity result.

Proposition 3.4. There exist constants g9 > 0 and C € R depending only on the target manifold so that
the following holds true. Let u : By, (x,r) — N be any smooth map from a ball of radius r € (0, 1] in the
hyperbolic plane (H, gg) with energy

E(M, gHv Bg[.](-x9 r)) S 80'
Then

/ Q[ Veuduly, +lduly, 1dve, < Cllde| ey g E . g1. Bgy (X, 1))+ C / 9*|Tey )|* dug,, (3-11)

holds true for every function ¢ € C2°(Bg,, (x,r), [0, 1]).

Note that the Hessian term |V, d uliH is not referring to the intrinsic Hessian. That term is instead
the sum of the corresponding terms for each component of u viewed as a map into Euclidean space, and
depends on the isometric embedding of N that we chose. This term can be controlled in terms of the
integral of ¢?|A P |> and lower-order terms simply using integration by parts. This leading-order term
can be rewritten using (3-5) and the resulting quartic term in du controlled with the Sobolev inequality.
The details of a very similar argument can be found in [Rupflin 2008, Proposition 2.4].

Proof of Proposition 3.3. Part (1) of the proposition represents the analogue of Lemma 3.10" of [Struwe
1985] and we shall use properties of horizontal curves from Lemma 2.2 to control the evolution of the
metric; see also [Rupflin 2014] for a related proof in the nondegenerate case.

In the following we shall use several times that for any compact subset 2 C U/ = M \ F there exists a
number #y = 19(2) € [0, T) so that

Q C 8, (9)-thick(M, g(o)), (3-12)

where 6 (1) = K(T —t)(E(t) — E(T)) and K are as in Lemma 2.2. Indeed, for solutions of (1-1) which
degenerate as described in (1-3), this is a consequence of the uniform convergence of the injectivity radius
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obtained in Proposition 1.3, while otherwise inj,,, (M) is bounded away from zero uniformly so (3-12) is
trivially satisfied for 7y sufficiently close to 7. As a consequence of (3-12) also

Ny (¥) = 8 (fg) for all x € M with distey (x, ) < 85 (10), (3-13)

which allows us to apply Lemma 2.2 to control the evolution of the metric as well as Lemma 3.1 to bound
the cut-energy on this neighbourhood of €.
We first apply this idea to prove that for any point p € U for which

limsup E(u(t), g(t), V) =gy for every neighbourhood V C M of p, (3-14)
1T

where g9 > 0 is the constant obtained in Proposition 3.4, we also have

lirr%iTnfE(u(t), g(), W) >gy for every neighbourhood W C M of p. (3-15)
t

In particular, the set S of points in ¢ for which (3-14) holds is a finite set and we will later see that it
agrees with the singular set S defined in (1-5).

To show (3-15) for a given p € S we let to € [0, T) be large enough so that (3-12) holds for 2 = {p}.
Given any neighbourhood W of p we then choose r € (0, §(79)) small enough so that Bg,,(p,r) C W
and select a cut-off function ¢ € CZ°(Bg,)(p, 1), [0, 1]) with ¢ = 1 in a neighbourhood V of p.

Lemma 3.1 implies that the limit lim;y7 E, () of the cut-off energy defined in (3-1) exists and thus
that, by (3-14),

liminf E(u(t), g(t), W) > lim E,(¢) > limsup E(u(t), g(t), V) > &9
T T 4T
as claimed. Having thus established that there is only a finite subset S of points in U for which (3-14)
holds, we now want to prove that u(¢) converges smoothly on every compact subset V of I/ \ Sast .
Given such a compact subset V of I/ \ S we may choose ry € (0, 1) small enough that

E(u(t), g(t), Bgry)(p,10)) <&o forallz €[0,T),andall p e V. (3-16)

Then choosing 7y € [0, T') so that (3-12) holds true for 2 = V and reducing rg if necessary to ensure
that ro < 8z (#p), we know from (3-13) that we can apply both Lemmas 2.2 and 3.1 on balls By, (p, ),
r <rp, p €V, as they are contained in g (#o)-thick(M, g(1))).

We first note that (2-11) from Lemma 2.2 guarantees that for every ¢ € [ty, T)

ro ro
Bg(m)( ) C_1> C B (P» \/_C_1> C Bgy) (p, 10)- (3-17)

We furthermore note that ry/+/C; cannot be larger than inj g(t)( p) for any t € [ty, T) as otherwise
By (p, ro/+/C1), and thus also By, (p, ro), would need to contain a curve o starting and ending in p
that is not contractible in M, which would contradict the fact that ry < inj g(,o)( D).

Hence By () (p, ro/~/C1) is isometric to a ball in the hyperbolic plane and so the smallness of the energy
E(u(t), g(t), Bgr)(p, r0/+/C1)) < & obtained from (3-16) and (3-17) allows us to apply Proposition 3.4
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for any ¢ € C2°(By () (p,70/C1), [0, 1]) and any time ¢ € [tp, T'). This will be crucial in the proof of the
following:

Claim. For any p € V and ¢ € C2°(Bg(,) (P, r0/C1), [0, 1]) (with ro > 0 chosen as above) we have

sup /¢2|8tu|2dvg < 00. (3-18)
telty,T)

In particular there exists a neighbourhood W of V so that

sup Nu( Il g2, )y < 00-
telty,T)

Proof of Claim. To prove the first part of the claim, we differentiate (3-5) in time, test with ¢ 3,u and use
that (d/dt)dv, = 0 to write

1d
34 <p2|8,u|2dvg—i—/(pzldatulzdvg
d
=— / (d S, d(9*))g - dpu dvg + %LZO / Agiureytt - 97 0 dvgye)
+ [ 2w, du) - o,

1 2 2 2 2 d 2
ggf |d dul dvg—i-CIId(pllLoo(M,g)-IIB,MIILZ(M’g)—d—SL:O/(duad(‘/’ 0rtt)) g(1+¢) dVg

+ IR g 0B )+ C [ uPdully? do

L[ 2 2 2 2 2
= 4_1/ |d d;ul” dvg + C”d(PHLw(M,g) ||at’fi||L2(M7g) + C”atg”Lw(supp((p),g)

+C [ aPlduliy? dv, - (3-19

where C and C depend only on a bound Ej on the initial energy and the target manifold, and the value of
C is fixed in what follows.
To estimate the last term in (3-19) we first apply Proposition 3.4 to get

1/2
f<p2|atu|2|du|§dvg < c(/ <p2|a,u|4dvg> [/ (pzlatulzdvg+C||dg0||%ao(M,g)i|

We then recall that supp(¢) is contained in the ball By (p, ro/+/C1) for every t € [to, T) and that
ro/~/C1 < min(injg(t)(p), 1). We may thus view (supp(¢), g(¢)) as a subset of the unit ball in the
hyperbolic plane and apply the Sobolev embedding theorem to estimate the first factor in the above

1/2

inequality by
1/2
(/ <p2|atu|4dvg> = loldul?ll;2 < Clld(p|dul*)|l 1

1/2
scna,uuLz(M,g)(f |da,u|2<p2dvg) +Clldgllengldiul 72y g (3-20)
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Combined, this allows us to estimate the final term in (3-19) by

~ 1
C/|3,u|2|du|2(p2 dvg < Z/Id 0,1 20? dvg + Cllou |2 o U (p2|8,u|2dvg+C||d(p||ioo(M’g):|

and thus to reduce (3-19) to
d
E/<p2|8,u|2dvg+/(p2|d8,u|2dvg

< CldulGagyy gy [ndgoniw,g) + f w2|atu|2dvg} + ClIO 8 T suppiey.gr- 32D

Since 9;g is controlled on supp(¢) C dg(fp)-thick(M, g(tp)) by the estimate (2-13) of Lemma 2.2,
while estimate (2-11) from the same lemma implies [[d@|lzom,¢r)) < v/ Cilld@llLom,gx0)), We thus
conclude that

d 2 2
— ) d
dl’ f‘p | [I/t| vg

< Clld@N 7o g 1o 19617 21, ) + CN1O:2 1741 ) f @219 |? dvg + C3(10) 1881172y,

dE dE )
SC(—E)/prIBzuIZdvg—i-C(—E) '[”d‘P”iw(M,g(zo))+51?(f0) n. (3-22)

by (1-2), where C now depends also on the genus of M and 5. Hence (3-18) follows using Gronwall’s
lemma. The second part of the claim is now an immediate consequence of (3-18) and Proposition 3.4. [J

Based on the claim we have just proven, we can now establish convergence of u(¢) in C' (V) for every
[ € N by well-known arguments: First of all, we may reduce the neighbourhood W of V if necessary
to ensure that W C 85 (#o)-thick(M, g(tp)); compare (3-12) and (3-13). We then apply the Sobolev
embedding theorem to obtain that

sup |l du(®)|lLrw,ge)) <00 forevery 1 < p < oo.
telty,T)

The control on the metrics g(¢), t € [ty, T), obtained in Lemma 2.2 thus allows us to view (3-5) as a
uniformly parabolic equation on the fixed surface (W, g(tp)), for times ¢ in this interval [zy, T), whose
right-hand side is in L? for every p < oo. Standard parabolic theory combined with the fact that u is by
assumption smooth away from 7, implies that u is in the parabolic Sobolev space W2 !:7 (W X [to, T))
for every p < oo for a slightly smaller neighbourhood W of V. In particular u is Holder continuous with
exponent « for every o < 1 on W x [0, T).

