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Let @, v be Radon measures on R, with © nonatomic and v doubling, and write u = p, + w, for the
Lebesgue decomposition of p relative to v. For an interval I C R, define o, , (1) := W (us, vr), the
Wasserstein distance of normalised blow-ups of p and v restricted to /. Let S, be the square function

Siwy =Y ok (Dxi,
I1eD
where D is the family of dyadic intervals of side-length at most 1. I prove that S, (w) is finite @, almost
everywhere and infinite u; almost everywhere. I also prove a version of the result for a nondyadic variant
of the square function S, (1). The results answer the simplest “n = d = 1” case of a problem of J. Azzam,
G. David and T. Toro.
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1. Introduction

Wasserstein distance and a-numbers. In this paper, 1 and v are nonzero Radon measures on R. The
measure v is generally assumed to be either dyadically doubling or globally doubling. Dyadically doubling
means that

v(l)y <Cv(l), €D, (1.1)

where D is the standard family of dyadic intervals, and [ is the parent of I, that is, the smallest interval in
D strictly containing /. Globally doubling means that v(B(x, 2r)) < Cv(B(x,r)) for x e Rand r > 0; in
particular, this implies spt v = R. The main example for v is the Lebesgue measure £, and the proofs in this
particular case would differ little from the ones presented below. No a priori homogeneity is assumed of u.
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Definition 1.2 (Wasserstein distance). I will use the following definition of the (first) Wasserstein distance:

[wan-[var

where the sup is taken over all 1-Lipschitz functions ¥ : R — R which are supported on [0, 1]. Such

given two Radon measures vy, v, on [0, 1], set

’

Wi (v, va) :=sup
v

functions will be called test functions. A slightly different— and also quite common — definition would
allow the sup to run over all 1-Lipschitz functions v : [0, 1] — R. To illustrate the difference, let vy = &g
and v, = §;. Then Wy (vy, v2) = 0, but the alternative definition, say Wl, would give \7\/1 (v1,v2) =1. The
main reason for using W, instead of W, in this paper is to comply with the definitions in [Azzam et al.
2016; 2017].

As in the paper [Azzam et al. 2016] of J. Azzam, G. David and T. Toro, I make the following definition:

Definition 1.3 (¢-numbers). Assume that / C R is an interval. Define

o (1) =Wy (uy, vr),

where u; and v; are normalised blow-ups of p and v restricted to /. More precisely, let 7; be the
increasing affine mapping taking 7 to [0, 1], and define

= Trg(uelr) and v e Trz(vlr)
T T

If w(1) =0 (or v(I) =0), define u; =0 (or v; =0).

The quantity defined above is somewhat awkward to work with, as it lacks (see Example 5.2) the
following desirable stability property: if I, J C R are intervals of comparable length, and / C J, then
oy v(I) Sy (J). Chiefly for this reason, I also need to consider the following “smooth” «-numbers;
the definition below is essentially the same as the one given in [Azzam et al. 2017, Section 5]:

Definition 1.4 (smooth a-numbers). Let ¢ :=dist(-, R\ (0, 1)). For an interval I C R, define «;,;, (1) :=
Wi (ig,1, ve,1), where
_ Trs(uelp)

_ _ Tl
“T i en) ‘

and vy s .
Y v(gr)

Here 77 is the map from Definition 1.3, ¢; = ¢ o Ty, and u(p;) = fgo, du. If w(pr) =0 (or v(py) =0),
set ity =0 (or v, 1 =0).

The only difference between the numbers «, ,, (/) and «; ;. (1) is in the normalisation of the measures
wr,@r and wy g, vy p: if I is closed, the measures u;, v; are probability measures on [0, 1], while
Mo, 1([0, 11) = u(I)/m(¢r). The numbers «y ;. (1) enjoy the stability property alluded to above. Moreover,
if either p or v is a doubling, one has o, (1) S o, (I). These facts are contained in Proposition 5.4
(or see [Azzam et al. 2017, Section 5]).

Remark 1.5. The o-numbers were first introduced by X. Tolsa [2009], where he used them to characterise
the uniform rectifiability of Ahlfors—David regular measures in R?. Tolsa’s original definition of the
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a-numbers has a different, asymmetric, normalisation compared to either o, ,, or oy 4, above; see [Tolsa
2009, p. 394].

Main results. Before explaining the results in [Azzam et al. 2016], and their connection to the current
manuscript, I emphasise that that paper treats “n-dimensional” measures in R? for any 1 < n < d. For the
current paper, only the case n = d =1 is relevant. So, to avoid digressing too much, I need to state the
results of [Azzam et al. 2016] in far smaller generality than they deserve.

With this proviso in mind, the main results of [Azzam et al. 2016] imply the following: if u is a
doubling measure on R, and the numbers o, . satisfy a Carleson condition of the form

2r dtd
f / By, 1) LY < (B, ), (1.6)
B(x,2r) J0O t

then p, or at least a large part of w, is absolutely continuous with respect to £, with quantitative upper and
lower bounds on the density. As the authors of [Azzam et al. 2016] point out, the main shortcoming of
their result is that condition (1.6) imposes a hypothesis on the first powers of the numbers «,, ., whereas
evidence suggests (see in that paper Remark 1.6.1, the discussion after Theorem 1.7, and Example 4.6)
that the correct power should be 2. More support for this belief comes from the following “converse”
result [Tolsa 2015, Lemma 2.2]: if w is a finite Borel measure on R then

o dr
/0 &ivﬁ(x, r) <o for L ae. x eR. (1.7)

In particular, if u <« £, then (1.7) holds for i almost every x € R. I should again mention that this is
only the easiest n = d =1 case of Tolsa’s result. Here &, » is a variant of the a-number (in fact the one
discussed in Remark 1.5).

The purpose of this paper is to address the problem of Azzam, David and Toro in the simplest case
n =d = 1. I show that control for the second powers of the o, ,-numbers does guarantee absolute
continuity with respect to Lebesgue measure. In fact, the doubling assumption on p can be dropped, the
Carleson condition (1.6) can be relaxed considerably, and the results remain valid, if £ is replaced by any
doubling measure v. The results below also contain the “converse” statement, analogous to (1.7).

I prove two variants of the main result: one dyadic, and the other nondyadic. Here is the dyadic version:

Theorem 1.8. Let D be the family of dyadic subintervals of [0, 1), and let ., v be Borel probability
measures on [0, 1). Assume that u does not charge the boundaries of intervals in D, and v is dyadically
doubling. Write u = g, + s for the Lebesgue decomposition of u relative to v, where p, < v and
s L v. Finally, let Sp_,,(10) be the square function

Spu(w) =Y ab (D

I€D
Then,

(a) S,(w) is finite u, almost surely, and

(b) S, () is infinite s almost surely.
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In particular,

Zai’v(l)u(l)<oo = u<Kv.
1D

Heuristically, this corresponds to assuming (1.6) at the scale r = 1, but I could not find a way to reduce
the continuous problem to the dyadic one; on the other hand, a reduction in the other direction does not
appear straightforward either, so perhaps one needs to treat the cases separately. A caveat of the dyadic
set-up is the “nonatomicity” hypothesis on w. It cannot be dispensed with: for instance, if u =, for
any x € [0, 1), which only belongs to the interiors of finitely many dyadic intervals, then Sp (1) is
uniformly bounded (for instance Sp »(80) =0), but L L.

Here is the nondyadic version of the main theorem:

Theorem 1.9. Assume that ju, v are Radon measures, and v is globally doubling. Write u = i, + s, as
in Theorem 1.8. Let S, be the square function

1
S2() () = fo @2, (B rem

defined via the smooth a-numbers o, . Then,
(a) S, (w) is finite w, almost surely, and
(b) S, () is infinite g almost surely.

