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ON THE LUZIN N-PROPERTY AND
THE UNCERTAINTY PRINCIPLE FOR SOBOLEV MAPPINGS

ADELE FERONE, MIKHAIL V. KOROBKOV AND ALBA ROVIELLO

We say that a mapping v : R” — R satisfies the (z, o')-N-property if #° (v(E)) = 0 whenever H*(E) =0,
where 7* means the Hausdorff measure. We prove that every mapping v of Sobolev class ka (R, R?)
with kp > n satisfies the (z, 0)-N-property for every 0 < © # 14 :=n — (k — 1) p with

if T > 7y,
o=o0(r):=
pt/tkp—n+1) if0<7 <14

We prove also that for k > 1 and for the critical value t = 7 the corresponding (z, o)- N-property fails
in general. Nevertheless, this (7, 0)- N-property holds for T = 7, if we assume in addition that the highest
derivatives V¥ v belong to the Lorentz space L p,1(R") instead of L.

We extend these results to the case of fractional Sobolev spaces as well. Also, we establish some
Fubini-type theorems for N-Nproperties and discuss their applications to the Morse—Sard theorem and its
recent extensions.

1. Introduction

The classical Luzin N-property means that for a mapping f : R” — R” one has meas f(E) = 0 whenever
meas £ = 0. (Here meas E is the usual n-dimensional Lebesgue measure.)

This property plays a crucial role in classical real analysis and differentiation theory [Saks 1937]. It is
very useful also in elasticity theory and in geometrical analysis, especially in the theory of quasiconformal
mappings and, more generally, in the theory of mappings with bounded distortions, i.e., mappings
f:Q CR" — R" of Sobolev class W,1(R") such that || f/(x)||" < K det f’(x) almost everywhere
with some constant K € [1, +00). The notion of mappings with bounded distortion was introduced by
Yu. G. Reshetnyak; see, e.g., his classical books [Reshetnyak 1989; 1994; Goldshtein and Reshetnyak
1990]. He proved that they satisfy the N-property and this was very helpful in his subsequent proofs of
other basic topological properties of such mappings (openness, discreteness and etc.). Further this MBD
theory was successfully developed by many mathematicians in both analytical and geometrical directions,
and many interesting and deep results were obtained; see the monographs [Rickman 1993; Iwaniec and
Martin 2001], for example.

The notion of mappings with bounded distortion leads to the theory of more general mappings with
finite distortion (i.e., when K in the definition above depends on x and is not assumed to be uniformly
bounded; see, e.g., the pioneering paper [ Vodop’yanov and Goldshtein 1976], where the monotonicity,
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continuity and N-property of such mappings from the class W,! were established). This theory has been
intensively developed in the last decades (see, e.g., the book [Hencl and Koskela 2014] for an overview),
and studying the N-property constitutes one of the most important directions [Kauhanen et al. 2001;
D’Onofrio et al. 2016].

Note that the belonging of a mapping to the Sobolev class Wn1 (R™, R™) is crucial for N-properties.
Indeed, every mapping of class Wp1 (R*,R"™) with p > n is continuous and supports the N-property (it is
a simple consequence of the Morrey inequality). But even if a mapping f € W,!(R", R") is continuous
(which is not guaranteed in general), it may not have the N-property. On the other hand, the N-property
holds for functions of the class Wn1 (R™, R™) under some additional assumptions on its topological features,
namely, for homeomorphic and open mappings [Reshetnyak 1987] (see also [Roskovec 2018]) and for
quasimonotone! mappings [Vodop’yanov and Goldshtein 1976; Maly and Martio 1995].

The results above are very delicate and sharp: indeed, for any p < n there are homeomorphisms
f e Wp1 (R™, R™) without the N-property. This phenomenon was discovered by S. P. Ponomarev [1971].
In recent years his construction has been very refined and an example was constructed of a Sobolev
homeomorphism with zero Jacobian a.e. which belongs simultaneously to all the classes Wp1 (R, R™)
with p < n [Hencl 2011; Cerny 2011] — of course, this “strange” homeomorphism certainly fails to have
the N-property.?

In the positive direction, it was proved in [Kauhanen et al. 1999], see also [Romanov 2008], that every
mapping of the Sobolev—Lorentz class Wnl,1 (R™, R™) (i.e., its distributional derivatives belong to the
Lorentz space Ly 1; see Section 2 for the exact definitions) satisfies the N-property. Note that this space
W, (R",R") is limiting in a natural sense between classes W, and W, with p > .

Another direction is to study the N-properties with respect to Hausdorff (instead of Lebesgue) measures.
One of the most elegant results was achieved for the class of plane quasiconformal mappings.

The famous area distortion theorem of K. Astala [1994] implies the following dimension distortion
result: if f : C — C is a K-quasiconformal mapping (i.e., it is a plane homeomorphic mapping with
K-bounded distortion) and E is a compact set of Hausdorff dimension ¢ € (0, 2), then the image f(F)
has Hausdorff dimension at most ¢ = 2Kt /(2 + (K — 1)t). This estimate is sharp; however, it leaves
open the endpoint case: does H'(E) = 0 imply ’H’/( f(E)) = 0?7 The remarkable paper [Lacey et al.
2010] gives an affirmative answer to Astala’s conjecture (see also [Astala et al. 2013], where the further
implication H(E) < oo = H! /( f(E)) < oo was considered).

Let us go to results which are closer to the present paper. It is more natural to discuss the topic in
the scale of fractional Sobolev spaces, i.e., for (Bessel)-potential space .,2”;)" with @ > 0. Recall that a
function v : R” — R¥ belongs to the space &, if it is a convolution of the Bessel kernel K, with a

ISome of these results were generalised for the more delicate case of Carnot groups and manifolds; see, e.g., [Vodop’yanov
2003].

2Moreover, even the examples of bi-Sobolev homeomorphisms of class Wp1 (R, R™), p <n— 1, with zero Jacobian a.e.
were constructed recently; see, e.g., [D’Onofrio et al. 2014; Cerny 2015]. Such homeomorphisms are impossible in the
Sobolev class Wnl_1 (R", R™). Furthermore, Hencl and Vejnar [2016] constructed an example of a Sobolev homeomorphism
fe Wll ((0, 1), R™) such that the Jacobian det f’(x) changes its sign on sets of positive measure.
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function g € L,(R"), where Ky () = (1 + 472£2)~%/2 It is well known that
o ny __ o n :
Z,(R) =W7[R") ifeaeNand1<p<oo.
Recently H. Hencl and P. Honzik proved, in particular, the following assertion:

Theorem 1.1 [Hencl and Honzik 2015]. Letn,d €N, « >0, p > 1, ap > n, and 0 < t < n. Suppose
that a mapping f : R" — R? belongs to the (fractional) Sobolev class £y Then for any set E C R" with
Hausdorff dimension dimg E < T the inequality dimg f(E) < o(t) holds, where

o(0) = T l:f‘L'Z‘L'*Z=n—(Ot—1)p, (1-1)
pt/ap—n+1) if 0<T < Ty.

