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QUANTUM DYNAMICAL BOUNDS FOR ERGODIC POTENTIALS WITH
UNDERLYING DYNAMICS OF ZERO TOPOLOGICAL ENTROPY

RUI HAN AND SVETLANA JITOMIRSKAYA

We show that positive Lyapunov exponents imply upper quantum dynamical bounds for Schrodinger
operators Hrou(n) =u(n + 1) +u(n —1) + ¢(f"0)u(n), where ¢ : M — R is a piecewise Holder
function on a compact Riemannian manifold M, and f : M — M is a uniquely ergodic volume-preserving
map with zero topological entropy. As corollaries we also obtain localization-type statements for shifts
and skew-shifts on higher-dimensional tori with arithmetic conditions on the parameters. These are the
first localization-type results with precise arithmetic conditions for multifrequency quasiperiodic and
skew-shift potentials.

1. Introduction

Positive Lyapunov exponents are generally viewed as a signature of localization. While it is known
that they can coexist even with almost ballistic transport [Last 1996; del Rio et al. 1996], vanishing of
certain dynamical exponents has been identified as a reasonable expected consequence of hyperbolicity
of the corresponding transfer-matrix cocycle. Results in this direction were obtained in [Damanik and
Tcheremchantsev 2007; 2008] for one-frequency trigonometric polynomials, and recently in [Jitomirskaya
and Mavi 2017] for one-frequency quasiperiodic potentials under very mild assumptions on regularity of
the sampling function. In this paper we identify a general property responsible for positive Lyapunov
exponents implying vanishing of the dynamical quantities in the rather general case of underlying dynamics
defined by volume-preserving maps of Riemannian manifolds with zero topological entropy, and under
very minimal regularity assumptions. This work presents the first localization-type results that hold in
such generality. We expect that positive topological entropy should also lead to vanishing of the dynamical
quantities for a.e. (but not every!) phase, but this should be approached by completely different methods
and will be explored in a future work.

Our general results allow us, in particular, to obtain localization-type statements for potentials defined
by shifts and skew-shifts of higher-dimensional tori. Pure point spectrum with exponentially decaying
eigenfunctions has been obtained for almost all multifrequency shifts in the regime of positive Lyapunov
exponents in [Bourgain and Goldstein 2000] and for the skew-shift on T2 with a perturbative condition
in [Bourgain et al. 2001], both very delicate results. While bounds on transport exponents are certainly
weaker than dynamical localization that often (albeit not always [Jitomirskaya et al. 2003]) accompanies
pure point spectrum [Bourgain and Jitomirskaya 2000], we note that pure point spectrum can be destroyed
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by generic rank-1 perturbations [Del Rio et al. 1994], while vanishing of the transport exponents is robust
in this respect [Damanik and Tcheremchantsev 2007]. Finally, our results are the first ones for both of these
families that hold under purely arithmetic conditions and the first nonperturbative ones for the skew-shift.

Let (M, g) be a d-dimensional compact (smooth) Riemannian manifold with a metric g. Let Vol be
its Riemannian volume density; see (2-1). Let f be a uniquely ergodic volume-preserving map on M,
which means Vol is its unique invariant probability measure. We will study the dynamical properties of
the Schrodinger operator acting on /2(Z),

Hegu(n) =un+1)+u@m—1)+¢(f"0)u(n), (1-1)

where 6 € M is the phase.
The time-dependent Schrodinger equation

i 0;u = Hygu,
leads to a unitary dynamical evolution
u(t) = e 1oy (0).

Under the time evolution, the wavepacket will in general spread out with time. For operators with
absolutely continuous spectrum, scattering theory leads to a good understanding of the quantum dynamics.
In this paper we will study the spreading of the wavepacket under the assumption of positive Lyapunov
exponent, which automatically implies the absence of absolutely continuous spectrum.

Let e "#H6 §, be the time evolution with the localized initial state 8o. Let

ae(n, [) = |(€_itH980, 8}1)'2;

ag(n,t) describes the probability of finding the wavepacket at site n at time ¢. We denote the p-th moment
of ag(n,t) by
(XI5 @) =D (1 +n)Pag(n.1).
n

Dynamical localization is defined as boundedness of (| X |g (#)) in time ¢. This implies purely point
spectrum; therefore for general operators with positive Lyapunov exponent such a strong control of the
wavepacket is not possible. Thus we need to define proper transport exponents which describe the rate of
the spreading of the wavepacket. For p > 0 define the upper and lower transport exponents

In (|X |5 (1)) <|X|§’(t)>.

+ =1 =1 f
By (P) im sup Py . P (p)=limin Sing

Obtaining upper bounds for the two transport exponents above implies a power-law control of the spreading
rate of the entire wavepacket.
It is also interesting to consider a portion of the wavepacket. For a nonnegative function A(¢) of time, let

(A =2 /0 eI 4y i
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be its time average. Set

Por(L)= ) (ag(n,0)r.

|n|<L

Roughly speaking, Py 7(T%) > t means that, in average, over time 7, a portion of the wavepacket stays
inside a box of size T%. Let us consider two other scaling exponents

_ o Ininf{L : Pg 7(L) + Pro,r(L) > 1}
&g = lim lim sup . . ,
>0 7,4 InT

Ininf{L : Po 7(L) + P L) >
£g = lim liminf L Por (L) + Pror(L) > T}

>0 T—o00 InT

introduced, in the half-line case, in [Killip et al. 2003].

The vanishing of 8% and E, ¢ can be viewed as localization-type statements. If M = T is the
1-dimensional torus and f : 6 — 6 4+« is the irrational rotation, the Lebesgue measure m is the unique
invariant probability measure of f. It was first proved in [Damanik and Tcheremchantsev 2007; 2008]
that in this case, for ¢ a trigonometric polynomial, under the assumption of positive Lyapunov exponent,
,8; (p) =0forall p > 0, all 6 and Diophantine «, and B, (p) = 0 for all p > 0, all 6 and all «. It was
recently proved in [Jitomirskaya and Mavi 2017] that under very mild restrictions on the regularity of the
potential, under the assumption of positivity and continuity of the Lyapunov exponent, 3 ;( p) = 0 for all
p > 0, all 6 and Diophantine «, and B4 (p) = 0 for all p > 0, all 6 and all «. It was also proved in that
paper that for piecewise Holder functions, under the assumption of positive Lyapunov exponent, £g = 0
for a.e. 6 and Diophantine «, and §9 =0 for a.e. 6 and all «.

Remark 1.1. The two Diophantine sets of « are different between [Damanik and Tcheremchantsev 2007;
2008] and [Jitomirskaya and Mavi 2017]. They are both full-measure sets, but [Jitomirskaya and Mavi
2017] covers a slightly thinner set of frequencies because of the need to handle potentials with weaker
regularity.

In this paper we consider a d-dimensional compact Riemannian manifold M and a uniquely ergodic
volume-preserving map f. We consider maps with the following volume-scaling property. For 1 </ <d,
for a smooth map o : Q! — M, where 0! = [0, 1]/, let

Volg ;(0) :=[ Wg,l(da),
Ql

where Wg’l (do) is the volume form on Ql induced by o from the given Riemannian metric g on M.
Let = (/) be the set of all C® mappings 0 : Q! - M. Forn=1,2,... and 1</ <d, let

Vi(f):= sup limsup%logVolg,l(fno) and V(f):=mlale(f). (1-2)

oex(l) n—>oo

A volume-preserving f always satisfies V;(f) = Vz(f~!) = 0. Here we need to make an extra
assumption that V(f) = V(f~!) = 0. It is known that for a smooth invertible map f, V(f) = V(f™")
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is equal to the fopological entropy of f [Yomdin 1987]; thus our class of maps includes all smooth maps
with zero topological entropy. In particular, it includes both the irrational rotation and the skew-shift.

For such maps we will assume that f has a bounded discrepancy.

Let Jy(0) = J(@, f0..... fN710), see (2-16), be the isotropic discrepancy function of the sequence
{f ”9},11\’:_01. For § > 0, we will say f has strongly §-bounded isotropic discrepancy if Jy (0) < |[N |8
uniformly in 6 for |N| > No; f has weakly 5-bounded isotropic discrepancy if there exists a sequence {N; }
such that Jy; () < |N; | =% uniformly in . It turns out many concrete dynamical systems feature these
properties. We will show in Lemmas 3.7-3.9 that the following hold:

e A shift of higher-dimensional tori, f : 6 — 6 + «, has strongly bounded isotropic discrepancy for
Diophantine «.

e A skew-shift, f : (y1,¥2,...,vq4) > (V1 + &, y2 4+ y1,..., Y4 + Ya—1), has strongly bounded
isotropic discrepancy for Diophantine «, and weakly bounded isotropic discrepancy for Liouvillean «.

Under the assumption of boundedness of discrepancy and a scaling property of f, we are ready to
formulate the following two abstract results.

Let pg be the spectral measure of Hyg corresponding to 8g. Let N = f m Mo d Volg be the integrated
density of states. Let L(E) be the Lyapunov exponent; see (2-6).

Theorem 1. Let ¢ be a piecewise Holder function. Suppose L(E) is positive on a Borel subset U with
N(U) > 0. Suppose f is a uniquely ergodic volume-preserving map satisfying V(f) = V(f~1) =0. We
have:
o If, for some § >0, f has weakly 8-bounded isotropic discrepancy, then §9 = 0, for Volg-a.e. 6 € M;
o If, for some § >0, f has strongly 8-bounded isotropic discrepancy, then g =0 for Volg-a.e. 0 € M.
Remark 1.2. The full-measure set of 6 appearing in Theorem 1 is precisely the set {0 : ;g + o (U) > 0}.

Theorem 2. Under the assumptions of Theorem 1, assume also L(E) is continuous in E and L(E) > 0
for every E € R. We have:

e If, for some § >0, f has weakly §-bounded isotropic discrepancy, then B, (p) = 0 for all 6 € M
and p > 0;

e If, for some § > 0, f has strongly 6-bounded isotropic discrepancy, then B ;’ (p) =0forall € M
and p > 0.