Recall that o, (B(x, ) S oy, v (B(x, r)) whenever v is doubling, such as v = £; see Proposition 5.4.
So, Theorem 1.9 has the following corollary:

Corollary 1.10. Assume that ju, v are Radon measures, and v is globally doubling. If

1
/ a, ,(B(x, 1)) % <00 (1.11)
0

for u almost every x € R, then u < v.
The following question remains open:

Question 1. In the setting of Theorem 1.9 and Corollary 1.10, is the square function in (1.11) finite
Wq almost everywhere?

The difficulties arise from the nonstability of the numbers o, ,. See [Azzam et al. 2017, Section 5],
and in particular Lemma 5.3 of that paper, for related discussion.

Assuming the full Carleson condition (1.6), and that w is globally doubling, the authors of [Azzam
et al. 2016] prove something more quantitative than p < £; see in particular Theorem 1.9 of that paper.
The same ought to be true for the second powers of the a-numbers, and indeed the following result can
be easily deduced with the method of the current paper:

Theorem 1.12. Assume that |1, v are Borel probability measures on [0, 1), both dyadically doubling, and
assume that the Carleson condition

Y o2 (Du) = Cp(J), JeD, (1.13)
IcJ
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holds for some C > 1. Then | belongs to AoDo(v), the dyadic Ay class relative to v. Similarly, if u, v
are Radon measures on R, both globally doubling, and the Carleson condition (1.6) holds for the second
powers aﬁ,U(B(y, 1)), then u € Ao (V).

The a priori doubling assumptions cannot be omitted (that is, they are not implied by the Carleson
condition): Just consider u = 2xj9,1/2) dL£. It is clear that the Carleson condition (1.13) holds for the
numbers ai, (1), but nevertheless u ¢ AODO(£|[0,1]).

Outline of the paper, and the main steps of the proofs. The main substance of the paper is proving the
dyadic result, Theorem 1.8, and in particular part (b). This work takes up Sections 2-4. The proof of
part (a) is simpler, and closely follows a previous argument of Tolsa— namely the one used to prove (1.7).
The details (both in the dyadic and continuous settings) are given in Section 6. Modifications required to
prove part (b) of the “continuous” Theorem 1.9 are outlined in Section 5.

The proof of Theorem 1.8(b) has three main steps. First, the numbers «,, , (/) are used to control
something analyst-friendlier, namely the dyadic variants

ALy RO v

ud)y v |
Here 1_ stands for the left half of /. This would be simple, if x[o,1,2) happened to be one of the admissible
test functions v in the definition of Wj. It is not, however, and in fact there seems to be no direct (and

(1.14)

sufficiently efficient) way to control A, (1) by «,, (1), or even «,, ,(31). However, it turns out that the
numbers are equivalent at the level of certain Carleson sums over trees; proving this statement is the main
content of Section 2.

The numbers A, , (1) are well-known quantities: they are the (absolute values of the) coefficients in
an orthogonal representation of p in terms of v-adapted Haar functions, and it is known that they can be
used to characterise A.,. The following theorem is due to S. Buckley [1993]:

Theorem 1.15 [Buckley 1993, Theorem 2.2(iii)]. Let u, v be dyadically doubling Borel probability
measures on [0, 1]. Then u € A?O(v) if and only if

S A2 (D) <Cull), JeD. (1.16)
IcJ
The result in [Buckley 1993] is only stated for v = L|[o,1}, but the proof works in the greater generality.
Note the similarity between the Carleson conditions (1.16) and (1.13): The dyadic part of Theorem 1.12 is,
in fact, nothing but a corollary of Buckley’s result, assuming that one knows how to control the numbers
A, »(I) by the numbers «,, , (1) at the level of Carleson sums; consequently, the short proof of this half
of Theorem 1.12 can be found in Section 2. The continuous version is discussed briefly in Remark 5.19.
Buckley’s result is not applicable for Theorem 1.8: the measure p is not dyadically doubling, and
the information available is much weaker than the Carleson condition (1.13). Handling these issues
constitutes the remaining two steps in the proof: all dyadic intervals are split into trees, where p is
“tree-doubling” (Section 4), and the absolute continuity of p with respect to v is studied in each tree
separately (Section 3).
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2. Comparison of ¢-numbers and A-numbers

In this section, p and v are Borel probability measures on [0, 1), u does not charge the boundaries of
dyadic intervals, and v is dyadically doubling inside [0, 1):

v(I) < D), 1eD\{0, 1)}

This implies, in particular, that v(/) > 0 for all / € D with I C [0, 1). The main task of the section is to
bound the numbers A, ,(I) by the numbers «,, , (1), where A, ,(I) is the quantity

u-)  v(-)
=\[ xo12drnr— | xo12dvi

A,u,v(l) = |7 —
The task would be trivial if xo,1/2) were a 1-Lipschitz function vanishing at the boundary of [0, 1]. It is

p()  vl)

not: in fact, the difference between A, ,, (/) and «y, ,, (/) can be rather large for a given interval I.

Example 2.1. If Vv = 51/2_1/,1 and V) = 81/2_,.1/,,, then Avl,vz([(), 1)) =1, but 011)171,2([0, 1)) 5 l/n. These
measures do not satisfy the assumptions of the section, so consider also the following example. Let
u = fdL, where f takes the value 1 everywhere, except in the 27"-neighbourhood of % Let f = % on
the interval [ —27", 1], and f = 2 on the interval (1, 1 +27"]. Then p is a dyadically 4-doubling
probability measure on [0, 1], A, £([0, 1)) ~27", and o, ([0, 1)) ~ 272,

Fortunately, “pointwise” estimates between A, , (/) and «,, , (/) are not really needed in this paper,
and it turns out that certain sums of these numbers are comparable, up to a manageable error. To state
such results, I need to introduce some terminology. A family C C D of dyadic intervals is called coherent
if the implication

Q,ReCand QCPCR = PeC

holds for all Q, P, R € D.

Definition 2.2 (trees, leaves, boundary). A free 7 C D is any coherent family of dyadic intervals with a
unique largest interval, Top(7") € 7, and with the property that

card(ch(I)NT) e (0,2}, [Te€T.

For the tree 7, define the set family Leaves(7 ) to consist of the minimal intervals in 7, in other words
those I € T with card(ch(/) N 7T) = 0. Abusing notation, I often write Leaves(7 ) also for the set
J{I : I € Leaves(T)}. Finally, define the boundary of the tree 37T by

oT :=Top(T) \ Leaves(7).

Then x € 97 if and only if x € Top(7") and all intervals I € D with x € I C Top(7") are contained 7.

Definition 2.3 ((7, D)-doubling measures). A Borel probability measure w on [0, 1] is called (7, D)-
doubling if
u(l) < Du(l), 1 eT\Top(T).

Here is the main result of this section:
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Proposition 2.4. Let 1, v be measures satisfying the assumptions of the section, and let T C D be a tree.
Moreover, assume that  is (T, D)-doubling for some constant D > 1. Then

Y AL (D) Spp Y. ok (D) + pu(Top(T)).
IeT IeT \Leaves(T)

The “dyadic part” of Theorem 1.12 is an immediate corollary:

Proof of Theorem 1.12, dyadic part. By hypothesis, both measures @ and v are (D, C)-doubling. Hence,
by the Carleson condition (1.13), and Proposition 2.4 applied to the trees 7; :={I € D: I C J}, one has

YL (D) Se Y ek (Du(h) +pl) S pd).

IcJ IcJ
This is precisely the condition in Buckley’s result, Theorem 1.15, so i € AL (v). O

I then begin the proof of Proposition 2.4. It would, in fact, suffice to assume that v is also just
(T, D,)-doubling, but checking this would result in some unnecessary book-keeping below. The proof is
based on the observation that x(o,1/2) can be written as a series of Lipschitz functions, each supported on
subintervals of [0, 1]. This motivates the following considerations.