Taking covariant derivatives Vgl(t) of (3-5) allows us to repeat the above argument and obtain that
(x,t) — (Vé (t)u)(x, t) is Holder continuous on V X [y, T') for every [ € N. As the metrics converge
smoothly to & on V, this allows us to conclude that also u(t) — u in Cl(v, h) for every [ € N, for some u.

Since the obtained convergence implies in particular that the set S defined in (1-5), as used in
Proposition 3.3, agrees with the set S of points satisfying (3-14) considered here, this completes the proof
of part (1) of Proposition 3.3.
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For the proof of part (2) of the proposition we closely follow the arguments of [Topping 2004, Section 2].

Let p € S. As above we choose #y < T so that (3-12) holds true for Q2 = {p}, which we recall allows us
to apply Lemmas 2.2 and 3.1 on balls By (p, r0), 7o € (0, §5(f9)) since (3-13) ensures that such balls are
contained in 8z (19)-thick(M, g(tp)). We fix such a radius ro which is small enough so that B, (p, ro)
contains no other element of the singular set S.

Given any fixed cut-off function ¥ € C°([0, 1), [0, 1]) with ¥ = 1 on [0, 3] and with |||~ <4,
we set

dist ,x)?
@r(x) = w(—ls g(:or)z(p o ) 0<r<ro,

and note that ||d@; || LM, g(10)) < C /7. As supp(¢,) C By (P, ro) we can apply Lemma 3.1 to control
the associated cut-off energies E, (1) := E,, (t) defined in (3-1) and obtain in particular that lim;,7 E, (¢)
exists for every r € (0, rg). Combined with the local C ! convergence of u(t) — u on U \ S and the
convergence of the metrics obtained in part (1) of Theorem 1.1 this implies that

T 1 20 7212
E, :}1{;1 Er(t)—§/¢,|du|h dvy, (3-23)

is independent of r € (0, ry).
Let now v > 0. For ¢ € [#g, T') sufficiently close to T so that v(T — /2 < ry we can apply Lemma 3.1
to s = E,r_p12(s), s € [to, T), in order to obtain the second inequality of

|EU(T—I)1/2(I)_E[7|
. 1 2 -2
< |EU(T_,)1/z(t)—£1TrrTl EV(T_,)l/z(S)|+§ / O r oy lditly, dvy

< E(0)—E(T)+Clv™'+82 % (t0)-(T =)' 21 (E@) = E(T) 4+ E (@i, h, By (p, v(T—0)"%)).  (3-24)

We furthermore note that By (p, (T — 1)/2) C By(p, /C1v(T — t)1/?), compare with (2-11) of
Lemma 2.2, and thus that the last term in (3-24) tends to zero as ¢ 1 7. Passing to the limit # 1 7" in (3-24)
we thus obtain that also

~

hTI;l E,r_mpr(t)=E, foreveryv>0.
t

Combined with the equivalence (2-11) of the metrics obtained in Lemma 2.2 we therefore get that for
any v >0

lriﬂ)l }ITHTl E(u(t), g(t), By (p, 1)) < 1}{3 }lTnTl E(u(t), g(t), Bgap(p, v/ C11)) < lrlfol }#nrl E, /(1)

=E,= }1{? E g _yirn®)

< liminf E(u(0), g(0), Byao (p, vCy (T =0)'/%)

< lirr%iTnfE(u(t), g(t), By (p, v(T —1)'/%)). (3-25)
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As the “reverse” inequality
limsup E (u(t), g(t), Bery(p, v(T —)'/?)) < limlim E (u(?), g(t), Bo(ry(p. 1))
T ri0 1T

is trivially true, this proves the second equality in (3-9), including the existence of the limits taken, while
the first inequality of (3-9) follows directly from the equivalence (2-11) of the metrics g(¢) and & obtained
in Lemma 2.2.

To establish the final inequality of (3-9) we closely follow [Topping 2004, Section 2]. Given a sequence
of times ¢, 1 T as in (1-10) and a point p € S, we pick local isothermal coordinates centred at p for
each of the g(z,) by identifying By (;,)(p, ro) with the corresponding ball centred at zero of the Poincaré
hyperbolic disc, viewed conformally as the unit disc centred at the origin in R?, and rescale to obtain a
sequence of maps

up(x) :=ulrpx, ty), ryp:= (T_tn)l/z,

for which ||z (u) L2y — O for every K & R2.

Since (3-25) implies E (u,, B(0, A)\ B(0, A)) — 0 for any 0 < A < A, a subsequence of the maps u,,
converges strongly in H' away from 0 to a constant map, while bubbles {wj ;”: | develop near the origin
at scales 5\,]1 — 0, n —> 0.

The scales at which the bubbles w; develop in the original sequence are thus )\{; = rni{, =o((T —t,)'/?)
and the “no-loss-of-energy” result for bubble tree convergence of almost harmonic maps of [Ding and
Tian 1995] ensures that all the energy of the u,, is captured by these bubbles, i.e., for every A > 0 we have

m’

Tim E(uy, BA(0) = ) | E(w)).
=1
Taking the limit A | 0, and bearing in mind that all but the final equality of (3-9) has already been
established, we find that for every p € S, we have

m/
limlim E B = E -2
lim lim £(u(1). (), By (p. ) ; (@), (3-26)
completing the proof of (3-9).
Finally, given any compact subset €2 € ¢/ which is large enough for § to be contained in the interior
of 2, we can combine (3-9) with the strong Hl})c convergence of u(t) — u on U \ S and the convergence
of the metrics to obtain that indeed

"

%lTI;l E(u(t),g(t),)=E@u,h, Q)+ ; E(wy), (3-27)

where {a)l};":”1 is the set of all bubbles developing at points in S along a sequence of times 7, as considered

in the proposition. (]

3.3. All energy lost down collars is represented by bubbles. At this point we have a good description
of the convergence of u(¢) and g(¢) locally on & = M \ F, with Proposition 3.3 completing the proof
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of Theorem 1.1 and establishing part (1) of Theorem 1.4. In this section we prove parts (2) and (3) of
Theorem 1.4, which show that near the centre of degenerating collars, the map looks like a collection of
bubbles, while on larger scales that are nevertheless vanishing scales, where we have no way of showing
that the map is becoming harmonic, no energy can be lost.

Proof of part (2) of Theorem 1.4. As a next step we now prove part (2) of Theorem 1.4, which can be
seen as quantifying the size of the part of ¢/ on which the energy has almost reached its limit. As we can
only apply the local energy estimate from Lemma 3.1 on regions with sufficiently large injectivity radius,
we will obtain the existence of a limit of the energy on the [T —¢]-thin part by proving that the limit on
the [T —t]-thick part exists and agrees with Euy;x and then appealing to the existence of a limit of the
total energy E(¢).

As above it will be more convenient to work not with energies over given sets, but with cut-off
energies E, as defined in (3-1). To this end we let 8¢ (1) = K(T —t)(E(t) — E(T)), K > K, be as in
Lemma 2.2 and recall that the characterisation of the pinching set (1-15) implies in particular that for
every to € [0, T)

inj gy (M) < 8k (10)
and thus that
AK,Z‘() = {x eM: injg(,o)(x) < (SK(IO)}

is nonempty. We will always assume that 7y € [0, T') is sufficiently large, depending in particular on K, so
that §x (t) - (;re) < arsinh(1). In this way, not only can we be sure that every point in Ag ,, has injectivity
radius less than arsinh(1), and is thus lying within some collar region around a geodesic of length less
than 2 arsinh(1), we can also be sure that the 1-fattening of Ak ;, i.e., {p € M : distg()(p, Ak 1) < 1},
must lie within §,., g (fo)-thin(M, g(tp)), and hence also lie within a union of such (pairwise disjoint)
collars, since by [RT2018a, Lemma A.3] if x € Ak 4, and y € Bg(1,)(x, 1) lies in the same collar, then
inj 2(to) (y) <inj 2(to) (x)-(re) <ék (tg)- (mre) < arsinh(1), so we cannot escape this collar within a distance 1
of x. In particular, the function x > dist, () (x, Ag ;) is smooth on the 1-fattening of Ag ;.