Remark 1.3. Strongly §-bounded isotropic discrepancy is essential for vanishing of & and 8 ;r (p), see
Remarks 1.6 and 1.9. However, it is not yet clear whether weakly §-bounded isotropic discrepancy (or
any condition at all other than mere positivity of the Lyapunov exponent) is essential for vanishing of the
§orof .

Theorems 1 and 2 extend the results of [Damanik and Tcheremchantsev 2007; 2008; Jitomirskaya and
Mavi 2017] from irrational rotations of the circle to general uniquely ergodic maps of compact Riemannian
manifolds with zero topological entropy and bounded discrepancy. One key to achieving such generality
is a new argument that does not rely on harmonic analysis/approximation by trigonometric polynomials.
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By [Damanik and Tcheremchantsev 2003], ,39_( p) > pdimg (ug), where dimg (u) is the Hausdorff
dimension of . Thus as a consequence of B, (p) = 0 we have the following.

Corollary 1.4. Under the assumptions of Theorem 2, dimg (1tg) = 0 for all 6 € M.

Remark 1.5. The point here is that we obtain zero Hausdorff dimension of the spectral measure for all
rather than a.e. 6 € M (the latter is known for general ergodic potentials [Simon 2007]). The statement
for all & has only been known for irrational rotations of T! (proved for trigonometric polynomials in
[Jitomirskaya and Last 2000], and follows easily for piecewise functions from the results of [Jitomirskaya
and Mavi 2017]).

The following Theorems 3—-6 are all corollaries of our abstract results. Theorems 7 and 8 depend on
a somewhat different technique (bypassing the discrepancy considerations), which allows us to cover
more frequencies in the case of the shift of T2 To our knowledge, Theorems 3-8 are the first arithmetic
localization-type results.

Let us introduce the Diophantine condition (DC) and the weak Diophantine condition (WDC) on T4:

c

pe) = pcte. ) = U@ o)z =

c>0 c>0

for any h £ 6},

r(h)*

where r(ﬁ) = ]_[f=1 max (|A;], 1) (it is well known that when t > 1, DC(7) is a full-measure set), and
¢

WDC(7) = U WDC(c, 1) = U { (o1, ..., aq) : max{||ha;|lg/z} > ——= for any h # O} , heZ

T
c>0 c>0 |h|

(it is well known that when 7 > 1/d, WDC(7) is a full-measure set).
Theorem 1 reduces vanishing of (upper or lower) & to bounds on the isotropic discrepancy. As
corollaries, we obtain:

Theorem 3. Let [ be an irrational shift on T4 For piecewise Holder ¢, suppose L(E) is positive on a
Borel subset U with N(U) > 0. Then if & € DC(t) C T%, t > 1, we have Eg = 0 for a.e. 6 € T4

Remark 1.6. The Diophantine condition is essential for the vanishing of § [Jitomirskaya and Zhang
2015].

Theorem 4. Let [ be a skew-shift. For piecewise Holder ¢, suppose L(E) is positive on a Borel subset U
with N(U) > 0. Then:

e For all irrational o, we have §5 = 0 for a.e. y e T<.
e If « € DC(7) for some t > 1, then §y =0 forae y T4
Remark 1.7. The full-measure set appearing in Theorems 3 and 4 is precisely the set {0 g+ s (U)>0}.

Similarly, for systems with continuous Lyapunov exponent, Theorem 2 reduces vanishing of g: (p) to
the same discrepancy bounds, and we obtain:

Theorem 5. Under the assumptions of Theorem 3, assume in addition that L(E) is continuous in E and
L(E) > 0 for every E € R. Then if o € DC(t) C T¢, we have ﬂ;(p) =0 forall T4, p>0.
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Corollary 1.8. Under the assumptions of Theorem 5, if o € DC (<), then dimg (pg) = 0 for all € T4.
Remark 1.9. The Diophantine condition is essential for B+ = 0 [Jitomirskaya and Zhang 2015].

Theorem 6. Under the assumptions of Theorem 4, assume in addition that L(E) is continuous in E and
L(E) > 0 for every E € R. Then:

e For all irrational o, we have ﬁ; (p) =0 forall y € T4, p>0.
e If « € DC(7) for some t > 1, then ,B;)F(p) =0 forallj €T, p>0.

Corollary 1.10. Under the assumptions of Theorem 6, for all irrational o, we have dimp (j13) = 0 for
all y e T4,

Finally, for the case of an irrational shift on T? we can make two more delicate statements, using a
different technique to obtain arithmetic estimates.

Theorem 7. Let [ be an irrational shift on T2. For piecewise Holder ¢, suppose L(E) is positive on a
Borel subset U with N(U) > 0. Then if « = (a1, a2) € |J,~; WDC(7), we have §9=0fora.e 0 € T2

Remark 1.11. The full-measure set appearing in Theorem 7 is precisely the set {6 : jug + prg(U) > 0}.

Theorem 8. Under the assumptions of Theorem 7, assume in addition that L(E) is continuous in E and
L(E) >0 for every E € R. Then if o = (a1, a2) € | J,~1 WDC(7), we have B, (p) = 0 for all 6 € T?,
p>0.

Corollary 1.12. Under the assumptions of Theorem 8, if o € | )., WDC(7), we have dimg (119) = 0
forall § € T2

The most technically complex part of the paper consists in obtaining arithmetic estimates on the
covering of the torus by the trajectory of a small ball in a polynomial (in the inverse radius) time, which
we obtain by estimating the discrepancy in Theorems 3-6, and by the bounded remainder set technique in
Theorems 7 and 8. The discrepancy estimates are standard for the Diophantine shifts and are ideologically
similar to the known results on the equidistribution of ¥« for the case of higher-dimensional Diophantine
skew-shifts. We still develop the proof for the Diophantine skew-shift case in full detail because we
did not find it in the literature and also because it serves as a good preparation for the Liouville higher-
dimensional skew-shift, for which, to the best of our knowledge, our estimates are new. We note that
for the Diophantine skew-shift of T2 and shifts of T the results on the covering of the torus by the
trajectory of a ball are shown in [Avila et al. 2014] by a completely different technique. The authors
therein considered smoothed-out indicator functions of small disks, and converted the covering problem
to solving cohomological equations. It is unclear to us if that technique is extendable to the Liouville or
weakly Diophantine case.

We organize this paper as follows: In Section 2 we introduce some basic definitions. Some of them
have been mentioned in the Introduction but not in detail. In Section 3 we will present some key lemmas
and prove Theorems 1-8. In Sections 4-7 we prove the key lemmas that are listed in Section 3.
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2. Preparation

Riemannian manifolds. Let M be a d-dimensional compact Riemannian manifold with a Riemannian
metric g.
Let K be a compact set in some coordinate patch (U, x1, ... ,x%). We define the volume of K to be

Volg (K) :=/ VIGoxdx!--- dx?,
x(K)

where G = detg;;, gi; = g(9/0x;,9/dx;) and dx!--. dx? is the Lebesgue measure on R?. This
definition is free of the choice of coordinate. If K is not contained in a single coordinate patch, one could
apply a partition of unity to define Volg (K). More precisely, we pick an atlas (U, x}, ... ,xg) of M
and a partition of unity {py} subordinate to this atlas. Now we can set

Volg (K) = Z/ (Pav/1G%]) o (x¥)Vdx} - dx&.

“(KNUq)

The Riemannian volume density, see, e.g., [Nicolaescu 2007, Section 3.4], on (M, g) is
dVolg =Y (pa V1G] 0 (x*) dxy -+ dxg. (2-1)
o

With a rescaling, we could always assume d Vol is a probability measure on M. In the above definition,
we do not assume M to be oriented. If M is oriented, then the volume density is actually a positive
n-form, called the volume form.

If o : [a, b] — M is a continuously differentiable curve in the Riemannian manifold M, then we define
its length /(o) by

b
() = / Vo0 @0)-6(0) d.

where g,(;) is the inner product g at the point o(¢). One could define the distance between any two points
X,y € Mas

dist(x,y)=inf{/(0):0 is a continuous, piecewise continuously differentiable curve connecting x and y}.

With the definition of distance, geodesics in a Riemannian manifold are then the locally distance-
minimizing paths.

Let v € Ty M be a tangent vector to the manifold M at x. Then there is a unique geodesic g, satisfying
0v(0) = x with initial tangent vector 9,(0) = v. The corresponding exponential map is defined by
expy (1) = 0v(1).

Let By (x) ={y € M :dist(x, y) < r} be a geodesic ball centered at x € M with radius r. It is known
that B, (x) = exp,(B(0,r)), where B(0,r) ={v e TyM:gx(v,v) <r}.

Proposition 2.1. There exists rg > 0 such that, for all r < rg, there exist positive constants Cg and cg
which are independent of x € M so that

cgrd < Volg (B, (x)) < Cgrd for any x € M. (2-2)
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Proof. We will discuss the proof briefly. We can identify the tangent space T,.M isometrically with R
Now exp, : R? — M is a diffeomorphism on some small ball Bpa (0,r). On this ball, straight lines
are mapped to length-minimizing geodesics [do Carmo 1992, Proposition 3.6], and thus Euclidean
balls are mapped to geodesic balls of the same radius. Taking r smaller if necessary, we can assume
the Jacobian of exp, is bounded away from 0 and oo on By« (0,r); thus for r < ry we have that
chrd <Volg(Br(x))<C gxrd. Since M is a compact manifold, we can take ry, cg,, Cg, independent
of x e M. |

A subset C of M is said to be a geodesically convex set if, given any two points in C, there is a
minimizing geodesic contained within C that joins those two points.

The convexity radius at a point x € M is the supremum (which may be +o00) of r, € R such that
for all r < ry the geodesic ball B, (x) is geodesically convex. The convexity radius of (M, g) is the
infimum over the points x € M of the convexity radii at these points.

Proposition 2.2 [Berger 2003]. For a compact manifold M, the convexity radius ry of (M, g) is positive.