But as above (see the discussion around the Astala theorem), this result raises a natural question. What
happens in the limiting case, i.e., is it true that X7 (E) = 0 implies %@ ( f(E)) = 0? Of course, such
an N-property is much more precise and stronger than the assertion of Theorem 1.1.

Six years ago G. Alberti [2012] announced the validity of the following result, obtained in collaboration

with M. Csornyei, E. D’ Aniello and B. Kirchheim.

Theorem 1.2. Letk,n,d €N, p > 1, kp > n, and 0 < t < n. Suppose that a mapping f : R" — R4
belongs to the Sobolev class ka and t© # t« =n—(k —1)p. Then f has the (t,c)-N-property, where
the value 0 = o (1) is defined in (1-1).

Here for convenience we use the following notation: a mapping f : R” — R¢ is said to satisfy the
(t,0)-N-property if H° (f(E)) = 0 whenever H*(E) =0, E C R".

We remark that in [Alberti 2012] the limiting case T = 74« > 0 is left as an open question. Further, as
far as we know, proofs of the results announced have not been published (it was written in [Alberti 2012]
that the work was still “in progress”).

In the present paper we extend the assertion above to the case of fractional Sobolev spaces and also we
cover the critical case T = 74 as well.

Theorem 1.3. Lera >0, 1 < p <oo, ap >n,andv € Z(R", R%). Suppose that 0 < t < n. Then the
following assertions hold:

1) If T # t« =n— (o — 1) p, then v has the (t,0)-N-property, where the value 0 = o (t) is defined
in (1-1).

(i) If « > 1 and t = 14 > 0, then 0 (1) = 14 and the mapping v in general has no (t«, t«)-N-property;
i.e., it could be that H™ (v(E)) > 0 for some E C R" with H™(E) = 0.

Remark 1.4. We stress that there is no “competition” with Alberti, Csérnyei, D’ Aniello and Kirchheim
concerning Theorems 1.2—1.3. When we published our first paper on the topic [Bourgain et al. 2013],
those authors contacted us and it was agreed that mutual citations would be provided (and indeed appeared
in [Alberti 2012; Bourgain et al. 2013]). Similarly, when the present paper was finished, we contacted
one of those authors. They told us that after [Alberti 2012] they had some further progress, especially for
T = Tx. We came to an agreement that each research group could publish their results with independent
proofs, respecting each other’s activity in the subject.
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Remark 1.5. If @ = 1 and p > n, then 7« = n and £ (R”", RY) = Wp1 (R",R?), and the validity of
the (z, 0)-N-property for all T € (0, n] and for all mappings of these spaces is a simple corollary of the
classical Morrey inequality [Maly and Martio 1995].

Theorem 1.3 omits the limiting cases «p = n and t = 74. It is possible to cover these cases as
well using the Lorentz norms. Namely, denote by .£7 ; (R", R?) the space of functions which can be
represented as a convolution of the Bessel potential K, with a function g from the Lorentz space L 1
(see the definition of these spaces in Section 2); that is,

lollze, = lgllz, .-
Theorem 1.6. Leta >0, 1 < p < o0, ap > n, and 0 < t < n. Suppose that v € fg’l(ﬂ%”, [Rid). Then
v is a continuous function satisfying the (t, 0)-N-property, where again the value 0 = o (t) is defined
in (1-1) (i.e., the limiting case T = 1« is included).
Remark 1.7. Inthe case « = k € N, kp =n, p > 1, we have 1« = p and the validity of the (z, 0)-

N-property for mappings of the corresponding Sobolev—Lorentz space Wp]f 1 (R, Rd) was proved in
[Bourgain et al. 2015; Korobkov and Kristensen 2018].

1A. The counterexample for the limiting case T = t.. in Theorem 1.3(ii). Suppose again that
n>(a—1)p>n—p.

Let us demonstrate that the positive assertion in Theorem 1.3(i) is very sharp: it fails in general for the
limiting case
t=tm=n—(e—1)p.
Take

Then by definition

So we have to construct a function from the Sobolev space .,2”32 (R*) = W32 (R*) which does not have the
N-property with respect to 7! -measure. Consider the restrictions (traces) of functions from W34 (R*) to the
real line. It is well known that the space of these traces coincides exactly with the Besov space B31, 3(R); see,
e.g., [Jonsson and Wallin 1984, Chapter 1, Theorem 4 on p. 20]. Consider the function of one real variable

folx) =™ Z 57"m™7 cos(5"x),

m=1
where

3<0<3.
It is known that f; € B§’3([R) under the assumptions above; see, e.g., §6.8 in Chapter V of [Stein 1970].

Nevertheless, the following result holds.

Theorem 1.8. The function f; : R — R from above does not have the (1,1)-N-property (with respect to
H -measure).
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This result is a direct consequence of the following two classical facts:

Theorem 1.9 [Saks 1937, Chapter IX, Theorem 7.7]. If a continuous function f : R — R has the
N-property, then it is differentiable on a set of positive measure.

Theorem 1.10 [Zygmund 1959, Chapter V, §6, p. 206]. The continuous function

o0
J) =) ey cos(b™x),
m=1

with b > 1 and ¢, — 0, Z;le 83,1 = 00, is not differentiable almost everywhere.

Note that the functions f;, f from Theorems 1.8 and 1.10 are the typical examples of so-called
lacunary Fourier series.

From Theorem 1.8 it follows that there exists a function v € W32(|R4) whose restriction to the real line
coincides with fy; i.e., v does not have the (1,1)-N-property. The construction of the counterexample is

finished.

1B. Fubini-type theorems for N-properties. The N-properties formulated above have an important
application in the recent extension of the Morse—Sard theorem to Sobolev spaces (see [Ferone et al. 2017]
and also Section 1C below). Here we need the following notion.

For a pair numbers 7,0 > 0 we will say that a continuous function v : R" — R satisfies the (t,0)-
Ny-property if for every ¢ € [0, o] and for any set £ C R” with H*(F) = 0 we have

1= (Env1(y) =0 for H9-aa yeRY, (1-2)
This implies, in particular, the usual (z, 0)- N-property
H° (v(E)) =0 whenever H'(E) = 0.

(Indeed, it is sufficient to take ¢ = ¢ in (1-2).) In other words, the (t, 0)-Ny-property is stronger than
the usual (7, 0) one.

The N.-property can be considered as a Fubini-type theorem for the usual N-property. Now we can
strengthen our previous results in the following way.

Theorem 1.11. Lera >0, 1 < p <oo, ap >n,andv € Z5(R", R%). Suppose that 0 < t < n. Then:
1) If t £ 1« =n—(ax—1)p, then v has the (t,d)-N«-property, where the value 6 = o (1) is defined

in (1-1).

(i) If o > 1 and T = T4, then 0 (t) = T« and the mapping v in general has no (t«, t«)-N-property; i.e.,
it could be that H™ (v(E)) > 0 for some E C R" with H™(E) = 0.

Remark 1.12. If @ = 1 and p > n, then t« = n and £ (R", R4y = Wp1 (R", R%), and the validity of

the (t, 0)-Nx-property for all T € (0, n] and for all mappings of these spaces is a simple corollary of the

classical Morrey inequality and Theorem 4.1 below.

