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NONEXISTENCE OF WENTE’S L* ESTIMATE
FOR THE NEUMANN PROBLEM

JONAS HIRSCH

We provide a counterexample of Wente’s inequality in the context of Neumann boundary conditions. We
will also show that Wente’s estimate fails for general boundary conditions of Robin type.

1. Introduction

Wente’s L™ estimate is a fundamental example of a “gain” of regularity due to the special structure of
Jacobian determinants. It concerns the Dirichlet problem

{—Au:f in D, (1-1)

u=0 onadD
for the specific choice of f =det(VV) with V e H 1(D, R?). Wente’s theorem states:

Theorem 1.1. Ler Q C R? be the disc and f € H' (D). Then if u is the unique solution in Wy'' (22, R) to
(1-1), we have the estimate

2
lull ooy + IVl 2oy = CHVV I 2y

The proof can be found in the original article [Wente 1971]. Later on it was proved that Wente’s
inequality holds true under the slightly weaker assumption that f € 7' (D), where #!(D) is the local
Hardy space; see [Semmes 1994, Definition 1.90]. Proofs can be found for instance in [Hélein 2002;
Topping 1997]. This estimate found many applications; an incomplete list includes [Riviere 2008; Colding
and Minicozzi 2008; Lamm and Lin 2013].

It is natural to ask whether a similar estimate holds true for the Neumann problem

—Au=f in D,

= aD,
8v / f on

again for the specific choice of f =det(VV) with V € HY(D, R?).
The aim of this note is to show that Wente’s L™ estimate fails for the Neumann problem.

(1-2)
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Theorem 1.2. There exists a sequence V,, = (a,, b,) € C>®(D, R?), IVVallL21py < C, f det(VV,) =0
for all n with the property that if u, € W51 (D) are the solutions to (1-2) with f, = det(VV,,) one has

un—][un
D

Additionally we can extend the above example to more general boundary conditions. Namely we have

N Vupllp2py = +00  asn — oo.
L>(D)

the following:

Theorem 1.3. Let E C 3D be a nonempty union of open intervals, with0 < H'(E) < 2w and o, B,y € R
given, with a > 0, y > 0. There exists a sequence V,, = (a,, b,) € C*®(D, R?), with IVVallz2rpy < C,
with the property that if u, € WH1(D) is the solution to

—Au, =det(VV,) inD,
0 0

o un+ﬁ l +vyu,=0 onkE, (1-3)
av ot

u=~0 ondD\ E,

one has

IVuull2(py = 00 asn — oo.

The paper is organized as follows. In Section 3 we collect some known results and a priori estimates.
In Section 4 we give the proof of Theorem 1.2 and in Section 5 its extension to mixed Robin boundary
conditions.

While finishing this paper the author became aware that a similar example has been found independently
by Francesca Da Lio and Francesco Palmurella [2017].

2. Some remarks on the conformal invariance of the problem

Let m : U — D be a smooth conformal map from a domain U with Lipschitz continuous boundary to the
disc (i.e., up to conjugation m corresponds to holomorphic map on U). If u is a solution of the Dirichlet
problem (1-1) then u o m is a solution of

—A(@om)=(5|Vm|*)fom inU,
uom=~0 on dU.

In particular in the case f = det(VV) we have (% |Vm|2) fom =det(V(V om)). Additionally one notes
that Wente’s estimate in Theorem 1.1 is as well conformally invariant since for any function w one has

lwom|ew)=IllwlrLemy, [V(wom)|2qy=IVwllizp-

In the case of the Neumann problem one has to be a bit more careful. If « is a solution to (1-2) then u om
solves
—A@om) = (5IVm|*) fom in U,

3 1
_(”O’”):(%wmﬁ)”z—/f on dU.
av 2w Jp
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Although we have
1 1