This clearly implies that for any x € M and any r < rfg, B;(x) is geodesically convex.

Piecewise Holder functions. Let L, (M) be the space of y-Lipschitz functions on M. For ¢ € Ly, (M)
define
|9(01) — ¢(62)]

19891 = P02 23
6, bacpy dist (01, 62)7 (2-3)

I#llz, = l¢lleo +

We say ¢ is piecewise Holder if there exists y > 0, a positive integer K and {¢; }JK:l C Ly (M) such that

K

P(0) =) xs;(0)9;(0).
j=1

where {S; }}”z , are sets with “good boundary”, namely {35} }JK=1 are (d—1)-dimensional smooth sub-

manifolds of M. Clearly the discontinuity set Jg of ¢ is UJK=1 0S;, and

K

Volg,g—1(Jg) < > Volg 4_1(3S;) < oo. (2-4)
j=1

Clearly for any two points 61, 6> such that dist(6;, Jg) > r, if dist(61, 62) < r then we have

K
|6(61) — ¢ (62)] < dist(61,62)” > [l I, (2-5)

Jj=1

Cocycles and Lyapunov exponent. We now introduce the Lyapunov exponent. For a given z € C, a
formal solution u of Hu = zu can be reconstructed using the transfer matrix

A0, z) = (Z _‘1’5(9) _é)
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un+1)\ n u(n)
( u(n) )_A(f 0.2) (u(n—l))'

Indeed, let A (8, z) be the product of consecutive transfer matrices:
A(fk=10,2).-- A(f0,2)A0,2) ifk >0,
Ap(0,2) =41 ifk=0,
(A_r(f*6,2))71 if k <0.

Then for any k € Z we have the relation

utk) \ _ u(0)
(u(k - 1)) =4 (0.2) (u(—l)) '

We define the Lyapunov exponent

via the equation

L(2) =1iml/ In | A% (6, 2) || d Volg (6) =infl/ In | A% (6, 2)]| d Volg (8). (2-6)
k k M k k M
Furthermore, L(z) =limg(1/k)In || A% (0, z)| for Volg-a.e. 6 € M.

Spectral measure and integrated density of states. Let i1y be the spectral measure of Hy corresponding

to 8o defined by

d
((Hg —2)""80.80) = / o).

R X—Z

Then clearly pzg is the spectral measure of Hy corresponding to §;. Let N = [ v o d Volg (0) be the
integrated density of states. Then N = [ M %(,ug + irg) d Volg (8), so N(U) > 0 for some set U implies
%(,ug + irg)(U) > 0 for Volg-a.e. 0 € M.

Rational approximation.

Single frequency. Let o be an irrational number and let {p, /g, } be its continued fraction approximants.
We have the following properties; see, e.g., [Khinchin 1964]:

- = lnelr = @)
dn+1 dn+1
lkall > llgnall  forgn <k <gni1. (2-8)
(1) If @ € DC(c, ) for some ¢ > 0, we have
lkeo|r > # for any k # 0. (2-9)
In particular, combining (2-7) with (2-9) we have
Cqn+1 =dqp. (2-10)

(2) If o ¢ DC(7), there exists a subsequence of the continued fraction approximants { p,, /¢n, } such that

dni+1> G, - @2-11)
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Multiple frequencies. Let @ = (a1, 2, ..., 0y) be a set of irrational frequencies. Let { p, /¢, } be its best
simultaneous approximation with respect to the Euclidean norm on T4, namely,
d d

> llanajlliy < D lkeyll3  for any [k < gn.
Jj=1 Jj=1

Clearly by the pigeonhole principle, we have

1/d
\/ZH(]n%”T < 26 dﬁ/z) . (2-12)
ﬁqn-ﬁ-l

We say that
(1) « € DC(c, 7) if
Ik, )7 > for any k € Z4\{0}, (2-13)
r(k)*
(2) « € WDC(c, 1) if
1r§njagd kojllr > # for any k € Z\{G}. (2-14)

Discrepancy. Let X1, ...,Xy € M. For a subset C of M, let A(C;{X,}) be the counting function

N
A(C:Zntn=1) = Y xc (En). (2-15)

n=1

The isotropic discrepancy Jn ({Xp },]1\7:1) is defined as
A(C; {xn } 1)

INEEN_ ) = sup — Vol (C)‘, (2-16)

CE%

where ¢ is the family of all geodesically convex subsets of M.

For a point 8 € M, let Jy(0) = J({f”@}fl\’;ol). We say a map f : M — M has strongly §-bounded
isotropic discrepancy if, for some N > Ny, we have Jy (0) < N~% uniformly in 6 € M. We say f
has weakly §-bounded isotropic discrepancy if there is a subsequence {N;} such that Jy, () < N J._S
uniformly in 6 € M.

If M = T4 is the d-dimensional torus, we define the discrepancy D N({xn} 1) as

DY) = sup |ACH k=)

C)|, 2-17
oo N m(C) 2-17)

where ¢ is the family of boxes C of the form C = {(0y,...,6y) € T4 :Bi <6 <kjforl<i<d).
Forapoint 6 € T4, let Dy () = D({f”@} ) We say amap f :T¢ — T4 has strongly §-bounded dis-

crepancy if for some Ng and all N > Ny, we have Dy (0) < N8 uniformly in 6 € T9. We say f has weakly

8-bounded discrepancy if there is a subsequence {N; } such that Dy, () < N ]._5 uniformly in 6 € T4,
When M = T¥, the isotropic discrepancy and discrepancy can be tightly controlled by each other:
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Lemma 2.3 [Kuipers and Niederreiter 1974, Theorem 1.6 in Chapter 2]. For any sequence {Xn },]1\]:1
in Td, we have

DN ({Fntn1) < IN({Fnn=y) < 4dVd + DDy ({Za ") e (2-18)
Therefore, by (2-18), when M = T<:

Proposition 2.4. A map [ has strongly (weakly) §-bounded isotropic discrepancy for some § > 0 if and
only if f has strongly (weakly) §-bounded discrepancy for some § > 0.

In Section 5 and the Appendix we are gomg to apply the following two inequalities to estimate the
discrepancy from above. Recall that r(h) ]_[l_l max(|A;], 1).

Lemma 2.5 (Erd6s—Turdn—-Koksma [Koksma 1950]). For any positive integer Hy, we have

1

D({%n}N_ 1)<Cd(—.|_ Z L Z 27i (h,%n)

<iI<Ho r(yIN

) (2-19)

where || = max?_, [h;].

Lemma 2.6 (Van der Corput’s fundamental inequality; see, e.g., [Kuipers and Niederreiter 1974],
Lemma 3.1 in Chapter 1). For any integer 1 < H < N, we have

1 N
3
n=1

Covering M with the orbit of a geodesic ball and proofs of Theorems 1, 7, 2 and 8.

2
N + H — 2(N+H— 1)
o) = NZH Z | n|2 N2H2 Z (H —k)Re Z UnUp - (2-20)

3. Key lemmas and proofs of Theorems 1-8

Lemma 3.1. Let ¢ be a piecewise Holder function with 1 > y > 0. Suppose L(E) is positive on a Borel
subset U with N(U) > 0:

(1) If there exists a sequence ry — 0 such that any geodesic ball in M with radius ry, covers the whole M
in rk_M steps, then §9 = 0 for Volg-a.e. 6 € M.

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—™ steps, then
Eg =0 for Volg-a.e. 8 € M.

Lemma 3.2. Let ¢ be a piecewise Holder function with 1 >y > 0. Suppose L(E) is continuous in E and
L(E) >0 forevery E € R:

(1) Ifthere exists a sequence ri — 0 such that any geodesic ball in M with radius ry, covers the whole M
in r;M steps, then B (p) =0 forall § € M and p > 0.

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—M steps, then
Ba(p) =0 forall@ € Mand p > 0.



878 RUI HAN AND SVETLANA JITOMIRSKAYA

Lemmas 3.1 and 3.2 are key to our abstract argument. They are proved in Section 4. The connection
to bounded discrepancy comes in the following:
Let rg be as in Proposition 2.1 and ré’, as in Proposition 2.2.

Lemma 3.3. If f has weakly §-bounded isotropic discrepancy, then there exists ri — 0 as k — oo such

2d/§

that any geodesic ball in M with radius ry will cover the whole M in rk_ steps.

Proof. There exists a sequence { N } and k¢ > 0 such that for any k > ko we have J, ({ f "8},]1\’:_01) <N, 8,
This means for any geodesically convex set C C M,

Ni—1
Doneo Xc(f"0) _
n=0 A —Volg(C) > —N®
holds for all 6 € M. Thus if we take ry = Nk_S/(Zd) < min (rg, rg,), then by Proposition 2.2, we know
By, (0) is geodesically convex. By Proposition 2.1, Volg (B, (6)) > cgr,g =cg Nk_‘s/2 > Nk_‘s. Thus
—2d/8
T -1
Y xB, @ (") >0
n=0
for any 6 € M. |

Lemma 3.4. If f has strongly 5-bounded isotropic discrepancy, then for any 0 <r < min (rg, rg,), any

geodesic ball in M with radius r will cover the whole M in r—2d/8

Proof. There exists Ny such that for any N > Ny we have Jy ({f”@}fl\':_ol) < N9 for all € M. This
means for any 0 < r <min (rg, rg,), any geodesic ball B, (0) (it is geodesically convex by Proposition 2.2)
and N = r—24/8 we have

steps.

—2d /8 _
T o B (f"6)
—2d/5

— Vol (B,(0)) > —r?¢.

Since by Proposition 2.1, Volg (B (0)) > cgr? > r24, we have

r—2d/8_1

> @) >0

n=0
for any 6 € M. O
In the case of 2-dimensional irrational rotation, we also have:

WDC(t), there exists ri (a1, oz, T) = 0 as k — oo such that any

>1
. . . . 80074
Euclidean ball with radius ry covers the whole T? in I 8007

Lemma 3.5. For any (a1, a2) € |
steps.

Remark 3.6. This lemma will be proved in Section 7.