Assume that

U=y, := Z ¥
j=0
is a bounded function such that each v;: R — [0, 00) is an L;-Lipschitz function supported on some
interval I; € D;. Assume moreover that the intervals /; are nested: [0, 1) D Iy D I D ---. Then, as a first
step in proving Proposition 2.4, I claim that

‘/\Ddu—/\de

) N 1
=D PSR ATII AR Z( / Wt dv) AT + 20 Wlloopt (In11) - (2.5)
k=0 k=0

v(Jkt1)

for any N € {0, 1, ..., oo}, where

W= W, m=0.

Jj=k

For N = oo, the symbol “Iy” should be interpreted as the intersection of all the intervals ;. I will first
verify that, for any m > 0,

‘ : /\Dmdu— : /\Ilmdv
wu( L) v(ly)

L, 1
< 2—mau,v(1m)+< f W dv) Ay ()

V(Im-‘r])
w(ly)| 1 f 1 /
V1 dp— W, 1dv
1w(ln) | (i) O ) !

from which it will be easy to derive (2.5). If w(Z,,) = 0, the corresponding term should be interpreted as
“0” (recall that v([,,) is never zero by the doubling assumption). The proof of (2.6) is straightforward.

, (2.6)
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First, note that since ¥, : R — R is an L,,-Lipschitz function supported on I,,,, and |I,,| =27, one has

1 1
‘M(Im) /w’”d“_ v(lm)f‘”’"d”‘ = V‘ﬁmOTz;ldmm—/wmor,;ldv,m

(The mappings 7; are familiar from Definition 1.3). This gives rise to the first term in (2.6). What remains
is bounded by

L
< Z_Znnau,v(lm)-

1 / 1 / w(Lny1) 1 f 1 /
W, 1du — Y, 1dv| < W, 1du— v, 1dv
‘u(lw TS ) T 1) | wen ] TGy ) T
1 I, I,
+( /\Ildev)‘M( +1)_V( +1) '
V(Im-i-l) M(Im) V(Im)
This is (2.6), observing that
I, I,
Aﬂ,v(lm):‘u( +1)_V( +1)’
(L) V(1)

since either I,,11 = (I,)+ or 1,41 = (I,)—, and both possibilities give the same number A ,(1,).
Finally, (2.5) is obtained by repeated application of (2.6). By induction, one can check that N iterations
of (2.6) (starting from m = 0, and recalling that u, v are probability measures on [0, 1)) leads to

‘/\lldu—/llfdv

N N
Ly 1
< gyau,v(lk)u(lk) +g(v(1k+1) /wk+1 dv) A (IO ()

1 / 1
— [ Wy dp— f\p dv
(e ) N v(Iven ) M

This gives (2.5) immediately, observing that | Wy +1lco < |V ] oo-

+ u(In+1) - (@27

Now, it is time to specify the functions ;. I first define a hands-on Whitney decomposition for (0, %)
Pick a small parameter t > 0, to be specified later, and let Uy := [‘C, %—r). Then, set U_; :=[727%, r27F+1)
and Uy := % —U_y for k > 1. Let {4 }xez be a partition of unity subordinate to slightly enlarged versions

of the sets Uy, k € Z. By this, I first mean that each y is nonnegative and L-Lipschitz with

C 2
k=< . (2.8)
T
Second, the supports of the functions i should satisfy ¥y C [%‘L’ % — %‘L’)
spty_ C [(37)27%, 2027 € (0, 2027F) and  yy € 4 —(0,2727FF
for k > 1. Third,
Z Yk = X0.1/2)-
kez
LetW™ =),  V_r+ %‘ﬂo and W =% yi+ %WO- Then
Auw([0, 1)) < /\1/— d,u—/\l!‘ dv +‘/lll+du—/lll+dv ) (2.9
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This is the only place in the paper where the assumption of u not charging the boundaries of dyadic
intervals is used (however, the estimate (2.9) will eventually be applied to all the measures p;, I € D, so
the full strength of the hypothesis is needed). The function W~ is precisely of the form treated above with
I; :=0, 277), since clearly spt ¥ C I;. Applying the inequality (2.5) with any Ny € {0, 1, ..., oo} yields

‘deu—/de

N Ny
L_ 1 -
ngo: _2kkaM,v(Ik)M(Ik)+kE:O<v(Ik+l)/‘ljk-:,-l dV>Au,u(1k)M(1k)+2M(1N1+1)- (2.10)

Next, observe that each function W, , k > 0, is bounded by 1 and vanishes outside

k+1°

o.¢]

J sptv—e (0, 27275),

j=k+1
It follows that
v((O 272" k))
v<1k+1) i1 @ vl

where the implicit constants only depend on the dyadic doubling constant D,, of v. In the sequel, I assume

p, (1),

that 7 is so small that op, (t) <k, where « > 0 is another small constant, which will eventually depend
on the (7, D)-doubling constant D for p. Recalling also (2.8), the estimate (2.10) then becomes

Ny

<= Z“u VU +6 Y Ay Tp) +2u(y ). (211

|/\D_d,u— \IJ dv
k=0

The last term simply vanishes if Ny = oo, because 1 ({0}) = 0. A heuristic point to observe is that the
left-hand side is roughly A, , ([0, 1]); the right-hand side also contains the same term, but multiplied
by a small constant ¥ > 0. This gain is “paid for” by the large constant C/z.

Next, the estimate is replicated for W'. This time, the inequality (2.5) is applied to the sequence
fo =[0, 1), I = [O, %), L= (f1)+, and in general fk+1 = (fk)+ for k > 1 (here J is the right half of J).
Then, if 7 is small enough, it is again clear that spt yx C I. Thus, by inequality (2.5),

‘/qﬁdu—/wwv

< Z SenTond) + Z(

/ v du) AT ) +2un, 1) (2.12)
v(Iis1)

for any N> > 0. As before, the term 1 (Iy,) vanishes for Ny = 0o (because 1({1}) =0), and one can
ensure

1/
— | v dv<k
V(1) o
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/\, I

Tail, — = I_
\_/_)
\% |
\‘— —_— (I_)2+

—_15_ Tlp I

.~

Figure 1. An example of Tail; (4, 1) and Tip;.

by choosing 7 = t(D,) > 0 small enough. Consequently (recalling (2.9)), (2.11) and (2.12) together
imply

A0, D) < %I;_lau,vam(l) +x 1;-1 Ao (D) + 20U 1) + 21 Unpr). - (2.13)
€lal clal

Here Tail is the collection of all the intervals Iy, ..., Iy, and fo, R I, N,- The intervals [0, 1) and [0, %)
arise a total of two times from (2.11) and (2.12), but this has no visible impact on the end result, (2.13).
The estimate (2.13) generalises in a simple way to other intervals I € D, besides I =[0, 1), but requires an
additional piece of notation. Let I € D, and write Io— := I =: Ip4. For k > 1, define I;_ := (/(x—1)—)— and
I+ = ({k—1)+)+. Now, for a fixed dyadic interval I C [0, 1), and Ny, N > 0, let Tail; = Tail; (N1, N2)
be the collection of subintervals of 7, which includes I;_ for all 0 <k < N and (/)4 for all 0 <k < Ny;
see Figure 1. Then, the generalisation of (2.13) reads

B r) = S 3 auuDr@ +x Y. A +2u(Tip)), (2.14)
J eTaily J eTail;
where Tip; = Iy, +1)— U (1) (ny+1)+- If N1 < 00 and N, = oo, for instance, then Tip; = I(ny,+1)—. The
proof is nothing but an application of (2.13) to the measures p; and v;. For minor technical reasons, I
also wish to allow the choice Ny = 0 and N, = —1: by definition, this choice means that Tail; = {/} and
Tip,; := I_. It is easy to see that (2.14) remains valid in this case, with “2” replaced by “4” (for I =[O0, 1),
this follows by applying (2.11) and (2.12) with the choices N =0 = N>).
Now, the table is set to prove Proposition 2.4, which I recall here:

Proposition 2.4. Let ., v be measures satisfying the assumptions of the section, and let T C D be a tree.
Moreover, assume that u is (T, D)-doubling for some constant D > 1. Then

YoAL (Du) Spp Y. o (D) + p(Top(T)).
1T IeT \Leaves(T)

Proof. The sum over I € Leaves(7) is evidently bounded by 4 (Top(7")), so it suffices to consider
I € T\Leaves(T)=:7". (2.15)

Let I € T, and define the number Ny = N (/) > 0 as the smallest index such that /(y, +1)— € Leaves(7). If
no such index exists, set Ny =oc. If I_ € Leaves(7 ), then N; =0, and I define N, = —1: then Tail; :={[},
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and Tip,; :=1_. Otherwise, if I_ € 7, let N, > 0 be the smallest index such that (/_)y,+1)+ € Leaves(T).
If no such index exists, let No = oo. Now Tail; C 7~ and Tip; C Leaves(7") are defined as after (2.14).
Start by the following combination of (2.14) and Cauchy—Schwarz:

1
Ai,mmu)zsf—z( > ai,vumufﬂ)( > M(J)1/2>
J eTail;

J eTaily
K2< > Ai,Uumufﬂ)( > M(J)1/2)+M(Tipz)2- (2.16)
J €Tail;

JGT}lﬂ[

The factors ) JeTail; w(J)Y/? are under control, thanks to the (7, D)-doubling hypothesis on w, and
the fact that Tail; C 7. Since Tail; consists of two “branches” of nested intervals inside I, and the
(T, D)-doubling hypothesis implies that the p-measures of intervals decay geometrically along these
branches, one arrives at
> wHY Sp ',
JeTail;
Thus, by (2.16),

M(J)3/2 Y a2 (J)M(J)3/2 1(Tip,)*

1
2 < 2
Ay (D) Sp 3 Z O‘M,U(J) w12 w(l)

J eTail;

2.17)
J €Tail;

The constant k¥ > 0 will have to be chosen so small, eventually, that its product with the implicit constants
above is notably less than 1. From now on, the precise restriction J € Tail; can be replaced by the
conditions J € 7~ and J C . With this in mind, observe first that

2 pu(J)? 2 3/2
Yo () P = Y (D) Y (1)]/2 <p > ok (D).

IeT~ JeT~ JeT~ I1eT~ JeT~
Jcli I1DJ

The final inequality uses, again, the geometric decay of p-measures of intervals in 7. A similar estimate
can be performed for the second term in (2.17). As for the third term,

Z u(Tip,)? < Z w Ny +1)=) + 1 (1) Ny 1)+)?

IeT— M(I) IeT— 'u(I)
S D )] ﬁ <p u(Leaves(T)),
JeLeaves(T) 115377

relying once more on the geometric decay of u in 7. Combining all the estimates gives

> AL (D) Sp Z o ,(Du() +1 Y AL (D) + p(Leaves(T)). (2.18)

I1eT— IeT— I1eT~

If the left-hand side is a priori finite, the proof of Proposition 2.4 is now completed by choosing « small
enough, depending on D. If not, consider any finite subtree 7; C 7 with Top(7;) = Top(7"). Then, the
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proof above gives (2.18) with 7; in place of 7. Hence
Yo Az (hu) Sp Y. e (D) + u(Top(T)).
167;_ 167;_

where the constants do not depend on the choice of 7;. Now the proposition follows by letting 7; /7. U

3. Absolute continuity of tree-adapted measures

Recall the concepts of tree, leaves and boundaries from Definition 2.2, and the notion of (7, D)-doubling
measures from Definition 2.3. In the present section, I assume that 7 C D is a tree, and u, v are two
finite Borel measures, which satisfy the following two assumptions:

(A) min{u(Top(T)), v(Top(T))} > 0.
(B) w, v are (7T, D)-doubling for some constant D > 1.

In particular, the assumptions imply
u(d)>0 and v(I)>0, I€eT.

For reasons to become apparent soon, I define the (7, u)-adaptation of v,

Vv
v =l + E =) ulr,
IeLeaves(T)

where (v/u)(I) :=v(l)/u(l). Note that

vr()=v(), [€T, (3.1)
because 97 is disjoint from the leaves, which are also pairwise disjoint. In particular, v (Top(7)) =
v(Top(7)). The main result of the section is the following:
Proposition 3.2. Assume (A) and (B), and that

> ALLDu) <.
IeT \Leaves(T)
Then wltop(T) K v7. In particular ]y <K v.

Remark 3.3. By the definition of v, it is obvious that p|icaves¢7) < V7. So, the main point of
Proposition 3.2 is to show that u|y7 << (v)laT = v]aT-

Since w(Top(7)) > 0 and v(Top(7)) > 0, one may assume without loss of generality that
u(Top(T)) =1 = v(Top(T)).

The proof of Proposition 3.2 is based on a “product representation” for v, relative to u, in the spirit of
[Fefferman et al. 1991, Theorem 3.22] of Fefferman, Kenig and Pipher. Recall that every interval / € D
has exactly two children: /_ and 7. Define the p-adapted Haar functions

Wy :=cfxi, —cyxi., 1 €T\Leaves(T),
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where
) IT0))
¢ = and ¢, ;=
(i)

Doy

This ensures that fh’; du =0 for I € T\ Leaves(7). Note that u(/4), u(I-) > 0, because I, I_ € T.
Now, the plan is to define coefficients a; € R, for J € T \ Leaves(7 ), so that the following requirement
is met:

[[a+an)@) = ﬁ(]), xeleT. (3.4)

J2I
JeT

The left-hand side of (3.4) is certainly constant on /, so the equation has some hope; if / =Top(7 ), then the
product is empty, and the right-hand side of (3.4) equals 1 by the assumption u(Top(7)) =v(Top(7)) =1.
Now, assume that (3.4) holds for some interval / € 7\ Leaves(7). Then I_, I, € T, so if (3.4) is supposed
to hold for 7_, one has

()= [ a+am) = =crap [ +asht) =0 =cran=), (3.5)
H J2I J2I H
JeT JeT
and similarly
() = (1 +cfan—). (3.6)
2 Iz

From (3.5) one solves
gy = WD =) pd) ()
(v/myey udy v’

(3.7)

and (3.6) gives
_ /) = /) vy pdy) (3.8)
/W) v(I)  opd) '
Using that u(I-)/u(l) =1 — u(l4+)/ () (and three other similar formulae), it is easy to see that the

numbers on the right-hand sides of (3.7) and (3.8) agree. So, a; can be defined consistently, and (3.4)

holds for 1, I_ € T. Moreover, the formulae for a; look quite familiar:
Observation 1. |a;| = A, , () for I € T \ Leaves(T).

Now that the coefficients a; have been successfully defined for I € 7 \ Leaves(7 ), let g be the (at the
moment) formal series

g = > ahjx).