Of course, Theorem 1.11 omits the limiting cases ap = n and t = 7. Again, it is possible to cover
these cases as well using the Lorentz norms.
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Theorem 1.13. Leta >0, 1 < p <00, ap > n, and 0 < t <n. Suppose that v € fl‘)",l(R”, R%). Then
v is a continuous function satisfying the (t, 0)-Nx«-property, where again the value 0 = o (1) is defined

in (1-1),

Remark 1.14. Inthe case « =k € N, kp =n, p > 1, we have 1, = p and the validity of the (z, 0)-
Ny-property for mappings of the corresponding Sobolev—Lorentz space Wp]fl([R”, [R{d) was proved in
[Bourgain et al. 2015; Hajtasz et al. 2017].

1C. Application to the Morse—Sard and Dubovitskii—Federer theorems. The classical Morse—Sard the-
orem claims that for a mapping v: R” — R of class C* the measure of the set of critical values v(Z v,m)
is zero under the condition k > max(n — m,0). Here the critical set, or m-critical set, is defined as
Zy.m =1{x € R" :rank Vv (x) < m}. Further Dubovitskii [1957; 1967] and Federer [1969, Theorem 3.4.3]
independently found some elegant extensions of this theorem to the case of other (e.g., lower) smoothness
assumptions. They also established the sharpness of their results within the ck category.

Recently the following bridge theorem, which includes all the results above as particular cases, was
found.

We say that a mapping v : R” — R4 belongs to the class C ke for some integer positive k and 0 < < 1
if there exists a constant L > 0 such that

|VEu(x) = VEu(y)| < LIx— y|® forall x, y € R".

To simplify the notation, let us make the following agreement: for & = 0 we identify C**® with usual
spaces of C k_smooth mappings. The following theorem was obtained in [Ferone et al. 2017].

Theorem 1.15. Letm € {1,....n}, k>1,d >m, 0 <a <1, and v € CK*R" ,R?). Then for any
q € (m—1, 00) the equality
HMU(Zym N v () =0 for Hi-aa. y € R4
holds, where
pg=n—-m+1—(k+a)g—m+1),
and Zy m denotes the set of m-critical points of v, that is, Zy , = {x € R" :rank Vv(x) <m —1}.
Here and in the following we interpret HPB as the counting measure when 8 < 0. Let us note that for

the classical C k—case, i.e., when a = 0, the behaviour of the function j4 is very natural:

g=0 forg=qgo=m—14+(n—m+1)/k (Dubovitskii-Federer theorem, 1967),

g <0 forg >qo (Dubovitskii—Federer theorem, 1967),

pg=n—m—k+1 forqg=m (Dubovitskii theorem, 1957),
Hg=n—m+1 forqg=m—1.

The last value cannot be improved in view of the trivial example of a linear mapping L: R"” — R4 of
rank m — 1.
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Thus, Theorem 1.15 contains all the previous theorems (Morse—Sard, Dubovitskii—Federer, and even
the Bates theorem [1993] for C k ’l-Lipschitz functions) as particular cases.

Intuitively, the sense of this bridge theorem is very close to Heisenberg’s uncertainty principle in
theoretical physics: the more precise the information we receive on the measure of the image of the
critical set, the less precisely the preimages are described, and vice versa.

The following analog of the bridge theorem, Theorem 1.15, was obtained for the Sobolev and fractional
Sobolev cases (items (i1)—(ii) and items (iii)—(iv), respectively).

Theorem 1.16 [Hajtasz et al. 2017; Ferone et al. 2017]. Letm e {1,...,n}, k>1,d>m, 0 <a <1,
p>landletv:R" — R% be a mapping for which one of the following cases holds:
1) a=0, kp>n,andv € ka(R”, R4),
(i) « =0, kp =n, and v e WF (R", RY).
(i) 0<a <1, p>1, (k+a)p>n,andv e LET*R" RY).
iv) O<a <1, p>1, (k+a)p=n,andve £y *(R" RY).
Then for any q € (m — 1, 00) the equality
H*(Zym NI (y) =0 for He-a.a. y € R?
holds, where again
pg=n—m+1—(k+a)g—m+1),
and Zy m denotes the set of m-critical points of v, that is, Zy ,m = {x € R" \ Ay :rank Vv(x) <m —1}.

Here A, means the set of nondifferentiability points for v. Recall, that by approximation results
[Swanson 2002; Korobkov and Kristensen 2018] under the conditions of Theorem 1.16 the equalities

H'(Ay) =0 forallt>1e:=n—(k+a—1)p incases (i), (iii),
H™(Ay) =HP(Ay) =0 ti=n—(k+a—-1)p=p in cases (ii), (iv)
are valid (in particular, A, = @ if (k + o — 1) p > n). Our purpose is to prove that the impact of the “bad”

set A, is negligible in the bridge Dubovitskii—Federer theorem (Theorem 1.16), i.e., that the following
statement holds:

Theorem 1.17. Let the conditions of Theorem 1.16 be fulfilled for a function v : R"* — R, Then

HY (A, Nv Y (y) =0 for Hi-aa. y € R4
forany g >m—1.

Remark 1.18. Since g <0forg >go=m—1+ ";:"_;rl, the assertions of Theorems 1.16—1.17 are

equivalent to the equality 0 = H9[v(Ay U Zy )] for ¢ > gqo, so it is sufficient to check the assertions of
Theorems 1.16-1.17 for ¢ € (m — 1, go] only.

Finally, let us comment briefly that the merge ideas for the proofs are from our previous papers
[Bourgain et al. 2015; Korobkov and Kristensen 2014; 2018; Hajtasz et al. 2017]. In particular, the papers
[Bourgain et al. 2013; 2015] by one of the authors with J. Bourgain and J. Kristensen contain many of
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the key ideas that allow us to consider nondifferentiable Sobolev mappings. For the implementation of
these ideas one relies on estimates for the Hardy—Littlewood maximal function in terms of Choquet-type
integrals with respect to Hausdorff capacity. In order to take full advantage of the Lorentz context we
exploit the recent estimates from [Korobkov and Kristensen 2018] (recalled in Theorem 2.11 below);
see also [Adams 1988] for the case p = 1.

2. Preliminaries

By an n-dimensional interval we mean a closed cube in R” with sides parallel to the coordinate axes. If
0 is an n-dimensional cubic interval then we write £(Q) for its side-length.

For a subset S of R” we write .£"(S) for its outer Lebesgue measure (sometimes we use the sym-
bol meas S for the same object). The m-dimensional Hausdorff measure is denoted by H™ and the
m-dimensional Hausdorff content by #7,. Recall that for any subset S of R" we have by definition

H™(S) = lim H}(S) = sup H['(S),
N0 t>0
where for each 0 < ¢ < o0,

o o0
H™(S) = inf{ > (diam ;)™ : diam S; <1, S C | S,-} .
i=1 i=1
It is well known that H" (S) = HZ (S) ~ Z"(S) for sets § C R" (“~” means, here and in the following,
that these values have upper and lower bounds with positive constants independent of the set S).
By Lp(R"), 1 < p < oo, we will denote the usual Lebesgue space equipped with the norm || - |L,,.
The notation || /||, (g) means |[1g - f|L,, where 1£ is the indicator function of E.
Working with locally integrable functions, we always assume that the precise representatives are chosen.
If w e L1,10c(£2), then the precise representative w* is defined for all x € Q by

limy\o fp(x yyw(z)dz if the limit exists and is finite,

w™(x) :{

where the dashed integral as usual denotes the integral mean,

0 otherwise,

w(iz)dz= ————— w(z)dz,
][;i(x,r) @ ZL"(B(x,r)) B(x,r) @

and B(x,r) ={y : |y — x| < r} is the open ball of radius r centred at x. Henceforth we omit special
notation for the precise representative, writing simply w* = w.
For 0 < B < n, the fractional maximal function of w of order B is given by

M,gw(x)zsuprﬁ][ |lw(z)|dz. 2-1)
B(x,r)

r>0
When = 0, M reduces to the usual Hardy-Littlewood maximal operator M.