_ - L 2
2 D 2 U(2|vm| )fom’

the problem is only conformally “invariant” if | p S =0since |[Vm| =1 on dU implies that m is a rigid
motion. Furthermore one should note that even in the case [ f =0, in general one has

fuom;é][u.
U D

Nonetheless we can forget about the additional condition f p det(VVy,) = 0 in the proofs of Theorems 1.2
and 1.3 by the following procedure. Consider a sequence V), as stated, but not necessarily satisfying
o, := [ det(VV,) =0, that is compactly supported in some ball B, (p) for some 0 < ry < i and p € aD.
Let us fix two smooth functions a, b supported in By, (p) \ By, (p) satisfying

/ dandb=1.
D

For instance take d = ¢;(z) and b= ©2(2)68, where ¢; are two bump functions such that spt(¢;) C

{p2 =1},
/démdé:/ avgézf o1 = 1.
D oD oD

Let & be the smooth unique solution to (1-2) with fD n=1, f= det(VV) and V = (4, b). Since

loe, | < %HVV,IH%Z(D) and spt(V,) N spt(\7) = & for all n we can pass to i, = u, — «o,i, which solves the

Neumann problem (1-2) with right-hand side
det(VV, —aVV) = det(VV,) —a det(VV).

Since fD det(VV, — aVV) =0 we have di1,,/0v = 0 on d D. By the uniform boundedness of «, we still

have
U, — ][ U,
D

and we obtain the full strength of the theorems.

MVigllp2py = +00  asn — 0o
L>°(D)

3. Some known results

Classical solutions to (1-1) and (1-2) have to be understood in the distributional sense.

Definition 3.1. A function u is called a solution of the Dirichlet problem if u WO1 ’I(D, R) and
/ Vu-Vyr — fr =0 forallxﬂeCé(D). (3-1)
D
A function u is called a solution of the Neumann problem if u € wbLl(D, R) and

if f/ w:/ Vu-Vi — fyp  for ¢ € C(R?) for all ¥ € C'(D). (3-2)
2 Jp D D
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The Green’s functions for both problems are explicit. For the Dirichlet problem it is

1 1 . Y
Gp(x,y) = 5 In(lx =y — 5 In(lyllx = y*D),  with y* = e (3-3)

and for Neumann problem it is

1 1
Gn (. y) =5 In(lx =y + 5 In(lyllx = y*) = glx[* = 31y1% (3-4)

Using Gy one has the representation formula

u(y)—/ u:—/ GN(x,y)a—u+/ G(x,y)Au foru € C*(D).
D aD v Jp

In terms of existence and uniqueness one has:

Lemma 3.2. For every f € L'(D) there exists a solution up/uy to the Dirichlet/ Neumann problem in
the sense of Definition 3.1. Furthermore the solutions belong to W7 (D, R) for every p < 2, are unique
(up to constant in the Neumann problem) and satisfy the estimate

| DullLrpy < Cpll fllL1(p)- (3-5)

Proof. There are several proofs in the literature treating the case of uniqueness and a priori estimates;
see for instance [Littman et al. 1963; Ancona 2009, Appendix A]. In our case existence and the a priori
estimate (3-5) can be obtained by using the Green’s functions G p, G . Uniqueness for the Dirichlet
problem can be obtained by antisymmetric reflection: Let u be a distributional solution of (3-1) with
f =0. One checks that

N u(x) for x € D,
u(x) = * : * 2
—u(x*) forx ¢ D with x* = x/|x]|
solves

/ Vi -V :/ Vu- V(i (x) —y(x*) forall ¢ e C!(R?).
R2 D

But since ¥ (x) — ¢ (x*) € Cg )1 (D) we deduce that @ is harmonic and therefore smooth in R% Now the
maximum principle applies since u takes the boundary values in the strong sense.