Given any smooth cut-off function ¢ : R — [0, 1] such that ¢ (x) =0 for x <0, ¢(x) =1forx > 1
and |¢'| <2, we can thus define the induced smooth cut-off ¢k 4, : M — [0, 1] by

Pk 1 (X) 1= @ (distg() (x, Ak ). (3-28)

It is immediately apparent that
@K,1o =0 on g (10)-thin(M, g(10)), (3-29)

and that the support of ¢k ;, lies within §x (tp)-thick(M, g(tp)) and hence ¢k ;, has compact support

within &/ owing to (1-16). This will shortly allow us to apply Lemma 3.1 to the corresponding local

energy Ex . (t) := Eq,,mo () that serves as a substitute for the energy of u(¢) over §k (fg)-thick(M, g(ty)).
We also claim that

@K =1 ondexrg (fo)-thick(M, g(10)). (3-30)
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Indeed, the only way this could fail would be if we could find a point in the 1-fattening of Ag ,, that lies
in 8,  (tg)-thick(M, g(ty)), which we ruled out above.
By (3-29), we see that Ex ;, (1) < E(u(t), g(1), 8 (to)-thick(M, g(19))), and so

lim limsup Eg ((t) < hm lim sup E(u(t) g(t), 6k (t)-thick(M, g(t))) (3-31)
K—oo 1 =00 4T

On the other hand, by (3-30), we see that E (u(t), g(t), 8ex k (10)-thick(M, g(t9))) < Ek 4,(¢), and hence

we have the converse inequality

lim limsup E (u(1), g(1), 8 (¢)-thick(M, g(1))) < hm limsup Ex (1), (3-32)
K—oo 1 T

i.e., we have equality in (3-31) and (3-32). Therefore to prove (1-13), it suffices to show that

Eick = lim limsup E[(J(l). (3-33)
K—o0 ITT
We claim first that
Etick = limsup lim Ek 4, (1), (3-34)
ot T

where the existence of lim;4+7 Ek 4, () is guaranteed by Lemma 3.1. To see (3-34), first recall that for
K, ty as above, the support of ¢k ;, is compact within ¢/, and is thus contained within §-thick(2/, /) for
sufficiently small § > 0. By reducing § further, we may assume that all bubble points in S lie within
the interior of §-thick(/, h). Therefore we have E(u(t), g(t), 5-thick(U, h)) > Ex ,(¢), and taking the
limits t 1 7, § | 0 and #p 1 T in that order, we find that Epjcx > lim SUp; 47 limsy7 Ek 4(t). To see the
converse inequality, we observe that by (3-30), for any § > 0 and #yp < T sufficiently large (depending on
8, K etc.) we have ¢k 5, = 1 on §-thick(M, g(#))), and so E(u(¢), g(¢), 6-thick(U, h)) < Ek ;,(t). This
time we take limits in the order t 1 T, tp 1 T and then § | O to give Epicx < lim SUpy 17 lim; 7 Ek (1),
and hence (3-34).
Thus (1-13) would follow if we could prove that as K — oo we have
lim sup|Eg 4, (to) — hm Eg @) — 0. (3-35)
01T

But this follows from Lemma 3.1, which implies that for ¢y € [0, T') as large as considered above, and
every t € [ty, T), we have

|Ek.1(t) — Ex 1o(to)| < E(to) — E(T) + —— + C(T — 10)"/*(E(ty) — E(T))"/?, (3-36)

K12
with C depending only on the genus of M, n and an upper bound on the initial energy, which thus yields
(3-35) after taking the limits # 1 7, fo 1 T and K — 00, in that order.

Now that (1-13) has been proved, we verify that (1-12) follows as a result. In particular, we verify
that the limit taken in (1-12) exists. However large we take K > 0, for sufficiently large t < T we have
T —t > 6k (1), and hence

E(u(t), g(1), [T—1]-thin(M, g(1))) = E(u(z), g(t), 8k (t)-thin(M, g(1))).
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Taking a liminf as # 1 7 and then the limit K — o0, and using (1-13) we find that

lirr% iTnfE(u(t), g(1), [T —t]-thin(M, g(1))) = Ein. (3-37)
t

To obtain the converse inequality, observe that given any § > 0, for sufficiently large + < T we have
8-thin(U, h) D [T —t]-thin(M, g(t)), see (1-6), and therefore

E(u(t), g(t), 8-thin(U, h)) > E (u(t), g(t), [T —t]-thin(M, g(1))).

Provided § > 0 is sufficiently small (so that the singular set S is in the interior of §-thick(, &)), we can
then take a limit as ¢ 1 7, followed by a limit as § | 0, to give

Ein > limsup E (u(r), g(1), [T —t]-thin(M, g(1))),
4T

which when combined with (3-37) completes the proof of (1-12) and hence of part (2) of the theorem. [

While part (2) of Theorem 1.4 gives good control on where energy can concentrate on the degenerating
part of the surface, we currently have no control of what parts of the map are lost down the degenerating
parts of the collar at the singular time 7. This is addressed by part (3), which we shall now prove.

Proof of part (3) of Theorem 1.4. Proposition 1.3 tells us that the length £(z,,) of the central geodesic of
each degenerating collar is controlled like £(¢,) = o(T — t,,) and hence that the [T —¢,]-thin part of such
a collar, where all of the lost energy lives, is represented by longer and longer cylinders Cp = Clty, 8,) =
(—)N(n, X D xS s, =T—1,, equipped with the corresponding collar metrics g = ,ozgo.

We can indeed consider the maps on the larger subcollars Cn= (—5(\ e X, ») which correspond to the
[T —t,]'/2-thin parts of the collar, where we note that 1 < X, < X, < X (£,); compare with (1-9).

We recall from [Rupflin and Topping 2018b, (A.9)] that p(y) <inj,,(y) as y varies within each collar.
Therefore, throughout Cn we have p < (T —1,)'/2. By the scaling of the tension field, if we switch from
the hyperbolic metric g, = g(t,) to the flat cylinder metric gy = ds> + df? on each such subcollar, then
we can estimate the tension of u,, := u(t,) according to

1Tg0 )l 12@, 000 < (59D £) 1T, W)l 2@, 000 < (T = 1) 27, )l L2a1,,) — O (3-38)
Cn
by (1-10).

We can thus view the u,’s as almost-harmonic maps from longer and longer cylinders Cy, go) and
apply Proposition 1.5 to pass to a subsequence that converges to a full bubble branch.

It is this estimate (3-38) and the precise information on the degenerate region where energy can
concentrate obtained in part (2) of Theorem 1.4 that allows us to represent the maps on these parts in
terms of branched minimal immersions and curves. We stress that we would not be able to perform this
analysis on the whole collar.

We also remark that in our situation we obtain the additional information that any bubble obtained in the
convergence to a full bubble branch described in Proposition 1.5 will be contained in the [T —#,]-thin part
of the surface, as we already know that no energy can be lost on {p : injg(,)(p) el(T—-1),(T—-n'?1}). O
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A RIGOROUS DERIVATION FROM THE KINETIC CUCKER-SMALE
MODEL TO THE PRESSURELESS EULER SYSTEM
WITH NONLOCAL ALIGNMENT

ALESSIO FIGALLI AND MOON-JIN KANG

We consider the kinetic Cucker—Smale model with local alignment as a mesoscopic description for the
flocking dynamics. The local alignment was first proposed by Karper, Mellet and Trivisa (2014), as a
singular limit of a normalized nonsymmetric alignment introduced by Motsch and Tadmor (2011). The
existence of weak solutions to this model was obtained by Karper, Mellet and Trivisa (2014), and in
the same paper they showed the time-asymptotic flocking behavior. Our main contribution is to provide
a rigorous derivation from a mesoscopic to a macroscopic description for the Cucker—Smale flocking
models. More precisely, we prove the hydrodynamic limit of the kinetic Cucker—Smale model with local
alignment towards the pressureless Euler system with nonlocal alignment, under a regime of strong local
alignment. Based on the relative entropy method, a main difficulty in our analysis comes from the fact
that the entropy of the limit system has no strict convexity in terms of density variable. To overcome this,
we combine relative entropy quantities with the 2-Wasserstein distance.

1. Introduction

This article is mainly devoted to providing a rigorous justification of the hydrodynamic limit of the kinetic
Cucker—Smale model to the pressureless Euler system with nonlocal alignment force. Cucker and Smale
[2007] introduced an agent-based model capturing a flocking phenomenon observed within complex
systems, such as flocks of birds, schools of fish and swarms of insects. The Cucker—Smale (CS) model
has received extensive attention in the mathematical community, as well as physics, biology, engineering
and social science, etc.; see for instance [Carlen et al. 2015; Caiiizo et al. 2011; Carrillo et al. 2010; Duan
et al. 2010; Fornasier et al. 2011; Ha et al. 2014c; 2017; Ha and Tadmor 2008; Poyato and Soler 2017;
Zavlanos et al. 2011]. Motsch and Tadmor [2011] proposed a modified Cucker—Smale model by replacing
the original CS alignment by a normalized nonsymmetric alignment. Karper, Mellet, and Trivisa [Karper
et al. 2014] proposed a new kinetic flocking model as a combination of the CS alignment and a local
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We consider the kinetic flocking model without Brownian noise, proposed by Karper, Mellet and
Trivisa [Karper et al. 2013] on T¢ x R?:

0 f +0-Ve f + Vo (LLFLS) + Vo - (= v) f) =0,
LIf1( x,v) = fT /R W= )£ty w)(w — v) dw dy,

Jga vf dv
1 x) = R A0 0 iy = 1.
u(t, x) [ fdv I f Ol 21 (7a ey

Here ¢ : T¢ — R is a Lipschitz communication weight that is positive and symmetric, i.e., ¥ (x — y) =
Y (y — x). The term V, - (L[ f]f) describes a nonlocal alignment due to the original Cucker—Smale
flocking mechanism, while the last term V,, - ((u — v) f) describes a local alignment interaction, because

(1-1)

of the averaged local velocity u. The global existence of weak solutions to (1-1) was proved in [Karper
et al. 2013]. The flocking behaviors of (1-1), however, have not been studied so far. We here provide its
time-asymptotic behavior.