IeT \Leaves(T)

Since the Haar functions h’; are orthogonal in L% (1), and satisfy

/(h‘;)2 du < max{c;r, c,_}z,u(l) <D*ul), Ic€ T \ Leaves(T),

one arrives at

lglioy = 2. A DIk}, <D Y AL (Dud) < oo,
IeT \Leaves(T) IeT \Leaves(T)
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by the assumption in Proposition 3.2. This means that the sequence

gy = Z arh’

IeT \Leaves(T)
[1|>2—N
converges in L?(u). In particular, one can pick a subsequence (gn;)jen Which converges pointwise
w almost everywhere (in fact, the entire sequence converges by basic martingale theory, but this is not
needed). Now, recall that the goal was to prove that u|top7) < v To this end, one has to verify that

liminf 2 (1) < 00 (3.9)
I—x v

at ;o almost every x € Top(7). This is clear for x € Leaves(7), since the ratios u(/)/vr(I), I > x, are
eventually constant. So, it suffices to prove (3.9) at n almost every point x € d7. Fix a point x € 97 with
the properties that sequence (g, (x));jen converges, and also

Y ag= > AL <o (3.10)
xeJeT xeJeT
These properties hold at ¢ almost every x € 97. Let I € D be so small that x € I € T, and note that

v v
log ——(I) =log —(I) =log [ [ (1 +ash;(x) = Y log(l +ash; x)).
K H J2I J2I
JeT JeT
Now, the plan is to use the estimate log(1 +1¢) >t — Cst2, which is valid as long as t > 6 — 1 for some
8 > 0. Observe that ayh; (x) € {—c;ay, c}fa,}, where

__/mwu) f_wUy 1

1
>——1 and ayc

—ayer =) A i EAy [ (3.11)
T w/m) C T w/m) C
Consequently, for x € I € T with |1| =27, one has
v
log —(I) = Y " ashlj(x) = C" Y (ash(x))* = gn,(x) = C'D* Y aj, (3.12)
K J2I J2I xeJeT

JeT JeT
where C’ <p 1 only depends on the constant C in (3.11). Since the sequence (gn;(x))jen converges and
(3.10) holds, the right-hand side of (3.12) has a uniform lower bound —M (x) > —oo. This implies

limsup 2L (1) > exp(—M (x)) > 0,

I—x

which gives (3.9) at x. The proof of Proposition 3.2 is complete.

4. Proof of Theorem 1.8(b)

In this section, Theorem 1.8(b) is proved via a simple tree construction, coupled with Propositions 2.4
and 3.2. Recall the statement of Theorem 1.8(b):
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Theorem 4.1. Assume that ., v are Borel probability measures on [0, 1), i does not charge the bound-
aries of dyadic intervals, and v is dyadically doubling. Write ;1 = p, + s for the Lebesgue decomposition
of u relative to v, and let Sp (1) be the square function

Spow = al (D
1eD

Then, Sp., (1) is infinite (g almost surely.

An equivalent statement is that the restriction of u to the set
Gi={x€l0,1): Sp,(W)(x) < oo}

is absolutely continuous with respect to v; this is the formulation proven below. For the rest of the section,
fix the measures u, v as in the statement above, and let D be the doubling constant of v. I record a simple
lemma, which says that the doubling of v implies the doubling of u on intervals, where the o-number is
small enough.

Lemma 4.2. There are constants € > 0 and C > 1, depending only on D, such that the following holds.
For every interval I € D, if oy, ,(I) < €, then

p(l) = Cminfu(l-), u(ly)}. (4.3)

Proof. Let I__ C I_ and 14 C I; be intervals which lie at distance > %ll | from the boundaries of 7_
and I, respectively, and have length %|I |. Let ¥_ and ¥, : R — [0, 1] be (C’/|I])-Lipschitz functions
which equal 1 on /__ and I, 4, respectively, and are supported on /_ and /.. Then

M > L/w du > L/,/, dv—C’aM o) > vd—-) _c’% W(D),
u) = pl) —v() ’ - () ’

and the analogous inequality holds for p(/1)/u(l). The ratio v(I__)/v(I) is at least 1/D3, so if
o, (1) <1/(2C'D3) =: €, then both p(I-) > [1/(2D*1u(I) and u(Iy) > [1/(2D*)1u(I). This gives
(4.3) with C =2D>, O

In particular, if 7 is a tree, and o, , (/) < € for all I € 7 \ Leaves(7 ), then u is (7, C)-doubling. I
will now describe how such trees 7; C D are constructed, starting with 7p. Let [0, 1) = Top(7p), and
assume that some interval 7 is in 7y. If

Y ol (=€, (4.4)
I1cJclo,1)

add I to Leaves(7g). The children /_ and I become the tops of new trees. If (4.4) fails, add I_
and I to 7y. The construction of 7y is now complete. If a new top 7; was created in the process of
constructing 7y, and ©(7;) > 0, construct a new tree 7; with Top(7;) = 7; by repeating the algorithm
above, only replacing [0, 1) by T; in the stopping criterion (4.4). Continue this process until all intervals
in D belong to some tree, or all remaining tops 7; satisfy w(7;) = 0. For all tops T; with u(T;) =0,
simply define 7; := {I € D : I C T;}, so there is no further stopping inside 7;.



984 TUOMAS ORPONEN

Remark 4.5. Let 7 be one of the trees constructed above, with u(Top(7)) > 0. Then u is (7, C)-
doubling by Lemma 4.2, since it is clear that «,, , (/) < € for all I € 7\ Leaves(7"). In particular (/) >0
forall I € 7.

The following observation is now rather immediate from the definitions:

Lemma 4.6. Assume that Ty, ..., Ty—1 are distinct trees such that x € Leaves(T;) forall0 < j < N — 1.
Then

Sp,(W)(x) = €*N.

Proof. For 0 < j < N — 1, let I; € Leaves(7;) with x € I;. Then

N—-1
Sp,@ =Y > ap ()= €N,

Jj=0 1;CJCTop(T;)

as claimed. O

It follows that v almost every point in G = {x € [0, 1) : S, () (x) < oo} belongs to Leaves(7;) for
only finitely many trees 7;. This is equivalent to saying that x almost every point in G belongs to 97 for
some tree 7. The converse is also true: if x belongs to 7 for some tree 7, then clearly S, () (x) < oo.

wo= > wular.

trees 7

Consequently

To prove Theorem 4.1, it now suffices to show that w|37 <« v for every tree 7. This is clear, if
w(Top(T)) =0, so I exclude the trivial case to begin with. In the opposite case, note that

Yo e, ()= / Yo ep (Dxi(x) dux < € pu(Top(T)). (4.7)
IeT \Leaves(T) IeT \Leaves(T)

It then follows from Proposition 2.4 that
> AL (Dud) S u(Top(T)) < oo,
IeT

and the claim p|37 < v is finally a consequence of Proposition 3.2. The proof of Theorem 1.8(b) is
complete.

5. The nondyadic square function

This section contains the proof of Theorem 1.9(b). The argument naturally contains many similarities to
the one given above. The main novelty is that one needs to work with the smooth a-numbers, introduced
in Definition 1.4 (or [Azzam et al. 2016, Section 5]).
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Smooth o-numbers, and their properties. 1 recall the definition of the smooth o-numbers:

Definition 5.1 (smooth a-numbers). Write ¢(x) = dist(x, R\ (0, 1)). For an interval I C R, define
o, v (1) :=Wi (g, 1, vy, 1), Where

_ Trg(uln)

L= _ 0l
v 1(9r) ‘

vigr)

and v, ;

Here ¢; = ¢ o T, and u(p;) = fgo, dp. If p(er) =0 set wy; =0, and if v(gr) =0, set vy, ; = 0.
Unwrapping the definition, if @ (¢;), v(¢;) > 0, then

1 1 /w i
(e} vV
v(gr) !

m(er)

pW) v
wler)  vigr)

’

f‘/fOTIdM_

= sup‘

as,u,v(l) = sup
14 14

where the sup is taken over test functions .

Recall that the main reason to prefer the smooth a-numbers over the ones from Definition 1.3 is the
following stability property: if I C J are intervals of comparable length, then oy, (1) S o 40 (J),
whenever either u or v is doubling. This fact is essentially [Azzam et al. 2017, Lemma 5.2], but I include
a proof in Proposition 5.4 for completeness. Similar stability is not true for the numbers «,, , (1) and
a,.v(J), even for very nice measures p and v, as the following example demonstrates:

Example 5.2. Fix n € N, and let [" := [ —27", 1] and I7 := (1, 1 +27"]. Let 1 be the same measure
as in Example 2.1:

M= Xr\(1"uIr) + %Xlﬁ + %Xli-
Let v = L. It is clear that both i and v are doubling, with constants independent of n. It is also easy
to check that o, , (1) S 272" for any interval I with length [/]| ~ 1 such that /" U Il C I (this implies
u(l)=v(I)). However, O(M,v([o, %]) ~ 27" because V[0,1/2) = X[0,1]> while

o I 2"
=11 -+ =1 _ol-n 1]
10,1/2] ( + 1_2_n)X[0,1—21 )+ 2( T _2_,,))([1 21 1]

So, for instance, it is clear that no inequality of the form «,, , ([O, %]) Sayv([—1, 1]) can hold.