Similarly we deduce the uniqueness in the Neumann problem using the symmetric reflection: Let v be
a distributional solution of (3-2) with f = 0. As before one checks that

v(x) forxeD,

V) = {v(x*) forx ¢ D

solves

/ v&-vw:/ Vu- V(@ (x)+ ¥ (x*) forall ¢ € CH(R?).
R2 D

But since ¥ (x) + ¥ (x*) € C%! (D) we deduce that 9 is harmonic and therefore smooth in R% Now the
maximum principle implies that v = constant. O
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4. Proof of Theorem 1.2

In the following we will always identify R? with the complex plane C, i.e., i = es.

Proof of Theorem 1.2. The main step of the proof consists in the following claim: For every rg > 0 there
exists a sequence (a,, b,) € C (D, R?) with the properties that

spt(a,) Uspt(b,) C By (—e3), (4-1a)

an, by —0 in H'(D), (4-1b)

lanllLp) + IVanllp21pys  I1bulleopy + 11IVhullr21(py < C, (4-1¢)
ldan Adby||g-1(py — 00 asn — oo. 4-2)

Given such a sequence we can conclude the theorem. Let u,, be the unique solution to the Dirichlet
problem (1-1) with right-hand side f,, = da, A db, and h,, be the unique harmonic function satisfying

oh, B ou, 1 ouy

v v 2w Jyp dv

nobD.

Such a harmonic function exists since
/ ouy 1 ouy, _0
D 8 v 27[ D 8 V o

VU i=u, —hy,

It is straightforward to check that

is the unique solution to the Neumann problem (1-2). Observe that v, is a Cauchy sequence in W7 (D)
for all p < 2 converging to v € W!?(D), the unique solution of (1-2) with f = da A db. By Wente’s
theorem we have

IVuall 2oy = VARl L2py — VUl 20y = VARl L2(py — ClIVanll 2oy 1V |l L2y
The theorem follows by showing that
IVhull2(py = 00. (4-3)
To do so we will use the Dirichlet-to-Neumann map in the following formulation: Let
Xo:={he H'(D): Ah=0in D and f, h =0},
Yo:={ueH'(D): £,u=0}.
Endowed with the L? inner product (u, v) = / p Vu-Vu, we obtain Hilbert spaces satisfying Xo C Y. If we

set Zg:={leYy:1(y)=0 forall y € HO1 (D)NYp} then classical results concerning Dirichlet-to-Neumann
operators imply that the operator

N . oh
A:Xg— Zy,, with Ah:= 3’
%

is continuous and onto; i.e., it has a continuous inverse A~
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Next we identify
ouy, 1 ouy,
Jdv 27 aD v

with a linear functional /, € YJ; i.e.,

Ly = (Bun_ 1 au,,)
nw ‘_/éD av E aD ov w

We will show that they are elements of Zg with the property that ||/,]|y-1(py — +00. The normal
derivative of a solution u € W'!(D) to the Dirichlet problem (1-1), with f € L' (D), is given in the sense

of distributions by

/ a—“w = [ Vu-Vy— fy fory € CH(D). (4-4)
d D

D8v

The distribution is supported on 9D since given V1, ¥» € C®(D) with ¥ = 1, on 3D we have
o=Y1—Yn e Cé (D) with ¢ =0 on 3D and so by (3-1) we have

d
f —ugz):/ Vu-Vo — fo=0.
ap OV D

By density of C2°(D) in HO1 (D) we conclude I, (1) =0 for all ¢ € HOI(D). Furthermore it is straightfor-
ward to check that /, vanishes on the constant functions and hence [, is a well-defined element of Y,
since I, (W) =1, (Y — 75 ¥). Thus we conclude that /,, € Z for all n. The first part of (4-4) and the second
part in the definition of /,, are uniformly bounded by Wente’s theorem (Theorem 1.1) because

/ Vitn - VY < [ Vitall 20 199 1120
D

1 ouy 1 1
o — | £
2 aD ov 2 D

< —IVaulr2(py IVDull12(py-
Hence ||l || -1y — 00 by (4-2). Since h, = A~'(l,) and A~ is continuous, we conclude (4-3).