As a mesoscopic description, the kinetic model (1-1) is posed in (¢, x, v) € R x T4 x R4, i.e., in
2d + 1 dimensions. This feature provides an accurate description for a significant number of particles.
However, its numerical test is very costly with respect to an associated macroscopic description. Hence,
it is very important to find a suitable parameter regime on which the complexity of (1-1) is reduced.

The main goal of this article is to show a singular limit of (1-1) in a regime of strong local alignment:

0+ VT (LIS + 1V, (@ =) ) =0,

L[fa](t,x,v)=AIAd Yx—y) [, y, w)(w—v)dwdy,
€ f[R{d vf®dv
=
Jpa 5 dV
fili=o=fo. Ifoloiaxrs =1

As ¢ — 0, it is expected that the solution f® of (1-2) converges, in some weak sense, to a monokinetic

(1-2)

distribution
8v:u(t,x) ®p(t, x); (1-3)

see Remark 1.1. Here, §,—,(,x) denotes a Dirac mass in v centered on u(¢, x). Also, as we shall explain
later, at least formally p and u should solve the associated limit system given by the pressureless Euler
system with nonlocal flocking dissipation:

dhp+V-(ou)=0,
0, (pu) +V - (pu ® 1) =/W (=)ot )p(t, s ) —ult, ©)) dy, (1-4)
Pli=0 = po, Uul;=0 = uo, ||;00||L1(‘|]'d) =1.

The main difficulty in the justification of this limit comes from the singularity of the monokinetic
distribution. To the best of our knowledge, there is no general method to handle the hydrodynamic limit
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from some kinetic equations to the pressureless Euler systems, no matter what regime is considered.
Indeed, there are few results on this kinds of limit; see [Jabin and Rey 2017; Kang 2018; Kang and
Vasseur 2015] (see also [Jabin 2000] for a general treatment of similar regimes that lead to the Dirac
formation and pressureless gases equations).

Remark 1.1. In this paper we will use the symbol ® in two different contexts: if x is a measure on a
complete metric space X, and {v, },cx is a family of measures on a complete metric space Y, then v, ® u
denotes the measure on X x Y defined as

/ <pd[vx®u]=f<f <p(x,y)dvx(y)) du(x) forallp € Co.(X xY).
XxY X Y

When v, is independent of x (that is, v, = v for all x), we use the more standard notation u ® v (instead
of v ® u, as done before) to denote the product measure:

/ ¢d[u®v]=/(/ (p(x,y)dv(y)> du(x) forallp e C.(X x7Y).
XxY x \Jy

Finally, if a, b € R4 are vectors, then a ® b denotes the (d x d)-matrix with entries
(a®b),-j=aibj foralli,j=1,...,d.
The meaning will always be clear from the context.

It is worth mentioning that the pressureless Euler system without the nonlocal alignment has been used
for the formation of large-scale structures in astrophysics and the aggregation of sticky particles [Silk
et al. 1983; Zeldovich 1970]. For more theoretical studies on the pressureless gases, we for example refer
to [Bouchut 1994; Bouchut and James 1999; Boudin 2000; Brenier and Grenier 1998; Huang and Wang
2001; Poupaud and Rascle 1997; Weinan et al. 1996].

The macroscopic flocking model (1-4) or its variants have been formally derived under a monokinetic
ansatz (1-3), and studied in various topics; see for example [Do et al. 2018; Ha et al. 2014a; 2014b; 2015;
Tadmor and Tan 2014]. In [Ha et al. 2014b], the authors showed the global well-posedness of (1-4) with
suitably smooth and small initial data, and the time-asymptotic flocking behavior. In [Ha et al. 2015], the
authors dealt with a moving boundary problem of (1-4) with compactly supported initial density. We also
refer to [Ha et al. 2014a] for a reformulation of (1-4) into hyperbolic conservation laws with damping in
one dimension.

In [Karper et al. 2015], the authors showed the hydrodynamic limit of the kinetic flocking model (1-1)
with Brownian motion, that is, a Vlasov—Fokker—Planck-type equation, under the regime of strong local
alignment and strong Brownian motion:

B S +v- Vo f© 4+ Vo (LLF1FE) + évv (W =) f) — %Avfg —0. (1-5)

In this case, as ¢ — 0, f° converges to a smooth local equilibrium given by a local Maxwellian, contrary
to (1-3). There, the authors used the relative entropy method, heavily relying on a strict convexity of the
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entropy of the isothermal Euler system (as a limit system of (1-5)):
atp+v (,Ou) :O’
0 (pu) +V-(pu®u)+Vp= /d Y(x—y)pt, x)p(t, y)(u(t, y) —u(t, x))dy.
T

The relative entropy method based on a strict convex entropy has been successfully used to prove the
hydrodynamic limit of Vlasov—Fokker—Planck-type equations; we refer to [Berthelin and Vasseur 2005;
Carrillo et al. 2016; Goudon et al. 2004; Mellet and Vasseur 2008; Vasseur 2008].

On the other hand, the pressureless Euler system (1-4) has a convex entropy given by

n(p, pu) = p $(ul®), (1-6)

which is not strictly convex with respect to p. For this reason, the associated relative entropy (1-6) is
not enough to control the convergence of the nonlocal alignment term (compare with [Kang and Vasseur
2015], where the nonlocal alignment is not present). To overcome this difficulty, we first estimate an
L>-distance of characteristics generated by vector fields #® and u that controls the 2-Wasserstein distance
of densities, and then combine the estimates of the relative entropy and the L2-distance of characteristics.

As a related work on (1-5), we refer to [Carrillo et al. 2016], where the authors studied the flocking
behavior and hydrodynamic limit of a coupled system of (1-5) and fluid equations via drag force.

The rest of this paper is organized as follows. In Section 2, we mention different scales of Cucker—Smale
models from a microscopic level to a macroscopic level, and then specify some known existence results
on the two descriptions (1-1) and (1-4). In Section 3, we present our main theorem on the hydrodynamic
limit, and collect some useful results on the relative entropy method and the optimal transportation theory
that are used in the proof of the main theorem. In Section 4, we present some structural hypotheses to
guarantee the hydrodynamic limit in a general setting. Then we apply the general result to our systems by
verifying the hypotheses in Section 5. In the Appendix, we provide the proof of the long time-asymptotic
flocking dynamics and the existence of monokinetic solutions for the kinetic model (1-1).

2. Various scales of Cucker—Smale models

We first present various scales of Cucker—Smale models, from a microscopic level to a macroscopic level.
Then we state some known results on global existence of weak solutions to the kinetic description (1-1),
and local existence of smooth solutions to the limit system (1-4). Those results are crucially used in the
proof of the main theorem. Finally, in Theorem 2.2, we present the time-asymptotic flocking behavior of
the kinetic model (1-1).

Variants of Cucker—Smale models. We briefly present the kinetic CS model and its variants. Cucker and
Smale [2007] proposed a mathematical model to explain the flocking phenomenon:

dx; :
— =, l:1,...,N,
dt
N 2-1)
dvi 1
—r = D Y =)~ v),
dt szl
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where x;, v; € R? denote the spatial position and velocity of the i-th particle for an ensemble of N self-
propelled particles. The kernel ¥ (|x; — x;|) is a communication weight given by

_ A
(4 x = xF

¥ (xj — xi) >0, 1>0. (2-2)
The system (2-1) with (2-2) was used as an analytical description of the Vicsek model [Vicsek et al. 1995]
without resorting to the first principle of physics.

When the number of particles is sufficiently large, the ensemble of particles can be described by the
one-particle density function f = f(t, x, v) at the spatial-velocity position (x, v) € R? x R? at time ¢.
Then, the evolution of f is governed by the following Vlasov-type equation:

O f+v-Vif +Vy-(LLf1f) =0,

LU0 = [ =9,y w)w =) dwdy. @
This was first introduced by Ha and Tadmor [2008] using the BBGKY hierarchy from the particle CS
model (2-1). A rigorous mean-field limit was given in [Ha and Liu 2009].