We are now ready to complete the proofs of the main theorems.
Proof of Theorem 1. Combine Lemmas 3.3 and 3.4 with Lemma 3.1. O
Proof of Theorem 7. Combine Lemma 3.5 with Lemma 3.1. O
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Proof of Theorem 2. Combine Lemmas 3.3 and 3.4 with Lemma 3.2. O
Proof of Theorem 8. Combine Lemma 3.5 with Lemma 3.2. O
Estimation of discrepancy and proofs of Theorems 3, 5, 4 and 6. We have the following control of the
discrepancies of irrational rotation and skew-shift.

Lemma 3.7. If « € DC(t), then for some constant § > 0 we have Dy ({0 + na}f;fz_ol) < N8 uniformly
infeTq

Let

Yy = (y1 + (?)a ya + (’I)yl + (g)cx e vdt (’I)J’d—l +--+ (Z)a) = f"1, va),
where f is the skew-shift.
Lemma 3.8. If « € DC(7), then for some constant § > 0 we have DN({I?,I },Zlv=1) < N8 uniformly in
1,-->¥q) e T4
Lemma 3.9. If o ¢ DC(d), then for some constant § > 0 there exists a sequence {N;} such that
DN]. ({f’n}ivil) < Nj_5 uniformly in (y1,...,y4) € TA.
Remark 3.10. Lemma 3.7 is standard. Its proof will be given in the Appendix. Proofs of Lemmas 3.8
and 3.9 will be given in Section 5.

Proof of Theorems 3, 5. These follow from Lemma 3.7 and Theorems 1 and 2. O
Proof of Theorems 4, 6. These follow from Lemmas 3.8 and 3.9 and Theorems 1 and 2. O

4. Proofs of Lemmas 3.1 and 3.2

Upper and lower bounds on transfer matrices. The following lemma on the uniform upper bound of the
transfer matrix is essentially from [Jitomirskaya and Mavi 2017]. We have adapted it into the following
form for convenience.

Lemma 4.1 [Jitomirskaya and Mavi 2017, Theorem 3.1]. Let ¢ be a function whose discontinuity set has
measure O and f be a uniquely ergodic map on M. Then:

4.1.1. Let L(E) be positive on a Borel set U and p be a measure with w(U) > 0. Then for any { > 0
there exists a number D¢ > 0, and for any € > 0 there exists a set By ¢ with 0 < (B¢ ) < ¢, and an
integer N¢ ¢ such that for any E € U \ B ¢

(1) L(E) = D¢,
(2) forn > N¢g, |z—E| < e 4" and 6 € M, we have (1/n)In||4,(0,z)|| < L(E) +e.

4.1.2. Furthermore, if L(E) is continuous in E and U is a compact set, there exists D > 0 and for any
€ > 0 there exists an integer N¢ such that for any E € U

(1) L(E)= D,
(2) forn > Ne, |z—E| <e ™" and § € M, we have (1/n)In ||A,(0,2)|| < L(E) +e.
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We are also able to formulate the following lower bound for the norm of transfer matrices.

Lemma 4.2. Let ¢ be a piecewise Holder function with 1 >y > 0 and [ be a uniquely ergodic volume-
preserving map on M with V(f) = V(f~1) = 0. Then:

4.2.1. Let L(E) be positive on a Borel set U and i be a measure with w(U) > 0. Then for any {,€ > 0,
let D¢, Be ¢ and N¢ ¢ be defined as in Lemma 4.1.1:

(1) If there exists a sequence ry — 0 such that any geodesic ball in M with radius ry covers the
whole M in rk_M steps, then there exists a sequence {ny (€)} such that for k > k¢ ¢, any E € U \ B ¢,
|z — E| < e #" and § € M we have

min max A 79, 2)|| > e"*(L(E)=3¢)
om0 2
(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r =™ steps, then for

n>Né€,anyEeU\B§,6, |z—E| <e " and 0 € M we have

min max (A4 (f70,2)] = "I,
te{—1,1} (j=0,...,e(GMe/v)n

4.2.2. Furthermore, if L(E) is continuous in E and U is a compact set, let D be defined as in Lemma 4.1.2
and for any € > 0 let N¢ be defined as in Lemma 4.1.2. Then for any E € U we have L(E) > D and for

4

any |z — E| < e™*" we have:

(1) Ifthere exists a sequence ry — 0 such that any geodesic ball in M with radius ry, covers the whole M
inrg M steps, then there exists a sequence {ny(€)} such that for k > ke and any 6 € M,

min max A 7. 2)| > ek L(E)=3€)
1e{—1,1} (j=0,...,eSMe/VIng 14n, (f )=

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—™ steps, then for
n > N/ and any 6 € M,

min max | Au(f76,2)] = "FEIT3,
Le{—1,1} (j=0,...,e(SMe/vn

Proof of Lemma 4.2. We will focus on the proof of part (1) of Lemma 4.2.1. The other three proofs will
be discussed briefly at the end of this section.
Forany E € U \ B¢ ¢ and n > N¢ ., by Lemma 4.1.1 we have (1/n)|| A4, (0, E)|| < L(E) + €. Since
S (1/n)In || A, (6. E)|| d Volg (0) > L(E), we have
1

1
Volg (Myy £ 1.(Ey.e) == Volg({Q € M: o In [ 4,(6, E)| > L(E) —e}) >0 (4-1)

Now we take any 0 € M, g 1 (E),e and |z — E| < e 4" When n > 2N¢ e + 3, by standard telescoping
we have
1400, 2)|| = [[4n (0. E) || — | An(8, 2) — An (6, E)||
> en(L(E)—e) _ (n + 2(N§,6 + I)HA“gt.e)en(L(E)—Se)
> en(L(E)—ZE)
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for large enough n > N é .- This means

Mn,E,L(E),e C Mn,z,L(E),Ze- (4'2)

We know the discontinuity set of (1/n)In ||A,(0,2)| is J, = U;’;&f—l(]@, where Jy = U};laS]‘ is
defined in the subsection on piecewise Holder functions on page 874. By our assumption (2-4) and the
fact the Vy_1(f 1) = 0 (by the definition (1-2) of V(£ 1)), for n large enough, we have

Volg 4—1(Jn) <" Volg 41 (Jp); (4-3)
note that the largeness depends only on f. Define

My 2 L(E)2e = Mn 2 L(E) 26 \ Fag—sensv (Jn),
where a neighborhood is defined as
Fr(A) ={0 e M :dist(0, A) <r}.
Then by (4-3),
Volg (M, 2, 1.() 2¢) = Volg (M 2 1.(E),2¢) — 4¢ > Volg 41 (Jn)

> Volg (M 2. 1(E) 2¢) — 4 " C/Y™ Vol 41 (Jg) > 2.

In particular, it is a nonempty set. Now we take any 6 e Mn,z,L(E),ze and 0 € B,—sen/y (é). We have, by
telescoping, (2-5) and the fact that V1 ( f) = 0 (by the definition (1-2) of V( f)),

[42(6.2)] ~
> [ A4n (8. 2)]| = 42 (6.2) = 40(B.2)]

K
_ Ne.o . ; P~
> eML(E)=2¢) _ (Z ||¢l||LV)(n +2(Ng e + I)HA”OOE, )en(L(E)+e)j_éna);_l(dlst(fj 0, £70))
= =0,...,

K
= M2 (5 gl ) is6, 81 0+ 2N+ DAL en HEY 7
=1
~ en(L(E)—Se)

for n > Né’e. This means
Fe—Sf’l/V (Mn,z,L(E),Ze) C Mn,z,L(E),3e-

Hence for E € U\ B¢ ¢, n> Né/6 and |z—E| <e™*€" we know M, ;. 1.(E),3e contains a geodesic ball with
radius e ~(5¢/¥)"_Then there exists a sequence {ny (¢)} such that a geodesic ball with radius e ~C€/Y)k ~
covers the whole M in at most e SM€/Y)k gteps. Thus for E € U \ B¢, k> k¢ ¢ such that n(e) > Ny

ge
any |z — E| < e~*€"« and any 6 € T¢ we have

min max An (£70,2)| > e L(E)=3€)
€{—1,1} ;j=0,...,eGMe/vIng 1A, (f )l
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Remark 4.3. Notice that part (2) of Lemma 4.2.1 follows without taking a subsequence {ny(¢)}. Also,
Lemma 4.2.2 follows without excluding the set B¢ . O

Dynamical bounds on &g. The key to estimating &g is to apply the following lemma by Killip, Kiselev
and Last.

Following [Jitomirskaya and Last 1999], for f : Z — H where H is a Banach space, the truncated /2
norms in the positive and negative directions are defined by

L]
IAIZ =D 1f P+ L= [LDIF(L]+ D> for L >0,
n=1

LL]+1

IF12 = > 1 fmP+ (L] +1-L)f(LDI> for L <O0.
n=0

The truncated /2 norm in both directions is defined by
[L>]

117, 0.,= Y, LfOP+Ei=LiDIf (=1L ]=DP+(Lo= L2 DI f([L2]+ D for L1, Lo>1.

n=—|Li]
With A44(6, z) being a function on Z, define L} (0, z) € RT and L_ (6,z) € R~ by requiring
1466, 2172,y = 20140,

Lemma 4.4 [Killip et al. 2003, Theorem 1.5]. Let Hg be a Schridinger operator and pig be the spectral
measure of Hyg and 8g. Let T > 0 and L1, Ly > 2. Then

(3le ™ 080017, 1, + e 08007, 1)) > C3ug+ ) {E - | Ly | <Ly, L, < La}), (4-4)
where C is an universal constant.!

This lemma directly implies

Po,r(L)+ Pro,r(L) > C (g + iro) {E : | 4e(6, 2) 1 > 2] A(6, 2)|IT).

The plan is to show that for any 7 > 1 and any 6y satisfying (g, + trg,)(U) > 0, we have

(oo + Mro)E 2 1A (B0, 2) |7 > T"}) Z (g, + tro,)(U).