- 27

It remains to construct the sequence (a,, b,) with the properties (4-1)—(4-2). Performing a translation
we can consider the translated disc D' := D +i;ie, D' C H:=CN{y >0} ={re’? :0 <0 < x}.
Furthermore one readily checks that if 3(/#) and J(4) are the real and imaginary parts of a holomorphic
function & then we have pointwise

dR(h) AdI(h) = |h' (2)|?dx Ady and  |dR(h)|)* = |dI(R)|> = | (2)]°. (4-5)

We will construct our contradicting sequence (a,, b,) as the real and imaginary parts of a sequence of
holomorphic functions %, on H multiplied by a truncation function ¢.
Indeed consider the family of Mobius transformations of the complex plane C
Z—l€
z+ie

me(z) :=
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We observe that m. maps the upper half-space H onto the disc D for every ¢ > 0. Furthermore one
readily calculates

2ie
(z+ie)?’

_ . z2+1
mél(z)zlel—z' (4-6)

m.(z) =

We note that for every § > 0 one has m/.(z) — 0 and m(z) — 1 uniformly on C\ D;s for € — 0. Furthermore
m;l (z) = O uniformly on C\ Ds(1). Thus we can conclude that [, := |m/€(z)|2 dx Ndy — md in the
sense of distributions; i.e., given ¥ € CCO(C) arbitrary one has

/l/f(z)lmé(z)lzdxAdyzf 1/fom€_1(z)dx/\dy—>1//(0)rr.
H D

Furthermore we conclude that if ¢ is any cutoff function with ¢ =1 in a neighborhood of 0 we still have
lelo — mép. Since mdy ¢ H~'(H) we conclude that ||/, Lol g-1(py = o0 as € — 0. Fixing a sequence
€, — 0, we have

a, :=¢ m(mﬂz — 1) and bn = %(men - 1)

satisfy a,, b, € C*°(H) and a,, b, — 0 uniformly in C' on H \ D; for any § > 0. Hence for an appropriate
choice of ¢ the first two parts of (4-1) follow.
We calculate

da, Adby, =1c|9* + @dp A (R(me,)dS(me,) — S(me,)dR(me,)) = le|9* + odp A we.

Since we have spt(dg) C C\ D;s for some 6 > 0 and |w¢| — 0 uniformly on C\ Ds we conclude that
lodp A welly-1 — 0 as n — oco. Hence da, A db, — w3y in the sense of distributions and therefore
ldan Adby || g-1 gy — 00 as n — o0 i.e., (4-2) holds.

It remains to show that |da,|, |db,| are uniformly bounded in L>1 By (4-6) we have

2
{z€ H:|m.(z)| >t} = Byoy(—ie) N H, with (Te) =
r

and |m/|(z) <2/e for all z € H. Hence we may estimate
1 2 2e
p):=[{zeH:im ()| >t} <mr(t)” = .
Recall that the L' norm can be written as
o
||f||Lz.1(H>=2f wp'?dr.
0

Here us(t) =|{z € H : | f(2)| > t}] is the distribution function; see [Grafakos 2014, Proposition 1.4.9].
Using the estimates above we obtain

Nl 2y < 2326 /
0

2/e

1
—dt < 8w,
N/ v

which is uniformly bounded in €, proving the last part of (4-1). O
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Remark 4.1. Observe that if the solution to the Neumann problem is not in H (D) then it can neither be
in L nor in W21 (D). Indeed u € W>' (D) would imply u € L> since W>!(D) embeds in L™ in two
dimensions; see for instance Theorem 3.3.10 combined with Theorem 3.3.4 in [Hélein 2002]. If u were
in L>°(D) then we could take u, € C*°(D) with uc — u in W!(D) and uniformly bounded in L>°(D).
Testing (3-2) with u, would give

1
/Vu-Vue=/fue+2—/f/ we <201 flls luell .
D D T Jp aD

The right-hand side is bounded independent of € so we conclude that u € H 1(D), a contradiction.