Motsch and Tadmor [2011] recognized a drawback of the CS model (2-1), which is due to the
normalization factor 1/N. More precisely, when a small group of agents are located far away from a
much larger group of agents, the internal dynamics of the small group is almost halted since the total
number of agents is relatively very large. To solve this issue, they replaced the nonlocal alignment L[ f']
by a normalized nonsymmetric alignment operator:

Jr2a K" (x =) f (2, y, w)(w —v) dwdy

L[f1(t, x,v) = Jopd K" (x =) f (1, y, w) dw dy

’

where the kernel K" is a communication weight and r denotes the radius of influence of K.

In [Karper et al. 2014], the authors considered the case when the communication weight is extremely
concentrated near each agent, so that the alignment term L[ f] corresponds to a short-range interaction.
More precisely, they rigorously justified the singular limit » — 0, i.e., as K" converges to the Dirac
distribution 8¢, in which case L[ f1 converges to a local alignment term:

Jre @ x, w)(w—v)dw
Jra [, x, w)dw

LIf1(t, x,v) > =u(t,x)—v,

where u (¢, x) denotes the averaged local velocity defined as

e vf (@, x,v)dv

u(t, x) = Jra f@, x,0)dv

Hence, their new model became (1-1), which consists of two kinds of alignment force: a nonlocal
alignment due to the original CS model, plus a local alignment.



848 ALESSIO FIGALLI AND MOON-JIN KANG

Existence of weak solutions to (1-2). In [Karper et al. 2013], the authors showed the existence of weak
solutions to the kinetic Cucker—Smale model with local alignment, noise, self-propulsion, and friction:

0 f +v-Vof + Vo (LIF1)+ Vo (=) ) =0 Ay f = Vy- ((a—blv[)vf),

(2-4)
Lif1= /R Y=y [y, ww—v)dwdy,

where the kernel v is the same as (1-2) and a, b, and o are nonnegative constants. By their result applied
with @ = b = o =0 inside the periodic domain T¢, we obtain existence of solutions for (1-2). To precisely
state such an existence result, we need to define a (mathematical) entropy F( f*) and kinetic dissipations
Di(f*), Da(f*) for (1-2):

|vf?

F(f) :=/Rd Tfsdv,

Di(f%) ::/ FEuf —v|*dvdx, (2-5)
TdxR4
Daf)i=5 [ WG 0 o= wf drdydvd,

Proposition 2.1. For any & > 0, assume that f; satisfies
f5z20, f5eL'NLY®), vl f5 e L'R*). (2-6)
Then there exists a weak solution ¢ > 0 of (1-2) such that

e, T; L") NL>®0, T) x R*),

2-7
lv|? f£ € L0, T; L' (R*)), 7

and (1-2) holds in the sense of distributions, that is, for any ¢ € C°([0, T) x R24), the weak formulation
holds:

t
/ / f8<8tgo+v-Vx(p+L[fg] . vaa—i-l(u"3 —v) -vao) dvdx ds+/ foe,-)dvdx =0. (2-8)
0 JR2 & R24
Moreover, f° preserves the total mass and satisfies the entropy inequality
t t
[ 7oomacs! [ ougwass [ oawass [ Fpar e
LK € Jo 0 LK
The entropy inequality (2-9) is crucially used in the proof of Theorem 3.1.

Flocking behavior of the kinetic model (1-1). We now present the time-asymptotic flocking behavior of
solutions to the kinetic model (1-1). For that, we define the following two Lyapunov functionals:

&) i=/ Ft, x, v)ut,x) —v|* dvdx,
Td xRd

&) = /T p(t, x)p(t, Yu(t, x) —u(t, y)|* dx dy,
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where p(f, x) = fle f(t,x,v)dv. We remark that £, measures a local alignment, and & measures
alignment of the averaged local velocities. Then, for the flocking estimate, we combine the two functionals
as follows:

E) = E(1) + 36(1). (2-10)

Theorem 2.2. Let f be a solution to (1-1). Then, we have the time-asymptotic flocking estimate
E@) < &) exp (—2min{l, ¥, }t), >0, (2-11)
where \r,, is the minimum communication weight:

Y= min Y(x —y) > 0.

x,yeTd

In addition, if u is uniformly Lipschitz continuous on a time interval [0, T ], namely

Cr = sup |[Viu|poay <00,
1€[0,T]
then
() < &Y forallt €10, T). (2-12)
Proof. We postpone the proof to the Appendix. O

Remark 2.3. As an interesting consequence of (2-12) one obtains that, for smooth solutions, £ (0) =0
implies that £, (t) =0 for all ¢ € [0, T']. In other words, monokinetic initial conditions remain monokinetic
as long as the velocity field is Lipschitz. One can note that monokinetic solutions to (1-1) simply
correspond to solutions of the pressureless Euler system (1-4); hence the short time existence of Lipschitz
solutions is guaranteed by Proposition 2.4 and Remark 2.5 below.

Formal derivation of the hydrodynamic Cucker—Smale system (1-4). We consider the hydrodynamic
variables p® 1= [, f©dv and p*u® := [, vf® dv.
First of all, integrating (1-2) with respect to v, we get the continuity equation

dp°+ Vi (p°u’) =0.

Multiplying (1-2) by v, and then integrating it with respect to v, we have

3 (p°u’) + V- (/Rd VR vfgdv) = /w V(x —y)ptt, x)p°(t, y) W’ (t, y) —u(t,x))dy,

where we used
& f R4 vf* dv
M —_—

N Jpa f5dv .
Then, we rewrite the system for p® and u® as
0:p° 4+ Vi - (p°u®) =0,

2-13
8 (0°uE) + Vs - (p°u° @ u + PF) = fT W= 0P 1 V) ) d, @-13)
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where P¢ is the stress tensor given by
P? :=/ (v—u®)® (@ —u’) f°dv.
Rd

If we take ¢ — 0 in (1-2), the local alignment term V,, - ((#® — v) f®) converges to 0. Hence, if p* — p
and p®u® — pu for some limiting functions p and u, we have that f* — §,_, ® p (in some suitable
sense). Hence, the stress tensor P¢ should vanish in the limit, since

/ wW—u)® W —u)dy—ypdv=0.
Rd

Therefore, at least formally, the limit quantities p and u satisfy the pressureless Euler system with nonlocal
alignment:

atp + V, - (,014) =0,
9 (pu) + Vi - (pu@u) = /d Y(x —y)p, x)pt, y)(u, y) —u(t, x))dy.
T
Existence of classical solutions to (1-4). We present here the local existence of classical solutions to the
pressureless Euler system (1-4).

Proposition 2.4. Assume that
po>0 inT? and  (po,up) € H*TY) x H*H' (T fors > 1d +1. (2-14)
Then, there exists Ty, > 0 such that (1-4) has a unique classical solution (p, u) satisfying
p € CU(0, T.]; HS(TH)NC' ([0, T.J; H~' (T,
ue CO0, Tul; HH' () NC (0, Tol: H* (TY)). &
Remark 2.5. Since s > 1d + 1, by the Sobolev inequality it follows that (p, u) € C'([0, T,] x T%).

Proposition 2.4 has been proven in [Ha et al. 2014b]. There, the authors obtained also a global
well-posedness of classical solutions, provided an initial datum is suitably smooth and small.

3. Main result and preliminaries

We first present our main result on the hydrodynamic limit of (1-2). We next present useful results on the
relative entropy method and the optimal transportation theory, which are used as main tools in the next
section.

Main result. For the hydrodynamic limit, we consider a well-prepared initial data f(f satisfying (2-6) and
(AD [y fqa(f§ 3101 = po 3luo?) dv dx = Oe),

(A2) llpg — pollpiray = Oe),

(A3) llug — uoll o (rey = O(e).

We now specify our main result on the hydrodynamic limit.
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Theorem 3.1. Assume that the initial data f; and (po, uo) satisfy (2-6), (2-14), and (A1)—(A3). Let
fé be a weak solution to (1-2) satisfying (2-9), and (p, u) be a local-in-time smooth solution to (1-4)
satisfying (2-15) up to the time Ty. Then, there exists a positive constant C, (depending on T,) such that,
forallt < T,

/T PO~ )P0 dx+ W), p(0) = Cat, (3-1)

where pf = fRd fédv, pfu® = fRd vf€dv, and W, denotes the 2-Wasserstein distance.
Therefore, we have

F7 = Bumurry ® p(t,x)  in M((0, T) x T x RY), (3-2)

where M((0, T,.) x T? x RY) is the space of nonnegative Radon measures on (0, T,) x T4 x RY.
The proof of this result is postponed to Section 5. In the next subsections we collect some preliminary

facts that will be used later in the proof.