Without any doubling assumptions, even the smooth o-numbers can behave badly:
Example 5.3. Let 1=4 2, and v=(1—€)-8) 24 +€-814. Thena ., ([—1, 1)) ~e€, but ey, ([0, 3]) ~ L.
Proposition 5.4 (basic properties of the smooth o-numbers). Let i, v be two Radon measures on R, and
let I C R be an interval. Then
20, (1)
v (@)

Moreover, if v is doubling with constant D, the following holds: if I C J C R are intervals with |1| > 0|J |
for some 6 > 0, then

as,u,v(l)fz and Ols,,u,v(l)f

as,u,v(l) ,SD,Q O[s,,u,v(‘])- (5.5)



986 TUOMAS ORPONEN

Proof. For the duration of the proof, fix an interval / C R with u(p;), v(pr) > 0. The cases where
u(@r) =0or v(pr) =0 always require a little case chase, which I omit. Recall that ¢ = o, 17 dist( -, {0, 1}).
Note that any 1-Lipschitz function ¥ : R — R supported on [0, 1] must satisfy || < ¢. Consequently
|Yrr| < ¢ for any interval I, and so

<2.

O‘s,,u,v(l) <sup

[M(Ilﬁll) n v(|w1|>}
v

w(er) v(er)

This proves the first inequality. For the second inequality, one may assume that «, ,, (1) > 0, since otherwise
Mlint7 = cVl]ines for some constant ¢ > 0, and this also gives o , , (/) = 0. After this observation, it
is easy to reduce to the case u(p;) > 0 and v(¢;) > 0. Fix a test function ¥. Using that u;(|¥]) =
u(r /) < uler)/u(l) = ni(p), one obtains

‘M(WI) _ YW _ ‘Ml(lﬂ) v ‘MI(W)VI(QD) — (i)

wlen  vien | wile)  vile)| wi(@)vi(p)
wr(v D) wi(p) 20,,(1)
_mrry — 4 — Ry
S @@ [r (@) —vi()l @)1 (@) () —vi(P)| < 01 @)

To prove the final claim, start with the following estimate for a test function :
‘M(tﬁz) _ v _vle) | pWn v | k(YD vies) | nlen  vien
nler)  vien | = vign [nles)  vien) |  wlen vien |ules)  vigs)

Then, recall that w(|v;|) < u(e;). Further, it follows from the doubling of v that v(¢;) Sp.g v(¢r).
Finally, notice that ¥; = (Y70 T; ') o T; and ¢; = (¢; 0 T; ') o T, where both

Yo TJ_1 and ¢jo TJ_1

are (|J|/|1])-Lipschitz functions supported on 7; (/) C [0, 1]. Consequently,
HM(%) V() ‘ wuler)  vier) } o, (J)
max — , — < ,
ules)  vipn)| |u(ps)  vips) 0
and the estimate (5.5) follows. Il

Proof of Theorem 1.9(b). In this section, v is a globally doubling measure with constant D > 1, say. As
in Section 4, it suffices to show that |G < v, where

G:={x:85u)(x) < oo}
Write
as uv(J)=a(), JCR.

Assume without loss of generality (or translate both measures i and v slightly) that ¢« (d7) = 0 for all
I € D. Also without loss of generality, one may assume that spt i C (0, 1): the reason is that the finiteness
S, (n)(x) is equivalent to the finiteness of S, (|y)(x) for all x € U, whenever U C R is open. So, it
suffices to prove u|yng < v for any bounded open set U. Whenever I write D in the sequel, I only mean
the family {/ e D: I C [0, 1)}.
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I start with some standard discretisation arguments. For each / € D, associate a somewhat larger
interval By D I as follows. First, for x € spt 4 and k € N, choose a radius r, y > 0 such that
a(B(x,ryp)) <2infla(B(x,r)): 1.1-27% 1 <r <0.9.27). (5.6)
Then

2 1 0927 dr 2 2 2 dr
B s I'x SN 2 ) —_ N ) -
(B, rei)) < (ln[2-(0.9/1.1)] /1.1,2“ a(x,r) r) N/ZH“ )=

For I e D with |[I|=2"%and I N spt u # &, let By be some open interval of the form B(x, ry_19), x € I,
such that

a(By) <2infla(B(y, ryx-10)) : y € I Nspt u}.
The number “—10” simply ensures that / C B; with dist(/, 0B;) ~ |I|, and
IcJ = B;CBy forl, JeD.

This implication also uses the slight separation between the scales, provided by the factors “1.1” and
“0.9” in (5.6). For I € D with I Nspt u = @, define By := I (although this definition will never be really
used). Now, a tree decomposition of D can be performed as in the previous section, replacing the stopping
condition (4.4) by declaring Leaves(7 ) to consist of the maximal intervals I C Top(7 ) with

Y. PB)=é
1cJCTop(T)

where € = €p > 0 is a suitable small number; in particular, € > 0 is chosen so small that «(B;) < ¢
implies w(B;) < u(I) (which is possible by a small modification of Lemma 4.2). If now x € Leaves(7")
for infinitely many different trees 7, then

210
o= Y @B <2 @Bl o) S [ @B &

xeleD keN

which implies that x ¢ G. Repeating the argument from Section 4, this gives

mle < Z wlar-

trees T

The converse inequality could also be deduced from the stability of the smooth o-numbers (Proposition 5.4),
but it is not needed: the inequality already shows that it suffices to prove

wlaT KL v (5.7)

for any given tree 7. So, fix a tree 7. If € > 0 was chosen small enough (again depending on D), then u
is (7, C)-doubling for some C = Cp > 1 in the usual sense:

() <Cud), IeT\Top(T).
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So, if one knew that
Z A% L (Dp(l) < oo, (5.8)

I1€T \Leaves(T)

then the familiar Proposition 3.2 would imply (5.7), completing the entire proof.
The proof of (5.8) is based on the inequality

SNoAL,(huS Y. @A(BHu(BI) + u(Top(T)). (5.9)
1T IeT \Leaves(T)

The right-hand side is finite by the same estimate as in (4.7) (start with w(Bj) < u(l), using a(By) <€
for I € T\ Leaves(7)). So, (5.9) implies (5.8). I start the proof of (5.9) by noting that if / € D, then

v(l-)  u(l-)
B D=0 ™
_ves) [ VU0  plo) | o) vies) | p() v | 5.10)
v(l) |v(gs,) wles)| wl) vU) |ules) vies)
Noting that v(¢g,)/v(I) Sp 1, to prove (5.9), it suffices to control
3 [ vio)  pdo) | ‘ p) v 2]W) .10
vipg,) u(gs,) wu(es,)  vigs,)

IeT \Leaves(T)

by the right-hand side of (5.9). The main task is to find a suitable replacement for the “Tail-Tip” inequality
(2.14), which I replicate here for comparison:

C :
ApoMuD) < = Y7 au (D) +x Y Auu (D) +2(Tip)). (5.12)
J eTail; J eTail;
Glancing at (5.11), one sees that an analogue for the inequality above is actually needed for both the terms

V() pd) w) v
v(gs,) 1(gs,) wlgs,) vigs)|

Ap,(I-)=

and Ap, (I) :‘

If I_ € Leaves(T), then the trivial estimate A B, (I-) < 1 will suffice, so in the sequel I assume that
I, 1_ ¢ Leaves(T). (5.13)