By using more or less an abstract functional analytic argument we are able to obtain the following
corollary. Its proof is presented in the Appendix.

Corollary 4.2. There exists a, b € H' (D) with the additional properties a,b € L*(D) and da, db €
L>Y(D) such that if u € WH1(D) denotes the solution to the Neumann problem (1-2) with f = da A db
then u ¢ HY(D).

5. More general boundary conditions

Our construction of the counterexample relies mainly on the continuity of the Dirichlet-to-Neumann
map Dy. The extension to more general boundary conditions of Robin type follows by finding a
replacement of the Dirichlet-to-Neumann map. The replacement is constructed as follows:

X:={he H(D): Ah=0inDand h=00ndD\ E},
Y:={ueH' (D):u=00ndD\E}.

Since by assumption H' (3D \ E) > 0 we can endow X, Y with the norm |u| = IVull2(py. Finally we
define the closed subset Z* C Y* by

Z*:={leY*:1(u) =0 forall u € H}(D))}.
Obviously one has the inclusion X C Y and Z* C Y™
Lemma 5.1. The operator B : X — Z* defined by

<Bh,w>=/ (a%w%wh)w::a/www/ %WH// hy
ap \ OV ot D ap 9T 9D

is continuous and onto, with continuous inverse B~! : Z* — X.

Proof. Instead of B itself we consider the family of operators By : X — Z* for s € [0, 1]. By is defined as
B with s, sy replacing 8, y. Since h is harmonic in D we have (Bsh, ¥) =0 for all ¢ € H(} (D) by
density of C°(D) in HO1 (D). Furthermore we have the estimate

1Yl gi2ap + sy Ikl zop W 26D
H-123D

< @+ CIBI+CYIIVhlL2) IV L2(D)-

oh
(Bsh, ) < allVh| L2p) + IsBl Ha_f
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In the last line we used that for harmonic functions we have
oh oh

— — =||Vh
P ™ VAl 2Dy

H~-1/2(aD)

H-12(3D) ‘
and the trace theorem for Sobolev functions.

This shows that By is a family of uniformly bounded operators taking values in Z* Since X C Y we
have the lower bound

1 dh? )
(Bsh,h)=a | Vh-Vh+sB = — +sy h
D 2 Jop 0t D

2 2
:a/ Vh-Vh+syf b=z al Vil )
D D

Finally since By = (1 —s) Bg + s B, the method of continuity, see, e.g., [Gilbarg and Trudinger 1998, Theo-
rem 5.2], applies and B = Bj is onto if and only if By is onto. By construction we have Boh = «(dh/9v),
the classical normal derivative on E, which is known to be onto by the Dirichlet-to-Neumann map. [

Now we are able to complete the proof of the theorem.

Proof of Theorem 1.3. The construction is now essentially the same as in the proof of Theorem 1.2.
After a rotation we may assume that —i = —e; € E. Fix rp > 0 such that 0D N B, (—i) C E. Let
A, by, tty, € C®(D) be the sequences constructed in the proof of Theorem 1.2. By the choice of ry > 0
we have ensured that

spt(an) Uspt(b,) C By, (—i).

Observe that
ouy +p ouy
ov ot

L, =a +yu,eZ*
because
ouy

(Bu,,,tﬁ):a/ 1//=a/ Vun-Vw—a/ da, Ndb,
ap OV D D

and the discussion below (4-4) applies. Furthermore we have
llnllz+ = elldan A dby |l g-1(py — @I Vinll 2Dy -

By Wente’s theorem (Theorem 1.1), || Vu, || 12(p) is uniformly bounded and so the application of Lemma 5.1
gives for h, := B~!(l,) that
Vil p2(py > 00 asn — oo.