The Sobolev space W’; (R", R%) is as usual defined as consisting of those R?-valued functions f €
L, (R"™) whose distributional partial derivatives of orders / < k belong to L,(R"); for detailed definitions
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and differentiability properties of such functions, see, e.g., [Evans and Gariepy 1992; Mazya 1985; Ziemer
1989; Dorronsoro 1989]. Denote by V¥ f the vector-valued function consisting of all k-th order partial
derivatives of f arranged in some fixed order. However, for the case of first order derivatives k = 1 we
shall often think of V f(x) as the Jacobi matrix of f at x, that is, the d x n matrix whose r-th row is the
vector of partial derivatives of the r-th coordinate function.

We use the norm

1/ s = 1 DL, + IV £l + -+ 19 Fl,

and unless otherwise specified all norms on the spaces RS (s € N) will be the usual euclidean norms.

If k < n, then it is well known that functions from Sobolev spaces W’; (R™) are continuous for p >n/k
and can be discontinuous for p < p, = n/k [Mazya 1985; Ziemer 1989]. The Sobolev—Lorentz space
W];O’I (R™) C W];o (R™) is a refinement of the corresponding Sobolev space. Among other things, functions
that are locally in W]I‘)o’1 on R" are in particular continuous.

Here we only mentioned the Lorentz space L, 1, and in this case one may rewrite the norm as follows
[Maly 2003, Proposition 3.6]:

+o0 1
£z, =/0 [Z"({x e R" 1] f(x)| > t})]7 dt.
As for Lebesgue norm we set || f ||z, ;(g) := |1£ - flL,.,- Of course, we have the inequality

I, =1Ly (2-2)

Moreover, recall that by properties of Lorentz spaces, the standard estimate

IMfllz, s =ClISfllL,, (2-3)

holds for 1 < p < oo [Maly 2003, Theorem 4.4].
Denote by W’;’I(R”) the space of all functions v € W’; (R™) such that in addition the Lorentz
norm ||Vkv||Lp.1 is finite.

2A. On potential spaces ). In this paper we deal with the (Bessel) potential spaces £ with a > 0.
Recall that a function v : R* — R? belongs to the space £ if it is a convolution of the Bessel kernel Ky
with a function g € L, (R"):

V=9Y(g) =Ky *g.

where Ky (£) = (1 + 472£2)~%/2, In particular,

[vllze :=llgllL,-
It is well known that
Ly (R =W (R") ifaeNand1<p<oo, (2-4)

and we use the agreement that £ (R") = L, (R") when o = 0. Moreover, the following well-known
result holds:
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Theorem 2.1 [Stein 1970, Lemma 3, p. 136]. Leta > 1 and 1 < p < oco. Then v € Zg (R™) if and only if
vE 21‘,"_1(R”) and 9v/0x; € ,,Sflf‘_l([R”) forevery j =1,...,n.

The following technical bounds will be used on several occasions (for convenience, we prove them in
the Appendix).

Lemma 2.2. Leta > 1, n+ p >ap >n,and p > 1. Suppose that v € L (R"); i.e., v = Yo (g) for some
g € L,(R"™). Then for every n-dimensional cubic interval Q C R" with r = £(Q) < 1 the estimate

. _n 1
diamv(0) = [ IMgle,i0r™ F + i [ facalel() 0] @)

holds, where the constant C depends on n, p,d, « only, and

Ig f(x) = /R = J iyl,i_ﬂ dy

is the Riesz potential of order B.

Sometimes it is not convenient to work with the Riesz potential, and we need also the following variant
of the estimates above.

Lemma 2.3. Leta >0, n+ p > ap > n, and p > 1. Suppose that v € L5 (R"); i.e., v = Yu(g) for
some g € L,(R™). Fix arbitrary 6 > 0 such that o 4+ 60 > 1. Then for every n-dimensional cubic interval
QO CR" withr =£(Q) <1 the estimate

: _n 1
diamv(Q) < C[IIMgIIL,,(Q)Va e /Q Ma—1+eg(y)dy] (2-6)

holds, where the constant C depends onn, p,d, o, 0 only.
For reader’s convenience, we prove Lemmas 2.2-2.3 in the Appendix.
2B. On Lorentz potential spaces f;‘ 1+ To cover some other limiting cases, denote by f;‘ 1 (R, R4 ) the
space of functions which can be represented as a convolution of the Bessel potential K, with a function g
from the Lorentz space L, 1; that is,
vllee, :=IlglL,..-
Because of inequality (2-2), we have the evident inclusion
.f;"l([R{”) C Zg(R”).
Since these spaces are not so common, let us discuss briefly some of their properties. We need some
technical facts concerning the Lorentz spaces.

Lemma 2.4 [Rakotondratsimba 1998]. Let 1 < p < co. Then for any j = 1,...,n the Riesz transform
Z; is continuous from Ly 1 (R") to L, 1(R").

Lemma 2.5 [Schep 1995]. Let 1 < p < 0o and u be a finite Borel measure on R". Then the convolution
transform f > f % p is continuous in the space Lp 1 (R") and in £ (R") for all o > 0.
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Using these facts and repeating almost word for word the arguments from [Stein 1970, §3.3-3.4], one
can obtain the following very natural results.

Theorem 2.6 (cf. [Stein 1970, Lemma 3, p. 136]). Leta > 1and 1 < p <oo. Then f € £, (R") if and
only if f € f;fl(R”) and 3f /0x; € oflf‘,fl([R{") forevery j =1,...,n.

Corollary 2.7. Letk e Nand 1 < p < oo. Then fpk’l (R™) = Wp'fl([Ri”), where ka,l (R™) is the space of
functions such that all its distributional partial derivatives of order < k belong to L, 1(R").

Note that the space Wp’f 1 (R™) admits an even simpler (but equivalent) description: it consists of
functions f from the usual Sobolev space ka (R™) satisfying the additional condition V¥ f € Lp1(R™)
(i.e., this condition is on the highest derivatives only); see, e.g., [Maly 2003].

As before, we need some standard estimates.