Proof of Lemma 3.1. We will prove part (1) in detail. Part (2) will be discussed briefly at the end of this
proof.

Fix n> 1 and 6 such that (wg, +prg,)(U) > 0. Let { = %(MQO +urg,)(U), D= D¢ from Lemma 4.1,
and € = min (yD/(40Mn), D/6). Then by Lemma 4.1, there exists aset B, 0 < |B| < %(ugo +uye,)(U),
and a sequence {1y} such that L(E) > D on U \ B and for E € U\ B, k > kg, |z — E| < e~ *€"*k and

1Here we formulate this lemma for operators with potential V(n) = ¢ (). This covers arbitrary bounded potentials by
taking f to be a corresponding subshift.
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any 6 € M,

min max A 79, 2)|| > "k (L(E)=3¢)
te{—1,1} (j=0,...,eMe/ Vg |4 (178, 2)]

Using that As+(6,z) = A;(f*(0),2)As(8, z), this implies, by the condition on e,

| Ae(0, 2) || L roMervIng > ¢ 21k (L(E)=3€) > o (10Me/VInien
If we take Ty, = e(1OM€/V)nk then U\ B C {E : || Ao (8, E)l+T, > T,;’} for any 6, in particular 6y. Then
by (4-4),
Pgo, 77 (Ti) + Prgy 70(Ti) = C 316y + 1r60) (E : || Ae(Bo, E)llxr, > Ti'}) = C 3 (16, + 1r6,)(U).
This implies £ = 0 for all & € M such that (g + psg)(U) > 0.

Remark 4.5. Using Lemmas 4.1.1(2) and 4.2.1(2) instead of 4.1.1(1) and 4.2.1(1), part (2) can be proved
without taking a subsequence ny; therefore the conclusion holds for all 7' large enough rather than a
sequence T. O

Bounds on B. The key to the bounds on 8 is to apply the following lemma.

Lemma 4.6 [Damanik and Tcheremchantsev 2007, Theorem 1; 2008, Corollary 1]. Let H be the
Schrodinger operator, with f real-valued and bounded, and K > 4 such thato(H) C[-K + 1, K —1].

Suppose for all p € (0, 1) we have
i
Ap (E + 7)

K
/ ( min max
_K \ue{—1,1} 1<un<T»
forany n=>1. Then B+ (p) =0 forall p > 0. If (4-5) is satisfied for a sequence Ty — oo, then B~ (p) =0
forall p > 0.

2\ —1
) dE = O(T™") (4-5)

Proof of Lemma 3.2. We will prove part (1) in detail. A modification needed for part (2) is discussed
briefly at the end of this proof.

It suffices to consider small p € (0,1). Fix any p € (0,1) small and n > 1. Assume o(H) C
[-K + 1, K —1]. Since L(E) is continuous in £ on a compact set [—K, K], we have L(E) > D > 0 on
[-K, K]. Fix €y = min (oyD/(20Mn), D/6). By Lemma 4.2.2 there exists a sequence {7, i } such that
forany E € [-K, K], k > ky, any |z — E| < e~#én"n.k and any 6 € M,

min max A 79, z)|| > e"nk(L(E)=3en)
e e (0]

.....

Thus

min max 14; (8, Z)||2 > Mk (L(E)=3€n) > ,(10Mey/(yp))nn.kn
1e{—1,1} j=0,...,e”0M€’7/y)"n-k

holds for any § € M, any E € [-K, K] and |z — E| < e~#¢n"n.k, Now we take Tyx = e(10Men/(yp))nn k|

‘E + I__E‘ — L < e_4€nnn.k‘
Tk Ty .k
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i
Ail0, E+—
J( +Tr/,k)

K .
/ ( min max Ap (9, E + l_)
—K \te{=L1} 1<in<T), Iy

Now take a sequence {k; } such that Ty g, < T, <---. Let Ty = T, k.. Then

K .
/ ( min max | Ap (9, E+ l—)
—K \te{—1,1} 1<in<T}), Tm
By (4-5), we have B, (p) < p forall 6 € M, any p € (0, 1) and any p > 0; thus B, (p) = 0 for all 6 € M
and any p > 0.

Thus

min max
{11} j=0,...T),

holds for any E € [—K, K]. Therefore

2\—1
-1
) dE <2KT, 7.

2\—1
) dE <2KT;™.

Remark 4.7. Using Lemmas 4.1.2(2) and 4.2.2(2), part (2) follows without taking a subsequence {7, x }.
Therefore the conclusion holds for all T large rather than a sequence T}. O

5. Skew-shift: proofs of Lemmas 3.8 and 3.9

In this section, we obtain the discrepancy bounds for the skew-shift. While the Diophantine case is likely
known, we didn’t find this in the literature. We thus present a detailed proof, especially since we build
our proof for the Liouvillean case on some of the same considerations.

Skew-shift. Let f: T? — T4 be defined as

fOry2. oo ya) =i+, y2+ Y1, Va + Ya-1)-

Let Y, = f*(y1,...,yq); then

- n n n n n

Yn: (y1+(1)0[9 y2+(1)y1+(2)a7’yd+(1)yd—l++(d>a)’ (5'1)
where () =0if n < m.

Preparation: combinatorial identities.

Lemma 5.1. Letr; €N for 1 <t <s. Then we have

lt:(),l S
Z (_I)S_Z‘l=l l; (ZtSZ_I lltrt) — 0, (5_2)
1<t<s
lt:(),l Ky S

=Y 1 (2og=1 lere
> (R (=) < T (53)
1<t<s t=1
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Proof. Let us consider the coefficient C, of x¢ in the product (1 + x)"1(1 + x)"2---(1 + x)™s =
1+ x)Z‘f:1 i Let us define

S rt
A(a): (j],jz,-.-,js):jt:(jt,la].t,Zy---’jt,r;)v jt,ke{()?l}a Zth,k:a}‘ (5_4)
t=1k=1

Each element in 4@ corresponds to one way of choosing 1 or x in each term of the product (1 + x)"! -
(I+x)"2---(14x)™ in order to get x%, where j; x = 0 means we choose 1 out of the k-th (1 4 x) from
(I4+x)™, and j; x = 1 means we choose x instead of 1. Thus the capacity of A@_ denoted by |A@)], is
equal to Cy = (Z’ ! e ) Let us further define

A = 4@ N, =0}, (5-5)

For a = s — 1, since it is impossible to obtain x*~! with ft #0forany 1 <t <s, we have

AG=D (U Aﬁs‘“) = 2. (5-6)

t=1
Fora =,
N
AON (U Ag”) =D, (5-7)
t=1
where
ry
D=;(jl,jz,...,jt):th,kzlforlftfs}. (5-8)
k=1
Clearly,
s s ' i
U4 =>n 3 A7), (5:9)
t=1 i=1 1<t <tr<-<t;<s '|=1
in which
i 1;=0,1 s
@] _ dot=1lire
3 aPl= 3 (=), (5-10)
I1<ti<tr<-<t;<s 'I=1 i li=s—i
Thus
S ( ) Zs p S lt=0,1 Zs l r
(a) a _ t=1"t¢ EREY t=1"tetTt
‘A \(UA’ )'_( a )+Z( D Z ( a )
=1 i=1 Z§=1 ly=s—i
l[=0,1 ) Ky
= Y (-1 Zi= lf(ij l’”). (5-11)
1<t<s

For a = s — 1, (5-2) follows directly from (5-6) and (5-11). For a = s, (5-3) follows from (5-7), (5-11)
and the fact that |D| = []j_; . a
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Diophantine a.

Proof of Lemma 3.8. For a € DC(t), we take integers

Hj ~ N /@=DE+) for0<j<d—1. (5-12)
By Lemma 2.5,
- - 1
D(Yl,...,YN)fcd(—+ > ——Z 21 {h.F) )
Ho = <= r(h)IN
0<|h|<Hy
1 1|1 Y
=Cy (—+ —J— ul® ) (5-13)
Ay r(i)| N Zl !
0<|h|<Hp
where
d d—j "
O :exp{zm' Z(h @+ Zh,+,y,)( )} (5-14)
j=1 r=1
Let
Py
(1 . 4 i Jh : 1-1 n+liky
Up, n = CXP 27112 ja—I—Z J+rr Z(—l) ( j ) . (5-15)
j=2 r=1 11=0
In general, if d > 3, we define the following for 1 <s <d —2:
d 1;=0,1 K
) s n+y"_ 1k
,(:1), ,kwn—exp{Zm Z (Joz—i—Zthrryr) Z (-=1)°* Zf=ll’( th_l ! t)} (5-16)
j=s+1 1<t<s

Next, we illustrate the steps of the proof without details for two simple cases d = 2 and d = 3. After
that, we give a detailed derivation for arbitrary d.
Applying Lemma 2.6 to the }Zn 1 u(o) /N| term in (5-13), we obtain
N—k,

1 2 0
(0) (0),,(0
DL T e
n=1

The d = 2 case: Estimating the }ZN ki ,(10)14(0) ‘ term on the right-hand-side of (5-17) (see (5-27)

<_

NHZ Z (Hy —k1) (5-17)

n+k
with d = 2) we have
N—k,
©,0 | 1 5-18
Mntk] = Tigkrals 19
The Diophantine condition on « implies that, see (5-28),
H
Z Zl: I oM ppmre. (5-19)
||h2k10¢||v =
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Thus combining (5-17), (5-18) with (5-19), we have
1 N
PN
n=1

Plugging this estimate into (5-13) yields the claimed result for d = 2.

| 1
< —=—.
Hy H}

The d = 3 case: The difference between the cases d > 3 and d = 2 is that for d = 2 we can directly
estimate (5-17) via (5-18). However, for d > 3, we need to iteratively apply Lemma 2.6 to reduce the
dimension. Now let us illustrate the proof for d = 3.
To estimate the right-hand-side of (5-17), we compute as in (5-23),
N—k; _ N—k;
> =T,
n=1

n=1

. (5-20)

Applying Lemma 2.6 to the right-hand-side of the equation above, we obtain
N-Y7_ ke

D
Z uk1,nuk1,n+k2 :

n=1

1 N—kl (1) 2
N—kl Z ukl,n

n=1

1 1 H
St Y (Ha—k
Hy T (N k)2 k22=1( 2 —k2)

As in (5-27), we compute
N-Y7_1ki

O < 1
u u —_— .
‘ ; R I e

Proceeding as in the d = 2 case via the Diophantine condition, we arrive at
N—kq

1 o [*
'N—kl Z ukl,n

n=1

1 1
< =

Y Hy H?Y

Combining (5-17), (5-20) with the estimate above, we obtain
N 2
1 1 1
PP
n=1

< —
This proves the claimed result for d = 3.