Relative entropy method. First of all, we rewrite the limit system (1-4) in an abstract form using the
notation

P =pu U—<’O> A(U)—( P! )
—e T E\p) “\ropr)/)

0
FU) = .
) (fw1//(x—y),O(t,X),O(l,y)(u(t,y)—u(t,X))dy>

Then we can rewrite (1-4) as the balance law
o;U +div, A(U)=F(U). (3-3)

We consider the relative entropy and relative flux
n(VI1U)=n(V)—nU)—-DnU)-(V-U),
A(V|U)=AV)-AU)-DAU)-(V-U),
where DA(U) - (V — U) is a matrix defined as
d+1

(DA(U) - (V =U))ij =ZaUkAij(U)(Vk_Uk)’ l<i<d+1,1<j=d.
k=1

(3-4)

By the theory of conservation laws, the system (3-3) has a convex entropy n(U) = p %lul2 with entropy
flux G given by the identity
d+1
Iy, G;(U) = Zaum(U) Iy, Aj(U), 1=<i<d+1,1<j<d.
k=1

Since n(U) = |P|>/(2p), and

D,n —|P|2/<2p2>) (—|u|2/2)
Dn)=|_"")= = , 3-5
1) (Dpn) ( P/p u .
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for given V = (q‘{v), U= (p"u), we have

n(VU) = qlw)* = Lplul* + Lul*(g — p) —u(qw — pu)
= 3qlu —wl*. (3-6)

The next proposition provides a cornerstone to verify the hydrodynamic limit through the relative
entropy method. For its proof, we refer to the proof of Proposition 4.2 in [Karper et al. 2015]; see also
[Vasseur 2008].

Proposition 3.2. Let U be a strong solution to balance law (3-3) and V be any smooth function. Then,
the following holds:

d d
E/W TI(V|U)dx=E/Trdﬂ(V)dx—Ade(Dn(U));A(V|U)dx

—/ Dn(U) [0,V +divy A(V)— F(V)]dx
Td
—f [D*n(U)FU)(V —U)+ Dn(U)F(V)]dx.
Td

Wasserstein distance and representation formulae for solutions of the continuity equation. For p > 1,
the p-Wasserstein distance between two probability measures it and 1, on R? is defined by

WP (i, o) :=  inf /Ix—ylzdv(x,y),
veA(ur,pu2) JR2

where A (i1, 112) denotes the set of all probability measures v on R?? with marginals j¢; and p, i.e,

Ty = W1, TV = U2,

where 7 : (x,y) — x and 7 : (x, y) — y are the natural projections from R? x R? to R?, and myv
denotes the push forward of v through a map x, i.e., mpv(B) = v(r~Y(B)) for any Borel set B. This
same definition can be extended to measures on the torus T¢ with the understanding that |x — y| denotes
the distance on the torus.

To make a connection between the L?-distance of velocities and the 2-Wasserstein distance of densities
(see Lemma 5.2), we will use two different representation formulas for solutions to the continuity equation

O pe + divy (s pir) = 0. (-7

Let us recall that, if the velocity field u, : R — R is Lipschitz with respect to x, uniformly in ¢, then for
any x there exists a global-in-time unique characteristic X generated by u, starting from x,

X(t, %) =u;(X(t,x), X(0,x)=x,
and the solution w, of (3-7) is the push forward of the initial data pg through X (¢), i.e.,

e = X (D)#p0; (3-3)
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e.g., see [Ambrosio et al. 2005, Proposition 8.1.8]. On the other hand, if the velocity field u, is not
Lipschitz with respect to x, the uniqueness of the characteristics is not guaranteed anymore. Still, a
probabilistic representation formula for solutions to (3-7) holds (recall that a curve of probability measures
in R? is called narrowly continuous if it is continuous in the duality with continuous bounded functions):

Proposition 3.3. Fora given T > 0, let u, : [0, T] — P(R?) be a narrowly continuous solution of (3-7)
for a Borel vector field u, satisfying

T
// [, ()P dus(x)dt < oo for some p > 1.
0 JRd

Let T'r denote the space of continuous curves from [0, T into R%. Then, there exists a probability
measure n on T'r x RY satisfying the following properties:

(1) n is concentrated on the set of pairs (y, x) such that v is an absolutely continuous curve solving
the ODE
y(@) =u,(y@)) forae te(0,T), withy(0)=x.

(1) pu, satisfies

/R w(x)duz(X)=/ . ey () dn(y,x) forallp e CJR?), t €0, T].
d I'r x d

Again, this result readily extends on the torus.
Note that, in the case when u, is Lipschitz, there exists a unique curve y solving the ODE and starting
from x (i.e., y = X (-, x)), so the measure 7 is given by the formula

dn(y, x) =8y=x(. x) ®duo(x).
We refer to [Ambrosio et al. 2005, Theorem 8.2.1] for more details and a proof.

Useful inequality. We here present a standard inequality that is used in the proof of Lemma 5.2, for the
convenience of the reader:

Lemma 3.4. Let py, pr : T — R be two probability densities. Then
W3 (o1, 02) < gdllp1 = P2l 1 vy

Proof. The idea is simple: to estimate the transportation cost from p; to p, it suffices to consider a
transport plan that keeps at rest all the mass in common between p; and p; (namely min{p;, p»}) and
sends p; —min{p;, po} onto p» —min{p;, p»} in an arbitrary way. For instance, assuming without loss of
generality that p; # p, (otherwise the result is trivial), we set

m := ||py —min{p, p2}|l L1 rey = 2 —min{p1, P2}l 1 ray = Sllo1 — P2l i crey > O.
Then, a possible choice of transport plan between p; and p; is given by
7(dx, dy) :=dy=y(dy) @ min{p; (x), p2(x)}dx

+ n%[m (x) —min{p; (x), p2(x)}|dx ® [p2(y) — min{p1(y), p2(y)}1dy.
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Since the diameter of T¢ is bounded by %\/c_i , we deduce that the W22—cost to transport p; — min{py, 02}
onto o, — min{p;, p>} is at most

fT —yPdrn = /T = Yo (x) = min{p1 (x), p2 ()N (p2(y) = min{p1 (), p2(y)}) dx dy

< 1d|p1 —min{py, p2}l| 1 (ray = §dllp1 — p2ll 1 (14,

as desired. O
4. Structural lemma

In a general system, we first present some structural hypotheses to provide a Gronwall-type inequality on
the relative entropy that is also controlled by 2-Wasserstein distance.

Hypotheses. Let f° be a solution to a given kinetic equation KE, scaled with ¢ > 0 corresponding to
initial data f;. Let U and U consist of hydrodynamic variables of ¢ and f] respectively.
Let U be a solution to a balance law (as a limit system of KE,):

0U +divy A(U)=FU), Ul;=o="Up.

(H1) The kinetic equation KE, has a kinetic entropy F such that [ F(f*)(t) dx > 0 and

[Fuwas+l [ Digwas+ [ parwads < [ Fgas,

where Dy, D, > 0 are some dissipations.

(H2) There exists a constant C > 0 (independent of ¢) such that

[nwsivnax<ce. [ -nwinar=ce. [ Fpar=c,
Td
(H3) The balance law has a convex entropy 1, and the following minimization property holds:

nU*) < F(f°).

(H4) There exists a constant C > 0 (independent of ¢) such that

/Vx(Dn(U)):A(USIU)dX

< C/ nU® | U)dx.
(H5) There exists a constant C > 0 (independent of ¢) such that

'/DH(U)-[azU€+divX A(U®) — F(U")]dx| < CDi(f*).

(H6) Let p® be the hydrodynamic variable of f* as the local mass, and p be the corresponding variable
for the balance law. Then,

—/[Dzn(U)F(U)(US—U)+D77(U)F(U8)]dx SDz(fS)-i-CWzZ(pg,p)-i-C/ n(U*U)dx.
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(H7) There exists a constant C > 0 (independent of ¢) such that

t
W3 (p®, p)(t) < cf / n(U¢ |U)dxds + Ce.
0

Remark 4.1. (1) The hypotheses (H1)—(#5) provide a basic structure in applying the relative entropy
method to hydrodynamic limits as in previous results, for example, [Kang and Vasseur 2015; Karper
et al. 2015; Mellet and Vasseur 2008]. On the other hand, the hypotheses (#6)—(#7) provide a crucial
connection between the relative entropy and Wasserstein distance.

(2) The (kinetic) entropy inequality (1) plays an important role in controlling the dissipations D, D,
in (H5) and (H6).

(3) (H2) is related to a kind of well-prepared initial data.