Lemma 2.8. Leta >0, n+ p >ap >n,and p > 1. Suppose that v € .Z;"l([l%”); i.e., v =9Y(g) for
some g € Ly 1(R™). Then the function v is continuous and for every n-dimensional cubic interval Q C R"
with r = £(Q) < 1 the estimate

. _n 1
diam v(Q) < C[nMguLp,l(Q)r“ bt /Q Ma_1+eg(y)dy] @7

holds for arbitrary (fixed) parameter 0 > 0 such that o + 6 > 1 (here the constant C again depends on
n, p,d,a, 0 only). Furthermore, if o > 1, then

. _n 1
diamv(Q) < [nMguL,,.l(Q)r“ b /Q Ia-11g1(») dy] 2-8)
For the reader’s convenience, we prove Lemma 2.8 in the Appendix.

2C. On Choquet-type integrals. Let .4 B be the space of all nonnegative Borel measures p on R” such
that

llellg = sup €1 P u(l) < oo,
ICR”

where the supremum is taken over all n-dimensional cubic intervals / C R” and £(/) denotes the side
length of 1.

Recall the following classical theorem proved by D. R. Adams.
Theorem 2.9 (see [Mazya 1985, §1.4.1] or [Adams 1973]). Leta >0, n—ap >0, s > p > 1 and u be
a positive Borel measure on R". Then for any g € L,(R") the estimate

[ tagt au < Cliullp -1l 2.9)

holds with B = %(n —ap), where C depends onn, p, s, o only.

The estimate (2-9) fails for the limiting case s = p. Namely, there exist functions g € L, (R") such
that |/, g|(x) = 400 on some set of positive (n—ap)-Hausdorff measure. Nevertheless, there are two
ways to cover this limiting case s = p. The first way is to use the maximal function My instead of the
Riesz potential on the left-hand side of (2-9).
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Theorem 2.10 [Adams 1998, Theorem 7, p. 28]. Leto >0, n —ap >0, s > p > 1 and u be a positive
Borel measure on R". Then for any g € L,(R") the estimate

[ 1Magl e < Cllls el (2-10)

holds with B = (s/ p)(n —ap), where C depends on n, p, s, o only.

The second way is to use the Lorentz norm instead of the Lebesgue norm on the right-hand side
of (2-9):

Theorem 2.11 [Korobkov and Kristensen 2018, Theorem 0.2]. Let o« >0, n—ap > 0, and pu be a positive
Borel measure on R". Then for any g € L,(R") the estimate

[ gl an < Clluly - el
holds with B = n —ap, where C depends on n, p, a only.

2D. On Fubini-type theorems for N-properties. Recall that by the usual Fubini theorem if a set E C R?
has zero plane measure, then for #!-almost all straight lines L parallel to the coordinate axes we have
H!(L N E) = 0. The next result can be considered as a Fubini-type theorem for the N-property.

Theorem 2.12 [Hajtasz et al. 2017, Theorem 5.3]. Let 4 >0, g > 0, and v : R" — RY be a continuous
function. For a set E C R" define the set function
®(E)= _inf > (diam D;)"[diam v(D;)],
EcU; D; =

where the infimum is taken over all countable families of compact sets {D;}jen such that E C U i Dj.
Then ®(-) is countably subadditive and we have the implication

E)=0 = [HYENv(y)=0 for Hl-aa ye IRd].

2E. On local properties of considered potential spaces. 1Let B be some family of continuous functions
defined on R”. For a set 2 C R” define the space Bjo.(£2) in the following standard way:

BIOC(Q)
:={f : Q2 — R:for any compact set £ C 2, there exists g € B such that f(x) = g(x) forall x € E}.

For simplicity put Bioc = Bioc (R").
It is easy to see that for « > 0 and ¢ > s > p > 1 with ap > n the following inclusions hold:
C Zgtoe CZp

o
q,loc loc p,1,loc*

Since the N-properties have a local nature, this means that if we prove some N - (or Nx-) property for £%,
then the same N-property will be valid for the spaces flf"l and . for all ¢ > p. Similarly, if we prove
some N- (or Ni-) property for fl‘,’fl, then the same N-property will be valid for the spaces £ with
q > p, etc.
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3. Proofs of the N-properties (Theorems 1.3, 1.6)

In this section we will prove Theorems 1.3 and 1.6. For each theorem, we will consider different cases.
The most interesting case is when ap < n + p, which implies that 7, > 0: in such a situation we will
consider the supercritical case T > 7« > 0 and the subcritical case 0 < T < 4« (see, respectively, Sections
3A and 3B below). The case ap > n + p is contained in Section 3C.

In the proofs we will consider a particular family of intervals to cover a given set, whose properties
are more suitable for our aims. Below a dyadic interval means a closed cube in R” of the form
[k1/2%, (ky +1)/21 x -+ x [k /2!, (ke +1)/2'], where k;, [ are integers. Define

o0 [e.@]
AS(E) = inf{ZE(Qi)s Ec| 0. 0 dyadic}.
i=1 i=1
It is well known that AS(E) ~ H5(FE) for all subset £ C R"; in particular, A* and H*® have the same null
sets.
Let {Q;}jen be a family of n-dimensional dyadic intervals. For a given parameter t > 0 we say that
the family {Q;} is regular if ) £(Q;)" < oo and for any n-dimensional dyadic interval Q the estimate

Lo = > Q)T (3-1)
J:Q;CQ
holds. Since dyadic intervals are either nonoverlapping or contained in one another, (3-1) implies that

any regular family {Q;} must in particular consist of nonoverlapping intervals. Moreover, the following
result holds.

Lemma 3.1 [Bourgain et al. 2015, Lemma 2.3]. Let {J;} be a family of n-dimensional dyadic intervals
with ), £(J;)" < oc. Then there exists a regular family {Q ; } of n-dimensional dyadic intervals such that

U; Ji cU; Q; and
D UOHT =Y L)
J i

3A. Proof of Theorem 1.3: the supercritical case T > t.. > 0. Fix the parametersn e N, o >0, p > 1
such that

ap>n, twx=n—(a—1)p>0, (3-2)
and take
T € (14, n]. (3-3)

Fix also a mapping v € £ (R", R4). Ifo=1,thenv € Wpl (R™) with p > n and t = n, and the result is
well known. So we restrict our attention to the nontrivial case o > 1, 7 < n.

Now let {Q; }ien be a regular family of n-dimensional dyadic intervals. Consider the corresponding
measure p defined as

1
/fdM:ZXi:W/Q,- S(y)dy. (3-4)
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As usual, for a measurable set E C R” put u(E) = [ 1 du, where 1 is an indicator function of E.

Lemma 3.2 [Korobkov and Kristensen 2014, Lemma 2.4]. For any regular family {Q;}ien of n-
dimensional dyadic intervals the corresponding measure [ defined by (3-4) satisfies

w(Q) <4(Q)°
for any dyadic cube Q C R™.
From this fact and from the Adams Theorem 2.9, we immediately obtain:

Lemma 3.3. Let g € L,(R"). Then for any regular family {Q;} of n-dimensional dyadic intervals the
estimate

1
— To— Sdy <Cliglly 3-5
ZZK(Qi)”_t/Qi( lgl)* dy = Clgl, (-5)

holds, where s := (t/t«)p > p and C does not depend on g.
Now we are ready to formulate the key step of the proof.