The goal is inequality (5.18) below. Fix By and J € {/, I_}. Assume for notational convenience that
|Br| =1, and hence, also |J| ~ 1. In a familiar manner, start by writing

xr =) ¥ (5.14)

keZ

where v is a nonnegative C 21k |_Lipschitz function supported on either J C B; (for k = 0) or Jik— (for
negative k) or Ji4 (for positive k). As in the proof of the original Tail-Tip inequality, it suffices to first

1 1
‘—/\pgdu——/qx;dv
M(¢B1) V(‘PB;)

estimate
, (5.15)
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where \IJJ = Zkzl Y + %1//0, and more generally \IJJ.+ = Zkz j ¥j for j = 1; eventually one can just
replicate the argument for the function W, =", __, ¥ + %1//0, and summing the bounds gives control
for A g, (J). Start with the following estimate, which only uses the triangle inequality, and the fact that
%Wo is a C-Lipschitz function supported on Bj:

1 wu(es,,) 1
vHdp /\D+d Ca(B)+ = / - /W+d
wosy ) O v(goB,) V=B o u«%) g A
+< v)‘“((p31+)_v(¢31+) . (516)
v(@s,,) wips,)  vigs)

Here

1
lefrdv <1,
v((ijJr)

since v is doubling and \IIIJr vanishes outside J, C By, , and
B
< |Bi|
1B |

since ¢B;, = ((pB]+ o TB_II) o Tp,, where ¢B,, © TB_I1 is a (|B|/|B,, |)-Lipschitz function supported on
[0, 1]. Consequently,

‘L/\pgd /\Il+dv
M(QDB[) 1)((;031)

'u«pB,J v(@s,,) w(By) < a(B)),
n(es,)  vigs)

w(ep,) < Ca(Bp)u(ep,)

du — n(ps,, ).

/\ll+dv
U(¢B]+)

Here \Ilfr vanishes outside J C By, so the estimate can be iterated. After N > O repetitions (the case
N =0 was seen above), one ends up with

1
‘ U du / W dv
M(gDB[) (gDB[)

N
<C) a(By )ulps,,)
k=0

‘l’l’(§031+)

w(es,)

+ +

M(PBy 1)1 ) /\I]NH du= V(B(N+1)+) / Y dv)
where one needs to interpret Jo. = I (which is different from J in the case J = I_). What is a good
choice for N? Let Ny > 0 be the smallest number such that J(y, +1)4 € Leaves(7). If there is no such
number, let N; = oo. In the case Ny = oo, the term in the last line of (5.17) vanishes, since w(By, )
decays rapidly as long as N € T (using the doubling of v, and the fact that «(B;) <e€ for I € T). If
N1 < 00, the term in the last line of (5.17) is clearly bounded by < 2u (B Jovy+1) ,), since \IJ;\;I 41 Vvanishes
outside J(n,+1)+, which is well inside By, +1)+. Observing that also (1) S (ep,), it follows that

' : W dp— /\Iﬁ dv
w(es,) V(ws,)

+ules,,,,.) (5.17)

Ny

u() S (B )(By,) + By, ,,)-
k=0
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Finally, by symmetry, the same argument can be carried out for the series W, =, (¥« + % 0. If
N> > 0 is the smallest number such that Jy,41)— € Leaves(7), this leads to the following analogue of
the Tail-Tip inequality:

Ap, (S Y aBp)u(Bp)+u(Tip)), Je{l, I}, €T \Leaves(T).  (5.18)
PeTailj
Here Tail; is the collection of dyadic intervals Tail; = {Jy,—, ..., J, ..., Jy,+} C T \ Leaves(7), and

Tip; = Byy,.1)- Y By, 41, - Finally, in the excluded special case, where J = I_ € Leaves(7') (recall
(5.13)), the same estimate holds if one defines Tail; = @ and Tip, := J (noting that € T, so (1) S u(J)).

Armed with the Tail-Tip inequality (5.18), the proof of the main estimate (5.9) is a replica of the
argument in the dyadic case, namely the proof of Proposition 2.4. I only sketch the details. For
I € T\ Leaves(7T) and J € {I, I_}, start with

w(Bp)¥?  u(Tip,)?

~9 2
AL (D) S Y o*(Bp) ZO72 T

PeTaily

< Z az(BP)M(BP)3/2 (Tip ;)*

1/2
PeT\Leaves(T) M(I) s (I)

pPcl
The second inequality is trivial, and the first is proved with the same Cauchy—Schwarz argument as (2.17),
using the fact that )" p g, (B )2 < w(I)'/?, which follows from Tail; C 7 \ Leaves(7), and in
particular the geometric decay of the measures w(Bp) for P € T \ Leaves(7 ). Now, the inequality above
can be summed for I € 7 \ Leaves(7") precisely as in the proof of (2.18). In particular, one should first
use the estimate

/“L(Tlpj) 5 M(BJ(N2+1)—) +/~’L(BJ(N1+|)+) 5 M(J(Nz-i-])—) + M(J(Nl-‘rl)-i-)a

which follows from «(By, ,), @(By,, ) <€, if € is small enough, depending on the doubling constant
of v. The conclusion is

Yo A, S Y. X (Bp)u(Bp) + p(Leaves(T))
IeT\Leaves(T) PeT\Leaves(T)

for J € {I, I_}. As observed in and around (5.11), this implies (5.9).

Remark 5.19. In the proof of (5.9), the uniform bound «(B;) < €, I € T \ Leaves(7 ), was only used to
guarantee that p is sufficiently doubling along, and inside, the balls B;. If such properties are assumed
a priori in some given tree 7, then (5.9) continues to hold for 7. In particular, if i is doubling on the
whole real line, and the Carleson condition

o dtdu
[ adumom S < ey
B(x,2r) JO 1t

holds, then the dyadic Carleson condition of Theorem 1.12 holds for any dyadic system D (a family of
half-open intervals covering R, where every interval has length of the form 2% for some k € Z, and
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every interval is the union of two further intervals in the family; the proof of Theorem 1.12 seen in
Section 2 works for any such system). It follows from this that 1 € AL (v) for every dyadic system D,
and consequently u € Ax(v). (To see this, pick a finite collection Dy, ..., Dy of dyadic systems such
that the max of the corresponding dyadic maximal functions M,

D; _ 1
M S = S0, W /1 v
bounds the usual Hardy-Littlewood maximal function M,,, up to a constant depending only on the
doubling of v. The construction of such systems is well known, and in R as few as two systems do the
trick; for a reference, see for instance Section 5 in [Muscalu et al. 2002]. Then, for every 1 <i < N, there
exists p; < oo such that u € Agi (v); see [Grafakos 2014, Theorem 9.33(f)]. In particular p € A?i (v) for
p :=max p;, and hence |MP||1o(u)—1r(u) < 00 for 1 <i < N. It follows that | M, || r(u)—Lr () < 0O,
which is one possible definition for 4 € A, (v). For much more information, see [Grafakos 2014,
Section 9.11].) This proves the “continuous” part of Theorem 1.12.

6. Parts (a) of the main theorems

Parts (a) of Theorems 1.8 and 1.9 are proved in this section: Sp,(u) and S, (w) are finite ¢, almost
everywhere, where 1, is the absolutely continuous part of u relative to v. The strategy is to prove the
statement first for the dyadic square function Sp (1), but allow D to be a slightly generalised system: a
family D = | D, k > 0, of half-open intervals of length at most 1 such that

(D1) each Dy is a partition of R,
(D2) each interval in Dy has length 27k and
(D3) each interval I € Dy has two children in Dy, denoted by ch(/).

The added generality makes no difference in the proof, which closely follows previous arguments of
Tolsa [2009; 2015]. The benefit is that the nondyadic square function S, (@) can, eventually, be bounded
by a finite sum of dyadic square functions Sp, (i), ..., Spy.v(1), so the nondyadic problem easily
reduces to the dyadic one.

With the strategy in mind, fix a dyadic system D satisfying (D1)—(D3), and let Sp_,, (i¢) be the associated
square function.