We conclude by observing that v, :=u, —h,, satisfies the boundary value problem (1-3) because u, =h, =0
ondD\ E and

—Av, = —Au, =da, Ndb, in D,
vy, vy,

o + B +yv,=1l,—B(h,)=0 onE.
dv at

The blow-up of the H' norm now follows since

IVuull 2oy = VRl 20y — VUl 12y = 00. O



1058 JONAS HIRSCH

As before we obtain as a consequence of Theorem 1.3 the following:

Corollary 5.2. There exists a,b € H' (D) with the additional properties a,b € L*(D) and da, db €
L>Y(D) such that ifuce WL1(D) denotes the solution to the problem (1-3) with f = da A db then
u¢ HY(D).

Its combined proof with Corollary 4.2 can be found in the Appendix.

Appendix: Abstract functional analytic argument

Now we want to present the abstract functional analytic argument that leads to Corollaries 4.2 and 5.2.
We will first proof an “easier” version where every embedding of the involved spaces is linear. Thereafter
we show how the same idea translates to our setting.

Lemma A.1. Consider Banach spaces E| C E, and F) C F, such that the inclusion C corresponds to a
continuous embedding. Let A : E; — F, be a continuous linear operator. Suppose that Fy is a Hilbert

space and there is a sequence {x,},eN With the properties that

(@) Axp, € Frand ||x,||g, < 1foralln e N;

(b) limsup,,_, o [[Axn ||, = 00;

(c) f € F1+— (Ax,, f) extends to a linear functional I, on F, for each n.

Then there exists x € E1 such that Ax € I\ Fy in the sense that there is a sequence l,, € F; with |1, || Fr < 1
but
[,(Ax) — o0.

Proof. Passing to a subsequence we may assume that the lim sup in (b) is actually a limit.

In a first step we show by induction that there exists {y, ..., y,} € E| with the properties

@ llyillg, =1 forall i;

() (Ayi, Ay;) =0ifi # j;
(iii) ||Ay;llF > 2% for all i.

By (b) there exists m € N such that ||Ax,,, || > 4. Hence we may set y; := X,

Now suppose {yi, ..., y»} have been chosen. We define the linear continuous operator P, : F; — F| by

Z Ay; ® Ay;

2
LAy

It is obvious that P, = P; and (ii) implies that Pn2 = P,; i.e., P, is the orthogonal projection onto the

finite-dimensional space V,, := span{Ayy, ..., Ay,}. Hence (P,A) : E; — V,, is a continuous linear
operator onto a finite-dimensional vector space. Let (P,A':V, > span{yy, ..., y,} denote the inverse
of the operator (P,A) restricted to the finite-dimensional space span{yi, ..., y,}. We may define now

the operator
Qu:Ev— Ei, Q= (PaA) o (PA).
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We note that Q,, is continuous and Q% = Q,; hence Q, is a projection operator. As a direct consequence
we have as well that (I — Q) is a continuous projection operator; here / denotes the identity map on E.

By construction we have
P, A(I-Q,=0. (A-1)

The range of Q, is finite and (A Q,) is a continuous operator and therefore

lim sup||(AQn)Xm |l F, < 00.
m— 00

Hence we have

lim [|A(/ = Qn)xmllFy = lim ||Axy[|p —Timsupl|(A Q)X = 00.
m— 00 m—>00 M—>00

Thus there exists m,4+1 € N such that

IAU — Q)X 7 > 22TV — 0,

We define y, 11 = (I — Qn)xm,,,/III — Qull. Clearly we have || y,+1llg, <1 and (iii) holds by the choice

of m,4. Finally (ii) follows using that P, is a orthogonal projection, that O, is a projection and (A-1):

(Ayi, Ayng1) = (P Ay, AU — Qn)yns1) = (PhAyi, (PhbAUL — Q) Yny1) =0.