Lemma 3.4. Under the assumptions above, for each & > 0 there exists § = (g, v) > 0 such that for any
regular family {Q;} of n-dimensional dyadic intervals if

Y Qi) <5,

then

Z[diam v(0)]F <e.

1
Proof. Since v € Z7 (R", R%), by the definition of this space, it is easy to see that for any & > 0 there
exists a representation

V=101 + V2,

where v; € Z)(R”, R%), vy € C®(R"),

Vil Lo @) < o0,
and

v2 =%(g) with gL, <& (3-6)

This means, in particular, that

[Vvi(x)| < K forall x € R", (3-7)

for some K = K (¢, v) € R. Take any regular family {Q;} of n-dimensional dyadic intervals such that

Y Qi) <8 (3-8)

(the exact value of § will be specified below). Put r; = £(Q;). Then by Lemma 2.2
> " [diam v(Q;)]* < C(S1 + Sz + Sa).

1
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where

(3-7)—(3-8)
=) ldiamvi(Q)]" < ™K,

t(e=%)

S2 :Z”Mg”zp(gi)ri )
i

1 T
53 = Z(rn_l /Q Tum1181() dy) .

1

Let us estimate S3. Since o — % < 1 by (3-2), we can apply the Holder inequality to obtain

7_0“" %_OH_l n
(ZnMgnL;’,(gC; ”) (Z) (ZHM Iy ”) S

i

(3-3) n (3-6) n
(’3 2) ||Mg||z‘r* 80(—* ||Mg||z Us O '805—; E Cgt_ad—;;
Q1) p(Ui Q)

here C is the constant from the the Hardy-Littlewood maximal inequality. Similarly, taking s = (t/7«)p
and applying twice the Holder inequality in S3 (the first time for the integrals, and the second time for
sums), we obtain

> n(z—2x) _ 1 v (1-2=)¢
szZ(/ Ua—llgl)sdy) ! "”=Z( =9 (Ia_1|g|)5dy) T
i Qi i T Qi
Holder 1 > =7 (39,660,689 __ | o
= ( rn—r/Q‘(’H'g')sdy) ‘(Zri’) < eE s
i 1 i

i

So taking § sufficiently small so that K*§ < %e is small, we have S1 + S + S3 < ¢ as required, and
Lemma 3.4 is proved. O

Finally, if E is a set such that H*(E) = 0, then also AT(E) = 0, and this lemma together with

Lemma 3.1 implies the validity of the assertion Theorem 1.3(i) for the supercritical case © > 7 > 0.

3B. Proof of Theorem 1.3: the subcritical case 0 < T < 1. Now fix the parameters n € N, « > 0,
p > 1 such that

ap>n, w=n—(a—1)p>0, (3-9)
and take
1€(0,14), 0= L
ap—n—+rt
Evidently, by this definition
o> (3-10)

Fix also a mapping v € £ (R", R?). Take an additional parameter 6 such that

(x—14+6)>0 and n—(x—1+6)p>0.
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From Lemma 3.2 and the Adams theorem 2.10, taking s = p, we immediately obtain:

Lemma 3.5. Let g € L,(R"). Then for any t-regular family {Q;} of n-dimensional dyadic intervals the
estimate

1
P p ]
Ei (0 /Ql_(Ma—Helgl) dy = Cliglz, (3-11)

holds, where tg =n — (¢ — 1 + 0) p and C does not depend on g.

As in the previous case, the proof of Theorem 1.3 in the case 0 < t < t* will be complete once we
establish the following result.

Lemma 3.6. Under above assumptions, for each € > 0 there exists § = §(g,v) > 0 such that for any
regular family {Q;} of n-dimensional dyadic intervals if

Y Qi) <5,

then

Z [diamv(Q;)]° < e.

1

Proof. Again, since v € £ (R", R?), by the definition of this space, for any & > 0 there exists a
representation

v = V1 + Vg,
where v; € .f"f‘(R”, RY), v; € C®(R"),

[VvillLeo@n) < 00,
and

v2 =% (g) with [|g]L, <& (3-12)

This means, in particular, that

|Vvi(x)| < K forall x € R", (3-13)

for some K = K(&,v) € R. Take any regular family {Q;} of n-dimensional dyadic intervals such that

Y ot <s<1 (3-14)

(the exact value of § will be specified below). Put r; = £(Q;). Then by Lemma 2.3

Z[diam v(Q0i)]° <C(S1+ S2+ S3),

1
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where

(3-10),(3-13)—(3-14)
< C

Sy =) [diamvi(Q)]° K7,

1

o(a-2)
Sa=) IMgl? ori
i

1 o
S3 = Z(m/g My—1+468(y) d)’) :

i T

Let us estimate S». Since by assumptions (3-9) the inequality o < p holds and
p—0 ap—n D T
= s o} =
p ap-n+t  p-o a—(n/p)
we can apply the Holder inequality to obtain

o p—0o
P o)\
Sp < (Z ||Mg||11jp(gl-)) : (Z T e )
i

i

(3-15)

pP—0O

. PG40 o
— (Melf g% (XF) M camsis
1
Similarly, applying twice the Holder inequality in S5 (the first time for the integrals, and the second time
for sums), we obtain

% nl=lys —n—6 1 % (a—ﬂ)o
5352(/Q (Ma—1+9g)pdy) ol 'ri(l " )U=Z(rn—m/Q(Ma—1+9|g|)de) 7
i i i i i

Holder 1 % a—ﬁ)g%a 1_%
s(Zm/Q(Ma_mgwdy) -(Zr,- 2 )
i i i

i

(3-15) 1 S
= (Z—rn—re fQ (Ma_1+e|g|)1’dy) (Z)
2 i

i i

1_1
r (3-11),(3-12),(3-14)
< 88177,

So taking § sufficiently small so that K*§ < %e is small, we have S 4+ S3 4+ S3 < ¢ as required, and the
lemma is proved. U

Finally, we conclude exactly as in the previous case.

3C. Proof of Theorem 1.3: the supercritical case t.. < 0 < t. Consider now the case ap > n and
= =n—(x—1)p <0. If (@ —1)p > n, then every function v € ZJ(R", RY) is locally Lipschitz
(even C'1) and the result is trivial. Suppose now (a — 1) p = n. Under these assumptions, let T > 0 and
v EXI‘;‘(R”,R‘{). Take a number 1 < p < p such thatap >nand v > 1 =n— (¢ —1)p > 0. Then we
have v € £%

D,loc
has the (z, 7)- N-property. O

(R",R?) (see Section 2E). Therefore, by the previous case 7 > 74 > 0, the mapping v
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3D. Proof of Theorem 1.6. The proof of Theorem 1.6 is very similar to that of Theorem 1.3: the main
differences concern the limiting cases ap =n or t = t*

Case I: ap >n and t # t*. The required assertion follows immediately from Theorem 1.3 and from the
inclusion .27 | (R") C £ (R") (this inclusion follows from the definitions of these space and from the
relation Ly 1 (R") C L, (R")).

Case II: ap =n and t > 74 > 0. The required assertion can be proved by repeating almost word for word
the same arguments as in the supercritical case in Theorem 1.3 with the following evident modifications:
now one has to apply the estimate (2-8) (which covers the case «p = n) instead of previous estimate (2-5),
and, in addition, one needs the following analog of the additivity property for the Lorentz norms:

D p
Z ||f||Lp,l(Qi) = ”f”Lp,](UiQi)
i

for any family of disjoint cubes [Maly 2003, Lemma 3.10].