~H  HY

The general case: As we explained above, the general strategy is to use Lemma 2.6 to reduce

0 2) d-2)

2O M @

We stop when we reach u@=2) a5 we can apply (5-27) to these terms.
With the ) terms, 0 < s < d — 3, defined in (5-16), Lemma 2.6 implies,
1 N_Z§=1 kt

S
N_Z‘:Zlkt ki, ks.n

n=1

N-Y3 5 ke _
() ()
Z Uy ksnky ks ntkggr | (5-21)

n=1

Hy1

HZyy ) (Hypi—ksy1)
ks11=1

1 1
S—+ -
Hs-H (N_Zt=1kt)
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Here
N— ZS‘+1
' S w L u®
k] ks,n k],...,ks,n-‘rks+1
n=1
N— ZS‘Jrl d
n=1 Jj=s+1
1;=0,1
J J
1<t<s
N— Zs+lk[ d lt—Ol 11 n+zs+1] k
= exp%2ni Z (J“+Zhj+r%) Z (— 1)s+1—Z‘,=llz( 1=1%t t)}'
n=1 j=s+1 1<t<s+1 J
N—- f:{kt d 1,=0,1 s+1
' s / Tk
= exp{2m’ Z (h]a+2h]+ryr) (— 1)s+2—2 +1l,( on+Z;_1 t t)}
n=1 Jj=s+1 0<t<s+1 J
N-3E1k, d 1,=0,1 s+l
s I Lk
- exp%2ni > (h/oH—Zh +ryr) (—1)”2_2::51:( ont 2=l t)}
n=1 j=s42 0<t<s+1 J
(5-22)
N—- ZS—H 1,=0,1 s+1
s Tk
_ Z CXp{Z]Tl Z (h O[+Zh]+ryr) Z (— 1)s+1—zti%lz(n+2tl—l t t)}'
n=1 j=s+2 1<t<s+1 /
N— Zé-‘rl
=l 2w Den (5-23)
n=1
Notice that in (5-22), we applied (5-3),
d—s—1 [;=0,1 s+1
NSl ln+ — lk
exp{ (hs_,_loe—i— Z hs+1+ryr) Z (_1)s+2 Zt=olt( 0 SZ_;? t t)} -1
r=1 0<t<s+1
Combining (5-21) with (5-23), we get for any 0 <s <d —3,
| N=Y 1k [ 2
S
‘N_Z‘:Zlks ’; kly 7k_s’n
1 1 Hgi s+1
< + (Hs+1_ks+l)(N_ kt)
Hyty (N_Zizlkf)Hsz—HkS%::l [Z:
1 N— Zé+l
(s+1)
1 Z Uy ksirm| O24
i M
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By (5-21), fors =d — 2,

889

_ u
d— ki,o.kg_o,
N=Y{"Pk o e
1 1 Hfl N_Zidz_ll & (d—2) “d—2
< + (Hg—1—ka—-1) u ‘
Hy 4 (N Z;i 12kl) T ke = ki,.kgon"ky,...kqgont+ks
1 1 Hfl N_Zfll f (d 2) d-2)
N u , (5-25)
~ d—2 7 \ry L | L  Tki,.., k ki, kg—o.n+kg—
Hy; (N_Zl=12kl)Hd—1 ey — d—2:n"Kki,..kg—2.n+kq—
and
VRER i
-2 -2
' Z kl5"'5kd—2’nuk1"-"kd—2>n+kd—1
n=1
N-Y i ks J1=0,1 d—1 .
= exp%2nihdoz Z (—l)d_l—Zf;lljz(nJFZj:l Jlkl>H
n=1 1<l<d-1 d
N-Y¢" Ky J1=0,1 d—1 .
lon+> 5= jik
= exp{2mhdoc Z (- 1)d iz O]l(on Zé—l Jl 1)}‘
n=1 o<l<d-1
N— ; d—1
= Z exp{Znihdnoz 1_[ kl} ‘ (5-26)
n=1 =1
1
(5-27)

< — ,
|haa TTi=) kel
where in (5-26) we used (5-3).

Since @ € DC(t), by the property of the Diophantine condition (2-9) and since |h;| < Ho, 1 <k; < H;,

we have
Hdzl 1 Hg— 1—[
< H}*¢ ]_[ HY (5-28)
d—1 Z -1 1
kg—1=1 ”hdal_[l 1 kl”T Jj=1 ]
Thus combining (5-25), (5-27) with (5-28), we have
N-Y9"2k -
1 Zil l (d_z) - 1 HT“I‘G 2 HT - 1 1
_— u =
d— ki,.skg—2.m| ™~ ~ 2
N=YiZtk a5 bt Bl Har - Hg oy (N - Zz i Hy)  Haro Hy,

Lemma 5.2. Forany o €T, if, for any 1 < ks < Hj,

N-Yi_1ki

2

n=1

1
‘N_Zf=1kl

Uk ks

2
5 _27
HS

(s)
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then forany 0 <t <s—1, 1 <k; < Hy, we have

N-Yi_1k

1 0)
_— u
'N _ Z;:l kl Z ki,..ksn

n=1

1
< —-
H}

Proof. Fort = s — 1, by (5-24),

| N-iZi ki -
s—1
N _Z;;{ kl n;l k] ..... ky 1.1
1 1 Hy N Z;:l ki (s)
k] ..... ks,n
S+ _ (Hs_ks)( kl)
Hy  (N—-Y3_1k))H? k; Z (N=37_1k)
1 1
5_ = 2
H; Hs—l
Then we proceed by reverse induction. O
At the final step we obtain
1S o2
(0)
TP
Plugging it into (5-13), we have
D(?l, .. YN) < — + Z —1 L < ! ~ N~1=9/(@7=D)(x+e) O

7 HO ~ Hl—e
0<|h|<H0 (h) 0

Liouvillean c.
Proof of Lemma 3.9. For ¢ DC(d), by property (2-11), we can find a subsequence {p,/q,} of the
continued fraction approximants of « such that g, 1 > q,‘f . In the following we will use ¢ instead of g,
and ¢ instead of g, 4+ for simplicity. Here we would like to show Dq(?l, cees I?q) < ¢~ for some § > 0.
Take

Hi~q* " for0<j<d—2 and  Hy_q~gq> 'A+9/27 (5-29)

where € > 0 is small enough such that

d—1
[]Hi=q® 1702 <y, (5-30)
=0
Now by Lemma 2.5,
D(Yy.....Yy)
1 BEIE: n
<Cyl—+ Z Zexp 2mi Z(h]oe+h,+1y1+---+hdyd_j)(.) . (5-31)
Ho = (h) =1 J
0<|h|<Hp J
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Consider the difference
n
§ ;exp§2m § iy -+hdyd_,>(j)}
n
—E exp{ZT[l E (hj§+hj+1y1+"'+hdyd_j)(j)}‘

=1

d
1
=- Z exp{2m Zhj(cx—g)(n)} —1‘
q n=1 j=1 q
< 1 Xq: Z(n)H
— . a__
n=1;=1
H
e (5-32)
q
where in the last step we use (2-7),
p 1 1
e
q‘ a4 g9t
Then combining (5-31) with (5-32), we have
- - 1 1|1 H
D(Yl,...,Yq)scd(—Jr o —= Z ,(,O))+—°, (5-33)
Ho ~  rh)l4 q
0<|h|<Hy
where
d
- . n
u’(10) = exp{an Z(hjg +hjiziyr+---+ hdyd_j) (J )} ,
j=1
that is, u( ) as in (5-14) with « replaced with p/q. Thus with u(s) ken defined as in (5-16) with o

replaced with p/q, similar to (5-25) and (5-26), we have

N=Y{"Fk

2
TS = TolD D
<! ! oy WREE 0 T
NHd—1+(N—Z§1:_12kz)Hd—1 kd_21:=1 '12::1 ukl,...,kd_z,nukl,...,kd_z,n+kd_|" (5-34)
and
q-X72 ki - - ki -
> e | X colainan? Tl
"= nm i1

1

) ‘ (5-35)
Iha(p /) TS ki)
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Since |hy| < Hy, 1 <k; < H;, and by (5-30), for any 1 <k < H;_; we have

d—2 1
Hkhd£ [Ta| =-
q I=1 rR/z 4
Thus
H,;_, 1 Hy— q
> i < ), s =qlnHg (5-36)
kg_1=1 th(p/Q)lel leR/Z j=1 J
Then combining (5-34), (5-35) with (5-36), we get
a-Yi=ik
‘ 1 i‘ ’ﬁ(d_z) 2_ 1 N qInHy_,
d— ki,..., kg—», ~ d—
=itk a0 UL T Haor o (g =000 H) Ha-
< b1 (5-37)
~ - 2 . -
H;/_(IHE) Hy ,
By Lemma 5.2,
1 & 2
'_ SO <
n ~
9= Hy
Plugging it into (5-33), we get
R R 1 (logHy)¢ Hy 1
D(Yy,....Y) S—+—7—"—+—5 ——. O
71, ' q)N Hy + Hy + q ~ q(l—e)/Zd

6. Bounded remainder sets

Most of the material covered in this section comes from [Grepstad and Lev 2015]. We briefly discuss
it here for completeness and readers’ convenience. From now on we restrict our attention to irrational
rotation on T¢. For a measurable set U C T¢, consider the function

N-1

AN(U.X) = N|U|:= AUAX + na} =) = N|U| = Y yu (¥ +ne) = N|U|.

n=0
We will say U is a bounded remainder set (BRS) with respect to « if there exists a constant C(U, o) > 0
such that

|[AN(U. %)= N|U|| = C(U.a)

for any N and a.e. ¥ € T%. We will call a measurable function g on T¢ a transfer function for U if its
characteristic function satisfies

xu(X) —|Ul=g(X)—g(xX—a) ae.
Obviously if g is a transfer function for U, then its Fourier coefficients satisfy

3(7) = Xu (m)

= i MO (6-1)
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Proposition 6.1 [Grepstad and Lev 2015]. For a measurable set U C T¢, the following are equivalent:

e U is a bounded remainder set.

e U has a bounded transfer function g.