Lemma 4.2. Assume the hypotheses (H1)—(H7T). Then, for a given T > 0, there exists a constant C > 0
such that

/ n(U° 1 U)@)dx + W3 (o, p)(t) <Ce, t<T.
Proof. First of all, using Proposition 3.2, we have
f nUs1OYt)dx <L+ L+ L+ 14+ s,
Td

where
I ::/ n(U§ | Up) dx,
‘[[d

I

(3]

- A W) 1) d,

I3:=—f/ VX(DU(U)):A(U8|U)dde,
0 JTd

14::—/f Dn(U)-[8,U’3+divxA(US)—F(US)]dxds,
0 J1d

Is :=_f/ [D*n(U)YF(U)(U* —U)+ Dn(U)F(U?®)]dx ds.
0 JTd

It follows from (#2) that I} < Ce.
We decompose I, as

L= A W~ F(OH @) dx + /T (FGOO - P dx+ A (FUH - @)

—.ql —.72 —.73
=1} =:1] =13

First, I} <0 by (H3).
Since (H1) yields

t
2= —/ Da(f*)ds.
0
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it follows from (76) that
t t
I}+1s5 < c/ sz(pg,,o)ds—i-C/ f n(U® |U)dx ds.
0 0 JTd

By (H2), I; < Ce.
It follows from (#4) that

t
I < C/ / n(U®|U)dxds.
0 JT¢
Since (#1) and (H2) imply

/ Di(f%)(s)ds < Ce,
0

we have I < Ce.
Therefore, we have

t
/n(Us |U)(t)dx < C8+C/ |:/ nU®U)(s)dxds + sz(pe, p):| ds.
0
Hence, combining it with (H7), and using Gronwall’s inequality, we have the desired result. U
5. Proof of Theorem 3.1
The main part of the proof consists in proving the estimate (3-1).

Proof of (3-1). This will be done by verifying the hypotheses (H1)—-(*7), and then completed by
Lemma 4.2.

Verification of (H1). (H1) is satisfied thanks to Lemma 5.1 below. There we show that one can replace
the nonlocal dissipation D, in the kinetic entropy inequality (2-9) by another dissipation D, defined in
terms of the hydrodynamic variables p® and u®.

Lemma 5.1. For any & > 0, assume that f; satisfies
fEeL'nL=®T xRY), |2 f§ e LT x RY).
Then the weak solution ¢ in Proposition 2.1 also satisfies
1 t t -
[ 7o+t [ oowdss [ Baiwass [ Fpan s
T 0 0 T

where F and D are as in (2-5), and

Dy(f?) := %/w W(x — )Pt (t, x)p° (t, ) u(t, x) —u’(t, y)|* dx dy.
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Proof. Recalling (2-9), it is enough to show 132( &) < Dr(f¥). We first rewrite 132( f%) in terms of the
mesoscopic variables as follows: using ¥ (x — y) = ¢ (y — x), we have

732(f8)=l/1m Rzzlp(x—y)fs(t,x,v)fs(t,y,w)(v—w)-(ug(t,x)—ug(t, y)dvdwdxdy

2
Z/ W(x _y)fa(tsxs v)fa(ts Y, w)(v —U)) ‘“E(f,x)dUdUJdXdy
T2d x R2d

=/ Yx—y) e, x,0) o, y,w)(v—w) -vdvdwdxdy
T2d % [R2d

ZIII

+/ Yx —y) e, x,0) o, y,w)(v—w)- @ (t,x)—v)dvdwdxdy.
T2d x[R2d

=1
First, we have
1
=3 /Zd V=X 0y, w)lv = w|*dx dy dvdw = Dy (f*).
T2 xR
We next claim Z, < 0.
Indeed, since
2
vfédv
o st = Ynr oI dv) 5/ v £€ dv, (5-2)
fRd fs dv R4

we have

/ Vx —y) fE(t, x, v) fE(, y, w)|v]> dvdw dx dy
'U'ZdXRZd
> /w Y (x — y)p°(t, y)p° (¢, x)|u (¢, x)|* dx dy.
Then, since
/ Yx—y) e, x,0) o, y, wu, x) - wdvdwdxdy
T2d x[R2d

=A2d w(x_y)ps([,x)pe(t’ Y)Ms(l,x)-ug(t’ y)dxdy’

/ Yx—y) e, x, )o@, y,wu’ @, x) - vdvdwdx dy
T2d % [R2d

:f[ﬂd W(X_Y)/Oe(l, X)pa(t,y)|ug(t,x)|2dxdy’

/Zd .y Yx—y) e, x,0) @, y,w)v-wdvdwdxdy
T4 xR

= /TM W(-x - y),OS(l, X),Og(l‘, y)blg(t, X) -ug(t, y) dx dy,

we conclude that 7, < 0, as desired. |
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Verification of (H2). We show that the assumptions (A1)—(.A3) for initial data imply (#2). Using (3-6)
and assumption (A3), we have

1
/dn(USIUo)dX=§/d p§luf — uol* dx §C82/
T T

o5 dx < Ce*.
Td

Since it follows from (A1)—(.A3) that
/d(f(f(f) —n(Uo)) dx = O(e),
T
and

[ oo —n@inax =3 [ ool = )
T4 Rd

1 1
5—/ |,00—,08||M0|2+—/ o552 = luo P = O(e),
2 -[pi 2 ‘ﬂ'd
we have

It is obvious that (A1) implies
/ F(f5)dx <C.
Td

Verification of (H3). It follows from (5-2) that
n(Uf)=p8§|uf|2s/Rd%wFfEdvﬂ(ff). (5-3)

Verification of (H4). Since
PT
AWU) = < )
(P®P)/p
we have

DAU)-(U* = U) = D,A(U)(p° — p) + Dp A(U)(P] — P;)

g )
A\ —((pfF = p)/pP)PRP+(1/p)P® (Pt — P)+(1/p)(PE —P)®P)’
which yields

AU |U)

0
- ((1/,08)P8®P‘° —(1/p)PRP+((p¢ —p)/p)PRP —(1/p)P® (P — P)—(1/p)(P¢ — P)®P)

0
B (,OE(M8 — 1) ® (u —u))'
Therefore, using (3-5) and (3-6), we have

fo(Dn(U))ZA(USIU)dx

t
:’/f P —u)® w® —u): Viudxds
0 JTd

t
< CHVXMHLOO((O,T*)X—W‘I)/ /d nU*®|U)dxds.
0 JT
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Verification of (H5). For a weak solution f¢ to (1-2), it follows from (2-13) that U¢ = (gi) solves the
system

& : &y T 0 _
0;U? +div, A(U®) — F(U?) =div, <—fRd(v—u€)®(v—u5)fsdv)’ (5-4)

where the equality holds in the sense of distributions; see (2-8). Therefore, we have

‘/ Dn(U) - [8,U° +div, A(U®) — F(U®)]dx

/qu:< (v—u8)®(v—us)f8dv)dx
‘H’d Rd

< CIIqulle((o,me)/

Td x

=P dvdx = ClIV el poo,1) 57 D1 ()
R
Verification of (16). From the proof of Proposition 4.2 in [Karper et al. 2015], we see
= [ IDPO) PO~ 0+ DIWIFUOdx = K+ Kyt Ko,
Td

where
Ki:= —% /w Y (x — )Pt ()" (1, )| () — u(x)) — W () —u()|* dx dy,

K;:= % /W ¥ (x — y)p° (0)p° (y) | (x) — uf (y)|* dx dy,
K3 = /W U (x —y)p° () (p° () — p(¥) (u(y) — u(x))(u® (x) —u(x)) dx dy.

Notice that K1 <0, and K, = 132(f5) where 132(f5) is in Lemma 5.1.
To estimate K3, we separate it into two parts:

K3 = /w (/W Y (x = u)(e°(y) = p() dy) pE )" (x) — u(x)) dx

- /T ( /T Y& =90 = p(») dy)u(x)p*“(x)(uf(x) —u(x)) dx.

Since ¥ and u are Lipschitz, we use the Kantorovich—Rubinstein theorem, see [Villani 2009, Theorem 5.10
and Particular Case 5.16], to estimate

K3 < Wi(p®, p)(sup [ (x — ull oo 1 wieerdy) + 1V 1 oo, 1 wioecray Nl oo 0, 7,) xT4))

xeTd
X /w pf () |uf (x) —u(x)|dx.

Therefore, since Wi (p?, p) < W,(p?, p), we obtain
K3 < C(Wf(ps, P) +f p° () u (x) — u(x)|2dx).
T4

Hence we have verified (#6).