Having the sequence {y;};cn at our disposal we obtain x as follows: For each n we define the elements
zn € E1 and f, € F by

n

n
» _. Ay
. iy, . i
Zn = E 27'y; and f,:= E 2 ” yi”Fl‘

i=1 i=1

Since E;, F are Banach spaces we have that their limits exist: z = lim, o 2, = 2?212_" yvi € E1 and

f=1lim f,=) 27! —
Jim =2 I Ayill

i=1

Assumption (c) implies that for each i € N the map

A .
fer f—>< i ,f>
| Ayill 7,

extends to a continuous linear functional /; € F|". Therefore the continuous linear functional L, :=
Yo 27]; has the desired properties using (i)—(iii) since

L,(Az) = mh—>moo L,(Azm) = mh_)moo(fns Azp)

n m n
. _i—i| Ay Y
= lim 2™ ’< ,Ay'>= 272 Ayillp, = n. U
m—)oogjg1 ”A)’i”Fl ! ; o

Observe that we could directly apply the above result with the following choice of spaces: let £ =
H,..(D) be the local Hardy space of the disk, £ = L'(D), Fi={f e H'(D): 4, f =0} and F, =
WL1(D). But this would not give single elements a, b € H (D) as stated in the Corollaries 4.2 and 5.2.
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Proof of Corollaries 4.2 and 5.2. We introduce the space
={he H'(D): f,h=0and dh € L*'(D)}.

It becomes a complete Banach space with respect to the norm ||| x :=||dh|| ;2.1. Furthermore as suggested
before we set E, :== L1(D), Fy := H'(D), F, = W"1(D). Observe that we have a “bilinear” linear
embedding of X x X < E; by (h, k) — dh Adk with ||dh Adk| ;0 < ||dh] 20 ]|dk] z21.

The construction of (a, b) out of the contradicting sequence is the same in the case of a Neumann
or Robin-type boundary condition. Hence we will give a simultaneous proof for both. We denote by
A: LY (D) - Wh1(D) the solution operator to problem (1-2) or problem (1-3). Recall that by classical
elliptic theory there is a constant C4 > 0 such that ||Ax|| g1 < Cyallx|z2.

Let (a,, b,) € C®°(D, R?) be the corresponding contradicting sequence of Theorem 1.2 or Theorem 1.3.
Without loss of generality we may assume that fa,, =0= fbn for all n; hence a,,, b, € X. From now
on we do not have to distinguish the cases anymore.

We will now proceed approximately as in Lemma A.1. By induction we show the existence of a
sequence {y(, 2, ..., ya} € L1(D) N C*®(D) with the properties

@) Ilyillgr < 1 for all i;

(1) (Ayi, Ay;) =0if i # j;
(iii) ||Ay;llF, > 2% for all .
Simultaneously we will construct a sequence of tuples (h;, k;) € XNC®(D)x XNC®(D), i=1,...,n,
such that

(D) Nhillze + lldhill 20 + kil + lldki [l 20 < 1

(2) dhi Ndki = yi + R; with ||R; |2 < 1;

(3) lldhill2 + lldkill 2 < (142 IdhjliLx + | dk; ||L°°)_l

We start the induction by choosing (a1, b1) in the contradicting sequence such that || A(da; Adby)| > 22

We set y; =da; Adby and (hy, k1) = (a1, by). All properties are clearly satisfied (R; = 0).