Theorems 9, 10 and Corollary 6.2 are presented in [Grepstad and Lev 2015] without explicit bounds
on the transfer functions. We present the proofs in order to extract the needed estimates.

Theorem 9. Any interval I C T of length 0 < |go — p| < 1 is a BRS with respect to «. Furthermore its
transfer function g satisfies ||g|lco < |¢|.

Proof. Without loss of generality, we consider an interval I = [0, k], where k = ga — p > 0. Then

x1(x) =[] = —={x} +{x —«}

= —{x}+{x —qa}
=(—{x} = —{r—(@— Do) + (fx—a} + - + {x — qar})
=gx)—gx—o),

where g(x) = — YI_({x — jol, llglloo < lgl- O

Theorem 10. Let § = (vi,va,...,v7) =qa—p € Za+ 7%, v ¢ 7%, and let T € T4~ be a BRS with
respect to the vector (v1/vg,V2/vq,...,Vq_1/vg) with transfer function h. Then the set

U=UZ,0)={(X,0+tv:XeX,0<t<1}
is a BRS with respect to a, whose transfer function g satisfies ||g€lloo < |q|(|1]|co + 1).

Proof. Let vg = (v1,...,vg_1) be the vector in T4~ which consists of the first d — 1 entries of . First,
we wish to find a bounded function & on T¢ satisfying the cohomological equation

AuE ) —|U| =8, y)—§(F —To,y —vg) forae. (¥,y)eT9 IxT.
This means the Fourier coefficients satisfy the equation
g(m,n)(1 — e 2mi(m.vo)+nva)y

_ /U"/ e 2mi(m.X+(y/va)bo) 4y p—2miny dy, (m,n)# (6,0)» (6-2)
0 JEZ+(y/va)bo

which implies
s Xz (m)

gim.n) = i (. Bo) Jog +11)° (m,n) # (0,0). (6-3)

We know ¥ is a BRS with respect to Tg/vg; by (6-1) its transfer function 4 : T9~! — R satisfies

1 —e—2mi{mb0)/va’

i 0.
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It is straightforward to check that the bounded function g defined by
- _ o
g(x.y)=h|x- a{y} =Xy}

satisfies the cohomological equation (6-3). Hence g is a bounded transfer function for U with respect
to v.

Indeed, || ]loo < ||1]lco + 1. Since ¥ = ga — p, letting g(X) = g(X) + g(X —a) +---+ (X — (g — D)
we have that U is a BRS with respect to & with bounded transfer function g satisfying ||g|lco < |¢|[|€]lco <
|q1([12]loo + 1). O

The following corollary will be used several times in Section 7.

Corollary 6.2. Let U C T? be the parallelogram spanned by two vectors
—1
m(@r.o0)—~(l1.1) and (qM . 0).
mopy — 12

Then U is a BRS with respect to (o1, o) with transfer function g satisfying | g€llco < |m|(|g| + 1) <2|mgq|.

Proof. In this case
v=(v1,v2) =m(ay,a2) —(1,1) € Za +7% Y= |:O,qv—1—pi| x {0}.
1%

We know the transfer function 4 of ¥ with respect to vy /vy satisfies ||]oo < |¢|- Thus [|g]lec <
Im|(lg| + 1) < 2|mq|. 0

7. 2-dimensional irrational rotation with weak Diophantine frequencies

In this section we deal with 2-dimensional weakly Diophantine frequencies. Our goal is to prove
Lemma 3.5.

Proof of Lemma 3.5. Assume (a1, a2) € WDC(cg, t/4), for some 7 > 4 and co > 0. We divide the
discussion into two parts.
First, we introduce the coprime Diophantine condition:

PDC(7) = | ) PDC(c. 7)

c>0

= U { (o1, 2) : ||(E,oc)||T > ; for any ged(hy,hz) =1or hihy =0 but h #6 . (7-D
c>0 |h|r
Obviously if @ € PDC(c, t), both 1 and «» belong to DC(c, 7).

Next we will distinguish two different cases: PDC or non-PDC. Roughly speaking, in the PDC setting,
we use bounded remainder sets technique presented in Section 6 and work directly with the 2-dimensional
problem. In the non-PDC but WDC setting, we are able to reduce the 2-dimensional problem to the
1-dimensional problem, which is much easier to analyze.
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Case A: (a1,a2) € PDC(cy, t) for some c¢; > 0. Let’s take the best simultaneous approximation

{(1,n/mu,l2 n/mp)} of (a1, 2). It has the following property.

Lemma 7.1 [Lagarias 1982, Theorem 3.5]. If {1, a1, a2} is linearly independent over Q, then there are

infinitely many ny, such that

My l1,n l2,nx
Mug+1 ling+1 l2ng+1| # 0.
Mu+2 ling+2 12 +2

Now we take r; > 0 such that
4
My, =< =T <Mpy 1.
T
By (2-12), the choice of r; guarantees that for n > ny,

(mupay — 1 p.muotz — Iz ) € By, (0,0),

where

Br(x1,x2) :={y = (y1.»2) € T?: |y1 —x1ll} + [y2 —x2/17 < r}}.

(7-2)

(7-3)

Let {pn,s/qn,s}52, be the continued fraction approximants of (mpoq —11,,)/(mpaz — 12 ;). For each n

choose s, such that

—1
An.sp =T, <qn,s,+1-

By (2-7), the choice of s, guarantees that
muyo1 — 11,
qnssﬂu_pn,snvo € Brk(0,0).
My — Il

By (2-12) and (2-14) we have

< max{|mpuoy — Iy nl, [Mmpaz

l

2
_l <—
2nl} NN T

_o
il
and by (7-2) we have m,, < (4/n)rk_2. Thus

2
—12/2
max (Mp, , Mpy 41, Mpy4+2) < CCO,,rk

We have:

_n 4
Lemma 7.2. For some n € {ny,ny + 1,ng + 2}, we have qn,s,+1 <1y, 2T

Let us postpone the proof of this lemma and finish the proof of Case A first.
Let U be the parallelogram spanned by the two vectors

mpoty — I,
mn(al,az)_(ll,n,ZZ,n) and (qn,snn—ln_[’n,sn’ 0)-

1371%%) _ZZ,n

(7-4)

(7-5)

(7-6)

(7-7)
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By (7-3) and (7-5), U C B3, (0,0). Corollary 6.2 implies
M—1

D v+ jon.y + jaa) = MIU|| < 4mnga s,
Jj=0

for a.e. (x, y). Thus as long as M > 4|m,qn s, |/|U|, we have UjMzgl U —(jai, jas) covers the whole T2
up to a measure zero set. Then

4|mnqn,sn |

7-8
U] (7-8)

M-1
T> < | J Bore(—jor.—joz) for M >
j=0

Now we want to estimate |U|. Since ap € DC(cy, 7), by (2-9) we have

mupoty — 1, c1 1

3

|U| = |mpaz — 120l |gn, —Pnsu| 2T A
" T s — Ly T T mal® 2qn s, +1

Thus by (7-4) and (7-7),

4|mn|Qn,sn < i

N T

1+t —3¢4
|ml’l| qn,spqn,sp+1 = CCo,C],trk .

This means it takes By, (0,0) at most Co, 0, c7; 3% Steps to cover the whole T2.

Proof of Lemma 7.2. We will show it is impossible to have gy s, +1 > rk_ZT4 foralln € {ng,np+1,n;+2}.
In this case by (2-7), (2-12) and (7-2), we have

mpy _ll,n
|Qn,snmnal — Pn,s,Mn02 + M| = |mpos — lZ,nl ‘n,sy 7 — Pn,sy
no2 _12,n
2 2 4
T+1
< <r (7-9)
k E)
v TT \Y, |mn+1|qnssn

Where Mn == pn,snlz,n - qn,snll,n.
We have the following estimates on the upper bounds of p, s, and M;,. Combining (2-9), (7-2), (7-4),
(7-6) with (7-7),

1 2 mpl*
n < An,su |Mn| n r,f
qn,sp+1 cl\/?,/|mn+1|
By (7-9), (7-2), (7-7), (7-4) and (7-10),

mpy _ll,n

4 3
| Prsnl < Gn.s, < Cepererit 2 (7-10)

mpdz _12,n

2 4 _ -3
My | < |qn,s,Mn1 — Pn,s,Mn2| + ”kt < Ceyc1,eTy T (7-11)

Case 1: If py 5, = 0 for some n € {ng,ng + 1, ng + 2}, then by (2-7), (2-12) and (7-1), (2-9),(7-2), (7-7),
we have

2t 1 mpay — 1 n . a V7 Imu1l

3
2 /241
e = =

> CC(),C],‘E k s

4n,s, =
dn,s,+1 mna2_l2,n 2m}

which is a contradiction.
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Case 2: If M,, = 0 for some n € {ny,n; + 1,n; + 2}, then by (7-9), (7-2), (7-10), and the fact that
(o1, 2) € PDC(cy, T), we have

c1|my| ‘2
T = CCOaclaTr]: / ’
max (Pn,s,,» dn,sy,)

4
r;fr > |mul|gn,s, %1 — Pn,s, 2] >

again a contradiction.
Case 3: If pp 5, 70 and M, #0 for any n € {ng,ny +1,nx +2}, thenforany i, j € {ng,nx +1,nx +2},
we have
|(gi,s;miMj —qj,s,m; Mi)ay — (pis;mi Mj — pjs.mj M;)as|