Case III: ap > n and v = t*. The required assertion can be proved by repeating almost word for word
the same arguments as in the supercritical case in Theorem 1.3 with the following evident modifications:
now T = Ty (this simplifies the calculations a little bit) and one has to apply Theorem 2.11 (which covers
the case s = p) and the estimate (2-8) instead of Theorem 2.9 (where s > p) and the inequality (2-5),
respectively.

Case IV: ap =n and 0 < t < t* By a direct calculation, we get o(t) = p for any 7 € (0, 74], and the
result follows from the above-considered critical case T = .

Thus Theorems 1.3 and 1.6 are proved completely.

Remark 3.7. Really, we have proved that under the assumptions of Theorems 1.3 and 1.6, for every fixed
function v : R” — R? from the considered potential spaces and for the corresponding pair (z, o) the
following assertion holds: for any & > 0 there exists § > 0 such that for every t-regular family of cubes

Q; CR"if Y, £(Q;)* <4, then ) ; [diamv(Q;)]° <e.
4. Proof of “Fubini-type” N.-properties
Here we have to prove Theorems 1.11 and 1.13. We need the following general fact.

Theorem 4.1. Let 7 € (0,n], 0 > 0, and let v : R" — R? be a continuous function. Suppose that for any
E CR" with H* (E) = 0 and for every & > 0 there exists a family of compact sets { D; }i en such that

EC U D; and Z[diam Dil*<e and Z[diam v(D))° <e. (4-1)
l l 1

Then v has the (t, 0)-Ny-property; i.e., for every q € [0, d] and for any set E C R" with H*(E) = 0 we
have

HO=D(EN() =0 for Hi-aa ycR? (4-2)
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Proof. Let the assumptions of the theorem be fulfilled. Fix g € [0, o]. If ¢ = 0 or ¢ = o, then the required
assertion (4-2) follows trivially from these assumptions. Suppose now that

O<g<o.

Fix an arbitrary ¢ > 0 and take the corresponding sequence of compact sets D; satisfying (4-1). Put
p=1(1-%) <. Then

N

1_7

o

ake

Z(dlam D;)*[diam v(D;)]? Older (Z [diam D;]* o~ q) . (Z [diam v(Dl-)]G)

i
=5 (4D
= (Z [diam D] ) (Z [diam v(D; )]U) <&
i
Since ¢ > 0 was arbitrary, now the required assertion follows immediately from Theorem 2.12. |

The theorem just proved and Remark 3.7 clearly imply the assertions of Theorems 1.11 and 1.13.

4A. Proof of Theorem 1.17. Fix a mapping v : R"* — R? for which the assumptions of Theorem 1.16
are fulfilled. We have to prove that

HM (A, Nv~ (y)) =0 for H9-aa. yeR?, (4-3)

forany ¢ > m —1, where ug =n—m+1—(k +a)(g —m + 1) and A, is the set of nondifferentiability
points of v. Recall that, by approximation results [Swanson 2002; Korobkov and Kristensen 2018], under
the conditions of Theorem 1.16 the equalities

H'(Ay) =0 forallt>1e:=n—(k+a—1)p incases (i), (iii), (4-4)
H™(Ay) = HP(Apy) =0 tw:=n—(k+a—Dp=p in cases (ii), (iv) (4-5)
are valid.

Because of Remark 1.18 we can assume without loss of generality that ¢ € (m — 1, go]. Then for all
cases (i)—(iv) we have

" — +1< y1="= +1_
—m o—m+1=—
kta=" 1 =4 k+oa —

= pg=n—-m+l—-—(k+a)g—m+1)
=n—(k+a—-1)(@g—m+1)—g>n—(k+a—-1)p—q=14—gq.
In other words,
Mg = T« — 4, (4-6)
where the equality holds if and only if

k=1, a=0, ug=n—q=1tc—q 4-7)



1168 ADELE FERONE, MIKHAIL V. KOROBKOV AND ALBA ROVIELLO

or
m=1, (k+a)p=n, q=p=1«, pg=0. (4-8)
Below for convenience we consider the cases (i)—(iv) of Theorem 1.16 separately.
Casel: «=0,kp>n, p>1,ve ka (R",R?). This case splits into the following three subcases.

Casela: k =1, p>n, t« =n, g =n —q. Then the required assertion (4-3) follows immediately
from the equality " (Ay) = 0 and from Remark 1.12.

CaseIb: 7« <Oorte =0, k =n+1, p=1. Then the set A, is empty (since functions of the space
ka (R", R%) are C'-smooth), and there is nothing to prove.

CaselIc: 74+ >0, p>1, k> 1, kp > n. Then by (4-4) we have
forall T > 14, H(4y)=0. (4-9)

Further, by Theorem 1.11 the function v has the (z, 7)- N«-property for every 7 > 4. This implies, in
particular, by virtue of (4-9), that for every 7 > 7, and for every g € [0, 7] the equality

H (A, Nv () =0 for H9-aa. ye R? (4-10)

holds. Fix g € (m —1, go] and take t = g + j14. Since by construction py > 0, we have > g. Moreover,
by (4-6)—(4-8) we have t > 7,. The last two inequalities together with (4-10) imply

H* (A, Nv () =0 for H9-aa. ye RY.
So the required assertion is proved for this case.
Casell: « =0, kp=n, p>1,ve Wp]fl(lR”, R4). In this case by definition

w:=n—(k—1)p=p,
and, by (4-5) we have
HP (Ay) = 0. @-11)

Further, by [Hajtasz et al. 2017, Theorem 2.3] the function v has the (z, t)-N«-property for every 7 > p.
This implies, in particular, by virtue of (4-11), that for every t > p and for every ¢ € [0, t] the equality

H* (A, Nv Y (y)) =0 for H9-aa. yecR? (4-12)

holds. Fix g € (m — 1, ¢o] and take 7 = g + j14. Since by construction p4 > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have T > 7, = p. The last two inequalities together with (4-12) imply

HP (A, Nv 1 (y) =0 for H9-aa. ye RY.

So the required assertion is proved for this case.

Caselll: O<a<l1, (k+a)p>n, p>1, ve f;"'“(R”,Rd). Ifto=n—(k+a—1)p <0, then
A, = @ and there is nothing to prove. Suppose now that 74« > 0. We obtain from Theorem 1.11 that v has
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the (z, t)- N«-property for every t > t4 :=n — (e — 1) p. This implies, in particular, by virtue of (4-4),
that for every t > 74 and for every ¢ € [0, 7] the equality

H (A, Nv () =0 for H9-aa. ye R4 (4-13)

holds. Fix g € (m —1, go] and take t = g + 4. Since by construction gy > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have T > 7,. The last two inequalities together with (4-13) imply

H* (A, Nv 1 (y)) =0 for H9-aa. ye RY.
So the required assertion is proved for this case.