Now suppose that we have chosen y;, (h;, k;) fori =1,...,n. We want to construct y,; and the
tuple (h,+1, knt1). As in the previous lemma we define the projection operators

Ay; @ Ay; _
—Z SaE = (R (P
l

Here (P,A) ! denotes as before the inverse of (P, A) if restricted to the space span{yy, ..., y,}. Hence for
all x € L'(D) we have Q,x =Y ", ;y; and the existence of a constant C,, > 0 such that Y _,|e;| < C,,
for all x € L'(D) with || x| ;1 < 1. Furthermore due to the properties of the contradicting sequence, there
exists m € N such that

2
AU — Qu)day Adbyll = 2302 (n +3+ Y lldhjllz + lldk; ||Loo) .

j<n



NONEXISTENCE OF WENTE’S L* ESTIMATE FOR THE NEUMANN PROBLEM 1061

Let Q,da, ANdb,, = Z?:l o;y;, and define the elements
n n
Surt = (I = Qu)day Adb, by = an = aihi, ks =bn+) ki
i=1 i=1

We calculate

dhy i1 Adky i1 =day Adby—Y (idh; Adk;)
i=1

+d(— Zaihi) Adby, +dayNd (Z ki) — Y (cidhindkj+a;dhjrdk;)
i=1

i=1 i<j

() (1) (I111)
2 n n
2 danndby— e;yi— Y & Ri-+-(D+ID+ID).

i=1 i=1

We estimate the size of the remainder terms in L?(D): Due to (2), we have ” 27:1 o; R; H 12 = Cn. The
terms (/), (/1) are similarly estimated by

n
Hd(— Zaihi) Adby,
i=l1
n

day Nd (Z ki)

i=1

n
< (Zmilndmum) bl 2,
L? i=1
n
< (Z||dki||m)||dam||y.
? i=1

Adding both we obtain ||(1)]| ;2 + ()2 < Cu(1+ > i<ulldhjlips + lldk; l| ). The last term can be
estimated using only property (3) by

n
D02 <Y el lldhyl 2 (ankj ||Loo) + kil 2 (Dom ldh ,-nm)

i=1 j<i j<i

L

n
< (Zmi |) +suplajln < (1 +1)C,.

i=1 j=n

Hence we found that ||§n+1 ;2 <Cp (n +3+>°
(I)+ I+ 1) and

|dh j || oo+ ldk;l| 1), where Ryy1 = — 31, a; R +

j§n|

dﬁn+1 /\dIEIH»l = — Qn)day Ndby, + iérH»l = Ynt+1+ §n+1-
The desired functions are now simply

n+1 k _En—s—l
Aon T,

<
3

+
S

. with 4, =C, (n +3+ Y lldhjll+ ||dk,~||Loo).

Jj=n
Having established the existence of the sequences y;, h;, k; with the claimed properties we construct
a,b e X and a sequence f, € H'(D) = F; very much as in the proof of Lemma A.1: Due to (1) and the
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fact that X is a complete Banach space we can define elements
oo o0
a:=Y 2"h, b= 27k.
i=1 i=1

n

fn = szi Ayi

o YAyilla

Furthermore for each n € N let

Observe that f, is a finite sum of C'-functions; hence it is C' and can therefore be considered as an
element of (L1)* = L. It remains to check that lim,,_, f p JnA(da Andb) = +00. We have

T —2i . ) —i—j . , , ,
A(da/\db)_mh_)mooil:Z A(dh; /\dk,)+22 A(dh; Adk; +dh; Adk).
= i<j

Using (2) we estimate

Ay Ay
<— A(dh; Adk; )> <— Ay + AR; > > 8killAYill gt — CallRill L2 = 8killAyill gt — Ca.
| Ayl g1 | Ayil g1

Hence
m A m
Z < Yk A(dhi/\dk,-)> > 2 ) Ayl — lim Y 27%Cy = 28— Cy.
— "\l Ayl m—o0 £
Using (3) we get
m m
22”” |A(dh; Adkj+dh; Adki)|| g1 < Ca ZZ*”J(IIdhiIILz ldkjllLe + ldh L~ ldki |l r2)

i<j i<j

m
<Cx) 2772<2Ca.
i=1
Finally combining both we obtain

A
<¢, A(da A db)> > 2k —3C,.
Akl g1
This completes the estimate since
faA(da Adb) = 2—k< , A(da /\db)> >n—3Cy. O
/ " Z | Ayk IIHl
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