Lemma 6.1. Assume that ., v are Radon measures on R, with u finite, and v dyadically doubling (relative
to D). Then S, () is finite u, almost surely.

The proof of Lemma 6.1 is a combination of two arguments of Tolsa: the proofs of [Tolsa 2009,
Theorem 1.1] and [Tolsa 2015, Lemma 2.2]. I start with an analogue of the first:

Lemma 6.2. Assume that i € L>(v). Then

2
Z 2 wu(l) 2
O{;L,U(I) U(I) 5 ”M”LZ(U)
1D
v(1)>0
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Proof. Tt suffices to sum over the intervals I C D with (/) > 0 and v(/) > 0; fix one of these /, and a
1-Lipschitz function ¥ : R — R, supported on [0, 1]. Then, write

‘/l/fdm—/t/fdvl ‘(I)/w 1>gdv—ﬁ/<womdv

where g is the Radon—Nikodym derivative du/dv € L*(v). Express g x; in terms of standard (v-adapted)

(6.3)

martingale differences:

gxr=(&u+ Y Alg. (6.4)
JeD()

where D(I) :={J € D: J C I}, the sum converges in L?*(v), and
v o v v )
(8) = U(I)/ (1) and Ajg=—(g)ixs+ > (&)
J'ech(J)
Note that A, g is supported on J and has v-mean zero. By (6.4),
(YoTpgdv=—- f(l//oTl)var /(WoTI)A gdv. (6.5)
w(n) / v(I) Je;(,) i) !

Since the first term on the right-hand side of (6.5) cancels out the last term in (6.3), one can continue as
follows:

CORSS (I)V(worzm gdv

JeD()

=2 o0

JeD()

[(1/f oTp) —(oTi(xy)]Agdv)|.

Above, x is the midpoint of J, and the zero-mean property of A', g was used. Finally, recalling that v is
1-Lipschitz, one obtains

U«Tr(J)) (w2
63)< Y ———lAliwm < Y. —————IlAYglq)
5w 5, mhu)

Taking a sup over admissible functions ¥ : R — R gives

('
() < ,;m mumgnmw (6.6)

Now, using (6.6) and Cauchy—Schwarz, we may sum over / € D as follows (we suppress the requirement
v(I) > 0 from the notation):

w(l)? (v 21
Z el )T Z( Z T”Ajg”Lz(v)) m

1eD JeD JeD()

L(JHv(J)
<Z( 2 W”A ”“<”>> 2 ihein

IeD “JeD() JeD()
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Clearly,
Z i(?V(;),SL
Jepu EOv)
SO
m(I)? £(J)
D (P S Z 1A} glle(U)Z o S Z 1A gl17 20 < gl 200
= v(l) ™ "~
as claimed. Ol

Corollary 6.7. If i € L*(v), then Sp,, (1) is finite u almost everywhere.

Proof. By Lemma 6.2, and the Lebesgue differentiation theorem, the following conditions hold p almost

everywhere:
1 1
Z oy v(I)ZQ < 00 and there exists lim w) =u(x) > 0.
' v(l) I—-x v(I)
xeleD
Clearly Sp, (1) (x) < oo for such x € [0, 1). Il

Now, we can prove Lemma 6.1 by an argument similar to [Tolsa 2015, Lemma 2.2]:

Proof of Lemma 6.1. Perform a Calder6n—-Zygmund decomposition of p with respect to v, at some
level A > 1. More precisely, let B be the family of maximal intervals I € D with u(/) > Av([l), and set
u=g+b, where
g§= M|G+Z_ I, G=10,D\ 1,
(I) leB

and

b= Z[M|I - l:((ll)) U|1:| =: Zbl-

1eB leB

Then || gz~ S A (the implicit constants depend on the doubling of v), and

1 1
v([0. D\G) =) v(l) <53 ) < —

1eB leB

Since 1, € L' (v) (recall that y is a finite measure), it follows that z, ([0, 1)\ G) — 0 as A — oo. Hence,
it suffices to show that

Spy(u)(x) <oo for u almost every x € G Nspty

where spt, = {x e R: u(I) >0 for all x € I € D}. Let G C D be the intervals, which are not contained
in any interval in 3. Fix x € G Nsptp w, and note thatif x € I € D, then I € G. Observe that u (1) = g(I)

<|[vaui~ [ vag
__1

WOTI)db' +ag,v(I), I>3x,
I

for I € G, and consequently

‘/Wd/u—/wdw

+0lg,v(1)
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for any 1-Lipschitz function ¥ : R — R supported on [0, 1]. Using the zero-mean property of the
measures by, one can estimate further as follows:

2

JeB(I)

’/(won)dbl f<on1)de /[(x/fo'm (o Ty(x)dby|,

JeB(I)

where B(I) :={J € B: J C I}, and x; is the midpoint of J. Using the fact that ¢ is 1-Lipschitz, one has

(T () 2epme))
f(w Tl)db‘ (I)‘/ [y o T1) = (W o T (e dbs| < =75 lbs | S 5
and finally
L)\
83, (W) SSpu(@* )+ Y ( > %) =: Sp,(8)°(x) + 57 (x).

xeleG “JeB()

Since Sp . (g) is finite g almost everywhere by Corollary 6.7, and in particular Sp ,,(g)(x) < oo for
© almost every x € G, it remains to prove that S(x) < oo for p almost every x € R. First, note that

(hud) 1
J 1
2 thuh S 2= M=

JeB((I) JeB(I)

as the intervals in B(/) are disjoint. Consequently,

2 €<J)M(J) E(J)M(J)
/S d“</ 2 2 i MW= 2

xeleG JeB() 1eG JeB()

=D ut) . () Z (J) < llull < oo.

JeB JCle g eB

It follows that S?(x) < oo for w almost every x € R. This completes the proof of Lemma 6.1, and
Theorem 1.8(a). O

Bounding the nondyadic square function. It remains to prove Theorem 1.9(a). Assume that u, v are
Radon measures on R, with v doubling, and recall that S, (w) is the square function

1
SS(M)(x):/O af’M,U(B(x,r))i—r, x eR.

The claim is that S, (u) is finite @, almost everywhere; since this is a local problem, one may assume
that p is a finite measure. Now, as in Remark 5.19 (or see [Muscalu et al. 2002, Section 5]), pick a
finite number of dyadic systems Dy, ..., Dy with the following property: for any interval / C R, there
exists j € {1, ..., N}, depending on /, and an interval J € D; such that I C J; and |J;| ~ |I|. As a
little technical point, we actually need to restrict D; to intervals of length at most 1, so also the defining
property above only holds for intervals I C R of length |I| < r, say.
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Then, apply Lemma 6.1 to each of the corresponding square functions Sp; (1) to infer

N
Sp () =) Sp, v (W(x) < 00
j=1
for u, almost every x € R (note that v is dyadically doubling relative to every D;). So, it suffices to argue
that Sp_, () dominates S, (w). Using the stability of the smooth o-numbers, and the fact that they are
dominated by the regular ¢-numbers whenever v is doubling (see Proposition 5.4), one has

(B(x,r) Sa? (I1,), xeR, 0<r<r,

2
RN I

where j € {1,..., N}, and 1,{,, € D; is a dyadic interval of length at most 1, satisfying x € B(x,r) C I, ,
and |I, ;| ~ r. The existence follows from the construction of the systems D;. It is now clear that
Sy () < Sp.v(w), and the proof of Theorem 1.9(a) is complete.

Remark 6.8. Lemma 5.4 in [Azzam et al. 2017] implies

1/2
/ OlM,U(B(O, 1)) dt Sas,u,v(B(O’ 1)),
1/4

whenever v is doubling, and v(B (O, JT)) >0, ,u(B (0, %)) > (. So, at the level of Ll—averages over scales,
the smooth and regular az-numbers are comparable. One would need a similar comparison at the level of
L?-averages to answer Question 1.
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