CaseIV: O0<a<l1, (k+a)p=n, p>1,ve .,iﬂpkj“(ﬂ%”, R4). In this case by definition

wi=n—(k—1)p=p,
and, by (4-5) we have
HP (Ay) = 0. (4-14)

Further, by Theorem 1.13 the function v has the (z, 7)-N«-property for every t > p. This implies, in
particular, by virtue of (4-14), that for every T > p and for every ¢ € [0, 7] the equality

HT9(A, Nv 1 (y) =0 for He-aa. y e R? (4-15)

holds. Fix g € (m —1, go] and take t = g + 4. Since by construction py > 0, we have T > g. Moreover,
by (4-6)—(4-8) we have t > 7, = p. The last two inequalities together with (4-15) imply

HM (A, Ny~ —0 for H9-aa. yeRY,
y y

So the required assertion is proved for this case, which is the last one.

Thus Theorem 1.17 is proved completely. O

Appendix

We prove the technical estimates of Lemmas 2.2, 2.3 and 2.8. Fix a cube Q C R” of size r = £(Q) < 1.
Recall that by 2Q we denote the double cube with the same centre as Q of size £(2Q) = 24(Q). We
need some general elementary estimates.

Lemma A.1. For any measurable function g : R" — R and for every x € Q the inequality

/ g(y)_ dny/ Mg(y)_ dy (A1)
20 |x—y"= o lx—y["*

Here C denotes some universal constant that does not depend on g, Q, etc.

holds.
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Proof. Fix x € Q. Define ro = zfr In particular, 20 C B( , 2r0)
Now put r; =27 Jro and Bj = B(x,rj)\ B(x,rj+1), j € N. Clearly,

20= U (2ONBj) (A-2)
JEN
and
meas(Q N Bj) > Cri forall j €N (A-3)

(here and henceforth we denote by C general constants depending on the parameters n, p, d, o only).
Since |x — y| ~ r; for y € B}, by the definition of the maximal function, it is easy to see that the

estimate
g(y) o .
———dy <Cr’Mg(z) forallze QN B,
20nB; |x—y["™®
holds for all j € N. Integrating this inequality with respect to z € Q N B; and using (A-3), we have
/ 8 4o cren / Mg(z)dz. (A-4)
20nB; X —y["™* ONB;
Since |x —z| ~ r; for z € Q N By, the last inequality implies
M
/ g(y)_ dy < C/ g(y)_ dy. (A-5)
20nB; X —y["7 ong; [x—y["«

Then summing these inequalities for all j € N and taking into account (A-2), we obtain the required
estimate (A-1). O

Henceforth, fix p > 1, « > 0 with n + p > ap > n (in particular, ¢ < n + 1), and a function
v(x) =% (x) = [pn 8(¥) Ka(x —y)dy with some g € L,(R").
Split our function v into a sum
v =v1 + 2, (A-6)

where
vy = fR g1(y) Ka(x —y)dy, wvz2:= /R g2(y) Ka(x —y)dy,
and
g1:=8l2g, g2:=g lpn2g-
Lemma A.2. Ifn+ p > ap > n, we have
diamv1(Q) < C |Mgllr,0) 7" 7. (A7)

Proof. If 0 < o < i, then Ky (x) < ¢cq |x|*™" (see [Adams and Hedberg 1996, page 10], for example),
and from Lemma A.1 we have

|v1()c)|_C/| Ms(v) dy forall x € Q,

|I’l(¥

so the required estimate (A-7) follows immediately from the Holder inequality.
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Ifn <a<n+1,then
[VKqy(x)| < C |x]*"!

(see [Adams and Hedberg 1996, page 13], for example), and by Lemma A.1 we have

M
|Vv1(x)|sC/Q%dy forall x € Q. (A-8)

Then by the Hardy-Littlewood—Sobolev inequality for Riesz potentials we have

IVvillz, o) = C IM¢gllL,(0)

where
1 _ 1 oa-—-1

qg P n
It is easy to see that ¢ > n, then by the Morrey inequality

n

diamv1(Q) < C [|Vuillz, o) r' "¢ < C1 IMgllL,0)r*”»
as required. O

We need a modification of lemma above to the case of Lorentz spaces.

Lemma A3. Ifn+ p > ap > n, we have
diamv1(Q) < C |MglL, (o) r¢p,

Proof. We have to repeat the previous arguments using the following facts for Lorentz norms: the general-
ized Holder inequality

/;-——fﬁzl——da’s|LfnLnl-H Lo

[y —xp =,

_n
=CIlflL,,r*"»

_p_
p—1°

forn > o > % [Maly 2003, Theorem 3.7], and the generalized Hardy—Littlewood—Sobolev inequality for
Riesz potentials

11 B
I <C with —=———
g f g 0 =CIflL,. 0 1 4 p n

if Bp <n [Bennett and Sharpley 1988, Theorem 1V.4.18], and the generalized Morrey inequality
diamv;(Q) < C ||V, ”Lq,l(Q) ri=q

for ¢ > n (see, e.g., [Korobkov and Kristensen 2014, Lemma 1.3]). O
Now we have to estimate the term v;.

Lemma A.4. For an arbitrary positive parameter 8 > 1 — « the inequality

diam[v2(Q)] < C pl=0-n /Q My io-18(y)dy (A-9)

holds, where we recall that r = £(Q).
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Proof. Without loss of generality suppose that Q is centred at the origin. Since
Cily| <|y—x| <Caly| forall x € Q, forall y e R*\ 20, (A-10)

and K}, (p) < Cp*~17" for 0 < < n + 1, it is easy to deduce that

diamv2(Q) < sup fR g FONK =) = K2 = ]y

x1,%2€0
lg(y)]
<cr / 18Dy, (A-11)
ri\2g |y["et!
Fix 6 > 0 such that
a+60—1>0. (A-12)
Put ro = %r, rjp = 2/rg, and consider a sequence of sets B;j = B(0,rj+1) \ B(0,r;). By construction,
R"\20 c U B; (A-13)
JEN
e 200
/B Iy(glrj‘z“ dy < cg%y”-lﬁ 82| dy < Cri®Myig-122(0), (A-14)
i i

where we recall that g5 := g+ 1gn\2 . Therefore, by summing over j and using (A-13) and the elementary
formula for geometric progressions, we obtain

1g2(»)] — _ _

[y < M1 Y17 < Maraag20). (A1)
R1\20 || =

It is easy to check (using the assumption that g» =0 on 2Q) that My 9_182(0) < CMy9_182(z) for

every z € Q. Therefore,

My 49-182(0) < C][Q My19-182(2)dz; (A-16)
thus
/ Lyl dy < Cr_e_n/ My 1o-182(z) dz. (A-17)
R1\20 |¥["7% 0

Finally we obtain from (A-11) that

dian[o(Q)] = 71" [ Morom1g2() a2 (A-18)
o

as required. O

The next result is established using the same arguments, with some evident simplifications.

Lemma A.5. If, in addition to the assumptions above, we have o > 1, then the estimate
diamv2(0) =€ 1" [ Loalgl) dy (A-19)
o

holds, where we recall that I4—1|g| is the corresponding Riesz potential of the function |g|.
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Lemmas A.2—A.5 clearly imply the assertions of Lemmas 2.2, 2.3 and 2.8.
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