< (qi,s;mioy — pis;mica + Mi) M| +|(qj,s;mjoy — pjs;mjon + Mj)M;]|

4

< (IMi| +[M; )t (7-12)
Case 3.1: (qi,s;mi Mj—qj.s;mjM;, pis;miMj—pjs.m;M;)#(0,0) forsomei, j € {ng,ng+1,ng+2}.
In this case let & = ged(gis;miM; —qj,s,mjM;, pis;miM;— pjs.mjM;) be the greatest common
divisor of the two numbers if they are both nonzero, and & = 1 otherwise. Then by (7-12),

qi,s;miMj —q;.s;mj M, PisimiMj — pj.s;m;j M; (Mi|+ M| 5.4
ay — oy < —————r1;" .
h h h
However on one hand by (7-11),
|Ml| =+ |MJ 43

| 2t 27 2t~
A rgs S(Mil+ MDDt = Cegereril”

On the other hand, by the fact that (1, @2) € PDC(cy, 7) and (7-2), (7-7), (7-10), (7-11),
Gi,simiMj —qj.s;mj M PisimiM; — pjs;mjM;
h - h

a2

Clhr
>
[(qi,s;mi Mj —qj,s;mj Mi, pis;miMj — pjs;mjM;)[®

7t4/4
> CC(),C[,‘Erk >

a contradiction.
Case 3.2: Forany i, j € {ng,n; + 1,n; + 2}
qi.simiMj = qjs;mjM;,

Di,s;mi M :pj,sjij,‘.

Then for n = ng,
pn,Sn _ pn+19sn+l _ pn+2,sn+2

qn,sy dn+1,5541 qn+2,s142

Hence we can let p = pp.s, = Pn+1,sp11 = Pn+2.5p42 A0 ¢ = qn.s, = Gn+1,5,41 = 9n+2,5,4-- Lhen
we have (after plugging in M, = ql1,, — pl2,n)

qmulynr1 —mu+1l1,n) = p(Mpla pt1 —mpy1l2.n), (7-13)
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q(Muplint2 —mni2l1,n) = p(mpla ny2 —mui2la 5), (7-14)
q(Mmpt1lin+2 —Mpt2li,n+1) = p(Mnt1l2n42 —Mpy2l2 n1). (7-15)
Then considering (7-13) - (—/1,n+2) + (7-14) - l1 p41 + (7-15) - (=1 ,n), we get
Mp,  lin,  lang

P Mu+1 ling+1 lng+1|=¢q-0=0,
Mu+2 ling+2 [20+2

a contradiction with the choice of ny. O

Case B: (a1, a2) ¢ PDC(7). By the definition of PDC(t), the sequence En = (h1,n, h2,,) for which (7-1)
fails has to satisty either gcd (h1,,, h2,,) = 1 (Case B.1) or hy ,ha , =0 (Case B.2).

Case B.1: We can find a sequence {n;} such that |ﬁnj| = max (|h1,n;],|h2,n;]) — 00 as j — oo,
ged (h,n;,hon;) = 1 and
1
A1 01 +hopen|T < —=
njl
Without loss of generality, we can assume |hy ;| = |l;nj |. In this case we can take r,; = 1/[h1 5, .

For simplicity we will denote n; by n.

Now that ||hy po1 + Ao ozt < 1/|h1,4|%, we can find [y 4,2, € Z such that |h ,(21 —11,0) +
ha n(oa—12 )| <1/|h1,,|". Since replacing (o1, a2) with (21 +11 5, o2 +12,,) does not change anything,
we will assume |hy 01 + ho pa2| < 1/]h1,,|". Then

%_(_hlﬂ)‘ <! (7-16)

o1 ha.n |hipn|Tor

We consider the following two lines on T?2:

1&:):({:},{2‘{—?}) and b(z):({z},{—Zl’Zr}).

These two lines are close to each other in the sense that for || < |h1, |3’/ 4 by (7-16),

‘{052 } % hl,n } hin |t| 1
e G
o ha

(4%
=4+l < < :

a1 hap \hinlar = |hya|®/ 4y
The graph of [5(t) is the hypotenuse of a right triangle with two legs of lengths |h1 | and |3 5| (mod Z?).
We consider the orbit of (1, —(h1,,/h2,n)o1) under the rotation (o1, —(h1,,/ h2,n)o1). These points lie
on [,(¢). Under this rotation the point moves a distance (v hin + h%,n/lh%n |)a1 at each step by a big
interval with length v/ hin + h%,n. Let {pm/qm};,—, be the continued fraction approximants of oty /h2 .

Choose m such that
gm—1 < | VI3, +h3 0 < dm. (7-17)

Then it would take a point on T at most ¢, + ¢m—1 steps (under the (o1 / h2 ,)-rotation) to enter each
interval of length 1/(|h1,,|V h%’n + h%’n) on T, see, e.g., [Jitomirskaya and Last 2000], which means it

T
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would take a point on /5 (¢) at most ¢, + gm—1 — 1 steps (under the (v/ hin + h%,na1/|h2,n |)-rotation)
to enter each interval of length 1/|h1 ,| = r, on the graph of /(). Moreover, it is easy to see that the
distance from any x € T2 to /5(¢) is bounded by l/vhin + h%’n < ry. Thus

7’c |J B, (kozl, - kozl). (7-18)
k=0 han

By (2-7) and (7-16),

oy o o] o 1 dm—1
-1+ qm-1 = -1—qm-17—+ _1( + )'§—+—_.
pm m hl,n pm m h2,n m h2,n hl,n qdm |h1,n|t 1
This implies, by (2-7) and (7-17),
ha
lgm—101llT < |gm—101 —h2npm—1] < M
qdm
|h1 n| 2
lgm—102|lt < —— + .
" dm |hl,n|r_4

Then by the fact that « € WDC(cg, t/4) and (7-17),

(Ul Val 2
dm ' dm |h1,n|r_4

Co > Co
g/, T2l

> max (|[gm—121lT, [gm-—122]T) >

This implies
21’/4-1-2

Gm + Gm—1 < 2qm < |y |72F1 (7-19)

co
Since
21/4+2

0 < k < |h1,n|r/2+1 < rn—3‘c/4’

co

by (7-16) the points (kay, kaz) and (kay, —(h1,n/ h2.n)ka) differ at most by r,f/4, so we obtain using
(7-18) and (7-19),

—3t/4
n

T2 |J Bar, (ko kas).
k=0

Case B.2: We can find a sequence {n; } such that 5 ,;, =0 and |h} 5, | — oo such that

1h1n;0nllT < T (7-20)
N

For simplicity we will replace n; with n. We can find M, such that |hy ,01 — My| < 1/|h1,|". Let
dy = ged(hy,n, My) be the greatest common divisor. Let Ay, = hy ,/d, and 1\7[n = M, /d,. We have
1

< e —0. (7-21)

o1 —

M,
El,n
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If i 1,n 1s bounded in n, then o1 can be approximated arbitrarily closely by rationals with bounded
denominators, which is impossible. Thus |}; 1,n| = oo. Now take radius r, =1 /|ﬁln| For each
0<i< ﬁl,n — 1 consider {(ic; + kﬁl,nal, iag + kle,naz)}zozo. Let {pm/qm}q—, be the continued
fraction approximants of /11 2. Choose m such that

gm—1 < h1nl =17 < qm. (7-22)

Then it takes any point on T at most ¢, + gm—1 — 1 steps (under the ﬁl,naz—rotation) to enter each
interval of length r,; see, e.g., [Jitomirskaya and Last 2000]. By (2-7),

~ 1
| Pm—1—qm—-1h1na2] < . (7-23)

m

By (7-20), (7-22) and since t > 4, we have

" dm—1 Co
lgm—1h1,n01] < —= < - :
|hinl? (Qm—l|h1,n|)r/4
By the fact that « € WDC(cg, 7/4),

€o

||Qm—1]’~ll,n052” =z — .
(gm—1lh1,a])/*

By (7-23) and (7-22), we have
1 ~
qdm = _CO |h1,n|r/2- (7-24)

Now for 0 <k < gm + gm—1 — 1, by (7-21), (7-20) and (7-24),

- i M C
l'Oll-i-khl’nOll—l~ 1 —Crt/z.

T |h1al? oo

1,n

Since ged (leﬁn, ]\7,,) =1, any interval of length r,, = 1/|ﬁ1,n| contains iMn/ﬁl,n for some 0 <i fﬁl,n—l.

Thus ~
@m~+am—1|h1.nl

T2 C g By, (kay, kay).
k=0

By (7-24), (gm + qm_1)|ﬁl,n| <r, %, so we have

—T

rn
12 ¢ | By, (ker kaz), (7-25)
k=0
completing the proof of Case B.2 and thus of Lemma 3.5. O
Appendix

Proof of Lemma 3.7. For sufficiently small € > 0, fix an integer Hy ~ N/@@=D+1+de) " {efine
g(n) =1/(n(n + 1)) for 1 <n < Hy and g(Ho) = 1/Hy. For (n1,...,ng) € 7% with 1 < n; < Hy,
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)

define f(ny,...,ng) = ]_[l‘-i:lg(ni). By Lemma 2.5, we have

1
Dy(0) <Cy (_+ - Z 2mi(ha)n
0<|h|<Ho r(h)IN

~ (1 1 1 1
< — + = NN
- d(Ho N 0<|£H0 r(h) ||(h,01)||v)
~ (1 1 & !
gty X S 2 ”(h—)
Ny = ﬁ:(hl,...,hd)#a,lhﬂfnj e)lir
~ . . Ho 34 r(n) _>
< d(_+— S fnng) Z )
0 N ni,.e.ng=1
(1 1 &
< d(—+— 3 f(nl,...,nd)r(ﬁ)flogr(ﬁ))
0 N Alyesg=1
_ 1 Hod(r—l-i-e)
=Cq (Fo + T)
< N~V d@E=D+1+de) O
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