860 ALESSIO FIGALLI AND MOON-JIN KANG

Verification of (H7). This will be shown by Lemma 5.2 below. We first derive some estimates for the
characteristics generated by the velocity fields u® and u.
For the velocity u in the limit system (1-4), let X be a characteristic generated by it, that is,

X(@t,x)=u(t, X, x), X(0,x)=x. (5-5)
Then, thanks to the smoothness of u, it follows from (3-8) that
X (D#po(x)dx = p(t, x) dx.
On the other hand, since u* is not Lipschitz with respect to x, we use a probabilistic representation
for p® as a solution of the continuity equation in (3-3). More precisely, (5-3) and (2-9) imply

/ W€ P pf (1) dx < / FOF) dx < / FOfE) dx < oo,
Td Td Td

so it follows from Proposition 3.3 that there exists a probability measure 1° in 'z, x T that is concentrated
on the set of pairs (y, x) such that y is a solution of the ODE

y@®) =u®(y@), y0) =x, (5-6)
and
/ (p(x),os(t,x)dxzf o(y (@) dn®(y,x) forall p € CO(TY), t €0, T]. (5-7)
TId FT*XTd

In particular, this says that the time marginal of the measure n° at time 0 is given by p*(0) = p;. Hence,
by the disintegration theorem of measures, see for instance [Ambrosio et al. 2005, Theorem 5.3.1] and
the comments at the end of Section 8.2 in [Ambrosio et al. 2005], we can write

dn®(y,x) =n5(dy) ® py(x) dx,

where {n¢},c7« is a family of probability measures on I'7+ concentrated on solutions of (5-6).
For the flow X in (5-5), we also consider the densities p(¢) defined as

P (t, x)dx = X (t)4pg(x)dx. (5-8)

Note that, since

1o — 5 Oll vy = sup fv plp(t,x) — (1 )] dx

lelleo=1

= ” SnuP 1 /w (X (t, x))[po(x) — py(x)1dx < o5 — poll L1 (ra),
Plloc=

we have

o) =)l rey < oy — Poll L1 Tay.- (5-9)
We now consider the measure v* on I'r, x 'z, x T4 defined as

dvi(y,0,x) =1.(dy) ® 8x(..x)(do) ® p;(x) dx.
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If we consider the evaluation map
E:Tr xTr, xT¢ > T xT,  E(y,0.0) = (y(), o),

it follows that the measure 7/ := (E;)4v® on T4 x T has marginals p®(¢, x) dx and p®(¢, y) dy for all
t > 0. Therefore, we have

fr N ly (t) — X (t, x)*n (dy) ® p§ (x) dx =/ ly (t) — o (1)]* dve (y, o, x)

Tz, xTp, xTd
= /W e =y drf (x, y)
= W (p° (1), B° (1)) (5-10)
We now use the above results to prove the following lemma.

Lemma 5.2. Under the same assumptions as in Theorem 3.1, we have

sz(ps(t),p(t))fCeT*// lu® (s, x) —u(s, X)|>p%(s, x)dx ds + O(e), t<T,. (5-11)
0 JTd

Proof. Let p® be defined as in (5-8). We begin by observing that, thanks to Lemma 3.4, (5-9), and
assumption (A2), it follows that

W55 (1), p(1)) < O(e).

Hence, to prove (5-11), it is enough to bound sz(,oa(t), of()).
To this aim, we try to get a Gronwall-type inequality on

/1_ w ly (1) = X (6, 0P (dy) © pj (%) dx.

Since

y(6) = Xt x) = (y () —uly () + @y ®) —u(X(t, x)))
by (5-5) and (5-6), we have

s [ womxeoPdtmeswdrs [ W @o-uwoF dimeswds

FT* XTd
+ / 0y ()= (X (1, ) P dnf (1)@t (x) dx
FT*X-I]—d
+2/ I (O—X (1, )2 df ()@ (x) .
FT* ><-|]—d
Notice that, thanks to (5-7),

/F T[|u€(y(t>>—u(y<r>)|2dn;(y>®p3(x)dx=fw |uf (¢, x) — u(t, x)[*p°(t, x) dx.
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Moreover, since
/ lu(y (1)) —u(X (t, x))* dnf(y) ® pf(x) dx

FT* xTFd

< ||”||L°°(0,T*;W1-°°(Td))/

FT* X

Ly - X(t, x))* dnf (y) ® p(x) dx,

we have

d

i ) O =X 0P dn () ® pi(x) dx
Ty X

scf =X ® a0 drt [ ) —ute 0 Pe o) d
FT*X-ﬂ—d Td
Therefore, using Gronwall’s inequality together with y (0) = X (0, x) = x for n%-a.e. y, we obtain
t
f ly (1) = X (¢, )|* dnt.(y) ® p (x) dx < CeT*/ uf (s, x) —u(s, x)|*p° (s, x)dx ds, t<T,.
7, xT4 0JTd

Hence, using (5-10) we get the desired control on sz(,o‘9 (t), p%(¢)), which concludes the proof. O

Proof of (3-2). Here we use the estimate (3-1) to show the convergence (3-2).
First, since (5-1) and (A1) imply

t
/ Di(f%)(s)ds < Ce,
0

using (3-1), we have
T. T,
/ f f€|v—u|2dxdvds52/ / FE(v—uf P+ uf —u>)dx dvds < C(1+T)e. (5-12)
0 JT4xRe 0 JTdxRd

Then, for any ¢ € CC1 ((0, ) x T4 x RY),

T, T,
/ / (p(s,x,v)fsdxdvds—f / o(s,x,v)pd,(dv)dxds
0 JT4xRd 0 JTdxRd

T, T,
:/ / (p(s,x,v)fsdxdvds—/ / (s, x,u)pdxds
0 JTixRrd 0o Jrd

T, T
Z/ / fE(QD(S,X,v)—fp(S,X,u))ddedS+/ / p(s,x, u)(p® — p)dxds.
0 JTIxR? 0o JTd

= =1

Using (5-12), we have

Ty
Ifsuvvgonooff Flo— uldx dvds
0 Td xRd

Ty T
:||Vv<p||oo(/ / fslv—u|dxdvds+/ / f8|v—u|dxdvds)
0 Jv—ul=ye 0 Jw—u>ye
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1 (5
f”vvwlloo<\/gT*+%/f ffglv—ulzdvdxds)
0 lv—u|>./¢
<CA+T)e.

Since Wi (p®, p) < W2(p®, p) — 0 by (3-1), we also have I] — 0 as ¢ — 0.
Hence, this completes the proof of (3-2).

Appendix: Proof of Theorem 2.2

We first estimate (d/dt)E; as follows:
i<E'1=2‘/ f(u—v)a,udvdx—i-/ atflu—vlzdvdx:=11+12.
dt -[deRd ‘H'dXRd

First of all, by the definition of u, we have f f(u—v)dv=0;hence I; =0.
Concerning I, it follows from (1-1) that

= fr =P (=Y @f) = Vo (L) = Vi (@ =0 ) dvd

=2/ qu(u—v)-vfdvdx—Z/ (u—v)-L[f]fdvdx—Z/ lu—v)*fdvdx.
T4 x R4 Td x R4

Td xR4

=:Iy =:pn =-2&
Then, we use the stress tensor P = fRd (v—u)® (v—u) f dv to rewrite I as
121=2/ qu(u—v)-(v—u)fdvdx:2/ (Vy-P)-udx.
Td x R4 Td
Thanks to the estimate on Z, in the proof of Lemma 5.1, we see that
=2 P Nf @Dy 0)n — 0 - v dvdwdrdy 0.
T2d x[R2d

Therefore, we have

ié’l 52/ (Vi P)-udx —2&. (A-1)
dl T4

We next estimate (d/dt)&, as follows:

d

der=2[ apt.0p@ .0 -ty drdy

1]'2{1
+2/2d p, x)p(t, y)(u(t, x) —u(t, y))o,(u(t, x) —u(t, y))dxdy
T
=+ ).

Since it follows from (2-13) with ¢ = 1 that

atp + V}c . (,OM) = Ov
,oatu—l-,ou-qu-i-Vx-P:/ LI f1f dv,
Rd
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we obtain (recall that || p|| L1 ga) = 1)

h==2 /T Ve (o)t (e, Wlutt, ©) — ult, )P dx dy

:4/ ,ou-qu-udx—4/ ,ou-qudx-/ pudx,
T4 Td T4

and

J =4f p(t, yyu(t, x)p(t, x)du(t, x)dx dy— 4/ p(t, yyu(t, y)p(t, x)du(t, x)dx dy
‘[2(1 ‘[Zd

=—4f ou-Veu-u dx—4/ Vi-Pu dx+4/ u-L[f1f dxdv —|—4/ ou-Veu dx-/ pudx
Td Td Tdx R4 T4 T4

=J2

+4/ Vx-de-/ ,oudx—4/ L[f]fdxdv~/ pudx.
Td Td Td xRd Td
—_—

=0 =J»n

Now, we compute the above terms J>; and Jy, as follows:

= / Y =) f a0y, w)w =) u(t,x) dvdwdx dy
T2d x R2d
- /W Y =P, )p(, y)(ut, y) —ult, x)) - u(t, x)dx dy

= —% /W Y (x = y)p(t, x)p(t, Yut, x) —u(t, y)|* dx dy,

Jn = / Yx—y)flt,x,v)ft,y,w)(w—v)dvdwdxdy =0.
T2d % [R2d

Therefore, we have

d

de _ —4/ Ve Poudx— 2/ W (x = Vp(t, X)pts e, x) —u(t, y)P dx dy.
dt Td T2d

Recalling (A-1), proves that

d
Lo <26~ [ V0= 1000 D0 —utt, )P dx dy
T2d
< =28 — Ymé& < —2min{l, ¥ }<,
which completes the proof of (2-11).

To show the second bound (2-12), note that if &7 := sup,(g ) | Vxtt|l o (7e) < 00 then (A-1) yields

igl(t) < —2/ Veu:Pdx —2& < ZET/ lu — vlzfdv dx —=2&E1(t) =20y — )& (1),
dt Td Td xRd

which proves (2-12).
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